STUDIA UNIVERSITATIS

BABES-BOLYAI

TRADITIO ET EXCELLENTIA

MATHEMATICA

2/2026




STUDIA

UNIVERSITATIS BABES-BOLYAI
MATHEMATICA

2/2026
DfasAn




Editors-in-Chief:

Teodora Citinas, Babes-Bolyai University, Cluj-Napoca, Romania
Adrian Petrusel, Babeg-Bolyai University, Cluj-Napoca, Romania
Radu Precup, Babes-Bolyai University, Cluj-Napoca, Romania

Editors:
Octavian Agratini, Babes-Bolyai University, Cluj-Napoca, Romania
Simion Breaz, Babes-Bolyai University, Cluj-Napoca, Romania

Honorary members of the Editorial Committee:

Petru Blaga, Babes-Bolyai University, Cluj-Napoca, Romania
Wolfgang Breckner, Babes-Bolyai University, Cluj-Napoca, Romania
Gheorghe Coman, Babes-Bolyai University, Cluj-Napoca, Romania
Toan Gavrea, Technical University of Cluj-Napoca, Romania

Tosif Kolumban, Babes-Bolyai University, Cluj-Napoca, Romania

Toan Rus, Babes-Bolyai University, Cluj-Napoca, Romania
Grigore Siligean, Babes-Bolyai University, Cluj-Napoca, Romania

Editorial Board:

Francesco Altomare, University of Bari, Italy

Dorin Andrica, Babes-Bolyai University, Cluj-Napoca, Romania

Silvana Bazzoni, University of Padova, Italy

Renata Bunoiu, University of Lorraine, Metz, France

Teodor Bulboaci, Babes-Bolyai University, Cluj-Napoca, Romania

Erno Robert Csetnek, University of Vienna, Austria

Paula Curt, Babes-Bolyai University, Cluj-Napoca, Romania

Louis Funar, University of Grenoble, France

Christian Gunther, Martin Luther University Halle-Wittenberg, Germany
Vijay Gupta, Netaji Subhas University of Technology, New Delhi, India
Petru Jebelean, West University of Timisoara, Romania

Mirela Kohr, Babes-Bolyai University, Cluj-Napoca, Romania
Alexandru Kristaly, Babes-Bolyai University, Cluj-Napoca, Romania
Hannelore Lisei, Babes-Bolyai University, Cluj-Napoca, Romania
Andrei Mircus, Babes-Bolyai University, Cluj-Napoca, Romania
Waclaw Marzantowicz, Adam Mickiewicz, Poznan, Poland

Giuseppe Mastroianni, University of Basilicata, Italy

Gradimir Milovanovic, Serbian Academy of Sciences and Arts, Belgrade, Serbia
Boris Mordukhovich, Wayne State University, Detroit, USA

Andras Nemethi, Renyi Alfred Institute of Mathematics, Hungary

Rafael Ortega, University of Granada, Spain

Cornel Pintea, Babes-Bolyai University, Cluj-Napoca, Romania

Patrizia Pucci, University of Perugia, Italy

Themistocles Rassias, National Technical University of Athens, Greece
Jorge Rodriguez-Lopez, Universidade de Santiago de Compostela, Spain
Paola Rubbioni, University of Perugia, Italy

Mircea Sofonea, University of Perpignan, France

Anna Soos, Babes-Bolyai University, Cluj-Napoca, Romania

Andras Stipsicz, Rényi Alfréd Institute of Mathematics, Hungary
Ferenc Szenkovits, Babes-Bolyai University, Cluj-Napoca, Romania

Book reviewers:

Stefan Cobzas, Babes-Bolyai University, Cluj-Napoca, Romania
Scientific Secretary of the Board:

Mihai Nechita, Babes-Bolyai University, Cluj-Napoca, Romania
Technical Editor:

Mihai Cipraru, Babes-Bolyai University, Cluj-Napoca, Romania

ISSN (print): 0252-1938
ISSN (online): 2065-961X

©Studia Universitatis Babes-Bolyai Mathematica


https://www.cs.ubbcluj.ro/journal/studia-mathematica/journal

YEAR (LXXI) 2026
MONTH JUNE
ISSUE 2

STUDIA
UNIVERSITATIS BABES-BOLYAI

MATHEMATICA
2

Redactia: 400084 Cluj-Napoca, str. M. Kogalniceanu nr. 1
Telefon: 0264 405300

CONTENTS

VINITHA RAVI, NIRMALKUMAR RAJENDRAN and SHYAMSUNDER,
On the existence of solutions to psi-Hilfer fractional neutral

integro-differential equations with delay ............. .. .. ... .. ... 165
VSEVOLOD I. IvaANOV, Characterizations of pseudolinear and semistrictly

quasilinear functions ............o ittt 177
HUSEYIN IRMAK, Notes on certain complex-type special functions in which the

Gaussian function and its integral play essential roles ..................... 189

SANGARAMBADI PADMANABHAN VIJAYALAKSHMI, MARTIN MEHDHA,
SAURABH PORWAL, RAMAN EZHILARASI and THIRUMALAI VINJIMUR
SUDHARSAN, Analysis of certain determinants for a defined subclass of analytic
functions using Poisson distribution series in petal-shaped domain ........ 201
NAVYODH SINGH, GAGANDEEP SINGH and NAVJEET SINGH, Coefficient bounds
and Fekete-Szeg6 inequality for a unified subclass of m-fold symmetric

bi-univalent functions ......... ... 217
TRAILOKYA PANIGRAHI and SHIBA PRASAD DHAL, Properties of some
univalent functions associated with balloon-shaped domain ................ 235

OUALID ZENTAR, MOHAMED ZIANE and MOHAMMED AL HORANT,
Fractional Langevin equations involving 1-Caputo type operators
in a Banach space: a solution sets approach .......... ... ... ... ... ... 253
IMENE MEDJADJ, ABDELKRIM SALIM and MOUFFAK BENCHOHRA,
Existence, attractivity and controllability results for integro-differential
equations with state-dependent delay .............. ... ... ... .. 271
AHMED EL OUARDANI, AHMED ABERQI and MHAMED ELMASSOUDI, Variational
analysis of Kirchhoff equations in Musielak-Orlicz-Zygmund spaces ........ 293



BIELIEMI LAMIEN, SADOU TAO and ELISEE GOUBA, Low-regret control
of a nonlinear parabolic problem with missing data .......................



Stud. Univ. Babes-Bolyai Math. 71(2026), No. 2, 165-175
DOLI: 10.24193/subbmath.2026.2.01

On the existence of solutions to psi-Hilfer frac-
tional neutral integro-differential equations with
delay

Vinitha Ravi (), Nirmalkumar Rajendran () and Shyamsunder

Abstract. This paper investigates a class of neutral-type fractional differential
equations with finite delays, formulated through the generalized W-Hilfer frac-
tional derivative. This operator, being a broad framework that unifies various frac-
tional derivatives, is highly effective in modeling dynamical processes with mem-
ory and hereditary characteristics. The primary objective is to establish sufficient
conditions for the existence and uniqueness of solutions to such equations. The
analysis employs fixed point theory-specifically Banach’s contraction principle
and Krasnoselskii’s fixed point theorem—within an appropriately weighted func-
tion space. These tools ensure that the solutions are not only well-defined but also
uniquely determined. Furthermore, two stability notions, namely Ulam—Hyers
stability and its generalized form, are studied to verify that solutions remain
close to the expected behavior under small perturbations in initial conditions or
parameters. To demonstrate the applicability of the theoretical framework, an il-
lustrative example with explicit functions and parameters is provided. The results
strengthen the theoretical foundations of fractional calculus and open directions
for further research on more generalized and complex delayed fractional systems.
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Abbreviations
e Fractional Differential Equation (FDE)
e Fractional Integral Equation (FZE)
e Fractional Calculus (FC)
e Fractional Integral (FZ)
e Fractional Derivatives (FD)
e Riemann-Liouville (RL)
e U-Hilfer Fractional Derivative (¥ — HFD)
e Ulam-Hyers Stability (UHS)
e Ulam-Hyers Rassias Stability (UHRS)
e Fractional Functional Integro-Differential Equation (FZDE)

1. Introduction

FC has emerged as a powerful framework in modern mathematics and applied sci-
ences, owing to its capability of describing processes influenced by memory and
hereditary characteristics. Such systems frequently appear in diverse fields, including
control systems, viscoelastic materials, biomedical engineering, signal transmission,
and fluid mechanics. Classical integer-order models, fractional formulations provide
greater flexibility and accuracy in capturing the underlying dynamics. Consequently,
both theoretical investigations and practical applications of 7D and FZ have received
considerable attention in recent decades [3, 5, 11].

To address different modeling needs, several operators have been introduced in
the literature, such as RL, Caputo, and Hadamard derivatives. A more generalized
form is the W-Hilfer operator, which integrates these classical definitions into a unified
structure. Each operator offers unique interpretations, enhancing the scope of FC
[3, 10, 11, 12].

Parallel to these developments, significant research has focused on the solvability
of FDE and FZE. Both linear and nonlinear models have been investigated using
advanced mathematical tools, including fixed point theory, semigroup methods, and
techniques from functional analysis [1, 2]. Moreover, stability analysis—particularly
UHS and its extended form, UHRS—plays a vital role in assessing the reliability of
fractional models when subjected to perturbations. These approaches have recently
been combined with W-Hilfer derivatives to establish stability results for nonlinear
equations [7, 8, 9].

Although a wide range of studies have considered fractional systems without
delays or impulsive effects, fewer works address models involving both neutral terms
and delay components within the W-Hilfer framework. Foundational contributions can
be found in [13, 14], yet further research is necessary to explore existence and stability
under such conditions.

Motivated by this gap, the present paper investigates a class of FZDE with
delay, governed by the W-Hilfer fractional derivative. The general model under study
is expressed as:
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H,D;f—%qj f(L) - Z?:l Igi_+Zi(L, fZ) = g( afb)v LeJ = [ala bl]v (11)
=&

f(e)

Here, HDZ&Q;‘P denotes the W-HFD of order ¢; € (0,1) and type ¢z € [0, 1], and
1

Iglf represents the U-RL fractional integral. The functions Z; and G are assumed to

be continuous with respect to their arguments, and the initial condition ® provides
the required history for the system.

The remainder of this paper is organized as follows. Section 2 introduces the
required background, notations, and fundamental tools from W-Hilfer calculus and
fixed point theory. Section 3 establishes existence, uniqueness, and UHS. Section 4
provides a detailed illustrative example that supports the theoretical results.

L
(t),¢ € [ag — 0, 4],

2. Preliminaries

In the following section, to introduce the essential preliminaries, including defini-
tions, notations, and results from W-Hilfer fractional calculus and nonlinear analysis,
required for the later developments. These definitions are adapted to the weighted
function space framework appropriate for our study.

Let J = [a1,b1] C R be a compact interval , and let ¥ € C!(J,R) be an
increasing function with ¥'(7) # 0 V7 € J. This function ¥ defines the generalized
fractional operator’s kernel.

We introduce the following weighted spaces

Co(T) ={F: T = RI(W() =¥ (a1))"f(e) € C(T)}

with norm:

[flleg = sup [(W(e) = ¥ (a1))"§(0)]-
eJ

Co(T) =A{F:[a1 = 0,b1] = RI(¥(e) = ¥ (a1))"f(¢) € C([ar — 3, b1])}

with norm:

[fllcy = sup  [(W(e) =¥ (a1))"f()].

1€[a;—8,bq]

For a fixed delay parameter § > 0, we denote Cs = C([—9, 0], R) with norm:
[élle; = sup (7).
[_670]

TE
For § € C([a; — 6, 61], R), the delay norm is given by

Ifrllcs = sup [f(T + p)].
p€E€[—4,0]
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Let CJ = C([a; — 4,b1], R) denote the Weighted space of real-valued continuous
function defined on the extended interval [a; — 4, b;] with the norm:

[flley = sup  [f(7)].

Te[alfti,bl]

Definition 2.1. [13]: Let ¢ > 0. The V-RL — FZ of a function f on J is given by

. 1 T -1
L0 = iy | V@) - W) e
((1) a;
Definition 2.2. [13] For 0 < ¢; < 1 and 0 < & < 1, the U-HFD of a function f is

expressed as

S13 1 d " n—<1);
DY) = (\IJ/(L) dL) (Ic(wr )q})f(% n=la]+1

Definition 2.3. [13] Forn—1 < ¢ <n(n € N) and §f,¥ € C*(J,R),then - Caputo
fractional derivative of a function | of order <1 is defined by

%m%m=mﬁ0m—

0
Where n = [¢1] + 1 for ¢1 # N, and fEIl,] (1) = <\I,,1(L) dL) f(e).
In particular, if n = ¢, we have CDgllff(L) = \I,](L .

Definition 2.4. ([13]) Forn—1< ¢ <n(n € N) and f,¥ € C"(ay,b1) such that ¥ is
an increasing with W' (1) # 0 for all v € [a1,b1]. Then the left-sided V-Hilfer fractional
derivative of f of order ¢; and type 0 <¢ < 1 is defined by

1,625 —q1): 1 d\" _ o
0 =T () @0

One has
SRR n—c1); U ;¥
DR = I8 DY)

where

DR = <\IJ/1(L) jL) Z8TW), = el —a)

Lemma 2.5. [13] If ¢1,50 >0, f € C(J,R) then
. . ;\Ij
(T3 (@i =550
Theorem 2.6. [13] If ¢;,0 > 0, and 0 < ¢y < 1. Then

Y90 = Wan) ™ = T (0 = )
and
D ) W) = S ()~ o)

P(O’ — §1)
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Theorem 2.7. [13] Let § € Cy[a,,6,],0 <1 <1 < 1. Then we have
T i) = lim T3 =
Theorem 2.8. (Banach fized point theorem) Let (X, d) be a nonempty complete metric

space, and let T : X — X be a contraction mapping. Then, there exists a unique point
¥ € X such that T (r) = x; that is, ¢ is a fixed point of T.

Theorem 2.9. Let X be a Banach space, and let S C X be a nonempty, closed, bounded,
and convex subset. Consider two mappings T1,T72:S — X such that for allx,p € S,
the point T1(xr) + T2(n) belongs to S. If T1 is a contraction and T2 is completely
continuous, then the equation t = Tir + Tap admits at least one solution g € S.

3. Main results

For convenience define the parameter:

A=A+ Ay
() - y @)
=TT iy ||+Z ol (3.1)

The assumptions listed below will be used in estabhshmg the main results.

e (A;) The function G, Z; : J x Cs — R are continuous for each i = 1,2, ..n.
e (A) There exist measurable function w(e),v;(¢) such that for all §,f € Cs and
L€ J,

1G(e.f) = G, D)l < wOIIf = Flle,
12i(e.f) = Zi(e, D) < v = Flle,
e (Ajs) There exist constants @, ®; > 0 for all (;,f) € J x Cs,
G0 P < @llflles, [2i(s P < Pi.
Definition 3.1. A function f € Cg,,é is said to be a solution of (1) if it satisfies

n

Hpgit [fu) STE L 2 <m}— i) €T =[ab],

i=1
and the initial condition f(¢) = ®(¢),¢ € [a; — I, aq].
Lemma 3.2. Let 0 < 61,0 <1, 0< ¢ <1 and ¥'() # 0 on J = [a,b]. If h,g €
C(J,R) with h(a;) =0 and A(¢) = 0, then the linear problem
D[R - ()] = 8(0), € J,
f(o) = A1), ¢€lag—6,a1],

has a unique solution given by

() = { b+ T Ye(). 1€ J,

)\(L), L E [0.1 — (5, Cll}
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Theorem 3.3. If assumption (A1) — (As) hold and

A<1 (3.2)
then equation (1.1) admits a unique solution on [a; — d, by].
Proof. Let T : C\717,75 — Cg,ﬁ as

Ing[ ( )] +Zl lzgi;[ i(vaL)]a Ler

(TW):{ A1), € Jar— 6, ai).

Now we need to show that 7 is a contraction under the A-condition.
Using assumption (As), for ¢ € 7,

IT(0) = T ()] < TG ) — n|+2 S 1205 = 245
(¥ (61) =W (a1))" T
< ;(H o el = Tl T )
+Z f’) ”l||w||||fﬁ¥,,||c512ﬁ< 1))
(@ (61) =¥ (o W (a1))¢ .
s[ o ||+Z ol = Rl

< (A + Ao)lf - fL|‘CfI’,75-
Hence,

175~ Toleg,, < Al ~Fulleg,

Since A < 1, T is a contraction and Theorem 2.8 guaranties a unique fixed point,
which corresponds to the unique solution of (1.1) O

Theorem 3.4. If assumptions (A1) — (As) are satisfied and

(T (by) — W (a1))"
I'(n+1)

then (1) has at least one solution on [ay — 0, by]

o< 1. (3.3)

Proof. Suppose C\TI’,)(; = C([ax — 6,b1], R) be the weighted space of continuous real-
valued functions with the supremum norm, and define the closed ball:

By ={feCis:lflley , < o},

w5
where
no (W(b1)—F(a1))
. D L CET I

R (1YY
SR (=
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Define the operator 7 = Ty + T5 where

;¥ L ,
o= { o e([&?)]’a o

{ S TEY[Z,5)], e d,

T(P) = A, L€ fap =4,

Step 1: Ti(f) + T2(f) € B
For ¢ € [ay — 4, a4],

TN + T < A] < [[Mle; < e

For ¢ € J, using assumption (As), we estimate

TR + T )] < ZEYIG(,F) |+ZI§;’+

i=1

(W) =W (@)" |~ (PO =¥ (@)
ERICEETRP P (CESTE

(W(b1) = W(a))" g~ (P(b1) — P(ar))®
TEETRECAD Dh (GRS

(¢, fu)l

< @fflley ,

IN

i=1
<o

So, Ti(f) + T2(f) € B

Step 2: Since T is a contraction as shown in Theorem 3.3, it follows that 77 also
satisfies the contraction property.

Step 3: 75 is completely continuous on B,.

Due to the continuity of Z;(.,f(.)) and A(.), it follows that 73 is continuous.
Moreover

[T2flle; = sup [T2f(:)] = sup ]|)\(L)| = [Mles < lMley , <o, € By

LE[—46,0 LE[-F,
and

(b1) — ¥ (ay))"
(& +1)

I 72flle = sup | Z2f(1)] < Z o, =L, jebB,

Thus, combining these estimates

(172

77 <Q+£

This confirms that 73 is uniformly bounded on the set B,.
It remains to establish the equicontinuity of 73 on B,.
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The operator derivative can be estimate as follows,

(T2)$ (1) (| < ZI&—I‘I’ L f)|
< Z@Iﬁ;;”’ ()

by) — W (ap))% "
SZ T B

Now, for any ¢1,t2 € J,

(Taf) (1) — (Tof) ()| = / () (5)lds < Uiz — ).

As 13— 17 — 0, this expression tends to zero uniformly, proving equicontinuity. By the
Arzela- Ascoli theorem, since 73 is uniformly bounded and equicontinuous on B,, it is
relatively compact in CJ 5. Together with continuity we conclude that7s is compact
on B,. O

Definition 3.5. Problem (1.1) is UHS if there exists ¢ € RT such that, for every e > 0
and § satisfying

oy [0 - S Y 2] - 00| se e = bl
F0) =AW <€ € la—dai,
there exists a unique solution | € Cs with

H? - f”Ca < ce.

Definition 3.6. Problem (1.1) is generalized UHS if there exists o€ C(RT,R™), with
a(0) = 0,such that, for every e >0, | € Cy, 5 satisfying the inequality in (3.4), there
exist a unique solution f € Cs of (1.1) such that,

I = flles < a(e).

Remark 3.7. § € Cs is a solution of the inequality (3.4) if and only if there exist
g € C(J,R) such that

e |g(t)|<e VieJ and
» Dy i) - S EY 2R < 60.5) + 0, Ve s,

(3.4)

Theorem 3.8. If the condition (Az) and (3.2) are satisfied. then the solution of (1.1)
is UHS and generalized UHS.

Proof. Suppose € € RT, let f € C{ ; be any solution of the inequality. By Remark 3.7,
there exists g € C(J,R) with |g(¢)| <€, ¢ € J, such that the perturbed problem is
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given by

{ FDR i) - T TEY 2R =60.0) el Ve,
Fo) = A(), ¢ €ag — 8,1
By Lemma 3.2 , the solution f(¢) to the perturbed problem is given by

. { Y [G(L 1) + o) + D1, T8 [25)], ce T,

(3.5)

o) = M), o€ [ — 8, ail.
Let f € Cs be the solution of (1.1) which satisfies:

f(1) = Igl;\‘ll‘r [Q(L, fi)] + Z?:l Iagif [Zi(bva)]v LeJ,
M), t€E€lar =6, m].

Now, estimate the difference |f — f| for ¢ € J:

[7(0) = 1) < ZTEHIG(T) = Gl f)l + T e |+ZI&’+IZ o) = Zi, £l

Applying assumption (As) and estimate |g(¢)| < €, we have
_ — & _
i)~ 0 < (S 5 C e 2 O i — e,

(¥ (b)) ¥ (@)
I'(n+1) '

+

That is,

[If 5 e

where
(W(by) — W(ay))"
L(n+1)

p =
Therefore

(@ = M)~ Filleg , < pe

< p
||fb 7fL||C:I7,,5 < (l—A)

€.

Let ¢ = UI;A) > 0. Then,

If. — fL”CZI’,J < ce
Which proves the problem (1.1) is UHS.
To show generalized UHS, defined o(e) = ﬁe € C(R*,R*) with ¢(0) = 0.
Thus

IF = Flle , < ale)

w,s T

and the solution of (1.1) is generalized UHS. O
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4. An example

To demonstrate the applicability of the theoretical framework, consider the specific
form of equation (1.1) on the interval J = [1,2].

Let the function (:) = 2, with parameters:

a=1,b=2¢q = %7§2 = %751 = %752 = %35 > 0.

Define the nonlinear terms as

2

Z,(,%) = mtan(t), G(x) = m cos(t) +

Using the expressions, the constant are evaluated as

A1 =0.3261 and Ap = 0.1452, A = Ay + Ay = 0.4713 < 1.

Hence, Theorem 3.3 is satisfied, guaranteeing uniqueness of the solution.
Moreover, with

L

(20 4+2) (41)

(W(b1) — W(ay))"
I'(n+1)
The hypotheses of both Theorem 3.3 and Theorem 3.4 are satisfied. Therefore,
we conclude that the problem (1.1) with G(¢,t) and Z;(¢,t) defined in (4.1), admits
a unique solution on the interval [1,2]. Moreover, existence and uniqueness are guar-
anteed.

®=0.1355<1

5. Conclusion

This paper examined a class of fractional neutral integro-differential equations with
delay involving the W-HFD. By applying Banach’s contraction principle and Kras-
noselskii’s fixed point theorem, conditions were established to guarantee the existence
and uniqueness of solutions. In addition, Ulam-Hyers stability and its generalized
form were demonstrated, confirming that the solutions remain stable under small
perturbations.An illustrative example verified the theoretical results and highlighted
the role of fractional orders, delay effects, and nonlinear terms in ensuring solvabil-
ity. The study reinforces the utility of the W-Hilfer operator as a versatile tool for
analyzing systems with memory and hereditary properties.
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Characterizations of pseudolinear and semi-
strictly quasilinear functions

Vsevolod 1. Ivanov

Abstract. In this paper, we obtain several new complete characterizations of pseu-
dolinear functions. Two of the results are of first-order and one is derivative free.
The results are derived in terms of the Clarke-Rockafellar subdifferential. Ad-
ditionally, we prove a characterization of the semistrictly quasilinear functions.
It is similar to the derivative free characterization of the pseudolinear functions.
We also find the conditions such that a semistrictly quasilinear function becomes
pseudolinear.
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1. Introduction

The concepts of pseudolinearity and semistrict quasilinearity provide in a very natu-
ral way generalizations of the linearity. These classes include many useful functions.
Among them are, for instance, the linear fractional functions. Several interesting prop-
erties of pseudolinear functions appeared in [6, 14, 15, 17, 21, 22]. More generalized
convex functions have been studied for example in the books [5, 9, 18, 19, 20]. Quasi-
linear functions have been studied in [19] under the name quasimonotone functions.

In this paper, we obtain more characterizations of pseudolinear functions. In
Theorem 2.4, we obtain necessary conditions for pseudolinearity, but they are not
sufficient. The respective necessary and sufficient conditions are obtained in Theorem
2.5. Theorem 2.2 is well known and we prove it for reader’s convenience. In fact, it is
a generalization to non-differentiable functions of a theorem due to Chew and Choo
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[6]. It is interesting which is the largest class of functions such that the conditions
of Theorem 2.4 hold. We prove that they become necessary and sufficient when the
function is semistrictly quasilinear, which implies that the mentioned class is the exact
one. Every pseudolinear function, which is subdifferentiable with respect to the Clarke-
Rockafellar subdifferential, is semistrictly quasilinear. We also find the conditions that
a semistrictly quasilinear function must satisfy to become pseudolinear.

In the sequel, we suppose that E is a Banach space. We denote by E* its dual
and the duality pairing between the vectors a € E* and b € E by (a,b), by R the set
of reals, by R the union R U {+o00}, by B(z,r) the closed ball of a center x with a
radius 7. Let f : E — R be a proper extended real-valued function, whose domain is
the set

dom(f):={z € E| f(z) < +o0}.

Definition 1.1. Let f : E — R be a proper extended real-valued function and x €
dom(f). The Clarke-Rockafellar generalized derivative of f at x in direction v is

defined by

fT(CU,U) =sup limsup inf  [f(y+ tu) — a]/t,
e>0 (y,a))sz;tl0 wEB(v.E)

where (y, ) | jx means that y — x, a — f(x), a > f(y) (see [23]), and y — x
implies that the norm ||y — x| approaches 0. If f happens to be lower semicontinuous
at x the definition can be expressed in the slightly simpler form

SNz 0) = sup limsup _inf [f(y +tu) — f(y)}/t,
e>0 ylyx;tl0 u€B(v,¢)

where y | jx means that y — z, f(y) — f(x). When f is finite and locally Lipschitz,
this derivative coincides with the Clarke generalized derivative [7), which is defined by

fO(z,v) = limsup [f(y + tv) — f(y)]/t.

y—x;tl0
The Clarke-Rockafellar subdifferential of f at x is defined as follows:
N f(x) = {z* € E* | (z*,v) < fN(z,v), VvecE}

with the convention that 0T f(x) = 0 if x ¢ dom(f). The Clarke’s subdifferential (or
Clarke’s generalized gradient) of f at x is defined as follows:

of(x) = {a* € B* | (a*,v) < fO(z,v), Vo€ E}

Definition 1.2. A real-valued function f :E — R is called pseudoconvez (in terms of
the Clarke directional derivative) iff the following implication is satisfied

fy) < flz) = (a"y—2x)<0, Va*edf(x). (1.1)

A proper extended real function f : E — R is called pseudoconvex (in terms of the
Clarke-Rockafellar subdifferential) iff the following implication is satisfied

fy) < flx) = (@ y—x)<0, Va*ed f(x). (1.2)
Recall that a real function f is said to be quasiconvex on a convex set X if|
fle +tly — 2)] <max{f(x), f(y)}, VzeX VyeX, Vtel0,]1].

The following result is due to Daniilidis, Hadjisavvas [8, Proposition 2.2].
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Lemma 1.3. Let f : E — R be a lower semicontinuous pseudoconvez function with a
convex domain. Then f is quasiconver.

The following result is a particular case of Lemma 3 in the paper by Ivanov [10]:

Lemma 1.4. Let [ be a lower semicontinuous proper extended pseudoconvex real func-
tion, defined on some convex set S, included in an open set in a Banach space E.
Then the following implication holds

reS yes, fly) < flx) = (z5y—=z)<0, Va*edlf(z).
The next results were also derived by Ivanov [10]:

Lemma 1.5. Let f : E — R be a lower semicontinuous and radially continuous proper
extended real-valued function with a conver domain. Then, f is pseudoconvex if and
only if there exists a positive function p : € x £ x E* — (0, +00) with

p(xayax*) (a:*,nyU}er(y,w,y*) (y*,x—y> SO? (1 3)
V(z,y) € dom(f) x dom(f), V(z*,y") € Of (x) x Of (y)- '

2. Characterizations of pseudolinear functions

In this section, we apply the characterizations of pseudoconvex functions to obtain
characterizations of pseudolinear ones.

Recall that a function f is said to be pseudoconcave iff —f is pseudoconvex. A
function f is said to be pseudolinear iff f is both pseudoconvex and pseudoconcave.
In the characterizations of pseudoconvex functions, we suppose that f is a proper
extended real-valued function, which implies that f(z) > —oo for every x € E. We
want to apply these results to functions such that both f and — f are proper. Therefore
f should be a finite function.

Remark 2.1. We repeat once again that the Clarke generalized gradient is denoted
by df and the Clarke-Rockafellar subdifferential by 9%.

The next theorem is well known. Its proof appears in terms of various derivatives
and subdifferential in [1, 6, 17, 22]. It was proved initially in [6]. Our proof is more
general, but similar. We prove it, because the construction in it is used in the proof
of another result.

Theorem 2.2. Let f be a lower semicontinuous proper extended function with a con-
vex domain S. Then f is pseudolinear on S with respect to the Clarke-Rockafellar
subdifferential if and only if there exists a positive function p: S x S x E* — (0, +00)
with

fly) = f(x) =plz,y,z*) (z*,y —2), VaecSVyes Va*ecdf(z) (2.1)
such that 01 f(x) # 0.
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Proof. Let f be pseudolinear. We prove that there exists a function p satisfying (2.1).
Consider the function, defined as follows:

p(z,y,z") = { (@y=a) (2.2)

1, it (z*,y—x)=0.
We prove that it is positive. Let (z*,y — ) > 0. It follows from pseudoconvexity
that f(y) > f(z). Suppose that it is possible that f(y) = f(x). Then by Lemma 1.4
we obtain that (z*,y — z) < 0, which is a contradiction. Let (z*,y — z) < 0. Since
O (sf)(x) = sd! f(x) for every s € R, then —z* € 9T(—f)(z). We conclude from here
that f(y) < f(z). By Lemma 1.4 we obtain that the case f(y) = f(z) is impossible.
Therefore p > 0.
We prove that the function p satisfies (2.1). It is enough to show that (z*,y—x) =
0 implies that f(y) = f(x). Indeed, assume the contrary. If f(y) < f(x), then by
pseudoconvexity we obtain that (x*,y — z) < 0, a contradiction. If f(y) > f(z), then
by pseudoconcavity we again get a contradiction.
Let € S,y € S, z* € 9" f(x) and equation (2.1) is satisfied. Obviously (2.1)
implies that f is pseudolinear. O

Theorem 2.3. Let f be a locally Lipschitz real-valued function, defined on some convex
set S included in an open set I' in a Banach space E. Then, f is pseudolinear on S
if and only if there exists a positive function p: S x S x E* — (0,4+00) with

p(x,y,x*) (I*,yfx>+p(y,x,y*) < *7$*y>:07 (2 3)
V(z,y) € S x5, V(z*,y*) € 0f(x) x Of(y). '

Proof. Let f be pseudolinear. We prove that inequality (2.3) holds. Choose arbitrary
z e S,y e S. It follows from Theorem 2.2 that there exists a function p : S xS xE* —
(0, +00) with

fy) = f(@) =p(z,y,2") (z",y —x), Va* € df(z) (2.4)
and
fx) = fy) =ply,z,y°) "z —y), Vy" €0f(y). (2.5)
If we add (2.4) and (2.5), then we obtain (2.3).
The converse claim follows from Lemma 1.5, applied both to f and —f. d

Equation (2.3) is a type of monotonicity of the subdifferential of a pseudolinear
function. More properties of such maps are studied in [4]. More types monotone maps
have been defined in [12, 13].

Theorem 2.4. Let S be a convex set, included in some open set I' in a Banach space
E. Suppose that f is a locally Lipschitz function, which is pseudolinear on S with
respect to the Clarke’s derivative. Then for oll x € S, y € S, and X € [0,1] there
exists a number b > 0, which depends on x, y, A such that the following conditions
are satisfied:

flz+ My —2)] = Abf(y) + (1 = Ab) f (=), (2.6)
0<b<1/X, VAe(0,1]. (2.7)
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Proof. Choose arbitrary points z € S, y € S and a number A € (0,1). Denote
z(A) = x + Ay — z). We have 9f(z(\)) # 0. Take arbitrary £ € 9f(z(X)). It follows
from Theorem 2.2 that there exists a positive function ¢ : S x .S x E* — (0, +00) such
that
q(z(A), 2, 8)[f(x) = f(z(W)] = (&2 = 2(N)) = A&z —y) (2.8)
and
q(z(N), 4, 9)[f (y) = FEA] = &y —2(0) =1 =Ny —2) (2.9)
where ¢ = 1/p. Let us multiply (2.8) by (1 — ), (2.9) by A, and add the obtained
inequalities. Then we obtain that (2.6) holds where

b=q(z(A),y,8)/[Na(z(AN),y,€) + (1 = A) q(2(A), %, €)]. (2.10)
It follows from (2.10) that 0 < Ab < 1if 0 < A <1 and z # .
Equality (2.6) is satisfied with b =1 if A = 1. It also holds if A = 0.
We prove that b does not depend on £. Equation (2.6) implies that if f(y) # f(z),

then
flz+ Ay —2)] - f(2)
Alf(y) = f(=)]
Suppose that f(y) = f(z). Since the function f is both pseudoconvex and pseudo-
concave, then by Lemma 1.3, f is both quasiconvex and quasiconcave. Therefore,

f(x) = min{f(2), f(y)} < fle+My—2)] < max{f(z), f(y)} = f(z) forall A€ 0,1].

