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DIELECTRIC PROPERTIES OF SOME RUTILE CERAMIC MATERIALS
* 1 - î

AL. lïICULA* •• and LIANA SAJÎDRU»*

te te m e i June О, 1989

ABSTRACT. — By modifying the percentage of ZrO, and SnO, in rutile 
ceramic material composition, variation curves e => в(/) and tg 8 tg  i(f)  
ore obtained, and they have a more complicated behaviour because of the 
relaxation phenomena. The theoretical deductions, greatly doublet by experi­
mental determinations proved the existence of some unique optimum values 
of the correlation for each sample type.

1. General Considerations. Technical literature presents a very wide range 
of problems destined for the study of a great veriety of ceramic materials begin­
ning with those having a very high strength and finishing with those being, the 
most sensitive to receiving and transmitting electrical signals [1, 4].

High frequency current operation of electronic devices increased the rese­
archers’ interest in obtaining new substances having dielectric constants cor­
responding to the condenser capacitance increase and to other practical property 
improvement [1, 2, 5, 6, 8 ].

2. Experimental Methods. Ceramic materials w ith dielectric properties were obtained from 
synthesis raw materials : oxides (30% ТЮ, rutile, 40.1% ТЮ, anatase, 31% ZrO, natural had- 
deleyite or 31% ZrO, synthetic, 13% SnO,, 3% ZnO), alkaline-earth carbonates (BaCO,) and 
8% zettlicz kaolin (12 A 1,0, • 2  SiO, • 2 H ,0 ). After sample preparation and calcination and sin­
tering treatment, new substances resulted : BaZrO„ fl— SiO„ BaTiO,, ZnTiO,. 8—A 1,0, and ZrTiO,.

By obtaining ceramic samples, it  was intended to  esetablish the influence of SnO, and ZrO, 
on dielectric constant and losses and some technological factors of rutile ceramic material prepara­
tion.

The influence of ZrO, and SnO, on dielectric constant and losses was studied in the fol­
lowing sample versions :

a y ,  b y  and C y  respectively al y ,  bi y  and Clff

etA, bA and CA respectively alA, blA and ClA

a„, bA and C„ respectively ain, Ь1Я and C,«

The samples a y  and b y  have a similar composition (the difference is of 2.19% in comparison 
with TiO, rutile and ZrO,). There are differences between these tw o samples and the sample 
C y  of about 113% in comparison with ZrO, and 13% in comparison with SnO,

The différence between the samples a, b and C and the samples a,, b , and C1( both ver­
sion having n, m and A subscripts, consists of using ZrO, n h for the first three versions and  
ZrO, synthetic for the other three versions (n represents unealemed samples, M — samples ground 
in porcelain mortar and A — samples ground in  agate mortar).

During the sample preparing process, some versions were not calcined and others were cal­
cined to 1 050°C and then thermally treated for sintering to 1.280°C. Samples were worked w. 
accordance with the techniques presented ш technical literature [8]. For th e  measurements desti­
ned for the calculations of dielectric constant e and dielectric losses tg  8, Q-méters were used and 
their frequency /  was modified between 1—30 MHz and 30—135 MHz.

• University of Cluj-Napoca, Department of Physics, $400 Chi]-.\'epbcn, Rom ото
•• IPG — Ploieşti, Deportment o f PEA, 2000 Ploieşti, Romrma
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T he calculation relations for the experimental results processing, after the measurements oS 
dielectric constant, loss resistance H, quality factor Q and dielectric losses tg  8, неге those presen­

ted  in .technical literature [2, 8]. .

3. Experimental Results Intcpretntiron. Using the experimental data obtai­
ned after the measurements ot the samples mentioned above, Fig. 1 presents 
the variation curves of constant s = s(J) ior samples aM, bM and cM

, ( In  the first, group of samples,, with M  subscripts, both veisions have about 
,1 be game variations of constant e =  s(/). Analysing the shape of'curves mFig. 1, 
it  was established that they represented.L'the cubic polynomial, i.e • *

. s  =  A 0 / 3 +  A j / 3 -f- A d  +  A 3 . ,

Based on the least squares principle, ‘ the system of normal equations is 
written as follows :

tiA0 +  A E / . s1-1 +  . . .  +  ^ » s / r =
n

Е/.

+  £ . / ,2 +  ^ Е 1Л*+ . . .  + A m Y1/ r +1= Y i f ,

!
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A . t f ^  +  A . i f U A . i f U  . . + A m £ f r +2= t f ? i '  (U)
*«=1 t = l t**l

л  s / ;  +  4 s r '  +  i i r 2 +  . . .  + 4 s r =  Ê / Si<=i i=i «=i i=i i=i
By solving the. system of m independent linear equations, the optimum 

values for. the coefficients A}, ? <= [1, ш] are determined. As the function fprm 
was arbitrarily considered, the way in which the obtained data reflect the real 
process is checked.

By solvmgJthe system (1 1), the following regression relations were obtained 
^corresponding to samples ам, Ъм, CM and alM, bMi, ClM, respectively, i.e
У . е„м = [— 4.590 X Юг8/ 3 +  1 29 X ДО“3/ 2 +  901 X 1 0 ~ -/+  10 71

е»л #= -  1.696’X Ю-« /3 +  8.53 X 10~4/ 2 -  9.90 х 10~3/ +  11.07

eC f / ^  2.Д54 х Ю“0/ 3 +  1 00 X  10“5/ 2 +  1 46 X Ю~2/ +  6 24

. E.jJf=  3 290 X  10~5/ 3 — 4.76 X  10- 3/ 2 +  3 13 X  10_1/ +  7.41

е*ш =  ' 2.334 X  10-®/3. -  3.82 X 10 ~3/ 2 +  2 77 X  10 “V  +  7.07

ЕС]М -■/ 8 200 X  10-®/3 -  9 47 X 10~4/ 2 +  1 28 X  10~V +  7-34

The following conclusions "áré attained by studying the connecting function 
variation in-Fig 1 between1 the analysed parameters (e =  e (/)) ■

— The .maximum value of curve se corresponds to frequency / =  217 453 
MHz and then, for higher frequencies, the value of the constant decreases ;

' — The maximum value of curve гЬм is obtained at a frequency of /  =  329 391 
MHz and, then, at higher frequency es, the value of the constant decreases,

— At Curve ec , it comes out that s increasingly depends on frequency / ,  
a peak value of1 the dielectric constant failing to be analitically attained.

I t  results from the study of the s =  e(/) connecting function variation for 
samples гь̂ { and. gc that this dependence increases, a peak value of the 
dielectric’1'constant failing to be analytically attained.

Technical literature, [2] explains, some phenomena referring to variation 
e =  z(f) In static field (со =  0) and for high frequencies (to — oo), the dielectric 
constant is a real value The Debye dispersion relations of the dielectric constant 
demonstrate that dielectric dispersion occurs within a wide frequency range. 
In the case of substances whose molecules present, beside electronic relaxation, 
a phenomenon of bipolar relaxation, a Debye dispersion phenomenon must occur, 
based on the hypothesis that all the molecules have the same,relaxation times, 
what is not verified in the case of many substances

The descnption of relaxation phenomena by means of Debye relation is 
quite simplifying and, consequently, the existence of a continuous distribution, 
of relaxation times within the range [0, oo ■] is assumed. In these cases, the mathe­
matical relations for the phenomenon descnption are quite complicated.
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I t  comes out that the absence of Sn02 m sample Cu  results m decreasing 
constant e. Zirconia Zr02, during thermal treatment, reduces the tendency to 
non-stoichiometry of T i02. Sample dosage with Zr02 results in increasing cera­
mic material porosity, determining dielectric constant decreasing

the percentage of
By increasing 
ZrOa n.h. in 

sample au  =  31% to sample Сы =  
=  40.7%, dielectric constant value 
decreases according to aM and Сы 
curve behaviour in Fig. 1.

On the other hand, Zr02 con­
tributes to liquid solution forma­
tion by isomorph integration of 
cations Zr4+ Sample CM has a 
lower dielectric constant value be­
cause the quantity of ZrO, and 
Sn02 is too high.
I The experimental results of 
Zr02 influence un rutile ceramic 
material composition ranges among 
other researchers' preocupations 
and results. Thus it is' mentioned 
[7] that, for BaZr03 ceramic ma­
terial obtained from BaC03 and 
Zr02 with an additive of 20% T i02, 
£ is maximum, then it decreases 
and increases again with an addi­
tive of over 30% Ti02.

' The curves tgS =  tgo(/) iti 
Fig 2 have two distinct shapes of 
them belonging to a certain frequ- 

’ ency range If it is written tg8 =  t 
and 'thë equation system (1 1) is used, for the curves in Fig. 2, the followmg 
regression correlations consisting of two parts are obtained ■

У i-g. 2. Variation curves tg  8 =  tg  S(/). >

*, =  — 6 977 X  10-«/3 -)- 4 719 X  10'~b/ 2 — 7.622 X  10“ 5/ +  4 48 X  10~4, for /  s  [1, 44] and
4.052 X  10~7/ 2 -  3.560 X 10- 5/ +  1 25 x  IO“3 for /  s  [50, 125]

tK =  -  6.608 X IO“7/ 2 +  3 372 X 1 0Г -5/ +  2.27 x 10~7, 
for e  [1, 50) and
6.132 x 10-* /3 -  1 768 x 10-6/ 2'+  1.873 x 10"*/ -  6.05 x 10“3 
for /  s  [50, 130]

=  -  9.298 x IO“»/2 +  1 041 x 10- 5/ — 1.45 x 10~s, 
for /  e  [1, 85] and
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-  5 585 X IO-*/3 +  1.863 X IO- 5/ 2 -  2.083 x IO“3/  +  7.37 X IO"* 
for /  «E [95, 130]

it =  7.950 x IO“10/ 3 -  1,.633 x IO"7/ 2 +  7 771 x 10 -« /+  7.52 x 10~5
for /  e  [1* 75] and
9.368 x 1 0 - « / -  7 02 X IO“*, for /  s  [90, 135].

The following conclusions result from the variation analysis of polynomial 
functions representing the curves in Fig. 2 ■

— The maximum of the concave curve 4 within the range /  s  [1, 44] 
is obtained for /  =  34 55 and then it decreases around /  e  [34 55 43 93]. The 
minimum of the first part of curve 4 corresponding to frequency /  =  43.93 
also represents the beginning of the second part of the curve, when the function 
is convexly increasing.

— The maximum of the concave curve 4„ within the range /  e  [1, 50} 
is obtained for / =  25 51 MHz. Within the range /  e  [ l,25 5l], the function 
is increasing, then it decreases within the range /  e  [25 51, 50] For frequencies 
exceeding 50 MHz, the function is increasing and convex to frequencies of 130 
MHz

— The maximum of the concave curve 4 lm within the range /  s  [1, 70} 
is obtained for / = 5 3  MHz Within the range /  s  [1, 53], the function is in­
creasing and then it decreases to /  =  85 MHz For frequencies at which /  ® 
e  [85, 130], the curve is convexly increasing.

— The maximum of the concave curve tbu within the range /  e  [1, 75}, 
the function is concavely increasing and then it decreases to /  =  75 MHz. Within 
the frequency range 75 — 135 MHz, the function is straightly increasing

I t  results from the comparative analysis of curves in Fig' 2 that the highest 
dielectric losses occur at curves bln and then decrease in decreasing order for 
samples Ъя, Ъ1т and bu .

On the first part of the polynomial functions, the curve behaviour is gene­
rally concave, their maximum occurs at frequencies of 34.55, 25 51, 53 and 30.65 
MHz. On the latter part, the curve behaviour is convex and increasing.

I t  results, from the analysis of curve behaviour tgS =  tg8(f) for the sample» 
mentioned above, that, within the frequency range of 1 to about170, MHz, maxi­
mum losses are recorded, next they reach a minimum and, then dielectric loss» 
increase very much. , ; ,

The polarization mechanism о / the studied ceramic, materials differs from 
the other polarization phenomena be'cáúse offth’e possibility of charge migration- 
and accumulation in the poly crystal gráiri separating ' layers — interfacial - polari­
zation [2, 6]. ''

In the case of a dielectric ceramic material, the difference tg 8 =  tg 8(f) is-;, 
more complicated because the relaxation [phenomena depend- on the- frequency 
range. Instead of one relaxation time, a series of i elaxatioii. times must be used, 
what complicates the mathematical model
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4. Conclusions. The sample composition, whose percentage of Zr02 and 
Sn02 was modified, influenced the dielectric constant and loss values The absence 
of Sn02 in the samples results in decreasing constant z and Zr02 reduces the 
tendency to non-stoichiometry of T i02 during thermal treatments.

Variations e =  s (/) and tgS =  tg8(/) for the studied samples'are more com­
plicated because of the relaxation phenomena dependent on the frequency range. 
The correlations established for dielectric constant and losses demonstrate the 
correctness of curve tracing and the accuracy of experimental result interpreta­
tion. " •

The theoretical deductions, greatly doublet by experimental determinations, 
■proved the existence of some unique optimum values of the correlation tor each 
sample type The* equations used for determining the coefficients Aj  to establish 
polynomials, solved by computer, certify the correlation between experimental 
results and calculated results.

The dielectric lossès for samples having n subscipts are higher than, those 
for samples having M  and A subscipts This fact is explained by higher porosity 
of uncalcined samples
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DEDUCTION OE HIGHER ORDER ACCELERATIONS BY THE METHOD 
OE DIFFERENTIAL OPERATORS

CONSTANTIN TCI) OSIE*

Jtti'tnrd May 77, 79tj9

ABSTRACT. — In this paper we give a new method for the deduction of 
the higher order accelerations, existing in the linear differential equation of 
order n  of very fast dynamical phenomena. The proposed method relies on 
certam “differential operators” and allows determination of the accelerations 
of any order о >  «.

1. Introduction. In a senes of previously published papers [2], [3J|, [4|J,,
[5], [6], we have developed various methods for the determination of higher 
order accelerations, which exist or do not exist in the linear or nonlinear dif­
ferential equations describing very fast dynamical phenomena. These methods 
rely on certain operators introduced by means ol some unknown functions of 
time as independent variable ,

In the present paper we give a new method for determining the higher order 
accelerations by using certain “differential operators” .

2. The method. Let be the linear differential equation of a very fast dyna­
mical phenomenon

ê «.(0 *(0 =  Â (f)> (!>»=o
W (*)

with the initial conditions x(0) =  x„, (i =  0, 1, 2, — 1). The functions
A(t) and ű,,(z =  0, 1, 2, . . ., ft) are continuous having continuous derivatives 
on [0, a], a >  0 and a0(/) Ф 0, t e  [0, я]

Introducing the “differential operator”

d “(0 , (a =  0, 1, 2, . . , «  +  1),
and denoting

u,(t ) =  £7,00 x{ t ) ,  (7 =  0, 1, 2, , n),  { 2)

equation (1) becomes
” (a) (o)

=  (3)
i-O
(a =  0, 1, 2, ., n +  1).

Polytechnic Instituit o f Cluj-Nepoca, 3400 Ciuj-Napoca, Romanţa
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Then, by integrating (3) and differentiating (2), it follows

A(t)
( o )
x(t) Я(0)

*
) , c .
о - ^ 0 0

(a)
' x(s)ds

(•) (o)
a,[t) • x(t) • x{t) — a,(0)

M  ( a )

xo ' xo

\ )  Г CO ' (•+!) I  I
1 x(s) l_a,(s) • x(s) +  at (s) • ж (s)J ds =  ,0,

(a =  0, 1, 2, . . , n +  1)

(4)

The equations (4) constitute a system (S) of n -f- 2 nonlinear integral equa­
tions with n -)- 2 unknown quantities

' x\t), (g =  0, 1, 2, , n +  1)
;

3 Determination of the solution of llic system (S ) In order to determine 
the solution ol the system (S), we will apply on the interval [0, a J, a >  0, a method 
similar to that of polygonal lines [2], [3]

Thus, using the quadrature formula

( f(s )dsx  “ w f v  (k = l, 2, 3, , in),
1 I m>

for the appioximate evaluation of the integrals, we obtain, on the considered 
interval, a system of m[n +  2) algebraic nonlinear equations with m(n +  2) 
unknown quantities

( a \ M  ( a \ (o) a k !  a  1 (o) t a }

A{kA V=1
(*) (a)
Л'п *

+  «, V
(*+l)

X  I V =  0 ,

(<r =  0, 1, 2, , n +  1)

(n) (Я +  1)
The values of the constants x0 and x0 follow from (1) foi t =  0, either 

directly or by derivation
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( o )

The diagrams of the variation of the variable quantities x, (a =  0, 1,2,  . . . ,  
tt +  1), constructed through the points th, (k =  1, m), give the graphical approxi­
mation of the functions ot the system (s), on the considered interval [0, aij, 
a >  0

The numerical solution of system (5) can be carried out, using the known 
methods [1]

M
The method presented here allows to determine accelerations ж (t), for 

any и >  n.
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COMMENTS UPON THE SOLUTION OF SOME LINEAR AND NONLINEAR 
DIFFERENTIAL EQUATIONS OF. CERTAIN KIND

CONSTANTIN TUD OSIE*

Received. M ay 8, 1989

ABSTRACT. — In this paper the higher order accelerations are determined 
for the case when the linear and nonlinear differential equations of certain 
kind describe phenomena having a very fast evolution In solving the pro­
posed problems one uses linear and nonlinear operators, defined through the 
so-called “functions of direct or inverse connexion”.

1. Introduction. By resorting to the so-called “functions of duect and 
inverse connexion” exhibiting linear operator character, we have developed- in 
a series of pievious published papers a method for constiuctmg the solution of 
certain diflerential equations whose coefficients are function of time, evaluating 
in this way at the same time the higher order accelerations [2], [3], [4], [5], [6].

Actually, our aim m what follows is to determine the higher order accelera­
tions, when the linear or nonlinear diflerential equations of certain kind describe' 
phenomena having a very last evolution

Ip solving the proposed problems we use linear and nonlinear opeiators, 
introduced — as we had made m the above cited papeis — by means of the so- 
called “functions oi direct and inverse 'Connexion”

2 The linear equation. We will fnstly considei the Imeai diffeiential equa­
tion

f i  at(t){x = A{t), (1)
ч «=1

M M
together with the initial conditions x(0) =  x0, (i =  1, 2, 3, , n — 1), where
the functions (i =  1, 2, 3, , n) are continuous with continuous deri­
vatives on [0, я], A being also a continuous function of t m the same tune inter­
val

By integrating the equation (1), we obtain

*=i
(.-1) f(t-l) . r “ (>-i)

,(/) X (() — \ X (s)«,(s)cfs =  К  +  I A(s) ds, K  =  Xi <b(0) xo
J - 1=1

(2 )

Then, the introduction of the so-called “functions of direct connexion” 
to,, (i =  1, 2, , n), [4] leads to the equations

(0 (>-i)
x(t) = (ţ) ■ X  (J), (г =  1, 2, 3, , п) (3 ).

* Polytechnic Institute of Cluj-Пароса, 3‘ЮО Cluj-Hapoca, Romania
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Now, replacing (3) into (1), it follows ’
( > - D .

£  я,(*К, - iW  • X {t) = A(t).

Integrating both parts of (3) we get

(*-i) (*-n ГГ I
X (0 =  x0 exp J ,_i (s) rfsj , Щ.

(г == 1, 2, . . ri).
The equations (2), (3) and (5) constitute a system — denoted by us by (S) — о£ 

2 n +  1 equations with 2n +  1 unknown quantities
(*)

X, X, wt> , _ b (r =  1, 2, . . ri).

3 Determination of the solution of the system ( S  ). We apply on the inter­
val [0, a], a >  0, a similar method to that of polygonal lines.

That is, we apply the following quadrature formula -

*
s)ds X S £  /(vS), (A =  1, 2, . . m),

v=1

th =  k —  = k S,
иг

in order to obtain an approximate evaluation of the encountered integrals, utl*£ 
-we get, on the considered interval a system of m(2n +  1) algebraic equatiu.w 
'with m(2n +  1) unknown quantities

/ i  + s £  N ( v S ) - £ at (AS) •* X (AS) — S
* (*-i) . ]

£  x(vS)«, (vS) =  
v = 1 J

„ (0 (»-D
j x(AS) — wlf j—! (AS) • X (AS) =  0,

(.-I) (2- 1)
X (AS) — x0 exp 5 £  .-1 (vS)L v=1

(* = 1 , 2 ,  , »), (A =  1, 2,

=  0 , 

, m)

П

The constant x0 follows from (1), if we put theie t =
(»)
x0 « ^ (O ) N (0 )

«-1
£»=1

д,(0)
w "
x o

On the othei hand the constant values x0 and b_i( 1), у
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follow by setting into the equations (3) and (4), t =  0, constructing in this way 
a system of n -f- 1 algebraic equations with n +  1 unknown quantities

W (•-!)
Xq ţ_i(0) • Xq — 0, (? 1, 2, , ??),

Л(0) -  t  < 0 )  • 0),,,_,(()) -% 1}= о
1-1

With the purpose of determining the numerical solutions of system (6), one 
applies the well known methods [1] The diagrams illustrating the variation 

M
of the functions x, x, ы , , (t =  1, 2, . . . , « )  are constructed using points 
oil the considered interval [0, я], a >  0

We observe, that the equation (2) m the system (S) may be replaced by the 
equation (4)

4 The nonlinear equation. Let be the nonlinear equation
ft
Y,

(0 M
together with the initial conditions л(0) =  xc, (г =  0, 1, 2, 1), and
L e  {2, 3, 4, . .}

By resorting to the “functions of inveise connextion” [4] co1>t+i(/), (г =  
=  0, 1, 2, . . . , » )  ive may write down the equations

ПгП*+,‘-1 (»+1)U J  x =  сом+7)(/), (г =  0, 1, 2, , n), j, e  [2, 3, 4, . } (8>

Subsequently, multiplying (8) by (i +  ],)dt and integrating afterwards 
we get

(
ГМ 1«+i, rWT+i. f
U  (OJ =  UoJ +  b +  h) J “ .,«+i,(s)is , (9)

0

(г =  0, 1, 2, , n), (7, =  2, 3, 4, ).
By substituting (9) into (7), we obtain

t

£  <t)  { [ г 0] ’+Л +  (« +  ],) $o4l+i|W A} =A{1), (10)

(« =  0, 1, 2, . , «), 0, =  2, 3, 4, )

Equations (8), (9) and (IQ) constitute a system (Ç) of 2n -f- 3 equations with. 
2» -f 3 unknown quantities

(<) (<+>)
x, x, co,j)+v (i =  0, 1, 2, . , »), (;, =  2, 3, 4, )
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In order to get a solution of the system (Q) we apply the same method as 
th a t we have used to solve system (S).

(») (»+«
The constants x0 and x0 are determined from (7), directly and by derivations, 

for t — 0.
The constants (0) are determined from (8)

П0 1 (*+i)
Ù», l+I, (W ~  L^oJ ' Xg, (t =  0, 1, 2, . . ft), 

(7, =  2, 3, 4, . . . )•

5. The seeond method. We will write down now the equation (7) under the 
following form

«oW И a+i
+

o — l
£ « .wH‘+Jt

+  E
Г(*П *+/*

*W U  ' A(t), ( H )
* -0  + 1

■where the functions a„ (г =  0, 1, 2, , n) and A are continuous, with con­
tinuous derivatives on [0, a], a >  0. By introducing the “functions of inverse 
connexion” for г <  ст, and the “functions of direct connexion” for k >  tr, that 
is

£.,o + ;0 W a n d  £*,o+ ,0 W>

(i = 0, 1, 2, . . , cr — 1), (A =  cr +  1, cr -f- 2, . . »),

we may ivnte the following equations

(<)
x(t) = £.,o+i0W •

Г(о) 1 O+J
. U w J  ° , (» =  0, 1, 2, . , CT — iy,

(*)
x(t) = £*,o+IaW

Г(о) Л o + »
L* w J - (Ä =  о +  1, о +  2, • . »)• (13)

By substituting (12) and (13) into (11) we get

Г(о) 1 o+ i„  0 -1  Г По) "| a +  l d  > +  .1,
«о W U  WJ +  s  «, W ] £. ,o + ,a w L*wJ \ ' -b

t-0  - { *

“ ( г м  "I o + j0 l k + h
+  S  ®*w I s*,o+j wL-^wJ ■ Í =  A[t).

*=0+1 1 ’
(1-4)
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ТЬen, by resorting to the "functions of inverse connexion”

®<+i.«+jeW> (г ~  0, 1» 2, a — 1), V,e way write down the equations 

tf+4 Г(о) 1 e+4
.X (t) =  e,+i>e+je (0 [_fl(0j > (î == 0, 1, 2, <з 1). (15)

By integrating (12) and (15) we obtain

M (t) ( r )
*(0 =  *0 exp |  J C£«+l,o+;0 («)] [e.,e+ie (s)] 1 ásj ,  (P3)

0
{» = 0, 1, 2, . . . ,  « 7 -  1)

On the other hand, for k = a +  e -f  1, -and k =  a -f- e,
!* =  1, 2, 3, . . . ,  n — c), the equations (13) become

(о + й+1) , , Г(Ч Л a+3e (17)* (0 == £ o + e+1, o+)a{t) (OJ >
(o + i) , Г» ,1°+^ mX (0 == £o+«, o+i0 (o U w J  >

(e = 1, 2, 3, . . . ,  n — a).

