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New developments of fractional integral inequal-
ities and their applications

Adrian Nago (9, Artion Kashuri (%) and Rozana Liko

Abstract. In this paper, we propose the so-called higher order strongly m-
polynomial exponentially type convex functions. Some of its algebraic properties
are given and a new fractional integral identity is established. Applying the class
of higher order strongly m-polynomial exponentially type convex functions, we
deduce some fractional integral inequalities using the basic identity. Furthermore,
we offer some applications to demonstrate the efficiency of our results. Our results
not only generalize the known results but also refine them.

Mathematics Subject Classification (2010): 26A33, 26A51, 26D07, 26D10, 26D15,
26D20.

Keywords: Hermite-Hadamard inequality, Holder’s inequality, power mean in-
equality, higher order strongly m-polynomial exponentially type convex functions,
Bessel functions, bounded functions.

1. Introduction
A set T C R (R represents the set of real numbers) is said to be convex, if
Ub1 + (1 =9 € T, Vby,be € Tand 9 € [0, 1].
A function i : T — R is called convex, if
R(9by + (1 — 9)b2) < Ih(by) + (1 —F)h(b2), Vby,bo € Tandd €[0,1].  (1.1)

Moreover, h is concave whenever —h is convex.
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For the convex function the Hermite-Hadamard type integral inequality (H-H), is

given by [5]:
ba
h<b“;b2> < b;bl / h(z)dz < w (1.2)

The H-H integral inequality (1.2) has been applied to different types of convex
functions (see [3, 4, 9, 12, 13]).

Now, we recall some definitions of convex type functions.

Definition 1.1. [2] A function h: T CR — R is said to be exponentially conver, if

h(b
B(9hy + (1 —D)by) <0 e(gbll)

holds for all by,bs € T, 9 € [0,1] and ¢ € R.

h(b2)
+(1-9) > (1.3)
Toply et al. [10] introduced the class of m-polynomial convex functions as follows:

Definition 1.2. Let m € N. A function h : T C R — R is said to be m-polynomial
convezx, if

R(9p1 + (1 = 9)b2) < %i [1—(1—9)]hb)+ %

=1 7

NE

M- 0Thbs)  (14)

1

holds for allby,bs € T and 9 € [0,1].
With the help of the above definitions, we introduce the following definition.

Definition 1.3. Let m € N and ¢ € R. The function h: T — R is called higher order
strongly m-polynomial exponentially type convex, if there exists a constant ¢ > 0, such
that

(1.5)

= QP =) + (1 = 9)P] [p2 — ba [P
holds for everyby,by € T, ¥ € [0,1] and p > 1.

1 & 1 &
1—9 = N L
By + ( m; egbl +m; ']

Remark 1.4. From Definition 1.3, we can observe that:
1. If m =1 and ¢ — 07, then Definition 1.3 reduces to Definition 1.1.
2. If ¢ = 0 and ¢ — 07, then Definition 1.3 reduces to Definition 1.2.

Definition 1.5. Let £ > 0,b; < by and h € L[by,bs]. Then the Riemann—Liouville
fractional integrals (R-L) of order ¢ are defined by

jffh(x) = / (x —9) " h(9)dY, b <z

W bl
and

bo
j;;, h(z) = ﬁ/x (0 — ) h(9)dd, by >,

where T'(+) is the gamma function.
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The H-H type integral inequalities are involved in fractional calculus models and
they has been applied for different types of convex functions (see [1, 6, 7]).

Motivated from above literatures our paper is organized as follows: In Section 2, we
introduce the higher order strongly m-polynomial exponentially type convex function
as a new class of convex functions with its algebraic properties. In Section 3, we derive
new integral inequality of H-H by using the new introduced definition. In Section 4,
we derive a generalized fractional identity and some related inequalities for the higher
order strongly m-polynomial exponentially type convex functions. In Section 5, we
give some applications of the Bessel functions and bounded functions to support the
main results from previous section. Finally, conclusions and future research are drawn
in Section 6.

2. Algebraic properties
Here we derive some algebraic properties of our new defined convex function.

Theorem 2.1. Let m € N and ¢ € R. Assume that h, hy, ho : T — R are three higher
order strongly m-polynomial exponentially type convex functions with respect to the
constants, ¢, (1 and (a2, Tespectively, then

(1) Ay +hg is higher order strongly m-polynomial exponentially type convex function,
with respect to the constant (1 + (5.

(2) For nonnegative real number c, ch is higher order strongly m-polynomial expo-
nentially type convex function, with respect to the constant cC.

Proof. The proof is evident, so we omit here. O

Theorem 2.2. Let m € N,¢ € R and U = {w € [p1,b2] : Ai(w) < +oo}. Assume that
hy 2 [b1,b2] = R is a family of higher order strongly m-polynomial exponentially type
conver functions with respect to the constant ¢ > 0 and h(w) := sup; hj(w). Then,
h is an higher order strongly m-polynomial exponentially type convex function with
respect to the constant ( on U.

Proof. Let by,bs € U and ¥ € [0,1], then we have
h(’ﬁbl + (1 - ﬁ)bg) = sup h](ﬂbl + (1 - ﬁ)bg)
j

Supj hj (bl)

<
= esh1

[1—(1=9)] +

3=
i

S

— (Y

(1 =) +9(1 =)} py = ba[?

[1 _ (1 _ 19)1] he(gbbll) + %Z (1 _ 19’) h(b2>

I
3|~
NE

esh2
1=1 =

—C[OP(1 = 9) +9(1 — 9)P] |ba — b1]? < +o0,
which completes the proof. O
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3. Main results

The aim of this section is to find some fractional integral inequalities of H-H type for
higher order strongly m-polynomial exponentially type convex functions.

Theorem 3.1. Let £ > 0, m € N and h : [b1,ba] = R be a higher order strongly m-
polynomial exponentially type convexr function with respect to the constant ¢ > 0. If
h € Lp1,b2] and s € R, then we have

o2 |1 b1 + b ¢ P
m(2m(m— 1)+1> £h< 2 ) = g2 =0 (B + 1,0 +3(p, 0) | (3.1)
1
S _ [Ah 1(§7b17b2) +Aﬁ 2(<7b17b2)}
(b2 —b1)"
1 h(b
S — [ (C,bl,b2)+B4m(§ablvb2)] (bl)
(bQ—bl) sb1
h(ba
[BQm(c,bl,bg) +Bgm(< b17b2)] e(gbj}
¢ e, 0,
— m |:Cl g(bg,bl,p) +02<(b2,b1,p)} )
where
bo b2
A%)l(g;bl,bg) ::/ (ba — x)fflh(i) dz, A%Q(C;bhbz) 1:/ (x— I’l)hl@dm
by e b1 €
and 1
J(p, €)== [ WP(1+9) " v,
1 m 2_1. [ 1‘—'71 ‘]
Bi ,,(s3b1,02) : m;/ _1 B (bz —b1> ] o
1 & bg—x [ by — '\
Bj 1 (Sib1,b2) : = 2 / _1 a (bz b1> ] e
1 & a:—bl [ by —z\']
Bsm(g7b1ab2 E p— / _1 B <b2 _b1> d dx’
1 & xfb [ z—b1\"]
B4m(§,blab2 m;/b _1(b2_b1>_d$’

CES(by, by, p) = /|7 % {(33 — 1) (b2 — )" + (x —b1)P (b2 — x)}dx,

bo —r -1
COrnp) = [ O b1 a = ) + (0 = 20) 02 - o]

Here, (-, -) is the beta function.
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Proof. Let x,y € [b1,bs]. Applying definition of higher order strongly m-polynomial
exponentially type convex function with respect to the constant ¢ > 0 of & on [by,bs]
and taking ¥ = 1/2, we have

m

h(x;y) §;2[1— (;)] [’1&%’1{?} eyt (32)

1=1

By making use of inequality (3.2) with & = ¥bo + (1 — )by and y = by + (1 — ¥)bs,
we get

by + by u 1\"] [A(0 + (1 —9)p1) ROy + (1 — 9)ha)
h< 2 > = EZ {1 - (2> ] [ e T g@rao | 39

- Q%(bz —by)P|1 — 207

Multiplying both sides of (3.3) by ¥*~! and integrating the result with respect to 9
over [0,1], we obtain

b1 + by
("3
1 2m — 1 Lo B(9hg 4+ (1 —9)by) Lo (b 4+ (1 —9)ba)
< m (m om ) l/o v es(Wha+(1—9)b1) dﬁ+/0 v es(9h1+(1—0)b2) dv
<— 1
~ Sy bl)p/ 911 = 209

2 — 1h() 2 _ -1 M)
/bl (g — 2yt 1) +/b (& —b1) ecmdaz]

_1(m_2m—1> 1
m om (bszl)f

1

e r b o B0+ 1,0) 4 3(p. 1)
1 2m —1 1
= (m— o ) a—or)" [Af 1 (s301,02) + Af 5(5301,b2)]
¢

= 5oz (02 =) B+ 1.0) + I(p. )],

which gives the left inequality of (3.5). In order to prove the right inequality of (3.5),
we use the definition of higher order strongly m-polynomial exponentially type convex
function with respect to the constant ( > 0 of & to get

B + (1 — 9)o1) |
@t (P = ecwbzm—ﬂ)m
. h(bz)
{m z; =71 €§b1 + Z ed’Z

— (P =9)+9(1 = 0)"] b2 - blp}-
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Similarly,
R(9h1 4+ (1 — 9)ba) < 1
es(Oh1+(1—0)b2) = oe(@by+(1—9)b2)
RS g h2) 1 oy fb1)
X {ng[l—ﬁ] e *EZ}D_“_W 5

— P (1= 0) £ (1 — 9]y — a7,
where ¥ € [0,1]. Then, by adding the above inequalities, we have
R(Obs + (1 —0)by)  A(9b1 + (1 —I)by)

es(Pba+(1—9)by) es(9b14+(1—9)b2)
1
= es(9ha+(1—0)b1)
1 & hi(by 1 — h(b
x{mzuw 0042y - -9 2
=1 € 1=1 ¢ (34)

= CP(A =) + 91 = 9)P] b2 = ba|” + SO+ (1= 0)b2)

1 — - h(b
SRR NS
1=1 1=1

=P =0) +9(1 = 0)P] by — 0 [".

