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CONDUCTANCE OF AN ONE AND DOUBLE-LEVEL
QUANTUM DOT

I. GROSU?

ABSTRACT. We analytically study the expression of the electric charge current through
a two-terminal quantum dot in the linear response approximation. We analyse the
one-level and the two-level quantum dot scaled conductance taking into account
the relevant parameters. We also present the results for the conductance in the
Sommerfeld approximation.
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I. INTRODUCTION

The transport of electric charge through solids has been studied for many
decades with the aim of finding new analytical results as well as important
experimental applications [1]. The dimensionality effects can strongly affect the
properties of the materials, in particular the electrical conduction [2]. These effects
also change the thermoelectric properties of the materials [3]. Here the quantum
coherence effects are more important than the general properties of a bulk material
[4-6]. The main ingredient in the description of transport phenomena in these
materials is the transmission function T'(¢)[7,8]. It contains microscopic information
about the sample and its connections with the leads. In this paper we analyse the
charge current response of a quantum dot in contact with two particle reservoirs.
First we will analyse the single-level quantum dot case with symmetric coupling
(¥o) to the leads. Then we will study the current conductance of a double-level
quantum dot with t.the coupling strength between the two levels of the quantum
dot.
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Il. MODEL

The transport theory, in the case of thermoelectric phenomena, allows the
determination of the electrical conductance through the expression [7]

G = €2L0 (1)
where e is the electron charge, and L is the quantity
1 oo -0
Lo =1 7 deT (e)(<22) (2)

Here h is the Planck’s constant, T (¢) the transmission function, and fz is
the Fermi-Dirac distribution function defined as (4 = 0, u is the chemical potential).
1
frp = @D =2 —tanh(ZR—T) (3)
where kpgis the Boltzmann’s constant, and T the temperature. With the new
variable z = ¢/kg T, L, becomes

—1 o0 a
Lo == dzT (kyTz) /22 (4)

For accurate analytical calculations we express the Fermi-Dirac function
through the series [9]

1
z— 2nl(n+—)

frp(2) == Ymec———— (5)

Now we will use equations (4) and (5) in order to calculate first the scaled
(G/e?) conductance of a single level quantum dot [10]. In this case the transmission
function is given by

T(e)=—2 (6)

(e~£0)2+¥§

which, with the z variable, can be rewritten as

T(kyTz) = 2R[L2—2

2 z—gy+iyg

p=] (7)

where: Vo = vo/kg T, and & = €y/kp T v are scaled quantities. With these
results:

1 1
2=E5+i¥ [z-2mi(n+3)]?

Lo="LR[i %, [7, ] (8)

The integral in equation (8) is carried by closing the integration path in the
upper complex plane to obtain [11]

L _n=012.. (9)

2mi(n+a)2’
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where:
1

a=-+--(&—in) (10)

Using the fact that

W)=y L
Y@ = T (11)
is the trigamma function [12], the scaled conductance will be
Lo 2mh R (2 + 2m + Lon (12)

an exact analytical result [11].
The second case we analyse is the two-levels quantum dot case. Here the
transmission is given by [10]

T(e) = —L—— (13)

2
(g0 47
e—gq 0

Following steps similar to the first case we will have

1 1

2 . 112
—~  t — |Z—2mi(n+-
z—so——z_%iﬂyo [z—2mi( +2)]

Lo="TR[iY, [7 dz ] (14)

If the tunneling parameter between levels (t.) is small, Lyis reduced to

1

— Nogqr; © Z-8

Lo =50 R En Loz o s ) (15)

where

i~ ae o i —

7z, = [& + (Az)2+]7§] ivoll i c—id (16)
O N

7z, = [§ (A§)2+;73] l(A§)2+y~g =a—ib (17)

2, = 2mi(n + ) (18)

and A€ = &, — &;. After performing the contour integration and the summation we
obtain

o
Lo == R(S; — S, — S3) (19)
Here,
; w(n+2d7:-ic)_w(n+2b;—ia)
S1=5, c—a+i(b—d) (20)
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o1 1
27 a2 [c—a+i(b—d)]?
{[d* = c*+ (& + a+ i(2d — b))c — (b + i(&, + a))d — (a — ib)a]lp(l)(%n*"c)

(21)

n+d+ic n+b+ia

—2m(b + i(a - ENPE=S) - p(EEY)

and S3 =S,(d » b;c > a;a - c;b > d), and P(2) is the digamma function. In
Fig.1, we plot the temperature dependence of the scaled conductance for the one-
level and for the two-levels quantum dot.
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Fig. 1. Scaled conductance as function of temperature. The line correspond to the two-levels
quantum dot, and the dashed-dotted line correspond to the one-level quantum dot,
for the following parameters: 7, = 20K /T ,& = 30K /T ,& =5K/T,t. =5K/T,

and forh = 1.