236w, integrating (17) and (18), it results
t

(o+«J (o+i) f Г I
% (t) — J J [£0 + t+l,a+io (s) ] iEa + e,a+ja iß) ] 1 > (Ю)1 *0

(tf =  1, 2, 3, . . n — a).

For Ä =  и +  1, the equation (13) becomes
(»+1) m  1 a+3a

*(i) =  e, + w ,e (0 U (0 j  • (20)

(0+1)
We obtain the function x (I) by deriving the equation (11).
The equations (12), (13), (14), (16), (19) and (20) constitute a system (Ç„)

M M №
oi 2{n -f 1) equations with 2(« +  1) unknown quantities ж, x, x, е,,0+^„

o+io> E * + l, o+ie>
(i =  o, 1 ,2 ,  . . , CT — 1), (k =  <T -f- 1, <T +  2, . »)

(к) (я+1)
The constants л'„ and д'0 are deteimined directly from (7) and by deri­

ving it, then setting 1 = 0



The value of the constants si>e+Je (0), s*f„+,e (0) and e„+1| B+jo (0) 
from (12), (13) and (20), if we put there t =  0,

(О Г(в>’]“<0+-'о) №) rţfi)"I —
E«, e+i0 (®) =  ■ L -гоj  » s*, e+ie (0) =  ao L'TcJ >

(»+!) r(e)-1-l®+ie)
£*+i, o+j0 (0) =  -t'o L*oJ 1 (f — 0, 1» 2, . ■ <r 1),

(k =  a -f- 1, <7 -f 2, . . . ,  n)
The solution of the system (Qa) will be obtained by applying the same 

method as that used to solve the system (S). '
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THE INFLUENCE OF 'CDW (SDW) ON T„

L. MACARIE*

Received • June 6, 1989 '

AJJSTHACT. — The model of the earners m  CuOa layers which are divided into 
two groups heavy and light Ьо1ез, is used for a study of the influence of 
Charge density wave, CDW (or of the spin density wave, SDW) on T  „ A 
calculation of T  as a function of the exeitomc gap W, is made using a,pho­
non mechanism in the Cu— О planes.

1. Introduction. In high—Tc superconductors there is a competition bet­
ween the superconductivity and a structural instability which'is generally accom­
panied by charge density wave (CDW) formation In ВаРЪ1_гВ1,0 3 there is a 
clear evidence for a CDW formation, but m La2CuO., and YBa2Cu30 6, • there is 
evidence for an antiferromagnetic state, which could be a spin density wave 
(SDW) However,’as the doping is varied the antiferromagnetic'and supercon­
ducting states seem to be anticorrelated low doping favouring the antiferro- 
magnetic, high doping the superconducting state

In a two-dimensional model, considering Cu —О planes, the plane band is 
a hybridized p —d band The CDW transition can be interpreted as a localization 
transition of the d-holes More accuratelly, it might be described as the formation 
of a covalent bond between'the Cu and' the О Such an interpretation of CDW 
formation has been discussed by Cohen and Anderson [1] and McMillan [2]. 
If we base on the papers of Hirsch and Scalapmo [3] and Markiewicz [4], we 
will have that the CDW transition localize the d-holes and opens a gap near the 
high density of states parts of the Fermi surface ungapped. The holes are separa­
ted into two groups associated with high and low density of states regions of 
the Fermi suiface heavy and light holes respectively Only the former aie invol­
ved m CDW formation, while both can be involved m superconductivity.

The present two hole picture of the Fermi surface is m excellent agieement 
with recent photoemission experiments [5]

The transition to long range order may not occur at all for T  >  Tc there 
may be only short range 2D CDW correlations present An analogous situation 
■occurs m La2Cu04, where strong 2D spin density correlations are present for 
hundreds of degrees above the antiferromagnetic transition [6] This occurs be­
cause long range order cannot exist m a strictly 2D system the antiieromagnetic 
transition is driven by extremely weak interlayer correlations In the present 
case there is an interesting possibility that the superconductivity itself provides 
the interlayer con dations which cause the long-range CDW order

2 Calculation of Tc Starting from this model described, we can study the 
influence of CDW or SDW on Tc because the theory can also describe SDW

* University o f Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Xapoca, Romania
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formation by a slight modification [7]. We use a Billbro—McMillan (BM) hamil- 
tonian [8] which has already been used to interpret the superconductivity at 
BaPbj-^BijOg [9] and Ua—Sr—Cu—О [10], although, the model would pro­
bably overestimate the isotope effect in this material [11] (the model involves 
a purely phonon-induced pairing .interaction). But, to explain the very high 
T/s  found in Y —Ba—Cu—О or the T1 and Bi compounds it is necessary to add 
an "excitouic” term Hx, to the BM hamiltonian

The density of states according to the two hole picture can be written

о, (г) =  N  l In — , N 1 = -------, associated with the heavy holes
, , 1 ( V0 is the unit cell volume)

pH  =  j (l)
p2(s) S N 2, associated with the light holes (away from the van Hove 

' singularity)

where t0 =  — and i »  is the full band vidth 
8

For a prevailing phonon mechanism (Hx — 0), the calculations from a BM 
hamiltonian lead to the superconducting gap Д equation which can be u rit­
ten

V BCS \ dz Pl(z)
2 +  Д2 +

-til V E* +  Д5 +  Wa

+  У  ISC j dz p,(e)--- , A ill
’ 2 V c*+  Д*

л/е1 +  Д* 
2Г (2)

where W  is the excitonic gap , <o0 is the BCS cutoff, VBcs is the BCS attractive 
interaction.

The critical temperature Tc will be obtained from (2) taking Д(Ге) =  0 
and the equation for Tc becomes

1 =  VBCS
de Pi(E) ^  V е* +  иД

Vе* + 2 T .
+  V BCS \ ^ t h  —  d z

.1 e 2 T,
(3)

Using the substitution z = jv2  w2 and the approximation — <1, the first
V - y l

integral becomes

V^J+F1

W S tM
w

y + w +  In y — w t h - 1 -
2 T ,

(4)
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If we introduce the notation : x =  ß„j', where ße =  — and using the approxi-
2T 0

mation ß W -* 0, I 1 becomes :

30 V“ î+ W'*

Í  t ‘”
*cw

3. M + w‘
ß^o • thx —  ̂ — In |ж|

3 ^

= ln ßA ■ ln (ßo ^  +  ТЕ2) +  a In РЛ (5)
ta,

where a =  — \ — — dx s  0 818 (the well-known integral from BCS theory)
J ch*xr 
о

In the same approximation, the second integral from (3) becomes :

“ • th —

h  =  \ — —  dz s  ln (ß, V “ 5 +  +  a (6)
J  e 0

Eq. (5) can be transformed if we use an approximation for t0 :

l 0 ~  10 V « 2« +  w *

The number before the square root results from the condition :

lim t0 ~ 10co0 because t0 ~ 0 5 eV 
W  —y 0 co0 ~ 0 05 eV

And eq (5) becomes ■

h  = b 2 (ße V“ o +  W*) +  (2 +  a) ln (ßc V ^ íT W 1) +  2« 

Using the notation N-y — Ny • V Bcs

N 2 = N 2 ■ V bcs and X =  ln (ß, V«2o +  ТЕ2)

■and the Eq (6—7), we obtain from Eq (3)
NyX* + X [ N2 + Ny{ 2 +  a)] +  №  +  2 aNy — 1] =  0

(7)

(8)

Erom the solution J ™  of this equation, we obtain the expression lor Ts :
~  ry-r ,  / » , w , N ,  +  Ny (2 +  a)Tc s  0,d0 у  ̂ >0 +  IE2 exp j ---- '

2 ^ i

4Nl (vNs + 2а1Ух -  1) 
OVj +  Ny (2 +  «)]»

1/2

+

+
N , +  Ny (2 +  «) 1

2 Ny I
(9)
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This general form for T  is hard to be interpreted. Anyhow, we can see that 
the presence of CDW (SDW) modifies T„.

3 Discussion. We shall interpret the relation for Tc in a particular case : 
a) a t the van Hove singularity, when CDW is absent (W =  0) :

1 13 co0 exp (10)

b) when the CDW transition has occured, at the van Hove singularity N 2 =  
=  0) and :

Tc^  0 50 V«S +  W* exp (11)

where

~ ------- ■ • VBcs
5т: v 0 V“S + w2

(12)

Introducing (12) in (11) results'

Tc ş  0 50 +  W* exp (<ag +  W 2)H* (13)

We see that, Tc decreases in the case W  =  0 because the exponential term 
varies stronger than the factor д/соЦ -f- И72

4. Conclusions. Therefore, there is a competition between superconducti­
vity and CDW or SDW transition. If CDW (SDW) transition does not occur, a 
superconducting transition can take place at a higher Te, which could be explained 
by the large total density of states Once the CDW sets m, it opens a gap W  
for the heav3r holes and the total density of states will be reduced As we can 
see irom Eq (13), Tc will decrease according to reality

This model could be applied tor the high— Tc superconductors but we must 
take into considerations the contributions of the other parts of the systems, too 
(not only Cu—О planes) and the interactions between them In the same time, 
in Y —Ba—Cu—О or the T1 and Bi compounds it is necessary to take Hx Ф 0.
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ABSrR\CT. — The parametric instabilities of a magnetized two-component 
cold plasma are studied in a left hand polarized electric field and in  a hybrid 
pump field, by applying a method based on multitime scale perturbation. 
The growth rates of instabilities are calculated for the dipole approxima­
tion.

1. Introduetion. Parametric excitation of plasma waves intensively stu­
died [1], [2], [3]. The growing interest for this problem is due to the appli­
cations m fusion experiments, pulsar electrodynamics, propagation of electro­
magnetic waves m ionosphere and other applications In the present paper, by 
applying a previously given method [4], we will study the para'metric action 
of a left-hand elliptically polarized electric field on a magnetized plasma. The 
parametric oscillations of magnetized plasma m a right hand elliptically polari­
zed field was also studied [5]
On the other hand the linear and nonlinear stage of the parametric effects due 
to an extraordinary electromagnetic pump field is studied m [6], [7] ; in the 
framework of nonlinear relativistic theory it is found that parametric instabili­
ties due to interaction of four elliptically polarized electromagnetic transvers 
waves can occur

By using the propagation equation

| gIad' d l v _ v -  +  i A ) E„ ^ - ± f  (U )

and the motion equations

I  = -  -  A , -  -  [» я] (1.2)
a t m  m e

we have arrived for the pump field, which propagates m the same direction as 
the externally imposed magnetic field, to the expressions

E u  =  Re{(Eoyc2 — iE0. e3) ехр[г(£гж — vi)]} (1 3a)

fC t =  ^  H Q (13b)

* University of Cluj-Xapoca, Faculty o f Mathematics and Physics, 3400 Cluj-Napoca, Romania
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at the following algebraic system for the electric tieid amplitudes :

where

E„y — v2 -f to2 Vs , 2 vO ] 
V» -  V* -  na Jи

(1.4a)

E""5  +  4 * * 5  * + < / - „ ] l - °
(1.4b)

2 AtmJ1
W0 ^  ‘ (1.5)

represents the square of the plasma frequenc3', n0 is the electron densitj" and e 
and m represents the electron charge and mass.

On the other hand the electron cyclotron frequency is

Q =  e H Qjmc (1 6)

c being the light velocity
Following the usual method, írom (1 4) we can obtain the dispersion lela­

tion for the externally imposed field (1 3) :

cn-k\ -  V2 +  =  0 (1.7)
V — i l

which is identical with that obtained m an other paper ,[4] for circular polarized 
field

2. The zero order state. Here we will neglect the spatial variation of the 
pump field and consider only the time variation of this field :

E„t s  g2 • Eoy cos \l • Em sm v/ (2 .1)

If we linianze the Boltzmann—Vlasov equation_we will obtain

BU
at

-f Í -  cos V/ -  v , \  sm v t + ^ v y ) - - ^  =  0 (2 2)
( m  the J Sn>}, \  ж  tue J frvs

The equation for the characteristics are, therefore, the following.

dvvd t

1

dvx
0 « Е а

(2.3a)
cos vt—ClVj

dvs
oE„
m sm v/ -j- Í1 Vy

(2.3b)
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Prom the equations (2 3) we obtain that

v„= A J ; dvy . 
dt

EEl  cos s)t _  о  uz ■ (2.4a)

dvz   eEcz
dt m

sill ' i t  +  ^  Vy (2 4b)

MO +  MO) exp ( -  7 Q i) =  -  —^ [(
g!(4+n)t 

i(v -  ß)
1

*(V -  O)

+
6 — »(v-KÎ)J 

г(ч 4* ß)
+

1
»(v +  O)

sEox Г fi(v—Q )<_______1
2m [  j(v — ß) t(v — П)

+
e—Ф+П)( 

*(v +  a ) . * I +  v y (°)  +  *®.(0) *(v +  Û) J
(2.4c)

where иДО), vy(0) and vx(0) are the velocity components at t — §. The general 
solution of Eq (2 2) may be written as '

/о =  F {А к  M  A>) (2-5)

where F  denotes an arbitrary functional relation A lt A ., and A 3 are the con­
stants of integration given by  (2 4) and

A 2 =  vy(0) (2 6a)

A s =  vx[0) e-E0y Í 1_______ 1 1 j e-Epx f 1___ j___ ^
2»» ( v — ß  v +  ß  j 2»i ( v — ß  v +  fl

(2 6b)

One can see from (2.4) and (2 6) that A v A„ and A 3 are related to vx(0), 
vy(0) for a particular orbit

On the other hand (2 4) gives the velocity of a particle on the unperturbed 
orbit

v(t) =  V(t) +  U{t) (2.7)

where

V(t) =  exvx(0) -j- e2 (vy(0) cos Û t — zi*(0) sin О t) +  

+  H {y«(0) • cos O t -f- vy(0) • sm (£2 /)}

Щ)  =  Sin i _ J _  +  U _ )  +
2 m  ( v - n  v +  ß j

c 0 —— sin v t
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■ (— ----1-------—! +  «3 ■^ÎL COS 'it (— î-----1-----î-----j~
I V — íí  V -f  Q I 2 m  ( V — û  V *f Û

+  e2 • sin üt  ( —Î--------- î—I +  e2 sm üt-

(----- ----------- — ] -  e3^-C O S Ü ti——  +  ——  ) +
I v — Í1 v +  O j  2m IV — О V +

+  eí—  cos üt ■ (— —  -i-----— I =  > ) v  _l  Í7(0)n
2m [ V -  û V + П I (2 T

For the distribution function we choose f 0 to be Maxwellien in velocity space

a i  +  a \ +  \ a ,  +  — Î— _ — —  ] +
[ 2m IV — П V +  П /

/o(® . t) (2tu 0)3/2 exp

2m V —  Cl V +20
20

exp Í -  U(/)), |
(2л0)3/2 P ( 20 j (2 8 ;

6 beeing the kinetic temperature oi the plasma As it was mentioned in [4 
■we need the zero order external current in view of the full description of the tim« 
dependent zero order state. We arrive at the following result

sm v/— 4- =  v(— Eoye2 sin v/ — e3E0X cos v/) — mJ J — — e.,E

(  1 . 1 \ , ~*Etl  , ( 1 1 1 -* E oy
1 v - f l  v +  t l j  * 2 i v - n  v +  n l  2

• [ - - -- - 1- - —  ) +  S3 cos Vf ̂ îî ■ f - - Î- - - - —  ] +
[  v - n  v  +  n !  2 I V - Í 1  v + û '

+  e.2 sin üt —  (— î------------— I +  e2 sm ü t  ■ — ( ------- —
2 Ь - Л  v +  i î l  2 1 v -  il

------—  ) -  ея cos Ü t ^  (------ ----------- —  ) _  73 cosii t ■
v +  C l)  2 I v - f l  v +  f l j  2

■ ( т Ь г - ^ Г о )  — ^ Æ - 4 - â
J°)o (2 9)



PARAMETRIC OSCILLATIONS ОТ A MAGNETIZED PLASMA 2 7

3. The first-order state. The first order distribution function f L and the♦ —ь „ г
electric aud magnetic fields E l and H1 determine the first order state. The 
Boltzmann—Vlasov equation with collision relaxation term is

W i (3.1)

together with Maxwell equations give for f y the result

fi{v> 'V i) =
ekti

m0( 2k Q)312
P*(0) 1 . ( g *  . Рд(°) gfP  ( ~  * »)0 I

26 j I kvx(0) — (m, », '>,)

g (+ )  Г p(~) (0) . exp (-«(»» +  1, n)t)

" "  L b v , ( 0 )  -  (m  + t 1 , и ,  V,)

exp ( — t(m, n  — 1)<) 
kvx(0) — (m , »  — 1, V,)

(Er +  4
E-  1 £+\ exp ( -  t (m  +  1, n)t)

Л»,(0) — (m -+- 1, », V,)

— ( -  Ej, — £, exp ( -  t(w, »  +  1)<) | |  _j_ jg ( -)  Г pW(0) exp (—t(w - 1, n)t)
kvx(0) — (m , n + 1, 4t ) Jj I kvx(0) — (m — 1, », v#)

«'WO) Г 
(»«. «) I +  4)

exp (—t(m, »  +  1, <)) 
— (m , n  +  1, ■ v#) +  (- СУ + S* 4)

e x p (—*(m -  1. »)<)) ,
--------------------------------------- Г Vе? —  E* 1
Л * ,(0 )  — ( m  — 1, » ,  V,)

exp (—t(m, »  — l)i) 
kvxtfi) — (m, n — 1, v#)

■where the assumption

Ei(x, t) — exp [%{kx — wf)] Yi E mn(x) {exp — t(niQ + nv)t} (3 3)
m m

■was made.

The foil owing notations were introduced in eq. (3 3)

Еутя ±  iE*mn =  E<£’ (-> ; v,(0) ±  w,(0) =  2v{+)‘ ы (0)

(m , n ) =  oi +  « f l  +  «V ; (m , n , v,) =  (w , n) - f- t  v , ;

jç± — ^« r- »
y’1 ±  v)

(3 4a) 

(3 4b)

(3 4c)

Using the propagation equation for E*„, ü ^ 1, and and taking into account 
the first order current density, we obtain an infinite algebraic system in which 
the transverse and longitudinal components of the electric field are coupled.
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4 The dispersion equation and discussion. If we follow the method of [4] 
we can obtain the dispersion relations for E„„ up to e*

c2k2 -  p2 +  -----г to? —-£■
p ± i l P± ï ï ( 4 ï + ^ ± ! i >) +

+  2v2C0l ( z y +  z ţ  — Zz  +  sj)2 ' \_{p lb +  ÎC00 ' f----“ Г +
\ p  ±  и

+ tt± a))J +  2(4 +  4)Vco« • [ -^ 1  -  < +  *«s +

(P ±  Q)8
A! 8

(P T v)a 
26

■ f ( P  ±  *)j 1 +  2 (e* — s( )V«* I V P ± V2k1

{p dh v)8 
2$ f(P ±  )̂)

- l
=  0

with p =- (ni, n) and

m  =
A(26)1/2

exp
[ 2 m  )

(4 1)

(4 2)

The instability can occur for left hand polarized wave with lrequeney Q — to0. 
and with the growth rate of the following form

4(sy “h Cy — Бд -f-
“  +  [ d  -  " f f "  -  (* +  &/«)} (4‘3)

The following notations were used :

a =  3Q — 2co0

Ъ =  co0(Q — to0) +  /(w 0)j

On the other hand the threshold condition is

(% +  4  — s* -f- eïpv îùo >  bd

If the following inequalities are fulfilled

*Jbd I ns •
eh

v8 1 am ^  j ţ  ^  "Jbd I OP_— Y* I

eh V«, •
+  -  E0

n

(4 4a) 

(4.4b)

(4 4c) 

(4 5) 

(4 6)

(4 .7 )0 <  E„ <  E,
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■where

E^ =  2 ^ Æ ± l - ^ 7 f - i | v - Q |  +  û  + Л (4.8)
û ß’ +v’ I Ű J

witli

V >  Q >  (V2 -  l) or Q >  V (4.8’)
t

the power of the threshold field of the elliptic polarized pump field is less than 
the power of the circular polarized pump field. The conditions for dipol approxi­
mation are, respectively, for left-hand response field with frequency О — co0 
and V — ы0, the following :

1 -  X  

y t

and

< [(* уУ + у {х 3')] (4.9)

— < [<> УГ f  “  -  y> ] (4 10)
X 1 —  X -  y \

mse field

—
X |<* * - ? : ? ]

(4.11)

И 11 1 (4 12)

X  = Q/v and у  — (0[/v (4.13)

In our discussion we have generalized the grafical conditions from [4], for 
the case у  =  0 8, giving more general analitic al ccrditions (4.9), (4 10), (12) 
and (4.13)

We can conclude the following The analysis from [4], for parametric osciL 
lations of a magnetized plasma is generalized m this paper, taking into account 
a leit-hand eliptically polarized pump electric field. The dispersion relation for 
response fields contains four small parameters which depend on amplitudes of 
pump fields instead of a single parameter used m the case of circular polarized 
field I t  is found that there are cases m which the ром er of the elhptically polari­
zed pump field which assuies the onset of the instability is less than the power 
for circularly polanzed pump field. We have obtained the anahtical conditions 
for spatial cn.cgcneity of the pump field [8 ]



30 S СОШЕА, J. KARÁCSONY

R E F E R E N C E S

1. C. S L i u .  V K.  T r i p s  t iu ,  Physics Reports, 1.10, 143 (1986).
2. M. P o r k o l á b ,  Nuclear Fusion, 18, 367 (1978)
3. Y P. S i l i n ,  Parametrtceskoe vozdeistvie гзЫсепца bolshoi moschmoslt na plaznm, IzdatelstVo 

Nauka, Moskva, 1973; Y. A. A H e v ,  V. P. S i l i n ,  Zh. Exp. Teor. F is.. 48, 901 (1965).
4. R. P r  a ş  a d . Phys. Fluids, 13 nr. 11, 1310 (1970); Phys. Fluids, 11, 1768 (1968).
5. C. B ä l e a n u ,  ln "Probleme actuale de fizică". Coord. I. Ardelean, Univ. Cluj-Napoca, voi 

VI. p. 117 (1986).
6. B. C b a k r i b o r t y ,  Phys. Rev. A ,  16, 1297 (1977).
7. V .P , K o v a l e v ,  A. B. R o m a n o v, Zh Exsp. Teor. F tz., 77, 918 (1979).
8. C. B ă l e a n u ,  S. C o i d e a ,  J  K a r á c s o n y  Contract M.t.1 13/1986. ',



6TUDIA UNIV. BABEŞ-BOIîYAI, PHYSICA, XXXIV, 2, 1988

COMPUTER MONITORED SYSTEM FOR AUTOMATIC 
TEMPERATURE CONTROL

D. S. 1AÄCXJ, G. D. POPESCU»

X c u tv ti .  Ju ly  5, 1989

ABSTRACT. — This paper presents a practical achievement for program­
ming and adjusting the temperature of electric furnaces with heating cur­
rents up to  63 A. The installation proves to  be very useful for obtaining 
some substances whose preparation and thermal treatment need a more com­
plex thermal diagram ; among these materials are the new high X# supercon­
ductors.