Multiplying both sides of (3.4) by ¥*~! and integrating the obtained inequality
with respect to ¢ from 0 to 1 and making the change of the variables, we get

/1 ge-1 e + (1 ﬁ)bl)dﬂ+/1 ge—1 10b2 + (L= 0)by)
0 0

o5 (92t (1—9)b1) s (91 +(1—9)ba)

! l—1 1
S/0 v ec(ﬂbz-ﬁ-(l—ﬂ)bl)

1 & 1 — h(bg)
) {m;(l_ e<b1 +EZ e@z

=1

_ 1
1 & h(b)
X{mi‘:(l_ eCbz Li Zl_ L=915,

—(WPA=9) +9(1 = 9)*] b2 — b1\”d19
By simplifying it, we obtain

1
m [Af1(s3p1,b2) + A 5(3b1,b2)]
2 — V1
h(b1)

1
< W{ [Bf,m(g;b17b2) +Bﬁ,m(€;b17b2)] Tosht
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[BQ 77L(§ b17b2)+B3m(g blbe)] (b2)}

sha

- (bi)w (€15 (6r,02,9) + CE< 1, 02,)]
22— V1

The proof of Theorem 3.1 is completed. O

Corollary 3.2. Theorem 3.1 with ¢ =0 becomes

o
1
7 [Af 1 (b1,b2) + Af 5(01,b2))]

<« -
(b2 —by)

= (b_lby{ [B{,m(blabQ) —l—Bﬁ’m(bl’bz)] h(by)

+ [Bhm (01,02) + B3, (01, 02)] h(bz)}

- <)H [CL(53,51,p) + C(oa,51,7)]

(b2 =1

%h (bl ;b2) - 2p€re(b2 —b1)P(B(p+1,0) + I(p, 6))1 (3.5)

where
b2 b2
A% (b1,b2) ::/ (b2 — 2) " h(z)de, Al (b1,b2) ::/ (@ — b)) h(w)da
bl b1

and

1 m b -~
Bf,m(blabQ) = a Z/b (bg _ x)g_l 1_

(=)
B, (b1,02) : Z/b s — )" 1:1—(bbj_b”i)_dx,

(=)

(=)

dx,

1 b2 [
Bg}m(bl,bg) = E Z[) ($ — bl)e_l 1-— d.’[?,

B (b1,b2) : /b2 x—h1)" -1 -

ba
i1 = z—b1) (@ = b1) (b2 — 2))? + (x — b1)P (b2 — ) | da,
Cl(bl’”’p"‘/.,l( 1) [(@ = b1) (b2 = @) + (@ = 51)7 (02 — )] d

bo
4 — _xéfl $—1p 29— T — D1 2—.13p X.
Ch(01,2,p) 1= /., (b2 = 2) (2 = b2)" (o2 = ) + (2 = b1) (o2 — 2)"] d
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Corollary 3.3. Theorem 3.1 with { =1 leads to

(o) P () -]

1
STy [A%z,1(§;|?1, ba) + A;Ii’g(§;b17 ba)]
(b2 —b1)

1
< (bZ_bl){ [Bl m(§,b1, b2) + B4 m(<7 blvb?)}

h(b1)

cbl

N2

h(b
+ [B%,m(§7 bla b2) + B%,m(g; bl? bQ)} 6( 2) }

-G e nn < Gt
2 V1

Corollary 3.4. Letting ( — 07 in Theorem 3.1, we have

m 2m A b1 + by
t\2"m -1+ 1 2
1
< ——— [A51(501,b2) + Af 5 (b1, ba)]
(b2 —b1)

1 h(by
< @{ (B! 1 (5301,52) + B (5301,52)] 1)

(b2 —b1)

R(b
+ [BS pn (S501,02) + Bj 1 (<551,b2)] e(gbi) }

Corollary 3.5. Theorem 3.1 with ¢ = 0,£ =1 and { — 0T becomes [10, Theorem 4].

4. Further results

We need the following lemma in order to proceed with our next results.

Lemma 4.1. Let h: T C R — R be a differentiable function on T with b1,bs € T and
by < by. Also, let £ >0 and m € N. If i’ € L[p1,bs], then we have

QL (hibrba) : = <b2 4;1“) r(e+1)

> 2m )™ (m — )by + gbo
X Z { (I)Q - b1> jé(2(m71)71)b1+(2]+1)b2)_h <m)

= 2m

2m \* 7t (== b1+ (g + 1)
- by — by ((2<m—n—12)7>$+<21+1>b2)* m

S <<2<m — ) = D1+ (24 Db >

0

2m

<
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. by — by
h 4m

,Sf{/dwﬁ<wm—ﬁh+ﬁz+@—0Mm—J—Uh+U+D%>M
0

2 m 2 m
7=0
1 J— — J— J—
,/ e (ﬁ(m J= Vit G+ Dhs  (2-9) (m =) +Jb2>dﬁ}' (4.1)

Proof. Setting
1

g [ (B @O g O 1 i
0

2 m 2 m
and
1 J— J— J— J—
7 ::/ Y (19 (m—7—1)b1 + (7+1)b2 n (2 —19) (m — )by —|—jb2> b, (4.3)
0 2 m 2 m

By applying integration by parts on equality (4.2), we have
‘Z< %%>[MHCNm—ﬁh+ﬁz+@—0Mm—y—nh+0+nm>

1

b1 — by 2 m 2 m .
g/l 91k ﬁ (m — )by + gbo " 2= (m—7—1b1+ g+ 1)bs 59
0 2 m 2 m
- 2m B (2(m =) = 1)b1 4+ (29 4+ 1)b2
bl — bg 2m
2m ' / (m —7—1)b1 + (3 + 1)by
— (bl — |72> F(f + 1) jé(2(m_'7)_12)7b,3+(2'7+1)b2 >7h ( m ) .
(4.4)
Similarly, from equality (4.3), we obtain
Ty = 2m A (2(m — ) — 1)b1 + (27 + 1)bo
bQ — bl 2m
2m_\f (m — 2)b1 + b
_ <|72—b1> r+1) j(z(zmzfa)ﬂz)ybnlf(z;ﬂ)bz)—h (m) , (4.5)

forall )=0,1,2,...,m—1. Then, by subtracting equality (4.5) from (4.4), multiplying
by the factor (%) and summing over 7 from 0 to m — 1, we can easily attain the
desired identity (4.1). O

Remark 4.2. Lemma 4.1 with m = 1 leads to

w L Y, B b1 + by
@vaWwwwﬂwaW%ﬁ<z>
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_ (b2 —b1) /1 o (0 2=0) /1 o (0, (20
=2 B R L A e e KA

which is established in [8, Lemma 3].

Throughout the rest of this study, we consider

Vo = (m—gbr+5p2 4 Vo = (m—j— b1+ (g +1)2

m m

Theorem 4.3. Let ¢ > 0, m € N and h : [p1,b2] — R be a differentiable function
on (b1,b2) such that W' € Lb1,b2]. If |W'| is a higher order strongly m-polynomial
exponentially type convex function with respect to the constant ¢ > 0 on [by,bs] and
¢ € R, then we have

m—1

by — b W (vm B (U,
QY (s p1,b2)| < < o 1) [T+ M) S P e(wmj” " e(wm,jjf)] (4.7)
7=0
m( L+p+3 n by — by |7
e — 2P (U4 2,p+1) ) [——| ,
2p ((€+p+1)(€+p+2) 3 ( p+1) m

where

T, -—1§:/119‘f - (1-Y Z dd, M, '—127":/1192 - (Y Z v
m,{ -—m1:1 0 2 ) m,é-—mZ:1 0 2 .

Here, B,(+,-) is the incomplete beta function for all0 < z < 1.

Proof. By making use of Lemma 4.1 and properties of modulus, we can deduce

bo — b
Qo) < (22

m

2 m 2 m

Qs Qo0 n gm0 )

2 m 2 m

y <z9(mjl)b1+(J+1)b2 L 29 (mj)ler]bQ)‘dﬁ}.

Using the definition of higher order strongly m-polynomial exponentially type convex
function with respect to the constant ¢ > 0 of ||, we get

=) B ([ fE - (-]

7=0 1=1

S Q)] o0

R I\ I i)
AN 1- (13 ]
RS (1) ]

by — by

m

P
]dﬁ
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1 & ARIACAS] Do, 90 9 9 b —b1]f
er;[l <2>} esvm.a ¢ (2) (1 2)Jr 2(1 2) m di
22 =01\ e gy S [ Gm)l | i)
_ ( o > [T + MY 2& e
o
mC E+p+3 (4pi2 ) b2_b1 P
- — —2°TPTER, (L + 2 1 e
2p <(€+p+1)(£+p+2) (241D m |’
which completes the proof. O
Corollary 4.4. Theorem 4.3 with ¢ = 0 leads to
b —b m—1
Qb1 < (220 e+ Mo X I o)l + W el (05
m( L+p+3 fipi2 ) by — by |”
- —2"PTER, (042 ) |—
2p <(£+p+1)(12+p+2) (E+2p+l) m
Corollary 4.5. Theorem 4.3 with m = 1 leads to
21T (e + 1) |, . b1+ Do
NS j(@)ﬂi(bz)%-J(%),h(bl) —h< : )
by — b1 \ [IX/ (1) | |W(b2)]
< (4.9)
= <4<E+1>) [ e e
¢ ( L+p+3 ttpt2 >
- = —2PTER, (042 1)) |b2 — by|”.
2 \@rpt DE+p+2) gD be =i

Moreover, if ¢ = 0 and ¢ — 0%, we get

w 4 74 . b1+b2
B2y {‘7(“;”)”(””‘7(“;@)"1(“)} n( )|

by — by / /
< (5 ) ool + IWGal,

which is established in the first step of proof of [8, Theorem 5].

