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On the existence of solutions to psi-Hilfer frac-
tional neutral integro-differential equations with
delay

Vinitha Ravi , Nirmalkumar Rajendran and Shyamsunder

Abstract. This paper investigates a class of neutral-type fractional differential
equations with finite delays, formulated through the generalized Ψ-Hilfer frac-
tional derivative. This operator, being a broad framework that unifies various frac-
tional derivatives, is highly effective in modeling dynamical processes with mem-
ory and hereditary characteristics. The primary objective is to establish sufficient
conditions for the existence and uniqueness of solutions to such equations. The
analysis employs fixed point theory-specifically Banach’s contraction principle
and Krasnoselskii’s fixed point theorem—within an appropriately weighted func-
tion space. These tools ensure that the solutions are not only well-defined but also
uniquely determined. Furthermore, two stability notions, namely Ulam–Hyers
stability and its generalized form, are studied to verify that solutions remain
close to the expected behavior under small perturbations in initial conditions or
parameters. To demonstrate the applicability of the theoretical framework, an il-
lustrative example with explicit functions and parameters is provided. The results
strengthen the theoretical foundations of fractional calculus and open directions
for further research on more generalized and complex delayed fractional systems.
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Abbreviations

• Fractional Differential Equation (FDE)
• Fractional Integral Equation (FIE)
• Fractional Calculus (FC)
• Fractional Integral (FI)
• Fractional Derivatives (FD)
• Riemann-Liouville (RL)
• Ψ-Hilfer Fractional Derivative (Ψ−HFD)
• Ulam-Hyers Stability (UHS)
• Ulam-Hyers Rassias Stability (UHRS)
• Fractional Functional Integro-Differential Equation (FIDE)

1. Introduction

FC has emerged as a powerful framework in modern mathematics and applied sci-
ences, owing to its capability of describing processes influenced by memory and
hereditary characteristics. Such systems frequently appear in diverse fields, including
control systems, viscoelastic materials, biomedical engineering, signal transmission,
and fluid mechanics. Classical integer-order models, fractional formulations provide
greater flexibility and accuracy in capturing the underlying dynamics. Consequently,
both theoretical investigations and practical applications of FD and FI have received
considerable attention in recent decades [3, 5, 11].

To address different modeling needs, several operators have been introduced in
the literature, such as RL, Caputo, and Hadamard derivatives. A more generalized
form is the Ψ-Hilfer operator, which integrates these classical definitions into a unified
structure. Each operator offers unique interpretations, enhancing the scope of FC
[3, 10, 11, 12].

Parallel to these developments, significant research has focused on the solvability
of FDE and FIE . Both linear and nonlinear models have been investigated using
advanced mathematical tools, including fixed point theory, semigroup methods, and
techniques from functional analysis [1, 2]. Moreover, stability analysis—particularly
UHS and its extended form, UHRS—plays a vital role in assessing the reliability of
fractional models when subjected to perturbations. These approaches have recently
been combined with Ψ-Hilfer derivatives to establish stability results for nonlinear
equations [7, 8, 9].

Although a wide range of studies have considered fractional systems without
delays or impulsive effects, fewer works address models involving both neutral terms
and delay components within the Ψ-Hilfer framework. Foundational contributions can
be found in [13, 14], yet further research is necessary to explore existence and stability
under such conditions.

Motivated by this gap, the present paper investigates a class of FIDE with
delay, governed by the Ψ-Hilfer fractional derivative. The general model under study
is expressed as:
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HDς1,ς2;Ψ
a1

+

[
f(ι)−

∑n
i=1 I

ξi
a1+Zi(ι, fi)

]
= G(ι, fι), ι ∈ J = [a1, b1],

f(ι) = Φ(ι), ι ∈ [a1 − δ, a1],
(1.1)

Here, HDς1,ς2;Ψ

a+
1

denotes the Ψ-HFD of order ς1 ∈ (0, 1) and type ς2 ∈ [0, 1], and

Iξi;Ψ
a1+ represents the Ψ-RL fractional integral. The functions Zi and G are assumed to

be continuous with respect to their arguments, and the initial condition Φ provides
the required history for the system.

The remainder of this paper is organized as follows. Section 2 introduces the
required background, notations, and fundamental tools from Ψ-Hilfer calculus and
fixed point theory. Section 3 establishes existence, uniqueness, and UHS. Section 4
provides a detailed illustrative example that supports the theoretical results.

2. Preliminaries

In the following section, to introduce the essential preliminaries, including defini-
tions, notations, and results from Ψ-Hilfer fractional calculus and nonlinear analysis,
required for the later developments. These definitions are adapted to the weighted
function space framework appropriate for our study.

Let J = [a1, b1] ⊂ R be a compact interval , and let Ψ ∈ C1(J ,R) be an
increasing function with Ψ′(τ) ̸= 0 ∀τ ∈ J . This function Ψ defines the generalized
fractional operator’s kernel.

We introduce the following weighted spaces

Cη
Ψ(J ) = {f : J → R|(Ψ(ι)−Ψ (a1))

ηf(ι) ∈ C(J )}

with norm:

∥f∥Cη
Ψ
= sup

ι∈J
|(Ψ(ι)−Ψ (a1))

ηf(ι)|.

Cη
Ψ,δ(J ) = {f : [a1 − δ, b1] → R|(Ψ(ι)−Ψ (a1))

ηf(ι) ∈ C([a1 − δ, b1])}

with norm:

∥f∥Cη
Ψ
= sup

ι∈[a1−δ,b1]

|(Ψ(ι)−Ψ (a1))
ηf(ι)|.

For a fixed delay parameter δ > 0, we denote Cδ = C([−δ, 0],R) with norm:

∥ϕ∥Cδ
= sup

τ∈[−δ,0]

|ϕ(τ)|.

For f ∈ C([a1 − δ, b1],R), the delay norm is given by

∥fτ∥Cδ
= sup

ρ∈[−δ,0]

|f(τ + ρ)|.
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Let Cη
Ψ = C([a1 − δ, b1],R) denote the Weighted space of real-valued continuous

function defined on the extended interval [a1 − δ, b1] with the norm:

∥f∥Cη
Ψ
= sup

τ∈[a1−δ,b1]

|f(τ)|.

Definition 2.1. [13]: Let ς1 > 0. The Ψ-RL−FI of a function f on J is given by

Iς1;Ψ
a1+ f(ι) =

1

Γ(ς1)

∫ τ

a1

Ψ′(s)
(
Ψ(τ)−Ψ(s)

)ς1−1
f(s)ds.

Definition 2.2. [13] For 0 < ς1 < 1 and 0 ≤ ς2 ≤ 1, the Ψ-HFD of a function f is
expressed as

Dς1;Ψ
a1+ f(ι) =

(
1

Ψ′(ι)

d

dι

)n(
I(n−ς1);Ψ
a1+

)
f(ι), n = [ς1] + 1

Definition 2.3. [13] For n − 1 < ς1 < n(n ∈ N ) and f,Ψ ∈ Cn(J ,R),then Ψ- Caputo
fractional derivative of a function f of order ς1 is defined by

CDς1;Ψ
a1+ f(ι) = Dς1;Ψ

a1+

(
f(ι)−

n−1∑
i=0

f
[i]
Ψ (a1)

k!

(
Ψ(ι)−Ψ(s)

)i)

Where n = [ς1] + 1 for ς1 ̸= N , and f
[i]
Ψ (ι) =

(
1

Ψ′(ι)
d
dι

)i

f(ι).

In particular, if n = ς1, we have CDς1;Ψ
a1+ f(ι) = f

[n]
Ψ (ι).

Definition 2.4. ([13]) For n− 1 < ς1 < n(n ∈ N ) and f,Ψ ∈ Cn(a1, b1) such that Ψ is
an increasing with Ψ′(ι) ̸= 0 for all ι ∈ [a1, b1]. Then the left-sided Ψ-Hilfer fractional
derivative of f of order ς1 and type 0 ≤ς2 ≤ 1 is defined by

HDς1,ς2;Ψ
a1+ f(ι) = Iς2(n−ς1);Ψ

a1+

(
1

Ψ′(ι)

d

dι

)n(
I(1−ς2)(n−ς1);Ψ
a1+

)
f(ι)

One has
HDς1,ς2;Ψ

a1+ f(ι) = Iς2(n−ς1);Ψ
a1+ Dη;Ψ

a1+f(ι)

where

Dη;Ψ
a1+f(ι) =

(
1

Ψ′(ι)

d

dι

)n(
I(n−η);Ψ
a1+

)
f(ι), η = ς1 + ς2(n− ς1)

Lemma 2.5. [13] If ς1, ς2 > 0, f ∈ C(J ,R) then(
Iς1;Ψ
a1+

)(
Iς2;Ψ
a1+

)
f(ι) = I(ς1+ς2;Ψ)

a1+ f(ι)

Theorem 2.6. [13] If ς1, σ > 0, and 0 ≤ ς2 ≤ 1. Then

Iς1;Ψ
a1+

[
Ψ(ι)−Ψ(a1)

]σ−1
=

Γ(σ)

Γ(ς1 + σ)

(
Ψ(ι)−Ψ (a1)

)ς1+σ−1

and

HDς1,ς2;Ψ
a1+

[
Ψ(ι)−Ψ(a1)

]σ−1
=

Γ(σ)

Γ(σ − ς1)

(
Ψ(ι)−Ψ(a1)

)σ−ς1−1
.
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Theorem 2.7. [13] Let f ∈ Cη[a1,b1], 0 < η < ς1 < 1. Then we have

Iς1;Ψ
a1+ f(a1) = lim

ι→a+
Iς1;Ψ
a1+ f(ι) = 0.

Theorem 2.8. (Banach fixed point theorem) Let (X , d) be a nonempty complete metric
space, and let T : X → X be a contraction mapping. Then, there exists a unique point
x ∈ X such that T (x) = x; that is, x is a fixed point of T .

Theorem 2.9. Let X be a Banach space, and let S ⊂ X be a nonempty, closed, bounded,
and convex subset. Consider two mappings T 1, T 2 : S → X such that for all x, y ∈ S,
the point T 1(x) + T 2(y) belongs to S. If T 1 is a contraction and T 2 is completely
continuous, then the equation x = T1x+ T2y admits at least one solution x ∈ S.

3. Main results

For convenience define the parameter:

Λ = Λ1 + Λ2

=

(
Ψ (b1)−Ψ (a1))

η

Γ(η + 1)
∥ω∥+

n∑
i=1

(
Ψ (b1)−Ψ (a1))

ξi

Γ(ξi + 1)
∥νi∥ (3.1)

The assumptions listed below will be used in establishing the main results.

• (A1) The function G,Zi : J × Cδ → R are continuous for each i = 1, 2, ...n.
• (A2) There exist measurable function ω(ι), νi(ι) such that for all f, f̄ ∈ Cδ and
ι ∈ J ,

|G(ι, f)− G(ι, f̄)| ≤ ω(ι)∥f− f̄∥Cδ
,

|Zi(ι, f)−Zi(ι, f̄)| ≤ νi(ι)∥f− f̄∥Cδ

• (A3) There exist constants Φ,Φi ≥ 0 for all (ι, f) ∈ J × Cδ,
|G(ι, f)| ≤ Φ∥f∥Cδ

, |Zi(ι, f)| ≤ Φi.

Definition 3.1. A function f ∈ Cη
Ψ,δ is said to be a solution of (1) if it satisfies

HDς1,ς2;Ψ
a1+

[
f(ι)−

n∑
i=1

Iξi
a1+Zi(ι, fi)

]
= G(ι, fι), ι ∈ J = [a, b],

and the initial condition f(ι) = Φ(ι), ι ∈ [a1 − δ, a1].

Lemma 3.2. Let 0 < ς1, σ < 1, 0 ≤ ς2 ≤ 1 and Ψ′(ι) ̸= 0 on J = [a, b]. If h, g ∈
C(J ,R) with h(a1) = 0 and λ(ι) = 0 , then the linear problem

HDς1,ς2;Ψ
a1+

[
f(ι)− h(ι)

]
= g(ι), ι ∈ J ,

f(ι) = λ(ι), ι ∈ [a1 − δ, a1],

has a unique solution given by

f(ι) =

{
h(ι) + Iη;Ψ

a1+g(ι), ι ∈ J ,
λ(ι), ι ∈ [a1 − δ, a1]
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Theorem 3.3. If assumption (A1)− (A2) hold and

Λ < 1 (3.2)

then equation (1.1) admits a unique solution on [a1 − δ, b1].

Proof. Let T : Cη
Ψ,δ → Cη

Ψ,δ as

(T f)(ι) =

{
Iη;Ψ
a1+

[
G(ι, fι)

]
+
∑n

i=1 I
ξi;Ψ
a1+

[
Zi(ι, fι)

]
, ι ∈ J ,

λ(ι), ι ∈ [a1 − δ, a1].

Now we need to show that T is a contraction under the Λ-condition.
Using assumption (A2), for ι ∈ J ,

|Tf(ι)− Tf̄(ι)| ≤ Iη;Ψ
a1+|G(ι, fι)− G(ι, f̄ι)|+

n∑
i=1

Iξi;Ψ
a1+ |Zi(ι, fι)−Zi(ι, f̄ι)|

≤ (Ψ (b1)−Ψ (a1))
η

Γ(η + 1)
∥ω∥∥fι − f̄ι∥Cδ

Iη;Ψ
a1+(1)(ι)

+

n∑
i=1

(Ψ (b1)−Ψ (a1))
ξi

Γ(ξi + 1)
∥νi∥∥fι − f̄ι∥Cδ

Iη;Ψ
a1+(1)(ι)

≤
[
(Ψ (b1)−Ψ (a1))

η

Γ(η + 1)
∥ω∥+

n∑
i=1

(Ψ (b1)−Ψ (a1))
ξi

Γ(ξi + 1)
∥νi∥

]
∥fι − f̄ι∥Cη

Ψ,δ

≤ (Λ1 + Λ2)∥fι − f̄ι∥Cη
Ψ,δ
.

Hence,

∥Tf − Tf̄∥Cη
Ψ,δ

≤ Λ∥fι − f̄ι∥Cη
Ψ,δ
.

Since Λ < 1 , T is a contraction and Theorem 2.8 guaranties a unique fixed point,
which corresponds to the unique solution of (1.1) □

Theorem 3.4. If assumptions (A1)− (A3) are satisfied and(
Ψ (b1)−Ψ (a1))

η

Γ(η + 1)
Φ < 1. (3.3)

then (1) has at least one solution on [a1 − δ, b1]

Proof. Suppose Cη
Ψ,δ = C([a1 − δ, b1],R) be the weighted space of continuous real-

valued functions with the supremum norm, and define the closed ball:

Bϱ = {f ∈ Cη
Ψ,δ : ∥f∥Cη

Ψ,δ
≤ ϱ},

where

ϱ ≥
∑n

i=1
(Ψ(b1)−Ψ(a1))

ξi

Γ(ξi+1) Φi

1− (Ψ(b1)−Ψ(a1))η

Γ(η+1) Φ
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Define the operator T = T1 + T2 where

T1(f)(ι) =

{
Iη;Ψ
a1+

[
G(ι, fι)

]
, ι ∈ J ,

0, ι ∈ [a1 − δ, a1].

T2(f)(ι) =

{ ∑n
i=1 I

ξi;Ψ
a1+

[
Zi(ι, fι)

]
, ι ∈ J ,

λ, ι ∈ [a1 − δ, a1].

Step 1: T1(f) + T2(f) ∈ Bϱ.
For ι ∈ [a1 − δ, a1],

|T1(f)(ι) + T2(f)(ι)| ≤ |λ(ι)| ≤ ∥λ∥Cδ
≤ ϱ.

For ι ∈ J , using assumption (A3), we estimate

|T1(f)(ι) + T2(f)(ι)| ≤ Iη;Ψ
a1+|G(ι, fι)|+

n∑
i=1

Iξi;Ψ
a1+ |Zi(ι, fι)|

≤ Φ∥f∥Cη
Ψ,δ

(Ψ(ι)−Ψ (a1))
η

Γ(η + 1)
+

n∑
i=1

(
Ψ(ι)−Ψ (a1))

ξi

Γ(ξi + 1)
Φi

≤ (Ψ(b1)−Ψ(a1))
η

Γ(η + 1)
Φϱ+

n∑
i=1

(
Ψ(b1)−Ψ(a1))

ξi

Γ(ξi + 1)
Φi

≤ ϱ.

So, T1(f) + T2(f) ∈ Bϱ.
Step 2: Since T is a contraction as shown in Theorem 3.3, it follows that T1 also
satisfies the contraction property.
Step 3: T2 is completely continuous on Bϱ.
Due to the continuity of Zi(., f(.)) and λ(.), it follows that T2 is continuous.
Moreover

∥T2f∥Cδ
= sup

ι∈[−δ,0]

|T2f(ι)| = sup
ι∈[−δ,0]

|λ(ι)| = ∥λ∥Cδ
≤ ∥λ∥Cη

Ψ,δ
≤ ϱ, f ∈ Bϱ.

and

∥T2f∥C = sup
ι∈J

|Z2f(ι)| ≤
n∑

i=1

(
Ψ (b1)−Ψ (a1))

ξi

Γ(ξi + 1)
Φi = L, f ∈ Bϱ.

Thus, combining these estimates

∥T2f∥Cη
Ψ,δ

≤ ϱ+ L

This confirms that T2 is uniformly bounded on the set Bϱ.
It remains to establish the equicontinuity of T2 on Bϱ.
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The operator derivative can be estimate as follows,

|(T2)(1)Ψ (ι| ≤
n∑

i=1

Iξi−1;Ψ
a1+ |Zi(ι, fι)|

≤
n∑

i=1

ΦiIξi−1;Ψ
a1+ (1)(ι)

≤
n∑

i=1

(
Ψ (b1)−Ψ (a1))

ξi−1

Γ(ξi)
Φi = l

Now, for any ι1, ι2 ∈ J ,

|(T2f)(ι2)− (T2f)(ι1)| =
∫ ι2

ι1

|(T2)(s)|ds ≤ l(ι2 − ι1).

As ι2− ι1 → 0, this expression tends to zero uniformly, proving equicontinuity. By the
Arzela- Ascoli theorem, since T2 is uniformly bounded and equicontinuous on Bϱ, it is
relatively compact in Cη

Ψ,δ. Together with continuity we conclude thatT2 is compact
on Bϱ. □

Definition 3.5. Problem (1.1) is UHS if there exists c ∈ R+ such that, for every ϵ > 0
and f̄ satisfying

∣∣∣∣HDς1,ς2;Ψ
a1+

[
f(ι)−

∑n
i=1 I

ξi;Ψ
a1+ Zi(ι, fi)

]
− G(ι, fι)

∣∣∣∣ ≤ ϵ, ι ∈ J = [a1, b1],

|̄f(ι)− λ(ι)| ≤ ϵ, ι ∈ [a1 − δ, a1],
(3.4)

there exists a unique solution f ∈ Cδ with

∥̄f− f∥Cδ
≤ cϵ.

Definition 3.6. Problem (1.1) is generalized UHS if there exists σ∈ C(R+,R+),with
σ(0) = 0,such that, for every ϵ > 0, f̄ ∈ Cη

Ψ,δ satisfying the inequality in (3.4), there

exist a unique solution f ∈ Cδ of (1.1) such that,

∥̄f− f∥Cδ
≤ σ(ϵ).

Remark 3.7. f̄ ∈ Cδ is a solution of the inequality (3.4) if and only if there exist
g ∈ C(J ,R) such that

• |g(ι)| ≤ ϵ, ∀ι ∈ J and

• HDς1,ς2;Ψ
a1+

[̄
f(ι)−

∑n
i=1 I

ξi;Ψ
a1+ Zi(ι, f̄i)

]
= G(ι, f̄ι) + g(ι), ∀ι ∈ J .

Theorem 3.8. If the condition (A2) and (3.2) are satisfied. then the solution of (1.1)
is UHS and generalized UHS.

Proof. Suppose ϵ ∈ R+, let f̄ ∈ Cη
Ψ,δ be any solution of the inequality. By Remark 3.7,

there exists g ∈ C(J ,R) with |g(ι)| ≤ ϵ, ι ∈ J , such that the perturbed problem is
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given by HDς1,ς2;Ψ
a1+

[̄
f(ι)−

∑n
i=1 I

ξi;Ψ
a1+ Zi(ι, f̄i)

]
= G(ι, f̄ι) + g(ι), ∀ι ∈ J .

f̄(ι) = λ(ι), ι ∈ [a1 − δ, a1].
(3.5)

By Lemma 3.2 , the solution f̄(ι) to the perturbed problem is given by

f̄(ι) =

{
Iη;Ψ
a1+

[
G(ι, f̄ι) + g(ι)

]
+
∑n

i=1 I
ξi;Ψ
a1+

[
Zi(ι, f̄ι)

]
, ι ∈ J ,

λ(ι), ι ∈ [a1 − δ, a1].

Let f ∈ Cδ be the solution of (1.1) which satisfies:

f(ι) =

{
Iη;Ψ
a1+

[
G(ι, fι)

]
+
∑n

i=1 I
ξi;Ψ
a1+

[
Zi(ι, fι)

]
, ι ∈ J ,

λ(ι), ι ∈ [a1 − δ, a1].

Now, estimate the difference |̄f− f| for ι ∈ J :

|̄f(ι)− f(ι)| ≤ Iη;Ψ
a1+|G(ι, f̄ι)− G(ι, fι)|+ Iη;Ψ

a1+|g(ι)|+
n∑

i=1

Iξi;Ψ
a1+ |Zi(ι, f̄ι)−Zi(ι, fι)|

Applying assumption (A2) and estimate |g(ι)| ≤ ϵ, we have

|̄f(ι)− f(ι)| ≤
(
(Ψ (b1)−Ψ (a1))

η

Γ(η + 1)
∥ω∥+

n∑
i=1

(Ψ (b1)−Ψ (a1))
ξi

Γ(ξi + 1)
∥νi∥

)
∥̄fι − fι∥Cδ

+
(Ψ (b1)−Ψ (a1))

η

Γ(η + 1)
ϵ.

That is,

∥̄f− f∥Cη
Ψ,δ

≤ Λ∥̄f− f∥Cη
Ψ,δ

+ pϵ

where

p =
(Ψ(b1)−Ψ(a1))

η

Γ(η + 1)

Therefore

(1− Λ)∥̄fι − fι∥Cη
Ψ,δ

≤ pϵ

∥̄fι − fι∥Cη
Ψ,δ

≤ p

(1− Λ)
ϵ.

Let c = p
(1−Λ) > 0. Then,

∥̄fι − fι∥Cη
Ψ,δ

≤ cϵ

Which proves the problem (1.1) is UHS.
To show generalized UHS, defined σ(ϵ) = p

(1−Λ)ϵ ∈ C(R+,R+) with σ(0) = 0.

Thus

∥̄fι − fι∥Cη
Ψ,δ

≤ σ(ϵ)

and the solution of (1.1) is generalized UHS. □
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4. An example

To demonstrate the applicability of the theoretical framework, consider the specific
form of equation (1.1) on the interval J = [1, 2].
Let the function ψ(ι) = ι2, with parameters:
a = 1, b = 2, ς1 = 1

2 , ς2 = 1
2 , ξ1 = 1

4 , ξ2 = 3
2 ,δ > 0.

Define the nonlinear terms as

Zi(ι, r) =
ι2

(10 + ι)
tan(r), G(ι, r) = 1

[5(1 + ι2)]
cos(r) +

ι

(20 + ι2)
(4.1)

Using the expressions, the constant are evaluated as
Λ1 = 0.3261 and Λ2 = 0.1452, Λ = Λ1 + Λ2 = 0.4713 < 1.
Hence, Theorem 3.3 is satisfied, guaranteeing uniqueness of the solution.
Moreover, with

(Ψ(b1)−Ψ(a1))
η

Γ(η + 1)
Φ = 0.1355 < 1

The hypotheses of both Theorem 3.3 and Theorem 3.4 are satisfied. Therefore,
we conclude that the problem (1.1) with G(ι, r) and Zi(ι, r) defined in (4.1), admits
a unique solution on the interval [1, 2]. Moreover, existence and uniqueness are guar-
anteed.

5. Conclusion

This paper examined a class of fractional neutral integro-differential equations with
delay involving the Ψ-HFD. By applying Banach’s contraction principle and Kras-
noselskii’s fixed point theorem, conditions were established to guarantee the existence
and uniqueness of solutions. In addition, Ulam–Hyers stability and its generalized
form were demonstrated, confirming that the solutions remain stable under small
perturbations.An illustrative example verified the theoretical results and highlighted
the role of fractional orders, delay effects, and nonlinear terms in ensuring solvabil-
ity. The study reinforces the utility of the Ψ-Hilfer operator as a versatile tool for
analyzing systems with memory and hereditary properties.
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Characterizations of pseudolinear and semi-
strictly quasilinear functions

Vsevolod I. Ivanov

Abstract. In this paper, we obtain several new complete characterizations of pseu-
dolinear functions. Two of the results are of first-order and one is derivative free.
The results are derived in terms of the Clarke-Rockafellar subdifferential. Ad-
ditionally, we prove a characterization of the semistrictly quasilinear functions.
It is similar to the derivative free characterization of the pseudolinear functions.
We also find the conditions such that a semistrictly quasilinear function becomes
pseudolinear.

Mathematics Subject Classification (2010): 26B25, 49J52.

Keywords: pseudolinear functions, semistrictly quasilinear functions, nonsmooth
analysis, conditions for pseudolinearity, semistrict quasilinearity.

1. Introduction

The concepts of pseudolinearity and semistrict quasilinearity provide in a very natu-
ral way generalizations of the linearity. These classes include many useful functions.
Among them are, for instance, the linear fractional functions. Several interesting prop-
erties of pseudolinear functions appeared in [6, 14, 15, 17, 21, 22]. More generalized
convex functions have been studied for example in the books [5, 9, 18, 19, 20]. Quasi-
linear functions have been studied in [19] under the name quasimonotone functions.

In this paper, we obtain more characterizations of pseudolinear functions. In
Theorem 2.4, we obtain necessary conditions for pseudolinearity, but they are not
sufficient. The respective necessary and sufficient conditions are obtained in Theorem
2.5. Theorem 2.2 is well known and we prove it for reader’s convenience. In fact, it is
a generalization to non-differentiable functions of a theorem due to Chew and Choo
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[6]. It is interesting which is the largest class of functions such that the conditions
of Theorem 2.4 hold. We prove that they become necessary and sufficient when the
function is semistrictly quasilinear, which implies that the mentioned class is the exact
one. Every pseudolinear function, which is subdifferentiable with respect to the Clarke-
Rockafellar subdifferential, is semistrictly quasilinear. We also find the conditions that
a semistrictly quasilinear function must satisfy to become pseudolinear.

In the sequel, we suppose that E is a Banach space. We denote by E∗ its dual
and the duality pairing between the vectors a ∈ E∗ and b ∈ E by ⟨a, b⟩, by R the set
of reals, by R the union R ∪ {+∞}, by B(x, r) the closed ball of a center x with a
radius r. Let f : E → R be a proper extended real-valued function, whose domain is
the set

dom(f) := {x ∈ E | f(x) < +∞}.

Definition 1.1. Let f : E → R be a proper extended real-valued function and x ∈
dom(f). The Clarke-Rockafellar generalized derivative of f at x in direction v is
defined by

f↑(x, v) = sup
ε>0

lim sup
(y,α)↓fx;t↓0

inf
u∈B(v,ε)

[f(y + tu)− α]/t,

where (y, α) ↓ fx means that y → x, α → f(x), α ≥ f(y) (see [23]), and y → x
implies that the norm ∥y− x∥ approaches 0. If f happens to be lower semicontinuous
at x the definition can be expressed in the slightly simpler form

f↑(x, v) = sup
ε>0

lim sup
y↓fx;t↓0

inf
u∈B(v,ε)

[f(y + tu)− f(y)]/t,

where y ↓ fx means that y → x, f(y) → f(x). When f is finite and locally Lipschitz,
this derivative coincides with the Clarke generalized derivative [7], which is defined by

f0(x, v) = lim sup
y→x;t↓0

[f(y + tv)− f(y)]/t.

The Clarke-Rockafellar subdifferential of f at x is defined as follows:

∂↑f(x) = {x∗ ∈ E∗ | ⟨x∗, v⟩ ≤ f↑(x, v), ∀v ∈ E}
with the convention that ∂↑f(x) = ∅ if x /∈ dom(f). The Clarke’s subdifferential (or
Clarke’s generalized gradient) of f at x is defined as follows:

∂f(x) = {x∗ ∈ E∗ | ⟨x∗, v⟩ ≤ f0(x, v), ∀v ∈ E}.

Definition 1.2. A real-valued function f : E → R is called pseudoconvex (in terms of
the Clarke directional derivative) iff the following implication is satisfied

f(y) < f(x) ⇒ ⟨x∗, y − x⟩ < 0, ∀x∗ ∈ ∂f(x). (1.1)

A proper extended real function f : E → R is called pseudoconvex (in terms of the
Clarke-Rockafellar subdifferential) iff the following implication is satisfied

f(y) < f(x) ⇒ ⟨x∗, y − x⟩ < 0, ∀x∗ ∈ ∂↑f(x). (1.2)

Recall that a real function f is said to be quasiconvex on a convex set X if,

f [x+ t(y − x)] ≤ max{f(x), f(y)}, ∀x ∈ X ∀y ∈ X, ∀t ∈ [0, 1].

The following result is due to Daniilidis, Hadjisavvas [8, Proposition 2.2].
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Lemma 1.3. Let f : E → R be a lower semicontinuous pseudoconvex function with a
convex domain. Then f is quasiconvex.

The following result is a particular case of Lemma 3 in the paper by Ivanov [10]:

Lemma 1.4. Let f be a lower semicontinuous proper extended pseudoconvex real func-
tion, defined on some convex set S, included in an open set in a Banach space E.
Then the following implication holds

x ∈ S, y ∈ S, f(y) ≤ f(x) ⇒ ⟨x∗, y − x⟩ ≤ 0, ∀x∗ ∈ ∂↑f(x).

The next results were also derived by Ivanov [10]:

Lemma 1.5. Let f : E → R be a lower semicontinuous and radially continuous proper
extended real-valued function with a convex domain. Then, f is pseudoconvex if and
only if there exists a positive function p : E × E × E∗ → (0,+∞) with

p(x, y, x∗) ⟨x∗, y − x⟩+ p(y, x, y∗) ⟨y∗, x− y⟩ ≤ 0,
∀(x, y) ∈ dom(f)× dom(f), ∀(x∗, y∗) ∈ ∂f(x)× ∂f(y).

(1.3)

2. Characterizations of pseudolinear functions

In this section, we apply the characterizations of pseudoconvex functions to obtain
characterizations of pseudolinear ones.

Recall that a function f is said to be pseudoconcave iff −f is pseudoconvex. A
function f is said to be pseudolinear iff f is both pseudoconvex and pseudoconcave.
In the characterizations of pseudoconvex functions, we suppose that f is a proper
extended real-valued function, which implies that f(x) > −∞ for every x ∈ E. We
want to apply these results to functions such that both f and −f are proper. Therefore
f should be a finite function.

Remark 2.1. We repeat once again that the Clarke generalized gradient is denoted
by ∂f and the Clarke-Rockafellar subdifferential by ∂↑.

The next theorem is well known. Its proof appears in terms of various derivatives
and subdifferential in [1, 6, 17, 22]. It was proved initially in [6]. Our proof is more
general, but similar. We prove it, because the construction in it is used in the proof
of another result.

Theorem 2.2. Let f be a lower semicontinuous proper extended function with a con-
vex domain S. Then f is pseudolinear on S with respect to the Clarke-Rockafellar
subdifferential if and only if there exists a positive function p : S×S×E∗ → (0,+∞)
with

f(y)− f(x) = p(x, y, x∗) ⟨x∗, y − x⟩, ∀ x ∈ S ∀y ∈ S, ∀x∗ ∈ ∂↑f(x) (2.1)

such that ∂↑f(x) ̸= ∅.
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Proof. Let f be pseudolinear. We prove that there exists a function p satisfying (2.1).
Consider the function, defined as follows:

p(x, y, x∗) =

{
f(y)−f(x)
⟨x∗,y−x⟩ , if ⟨x∗, y − x⟩ ̸= 0

1, if ⟨x∗, y − x⟩ = 0.
(2.2)

We prove that it is positive. Let ⟨x∗, y − x⟩ > 0. It follows from pseudoconvexity
that f(y) ≥ f(x). Suppose that it is possible that f(y) = f(x). Then by Lemma 1.4
we obtain that ⟨x∗, y − x⟩ ≤ 0, which is a contradiction. Let ⟨x∗, y − x⟩ < 0. Since
∂↑(sf)(x) = s∂↑f(x) for every s ∈ R, then −x∗ ∈ ∂↑(−f)(x). We conclude from here
that f(y) ≤ f(x). By Lemma 1.4 we obtain that the case f(y) = f(x) is impossible.
Therefore p > 0.

We prove that the function p satisfies (2.1). It is enough to show that ⟨x∗, y−x⟩ =
0 implies that f(y) = f(x). Indeed, assume the contrary. If f(y) < f(x), then by
pseudoconvexity we obtain that ⟨x∗, y− x⟩ < 0, a contradiction. If f(y) > f(x), then
by pseudoconcavity we again get a contradiction.

Let x ∈ S, y ∈ S, x∗ ∈ ∂↑f(x) and equation (2.1) is satisfied. Obviously (2.1)
implies that f is pseudolinear. □

Theorem 2.3. Let f be a locally Lipschitz real-valued function, defined on some convex
set S included in an open set Γ in a Banach space E. Then, f is pseudolinear on S
if and only if there exists a positive function p : S × S × E∗ → (0,+∞) with

p(x, y, x∗) ⟨x∗, y − x⟩+ p(y, x, y∗) ⟨y∗, x− y⟩ = 0,
∀(x, y) ∈ S × S, ∀(x∗, y∗) ∈ ∂f(x)× ∂f(y).

(2.3)

Proof. Let f be pseudolinear. We prove that inequality (2.3) holds. Choose arbitrary
x ∈ S, y ∈ S. It follows from Theorem 2.2 that there exists a function p : S×S×E∗ →
(0,+∞) with

f(y)− f(x) = p(x, y, x∗) ⟨x∗, y − x⟩, ∀x∗ ∈ ∂f(x) (2.4)

and

f(x)− f(y) = p(y, x, y∗) ⟨y∗, x− y⟩, ∀y∗ ∈ ∂f(y). (2.5)

If we add (2.4) and (2.5), then we obtain (2.3).
The converse claim follows from Lemma 1.5, applied both to f and −f . □

Equation (2.3) is a type of monotonicity of the subdifferential of a pseudolinear
function. More properties of such maps are studied in [4]. More types monotone maps
have been defined in [12, 13].

Theorem 2.4. Let S be a convex set, included in some open set Γ in a Banach space
E. Suppose that f is a locally Lipschitz function, which is pseudolinear on S with
respect to the Clarke’s derivative. Then for all x ∈ S, y ∈ S, and λ ∈ [0, 1] there
exists a number b > 0, which depends on x, y, λ such that the following conditions
are satisfied:

f [x+ λ(y − x)] = λ b f(y) + (1− λ b)f(x), (2.6)

0 < b ≤ 1/λ, ∀λ ∈ (0, 1]. (2.7)
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Proof. Choose arbitrary points x ∈ S, y ∈ S and a number λ ∈ (0, 1). Denote
z(λ) = x + λ(y − x). We have ∂f(z(λ)) ̸= ∅. Take arbitrary ξ ∈ ∂f(z(λ)). It follows
from Theorem 2.2 that there exists a positive function q : S×S×E∗ → (0,+∞) such
that

q(z(λ), x, ξ)[f(x)− f(z(λ))] = ⟨ξ, x− z(λ)⟩ = λ⟨ξ, x− y⟩ (2.8)

and
q(z(λ), y, ξ)[f(y)− f(z(λ))] = ⟨ξ, y − z(λ)⟩ = (1− λ)⟨ξ, y − x⟩ (2.9)

where q = 1/p. Let us multiply (2.8) by (1 − λ), (2.9) by λ, and add the obtained
inequalities. Then we obtain that (2.6) holds where

b = q(z(λ), y, ξ)/[λ q(z(λ), y, ξ) + (1− λ) q(z(λ), x, ξ)]. (2.10)

It follows from (2.10) that 0 < λ b < 1 if 0 < λ < 1 and x ̸= y.
Equality (2.6) is satisfied with b = 1 if λ = 1. It also holds if λ = 0.
We prove that b does not depend on ξ. Equation (2.6) implies that if f(y) ̸= f(x),

then

b =
f [x+ λ(y − x)]− f(x)

λ[f(y)− f(x)]
.

Suppose that f(y) = f(x). Since the function f is both pseudoconvex and pseudo-
concave, then by Lemma 1.3, f is both quasiconvex and quasiconcave. Therefore,

f(x) = min{f(x), f(y)} ≤ f [x+λ(y−x)] ≤ max{f(x), f(y)} = f(x) for all λ ∈ [0, 1].

We conclude from here that f [x+ λ(y − x)] = f(x) for all λ ∈ [0, 1].
It is seen that really b does not depend on ξ. □

The next result gives us a derivative-free complete characterization of pseudo-
linear functions.

Proposition 2.5. Let S be a convex set in a Banach space E. Suppose that f is a
continuously differentiable function, defined on some open convex set, which contains
S. Then the following claims are equivalent:

(a) f is pseudolinear on S;
(b) there is a function b : S×S× [0, 1] → (0,+∞) such that for all x ∈ S, y ∈ S

there exists the limit
q(x, y) = lim

λ↓0
b(x, y, λ), (2.11)

q(x, y) is strictly positive, and for each λ ∈ [0, 1] equation (2.6) and inequality (2.7)
are satisfied.

Proof. We prove implication (a) ⇒ (b). Let f be pseudolinear on S. It follows from
Theorem 2.4, taking into account that for continuously differentiable functions the
Clarke directional derivative coincides with the usual Frechet derivative, that there
exists a function b(x, y, λ) which satisfy (2.6) and (2.7). We prove that there exists
the limit limλ↓0 b(x, y, λ), and it is strictly positive. Take arbitrary points x, y ∈ S.
Let us consider two cases:

1) f(x) ̸= f(y). The function

b(x, y, λ) =
f [x+ λ(y − x)]− f(x)

λ[f(y)− f(x)]
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satisfies (2.6) and (2.7). The limit

q(x, y) = lim
λ↓0

b(x, y, λ) =
∇f(x)(y − x)

f(y)− f(x)
.

If f(y) < f(x), then, by pseudoconvexity ∇f(x)(y − x) < 0 and q(x, y) > 0. If
f(y) > f(x), then by pseudoconcavity ∇f(x)(y − x) > 0 and again q(x, y) > 0.

2) f(x) = f(y). In this case we can choose b(x, y, λ) = 1. It is obvious that
q(x, y) = limλ↓0 b(x, y, λ) = 1 > 0.

We prove implication (b) ⇒ (a). If λ > 0, then (2.6) can be written as

f [x+ λ(y − x)]− f(x)

λ
= b(x, y, λ)[f(y)− f(x)].

Taking the limit as λ ↓ 0, we obtain that

∇f(x)(y − x) = q(x, y)[f(y)− f(x)].

It follows from here that f is both pseudoconvex and pseudoconcave. □

Example 2.6. Consider the function f : R2 → R defined by f(x) = x2/x1, where

S = {x = (x1, x2) | x1 > 0}.

The function f is pseudolinear over S. This function satisfies (2.6) and (2.7). We have

(f(x+ λ(y − x))− f(x))/λ = (x1y2 − x2y1)/(x1(x1 + λ(y1 − x1)))

and

b(x, y, λ) = (f(x+ λ(y − x))− f(x))/(λ(f(y)− f(x))) = y1/(x1 + λ(y1 − x1)).

Therefore 0 < λ b ≤ 1 for all x ∈ S, y ∈ S, λ ∈ (0, 1].

3. On semistrictly quasilinear and pseudolinear functions

It is interesting which is the class of functions such that the necessary conditions from
Theorem 2.4 become both necessary and sufficient. In this section, we show that this
property can be generalized and it becomes necessary and sufficient when the function
is semistrictly quasilinear.

Definition 3.1. A function f , defined on a convex set S is called semistrictly quasi-
convex iff for all x, y ∈ S, λ ∈ (0, 1) the following implication holds:

f(y) < f(x) ⇒ f [x+ λ(y − x)] < f(x).

If the function −f is semistrictly quasiconvex, then f is called semistrictly quasicon-
cave.

Definition 3.2. A function f , defined on a convex set, is called semistrictly quasilinear
iff it is both semistrictly quasiconvex and semistrictly quasiconcave.

