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REAL NUMBERS: FROM COMPUTABLE TO RANDOM
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Private Bag 92019, Auckland

New Zealand
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Abstract

A real is computable if it is the limit of a computable, increasing, computably con-
verging sequence of rationals. Omitting the restriction that the sequence converges
computably we arrive at the notion of computably enumerable (c.e.) real, that is,
the limit of a computable, increasing, converging sequence of rationals. A real is
random if its binary expansion is a random sequence (equivalently, if its expansion
in base b > 2 is random). The aim of this paper is to review some recent results on
computable, c.e. and random reals. In particular, we will present a complete char-
acterization of the class of c.e. and random reals in terms of halting probabilities of
universal Chaitin machines, and we will show that every c.e. and random real is the
halting probability of some Solovay machine, that is, a universal Chaitin machine
for which ZFC (if sound) cannot determine more than its initial block of 1 bits. A
few open problems will be also discussed.

1 Notation and Background

We will use notation that is standard in computability theory and algorithmic informa-
tion theory; we will assume familiarity with Turing machine computations, computable
and computably enumerable (c.e.) sets (see, for example, Soare [48] or Odifreddi [40])
and elementary algorithmic information theory (see, for example, Calude [7]).

By N, Q,R we denote the set of nonnegative integers (natural numbers), rationals
and reals, respectively. If f and g are natural number functions, the formula f(n) <
g(n) + O(1) means that there is a constant ¢ > 0 with f(n) < g(n) + ¢, for all n.

Let X = {0, 1} denote the binary alphabet. Let £* be the set of (finite) binary strings,
and X“ the set of infinite binary sequences. The length of a string z is denoted by |z|;
A is the empty string. Let < be the quasi-lexicographical order on £* induced by 0 < 1,
that is, A < 0 < 1 <00 < 01 <10 < 11 < 000 < ---, and let string, (n > 0) be the
nth string under this ordering. The concatenation of the strings s and ¢ will be denoted
by s —~ t. If j is one of 0 or 1, the string of length 1 whose sole component is j will be
denoted by (4). A string s is a prefix of a string ¢ (s C #) if t = s ~ r, for some r € T*.
A subset A of ¥* is prefiz-free if whenever s and ¢ are in A and s C ¢, then s =t¢.

For a sequence x = zgz1 - Zn--- € L% and an integer number n > 1, x(n) denotes
the initial segment of length n of x and x; denotes the ith digit of x, i.e. x(n) =
ToZy - Tp-1 € L*. Lower case letters k,I,m,n will denote nonnegative integers, and
s,t,z,y, z strings. By x,y,--- we denote infinite sequences from ¥¢; finally, we reserve
a, B,7,w, Q for rcals. Capital letters are used to denote subsets of £*. We fix a standard
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computable bijective (pairing) function (,) defined on N x ¥* with values in ¥*. For a
set A C T* let A, = {z | (k,z) € A}.

Next we move to the probabilistic part. Consider the following experiment: Pick, at
random using the Lebesgue measure on [0, 1], a real « in the unit interval and note that
the probability that some initial prefix of the binary expansion of « lies in the prefix-free
set A is the real number:

Qy = 22_‘5‘. (1)

s€A

More formally, for A C Z*, AX¥ denotes the set of sequences having a prefix in A,
{wx | w€ A, x € X} The sets AT are the open scts in the natural topology on X%,
Computably enumerable (c.e.) open sets are sets of the form AX¥, where A C ¥* is c.e.
Let 2 denote the usual product measure on £¥, given by u({w}x¥) = 27| for w € T*.
For a measurable set C of infinite sequences, u(C) is the probability that x € C when x
is chosen by a random experiment in which an independent toss of a fair coin is used to
decide whether z,, = 1. If A is prefix-free, then pu(AX¥) =3, 4 2-lwl = Q.

Following Solovay {49, 50] we say that C is a Chaitin machine (sclf-delimiting Turing
machine), shortly, a machine, if C is a Turing machine processing binary strings such
that its program set (domain)

PROG¢ = {z € £* | C(z) halts}

is an instantaneous code, i.e. a prefix-free set of strings. Sometimes we will write C(z) <
oo when C halts on z and C(z) = occ in the opposite case. Clearly, PROGc is c.e;
conversely, every prefix-free c.e. set of strings is the domain of some machine.

The program-size complezity of the string z € X* (relatively to C) is He(r) =
min{jy| | y € *, C(y) = z}, where min = ooc.

Theorem 1 (Invariance Theorem) We can effectively construct a machine U (called
universal) such that for every machine C, Hy(z) < He(z) + O(1).

Note that PROG is c.e. but not computable.

The following extension due to Chaitin [21] (sce Calude and Grozea [15] for a short
proof) of Kraft’s inequality is very useful in constructing machines satisfying certain
properties:

Theorem 2 (Kraft-Chaitin) Given a c.e. list of “requirements” (n;,s;) (s; € ¥*,n; €
N,i > 0) such that 3 ;27™ < 1, we can effectively construct a machine C and a
computable one-to-one enumeration Zo,T1,Tz,... of strings x; of length n; such that

Clzi) = s, for alli and C(z) =0 if z & {z; | i € N}.!

2 Computable and Uncomputable Reals

The complexity of real numbers is a central topic in classical computability theory (see
Turing [54], Rice [44], Calude [6], Soare [48], Odifreddi [40], Bridges [5]), computable
analysis (scc Martin-Lof [39], Weihrauch [56], Pour-El and Richards [43], Ko [35], Bridges
[4]), algorithmic information theory (see Chaitin [24, 26, 27], Martin-Léf [37], Calude [7])
and information based complexity (see Traub, Wasilkowski, and Wozniakowski [53]).

'Notice that Q¢ =y, 27™.
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An important class of reals is certainly the set of computable reals. In order to define
them we introduce the notions of computable sequence of rationals and computable
convergence rate. A sequence (a;) of rationals a; is called computable if there is a Turing
machine which, given a binary name for a nonnegative integer n, computes a name for
the rational a,, with respect to a standard notation of rationals. A sequence (a;) of
reals «; is said to converge computably if it converges and there is a computable function
g : N — N such that |a; — limg_, g} < 277, for all 7, j with i > g(j).

A real « is called computable if there exists a computable sequence of rationals which
converges computably to c.

Theorem 3 Let o be a real in the unit interval. Then, the following statements are
cquivalent:

1. The real o is computable.

2. There exists a computable sequence (a,) of rationals with |a —a,| < 27", for all n.
8. There exists a computable function f : N — {0,1} such that a = 332, f(i)27%
4.

The set {g € Q| ¢ < a} is computable.

The cquivalences of 1., 2. and 3. and the implication 3. = 4. are uniform, but the
implication 4. = 3. is not uniform.

For example, all algebraic numbers, log, 3, 7, the Euler number e are computable;
actually, all real numbers commonly used in numerical analysis and natural sciences are
computable. Of course, not all real numbers are computable (in fact, most reals are not
computable).?

Given a computable sequence (a;) of rationals which converges computably to a
computable real ¢, and given a computable function g : N — N as in the definition
above, by computing ay(,) one obtains a rational approximation of & with precision 27",
By considering an appropriately chosen computable subsequence of the sequence (a;) one
can speed up fhe convergence to a great extent.

On the other hand there are also computable sequences of rationals which converge
to uncomputable reals. These sequences must converge noncomputably, i.e. very slowly.
The first example of an uncomputable limit of a computable sequence of rationals has
been given by Specker [51].3

It is well-known that therc arc reals which can be approximated by a computable,
converging sequence of rationals, but not with a computable convergence rate. For
example, if h is an injective, total computable function which enumerates a c.e. set of
nonnegative integers which is not computable, then the sum

o0
> e @)
k=0

*It is an open question whether there is any “natural phenomenon” leading to an uncomputable real
number.

3Such numbers play an important role, for example in the construction of a continuous but uncom-
putable solution for the wave equation even if the initial conditions are coutinuous and computable, see
Pour-El and Richards {43].
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is the limit of the computable sequence of partial sums (32F_; 27h®)),, but it is not a
computable real (Specker’s construction [51]). A very interesting special class of num-
bers of this form are the Chaitin Q numbers which will be later introduced and discussed.

We contimie with a simple but intriguing example. Let timey (string;) be the running
time of the computation U(string;)*?, and define the real number

Ty = Z 27 /timey (string;). (3)
1

At the first glanced the analogy between (2) and (3) suggests that YTy is uncom-
putable because it is essentially defined in terms of an uncomputable set, PROG. This
intuition is false: the real Y is computable. Indeed, we can construct an algorithm
computing, for cvery positive integer n, the nth digit of Ty. The idea is simple: only
the terms 27 /timeys (string;) for which timer (string;) = oc do produce perturbations
in (3) because at every finite step of the computation they appear to be nonzero when,
in fact, they are zero! The solution is to run all nonstopping programs string; enough
time such that their cumulative contribution is too small to affect the nth digit of Ty

The following results from Calude and Hertlinger [16] summarize some basic facts
about computable, converging sequences of rationals, which may converge computably
or noncomputably.

Proposition 4 Let h : N — N be an injective, total computable function and define
the sequence (an) of rationals by an = % _o 27M™) . The sequence (27%™) is a com-
putable sequence of rationals which converges always to zero, and the sequence (ay) is an
increasing, computable, converging sequence of rationals.

Proposition 5 Let h : N = N be an injective, total computable function and a, =
A 2=h(m) | Then, the following conditions are equivalent:

The range h(N) of h is a computable set.

)

(b) The sequence (2-M™) converges computably.
) The sequence (a,) converges computably.
)

The limit of the sequence (ay) ts a computable real.

We say that a sequence (a;) of reals with limit « converges monotonically if there
cxists a constant ¢ > 0 such that for all i and all j > ¢, ¢ o — a;| > | — a4

For example, any converging and monotonic, i.e. either nondecreasing (e.g. a, =
A Z_h("‘)) or nonincreasing sequence of reals converges monotonically: one can take
the constant ¢ = 1.

Proposition 6 Every computable sequence of rationals which converges monotonically
to a computable real converges compulably.

*Note that timey (string;) is a positive integer in case string; € PROGy, and timey (string;) = oo,
in the opposite case.

6
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Remark The converse of Proposition 6 is not true as the following example shows.
The sequence (a;) defined by a; = 2% if 4 is even and a; = 27% if i is odd converges
computably to zero, but it does not converge monotonically.

Lemma 7 Let (a,) be a computable sequence of rationals which converges computably,
and let (by,) be a computable sequence of rationals which converges noncomputably. Then
(an + by) is a computable sequence of rationals which converges noncomputably to the
sum of the limits of (a,) and (b,).

Theorem 8 For every computable real o there is a computable sequence (a,) of rationals
which converges to a, but which does not converge computably.

Theorem 8 states that we can approximate every computable real noncomputably,
that is, very slowly. Thus, the fact, that a computable sequence of rationals converges
noncomputably, does not imply that the limit is uncomputable. Furthermore we ask
whether, given a computable sequence of rationals, onc can decide whether its limit is
computable or not, and also, whether it converges computably or not. The answer to
both these questions is negative.

We will use the following notation: a number ¢ is called a Gédel number of a
computable sequence of rationals (a,) if an = vq(pi(n)), for all n, where ¢ is a total
standard numbering of the partial computable number functions and vq is a standard
bijection between N and Q (see, for example, Weihrauch [56]). We say that it is
impossible to decide whether the elements in a certain set A of computable sequences of
rationals have a ccrtain property, if there is no algorithm which, given a Godel number
of an element of the set A, decides whether this element has the property or not.

Theorem 9 It is 1mpossible to dectde whether:

e a converging, increasing, computable sequence of rationals converges computably,

e a converging, increasing, computable sequence of rationals converges to a com-
putable real or to an uncomputable real,

e a computable sequence of rationals which converges noncomputably converges to a
computable real or to an uncomputeble real.

Theorem 8 and Theorem 9 tell us that a computable sequence of rationals which
converges noncomputably may converge to a computable or an uncomputable real, and
that it is impossible to decide whether the limit is computable or uncomputable. Is there
still a difference between the rate of convergence of a computable sequence of rationals
with computable limit and the rate of convergence of a computable sequence of rationals
with uncomputable limit? We shall see later that this is indeed the case.
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3 Random Reals

In this section we will introduce and study random rcals in the unit interval. Reals will
be written in binary, so we start by looking at random binary sequences.

I am convinced that the vast majority of my readers, and in fact the vast
magority of scientists and even nonscientists, are convinced that they know
what ‘random’ is. A toss of a coin is random; so is a mutation, and so is the
emission of an alpha particle... . Simple, isn’t it? said Kac in [34].

Well, no! Kac knew very well that randomness could be called many things, but
not simple, and in fact his essay shows that randomness is complicated, and it can be
described in more than one way, even by mathematicians and scientists. According to
B. Efron (cited in Kolata [36])

There have been heroic efforts to understand randomness. Randomness is not
an easy concept to define.

Books on probability theory do not even attempt to define it.
1t’s like the concept of a point in geometry books.
Beltrami [2] remarked:

The subject of probability begins by assuming that some mechanism of un-
certainty is at work giving rise to what is called randomness, but it is not
necessary to distinguish between chance that occurs because of some hidden
order that may exist and chance that is the result of blind lawlessness. This
mechanism, figuratively speaking, churns out a succession of events, each in-
dividually unpredictable, or it conspires to produce an unforeseeable outcome
each time a large ensemble of possibilitics is sampled.

In an extreme sense there is no such notion as “true randomness”. Indeed, any
sequence has some kind of regularity; for example, van der Waerden discovered a “uni-
versal” nontrivial property shared by all sequences:

Theorem 10 In every binary sequence at least one of the two symbols must occur in
arithmetical progressions of cvery length.

The proof of van der Waerden’s result (and of similar ones) is nonconstructive. To
be more precise, there is no algorithm which will tell in a finite amount of time which
alternative is true: 0 occurs in arithmetical progressions of every length or 1 occurs in
arithmetical progressions of every length.

A possible approach to define random sequences is to isolate the set of all sequences
having “all verifiable” properties that from the point of view of classical probability
theory are satisfied with “probability one” with respect to p.

A property P of sequences x € 3¢ is {rue almost everywhere in the sense of p in case
the set of sequences not having the property I is a null set. The main example of such
a property, The Law of Large Numbers, was discovered by Borel. For every sequence

8
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X =21Z2...Zm ... € {0,1}* and natural number n > 1 put S,(x) =z, + 22 +--- + y.
Then, the limit of Sp/n, when n — oo, ezists almost everywhere in the sense of p
and has the value 1/2. Tt is clear that a sequence satisfying a property false almost
everywhere with respect to w is very “particular”. Accordingly, it is tempting to try to
say that a sequence x is “random” iff it satisfies every property true almost everywhere
with respect to p. Unfortunately, we may define for every sequence x the property Px
as following: y satisfies Px iff for every n > 1 there exists a natural m > n such that
Tm # Ym- Every Py is an asymptotic property which is true almost everywhere with
respect to p and x does not have property Px. Accordingly, no sequence can verify all
properties {rue almost everywhere with respect to . The above definition is vacuous!

However, there is a way to overcome the above difficulty: We consider not all asymp-
totic properties true almost everywhere with respect to u, but ounly a sequence of such
propertics. So, the important question becomes:

What sequences of properties should be considered?

Clearly, the “larger” the chosen sequence of properties is, the “more random” will be
the sequences satisfying that sequence of propertics. We would like to define a notion of
randomness such that at least the following properties are satisfied: typicality, that is,
regular outcome of a random event is unlikely, and chaoticity, i.e. no simple law should
be capable to produce a random event.

Martin-L6f [38, 37] defined random sequences by means of statistical tests. A
Martin-Lof test is a c.e. set A C I* such that u(4;Z%) < 27% for all natural <. The
set N;>(A4:Z¥) is the set of all sequences which do not pass the randomness test A.
With this apparatus we can say that a sequence x is Martin-Lof random if for every
Martin-Lof test 4, x ¢ (N;50(A:Z).

Martan-Lof [38] proved the existence of a universal Martin-Lif test, a test W with
the property that for every Martin-Lof test A there is a constant ¢ such that 4, C Wy,
for all n. So, Martin-Lof ’s definition can be rephrased as: A sequence x is Martin-Lof
random iff x pusses a universal Martin-Lif test. This result captures “typicality”: for
each Martin-Lof test A, the set (;50(A4:5*) is constructively null, so

Theorem 11 Constructively, with probability one (in the sense of u), every sequence is
Martin-Léf-random.

Hence, from the probabilistic point of view, the set of random sequences is large.
However, from a topological point of view® the situation is completely different (cf.
Calude and Chitescu [12]) as Martin-Lof random sequences form a small set:

Theorem 12 The set of Martin-Lof random sequences is constructively a first Baire
category set.

5As mentioned before, = comes equipped with the discrete topology and £¢ is endowed with the
product topology.

9
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Solovay [49] proposed another measure-theoretic definition of random sequences
aiming to capture typicality: a scquence x is Solovay random if for every c.e. set A C T*
such that 37;51 p(4;E) < co. there exists a natural N such that for alli > N, x ¢ A%,

“Chaoticity” appears in the following two complexity-theoretic definitions (see
Chaitin [21]): an infinite sequence x is Chaitin-Schnorr random if there is a constant
¢ such that H(x(n)) > n — ¢, for every integer n > 0, and, apparently the stronger
definition, an infinite sequence x is Chaitin random if limy, 0o H(x(n)) — n = 00

Finally, we present Hertling and Weihrauch topological approach to define random-
ness [32]. A randomness space is a triple (X, B,p), where X is a topalogical space,
B : N — 2% is a total numbering of a subbase of the topology of X, and s is a measure
defined on the o-algebra generated by the topology of X.5 Let (W,) be a sequence
of open subsets of X; a sequence (V},) of open subsets of X is called W -computable
if there is a c.e. set A C N such that Vi, = Uqpipea Wi for all n € N.7 Next we
define W/ = W'(i) = nj€D(,+z) Wj, for all i € N, where D : N —» {E | EC N is
finite} is the computable bijection defined by D }(E) = ¥;cp2'. Note that if B is a
numbering of a subbase of a topology, then B’ is a numbering of a base of the same
topology. A randomness test on X is a B’ computable sequence (W,,) of open sets with
w(W,) <277, for alln € N. We say that an element z € X is called Hertling- Weihrauch
random if x € Npen Wh, for every randomness test (W),) on X.

Consider now the canonical topology on X and the numbering B of a subbase (in fact
a base) of the topology is given by B; = {string;}-*. The general definition applies, so

we get: A sequence is Hertling— Weihrauch random if it is random in the space (3%, B, u).

All the above approaches lead to the same class of sequences:

Theorem 13 Let x € ¥. The following statements are equivalent:

1. The sequence x is Martin-Lof random.

The sequence x is Chaitin random.

Lo R

The sequence x is Chaitin—-Schnorr random.

The sequence x is Solovay random.

SIS

The sequence x is Hertling-Weihrauch random.

In what follows we will simply call “random” a sequence satisfying one of the above
equivalent conditions. Theorem 13 motivates the following “randomness hypothesis”
formulated in Calude [8]:

A sequence is “algorithmically random” if it satisfies one of the equivalent
conditions in Theorem 13.

SRecall that a subbase of a topology is a set 8 of open scts such that the scts ﬂwes W, for finite,
nonempty sets E C 3 form a basis of the topology.
"The function @(n, ) is a computable bijection, for example, 7(n,3) = (n +i)(n +i+ 1)/2 +i.

10
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Various arguments supporting this hypothesis, e.g. random segquences are Borel
absolutely normal® have been analyzed in the literature, e.g. Calude [7]. Here is recent
argument due to Fouché [30]: if X C £¥ is ¢ measure one LY set, then it contains at
least one random sequence. In particular, if X is 1'[(1’ set which contains some random
sequence, then it has nonzero measure. So, if a I event is reflected in some random
sequence, then the event must be probabilistically significant.

We are now in the position to define random reals in the unit interval: A real o is
random. if its binary expansion x (i.e. o = 0.x) is random. The choice of the binary
base does not play any role, cf. Calude and Jurgensen [18], Hertling and Weihrauch
[32], Staiger [52]: randomness is a property of reals not of names of reals.

Let us make a short digression concerning the above result. Note first that normality
is not base invariant; even the weaker property of disjunctivity (a sequence is disjunctive
in case any string appears in the sequence) is not base invariant (cf. Hertling [31]).
Following von Mises [55] consider an arbitrary sequence x = ziZ3...T,... over the
alphabet ¥ = {0,1} and define a new sequence y = y1y2...yn ..., over the alphabet
' ={0,1,2}, by

YI=T1,Yn = ZTn_1 + Tn, 0 2 2.
Then, y is not random, cven if x is a random sequence. The motivation is simple: the

strings 02 and 20 never appear in y. (Actually, there are many other strings which do
not appear in y.)

A seemingly minor change in the above example makes a major change. For x =
Tyry -+ - with z1,2y,... € {0,1} define y = yyy2 - with y1,¥9,... € {0,1} by
v — L1, if¢ = 1,
Yim g1 @m, ifi>1

It is not difficult to prove that y is random provided x is random.

It is immediate that no random real is computable.? Theorem 10 shows that every
(random) sequence has some kind of regularity. Is this phenomenon symmetric, i.e. is
there any trace of computability in random reals?

4 C.E. Reals

Following Soare [47], a real a is called c.e. if there is a computable, increasing sequence
of rationals which converges (not necessarily computably) to . We will start with scveral
characterizations of c.e. reals (cf. Calude, Hertling, Khoussainov, Wang [17]).

Recall that if A C X* is prefix-free, then, due to Kraft’s inequality, the real number
Q4 = 3 ,e4 2717 lies in the interval [0, 1]. For a set X C N we define the number

PR P san

neX

BEvery string appears in a random sequence with the probability 2™", where n is the length of the
string.

9Bailey and Crandall [1] discussed a hypothesis which implies the normality of many natural real
numbers, e.g. 7, e. A different approach was discussed in Pincus and Singer [42] and Pincus and Kalman
[41]; see also Casti [20] and Beltrami [2].

11
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This number also lies in the interval [0,1]. If we disregard all finite sets X, which lead
to rational numbers 2~X !, we get a bijection X +~ 27X ~1 between the class of infinite
subsets of N and the real numbers in the interval (0,1]. If 0.y is the binary expansion of
a real o with infinitely many ones, then o = 27%«~1 where X, = {i | y; = 1}. Clearly,
if X, is c.c., then the number 2-*¢~1 is c.c., but the converse is not true as the Chaitin
Q numbers show.'® We characterize c.e. reals « in terms of prefix-free c.e. sets of strings
and in terms of the scts X,,.-

Theorem 14 Let o be a real in (0,1). The following conditions are equivalent:
1. The number « is c.e.

2. There is a computable, nondecreasing sequence of rationals (a,) which converges to
a.

The set {p € Q| p < a} of rationals less than « is c.e.
There is an infinite prefiz-free c.e. set A C X* with o = Q4.

There is an infinite prefiz-free computable set A C ¥* with o = Q4.

There is a total computable function f: N2 — {0,1} such that

(a) If for some k,n we have f(k,n) =1 and f(k,n+1) =0 then there is an | < k
with f(l,n) =0 and f(I,n+1)=1.

(b) We have: k€ Xy < lim,o0 f(k,n) = 1.

Note the importance of the type of representation used to define c.e. reals, especially
compare conditions 3. in Theorem 3 and Theorem 14, and conditions 4. and 5. in
Theorem 14. Note also that according to condition 6. in Theorem 14, in the process of
approximation of a the nth bit may oscillate from 0 to 1 and 1 to 0 but no more than 2"
times. In this respect, Downey and LaForte [28] proved the following interesting result:

Theorem 15 There exists an uncomputable c.e. real « such that every prefiz-free set A
such that a = Q4 is computable.

5 C.E. and Random Reals

We are now ready to answer in the affirmative, following Chaitin [21], the question posed
at the end of Section 3.

Theorem 16 [f U is universal machine, then Qp is random.

If C is a machine, then €¢ represents its halting probability. When € = U, a
universal machine, then its halting probability Qp is called a Chaitin  recl, shortly, £
real.

19See Theorem 16.
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6 Approximating C.E. Reals

In order to compare the information contents of c.e. reals, Solovay [49] has introduced
the domination relation. The real « is said to dominate the real 3 if there are a partial
computable function f : Q 3 Q and a constant ¢ > 0 with the property that if p is a
rational number less than «, then f(p) is (defined and) less than 3, and it satisfies the
inequality

cla—p) =B — flp).
In this case we write a > gom 8 or 8 <gom .

Roughly spcaking, a real « dominates a real 8 if from any good approximation to o
from below (say, from a rational number p < a with & — p < 27™) one can effectively
obtain a good approximation to £ from below (a rational number f(p) < 8 with 8— f(p) <
g-nconstanty For c.e. reals this can also be expressed as follows.

Lemma 17 A c.e. real @ dominates a c.e. real 8 iff there are computable, increasing (or
nondecreasing) sequences (a;) and (b;) of rationals and a constant ¢ with lim,_, 00 an = @,
limp, 00 by, = B, and (e — ap) > B — by, for all n.

Lemma 18 Let o, and v be c.e. reals. Then the following conditions hold:
1. The relation > gom, ts reflexive and iransitive.
2. For every o, 8 one has & + B8 >dom .
8. If ¥ Zdom @ and Y 2 gom B, then ¥ 2o . + .
4. For every nonnegative a and positive 3 one has &« B >gom .

5. If @ and f are nonnegative, and v >gom @ and vy > gom B, then v >gom o+ .

Remark Every random real a can be written as
! "
a=ao +a, (4)
where o, ¢ are nonrandom. Furthermore, o' - o is random.

Open Question: Can we take o, o/, c.e.?

The following result states that no computable sequence (a;) of rationals which con-
verges to a computable real can dominate a computable sequence of rationals converging
to an uncomputable real. Hence, although we can have slow computable approximation
of computable reals, we cannot slow it down arbitrarily.

Theorem 19 Let (a,) be a computable sequence of rationals converging to a computable
real e, and let (by,) be a computable sequence of rationals converging to an uncomputable
real . Then, for every ¢ > 0 there are infinitely many i such that

18— bi] >c |a—ai.
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Lemma 20 For every ¢ € N there is a positive integer N such that for every n € N
and all strings ,y € ¥™ with 0.z — 0.y] < ¢-27™ we have

1H(y) — H(x)] < Ne.

Up to now we have considered arbitrary converging and computable sequences (a;)
and (b;) and have explicitly formulated two gaps with respect to the convergence rates,
one from computable to uncomputable reals, and one from nonrandom to random reals.
Both results were based on the inequality |3 — b;] > ¢ |a — a;| holding for infinitely many
i. While we had some doubts whether in this case one can really claim that (b;) converges
slower than (a;), we shall see now that these doubts can be cast aside if we compare only
monotonically converging sequences with computable limit and monotonically converging
scquences with random limit: then we can replace the quantifier “for infinitely many *
by the quantifier “for almost all ”. Certainly in this case it is justified to say that (b;)
converges slower than (a;).

Lemma 21 Let (b;) be a computable sequence of rationals which converges to a random
real 3. Then for every d > 0 and elmost all ¢ we have

16— b| > 247
The next result was proved in Calude and Hertling [16].

Scholium 22 Let (a;) be a computable sequence of rationals which converges computably
to a computable real v, and let (b;) be a computable sequence of rationals which converges
monotonically to a random real B. Then for every ¢ > 0 there exists a d > 0 such that
foralli>d

B="bi] >c-|a—a. (5)

Carollary 23 Let (a;) be a compulable sequence of rationals which converges monoton-
ically to a computable real o, and let (b;) be a computable sequence of rationals which
converges monotonically to a random real 3. Then for every c > O there exists a d > 0
such that for all 1 > d

|ﬁ*b,~]>c-|a—ai|. (b)

We conclude this section with a result by Solovay [49] on the relationship between
the domination relation and the program-size complexity.

Theorem 24 Let x,y € I¥ be two infinite binary sequences such that both 0.x and 0.y
are c.e. reals and 0.X > g4om 0.y. Then

H(y(n)) < H(x(n)) + O(1).

The converse implication in Theorem 24 is false (see Solovay [49], Calude and Coles
[13]). A stronger version was proved in Calude and Coles [14]:

Theorem 25 There is an uncomputable c.e. real 0.x such that H(x,) < H(string,) +
o).

14
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7 A Characterization of C.E. Random Reals

This section is devoted to a first characterization of c.e. random reals.

7.1 More About Domination

We consider now a relation between c.e. sets which is very close, but not equivalent, to
the domination relation. Let A, B be infinite, prefix-free c.e. sets. Following Calude,
Hertling, Khoussainov, Wang [17], we say that the set A strongly simulates the set B
(write B <;s A) if there is a partial computable function f : X* % ¥* which satisfies the
following three conditions: 1) A = dom(f), 2) B = f(A), 3) |z| < |f(z)| + O(1), for all
z € A. Note that <, is reflexive and transitive.

Lemma 26 If A, B arc infinite prefiz-free c.e. sets and B <;4 A, then Qp <gom Q4.

The following partial converse of Lemma 26 ([17]) is very important.!!

Theorem 27 Let a be a c.e. real, and B be an infinite prefiz-free c.e. set. If Qp <gom @,
then there is an infinite prefiz-free c.e. set A C T* such that o = Q4 and B <, A.

Remark Recently Downey, Hirschfeldt and Nies [29] have obtained the following alge-
braic characterization of domination:

a <dom B iff there exist an integer ¢ > 0 and a c.e. real vy such that f = v+2.

7.2 € Reals Are Q-Like

Following Solovay [49] we say that a computable increasing, and converging sequence
(a;) of rationals is universal if for every computable, increasing and converging sequence
(b;) of rationgls there exists a number ¢ > 0 such that ¢(e — ay) > 8 — by, for all n,
where o = lim,,_, 0 @, and 8 = lim,,_0 by, Solovay called a real Q-like if it is the limit
of a universal computable, increasing sequence of rationals.

In Calude, Hertling, Khoussainov, Wang [17] one proves the following:

Theorem 28 Let U be a universal machine. Every computable, increasing sequence of
rationals converging to Q is universal.

7.3 Q-like Reals Are (2 Reals

First we note that
Lemma 29 Any Q-like real dominates every c.e. real.

The next theorem was proved in Calude, Hertling, Khoussainov, Wang [17].

15 [17] one proves the existence of two infinite prefix-free c.e. sets A and B such that u(ATY) =
n(BZY) =1but A £,s B and B £,s A.

15
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Theorem 30 Every Q-like real « is an Q real, i.e. there exists a universal machine U
such that a = Q.

In view of Lemma 29 and Theorem 30 we get:!'?

Theorem 31 Let « be a c.e. real. The following statements are equivalent:

1. There exists a universal computable, increasing sequence of rationals converging to
o.

2. Every computable, increasing sequence of rationals with limit ¢ is universal,

3. The real o dominates every c.e. real.

7.4 Every C.E. Random Real Is Q-like

Theorem 13 can be rephrased directly for reals as follows: A real o is random iff for
every Martin-Lof test A, o ¢ ;50 Ai. In the context of reals, a Martin-Lof test 4 is a
uniformly c.e. sequence of c.e. open sets (A,) of the space ¢ such that u(4,) < 277,
The following two important results were proved by Slaman [45, 46].

Lemma 32 Let (ay), (by) be two computable, increasing sequences of rationals converg-
ing to « and 3, respectively. One of the Jollowing two conditions hold:
A) There is a Martin-Lof test A such that o € ;59 As.

B) There is a rational constant ¢ > 0 such that c(a — a;) > 3 — by, for all 7.

Theorem 33 Fuvery c.e. random real is Q-like.

The follow;ng theorem summarizes the characterization of c.e. and random reals:
Theorem 34 Let o € (0,1). The following conditions are equivalent:

1. The real o is c.e. and random.

2. For some universal machine U, o = Q.

3. The real o is Q-like.

4. Every computable, increasing sequence of rationals with limit o is universal.

In [46] Slaman proved the following rcsult answering an open problem in [17]:

Theorem 35 The measure of any section A, of a universal Martin-Lof test A,
wu(A,x¥), is Q-like, hence c.e. and random.

"*The equivalence of the statements 1 and 3 comes from Chaitin [22].
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8 Properties of C.E. Random Reals

C.e. random reals are dense in the unit interval. They have many other interesting
propertics.

Proposition 36 The sum of a random c.e. real and a c.e. real is a random c.e. real.
The product of a positive random r.e real with a positive c.e. real is a random c.e. real.

Corollary 37 The class of random c.c. reals is closed under addition. The class of
positive random. c.e. reals is closed under multiplication.

The last Corollary contrasts with the fact that addition and multiplication do not
preserve randomness. For example, if « is a random number, then 1 — « is random as
well, but & + (1 — @) =1 is not random.

For two reals & and 3, & =g, £ denotes the conjunction a > 44, 8 and 8 >gom .
For a real a, let [o] = {8 € R | @ =gom 8}; Rre. = {[0] | @ is an c.e. real}.

Theorem 38 The structure (Ry.e.; <gom) 5 an upper semilattice. It has a least element
which is the =g,m-equivalence class containing ezactly all computable real numbers.

Theorem 34 proves that (R, ¢.; <4om) also has a greatest element, which is the equiv-
alence class containing exactly all Chaitin Q numbers.

Theorem 39 Given the first n bits of Qu one can decide whether U(zx) halts or not on
an arbitrary program x of length at most n.

Remark The first 10,000 bits of Q¢ include a tremendous amount of mathematical
knowledge. In Bennett’s words [3):

[R] embodies an enormous amount of wisdom in a very small space ... inas-
much as its first few thousands digits, which could be written on a small piece
of paper, contain the answers to more mathematical questions than could be
written down in the entire universe.

Throughout history mystics and philosophers have sought a compact key to
universal wisdom, a finite formula or text which, when known and understood,
would provide the answer to every question. The use of the Bible, the Koran
and the I Ching for divination and the tradition of the secret books of Hermes
Trismegistus, and the medieval Jewish Cabala ezemplify this belief or hope.
Such sources of universal wisdom are traditionally protected from casual use
by being hard to find, hard to understand when found, and dangerous to use,
tending to answer more questions and deeper ones than the searcher wishes to
ask. The esoteric book is, like God, simple yet undescribable. It is omniscient,
and transforms all who know it ... Omega is in many senses a cabalistic
number. It can be known of, but not known, through human reason. To know
it in detail, one would have to accept its uncomputable digit sequence on faith,
like words of a sacred text.
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It is worth noting that cven if we get, by some kind of miracle, the first 10,000 digits
of Qy, the task of solving the problems whose answers are embodied in these bits is
computable but unrealistically difficult: the time it takes to find all halting programs of
length less than n from 0.0p%; ... Q,_1 grows faster than any computable function of n.

We finish this section with a proof showing that c.e. random reals are wtt-complete,
but not tt-complete (cf. Calude and Nies [19]). We need some more notation. For a set
A C Z* we denote by xa the characteristic function of A. Denote by W; the domain
of ., where (p;) is a Godel numbering of all partial computable string functions. We
say that A is Turing reducible to B, and we write A <y B, if there is an oracle Turing
machine 2 such that o8 (z) = xa(x). We say that A is weak truth-table reducible to B,
and we write A <y B, if A <7 B via a Turing reduction which on input z only queries
strings of length less than g(z), where g : £* — N is a fixed computable function. We
say that A is truth-table reducible to B, and we write A <; B, if there is a computable
sequence of Boolean functions {F;}zes+, Fy @ =t — X, such that for all z, we have
xa(z) = Fo(xs(0)xa(1) - xp(rz))." Let K = {z € I* | pa(z) < oc}; a ce. set A s
tt(wit)-complete if K <4 A (K <y A). See Soare [48] or Odifreddi [40] for more details.

Theorem 40 The set H = {(z,n) |z € T*,n € N, H(z) < n} is wtt-complete.

Theorem 41 The set H is wit-reducible to Q.

The following result belongs to Juedes, Lathrop, and Lutz [33] (we follow the direct
proof in Calude and Nics [19]).

Theorem 42 If K <y x, then x is not random.

9 Solovay Machines and Incompleteness

According to Theorem 34, c.e. random reals can be coded by universal machines through
their halting probabilities. How “good” or “bad” are these names? In [21] (see also
[22, 26]), Chaitin proved the following:

Theorem 43 Assume that ZFC™ is arithmetically sound.*® Then, for every universal
machine U, ZFC can determine the value of only finitely many bits of Qu.

In fact one can give a bound on the number of bits of Qyy which ZFC can determine;
this bound can be explicitly formulated, but it is not effective, in the sense that it’s not
computable. For example, in [26] Chaitin described, in a dialect of Lisp, a universal
machine U and a theory 7', and proved that U can determine the value of at most
H(T) + 15,328 bits of Qp; H(T) is the program-size complexity of the theory 7', an

13Note that in contrast with tt-reductions, a wtt-reduction may diverge.
14Zermelo set theory with choice.
'>That is, any theorem of arithmetic proved by ZFC is true.
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uncomputable number.
Fix a universal machine U and consider all statements of the form

“The n'* binary digit of the expansion of € is &7, ()

for all n > 0,k = 0,1. How many theorems of the form (7) can ZFC prove? More
precisely, is there a bound on the set of non-negative integers n such that ZFC proves a
theorem of the form (7)? From Theorem 43 we deduce that ZFC can prove only finitely
many (true) statements of the form (7). This is Chaitin strongest information-theoretic
version of Gédel’s incompleteness (see [26, 27)):

Theorem 44 If ZFC is arithmetically sound and U is a universal machine, then almost
all true statements of the form (7) are unprovable in ZFC.

Again, a bound can be explicitly found, but not effectively computed.

Of course, for every c.e. random real & we can construct a universal machine U such
that o = Qyy and ZFC is able to determine finitely (but as many as we want) bits of .
By tuning the construction of the universal machine, Solovay [50] went into the opposite
direction and obtained a dramatic improvement of Theorem 43:

Theorem 45 We can effectively construct o universal machine U such that ZFC, if
arithmetically sound, cannot determine any single bit of Q.

Solovay [50] proved a sharper version of Theorem 45 by replacing ZFC with a
computably axiomatizable 1-consistent theory. Theorem 43 holds true for any universal
machine U (it’s easy to see that the finite set of (true) statements of the form (7) which
can be proven in ZFC can be arbitrarily large) while Theorem 45 constructs a specific U.

A machine U for which PA can prove its universality and ZFC cannot determine
more than the initial block of 1 bits of the binary expansion of its halting probability,
Qp, will be called Solovay machine.'” In view of Theorem 34 and Theorem 45, we may
ask the question: Which c.e. random reals are halting probabilities of Solovay machines?
Following Calude [10] we prove:

Theorem 46 Assume that ZFC is arithmetically sound. Then, every c.e. random real
is the halting probability of a Solovay machine.

For example, if o € (3/4,7/8) is c.e. and random, then in the worst case ZFC can
determine its first two bits (11), but no more.

Corollary 47 Assume that ZFC is arithmetically sound. Then, every c.e. random real
a € (0,1/2) is the halting probability of a Solovay machine which cannot determine any
single bit of . No c.e. random real « € (1/2,1) has the above property.

6P A means Peano Arithmetic.
*7Qf course, U depends on ZFC.
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Godel Incompleteness Theorem is constructive, but the proof of Theorem 44 appears
to be non-constructive. Is it possible to get a constructive variant of Theorem 447 The
answer is affirmative and here is a possible variant:

Theorem 48 If ZFC is arithmetically sound and U is a Solovay machine, then the
statement “the 0" bit of the binary ezpansion of Qy is 07 is true but unprovable in
ZFC.

In fact, one can effectively construct arbitrarily many examples of true and unprovable
statements of the form (7), where U is a Solovay machine.

Consider a partial computable function % (depending upon two variables, a non-
negative integer and a string) such that:

o for every non-negative integer n, the partial function 4, (s) = ¥(n, s) is a machine,
and

e for every @, with a prefix-free domain we have 1, (s) = @n(s), for all non-negative
integers n and all strings s.

Denote by D,, the domain of 4, and put £, = Qp,. The time relativized versions of
D,, and Q,, are defined in the usual way. Let D, [t] be the set of all elements of D,, which
have appeared by time ¢ and let Q,[t] = Q Dat] the approximation of €2,, computable at
time ¢. The following facts follow directly:

1. Given n and t we can effectively compute the finite set Dy[t] and the rational
number Q5,[t].

2. The sequence (£2,[t}) increases monotonically to .

Proposition 49 Let U be a universal machine, Qy = O.wow: . .., and let s = 5081 ...5m
be a binary string. Then, we can effectively construct a universal machine W such that
Qw = 0.5081 .- - Sy - - ..

9.1 C.E. Random Reals Are Halting Probabilities of Solovay Machines

We fix an interpretation of Peano Arithmetic (PA) in ZFC. Each sentence of the
language of PA has a translation into a sentence of the language of ZFC, determined
by the interpretation of PA in ZFC. A “sentence of arithmetic” indicates a sentence of
the language of ZFC that is the translation of some sentence of PA. We shall assume
that ZFC is arithmetically sound, that is, any sentence of arithmetic which is a theorem
of ZF( is true (in the standard model of PA).18

A dyadic rational is a rational number of the form r/2°, where r and s are
integers and s > 0; for example, Q,[t] is a dyadic rational. If z is a real num-
ber which is not a dyadic rational, then z has a unique binary expansion. We start
numbering the digits of the binary expansion of a real @ with the 0" digit: o = 0.aga; ...

Every statement of the form

“The n'" binary digit of the expansion of ¢ is &”, (8)

¥ The metatheory is ZFC itself, that is, “we know” that PA itself is arithmetically sound.
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for all n,l > 0,k = 0,1, can easily be formalized in PA. Moreover, if ¥; is a machine
which PA can prove universal and ZFC proves the assertion (8), then this assertion is
true.

Theorem 50 Assume ZFC is arithmetically sound. Leti > 0 and consider the c.e. ran-
dom real

o= 0.ap0y ... 104041 ..., where g = a1 = ... -1 = 1,05 = 0.
Then, we can effectively construct a universal machine, U (depending upon ZFC and
a), such that the following three conditions arc satisfied:
a) PA proves the universality of U.
b) ZFC can determine at most i initial bits of Q.
¢) a=Qy.

If we set i = 0 in Theorem 50, then we get Corollary 47. Indeed, every c.e. random real
in the interval (0, 1/2) has its 0% digit 0, so it can be represented as the halting probability
of a Solovay machine for which ZFC cannot determine any single bit. However, if « is
c.e. and random, but « > 1/2, then ZFC can determine the 0** bit of « which is 1.

9.2 Information-Theoretic Incompleteness

Theorem 48 follows directly from Corollary 47. Indeed, start with a universal machine
U and effectively construct a Solovay machine U’ such that Qg = % -Qu. Then, Qp is
less than 1/2, so its 0% bit is 0, but ZFC cannot prove this fact!

We can now use Chaitin’s Theorem [23]

Theorem 51 Given a universal Chaitin machine U one can effectively construct an
exponential Digphantine equation P(n,z,y1,y2,-..,Ym) = 0 such that for every natural
fized k the equation P(k,z,y1,Y2,...,Ym) = 0 has an infinity of solutions iff the kth bit
of Qur is 1.

to effectively construct an exponential Diophantine equation which has only finitely
many solutions, but this fact cannot be proven in ZFC.

In fact, for every binary string s = s1s3...sp usc Proposition 49 to cffectively
construct a Solovay machine U such that the binary expansion of Qp has the string
{0) —~ s139...8y as prefix. Consequently, the following statements

“The 0% binary digit of the expansion of Qy is 07,

“The 1% binary digit of the expansion of Q is s,7,

“The 2** binary digit of the expansion of Qy is s9”,

“The (n+ 1)"’ binary digit of the expansion of Q is s,”,

aT

39

true but unprovable in ZFC.
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THE INCOMPLETENESS AND THE ARGUMENT LUCAS-PENROSE
VIRGIL DRAGHICI

Abstract

This paper intends to make explicit, in a logical-mathematical frame, the concep-
tual mechanism of the Lucas/Penrosc argument. It also offers some remarks about

consequences stated on the basis of this argument.

The phenomenon of incompleteness represents one of the greatest logical mathemati-
cal discoverics of the 20'* century. The consequences of this discovery concerns both the
foundational investigations in the philosophy of mathematics and the ontological investi-
gations with a more general character, including those concerning the philosophy of mind.
In the following we shall investigate this last aspect in the context of Lucas/Penrose (L/P)
argument.

Couched initially by Nagel and Neuman [1] and by J.R. Lucas [1], the argument
invokes the phenomenon of incompleteness in explaining the non-algorithmic nature of
mathematical thought. Due to the criticism it had provoked this argument has been
refined, especially by the two Penrose’s papers [1] and [2].

Even though we’ll refer to this argument as ”"the argument L/P”, our investigation con-
fines to the way in which Penrose uses Gédel’s first incompleteness theorem as argument
against the computational model of mathematical thought.

[irst let us inquire the structure of this argument.

1. The halting problem as a mathematical problem

In the most general seuse the concept algorithm means a finite systematic procedure
by which we find a solution to a given problem. Though such procedures have been used

even from the ancient times (e.g. Euclid’s algorithm for finding the highest common factor
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of two numbers, the concept as such has gained a rigorous meaning only by Turing’s work
[1], respectively by the ”Turing machine” concept! (i.e. an algorithm is what can be made
by a Turing machine). The intention of this eminent English mathematician was to solve
"Hilbert’s tenth problem”? (Entscheidungsproblem), viz. the problem of existence of a
general mechanical procedure to decide, in principle, all mathematical problems belonging
to some well-defined class.

Turing’s investigations represent as well a summary of mathematical investigations
from this time. During 1932-35 Church and Kleene have considered that ”A-definable
functions” form, in fact, the class of functions subordinated to the intuitive concept of
"computability”. In 1934 Godel [2] defines the class of ”general recursive functions”. In
1936 Church [1] and Kleene [1] prove the equivalence between the class of A-definable
functions and the class of general recursive functions.

In the same time Church proposed the well-known thesis: all (effectively) calculable
functions are A-definable or, equivalently, general recursive. In 1936-7 Turing [1] intro-
duced the class of ” Turing computable functions”, of which he said (Turing’s thesis) that
it represents the class of A-definable / general recursive functions; whence the equivalence
of the two theses (and hence the Church-Turing thesis).

This problem, in Turing’s terminology, becomes the halting problem of the Turing
machine, or the problem of deciding whether or not the n** Turing machine would actually
ever stop when actig on the number m.

Let us see now how we arrive at such a mathematical problem and what structural
connections it has with Gddel’s incompleteness theorem (Th.G1).

Firstly, the concept of Turing machine.* Such a theoretical concept is characterized
by its potentially infinite memory and by performing without errors of preassigned in-
structions. Every machine has a finite fixed number of possible states (i.e. a finite list of

rules/instructions or a finite description of the algorithm). At any given moment, &y, ¢1, ¢,

" Tyring machine” is a mathematically idealized "machine” and not a physical object.
2posed by Hilbert at the Paris International Congress of Mathematicians (1900) and later at the
Bolonia International Congress (1928).

3for a more elaborated analysis of this thesis: comp. Kleene [4], §862,70.
“we represent it only schematic; for details, see Penrose [1] ch.2 and {2] ch.2
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the machine shall be in one of s+ 1 states, 0,1,2,...,s. The first is the passive state, the

others active. A potentially infinite tape to the right and to the left, marked with squares,

passes through the working machine. Each square comprises one of the symbols 0 and 1

(the input of the machine).

We suppose now that at an arbitrary moment ¢; the machine is in one of its active

states 1,...,s, and in every moment, beginning with #,, only one square of the tape is

scanned by the machine. Between the moment ¢; and the moment #;;, the machine can

perform an act consisting of the following three operations:

1. replace the symbol 0 or 1 of the just scanned square by the same symbol or by a

symbol different from 0 and 1

2. move the tape so as at the next moment to scan the next square to the left of the

scanned square; leave the tape unmoved; move the tape so as the next moment to

scane the square next to the right of the scanned square

3. change to another state or remain unchanged.

The behaviour of the machine is complete determined by the machine-state and the

input (i.e. by the scanned-symbol: 0 or 1). These two elements constitute the configuration

of the machine. So, we can depict the machine on the basis of these elements.

Let us suppose the machine has the following configurations of symbols:

S

0
1
2
3
4

0

0Co
OR3
1L4
OR9

1

1R2
1L32
0C17

190 1L110 OR190 (STOP)

This table represents the configuration of the machine, resp. the s 4+ 1 states and the

two symbols 0 and 1. The columnes of symbols from under 0 and 1 describe the operations
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performed by the machine. For example, if the machine is in the active state 1 and scans
0, then it leave the symbol unchanged (C) and remains in the same state. And if the
machine scans 1 then it moves to the right (R) and passes to the state 2. If in this state it
scans 0 then the machine moves to the right (R) and assumes the state 3 (OR3). If in this
state the machine scans 0 then it replaces 0 with 1, moves to the left (L) and assumes the
state 4, etc. (The symbols of this example are arbitrary).

The entire behaviour of the machine is ”condensed” in this table. If we know the
table, we know the machine. However, the table can be represented in one codified form,
in various ways. Either by representation of the machine states in a binary scale (whose
totality gives us the code of this machine (cf. Penrose [1],2), or by rewriting the above
table in a code form, stringing the 190 states of the machine (separating by commas the
operations corresponding to the scanned symbol, 0 or 1, and by semicolons the states of

the machine) (cf. Kleene [4],V). In this later case we get
0C0, 1R2; OR3, 1L32; 1L4, 0C17;...; 1L110, OR190

With such a procedure the code of any machine can be written with the following 15
symbols from the above sequence: LCR,;0123456789. Then these symbols can be inter-
preted in the number system based on 15, obtaining a positive integer which describes
the machine table and which is the indez of the machine.® Let T'(n, m, ) be the following
predicate: "the nth Turing machine (or the Turing machine whose number/index is n)

which, when applied to m as argument, computes, at moment z, the value of the function

5Kleene [4], §32 uses the method for enumeration of the algebraic equations ("method of digits”). If

+ha gl
i

the alg. equatio: numerable (i.e. the equations of this sort: agz™ + ;2" 1 +... +a, ;2 +2, =0

quations of this sort: agz™ + a;2 o4 a,z+e,=0,
with n > 1, ag # 0), then the algebraic numbers (i.e. any number that is a real root of an algebraic
equation with a variable z and integral coefficients) can also be enumerated. For this purpose we replace
every equation from this enumeration with its distinct real roots (at most n different roots) and obtain an
enumeration with repetitions of the real algebraic numbers. And the enumeration of alg. equations can
be made writing every equation in the form of n linear sequence of symbols, letting down the exponents.
An equation of the sort 5z* + 122% — 72 + £ + 1 = 0 becomes 524 + 1223 — 722 + = + 1 = 0, expression
in which only 14 symbols appear and which can be the symbols (digits) in a number system based on 14.

In this way any equation becomes an expression of a natural number.
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on(m)”.

If the values n,m,z are given, then we can determine whether n does describe or not
(in the considered number system) the machine table. If it does, then at the moment z the
machine T,, computes the value of the function ; for the argument m. If it does not, then
no. So the predicate T'(n, m, z) is decidable. Being decidable there is a Turing machine,
which decides it (computing its representing function).

However, we have to remark, ¢,(m), as a function of n and m, is not defined for
every n and m; resp. is defined only if (Ez)T(n,m,z). So is a partial function of two
variables n and m. Since we have an algorithm for finding the values of ¢,(m), there
is a machine U(n,m) which calculates ¢,(m) as a partial function of n and m, called a
universal Turing machine (for it can find the values of any computable function ¢{m)).
If ¢(m) is computed by the machine T,, for calculation of ¢(m) we apply the I/ machine
on the pair of numbers n and m. In this case n has the role of the program which shows
to the U machine what kind of function of m it has to calculate. If n is given, then the
universal machine U/, which actions on the pair of numbers n and m, behaves itself as a
Turing machine 7).

So

Un,m) =T,(m)
b) ”Entscheidungsproblem” as an unsolvable problem
Let us start from a simple theorem, which "concentrate” the cssence of the decision

problem, resp.

Th.1. The function ¥(m) defined by

pn(m)+ 1 if (Ex)1(a,a,7)

0 otherwise

¥(m) =

is not computable.

Proof. (reduction ad absurdum). Suppose 3’(m) were computable. Hence there is a
machine T which computes it, so that ¢(m) = @x(m), for al m. For m = k we obtain
(k) = ¢i(k). Since T}, computes 1(m), we have (Ez)T(k, m,z), for all m and therefore
we shall have also (Ez)T(k, k,z). Whence, from the definition of the function /(m) we
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obtain (k) = (k) + 1, contradicting the preceeding equation.