Theorem 4.6. Let £ > 0, m € N and hi : [p1,b2] — R be a differentiable function on
(b1,b2) such that I’ € L|p1,bs]. If |W/|9 is higher order strongly m-polynomial exponen-
tially type convex function with respect to the constant ¢ > 0 on [b1,bs] and ¢ € R,
then for q > 1, and % + % =1, we have

by —b Y
14 . 2 1
|Qm(hvb17b2)| < ( im ) (E’I’—l—l)

m—1 / ’
s { (Rmm(vm,mq Ly HEmpe)lt - ¢

eSUm.; €S Um g 41 p+1(p+2)

bo — by

m

1
p>q

J=
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ba — by

m

A (Vm,g41)]? |7 (vm,y)4 ¢
+ ( Ryy—————"— 4+ 5, - —
( b eStmat T eStmy (p+1)(p+2)

py } @.10)

<&t AN 2 1 1
fim = az/ [1—<1—2>]dﬂ_1+m21+1<2’+1_1)
_li/l 1— 4 ' dﬂ_l_ii 1
_mZ:1 0 2 N m <= 2:(+1)

Proof. By making use of Lemma 4.1, Holder’s inequality and properties of modulus,

we can deduce
9 _
h/ (19Vm,j + (19)VW7J+1> ‘ d¥

by — b1\ = [ [

4 . 2 1 Yi
e (552) 55 Lo
1 2 9

/19@ (( . )vaJFQVmJH)’dﬂ}
(”‘“)( rar)
el 9 2—9) AN
([ (o 250 )
9=0

2
L 29 9 AN
+</ h/(( . )vm7j+2vm_’j+l> dﬂ) .

0

Applying the definition of higher order strongly m-polynomial exponentially type
convex function with respect to the constant ¢ > 0 of |I/|?, we get

. by — by 1\~
it < (%5 (557)

1 & I\ W (Vin )|
sl (-g) e
é ' |7 (Ving41)[4

2

eSVm,j+1

<[ 09509
SO REE

where

and

1

1)

ba — by

m
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HEL-(]

1=

—

1

AN bzflh ‘
[(2> <1—) ACHIEI DN
b — by
4m Er—i—l
m—1 p 1
|7’ Vm])l [h'( Vin,y+1)] ¢ b1—1 q
X {( e+ Sm e e D(e+2) | mo )
9=0
(v, g
I (V1)1 W (Vi ¢ SN
+ <Rm e+ Sm eVmy @ FD(P+2) > }’
which ends our proof. O
Corollary 4.7. Theorem 4.6 with ¢ = 0 leads to
by — b 1 \"
e (2™
QG (b ba)]| < ( — ) (WH) (4.11)
m—1 1
q by — by p) ¢
| (O )17+ S| B (v 4.12
< S (Rl o) S0~ i [0 (4.12)
¢ 2 — by P)3
R, | (v, T4 S |7 (v ,)]? — . 4.13
(Rl i)+ Sl (o 7 = s 222 ) ) )
Corollary 4.8. Theorem 4.6 with m =1 leads to
2100+ 1) |, p b1 + b2
(bg—bl)é j(w)Jrh(bQ)“f‘j(@)fh(bl) —h< B > (414)
2 =by\ (L \T (N[ (IO W G2l ¢ b\
< — — _
() (w51) (3) {( T P T S A
(4.15)
B GuI? ] (b2)] ¢ %
- — . 4.1
+ <3 osh1 + eshz (p+1)(p+2) bo — by (4.16)

Moreover, if ¢ =0 and ¢ — 0%, we get

w |71+b2
B2 =)’ {%1”2) b”j(“*”)'h(b)} (™ )’

< (2 (51) (i)l{(|h’<b1>Q+3|h’<b2>Q>i+<3|h'<b1>|Q+|h’<b2>q>i},

4 r+1
which is established in [8, Theorem 6].
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Theorem 4.9. Let £ > 0, m € N and hi : [p1,b2] — R be a differentiable function on
(b1,b2) such that B’ € L|p1,bs]. If |W'|9 is higher order strongly m-polynomial exponen-
tially type convex function with respect to the constant ¢ > 0 on [b1,bs] and ¢ € R,
then for ¢ > 1, we have

QY (b1, ba)| < ("Q‘bl) (1>13’m21{
mAm e - dm {41

9=

L) | Y L TR VI

eSVm,y ’ eSUm,j+1

Tm,[

¢ |ba—by [P {+p+3 (+p+2
— —2tTPT2R, (f 42 1
0+l |y (L+p+1)(l+p+2) 0+ 2p+)
|7 (U g41) | |7/ (V)|
+ Tm*z eSUm,g+1 +Mm7 eSVm,;
1
C bg—blp €—|—p—|—3 O04+p+2 !
— —2VTPTER (042 1 4.17
2 | T | \WHpr){l+p+2) gr2p ) ) (417)

where Ty, o and M, ¢ are as given in Theorem 4.3.

m—1

Proof. By making use of Lemma 4.1, the power mean inequality and properties of
|QZ (hb b)|< bQ*bl Z
mAT L 2] = 4m

modulus, we have
1
= 0

2-9 9
h/ ( 5 )Vm,j + 2Vm’j+1) ‘ d’l?}

by — b ! g mol ! 9 (2 9)
< (5 ) (7o) XL () (oot B )

2
2—19 )
h/ (( 5 )Vm7]+ 2Vm)J+]_>

qdﬁ>; }

By the definition of higher order strongly m-polynomial exponentially type convex
function with respect to the constant ¢ > 0 of |#’|?, we have

by — b 1 \'w
|an(h;b1,b2)| < ( 24m 1) (M)
SIS O\ H ol 1
SRSl (-5)]

1= =1 2

(8 (-2)2 (-9 o)

0 2-9
4 <2Vm71 + (2)Vm7‘7+1> ‘ dy

q 7
dﬂ)

NE

1-— 4 T I (Vi y1)]?
1 2 esVm,g+1

bo — by

m
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/ i { < H H )| | 1 [1 - (ﬂ)} B (Vi )|
g esVm.+1 m — 2 esvm.
AN 7 )
_ 1- = 12
o[(3) (-3) +3( )] ") |

) () e

eCVm 2 m, 6§Vm,]+1
7=0

NgE

Q= S

by — by [P

Q=

¢

T 9ptl

by — by [P

m

{+p+3 o >

—2PTIB (0 4+2,p+ 1

<w+p+nw+p+2) 3241
|7 (

Vm,]+1)|q+M |7 (Vi)

eSVm,g+1 m, eSVm,y

+ Tm,[

¢

2r+1

by — by [P

m

€+p+3 0+
— 2P 2R (042, p+1
<w+p+nw+p+2> e+ 2p ]

which completes the proof.

Q=
——

Corollary 4.10. Theorem 4.9 with ¢ =0 leads to

Qo) < (2 (H11> (1.18)
X Tnzl{

=

T |1 (O )|" + Mo |2 (0 41)]

Q=

¢

—_ T

by — by |”

m

€+p+3 0+
— 2P TIB (0 4+2,p+1
<w+p+nw+p+2> HE+2p+ ]

+ | Dot (V1)1 + Mo B (0, )|

¢

Y

by — by [P

m

L+p+3 o )
—24PIB (1 +2,p+ 1
<@+p+nw+p+2) 32 +1)

Q=
.

Corollary 4.11. Theorem 4.9 with m = 1 leads to

21T (¢ + 1)

bl"‘bg
(b—bm?{jéﬁhyMb%hﬁww)h®g}—h<2)

by — by 1 \'"# 1 |W () 043 K (b))
5( 1 )(KHJ {(mﬂ+m e 20 D)(012) evs
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(+p+3 ‘
_2p€r1bg—b1|p<(€+p+1)(£+p+2)—2£+p+235(€+2,p+1))>
1 W (b2)|? {+3 |/ (by)|?
2(042) esh2 20+1)(0+2) e
(+p+3 ‘
2p<+1|b2b1|p((€+p+1§9(€+p+2)2€+p+2Bé(€+2,p+l)>> } (4.19)

Moreover, if ¢ =0 and ¢ — 0T, we get

w 4 14 _ b1+b2
PR {j(“;h>*h<”’+‘7(~;b2>h(bl)} n( >|

b —b t+1 4 q t+3 4 q %
: (4(2€+11)> {<Q(€+2)|h Gl + 2(€+2)|h (b2)] )

I R T SRR
+<2(€_|_2)|h(b2)| +2(€+2)|h(b1)> },

(4.20)
which is established in [8, Theorem 5].

5. Applications

5.1. Bessel functions
Consider the function B, : (0, +00) — [1,+00) with ¢ > —1, given by
Bo(z) :=2T(0 + 1)z~ 7P, (),

where P, is the modified Bessel function of the first kind defined by (see [11, on page
77):

+00 (£)0+2m
_ 2
lPU(x)iZm'F(O‘—Fl—‘rm)’ z €R.
m=0
Following [11], we have
P
B, (z) = o+ D) 1)Bg+1(x), (5.1)
2
B (z) = — Boi2@) | Boni(e) (5.2)

4o+1)(c+2) 2(c+1)
Assume that all assumptions of the used corollaries in the following examples are
satisfied.

Example 5.1. Let 0 < b; < by and o > —1. Then, by using Corollary 4.5 with £ = 1
for h(z) = B/ (z) and the identities (5.1) and (5.2), we have
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b2 — bl 4(0’ + 1) Ak

1 (b7Byia(b1)
= (o Benton)

TRt (%?;f%f +Bg+1(b2>)]

¢ p+4 +
S | —— 14 3B1 3.p+1 by —bq|P.
P (( 2)( 3) 5( » D )>| 2 1|

Example 5.2. Let 0 < b; < by and ¢ > —1. Then, by applying Corollary 4.8 with
¢ =1, h(z) = B/ (z) and the identities (5.1) and (5.2), we get

By (02) = Bo(b1) (b1 +b2) (bl;%)‘ = <“>
= o+

B (32 () ()
([ G ) 3 e )
I S
+ (fg ;_ 1)((;0 t%ga+2(bl) 1_ Ba+1(b1)>q N 1 ( 2B, 2(h2) N Ba+1(b2)>q

esh2

e \4o+1)(c+2) 20+1) 4(c+1)(c+2)  2(c+1)
¢ nE
~GroeTa ] }

Example 5.3. Let 0 < by < by and o > —1. Then, by using Corollary 4.11 with £ =1,
h(xz) = B! () and the identities (5.1) and (5.2), we obtain

B, (b2) = Bo (1) _ (b1 +)2) R PTEEAYE -3
by — b Ao+1) 7T\ 2 =\ 4 2

{ 1 (4(b%Ba+2<b1> +Ba+l<b1>>q+ 1 (4(b§Bo+2<b2> Bo+1(b2)>q

Gesht c+1)(c+2)  20+1) 3esz c+1)(c+2)  2(c+1)
SN G 5 S q
5o b2 = 1] ((p+2)(p+3) 2B (3,p+1)

1 bIBoy2(b1) Bo1(01)\* 1 b3Bo2(h2) Bo1(h2)\*
* [3e<b1 (4(0 TD(e+2) 2o+ ) T Ges (4(0— 0 +2) 2o+ 1) >
¢ ‘1‘}

LSRR R e S S E o
o b (G v 2 B+ )
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2. Bounded functions

Proposition 5.4. Let £ >0, m € N, ¢ € R and ki : [b1,b2] — R be a differentiable func-
tion on (b1,bs) such that B € Lby,bs]. If |W'| is a higher order strongly m-polynomial
exponentially type convex function, with respect to the constant ¢ > 0 and |[W/| < K
on [b1,bs], then we have

b—b m—1 1
Qb <K (22 ) Bt Mo Y | 4 | 69)

m(( {+p+3
22 \(l+p+ 1)l +p+2)

where T, ¢ and My, ¢ are as given in Theorem 4.5.