Proposition 3.3 ([11]). Let f : Rn → R be a radially lower semicontinuous semistrictly
quasiconvex function. Then f is quasiconvex.
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Remark 3.4. It is well known that every differentiable pseudoconvex function, defined
on a convex set, is semistrictly quasiconvex on this set; see, for example, [2, Theo-
rem 3.5.11]. A generalization of this claim to non-differentiable functions in terms of
Clarke-Rockafellar derivative was obtained in Ref. [10].

Proposition 3.5. Let S be a convex set, included in some open convex set Γ in a
Banach space E. Suppose that f is a continuous function, which is pseudolinear on
S. Then f is both semistrictly quasiconvex and semistrictly quasiconcave.

Proof. The claim follows directly from the known theorem that every pseudoconvex
function is semistrictly quasiconvex. □

Lemma 3.6. A function f defined on a Banach space E is both semistrictly quasiconvex
and semistrictly quasiconcave if and only if the following implication holds

x ∈ dom f, y ∈ dom f, f(y) < f(x), λ ∈ (0, 1) ⇒ f(y) < f [x+ λ(y− x)] < f(x).

Proof. The proof follows immediately from the definitions of semistrict quasiconvexity
and semistrict quasiconcavity. □

It is interesting which is the widest class of functions, which satisfy the conditions
(2.6) and 0 < λb(x, y, λ) < 1.

Theorem 3.7. Let f be a continuous function defined on some convex set in a Banach
space E. Then f is both semistrictly quasiconvex and semistrictly quasiconcave if and
only if for all x ∈ S, y ∈ S and λ ∈ (0, 1) there exists a number b > 0, which depend
on x, y, λ such that 0 < λb(x, y, λ) < 1 and Condition (2.6) is satisfied.

Proof. Let f be both semistrictly quasiconvex and semistrictly quasiconcave. Consider
the function b(x, y, λ) defined by

b =
f [x+ λ(y − x)]− f(x)

λ[f(y)− f(x)]
.

Let f(y) < f(x) and 0 < λ < 1. We prove that

0 < f [x+ λ(y − x)]− f(x)/[f(y)− f(x)] < 1. (3.1)

It follows from the definition of semistrict quasiconvexity that f [x+λ(y−x)] < f(x).
Therefore

f [x+ λ(y − x)]− f(x)/[f(y)− f(x)] > 0.

It follows from Lemma 3.6 that

f(y) < f [x+ λ(y − x)] < f(x).

Hence (3.1) is satisfied
The case f(y) > f(x) is similar. It follows from semistrict quasiconvexity that

f [x+λ(y−x)] < f(y). Therefore f [x+λ(y−x)]− f(x) < f(y)− f(x), which implies
that (3.1) is also satisfied. Therefore, Condition (2.6) holds and 0 < λb < 1.

Let x ∈ S, y ∈ S, f(x) = f(y). By Proposition 3.3 f is both quasiconvex and
quasiconcave. Therefore,

f [x+ λ(y − x)] ≤ max{f(x), f(y)} = f(x) for all λ ∈ [0, 1],
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f [x+ λ(y − x)] ≥ min{f(x), f(y)} = f(x) for all λ ∈ [0, 1].

We conclude from here that f [x + λ(y − x)] = f(x) for all λ ∈ [0, 1]. Hence, (2.6) is
satisfied with b = 1 for every λ ∈ (0, 1) and 0 < λb < 1.

Conversely, suppose that x ∈ S, y ∈ S, f(y) < f(x), 0 < λ < 1, and 0 <
λb(x, y, λ) < 1. We prove that f is both semistrictly quasiconvex and semistrictly
quasiconcave. Since 0 < λb(x, y, λ) < 1, then we have

λ b f(y) + (1− λ b) f(x) < λ b f(x) + (1− λ b) f(x) = f(x),

and

λ b f(y) + (1− λ b) f(x) > λ b f(y) + (1− λ b) f(y) = f(y).

It follows from (2.6) that f(y) < f [x + λ(y − x)] < f(x). By Lemma 3.6 f is both
semistrictly quasiconvex and semistrictly quasiconcave. □

The following claim is well known [15].

Proposition 3.8. Let S be an open convex set in a finite-dimensional space E, f be
a Fréchet differentiable function, defined on S. Then f is pseudolinear on S if and
only if the following sets are equal for all x ∈ S: {y ∈ S : ∇f(x)(y − x) = 0} and
{y ∈ S : f(y) = f(x)}.

The next theorem is similar, but different from Proposition 3.8.

Theorem 3.9. Let S be an convex set in a Banach space E, f be a Fréchet differentiable
semistrictly quasilinear function, defined on some open set Γ, containing S. Then f
is pseudolinear on S if and only if the following implication holds:

x ∈ S, y ∈ S, ∇f(x)(y − x) = 0 ⇒ f(y) = f(x). (3.2)

Proof. Let implication (3.2) be satisfied. We prove that f is pseudolinear. Take ar-
bitrary x ∈ S, y ∈ S such that f(y) < f(x). By semistrict quasiconvexity we have
f [x + λ(y − x)] < f(x) for every λ ∈ (0, 1). Therefore ∇f(x)(y − x) ≤ 0. It follows
from (3.2) that the case ∇f(x)(y − x) = 0 is impossible, because f(y) < f(x). Hence
f is pseudoconvex. Using similar arguments we can prove that f is pseudoconcave.
Both pseudoconvexity and pseudoconcavity imply that f is pseudolinear.

Suppose that f is pseudolinear. We prove that implication (3.2) holds. Let x ∈ S,
y ∈ S, ∇f(x)(y − x) = 0, but f(x) ̸= f(y). If f(y) < f(x), by pseudoconvexity we
have ∇f(x)(y − x) < 0, which is a contradiction. If f(y) > f(x), by pseudoconcavity
we have ∇f(x)(y − x) > 0, which is also a contradiction. Therefore (3.2) holds. □

We prove a generalization of this result.

Theorem 3.10. Let S be a convex subset of an open set Γ in a Banach space E. Suppose
that f : Γ → R is a continuous function, which is both semistrictly quasiconvex and
semistrictly quasiconcave on S and ∂↑f(x) ̸= 0, ∂↑(−f)(x) ̸= 0 for all x ∈ S. Then
f is pseudolinear with respect to the Clarke-Rockafellar subdifferential if and only if
both implications hold:

x ∈ S, y ∈ S, ξ ∈ ∂↑f(x), ⟨ξ, y − x⟩ = 0 ⇒ f(y) ≥ f(x). (3.3)
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and
x ∈ S, y ∈ S, η ∈ ∂↑(−f)(x), ⟨η, y − x⟩ = 0 ⇒ f(y) ≤ f(x). (3.4)

Proof. Let f be pseudolinear. We prove implication (3.3). Take arbitrary x ∈ S, y ∈ S,
ξ ∈ ∂↑f(x) such that ⟨ξ, y− x⟩ = 0. If f(y) < f(x), then by pseudoconvexity we have
⟨ξ, y−x⟩ < 0, which contradicts ⟨ξ, y−x⟩ = 0. The proof of implication (3.4) is similar.
Take arbitrary x ∈ S, y ∈ S, η ∈ ∂↑(−f)(x) such that ⟨η, y − x⟩ = 0. If f(y) > f(x),
then by pseudoconcavity we have ⟨η, y − x⟩ > 0, which is also a contradiction.

Conversely, suppose that implications (3.3) and (3.4) are fulfiled. We prove that
f is pseudoconvex. Let x and y be arbitrary points from S. We prove that

⟨ξ, y − x⟩ > 0, ξ ∈ ∂↑f(x) implies f(y) ≥ f(x).

Indeed, it follows from ⟨ξ, y − x⟩ > 0 that f↑(x, y − x) > 0. By the definition of
the Clarke-Rockafellar derivative, there exist ε > 0 and sequences {xi}∞i=1, xi ∈ Γ,
{ti}∞i=1, ti > 0 such that xi → x, ti ↓ 0 and

inf
u∈B(y−x,ε)

[f(xi + tiu)− f(xi)]/ti > 0, ∀i.

Taking the number i sufficiently large we ensure that xi ∈ B(x, ε). Therefore, we have
y−xi ∈ B(y−x, ε) and f [xi+ti(y−xi)] > f(xi). Using that f is lower semicontinuous
and semistrictly quasiconvex we conclude from Proposition 3.3 that it is quasiconvex
on S. Therefore,

f(xi) < f [xi + ti(y − xi)] ≤ f(y).

Hence, f(x) ≤ lim infi→∞ f(xi) ≤ f(y). It follows from the converse implication that

x ∈ S, y ∈ S, f(y) < f(x) imply ⟨ξ, y − x⟩ ≤ 0, ∀ ξ ∈ ∂↑f(x).

Therefore, according to implication (3.3), we obtain that f is pseudoconvex.
We prove that −f is pseudoconvex. Let x and y be arbitrary points from S. We

prove that
⟨η, y − x⟩ > 0, η ∈ ∂↑(−f)(x) imply f(y) ≤ f(x).

Indeed, it follows from ⟨η, y − x⟩ > 0 that (−f)↑(x, y − x) > 0. By the definition of
the Clarke-Rockafellar derivative, there exist ε > 0 and sequences {xi}∞i=1, xi ∈ Γ,
{ti}∞i=1, ti > 0 such that xi → x, ti ↓ 0 and

inf
u∈B(y−x,ε)

[−f(xi + tiu) + f(xi)]/ti > 0, ∀i.

Taking the number i sufficiently large we ensure that xi ∈ B(x, ε). Therefore, we
have y − xi ∈ B(y − x, ε) and f [xi + ti(y − xi)] < f(xi). Using that f is upper
semicontinuous and semistrictly quasiconcave, we conclude from Proposition 3.3 that
it is quasiconcave. Therefore,

f(xi) > f [xi + ti(y − xi)] ≥ f(y).

Hence, f(x) ≥ lim supi→∞ f(xi) ≥ f(y). It follows from the converse implication that

x ∈ S, y ∈ S, f(y) > f(x) imply ⟨η, y − x⟩ ≤ 0, ∀ η ∈ ∂↑(−f)(x).

Therefore, by implication (3.4), we obtain that −f is pseudoconvex, which implies
that the function f is pseudolinear.

□



186 Vsevolod I. Ivanov

Corollary 3.11. Let S be an open convex set in a Banach space E. Suppose that
f : S → R is a locally Lipschitz semistrictly quasilinear on S function. Then, f is
pseudolinear with respect to the Clarke generalized directional derivative if and only
if the following implication holds:

x ∈ S, y ∈ S, ξ ∈ ∂f(x), ⟨ξ, y − x⟩ = 0 ⇒ f(y) = f(x).

Remark 3.12. Theorem 3.9 is not a consequence of Corollary 3.11, because the Clarke
subdifferential ∂f(x) does not coincides with the gradient ∇f(x) when the function
is Fréchet differentiable, but it is not necessarily continuously differentiable.
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Abstract. The primary aim of this scientific note is first to review the essential
background on several special functions in which the Gaussian function in certain
complex domains and its integral play fundamental roles, and subsequently to
establish (or organize) a number of relevant results together with some of their
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1. Introduction and motivation

In mathematics and several related scientific fields, we frequently encounter various
types of academic investigations involving special functions, both in theoretical and
applied contexts. Different forms of these functions – with complex (or real) variables
(or parameters) – play an important role in a wide range of scientific studies in the
written literature. In particular, they have undeniable significance in mathematical
transformations and operator theory as is known.

This special research is closely related to various complex-type special functions. For
example, one of them is the Faddeeva function of a complex variable (z) (or real
variable (x)). It is a complex-valued function that is closely connected to several
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other well-known functions, such as the Fresnel integral, Dawson’s integral, and the
Voigt function. In the literature, as we know this special function is also referred to
as the Kramp function, typically expressed in terms of the familiar complex variable
(z).

In addition, the Faddeeva function plays a significant role in various physical problems,
especially those concerning electromagnetic responses in complex media. At the same
time, it appears in problems involving small-amplitude waves propagating through
Maxwellian plasmas. In this connection, it is particularly notable in the expression for
plasma permittivity, from which dispersion relations are also derived. Consequently,
it is sometimes called the plasma dispersion function, although this name is often
reserved for a certain rescaled version of the function.

Furthermore, the infrared permittivity of amorphous oxides exhibits phonon-induced
resonances that can be too complicated to model with simple harmonic oscillators.
The Brendel-Bormann oscillator model, which represents an infinite superposition of
oscillators with slightly different frequencies following a Gaussian distribution, pro-
vides a more accurate description; its integrated response can be expressed in terms
of the Faddeeva function.

Additionally, the Faddeeva function plays an essential role in analyzing electromag-
netic waves used in AM radio. In particular, ground waves – vertically polarized waves
that propagate over a lossy ground with finite resistivity and permittivity – can be
characterized using this function. It also provides valuable information about changes
in neutron cross sections of materials as temperature varies.

The primary aim of this special study is to examine the relevant function – which
occupies a significant place in science and technology – in the complex plane, to present
essential information about it, and to focus on certain key propositions accompanied
by various illustrative examples.

At the same time, especially, this special investigation also seeks to explore specific
aspects of the Gaussian function, which holds a prominent position in science and tech-
nology and plays a fundamental role among the special functions mentioned above.
Subsequently, this study addresses the Faddeeva function (with complex variable z)
within selected domains of the complex plane, with particular emphasis on funda-
mental propositions and several illustrative examples. Especially, we point out that
the work [1] is only one of the fundamental references for the above material.

We can now move on to the next sections to introduce the necessary definitions
and establish various theoretical concepts along with some related implications.

2. Necessary definitions and related information

In the mathematical and related scientific literature, the classical forms of the Gauss-
ian function (with the variable ρ) and the Gaussian integral frequently appear in the
expressions given by

G(ρ) = exp
(
− ρ2

)
(2.1)
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and ∫ ∞

−∞
exp
(
− ρ2

)
dρ , (2.2)

respectively.

The relevant parameter (or variable) ρ, used in the mathematical expressions
given in (2.1) and (2.2), may also appear as either a real or a complex variable in
various mathematical documents. Since these situations play a big role in our specific
results, we believe it is useful to highlight some pertinent information here. The first
of these concerns the following expressions, which contain specific information directly
related to the exponential function given in (2.1) and the generalized integral given
in (2.2).

Remark 2.1. Let the notation R denote the set of real numbers, and let the variable ρ
be of the real variable x, serving as the independent variable of the function in (2.1).
In this case, for the real-valued function

G(x) = exp
(
− x2

) (
x ∈ R

)
and its associated improper integral being of the form in (2.2), each of the following
assertions is supplied.

(a) It is a decreasing function for all x > 0, and an increasing function for all x < 0.

(b) For all x ∈ R, 0 < G(x) ≤ 1. Hence, it is a bounded function on R.

(c) It is an even function; namely,
∫ 0

−∞ G(x)dx =
∫∞
0

G(x)dx.
(d) It is a continuous and integrable function on R.

(e)
∫∞
−∞ G(x)dx = 2

∫ 0

−∞ G(x)dx = 2
∫∞
0

G(x)dx =
√
π.

The second special information is some specific results directly related to the
complex variable form of the Gaussian function given in (2.2).

Remark 2.2. Let the notation C denote the set of complex numbers, and also let the
mentioned variable ρ be the familiar complex variable z, which is the independent
variable of the function given as in (2.1). In this case, for the complex-type function

G(z) = exp
(
− z2

) (
z = x+ iy; i2 = −1;x, y ∈ R

)
,

each of the following assertions is satisfied.

(a) It is a continuous, differentiating and integrable function on C. Hence, it is an
entire function.

(b)
∣∣G(z)∣∣ = exp

[
−ℜe(z2)

]
= exp

(
y2 − x2

)
.

(c) ℜe
{
G(z)

}
= exp

[
−ℜe(z2)

]
Cos

[
ℜe(−z2)

]
= ey

2−x2

Cos
(
2xy

)
.

(d) ℑm
{
G(z)

}
= exp

[
−ℜe(z2)

]
Sin
[
ℑm(−z2)

]
= −ey

2−x2

Sin
(
2xy

)
.

(e) Arg
{
G(z)

}
= ℑm

(
− z2

)
= −2xy

(
Mod 2π

)
.
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It is well known in the theory of complex functions that curves lying in cer-
tain regions of the complex plane, whether continuous or piecewise continuous, play
a fundamental role in the evaluation of complex integrals. Accordingly, drawing on
classical analysis and taking into account the detailed statements presented in Re-
marks 2.1 and 2.2, the following observations will significantly facilitate the analysis
of the principal complex error functions along the relevant curves.

Remark 2.3. Let z be any parameter in the complex plane C, and also let Ω be a
complex curve defined by

Ω : Ω(σ) = zσ
(
0 ≤ σ ≤ 1

)
,

which connects the origin of the plane C to a given complex point z ∈ C, and also let
the real-valued function

κ(ρ) = exp
(
−ρ2

) (
ρ ∈ R

)
.

Then, when considering the curve Ω, each of the following statements is provided.

(a)
∣∣exp(− (zσ)2

)∣∣ = exp
(
−ℜe[(zσ)2]

)
.

(b) The complex-type function κ(ρz) is continuous and its modulus is also bounded
on the curve Ω.

(c)
∫ z

0
κ(ρ)dρ =

∫
Ω
κ(ρ)dρ = z

∫ 1

0
κ(zσ)dσ .

(d)
∫ 1

0
|κ(zσ)|dσ ≤

∫ 1

0
exp
(
− σ2|z|2

)
dσ .

(e) |z|
∫ 1

0
exp
(
− σ2|z2|

)
dσ =

∫ |z|
0

exp
(
− τ2

)
dσ .

(f )
∣∣∫ z

0
κ(ρ)dρ

∣∣ = ∣∣∫
Ω
κ(ρ)dρ

∣∣ = |z|
∫ 1

0

∣∣κ(zσ)∣∣dσ ≤ max
{
|z|,

√
π
2

}
.

(g)
∫ z

0
κ(ρ)dρ =

∫∞
0

κ(ρ)dρ−
∫∞
z

κ(ρ)dρ .

(h)
∫∞
z

κ(ρ)dρ =
∫∞
0

κ(ρ)dρ−
∫ z

0
κ(ρ)dρ .

(i)
∫∞
|z| κ(ρ)dρ =

∫∞
0

κ(ρ)dρ−
∫ |z|
0

κ(ρ)dρ .

(j)
∫ |z|
0

κ(ρ)dρ =
∫∞
0

κ(ρ)dρ−
∫∞
|z|κ(ρ)dρ .

(k)
∫∞
|z| κ(ρ)dρ ≤

∫ |z|
0

κ(ρ)dρ ≤
∫∞
0

κ(ρ)dρ .

(l)
∣∣∣∫ z

0
κ(ρ)dρ

∣∣∣ ≤ ∫ |z|
0

κ(ρ)dρ .

(m)
∣∣∣∫∞

z
κ(ρ)dρ

∣∣∣ ≤ ∫∞
|z| κ(ρ)dρ .

It is well established that the essential expressions introduced in Remarks 2.1,
2.2, and 2.3 encode significant information commonly encountered in both the complex
and Cartesian planes, as well as in a wide range of computations and definitions in
function and integral theory. For further details, the comprehensive references cited
in [1]-[8] may be consulted. In line with the objectives of the present work, we now
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turn our attention to a collection of fundamental definitions and their associated
calculations.

In the mathematical literature, the function of the complex variable z, commonly
referred to as the Faddeeva (or Kramp) function and denoted by W(z), represents a
scaled version of the complex complementary error function. As detailed in [9], it is
defined by

W(z) = exp
(
− z2

)
erfc(−iz)

(
i2 = −1; z ∈ C

)
. (2.3)

Here, the function erfc(z) denotes the complementary error function of the complex
variable z, which is defined as

erfc(z) :=
2√
π

∫ ∞

z

exp
(
− ρ2

)
dρ

(
z ∈ C

)
. (2.4)

Taking into account the fundamental results of classical analysis and the computa-
tional result stated in Remark 2.1(e), the following identity can be readily obtained:

2√
π

(∫ z

0

exp
(
− ρ2

)
dρ+

∫ ∞

z

exp
(
− ρ2)dρ

)
=

2√
π

∫ ∞

0

exp
(
− ρ2

)
dρ (2.5)

= 1.

Here, the complex-valued integral appearing above, namely,

2√
π

∫ z

0

exp
(
− ρ2

)
dρ

(
z ∈ C

)
, (2.6)

is known as the fundamental definition of the error function with complex variable z,
and it is commonly denoted by erf(z).

In particular, in view of the special information given in (2.4)-(2.6), it is straightfor-
ward to obtain

erf(z) + erfc(z) = 1
(
z ∈ C

)
, (2.7)

that is, this identity is only one of the fundamental relationships between the error
function and the complementary error function. For more relations between the main
error functions and some of related applications, see [1, 4, 8, 9, 13, 15, 16].

We further emphasize that the principal error functions (of the complex variable z, )
namely the complex functions:

erf(z) and erfc(z)
(
z ∈ C

)
(2.8)

are only two of the most important functions within the family of all error functions.

At the same time, as indicated in the first part of this special study, these
complex functions also possess several broad applications (or special relationships)
with many special functions arising in various fields of science and technology. As a
representative example, the rescaled function of the complex variable z,

Z(z) = i
√
π W(z)

(
z ∈ C

)
(2.9)
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is also defined in terms of the Faddeeva function defined by (2.3). When the complex
parameter z is expressed in the familiar form z = x+ iy, the Faddeeva function W(z)
can be also written as

W(z) ≡ W(x+ iy) = u(x, y) + iv(x, y) = u+ iv , (2.10)

where the real-valued functions u(x, y) and v(x, y) are known, respectively, as the real
Voigt function and the imaginary Voigt function with real parameters x and y. These
special functions represent the real and imaginary parts of the (complex) Faddeeva
function. Moreover, for the rescaled function being of the form:

Z(z) ≡ Z(x+ iy) ,

it is clear that

ℜe
(
Z(z)

)
= −

√
π v , (2.11)

ℑm
(
Z(z)

)
=

√
π u , (2.12)∣∣∣Z(z)

∣∣∣ = √
π
∣∣W(z)

∣∣ =√π
(
u2 + v2

)
(2.13)

and

arg
(
Z(z)

)
= −arctan

( v
u

)
+ 2ℓπ

(
ℓ ∈ Z

)
,

which immediately yields that

Arg
(
Z(z)

)
= −arctan

( v
u

) (
Mod 2π

)
. (2.14)

Thus, the complex function Z(z) is fully characterized by the above expressions once
the relationship between u and v, determined by the complex functions defined in
(2.3), is specified.

For discussions of the relationships and applications between complex error func-
tions and other special functions, the reader is referred to the earlier studies listed
in [9]-[16]. Moreover, because the present study focuses on complex functions of a
single variable and their applications, the works cited in [17]-[19] constitute essential
references for researchers in this area.

The next section is devoted to presenting several propositions involving complex
error functions defined in (2.4) and (2.6), as well as their associated complex functions.

3. Various propositions, relations and some of possible implications

In this main section, several special results concerning the Faddeeva function of the
complex variable z are presented, including comprehensive statements, properties,
and their potential implications and applications. Selected results are subsequently
proved.
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Proposition 3.1. Let z be any member of the set C. Then, each of the following propo-
sitions dealing with the Faddeeva function of the complex variable z holds:

W(−z) = W(z) , (3.1)

W(z) +W(−z) = 2 exp
(
− z2

)
, (3.2)

W(z) = exp
(
− z2

)[
1− erf(−iz)

]
, (3.3)

W(iz) = exp
(
z2
)[
1− erf(z)

]
(3.4)

and √
π W ′(z) + 2

√
π zW(z) − 2i = 0. (3.5)

Proof. For the relevant proofs, it suffices to make appropriate use of the main results
presented in (2.3)-(2.8). Detailed proofs of Propositions (3.2) and (3.4) are provided,
whereas the proofs of Propositions (3.1), (3.3), and (3.5) are left to the interested
reader.

For the proof of the statement given in (3.2), the complex function defined by
(2.3) immediately yields the assertion:

W(−z) = exp
(
− z2

)
erfc(iz)

(
z ∈ C

)
, (3.6)

thus, from (2.3) and (3.6), the desired result follows immediately.
For the proof of the statement given in (3.4), using the definition in (2.3), we

obtain

W(iz) = exp
[
−
(
− iz

)2]
erfc

[
− i(iz)

]
= exp

(
z2
)
erfc(z)

(
z ∈ C

)
, (3.7)

and by using the main relationship given in (2.7) together with (3.7), the proof can
be readily completed based on the principal complex functions described in (2.8). □

As additional results of potential interest regarding the complex function in
(2.3), and given that the complex functions in (2.8) are analytic, several propositions
naturally arise concerning series expansions with real or complex parameters, which
are particularly suitable for approximate calculations. We now proceed to establish
some of these results.

Proposition 3.2. Let z belong to the set C. Then, each of the following statements is
true.

exp
(
− z2

)
=

∞∑
j=0

(−1)j

j!
z2j , (3.8)

erf(z) =
2√
π

∞∑
j=0

1

(2j + 1)j!
z2j+1 , (3.9)

erfc(z) = 1− 2√
π

∞∑
j=0

1

(2j + 1)j!
z2j+1 , (3.10)

erf(−iz) = − 2i√
π

∫ z

0

exp
(
ξ2
)
dξ (3.11)
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= − 2i√
π

∞∑
j=0

1

(2j + 1)j!
z2j+1 , (3.12)

erfc(−iz) = 1 +
2i√
π

∫ z

0

exp
(
ξ2
)
dξ (3.13)

= 1 +
2i√
π

∞∑
j=0

1

(2j + 1)j!
z2j+1 (3.14)

and

W(z) =

∞∑
j=0

(−1)j

j!
z2j +

2i√
π
z

∞∑
k=0

(
k∑

ℓ=0

(−1)k

(k − ℓ)![2(k − ℓ) + 1]
z2k

)
. (3.15)

Proof. In light of the detailed information provided in the special studies [1], [4], [9],
[15], and [16], since the main complex error function erf(z), defined as in (2.6), is
an entire function, it has no singularities except at infinity, and its Taylor-Maclaurin
expansion always converges as we know. The integral mentioned in (2.6) cannot be
evaluated in closed form in terms of elementary complex functions, but by expanding
the integrand of the analytic function, in the complex form, namely

K(z) := exp(z)
(
z ∈ C

)
, (3.16)

into its series expansion and then integrating term by term, one can easily obtain
its Maclaurin series. However, for convenience, we also want to share two pieces of
necessary-special information (just below).

The first is the series expansion for the necessary proof of the exponential func-
tion, which plays an important role for each of the propositions from (3.8) to (3.15),
which is

exp(z) =

∞∑
j=0

1

j!
zj

(
z ∈ C

)
. (3.17)

The second is the revised new form with the help of the definition in (2.6), which
relates to the error function erf(z). For it, by changing of the variable in the form
ρ = −iξ for the integral presented by (2.6), the assertion given by

erf(−iz) =
2√
π

∫ −iz

0

exp
(
ρ2
)
dρ

= − 2i√
π

∫ z

0

exp
(
ξ2
)
dξ (3.18)

is then obtained, which also implies that the power series being of the equivalent
forms given by

erf(−iz) = − 2i√
π

∫ z

0

 ∞∑
j=0

1

j!
ξ2j

 dξ

= − 2i√
π

∞∑
j=0

(
1

j!

∫ z

0

ξ2jdξ

)
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= − 2i√
π

∞∑
j=0

1

(2j + 1)j!
z2j+1

(
z ∈ C

)
. (3.19)

□

Specifically, with regard to the relevant research and the remaining pending
proofs, we would like to offer the following guidance:

- By setting z := −z2 in the mentioned function given in (3.16) and then con-
sidering the series expansion in (3.17), the elementary result constituted as in (3.8)
is first obtained.

- Through the instrumentality of the assertions given in (3.16) and (3.17), the
essential equalities given in (3.9) and (3.10) are easily seen, respectively.

- By combining the assertions presented in (2.7) and (3.17), the essential results
given in (3.12) and (3.14) are also obtained.

- For the proof of the final proposition, namely the assertion in (3.15), it suffices
to consider the well-known Cauchy product of the associated power series of the
complex functions erf and erfc.

- Furthermore, since the expressions given in (3.9) and (3.11), as well as those
in (3.10) and (3.12), are directly related, the detailed series expansions corresponding
to (3.9) and (3.11) have been omitted.

In terms of various possible implications and suggestions, the mentioned propo-
sitions, namely Proposition 3.1 and Proposition 3.2, which contain comprehensive
information, will aid both us and related researchers. Now, we want to focus on some
specific information in this direction, highlighting some specific examples. We also
leave the determination of other implications to the dedicated efforts of interested
researchers.

For some of those special implications, let us consider the information given in (2.9)
and (3.2) (or (3.3)). With the help of the (complex) Faddeeva function defined in
(2.3), we can easily arrive at the following special results:

W(0) = 1, (3.20)

W(i) = e · erfc(1)
= e
[
1− erf(1)

]
= e

1− 2i√
π

∞∑
j=0

(−1)j

(2j + 1)j!

 , (3.21)

Z(0) = i
√
π, (3.22)

Z(i) = ie
√
π erfc(1) (3.23)

= ie
√
π

1− 2i√
π

∞∑
j=0

(−1)j

(2j + 1)j!

 , (3.24)
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and

W(z) =
1

i
√
π
Z(z) =⇒ W(−z) =

1

i
√
π
Z(−z)

(
z ∈ C

)
, (3.25)

which immediately yields the logical implications given by

2 exp
(
− z2

)
= W(z) +W(−z)

=
1

i
√
π

[
Z(z) + Z(−z)

]
=⇒ Z(z) + Z(−z) = 2i

√
π exp

(
− z2

) (
z ∈ C

)
. (3.26)

For an additional implication, let us focus on the complex-type differential equation
related to the Faddeeva function and its first derivative, which is given in (3.5). For
this, consider the following initial value problem:{√

π W ′(z) − 2 z
√
π W(z) − 2 i = 0

W(0) = 1
(3.27)

can easily be obtained by the help of the information given by (3.5) and (3.6), where
z ∈ C.

In fact, new higher-order initial value problems can also be created by taking
various order derivatives of the differential equation mentioned above. We leave such
new determinations to interested researchers.

4. Conclusion and recommendations

In the first section, the extensive role of complex error functions in science and tech-
nology, as well as some motivating factors, was emphasized.

The second section presented special definitions related to certain mathematical forms
(integrals and functions), the complex error functions, and specific associated func-
tions, organized as several detailed remarks. An illustrative example covering appli-
cations between (2.9) and (2.14) was also discussed.

In the third section, several essential statements concerning the aforementioned
complex-valued functions are formulated, and some of them are proven. Possible im-
plications of these results are presented in (3.1)-(3.15) as examples for interested
researchers. Furthermore, the variety of complex-valued transformations – including
numerous elementary computations that can be derived from (3.20)-(3.24) as well
as the special computations highlighted in (2.11)-(2.14) – can, of course, be further
expanded.

By using the Faddeeva function and related error functions derived from the main
error functions indicated in (2.8), numerous propositions and their corresponding
implications can be formulated. For instance, considering the complex imaginary error
function

erfi(z) = −i erf(iz)
(
i2 = −1; z ∈ C

)
, (4.1)
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many analogous results can be explored. For these, it suffices to refer to the detailed
results in (2.3)-(4.2).

Additionally, in light of the specific information highlighted in (3.25)-(3.27), the spe-
cial function given in (2.7) can be applied to the differential equation in (3.6), which
takes the differential forms:

Z ′(z) + 2zZ(z) + 2 = 0 or

{
Z ′(z) + 2zZ(z) + 2 = 0

Z(0) = i
√
π

, (4.2)

and can be readily solved, where z ∈ C. Of course, this equation can be readily
solved. Moreover, the special-form differential equations in both (3.5) and (4.2) may
be extended to other classes of equations, including higher-order differential equations.

In specially, building on the extensive information in Remarks 2.1-2.3, one can also
determine lower and/or upper bounds for the modulus of complex-type functions w(z),
erfc(z), erf(z), w(z), w(iz), erf(iz) and erfi(z), as defined in (2.3), (2.4), (2.6),
(3.6), (2.7), (3.18), and (4.2), respectively. For each of the studies mentioned here
that involve complex functions, it is important to emphasize the role of constructing
and analyzing the complex curve Ω in different ways, as highlighted in Remark 2.3.
Furthermore, approximate evaluations of function series – arising as consequences of
reasonable constraints on the relevant z (or |z|) parameters – can introduce additional
perspectives on the limitations associated with the specified moduli.

As final words, for further details and applications of complex error functions derived
from the main functions indicated in (2.8), interested researchers may consult the
studies in [2], [3], [6], [8], [10], [13], and [19]-[24].
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Abstract. The current study focuses on obtaining the sharp coefficient estimates
and Fekete-Szegö inequality for the class Ψϑ(m,λ) and uses the Poisson
distribution series to obtain the sharp estimates of coefficient inequalities,
Fekete-Szegö inequality, second order Toeplitz determinants and upper bounds
of third order Toeplitz determinants and second order Hankel determinants for
a certain analytic function U(z) = z + δ2z

2 + δ3z
3 + · · · ,U(z) ̸= 0, z ∈ ∆

belonging to the class PΨϑ(m,λ,Υ) = {U ∈ H : IkU ∈ Ψϑ(m,λ)},m ∈ N0 =

{0, 1, 2, · · · }, λ, ϑ ∈ N = {1, 2, ...}, Υ = Υi(k) = ki−1

(i−1)!
e−k, defined on the open

unit disc (z ∈ ∆ := {z : |z| < 1}). This research could motivate others to delve
deeper into the coefficient functional problem related to the Poisson distribution
series of analytic functions across different categories of univalent functions.
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1. Introduction

Consider the class H comprising analytic functions of the form

U(z) = z + δ2z
2 + δ3z

3 + · · · , (z ∈ ∆ := {z : |z| < 1}), (1.1)
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and S = {U(z) ∈ H : U(z) is univalent in ∆} . Subordination of U to V in ∆ is
written as U ≺ V, where U,V ∈ H, provided there exists a Schwarz function w such
that w(0) = 0 and |w(z)| ≤ |z| such that U(z) = V(w(z)), z ∈ ∆.

Let P denote the class of all functions p(z) given by

p(z) = 1 +

∞∑
i=1

ciz
i, (z ∈ ∆), Re{p(z)} > 0 and p(0) = 1. (1.2)

Let hj(z) =
∑∞

n=0 δn,jz
n (j = 1, 2) be analytic in ∆. The Hadamard (or convolution)

product of h1 and h2 is defined by (h1 ∗ h2)(z) =
∑∞

n=0 δn,1δn,2z
n, z ∈ ∆.

Following [10], define

(U(z))ϑ =

(
z +

∞∑
k=2

δkz
k

)ϑ

, (1.3)

for U(z) ̸= 0 for all z ̸= 0 and ϑ ∈ N := {1, 2, ...}.
We observe that the power function given by formula (1.3) has an analytic branch in
∆ if and only if U(z) ̸= 0 for all z ̸= 0 and ϑ ∈ N. Therefore,

(U(z))ϑ =
(
z + δ2z

2 + δ3z
3 + δ4z

4 + . . .
)ϑ

.

Applying binomial formula, we observe that

(U(z))ϑ = zϑ[1 + ϑ
(
δ2z + δ3z

2 + δ4z
3 + . . .

)
+ ϑ(ϑ−1)

2!

(
δ2z + δ3z

2 + δ4z
3 + . . .

)2
+ . . .].

From [20], we have

(U(z))ϑ = zϑ +

∞∑
k=2

Akz
ϑ+k−1, (1.4)

where

A2 = ϑδ2; A3 = δ3ϑ+
ϑ(ϑ− 1)

2
δ22 ; A4 = δ4ϑ+ ϑ(ϑ− 1)δ2δ3 +

ϑ(ϑ− 1)(ϑ− 2)

6
δ32 ;

A5 = δ5ϑ+ ϑ(ϑ−1)
2 [δ23 + 2δ2δ4] +

ϑ(ϑ−1)(ϑ−2)
2 δ22δ3 +

ϑ(ϑ−1)(ϑ−2)(ϑ−3)
24 δ42 , · · · . (1.5)

If U(z) ̸= 0 for all z ̸= 0, define

Λ(z) = z

(
U(z)
z

)ϑ

= z

[(
zϑ +

∑∞
k=2 Akz

ϑ+k−1
)

zϑ

]
= z +

∞∑
k=2

Akz
k. (1.6)

Since
(

U(z)
z

)ϑ
̸= 0 for all z ∈ ∆,

(
U(z)
z

)ϑ
is analytic in ∆ and so Λ(z) is analytic in

∆. Indeed, Λ ∈ H.
Bernardi [5] studied the general operator

I2U(z) =
1 + γ

zγ

∫ z

0

U(t)tγ−1dt, γ ∈ N, (1.7)

and showed that I2(S∗) ⊂ S∗. The important subfamily of S is the family S∗ called
the starlike function.
By [10] and applying the operator to the function Λ(z) defined in (1.6), we define the
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integral operator Jm iteratively. To ensure a well-defined sequence, we first establish
the base cases J0 and J1:

J0(Λ(z)) = Λ(z) (1.8)

The first-order integral operator J1 is defined as:

J1(Λ(z)) =
1 + λ

zλ

∫ z

0

Λ(t)tλ−1dt, (λ ∈ N). (1.9)

Substituting the power series expansion Λ(z) = z +
∑∞

k=2 Akz
k into the expres-

sion above, we obtain:

J1(Λ(z)) = z +

∞∑
k=2

(
1 + λ

k + λ

)
Akz

k. (1.10)

For m ∈ {2, 3, . . . }, the higher-order operators are defined via the following
recursive relation:

Jm(Λ(z)) = J
(
Jm−1(Λ(z))

)
. (1.11)

Consequently, by the principle of mathematical induction, the general form of
the operator for any m ∈ N0 where N0 = {0, 1, 2, 3, . . . }. is given by:

Jm(Λ(z)) = z +

∞∑
k=2

(
1 + λ

k + λ

)m

Akz
k. (1.12)

For k ≥ 1 and n ≥ 1, Pommerenke [21] introduced the kth Hankel determinant
defined as

Hk(n) =

∣∣∣∣∣∣∣∣
δn δn+1 · · · δn+k−1

δn+1 · · · · · · δn+k

· · · · · · · · · · · ·
δn+k−1 δn+k · · · δn+2k−2

∣∣∣∣∣∣∣∣ , (δ1 = 1) .

In particular, the second Hankel determinant takes the form H2(2) =

∣∣∣∣ δ2 δ3
δ3 δ4

∣∣∣∣ . It
follows that Fekete-Szegö inequality is H2(1). Toeplitz determinants and the Hankel
determinants are closely connected.

As described in [25], the symmetric Toeplitz determinant Tk(n) takes the form

Tk(n) =

∣∣∣∣∣∣∣∣∣
δn δn+1 . . . δn+k−1

δn+1 δn · · · δn+k

...
δn+k−1 δn+k · · · δn

∣∣∣∣∣∣∣∣∣ .
In particular,

T2(2) =
∣∣∣∣ δ2 δ3
δ3 δ2

∣∣∣∣ , T3(1) =

∣∣∣∣∣∣
1 δ2 δ3
δ2 1 δ2
δ3 δ2 1

∣∣∣∣∣∣ .



204 S. Vijayalakshmi, M. Mehdha, S. Porwal, R. Ezhilarasi and T. Sudharsan

Figure 1. Boundary curve: h(∆) lies in the annular region bounded
between the circles C1 and C2.

Toeplitz matrices has applications in pure and applied mathematics [28] .
Arora and Kumar [2] considered the petal-shaped region

∆p = {w ∈ C : |sinh(w − 1)| < 1}, (1.13)

which admits the following functional characterization:

h(z) = 1 + sinh−1z. (1.14)

Its boundary curve is given in Figure 1.
Although h(z) is multivalued, it becomes holomorphic in ∆ upon choosing

branch cuts along (−∞,−i)∪(i,∞) on the imaginary axis, and hence is analytic in ∆.
Geometrically, the function h(z) maps the unit disc ∆ onto the petal-shaped domain
∆p. This domain has attracted considerable attention from researchers [1, 2, 4, 12, 17].

2. Preliminary results

In [10], the authors studied the class Ψn
λ(m, δ) for m ∈ N0 = {0, 1, 2, 3 · · · }, n ∈ N,

λ > 0, z ∈ ∆ and 0 ≤ δ < 1. Motivated by this study, we introduce and investigate a
subclass of H defined on a petal-shaped domain, as described below.