We conclude from here that fz + Ay — x)] = f(z) for all A € [0, 1].
It is seen that really b does not depend on &. 0

b=

The next result gives us a derivative-free complete characterization of pseudo-
linear functions.

Proposition 2.5. Let S be a conver set in a Banach space E. Suppose that f is a
continuously differentiable function, defined on some open convex set, which contains
S. Then the following claims are equivalent:

(a) f is pseudolinear on S;

(b) there is a function b: S x S x[0,1] — (0, +00) such that for allz € S,y € S
there exists the limit

q(z,y) = 1;% b(x,y, ), (2.11)

q(z,y) is strictly positive, and for each A € [0,1] equation (2.6) and inequality (2.7)
are satisfied.

Proof. We prove implication (a) = (b). Let f be pseudolinear on S. It follows from
Theorem 2.4, taking into account that for continuously differentiable functions the
Clarke directional derivative coincides with the usual Frechet derivative, that there
exists a function b(z,y, A) which satisfy (2.6) and (2.7). We prove that there exists
the limit limy o b(x, y, A), and it is strictly positive. Take arbitrary points z, y € S.
Let us consider two cases:

1) f(x) # f(y). The function

flz+ My — )] = f(z)
Alf(y) = f ()]

b(z,y,\) =
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satisfies (2.6) and (2.7). The limit

— lmb(e _ V@) (y—=)
A M (S

If fly) < f(x), then, by pseudoconvexity Vf(z)(y — x) < 0 and ¢(z,y) > 0. If
fly) > f(x), then by pseudoconcavity V f(z)(y — ) > 0 and again ¢(z,y) > 0.

2) f(z) = f(y). In this case we can choose b(z,y,A) = 1. It is obvious that
q(z,y) = limy 0 b(x,y,A) =1 > 0.

We prove implication (b) = (a). If A > 0, then (2.6) can be written as

flz+ My —2)] - f(z)
A

Taking the limit as A | 0, we obtain that

Vi) (y —x) = q(z,y)[f(y) — f(2)].

It follows from here that f is both pseudoconvex and pseudoconcave. O

= b(z,y, \)[f(y) = f(2)].

Example 2.6. Consider the function f : R? — R defined by f(x) = z2/x1, where
S ={z = (z1,22) | 1 > 0}.
The function f is pseudolinear over S. This function satisfies (2.6) and (2.7). We have
(f(@+ Ay — ) = f(2))/A = (@192 — 2291) /(@1 (21 + A1 — 21)))
and
b(z,y, A) = (f(x+ Ay — ) = f(2))/(A(f(y) = f(2))) = y1 /(21 + Myr — 21)).
Therefore 0 < Ab<1forallz € S,ye S, Ae (0,1].

3. On semistrictly quasilinear and pseudolinear functions

It is interesting which is the class of functions such that the necessary conditions from
Theorem 2.4 become both necessary and sufficient. In this section, we show that this
property can be generalized and it becomes necessary and sufficient when the function
is semistrictly quasilinear.

Definition 3.1. A function f, defined on a convex set S is called semistrictly quasi-
convez iff for all x, y € S, A € (0,1) the following implication holds:

fly) <flx) = [flz+Ay—2)]<f(z).

If the function —f is semistrictly quasiconvex, then f is called semistrictly quasicon-
cave.

Definition 3.2. A function f, defined on a convex set, is called semistrictly quasilinear
iff it is both semistrictly quasiconvex and semistrictly quasiconcave.

Proposition 3.3 ([11]). Let f : R™ — R be a radially lower semicontinuous semistrictly
quasiconver function. Then f is quasiconver.
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Remark 3.4. It is well known that every differentiable pseudoconvex function, defined
on a convex set, is semistrictly quasiconvex on this set; see, for example, [2, Theo-
rem 3.5.11]. A generalization of this claim to non-differentiable functions in terms of
Clarke-Rockafellar derivative was obtained in Ref. [10].

Proposition 3.5. Let S be a convex set, included in some open convex set I' in a
Banach space E. Suppose that f is a continuous function, which is pseudolinear on
S. Then f is both semistrictly quasiconvex and semistrictly quasiconcave.

Proof. The claim follows directly from the known theorem that every pseudoconvex
function is semistrictly quasiconvex. O

Lemma 3.6. A function f defined on a Banach space & is both semistrictly quasiconvex
and semistrictly quasiconcave if and only if the following implication holds

zedomf, y edomf, f(y) < f(x), A€ (0,1) = f(y) <[fle+Ay—2)]<f(z)

Proof. The proof follows immediately from the definitions of semistrict quasiconvexity
and semistrict quasiconcavity. O

It is interesting which is the widest class of functions, which satisfy the conditions
(2.6) and 0 < Ab(z,y,\) < 1.

Theorem 3.7. Let f be a continuous function defined on some convex set in a Banach
space E. Then f is both semistrictly quasiconvex and semistrictly quasiconcave if and
only if for allz € S, y € S and A € (0,1) there exists a number b > 0, which depend
on x, y, A such that 0 < Ab(z,y, ) < 1 and Condition (2.6) is satisfied.

Proof. Let f be both semistrictly quasiconvex and semistrictly quasiconcave. Consider
the function b(z,y, A) defined by

flo + My — )] - f(@)

B[R]
Let f(y) < f(z) and 0 < A < 1. We prove that
0 < flz+ Ay —2)] = f(2)/[f(y) - f(@)] < L. 3.1)

It follows from the definition of semistrict quasiconvexity that flz+ Ay —z)] < f(x).
Therefore

fla+ My — )] - f@)/1(y) — f(@)] > 0.

It follows from Lemma 3.6 that

fly) < fle+ Ay —2)] < f(2).
Hence (3.1) is satisfied
The case f(y) > f(x) is similar. It follows from semistrict quasiconvexity that
flz+ Xy —2)] < f(y). Therefore flx+ Ay — )] — f(z) < f(y) — f(z), which implies
that (3.1) is also satisfied. Therefore, Condition (2.6) holds and 0 < Ab < 1.
Let x € S,y € S, f(x) = f(y). By Proposition 3.3 f is both quasiconvex and
quasiconcave. Therefore,

flz+ My — )] <max{f(z), f(y)} = f(x) forall X e[0,1],
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flz+ Ay — 2)] > min{f(z), f(y)} = f(z) forall A€ [0,1].
We conclude from here that flx + Ay — x)] = f(x) for all A € [0,1]. Hence, (2.6) is
satisfied with b =1 for every A € (0,1) and 0 < Ab < 1.
Conversely, suppose that x € S, y € S, f(y) < f(z), 0 < A < 1, and 0 <
Ab(z,y, ) < 1. We prove that f is both semistrictly quasiconvex and semistrictly
quasiconcave. Since 0 < \b(z,y, A) < 1, then we have

Abf(y) + (1= Ab) f(x) <Abf(x) + (1= AD) f(z) = f(x),
and
Abf(y) + (1= Ab) f(z) > Ab f(y) + (1= Ab) fy) = f(y).

It follows from (2.6) that f(y) < flz + My — 2)] < f(z). By Lemma 3.6 f is both
semistrictly quasiconvex and semistrictly quasiconcave. 0

The following claim is well known [15].

Proposition 3.8. Let S be an open conver set in a finite-dimensional space E, f be
a Fréchet differentiable function, defined on S. Then f is pseudolinear on S if and
only if the following sets are equal for allxz € S: {y € S: Vf(z)(y —x) = 0} and
{yes: fly)=f(=)}

The next theorem is similar, but different from Proposition 3.8.

Theorem 3.9. Let S be an conver set in a Banach space E, f be a Fréchet differentiable
semistrictly quasilinear function, defined on some open set I', containing S. Then f
is pseudolinear on S if and only if the following implication holds:

v€S,yeS Vi@)y—z)=0 = fly)=/f(2) (32)

Proof. Let implication (3.2) be satisfied. We prove that f is pseudolinear. Take ar-
bitrary € S, y € S such that f(y) < f(z). By semistrict quasiconvexity we have
flz + Ay — x)] < f(x) for every A € (0,1). Therefore Vf(z)(y — z) < 0. It follows
from (3.2) that the case Vf(x)(y — z) = 0 is impossible, because f(y) < f(z). Hence
f is pseudoconvex. Using similar arguments we can prove that f is pseudoconcave.
Both pseudoconvexity and pseudoconcavity imply that f is pseudolinear.

Suppose that f is pseudolinear. We prove that implication (3.2) holds. Let 2 € S,
y e S, Vf(x)(y—x) =0, but f(x) # f(y). If f(y) < f(z), by pseudoconvexity we
have V f(x)(y — z) < 0, which is a contradiction. If f(y) > f(z), by pseudoconcavity
we have V f(x)(y — z) > 0, which is also a contradiction. Therefore (3.2) holds. O

We prove a generalization of this result.

Theorem 3.10. Let S be a convex subset of an open set I in a Banach space E. Suppose
that f : T' — R is a continuous function, which is both semistrictly quasiconvex and
semistrictly quasiconcave on S and ' f(z) # 0, dT(—f)(z) # 0 for all z € S. Then
f is pseudolinear with respect to the Clarke-Rockafellar subdifferential if and only if
both implications hold:

T€S, yeS, € f(z), Cy—a)=0 = f(y) > f(a). (33)
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and
ze€S, yeS, ned (=), my—=z)=0 = fly)<flx). (34

Proof. Let f be pseudolinear. We prove implication (3.3). Take arbitrary € S,y € S,
€ € 9" f(x) such that (£,y —x) = 0. If f(y) < f(x), then by pseudoconvexity we have
(&, y—x) < 0, which contradicts (£, y—x) = 0. The proof of implication (3.4) is similar.
Take arbitrary z € S, y € S, n € 9T(—f)(x) such that (n,y —x) = 0. If f(y) > f(z),
then by pseudoconcavity we have (n,y — x) > 0, which is also a contradiction.

Conversely, suppose that implications (3.3) and (3.4) are fulfiled. We prove that
f is pseudoconvex. Let z and y be arbitrary points from S. We prove that

(€y—w) >0, €€ f(x) implies f(y) > f(2).
Indeed, it follows from (¢,y — x) > 0 that fT(z,y — x) > 0. By the definition of
the Clarke-Rockafellar derivative, there exist ¢ > 0 and sequences {x;}2,, z; € T,
{t:}24, t; > 0 such that z; — x, t; | 0 and
inf [f(l‘l + tiu) - f(xz)]/tz >0, Vi
uEB(y—x,e)
Taking the number ¢ sufficiently large we ensure that x; € B(x,¢). Therefore, we have
y—x; € B(y—m,¢) and flz; +t;(y—=x;)] > f(x;). Using that f is lower semicontinuous
and semistrictly quasiconvex we conclude from Proposition 3.3 that it is quasiconvex
on S. Therefore,
f@i) < flzi +tily — )] < f(y).

Hence, f(x) <liminf; o f(2;) < f(y). It follows from the converse implication that

zeS, yes, fly) < flz) imply (§y—=)<0, VEed f(a)
Therefore, according to implication (3.3), we obtain that f is pseudoconvex.
We prove that — f is pseudoconvex. Let x and y be arbitrary points from S. We
prove that
(n,y—x) >0, ned(—f)(x) imply f(y) < f(x).
Indeed, it follows from (n,y — x) > 0 that (—f)"(z,y — 2) > 0. By the definition of
the Clarke-Rockafellar derivative, there exist & > 0 and sequences {x;}2,, z; € T,
{t;}52,, t; > 0 such that z; — z, ¢; | 0 and
uEB(y—x,e)
Taking the number 4 sufficiently large we ensure that x; € B(z,e). Therefore, we
have y — z; € B(y — x,¢) and f[z; + ¢;(y — z;)] < f(x;). Using that f is upper
semicontinuous and semistrictly quasiconcave, we conclude from Proposition 3.3 that
it is quasiconcave. Therefore,

f@i) > flei+ti(y —=0)] = f(y).
Hence, f(z) > limsup,_, ., f(z;) > f(y). It follows from the converse implication that
z €8, yes, fly) > flz) imply (ny—=z)<0, Vned (-f)(z).

Therefore, by implication (3.4), we obtain that —f is pseudoconvex, which implies

that the function f is pseudolinear.
O
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Corollary 3.11. Let S be an open convex set in a Banach space E. Suppose that
f 8 — Ris a locally Lipschitz semistrictly quasilinear on S function. Then, f is
pseudolinear with respect to the Clarke generalized directional derivative if and only
if the following implication holds:

reS yeS E€if(x), ((y—2)=0 = f(y) = f(z)

Remark 3.12. Theorem 3.9 is not a consequence of Corollary 3.11, because the Clarke
subdifferential f(x) does not coincides with the gradient V f(z) when the function
is Fréchet differentiable, but it is not necessarily continuously differentiable.
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Notes on certain complex-type special functions
in which the Gaussian function and its integral
play essential roles

Hiiseyin Irmak

Abstract. The primary aim of this scientific note is first to review the essential
background on several special functions in which the Gaussian function in certain
complex domains and its integral play fundamental roles, and subsequently to
establish (or organize) a number of relevant results together with some of their
potential implications.
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1. Introduction and motivation

In mathematics and several related scientific fields, we frequently encounter various
types of academic investigations involving special functions, both in theoretical and
applied contexts. Different forms of these functions — with complex (or real) variables
(or parameters) — play an important role in a wide range of scientific studies in the
written literature. In particular, they have undeniable significance in mathematical
transformations and operator theory as is known.

This special research is closely related to various complex-type special functions. For
example, one of them is the Faddeeva function of a complex variable (z) (or real
variable (z)). It is a complex-valued function that is closely connected to several

Received 27 December 2025; Accepted 17 March 2026.
© Studia UBB MATHEMATICA. Published by Babes-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License.


https://orcid.org/0000-0003-1897-6725
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

190 Hiiseyin Irmak

other well-known functions, such as the Fresnel integral, Dawson’s integral, and the
Voigt function. In the literature, as we know this special function is also referred to
as the Kramp function, typically expressed in terms of the familiar complex variable
(2).

In addition, the Faddeeva function plays a significant role in various physical problems,
especially those concerning electromagnetic responses in complex media. At the same
time, it appears in problems involving small-amplitude waves propagating through
Maxwellian plasmas. In this connection, it is particularly notable in the expression for
plasma permittivity, from which dispersion relations are also derived. Consequently,
it is sometimes called the plasma dispersion function, although this name is often
reserved for a certain rescaled version of the function.

Furthermore, the infrared permittivity of amorphous oxides exhibits phonon-induced
resonances that can be too complicated to model with simple harmonic oscillators.
The Brendel-Bormann oscillator model, which represents an infinite superposition of
oscillators with slightly different frequencies following a Gaussian distribution, pro-
vides a more accurate description; its integrated response can be expressed in terms
of the Faddeeva function.

Additionally, the Faddeeva function plays an essential role in analyzing electromag-
netic waves used in AM radio. In particular, ground waves — vertically polarized waves
that propagate over a lossy ground with finite resistivity and permittivity — can be
characterized using this function. It also provides valuable information about changes
in neutron cross sections of materials as temperature varies.

The primary aim of this special study is to examine the relevant function — which
occupies a significant place in science and technology — in the complex plane, to present
essential information about it, and to focus on certain key propositions accompanied
by various illustrative examples.

At the same time, especially, this special investigation also seeks to explore specific
aspects of the Gaussian function, which holds a prominent position in science and tech-
nology and plays a fundamental role among the special functions mentioned above.
Subsequently, this study addresses the Faddeeva function (with complex variable z)
within selected domains of the complex plane, with particular emphasis on funda-
mental propositions and several illustrative examples. Especially, we point out that
the work [1] is only one of the fundamental references for the above material.

We can now move on to the next sections to introduce the necessary definitions
and establish various theoretical concepts along with some related implications.

2. Necessary definitions and related information

In the mathematical and related scientific literature, the classical forms of the Gauss-
ian function (with the variable p) and the Gaussian integral frequently appear in the
expressions given by

G(p) = exp(—p?) (2.1)
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and
/ exp( —p?)dp, (2.2)

respectively.

The relevant parameter (or variable) p, used in the mathematical expressions
given in (2.1) and (2.2), may also appear as either a real or a complex variable in
various mathematical documents. Since these situations play a big role in our specific
results, we believe it is useful to highlight some pertinent information here. The first
of these concerns the following expressions, which contain specific information directly
related to the exponential function given in (2.1) and the generalized integral given
in (2.2).

Remark 2.1. Let the notation R denote the set of real numbers, and let the variable p
be of the real variable z, serving as the independent variable of the function in (2.1).
In this case, for the real-valued function

G(z) =exp(—2?) (z€R)
and its associated improper integral being of the form in (2.2), each of the following
assertions is supplied.

(a) It is a decreasing function for all > 0, and an increasing function for all z < 0.
(b) For all z € R, 0 < G(x) < 1. Hence, it is a bounded function on R.

)
(c)
(d)
(e) [° G(x)de =2 [°  G(x)do =2 [;° G(z)dx = /7.

It is an even function; namely, f?oo G(z)dz = [[° G(x)da.

It is a continuous and integrable function on R.

The second special information is some specific results directly related to the
complex variable form of the Gaussian function given in (2.2).

Remark 2.2. Let the notation C denote the set of complex numbers, and also let the
mentioned variable p be the familiar complex variable z, which is the independent
variable of the function given as in (2.1). In this case, for the complex-type function

G(z) = exp( - 22) (z =x+iy;il=—-12,y € R),
each of the following assertions is satisfied.

(a) It is a continuous, differentiating and integrable function on C. Hence, it is an
entire function.

1G(2)] = exp[ — Re(2)] = exp(y? — 22).

Re{G(2)} = exp[ — Re(2?)] Cos[Re(—22)] = ¥~ Cos(2zy).
Im{G(z)} = exp[ — Re(22)]Sin[Sm(—2%)] = —e¥" =" Sin(2zy).
Arg{G(2)} = Sm( - 22) = —2zy (Mod 27).
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It is well known in the theory of complex functions that curves lying in cer-
tain regions of the complex plane, whether continuous or piecewise continuous, play
a fundamental role in the evaluation of complex integrals. Accordingly, drawing on
classical analysis and taking into account the detailed statements presented in Re-
marks 2.1 and 2.2, the following observations will significantly facilitate the analysis
of the principal complex error functions along the relevant curves.

Remark 2.3. Let z be any parameter in the complex plane C, and also let €2 be a
complex curve defined by

Q:Qo)=20 (0<0<1),

which connects the origin of the plane C to a given complex point z € C, and also let
the real-valued function

k(p) =exp (—p?) (p€R).
Then, when considering the curve €2, each of the following statements is provided.

) |exp( = (20)%)| = exp( — Re[(z0)?]) .

(b) The complex-type function k(pz) is continuous and its modulus is also bounded
on the curve .

(€) J5 w(p)dp = foy wlp)dp = z [ r(z0)do.
(d) [} [r(z0)|do < [ exp( — 0|22 )da
(€) 12| fi exp( - 02[z2])do = [iT exp(—72)do .
(1) |J; wp)dp| = | o wlp)dp| = |2 Jy [5(20)|do < max { |21, 57}
(&) Jo K(p)dp = [ w(p)dp — [k

(h) [7w(p)dp = [y w(p)dp — [§k(p)dp

(i) J w(p)dp =f0°°n<p>dp - f(lz‘fs(p)dp

G) Jy ™ 5lo)dp = 57k (p)dp — [k

(k) fﬁT K(p)dp Sfoz K(p)dp < f0°° K(p)dp.

w(p)dp| < Jy7 wo)dp.

I ﬁ(p)dp‘ < J wp)dp.

(m)

It is well established that the essential expressions introduced in Remarks 2.1,
2.2, and 2.3 encode significant information commonly encountered in both the complex
and Cartesian planes, as well as in a wide range of computations and definitions in
function and integral theory. For further details, the comprehensive references cited
in [1]-[8] may be consulted. In line with the objectives of the present work, we now
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turn our attention to a collection of fundamental definitions and their associated
calculations.

In the mathematical literature, the function of the complex variable z, commonly
referred to as the Faddeeva (or Kramp) function and denoted by W(z), represents a
scaled version of the complex complementary error function. As detailed in [9], it is
defined by

W(z) = exp( —2*) erfe(—iz) (i*=-1;2€C). (2.3)
Here, the function erfc(z) denotes the complementary error function of the complex
variable z, which is defined as

erfe(z) = % /z Ooexp( — pQ)dp (z € C). (2.4)

Taking into account the fundamental results of classical analysis and the computa-
tional result stated in Remark 2.1(e), the following identity can be readily obtained:

% (/O exp( pz)dp+/:o exp( pQ)dp>

= j%/oooexp(pz)dp (2.5)
= 1.

Here, the complex-valued integral appearing above, namely,

2 [exn(- e (<), (2.0

is known as the fundamental definition of the error function with complex variable z,
and it is commonly denoted by erf(z).

In particular, in view of the special information given in (2.4)-(2.6), it is straightfor-
ward to obtain

erf(z)+erfe(z)=1 (2€C), (2.7)
that is, this identity is only one of the fundamental relationships between the error

function and the complementary error function. For more relations between the main
error functions and some of related applications, see [1, 4, 8, 9, 13, 15, 16].

We further emphasize that the principal error functions (of the complex variable z, )
namely the complex functions:

erf(z) and erfe(z) (z2€C) (2.8)
are only two of the most important functions within the family of all error functions.

At the same time, as indicated in the first part of this special study, these
complex functions also possess several broad applications (or special relationships)
with many special functions arising in various fields of science and technology. As a
representative example, the rescaled function of the complex variable z,

Z(z) =iv/T W(z) (2€C) (2.9)
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is also defined in terms of the Faddeeva function defined by (2.3). When the complex
parameter z is expressed in the familiar form z = x + iy, the Faddeeva function W(z)
can be also written as

W(z) = W(x +iy) = u(z,y) + iv(z,y) = u+iv, (2.10)

where the real-valued functions u(x,y) and v(x,y) are known, respectively, as the real
Voigt function and the imaginary Voigt function with real parameters « and y. These
special functions represent the real and imaginary parts of the (complex) Faddeeva
function. Moreover, for the rescaled function being of the form:

Z(z) = Z(a +1iy),

it is clear that

%e(Z(z)) =7, (2.11)
sm(Z(z)) - V7u, (2.12)

‘Z(z)‘ = VT |W(z)| = /7 (u? +v?) (2.13)
and
arg (Z(z)) = —arctom(%) +2r (LeZ),
which immediately yields that

Arg (Z(z)) = —arctcm(%) (Mod 27) . (2.14)

Thus, the complex function Z(z) is fully characterized by the above expressions once
the relationship between u and v, determined by the complex functions defined in
(2.3), is specified.

For discussions of the relationships and applications between complex error func-
tions and other special functions, the reader is referred to the earlier studies listed
in [9]-[16]. Moreover, because the present study focuses on complex functions of a
single variable and their applications, the works cited in [17]-[19] constitute essential
references for researchers in this area.

The next section is devoted to presenting several propositions involving complex
error functions defined in (2.4) and (2.6), as well as their associated complex functions.

3. Various propositions, relations and some of possible implications

In this main section, several special results concerning the Faddeeva function of the
complex variable z are presented, including comprehensive statements, properties,
and their potential implications and applications. Selected results are subsequently
proved.
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Proposition 3.1. Let z be any member of the set C. Then, each of the following propo-
sitions dealing with the Faddeeva function of the complex variable z holds:

W(—2z) =W(z), (3.1)
W(2) + W(=z) =2 eap( — %), (3.2)
W(z) = exp( — 22) [1—erf(—iz)], (3.3)
W(iz) = exp(2*)[1 —erf(2)] (3.4)
and
VTEW/(2) + 2T 2 W(z) — 2i = 0. (3.5)

Proof. For the relevant proofs, it suffices to make appropriate use of the main results
presented in (2.3)-(2.8). Detailed proofs of Propositions (3.2) and (3.4) are provided,
whereas the proofs of Propositions (3.1), (3.3), and (3.5) are left to the interested
reader.

For the proof of the statement given in (3.2), the complex function defined by
(2.3) immediately yields the assertion:

W(—z) = exp(—2%) erfe(iz) (z€C), (3.6)

thus, from (2.3) and (3.6), the desired result follows immediately.
For the proof of the statement given in (3.4), using the definition in (2.3), we
obtain

W(iz) = exp{ -(- zz)Q} erfe| —i(iz)]
= exp(2®)erfe(z) (2 €C), (3.7)

and by using the main relationship given in (2.7) together with (3.7), the proof can
be readily completed based on the principal complex functions described in (2.8). O

As additional results of potential interest regarding the complex function in
(2.3), and given that the complex functions in (2.8) are analytic, several propositions
naturally arise concerning series expansions with real or complex parameters, which
are particularly suitable for approximate calculations. We now proceed to establish
some of these results.

Proposition 3.2. Let z belong to the set C. Then, each of the following statements is
true.

exp(—2%) = Z (=1’ P (3.8)

j=0 j!
2 1 ;
M P T A 9)
erfe(z)=1- =l i éz%‘ﬂ (3.10)
NP SNCTER T |

erf(—iz) = _7./0 emp(§2)d§ (3.11)
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24 1 ¥
R ST ERi A 312
erfe(—iz) =1+ 2 /2 ewp(£2)d§ (3.13)
T Jo
2 1 ;
and
SN 2 Ny (-1)*

i )‘; TR ;;J(; k= O20k—0) + 1] > (8.15)

Proof. In light of the detailed information provided in the special studies [1], [4], [9],
[15], and [16], since the main complex error function erf(z), defined as in (2.6), is
an entire function, it has no singularities except at infinity, and its Taylor-Maclaurin
expansion always converges as we know. The integral mentioned in (2.6) cannot be
evaluated in closed form in terms of elementary complex functions, but by expanding
the integrand of the analytic function, in the complex form, namely

K(z) :==exp(z) (2€C), (3.16)

into its series expansion and then integrating term by term, one can easily obtain
its Maclaurin series. However, for convenience, we also want to share two pieces of
necessary-special information (just below).

The first is the series expansion for the necessary proof of the exponential func-
tion, which plays an important role for each of the propositions from (3.8) to (3.15),

which is
oo

1 .
exp(z) = Z =7 (z €C). (3.17)
=07
The second is the revised new form with the help of the definition in (2.6), which
relates to the error function erf(z). For it, by changing of the variable in the form
p = —i& for the integral presented by (2.6), the assertion given by

erf(—iz) = % /O_ZZ exp(p?)dp

S i exp(€?)d¢ (3.18)

is then obtained, which also implies that the power series being of the equivalent
forms given by

_J :_ﬁ : 00121' d
erf(—iz) N jzz(:)j!'f 3
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2i - 1 2j+1
:772 . —z (zG(C). (3.19)
NZ3 = (27 +1)5!
O

Specifically, with regard to the relevant research and the remaining pending
proofs, we would like to offer the following guidance:

- By setting z := —2z? in the mentioned function given in (3.16) and then con-
sidering the series expansion in (3.17), the elementary result constituted as in (3.8)
is first obtained.

- Through the instrumentality of the assertions given in (3.16) and (3.17), the
essential equalities given in (3.9) and (3.10) are easily seen, respectively.

- By combining the assertions presented in (2.7) and (3.17), the essential results
given in (3.12) and (3.14) are also obtained.

- For the proof of the final proposition, namely the assertion in (3.15), it suffices
to consider the well-known Cauchy product of the associated power series of the
complex functions erf and erfc.

- Furthermore, since the expressions given in (3.9) and (3.11), as well as those
in (3.10) and (3.12), are directly related, the detailed series expansions corresponding
to (3.9) and (3.11) have been omitted.

In terms of various possible implications and suggestions, the mentioned propo-
sitions, namely Proposition 3.1 and Proposition 3.2, which contain comprehensive
information, will aid both us and related researchers. Now, we want to focus on some
specific information in this direction, highlighting some specific examples. We also
leave the determination of other implications to the dedicated efforts of interested
researchers.

For some of those special implications, let us consider the information given in (2.9)
and (3.2) (or (3.3)). With the help of the (complex) Faddeeva function defined in
(2.3), we can easily arrive at the following special results:

W(0) = 1, (3.20)
W(i) =e-erfc(l)
=e[l—erf(1)]

(e
N v S A (321

Z(0) = i/, (3.22)
Z(i) = iey/merfe(1) (3.23)



198 Hiiseyin Irmak

and
2(:) = W(-2) = —
ivE V=T
which immediately yields the logical implications given by
2exp( — 2%) = W(z) + W(—2)
1
= —1|Z Z(—
= Z(2) + Z(—2) = 2iv/Texp(— 2°) (2 €C). (3.26)

W(z) =

Z(-z) (z€C), (3.25)

For an additional implication, let us focus on the complex-type differential equation
related to the Faddeeva function and its first derivative, which is given in (3.5). For
this, consider the following initial value problem:

VIW(2) = 2z/TW(2) — 20 =0
{ WO = 1 (3.27)

can easily be obtained by the help of the information given by (3.5) and (3.6), where
z e C.

In fact, new higher-order initial value problems can also be created by taking
various order derivatives of the differential equation mentioned above. We leave such
new determinations to interested researchers.

4. Conclusion and recommendations

In the first section, the extensive role of complex error functions in science and tech-
nology, as well as some motivating factors, was emphasized.

The second section presented special definitions related to certain mathematical forms
(integrals and functions), the complex error functions, and specific associated func-
tions, organized as several detailed remarks. An illustrative example covering appli-
cations between (2.9) and (2.14) was also discussed.

In the third section, several essential statements concerning the aforementioned
complex-valued functions are formulated, and some of them are proven. Possible im-
plications of these results are presented in (3.1)-(3.15) as examples for interested
researchers. Furthermore, the variety of complex-valued transformations — including
numerous elementary computations that can be derived from (3.20)-(3.24) as well
as the special computations highlighted in (2.11)-(2.14) — can, of course, be further
expanded.

By using the Faddeeva function and related error functions derived from the main
error functions indicated in (2.8), numerous propositions and their corresponding
implications can be formulated. For instance, considering the complex imaginary error
function

erfi(z) = —ierf(iz) (i®=-1;2€C), (4.1)
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many analogous results can be explored. For these, it suffices to refer to the detailed
results in (2.3)-(4.2).

Additionally, in light of the specific information highlighted in (3.25)-(3.27), the spe-
cial function given in (2.7) can be applied to the differential equation in (3.6), which
takes the differential forms:
Z'(2)+222(z)+2 =0
Z(0) =iy
and can be readily solved, where z € C. Of course, this equation can be readily
solved. Moreover, the special-form differential equations in both (3.5) and (4.2) may
be extended to other classes of equations, including higher-order differential equations.

Z'(2)+22Z(2)+2=0 or { (4.2)

In specially, building on the extensive information in Remarks 2.1-2.3, one can also
determine lower and /or upper bounds for the modulus of complex-type functions w(z),
erfe(z), erf(z), w(z), w(iz), erf(iz) and erfi(z), as defined in (2.3), (2.4), (2.6),
(3.6), (2.7), (3.18), and (4.2), respectively. For each of the studies mentioned here
that involve complex functions, it is important to emphasize the role of constructing
and analyzing the complex curve (2 in different ways, as highlighted in Remark 2.3.
Furthermore, approximate evaluations of function series — arising as consequences of
reasonable constraints on the relevant z (or |z|) parameters — can introduce additional
perspectives on the limitations associated with the specified moduli.

As final words, for further details and applications of complex error functions derived
from the main functions indicated in (2.8), interested researchers may consult the
studies in [2], [3], [6], [8], [10], [13], and [19]-[24].
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Abstract. The current study focuses on obtaining the sharp coefficient estimates
and Fekete-Szegd inequality for the class Wy(m,\) and uses the Poisson
distribution series to obtain the sharp estimates of coefficient inequalities,
Fekete-Szego inequality, second order Toeplitz determinants and upper bounds
of third order Toeplitz determinants and second order Hankel determinants for
a certain analytic function U(z) = 2z + 0222 + 832° +--- | U(z) #0, 2z € A
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1. Introduction

Consider the class ‘H comprising analytic functions of the form

U(z) =2+ 022+ 0328+, (zeA:={z:]2| <1}), (1.1)
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and S = {U(z) € H : U(z) is univalent in A} . Subordination of U to V in A is
written as U < V, where U,V € H, provided there exists a Schwarz function w such
that w(0) = 0 and |w(2)| < |z| such that U(z) = V(w(2)), z € A.