_2€+p+23% (€+27p+1)> M

Proposition 5.5. Let £ >0, m € N, ¢ € R and ki : [b1,ba] — R be a differentiable func-
tion on (b1,bs) such that W' € L[by,bs]. If |W'|? is higher order strongly m-polynomial
exponentially type convex function with respect to the constant ¢ > 0 and || < K on
[p1,b2], then for ¢ > 1 and % + % =1, we have

by — b 1y
|Qm( b17b2)| ( 24.m1) (f’l“i‘l)

2 egvmj AT Ki(p+1)(p+2)

Rm+sm_ ¢
ot e~ Ka(p+ 1)(p+2)

)
P)é } 5.4

Proposition 5.6. Let £ > 0, m € N,¢ € R and h : [b1,b2] = R be a differentiable func-
tion on (b1,ba) such that i’ € Lby,bs]. If |W'|? is higher order strongly m-polynomial
exponentially type convex function with respect to the constant ¢ > 0 and |[W| < K on
[b1,b2], then for ¢ > 1, we have

by —b 1 T — M,
¢ ) 2 1 L m,£
|Qm(h’b17b2)| < K( 4m ) <g+ 1> Z {[ecvmj eSVUm,j+1

Dy — by
m

bo — by

m

_|_

where R, and Sy, are as given in Theorem 4.6.

¢ |by—bi” (+p+3 P T
- — 24P +2p, (142 1
Ka2r+t | m L+p+1)(l+p+2) 3 ((+2p+1)
Tm,é Mm,l
+ |:€§’U1n,j+1 eSVm,y
¢ by — by |” {+p+3 2 7
— —24TPTIR, (1 42 1 5.5
Kot | m | \(Crpr)(E+p+2) sEF2p D[ (59)

where Thy, o and M, ¢ are as given in Theorem 4.3.
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6. Conclusion

In this article, we proposed the higher order strongly m-polynomial exponentially
type convex functions and some of its algebraic properties are given. Furthermore, we
deduced some fractional integral inequalities using the basic identity for the new class
of function. Moreover, we demonstrated the efficiency of our results via some appli-
cations. Our results not only generalized the previous known results but also refined
them. For future research in this direction, we will offer several new inequalities per-
taining to Hélder-i§can, Chebyshev, Markov, Young and Minkowski type inequalities
for this generic class of convex functions in fractional and quantum calculus.
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dence results of coupled system of Hilfer frac-
tional stochastic pantograph equations with non-
local integral conditions
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Abstract. This study explores the existence, uniqueness, and continuous depen-
dence of solutions for coupled system of Hilfer fractional stochastic pantograph
equations with nonlocal integral conditions. The existence of solutions is demon-
strated using topological degree theory for condensing maps. The uniqueness
is established via Banach’s contraction principle. To address continuous depen-
dence, the generalized Gronwall inequality is applied. Additionally, a numerical
example is provided to illustrate and confirm the theoretical findings.
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1. Introduction

Fractional derivatives provide a flexible tool for modeling intricate processes in various
fields by extending classical differentiation to non-integer orders. Several definitions of
fractional derivatives exist, including the Riemann-Liouville (R-L) and Caputo deriva-
tives. The R-L derivative offers a foundational approach to fractional differentiation
[14], while the Caputo derivative is often used in practical applications due to its com-
patibility with standard initial conditions [14]. To unify and extend these approaches,
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Hilfer introduced a generalized fractional differential operator that combines the Ca-
puto and R-L derivatives. This operator, called the fractional Hilfer derivative (HFD),
has shown great promise in modeling systems with complex boundary conditions and
temporal delays [3, 13, 20, 22, 30].

Fractional differential equations represent a substantial advancement in math-
ematical modeling, particularly in fields such as signal processing, biology, and
engineering. By incorporating non-integer order derivatives, these equations cap-
ture complex system dynamics. A significant category within this domain is frac-
tional pantograph delay differential equations, which integrate delays to model sys-
tems with memory effects. When combined with stochastic calculus, these equations
evolve into stochastic fractional pantograph differential equations, which are valuable
for describing systems influenced by both memory effects and random fluctuations
[5, 7, 8, 21, 23, 24, 25, 28, 29, 31, 32, 34, 35].

The continuous dependence of stochastic fractional differential equations is cru-
cial for ensuring that small changes in initial or nonlocal conditions lead to propor-
tionally small variations in the solutions. Research has shown that mild solutions
of mean-field stochastic functional differential equations exhibit sensitivity to initial
data and coefficients within an appropriate topological framework [4, 27, 36, 37, 38].
Similarly, generalized Cauchy-type problems involving HFD demonstrate continuous
dependence on the fractional order, supported by a generalization of Gronwall’s in-
equality [1, 9, 11, 27, 33]. Solutions to random fractional-order differential equations
with nonlocal conditions also maintain continuous dependence on initial conditions
[15].

Coupled system with nonlocal conditions are particularly useful for modeling
physical, chemical, or other processes that occur at multiple points within a domain
rather than being restricted to boundary conditions. El-Sayed [16] explored the con-
tinuous dependence of solutions for stochastic differential equations with nonlocal
conditions, while more recently, Arioui [6] studied the existence of coupled systems
of fractional stochastic differential equations involving HFD. For more study about
coupled systems, we refer to [2, 10, 17, 18, 19, 26, 39, 40]

To the best of our knowledge, no existing study has addressed the existence and
continuous dependence of solutions for coupled systems of Hilfer fractional stochastic
pantograph equations with nonlocal conditions. This paper aims to fill this gap by
introducing a novel class of coupled system of Hilfer fractional stochastic pantograph
equations with nonlocal integral conditions

HDgi”qj 0(t) =1 (1, 0(0),0(kt),&E(L), ve€J:=(0,b],

D 2E() = o (1, 0(0), € (1), E(52)) dVYTL’

37700 = [ 01 (s.0(s). € VG). =1+,

(1.1)

o7 26(0) = /0 92 (s,0(),£(5)) ds,  v2 = p2 + g2 — P2,
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where Ci WL’ and # @gi’q” are the fractional mtegral of order 1 — v; and the HFD

of order p; and type g;, respectively, j = 1,2. Here, é <p; <10 <gqg <1
Let (W(¢)),>o be 1-dimensional standard Brownian motion defined in the complete
probability space (Q, F,,P) with a normal filteration (F),>0- @js 95 : I XRXRXR —
R are measurable functions and 0 < & < 1. a

2. Preliminaries

Let L2 (Q, F,,R) = L?(Q,R) is the Hilbert space of real-valued random variables
that are square-integrable with respect to the probability measure on (Q,F,). Let
C(J,1.2 (2, R)) is the space of continuous time stochastic processes that are square-

integrable with the norm ||o||* = sup {]E lo()|]* : v € J}, where E is the mathematical
expectation. On the other hand, define the Banach space
gj = Cl*’vj (J’ L? (Qv R))
={0:J = L*(QR): () € C(J,L* (L, R))},0<v; < 1,5 =1,2,
using the norm
s 2
lollz, = supE [|o" = o(1)||" .
veJ

Furthermore, let £ := & x & with the norm || (o,€) |l = max{||olls,,||&|le, }- It is
clear that £ forms a Banach space.

Definition 2.1. [14] For p > 0, the fractional R-L integral with order p for a continuous
function g : [a,00) = R can be written as
1 L
3P, o(t) = —/ (1 — 8)P"to(s)ds.
o L(p) Ja

Definition 2.2. [14] For n — 1 < p < n, the fractional R-L derivative with order p for
a continuous function o is represented as

o000 = D) = o () [ atsas

Definition 2.3. [20] For n — 1 < p < n, the HFD with order p and type 0 < ¢ <1 of
0 is represented as

Hgypa o(t) = jqn p)D”j(l q(n P) o(t) = jqn p)©a+ u9<)

a*b at, at,

where D = % and 0 =p+q(n—p).

Lemma 2.4. [20] Forn —1 <p <mn, f € L'(a,b), 0 < 3 <1, and j{(li—:z)(n—p)g c
AC¥a,b], then
n 6 k k
P Hgypsa (t—a) T d” (1-g)(n-p)
G O k=1 F +1- L*l{&a dek Jat oft).
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Lemma 2.5. [20] Let p > 0 and g > 0. Following that Vi € J there is

[3§+,L(b)q_l} (L) = F(E(qu)p)ﬂ-ﬂ)_l’

and
[®Z+ L(b)”‘l} (1)=0, 0<p<L

)

Lemma 2.6. A stochastic process (9,&) € & is called a solution of problem (1.1) if
(0,€) satisfies the following stochastic integral equation

L’Y171 b
o(t) F(%)/o 91 (s, 0(s),£(s)) AV (s)
1 L Pl (s ofs ris ) ds
i | T s els) o (me) () d
and

21 b

L Lb_spzflw s s s s s
T 9 ()€ 0) ) ).

Definition 2.7. [12] Let A: S — & be a bounded continuous map, where S C . Then
A is
(i) U-Lipschitz if there exists r > 0 such that 9(AK)) < rd(K) for all bounded
subsets IC C S;
(i) Strict 9-contraction if there exists 0 < r < 1 such that 9(A(K)) < rd(K);
(iii) ¥-condensing if I(A(K)) < ¥(K) for all bounded subsets K C S with (K) > 0,

where ¥ is the Kuratowski measure of non-compactness.