Definition 2.1. Let U(z) ̸= 0 for z ∈ ∆ and let ϑ ∈ N. Define Λ(z) by (1.6). Then
the function U is said to belong to the class Ψϑ(m,λ), where m ∈ N0 and λ, ϑ ∈ N, if
Λ(z) satisfies the condition

(JmΛ(z))

z
≺ 1 + sinh−1z, (2.1)

Lemma 2.2 ([6], p.41, Carathéodory’s Lemma). If p ∈ P, then

|ck| ≤ 2 (k ≥ 1), (2.2)

and the estimate is sharp.
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Figure 2. The images of Ψ∗(∆) (blue color) and h(∆)(red color).

Lemma 2.3. [13] Suppose p ∈ P. Then, for every complex number µ, one finds

|c2 − µc21| ≤ 2 max{1, |2µ− 1|}. (2.3)

Lemma 2.4. [13] Let p ∈ P of the form (1.2). Then there exist some ξ, ζ ∈ C with
|ξ| ≤ 1, |ζ| ≤ 1, such that

2c2 = c21 + (4− |c21|)ξ, (2.4)

4c3 = c31 + 2c1ξ(4− c21)− (4− c21)c1ξ
2 + 2(4− c21)(1− |ξ|2)ζ. (2.5)

Remark 2.5. We shall illustrate with an example that the aforementioned class
Ψϑ(m,λ) is non-empty.

With F1(z) = z + az2, we obtain Λ(z) = z (1 + az)
ϑ
, consequently

Ψ∗(z) =
(Jm(Λ(z)))

z
= 1 + t2A2z + t3A3z

2 + · · · ,

where ϑ ∈ N, m ∈ N0, λ ∈ N.
For the values of ϑ = 1, we get Ψ∗(z) = 1 + t2az, when m = λ = 1, a = 1/2 and

z = 0.9eiθ, we get t2 = 2
3 and hence

Ψ∗(0.9e
iθ) = 1 +

1

3
(0.9eiθ).

Thus from the figure (Figure 2) it is clear that Ψ∗(∆) ⊂ h(∆) and hence the class
Ψϑ(m,λ) is non-empty.

Remark 2.6. The function g(z), given explicitly by g(z) = z
1−z , z ∈ ∆ is in the class

Ψϑ(m,λ), since

Ψ1(m,λ) =
(Jm(Λ(z)))

z
= 1 + t2A2z + t3A3z

2 + · · · ,



206 S. Vijayalakshmi, M. Mehdha, S. Porwal, R. Ezhilarasi and T. Sudharsan

where A2 = ϑ; A3 = ϑ+ ϑ(ϑ−1)
2 ; A4 = ϑ+ ϑ(ϑ− 1) + ϑ(ϑ−1)(ϑ−2)

6 ; · · ·
and Λ(z) = z( g(z)z )ϑ and ϑ ∈ N, m ∈ N0, λ ∈ N. Proceeding as like previous remark,
we have Ψ1(∆) ⊂ h(∆).

Extensive research has been devoted to obtaining the upper bounds of the sec-
ond and third order Hankel determinants [3, 7, 8, 9, 10, 11, 14, 15, 18, 19, 26, 27].
However, determining the bounds for a subclass of analytic functions utilizing Poisson
distribution series in a petal-shaped domain presents numerous applications in science
and engineering.
Hence, in the present paper we derive coefficient estimates and Fekete-Szegö inequal-
ity for the class Ψϑ(m,λ) and by using the Poisson distribution series, we determine
the precise bounds for coefficient inequalities, Fekete-Szegö inequality, second order
Toeplitz determinants, upper bounds of third order Toeplitz determinants, second
order Hankel determinants for the class PΨϑ(m,λ,Υ), m ∈ N0, λ ∈ N and ϑ ∈ N
associated with the petal-shaped domain.

3. Coefficient bounds and the Fekete–Szegö inequality for the class
Ψϑ(m,λ)

Theorem 3.1. If the function U given by (1.1) is in the class Ψϑ(m,λ), for m ∈
N0, λ ∈ N, ϑ ∈ N then

|δ2| ≤
1

ϑt2
, |δ3| ≤ 2σ2 max

{
1,

∣∣∣∣2σ1

σ2
− 1

∣∣∣∣} ,

where ti =
(

λ+1
λ+i

)m
, σ1 = 1

4t3ϑ
+ (ϑ−1)

8t22ϑ
2 , σ2 = 1

2t3ϑ
. The inequalities are sharp.

Proof. Let U(z) ∈ Ψϑ(m,λ), according to the subordination relationship, there exists
a Schwarz function w(z) with w(0) = 0 and |w(z)| < 1, satisfying

Jm(Λ(z))

z
= 1 + sinh−1(w(z)) (z ∈ ∆). (3.1)

Consider the function

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + · · · , p ∈ P. (3.2)

w(z) =
p(z)− 1

1 + p(z)
=

c1
2
z +

(
c2
2

− c21
4

)
z2 +

(
c3
2

− c1c2
2

+
c31
8

)
z3 + · · · . (3.3)

After simple computation, we get

1+sinh−1(w(z)) = 1+
1

2
c1z+

(
−c21

4
+

c2
2

)
z2+

(
5c31
48

− c1c2
2

+
c3
2

)
z3+ · · · . (3.4)

Using series expansion, we obtain

Jm(Λ(z))

z
= 1 +

∞∑
i=2

tiAiz
i−1 = 1 + t2A2z + t3A3z

2 + t4A4z
3 + · · · , (3.5)
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where ti =
(

1+λ
i+λ

)m
.

Equating the coefficients between (3.4) and (3.5), we determine that

A2 =
c1
2t2

⇒ δ2 =
c1

2t2ϑ
= c1Λ1, (3.6)

δ3 = −c21σ1 + c2σ2, (3.7)

δ4 = γ1c
3
1 − γ2c1c2 + γ3c3, (3.8)

where,

Λ1 =
1

2t2ϑ
, σ1 =

1

4t3ϑ
+

(ϑ− 1)

8t22ϑ
2
, σ2 =

1

2t3ϑ
,

γ1 =
5

48t4ϑ
+

ϑ− 1

2t2ϑ

[
1

4t3ϑ
+

ϑ− 1

8t22ϑ
2
− (ϑ− 2)

24t22ϑ
2

]
, γ2 =

1

2t4ϑ
+

(ϑ− 1)

4ϑ2t2t3
, γ3 =

1

2ϑt4
.

Applying Lemma 2.2 in (3.6), we get

|δ2| ≤ 2Λ1 ≤ 1

ϑt2
.

Sharpness is achieved by the function (3.2) with p(z) = 1 + 2z.
From (3.7), we have

|δ3| = | − c21σ1 + c2σ2| = σ2

∣∣∣∣c2 − c21
σ1

σ2

∣∣∣∣ .
By implementing Lemma 2.3, we obtain

|δ3| ≤ 2σ2 max

{
1,

∣∣∣∣2σ1

σ2
− 1

∣∣∣∣} .

Equality is attained for the function defined by (3.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣ 2σ1

σ2
− 1
∣∣∣} = 1 and the inequality is sharp for the function (3.2) with

p(z) = 1 + 2z + 2z2, when max
{
1,
∣∣∣ 2σ1

σ2
− 1
∣∣∣} =

∣∣∣ 2σ1

σ2
− 1
∣∣∣ . □

Corollary 3.2. If ϑ = 1, then |δ2| ≤ 1
t2
, |δ3| ≤ 2

t3
.

Theorem 3.3. Suppose the function U defined in (1.1) lies in the class Ψϑ(m,λ), for
m ∈ N0, λ ∈ N, ϑ ∈ N, Consequently, for any ν ∈ C

|δ3 − νδ22 | ≤ 2σ2max

{
1,

∣∣∣∣2(σ1 + νΛ2
1

σ2

)
− 1

∣∣∣∣} .

The inequality is sharp.

Proof. From (3.6) and (3.7), we get

|δ3 − νδ22 | = |c2σ2 − c21σ1 − ν(c21Λ
2
1)| = σ2

∣∣∣∣c2 − c21

(
σ1 + νΛ2

1

σ2

)∣∣∣∣ .
Applying (2.3), we get

|δ3 − νδ22 | ≤ 2 σ2 max

{
1,

∣∣∣∣2(σ1 + νΛ2
1

σ2

)
− 1

∣∣∣∣} .
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Equality is attained for the function given by (3.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣} = 1 and when max

{
1,
∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣} =∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣, sharpness is attained for the function given by (3.2) with p(z) =

1 + 2z + 2z2. □

Corollary 3.4. If ϑ = 1, then |δ3 − νδ22 | ≤ 1
t3
.

4. Functions generated from the Poisson distribution

A random variable X is said to follow a Poisson distribution with parameter k > 0 if
it assumes the values 0, 1, 2, 3, . . . with respective probabilities

P (X = i) =
kie−k

i!
, i = 0, 1, 2, 3, . . .

Thus P (X = τ) = kτ e−k

τ ! , τ = 0, 1, 2, · · · .
Porwal [22] investigated a power series whose coefficients correspond to the prob-

abilities of a Poisson distribution.

I(k, z) = z +

∞∑
i=2

ki−1

(i− 1)!
e−kzi, z ∈ ∆, (4.1)

where k > 0 also by applying ratio test one can find the radius of convergence of the
above series is infinity and Jm(Λ(z)) is defined in (1.12).
Following recent research [16, 24, 23], consider the linear operator Ik(z) : H → H
defined by

Ik(Λ(z)) = I(k, z) ∗ (Λ(z)) = z +
∞∑
i=2

ki−1

(i− 1)!
e−kAiz

i (4.2)

= z +

∞∑
i=2

Υi(k)Aiz
i, (4.3)

where Ai
′s are defined in (1.5) and

Υ = Υi(k) =
ki−1

(i− 1)!
e−k (4.4)

and ∗ denotes the convolution of two series. In particular, Υ2 = ke−k and Υ3 =
k2

2 e−k. Implementing (1.12), we have

Jm(IkΛ(z)) = z +

∞∑
i=2

ΥitiAiz
i, (4.5)

where ti =
(

1+λ
λ+i

)m
.
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Definition 4.1. Let U(z) ̸= 0 for z ∈ ∆ and let ϑ ∈ N. If the function Λ(z) is defined
by (1.6) then, the function U(z) is said to belong to the class PΨϑ(m,λ,Υ), where
m ∈ N0, λ ∈ N and ϑ ∈ N, if the function Λ(z) satisfies the following condition:

(Jm(IkΛ(z)))

z
≺ 1 + sinh−1z, (4.6)

or equivalently, PΨϑ(m,λ,Υ) = {U(z) ∈ H : IkU(z) ∈ Ψϑ(m,λ,Υ)}, where
Jm(IkΛ(z)) is given in (4.5) and Υi, i = 2, 3, · · · is defined in (4.4).

By employing the corresponding coefficient estimates together with the Fekete–
Szegö inequality for functions belonging to the class Ψϑ(m,λ), we derive the coeffi-
cient estimates and the associated Fekete–Szegö inequality for functions in the class
PΨϑ(m,λ,Υ). Applying Theorems (3.1) and (3.3) yields the following theorems for
the function IkΛ(z).

5. Fekete–Szegö inequality and related estimates for the class
PΨϑ(m,λ,Υ)

Theorem 5.1. Let U be the function defined in (1.1). If U is in the class PΨϑ(m,λ,Υ),

for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

|δ2| ≤
1

ϑt2Υ2
, |δ3| ≤ 2β2 max

{
1,

∣∣∣∣2β1

β2
− 1

∣∣∣∣} ,

where ti =
(

λ+1
λ+i

)m
, β1 = 1

4t3Υ3ϑ
+ (ϑ−1)

8t22Υ
2
2ϑ

2 , β2 = 1
2t3Υ3ϑ

. The inequalities are sharp.

Proof. Since U(z) ∈ PΨϑ(m,λ,Υ), the subordination condition ensures the existence
of a Schwarz function w(z) for which w(0) = 0 and |w(z)| < 1, satisfying

Jm(IkΛ(z))

z
= 1 + sinh−1(w(z)) (z ∈ ∆). (5.1)

Consider the function

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + · · · , (5.2)

where p ∈ P. Consequently,

w(z) =
p(z)− 1

1 + p(z)
=

c1
2
z +

(
c2
2

− c21
4

)
z2 +

(
c3
2

− c1c2
2

+
c31
8

)
z3 + · · · (5.3)

After simple computation, we get

1+sinh−1(w(z)) = 1+
1

2
c1z+

(
−c21

4
+

c2
2

)
z2+

(
5c31
48

− c1c2
2

+
c3
2

)
z3+ · · · . (5.4)

Using series expansion, we obtain

Jm(IkΛ(z))

z
= 1 +

∞∑
i=2

tiΥi(k)Aiz
i−1 = 1 + t2Υ2A2z + t3Υ3A3z

2 + · · · , (5.5)
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where ti =
(

1+λ
i+λ

)m
.

Equating the coefficients between (5.4) and (5.5), we determine that A2 = c1
2t2Υ2

.
Hence,

δ2 =
c1

2t2ϑΥ2
= c1α1, (5.6)

δ3 = −c21β1 + c2β2, (5.7)

δ4 = η1c
3
1 − η2c1c2 + η3c3, (5.8)

where,

α1 =
1

2t2ϑΥ2
, β1 =

1

4t3Υ3ϑ
+

(ϑ− 1)

8t22Υ
2
2ϑ

2
, β2 =

1

2t3Υ3ϑ
,

η1 =
5

48t4Υ4ϑ
+

ϑ− 1

2t2ϑΥ2

[
1

4t3Υ3ϑ
+

ϑ− 1

8t22Υ
2
2ϑ

2
− (ϑ− 2)

24t22ϑ
2Υ2

2

]
,

η2 =
1

2t4Υ4ϑ
+

(ϑ− 1)

4ϑ2t2t3Υ2Υ3
, η3 =

1

2ϑt4Υ4
.

Applying (2.2) in (5.6), we get

|δ2| ≤ 2α1 ≤ 1

ϑt2Υ2
.

The bound is attained by the function defined by (5.2) with p(z) = 1 + 2z.
From (5.7), we have

|δ3| = | − c21β1 + c2β2| = β2|c2 − c21
β1

β2
|.

By implementing (2.3), we obtain

|δ3| ≤ 2β2 max

{
1,

∣∣∣∣2β1

β2
− 1

∣∣∣∣} .

The inequality is sharp for the function given by (5.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣ 2β1

β2
− 1
∣∣∣} = 1 and it is sharp for the function given by (5.2) with

p(z) = 1 + 2z + 2z2, when max
{
1,
∣∣∣ 2β1

β2
− 1
∣∣∣} =

∣∣∣ 2β1

β2
− 1
∣∣∣ . □

Corollary 5.2. If ϑ = 1, then

|δ2| ≤
1

t2Υ2
, |δ3| ≤

1

t3Υ3
.

In view of Theorem (3.3), let us prove the following theorem.

Theorem 5.3. Suppose that the function U given by (1.1) belongs to the class

PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) = ki−1

(i−1)!e
−k, then

for any ν ∈ C,

|δ3 − νδ22 | ≤ 2β2max

{
1,

∣∣∣∣2(β1 + να2
1

β2

)
− 1

∣∣∣∣} .

The inequality is sharp.
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Proof. From (5.6) and (5.7), we get

|δ3 − νδ22 | = |c2β2 − c21[α
2
1ν + β1]| = β2

∣∣∣∣c2 − c21

(
α2
1ν + β1

β2

)∣∣∣∣ .
Applying (2.3), we get

|δ3 − νδ22 | ≤ 2 β2 max

{
1,

∣∣∣∣2(α2
1ν + β1

β2

)
− 1

∣∣∣∣} .

The estimate is attained by the function defined in (5.2) with p(z) = 1 + 2z2,

whenever max
{
1,
∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣} = 1 and the bound is attained for the function

defined in (5.2) with p(z) = 1 + 2z + 2z2, whenever max
{
1,
∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣} =∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣ .

□

6. Toeplitz determinant T2(2) and T3(1) for the class PΨϑ(m,λ,Υ)

Theorem 6.1. Consider the function U, as defined in (1.1), to be a member of the

class PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k. Then,

|T2(2)| ≤ 16β2
1 + 36β2

2 + 48β1β2 + 4α2
1,

where α1, β1, β2 are presented in theorem (5.1), and it is the best estimate.

Proof. The bound of T2(2) is denoted by |T2(2)| = |δ23 − δ22 |.
Applying (5.6) and (5.7)

|T2(2)| = |c41β2
1 − 2c21c2β1β2 − c21α

2
1 + c22β

2
2 |. (6.1)

Using the values of c2 from Lemma 2.4, yields

|T2(2)| =
∣∣∣∣c41β2

1 − c21β1β2

[
c21 + (4− c21)ξ

]
− c21α

2
1 +

1

4

[
c21 + (4− c21)ξ

]2
β2
2

∣∣∣∣ . (6.2)

Denoting |c1| = c and |ξ| = ρ, then c ∈ [0, 2] and ρ ∈ [0, 1], and applying triangle
inequality, we get

|T2(2)| ≤ h1c
4 + h2ρc

2|4− c21|+ α2
1c

2 +
β2
2

4
ρ2|4− c21|2,

where h1 =
β2
2

4 + β2
1 + β1β2, h2 = β2β1 +

β2
2

2 . Again, applying triangle inequality for

this terms |4− c21| ≤ 4 + |c21| = 4 + c2 ≥ 0 similarly,|(4− c21)|2 ≤ (4 + c2)2, we get

|T2(2)| ≤ h1c
4 + h2ρc

2(4 + c2) + c2α2
1 +

β2
2

4
ρ2(4 + c2)2 = A(c, ρ).

Next, we maximize the function A(c, ρ) for (c, ρ) ∈ [0, 2] × [0, 1]. Partially differenti-

ating A(c, ρ) with respect to ρ, we obtain ∂A
∂ρ = h2c

2(4 + c2) +
β2
2

2 ρ(4 + c2)2 ≥ 0,

for 0 ≤ c ≤ 2 and 0 ≤ ρ ≤ 1. Hence A(c, ρ) is increasing in ρ and attains
its maximum at ρ = 1. Therefore, A(c, ρ) ≤ A(c, 1) = B(c), where B(c) =
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|h1|c4 + |h2|c2(4 + c2) + α2
1c

2 +
β2
2

4 (4 + c2)2. We note that B′(c) ≥ 0 implies B(c)
increases with c and thus attains its maximum value at c = 2. Therefore,

|T2(2)| ≤ 16|h1|+ 32|h2|+ 4α2
1 + 16β2

2

≤ 16β2
1 + 36β2

2 + 48β1β2 + 4α2
1.

The obtained bound is sharp. Equality holds for the extremal Carathéodory function

p(z) = 1+eiθz
1−eiθz

, θ ∈ R, for which c1 = 2eiθ, c2 = 2e2iθ.

Substituting these values into the expression (6.1), T2(2) yields equality. Hence, the
result is sharp.

□

Corollary 6.2. If ϑ = 1, then |T2(2)| ≤ 16B2
1 + 36B2

2 + 48B1B2 + 4A2
1, where A1 =

1
2t2Υ2

, B1 = 1
4t3Υ3

, B2 = 1
2t3Υ3

.

Theorem 6.3. Suppose the function U, defined by (1.1), belongs to the class

PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

|T3(1)| ≤ 1 + 8α2
1 + 16(β2

1 + 2α2
1β1) + 36β2

2 + 48(α2
1β2 + β1β2).

Proof. The bounds of T3(1) is denoted by |T3(1)| = |1− 2δ22 + 2δ22δ3 − δ23 |.
Proceeding on the similar lines of theorem (6.1), the upper bound is obtained as

|T3(1)| ≤ 1 + 8α2
1 + 16(β2

1 + 2α2
1β1) + 36β2

2 + 48(α2
1β2 + β1β2).

□

Corollary 6.4. If ϑ = 1, then

|T3(1)| ≤ 1 + 8A2
1 + 16(B2

1 + 2A2
1B1) + 36B2

2 + 48(A2
1B2 +B1B2),

where A1, B1, B2 are defined in corollary (6.2).

7. Second Hankel determinant associated with the class PΨϑ(m,λ,Υ)

Theorem 7.1. If the function U of the form (1.1) is in the class PΨϑ(m,λ,Υ), for

m ∈ N0, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

H2(2) = |δ2δ4 − δ23 | ≤ 16(η1α1 − β2
1) + 24(2β1β2 − η2α1) + 44η3α1 + 36β2

2 .

Proof. Using (5.6) to (5.8), we have

|δ2δ4 − δ23 | = |[η1α1 − β2
1 ]c

4
1 + [2β1β2 − η2α1]c

2
1c2 + η3α1c1c3 − c22β

2
2 |. (7.1)

Using c2 and c3 values from Lemma 2.4, yields

|δ2δ4 − δ23 | =
∣∣∣∣[η1α1 − β2

1 ]c
4
1 + [2β1β2 − η2α1]c

2
1

1

2
[c21 + ξ(4− c21)] + η3α1c1

1

4
[c31

+2ξc1(4− c21)− ξ2c1(4− c21) + 2(4− c21)(1− |ξ|2)ζ]− β2
2

4
[c21 + ξ(4− c21)]

2

∣∣∣∣ .



Analysis of certain determinants in petal-shaped domain 213

Denoting |c1| = c and |ξ| = ρ, then c ∈ [0, 2] and ρ ∈ [0, 1] also using the fact that
|ζ| ≤ 1 and implementing triangle inequality, we arrive

|δ2δ4 − δ23 | ≤ |q1|c4 + q2ρc
2|4− c21|+ 2q3c|4− c21|+ q3cρ

2|4− c21|(c+ 2) + q4ρ
2|4− c21|2

where q1 = 1
4 [4η1α1−4β2

1−2η2α1+4β1β2+η3α1+β2
2 ], q2 = 1

2 [η3α1+β2
2−η2α1+2β1β2],

q3 = 1
4 [η3α1], q4 = 1

4β
2
2 .

For c ∈ [0, 2], applying triangle inequality again, we have

|4− c21| ≤ 4 + |c21| = (4 + c2) ≥ 0, and |4− c21|2 ≤ (4 + c2)2, thus

|δ2δ4 − δ23 | ≤ |q1|c4 + |q2|ρc2(4 + c2) + 2|q3|c(4 + c2) + |q3|cρ2(4 + c2)(c+ 2) + |q4|ρ2(4 + c2)2

= V (c, ρ),

Proceeding as in Theorem 6.1, we get V ′(ρ) > 0. Thus V (c, ρ) attains the maximum
value at ρ = 1. Hence

V (c, ρ) ≤ V (c, 1) = U(c) = |q1|c4+|q2|c2(4+c2)+2|q3|c(4+c2)+|q3|c(4+c2)(c+2)+|q4|(4+c2)2.

U ′(c) ≥ 0 implies U(c) is an increasing function and it attains the maximum value at
c = 2. Therefore,

|δ2δ4 − δ23 | ≤ 16|q1|+ 32|q2|+ 96|q3|+ 64|q4|
≤ 16(η1α1 − β2

1) + 24(2β1β2 − η2α1) + 44η3α1 + 36β2
2 .

□

Corollary 7.2. If ϑ = 1, then |H2(2)| ≤ 16(D1A1 −B2
1) + 48B1B2 + 20D2A1 + 36B2

2 ,
where A1, B1, B2 are defined in Corollary 6.2 and D1 = 5

48t4Υ4
, D2 = 1

2t4Υ4
.

8. Conclusion

Toeplitz and Hankel matrices are open to a broad variety of diverse algorithms and
offer some of the most appealing computational features. For a given analytic function
U(z) belonging to the class Ψϑ(m,λ), for U(z) ̸= 0 for all z ∈ ∆,m ∈ N0, λ ∈ N, ϑ ∈
N defined on the open unit disc ∆, we have obtained sharp estimates of coefficient
inequalities and the Fekete-Szegő inequality. Also, using Poisson distribution series, we
have obtained sharp coefficient inequalities, the Fekete-Szegő inequality, sharp second-
order Toeplitz determinants, upper bounds of third-order Toeplitz determinants, and
second-order Hankel determinants in a petal-shaped domain. We anticipate that these
findings will have a significant impact on many different types of science, technology,
engineering, and mathematics-related sectors.
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Coefficient bounds and Fekete-Szegö inequality
for a unified subclass of m-fold symmetric bi-
univalent functions

Navyodh Singh , Gagandeep Singh and Navjeet Singh

Abstract. In this paper, we introduce a new and unified subclass of m-fold sym-
metric bi-univalent functions by subordinating to generalized Janowski function,
in the open unit disc E = {z :| z |< 1}. Bounds for the initial coefficients and
Fekete-Szegö inequality for the functions in this class are studied. Particular cases
of the results derived here, are also discussed.
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1. Introduction

Let A denote the class of analytic functions f having Taylor-Maclaurin series of the
form

f(z) = z +

∞∑
k=2

akz
k,

defined in the unit disc E = {z :| z |< 1} and normalized by f(0) = f ′(0) − 1 = 0.
Further, the class of functions f ∈ A and univalent in E, is denoted by S.
By U , we denote the class of Schwarz functions of the form u(z) =

∑∞
k=1 ckz

k, which
are analytic in the unit disc E and satisfy the conditions u(0) = 0 and | u(z) |< 1.
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The fundamental classes of starlike functions and convex functions are denoted
by S∗ and K respectively, and given by

S∗ =

{
f ∈ A : Re

(
zf ′(z)

f(z)

)
> 0, z ∈ E

}
,

and

K =

{
f ∈ A : Re

(
(zf ′(z))′

f ′(z)

)
> 0, z ∈ E

}
.

It is obvious that the classes S∗ and K are related as f ∈ K if and only if zf ′ ∈ S∗.
This relation was established by Alexander [1] and is known as Alexander relation.

A function f ∈ A is said to be in the class C of close-to-convex functions if there

exists a convex function h ∈ K such that Re

(
f ′(z)

h′(z)

)
> 0 or equivalently there exists

a starlike function g ∈ S∗ such that Re

(
zf ′(z)

g(z)

)
> 0. This class was introduced by

Kaplan [20].

Further, Noor [30] introduced the class C∗ of quasi-convex functions. A function
f ∈ A is said to be quasi-convex if there exists a convex function h ∈ K such that

Re

(
(zf ′(z))′

h′(z)

)
> 0, z ∈ E.

Every quasi-convex function is convex. Obviously, f ∈ C∗ if and only if zf ′ ∈ C.

Sakaguchi [33] established the class S∗
s of functions f ∈ A which satisfy the

following condition:

Re

(
2zf ′(z)

f(z)− f(−z)

)
> 0.

The functions in the class S∗
s are called starlike functions with respect to symmetric

points. Das and Singh [11] proved that
f(z)− f(−z)

2
is a starlike function in E.

So it is obvious that the class S∗
s is contained in the class C of close-to-convex functions.

Later on, Das and Singh [11] introduced the class Ks of the functions f ∈ A
which satisfy the following condition:

Re

(
2(zf ′(z))′

(f(z)− f(−z))′

)
> 0.

The functions in the class Ks are called convex functions with respect to symmetric
points. It is easy to verify that f ∈ Ks if and only if zf ′ ∈ S∗

s . Further, some
more subclasses of Sakaguchi-type functions were investigated by several authors
including [21, 31, 36, 37].
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For 0 ≤ α < 1 and s, t ∈ C(Complex plane) with s ̸= t, Frasin [13] introduced
and studied the class S(α, s, t) which consists of the functions f ∈ A and satisfy the
condition

Re

(
(s− t)zf ′(z)

f(sz)− f(tz)

)
> α.

Analogously, the class T (α, s, t) consists of the functions f ∈ A which satisfy
the condition

Re

(
(s− t)(zf ′(z))′

(f(sz)− f(tz))′

)
> α.

Obviously f ∈ T (α, s, t) if and only if zf ′ ∈ S(α, s, t). Also the following
observations are obvious:
(i) S(0, 1,−1) ≡ S∗

s .
(ii) T (0, 1,−1) ≡ Ks.
(iii) S(0, 1, 0) ≡ S∗.
(iv) T (0, 1, 0) ≡ K.

Let f and g be two analytic functions in E. Then f is said to be subordinate
to g, if there exists a Schwarz function u ∈ U such that f(z) = g(u(z)). If f is
subordinated to g, then it is written as f ≺ g. Further, if g is univalent in E, then
f ≺ g implies f(0) = g(0) and f(E) ⊂ g(E).

Univalent functions are one-one and so are invertible. Also the inverse functions
need not be defined on the entire unit disc E. The Koebe one-quarter theorem [12]
ensures that the image of E under the functions f ∈ S contains a disc of radius 1

4 . It

is obvious that every function f ∈ S has an inverse f−1, defined by

f−1(f(z)) = z(z ∈ E),

and

f(f−1(w)) = w

(
| w |< r0(f) : r0(f) ≥

1

4

)
,

where

f−1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + ...

A function f ∈ A is said to be bi-univalent in E if both f and f−1 are univalent
in E. The class of functions f ∈ A which are bi-univalent in E, is denoted by Σ. Some

examples of functions in the class Σ are
z

1− z
, −log(1 − z),

1

2
log

(
1 + z

1− z

)
with the

corresponding inverse functions
ew − 1

ew
,

w

1 + w
,
e2w − 1

e2w + 1
. But, the well known Koebe

function f(z) =
z

(1− z)2
is not a member of Σ.

Estimating the Taylor-Maclaurin coefficients an, is an important problem in
geometric function theory as it provides information about the geometric properties
of the functions in A. Lewin [22] was the first, who investigated the class Σ and

proved that |a2| < 1.51. Further, Brannan and Clunie [7] conjectured that |a2| <
√
2.
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Subsequently, non-sharp bounds for |a2| and |a3| for various sub-classes of Σ were
studied by several authors in [10, 14, 17, 19, 24, 25, 26, 28, 29, 37, 41, 42, 43, 44, 46, 47]
and more recently by Singh and Singh [39, 40].

For −1 ≤ B < A ≤ 1 and 0 ≤ α < 1, Polatoglu et al. [32] introduced
the class P(A,B;α), the subclass of A which consists of functions of the form

p(z) = 1 +
∑∞

k=1 pkz
k such that p(z) ≺ 1 + [B + (A−B)(1− α)]z

1 +Bz
. Also for α = 0,

the class P(A,B;α) agrees with P(A,B), which is a subclass of A introduced by
Janowski [18].

For m ∈ N, a domain D is said to be m-fold symmetric if a rotation of D
about the origin through an angle 2π

m , carries D on itself. It follows that a function f
analytic in E is said to be m-fold symmetric if

f
(
e

2π
m z
)
= e

2π
m f(z).

We denote the class of m-fold symmetric univalent functions by Sm. A function
f ∈ Sm is characterized by having a power series of the form

f(z) = z +

∞∑
k=1

amk+1z
mk+1.

Srivastava et al. [45] defined m-fold symmetric bi-univalent functions analogues
to the concept of m-fold symmetric univalent functions. They gave some important
results such as each function f ∈ Σ generates an m-fold symmetric bi-univalent func-
tion for every m ∈ N. Furthermore, for the normalized form of f , they obtained the
series expansion of f−1 as follows:

g(w) = f−1(w) = w − am+1w
m+1 + ((m+ 1)a2m+1 − a2m+1)w

2m+1 + ...,

where f−1 = g. We denote the class of m-fold symmetric bi-univalent functions by
Σm. For m = 1, the class Σm coincides with Σ. Various examples of m-fold symmetric

bi-univalent functions are

(
zm

1− zm

) 1
m

, [−log(1 − zm)]
1
m ,

1

2
log

(
1 + zm

1− zm

) 1
m

, with

the corresponding inverse functions

(
wm

1 + wm

) 1
m

,
(

ew
m

−1
ewm

) 1
m

,
(

e2w
m

−1
e2wm+1

) 1
m

. Some

important subclasses of m-fold symmetric bi-univalent functions were studied by a
few researchers including Al-Khafaji [3], Altinkya and Yalcin [5], Bulut [9], Hussain
et al. [15], Ibrahim et al. [16], Sakar and Tasar [34] and Senthil and Keerthi [35].

Getting inspired from the research work mentioned above, now we define a

new and generalized subclass Sλ,α,β,η
Σm

(A,B; s, t) of Σm. This class is a generalization
of many earlier established classes. By giving particular values to the parameters
introduced in this class, several known results established by various authors, can
be easily obtained. Each new class and its associated results add to the theoretical
understanding of bi-univalent functions and their geometric properties. Here we
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used the concept of subordination, which provides a powerful and flexible method
to establish various interesting results of the subclasses of univalent and bi-univalent
functions, in the unit disc E. So the class proposed here is very significant and plays
an important role in motivating the other researchers to study some more generalized
subclasses of m-fold symmetric bi-univalent functions. In this paper, we establish the
non-sharp bounds for the Taylor-Maclaurin coefficients such as |am+1|, |a2m+1| and
Fekete-Szegö inequality for the defined class.

Definition 1.1. A function f ∈ Σm is said to be in the class Sλ,α,β,η
Σm

(A,B; s, t) if the
following conditions are satisfied:

(1− α)
(s− t)z[f ′(z)]λ

f(sz)− f(tz)
+ α

(s− t)[(zf ′(z))
′
]λ

(f(sz)− f(tz))′
≺
(
1 + [B + (A−B)(1− η)]zm

1 +Bzm

)β

,

and

(1− α)
(s− t)w[g′(w)]λ

g(sw)− g(tw)
+ α

(s− t)[(wg′(w))
′
]λ

(g(sw)− g(tw))′
≺
(
1 + [B + (A−B)(1− η)]wm

1 +Bwm

)β

,

where s, t ∈ C with s ̸= t, |t| ≤ 1, 0 ≤ α ≤ 1, λ ≥ 0, 0 < β ≤ 1, 0 ≤ η < 1, z ∈ E,
w ∈ E and g(w) = f−1(w) = w − am+1w

m+1 + ((m+ 1)a2m+1 − a2m+1)w
2m+1 + ....

The following particular cases are obvious:

(i) For m = 1, the class Sλ,α,β,η
Σm

(A,B; s, t) reduces to Sλ,α,β,η
Σ (A,B; s, t).

(ii) For m = 1, η = 0, Sλ,α,β,η
Σm

(A,B; s, t) agrees with Sλ,α,β
Σ (A,B; s, t), the class

studied by Singh et al. [44].

(iii) On putting m = 1, η = 0, λ = 1, s = 1, t = −1, Sλ,α,β,η
Σm

(A,B; s, t) coincides with
Ms

Σ(β, α;A,B), the class studied by Singh [38].

(iv) By substituting m = 1, α = 0, η = 0, A = 1, B = −1, Sλ,α,β,η
Σm

(A,B; s, t) reduces

to Sλ
Σ(s, t, β), the class studied by Mazi and Opoola [24].

(v) For 0 ≤ γ < 1, on putting m = 1, α = 0, η = 0, β = 1, A = 1 − 2γ,B = −1,

Sλ,α,β,η
Σm

(A,B; s, t) agrees with Sλ
Σ(s, t, γ), the class studied by Mazi and Opoola [24].

(vi) On Substituting λ = 1, s = 1, t = 0, η = 0, A = 1, B = −1, α = 0,

Sλ,α,β,η
Σm

(A,B; s, t) reduces to Sβ
Σm

, the class studied by Altinkya and Yalcin [5].
(vii) By putting λ = 1, s = 1, t = 0, η = 0, A = 1 − 2γ,B = −1, α = 0,

Sλ,α,β,η
Σm

(A,B; s, t) reduces to Sγ
Σm

, the class studied by Altinkya and Yalcin [5].

(viii) For λ = 1, s = 1, t = 0, η = 0, A = 1, B = −1,m = 1, Sλ,α,β,η
Σm

(A,B; s, t)
coincides with MΣ(β, α), the class studied by Li and Wang [23].

(ix) For λ = 1, s = 1, t = 0, η = 0, A = 1, B = −1,m = 1, α = 1, Sλ,α,β,η
Σm

(A,B; s, t)
reduces to MΣ(β, 1), the class studied by Li and Wang [23].
(x) On Putting λ = 1, s = 1, t = 0, η = 0, A = 1, B = −1,m = 1, α = 0,

Sλ,α,β,η
Σm

(A,B; s, t) agrees with S∗
Σ(β), the class studied by Brannan and Taha [8].

(xi) For λ = 1, s = 1, t = 0, η = 0, A = 1 − 2γ,B = −1,m = 1, α = 0, β = 1,

Sλ,α,β,η
Σm

(A,B; s, t) reduces to S∗
Σ(γ), the class of bi-starlike functions of order γ

studied by Brannan and Taha [8].
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(xii) For s = 1, t = 0, η = 0, A = 1 − 2γ,B = −1,m = 1, α = 1, β = 1,

Sλ,α,β,η
Σm

(A,B; s, t) reduces to BΣ(γ, 1), the class of bi-convex functions of order γ
studied by Li and Wang [23].

(xiii) By substituting λ = 1, s = 1, t = 0, η = 0, A = 1, B = −1, Sλ,α,β,η
Σm

(A,B; s, t)
agrees with MΣm(β, α, 1), the class established by Motamednezhad et al. [27].

(xiv) On putting λ = 1, s = 1, t = 0, η = 0, A = 1 − 2γ,B = −1, Sλ,α,β,η
Σm

(A,B; s, t)
agrees with MΣm

(γ, α, 1), the class studied by Motamednezhad et al. [27].

In the sequel, we lay down once for all that s, t ∈ C with s ̸= t, |t| ≤ 1,
0 ≤ α ≤ 1, λ ≥ 0, 0 < β ≤ 1, 0 ≤ η < 1, −1 ≤ B < A ≤ 1, z ∈ E, w ∈ E and
g(w) = f−1(w) = w − am+1w

m+1 + ((m+ 1)a2m+1 − a2m+1)w
2m+1 + ...

For deriving our main results, we need the following lemma:

Lemma 1.2. [6] If p(z) =
1 + [B + (A−B)(1− η)]u(z)

1 +Bu(z)
= 1+

∑∞
k=1 pkz

k, u(z) ∈ U ,

then

|pn| ≤ (A−B)(1− η), n ≥ 1.

2. Coefficient estimates for the function class Sλ,α,β,η
Σm

(A,B; s, t)

Theorem 2.1. If f ∈ Sλ,α,β,η
Σm

(A,B; s, t), then

|am+1| ≤
β
√

2(A−B)(1− η)√
∆

, (2.1)

and
|a2m+1| ≤ β(A−B)(1−η)

(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)]
+

(A−B)2(1− η)2β2(m+ 1)

2(1 + αm)2
[
λ(m+ 1)−

(
sm+1−tm+1

s−t

)]2 , (2.2)

where

∆ =β
[
2(1 + 2αm+ αm2)

(sm+1 − tm+1

s− t

)(sm+1 − tm+1

s− t
− λ(m+ 1)

)
− (1 + 2αm)(m+ 1)

(s2m+1 − t2m+1

s− t

)
+ λ(m+ 1)

(
(1 + 2αm)(2m+ 1)

+ (λ− 1)(m+ 1)(1 + 2αm+ αm2)
)]

− (β − 1)(1 + αm)2[
λ(m+ 1)−

(
sm+1 − tm+1

s− t

)]2
.

(2.3)
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Proof. Applying the principle of subordination in Definition 1.1, it yields

(1− α)
(s− t)z[f ′(z)]λ

f(sz)− f(tz)
+ α

(s− t)[(zf ′(z))
′
]λ

(f(sz)− f(tz))′

=

(
1 + [B + (A−B)(1− η)](u(z))m

1 +B(u(z))m

)β

= [p(z)]β , u ∈ U , (2.4)

and

(1− α)
(s− t)w[g′(w)]λ

g(sw)− g(tw)
+ α

(s− t)[(wg′(w))
′
]λ

(g(sw)− g(tw))′

=

(
1 + [B + (A−B)(1− η)](v(w))m

1 +B(v(w))m

)β

= [q(w)]β , v ∈ U , (2.5)

where p(z) = 1 + pmzm + p2mz2m + ... and q(w) = 1 + qmwm + q2mw2m + ....

Expanding (2.4), it takes the form

1 + (1 + αm)
[
λ(m+ 1)−

(
sm+1−tm+1

s−t

)]
am+1z

m

+
[
(1 + 2αm)

[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
a2m+1

+(1+2αm+αm2)

[(
sm+1−tm+1

s−t

)2
− λ(m+ 1)

[
sm+1−tm+1

s−t − (λ−1)(m+1)
2

]]
a2m+1

]
z2m+

...

= 1 + βpmzm +
[
βp2m +

β(β − 1)

2
p2m

]
z2m + · · · . (2.6)

Similarly on expanding (2.5), we obtain

1− (1 + αm)
[
λ(m+ 1)−

(
sm+1−tm+1

s−t

)]
am+1w

m

+
[

− (1 + 2αm)
[
λ(2m + 1) −

(
s2m+1−t2m+1

s−t

)]
a2m+1 + (1 +

m)(1 + 2αm)
[
λ(2m + 1) −

(
s2m+1−t2m+1

s−t

)]
a2m+1 + (1 + 2αm +

αm2)

[(
sm+1−tm+1

s−t

)2
− λ(m+ 1)

[
sm+1−tm+1

s−t − (λ−1)(m+1)
2

]]
a2m+1

]
w2m + ...