When we were concerned to prepare different samples of 1—2—3 super­
conductors, a serious inconvenience arose from the necessity to survey and adjust 
the temperature of the furnace during a long period of time — tens of hours or 
even days. Thus, it appeared the ne­
cessity to design a system able to auto­
matically run the thermal diagram of 
the furnace. A short description of the 
resulted apparatus is presented below 

The block-diagram of the system is 
given in Fig. 1 A thermocouple (TC) is 
used as temperature sensor in the furnace 
® , its voltage is amplified by stage ф  
and compared m the, stage Q) with a 
reference voltage, Uubb. corresponding 
to the needed temperature The reference 
may be constant (given by stage ф ) or may change in time according to a 
program for thermal cycling carried out by processor ®  and transmitted to 
the comparator through the digital-analogic converter (§). The switch SW1 
makes possible to select the references (UREf “Automat” or “Manual”) and 
the other switch, SW2, enables the alternate reading of the voltages to be com­
pared (Ukef and U-rc) by a digital voltmeter (§). The comparator output drives 
the power unit Q) which connects the heater of the furnace to the power 
network A On Fig 1 also appears the voltage supply unit To prevent the 
erasure of the computer memory in the case of a voltage drop, an independent- 
power supply of the processor is provided (B)

Fig. 2 shows three of the mentionned units. The thermocouple amplifier 
ф  uses integrated circuits of ßA 726 X-type with temperature stabilized transis­
tors, ensuring thus a small drift of the amplification Care was taken about ther­
mal compensation also m the ф  and ф  stages by usmg opposite diodes The helical

Fig 1

• University of Clvj-Nitpecű, qf MaihstnaUcs etnà PJiystcs, 3400, С\щ-Клроса Romania
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potentiometer P (10 turns) serves for manual choice of the reference voltage 
g.nd lies togethei with the two comparator DBDs on the front panel of the appa­
ratus. The red lamp lights up when the reference voltage exceeds the one pro­

vided'by the thermocouple ampli­
fier and signals the furnace heating ; 
when Utc equals the reference va­
lue the red TED goes out indicating 
the interruption of the heating. 
During this period, ' when the fur­
nace cools out (Utc >  Urbf), the 
green lamp is lighting The com­
parator output drives an unijunc­
tion transistor oscillator (Fig. 3) 
and the period of generated pulses 
determines the phase for opening 
the thyristor. The thyristor current 

is the heating current of the furnace and its intensity belongs to the voltage 
amplitude at the comparator output ‘ I

In Fig. 4 is shown the circuit of the voltmeter used at the imputs of the 
comparator. I t  contains three ICs and displays millivolts on three digits, enough 
for the1 temperature range of the furnace • 1

The digital-analogic converter (Fig. 5) is the interlace between the parallel 
output bus of the processor (8 bits m the case of our TIM—S-type computer)

Fig. 3
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and one of the comparator inputs. Eight LEDs enable us to observe on the front 
panel the state of the data bus. Switching SW2 m the “Automat” position makes 
the  furnace temperature to follow the thermal diagram imposed by computer 
programming.

Fig. 6 presents the voltage supply unit for almost all of the system blocks. 
As mentionned above, m order to preserve the processor memory its voltage 
supply (+12 V, + 5  V) is -made from a 12 V battery via the circuits shown 
in Fig. 7.

The calibration curves of the apparatus are plotted m Fig 8.

The empty circles stand for the number of bits, decimally written, correspon­
ding to the binar significance of the LED display at the parallel output ot the 
processor, and the solid circles are the reference voltage measured by the volt­
meter. In both cases there is a satisfactory linearity'; the temperature on the 
abscissa was measured at the middle of the furnace by a Pt-PtRh thermocouple, 

In  the Appendix we propose a BASIC program for a thermal treatment 
having three plateaus. The heating and, lespectively, cooling rates, together
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with the temperature and time intervals for the three plateaus are given by 
INPUT to the computer, accordmg to the calibration curve from Fig. 8. In 
principle, ш the limits of a given situation, the above described method allows 
thermal cycling of any duration and any form.

Appendix

Program for three steps thermal treatment

2 OPEN # 3 , "a" : LLIST
3 BORDER 7: PAPER 0  IN K  7
5 PRINT AT 0 ,0  ; "Acest program furnizează un exemplu de diagramă termică cu trei 

paliere şi pante variabile de încălzire respectiv răcire. Alegînd în  mod corespunzător variabilele 
se  pot obţine o infinitate de posibilităţi de tratament termic. Cunoscînd puţina programare, acest 
program poate fi adaptat pentru once tip de diagramă termică."

6 PAUSE 0  CLS
8 PRINT AT 19 ,0 , “Timp : minute” ,AT 2 0 ,0 ,  “Temp .n ( =  const, aparat)”
10 PLOT 0 ,8 0
20  FOR n = 0  TO 48 STEP 8- DRAW  8 ,0 -  PLOT n ,8 0 + n -  N EX T n
30  PLOT 8 ,8 0 : FOR n = 0  TO 48 STEP 8: DRAW 0 ,8 :  PLOT n + 8 ,8 0 + n .  N EX T n
40  FOR n = l  TO 4- PRINT AT 5 - n ,  6 + n ;  “.” . N EX T n
50  PLOT 88,162: DRAW 32,0
60  PLOT 120,162: FOR n = 0  TO 32 STEP 8 : DRAW  8 ,0  : PLOT 120+П .162— n: 

N E X T  n
70  PLOT 128,162: FOR n = 0  TO 32 STEP 8 : DRAW 0 , - 8  : PLOT 128+ n ,162—n :  

N E X T  n
80  DRAW - 8 , 0 .  DRAW 24,0
90 PLOT 178,122: FOR n = 0  TO 32 STEP 8 : DRAW  8 0 :  PLOT 178+n,122—a : 

N E X T  n
1 0 0  PLOT 178,122: FOR n = 0  TO 32 STEP 8 : DRAW 0,8  : PLOT 178 +  n,122—n :  

N E X T  n
110 PLOT 210,98- DRAW  8 ,0
120 PLOT 218,98: FOR n = 0  TO 24 STEP 8 : DRAW 8 ,0  PLOT 218+n,98 —n: N EX T  n 
130 PLOT 226,98: FOR n = 0  TO 24 STEP 8: DRAW  0 , - 8  PLOT 226+n ,98  — n :  

N E X T  n
140 PLOT INVERSE 1,250,74: PLOT INVERSE 1,210,90
150 PRINT AT 13,0 ;"k”,AT 11,2,“----- > 1 ” ,AT 0 ,1 2 ;“t l ” ,AT 3 ,19;“------ > m  ” ,AT 2,18;

"P "
160 PRINT AT 4,19 ,"t2”,AT 6,24, "----- > 0 ”,AT 7,25 ,"q”
170 PRINT AT 8,26 ,"t3”,AT 13,27 ,"----- > r ”,AT 10 ,30  ;“f”
180 INPUT "k(pas timp) =  ”,k INPUT "1 (pas tem p ) = ”, 1 . INPUT “tl(tim p  palier 1 ) = ” ,

190 INPUT "p(pas timp răcire) =  ”,p- INPUT “m(pas temp racire)=",m - IN PUT “t2(timp 
palier 2) =  ”,t2

2 0 0  INPUT “q(pas timp racire) =  ”,q- INPUT “o(pas temp răcire)= ” ,o INPUT “t3(timp 
paber3) =  ”,t3

210 INPUT "r(pas timp racire) =  ”,r. INPUT "f(pas temp racire)=”,f
213 INPUT "te0(temp de start ) =  ”,te0
215 INPUT "telţtemp. palier 1) =  " ,tel
216 INPUT "te2(temp palier2) =  ”,te2
217 INPUT "te3(temp palier3) =  ”,te3
219 PRINT AT 19 ,0 , “,AT 2 0 ,0 ,”
220 OPEN #3,"a"
230 FOR n = l  TO 255- POKE 6 0 0 0 0 + n ,n :  N EX T  n
240 FOR n = te 0  TO te l STEP 1: OUT 226,PEEK 6 0 0 0 0 - f n :  PR IN T  AT 10,12;FB B X  

6 0 0 0 0 +  n- LPR1NT PEEK 6 0 0 0 0 + n :  PRINT AT 14,14;“INCĂLZIRE” FLA SH  1: PAUSE  
3 0 0 0 * k  PRINT AT 10,12," ” NEXT n
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250 FOR 31=  1 TO t l  PRINT AT 10,12,n , "m m ” - PRINT AT 14,14," PAPIER 1 " : 
PAUSE 3 0 0 0 .  PRINT AT 10 ,12;” “ N EX T  n

260 FOR n = t e l  TO te2 STEP - m  OUT 226,PEEK 6 0 0 0 0  +  n PRINT AT 10,12; 
PEEK 6 0 0 0 0  +  n . PPR IN T PEEK  6 0 0 0 0 + n  PRINT AT 14,14, "RĂCIRE 1” PAUSE  
3 0 0 0  * p  PRINT AT 10,12,"  N EX T  n

270 FOR n =  1 TO t 2 . PRINT AT 10,12 ,n, "m m ” : PRINT AT 14,14/ ‘PAPIER 2” . PAUSE  
3 0 0 0  PRINT AT 10,12,"  N EX T n

280 FOR n = te 2  TO te3 STEP - o  OUT 226,PEEK 6 0 0 0 0 + n  PRINT AT 10,12; 
PEEK 6 0 0 0 0 + n  - PPR IN T  PEEK 6 0 0 0 0 + n :  PRINT AT 14,14,“RACIRE 2” PAUSE 3 0 0 0  
* q .  PRINT AT 10,12,"  N EX T  n

285 FOR n = l  TO t3 PRINT AT 1 0 ,1 2 ;n, "nun.” : PRINT AT 14,14/ ‘PAPIER 3” :
PAUSE 3 0 0 0 :  PRINT AT 10 ,12;...............N EX T n

290  FOR n = te 3  TO 0  STEP — f :  OUT 226,PEEK  6 0 0 0 0 + n :  PRINT AT 1 0 ,1 2 ,PEEK  
6 0 0 0 0 + n -  PPRINT PEEK  6 0 0 0 0 + n :  PRINT AT 14,14/'RĂCIRE 3 ” : PAUSE 3 0 0 0 # r :  
PRINT AT 10,12," ” : N EX T  n

295 FPASH 0
296 PRINT AT 14,14,"SFIRSIT 1"
3 0 0  STOP
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ABSTRACT. — We repoit the results of magnetic measurements performed 
on *Fe£0 3(l — л-)[2Б20 3 CdO] glasses having # <  50 mol % In the glasses 
with x ^  3 mol % the iron ions manifest themselves as isolated species, hut 
at higher concentrations they participate m negative superexchange interactions. 
From experimental Curie constant and atomic magnetic moment values we 
have assumed that m the glasses v.ith x >  1 mol % the iron ions are present 
as Fe2+ and Fe2+ valence states, vhose molar fraction was calculated.

Introduction. Several experimental results lelatmg to the magnetic beha­
viour of seme oxide glasses with transition metal ions suggest that the valence 
states ard  distribution mode of these ions m the network of the oxide glasses 
depend on the glass matrix structure [1], the preparation conditions [2], and 
the nature of the transition — metal ions [3] These conclusions have been rea­
ched írem FeL0 3 • B.,03 • PbO glaises investigations, too [4]

In  cider to obtain information on the part played by the glass matrix com­
position on the iron valence states, w e studied the magnetic behaviour of xFe20 3 
(1 — x) [2B. 0 3 • CdO] glasses with 0 <  x ^ 50 mol %.

Expeilnitnlnl. We have studied the xFe20 3(l — #)[2B20 3 • CdO] glasses with 0 <  x 50 
mol % maintaining the B 20 3/Cd0 ratio constant In this way initially the glass matrix 2B20 3 ■
• CdO was prepared hy mixing H 3X 0 3 and CdC03, ard melting this admixture m a sintered 

corundum crucible We used the technique previously reported [5] After cooling, the host glass 
was crushed and the resulting powder was mixed with appropriate amounts of Fe20 3, before fmal 
melting at T =  1150CC for 1 h The molten glass was poured onto a stamles steel plate The struc­
ture of these glasses has been studied by X-ray diffraction analysis and did not reveal any cry­
stalline phase up to  SO mol % Fe20 3

The magnetic susceptibility data vere performed using a Faraday type balance m the tem­
perature range £0 to  300 K.

Results and discussion. The temperature dependence of the reciprocal 
magnetic susceptibility of these glasses is presented m Figs 1 and 2 For the 
glasses with x < 3 mol % a Curie law is observed This suggest that m this con­
centration range are predominant the isolated iron ions and no magnetic order 
is present For x > 3 mol %, the reciprocal magnetic susceptibility obeys a 
Curie—Weiss behaviour with a negative paramagnetic Curie temperature — Qp, 
For these compositions, the high temperature susceptibility data indicate that 
the iion ions m the glasses experience negative exchange interactions and are 
coupled antiferic magnetic ally In this case, the antifeiromagnetic order takes 
place only at short-range and the magnetic behaviour of the glasses can be descri-

Umicrstiy of Zhtj-Napoca, Faculty o f Mathematics and Physics, 3400 CUij-Napoca, Romania
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F i g .  1. The -temperature dependence of the reciprocal magnetic 
, susceptibility for the glasses with x 5' mol %.

F,i g - 2. The,temperature dependence of the reciprocal magne­
tic  susceptibility for the glasses with 10 <  x ^  50 mol .%
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F i g .  3. The composition dependence of the paramagnetic 
Curie temperature.

■ > , - y [-,0'°/.
F  i g. 4 The composition dependence of the Curie constant.
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bed by the so-called mictomagnetic [6] type order A sun lar conclusion was 
obtained for Fe20 3 • B20 3 • PbO glasses [4].

The absolute magnitude of the values of Qp increases for x >  3 mol % (Fig. 
3). In general the exchange integral increases 'as the concentration ot the iron 
ions is increased in the glass [7] As a result the magnitude of the paramignezic 
Curie temperature increases.

To determine accurately the values of the Curie constants, CM, corrections 
due to the diamagnetism of the matrix and Fe20 3 were taken into account. The 
composition dependence of the Curie constant is presented in Fig 4 For the 
glasses with лг >  1 mol %, the experimental values obtained for Curie constant 
and consequently for atomic magnetic moments are lower :thau those which cor­
respond to Fe20 3 content, considering that all iron ions are in Fe3 + valence state. 
In this way, we consider that in these glasses are present both, Fe-+, and Fe3+ ions 
The presence of the Fe3+ ions was evidenced by FPR  measurements [8] In 
this case, having in view the atomic magnetic moment values [rF.3+ =  5.92 jj,b 
aud рре2+ =  4 90 [is [9], we have estimated the molar fraction of these ions 
m the glasses using relations

x^Lp =  2 832. ; =  * A +  +  U)
and

x = ’x1 + x'2, ‘
i I *.i ’

where ( i^  =  2 8 3 t he experimental atoovc magnetic moment, xL and xz 
the molar fractions of iron m Fe3+ and Fe2+ valence states The results are pre-

Table 1

Curie constants- and the molar fraction of iron ions m Pe3+ 
and Fe2+ valence states.

X
[mol % Fe20 3]

C M
[emu/mol]

X1
[mol % PeTO ,]

x 2
[mol % F e |+ 0 3]

0.5 0.0437 0 5 _
1 0 0874 1 —
3 0 2482 2.5 0 5
5 0 3828 3 0 2 0

10 0.7498 5,4 4.6
20 1 3301 4 7 15 3
30 1 9440 5.2 24.8
40 2.5649 6.2 34 8
50 3.1886 6 8 44 2

sented in Table 1. From these data it results that the molar fraction of the Fe2 + 
ions in these glasses increases up to 50 mol %

Conclusions. By means of the magnetic susceptibility investigations of 
xFe20 3(l — x) [2B20 3 ■ CdO] glasses with 0 <  ж sg 50 mol % we have obtained 
information concerning the iron ions distribution in the cadmium-borate glass 
matrix which explains their magnetic behaviour.
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The magnetic properties of xFei0 3(l — x) [2B,03 • CdO] glasses are a func­
tion of Fe^Og content. For the glasses with л; >  3 mol % l\e20 3, antiferromagnetic 
behaviour is evidenced. , , , •

From Curie constant and atomic magnetic moment values, it results that 
in these glasses the iron ions are present as Fe3+ and Fe2+ valence states, whose 
molar fraction was calculated
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THE ABSORPTION OF THE UETRASOUND BY THE CARBON 
TETRACHEORIDE-HEXANOL SYSTEM

I. LENART*, D. AUSLÄNDER* and A. CIUPE*

Received July 20, 19S9

ABSTRACT. — The paper reports experimental work leading to information 
on the nature and the intensity of the mtermolecular .interactions m  CCI, and 
C5H13—OH mixtures of different concentrations, at 20 °C. The values of the 
ultrasonic velocity, density, attenuation constant and dynamic viscosity enabled 
the evaluation of the relaxation absorption, the volumic viscosity- and some 
relaxation parameters as well as the excess quantities The results demonstrate 
the existence of interactions between the component molecules of the system

introduction. The process of ultrasound energy disipation in the piopaga- 
tion medium is a result' of several effects, based on difierent mechanisms.

According to the hydrodynamic theory of attenuation by absorption, the 
energy disipation is due to the eifects of viscosity, thermal conductibility and 
thermal radiation .Since for most liquids we can neglect the last two terms, the 
absorption is given by

<Xj, 8tt2
/2 ~  3pv2 ( 1 )

In order to obtain agreement with the experimental data, we had to take 
into account an extra absorption term, resulting from the molecular mechanisms 
of relaxation, hence

P
_  O» I _“ rel_

P  ^  P
271“
pZ73 (2)

where aexp is the experimental attenuation constant, /  — the ultrasonic fi e- 
quency, a„ the viscosity attenaution constant, aIcl — the relaxation 
attenuation constant, p — the density of the propagation medium, r\ — the 
dynamic viscosity, i)v — the volumic viscosity.

Material аш! Method. The experimental determinations were made on carbon tetraclilonde- 
Slexanol mixtures, with one polar and one apolar component m a full range of concentrations 
(including the system components) at the temperature of 20 °C

The ultrasonic velocity was measured by an optical diffraction method, the attenuation 
constant by a pulse method on the basis of repeated echoes at a fixed distance, at 8 MHz fre­
quency , the density and the dynamic viscosity coefficient were determined using the picnometer 
and the Hopplei viscosimeter, respectively

UmiersUy of Cluj-Napoca, Faculty of Mathematics and Physics, 3100, Cluj-NaJoca Romania
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F i g .  1. The variation of absorption 
with the alcohol concentration.

F i  g. 2- The variation’ of the relaxa- 
1 tion absorption with' t h e 1 alcohol con- 

1 centration. ■

The data obtained permitted to  evaluate the viscosity absorption from equation (1), the  
lelaxation absorption and the volumic viscosity from'equation (2).

By means of relationship : 1

+ nv
pa* i (3)

thé viscosity relaxation time of thé components and of'the mixtures at different concentrations- 
was» computed '

Results and Discussions. The variation of the .Stokes—Kirchhoff absorption 
and of the experimental absorption with /the -alcohol concentration is given in 
fig ,1 The term crvj f2 increases/ linearly with the concentration The experi­
mental attenuation is much higher than the ’viscosity one, especially for CC14. 
We note its marked decrease ah small concentrations, till approximately % =  0.2 
alcohol, tending to level- close ’ to;.the polar component

The' difference I between' the experimental attenuation'constant and the 
viscosity one is 'attributed to the relaxation absorption , its variation with the' 
concentration is igiven. m fig-, 2 r - : * '
As we expected,‘the curves from fig 1 show the considerable ^difference of this 
quantity for the two components, the strong descent m the range of small alcohol 
concentrations end a- slower one ior high concentrations.

The experimental absorption has,a pronounced deviation from additivity 
as shown m fig. 3 The .deviation is negative m the whole range of concentra­
tions 'with a ' pronounced minimum at ^ =  02  alcohol , , •

" The' --viscosity coefficients Vary in’ opposite directions-with the alcohol con­
centration of the mixture,'as results from the curves in fig. 4.,The lower curve,, of 
the dynamic viscosity'measured directly, increases' with the concentration, more 
strongly for high alcohol concentrations: The volumic viscosity computed from.
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X alcohol

P i g .  3. The ghaph .of rtht, deviation of the P i g  41 The variation of the dynamic and
absorption from 1 additivity, .as function of the volumic viscosity coefficients with the alcohol

alcohol concentration. concentration.

tile absorption terms’, is higher than the dynamic,one and varies similarly with 
the experimental attenuation constant

By means relatioship 3, the viscosity relaxation time was computed, which 
varies with the concentration according to the graph of fig. 5.

Being higher in CC14, it decreases exponentially with the increase of the 
alcohol concentration in the mixture, to a minimum value lyeirg between 0.5 
and 0.6 molar fractions of alcohol ; it then linearly increases to the value cor­
responding to hexanol

P i g .  5. The variation of 
the viscosity relaxation 
time with the alcohol'con- 
, .centration., -, ,

The relaxation processes being stuctly dependent 
on the interactions', the values of the relaxation absorp­
tion give information about the intensity of these inter­
actions Thus, the ’two components of the studied mix­
ture are characterized by weak mtermolecular interacti­
ons in CC14 and much stronger m ’CeH13- 0 3  because of 
the presence of the Hydrogen bonds which1 limit the 
possibilities of relaxation. This difference gives the hig­
her absorption and relaxation time in chrbon tetra­
chloride compared with hexanol.

The negative deviations from the additivity of the 
experimental attenuation constant indicate the presence 
of interactions between the molecules of the two cotn- 
ponets of the system The pronounced deviation in the 

‘range of small concentrations of alcohol shows the 
presence of stronger interactions between the molecules 

,of the components than the corresponding ones between 
the molecules .of-carbon . tetrachloride. The increase of 
the alcohol concentration leads to the further decrease
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of the deviation from, additivity, because of the increasing number of interac­
ting molecules ; the deviation attains a minimum followed by the predomina­
tion of the Hydrogen bonding characteristic to hexanol

Concluding, the variation of the quantities characterizing the relaxation 
processes with the alcohol concentration in the studied mixture reveals the shift 
of the equilibrium determined by the ensemble of the following mtermolecular 
interactions polar-polar, polar — apolar, apolar — apolar.
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TRANSITION TEMPERATURE MEASUREMENTS o'n 'SOME 
SUPERCONDUCTING OXIDE MATERIALS EY‘ INDUCTIVE MEÍHOÍ>

I. BABBLH*, ,V. IOACE*, S. ..SIMOA*, I. AHDELEAA*, GH. IEOKCA*, E ., BEJBZO** and
. V. POP** . ,

Jtsceived: J u ly  22,  7989  ,
‘ I ABSTRACT. — An inductive technique is described and used to  characterize 
" the normal to  superconducting transition in  small volume samples. As the 

sample temperature, T, is lowered through the transition, magnetic flux eclus- 
lon from the superconductor sample modifies L  in an inductor coil of an EC 

, »circuit A plot of /  versus''jf characterizes the transition The method is used 
for characterizing the superconducting transition in Y 0iljD y0iJBa2Cu3O7_s, 
YjBajCUjOj.g and Y 0itBaa sCu.O._8i samples , i

Icfrcduclicn. The tiarsiEcn "temperature cf superconducting materials is 
usually deteimined ty  measuring the temperatuie at wich the residence of the 
material falls to zeio, (four — teimiral resisteuce method) In nonhomogeneous 
materials different parts of the sample may have different transition tempera­
ture. In this case the four-terminal lesistence measurements are not quite ade­

quate.
To characterize the supeiccrductirg trarsition for seme sample geometries 

such as pew dels, small sample ciystals, ard  small’fragments of thm films or 
sintered pellets an inductive method is used [1]

In this paper an inductive technique is described ard used to characterize 
the ro m a i to supeiccrductirg tiarsit-cn for small volume samples as У0бЕу0* 
Pa.Cu.C;_s, Yjba.CuLC7_s ard Y05Ea26Cu.CVs

Experimental. The sample is mounted cn a ccppei s ip p e it  which is placed m the inductor 
coil of an EC circuit that oscillates at a resonant frequency /  =  1 /2 -  ^/EC (Fig 1) As tempera­
ture T  is levered  ard the scruple tcccrrcs evpcrct: cutting, its diamagnetism decreases L  and. 
bance increases /  A plot cf j  versus 2 characterizes the superccrducting transition

The copper support is attached to a cold firger witb,n the sen pie chamber cf the cryostat. 
The sample temperature is measured using a calibrated diede tlieirrcrreter attached to the copper 
support and controled with a temperature innstrrment controller [2] The sample is cooled by  
immersion of the finger m either liquid nitregen cr liquid air

The inductor coil is a p a il cf the rrtdilicd mtegiated oscillator cncuit TAA—66 [3]
The sample Y 0 6E)y0 4Еа3Сиь0 7_8 was prej ared t y  t i e  follcwirg methed appropriate amounts, 

of D y30 3, Y jOj, CuO and BaC03 powders were thoroughly mised and heated in' a flcwing oxygen, 
atmosphere at (S-30—£50)‘С fer 24 henrs lh e  resulting mixture was regreund, pelletized and hea­
ted  at' (S4C— £€0)‘C icr 24 bcuis in cs j gen atrresphere The scrrples were then slowly cooled, 
together with l ui r. ee X- i i j s  n easuren ents show t i e  pieser.ee of single phase material having, 
orthorenbjc eiustal t tu c tu ie  [4]

* V niicrstty  of Cl i f  c(a, 1 cttdly c f k fa lh n  d u s  ontf 34 CO C tvykafoea, Leii anta
** Canttal Institute of } tastes, L tuhatetl, kattanta
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!t o  c r y o s t a t
F i g  1. Sample Folder. F i g .  2. An /  versus T  curve for 

Y e .D y ^ B a jC u jO ^ s

The samples Y lBaJCus0 7_s and Y , 5Ва3 5Си,0,_8 were obtained by calcination of the corre­
sponding amount of YjOj, BaC03 and CuO mixtures to 850°C for 8 hours, in air. After calcina­
tions the samples were crushed again and recalcmated at the same temperature for S hoars in  
order to obtain a higher homogeneity P inilly, the stup les were pressed into pi l l e . s i l l  sinter 
ned for 16 hours, in oxygen flow at 930°C and then cooled down to  300°C with a cooling iratért 
of 3°C/minute and with a temperature shoulder of 1 hour at 500 °C.