In order to see what the ground of such a result is, we give an analogue in terms of
non-halting of a Turing machine. More general, the problem is to decide whether or not a
specific Turing machine is going to stop. Or, otherwise expressed, is there any algorithmic
procedure so as to answer to the general problem of halting? Turing’s answer is negative
and is based on the following proof (reductio ad absurdum).®

We suppose that there is such an algorithm. Then there is a Turing machine H which
says us whether or not the n** Turing machine stops for m as argument; if it does stop

then it will print one 1, otherwise 0. So

1if T,,(m) stops
H{n,m) - (m) stop.
0 if T,,(m) = * (does not stop)
Suppose, then, that using the relation T,(m) x H(n,m),” the n'* Turing machine,

corresponding to the values of the argument m and the result is this table:

rm|{0 1 2 3 4 5
010 00 00O
11000100
21101110
3 (12121 2
41010201
511 23 45 6

The existence of the algorithm H warrants the computability of any row of the above

table. Hence, there is a Turing machine Q(n,m) so that

Q(n,m) =T,(m) x H(n,m).

Scf. Penrose, [1],2.

“the use of this relation is needful for elimination of ”undeterminacies” from the table, resp. of the
cases in which the machine does not stop (for in these cases no value can be written in the table, because

the machine does not stop!)
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In the following the proof uses the well-known method of diagonalization (Cantor’s).
Respectively, we shall consider the diagonal sequence 0,0,1,2,0,6... . and we add 1 to every
term of this sequence, obtaining 1,1,2,3,1,7..... By this procedure (of calculation) we
obtained a new sequence 1 + Q(n,m) or 1 + T,(m) X H(n,r). This sequence must be
amongst the rows of the table, for this table contains all computable sequences. But this
sequence differs from the first row by first term, from the second by the second term, and
so on. Contradiction! Therefore, such a Turing machine does not exist; in consequence,
there is no universal algorithm for deciding whether or not a Turing machine is going to
stop. Therefore, Entschiedungsproblem has no solution.

The above argumentation can be given in the following manner.

With the assumption of the existence of H we can conclude on the existence of a

Turing machine for the algorithm 1 + Q(n, m):
14+ Tu(n) x H(n,n) = Tx(n).
By diagonalization, n = k, the relation becomes
14 Ti(k) x H(k, k) = Tp(k).
We have obtained thus a contradiction, for if T%(k) stops, then H(k,k) = 1 and,
therefore, the impossible relation
1+ Th(k) = Tu(k).
And if Ty (k) does not stop, then H(k,k) = 0 and thus the impossibility
140=x

In conclusion, there is no universal algorithm for deciding the stopping of a Turing
machine.

This argument L/P does not show us that we dispose of a Turing machine for which
the undecidability of its halting / non-halting has an absolute sense. On the contrary, the
above procedure allows us fo see that the machine does not stop. (We saw that in the

case of stopping we obtained a contradiction). But the algorithm cannot express this fact,
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for if it did we should obtain another contradiction! However, we know that the machine
does not stop. So, Penrose argues, the human mind outdoes the algorithm. All what we
have to do is to find such a k; the case in which we are building the algorithm which
cannot give us the answer. but in connection with which we know the answer. And the
finding of & is possible, in principle, by examination of the construction of the algorithms
H(n,m) and T,(m), in connection with which the above machine 1 + T,,(n) x H(n,n) is
constructed.

2. The Penrose’s form of the Godel’s incompleteness theorem

Penrosc expresses this remarkable Gédel’s result in the terms of a Turing machine. For
this purpose he generalizes the concept of computability in the following way: instcad of
the halting / non-halting of a Turing machine when it performs a calcul, now is considered
a Turing machine acting on a natural number n. In this way, the computing opcration
C'(n) upon the number n decomposes into the computing operations C'(0). C'(1),(*(2), ...,
for each natural number 0,1,2,..., these being all computations that can be listed.

We suppose now that we have a computational procedure A which when terminates,
indicates us the fact that we have a demonstration that '(n) does not ever stop. And
that such a procedure contains all the procedures available to a mathematician for demon-
strating the non-halting of C(n). Therefore, A is a specified calculation which, when the
numbers ¢,n are given, tell us that C,(n) does not stop. Otherwise stated, when A ter-
minates, we have a demonstration that ('y(n) will never halt; hence

L. If A(qg,n) stops, then C,y(n) does not stop.

If by diagonalization we make ¢ = n, we obtain

2. If A(n,n) stops, then C,(n) does not stop.

Since A(n, n) depends upon just one number n, it must be one of the above computations
Co, C1,C4, ... (since the list Cq, Cy, s, ... contains all the computations!). Let this be
Cr(n). Again, by diagonalization, for n = k. we have

3. Ak k) = Ci(k).

Whence, from 2, for n = k, we obtain

4. If Ap(k) stops, then Ci(k) does not stop.



THE INCOMPLETENESS AND THE ARGUMENT LUCAS-PENROSE

From 3 and 4, we have

5. If Cy(k) stops, then Cy(k) does not stop.
So Cr(k) does not stop. ¥rom this we deduce that A(k, k) does not stop too, for from 3,
Ag(k) = Ci(k). Also, although Ci(k) does not ever stop, the above procedure A cannot
tell us that Ci(k) does not stop. lor on the supposition of the soundness of A we know
that Cy(k) does not stop it follows that we know something that A is unable to ascertain.
This is the meaning of Gddel’s theorem, via Turing machines, in Penrose’s view. Thus,

Penrose concludes:

G. Human mathematicians are not using a knowably sound algorithm in order to as-

certain mathematical truth ([2],76).

This Penrose’s conclusion is the consequence of the remarkable theoretical results
concerning the computability and decidability. Let us see now, succint, the conceptual
foundation of this conclusion.

3. The predicate T(i,a,r) and the phenomenon of incompleteness

As above, let T(i,a,z) be a decidable predicate with the following meaning: "¢ is the
index of a Turing machine 7}, which when applied to a as argument, computes at the
moment z the value of the function @;(a)”. @:(a) is a computable and partial function of
i and a, resp. a function that is not delined for every ¢ and a, but only if (Ez)T(7, a,z).

Noncalculability of the function ¢¥(e) from Th.1 founds the proof of the following
theorem:

Church’s theorem. The predicate (Lx)T(a,a,z) is undecidable (resp. its represent-
ing function is uncomputable).®

Proof. (reductio ad absurdum). Suppose that (Ez)T(a, a, ) is decidable. In this case,
for a given value of a we can decide whether or not (Ez)T (a,a,z). If not, we write 0;
if the answer is "yes”, then there exists a Turing machine T}, for @ as argument, which

calculates the value p,(a). If to this result we add 1, follows that the function #(a) from

0, if Pla)

8A predicate P{a) is decidable if its representing function Y(a), defined as x(a) = ,
1, otherwise

is computable.
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Th.1 is computable (contrary to Th.1). Whence, by contraposition, we have the result of
Church’s theorem.

However, the undecidability of the predicate (Ez)T(a,q,z) founds a more general
result concerning the undecidability. If S is a formal system, consistent and complete for
this predicate, then the above bi-implication (i.e. the implications that express direct and

converse the two conditions for S) is a valid one.
(o) (Ez)T(a,a,z) =ts =T(a,a,x)

where the symbolic structure 3xT(a,a,x) is a formula that expresses in S the predicate
(Ez)T (a,a,z) [with (c;) as direct implication and (c) the converse].

Th.2. S is undecidable (i.e. there is no decision procedure for the provability in S).

Proof. (reductio ad absurdum). Suppose that there is such a procedure. Then, for a
given a we can find a formula 3xT(a,a,x), about which, by application of the procedure,
we can say whether or not it is provable. Whence, through (@) we can conclude on
the decidability of the predicate (Ez)T(a,a,z), contrary to the Church’s theorem. By
contraposition we conclude on undecidability of S.

Let be now the condition (a) as applied to the formulae ~3xT(a,a,x), therefore
(8) (Er)T(a,a,z)=ts ~IxT(a,a,x)

[with (8,) the direct implication and (B,) the converse].

But, the direct implication (3;) from (8) does not hold for every a. If it did, then
we could conclude on the decidability of the predicate (Ex)T(a,a,z) (by (cu)). So, the
generalized form of the Gidel’s theorem (Kleene)®. There is a formel in S 3xT(p,a,x)
such that

1. =3xT(p,a,x) is true.

2. =3xT(p,a,x) is not provable in S.

3. 3xT(p,a,x) is not provable in S.

Proof. If the formula —3xT(p,a,x) was provable in S, then there will be a Turing

machine T}, with a as argument, which search in the enumerable set of proofs in S fora
9comp. Kleene [2] and [4] §60
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proof of this formula. In this case we had the equivalence
(A/') T(p, a, '7:) =kg ﬁHXT(p,a, X)

1. (Reductio ad absurdum). Suppose (Exz)T'(p,p,z). By () we have g -3xT(p,a,x),
and by (8) we deduce (Ez)T(p,p,z), contrary to our supposition. Therefore,
(Ez)T(p,p,z); hence =3xT(p,a,x) is true.

2. From the truth of this formula (i.e. (E2)T(p,p,2), by (v) we conclude on non-
demonstrability of the formula -3xT(p,a, x).

3. (Reductio ad absurdum). We suppose that IxT(p,a,x) is provable in S. By (a)
obtain (Ez)T(p,a,z). Also, IxT(p,a,x) is true, contrary to 1. Therefore IxT(p,a,x) is
not provable in S.

The formula —=3xT(p,a, x) formally expresses a sentence equivalent with its unprov-
ability (it is a Godel sentence for S).

In the proof of 1 we use as assumption (3) (in fact, only (3;}). However, the proof can
be done using the simple consistency instead of (3;). For if (E£z)T'(p, p, ) was true, then
by (o) and () we obtain an inconsistency (resp. g IxT(p,p,x) and F5 -3IxT(p,p, x)).

Whence, by contraposition, on the consistency assumption, we have 1. We have therefore

(8) Cons > =3xT(p,p,x)

where Cong is the formula that expresses the consistency of S. Yet this implication is

provable in S.

() Fs Cons D-3xT(p,p,x)

Now, if Cong was provable in S, then by modus ponens we deduce the provability of
the consequent, contrary to the 2 from the above theorem. Whence, by contraposition,
we conclude on the unprovability of consistency of a system in the system itself. Thus

Th.G2 (the 2" Gédel’s theorem). non g Cons.

But, on the basis of the unprovability of the predicate (£z)T(a,a,z) we can also
demonstrate the inexistence of a decision procedure for the provability in first-order pred-

icate calculus (resp. the undecidability of CP1).!° What we have in these cases is a re-

0¢f. Church [1], Turing [1], Kleene [3] §45.
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duction of the decision problem for the predicate (Ez)T(a,q, z) to the decision problem
for the provability in N/CP1. But the converse of this reduction is possible too, on the
ground of the following Kleene’s result:*

The enumeration theorem. For every general recursive predicate R{a,z) there is a
number f, so that (Ez)R(a,z) = (Ex)T(f,a,z), resp. (z)R(e,z) = (2)T(f,a,x).

For the different values of f we obtain the corresponding sequence: (Exz)T(0,q,2),
(Ex)T(1,a,2),(Ez)T(2,a,z),..., that is an enumeration with repetitions of all predicates
of the form (Ez)R(a,2). Similarly, («)T(f,a,2) enumerates the predicate of the form
(z)K(a,z). By one application of Cantor’s diagonal method we obtain the following major
results:

1. Every gen. rec. predicate P(a) is expressible both in the form (Ez)R(a,z) and in
the form (z)S(a, z), with R and S primitive recursive (taking P(a,z) = (P(a)&z = x));
where P(a) = (Ez)P(a,x) = (z)P(a,z) and, on the basis of Corol. ([1],57): The class of
the predicates expressible in a given form consisting in a fixed succession of quantifiers
prefixed to a predicate R whether a general recursive R or a primitive recursive R be
allowed.

2. Conversely, every predicate expressible in both forms, with R and S gen. rec., is
general recursive (for supposing the above equivalences, we have: P(a) = (Ez)S(a, )
(the 2@ eq.); frem tertium non datur, we obtain (Ez)[R(a,z)V S{a,z)]. So, P(a) =
R(a, pz[R(a,2) V S(a,z)))).

3. A predicate P(a) is general recursive iff P(a) and P(a) are (both!) expressible in
the form (Ez)R(a,z), with R general recursive and (a)}(P(a)V P(a)).

Th.3.1. Let R(a,x) be decidable. Then

1. The predicate (Ex)T(a,a,z) is not expressible in the dual form (z)R(a,z).

2. The predicate (2)T(a,a,z) is not expressible in the dual form (3z)R(a,z).

3. (z)T(a,a,z) and (Ex)T(a,a,z) are not decidable (Church’s th.).

Proof 1. By the enumeration theorem we have

(a) (B2)R(a,2) = (Ba)T(f, 0, 2)

TIef. Kleene [1], [2] §57, [3] §46.
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Substituting f for « in (a) we obtain

(b) (E2)R(f.2) = (E2)T(f.f.2). also

(¢) (Ez)R([,z) # ExT(f. f.«) = (2)T(f, f. ).

Proof 2. By the same theorem

(a) (z)R{a,z) = (2)T(f, a. ), where, substituling f for a in (a):

(b) (x)R(f,2) = (2)T(f. f,2)

() (2)T(f, f.x) = (Ex)T ([, f.x) £ (Ex)T(f, f.x) = (Ex)R(f, ).

Proof 3. Using the equivalence R(a) = (Fz)[R(a)kz = 7] = (2)[R(a)&(z = )],

resp. R(a) = (3z)R(a,z) = (x)L(a, z). By the enumeration theorem we have

R(f) # (Ex)T(f. f.x) and R(f) £ T(f. f.x).

Therefore, the predicates (Ex)T(a,a, ) and ()T (a,a,z) are indecidable. The predi-
cate (£)T(a, a, z). for example, is a predicate of the form (z)R(a, ) with R decidable (gen.
rec.),}? which is not expressible in the dual form (3x)R(a, z), with R decidable (rec.). So,
the equivalence

(a) [()T(a,a,z) = (Ez)R(a,z)]
does not hold for every gen. rec. predicale R(a,y), i.e. the value f for a, in 2(b) is a value
for which the above equivalence does not hold for a given R{a,z). Also, the predicate
()T (a, a,x) is not general recursive.

As by the enumeration theorem (Ez)7(f,a,z) enumerates all predicates of the
form (Lx)iR(a, ), with 12 recursive, by Cantor’s diagonal method (Ex)T(a,a,z) (eq.
(z)T(a,a,z)) is a predicate not in the enumeration. As all general recursive predicates
are enumerable (and the predicate of the form (Ez)R(a,z) as well with R recursive),
results that theyv cannot constitute all number-theoretic predicates. The above predicate,
(z)T(a,a,z) is a predicate of the form (x)R(a,z), which does not allow the dual form

(Ex)R(a,x) and is not general recursive.

These considerations allow the following theorem:

12¢f, Mostowski, [!]
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Th.3.2. Let be the following predicates

(Ez)R(a,z) (z)(Ey)R(e,z,y) (Ez)}y)(Ez)R(a,z,y,z)...

R(a ‘
(£)R(a,z)  (Ez)(y)R(a,z,y) (e)(Ey)(z)R(a,2,y,2)...

with R decidable. To each form (after the first) there is a predicate expressible in that
form but not in the form dual lo i, nor in any of the forms with fewer quantifiers.

On the basis of a theorem of Post'® the degrees of a decidable predicate and the degrees
of the predicates (Ez)T(a,a,z), (z)(Ey)T(a,a,z,y)... form a sequence 0 < 0/ < 0" <
0" < ...

With these considerations Church’s theorem (3.1.3) appears as an application of the
theorem 3.2 for the predicate R(a). Kleene [1] speaks, in this case, on the nonexistence
of an algorithmic complete theory for the predicates (Ez)T'(a,a,2) and (2)T(a,a,z); an
algorithmic complete theory for a predicate P(a) is the finding of an equivalent effectively
decidable predicate R(a) (resp. to express P(a) in the form R(a) with R general recur-
sive'*). While for every predicate of the form R(a), with R general recursive, there is an
algorithmic complete theory, to each of the other forms there is a predicate for which no
such theory is possible; therefore, Church’s theorem.

A similar situation we find for Godel’s incompleteness theorem. In this case Kleene
takes into considgrations the complete formal-deductive theories for an arbitrarily predi-
cate P(a). A deductive construction {formal theory / formal system) gives us the possi-
bility of a coherent ordering of the true propositions considered as values of the predicate
P(a). These propositions are expressible in the system S by some formulae, and the sys-
tem has to be so constructed as to proof only the formulae that express the instances of
respective predicate (i.e. propositions).

And for us to see if a sequence of formulae is a proof of P(a), for a given a, is to have

the possibility of verification (of ascertain) this fact. This verification procedure requests

13Post [1],comp. Kleene [2], §46.
Y4Church’s thesis (I: Every effectively calculable function (effectively decidable predicate) is general

recursive) and its converse form a rigorous definition of the notion algorithm (decidable/calculable pro-
cedure). To give a decision procedure for the predicate P(a) is to give a general recursive predicate R(a),

so that P(a) = H(a).
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the metamathematical predicate:

R(a,X) : X is a proof in the formal system S of the formula that expresses the
proposition P(a).

If P(a) is the formula expressing in S P(a), then the provability of P(a) in § is
expressible as (EX)R(a, X). Therefore, we have the equivalence

(1) (EX)R(a,X) =+ P(a).

By a proper Godel numbering the metamathematical predicate R(a, X) can be "trans-
lated” into a number-theoretic predicate R(a,z), taken as true when z is a proof of q,
false otherwise. Certainly, the predicate R(a,z) should be effectively decidable. By the
Church’s thesis we deduce its the general recursivity. By translation, (1) becomes

(2) (Ex)R(a,z) =+ P(a).

On the basis of these considerations and of Church’s thesis (I) Kleene formulated
the thesis II: for any given formal system S, where the values of the predicate P(a) are
expressed by the distinct formulas P(a) (¢ = 0,1,2,...), the predicate "P(a) is provable
in 57 is expressible in the form (Ez)R(a,z), with R gen. rec. (cf. rel. (2)).

This thesis expresses the idea that the role of a deductive systems for the predicate
P(a) is to make explicit the sense of a proof of P(a) for a given «a, or, otherwise couched,
it expresses the structural requirement for an S to constitute a formalization of the theory
of the predicate P(a).

And the converse of this thesis does hold, resp. if a predicate of the form (Ez)R(«, z)
is given, where R is gen. rec., we can always construct a formal system, with an explicit
concept of provability, in which all true propositions P(a) and only those are provable.!®
Therefore, the thesis I and its converse show us that the predicate form (Ey)R(z,y)
represents the notion of provability in a formal system S; for the predicates expressible in
the form (Ez)R(a,z), where R gen. rec., are in fact the predicate expressible by F P(a)
in S, witha=0,1,2,...

The correlation between the provability of the formulas P(a) and the proposition P(a)

that they express is given by biimplication

15¢f. Kleene [4], §60.
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(3) F P(a) = Pla)
where the direct implication expresses the consistency (correctness) of 5, and its converse
the completitude of S. To these two conditions on S we add the requirement of thesis II,
resp. the biimplication

(4) (Ex)R(a, ) = Pla),
where R is general recursive, in which the direct implication expresses the correctness of
S for the predicate P(a), and its converse the completitude.

On the basis of thesis I1 and the converse we can say that to give a complete de-
ductive system for the predicate P(a) means to find an equivalent predicate of the form
(Ex)[¥(a,z) where I? is gen. rec. We suppose now P(a) is the predicate (2)T(a,a, ). By
the theorem 3.1.2, for every gen. rec. R there is a number @ = f so that the equivalence
(4) docs not hold. Hence, the generalized Kleene form of (Jodel’s theorem: there is no
correct and and complete formal system for the predicate (y)T1(a. a, z).

In this case, the generalized formulation of Gédel’s theorem appears as an application
of the theorem 3.2 for the predicate form (Exz)R(a. x). Thus, to each predicate of the form
R(a) and of the form (Ez)R(a,x), where R is gen. rec., there are complete deductive
theories, to each of other forms there is a predicate for which no such theory is possible.

The proof is simple. We suppose that (2)T(a.a,z), eq. (Ex)T(a,a,z), is provable.
Then, there is a formula -3xT'(a,a, x) expressing the above predicate such that (3) does

hold. Therefore, we have
F =3xT(a,a,x) = (Ez)T(a,a.c) = (z)T(a,a,z)
Being provable, there is a proof of it; hence
F -3xT(a,a,x) = (Ez)R(a, T).
Whence, from the above equivalences, we obtain the relation
(z)T(a,a,x) = (Ez)R(a,r)

contradicting the theorem 3.2.
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Remark. The "special” character of the predicates (Ez)T(a,a,x) and (2)T(a,a, )
can be made explicit also from the point of view of the concept recursive enumerability
(of a set/class).

A set/class K € N is recursive enumerable if there is a general recursive func-
tion y which enumerates it {allowing repetitions). Therefore, the succession of values
2(0),2(1),(2), ... is such an enumeration of the members of K.

A class with only one element is recursive enumerable iff the predicate ¢ € K is
expressible in the form (Fz)R(a, z) where R is general recursive; hence if the equivalence
a € K = (Ey)R(a,y) does hold, where K is primitive recursive in .

With this concept the thesis II (Kleene’s) has the following equivalent: the class K of
the numbers a for which P(a) is provable is recursive enumerable (if it has a member).
K is general recursive if the predicate @ € K is general recursive. Whence we deduce
that every general recursive class is recursive enumerable (if it has a member) [from |
p.12]. Similar, its complement K (for the predicate « € K has the representing function
3g|w|, with ¢ the representing function of the predicate a € K, which is primitive/general
recursive).

A class K is general recursive if both K and K are recursive enumerable [from 2 p.12).

Let be now the predicate ( Kz)T(a,a,z). The class of those a such that (Ez)T(a,a,z)
is recursive enumerable (by the Kleene's normal form theorem!®), but this class is not
general recursive (cf. th.3.1.3: R(f) #Z (£2)T(f, f,x)). Its complement, the set of a such
that ()T (a,a, ) is neither recursive enumerable (cf. th.3.1.2(c)) nor general recursive
(cf. th.3.1.3).

Using the recursive enumerability Kleene elaborates a symmetric form of Goédel’s the-
orem,'” only with nonelementary assumption of the simple consistency. In comparison

8

with Kleene’s generalized theorem, the previous proof given by Rosser'® is a corollary.

16Kleene [1], [2], [4] §58. Th.IX(29). For each n > 0, given any general recursive function ¢(zy, . .., Zn),

a number e can be found such that (x1)...(2.)(Ey)Tn(e, 21, ..., 2n, y). For the above predicate ¢ is a
member of K, for (Ex)Rfe, e, ).

17¢f. Kleene [3], [1] §61, [5] §57

18Rosser, [1]
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4. Conclusions

We made explicit the general conceptual frame, which founds the Penrose’s conclusion.
We summarize this exposition as it follows:

1. Penrose’s form of Th.G1, stated in terms of Turing machine computations, reduces
itself, as a matter of fact, to the following: if the halting of the calculation procedure A
is a sufficient condition for the nonhalting of a Turing machine, then it is not a necessary
one. Whence, on the assumption of the correctness of A, we deduce the incompleteness of
A. The given proof of this theorem, we have said, is based of Cantor’s standard diagonal
argument, applied by Turing [1] in the proof of the undecidability of the halting problem
of a Turing machine. Though as a form of Godel’s incompleteness theorem it is a variant
of the generalized form of this theorem by Kleene.

2. We cannot overlook some inadvertences in Penrose’s treatment of the logical con-
cepts. Let us see only two of them.

The fundamental equivalence kg ¢ =k ¢ expresses, by the direct implication, the

sund
a

sound (correct) character of S for ¢, and by the converse

(correct) character A nverse, mp ss of S. In
sec. 2.5 (74-75) Penrose explains the soundness of a computational procedure A by the
statement that if A halts on input (g, n) then Cy(n) does not halt. The consequent of this
implication is an II;-sentence (-3xT(p,a, x), equival. YxnonT(p,a,x)). And soundness of
A is a special case of soundness of the system S for I, sentences. But in sec. 2.8 (91), in an
account of Godel’s incompleteness theorem, Penrose says that if the formal system S ”is
sound, then it is certainly w-consistent”. But the two notions of soundness are different,
since w — Con is stronger than consistency (i.e. than soundness for II; sentences). And
this is an ambiguity in Penrose’s account.

On the other hand, Penrose introduces (p.91) the notation 2(¥') for the assertion ”the
formal system F' is Q-consistent”. And then: "Gédel’s famous incompleteness theorem
tells us that Q(F') is not a theorem of F (i.e. not provable using the procedures allowed
by F), provided that F' is actually w-consistent!” But, by Godel’s 2" theorem if S is
simply consistent, then Cong is not a theorem of S and thus, a fortiori, w — Cons is not

a theorem of S. Only for the proof of the negation of the sentence (resp. non Cong) is

42



THE INCOMPLETENESS AND THE ARGUMENT LUCAS-PENROSE

needed the assumption of w-consistency.

3. Penrose tries to argue the above G sentence (76); resp., on the assumption of the
soundness of S the mathematicians can know the truth of G, but S cannot prove this truth.
However, in this ambiguity of the concept ”sound”, Penrose often takes in consideration
a global sense, which is compatible with a Platonistic philosophy of mathematics. We
know the sound character of an arithmetic formal system by grasping the truth of its
axioms in the intended interpretation and by the fact that the rules of inference preserve
truth. Grasping the soundness of S we attain the truth of G. Thus, Penrose endorses a
unic/general sense of the concept of truth, in connection with which he founds the thesis
G.1®

4. Penrose’s argument in favour of Godel’s Platonism is incorrect. Truly, Godel mani-
fested such an option, but it did not gain the character of a strong thesis. On the prob-
lematic character of the assumption of the existence of arbitrary sets of natural numbers
Godel himself ([2], 50) wrote: "The result of the preceding discussion is that our axioms, if
interpreted as meaningful statements, necessarily presuppose a kind of Platonism, which
cannot satisfy any critical mind and which does not even produce the conviction that they
are consistent.”

The same thing on the Cohen’s Platonism. Penrose ([2], 116) writes: ”Cohen reveals
himself to be, like Godel, a true Platonist for whom matters of mathematical truth are
absolute and not arbitrary. This is very much in accordance with my own view, cf. §8.7.”
Penrose refers here to the last section of Clohen’s book [1] of 1966. However, in Cohen
[2],13 we find something else: "By now it may have become obvious that I have chosen
the Formalist position for set theory.”

5. In the end, on the significance of Gédel’s incompleteness theorem, Penrose says:

”... whatever... algorithm a mathematician might use to establish mathematical truth...

there will always be mathematical propositions, such as the explicit Goédel proposition [for

3Certainly, by Th. G2, G cannot be proved by S. But a relative proof can be given in the following
way: the verification of the consistency of a system S can be made by the reduction of this problem to the
consistency problem of another system Sy, for which we have more compelling reasons for its consistency

(cf. Feferman [1]).
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the formal system associated with that algorithm], that his algorithm cannot provide an
answer for. If the workings of the mathematician’s mind are entirely algorithmic, then the
algorithm (or formal system) that he actually uses to form his judgement is not capable
of dealing with the [Godelian] proposition... constructed from his personal algorithm.
Nevertheless we can (in principle) see that [the Godelian proposition] is true! That would
seem to provide him with a contradiction, since he ought to be able to see that also.
Perhaps this indicates that mathematician was not using an algorithm at all” ([1], 416-
417).

Therefore, we have a non-identity between the class of arithmetical truths ratifiable
by the human mind and the class of truths provable in a formal system. It follows that
our arithmetical powers are not exhaustively mechanical.

This sort of argumentation has generated varied debates. Benacerraf {1], for example,
considers that the argument l.ucas/Penrose overlooks the possibility that human arith-
metical capacity is indeed encoded in a particular formal system of which we cannot grasp
ormal specification suitable for an application of the Godelian construction. What

Iorm 1 Lion su D1E an apn 1

any
follows from the Th. G1 is merely a disjunction: either no such system encodes all hu-
man arithmetical capacity (the arg. L/P) or any system which does have no axiomatic
comprehensible specification.

As a matter of fact, this idea results from what Godel himself said ([3], 310):

"For if the human mind were equivalent to a finite machine,... there would exist ab-
solutely unsolvable Diophantine problems of the type described above, where the epithet
’absolutely’ means that they would be undecidable, not just within some particular ax-
iomatic system, but by any mathematical proof the humman mind can concive. So the
following disjunctive conclusion is inevitable: ...the human mind {even within the realm
of pure mathematics) infinitely surpasses the powers of any finite machine, or else there

exist absolutely unsolvable Diophantine problems of the type specified.”?°

20This quotation is contained in an unpublished Gibbs Lecture of 1951, available now as a paper in
[3] with an introductory note by G. Boolos, where he writes: " There is a gap between the proposition
that no finite machine meeting certain weak conditions can print a certain formal sentence (which will

depend on the machine) and the statement that if the human mind is a finite machine, there exist truths
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FALLACIOUS PRESUPPOSITIONS IN GODEL'S
INDECIDABILITY THEOREM

I. NARITA

One of the famous achievement of contemporary logic was K. Godel's
argumentation that the axiomatic systems which contain arithmetic, (like the Russell and
Whitehead's system in Principia Mathematica), if they are consistent, then they are also
indecidable. This result was interpreted against logicism, as the foundation of mathematics
program, which proposes just to embed the arithmetic in a logical system.

The decidability is the property of an axiomatic system (S) in which, for every
well formed expression in that system (which isn't an axiom), we may establish if it is a
theorem of the system or not, using only the axioms and the derivability rules accepted in
S. Godel's indecidability theorem shows that in such a system, we may always find a
formula about which it's impossible to decide if it is theorem or not. Of course, the problem
appears only in the case of consistent axiomatic systems because, for an inconsistent
system, any formula is a theorem.

In this study we want to show that a generalized form of Gddel's theorem accepts
incorrect presuppositions, so that, it must be rejected. Starting from the principle that if the
general case is rejected, then the particular case must be rejected too, it follows that exist
powerful objections about Godel's theorem.

A variant of Gddel's theorem is the following:

1. Let S be an axiomatic system in which every number's predicates are definable.
This condition is essential, otherwise it couldn't possible to define the predicate "gddelian"
in S. Such a system is, in Go6del's opinion, the system of Russell and Whitehead in
Principia Mathematica. This example is followed especially by Godel, that results from the
fact that Godel takes into consideration the Russell's types theory. The well formed
formulas are only those which contain expressions of the following kind: x,+(X,), where
the indexes indicate the type of the variable, so, an expression like x;(x;) isn't well formed
in that system.' Also, let's suppose that S is decidable, respectively, we can say about any
formula if it is theorem or not and, if an well formed expression is not a theorem, then, his
negation is a theorem in S.

2. By the procedure named arithmetization, a number and only one is associated
to any formula which is expressible in S. There are some methods to perform such an
operation. For example, Godel crosses the following steps:”

a) to any primitive symbol of the system a natural number is associated according
to the following table:

! Kneale W. & M.: 1975, p. 353.
% idem, p. 353.
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primitive associate
symbol number

0 1

f 3

~ 5

v 7

v 9

( 11

) 13

Next, numbers of the form p" are associated to the variables of the type "n", where
p is a prime number greater than 13. So, to variable x; it is associated the number 17, to x,,
the number 177 etc.

b) if s; are the numbers which are correlated with the symbols of an expression (e)
which is well formed in S, then, the number 2™ x 3% x ... x (p, )™ corresponds to the
expression e, where p; are the first £ prime numbers. In this way a natural number and only
one is associated to each well formed expression in S. Further, because of the property of
the natural numbers to have an unique decomposition in prime factors, we can calculate,
for any natural number the expression which corresponds to it.

C) a simplified arithmetization method is imagined by W.v.O. Quine.’ He
attributes to each primitive symbol a natural number in the following manner:

primitive associate
symbol number
~ 1
& 2
( 3
) 4
= 5
+ 6
. 7
X 8
' 9
0 0

In order to obtain the correspondent number to an well formed expression in S, the
figures which are associated to the primitive symbols are arranged in the order of
component symbols. For example, to the expression (x)(x = x) there corresponds the
number 38438584. Reciprocally, the expression which corresponds to a natural number
results by the substitution of figures which compose the number with correspondent
symbols in the same order. So, to the number 30960945099 there corresponds the
expression (0" + 0%) = 0", respectively, (1 + 1) = 2, if we take into consideration that the

3 Becker O.: 1968, p. 147.
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symbol "" is for the successor of a natural number. It's easy to observe that there exist the
natural numbers which aren't the associated formulas. For example, to the number 32854
there corresponds the expression (& x =) which isn't well formed in S. The main fact is that
no matter which the arithmetization method is, each expression must have a natural number
associated and reciprocally, for any natural number it must be able to say if it has a
correspondent formula in S or not.

3. By arithmetization, to each predicate of numbers (we can stop to the monadic
predicate, P(x)) a natural number corresponds, by which this predicate can be indexed:
P,(x), where x is a variable which has as values the natural numbers. Because the index (n)
of predicate is a natural number, it results that it has sense to ask if the expression which is
obtained by substitution of x with # is the expression of a predicate is a theorem in S or not,
respectively, if the expression Py(n) is demonstrable inside of S or not. Demonstrability is
an well defined property in an axiomatic system. An well formed expression (E) is
demonstrable only if there is a suite (s) which contains a finite number of expressions
which are already demonstrate or are axioms, so that E results by application of deduction
rules of S to the elements of suite s. If the expression P,(n) isn't demonstrable inside of S,
then, about number n we'll say that it is gédelian: G(n). In this way, it has defined a new
predicate of numbers inside of S, with the means of that system:

(1) dem G(x) =4 ~ dem Py(x)

For example, let P(x) = (x + 1 = 2) be a predicate. If, by arithmetization, to this
predicate number "1" is associated, then, it is demonstrable that Py(1) = (1 + 1 = 2), namely,
the number "1" doesn't satisfy the predicate G (it isn't gddelian). On the other hand, if the
number which corresponds to our predicate (by another arithmetization method, for
example) is "2", then P(2) is not demonstrable in S, so that, number "2" is, in that case,
godelian, namely, it takes place G(2).

4. The predicate "G" must be a predicate of S, as predicate of numbers, because
we supposed that in S all the predicates of numbers are definable. For that, by
arithmetization, a natural number (g) corresponds to the predicate "G": G,(x). We may ask
ourselves if it is demonstrable that "g" is gddelian or not, namely, if "~dem G,(g)" takes
place or not. Let's suppose that is demonstrable that "g" is gddelian. In this case, it's not
demonstrable that "g" is gddelian, so, we fall into contradiction. If we suppose that it's not
demonstrable that "g" is gddelian, then, it follows, in the hypothesis of S"s decidability, that it
is demonstrable that "g" is not godelian, namely, "~(~demG(g))" is demonstrable, which is
equivalent with "demG(g)"; in this way, we are again in contradiction.® So, we are in the
paradoxical situation that if the S system is consistent, we can't decide if the expression
"Gg(g)" is a theorem or not, therefore, if S is consistent, it must be indecidable. It is not
possible to avoid the paradox by the inclusion of Gddel's formula between the axioms of S,
because inside of the system we can build another paradoxical formula. By those
considerations, Godel arrives to the conclusion that any logical consistent axiomatic system
which is rich enough to contain the arithmetic, isn't decidable.

*Kneale W. & M.: 1975, p. 356.
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Let's show that Godel result can be extended about any axiomatic system, with the
consequence that all consistent axiomatic systems are indecidable. If we pay from attention
to the arithmetization methods, we observe that the "numbers" which result by those play
only the role of indexes of the expressions of S, namely, that they are individual constants.
The important fact is that those individual constants belong to the domain of S: DS = {a,
a, ..., a,}, in order for the predicate which is definable inside S can be applicable on them.
At the same time, the aim of the aritmetization methods is only to put into univocal
correspondence any definable predicate form S (PS), with an element of DS, so that it
would be possible to recognize which predicate is associated with a certain element of the
domain. All these lead us to the conclusion that the aim of the arithmetization is to establish
an injective function from the predicate field of the S system (PS) to the individual
constant's domain of that system, namely: f: PS — DS, with this property (P # Q) o (f(P) #
f(Q)).

Starting with these considerations, we can enterprise an important extension of
Godel's demonstration. Let S1 be an axiomatic system, with the individual constants
domain DS, so that all the possible predicates over DS1 are definable in S1 which forms
the predicate field PS1. We'll follow the next steps:

1. an injective function f: PS1 — DSI1 is defined, which associates to each
predicate P(x) definable in S1 an element and only one from DS1 domain (not necessarily
numbers). If f(P(x)) = a, we introduce the notation P,(x).

2. because the values of f'belong to the domain DS1, we can ask if an expression
like P,(a) is demonstrable or not inside S1. If such an expression isn't demonstrable, we'll
say about his argument «a that it satisfies a predicate "G", namely, inside the system S1 the
predicate "Gx" is definable in that fashion:

(2) Gx =4 ~ dem Py(x)

"G" is a predicate which takes values on the DS1 domain, so that, according to the
precedent hypothesis, it must be definable in the S1 system and it belongs to the PS1 field.
Consequently the f function is definable for "G" and there is only an element (g) in DS1 so
that f(G) = g.

3. the problem if "g" satisfies the predicate "G" or not is arose. If Gg(g) is
demonstrable, it follows that Gy(g) is not demonstrable and if we suppose that it is not
demonstrable G4(g), we obtain that this expression is demonstrable in S1, so that, we arrive
at a contradiction and at the same consequence that the axiomatic system S1, if it is
consistent, then it is indecidable.

At this time, it's no constrain on S1 which imposes that his domain contains natural
numbers, but, in this paradoxical situation any axiomatic system can be. Of course, the
conclusion is exciting: in any axiomatic system we may build a gddelian expression, with the
consequence that no such system can be logical consistent and decidable.

On the other hand, there are the demonstrations that at least some of the consistent
axiomatic systems are decidable, so, there is a conflict between those demonstration and
former generalized form of Gdodel's theorem. Of course, in Godel's demonstration there
must be errors and the simplest is that this demonstration doesn't obey the elementary rule
that after we define a new entity, we must demonstrate an existence theorem for it, which
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shows that the entity is not contradictory. For example, in Euclidean geometry, we could
define the predicate "triangular quadrulater" like the plane geometric figure with four sides
and three angles, when we could obtain many strange theorems about such a figure, but
which must be rejected because the defined predicate is self-contradictory.

We'll argue that the predicate "godelian", which plays a crucial role in Godel's
demonstration is self-contradictory, namely, it is a null concept, so that, the demonstration
of Godel's theorem is fallacious because it is founded on a self-contradictory term. If the
domain of a system S is DS = {a;, a,, ..., a,}, then, the predicates which can be defined
inside of S can be recognized in extemsional fashion, namely, by the criterion of
demonstrability of the formulas which could be built with their help. All those predicate are
presented in the following table:

m

where by "1" we symbolize that the expression pja; is demonstrable in S, and by "0", that
the formula "~p;a;" is demonstrable in S.

We observe that the number of possible predicates in S is greater than the number
of the elements of the domain DS, namely, if the domain contains n elements, then, the
number of the predicates is m = 2". On the other hand, m is the number of the predicates
which can be extensionally distinguished inside the system, without the predicates which
can be intensionally distinguished. This is an important fact about Godel's demonstration,
because, the new predicate "G" can't be extensionally distinguished from the other
predicates of the system, about which we have supposed that they are all definable
predicates inside of S. If we rest at the extensional predicates,’ in the case in which 7 is
finite, it is impossible to define an injective function from the predicate field to the
arguments domain, in conformity with Godel's demonstration. The injectivity property is
essential, because, in an other way, "g" couldn't be distinguished from other elements of
DS, so we couldn't recognize the predicate "godelian". Besides, without injectivity, it is not
possible to recognize the formula which corresponds to a certain element of DS.

> these considerations are more valuable as we take into attention the expressions which are
possible in S, because their number is greater than the number of possible predicates.
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Consequently, for the system with a finite domain, the "arithmetization" is not possible and
Godel's demonstration is fallacious.

Let's see now if Godel's demonstration is valid for the systems with an infinite
domain, namely, for the case when n = co. At this time, the number of the predicates which
can be extensionally distinguished is m = 2. For the scholars who accept Cantor's diagonal
reasoning, any discussion about Godel's argument must be finished, because, according to
the diagonal reasoning 2” > oo, so that, f can't be injective in this case. But the fallacious
character of Godel's demonstration doesn't depend on the correctness of Cantor's reasoning.

Let's suppose that "2 > oo" is false. Obviously, in any axiomatic system the predicate
po" is definable, about which it can demonstrate that it isn't applicable to any argument,
namely, for any x, "dem ~py(x)" takes place, with the consequence that (x)(~dem py(x)). Such a
predicate is, for example, "Px & Px". Let's suppose now that the function f associates to this
predicate an element of the domain which we note with a,. From the definition of the
"gddelian"(G) predicate and from the status of py, G(ao) results.

Another predicate which is definable inside S is the predicate demonstrable only for
ay. Let's note that predicate with "p,". Because f'is an injective function, another element of DS
corresponds to p;, different from ay, let's say a;, namely, f(p;) = a;. From the previous definition
of the predicate py, it results that "~ dem p(a;)", therefore, G(a,) takes place.

Inside system S the predicate p, which is demonstrable only for the arguments a,
and a; can be also defined, his negation being true for another argument. At this time, we
note with a, the value of f for the new predicate: f(p,) = a,, which, because f'is injective,
must be different both a, and a,. In conformity with previous considerations, "~dem py(a,)"
takes place, respectively, G(a,) takes place. This reasoning can be continued until we cross
all arguments of the domain, so that, for any element x of DS, it's demonstrable that it
satisfies the predicate "G": (x)G(x). We can rise the objection that the domain is infinite
and the demonstration can't be effectively built. But, we obtain the same result by a
complete induction:

n "

3) (G(a0) & (G(a) > G(aw:1))) = (X)G(x)

The demonstration is immediate. We have already seen that G(a,) takes place.
Let's suppose that G(ay). Let py be the predicate which is demonstrable for the arguments
ay, ..., ax and undemonstrable for any other arguments. A new element of the domain, a1,
must correspond to the function £, because f'is injective. According to his definition, fisn't
applicable to ay.;, so that ay.; is godelian, in this way we have proved that G is applicable
for any elements of DS:

(4) (3)(G(x))

On the other hand, inside of the system S a predicate p, which is demonstrable about
all elements of the system's domain is definable. For example, such a predicate is "Px v Px".
Let's note the value of function f for this predicate by a,: f(p,) = a,, where a, € DS. Of course, in
conformity with the previous considerations, "dem p,(a,)" takes place, so that, it results that
~G(a,), namely, there is at least one argument in DS which isn't gddelian:
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(5) 30)( Gk))

Obviously, this result is in contradiction to (4). By consequence, no matter if we
accept the Cantor's transfinite numbers or not, the predicate "gddelian" is contradictory, so
that it can't be defined in an axiomatic system.® If this predicate can't be defined in any
consistent axiomatic system, it follows that we can't ask if the number "g" satisfies it or not,
therefore, Gddel's theorem and the "paradox" which is generated by it are completely
harmless. They doesn't succeed to limit the formalism and the logicism, so that, the
logicism remains a valuable option for the foundation of mathematics, even if it must be
perfected.
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% another important argument against the indecidability theorem has formulated by Becker O.
We saw that if we suppose that the system is consistent, it results that inside him we can build
Godel’s formula which can’t be demonstrated. So, we can admit that S = consistent > FG,
where ‘FG’ is Godel’s formula. On the other hand, the consistence of system is demonstrable,
so, by modus ponens, results that Godel’s formula can be demonstrated. If the system isn’t
consistent, the formula is demonstrable because in such a system any formula is demonstrable.
It follows that Godel’s formula is demonstrable in any conditions.
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« lélucidation définitive de la nature de I'infini dépasse
largement les intéréts d une discipline scientifique particuliere,
et elle est devenue indispensable a I’honneur méme de [’esprit umainy

David HILBERT!

Abstract

The conception of intuition in mathematics is prominent in early twentieth-
century work on foundations of mathematics. The conception of mathematical
intuition is partly based on Hilbert’s ideas about the methods of proof theory, a
conception of intuitive evidence closer to the finitary method of Hilbert. Hilbert
claimed some kind of evidence for finitist mathematics. Hilbert claimed intuitive
evidence for individual instances of induction where the predicates involved are
of the right kind, in practice primitive recursive. The objects of such intuition are
abstract objects. This is perhaps clearest in Hilbert’s conception of mathematics
and logic, in Hilbert’s distinction between intuitive and formal mathematics.

Les mathématiques d’aujourd’hui reposent entiérement sur une base axiomatique.
Elles se fondent sur un systéme de symboles sans rapport direct avec la réalité et soumis a
ses propres régles, dont le trait dominant est une entiere soumission a la logique, elle aussi
formalisée, symbolisée. Cette abstraction ne signifie pas, cependant que 1’imagination a
perdu ses droits.

L’ « épisode » mathématique : Sur Pinfini [David HILBERT — 1925] est situé
entre la crise de la théorie des ensembles, qui survint en 1902, et la découverte du théoréme
de Gddel, dans les années 1930 - 1931. Les grands personnages d’époque —pour le théme -
sont : Dedekind, Peano, Cantor, Frege, Russell, Poincaré, Hilbert, Godel. Kurt Godel était
un disciple de David Hilbert et il travaillait sur un des grands projets du maitre : démontrer
la cohérence des axiomes de I’arithmétique pour établir une fois pour toutes qu’au moins
cette branche des mathématiques est a jamais exempte de toute contradiction interne.
Hilbert se fondait sur la formulation de I’arithmétique et de ses propositions par des signes
et des symboles. Il considérait I’ensemble de toutes les propositions correctement formées
dans le langage formel de I’arithmétique, en y incluant les opérations courantes : addition,

! p.222 (toutes les notes de bas de page [p.(...)]sont d’article de David Hilbert « Sur I’infini »,
trad. fr., in LARGEAULT, J. (ed.), Logique mathématique : textes. A. Colin, 1972)
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soustraction, multiplication division avec reste entier et exponentiation. Tous les axiomes
nécessaires y figuraient en bonne place. Le probleme qu’il s’agissait alors de résoudre était
de montrer que toute proposition de 1’ensemble pouvait se voir en principe attribuer une
valeur de vérité unique au moyen d’une démonstration, c’est-a-dire d’une chaine finie
d’implications logiques prenant sa source dans les axiomes.

David HILBERT (1862 — 1943) a dominé 1’école mathématique allemande dans la
premiére moitié du XX° siécle. Il reste aussi un de plus grands mathématiciens du monde de
tous les temps.

Son ‘Credo Mathématique’ a été :

« la these de la résolubilité de tout probleme mathématique. C’est une thése qui
refléte notre conviction a tous. »°
ou encore :

«tout probléme mathématique bien déterminé est résoluble ».’

A partir de 1890, Hilbert a commencé a développer sa conception formaliste des
mathématiques qui a été présentée dans son programme mathématique de 1925.

Dans [D’esprit de son étude, Sur linfini, D. Hilbert, caractérise ainsi les
mathématiques :

« En ce qui concerne particulierement les mathématiques, [’objet de notre étude
sera donc les signes concrets eux-mémes dont nous savons, du point de vue que nous avons
adopté, distinguer et reconnaitre la forme. »*

Le but de son article rend nécessaire pour D. Hilbert de mettre 1’accent sur
I’arithmétique pour ses avantages évidents. (La non contradiction de I’arithmétique a
constitué une autre préoccupation mathématique majeure pour Hilbert.) Il est intéressant de
se rapporter :

«...a la nature et aux méthodes de |’arithmétique finitiste qui est familiere a tout le
monde. Celle-ci s’édifie uniquement par des constructions numériques au moyen de
considérations intuitives a contenu. »

D. Hilbert toutefois précise :

« Mais la science mathématique ne consiste pas simplement en équations entre
nombres et elle ne s’y réduit pas. »°

Pour D. Hilbert, le probléme de I’infini est li¢ a celui de démontrer la non-
contradiction (la consistance) des mathématiques et ces deux problémes étaient associés dans
la pensée de Hilbert, Hilbert qui évoque la possibilit¢ d’employer la langue symbolique de
nouvelle logique a transformer le probleéme de la consistance en un probléme combinatoire.
La différence entre I’intuitionnisme et le formalisme sur le plan épistémologique est que les
démonstrations de consistance donnent un sens aux mathématiques non-constructives, tandis
que pour les intuitionnistes ces mathématiques restent absolument dénuées de sens. La théorie
hilbertienne de la démonstration c’est que 1I’étude des fondements comporte la recherche de
nouveaux axiomes. Le plan d’ensemble s’agit d’un programme d’élimination qui doit aboutir
a faire place des problémes de fondement, absorbés dans la mathématique elle-méme.
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Au-dela de la caractérisation ci-dessus, dans une perspective plus large, les
mathématiques ne sont ni des idées, ni des concepts qui peuvent étre abordés d’une manicre
‘isolée’, mais elles sont des collections de ‘propositions mathématiques’, propositions qui
contiennent des concepts et des idées abstraites. Cet aspect est trés important. Mais il y a
aussi des propositions mathématiques qui contiennent des éléments ‘concrets’ comme sont
les nombres naturels.

« Dans cette arithmétique [« ’arithmétique intuitive » (n.n.)] les formules
n’étaient utilisées que pour un but de communication, les lettres désignaient des chiffres et
une équation servait @ communiquer [’identité de deux signes. »’

D’autre part, quand on passe de ‘I’arithmétique a contenu’ a I’algébre formelle, on
considere les symboles ou les signes des opérations détachés de leur sens a contenu. Mais
dans une formule générale qui contient la variable ‘x’, ‘x’ peut étre substitué par un nombre
naturel (ou entier, etc.) et on obtient une infinité de propositions ‘concrétes’.

« Au contraire en algebre nous considérons les expressions composées de lettres
comme étant en soi des formes indépendantes et qui formalisent les théorémes a contenu de
larithmétique. »*

En plus, dans une formule générale qui contient la variable ‘x’, ‘x’ peut étre
substitué par un quelconque objet mathématique :

« A la place des propositions portant sur les chiffres apparaissent des formules qui
sont a leur tour ['objet d’une saisie intuitive; et a la place des démonstrations
arithmétiques a contenu apparait la déduction d’une formule a partir d’'une autre formule
suivant certaines régles ; »

Les mathématiciens ont ¢laboré depuis des siécles des propositions qui portent sur le
concept d’infini (le concept qui, premiérement, intéresse ici). Dans ce cadre, la question est :
Qu’est-ce que I’infini pour les mathématiques ? Les mathématiciens ont-ils répondu a cette
question ? Au-dela du niveau des réflexions générales intuitives dans la réalité quotidienne sur
I’infini et au-dela des considérations de type métaphysique sur I’infini, il en est d’autres
beaucoup plus scientifiques.