Let P denote the class of all functions p(z) given by

p(z) =1+ Zcizi, (z € A), Re{p(2)} > 0 and p(0) = 1. (1.2)

Let hj(z) = >0y 6n,;2" (4 = 1,2) be analytic in A. The Hadamard (or convolution)

n=

product of hy and hs is defined by (hy * hs)(2) = ZZO:O On,10n,22", 2z € A.
Following [10], define

0o 9
(U(2))? = (Z + Z 5kzk> ) (1.3)
k=2

for U(z) #0 for all z# 0 and ¢ € N:= {1,2,...}.
We observe that the power function given by formula (1.3) has an analytic branch in
A if and only if U(z) # 0 for all z # 0 and ¥ € N. Therefore,

(U(2))” = (2 + 6227 + 032° + 622" + . .)19 .

Applying binomial formula, we observe that
(U(2))? = 2°[1 + 9 (022 + 6327 + 042% +..)
+ 20D Gy 4 6327 + 6028 4.0 ) L)L

From [20], we have

(U(2))? =27 + ZAkzﬁH“*l, (1.4)
k=2
where
-1 -1 -2
Ay = 1909; Az = 030 + 19(197)(537 Ay = 049 + 19(’[9 — 1)(52(53 + %5%,
As = 659 + W[(g + 26264] + w5§53 + %53, o (15)
If U(z) # 0 for all z # 0, define
0 9 0o 4 W+k—1 o0
A(z):z(Uiz)) =z (2 +Zk:;9 W >] :z—l—ZAkzk. (1.6)
k=2

. U\ Ui\ . - . .
Since (=% ) # 0forall z € A, (7> is analytic in A and so A(z) is analytic in
A. Indeed, A € H.

Bernardi [5] studied the general operator

1 z
LU(z) = t”/ U(t)t"'dt, ~ €N, (1.7)
0

z

and showed that I5(S*) C S*. The important subfamily of S is the family §* called
the starlike function.
By [10] and applying the operator to the function A(z) defined in (1.6), we define the



Analysis of certain determinants in petal-shaped domain 203

integral operator J™ iteratively. To ensure a well-defined sequence, we first establish
the base cases J° and J':

JU(A(2)) = A(2) (1.8)
The first-order integral operator J! is defined as:
1+ [*
JHA(2)) = ; / A@)t*tdt, (A eN). (1.9)
0

Substituting the power series expansion A(z) =z + Y o, Ax2" into the expres-
sion above, we obtain:

J'AR) =2+ (;ii) Azt (1.10)

For m € {2,3,...}, the higher-order operators are defined via the following
recursive relation:

T (A(2) =T (J"THA(2) - (1.11)

Consequently, by the principle of mathematical induction, the general form of
the operator for any m € Ny where Ng = {0,1,2,3,...}. is given by:

1+
J™(A(2) =z + — ) Ak (1.12)
kZ_2<k+>\> ¥

For k > 1 and n > 1, Pommerenke [21] introduced the k'™ Hankel determinant
defined as

On Opg1 0 Ongk—1
I B S PP S _
He)=1 770 0 00 @=1)
6n+k—1 6n+k e 5n+2k}—2
In particular, the second Hankel determinant takes the form Hy(2) = 22 23 LIt
3 04

follows that Fekete-Szego inequality is Hy(1). Toeplitz determinants and the Hankel
determinants are closely connected.
As described in [25], the symmetric Toeplitz determinant 7x(n) takes the form

On, Ont1 - Ongk—1
5n+1 5n 5n+k
Te(n) = )
6n+k:—1 5n+k: T 571
In particular,
P 1 6 63
7'2(2>=‘52 ol BM)=|6& 1 &
3 02

03 0o 1
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FIGURE 1. Boundary curve: h(A) lies in the annular region bounded
between the circles C'1 and C2.

Toeplitz matrices has applications in pure and applied mathematics [28] .
Arora and Kumar [2] considered the petal-shaped region

A, ={w € C: |sinh(w —1)| < 1}, (1.13)
which admits the following functional characterization:
h(z) =1+ sinh™'z. (1.14)

Its boundary curve is given in Figure 1.

Although h(z) is multivalued, it becomes holomorphic in A upon choosing
branch cuts along (—oo, —#)U(i, 00) on the imaginary axis, and hence is analytic in A.
Geometrically, the function h(z) maps the unit disc A onto the petal-shaped domain
A,. This domain has attracted considerable attention from researchers [1, 2, 4, 12, 17].

2. Preliminary results

In [10], the authors studied the class ¥%(m,d) for m € Ny = {0,1,2,3---}, n € N,
A>0,z€ Aand0<J < 1. Motivated by this study, we introduce and investigate a
subclass of ‘H defined on a petal-shaped domain, as described below.

Definition 2.1. Let U(z) # 0 for z € A and let 9 € N. Define A(z) by (1.6). Then
the function U is said to belong to the class Wy(m,\), where m € Ng and A\, 9 € N, if
A(z) satisfies the condition

M <1+ sinhilz, (2.1)

Lemma 2.2 ([6], p.41, Carathéodory’s Lemma). If p € P, then
exl <2 (k> 1), (2:2)

and the estimate is sharp.
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0.5 /I

FIGURE 2. The images of U, (A) (blue color) and h(A)(red color).

Lemma 2.3. [13] Suppose p € P. Then, for every complex number u, one finds

lco — pci| < 2 max{l,|2p — 1]} (2.3)

Lemma 2.4. [13] Let p € P of the form (1.2). Then there exist some &, ¢ € C with
€] < 1, [¢] £ 1, such that

2c; = cf + (4 - i), (2.4)

des = +2016(4—2) — (A —A)er€2 + 204 — A1 — |€])C. (2.5)

Remark 2.5. We shall illustrate with an example that the aforementioned class
Wy(m, A) is non-empty.
With F(2) = z + az?, we obtain A(z) = z (1 + az)”, consequently

b (o) - UG

z

:1+t2A22+t3A322+"',

where ¥ € N, m € Ny, A € N.
For the values of ¢ =1, we get ¥,(z) =1+ tsaz, when m = A =1,a =1/2 and
2

2z =0.9¢", we get ty = 5 and hence

) 1 .
W, (0.9¢9) =1 + §(0.96“").

Thus from the figure (Figure 2) it is clear that ¥,(A) C h(A) and hence the class
Uy(m, ) is non-empty.

z

Remark 2.6. The function g(z), given explicitly by g(z) = 1%, z € A is in the class
Uy(m, A), since

By — T AG))

z

:1+t2A22+t3A32’2+"',
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where Ay =19; Az = 19—|—19(19 b. A4:ﬂ+ﬁ(ﬂ_1)+w;...
and A(z) = z(@) and ¥ € N, m € Ny, A € N. Proceeding as like previous remark,
we have ¥ (A) C h(A).

Extensive research has been devoted to obtaining the upper bounds of the sec-
ond and third order Hankel determinants [3, 7, 8, 9, 10, 11, 14, 15, 18, 19, 26, 27].
However, determining the bounds for a subclass of analytic functions utilizing Poisson
distribution series in a petal-shaped domain presents numerous applications in science
and engineering.
Hence, in the present paper we derive coefficient estimates and Fekete-Szego inequal-
ity for the class Wy(m,A) and by using the Poisson distribution series, we determine
the precise bounds for coefficient inequalities, Fekete-Szeg6 inequality, second order
Toeplitz determinants, upper bounds of third order Toeplitz determinants, second
order Hankel determinants for the class PUy(m,\, ), m € Ny, A € Nand ¢ € N
associated with the petal-shaped domain.

3. Coeflicient bounds and the Fekete—Szego inequality for the class
Wy (ma )‘>

Theorem 3.1. If the function U given by (1.1) is in the class ¥y(m,N), for m €
No, AN, ¥ €N then

1 201
bo| < —, |03]| <209 max<1l,|— —1
|2|_1%2,|3|_ g2 ma { o2 ‘}
" (9-1)
where t; = (iﬁ) , 01 = ﬁ + gz 02 = 2t319 The inequalities are sharp.
2

Proof. Let U(z) € Wy(m, A), according to the subordination relationship, there exists
a Schwarz function w(z) with w(0) = 0 and |w(2)| < 1, satisfying

J"(A(2))

; =1+sinh Hw(z)) (2 € A). (3.1)
Consider the function
1+w(z) 9
— -1 P. 2
p(2) e +ezdez 4+, pe (3.2)
_pE) -1 _a (e 4. (o ac 5.
w(z)—1+p(z)—2z+(2 7 27+ 2 > +8 274 (3.3)

After simple computation, we get

1 2 5¢3
Lesinh ™} (w(z) = L+ ezt (_j + 2) 24 (48 Gy, 2) S (3.4)

Using series expansion we obtain

J™(A(z
( =1+ Zt Az TV =14 tg Aoz + t3Asz? + t4A42 + - - (3.5)
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m
where t; = (H)‘) )

i+
Equating the coefficients between (3.4) and (3.5), we determine that
C1 C1
Ay = — = — =cA 3.6
2 2%, = 02 20 c14\1, (3.6)
03 = —C%O’l + Cc209, (37)
84 =11} — yacica + Y33, (3.8)
where,
1 1 (W-1) 1
A = = =
L= 209 T T dgg 8202 "7 T 2ty
5 9—1[ 1 9-1 @W-2] 1 @-1) 1

ga! ) V3 =

T URI0 260 |Ms0 | 8202 24202 |0 T 2030 T 40Ptats
Applying Lemma 2.2 in (3.6), we get

20ty

1
0ol <2A1 < —.
|2|7 171%2

Sharpness is achieved by the function (3.2) with p(z) =1+ 2z.
From (3.7), we have

01
|65] = | — 3oy + ca02| = 09 |ca — 3 —|.
02
By implementing Lemma 2.3, we obtain
20
|05] < 209 max{l, =t 1‘}
02

Equality is attained for the function defined by (3.2) with p(z) = 1 + 222, when
mazx {1, 291 } = 1 and the inequality is sharp for the function (3.2) with

02
20’1 _ _
o2 1‘} o

Corollary 3.2. If 9 =1, then |02 < i, |og] < %

02

p(z) =1+ 22z + 222, when max {1,

@—1‘. 0

Theorem 3.3. Suppose the function U defined in (1.1) lies in the class Wy(m, N), for
m €Ny, AeN, ¢ eN, Consequently, for any v € C

A2
|65 — v63| < 209max {1, ’2 <O1+V1> - 1‘} )

02

The inequality is sharp.
Proof. From (3.6) and (3.7), we get

|05 — Z/(5§| = |coog — C%O'I - V(C%Afﬂ =02

6 — 3 (Mﬂ

02

2(M> _1‘}'
02

Applying (2.3), we get

|63 — vd5| < 2 09 max {1,
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Equality is attained for the function given by (3.2) with p(z) = 1 + 222, when

max {1, 2 (%;’Af) - 1’} = 1 and when maz {1, 2 (%;’A?) - 1‘}
‘2 (%;’A?) — 1‘, sharpness is attained for the function given by (3.2) with p(z) =
1+ 2z + 222 O

Corollary 3.4. If 9 =1, then |03 — vd3| < %

4. Functions generated from the Poisson distribution

A random variable X is said to follow a Poisson distribution with parameter k& > 0 if
it assumes the values 0, 1,2, 3, ... with respective probabilities

B kie™k
T

. i=0,1,2,3,...

Thus P(X =71) = Te;!k, 7=0,1,2,---.
Porwal [22] investigated a power series whose coefficients correspond to the prob-
abilities of a Poisson distribution.

kz—z+z ki zeA, (4.1)

where k£ > 0 also by applying ratio test one can find the radius of convergence of the
above series is infinity and J"™(A(z)) is defined in (1.12).

Following recent research [16, 24, 23], consider the linear operator I*(z) : H — H
defined by

T=";(k)=— e (4.4)

and * denotes the convolution of two series. In particular, Yo = ke " and Y3 =
%e‘k. Implementing (1.12), we have

=2
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Definition 4.1. Let U(z) # 0 for z € A and let ¥ € N. If the function A(z) is defined
by (1.6) then, the function U(z) is said to belong to the class PWy(m, A, T), where
m € No, A € N and ¥ € N, if the function A(z) satisfies the following condition:
m(IFA
UMIAR)) <1+ sinh™'z, (4.6)
z
or equivalently, PUy(m,\,¥) = {U(z) € H : I*U(z) € Wy(m,\ T)}, where
J™(IFA(2)) is given in (4.5) and Yy, i =2,3,--- is defined in (4.4).
By employing the corresponding coefficient estimates together with the Fekete—
Szegd inequality for functions belonging to the class Wy(m, \), we derive the coeffi-
cient estimates and the associated Fekete—Szeg6 inequality for functions in the class

PWy(m, A\, T). Applying Theorems (3.1) and (3.3) yields the following theorems for
the function I*A(z).

5. Fekete—Szego inequality and related estimates for the class
]P\I/g<m, /\, T)

Theorem 5.1. Let U be the function defined in (1. 1) If U is in the class P¥y(m, A, T),
formeNy, AXeN, 9eNand T =7T;(k) = K=k then

(i—1)!
261
55 1‘}

, 193] <284 max{l,
At L m 1 ) .
where t; = ()\+i) , B = 4t3'r319 + tQTgﬂz, , B2 = TS0 The inequalities are sharp.

Oo < —
|2|_ Yt Yo

Proof. Since U(z) € PW¥y(m, A, T), the subordination condition ensures the existence
of a Schwarz function w(z) for which w(0) = 0 and |w(z)| < 1, satisfying

Jm(IEA(2))

=1+sinh Y (w(z)) (z€A). (5.1)
z
Consider the function
1+w(z
p(Z):1_11}EZ§:1+012+C222+"‘, (52)

where p € P. Consequently,

p( )—1 «a 2 A\ s cca A3\ 5
2 49 &8 _4d%2 a9 5.3
w(z) = T+ 00) 22—|—<2 1) TS 5 T )Pt (5.3)

After simple computation, we get

1 3 5¢t
1+sinh™H(w(z)) = 1+§clz+ (—Zl + 022) 22+ ((:1 _ace 023) 24 (5.4)

Using series expansion we obtain

Jm(IkA i1 2
=14 Zt T =1+1tYoA0z +1t3V3A32° + -+, (55)



210 S. Vijayalakshmi, M. Mehdha, S. Porwal, R. Ezhilarasi and T. Sudharsan

2+
Equating the coefficients between (5.4) and (5.5), we determine that Ay =

m
where t; = (HA)

c1

2t Yo "
Hence,
62 = 2752’19TQ = C1(, (56)
83 = —ciP1 + c2fa, (5.7)
84 = mC} — macica + 13, (5.8)
where,
1 1 (0 —1) 1
M=, T e b 827292 B2 = oo
5 9=l 1 9-1 (W-2
T USE Y40 | 2600, |45 50 | SEBYZ02 24439272
1 (W—1) o

T o0 T WPty P T 2060,
Applying (2.2) in (5.6), we get

1
0o < 2 < .
| 2| == It Yo

The bound is attained by the function defined by (5.2) with p(z) =1+ 2z.
From (5.7), we have

65| = | — &3 B1 + caBa| = Balca — C%%|

i)

The inequality is sharp for the function given by (5.2) with p(z) = 1 + 222, when

By implementing (2.3), we obtain

|05] < 209 max{

max {17 25% — 1’} = 1 and it is sharp for the function given by (5.2) with
p(z) =14 2z + 222, when max { Qﬁl 1‘}— % 1’. O
Corollary 5.2. If 9 =1, then
1 1
Oo| < ——, |&
|2 T » 10s] < oo

In view of Theorem (3.3), let us prove the following theorem.

Theorem 5.3. Suppose that the function U given by (1.1) belongs to the class
PUy(m,\,Y), form € Ng, A€ N, 9 € Nand T = T;(k) = (’;’ 11),6*’@, then

for any v € C,
2
|65 — vd3| < Qﬂgmax{l, 2 <61—;w«1) - 1’}
2

The inequality is sharp.
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2
o Qv+ 51) ‘
e —ci | ———=]].
: ( Ba
Applying (2.3), we get

2
|03 — v03| < 2 B2 max {1,‘2 (alyﬂ—i_ﬁl) —1’}.
2

The estimate is attained by the function defined in (5.2) with p(z) = 1 + 222,
2 (M> — 1‘} =1 and the bound is attained for the function

B2
defined in (5.2) with p(z) = 1+ 2z + 222, whenever max{l, 2 (ﬂl;i;m?) - 1’} =

p(5520) -1

Proof. From (5.6) and (5.7), we get

|03 — v03| = |c2B2 — ci[aiv + Bi]| = Ba

whenever max {1,

6. Toeplitz determinant 75(2) and 7T5(1) for the class PU,y(m, \, 1)

Theorem 6.1. Consider the function U, as defined in (1.1), to be a member of the

class PUy(m,\, 1), form eNg, AeN, 9N and T =7T;(k) = (k1 11),6_k. Then,
T2(2)] <1687 + 3685 + 486182 + 403,

where a1, B1, P2 are presented in theorem (5.1), and it is the best estimate.

Proof. The bound of T5(2) is denoted by |72(2)| = |63 — 03|.
Applying (5.6) and (5.7)
|T2(2)] = |€1T — 2¢ic2f1 Bz — clad + c3B3). (6.1)

Using the values of ¢o from Lemma 2.4, yields

1

@)= |e15 - [+ (- )] - dad 4 |

Denoting |ci| = ¢ and [€] = p, then ¢ € [0,2] and p € [0, 1], and applying triangle
inequality, we get

S+ @A-AE’B. (6.2)

Ta()] < hae + hape?la -l + ade® + 2 2 -

7

where hy = /375 + B2+ B1B2, ha = 62/51 + 22 Again, applying triangle inequality for
this terms |4 — 2| <4+ 3| =4+ c% >0 similarly,|(4 — ¢2)|? < (4 + ¢2)?, we get

622

172(2)| < hic* + hopc® (4 + c2) + a3 + “2p* (4 + ¢*)?* = A(c, p).

Next, we maximize the function A(c, p) for (¢, p) € [O, 2] x [0,1]. Partially differenti-
2

ating A(c, p) with respect to p, we obtain % = hoc?(4 + 2) + %p(él +c%)? >0,

for 0 < ¢ < 2 and 0 < p < 1. Hence A(c,p) is increasing in p and attains

its maximum at p = 1. Therefore, A(c,p) < A(e,1) = B(c), where B(c) =
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|h1|ct + |ha|c?(4 + ¢2) + a3c? + ’%3(4 + )2, We note that B’(c) > 0 implies B(c)
increases with ¢ and thus attains its maximum value at ¢ = 2. Therefore,

|72(2)| < 16|hy| + 32|ha| + 4aF + 16433
<1667 + 3653 + 48516 + 4af.

The obtained bound is sharp. Equality holds for the extremal Carathéodory function
6 X -
plz) = H52 0 € R, for which ¢; = 2¢%, ¢y = 2¢%.

1—eif2)

Substituting these values into the expression (6.1), 72(2) yields equality. Hence, the
result is sharp.

O

Corollary 6.2. If ¥ = 1, then |T2(2)| < 16B? + 36B3 + 48B1 By + 4A2, where A; =
1 _ _ 1

2t Yo7 Bl T 4t3Y3? 32 T 2t3Ys
Theorem 6.3. Suppose the function U, defined by (1.1), belongs to the class
PUy(m,\,T), formeNyg, AeN, 9eNand T =7T;(k) = (kl ll),e then

T3(1)] < 1+ 803 +16(57 + 20761) + 3603 + 48(a3 B2 + f152).

Proof. The bounds of T3(1) is denoted by |T3(1)| = |1 — 263 + 26365 — 03|
Proceeding on the similar lines of theorem (6.1), the upper bound is obtained as

|T3(1)] < 1487 + 16(87 + 203 1) + 3633 + 48(aff2 + B12).

Corollary 6.4. If ¥ =1, then
|T3(1)| < 1+ 8A7 +16(B; + 2A3B;) + 36B3 + 48(A1By + B Bs),
where Ay, By, By are defined in corollary (6.2).

7. Second Hankel determinant associated with the class PUy(m, A\, T)
Theorem 7.1. If the function U of the form (1.1) is in the class PUy(m,\,T), for
meNy, 9eNand YT =7;(k)= (’fl 11),6 k. then

Ha(2) = |6204 — 63| < 16(mcy — BY) + 24(2B182 — mecn1) + 44ns0n + 3633,
Proof. Using (5.6) to (5.8), we have

10204 — 03] = [[mon — B7]el + (26182 — mean]éica + nzarcics — ¢353). (7.1)

Using ¢ and c3 values from Lemma 2.4, yields
1 1
16204 — 63| = |[mar — BY]er + [251 62 — 772041]035[63 +E(@4— )]+ 773041011[6?

B3

+2€e1(4 = ¢f) — e — ) +2(4 — ) (1 - €1*)¢] - [ +E( - ).
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Denoting |c1| = ¢ and |{| = p, then ¢ € [0,2] and p € [0, 1] also using the fact that
|¢| <1 and implementing triangle inequality, we arrive

10265 — 65| < |qulc* + qapc®|4 = 3| + 2q3c|4 — ¢F| + gscp® 4 — (¢ + 2) + qup®[4 — )

where ¢1 = §[dna1—48F —2n200+451 B2 +nson+ 53], g2 = 3 [nson+ B3 —n201+251 B2],
_1 142
q3 = 1[773041], g4 = 152-

For ¢ € [0, 2], applying triangle inequality again, we have
4—c2|<4+|3]=(4+c*) >0,and |4 — c?|? < (4 + ¢?)?, thus

10264 — 65| < |q1lc* + |qalpc® (4 + ¢*) + 2lgs|c(4 + ¢%) + lgs|cp® (4 + ¢*)(c + 2) + |qalp° (4 + ¢2)?
=Vi(e,p),

Proceeding as in Theorem 6.1, we get V'(p) > 0. Thus V (¢, p) attains the maximum
value at p = 1. Hence

Vie,p) < V(e,1) = U(c) = |qulc* +|go|® (4+¢%)+2|gs|c(4+c)+|gs|c(4+c?) (c+2)+|qa| (4+c)2.

U’(c) > 0 implies U(c) is an increasing function and it attains the maximum value at
¢ = 2. Therefore,

6204 — 03] < 16]q1| + 32|q2| + 96|qs| + 64|
< 16(mar — B7) + 24(2B81 B2 — mecr) + 4dnzaq + 3643.

O

Corollary 7.2. Ifﬁ = 1, then |H2(2)| S 16(D1A1 — B%) + 4831B2 + 20D2A1 + 363%,

where Ay, By, By are defined in Corollary 6.2 and Dy = Dy = -

__5 _1_
48t4 Yy’ 264y "

8. Conclusion

Toeplitz and Hankel matrices are open to a broad variety of diverse algorithms and
offer some of the most appealing computational features. For a given analytic function
U(z) belonging to the class Uy(m, A), for U(z) #0 for all z€e A,m € Ny, AeN, 9 €
N defined on the open unit disc A, we have obtained sharp estimates of coefficient
inequalities and the Fekete-Szegs inequality. Also, using Poisson distribution series, we
have obtained sharp coefficient inequalities, the Fekete-Szegd inequality, sharp second-
order Toeplitz determinants, upper bounds of third-order Toeplitz determinants, and
second-order Hankel determinants in a petal-shaped domain. We anticipate that these
findings will have a significant impact on many different types of science, technology,
engineering, and mathematics-related sectors.
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Coefficient bounds and Fekete-Szego inequality
for a unified subclass of m-fold symmetric bi-
univalent functions

Navyodh Singh (%), Gagandeep Singh (%) and Navjeet Singh

Abstract. In this paper, we introduce a new and unified subclass of m-fold sym-
metric bi-univalent functions by subordinating to generalized Janowski function,
in the open unit disc E = {z:| z |[< 1}. Bounds for the initial coefficients and
Fekete-Szego inequality for the functions in this class are studied. Particular cases
of the results derived here, are also discussed.
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1. Introduction

Let A denote the class of analytic functions f having Taylor-Maclaurin series of the
form

k=2

defined in the unit disc E = {z:| z |[< 1} and normalized by f(0) = f/(0) —1 = 0.
Further, the class of functions f € 4 and univalent in E, is denoted by S.

By U, we denote the class of Schwarz functions of the form u(z) = Y7, ¢x2*, which
are analytic in the unit disc E and satisfy the conditions u(0) = 0 and | u(z) |< 1.
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The fundamental classes of starlike functions and convex functions are denoted
by &* and K respectively, and given by

S*—{feA:Re(sz;S)> > 0, zGIE},

IC—{fGA:Re(%(ZZ)))I)>O, zeE}.

It is obvious that the classes S* and K are related as f € K if and only if zf" € S*.
This relation was established by Alexander [1] and is known as Alexander relation.

and

A function f € A is said to be in the class C of close-to-convex functions if there
f'(z)
h(z)
2f'(2)
9(2)

exists a convex function h € IC such that Re < > > ( or equivalently there exists

a starlike function g € §* such that Re (
Kaplan [20].

) > (. This class was introduced by

Further, Noor [30] introduced the class C* of quasi-convex functions. A function
f € A s said to be quasi-convex if there exists a convex function h € K such that

Re (%f)))/) >0,z €E.

Every quasi-convex function is convex. Obviously, f € C* if and only if zf’ € C.

Sakaguchi [33] established the class S¥ of functions f € A which satisfy the
following condition:

22f'(2) )
Re| ————— ] >0.
(f (2) = f(=2)
The functions in the class S; are called starlike functions with respect to symmetric

f(z) = f(=2)

So it is obvious that the class S} is contained in the class C of close-to-convex functions.

points. Das and Singh [11] proved that is a starlike function in E.

Later on, Das and Singh [11] introduced the class K of the functions f € A
which satisfy the following condition:

The functions in the class IC; are called convex functions with respect to symmetric
points. It is easy to verify that f € s if and only if zf' € S¥. Further, some
more subclasses of Sakaguchi-type functions were investigated by several authors
including [21, 31, 36, 37].



Coefficient bounds and Fekete-Szeg6 inequality 219

For 0 < a < 1 and s,t € C(Complex plane) with s # ¢, Frasin [13] introduced
and studied the class S(a, s,t) which consists of the functions f € A and satisfy the

condition ( V2 (2)
s—1t)zf (=
Re () >a
f(sz) = f(tz)
Analogously, the class T («, s,t) consists of the functions f € A which satisfy

the condition ( VP )
s—t)(zf'(z
Re| ——F———+2— ] > a.
((f(SZ) - f(m))’)
Obviously f € T(a,s,t) if and only if zf' € S(a,s,t). Also the following
observations are obvious:

(i) T(0,1,~1) = K.
(iii) S(0,1,0) = S*.
(iv) 7(0,1,0) = K

Let f and g be two analytic functions in E. Then f is said to be subordinate
to g, if there exists a Schwarz function v € U such that f(z) = g(u(z)). If f is
subordinated to g, then it is written as f < g. Further, if g is univalent in E, then

f < g implies f(0) = ¢(0) and f(E) C g(E).

Univalent functions are one-one and so are invertible. Also the inverse functions
need not be defined on the entire unit disc E. The Koebe one-quarter theorem [12]
ensures that the image of [E under the functions f € S contains a disc of radius %. It
is obvious that every function f € S has an inverse f~!, defined by

fH(f(2)) = 2(z € B),
and
Fr ) = (1w l<rl) sro(h = 5 )
where
fHw) = w — agw? + (263 — az)w® — (5a3 — 5agaz + as)w* + ...

A function f € A is said to be bi-univalent in E if both f and f~! are univalent

in E. The class of functions f € A which are bi-univalent in E, is denoted by . Some

1 1
j o —log(1 — 2), ilog (Ji) with the

211)_1

examples of functions in the class ¥ are T

e -1 w e
) ev 14w e +1
function f(z) = ———— is not a member of 3.
Estimating the Taylor-Maclaurin coefficients a,, is an important problem in
geometric function theory as it provides information about the geometric properties
of the functions in A. Lewin [22] was the first, who investigated the class ¥ and
proved that |az| < 1.51. Further, Brannan and Clunie [7] conjectured that |as| < /2.

corresponding inverse functions . But, the well known Koebe
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Subsequently, non-sharp bounds for |as| and |az| for various sub-classes of ¥ were
studied by several authors in [10, 14, 17, 19, 24, 25, 26, 28, 29, 37, 41, 42, 43, 44, 46, 47]
and more recently by Singh and Singh [39, 40].

For -1 < B < A < 1and 0 < a < 1, Polatoglu et al. [32] introduced
the class P(A, B;a), the subclass of A which consists of functions of the form

p(z) =1+ > 72 prz” such that p(z) < 1+[B+ (A= Bl - a)]z' Also for a =0,

Bz
the class P(A, B;a) agrees with P(A, B), which is a subclass of A introduced by
Janowski [18].

For m € N, a domain D is said to be m-fold symmetric if a rotation of D
about the origin through an angle %’r, carries D on itself. It follows that a function f
analytic in E is said to be m-fold symmetric if

2m 2m
flemz) =em f(2).
We denote the class of m-fold symmetric univalent functions by S,,. A function
f € S, is characterized by having a power series of the form

o0
f(z)=z+ Z Amp12™F L
k=1
Srivastava et al. [45] defined m-fold symmetric bi-univalent functions analogues
to the concept of m-fold symmetric univalent functions. They gave some important
results such as each function f € 3 generates an m-fold symmetric bi-univalent func-
tion for every m € N. Furthermore, for the normalized form of f, they obtained the
series expansion of f~! as follows:

g(w) = f7Hw) = w = amprw™ ™+ ((m 4 1)ag, 4y — azmia)w®™ ™ +

ceey

where f~! = g. We denote the class of m-fold symmetric bi-univalent functions by
Yim- For m = 1, the class 3, coincides with 3. Various examples of m-fold symmetric

1—zm 1—zm

1
mo\ 1, (14zm\™
bi-univalent functions are ( : > ,[—log(1 — zm)]vln,2log( tz ) , with

m E m % ’LU"’L %
the corresponding inverse functions <1 :_me> ’(eew,;l) ’<zzum;) . Some
important subclasses of m-fold symmetric bi-univalent functions were studied by a
few researchers including Al-Khafaji [3], Altinkya and Yalcin [5], Bulut [9], Hussain

et al. [15], Ibrahim et al. [16], Sakar and Tasar [34] and Senthil and Keerthi [35].

Getting inspired from the research work mentioned above, now we define a
new and generalized subclass SA @B, (A, B; s,t) of X,,,. This class is a generalization
of many earlier established classes By giving particular values to the parameters
introduced in this class, several known results established by various authors, can
be easily obtained. Each new class and its associated results add to the theoretical
understanding of bi-univalent functions and their geometric properties. Here we
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used the concept of subordination, which provides a powerful and flexible method
to establish various interesting results of the subclasses of univalent and bi-univalent
functions, in the unit disc E. So the class proposed here is very significant and plays
an important role in motivating the other researchers to study some more generalized
subclasses of m-fold symmetric bi-univalent functions. In this paper, we establish the
non-sharp bounds for the Taylor-Maclaurin coefficients such as |a,+1], |a2m+1| and
Fekete-Szegd inequality for the defined class.