Results and discussion. In Figure 2, an/versus T  curve is shown for a sa np1e 
■of Y0 6Dy0 4Ва2Си30 7_8 of 3 mm diameter cilyndncal form As can be n, 
from Figure 2, the superconducting transition is narrow (middle point at 93 K) 
indicating a simple orthorombic phase in good agreement with the X-rays measure­
ments [4]

In contrast to УобЬ>у04Ва2Си30 7_8, for Y1Ba20u3O7_8 and Y0 .5Cu30 7_4 
samples, a broad superconducting transition is observed (Fig 3 and 4, respecti­
vely) indicating a multiphase system m this materials also identified by ESR 
method [5] The ESR signal of these samples is due to the Cu2+ ions from super­
conducting phases of Y2BaCu05 and CaCu02 type [6]

In case of single phase material Y06Üyo4Ba2Cu307_s the suited í j  tempera­
ture is higher than m case of multiphase systems Y1Ba2Cu30 7_s and Y „ 3 3 i2 С з 0 7_  j .

The magnitude of the effect m increasing or decreasing of the f  vc sus tem­
perature is due to the difference m the magnetic properties of the sa up les (with.
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F  1 g. 3 An /  versus T  curve forY j B a j C i i j O j . s - F i g  4 An /  versus T  curve for 
Y 0 5F По 6Cu30 j_ s .

and- without Dy) and also to the size of the samples which influences the coil 
filling factor (spate factor)

I t  may be concluded that the inductive method described is useful to characte­
rize the superconducting transition (Tc„ transition width)1 for small and different 
shapes of samples.
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EPR ON VITROCERAMICS WITH GADOLINIUM OXIDE
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ABSTRACT. — Changes of the structural and magnètical properties of glasses 
from Bi2_TGdrSr2Ca2Cu30 ,  system, m function of x and of heat treatment 
parameters, were investigated by electron paramagnetic resonance and magnetic 
susceptibility measurements Increase of the Gd20 3 content and of the heat 
treatment tim e'at 840°C determines significant modifications m the shape and 
parameters of the EPE. spectra, which denotes a pronounced change of the 
microenvironments around the paramagnetic ' ions Cu2+ and Gd3+.

Introduction. The discovery of the superconducting Bi—Sr—Ca—Cu—О 
system, mitialy at relatively low temperature [1] and later also above nitrogen 
temperature [2, 3], impulsed the research on this class of ceramic materials. 
Interest arises both from the identification of superconductive phases with criti­
cal temperature T0 >  100 К  and from the lower cost of this system Samples 
were obtained by the classical method of calcination and sintering of oxides 
mixture corresponding to desired composition The vitroceramic technique was 
also applied early2 to obtain samples by partial crystallization of glasses In the 
case ,of bismuth system glasses were prepared by the melt quenching method 
[4 -6 ]

The advantages of the new technique are (1) due to melting of the mix­
tures, homogeneity2 of the samples is higher than that of the samples obtained 
by sintering, (2) calcination processes are completely or partially2 eliminated ; 
(3) samples obtained by2 this technique aie much denser than ceramic samples 
of the same composition, (4) the microstiucture of the uy2stallized materials 
is highly controllable, (5) it is possible to obtain samples with various shape 
and size, inclusively libers of ladirs ar.d length adequate for applications m 
electrotechnics

As addition of rare eaiths to these ceramic materials determines an increase 
of critical temperatul e from 80 К to ICO К [7 — 9], we studied the Bi2~x Gd3Sr£Ca2 
Cu3Oz system The structural modifications induced by2 heat treatment m glas­
ses belonging to this system were investigated by electron paramagnetic reso­
nance (EPR) and magnetic susceptibility measurements The addition of Gd20 3 
may2 rise cutical temperature and facilitate obtainment of complete vitreous 
samples, because it favours to obtain vitreous materials even m the absence 
of the classical glass formers [10, 11]

Experimental. Samples were prepared from Bi20 3, Gd20 3, SrC03, CaC03 and CuO mixtures 
corresponding to the compositions Bij_1Gd.tSr2Ca2Cii3Oî , where x =  0, 0 01, 0 02, 0 03, 0 05, 0 07, 
0 1, 0 15, 0 2, 0 25 and 0 3. Melts were maintained at 1200°C for 15 — 20 minutes and were quickly

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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cooled by casting into large stainless crucibles, and pressed in order to  obtain flat samples with 
a thickness between 1 and 2 mm. In the sensitivity limits of the X-ray diffraction these samples 
do not present any crystalline phase.

The partial crystallization of the samples was realized by heat treatments carried out at 
840°C for times up to  20 hours. The presence or absence of the superconductive phases w ith T0 >  
>  80 К  was tested by means of an inductive method [12] which follows the temperature depen­
dence of the inductance of a coil containing the investigated sample as core.
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The EPR spectra were recorded with a standard JEOE spectrometer, ш X  hand, at the room 
temperature, on powder samples. The magnetic susceptibility measurements were carried out by 
means of a standard Faraday balance and an applied field of 7,5 kGs.

The Cu2+ fraction ( /)  from 
the total copper ions 

number m 
Bi^ţGd^SrsCa^CugOj,

glasses

IIcsulls. The glass sample without GcL03 exhibits a relative^ weak EPR 
signal with unresolved hyperfme stiuctuie (Fig. 1), typical ot the Cu2 + ions 
disposed m sites of axial symmetry [13 — 15], with a large distribution of the 
spin Hamiltonian parameters The addition of Gd20 3
leads to the appearance of an EPR signal specific to Table i
the Gd3 + ions m vitreous matrices [16—20] The lines 
with gtíf > 2 0  are less visible and with increasing Gd20 3 
content the line with ge(f =  20  predominates (Fig 1)

The magnetic susceptibility measui ements indicate 
a paramagnetic behaviour of the samples (Fig 2) and 
allow to estimate the ratio between the Cu2+ ions and 
the total copper ions number (Table 1) The contribu­
tion of the Cu2+ ions to the EPR spectra may be ob­
served m Fig 1.

The inductive measurements do not evidence any 
superconductive phase with Tc >  80 К m the glass 
samples

The partial crystallization of the samples determi­
nes important changes m the shape and parameters of 
the EPR spectra, which denotes a pronounced change 
ot the microenvironments around the paramagnetic ions 
Cu-+ and Gdc + The EPR signal intensity for the sample without Gd20 3 gra­
dually decreases with heat treatment time (Fig. 3) and practically disappears 
after heat treatments longer than 10 hours

The shape cl the EPR spectia from the samples containing Gd20 3 modifies 
with the m u ease cf the crystallization degree of the samples One remarks a 
shaie diminution for the signals with geff ~ 6 0, and a broadmg of the line with 
ge« ~ 2 0 respectively This fact is illustrated m figure 4 by the ratio between 
the intensity of the lire with gcff ~ 6 0 and that of the line with getf ~ 2 0 and 
by the line width in function of the heat treatment time, for the sample 
with X =  0 1 The share of the superconducting phase with Tc =  SO К identi­
fied m the vitroceramic samples resulted after a heat treatment applied at 840 CC 
tor 10 hours proved to be maximum for the sample wuth 0 1 ^ x ^ 0 2

X /(% )

0 01 30 06
0 05 28 96
0.075 8 33
0 10 9 17
0 15 9 57
0 20 22 97
0 25 30 97
0 30 36 67

Discussion and conclusions. The unresolved hyperfme structure of the Cu2 + 
EPR spectra is a consequence both ot the strong dipole interactions and of the 
high disorder degree existing m the samples obtained from quiekty undercooled 
melts The high disorder degree and the homogeneous distribution of the para­
magnetic ions m the vitreous matrix are proved both by Gd3+ EPR spectra 
typical of the amorphous systems and by the magnetic susceptibility- measure­
ments The pronounced decrease of the signal intensity with heat treatment 
time is, an evidence for the diminution of the localized Cu2+ ions number aud, 
on the other hand it reflects the achievement of the structural and magnetical 
ordering specific to these superconductive materials In this meaning, it is known 
the tact that the Cu2+ EPR signal recorded from ceramic samples of Y —Ba —
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P 1 g 2 Temperature dependence of reciprocal’ susceptibility for 
Bij.^Gd^SrjCajCujOj, glasses

Cu—О and Bi—Sr—Ca—Cu—О systems is assigned' to the Ca2+ ions from 
the nonsuperconductive phases [21—25] and the resonance signal diminution 
denotes the decrease of the share of these phases

Having in view the assignment of the resonance lines with geff > 2 0  from 
the BBR spectra' of the Gd3 + ions in glasses [19; 20], one may assert that in 
the samples belonging to the investigated system only a small part of the' Gd3+ 
ions are'.disposed in sites of low symmetry and that the most ones are disposed 
m sites of cubic symmetry with minor axial components By the -partial crystalli­
zation of glasses.it takes place a relaxation of the sites of low symmetry. This 
relaxation - is> illustrated by the share diminution of the lines with geд < 2  0. 
At-the same time, the microenvironment of the Gd3t  ions disposed in sites of 
cubic symmetry is easily-distored, what involves a broadening >of the distribution
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H h ]
1? 1 g 3 Heat treatment time dependence of 

Cu2+ BPR signal intensity for 
Bi2Sr2Ca2Cu30 ,  sample

P i g  4 Heat treatment time depen­
dence of EPR  parameters for 
Bij 9Gd0 jSrjCajCujO^ sample

lange of the values corresponding to the axial symmetry cristalline field para­
meters This leads to the broadening of the line with gU[ ~ 2 0 The increasing 
magnetic interaction between the Gd3 + ions from the partially crystallized ma­
trix  also contributes to the broadening of the line with ge!i ~ 2 0

Unlike other vitroceramics [26] m this case does not take place a sufficient 
mnforir.ization of the Gd3+ microenvironment, at least m the range of the 20 

fhours ot heat treatment applied at 840 °C, so that it does not obtain EPR spectra 
specific to the Gd3+ ion from poly crystalline materials [27] '

The correlation between the effect of the heat treatment tune and tempera­
ture on the shape and parameters o'f the Gd3+ EPR spectra from Bi2_ïGd3Sr2Ca2 
Cu3Oz viti oceramics allows to establish new relations between the local order 
degree and the supei conducting characteristics of these vit: oceramics mate­
rials
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SOME ELECTRICAL PROPERTIES OF THE SILVER-CONTAINING 
84B20 3 — 15Li20 —1 SiO, GLASS SYSTEM

V. CHISTEA*, LAVINIA СОСГО*, MIRELA KHATOCHWIIX* and AL. NICULA*

XiUivid July  31, 19S9 ■

ABSTRACT. — The electrical property measurements have been performed 
on a silver containing glass system Two experimental methods have been 
used. The temperature dependence of both electrical resistance (i?) and dielec­
tric constant, as well as the modification of R  with the applied electrical 
field have been discussed.

1 Introduction. The. interest in the study of silver — containing glasses 
results from the possibility of their utilization m dosimetry In a previous woik
[1], the paramagnetic silver centers m gamma-irradiated glass systems have 
been reported In the present paper we concentrate on the temperature depen­
dence oi the both electrical resistance and dielectric constant of S4B20 3 — 15LbO — 
lS i02 doped with 10% (wt) Ag20

2 Experimental procedure. The glass was prepared by fusing reagent grade substances В (OH), 
X/ijCOj, S i0 2, Ag20  in corrundum crucibles The melt of oxides was maintained for an hour at 
1 000 °C, then supercooled at room temperature in cylindrical form Iu order to  obtain a tablet 
sample, the glass was heated in a flame and flattened until a flat elipsoid has arisen During 
first electrical measurements1 indium aimlgam contacts have been used, but they proved to  be 
inadequate because their electrical resistance has been rising with time With a soldering gun, 
an indium stratum was laid on every side of the samples and good contacts have been obtained 
A n  ORION type teraohmmeter with 50 V, 100 V, 200 V, 500 V, and 1 000 V output voltages, 
was used to measure the electrical resistance

Then the sample was polished on the two sides obtaining a parallel plate of 1.19 mm th i­
ckness By means of vacuum evaporation on the same two sides of the sample have been per­
formed circular silver electrodes with diameters lower than that of the sample. We measured the  
•electri cal resistance (R) using a capacitor discharge method

U(h)

with the usual significance of the notations The same C7(f,) =  94,5 V and U(l2) =  77 5 V vol­
tages were measured w ith a Dolezalek electrometer m ldiostatic connection The measurements 
were carried out using a capacitor with negligible losses and such a capacitance (C),' that the 
length of discharge time, t„ — tlr was 10 seconds, at least.

The sample holder and heater was described m  the paper [2], in such a device, the sample 
-with circular silver electrodes has been fixed between two platinum sheets The temperature was 
measured with a P t—PtRh thermocouple using the compensation method. The heating conditions 
Tiave been chosen so that during measurement, the temperature modification was impreceptable. 
A  double switch allowed the sample connection either to the charged capacitor terminals (in order 
"to find R), or to an R.RC bridge output (in order to measure the capacitance of the sample elec- 
-trodes capacitor — Cg)

* University o f Cluj-Yapoca, F aculty o f Mathematics and Physics, 3400 Cluj-Ptapoca, Rom ania
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3 Experimental results.
Figure 1 shows the dependence 
of the electrical resistance on 
applied voltages, m a l n Ä - ^ ü  
scale, at, various, temperatures ; 
at lower temperatures this de­

pendence is described by the 
experimental relationship

R = R 0 ef+™112, (1)

where A and В coefficient va­
lues depend on the temperature 
(Г) at 288 K, A =  25 52 and 
B =  5 62-10-* У-i/*, at 342K, 
A =  22 75 and , В =  7 52 X X 10-2 V -1/2 IThe' same (1) de-

__________________ _ peiiden'ce is right for the ejlectnc
0 10 20 V V, 30 field E=Uld,  where d =  1 5 mm

U 2 ( V̂ ) 1 is the sample tickness For T  =
Fig 1 Change of the electrical resistance with the =  288 K, all, the experimental 

applied voltage. points lie on the straight line ;
at 342 El, the 'point with U =  

=  1 000 V is below line and at higher temperatures,' the relationship (1) is no 
more available

The temperature dependence of electrical resistance, corresponding to the 
two experimental methods, are shown in Fig1 2. 'In every case, a straight line
might be drawn ш a ln R vs — plot and ,th e , electrical resistance, ,

w
R = R 0z kT, , (2)

shows an exponential decay when the temperature is rising
The dielectric constant was calculated with formula e =  CgjCc, where Cg is 

the capacitance of the sample electrodes capacitor minus the capacitance of 
the conductors, and Cc is the computed capacitance of The capacitor consisting 
of silver electrodes with vacuum instead of glass Fig 3 shows the dielectric 
constant variation with the tempeiature. I t  ls^bseived in the 358 К  — 405 К  
tempeiature range, e does not depend on the temperature At higher tempera­
tures (T  >  410K) the temperature dependence s(T) may be described by the 
experimental relationship ; ,

£ =  £,, +  bT ' (3)
where zc =  — 13 16 and Ъ =  0 12 К “1.

4 Discussions. The dependence of electrical resistance on the applied vol­
tage is due to Poole effect [3] m dielectrics the generation of new free carriers 
leads to the modification of electrical conductivity (cr) with the electric field
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J _____________  3UU 1 JO U  -  4Q U  J

3 ' lo f m V ' ‘ 4Л*— 1 T' (K1
F i g  2 Temperature dependence of,the electrical ' F i g  3 .,Temperature dependence of the . 
resistance of the samples a) with indium contact dielectric constant., , ,
and teraohmmeter measurements, h) with silver 

electrodes and electrometer measurements '

magnitude (E) according to empirical formula a = A exE In the papei [4] it 
is shown that such a law is true for BaO —B20 3 glass system In turn, the BaO— 
— B20 3 — 5% (wt) ln 20 3 glass shows a Frenkel dependence of electrical resisti­
vity (p) vs electric field intensity [5], p =  р0е~^^Е , which in 'a ,lnp.— plot, 
represents a negative slope straight line (ß >, 0) At the lower temapertures, 
the experimental data in Fig 1, follow such a law, but with a positive slope 
(ß <  0) In contrast with Poole and Frenkel effects, we found an electrical resis­
tance ot the studied, glass system .which, rises with applied electric field increase. 
Such a behaviour can be explained taking into account the glass polarization. 
The electric field between the teraohmmeter -terminals' causes the appearance 
of a polarization charge which is the greater.so as,the output voltage rises. Hence, 
mside the glass the electric field felt by- current carriers diminishes and, in con­
sequence, the sample apparent resistivity rises At highei ■ temperatures, as it 
is seen ui figure 1, the above explanation does not hold true because as the tem­
perature rises, the polarization charge is diminishing. The similar polarization 
phenomena have been observed m materials with'electronic conduction' [6] such 
as T i02 whose conductivity lowers \yhen, the electric field i; , switch on,

Our experimental data in figure 2a were obtained with ; teraohmmeter at 
1 GOO V output voltage, different series of experimental points arranged in the 
short lines with more and more slight slopes, correspond to the various measure-
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ment ranges of the instrument. In order to test these results, we used the second 
method and silver contacts on the sample To our surprise, the experimental 
points also appear as a series of short lines (Fig 2b) Besides, appropriate В 
values have been found with the twp experimental methods. Computing the 
activation energies accordmg to the expression (2), we have obtained Wa = 
=  0 88 eV and Wb =  1 04 eV, respectively As far as the conduction kind con 
cerns, taking into account the glass components, we suppose that the electrica 
conduction in this glass may be ionic. Nevertheless, owing to the sample pre 
paration, we must mention that the conduction mechanism is sometimes chan 
ging [7] during flame processing of the glass

In the case of the dielectrics, usually, the literature [8] indicates a lowering 
electrical permitivity when the temperature is rising But, sometimes the per- 
mitivity of the dielectrics increases at higher temperatures I t  was reported [9 
a strong increasing permitivity of the Na20 —BaO—Nb20 5—02Si0 2 glass sys 
tern, especially at the temperatures high„er than 200 °C The greater values o: 
the dielectric constant are conditioned by a more pronounced polarization o: 
the glass. When the temperature is increasing, the polarization diminishes but 
as it seen in the Fig 3, the dielectric constant (s) of the silver containing gias; 
becomes greater We could give a possible explanation to the experimenta 
results (fig. 3), taking into account the dielectric losses I t  is known [10] thaï 
the imaginary part (s") of the dielectric constant is proportional to the electrica 
conductivity (cr), e" =  c/seoj, where c0 is the vacuum electrical permitivity anc 
tó is the frequency of the operation voltage. Since the electrical conductivity 
increases with temperature, the greater values of k" are expected at higher tem­
peratures and constant frequencies, but, s dependence on the temperature is 
not an exponential one, so that our explanation has just a qualitative aspect
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CIRCULAR MOTIONS AROUND A, PULSATING STAR

ЮАСПШ GIURGIU*

Received August 28, 19S9

ABSTRACT. — The case of a body moving ш an initially circular orbit around 
a pulsating star, under the only influence of gravitation and radiation pressure, 
is studied Some relations between the pulsation period and the orbital one 
are considered. The deformations undergone by the orbit in some peculiar 
cases are estimated. ’

1. Disturbing Acceleration. Let us consider a spherical body of mass m 
and radius r', with uniform albedo, orbiting a central body of mass M  >  m Let 
this orbit be circular of radius a Let also the attracting body be a star whose 
luminosity changes m time, L =  L(t), and let this change be periodic. We con­
sider that the only forces acting on the body m are the gravitation and the radia­
tion pressure The radiation force per unit mass which acts on the orbiting body 
has the expression

Fr = A L{t)I{Atz vier-), (1)

where r is the radius vector of the body m, A is the effective cross-sectional 
area of the same body and c is the speed of light.

We shall ivrité the luminosity L(t) of the central source in the following 
form •

L{i) = L 0{ l + m ,  (2)

where L 0 is the mean luminosity.
Let us consider that the central source is a pulsating star In this case. ' 

the varying part of the luminosity is periodic (as we already assumed) , let us 
write this part in, the form

f{f) = op sin (npt), (3)

where ap <  1 is the relative amplitude of the pulsation, while np is the pulsation 
frequency. We have assumed that /(0) =  0 and this fact eliminates the cos [npt) 
te rm .

With these considerations, the disturbing acceleration acquires the expres­
sion :

F, =  K( 1 +  ap sm{npt))!r\ (4)

Industrial Ssecondary School, 3379 Bata d t А п ц ,  Romama
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where we have introduced the notation :

К  = A L c](4tzvic) (5

Let S, T, W  be respectively the radiál, transversal and binormal co'mpo 
nents of the disturbing acceleration Since the disturbing force is a central one 
we can write [3] •

S =  K( 1 +  ap sin (n^))lr2, T  =  0, W =  0 (6i „ f
2 Variation of the1 Eccentricity.'We supposed ' that the orbit of the bod; 

m is circular. So, the notion of periastron losses its meaning and that of tru 
anomaly v, too ; however, the notions of node and argument of latitude и reman 
valid if we consider a reference plane differing from the plane in which the orbi 
lies We may therefore assimilate v with u, without restricting the generality 
In this case we may write

,  ̂ ú  =  nt ,  • , (7’

where n is the mean motion, given by : • ,,

n =  2тг/Г =  (8)

in which [X is the gravitational parameter of the attracting body and T  will hence­
forward denote the orbital period of the body m (according to our considerations 
Г  is a nodal period). I t  is also clear fron1 (7) that we considered the momenl 
at which the body m passes through the ascending node as the origin of time
(* =  °) ,

We shall study what deformations undergoes the initially circular orbit 
under the disturbing influence of the radiation pressure, after a revolution о 
the body m (of after a period T) For this purpose, consider the Newton—Eulei 
equations for the osculating orbital elements. The equation corresponding tc 
the eccentricity в has the form : .

dejdu =  Z  '(л-1 a2S sin и, • ' (9'

where we took into account the above considerations. For’integration purposes 
one usually considers Z  £  1 (see, e.g, [1]).

The variation of the eccentricity over a period is given by :
’ ' ' - 1 ‘ 11 2n..........  l! ' ‘ ß 1

1 ' " " Ae = ^  {dejdù)dtC ' ' о л "‘ ;.(Í0;
, ~ , ] - [ ?! ! - - ,  ' ' 1, ’

or :
T.

' Ac =  f (,dejdt)dt. - (11)
■ ’o ' '
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We shall use this last equation Taking into account the formulae (6) — (9), 
the integrand of the equation (11) has the form.

dejdt — К  a~3l2(\ +  ff^sin (npt)) sm (nt) (12)
T

Now, we take into account the fact that  ̂ sm[nt)dt =  0 , with this and
о

with (12), the variation of the eccentricity over a period v'ill acquire the expres­
sion

T

Ae =  Ka-p^.-1!2 aô312  ̂ sin (nt) sm (npt)dt, (13)
о

where the index ,,0” signifies the value of the respective quantity at the initial 
moment of the considered period.

Performing the above integral, we obtain

Ae =  (Kj[L)ap sm(2rM /wc)/((V wc)2 — 1), (14)

or, m terms of periods

Дб =  (Klii)ap sm(2%TcjTp)j((T0ITp)2 -  1), (15)

where Tp denotes the pulsation period
3. Deformations of the Orbit. Taking into account the fact that the imtial 

orbit is circular, we must consider only the case Дб ^ 0 For this purpose, we 
analysed the sign of the expression (15) for Дб One sees that Ae ^  0 when :

T CITP e  [1/2, 3/2] и h ,  (16)

where vre denoted

f i = U [ H l , H  3/2]. ' (17)Aefll*

The equality Дб = ,0  (te the eccentricity does not change) occurs for all extre­
mities of the above intervals

Observe that T 0 =  TP (ii0 =  n ) leads to an indeterminacy in the equation 
(15) or (14). In this case we way apply l’Hospital’s rule or integrate directly 
the equation (13) for n =  np, obtaining

Дб =  iz(Kl\j.)ap. (18)

Now we consider the case Дб <  0 (ivhicli cannot be taken into account). 
This situation occurs when

TJTp  e  (0, 1/2) и I 2, (19)
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where we denoted

h  =  U  (k +  1/2, k +  1) (20)

IÍ we plot Ae (m (Kj\L)ap nmts) versus the ratio T fljTp, we obtain that a 
significant variation Ae (“normalized”) takes place only for small values of the 
T aJTp ratio As to the real values of this variation, they will be estimated in 
the next section.

4 Numerical Estimates. Considering the equation (15), we can easily deduce 
that the maximum variation of the eccentricity, after one period, will b e ,

(Ac)m.x =  3 172 (Kly.)ap, (21)

which occurs for T 0jT p =  0 961 We take also into account the fact that
[ 10]

Klv- S 6 • l0-*pr'(L0ILo)l(MIMo), (22)
or .