Proposition 2.8. [21] If A,B : § — & are 9-Lipschitz with respective constants 1
and ro, then A+ B is O-lipschitz with constant r1 + r5.

Proposition 2.9. [21] If A: S — & is Lipschitz with constant r, then A is 9-lipschitz
with the same constant r.

Proposition 2.10. [21] If A: S — & is compact, then Z is V-lipschitz with constant
r=0.

Theorem 2.11. [21] Let C : S — £ is ¥-condensing and
I's = {0 €C : there exists 0 < 0 < 1 such that o = 6Cp}.
If s is a bounded set in &, then there exists a > 0 such that T's C B, (0) and
Deg (I —0C,B,(0),0) =1 for all § € [0, 1].
Thus, C has at least one fized point, and the set of all fixed points of C lies in B,(0).
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3. Existence and uniqueness results

In this part we will use the degree theory to prove the existence of solutions to the
problem (1.1).
First, we give the following essential hypotheses:
(Hy): For arbitrary (o1, 02) ,(£1,&2) € &1 X &z, there exist positive constants Lo, , L, ,
M, and q1,¢2 € (0,1) such that

w1 (¢, 01(0), 01(R0), 02(0)) = @1 (1, € (0), € (e), E2()) 1

< Lo, <L2(1—v1)2 lot — &1|% + 20772 | gg — §2||2> 7

@1 (4, 01(¢), 01(ke), Qz(b))H2

< Ly (20072 gy [P 4 2059 | %)
(Hs): For arbitrary (o1, 02), (£1,&2) € & x &, there exist positive constants Lo, , (e, ,
Mg, and q1,q2 € (0, 1) such that

92 (1, 01(2), 02(1), 02(K1)) — 2 (1, €1(1), E2(1), & (k0)) ||

<o, (Lz(lwl) ot — &1[[% + 2.20-72) || gy — 52”2) 7

2 (1, 01(1), 02(1), 02(k0)) ||

<y (0O gy P2 4 20207922 + g,
(H3): For arbitrary (o1, 02), (£1,82) € &1 x &2, there exist positive constants Ly, 1.,
mg,; (j =1,2) and q1,¢2 € (0,1) such that

2
g (v 01(2), 02(¢)) = g5 (¢, €1.(¢), &2(0)) |
< £,, (2079 flor — &P + 207 g — &)

ng (L, 01(1), 02(L))H2 < lg,- <L2q1(1—71) ||Q1||2q1 + (202(1—72) ||Q2||2q2) +my,.

To make clarity, we set the following notations:

2L,
1, = yJ = L, 4
T T (y)
20l,,.
Ny, = i =1,2,
2T T2(yy)
bmy,
3j = T/ \?
I2(v5)
3L b2 2025
A P = - : 7j = 1727
b Tpy)2p - 1

A = max {Ah,A12} , A = max {A41,A42} .
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Based on Lemma 2.6, we let the operators A, B,C : &1 x &5 — &1 X & defined by

A(0,6)(1) = (A1(0,6)(1), A2(0,6) (1)), B(0,€)(t) = (Bi(,€) (1), B2(0,€)(1))
C(0,8)(1) = A(0,6)(t) + B(o,6)(1),

where R
Ax(e. ) = /0 g1 (s, 0(s). £(s)) AW (s).
21 b
(0. 0) = i [ o (s.0l) € (5D s
and
Bi(e.)0) = g [ (1= 91 (50000, 09 5D s
Ba(0,&)(1) = F(;) /OL@ — 5)P2 "Ly (s, 0(s), € (), E(ks)) dAWV(s).

We shall now prove, step-by-step, that the proposed operators satisfy the conditions
of Theorem 2.11.

Lemma 3.1. The operator A is 9-Lipschitz with a constant A. Furthermore, A adheres
to the inequality presented below

1A, )I[2 <A+ Afl(0, &)IIF, where
A =max{A3,,As,} and (3.1)
]\ = maX{Agl y A22}.
Proof. Let (01,02),(&1,&) € &1 x &, we have

E[e " (Ar (o1, 02) (1) — A1 (61, &2) ()]

2

b
ST || (o) ea(s) = g1 (s, 6a0) (o)) s

By applying Ito isometry and (Hj), we arrive at
_ 2
E ]! (A (01, 02) (1) — A1 (§1,&2) (1)) ]|

b
_réc&) / [0 E Jlo1(s) = &1(5)I” + 520 E oa(s) — &a(s)]] ds.
Therefore,
bl
E HL1—71 (A1 (01, 00) (1) — Ay (€1, &) (L))H2 SFQ(;?I) (llor — &lIE, + [lo2 — &I12,) -

Consequently,

A1 (01, 02) — A1 (&1, 62) I, A1l (01, 02) — (&1, &2) [I2-
Similar by the Cauchy-Schwartz (C-S) inequality, we can obtain

[ Az (01, 02) — Az (&1, &2) |17, <AL (01, 02) — (&1.&) II-
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It follows that

|A (01, 02) — A(&1,62) ||% <Al (01,02) — (&1,&2) ||§

Thus, A satisfies the Lipschitz condition with the constant A. By Proposition 2.9, A
is also ¥-Lipschitz with the same constant A.

For the growth condition.

Let (0,&) € &1 x &. Under the Ito isometry and (Hs), we have

B 0 O g [ [ 15 0 B Lo
g, 5720 [ (5)] ] ds.
Therefore,
B[ 41 0.8) O <gzs (mor + Ll + 1 1)
Y1)

Consequently,
141 (0,€) 17, <As, + Aa, | () I,

where ¢ = max {q1,¢2}.
Similarly, we find that

A2 (0,€) 12, <As, + As, | (0,€) |13
It follows that
1A, €)I12 < A+ Al (0,12

O
Lemma 3.2. The operator B is continuous. Furthermore, B satisfies the inequality
1B(e.€)13 <=+ E(0, )1, where
_ 22Ny 222y
= = max{ 2(p1)2p1 — 17 T2(p2)2ps — 1 b and (3.2)

x 3b2_2’)’1+2pllw1 ’ 3b2—2~/2+2pzlw2 .
I2(p1)2p1 — 17 T2(p2)2p2 — 1

Proof. For the continuity of B, let (on,&,) — (0,€) in . From the fact that o
and wy are continuous functions linking with the Lebesgue dominated convergence
theorem, we can obtain

|B(on,&n) — Blo, £)||% —0 as n — oco.

[

= m

Moreover, B satisfies the growth condition.
Using the C-S inequality, we have

E ||~ 81 (0, 6) ()|

<0 s [ 20 VB [ (5,069, 0069).€ () s
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Based on the assumptions (H), it can be concluded that

E '™ Bi(e,€)(x)

Subsequently,

||2 27271 +2p

e — AR, T S Y[ 2‘12).
<tagrap =1 (e + He ! + o]

b2—2m+2p1 My 3h2—271+2p1]
”81(97 )HSl =19 2
I2(p1)2p1 — 1T (p1)2p1 —

e Ol

Similarly,
b2- 272+21)2m 3p2—272+2p2]

||82(Q7 )HEZ = FQ( )2p2 — 1 FQ( )2p = ||( )”

Thus,
—_ = 2
1B(0,O)IIF <E+Ell(e, &), where
b2—2’>’1+2plmwl b2—2"/2+2p2mw2

T2(p1)2p1 — 17 T%(p2)2p2 — 1
3b2 2’Y1+2p1l 3b2—272+2p21w2

UT2(py)2ps — 1 2 (p2)2p2 — 1

= max{

(1]

[1]
Il
5

Lemma 3.3. B is compact; consequently, B is ¥-Lipschitz with a zero constant.

Proof. Let B, = {(0,&) € & x & : |[(0,€)|| < 7} and consider a bounded set K such
that IC C B;. It remains to demonstrate that B(K) is relatively compact in €. For
this purpose, let (o,£) € K C B; and by (3.2), we derive

1B(e;)IIF <E+Ell(0, I :==T.

Thus, B(K) C B, and as a result, B(K) is bounded.
It remains to prove the equicontinuity of B.
Let 0 < e < e <band (p,§) € B, then

& " (Bi(0,€)) (e2) — 1 ™ (Bi(0,9)) (e >H2

1 I 2(1-m) —1_ 20-m) -1
<2FE / [e Mg —g)P17 1 _¢ (e, — g)P1 ]
lron [ [ =dt

x w1 (s, 0(s), 0(ks), £(s))ds||”
/62 307 (63 — ) Ve (s, 0(s), o(ks), £(s))ds

)
y C-S inequality (H;), we obtain

1—m 1—m 2

& (Bi(0.€)) (e2) — e (Ba(e,)) (1)

2¢1 (Mg, + 3lew, 79) /El 2(1—~1) 1 2(1-m) 172

< 1 1 1 _ D1 _ 71 _ p1—1

= I2(py) o [ €9 (€2 —s) € (€1 —5) } ds

2(e2 — €1) (M, + 3w, 79) 63(1_%)
['2(p1)2p1 — 1

2
1

+ 2E H
(Pl

2p1—1

+

(e2 — €1) — 0, as € — €a.
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Similarly, we get

2
577 (Ba(e,9)) (e2) — 1 (Bal,9)) ()|
2€1 (My + 3ly79) /61 [ 2(1—2) 1 2(1—72) 1]?
< € €g —s)P1t — VT (g — 5)P27 Y| (s
Fz(pg) 0 2 ( 2 ) 1 ( 1 )
2(e2 — €1) (M, + 3,70 ) 2ps 1
+ €2 —€1) P2 — 0, as € — €.
T2(p2)2ps — 1 (€2 —€1) 1 2
Therefore, we find that

&b (Bu(e,9) (e2) — e (Ba(e. ) (@)
™ (B2(0,6)) (e2) = 7 (Bl ) ()|

approaches zero as €; — €9. By applying the Arzela-Ascoli theorem, it can be con-
cluded that the operator B is compact. As a result of Proposition 2.10, B is ¥-Lipschitz
with a zero constant. O

E

2

)

Theorem 3.4. Assume that (Hy) — (Hs) hold and 0 < A < 1. Then the problem (1.1)
has at least one solution on E. Moreover, the set of the solutions of the problem (1.1)
is bounded in E.