« Plus qu’aucune autre question, celle de l’infini a depuis toujours tourmenté la
sensibilite des hommes, plus qu’aucune autre idée, celle de l'infini a sollicité et féconde
leur intelligence; plus qu’aucun autre concept, celui de linfini requiert d’étre élucidé. »"°

Apres Hilbert, parmi les propositions mathématiques, les unes posseédent un sens
intuitif, autrement dit concret, tandis que les autres non.'" Les propositions mathématiques
portent sur des «objets mathématiques». Donc, on doit mentionner encore une fois que,
dans la sémantique des propositions mathématiques il y a des concepts mathématiques, en

"p.232
$p.232
’p.232
10p.222
" Parmi les derniéres propositions sont celles qui font intervenir le transfini. L’espoir de Hilbert
est que ces propositions sont éliminables avec le symbole « € » et le premier théoréme — « € »,
car en ¢liminant les quanteurs [i/ existe ou pour tout ] en termes de ce symbole, on raméne des
assertions générales, portant sur ‘tous les objets’ a des assertions sur quelques objets
particuliers. [Le premier théoréme- « € » dit que si une formule sans « € » est dérivable a partir
d’axiomes sans « € », alors « € » est éliminable de sa démonstration.
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général, bien précisés. Pour la compréhension de ces concepts mathématiques, quelquefois,
sont proposées des analogies intuitives qui correspondent aux concepts mathématiques.
“Mathématicien est celui qui est capable de développer des analogies”, affirmait le grand
mathématicien polonais Stéfan Banach. Mais les intuitions et les analogies peuvent devenir
la source d’ambiguités et d’erreurs. Ces limitations devaient étre précisées. Par le caractére
spécifique des propositions mathématiques, les concepts mathématiques se soustraient, en
général, aux connotations métaphysiques ambigu€s ou imprécises (ainsi qu’a certaines
critiques possibles, comme est, par exemple, celle de type de Carnap, d’un aspect
positiviste). Doivent étre prises certaines précautions pour la 1égitimité d’une convention
sur I’introduction d’un concept. Un exemple dans ce sens, est le concept mathématique de
«linfini», qui ne tend, mathématiquement parlant, vers aucune signification métaphysique.
(Un exemple de concept métaphysique de ’infini se trouve présenté dans la doctrine
philosophique transcendantale kantienne ou D’infini est simplement une des idées
régulatrices de ‘pure raison’, qui dépasse toute expérience et qui comprend le concret réel
de maniére a ce qu’il forme une totalité.) De ce point de vue, D. Hilbert a précisé pour les
mathématiques:

« Il est de fait que la littérature mathématique est submergée de lieux communs
saugrenus et de non-sens qui pour la plupart sont engendrés par linfini. »"

et aussi pour les sciences naturelles (I’astronomie, la physique, etc.) par rapport a
la métaphysique :

« [sur I’infiniment grand] C’est encore la science moderne [...] qui a remis la
question sur le tapis et qui a cherché a la résoudre, non pas avec les moyens insuffisants de
la spéculation métaphysique, mais par des arguments étayés par l’expérience et par
I’application des lois physiques. »"

Pourtant, I’intérét méme scientifique et méme philosophique pour le concept de
I’infini, peut étre justifié :

« Cependant il se pourrait trés bien que l'infini ait une place légitime dans notre
pensée et qu’il y assume le réle d’un concept indispensable. »"

On donne ici un exemple mathématique - topologique (géométrique — parce que la
géométrie est, peut étre, plus intuitive que 1’arithmétique) seulement pour servir de support
intuitif qui peut accompagner les abstractions mathématiques —qui est ici ‘la dimension -
nombre entier’- et facilite la compréhension, et qui oriente 1’intuition des conséquences
dans le plan abstrait - mathématique.

Caractérisons maintenant, sommairement et intuitivement, la dimension
topologique. On appellera “coupure” tout ensemble de points (figure géométrique) qui
divise I’espace mathématique donné en deux régions complétement séparées. Géométrique,
pour une droite infinie -espace unidimensionnel continu- un point arbitraire de la droite
est une coupure, dans le sens que, faisant abstraction de ce point frontiére (d ‘arrét), on ne
peut pas passer d’une partie a I’autre de la droite, si on prend en considération seulement
son uni dimensionnalité. Pour une courbe unidimensionnelle continue fermée, une coupure
est représentée par deux points frontiere distincts, qui découpent la courbe en deux parties,
si on considére seulement le cas unidimensionnel. Et dans un cas et dans I’autre, la solution

2 p.221
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serait “la sortie” dans un espace bidimensionnel. De méme, en considérant un plan et une
coupure représentée par une courbe fronticre fermée, par laquelle le passage est interdit,
I’espace continu bidimensionnel plan est séparé en deux parties distinctes et disjointes. Ici
aussi, la solution de passer d’une partie a 1I’autre sans toucher la frontiére est de “sortir” dans
une troisiéme dimension. De méme, si on a une sphére fermée dans un espace continu
tridimensionnel, le passage vers ’intérieur de la sphére (ou de la sphére vers I’extérieur) sans
toucher la surface de celle-ci, peut se faire de nouveau par la “sortie” dans une quatriéme
dimension etc. Intuitivement, sous la forme d’une image métaphorique, il s’agit dun
“contournement” de 1’objet frontiére par le “tunnel” ou par le “pont” d’une dimension
supplémentaire. Un espace continu a, ainsi, la dimension topologique n, s’il peut étre sépare
par des “coupures” (toujours des espaces continus) de dimension “n-1” (traditionnellement :
le point est la frontiére d’un segment, la droite celle d’une surface, le plan celle d’un espace).
C’est I’aspect qui compte du point de vue intuitif - mathématique de la géométrie.

C’est un effort de rendre intuitive la dimension topologique par analogie avec la
dimension au sens intuitif euclidienne. Mais, ce que veut dire cet exemple, est que nous
n’avons pas d’analogies intuitives qui correspondent au concept mathématique d’espace (ou
de dimension) quadri-dimensionnel. Notre intuition est bloquée. Tout est familier au niveau
intuitif jusqu’a ce qu’on arrive a la quatriéme dimension. On peut dire que se retrouve ici le
théme kantien des limites des intuitions pures de la sensibilité (a 1’espace euclidien
tridimensionnel).

Un autre exemple mathématique significatif, dans lequel I’intuition ne joue pas
quelque rdle, sont les fonctions continues qui n’ont de tangente en aucun point de leur
graphique. Une fonction continue sans dérivée est un exemple de “monstre mathématique”
de la fin du siécle passé. Lié a cet aspect, la géométrie fractale est un autre ‘chapitre’
mathématique non intuitif : on appelle fractale un objet (une forme) dont la géométrie peut
étre décrite par une dimension non entiére ou fractionnaire (la dimension fractale). Tres
suggestif, aprés le mathématicien Benoit Mandelbrot : « Le nom de Georg Cantor domine
la préhistoire de la géométrie fractale... » et aussi « [...] irrésistiblement fait penser a une
célébre construction mathématique, dont le résultat est généralement appelé ensemble de
Cantor... »"°

Ces exemples purement mathématiques, ont été donnés seulement pour signaler les
limites des intuitions dans les mathématiques.

L’arithmétique et la géométrie ont été¢ de tout temps et restent encore des
disciplines mathématiques fondamentales. Toutes les deux, opérent avec le concept
d’infini : ensemble infini des nombres, ensemble infini des dimensions, ensemble infini des
points, le caractére infini de I’espace, etc. D. Hilbert donne une présentation élémentaire
pour une interprétation « originale » du concept de I’infini dans la géométrie et dans
1’algébre, offert par « la méthode des éléments idéaux »"°.

Les mathématiques sont des théories qui quantifient.

Le nombre —comme d’ailleurs une figure géométrique- est une certaine forme
d’abstraction mathématique.

On a dit que le concept mathématique de «/’infini», n'a ou, au moins, ne doit
avoir, aucune signification métaphysique. Il existe le risque pour les mathématiciens de

15 Benoit Mandelbrot — Les objets fractales, Flammarion, 1995, p. 52
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travailler sur des objets dont la nature n’a pas été précisée. Beaucoup de concepts
mathématiques, comme est d’ailleurs le concept d’infini, ont des difficultés intrinseéques.
Un autre «risque» dans ce sens (le sens d’étre imprécis) qui porte a la logique, sont les
assertions avec un caractére général, assertions qui portent ‘sur tous les objets’ ou
I’expression ‘pour tout’ porte sur les individus d’un domaine infini nombreux. Quel est le
risque dans ce cas? Comment la logique classique, est-elle impliquée ou affectée?

« Il ne nous a fourvoyés que parce que nous avions admis des concepts abstraits
arbitrairement formés, notamment des concepts qui ont pour extension un nombre infini
d’objets, et qu’ensuite nous [’avons appliqué illégitimement, en manquant a tenir compte
des conditions préalables nécessaires a son applicabilité. »'/

Les propositions dans lesquelles les expressions ‘pour tout’ et ‘il existe’ portent
sur les individus d’un domaine infini sont appelées des « ‘propositions transfinies ’». Sur ces
aspects on verra des détails un peu plus tard. Mais, dans ce cas, qu’est-ce qu’une
‘proposition finitiste’ ? Dans une premicre et large caractérisation, une ‘proposition
finitiste’ est une proposition qui par des moyens mathématiques a un sens concret
mathématique, c’est-a-dire, principalement, a un sens opérationnel mathématique (des
nombres, des termes, des formules, des relations, etc.). Plus large, D. Hilbert parle méme
d’une ‘attitude finitiste’ :

« [...] Uattitude finitiste de la pensée, qui dans la construction de I’arithmétique a
servi a dériver les équations entre nombres. »'*

D. Hilbert a espéré que les propositions transfinies étaient éliminables et, en plus,
q’un programme plus général d’¢élimination et, aussi, des problémes de fondement, doivent
étre assimilés par les mathématiques elles-mémes. Si I’élimination du transfini est
effectivement possible ou, au moins, si sa possibilit¢ de principe d’étre éliminé est
démontrée, on peut dire que ’infini actuel, comme 1’infini potentiel, donc /infini dans son
sens classique, est une simple maniére de parler.

Aristote a fait premiérement, une distinction fondamentale —distinction qui reste
encore aujourd’hui- entre deux types d’infinis : I’infini potentiel ou infini en puissance, et
Dinfini actuel, ou infini en acte. L’infini potentiel corresponde a une certaine nécessité
mathématique. Par exemple, 1’addition itérative (ou/et la multiplication) des nombres
entiers entre eux; ou, autre exemple, l’infini inhérent au principe d’induction
mathématique.'’ L’infini potentiel par 1’ addition ou par la multiplication, est ‘un infiniment
grand’. Mais, une grandeur peut également étre un infini potentiel par division. L’infini
potentiel par division est ‘un infiniment petit’. Cet infiniment petit a conduit aux XVII® et
XVIII® siécles au calcul infinitésimal. Aussi dans I’analyse mathématique actuelle,
I’infiniment grand et I’infiniment petit sont, chacun, comme des concepts ‘a la limite’, un
infini potentiel. On peut dire, plus généralement, que le calcul infinitésimal évite la
question de I’infini actuel. Mais qu’est-ce que ¢’est un infini actuel ?

De fagon différente d’un infini potentiel, un infini existant effectivement est un
infini actuel, en acte. Un infini actuel est une sorte de ‘totalité donnée’. L’ensemble des
nombres naturels, 1’ensemble des nombres réels, etc., sont, chacun, un infini actuel. Une

1©p.228
1 p.229
' D. Hilbert n’accepte pas 1’idée de H. Poincaré que le principe d’induction est inhérent a notre
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autre exemple, en logique, quand on utilise I’expression ‘pour tout’, cet expression porte
sur les individus pris dans un tout, dans un domaine qui peut étre infiniment nombreux,
dans une ‘totalit¢ donnée’. C’est une supposition d’existence, une supposition qu’ ‘il
existe’ une telle totalité. Aristote soutient la thése selon laquelle aucun objet réel ne peut
étre infini que de fagon potenticlle, la thése que I’infini actuel est seulement une
construction de D’esprit exprimée en langage, c’est-a-dire, est une ‘simple manicre de
parler’.

Plus tard, Leibniz a élaboré une conception métaphysique des infiniment petits
intitulés ‘monades’. Leibniz est considéré comme un des péres du calcul infinitésimal. Dans
les mathématiques, Leibniz a pergu les infiniment petits comme des ‘fictions utiles pour
calcul’ qu’il appelle aussi ‘facon de parler’. D’autre part, attaché a 1’idée d’infini actuel sur
un plan métaphysique, Leibniz reste prudent pour ce qui est des mathématiques.

Encore plus tard, D. Hilbert dira :

« Dans les processus de passage a la limite du calcul infinitésimal, ’infini au sens
de infiniment grand ou de ['infiniment petit s est révélé constituer une simple manieére de
parler: de méme nous devrons reconnaitre dans ['infini au sens de totalité infinie, partout
ot il joue encore un réle dans les inférences, quelque chose de purement fictif. »*°

Grace a la notion de limite, les mathématiciens ont amélioré la technique du calcul
et ont mis au point une théorie qui permet d’éviter de parler d’infiniment petit : la théorie
du calcul intégral. Dans cette théorie, au lieu de dire qu’une grandeur est infiniment petite,
on dira qu’elle est la limite d’une suite de nombres de plus en plus petits.

Les lois de la logique classique doivent étre appliquées seulement aux propositions
finitistes. La présupposition est que la logique classique comme une logique a contenu ne
s’applique qu’a des propositions a contenu. Au moins une remarque est nécessaire pour
préciser la position de D. Hilbert dans cette question: quel est le rapport entre logique
classique comme raisonnement logique a contenu, et la réalité ?

« [N’est-il pas plutot évident que]...[...] ...le raisonnement logique a contenu nous
a-t-il jamais trompés ou abandonnés quand nous [’appliquons a des objets ou a des
processus réels ? Non point, le raisonnement logique a contenu est indispensable. »*!

Pour la logique, aprés Hilbert, les ‘propositions finitistes’ sont des propositions
sans variables d’individus libres ou liées -les objets qui figurent comme arguments sont des
chiffres- et avec symboles de prédicat ou de fonction récursifs ou décidables.

Les propositions transfinies se soustraient a la logique classique par leur pauvreté
de sens concret, par leur formalisation. Les objets transfinis n’ont pas de sens, n’ont pas
d’interprétation. On leur applique des régles mécaniques d’inférence. Elles sont gouvernées
par des régles de type algorithmique. Un algorithme, c’est une sorte de déterminisme
mathématique ‘pur’, étant une suite d’opérations qui convergent vers un résultat anticipé et
donc prédéterminé, les formules ultérieures sont parfaitement prévisibles.

Mais toutes les propositions mathématiques sont formelles. Alors, qu’est-ce que
peut signifier une proposition mathématique a contenu ? D’abord, quelques précisions sont
nécessaires. Premierement, le probléme de la signification épistémologique du rapport :
théorie mathématique - modéle de la réalité (physique). Les mathématiques sont une
théorie formelle qui quantifie et qui trouve des mesures dans ‘la réalité’. Elles sont des
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outils d’une grande force théorique et opérationnelle scientifique. On doit affirmer le
caractére descriptif des mathématiques en rapport avec la Nature. A la limite, les
MATHEMATIQUES sont une description en détails et globale, tandis que la PHYSIQUE —par
exemple- est une explication en détails et globale de la Nature. Les mathématiques ne
procurent pas pour la science la compréhension —qui est la capacité de comprendre le sens,
la signification globale d’une explication- mais elle procurent de la précision et de la clarté
logique. Si quelque chose a besoin d’une clarification, on cherche celle-ci dans le
raisonnement.

Les mathématiques sont des symboles qui peuvent étre reliés sous forme d’une
description mathématique —qui est une transcription abstraite - des phénomeénes physiques
connus par 1’expérience, expérience qui est le résultat de toute une série de mesures et de
vérifications. Mais tous les symboles mathématiques, méme ceux appelés ‘concrets’, sont,
en fait, trés abstraits :

« ...la forme se laisse reconnaitre indépendamment du moment et du lieu ainsi que
des conditions particulieres de leur production et des légeres différences dans leur
tracé... »”

Pour la physique, les symboles mathématiques pourront devenir des objets avec du
sens dans la réalit¢ concréte. Plus généralement, pour une science, les symboles
mathématiques « deviennent » ‘objets réels’ par la réduction de leur degré d’abstraction.
Toutes propositions mathématiques ‘a contenu’ forment une classe d’équivalence par
rapport a la relation de correspondance avec une réalité scientifique concréte. On doit
préciser que les phénomenes physiques, les objets physique ne s’identifient pas aux objets
mathématiques qui les ‘régissent’, toujours comme les lois physiques ne s’identifient pas
aux lois logiques, par exemple. Il semble que pour D. Hilbert il n’y a pas, seulement, que
des sciences du concret. Méme la logique, d’aprés D. Hilbert, est conditionnée, dans son
applicabilité, par un ‘contenu’, par un ‘concret’, préalable :

« La condition préalable de [!’application des inférences logiques et de I’
effectuation d’opérations logiques est [’existence d’un donné dans la perception : a savoir
l’existence de certains objets concrets extra-logiques qui en tant que sensations immédiates
précédent toute pensée. »*

Donc, dans le sens ou la Nature est écrite en langage mathématique, les symboles,
les notions, les constructions mathématiques qui ne peuvent étre posés en correspondance -
par une certaine science- avec la nature, sont transfinies. Toutefois, dans les mathématiques
et dans toutes sciences formelles, tous les symboles, les notions, les constructions qui sont
ou peuvent &tre récursives, sont finitistes. Aussi tous les symboles, les notions, les
constructions qui sont compris dans des régles de calcul, dans des algorithmes et dans des
démonstrations sont finitistes. Pour D. Hilbert une démonstration représente une dérivation
formelle :

« [ [p.2] ] a la place des démonstrations arithmétiques a contenu apparait la
déduction d’une formule a partir d’une autre formule suivant certaines régles ; »**

Une démonstration est une pure déduction partant d’axiomes et, d’aprés lui, elle a
effectivement une ‘image mathématique’ (1) :

2 p.217 — Hilbert 1922
P p.228
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« Une demonstration formelle constitue un objet concret visualisable, exactement
comme un chiffre. »

Un des objectifs d’une démonstration, est de remplacer les inférences qui utilisent
I’infini, par des processus finis :

« De méme que les opérations portant sur l'infiniment petit ont été remplacées par
des processus qui accomplissent la méme fin et conduisent a des rapports formels aussi
elegants tout en se situant a 1’ intérieur de la sphere du fini, les inférences qui utilisent
Uinfini sont a remplacer par des processus finis qui accompliront exactement la méme fin
c’est-a-dire permettront les mémes déemarches dans les démonstrations et les mémes
méthodes d’obtention des formules et des théorémes. »*

Un autre objectif d’une démonstration comme une dérivation formelle est
d’assurer une sécurité méthodologique pour le chaine des inférences, sécurité a laquelle ne
peuvent pas aboutir les paradoxes et les contradictions ; un exemple dans ce sens étant
I’arithmétique élémentaire.

« Il est indispensable de donner partout aux inférences la sireté qu’elles ont en
arithmétique élémentaire, théorie a l’abri du doute et dans laquelle contradictions et
paradoxes, s’il en survient, ne sont imputables qu’d notre manque de soin. »*

Mais le programme de Hilbert n’est pas réalisable puisque le prédicat ‘étre
démontrable’ n’est pas finitiste ou récursif, aprés que le théoréme d’incomplétude de
Godel (1931) a montré cela méme pour un systéme tel que celui de I’arithmétique
¢lémentaire.

Le concept mathématique de I’infini est présent notamment dans [’analyse
mathématique :

« [...] I'Analyse, cette construction si élégante et si différenciée de la science
mathématique. Vous savez quel role déterminant ['infini y joue et que l’Analyse est une
sorte d’extraordinaire symphonie de 'infini. »*

Mais, d’aprés D. Hilbert, méme si :

« [...] aujourd’hui I’Analyse constitue dans son propre plan un guide infaillible et
en méme temps un instrument pratique pour le maniement de I'infini. »*° |
I’analyse mathématiques toute seule ne conduit pas a saisir la nature profonde de I’infini.

D. Hilbert a considéré que :

« Waierstrass a comblé les lacunes que comportait encore le calcul différentiel et
intégral, en le purifiant de toutes les idées imprécises sur les quantités infinitésimales... »’

Mais avec toute les considérations ci-dessus, apres D. Hilbert :

« ...le fondement donné par Weierstrass au calcul infinitésimal ne représente pas
la cléture de la discussion des fondements de I'analyse. »”'
et donc, la question de statut de I’infini en mathématique, reste encore ouverte :
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« La raison en est que la signification de l'infini pour les mathématiques n’a pas
encore été exhaustivement définie. »”

En mathématique, la dualité fini - infini est une source des solutions théoriques
pour les problémes abordés dans leurs fondements. C’est aussi le cas de Weierstrass quand
il a essayé résoudre le probléme de I’infini mathématique dans I’analyse :

« Weierstrass a éliminé de ['Analyse ['infiniment petit et ['infiniment grand
puisque les propositions portant sur ces objets ont été réduites par lui a l’'énoncé de
rapports entre des grandeurs finies. »*

On peut préciser que pour I’analyse mathématiques les concepts mathématiques de
I’infiniment grand et de I’infiniment petit sont des concepts ‘a la limite” :

« entité en devenir, en train de naitre ou de se produire, en d’autres termes a de
Pinfini potentiel. »**

Mais Weierstrass, a-t-il réussi ? L’opinion de D. Hilbert est que non:

« Mais !'infini continue d’étre présent : il prend la forme de suites infinies de
nombres qui définissent les nombres réels, ou bien il est sous-jacent a la notion de systeme
des nombres réels con¢u comme une totalité achevée et fermée. »>

Bien que dans son article ‘Sur I’infini’ I’intérét principal est 1’élucidation du
concept d’infini, le but vers lequel D. Hilbert a orienté son analyse logico -mathématique
est un but méthodologique -mathématique :

« Tel est 'objet de ma théorie. Elle a pour dessein d’assurer la sécurité définitive
de la méthode mathématique... »°

De cette fagon, I’infini, arrive a avoir des implications méthodologiques visant le
nombre d’inférences d’une démonstration :

« ...I'intention d’y mettre une condition restrictive, |’exigence que dans une
mathématique rigoureuse un nombre fini seulement d’inférences est admis au cours d’une
démonstration : comme si quelqu’un avait jamais effectué un nombre infini
d’inférences ! »*’

Tout d’abord, D. Hilbert fait une élucidation de ce qu’est I’infini dans la réalité
physique. Sa conclusion :

« [...] dans l'univers physique l’infini ne se rencontre nulle part, quelles que
soient les expériences, les observations ou la discipline scientifique mises en ceuvre. »°

Premiérement, ce qui retient I’intérét est I’aspect de I’uniformité et de la continuité
de la mati¢re. Mais il y a une divisibilité physique, il y a des entités réelles physiques (des
particules ¢élémentaires), etc.

« Ce qui se dégage de tout cela en tout cas, c’est qu’un continu homogene qui
serait divisible indéfiniment et réaliserait l'infini en petitesse, ne se rencontre nulle part
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dans la nature. La divisibilité a I’infini d 'un continu est une opération qui n’existe que dans
la pensée, ce n’est qu’une idée que réfutent nos observations de la nature... »”°

La perspective complémentaire & celle ci-dessus, sur I’infini, vise I’infiniment
grand.

« Le deuxieme point sur lequel la question de l'infini dans la nature se présente a
nous, est la considération de ['univers en tant que totalité. Ici il nous faudrait scruter
'univers dans toute son étendue pour déterminer s’il y a en lui de l'infiniment grand. »*

D. Hilbert a une vision scientifique sur le monde, basée sur le rapport science \
mathématiques :

« Seules ’observation et l’expérience sont compétentes pour en juger. »

Donc, I’abord de la question de !’infini, est légitime seulement dans des cadres
scientifiques. La métaphysique n’a —par la spéculation métaphysique- aucune légitimité,
aucune crédibilité. D. Hilbert offre, par I’exemple (géométrique) de 1’espace, un tres
suggestif argument dans ce sens :

« [...] la tentative de prouver par la spéculation que l’espace est infini comportait
des erreurs notoires. De ce qu’a [’extérieur d 'une portion d’espace il ne peut y avoir que de
lespace, il ne suit que le caractére non-limité de [’espace, nullement son caractere infini.
Or l'absence de limite et la finitude ne s’excluent pas. Les mathématiques fournissent avec
la géométrie elliptique I’image naturelle de ['univers fini. »*

Aussi méme dans les mathématiques certaines associations ou substitutions
peuvent étre illégitimes, illégitimité donnée par leur conséquences :

« [...] il était extrémement tentant d’identifier ‘infini’ et ‘trés grand’, il y eut
bientét des incohérences, les soi-disant paradoxes du calcul infinitésimal... »*

D. Hilbert évalue que « le véritable infini » ne se trouve pas dans l’analyse
mathématiques mais dans la théorie cantorienne des ensembles. Par exemple, une collection
des éléments elle-méme a;, a,,...,a;,... , donné comme une unité achevée : ’ensemble de
nombres entiers Z ; un segment de droite qui se présente comme : une collection de points
comme « un état de totalité achevée » ; etc.

« On appelle infini actuel cette sorte d’infini. »**

L’infini actuel a été utilisé par Gustav Frege et Richard Dedekind pour fonder et
pour déduire I’arithmétique sans appel a D’expérience ou a l’intuition mais appelant
seulement a la logique. Georg Cantor est le mathématicien qui a développé d’une maniére
systématique le concept d’infini actuel. Il a élaboré la théorie des nombres transfinis qui est
une partie de sa théorie des ensembles. Mais pour une nouvelle théorie, la pierre de touche
est son succes dans la résolution de problémes qui se posent dans cette théorie.

Sur ces questions, on doit mentionner encore ’apport considérable des autres
mathématiciens du XIX® siécle : Bernard Bolzano, Augustin Cauchy, Bernhard Riemann,
Karl Weierstrass, Eduard Heine, Giuseppe Peano.
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D. Hilbert fait une courte présentation et ‘exemplification’ des nombres transfinis
de Cantor (« [...] les premiers nombres transfinis de Cantor, les nombres de la seconde
classe, comme Cantor les appelle. »” et aussi passe briévement en revue Ihistoire
proprement mathématiques des nombres, de l’infini et des paradoxes, «le travail
gigantesque accompli par Frege, Dedekind, Cantor » et aussi « par Zermelo et par
Russell. »*

Dans la théorie des ensembles de Cantor, la définition classique d’un ensemble
donnée par Cantor : ‘un ensemble est un groupement en un tout d’objets bien distincts de
notre intuition et de notre pensée ° n’est pas, mathématiquement parlant, suffisamment
rigoureuse pour éviter « la catastrophe qui est survenue (deux fois, une premiére fois avec
les paradoxes du calcul infinitésimal), une seconde fois avec les paradoxes de la théorie
des ensembles [...] ».*’ Cette théorie, grice au concept d’ensemble, a permis une certaine
unification des mathématiques. Mais les paradoxes ont menacé la théorie. Pour sauver la
théorie des ensembles sans perdre ses avantages et pour résoudre les paradoxes, la premicre
théorie des ensembles de Cantor a été modifiée par d’autres mathématiciens (Bertrand
Russell, Ernst Zermelo, etc.) et en méme temps, les mathématiciens ont commencé a
explorer plus profondément les fondements des mathématiques. Les réflexions de Hilbert
ont donné une impulsion a 1’étude des définitions récursives.

Cantor a été critiqué par nombre de mathématiciens contemporains. Mais il a été
défendu par D. Hilbert :

« Nous voulons examiner soigneusement les conceptualisations et les types
d’inférences féconds de la théorie des ensembles, et, partout ou c’est possible avec une
chance de réussite, les étayer ou les rendre utilisables. Car il ne faut pas qu’on nous chasse
du paradis que Cantor a crée pour nous. »*

Georg Cantor (1845 — 1918) a ¢élaboré des notions et des théories mathématiques
qui ont bouleversé la pensée mathématique. Une remarque de ‘Cantor — le
mathématicien” mérite d’étre précisée ici: « Sans un petit grain de métaphysique, il n’est
pas possible, a mon avis, de fonder une science exacte. La métaphysique telle que je la
congois est la science de ce qui est, ¢’est-a-dire de ce qui existe, donc du monde tel qu’il est
en soi et pas tel qu’il nous apparait. »

L’un de prédécesseurs de Cantor, Dedekind, a constaté que I’axiome : ‘le tout est
plus grand que la partie’ n’est pas toujours vérifié. Par exemple : les nombres naturels N
sont ‘une partie’ des nombres entiers Z ( N < Z ) mais tant N — oo, tant Z — oo :
intuitivement, il existe des ‘tout’ aussi grands que certaines de leurs parties ! Dedekind a
décidé de restreindre la validité de 1’axiome ci-dessus. Abordant le probleme des ensembles
de maniere plus globale, il a élaboré un procédé de comparaison entre deux ensembles, un
concept mathématique —capital pour la théorie des ensembles- le concept de bijection.

Une caractérisation mathématique trés courte de ce concept est la suivante : on dit
que deux ensembles sont en relation de bijection si a chaque élément du premier ensemble
correspond un et un seul élément du second et si, réciproquement, a tout élément du second
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ensemble est associé un et un seul élément du premier. Par exemple, N et Z sont en relation
de bijection.

Partant de cette caractérisation, on dira, en généralisant, qu’un ensemble est infini
s’il est en relation de bijection avec une de ses parties. On observe que cette sorte d’infini
est donné comme un tout, étant traité dans sa totalité, donc, il est un infini actuel !

Sans entrer en détails mathématiques, mais seulement pour faire un exemple de
‘clarification qui doit accompagner’ la lecture dans une fiche de lecture, on mentionnera
encore quelques aspects mathématiques élémentaires, pour comprendre I’exposé de D.
Hilbert de la page 226.

D’une fagon similaire a ’exemple précédent (N et Z) est le rapport entre N — ‘le
tout’ et les nombres pairs Ny — ‘la partie’. On considere N dans sa totalité et on ’appelle
‘nombre de nombres naturels (ou nombres entiers positifs) : LE CARDINAL. Ce ‘cardinal’ (ou
puissance) est encore appelé : card N. Cantor a noté card N par N, (aleph zéro). Nous
dirons, par définition, que : un ensemble en bijection avec N est infini et est de cardinal X,.
Dans ce cas, ¥, apparait comme une sorte de mesure pour appréhender la taille d’un
ensemble. Donc : card Ny, = card N = N, et, pour le premier exemple, card Z = card N =
No.

Dans une autre expression, au lieu de dire qu’un ensemble E est infini de cardinal
No, on dit que c’est infini dénombrable (c’est-a-dire qu’on peut numéroter ou compter ou
dénombrer les éléments de E a I’aide des nombres entiers positifs [nombres naturels]).

Avec cette construction, la mathématique est dans la possession d’un symbolisme
pour décrire, caracteériser et signifier I’infini. Une arithmétique pas traditionnelle mais basé
sur ‘le nombre infini N, s’appelle arithmétique transfinie. Par exemple, dans
I’arithmétique transfinie, les points d’un intervalle peuvent étre énumérés par les nombres
de la seconde classe.

S’imposent quelques courtes observations qu’ils ne seront pas développées par la
suite ici. Un ensemble fini est un ensemble qui n’est en relation de bijection avec aucune de
ses parties. Dans ce sens, le fini est la négation de I’infini. Au contraire, I’infini défini ci-
dessus, n’est pas la négation du fini.

Pour R, I’ensemble de tous les nombres réels, card R > &, [se peut démontrer par
‘le procédé diagonal de Cantor’]. Dans le sens card R > N, I’infini n’est pas unique.
Cantor a établi que 1’ensemble des nombres réels R a le méme cardinal que I’ensemble des
parties de N : card R = 2. On peut construire une série de cardinaux : 8o, 8, No....
N;,...Dans ce sens on peut parler d’une infinité d’infinis.

Pourquoi ont été, en quelque sorte, détaillé les questions ci-dessus ?

Méme la géométrie et D’arithmétique sont trés proche dans leur sécurité
‘inférenciale’, dans la clarté¢ de leurs démonstrations. Les affirmations de D. Hilbert sont
tres significatives pour la structure et pour le contenu de son article complet sur I’infini :

« Notre assertion pourra étre scientifiquement vérifiée, c’est-a-dire qu’il sera
possible effectivement, en procédant d’une fagon purement intuitive et finitiste, exactement
a la maniere dont on procede lorsqu’on établit les vérités arithmétiques, de parvenir aux
vues qui garantissent la siireté du mécanisme mathématique. »*

¥p.229
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La géométrie pourra étre scientifiquement vérifiée, elle est aussi purement intuitive
et finitiste, etc., donc, pourquoi D. Hilbert a-t-il choisi particuliérement 1’arithmétique pour
ses considérations sur 1’infini ? Une partie de la réponse se trouve dans les considérations,
ci-dessus, entre les nombres et 1’infini, au-dela des aspects méthodologiques —
mathématiques qui approchent 1’arithmétique et la géométrie. Mais une autre raison, plus
importante, est liée au probléme du continu, question qui est développée par Hilbert dans la
seconde partie de son article sur I’infini. La question du continu, est : y a-t-il un infini entre
celui de N et celui de R. Cette derniére raison est, principalement, le motif pour lequelle ont
été, en bref, détaillées les questions ci-dessus.

D. Hilbert a proposé dans son article « Sur I’infini » de

« considérer I'arithmétique plus en détail. »”°

mais ensuite, on n’entre pas plus dans les détails mathématiques-techniques, on
mentionnera seulement les aspects principaux.

On se trouve devant les propositions d’existence de type ‘il existe’ :

« Dans le cas que nous venons de voir [le théoréme d’Euclide], [’analyse d’'une
proposition d’existence qui ne se laisse pas interpréter comme une disjonction finie, nous
confironte avec le transfini. »”'

La manicére hilbertienne —trés simple et méme parfois trés profonde et suggestive-
mérite d’€étre mentionnée, par un court exemple d’approche de ’analyse sur 1’infini :

« [...] la disjonction suivante :

oubien p+1 oubien p+2  oubien p=3 ou bien ... ad infinitum,
est en quelque sorte une somme logique infinie. Or un tel passage a !'infini est, sauf
explication et éventuelles précautions, aussi peu permis qu’en Analyse le passage d’une
somme finie d une somme infinie. En principe c’est une opération dénuée de sens. »*

Quelles sont les conséquences auxquelles on arrive a la fin de 1’analyse sur les
propositions finitistes dans lesquelles les expressions ‘pour tout’ et ‘il existe’ sont
présentées ? Les conséquences dans le plan logique sont trés significatives et elles ne
peuvent pas étre détournées :

« Si nous restons dans le domaine des propositions finitistes, comme nous le
devons d’ailleurs, les relations logiques qui y regnent manquent singulierement de
perspicuité, et ce défaut s’aggrave au point de devenir insupportable lorsque tous’ et ‘il
existe’ se combinent ou bien apparaissent dans des propositions emboitées les unes dans
les autres. »>°

D. Hilbert demande : « Que faire ? ». Il donne la directions de résolution :

« Souvenons-nous que nous sommes mathématiciens, qu’il nous est déja arrivé de
nous trouver dans des situations aussi défavorables et que la méthode géniale des éléments
idéaux nous a sauvés. »”’

En quoi consiste pour la logique cette direction de résolution ? Le réponse de D.
Hilbert est :

0p.229
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« [...] il nous faut ici ajouter les propositions idéales aux propositions finitistes
afin de maintenir en vigueur les régles formellement simples de la logique d Aristote. »”

Donc, le probléme est « comment parvenons-nous aux propositions idéales ? » D.
Hilbert trouve « le chemin qui conduit a elles », ¢’est-a-dire la solution :

« d’'une maniére naturelle et conséquente, dans la voie méme que le
développement de la théorie des fondements des mathématiques a déja prise. »”°

De suite, par ’entremise de la propriét¢é de commutativité (du domaine de
structures algébriques), D. Hilbert exemplifie une sorte de proposition finitiste avec
contenu. C’est aussi une exemplification de ce que nous avons dit ci-dessus sur la
caractérisation générale d’une ‘proposition finitiste’ : c’est une proposition qui par des
moyens mathématiques a un sens concret mathématique, a un sens opérationnel
mathématique. Pour sa simplicité et dans le méme temps pour sa profondeur, deux qualités
toujours présentes et toujours raccordées dans I’article de Hilbert, on reproduira ce
passage :

« [...] une proposition a laquelle on a joint des indications touchant son contenu,
reste recevable de notre point de vue finitiste, comme par exemple [’est le théoreme que

a+tb=b+a
est toujours réalisé, a et b désignant des chiffres déterminés, nous ne choisissons pas cette
forme de communication, mais nous préférons poser la formule

a+tb=b+a
laquelle cesse d’étre la communication immédiate d’un contenu, mais est un certain objet
formel dont le rapport avec les anciennes propositions finitistes

2+3=3+2

5+7=7+5
consiste en ceci que dans cette nouvelle formule nous substituons a a et b les chiffres 2, 3,
5, 7 et que par ce processus (qui est une demonstration, encore que trés simple) nous
obtenons ces propositions finitistes particulieres. Nous en arrivons ainsi a comprendre que
a, b, =, +, de méme que la formule tout entiere

a+rb=>b+a
n’ont pas en soi de sens, pas plus que n’en ont les chiffres ; mais de cette formule nous
pouvons déduire des formules auxquelles nous attribuons un sens en les regardant comme
la communication de propositions finitistes.»”’

Cette exemplification permet a D. Hilbert de faire une autre caractérisation des
mathématiques et aussi de faire une clarification conceptuelle sur deux des
notions majeures de son article : ‘les propositions finitistes’ et ‘les objets idéaux’.

« Si nous genéralisons cette conception [ci-dessus, (nn)], les mathématiques
deviennent un réservoir de formules qui contiendra en premier lieu celles auxquelles
correspond la communication de propositions finitistes, et ensuite d’autres formules qui
n’ont pas de sens et qui constituent les objets idéaux de notre théorie. »**

Aprés une analyse sur 1’opération logique de ‘négation’ appliquée aux propositions
finitistes, aprés une analyse sur le principe logique du ‘tiers exclu’ et aprés quelques
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considérations sur le rapport entre propositions finitistes, propositions transfinies et
propositions idéales, D. Hilbert conclut :

« Il devient donc nécessaire de formaliser ces opérations logiques et aussi les
démonstrations mathématiques elles-mémes ; ceci requiert une transposition des relations
logiques en formules. Pour [’effectuer, nous ajouterons aux signes mathématiques des
signes logiques tels que &, v, —, — et, ou, implique, non, et en plus des variables
mathématiques a, b, ¢, ... nous emploierons des variables logiques a savoir des
proposition A, B, C, ... . »”

D. Hilbert demande : « Comment cela se fera-t-il ?».

Sans entrer en beaucoup de détails et sans exemplifier de maniere quasi -
exhaustive comme ci-dessus, on dit que la réponse de Hilbert est : « d’exposer comment les
démonstrations mathématiques sont formalisées ». Ici est le lieu de voir, brievement,
comment D. Hilbert caractérise ‘la démonstration’ :

« Comme je l'ait dit, certaines formules qui servent de pierres d’angle pour la
construction formelle des mathématiques seront nommées axiomes. Une démonstration
mathématique est une figure qui comme telle doit se présenter a notre intuition ; elle
consiste en inférences conformes au schéma d’inférence

¢

§ > J

o~

~
chacune des prémisses, i.e. des formules qui jouent le role de § et § — I, étant soit un
axiome, soit obtenue d’un axiome par substitution, soit identique a la formule finale d’une
inférence antérieure, soit obtenue d’une telle formule par substitution. Une formule sera
dite démontrable lorsqu’elle est la formule finale d’une démonstration. »*

Mais, D. Hilbert reconnait que sa théorie de la démonstration n’est pas capable,
elle-méme, d’assurer les fondements de la science mathématique.

Pour construire sa théorie de la démonstration, D. Hilbert présente cinq groupes
d’axiomes, distincts les unes des autres : « I. Axiomes de l'implication et II. Axiomes de la
négation [l’axiomes du calcul propositionnel] ; IIl. Axiomes transfinis [déductibles de
I’axiome de choix]; IV. Axiomes de l’égalité, V. Axiomes du nombre (axiome de I’induction
mathématique)[les axiomes spécifiquement mathématiques].»*'

On doit mentionner que les axiomes fournissent seulement le cadre général d'une
théorie.

Dans ce contexte il aborde le probléme de la non — contradiction.

« [...] nous résolvons ainsi un probleme qui a été brilant longtemps, celui de
démontrer la non-contradiction des axiomes de [’arithmétique. Partout en effet ou on
emploie la méthode axiomatique, apparait le probléme de prouver la non-contradiction. »*

Encore une fois -je dois mentionner son talent d’écrivain- D. Hilbert donne une
admirable caractérisation de la reine des sciences, la mathématique :
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« La mathématique s’agrandit en une sorte de cour d’arbitrage ou de cour
supréme apte a decider de toutes les questions de principe, en partant d’une base concrete
sur laquelle tout le monde est forcé de s’entendre et qui sera la pierre de touche de la vérité
de toute assertion. »*

D. Hilbert a élaboré une théorie formelle logico-mathématique de la
démonstration. Avec une telle construction, on pose aujourd’hui la question : un ordinateur
peut-il étre capable de résoudre actuellement tous les problémes mathématiques ? Donc,
quelle est la vraie importance de la théorie hilbertienne de la démonstration ? La réponse a
été donnée par D. Hilbert lui-méme :

« Sans doute ma théorie de la démonstration n’est-elle pas capable d’indiquer en
général un moyen propre a résoudre chaque probleme mathématique —un tel moyen
n’existe pas- mais la preuve que I’hypotheése de la résolubilité d 'un probleme mathématique
quelconque n’est pas contradictoire, est tout a fait de la compétence de notre théorie. »™*

Par la suite (p. 238) I’article porte sur la question du continu et sur son rapport
avec les nombres réels et avec I’infini. On se dit que la question du continu, est de savoir
s’il y a un infini entre celui de N et celui de R. D. Hilbert procéde de la méme maniére
jusqu’ici, de présentation élémentaire et compétente des aspects mathématiques trés
abstraits : « Pour saisir I’idée de la démonstration du théoréeme du continu, il faut d’abord
avoir une compréhension claire du...(etc.) »”

On mentionne ici seulement que, la présentation élémentaire du probléme du
continu se pose dans le contexte présenté en détail ci-dessus : la correspondance biunivoque
d’un ensemble avec un ordinal. D. Hilbert fonde I’hypothése du continu sur une bijection
avec les nombres cantoriens de la seconde classe :

« [...] prouver le théoreme du continu revient essentiellement a associer d’une
facon univoque et réciproque [ =biunivoque] les définitions de fonctions arithmétiques qui
ne contiennent pas le symbole & % aux nombres cantoriens de la seconde classe, ou bien
de les leur associer de telle maniere que chaque fonction arithmétique soit l'image d’au
moins un nombre de la seconde classe. »°

La solution de Hilbert est, sans doute, une solution formaliste. Quelles
sont les conclusions tirées par D. Hilbert a la fin de son article ?

« Le résultat final est celui-ci : 'infini ne se trouve nulle part réalisé, il n’est ni
présent dans la nature, ni admissible comme base de notre pensée rationnelle : ceci est
encore une preuve de [’harmonie entre le réel et la pensée. En opposition avec les
anciennes tentatives de Frege et de Dedekind, nous sommes parvenu a la conviction que
certaines représentations et idées intuitives sont des préalables nécessaires a la possibilité
de la connaissance scientifique et que la logique toute seule ne peut pas tout. Le droit
d’opérer avec 'infini ne saurait étre assuré que par des moyens finis. »*
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Donc, le but de D. Hilbert a été de trouver une méthode systématique de
transformer toute démonstration fondée sur I’infini en des démonstrations fondées sur des
raisonnements ou l’infini n’est plus présent. Une autre idée a ét¢ de démontrer que les
systémes finites des axiomes non contradictoires, définissant les nombres réels, ne peuvent
pas générer une proposition en méme temps fausse et vraie (le principe du tiers exclu).
Recourant & un nombre fini d’axiomes, d’opérations mathématiques et d’inférences
logiques, D. Hilbert a essayé de maitriser I’infini.

L’important dans le programme de Hilbert, ce n’est ni les théses philosophiques, ni
la conception du signe sensible; ce qui compte, c’est la signification a donner aux
démonstrations des consistance. L’analyse de la signification d’une démonstrations de
consistance peut étre plus difficile que cette démonstration elle-méme.

Mais est-elle, 1’arithmétique, aussi indubitable que le crut Hilbert ? Apres
seulement quelques années (1931), Kurt Godel a établi que dans n’importe quelle théorie
mathématique existent des propositions qui sont indécidables : ces propositions on ne peut
ni les prouver ni les réfuter. Dans une théorie axiomatique suffisamment riche (construite a
partir d’un nombre fini d’axiomes) pour contenir la structure mathématique des nombres
entiers, comme est 1’arithmétique, on peut toujours trouver une proposition qui n’est ni la
conséquence des axiomes, ni en contradiction avec eux. Un nouveau concept est né :
I’indécidable. C’est-a-dire que, pour certaines situations mathématiques, une proposition
mathématique n’est pas forcément ou fausse ou vraie : on ne peut pas décider entre faux et
vrai. Le statut binaire : le vrai et /ou le faux n’est pas plus absolu. L’hypothése du continu,
la proposition sur I’existence d’un infini intermédiaire entre celui de N et celui de R est une
des propositions indécidables de la théorie des ensembles, proposition a laquelle on ne peut
répondre ni affirmativement ni négativement.

L’infini se glisse partout en mathématique. L’infini n’est pas maitrisable.

La question de « l’infini » reste encore ouverte.

Mais le programme de HILBERT ? G6del montra qu’il existe des propositions
vraies du point de vue du metalangage qu’il est impossible de démontrer par une preuve de
longueur finie. Pour un mathématicien qui ne peut accéder a la certitude qu’au moyen d’une
démonstration, avec une telle proposition pour conjecture, il sera impossible a jamais de la
prouver ou de la réfuter.

Les théorémes mathématiques se démontrent a partir d’axiomes qui, eux, sont
admis ; ’ensemble d’axiomes choisi devait étre non contradictoire (c’est-a-dire consistant)
et présenter une assise suffisante pour décider de la véracité ou de la fausseté de toute
proposition mathématique ; a partir des axiomes, on démontrerait toutes les propositions
vraies — la vanité d une telle recherche !
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GODEL'S LOGICAL TURN

MOISIE IGNAT

SUMMARY

The paper addresses the problems of incompleteness theorem and their
role in devastating our classical modality of thinking and judgement.
Godel's logical turn shows that there are arithmetic truths which cannot
be derived from their axioms, even if we supplement the original set of
axioms with an infinity of additional axioms. A famous version of the
argument from essential incompleteness considers adding a ‘godelizing
operator’ to the system. The results suggest impossibility to understand
completely, in the literal, metaphorical, formal and computational sense
of the word. The soundly search of relations between formal and specular
self-reference and self-recognition might connect the formation of a self-
concept with (on) the capacity for self-recognition

1.INTRODUCTION

Since antiquity, among the sciences, mathematics has a unique relation to
philosophy especially logic. Even today some use to think that mathematical truth consisted
in provability. Philosophers have envied it as the model of logical perfection because of the
clarity of its concepts and the certainty of its conclusions. Mathematical logic is the study
of the processes in mathematical deduction [4]. The subject has origins in philosophy, and
indeed it is only by nonmathematical argument that one can show the usual rules for
inference and deduction (law of excluded middle; cut rule; etc.) are valid.

It is also a legacy from philosophy that we can distinguish semantic reasoning
(‘what is true?") from syntactic reasoning ("what can be shown?). The first leads to Mode!
theory, the second, to Proof theory.Therefore, they have devoted much effort to explaining
the nature of mathematics. Worthy to notice only that one of the most interesting features
of mathematics is its applicability to empirical science.

Obviously, many contemporary mathematics don’t fell the need the blow to logic,
because they think that mathematics isn’t the principle example of rationality. But
mathematics is a ‘rationally coherent structure’ and is based on logical reasoning. Every
mathematician uses modus ponens, reductio ad absurdum and other logical rules without
even thinking about this very much. This is like the atmosphere without which the life is
impossible. Almost everyone knows that it is mathematical logic which is used to show its
independence. This mere knowledge is usually enough without any real need to go into
details on forcing. A new capability of being to decided writs. A solvable decision problem
or a computability problem have a new representation [6].
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Astonishingly, little is known outside the professional circles of logic and
mathematics about devastating our classical modality of thinking and judging by the so called
greatest logician since Aristotle, unquestionably the greatest logician of the 20" century. He
had a strong philosophical bent towards realism/platonism which also motivated his
(meta)mathematical discoveries. Godel first thought that his theorems established the
superiority of mind over machine [10]. Certainly his achievements has become a hallmark of
the century mathematics, and its repercussions continue to be felt and debated.

Godel deprived arithmetic of its hope of completeness and its certainty of
consistency, devastates the concepts of logic and mathematics that prevailed for the two or
three millennia of mathematical history before his theorems.(Godel theorems), overturn the
glory of this subject and bring an epoch to a close.

2. DECIDABILITY AND INCOMPLETENESS THEOREMS

Evidently, now, decidability knows as property of statement or formula capable,
within the system to which it belongs, of being proved or disproved, or of being showing to
be true or false, or to have some other property or not to have it become unsuitable. In other
cases a system is to be reckoned decidable as long as both the derivable and the underivable
formulae are recursively enumerable.

Godel proves that within any rigidly logical mathematical system there are
propositions (or questions) that cannot be proved or disproved on the basis of the axioms of
that system and that therefore it is uncertain that the basic axioms of arithmetic will not give
rise to contradictions [2]. His contribution is best known for his incompleteness theorem.

The first incompleteness theorem shows that some perfectly well-formed
arithmetical statements could never be proved true or false, that axiomatic systems, like
Euclid’s exemplary systems for geometry, could never capture all the truths of arithmetic.
Worse, it shows that some arithmetical truths could never be proved true. In other words,
for every axiomatic system designed to capture arithmetic, there will be arithmetic truths
which cannot be derived from its axioms, even if we supplement the original set of axioms
with an infinity of additional axioms [3]. This shattered the assumption that every
mathematical truth could eventually be proved true, and every falsehood disproved, if only
enough time and ingenuity were spent on them.

The second incompleteness theorem shows that the consistency of such a system
could never be proved by reasoning inside the system, that axiomatic systems of arithmetic
could only be proved consistent by other systems. This made the proof conditional on the
consistency of the second system, which in turn could only be validated by a third, and so
on. Evidently, no consistency proof for arithmetic could be final, thus our confidence in
arithmetic could never be perfect.

An axiom is ‘independent’ if it cannot be derived from he other axioms, and they
cannot be derived from it [3]. In general, axioms ought to be independent from one another. If
they are not, then at least one of them could be removed from the set of axioms without
reducing its strength. To leave a superfluous principle in the set of axioms is simply inelegant.

Indeed the proofs of independence are important for more than elegance. If an
axiom is independent, then it can be replaced by its negation without creating inconsistency
in the system. Euclid’s parallel postulate is the most famous example. For centuries it did
not seem independent, yet attempt after attempt to derive it from Euclid’s other axioms
ended in failure. Hilbert finally proves the parallel postulate independent.
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The fact that a particular sentence is neither provable nor disprovable within a
system only means that it is logically independent of the axioms. They are not strong
enough to either establish or refute it — they don’t say enough about it one way or the other.
By adding additional axioms (or rules of inference) might make the sentence provable. But
in Godel's cases, this does not work: even if Godel's sentence is added as an additional
axiom, the new system would contain another unprovable sentence, saying of itself that it is
not provable in the new system. This form of self — perpetuating incompleteness might be
called essential incompleteness.

3. FULL INDEPENDENCE PROOF

The answer whether Godel really discovered a full independence proof for finite type
theory may lie in Godel's Blue Hill. In this place he worked on one aspect of the axiom of
choice acceptability: its consistency with the axioms of finite type theory [2]. He had
proved that the axiom of choice could not be disproved by the axioms of stronger, standard
set theory. This means that it can be added to standard set theory without introducing any
inconsistencies that were not already there. Hence, we can have as much confidence in it as
we have in the standard axioms. This is why most mathematicians accept the axiom today.

Despite its obscurity, the axiom of choice has been the subject of more written
controversy than any other axiom in mathematics, including the parallel postulate.
Essentially the axiom of choice says that if we have a set of nonempty sets, then we can
construct a new set by taking a member from each of the existing set [3]. For example, we
can make a new class of students by taking one student from each of many other classes.
More precisely, the axiom holds that there will always be a definite rule (function) for
making the selections, even if we have no idea what such a rule would look like.

The axiom of choice appears harmless, but if we accept it we are led to some very
unusual results. For example, it helps us prove the Banach-Tarski theorem, which says that
if we cut up a sphere into a large enough number of small scraps, then we can reassemble
the scraps into a sphere with twice the surface area of the original. The axiom of choice also
helps us prove that the real numbers can be well-ordered, that is, that they can be
rearranged so that every subset of them has a smallest member. Some sets of real numbers,
such as all those greater than 1 and less than 2, have no least member and no greatest
member. We have no idea how to rearrange them so that they become well-ordered, but the
axiom of choice assures us that there is such an arrangement.

If the axiom of choice is independent of the standard axioms of set theory, then the
controversy over its acceptability quiets down a few notches, for then both those who
accept it and those who reject it are using consistent set theories (or are not using
inconsistently theories simply on account of their decision on the axiom of choice).
Moreover, if it is independent, then we have discovered a "doorway" through which to
create non-standard set theories.

Set theory in which the axiom of choice is replaced by its negation is called Non-
Cantorian set theory for a somewhat involuted reason: the negation of the axiom of choice
implies the negation of the generalized continuum hypothesis (GCH). The GCH holds that
infinite numbers only come in certain kinds. For a time Godel disputed this, and tried to
prove that there was an infinite quantity in between a and b. He agreed with Cantor that the
number of real numbers was b, but he thought this was the second, not the first, infinite
quantity greater than a or the number of natural numbers. Eventually he changed his mind
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about this and spent the rest of his career trying without success to prove either the
continuum hypothesis or its generalized variant.