In the case when t, = 0 the result (19) reduces to the previous result given
by eq. (12).
A. SOMMERFELD EXPANSION

In this section, we will give approximate results of the conductance valid in

the low temperatures region. For the one-level quantum dot we will approximate
the trigamma function (for large z), according to the relation:
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(1 =1__1
k4 (2 + Z) Tz 122377 (22)
Using (22) with z = (y, + igy) /2 wkgT, Lygiven by eq.(12) will be

1. v (mkBT)? y§-3¢§
LO = P2, .2 [1 - 2, .2\2
hyg+eg 3 v5+eg)

] (23)

In a similar way, for the two-levels quantum dot, the Sommerfeld expansion is:

(mkpT)?

2
Ly=y——[1+52

ho, tEo. 2
(B0—5 )" +Y0

R] (24)

with
2 2 2 4 2
2t2 3td 2t
4(eo-9)2(1+5)? 142 E4 T 2k
_ 1 81 51 El 81
k= 2, 272 - ez, 2 (25).
[(eo—5 ) +¥5] (05415

Higher values of t.(up to a limit of it) lead to increased values of the
conductance (in the low temperatures limit), as one can see in Fig.2.

Fig. 2. Scaled conductance as function of temperature in the Sommerfeld approximation
for the two-levels quantum dot. The line correspond to t. = 5, and the dashed-dotted line
correspond to t. = 0. The parameters are: g, = 30,7, = 20,&, =5,and h = kg = 1.
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B. HIGH-TEMPERATURES EXPANSION

Here we will analyse only the one-level quantum dot case. In the high
temperatures limit the trigamma function (for small z) is approximated as

1 2 4.2
P (; + z) = "7 —14{(3)z + ”22 (26)
Using eq.(12) the main contribution to the conductance, in this case, will be
~ _™o
0™ 4hkpT (27)

in agreement with the plot from Fig. 1.

l1Il. CONCLUSIONS

We analytically calculate the electrical conductance of an one-level and
double-level quantum dot. These obtained results are useful for the study of
thermoelectric effects in mesoscopic structures. The differences in the temperature
dependence of the conductance for one-level and for two-levels quantum dot are
highlighted. The difference are substantial at low temperatures, while at high
temperatures they are insignificant. At low temperatures, the tunneling effects
between the levels in the dot (for the two-levels quantum dot) and the quantum
interference effects leave a significant mark on the conductance. At high temperatures,
the quantum effects are erased by the thermal effects, and the conductance is
similar in both cases. We also obtained Sommerfeld expansion results for the
guantum dot conductance. These results are valid in the low temperatures limit. As
one see from Fig. 1 and Fig. 2, the results of the Sommerfeld approximation deviate
significantly from the exact results, as the temperature increases and, for the
parameters used, the results of the approximation are valid only at extremely low
temperatures.

REFERENCES

[1]. F.J. Blatt, in “Solid State Physics”, vol.4, p.199, F. Seitz, D. Turnbull eds., Academic Press,
New York, (1957)

[2]. S. Datta, “Electronic Transport in Mesoscopic Systems”, Cambridge Univ. Press, New York,
(1958)

[3]. L.D. Hicks, M.S. Dresselhaus, Phys. Rev. B 47, 12727, (1993)

40



CONDUCTANCE OF AN ONE AND DOUBLE-LEVEL QUANTUM DOT

[4]. Y. Dubi, M. Di Ventra, Rev. Mod. Phys. 83, 131, (2011)
[5]. C.J. Lambert, Chem. Soc. Rev. 44, 875, (2015)
[6]. 1. Grosu, L. Tugulan, J. Supercond. Nov. Magn. 21, 65, (2008)
[7]. D.K. Ferry, S.M. Goodnick, J. Bird, “Transport in Nanostructures”, Cambridge Univ.
Press, New York, (2009)
[8]. J.C. Cuevas, E. Scheer, “Molecular Electronics”, World Scientific, New Jersey, (2010)
[9]. I.S. Gradshteyn, I.M. Ryzhik, “Table of Integrals, Series and Products”, Academic Press,
(2007)
[10]. L. Zhou, arXiv:1704.04733v3
[11]. G. Bevilaqua, G. Grosso, G. Menichetti, G. Pastori Parravicini, Phys. Rev. B 94, 245419,
(2016)
[12]. M. Abramowitz, I.A. Stegun, “Handbook of Mathematical Functions”, Dover, New York,
(1972).

41






	Blank Page