Proof. By Lemma 3.1, the operator A is shown to be ©¥-Lipschitz with a constant
A € (0,1). Similarly, from Lemma 3.3, the operator B is ¥-Lipschitz with a constant
equal to zero. Consequently, based on Proposition 2.8 and Definition 2.7, the operator
C qualifies as a 1-contraction with the constant A. This implies that C is ¥-condensing.
Now, consider the following set

I's ={(0,§) € &1 x & :(0,§) =0C(0,§), for 0<6 <1}

We need to demonstrate that I's is bounded in & x &. Let (p,&) € T's. Then, by
Lemma 3.1 and 3.2, it follows that

(0,8 17 = 6%l A(0,€) + B (0,) |1
<28 (A (&) Iz + 1B (2,9 1IZ)
<2A+E)+2(A+2) | (0,6) |

Thus, the set I's is bounded in €. If this is not true, by dividing the above inequality
by 0 := | (0,€) |2 — oo, we obtain

1 = T, =
1< 15205[ A+Z2)+2(A+E)07 =0

which is a contradiction. Consequently, Theorem 2.11 ensures that C has at least one
fixed point. Therefore, our problem (1.1) has at least one solution. O

Theorem 3.5. Assume assumptions (Hy) — (Hz) hold and 0 < 2(A+A) < 1, it
follows that the problem (1.1) has a unique solution.



400 Ayoub Louakar, Devaraj Vivek, Ahmed Kajouni and Khalid Hilal

Proof. By applying the Banach contraction theorem, for any (o1, 02), (£1,&2) € &1 X
&y, it follows from the arguments presented in the proof of Lemma 3.3 that

A (01, 02) = A(&1,&) 2 <Al (01, 00) — (&1,62) |12
Next, by the C-S inequality, we obtain

E i1 (Bi(e, 02)(1) = Bi(6a, £)(0)||°

< 20-m)__t /L _ 52D
=L Fg(pl) 0 (L 8) ||w1 (87 91(5)7 Ql(’%s)v 02 (S))

—1 (5,61(5), €(k5), &2 ()| ds,
Based on the assumptions (H;), it can be concluded that
- 2
E o= (Bi (o1, 02) (1) = Bi (61, &) ()|
ﬁwl $+27271+2p
T I2(p1)2p -1 (

2[lo1 — &lIZ, + llo2 — &l12,) -

Subsequently,
3£W1 b2—2m+2p1

FQ(p1)2p1 1 ||(Qla QQ) - (gl,gQ)H%

1B1(01, 02) — Bi(é1,&)||F, <

Similarly,
3L, b2~ 22 2p2

B R - B ) z S Top2m =1
1B2(01, 02) 261 &2)lle, < ['2(p2)2p2 — 1

||(91792) - (51;52)”:2?'

Therefore,

1B(o1,02) — B(&1, )12 < All(e1, 02) — (61,82) 3.
Thus,
HC(Qh 92) - 0(51,52)”% <2 (||A(Q1, 92) - A(fu&)”% + ||B(917 92) - 6(51152)”%)
<2(A+A) (01, 02) — (&1,6)]7.

This implies that C is a contraction. As a result, the problem (1.1) has a unique
solution.
O

4. Continuous dependence of solutions

Now, we study the continuous dependence on the nonlocal conditions of the solutions
of problem (1.1).

Definition 4.1. The solution (g,&) € &1 x & of problem (1.1) is said to be continuously
dependent on the nonlocal conditions g1 and go if for all € > 0, 3§ > 0 such that

ng (87'7') - gj* (87 R )H2 < 5; .7 =12 implz'es that H(Qag) - (@v g)H?) < e

Theorem 4.2. Assume hypotheses (Hiy)-(Hs) are fulfilled, then the solution of the
problem (1.1) is continuously dependent on g1 and gs.
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Proof. Let (p,§), (g,f_) be the solutions of problem (1.1) such that

i1

o) = 5 | o s els). ) )
1

" Tl / (1= 8)" " @ (5, 0(5), 0 () £(s)) ds
L’Y2—1 L
§(t) = mA g2 (s,0(s),&(s))ds

and

where

By the Ito isometry linking with the C-S inequality, we get

E [l (o(e) — 2())|)?

2 ¢ w{ s E 2
<oy ) Ello (060,60 =i (s 206).E() [ s

2,2(1=m),

—_ LL—s2(p1_1) w1 (s, 0(s KS s

) /0< PR [ (s, 0(5), 0 ()  £(5)

w1 (s,2(5), 0 (k5) . &(5))|” ds

<t [ (Hgl 5.0(5):6(5)) — 97 (5.0(5).(5))
9).6(5) ~ 97 (s, 2(5), &) |*) ds

L= IR o (0090, 09 665)

TG
— 1 (5, 8(5), 8 (5s) , E(5

+H91 s,0(s

2,2(1=71),

)| ds.

e LL*.SPQ*lw s, 0(s S KS s
i 9 ()€ 5) ) ),

401
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By applying (H;) and (Hs), we arrive at
2
EHLl M (o) — L))H
4b 4£ L _ A2
e’ T /0 $2E | gfs) = 2(s)|I + 52T €(s) — &(9)]*] ds
) /0“ )21 [20=00F |o(s) — a(s) > + 521K [lo(xs) — a(ss)]”

b3 2’)’1
+5207E |l6(s) - &(s)]*] ds

S T2(y)

Let ,
©1(1) = sup,e o) B[~ (o(s) — a(s))||” and
2(1) = supe (o ) E |11 (€(s) — &(s)) ||, for v € J.
We have
E | (o(s) — 2(s))||” < er(s)
E |12 (£(s) — €(5)) ||” < wa(s),
and

E |7 (o(ks) — a(ks))||* < ¢1(s)
E[|o'77 (¢(rs) — E(rs))||” < wa(s).

Then, for ¢ € J, we get

=% (o)) — (NP 4b Ay [* s s))ds
B[ (o)~ 80D < st + a2y | (10 + palo)d
2b372"/1£w1 L . 2p1-1) ) ) )
T [ =Y 2a(0) + (s s
Then
4b AL, [t
010 < st gary | (@) + eal) ds
2b3—2’¥1£w1 L 2pr—1
W/o (1 —8)2P1=Y (20 (s) + @a(s)) ds.
Similar, we find that
4b AL, [
) < a0+ fay | (@) + eal)ds
2b37272£w2 2 . 2pa—1) ) ) )
T [ =P (o) + 205 s

Take now ¢ = max{p1, 2}, it follows that

(1) < pd + §R/ s)ds + \S/OL( 5)2(p_1)<p(s)ds,
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where
8L,
o= max{ Fzét: ), Fz(,y2 }7 §R maX{ I“2 ’Yl)’ F2(»y2)}
& 667 M Lo, 672 L,
S = max{ T2(y) T2(72) }
p= maX{plaPQ}'
So,

) < b + §R/ s)ds + \5/ (1 — 8)2P=Yp(s)ds.
0
By Generalised Gronwall inequality, we obtain
0 <p5 + §R/ ds) By (ST(2p — 1))
< N6+ h/ p(s)ds,
0
where
N = pFs, 1 (ST(2p — 1)b2p—1) . h=REy, | (ST(2p — 1)b?~1).

By Gronwall inequality, we obtain

©(1) < Noel.

Hence,
max{[lo — oll?,, 1§ — €]} < Rde™ = .

We conclude that the solution of the problem (1.1) is continuously dependent on g;
and go.
O

5. An example

Consider the following coupled system of Hilfer fractional stochastic pantograph equa-
tions with nonlocal integral conditions

H@gf‘jo %0(1) = w1 (1, 0(1), 0 (0.50) ,£(2)), € (0,1],

HDYE006 (1) = wa (1. 0(1), € (1) , £(0.50)) dVYT(L)

5.1
3077 0(0 / g1 (1, 0(0), (1)) AW (s), "
257760 = [ cloh )
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where

@1 (¢, 0(2),0(0.50),6(1) =

—TL

S T (elo)| + el + [ sin(€(w).

(1 0(0):€ 1) £(050) = 77 + 1= (le(0)]+ | cos(€)] + VEOH]).

1

910, 0(0),€(0)) = 17 + 7 (le()[ + [sin(€())]),

—L

e
L,0(L),&(L)) = cos(o(¢))| +1&(e)]) .
0.0, £0) = 55— s ([eos(ol0)] + 1<)
Here, p1 = 0.75, po = 0.85, ¢ = 0.5, g2 = 0.6, kK = 0.5, 73 = 0.875, 72 = 0.94. The

assumptions (Hy), (Hz) and (Hj) are satisfied with L, = I, = o, Lo, = I, = 55,
_ 2 _ 1 _ _ 1 _ _ 4 _" _ 2
My = 135 Mwy = 7, [’91 - lgl - 3 Egz - lgz = 310 Mg1 = 717 a‘nd Mg, = 57-

Additionally, we find A = 0.239329 < 1. Theorem 3.4 shows that problem (5.1) has
at least one solution. Further, 2 (A + A) = 0.80914 < 1. Thus by Theorem 3.5 the
problem has a unique solution.

Next, we plot the approximate solution (g(¢),£(¢)) of problem (5.1) for different values
of p1, p2, ¢1 and ga.

2.0
— o), p1=075,q: =
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FIGURE 1. Solution (o(t),&(¢)) for p; = 0.75, ¢1 = 0.5, p2 = 0.85,
g2 = 0.6.
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FIGURE 2. Solution (o(¢),&(:)) for p; = 0.8, ¢1 = 0.6, p2 = 0.9, g2 = 0.7.
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FIGURE 3. Solution (o(t),&(¢)) for p1 = 0.55, g1 = 0.65, pa = 0.95,

q2 = 0.7.
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Application of Riemann-Liouville fractional inte-
gral to fuzzy differential subordination of analytic
univalent functions
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Abstract. This paper focuses on geometric function theory, a subfield of complex
analysis that has been adapted for fuzzy set analysis. We construct new opera-
tor denoted by D7*NY," "7, formed by applying Riemann-Liouville fractional
integral to the linear combination of the Pascal and Catas operator. Using this
operator, we describe a specific fuzzy class of analytic univalent functions, pre-
sented by DNYF (n,m,0,b,v,9,a,¢) in the open unit disk. A number of novel
findings that are applicable to this class are found by applying the concept of
fuzzy differential subordination. Interesting corollaries are discovered using spe-
cific functions, and an example illustrates the practical usage of the results.
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1. Introduction

Lotfi A. Zadeh established the concept of fuzzy sets in 1965 [36], and it has seen
remarkable development to become employed in numerous areas of science and tech-
nology nowadays. The constantly concerns of mathematicians about incorporating the
concept of fuzzy sets into mathematical theories that were already well-established led
to the combination of fuzzy sets theory and geometric function theory. The authors
highlight Lotfi A. Zadeh’s scholarly contributions in their 2017 review article [10] by
going over the progress of the idea of a fuzzy set and its applications in numerous
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fields.