= 1 + βqmwm +
[
βq2m +

β(β − 1)

2
q2m

]
w2m + · · · . (2.7)

Equating the coefficients of zm and z2m in (2.6), we obtain

(1 + αm)

[
λ(m+ 1)−

(
sm+1 − tm+1

s− t

)]
am+1 = βpm, (2.8)



224 Navyodh Singh, Gagandeep Singh and Navjeet Singh

(1 + 2αm)
[
λ(2m+ 1)−

(s2m+1 − t2m+1

s− t

)]
a2m+1 + (1 + 2αm+ αm2)[(

sm+1 − tm+1

s− t

)2

− λ(m+ 1)

[
sm+1 − tm+1

s− t
− (λ− 1)(m+ 1)

2

]]
a2m+1

= βp2m +
β(β − 1)

2
p2m.

(2.9)

Equating the coefficients of wm and w2m in (2.7), it gives

−(1 + αm)

[
λ(m+ 1)−

(
sm+1 − tm+1

s− t

)]
am+1 = βqm, (2.10)

− (1 + 2αm)

[
λ(2m+ 1)−

(
s2m+1 − t2m+1

s− t

)]
a2m+1 + (1 +m)(1 + 2αm)[

λ(2m+ 1)−
(
s2m+1 − t2m+1

s− t

)]
a2m+1 + (1 + 2αm+ αm2)[(

sm+1 − tm+1

s− t

)2

− λ(m+ 1)

[
sm+1 − tm+1

s− t
− (λ− 1)(m+ 1)

2

]]
a2m+1

= βq2m +
β(β − 1)

2
q2m. (2.11)

(2.8) and (2.10) together give,
pm = −qm. (2.12)

Further, squaring and adding (2.8) and (2.10), it yields

2(1 + αm)2
[
λ(m+ 1)−

(
sm+1 − tm+1

s− t

)]2
a2m+1 = β2(p2m + q2m). (2.13)

Adding (2.9) and (2.11), we obtain[
(1 +m)(1 + 2αm)

[
λ(2m+ 1)−

(
s2m+1 − t2m+1

s− t

)]
+ 2(1 + 2αm+ αm2)[(sm+1 − tm+1

s− t

)2 − λ(m+ 1)

(
sm+1 − tm+1

s− t
− (λ− 1)(m+ 1)

2

)]]
a2m+1

= β(p2m + q2m) +
β(β − 1)

2

(
p2m + q2m

)
. (2.14)

Using (2.13) in (2.14), we get[
(1 +m)(1 + 2αm)

[
λ(2m+ 1)−

(
s2m+1 − t2m+1

s− t

)]
+ 2(1 + 2αm+ αm2)[(sm+1 − tm+1

s− t

)2 − λ(m+ 1)

(
sm+1 − tm+1

s− t
− (λ− 1)(m+ 1)

2

)]]
a2m+1

= β(p2m + q2m) +
(β − 1)(1 + αm)2(λ(m+ 1)−

(
sm+1−tm+1

s−t

)
)2

β
a2m+1. (2.15)
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Simplifying (2.15), it gives

a2m+1 =
β2(p2m + q2m)

∆
, (2.16)

where ∆ is defined in (2.3).
Taking modulus and applying triangle inequality in (2.16), it takes the form

|am+1|2 ≤ β2(|p2m|+ |q2m|)
∆

. (2.17)

Applying Lemma 1.2 in (2.17), we can easily obtain (2.1).
Now subtracting (2.11) from (2.9), we get

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
a2m+1

−(1 +m)(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
a2m+1

= β(p2m − q2m) +
β(β − 1)

2

(
p2m − q2m

)
. (2.18)

Using (2.12) and (2.13) in (2.18), it gives

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
a2m+1

= β(p2m − q2m) +
(1 +m)(1 + 2αm)

[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
β2p2m

(1 + αm)2
[
λ(m+ 1)−

(
sm+1−tm+1

s−t

)]2 . (2.19)

Taking modulus and applying triangle inequality in (2.19), it yields

|a2m+1| ≤ β(|p2m|+|q2m|)
2(1+2αm)

[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)]
+

(m+ 1)β2|pm|2

2(1 + αm)2
[
λ(m+ 1)−

(
sm+1−tm+1

s−t

)]2 . (2.20)

Using Lemma 1.2 in (2.20), the inequality (2.2) can be easily obtained.
□

On putting m = 1, Theorem 2.1 gives the following result:

Remark 2.2. If f ∈ Sλ,α,β,η
Σ (A,B; s, t), then

|a2| ≤
β
√

2(A−B)(1−η)√
β[(2λ−4λ(s+t−λ)+2st)+2α((s2+4st+t2)−6λ(s+t−λ))]−(β−1)(1+α)2(2λ−s−t)2

,

and

|a3| ≤
β(A−B)(1− η)

(1 + 2α)(3λ− s2 − st− t2)
+

(A−B)2(1− η)2β2

(1 + α)2(2λ− s− t)2
.

By substituting m = 1, η = 0 in Theorem 2.1, it gives the following result due
to Singh et al. [44]:
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Remark 2.3. If f ∈ Sλ,α,β
Σ (A,B; s, t), then

|a2| ≤
β
√

2(A−B)√
β[(2λ−4λ(s+t−λ)+2st)+2α((s2+4st+t2)−6λ(s+t−λ))]−(β−1)(1+α)2(2λ−s−t)2

,

and

|a3| ≤
β(A−B)

(1 + 2α)(3λ− s2 − st− t2)
+

(A−B)2β2

(1 + α)2(2λ− s− t)2
.

For m = 1, η = 0, λ = 1, s = 1, t = −1, Theorem 2.1 gives the following result
due to Singh [38]:

Remark 2.4. If f ∈ Ms
Σ(β, α;A,B), then

|a2| ≤
β
√
A−B√

2((1 + α)2 − βα2)
,

and

|a3| ≤
β2(A−B)2

4(1 + α)2
+

β(A−B)

2(1 + 2α)
.

By substituting m = 1, α = 0, η = 0, A = 1, B = −1 in Theorem 2.1, it gives the
following result due to Mazi and Opoola [24]:

Remark 2.5. If f ∈ Sλ
Σ(s, t, β), then

|a2| ≤
2β√

(6λ− 4λ(s+ t− λ+ 1) + 2st)β − (β − 1)(2λ− s− t)2
,

and

|a3| ≤
2β

(3λ− s2 − t2 − st)
+

4β2

(2λ− s− t)2
.

By putting m = 1, α = 0, η = 0, β = 1, A = 1− 2γ,B = −1 in Theorem 2.1, the
following result due to Mazi and Opoola [24], is obvious:

Remark 2.6. If f ∈ Sλ
Σ(s, t, γ), then

|a2| ≤

√
2(1− γ)

3λ− 2λ(s+ t− λ+ 1) + st
,

and

|a3| ≤
2(1− γ)

(3λ− s2 − t2 − st)
+

4(1− γ)2

(2λ− s− t)2
.

For λ = 1, s = 1, t = 0, α = 0, η = 0, A = 1, B = −1, Theorem 2.1 yields the
following result due to Altinkya and Yalcin [5]:
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Remark 2.7. If f ∈ Sβ
Σm

, then

|am+1| ≤
2β

m
√
β + 1

,

and

|a2m+1| ≤
β

m
+

2(m+ 1)β2

m2
.

On putting λ = 1, s = 1, t = 0, α = 0, η = 0, β = 1, A = 1 − 2γ,B = −1
in Theorem 2.1, the following result due to Altinkya and Yalcin [5], can be easily
obtained:

Remark 2.8. If f ∈ Sγ
Σm

, then

|am+1| ≤
√
2(1− γ)

m
,

and

|a2m+1| ≤
1− γ

m
+

2(m+ 1)(1− γ)2

m2
.

For λ = 1, s = 1, t = 0, α = 0, η = 0,m = 1, A = 1, B = −1, Theorem 2.1 yields
the following result due to Brannan and Taha [8]:

Remark 2.9. If f ∈ S∗
Σ(β), then

|a2| ≤
2β√
β + 1

,

and

|a3| ≤ 4β2 + β.

By substituting λ = 1, s = 1, t = 0, α = 0, η = 0,m = 1, β = 1, A = 1− 2γ,B =
−1, Theorem 2.1 agrees with the following result due to Brannan and Taha [8]:

Remark 2.10. If f ∈ S∗
Σ(γ), then

|a2| ≤
√
2(1− γ),

and

|a3| ≤ 4(1− γ)2 + (1− γ).
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3. Fekete-Szegö inequality for the function class Sλ,α,β,η
Σm

(A,B; s, t)

Theorem 3.1. If f ∈ Sλ,α,β,η
Σm

(A,B; s, t), then

|a2m+1 − µa2m+1| ≤



β(1− η)(A−B)

(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)] ,
if 0 ≤ |l(µ)| < 1

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
2β(1− η)(A−B)|l(µ)|,

if |l(µ)| ≥ 1

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
(3.1)

where

l(µ) =
β(m+1

2 − µ)

∆
, (3.2)

and ∆ is defined in (2.3).

Proof. Using (2.13) in (2.17), we have

a2m+1 =
β(p2m − q2m)

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)] + (m+ 1

2

)
a2m+1. (3.3)

Making use of (2.16) and (3.3), it yields

a2m+1 − µa2m+1 =
β(p2m − q2m)

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]
+

(
m+ 1

2
− µ

)[
β2(p2m + q2m)

∆

]
,

where ∆ is defined in (2.3).
Further, (3.4) can be expressed as

a2m+1 − µa2m+1 = β
[(

l(µ) + 1

2(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)]) p2m

+

(
l(µ)− 1

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)]) q2m

]
, (3.4)

where l(µ) is defined in (3.2).
Taking modulus and applying triangle inequality in (3.4), we obtain

|a2m+1 − µa2m+1| ≤ β
[∣∣∣l(µ) + 1

2(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)] ∣∣∣|p2m|

+

∣∣∣∣∣l(µ)− 1

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)] ∣∣∣∣∣ |q2m|
]
. (3.5)
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Using Lemma 1.2, (3.5) yields

|a2m+1 − µa2m+1| ≤ β(1− η)(A−B)
[∣∣∣l(µ) + 1

2(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)] ∣∣∣
+
∣∣∣l(µ)− 1

2(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)] ∣∣∣]. (3.6)

For 0 ≤ |l(µ)| < 1

2(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)] ,
|a2m+1 − µa2m+1| ≤

β(1− η)(A−B)

(1 + 2αm)
[
λ(2m+ 1)−

(
s2m+1−t2m+1

s−t

)] . (3.7)

For |l(µ)| ≥ 1

2(1+2αm)
[
λ(2m+1)−

(
s2m+1−t2m+1

s−t

)] ,
|a2m+1 − µa2m+1| ≤ 2β(1− η)(A−B)|l(µ)|. (3.8)

The proof of Theorem 3.1 is obvious from (3.7) and (3.8).
□

For m = 1, Theorem 3.1 yields the following result:

Remark 3.2. If f ∈ Sλ,α,β,η
Σ (A,B; s, t), then

|a3 − µa22| ≤


β(1−η)(A−B)

(1+2α)
[
3λ−
(
s2+st+t2

)] , if 0 ≤ |l(µ)| < 1

2(1+2α)
[
3λ−
(
s2+st+t2

)] ,
2β(1− η)(A−B)|l(µ)|, if |l(µ)| ≥ 1

2(1+2α)
[
3λ−
(
s2+st+t2

)] ,
where

l(µ) =
β(1− µ)

∆1
,

and ∆1 is given by
∆1 = β

[
2(1 + 3α)(s+ t)(s+ t− 2λ)− 2(1 + 2α)

(
s2 + st+ t2

)
+ 2λ(3(1 + 2α) + 2(λ−

1)(1 + 3α))
]

−(β − 1)(1 + α)2 [2λ− (s+ t)]
2
. (3.9)

On putting m = 1, η = 0 in Theorem 3.1, the following result can be easily
obtained:

Remark 3.3. If f ∈ Sλ,α,β
Σ (A,B; s, t), then

|a3 − µa22| ≤


β(A−B)

(1+2α)
[
3λ−
(
s2+st+t2

)] , if 0 ≤ |l(µ)| < 1

2(1+2α)
[
3λ−
(
s2+st+t2

)] ,
2β(A−B)|l(µ)|, if |l(µ)| ≥ 1

2(1+2α)
[
3λ−
(
s2+st+t2

)] ,
where

l(µ) =
β(1− µ)

∆1
,

and ∆1 is defined in (3.9).
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By substituting m = 1, η = 0, λ = 1, s = 1, t = −1 in Theorem 3.1, the following
result is obvious:

Remark 3.4. If f ∈ Ms
Σ(β, α;A,B), then

|a3 − µa22| ≤

{
β(A−B)
2(1+2α) , if 0 ≤ |l(µ)| < 1

4(1+2α) ,

2β(A−B)|l(µ)|, if |l(µ)| ≥ 1
4(1+2α) ,

where

l(µ) =
β(1− µ)

4β(1 + 2α)− 4(β − 1)(1 + α)2
.

For η = 0, λ = 1, s = 1, t = 0, A = 1, B = −1, α = 0, Theorem 3.1 agrees with
the following result:

Remark 3.5. If f ∈ Sβ
Σm

, then

|a2m+1 − µa2m+1| ≤

{
2β
2m , if 0 ≤ |l(µ)| < 1

4m ,

4β|l(µ)|, if |l(µ)| ≥ 1
4m ,

where

l(µ) =
β(m+1

2 − µ)

β
[
2 + 2m+ 2m2

]
−m2(β − 1)

.

For m = 1, η = 0, λ = 1, s = 1, t = 0, A = 1, B = −1, α = 0, Theorem 3.1
coincides with the following result:

Remark 3.6. If f ∈ S∗
Σ(β), then

|a3 − µa22| ≤

{
β, if 0 ≤ |l(µ)| < 1

4 ,

4β|l(µ)|, if |l(µ)| ≥ 1
4 ,

where

l(µ) =
β(1− µ)

β + 1
.
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Properties of some univalent functions associated
with balloon-shaped domain

Trailokya Panigrahi and Shiba Prasad Dhal

Abstract. This paper introduces a novel subclass of analytic functions defined by
the product of a modified sigmoid function and the lemniscate Bernoulli func-
tion. We initiate the study by deriving initial coefficient bounds for functions
within this subclass, followed by an investigation into several key analytic prop-
erties. Specifically, we establish the Fekete–Szegö inequality and analyze Hankel
determinants of various orders. Furthermore, the study provides estimates for the
logarithmic coefficients and establishes bounds for both the inverse coefficients
and the logarithmic inverse coefficients of functions in the subclass. This compre-
hensive analysis offers a significant contribution to the theory of analytic function
subclasses associated with the products of special functions.

Mathematics Subject Classification (2010): 30C45, 30C50, 30C55.

Keywords: Analytic functions, univalent functions, Fekete-Szegö inequality, Han-
kel determinants, logarithmic coefficients, logarithmic inverse coefficients.

1. Introduction

Let A denote the class of analytic functions f in the unit disk D = {z ∈ C : |z| < 1}
normalized by f(0) = 0 = f ′(0)−1. If f ∈ A, then f has the following representation:

f(z) = z +

∞∑
n=2

anz
n. (1.1)

Let S denote the class of all univalent (i.e., one-to-one) functions in A. For given
analytic functions f and g in D, we say f is subordinate to g in D and write f ≺ g if
there exists an analytic function w with the property w(0) = 0 and |w(z)| < 1 such
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that f(z) = g(w(z)), (z ∈ D). Moreover, if the function g is univalent in D, then f ≺ g
if and only if f(0) = g(0) and f(D) ⊆ g(D). A function f ∈ A is called starlike (convex
respectively) if f(D) is starlike with respect to the origin (convex respectively). Let
S∗ and C denote the class of starlike and convex functions in S respectively. It is well
known that a function f ∈ A is in S∗ if and only if

Re

(
zf ′(z)

f(z)

)
> 0, for z ∈ D.

Similarly, a function f ∈ A is in C if and only if

Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0, for z ∈ D.

From the above it is easy to see that f ∈ C if and only if zf ′ ∈ S∗. Given α ∈
(−π/2, π/2) and g ∈ S∗, a function f ∈ A is said to be close-to-convex with argument
α and with respect to g if

Re

(
eiα

zf ′(z)

g(z)

)
> 0 for z ∈ D. (1.2)

Using the notion of subordination between two analytic functions, Ma and Minda
[19] introduced the more general class S∗(ϕ) by

S∗(ϕ) :=

{
h ∈ A :

zh′(z)

h(z)
≺ ϕ(z)

}
,

where ϕ is a regular function with a positive real part in D, with ϕ(0) = 1 and
ϕ′(0) > 0. In addition, the function ϕ maps D onto a star-shaped region with respect
to ϕ(0) = 1 and is symmetric with respect to the real axis. Varying the function ϕ we
can obtain several familiar subclasses of the class S∗(ϕ), and for details see [16] and
references within.

The classic Fekete–Szegö problem [11] involves finding the exact limits of the
functional |a3 − µa22| for a compact-function family or f ∈ A with any µ ∈ C; for
further details, one may refer to [27].

Pommerenke provided the following Hankel determinant in [21],[22], denoted by
Hq,n(f), which contains the coefficients of a function f ∈ S:

Hq,n(f) :=

∣∣∣∣∣∣∣∣∣
an an+1 · · · an+q−1

an+1 an+2 · · · an+q

...
...

. . .
...

an+q−1 an+q · · · an+2q−2

∣∣∣∣∣∣∣∣∣ ,
with q, n ∈ N := {1, 2, . . . }. Therefore, by altering the parameters q and n we obtain
the following Hankel determinants:

H2,1(f) =

∣∣∣∣ 1 a2
a2 a3

∣∣∣∣ = a3 − a22, H2,2(f) =

∣∣∣∣a2 a3
a3 a4

∣∣∣∣ = a2a4 − a23.

That denote the first and the second order Hankel determinants. There are a few
references in the literature to the Hankel determinant for functions in the general
family S. The best-known sharp inequality for the function f ∈ S is H2,n(f) ≤ κ

√
n,
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where κ is a constant, and it is due to Hayman ([12] Theorem 1). Additionally, for
the class S, it was found in [20] that

|H2,2(f)| ≤ κ, where 1 ≤ κ ≤ 11

3
≃ 3.66 . . . .

The precise bounds of Hankel determinants for a given family of functions have piqued
the interest of several mathematicians. For the three well-known subfamilies of the
set S that are C, S∗, and R (convex, starlike, and functions of a bounded turning,
respectively), Janteng et al. ([13],[14]) computed the sharp bounds |H2,2(f)|. These
bounds are provided by

|H2,2(f)| ≤



1

8
, for f ∈ C,

1, for f ∈ S∗,

4

9
, for f ∈ R.

Moreover, the sharp bounds of this determinant for a few subclasses S∗ and K were
found in [17] and subsequently studied in [9]. This problem was solved for various
families of bi-univalent functions in [2, 4, 15]. The logarithmic coefficients of f ∈ S
are defined by

log
f(z)

z
= 2

∞∑
n=1

γnz
nl, (1.3)

where γn are known as the logarithmic coefficients. The logarithmic coefficients γn play
a central role in the theory of univalent functions. Very few exact upper bounds for γn
seem to have been established. The significance of this problem in the context of the
Bieberbach conjecture was pointed out by Milin in his conjecture. Milin conjectured
that for f ∈ S and n ≥ 2,

n∑
m=1

m∑
k=1

(
k|γk|2 −

1

k

)
≤ 0, (1.4)

which led de Branges, by proving this conjecture, to the proof of the Bieberbach
conjecture [6]. More attention has been given to the results in an average sense [7, 8]
than the exact upper bounds for |γn|. For the Koebe function k(z) = z

(1−z)2 , the

logarithmic coefficients are γn = 1
n . Since the Koebe function k(z) plays the role of

extremal function for most of the extremal problems in the class S, it is expected that
|γn| ≤ 1

n holds for functions in S. But this is not true in general, even in order of
magnitude. Indeed, there exists a bounded function f in the class S with logarithmic
coefficients γn ̸= O(n−0.83) ([7], Theorem 8.4)). Now equating the coefficients of (1.3)
we obtain

γ1 =
a2
2
, γ2 =

1

2

(
a3 −

a22
2

)
, γ3 =

1

2

(
a4 − a2a3 +

1

3
a32

)
,

γ4 =
1

2

(
a5 − a2a4 −

1

2
a23 + a22a3 −

1

4
a42

)
. (1.5)
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The famous Koebe 1/4-theorem ensures that, for each univalent function f defined
in D, its inverse f−1 exists at least on a disc of radius 1/4 with Taylor’s series of the
form representation

f−1(ω) = ω + h2ω
2 + h3ω

3 + h4ω
4 + · · · . (1.6)

Using the representation f(f−1(ω)) = ω, we obtain

h2 = −a2, h3 = −a3 + 2a22, h4 = −a4 + 5a2a3 − 5a32,

h5 = −a5 + 6a2a4 − 21a22a3 + 3a23 + 14a42. (1.7)

In 1959, Sakaguchi [26] introduced the class of starlike functions with respect to
symmetric points as:

S∗
S :=

{
f ∈ S : ℜ

(
2zf ′(z)

f(z)− f(−z)

)
> 0; z ∈ D

}
.

These functions are also known as Sakaguchi functions which are close-to-convex as
well as univalent. In 2004, making use of subordination between two analytic functions
Ravichandran [24] introduced a unified class S∗

s (ϕ) as follows:

S∗
S(ϕ) =

{
f ∈ S :

2zf ′(z)

f(z)− f(−z)
≺ ϕ(z); z ∈ D

}
,

where ϕ(z) = 1 +
∑∞

n=1Dnz
n is univalent starlike function with respect to 1 which

maps D onto a symmetric region with respect to real axis in the right half plane.
A good amount of literature is available for finding the upper bounds of coefficient
functional for several subclasses of the class S∗

s . For details see [16] and reference
within. Motivated by aforementioned works, we introduce the following subclass.

Definition 1.1. A function f ∈ A given by (1.1) is said to be in the class Sr
∗ if the

below condition holds true:

Sr
∗ =

{
f ∈ S :

(1 + r)zf ′(z)

f(z)− rf(−z)
≺ 2

√
1 + z

1 + e−z
; z ∈ D

}
. (1.8)

Provided the denominator f(z)− rf(−z) ̸= 0.

• Starlike Functions (S0
∗): By setting r = 0, the denominator simplifies to f(z)

and the scaling factor (1 + r) becomes unity. This reduces the condition to the cor-
nerstone of geometric function theory:

zf ′(z)

f(z)
≺ 2

√
1 + z

1 + e−z
, z ∈ D.

In this state, the function maps the unit disk onto a domain that is starlike with
respect to the origin.

• Sakaguchi-Type Functions (S1
∗): By setting r = 1, the expression transforms

into the functional defined by Sakaguchi:

2zf ′(z)

f(z)− f(−z)
≺ 2

√
1 + z

1 + e−z
, z ∈ D.
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Functions satisfying this condition are known as starlike with respect to symmetric
points.

Next, we need to demonstrate that the chosen class is well-defined and non-
empty. Additionally, the class is characterized by the product of a sigmoid function
and a Bernoulli-shaped domain. It is symmetric with respect to the origin and satisfies
the Ma-Minda condition.

Remark 1.2. (i) Note that p(z) := 2
√
1+z

1+e−z is chosen correctly, because p(0) = 1 and

p′(z) = 2 e−zz+3 e−z+1√
1+z (1+e−z)2

, hence p′(0) = 1 ̸= 0. Also, we can see in the Figure 1a that

P(z) = Re
zp′(z)

p(z)− p(0)
= Re

zp′(z)

p(z)− 1

= Re

(
− (2 e−zz + 3 e−z + 1) z(

−2
√
1 + z + 1 + e−z

)√
1 + z (1 + e−z)

)
> 0, z ∈ D,

and using this fact together with p′(0) = 1 ̸= 0 it follows that p(z) = 2
√
1+z

1+e−z is also a

starlike (univalent) function in D and because p(z) = p(z), z ∈ D, the domain p(D) is
symmetric with respect to the real axis see Figure 1b.

(a) The image of P
(
reit

)
,

r ∈ [0, 1], t ∈ [0, 2π)
(b) The image of p (D)
(Balloon-Shaped Domain)

Figure 1. Figures for Remark 1.2 (i).

(ii) The class is well chosen if we could prove that it isn’t empty. First, to show
that the class is non-empty for r = 0, take f(z) = z + 0.3z2 + 0.2z3 ∈ A such that

ϕ(z) =
zf ′(z)

f(z)
=

0.6z2 + 0.6z + 1.0

0.2z2 + 0.3z + 1.0
, z ∈ D.

It can be seen from Figure 2a that the class is non-empty.
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(iii) Now for r = 1 the class is non empty, if we take f(z) = z+0.3z2+0.1z3 ∈ A
such that

ψ(z) =
2zf ′(z)

f(z)− f(−z)
=

0.6z2 + 1.2z + 2.0

0.2z2 + 2.0
, z ∈ D.

It can be seen from Figure 2b. That the class is non-empty.

(a) The images of ϕ
(
eit

)
(blue)

and p
(
eit

)
(red),

t ∈ [0, 2π), (for r=0)

(b) The images of ψ
(
eit

)
(blue)

and p
(
eit

)
(red),

t ∈ [0, 2π), (for r=1)

Figure 2. Figures for Remark 1.2 (ii) and (iii).

The corresponding extremal function for the defined class is given by

f(z) = z +
(1 + r) z2

1 + 3r
+

(9− 5r) z3

16(1 + 3r)
+

(1 + r) (31− 27r) z4

48 (5r + 3) (1 + 3r)
+

(
7r2 − 70r + 31

)
z5

192 (5r + 3) (1 + 3r)
+ · · · .

Now for r = 0 the corresponding extremal function is

f(z) = z + z2 +
9

16
z3 +

31

144
z4 +

31

576
z5 + · · · .

Now for r = 1 the corresponding extremal function is

f(z) = z +
1

2
z2 +

1

16
z3 +

1

192
z4 − 1

192
z5 + · · · .

In this study we adopt a novel methodology centered on establishing a direct cor-
respondence between the coefficients of functions within a specific class and those of
their associated Carathéodory functions. In various instances, this framework allows
for the intuitive prediction of precise functional estimates, streamlining the subse-
quent computational process — a characteristic particularly evident within the class
under investigation. By integrating the foundational lemmas with refined analytical
techniques and more rigorous calculus, we have established enhanced bounds, the
majority of which are sharp. The following lemmas serve as the essential theoretical
groundwork required to substantiate these findings.
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2. Preliminaries

Let us define by P the well-known Carathéodory class i.e., the family of holomorphic
functions d in D that satisfies the condition Re d(z) > 0, z ∈ D, and of the form

d(z) = 1 +

∞∑
n=1

dnz
n, z ∈ D. (2.1)

We need the following lemmas in order to prove our results.

Lemma 2.1. Let d ∈ P be of the form (2.1).

(i) Then, for n ≥ 1

|dn| ≤ 2. (2.2)

The inequality holds for all n ≥ 1 if and only if d(z) =
1 + λz

1− λz
, |λ| = 1.

(ii) Also, if µ ≥ 0 then

|dn+k − µdndk| ≤ 2max {1; |2µ− 1|} =

{
2, if 0 ≤ µ ≤ 1,

2|2µ− 1|, otherwise.
(2.3)

If 0 < µ < 1, the inequality is sharp for the function d(z) =
1 + zn+k

1− zn+k
. In the other

cases, the inequality is sharp for the function d(z) =
1 + z

1− z
.

Note that the inequality (2.2) is the well-known result of the Carathéodory
Lemma [5] (see also [23, Corollary 2.3, p. 41] and [7, Carathéodory Lemma, p. 41]).
Inequality (2.3) represents Lemma 2.3 of [25], that for µ = 1 was proved in a more
general form in [18, Lemma 1, p. 546]. We emphasize that the inequality (2.3) remains
valid for all µ ∈ C as it was proved in [10, Theorem 1]

Lemma 2.2. [3, Lemma 2.2.] If d ∈ P has the form (2.1), then∣∣αd31 − βd1d2 + γd3
∣∣ ≤ 2 (|α|+ |β − 2α|+ |α− β + γ|) . (2.4)

Lemma 2.3. [1, Lemma 3, p. 66] Let d ∈ P and has the expansion of the form (2.1).
If B ∈ [0, 1] with B(2B − 1) ≤ D < B, then∣∣d3 − 2Bd1d2 +Dd31

∣∣ ≤ 2. (2.5)

3. Coefficient estimates and Fekete-Szegö inequality

In this section, we aim to examine the upper bounds of the first four initial coefficients,
along with the Fekete–Szegö functional |a3 − µa22|, for the considered class Sr

∗ . The
focus is placed on deriving appropriate upper estimates for these coefficients within
the framework of the class Sr

∗ .
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Theorem 3.1. Let the function f ∈ A be of the form (1.1) belongs to the class Sr
∗.

Then

|a2| ≤
1 + r

1 + 3r
, |a3| ≤

9− 5r

16(1 + 3r)
, |a4| ≤

| (57r − 5) (1 + r) |+ (1 + r) (519r + 197)

192 (1 + 3r) (5r + 3)
,

|a5| ≤
|227r2 + 10r − 13|+ 6349r2 + 3926r + 253

768 (1 + 3r) (5r + 3)
+

1

4
. (3.1)

Proof. If the function f ∈ A of the form (1.1) belongs to the class Sr
∗ , then by

Definition 1.1 there exists an analytic function w with w(0) = 0 and |w(z)| < 1, (z ∈
D) such that

(1 + r)zf ′(z)

f(z)− rf(−z)
=

2
√
1 + w(z)

1 + e−w(z)
. (3.2)

Writing the analytic function w in terms of d ∈ P, that is

d(z) =
1 + w(z)

1− w(z)
= 1 + d1z + d2z

2 + . . . , z ∈ D.

To present the transition from the Schwarz function w(z) to the coefficients of the
Carathéodory function d(z) we get

w(z) =
1

2
d1z +

(
1

2
d2 −

1

4
d21

)
z2 +

(
1

8
d31 −

1

2
d1d2 +

1

2
d3

)
z3

+

(
1

2
d4 −

1

2
d1d3 −

1

4
d22 −

1

16
d41 +

3

8
d21d2

)
z4 + . . . , z ∈ D.

Now substituting w(z) in the right-hand side of (3.2) we get

2
√

1 + w(z)

1 + e−w(z)
= 1 +

1

2
d1z +

(
d2
2

− 7d21
32

)
z2 +

(
1

2
d3 −

7

16
d1d2 +

17

192
d31

)
z3

+

(
1

2
d4 −

7

16
d1d3 −

7

32
d22 +

17

64
d2d

2
1 −

203

6144
d41

)
z4 + (− 7

16
d1d4 −

7

16
d3d2 +

17

64
d3d

2
1

+
17

64
d1d

2
2 −

203

1536
d2d

3
1 +

1

2
d5 +

733

61440
d51)z

5 + · · · . (3.3)

Expanding the left-hand side of (3.2) in a Maclaurin series with respect to z, we obtain

(1 + r)zf ′(z)

f(z)− rf(−z)
= 1 + (

a2 (1 + 3r)

1 + r
)z + (

(
2r2 + 4r + 2

)
a3

(1 + r)
2 +

(
3r2 − 2r − 1

)
a22

(1 + r)
2 )z2

+ (

(
5r3 + 13r2 + 11r + 3

)
a4

(1 + r)
3 +

(
−r3 − 5r2 − 7r − 3

)
a2a3

(1 + r)
3 +

(
3r3 − 5r2 + r + 1

)
a32

(1 + r)
3 )z3

+ (

(
4r4 + 16r3 + 24r2 + 16r + 4

)
a5

(1 + r)
4 +

(
8r4 + 12r3 − 4r2 − 12r − 4

)
a2a4

(1 + r)
4

−
(
2r4 + 8r3 + 12r2 + 8r + 2

)
a23

(1 + r)
4 − 4(r − 1)

(1 + r)
a22a3 +

(3r + 1) (r − 1)
3

(1 + r)
4 a42)z

4 + · · · .

(3.4)
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Comparing the coefficients of (3.3) and (3.4) we get

a2 =
d1 (1 + r)

2(1 + 3r)
. (3.5)

a3 =
d2
4

− (29r − 1) d21
64 (1 + 3r)

=
1

4

(
d2 −

(29r − 1)

16 (1 + 3r)
d21

)
. (3.6)

a4 =
(57r − 5) (1 + r) d31
384 (1 + 3r) (5r + 3)

− 3 (1 + 19r) (1 + r) d2d1
2 (1 + 3r) (5r + 3)

+
(1 + r) d3
2 (5r + 3)

. (3.7)

a5 = −
(
227r2 + 10r − 13

)
d41

3072 (1 + 3r) (5r + 3)
+

(
119r2 + 42r − 1

)
d21d2

128 (1 + 3r) (5r + 3)
−
(
137r2 + 82r + 5

)
d3d1

64 (1 + 3r) (5r + 3)

−
(
1080r2 + 1008r + 216

)
d22

3072 (1 + 3r) (5r + 3)
−
(
−5760r2 − 5376r − 1152

)
d4

3072 (1 + 3r) (5r + 3)
. (3.8)

Now taking modulus in (3.5) and applying (2.2) of Lemma 2.1 we get bound for |a2|.
After that taking modulus on both sides of (3.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |a3|. Now taking modulus in (3.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |a4|. Now rearranging the terms of a5
we get

a5 = −

[( (
227r2 + 10− 13

)
d31

3072 (1 + 3r) (5r + 3)
−
(
119r2 + 42r − 1

)
d1d2

128 (1 + 3r) (5r + 3)
+

(
137r2 + 82r + 5

)
d3

64 (1 + 3r) (5r + 3)

)
d1

−1

8

(
d4 −

3d22
16

)]
. (3.9)

Now taking modulus on both sides of (3.9) and applying triangle inequality we get

|a5| ≤

∣∣∣∣∣
(
227r2 + 10r − 13

)
d31

3072 (1 + 3r) (5r + 3)
−
(
119r2 + 42r − 1

)
d1d2

128 (1 + 3r) (5r + 3)
+

(
137r2 + 82r + 5

)
d3

64 (1 + 3r) (5r + 3)

∣∣∣∣∣ |d1|
+

1

8

∣∣∣∣d4 − 3d22
16

∣∣∣∣ . (3.10)

Using (2.4) for α =
(227r2+10r−13)
3072(1+3r)(5r+3) , β =

(119r2+42r−1)
128(1+3r)(5r+3) , γ =

(137r2+82r+5)
64(1+3r)(5r+3) in the first

part of (3.10) and applying (2.3) of Lemma 2.1 for µ = 3
16 in the second part of (3.10)

we get

|a5| ≤
|227r2 + 10r − 13|+ 6349r2 + 3926r + 253

768 (1 + 3r) (5r + 3)
+

1

4
.

Here we get the desired estimation for |a5|. □

The next theorem gives the bound of Fekete- Szegö functional for the class Sr
∗ .

Theorem 3.2. If f ∈ Sr
∗ has the form (1.1), then for any complex number µ we have

|a3 − µa22| ≤
1

2
max

{
1;

∣∣∣∣∣2µ (1 + r)
2

(1 + 3r)
2 +

5r − 9

8(1 + 3r)

∣∣∣∣∣
}
.
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Proof. If f ∈ Sr
∗ , making use of (3.5) and (3.6) we obtain

a3 − µa22 =
1

4

[
d2 −

(
29r − 1

16(1 + 3r)
+

(1 + r)
2
µ

(1 + 3r)
2

)
d21.

]
(3.11)

Taking the modulus on both sides of (3.11) and applying (2.3) of Lemmma 2.1 we
get the desired estimation for this. □

Letting µ = 1 in Theorem 3.2 we obtain the following result.

Corollary 3.3. If f ∈ Sr
∗ has the form (1.1), then∣∣a3 − a22
∣∣ = |H2,1(f)| ≤

1

2
max

{
1;

∣∣∣∣∣31r2 + 10r + 7

8 (1 + 3r)
2

∣∣∣∣∣
}
.

4. Hankel determinant bounds for the class Sr
∗

In this section we investigate the upper bound of Hankel determinant of order two for
the functions that belong to the class Sr

∗ .

Theorem 4.1. If the function f ∈ A given by (1.1) belongs to the class Sr
∗, then

|H2,2(f)| ≤
44649r3 + 50245r2 + 16715r + 1927

1536 (1 + 3r)
2
(5r + 3)

. (4.1)

Proof. From (3.8), (3.9) and (3.10) it follows that

a2a4 − a23 = −

((
11703r3 + 4955r2 − 1259r + 89

)
d31

12288 (5r + 3) (1 + 3r)
2

−
(
359r3 + 235r2 − 11r − 7

)
d2d1

128 (5r + 3) (1 + 3r)
2 − d3 (1 + r)

2

4 (1 + 3r) (5r + 3)

)
d1 −

d22
16
. (4.2)

Taking modulus and applying triangle inequality in (4.2), we get

|a2a4 − a23| ≤

∣∣∣∣∣
(
11703r3 + 4955r2 − 1259r + 89

)
12288 (5r + 3) (1 + 3r)

2 d31 −
(
359r3 + 235r2 − 11r − 7

)
128 (5r + 3) (1 + 3r)

2 d1d2

− (1 + r)
2

4 (1 + 3r) (5r + 3)
d3

∣∣∣∣∣|d1|+ |d2|2

16
. (4.3)

Making use of Lemmas 2.1, 2.2 in the right-hand side of (4.3) we get

|a2a4 − a23| ≤
44649r3 + 50245r2 + 16715r + 1927

1536 (1 + 3r)
2
(5r + 3)

.

Hence we get the desired estimation. □

Theorem 4.2. If the function f ∈ A given by (1.1) belongs to the class Sr
∗, then

|a4 − a2a3| ≤
(1 + r) [|303r2 + 144r − 7|+

(
561r2 + 432r + 103

)
]

96 (1 + 3r)
2
(5r + 3)

. (4.4)
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Proof. If f ∈ Sr
∗ has the form (1.1), using the relations (3.8)–(3.10) we get

a4 − a2a3 =
(1 + r)

(
303r2 + 144r − 7

)
d31

192 (5r + 3) (1 + 3r)
2 − d1d2 (29r + 7) (1 + r)

16 (5r + 3) (1 + 3r)
+
d3 (1 + r)

10r + 6
.

(4.5)

Considering the modulus on both sides of (4.5) and applying (2.4) of Lemma 2.2 we
get

|a4 − a2a3| ≤
(1 + r)

∣∣303r2 + 144r − 7
∣∣

96 (5r + 3) (1 + 3r)
2 +

(1 + r)
(
561r2 + 432r + 103

)
96 (1 + 3r)

2
(5r + 3)

=
(1 + r) [|303r2 + 144r − 7|+

(
561r2 + 432r + 103

)
]

96 (1 + 3r)
2
(5r + 3)

.

Here we obtained the required estimation. □

5. Logarithmic coefficient estimates for the class Sr
∗

In this section, we determine upper bounds estimates for the first four logarithmic
coefficients of the functions f that belong to the class Sr

∗ .

Theorem 5.1. If f ∈ Sr
∗ given by (1.1), then

|γ1| ≤
(1 + r)

2(1 + 3r)
, |γ2| ≤

1

4
max

{
1;

∣∣∣∣∣23r2 − 6r − 1

8 (1 + 3r)
2

∣∣∣∣∣
}
,

|γ3| ≤
1 + r

2(5r + 3)
, |γ4| ≤

71r + 33

32(5r + 3)
. (5.1)

Proof. Substituting the values of a2,a3,a4 and a5 from (3.5)-(3.8) in the relation (1.3)
gives

γ1 =
(1 + r)

4(1 + 3r)
d1. (5.2)

γ2 =
d2
8

−
(
95r2 + 42r + 7

)
d21

128 (1 + 3r)
2 . (5.3)

γ3 =
(1 + r)

(
949r3 + 839r2 + 211r + 17

)
d31

384 (1 + 3r)
3
(5r + 3)

− d1d2 (29r + 7) (1 + r)

32 (5r + 3) (1 + 3r)
+
d3 (1 + r)

20r + 12
.