Definition 1.1. A function f € X, is said to be in the class ng’ﬁ’"(A,B; s,t) if the
following conditions are satisfied:

G DAPEP | - 0IEFE)P | (LB (A= B =)’
=) ) = Fee) T (G2 - 12 *( 15 B ) |
and

G uld ) (s Dlwg @) (14 [B+ (A= B)1 )’
A=) w) — glaw) T (glow) — g(w))’ *( T+ Bur ) ’

where s,t € C with s A ¢,]t| < 1,0 < a <1, A >0, 0<ﬁ<1 0<n<l1,z€ER,
w € E and g(w) = f~H(w) = w — apmprw™ + (m+ 1)a2 1 — agmpr)w?™H + L

The following particular cases are obvious:
(i) For m = 1, the class ng’ﬁ’"(A, B; s,t) reduces to Sg’a’ﬁ’"(A, B; s, t).
(ii) For m = 1,n = 0, Sg’;"ﬁ’”(A,B;s,t) agrees with Sg’a’ﬁ(A,B;s,t), the class
studied by Singh et al. [44].
(iii) On putting m =1, =0,A=1,s =1,t = -1, ng’ﬁ’"(A, B; s,t) coincides with
M3.(B, a; A, B), the class studied by Singh [38].
(iv) By substituting m =1, =0,n =0,A=1,B = —1, Sg’j’ﬁ’"(A, B; s, t) reduces
to SA(s,t, B), the class studied by Mazi and Opoola [24].
(v) For 0 < v < 1, on putting m = l,a =0,y =0, =1,A=1-2vy,B = —1,
Sg *B1(A, B;s,t) agrees with Sz(s t,7), the class studied by Mazi and Opoola [24].
(Vl) On Substituting A = 1,s = 1,t = 0, = 0,4 = 1,B = —1,a = 0,
ng’ﬂ (A, B; s,t) reduces to ng, the class studied by Altinkya and Yalcin [5].
(vii) By putting A = 1,s = 1,t = 0,n = 00A = 1—-2y,B = —-1l,a = 0,
ng’ﬁ’”(A, B;s,t) reduces to Sy, , the class studied by Altinkya and Yalcin [5].
(viii) For A = 1,s = 1,t = 0,9 = 0,A = 1,B = —1,m = 1, Sa*""(A, B;s,t)
coincides with Mx (3, @), the class studied by Li and Wang [23].
(ix) Fr A=1,s=1,t=0,p=0,A=1,B=-1,m=1,a =1, So*""(A,B;s,t)
reduces to Mx(53,1), the class studied by Li and Wang [23].
(x) On Putting A = 1,s = 1,t = 0,n = 0,A = 1,B = —1,m = l,a = 0,
S>‘ *B1(A, B;s,t) agrees with S(), the class studied by Brannan and Taha [].
(Xl)For/\—ls—lt—On—OA—1—27,B——1m—1a—0B—1
S)‘ O“ﬁ"(A B;s,t) reduces to S&(7), the class of bi-starlike functions of order ~
studied by Brannan and Taha [8].
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(xii) For s = 1,t = 0,n = 00A =1-2y,B = -1;m = lL,a = 1,8 = 1,
ng’ﬂ’”(A,B;s,t) reduces to Bx(7,1), the class of bi-convex functions of order =
studied by Li and Wang [23].

(xiii) By substituting A = 1,s = 1,t = 0,9 = 0,4 = 1,B = —1, Sy*""(A, B; 5,1)
agrees with My, (8, a, 1), the class established by Motamednezhad et al. [27].

(xiv) On putting A = 1,s =1,t =0,n =0, A=1-2v,B = —1, Sg’s*ﬁ’"(A,B;s,t)
agrees with Ms, (7, @, 1), the class studied by Motamednezhad et al. [27].

In the sequel, we lay down once for all that s,t € C with s # ¢,[t| < 1,
0<a<,A>20,0<p<1,0<8n<],-1<B<A<L]z€E wekEand
g(w) = F~1 () = 0 — amrw™ £ ((m+1)a2, 1, — dzmen)w?™H + .

For deriving our main results, we need the following lemma:

_ 1+ [B+ (A — B)(1—n)u(z)

Lemma 1.2. [6] If p(z) 1+ Bu(z)

then

=1+ k2, ulz) €U,

pal < (A= B)(L—n),n=>1

2. Coefficient estimates for the function class Sg’j’ﬂ (A, B; s, t)

Theorem 2.1. If f ¢ Sg:f’ﬁ’”(A,B;s,t), then

Bv2(A—B)(1—-n)

el = VA : 2.1)
and
lagmy1] < (14+2am) [/\(57(;4;1’)32((1@)]
+ (A—B)2(1—n)232(m +1) 5 .
21+ am)? [ + 1) - (23222
where

m—+1 _ tm+1 m—+1 _ thrl
A:ﬁ[2(1+2am+am2)(s i

s—t s—t 7)\(m+1))
2m+1_t2m+1

— )+ A(m + 1)((1 + 2am)(2m + 1) 239
+ (A= 1)(m+1)(1 + 2am + am?))] — (8 — 1)(1 + am)? '

s (=)

— (14 2am)(m +1)(2
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Proof. Applying the principle of subordination in Definition 1.1, it yields

BN R KV ) N CR)) (E
(1-a) f(sz) — f(tz) - (fs2) = f(tz))
n)

<1+[B+<A B)(1 - ](u(z))’”)ﬂ
1+ B(u(z))™
= [p(2)])%,u e, (2.4)

and

(-l @ | (s = Dl (@)
g(sw) — g(tw) (g(sw) — g(tw))’
<1+[B+<A B)(1 —n)](v <w>>m>‘*
1+ B(v(w))™
= [g(w))’, v e U, (2.5)

where p(2) = 1 4+ pmz™ + pemz®™ + ... and q(w) = 1 + ¢rw™ + gomw?™ + ...

Expanding (2.4), it takes the form
1+ (1+am) [)\(m +1)— (%)} Amy12™

2m+1 t2m+l

[+ 2am) A+ 1) — (2 g

m m 2 m m —_—
+(1+2am+am2) |:<5+;—;55+1> _ A(m_’_ 1) [s Jt:i +1 B (A 1)2(m+1):|:| a$n+1:|z2m+

-1
= 1+ Bpm=" + [ Bpam + %pfn} R (2.6)
Similarly on expanding (2.5), we obtain
m-+1 tm+1

—(14+am) [)\(m +1) - (587;)} Ay W™

[ - 0+ 2emDen + D) - (TR awn + 0+

m)(1 + 2am)[A2m + 1) - (%)]afm_l + (1 + 2am +
m+1 m 2 m-+1 m+1

am?) [( ) = A 1) [ “‘”émwﬂa,%@ﬂ]wzﬂ--.

pB—-1)

2 2m .
5 qm}w e (2.7)

=1+ Bgnw™ + [qum +

Equating the coefficients of 2™ and z?™ in (2.6), we obtain

(1+am) [)\(m +1) - (smt:imﬂ Um+1 = BPm, (2.8)
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82m+1 _ t2m+l

(14 2am)[A2m+1) — ( )] azm+1 + (14 2am + am?)

s—t
Sm+1 _ tm+1 2 Sm+1 _ tm+1 ()\ _ 1)(m + 1)
Y 1 _ 2 2.9
[( s—1 ) (m+ >|: s—t 2 :| am+1 ( )
-1
Equating the coefficients of w™ and w?™ in (2.7), it gives
Sm+1 _ tm—i—l
—(1+am) {)\(m +1)— (stﬂ A1 = Bm, (2.10)

82m+1 _ t2m+1
— (14 2am) {/\(Qm +1)— (st)] agm+1 + (1 4+ m)(1+ 2am)

82m+1 _ 7«/.Qm—‘,-l
{)\(Zm +1)— ()} az, i1+ (14 2am + am?)

s—t

Sm+1 _ tm+1 2 Sm+1 _ tm+1 ()\ _ 1)(777, + 1)
—_— ] = 1 - 2
[( s —t > (m+ ){ st 2 } Gm+1
-1
= Baam + %qfn. (2.11)
(2.8) and (2.10) together give,
Pm = —Gm.- (2.12)
Further, squaring and adding (2.8) and (2.10), it yields
Sm+1 _ thrl 2
2(1 + am)? {/\(m +1)— <s—t>} az iy = B2(p2, + a)- (2.13)

Adding (2.9) and (2.11), we obtain

{(1 +m)(1 4 2am) {/\(Zm +1) - <32m+;_§2m+1ﬂ +2(1 + 2am + am?)

{ st —tm“)z CAm 1) <sm+::zm+1 (- 1)2(m+1)>} }afnﬂ

= ﬁ(p2m + q2m) + @ (pfn + qfn) .

s—t
(2.14)
Using (2.13) in (2.14), we get

{(1 +m)(1 + 2am) {)\(Qm +1)— (Mﬂ +2(1 + 2am + am?)

Sm—i—l _ tm+l 9 Sm—‘,—l _ t7n+1 ()\ _ 1)(m + 1) 9
{ s—1 ) —)\(m—l—l)( s—1 B 2 )}}amﬂ

gL _yml ))2

(B =11 +am)*(A(m +1) — (*—=

2
am+1.
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Simplifying (2.15), it gives

2
a2,y = T & Gom) (p%”: Tm) (2.16)

where A is defined in (2.3).
Taking modulus and applying triangle inequality in (2.16), it takes the form

B2(|p2m| + lg2m])

|ami1|® < X : (2.17)
Applying Lemma 1.2 in (2.17), we can easily obtain (2.1).
Now subtracting (2.11) from (2.9), we get
2(1 + 2am) [A2m + 1) — (=" 49,40
—(1+m)(1 + 2am) [A@m +1)— (*%;*)} a2,
g—1
= Bpan — an) + 20 2, g2 (218)
Using (2.12) and (2.13) in (2.18), it gives
2m+1 2m+1
2(1 + 2am)[A(2m + 1) — (222" g, 0
(1 +m)(1 + 2am) [A(zm +1)— (%ﬁ)} B2p2,
= B(p2m — q2m) + — (2.19)
(1+ am)? [A(m + 1) - (== )]
Taking modulus and applying triangle inequality in (2.19), it yields
lasma1] < B(p2m|+]g2m|)
S s 2am) [A@ma1) - (222 )]
5 .
2(14 am)? {)\(m +1) — (7sm+;:§m+l)]
sing Lemma 1.2 in (2.20), the inequality (2.2) can be easily obtained.
Using L 1.2 in (2.20), the i lity (2.2 b ily obtained
O

On putting m = 1, Theorem 2.1 gives the following result:

Remark 2.2. If f ¢ 82’0"5’"(14,3;3,@, then

V/2(A—B)(1—
la| < B+/2( )(1—n)

V/BI2A—aX(s+t—X)+25t)+2a((s2+4st+t2) —6A(s+t—N))] = (B—1)(1+a)2 (2A—s—1)2’

and
B(A—B)(1—n) (A - B)*(1—n)*p
14+2a)(BN—s2 —st—t2)  (1+a)2(2X — s —t)%’

las| <
(

By substituting m = 1,7 = 0 in Theorem 2.1, it gives the following result due
to Singh et al. [44]:
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Remark 2.3. If f ¢ Sg’a’B(A,B;s,t), then
la] < B\/2(A—B)

VBI2A—aX(s+t—X)+25t)+2a((s2+4st+t2) —6A(s+t— X)) = (B—1)(1+a)2 (2A—s—1)2’

and
B(A - B) (A - B)*p?
142a)(BN—s2 —st—t2)  (1+a)2(2X —s—t)%’

las| <
(
Form=1n=0,A=1,s =1,t = —1, Theorem 2.1 gives the following result
due to Singh [38]:

Remark 2.4. If f € M5 (5, o; A, B), then

g < OVA—TD
~ V2((1+)? - pa?)

b

and
B*(A-B)*> B(A-DB)

< .
sl < e Y 211 20)

By substitutingm =1, =0,7=0,4A =1, B = —1 in Theorem 2.1, it gives the
following result due to Mazi and Opoola [24]:

Remark 2.5. If f € S(s,t,3), then

jas] < 2 ,
VOX—4X(s+t—A+1)+2st)3— (B—1)(2A —s — )2
and
28 4p°
L Y W s Sl oy w4

By putting m =1,a=0,n=0,8=1,A=1—2vy,B = —1 in Theorem 2.1, the
following result due to Mazi and Opoola [24], is obvious:

Remark 2.6. If f € S(s,t,7), then

2(1—7)
<
ja] = \/3)\—2)\(s+t—)\—|—1)+st’

and

21 —1) A1 —9)°
(BN —s2—t2—st)  (2A—s—1)2"

For A =1,s =1t =0,a0a =0,n =0,A =1,B = —1, Theorem 2.1 yields the
following result due to Altinkya and Yalcin [5]:

laz| <
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Remark 2.7. If f € ng, then

and

On putting A = 1,s = 1,t = 0,a=0n=0,=1A=1-2v,B = -1
in Theorem 2.1, the following result due to Altinkya and Yalcin [5], can be easily
obtained:

Remark 2.8. If f € S5, , then

2(1 —
lamst| < M,
m

and

1— 2(m+1)(1 —v)?
ol < 10 4 2m D=

m2

For A=1,s=1,t=0,a=0,n=0,m=1,A=1,B = —1, Theorem 2.1 yields
the following result due to Brannan and Taha [8]:

Remark 2.9. If f € S(5), then

2
lasl < —2—,
8+1
and
las| < 48 + B.

By substituting A=1,s=1,t=0,a=0,n=0m=1,=1,A=1-2y,B =
—1, Theorem 2.1 agrees with the following result due to Brannan and Taha [8]:

Remark 2.10. If f € S5(v), then

\a2| S V 2(1 _’7)7
and

lag| <4(1—7)* + (1 —7).
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3. Fekete-Szego inequality for the function class Sg’j’ﬁ (A, B; s,t)

Theorem 3.1. If f € ng’ﬁ’"(A,B; s,t), then

B(1—n)(A— B)
(1+ 2am)[A(2m + 1) — (=2 ]
1

if 0 < |l(p)] <

s2m+1_g2m+1

2(1+ 2am)[A(2m + 1) — ( —

Aom+1 — Py | < s
268(1 —n)(A = B)[l(1)],

) 1
if |l(/1')| > 2(1 —|—204m) [/\(2m+ 1) — (szm+;:§2m+1)]
(3.1)
where
m+l
Up) = w, (3.2)

and A is defined in (2.3).

Proof. Using (2.13) in (2.17), we have

ﬂ(p2m7q2m) <m+1> 9
A2m+1 = ST gty T At 3.3
T 91+ 2am) [A2m £ 1) — (=] 2 e (33

s—t
Making use of (2.16) and (3.3), it yields

B(me — QQm)
2(1 4 2am) [)\(2771 +1) - (M)]

s—t

+<m+1_u> [%ﬂm)}

2 —
a2m+1 — M1 =

2 A

where A is defined in (2.3).
Further, (3.4) can be expressed as
_ 2 — 1
A2m+1 — UGy ﬂ{ (l(ﬂ) + 21+ 20m) |:>\(2m+1)_<52'm+1_t2m+1 )] ) Pam

s—t

1
+ (l(,u) - 2(1 + 2am) [)\(2771 Y1) (82m+1_t2m+1)} ) q2m}7 (3.4)

s—t

where [() is defined in (3.2).
Taking modulus and applying triangle inequality in (3.4), we obtain

— ] < 81 |
|a2m 1 .Uam+1|_/8 (N)"‘2(1+2am)[/\(2m+1)7(52m+1s:22m+1)] ‘p2m|

1
2(1+ 2am)[A(2m +1) — (M)]

s—t

Up) —

@2ml]. (35)
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Using Lemma 1.2, (3.5) yields

i1 — a2 <B(1l—-n(A-B ’ 1 ’
|azm1 = pa | < B = n)( )[l(,u) + 2(142am) [A(2m41)— (L =2mil ) |
1
+’z _ __ . 3.6
(k) 2(1+ 2am) [A(2m + 1) — (£ =27)] } (3.6)
< 1
For 0 < Ji(u)] < 2(1+2am) | A(2m+1)— (=2 |7
1-n)(A-B)
ot — . 1| < all . 3.7
| 2m+1 2 m+1| = (1 —|—2am) P\(2m+ 1) _ (82m+;:§2m+1)] ( )
F > 1
or [1(w)] 2 2(1+20m) [A(@m+1)— (£ =2 ) |2
|azm1 — pag, 1| < 28(1 = n)(A = B)|i(p)]. (3-8)
The proof of Theorem 3.1 is obvious from (3.7) and (3.8).
0

For m = 1, Theorem 3.1 yields the following result:

Remark 3.2. If f € Sg’a’ﬁ’"(A,B;s,t), then

B(1-n)(A-B) : 1
o (prere)] 1O MW < S o )

_ na?l <
IS s B> e,
where 501 )
_ —H
l(/u’) - Al )

and A; is given by
A1 =B2(143a)(s+t)(s+t—2X) = 2(1 +20)(s* + st + %) + 2A(3(1 + 2a) + 2(X —
1)(1+ 3a))]
—(B-1(1+a)?[2x— (s +1)]°. (3.9)
On putting m = 1,7 = 0 in Theorem 3.1, the following result can be easily
obtained:

Remark 3.3. If f € Sg’a”@(A,B;s,t), then

B(A—B) F0< 1l 1
las — HG§| < (1+2a) [3>\—(52+st+t2>] » O )] < 2(1+2(¥)[3)\—(82+st+t2)} )
= 2804 - B)li), )] 2 S T )]
where a1 )
A S )
W) =—47

and A is defined in (3.9).
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By substitutingm = 1,7 =0,A=1,s = 1,t = —1 in Theorem 3.1, the following
result is obvious:

Remark 3.4. If f € M$(5,o; A, B), then

B(A-B) i T
las — pad| < | 209700 0 < 1] < arrezay,
268(A =B, if 1)l > 724

where
B —p)
481 +2a) —4(8 - 1)(1 + )2’
Forn=0,A=1,s=1,t=0,A=1,B=—1,a =0, Theorem 3.1 agrees with
the following result:

() =

Remark 3.5. If f € Szﬁ:m, then

28 if 0 <|l(u)| < &
|agmi1 — paj, | < S 2™ . m?
i 4Bli(w)l, i ll(p)| = 1,

where

B — )
ﬁ[2+2m+2m2] -m2(B—1)

W) =

Form=1n=0A=1s=1,t=0A4A=1B = —1,aa = 0, Theorem 3.1
coincides with the following result:

Remark 3.6. If f € S5(5), then

~ 4Bl ()] >

where
BA—p)

W) = 511
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Properties of some univalent functions associated
with balloon-shaped domain

Trailokya Panigrahi () and Shiba Prasad Dhal

Abstract. This paper introduces a novel subclass of analytic functions defined by
the product of a modified sigmoid function and the lemniscate Bernoulli func-
tion. We initiate the study by deriving initial coefficient bounds for functions
within this subclass, followed by an investigation into several key analytic prop-
erties. Specifically, we establish the Fekete—Szeg6 inequality and analyze Hankel
determinants of various orders. Furthermore, the study provides estimates for the
logarithmic coefficients and establishes bounds for both the inverse coefficients
and the logarithmic inverse coefficients of functions in the subclass. This compre-
hensive analysis offers a significant contribution to the theory of analytic function
subclasses associated with the products of special functions.

Mathematics Subject Classification (2010): 30C45, 30C50, 30C55.

Keywords: Analytic functions, univalent functions, Fekete-Szeg6 inequality, Han-
kel determinants, logarithmic coefficients, logarithmic inverse coefficients.

1. Introduction

Let A denote the class of analytic functions f in the unit disk D ={z € C: |z| < 1}
normalized by f(0) =0 = f'(0)—1. If f € A, then f has the following representation:

fz)=z+ Z anz". (1.1)

Let S denote the class of all univalent (i.e., one-to-one) functions in A. For given
analytic functions f and g in D, we say f is subordinate to g in D and write f < g if
there exists an analytic function w with the property w(0) = 0 and |w(z)| < 1 such
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that f(z) = g(w(z)), (z € D). Moreover, if the function g is univalent in D, then f < g
if and only if f(0) = ¢g(0) and f(D) C g(D). A function f € A is called starlike (convex
respectively) if f(D) is starlike with respect to the origin (convex respectively). Let
S* and C denote the class of starlike and convex functions in S respectively. It is well
known that a function f € A is in §* if and only if

Re <Z;(S)) >0, forzeD.

Similarly, a function f € A is in C if and only if
2f"(2)
f'(2)
From the above it is easy to see that f € C if and only if zf' € S*. Given « €

(—7/2,m/2) and g € S*, a function f € A is said to be close-to-convex with argument
« and with respect to g if

Re(1+ >>0, for z € D.

!/
Re (emzf(z)) >0 forzeD. (1.2)
9(2)
Using the notion of subordination between two analytic functions, Ma and Minda
[19] introduced the more general class S*(¢) by

zh/(z)
(@) :=4h :
@)= {nea: T <o},
where ¢ is a regular function with a positive real part in D, with ¢(0) = 1 and

@'(0) > 0. In addition, the function ¢ maps ID onto a star-shaped region with respect
to ¢(0) =1 and is symmetric with respect to the real axis. Varying the function ¢ we
can obtain several familiar subclasses of the class $*(¢), and for details see [16] and
references within.

The classic Fekete-Szegtd problem [11] involves finding the exact limits of the
functional |a3 — pa3| for a compact-function family or f € A with any u € C; for
further details, one may refer to [27].

Pommerenke provided the following Hankel determinant in [21],[22], denoted by
Hgn(f), which contains the coefficients of a function f € S:

2% Ap+1 - Gp+tq—1
Gn+1 An42 ¢ An4q
Hq,n(f) = : : ., : )
An+4q—1 Qntq " (An42¢-2

with ¢,n € N:= {1,2,...}. Therefore, by altering the parameters ¢ and n we obtain
the following Hankel determinants:

Han(f) =

1 a9
az as

a2 ag

2
= Q204 — Q4.
as ay 204 3

That denote the first and the second order Hankel determinants. There are a few
references in the literature to the Hankel determinant for functions in the general
family S. The best-known sharp inequality for the function f € S is Ha ,(f) < k/n,
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where « is a constant, and it is due to Hayman ([12] Theorem 1). Additionally, for
the class S, it was found in [20] that

11
[H22(f)] <k, where 1§/€§§:3.66....

The precise bounds of Hankel determinants for a given family of functions have piqued
the interest of several mathematicians. For the three well-known subfamilies of the
set S that are C, §*, and R (convex, starlike, and functions of a bounded turning,
respectively), Janteng et al. ([13],[14]) computed the sharp bounds [Hz2(f)|. These
bounds are provided by

1

3’ for f €C,
[Hoo(f)| < {1, for feS*,

4

§, forfE'R.

Moreover, the sharp bounds of this determinant for a few subclasses S* and K were
found in [17] and subsequently studied in [9]. This problem was solved for various
families of bi-univalent functions in [2, 4, 15]. The logarithmic coefficients of f € S
are defined by

1og@ = Zivnz"l, (1.3)
n=1

where -, are known as the logarithmic coefficients. The logarithmic coefficients ~,, play
a central role in the theory of univalent functions. Very few exact upper bounds for v,
seem to have been established. The significance of this problem in the context of the
Bieberbach conjecture was pointed out by Milin in his conjecture. Milin conjectured
that for f € S and n > 2,

n m 1

> (’ﬁl%l2 - k) <0, (1.4)
m=1k=1

which led de Branges, by proving this conjecture, to the proof of the Bieberbach

conjecture [6]. More attention has been given to the results in an average sense [7, 8]

than the exact upper bounds for |y,|. For the Koebe function k(z) = e the

logarithmic coefficients are v, = % Since the Koebe function k(z) plays the role of
extremal function for most of the extremal problems in the class S, it is expected that
7| < % holds for functions in S. But this is not true in general, even in order of
magnitude. Indeed, there exists a bounded function f in the class S with logarithmic
coefficients v,, # O(n=°83) ([7], Theorem 8.4)). Now equating the coefficients of (1.3)
we obtain

as 1 a3 1 +1 3
= = = — | ag — — = — | a4 — asQ —Q
71 9 V2 5 3 ) V3 5 | 44 203 T 302 |,

1 1 1
"=3 (a5 — agay — iag + azaz — 4a§> . (1.5)
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The famous Koebe 1/4-theorem ensures that, for each univalent function f defined
in I, its inverse f~! exists at least on a disc of radius 1/4 with Taylor’s series of the
form representation

fH(w) = w + how? + haw® + hyw + -+ (1.6)
Using the representation f(f~!(w)) = w, we obtain
ho = —as, hz = —az+ 2a§, hy = —ay4 + Hasasz — 5a§,
hs = —as + 6agay — 21a3as + 3a3 + 14aj. (1.7)

In 1959, Sakaguchi [26] introduced the class of starlike functions with respect to
symmetric points as:

S;::{feS:%<]m>>O;zeD}.

These functions are also known as Sakaguchi functions which are close-to-convex as

well as univalent. In 2004, making use of subordination between two analytic functions
Ravichandran [24] introduced a unified class S¥(¢) as follows:

22f(z)
f(z) = f(=2)

where ¢(z) =1+ >, D,z" is univalent starlike function with respect to 1 which
maps D onto a symmetric region with respect to real axis in the right half plane.
A good amount of literature is available for finding the upper bounds of coefficient
functional for several subclasses of the class S¥. For details see [16] and reference
within. Motivated by aforementioned works, we introduce the following subclass.

S§(¢)={f68: <(Z)(z);z€]D)}7

Definition 1.1. A function f € A given by (1.1) is said to be in the class S% if the
below condition holds true:

f(z) —rf(—==2) 14+e?’ (1.8)

Provided the denominator f(z) —rf(—z) # 0.

Si':{fGS: U+r)zfiz) 2 1+z'z€D}.

e Starlike Functions (S?): By setting 7 = 0, the denominator simplifies to f(z)
and the scaling factor (1 + r) becomes unity. This reduces the condition to the cor-
nerstone of geometric function theory:

zf'(z)  2v/1+z
= )
fG) e
In this state, the function maps the unit disk onto a domain that is starlike with
respect to the origin.
e Sakaguchi-Type Functions (S}): By setting 7 = 1, the expression transforms
into the functional defined by Sakaguchi:

22f'(2) - 2v1+ 2z
fR)=f(=2) 14e*’

z € D.

z € D.




Properties of some univalent functions 239

Functions satisfying this condition are known as starlike with respect to symmetric
points.

Next, we need to demonstrate that the chosen class is well-defined and non-
empty. Additionally, the class is characterized by the product of a sigmoid function
and a Bernoulli-shaped domain. It is symmetric with respect to the origin and satisfies
the Ma-Minda condition.

Remark 1.2. (i) Note that p(z) := 2¥2EZ is chosen correctly, because p(0) = 1 and

1+e—=
p'(2) = %, hence p’(0) = 1 # 0. Also, we can see in the Figure la that

2p'(2) o 2p'(2)
P —p0) (s -1
CRel-— (2e7%z24+3e % 4+1)z
- (=2v1+z+1+e2)yVI+z(l+e?)

P(z) =Re

>>0,z€ID)7

and using this fact together with p’(0) = 1 # 0 it follows that p(z) = 21+V i"ff is also a

starlike (univalent) function in D and because p(Z) = p(z), z € D, the domain p(D) is
symmetric with respect to the real axis see Figure 1b.

(A) The image of P (re’), (B) The image of p (D)
r €[0,1], t € [0, 27) (Balloon-Shaped Domain)

Ficure 1. Figures for Remark 1.2 (i).

(7i) The class is well chosen if we could prove that it isn’t empty. First, to show
that the class is non-empty for r = 0, take f(z) = z + 0.32%2 + 0.223 € A such that

zf'(z) 0.6z +0.62+ 1.0 L
f(z)  0.222+0.32+1.0°

$(z) =

It can be seen from Figure 2a that the class is non-empty.
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(iii) Now for r = 1 the class is non empty, if we take f(z) = 2+0.3224+0.12% € A
such that

2zf'(z) 0.6z +1.22+20
) — f—2)  02:2+20 7

It can be seen from Figure 2b. That the class is non-empty.

P(z) = e D.

02 04 [\06 08 10 12 14 16 18 20 02 04 08 10 12 14 16 |18 20
—05 —05

—1 -1

(A) The images of ¢ (") (blue) (B) The images of ¢ (e”) (blue)
and p (e'") (red), and p (e") (red),
t € [0,2m), (for r=0) t € [0,2m), (for r=1)

FIGURE 2. Figures for Remark 1.2 (ii) and (iii).

The corresponding extremal function for the defined class is given by
(147)22 (9-5r)2> (14+7)(31—27r)2* (7r? —70r+31)2°

14 3r 16(1+3r)  48(5r+3)(1+3r)  192(5r+3)(1+ 3r)
Now for r = 0 the corresponding extremal function is

9 31 31
_ 2 .3 e 5
Je) =242+ qeatd et et

Now for r = 1 the corresponding extremal function is

Lo 13 Ly

J@) =243+ 67 T 157 ~ 12

In this study we adopt a novel methodology centered on establishing a direct cor-

respondence between the coeflicients of functions within a specific class and those of

their associated Carathéodory functions. In various instances, this framework allows

for the intuitive prediction of precise functional estimates, streamlining the subse-

quent computational process — a characteristic particularly evident within the class

under investigation. By integrating the foundational lemmas with refined analytical

techniques and more rigorous calculus, we have established enhanced bounds, the

majority of which are sharp. The following lemmas serve as the essential theoretical
groundwork required to substantiate these findings.

f) =5+

5.,
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2. Preliminaries

Let us define by P the well-known Carathéodory class i.e., the family of holomorphic
functions d in D that satisfies the condition Red(z) > 0, z € D, and of the form

d(z) =1+ Z dnz", z € D. (2.1)
n=1

We need the following lemmas in order to prove our results.
Lemma 2.1. Let d € P be of the form (2.1).
(i) Then, forn > 1
dal < 2. (2.2)

14+ A
The inequality holds for all n > 1 if and only if d(z) = 1Az Al = 1.

1—A2’
(i) Also, if p > 0 then

2, if 0<p<l,
Atk — pdpdi| < 2max {1;|2u — 1|} = 2.3
Idrrie = ] x {1 20— 1]} {22u —1|, otherwise. (23)
. L . 1+ 2ntk
If 0 < pu < 1, the inequality is sharp for the function d(z) = FpEprE In the other
— Z"
1
cases, the inequality is sharp for the function d(z) = T * Z.
—z

Note that the inequality (2.2) is the well-known result of the Carathéodory
Lemma [5] (see also [23, Corollary 2.3, p. 41] and [7, Carathéodory Lemma, p. 41]).
Inequality (2.3) represents Lemma 2.3 of [25], that for p = 1 was proved in a more
general form in [18, Lemma 1, p. 546]. We emphasize that the inequality (2.3) remains
valid for all u € C as it was proved in [10, Theorem 1]

Lemma 2.2. [3, Lemma 2.2.] If d € P has the form (2.1), then
lad? — Bdydy +vds| < 2(la] + |8 —2a] + |a — B +17]). (2.4)

Lemma 2.3. [1, Lemma 3, p. 66] Let d € P and has the expansion of the form (2.1).
If B €[0,1] with B(2B —1) < D < B, then

|ds — 2Bdydy + Dd3| < 2. (2.5)

3. Coeflicient estimates and Fekete-Szego inequality

In this section, we aim to examine the upper bounds of the first four initial coefficients,
along with the Fekete-Szegd functional |ag — pa3|, for the considered class S7. The
focus is placed on deriving appropriate upper estimates for these coeflicients within
the framework of the class S .
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Theorem 3.1. Let the function f € A be of the form (1.1) belongs to the class ST.
Then

gl < 2ET g < 97T |a|<|(57r—5)(1+7“)|—|—(1+r)(519r+197)
2A=7130 B =160 13y M= 192 (1 + 3r) (5r + 3) ’
227r2 + 10r — 13| + 6349r2 + 3926r + 253 1
< = 3.1
las] < 768 (1 + 3r) (57 + 3) 1 (3.1)

Proof. Tf the function f € A of the form (1.1) belongs to the class ST, then by
Definition 1.1 there exists an analytic function w with w(0) = 0 and |w(z)| < 1,(z €
D) such that

(14+7)zf'(2)  2y/1+w(z)

f)=rf(=2)  1+e
Writing the analytic function w in terms of d € P, that is
14+ w(z)
1—w(z)

To present the transition from the Schwarz function w(z) to the coefficients of the
Carathéodory function d(z) we get

1 1 1 1 1 1
w(z) :idlz + <d2 - d%) 22 + <d§ — *dldg + dg) ZS

(3.2)

d(z) = =14+diz+dy2®>+..., 2€D.

1 1
+<2d4 5thds — 7d3 — d4+ d2d2)z +...,2€D.