Proving the independence of the axiom of choice would not falsify the generalized
continuum hypothesis, but open up the world of non-standard set theories in which it was
replaced by its negation. Godel's proof provided the related result that the negation of the
axiom of choice could not be derived from the standard axioms He tried to work out a
complete independence proof, though from the weaker system of finite type theory.

5. LIMITATION WHICH DOES NOT LIMITATE
Godel's theorems uncover a fundamental limitation of formalization, but they say
that this limitation could be overcome only at the price of consistency. We might thus say that
the limitation is so fundamental as to be no limitation at all. The theorems do not reveal any
weakness or deficiency of formalization, but only show that the supposed ideal of
formalization — proving all and only all true sentences — is self-contradictory and actually
undesirable:
e what good is a formalization that can prove a sentence which says that it is not
provable ( first theorem)?
e what good is a formalization that can prove its consistency when it would
follow that it is not consistent (second theorem)?
On the positive side, the theorems shows that certain formal system have a much more
intricate, reflexive structure then formally suspected, containing much of their own meta —
theory.

6. SENTENCE- G

Godel's theorems are actually special, self-referential consequences of the
requirement of consistency: in a consistent system, something must remain unprovable. One
unprovable statement is the statement of that very fact, namely the statement which says of
itself that it is unprovable (first theory): you cannot prove a sentence which says that it can’t
be proved (and remain consistent). Another unprovable statement in a consistent system is the
statement of consistency itself (second theorem). In addition, if the formal system has a
certain stronger form of consistency, the sentence that asserts its own unprovability, called
the Godel sentence, (sentence-G) is also not refutable in the system.

Later, similar sentences were constructed, showing that consistent formal systems
cannot prove many things about themselves. At the same time a formal system can retain
all the insight into itself that is compatible with consistency.

Thus, although it cannot prove its sentence-G, if it is to remain consistent, it can
prove that very fact, namely the fact that it cannot prove its sentence-G if it is consistent.
Godel's theorems undermine the customary identification of truth with provability by
connecting truth with unprovability: the first theorem presents a case of not provable imply
true (if the sentence asserting its own unprovability is not provable, then it is true); the
second theorem presents a case of true imply not provable (if the sentence asserting the
consistency of the system is true, then it is not provable). Thus , Godel's theorems do not
actually establish any disturbing discrepancy between provability and truth.

Furthermore, the implication above is an oversimplification: assuming
consistency, Godel's sentence is not simply true, because it is not always true i.e. in all
interpretations. If it were, it would be provable, by the completeness theorem (also proved
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by Godel), as noted in [8-116]: provability is truth in a// interpretations). The first theorem
shows that if the system is consistent, it can be consistently extended with the negation of
the Godel sentence, which means that the sentence is actually false in some models of the
system. Intuitively, without going into details, this could be explained by saying that in
those models the Godel sentence acquires a certain stronger sense of unprovability that
those models do not support.

Godel's theorem thus shows that there must always exist such unusual, unintended
interpretations of the system.

7. OPERATOR-G

Sometimes we tend to reinterpret Godel's incompleteness result as asserting not
primarily a limitation on our ability to prove but rather on our ability to specify what we mean
... when we use a symbolic system in accordance with recursive rules.

The procedure whereby the Godel formula is constructed is a standard procedure,
because for expressing the truth of the Godel sentence, as opposed to proving it, even the
most restricted definition of the truth predicate true, covering sentences containing at most
one quantifier, is sufficient.

A more intricate version of the argument from incompleteness considers adding a
‘godelizing operator’ to the system.

The sound part of this argument is already contained in the notion of essential
incompleteness: a Godel operator only fills a deductive "lack" of the system by creating a
new one. Adding the Godel sentences of a system as a new axiom extends the notion of
provability and thereby sets the stage for a new Godel sentence, and so on. Thus, a Godel
operator only shifts the original "lack" of the system through a series of displacements,
without ever completing the system. Another argument, especially in the form advanced
[8], now centers on how far into the transfinite can a Godel operator follow the mind's
ability to produce the Godel sentence of any system in the sequence .

So
S; =Sy + G(So)
Sz = S] + G(S])
So

Su)ﬂ = Su) + G(Su))

The relevant result here is the theorem which says that there is no recursive way of
naming the constructive ordinals [6-476]. This would mean that a Godel operator could
only follow the mind's ability to produce Godel sentences through the recursively nameable
infinite; cf. [8- 114].

But for the purposes of this paper it is more interesting to observe that it does not
seem plausible that the argument about the formalizability of mind should be decided by the
outcome of the race between mind and machine over remote reaches of transfinite ordinality.

8. DIAGONALIZATION OPERATES

A further possibility in the direction of making reflexive formal models is to make
the progression of reflexive theories itself reflexive. The usual ways of extending a
reflexive theory by adding its Godel sentence, or the statement of consistency, or other
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reflection principles are themselves not reflexive: what is added to a theory only says
something about that theory, and nothing about the one which its addition produces. Thus,
what is usually added to a theory does not take into account the effect of that very addition,
which is to shift the incompleteness of the original theory to the extended one.

Of course, certain things about the extended theory cannot be consistently stated;
for example, the sentence stating that its addition to a theory produces a consistent theory
would lead to contradiction, by the second Godel theorem.

But the sentence that is added to a theory could make some other, weaker statement
about the theory which its addition produces. If the procedure of theory extension operated
not only on the theory it is to extend but also on a representation of itself, it could build on its
own action and improve its effects. It might thus produce in a single step an extension which
is much further down the basic sequence of extensions, produced by linear additions of Godel
sentences; the size of this ordinal jump could then be taken as a measure of the reflexivity of
the procedure.

This kind of procedure, operating on something which contains a representation of
that procedure itself, is already familiar from the construction of the Godel sentence: the
process of diagonalization operates on a formula containing a representation of (the result
of) that very process [6-446].

9. THE PROLOG META-CIRCULAR INTERPRETER

Another example of a reflexive procedure of this kind would be the Prolog meta-
circular interpreter, which can execute it, though only to produce statements of iterated
provability.

In saying of itself that it is not provable, the sentence-G combines three elements:
1) the representation of provability, 2) self-reference and 3) negation. The first ingredient
in Godel's sentence, the representation of provability, corresponds to the explicit definition
of the provability predicate of a logic programming language in that same language. In the
simplest case, specifying Prolog provability in Prolog, the definition consists of just a few
clauses, comparable to those which express the conditions on the provability predicate
under which Godel's theorems apply. This definition of Prolog provability is then used as a
meta-circular interpreter to extend the deductive power of the basic interpreter, for
example by detecting loops in its proof attempts. This use of the meta-circular interpreter
could be compared to the work of the operator-G on extending the basic, incomplete theory.
Meta-circular interpretation is also applicable to other programming languages.

Generalizing meta-circular interpretation, provability can be specified in a separate
meta-language, and reflection principles defined for relating and mixing proofs in both
languages. Such meta-level architectures can be used to implement reflective or
introspective systems, which also include an internal representation of themselves and can
use it to shift from normal computation about a domain to computation about themselves in
order to achieve greater flexibility.

Meta-level architectures are useful for knowledge representation, allowing the
expression and use of meta-knowledge, and opening the possibility of computational
treatment of introspection and self-consciousness. For example, an architecture of self-
knowledge and self was suggested in which indexicals mediate between bottom level
representations, in which the organism is not itself represented, and higher levels at which it is
represented generically, as any other individual.
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10. NUMERICAL MIRROR

The basic lesson of Godel theorems, namely that the ability for self-reflection has
certain limits, imposed by consistency, does not seem to be less true of minds than it is of
formal systems. Applied to minds, it would translate to some principled limitation of the
reflexive cognitive abilities of the subject: certain truths about oneself must remain
unrecognized if the self-image is to remain consistent [6-696]. This formulation recalls the
old philosophical imperative which admonishes the subject to know himself. If this were
simple or possible to do completely, there would be no point to it; the same goes for the
explicit interrogative forms: who am I, where am I going, what do I want, ... etc.

Are there highly repetitious situations which occur in our lives time and time
again, and which we handle in the identical stupid way each time, because we don't have
enough of an overview to perceive their sameness? [6-614].

Such an overview can be hard to achieve, especially in regard to oneself, as one
knots in which minds get entangled show. In a similar vein, some researchers suggest that
the limitative theorems show the mathematical form of the pragmatic paradoxes to which
humans are susceptible in communication.

It may be that the phrase 'the Godel sentence of a man' is an implausible
construction, but certain interpretations might be imagined, such as self-falsifying beliefs.
On a humorous note, the Godel sentence for a human could work like a recipe for self-
destruction, activated in the process of its comprehension or articulation ("self-convulsive",
"self-asphyxiative", "self-ignitive",...) A more elaborate interpretation, as the paralyzing
effect of some self-referential cognitive structure, is presented in Cherniak's story [6-269].
The history of logic itself records lethal cases (Philetas) and cases of multiple
hospitalization (Cantor, Godel). Of course, this is all anecdotal, speculative and
inconclusive, but it does suggest that the apparent gap between minds and machines could
be bridged, in two related ways:

e the vulnerability of minds to paradoxes of self-reference

e the implementation of self-referential structures in machines
The mind-machine gap could thus be reduced by emphasizing the formal, machine-like
aspects of the mind and/or by building mind-like machines.

Finally, taking speculation one literal step further, the self-reference in Godel's
sentence can be compared to a formal way of self-recognition in the mirror, by noticing the
parallelism between things (posture, gesture, movement) and their mirror images. The basis
for this comparison is the way the Godel code functions as a numerical mirror in which
sentences can refer to, "see" themselves or other sentences "through" their Gédel numbers.
The comparison covers the stages of construction of Godel's sentence and relates them to
the irreflexivity of vision and the ways of overcoming it. The comparison attempts to turn
arithmetical self-reference into an idealized formal model of self-recognition and the
conception(s) of self-based on that capacity.

The motivation for this is the cognitive significance of the capacity for self-
recognition, in mirrors and otherwise. The ability to recognize the mirror image, present in
various degrees in higher primates and human infants, has been proposed as an objective
test of self-awareness. Self-recognition in the mirror is a basic, even paradigmatic case of
self-recognition, the general case being the recognition of effects on the environment of our
own presence in it. Self-recognition in this wider sense is the common theme of some
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conditions for ascribing and having a self-concept and consciousness. Self-recognition is
also the common theme of the self-referential mechanisms which constitute the self:

e indexicality (self-relativity of representations)

e autonimy (recognizing one's own name)

e introspection (recognizing one's own internal structure)

e reflection (recognizing one's place in the world)

11. CONCLUSION

i) Generally the limitative theorems show the mathematical form of the pragmatic
paradoxes to which humans are susceptible in communication.

ii) The assertion that the ability for self-reflection has certain limits, imposed by
consistency, does not seem to be less true of minds than it is of formal systems. Translate it
to some principled limitation of the reflexive cognitive abilities of the subject: certain truths
about oneself must remain unrecognized if the self-image is to remain consistent.

iii) It is not possible to see oneself completely, in the literal, metaphorical, formal and
computational sense of the word. Godel's theorems do not prevent the construction of
formal models of the mind, but support the conception of mind

iv) The comparison between formal and specular self-reference and self-recognition
might also connect these contemporary attempts to base the formation of a self(-concept) on
the capacity for self-recognition with the long philosophical tradition of thinking about the
subject in optical terms.
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GODELIAN QUESTION
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Every white hath its black, and every sweet its sour.
(Proverb)

ABSTRACT

The author starts from a proof of Godel’s theorem. He then tries to generalise the
essence of this theorem by introducing the concept of Godelian question. He deals
with examples of Godelian questions in molecular biology, society and the
educational system. The final part of the paper presents the author’s findings
about Gddelian questions in everyday life, on a sample of proverbs.

1. Introduction

The basic laws of logic are the pillars of rationalism in European culture. The millenary
achievement-centred forms of activity from sale and purchase, which are in the centre of the
production of goods, to the sciences, reject the negation of identity and the true and false
logical values attached simultaneously to statements. Therefore, whenever the assertion and
denial of a statement had the same status, the basis of rationality itself was shattered.
Consequently, achievement itself became impossible. Understanding, communication,
effective action and belief also became impossible. All these cases have something in
common, namely, the undecidability of the situation.

If we cannot decide about a statement whether it is true or false, then knowledge and
the existence of true knowledge itself is questioned. In this case, there is no difference
between true and false, and distinction itself becomes meaningless. True knowledge
becomes questionable because true knowledge as opposed to false knowledge has had a
distinguished role in the millenary European history of knowledge.

Godel’s theorem concerns the appearance and existence of contradiction. This paper
deals with the spread of contradictions and their nature in the field of arithmetic and
proposition calculus.

2. Godel’s proof

Kurt Godel proved his famous theorem in two fields. In arithmetic it means that the
truth of a given arithmetic proposition cannot be proved. That is, the attempt to build up
arithmetic axiomatically entails that we will always find an arithmetic proposition whose
truth-value is undecidable. This means that if the arithmetic system is decidable, it is
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incomplete and if it is complete it is also undecidable. In other words, the whole of
arithmetic truths cannot be summed up in a single axiomatic system.

In the field of classical proposition calculus Godel proved the undecidability of
Principia Mathematica-type systems. He proved the undecidability of arithmetic in a
lengthy demonstration, difficult to follow. Therefore we show here the easier proof in
proposition calculus. However, arithmetic can be built up within a Principia Mathematica-
type system.

Godel uses the following denotations in his proof for Principia Mathematica-type
systems:

Fy is the sign of a given class defined by its predicate

Par, the sign of the class of even numbers

R is the order relation of class-signs (the order in which they are arranged), n the
position of the class-sign in the series. Both the concept of class-sign and the concept of
order can be defined in the Principia Mathematica-type systems.

[o,n] is the replacement of the a class-sign with the position n.

Thus, if P is in position 10,

[Par () ; 10] = Par (),
which is a true proposition. However, for position 13
[Par (x) » 13] = Par 13)

is a false proposition.
Let us define a class K of natural numbers as follows:

(1)n € K=~Bew [Ry); n],
where Bew is the abbreviation of the German Beweisbar (demonstrable), the sign ~ is the

sign of negation. Let S and K be class-signs and S = R (g, the order relation of S. Therefore

[S; q] means that q € K.
In the following the aim of the Gddelian proof is to demonstrate the undecidability of

[R : ql-
a) Let us suppose that
Bew [R ()5 q],
which means that qe K. In the first step of the proof, according to (1),
qe K =~Bew [R (y; q], if we replace n with q.
In the second step, using the modus ponens inference rules we have

~Bew [R (g); q] (the proposition [R () ; q] is undemonstrable),
84
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which contradicts our hypothesis.
b) Let us suppose that
~Bew [R (g: q,
which means that q ¢ K. According to (1) we have

q ¢ K =~~Bew [R (g ; q], if we replace n with q. Applying the modus
ponens inference rules and the rule of double negation, we could write:

Bew [R (); q].

Again, this is in contradiction with our hypothesis.

Thus both [R (g ; q] and its negation, that is, both its truth and falseness are
demonstrable, therefore this is an undecidable proposition.
Generalising, we could say that we have found a p proposition which states about itself that
it is undemonstrable:

p =1Ind ("p"),

where Ind is the abbreviation for "undemonstrable".

It is obvious that the hypothesis and result of Godel’s demonstration resembles the
paradox of the false. It leads to an "endless loop" or "vicious circle". This cannot be
resolved on the level of formulation, consequently, it can only be resolved in a higher level
meta-language.

If we have a "p" proposition the truth of which is undemonstrable in a given system,
the question arises: is its truth undemonstrable in all other systems? No. We can always
find a system in which the truth of proposition "p" is demonstrable, but we must build up
that particular system. In other words, the shift from one system to another is the criterion
of making any truth demonstrable. Or, vice versa, there is no system which encompasses all
truths.

3. The Godelian question

Generalising, we could say that whenever we come across a contradiction, we have to
do with a Gddelian question in a sense. Therefore the Gddelian question concerns the
contradictory truth-values of propositions. However, we must point out that demonstrability
also has a role in the Godelian question: the truth-values of propositions contradict each
other on a certain basis and propositions are grounded in a given system. Systems can be
considered to be built up according to strict and clear rules, but a more intuitive approach is
also possible. For example, the system of everyday knowledge structured into life-worlds
(Lebenswelt) can also be considered a system, in a sense. Therefore if we would like to
formulate a rough definition of the Gédelian question, we would say:

85



LASZLO GAL

We encounter the Godelian question in situations in which we cannot decide, on a certain
basis, whether a proposition is true or false and thus we must accept both truth-values or
neither of them.

We can see that this definition contains the concept of acceptance besides the issue of
undecidability. What does this mean? The concept of acceptance is a concept of relation,
denoting the relation of the accepted, the acceptor and acceptance. The accepted is the
discovered contradiction itself, the acceptor is the individual in different situations whereas
the relation of acceptance means the integration of the statement of the proposition into
already existing knowledge so that it does not come into contradiction and is not
"dissonant" with already existing knowledge. We must underline that we have to do with a
contradiction which is discovered, that is, the realisation (recognition) of the contradiction
is the criterion of the existence of the Gddelian situation. Why? Because people are not
always conscious about the existence of the contradiction and therefore they do not know
that they face an undecidable question. They often disregard it or take it for granted.

4. Godelian questions

What other Gddelian questions are there, outside the field of mathematics and logic?
D.R. Hofstadter tries to map Godelian questions in the somewhat strange trio of a
mathematician, artist and composer in his book entitled Godel, Escher, Bach (Hofstadter
D.R., 1979). He analyses the formation of contradiction in these three fields and the way
our perception gets into an endless loop; he also writes about the way of interpreting
Escher’s drawings so that paradoxes viewed from a higher level are resolved and create a
sense of beauty.

Going along this way he identifies other Gdodelian questions too, such as the Godel
theorem of molecular biology: "For every cell there is a DNA molecule which, should it
enter the cell, it would cause the production of a protein which would destroy the cell and
thus prevent the cell from reproducing this DNA." (Hofstadter D.R., 1979, 536.) Molecular
biologists would not be very surprised by this formulation, because it is a Godelian
situation which is not necessarily recognised by them. The meaning of this formulation is
therefore that if the cell reproduces itself, it does not in fact reproduce itself because it also
creates the mechanism which prevents its reproduction. This is obviously a paradoxical
situation and treating it as a Godelian question is not surprising at all.

The Godel theorem of society can be formulated similarly: "...even in completely
formally formulated social systems there are completely normal people who are not
allowed by the system to manifest themselves. We could also say in a high-flown way that
history does not have a solution. The issue of social systems cannot have an intellectual
framework which guarantees perfect agreement; similarly, evolution cannot be properly
analysed unless we do not abandon the conceptual frameworks promising final solutions."
(Mér3k L., 1989, 235.) This theorem states the impossibility of public welfare. There are no
social systems which guarantee the welfare of every individual, or, if the society wants to
ensure the well-being of every individual then the social system itself must be changed.
This formulation makes perhaps clearer the mechanism of history although history "does
not have a solution".
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Finally I will present a Godelian question characteristic to the Romanian educational
system of this transitional period. The paradoxical situation of Romanian education is
described by Denizia Gal in her PhD dissertation (Denizia Gal, 2000). According to the
author "there is a huge gap between the level of pupils’ knowledge and examination
requirements (p.91). The reason for this is that education is aimed at "masses", it is not
differentiated and even less individualised." (p.91). Furthermore, the question arises: "...is
this situation not created and maintained by the Romanian educational system itself,
through its very forms of activity?" (p.91) To make the contradiction clear: the Romanian
educational system of this transitional period does not provide pupils with the knowledge
that is demanded by the same system at the examinations. In a reverse, equivalent
formulation, preparing students for examination requirements needs a different type of
education.

5. The Godelian question of everyday life

We will start from the concept of "life-world" (Lebenswelt) which has its origins in
phenomenological sociology. We will use it in the meaning conferred to it by A. Schiitz.
(Schiitz, A., 1962). It is quite difficult to define this concept. Ostensibly we could say that
life-worlds are such as the world of physicists, the world of housewives, but we can also
speak about the world of women and the world of men. What are the characteristics of these
worlds? First of all, they point to the grouping of people into classes. They can be identified
according to a certain structure of social values and norms, a certain system of attitudes, a
certain way of thinking and a certain language usage.

Everyday life is the most comprehensive life-world which is in fact characteristic to
every single individual. The concept of everyday life is again difficult to define. First of all
it serves survival, contains habits of eating and dressing, keeps a record and celebrates the
main events of an individual’s life in a certain way. We can distinguish communities and
individuals by their everyday language usage. Experience is the main form of theorising in
everyday life: proverbs and sayings are the most important expressions of this experience.

Can we come across the Godelian questions in the world of everyday life too? In order
to answer this question we will resort to proverbs, the main forms of theorising everyday
life. Proverbs accompany traditional society in the first place. Their main role is to enhance
the recognition of Godelian questions in instances of understanding and acting; they also
direct the handling of these situations on account of their normative role. The instances of
understanding and acting are various, therefore their theorisation is also varied.

We used a Dictionary of Proverbs (Lefter, V., 1979) to show the process of
theorisation. The keyword of proverbs is one of the classification criteria in this dictionary:
friendship, money, God, learning, men, women, animals, etc. We have chosen some of
these proverbs in order to identify Godelian questions.

Let us consider proverbs about richness:

The rich are meaner than the poor.

Poverty is in want of much, avarice of everything.
The pleasures of the mighty are the tears of the poor.
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If we were to decide on the basis of these proverbs whether to be rich or poor, we
would be at a loss. Proverbs give contradictory pieces of advice.

Here are some proverbs about wives:

He that hath a white horse and a fair wife, never wants trouble.
Who hath a fair wife needs more than two eyes.

These two proverbs do not help us in choosing a wife: we would not know whether to
choose a fair or an ugly wife.

One more example with money:

Money will do anything.

One hand will not wash the other for nothing.

A gentleman without money is like pudding without suet.
There is no companion like the penny.

Lay up against a rainy day.

Money is the devil’s eye.

The first five proverbs highlight the value of money from different perspectives while
the sixth proverb questions this value and underlines that money is worthless. Which of
these proverbs is true? Which of them is authoritative in instances of understanding and
acting? If we think about it, we will see that money cannot be considered valuable only or
worthless only. We must accept the "joint" truth of these two contradictory types of
proposition. The definition of Gddelian questions also points to this. We must also
underline that the acceptance of contradiction holds good for all groups of contradictory
proverbs, those about richness, wives and money. Does this mean that we go beyond the
framework of the model of rationalism of European culture? It seems so. From this point of
view, we are in the field of the irrational.

How is the existence of Godelian questions possible in proverbs and in more general
terms, in everyday life? We have already mentioned the variety of everyday life. Proverbs
which theorise this variety are also varied. The assertions of everyday life are expressed by
different, moreover, contradictory propositions with different truth-values. Is there a moral
principle concerning our assertions? So far, logic has not set up a moral principle
concerning assertions. Thus, anything can be asserted, we can even have contradictory
assertions. These can be accepted on account of the diversity of instances of understanding
and acting in everyday life. Proverbs enter our lives with the claim to universality and they
can only do this if they are contradictory. Contradiction is the condition for all truths to be
encompassed by this form of theorising.
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ON SOME DIFFICULTIES OF ASSUMING EXISTENCE IN LOGIC (I)

DELIA POPESCU

Summary

The ideatic trajectory of this paper is circular, in the sense that it starts with a
general frame concerning the existence of logical objects as classes /sets,
concepts, quantifiers etc., as it can be found in one of Godel’s studies, goes
through some instances of logic’s discourse involving the assumption of existence
(as formalization of the natural language modern syllogistic models,
quantification, theory of sets, etc.), advances a possible quantitative view able to
avoid some (at least) difficulties implied by the existential import of some
perspectives, and finally it returns to the broad frame concerning the existence of
logical entities in the view of Godel’s ideas.

Analyzing Russell's mathematical logic, Godel' underlines from the beginning,
Russell's pronouncedly realistic attitudes, on the one hand, as they were stated in Russell's
Introduction to Mathematical Philosophy (ed. 1920, p. 169): "Logic is concerned with
the real world just as truly as zoology, though with its more abstract and general features.";
on the other hand, the gradual decreasing of this attitude in the course of time, this being
always stronger in theory than in practice.

Russell's realistic commitment is reflected as well in his rejection of the existence
of class or concept, in general. The problem here is, according to Godel, to determine under
what further hypotheses these entities do exist.

The two possible directions in which one may look for such a criterion were called
by Russell the zig-zag theory and the theory of limitation of size, respectively (Godel calls
them the intensional and the extensional theory and points out that the most characteristic
feature of the second , as opposed to the first, would consist in the non-existence of the
universal class or, in the intensional interpretation, of the notion of "something" in an
unrestricted sense’.

Neither of the two afore-mentioned directions pointed out by himself were not
followed by Russell in his own subsequent work concerning the solution of the paradoxes.
A more radical idea was the basis of this work, namely the "no-class theory," according to

" Godel notes the fact that the above quoted passage was left out in the later editions of the Introduction.
See Godel, Kurt, "Russell's mathematical logic," in Benacerraf, P. and Putnam, H., editors, Philosophy of
Mathematics. Selected Readings, second edition, Cambridge University Press.

2 Ibidem, pp. 452-453.
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which classes or concepts never exist as real objects. Consequently, the occurrence of such
terms in sentences made the latter meaningful only to such an extent as they can be
interpreted as a "facon de parler," a manner of speaking about other things”.

At this point, Godel affirms a, opposed idea, according to which classes and
concepts "may, however, also be conceived as real objects, namely classes as "pluralities of
thing" or as structures consisting of a plurality of things and concepts as the properties and
relations of things existing independently of our definitions and constructions.(...) It seems
to me that the assumption of such objects is quite as legitimate as the assumption of
physical bodies and there is quite as much reason to believe in their existence. They are in
the same sense necessary to obtain a satisfactory system of mathematics as physical bodies
are necessary for a satisfactory theory of our sense perceptions and in both cases it is
impossible to interpret the propositions one wants to assert about these entities as
propositions about the "data," i.e., in the latter case the actually occurring sense
perceptions."*

Two are the reasons advanced by Russell against the extensional view of classes,
namely the existence of 1) the null class, which cannot very well be a collection, and 2) the
unit classes, which would have to be identical with their single elements. For Godel,
Russell's arguments just mentioned are insufficient to affirming the idea that all classes are
fictions, as Russell intended to do; in Godel's view, "all these arguments could, if anything,
at most prove that the null class and the unit classes (as distinct from their only element)are
fictions (introduced to simplify the calculus like the points at infinity in geometry), not that
all classes are fiction." >

The problem of paradoxes is, in Godel's view, the cause of the pronounced
tendency to build up a logic without the assumption of the objective existence of such
entities as classes and concepts, which led to the formulation of the "no-class theory." A
logical consequence of this standpoint is the later inclusion of propositions in this scheme,
especially those including quantification (as objectively existing entities, universal
propositions evidently belong to the same category of idealistic objects as classes and
concepts, leading, if admitted without restrictions, to the same kind of paradoxes).®

Which would be the philosophical relevance of such a theory as Russell's "no-class
theory"? Godel's reply is as follows: " This whole scheme of the no-class theory is of great
interest as one of the few examples, carried out in detail, of the tendency to eliminate
assumptions about the existence of objects outside the "data" and to replace them by
constructions on the basis of these data."’

3 Ibidem, p. 453

* Ibidem, pp. 456-457.

> Ibidem, p. 459.

® Ibidem, p. 460.

7 Ibidem, p. 460. In the footnote 22 Godel mentions that the "data' are to be understood in a relative sense
here, as logic without the assumption of the existence of classes and concepts.)

92



ON SOME DIFFICULTIES OF ASSUMING EXISTENCE IN LOGIC (I)

AN ALTERNATIVE TO RUSSELL'S NOT EMPTY UNIVERSE: LESNIEWSKI'S
ONTOLOGY
"It is often said by its advocates that ontology is an answer to an early prayer of ussell's."®

The theorem *24.52 from Principia Mathematica asserts that the universal class
is not empty, that means that it there is at least one individual. In a footnote to his
Introduction to Mathematical Philosophy this theorem is described as "a defect in logical
purity."’ There is not such a "defect" in Lesniewski's ontology, an ontology compatible
with an empty universe.

Analyzing comparatively the problem of existence in the two above-mentioned
authors, A. Prior stresses that the explanation usually given to this achievement of the latter
author's ontology is puzzling, describing the lowest-type variables of ontology as standing
for names, like Russell's lowest-type variables. But this explanation ignores the fact that
whereas Russell's lowest-type variables stand for singular names only, Lesniewski's stand
equally for empty names, singular names and plural names: "Existence is therefore
something that can be significantly predicted with an ontological "name" as subject - "a
exists" is a well-formed formula"'® that can be true or false.

What Prior intends to prove by his analysis is the fact that Lesniewski's ontology is
just a broadly Russellian theory of classes deprived of any variables of Russell's lowest
logical type; ontology's so-called "names" are not individual names in the Russellian sense,
but class names. One feature of Lesniewski's so-called "names" which seems to Prior to tell
quite conclusively in favor of interpreting them as class-names is that they can be logically
complex. If in Lesniewski's ontology we can construct a name which is logically empty (as
the compound name "a and not-a"), in Russell's case, there is nothing out of which you can
construct individual names, they are not just an appendage with no real importance for the
whole system; on the contrary, Russell regards classes as logical constructions out of
individuals and functions of individuals and thus affirms, so to speak, two kinds of
language: a primary and a secondary one. The basic sentences of Russell's class language
are of the form "x € a", a form that asserts the membership of an individual to a class, and
these x's, as individual names, are just not dispensable."’

In Lesniewski, ¢ is introduced as an undefined constant expressing this time a
relation between classes; what it expresses is not Russellian class-membership, but rather
the inclusion of a unit-class in another class (Prior admits at this point that Lesniewski did
not like this interpretation; though, no other interpretation seems intelligible to the former).

Returning to the theorem considered as a defect in logical purity, Prior holds that
the interpretation of Russell's lowest-type variables as standing for individual names is
responsible for this "infection"; the assumption that there are complete statements of the

8 See A. Prior, "Existence in Lesniewski and in Russell," in Crossley, N. and Dummett, M.A.E., editors,
Formal Systems and Reccursive Functions, 1965, North Holland Publishing Company, Amsterdam,
p. 149

? Ibidem, p. 149

1 Ibidem, p. 149

" Ibidem, pp. 150-151.
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form "fx,"where x is a symbol of this kind, already involves the non-emptiness of the
universe.'”

How could one purge logic of this assumption? According to Prior, one way to
attain this goal is to conceive quantification theory "as being concerned simply with the
application of quantifier functions with their arguments, without regard to what parts of
speech these functors and arguments are."'® The interpretation of Russell's lowest type
variables as standing for Lesniewski's "names" (=class-names) and his predicates as
functors forming sentences out of these would not, according to Prior, change the form of
quantification theory. Moreover, the advantage of this form is that it carries no existential
implications, since an "a" could be an empty class (...).

From the first moment of contact with the problem of interpreting the logical
status of universal and particular statements I was struck by the fact that though (some)
universal statements containing empty terms as subjects could be evaluated as true
statements, the particular statements corresponding to these types by conversion are no
longer true. The example I was given in an introductory course was this: A/l perpetuum
mobile are machines. Though there is no perpetuum mobile, the proposition having this
subject is considered true, but its converse, Some machines are perpetuum mobile is no
more true, because the term machine is not an empty term and, as the subject of the latter
proposition, it implies the existence of something non-existing.

This was the way I was explained, but it does not seem a satisfactory one. Of
course, a way of escaping the problem is to interpret the universal statements above
mentioned as a conditional one, i.e., as If there are perpetuum mobile, they are machines,
and its converse as [f some machines are perpetuum mobile, then there are perpetuum
mobile, otherwise the relation of equivalence between the first proposition and its converse
do not hold any more. I think this type of statements are not to be considered as exceptions
and the cause of this problem lies in an inconsequence in interpreting differently, but in the
same context / frame, the same word: is, respectively are. Here 1 try to approach the
problem of existential import so often (but not always on good grounds) connected to the
particular proposition or to the existential quantifier as well and its consequences in some
situations concerning the logical translation of these statements in the language of
propositions, predicates, and class / set theory. I think this inconsequence (which is not
separated from an intensional intrusion in analyzing the formal aspect of propositions) is
responsible for some lacks of modern syllogistic models and it can be relatively easy to
remove from a extensional, quantitative perspective on this topic.

L. Propositional models and the assumption of existence
I.1. The Lukasiewicz model or the standard axiomatisation of modern syllogistic

Proved as complete and non-redundant, this model is used as the standard in
evaluating the other models. Its axioms, especially the last one in its derived form, reflect a
way of surpassing the problem of testing those direct syllogism, known as valid from the
classical theory, which have two universals as premises and a particular as a conclusion:

S1: (MaP e SaM) — Sap

12 Ibidem, p. 152.
13 Ibidem, p. 153.
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S2: (MaP e MiS) — SiP
S3: SaS or S'3: SiP—>PiS
S4: SiS or S'4: SaP—SiP.

S4 or S'4 respectively represents the controversial part of syllogistic'*, i.e., the
passing from universal statement to particular ones, taking into account the claim of
modeling in a complete and non-redundant manner the classical theory of inference.

The system contains as well two definitions (D1: SeP = ~SiP; D2: SoP = ~SaP),
two rules of inference (the rule of detachment and the rule of substitution) supplemented by
two rules of rejection corresponding to each of the former rules, all of these conferring the
system completeness and non-redundancy (it should be added that the system contains two
supplementary axioms concerning the obversion of universal propositions and two counter-
axioms that must be non-validated in order to avoid redundancy).

I.2. Simple propositional models

Though we are said that it seems quite natural” to translate the universal
proposition into implications: SaP becomes s—p, SeP: s—~p, SiP: sep, SoP: se~p, it is not
difficult to notice that, though the contradictory relations preserved, the relation of
subalternation from the logic square is no more found as a valid inference (s—p does no
more imply sep). This type of so called "natural”" translation leave aside a good portion of
what these statements say in the natural language or even in their classical transcription.
The existential import attributed to the particular proposition is reflected in the conjunction
(a functor stronger than the implication) used to transcribe the original relation into this
propositional language. Tested by the standard model above presented, this model proves to
be incomplete, because it does not verify S4. Then, its validity is restrained to the "absolute
syllogistic", leaving aside the inferences that derive particular conclusion from universal
premises'®. The completeness of this model can be assured by adding a premise that
stipulates the existence of objects in the classes s or p, the type of it being exactly the forth
axiom, SiS. But this stipulation of existence means to step outside the field of logical
assumptions, to say more that one can say from a strictly logical perspective'’. Even
though, not all the difficulties are avoided this way, because the system proves to be
redundant, i.e., it validates syllogistic structures known as being invalid.

In fact, this modern interpretation of propositions assumes their heterogenity, the
universal ones having a hypothetical nature and the particular one - an existential nature'®,
Moreover, transcribing the particulars into conjunctions means to ignore the type of relation
the propositions SiP reflect (a reflexive, symmetric and transitive one), which is not the
case regarding the relation expressed by conjunction (a reflexive, symmetrical and non-

14 Cf. Didilescu, 1. and Botezatu, P., Silogistica. Teoria clasic¥ ;i interpret¥rile moderne, EDP, Buc.,
1976, p. 226.

15 Ibidem, P. 235: "In mod cu totul firesc sintem condugi la ideea de a exprima propozifiile universale prin
implicafii ;i propozifsiile particulare prin conjuncf3ii."

'S For more details, see ibidem, pp. 235-240.

7 Ibidem,p. 240: "O asemenea premis¥% introduce un element cu totul str¥in in corpul silogisticii. Premisa
existenfial%, SiS, nu este de tip silogistic, iar asertarea existenfiei unor obiecte nu este de resortul
logicii".

'8 Ibidem, p. 238.
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transitive one!)"”. In this respect, A. Menne proved the impossibility of representing the
syllogistic functors (A, E, I, O) by bivalent dyadic propositional functors®

I.3. The Sayre model

In fact, the eight situations described by this model represent the eight different
spatial intervals determined in a given universe of discourse by three classes. These eight
intervals can be easily seen by using the Wenn diagrams. This approach is, I think, much
closer to an extentional interpretation of propositions and thus much freer from existential
assumption. Moreover, the translation of syllogistic propositions is made by appealing to
the law of expansion of a class to another class.”' Only the presence of the determination
reflected by the word something could rise the question concerning the existence or the
kind of existence of objects it supposed, the form of statement being closer to a kind of
particular proposition. In other words, what really means this something? Which would be
the criteria of determining whether something is or is not in a certain way? I think that this
difficulty is caused (partially at least) by a kind of extra-logical interpretation. Strictly
logically speaking, what really counts here is the interval we are referring to. So:

1) Something is A and B and C.

2) Something is A and B and non-C.

3) Something is A and non-B and non-C.

4) Something is A and non-B and non-C.

5) Something is non-A and B and C.

6) Something is non-A and B and non-C.

7) Something is non-A and non-B and non-C.

8) Something is non-A and non-B and non-C.

Thus, the affirmative particular proposition, meaning that something is A and B an

C or something is A and B and non-C, becomes a disjunction, namely 1) v 2); as a negation
of the proposition I, the proposition E becomes a conjunction, namely ~1)e~2); AoB,
meaning that something is A and non-B and C or something is A and non-B and non-C, is
represented by a disjunction, namely 3) v 4); finally, AaB, as the negation of AoB, is
represented by a conjunction, namely ~3) o ~ 4),
The syntactic testing of this model proves it valid just in the frame of absolute syllogistic,
so it is incomplete. In order to be complete, it has to be supplemented (in the case of
syllogisms with both universal premises and a particular conclusion) with a new one,
having the form something is A/B/C. Only by this artifice of a supplementary premise the
model is proved to be complete (it proves to be non-redundant even without this
supplementation).

Why is this supplementary premise necessary? I think the lack of completeness
lies in the fact that the universal propositions are considered thus far only as the
contradictories of the corresponding particular ones. Again, the subalternation from the
classical square is omitted. Or precisely by taking into account, but putting aside any

19 Ibidem, p. 239.

2 1t is about the "strong" theorem demonstrated by Menne, according to which none of the syllogistic
functors are truth functors, as the latter ones are found in Wittgenstein's table. See more about this in
ibidem, p. 242.

2! For more about this model, see ibidem, pp. 247-250.
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existential import for the particulars, this rapport one can get closer to an adequate
transcriptions of the categorical propositions.

Of course, beside this supplementation, the simple propositional models represent
a kind of dead end, as far as it cannot appeal to a quantification. This failure has, though, a
theoretical importance, showing that the syllogistic system has a heterogeneous structure
compared to the logical system of propositional calculus.?

II. THEORY OF PREDICATES

Usually, statements as Anything is.../ Nothing is..., Something is.../Something is
not... are transcribed in this frame the following quantificational expressions: (Vx) Fx /
(Vx) ~ Fx, respectively (3x) Fx / (3x) ~ Fx. Put in a logical square, contrariety,
contradiction and subcontrariety are preserved, under no existential condition. This is not
the case for subalternation, if one interprets the existential quantification as expressing true
propositions if and only if there is at least an individual, let us call it @, in the given
universe and Fa is true.

The presence of existential assumptions in this case is expressed by the condition
of considering the universe of having at least one individual, i.e., that it is a non-empty one:
"If we grant that there is at least one individual in the universe then every propositional
function has at least one substitution instance (true or false). Under this assumption, if the
universal quantification of a propositional function is true, then its existential
quantification must be true also."*

For the propositions A,E, I, O, a more adequate translation seems to be the next:
(Vx) (Sx— Px), (Vx) (Sx — ~ Px), (3x) (Sxe Px), (Ix) (Sxe ~Px), respectively. Now what
is maintain from the square of categorical propositions 1is just the rapport of contradiction,
even under the assumption of a non-empty universe:

"But none of the other relationships discussed in connection with the square array on page
75 hold for the traditional A, E, I and O propositions, even where we assume that there
exists at least one individual in the universe."**

Only if we make the assumption that there is at least one individual in the
universe, then '(Vx) (Sx —Px)' does imply '(3x) (Sx — Px)'; the problem is now the fact
that the latter expression is not an I proposition. Symbolized as '(Ix) (Sxe Px)', the
proposition I asserts that there is at least one thing having both the property S and the
property P, while the proposition '(Ix) (Sx— Px)' asserts only that there is at least one
object which either has the property S or does not have the property P, "which is a very
different and much weaker assertion."”

The problem of existence in logic is attentively approached by C. Lejewski® in the
context open by Lesniewski’s ontology. Starting from the possibility of asserting or
rejecting propositions like (1) electrons exist, (2) minds exist or (3) Pegasus exists, he states

2 Cf. ibidem, p. 251.

» Copi, M., Symbolic Logic, third edition, The Macmillan Company, New York; Collier-Macmillan
Limited, London, p. 74.

2* Ibidem, p. 77.

2 See ibidem, p. 78.

26 See C. Lejewski, Logic and existence, in Srzednicki, J.T.J. and Rickey, V.F., editors, Lesniewski’s
Systems, 1984, Martinus Nijhoff Publishers, The Hague / Boston / Lancaster; Ossolineum, Wroclaw —
Poland.
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that our hesitation can be traced to twofold causes: one is the lack of certainty concerning
the meaning of the words as ‘electrons’ or ‘minds’, or the lack of understanding of words
as ‘Pegasus’; the second cause concerns the meaning of the term ‘exist(s)’: "It is the latter
cause of our embarrassment that calls for closer attention (...) The logician’s task, as |
understand it, will be to establish the meaning of the constant term ‘exist(s)’ as it occurs in
the function ‘x exist(s)’, where ‘x’ is a variable for which any noun-expression can be
substituted."”” What the author proposes here as a solution to the problem of quantification
is an unrestricted interpretation of quantifiers; under this interpretation, "every component
of an expansion contains an expression of which we can only say that it is meaningful
noun-expression. It may designate only one of the objects belonging to the universe, it may
designate more than one, or it may designate nothing at all."*® Moreover, according to this
interpretation, existential quantifications have no existential import at all. The merging of
the idea of quantification with the notion of existence that characterizes the theory of the
restricted quantification "has put the logicians and philosophers on a wrong track in their
endeavours to elucidate the problem of existence in logic."”

III. SET THEORY AND THE PROBLEM OF EXISTENCE

The definition of set adopted here is one belonging to the theory of sets developed
in an intuitive manner:

"By a set we mean any kind of a collection of entities of any sort. Thus we can speak of the
set of all Americans, or the set of all integers, or the set of all Americans and integers, or
the set of all straight lines, or the set of all circles which pass through a given point."*
Terms as ‘class,” ‘collection,” ‘aggregate’ are synonyms in this context with ‘set. ’

The empty set is defined as the set with no members and it is the only set included
in the empty set and in any other set.

Approaching the problem of translating everyday language in the set language,
Suppes®' points out the difference between universal and particular statements, assuming an
existential value of the latter. Thus, if universal statements are to be symbolized, taking into
account the relation they express, as the inclusion of a set into another set (e.g., All men are
mortals) or as the membership of a set to another set (e.g., Men are numerous), a statement
of the form "Some...are..." means that there exists something which is described by both
terms, i.e., that the corresponding sets is not empty. The problem of existence appears here
again, as the statement of the previous form "implies that the sets corresponding to subject
and predicate are not empty, no such inference is to be drawn from a statement of the form
of (1),"* where (1) is of the form of All Americans are philosophers. So, according to the
same author, it is true that A/l three-headed, six eyed men are three-headed men, but it is
not true that Some three-headed, six-eyed men are three-headed men. 1f the older logic

%7 Ibidem, p. 45.

28 Ibidem, p. 51.

% Ibidem, p. 54.

30 Suppes, P., Introduction to Logic, Venn Nostrand Reinhold Company, New York, Cincinnati, Toronto,
London, Melbourne, p. 177.

3! Ibidem, p. 191.

32 Ibidem, p. 191.
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allowed the inference of ‘Some S are P’ from ‘All S are P,” modern logic differs in this
point from the former, as the example shows as well.

INSTEAD OF PARTIAL CONCLUSIONS

What we managed to make thus far was to sketch some aspects of the problem of
existence in logic that could and should be further developed and eventually integrated in a
general theoretical frame.This is to be the task of the second part of this paper.

We have seen that in translating everyday language into a formalized logical
language one should take into account the logically relevant feature of the natural language
expressions, on the one hand; on the other hand, we have seen that this operation is often
embarrassed by the assumption of existence concerning some type of statements (i.e., the
particular propositions) or quantifiers (in the case of the existential quantification). We
think that by assuming the existential import of some expressions one operates
illegitimately by using two criteria in the same classification.

The existential import could and should be avoided, we think, by approaching the
question from an extentional perspective (of set/class theory), asserting that the passage
from "All x are..." to "Some x are..." involves no existential difference, but a quantitative
one. In other words, a return to the old classic axiom of dictum de omni et nullo, would help
us to reframe this problem in an ontologically neutral ("free") way. Thus from the assumed
truth of a universal proposition one may validly infer the truth of the corresponding
particular proposition by the simple mechanism of passing from the whole to its part(s)
(whenever, of course, the relation between subject and predicate is an inclusion and not one
of membership).

Moreover, from this perspective, one has not, regarding the problem of validity, to
avoid taking into account the possible occurrence of the empty terms (i.e., the empty set on
formalized level) in some statements, as far as one is not interested in the problem of
establishing the criteria of truth of these statements (this is a problem that, properly
speaking, is not a logical, but an epistemological one), but in the problem of sheer
inferential validity. This can be easily seen by analyzing the class models of syllogistic: the
problematic cases of syllogisms containing universal premises and a particular conclusion
is no more problematic as far as a universal statement translated either into Ac~B or AcB
(in an inclusional manner) or into A~B=0 or AB=0 in a Boolean manner (this transcription
is to be further developed by applying the law of expansion in order to include the all three
terms of a syllogism in each case) can also be translated as a corresponding particular one.
In fact, that is what the supplementary premise necessary to these ‘problematic’ cases does
(otherwise the model lacks completeness). But, as we have seen, this kind of
supplementation is often considered an artifice one appeals to in order to save the
completeness of the model, which is no more the case when situating in the more
extentional view we try to plead for here and especially in the second part of this paper.
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DECIDABIL SI INDECIDABIL iN
PERSPECTIVA ANALIZEI SITUATIONALE

PETRU I0AN

Derivat din latinescul decidere, romanescul a decide si corespondentii séi in limbi
de circulatie (frantuzescul décider, englezescul decide, sau nemtescul entscheiden) in-
seamnd a frasa/ a determina |/ a lua o hotarire (sau a hotari), a solutiona, a deter-
mina, a convinge, a decreta ceva etc. Pe cale de consecinta, prin derivatul decidabil se va
intelege, prin urmare, ceea ce poate fi hotarit, ceea ce se poate solutiona, ceea ce este
determinabil etc., iar opusul sdu, indecidabil, va da seama de ceea ce nu se poate hotari
si, tot astfel, de ceea ce nu are solutii si nu este determinabil.

Problema, ca atare, a deciziei, este intrinsec legata de ideea algoritmului ' si s-a
impus in cimpul matematicii: prin reguli de operare cu intregii; prin reguli de obtinere a celui
mai mare divizor comun si al celui mai mic multiplu comun; prin reguli ce ne permit sa aflam
daca ecuatia diofantica "ax ++ by + ¢ = 0" are ca solutii numere Intregi, atunci cind coefi-
cientii ("a", "b" si "c") sint ei Ingisi numere intregi; prin reguli care ne ajuta sa determinam
radacina intreagd (dacd ea existd) 1n cazul ecuatiei algebrice "ay + + ax! +...+ ax" =
0" cu coeficienti ("a,", "a;", ..., "a,;", "a,", pentru "n" — numar intreg, iar a, # 0);
prin reguli de calculare a celui de al n-lea numar prim; prin reguli de solutionare a ecuatiilor
cubice, ori a celor de gradul al patrulea * si asa mai departe.

Din aritmetica si din algebra, iar apoi din geometrie si din celelalte ramuri ale mate-
maticii, problema gasirii unor algoritmi s-a amplificat ca problema a standardizarii gindirii
umane, suprapunindu-se — intr-o oarecare masurd — cu evolutia logicii matematice, chiar
daca, pe acest teren, ea va fi abordata, in modul cel mai explicit, in legatura cu sistemele
formale, abia spre sfirsitul veacului al XIX-lea, prin preocuparile lui Charles Sanders
Peirce °, ale lui Gottlob Frege, Ernst Schréder, Leopold Léwenheim, Thoralf Skolem,
Jan Lukasiewicz, sau Emil Post, pentru a deveni "problema de bazd" a logicii mate-

' De la numele matematicianului si astronomului arab Mohammed Ibu-Musa al Chwarizmu (sau
al-Chowarizmi), nascutla 780 si mort la 850, autor al tratatului A/l~Jabr (de Algebra!), pela 830.

2 H.P. Sankappanawar, Decision Problems: History and Methods, in: Ayda I Arruda, Newton C.
A. da Costa & Rolando Chuaqui, Mathematical Logic: Proceedings of the First Brazilian
Conference, Marcel Dekker, New York, Basel, 1978, pp. 4 sqq.

Un studiu publicat de marele ginditor in volumul 3 (pp. 15 -57), pe 1880, al prestigioasei publicatii
"American Journal of Mathematics" (ne referim la: On the Algebra of Logic), are o sectiune (I11.2)
semnificativ intitulatd: "The Resolution of Problems in Non-relative Logic", prin care autorul
transatlantic i propune sa completeze metodele de rezolvare a problemelor din logica termenilor absoluti,
datorate lui George Boole, William Stanley Jevons, Emst Schroder si Hugh McColl, printr-una "mai
simpld" si "mai naturald". Cf.. Charles Hartshorne and Paul Weiss (eds.), Collected Papers of
Charles Sanders Peirce, 1II - IV, The Belknap Press of Harvard University Press, Cambridge,
Massachusetts, 1933, pp. 133 sqq.
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matice o datd cu celebrele Principii de logica teoreticd, asigurind o foarte succintd si
foarte consistenta prezentare a logicii formalizate, prin David Hilbert si Wilhelm Acker-
man *. Cum logica matematica este astizi parte responsabila in febrila procesare a inteli-
gentei artificiale, iar interfata intre limbile naturale si cele formale (mai mult sau mai
putin "caracteristice" in sensul pe care si-1 dorise Leibniz !) capdtad o importantd de prim
ordin, socotim ca este momentul sd aducem discutia despre decizie si decidabilitate
intr-un cadru semiotic de maxima cuprindere. Ne incurajeaza spre o astfel de tentativa
rezultate promitatoare ale experimentarii unui model de complexitate mediana n analiza si-
tuatiilor actionale °.

1. DECIDABIL SI INDECIDABIL, DIN
PUNCTUL DE VEDERE AL SUBIECTULUI
TERT SI AL (INTER)LOCUTORILOR POSIBILI

Plecind de la asumptia ca problema deciziei este una eminamente semio-logicad,
vom constata ¢cd ea capatda aspecte si dimensiuni specifice pentru fiecare pol (sau pa-
rametru) al situatiilor de comunicare, dupa cum ni se infitiseazd: % (1) ca problemd «
codului ("s") in care este articulat mesajul (dacad despre mesaj si despre cod poate fi
vorba in cazul unui semnificant virtual oarecare !) — 1in ce limba va fi fost scris sau for-
mulat un mesaj oarecare ? / in ce limba se exprima cei in preajma carora se intimpla sa ma
aflu? / se leagd cele exprimate in paginile parcurse, ori in secventele electronic-consemnate
? / au sens rindurile urmarite intr-o limba sau alta ? / exista sanse ale (re)descifrarii mesa-
jului studiat ? / etc.; ® (2) ca problema a intensiunii ("I'") — ce exprima textul in atentie
? | care este subiectul (tema, ori ideea principala a) textului ? / ce inteles se poate con-
feri parametrului discursiv supus analizei ? / etc.; ® (3) ca problema a denotatiei ("D")
— lace serefera (ce evenimente relateazd, transfigureaza, parodiaza etc.) textul in atentie
? / unde si cind se intimpla cele consemnate ? / 1n ce imprejurari s-au petrecut evenimen-
tele Inregistrate ? / unde si cind a fost compus discursul (sau a fost articulat mesajul) n
atentie ? / etc. & (4) ca problemd a emisiei ("E") — cine este autorul textului ? / cine a
scris (a compus, a expediat, a transpus, a parodiat, a pictat, a sculptat, a formulat, a tradus,
a codificat etc.) mesajul ? / de la cine se aude strigatul perceput ? / cui ii apartine cutare

* Gottlob Frege, Begriffsschifi, eine der arithmetischen nachgebildete Formelsprache des reinen
Denkens, Nebert, Halle, 1879; Ernst Schroder, Vorlesungen iiber die Algebra der Logik, vol. 111
(Algebra und Logik der Relative), partea 1, Leipzig, 1895; Leopold Lowenheim, Uber Moglich-
keiten im Relativkalkiil, "Mathematiche Annalen", Bd. 76, 1915, pp. 447 - 479; Thoralf Skolem,
Untersuchungen iiber die Axiome des Klassenkalkiils und iiber Produktations-und Summati-
ons-probleme, welche gewisse Klassen von Aussagen betreffen, "Skrifter Vidensk Kristiania
Math-Naturaid", KI. nr. 13,1919, pp. 1-37; Emil Post, Introduction to a General Theory of
Elementary Propositions, "American Journal of Mathematics", 43, 1921, pp. 163 - 185; Jan Lu-
kasiewicz, O logice trojwartosciowej (Despre logica trivalentd), "Ruch filozoficzny" (Lwow, To-
run), 5, 1920, pp. 169 - 171; David Hilbert und Wilhelm Ackermann, Grundziige der theoreti-
schen Logik, Springer, Berlin, 1928; 4. Aufl., Berlin, Goéttingen, Heidelberg, 1959

Petru loan, Educatie si creatie in perspectiva unei logici "situationale”, Editura Didactica si
Pedagogica, Bucuresti, 1995; Petru loan (coord.), Logica si edicatie, Editura Junimea, lasi, 1995;
Petru Ioan (coord.), Aplicatii ale hexadei situationale, Editura "Stefan Lupascu”, Iasi, 1999; Petru
loan, Logica "integrala”, vol. 1, Editura "Stefan Lupascu”, Iasi, 2000; etc.
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sentintd ? / etc.; & (5) caproblemad a performantei discursive ("C") — in ce registru se va
fi transmis cutare mesaj ? / sub ce indicativ ar trebui decriptat un anume text ? / ce joc ling-
vistic deserveste o anume secventd ? / etc.; < (6) ca problemd a adresei ("R") — lacine
trebuie sd ajungd mesajul studiat ? / pe cine s-a contat in editarea textului cercetat ? / pe
cine ar putea interesa sau convinge o anume constelatie discursivd ? / pe cine ar putea o
anume desfasurare discursiva si cum ar putea ea sa afecteze pe destinatar ? / etc.