(5.4)

γ4 = −
(
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
d41

16384 (1 + 3r)
4
(5r + 3)

+
d21d2

(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 − 3d1d3 (17r + 7)

640r + 384
− 7d22

256
+
d4
16
. (5.5)

Now taking modulus in (5.2) and applying (2.2) of Lemma 2.1 we get bound for |γ1|.
After that taking modulus on both sides of (5.3) and applying (2.3) of Lemma 2.1 we
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get the desired estimation for |γ2|. Now taking modulus in (5.4) and applying (2.4)
of Lemma 2.2 we get

|γ3| ≤
(1 + r)

(
949r3 + 839r2 + 211r + 17

)
192 (1 + 3r)

3
(5r + 3)

+
(1 + r)

(
617r3 + 583r2 + 215r + 25

)
96 (1 + 3r)

3
(5r + 3)

+
(1 + r)

(
409r3 + 587r2 + 223r + 29

)
192 (1 + 3r)

3
(5r + 3)

=
1 + r

2(5r + 3)
.

Here we obtained the desired estimation for |γ3|. Now rearranging the terms of γ4 we
get

γ4 = −d1

((
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
16384 (1 + 3r)

4
(5r + 3)

d31

−
(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 d1d2 +
3 (17r + 7)

640r + 384
d3

)
+

(
d4
16

− 7d22
256

)
.

(5.6)

Now taking modulus on both sides of (5.6) and applying triangle inequality we get

|γ4| ≤ |d1|

∣∣∣∣∣
(
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
16384 (1 + 3r)

4
(5r + 3)

d31

−
(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 d1d2 +
3 (17r + 7)

640r + 384
d3

∣∣∣∣∣+ 1

16

∣∣∣∣∣d4 − 7

16
d22

∣∣∣∣∣.
(5.7)

After that applying (2.4) of Lemma 2.2 in first part and (2.3) of Lemma 2.1 in (5.7)
we get

|γ4| ≤
3(17r + 7)

32(5r + 3)
+

1

8
=

71r + 33

32(5r + 3)
.

Here we get our desired estimations. □

6. Inverse coefficient bounds for the class Sr
∗

In this section, we will estimate the upper bounds of the first four inverse coefficient
bounds for the function belonging to the class Sr

∗ .
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Theorem 6.1. If f ∈ Sr
∗ is given by (1.1) and its inverse f−1 has the form (1.6), then

|h2| ≤
1 + r

1 + 3r
, (6.1)

|h3| ≤
1

2
max

{
1;

47r2 + 42r + 23

8 (1 + 3r)
2

}
, (6.2)

|h4| ≤
(1 + r)

(
4905r3 + 5607r2 + 2583r + 633 + |741r3 + 1083r2 + 315r − 59|

)
96 (1 + 3r)

3
(5r + 3)

,

(6.3)

|h5| ≤
|371247r5 + 733389r4 + 563094r3 + 202138r2 + 24299r − 3863|

1536 (1 + 3r)
4
(5r + 3)

+
(2r + 1)

(
195r2 + 206r + 79

)
8 (5r + 3) (1 + 3r)

2 +
19

32
. (6.4)

Proof. Substitute the values of a2, a3, a4 and a5 from (3.5)-(3.8) into (1.7) we get

h2 = −d1 (1 + r)

2 + 6r
. (6.5)

h3 =

(
119r2 + 90r + 31

)
d21

64 (1 + 3r)
2 − d2

4
. (6.6)

h4 = − (1 + r)

(5r + 3)

[(
4119r3 + 4641r2 + 1881r + 335

)
d31

192 (1 + 3r)
3 − d1d2 (69r + 31)

16 (1 + 3r)
+
d3
2

]
.

(6.7)

h5 =

(
906609r5 + 2078931r4 + 2013354r3 + 991142r2 + 250165r + 28727

)
d41

12288 (1 + 3r)
4
(5r + 3)

−
d21d2

(
1479r3 + 2269r2 + 1305r + 259

)
64 (5r + 3) (1 + 3r)

2 +
d1d3

(
233r2 + 274r + 101

)
64 (5r + 3) (1 + 3r)

+
27d22
128

− d4
8
. (6.8)

Now taking modulus in (6.5) and applying (2.2) of Lemma 2.1 we get bound for |h2|.
After that taking modulus on both sides of (6.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |h3|. Now taking modulus in (6.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |h4|. Now rearranging the terms of h5
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we get

h5 =

((
906609r5 + 2078931r4 + 2013354r3 + 991142r2 + 250165r + 28727

)
d31

12288 (1 + 3r)
4
(5r + 3)

−
d1d2

(
1479r3 + 2269r2 + 1305r + 259

)
64 (5r + 3) (1 + 3r)

2 +
d3
(
233r2 + 274r + 101

)
64 (5r + 3) (1 + 3r)

)
d1

− 1

8

(
d4 −

27

16
d22

)
. (6.9)

Now taking modulus on both sides of (6.9) and applying triangle inequality we get

|h5| ≤

∣∣∣∣∣
(
906609r5 + 2078931r4 + 2013354r3 + 991142r2 + 250165r + 28727

)
d31

12288 (1 + 3r)
4
(5r + 3)

−
d1d2

(
1479r3 + 2269r2 + 1305r + 259

)
64 (5r + 3) (1 + 3r)

2 +
d3
(
233r2 + 274r + 101

)
64 (5r + 3) (1 + 3r)

∣∣∣∣∣|d1|
+

1

8

∣∣∣∣∣d4 − 27

16
d22

∣∣∣∣∣. (6.10)

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (6.10)
we obtain

|h5| ≤
|371247r5 + 733389r4 + 563094r3 + 202138r2 + 24299r − 3863|

1536 (1 + 3r)
4
(5r + 3)

+
(2r + 1)

(
195r2 + 206r + 79

)
8 (5r + 3) (1 + 3r)

2 +
19

32
.

Hence the Theorem 6.1 is proved. □

7. Logarithmic inverse coefficient bounds for the class Sr
∗

Coefficient problems represent a fundamental aspect of geometric function theory,
offering a bridge between the analytic characterization of a function and its geo-
metric properties. In particular, the study of logarithmic coefficients γn has gained
prominence due to their utility in sharp growth estimates and their historical role in
the development of the Milin and de Branges theorems. While the standard Taylor-
Maclaurin coefficients an and the associated Fekete-Szegö functionals have been exten-
sively documented for the class Sr

∗ , the corresponding logarithmic inverse coefficients
remain comparatively less explored. Let f ∈ Sr

∗ and let f−1 be the inverse function
defined in a neighborhood of the origin. The logarithmic inverse coefficients Γn are
generated by the following series expansion:

log

(
f−1(w)

w

)
= 2

∞∑
n=1

Γnw
n, |w| < ρ. (7.1)
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where ρ ≥ 1/4 denotes the radius of the Bloch disk. Differentiating and using (1.7),
we obtain

Γ1 = −1

2
h2, Γ2 = −1

2
h3 +

3

4
h22, Γ3 = −1

2
h4 + 2h2h3 −

5

3
h32,

Γ4 = −1

2
h5 +

5

2
h2h4 −

15

2
h22h3 +

5

4
h2h

2
3 +

35

8
h42. (7.2)

In this section, we provide a systematic investigation into this problem, establishing
upper bounds for the initial four coefficients |Γ1|, |Γ2|, |Γ3| and |Γ4|.

Theorem 7.1. If f ∈ Sr
∗ given by (1.1), then

|Γ1| ≤
(1 + r)

2(1 + 3r)
, |Γ2| ≤

1

4
max

{
1;

∣∣∣∣∣23r2 − 6r − 1

8 (1 + 3r)
2

∣∣∣∣∣
}
, |Γ3| ≤

1 + r

2(5r + 3)
,

|Γ4| ≤
71r + 33

32(5r + 3)
. (7.3)

Proof. Substituting the values of h2,h3,h4 and h5 from (1.7) in the relation (7.2) gives

Γ1 =
d1 (1 + r)

4(1 + 3r)
. (7.4)

Γ2 =
d2
8

−
(
95r2 + 42r + 7

)
d21

128 (1 + 3r)
2 =

1

8

(
d2 −

(
95r2 + 42r + 7

)
16 (1 + 3r)

2 d21

)
. (7.5)

Γ3 =
(1 + r)

(
949r3 + 839r2 + 211r + 17

)
d31

384 (1 + 3r)
3
(5r + 3)

− d1d2 (29r + 7) (1 + r)

32 (5r + 3) (1 + 3r)
+
d3 (1 + r)

20r + 12
.

(7.6)

Γ4 = −
(
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
d41

16384 (1 + 3r)
4
(5r + 3)

.

+
d2d

2
1

(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 − 3d1d3 (17r + 7)

640r + 384
+
d4
16

− 7d22
256

. (7.7)

Now taking modulus in (7.4) and applying (2.2) of Lemma 2.1 we get bound for |Γ1|.
After that taking modulus on both sides of (7.5) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |Γ2|. Now taking modulus in (7.6) and applying (2.4)
of Lemma (2.2) we get

|Γ3| ≤
(1 + r)

(
949r3 + 839r2 + 211r + 17

)
192 (1 + 3r)

3
(5r + 3)

+
(1 + r)

(
617r3 + 583r2 + 215r + 25

)
96 (1 + 3r)

3
(5r + 3)

+
(1 + r)

(
409r3 + 587r2 + 223r + 29

)
192 (1 + 3r)

3
(5r + 3)

=
1 + r

2(5r + 3)
.

Here we get the desired estimation for |Γ3|. Now rearranging the terms of Γ4 we get
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Γ4 = −d1

((
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
d31

16384 (1 + 3r)
4
(5r + 3)

−
d1d2

(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 +
3d3 (17r + 7)

640r + 384

)
+

1

16

(
d4 −

7

16
d22

)
.

(7.8)

Now taking modulus on both sides of (7.8) and applying triangle inequality we get

Γ4 ≤ |d1|

∣∣∣∣∣
(
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

)
d31

16384 (1 + 3r)
4
(5r + 3)

−
d1d2

(
1381r3 + 1401r2 + 495r + 51

)
512 (5r + 3) (1 + 3r)

2 +
3d3 (17r + 7)

640r + 384

∣∣∣∣∣+ 1

16

∣∣∣∣∣d4 − 7

16
d22

∣∣∣∣∣.
(7.9)

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (7.9)
we obtain

|Γ4| ≤
74221r5 + 119799r4 + 80066r3 + 26798r2 + 4065r + 203

4096 (1 + 3r)
4
(5r + 3)

+
124643r5 + 214521r4 + 147806r3 + 50482r2 + 8751r + 613

2048 (1 + 3r)
4
(5r + 3)

+
205261r5 + 373911r4 + 267138r3 + 95726r2 + 17217r + 1259

4096 (1 + 3r)
4
(5r + 3)

+
1

8

=
3(17r + 7)

32(5r + 3)
+

1

8
=

71r + 33

32(5r + 3)
.

Hence we get our required estimations for Theorem 7.1. □

Concluding remarks

In this paper, we successfully introduced and comprehensively investigated a novel
subclass of analytic functions uniquely defined through the product of a modified
sigmoid function and the lemniscate Bernoulli function. Our systematic analysis began
by establishing precise initial coefficient bounds for functions belonging to this new
subclass.

Furthermore, we rigorously explored several critical analytic characteristics. Key
findings include the establishment of the Fekete–Szegö inequality, alongside a thorough
analysis of Hankel determinants of various orders, which provides valuable insight
into the coefficient variability. We also successfully derived important estimates for
the logarithmic coefficients and determined significant bounds for both the inverse
coefficients and their corresponding logarithmic inverse coefficients.
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Collectively, the results presented here offer a significant and substantial
contribution to the field of geometric function theory. They not only deepen the
understanding of coefficient problems within this novel class but also enrich the
broader theory of analytic function subclasses associated with the products of special
functions. The methods and findings lay a strong foundation for future research,
particularly in exploring other differential and integral operators in conjunction with
functions defined by similar special functional products.
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[2] Altınkaya, S., Yalçın, S., Upper bound of second Hankel determinant for bi-Bazilevič
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Fractional Langevin equations involving ψ-
Caputo type operators in a Banach space: a solu-
tion sets approach

Oualid Zentar , Mohamed Ziane and Mohammed Al Horani

Abstract. This paper investigates certain topological properties of the set of all
global solutions for a class of nonlinear ψ-Caputo fractional Langevin equations.
The nonlinearity, defined on an infinite-dimensional Banach space, is assumed
to satisfy Nagumo-type growth conditions. An Aronszajn-type result is estab-
lished using the nonlinear alternative for condensing operators, combined with
the Browder–Gupta method. An illustrative example is provided to support the
theoretical findings.
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1. Introduction

The theory of fractional differential equations is widely recognized for its extensive
applications across numerous scientific disciplines. As a result, it has attracted signif-
icant interest from the mathematical community [14]. Over time, various definitions
of fractional derivatives and integral operators have been proposed [24], each pos-
sessing distinct characteristics and properties. A recent development in this field is
the emergence of “fractional calculus with respect to functions” [3], which has proven
useful in modeling real-world phenomena. This type of operator appears in several
contexts, including anomalous diffusion processes such as ultra-slow diffusion [16],
random walks [12], financial crises [21], the Verhulst model [7], and the Heston model
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[6]. Accordingly, much research has focused on exploring both qualitative and quanti-
tative properties of solutions to differential problems involving fractional derivatives
with respect to functions [26, 27].

The Langevin model plays a crucial role in illustrating the interaction between
particles and their surrounding medium, as well as the stochastic forces or fluctuations
responsible for their irregular motion. However, the model’s dependence on a specific
relationship between a particle’s position and velocity has led to the development of
the fractional Langevin model, which better captures anomalous diffusion phenomena
[15]. Additionally, certain real-world processes are more accurately described by sys-
tems with coupled randomness. For instance, in epidemiology, the migration of birds
from different parts of the world can introduce infectious diseases, with transmission
rates increasing as migratory birds converge. Such scenarios necessitate accounting for
random disturbances. While these motivation-driven models offer strong explanatory
power, the complexity of the corresponding mathematical formulations can pose sig-
nificant challenges, particularly in analyzing the existence of solutions. Consequently,
the study of qualitative properties for nonlinear ψ-Caputo Langevin equations has
gained increasing importance.

In a recent study, the authors of [27] investigated certain quantitative aspects
of the problem using Banach’s contraction principle (equipped with a Bielecki-type
norm) and fixed-point principles for convex-power condensing operators. Their analy-
sis was conducted under the assumption that the nonlinearity satisfies a Nagumo-type
growth condition in an infinite-dimensional Banach space. Building upon this founda-
tion, the present manuscript seeks to advance the previous work by providing a new
qualitative analysis of the following nonlinear fractional Langevin equation involving
the ψ-Caputo fractional derivative (FD).

(
cDσ;ψ

a+ + ωcDσ−1;ψ
a+

)
x(t) = W(t, x(t)), t ∈ J := [a, b],

x′(a) = x(a) = 0,
(1.1)

where 1 < σ < 2, cDσ;ψ
a+ and cDσ−1;ψ

a+ represents the ψ-Caputo FD of order σ and

σ − 1, respectively, ψ,ψ′ are positive functions, W : J × F → F is a given function
specified later, (F, ∥ · ∥) be an arbitrary Banach space and ω > 0.

It is important to note that when the conditions ensuring the existence of so-
lutions for the system under consideration do not guarantee uniqueness, it becomes
necessary to explore the topological properties of the solution set. In particular, in-
vestigating the topological structure, such as acyclicity, compactness, and the Rδ-
property (see Definition 2.10), is a central aspect of the qualitative theory of integral
and differential equations and inclusions, due to its broad applicability [4, 28]. Notably,
the Rδ-property plays a key role in demonstrating the invariance of the reachability
set under nonlinear perturbations within the framework of control systems [11].

A distinctive feature of our investigation lies in the following key contributions:

(1) Establishing sufficient conditions under which problem (1.1) admits a unique
solution.
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(2) Proving a new Aronszajn-type result that addresses an open question related to
fractional Langevin equations in a general framework, specifically, when the non-
linearity operates in an arbitrary Banach space. This result is obtained by com-
bining the nonlinear alternative for condensing maps with the Browder–Gupta
approach.

(3) In contrast to the approaches in [2, 27], we utilize an a priori estimation technique
to prove the compactness and Rδ property of the global solution set, thereby
extending, refining, and generalizing these previous findings.

The remainder of this paper is organized as follows: Section 2 collects preliminary
material necessary for the developments that follow. Section 3 addresses contributions
(1) and (2). Finally, illustrative examples are presented to support and demonstrate
the applicability of our main results.

2. Preliminary results

In what follows, we equip the space C(J,F) of continuous functions f : J → F with
the supnorm

∥f∥∞ = sup
t∈J

∥f(t)∥, for all f ∈ C(J,F).

Consider the space Lβψ(J,F) (1 ≤ β < ∞) of Bochner-integrable functions x on J
with the norm

∥f∥Lβψ =

(∫ b

a

ψ′(s)∥f(s)∥βds

) 1
β

. (2.1)

If ψ(t) = t the space Lβψ(J,F) coincides with the usual Lβ(J,F).
Define

L1
+(J,R) = {ψ : ψ ∈ C1(J,R), 0 < ψ′(t) for t ∈ J}.

For t, s ∈ J , (s < t), and ψ ∈ L1
+(J,R) we pose

ϱ(t, s)σ = (ψ(t)− ψ(s))
σ

with ϱ(t, s) = ψ(t)− ψ(s).

Definition 2.1. [14, 3] Let σ > 0. The ψ-fractional integral (FI) of order σ of an
integrable function z is given by

Iσ,ψa+ z(t) =
1

Γ(σ)

∫ t

a

ϱ(t, s)σ−1ψ′(s)z(s)ds, ψ ∈ L1
+(J,R), and t > a,

where Γ(·) is the well-known gamma function.

Lemma 2.2. [14, 3] For σ, α > 0, one has(
Iσ;ψa+ ϱ(s, a)α−1

)
(t) =

Γ(α)ϱ(t, a)σ+α−1

Γ(σ + α)
.
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Definition 2.3. [3] Let ψ ∈ L1
+(J,R) and n − 1 < σ ≤ n with n ∈ N. The ψ-Caputo

FD of a n-times continuously differentiable function z of order σ is given as(
cDσ;ψ

a+ z
)
(t) = In−σ;ψa+

(
1

ψ′(t)

d

dt

)n
z(t).

Definition 2.4. [5] The Kuratowski measure of noncompactness (MNC) ς of a bounded
set V in a Banach space F is defined as:

ς(U) := inf

{
ε > 0 : U =

n⋃
i=1

Ui and diam(Ui) ≤ ε for 1 ≤ i ≤ n

}
.

Lemma 2.5. [5, 17] Let V,U ⊂ F be two bounded subsets. Then ς(·) fulfills
1. V ⊂ U implies that ς(V) ≤ ς(U);
2. ς(V) = 0 if and only if V is relatively compact;
3. ς(V ∪ U) = max{ς(V), ς(U)};
4. ς(V) = ς(conv(V)) = ς(V), where convV and V represent the convex hull and

the closure of V, respectively;
5. ς(V+ U) ≤ ς(V) + ς(U), where V+ U = {v + u : v ∈ V, u ∈ U};
6. ς(dV) = |d|ς(V), for any d ∈ R;
7. For any bounded V, there exists a countable set Ṽ ⊂ V, such that

ς(V) ≤ 2ς(Ṽ).

Lemma 2.6. [13] Let {yn}+∞
n=1 ⊂ L1(J,F) such that ∥yn(t)∥ ≤ h(t) for almost all t ∈ J ,

n ≥ 1 and h ∈ L1(J,R+). Then, t 7→ ς({yn(t)}+∞
n=1) is integrable and

1

2
ς

({∫ t

a

yn(r)dr

}+∞

n=1

)
≤
∫ t

a

ς({yn(r)}+∞
n=1)dr. (2.2)

Lemma 2.7. [9] Let S be a Banach space, and let V ⊂ S be a bounded and closed
subset. Suppose that G : V → S is a condensing map. Then the operator I −G maps
closed subsets of V onto closed subsets of S, and I −G is proper.

Recall that if, for every compact subset U ⊂ S, the set (I−G)−1(U) is compact,
then the continuous map I −G is said to be proper.

Next, we revisit certain concepts from geometric topology [4, 11].

Definition 2.8. A subset B of a Banach space S is called a retract of S if there exists
a continuous map f : B → S such that f(z) = z, for every z ∈ B.

Definition 2.9. A set B is named contractible if there exists a (continuous) homotopy
H : B × [0, 1] → B and z0 ∈ B such that

(i) H(z, 1) = z0, for every z ∈ B.
(ii) H(z, 0) = z, for every z ∈ B.
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Definition 2.10. A nonempty compact space C is called an Rδ-set if there exists a
decreasing sequence of compact, eventually nonempty, contractible spaces (Cm)m∈N
such that

C =

∞⋂
m=1

Cm.

Lemma 2.11. [11] Let G and F be normed spaces, and let G : F → G be a continuous
map. Then, for every ϵ > 0, there exists a locally Lipschitz map Gϵ : F → G such that

∥G(z)−Gϵ(z)∥ < ε, for every z ∈ F.

Theorem 2.12. [8] Let F and S be Banach spaces, and G : F → S a proper map.
Assume that for every ϵ > 0, there exists a proper map Gϵ : F → S such that the
following two conditions hold:

(a) ∥Gϵ(z)−G(z)∥ < ϵ, for all z ∈ F.
(b) For all ϵ > 0 and ỹ ∈ S in a neighborhood of the origin such that ∥ỹ∥ ≤ ϵ, the

equation Gϵ(z) = ỹ admits exactly one solution zϵ.

Then, G−1(0) is an Rδ-set.

Theorem 2.13. [22] Let S be a Banach space, and V ⊂ S be a closed, convex set
containing the origin. Suppose that Z : V → V is a condensing map. Then, one of the
following alternatives holds:

1. Z has a fixed point; or
2. the set K = {x ∈ V : u = ζZx, ζ ∈ (0, 1)} is unbounded.

The preceding theorem establishes the compactness of the solution set, and its
proof follows the same lines as that of [5, Theorem 1.6.12].

A slight modification of [18, Theorem 1] yields the following result:

Lemma 2.14. Let σ > 0, p > 1 and q > 1 such that
1

p
+

1

q
= 1. Assume the following

conditions hold:

(i) ψ ∈ L1(J,R+), and A,B,W, f are non-negative continuous functions defined on
J ;

(ii) Θ : R+ → R+ is a continuous, positive, and non-decreasing function.

If f fulfills the inequality:

f(t) ≤ A(t) +B(t)

∫ t

a

ψ′(s)ϱ(t, s)σ−1W(s)Θ(f(s))ds, t ∈ J.

Then,

f(t) ≤
[
ϖ−1

(
ϖ(A1(t)) +B1(t)

∫ t

a

W(s)qψ′(s)ds

)]1/q
, t ∈ J,
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where:

A1(t) = 2q−1 sup
a≤s≤t

A(s)q,

Zp =

(
ϱ(b, a)p(σ−1)+1

p(σ − 1) + 1

) 1
p

,

B1(t) = Zp2
q−1 sup

a≤s≤t
B(s)q,

ϖ(z) =

∫ z

z0

dr[
Θ(r1/q)

]q , for z0, z > 0,

and ϖ−1 is the inverse of ϖ.

3. Main results

To give an Aronszajn-type result for problem (1.1), Theorem 2.13 and 2.12 are applied.
Henceforth, the set of all solutions of problem (1.1) will be denoted by D(J,W).
Assume that:

(H1) The function W ∈ C(J × F,F).
(H2) There exists a real-valued functionK ∈ L

1/β
ψ (J,R+) and a constant β ∈ (0, σ−1)

such that

∥W(t, v1)−W(t, v2)∥ ≤ K(t)∥v1 − v2∥, for each v1, v2 ∈ F and t ∈ J.

(H3) There exists ϕ ∈ C(J, [0,∞)), and nondecreasing continuous functions Θ :
[0,∞) → [0,∞), such that

∥W(t, u)∥ ≤ ϕ(t)
(
Θ(∥u∥) + 1

)
, for each t ∈ J and u ∈ F.

(H4) There exists a function Λ ∈ C(J,R+), such that

ς(W(t,U(t))) ≤ Λ(t)ς(U(t)), for all t ∈ J,

where U is bounded in C(J,F).
For computational convenience, we denote ϕ∗ = sup

t∈J
ϕ(t) and Λ∗ = sup

t∈J
Λ(t).

3.1. Uniqueness result

This subsection presents the contractibility ofD(J,W), where the classical contraction
principle is applied.

Theorem 3.1. Assume that (H1)-(H2) hold. Additionally, it is supposed that

℧β :=

(σ − 1)∥K∥
L

1
β
ψ

(σ − β)Ξϱ(b, a)β−σ

(
1− β

σ − β − 1

)1−β

< 1, (3.1)

where Ξ = e−ωϱ(b,a)Γ(σ − 1). Then, the set D(J,W) is a singleton in C(J,F). More-
over, D(J,W) is contractible.
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Proof. Invoking [27, Theorem 3.1], we define the operator Z : C(J,F) → C(J,F) by

(Zx)(t) =

∫ t

a

(σ − 1)

eωϱ(t,s)

(
Iσ−1;ψ
a+ W(τ, x(τ))

)
(s)ψ′(s)ds, t ∈ J. (3.2)

Clearly, the set of all solutions to (1.1) coincides with the set of fixed points of the
operator Z. Therefore, it is enough to show that Z is a contraction.

Since
1

β
+
β − 1

β
= 1, then ψ′(τ) = (ψ′(τ))

1
β (ψ′(τ))

β−1
β , using the Hölder in-

equality, we obtain∫ s

a

ψ′(τ)ϱ(s, τ)σ−2K(τ)dτ ≤
(∫ s

a

ψ′(τ)ϱ(s, τ)
σ−2
1−β dτ

)1−β (∫ s

a

ψ′(τ)(K(τ))
1
β dτ

)β

≤ ∥K∥
L

1
β
ψ

(
1− β

σ − β − 1

)1−β

ϱ(s, a)σ−β−1,

(3.3)

since eωϱ(t,a) ≥ 1 for each t ∈ J , we obtain

1

eωϱ(t,s)
=
eωϱ(s,a)

eωϱ(t,a)
≤ eωϱ(s,a) ≤ eωϱ(b,a), for all t ≥ s > a. (3.4)

For all r, x ∈ C(J,F) and each t ∈ J , by (H2), the relations (3.3) and (3.4) entails

∥(Zx)(t)− (Zr)(t)∥

≤ σ − 1

e−ωϱ(b,a)

∫ t

a

ψ′(s)

Γ(σ − 1)

(∫ s

a

ψ′(τ)ϱ(s, τ)σ−2K(τ)∥x(τ)− r(τ)∥dτ
)
ds

≤ σ − 1

e−ωϱ(b,a)
∥x− r∥∞

(
1− β

σ − β − 1

)1−β ∥K∥
L

1
β
ψ

Γ(σ − 1)

∫ t

a

ψ′(s)ϱ(s, a)σ−β−1ds

≤
(σ − 1)∥K∥

L
1
β
ψ

(σ − β)ϱ(t, a)β−σΞ

(
1− β

σ − β − 1

)1−β

∥x− r∥∞.

So, one has

∥Zx−Zr∥∞ ≤ ℧β∥x− r∥∞.

Therefore, Z is a contraction by virtue of condition (3.1). Applying the Banach
contraction principle, it follows that Z has a unique fixed point, which implies that
D(J,W) = {û}.

Now, we introduce the homotopy H : D(J,W)× [0, 1] → D(J,W) by

H(x, ϑ)(t) =

{
x(t), t ∈ (a, a(1− ϑ) + bϑ],

û(t), t ∈ (a(1− ϑ) + bϑ, b].
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In particular,

H(x, ϑ) =

{
x, for ϑ = 1,

û, for ϑ = 0.

Observe that H(z, λ)(·) ∈ D(J,W) for each z ∈ D(J,W) and λ ∈ [0, 1], ensuring
that H is well-defined. Our goal now is to prove that H(·, ·) is contractive. To achieve
this, we begin by establishing its continuity. Let (xn, ϑn) ∈ D(J,W) × [0, 1] be such
that (xn, ϑn) → (x, ϑ), one has

H(xn, ϑn)(t) =

{
xn(t), t ∈ (a, a(1− ϑn) + bϑn],

û(t), t ∈ (a(1− ϑn) + bϑn, b].

We proceed by considering the following cases:

(i) If lim
n→∞

ϑn = 0, it follows that

H(x, 0)(t) = û(t), for all t ∈ J.

Then,

∥H(xn, ϑn)(t)−H(x, ϑ)(t)∥ ≤ ∥H(xn, ϑn)(t)−H(x, ϑ)(t)∥[a(1−ϑn)+bϑn,b]

+∥H(xn, ϑn)(t)−H(x, ϑ)(t)∥[a,a(1−ϑn)+bϑn]

≤ ∥û(t)− û(t)∥[a(1−ϑn)+bϑn,b]
+∥xn(ξ)− x(t)∥[a,a(1−ϑn)+bϑn]

≤ ∥xn(t)− x(t)∥[a,a(1−ϑn)+bϑn].
Hence

∥H(xn, ϑn)−H(x, ϑ)∥∞ ≤ ∥xn − x∥∞,
which tends to 0 when n→ ∞.

(ii) An analogous argument applies in the case lim
n→∞

ϑn = 1.

(iii) If 0 < lim
n→∞

ϑn = ϑ < 1 with ϑn ̸= 0, then, we distinguish between two sub-cases:

(1). xn ∈ D(J,W). This entails that for a ≤ t ≤ a(1− ϑn) + bϑn

xn(t) = (σ − 1)

∫ t

a

ψ′(s)

eωϱ(t,s)

(
Iσ−1;ψ
a+ W(τ, xn(τ))

)
(s)ds.

By (H1), for t ∈ J one has

x(t) = (σ − 1)

∫ t

a

ψ′(s)

eωϱ(t,s)

(
Iσ−1;ψ
a+ W(τ, x(τ))

)
(s)ds.

(2). If a(1− ϑn) + bϑn < t ≤ b, it follows that

H(xn, ϑn)(t) = û(t) = H(x, ϑ)(t).

Then

∥H(xn, ϑn)−H(x, ϑ)∥∞ → 0 as n→ ∞.

Accordingly, H is continuous, yielding the contractibility of D(J,W) to the point
û. □
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3.2. Rδ-property of D(J,W)

This subsection establishes the topological structure of D(J,W).

Theorem 3.2. Assume that (H1) and (H3)-(H4) are fulfilled. Then D(J,W) is an
Rδ-set.

Proof. Let us reintroduce the operator Z as defined in (3.2). For T > 0, we now
define:

TT = {x ∈ C(J,F) : ∥x∥∞ < T}.
The proof of Theorem 3.2 will proceed through several steps.

Step 1 : The continuity of the operator Z.

Let {xn} be a sequence in TT such that xn → x when n → ∞. Recalling (3.4),
one has

∥(Zxn)(t)− (Zx)(t)∥

≤ σ − 1

Ξ

∫ t

a

ψ′(s)

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2∥W(τ, xn(τ))−W(τ, x(τ))∥dτds

≤ σ − 1

Ξ
∥W(·, xn(·))−W(·, x(·))∥∞

∫ t

a

ψ′(s)

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2dτds

≤ 1

Ξ
∥W(·, xn(·))−W(·, x(·))∥∞

∫ t

a

ψ′(s)ϱ(s, a)σ−1ds

≤ ϱ(t, a)σ

σΞ
∥W(·, xn(·))−W(·, x(·))∥∞.

From the continuity of W, it follows that:

∥(Zxn)(t)− (Zx)(t)∥ −−−−→
n→∞

0.

Then,

∥Zxn −Zx∥∞ −−−−→
n→∞

0.

Consequently, Z is continuous.

Step 2 : Z maps bounded sets of C(J,F) into itself.

Let x ∈ TT . Using (3.4). Then, for each t ∈ J , one gets

∥(Zx)(t)∥ ≤ σ − 1

Ξ

∫ t

a

(∫ s

a

ψ′(τ)ϱ(s, τ)σ−2∥W(τ, x(τ))∥dτ
)
ψ′(s)ds.

By (H3), for each t ∈ J , one has

∥W(τ, x(τ))∥ ≤ ϕ(τ)Θ(∥x(τ)∥) + ϕ(τ) ≤ ϕ∗Θ(∥x∥∞) + ϕ∗. (3.5)
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So, the relation (3.5) implies

∥(Zx)(t)∥ ≤ (σ − 1)ϕ∗(Θ(T ) + 1)

Ξ

∫ t

a

ψ′(s)

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2dτds

≤ ϕ∗(Θ(T ) + 1)

Ξ

∫ t

a

ψ′(s)ϱ(s, a)σ−1ds

≤ ϕ∗(Θ(T ) + 1)

σΞ
ϱ(t, a)σ

≤ ϕ∗(Θ(T ) + 1)

σΞ
ϱ(b, a)σ := T̂ .

Thus,

∥Zx∥∞ ≤ T̂ .

Step 3 : The family Z(TT ) is equicontinuous in C(J,F).

For every a ≤ t1 < t2 ≤ b and x ∈ TT , one obtains

∥(Zx)(t2)− (Zx)(t1)∥ ≤ O1 +O2,

where

O1 =
σ − 1

Ξ

∫ t2

t1

ψ′(s)

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2∥W(τ, x(τ))∥dτds,

and

O2 = (σ − 1)

∫ t1

a

ψ′(s)
∣∣∣ 1

eωϱ(t2,s)
− 1

eωϱ(t1,s)

∣∣∣∥∥∥(Iσ−1;ψ
a+ W(τ, x(τ))

)
(s)
∥∥∥ds.

Using (H3) and (3.5), one gets

O1 ≤ (σ − 1)ϕ∗(Θ(T ) + 1)

Ξ

∫ t2

t1

ψ′(s)

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2dτds

≤ ϕ∗(Θ(T ) + 1)

Ξ

∫ t2

t1

ψ′(s)ϱ(s, a)σ−1ds

≤ ϕ∗(Θ(T ) + 1)

σΞ
[ϱ(t2, a)

σ − ϱ(t1, a)
σ] .

Thus,

O1 −−−−→
t2→t1

0. (3.6)

On the other hand,

O2 =
( σ − 1

eωϱ(t1)
− σ − 1

eωϱ(t2)

)∫ t1

a

1

e−ωϱ(s)

∥∥∥(Iσ−1;ψ
a+ W(τ, x(τ))

)
(s)
∥∥∥ψ′(s)ds.

Thus,

O2 −−−−→
t2→t1

0. (3.7)

It follows from (3.6) and (3.7) that both inequalities are independent of x and tend
to zero as t2 → t1. Accordingly, Z(TT ) is equicontinuous.
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Step 4 : Z is condensing.

Let Y be a bounded subset of C(J,F), we define the MNC as follows:

ς̂µ(Y) = sup
t∈J

1

eµt
ς(Y(t)), for µ > 0. (3.8)

Now, since ψ′(·)ψ(·, a)σ−1 ∈ L1(J,R), we can choose µ such that

2q(µ) < 1. (3.9)

where

q(µ) :=
4Λ∗

Ξ
sup
t∈J

∫ t

a

ψ′(s)ϱ(s, a)σ−1

eµ(t−s)
ds.

Next, for a countable set {Xn}+∞
n=1 ⊆ Z(Y) one has

ς̂µ({Xn}+∞
n=1) ⩽ ς̂µ (Z(Y)) . (3.10)

Then, there exists {xn}+∞
n=1 ⊂ Y, such that

Xn(t) = (Zxn(t)), for n ≥ 1, t ∈ J. (3.11)

After that, from

(Zxn)(t) ≤ σ − 1

Ξ

∫ t

a

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2W(τ, xn(τ))dτψ
′(s)ds, (3.12)

so,

ς̂µ({Xn(t)}+∞
n=1) = ς̂µ

(
{(Zxn)(t)}+∞

n=1

)
≤ ς̂µ

({
σ − 1

Ξ

∫ t

a

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2W(τ, xn(τ))dτψ
′(s)ds

}+∞

n=1

)
.

(3.13)

By (H4), for a ≤ τ ≤ s, we get

ς

({
ψ′(τ)

ϱ(s, τ)2−σ
W(τ, xn(τ))

}+∞

n=1

)
≤ ψ′(τ)

ϱ(s, τ)2−σ
Λ(τ)ς({xn(τ)}+∞

n=1)

≤ Λ(τ)ψ′(τ)eµτ

ϱ(s, τ)2−σ
ς̂µ({xn(τ)}+∞

n=1).

Using Lemma 2.6, for each t ∈ J , s ∈ [a, t] and τ ≤ s, one gets
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ς

({
σ − 1

Ξ

∫ t

a

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2W(τ, xn(τ))dτψ
′(s)ds

}+∞

n=1

)

≤ 4(σ − 1)Λ∗

Ξ
ς̂µ({xn(τ)}+∞

n=1)

∫ t

a

∫ s

a

ψ′(τ)eµτ

ϱ(s, τ)2−σ
dτψ′(s)ds

≤ 4(σ − 1)Λ∗

Ξ
ς̂µ({xn(τ)}+∞

n=1)

∫ t

a

ψ′(s)eµs
∫ s

a

ψ′(τ)

ϱ(s, τ)2−σ
dτds

≤ 4Λ∗ς̂µ({xn(τ)}+∞
n=1)

Ξ

∫ t

a

ψ′(s)eµs

ϱ(s, a)1−σ
ds.

Multiplying by exp(−µt), one obtains

sup
t∈J

1

eµt
ς

({
σ − 1

Ξ

∫ t

a

∫ s

a

ψ′(τ)ϱ(s, τ)σ−2t(τ, xn(τ))dτψ
′(s)ds

}+∞

n=1

)

≤ 4Λ∗ς̂µ({xn(τ)}+∞
n=1)

Ξ
sup
t∈J

∫ t

a

ψ′(s)e−µ(t−s)

ϱ(s, a)1−σ
ds.

(3.14)

So, by (3.9), (3.13) and (3.14), we have

ς̂µ
(
{(Zxn)(t)}+∞

n=1

)
≤ q(µ)ς̂µ({xn(τ)}+∞

n=1). (3.15)

Therefore, one has

ς̂µ({xn}+∞
n=1) ≤ ς̂µ (Y) ≤ ς̂µ(Z(Y)) ≤ 1

2
ς̂µ
(
{Xn}+∞

n=1

)
. (3.16)

By (3.10) and (3.16), we can get

ς̂µ
(
{Xn}+∞

n=1

)
= 0.

Then, ς̂µ (Y) = 0, which proves the compactness of the set Y. Accordingly, Z is
condensing.

Step 5. The boundedness of set K (see Theorem 2.13 (2)).

Let x ∈ C(J,F) and x = ρZx for some ρ ∈ (0, 1). Then, x(t) ≤ Zx(t). By
applying Dirichlet’s formula [23] together with (3.4) one obtains

∥x(t)∥ ≤ σ − 1

Ξ

∫ t

a

ψ′(s)

(∫ s

a

ψ′(τ)

ϱ(s, τ)2−σ
∥W(τ, x(τ))∥dτ

)
ds

≤ σ − 1

Ξ

∫ t

a

ψ′(s)∥W(s, x(s))∥
∫ t

s

ψ′(τ)

ϱ(τ, s)2−σ
dτds

=
1

Ξ

∫ t

a

ψ′(s)

ϱ(t, s)1−σ
∥W(s, x(s))∥ds.
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Employing (H3), one gets

∥x(t)∥ ≤ 1

Ξ

∫ t

a

ψ′(s)ϱ(t, s)σ−1ϕ(s)
(
Θ(∥x(s)∥) + 1

)
ds

≤ ϕ∗

Ξ

∫ t

a

ψ′(s)

ϱ(t, s)1−σ
ds+

1

Ξ

∫ t

a

ψ′(s)

ϱ(t, s)1−σ
ϕ(s)Θ(∥x(s)∥)ds

≤ Q0 +Q1

∫ t

a

ψ′(s)

ϱ(t, s)1−σ
ϕ(s)Θ(∥x(s)∥)ds,

where Q0 =
ϕ∗ϱ(b, a)σ

σΞ
and Q1 =

1

Ξ
. Using Lemma 2.14, we obtain

∥x(t)∥ ≤
[
ϖ−1

(
ϖ(Q̂0) + Q̂1

∫ t

a

ϕ(s)qψ′(s)ds

)]1/q
:= N, t ∈ J,

where

Q̂0 = 2q−1Qq
0, Q̂1 = 2q−1ZpQq

1, Zp =

[
ϱ(b, a)p(σ−1)+1

p(σ − 1) + 1

] 1
p

,

ϖ(z) =

∫ z

z0

[
Θ(z1/q)

]−q
ψ′(s)ds, for z0, z > 0 and ϖ−1 is the inverse of ϖ.