Now substituting w(z) in the right-hand side of (3.2) we get

2y/1+ w(z) 1 do  Td?\ 1 17 4
VT 1424 2 “ds — —dydy + —d
11e v +21'Z+(2 32 )7 T 2% 612+192

1 7 7 17 203 7 7 17
—dy — —dydz — —=d3 + —dod? — ——d] ——dydy — —dzdy + —d3d?
+( TN T 3 T ™ T G & T TR Vi
17, , 203 . 1 733
T o101~ 1pp i T 50 Gy ) )20 (3:3)

Expanding the left-hand side of (3.2) in a Maclaurin series with respect to z, we obtain

(A+r)zf'(2) _ (2 (1+3r)) ((2r2+4r+2) as (3r2 —2r —1) a%)z2
fz) —rf(=2) 147 (1+7)° (L+7)?
((51"3 +13r2 + 11r + 3) ay (—r3 —5r2 —Tr — 3) asas n (37‘3 —5r2 41+ 1) ag)zg)
(1+7)° (1+7)° (1+7)°
+((4r4+16r3+247’2+16r+4) as (8r4+12r3—47"2—127"74) ao0y
(1+7r)* (1+r)*
2t 483 41212 + 8r +2) a3 4(r—1 3r+1)(r—1)°
_(r r 7‘4 r )‘IS_ (r )a§a3+(r+ )(7"4 )ag)z‘l—i—---
(1+7) (1+7) (I+7r)
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Comparing the coefficients of (3.3) and (3.4) we get

di (1+r
ay = 21(1(+ 3r))' (3.5)
dy (29r—1)d? 1 297 — 1
a3:42—(64(1+;r)1:4<d2—1((3(1+32)d§). (3.6)
0y — (57r =5)(1+r)d?  3(1+19r) (1 +r)dady N (1+7r) d3. (3.7)
384 (1 + 3r) (5r + 3) 2(1+ 3r) (5r + 3) 2(5r + 3)
(227r% +10r —13)d} (11972 +42r — 1) didy  (137r2 + 82r +5) d3d;
% = T3072(1+3r) (5r+3) | 128(1+37)(5r+3)  64(1+3r) (5r £ 3)
(108072 + 1008r + 216) dj  (—5760r2 — 5376r — 1152) d, 38)
3072 (1 + 3r) (5r + 3) 3072 (1 + 3r) (5r + 3) ‘

Now taking modulus in (3.5) and applying (2.2) of Lemma 2.1 we get bound for |as|.
After that taking modulus on both sides of (3.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |az|. Now taking modulus in (3.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |as|. Now rearranging the terms of a5
we get

K (22772 +10 - 13)d} (11972 +42r — 1) did>  (137r2 + 827 +5) d3)
a5 = — 1

3072(1+3r) (5r +3)  128(113r)(5r+3) | 64(1+3r) (5 +3)

1 3d3
8 (d - mﬂ - (3.9)

Now taking modulus on both sides of (3.9) and applying triangle inequality we get

as| < (227r2 + 10r — 13)d? (11972 +42r — 1) didy (1372 4+ 82r + 5) ds |
“=13072(1+3r) (5r+3)  128(1+3r)(5r+3) | 64(1+3r)(5r+3) |
1 3d2
= |dye — 2. 1
+ 5 16 (3.10)
. f (227r°+10r—13) (119r°+42r—1) (137r°+82r+5) . he fi
Using (2.4) for a = 3073303y B = 1980530 Grrs)0 Y = saaFanras) 0 the first

part of (3.10) and applying (2.3) of Lemma 2.1 for o = 3 in the second part of (3.10)
we get

[227r° + 107 — 13| + 6349,2 4 39267 + 253 1
768 (1 + 3r) (57 + 3) 4

Here we get the desired estimation for |as|. O

las| <

The next theorem gives the bound of Fekete- Szeg6 functional for the class S7.

Theorem 3.2. If f € ST has the form (1.1), then for any complex number p we have
2u(l+r)°  5r—9
(1+3r)?  8(1+3r)|[

1
lag — paj| < 5 max {1;
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Proof. If f € ST, making use of (3.5) and (3.6) we obtain
1 29r -1 (147)p
—paj == |dy — d3. 3.11
a3 Ay =y [ 2 (16(1+3r) + (1+3r)2 )" (3.11)

Taking the modulus on both sides of (3.11) and applying (2.3) of Lemmma 2.1 we
get the desired estimation for this. O

}.

In this section we investigate the upper bound of Hankel determinant of order two for
the functions that belong to the class S .

Theorem 4.1. If the function f € A given by (1.1) belongs to the class S%, then

Letting # = 1 in Theorem 3.2 we obtain the following result.
Corollary 3.3. If f € SI has the form (1.1), then

31r2 +10r + 7

1
las — a3| = [Ha1(f)] < 5 mez {1; S(1+3r)

4. Hankel determinant bounds for the class S.

4464973 4 50245r2 + 167151 + 1927
1536 (1 + 3r)* (5r + 3) '
Proof. From (3.8), (3.9) and (3.10) it follows that
woas o = — < (1170373 + 495572 — 1259r —1—289) d3
12288 (5 + 3) (1 + 3r)

(3593 + 235r% — 117 — 7) dady dzy (1+7)° d3

128 (5r + 3) (1 + 3r)? S 4(1+3r) (5r+3)> 16
Taking modulus and applying triangle inequality in (4.2), we get
(117037 + 495512 — 12597 + 89) 3 (3593 + 235r% — 117 — 7)

2 1 5 d1d>
12288 (57 +3) (1 + 3r) 128 (57 +3) (1 + 3r)
(L+7)*

T I Gri3)®

Making use of Lemmas 2.1, 2.2 in the right-hand side of (4.3) we get
4464973 + 5024512 + 16715r + 1927
1536 (1 + 3r)* (5r + 3) '

Hence we get the desired estimation. g

Moo (f)] < (4.1)

(4.2)

|azay — a3| <

|da|?
d —_ 4.
|d1| + 16 (4.3)

|azas — aj| <

Theorem 4.2. If the function f € A given by (1.1) belongs to the class S%, then
(14 17)[|303r2 + 144r — 7| + (56172 + 432r + 103)]
96 (1 + 3r)* (5r + 3)

|agy — azas| < . (4.4)
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Proof. If f € S} has the form (1.1), using the relations (3.8)—(3.10) we get

(1+7) (303r° + 144r = 7)df  dydy (29r+7) (1+7)  ds(1+7)

192 (57 + 3) (1 + 3r)° 16 (57 + 3) (1 + 3r) 10r +6
(4.5)

ay — a3 =

Considering the modulus on both sides of (4.5) and applying (2.4) of Lemma 2.2 we
get

(1+7)[303r2 + 144r — 7| (1 +7) (56172 + 4327 + 103)
96 (57 + 3) (1 4 3r)* 96 (1 + 3r)> (5r + 3)
(14 7) [|303r2 + 1447 — 7| + (56112 + 432r + 103)]
96 (1 + 3r)> (5r + 3)

Here we obtained the required estimation. O

las — agas| <

5. Logarithmic coefficient estimates for the class S7

In this section, we determine upper bounds estimates for the first four logarithmic
coefficients of the functions f that belong to the class S7.

Theorem 5.1. If f € ST given by (1.1), then

| ‘<M | |<1max 1.%
Tl > 2(1+3T>7 Y2l = 4 ’ 8(1+3T>2 )
147 71r + 33
< — < . 5.1

Proof. Substituting the values of as,a3,a4 and a5 from (3.5)-(3.8) in the relation (1.3)
gives

N 48 . gi) a1 (5.2)
do (9572 +42r +7) d?

rERT ( 128 (1 + 37«)2> ' (5:3)
(147) (94973 + 839r? + 211r + 17) d}  dydy (297 +7) (1 +7)  ds (1 +7)

" 384 (14 3r)° (5 + 3) C32(Br+3)(1+3r)  20r+12°

(5.4)
(7422105 + 1197997 + 800661 + 2679812 + 40651 + 203) df

= 16384 (1 + 3r) (57 + 3)

didy (13817° + 1401r? + 495r +51)  3dyds (17r +7)  7d3 L (5.5)

512 (5r +3) (1 + 3r)° 640r +384 256 ' 16

Now taking modulus in (5.2) and applying (2.2) of Lemma 2.1 we get bound for |].
After that taking modulus on both sides of (5.3) and applying (2.3) of Lemma 2.1 we



246 Trailokya Panigrahi and Shiba Prasad Dhal

get the desired estimation for |yz|. Now taking modulus in (5.4) and applying (2.4)
of Lemma 2.2 we get

(L47) (94973 +839r? + 211r +17) (1 +7) (617r + 583r% + 2151 + 25)

|73| S 3 3
192 (1 + 3r)” (57 + 3) 96 (14 3r)” (5r + 3)
(1+7) (40973 + 587r% + 223r + 29) 14
192 (1 + 3r)% (5r + 3) 2(57 +3)

Here we obtained the desired estimation for |v3]. Now rearranging the terms of v, we
get

oy (742217° 4 119799r* + 800661 + 2679812 + 40651 4 203) B
ne o 16384 (1 + 37)* (57 + 3) !

(138173 + 140172 + 4957 + 51) 31T+ 7) ) <d4 7d5>

16 256
(5.6)

C 512(5r +3) (1+31)° Y2 T 640r + 3847

Now taking modulus on both sides of (5.6) and applying triangle inequality we get

(742217° + 11979974 + 800667° + 2679872 + 40651 + 203) 3

<|d
ful < il 16384 (1 + 3r)" (5r + 3) !
(138173 + 1401r% 4 495r + 51) 3(17r+7) Ll 7o
512 (5r 4 3) (1 + 3r)? Y2 T Ga0r +3847%) T 16| T 1672
(5.7)

After that applying (2.4) of Lemma 2.2 in first part and (2.3) of Lemma 2.1 in (5.7)
we get

3(17r+7) 1 7lr+33
Ml S et 2 = e e
32(5r+3) 8 32(5r+3)

Here we get our desired estimations. O

6. Inverse coefficient bounds for the class S

In this section, we will estimate the upper bounds of the first four inverse coefficient
bounds for the function belonging to the class S} .
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Theorem 6.1. If f € ST is given by (1.1) and its inverse f~1 has the form (1.6), then

1+7r

hal < , 6.1

ol < 5L (5.0
1 4712 + 42 2

|hs| < = maz 1;77“—1——7"—1;3 (6.2)
2 8(1+ 3r)

(14 7) (490513 + 560772 + 25831 + 633 + |74113 + 108372 + 315 — 59))

|h4| < 3 ’
96 (14 3r)” (5r + 3)
(6.3)
hal < 137124715 + 7333897 + 5630947 + 20213872 + 242997 — 3863
o= 1536 (1 + 3r)* (57 + 3)
2r +1) (19502 4+ 206r +79) 1
(2r+1) ( T r+ ) 9 (6.4)

8 (57 +3) (1+ 3r)° 32°
Proof. Substitute the values of ag, a3, a4 and as from (3.5)-(3.8) into (1.7) we get

7d1 (1+7‘)

he === (6:5)
119r2 +90r +31) d}  ds
.= 64 (1 + 3r)° = Y (6.6)
by = — (1+7) | (4119r% +46417° +1881r +335) d?  dydy (697 + 31) Lds
(5r +3) 192 (1 4 3r)® 16 (1 + 3r) 2
(6.7)
~ (9066097° + 20789317* + 20133547 + 9911422 + 2501651 + 28727) di
o 12288 (1 + 3r)* (5r + 3)
d3dy (14793 4+ 2269r2 + 1305r + 259)  dids (233r% 4 274r 4 101)
- 64 (57 + 3) (1 + 3r)> 64 (51 +3) (1 + 3r)
27d3  dy
1282 8 (6:8)

Now taking modulus in (6.5) and applying (2.2) of Lemma 2.1 we get bound for |hs|.
After that taking modulus on both sides of (6.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |hg|. Now taking modulus in (6.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |h4|. Now rearranging the terms of hs
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we get

. ( (906609r° + 20789317+ 4 201335413 + 99114212 + 2501657 + 28727) di
5 =

12288 (1 4 3r)* (57 + 3)

drdy (147973 4 2269r2 + 1305 + 259)  ds (233r% + 274r + 101)
64 (5r +3) (1 + 3r) 64 (57 +3) (14 3r) !

1 27
. <d4 : 16@). 69)

Now taking modulus on both sides of (6.9) and applying triangle inequality we get

(9066097 + 20789317* 4 201335413 + 991142r2 + 2501657 + 28727) d3
12288 (1 4 3r)* (57 + 3)
dids (147973 + 226912 4 13057 + 259)  d3 (23372 + 274r 4 101)
64 (57 +3) (1 + 3r) 64 (57 + 3) (14 3r)

27
@fﬁg

|hs| <

||

1
+ =

5 . (6.10)

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (6.10)
we obtain

137124775 + 733389r4 + 56309473 + 20213872 + 242997 — 3863

] < 1536 (1 + 3r)" (5r + 3)
(2r + 1) (195r2 + 2061 + 79) N 19
8 (57 +3) (1+3r)° 32
Hence the Theorem 6.1 is proved. O

7. Logarithmic inverse coefficient bounds for the class S!

Coefficient problems represent a fundamental aspect of geometric function theory,
offering a bridge between the analytic characterization of a function and its geo-
metric properties. In particular, the study of logarithmic coefficients ~,, has gained
prominence due to their utility in sharp growth estimates and their historical role in
the development of the Milin and de Branges theorems. While the standard Taylor-
Maclaurin coefficients a,, and the associated Fekete-Szegt functionals have been exten-
sively documented for the class S}, the corresponding logarithmic inverse coefficients
remain comparatively less explored. Let f € S” and let f~! be the inverse function
defined in a neighborhood of the origin. The logarithmic inverse coefficients I';, are
generated by the following series expansion:

log (f;}(ug) = 2i Caw”,  Jw| < p. (7.1)
n=1
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where p > 1/4 denotes the radius of the Bloch disk. Differentiating and using (1.7),
we obtain

1 1 3 1 5
Py=—ghs, To=—chs+ Zh%, Ts = —5ha + 2hohs — §h§7

1 5 15, 5 5 35,
I'y= 2h5 + 2h2h4 5 h2h3 + 4h2h3 + 3 h2- (72)

In this section, we provide a systematic investigation into this problem, establishing
upper bounds for the initial four coefficients |I'1], |T'2], |I's| and |T'4|.

Theorem 7.1. If f € ST given by (1.1), then

1+47r) 1 23r? — 6r — 1 1+
<l Tl <= 1;
| 1'-2(1+3r)’ P < gmaz o 15 8(1+30° |[ | 3'-2(5r+3)’
T1lr 4+ 33
Ty < 0 2% .
| 4'*32(5r+3) (73)

Proof. Substituting the values of hg,hs,hy and hs from (1.7) in the relation (7.2) gives

dy (1 + ’I“)
=" 7.4
a1+ 30 (7.4)
dy (9572 +42r+7)d} 1 (95r2 +42r +7) ,
Ih=—— S— =—|dy— —di (7.5)
8 128 (1 + 3r) 8 16 (14 3r)
o (L+7) (9497° +839r% + 211r +17) d}  dydy (297 +7) (1 +7) | ds(1+7)
3 384 (1 + 3r)° (57 + 3) 32(5r +3)(1+3r)  20r+12°
(7.6)
(7422105 + 1197991 + 800661 + 267981 + 4065 + 203) df
e 16384 (1 + 3r)* (57 + 3) '
dod? (138173 + 1401r2 + 495r + 51)  3dyds (177 +7) L 7d3 (77

512 (5r +3) (1 + 3r)° 640r +384 ' 16 256

Now taking modulus in (7.4) and applying (2.2) of Lemma 2.1 we get bound for |T'y].
After that taking modulus on both sides of (7.5) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |T's|. Now taking modulus in (7.6) and applying (2.4)
of Lemma (2.2) we get

(1+7) (94973 + 83972 + 211r + 17) (1 +7r) (617r® 4 583r% + 2151 + 25)

T3] < 3 3
192 (1 + 3r)” (57 + 3) 96 (14 3r)" (5r +3)
(1+7) (40973 + 587r% + 223r + 29) 14
192 (14 3r)° (5r + 3) 2(5r +3)

Here we get the desired estimation for |T's|. Now rearranging the terms of T'y we get
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Iy = —dy < (7422175 4 119799r* + 800661° + 2679872 4 4065 + 203) d}
16384 (1 + 3r)* (51 + 3)
 dydy (1381r% + 140172 + 4951 +51)  3dy (17r + 7)) 1 (d - 7d2>
512 (57 + 3) (1 + 3r)° 640r + 384 ! )

16 16

(7.8)
Now taking modulus on both sides of (7.8) and applying triangle inequality we get

(7422175 + 1197991 + 800667 4 26798+ + 40651 + 203) d?
16384 (1 + 3r)* (51 + 3)
didy (138173 + 1401r% + 4957 + 51)  3ds (17r +7)
- 512 (57 + 3) (1 + 3r)° 6407 + 384

Iy <|d4]

1
16| *

7
—d2|.
16 2

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (7.9)
we obtain
742217r° 4 119799r* + 8006673 + 2679872 4 40657 + 203
4096 (1 + 3r)* (5 + 3)
N 12464375 + 214521r* 4 14780673 + 5048272 + 8751r + 613
2048 (1 + 3r)* (57 + 3)
N 205261r° + 3739117* + 2671387° 4 95726r2 + 17217r + 1259 1
4096 (1 + 3r)* (57 + 3)
317r+7) 1 Tlr+33

T 3206r+3) 8 32(r+3)

Hence we get our required estimations for Theorem 7.1. g

IT4| <

Concluding remarks

In this paper, we successfully introduced and comprehensively investigated a novel
subclass of analytic functions uniquely defined through the product of a modified
sigmoid function and the lemniscate Bernoulli function. Our systematic analysis began
by establishing precise initial coefficient bounds for functions belonging to this new
subclass.

Furthermore, we rigorously explored several critical analytic characteristics. Key
findings include the establishment of the Fekete—Szegt inequality, alongside a thorough
analysis of Hankel determinants of various orders, which provides valuable insight
into the coefficient variability. We also successfully derived important estimates for
the logarithmic coefficients and determined significant bounds for both the inverse
coefficients and their corresponding logarithmic inverse coefficients.
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Collectively, the results presented here offer a significant and substantial
contribution to the field of geometric function theory. They not only deepen the
understanding of coefficient problems within this novel class but also enrich the
broader theory of analytic function subclasses associated with the products of special
functions. The methods and findings lay a strong foundation for future research,
particularly in exploring other differential and integral operators in conjunction with
functions defined by similar special functional products.
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Abstract. This paper investigates certain topological properties of the set of all
global solutions for a class of nonlinear ¥-Caputo fractional Langevin equations.
The nonlinearity, defined on an infinite-dimensional Banach space, is assumed
to satisfy Nagumo-type growth conditions. An Aronszajn-type result is estab-
lished using the nonlinear alternative for condensing operators, combined with
the Browder—Gupta method. An illustrative example is provided to support the
theoretical findings.
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1. Introduction

The theory of fractional differential equations is widely recognized for its extensive
applications across numerous scientific disciplines. As a result, it has attracted signif-
icant interest from the mathematical community [14]. Over time, various definitions
of fractional derivatives and integral operators have been proposed [24], each pos-
sessing distinct characteristics and properties. A recent development in this field is
the emergence of “fractional calculus with respect to functions” [3], which has proven
useful in modeling real-world phenomena. This type of operator appears in several
contexts, including anomalous diffusion processes such as ultra-slow diffusion [16],
random walks [12], financial crises [21], the Verhulst model [7], and the Heston model
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[6]. Accordingly, much research has focused on exploring both qualitative and quanti-
tative properties of solutions to differential problems involving fractional derivatives
with respect to functions [26, 27].

The Langevin model plays a crucial role in illustrating the interaction between
particles and their surrounding medium, as well as the stochastic forces or fluctuations
responsible for their irregular motion. However, the model’s dependence on a specific
relationship between a particle’s position and velocity has led to the development of
the fractional Langevin model, which better captures anomalous diffusion phenomena
[15]. Additionally, certain real-world processes are more accurately described by sys-
tems with coupled randomness. For instance, in epidemiology, the migration of birds
from different parts of the world can introduce infectious diseases, with transmission
rates increasing as migratory birds converge. Such scenarios necessitate accounting for
random disturbances. While these motivation-driven models offer strong explanatory
power, the complexity of the corresponding mathematical formulations can pose sig-
nificant challenges, particularly in analyzing the existence of solutions. Consequently,
the study of qualitative properties for nonlinear -Caputo Langevin equations has
gained increasing importance.

In a recent study, the authors of [27] investigated certain quantitative aspects
of the problem using Banach’s contraction principle (equipped with a Bielecki-type
norm) and fixed-point principles for convex-power condensing operators. Their analy-
sis was conducted under the assumption that the nonlinearity satisfies a Nagumo-type
growth condition in an infinite-dimensional Banach space. Building upon this founda-
tion, the present manuscript seeks to advance the previous work by providing a new
qualitative analysis of the following nonlinear fractional Langevin equation involving
the ¥-Caputo fractional derivative (FD).

oY W o—1;9 T — T = [a
(“PIY +w D) a(t) = Wt (1), te Ji=[ab], W
7' (a) = z(a) = 0,

where 1 < 0 < 2, CD:j:b and ‘DY, 1% represents the 1-Caputo FD of order o and
o — 1, respectively, 1,4’ are positive functions, W : J x F — F is a given function
specified later, (F, || - ||) be an arbitrary Banach space and w > 0.

It is important to note that when the conditions ensuring the existence of so-
lutions for the system under consideration do not guarantee uniqueness, it becomes
necessary to explore the topological properties of the solution set. In particular, in-
vestigating the topological structure, such as acyclicity, compactness, and the Rg-
property (see Definition 2.10), is a central aspect of the qualitative theory of integral
and differential equations and inclusions, due to its broad applicability [4, 28]. Notably,
the Rs-property plays a key role in demonstrating the invariance of the reachability
set under nonlinear perturbations within the framework of control systems [11].

A distinctive feature of our investigation lies in the following key contributions:

(1) Establishing sufficient conditions under which problem (1.1) admits a unique
solution.
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(2) Proving a new Aronszajn-type result that addresses an open question related to
fractional Langevin equations in a general framework, specifically, when the non-
linearity operates in an arbitrary Banach space. This result is obtained by com-
bining the nonlinear alternative for condensing maps with the Browder—-Gupta
approach.

(3) In contrast to the approaches in [2, 27], we utilize an a priori estimation technique
to prove the compactness and Rs property of the global solution set, thereby
extending, refining, and generalizing these previous findings.

The remainder of this paper is organized as follows: Section 2 collects preliminary
material necessary for the developments that follow. Section 3 addresses contributions
(1) and (2). Finally, illustrative examples are presented to support and demonstrate
the applicability of our main results.

2. Preliminary results

In what follows, we equip the space C(J,F) of continuous functions f : J — F with
the supnorm

[flloo = sup lf(#)[|, for all f € C(J,F).
teJ

Consider the space Lﬁ(J, F) (1 < 8 < o0) of Bochner-integrable functions z on J

with the norm
1

b 7
£ e = (/ ¢'(S)|f(8)||ﬁd5> : (2.1)
If 4 (t) =t the space Lﬁ(J, FF) coincides with the usual L?(J,F).
Define
LL(JR) = {3 : € CY(JR), 0 <y'(t) for te J}.

For t,s € J, (s < t), and ¢ € L (J,R) we pose

o(t,5)” = (¥(t) —(s))”  with o(t, s) =(t) —1(s).
Definition 2.1. [14, 3] Let o > 0. The v-fractional integral (FI) of order o of an

integrable function z is given by

t
Igf’z(t) = I‘(lg)/ o(t, )1/ (s)z(s)ds, € ]L},_(J, R), and t > a,

where T'(+) is the well-known gamma function.
Lemma 2.2. [14, 3] For o,a > 0, one has

(e)o(t, a)7
I'(oc+a)

(22 ols,)2") (1) =
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Definition 2.3. [3] Let ¢ € L1 (J,R) and n — 1 < ¢ < n with n € N. The 1-Caputo
FD of a n-times continuously differentiable function z of order o is given as

(cpgr/’z) (t) =T ( w,l(t) jt) 2(b).

Definition 2.4. [5] The Kuratowski measure of noncompactness (MNC) s of a bounded
set V in a Banach space F is defined as:

¢(U) ::inf{5>0:U:UUi and diam(Ui)SEforlgign}.

i=1
Lemma 2.5. [5, 17] Let V,U C F be two bounded subsets. Then (-) fulfills

1. V. C U implies that <(V) < ¢(U);

2. ¢(V) =0 if and only if V is relatively compact;

3. ¢(VUU) = max{s(V),<c(U)};

4. ¢(V) = ¢(conv(V)) = ¢(V), where convV and V represent the convexr hull and
the closure of V, respectively;

s(V4+TU) <¢(V) +¢(U), where V+U={v+u:veV,uelU};

¢(dV) = |d|s(V), for any d € R;

7. For any bounded V, there exists a countable set VC V, such that

o o

s(V) <2¢(V).

Lemma 2.6. [13] Let {y,} 12 € L'(J,F) such that ||y,(t)|| < h(t) for almost allt € J,
n>1and h € L*(J,Ry). Then, t = s({yn(t)}123) is integrable and

%< ({/: Yn(r)dr }:i) < /atg({yn(r) o). (2.2)

Lemma 2.7. [9] Let S be a Banach space, and let V. .C S be a bounded and closed
subset. Suppose that & : V — S is a condensing map. Then the operator I — & maps
closed subsets of V onto closed subsets of S, and I — & 1is proper.

Recall that if, for every compact subset U C S, the set (I — &)~ *(U) is compact,
then the continuous map I — & is said to be proper.

Next, we revisit certain concepts from geometric topology [4, 11].

Definition 2.8. A subset B of a Banach space S is called a retract of S if there exists
a continuous map [ : B — S such that f(z) = z, for every z € B.

Definition 2.9. A set B is named contractible if there exists a (continuous) homotopy
H:Bx[0,1] = B and 29 € B such that

(i) H(z,1) = %o, for every z € B.

(ii) H(z,0) = z, for every z € B.
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Definition 2.10. A nonempty compact space € is called an Rgs-set if there exists a
decreasing sequence of compact, eventually nonempty, contractible spaces (€p)men
such that

Crn.
1

c
Il
Y

Lemma 2.11. [11] Let G and F be normed spaces, and let & : F — G be a continuous
map. Then, for every e > 0, there exists a locally Lipschitz map &, : F — G such that

|6(2) — &(2)|| <e, for every z € F.

Theorem 2.12. [8] Let F and S be Banach spaces, and & : F — S a proper map.
Assume that for every e > 0, there exists a proper map &, : F — S such that the
following two conditions hold:

(a) ||8(2) — &(2)]| <€, for all z € F.
(b) For alle > 0 and y € S in a neighborhood of the origin such that ||y]| < €, the
equation B.(z) =y admits exactly one solution z..

Then, & 1(0) is an Rs-set.
Theorem 2.13. [22] Let S be a Banach space, and V. C S be a closed, convex set

containing the origin. Suppose that Z : V — V is a condensing map. Then, one of the
following alternatives holds:

1. Z has a fixed point; or
2. the set K={ax eV :u=_Zz, (€ (0,1)} is unbounded.

The preceding theorem establishes the compactness of the solution set, and its
proof follows the same lines as that of [5, Theorem 1.6.12].
A slight modification of [18, Theorem 1] yields the following result:

1 1
Lemma 2.14. Let 0 > 0, p > 1 and q > 1 such that — + — = 1. Assume the following
p q

conditions hold:

(i) ¥ € LY(J,Ry), and A, B, W, f are non-negative continuous functions defined on
J;
(ii) ©: Ry — Ry is a continuous, positive, and non-decreasing function.

If f fulfills the inequality:
t
f@§%®+%®/¢%mw@“m%WU®M&tel

Then,

.m<k*@%mw%@fmwwmﬂw,mi
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where:

Ar(t) =271 sup As)7,

a<s<t
o(b, a)plo—D+1\ 7
3= ( plo—1)+1 ) ’
B1(t) = 3,271 sup B(s)?,
a<s<t
w(2) = /20 [@(rdl:q)}q’ for zp,z >0,

and w™! is the inverse of w.

3. Main results

To give an Aronszajn-type result for problem (1.1), Theorem 2.13 and 2.12 are applied.
Henceforth, the set of all solutions of problem (1.1) will be denoted by ®(J,W).
Assume that:

(H1) The function W € C(J x F,F).
(H2) There exists a real-valued function K € L:/’B(J, R, ) and a constant 8 € (0,0—1)
such that

IW(t, v1) — W(t, vo)|| < K(t)||Jvg —ve||, for each vy,v3 € Fand t € J.

(H3) There exists ¢ € C(J,[0,00)), and nondecreasing continuous functions © :
[0,00) — [0, 00), such that

IW(t,w)|| < o(t)(O(|ul]) + 1), for each t € J and u € F.
(H4) There exists a function A € C(J,R;), such that
sOW(t,U())) < A(t)s(U(t)), for all t € J,
where U is bounded in C(J,F).

For computational convenience, we denote ¢* = sup ¢(t) and A* = sup A(¢).
teJ teJ
3.1. Uniqueness result
This subsection presents the contractibility of ©(J, W), where the classical contraction
principle is applied.

Theorem 3.1. Assume that (H1)-(H2) hold. Additionally, it is supposed that

- |IK
(o~ DIKI (27 .
(0 —B)Zo(b,a)’=7 \o— -1 ’ '

where Z = =D (g — 1). Then, the set ®(J,W) is a singleton in C(J,F). More-

over, D(J, W) is contractible.

(€ w-

Og 1=
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Proof. Invoking [27, Theorem 3.1], we define the operator Z : C(J,F) — C(J,F) b

(Z2)(t) = / (o — 1) (zg;l?wW(T,x(T))) (s)0'(s)ds, ted.  (3.2)

a eWQ(t,S)

Clearly, the set of all solutions to (1.1) coincides with the set of fixed points of the
operator Z. Therefore, it is enough to show that Z is a contraction.

Since % + % — 1, then ¢/(r) = (¢'(7))

equality, we obtain

/¢ )o(s, 7)° 2K (r)dr <(/¢ 3712d7>15</¢ ﬁdr)ﬁ

1_5 s o—p—1
<Kl (A55)  etwar

/=

('(7))"7, using the Holder in-

(3.3)
since e¥2(t%) > 1 for each t € J, we obtain
1 ewo(s,a)

D = ee) < ewelsa) < pweda)  forall ¢ > 5 > a. (3.4)
ewol(t,s ewo(t,a

For all v,z € C(J,FF) and each ¢ € J, by (H2), the relations (3.3) and (3.4) entails
[(Z2)(t) — (Zt)(t)ll

efw;(blva) / (0 —1) </ ¥’ (m)o(s, 7)7 2K (7)||l2(T) —t(7)||d7> ds

I
o—1 1-8 \'7” o1
< o 1T~ tlleo (a—,@—l) a—1 /w o(s,a) ds

< (75%) -
_(J—ﬁ)g(t,a)ﬁ ZE\oc—-B-1 oo

So, one has

122 = Zt]|oc < Upllz — tf|oo-
Therefore, Z is a contraction by virtue of condition (3.1). Applying the Banach
contraction principle, it follows that Z has a unique fixed point, which implies that
D(J,W) = {u}.
Now, we introduce the homotopy H : ®(J, W) x [0,1] — D(J,W) b
l‘(t), te (ava(liﬂ)+bﬂ]a

H(x, ¥ =
S { u(t), t € (a(l —1)+b9,0b].
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In particular,
x

, for 9¥=1,

~

H(z,d) =
u, for 9 =0.

Observe that H(z,\)(:) € D(J, W) for each z € D(J, W) and A € [0, 1], ensuring
that H is well-defined. Our goal now is to prove that H(,-) is contractive. To achieve
this, we begin by establishing its continuity. Let (x,,?,) € D(J, W) x [0,1] be such

that (x,,9,) — (z,9), one has

xn(t)v te (a7 a(l - 1971) + bﬁn}a

H l’n,19n =
( )(®) { i), t € (a(l — ) + b0y, b].

We proceed by considering the following cases:
(i) If lim ¢, =0, it follows that
n—00
H(z,0)(t) =u(t), forall teJ.
Then,
[H (2, In ) (t) — H(z, 9)@)[| < [[H(zn, In) () — H(z, 9)(@)[lja(1-9,)+b0,.,5

| H (2, In) () — H(z, 9) () | (0,0 (1—0,0) +b9.0]

< [u(t) = W)l a(1—0,) 450,05
+||$n<§) - x(t)”[a,a(lfﬁn)%»bﬂn]

S o (t) — 2(0)[a,a(1—0,)+b0,] -
Hence
[H(2n, Un) — H(z,9)|loo < |20 — Tl cos

which tends to 0 when n — oc.
(ii) An analogous argument applies in the case lim ¢, = 1.

n—oo
(iii) If0 < lim ¢, =¥ < 1 with J,, # 0, then, we distinguish between two sub-cases:
n—oo

(1). z, € ©(J,W). This entails that for a <t < a(l —9,) + b,

walt) = (o1 [ 28 (T2 Wi ) (5)ds.
By (H1), for ¢ € J one has
wt) =01 [ L (1 Wi () (5)ds.

(2). If a(1 —9,) + b0, <t <D, it follows that
H(xy, 9,)(t) = u(t) = H(x, 9)(1).
Then
IH(zp, 9p) — H(z,9)||loo =0 as n — oo.

Accordingly, H is continuous, yielding the contractibility of ®(J, W) to the point

u.

O
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3.2. Rs-property of D(J, W)
This subsection establishes the topological structure of ©(J, W).

Theorem 3.2. Assume that (H1) and (H3)-(H4) are fulfilled. Then ©(J, W) is an
Rs-set.

Proof. Let us reintroduce the operator Z as defined in (3.2). For ' > 0, we now
define:

Tr={z e C(J,F) : ||z|lc < T}
The proof of Theorem 3.2 will proceed through several steps.

Step 1 : The continuity of the operator Z.