2. DECIZIE §I DECIDABILITATE
IN CONTEXT MULTIDISCIPLINAR

Din cele precizate, se degaja, deja, impactul unor multiple abordari asupra problemei
puse in discutie. Dimensiunea subiectiva, tinind de pregatirea pentru comunicare si de for-
marea interlocutorului decis se regaseste, desigur, in spectrul retoricii din toate timpurile si
in discipline subsumate psihologiei, dupa cum ea este circumscrisd de stilistica, de teorii
ale managementului si ale marketingului (inclusiv in versiunea stiintei organizarii §i con-
ducerii actiunii militare, 1n arta actoriei, in teoria presei, in generalizarea experientei din
planul publicitatii si al relatiilor cu publicul etc.), tinzind spre o maxima extensie si spre un
contur expres prin teoria deciziilor rationale.

Aspectele ce fac din decizie o problema vizind semnificantul (intr-o mai mare sau mai
mica corelatie cu ceilalti parametri semiotici) sint intim legate de sferele lingvisticii
(incepind cu morfologia si sintaxa), dar pot fi sistematic urmarite in discipline ce alimenteaza
incercari de generalizare a retoricii ®, in acord cu diverse tipuri de limbaje (mai mult sau
mai putin articulate), in teorii formalizate ale textului, in lingvistica de tip computational si
in teoriile asupra corpului lingvistic, dezvoltate de matematicieni si informaticieni, etc.

D
DENOTATIE
(OBIECT, REFERENT,
REFERINTA, DENOTAT ETC.)

CONOTATIE, c 7 INTENSIUNE
INJONCTIUNE, ILO- N7 (SENS [OBIECTIV],

CUTIE, SENS SUBIECTIV / LOCUTIUNE, SEMNIFICAT,
FIGURAT, PERFORMANTA ETC.) IDEE, SEMNIFICATIE, MESAJ)
RECEPTOR (INTERLOCU- ] \ g EMITENT (PERSOA-

TOR, PERSOANA) NA, LOCUTOR)

SEMNIFICANT (REPRESEN-
TAMEN / SEMN, SIM-
BOL ETC.)

S

1°. Hexagonul situatiei semiotice, antrenind doi poli personali ("E" si "R"),
doi poli materiali ("S" si "D") si doi poli spirituali ("I" si "C")

® Grupul p (Jacques Dubois, Francis Edeline, Jean-Marie Klinkenberg, Philippe Minguet, Frangois

Pire si Hadelin Trinon), Reforica generala, Editura Univers, Bucuresti, 1974
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Teoria semanticd a sensului §i teoria semantica a referintei spun de la sine in ce
orizonturi ale comunicarii dau seama de problema in atentie, iar pragmatica "de al treilea
grad" 7, in postura teoriei conotatiei si a actelor de hmbaj, inchide grila hexadica la pa-
rametrul "C", al performantei discursive.

Am 1asat la sfirsit incidentele cu loglca Intrucit aceasta stiind pare a se declina cu
fiecare gen de perturbare a comunicarii si de indecidabilitate expresiva. Intr-o masurd sau
alta, problema deciziei si a indecidabilitatii este o problema logica: < (1) in perspectiva
emitentului, sau a locutorului, daca avem in vedere ars disserendi (in sensul lui Cicero),
logica sentimentelor (in acceptia lui Théodule Ribot), logica devenirii (conform viziunii
psihanaliste a lui Etienne Got *) si alte formatii de acest gen; = (2) in orizontul receptoru-
lui sia interlocutorului, luind in considerare retorica, hermeneutica (ca logica a conven-
ientei) si mai recenta logzca a perlocutiunii; < (3) pe coordonata semmf cantului, cunos-
cute fiind multiplele incercari de formalizare a limbajelor naturale °, propensiunea spre
logica "naturala" a limbajului, logica simbolizarii (proiectatd de Constantin Noica, in
orizontul unei supralogici a formelor ostile), logica "dinamicd" a limbajelor de programare

tc.; & (4) Aoe linia denotatiei (sau a extensiunii), intrucit logica in ansamblu a putut fi
recomandata sub auspiciile semanticii; = (5) in vecindtatea sensului (a intelesului, sau
a intensiunii), de vreme ce astizi se incearca "calcule ale sensului" ' si "logici intensiona-
le"; = (6) in legaturd cu ilocutiunea (sau injonctiunea) discursului, stiut fiind ca logicile
discursului practic si-au aflat, deja, generalizarea intr-o logicd a ilocutiunilor %, ca studiul
conotatiei se implineste intr-o logica a povestirii * etc.

3. NON-SENS FORMAL (SAU NON-SENS MORFO-SINTACTIC) SI INDECIDABILI-
TATE LA NIVELUL SEMNIFICANTULUI

Strict logica, semio-logica, ori doar tangenta cu logica, problema deciziei In ori-
zontul semnificantului dobindeste contur o dati cu teoria coerentei sintactice "*, inspirata
de teoria categoriilor semantice, alui Edmund Husserl, si de ecourile acesteia in logica lui

Frangoise Armengaud, La pragmatique, P. U. F., Paris, 1985, pp. 77 sqq.

Etienne Got, La pensée binaire. Jalons pour une logique du devenir, Paris, 1973.

° Cf, intre altele: Peter Kiimmel, Formalisation of Natural Language, Springer - Verlag, Berlin,
Heidelberg, New York, 1979.

De catre Charles Sanders Peirce, ginditorul care — intr-un fragment de prin 1897 (publicat in: Col-
lected Papers, vol. 2, §. 227; traducere roméaneasca in: Charles Sanders Peirce, Semnificatie si ac-
fiune, Editura Humanitas, Bucuresti, 1990, p. 268) — resuscita #riviumul disciplinelor liberale pe
coordonatele unei stiinte integratoare asupra limbajului si a comunicarii (semiotica), in configuratia:
gramatica purd, logica "propriu-zisa" (ca "stiintd formald a conditiilor adevarului reprezentarilor") si
retorica purd. Tripartitia va fi revizuitd de Charles Morris prin recursul la termenii cu utilizare
curenta: sintaxd (teoria relatiilor dintre semne), semantica (teoria relatiilor dintre semne si referentii
acestora) si, respectiv, pragmaticd (teoria relatiilor dintre semne si uitlizatorii acestora).
Peirre - Marie Lavorel, Eléments pour un calcul du sens, Dunod, Paris, 1975.

Daniel Vanderveken, lllocutionary Logic and Self-defeating Speech Acts, in: J.R. Searle, F. Kie-
fer, and W. Bierwisch (eds.), Speech Act Theory and Pragmatics, D. Reidel. Publishing Com-
pany, Dordrecht, 1980; John Rogers Searle, Daniel Vanderveken, Foundations of Illocutionary
Logic, Cambridge University Press, 1985.

Claude Bremond, Logica povestirii, trad. din fr., Ed. Univers, Bucuresti, 1981.

Kazimierz Ajdukiewicz, Die sintaktische Konnexitdt, "Studia Philosophica”, vol. 1, 1935, pp. 1-27;
repr. in: Stors Me. Call (ed.), Polish Logic: 1920 - 1939, Clarendon Press, Oxford, 1967, pp. 207 - 231
104
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Stanislaw Le*niewski .

Ce inseamnad, 1nsd, a decide din punctul de vedere al semnificantului ? Pornind de la
premisa ca finalitatea comunicarii se asigura prin enunturi, a decide este totuna cu a stabili:
& (1) daca o expresie data este "bine formatd" s§i, ca atare, poseda un sens formal (sau
morfo-sintactic); ¥ (2) dacd ea nu are nici un astfel de sens; < (3) daca ea are mai multe
asemenea sensuri.

"Numarul sapte reprezinta un numar prim" este o ilustratie in limba romana pentru
primul caz de "enuntare", dupa cum tot astfel este si expresia "It is raining" ("ploua’) in
limba engleza, oriexpresia "p D (¢ v r)" ("p implica disjunctia dintre g si r") in lim-
bajul functiilor interpropozitionale de adevar, propriu logicii moleculare. "Cifrele pling se”
este un non-sens formal in limba romana, la fel cum fara nici un sens formal ni se infatiseaza
secventa "le silence répond psihologique" in raport cu limba franceza, ori formula "> QOx
v Ryz" in limbajul logicii predicatelor.

Fiecare dintre cele trei (contra)exemple de articulare a propozitiei pacatuiesc prin in-
completitudine, putind evolua spre enunturi efective prin adaugarea de constituenti: "Cifiele
pling si se resemneaza”; "le silence répond alors a une espéce de modéle psihologique”;
"Pxy D Oxv Ryz".

Non-sensuri formale i mai grave sint, insa, expresiile ce par a fi enunturi intr-o limba
sau alta, precum "t-au barut pin lotive dinda atum nonserapate", in raport cu limba
romand; "glokaja kuzdra stenobuganola bokra i kudjavit bokrjsuka” fatd de limba
rusd, ori "la stratauresse parillé drissa figuement le birin et caujette le birisseau” '°,
sub auspiciile francezei.

Cit priveste multivocitatea, ca stare de indecizie morfo-sintacticd, ea se datoreaza
Astfel, rostirea "Pe Ion Gheorghe I-a batut" s-ar putea interpreta "Gheorghe I-a batut
pe Ion", ori "[cineva] [-a batut pe Ion Gheorghe [iar nu pe altcineva]”. Tot astfel,
formula macropropozitionalda (nu tocmai bine formatd) "p v ¢ D r" s-ar puteaciti "p v
(g o " ("p se afla in disjunctie cu implicatia dintre q si v"), ori "(p v q) > r"
("disjunctia dintre p si q implica r"), ceea ce induce schimbari si in planul sensului, si
in planul referintei.

Pentru a comensura fenomenul ambiguitatii in limitele sensului formal si ale
bunei formari a expresiilor, promotorii teoriei categoriilor semiotice si ai analizei prin
etichetarea constituentilor sintactici s-au indreptat spre un "calcul al tipurilor sintactice" si
al coerentei sintactice, relevant, deopotriva, pentru limbile naturale si pentru limbajele
formale, mai mult sau mai putin artificiale.

Sub aspectul fenomenelor de limbaj, indecidabilitatea morfo-sintacticd, de care
vorbim, se subsumeaza heteronimiei. Desi au aceiasi constituenti, expresiile pot diferi
prin unii sau chiar prin toti parametrii semiotici, precum diferd compusii chimici ce au
aceleasi elemente, izotopii aceluiasi element, numerele compuse ce antreneaza in alca-
tuirea lor aceleasi cifre, tablourile pictate cu aceleasi culori de bazi si asa mai departe. In

15" Avataruri ale teoriei categoriilor si evolutii ale procedurilor de analizd categoriald pot fi urmarite in:
Petru loan, Orizonturi logice. Deschideri §i resemnificari in orizontul actual al formalismelor,
Editura Didacticd si Pedagogicd, Bucuresti, 1995 pp. 81 - 104

'6 Pentru paternitatea pseudo-enuntului din rusi si a celui din francezd, precum si pentru alte asemenea
constructii, cf.: Petru loan, Orizonturi logice, 1995, p. 86
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(2.1°) reprezentam situatia in care expresia emi tentului ("E") se recepteaza in doua feluri
distincte ("s;” si "s,”), de catre unul si acelasi interpret ("R”), iar in (2.2°) redam
situatia In care una §i aceeasi expresie ("S"), cu regimuri distincte de emisie ("E;"” si
"E,"), conduce receptori distincti ("R;” si "R,") la continuturi ("5, si "L") si la referinte
” " in !

("D;" s1 "D;").

2.1-2° Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie morfo-sintacticd

4. INDECIDABILITATE SI
MULTIVOCITATE IN RAPORT CU
INTELESUL (SAU CU SENSUL) MATERIAL

O expresie bine formatd (sau corectd) intr-o limba "naturala" (altfel spus, o con-
structie lingvistica cu rol propozitional ce are un sens formal, adica nu este ambigud, sau
multivoca din punct de vedere morfo-sintactic !) poate pacatui din puct de vedere sin-
tactico-semantic, dacd asocierea constituentilor sai este nefireasca, ori daca unul si acelagi
constituent (cu rol de argument, ori de categorie fundamentald) are intelesuri multiple.

in primul caz, vom avea de-a face cu non-sensul material, precum in expresii
romanesti (cu structurd propozitionala !) de tipul: "elicea crocodilului face imposibila
extragerea rdddcinii de palmier”, "proprietdtile afrodisiace ale numerelor irationale
iau rapid in greutate", "daca zdpada este somnoroasd, privighetorile devin in-
congruente” si agsa mai departe.
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3.1-2° Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie sintactico- semanticd

Expresiile cu care ne intilnim in cel de-al doilea caz dau seama de forma sintactico-
semanticd a indecidabilitatii: unuia si aceluiasi contituent sintactic (termen sau notiune) i
se atageaza doud sau mai multe lecturi posibile, ajungindu-se, astfel, la multiplicarea
intelesurilor secventei discursive in ansamblu. Astfel se comportd enuntarea "jucdtorul
este multumit de pat", ce poate insemna fie cad "jucatorul [de sah] este multumit de
[faptul ca a terminat partida in situatia de] pat”, fie ca "[la hotel, ori in alta parte] jucdato-
rul [alasat impresia cd] este multumit de pat [ca piesd de mobilier]”. Tot astfel, expresia
"i-a pus broasca la uga" se poate interpreta fie in sensul ca "[lacatusul, sau altcineva]
i- a montat broasca la usa ", fie in sensul ca "[vecinul, ori altcineva] i-a lasat broas-
ca [testoasd)] la usa [gasind-o, ratacitd, prin preajma locuintei]”.

Genul de multivocitate (respectiv de ambiguitate si de indecidabilitate) la care ne-
am oprit prin ultimele constructii propozitionale ne aseaza in orizontul omonimiei (al omo-
grafiei §i, respectiv, al omofoniei).

O ipostazd a fenomenului in atentie (constientizarea de catre acelasi interpret, "R",

a doua lecturi posibile — "1, b; ¢;" si "I, D, C;" — 1in cazul uneia si aceleiasi propozitii
gramaticale "S”!) este schematizata in figura (3.1°), iar o altd ipostazd (cea in care inter-
preti distincti — "R;” si "R,” — conferd lecturi distincte — "I, D; C;" si "L D, C;" — ex-

presiei unuia si aceluiasi emitent "£”!) Infatisam in figura (3.2°)

5. AMBIGUITATE SEMANTICJSI
INDECIDABILITATE IN RAPORT CU 5
REFERINTA (SAU DENOTATIA) EXPRIMARII

Nu orice expresie cu aparenta de enunt se intimpla sa fie o rostire intr-o limba data
("S"), dupi cum nu orice enunt are de la sine un infeles ("I"). In sirul deficientelor de
comunicare, urmeaza sa analizdm imprejurari in care un enunt propriu-zis ("S"), cu sens sau
"cu miez" in planul continutului ("/"), nu are nici o referinta ("D,"), ori are mai multe
referinte ("D;.,").

in primul caz, ne intilnim cu formulirile paradoxale si antinomice, de tipul "Epimenide
cretanul spune cd tofi cretanii sint mincinosi", "multimea tuturor multimilor ce nu se
contin pe ele insesi ca element se contine pe ea insdsi ca element"”, "barbierul care este
tocmit s rada pe toti cei care nu se rad singuri se rade singur” etc.
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Creditind cu adevar asemenea "propozitii", ele se aseaza sub semnul falsitatii; daca
le socotim false, ele ne conduc spre adevar, iar jocul pervers al auto-dezicerii se continua la
nesfirsit .

in cel de-al doilea caz, ne confruntim cu indecidabilitatea referentiald: una si
aceeasl propozitie ("sistematic ambigud" !) poate primi valori de adevar distincte, in
raport cu contexte ale rostirii si / sau ale enuntérii (locutorul, auditorul, momentul si locul
elocutiei, mediul fizic in care se produce enuntarea) diferite. Purttori ai ambiguitatii de
acest gen 18 sint pronumele personale ("eu”, "tu", "ei”, "voi" etc.), demonstrativele sau
deicticele ("acesta", "acelea" etc.), adverbele ("acum", "cindva", "acolo", "undeva"
etc.), determinativele timpului vebal etc., iar ele isi precizeaza referinta in contextul enun-
tarii: "TU nu ai cum sa intelegi o ASTFEL de intimplare"; "VOI fi prezent ACOLO unde
NE-AM plimbat"; "NE vOM da seama de greseala pe CARE am facut-O foarte CURIND"
etc. La acest nivel al analizei, fenomenul ambiguitatii se subsumeaza, dupa unii, seman-
ticii referentiale " (respectiv sigmaticii *°); dupa altii, semanticii pragmatizate *',
pragmaticii * in general, ori pragmaticii "de primul ordin" .

Reflexul strict logic al enunturilor dependente de contextul (sau de circumstantele
enuntdrii) sint propozitiile generice (ocazionale, sau circumstantiale) si formele pro-
pozitionale amfotere (sintetice, sau simplu-realizabile): "p", "q", "r" etc. (ca scheme de
propozitii neanalizate), "Px", "QOxy", "Rxyz" si "a < p", "a = (f N y)" etc. (ca
scheme de propozitii simple), "» < ¢q¢", "(p & ¢q) = r" etc., "Px v QOx", "(Qx)[Px c
(Ox v )" etc., (@ =P & (y < d)" etc. (cascheme de propozitii compuse).

Semio-logic vorbind, spatiul de joc al enunturilor indecise din punct de vedere refer-

Pentru deslusirea mecanismului auto-referintei vicioase, cf.: Anton Dumitriu, Solufia paradoxurilor
logico-matematice, Editura Stiintificd, Bucuresti, 1966; Gheorghe Enescu, Teoria sistemelor logi-
ce. Metalogica, Editura S$tiintificd si Enciclopedica, Bucuresti, 1976, cap. 3, pp. 99 - 197; Petru
loan, Adevar si performantd. Pretexte si contexte semiologice, Editura Stiintifica si Enciclopedica,
Bucuresti, 1987, cap. 3, pp. 124 - 227

Adica: "semne indiciale" sau, pur si simplu, "indici" (in terminologia lui Charles Sanders Peirce),
"particule egocentrice” (cum le spune Bertrand Russell), "circumstantiali egocentrici" (Philippe
Devaux), "indicatori de subiectivitate" (Jean Vuillemin), "indicatori" (Nelson Goodman), "cuvinte
ocurential-reflexive / foken-reflexive words" (Hans Reichembach) etc. Cf.: Frangoise Armengaud,
op. cit., p. 49

Willard Van Orman Quine, From a Logical Point of View, Harvard University Press, Cambridge,
Massachusetts, 1953, p. 130

Georg Klaus, Semiotik und Erkenntnistheorie, Berlin, 1963, p. 357

Richard M. Martin, Semiotics and Linguistic Structure, State University of New York Press,
Albany, 1978; Pragmatics, Truth, and Language, Donald Reidel Publishing Company, Dordrecht,
Boston, London, 1979

Conceptia dupd care pragmatica este totuna cu studiul expresiilor indiciale a fost dezvoltatd de catre
Yehoshua Barr - Hillel (Indexical Expressions, "Mind", 63, 1954; repr. in: Y. Bar - Hillel (ed.),
Pragmatics of Natural Languages, D. Reidel P. C., Dordrecht, 1971) si Richard Montague
(Pragmatics, in: R. Klibanski, éd., La Philosophie contemporaine, vol. 1, Logique et fondements
des mathématiques, La Nouva Italia Editrice, Florence, 1968, pp. 102 - 122; Pragmatics and
Intentional Logic, "Dialectica", 24, 1970)

Dupa B. Hanson — A Program for Pragmatics, in: S. Stendland (ed.), Logical Theory and
Semantic Analysis, D. Reidel Publishing Company, Dordrecht, 1974; a se vedea si Frangoise
Armengaud, op. cit., p. 47

108

20
21

22

23



DECIDABIL SI INDECIDABIL IN PERSPECTIVA ANALIZEI SITUATIONALE

ential este polisemia. Cu acelasi inteles formal (sau morfo-sintactic) si cu acelasi sens
material (sintactico-semantic), astfel de enunturi pot dobindi valori de adevar diferite (si
semnificatii locutionare distincte), dupacircumstantele in care sint proferate, sau — pur
si simplu — consemnate. Ca atare, respectivele enunturi isi pot modifica restul coordo-
natelor semiotice, asa cum se poate urmari in figura (4.2°), dupa cum si le pot pastra, cind
este vorba de perceptii si de interpretari diferite — "/D;CR" si "ID,CR" — ale unuia si
aceluiasi mesaj "S”, ca In cazul situatiilor de comunicare (si de semnificare) reprezenate
in figura (4.1°).

4.1 - 2° Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie referential - semantica

6. AMBIGUITATEA (SAU INDECIDABILITATEA)
LEGATA DE SENSUL COMUNICATIV (DERIVAT, SAU_
CONTEXTUAL) SI DE "PERFORMANTA" DISCURSIVA

Chiar si in absenta omonimelor, ori a particulelor indiciale, frazele pronuntate sau
cele consemnate pot induce ambiguitate prin sensul exprimat de presupozitiile enuntarii,
ori de sugestii si insinudri, adicd de subinfelesuri.

In primul caz, propozitia sau enuntarea (in deficit referential !) supusi analizei este
adevarata daca astfel este i presupozitia acesteia. De exemplu, are sens sa spui cd "lon
lliescu l-a desemnat drept prim-ministru pe Adrian Ndstase", numai daca s-a intimplat
ca lon lliescu a fost ales presedinte al Romdniei. Tot astfel, este adevarat ca "Nico-
lae Manolescu apreciaza romanele ale lui Nichita Stanescu”, numai daca este adevarat
ca, printre altele, Nichita Stanescu este si autor de romane, dupa cum este legitim sa
afirmi ca "pisicile Anei Blandiana sint blinde” numai dacd Ana Blandiana are pisici
etc. in celilalt caz, adevarul (si semnificatia locutionara a) propozitiei depinde de capaci-
tatea "auditorului" de a intelege ceea ce da (sau ceea ce lasd) sa se inteleagd locutorul.
Spre exemplu, prin fraza "candidatul pentru ocuparea catedrei vacante de matematica
la Colegiul National din lasi este un absolvent meticulos §i cu reale inclinatii spre
fantastic" presedintele comisiei de concurs ar putea intelege cd respectiva persoand este
mediocra §i aiuritd. Larindul ei, afirmatia dupa care "proprietarii cehi ai uzinei meta-
lurgice din lasi s-au dovedit foarte atenti cu autoritdtile F. P. S." exprima aproape
deschis ca respectivii investitori ("fierarii veseli") au mituit persoane ale institutiei
prin care s-a facut privatizarea fabricii pomenite.
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Plasate sub incidenta pragmaticii "de grad secund"**, enunturile sau frazele in
care spunerea este "constitutivd sensului" ** supraliciteazi indecizia pe coordonatele
sensului subiacent (indirect, metaforic, alegoric, parabolic — plastic, in orice caz). Ele
manifesta si, totodatd, pun In valoare fluctuatiile "interpretantului" — coordonata prin ex-
celentd indeterminabild din semiotica lui Charles Sanders Peirce, reprezentind, Iintre
altele, proiectia semnului comunicat in mintea interpretului.

A infrunta ambiguitatea (sau indecidabililitatea) si a mentine activitatea discursiva
in limite rationale inseamnd, acum, a presupune cd locutorul respectd normele comunicarii
% si a te stradui sa dezamorsezi "infractiunile" constatate (in raport cu exigentele tacite
ale schimbului de mesaje), prin deslusirea informatiei pe care interlocutorul nu o poate
furniza explicit.

Ipostaza creditarii cu subintelesuri (respectiv cu sensuri comunicative, injonctive,
sau ilocutionare) diferite ("IDC,;" si "IDC,") a uneia si aceleiasi expresii ("s”) de catre
unul si acelasi interpret, sau receptor ("R"), este schematizata in figura (5.1°), iar cazul
in care lectori, sau receptori diferiti ("R;” si "R,") acorda tilcuri diferite ("7;D;C,;" si
"I,D,C,") uneia si aceleiasi expresii ("S") se regaseste in figura (5.2°).

5.1 -2° Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie pe linia performantei discursive

24

) Frangoise Armengaud, op. cit., pp. 64-76
5

Oswald Ducrot, Dire et ne pas dire, Hermann, Paris, 1972, apud: Frangoise Armengaud, op.
cit., p. 76

Decelate de catre Herbert Grice (Logic in Conversation, in: P. Cole and J. L. Morgan, eds., Sin-
tax and Semantics, vol 3, Speech Acts, Academic Press, 1975), aparent dupa criteriul deductiei
metafizice kantiene (cvadrupla "functie a gindirii in judecata" !), drept maxime subiacente principiului
cooperdrii: maxima (cantitativd) a strictei informativitati; maxima (calitativa) a sinceritétii; maxima
(de ordinul relatiei) a pertinentei si maxima (modald) a bunelor maniere
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7. AMBIGUITATE SI INDECIDABILITATE
LA NIVELUL "INTERVENTIEI DISCURSIVE" §I
AL SEMNIFICATEI EXPRESIVE (ALOCUTONARE)

Din perspectiva expresa a subiectului emitent, problema deciziei se repliaza ca: &
(1) problema lui daca sa spui, sa iei cuvintul, si te pronunti, sa scrii, s te exprimi
plastic, sa te dai in spectacol, sa-ti faci cunoscutd opinia, sa-ti trddezi intentia etc., in le-
gaturd cu variabila "E", a emitentului, §i, tot astfel, a emisiei, a rostirii, a inscendrii etc.;
& (2) problema lui cum sa spui (sa scrii, sa vorbesti, sa te exprimi), prin ce mijloace
sd comunici, in ce fel sa te faciinteles etc., cit priveste coordonata "S” a desemnarii si
a articularii in cod; < (3) problema lui ce sa spui (s@ exprimi, sa rostesti etc.), pe ce
mesaj sa te axezi, cu ce idei sa te adresezi publicului prezumtiv, ce semnal sa trimiti
interlocutorului sau auditoriului, ce infelesuri sa subliniezi, cdrui motiv si i te subor-
donezi etc., pe filiera intensiunii ("I") sia semnificatului obiectiv; & (4) problema lui
despre cine sau despre ce sa comunici, la ce sidte referi, pe cine sa vizezi in relata-
rea facutd, ce sd descrii, ori sd semnalezi, cind s-o faci si unde s-o faci, ce realitati sa
transfigurezi etc., dacd ai in vedere coordonata "D", a denotarii si a referintei la lume; <
(5) problema lui cui sa spui (sau sa te adresezi), pe cine sa apelezi, a cui audientd sa
cistigi, pentru cine sa configurezi mesajul, carui public sa ite dedici in actul comunicarii
etc., vis a vis cu dimensiunea "R", a receptorului sia audientei; < (6) problema lui in
ce scop saspui (sarelatezi, sa informezi), daca sa infricosezi sau sa linistesti prin cele
transmise, dacd sd implori sau sd ordoni, sd apreciezi ori si te indoiesti, sa hotarasti
sau sd le ceri sfatul etc., sub aspectul conotarii sial performantei discursive "C" —
variabila sensului subiectiv sia continutului ilocutionar.

O data spuse sau scrise, mesajele emitentului se cer, insd, decriptate (descifrate,
sau interpretate), dupa cum se cere evaluatd reusita actului receptarii de catre subiecti-
martori in aventura fard capat a comunicarii. Cum despre receptare si interpretare a fost
vorba si 1n subdiviziunile precedente, mentionam ca pina acum s-a avut in vedere ambi-
guitatea (respectiv indecidabilitatea) ce afecteaza, intr-un fel sau altul, valoarea aser-
tiva a enuntului si pozitia acestuia in raport cu adevarul.

La nivelul semnificatiei autoexpresive *’, dificultitile evalurii constructiilor ling-
vistice 1n rol de propozitii sporesc in legatura cu decriptarea intentiei locutorului (si a fi-
nalitatii urmarite prin exprimarea intreprinsd), cu intelegerea orientarii pe care o imprima
locutorul relatiei dintre cuvinte si lucruri, cu deslusirea starilor psihice pe care le
transmite locutorul prin actul enuntdrii, cu aprecierea gradului in care se angajeazd
locutorul in directia realizarii starilor de lucruri vizate prin mesajul pus in circulatie etc. **,

27 Petru Toan, Logica "integrala”, vol. 1, Editura "Stefan Lupascu", Iasi, 2000, p. 80
2 Am evocat 4 din cele 12 criterii dupi care se pot clasifica actele ilocutionare, in conceptia lui John
Rogers Searle (Speech Acts, Cambridge University Press, 1969/ Les actes de langage. Essai de
philosophie du langage, Hermann, Paris, 1972; 4 Taxonomy of Illocutionary Acts, in: Keith
Gunderson, ed., Language, Mind and Knowledge, University of Minnesota Press, Mineapolis,
1975, pp. 344 - 369; Expression and Meaning, Cambridge University Press, 1979 / Sense et
expression, Minuit, Paris, 1982; etc.), dar si in clasificari alternative (J. L. Austin, How fo Do
Things with Words, Clarendon, Oxford, 1962/ Quand dire, c'est faire, Seuil, Paris, 1970; Dieter
Wunderlich, Towards an Integrated Theory of Grammatical and Pragmatical Meaning, in: A.
Kasher, ed.: Language in Focus, D. Reidel P.C., Dordrecht, 1976, pp. 251 - 277; Th. Ballmer
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dar si in legaturd cu constientizarea efectelor (perlocutionare) produse de rostirea (sau
exprimarea) in altd posturd a enunturilor (acestea putind sa conduca la convingerea sau la
persuadarea destinatarului; la distragerea acestuia, la frustrarea, saula inducerea sa
in eroare; la incurajarea, la inspdaimintarea, sau la intimidarea sa; la infiriparea
dubiului; la provocarea unor reamintiri; la generarea sau accentuarea disperarii, a
sperantei si a altor stéri de spirit; la exercitarea seductiei; la trezirea suspiciunii sila alte
asemenea reactii, sau atitudini).

Adusi in orizontul pragmaticii "de al treilea grad"® sial logicii ilocutionare,
decizia devine o activitate prin care se disociaza actele: < (1) de tipul ASERTIVELOR:
"9B(p)"; = (2) de tipul DIRECTIVELOR: "'8W (H indeplineste A)"; < (3) de tipul
PROMISIVELOR: "C 81 (S indeplineste A)"; & (4) de tipul EXPRESIVELOR. "E & P(S/
H + proprietate)"; = (5) de tipul DECLARATIILOR: "D ;B (p)", respectiv al declaratiilor
asertive: "D 9; B(p)", pentru: "p" ca semn al continutului propozitional supus injoncti-
unilor discursive; "|” ca semn al asertiunii; , camarca a directivelor; "C" ca insemn
al promisiunii; "E" ca simbol al expresivelor; "D" ca simbol al operatiei Intreprinse prin
declaratii; "D“" ca indicator al declaratiilor asertive; "9" ca semn al ajustarii cuvintelor la
lucruri; "8" ca semn al ajustdrii lucrurilor la cuvinte; ";" ca semn al corespondentei deja
instaurate Intre cuvinte si lucruri; "&" ca simbol al necorespondentei dintre lucruri si cu-
vinte (in cazul expresivelor), respectiv ca semn al absentei unei conditii a sinceritatii (in
cazul declaratiilor); "B" (de la englezescul belief) ca semn al credintei; "W" (de la
want) ca semn al dorintei; "/” (de la englezescul intention) ca semn al intentiei; "P" ca
variabila a starilor psihice ce corespund indeplinirii actelor ilocutionare expresive; "H" (de
la englezescul hearer) ca semn al auditoriului; "4” ca semn al actiunii viitoare; "S” (de
la englezescul speaker) ca semn al locutorului.

Situatii de indecidabilitate in orizontul "alocutiei" creeaza enunturi sau fraze
romanesti de tipul: "de vrei sa cunosti adevaratele sentimente ale cetdtenilor, coboara
in multime §i stai de vorba cu oamenii” (o constatare, sau un ordin conditional ?);
"stiu eu dacda vremea se va mentine frumoasd si saptamina viitoare ?" (o intrebare,
sau declinare politicoas a unei invitatii la promenada ?); etc. in figura (6.1 - 2°) redim
doua situatii in care una si aceeasi expresie ("s”) dezviluie intentii discursive diferite, in
conditii distincte de emisie (in prima situatie fiind vorba de aceeasi semnificatie locu-
tionara "SID", iar In a doua dedublindu-se chiar si aceastd componenta din economia
intelesului, sau a sensului).

"'H

and W. Brennensthul, Speech Act Clasification. A Study in the Lexical Analysis of English
Speech Activity Verbs, Springer-Verlag, Berlin, Heidelberg, New York, 1981; Petru loan, Adevar
§i performantd. Pretexte §i contexte semio-logice, Bucuresti, 1987, pp. 228 - 278; Daniel Vande-
rveken, Les actes de discours, Mardaga, Bruxelles, 1988, pp. 165 -203)

¥ B. Hanson, loc. cit.; Francoise Armengaud, op. cit., p. 46
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6.1 - 2°. Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie pe linia semnificatiei alocutionare

8. MULTIVOCITATE S$I
AMBIGUITATE IN ORIZONTUL
DE ASTEPTARE AL RECEPTORULUI

La nivel hipo- sau hiper-semiotic, pe intinderi restrinse sau mai ample de discurs,
problema deciziei este traitd cotidian, de fiecare dintre noi, in postura "adresantului",
sau a "destinatarului". Ea ne confruntd cu neldmuriri de-o clipa, ori cu intrebari chinui-
toare, ne inspira ezitdri, ori ne mentine pe linia convingerii. Sa o depanam, asadar, in
raport cu modelul hexadic al situatiilor de semnificare §i de comunicare, consemnind-o: <
(1) caproblema lui mie mi se adreseaza? / la mine se face aluzie? | care este sub-
stratul exprimarii ? / ce atitudine s-ar cere adoptata ? / pot sa am incredere ? | etc.,
prin prisma coordonatei "R"; # (2) ca problema lui ce sa insemne oare ? / ce se
desemneaza prin ? / in ce limba se exprimd "interlocutorul" ? / cum sa decriptez
mesajul ? / cum s-ar traduce secventa textuald in atentie ? / cdrei civilizatii 1i apartine
fragmentul scriptural ? / din ce epoca dateaza relatarea ? / in ce stil a fost compus me-
sajul ? / etc., in cazul variabilei "E"; # (3) ca problema lui ce se spune in discursul
urmarit ? / ce vrea sa exprime remarca lui x ? / ce semnifica fragmentul citat ? / ce
inteles are poanta lui y ? / care este tilcul celor rostite ? / etc., din perspectiva parame-
trului "I" — al intensiunii; = (4) ca problema lui cine aspus (a scris, a compus etc.)
mesajul parcurs ? / de la cine apornitideea ? / cine este autorul ? / etc., in conexiune
cu dimensiunea "E” — a emitentului; ® (5) ca problema lui despre ce (sau despre
cine) se vorbeste in naratiunea urmaritd ? / wunde se petrece actiunea relatata ? / cind
s-au intimplat cele expuse ? / ce corespondente au secventele discursive in atentie cu re-
alitatea ? / cit de veridice sint spusele in atentie ? / etc., sub impresia coordonatei "D"”
— areferintei; ¥ (6) ca problema lui sub ce tonalitate sa receptez mesajul ? / ce atitu-
dine sa adopt 1n contextul spuselor adresate ? / cit de hotarita era amenintarea rostitd ? si asa
mai departe, daca ne raportam la polul "C" — al ilocutiunii.

Cum si de aceasta datd ne orientam spre aspectele de maxima generalitate ale expri-
marii §i comunicarii discursive, problema deciziei ancoreaza in sfera semnificatiei interlo-
cutionare, 1n legaturd cu modalitdti de '"receptare a receptarii". Este momentul in care
putem pune in discutie si competenta si performanta interpretativd. La nivelul "simtului
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comun", ne intrebdm dacd am receptat (sau nu) corect mesajul alocutorului (daca i-am
inteles — sau nu — toate cuvintele si toate frazele rostite), pentru a-i raspunde corespun-
zator. La nivelul constintei reflectate, ne preocupa grila prin care ne-am raportat la mesajul
destinatorului, calea prin care am incercat sd-i patrundem "textul" si "subtextul" comu-
nicdrii intreprinse.

Indecizia trimite, acum, spre libertatea metodologica si spre limitele aferente orica-
rui instrument cognitiv. Ea decurge din imprejurarea cd emitentul poate gestiona mai multe
intentii discursive, ca si din aptitudinea receptorului de a atribui un inteles sau altul sec-
ventelor inregistrate, de ale "interpreta" si "resemnifica" dupa puterile si dupa scopurile
proprii.

Mai putin socantd decit formele asociate precedentelor variabile din modelul hexadic al
situatiilor de comunicare, indecizia interlocutionard rezoneaza cu multitudinea nivelurilor de
percepere si aprofundare a "datului" comunicarii.

Enuntul dupa care "apa este un element”, spre exemplu, avea un tilc pe vremea
lui Thales si intr-o indelungatd traditie cosmologica, iar o cu totul altd semnificatie
incepind cu 1783, anul in care Antoine - Laurent Lavoisier a avut inspiratia de a trece
vapori de apa peste fierul inrosit, izolind, in acest fel, hidrogenul (sau gazul "generator
de apa") si indatorind cu una dintre cele mai epocale descoperiri chimia moderna.

Tot astfel, formula atomard "saP” a reprezentat, de-a lungul traditiei aristotelice
in logica, ca si in orizontul logicii moderne a lui George Boole, schema unei propozitii sim-
ple, pentru ca, in viziunea lui Franz Brentano, a lui Peter Frederik Strawson, Aleksej
V. Smirnov, ori Stanislaw Jaskowski, aceeasi formula de enunt sa se lase descompusé in
conjunctii de doua sau mai multe structuri elementare.

in marja de ambiguitate inerent oricirei comunicari, la nivelul marcat de coordo-
nata "R" din paradigma de complexitate mediana asociatd unor desfagurdri mai ample de
discurs, avem a reflecta la viabilitatea practicilor ce tin de retorica, de hermeneutica, de
semiotica, de critica literard, de stilisticd, de poetica si, de ce nu, de logica insisi, ca
stiintd a medierii interlinguale.

7.1 - 2°. Multivocitatea (respectiv ambiguitatea), ca stare de
indecizie pe linia semnificatiei interlocutionare
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9. CARACTERISTICI ALE 5
AMBIGUITATII SI INDECIDABILITATII

Din cele precizate in orizontul unei conceptii multinivelare asupra discursului de-
curg cel putin 5 caracteristici ale deciziei si indecidabilitatii.

1. Cele doud stari ale articularii si ale exprimarii lingvistice (decizia si in-
decidabilitatea) privesc constructiile curol de propozitii (iar In unele cazuri, pe cele cu
rol de forme, sau structuri propozitionale) luate punctual, dar pot fi extinse si ansamblului
discursiv la care acestea participd. In matematica si in logica, spre exemplu, se trateaza
decidabilitatea teoriilor si a sistemelor formale, tot asa cum — din perspectiva disciplin-
elor sermocinale (estetica, hermeneutica, semiotica, poetica, stiinta criticii literare etc. —
conteaza posibilitatea unei interpretari coerente a textului.

2. Starile polare de care ne ocupam se repliazd in raport cu fiecare coordonatd a
semnificatiei. In ordinea diminudrii (ori a estompdrii) progresive, ambiguitatea (si inde-
cidabilitatea) se manifesta si se cere infruntata in legatura: < (1) cu semnificatia morfo-
sintactica (sau gramaticald) a secventei discursive in atentie: "S”; < (2) cu semnifica-
tia logicad, sau intensionala: "I"; © (3) cu semnificatia extensionald, sau referentiala:
"D"; & (4) cu semnificatia conotativa: "C"; & (5) cu semnificatia autoexpresiva:
"E"; # (6) cusemnificatia perlocutiva: "R".

3. Aceleasi stari (de wunivocitate si, respectiv, de ambiguitate, sau multivocitate)
se manifesta distinct in raport cu fiecare modalitate de insumare a factorilor semnificatiei **:
& (1) cusemnificatia gramaticald, sau morfo-sintactica / "S"; € (2) cu semnificatia
textuala / "S +1"; = (3) cusemnificatia locutionara / "S +1+ D", < (4) cu semni-
ficatia ilocutionara / "S+ 1+ D + C"; = (5) cusemnificatia alocutionara / "S + 1+
D+ C+E"; = (6) cu semnificatia interlocutionara /| "S+1+D+C+ E+R".

D
INDECIDABILITATE
SEMANTICA, IN ORIZONTUL REFERINTEI
SI AL SEMNIFICATIEI LOCUTIONARE IN ANSAMBLU

INDECIDABILITATE INDECIDABILITATE
ILOCUTIONARA, LEGATA ¢ I SINTACTICO - SEMANTICA LA
DE SENSULUI COMUNICATIV NIVELUL SEMNIFICATIEI TEXTU-
ALE
INDECIDABILITATE PERLOCU- INDECIDABILITATE EXPRESIVA,
TIONARA, R E PE LINIA SEMNIFICATIEI
LA NIVELUL SEMNIFICATIEL / ALOCUTIONARE

INDECIDABILITATE MORFO - SINTACTICA
(SAU GRAMATICALA)
S

7°. Forme si niveluri ale ambiguitdtii si indecidabilitatii, in raport cu polii
situatiilor de comunicare si cu tipurile aferente de semnificatie

3% Petru loan, Logica integrald, 1, lagi, 1999, pp. 79 - 80
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4. Ambiguitatea (respectiv indecidabilitatea) si reversul acesteia (univocitatea)
se definesc in legatura cu fiecare categorie de reguli distinse de Rudolf Carnap 1in orizon-
tul limbajelor "constituite". Ele anunta acordul cu, sau inconsecventele tinind de: & (1)
regulile bunei formari a expresiilor (pe linia sensului formal, sau morfo-sintactic); =
(2) regulile adevarului expresiilor complexe, 1in raport cu adevarul constituentilor; <
(3) regulile de domeniu: ale modelarii, ale interpretarii, respectiv ale verificarii, sau ale
decidabilititii stricto sensu, mai ales in legaturd cu intelesul denotativ, sau referential *';
& (4) regulile desemnarii, pentru constantele descriptive. La aceasta se adauga,
bineinteles, si acordul (respectiv dezacordul) cu regulile transformarii expresiilor credi-
tate neconditionat sau conditionate (ca axiome), ori in prealabil verificate (sub aspectul in-
tensiunii, sau al sensului 1n acceptia cea mai strictd a cuvintului cu pricina).

5. La toate nivelurile si in toate orizonturile, ambiguitatea i, eo ipso, in-
decidabilitatea, sint relative, iar infruntarea lor se face prin recursul la context. Este ceea ce
subliniaza, intre altii, Robert Stalnaker, sub auspiciile pragmaticii formale **, cind pune
adevarul propozitiei interpretate in dependenta de CONTEXTUL proferdrii (intentii ale locuto-
rului In cunoastere, credinte, asteptari si interese comune interlocutorilor, acte de limbaj
indeplinite, momentul alocutiei si efectele acesteia, valoarea de adevar a propozitiei expri-
mate etc.) side LUMILE POSIBILE la care se referd propozitia proferatd, sau exprimata.

3! Rudolf Carnap, Semnificatie si necesitate. Un studiu de semanticd si logicd modald, trad. din engl.
am., Editura Dacia, Cluj, 1972, pp. 47 - 48, 53 - 54, 224.

32 Robert C. Stalnaker, Pragmatics, in: Donald Davidson and Gilbert Hermann (eds.), Semantics of
Natural Languages, D. Reidel P. C., Dordrecht, 1972; Francoise Armengaud, op. cit., pp. 44 —45.
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Matematica actuala tree printr-o perioada fasta: asistaim cu melancolie la "caderea"
unor probleme mai mult decit tricentenare: ultima teorema a lui Fermat a fost enuntatd in
1637, gasindu-si rezolvarea abia in iunie 1993, cind Andrew Wiles, matematician al
Universitatii din Princeton, uzeaza de posta electronica spre a-si anunta prioritatea. Enuntul

teoremei, de o mare simplitate (daca n > 2, atunci ecuatia x” + y" =z nu are solutii
nebanale in intregi), a bulversat lumea matematicii. De fapt, Andrew Wiles a demonstrat
mult mai mult, si anume o conjecturd a lui Shimura-Tanyiama-Weyl, despre care se stia,
incd din 1986, ca este o generalizare lejerd a ultimei teoreme fermatiene. Kenneth A. Ribet
descrie pasii rezolvarii teoremei si corelatiile ei cu conjecturile geometriei algebrice (Ribet,
1995). Dar mai interesantd ni se pare lista domeniilor matematice angrenate in consistenta
demonstratie a teoremei: curbe eliptice, forme modulare, reprezentari de grupuri Galois,
deformari, coomologie cristalind, inele locale — domenii greu de stapinit de cétre un singur
om, fie el si matematician rasat!

1. "Tensiuni cordiale" intre algebra, geometrie si topologie

Matematica moderna, in viziunea "cercului bourbakist" — edificatd prin anii 'S0 si
'60 — lucreaza cu trei tipuri de structuri: geometrice, algebrice si topologice. Algebra si
topologia si-ar putea partitiona problemele structurilor discrete, respectiv continue, care
prin natura lor sint deservite de notiuni netotale. Universul, spatiul global ar fi de
competenta geometriei. La vederea unei astfel de clasificari, geometrul, algebristul si
specialistul in analiza matematica se vor declara pe deplin satisfacuti de importanta muncii
lor. Chiar si pasionatul structurilor numerice va fi multumit, regésindu-se in "structurile
algebrice", cu toate cd "regina matematicii”, teoria numerelor, este detronata in respectiva
diviziune si inlocuitd cu un triumvirat jovial-didactic. Burbakistii aveau dreptate sa
proclame geometria ca o ramurd importantd a matematicii: domeniul este un model al
spatiului global de diferite dimensiuni, pornind de la punct (de dimensiune 0) si, trecind
prin linie si suprafata, la spatiu si la hiperspatiul n-dimensional, cu » oricit de mare. Iar
finele secolului trecut rezolva o dilema a reprezentarii spatiului, in sensul ca geometriile
neeuclidiene, eliptica si hiperbolicd, coexista cu cea euclidiand si sint diferentiate de o
simpld forma patraticd a ecuatiei suprafetei. Prin spatiul cvadridimensional Minkovski
(care este, de fapt, un spatiu-timp), drumul teoriei relativitatii restrinse era deschis. Dar
daca n este oricit de mare, ce-ati spune de spatiul Hilbert infinit dimensional (cu o
dimensiune numarabild, totusi)? Si iatd-ne in prezenta geometriilor fractalice inaugurate
prin ideea lui Benoit Mandelbrot (Mandelbrot, 1978), pregatiti sd discutam si despre o
dimensiune fractionara a spatiului.

! Facultatea de Filosofie, Universitatea "Al I. Cuza", Iasl; ceausu@uaic.ro
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Prin Programa de la Erlangen, Felix Klein defineste geometria ca un studiu al
invariantilor unui grup de transformari, grupul asemanarilor, si anume

X'=p*x+qtytay =qtx+tpiy+b cuprq=0,
la care se adaugd, eventual, simetriile. Grupul de mai sus are diferiti invarianti
fundamentali: conservd punctul, dreapta, relatia de incidentd, de ordine, de egalitate,
paralelismul si continuitatea. Combinind conceptele si invariantii fundamentali se obtin
figuri si relatii invariante derivate. Geometria clasica este multimea proprietatilor invariante
fata de grupul de mai sus (adici a relatiilor invariante intre elementele invariante). In
viziunea lui Felix Klein, a studia o disciplind matematica inseamna a determina grupul in
raport cu care notiunile ei sint invariante — prin identificarea acestui grup, sistemul
axiomatic devine o teorie a invariantilor fundamentali ai unui grup de transformari (Klein,
1926). Multimea propozitilor invariante dintr-un domeniu poate fi dotatd cu un grup —
evident, infinit, dacd nu impunem constringeri multimii variabilelor. Dar orice relatie din
cadrul grupului poate fi atinsd cu un numar finit de operatii cu invarianti fundamentali.
Orice teorema intre notiuni si relatii poate fi, deci, demonstrata pornind de la notiunile si
relatiile fundamentale. Aceasta ar descrie comportamentul unui sistem axiomatic complet.
Cind 1isi enunta, insd, programul, Felix Klein, ca si David Hilbert in primele sale
monumentale axiomatizdri ale geometriei, nu stia cd existd si sisteme recursiv
necompletabile din punct de vedere axiomatic!

Prin grupul transfomarilor de multime putem modela relatiile dintre notiuni. Daca
vom ataca problematica limbajelor geometriei, putem modela o geometrie euclidiana si una
neeuclidiend, apoi o geometrie afind, a punctului, si una vectoriala, care sa structureze
multimile de puncte. Pe de alta parte, consistenta geometriei depinde de cea a spatiului n-
dimensional al numerelor reale, ceea ce readuce in discutie definirea unei aritmetici. Nu s-a
reusit nici pina astazi demonstrarea consistentei aritmeticii pe un sistem axiomatic finitar:
caci principiul inductiei transfinite,

PI) daca A (0) si daca, dat fiind A (i) are loc A (i + 1 ), atunci A (i), pentru oricare
i, numar natural, unde A4, formuld 1n sistem, este o schema care contine un numar infinit
numadrabil de axiome. Si, in ciuda faptului cé aritmetica e unica (o aritmetica in care ambele
operatii binare, adunarea i inmultirea, sa fie recursive: rezultatul lui Tannenbaum), ea este,
totusi, incompletd si chiar esential indecidabila! Ceea ce inseamna cd, in ciuda constructiei
corecte sintactico-semantice, multimile formulelor false si a celor adevéarate nu sunt
recursiv separabile; cu alte cuvinte, nu existd o procedura recursiva care sd dea totdeauna
raspunsul adevdrat sau fals in privinta unei teoreme (corect deduse) — asa cum vom vedea
mai jos. Aritmetica Intregilor, un suport de constructie atit pentru geometrie, cit si pentru
analiza matematica, vadeste umbre in claritatea spiritualad, umbre pe care le imprima si
celorlalte subdomenii matematice.