Hence, we obtain

∥x∥∞ ≤ N,

which entails the boundedness of the set K. From Theorem 2.13, we conclude that
D(J,W) is non-empty and compact subset of C(J,F).

Step 6. D(J,W) is an Rδ-set.

Let 0 < ϵn < 1 with ϵn −−−−→
n→∞

0. Using (H1), thanks to Lemma 2.11, there exists

a sequence {Wn} of locally Lipschitz functions such that

∥Wn(t, y)−W(t, y)∥ < ϵn, for all y ∈ F and t ∈ J. (3.17)

From relation (3.17) and (H3). Then

∥Wn(t, y)∥ ≤ 1 + ϕ(t)Θ(∥y∥) + ϕ(t), n ∈ N \ {0}.

One can define On by

On(x)(t) =
σ − 1

Γ(σ − 1)

∫ t

a

ψ′(s)

eωϱ(t,s)

(∫ s

a

ψ′(τ)

ϱ(s, τ)2−σ
Wn(τ, x(τ))dτ

)
ds, t ∈ J.

(3.18)
Theorem 3.1, together with the local Lipschitz continuity of Wn, implies that (3.18)
is uniquely solvable.

Let

M(x) = (I −O)(x).
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By Step 4, the approximate operators On : C(J,F) → C(J,F) are condensing, which
allows us to define

Mn(x) = (I −On)(x)

where each Mn is a condensing perturbation of the identity and, by Lemma 2.7,
proper maps.

Now, the relation (3.17) permits the uniform convergence of {Mn} to M in
C(J,F).

Invoking (3.4), we get

∥Mn(x)(t)−M(x)(t)∥ ≤ σ − 1

Ξ

∫ t

a

ψ′(s)

∫ s

a

ψ′(τ)

ϱ(s, τ)2−σ
∥Wn(τ, x(τ))

−W(τ, x(τ))∥dτds

≤ σ − 1

Ξ
ϱ(b, a)σεn, t ∈ J,

and equation Mn(x) = y has a unique solution for all y ∈ C(J,R) as well as (3.18).
Consequently, the assertions of Theorem 2.12 are verified. Therefore, the solution

set M−1(0) is an Rδ-set. □

4. Illustrative examples

In this section we introduce some examples that illustrate our theoretical results.
Consider the Banach space

F = c0 = {x = (x1, x2, · · · , xn, · · · ) : xn −−−−→
n→∞

0}

endowed with

∥x∥c0 = sup
n∈N\{0}

|xn|.

Take ψ(t) = t. Let us define the function W : J × c0 → c0 by

W(t, x) =

{
13(b− a)β−σ

(1 + et)eηt+ω(b−a)
+

(b− a)β−σ tan−1(|xn|)
(1 + et)eηt+ω(b−a)

+
(b− a)β−σ

(1 + et)eηt+ω(b−a)
|xn|

1 + |xn|

}
n≥1

(4.1)

where η is a positive constant.
Obviously, the function W is continuous and for any u, v ∈ c0 and t ∈ J , one

can verify that

∥W(t, z1)−W(t, z2)∥ ≤ 2(b− a)β−σ

(1 + et)eηt+ω(b−a)
∥z1 − z2∥

≤ 2(b− a)β−σ

(1 + ea)eηt+ω(b−a)
∥z1 − z2∥.



Fractional Langevin equations involving ψ-Caputo type operators 267

So, the assumption (H2) fulfills with

K(t) =
2(b− a)β−σ

(1 + ea)eηt+ω(b−a)
for t ∈ J.

Now, for 0 < β < σ − 1, let K∗ =

∥∥∥∥ 2e−ηt1 + ea

∥∥∥∥
L

1
β

. Choosing a suitable 0 < β < σ − 1

and η > 0 large enough, it follows that

℧β < 1.

Therefore, all the conditions of Theorem 3.1 are met. Then, the set of solutions of
(1.1) with W defined by (4.1) is a singleton.

Now, for t ∈ J and x = {xn}n ∈ c0, consider the forcing nonlinearities,

W(t, x) =

{
3

13 + et
+

4 tan−1(|xn|)
13 + et

+
1

2n · 13 + 2net

}
n≥1

. (4.2)

Clearly, W satisfies (H1). To illustrate (H2), let t ∈ J and x = {xn}n ∈ Y ⊂ c0. Then

∥W(t, x)∥ ≤ 4(1 + ∥x∥)
et + 13

≤ ϕ(t)Θ(∥x∥) + ϕ(t). (4.3)

Then, (H2) is fulfilled with

Θ(y) = y, for all y ∈ R+, and ϕ(t) =
4

et + 13
for all t ∈ J.

Next, assumption (H3) is fulfilled. Indeed, the Hausdorff MNC χ in (c0, ∥ · ∥c0) can
be defined by the formula

χ(Y) = lim
n→∞

sup
x∈Y

∥(I− Pn)x∥∞ ,

where Y ∈ P(c0), Pn denotes the projection of the first n vectors onto the linear span
in the standard basis (see [5]).

Using (4.3) (see also [25, 26]), and the relationship between the Hausdorff χ and
Kuratowski ς MNCs, given by the inequality

χ(Y) ≤ ς(Y) ≤ 2χ(Y),

one gets

ς (W(t,Y(t))) ≤ Λ(t)ς(Y(t)), for each t ∈ J,

where

2ϕ(t) = Λ(t).

Therefore, all assumptions of Theorem 3.2 are fulfilled, the solution set of (1.1), with
W defined by (4.2), is an Rδ-set.



268 Oualid Zentar, Mohamed Ziane and Mohammed Al Horani

5. Conclusion

Under Nagumo-type growth conditions, we present novel results concerning the topo-
logical structure of the solution set for nonlinear ψ-Caputo fractional Langevin equa-
tions in Banach spaces. Our approach unfolds in multiple stages: the initial stage
utilizes the classical contraction mapping principle, while the second is grounded in
the nonlinear alternative for condensing operators, incorporating the Browder-Gupta
technique (Theorem 2.12). These findings offer meaningful contributions to the evolv-
ing study of such equations.

Further developments, including periodic solutions and approximate controlla-
bility, will be addressed in a forthcoming work.
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Existence, attractivity and controllability results
for integro-differential equations with state-
dependent delay

Imene Medjadj , Abdelkrim Salim and Mouffak Benchohra

Abstract. The objective of our research is to investigate the existence, attractiv-
ity and controllability of solutions for integro-differential equations with state-
dependent delays. We employ a fixed point theorem to establish the existence of
these solutions, while also utilizing the concept of measures of noncompactness.
In the last section, we give an example to show that the assumed conditions can
be verified and to illustrate our results.

Mathematics Subject Classification (2010): 34G20, 34K20, 34K30.
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1. Introduction

Many branches of sciences such as physics, fluid dynamic, biology and chemistry are
described and characterized by integro-differential equations. The study of integro-
differential systems has captured the interest of many researchers. Grimmer was an
early pioneer in this field, making significant contributions to the understanding of
these complex systems through the use of resolvent operators. His work established
the existence of integro-differential systems and provided critical insights into their
behavior and dynamics, as documented in several of his papers [20, 21]. Resolvent op-
erators are mathematical tools that help analyze the properties of integro-differential
systems by expressing their solutions in terms of initial conditions and input functions.
These operators are particularly useful for examining the stability and controllability
of integro-differential systems. The existence, uniqueness, stability and controllability
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for various integro-differential problem with finite, infinite and state-dependent delay
have been studied by many researchers, see [4, 12, 15, 16, 18].

In 1930, Kuratowski [25] introduced the notion of a measure of noncompactness,
which has been proven invaluable in functional analysis, particularly in metric fixed
point theory and the theory of operator equations in Banach spaces. Moreover, this
concept plays a crucial role in exploring the existence of solutions across various types
of equations, including ordinary and partial differential equations, as well as integral
and integro-differential equations. More detailed information on this approach can
be found in the works of Akhmerov et al. [2], Benchohra et al. [9, 10, 13, 14, 15],
Banaś [4, 5, 6, 7].

Controllability theory is essential for understanding the behavior and dynamics
of abstract control systems. Its primary goal is to identify a suitable control function
that can guide the system’s state to a desired final state. Exact controllability refers
to the ability to steer the system precisely to the target state, while approximate con-
trollability involves guiding the system to a neighborhood arbitrarily close to the final
state. Due to the inherent uncertainty or imprecision in real-world systems, approxi-
mate controllability is often more practical and desirable. Over the years, numerous
researchers have examined the approximate or exact controllability of control systems,
resulting in a several published studies [8, 11, 19, 26, 27, 29, 30].

This study is dedicated to demonstrating the existence, attractivity and con-
trollability of the solutions for an integro-differential equation. Our analysis will be
conducted within the Banach space of real functions that are defined, continuous, and
bounded over the real axis R. Specifically, we will address the following problem:

z′(δ) = Az(δ) +

∫ δ

0

B(δ − s)z(s)ds+Ψ
(
δ, zρ(δ,zδ),∫ δ

0

ζ(δ, s, zρ(s,zs)) ds
)
, δ ∈ ℜ := [0,+∞),

(1.1)

z(δ) = ϖ(δ), δ ∈ (−∞, 0],

where (ℑ, |·|) is a real Banach space, Ψ : ℜ×Q×ℑ → ℑ is given function, ζ : Γ×Q → ℑ
is a continuous function with Γ = {(δ, s) ∈ ℜ × ℜ, δ ≤ s}, A is the infinitesimal
generator of a C0-semigroup (Υ(δ))δ≥0 on ℑ, and B(δ) is linear closed operator on
ℑ with D(A) ⊂ D(B), ϖ ∈ Q. ρ : ℜ × Q → R, Q is the phase space which will be
defined later. For any function z defined on R and any δ ∈ ℜ, we denote by zδ the
element of Q defined by

zδ(χ) = z(δ + χ), χ ∈ (−∞, 0].

Next, we study the controllability of the following problem:

z′(δ) = Az(δ) +

∫ δ

0

B(δ − s)z(s)ds+Ψ
(
δ, zρ(δ,zδ),
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∫ δ

0

ζ(δ, s, zρ(s,zs)) ds
)
+ Cu(δ), a.e. δ ∈ ℜ, (1.2)

z(δ) = ϖ(δ), δ ∈ (−∞, 0],

where u ∈ L2(ℜ, H) is the control function, H is the Banach space of admissible
control functions and C is bounded linear operator from H to ℑ.

The following is the structure of our paper. In Section 2, we begin by presenting
some background and preliminary information. Section 3 delves into the study of the
existence of mild solutions for the system (1.1). Building on this basis, we move to
Section 4, where we establish adequate requirements for the system’s attractivity. In
Section 5, we delve to the study of the controllability of (1.2). Finally, we offer an
example as a sample application to highlight the practical relevance of our findings.

2. Preliminaries

By k we denote the Banach space of all bounded and continuous functions from R
into ℑ with

∥z∥k = sup
δ∈R

|z(δ)|.

By k̂ we denote the Banach space of all bounded and continuous functions from ℜ
into ℑ with

∥z∥k̂ = sup
δ∈ℜ

|z(δ)|.

By B̂ we denote the Banach space D(A) with

∥z∥B̂ = ∥Az∥+ ∥z∥, z ∈ B̂

Now let us recall some information about partial integro-differential equations and
resolvent operator.
We consider the following problem :

z′(δ) = Az(δ) +

∫ δ

0

B(δ − s)z(s)ds, for δ ≥ 0, (2.1)

z(0) = z0 ∈ ℑ.

Definition 2.1. [20] A resolvent operator for problem (2.1) is a bounded linear operator
valued function R(δ) ∈ L(ℑ) for δ ≥ 0, satisfying the following properties:

1. R(0) = I(identity map of ℑ) and ∥R(δ)∥ ≤ Meβδ, for some constants M > 0
and β ∈ R.

2. For each z ∈ ℑ, R(δ)z is strongly continuous for δ ≥ 0.

3. For any z ∈ ℑ, R(·)z ∈ C1([0,+∞),ℑ) ∩ C([0,+∞), B̂) and

R′(δ)z = AR(δ)z +

∫ δ

0

B(δ − s)R(s)zds = R(δ)Az +

∫ δ

0

R(δ − s)B(s)zds for δ ≥ 0.

The existence of resolvent operator has been discussed in [20, 21] under the
following assumptions.
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(R1) A is the infinitesimal generator of strongly continuous semigroup (Υ(δ))δ≥0 on
ℑ.

(R2) For all δ ≥ 0, B(δ)z is closed linear operator from D(A) → ℑ and B(δ) ∈
L(B̂,ℑ). For any z ∈ B̂, the map δ → B(δ) is bounded, differentiable and the
derivative δ → B′(δ)z is bounded uniformly continuous on R+.

Theorem 2.2. If the condition (R1), (R2) hold, then the problem (2.1) has a unique
resolvent operator.

Now let us recall some fundamental facts of the notion of Kuratowski measure
of noncompactness.

Definition 2.3. [2, 5] Let ℑ be a Banach space and Ωℑ the bounded subsets of ℑ. The
Kuratowski measure of noncompactness is the map κ : Ωℑ → [0,∞) defined by

κ(Ẑ) = inf{ϵ > 0 : Ẑ ⊆
n⋃

i=1

Ẑi and diam(Ẑi) ≤ ϵ}; here Ẑ ∈ Ωℑ,

and verifies:

• κ(Ẑ) = 0 ⇔ ¯̂
Z is compact (Ẑ is relatively compact );

• κ(Ẑ) = κ(¯̂Z);
• Z ⊂ Ẑ ⇒ κ(Z) ≤ κ(Ẑ);
• κ(Z+ Ẑ) ≤ κ(Z) + κ(Ẑ);
• κ(cẐ) = |c|κ(Ẑ); c ∈ R;
• κ(convẐ) = κ(Ẑ).

Here,
¯̂
Z and convẐ denote the closure and convex hull of bounded set Ẑ, respectively.

Lemma 2.4. Let D be a bounded subset of ℑ. Then, for each ϵ > 0, there exists a
sequence {Un}∞n=1 ⊂ D such that

κ(D) ≤ 2κ({Un}∞n=1) + ϵ.

Lemma 2.5. If {Un}∞n=0 ⊂ L1 is uniformly integrable, then the function δ →
κ({Un(δ)}∞n=0) is measurable and

κ

({∫ δ

0

Un(s)ds

})
≤ 2

∫ δ

0

κ({Un(s)}∞n=0)ds.

For any arbitrary nonempty bounded subset D of the space k̂ and a function h,
we define

η∞(h, ϵ) = sup{∥h(δ)− h(s)∥; δ, s ∈ ℜ, |δ − s| ≤ ϵ},
and

η∞(D, ϵ) = sup{η∞(h, ϵ);h ∈ D}, η∞0 (D) = lim
ϵ→0

η∞(D, ϵ).

Now we consider

κ̄∞(D) = lim
T→∞

sup{κ(D(δ)) : δ ∈ [0, T ]},

diamD(δ) = sup{∥x(δ)− y(δ)∥ℑ : x, y ∈ D},



Existence, attractivity and controllability results 275

c(D) = lim
δ→∞

diamD(δ).

Finally, we can consider the following function κ∗ define by:

κ∗(D) = η∞0 (D) + κ̄∞(D) + c(D).

The function κ∗ is a measure of noncompactness in the space k̂, for more details see
for instance [3].

Now we give the definition of a Meir-Keeler contraction.

Definition 2.6. [28] Let (X, d) be a metric space. A mapping N on X is called a
Meir-Keeler contraction if, for each ϵ > 0, there exists λ > 0, such that

ϵ ≤ d(x, y) < ϵ+ λ ⇒ d(Nx,Ny) < ϵ, for all x, y ∈ X.

Definition 2.7. [1] Let Y be a nonempty subset of Banach space ℑ, and µ be a measure
of noncompactness on ℑ. An operator N : Y → Y is called a Meir-Keeler condensing
operator if, for each ϵ > 0, there exists λ > 0, such that ϵ ≤ µ(Ω) < ϵ+λ ⇒ µ(NΩ) <
ϵ, for any bounded set Ω of Y.

Now we give the fixed point theorem with respect a Meir-Keeler condensing
operator.

Theorem 2.8. [1] Let D be a nonempty, bounded, closed, convex subset of a Banach
space ℑ. and µ be an arbitrary measure of noncompactness on ℑ. If N : D → D is a
continuous and Meir-Keeler condensing operator, then N has at least one fixed point
and the set of all fixed points of N in D is compact.

In this segment, we will utilize an axiomatic definition of the phase space Q as
introduced by Hale and Kato in [22]. We will adhere to the terminology employed in
[24]. Consequently, (Q, | · |Q) will constitute a seminormed linear space of functions
that map (−∞, 0] into ℑ and adhere to the specified axioms:

(A1) If w : (−∞, ζ) → ℑ, ζ > 0, is continuous on ℜ and w0 ∈ Q, then for every δ ∈ ℜ:
(i) wδ ∈ Q ;

(ii) ∃ l̂1 > 0 such that |w(δ)| ≤ l̂1∥wδ∥Q ;

(iii) ∃ l̂2(·), l̂3(·) : R+ → R+ independent of w with l̂2 continuous and bounded,

and l̂3 locally bounded where:

∥wδ∥Q ≤ l̂2(δ) sup{ |w(ϱ)| : 0 ≤ ϱ ≤ δ}+ l̂3(δ)∥w0∥Q.

(A2) For the function w in (A1), wδ is a Q−valued continuous function on ℜ.
(A3) The space Q is complete.

Denote

l̂2 = sup{l̂2(δ) : δ ∈ ℜ},
and

l̂3 = sup{l̂3(δ) : δ ∈ ℜ}.
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3. Existence of mild solutions

Definition 3.1. We say that a function z ∈ k is a mild solution of problem (1.1) if
z(δ) = ϖ(δ), δ ∈ (−∞, 0] and

z(δ) = R(δ)ϖ(0) +

∫ δ

0

R(δ − s)Ψ
(
s, zρ(s,zs),

∫ s

0

ζ(s, θ, zρ(θ,zθ)) dθ
)
ds, a.e. δ ∈ ℜ.

(3.1)

Set

Λ(ρ−) = {ρ(ϱ,ϖ) : (ϱ,ϖ) ∈ ℜ ×Q, ρ(ϱ,ϖ) ≤ 0}.
Let ρ : ℜ×Q → R be continuous and:

(ECϖ) The function δ → ϖδ is continuous from Λ(ρ−) into Q and there exists a con-
tinuous and bounded function ℧ϖ : Λ(ρ−) → (0,∞) where

∥ϖδ∥ ≤ ℧ϖ(δ)∥ϖ∥ for every δ ∈ Λ(ρ−).

Remark 3.2. The condition (ECϖ), is frequently verified by functions continuous and
bounded. For more details, see for instance [24].

Lemma 3.3. [23] If z : R → ℑ is a function such that z0 = ϖ, then

∥zϱ∥Q ≤ (l̂3 + ℧ϖ)∥ϖ∥Q + l̂2 sup{|z(χ)|;χ ∈ [0,max{0, ϱ}]}, ϱ ∈ Λ(ρ−) ∪ ℜ,

where ℧ϖ = sup
δ∈Λ(ρ−)

℧ϖ(δ).

Let us introduce the following hypotheses:

(EC1) A : D(A) ⊂ ℑ → ℑ is the infinitesimal generator of a uniformly continuous C0

semigroup (Υ(δ))δ≥0.
(EC2) The conditions (R1), (R2) hold, and there exist constants M ≥ 1, α > 0 such

that

sup{∥R(δ)∥B(ℑ) : δ ≥ 0} ≤ Me−αδ.

(EC3) The function Ψ : ℜ ×Q × ℑ −→ ℑ is Carathéodory and satisfies the following
conditions:

i) There exists a function k1 ∈ L1(ℜ), such that :

∥Ψ(δ, x, y)−Ψ(δ, x∗, y∗)∥ ≤ k1(δ)(∥x− x∗∥+ ∥y − y∗∥), δ ∈ ℜ, x, x∗ ∈ Q, y, y∗ ∈ ℑ.

ii) For each δ ∈ ℜ, we have and

lim
δ→∞

sup
δ∈ℜ

∫ δ

0

e−α(δ−s)k1(s)ds = 0.

iii) For each bounded set D1 ⊂ Q and D2 ⊂ ℑ, and each δ ∈ ℑ we have

κ(Ψ(δ,D1,D2)) ≤ k1(δ)

[
sup

ϱ∈(−∞,0]

κ(D1(ϱ)) + κ(D2)

]
.
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(EC4) i) There exists a function k2 ∈ L1(ℜ) such that:

∥ζ(δ, s, z)− ζ(δ, s, z∗)∥ ≤ k2(s)∥z − z∗∥,

for each (δ, s) ∈ Γ and for all z, z∗ ∈ Q.
ii) For each bounded set D ⊂ Q, we have

κ(ζ(δ, s,D) ≤ k2(δ) sup
ϱ∈(−∞,0]

κ(D(ϱ)).

Remark 3.4. We denote by

k∗i = ∥ki∥L1(ℜ)

for

i = 1, 2, Ψ∗ = sup
δ∈ℜ

∫ δ

0

Ψ(s, 0, 0)ds, ζ∗ = sup{∥ζ(δ, s, 0)∥, (δ, s) ∈ Γ}.

Theorem 3.5. Assume that (EC1)− (EC4), (ECϖ) hold. If 8Ml̂2k
∗
1(1+ k∗2) < 1, then

the problem (1.1) has at least one mild solution on k.

Proof. We transform the problem (1.1) into a fixed point problem. Consider the op-
erator Ξ : k → k defined by :

Ξ(z) :=


ϖ(δ), if δ ∈ (−∞, 0],

R(δ)ϖ(0) +

∫ δ

0

R(δ − s)Ψ
(
s, zρ(s,zs),

∫ s

0

ζ(s, θ, zρ(θ,zθ))dθ
)
ds, if δ ∈ ℜ.

Let ϑ(·) : R → ℑ be the function defined by:

ϑ(δ) =

{
ϖ(δ), if δ ∈ (−∞, 0];

R(δ) ϖ(0), if δ ∈ ℜ.

Then ϑ0 = ϖ. For each h ∈ k with h(0) = 0, we denote by h the function

h(δ) =

{
0; if δ ∈ (−∞, 0];

h(δ); if δ ∈ ℜ.

If z satisfies (3.1), we can decompose it as z(δ) = h(δ) + ϑ(δ), δ ∈ ℜ, which implies
zδ = hδ + ϑδ for every δ ∈ ℜ and the function h(·) satisfies

h(δ) =

∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(s,hs+ϑs) + ϑρ(θ,hθ+ϑθ))dθ
)
ds.

Set

k̂0 = {h ∈ k̂ : h(0) = 0},
and let

∥h∥k̂0 = sup{|h(δ)| : δ ∈ ℜ}, h ∈ k̂0.
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k̂0 is a Banach space with the norm ∥.∥k̂0 .
We define the operator A : k̂0 → k̂0 by:

A(h)(δ) :=


0, if δ ≤ 0,∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds, if δ ∈ ℜ,

The operator A maps k̂0 into k̂0, for each δ ∈ ℜ we have

|A(h)(δ)|

≤ ∥
∫ δ

0

R(δ − s)[Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ)

)
dθ
)

−Ψ(s, 0, 0) + Ψ(s, 0, 0)]ds∥

≤ M

∫ δ

0

e−α(δ−s)k1(s)∥hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs)∥ds

+M

∫ δ

0

e−α(δ−s)k1(s)∥
∫ s

0

(
ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))

− ζ(s, θ, 0) + ζ(s, θ, 0)
)
dθ∥ds

+M

∫ δ

0

e−α(δ−s)∥Ψ(s, 0, 0)∥ds.

Thus,

|A(h)(δ)| ≤ M

∫ δ

0

e−α(δ−s)k1(s)∥hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs)∥ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)∥hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ)∥dθds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

∥ζ(s, θ, 0)∥dθds

+M

∫ δ

0

e−α(δ−s)∥Ψ(s, 0, 0)∥ds.

Then,

|A(h)(δ)| ≤ M

∫ δ

0

e−α(δ−s)k1(s)(l̂2|h(s)|+ (l̂3 + ℧ϖ + l̂2Me−αs l̂1)∥ϖ∥Q))ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)(l̂2|h(θ)|

+ (l̂3 + ℧ϖ + l̂2Me−αθ l̂1)∥ϖ∥Q)dθds
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+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

∥ζ(s, θ, 0)∥dθds

+M

∫ δ

0

e−α(δ−s)∥Ψ(s, 0, 0)∥ds.

Let C1 = (l̂3 + ℧ϖ + l̂2Ml̂1)∥ϖ∥Q. Then, we have

|A(h)(δ)| ≤ Mk∗1 l̂2∥h∥k̂0 +MC1k
∗
1 +Mk∗1k

∗
2 l̂2∥h∥k̂0

+MC1k
∗
1k

∗
2 +Mk∗1ζ

∗ +MΨ∗ := C∗ ≤ C∗.

Hence, A(h)(δ) ∈ k̂0.

Let r > 0 be such that r ≥ MC1k
∗
1 +MC1k

∗
1k

∗
2 +Mk∗1ζ

∗ +MΨ∗

1−Mk∗1 l̂2(1 + k∗2)
, and σr be the

closed ball in k̂0 centered at the origin and of radius r. Let z ∈ σr and δ ∈ ℜ. Then,

|A(z)(δ)| ≤ Mk∗1 l̂2r+MC1k
∗
1 +Mk∗1k

∗
2 l̂2r+MC1k

∗
1k

∗
2 +Mk∗1ζ

∗ +MΨ∗

Thus,

∥|A(z)(δ)∥k̂0 ≤ r,

then A(σr) ⊂ σr.

The proof can be given by following steps.

Step 1: A is continuous.
Let {hn}n∈N be a sequence such that hn → h in σr. Firstly, we are going to study
the convergence of the sequences (hn

ρ(s,hn
s )
)n∈N, s ∈ ℜ.

If s ∈ ℜ is such that ρ(s, hs) > 0, then we have,

∥hn
ρ(s,hn

s )
− hρ(s,hs)∥Q ≤ ∥hn

ρ(s,hn
s )

− hρ(s,hn
s )
∥Q + ∥hρ(s,hn

s )
− hρ(s,hs)∥Q

≤ l̂2∥hn − h∥σr
+ ∥hρ(s,hn

s )
− hρ(s,hs)∥Q,

which proves that hn
ρ(s,hn

s )
→ hρ(s,hs) in Q as n → ∞ for every s ∈ ℜ such that

ρ(s, hs) > 0. Similarly, is ρ(s, hs) < 0 , we get

∥hn
ρ(s,hn

s )
− hρ(s,hs)∥Q = ∥ϕn

ρ(s,hn
s )

− ϕρ(s,hs)∥Q = 0,

which also shows that hn
ρ(s,hn

s )
→ hρ(s,hs) in Q as n → ∞ for every s ∈ ℜ such that

ρ(s, hs) < 0. Using the previous arguments, we can prove that hn
ρ(s,hs)

→ ϕ for every

s ∈ ℜ such that ρ(s, hs) = 0.

|A(hn)(δ)−A(h)(δ)|

≤ ∥
∫ δ

0

R(δ − s)Ψ
(
s, hn

ρ(s,hn
s +ϑs)

+ ϑρ(s,hn
s +ϑs),∫ s

0

ζ(s, θ, hn
ρ(θ,hn

θ +ϑθ)
+ ϑρ(θ,hn

θ +ϑθ))dθ
)
ds
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−
∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds∥

≤ M

∫ δ

0

e−α(δ−s)∥Ψ
(
s, hn

ρ(s,hn
s +ϑs)

+ ϑρ(s,hn
s +ϑs),∫ s

0

ζ(s, θ, hn
ρ(θ,hn

θ +ϑθ)
+ ϑρ(θ,hn

θ +ϑθ))dθ
)
ds

−Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),

∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds∥.

Then by (EC3) and by the Lebesgue dominated convergence theorem we get,

∥A(hn)−A(h)∥k̂0 → 0, as n → ∞.

Thus A is continuous.

Step 2: A(σr) is equicontinuous. Let B = [0, b] be a compact of [0,+∞), for
b > 0.
Let δ1, δ2 ∈ B, with δ2 > δ1, we have

|A(h)(δ1)−A(h)(δ2)|

≤ |
∫ δ1

0

R(δ1 − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds∥

−
∫ δ2

0

R(δ2 − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds∥

≤
∫ δ1

0

∥R(δ1 − s)−R(δ2 − s)∥|Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)

−Ψ(s, 0, 0) + Ψ(s, 0, 0)|ds

+

∫ δ2

δ1

∥R(δ2 − s)∥|Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)

−Ψ(s, 0, 0) + Ψ(s, 0, 0)|ds

≤
∫ δ1

0

∥R(δ1 − s)−R(δ2 − s)∥k1(s)(l̂2r+ C1)ds
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+

∫ δ1

0

∥R(δ1 − s)−R(δ2 − s)∥∥Ψ(s, 0, 0)∥ds

+

∫ δ1

0

∥R(δ1 − s)−R(δ2 − s)∥k1(s)
∫ s

0

k2(θ)(l̂2r+ C1)dθds

+

∫ δ1

0

∥R(δ1 − s)−R(δ2 − s)∥k1(s)
∫ s

0

∥ζ(s, θ, 0)∥dθds

+M

∫ δ2

δ1

e−α(δ2−s)k1(s)(l̂2r+ C1)ds

+M

∫ δ2

δ1

e−α(δ2−s)∥Ψ(s, 0, 0)∥ds

+M

∫ δ2

δ1

e−α(δ2−s)k1(s)

∫ s

0

k2(θ)(l̂2r+ C1)dθds

+M

∫ δ2

δ1

e−α(δ2−s)k1(s)

∫ s

0

∥ζ(s, θ, 0)∥dθds.

By (EC1), |A(h)(δ1)−A(h)(δ2)| → 0 as δ1 → δ2. Then A(σr) is equicontinuous.

Step 3: We show that A : σr → σr is a Meir-Keeler condensing operator.
For D ⊂ σr,A(D) is bounded. Then there exists a countable set D′ = {hn}∞n=1 ⊂ D.

Claim 1. Using the fact that A(σr) is equicontinuous and by the definition of
η∞0 (·), we get that

η∞0 (A(D)) = 0.

Claim 2. We have

κ(A(D)(δ)) ≤ 2κ(
{∫ δ

0

R(δ − s)Ψ
(
s, hn

ρ(s,hn
s +ϑs)

+ ϑρ(s,hn
s +ϑs),∫ s

0

ζ(s, θ, hn
ρ(θ,hθ+ϑθ)

+ ϑρ(θ,hn
θ +ϑθ))dθ

)
ds
}∞
n=0

) + ϵ

≤ 4l̂2M

∫ δ

0

e−α(δ−s)k1(s)( sup
ϱ∈(−∞,0]

κ(D0(ϱ))(s)

+ κ(
∫ s

0

ζ(s, θ, hn
ρ(θ,hθ+ϑθ)

+ ϑρ(θ,hn
θ +ϑθ))dθ

)
ds) + ϵ

≤ 4l̂2M

∫ δ

0

e−α(δ−s)k1(s) sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds

+ 8l̂2M

∫ δ

0

e−α(δ−s)k1(s)(

∫ s

0

k2(θ) sup
ϱ∈(−∞,0]

κ(D0(ϱ))dθ)ds+ ϵ

≤ 8l̂2M

∫ δ

0

e−α(δ−s)k1(s)(1 + k∗2) sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds+ ϵ.
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Then since ϵ is arbitrary, we get

κ(A(D)(δ)) ≤ 8Ml̂2k
∗
1(1 + k∗2) sup

ϱ∈(−∞,0]

κ(D0(ϱ)).

Then, κ̄∞(AD) ≤ 8l̂2Mk∗1(1 + k∗2)κ̄∞(D).

Claim 3. We have

|h(δ)− h∗(δ)|

≤ ∥
∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)

−
∫ δ

0

R(δ − s)Ψ
(
s, h∗

ρ(s,h∗
s+ϑs)

+ ϑρ(s,h∗
s+ϑs),∫ s

0

ζ(s, θ, h∗
ρ(θ,h∗

θ+ϑθ)
+ ϑ∗

ρ(θ,hθ+ϑθ)
)dθ
)
∥

≤ M

∫ δ

0

e−α(δ−s)k1(s)∥hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs) − h∗
ρ(s,h∗

s+ϑs)
− ϑρ(s,h∗

s+ϑs)∥ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)∥hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ)

− h∗
ρ(θ,h∗

θ+ϑθ)
− ϑρ(θ,h∗

θ+ϑθ)∥dθds

≤ M

∫ δ

0

e−α(δ−s)k1(s)l̂2|h(s)− h∗(s)|ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)l̂2|h(θ)− h∗(θ)|dθds.

Then,

c(AD) ≤ (Ml̂2k
∗
1(1 + k∗2))c(D).

From Claims 1,2 and 3, we deduce that

κ∗(A(D)) ≤ 8(Ml̂2k
∗
1(1 + k∗2))κ∗(D).

For a fixed ϵ > 0, set

λ =
1− 8l̂2Mk∗1(1 + k∗2)

8l̂2Mk∗1(1 + k∗2)
ϵ.

We get that

ϵ ≤ κ∗((D) < ϵ+ λ ⇒ κ∗(A(D)) < ϵ.

That means A is a Meir-Keeler condensing operator, then using Theorem 2.8 we can
say that the operator A has at least fixed point, so the operator Ξ : k → k has a fixed
point z(δ) = h(δ) + ϑ(δ) and the set of all fixed points of Ξ in k is compact.

□
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4. Attractivity

In this section, we are going to study the attractivity of solutions.

Definition 4.1. [16] We say that the solutions of problem (1.1) are locally attractive
if there exists a closed ball B(ξ∗, r∗) in the space k, where ξ∗ ∈ k, such that for any

solutions ξ and ξ̃ of (1.1) belonging to B(ξ∗, r∗), the following convergence holds:

lim
s→+∞

(ξ(s)− ξ̃(s)) = 0.

When the limit is uniform with respect to B(ξ∗, r∗), we say that the solutions of (1.1)
are uniformly locally attractive.

Theorem 4.2. Suppose that the hypotheses (EC1)−(EC4), (ECϖ) hold. If 8Ml̂2k
∗
1(1+

k∗2) < 1, Then the solutions of problem (1.1) are uniformly locally attractive.

Proof. Let h∗ be a solution of (1.1), for h ∈ B(h∗, r∗), by (EC1)− (EC4), we have

∥A(h)(δ)− h∗(δ)∥
= ∥A(h)(δ)−A(h∗)(δ)∥

≤ M

∫ δ

0

e−α(δ−s)k1(s)l̂2|h(s)− h∗(s)|ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)l̂2|h(θ)− h∗(θ)|dθds

≤ M

∫ δ

0

e−α(δ−s)k1(s)l̂2r
∗ds+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)l̂2r
∗dθds

≤ (Ml̂2k
∗
1(1 + k∗2))r

∗

≤ r∗.

Then A(B∗
r ) ⊂ B∗

r .

For each h, h̃ ∈ B(h∗, r∗), δ ∈ [0,+∞), we have :

∥h(δ)− h̃(δ)∥

= ∥A(h)(δ)−A(h̃)(δ)∥

≤ M

∫ δ

0

e−α(δ−s)k1(s)l̂2|h(s)− h̃(s)|ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)l̂2|h(θ)− h̃(θ)|dθds

≤ Ml̂2r
∗
∫ δ

0

e−α(δ−s)k1(s)ds+Ml̂2r
∗k∗2

∫ δ

0

e−α(δ−s)k1(s)ds.

We conclude that ∥h(δ)− h̃(δ)∥ → 0, as δ → ∞. □
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5. Controllability

Definition 5.1. The system (1.2) is said to be controllable if for every initial function
ϖ(δ) ∈ Q, and ẑ ∈ ℑ and for γ ∈ ℜ, there is a control z ∈ L2([0, γ],ℑ), such that the
mild solution z(·) of the problem (1.2) satisfies the condition z(γ) = ẑ.

Let us introduce the following hypotheses:

(EC5) (i)For some γ ∈ N, the linear operator W : L2([0, γ], H) → ℑ is defined by

Wz =

∫ γ

0

R(γ − s)Cu(s)ds,

has a pseudo-invertible operator W̃−1 which takes values in L2([0, γ], H)/KerW

(ii) There exists positive constants M̃ and M̃1 such that :

∥C∥ ≤ M1 and ∥W̃−1∥ ≤ M2.

(iii) There exists a function k3 ∈ L1(ℜ), and a positive constant k4 such that for
any bounded sets D ⊂ ℑ, and D′ ⊂ H, we have

κ((W̃−1D)(δ)) ≤ k3(δ)κ(D),

and

κ(C(D′)) ≤ k4κ(D′(δ)),

where δ ∈ ℜ.

Remark 5.2. We denote by k∗3 = ∥k3∥L1(ℜ).

Theorem 5.3. Suppose that the hypotheses (EC1)− (EC5), (ECϖ) hold and

8Ml̂2(k
∗
1 + k∗2k

∗
3)(1 + γM2M1M) < 1.

Then problem (1.2) is controllable.

Proof. We define a control

uz = W̃−1
(
ẑ −R(γ)ϖ(0)−

∫ γ

0

R(γ − s)Ψ
(
s, zρ(s,zs),

∫ s

0

ζ(s, θ, zρ(θ,zθ)dθ
)
ds
))
(δ).

Now we shall show that the operator Ξ : k → k defined by :

Ξ(z) :=



ϖ(δ), if δ ∈ (−∞, 0],

R(δ)ϖ(0) +

∫ δ

0

R(δ − s)Ψ
(
s, zρ(s,zs),

∫ s

0

ζ(s, θ, zρ(θ,zθ))dθ
)
ds

+

∫ δ

0

R(δ − s)Cuz(s)ds, if δ ∈ ℜ,

Let ϑ(·) : R → ℑ be the function defined by:

ϑ(δ) =

{
ϖ(δ), if δ ∈ (−∞, 0],

R(δ) ϖ(0), if δ ∈ ℜ.
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Then ϑ0 = ϖ. For each h ∈ k with h(0) = 0, we denote by h the function

h(δ) =

{
0; if δ ∈ (−∞, 0],

h(δ); if δ ∈ ℜ.

If z satisfies (3.1), we can decompose it as z(δ) = h(δ) + ϑ(δ), δ ∈ ℜ, which implies
zδ = hδ + ϑδ for every δ ∈ ℜ and the function h(·) satisfies

h(δ) =

∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(s,hs+ϑs) + ϑρ(θ,hθ+ϑθ))dθ
)
ds+

∫ δ

0

R(δ − s)Cuh+ϑ(s)ds, δ ∈ ℜ.

Set

k̂0 = {h ∈ k̂ : h(0) = 0},
and let

∥h∥k̂0 = sup{|h(δ)| : δ ∈ ℜ}, h ∈ k̂0.

k̂0 is a Banach space with the norm ∥.∥k̂0 .
We define the operator A : k̂0 → k̂0 by:

A(h)(δ) :=



0, if δ ≤ 0,∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds,

+

∫ δ

0

R(δ − s)Cuh+ϑ(s)ds, if δ ∈ ℜ,

The operator A maps k̂0 into k̂0, for each δ ∈ ℜ we have

|uh+ϑ(s)|

≤ |W̃−1
(
ẑ −R(γ)ϖ(0) +

∫ γ

0

R(γ − δ)Ψ
(
δ, zρ(δ,zδ),

∫ δ

0

ζ(δ, θ, zρ(θ,zθ))dθ
)
dt
)
(s)|

≤ M2[|ẑ|+M∥ϖ∥+
∫ γ

0

∥R(γ − δ)∥k1(δ)∥hρ(δ,hδ+ϑδ) + ϑρ(δ,hδ+ϑδ)∥dt

+

∫ γ

0

∥R(γ − δ)Ψ(δ, 0, 0)∥dδ

+

∫ γ

0

∥R(γ − δ)∥k1(δ)
∫ δ

0

k2(θ)∥hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ)∥dθdδ

+

∫ γ

0

∥R(γ − δ)∥k1(δ)
∫ δ

0

ζ(δ, θ, 0)∥dθdδ](s)

≤ M2[|ẑ|+Ml̂1∥wδ∥Q +Mk∗1

∫ γ

0

(l̂2|h(δ)|+ (l̂3 + ℧ϖ + l̂2Me−αs l̂1)∥ϖ∥Q))dδ
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+MΨ∗ +Mk∗1

∫ γ

0

k2(θ)(l̂2|h(θ)|+ (l̂3 + ℧ϖ + l̂2Ml̂1)∥ϖ∥Q)dθdδ +Mk∗1ζ
∗])

≤ M2[|ẑ|+Ml̂1∥wδ∥Q +MΨ∗ +Mk∗1ζ
∗ + nMk∗1(l̂2∥h∥+ C1)

+ nMk∗1k
∗
2(l̂2∥h∥+ C1)] := C2.