Let {z,} be a sequence in Ty such that x,, — = when n — oco. Recalling (3.4),
one has

1(Z2n)(t) = (Z2)(1)]]

<72 [ [0t (1) - Wi ) s
< T W () — W ||oo/ Vo) [0 0ats, s
< ZIWCan() = W ||oo/ ¥/ (s)ols, )7 ds

< %%V’HW(.,%(.» — W) e

From the continuity of W, it follows that:
1(Z2n)(t) — (Z2)(1)]| —— 0.

n—oo

Then,
|22 — Z2||c0 —— 0.
n—oo

Consequently, Z is continuous.
Step 2 : Z maps bounded sets of C(J,F) into itself.
Let & € Tr. Using (3.4). Then, for each ¢t € J, one gets
IEnw) <=t / ( | v @ats. 2wt >>||d7> ¥/ (5)ds.

By (H3), for each t € J, one has
IW(r, 2()Il < ¢(N)O([lz(7)I) + ¢(7) < ¢"O([|z]lo0) + " (3.5)

(1]
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So, the relation (3.5) implies

(0 = 1)¢" /1/) /1/) o(s,7)° " 2drds

1)
)+ /w o(s,a)°ds

IN

[(Zz)®)]|

—_
—

_o(e) + 1

< = 9 t,a)’
* T 1 ~
< eI+l (6( H) + )Q(b,a)‘r =1T.
=
Thus,
[Z2]l, <T

Step 3 : The family Z(T7) is equicontinuous in C(J,F).

For every a < t; < ts < b and x € Tr, one obtains
[(Zz)(t2) — (Zz)(t1)]] < O1+ O,

where

olz"‘l/ / ¥ ()ols, 77 2IW(r, a(r))ldrds,

and
1

ewg(tQ,s) ewg t1,s)

Or=(o—-1) [ ¥(s)

a

Using (H3) and (3.5), one gets
O1 < (0_1)¢*(@( ) / / '(/J S 7_ U 2deS

H (I;; SW(r, z(7) ) (s)Hds.

< = W(s)g(s,a)"_lds
= 4
*(©
< ZOBED o130y — oft1,0)7).
Thus,

On the other hand,

o—1 o—1 31 1
0r = (S~ Zaw) |, e

Thus,

Y (s)ds.

|z Wi a(0) (s)]

Oy —— 0. (3.7)

to—t1
It follows from (3.6) and (3.7) that both inequalities are independent of = and tend
to zero as to — t1. Accordingly, Z(Tr) is equicontinuous.
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Step 4 : Z is condensing.

Let Y be a bounded subset of C(J,F), we define the MNC as follows:

1
Su(Y) = sup —¢(Y(t)), for pu>0. (3.8)
teg e

Now, since ¢’ (-)i(-,a)’ "' € L'(J,R), we can choose p such that

2q(p) < 1. (3.9)

where

4A*
q(u) : sup/ Vs)o(s, )77 ds.

E tes

Next, for a countable set {X"} > C Z(Y) one has
X)) <3, (2(Y)) . (3.10)
Then, there exists {z,,};7>5 C Y, such that
X"(t) = (Zan(t)), forn>1,ted (3.11)

After that, from

(Zza)(t) < Z= 1/ / ' (1) 0(s, 7)) 2WI(T, 2, (7))dTY’ (5)ds, (3.12)

SUXM M) =38 ({(Bza)(t) +°°)

By (H4), for a < 7 < s, we get

V() +o0 V)
g({g( (,W<r,xn<r>>} )s A () HS)

877’)2 n=1 9(877)2 7
L A ()er

Q(S 7)2—0 6#({(En(7') Zﬁ)

Using Lemma 2.6, for each t € J, s € [a,t] and 7 < s, one gets
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<{”;1/ / W (7)o(s, 7)7 "2 W(r, 2 (7 ))dw’(s)ds}m)

SM ({zn(r / / WTT);“ Tadﬂp()
SM ({zn(r /¢ / o
C NG [ e

- E o 0(s,a)t=7

Multiplying by exp(—put), one obtains

ilel?@g ({0_1/ / YT )7 2’t(ﬂ9«"n(T))dﬂ//(s)ds}+Oo)

n=1
4A*?u({ﬂfn / Y(s)e )

sup
teJ g(s,a

So, by (3.9), (3.13) and (3.14), we have
G ({(Zz)0}127) < a(w)Su({za(1)}1127)-

Therefore, one has

G{za}2) <6 (Y) S Gu(2(Y)) < 56, ({1X1129).

w\»—‘

By (3.10) and (3.16), we can get

o ({X"15) =0

(3.14)

(3.15)

(3.16)

Then, <, (Y) = 0, which proves the compactness of the set Y. Accordingly, Z is

condensing.

Step 5. The boundedness of set K (see Theorem 2.13 (2)).

Let « € C(J,F) and = pZz for some p € (0,1). Then, x(t) < Zz(t). By

applying Dirichlet’s formula [23] together with (3.4) one obtains

(o) _“*1/¢ ([ St >>||dr)ds

87)2 o

$)IIW (s, x( ||/ ———5—drds
(1,9)

—l 71/)() S, T s
_E/a : W (s, a(s)) | ds.

Qts)l o

A

| /\
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Employing (H3), one gets

1 t
le@l <= / ' ()o(t, 5)716(s) (Ol (s)]]) + 1)ds
o [t Y(s) Lt s)
<L [ iz | crewe s
t d)/
<0 +0 / W()i)_,,¢<s>@<||x<s>||>ds,
where Qy = M and Q1 = é Using Lemma 2.14, we obtain
N R t 1/q
e ()] < [wl (w<Qo> +a [ ¢<s>w'<s>dsﬂ =N, tel
where

s ot '

O.—91-10¢4 O, — 9a—1 q =
QO—Zq Q07 Q) =21 317 1 3p—|:p(0'—1)+1

# —q
w(z) = / [6(21/‘1)] Y/ (s)ds, for zg,z > 0 and w ' is the inverse of w.
Hence, we obtaizrcl)

[#]le <N,

which entails the boundedness of the set K. From Theorem 2.13, we conclude that
D(J, W) is non-empty and compact subset of C'(J,F).

Step 6. ©(J, W) is an Rs-set.
Let 0 < €, < 1 with €, — 0. Using (H1), thanks to Lemma 2.11, there exists
a sequence {W, } of locally Lipschitz functions such that
IWh(t,y) =W(t,y)|| <€, forallyeF andte J (3.17)
From relation (3.17) and (H3). Then

IWa(t,y)ll <1+ 6(6)O(lyll) + ¢(t), neN\{0}
One can define O,, by

I S A O I A G M U
S S A (/ ofs rype rn ) >d’ te(‘;m

Theorem 3.1, together with the local Lipschitz continuity of W, implies that (3.18)
is uniquely solvable.

Let
M(z) = (I — O)(x).
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By Step 4, the approximate operators O,, : C(J,F) — C(J,F) are condensing, which
allows us to define

M, (z) = (I — On)(x)
where each M, is a condensing perturbation of the identity and, by Lemma 2.7,
proper maps.

Now, the relation (3.17) permits the uniform convergence of {M,} to M in
C(J,F).
Invoking (3.4), we get

I, )0 - M@ < T2 [t / YO, (r,2(r)

= o(s,7)2-°

—W(r,x(7))||drds

oc—1
<

o(b,a)’e,, teJ,

[1]

and equation M, (z) = y has a unique solution for all y € C(J,R) as well as (3.18).
Consequently, the assertions of Theorem 2.12 are verified. Therefore, the solution
set M~1(0) is an Rs-set. O

4. Tllustrative examples

In this section we introduce some examples that illustrate our theoretical results.
Consider the Banach space

F=cy={x=(x1,22," ,&n, ) : Tp T)O}
endowed with
[zl = sup |anl.
neN\{0}
Take 9(t) = t. Let us define the function W : J X ¢y — ¢g by
Wit z) = 13(b—a)P—° (b—a)?= tan~(|z,|)
(1 + et)entth(bfa) (1 + et)enter(bfa)

(b—a)’° |n]
(14 et)ent+wb—a) 1 4 |z, n>1
where 7 is a positive constant.

Obviously, the function W is continuous and for any u,v € ¢y and t € J, one
can verify that

2(b—a)’~°
[W(t, 21) = W(t,22)|| < {a +(et)ent)+w(ba) I21 — 22|
2(b—a)P=°

= (1 4 ea)enttw(b—a) 21 = 22]l.
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So, the assumption (H2) fulfills with

2(b—a)P=*
K(t) = L ey e=a for teJ
2~
Now, for 0 < S <o —1, let K* = H1+ —|| , - Choosing a suitable 0 < 8 <o —1
(& LB
and n > 0 large enough, it follows that
Uﬁ < 1.

Therefore, all the conditions of Theorem 3.1 are met. Then, the set of solutions of
(1.1) with W defined by (4.1) is a singleton.

Now, for ¢t € J and = = {z,}, € cp, consider the forcing nonlinearities,

3 4tan1(|z,]) 1
t,z) = . 4.2
wit,z) {13+et+ Bre 2 3t2e ., (4.2)

Clearly, W satisfies (H1). To illustrate (H2), let t € J and « = {x,,}, € Y C ¢o. Then

AL+ ()

<
W)l < =20

< o®)O([l) + o(2)- (4.3)
Then, (H2) is fulfilled with

O(y) =y, forally e Ry, and o) = for all ¢t € J.

et +13
Next, assumption (H3) is fulfilled. Indeed, the Hausdorff MNC x in (cq, | - ||lc,) can
be defined by the formula

x(Y) = lim sup|[(I-Py) x|,

n—oo reY

where Y € P(cp), P, denotes the projection of the first n vectors onto the linear span
in the standard basis (see [5]).

Using (4.3) (see also [25, 26]), and the relationship between the Hausdorff y and
Kuratowski ¢ MNCs, given by the inequality

x(Y) < <(Y) < 2x(Y),
one gets
s W(t, Y (1)) < A(t)s(Y(t)), foreacht e J,
where
20(t) = A(t).

Therefore, all assumptions of Theorem 3.2 are fulfilled, the solution set of (1.1), with
W defined by (4.2), is an Rs-set.
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5. Conclusion

Under Nagumo-type growth conditions, we present novel results concerning the topo-
logical structure of the solution set for nonlinear ¥-Caputo fractional Langevin equa-
tions in Banach spaces. Our approach unfolds in multiple stages: the initial stage
utilizes the classical contraction mapping principle, while the second is grounded in
the nonlinear alternative for condensing operators, incorporating the Browder-Gupta
technique (Theorem 2.12). These findings offer meaningful contributions to the evolv-
ing study of such equations.

Further developments, including periodic solutions and approximate controlla-
bility, will be addressed in a forthcoming work.
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Existence, attractivity and controllability results
for integro-differential equations with state-
dependent delay

Imene Medjadj (%, Abdelkrim Salim (© and Mouffak Benchohra

Abstract. The objective of our research is to investigate the existence, attractiv-
ity and controllability of solutions for integro-differential equations with state-
dependent delays. We employ a fixed point theorem to establish the existence of
these solutions, while also utilizing the concept of measures of noncompactness.
In the last section, we give an example to show that the assumed conditions can
be verified and to illustrate our results.
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1. Introduction

Many branches of sciences such as physics, fluid dynamic, biology and chemistry are
described and characterized by integro-differential equations. The study of integro-
differential systems has captured the interest of many researchers. Grimmer was an
early pioneer in this field, making significant contributions to the understanding of
these complex systems through the use of resolvent operators. His work established
the existence of integro-differential systems and provided critical insights into their
behavior and dynamics, as documented in several of his papers [20, 21]. Resolvent op-
erators are mathematical tools that help analyze the properties of integro-differential
systems by expressing their solutions in terms of initial conditions and input functions.
These operators are particularly useful for examining the stability and controllability
of integro-differential systems. The existence, uniqueness, stability and controllability
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for various integro-differential problem with finite, infinite and state-dependent delay
have been studied by many researchers, see [4, 12, 15, 16, 18|.

In 1930, Kuratowski [25] introduced the notion of a measure of noncompactness,
which has been proven invaluable in functional analysis, particularly in metric fixed
point theory and the theory of operator equations in Banach spaces. Moreover, this
concept plays a crucial role in exploring the existence of solutions across various types
of equations, including ordinary and partial differential equations, as well as integral
and integro-differential equations. More detailed information on this approach can
be found in the works of Akhmerov et al. [2], Benchohra et al. [9, 10, 13, 14, 15],
Banas$ [4, 5, 6, 7].

Controllability theory is essential for understanding the behavior and dynamics
of abstract control systems. Its primary goal is to identify a suitable control function
that can guide the system’s state to a desired final state. Exact controllability refers
to the ability to steer the system precisely to the target state, while approximate con-
trollability involves guiding the system to a neighborhood arbitrarily close to the final
state. Due to the inherent uncertainty or imprecision in real-world systems, approxi-
mate controllability is often more practical and desirable. Over the years, numerous
researchers have examined the approximate or exact controllability of control systems,
resulting in a several published studies [8, 11, 19, 26, 27, 29, 30].

This study is dedicated to demonstrating the existence, attractivity and con-
trollability of the solutions for an integro-differential equation. Our analysis will be
conducted within the Banach space of real functions that are defined, continuous, and
bounded over the real axis R. Specifically, we will address the following problem:

)
2(0) = A2(0) + / B(S — s)z(s)ds + (5, 2.0,
0
) (1.1)
/ C(0,5, 2p(s,2,)) ds),5 € R :=1[0,400),
0

z(6) = w(d), ¢ € (—o0,0],

where (S, |-|) is a real Banach space, ¥ : Rx QxS — $is given function, ¢ : I'xQ — &
is a continuous function with I' = {(6,s) € ® x R,§ < s}, A is the infinitesimal
generator of a Cy-semigroup (Y(d))s>o on I, and B(J) is linear closed operator on
S with D(A) € D(B), w € Q. p: R x Q — R, Q is the phase space which will be
defined later. For any function z defined on R and any § € R, we denote by z5 the
element of £ defined by

zs(x) = 2(0 + x), x € (—00,0].

Next, we study the controllability of the following problem:

s
Z'(6) = Az(6) + /0 B(6 — s)z(s)ds + U (8, 2y(5,25)
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5
/ C(0, 8, 2p(s,2.)) ds) +Cu(d),a.e. § € R, (1.2)
0

2(0) = w(d), § € (—o0,0],
where u € L?(R, H) is the control function, H is the Banach space of admissible
control functions and C is bounded linear operator from H to &

The following is the structure of our paper. In Section 2, we begin by presenting
some background and preliminary information. Section 3 delves into the study of the
existence of mild solutions for the system (1.1). Building on this basis, we move to
Section 4, where we establish adequate requirements for the system’s attractivity. In
Section 5, we delve to the study of the controllability of (1.2). Finally, we offer an
example as a sample application to highlight the practical relevance of our findings.

2. Preliminaries
By k we denote the Banach space of all bounded and continuous functions from R

into & with
1[Ik = sup [(5)]-
d€eR
By k we denote the Banach space of all bounded and continuous functions from
into & with
[ 2llz = sup|2(d)].
seR

By B we denote the Banach space D(A) with

Izlg = [l Azl + |I=]l, = € B

Now let us recall some information about partial integro-differential equations and
resolvent operator.
We consider the following problem :

2'(6) /B — s)z(s)ds,for 6 > 0, (2.1)

20)=20€S
Definition 2.1. [20] A resolvent operator for problem (2.1) is a bounded linear operator
valued function R(6) € L() for § > 0, satisfying the following properties:
1. R(0) = I(identity map of ) and |R(8)|| < MeP°, for some constants M > 0

and B € R.
2. For each z € S, R(0)z is strongly continuous for 6 > 0.

3. For any z € §, R(-)z € C1([0, +00), 3) N C([0, +00), B) and
s
R'(8)z = AR(5)2+/ B(§ — s)R(s)zds = Az+/ R(6 — s)B(s)zds for § > 0.
0

The existence of resolvent operator has been discussed in [20, 21] under the
following assumptions.
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(R1) A is the infinitesimal generator of strongly continuous semigroup (1(6))s>0 on

R}

(R2) For all § > 0, B(d)z is closed linear operator from D(A) — < and B(d) €
L(B,S). For any z € B, the map § — B(J) is bounded, differentiable and the
derivative § — B’(§)z is bounded uniformly continuous on R¥.

Theorem 2.2. If the condition (Ry),(R2) hold, then the problem (2.1) has a unique
resolvent operator.

Now let us recall some fundamental facts of the notion of Kuratowski measure
of noncompactness.

Definition 2.3. [2, 5] Let S be a Banach space and Qg the bounded subsets of . The
Kuratowski measure of noncompactness is the map s : Qg — [0,00) defined by

%(3) =inf{e >0: 3\ C U 3\1 and diam(gi) < €}; here 3 € QOg,
i=1
and verifies:

. %(3) =0& 3 is compact (3 is relatively compact );

~

»(convl) =

e o o o o
X
W
+
<
IA
N
<
+ X

Here, 3 and convg denote the closure and convexr hull of bounded set 3, respectively.

Lemma 2.4. Let D be a bounded subset of . Then, for each € > 0, there exists a
sequence {U,}22 , C D such that

#(D) < 2x({Un};2) + e

Lemma 2.5. If {U,}5°, C L' is uniformly integrable, then the function § —
#2({Un(8)}22,) is measurable and

4 )
%<{/ Un(s)ds}> < 2/ 2 ({Un(5)}22)ds.
0 0

For any arbitrary nonempty bounded subset D of the space k and a function h,
we define

1> (h, €) = sup{||h(6) — h(s)[[;6,s € R, [0 — s| <€},
and
1°(D.¢) = sup{s*(h,e):h € D}, 53"(D) = lim (D, ).
Now we consider
5o (D) = Jim sup{(D(8)) : 6 € [0.7]},

diamD(6) = sup{[|z(d) — y(d)[ls : =,y € D},
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¢(D) = lim diamD(0).
d—00
Finally, we can consider the following function »* define by:
#"(D) = 1g°(D) 4 #00(D) + (D).

The function »* is a measure of noncompactness in the space k, for more details see
for instance [3].

Now we give the definition of a Meir-Keeler contraction.

Definition 2.6. [28] Let (X,d) be a metric space. A mapping N on X is called a
Meir-Keeler contraction if, for each € > 0, there exists A > 0, such that

e <d(z,y) <e+A=d(Nz,Ny) <e, forallzyeclX.

Definition 2.7. [1] Let Y be a nonempty subset of Banach space S, and u be a measure
of noncompactness on . An operator N : Y —'Y is called a Meir-Keeler condensing
operator if, for each € > 0, there exists A > 0, such that e < () < e+ A= pu(NQ) <
€, for any bounded set ) of Y.

Now we give the fixed point theorem with respect a Meir-Keeler condensing
operator.

Theorem 2.8. [1] Let D be a nonempty, bounded, closed, convexr subset of a Banach
space . and p be an arbitrary measure of noncompactness on . If N : D — D is a
continuous and Meir-Keeler condensing operator, then N has at least one fized point
and the set of all fized points of N in D is compact.

In this segment, we will utilize an axiomatic definition of the phase space 9 as
introduced by Hale and Kato in [22]. We will adhere to the terminology employed in
[24]. Consequently, (9, - |q) will constitute a seminormed linear space of functions
that map (—o0,0] into & and adhere to the specified axioms:

(A7) Ifto : (—00,¢) = S, ¢ > 0, is continuous on R and wy € 9, then for every § € R:
(i) s € Q
(i) 37, > 0 such that |w(8)| < 1y |ws]la ;
(iii) 3 ZAQ()JAg() Ry — R, independent of o with I, continuous and bounded,
and 73 locally bounded where:

sl < L2(8) sup{ [w(e)| : 0 < o < 6} +13(8) o |a-

(Az2) For the function w in (A4;), tos is a Q—valued continuous function on R.
(A3) The space £ is complete.

Denote

o~

5 = sup{l2(8) : 6 € R},
and
= sup{l5(6) : 6 € R}.

o~
w
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3. Existence of mild solutions

Definition 3.1. We say that a function z € k is a mild solution of problem (1.1) if
2(0) = w(d),6 € (—o0,0] and

5 s
2(5) = R(5)TD(O) +/ R((S - 5)\1/(37 Zp(s,zs)a/ C(sv 97 Zp(a,zg)) da)ds» a.e. 6 €.
0 0
(3.1)
Set
Ap™) ={plo,@) : (0,) € R x Q, p(o,w) < 0}
Let p: R x Q — R be continuous and:

(ECx) The function § — s is continuous from A(p~) into 9 and there exists a con-
tinuous and bounded function U% : A(p~) — (0, 00) where

lws|| < UBZ(0)||w]| for every d € A(p™).

Remark 3.2. The condition (ECy), is frequently verified by functions continuous and
bounded. For more details, see for instance [24].

Lemma 3.3. [23] If z : R — S is a function such that zo = w, then

Izl < (I + U%)l|wlla + L sup{z(x)|; x € [0,maz{0,0}]}, 0 € A(p™) UR,

where U% = sup U7(9).
deA(p™)

Let us introduce the following hypotheses:

(EC1) A: D(A) C S — S is the infinitesimal generator of a uniformly continuous Cp
semigroup (1())s>o-

(EC3) The conditions (Ry), (R2) hold, and there exist constants M > 1,«a > 0 such
that

sup{||R(0)|| p(g) : 6 > 0} < Me™*°.

(EC3) The function ¥ : £ x Q x I — $ is Carathéodory and satisfies the following
conditions:
i) There exists a function k; € L!(R), such that :

W00, z,y) =¥, 2%, y")|| < k() ([l — 2" + ly —y*[), 0 € Rz, 2" € Q,y,9" €T,

ii) For each § € R, we have and

s

lim sup/ e 0=k (5)ds = 0.
d=005eR Jo

iii) For each bounded set D; C Q and Dy C S, and each § € & we have

#(W(6,D1,D2)) < k1(9) [ G(Sllp ) #(D1(0)) + #(D2)
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(ECy) i) There exists a function ko € L*(R) such that:
1€(0,'s,2) = €(8, 5, 27) || < ka(s)llz — 27,

for each (d,s) € I' and for all z, z* € Q.
ii) For each bounded set D C 9, we have

#(C(8,5,D) < k2(9) s #(D(0)).

Remark 3.4. We denote by
ki = kil 22 (w)
for

)
i=1,2, V"= Sup/ U(s,0,0)ds, ¢* = sup{[|¢(d,5,0)[, (d,5) €T}
ser Jo

Theorem 3.5. Assume that (ECy) — (ECy), (ECy) hold. If SMIxk; (1+k3) < 1, then
the problem (1.1) has at least one mild solution on k.

Proof. We transform the problem (1.1) into a fixed point problem. Consider the op-
erator = : k — k defined by :

w(d), ifd € (—o0,0],
E(z) := 5 s
R()w(0) —|—/ R(6 — s)\Il(s,zp(S_,zS%/ (5,0, 25(0,29))d0)ds, if 6 € R.
0 0
Let ¥(-) : R — < be the function defined by:
w(9), if § € (—o0,0];
9(8) =
R(0) w(0), ifdeR.
Then ¥y = w. For each h € k with h(0) = 0, we denote by h the function
0; if & € (—o0,0];
(0) = ,
h(d); ifdeR.

If z satisfies (3.1), we can decompose it as z(6) = h(d) + ¥(d), 6 € R, which implies
25 = hs + U5 for every § € R and the function h(-) satisfies

h

5
h(5) :/ R(5 — S)\I/(S, hp(s)hs+195) + ﬂp(s’hs+195),
0

/ C(Sv 67 hp(s7hs+19s) + ﬁp(@,h9+193))d0) ds.
0
Set
Ro = {h €k h(0) =0},
and let
||h||]ko = sup{|h(d)| : § € R}, h € ko.
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ko is a Banach space with the norm II-1lg, -
We define the operator A : kg — kg by:
0, ifs<o0,
s
A(h)(8) = /0 R(§ — S)\I/(S, hp(s’hSJrﬁs) + ﬂp(s’hSJrﬁs),

S

(5,0, Pp(0.hg199) + V(0.5 +0))d0)ds,if § € R,
0

The operator A maps @0 into ﬁo, for each 6 € R we have

|A(R)(3)]
< II/ (85 Pop(s,hat9) T Dps,hatvs)s
/0 (850, hp(o,ho+00) T D p(6,ho+00))d0)
— U(s,0,0) + ¥(s,0,0)]ds||
5
<M / ey () By 9,) + Dp(on 10 s
o s
+M/O e—a<5—s)k1(s)||/0 (C(5:0, hp(@.no+05) + U p(6.ho+95))
~ C(5,6,0) + C(s,0,0))d6]ds
)
+M/ e=a(=9) W (s, 0, 0)]|ds.
0

Thus,

)
A <3 [k (e 10y + Dyt
) s
0[O (s) [ a(O) om0 + D00
+M/ A=) (s / 1< (s,6,0)|d0ds

+M/ 0= w(s,0,0)]|ds.

Then,

|A(h)(0 |<M/ ~ O (5) (2 lh(s)| + (I + UF + LMe™*h)[[w]l))ds

Y, / 5=}, / ka(0) (Bl (0)

+ (15 + U= + LMe %) ||w||a)dods
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é s
+M/ e*a@*S)kl(s)/ ¢ (s,6,0)|d0ds
0 0
é
+M/ e =91 W(s,0,0)| ds.
0

Let C = (lAg, + 07 +Z\2MZ\1)||'{A_]||Q Then, we have
JAR)(9)] < MEiT|Ihllg, + MCik; + Mkikshs||h]lg,
+ MCWETR + MECH + MU .= C* < C*.
Hence, A(R)(6) € Ko.
MCykt + MC kRS + ME{C + MU*

1— MET(1+ k3)
closed ball in kg centered at the origin and of radius t. Let z € o, and § € R. Then,

|A(2)(8)| < Mkilor + MCykf + METk3lor + MO kK + MEICH + MU*
Thus,

Let v > 0 be such that ¢t >

, and o, be the

INAZ) (), <,
then A(o.) C 0.
The proof can be given by following steps.

Step 1: A is continuous.
Let {h"},en be a sequence such that A" — h in o,. Firstly, we are going to study
the convergence of the sequences (hZ(s hn))n€N7 seR.

If s € R is such that p(s, hs) > 0, then we have,

9

a < hpenny = hospmlla + 1o nmy = hgs,n)

< l2||hn - h”at + th(s,hfj) - hp(s,hs)
which proves that hg(s’h?) — hy(s,n,) in Q as n — oo for every s € R such that
p(s, hs) > 0. Similarly, is p(s, hs) <0, we get

||hg(s,hg) - hp(s,hs)

95

th(s,h;") - hp(s,hs)HD = ||¢g(s,hg) — Pp(s,h)lla =0,

which also shows that hZ(s hny = hp(s,hy) In 0 as n — oo for every s € R such that

p(s, hs) < 0. Using the previous arguments, we can prove that hZ(s hy) ¢ for every
s € R such that p(s, hs) = 0.

|A(R™)(3) — A(h)(0)]
5
< /o R(6 — s)¥ (s, hos.hnt9.) + Dps,pnto.)s

/0 (s, 90, hﬁ(e,hgws) + ’9p(0,hg+ﬁe))d9)d5
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/ R(6 — $)U (s, hy(s,ho+9.) T Pp(shets)s
/ C S 9,hp(9,h6+199) +’L9p(97h9+199))d9)d5”
<M/ Gl S)H\I/ svhp(sh”+19 )+19p(sh"+19 )s

/0 (5,0, hiyg nn 495y T Vo, hy+09))d0)ds
W (s, hp(s,nyt9.) + ﬁp(s,herﬁs)a/O C(5,0, hpo,ng+00) U p(0,h0+06))d0) ds]|.

Then by (EC3) and by the Lebesgue dominated convergence theorem we get,
[A(R™) — A(R)|lg, — 0, as n — occ.
Thus A is continuous.

Step 2: A(o.) is equicontinuous. Let B = [0,b] be a compact of [0, +00), for

b>0.
Let 61,02 € B, with d5 > 01, we have

|A(h)(61) — A(h)(62)]

o1
< |/ R(61 = 8)¥ (8, hp(s,no+0,) + Vp(s,h+0.)s
0
/0 C(8,0, hp(o,ne199) + ’l9p(0,h9+199))d9) ds||
P
- / R(82 = 8)U (8, hp(s,nut0.) + Dp(s hato,)s
0
/0 C(8,0, hp(o,ne199) + ’l9p(0,h9+199))d9) ds||
01
< [T URGL— 5) ~ B = o oo 0 + D00y
0

/0 C(S, 0, hp(97h9+199) + ’190(9»}?'9+199))d9)
— U(s,0,0) + ¥(s,0,0)|ds
P
+ /{; HR((SQ - S)|||\II(57 hp(s,hs+195) + ﬁp(s,hs+195)7
/0 C(S, 0, hp(97h9+199) + ’l9p(0,h9+199))d9)
— U(s,0,0) + ¥(s,0,0)|ds

51 R
< / IRy — 5) — R(0s — 5)|[k1(s) (ot + C1)ds
0
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01
+/0 [R(01 — 5) — R(62 — s)|[[|W(s,0,0)]|ds
01 s N
+/0 IR(5, — 8) — R(62 — s)||k1(s)/0 ko (0) (It + Cy)dOds

o1 s
+ / IR, — 8) — RS — 9)|[k1(s) / 1¢(5.0,0)]|d0ds

52 ~
+M e™ 027y (5)(lot + Cy)ds
01
b2
far [ e o) w(s,0,0) s
01

5o s 7
M e~ 2= (s) / k2(0) (ot + C1)dbds
51 0

52 S
P [ g () / I¢(s,6,0)[|dods.
51 0

By (ECy), |A(h)(61) — A(h)(82)| — 0 as 6; — d2. Then A(o) is equicontinuous.

Step 3: We show that A : o, — o, is a Meir-Keeler condensing operator.
For D C ¢, A(D) is bounded. Then there exists a countable set D, = {h, }>2; C D.

Claim 1. Using the fact that A(c,) is equicontinuous and by the definition of
e (), we get that
15" (A(D)) = 0.

Claim 2. We have
§
AAD)) < 2] | R =W 0 + Dotz s0.)
S
/0 C (50, W30 hyr0s) + Dp(o,ng+00))d0)ds )~ ) + €

§
§4l2M/ e "k (s)( sup  #(Do(0))(s)
0€(—00,0]

0
+ %(/U C(:0, B30 g r09) T Vp(6,np+00))d0) ds) + €

)
< AM / eoB=k(s) sup  (Do(o))ds
0

0€(—00,0]

+8l,M /Oéea(és)kl(s)( /Oskg(a) sup  2(Do(p))db)ds + €

0€(—00,0]

5
< 8l2M/ e O () (1 4+ k3)  sup  2(Do(p))ds + e.
0 QE(—O0,0]
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Then since € is arbitrary, we get

#(A(D)(0)) < 8MIski(1+k3) sup (Do)

QE(—O0,0]
Then, 3., (AD) < 82\2Mkf(1 + k3) 350 (D).
Claim 3. We have
|h(6) — b (5)]
8
<[ RG = 9(sanro + e
0
/0 C(& 0, hp(9,h9+199) + ﬁP(91h9+790))d9)
5
— /0\ R(5 — S)‘ll(s, h:;(s,h_’;+’l93) + 19p(s,h:+195)7
/0 C(s’ 0, h;(ewhEJﬂ%) + ﬁ;(97h9+199))d0) ”

s
< M/o €_a(5_s)k1(3)th(s,hsws) + Dp(s,het9.) = Pp(s,nr 0,y — Up(s,hz+v,)llds

é s
3 [ eI (6) [ Ra(O)l a0y + T o
0 0
= oo, ns+95) — Vp(0,;+0) l|dOs

)
<M / ==k (YT ]h(s) — h*(s)|ds

0
5 s
+ M/ e*a“*S)kl(s)/ ko(0)12|h(0) — h*(0)|dOds.
0 0
Then,
o(AD) < (MK (1 + k3))e(D).
From Claims 1,2 and 3, we deduce that
" (A(D)) < 8(Mloki(1 + k3))s" (D).

For a fixed € > 0, set

A Lo 8LME (k)
SLMEN(L+ k)
We get that
€< (D) <e+ A= x"(AD)) < e.
That means A is a Meir-Keeler condensing operator, then using Theorem 2.8 we can
say that the operator A has at least fixed point, so the operator = : k — k has a fixed
point z(d) = h(d) + ¥(5) and the set of all fixed points of = in k is compact.
O
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4. Attractivity

In this section, we are going to study the attractivity of solutions.

Definition 4.1. [16] We say that the solutions of problem (1.1) are locally attractive
if there exists a closed ball B(£*,¢v*) in the space k, where £* € k, such that for any
solutions € and & of (1.1) belonging to B(&*,t*), the following convergence holds:

lim (£(s) = &(s)) = 0.

s——+o0o

When the limit is uniform with respect to B(£*,t*), we say that the solutions of (1.1)
are uniformly locally attractive.