Differential subordination was first proposed by S.S. Miller and P.T. Mocanu in
[17, 19]. These approaches made it easier to verify the conclusions that had previously
been produced and inspired a great deal of new research using techniques specific to
this theory. The book written by S.S. Miller and P.T. Mocanu[17] and released in
2000 contains the essential elements of the theory of differential subordination. It is
effectively developed over subsequent decades by other authors [18, 12, 5, 6, 20]. There
are a few instances of differential subordination in utilization [9, 33, 4].

The fuzzy differential subordination theory is based on the general theory of
differential subordination and it evolves by incorporating the majority of the classical
theory’s concepts to provide novel outcomes. The notion of differential subordination
was newly extended from fuzzy set theory to geometric function theory by authors
G. I Oros and Gh. Oros[22, 23, 24]. Numerous authors have further expanded it
[32, 11, 25, 26, 14, 15, 21, 3, 13, 27], and they have produced findings using fuzzy dif-
ferential subordination. The progress made possible by the incorporation of quantum
calculus and elements of fractional calculus into geometric function theory.

Let % = {z € C: |z] < 1} and H(% ) denote the class of analytic functions in
% . Denote

Hle,n] ={t:teH(¥)and t(z) =c+cp2"+- - ,2€UY,
Ap={t:t e H%) and t(z2) = 2z + cpy12" ™+ 2 €U} and A = A.

Definition 1.1. [23] Consider, X be a non-empty set. An application F : X — [0,1] is
called fuzzy subset. An alternate definition, more precise would be the following:

A pair (S, Fs), where Fs : X — [0,1] and S = {x € X : 0 < Fs(z) < 1} is called fuzzy
subset. The function Fs is called membership function of the fuzzy subset (S, Fs).

Definition 1.2. [16] Let D is a set in C, zg € D is a fized point and let the functions
frg € H(D). The function f is named a fuzzy subordinate to g and written as [ <p g
if

L. f(20) = g(20)

2. Ff(p)f(z) < Fg(D)g(z),z e D.

Remark 1.3. 1. Let D C C, z5 € D be a fixed point, and the functions f, g € H(D).
If g is univalent function in D then f < ¢ if and only if f(z9) = g(20) and
f(D) c g(D).

2. A function F': C — [0, 1], can be defined as, for example F(z) = 2] F(z) =
T Isinzl], | cos [z]].

3. If D = % then the conditions become f(0) = ¢g(0) and f(%) C g(%) which is
same as the classical definition of subordination.

Definition 1.4. [35] Let h be univalent in % and ¥ : C3 x U — C. If P is analytic in
U and satisfies the fuzzy differential subordination

Fycaxar)(P(P(2), 2P'(2), 2°P"(2); 2)) < Fyar)h(2) (1.1)
i.e.U(P(2), 2P (2), 2°P"(2); 2) <p h(2),2 € %
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then P is called a fuzzy solution of the fuzzy differential subordination. The univalent
function q is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential
subordination, or more simple a fuzzy dominant, if P <p q for all P satisfying (1.1).
A fuzzy dominant q that satisfies §(z) <r q(2),z2 € % for all fuzzy dominant q of
(1.1) is said to be the best fuzzy dominant of (1.1).

Definition 1.5. [14] Let f(D) = supp(f(D), Fyipy)={z € D : 0 < Fypy < 1}, where
Fy(py is the membership function of the fuzzy subset f(D) associated to the function

The membership function of the fuzzy set (uf)(D) associated to the function pf co-
incides with the membership function of the fuzzy set f(D) associated to the function
f, i.e. F(uf)D = Ff(D),Z eD.

The membership function of the fuzzy set (g + h)(D) associated to the function g+ h
coincide with the half sum of the membership functions of the fuzzy sets g(D) , re-
spectively h(D), associated to the function g, respectively h,

. Fyp)9(2) + Frpyh(2)

i.e. Flginm)((g+h)z) = 22 5 B 2 eD.

Definition 1.6. [34] Let t € A then a Pascal operator Yy : A — A is given by

Y (2 _Z+Z<r+n )ﬂr‘lcrzr;

(z€e, n>1,0<9<1).

Definition 1.7. [7] For t € A, Catas defined the operator as follow:

1+v+b(r—1
=z+ Z {1—1—71)} ez’
(neNy, ze %, b,v >0).
Now we define the linear operator N'Y;"%” : A — A as
NY5H(z) = (1= o), H(z) + oYlt(2).
In series form, it is able to shown as

o0
NY4(z) = 2 + Z = (n,n,0,b,v,9)c.2",

r=2
. 1+v+br—1)1" r+n—2Y 1
h =, = 1— - - - v 77 r
with Z,.(n,n,0,b,v,9) [( 0){ 5o } +0o n—1 )
(z€,n>1,0<9 < 1,neNy, bv,0 >0).

Definition 1.8. [8](see also [1, 2]) Given an analytical function t, the Riemann-
Liowville fractional integral of order « is

g L[ )
o: t(z)—F(a)/O gt a0
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where T(a) = [;° e~ "t* " dt with T(1) = 1,T(a+ 1) = oI (@), and t is an analytic
functzon i a simply connected region of the z-plane containing the origin and the
multiplicity of (z —t)1 =% is removed by requiring log(z —t) to be real when z —t > 0.

Applying the Riemann-Liouville fractional integral of order « to the linear op-
erator N'Y,""7 yields the following:

1 [FNYT
OTNYINE) = oy [ Tees D
L(a) Jo (z=0)'
After simple calculation which yields the series form
Z(1+a) (7’ + 1) (r+a)

QQQNYI:{,%U{(Z) = T2+a) + ;Hr n,n,o,b,v, ﬁ)qu

This study focuses on recent work in fuzzy differential subordination that in-
troduces new operators to construct and study a novel fuzzy class. Here, we discuss
multiple findings related to fuzzy differential subordination connected to the Riemann-
Liouville fractional integral from the linear combination of Pascal operator and Catas
operator. Fuzzy differential subordinations have been obtained in order to identify
the fuzzy best dominants. Specific functions are used to derive some corollaries of the
primary findings. A few examples are provided to illustrate the main findings.

Previous studies [28, 29, 30, 31] served as inspiration for this work.

To support our primary findings, we shall use the following Lemmas.

Lemma 1.9. [17] Let k € A. If R{1+ Z,]:,/;S)} > S 2 €U, then L [ k(t)dt is convex
function.

Lemma 1.10. [23] Let h be a convex function with h(0) = a and p € C* such that
R(p) > 0. If P € Hla,n] with P(0) = a and ¥ : C?> x % — C, V(P(z),2P'(2)) is
analytic in %, then

1
Fy(c2xa) [P(Z) + pZP'(Z)] < Fyanyh(z),
implies
FP( )7’( ) Fy@)9(2) < Fyar)h(2)
with the convex function g(z fo (t)tn—Ydt,z € U as the fuzzy best dominant.

Lemma 1.11. [23] Suppose that g be a convex function in % and h(z) = g(z) +
nAzg'(z),n € NA > 0. If P € H[g(0),n] and ¥ : C2 x % — C, Y(P(2),2P'(2)) =
P(z) + AzP'(z) is analytic in % , then

F\I;((CQX%) [P(z) + )\zP’(z)] < Fh(%)h(z),
implies sharp result,

Fp@anP(2) < Fyang(2), €U

and g 1s fuzzy best dominant.

We are going to define a new fuzzy class of univalent and analytic functions.
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Definition 1.12. If t € A satisfies the following criteria, it is said to be in the class
DNYF(n,n,0,b,v,9,a,5)

(2 +0)D; NV 74(=) )
Fo—a N, N, 2 > Qs
(DONY 8 (U) S

(z€%,n>1,0<9¥<1,neNy, byv,0 >0,a>0,5€[0,1)).

Remark 1.13. In particular, ¢(z) = z € A with F(z) = 1+1|Z| belongs to the class
DNYF(n,n,0,b,v,9,a,0).

2. Main results
Theorem 2.1. The class DN'Y Y (n,n,0,b,v,9,,5) is a convex set.
Proof. Consider

o0
t(2) :z—&—Zcﬁzr, i=1,2,
r=2

belongs to the class DNYF (n,n,a,b,v,9,a,s). We have to show that the function
hz) = Piti(z) + Bota(z2), B1,B82 > 0,81 + B2 = 1, belongs to the class
DNYF(nv n,o, ba v, 19a «, C).

!/
a)D ¢ T (o
NOW, h/(Z) _ 61t/1(2) +52t/2(2) and (F(2+ )07 Z/;/Yb,u,ﬂ h( ))

/ /
_ 5 (F(2+a)®z“NYJ?;)%”tﬂz)) + By (F(2+a)®z“NYb’?;@”tz(z)) )

z« z%

We have

i (24 )0 NV h(2)
(

—a n,n,o !5
DIONYTh) U < Lo

i T2+ )DL N (Buta(2) + Bm(z)))'
7

DIONY (Biti (2)+Bata)) U ( Lo

- D2+ a)D; *NY " Bita(2) )
—

DIONYT (BrtitBata)) U ( 2z

n g !
. T2+ a)D7 NY Bata(2)
+ (QQGNYJ{,T,'{;(ﬁl’tl +ﬂ2t2))l% o

F(2+0)Q;QNYbn1']n1’96‘1(z)
il )« -

! P L(24+a)D ;7 *NY, 7 o (2) !
23 —a n,n,o / a
z (92 Ny &2) u =

Q;QNYI)T?{:]{;U

As t1,t, € DNYF (n,n,0,b,v,9,a,5), we have
T2+ )D7ONY7t (2))
) % - =1

ZOC

DIONY 0

F
§<(
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<1

¢ < F(@;“NY;;:’;Q)’% S

<r<2 + @)D NV b (2) )

This implies,

’
> ) r(2+a)® O‘./\/’Yb”“‘”ﬁatl(z) +F r(2+a)D O‘/\/’Yh"v"ﬂolQ( z)
( —(XNY’VL natl) % 20 ( _QNY/’L/’]0£2) % 2

b,v,9 b,v,9

¢ < 5
<1
ie.
L2+ a)D;°NY, "7 h(z) '
© < Fozonvyiny e ( 2 =1
O
Theorem 2.2. Considering g as a convex function and h(z) = g(z) + C_%ng’(z), c>0.
Ifte DNY ¥ (n,n,0,b,v,9,a,5) and G(z) = &3 fo tet( t)dt then
(2 + @)D, *NY," 7t
Flozonyyyeya Enayh(2) (2.1)

implies the next sharp result

< Fy

g 7

r'2+a)® O‘/\fYJT;C?
F, - /
(DNYG)

and g is fuzzy best dominant.