A/p = 2 5 -  l0-Hr'4m)(L0lLo)i(MIMo), (23)

formulae m which p (the densit}7 of the orbiting body) is expressed in g/cm3, r 
is expressed m cm and m m grammes So, the formula (21) becomes :

(Ae)nux = 8 . 1 0 - ^ l m ) a p(L0ILo)l(MIMo), (24)
obviously, with the condition l ' ejT p =  0 961.

We shall firstly consider an RR Lyrae pulsating star ; such stars are ade­
quate since their masses and luminosities are generally known [6] Before applying 
the formula (24), we shall see whether such a case may occur. For this purpose, 
we estimate the radius of the initial orbit •

ao = (0.9 р(7У(2тг))3)1/3. (25)
Taking roughly into account the following parameters for such a star [2, 9, 
11] Tp =  0 6 days, M  =  1,5 • lO^g, one obtains a0 =  2 • 1011 cm. But the 
radius of the star reaches more than 3 ■ 10u  cm ; therefore the formula (24) cannot 
be applied m the case of an RR Lyrae star.

Remaining to such stars, let us consider a particle orbitmg around an RR 
Lyrae variable with a period such that T0/Tp is of the order 102: Taking into 
account the fac t, that (see [9]) ■ ;

(L0/Lo)/(M/Mo) S 0.5 • 102, ; (26)

and considering the r'2jm ratio of the order of unity, we obtain from the formula 
(15) that Ae <  10 ~e, namely, after one revolution, the particle practically returns 
to its circular orbit. ,

Let us consider now a long-periodic pulsating star, in order to may apply 
the formula (24). Suppose that the orbiting body is a fictitious artificial satellite 
with the physical and geometrical features of PAGEOS 1 [5] For such a balloon



CIRCULAR MOHON AROUND A PULSATING STAR 63

satellite, we obtain that r'2/m s  42. Let us also consider that this satellite orbits 
at such a distance that T ^T p  — 0 961. In, this case, (24) yields : -

Ac = {ll3Q)ap{L0ILo)l(MIMo). (27)
This means that, it the considered long-periodic pulsating star is such that ap{L0J 
Lo)l(MlMo) ^  30, the initially circular orbit óf the body m is unstable ; it beco­
mes unbound after merely one revolution.

5. Comments. We see that, in order to obtain significant changes of the 
eccentricity after one (revolution, the star must have a long enough pulsation 
period; also, the orbiting body must have a'great area-to-mass ratio. Generally, 
the perturbations turn out to be very small, but cases in which the eccentricity 
can undergo a sensible increase are also possible. Moreover, there are also cases 
when the eccentricity growth can make the orbit unbound.

However, a question remains : what happens with orbiting bodies having 
revolution periods which fulfil the condition (19) ? Although decreases of the 
initial eccentricity after one revolution cannot be admitted (namely negative 
values for the eccentricity), such orbits are nevertheless equally probable as 
those for which the condition (16) is fulfilled. This question will be treated 
elsewhere

A last remark the problem of the behaviour of the initially circular orbits 
around pulsating stars can also be treated by using the changing gravitational 
parameter theory (see [4, 7, 8 ]). Nevertheless, the methods and results exposed 
in the quoted works are valid for the orbit evolution along very large time inter­
vals, while the present results concern a time interval of one revolution only.
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ABSTRACT. — Th? orbital motion in the fram e of th e  tw o-body problem 
w ith changing gravitational param eter is studied E stim ates for some oscula­
ting  orbital elements in  the  case of a monotonie variation of the gravitational 
param eter are presented1 These estim ates are used to  th e  study  of th e  orbital 
motion under ■. the influence of a cyclic varia tion1 (constant amplitude, b u t 
changing frequency) of gravitational param eter, considering an initially  elliptic 
orbit. Conditions for th e  stab ility  o f 'th e  motion (neither fall, nor escape) 
during an ’arb itrary  num ber' of cycles of ■ the gravitational param ater are given

1 Introduction. The two-body problem with variable mass' was studied 
by many authors (e g [4, 5, 7, 17]), from different points of view and by various 
methods The physical frame of this problem is the following one , a point mass 
m orbits at a distance r .another point mass M, under the influence:of the gravi­
tational attraction of this last one Of course, the motion is plane and featured 
by the equation (в g. [16])

' ' 'd2rjdt* -  C2/r3 =  - G ( M  + m)l>-2, (1)
where C is the constant angular momentum, while G is the gravitational con­
stant If the masses are constant, we are m the frame of the standard two-body 
problem, which is well known and studied The two-body problem with vanab le 
mass assumes -that the sum of the masses changes in-time (usually due to the 
time-dependence of M). In  this case the motion remains plane and is described 
by the same equation (1), but the numerator of the right-hand member is func­
tion of time ' '• - ■ - ■

This problem is a peculiar case of a more general one the ttvo-body pro­
blem with variable gravitational parameter The features of this problem, for­
mulated m [9], are’ given 'below . ' s
, 2. Variable Gravitational Parameter. Consider the same dynamic systein

as in the classical two-body problem, but this time the point mass m is also sub­
jected, to, a perturbing force (pf unspecified nature) which is central (its support 
containing the attractive centre M), acts continuously and obeys an inverse 
square law.1 The relative motion of m will still de plane , the equation which descri­
bes this motion will be :

d ^ ß t2' -  C2lr3 =  -  G[M +  m)]r- +  Kir0-, (2)
where Kjr2 is the perturbing acceleration Undergone by m as an effect of the 
above mentioned perturbing force.
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With the general hypothesis that the quantities M, m, К  and even G are 
time-dependent

II m =  m(l), К  =  /£(/), G — G(t), (3)

the equation of motion acquiies the form •
d-rjdt2 — C2/r3 =  — p/r2, (4)

where we denoted
p =  p(i) =  G(M -f- m) — К (5)

The equation (4) has the same form as the equation of motion in the classical 
two-body problem (ii p vere constant, the respective equation describes the 
standard Kepler problem) For this reason, although the nature of the pertur­
bing force is not specified, we called p of the form (5) variable gravitational para­
meter

The variation of p in this general meaning can be due to different factors 
or combinations of iactors We give here some examples : the variation of M  
is the most used condition (see above) : the variation of both masses was con­
sidered m [1] , the variation of G is assumed m [6, 20], the problem with time- 
dependent M  and/or G is studied m [19], lastly, the variation of К  (due in the 
quoted papers to the luminosity change of the central body) was considered in 
[10, 14, 18]

Different aspects of the orbital motion with changing gravitational para­
meter were studied m [2, 3, 8—15], etiher for a specified law of variation, or 
for the case when only the type oi variation (monotonie, periodic, stochastic, 
mixed) is precised Evei y peculiar or more general case can be applied to the 
study of a concrete astronomical problem or situation (for details see..[2 ]).

3 Monotonie Variation of the Gravitational Parameter. In  the next two 
sections we shall assume that the gravitational parameter changes monotonically 
in time (increases or decreases continuously) The study of the motion m these 
conditions can be performed by usmg various methods. For instance, one can 
use the general method described in, [9], based on the stroboscopic averaging 
method The theory of the adiabatic invariants can also be applied, as in [19]. 
We also mention the method used m [5], or those used in [3] and [4] for the 
study of the evolution of the osculating orbit.

The essential condition which must be fulfilled along the time interval \ţlt 
i2] on which the motion is studied is .

- du[dt > 0 , Vi s  \tlt i2] c  R, ' (6)
for monotonically increasing gravitational parameter, or :

dy.[dt =$ 0, Vi -«= [ix, i2] <= R, (7)
for monotonically decreasing gravitational parameter.

4, Basie Equations. The starting equation for this study is the equation 
(4) of the trajectory, in which p =  p(i) is in our case a continuous, monotonie
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function of time. Since the point mass m moves under the influence of a centra 
resulting force, its motion observes the theorem of angular momentum :

r2 du/dt =  C, (8
where и is the argument of latitude, taken here as polár argument in the systen 
of polar coordinates (r, u)

Another basic equation we use is the integral of energy written m the sam< 
polar coordinates (r, u) •

{,irjdt)2 +  r2{du!dtf =  2’x/r +  h (9;
In  the standard two-body problem, (the purely gravitational parameter) is 
constant, and h as well (h "denotes the constant of energy) In the present case 
both [i and h are time-dependent The quantity h =  h[t) was called in [4] the 
quasi-integral of energy

If we remove dujdt between (8)’ and (9), the integral of energy can be written 
as a prime integral of the trajectoty equation (4) under the form

'{drjdt)2 -f C2Jr2 — 2jxjr — h (10)
Differentiating this equation with respect to time and taking into account 

the equation of motion (4), we obtain the law describing the time-variation 
of A:

dhjdt =  — (2/r)dy.[dt, '(11)
or, immediately, the dependence of h on the gravitational parameter

- r  -.  ̂dhjdy. =  -  2Jr. (12)
- Starting from these formulae, we determined m [3] the osculating orbit 

of The point mass m at an arbitrary instant For the present study; we shall use 
only few orbital elements, namely the eccentricity

■ e = ' ( i +  ■ - (13)
and the distance of the perfcentre'

q =  =  (C2ly.)!(l +  e) , (14)
If the osculating orbit is elliptic, the apocentre does exist, too, and its distance 
is given by the formula '

Q = r ^ = ( C 2hi ) / ( l - e ) .  ■  ̂ , (15)
In  this case, we obviously have'! / '

A fact must be emphasized : since the real orbit is a perturbed one, the 
.elements e, q and Q refer to the osculating orbit corresponding to a given 

"instant t. /,
5. Basle Inequalities for the Initially Elliptic Motion. In [4] there were 

given double-sided estimates for some osculating oibital elements m the case
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the monotonically changing gravitational parameter (whose time-dependence 
:s due to the time-dependence of M) For this purpose, the following double 
inequality was used

-  2[l(‘1 +  e)/C2 ^ dhjd[L ^  -  2ц(1 -  e)/C2, (17)

which can easily be deduced from (12), (14), (15) and (16). Of course, the first 
inequality is valid for every type of orbit, while the second one is deduced with 
the assumption that the osculating orbit is elliptic.

Let us mark by the index “0” the values corresponding to the initial instant. 
Let also suppose that the initial motion is performed on an elliptic-type orbit 
(eQ <  1 or h0 <  0). The estimates given in [4] are obtained in two main situa­
tions •

(A) a pc, with the subcases • '

(Al) • p < [x0(l +  eB), 
(A2) : (A 5s |i0(l +  e0) 1 

(B) ij, < p0, with the subcases : ‘ ■

(Bl) : p [ac(1 — ec),

' ’ (®2) : [A. Pc(^ eo) >

■ (B 'l).-p <  tA0(l - e 0)l2,

(B 2) : [a < [A0(l e0)/2.

(18)

(19)

(20)

Obviously, the cases (A) correspond to the motion with increasing gravitational 
paiameter, while the cases (B) feature the motion with decreasing gravitational 
parameter -

The above mentioned double-sided estimates, determined by starting from 
(17), are the following ones :

1 -  (kc/kK1 -  e„) 5; e 5s 

C2/(2[a fAc(l e0)) ^ у <

Qo = C2/((ac(1 -  VJ) A

K  2(|a H-c) /(?o 5= A  5=

(Fc/VK1 +  eB) — 1 5* e 5s

+  (Al),
10, (A2) ;

Í7o =  C2/(p0(l +  %)). (Al),
1 С2/р, (A2),
ГС2/ ( 2 р - р 0(1 -+ ео)), (Al),
l c 2/fA, (A2) ;

I -  ko)/?o. (Al),i -  f M .. (A2) ;
j l  -  ((ac/|a) ( 1 ; - e0), (Bl),
[0, \  (B2) ;

(21)

(22)

(23)

(24)

(25)
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; q0 = C2/(fx0 (1 +  e0)) < q < f ~  ~  co)). '(Bl), (26
ICtyp» (B2),

Ç o  =  C 2/(fx0( l  -  e 0)) <  Q  *S f  C2/(2("  “  ^ o(1 + / c )) ' ( 2 7

A. -  2(|» -  > Л > I *° “ (28)
( — y/C 2, (B2)

Remark 1 If, for instance, ,we consider c0 —>• 1 (near parabolic initial orbit) 
in the left-hand sides of the estimates (22) and (23), we obtain

C2j(2y) <  q < C2/y ^  Q <oo. (29)

These limits were found by ns m [3, 13]. Other such results obtained by us m 
the quoted papers (concerning, for instance, the orbital energy) can also be found 
again on the basis of the series of estimates (21) —(28)

6. Cyelie Variation of the Gravitational Parameter. Let us now consider 
a special type of variation of the gravitational parameter »Suppose that y reaches 
successive maxima and minima, and, in addition, all maxima are equal to a fixed 
value ушах, while all minima are equal to another fixed value ymm In other, words, 
plotting у versus time, one obtains a curve whose maxima are all lying on a paral­
lel to the time axis (which is the axis у =  0) at a'distance ymax from tins one, and 
whose minima are all situated on. another parallel to the time-axis at a distance 
ymin from this one On this curve, the_v.ariation of y between two neighbouring 
extremal points is monotonie. - „

We shall call cyclic variation this kind of variation of the gravitational para­
meter. Let us justify this denomination , for this purpose, consider a parallel 
to the time-axis, situated at a distance. y0 [ymm, и .^ ]  from this one Denote 
by yS, yô+1, yê+2, • the intersections of this parallel with the-i—th, (l +  l)-th, 
(i -f- 2)-th, . . . branches of the same type (ascendent or descendent) of the curve, 
respectively. Also denote by , t°+1, t°+2, the moments of time corresponding 
respectively to, the mentioned intersections. In other words

. b ($  =  bo =  y(£fi) = ♦-Ы _ / ,0 , \Уо — yyt+2l )+2yo • —  bo > (30)

namely , t°t+i, l°t+2, represent-the moments when у reaches the value yr on 
branches of the same ty p e’of the curve film ing'every interval [t®, 1), [i?+i,
£+2), etc , у reaches' in a ceitam order all possible values between ymn and , 
each such a value is reached twice (obviously, except the values ymax and утш, 
which are each reached once) That is why wë called cyclic the variation of y 
An interval [1°, t°+1) will be' called by us‘y0-cycle (associated to the value yc) 
However, in the following/we shall consider that the end of a cycle coincides 
with the beginning of the 'next cycle (i.e we shall consider the cycles as closed 
intervals). /
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An essential fact must rbe. .yinphasize^ Ţoi) a., giveppp yp, pn:y the, p?-çyp)g> 
are not of the same length ; alsó, for a given p =  px, the pţ-cycles are diffèrent 
each other. Moreoyeiy-.if ; jx0 ^  u;1, oycobave, generally,., with our notations:

[ -  ■ " (31)

riaiiiely Jthe';fcrÿdlë^déÍTnéd író Ywo^úócessive1 ascm(íin^^óVJ(l^pyndm^'brap(éáes 
(the i-th and the (1 -f- l)-th ones) has a variable length, ' according ‘tó The Valiié 
e£, p chosen for the beginning of . the cycle. _

With these considerations, we see that the cyclic variation of the gravita­
tional parameter is more general:than a ;periodic variation j(with. only priinajry 
maxima and minima) Indeed, a cyclic variation (in the above defined meaning) 
f'dr which all cycles have the-same; length’ :is ~a periodic variation. This peculiar 
case of cyclic variation of p (periodic variation) was studied in [2, 15, 18].
>T - 7.' Evolution oi (he Initially Elliptic Orbit over” One'Cycle.'^tí'is"c(ear|np(w

- i
and a partition of this cycle

I

such that :

! V,i

'in i ; „
t0 ^  ta ib ^  tlr I Д * 1 (32)

.‘J"> of b n . tp p ,  ' ' О  ' j f s . rmv- ;  n i 1

'ОМ M*(̂ d) —Tô» р((д)'---ртахУ p(4) 1— pmjnl'L'p(i1)o=i,p<0- 1 (33)

1T he‘1 manfier ' in' ithîcli ' tliiâ dÿclë; detèrïiiihèd ’tíyJ (32));'add i ,(33) ! ' is5 cíidiféh  ̂álíóws 
th a t the initial instant corresponds to an ascending" braíVcií’'óFtfíe ctírvé 

, Jn  other worlds, during (l)is cycle, p increases, reaches its maximpm (at ta), then 
decreases, reaches it’s minimum (at 4 ),'then increases again tipto its initial value 

,the, moment,^  „cycle is qhpsep .jmcţi, th p ţ• ( y ,, ,, л;4

"' :' J : '(34У-ifo) — po> У-iPa) — pmin I !r(4) — Pmai, p(L) Po>
1M, ,) -  M,.e: > 01 0 - M j e -  b >
namely p evolves conversely (decrease — increase — decrease), only the inter­
mediate results (at ta and tb) mil differ from théiprevio uL case : ; Th e Or esult s'[ at 
the  end of the cycle are the same, as we shall see.

1 c,f' ' Coming back "tb thë1 cycle ' defined' by1' (32)' 'add (ЗЗ)1/>wë shâlhstudy the motion 
applying successively the estimates (21) — (28) to each of the three intervals : 

J{0'V?a]. ,‘f?aVr~M Máhd;rp6/'‘(I1]'.J\^ réítáíáy;pró'cyéd'1ih dŰtís wdyTinpe* daráiig1 baciistích 
an interval the variation of the gravitational párámétól 'is rriondtbiiic" A l to 'the 

, notations, each considered parameter will be marked by the same index as the 
 ̂corresponding- instant- (e g: е((0) '= ;'е0 '  arid So on) "  — П у | - i

Let,the iniţial orbit be elliptic (eD <  1) For the eccentricity,,the estimates
-;(2 í m ^ b é ’ A t ö r  ГйЧьУТЙпкТ^ ' - 105 - " J/ 6 Ч 1 >  v"iU(,Aiiiafbl in àb'."j hai-jJDtî'Ufij sríf ro Mru,Mm miurnnspí nlf IR к) bas e ,i 
fb.’totJsavsig jdl /d /Ь пьупоэ bmrroíin) / , 1' drawn toL-ib/jy, rforv ti ./lóc\ 
fíwiorhh 'го e<\ ift , : I T ) VioÍRr. л .i-jíjjnciscf
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• Applying (25) to (35), we find after calculations :

- ' (m-o/ m- min ) ( i  +  < g  - 2 ( p  ) +  i  <  <

Si 2(pnmi/jJ.mm) (pci/!i.mm)(l ô) 1 (36)

Finally, by (21) and (36), we obtain the estimates for the osculating eccentricity 
4 a t the end of the cycle

Sq 2A ^ ea -f- 2A, (37)

' where, for simplicity, we denoted by A the ratio 

11 t I A (pmai [lmm)/jl{)j ' : (38)'

namely a relative amplitude of the cyclic variation of the gravitational para- 
" meter. ‘ ‘

For the distance of the pericentre, The estimates (22) acquire in this case 
' the form :

C2l(2[imax — p0(l — cc)) ^  qa < q0 =  C2/(pr( 1 +  ev)) (39)

The estimates (26) applied to (39) give after calculations

v C2/(2fW  — [xc(l -  eB)) ^  qa < qb ^  C2/([x0( 1 + e0 — 2A)). (40)

The distance of the pencentre at the end of the cycle can be estimated fiom (40) 
to which one applies (22)

' & 1 Ы  1 +  +  2A)) ^ g i ^ q b < C2/(jrc( 1 +  -  2A)) - ‘ (41)

Finally, we estimate the distance of the apocentre By (23) we have in 
our case■

C2j(2[imax — [A0(l +  <?<.)) < Qa < Qo — C2/(p0(l — eo)) (42)

From (27) and (42) we find

C2/(2 (w  -  fi0(l +  e0)) ^ Q a <Qb < C2/(p0(l -  -  2A)), (43)

while applying (23) to (43) one obtains the estimates for the apocentnc distance 
at the end of the cycle

C2/(p0(l -  c0 +  2A)) C2/(|x0(l - e 0 -  2A)) (44)

Remark 2. The above results constitute estimates for the osculating ele­
ments e, q and Q at the significant instants of the considered cycle of length 
Tj. If such a cycle (of length 7'-,) is performed conversely by the gravitational 
parameter, namely observing (34), only the intermediate estimates are different-
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For instance, using the same procedure, -the estimates for the eccentricity at 
ia and tb are respectively ‘ ,, .

, 1 (Ио/Ипип)(1 eo) ^ ea ^ (Ио/Ипип)(1 “Ь eo) - (45)

2([Tmin /Итах) (Ио/Ишах) (f ' ô)  ̂ ^  ^

, (h-o/f- mi ) ( l + 0 ' - 2 ( i w / [ w )  +  l. (46)

As to the eccentricity at the end of the cycle defined by (32) and (34), from (25} 
and (46) one obtains the same estimate (37) as in the case of the cycle defined 
by  (32) and (33).

Remark 3 Consider a cycle defined by

t0 < t * <  ft> (47)
such that : ,

Hft) =  И-nun = Ио> Hft) =  И тах, И ft.) =  Ио> (48)

namely a peculiar case of the cycle (32) — (33) In this case, the estimates (37) 
or the eccentricity at the end of the cycle become

' 0̂ 2([Гта1/[Л0 1) ^ ^  2([Ащах/(Г0) 1 . (49)

This result was obtame d m [4], where a cycle defined by the relationships (47) — 
— (48) was considered

Remark 4 Consider the cycle defined by (32) — (33) and the estimates 
(37) for the fmal eccientncity. The left-hand side inequality of the estimate (37) 
passes into the triv al inequality > 0 for

A > e0/2 (50)
I f  the condition •

A < eJ2 (51)

is fulfilled, the final eccentricity cannot become zero (the osculating orbit cor­
responding to the instant cannot be circular) In order to have ex <  1, the 
following condition

A <  (1 -  e0)/2 (52)
‘ / I ' •*

must be fulfilled I t  is interesting that the conditions (51) and (52) coincide for 
e0 — 0 5 , ' m other words, an orbit with this initial eccentricity remains purely 
elliptic at the end of the cycle (it cannot become neither circular, nor parabolic 
or hyperbolic) In the peculiar .case of the cycle defined by (47) — (48), the 
amplitude A is replaced in (50) — (52) by — 1 , the formulae obtained
in this way coincide with the similar conditions given in [4]
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’  ̂ *8 Fridiit ion оf  the Imtíálly 'felliptic Orbit "Duriiiy Lortq' Time Intertills.
The estimates tor the orbital parameters c, q and Q corresponding 46’ the oscula­
ting orbit at the end of one cycle are given by (37b (41) and (44), respectively, 
ïjet us now see What'hapţJehs'afterhTimedntervalincludiiig n cycles (obviously, 
of different lengths). For this purpose, we shall denote by yJ; j  — 1, n, the value 
of the element y  è  J4, 'Qj a t tiré end of the t-th?c-ycJe r Since at the beginning 

' of each cycle the gravitational parameter has the same value fi0, we obtain the 
"estimates for y? applying.- -(37)7...(4l-)‘ and*-(44)1 to y \  '©he easily obtains, for in­
stance, the estimates for the eccentricity c , . 

fcbi m u ii  , '48; i>.a iLC) .vf Ь-лч:зЬ n i l  .0  Ь*чЬ'ПП'зЬ 3lJ r J  jflj ' Г -j ? s 1 3 S eo [ A A  ,4, 2̂ ; A'Pfi -oh 4T .. id  î ' I 4' ‘ j -  1 °4 ( o3)
'68, - n. 16 -

The estimates for <7, and 0., are obtained .analogously r ,. , < CT11 4', lam* ro -■> j Л ь -fobrerioJ 1,
Generalizing, we repeat the procedure n — 1 times in order to obtain? 

estimates for the elements y„ So, the. estimates for the eccentricity after n eyche 
are :

: (54)

4.=
e0 — 2nA < en < e0 -f- 2nA

Uhr;, ..pi . U))b' 11  , , ()V- ---  'L r ) x \ , —  Vv1 *\ *'\AJ ' UttU 4  — Ul*/ i
From (41) one obtains the estimates for the distance of the pencentre after n 
cyclfs^ - í,rij ul 'bo — Lb ..г.." !c, з^ьо raiii.j-jC - g s ?£ *

C2/(p0(1 +  e0-+'2nA)y 4'q„’̂  (^ /(^ ( l +-e0 — 2nA)): -  - - (55)

Finally, the estimates'dor^the distance- of* the apoceutre n t t l i e  end of the n-th  
cycle are determined from (44) m the form . .
— v\4' -o mb vcf bouibb аЬ^з a arorl.v ,14- ш b эшв1оо ев/, fluaai ori x

С2/((лМ -  ío +  2nA)) <Q„ < C-j(y.c( l -  e0 ЬэгФЩоо ев;, (8*056)
„rb Jaui PSi — |L'8,I /J  ЬзипзЬ з Ь ’, rí г i^bi-oicO L “usu-.íb 