Un intreg domeniu este o notiune in conceptia ansamblistd. Una mai larga, dar,
totusi, o notiune cu sferd si continut. O vom nota prin d,. Acelasi domeniu este o propozitie;
una ideala, strivita, poate, de proprie complexitate — dar, totusi, o propozitie pe care o vom
desemna prin D,. Din punct de vedere cibernetic, domeniul este un perceptron: o cutie
(neagra, alba sau gri) cu mai multe eventuale intréri si cu o iesire obligatorie. Atit dy, cit si
Dy, se pot codifica printr-un cod f, compatibil cu intrdrile domeniului, cel putin intr-o
interpretare datd, fie aceasta f Atunci f(dy) si f(Dy), ca intrari, pot "hrani" nsasi cutia
cibernetica a domeniului si astfel obtinem cunoasterea domeniului de domeniu. in practica
se intimpla adesea ca, dupd ce am invétat ceva §i am pus intr-o forma (testabila printr-un
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examen, de exemplu), sd revenim asupra domeniului cind Intilnim o altd sursd de sinteza —
si, astfel, vechile cunostinte acumulate devin un simplu cod de intrare in noua sinteza.
Astfel se intimpla si cu domeniile matematicii.

I. R. Safarevici (Safarevici, 1989) ia 1n serios ideea dimensionalizarii: a
descompunerii unei entititi matematice pe coordonate intr-un spatiu n-dimensional (spre
deosebire, de traducitorul roman al lucrarii, noi vom folosi termenul de dimensionalizare,
care ni se pare mai expresiv decit cel de coordinatizare). Demersul dimensionalizarii se
enuntd astfel: orice entitate matematica se poate dimensionaliza, Insa pentru un astfel de
demers conceptul de numar este insuficient §i sint necesare "generalizari" ale numarului de
tipul polinom, functie algebrica si multe altele — in general, marime mai mult sau mai putin
masurabild. $i atunci ce ne facem cu aspiratia spre perfectiunea numerelor naturale? O vom
reitera dupa ce vom atinge, in treacat, i problemele continuitatii.

O curba plana C se poate scrie sub forma unui polinom, f{x, ¥) = 0. Asociind
curbei multimea coeficientilor polinomului, vom obtine un mod primitiv de
dimensionalizare. Cresterea eficientei acestei dimensionalizari creste In momentul cind se
considera polinoame ireductibile (sint acele polinoame neconstante care nu mai pot fi
descompuse in produse finite de polinoame neconstante peste acelasi corp polinomial).
Vom presupune polinomul f ireductibil si vom considera o functie rationald oarecare ¢ de
doua variabile. Ea se poate scrie ca un cit de polinoame, ¢(x, y) = P(x, ¥)/Q(x, y) sinuva fi
definitd in acele puncte in care are loc, simultan, P(x, y) =0 si f{x, y) = 0. in ipotezele facute
mai sus, aceste puncte vor fi doar in numar finit. Putem presupune curba C ca avind un
numdr infinit de puncte (de exemplu, curbe cu coordonate complexe). Functia ¢
determinatd de multimea punctelor curbei C (vom spune pe scurt de pe curba C) este o
functie care, eventual, nu este definitd intr-un numar finit de puncte. Precautia luatd in
legdturd cu valoarea () se datoreaza necesititii existentei obligatorii a inversei ¢’(x, y) =
P(x, »)/O(x, y) — care satisface aceleasi conditii ca si functia ¢ In acest fel am obtinut
functiile rationale de pe curba C, alcatuind corpul functiilor rationale pe curba C, R(C)
(extindere a corpului R al numerelor reale). Considerind puncte cu coordonatele intr-un
corp K, 1i putem asocia puncte din R si reciproc. Prin asocierea corpului K(C) la curba C,
obtinem o dimensionalizare mai elegantd a curbei decit prin asocierea coeficientilor ecuatiei
polinomiale, deoarece, prin trecerea de la sistemul de coordonate plane (x, y) la (x', ), in
ciuda modificarii ecuatiei curbei si a inlocuirii corpului C cu C', existd un izomorfism peste
K intre corpurile K(C) si K(C').

Este usor de demonstrat cd, dacd C este o curba de gradul 2, atunci corpul K(C)
este izomorf chiar cu K(z), corpul functiilor rationale de o variabila, unde ¢ este coficientul
unghiular ce uneste un punct fix (x4, y,) al curbei cu punctul (x, y) de coordonate variabile.
in final, vom obtine expresiile x = g(?), y = h(?) si relatia f{g(?), h(t)) = 0. Astfel, daca il
inlocuim pe x cu f{t), pe y cu g(t) si, In general, pe ¢(x, ¥) cu ¢(g(t), h(t), obtinem un
izomorfism al corpurilor K(C) si K(t) peste K.

Din acest moment apar rezultate interesante prin care (partiala) decidabilitate a
unui domeniu se transportd pe un alt domeniu prin intermediul izomorfismului dintre cele
doud corpuri. Datoritd faptului ca intre functiile rationale sin si cos exista relatia sin’¢ +
cos’p = 1, iar ecuatia /(normati) a cercului in plan este x* + y° = I, existd un izomorfism
intre R(C) si R(t), cu alte cuvinte orice ecuatie trigonometrica poate fi adusa la o anumita
ecuatie algebricd de grad doi. Aceasta inseamnad ca trigonometria pland este echivalenta cu
teoria unor curbe algebrice de grad doi! Problema decidabilitatii unei teorii este transportata
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in cealaltd teorie. Ceea ce nu se intlmpla, insd, cu trigonometria sferici sau cu cea
hiperbolica, pentru care trebuie gasite alte tipuri de curbe algebrice! Deja pentru o ecuatie y
=x’ + 1, dupa cum observi si I. R. Safarevici, care furnizeaza acest exemplu (Safarevici,
1989, p. 21), corpul K(C) nu mai este izomorf cu corpul K(?) al functiilor rationale de o
variabild. In cazul ecuatiei o+ y2 = ], curba este chiar modulard, adica admite
parametrizarea celor doud variabile x si y dupa o singura variabila ¢.

Ne raportdm din nou la ecuatia f{x, y) = 0, unde /" este un polinom caruia ii vom
asocia o curbd C. Cind curba este suficient de netedd (cum se intimpla cu ecuatia x" + " =
1 derivata din marea teorema a lui Pierre Fermat), atunci genul ei este g = (n-1)(n-2)/2.
Deci, pentru n > 2, g > 4. Topologic, solutiile ecuatiei de mai sus peste corpul numerelor
complexe, cu exceptia unui numar finit de puncte, formeaza o suprafatd compacta Riemann
si atunci genul este chiar genul uzual al acestei varietati reale bidimensionale. Analitic, o
suprafatd Riemann este o varietate complexa unidimensionala si se poate defini notiunea de
forma olomorfa unidimensionala. Atunci genul este numarul maxim al formelor olomorfe
unidimensionale peste suprafata. latd-ne in situatia sa Intelegem notiunea de gen al curbei
numai prin colaborarea topologiei, analizei complexe si a geometriei diferentiale. De
exemplu, sfera Riemann din teoria integralei are genul 0, astfel incit ea nu are forme
olomorfe unidimensionale, citi vreme ecuatia curbei eliptice y° = Ax’ + Bx’ + Cx + D are
genul / pind la o constantd, elementul diferential dx/y fiind singura ei formd olomorfa
unidimensionala. (Cox, 1996). Punctelor rationale ale curbei C, reprezentate de ecuatia f(x,
) = 0, pot fi clasificate prin genurile lor dacd vom considera un model nesingular proiectiv
C(Q) al curbei peste corpul complex — Q este multimea numerelor rationale. In 1922,
Mordell conjectureaza si in 1983 Gerd Faltings demonstreaza urmatorul rezultat profund:

Teorema. Daca genul curbei C este mai mare sau egal cu 2, atunci multimea
C(Q) este finita.

Demonstratia nu este efectiva, in sensul cd G. Faltings nu géseste un algoritm
pentru generarea punctelor finite; existd o marginea superioara a solutiilor efective care nu
ajuti la gasirea lor. In alti termeni, o curbi neteda, dar suficient de "urita", cum ar fi x”°’ +
y” =1, al carei gen depaseste numirul doi, are un numir finit de puncte rationale, care pot
fi cautate cu calculatorul — problema determinarii solutiilor este deci decidabila!

Prin intermediul raspunsului afirmativ la Conjectura Iui Mordell putem emite
citeva consideratii asupra rezultatului furnizat de teorema referitoare la diofanticitatea
predicatelor recursiv-enumerabile.

Totusi, informatica si logica...

In jurul manipularii datelor prin algoritmi se poate face o teorie a decidabilitatii cu
o solidd fundamentare teoreticd — fara, insd, a neglija programarea, implementarea si testul
acestora. Algoritmul este o secventd de operatii, instructiuni sau comenzi, orientatd spre
rezolvarea unei probleme, scrisd Intr-un limbaj prestabilit si avind la baza un model
cibernetic. Data este o reprezentare standardizata care poate fi supusa prelucrarii automate.
Din punctul de vedere al teoriei calculabilitatii, algoritmii au un caracter functional, iar
datele unul structural; algoritmii reprezintd componenta dinamica, iar datele, componenta
staticd a unui program. In practica programarii, formula lui Niklaus Wirth (Horowitz,
1984), inventatorul Pascalului (program = algoritmi + date) coexista cu altele, care dau
nastere unui comentariu pertinent, cum ar fi cel a lui Robert Kowalski din programarea
logica: program = logica + control (Kowalski, 1979).
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Algoritmul ne parvine sub doud aspecte: reprezentarea sa si calculul indus de o
multime precizata de variabile de intrare. Algoritmul se inscrie ca o secventa de instructiuni
sub diverse pseudocoduri. Ca si conceptul de multime, algoritmul tinde sd devind un
concept primar al matematicii, ceea ce nu se sfiesc si proclame anumite curente
intuitioniste (Dalen, 1986), ceea ce Inseamna cé o simpla descriere cum este cea de mai sus
incd nu convine. intre caracteristicile algoritmului, cirora o intreagi literaturd, inclusiv
didactica, le acorda atentie este finitudinea reprezentarii, ceea ce nu exclude infinitudinea
calculului. Ca exemplu, algoritmul Iui Euclid. El rezolva urmatoarea problema: date douda
numere naturale a §i b € N; sa se gaseasca cel mai mic multiplu comun si cel mai mare
divizor comun al lor. Strategia constd in aflarea restului Impartirii lui @ la b; atita vreme cit
acesta este diferit de zero, se continud operatia cu b in locul lui @ si 7 in locul lui 4. Cind
restul a devenit zero, se preleveaza c¢. m. m. m. c. din celula b.

Reprezentarea acestui algoritm, in pseudocod Pascal sau Basic, este alcatuita din
citeva linii de program iar calculul este dat de un tabel cu celulele a, b, r si cu valoarea lor
din pas in pas pentru exemple numerice date. In numeroase cazuri, o reprezentare finitd nu
garanteaza un calcul finit. Exista si algoritmi care nu se opresc intotdeauna. Nici problema
opririi algoritmului lui Euclid nu este banala: trebuie observat ca in celula r, care contine
numere naturale, acestea sint din ce in ce mai mici (prin teorema chineza a resturilor) si
astfel avem garantia ca, la un moment dat, n celuld se va afla » = 0 — moment 1n care
algoritmul se termind. Pe parcursul acestui drum, el calculeaza o functie partial-definita.

O functie (partiald) este o relatie matematica de tip (m, /) — de la mai multi la unul
singur. Un alt tip de relatie se numeste cod — relatie de tip (1, m) total definitd. De fapt,
problemele decidabilitatii, pentru a fi discutate, nu se pot pune in limbaj de functie, ci de
predicate si de multimi. Un predicat P este o functie total definita peste o multime de date
D si Iuind valori in multimea valorilor logice, {1, 0}: P : D — {1, 0}. Exista functii
calculabile, care corespund predicatelor recursive §i multimilor recursive, dar nu exista
functii recursiv-enumerabile decit iIn masura in care punem problema functiilor universale
peste un domeniu (a acelor functii care genereaza toate punctele domeniului, eventual cu
repetitii). Deci pentru rezolvarea unei probleme un algoritm trebuie sa efectueze calculul
unei functii, enumerarea unui cod, decizia unui predicat sau generarea unei multimi — si
astfel se aplicd unor notiuni matematice care pot fi tratate mai eficient (Alagi®, 1978).
Acceptia termenului de problemd este una foarte largd, intrind in domeniul filosofic,
psihologic, matematic — ne-am ocupat in alte lucrari de modele ale problemei: logic,
functional, cibernetic (Ceausu, 1998).

Problema este, la urma urmei, o dificultate care se cere solutionata. S-ar putea ca
ea nici sa nu aiba rezolvare. Astfel sintem nevoiti sa punem in legatura algoritmul si cu idei
matematice mai simple: functie, predicat, multime. Exista probleme foarte grele care nu pot
fi rezolvate nici pe calculator, numite greu tractabile, multe dintre ele fiind NP-complete
(Garey; Johnson, 1979). Exista tipuri de algoritmi care nu se opresc pentru anumite seturi
de date si conduc la solutie pentru alte seturi de date — Insd complexitatea functiilor-timp
sau spatiu asociate algoritmului este un parametru esential pentru eficienta implementarii
(Kozen, 1992). Corespunzator acestei ierarhii a problemelor, existd functii recursive
(calculabile) sau nu; predicate nedecidabile (care nu pot fi decise), partial decidabile si
decidabile; multimi nerecursive-enumerabile, recursiv-enumerabile §i recursive; algoritmi
nerecursivi, algoritmi recursivi-enumerabili si recursivi. Teoria calculabilitatii efective si
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teoria complexitatii exprima esenta informaticii, partea ei cea mai stabila, conducind la
rezultate de marca 1n teoria decidabilitatii.

in cazul sistemelor formale, consistenta si completitudinea sistemului influenteaza
decidabilitatea, pentru ca sistemele inconsistente sau incomplete afecteazd uneori grav
"motorul" deductiei teoremelor. Fie L si P doud multimi infinit numarabile numite,
respectiv, alfabet de simboluri si alfabet de demonstratii, la care se adaugd multimea 7 <

* = .. o . . - . *
L, ale carei elemente se numesc afirmatii adevarate. Se mai considera multimea D < P,
ale carei elemente se mai numesc demonstratii. Se mai presupune ca D este recursiva

(decidabild) in P*. Consideram functia calculabila totala 6: D — L™ Pentru orice d € D,

(D) este cuvintul (din L*) a carei demonstratie este D.

Definitie. Tripletul <P, D, &> se numeste sistem deductiv peste L. Acesta este
semantic consistent pentru <L, 7> daca (D) < T si semantic complet pentru <L, T> daca
T < D).

Definitia de mai sus admite o relativizare. Fie V < L*, 0 = &D). Sistemul
deductiv <P, D, &> este semantic consistent relativ la V daca VN Q < V N T; este
semantic complet relativia VdacaVn T<c V Q.

Definitia de mai sus este de o maxima generalitate; nu se mai specifica, la fel ca in
consistenta sintactica, un procedeu deductiv in functie de care sa se stabileasca teoremele,
ci multimea acestora este o imagine a functiei cuprinsa in D la modul cel mai general. in
aceeasl interpretare, relatiile de definitie prin multimi ale consistentei si completitudinii sint
converse (o(D) < T, relativ la T < o(D)), asigurindu-se astfel o oarecare omogenitate in
tratarea celor doud tipuri de proprietati. lar rezultatele nu intirzie sd apara: daca T este
recursiv-enumerabild, atunci se poate determina un sistem deductiv semantic consistent si
complet pentru <L, 7>; multimile D si 6(D) sint recursiv-enumerabile; nu existd un sistem

. o . . . . *
deductiv care sd fie semantic consistent si complet relativ la V pentru V < L, cu V
recursiv-enumerabil si V' » T ne-recursiv enumerabil; un sistem deductiv este semantic
complet si consistent pentru <L, 7> atunci $i numai atunci cind este semantic complet si

consistent relativ la orice submultime V' < L* (Ceausu, 1998).

Dupa cum stim, aritmetica formala Peano, notata P = (0, ', +,. , = permite
constructia formulelor (bine formate), apoi a interpretarii standard. Pe baza acesteia putem
defini perechea fundamentalda <P, 7>, unde T este multimea formulelor inchise i-valide ale
aritmeticii. Exprimabilitatea unei multimi de numere naturale se defineste astfel: apartenenta
la o multime de numere naturale S este exprimabila prin perechea fundamentala <L, 7> daca
exista o functie calculabild (care exprimd apartenenta la S), f: N — L, astfel incit: i) dacd n €,
atunci f(n) € T; ii)) dacd n e N\ S, atunci fin) € L' | T. Vom mai consemna definitia
aritmeticitatii unei multimi: o multime M este aritmetica daca existd o formuld A4 cu cel
mult o variabila liberd x, astfel ca M = { a / A(x/a) este valida }. Se observa ca apartenenta la
orice multime M este exprimabild prin <4, 7>.

Exprimabilitatea unei multimi de numere naturale prin perechea fundamentala <L, 7>
std la baza urmatorului rezultat de existentd: dacd existd o multime de numere naturale ne-
recursiv enumerabild si exprimabild prin perechea fundamentala <L, 7>, atunci nu exista
un sistem deductiv semantic consistent si complet pentru <L, 7>. Mai ramine de aritat ca
existd multimi aritmetice care nu sint recursiv-enumerabile — prin considerarea unei
codificari de tip K. Godel pentru multimea formulelor exprimabile, respectiv inexprimabile
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— si astfel sintem in prezenta unui mecanism de producere a sistemelor semantic
consistente si incomplete si a unui rezultat fundamental al demersului de pind acum: nu
existd sisteme deductive semantic consistente si complete pentru perechea fundamentala
<A, T>. Este o generalizare semanticd a primei teoreme de incompletitudine (pentru
aritmetica formald cu setul de axiome al lui G. Peano) a lui K. Godel. Din rezultatele de
pind acum rezultd cd aritmetica formald este ne-recursivi — nici macar recursiv-
enumerabild, cum este cazul calculului predicational intr-o formalizare deductiva de tip
Hilbert-Ackermann.

Punerea 1n corespondentd a consistentei si completitudinii sintactice cu
proprietatile corespunzatoare semantice este imediata: sistemul deductiv <P, D, &> este
(sintactic) consistent dacd nu existd o formuld B astfel incit B, B € (D), este complet cind
B € o) v B e D) pentru oricare B, formula inchisa. Legatura dintre consistenta /
completitudinea semanticd si cea sintacticd este datd prin urmatorul rezultat enuntat prin
cazuri: i) un sistem deductiv semantic consistent este consistent; ii) un sistem deductiv
semantic complet este complet; ii7) un sistem deductiv semantic consistent este si semantic
complet atunci si numai atunci cind el este complet.

Vom ajunge chiar la ideea ca existd sisteme deductive care nu pot fi completate iar
aritmetica formald luatd in discutie este unul dintre ele. Pentru extensia unui sistem
deductiv, vom folosi urmatoarea

Definitie. Fie <P " D P 50> si <P, D, 6> doua sisteme deductive. Spunem ca <P, D,

0> este o extensie a lui <P, D, 5{)> daca 5(D( ) S AD). Spunem ca un sistem deductiv <P,
D, 6> este completabil daca existd o extensie <P, D, 6> care este consistentd si completa.
Astfel de sisteme se pot construi prin tehnica separabilitatii. Fie K un alfabet §i 4, B, C €
K" 4 si B fiind disjuncte. Spunem ca C separd A de B daca existd o multime C recursiva

in K *, care separa 4 de B.

Proprietatea de separabilitate std la baza urmatorului rezultat: dacd multimea
formulelor inchise deductibile si cea a formulelor inchise nedeductibile dintr-un sistem
deductiv sint inseparabile, atunci respectivul sistem este necompletabil.

Atd deci ca, sub o anumita ipoteza, un sistem formal este necompletabil. Problema
ar fi dacd astfel de tipuri de sisteme existd; insa ele se pot construi efectiv pornind de la
inseparabilitatea celor doud multimi aritmetice care exprimd formulele deductibile ale
sistemului si pe cele nedeductibile.

Teoremele de incompletitudine godeliene suportd conexiuni cu alte rezultate
celebre ale sistemelor formale si ale teoriei calculabilitatii efective (Tarski, Matiasevici-
Putnam-Davis-Robinson) si diverse relativizari pentru multimile de ipoteze consistente. Un
interesant rezultat al lui Alfred Tarski se refera tot la aritmetica formala gi este conectat cu
rezultatul Iui Kurt Godel: multimea formulelor adevarate ale aritmeticii este nearitmetica.

in prealabil, trebuie definita aritmeticitatea unei multimi de formule M < 4 * (respectind o
anumitd enumerare). Se spune cd doud enumerdri sint aritmetic echivalente daca functia
care duce numarul unui cuvint Intr-o enumerare in numdrul lui dintr-o altd enumerare este o
functie aritmetica.

Relativizarea multimilor de ipoteze consistente sau complete ar putea fi o alta cale
prin care rezultatele de incompletitudine godeliene sa capete extensii semnificative peste
anumite tipuri de teorii necompletabile. Vom schita un demers de obtinere a unor sisteme
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deductive din altele. Pe aceasta cale, se pot defini multimile / de ipoteze i-consistente si i-
complete (unde i este un model pentru multimea de ipoteze); apoi i-J-consistente $i i-J-
complete. Multimea de ipoteze [ este i-consistenta dacd PD(l) < PV(I) si i-completa daca
PV() < PD(). Fie J o multime de propozitii. Multimea de propozitii / este i-J-consistenta
dacaJ N PDI) = J n PV sii-J-completa daca J n PV(I) = J N PD(I). Se
demonstreaza usor ca, date fiind /, o multime de propozitii §i i o interpretare, au loc
urmatoarele implicatii: i) daca I este i-consistenta, atunci / este consistenta; ii) daca [ este i-
completd, atunci [/ este completd; iii) daca I este i-consistentd, atunci notiunile de i-
completitudine si de completitudine pentru multimi de propozitii sint echivalente. Vom
putea astfel relativiza citeva dintre rezultatele dinainte, folosindu-ne si de notiunea de i-
exprimabilitate. Luind 1n considerare aritmeticitatea unor multimi de acest gen, vom putea
obtine urmatoarele rezultate, extensii relativizate ale primei teoreme godeliene de
incompletitudine: i) in aritmetica formald nu existd multimi recursiv-enumerabile de
propozitii care sa fie i-consistente si i-complete; ii) In aritmetica formald existda multimi
enumerabile §i necompletabile de propozitii.

Din rezultatele de mai sus se observa o relatie subtilad intre consistentd, completitudine
(cu rafindrile lor in functie de existenta unui model i: i-consistentd, i-completitudine), pe de o
parte, si exprimabilitate si recursiva-enumerabilitate, pe de alta; citd vreme primele doua sint
proprietati intrinseci, definite si luind valori in sistemul insusi celelalte doua iau valori 1n
afara sistemului, proiectindu-1, de regula, in alte ramuri ale matematicii. Facem aceasta
precizare deoarece deseori se confundd incompletitudinea cu indecidabilitatea. Calculul
propozitional construit cu operatorul "=" (calcul implicational) este un sistem incomplet si
recursiv; calculul cu predicate pur (numai cu predicate, nu si cu functii) este complet si
recursiv-enumerabil (in conditiile in care nu se fac ipoteze restrictive asupra matricii de
cuantori a formulelor in forma prenex); aritmetica formald in axiomatica lui Giuseppe
Peano este incompleta (in ipoteza consistentei ei) si nici macar recursiv-enumerabila, fiind
recursiv necompletabild. Recursiva separabilitate a formulelor adevarate si a celor false si
recursiva necompletabilitate sint proprietati-cheie care influenteazd enumerarea recursiva a
sistemului. De altfel, extinderea unui sistem prin procedee inspirate de completitudine se
aplica astazi bazelor de cunostinte modelate cu ajutorul logicilor nemonotone. Ipoteza lumii
inchise (a lui R. Reiter) si completarea predicatului (K. L. Clark) sint astfel de procedee
prin aplicarea cérora problema decidabilitatii sistemului ramine deschisa (Grégoire, 1990).

3. O matematica a ecuatiilor diofantice?

A reduce teoria predicatelor recursiv-enumerabile la una de polinoame diofantice
(avind drept coeficienti numere intregi) este o uriasa tentatie la care nici un matematician
rasat nu putea renunta, datoritd a doua aspecte:

i) predicatele recursiv-enumerabile modeleaza fenomenul de partiala
decidabilitate, deci traseaza o limita clara intre problemele finite din informatica si cele
infinite; dintre cele "rezolvabile prin tehnici finitare pe multimi infinit numarabile", si
"irezolvabile prin tehnici finitare". Or, predicatele recursiv-enumerabile sint adesea dificil
de reprezentat pe calculator, ceea ce nu se intimpld cu numerele intregi;

ii) teoria predicatelor recursiv-enumerabile comunicd destul de greu cu alte
domenii matematice, in vreme ce polinoamele diofantice sint foarte mult studiate, au
aplicatii didactice gimnaziale, sint corelate cu duzini de teorii si domenii speciale
(reprezentdri Galois, grupuri de transformari, suprafete riemanniene, curbe eliptice,
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reprezentari p-adice etc.) si fac obiectul unor studii matematice foarte intense, fructificate
in secolul abia trecut prin rezolvarea in sens pozitiv a Conjecturii lui Mordell si a
Conjecturii Tanyama-Shimura-Weyl, ultimul rezultat ducind la rezolvarea tricentenarei
"mari teoreme a lui Fermat". Atita vreme cit predicatele diofantice nu vor fi studiate in
corelatia lor cu alte structuri algebrice, geometrice §i topologice, cunoasterea logico-
matematicd nu va avea suficient de multe modele intuitive pentru a da un impuls
revolutionar elucidarii teoriei predicatelor recursiv-enumerabile.
cea de predicat recursiv-enumerabil. Vom nota prin D/ o multime de date de date de intrare
si vom considera multimea B a valorilor de adevar si de fals, B = { 0, [ }. Se numeste
problema de decizie o functie de tipul P: DI — B. Problema P este partial decidabila
(semidecidabila) daca exista un algoritm 4 cu urmatoarea comportare: pentru orice x € DI,
se opreste dupa un numadr finit de pasi atunci si numai atunci cind P(x) = /. Problema P
este partial decidabila daca exista un algoritm A care, pentru orice x € DI, se opreste dupa
un numar finit de pasi, furnizind la iesire valoarea A(x). Observdm ca orice problema
partial decidabila este §i decidabila, deoarece valorile A(x) furnizate la iesirea algoritmului
oprit dupd un numir finit de pasi indepllinesc automat conditia P(x) = /. in sensul cel mai
larg, n interpretarea functionald, o problema s-ar putea lua ca o functie de la o multime de
date de intrare la una de date de iesire: /> DI — DE. Observam ca algoritmul rezolva o
problema in sensul cel mai larg si decide o problemd decidabild. Sa ne amintim cd un
algoritm rezolva o problemad, genereaza o multime, decide un predicat, calculeaza o functie §i
enumerd un cod. Am observat ca partiala decidabilitate a problemei nu se poate exprima prin
functii, ci prin predicate §i multimi iar multimile pot fi asimilate cu predicatele prin
intermediul functiei caracteristice. Ramine sa definim partiala decidabilitate pentru predicate
aritmetice n-are (de tipul P: N' — B, N fiind multimea numerelor naturale), cu » > 0, iar
notiunea matematica riguroasa pentru acest comportament este recursiva enumerabilitate.

Predicatul aritmetic n-ar P este recursiv-enumerabil (n > () daca existd un
predicat recursiv R cu n + m variabile (m > 0) astfel ca, pentru orice x, ..., x,,

P(xi, oo Xp) < Bieee o R(X1 ooy Xy Visewr s Vi )-

Din definitie, rezulta imediat ca orice predicat recursiv este si recursiv-enumerabil.
Se poate demonstra cd predicatul R se poate "ajusta" chiar la unul primitiv-recursiv cu o
singura variabila legata (existential) in plus fata de variabilele sale libere si ca are un
comportament recursiv fatd de operatorii logici cunoscuti, ceea ce conduce la un rezultat de
dihotomie cu multe aplicatii (teorema lui E. L. Post): predicatele P si —P sint recursiv
enumerabile atunci si numai atunci cind P gi —P sint recursive (Cazacu, 1996). Aplicata la
ideea de multime, recursiva-enumerabilitate produce definitia: multimea aritmetica n-ard M
< N este recursiv-enumerabild dacad predicatul ei de apartenentd "(x;, ..., x,) € M" este
recursiv enumerabil. Este iardsi interesant acest rezultat de dihotomie: daca M;, M, sint
multimi enumerabile de n-uple, atunci existd doud multimi enumerabile M’;, M',, disjuncte,
astfel incit M; oM,=M'; UM',.

Trecerea la domeniul aritmeticii este permisd de predicatele diofantice si functiile
diofantice: predicatul n-ar P este diofantic dacd existd un polinom p cu coeficienti intregi
astfel ca:

Py, oy x) S B e pOCL ooy Xy Vieer s Vi),
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unde ¢ 2> 0. Functia total definitd / este diofantica daca predicatul "f(x,, ..., x,) = y" este
diofantic. Rezultatul de forta al acestei cercetari este urmatorul:

Teorema. Un predicat aritmetic este recursiv enumerabil atunci $i numai atunci
cind este diofantic (Matiasevici, 1970).

Finalizarea demonstratiei a necesitat eforturile unor matematicieni celebri, cum ar fi
Martin Davis, Hilary Putnam, Julia Robinson, Turii V. Matiasevici si G. V. Ciudnovski.
Teorema de mai sus conduce la rezolvarea problemei a zecea a lui Hilbert (a rezolvabilitatii
unei ecuatii diofantice oarecare) care, In termenii teoriei edificate, suna astfel:

Problema HI. Fiind datd o ecuatie diofantici cu un numar oarecare de
necunoscute, sa se indice un algoritm recursiv care si o rezolve.

Problema consta de a decide pe cale algoritmica, pentru orice ecuatie

px, ..., X)) =0,
unde p este un polinom cu coeficienti intregi, daca acceasta are solutii in numere intregi.

Aplicarea teoremei de mai sus asupra problemei HI conduce la un rezultat negativ
de mare rasunet (dupa ce, in prealabil, se face reducerea problemei HI la HN — aceeasi
problema aplicata ecuatiilor diofantice avind drept coeficienti numerele naturale): problema
HI este algoritmic nedecidabila. Deci multimea ecuatiilor diofantice este un intreg univers,
care permite, pentru diversele clase de solutii, si recursivitate, si recursivda enumerabilitate,
si nerecursivitate. lar aceste clase de solutii se pot considera dupa "forma" particulard a
ecuatiei, dupa aspectul geometric al punctelor care furnizeazd solutii nebanale, dupa
numarul de variabile al ecuatiei, gradul ei, genul ei s. a. m. d. Dar noud ne va atrage atentia
un rezultat pozitiv derivat din aceeasi teorema (Cazacu, 1996, p. 130):

Teorema. Pentru orice n > ( existd un numar natural » i un polinom u cu
coeficienti Intregi astfel incit, pentru orice predicat recursiv-enumerabil n-ar P existd o
infinitate de numere naturale « care satisfac echivalenta:

Pxy, ..., x)) < Hpee. B (ula, xg, .., Xpy Yiseor, i) = 0).

Pentru n = I, ecuatia din parantezd se numeste ecuatie diofantica universala.
Aceasta teorema garanteaza deci existenta ecuatiilor diofantice universale pentru diversele
teorii deductive recursiv-enumerabile. Ecuatiile diofantice universale, ca si functiile
universale, conduc la enumerarea punctelor unui intreg domeniu (cu eventuale repetitii).
Complexitatea unei ecuatii diofantice universale poate fi apreciatd dupa numarul » de
necunoscute diferite de a, x, precum si dupa gradul g al polinomului . in lucrarea citat, J.
P. Jones pune in evidentd mai multe perechi posibile de numere (¥, g) specifice ecuatiilor
diofantice universale: (58, 4), (29, 12), (24, 36) si asa mai departe.

Avem astfel la dispozitie un instrument de tratare comun atit pentru teorii
decidabile, cit si pentru cele partial decidabile — milenara teorie a ecuatiilor diofantice. In
lumina acestor rezultate, rezolvarea afirmativad a conjecturii lui Mordell recomanda genul
unei curbe algebrice, pe lingd numarul » al necunoscutelor si gradul g al polinomului
universal ca fiind o buna bazd de discutie pentru ecuatiile diofantice universale dedicate
diverselor domenii geometrice, analitice si topologice ale matematicii — aparent mai putin
"primitoare" pentru ecuatiile diofantice.

Ca o consecinta a teoremei lui E. L. Post, daca P este un predicat nerecursiv, dar
recursiv-enumerabil, atunci P nu este recursiv-enumerabil iar rezultatul se poate aplica
asupra principiului de completitudine a unui domeniu. Din teorema lui Tu. V. Matiasevici si
din citeva corelatii realizate de J. P. Jones rezultd cad orice rezultat matematic cu o
demonstratie intr-o teorie finit axiomatizabilld se poate exprima intr-un limbaj de
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polinoame diofantice (cu coeficienti intregi), constind din cel mult o sutd de adunari si de
multiplicari de intregi!

Privind clasifiarea bourbakistd, logicianul si informaticianul pot fi profund
nemultumiti: cum, atit de putin reprezintd logica si informatica in ansamblul matematicii,
incit ele trebuie si se re-obtind la nesfirsit prin combinarea celor trei structuri de baza? In
acest articol ne-am situat pe o pozitie care s-ar putea numi "paranoica", enuntata printr-o
teza sustinuta in articolul a doi dintre protagonistii rezultatului invocat mai sus (Jones;
Matiasevici, 1984):

Teza. Problemele cu ecuatii diofantice reprezinta aproape toatd matematica.

Insa acel aproape este unul dur, greu de demolat. Miza lui este aproape intreaga
cunoastere stiintificd, neobositul drum spre mathesis universalis.
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DIN NOU INCOMPLETITUDINEA

VIRGIL DRAGHICI

Incompleteness again

Abstract

This paper inteds a succint analysis of the way in which the phenomenon of
incompletenss works as an argument in contemporary controversy about realism-
antirealism, the meaning of mathematical concepts, the new foundation of the logi-
cist program. Firstly, it argues the impossibility of bringing together, in a coherent
theory, of the wittgensteinian thesis "meaning is use” (and the afferent ones) and

the rehabilitation of the logicist program.

Una dintre cele mai importante descoperiri a secolului al XX-lea este fenomenul incom-
pletitudinii. Sensul siu a fost coerent explicitat prin prestatia remarcabild a lui Godel.!

Th.G1. Dacd un sistem formal S este (simplu) consistent, atunci S contine o
propozitie G, exprimabild in termenii sistemului, astfel ci non ks G; dacd sistemul formal
este w-consistent, atunci non s =G. (Asadar, G este o propozijie indecidabild pentru S
g1 deci S este incomplet).

Th.G2. Dacéd sistemul formal S este consistent (cu Con formula care ezprimd
consistenta), atunci g Con.

Propozitia G din Th.G1 are forma VzF(z), cu F(z) predicat decidabil,? exprimabild

in S dar nedemonstrabily in S. If this way of stating Godel’s theorem is legitimate, it

1Gadel [1]
2comp. Spatiul abstract ol intuifiei adevirului aritmetic, p.7
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follows that our notion of 'natural number’ cannot be fully expressed by means of any
formal system” (Dummett [2], 186). Ce semnificatie filosofici are acest fapt?

O linie de argumentare este cea care sustine teza ci rezultatul de mai sus confirm#s
(sau cel putin este compatibil cu) optiunea realistd in filosofia matematicii, optiune funda-
mentati de ideea ci semnificatia unei expresii transcende utilizarea acesteia si care implica
o conceptie bivalents asupra adevirului aritmetic. Iatd, pe scurt, argumentul invocat.

Atunci cind calificim propozitia G ca fiind adeviirati avem in vedere un anumit model
al sistemului considerat (deoarece G este adevirati in unele modele si falsi in altele).
Posedim agadar o idee perfect definiti de structuri matematici (o conceptie intuitivi
clar) in raport cu care vorbim despre numerele naturale si deci despre adevérul lui G.
insi aceastd conceptie intuitivi nu este complet explicitabild (caracterizabili) printr-o
multime finitd de asertiuni despre numerele naturale. Deci expresia "numdr natural” este
un exemplu, din multe altele, care ne arati ci semnificatia unei expresii nu poate fi
explicatd in termenii folosirii expresiei respective.

O alti linie de argumentare sutine teza contrard, respectiv teza ci Teorema lui Godel
nu reprezinti un contraargument la identificarea semnificatiei unei expresii cu folosirea in
limb4. Iatd argumentul oferit si consecintele lui.

Comprehensiunea semnificatiei unei expresii nu se face mecanic prin explicitarea
relatiei dintre expresie gi ceea ce ea semnifici. Mai curdnd, dovada asimilérii unui concept
(i-e. a comprehensiunii unei semnificatii) se face prin folosirea corects, in varii situatii, a
expresiei respective. In acest fel semnificatia unei expresii si folosirea ei se afli in raport
de identitate.

Aceasti tezd Insi ("meaning is use”) este foarte generald gi necesitd astfel explicitari
ulterioare, respectiv cele privitoare la modul in care trebuie descrisd folosirea expresiei (o
teorie generald a acestui fapt fiind foarte problematicd) si la criteriile dupé care putem
califica descrierea respectivi ca. fiind corectd si adecvatd (o sarcind foarte dificild in filosofia
matematicii).

Rezulti ci. Teorema lui Gédel nu poate fi invocatd ca argument impotriva tezei " mean-
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ing is use” si ci semnificatia acordatd de prima linie acestei teoreme este gresitd. Gregeala
ar consta intr-o aplicare eronati a notiunii de model. Atunci cand vorbim despre modele le
avem in vedere ca entititi construite in teorii matematice specificate i descrise prin inter-
mediul acestor teorii (modelele descrise in termeni set-teoretici sau in termenii numerelor
naturale). Iar argumentarea primei linii opereazi cu o notiune de model ca fiind datd
independent de orice descriptie. Agadar, cum notiunea de model nu este independentd de
descrierea prin care este datd rezultd cd nici adevirul propozitiei G, la care accedem in
modelul considerat (i.e. unul standard, in care Th. Godel este adevédrats) nu transcende
descrierea in cauzi. Si deci semnificatia nu transcende descrierea folosirii expresiei.

Pe de alti parte, daci vrem s3 caracterizim formal conceptul de numir natural, si n-o
putem face prin intermediul uriei caracteriziri formale incomplete, nu putem (nici) apela la
conceptia despre modelul standard (in care G este adeviratd) pentru ci argumentarea ar
fi circulari: aceasti conceptie trebuie explicitatd printr-o descriptie iar descriptia apeleazi
la conceptul de numiér natﬁra].

Si totusi, pe ce se bazeazi adevirul propozitiei G, respectiv faptul cd propozitia G
”can be recognized by us to be true”’?

Dupi Dummett, " The argument for the truth of U [the Gidel sentence G] proceeds
under the hypothesis that the formal system in question is consistent” ([2], 192). ” Consid-
ered as an argument to a hypothetical conclusion - that if the system is consistent, then
VzA(z) [i.e. VzF(z)] is true - this reasoning can of course be formalized in the system.
Considered as an argument for the unconditional asertion of U, it depends more heavily
on the assumption of the consistency of the system than any piece of reasoning that can
be formalized in it” (idem). ”... to the argument which is supposed to establish that all
of statements A(0), A(1), A(2),. .. are true, and hence that VzA(z) is true, the grand as-
sumption of the total consistency of the system is quite essential. Therefore it is in the
reasoning which shows that all of A(0), A(1), A(2),... are true, and not in the quite evi-
dent step from there to the truth of VzA(z), that we have to appeal to something which

cannot be formalized in the system: namely to the argument which is intended to show
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that the system possesses overall consistency ([2], 193). In fine, " The interest of Gidel’s
theorem lies in its applicability to any intuitively correct system for number theory... We
have, therefore, to consider the consistency proof with which Gddel’s reasoning must be
supplemented if the truth of U is to be established as one which we know that we can
give for any formal system, provided only that it is assumed about that system that it is
intuitively correct” (idem).

Rezulty asadar cii adevirul proporitiei G poate fi dedus prin modus ponens din
conditionalul demonstrabil in S. "Daci sistemul considerat S este consistent, atunci G

X»

este adevirati” i din asumptia consistentei sistemului:

S+ If S is consistent, G is true

S is consistent

G is true

Inss, prin Th.G2, daci S este consistent, atunci S I/ Cons. Atunci cum stabilim
consistenta sistemului formal?

O demonstratie a consistentei lui S nu poate fi decit una neinformativi,® adici o
demonstratie prin inductie pe lungimea demonstratiilor formale in raport cu proprietatea
de a avea o concluzie adeviiratii. Definirea acestei proprietiti se face inductiv, pe baza
matricelor operatorilor propozitionali, a definirii cuantificatorului universal printr-o suité
de conjunctii si a celui existential prin disjunctii. Se adaugé apoi ipoteza adevarului
axiomelor gi a validitatii regulilor de inferentd.

Desigur, problema cheie aici este cea privitoare la adevirul axiomelor si la validitatea
requlilor de inferentd utilizate. Este caracterul aritmetic intuitiv un indicator suficient al

adevirului unei axiome? Ce argumente se pot aduce in acest sens? Sau dacd nu cumva

3Pentru anumite sisteme formale o demonstratie informativi (netriviald) se poate da: demonstratia
dat3 de Gentzen [1] utilidnd inductia transfinitd péni la go. §i in acest caz insd ceva intuitiv adevérat
despre conceptul de numir natural rdméne in afara sistemului considerat, resp. validitatea inductiei
transfinite pani la ey. Ceea ce intereseazd insi este aplicabilitatea generald a Th.G1 la orice sistem

formal intuitiv corect.
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Th.G2 poate fi un argument pentru teza ci pentru orice sistem al aritmeticii la care Th.G1
se aplicii se poate oferi cel mult o demonstratie de consistentd neinformativi. Respectiv,
pentru cazul particular al demonstratiei pe baza inductiei transfinite pand la &y (€07'7),
daci nu cumva cadrul conceptual non-aritmetic utilizat este mai putin cert dect teoria
demonstratiei pentru aritmetica de ordinul intsi. Iatd ce crede Gentzen: "Im ganzen meine
ich, dass auch der Endlichkeitsbeweis (15.4) innerhalb der grundsétzlichen Unterscheidung
vom bedenklichen und unbedenklichen Beweismitteln (§9) durchhaus noch dem Unbeden-
klichen zugerechnet werden kann, so dass der Widerspruchfreiheitsbeweis eine wirkliche
Sicherung der bedenklichen Teile der reinen Zahlentheorie darstellt”.4

Cu privire la opinia exprimatd de Gentzen, C. Wright manifestd rezerve: ” To accept
the Gentzen proof is to be persuaded of a mapping between the proofs constructible in
elementary number theory and the series of ordinals up to €o. And to understand the struc-
ture of ordinals up to go is to grasp a concept which embeds and builds on an ordinary
understanding of the series of natural numbers. So to trust the Gentzen proof is implicitly
to forgo any doubt about the coherence of the concept of natural number. Any residual
doubt about the consistency of first-order number theory would have, therefore, to con-
cern whether the (fully coherent) concept of number is faithfully reflected by the standard
first-order axioms-specifically, by all admissible instances of the induction schema. Such
a doubt would have to concern whether, even when we are restricted to first-order arith-
metical vocabulary, "tricksy” predicates might not somehow be formulated whose use in
inductions could lead to contradiction. Could someone reasonably worry about that who
was confident in the consistency of Gentzen’s method? How might such a doubt be further
elaborated? ([1], 330).

Pe baza acestor rezerve cu privire la demonstrarea consistentei Wright considerd ca
ceea ce se poate demonstra efectiv este doar enuntul conditional din modus ponens de mai

sus. Agadar, acest enunt conditional, demontrabil in S trebuie si figureze ca demonstrafie
1G. Gentzen [1], 560. ”Widerspruchsfreiheit der Zahlentheorie”, Math. Ann., 112, 1936, 493-565.
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aluiGS

S3 revenim la Dummett. Ce insemneazi extensibilitatea indefinitd a semnificatiei con-
ceptelor matematice gi cum se fundamenteazi ea?

Noi poseddm comprehensiunea completd a conceptului de numér natural. Acest con-
cept reclami validitatea inductiei in raport cu orice proprietate bine-definita. ins¥, intr-un
sistem formal validitatea inductiei se referd doar la proprietétile exprimabile in sistem. O
datd ce sistemul a fost formulat se pot construi definitii de proprietiti noi, neexprimabile
in el. O astfel de proprietate este cea de ”propozitie adevdratd a lui S”. lar prin apli-
carea inductiei la acest tip de proprieti{i se pot deriva concluzii nedemonstrabile in S:
”The reason why the ordinary concept of "natural number” is inherently vague is that a
central feature of it, which would be involved in any characterization of the concept, is
the validity of induction with respect to any well-defined property; and the concept of a
well-defined property is turn exhibits a particular variety of inherent vagueness, namely
indefinite extensibility. A concept is indefinitely extensible if, for any definite character-
ization of it, there is a natural extension of this characterization, which yields a more
inclusive concept” ([2], 195).

Prin aceasta insi nu se infirmi nicidecum teza ”meaning is use”, pentru ci o astfel de
extensiune se face in acord cu anumite principii generale care creazi astfel de extensiuni,
iar caracterizarea extinsi se formuleazi de fiecare datd prin raportare la cea anterioard
(neextinsi). La Dummett extensibilitatea este un gen de vaguitate, insé vaguitatea unui
concept nu implici vaguitatea unei descrieri corecte a folosirii expresiei respective. Dacd
o0 expresie este perfect definitd, atunci descrierea folosirii ei se face printr-un singur sistem
formal. Iar daci expresia are o semnificatie vagi, "it will be essential to the characteri-
zation of its use to formulate the general principle according to which any precise formal
characterization can always be extended. Such a characterization is as much in terms of
use as any other” (idem).

Tot astfel stau lucrurile si cu conceptul demonstrabilititii. Fiind un concept vag

50 alternativi este demonstratia intuitionistd a lui G (in cont.p-140). ste ea una validi?
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va exista o extensiune a lui care produce un concept mai cuprinzitor. Si astfel, daci
semnificatiile sunt date in termenii metodelor de demonstratie de care dispunem, atunci
the very meanings of our mathematical statements are always subject to shift”.® Aceast3
tezd dummettiand este in acord cu tezele intuitionismului matematic despre demonstratie.
O demonstratie matematicd (i.e. constructie) este in mod esential o constructie mentald
care poate fi reprezentatd simbolic, dar nu este identicd cu aceastd reprezentare. Non-
identitatea in cauzi recuzd existenta unui izomorfism intre totalitatea demonstratiilor
posibile ale propozitiilor intr-o teorie matematicd §i totalitatea structurilor simbolice
(demonstratiilor) Intr-un sistem formal. Iatd ce scrie Dummett: ” The intuitive conception
of a valid mathematical proof, even for statements within some circumscribed theory, can-
not in general be identified with the concept of a proof within some one formal system; for
it may be the case that no formal system can even succeed in embodying all the principles
of proof that we should intuitively accept; and this is precisely what is shown to be the
case in regard to number theory by Gédel’s theorem.” ([2], 200).

Cele doud linii argumentative prezentate mai sus au insd si puncte de contact. Teza
"meaning is use”, de exemplu, nu apartine exclusiv optiunii constructiviste dummettiene.
Ea este perfect compaitibild gi cu pozitia realistd. Un astfel de punct de vedere, opus celui
reprezentat de Dummett, este exprimat de C. Peacocke [1]. S& vedem cum arati acest
gen de argumentare §i in ce sens contrazice el constructivismul lui Dummett.

Dezvoltirile teoretice dummettiene sunt o variantd a logismului lui Frege in filosofia
matematicii. Insi clauza manifestirii si clauza extensiunii conservative an consecinte in-
dezirabile pentru logicism, respectiv

1. respingerea teoriei semnificatiei in termenii conditiilor de demonstratie

2. incompatibilitatea cu angajamentul ontologic al aritmeticii.

S& ne oprim la 1, din perspectiva cireia Peacocke respinge constructivismul dummettian.

Teza cd semnificatia unei constante logice este strict determinatd printr-o multime de

reguli de inferenti este datd, la Dummett ([1], 363-364), prin urmétoarele doud clauze:

SM. Dummett. [1], p.401
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"First, the condition for the correctness of an assertion made by means of a sentence
containing a logical constant must always coincide with the existence of a deduction,
by means of those rules of inference, to that sentence from correct premisses none of
which contains any of the logical constants in question. Secondly, there must not be any
deduction from premisses of the same kind, via sentences involving the logical constants,
to a conclusion also containing no logical constant whose assertion would not itself be
correct. This second requirement is, in effect, the requirement that the addition of the
logical constants to that fragment of the language which lacks them is a conservative
extension of the fragment (with respect to a property of being correctly assertible).”

Agadar, cele dou# clauze dummettiene contin (gi implici) urm&toarele teze.

a) Semnificatia unui operator logic este dati complet prin regulile lui de introducere si
cele de eliminare. Comprehensiunea acestor reguli inseamnd comprehensiunea operatoru-
lui respectiv, considerat separat, si deci si comprehensiunea contributiei operatorului la
constituirea semnificatiei enuntului complex in care apare gi la validitatea argumentelor
care contin un astfel de enunt.® (cerinta separabilitdtis).

b) semnificatia este datd in termenii conditiilor demonstrabilitatii

c) teza extensiunii conservative: introducerea unor noi constante logice nu trebuie sd
altereze semnificatiile enunturilor deja existente in limbaj.

d) teza manifestabilitifii: sesizarea unei semnificatii trebuie si fie complet manifestd
prin utilizarea ei efectivi de citre vorbitor: ”The meaning of a mathematical statement
determines and is exhaustively determined by its use. The meaning of such a statement
cannot be, or contain as an ingredient, anything which is not manifest in the use made of
it...” ” An individual cannot communicate what he cannot be observed to communicate”
(13], 98).

e) teza proprietiitii subformulei: dacd inferenta de la I' 1a P este deductiv validd, atunci

7comp. gi M. Dummett, [5], 220
gcomp. Dummett, {5}, 251. I. Hacking [1] avanseazd un punct de vedere similar in raport cu logica

clasicd
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existd o demonstratie a lui P din I in care orice linie este fie un subenunt al lui P, fie un
subenunt al lui T'. Si deci, daci P este un adevir logic atunci existd o demonstratie a lui
P in care fiecare linie este o subformuli a Iui P.

Respectiv, daci I' este o multime de enunturi, P un enunt oarecare iar inferenta de
la T la P este deductiv validi, atunci existd o demonstratie a lui P din I care apeleaza
doar la regulile de introducere si eliminare ale termenilor logici care apar in P gi in I'.°
Aceast cerintii este o versiune a tezei dupd care un enunt analitic este adevirat doar pe
baza semnificatiei termenilor sii.

Obiectia lui Dummett la adresa realismului rezid4 in faptul ci realismul respinge teza
conservativititii. In replicd, Peacocke oferd un analogon al celei de-a doua clauze dum-
mettiene, perfect compatibil cu pozitia realist, si care se bazeazd pe distinctia semantic-
deductiv cu privire la relatia de consecintd.

Y este deductiv conservativd pe L ddacd pentru orice enunfuri A, ..., A,, B ale lui L,
Ay, ..., Ap Foys B numai dacd A, ..., A, Fr B.

3 este semantic conservativd pe L ddacd pentru orice enunfuri A;,...,A,, B ale lui
L, A,,..., A, brys B numai dacd Ay, ..., A, E B,
unde ¥ este o mul{ime de reguli pentru noua constantd logicé iar L este un sistem al
deductiei pentru limbajul care nu contine noua constanté.

Realismul acceptd doar clauza extensiunii conservative semantice in raport cu mode-
lele standard ale aritmeticii. Fundamentarea optiunii pentru modelele standard rezida in
comprehensiunea cuantificirii universale clasice peste numerele naturale pe baza a ceea ce
Peacocke numegte " commitment account” gi care inseamnd urmitoarele doud clauze: "It
claims (a) that what makes it the case that someone is judging a content of the form ” All
natural numbers are F™ is that he thereby incurs this infinite family of commitments: to
F(0), to F(1), to F(2),.... The commitment account also claims (b) that a content of the
form ” All natural numbers have property F” is true just in case all its commitments are

fulfilled. The commitment account makes it relatively unproblematic that a first-order

9comp. [5], p-220
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universal quantification should, though true, be unprovable from a particular recursive
set of axioms. On the commitment account, what gives the universal quantification its
truth-condition is not the set of ways: it can be proved, but the commitments incurred in
judging it” ([1], 174-5).10

Un exemplu simplu ilustreazs justificarea semanticii clasice: o formuld de genul (P D
Q) V (@ D P) nu este derivabild in sistemul deductiei naturale folosind doar regulile
pentru D si V, ins este derivabild dacd adiugim regulile pentru negatie. Avem agadar
un exemplu de extensiune deductiv-neconservativi dar semantic conservativid. i deci
o asemenea deductie ar fi justificati dacd regulile clasice ale negatiei sunt justificate.
Pe de alti parte, relatia de mai sus, (P D Q) V (Q D P), nu este una constructivist
justificabildi, decarece nu intotdeauna poate exista o metoda efectivid de a demonstra unul
dintre disjuncti. Este negatia clasicd semantic justificatd?