Then,

|A(h)(δ)| ≤ ∥
∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(θ,hθ+ϑθ) + ϑρ(θ,hθ+ϑθ))dθ
)
ds∥

+ |
∫ δ

0

R(δ − s)Cuh+ϑ(s)ds|

Then, we have

|A(h)(δ)| ≤Mk∗1 l̂2∥h∥k̂0 +MC1k
∗
1 +Mk∗1k

∗
2 l̂2∥h∥k̂0 +MC1k

∗
1k

∗
2

+M2M1M [|ẑ|+Ml̂1∥wδ∥Q +MΨ∗

+Mk∗1ζ
∗ + nMk∗1(l̂2∥h∥+ C1) + nMk∗1k

∗
2(l̂2∥h∥+ C1)]

≤C∗ +M1MC2 := C3

≤C3.

Hence, A(h)(δ) ∈ k̂0.

Let r > 0 be such that

r ≥ M2M1M [|ẑ|+Ml̂1∥wδ∥Q+MΨ∗+Mk∗
1ζ

∗+nMC1k
∗
1 (1+k∗

2 )]+MC1k
∗
1+MC1k

∗
1k

∗
2

1−Ml̂2k∗
1 (1+k∗

1k
∗
2 )−γM2M1M2 l̂2k∗

1 (1+k∗
2 )

,

and σr be the closed ball in k̂0 centered at the origin and of radius z. Let z ∈ σr and
δ ∈ ℜ. Then,

|A(z)(δ)| ≤ Mk∗1 l̂2r+MC1k
∗
1 +Mk∗1k

∗
2 l̂2r+MC1k

∗
1k

∗
2

+M2M1M [|ẑ|+Ml̂1∥wδ∥Q + nMk∗1(l̂2r+ C1)

+MΨ∗ +Mk∗1ζ
∗ + nMk∗1k

∗
2(l̂2r+ C1)

Thus,

∥|A(z)(δ)∥k̂0 ≤ r,

then A(σr) ⊂ σr.

The proof can be given by following steps.

Step 1: As in the proofs of Theorem 3.5, we can prove that A(h)(δ) is continuous
and A(σr) is equicontinuous on any compact B = [0, b] of [0,+∞), for b > 0.
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Step 2: We show that A : σr → σr is a Meir-Keeler condensing operator.
For D ⊂ σr,A(D) is bounded. Then there exists a countable set D0 = {hγ}∞γ=1 ⊂ D.

Claim 1. Using the fact that A(σr) is equicontinuous and by the definition of
η∞0 (·), we get that η∞0 (D) ≤ η∞0 (AD) = 0. Then η∞0 (D) = 0.

Claim 2. We have

κ(A(D)(δ)) ≤ 8l̂2M

∫ δ

0

e−α(δ−s)k1(s)(1 + k∗2) sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds+ ϵ

+ 4Mk4

∫ δ

0

e−α(δ−s)k3(s)

× κ(
{∫ n

0

R(γ − δ)Ψ
(
s, zρ(s,zs),

∫ s

0

ζ(δ, s, zρ(θ,zθ))dθ
)
dδds

}∞
γ=0

)

≤ 8l̂2M

∫ δ

0

e−α(δ−s)k1(s)(1 + k∗2) sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds+ ϵ

+ 4Mk4

∫ δ

0

e−α(δ−s)k3(s)nMl̂2k1(s)(1 + 2k∗2) sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds

≤ 8l̂2M

∫ δ

0

e−α(δ−s)k1(s)(1 + k∗2) + k4k3(s)Mnk1(s)(1 + k∗2)

× sup
ϱ∈(−∞,0]

κ(D0(ϱ))ds.

Then,

κ(A(D)(δ)) ≤ 8Ml̂2k
∗
1(1 + k∗2) + k4k

∗
3Mnk∗1(1 + k∗2) sup

ϱ∈(−∞,0]

κ(D0(ϱ)) + ϵ.

We have

κ̄∞(A(D)) ≤ [8Ml̂2k
∗
1(1 + k∗2) + k4k

∗
3Mnk∗1(1 + k∗2)]κ̄∞(D).

Then, κ̄∞(A(D)) ≤ L1κ̄∞(D).

Claim 3. We have

|h(δ)− h∗(δ)|

≤ |
∫ δ

0

R(δ − s)Ψ
(
s, hρ(s,hs+ϑs) + ϑρ(s,hs+ϑs),∫ s

0

ζ(s, θ, hρ(s,hs+ϑs) + ϑρ(θ,hθ+ϑθ))dθ
)
ds

+

∫ δ

0

R(δ − s)Cuh+ϑ(s)ds−
∫ δ

0

R(δ − s)Ψ
(
s, h∗

ρ(s,h∗
s+ϑs)

+ ϑρ(s,h∗
s+ϑs),
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0

ζ(s, θ, h∗
ρ(s,h∗

s+ϑ
s
) + ϑρ(θ,h∗

θ+ϑθ))dθ
)
ds|

+

∫ δ

0

R(δ − s)Cuh∗+ϑ(s)ds

≤ M

∫ δ

0

e−α(δ−s)k1(s)l̂2|h(s)− h∗(s)|ds

+M

∫ δ

0

e−α(δ−s)k1(s)

∫ s

0

k2(θ)l̂2|h(θ)− h∗(θ)|dθds

+M1M2M

∫ δ

0

e−α(δ−s)nMk1(s)l̂2|h(s)− h∗(s)|ds

+M1M2M

∫ δ

0

e−α(δ−s)nMk1(s)

∫ s

0

k2(θ)l̂2|h(θ)− h∗(θ)|dθds.

We have c(AD) ≤ [Ml̂2k
∗
1(1 + k∗2)(1 +M1M2Mn)]c(D). Then, c(AD) ≤ L2c(D).

From claim 1,2 and 3 we deduce that

κ∗(A(D)) ≤ L3κ∗(D),

where L3 = max(L1, L2). So for a given ϵ > 0, let λ = 1−L3

L3
ϵ. We get that

ϵ ≤ κ∗(D) < ϵ+ λ ⇒ κ∗(A(D)) < ϵ.

That means A is a Meir-Keeler condensing operator, then using the Theorem 2.8 we
can say that the operator A has at least fixed point, so the operator Ξ : k → k has
a fixed point z(δ) = h(δ) + ϑ(δ) and the set of all fixed points of Ξ in k is compact,
which mean that the problem (1.2) is controllable.

6. Example

We consider the following partial integro-differential problem

∂

∂δ
h(δ, x) =

∂2

∂x2
h(δ, x) + a

∂

∂x
h(δ, x) + bh(δ, x)

+

∫ δ

0

Y (δ − s)

[
∂2

∂x2
(s, x) + a

∂

∂x
h(s, x) + bh(s, x)

]
+

e−αδ

21(δ2 + 2)

∫ −δ

−∞

sin(τ)e−∆(δ,τ)−α(δ−τ)

(δ + τ)2 + 1
dτ

+ e−αδ

21(δ2+2)

∫ δ

0

ln(1+e−δ)e−α(δ−s)

1+2δ2+s2

∫ −s

−∞

cos(∆(s,τ))e−∆(s,τ)−α(s−τ)

(s+τ)2+1 dτds,

x ∈ [0, 1], δ ∈ ℜ, (6.1)

h(δ, 0) = h(δ, 1), δ ∈ ℜ, (6.2)

h(δ, x) = ϕ(δ), δ ∈ (−∞, 0], x ∈ [0, 1], (6.3)
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where Y : ℜ → R is continuous, ∆ : ℜ × R → R a continuous function. Let ℑ =
L2(0, 1), and A is an operator induced on ℑ define as

Ah = h′′ + ah′ + bh, a, b ∈ R and, D(A) = H2(0, 1) ∩H1
0 (0, 1).

From [17] we know that A is the infinitesimal generator of analytic C0 semigroup
(Υ(δ))δ≥0 on ℑ. Since the semigroup generated by A is analytic, then it’s norm con-
tinuous for δ > 0. So the resolvent operator is operator-norm continuous for δ > 0.
We define the operator B : ℑ → ℑ as

B(δ)h = Y (δ)Ah, for δ ≥ 0.

We assume that there exist β > β1 > 1 such that Y (δ) < 1
β1
e−βδ, for all δ ≥ 0. Then,

we have M = 1, α = 1− 1
β1
.

Consider Q = BUC(R−,ℑ), the phase space of bounded uniformly continuous func-
tions endowed with the following norm

∥ϕ∥Q = sup
τ∈(−∞,0]

∥ϕ(τ)∥ℑ, ϕ ∈ Q,

and l̂2 = l̂3 = 1 let ρ(δ, h)(x) = ∆(δ, h(δ + τ, x)). See [24] for more details.

We have also

Ψ(δ, f, g) =
e−αδ

21(δ2 + 2)

∫ −δ

−∞

sin(τ)e−f(δ+τ,x)−α(δ−τ)

(δ + τ)2 + 1
dτ +

e−αδ

21(δ2 + 2)
g(δ, x),

ζ(δ, s, f) =
ln(1 + e−δ)e−α(δ−s)

1 + 2δ2 + s2

∫ −s

−∞

cos(f(s+ τ, x))e−f(s+τ,x)−α(s−τ)

(s+ τ)2 + 1
dτ,

and

k1 =
e−αδ

21(δ2 + 2)
, k2 = ln(2) = k∗2 , k

∗
1 =

1

42
.

The problem (1.1) in an abstract formulation of the problem (6.1)-(6.3). Since (EC1)−
(EC4), (ECϖ) are satisfied, and 8Ml̂2k

∗
1(1+k∗2) < 1, then the problem (6.1)-(6.3) has

at least one mild solution on k, which is uniformly locally attractive.
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Variational analysis of Kirchhoff equations in
Musielak-Orlicz-Zygmund spaces

Ahmed El Ouardani , Ahmed Aberqi and Mhamed Elmassoudi

Abstract. We study a class of nonlocal Kirchhoff problems with nonlinearities
exhibiting nonstandard growth. Using variational methods in Musielak-Orlicz-
Zygmund spaces, we prove the existence of nontrivial weak solutions. The analy-
sis uses generalized N -functions, Orlicz-Zygmund embeddings, pseudo-monotone
operators, and the Palais-Smale condition, which allow handling double-phase
and nonlocal Kirchhoff terms. The results extend classical variational methods
to settings with borderline and logarithmic growth.

Mathematics Subject Classification (2010): 35J60, 58J05.
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1. Introduction

The study of nonlocal Kirchhoff problems with Sobolev–Zygmund type growth is
motivated both by applications in nonlinear elasticity and composite materials, and
they also raise important mathematical questions related to borderline phenomena in
partial differential equations.

Kirchhoff-type nonlocal operators were first used to describe the vibration of
elastic strings and membranes. The classical model of Kirchhoff [17] leads to equations
of the form

−M
(∫

Ω

|∇u|p dx
)
∆pu = f(x, u),
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where the tension depends on the average deformation. Lions extended these ideas to
the PDE setting and motivated the study of nonlocal operators coupled with nonlinear
source terms.

At the same time, double-phase problems were introduced to model materials
with different behaviors in different regions. These problems have the form

div
(
|∇u|p−2∇u+ µ(x) |∇u|q−2∇u

)
,

where the coefficient µ(x) governs the transition between the p- and q-growth
phases. Important contributions in this area were given by Colombo and Mingione [9]
and Baroni–Colombo–Mingione [3].

In the last decade, researchers have studied double-phase and Kirchhoff-type
operators in generalized Orlicz and Musielak–Orlicz spaces frameworks. Fiscella and
Pinamonti [13] proved existence results for Kirchhoff problems in Orlicz spaces using
variational methods. Diening et al. [10], and Boccardo–Murat [6] analyzed critical
growth phenomena in Zygmund-Orlicz type spaces, where logarithmic perturbations
naturally arise.

More recently, special attention has been given to sources of Zygmund type

f(x, u) ∼ |u|q−2u log(e+ |u|),

which combine superlinear behavior with logarithmic modulation. Aberqi et al. [1]
studied double-phase obstacle problems with logarithmic convection, while Shen and
Squassina [22] obtained existence and multiplicity results for Kirchhoff and nonlocal
elliptic problems with logarithmic nonlinearities using critical point theory. Significant
studies in this field include those by Aberqi et al. [1, 2, 5, 11]. These works highlight
the crucial role of modular coercivity, monotonicity, and compactness recovery in
borderline regimes.

Motivated by these works, we study a nonlocal double-phase Kirchhoff problem
with logarithmic-type sources in Musielak–Orlicz–Zygmund spaces. Our main goal is
to prove the strong convergence of Palais–Smale sequences for the associated energy
functional.

This property ensures the existence of weak solutions and clarifies the inter-
action between the Kirchhoff term, the double-phase operator, and the logarithmic
source. Our approach relies on combining modular coercivity with strict monotonicity,
providing new insights into the borderline behavior of such equations.

The plan of the paper is as follows: In Section 2, we present the problem setting
and assumptions. In Section 3, we recall some well-known preliminary properties and
results on Orlicz-Zygmund Spaces. In Section 4, we introduce the Kirchhoff framework
and the critical Point theory. Finally, in Section 5, we state and prove the main result
of the paper (Theorem 5.1).

2. Problem setting and assumptions

We study a class of borderline double-phase problems with nonlocal effects and log-
arithmic convection in a bounded domain Ω ⊂ RN with smooth boundary. Our aim
is to establish the existence of weak solutions under general assumptions, including
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unbalanced growth and gradient-dependent nonlinearities. The model problem is to
find u : Ω → R satisfying

(P)

{
−K

( ∫
Ω
Φ(x, |∇u|) dx

)
div a(x,∇u) = g(x)|u|q−2u+ f(x, u), in Ω,

u = 0, on ∂Ω,
(2.1)

The ingredients of (2.1) are specified as follows.

• The generalized N -function is

Φ(x, t) =
1

p
tp
(
1 + log(e+ t)

)
, p > 1,

leading to the Orlicz–Zygmund space W 1
0LΦ(Ω) ≡W 1,p

0 logL(Ω).
• The Leray-Lions type operator a : Ω × RN → RN is monotone, coercive, and
continuous in the gradient variable. A typical model is

a(x,∇u) = |∇u|p−2
(
1 + log(e+ |∇u|) + |∇u|

p(e+|∇u|)

)
∇u.

• K : [0,∞) → (0,∞) is a Kirchhoff function (see Definition 4.1).

• There exists θ ∈ (1, p
∗

q ] with p∗ = Np
N−p and q < p∗. such that

tK(t) ≤ θK̂(t) for any t ∈ [0,∞), (2.2)

where

K̂(t) :=

∫ t

0

K(τ) dτ, t ≥ 0.

• The source term has the form

h(x, u) = g(x)|u|q−2u+ f(x, u),

with g ∈ L∞(Ω), ess infx∈Ω g(x) = g0 > 0 and f is a Carathéodory function.

Writing F (x, u) =

∫ u

0

f(x, t) dt, we assume

f (x, u) ≤ |u|q−2 log (e+ |u|) , (2.3)

and

0 < λF (x, u) ≤ uf(x, u) for |u| large, (2.4)

where the parameter λ satisfies (p+ 1)θ < λ < q.

Let X = W0 be the Orlicz–Zygmund space (see below).

Definition 2.1. A function u ∈ X is called a weak solution if it satisfies∫
Ω

K
(∫

Ω

Φ(x, |∇u|) dx
)
a(x,∇u) · ∇φdx =

∫
Ω

g(x)|u|q−2uφdx+

∫
Ω

f(x, u)φdx.
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Under these assumptions, the associated energy functional exhibits the
Mountain–Pass geometry and satisfies the Palais–Smale condition below a suitable
critical level. Therefore, existence of nontrivial weak solutions to (2.1) can be es-
tablished. Our framework extends the results of Tran–Nguyen [25] and El Ouardani
et al. [12] by incorporating logarithmic double-phase growth within Orlicz–Zygmund
spaces.

3. Orlicz-Zygmund spaces

3.1. Classical Orlicz spaces

To handle nonlinear PDEs with borderline or critical growth, one needs a refined
functional framework beyond classical Sobolev spaces. Orlicz and Orlicz–Zygmund
spaces naturally provide the tools to address coercivity, compactness, and critical
embeddings, as shown in classical works [8, 14, 7, 15, 18, 20, 21, 23] and in recent
studies [25, 12]. We now recall the basic properties of these spaces that will serve as
the foundation for our analysis.

Definition 3.1. A function A : [0,∞) → [0,∞) is an N -function if it is convex,
continuous, strictly increasing, A(0) = 0, A(t) > 0 for all t > 0, and

lim
t→0

A(t)

t
= 0, lim

t→∞

A(t)

t
= ∞.

Definition 3.2. The Orlicz space associated with A is

LA(Ω) :=
{
u : Ω → R measurable : ∃λ > 0, ϱA,Ω

(u
λ

)
<∞

}
,

where the modular functional is

ϱA,Ω(u) =

∫
Ω

A(|u(x)|)dx,

and the Luxemburg norm is defined by

∥u∥A := inf
{
λ > 0 :

∫
Ω

A
( |u(x)|

λ

)
dx ≤ 1

}
.

When A and its conjugate satisfy the ∆2-condition, the space L
A(Ω) is reflexive

[24, 15, 4].

3.2. Orlicz-Zygmund spaces

For problems with logarithmic perturbations of polynomial growth, Orlicz-Zygmund
spaces provide a natural setting. Let p ∈ (1,∞) and s > 0 and define

Hp
s(t) := tp logs(e+ t), t ≥ 0.

Definition 3.3. The Orlicz-Zygmund space associated with Hp is

LHp
s (Ω) :=

{
v ∈ L1(Ω) :

∫
Ω

|v|p logs(e+ |v|)dx <∞
}
,
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equipped with the Luxemburg norm

∥v∥
LHp

s (Ω)
:= inf

{
λ > 0 :

∫
Ω

|v|p

λp
logs

(
e+

|v|
λ

)
dx < 1

}
.

Remark 3.4. If Hp
s(t) = tp, we recover the classical Lp(Ω) space.

For convenience, the modular function is defined as

[v]
LHp

s (Ω)
:=
(∫

Ω

|v|p logs(e+ |v|/∥v∥p)dx
)1/p

.

Lemma 3.5 ([12]). For a ≥ 0, b, p, s ≥ 1, the following inequalities hold:

logs(e+ ab) ≤ 2s−1(logs(e+ a) + logs b), (3.1)

logs b ≤ (s/(ep))sbp. (3.2)

Proposition 3.6 ([12]). For all p ∈ [1,∞), s > 0, and q ∈ (p,∞), the embeddings

Lq(Ω) ⊂ LHp
s (Ω) ⊂ Lp(Ω),

hold. Moreover, the modular and norm satisfy

∥v∥
LHp

s (Ω)
≤ [v]

LHp
s (Ω)

≤ [2s + (2s/(ep))s]∥v∥
LHp

s (Ω)
.

3.3. Sobolev-Orlicz-Zygmund Spaces and Compact Embeddings

The Sobolev-Orlicz-Zygmund space is defined as

W 1,Hp
s (Ω) :=

{
u ∈ LHp

s (Ω) : Dβu ∈ LHp
s (Ω), |β| ≤ 1

}
,

with norm

∥v∥
W 1,Hp

s (Ω)
:= ∥v∥

LHp
s (Ω)

+ ∥∇v∥
LHp

s (Ω)
.

Denote W :=W 1,Hp
s (Ω), W0 :=W

1,Hp
s

0 (Ω), with ∥v∥W0 = ∥∇v∥
LHp

s (Ω)
.

Lemma 3.7. For all q ∈ (1, p∗), p∗ = np
n−p , the embedding W0 ↪→↪→ LHq

s(Ω) is compact.

Proof. For every Young function A and its complementary function A satisfying the
∆2-condition, we introduce the following Young function

An(t) =

∫ t

0

y
n+1
n

[
A

−1
(yn)

]−1

dy

where A
−1

n is the right-continuous generalized inverse function of An, defined by the
following formula:

An(t) =

∫ t

0

A(y)

y
n+1
n

dy

and

A
−1

n (t) = inf
{
y ≥ 0 : An(y) ≥ t

}
for t ≥ 0.

By Theorem 3 in [8], the Sobolev-Orlicz space

W 1,A
0 (Ω),
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embeds continuously into the corresponding Orlicz-Zygmund space

LÂn(Ω).

For any N-function B satisfying the ∆2-condition and B ≪ Ân, this embedding is
compact:

W 1,A
0 (Ω) ↪→ LB(Ω).

Applying this to the functions

A(t) = tp + tp log(e+ t) and B(t) = tq log(e+ t), q ∈ (1, p∗),

verifies that

W 1,G
0 (Ω) ↪→ L

Hp∗
p∗/p(Ω),

where G(t) = tp. The result follows directly from the general theory. □

In Orlicz-Zygmund spaces, for functions with a large norm (∥u∥W0
> 1), there

exists a constant C > 0 such that

Ψ(u) =

∫
Ω

1

p
|∇u|p(1 + log(e+ |∇un|)) dx ≥ C∥u∥pW0

, (3.3)

holds.
This inequality follows from the definition of the Luxemburg norm (see [21] for the
general modular-norm relationship in Musielak-Orlicz settings).

4. Kirchhoff framework and critical point theory

4.1. Kirchhoff function and operator

Kirchhoff-type models generalize classical diffusion equations by introducing a nonlo-
cal dependence on the gradient, encoded in a Kirchhoff function.

Definition 4.1. We assume that the Kirchhoff function K : [0,∞) → (0,∞) satisfies:

• K is continuous, strictly positive, and non-decreasing;
• there exist constants k0, k1 > 0 and α ≥ 0 such that

k0 ≤ K(s) ≤ k1(1 + sα), ∀s ≥ 0. (4.1)

A canonical example is K(s) = k0+k1s
α, which recovers the classical Kirchhoff-

type operator

−K
(∫

Ω

|∇u|2dx
)
∆u.

In the Musielak–Orlicz setting, the associated Kirchhoff operator is defined for
u ∈W 1

0LΦ(Ω) by

A(u) := −K
(∫

Ω

Φ(x, |∇u|) dx
)
div(a(x,∇u)),

where a(x, ξ) is of Leray-Lions type.
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Estimates for the primitive K̂

Proposition 4.2. Under Definition 4.1, for all s ≥ 0:

k0s ≤ K̂(s) ≤ k1

(
s+

sα+1

α+ 1

)
, (4.2)

s

2
K
(s
2

)
≤ K̂(s) ≤ sK(s). (4.3)

Corollary 4.3. We have

lim
s→∞

K̂(s) = +∞,

and the polynomial growth estimate

k0s ≤ K̂(s) ≤ C(1 + sα+1), ∀s ≥ 0,

for some constant C > 0 depending only on k1 and α.

Based on Definition 4.1, the following properties of the Kirchhoff function K

and its primitive K̂ follow immediately.

Scaling inequalities for K(tθ)

Proposition 4.4. For all t, θ ≥ 0, there exist constants C1, C2 > 0 depending only on
k0, k1, α such that:

k0 ≤ K(tθ) ≤ k1(1 + (tθ)α), (4.4)

K(tθ) ≤ C1(1 + tα)K(θ), (4.5)

K(tθ) ≥ K(θ), t ≥ 1. (4.6)

Scaling inequalities for K̂(tθ)

Proposition 4.5. Under Definition 4.1, for all t, θ ≥ 0 there exists a constant C > 0
depending only on k0, k1, α such that

t K̂(θ) ≤ K̂(tθ) ≤ C t (1 + tα)K̂(θ). (4.7)

Proof. Set τ = tσ so that dτ = t dσ. Then

K̂(tθ) =

∫ tθ

0

K(τ) dτ = t

∫ θ

0

K(tσ) dσ.

Since K is non-decreasing and K(σ) ≥ 0,

K(tσ) ≥ K(σ) =⇒ K̂(tθ) ≥ tK̂(θ).

Using Proposition 4.4, K(tσ) ≤ C(1 + tα)K(σ), hence

K̂(tθ) = t

∫ θ

0

K(tσ) dσ ≤ Ct(1 + tα)K̂(θ).

□
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4.2. Critical point theory

The Palais–Smale theorem is a foundational result in critical point theory. Establish-
ing the existence of critical points of a functional is a key step in variational methods
for PDEs, and the Palais–Smale condition ensures compactness of sequences that
might otherwise diverge.

Definition 4.6. (see [16])

• The derivative DJ(u) at u is the unique continuous linear operator from X to
R such that J(u+ h)− J(u)−DJ(u)h = o(∥h∥) as ∥h∥ → 0.

• u is a critical point if DJ(u) = 0; otherwise it is a regular point.
• If u is a critical point, c = J(u) is called a critical value.

Definition 4.7. A C1-functional J : X → R satisfies the Palais–Smale condition (PS)
if every sequence (un) in X with

J(un) bounded, J ′(un) → 0

has a convergent subsequence. Any such sequence is called a Palais–Smale sequence.

Lemma 4.8 ([16]). Let J ∈ C1(X,R) satisfy the PS condition, and let c be a regular
value. Then there exists a flow η ∈ C(R×X,X) satisfying properties (1)–(6) of [16].

4.3. Mountain pass theorem

Let

Γ = {φ ∈ C1([0, 1], X) : φ(0) = 0, φ(1) = u0}, c = inf
φ∈Γ

max
t∈[0,1]

J(φ(t)).

Theorem 4.9 (Mountain pass theorem, [16]). Let J ∈ C1(X,R) satisfy the PS condi-
tion. Assume:

1. J(0) = 0.
2. There exist R, δ > 0 such that J(u) ≥ δ if ∥u∥X = R.
3. There exists u with ∥u∥X > R such that J(u) ≤ 0.

Then c is a critical value of J , and c ≥ δ.

5. Main result

Equipped with the functional framework and preliminary results presented above,
we now prove the existence of weak solutions to problem (2.1) by employing the
variational approach based on the Palais–Smale condition.

Theorem 5.1. Under the above assumptions, there exists at least one nontrivial weak
solution u ∈W 1

0LΦ(Ω) of the Kirchhoff problem.

Proof. The proof of Theorem 5.1 is divided into several steps.
Solutions of problem (2.1) correspond to the critical points of the Euler–Lagrange
energy functional

J (u) = K̂

(∫
Ω

Φ(x, |∇u|) dx

)
−
∫
Ω

g(x)

q
|u|q dx−

∫
Ω

F (x, u) dx.
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Step 1:Verification of the Palais–Smale condition
We do not provide full proofs of compactness, coercivity, or weak lower semicontinuity.
We only verify that the essential structural properties are satisfied, which allows the
use of the Palais-Smale framework in this restricted setting. The key points are that
the functional J is of class C1 on X and that the nonnegativity of Φ gives J(0) = 0.

Moreover, according to (2.2) and for t ∈ [0, 1], we have, K̂(t) ≥ K̂(1)tθ, we obtain

J (u) = K̂ (Φ(x, |∇u|))−
∫
Ω

g (x)

q
|u|qdx−

∫
Ω

F (x, u) dx

≥ K̂(1) (Φ(x, |∇u|))θ − 1

q
∥g∥∞∥u∥qq

≥ K̂(1)

pθ
∥u∥pθW0

− 1

q
∥g∥∞∥u∥qq

≥ K̂(1)

pθ
∥u∥pθW0

− 1

q
∥g∥∞ [u]q

LHq
s (Ω)

≥ K̂(1)

pθ
∥u∥pθW0

− 1

q
∥g∥∞C∥u∥qW0

(from injection Lemma 3.7)

≥

(
K̂(1)

pθ
−
[
1

q
∥g∥∞C

]
∥u∥q−pθ

W0

)
∥u∥pθW0

. (5.1)

Therefore, for any u ∈ W0 with ∥u∥W0
= R ∈

(
0,min{1,

[
K̂(1)

pθ( 1
q ∥g∥∞C)

] 1
q−pθ }

)
.

We conclude that J (u) ≥ δ where δ =
(

K̂(1)
pθ −

[
1
q∥g∥∞C

]
Rq−pθ

)
Rpθ.

We choose, for u0 ∈ W0, ∥u0∥W0
> 1 and t sufficiently large, we obtain:

J (tu0) = K̂ (Φ(x, |∇tu0|))−
∫
Ω

g (x)

q
|tu0|qdx−

∫
Ω

F (x, u0) dx

≤ CK̂(1)tpθ∥u0∥pθW0
− g0

q
tq∥u0∥qq.

≤ tpθ
(
CK̂(1)∥u0∥pθW0

− g0
q
tq−pθ∥u0∥qq

)
.

(5.2)

Since 1 ≤ pθ < q, it is easy to see that J (tu0) → −∞ when t→ +∞.
Hence, we find t sufficiently large and ϵ > 0 such that

J (tu0) ≤ −ϵ < 0.

Step 2: Coercivity and monotonicity of the operator
Before establishing compactness results for Palais–Smale sequences, it is essential to
analyze the structural properties of the underlying nonlinear operator,

a(x, ξ) = g(|ξ|) ξ, g(r) = rp−2
(
1 + log(e+ r) +

r

p(e+ r)

)
,
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belongs to the class of radial, Leray–Lions type operators with logarithmic pertur-
bations, a setting naturally encountered in borderline double-phase problems. The
following proposition establishes precise coercivity and monotonicity inequalities.

Proposition 5.2. There exist constants C1 = 1
2 , C2 = 1

2 and C3 = 1, such that for all

ξ, η ∈ RN ,

(a(x, ξ)− a(x, η)) · (ξ − η) ≥ C1ψ(|ξ − η|), a(x, ξ) · ξ ≥ C2ϕ(|ξ|)− C3,

with

ψ(r) = rp(1 + log(e+ r)) + rp log(e+ r), ϕ(r) = rp(1 + log(e+ r)).

Proof. Define

h(r) := g(r)r = rp−1
(
1 + log(e+ r) +

r

p(e+ r)

)
, r ≥ 0.

Then

h′(r) = (p− 1)rp−2
(
1 + log(e+ r) +

r

p(e+ r)

)
+ rp−1

( 1

e+ r
+

e

p(e+ r)2

)
,

hence

h′(r) ≥ 1

2
rp−2(1 + log(e+ r)), ∀r ≥ 0.

Scalar monotonicity. For ξ, η ∈ R, by the mean value theorem,

(g(|ξ|)ξ − g(|η|)η)(ξ − η) = (h(ξ)− h(η))(ξ − η) = h′(θ)(ξ − η)2,

with θ between |ξ| and |η|.
Hence

(g(|ξ|)ξ − g(|η|)η)(ξ − η) ≥ 1

2
|ξ − η|p(1 + log(e+ |ξ − η|)).

Vectorial monotonicity. For ξ, η ∈ RN , the standard inequality for radial opera-
tors (see [19, 26]) implies

(a(x, ξ)− a(x, η)) · (ξ − η) ≥ C1ψ(|ξ − η|).
Coercivity.

a(x, ξ) · ξ = g(|ξ|)|ξ|2 = h(|ξ|) ≥ 1

2
ϕ(|ξ|)− 1, (5.3)

so that coercivity holds with C2 = 1
2 and C3 = 1. □

Remark 5.3. The constants C1 = 1
2 , C2 = 1

2 , and C3 = 1 are uniform, ensuring coer-
civity and strict monotonicity independently of ξ, η. For more details, see Lindqvist
[19] and Ziemer [26].

The coercivity and monotonicity properties established above provide the struc-
tural backbone of our operator. They ensure that the variational setting is well-posed
and allow us to invoke Minty’s lemma, a key tool to upgrade weak convergence into
strong convergence.

Lemma 5.4 (Minty Lemma). Let A : W0 → W∗
0 be strictly monotone and weakly

continuous. If un ⇀ u and lim supn→∞⟨A(un), un − u⟩ ≤ 0, then un → u strongly in
W0 and A(un) → A(u) in W∗

0.
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For a proof, see Minty [20] or Brézis [7].

5.1. Step 3: Strong convergence of Palais–Smale sequences

Proposition 5.5. Let {un} be a bounded Palais–Smale sequence for J . Then, up to a
subsequence,

un → u strongly in W0.

Proof. Assume, by contradiction, that ∥un∥W0
→ ∞.

Let Ψ(un) =
∫
Ω
Φ(x, |∇un|) dx, then

J(un)−
1

λ
⟨J ′(un), un⟩ =

[
K̂(Ψ(un))−

1

λ
K(Ψ(un))

∫
Ω

a(x,∇un) · ∇un dx
]

+

[
1

λ

∫
Ω

g(x)|un|q dx−
∫
Ω

g(x)

q
|un|q dx

]
+

[
1

λ

∫
Ω

f(x, un)un dx−
∫
Ω

F (x, un) dx

]
.

□

Using a(x,∇un) ·∇un ≤ (p+1)Φ(x, |∇un|) since |∇un|
e+|∇un| ≤ 1 and (2.4) we have

J(un)−
1

λ
⟨J ′(un), un⟩ ≥K̂(Ψ(un))−

p+ 1

λ
K(Ψ(un))Ψ(un) +

(
q − λ

λq

)∫
Ω

g(x)|un|q dx

≥(
1

θ
− p+ 1

λ
)K(Ψ(un))Ψ(un) +

(
q − λ

λq

)∫
Ω

g(x)|un|q dx.

Since (p+ 1)θ < λ < q and g ≥ 0, we have

J(un)− 1
λ ⟨J

′(un), un⟩ ≥ (
1

θ
− p+ 1

λ
)K(Ψ(un))Ψ(un),

and by (4.1) and (3.3), we deduce

J(un)− 1
λ ⟨J

′(un), un⟩ ≥ (
1

θ
− p+ 1

λ
)k0C∥un∥pW0

.

The right-hand side diverges to +∞, contradicting boundedness of J(un). Thus,
{un} is bounded in W0. On the other-hand, by reflexivity, there exists u ∈ W0 such

that (up to subsequence)

un ⇀ u in W0, un → u a.e. in Ω.

Now, Take φn = un − u in J ′(un), then

⟨J ′(un), φn⟩ = K(Ψ(un))

∫
Ω

a(x,∇un) · (∇un −∇u) dx− Tg − Tf ,

where

Tg =

∫
Ω

g(x)|un|q−2un(un − u) dx, Tf =

∫
Ω

f(x, un)(un − u) dx.
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By compactness W0 ↪→ Lq, we have Tg → 0. By dominated convergence (subcritical
growth of f), Tf → 0. Hence,

K(Ψ(un))

∫
Ω

a(x,∇un) · (∇un −∇u) dx→ 0.

That means that limn→∞⟨A(un), un−u⟩ = 0. Since un is bounded andK is continuous
and K ≥ k0 > 0. Thus,

In =

∫
Ω

a(x,∇un) · (∇un −∇u) dx→ 0. (5.4)

Using strict monotonicity (Proposition 5.2), we deduce∫
Ω

(a(x,∇un)− a(x,∇u)) · (∇un −∇u) dx ≥ C

∫
Ω

Φ(x, |∇un −∇u|) dx,∫
Ω

(a(x,∇un)− a(x,∇u)) · (∇un −∇u) dx = In −
∫
Ω

a(x,∇u) · (∇un −∇u) dx.

Since un ⇀ u in W0, the term
∫
Ω
a(x,∇u) · (∇un − ∇u) dx → 0 as n → ∞ by the

definition of weak convergence.
Combined with (5.4), we conclude that

lim
n→∞

∫
Ω

(a(x,∇un)− a(x,∇u)) · (∇un −∇u) dx = 0.

Hence, the Palais–Smale sequence {un} is bounded and converges strongly to a
critical point u of J . This establishes the existence of a weak solution in the Musielak–
Orlicz–Zygmund framework.

□
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Variable Exponents, Lecture Notes in Mathematics, Vol. 2017, Springer, Heidelberg,
2010. https://doi.org/10.1007/978-3-642-18363-8

[11] El Alami, B., Aberqi, A., Elmassoudi, M., Analysis of a singular double-phase equation
with homogeneous Choquard term, J. Math. Sci. (N.Y.), 2025, 1-10. https://doi.org/
10.1007/s10958-025-07756-7

[12] El Ouardani, A., Aberqi, A., Benslimane, O., Elmassoudi, M., Investigation into double-
phase elliptic problems with boundary conditions, incorporating a logarithmic convec-
tion term, J. Pseudo-Differ. Oper. Appl., 16(2025), 1–21. https://doi.org/10.1007/
s11868-024-00671-6

[13] Fiscella, A., Pinamonti, A., Existence and Multiplicity Results for Kirchhoff-Type Prob-
lems on a Double-Phase Setting, Mediterr. J. Math. 20(33)(2023). https://doi.org/
10.1007/s00009-022-02245-6

[14] Gossez, J. P., Some approximation properties in Orlicz-Sobolev spaces, No.
MRCTSR2126, 1980.

[15] Iwaniec, T., Verde, A., On the Operator L(f) = flog|f |, J. Funct. Anal., 169(1999),
391–420. https://doi.org/10.1006/jfan.1999.3443
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Low-regret control of a nonlinear parabolic prob-
lem with missing data

Biéliémi Lamien , Sadou Tao and Elisée Gouba

Abstract. In this paper, we study the optimal control of a nonlinear parabolic
problem with missing data. Using the concepts of no-regret control, low-regret
control and adapted low-regret control, we give a characterization of the con-
trol for ill-posed problems. More precisely, we study the control of a nonlinear
parabolic problem using a regularization approach that generates incomplete in-
formation. We obtain a singular optimality system characterizing the no-regret
control for the nonlinear parabolic problem.
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1. Introduction

Let Ω be a bounded open subset of Rn with a sufficiently smooth boundary Γ. Let
T > 0 and let Q = Ω× (0, T ) denote the space–time cylinder, with lateral boundary
Σ = Γ× (0, T ).
Consider the following Cauchy problem in Q:

∂z

∂t
−∆z − z3 = v in Q,

z(0) = 0 in Ω.
(1.1)

Let z ∈ L2(Q) denote the state of the system and v ∈ L2(Q) the control. The state
of the system is unknown on the boundary of the domain. Thus, problem (1.1) is a
problem with missing data. Due to the presence of the term z3 in (1.1), this problem is
generally unstable. In the case where a boundary condition is prescribed, the solution
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generally blows up at a time t0 < T [3, 4, 13]. This problem was studied by Lions in
[3], where he obtained a characterization of optimal pairs. Optimal control problems
for nonlinear distributed systems constitute an open and active field of research. Most
existing works focus on deriving necessary or sufficient first- or second-order optimality
conditions. Owing to the lack of obvious regularity of the state solution, the issues
of existence and characterization of optimal controls still require a detailed analysis.
The assumptions imposed on control problems are generally chosen so that a more or
less adapted standard method can be applied to establish the existence of solutions.
In the present work, we apply the low-regret control method introduced by Lions
in [6] to study the control of nonlinear distributed systems with missing data. We
then characterize the no-regret control of the problem with missing data through a
singular optimality system. The notion of no-regret control was introduced by Leonard
J. Savage [12]. Lions subsequently employed this concept in the context of optimal
control, motivated by numerous applications in economics and ecology [6]. Indeed,
he was the first to use both the low-regret and no-regret control concepts to control
distributed systems with missing data in various areas of applied mathematics [1, 5, 7].
For example, integrating a decision criterion into a closed and nonempty subspace of
uncertainties makes it possible to improve existing results and to extend the concept of
low-regret control to a framework involving multiple agents in economics [1]. Picart et
al. apply the concepts of no-regret and low-regret control to address problems related
to the control of nutrient absorption by roots in the rhizosphere (the area surrounding
the roots), considering two types of soil: healthy soil and polluted soil [9]. Nakoulima
et al. successfully characterize no-regret control for missing data problems in both
stationary and evolutionary cases through a singular optimality system [10, 11]. In this
article, we regularize problem (1.1) as a sequence of well-posed problems to study the
control problem using the low-regret method, which is particularly suited to problems
with missing data. We show that the no-regret control corresponds to the limit of the
low-regret control as the disturbance parameter tends to zero. The rest of the article is
organized as follows: in Section 2, we present the regularization and control problem.
In Section 3, we characterize low-regret and no-regret control via singular optimality
systems.

2. Regularization and control problem

2.1. Regularization of the ill-posed problem

In this section, we regularize problem (1.1) following the work of Lions [2, 3] on the
regularization of problems with missing data. Thus, for all ε > 0 and for all g ∈ L2(Σ),
we consider the following regularized problem:

∂zε
∂t

−∆zε − z3ε + εz5ε = v in Q,

zε(0) = 0 in Ω,

zε = εg on Σ.

(2.1)

Let G be a nonempty, closed vector subspace of L2(Σ), equipped with the L2(Σ) norm.
The function g ranges over the set G and may represent pollution or a disturbance.
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Remark 2.1. For any fixed ε > 0 and g ∈ L2(Σ), the system (2.1) has a unique
solution [2].