, 7i; ' Remqr^ ^(f ^ , m :i^çpçgse,j9f. Repiarh. 4, ,011 c -,13 pfices;i that; .fop A íP z é o l i^ ’ 
the  left-hand side inequality (54) ^passes mt o.. the-trivial .inequality (hiŢhe 
eccentricity e cannot reach the value zero (ciiculai orbit) as long as the con­
dition : b i

d  <  ^o/(2w) i:Oi:,r.::o. x

iisr fulfilled, and cannot reach or excee-d tlie unit (unbound orbit) if the inequa- 
lity :

i t  Ip- (.1 :ЭЫ« nl  ; U 0 .  í ;; ;..no,(5Ş)
holds. The conditions (57) and (58) coincide for c0 =  0 5, as 'in tíié'cáse ói the 
conditions (51) and (52). L , -  f r

tKé dibit us 1 stable! Wë! shall’‘ exâmiife thdh tab iK tÿ! é'óndíinohs fqr’' â'h^iiiitrallÿ' 
ëlliptibForbit1 -iti ct-hën'casé whèn* the ’gravitatioríár pâţhtheter'thânges ôÿblidâlly 
(in the meaning -of 'the ’tti'o ^hetHbub 'séCtiöiiS) ’ ЛЗг' ’ f-b/1 xiI - L-
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Mill oJ tin  J rttl IO "M'lLÍU j/.n Till IIO,Ht in W I J J  t  f i l l h l A  -jltl rJ’jJ'Oilji) ,,i
Consider,^rsţly , ií%:-fî J|)'jslÍ!iaií?)9Bi):í)fíe^aşilyapotjpqş foqpiudß); (Şa);jaad

alóívíeí'óH'antb fjíütfe'Jditíiténsloitó'.1
■j 1111

n  cycles iá"?
■ ?,))

fall ofкjaviiiojod imilibrioj rflil 1 ДГЛ-j ь ш .  (m f^ iIV  Г to - 4 iriWMrnj IrtT
((IÜ7„-> .#. - П Ж 'К  (59)

(№jngothbnestiBteteBr455)4Jitheiieoiidition,((SŞ) ibeeomesdiri y.iidы .il ml h moii
„4 ю И ь ш /  'JIÜ bt'L „ч\-  \  ‘) l !  0 ^ ^ w \ ù \  (00)
,'ijirn yr-ijbb o l  b-j Ij /'j  !o lo d j im n  v d l  t j / ьтпц vil) .(ai ,,y T jdyn l jri J / Ь ш ь п )  vil  
’wlleíeiithe"BicJceSáaTy"cbntlit'km<i'(F2/(fX[)7̂ ) /î>'/i>‘-L)J 6,p/%"ftáfílléd:,fíJí) üíi1 iïMiâl' ‘'teái 
bBbitbifvkfa^iusteiIl(W>)dhh^)tfre>tHyiàl,)iïieq!dalit,ÿl i h b'/jiii jtil л 1 tjIIj.imj
;!l " ^ h ^ ' i n è ^ i t y ДбО)1 'áhdüs4hdtí á ^ ' t ó 'á s 1 lotí^Jrás °Üíe 1 hJÜmt>er'M«1 of Jcycles 
fulfils this condition, the orbit remains stable from the point of view of the fall 
(in, idoes>xh:ot(,sfallM'dnnrM)’/ ' J т ш п и г /Ь  ь iot . l .u l í  hvaab  / ь ш  м ’ . ^ п ш ш а у Я

/ ^ » ^ d f 'h V m i s i d J e i 'W W ^ t h ^
dnttí' bldéoftAt thddÜëqùâlitj^ '(58)d ílih tíiW^lítomfor iibW^yéhrie Siiíer ' к cycles is .
т и п  Jil l  a s  g íiol аь laLv 1 1ь f‘jq.r.'jà'j ion  ,llbl ivim-mi) т ш Ы - 'хапп>ш'.м а л л п  т и к ;  

.iO (is)) Ьпь (Ir)) i o  (2c)) b n n  iiOţt) (luxirV|)^(2i4 ))/í; I illnl j t I-j / j b , a q f i b  lo (rgjí) 
■jilJ to  v i l i id ü l .“ Till •ливни il ' j i i i // a iu n í ib n o ' /  ii.-jia/rlq , d í v n i  aiiíi !o п / m I vili
XnJ.Ottet'WioMsL St idásf'ns'lbtí^íaá ШёЧнгаЛЬь 'Wtíf ' cfélbs d íilfilá tlíb'ftliicííÚöh 

- (63i)v thelbrbrt iteMihíi ̂ Ы е '^ Ь М ^ е^ Ь ш У  öíJ'Ví4W!df ‘thë'éskjfe ^itá'tótólátink 
eccentricity does not reach the unit). rjur.lsib jníiiovit-jq Налу bin. / in

Examining the stability conditions (60) and (61), we notice that two situa­
tions can occur. If the conditionв ч 'j s. а я a a a я

C2/|a0 к  2R (62)
J.j Ur tp i iL  w x b o i U  Ь ш ,  •'Hi'jUUn'l o i fL hl MViu.ù'üiï/. I u . V ‘j l  iJ  ‘ j u  i t '  о  <J и U  Vi О  íis fulfxlleü, then (61) is a consequence of (60) C o n v ^ ş^ , (Vj î^e „Q.pppsit^ acon-
dition . I, >oqj t o  / J i r i T i / m ' /  , / w i M  ü i j / i u i í i  I ~

( Ш Л )  il' L* о / .  ЛЛ. dll'll'’! 2R  mYvu'V , j о  i \f / и I и t и  I О I (63)
.(f)VPi) r,H\ ' ţi.r. ,n * in J i l t )  :> Ï i

is fulfilled, then (60) is a con sequencer mb i(61) и In. the. case, in which 2 R ,
the conditions (60) (mod. i(.61). iare equivalent, ii -, j, t ч ч i. n o i a i i Y . i  i. я ъ
•is b'"iR&toïarfé'''-â{ i t 1 lg1 cl ehr'"thâï thé Jptdbábili!tyIIföri1'éy(:apé |ié |1máitíilrifu’ri{ ydién4 ja 
reaches its miuimum value. Let us find the nonescap’e 'condition'¥br t  lie’instant 
H- ~  gmin ' insid'e tii'^'^-th' cycle.'AUsihg (36) this'.condition acquires' the) form l

- 7 i 4  . , W . i 3 ' A  A\nVf'.  « , ’Л , ч и п  ) i i r i l n «  - . и  i у  i  и  i . J  I I f  T  /  n . i l í  ?  “
(внеI) er . I1,

. (BBei) n a- inna
(§â),u one^qbt^yi^f t e ,already, eştaţ?lj^gd .con­

dition (61) (KHtíl) f ,öí ín no
vV1 ' Réanírk -7f iV''l^è'l,-èbhésbapè“con'ditibn ' h t ' th ë 1 énVÎ' of the 'ic(̂ cl (i ( bán ̂  also
be formulated in another way, namely imposing the condition V„ <  oo/’where

-n - l , , w  *A  f4 A4 .Ж !1 Г 11!Ат ,,п1.нМ f e ? f e f un)í\ÍH  , i f n ^  m a t '  V .'-l / •) о . к
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r„ denotes the radius vector of m on the osculating orbit corresponding to this 
rnstant Using (16) and (56), this condition is equivalent to (61)

Remark 8 Since when ;r =  |xmm the escape probability reaches its maxi­
mum, let us determine, as we made in the case of Remark 6, the nonescape 
condition for the respective moment inside the n-th cycle, but using this time 
the condition r <  oo Using (16) and (43), this condition becomes

C2/(ii0(l — e«-i — 2A)) <  со, (65)

from which, taking into account (54), we obtain once again the condition (61)
Remark 9 We notice from (60) that the greater C2/(jl0 and the smaller e0 

are (namely the higher q0 is), the greater the number of cycles to elapse until 
a possible fall on the attractive body will be The same-formula shows that the 
smaller A is, the greater n will be Also notice from (61) that the smaller e0 and 
A  are, the greater the number of cycles to elapse until a possible escape will 
be. ' , ,

Resuming, we may assert that, for a dynamic system (M , m) whose gravi­
tational parameter undergoes a cyclic variation (m our meaning constant ampli­
tude, but variable frequency), the initially elliptic relative orbit of the attracted 
point mass remains stable (neither fall, nor escape) at least as long as the num­
ber of elapsed cycles fulfil the conditions (60) and (62) or (61) and (63) On 
the basis of this result, physical conditions which ensure the stability of the 
orbit during a long time interval are slow variation of the gravitational para­
meter (long cycles), small amplitude of this variation-, initial orbit of small eccentri­
city and great pericentric distance
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the assumption that the mass of inner matter is not negligible as against the 
initial mass of the shell. The stop of the expansion and the subsequent con­
traction of the shell are pointed out. Formulae which feature both the expan­
sion and the contraction, generalizing the results given m  [5], are established.

1 Introduction. There are many astronomical phenomena which can entail 
the formation of expandmg shells of matter Such shells appear, for instance, 
as a consequence of nova and supernova explosions. The matter flowing out of 
certain stars, as the Wolf—Rayet ones, can also form expanding shells around 
the respective star. The activity of galactic nuclei and quasars constitutes a 
possible source of expanding shells, too.

A concise survey of the researches performed on the dynamics of expanding 
shells was given by Mmm [5] So, Oort [9] gave an exact solution of the pro­
blem, considering only the shell expansion drag due to the environment (resisting 
medium), and used the results to the case of late stages of novae. Mustéi [7, 8] 
considered that the shell mass growth is due to two factors the matter captured 
by the shell (on its exterior surface) from the environment and the matter ejec­
ted from the central body which reaches the interior surface of the shell. On 
the basis of this hypothesis, he studied numerically the shell expansion drag. 
Exact analytical solutions of the same problem weie given by Mmm [4] and 
Gorbatsky and Mmm [3] The only influence of the matter ejected from stars 
on the expansion of their surrounding shells was studied by Gorbatsky and applied 
to the case of early stages of novae [1, 2 ]

Recently, Minin [5] studied analytically the shell expansion drag due to 
two factors the shell mass increase due to the matter captured from the envi­
ronment, and the gravitational attraction of the central body In this paper we 
shall give an extension to Minin’s results

2. Hypotheses. Consider a spherically symmetrical thm shell (its thickness 
being negligible as agamst its radius r), of mass m, expandmg with the velocity 
V into a homogeneous medium of density p At the initial instant t = t4 the 
shell and its motion are featured by the following values

г[*о) = ro, m((o) =  ™0, v{t0) =  v0. (1)

Centre for Astronomy and Space Sciences, 3400 Cluj’Napoca, Romania
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'1J1 : 'Wé ffirfine' 'tWó fífe/sifióiig féith- rég'pcCt’Tö -th’éTshélí.1' Beiéi/ b’e 'thé'Jdis-
tàiice'1b‘èt4veen;( 'àli,:âbjie^t' iri1 spá'(ild<anÚJ't;he Kátt¥áfctive t’ciitre'‘arb'u6'd iVhïbh. -the 
shell is expanding. We shall hereafter use for the respective object the adjectives 
ififier if d <  r and outer if d >  r Thy^medium is divided with respect to the 
shell into inner medium and outer medium. The matter of which this medium 
cori gists1 Ts accordingly divided Onto i innen îmqtter éand.' oiitefc< ̂ matter. jQf/vcoursfe, 
the centrai bOdydsciuot honsKléred/asAielongiugf. to. The/urn'er) matter Je о

In order to study,,ţhemiption oi^theshell, ^linip j,ţtook into account the 
following hypotheses. < i )
rf.-i «(ijldPhe Jgasodytiámic'-'effectsí^ard. neglected".’/ n!; i ,<■/,> ,a,< ;ilY

(ii) The gravitation al attraction of the central body is consideredi s. !
,r> (iii) The mass of th§ shell increases during the expansion as a consequence 
of the capture of outer-'m attét on 4Íie exterior"surface of the shell.

(ív) The inner ; rnatţer is, not,, captured by, the., şl) ell during 0ţhe ,;expapşiqn 
(it cannot reach the intejjpi; 'sprfcce. of -the shell).,^^ , , . - <ч дЛл> > ‘п I

(v) The mass of inner matter is negligible Jas against' thé initial mass of the 
Shell b -L. - , s,
,0. Let us denote by m' the mass of inner matter The condition (v) is written 
by Minin [5] under the Torrn'J ° ^

m (4W/3)pV® <  ‘m:Q: ' l>. ih ‘j>(2)

‘ ' •' These conditions need-Some specifications - Taking into account the hypo­
theses (ív) and (v), we see that only at,,thp;instant t0 the, inner medium.apd 
the outer medium have the same density p, as the condition (2) shows. For 
't f> t0, as long-as-íhé1 shell expáúsion lasts (^-increases), only the density of the 
outer medium keeps its constant value p The density of the inner medium j>' 
diminishes as r increases, according to the law ' 1 ’’ J" 11

~  ? "  = (»V/'03P (3)
Consider / =  Ó as’being th é 'iii'stant when'the'shell‘is ejected frdihJ the cen- 

'tral body. Between this instant and the instant /„, some matter continued to 
flow out of the central body, but with a speed much lower than the expansion 
speed of the shell. Also consider that at an instant t' e  (0, t-e)' thé matter Tlotv 
ends , the mattyr flowed out of, the central -body during the time interval (0, /'<] 
has the mass m' and we assume that m' =' (4тг/3)р^ “ In this way, we give an 

1 explanation to both the condition (lv) ,and the,' existence of a constant mass of 
inner matter , ,

; ' As to 'the condition ’(ij,'Minin ’ [5] !sboV»h that," évén neglecting 'the (gasodyna- 
нцс" eff écts', tlíé_results'1 áppfoximáté'the "réálit'y Áith' a 'sufficient1 accuracy.

For our study \\e sííaíl take mto account only th e 'hypothèses _ (i) — (iv). 
Rejecting the condition (v), we shall consider that in' has the expression given 
B'y (2), but this mass is no longer.negligible as against m0 We obtain in this way 
an extension of Minm’s lesults exposed m [5] , ,

> I •* j  ) ‘ ' ( j > 1 1 , ' - I  1 ; 1 V
3 Expansion Speed. The equation of motion of the shell can be written 

by using the wéll-known'theorem oi 'impulse -1 - '
rd(vtv)jd-t -GMmjr2,и Ir 1 ■m
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where G is the gravitational constant, M  is the mass of the central body, while 
,the other notations were already precised. Since the shell motion is .radial, we 
have : • , - ,

’ ’ ' V = drfăt. ' ’ '(5)
Now we can introduce in the equation of motion the independent variable r 
instead of t. Taking into account (5), equation (4) acquires the form.:

(mj2)d(v2)ldr 4- v2d'mjdr = — GMmjr2 (6)
The law describing the variation of the shell mass with the shell radius has 

the form ' • 1
m =^,m0,-f (4тг/3)рг3 — (4^/3) pr;(, ' (7)

where We took' into account the hypotheses (m) and (iv)
Introducing, analogously to [5], the’ notations

a(r) =  (4тт/3)рг3/игг, (8)
ao =  airt) =  (4тт/3)рг®/тг, (9)

the  dependence of the shell mass on its radius will be expressed by the formula :
pi =  m[r) =  m0(l — a0 4-,<г(;),) , _ (10)

With this, the équâtion of motion (6) becomes
d{v-)ldr +  6{a(r)l(r( 1 -  «о +  a(/))))«2 =  -  2GM/ f ,  - . (П)

with the initial condition

Integrating the equation (11) with the initial condition (12), we obtain
* г> =  F(r)l(l - a 0 + a(r)), (13)

where, we denoted ■, , , . ,
‘ F2(r) = i l  -  (2GM/)■)(—(l -  a()2 +  (1 -  3a0 +  9a|/5)r/r0 +

- +  (1 — ac)a(r) +  n2(r)/5) (14)
Hie formula (13) features the variation of the shell expansion speed as func­

tion of the shell ladius If we consider the hjqiothesis (v), hence the restriction 
:(2) holds, we have a, 1 In this situation, considering ac ^  0, the equation 
of motion (13) acqunes the form

v = F(r)l( 1 .+ a(r)), , (15)
while the founula (14) : educes to

F2(r) = vl - ' ( 2 GMIr)(rlr0 -  1 +  a(r) + a2(r)15)
The solution (15) — (16) was found by Minin [5]

( 16)
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Corning back to our more general formulae (13) and (14), we observe tha t 
the expansion speed decreases montorucally as the shell radius increases. Sub­
sequently, there exists a critical value r ot the shell radius for which the follo­
wing equality

v% = (2GM/rc)( — (1 — ahf  +  (1 -  3a0 +  9^/5)rc/r0 +  (1 — a0)a(rc) +

+  «2W/5) (17)
holds In other words, when the shell radius reaches the value r fulfilling the 
condition (17), the expansion of the shell ends

In order to estimate the critical radius r , we shall consider (as in [5]) that 
the following condition is fulfiled

vl > 2GMIr0, ' (18)

which means that the shell has an initial velocity much higher than the corre­
sponding parabolic velocity With the restriction (18) and taking into account 
(8), the relationship (17) yields

r* =  45 m y j ( 32tus GM?2) (19)

The same estimate for rc was found m [5]
4. Contraction Speed. We saw that at an instant t , when the radius of

the shell reaches the value rc, the shell expansion motion is stopped Let us
see what happens later, for t >  tc The particles of the shell will begm to move 
in the opposite direction, towards the central body, hence a contraction of the 
shell starts

In order to feature analytically the shell contraction, we shall use the same 
equation of motion (4) As to the mass variation, we shall use the law

m =  m(r) — mc -f- m' — (4x/3)p73, (20)
where we denoted

mc = m(rc) =  W7t (l — a0 +  ac) (21)
and

nc = a{rc) =  (4тг/3)ргс3/ т 0 (22)

With (21), and taking into account the expressions of m' (given bj7" the first 
part of (2)) und o' (given by (3)), we obtain that the mass of the contracting 
shell depends on the shell radius according to the lawr

m =  m{r) = m0( 1 +  ac — K / r 3);'3) (23)

Observe that m continues to increase, since the radius r of the shell is now de­
creasing v

Taking into account the fact that the contraction motion ,of the shell is 
also radial (condition expressed by equation (5)), we can use the - equation of
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V MIOC?j,i.iiv\1/ч\/ч:\/> I io /а

-JiiH .j jeno ioni mibi;! ih m  jfti ?n /II/,om olnom  w i w i w h  iioimmq.m jtf!
-olio! odl t[-jí(tó)/din^tj0((»o/^)^/(jlUf-i«ie ^ 2 G M j ^ lt ■ ,[îlfJM

/ Ы ы ф О  i! rf r A
with the initial condition :

О i) Ч,» - Л  -= 0 .  (25)

(\ I ) Integrating the equation (24) (With''"thé initial condition (25), we obtain:
o i i t  o r i i l i r t i u!  V , ' jnlb /  n r ü  у  b i n  ff u ţ l l o  n i

, r-biij Horb ‘jilt lo помпьц/о -Jtf -1 , ( \ í )  г I о г 111 ) 11

«xëJdèfitrâî Ш У ,  WMe F x(r) is given Тэу , b,jlltlli| „  rioItrbfKrj „{

(Bi)
F\{r) =  (2GMIr)((l +  яе)*(1 ^ ?̂ L) - ^ . ( 1  +  ac){rlrc -  й(г)/яс) +

j i i o 'j orll m all loiigul tnfftó/Vc/l/bbtl limb oil! Imit .'murii г[ IţFl)

(„,-ptor in the right-hand mem^eş.qi'^fi^qigfeaseSţ as r decreases, tending to 
the value 1 +  ac when r tends to zero, while F x(r) tends to infinity when r tends 
to zero I t  follows that the velocity Lv?ill itehdi to  Imtarntyi fon ir -V4ti0çiatud ШИ'тейЬЙ"

ik> atlfe-  -------------  áödW he' s fó tó ^n ás 'by fáim ig7 qh { íL  .7iJ f'j.,1 boqqob iiotlom iioír-iibif.-'O П о т  mix огль
p 7 ojR.(^x4Wyi^Wlhil ;bWQ*qUT|fltWtiTsbnftiStirtés..,'.Thë. esttmiarttetof iitheiitíirfe!fedai'es.
% |% Р Ш Ш г Х $ 1& qpi t̂yffipt 191AÍjOff Uhşi&holljib) oii a; gnâatnmtOTéÈÎl! ■4het>4lè()de,Abtrèt
these two interval by " • r-iii.t Ibip
ojiii^ oilt om Hcth on ,rmiI j r i t h i o oiil^dtioil Лыи; jruínbl ol uimi ч! ^

. m,l  jill om ' ПьгЬ o n  , noilbiir r sSr.m oil 1 ■>! *>1 (I*) imilmrt lo noilAi
for the expansion t.me scale, and 
(02) 'Vc;(f:\nl) ha 1- ,m (\)w iu

T, = U — L lu io n o b  o u m
for the contraction time scale (where it represents the instant when the con- 
iirabtmg shell ialls on the 'central bb'dW) h 4 'u

Taking into account the fact that both' motions are radial, we can obtkih 
T e a id  Tc by integrating the equation (5) So, the expansion time scale is 

11 by pu.Wqlc.'-l) -  ( \)|. ■ .»

Jiiril ‘Jill /<\ u j / pj) 'ш !o m n r v  Я([ m O'll Ш поиь ö lni ^iiidr.l hoc ,(ib) <l!iks'"b|:,J"0 0 l , ; Э Д * 1
и

(22) . Г US1' Р>) - ,0 -h I ) - (r)'.a ‘ мUsing the condition (18), and the expressions (15) for the expansion velocity 
^og.jţhe'ilFifttioh^iît^i);,! MlmujiEb] .estimated Itheiöide? >о$\ nte^hxtißto'Bf 

T e, obtaining giumom
rii Iloib jití Io 1101J0111 no itjy ,itni)q^jj).âjf/’.]r̂ l):aW/d oii! tfiiiojji. o lo i p i'i4 i .l  ,„ p  
lo noilu ipo  oifl jr! 1; iii,o о н  Д(5) Iioilhifpo r<î nómo и (Z ) fioitibrioj) leifmi Anti.

\



DYNAMICS OF -EXPANDING SHELLS

where Д d^enoteş- the ,i n t e g r a l ^ jT no - ri'i ;/.j -j;!f of ^;i,h :o р-лии ÍÍ-P 
. -i 'Fí L ' , / ’’ j :i ; - j r I, ъ ; .  )ot , oi  > z j - .rr f •j ' l i  -jurf.v ,г)П b i i  A l i

J  =  ţ (1 -  x)~ll2x~llsdx =  2.30. (32)
u i  i). ■ Г'Ч M Л \

Analogously, the time scale for the shell contraction is obtained by perfor-
^ “ S . ^ p ^ t e g j r a l  j  ч f: n-[l .  I ( H П л! bum /o i ' j  m l  I r v )  c m u R  M i d -v 
' ' j j i .D-.ч 'PPi j, ' -; ” , i-R] o; í'jjjpriyi Bib , no ъ п и п . и  t>u o'  «nt i - i  r [ u r rru j „ :,j -no.