C. Peacocke oferd o asemenea justificare prin introducerea operatorului negatie in ra-
port cu operatorul incompatibilitate,'! negatia clasici fiind cel mai slab operator monadic
O pentru care incompatibilitatea P/OP este valida. ”Then the claim that an operator O
used by the thinker should indeed be given as its semantic value the weakest operation
which validates the rule P/OP is certified by the fact that there is no proposition stronger
than P which he treats as primitively incompatible with OP.” ([1], p.176-7) Iar daci O
este un asemenea operator rezulti ci regulile clasice de introducere si eliminare sunt
valide pentru el, fapt perfect demonstrabil. Avem aici, agadar, o ilustrare a modului in
care se poate construi un analogon din perspectiva semanticii realiste (§i fundamentat de

semantica realistd) al celei de-a doua clauze a lui Dummett. Si astfel un contraargument

10y felul acesta se evitd introducerea cuantificirii de ordinul doi, iar enuntul lui Gédel, initial nede-
rivabil, devine o consecintii semanticil a axiomelor aritmeticii de ordinul int&i. Mai mult, in felul acesta
se evitd consecintele Th. de completitudine (i.e. un enunt E este derivabil intr-o axiomatizare recursivi
a aritmeticii de ordinul intii S ddaci el este o consecintd a lui S), a cHrei validitate include modele

nonstandard, in unele din care enuntul lui Gadel este fals.
lgyb supozitia cu totul plauzibild cd orice limbaj posed3 un instrument al negatiei, fie el acesta aici,

incompatibilitatea.
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la obiectia lui Dummett.

Al doilea obiectiv al criticii lui Peacocke il reprezintd critica conservatismului deductiv
gi deci respingerea teoriei semnificatiei in termenii condiiilor de demonstratie. Argumentul
se sprijini pe teorema lui Gédel, care ar furniza o demonstratie intuitivd a adevdrului
propozitiei G (a lui Gddel) gi care n-ar i accesibild unei semantici constructiviste. S&
prezentam, pe scurt acest argument.

Diferenta dintre un constructivist gi un anti-constructivist (realist) rezida in ” the issue
of whether a content is to be individuated by specific means of establishing it, or rather
is to be individuated by what has to be she case for it to be true, without any mention
in that individuation of means of establishing the content in question” ([1], 178). De
unde intrebarea: sub ce conceptie a semnificatiei enuntul lui Gédel, Yn ~ Pf(n, g), este
adevirat? Iati raspunsul Ini Peacocke:

” .. if for any n the sentence ~ Pf(n,g) is provable, then for any n the sentence
~ Pf(n,g) is true. So all the commitment of the sentence Vn ~ Pf(n, g) are fulfilled.
But according to the second part of the commitment account (...), a universal numerical
quantification is true if and only if all its commitments are fulfilled. So on the commitment
account, ¥n ~ Pf(n, g) is a true sentence” ([1], 178).

Iar aceast argumentare, crede Peacocke, nu este compatibild cu constructivismul. S&
vedem dac# astfel stau lucrurile.

Intr-adevir, daci comprehensiunea unui continut aritmetic cuantificat universal are
loc prin sesizarea acelor ”effectively decidable commitments”, atunci o asemenea compre-
hensiune nu depinde de sesizarea conditiilor de demonstratie ale enuntului. Iar in acest
caz incompatibilitatea este evidenta.

Dar si vedem pe ce se bazeazi argumentul lui Peacocke. Inainte de toate, pentru ca
o demonstratie a adevirului enuntului G si fie validd intuitionist trebuie si dispunem
de o specificare constructivistd a semnificatiei cuantificatorului universal. Intuitionist, o
demonstratie a unui enunt, cuantificat universal, VnF(n), este o metodd constructivi care,

aplicatd la orice numir natural n, produce o demonstratie a lui F(n). Dar ce este o
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demonstratie constructivé a enuntului cuantificat universal? Peacocke consideri ci o astfel
de explicitare predicativd (una in care clauzele semantice ale intuitionismului si nu contind
ele insele in mod ineliminabil insigi notiunea de demonstratie constructivd) nu existi.

O replici la aceasti din urmi tezdl este datd de C. Wright [1], pentru care o asemenea
notiune a demonstratiei constructive se poate da si 0 demonstratie a propozitiei gédeliene,
strict constructivists, poate fi elaborati.!? O astfel de demonstratie s-ar baza pe sensul
intuitionist al negatiei (resp. pe faptul ci demonstrarea lui ~ A este o constructie care
demonstreazi ci o contradictie poate fi demonstrati daci avem o demonstratie a lui A)
§i pe faptul ci argumentarea lui Godel oferd posibilitatea gasirii unei contradictii, daci
ar exista un contraexemplu la G. Demonstratia presupune doar ca metodele §i asumptiile
sistemului S si fie intuitionist acceptabile iar S si fie calculatoriu adecvat (adicd orice
predicat primitiv recursiv s3 fie decidabil in sistem, pentru valori arbitrare ale variabilelor
sale). Iatd, pe scurt, aceastd demonstratie.

Fie P(z,y) predicatul demonstrabilitdtii in S, echivalent cu urmatoarea descriptie: y
este numirul Gédel al unei formule a lui S iar z este numéarul Goédel al unei demonstratii a
formulei respective. Si fie G propozitia indecidabild a lui Gédel: (Vz) ~ (Pz, Sub{g, m, g)),
unde ” Sub(g, m, g)” este insugi numirul Godel al formulei care-1 exprim4 pe G. Atunci

a) " Pkg” este demonstrabil in S, pentru c# este calculatoriu verificabil.

b) G este demonstrabil in S (pe baza a) si a constructiei predicatului Pzy), si deci

c) "~ Pkg” este dem. in S. Agadar,

d) "Pkg& ~ Pkg” este dem. in S.

De unde, pe baza sensului intuitionist al negatiei conchidem asupra demonstrabilitétii (in
sens intuitionist) a lui "~ Pkg”. $i cum orice "~ Pkg” este demonstrabil putem, mai
departe conchide, asupra demonstrabilittii inchiderii Ini universale.

Este aceastd demonstratie logic ireprogabili? Ea scapd firegte unei eventuale obiectii
privitoare la specificarea constructivistd a semnificatiei ”V” prin identificarea demonstrafie

constructive cu calculabilitatea fiecirui A(z). Intrebarea este una privitoare la teza care

2¢omp. [1], 11. VL
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justificd trecerea de la exemplificiri la enuntul cuantificat universal. Aici Peacocke con-
siderd ci demonstratia lui Wright ”can be ratified as sound only by an anti-constructivist
account of content. The anti-constructivist will say that we find it acceptable because
it employs means which we can see to be sound for the kind of meaning which is pos-
sessed by the numerical quantifier over the natural numbers. But what this kind is, the
anti-constructivist will say, is given precisely by the commitment account” ([1], 180-1).%3

In acord cu Dummett,'* Wright consideri ci aceastd trecere este neproblematici,
din moment ce pentru un k arbitrar ” Ak” este (intuitionist) demonstrabil. Numai ci
aceastd tranzitie nu reclamai acel ”"commitment account” al lui Peacocke. Obtinem agadar
urmitoarea disjunctie: ori clauzele din ”commitment” nu sunt constructivist accept-
abile (Peacocke) ori validitatea demonstratiei enuntului cuantificat universal nu se fun-
damenteazd pe acest ”commitment”. Wright consideri ca adeviratd aceastd din urma
alternativi, deoarece argumentul lui Peacocke nu se bazeazi propriu-zis pe ” commitment
account” ci, mai degrabi, "it depends only on the second ingredient claim-claim (b) in
the passage quoted. True, that claim refers to ” F0”,” F1”, ” F2”, etc., as ”"commitments”
of contents of the form, ” All natural numbers have property F”. But that is inessential:
as far as its role in the reasoning is concerned, claim (b) comes to no more than - has no
implications which are not shared by - the straightforward clause: ” All natural numbers
have property F” is true if and only if for each number n, " Fn” is true”.!® Iar aceastd
clauzi, considerd Wright n-are consecinte anti-constructiviste.

Pe de alti parte, demonstratia lui Wright nu este degrevati de asumptia consistentei.

13Peacocke se referd la demonstratia lui Wright din Peacocke [1], 179, ins cele spuse privesc deopotrivi
cea de-a doua demonstratie (din Wright [1], VI), in care asumptia consistentei lui S este, vom vedea, de

asemenea prezenta.
1471n fact, the transition from saying that all of the statements A(0), A(1), A(2), ... are true to saying

that YaA(z) is true is trivial. The principle of reasoning, not embodied in the system, which we employ
in arriving at the truth of VzA(z), is not this transition, but rather that which leads us to assert that all

of the statements A(0), A(1), A(2),... are true” ([2], 192).
15Wright [1], p.348
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Asa cum remarcy autorul insusi, pentru ca o demonstratie constructivi (identificatd cu
calculabilitatea) si poatd fi validd trebuie ca metodele si principiile continute in conceptul
intuitionist al demonstratiei si fie consistente. In caz contrar, verificabilitatea constructivi
a fiecirui "~ Pkg” nu este garantati iar trecerea la enuntul cuantificat universal nu este
justificata.

In consecint, orice intemeire a asertiunii adevirului emintului nedemonstrabil G face
apel, intr-un fel sau altul, la conceptul consistentei. Rezultd, atunci, ci ceea ce avem

efectiv demonstrat este doar conditionalul
l_S C(ms oG

si nu o demonstratie a lui G.

Putem, fireste, proceda. si invers. Respectiv, s acceptdm ci diferitele incercéri ana-
lizate mai sus reprezintd, fiecare, o demonstratie a lui G. In acest caz insi trebuie si
acceptim teza ci posedim un concept al demonstrabilitdtii in aritmetica intuitivi care
nu poate fi specificat de o multime de proceduri algoritmice.

S% vedem acum in ce fel Th.1 a lui Gédel fundamenteazi o inconsecventi esentiald
a programului dummettian: cea dintre logicismul siu si teza angajamentului ontologic al
matematicii.

Conform programului logicist conceptele de bazd ale aritmeticii ("numér natural”,
"zero”, ”succesor”, "adunare”, ” inmuliire”, etc.) sunt termenti logici sau sunt definibile uti-
lizand exclusiv termeni logici. Orice enunt, adevirat compus din astfel de termeni (eventual
gi din alti termeni logici) este un adevir logic. Adevirurile logice constituie o submultime
a adevirurilor aritmetice. Toate adevirurile logice sunt adeviruri analitice.

Pe de alti parte ins#, aritmetica are ca presupozitie ontologici existenta numerelor
naturale. Cum numirul natural este un concept logic rezultd ci existenta numerelor nat-
urale este un adevir logic. N. Tennant ([1], 299-302) aserteazi explicit: numerele naturale
"are necessary because they must be in any world that admits of conceptualization and

of thought about it... That is to say, they must be in any world.

142



DIN NOU INCOMPLETITUDINEA

Commitment to numbers is immanent in any conceptual scheme allowing for the dis-
crimination of particulars.”

Acceptarea acestei teze implic insi respingerea unei idei foarte acceptate: ci angaja-
mentul existential implica sinteticitatea.

Logicismul si asumptia existentei nu pot insi coexista in contextul teoretic al tezelor
a)-e) de mai sus, teze care fundamenteazi doctrina dummettiani. Un argument in acest
sens este ugor de construit. Daci O (zero), s (succesor) gi N (numir natural) sunt concepte
logice atunci semnificatia lor este complet explicitabild fie prin reguli de introducere i
eliminare, fie pe baza altor termeni a ciror semnificatie este sesizabild prin regulile aferente
de introducere si eliminare. 0 # S0 ar fi astfel un adevir aritmetic construit cu ajutorul
acestor reguli plus negatia si identitatea. Continind doar termeni logici avem totodatd un
exemplu de adevir logic/analitic. Pe baza regulii introducerii cuantificatorului existential
din 0 # SO obtinem enuntul a)3zy(z # y), consecintd logicd a celui dintdi. Cum )
contine evident doar termeni logici, pe baza proprietéitii subformulei si a extensiunii con-
servative rezulti ci exist o demonstratie a lui a doar pe baza regulilor de introducere si
eliminare pentru 3, - gi =, in care fiecare linie este o subformulj a lui «. ins¥ o asemenea
demonstratie nu poate fi construiti. Iar inexistenta unei astfel de demonstratii arata ci
termenii aritmetici (logici) N, 0 gi s nu pot fi definiti utilizind 3, - §i =. In fine, cum o
nu poate fi definit utilizind doar regulile de introd./elim. rezultd cd o nu este un adevir
logic. Si respectiv, cum 3, - §i = sunt termeni logici iar adevirurile logice sunt inchise in
raport cu relatia de consecinti, rezultd cd nici un adeviir logic nu implicd c.

S4 vedem acum in ce sens Th.G1 poate constitui un contraargument la programul
logicist al lui Dummett. Ce semnificatie are Th.G17?

O interpretare larg rispanditi utilizeazd aceastd teoremi pentru argumentarea tezei
adevdrul transcende demonstrabilitatea, in urmitorul fel: Fie I o formalizare intniionistd
consistentd a aritmeticii, iar G un enunt Godel pentru aceastd formalizare. Th.G1 aratd
indemonstrabilitatea lui G. Insé G este adevirati pentru ci spune despre sine ci este

indemonstrabild. Deci adevirul transcende demonstrabilitatea.
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Trebuie si remarcim ci o asemenea interpretare ar fi adecvatd numai cu asumptia ex-
trem de problematicd a existentei unui concept al demonstrabilitétii exhaustivabil formal.
Altminteri lucrurile trebuie considerate dintr-o altd perspectivd. Un intuitionist, desigur,
va considera adeviirat enuntul G, ceea ce Inseamnd cd G este demonstrabil, insd nu in
sensul demonstrabilititii lui in I, cici nici o demonstratie a lui G nu poate fi redetd intr-
un sistem formal. De aici un intuifionist va conchide nemijlocit: Th.G1 este un argument
pentru teza ci demonstratia intuitionistd este neformalizabild si, implicit, cd adevérul
unui enunt nu poate fi identificat cu demonstrabilitatea intr-un sistem formal.

In ce fel aceastd tezd intuitionistd contravine programului dummettian?

in virtuta tezelor a) si d) ale programului dummettian comprehensiunea semnificatiei
unui termen are loc pe baza regulilor de introducere si eliminare si trebuie si fie complet
manifestd. Insi daci regulile care constituie semnificatia unui termen nu sunt formal-
izabile, atunci extensiunea termenului nu este recursiv enumerabild. Cum pot fi aceste
reguli sesizate? Mai mult, cum pot deveni ele manifeste?

Si considerim acum ci in sens strict analiticitatea unui enunt E, alcdtuit doar din
termeni logici, rezidd in demonstrabilitatea lui intr-un sistem al deductiei naturale S gi
cd in acest sens adevirul lui E poate fi determinat doar pe baza semnificatiilor terme-
nilor din E. In acest caz multimea adevirurilor aritmetice si analitice in sens strict este
recursiv enumerabild. Cum G este un adevir nedemonstrabil in S conchidem cd multimea
adevirurilor aritmetice nu este recursiv enumerabild. Deci G nu este un adevir analitic
in sens strict. Atunci, in ce sens este G demonstrabil?

Shapiro [1] propune o astfel de demonstratie pe baza conceptului de adevdr aritmetic.
Cum G nu este strict analitic, G poate fi analitic in sens slab (respectiv este o consecin{d
logicd a unei mul{imi de enunturi strict analitice) sau poate fi un enunt sintetic.

Schematic, demonstratia lui G ca enunt analitic in sens slab, considerd un sistem de-
ductiv S ciiruia i se adaugd un predicat T, al adevirului aritmetic, si un sistem Si, o ex-
tensiune conservativi a lui S care congine cele doud reguli logice de introducere/eliminare

a lui 7 [Din P infer T "p”, unde "p" este numirul Godel al lui P, gi conversa acestei
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relatii]. Ambele sisteme contin principiul inductiei.

Ind. P(0)&Vz[(N(z)&P(z)) = P(sz)] = V(N(z) = P(z))
unde P nu poate fi predicatul aritmetic 7. Cum G nu este o teoremd a lui S, iar S
este 0 extensiune conservativi a lui S, rezulti ci G nu este nici o teoremi a lui S;. Deci
pentru demonstrarea lui G este necesar un sistem mai tare decat S;. Fie S; o extensiune
(neconservativi!) a lui S;. in care Ind. se aplici si predicatului aritmetic T. In acest fel
S, demonstreaz, ci orice teorem3 a lui S este adeviratd. Fiindcd G este un enunt Godel
pentru S gi o teoremi a sistemului S, rezulti ci G este un enunt analitic in sens slab.

Tennant propune o demonstratie similars §i admite ca alternativi interpretativi car-
acterul sintetic al lui G (pe fondul caracterului non-logic al predicatului T): "We can
formalize this reasoning by extending the vocabulary of the original theory so as to in-
clude a primitive truth-predicate. This yields an extended system, for it allows one to form
new instances of mathematical induction. So the reasoning for the truth of the formely
unprovable Gddel sentence can now go through in the extended system. But this means
that the proof of the Gédel sentence thereby obtained... has to contain occurences of items
of non-logical vocabulary (namely, the truth-predicate in question) that are not involved
in the sentence itself.” ([1], 293-4)

Demonstrarea enuntului G cu ajutornlui lui Ind. scoate in evidentd si un alt fapt. Dum-
mett considers ci "It is part of the concept of natural number, as we now understand it,
that induction with respect to any well-defined property is a ground for asserting all natu-
ral numbers to have that property”. ([6], 337) Asadar, comprehensiunea numerelor natu-
rale inseamni aplicarea inductiei in raport cu orice proprietate bine-definitd, si nu doar in
raport cu proprietétile definite in aritmetica de ordinul intéi. In virtutea tezei manifesta-
bilit#itii explicitatea acestei comprehensiuni inseamnd tocmai asertarea unui principiu al
inductiet de ordinul doi.

Ind2. VX[(X(0)&Vz[(N(z)&N(z)) = X (sz)] = Vz(N(z) = X(z))]

Insi aplicarea unor concepte de ordin superior (i.e. operarea cu o logici de ordinul

doi care contine gi un predicat al adevirului aritmetic) pune sub semnul intrebérii cerinta
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dummettiand a conservativititii. Probabil acest fapt a fost avut in vedere de Prawitz in
urmitorul pasaj: "Dummett... sugest... that the requirement of harmony... can be made
more precise by saying that it is equivalent to requiring that the addition of the expression
to a language should not license a use of the old vocabulary which was not aleady licensed
in the original language. This can hardly be correct, however, because from Gdédel’s in-
completeness theorem we know that the addition to arithmetic of higher order concepts
may lead to an enrichid system that is not a conservative extension of the original one in
spite of the fact that some of these concepts are governed by rules, that must be said to
satisfy the requirement of harmony”. ([2], 374)

Dup#, Prawitz, o altd surs3 a deconstructiei conservativititii o reprezintd Insugi carac-
terul informal al conceptului demonstrabilitatii:

"although the general form of the condition for something to be a canonical proof
of a sentence A — B is formally stated... there is no formal system generating all the
procedures that transform canonical proofs of A to canonical proofs of B, and it is left
open what more complicated sentences can be involved in such procedures. For instance,
such a procedure may be definable in an extension of a certain language without being
definable in the language itself, and hence... the extension of a language obtained by

introducing new logical constants may not be a conservative extension of the original

language”. ([1], 29)
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Abstract

This paper explores the abstract dimensions of the intuitive comprehension of
the concept of arithmetical truth. The investigation has as a frame the context of

self-reference and the phenomenon of incompleteness.

1, Preliminar

Scopul lucrarii de fats il reprezinti explicitarea spatialitatii abstracte care configureaza
comprehensibilitatea intuitivd a conceptului adevdrului aritmetic. Fireste, intreaga analiza
intreprinsa vizeazd un concept adeviarului aritmetic gi dintr-o anumita perspectiva.

Prin aritmeticd (teoria numerelor) intelegem o ramurd a matematicii care studiaza
numerele naturale si alte sisteme enumerabile, categoric definite, de obiecte (e.g. intregi,

numere rationale).! Sirul numerelor naturalc este o secventd de forma:
0,1,2,3,...,

in care punctele sugereaza continuarea secventei. Sirul numerelor naturale este secventa de

obiecte care poate fi generata pornind de la un obiect initial 0 (zero) i trecand succesiv de

1Conceptul aritmetic nu este unul univoc. In sens restrans vizeazi operatiile "+ §i ”-” pe numerele
naturale. In sens larg contine gi alte concepte; in uncle cazuri cele dou#i operatii se aplici la sisteme
numerice nonenumerabile (e.g. aritmetica cardinalilor transfiniti). In cele ce urmeaz3 ne intereseazi nu
aceste diferente, ¢i un concept al adevarului aritmetic, pe care-l explicitim riguros. Conceptul opus
aritmeticii este cel al analizei: in timp ce sistemele studiate de aritmetici au cardinalul cel mult Xy, cele

studiate de analizi sunt sisteme de numere reale si au cardinalul 2%¢ (sau unul superior).
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la un obiect generat deja, », la un alt obiect n+ 1, respectiv n’ (succesorul lui n). Aceasta
descriere a sirului numerelor naturale poate fi subsumati urmitoarclor cinci clauze.

1. 0 este un numar natural.

2. Daci n este un numir natural, atunci n’ este un numar natural.

3. Singurele numere naturale sunt cele date prin 1 si 2.

A. Pentru orice numere naturale m si n, m’ = n’ numai dacd m = n.

5. Pentru orice numar natural n, »’ # 0.

Primele trei clauze constituie definitie inductivd a numirului natural. Accste cinci
clauze sunt cunoscutele axiome ale lui Peano, care caracterizeazd sirul numerelor natu-
rale.? In cele ce urmeazi vom avea in vedere comprehensiunea sirului numerelor naturale
ca obiecte generate prin definitia inductivd de mai sus §i nu ceea ce un numar natural
este in el insusi.

Prin propozitie aritmeticd vom intelege orice propozitie exprimata in limbajul arit-
meticii de ordinul intii.> Mai precis: A relation (class) is said to be arithmetic if it
can be defined in terms of the notions + and - (addition and multiplication for natural
numbers) [not# omisa] and the logical constants V,—,(z), and =, where (z) and = ap-
ply to natural numbers only. [notd omisd] The notion "arithmetic proposition” is defined
accordingly”.?

Prin spatiul intuitiv al comprehensiunii adevarului aritmetic vom intelege spatiul
semnificatiilor determinat de axiomele aritmeticii Peano (PA), un spatiu articulat in
"experienta” aritmeticd curentd si structurat deductiv (in sensul Godel) prin logica pre-
dicatelor de ordinul intai (CP1). intr-o asemenea comprehensiune, la Dedekind [1], de
exemplu, girul numerelor naturale este cea mai mica structura inchisa sub o operatie unu-

la-unu a succesiunii, i care contine un element care nu este succesorul vreunui element.

2Cu singura deosebire ci in locul clauzei 3 Peano pune principiul inductiei matematice, si-1 pune in

locul clauzei 3, 4 §i 5 de mai sus ocupand astfel locurile 3 si 4 in lista sa (cf. Peano [1] si [2]).
3formulare eliptici, pentru ci nu existd un singur limbaj de acest fel. Pentru sensul lui ”aritmetic”,

comp. R. Smullyan [1] §3 si S.C. Kleene [1], §48. Sensul lui "aritmetic” aici este cel din Godel [1].
4in J.v. Heijenoort [1], 610.
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Cum se constituie o asemenea intelegere a numerelor naturale? Cum a ajuns Dedekind
si-si elaboreze studiul? ”Certainly not is one day; rather, it is a synthesis constructed af-
ter protracted labor, based upon a prior analysis of the sequence of natural numbers just
as it presents itself, in experience (subl.V.D.), so to speak, for our consideration. What
are the mutually independent fundamental properties of the sequence N, that is, those
properties that are not derivable from one another but from which all others follow? And
how should we divest these properties of their specifically arithmetic character so that
they are subsumed under more general notions and under activities of the understanding
without which no thinking is possible at all but with which a foundations is provided for
the reliability and completeness of proofs and for the construction of consistent notions
and definitions?” ([1], 99-100). (i urmeazi descrierea acestor proprietiti).

Este aceastd spatialitate a intuitiei, determinatd de intelegerea uzuald a numerelor
naturale si de CP1, intuitivd in totalitatea orizontului ei conceptual?

Un raspuns afirmativ il gdsim la Hilbert, unde orice rationament finitist este unul arit-
metic: "Und als Hilfsmittel dazu steht uns dieselbe konkret inhaltliche Betrachtungsweise
und finite Einstellung des Denkens zu Gebote, wie sie beim Aufbau der Zahlentheorie
selbst zur Ableitung der Zahlengleichungen angewandt wurde. Diese wissenschaftliche
Forderung ist in der Tat erfiillbar, d.h. es ist moglich, auf rein anschauliche und finite
Weise (subl. V.D.) - gerade wie die Wahrheiten der Zhalentheorie - auch diejenigen Fin-
sichten zu gewinnen, die die Zuverlissigkeit des mathematischen Apparates gewahrleisten”
([1], 171).

Este finitismul hilbertian o conceptie metamatematica realizabila?

Intr-o analizi succinti facuti punctului de vedere finitist Godel [2] deosebeste (asa
cum o ficuse Bernays ceva mai inainte) in partea reald (i.e. continutista, tnhaltlich) a
matematicii o dimensiune finitistd si una constructivistd. Cea din urma este una non-
finitist4 (in sens hilbertian); cste o parte abstractd (sau de ordinul doi): ?Paul Bernays

hat wiederholt darauf hingewiesen®, dass angesichts der Tatsache der Unbeweisbarkeit der

Somitem nota
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Widerspunchsfreiheit eines Systems mit geringeren Beweismitteln als denen des Systems
selbst eine Uberschreitung des Rahmens der im Hilbertschen Sinn finiten Mathematik
nétig ist, um die Widerspruchsfreiheit der klassichen Mathematik, ja sogar um die der
Jlassichen Zahlentheorie zu beweisen. Da die finite Mathematik als die der anschaulichen
Evidenz definiert ist,® so bedeutet das...,” dass man fiir den Widerspruchsfreiheitsbe-
weis der Zahlentheorie gewisse abstrakte Begiffe braucht. Dabei sind unter abstracten
(oder nichtanschaulichen) Begriffen solche zu verstehen, die wesentlich von zweiter order
hoherer Stufe sind, das heisst, die nicht Eigenschaften, oder Relationen konkreter Objeckte
(z.B. von Zeichenkombinationen) beinhalten, sondern sich auf Denkgebilde (z.B. Beweise,
sinnvolle Aussagen usw.) beziehen, wobei in den Beweisen Einsichten iiber die Letzeren
gebreucht werden, die sich nicht aus den kombinatorischen (raumzeitlichen) Eigenschaften
der sich darstellenden Zeichenkombinationen, sondern nur aus deren Sinn ergeben” ([2],
280).

Ceea ce avem in aces caz este modul in care ceva ”zweiter Stufe” (respectiv dimensi-
unea constructiv abstracti) participd la comprehensiunea adevirului aritmetic.

In cele ce urmeazd ne vom opri la explicitarea unei asemenea dimensiuni abstracte.
O vom face ins# (dati fiind complexitatea extremd a temei) dintr-o anumitd perspectivé,

respectiv cea fundatd pe analiza autoreferintei.

2 Proporzitiile autoreferentiale si constructia expre-
siilor indecidabile

Cel mai cunoscut exemplu de autoreferintd il reprezinta, probabil, celebrul para-
dox al mincinosului. Epimenide din Creta face afirmatia: " Toti cretanii sunt mincinosi”.

Spune Epimenide adevirul sau minte? E ugor de vizut, adevirul acestei propozitii implica

6Godel se referd aici la studiul lui Hilbert ”Uber das Unendliche”, 171-173.
7in paranteza omisi aici Godel se referd la studiul lui Bernays din [.’enseignement mathématique

34/1935, "Sur le platonisme dans les mathematiques”; o trad. in 1. engl. in P. Benacerraf gi H. Putram

(eds.) [1], 258-271.
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negatia sa, aga cum negarea ei implicd adevirul propozitiei. Expresia simbolica a spusei
lni Epimenide se obtine la fel dc usor. S& presupunem cd A este un predicat, astfel ca
pentru orice propozitie p, A(p) inseamni c& p este adevirata, si ca este valida urmatoarea

echivalenta:

(a) Alpy=p

Daci ne referim acum la propozitia lui Epimenide, atunci p = =A(p), de unde, prin
conirapozitie, obginem —p = A(p). Apoi, pe baza echivalentei (o), obtinem p = —p;
contradictie.

Daci in acest paradox inlocuim pe A (adevirat) cu D (demonstrabil), atunci D(p)

s

va insemna c# p este demonstrabild. Presupunem acum cd ”p este demonstrabild” este

adevaratd dacd si numai dacd (ddacd) p este adevérata, deci

(A) D(p)=p

S3 construim acum o propozitie g a cirei semnificatie este ”Aceastd propozitie nu
este demonstrabili” (avem asadar o propozitie care afirma propria-i indemonstrabilitate).
Simbolic exprimat. obtinem echivalenta g = =D(g). Cum conceptul demonstrabilititii se
raporteazi de fiecare daté la un sistem formal, in care ceva este / nu este demonstrabil,
presupunem in continuare ca sistemul considerat S nu demonstreaza propozitii false. in
exemplul nostru, daci g ar fi demonstrabila, atunci ar fi falsd, deci nedemonstrabild.
Agsadar, este nedemonstrabili (cici dacid g D —g, atunci —g) gi adevarata (pentru cd g
tocmal aceasta spune). Apoi, negatia lui g, care spune ci g este demonstrabila, este falsd
si deci de asemenea nedemonstrabili. Conchidem ci g este o propozitie adevarata dar
indemonstrabila, iar negatia sa este falsd si indemonstrabila.

S& reprezentam formal aceastd rationare.

Presupunem c& sistemul considerat se poate referi la orice propozitie p a propriului

ssu limbaj operand cu numele "p™ al acestei propozitii.® $i ci acest sistem posedd un

81n analiza intreprinsi aici sunt presupuse cunoscute conceptele de ”sistem formal”, ” exprimabilitate”,

?diagonalizare”, ”aritmetizare” | "functii recursive”.
) )
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concept al demonstrabilitatii, in sensul ca in limbajul lui S se poate defini un predicat
D, in asa fel c& pentru orice propozitie p, D(p) inseamnd cé p este demonstrabild in 5.

Presupunem, in fine, ca D este complet, adica
(%) S+ D(p) ddacd S F p,

pentru orice propozitie p a lui S (cu "k pentru demonstrabilitate in 5). Acum, daca in

S putem construi o propozitie g astfel Incat
(6) St g=-D(g),

atunci, argnmentand similar, ajungem la concluzia ca S F g ddaca S+ —g. Insd, in acest
caz, responsabil de contradictie este sistemul S. Mai exact, () aserteazi c& o propozitie
D("p") este adeviratd in S ddacd p este adeviratd in S. Insi S insusi nu stie acest lucru,
adicd noi n-am presupus S F p = D("p7). De aceea concluzia nu este automat ca S este

inconsistent, ci mai degraba

(€) (S ¥ g 51 SF —g) sau S este inconsistent.
De unde, sub presupozitia consistentei lui S, putem deduce

() S¥gsiSFg,

respectiv, existenta unei propozitii indemonstrabile in S (si deci incompletitudinea lui
S). In acest fel conduce paradoxul mincinosului la una dintre cele mai mari descoperiri
logico-matematice, respectiv fenomenul incompletitudinii.

S4 vedem mai indeaproape cum se prezintd formal un asemenea fenomen.

Fie in ccle cc urmeazd S un astfel de sistem formal. Printr-o numerotare Godel adecvata
orice formula F are un numir Gédel corespunzitor n. Prin F,, (k) vom intelege in cele ce
urmcazé o formuld F care are numirul Gédel n §i a cdrei singurd variabila libera este k.

Putem construi acumn urmaétoarele doua predicate.

P(k,l), cu semnificatia: k este numarul Godel al formulei Fy(k) iar [ este numarul

Godel al unei demonstratii a formulei Fi(k).
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@{k,m), cu semnificatia: k este numarul Godel al formulei Fy(k) iar m este numaérul
Godel al unei demonstratii a formulei ~F (k).

Fie acam F(k,1) si G(k,m) formule care exprimi formal-numeric predicatele P(k,[)
51 Q(k,m). Considerdm acum formula VI—F(k,{) care contine pe k ca singura variabild
liberd. Si fie g numarul Godel al acestei formule (ea este agadar formula Fy(k)). Pe baza
metodei diagonale a lui Cantor substituim pe k£ din formula F (k) cu numeralul g g

obtinem astfel formula
Folg): VI=F(g.l)

care nu contine variabile libere. Aceastd formuld afirma propria ei indemonstrabilitate;
exprimi agadar propozitia "F,(g) este indemonstrabild”.

Teorema lui Gédel (Th.G1). 1. Dacd S este un sistem formal consistent, atunci
non F F.(g).

2. Dacd S este w-consistent, atunci non F —F,(g). (Asadar, sub asumplia w-
consistentei (w-con) sistemul confine o formuld Fy(g) indecidabild, este deci incomplet).

Demonstratie. 1. Daci S este consistent (con), atunci non - Fy(g).

Reductio ad absurdum. Presupunem contrariul, resp. + F,(g). Cum formula este
demonstrabila, existi o demonstratie a ei; fie p numarul Gédel al acestei demonstratii.
Asadar P(g, p) este adeviratd si deci - F(g, p) (deoarece formula F(k, ) exprima formal-
numeric predicatul P(k,!{). Si deci - 3{F(g,!) (prin introducerea 3). Pe baza echivalentei
cuantorilor, avem F -VI=F(g,[). §i deci F —F,(g). Insi, sub presupozitia ficutd mai
sus (F Fy(g)) rezultd cd sistemul S este inconsistent. Sub asumptia din 1. avem asadar
non  Fy(g).

Demonstratie. 2. Un sistem formal este w — con daci pentru nici o formuld F(x),

unde x este o variabild arbitrard nu sunt adevirate simultan:
F F(0), F F(1), F F(2),...; F ~VxF(x).

In caz contrar estc w-inconsistent. w — con implica con.
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Sub asumptia w — con (g1 deci a con) avemn (mai sus) non - F,(g). $i deci nici unul din
numerele naturale 0,1,2,. . . nu este num3arul Gédel al unei demonstratii a formulei Fy(g); in
felul acesta toate propoziiile P(g,0), P(g,1), P(g,2),... sunt false. Cum F(k,!) expriméa
formal-numeric P(k,l) rezultd cd + -F(g,0),- —-F(g,1),F —-F(g.2),.... Sub asumptia
w — con, avem agadar nen b =VI{-F(g,[), iar aceastd expresie este tocmai non F =F,(g),
q.e.d.

Forma Rosser a teoremei lui Gédel

B. Rosser [1] construieste o formuld indecidabild mai complicata decat cea a lui Godel,
in care insa ipoteza w— con este eliminata. Formula lui Rosser se obtine astfel: considerdam
formula VI[-F(k,1) V Im(m < 1&G(k,m))]. Fie h numirul ei Gédel. Atunci, prin diago-
nalizare obtinem

Fo(h): VI[=F(h1)V Im(m < 1&G(h,m))].

Cum 1n aceastd formula expresia care urmeaza cuantificatorului universal are forma AV
B, echiveridica formulei A D B, interpretarea expresiei F(h) este urmitoarea: pentru
orice demonstratie a formulei F(h) existd o demonstratie a formulei -Fj(h), cu un numér
Gédel egal san mai mic, fapt care implica (sub asumptia simplei consistente) ca F,(h)
este indemonstrabila. (Demonstratia se efectueaza similar).

Remarci. Pe baza numerotarii Godel asertiunea simplei consistente poate fi expri-
mata in S in diferite moduri. O definitie a consistentei poate fi astfel construitd: fie predi-
catul R(k,!) cu semnificatia "k este numarul Godel al unei formule Fy, iar [ este numarul
Godel al unel demonstratii a formulei Fi”; fie predicatul S(k,m) cu semnificatia "k este
numarul Goédel al formulei F. iar m este numarul Godel al unei demonstratii a formulei
-F,”. Exista formulele 1(k,!) si J(k,m) care exprimd formal predicatele R gi S de mai
sus. Ideea consistentei, ca indemonstrabilitate a vreunei formule §i a negafiei ei, poate fi
exprimata in S prin formula =3k II(k, {)&ImI(k, m)]. La fel de bine, ideea consistentei,
ca indemonstrabilitate a unei formule anume (i.e. 0=1), poate fi astfel exprimata: fie ¢
numarul Gédel al formulei 0=1. Atunci formula este F,(g), iar indemonstrabilitatea ei

este exprimati de formula VI{—F(gq,{) sau =3{F(q,!). Indemonstrabilitatea formulei F,(g)
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este exprimatd in sistem prin formula VI=F(g,!) iar aceastd formulid este F,(g). In acest

fel, 1. din Th.G1, de mai sus, inseamn implicatia (demonstrabild metamatematic)
(*) Fecon, D Fy(G)

adica demonstrarea faptului ca sub asumptia consistentei sistemului S formula F,(g) este
indemonstrabild.

S& presupunem acum ca b con,. Din formula (#), prin modus ponens, obtinem F F/(g).
Ins¥ prin Th.G1 acest fapt este imposibil. De unde, prin reductio ad absurdum (metamat.)
obtinem nondemonstrabilitatea con,. Asadar,

Teorema lui Gédel (Th.G2). Dacd S este un sistem formal consistent, atunci

non  con,.

Sub asumptia consistentei, prin Th.G1, 1, am vizut, formula F,(g) este indemon-
strabila. insé, in demonstratia lui 2. avem F —F(g,0),F =F(g,1),F =F(g,2),.... Avem
agadar o formuld F(x) (respectiv —F(g,[) astfel ca F F(0),F F(1).F F(2),..., insd nu este

demonstrabil F VxF(x) (resp. Fy(g). Aceste cste fenomenul w-incompletitudinii.?

3 Temeiul adevarului unei propozitii indecidabile si
conceptele abstracte

Din demonstratiile precedente (secventele (&) si (£). p.6) rezultd c& indemonstra-
bilitatea propozitiei Godel, g, are ca presupozitie consisten{a sistemului considerat. Asa
cum, pe de altd parte, conceptul demonstrabilitdtii este unul a cdrui prezenta (sublimatd)

conditioneaza obtinerea rezultatului de mai sus al incompletitudinii. Acestea sunt concepte

%¢f. Tarksi [1]. w-incompletitudinea expliciteaza posibilitatea ca un sistem si fie w-inconsistent fira a
fi (simplu) inconsistent, resp. cazul in care intr-un sistem w-incomplet - —VxF(x) (adicd F =F4(g)). Un

asemenea sistem poate fi deci obtinut daca sisterului initial i se adaugd ca axioma formula —F4(g).
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abstracte a ciror existentd (nemanifestd) fundamenteaza comprehensiunea adevarului ar-
itmetic.

Fenomenul w-incompletitudinii, am vazut, insemneazd existenta unei formule F(x)
(resp. =F(g,!)) astfel incat sunt demonstrabile toate exemplificdrile ei dar nu si formula
cuantificatd universal YxF(x) (care este expresia adevdratd F,(g)). Cum putem justifica
adevarul ei?

Cum expresia este cuantificata universal, iar toate exemplificarile ei sunt adevarate,
putem conchide asupra adevarului ei pe baza clauzei (C) privitoare la cuantificatorul
universal (in definitia inductiva a adevarului). Tar aceastd clauza insemncazd simultan:

a) "Toti @ sunt F” (resp. VzF(z)), unde z ia valorile succesive ale girului numerelor
naturale, inseamnd asertarea unui sir infinit de genul: I(0), (1), F(2), .. ..

b) Adevarul propozitiei "Toti = sunt. F7 este echivalent cu adevdrul tuturor acestor
asertiuni.

Aceastda comprehensiune a cuantificirii universale in CP1 oferd o explicatie intuitiva
modului in care o propozitie poate fi adevaratd, chiar dacd nedemonstrabild utilizand
resursele PA+CP1.

Pe baza acestei clauze a cuantificarii universale clasicc putem construi un demers
inferential de urmatorul gen.

Presupunem ca:

(1) Pentru orice numar natural n, S F F(n).

Cum adevarul aritmetic se conserva in raport cu demonstrabilitatea in CP1, putem
presupune:

(2) Pentru orice numar natural n, Dacd S F F(n), atunci F(n) este adevarata in V.

Sub asumptia (1), din (2), prin modus ponens, obtinem

(3) Pentru orice numar natural n, F(n) este adevirata in N. Pe baza (C) de mai sus
conchidem

(4) Yz F(z) este adevirata, resp.
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(5) Yz F(2) (prin Conventia T (Tarski))!®
Dacd luim (1) drept premisd iar (3) drept concluzie, atunci obtinem urmétorul pas

inferential:
Pentru orice numdr natural n, 5+ F(n)

(B —w) Ve F(z) -

care este tocmai regula w (R — w).

In aceasti reguld presupozitiile obtinerii concluziei Yz F(z) din premisa considerati
sunt:

a) Relatia de demonstratie conservd adevarul in S

b) (C)

c) Conventia T.

Asadar, cu presupozitiile mentionate, adevirul propozitiei indecidabile poate fi funda-
mentat de regula w. Dar R — w, la randul ei, cum poate fi justificata?

O astfel de justificare, cu referire la formule primitiv recursive, poate fi datd pe baza
conceptului w-consistentei PA (in acest fel R — w realizeazd o extensie a PA}. lata cum
stau lucrurile:

Informal, w — con este proprietatea unui sistem formal S astfel incat urmatoarele doud
conditii nu au loc simultan:!!

1. S F 3IxF(x)

2. 8+ =F(0),-F(1),-F(2),...

Tormal, urméatoarea schema reda w — con:
Bew,("3xF(x)7) = Jz-Bew,("-F(x)7),

unde Bew, reprezintd predicatul demonstrabilititii, formal exprimabil in S. Conceptul
w — con, am vazut mai sus, a fost introdus de Gédel pentru demonstrarea primei teoreme
de incompletitudine. Cu predicatul Bew, Th.G1 devine:

Fie p formula = Bew,("¢™), atunci

1. 8+ cong F = Bew,("¢™)

10cf. Tarski, [2] 187-8.
Uexpresie simetrici formulirii din demonstratia Th.G1.2, cf. Smorynski, [1], 852.

159



VIRGIL DRAGHICI

2. 541~ cong - ~Bew, (T7),'? unde § = PA.

Agadar, R — w poate fi justificatd pe baza w-consistentei. Dar w — con poate fi, la
randul ei, justificatd in vreun mod anume?

G. Gentzen ([1],IV) demonstreazd cd w — con cu referire la formule primitiv recursive
(p-r.) cu o singura variabila liberd (deci 1-con) poate fi stabilitd pe baza inductiei transfi-
nite g (€T1)."® Aici, prin codificarea notatiilor pentru ordinali < €¢ (transcrisi in forma
normald Cantor in baza w) putem obtine o relatie p.r. pe N (care constituic o relatie de
buni-ordonare pe N cu tipul de ordine ¢¢. O astfel de relatie p.r. este evident bine-fundata
si astfel principiul inductiei este valid peste acea relatie. Comprehensiunea unei astfel de
relatii depinde insa de doua notiuni abstracte: cea de ordinal si cea de demonstratie a
teoremei formei normale Cantor.

La randu-i, poate fi justificati o astfel de conceptualizare? Cum poate fi justificatd
goT1?

In mod sigur o astfel de justificare nu poate fi obtinutd din comprehensiunea intuitivd
a girului numerelor naturale in sensul Peano-Dedekind. Ceea ce se obtine dintr-o astfel de
caracterizare este o w-inductie (i.e. o inductie in raport cu relatia " <” generata de functia
succesor). lar 971 nu se poate obtine din w-inductie. (Structura lui N se poate obtine
si din propozitii II;, care fundamenteaza 9T/, iar din 07'1 se poale deriva structura
numerelor naturale cu tipul de ordine w).

O altd cale de justificare ar fi cea a constituirii (pe baza relagiei "<”) a unei ordondri
cu tipul de ordine w” (prin codificarea n-tuplilor ordonati de numere naturale printr-un
singur numdr si ordonarea lexicograficd a codurilor). Insi prin pasi succesivi de acest gen
nu putem dobandi o comprehensiune inluitivg a ordonirii p.r. bine-fundate a codurilor

tuturor ordinalilor mai mici decat ¢¢. latd, dupa Godel, de ce constituirea unei eo7'7

2demonstratii p.17
13complexitatea aparatului conceptual reclamat de o astfel de demonstratie si extensiunea lui ne obliga

si ilustrim doar ideea mentionatid. Pentru a intelege intreaga ei anvergurd cititorul poate consulta, in
afara lucrarii Ini Gentzen [1], de o exceptionald claritate si elegantd conceptuali, i Schiitte [1], IV si VII;

H. Bachmann [1], II, I1I s J.Y. Girard [1], 419-421.
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din ordonéri aritmetice precedente nu este posibild: "Denn die Giltigkeit des Rekursion-
schlusses fiir €y kann sicher nicht unmittelbar anschunlich gemacht werden, wie das zum
Beispiel bei w? moglich ist. Das heisst genauer, man kann die verschiedenen strukturellen
Moglichkeiten, die [iir absteigende Folgen bestehen, nicht mehr ibersehen und hat da-
her keine anschauliche Erkenntnis von der Notwendigkeit des Abbrechens jeder solchen
Folge. Insbesondere kann durch schrittweises Ubergehen von kleineren zu grésseren Ordi-
nalzahlen eine solche anschauliche Erkenninis nicht realisiert werden, sondern bloss eine
»14

abstrakte Erkenntnis mit Hilfe von Begriffen hoherer Stufe.

Sa ramanem, in cele ce urmeaza, la analiza relatiei dintre w — con si eo7'/.

4 Principiile reflectiei, w — con si ¢yT'1

Un rezultat remarcabil in raport cu tema investigatd aici este obtinut de Kreisel si
Lévy [1], care demonstreazi ci extensia PA (Eztpa) cu principiul uniform al reflectiei
pentru PA este echivalentd cu extensia PA prin schema inductiei transfinite gg (¢07']).
Sa vedem mai intai ce sunt principiile reflectiei pentru un sistem S care contine PA.

In conformitate cu Keisel si Lévy [1], printr-un ”principiu al reflectiei” pentru un
sistem formal S se intelege urmatoarea asertiune formald care exprima corectitudinea lui
S.

Refl. Dacd o propozitie ¢ (in formalismul lui S) este demonstrabild in S, atunci ¢ este
validd.

Pe baza aritmetizarii (Godel), intr-un sistem S care contine predicatul demonstra-
bilitatii (Bew;) expresia Refl de mai sus devine:

Refl,. VaVb[Bew(a,b) — A,(b)],
unde b ia ca valori formulele lui S, iar A denotd "adevirat”. Ins o definitie a conceptului
adevirului in S (A4,) nu se poate da (cf. Tarski [2]). De aceea principiul global al reflectiei

(Refl;) nu poate fi exprimat printr-o singurad propozitie, ci mai curand prin:

icf. Godel. [2], 281.
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Refl,. Va|Bews(a, ") = ], resp. Bew,("¢ ) —+ ¢, unde "¢ denotd numarul Godel
al lui . Aceasta este expresia principiului local al reflectiei.

Daci o are o singura variabila z, iar s("¢ 7, z) este un termen al lui S astfel ci valoarea
lui s("¢7, n) este numarul Godel al expresiei obtinute din ¢(2) substituind numeralul n
pentru variabila x, atunci obtinem cxpresia principiului uniform al reflectiei pentru S:

Refl,. YaVn[Bew,(a, s("¢")) = w(n)], resp. Va[Bew,("p(z)") = ¢(z)].

Fie acum g propozitia lui Godel care aserteazd propria-i indemonstrabilitate in S.
Atunci

Va]Bew,(a, o) — o)

nu este demonstrabild in S. Cum @o este echivalenta cu ~JaBew,(a, @y} rezulta ci
formula de mai sus nu este demonstrabila in S (fiind echivalentd cu ).

Cum Bew, exprima predicatul demonstrabilitdtii in S, avem urmatoarea echivalenta
metalingvistica:

Teorema lui Léb.!® § + Va[Bewy(a, ¢") — ¢] ddacd ¢ este demonstrabild in S;
resp. St Bewy("¢") = ¢ ddacd St .

Demonstratie. Implicatia directa este evidenta. Pentru demonstratia implicatiei con-
verse presupunem ci S ¥ . Atunci S+ -y este consistent, iar pe baza Th.G2 conchidem
ca

S+ g ¥ cong,; resp. S+~ ¥ —Bewy(Top — A7),
unde A denotd o falsitate. §i deci

S+ g ¥ ~Bew, ("),
de unde, prin contrapozitie, obtinem

S F Bews(T¢?) = @'

Daca Bew, exprimi predicatul demonstrabilitatii in .S, formula JaBew,(a, o) ex-

prima proprietatea de a fi demonstrabild in S (adici existenta unei astfel de demonstragii in

15¢f. Léb [1)
18Pentru cazul particular in care ¢ este (¥&—v'), daci S este un sistem formal consistent, atunci, pe

baza Th.G2, consistenta lui S nu este demonstrabild in S. Asadar, Th.Lob caracterizeaza cxemplificarile

demonstrabile ale Refl;.
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§). Cu aceastd formuld echivalenta dintre adevér si demonstrabilitate capata urméatoarea
expresie (pentru o formuld ¢ a lui S):

» = JaBews(a,"p™).
Din aceastd echivalen{i obtinem urmaitoarele relatii:

» — JaBewy(a, ™), resp. completitudinea lui S.

daBew,(a,”¢") = ©, resp. Refly, i.e. corectitudinea lui S.

Vy[3zBew,(z,3("¢ ™, y)) = ¢(y)], unde s("¢ 7, y) este un termen din S a cdrui valoare
este numirul Goédel al expresiei ¢(n), unde n este numele canonic al lui n substituit
variabilei y. Din aceastd formularc se poate obtine w — con pentru orice formula de forma
“Vye(y):

(w —con) : JzxBew,(z, ~Vyp(y)") = —VydzBew,(z, ("¢, y)).

Demonstratia este simpla: prin Re fl;, 3z Bew,(z, - Vye(y)") = ~Vo(y). Presupunem
ci VydzBew,(x,s(T", y)); prin Refl, obtinem Vyyp(y), ceea ce contrazice =Vyp(y), si deci
(w — con).

Tot pe baza Refl, poate fi definit principiul inductici. Presupunem o teorie S’ 2 S,
in care Refl, pentru S este demonstrabil i in care este demonstrabil formal faptul ca S
este inchis in raport cu modus ponens, respectiv dacd pentru un g adecvat

S Bewy(n,s(Tp7,m))&Bewy(p,s("¢ — 7)) = Bew,(pu(m,n,p),s("7,m)) si cd
S este inchis in raport cu substitugia numericd, adica

S'+ Bew,(p, Vyp(y)") = Bewy(y(p,m),s("¢",m)). Se demonstreazd mai intai

a) Dacd S+ (0) si S Va(p(z) = ¢(z + 1)), atunci 5" - Vrp(z).

Fie po o demonstratie a lui ¢(0) si p1 o demonstratie a lui Vz(p(z) = ¢(z + 1)) in S.
Atunci S’ b Bew,(v(p1,m), s(" — 7, m)), unde (z) este p(z + 1). Definim 7(0) = po,
a(m + 1) = p(m, w(m),v(p1,m)). In S’ aplicim inductia la Bew,(m(m), s("¢",m)).

S'F Bew(7(0), ("¢, 0)) prin ipoteza;

5"+ Bews(w(m),s("¢",m)) = Bewy(r(m + 1),s("¢ ", m + 1)) prin inchiderea in
raport cu modus ponens, si deci 8’ F Bew,(y(p1,m),s("p — 17, m)) si obtinem

S VmBew,(n(m),s( ", m)). De unde, prin Refl, pentru S genereaza a).
12
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Pentru a se obtine axioma inductiei in 5’ se demonstreaza

b) Vi ... Vo, [¢(0)&Vy((y) = vy + 1)) = V()]

Pentru aceasta notdm cu (z) expresia V... Ve, [Y(0)&Vy(v(y) — ¢(y + 1)) —
().

©(0) 51 Vz(p(z) — ¢(z + 1)) sunt derivabile in S, si deci S* - Vep(x), adica b).