Theorem 4.2. Suppose that the hypotheses (ECy) —(ECy), (ECy) hold. If 8MlAng(1 +
k3) < 1, Then the solutions of problem (1.1) are uniformly locally attractive.

Proof. Let h* be a solution of (1.1), for h € B(h*,t*), by (EC}) — (EC4), we have

IA(R)(8) — B (S)]l
= [lA(R)(9) = A(R) (9]

<M/ ~a(6=9) k) (s)Talh(s) — h*(s)|ds
M / A=) (s) / ks (0)1a|h(6) — h*(6)|d0ds

<M/ *(0=5) k) (5)lor* derM/ @(0=9)k, (s )/ ko (0)lyt* dbds
0

< (Mlzlﬁ(l + k3))c"
<rt*.

Then A(B}) C B;.
For each h,h € B(h*,v*),d € [0, +00), we have :

1h(8) = h(d)]
= [A(R)(6) — AR) )]

< M/ ~a(-);, (s)Ta|h(s) — (s)|ds
+M/ —a(d-s) / k2 (0)12|h(0) — h(6)|dbds
< Mlpt* / e O~k (s)ds + Mlyc* k2/ —a0=8)k (s)ds.
0 0

We conclude that ||h(8) — h(8)| — 0, as § — co. O
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5. Controllability

Definition 5.1. The system (1.2) is said to be controllable if for every initial function
w(8) € Q, and Z € S and for v € R, there is a control z € L*([0,7],S), such that the
mild solution z(-) of the problem (1.2) satisfies the condition z(y) = Z.

Let us introduce the following hypotheses:

(ECs) (i)For some 7 € N, the linear operator 20 : L2([0,~], H) — S is defined by
8!
Wz = / R(y — s)Cu(s)ds,
0
has a pseudo-invertible operator 20~ which takes values in L?([0,4], H)/Ker23
(ii) There exists positive constants M and M; such that :

IC]| < My and |27} < Ms.

(iii) There exists a function k3 € L*(R), and a positive constant k4 such that for
any bounded sets D C &, and D' C H, we have

((W'D)(6)) < k3(8)5(D),

and
#(C(D")) < ka(D'(9)),
where § € R.
Remark 5.2. We denote by k35 = ||k3|[11(%)-
Theorem 5.3. Suppose that the hypotheses (ECy) — (EC5), (ECy) hold and
8Mly (K + k3k3) (1 +yMaMiM) < 1.
Then problem (1.2) is controllable.

Proof. We define a control

N gl s
Uy = m_l (/Z\_ R(V)W(O) - / R<7 - S)\II(Sa Zp(s,zs)v/ C(sa 9, zp(G,ZQ)d9>ds>)(6)
0 0
Now we shall show that the operator = : k — k defined by :
w(d), if e (—o0,0],

) s
E(2) == 4 R(6)w(0) +/ R(§ — S)W(S,ZP(S’ZS),/ (5,0, 2p(0,29))d0) ds
0 0
5
+/ R(6 — s)Cuy(s)ds, if § € R,
0

Let 9(-) : R — <& be the function defined by:
w(9), if § € (—o0,0],
5) =
R($) w(0), ifdseR.
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Then ¥y = w. For each h € k with h(0) = 0, we denote by h the function
0;  ifd e (—o0,0]

(0) = ,
h(d); ifdeR.

If = satisfies (3.1), we can decompose it as z(d) = h(d) + 9(d), d € R, which implies
z5 = hs + U5 for every § € R and the function h(-) satisfies

h

§
h(§) :/ R((S - S)\I/(S, hp(s,hs-i-ﬁs) =+ ﬂp(s,hs-i-ﬁs)a
0

s é
/ C(s,@,hp(s,hs_ws) + 19p(9,h9+190))d9)d8 +/ R(6 — s)Cup49(s)ds,d € R.
0 0
Set
ko = {h € k: h(0) = 0},
and let
[h]lz, = sup{|h(8)| : 6 € R}, h € ko.

ko is a Banach space with the norm II-1lg, -
We define the operator A : ﬁo — ﬁo by:
0, ifd<o0,

5
/ R(6 = 5)U (8, hy(s hoto.) T Dp(shat0.)s
OS

C(5,0, Pp(0.hg109) + V(0,1 +95))d0) ds,

)
+/ R(0 — s)Cupto(s)ds, ifd e R,
0

The operator A maps ﬁl&o into ko, for each 6 € R we have

[unto0(s)]
. ~ 4
< |Qﬂ71(2_ R(’)/)W(O) + /0 R(’}/ - 6)\11(57 Zp(6,25)a/0 C((Sa 05 Zp(&zg))da)dt) (S)|
Y
< My|Z] + M ||| + /O IR(y = k1O Pp(5,hs+05) T 0 p(5,hs+05) | dE
Y
+ [ IRG - 5)2.0,0)1d8
0
¥ §
+ / IR(y — 6) [k (5) / ko O om0 001 + D 010 00|05
0 é
+ [ IR = 8k (6) / ¢(6.6,0)/|d0ds)(s)
0 0

LIPS

< My[|2] + M [lrogll + ME] / Bl + (s + 0 + BhMe T[] a))dd
0
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v ~ ~ ~ o~
+M\1/*+Mk;/ ko (0) (T 1(8)] + (Is + OF + I My)||w||a)d0ds + MEIC])
0

< Ma[|Z] + My ||vos]la + MU* + MEIC* + nMk; (a||h]| + C1)
+nME; kS (||| + C1)] = Ca.
Then,

)
AR)(8)] < | / R(5 = )0 (5, hygopsm) + Do),
/0 <(57 07 hp(@,h9+199) + ﬁp(@)h9+ﬂ9))d0) dS”

5
+ | / R(§ — 8)Cupyo(s)ds|
0
Then, we have
[A(R)(6)] <MD ||hllg, + MC1k; + ME; k3l | hlly, + MCikiks
+ Mo M M||Z] + MEH\'U&HQ + MU*
+ ME;C* + nME; (1|8l + C1) + nMk; k3 (12| B + C1))
<C* 4+ M{MCy := Cs
<Cjs.

Hence, A(h)(8) € ko.

Let t > 0 be such that

Mo My M[|Z|+MU ||[ws||a +ME* + MEF ¢ +n MOk (14k3)]+ MC1 kT + M C1 k] kS
1—-Mligkt (14+k}k3)—yMa M1 M212k} (14-k3) ’

v 2
and o, be the closed ball in ﬁ(:o centered at the origin and of radius z. Let z € o, and
0 € ®. Then,

|A(2)(6)] < ME Tyt + MCykT + METkilor + MCy KT kS
+ MaMy M[|Z] + M1y ||ws|la + nME: (Iyx + Cy)
MU+ MESC + nMEE (e + C)
Thus,
A )z, <,
then A(o:) C oy.

The proof can be given by following steps.

Step 1: As in the proofs of Theorem 3.5, we can prove that A(h)(4) is continuous
and A(o,) is equicontinuous on any compact B = [0,b] of [0, +00), for b > 0.
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Step 2: We show that A : o, — o, is a Meir-Keeler condensing operator.
For D C o, A(D) is bounded. Then there exists a countable set Dy = {h,}52; C D.

Claim 1. Using the fact that A(o) is equicontinuous and by the definition of
(), we get that ng°(D) < n°(AD) = 0. Then n5°(D) = 0.

Claim 2. We have

5
#A(D)(9)) < M / IR s Do(o))ds e

4
+ 4Mky / e 0= kg (s)
0

%({/ R(v—é)\IJ(s,zp(s)zs),/O C((S,s,zp(g)z(?))dﬁ)déds}:io)

<8l2M/ A=k (s)(1+k3) sup s(Do(o))ds + €
0€(—00,0]

+4Mk4/ o= o () Mpkr (s)(1+ 2k2)  sup  s¢(Do(0))ds
0

0€(—00,0]

)
< ShM / == ($)(1 + k3) + haks (s) Mnks (s)(1 + £3)
0

x sup #(Do(0))ds.
0€(—00,0]

Then,

#(AD)(S) < SMboki(1+ k) + kakiMnki(1+k}) sup 3(Do(0)) + e
96(700»0]

We have
500 (A(D)) < [8Mlok (1 + k3) + kaky Mnk (1 + k3)] o0 (D).
Then, 5 (A(D)) < L1375 (D).

Claim 3. We have
[h(6) — h™(5)]
< | R((S - 8)\11(8, hp(s,h5+195) =+ ﬂp(s,herﬁs)a

/ C(8:0, Pp(s,ne0,) T Vp(0,ho+00))d0) ds
0

5 s
—|—/ R(§ — s)Cupyg(s)ds — / R(6 — 5)¥ (s, h:(svhl‘ﬁ-ﬁs) + V(s nr 495
0 0
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/O C(S’ 9’ h:(s,h;‘-‘rﬂs) + 7‘9P(9xh5+‘99))d9)d8|
4
+/ R(§ — 8)Cup»yo(s)ds
0
6 o~
<M / e~ 0=k ()la|h(s) — h*(s)|ds
0
5 s .
+M / e 0=k (s) / k2(0)l2|h(0) — h*(0)|dOds
0 0
§
+M1M2M/ e =) ME (s)la|h(s) — h*(s)|ds
0

) s
b MMM / e=C=5)p Mk (s) / ks (0)a|h(8) — h*(0)]d6ds.
0 0
We have ¢(AD) < [Mlgkf(l + k3)(1 + My MoMn)|e(D). Then, ¢(AD) < Laoc(D).

From claim 1,2 and 3 we deduce that
#*(A(D)) < Lys*(D),
where Ly = max (L1, Ls). So for a given € > 0, let A = %e. We get that
e<x'(D)<e+ A= x"(AD)) <e.

That means A is a Meir-Keeler condensing operator, then using the Theorem 2.8 we
can say that the operator A has at least fixed point, so the operator = : k — k has
a fixed point z(8) = h(4) + ¥(6) and the set of all fixed points of = in k is compact,
which mean that the problem (1.2) is controllable.

6. Example

We consider the following partial integro-differential problem

2
LIPS,

0
B (6,2) = @h(& x)+ agh(é, x) + bh(4, )

’ 0? 0

+ ; Y(0—s) {W(s, x) + a%h(s,x) + bh(s,x)

+ e-aé /—5 Sin(T)e—A(é,T)—Oé((S—T)
21(62+2) J_o (0+7)2+1

g —S
e—aé ln(1+e—5)e—a(6—5) COS(A(S,T))E—A(S,T)—a(s—T)
T 21742) /0 1+262+s2 B (5172 +1 drds,

h(8,0) = h(5,1), § € R, (6.2)
h(8,z) = ¢(8), & € (—00,0], z € [0,1], (6.3)

dr
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where Y : 8 — R is continuous, A : £ x R — R a continuous function. Let & =
L?(0,1), and A is an operator induced on ¥ define as

Ah = h" +ah’ +bh,a,b € R and, D(A) = H?*(0,1) N Hy(0,1).

From [17] we know that A is the infinitesimal generator of analytic Cy semigroup
(Y(d))s>0 on . Since the semigroup generated by A is analytic, then it’s norm con-
tinuous for § > 0. So the resolvent operator is operator-norm continuous for § > 0.
We define the operator B : & — S as

B(0)h =Y (§)Ah, ford > 0.
We assume that there exist 8 > 1 > 1 such that Y (§) < ée_ﬁ‘s, for all 6 > 0. Then,
Wehavele,azl—%.

Consider Q = BUC(R™, <), the phase space of bounded uniformly continuous func-
tions endowed with the following norm

[¢lla = sup ’ le(T)lls, ¢ € Q,

TE(—00,

and Iy = I3 = 1 let p(8,h)(z) = A(8,h(8 + 7, 2)). See [24] for more details.

‘We have also

e~ -4 Sin(,r)eff(5+7',m)fa(677) e— 0

(o = d 0

(8, 1.9) 21(52+2)/m G+r2+1 T+21(52+2)g(’z)’
(0,0, = MUEe e T [ el n e U,

= T
Y 14202 + 52 . (s+7)2+1 ’
and
e~ 1

kl ,kg = 111(2) = k;, ki =

T 21(6% + 2) 42

The problem (1.1) in an abstract formulation of the problem (6.1)-(6.3). Since (EC4)—
(ECy), (ECy) are satisfied, and SMZAQk’f(l—l—k‘;) < 1, then the problem (6.1)-(6.3) has
at least one mild solution on k, which is uniformly locally attractive.
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Variational analysis of Kirchhoff equations in
Musielak-Orlicz-Zygmund spaces

Ahmed El Ouardani (%), Ahmed Aberqi (2 and Mhamed Elmassoudi

Abstract. We study a class of nonlocal Kirchhoff problems with nonlinearities
exhibiting nonstandard growth. Using variational methods in Musielak-Orlicz-
Zygmund spaces, we prove the existence of nontrivial weak solutions. The analy-
sis uses generalized N-functions, Orlicz-Zygmund embeddings, pseudo-monotone
operators, and the Palais-Smale condition, which allow handling double-phase
and nonlocal Kirchhoff terms. The results extend classical variational methods
to settings with borderline and logarithmic growth.

Mathematics Subject Classification (2010): 35J60, 58J05.

Keywords: Kirchhoff equations, double-phase problem, Musielak - Orlicz - Zyg-
mund spaces, weak solutions, variational approaches.

1. Introduction

The study of nonlocal Kirchhoff problems with Sobolev—Zygmund type growth is
motivated both by applications in nonlinear elasticity and composite materials, and
they also raise important mathematical questions related to borderline phenomena in
partial differential equations.

Kirchhoff-type nonlocal operators were first used to describe the vibration of
elastic strings and membranes. The classical model of Kirchhoff [17] leads to equations
of the form

M</Q |VulP dx) Apu = f(z,u),
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where the tension depends on the average deformation. Lions extended these ideas to
the PDE setting and motivated the study of nonlocal operators coupled with nonlinear
source terms.

At the same time, double-phase problems were introduced to model materials
with different behaviors in different regions. These problems have the form

div(|VuP*Vu + p(z) |[VulT*Vu),

where the coefficient p(z) governs the transition between the p- and g-growth
phases. Important contributions in this area were given by Colombo and Mingione [9]
and Baroni-Colombo-Mingione [3].

In the last decade, researchers have studied double-phase and Kirchhoff-type
operators in generalized Orlicz and Musielak—Orlicz spaces frameworks. Fiscella and
Pinamonti [13] proved existence results for Kirchhoff problems in Orlicz spaces using
variational methods. Diening et al. [10], and Boccardo—Murat [6] analyzed critical
growth phenomena in Zygmund-Orlicz type spaces, where logarithmic perturbations
naturally arise.

More recently, special attention has been given to sources of Zygmund type

f(@,w) ~ [ul""*ulog(e + [u]),

which combine superlinear behavior with logarithmic modulation. Aberqi et al. [1]
studied double-phase obstacle problems with logarithmic convection, while Shen and
Squassina [22] obtained existence and multiplicity results for Kirchhoff and nonlocal
elliptic problems with logarithmic nonlinearities using critical point theory. Significant
studies in this field include those by Aberqi et al. [1, 2, 5, 11]. These works highlight
the crucial role of modular coercivity, monotonicity, and compactness recovery in
borderline regimes.

Motivated by these works, we study a nonlocal double-phase Kirchhoff problem
with logarithmic-type sources in Musielak—Orlicz—Zygmund spaces. Our main goal is
to prove the strong convergence of Palais—Smale sequences for the associated energy
functional.

This property ensures the existence of weak solutions and clarifies the inter-
action between the Kirchhoff term, the double-phase operator, and the logarithmic
source. Our approach relies on combining modular coercivity with strict monotonicity,
providing new insights into the borderline behavior of such equations.

The plan of the paper is as follows: In Section 2, we present the problem setting
and assumptions. In Section 3, we recall some well-known preliminary properties and
results on Orlicz-Zygmund Spaces. In Section 4, we introduce the Kirchhoff framework
and the critical Point theory. Finally, in Section 5, we state and prove the main result
of the paper (Theorem 5.1).

2. Problem setting and assumptions

We study a class of borderline double-phase problems with nonlocal effects and log-
arithmic convection in a bounded domain Q C RY with smooth boundary. Our aim
is to establish the existence of weak solutions under general assumptions, including
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unbalanced growth and gradient-dependent nonlinearities. The model problem is to
find uv : Q — R satisfying

P) (fQ x, |Vul) dm) diva(z,Vu) = g(@)|u|!?u + f(z,u), in Q,
U= Oa on GQ,
(2.1)
The ingredients of (2.1) are specified as follows.

e The generalized N-function is
1
®(z,t) = —t?(1 + log(e + 1)), p>1,
p

leading to the Orlicz—Zygmund space Wi Lg(2) = VV1 Plog L(Q).
e The Leray-Lions type operator a :  x RN — R¥ is monotone, coercive, and
continuous in the gradient variable. A typical model is

a(z, Vu) = [VulP~2 (1 +log(e + [Vul) + #@'UD)W

e K :[0,00) = (0,00) is a Kirchhoff function (see Definition 4.1).
e There exists 6 € (1, %] with p* Np and ¢ < p*. such that

tK(t) < 0K (t) for any t € [0, 00), (2.2)

t
:/ K(r)dr, t>0.
0

e The source term has the form

where

h(z,w) = g(@)[ul"u + f (2, u),

with g € L (), essinf,eq g(x) = go > 0 and f is a Carathéodory function.

Writing F'(z,u) = / f(z,t) dt, we assume
0

(o) < |ul?™?log (e + [ul), (2.3)
and
0 < AF(z,u) <uf(z,u) for |u| large, (2.4)
where the parameter \ satisfies (p+1)0 < \ < q.
Let X = Wy be the Orlicz—Zygmund space (see below).

Definition 2.1. A function u € X is called a weak solution if it satisfies

/QK(/QQ(QC, V) de a(m,Vu)-Vgodx:/Qg(x)|u|q_2u<pdx+/Qf(ac,u)godm.
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Under these assumptions, the associated energy functional exhibits the
Mountain—Pass geometry and satisfies the Palais—Smale condition below a suitable
critical level. Therefore, existence of nontrivial weak solutions to (2.1) can be es-
tablished. Our framework extends the results of Tran-Nguyen [25] and El Ouardani
et al. [12] by incorporating logarithmic double-phase growth within Orlicz—Zygmund
spaces.

3. Orlicz-Zygmund spaces

3.1. Classical Orlicz spaces

To handle nonlinear PDEs with borderline or critical growth, one needs a refined
functional framework beyond classical Sobolev spaces. Orlicz and Orlicz—Zygmund
spaces naturally provide the tools to address coercivity, compactness, and critical
embeddings, as shown in classical works [8, 14, 7, 15, 18, 20, 21, 23] and in recent
studies [25, 12]. We now recall the basic properties of these spaces that will serve as
the foundation for our analysis.

Definition 3.1. A function A : [0 ,oo) [0,00) is an N-function if it is convex,
continuous, strictly increasing, A(0) =0, A(t) > 0 for allt >0, and

fim A _ g g A

t—0 ¢ t—oo {

Definition 3.2. The Orlicz space associated with A is
LA(Q) = {u : Q = R measurable : 3\ > 0, Q_A’Q(g) < oo} ,
where the modular functional 18

oa0(u /Alu

and the Luxemburg norm is defined by

l|ulla:= inf{)\>0:/QA<|u(/\)|>d <1}

When A and its conjugate satisfy the Ay-condition, the space LA(Q) is reflexive
24, 15, 4].

3.2. Orlicz-Zygmund spaces

For problems with logarithmic perturbations of polynomial growth, Orlicz-Zygmund
spaces provide a natural setting. Let p € (1,00) and s > 0 and define

HE(t) :=tPlog®(e +¢), t>0.

Definition 3.3. The Orlicz-Zygmund space associated with HP is

L (Q) = {U cLY(Q): /Q [v|Plog®(e + |v])dx < oo},
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equipped with the Luzemburg norm

||UHLH§(Q) ::inf{)\>0:/ﬂ|i)\|:logs( | |)d <1}

Remark 3.4. If H2(t) = t”, we recover the classical L?(€2) space.
For convenience, the modular function is defined as

gty = [ 1o o (e + ol az)

Lemma 3.5 ([12]). For a >0, b,p,s > 1, the following inequalities hold:
log®(e + ab) < 2°7(log®(e + a) + log® b), (3.1)
log®b < (s/(ep))°vP.
Proposition 3.6 ([12]). For all p € [1,00), s > 0, and g € (p,00), the embeddings
L1(Q) c L™ (Q) c LP(Q),
hold. Moreover, the modular and norm satisfy
Ioll ey < gty < [2°+ (25/(en) Vol e -

3.3. Sobolev-Orlicz-Zygmund Spaces and Compact Embeddings
The Sobolev-Orlicz-Zygmund space is defined as

WLHE(Q) = { € L*(Q): DPu e L*(Q), 8| < 1},

with norm

Follyez gy 2= N0l gy + 190l ez -

Denote W := WHHI(Q), W, := WO’ s(Q), with ||v|lw, = ||VU||LH§(Q)-
Lemma 3.7. Forallq € (1,p*), p* = %, the embedding Wo << L™ (Q) is compact.

Proof. For every Young function A and its complementary function A satisfying the
As-condition, we introduce the following Young function

t -1
- ntl [——1
An(t) = / yo [A (y”)} dy
0
where Z,_Ll is the right-continuous generalized inverse function of A,,, defined by the

following formula:
-
— A
An(t) = / (gfl) dy
0 y n

and
A () =inf{y>0:A,0y) >t} fort>0.

By Theorem 3 in [8], the Sobolev-Orlicz space
Wy (),
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embeds continuously into the corresponding Orlicz-Zygmund space
LA (Q).

For any N-function B satisfying the As-condition and B < ;l;, this embedding is
compact:

Wo () = LP(9).
Applying this to the functions
A(t) =tP +tPlog(e+t) and B(t) =tllogle+1t), qe (1,p"),
verifies that
WS (@) = L0 (9),
where G(t) = tP. The result follows directly from the general theory. O

In Orlicz-Zygmund spaces, for functions with a large norm (||u|lw, > 1), there
exists a constant C' > 0 such that

1
U(u) = / I;\VUVJ(l +log(e + [Vun|)) dz > Cllullg,, (3.3)
Q

holds.
This inequality follows from the definition of the Luxemburg norm (see [21] for the
general modular-norm relationship in Musielak-Orlicz settings).

4. Kirchhoff framework and critical point theory

4.1. Kirchhoff function and operator

Kirchhoff-type models generalize classical diffusion equations by introducing a nonlo-
cal dependence on the gradient, encoded in a Kirchhoff function.

Definition 4.1. We assume that the Kirchhoff function K : [0,00) — (0,00) satisfies:

e K 1is continuous, strictly positive, and non-decreasing;
e there exist constants ko, k1 > 0 and a > 0 such that

ko < K(s) <ki(14s%), Vs>O0. (4.1)

A canonical example is K (s) = ko + k1%, which recovers the classical Kirchhoff-

type operator
—K(/ |Vu\2dx)Au.
Q

In the Musielak—Orlicz setting, the associated Kirchhoff operator is defined for
u € W¢Le(2) by

Afw) = K /Q (e, |Vul) dz) div(a(z, Vu),

where a(x,€) is of Leray-Lions type.
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Estimates for the primitive K
Proposition 4.2. Under Definition 4.1, for all s > 0:

. ot
kos < K(s) < ki <S+a+1)’ (4.2)
%K(%) < R(s) < sK(s). (4.3)

Corollary 4.3. We have
lim K(s) = +oo,

55— 00

and the polynomial growth estimate
kos < K(s) < C(1+s*t1), Vs >0,
for some constant C > 0 depending only on k1 and «.

Based on Definition 4.1, the following properties of the Kirchhoff function K
and its primitive K follow immediately.

Scaling inequalities for K (¢0)

Proposition 4.4. For all t,0 > 0, there exist constants C1,Co > 0 depending only on
ko, k1, o such that:

K(t0) < C1(1+47)K(0), (4.5)
K(t0) > K@), t>1.

Scaling inequalities for K (16)

Proposition 4.5. Under Definition 4.1, for all t,0 > 0 there exists a constant C > 0
depending only on kg, k1, such that

tK(0) < K(t0) < Ct(1+t"K(6). (4.7)

Proof. Set 7 = to so that dr = tdo. Then

t0 6
Kt0)= | K(r)dr=t / K (to) do.
0 0

Since K is non-decreasing and K (o) > 0,
K(to) > K(o) = K(t0) > tK(6).
Using Proposition 4.4, K(to) < C(1 +t*)K (o), hence

0
K(t0) = t/ K(to)do < Ct(1+t*)K(6).
0
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4.2. Critical point theory

The Palais—Smale theorem is a foundational result in critical point theory. Establish-
ing the existence of critical points of a functional is a key step in variational methods
for PDEs, and the Palais—Smale condition ensures compactness of sequences that
might otherwise diverge.

Definition 4.6. (see [16])

o The derivative DJ(u) at u is the unique continuous linear operator from X to
R such that J(u+ h) — J(u) — DJ(u)h = o(||h||) as ||h|| — O.

e u is a critical point if DJ(u) = 0; otherwise it is a regular point.

o Ifw is a critical point, ¢ = J(u) is called a critical value.

Definition 4.7. A C-functional J : X — R satisfies the Palais—Smale condition (PS)
if every sequence (uy) in X with
J(up) bounded, J'(u,) — 0

has a convergent subsequence. Any such sequence is called a Palais—Smale sequence.

Lemma 4.8 ([16]). Let J € C1(X,R) satisfy the PS condition, and let ¢ be a regular
value. Then there exists a flow n € C(R x X, X) satisfying properties (1)-(6) of [16].
4.3. Mountain pass theorem

Let

I={peC([0,1,X):9(0)=0, p(1) =uo}, c= inf max J(p(t))-

Theorem 4.9 (Mountain pass theorem, [16]). Let J € C*(X,R) satisfy the PS condi-
tion. Assume:

1. J(0) = 0.

2. There exist R,6 > 0 such that J(u) > ¢ if ||ul|x = R.

3. There exists u with ||ul|x > R such that J(u) < 0.

Then c is a critical value of J, and ¢ > 9.

5. Main result

Equipped with the functional framework and preliminary results presented above,
we now prove the existence of weak solutions to problem (2.1) by employing the
variational approach based on the Palais—Smale condition.

Theorem 5.1. Under the above assumptions, there exists at least one nontrivial weak
solution u € Wi Lo (Q) of the Kirchhoff problem.

Proof. The proof of Theorem 5.1 is divided into several steps.
Solutions of problem (2.1) correspond to the critical points of the Euler-Lagrange
energy functional

- K z, |Vul)dz | — Muqx— z.u)dr
J(u)—K</Q<I><,|V|>d> /Qqud F(z,u) dr.

Q
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Step 1:Verification of the Palais—Smale condition
We do not provide full proofs of compactness, coercivity, or weak lower semicontinuity.
We only verify that the essential structural properties are satisfied, which allows the
use of the Palais-Smale framework in this restricted setting. The key points are that
the functional J is of class C! on X and that the nonnegativity of ® gives J(0) = 0.
Moreover, according to (2.2) and for ¢ € [0, 1], we have, K(t) > K(1)t?, we obtain

ﬂ@:k@@ﬂmm—ég?mmmiéF@mm

zkuwﬂnwwffgmuwm

K1), o 1
ngwm—;wawg
f((l) o 1
> 0 Jully, — allglloo [U]qLHg(Q)

~

K(1 1
> p((’ ) ||U||€f§0 - 6||g||ooC’Hu||§1,VO (from injection Lemma 3.7)
K1) [1 o .
_<pghmu4mﬁfw@. 51)

Therefore, for any u € Wy with ||ullw, = R € (O,min{l, [%] W})
Tlgllee

We conclude that J (u) > 6 where § = (i(gl) - {%HQHOOC} Rq_pg) RPY.

We choose, for ug € Wy, |lug|lw, > 1 and ¢ sufficiently large, we obtain:

Jm@_k@@vmmﬁ%?mmmAF@%mx

< CRW uoll, = T ol (5.2)
< 7 (CRW)lluollfy, = 2477 Jug 7).
q
Since 1 < pf < q, it is easy to see that J (tug) — —oo when t — +o0.
Hence, we find ¢ sufficiently large and € > 0 such that
J(tuo) < —e< 0.

Step 2: Coercivity and monotonicity of the operator
Before establishing compactness results for Palais—Smale sequences, it is essential to
analyze the structural properties of the underlying nonlinear operator,

a(w,©) = g(IED & g(r) =" (1 +logle 4 1)+ T ).
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belongs to the class of radial, Leray—Lions type operators with logarithmic pertur-
bations, a setting naturally encountered in borderline double-phase problems. The
following proposition establishes precise coercivity and monotonicity inequalities.

Proposition 5.2. There exist constants C; = %, Cy = % and C3 =1, such that for all
&neRY,

(a(;v,f) - a(%??)) ’ (5 - 77) > Clw(‘g - 77|), a(m,g) £ 2> CZ(b(‘SD —Cs,
with
P(r) =rP(1 +logle + 1)) +rPlogle + 1), ¢(r) =7P(1+ log(e +1)).
Proof. Define

h(r) = g(ryr =r~" (1 +logle+r) +
Then
hI(T) _ (p_ 1)rp—2 (1 +10g(e+r) + p(e:—T‘)) +rp_1<@_|1_7‘ + p(ej_r)2>7

hence

1
B (r) > 57"”4(1 +log(e + 1)), Vr>0.
Scalar monotonicity. For £, € R, by the mean value theorem,

(9(I1€DE = g(Inm)(& = n) = (h(&) = h(m)(E —n) = K (0)(€ —n)?,
with 6 between [¢] and |7].
Hence !
(9(1€NE = g(Inl)m)(€ —n) = 1€ —nl*(1 + log(e + [€ —n]))-

Vectorial monotonicity. For ¢, € R, the standard inequality for radial opera-
tors (see [19, 26]) implies

(a(z,€) —alz,n)) - (£ =n) = Cry(|€ = nl).

Coercivity.

a(w,€) - & = g(l€NIel* = n(le)) = So(leh) — 1, (5:3)

so that coercivity holds with Cy = % and C3 = 1. O

Remark 5.3. The constants C = %, Cy = %, and C3 = 1 are uniform, ensuring coer-
civity and strict monotonicity independently of £, 7. For more details, see Lindqvist
[19] and Ziemer [26].

The coercivity and monotonicity properties established above provide the struc-
tural backbone of our operator. They ensure that the variational setting is well-posed
and allow us to invoke Minty’s lemma, a key tool to upgrade weak convergence into
strong convergence.

Lemma 5.4 (Minty Lemma). Let A : Wy — W be strictly monotone and weakly
continuous. If u, — u and limsup,,_, . (A(up), un —u) <0, then u, — u strongly in
Wo and A(u,) — A(u) in W§.
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For a proof, see Minty [20] or Brézis [7].

5.1. Step 3: Strong convergence of Palais—Smale sequences

Proposition 5.5. Let {u,} be a bounded Palais—Smale sequence for J. Then, up to a
subsequence,
Up — u  strongly in Wy.

Proof. Assume, by contradiction that [lun [lw, — oo.
Let U(u,) = [, ®(z, |Vuy|) dz, then

J(un) —

1, . 1
X<J (un), upn) = {K(\P(un)) - XK(\IJ(un))/Qa(as,Vun) -Vu, dx]

4 B/ 9(2) un|? dz — /g( n|qu]
l:/fxunundl‘—/Fl‘un ]

Using a(x, Vuy,) - Vu, < (p+1)®(z, |Vu,|) since ef‘gz‘nl <1 and (2.4) we have

O

= p+1

J(up) — %(J’(un),u,g >K(U(uy)) — K(U(up))V(uy) + (q;(1>\> /Qg(x)\un|‘1 dx

2(% _ 1%1)1((\1/(%))\1/(%) + (q/\_qA) /Qg(x)lunlqdfv-

Since (p+1)8 < A < g and g > 0, we have

Tn) = 10T s} > (5 = PR (W () ),
and by (4.1) and (3.3), we deduce
Tun) = 17 (undsin) > (5 = P Yol

The right-hand side diverges to +oo, contradicting boundedness of J(u,,). Thus,
{un} is bounded in Wy. On the other-hand, by reflexivity, there exists u € Wy such

that (up to subsequence)
Uy, = u in Wy, u, - u a.e. in .
Now, Take ¢, = u, — u in J'(u,), then

(), o) = K (9 (un)) /Q a(2, V) - (Vin — Va) da — T, — T,

where

7, = [ glalunl" un(n ~ w7y = [ faua) i~ u)do
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By compactness Wy < L7, we have T, — 0. By dominated convergence (subcritical
growth of f), Ty — 0. Hence,

K(\If(un))/ a(x, Vuy,) - (Vu, — Vu) dx — 0.
Q

That means that lim,,—, o (A(uy,), up—u) = 0. Since u, is bounded and K is continuous
and K > kg > 0. Thus,

I, = / a(z,Vuy,) - (Vu, — Vu) dz — 0. (5.4)
Q
Using strict monotonicity (Proposition 5.2), we deduce

/(a(x, Vuy,) — a(z, Vu)) - (Vu, — Vu) dz > C’/ O(z, |Vu, — Vu|) dz,
Q Q

/(a(m, Vuy,) —a(z, Vu)) - (Vu, — Vu)de = I, — / a(z, Vu) - (Vu, — Vu) dz.