To =  -  \ ((1 +  da — {a0loo)a(r))IFx{r))dr.
sv:> coif b:'OJ /'ib-'r j'jo.i bJ .:m t; m )jr,']uo> bus Ь и Mima 

.<•0 "  jB'rrg J s  r i f "  f y  '-зге: Í jK- -_,i Г b,.!
6. Concluding Heinarks. Recapituíhtmg-ЬЙё âţfovfe' rtóultsrw'd'éáníf{>Tiiiuláté 

•some conclusions ~'J r0 '' ’-J '•t-s^gn'roj j ия jV.d .A; kb-' n i Í - i;  r\  л.*• '; i:-The'Jiíiótíón df- a' shell 'shrroundmg a ' b entrai -bd dy,: 'und ër;; tli e} 0 ni y "influence ôf-'twa’ fafctôib ":f  he fât'firâcûôh jb'bthë' èeritral Jbódy ̂ ând’ 'thè-1 hccrètidn 'bFihaţter iïoni'th'e ènvitônmêüt -ön1 the -sutfaldeV Óf thé :áhfeíl', yoCAon hdbobdirig to1 th é  -ïôl- l 0wmg,lscén'àn6,,‘ ~'J  j  j  U  НО у."Ь И'[зЬ 'TjJ ul IU [- Л ,  л Л'оЛ’-и .
-At' tllb" instaíit t'=  0',;tlie 'shéli fë ' 'ej ecteci' frdhi 'the5 central -bodyr and begins 

its- èx^ânsioh ’Its^ihotldU-under' the’"influèncè W  thë^t^ib ‘âbo^è-biÖrEibned' fàc-

j j 1 ; u’Л  j  ! fuirir ' 11’г■ î г I b )\ '

this e'] éctióff 1s -milch-sidylèf tháh the shell'ëjéctib’faf, sdeh-that this inner-1 unatter 
cannot reach the interior surface of the shell during the expansion. Due to both 
the  gravitational attraction of the central body and the accretion of the environ­
mental matter on the exterior surface' of the  shell, the expansion motion is dece­
lerated, such that at an instant tc the shell expansion is stopped After this ins­
tant, the shell1 bébink tó' contract;'the''motion o'f°dohtfa'ctiohh'sJhcfceldrkteci d u j 
to  both thë" attractionb'f th e 'centfâï body-aiid the* hccretiónvof "înnéf m kttbr/ rh 
thé'ihtenbr siirfáce of'the shelPJThfeAno"tio'n' lasts? till "thfe ■iháta'ub'-'p'whei’) Hid 
shell falls on the central body " ^ [ A;u T: A *’ ■"111 !i z ! "

. Usjng the hypotheses (l) — (v) M in in g 1]' stûdiëd °in ‘his ‘paip'eï 1H 
expansion ̂ of the^shell ' ' i t  is"obvious tliaf, tkhing'uitd a'ddount  ̂ td ie 'hÿ j^ iy  
(v), concretized into the restriction (2), the contraction motio^i cap Ipe satisfac < î ily 
modelled b}̂  a free fall and liB^study^Dec^nes^u^nteres^ng'^Indeeil," ,ior( such 
a case, the velocity is given by, (th^ ̂ 'о^рша ;

/_ ■ C i ? j v  u e

■ a
v =  -  ( (2GM/r)( l  -  r / r e)) 1/2 (34)

the minus sign indicating the direction of the motion, while th i  all time can. 
be obtained from the integral

о
Tc =  Ç -  (2GMlr)-w (1 -  rjre)~ ^ ir .  (35)

rc

One easii}r observes that ош lesults constitute an extension o l  he results 
obtained in [5] Indeed, as we showed, if we put a0 ~ 0, our to" uu ..n (13) and

6  — г ■/-, n  2/19R9
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(14) corresponding to the expansion reduce respectively to Minin’s formulae
(15) and (16), while the time scale for expansion (30) acquires the expression :

Гe
T' =  \ (i1 +  a(r))lF {r)¥>', (36)

' ‘ го
used by Minin [5] (with F(r) provided by (16)) Also, if we put a0 ^  0 m our 
formulae corresponding to the contraction, (26) reduces to (34), while (33) reduces 
то (35).

As to the expansion end and conti action start, a necessary condition empha­
sized by Minin must be fulfilled The shell mass growth at great distances from 
the cential body must be so fast that the diminution of the attractive force exer­
ted by this body with the distance is comparatively slower

A last specification must be made heie Neither Minin’s study,,nor our stud3r. 
did take into consideration the iepulsive lorce due to the radiation of the central 
body If ve take into account the effects of the radiation pressure on the particles 
constituting the shell (efiects depending on the characteristics of both the cen­
tral body and the particles), the results could be qualitatively (or at least quanti­
tatively) modified In certain conditions (see [6]), the expansion can indefini­
tely continue, or the process of expansion/contraction can go on according to 
very diffeient scenarios The study of the shell motion in such cases could have 
a particular importance for the analysis of various cosmogonical problems
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ABSTRACT. — The survival probability o£ a binary star following a rapid 
mass loss (due to a supernova explosion) is studied and a survival criterion 

' is stated Previous results in this problem are corrected and completed. .The 
evolution of the orbit after a possible supernova-like mass loss is investigated  
for four concrete long-periodic binary systems

1. Hypotheses. A supernova-type explosion - undergone 'by one of the com­
ponents-of a binary system entails a rapid and-consistent, mass loss from the 
■system Subsequently, the initial orbit of this one is altered. Moreover, urder 
■certain conditions, the relative orbit can become unbound and the two stars 
■do no longer form a binary sj^stem

The problem of the survival of a double star orbit after a rapid miss loss 
-was discussed m [7], which constitutes the basic paper for our research. The 
following restrictive conditions were supposed .to be fulfilled , ,

(I) The mass ejection is spherically symmetrical
(II) The initial speed of the ejected matter is high aş against the orbital 

velocities of the components
(III) The mass loss duration is short as against a tenth of the orb ta! period.
If the hypothesis (1) is fulfilled, we are m the case of the Kep.er p robie n

-with secularly time-dependent gravitational parameter (eg [2, S]) Tne very 
high value ot the ejection speed comparatively1 to the orbital velocities (con- 
■dition considered m [3 — 5]), involved b5r the hjpothesis (u), makes negligible 
Ihe gravitational interaction between the components of the syste n an 1 the 
ejected matter The last hypothesis ensures a negligible change of tae position 
and velocity during the rapid mass loss (see e g [8 ])

2 Basie Formulae. Consider the relative motion m the frame of a binary 
system The well-known prime integral of energy'is ivrittel under the form:

V1 =  GM(2/r — 11 a), ■ ■ ■■ ''(1)
-where V = velocity, G — gravitational constant, M  = M í -f- M, = total mass 
of the system (Mlt M 2 being the misses of the components), r =  n  1ms vector, 
<ci =  semimijor axis The initial orbit is assumed to be eUipii:.

e Centre for -itironomy an l Space Sciences 3 0 9  C luj-N  R o M in ify
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Let one of the component stars he affected by a rapid mass loss due to 
»(■ Ш£&&ог£1гР fexjflosíbnT 'Thkűág 1 i№ô/-àbcdufit éïxïi hyjîôtReàêàД .the úif égiLH лШ 
Energy for the n £ y f í M i i é b e . ; ;  y j  V'j j 1<LkVî 7.:I

V'1 =  GM'(2lr -  l /я'), (2)*?)Ш /.1ИСН1 m;iHOvUT,l i.ni/ •• JOII# JJlfiJ /
■where М ’ is the new (diminished) total mass of the system and a' is the new' semi­
major axis.

Consider now another well-known formula used to the t wcPbûdy"problem :l
Ь;г>1 i .  y i n n o l  <ii T n s f - . d — i a f\\> —̂ !«'CÖ5'£) j'• *- s.’iT — '1J/  }П i 13!  (3)

с Ья£ ЬлЬт? ri ‘'lu.'Oian ß 'vip-Kjí'* s c; síjí»«
where e  ^ recVêdfflfcïtÿ;,&b'd3-,fîie=b eécentiieq anomaly;■Фгот°,(Ф)̂  (2)-*<and (3) one
deduces • ?a‘ i: jï-i’-s /airbqL* ?,t.Jva' ■■ тУа ,.Ло эг - Ч> üoííjíovs

í r n ^ j e - '  -iiL'jtL' j i f c o i i a q - ş n o !  э г з - ю п о э  m o i  ю :

я' =  ma(l — е cos E)j(2m — 1 — с cos E), (4)
in” Which! Weytiscdetheonofation.е[7<]i  i m p E - j M o :• тз-е c> A .s-vninnjvH I 
si'r Ijet' ‘A,;fA' therrvalues^ of dhebxronstqnt of ^energy ibefore andiafter’.explosion; 

respectively--:IWß have;:£; :.: ь  ?ir': -0 -,c -r t.: ad* - Imsnfvcc;, -î
í i f ' r  ( V,: sdi Llf tr^cArim QMţâf з-4: -::с:г:Ьле-: n.srţg),

; r - - > 7 - -  ^ ’ I е. u ' T o f  ' l l ’' '  го  г. г, -,

г „ m o  ■>$': = ~ A (? » b — J  s i 1?. Ч 9 ^ . М ) Ш г ц -  e c c f r E ) . -  i: l  . l ,

As to the e^cCiitficity of'the'relative-oibit'before änd“’after' explosion')4we 
c a n  w r i t e :  I : з г п з г - т т ' -  A ß : .“=nrL- ь: к о ; м , :  -

' -м  - ' ::e Á j (E ^ î^ j lG M Y Ÿ ^ ,  - (7)
" »у;: ~ i г 1 > 'у ^

Where Cris the-, constant: angular? momentum, fly - (6) and (7) -we,:have:
' è ^  - ‘e éös £)/(»»*(l —-é cos'E)J' -- (8)
'■ A %'■ '= :■ г. - г . ,  v.rs.. .v

3. Siiryhal iÇriteiian. Let- us introduce th e vfol]owing abbreviating nota­
tions : - - n.

7 (-10) 

•(1Î)

.r’i í ^ iíTíc» ’í i. : r 4 L • 1 r~r_ - Tr*
SC -i' • if'- ÎO -T. iiiCi jr̂  »!«(-!*— У COS.L),  ̂ д -I
c o i n i n ' ;  :  с  - I  f f  j ó k  V  h j { V ^  с ъ о $ " Е ) ^

Ж, =  (1 - 'e ? ) J ( m * { í e:cosE )i  ' e ' ; 7‘'
yiFU'c ; . n, j : r:: .■ o£T<~rr. ^ .■ulnuni/] j>";íí 1
: гп '0 -l : r’r 1 1 1  J . •. : . - /.(« * , / ) з = .  2да — d- C COS L , , - - ä - :  ; .,_ - (1 2 )

fíwith which (4), (6) and (8) acqmre- respectively-the forms ■
\- — =  \i 1 /fa//(?w,: e),-. , =_ г , (13)

- ' . : •'--■• hr = Kif{m, e) , ' - -’- . 1 Г| -‘ - ’(14).
' ; - K J f a c ) '  7‘ : = /; ; : ' ' (13)

Since the initial orbit wás' assumed' to be elliptic (namely one of "thé equi-

i c j  i r : it
Лоз jo':



periodic dk’firr Survival ‘Probability

vai ent' conditions. a >  0, h <  0, e <  1 is fulfilled), we observe easily that 
JTi>  077ГЛ-<~0Т~.?С ̂ (Ь ------------------------------------------- — ----- ----------------

ci1 0 1Л> -  О С 0 4 0 с *» ?» о " 0 § п (■> \J
___Ii-the_relatLv:a_orbit after explosion remains elliptic, the binary system sur-

■Vives Ţakinş into account jl3) —.(15), the ( survival criterion is r
0 7 0 0 ljJ m ,  e) > 0! 1 1 1 ^(16)U 0 0 0 0 J8i' 1 I I I ( ЫС
0 (' О О 1 1 lb?.  . 1  I [ : 0 -  (•

Tor / = 0 the new orbit ; becomes;parabolic, and hyperbolic for / < 0  ?/j ,
4. Survival Probability Denote by P,(w, e) the, survival probability?!and 

examine thé’formula (12) P lf (2т‘^  \)]e 5>T, we always have / > 0  (P ö=ol), 
hence (be orbit remains aíwáys boától. Oníthe oth'etóhand, if \2m — 1 )je < / / ’í /  
we always have /  <г’Ь (Р^= 0), hş'nce thchorbit ïiieçomes always unbound!;5f,et 
us now consider other case.:in which (2w 1 )/<? 1, 1] ; i ^  г

Observe) from (Щ) that, h  h ere ^xist t v< ̂  ! Cr i t к- a ty  a ! u e s). pl thè ecc^ntricjiano- 
nialy : с г pí F, a i  t-t-rj wer, isp ьеё i »

:: ,w:° £  ^ . „ I c o s ^ w - g ] « ) ,  ; ' g l .  2,*£ , еГ 1 £(17)
1 SPC Ist- ij'o dt >7 r?T Г 0 ; n,P >'• ijc C

for 'which// = (0ô Thesfe two'values'^divide Plie orbit Into aiffarc centered on the 
penastron' (where /Т ;  0) and an rär'e centered on'-the apastron (where / i> ' 0). 
The~~ survival—probability—is-therefore—the-ratio-----------------------------------------

. , , Pim, e) =  Ţ J T ,  , f ,t -  (18), , i i  *s Irr cl > i cos f -.'m l 5 v .< ' 7
- x SÚ--.T 7 ,-l

.п от ifi V '
1 it iwhere Рл is the’ time interval info wliicli the star lieş 011 the apastron arc, while 

T b s  th é r orbital7peridd." /11 V l / rI r: “ 3u:'-;J.vCf .0 -i.v'oj!:,-' :oí;í . ■ r sicii p p | 'ЧУ-го.:oo o: T v ;
г.г Denotenby, ic Ţhepnstanţr corresponding to:i £ /  1 and(by-. i.p the  instant tof 

periaştrşn.. -Jjt, is obvious. tjiat/j .-4 > p .p  1 yo 7,1,) > L 777,1 __ /  у г p.r.
: -  г i -roc r2 ri,LV j- r- ?:<l' ~ "(19)

1 - -  ГГГГГГ-' 0 - -  - i   ̂ .  r  .  ~r  j у ^  ; ; c  l é i ; / , .  r  г  т р о ' й  r ;  -  -;*'r ■■

,Nq_vy baking.'into ^ccofint3 ï^èplé/s équation 'for (his1 else : J  ̂ "  7 '
■ ■' f ’Y  r ‘ /  w ( t p ^ f  t p )  — P / 1  ( - ^  C s i n  E ï ; j ; . rr  J • V b  r .  ^  >  ( ( 2 0 )
1- '■ • h i  7 I 10. Ő -- . i I J -,P /, f

‘where - # : i§ the mean motion; • and the fa é t 'th a t1 P = '2rc/w, w e obtain .írom 
(17) -  (19) <■ - . , ,;^v? ! ..

.-.'Mi.ma P ÿ i;  cÿ=Xrf,- ,>côs '̂(@iA>t± i\)}yj с*(1 ^ ’,((2wi^ <l)/P))/7trJ>' '  (21)'
г г /  Op pj -'Гг -',- s Т 'й  er J '.1;. ь c  ü ,v  гТ
We m űét''mention ‘ here thati ‘^21)'' diffeis J-'r yj /  - ■ l’ labi&v
slightly iroin11 the" ' corresponding‘'''fbrinüla'' ’ " 
given Îrf'[7']-,(’ which i s ' erronedúsr '

Resuming these results, the survival pro­
bability as function of m and e is synthesi­
zed In Table ь1. ‘!Аё-itbs/shourn hn' -[7]; the'

;case ~т“— 0 5, le =;0f'is singular, since' /  —70 
f ahd E becomes'undefinedJ ' ' '  ' ‘‘

.Г =’,m  1' r e _”>i. ‘j - ' j P{m^e)

<? -•  ̂ ' 1 f, , y - 1 » _ p ' r
> 0 .5  f ^  2m — 1 ., .1
> 0 .5 '  >  2m -  1 “  (21) "

0 5 7 -->0 '■ c : - 1/2 +  e/~
'fi 1 J<0 5r> г, r_ ' 2/> 1 тгг2пгт = T(21)r p
- I pjI ’-O 5 j J 'i 3 ,0
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Table 2

c m 0 9 0 8 0 7 0 6 0 5 0.4 0 3 0 2 0.1 0 05

0 05 1 1 1 1 0 516 0 0 0
»
0 0

0 10 1 1 1 1 532 0 0 0 0 0
0 15 1 1 1 I 548 0 0 0 0 0
0 20 1 1 1 1 564 0 0 0 0 0
0 25 1 1 1 843 580 253 0 0 0
0 30 1 1 1 803 595 .339 0 0 0 0
0 35 1 1 ’ 1 ’ 785 611 398 0 0 ■ 0 0 v
0 40 1 1 г 1 777 .627- 444 0 0 0 0 ■
0 45 1 " 1 '914 775 , '643 ■ .482 .217 0 0 , 0
0 50 1 1 .891 ,777 659 515 300 0 0 0
0 55 1 1 879 782 675 .545 361 0 0 O'
0 60 1 1 875 788 691 572 410 0 0 0
0 65 1 954 874 .796 707 . 597 452 205 0 0
0 70 1 943 876 806 723 621 489 .287 0 0 '
0.75 1 938 881 816 ,739 644 523 348 0 0
0 80 1 938 , 887 827 755 666 554 398 0 0
0 85 982 941 1 895 839 771 687 583 .442 201 0
0 90 980 946 903 851 786 708 610 481 .283 0
0 95 ’ 982 952 .913 863 802 728 636 51,6 344 .201
.099 .985 .958 .921 .873 815 744 , 656 543 386 268

Using Table 1 and the formula (21), we calculated the survival probabilities 
for (m, e) e  P, where I  =  (0, 1) The results are listed in Table 2

Some remarks about Table 2 must be made This table uses smaller steps 
than the conespondmg table given m [7] Another difference consists of some 
values of the probability P(m, e) So, m ' [7] one gives P(0 6, 0 4) =  0 766, 
P(0 6, 0 6) =  0 777, P(0 05, 0 95) =  0 200, Our Table 2 gives the correct values ' 
0.777, 0 788 and 0 201, respectively Also we did not consider the line e =  1 
(since we supposed that the initial’orbit is elliptic) and the column m — 1 (it 
is clear that P (l, e) =  1, whatever c <  1, is). If we consider a line e =  0 (ini­
tially circular orbit), we shall obtain P(m, 0) =  1 for « > 0 5  and P(m, 0) =  0 
for m <  0 5 A last remark if we consider a .column m =  0 01 (namely a very 
drastic mass loss), we shall have P(0 01, e) =  0 for every e <  0 98 Only fen 
moie eccentric (near parabolic) orbits the survival probability becomes'nonzero 
(but very small, eg  P(0 01, 0 99) =  0 090)

5 Survival Probability and Orbit Behaviour for some Concrete Binaries.
In order to apply the above exposed results to concrete cases, we dwelt upon 
four long-periodic spectroscopic binary systems, chosen m the catalogue [1]. 
The orbital characteristics of these binaries are given m Table 3

Suppose that each of the four systems undergoes a hypothetical supernova­
like mass loss, such that M' ^ 0 8  M The survival probabilities for such events 
are given m Table 4

Uet us now see what happens with each orbit after such an eventual explo­
sion Using the formulae (4) and (8), we calculated the deformations unclergone 
by the four öibits The results lor m =  0 9 are listed in, Table 5, while Table ,6
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Table 3

No Star e a(109 km) T  (years)

1 58 e Per 0 65 1 414 28 7
2 Gamma Gem 0 90 0 268 12 6
3 Beta I,Mi 0 66 0 481 39 9
4 51 Ksi Sco 0 75 1 129 44 7

Table 4

N o m 0 98 0 96 0 94 0 92 0 90 0 88 0 86 0 84 0 82 0 80

1 1 1 1 1 1 1 1 1 0 980 0 954

2 1 1 0 993 0 986 0 980 0 974 0 967 0 960 0 953 0 946

3 1 1 1 1 1 1 1 1 0 973 0 951

4 1 1 1 1 1 1 0 977' 0 962 0 950 0 938

coi responds to m =  0 8 These tables give for each system the values ЕсЛ, E Ci 2 (if
they exist), the values amm, emin corresponding to E ■-=  180 ° (apastron), and
the values Et'i, E ' r 2 for which e' = e Table 5 also includes, only for P  =  1,
the values amax, cmHX corresponding to E  =  0° (periastron) The values of E c and
E c are expressed m degrees, while those oi a' m 10e k m

Table 5

Star Ec, 1 Ec, 2 °max gitiflT űmm emm F E• í ,  1 г, 2

1 — -  2 969 0 833 ' 1  448 0 611 94 64 265 36

2 27 27 332 73 - — 0 270 0 889 93 35 266 65

3 — -  1 051 0 844 0.492 0 622 94 57 265 .43

4 - -  5 080 0 944 1 147 0 722 94 02 265 98

Table 6

Star Ee, l Ec, 2 amin tfmin

1 22 62 337 38 1 493 0 563 99 84 260 16
2 48,19 311 81 0 272 0 875 97 09 262 91
3 24 62 335 38 0 507 0 575 99 69 260 31
4 36 87 323 13 1 171 0 688 98 52 261 48
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Star Р (0.2, е) 'П , \  1 'UiÈ 40 i •**с, 2 Е «, 2

1 0.205 T -*1 
157.38

M t . 
202.62 9.332

-ÿCT J У ?
0.750

I

2 0.481 íbÍ.81
ЧН1 r)
228 19

■'H 0 
0 339

..Uí>r> ьПГ ImJ
0 500 137.79 222.21

3 0.224
v J£.
155 38

181 11 
204.62 2.662 0 700

4 0 348 Î43.13
-21 i 
216 87

-V u
2 634

>»fid ]ъЛ 1 ?
0 250 Л 52.73 207 27

\ oW- I
---- Bastl-yr-Ave-toek—mto-acœunt~arwer-y--dr-astie-mass-4oss-by^supernova--explo=-

sión, nu— 0.2.1 Æable 7̂  lists the >пшпеиоа1 results for--the four) binary-.systems. 
The-columns—of-^the—table—аге-4-Ье—same—as-t-hose-of—9?abîe-6-fand—t-he-unitsr 
too), i^nd a supplementary column, P(0 2, e) was added ; ! :

E)xy mmmg,Tables.,4—7, one,can jşoint out-some .djaracteristics of the post- 
explosion motion. Firstly, we see that the four, considered syştems, have great 
chances" to sùfvive (as binaries) an explosion with m ^  0 8 Bven for à great 
mass 'loss thé ' ‘Survival1' is relatively probable ' ' : J

If such a couple survives a mass loss with m =  0.9 or m =  0 8, the new 
relative orhţiţ. ,will .be, larger .ţhan /the miţia] on£ .Ил;Ёг«, n<3 Ë <  £ 4,2ь the, new; 
orbit ' will ̂ be, leşş eccşntric.ţhaij the initial one. ançl more eccentric in the opposite 
bará'é. ÄsJto"Table 7, ohesëes thafifôr 6 z critical 'r Values b f.p  fór 3whích'e' =  e 
db exist ôûly-for’tKe^stárs123 ähd”43fgibat iriitiàl bdcentnöitles)’- For vthe:bmar3és 
1 'and /3,' othen hew- orbit; will/ be' ;mote-ecëentric; ■ fchannthe ' initial, ;on'e, - whatever 
E  is (of course, bety?ej$nnthe.critical , y a l l i e s , a n d , ^ ^ ) ; - ! ]  ъ tb̂ -y '/.-j --.ri; r
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where С JG) — the second"' CasiiŞâr Wi^envaltf^ ■ iá‘° tiié raJdjÜiíif héírftóéhfötiorí; 
Aiihlb^Büsiÿ/ ífef'ffié' 'àApÂ'sytnm'ètri'tÿ'tiâ'se^^ë hávé^thb' ;s'ő-ballhd_Kbnífshir identity 
[2ÿ •'".ni jilt ritt// J-!) .{(’J momd h.not-ijv off -- mljLtmq о /i-vrsnr y.It l 
-invoci Iiiiiojj'j/ odu —r , 4 ' l ' /Ыршг1 'ijíJfiiii odd аЛ-ЧьЧВД ^' J *J orii .j ; 
uli lo Ajmrj,rf/ï. ,',n a/dW ffl

where TUaTUa =  (XX +  ), Wx — the intensity of vector superfhikUHd) U
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from the renormalisation vre can have m Ф 0 aqp0 |t(hî  зуу^рай^и 
the quantum level In supersiunmetnc QCD is diferent, front' the1 non-renormà- 
lti$^tion theorem [3] îţfrş^tdtŞ ФДа  ̂if \ щ =  .0 (at the .ol^ştcal level, then m = 0 
m all orders of the perturbation theoiy We can ’have a SUSY breaking (called 
dynamical) only from the non-perturbatike -feffÄttis 1 (fil^thiitiénè1) 1 dqrioirl 1 

í. As m QCDf.we have theiwacprirp eÿsp'ectjattqn vglue <ЕЕ>в, the control para- 
m çjif fqp^he/jŞ^SY,bfgakipglis '<AX> ,rwè'dènôtë'XX^=='é“^Xa'Xp) Ph'è 'dfferencé 
is that <̂ XX) is infrared convergent (we do not need the cutoff on the instanton 
sizeh dfhis resplţs (irqiri the iact-.thaţ, Gţeeu’ş functions,,fuel}, contain oply 
the Toiv4st1 cotop'diiellte of thcí'c'hiial,'Éíip^rfíe^dá)1 áV'e co ^ i^n t’ ' ‘л r "  ̂ i l! ~ I~̂ T 

The vacuum expectation value <X)>_can be computed from the Green’s
-) „ { V q|U ^ - > 'A h  , . jf'ÁŰA

■' 1 I N С »--Л
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G%(xv . xN) = ( l l ( Xl) .  XX(aa_m) .. Ф'мФ1М(хм)У (2)

Í when \x, — Xj I <  Л -1, Gn is computed at short distances through a uni- 
iustanton calculation
n when \х,— X, I —► со, using clustering, we have Gw =  <XX (aJ )  . <XX 
<XX(*W_W) > <Ф*-Ф;1( А ^ + 1)> <Ф^Фж ы >

2 The method of SU(2)-Embedding. The question is that the instanton 
contribution at the short distances can be partially or totally anihilated b;y 
contributions at large distances Hence we must study the mass dependence 
of the Green's function But m the pure Yang-Mills theories w'e have not expli­
cit mass dependence, thus we introduce tw'o matter superbelds S, T  and obtain 
the intermediate theory When m—*oo the matter superiields stand out from 
the spectrum and we reobtamed the pure Yang-Mills theory [5]

Besides the SUSY breaking, we can have an internal symmetry breakmg, 
in our case G2 —► SU(3) We choose S, T  m the fundamental representation of 
G2 (it is real and S =  T), {7} =  {1} -f {3} +  {3} The nonsmglet SU(3) com­
ponents {3}, {3} of the massless superfield S become the longitudinal compo­
nents of the massive vectorial bosons {3}, {3}, on S =  G2/SU(3) Bosons are 
in the adjoint representation {14} =  {8} +  {3} +  {3}

Then the G2-model with matter is reduced to the SU(3)-model with matter •
i the massive particles — the vectorial bosons {3}, {3} wuth the mass mv.
ii the massless particles — the matter singlet {1} s , — the vectorial bosons 
{8} When mv -4 Л only the massless particles ascertain the dynamics of the 
SU (3)-model

3 The G2-model. We want to compute <X>)C2 for the pure G2-model. 
Instead to compute <XX>gjOT for the G2-model with matter from

G} {xlt a2, *3, aJ  =  <XX(aj.) XX (a2) XX(a3) Ф'Ф „ (yx)> (3)
(we liaise a singular behaviour m m =  0), we will find the connection betw'een 
<7X>g2m and <XX>5u(3) <ХХ>С2ш is a function of m and <XX>Su(3)

3 1 The reduced model We compute <XX)su(з) for the SU(3)-model with 
matter (SU(3)-smglet s) from

Gi(xv A ) ,  A 3 ) —  <(X X ( a j ) X X ( a 2 ) s s ( a 3) >  

Through the instanton calculation

G\{xlt a 2, a 3) =  Сц» exp ( - 8t f t f )  j  Ä  (p2). ------- ?