O relatie analogé intre principiile reflectiei si principiile inductiei poate fi datd pentru
P A si pentru analizd. Pentru o relatie binata R(z,y) definita de formula ¥(z,y) a PA,

cu variabilele libere z si y, multimea tuturor propozitiilor
Vzi... Vo [Ve(Yy(¥(z,y) = oly)) — ¢(z)) = Vae(z)]

din limbajul PA se numeste schema ¥-inductiei (resp. schema R-inductiei, iar dacd R
este bine-fundata, schema a-inductiet, unde « este ordinalul lui R).

Prin Th.12 ([1], 125) se demonstreaza echivalenta dintre urmétoarele doud sisteme:

a) PA+¢eg— T1I (resp. R-inductia transfinitd in raport cu ordinalul &)

b) PA + Refl,*"

Pe de altd parte, « — con pentru formulele p.r. ale P A este echivalent cu ¥; — Re f1;.1%

Principiile reflectici sunt, am vdzut mai sus, asertiuni privitoare la corectitudinea sis-
temelor formale (orice este demonstrabil este adevirat). Ele implica astfel consistenta i,
pe baza Th.G2, nu sunt demonstrabile in teoreia insisi.'® Avem asadar:

Th.G1. S ¥ Bew,("¢") = p, unde ¢ este o propozifie adevdratd dar indemonstrabild
{cea care aserteazd propria-t indemonstrabilitate).

Th.G2. S¥ Bew,("¢") = ¢, unde ¢ este o propozitie refutabild.

7pentru detalii a se vedea G. Gentzen [1], §§12-15, K. Schiitte [1], §22, W. Tait [1] si [2]
18cf. Smorynksi, [1], §4

197 tilitatea principiilor reflectiei este incontestabild in multe privinte. S3 amintim doar doud. Mai intai,
dacd S este un sistem corect, atunci principiile reflectiei ofera o metoda de a construi sisteme mai tari
decat S (cf. G. Kreisel [1]). Apoi, ele oferd o metodd de a compara tdria unor sisteme formale date: dacd
S C 5" iar Refl; este demonstrabil in S’ pentru o clasi de formule care contine propozitia @y (care afirma
propria-i indemonstrabilitate), atunci .5’ are mai multe teoreme decat S. Si deci demonstrand in S’ un

principiu al reflectiei putem infera consistenta lui S (cf. Mostowski [1]).
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Th.G1, in aceastd formulare, se obiine din versiunea initiald pe baza Th. Lob.

Pentru Th.G2, dacd ¢ este o propozitie refutabild, atunci urmatoarele expresii sunt
echivalente:

Bew,("¢7) — », —Bew,("¢"), —Bew,("AT), cons;
de unde, tot pe baza Th. Lob, obtinem echivalenta dintre formularea de mai sus si versi-
unea initiala.

Prin 1 — con, Smorynski denotd w — con restransi la formule primitiv recursive ¢ cu
o singura variabila liberd. Avem, asadar

Th.G1 (formalizatd). Dacd ¢ este "Bew,("¢"), atunci

1. 5+ con, b =Bew(Tp™),

2.8 +1—cong b = Bewy(T—7).

Demonstratie. 2. Fie ¢ formula Vzy(z), cu 1(z) p.r. Atunci,
S 41— con, F Bew, (") = dz-Bew,("Yz ) = Jxip(z)

pe baza Yi-completitudinii lui S (resp. dacd ¢ € ¥y, atunci S o(&) — Bew,("¢(z)7))
g1 deci

a. S+ 1 —con, b Bews("T—¢7) = —p si deci

b. S 41— con, - Bews("¢?) = Bew,("¢").

Cum 1 — con, implica cons, prin 1. obtinem

S+ 1 —con, F ~Bew,("¢"), care cu b. demonstreaza 2.

Aici 1 — con, a fost folosits pentru a demonstra a., adicd ¥; — Refl; pentru S (Refl; in
raport cu formula ¥, (deoarece ¢ este o formuld II;)). Si relatia conversa poate fi obtinuta,
respectiv din ¥; — Re fl; se ontine 1 — con,:

S+ ¥y — Refli b Bew,("3zp(x)7) — Jzp(x)

S+ 3 — Refli b Bew,("3ze(z)") — Jz—Bew("—¢(z))
fiindcd —~(z) = Bew,("~¢(z)7) (prin completitudinea p.r. si implicatia &y — Refl; —
cons,.

Concluzie. Intrucat inductia transfiniti pentru orice ordinal mai mic decat zo este

demonstrabila in PA rezulti ci nici o inductie transfinitd mai slabd decat o nu poate
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demonstra 1 — conPAA‘

Pe baza urmatoarelor asertiuni:

A: Echivalenta dintre 1 — conps si &, — Refl; (Smorynski)*®

B: Asertiunea in ierarhia aritmetica lace ca Refl; sa fie din ce in ce mai tari.

C: Echivalenta dintre PA +¢o — T'1 si PA + Refl, (Kreisel; Lévy)
putem conchide asupra faptului ca 1 — conpy este mai slabd decat eq — T'1 (g9 — T1
demonstreazd propozitii mai tari decit 1 — conP A).

In fine, pe baza acestor analize succinte, s conchidem asupra relatiei dintre regula-w
sieg—T1.

Pentru aceasta vom transcrie R — w, prin sublimarea conceptului demonstrabilitaiii
cu ajutorul predicatului Bew(z,y). Respectiv, daca sistemul considerat este axiomatizat,
relatia de demonstratie poate fi exprimata prin predicatul primitiv recursiv de mai sus. In

felul aceste R — w (in expresia el finitd, intr-o singurd aplicatie care extinde PA) devine:

Pa F VrIyBewpaly,s("p", x))
VzA(z)

Ce justificare are R — w, in aceasta formulare? 9i in acest caz putem pune in evidenta
o cchivalentd fundamentala.

S. Feferman [1] stabileste o astfel de echivalents intre PA+ R —w si PA+ Refl,. lata
pe scurt acest rezultat remarcabil.

Principiul reflectiei este descrierea unei proceduri prin care la orice multime arbi-
trard de axiome A se adauga noi axiome a ciror validitate rezulta din validitatea axiomelor
A si care exprimd formal (in limbajul lui A) consecinte evidente ale asumptiei ci toate
teoremele lui A sunt valide. Cum aceste principii nu sunt in general extensionale, ele se
referd la o formuld « astfel incat ¢ € A = a("¢ ") este adevirati. Feferman considerd o
o formuld RE, astfel cd A = o”. Prin Definitia 2.16 avem:

(i) AL} constd din A plus toate propozitiile Pra(T¢”) — ¢, ¢ este o for-

muld/propozitie.

20Propozitia Paris-Harrington este echivalentd cu £ — Refl; si deci este echivalentd cu 1 — con a PA:

cf. Paris i Harrington [1], 1141.
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(11) AT consts din A plus toate ¢ astfel ca 4 Pro(T¢).

(iii) AU1*) constd din A plus toate propozitiile (Vz) Pro(T¢(z)™) — (Vz)@(x), unde ¢
este o formuld cu singura variabila a.

(iv) AU constd din A plus toate propozitiile (Vz)p(z) astfel ca by
(Va) Pra(Tp(a)").

(v) AYIL) consta din A plus toate propozitiile (Va)[Pro(Tp(z)”) — ¢(x)].

Fiecaruia dintre aceste principii ii corespunde un principiu al reflectiei.?! Dacd P C
A (unde P = PA), « este o formuld RE, iar o” = A, atunci prin Th.2.19(276), se
demonstreazd urméatoarele relatii:

(i) AUI'®) = AU1e) = AUILa)

(i) AD=) € AULe) ing ATe) £ AUL) (dacd A este w — con).

Pe baza acestor relatii si pe baza C de mai sus putem conchide asupra echivalentei
dintre extensiunea PA prin R — w si extensiunea PA priu ¢y — T1. Agadar, justificarea
unui concept (i.e. R — w) nu Inseamna nici mai mult nici mai putin decét justificarea
celuilalt (gq — T7T).

In concluzie, are intuitia o spatialitate semnificantd autonomd si imediatd in raport
cu conceptul adevarului aritmetic? Credem c& nu. Iar acest fapt se relevd de-ndata
ce incercim sd justificdm adevarul aserfiunilor angajate. Analiza intreprinsa aici decu-
peazd in cadrul conceptual explicitat, spafialitatea abstractd care fundamenteaza (implicit)

asertiunile noastre in raport cu conceptul in discutie.

2'Ele sunt versiuni ale principiilor reflectiei; comp. Smorynski [1], §4. Aici (iv) exprimd R —
w, (iii) exprimi formula Ve3yBewpa(y,s(T¢",z)) — Vrp(z) iar (v) o relagie mai tare, resp.

Vz[IyBewpa(y, s("¢7)) = ¢(2)].
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ANEXA

Godel [1], 610

70 relatie (clasd) se numeste aritmeticd dacd ea poate fi definita in termenii notiunilor
+ si - (adunarea si inmultirea pentru numerele naturale [notd omisd] gi ai constantelor
logice V, —, (z) si =, unde (z) si = se aplici doar numerelor naturale. [notd omisa] Notiunea

de ”propozitic aritmeticd” este definitd in consecintd.”

Dedekind [1]

" Desigur, nu intr-o zi; mai degraba el este o sinteza construitd in urma unei indelungate
activitdti, bazata pe o analiza prealabild a girului numerelor naturale aga cum se prezinta
el insusi, in experientd (subl. V.D.), judecatii noastre, ca sd spunem aga. Care sunt pro-
prietdtile fundamentale, reciproc independente, ale sirului N, respectiv acele proprietati
care nu sunt derivabile una din alta, insid din care rezultd toate celelalte? §i cum am
putea dezbiara aceste proprietdti de caracterul lor specific aritmetic, in asa fel incat ele
si fie subsumate unor notiuni mai generale sau sub activitdti ale comprehensiunii fard
de care nici o gandire nu este posibila ca atare, Insia cu care se oferd o fundamentare
pentru certitudinea si completitudinea demonstratiilor i pentru construirea de notiuni si

demonstratii consistente?” ({1], 99-100).

Hilbert [1]
” . . . ;. . .
Iar ca singur instrument pentru acest fapt ne stau la dispozitie aceleagi moduri de
tratare concret-continutiste si aceleasi puncte de vedere finitiste ale gandirii ca cele carc au
fost utilizate pentru derivarea ecuatiilor numerice in constructia teoriei numerelor insasi.
Aceastd exigenta stiingifica este realmente realizabild, adicd este posibil sa se obtina Intr-
un mod pur intuitiv gi finitist - aidoma adevarurilor teoriei numerelor - si acele perspi-

cacititi care garanteazd certitudinea aparatului matematic.” ([1], 171).
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Godel [2], 280

”P. Bernays a subliniat in repetate randuri® ci, referitor la faptul indemonstrabilititii
noncontradictiei unui sistem cu mijloace de demonstratie mai restranse decat cele ale sis-
temului Insusi, este necesaré o depisire a cadrelor matematicii finitiste in sensul lui Hilbert,
pentru a demonstra noncontradictia matematicii clasice sau chiar gi noncontradictia teoriei
clasice a numerelor. Intrucat matematica finitisti este definiti ca matematica evidentei
intuitive?, aceasta implicd® faptul ca pentru demonstratia de noncontradictie a teoriei
numerelor sunt necesare anumite concepte abstracte. Aici, prin concepte abstracte (sau
neintuitive) trebuie intelese acele concepte care sunt, in mod esential de ordinul doi sau de
un ordin superior, adica cele care nu contin proprietatile sau relatiile obiectelor concrete
(ale combinatiilor de semne, de exemplu) ci se raporteazd la constructii ale gandirii (de
exemplu, demonstratii, enunturi cu sens s.a.), unde, in demonstratii, este utilizata com-
prehensiunea acestora din urma4 si care nu rezultd din proprietétile combinatorice (spatio-

temporale) ale combinatiilor de semne care le reprezintd, ci numai din sensul acestora.”

([2], 280)

Gadel [2], 281

”Cici validitatea schemei de recursie pentru &¢ in mod sigur nu poate fi ficuta ne-
mijlocit intuitivi, asa cum este posibil acest fapt la w?, de exemplu. Mai exact, aceasta
inseamnd ca diferitele posibilitati structurale care exista pentru secventie descendente nu
mai pot fi sesizate in totalitate gi de aceea nu se mai poseda o cunoastere intuitiva despre
necesitalea ruperii fiecarei astfel de secvente. In special, prin trecerca treptatd de la nu-
mere ordinale mai mici la numere ordinale mai mari o asemenea cunoastere inluitivd nn
mai poate fi realizatd; ceea ce se poate realiza este doar o cunoagtere abstracta cu ajutorul

conceptelor de ordin superior.” ([2], 281).
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O ANALIZA PE O MASINA DE TIP GODEL

MARCEL BODEA

ABSTRACT

The formal domain of abstract mathematical systems and the propositions provable
in them (the essentials of Godel’s ideas) can be illustrated using a ‘machine
language’ : The Godel’s machine. This article was written primarily as an
investigation and introduction to incompleteness theorems in a way wich is a
simplifying factor. We tried to show how a certain computing machine can have
very general features in subject to Godel’s argument. We belive that the proofs we
give are unusually simple. We then can turn to some incompletness arguments in a
general setting. This could be an creative puzzles-aid to teachers of philosophical-
logic at either the high school or college level.

Originea gandirii axiomatice tine de antichitate (Euclid, Arhimede), dezvoltarea sa
sub diferite aspecte continud in modernitate (Spinoza, Newton) dar diversele analize ale
structurii si consecintelor sale (Frege, Russell, Wittgenstein, Bloomfield, Hilbert, Godel,
etc.) tin indiscutabil de contemporaneitate. Gandirea axiomatica inseamna, principial, un
lant finit de inferente corecte predefinite, pornite de la fundamentul oferit de un set
(minimal) de axiome si definitii univoce (distincte). Baza axiomatica poate fi intuitiva sau
conventionald. Si Intr-un caz si in celdlalt, aceste aspecte nu intervin in regulile de
inferentiere (in demonstratii). Impunerea unui set de axiome opreste regresul la infinit gi
face posibile inferentele deductive intr-un numar finit de pasi. Exista convingerea spontana
ca toate adevarurile care pot decurge dintr-un sistem axiomatic pot fi si demonstrate !
Aceste aspecte indreptiteau si impresia cd orice masini-‘axiomatic deductivd cu numar
finit de pasi’, 1n conditii foarte bine specificate, ar putea demonstra toate adevarurile (fiind
desigur precizate criteriile de adevar [pentru masind]) ce pot decurge din axiomele,
definitiile si regulile de inferentd. In acest sens, intrebarea centrala la care vom incerca si
raspundem este : in conditii date (semne, axiome, reguli, criterii de adevar, etc.), poate
tipari o astfel de masind toate expresiile adevarate posibile ? '

' Fard a opri regresul la infinit prin axiomatizare, altfel spus in absenta axiomelor, alternativa care se
impune este circularitatea. Sa presupunem ca "invatam" (programam) o masina sa defineasca (ex. : sa
genereze prin recurentd, prin modalitati definite de asociere, etc.) diferite "cuvinte" si sa formeze astfel
un dictionar ; In plus, nu pot sé existe 1n dictionar cuvinte definite in afara termenilor din dictionar si nici
un cuvant nu poate fi autoreferential (s-ar crea o situatie in care ar fi posibild axiomatizarea). Este
introdusa in acest fel circularitatea. Aceste aspecte nu sunt avute in vedere in consideratiile de fata, ele
doar au fost semnalate ca existdnd sub forma unei alternative la "liniaritatea" sistemelor axiomatic-
deductive.
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Asa cum 1n fizicd existd experimente mentale Tn matematica existd mecanisme
ipotetice, un astfel de mecanism fiind s$i masina virtuala (aici o anumitd masina virtuald)
numitd masina Gédel. Pornind de la un model din litaratura de specialitate” al unei astfel
de masini, vom construi in continuare o masina asemdndtoare, 0 varianta pe care 0 vom
numi : magina de tip Gddel. Ea a fost aici astfel construitd incat ne-o putem imagina ca fiind
practic (fizic) un calculator. Strategia analizei pe aceastd masind este de tip logico-
matematic. S& presupunem existenta unei magini care poate efectua o operafie externa :
tiparirea. Vom considera aceastd operatie externa ca fiind modul 1n care masina ‘comunica’
cu exteriorul sdau. Aceastd operatic externd se regaseste sub forma unei ‘secvente-
instructiune’ inglobata in cadrul unei fraze (‘fraza’ va fi definitd). Presupunem cd masina
poate tipdri o expresie (‘expresie’ care va fi definitd) a carei structura este formata dintr-o
secventa finitd compusa din urmatoarele cinci simboluri de baza :

~,P,N,1,0

Semnificatia acestor simboluri este urmatoarea :

~ : negatie

P : tiparire, cu observatia ca, daca dupd acest simbol sunt prezente alte
simboluri, magina ‘va intelege’ ca P este o operatie (externd) efectiva, adica executabild in
anumite conditii ( de exemplu, PX inseamna : tipareste fraza X) ; daca dupa acest simbol nu
este prezent alt simbol, el va fi tratat de masina ca un simplu simbol §i nu ca o instructiune
(de exemplu, PP inseamna tipareste simbolul P ; primul P este o instructiune pe cand al
doilea P este un simplu simbol)’

N : norma, cu referire la o fraza X [ fraza X care va fi definitd mai jos] ;
este un simbol abstract pe care 1l putem reprezenta simplu astfel : N(X) [s-au introdus aici
doud simboluri ( ) suplimentare doar pentru aceastd precizare, avand simpla functie de
‘delimitatori’ ; un tip de norma N va fi, de asemenea, definit mai jos]. Norma N este, in
esentd, o operatie sintacticd internd de constructie lingvisticd pornind de la elemente de
vocabular si limbaj.

1 51 0 : sunt simboluri de reprezentare in notatie binara a simbolurilor de
baza (~, P, N, 1, 0 ), a numerelor naturale, precum si a altor combinatii (siruri finite) -
arbitrare sau nu- formate cu ele.

Prin « expresie » E vom intelege un sir finit de astfel de simboluri. O expresie E va
fi ‘tiparibila’ doar daca masina o poate tipari (ce poate tipari masina trebuie definit).

SPECIFICARE (definitie) importantd : masina va tipari doar combinatii de
simboluri pe care /e poate recunoaste ca fiind siruri finite de combinatii de simboluri de
baza si de numere naturale, toate reprezentate Tn notatie binara ! [S1]

2 «Recent (P. T. Geach, LOGIC MATTERS, University of California Press, Berkeley, 1980 si Raymond M.
Smullyan, recenzie la cartea de mai sus, in "The Mathematical Intelligencer”, vol. 3, 1981, no. 3, p. 39-
40), gdndirea lui Géodel a fost ilustrata cu ajutorul unor mecanisme ipotetice care faciliteaza accesul la
antinomiile godeliene [ ...] » - Solomon MARCUS 1n "Provocarea stiintei § O masina Godel" — Bucuresti,
Editura politica, 1988, p. 71. Ca lucrare de specialitate referentiala am folosit pentru analiza de fata :
Raymond M. SMULLYAN in "Godel"s Incompleteness Theorems ", New York, Oxford, Ed. Oxford
University Press, 1992 ; modelul de fata, desi mult diferit, are la baza : § A Gédelian Puzzle (p. 2) si § A
Variant of the Puzzle (p. 3)".

3 Nu se va intra aici in multitudinea de detalii care se pot ridica cu privire la raportul simbol - instructiune
intr-o frazd mai complexa. Vor fi considerate doar situatiile cele mai simple. La o adica, limitarea la
acestea poate fi postulata.
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Avem 1n acest fel un vocabular V alcétuit din cinci elemente si posibilitatea
formarii unor siruri finite pe acest vocabular, siruri numite fraze. Un acelasi element din
vocabularul V poate sd apard, evident, de mai multe ori intr-un sir finit. Admitem
posibilitatea existentei unor fraze [expresii] (siruri finite pe vocabularul V) netiparibile*
(vor fi predefinite mai jos astfel de fraze). Un exemplu de frazd netiparibild este o
combinatie de 0 si 1 pe care masina nu o poate asocia cu o combinatie de simboluri de baza
si numere naturale reprezentate in notatie binara.

Vom numi enunt (propozitie) una si numai una dintre urmatoarele patru
forme combinatorice” :

1) P X

2) ~P X [S2]
3) PN X

4) ~PN X

unde X este o frazd, nu neaparat tiparibild, dar construitd pe vocabularul V.

Sa precizam ca problema de a fi sau nu tiparibild o fraza (oricat de simpla sau de
complexd) se pune numai in cadrul unui enunt. Daca o succesiune de simboluri de baza
constituitd intr-o succesiune de semnificatii interpretate conform precizérilor de mai sus nu
este Incadrabild intr-una din cele patru forme de enunt, nu are sens problema tiparirii sau a
netipdririi ei. Se face urmatoarea conventie importantd : dacd masina tipareste, atunci ea
tipareste intregul enunt si nu secvente din succesiunea de simboluri ale unui enunt : de exemplu,
enuntul PX care semnifica ‘tipareste fraza X’ va fi tiparit de magina PX si nu numai X. ( X si PX
sunt doud fraze diferite; de catre noi, aceastd ultimd fraza ar putea fi interpretatd astfel :
(calculatorul :) ‘am tiparit fraza tiparibila X conform instructiunii de tiparire’ ; nainte de tiparire
P este instructiune dar dupa tiparire P este un simbol 1n fraza (!); astfel de precizari suplimentare
vor fi considerate insa ca abuz de explicitare si vor fi evitate.)

Vom considera cel mai simplu (si pragmatic totodatd) caz : asocierea la fiecare
enunt a unui numdr de tip Godel® reprezentand un sir finit de 0 si 1. Astfel, simbolurilor
individuale introduse mai sus, li se asociaza urmitoarele numere ‘de tip’ Godel” :

~:10;P:11;N:100;1:1;0:0;

Sa observam ca ‘0’ si ‘1’ au o reprezentare binara (reprezentarea binarad uzuald) ca
simboluri aparte, independente, in cadrul unui vocabular.

* Existd, pornind de la un vocabular V, propozitii. Definim (conventional) ceea ce este un "secret". Un
secret va fi, in urma definitiei(conventiei), o propozitie care nu poate fi spusi. in felul acesta avem, peste
acelasi vocabular V, propozitii care pot fi spuse si propozitii care nu pot fi spuse (adica "secrete"). O
fraza de felul : « nu spune un secret (nu spune ceea ce nu poate fi spus) » pare "a fi in regula". O fraza de
felul : « spune un secret (spune ceea ce nu poate fi spus) » "pare a nu fi in regula".

> Dupd Raymond M. SMULLYAN "Gadel"'s Incompleteness Theorems" (A Gédelian Puzzle, p. 2) — New
York, Oxford, Ed. Oxford University Press, 1992

® Numirul de tip Godel este inteles aici intr-un anumit sens, sensul din Raymond M. SMULLYAN "Gddel''s
Incompleteness Theorems" — New York, Oxford, Ed. Oxford University Press, 1992, p. 3 (« the Gédel
number of the expression »)

" In analiza de fati ne indepdrtim prin constructia noastra de unele din conventiile, constructiile si
interpretarile date de Raymond M. SMULLYAN 1in "Gddel"'s Incompleteness Theorems" — New York,
Oxford, Ed. Oxford University Press, 1992 precum si de cele -cu un accentuat caracter pedagogic-
prezentate de Solomon MARCUS in "Provocarea stiintei" — Bucuresti, Editura politica, 1988, p. 71-72
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Pentru a face prezentarea cit mai succintd si pentru a evita anumite ambiguitdti —
cum ar fi reprezentarea binara identicd a simbolurilor ~, P si N cu a numerelor 2, 3 si 4 -
care pot sd apard (si a cdror evitare ar Incdrca expunerea de fatd cu consideratii
suplimentare dar ne necesare pentru scopul acestei expuneri), vom face explicit precizarea
ca in componenta (structura) frazei X pot intra (5i) numere naturale ‘n’ scrise in forma
binard, cu conditia n > 5 [repetdm este o conditie suplimentard impusd doar pentru
simplitatea i condensarea expunerii ; am putea, pe de alta parte, ca in loc de ~, P si N sa
considerdm 2, 3 si 4 cu respectiv aceleasi semnificatii dar prima optiune fiind mai familiara
este mai simpla iar simplitatea este o conditie de baza permanent avuta in vedere aici].

in felul acesta, unui enunt compus, oricat de complex, i se asociaza in mod unic un
numdr de tip Godel prin simpla Inlocuire (atribuire) a numarului Godel fiecarui simbol
individual din enunt. De exemplu, pentru cele patru enunturi de mai sus —cu precizarea ca
frazei X 1i este asociat de fiecare datd un numar Godel, pe care insd nu-1 specificam aici-
numerele Godel (incomplete in sensul specificat anterior) sunt :

P X : 11X

~P X : 1011 X
PN X : 11100 X
~PN X: 1011100 X

Vom conveni sd definim ‘norma N’ cu referinta la o frazd X ca fiind fraza urmata
de numirul sau Godel. In varianta simbolicd: N(X) = XX. Este in fond vorba de o
constructie (compunere) sintactica dintre cele mai simple : repetarea (prin simpla alipire) a
unei fraze. De exemplu, norma N a frazei « P 0 1 P » este reprezentabild : a.) POIPPO1P
sau b.) POIP110111, etc., cu observatia ca desi noi, pe hartie, putem scriem de exemplu :
PO1PPO1P, masina isi ‘scrie’ (reprezintd) aceasta ca 110111110111 (numarul godel al
expresiei) ; ea poate tipari insd sub forma P 0 1 PP 0 1 P. In plus, ea va sti sa interpreteze,
de la caz la caz, fraza X = 110111110111 ca ‘frazd-norma’ X =N( P 0 1 P ) sau ca ‘fraza-
numir natural’ X = 1x 2" + 1x 2% + ... + 1x2° (Observatie : asupra felului in care
‘dialogdm’ cu masina se pot face o serie de alte observatii si conventii dar explicitarea lor
nu este necesara aici in vederea scopului propus [a se vedea si nota de subsol 12]).

Fie un sistem de numeratie in baza B(BEeN,B>2).

Orice numar natural nenul « n » :
- se poate scrie in mod unic sub forma unei egalitati de forma :

m
n=Y aB' =a,B"+a, B™ + .. .+aB'+a,a,#0, m €N []
i=0
sau
- reprezenta ca o succesiune de forma :
n=apaniams .. Ha1a,cug; € {0,1,.....,m—-1} [2]

Fie B = 2 (reprezentarea binari)®. Atunci:a; € {0,1}si n= z a2
i=0

8 In tratarea logico-matematica propriu-zisa, situatia este mai "complicata". A se vedea in acest sens :
Raymond M. SMULLYAN - "Gddel"'s Incompleteness Theorems" — cap. 11 Tarski"s Theorem for
Aritmetic, P.II Concatenation and Godel Numbering, §4 Concatenation to the Base B b, p. 20 si §5
Gédel Numbering, p. 22
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Pentru n = 2, reprezentarea binard este: (2 =1 x 2' + 0 x 2°) 10” ceea ce coincide cu
reprezentarea binara pentru negatie ‘~ ‘. Pentru n = 3, reprezentarea binard este: (2 =1 x
2"+ 1x2%) “11” ceea ce coincide cu reprezentarea binara pentru ‘P (imprimare). Pentru n
= 4, reprezentarea binard este: (2=1x22+0x 2"+ 0x2°) ‘100’ ceea ce coincide cu
reprezentarea binara pentru ‘N (normad) ‘. Justificdm in acest fel, intr-o prima aproximatie,
conditia n > 5 (evitdm, pentru inceput, ‘punerea’ masinii intr-o stare de ambiguitate : pusa
sd tipareascd, de exemplu, —printr-un mecanism de convertire simbolica- la imprimanta : X
= 10 (pentru aceasta egalitate a se vedea mai jos (**)), ar avea doua alternative : ‘~’ sau ‘2°).

Fie acum, pentru exemplificare, egalitatile si succesiunile urmatoare :
n=1x2"+0x2"+0x2’+0x2>+0x2'+1x2° <100001°— n =33
n=1x2"+0x2"+0x2’+0x2>+1x2"+0x2° ‘100010’ —>n =34 ; etc.

Se observa ca o fraza X de felul ‘011001 (sau de felul ‘000101, (etc.)) nu reprezinta nici
un numar natural in reprezentare binara conform conditiilor din relatia [1] si deci nu este
tiparibila. Daca vom considera o succesiune de simboluri —frazd Y- peste vocabular V de
felul ‘011001’ se observa usor ca aceasta nu este o expresie conform conventiei [S2] si deci
nici nu se pune (nu are sens) problema tipdririi ei. S& mai observam tot aici, fard
demonstratie deocamdata, ca norma frazei X de mai sus nu este de asemenea tiparibila.

Pentru ‘masina de tip Gédel’ pe care o propunem — din considerente de simplitate
si pentru o mai mare relevantd logicad a raspunsului- vom facem o serie de conventii
explicite.’

Introducem notiunea ‘fraza de baza (elementard)’ si o definim astfel : o fraza data
este elementara (de baza) daca in structura ei nu intra nici unul din simbolurile de baza ca
simboluri explicite de baza [presupunerea 7;]. Altfel spus, initial —si numai pentru fraza
initiala (!)- nici o combinatie (secventd) de simboluri binare in cadrul unui sir finit de
simboluri binare nu reprezinta (si) simboluri de baza : ‘~’, ‘P’, ‘N’, ‘0’ si ‘1’ luate ca atare.

Vom numi conditiile de mai jos calitatea unei fraze :
conditia Cd;: X — tiparibila (fie Z o fraza de baza, Z € XCd,)

F, PX - inseamna : tipareste fraza tiparibila X
F, ~PX  -inseamna : nu tipari fraza tiparibila X
conditia Cd,: X — non-tiparibila (sau netiparibild) (fie Y o frazd de baza, Y € XCd,)
F; PX - inseamna : tipareste fraza netiparibilda X
F,4 ~PX  -inseamna : nu tipari fraza netiparibila X

Fy, F,, F3, Fy sunt enunfuri. Vom numi enunturi de bazd unul din enunturile de mai sus daca
X este o fraza de bazd (Z sau Y). In caz contrar, enunturile sunt enunfuri compuse (de
exemplu : PNZ ; ~PN(~PNY) ; etc.).

Se observa ca fraza (enuntul) F; pune masina intr-o stare de ‘conflict’. Vom numi enuntul
F; nepermis. ( Acesta —conform [C,] de mai jos- va fi considerat ca fiind si un enunt fals.)

Se observa ca enunturile PX si ~PX sunt ‘firesti’ in conditiile Cd; respectiv Cd, iar
enuntul (fraza) ~ PX nu pune masina intr-o stare de conflict nici in Cd;. Vom impune astfel
(se poate face si pur conventional) urmatoarele doud criterii de ‘permisivitate’ ale
enunturilor :

? Pentru un set de conventii complexe in abordarea propriu-zisa logico-matematici, se poate consulta in
detaliu : Raymond M. SMULLYAN - "Gédel"'s Incompleteness Theorems" — cap. 1 The General Idea
Behind Godel"s Proof, P.I Abstract Forms of Godel"s and Tarski"s Theorems (Introduction,
SExpresibility in L, § Godel"s Sentences) si P.1l Undecidable Sentences of L, p. 5 - 13
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- PX este permisa in conditia Cd, [Cpi]

- ~PX este permisa 1n conditiile Cd, si Cd, [Cpa]

in acest ultim caz nimic nu impiedicd conventia : ~PX este o frazi netiparibila
indiferent de apartenenta frazei X la XCd1 sau la XCd,.

Sa definim acum un : enunt clar. Vom folosi pentru aceasta o analogie cu functiile
biunivoce (injective) din matematica : « Se spune ca functia f: E — F este biunivoca daca
oricare ar fi elementele ¢; # ¢; din E, avem f(e;) # f(e;) din F (adicd doud elemente diferite
din E au imagini diferite in F). » Un enunt este clar daca permisivitatea sa este biunivoca
pe multimea frazelor XCdl U XCd, in sensul in care este permis sau numai in raport cu
XCd1 sau numai cu XCd,.

Vom conveni sd afirmam [criteriu de adevar [C,]] ca un enunt de baza permis este
adevirat daca operatorul siu extern coincide cu calitatea enuntului. In acest caz enunturile
F, si F; vor fi considerate false. (Obs. Pentru enunturile compuse este considerat primul
operator extern din stinga.) In plus, pentru enunturile compuse se impune conditia
(suplimentara) ca toate enunturile din componenta sa sa fie adevarate. Astfel -se observa
usor-, un enunt clar este intotdeauna adevarat pe cand un enunt neclar poate fi adevarat.
Enunturile F, si F, (cele mai ‘naturale’ enunturi ) sunt enunturi adevarate.'’ in acest fel au
fost definite precis enunturile adevarate pentru masind. (S& observim doar —aspect
neesential pentru analiza de fata- cd un enunt adevérat poate fi considerat clar in masura in
care acceptam ca adevarul sdu impune o restrictie care face permisivitatea sa biunivoca.)

Cu aceste conventii am incercat sa fim apropiati —intr-un mod cat mai simplu dar
riguros- atat de limbajele naturale cat si (mai ales) de limbajele formale (cu ‘axiome’,
‘sintaxa’ si ‘demonstrabilitate’.)"!

De abia in aceste conditii devine cu adevarat legitima intrebarea centrala a analizei
de fati. In continuare va fi formulati aceastd intrebarea centrald, foarte importantd prin
consecintele pe care raspunsul le are, pentru analiza de fata :

I,: Poate masina sa tipareasca, principial, toate enunturile adevérate ?

O solutie —mai explicita, si diferitd, in raport cu schema standard a solutiilor din
literatura de specialitate - fi data in continuare. Vom apela la o constructie lingvistica si la
douad teoreme complementare, necesare in exploatarea respectivei constructii lingvistice.

Fie constructia urmatoare :

[C+] Consideram multimea tuturor frazelor tiparibile (permise) care rezulta din
consideratiile implicate in [1] si [2] : orice numar natural nenul « n » se poate scrie In mod
unic sub forma unei egalititi de felul : n = a,,B™ + anB™ + ... +aB'+a,,a,#0,m
€ N, [1] sau reprezenta ca o succesiune de forma : n = a,a,.1am, . &aay,cuag € {0,1,.....,
m — 1 }, [2]; pentru B=2 (reprezentarea binard) cazul care intereseaza aici: a; € { 0, 1 }.
Conditia ca a,, # 0, m € N, face ca in reprezentarea binara cua; € {0, 1 }, a,, = 1 Intotdeauna.
Altfel spus, reprezentarea [2] este intotdeauna de forma: la, jan.; ... aa;ay. Construim

19 Care ar fi consecintele introducerii unei conventii de felul - C,: Enuntul « 2.) » este evaluat ca adevdirat
daci fraza X nu este tiparibild ? Magina va "citi" astfel : nu tipari fraza X daca fraza X nu este tiparibila.
Deci, prin aceastd conventie, fraza (enuntul) ~PX este adevdratd dar nu este tiparibili 1! in acest fel
insd, printr-o simpld conventie, iIn mod direct (adica explicit formulat in conventie) o frazd poate fi
adevarata dar netiparibila !

"' n plus fatd de nota "9" recomandim Raymond M. SMULLYAN - "Gédel"’s Incompleteness Theorems" —
cap. Il Tarski"s Theorem for Aritmetic, P.I The Language Ly §1 Syntactic Preliminaries p. 14 si §2 The
Notion of Truth in Lg p. 17
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acum o multime Y de fraze, in felul urmator : fiecarei fraze reprezentata binar conform [2] :
lag.1amo . ara;aq 11 asociem o fraza de forma : a,y@miig .....1am1ams | arajap, unde k > 1,
k €N, cu conditiile : apsy, .....8j, ..... Apier € { 0, 1} si apy = 0. Este evident, datoritd in
principal acestei ultime conditii, cd aceastd constructie —desi binard in sensul unei
succesiuni de simboluri 0 si 1- nu este reprezentabild in sensul [2] ( si implicit [1] ) deci nu
reprezintd nici un numdr natural n > 5. ( Observatie : ea nu reprezintd, la o adicd, nici
vreunul din simbolurile P, N sau 1. Deoarece indicele lui a este ‘m+1’, pentru m = 0 in
reprezentarea [1], constructia conduce la doi termeni, respectiv la doud simboluri in
reprezentarea [2] si deci aceastd constructie nu poate reprezenta nici simbolul 0.) In plus, s-a
precizat ca o fraza este tiparibild doar in cadrul unui enunt (de tip « 3.) » sau « 4.) ). Vom limita
referintele cu privire la fraze netiparibile in cadrul unui enunt doar la clasa (multimea) frazelor
Y astfel construite.'
Se demonstreaza simplu acum, urmatoarea lema :

LEMA L, Norma unei fraze din clasa Y (Y € XCd, ) nu ete tiparibila.

Fie constructia de mai sus [C+]. Fie o fraza netipéribila Y € Y. Conform definitiei
de mai sus pentru norma unei fraze : NY = YY. Sd aratam cé : fraza YY € Y, adica YY nu
este tiparibila.

Fraza Y este de forma : a,@mikt--..-1amiams . aajap, unde k > 1, k €N, cu
conditiile : ams1, .....aj, ..... Amrcr € { 0, 1} §i apmy = 0. Fraza Y'Y, adici norma N a lui Y :
NY va fi atunci de forma : ap,@migq -« 18m18m2 . 3281308mk8mtk-] -+ -+ 18m-18m2 . 828,3.
Aceasta este o frazad a,a,...... aj....acua € {0,1} sicua,=any=0. Intrucat a, = 0,

fraza YY = NY este netiparibild : NY € Y.
Observatie. In mod asemanator se demonstreazd LEMA L, : pentru clasa Z (Z €
XCd,; ) a frazelor reprezentabile [2], norma unei fraze Z € Z, este tiparibila : NZ € Z.

TEOREMA O masina Godel nu poate tipari toate frazele adevarate.

Demonstratia va fi facuta incercand sd construim o fraza adevaratd si netiparibila.

Vom construi o frazd netiparibila. Singura posibilitate este fraza ~PX. Pentru ca
aceasta fraza sa fie netiparibild In raport cu o fraza permisa, trebuie ca fraza X sd fie un
enunt, cici numai enunturile pot fi permise. Intrucat dorim sa pornim de la o frazi de baza

12 Existd o multime de alte aspecte importante la care, intr-o analiza de detaliu, ar trebui ficutd referire.
Propunem cititorului ca dacé la o lectura extrem de detaliata a textului de fata apar astfel de chestiuni, sa
introduca ipoteze simplificatoare suplimentare, care sd nu contrazicd insd ipotezele din textul explicit.
De exemplu, s-ar putea ridica intrebarea : cum "citeste", cum "interpreteaza" masina o succesiune de
simboluri binare care ii sunt date (adicd nu si le construieste) la un moment dat ? Raspunsul trebuie
cautat 1n directia cea mai avantajoasa : va cauta in primul rand s recunoasca un enunt din cele patru
formulate si pe urma fraze de tip X sau Y.

Vom presupune deci ca, magina, dupa ce a recunoscut instructiunile dintr-un enunt va incerca sa
identifice frazele din enunt ca fiind sau nu tiparibile i s estimeze, in consecintd, enuntul in totalitatea sa.
Dincolo de toate aceste aspecte, concluzia finala la care se urmareste a se ajunge, este la fel de
importantd (prin consecintele sale) chiar daca nu se ajunge la ea prin cel mai general si explicit mod,
care poate avea dezavantajul ci este incarcat, complicat si greu de urmarit. In plus ar trebui facute sau
presupuse un set de consideratii prealabile de specialitate ceea ce nu face obiectul studiului de fata,
studiu care se vrea doar un demers (cat mai riguros) de clarificare analitica -prin apel la exemplu- al unor
chestiuni dificile, a caror tratare completa logico-matematica sa poata fi accesibila intr-un final.
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(fraza care satisface presupunerea n;) fie aceasta Y € Y (‘respectiv Y € XCd, )sauZ €
Z ( respectiv Z € XCd; ). Intrucat dorim si avem o constructie-frazi cu o operatie
sintactica interna, fie frazele rezultate in urma aplicérii acestei operatii : NY(= YY) sau
NZ(= ZZ). Conform lemei L, fraza NY € Y (NY € XCd, ) si este deci netiparibild iar
conform lemei L, fraza NZ € Z (NZ € XCd, ) si este deci tiparibila. (Observatie : fraza
NY (sau YY prin constructie !) nu mai este o frazd de baza (initiald)).

In acest caz, singurele enunturi X posibile, sunt : X = PNZ, X = ~PNZ si X =
~PNY ;(aceasta ‘egalitate : =” inseamna ca atribuim simbolului-variabild de frazd X una din
constructiile lingvistice anterioare - (**)). Sa le analizam pe rand :

X =PNZ este adevirat (conform criteriului de adevar [C,] )
X = ~PNZ este doar permis (conform criteriului de permisivitate [Cp,] )
X =~PNY este adevarat (conform criteriului de adevar [C,] )

In aceste conditii despre enunturile urmatoare se pot face afirmatiile :

~P(PNZ) este doar permis
~P(~PNZ) nu este un enunt compus doar din enunturi adevarate
~P(~PNY) este adevarat !

Am construit astfel —conform intentiei initiale- enuntul ~P(~PNY) care este un enunt
adevirat si netiparibil ! Teorema este, in acest fel, demonstrata.

( Supunem atentiei intrebarea : cum s-ar fi schimbat demonstratia —si cum ar putea fi
interpretate consecintele- teoremei daca s-ar fi introdus conditia suplimentara ‘tare’ ca
masina sa tipareascad doar enunturi adevarate ? )

Consecinte :

Pornind de la rezultatul aceastei teoreme in cazul unei astfel de masini de tip
Godel si inlocuind « P — tiparibil » cu « D — demonstrabil » si, mai mult, « masina (Godel) -
‘axiomatic deductivd cu numar finit de pasi’ » cu « sistem formal » (masina Godel joaca
rolul unui sistem formal in sensul lui Goédel) si reluind analiza cu semnificatia curenta,
comuna intuitiva (in sensul de ne bine definitd) a demonstrabilitatii « D », se inlesneste
accesul la Intelegerea continutului unor teoreme de felul urmatoarei teoreme abstracte de
tip Godel : in orice sisteme formale exista enunturi adevarate dar nedemonstrabile.

Analiza de mai sus aratd cd demersul analitic -propedeutic sau de clarificare- in
vederea inlesnirii accesului la probleme dificile nu este intotdeauna un demers usor de
explicitat. Analiza atentd pe modele simplificate aratd totodatd numerosele aspecte care par
a trebui luate in considerare dar care ori trebuiesc precizate in sensuri cat mai
simplificatoare ori pur si simplu trebuiesc, pentru inceput cel putin, ignorate. Observatiile
cu privire la ce se poate sau ce nu se poate ignora, ce anume ar trebui introdus suplimentar,
ce se poate formula superficial sau pe ce anume trebuie insistat, ajutd pe de altd parte la
delimitarea chestiunilor considerate importante pentru o anumita directie. O masina de tip
Godel poate fi considerata ca fiind un instrument analitic in sensul precizat mai sus, vizand
accesul logico-matematic la TEOREMELE LUI GODEL.
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STUDIA UNIVERSITATIS BABES-BOLYAI PHILOSOPHIA, XLVI, 1-2, 2001

"CE ESTE ADEVARUL?"

NICOLAE BOTH

1. Definitie sau conventie

A defini ADEVARUL inseamni a formula o judecati (adevirati!) care sa
caracterizeze notiunea de adevar. Acordul cu formularea de mai sus ne obliga la acceptarea
unui prim "paradoxal cerc vicios".

Vehiculata formuld: "concordanta cu realitatea" ne implica intr-o fundétura mai
adinca: "Ce este realitatea?".

Dificultatea problemei au cunoscut-o mari ginditori §i savanti, precum Newton:
"Toata viata am fost ca un copil ... in timp ce oceanul adevarului se Intindea inainte-mi fara
ca eu sa-l fi cunoscut".

Iesirea din impas — fie i provizorie — ne-o ofera CONVENTIA; fie o conventie
conjuncturald, ocazionala, privind adevarul semantic, fie o conventie formald, in cazul
adevarului sintactic.

Se pare, deci, cd obiectul logicii nu este ADEVARUL ca atare, ci micinarea,
cernerea, rafinarea acestuia. Esentiala acestui demers este CORECTITUDINEA.

2. Tipuri de adevar

Continuindu-ne demersul, si patrundem in probleme de continut. in prealabil, vom
accepta ca orice judecatd — adevaratd sau falsd — contine §i un mesaj ce poate fi considerat
fie pozitiv (p), fie negativ (n), fie indiferent (i).

Observatie. Exista — desigur — si alte nuante ce pot fi avute in vedere, precum:
adevar impus, adevar preconizat, adevar prohibit. Deocamdatd ne limitim la cele de mai
sus.

in felul acesta apare posibilitatea caracterizarii judecitilor prin intermediul a douz
variabile si anume: una bivalenta, x = adevarat — fals (sd zicem x € V = {1, 0}) si una
trivalentd, y = pozitiv — indiferent — negativ (sa zicemy € S = {p, i, n}).

Notind cu P multimea propozitiilor (bivalente) si utilizind cele doud functii de
valuare (sugerate mai sus):

v:P—>Vsis:P—>S,
ajungem la o logica hexavalentd, avind functia de valuare

vxs:P—>VxS,
unde VxS={(x,y)x e V,y e S}.

Definirea in detaliu a acestei logici ramine deschisa.
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3. Adevir si libertate

Faptul cad o primd etapd a cunoasterii premerge caracterizarii, determinarii,
definirii, ne permite sd abordam cunoasterea adevarului (chiar si) fara a poseda o definitie a
acestuia.

Cunoagsterea adevarului este necesard orientdrii intru existentd; o cunoastere
selectiva, orientatd in sensul ascendent al traiectoriei vietii §i nicidecum spre exclusiva
satisfacere a curiozitatii specific umane. Aceasta a doua cale ascunde la tot pasul curse ale
inrobirii. Cunoasterea veritabild isi are sursa si temeiul in sententa celebra: "Veti cunoaste
adevarul si adevarul va va face liberi".

O ilustrare — desigur trunchiatd — o dam mai jos:

Notiunea de grad de libertate este cunoscutad din fizicd. Un mobil "fortat" a se
deplasa pe o dreaptd (sau curbd) are un singur grad de libertate: inainte-inapoi sau dreapta-
stinga sau sus-jos. Am putea vorbi, in acest caz, de o logica bivalenta a deplasarii.

S-ar parea ca o crestere a gradelor de libertate induce o crestere corespunzatoare a
valentei logice (sau invers?).

Inchipuiti-va ca un mobil "fortat" a se deplasa intr-un plan (sau suprafati) are doua
grade de libertate, sa zicem: Tnainte-inapoi si dreapta-stinga. Situatia ne-ar sugera o logica
tetravalentd. Putem conclude cd un mobil avind n grade de libertate actioneaza conform
unei logici 2"-valente. Este doar o supozitie!

Iesind din acest cadru sec, ne exprimam convingerea cd unica libertate veritabila
consti in a "respira" ADEVARUL... Dar si reciproca poate subzista: unicul ADEVAR este
acela care ne asigurd unica libertate.

4. Moduri de cunoastere

Simplificind lucrurile, vom admite ca existd doud moduri esentiale de cunoastere
a adevarului:

(1) Cunoasterea senzoriald (programata);

(2) Cunoasterea revelata.

(1) Cunoasterea senzoriald, pe care am numit-o §i programatd, o vom numi-o §i
exterioara (veti vedea de ce!).

Este cunoasterea naturald, rationala, obtinutd pe cale informativa, prin instructie.
Aceasta subintelege un demers analitic, pornind de la intregul vazut din exterior. Deci,
informatia se prelucreaza in interior, pe baza "semnalelor " exterioare.

(2) Cunoasterea revelatd ne este oferitd din exterior: nu de la obiect, ci de la
autorul obiectului; nu de la creatie, ci de la Creator! Existd numeroase exemple ilustrative
din istoria civilizatiei, din istoria cunoasterii:

a. Mediumuri profane care dau retete sau solutii ingenioase in domenii total straine
preocupdrilor sau capacitatilor acestora.

b. Calculatori mentali care dau "imediat" rezultatele unor calcule complicate sau
solutiile unor probleme dificile.

Vom ilustra si aceste notiuni printr-un

Exemplu. S& ne inchipuim un corp in spatiul tri-dimensional (con, sferd,
cilindru...). Proiectiile acestuia pe un plan (bi-dimensional) pot fi un disc circular. O fiinta
(bi-dimensionald) situata in acel plan nu poate face distinctie intre corpuri; aceasta percepe
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doar discul. O eventuald "iesire" din plan i-ar permite distinctia... Este cunoasterea
exterioara.

Noi acceptdm si un al doilea mod de distinctie, anume, prin cunoasterea revelata.
O ilustram mai jos:

Atasam fiecarui punct din plan, (x, y)eR? o pondere o(x, y) (de exemplu,
lungimea segmentului de perpendiculara pe plan, avind piciorul in punctul (x, y)).

Functia ¢: R>>R, are graficul

Go = {(x, ¥, o(x.y))} < R’,
ceea ce sugereaza o "iesire" din plan.
Ecuatia z = ¢(x, y) defineste suprafata delimitatoare a corpului considerat.
Mai general, o ecuatie in R*:
o(x,y,2)=0
defineste o suprafatd. Daca aceasta "inchide" un spatiu, multimea
K={(x,y,2)eRf(x,y,z)=0}
defineste, de asemenea, un corp. Aceastd definitie corespunde cunoasterii senzoriale
(exterioare).
Explicitata dupa z, ecuatia f(x, y, z) = 0 devine
2= (X, ),
iar multimea K = {x, vy, ox, y)| (x, y)eR?} defineste acelasi corp, dar prin
"cunoasterea revelata".

Concret, fiinta bi-dimensionald, avind "revelata" functia ¢, realizeazd natura
corpului K prin simpla "plimbare" in planul de proiectie. Asa, de exemplu, dacd o(x, y) ==
0 pentru punctele exterioare conturului din plan, iar @(x, y) = k > 0 pentru cele exterioare,
corpul este un cilindru.

5. Limitele cunoasterii

Considerind individul cunoscator ca o bild in spatiul n-dimensional, spatiul
cunoasterii este partitionat in doud domenii: unul interior si altul exterior. Vom admite ca a
cunoaste interiorul Inseamna o exteriorizare (cel putin potentiald) a acestuia; a cunoaste
exteriorul inseamni o interiorizare a sa. In spatiul bi-dimensional, procesul cunoasterii
reprezintd o transformare (biunivocd) interior - exterior. Ilustrarea geometrica cea mai
adecvata ni se pare a fi transformarea planului prin inversiune, individul cunoscétor fiind
reprezentat de discul marginit de cercul de inversiune cu centrul in C si raza r.

Pe masurd ce obiectul cunoscut (O) se indeparteaza, imaginea (perceptia) sa
interioara (O’) se apropie de centru. Astfel, imaginea domeniului (exterior) cunoscut
reprezintd o coroand circulard, care nu va acoperi niciodatd intregul disc! Este o prima
chemare la recunoasterea limitelor cunoasterii.

O a doua chemare — in acelasi sens — o constituie Incercarea (mai mult sau mai
putin izbutitd) de axiomatizare a diverselor domenii ale cunoasterii (matematica, logica,
sociologie...).

Axiomele reprezintd o limita (inferioara?) a procesului cunoasterii.

Un al treilea indiciu al limitei cunoasterii il constituie paradoxurile. Mai precis,
paradoxul este un indiciu al limitelor decidabilitatii. Formularea logico-matematica cea mai
elocventi a faptului apartine lui Gédel. In principiu, demersul sau include trei etape:
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(1) Codificarea numerica a limbajului i a metalimbajului aritmeticii (inclusiv a
demonstratiilor, ca secvente de formule). Este vorba de asa numita "numeratie
Godel".

(2) Construirea unei formule aritmetice de doud variabile numerice, dintre care
cea de-a doua reprezinta numarul Godel al demonstratiei formulei respective.
Fie aceasta ®(a, b). Acceptind cd numarul Godel al formulei Vb-®(a, b) este
p, notam aceasta din urma formuld cu ®p(a).

(3) Demonstrarea faptului cd, in cazul unei teorii aritmetice necontradictorii,
formulele ®p(p) si -@p(p) nu sunt demonstrabile.

Observatie. Indraznim a crede ca situatiile paradoxale (precum cea de mai sus)
apar datoritd asimilarii obiectului cu subiectul, a creatiei cu Creatorul.
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