Q Q

Since u, — u in Wy, the term [, a(z, Vu) - (Vu, — Vu)dz — 0 as n — oo by the
definition of weak convergence.

Combined with (5.4), we conclude that

lim [ (a(z,Vu,) — a(z, Vu)) - (Vu, — Vu)dz = 0.

Hence, the Palais—Smale sequence {u,,} is bounded and converges strongly to a
critical point u of J. This establishes the existence of a weak solution in the Musielak—
Orlicz—Zygmund framework.

O
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Low-regret control of a nonlinear parabolic prob-
lem with missing data

Biéliémi Lamien (%), Sadou Tao (2 and Elisée Gouba

Abstract. In this paper, we study the optimal control of a nonlinear parabolic
problem with missing data. Using the concepts of no-regret control, low-regret
control and adapted low-regret control, we give a characterization of the con-
trol for ill-posed problems. More precisely, we study the control of a nonlinear
parabolic problem using a regularization approach that generates incomplete in-
formation. We obtain a singular optimality system characterizing the no-regret
control for the nonlinear parabolic problem.
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1. Introduction

Let © be a bounded open subset of R™ with a sufficiently smooth boundary I'. Let
T >0 and let Q@ = x (0,T) denote the space-time cylinder, with lateral boundary

Y=Tx(0,T).
Consider the following Cauchy problem in Q:
0z 3 .
E_AZ_Z =v in @Q, (1.1)

z(0)=0 in Q.

Let z € L?(Q) denote the state of the system and v € L?(Q) the control. The state
of the system is unknown on the boundary of the domain. Thus, problem (1.1) is a
problem with missing data. Due to the presence of the term 23 in (1.1), this problem is
generally unstable. In the case where a boundary condition is prescribed, the solution
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generally blows up at a time to < T [3, 4, 13]. This problem was studied by Lions in
[3], where he obtained a characterization of optimal pairs. Optimal control problems
for nonlinear distributed systems constitute an open and active field of research. Most
existing works focus on deriving necessary or sufficient first- or second-order optimality
conditions. Owing to the lack of obvious regularity of the state solution, the issues
of existence and characterization of optimal controls still require a detailed analysis.
The assumptions imposed on control problems are generally chosen so that a more or
less adapted standard method can be applied to establish the existence of solutions.
In the present work, we apply the low-regret control method introduced by Lions
in [6] to study the control of nonlinear distributed systems with missing data. We
then characterize the no-regret control of the problem with missing data through a
singular optimality system. The notion of no-regret control was introduced by Leonard
J. Savage [12]. Lions subsequently employed this concept in the context of optimal
control, motivated by numerous applications in economics and ecology [6]. Indeed,
he was the first to use both the low-regret and no-regret control concepts to control
distributed systems with missing data in various areas of applied mathematics [1, 5, 7.
For example, integrating a decision criterion into a closed and nonempty subspace of
uncertainties makes it possible to improve existing results and to extend the concept of
low-regret control to a framework involving multiple agents in economics [1]. Picart et
al. apply the concepts of no-regret and low-regret control to address problems related
to the control of nutrient absorption by roots in the rhizosphere (the area surrounding
the roots), considering two types of soil: healthy soil and polluted soil [9]. Nakoulima
et al. successfully characterize no-regret control for missing data problems in both
stationary and evolutionary cases through a singular optimality system [10, 11]. In this
article, we regularize problem (1.1) as a sequence of well-posed problems to study the
control problem using the low-regret method, which is particularly suited to problems
with missing data. We show that the no-regret control corresponds to the limit of the
low-regret control as the disturbance parameter tends to zero. The rest of the article is
organized as follows: in Section 2, we present the regularization and control problem.
In Section 3, we characterize low-regret and no-regret control via singular optimality
systems.

2. Regularization and control problem

2.1. Regularization of the ill-posed problem

In this section, we regularize problem (1.1) following the work of Lions [2, 3] on the
regularization of problems with missing data. Thus, for all ¢ > 0 and for all g € L?(X),
we consider the following regularized problem:

0
ZszzEfngrszg’:v in Q,
ot
2(0) =0 in Q, (2.1)
Ze = €9 on Y.

Let G be a nonempty, closed vector subspace of L?(X), equipped with the L?(%) norm.
The function g ranges over the set G and may represent pollution or a disturbance.
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Remark 2.1. For any fixed ¢ > 0 and g € L?(X), the system (2.1) has a unique
solution [2].

2.2. Cost function and control problem

2.2.1. Analysis of cost function and no-regret control case. Let z. := z.(v, g) denote
the state of system (2.1). For all v € L?(Q) and g € L%(X), we associate the following
cost function:

1 2 N 2
JE(v7g) = 5 ||25(U,g) - Zd||L2(Q) + 5 ||UHL2(Q) . (22)
Here, N > 0 and z4 € L*(Q) denotes the desired state.

Definition 2.2. We say that u € L*(Q) is a no-regret control for problem (1.1) if u is
a solution of the following problem:

inf su Je(v,9) — J(0, . 2.3
) geLg(E)( (v, 9) = J:(0,9) (2.3)

Remark 2.3. To make the nonlinear problem amenable to analysis, we consider the
standard definition of no-regret control associated with a linearized cost functional,
and then study the corresponding no-regret control problem.

The concepts of no-regret control and low-regret control, introduced by Lions in
[6], rely on the decomposition of the solution of (2.1) in the form z.(v,g) = z(v,0) +
2¢(0,9) — 2:(0,0) where z.(v,0) is the solution of (2.1) with ¢ = 0 and 2.(0, g) is the
solution of (2.1) with v = 0. This decomposition is no longer valid in our case because
the mapping (v, g) + 2.(v,g) from L?(Q) x L*(X) to L?*(Q) is nonlinear. For this
nonlinear case, we exploit the regularity of the solution of (2.1) and replace the cost
function defined in (2.2) by its linear form with respect to g. Thus, following [8], we
consider the new cost function given by:

aJ,
Tie(v,9) = Je(0,0) + 52 (2,0)(9)- (2.4)
Hence, we consider the following new optimization problem:
inf su Jie (v, g9) — J1(0, . 2.5
v e 12(Q) LGLE(E)( 1e(v, 9) 1e( g))} (2.5)

The solution of (2.5) if exists, is called no-regret control for the nonlinear problem.
Then, we have the following proposition.

Proposition 2.4. For all (v,g) € L*(Q) x L*(X), we have the following equality:

0z

Do) = (0.6) = J.(0:0) = 0.0 + {(0.0) = 20 520, 0)(0))

- <z5<o,0> o %j<o,o><g>> , (2.6)

where J. is the cost function defined in (2.2).
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Proof. The mapping (v,g) + z.(v,g) is differentiable with respect to g in L?(X).
Thus, the first-order (linear) expansion of z. at the point (v,0) along the direction of
g is:

825 T ZE(U, )‘g) - ZE(Uv 0)
5o (0.0)(g) = lim - .
We have :
1 2
Je(v,Ag) = J(v,0) + 5 HZE<’U, Ag) — za('Ua())Hsz(Q)
+(2e(v,0) = 24, 2 (v, Ag) — 2(v,0)) -
Therefore,
. JS(U7)\9) —JE(U,O) _ . 25(7), )\g) _ZE(U?O)
M ) B L - T
2
4 hm é Za(va /\g) - ZE(Uv 0)
A—0 2 b\ £2(Q)
= (2z(v,0)—z %(UO)()
- e\Yy d> 89 ) g
0J.
= . 2.
S 0.0)(0) (27)
By substituting (2.7) into (2.5), we obtain:
0z
Jle(v7g) = JE(U70)+ ZE(U,O) _Zdaaig(vﬂo)(g) . (28)
By substituting v = 0 into (2.8), we obtain:
0z
Jle(oag) = JE(O,O) + ZE(O7 0) — Zd; 679(070)(9) . (29)

Consequently,
0ze
J1e(v,9) = J1(0,9) = J:(v,0) = J(0,0) + <z€(v,0) — Zd, ;g(v,())(g)>

- <zs(0,0) — Z4, 8—9(07 0)(g)> :

In what follows, we use the propositions below to estimate the terms

<z5(v,0) — Zd, %Z;(U,O)(g)> and <zs((),0) — Zd, a;;(O,O)(g)> in (2.6).
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15) e 0 = . € 7)\ — *g 70
Proposition 2.5. The partial derivative Bzg = ;g (v,0)(g) = ;13% 2 g))\ 2(v,0)
is the solution of the following problem:

9 (9=
ot \ dg

- A (825) - 3z§(v,0)% + 552?(1},0)8% =0 inQ,

dg dg dg
%(v, 0)(g)| =0 nQ,  (2.10)
aag t=0
Ze o
87g(v’ 0)(9) =¢g on X.

0z
Proof. Let us show that 81(1), 0)(g) is a solution of (2.10).
g
e For the condition in ), we have:

0 [0z 0z 0z 0z 0 [0z
o e\ A e\ 2 5 4 e _ Y9 e A - 3 5
5 <8g> (89) 322 39 + bez; 39 39 ( 5 Ze — 2 +5zE>

0in Q.

Indeed,

0z .
E(’Umg) - AZ&(U79) - Z?(’U7g) + EZE(U,g) =v1 Q

e For the initial condition in €2, we have :

0z . 2e(,AQ) |, — 2 (v,0)[,_

= 1 ’ t=0 ’ t=0 = =
99 (U,O)(g)’to lim 3 0 because z:(v,g)|,_o =0
in Q.

e For the boundary condition on ¥, we have :
% Za(v? /\g) — ZE(Uv 0) li AEg -0

ag (U7 0)(9) )\IE)% 2\ Allﬁ)

=¢egon 2.
O

aZE — az& (0 O)(g) _ llm 25(07)\9) _ 25(070)

Proposition 2.6. The partial derivative g P A

s the solution of the following problem :

0 626) A (8Z5> = 3:2(0,002% 4 5:20,00%= — 0 in @,

ot dg dg dg dg

Sy - nQ,  (2.11)
aag t=0

Ze

Zre — .

52 0.0)() = g on

Remark 2.7. The proof of Proposition 2.6 is carried out in the same way as that of
Proposition 2.5.

Now we have the following lemma:
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Lemma 2.8. For all v € L?(Q) and for all g € L? (X), we have:
08
Jie(v,9) — J1(0, 9) JE(H,O)JE(O,O)+<8(U),€Q> ) (2.12)
v L3(2)
with S(v) = (- (v) — ¢(0) and (. (v) = ((x,t,v) the solution of the following system.:

_aaif (v) — AL (v) — 322(v,0)¢ (v) + 5ez2 (v,0)¢ (v) = —2:(v,0) + 24 in Q,

C(T, U) =0 in €, (2.13)
CE(U) =0 on .

3]
Proof. We multiply the first equation of (2.13) by %(v,O)(g). By integrating by
g

=01in Q,
t=0

3]
parts and using the boundary conditions, {.(T,v) = 0 and 82; (v,0)(g)

we obtain that:

(G0 Seenw)  =(5 (Geenw).cw)

Using the conditions (. (v) =

aZs (v,0)(g) = €g on ¥ and by applying Green’s
g
formula, we have:

<—A(E(v), %Z; (v, 0)(g)>

<§g< Az (v, o>><g>,<e(v)>

L2(Q) L?(Q)

Therefore:

Indeed,

It follows that :

R
)

For v = 0, the system (2.13) becomes:

‘aai (0) = A (0) = 3822(0,0)¢=(0) + 5222(0,0)¢: (0) = —2.(0,0) + 2 in Q,

¢(T,00=0 inQ, (2.15)
¢(0)=0 on X.

(2.14)

®
/—\
C
=2
—~
S~—
\/
h

[V
o

Il
N
Q| D
NEN
—
e
:—/
™
Q
\/
h

N
M
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0z,
dg

By multiplying the first equation of (2.15) by (0,0)(g) and then applying the

previous techniques, we obtain:

<—(zg(070) — 24), %(0, 0)>L2(Q) =— <%§f (0)7€g>L2(2) ) (2.16)

By substituting (2.14) and (2.16) into the equation (2.6) of the Proposition 2.4, we
obtain:

a8
Jls(vag)_Jla(Oag) = JE(U70)_J€(070)+<8(U)7€g> )
v L2(3)

with S(v)= (:(v) — ¢(0). O

Remark 2.9. Using the previous result, we obtain:

sup (J1e(v,9) — J1(0,9)) = J(v,0) — J-(0,0) + sup <ZS(U),6Q> , (2.17)
) v

g € L2(X) g € L3(
as
ot (B) 4o
. oS v L2(%)
with  sup —(v),eg =
g€ LX) ov L2(%) 0if oS —0
i a(v) =0.
oS .
The result of sup —(v),eg does not allow us to characterize the
geL2(x) \ \ o L2(5)
no-regret control of the following problem:
inf sup (Jle(v7g) - ']16(079)) : (218)
vEL*Q) |ge L2(%)

To make sense of problem (2.18), we consider the set E; defined by:
oS

By ={veL*Q), <(v),5g> =0, Vge L? (%) ;.
ov 12()

In what follows, we use the notion of low-regret control to seek a control in the
set F.

2.2.2. Low-regret control.

In this subsection, we focus on the low-regret problem, which depends on the distur-
bance g and its norm. This problem is obtained by relaxing problem (2.18). We then
consider the following definition:

Definition 2.10. Let v > 0 be a fized number representing the relaxation parameter.
Then, problem (2.18) becomes:

. 2
) EIE§(Q) |ﬂ GSE?(Z) (Jls(v,g) - Jls(oag) -7 ||g||L2(E))] . (219)

The solution of (2.19), if it exists, is called low-regret control.
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Lemma 2.11. We consider the function J. defined in (2.2). Thus, for all v € L*(Q),
the problem (2.19) becomes:

as|I?

B

82
inf | J.(0,0) — J-(0,0) + =

) 2.20
v e L2(Q) 4y (2:20)

L2(s)

Proof. Using the result of Lemma 2.8, we have:

2
, GSEE(E) (J15<’U7g) = J1(0,9) — v HgHL2(E)> = J:(v,0) — J=(0,0)
aS

Y2
D) H9HL2(2) + , ESEE(E) <8l’(v)7€g>L2(2) . (2.21)

According to the Fenchel transformation, we have:

2 sup <1as(v) 6g> 71Hg||2 —52‘
g€ LZ(E) 2 31/ ’ LQ(Z) 2 L2(E) 2’Y

2 9S 2

%’U

2

o
v v

L2(2)
_e

L2(%) 4y

L2(w)
Thus, the problem (2.19) becomes :

inf J7(v 2.22
T (2.22)
g2 ?
with J(v) = Jz(v,0) — J:(0,0) + -

08

2 . O
3uv

L2 (%)

Now we reformulate the problem (2.19) as follows:

For all v > 0, find ) € L*(Q) such that :

2.23
Jl (wl) = inf ~JI(v). 22

v € L*(Q)

Problem (2.23) is a low-regret problem and its solution is called low-regret control.

Remark 2.12. In contrast to the linear case, the function J is not convex. So we don’t
necessarily have uniqueness of u). Moreover, we are not convinced that v converges
in E;.Then, we will adapt the function J2 like J.L. Lions [6] by using a regularization
method for finding the low-regret control related to the problem.

2.3. Adapted low-regret control.

Since the function J? is not convex, we define a new function to study the control
problem. We are therefore interested in finding a solution to the following minimiza-
tion problem:

inf 7 2.24
o TA) (224)
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with J2,(v) = J.(v,0) — J.(0 0)+1||u—a||2 +52‘85 v i where @ €
€a € 9 £ ) ) L2(Q) 4/}/ (‘31/ L2(2)7

L?(Q) is the no-regret control. The control solution u? of problem (2.24) is called the

adapted low-regret control.

2.3.1. Existence of adapted low-regret control. In this section, we establish the exis-
tence of the adapted low-regret control, inspired by the work of T. Thomas et al. in
[14, 15]. We consider the following proposition:

Proposition 2.13. There exists at least one solution u) € L*(Q), called the adapted
low-regret control, for the optimal control problem (2.24).

Proof. According to the definition of J2,, for all v € L?*(Q), we have: J2,(v) >

e os, |

— ||=

4 || ov L2(D)

Let us consider the nonempty set By = {v € L*(Q), J2,(v) > —J.(0,0)}. Indeed, by
1

taking v = 0, we have: J2,(0) = 3 ||ﬂ||22(Q) > —J:(0,0). Thus, there exists a real

constant C', which depends on € and ~, such that C'(e,y) = iILl2f(Q)j€”{L(v). Indeed, we

v e

1 -2
—J.(0,0) & —J.(0,0) < J.(v,0) — J.(0,0) + 3 vauHLz(Q) +

consider a minimizing sequence (v, )nen = (Un(€,7)),cy that converges to d?. Then,
dY = lim J2,(vy).
n——+o0o

1 2 N 2 1 2
_‘]E(O7O) < 5 Hze(vnao) - ZdHL"’(Q) + ? anHLQ(Q) - 5 HZE(O,O) - ZdH[;(Q)
os
ov

1 2 g2 2
5 [[on — “HL?(Q) 1~

4y (Vn)

L3(2)
< A+

We deduce the following inequalities, which show that the sequences are bounded.

‘v <
L%(Q)
2e(Un, 0) —zd‘

]
ov "

Cl (57 7)7

n

02(577)7

<
L*(Q)

< C3 (57 ’7)
L3 (%)

3

val

Here, C;(e,7), for i € 1,2, 3, are constants independent of n. Therefore, we can extract
a subsequence, still denoted by (v,)n € N, such that v, (g,7) — u2 in L*(Q). O

In order to characterize low-regret control, we consider the following proposi-
tions:
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~
€

(v,0)(w) =

0
Proposition 2.14. For all w € L?(Q), the partial derivative 82;)
ze (v + Aw, 0) 2¢(v.0)

;ir% be the solution of the following problem:
—
0 [0z 5027 1027 )
8( )— (81})_368 Sez; L=V in Q,
927
€ — mn Q 2.25
6U(v 0)(w )t=0 0 in €2, (2.25)
.
8825 (v,0)(w) = 0 on X.
0z) . . 2
(v,0)(w) is a solution of (2.25). V w € L*(Q) and
v
022 ze(v + Aw, 0) — 2. (v,0)
VAER, 55 0) = lim X
e 0z7 3 5
e For the condition in @, 5t (22)—(22)°+e(22)° =
v
0 [0z v+ Aw —v
i € Y\ (273 7\5 — H
— o (2 A - (2P ) o) = i T
= w in Q.

On the other hand, we have:

5 (52 - 86D~ (2P + <)) o)w) = 5 (G2 0w))

ov \ Ot
0z 0z2 0z
_ € _ Y v\4 e
A (G200 = 3620052 (0.0)(w) +5262)! (0.0 G2 0. 0w),
° %or the initial condition in €. w0 0
% 0, 0) >\ = tim 22020 Olico = 2000 _ 5
v =0 A—0 A
. Forv the condition on E(. v 0) (0,0)
z] o Ze(v 4 Aw, 0) — 2. (v, .
50 (v,0)(w) = )l\lir%) 3 =0on X.
O
- 2 ¢
Proposition 2.15. For all w € L*(Q), 5 W) (w) =
v
lim Cw+iw) = @) 1s the solution of the following problem:
A—=0 A
¢ O\ ., 208 106 0z7 :
8t(8v> A(@v) 32y to g, = g, (W OW) mQ,
%(v)(w) =0 in Q, (2.26)
v —r s
o
s (v)(w) =0 on X.
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¢

Proof. Let us show that
v

(v)(w) is a solution of problem (2.26).

e For the condition in ), we have :

5 (Frww) - a (G2 ) - 3252 @w) + 55152 0w

. a;ta (v + dw) — Al (v + Aw) — 322( (v + Aw) + 5ez2( (v + \w)
= A
aCE 2 4 Y
y 5t (v,0) — Al (v,0) — 322¢.(v,0) + bez2((v7,0)
TA50 A
= }\in}) —(z(v+ 2w, 0) _;d) +2(0,0) — 2 according to (2.13)
—
— tm ze(v + Aw,0) — z(v,0)
A—0 A
v
= % 0w n e

e For the condition in 2, we have:

% 1 G+ Aw)|_p — ¢ (V)]er _ _
5 (v)(w) T ;13%] 3 = 0 because (.(v)|,_p =
0 in Q.

e For the condition on X, we have:
o¢y o G(v A Aw) = ((v)
g VW) = Jimy )

=0 because (. (v) =0 on X.

O

In the following, we provide the characterization of the adapted low-regret con-
trol.
2.3.2. Characterization of adapted low-regret control.
This characterization is given by the following proposition:

Proposition 2.16. The adapted low-regret control u) solution of (2.24) is characterized
by {C2,22,pY,pY} the unique solution of:
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a¢y )
O AQ - B+ 5 = (2~ 2a) i@,
Q(T,ul) =0 in €, (2.27)
J = on X.
82; 2% 7)3 7)5 Yoo
ot - AZ& - (Za) + 8(2"5) =U; N Qa
22(0) =0 in Q, (2.28)
2] =0 on X.
8P2_A7_3(7)2 7_’_5(7)4fy_0 . Q
ot Pe Ze ) Pe E\Ze) Pe = m Y,
p2(0)=0 in Q, (2.29)
g2 98y
v =
R on .
3pg 7 — 297 VY 0 g
ot — Ap (Zs) pd + 56(25) Pe =2 —2d — P N Q,
pI(T,ul) =0 in €, (2.30)
pl = on .
pl +(N+ 1wl =a in L*(Q),where 27 := z.(ul,0). (2.31)
Proof. The Euler-Lagrange condition on JZ,, for all w € L?(Q), is given by:
Y (w4 Aw) — T (0 .
lim Jsa(ug + U)) Jga(ug> _ <8z (uz’ 0)(’[1}), Za(uz, 0) B Zd>
A—0 )\ 81} LZ(Q)
52 ¢, 85
Indeed, for all A € R and for all w € L?(Q), we have:
T2+ w) = T w) A ze(ul + Mw,0) — z(u2,0) |
A 2 A 12(Q)
A 2 ze(uY + dw, 0) — ze(u?,0)
AW |l +< ! =0 (w2, 0) — 2
2 B A 12(Q)
y &2 |25 ) — 95 ~
+ N w)p(@) (u? _u7w>L2(Q) + - o (ud + Aw) o (u?)
K A L2(%)

oS oS
—— (Y — — (Y
n i v (ua +)\UJ) v (ua) @(u’y)
27y A TovE '
L3(%)
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By passing to the limit, we obtain:

Y (w4 o) — T (Y
iy T2 TN 2 T) (O 1y ) ) 2w, 0) 2
A—0 A ov £2(Q)
e2 /o [0¢ oS
Nu? Y _ 5 S e S G2 )
+< u; +ul —u, w>L2(Q) + 2y < v (av (UE)(U})> =y (ua)>L2(2)
Indeed, we have:
cze(ul +Aw,0) — 2 (u2,0) 022
)1\1_>H10 b\ - v (ua ’ O) (’LU),
Sl 4+ Aw) —S(w?) L G(ud +Aw) — G (w)) 0
pm, \ = jimg X\ = o (W)
. 217 o¢y ?
In addition, the terms S and || == are bounded and tend to zero
v llz2 Q) v llL2(z)
when A tends to zero. 5
By multiplying the first equation of (2.29) by 3% (u?)(w) we have:
apY ¢ apY 0
(a0 -8+ et @) =0 (GGG

(oo ) + (-36220 GEwn) + (56 G ) ) =0

By integrating twice by parts, we obtain:

8pg 8@ o 73 aCE u) (w
(G mew) = (g (Gmew).n) .

By applying Green’s formula, we obtain :

<—Apg,%§)€(ug)(w)>L2(Q) - <_ (%%(ug)(w)>7pZ>L2(Q)

It follows that :

2 /0 (0, 052 _Jon, X
5 <({9I/ (av (UE)(U})> Y >L2(2) - < v (US,O)(U}), _p€>L2(Q).

The Euler-Lagrange condition becomes : V w € L?(Q),

)
“2 (12, 0), 20 (12, 0) (w) — zq — p +(NuZ 4 ud — Gy w) 2y = 0. (2.33)
v 12(Q) @
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Ze

By multiplying the first equation of (2.30) by 5

(u?,0)(w), we have:

_%_ Y V27 747855 v
(=57 = A0 = 32702+ 5202, G2 0w

L*(Q)

= (2= 2 G2, 0))).

By integrating twice by parts, we obtain:

opY) 0z 0 [0z
S S ow) = (g (Feow)a)
< ot " oOv 12(Q) ot \ ov 12(Q)

By applying Green’s formula, we obtain:

(o reaow) = (A (Geow)n)

It follows that:

0z

0 [0z
2zl <uz,0><w>> - < ( €<uz,0><w>) ,pz>
< ov R AN 12(Q)

+ (=362 ZE 0 w) + 52 G202, 0)w). 07 )

= (Pl w) 12 -

Indeed, we have:

L*(Q)

% (88";6 (ug,O)(w)> ~-A (%’jj (ug7o)(w)> - 3(22)2%(@70)(10)

+ 5€(zg)4%(uz,0)(w) = win Q.

Thus, the condition (2.33) becomes :
<PZ + NUz + “Z - ﬂaw>L2(Q) > O,V w e LQ(Q)

(2.34)

Vw e L*(Q), —w € L*(Q) because L?(Q) is a vector space. Considering w' = —w,

(2.34) becomes:
(P2 + Nul +ul —a,w') 2oy <O,V 0’ = —w € L*(Q).

Therefore, the adapted low-regret control u is characterized by the following equa-

tion:

pl + (N +1)u? = in L*(Q).
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3. Singular optimality system (SOS)

3.1. Characterization of low-regret control

In this section, we present the singular optimality system characterizing the low-regret
control of system (2.19). To this end, we first establish the inequalities given by the
following lemma:

Lemma 3.1. There exists some positive constants C; fori € {1,2,3} such that:

[

¥

1e
2./

~
€

<C
L*(Q)
< Oy (3.1)

L*(Q)
o¢2

< Cs.
ov 8

L3(2)

Proof. According to Proposition 2.13, u? is the solution of (2.24). Thus, we have :
Tou(ud) < T2 (v), ¥ v e L(Q).
By taking v = 0, we obtain:

a¢ ||”
ov

1 2 N 2 1 12 g2
Jea(wld) = 5 |22 - ZdHL2(Q) Y H“gHm(Q) T3 Ju2 — UHL2(Q) + iy

L2(s)

N

1 -
5 (szHQL?(Q) + HuHi?(QJ =C

We deduce the following inequalities:

- Zd‘ g S
Y <C
‘ua LQéQ) 2
€ ¢
< Cs.
2\/7 8V L2 ) 3

By the reverse triangle inequality, we obtain:

‘HZgHm(Q) - ”ZdHH ' |22 ZdHL2(Q <G

- HngLZ(Q) G+ szHL?(Q) .

Hence the inequalities of the Lemma 3.1. g
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Theorem 3.2. The low-regret control u” of the problem (2.19) is characterized by
{¢7,27,p7,p7} the unique solution of :

KT A3 = () @
C(T,u) =0 in Q, (3:2)
(7=0 on X.
.
aﬁit — A7 — ()23 =u inQ,
27(0) = in Q, (3:3)
27 =0 on X.
v
(508) 5@% ~Ap =3(27)%p7 =0 inQ,
p7(0) =0 in Q, (3.4)
p’ =0 on .
Y
_88% —ApT =3(27)°pY =27 —za—p? in Q,
p’(T,u”) =0 in €, (3.5)
p’ =0 on X.
p’+(N+1)u =a in L*(Q),where 27 := z(u",0). (3.6)

Proof. Consider z2 the solution of the problem (2.28). According to Lemma 3.1, we
have : ||z§|| L2(Q) < C. Therefore, we can extract a subsequence (z2)_ which weakly
converges to 27 in L?(Q) when ¢ — 0. In addition,

in L2(Q). Therefore, from (2.28), we have:

H 0z)
ot

£
< C. Thus, u) — u”

|2 g

— A2 = () —u?

r@ leGz2) M2y < €€ 20

when € — 0, the problem (2.28) becomes:

¥
aait — A2 = ()P =u" inQ,
27(0) =0 in Q,
27 =0 on .

We consider (0 € L?(Q) as the solution to the problem (2.27). Since (7 € L?(Q), the
sequence ((7) is bounded in L?(Q). There exists a positive constant M; such that

HQHLQ(Q) < M. Thus, from (2.27) we have:

H_aCQ
ot

— A —3(22)2¢0 + (22 — zq) = [5(22)" Q2 || 12 ) < 5ECML — 0

L*(Q)
Therefore, it exists a subsequence ({J). such that (2 — ¢7 in L?(Q).
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When ¢ — 0, the problem (2.27) becomes:

a¢Y 2 '
— S A =3 = (37— 24) in @,
O(T.u7) =0 in 0,
(V=0 on X.

We consider p) € L?(Q) the solution of the problem (2.29). According to the Lemma
3.1, we deduce the following limit:

oY
\;8% — A7 converges weakly in L% (X). So, when ¢ — 0, Py
L?(Q). Therefore, the sequence (p?) is bounded in L?(Q). Then, there exists a positive
constant My such that Hpg < Ms. Thus, from (2.29) we have:

H L2(Q) X
at

£20¢)

—>07ng

— Ap? = 3(22)%p2
L2(

= [156(:2)02 | o gy < 55C Mz —,0.

Therefore, it exists a subsequence (p2). such that p? — p? in L?(Q). When ¢ — 0,
the problem (2.29) becomes:

oY

o= Ap=3(1)%7 =0 i Q,
p?(0) =0 in Q,
P’ =0 on .

We consider p? the solution of the problem (2.30). According to the equation (2.31),
(u2) is bounded in L?(Q) and @ € L*(Q). Thus, there exists a positive constant Mj
such that HngH(Q) = H—ug +u— NugH < Ms. Therefore, (p?) is bounded in L?(Q)

and we have:
op
ot

— ApY = 3(22)*pl — (22 — za — p2)

= ||15e(z2)*p2 || 2y < 5ECM3 — 0.
@ @ =0
Therefore, it exists a subsequence (p?). such that p? — p? in L?*(Q).
When ¢ — 0, the system (2.30) becomes:

op? Y )29y vy Yo
— 5y AP =327 =27 —zg—p” inQ,
p’Y(T’ u’y) = il’l Q,
p’ =0 on .

According to the equation (2.31) and the inequalities of the Lemma 3.1, we have:
ul —u) in L*(Q). (3.7)
In addition, p? — p” in L?*(Q). We can deduce that:
pl —=p'=—(N+1Du+a in L*(Q),where 27 := z(u?,0). (3.8)
O
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3.2. Characterization of no-regret control

We now deduce, in this section, the singular optimality system of the no-regret control
for problem (2.18) by passing to the limit as ¥ — 0. The limit problem is not well
posed in the sense of Hadamard. This singular optimality system is presented in the
following theorem:

Theorem 3.3. The no-regret control @ of the problem (2.18) is characterized by
{¢, z, p,p} a solution of the optimality system:

S0 A3 = () i Q,
ot
¢((T,a) =0 in Q, (3.9)
¢=0 on X.
%—Az—ﬁ:a n Q,
ot
2(0) =0 in Q, (3.10)
z= on X.
(505) o _ Ap—322p=0 inQ,
ot
p(0)=0 in Q, (3.11)
p=0 on X.
Op 9 .
—E—Ap—&z p=z—2q—p inQ,
p(T,a) =0 in Q, (3.12)
p=20 on X.
p+Na=0 inL*(Q),where z := 2(@,0). (3.13)

Proof. According to the results of Theorem 3.2 and by passing to the limit as v — 0,
we obtain:

C'Y—\C:O’ C’Y_\CZO,

27—z =0, 27(0) — z(0) =0,
pr—p=0, onk pY— p=0, in
p’ —=p=0. p (T, u?) = p(T, @) = 0.

According to equation (3.8), we deduce that:
u? — @ in L*(Q).

It follows that there exists a no-regret control @, characterized by {(, z, p, p} solution
of (2.18). g

4. Conclusion

In this article, we analyzed an ill-posed parabolic problem with missing data by com-
bining regularization and low-regret control. Thanks to the regularization method, we
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were able to recover the missing boundary data on ¥ and transform the initial prob-
lem into a family of well-posed problems. To study the control problem, we applied
the low-regret control method, which is better suited to problems involving missing
data. We were able to characterize the no-regret control of system (1.1) thanks to
the convergence of low-regret control, then by taking the limit as the perturbation
parameter tends towards zero. This work can be approached numerically.
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