(4)

8

K SK

Щ ч )  S o(Aj) 8 у)(д-,) 8т) (л 3)

-н~  ( r i  J <*4*T]X0№> j(Ç  Л*хЩ0 ] ( (rfUŸ0À) exp ( -  Ç +  KSK

Ж  I] _ _ =  С л Ч ^ ( р ^ £ ( - 1 ) Р Ч*',Ч*’Ч н ) ^  (5}-Л'-Л=0
where Л' =  \x exţ)(— for SU(3) with matter ßx =  8 , P  — the parity ;
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H — the gluon propagator, S — the quark propagator ; С ф 0. 
X0 — gluino m the instanton field

£>X0 =  0
s0 — scalar (singlet zero mode) in the instanton field .

D2s0 =  —1^21^0  
The instanton solution is :

— 2 f\x) %*t
where f(x) =  {{x — a)2 +  p2)-1 

From [4] we have

Edublet
E =  (72/^)p4f(x)f(y))*(x - y ) 2

triplet

For s0s0(x) we have similar result as for X0X0 apart from a factor of 
(5) keeping m mind (9)

a  = (24/71в)Л'8 f # flif(p2)(p2)7 [/(Ж1)/(Ж2)/(Жз)]4 X T ^ Z _
J L

(*. -  
~+ /М

From (Al)
1

C |=(24 11 1/3* 2^c)A,4 n ^ a tS(l -  EaÄ) \ d*ad(p2)(p2)7 X
у ä=i J

П  a ? E ' X  — жА)2а;ал) [а2 +  р2 +  2 (а,ж?) — 2a'L{atx,)]~11=i ]*k

From (А2), (A3)
1
í 3Gl =  (77^/3ti4)A/8 П  <М(1
* 4=1 ^ ) ( /̂ -Ti ) - V-j&k 

ЗФЬ

X [2 (а,%() -  (S«,*,)2] =  (154г/Зтг4)Л'8 
From (12) and the Kxmishi identity7

— m(S  S> +  (6/32-2)<XX>sd-(3) =  0
we have

<(XX)svc3) — Fisu(3)Aiü(3)í',A, Æ — 0, 1, 2 - 
Ksu(i) Ф 0 and Aso(s) =  otA,s

(6)

■(7>

(9)

1/6 For

(*■, -  *0«1 
/(*,)

( 10) 

( П )

( 12)

(13)

(14)
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3.2. The symniclry '’breïUmig-V^ &ЩЗ). W'e find t life1 ÄmiVebtiöh: 1 tetw''ееп Á{; 
and Asî7(3). bbrí г ° ‘п:л' ш я н  ш ошшу -  „\

In the point и. =  V (\ve denote v2 ^ \ s  s} the coupling constants gc„, =  
=  fcSU(3) Then I.lent rctiibtein oiii ni (oboin о:ол- îr-tjr‘,I?; n Lvm -
$фз)М — ̂ sc(s)(w) +  (9/8-2) ln (p /î i)= ^ '^ ^ i(9/8Tia)rJii.i(p/î)) =  ge|(p) — (2/8n2) lnfajv)

d nőit.:lo.í потоп n: od T (15)
In addition •

.ч О ,ф )\2  - „1
gsu{S) =  (9/82) In MAsvW) gbt(v.) = >(f-V®2) V ^ / A ) , ) „ ( Л-)\ ’il М )

From 15), (16) • J  ̂ 111. 0 ”■ J-. mor T

(Я) ( i.Y i-c(-- 4- (17)
or : A‘SU{3) =  (32n2/6)V3 (18)

From (14), (18)'-“  V ‘‘О^Л ^ ( G , G , , ' T

rod b '! i, F=)(^2?,?/ß)l/3, ^,sû(8)At ,! V'*.-; > Л mn ü'/iul . n (1 1 /'■о' (;Ш)
Defining • ((!) Lm и :ч yor ;ооЛ írd

J V -  ) ''<XX>C2 — /0; WyfO' . A =.Q, 1, 2, ,Ş 'l-cL гр.А-'ч/ Й'/Л'> ■ Г 1- - (20)
see that ,w ^ '

t

ÍIG;7̂1/4 r̂ -1/3 A(?a -  Л,зс/(3) f rU L'l (21)

4 and 3 are Half of the second-'.Casimir xéigfcnytílúeu C^[G2% respectivelly 'C2(SU(3)).
3 3 The supersymmetry breaking To relate domain m—*0 to 

pure G2-model) we use the non-anomalous mass Ward identify

m —  i ^ G ^  =  — (Î/2)<XX>GiHI X(X) =  (1/4)<XX>Ĉ ,*

w- 00 (the

(22)

where ^ is the TJW -charge
Knowing the dimensions of: Green’s function in ((3) GJ ~ Ad (G) — Лп and 

from the > Koinshi identité we have <XÀ)G„m '~i Л11''1.'’ Thus' - ■ i — I ]

< 4 ) c ^  Д с 2,« m 't\. Л ,1/4̂ ' *

for diferent vacua labelled by in d e ^ /p ^  P„fll„ £,p3 .

(23)

(f,il Fixing ( f <>) / /  /  vi
л  =  w exp (—Síd/j^gjl)

J  1  4  i f

where — the first coefficient in the Gell-Mann function =  11 m pre­
s e n c e  of matter and ßx =-12 in absence of mattér, for'1 the group' 6 2, we obtain:

‘ L m • Л“ .= Ab*, • ' > >’ {24}
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W h e n  ni- ■ oo, < W c 2m -V <XX>Cî and .

■4IAŸÙC'/>. .T i^ W 4 ^ .ç î‘Vr ^ т= 'Рп (V i&>#-.я  T (25)

We show that 7vGa Ф Op^id; ^v^h^ve^.^jip^erijymmetrjr dinamical breaking 
in the pure Ga-model

4 Conclusions In case of the G2 grup was possible to ca^cij]ate(.explicitly 
Kfy because we had a single invariant S “Sa, a =  1, . . 7 For other exceptional
groups, lîP/i.pftîtiç.plariVj ofngieAtjdnterestoiitHtliCrjiirçajt uUnif щаЛтп*ffiheorу Ee 
and F 8, ■> ,we Imreddew 4ii vajdai tsu-im^i hence' we -dooimhnhnmv cho-wii'to write a 
formula-'lïkh<i'pgytti.’j ííiobit'iq-jb-Jmi) io ÎW icjIquoT oilT bodioadtat ion «.i notiLibi'.i 

ilJtv/ погГ'/шцгео I m b‘jvto-4 -r ÂOiirtitqmi '.irmitq jBmoioi bţmnoi iot «noii 
■ni» ii/iiioiiil rj I. Io iioifqmu'df, yiti ito ,iutlniii|mi Ibiiuait mi Ыл>ш э1дпна i.
-jHoo iiimipj-'cbi.» y'IJ ni lij’-u 'tu. snmtiidnlaib fit-m-jb шг.Ниг-л 'id Г fiiam 

ArPbnDIX f-jivol la/foq Ь-jIí.lat -j;Ií )o miiir.iuq

We denote a, =  /  1(v,)1 b, =  S}k(x, — хк)г, t, j ,  k =  1, 2, 3. Using the Feynman integral 
-ip-tb f l l i j i ih  imridoi rmianlq и mori nn ií iu h in  лГ1 лоПонп w tn !  1
i >iir,Ind T)ffOi| bt ír, outit, икрам) (uAjjoI'-i oononthii bnn vgmtio irorliob ofr.q 
dimoidl •".uldrdf. Imt f í ^ i ^ t f a j n t o á ^ d i í o p b ) ' ( 8 ; a,Jt)]-*ioginíí'j''ib dnm ndol m 

[c  — t  ) in lb ioqm ol ii" ) t~l ipe lii !o oíiioiq inrntn orll író ooh-jüI tru m, 
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ul i.iiir-ntcf nil to not burina/,Trio ) X rigid y f Г71 r 11 (Vortoubo t dbrnwol b o lu rtb
'^ 'x iw ^ ^ ih li^ n Ä A ^  ‘̂ lri 'ilBJ (
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-Mi to j / h па [ rí I ji.itMV- o l  b o n n i t  и bn ii_n !  /-]ПРйУ'Лп vloínloddr, ri гсшшт  
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"21 ,П ,01’ r-jinfßygjff
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ABSTRACT. — In high temperature-low density tokamak plasmas, radiation 
cooling by impurity atoms can he an important energy loss mechanism, smce 
radiation is not reabsorbed. The coupled set of time-dependent diffusion equa­
tions for ionized tokamak plasma impurities is solved in conjunction with  
a simple model for neutral impurities, on the assumption of a cylindrical sym­
metry The resultant density distributions are used m the subsequent com­
putation of the related power losses.

1. Introduction. The radiation losses from a plasma column directly dissi­
pate electron energy and influence electron temperature and power balance 
in tokamak discharges [1—3]. They are also associated with instabilities through 
an influence on the radial profile of electron temperature [4—5]

Plasmas are contaminated by impurity atoms released from the wall of 
the reaction chamber and the limiters by high energy plasma particles which 
leak across the magnetic field configuration The radiation power is greatly 
enhanced by the presence of impurity atoms, especially high —Z impurities, 
because of their high cooling rate [6—8] Current nuclear fusion research is 
directed towards reduction in the high —Z contamination of the plasma In 
recent years, high power ICRF heating experiments up to MW level have been 
carried out to realize high temperature plasmas This heating technique has 
the  advantage of efficiently heating the ions However, it has been reported 
that RF heating causes a relatively large impurity contamination conrpaied 
to other heating techniques [9] Successful heating depends entirely on the 
effective reduction m the impurity contamination

A good understanding of the mechanism of impurity production and dji- 
namics is absolutely necessary to find a method to reduce impurity conta­
mination Several investigations on these problems have been described in the 
literatures [10, 11, 12].

In this paper, the stationary density distributions of impurities, such as 
carbon, oxygen and iron, in various states of ionization are calculated nume­
rically using a simple MHD—model. Classical and anomalous diffusions across 
the magnetic field and ionization-recombination processes are taken into account. 
Power losses due to ionization, recombination, bremsstrahlung and excitation 
are also computed using the numerically obtained density distributions of im­
purities. The numerical results are m good agreement with ST, TFR and JIPP 
T —IIU experiments. The main difference between this approach and its ear­
lier versions [13, 14] concerns the coupling of the various impurity species
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and leads to a more realistic description of the physical processes that take 
place m a tokainak discharge

2 Method of solution. The ideal magnetically confined fusion plasma 
would consist only of hydrogen isotopes, helium ions and the neutralizing 
electrons, well separated from the' material walls of the reaction chamber by 
suitably shaped magnetic fields In practice, high-energy plasma particles leak 
across the magnetic field, strike the walls and the limiters The impurity atoms 
thus liberated diffuse into the plasma, where they are ionized and excited.

Considering a cylindrical MHD—model, with r the radial coordinate, the 
neutral impurities ' are assumed to be flowing into the plasma at thermal ve­
locity v0, and their density, n0(r), decreases rapidly through ionization as im­
purities penetrate the plasma Using the coordinates indicated m Fig. 1, where 
rp is the poloidal radius, we harm

2k tc/2 ' p

n0(r) = [п0(гр)/4л] f.dcp f di|icos<jj[—(l/v0) f Xi(p')ne(p')dp'] (1)
0 -lt/2 0

Here nQ (i-p) is the density of the neutrals at the plasma boundary, хг is the 
ionization rate of the neutrals and n0 is the electron density The thermal 
velocity is defined as v0 =  (2A7'0/mz)1'2, where T 0 is the temperature of the 
neutrals and mz is the corresponding atomic mass

J?ig 1 ■ A polar coordinate system used m  the calculation of the density distribution
of the neutral impurities.
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/ .where tij iá' the impurity ion density m the fth  ionization state, c/r is the 
ionization rate for the passage írom  the (I -j- t]ţh- s ta te îtô th e_ /th  state and 
ßz is the total recombination rate for the pasşage from! the /th  state to the 
(I  — l)/th  state I M  represents the total n unibq;r of ionization states and 8 
is Kroncker’s delta . / >' ! \

The flux of impurity ions is given as [lQt, >16] I о
V/l . „
у  j Ф/ =  —7JjDj Srijjdr -r-^wWjfij

on the asşumptiQ,jV-fhat the impurity ions are in the collision-döníinated (Pfirsch — 
Schluter)J fegiop; 'but considering their density low enough for the effect of 
mutual ^olljsiohs. 1:0 bejieglected The Pfirsch —Schliitqi diffusion coefficient 
is defined-Jby-the relation

h
ot %  =  (1 +

Here q =  (rJRt){BtjBp) is the safety factor, with Rt the toroidal radius, B t 
the töróÍdht''hiá^öetid'1tia d n,látidv,xHíJ4 h b bpölöidtl'' jifefgiffifít "filkk- A'ss-ii'ihmg a 
parabolic dependence of the 'cfitffflit1 déffë'ity ̂ bri"the radial coordinate and de-
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late the energy losses due to impurities, as the ionization loss p„ including 
the radiative recombination loss pr, the bremsstrahlung loss p6 and the ex­
citation loss pe They are approximately given by

Pi, =  k Y2, +  (3/2)Ге) +  pr
I

Pr=  £ £  ((3/2К я ^ Т е )
I

рь =  1 5 X 10~382Ге„и,;Г 1'2 

pe =  1 73 X IO-31 TP'l2nr J 2 ni E ^ e x p  (-PTjl.TP
I  J

ív here P r is the ionization energy and PTj is the excitation potential Coeffi­
cients crj  are tabulated in [10] For comparison with these energy losses we 
have calculated the power input by Joule heating P} =  -r)f, where j is the 
toroidal current density given from the total plasma current I p assuming 
J ~ 1/tj, and у is the Spitzer resistivity [20] yj = mev(.jne.e2f T, including in f T 
the effects of trapped particles and the effective ionic charge of the plasma Zeff

3. Comparison with experiments. The impurity behaviour in typical ex­
periments is as follows . impurities arrive at stationary state and also the total 
amount of impurities becomes fairly constant soon after the rising current 
phase of the discharge, though impurities are continuously produced during the 
whole discharge These results imply that the diffusion of impurities is not classical, 
since classical diffusion results in the rapid increase of impurity concentration 
during the discharge I t is because the confinement time of fully-stripped im­
purity ions is several hundreds of ms, while their ionization time is of the 
order of several ms

In curi ént tokainak experiments, electrons diffuse pseudo-classieally or even 
more anomalously, since the electrons are trapped in waves caused by insta­
bilities m the plasma, and drag the hydrogen ions and the impurity ions with 
them This suggests tha t the diffusion of impurity ions is not classical. In 
our calculation a set of anomality factors with ув =  10 and yw =  1 is most 
useful to explain all the information on the impurities, i e. impurity ion dis­
tributions, impurity fraction related to the total number of electrons, plasma 
one-turn voltage Vp =  2-n:RtIp/ţ(ds/■/)), and total detectable radiative power
p r  ad =  P e  +  p b  +  p r  +  k n e Z t l j ^ P j

Calculations have been made m comparison with the experiments in the 
hydrogen plasma of the ST device and the hydrogen-deuterium plasma of the 
JIP P  T —IIU  device. As ST calculations have been reported elsewhere [13, H], 
we will concern ourselves in this paper with the JIP P  T —IIU  results

The JIP P  T —IIU  tokamak [21] has a major radius' R T =  0 91 m and 
a minor radius rp =  0 23 m. The hydrogen-to-ion density ratio «H/(%  +  nD) 
is 10% and the toroidal magnetic field BT — 3T  Our stationary calculation 
has been carried out for a total plasma current Ip =■ 272 kA, a mean electron 
temperature T c — 560 eV, a mean plasma ion temperature T, =  220 eV, and
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a mean electron density ne =  3 37 X 1019 m~3 (these data correspond to the 
Ohmic heating phase of a typical JIP P  T —IIU discharge). As confirmed by 
measurements, the most important impurities present in the plasma are carbon, 
oxygen and iron for which we considered the relative concetrations w0/wc ~ 
~  1 X 10~2, n 0j i ir ~  6  X 10 _3, % е /^ е  ~ 8  X 10-4 In  Fig. 2a we have depicted 

■our input profiles for the electron- and plasma ion tempefature, while in Fig 2b, 
besides the input profile ' for the electron density, one may find our output

Г / П р

Fig 2a Input profiles for the electron- and plasma ion temperatures 
Fig 2b Input profile for electron density and output profiles for 

plasma ion density and effective charge 
Fig. 2c Density profiles for the various ionization states of carbon 
Fig 2d Power losses due to ionization, recombination, bremsstrahlung 

and excitation for carbon, and joule input power
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4. Concluding remarks. pur"mimerical model işvm good agreement with 
measured macroscopic quantifies In the experiments/but further — investigations 
are necessary to discuss _its appropriateness in .detail. The, discrepancies may 
be due to thé fact th a t' the used atomic data 'may be affected by errors up 
to 30% and the calculated data reported in [21] have been obtained using 
a semi-quantitative -'model. ţ  ' J J".
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iGdJ+ AND Cu2+ EPR OF HIGH TEMPERATURE 
; SUPERCONDUCTOR Y 1_iGdlBa2Cu30 7

AI. PICULA*, A. X. ГОРл, L. V. Gi IRGIU** nnd Aï. ÏMRABOYP*“

Recêiird October 18, \ 1089

AKSTHVCT. — EPR  measurement'? of the Gd3+ and Cu3+ were perfrimed 
in the YI_ l Gdi Ba2C u,07 S svstein The line-shape anatysis for superconducting 
GdBa2Cu30 7_ s was found to be Lorentzian, indicating the presence of the 
exchange narrowing We evidenced the possible presence of Cu2+ resonance 
in nonsiipercoiiductiiig phase supeiimposcd ovei the characteristic Gd3+ lnle 
at room temperature

Introduetion. The discovery of high Tc superconductivity [1] has been follo­
wed by intensive theoretical and experimental study of this class of compounds. 
The pairing mechanism and the role of magnetic fluctuation of the Cu —О com­
plex still unclear This has motivated us to investigate the magnetic proper­
ties of these compoundsm geneial The magnetic behaviour of high TVsuper- 
conductors can be studied with Electron Paramagnetic Resonance which pro­
vides information on the interaction of magnetic ions among themselves and 
between them and the eiystal lattice This information is conveyed mainly 
b}r two parameters the g-facloi and the linewidth Hpp of the lesonance [2]. 
The experimental results obtained by EPR measurements from the supercon­
ductor ceramics are different Disagreements arise from the different quality 
of these samples and especially from the thermal history The absence of the 
EPR  signals m the single phase YBa.;Cu30 7 is generally explained by the 
assumption that the Cu2 + ions are antiferromagnetically paired via oxigens, 
to insure S —О for the neighbouiing ccpper ions In YBa2Cu30 7_s system ' e 
EPR signal is tjrpical for Cu2+ resonance center with S = l/2 , disposed in sius 
of (pseudo) tetragonal symmetry with anisotropic g-valu es g\ | = 2 2 1 , gj_ =  2.05 
characteristic of Cu2+ in impurity phases [3]. The Gd3+ in superconducting 
GdBa2Cu30 7 does have a strong EPR signal at the field position correspond­
ing to nearly g =  1.97 [4]

In this paper, wre wish to lepoittheR PR  measurements inY ,_1GdIBa2Cu30 7_s 
function of thermal history of samples, concentration x of Gd and temperature.

Experimental procedure. The samples Y 1_ i Gd^Ba2Cu30 7_ 5 were prepared by the solid phase 
reaclion method by learning the mixtures of Y a0 3, Gds0 3, CuO and Ba30 3, where the concentration 
of the substitution of nonmagnetic yttrium with gadolinium is x =  1, 5, 10, 45, 25 and 100%. 
The oxides were mixed with absolut alchool in an agate mortar, pressed into pellets and firmg 
slowly in air until 850 °C The samples were smterlzed at 850 °C for 10 hours in air, and cooled 
slowly in air atmosphere down to 200°C with arate of l°/m inute Samples w ith x  =  100% were

* Unntc.siiy of Cluj-Napoca, F acdty  of Maiematics and Physics, 3400 Cluj-Napoca, Romania
** I T I M  Cluj-Napoca, 3400 Cluj-Napoca 5, P O  Box 700, Romania
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crushed again and recalcinated at the same temperature for 10 hours The presence of a super­
conducting phase with T c >  77 К  m the preparated samples was established by testing the Meiss­
ner—Ochesenfeld effect of an inhomogeneous magnetic field on the samples cooled under liquid 
nitrogen temperature

The Electron Paramagnetic Resonance measuremets were carried out by means of a RADIO- 
PAN spectrometer SE—x/2543 at room and liquid nitrogen temperature in X  band.

Results and discussion. The observed EPR line-shape from sample by 
X =  1%, 5%, 10% and 25% Gd is presented in Fig 1. and for я =  100% 
in Fig 2a.

The EPR spectrum indicated at room temperature the overlapping over 
the characteristic Gd3+ line of a signal with g ~  2 06, typical for Cu2+ re­
sonance center in green phase Y2BaCu05, Gd2BaCu05 or BaCu02

The signal with strong intensity typical for Gd3+ ions and the Cu2+ over­
lapping signal disappeares at liquid nitrogen temperture. Similar results 
down to Tc were reported by H Kikuchi et al [4] for superconducting system 
GdBa2Cu307_8. In Fig 2b we plotted the line shape for sample by x — 100% 
at room temperature. In  case of Eorentzian shape

g(H) =
l

тгДН,
1

1 +
Я - Н „ |2 

AH, j

for absorption curve, and

dg{H)
dH = I{H) =

l
ttA Hi

for derivative curve The quantity [(H — H 0)/I(H)]ll2 tzAH,
4?

( H - H ,
[ AH,

56 -

54 -

5

I H  - H j 2
Fig 2.
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Pig 3.

(where I{H) is the height of the absorption derivative ' at the field Я  and Я 0 
is the resonance field), is a straight line when plotted veisus (Я — Я 0)2 

In Fig 3 the dependence [(Я — Н^/ЦН)]1!2 versus (Я — Я 0)2 within 
experimental error evidenced a Forentzian shape at the center of the line 
According to the Anderson model for magnetic resonance [6], an exchange 
narrowed line shape should be Forentzian in the center

The EPR linewidth ДЯХ for Gd3+ signal and ДЯ2 for Cu2+ signal veisus 
X, as shown in Fig. 3a, b

This almost liniar dependence is no texpected in magnetic systems where the 
exchange interactions aie dominant [5] The lmewidth dependence AH1 with 
the concentration of Gd3 + ions indicated the importance of dipolar coupling 
The moment of the dipolar width is determined principally by the strength 
of the dipolar interaction and its relative magnitude when compared with ex­
change coupling. The possible coupling of Gd ions to magnetic moment of 
Cu2+ m nonsupercoüductmg phases evidenced by evolution of lmeshape function 
of X, is so weak bellow Tc that the presence of magnetic ions Gd3+ is ineffective 
for supressmg superconductivity

Conclusions, We evidenced the possible precence of Cu2+ îesonance in non- 
superconductmg phase superimposed over the characteristic Gd3+ line in 
Y^jGdjBaX'UjOy-s superconducting ceramics at room temperature for % =  
=  1, 5, 10, 15, 25% The Forentzian shape at the center of the Gd3+ line for 
X =  100% evidenced the exchange interactions, and the lmewidth dependence 
ДЯа with the concentration x indicates the importance of dipolar coupling.
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