2.2. Cost function and control problem

2.2.1. Analysis of cost function and no-regret control case. Let zε := zε(v, g) denote
the state of system (2.1). For all v ∈ L2(Q) and g ∈ L2(Σ), we associate the following
cost function:

Jε(v, g) =
1

2

∥∥zε(v, g)− zd
∥∥2
L2(Q)

+
N

2

∥∥v∥∥2
L2(Q)

. (2.2)

Here, N > 0 and zd ∈ L2(Q) denotes the desired state.

Definition 2.2. We say that u ∈ L2(Q) is a no-regret control for problem (1.1) if u is
a solution of the following problem:

inf
v ∈ L2(Q)

[
sup

g ∈ L2(Σ)

(Jε(v, g)− Jε(0, g)

]
. (2.3)

Remark 2.3. To make the nonlinear problem amenable to analysis, we consider the
standard definition of no-regret control associated with a linearized cost functional,
and then study the corresponding no-regret control problem.

The concepts of no-regret control and low-regret control, introduced by Lions in
[6], rely on the decomposition of the solution of (2.1) in the form zε(v, g) = zε(v, 0)+
zε(0, g)− zε(0, 0) where zε(v, 0) is the solution of (2.1) with g = 0 and zε(0, g) is the
solution of (2.1) with v = 0. This decomposition is no longer valid in our case because
the mapping (v, g) 7→ zε(v, g) from L2(Q) × L2(Σ) to L2(Q) is nonlinear. For this
nonlinear case, we exploit the regularity of the solution of (2.1) and replace the cost
function defined in (2.2) by its linear form with respect to g. Thus, following [8], we
consider the new cost function given by:

J1ε(v, g) = Jε(v, 0) +
∂Jε
∂g

(v, 0)(g). (2.4)

Hence, we consider the following new optimization problem:

inf
v ∈ L2(Q)

[
sup

g ∈ L2(Σ)

(J1ε(v, g)− J1ε(0, g))

]
. (2.5)

The solution of (2.5) if exists, is called no-regret control for the nonlinear problem.
Then, we have the following proposition.

Proposition 2.4. For all (v, g) ∈ L2(Q)× L2(Σ), we have the following equality:

J1ε(v, g)− J1ε(0, g) = Jε(v, 0)− Jε(0, 0) +

〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
−
〈
zε(0, 0)− zd,

∂zε
∂g

(0, 0)(g)

〉
, (2.6)

where Jε is the cost function defined in (2.2).
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Proof. The mapping (v, g) 7→ zε(v, g) is differentiable with respect to g in L2(Σ).
Thus, the first-order (linear) expansion of zε at the point (v, 0) along the direction of
g is:

∂zε
∂g

(v, 0)(g) = lim
λ→0

zε(v, λg)− zε(v, 0)

λ
.

We have :

Jε(v, λg) = Jε(v, 0) +
1

2

∥∥zε(v, λg)− zε(v, 0)
∥∥2
L2(Q)

+ ⟨zε(v, 0)− zd, zε(v, λg)− zε(v, 0)⟩ .

Therefore,

lim
λ→0

Jε(v, λg)− Jε(v, 0)

λ
=

〈
zε(v, 0)− zd, lim

λ→0

zε(v, λg)− zε(v, 0)

λ

〉
+ lim

λ→0

λ

2

∥∥∥∥zε(v, λg)− zε(v, 0)

λ

∥∥∥∥2
L2(Q)

=

〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
=

∂Jε
∂g

(v, 0)(g). (2.7)

By substituting (2.7) into (2.5), we obtain:

J1ε(v, g) = Jε(v, 0) +

〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
. (2.8)

By substituting v = 0 into (2.8), we obtain:

J1ε(0, g) = Jε(0, 0) +

〈
zε(0, 0)− zd,

∂zε
∂g

(0, 0)(g)

〉
. (2.9)

Consequently,

J1ε(v, g)− J1ε(0, g) = Jε(v, 0)− Jε(0, 0) +

〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
−
〈
zε(0, 0)− zd,

∂zε
∂g

(0, 0)(g)

〉
.

□

In what follows, we use the propositions below to estimate the terms〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
and

〈
zε(0, 0)− zd,

∂zε
∂g

(0, 0)(g)

〉
in (2.6).
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Proposition 2.5. The partial derivative
∂zε
∂g

:=
∂zε
∂g

(v, 0)(g) = lim
λ→0

zε(v, λg)− zε(v, 0)

λ
is the solution of the following problem:

∂

∂t

(
∂zε
∂g

)
−∆

(
∂zε
∂g

)
− 3z2ε(v, 0)

∂zε
∂g

+ 5εz4ε(v, 0)
∂zε
∂g

= 0 in Q,

∂zε
∂g

(v, 0)(g)

∣∣∣∣
t=0

= 0 in Ω,

∂zε
∂g

(v, 0)(g) = εg on Σ.

(2.10)

Proof. Let us show that
∂zε
∂g

(v, 0)(g) is a solution of (2.10).

• For the condition in Q, we have:

∂

∂t

(
∂zε
∂g

)
−∆

(
∂zε
∂g

)
− 3z2ε

∂zε
∂g

+ 5εz4ε
∂zε
∂g

=
∂

∂g

(
∂zε
∂t

−∆zε − z3ε + εz5ε

)
= 0 in Q.

Indeed,

∂zε
∂t

(v, g)−∆zε(v, g)− z3ε(v, g) + εz5ε(v, g) = v in Q

• For the initial condition in Ω, we have :
∂zε
∂g

(v, 0)(g)

∣∣∣∣
t=0

= lim
λ→0

zε(v, λg)|t=0 − zε(v, 0)|t=0

λ
= 0 because zε(v, g)|t=0 = 0

in Ω.

• For the boundary condition on Σ, we have :
∂zε
∂g

(v, 0)(g) = lim
λ→0

zε(v, λg)− zε(v, 0)

λ
= lim

λ→0

λεg − 0

λ
= εg on Σ.

□

Proposition 2.6. The partial derivative
∂zε
∂g

:=
∂zε
∂g

(0, 0)(g) = lim
λ→0

zε(0, λg)− zε(0, 0)

λ
is the solution of the following problem :

∂

∂t

(
∂zε
∂g

)
−∆

(
∂zε
∂g

)
− 3z2ε(0, 0)

∂zε
∂g

+ 5εz4ε(0, 0)
∂zε
∂g

= 0 in Q,

∂zε
∂g

∣∣∣∣
t=0

= 0 in Ω,

∂zε
∂g

(0, 0)(g) = εg on Σ.

(2.11)

Remark 2.7. The proof of Proposition 2.6 is carried out in the same way as that of
Proposition 2.5.

Now we have the following lemma:
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Lemma 2.8. For all v ∈ L2(Q) and for all g ∈ L2 (Σ), we have:

J1ε(v, g)− J1ε(0, g) = Jε(v, 0)− Jε(0, 0) +

〈
∂S

∂ν
(v), εg

〉
L2(Σ)

, (2.12)

with S(v) = ζε(v)− ζε(0) and ζε(v) = ζε(x, t, v) the solution of the following system:
−∂ζε

∂t
(v)−∆ζε(v)− 3z2ε(v, 0)ζε(v) + 5εz4ε(v, 0)ζε(v) = −zε(v, 0) + zd in Q,

ζε(T, v) = 0 in Ω,

ζε(v) = 0 on Σ.

(2.13)

Proof. We multiply the first equation of (2.13) by
∂zε
∂g

(v, 0)(g). By integrating by

parts and using the boundary conditions, ζε(T, v) = 0 and
∂zε
∂g

(v, 0)(g)

∣∣∣∣
t=0

= 0 in Ω,

we obtain that:〈
−∂ζε

∂t
(v),

∂zε
∂g

(v, 0)(g)

〉
L2(Q)

=

〈
∂

∂t

(
∂zε
∂g

(v, 0)(g)

)
, ζε(v)

〉
L2(Q)

.

Using the conditions ζε(v) = 0 and
∂zε
∂g

(v, 0)(g) = εg on Σ and by applying Green’s

formula, we have:〈
−∆ζε(v),

∂zε
∂g

(v, 0)(g)

〉
L2(Q)

=

〈
∂

∂g
(−∆zε(v, 0))(g), ζε(v)

〉
L2(Q)

−
〈
∂ζε
∂ν

(v), εg

〉
L2(Σ)

.

Therefore:〈
−(zε(v, 0)− zd),

∂zε
∂g

(v, 0)(g)

〉
L2(Q)

= −
〈
∂ζε
∂ν

(v), εg

〉
L2(Σ)

.

Indeed,

∂

∂t

(
∂zε
∂g

(v, 0)(g)

)
−∆

(
∂zε
∂g

(v, 0)(g)

)
− 3z2ε(v, 0)

∂zε
∂g

(v, 0)(g)

+ 5εz4ε(v, 0)
∂zε
∂g

(v, 0)(g) = 0 in Q.

It follows that :〈
zε(v, 0)− zd,

∂zε
∂g

(v, 0)(g)

〉
L2(Q)

=

〈
∂ζε
∂ν

(v), εg

〉
L2(Σ)

. (2.14)

For v = 0, the system (2.13) becomes:
−∂ζε

∂t
(0)−∆ζε(0)− 3z2ε(0, 0)ζε(0) + 5εz4ε(0, 0)ζε(0) = −zε(0, 0) + zd in Q,

ζε(T, 0) = 0 in Ω,

ζε(0) = 0 on Σ.

(2.15)
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By multiplying the first equation of (2.15) by
∂zε
∂g

(0, 0)(g) and then applying the

previous techniques, we obtain:〈
−(zε(0, 0)− zd),

∂zε
∂g

(0, 0)

〉
L2(Q)

= −
〈
∂ζε
∂ν

(0), εg

〉
L2(Σ)

. (2.16)

By substituting (2.14) and (2.16) into the equation (2.6) of the Proposition 2.4, we
obtain:

J1ε(v, g)− J1ε(0, g) = Jε(v, 0)− Jε(0, 0) +

〈
∂S

∂ν
(v), εg

〉
L2(Σ)

,

with S(v)= ζε(v)− ζε(0). □

Remark 2.9. Using the previous result, we obtain:

sup
g ∈ L2(Σ)

(J1ε(v, g)− J1ε(0, g)) = Jε(v, 0)− Jε(0, 0) + sup
g ∈ L2(Σ)

〈
∂S

∂ν
(v), εg

〉
, (2.17)

with sup
g ∈ L2(Σ)

(〈
∂S

∂ν
(v), εg

〉
L2(Σ)

)
=


+∞ if

〈
∂S

∂ν
(v), εg

〉
L2(Σ)

̸= 0,

0 if
∂S

∂ν
(v) = 0.

The result of sup
g ∈ L2(Σ)

(〈
∂S

∂ν
(v), εg

〉
L2(Σ)

)
does not allow us to characterize the

no-regret control of the following problem:

inf
v ∈ L2(Q)

[
sup

g ∈ L2(Σ)

(J1ε(v, g)− J1ε(0, g))

]
. (2.18)

To make sense of problem (2.18), we consider the set E1 defined by:

E1 =

{
v ∈ L2(Q),

〈
∂S

∂ν
(v), εg

〉
L2(Σ)

= 0, ∀g ∈ L2 (Σ)

}
.

In what follows, we use the notion of low-regret control to seek a control in the
set E1.

2.2.2. Low-regret control.
In this subsection, we focus on the low-regret problem, which depends on the distur-
bance g and its norm. This problem is obtained by relaxing problem (2.18). We then
consider the following definition:

Definition 2.10. Let γ > 0 be a fixed number representing the relaxation parameter.
Then, problem (2.18) becomes:

inf
v ∈ L2(Q)

[
sup

g ∈ L2(Σ)

(
J1ε(v, g)− J1ε(0, g)− γ

∥∥g∥∥2
L2(Σ)

)]
. (2.19)

The solution of (2.19), if it exists, is called low-regret control.
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Lemma 2.11. We consider the function Jε defined in (2.2). Thus, for all v ∈ L2(Q),
the problem (2.19) becomes:

inf
v ∈ L2(Q)

[
Jε(v, 0)− Jε(0, 0) +

ε2

4γ

∥∥∥∥ ∂S

∂ν

∥∥∥∥2
L2(Σ)

]
. (2.20)

Proof. Using the result of Lemma 2.8, we have:

sup
g ∈ L2(Σ)

(
J1ε(v, g)− J1ε(0, g)− γ

∥∥g∥∥2
L2(Σ)

)
= Jε(v, 0)− Jε(0, 0)

−γ

2

∥∥g∥∥2
L2(Σ)

+ sup
g ∈ L2(Σ)

〈
∂S

∂ν
(v), εg

〉
L2(Σ)

. (2.21)

According to the Fenchel transformation, we have:

2 sup
g ∈ L2(Σ)

(〈
1

2

∂S

∂ν
(v), εg

〉
L2(Σ)

− γ

2

∥∥g∥∥2
L2(Σ)

)
=

ε2

2γ

∥∥∥∥∂S∂ν (v)
∥∥∥∥2
L2(Σ)

− ε2

4γ

∥∥∥∥∂S∂ν (v)
∥∥∥∥2
L2(Σ)

=
ε2

4γ

∥∥∥∥∂S∂ν (v)
∥∥∥∥2
L2(Σ)

.

Thus, the problem (2.19) becomes :

inf
v ∈ L2(Q)

J γ
ε (v) (2.22)

with J γ
ε (v) = Jε(v, 0)− Jε(0, 0) +

ε2

4γ

∥∥∥∥ ∂S

∂ν
(v)

∥∥∥∥2
L2(Σ)

. □

Now we reformulate the problem (2.19) as follows:
For all γ > 0, find uγ

ε ∈ L2(Q) such that :

J γ
ε (uγ

ε ) = inf
v ∈ L2(Q)

J γ
ε (v).

(2.23)

Problem (2.23) is a low-regret problem and its solution is called low-regret control.

Remark 2.12. In contrast to the linear case, the function Jγ
ε is not convex. So we don’t

necessarily have uniqueness of uγ
ε . Moreover, we are not convinced that uγ

ε converges
in E1.Then, we will adapt the function Jγ

ε like J.L. Lions [6] by using a regularization
method for finding the low-regret control related to the problem.

2.3. Adapted low-regret control.

Since the function Jγ
ε is not convex, we define a new function to study the control

problem. We are therefore interested in finding a solution to the following minimiza-
tion problem:

inf
v ∈ L2(Q)

J γ
εa(v) (2.24)
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with J γ
εa(v) = Jε(v, 0) − Jε(0, 0) +

1

2

∥∥v − ũ
∥∥2
L2(Q)

+
ε2

4γ

∥∥∥∥∂S∂ν (v)
∥∥∥∥2
L2(Σ)

, where ũ ∈

L2(Q) is the no-regret control. The control solution uγ
ε of problem (2.24) is called the

adapted low-regret control.

2.3.1. Existence of adapted low-regret control. In this section, we establish the exis-
tence of the adapted low-regret control, inspired by the work of T. Thomas et al. in
[14, 15]. We consider the following proposition:

Proposition 2.13. There exists at least one solution uγ
ε ∈ L2(Q), called the adapted

low-regret control, for the optimal control problem (2.24).

Proof. According to the definition of J γ
εa, for all v ∈ L2(Q), we have: J γ

εa(v) ⩾

−Jε(0, 0) ⇔ −Jε(0, 0) ⩽ Jε(v, 0) − Jε(0, 0) +
1

2

∥∥v − ũ
∥∥2
L2(Q)

+
ε2

4γ

∥∥∥∥∂S∂ν (v)
∥∥∥∥2
L2(Σ)

.

Let us consider the nonempty set E2 =
{
v ∈ L2(Q), J γ

εa(v) ⩾ −Jε(0, 0)
}
. Indeed, by

taking v = 0, we have: J γ
εa(0) =

1

2

∥∥ũ∥∥2
L2(Q)

⩾ −Jε(0, 0). Thus, there exists a real

constant C, which depends on ε and γ, such that C(ε, γ) = inf
v ∈ L2(Q)

J γ
εa(v). Indeed, we

consider a minimizing sequence (vn)n∈N = (vn(ε, γ))n∈N that converges to dγε . Then,
dγε = lim

n→+∞
J γ
εa(vn).

−Jε(0, 0) ⩽
1

2

∥∥zε(vn, 0)− zd
∥∥2
L2(Q)

+
N

2

∥∥vn∥∥2L2(Q)
− 1

2

∥∥zε(0, 0)− zd
∥∥2
L2(Q)

+
1

2

∥∥vn − ũ
∥∥2
L2(Q)

+
ε2

4γ

∥∥∥∥∂S∂ν (vn)
∥∥∥∥2
L2(Σ)

⩽ dγε + 1.

We deduce the following inequalities, which show that the sequences are bounded.

∥∥∥vn∥∥∥
L2(Q)

⩽ C1(ε, γ),∥∥∥zε(vn, 0)− zd

∥∥∥
L2(Q)

⩽ C2(ε, γ),

ε
√
γ

∥∥∥∥∂S∂ν (vn)
∥∥∥∥2
L2(Σ)

⩽ C3(ε, γ).

Here, Ci(ε, γ), for i ∈ 1, 2, 3, are constants independent of n. Therefore, we can extract
a subsequence, still denoted by (vn)n ∈ N, such that vn(ε, γ) ⇀ uγ

ε in L2(Q). □

In order to characterize low-regret control, we consider the following proposi-
tions:



316 Biéliémi Lamien, Sadou Tao and Elisée Gouba

Proposition 2.14. For all w ∈ L2(Q), the partial derivative
∂zγε
∂v

(v, 0)(w) =

lim
λ→0

zε(v + λw, 0)− zε(v.0)

λ
be the solution of the following problem:

∂

∂t

(
∂zγε
∂v

)
−∆

(
∂zγε
∂v

)
− 3z2ε

∂zγε
∂v

+ 5εz4ε
∂zγε
∂v

= w in Q,

∂zγε
∂v

(v, 0)(w)

∣∣∣∣
t=0

= 0 in Ω,

∂zγε
∂v

(v, 0)(w) = 0 on Σ.

(2.25)

Proof. Let us show that
∂zγε
∂v

(v, 0)(w) is a solution of (2.25). ∀ w ∈ L2(Q) and

∀ λ ∈ R,
∂zγε
∂v

(v, 0) = lim
λ→0

zε(v + λw, 0)− zε(v, 0)

λ

• For the condition in Q, on the one hand, we have:
∂zγε
∂t

−∆(zγε )−(zγε )
3+ε(zγε )

5 =
v

=⇒ ∂

∂v

(
∂zγε
∂t

−∆(zγε )− (zγε )
3 + ε(zγε )

5

)
(v, 0)(w) = lim

λ→0

v + λw − v

λ

= w in Q.

On the other hand, we have:

∂

∂v

(
∂zγε
∂t

−∆(zγε )− (zγε )
3 + ε(zγε )

5

)
(v, 0)(w) =

∂

∂t

(
∂zγε
∂v

(v, 0)(w)

)
−∆

(
∂zγε
∂v

(v, 0)(w)

)
− 3(zγε )

2(v, 0)
∂zγε
∂v

(v, 0)(w) + 5ε(zγε )
4(v, 0)

∂zγε
∂v

(v, 0)(w).

• For the initial condition in Ω.
∂zγε
∂v

(v, 0)(w)

∣∣∣∣
t=0

= lim
λ→0

zε(v + λw, 0)|t=0 − zε(v, 0)|t=0

λ
= 0 in Ω.

• For the condition on Σ.
∂zγε
∂v

(v, 0)(w) = lim
λ→0

zε(v + λw, 0)− zε(v, 0)

λ
= 0 on Σ.

□

Proposition 2.15. For all w ∈ L2(Q), the partial derivative
∂ζγε
∂v

(v)(w) =

lim
λ→0

ζε(v + λw)− ζε(v)

λ
is the solution of the following problem:

− ∂

∂t

(
∂ζγε
∂v

)
−∆

(
∂ζγε
∂v

)
− 3z2ε

∂ζγε
∂v

+ 5εz4ε
∂ζγε
∂v

= −∂zγε
∂v

(v, 0)(w) in Q,

∂ζγε
∂v

(v)(w)

∣∣∣∣
t=T

= 0 in Ω,

∂ζγε
∂v

(v)(w) = 0 on Σ.

(2.26)
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Proof. Let us show that
∂ζγε
∂v

(v)(w) is a solution of problem (2.26).

• For the condition in Q, we have :

− ∂

∂t

(
∂ζγε
∂v

(v)(w)

)
−∆

(
∂ζγε
∂v

(v)(w)

)
− 3z2ε

∂ζγε
∂v

(v)(w) + 5εz4ε
∂ζγε
∂v

(v)(w)

= lim
λ→0

 ∂ζε
∂t

(v + λw)−∆ζε(v + λw)− 3z2εζε(v + λw) + 5εz4εζε(v + λw)

λ


− lim

λ→0

 ∂ζε
∂t

(v, 0)−∆ζε(v, 0)− 3z2εζε(v, 0) + 5εz4εζε(v
γ , 0)

λ


= lim

λ→0

−(zε(v + λw, 0)− zd) + zε(v, 0)− zd
λ

according to (2.13)

= − lim
λ→0

zε(v + λw, 0)− zε(v, 0)

λ

= −∂zγε
∂v

(v, 0)(w) in Q,

• For the condition in Ω, we have:
∂ζγε
∂v

(v)(w)

∣∣∣∣
t=T

= lim
λ→0

ζε(v + λw)|t=T − ζε(v)|t=T

λ
= 0 because ζε(v)|t=T =

0 in Ω.

• For the condition on Σ, we have:
∂ζγε
∂v

(v)(w) = lim
λ→0

ζε(v + λw)− ζε(v)

λ
= 0 because ζε(v) = 0 on Σ.

□

In the following, we provide the characterization of the adapted low-regret con-
trol.
2.3.2. Characterization of adapted low-regret control.
This characterization is given by the following proposition:

Proposition 2.16. The adapted low-regret control uγ
ε solution of (2.24) is characterized

by {ζγε , zγε , ργε , pγε} the unique solution of:
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


−∂ζγε

∂t
−∆ζγε − 3(zγε )

2ζγε + 5ε(zγε )
4ζγε = −(zγε − zd) in Q,

ζγε (T, u
γ
ε ) = 0 in Ω,

ζγε = 0 on Σ.

(2.27)


∂zγε
∂t

−∆zγε − (zγε )
3 + ε(zγε )

5 = uγ
ε in Q,

zγε (0) = 0 in Ω,

zγε = 0 on Σ.

(2.28)


∂ργε
∂t

−∆ργε − 3(zγε )
2ργε + 5ε(zγε )

4ργε = 0 in Q,

ργε (0) = 0 in Ω,

ργε = − ε2

2γ

∂Sγ
ε

∂ν
on Σ.

(2.29)


−∂pγε

∂t
−∆pγε − 3(zγε )

2pγε + 5ε(zγε )
4pγε = zγε − zd − ργε in Q,

pγε (T, u
γ
ε ) = 0 in Ω,

pγε = 0 on Σ.

(2.30)

pγε + (N + 1)uγ
ε = ũ in L2(Q), where zγε := zε(u

γ
ε , 0). (2.31)

Proof. The Euler-Lagrange condition on Jγ
εa, for all w ∈ L2(Q), is given by:

lim
λ→0

J γ
εa(u

γ
ε + λw)− J γ

εa(u
γ
ε )

λ
=

〈
∂zε
∂v

(uγ
ε , 0)(w), zε(u

γ
ε , 0)− zd

〉
L2(Q)

+ ⟨Nuγ
ε + uγ

ε − ũ, w⟩L2(Q) +
ε2

2γ

〈
∂

∂ν

(
∂ζε
∂v

(uγ
ε )(w)

)
,
∂S

∂ν
(uγ

ε )

〉
L2(Σ)

⩾ 0. (2.32)

Indeed, for all λ ∈ R and for all w ∈ L2(Q), we have:

J γ
εa(u

γ
ε + λw)− J γ

εa(u
γ
ε )

λ
=

λ

2

∥∥∥∥zε(uγ
ε + λw, 0)− zε(u

γ
ε , 0)

λ

∥∥∥∥2
L2(Q)

+
λ

2
(N + 1)

∥∥w∥∥2
L2(Q)

+

〈
zε(u

γ
ε + λw, 0)− zε(u

γ
ε , 0)

λ
, zε(u

γ
ε , 0)− zd

〉
L2(Q)

+ N ⟨uγ
ε , w⟩L2(Q) + ⟨uγ

ε − ũ, w⟩L2(Q) +
ε2λ

4γ

∥∥∥∥∥ ∂S∂ν (uγ
ε + λw)− ∂S

∂ν
(uγ

ε )

λ

∥∥∥∥∥
2

L2(Σ)

+
ε2

2γ

〈 ∂S

∂ν
(uγ

ε + λw)− ∂S

∂ν
(uγ

ε )

λ
,
∂S

∂ν
(uγ

ε )

〉
L2(Σ)

.
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By passing to the limit, we obtain:

lim
λ→0

J γ
εa(u

γ
ε + λw)− J γ

εa(u
γ
ε )

λ
=

〈
∂zε
∂v

(uγ
ε , 0)(w), zε(u

γ
ε , 0)− zd

〉
L2(Q)

+ ⟨Nuγ
ε + uγ

ε − ũ, w⟩L2(Q) +
ε2

2γ

〈
∂

∂ν

(
∂ζε
∂v

(uγ
ε )(w)

)
,
∂S

∂ν
(uγ

ε )

〉
L2(Σ)

.

Indeed, we have:
lim
λ→0

zε(u
γ
ε + λw, 0)− zε(u

γ
ε , 0)

λ
=

∂zγε
∂v

(uγ
ε , 0)(w),

lim
λ→0

S(uγ
ε + λw)− S(uγ

ε )

λ
= lim

λ→0

ζε(u
γ
ε + λw)− ζε(u

γ
ε )

λ
=

∂ζγε
∂v

(uγ
ε )(w).

In addition, the terms

∥∥∥∥∂zγε∂v

∥∥∥∥2
L2(Q)

and

∥∥∥∥∂ζγε∂v

∥∥∥∥2
L2(Σ)

are bounded and tend to zero

when λ tends to zero.

By multiplying the first equation of (2.29) by
∂ζε
∂v

(uγ
ε )(w) we have:〈

∂ργε
∂t

−∆ργε − 3(zγε )
2ργε + 5ε(zγε )

4ργε ,
∂ζε
∂v

(uγ
ε )(w)

〉
L2(Q)

= 0 ⇔
〈
∂ργε
∂t

,
∂ζε
∂v

(uγ
ε )(w))

〉
+

〈
−∆ργε ,

∂ζε
∂v

(uγ
ε )(w)

〉
+

〈
−3(zγε )

2ργε ,
∂ζε
∂v

(uγ
ε )(w)

〉
+

〈
5(zγε )

4ργε ,
∂ζε
∂v

(uγ
ε )(w)

〉
= 0

By integrating twice by parts, we obtain:〈
∂ργε
∂t

,
∂ζε
∂v

(uγ
ε )(w)

〉
L2(Q)

=

〈
− ∂

∂t

(
∂ζε
∂v

(uγ
ε )(w)

)
, ργε

〉
L2(Q)

.

By applying Green’s formula, we obtain :〈
−∆ργε ,

∂ζε
∂v

(uγ
ε )(w)

〉
L2(Q)

=

〈
−∆

(
∂ζε
∂v

(uγ
ε )(w)

)
, ργε

〉
L2(Q)

− ε2

2γ

〈
∂

∂ν

(
∂ζε
∂v

(uγ
ε )(w)

)
,
∂Sγ

ε

∂ν

〉
L2(Σ)

.

It follows that :

ε2

2γ

〈
∂

∂ν

(
∂ζε
∂v

(uγ
ε )(w)

)
,
∂Sγ

ε

∂ν

〉
L2(Σ)

=

〈
∂zε
∂v

(uγ
ε , 0)(w),−ργε

〉
L2(Q)

.

The Euler-Lagrange condition becomes : ∀ w ∈ L2(Q),〈
∂zε
∂v

(uγ
ε , 0), zε(u

γ
ε , 0)(w)− zd − ργε

〉
L2(Q)

+ ⟨Nuγ
ε + uγ

ε − ũ, w⟩L2(Q) ⩾ 0. (2.33)
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By multiplying the first equation of (2.30) by
∂zε
∂v

(uγ
ε , 0)(w), we have:〈

−∂pγε
∂t

−∆pγε − 3(zγε )
2pγε + 5ε(zγε )

4pγε ,
∂zε
∂v

(uγ
ε , 0)(w)

〉
L2(Q)

=

〈
zγε − zd − ργε ,

∂zε
∂v

(uγ
ε , 0)(w)

〉
.

By integrating twice by parts, we obtain:〈
−∂pγε

∂t
,
∂zε
∂v

(uγ
ε , 0)(w)

〉
L2(Q)

=

〈
∂

∂t

(
∂zε
∂v

(uγ
ε , 0)(w)

)
, pγε

〉
L2(Q)

.

By applying Green’s formula, we obtain:〈
−∆pγε ,

∂zε
∂v

(uγ
ε , 0)(w)

〉
L2(Q)

=

〈
−∆

(
∂zε
∂v

(uγ
ε , 0)(w)

)
, pγε

〉
L2(Q)

.

It follows that:〈
zγε − zd − ργε ,

∂zε
∂v

(uγ
ε , 0)(w)

〉
L2(Q)

=

〈
∂

∂t

(
∂zε
∂v

(uγ
ε , 0)(w)

)
, pγε

〉
L2(Q)

+

〈
−∆

(
∂zε
∂v

(uγ
ε , 0)(w)

)
, pγε

〉
L2(Q)

+

〈
−3(zγε )

2 ∂zε
∂v

(uγ
ε , 0)(w) + 5ε(zγε )

4 ∂zε
∂v

(uγ
ε , 0)(w), p

γ
ε

〉
L2(Q)

= ⟨pγε , w⟩L2(Q) .

Indeed, we have:

∂

∂t

(
∂zε
∂v

(uγ
ε , 0)(w)

)
−∆

(
∂zε
∂v

(uγ
ε , 0)(w)

)
− 3(zγε )

2 ∂zε
∂v

(uγ
ε , 0)(w)

+ 5ε(zγε )
4 ∂zε
∂v

(uγ
ε , 0)(w) = w in Q.

Thus, the condition (2.33) becomes :

⟨pγε +Nuγ
ε + uγ

ε − ũ, w⟩L2(Q) ⩾ 0,∀ w ∈ L2(Q). (2.34)

∀ w ∈ L2(Q), −w ∈ L2(Q) because L2(Q) is a vector space. Considering w′ = −w,
(2.34) becomes:

⟨pγε +Nuγ
ε + uγ

ε − ũ, w′⟩L2(Q) ⩽ 0,∀ w′ = −w ∈ L2(Q).

Therefore, the adapted low-regret control uγ
ε is characterized by the following equa-

tion:

pγε + (N + 1)uγ
ε = ũ in L2(Q).

□
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3. Singular optimality system (SOS)

3.1. Characterization of low-regret control

In this section, we present the singular optimality system characterizing the low-regret
control of system (2.19). To this end, we first establish the inequalities given by the
following lemma:

Lemma 3.1. There exists some positive constants Ci for i ∈ {1, 2, 3} such that:

∥∥∥uγ
ε

∥∥∥
L2(Q)

⩽ C1;∥∥∥zγε ∥∥∥
L2(Q)

⩽ C2;

1

2

ε
√
γ

∥∥∥∥∂ζγε∂ν

∥∥∥∥
L2(Σ)

⩽ C3.

(3.1)

Proof. According to Proposition 2.13, uγ
ε is the solution of (2.24). Thus, we have :

J γ
εa(u

γ
ε ) ⩽ J γ

εa(v), ∀ v ∈ L2(Q).

By taking v = 0, we obtain:

J γ
εa(u

γ
ε ) =

1

2

∥∥zγε − zd
∥∥2
L2(Q)

+
N

2

∥∥uγ
ε

∥∥2
L2(Q)

+
1

2

∥∥uγ
ε − ũ

∥∥2
L2(Q)

+
ε2

4γ

∥∥∥∥∂ζγε∂ν

∥∥∥∥2
L2(Σ)

⩽
1

2

(∥∥zd∥∥2L2(Q)
+
∥∥ũ∥∥2

L2(Q)

)
= C.

We deduce the following inequalities:

∥∥∥zγε − zd

∥∥∥
L2(Q)

⩽ C1∥∥∥uγ
ε

∥∥∥
L2(Q)

⩽ C2

ε

2
√
γ

∥∥∥∥∂ζγε∂ν

∥∥∥∥
L2(Σ)

⩽ C3.

By the reverse triangle inequality, we obtain:∣∣∣∥∥zγε ∥∥L2(Q)
−
∥∥zd∥∥L2(Q)

∣∣∣ ⩽ ∥∥zγε − zd
∥∥
L2(Q)

⩽ C1

=⇒
∥∥zγε ∥∥L2(Q)

⩽ C1 +
∥∥zd∥∥L2(Q)

= C ′.

Hence the inequalities of the Lemma 3.1. □
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Theorem 3.2. The low-regret control uγ of the problem (2.19) is characterized by
{ζγ , zγ , ργ , pγ} the unique solution of :

(SOS)




−∂ζγ

∂t
−∆ζγ − 3(zγ)2ζγ = −(zγ − zd) in Q,

ζγ(T, uγ) = 0 in Ω,

ζγ = 0 on Σ.

(3.2)


∂zγ

∂t
−∆zγ − (zγ)3 = uγ in Q,

zγ(0) = 0 in Ω,

zγ = 0 on Σ.

(3.3)


∂ργ

∂t
−∆ργ − 3(zγ)2ργ = 0 in Q,

ργ(0) = 0 in Ω,

ργ = 0 on Σ.

(3.4)


−∂pγ

∂t
−∆pγ − 3(zγ)2pγ = zγ − zd − ργ in Q,

pγ(T, uγ) = 0 in Ω,

pγ = 0 on Σ.

(3.5)

pγ + (N + 1)uγ = ũ in L2(Q), where zγ := z(uγ , 0). (3.6)

Proof. Consider zγε the solution of the problem (2.28). According to Lemma 3.1, we
have :

∥∥zγε ∥∥L2(Q)
⩽ C. Therefore, we can extract a subsequence (zγε )ε which weakly

converges to zγ in L2(Q) when ε −→ 0. In addition,
∥∥uγ

ε

∥∥
L2(Q)

⩽ C. Thus, uγ
ε ⇀ uγ

in L2(Q). Therefore, from (2.28), we have:∥∥∥∥∂zγε∂t
−∆zγε − (zγε )

3 − uγ
ε

∥∥∥∥
L2(Q)

=
∥∥ε(zγε )5,∥∥L2(Q)

⩽ εC −→ 0
ε→0

when ε −→ 0, the problem (2.28) becomes:
∂zγ

∂t
−∆zγ − (zγ)3 = uγ in Q,

zγ(0) = 0 in Ω,

zγ = 0 on Σ.

We consider ζγε ∈ L2(Q) as the solution to the problem (2.27). Since ζγε ∈ L2(Q), the
sequence (ζγε ) is bounded in L2(Q). There exists a positive constant M1 such that∥∥ζγε ∥∥L2(Q)

⩽ M1. Thus, from (2.27) we have:∥∥∥∥−∂ζγε
∂t

−∆ζγε − 3(zγε )
2ζγε + (zγε − zd)

∥∥∥∥
L2(Q)

=
∥∥5ε(zγε )4ζγε .∥∥L2(Q)

⩽ 5εCM1 −→ 0
ε→0

Therefore, it exists a subsequence (ζγε )ε such that ζγε ⇀ ζγ in L2(Q).
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When ε −→ 0, the problem (2.27) becomes:
−∂ζγ

∂t
−∆ζγ − 3(zγ)2ζγ = −(zγ − zd) in Q,

ζγ(T, uγ) = 0 in Ω,

ζγ = 0 on Σ.

We consider ργε ∈ L2(Q) the solution of the problem (2.29). According to the Lemma
3.1, we deduce the following limit:
ε
√
γ

∂ζγε
∂ν

⇀ λγ converges weakly in L2 (Σ). So, when ε −→ 0,
ε2

γ

∂ζγε
∂ν

−→ 0, ργε ∈

L2(Q). Therefore, the sequence (ργε ) is bounded in L2(Q). Then, there exists a positive
constant M2 such that

∥∥ργε∥∥L2(Q)
⩽ M2. Thus, from (2.29) we have:∥∥∥∥∂ργε∂t

−∆ργε − 3(zγε )
2ργε

∥∥∥∥
L2(Q)

=
∥∥5ε(zγε )4ργε∥∥L2(Q)

⩽ 5εCM2 −→ 0
ε→0

.

Therefore, it exists a subsequence (ργε )ε such that ργε ⇀ ργ in L2(Q). When ε −→ 0,
the problem (2.29) becomes:

∂ργ

∂t
−∆ργ − 3(zγ)2ργ = 0 in Q,

ργ(0) = 0 in Ω,

ργ = 0 on Σ.

We consider pγε the solution of the problem (2.30). According to the equation (2.31),
(uγ

ε ) is bounded in L2(Q) and ũ ∈ L2(Q). Thus, there exists a positive constant M3

such that
∥∥pγε∥∥L2(Q)

=
∥∥−uγ

ε + ũ−Nuγ
ε

∥∥ ⩽ M3. Therefore, (p
γ
ε ) is bounded in L2(Q)

and we have:∥∥∥∥−∂pγε
∂t

−∆pγε − 3(zγε )
2pγε − (zγε − zd − ργε )

∥∥∥∥
L2(Q)

=
∥∥5ε(zγε )4pγε∥∥L2(Q)

⩽ 5εCM3 −→ 0
ε→0

.

Therefore, it exists a subsequence (pγε )ε such that pγε ⇀ pγ in L2(Q).
When ε −→ 0, the system (2.30) becomes:

−∂pγ

∂t
−∆pγ − 3(zγ)2pγ = zγ − zd − ργ in Q,

pγ(T, uγ) = 0 in Ω,

pγ = 0 on Σ.

According to the equation (2.31) and the inequalities of the Lemma 3.1, we have:

uγ
ε ⇀ uγ in L2(Q). (3.7)

In addition, pγε ⇀ pγ in L2(Q). We can deduce that:

pγε ⇀ pγ = − (N + 1)uγ + ũ in L2(Q), where zγ := z(uγ , 0). (3.8)

□
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3.2. Characterization of no-regret control

We now deduce, in this section, the singular optimality system of the no-regret control
for problem (2.18) by passing to the limit as γ −→ 0. The limit problem is not well
posed in the sense of Hadamard. This singular optimality system is presented in the
following theorem:

Theorem 3.3. The no-regret control ũ of the problem (2.18) is characterized by
{ζ, z, ρ, p} a solution of the optimality system:

(SOS)




−∂ζ

∂t
−∆ζ − 3z2ζ = −(z − zd) in Q,

ζ(T, ũ) = 0 in Ω,

ζ = 0 on Σ.

(3.9)


∂z

∂t
−∆z − z3 = ũ in Q,

z(0) = 0 in Ω,

z = 0 on Σ.

(3.10)


∂ρ

∂t
−∆ρ− 3z2ρ = 0 in Q,

ρ(0) = 0 in Ω,

ρ = 0 on Σ.

(3.11)


−∂p

∂t
−∆p− 3z2p = z − zd − ρ in Q,

p(T, ũ) = 0 in Ω,

p = 0 on Σ.

(3.12)

p+Nũ = 0 in L2(Q), where z := z(ũ, 0). (3.13)

Proof. According to the results of Theorem 3.2 and by passing to the limit as γ −→ 0,
we obtain:

ζγ ⇀ ζ = 0,

zγ ⇀ z = 0,

ργ ⇀ ρ = 0, on Σ

pγ ⇀ p = 0.


ζγ ⇀ ζ = 0,

zγ(0) ⇀ z(0) = 0,

ργ ⇀ ρ = 0, in Ω

pγ(T, uγ) ⇀ p(T, ũ) = 0.

According to equation (3.8), we deduce that:

uγ ⇀ ũ in L2(Q).

It follows that there exists a no-regret control ũ, characterized by {ζ, z, ρ, p} solution
of (2.18). □

4. Conclusion

In this article, we analyzed an ill-posed parabolic problem with missing data by com-
bining regularization and low-regret control. Thanks to the regularization method, we
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were able to recover the missing boundary data on Σ and transform the initial prob-
lem into a family of well-posed problems. To study the control problem, we applied
the low-regret control method, which is better suited to problems involving missing
data. We were able to characterize the no-regret control of system (1.1) thanks to
the convergence of low-regret control, then by taking the limit as the perturbation
parameter tends towards zero. This work can be approached numerically.
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