2 z
Proof. Let G(z) = %/ t°t(t)dt.
z 0

Differentiating w.r.t. z, we get

(c+ 1DG(2) + 2G'(2) = (¢ + 2)t(2),
(c+1) (”2 o)DM %’,‘;%“G@) L. (F@ +)DONYG(z) )

ZO(

Z(l

= (c+2) -

(F(? +a)D N Y}Jf;’,’@"t(z)>

Again differentiating w.r.t z, we obtain

(r(g +a)D;NYG(2) > ' L (r@ +a)D;NYG(2) ) !

c+2'z e

ZO(

(P(Q + a)@zaj\/ybj;’j;t(z)>

Za
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Now, the Inequality (2.1) becomes

n [ed 4
L2+ a)D;“NY, Y G(2) N 1 B
c+2

F(@;“NY;;';’G)’% Lo

T2+ a)D°NYG(2) 1
o Vs < / ]
< o < Fya) {9(2’) + i 29 (z)}

n,n,o /
<F<2 +a)D N G(z))

Consider, p(z) = F(DZ_GNY;&(,G)/% por

Here, p € #H[1,1] and we obtain

Fya {P(Z) + C%ZPI(Z)} < Fya) [g(z) + H%ZQ/(Z)} :

Employing Lemma 1.3, we have

n o !
(F(Z +a)DINYLY G(z))

Fozenvimzoya

ZOL
and g is fuzzy best dominant. O
Theorem 2.3. Consider that h(z) = W and G(z) = &3 fo tet(t)dt, ¢ €

[0,1),¢ > 0 then
G[DNYF(TL, n,o, b) v, 197 @ §)] - DNYF(’IL n,o, ba v, 19’ «, C*),

where ¢* = (26 — 1) +2(c +2)(1 =) J, ttc-: dt.

Proof. Given that h(z) = W is convex function and following the same steps

from Theorem (2.2), we conclude the following fuzzy differential subordination
Fyar) [p(2) + 2520/ (2)] < Faganh(2)

L2+ a)D; NY,," G(2)

ZO{

where, p(z) =

From Lemma 1.10, we may conclude that

L(2+a)D; *NYG(2) )
Flozonyyyaya < TR < Fyy9(2) < Frnh(2),
where
c+2 [* 1+ (26— 1)t (c—|—2)(2—2§)/z ett
= et | o dt = (26— 1 dt.
9(z) 2”2/0 { 1+t } -+ ze+2 o t+1

Since, g is convex function and g(%) is symmetric with respect to real axis, we obtain

(F(? +a)D N 1@71171’9“G(z)>

Za

> min Fyy)9(2) = Fya9(1)

Frg—aprynmeo
(2z°NY Y G) w 2=1

b,v,9
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tc+1

dt. O
t+1

andg*:g(l):Qg—1+(c+2)(2—2g)/l
0

Theorem 2.4. Let’s take g be a convex function such that g(0) = 1 and h(z) = g(z) +
29/ (2). If t € A, the fuzzy differential subordination is satisfied

I'(2+a)D;“NY, ()
F(Q;QNY;,L;;"{?GJL)/% ( Za — S Fh(dZ/)h(z) (22)

implies the sharp result

T(2+ a)DI "NV 4(2)
F(DZ—O/NYb’V,l’l,:]{?U{)% ( zl+a S Fg(@/)g(z)7

and g is fuzzy best dominant.

L(2+ )97 NV H(2)
Zl+a

Proof. The function p(z) = < > belongs to H[1,1].

Furthermore, we may write

L2+ a)D "NY =)
zp(z) = - .

Za
Now, differentiating w.r.t. z, we have

n g !
L2+ a)D; "NV t(z))

ZOé

p(z) + 2p'(2) = (

The Inequality (2.2), becomes

Fyanp(2) + 2p'(2)] < Fygar)h(2).
Lemma 1.11 is applied, and we find that

L2+ a)D;°NY,""174(z2)
Flocenvyyy o ( lta < Foa9(2);
and ¢ is fuzzy best dominant. O
Example 2.5. Take g(z) = }jrj ans is convex in %, with ¢g(0) =1,
(o) =
T = a2
1—2%2-2
Now h(z) = 9(2) + 20 () =~y

Taking n = 0,0 = 0,1 = 1 and t(z) = 2 + 22, then we find that /\/Yboulgt(z) =2z+22%

1 2N 0H2) 1 (% 422
@701 YO’LOt _ / U, dt _ / dt
SNt D =Ty o T ) Jy o

1+« 2224-04

IF'2+a) +F(3+a)'
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Implies,
2+ a)@;aNYb?i;;)t(z) 222

2¢ _Z+(2+a)'

After differentiation, we get

<r<2+> QNY;“I’O())'_H %

2¢ 2+4+a)
Using Theorem 2.4 now, we can derive that the fuzzy subordination that follows
4z 1—22-2z

1 <
+2+oz F (1+2)

implies that
2z 1—-2

=< .
24« F1+z

Theorem 2.6. Let h be a analytic in % with h(0) = 1 and R (1 + Z,?:é?) > S If
t € A, the fuzzy differential subordination
<F(2 + a)@;a/\/'YbZﬁ’ft

Z()L

1+

(Z)> < Fuahz)  (23)

E (DN u

implies that

o AN
Flozonyyyou (F(2 - Q)QZHJZ’YI,’M t(2)> < Fyya(2),

where q(z) / h(t)dt is convex and it is fuzzy best dominant.

Proof. Given that (1 + Zh// ) > —%,z € %, and from Lemma 1.9, we find

that ¢(z) = / h(t)dt is convex function and it is solution of Fuzzy differential

)
bubordlnatlon (2.3), h(z) = q(2) + 2¢'(z), so it is fuzzy best dominant.
)D

Let zp(z) = I'2+a QNYbn nﬂa (2 ))

Differentiating w.r.t z, we get

pe) + 20/ (2) = -

n,n,o /
<F<2 +a)D NV t(z))

The fuzzy differential subordination (2.3) is transformed into
Fyanp(z) + 2p'(2)] < Fypayh(2).
Using Lemma 1.11, we find that

D(2 4+ a)D: "N (2)
( e < Fyrya(2)-

F(QZQNYJ,LL?&G tu
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O

Corollary 2.7. Assuming that h(z) = w,g € [0,1) is convex function in % . If

t € A, the following fuzzy differential subordination

I2+a)®;°NY, "7t '
( 2+a) bo9 (Z)> < Frayh(z) (2.4)

F(© N Ybn'unﬁo. ) 4 ze

implies that

Flozonvy s yu

b,v,9

L2+ a)D;°NY,"74(2)
< i7a 2 < Fyaya(z2),

where ¢(z) = (26 — 1) +2(1 - g)M

18 convex and fuzzy best dominant.
Proof. Given h(z) = B2 with h(0) = 1,1 (=) = HE5H 07 (2) = 1t
Consider ,

z) — . 1—7r cos ¢p—1irsin _ —r
§R(1+ h,() m(l Z)_g%( ¢—i w)_ 1—r >0> 1.

(z) 1+2z 147 cos ¢p+ir sin ¢ 1427 cos ¢p+12
Following  the same steps from  Theorem 2.6 with p(2) =
( T2+ a)D;oNY,5 " ()

ZlJra

) , the Inequality (2.4) becomes

Fo@a)[p(2) + 21’ (2)] < Fuga)h(2).
Employing Lemma 1.10 with n = p = 1, we deduce that

L2+ )9, NY, " "74(2)
< ey — < Fyaya(2),

Flozowvzryw

where g(z) = i/oz #ﬁ;l)tdt =(26-1)+2(1— g)@,

Example 2.8. Consider h(z) =
Taking n = 0,0 = 0,7 = 1 and t(z) = z + 22, then we find that N}@?L{ft(z) =242
] NYO;I,O 1 2 5
DN = s [ = L [
0 0

NG (z —t)l-@ INa z—t)1=?
1+« 2Z2+a

—Z . .
is convex in % .
z

z

“Tera) T@Bra)

Hence,
D2+ a)D7ONY H(2) 9,2

2¢ _Z+(2—|—a)'

After differentiation, we get

A
(2 +a)D; NV, 4(z) 4z
=14 —.
2o 2+ a)
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1 (71— In (1
Also, q(2) = 7/ tdt: 2n(1+2) —1.
= Jo

1+t z
Utilizing Theorem 2.6, we now possess the fuzzy differential subordination
14 4z 1—2

<
24a 142
implies the result

2z 2In(1+ 2)

1 =< —1.
+2—|—a F z

Theorem 2.9. Letting g be a convez function and consider that g(0) = 1. If t € A, the
fuzzy differential subordination

/

z@;“NYfIé’"’at(z)
< Fyayh(z) (2.5)

DONY, ()

E (@zoNY ) w

implies the sharp result
DN
Z (XNYZ:LUZ; (Z )

S Fg(”l)g(z)v

F(@;“NYb’jj;,f’l‘;’ Y

and g 1s fuzzy best dominant.
+1
DINY Ly H(2)
DNV =)
Differentiating w.r.t. z, we have the relation
27 a./\/'nnjéng t(2) '
DNV |

Proof. Suppose p(z) =

p(2) +2p'(2) =

Consequently, fuzzy differential subordination (2.5) turns into
Fypary[p(2) + 20" (2)] < Fiya)h(2) = Fyan)lg(2) + 29/ (2)]-
Now, applying Lemma 1.11, we have
DN H(2)
aNYn 1, Ty ( )

F(:Dz—aNYbiz';v’]{gat)% — Fg(%)g(z)5

and ¢ is fuzzy best dominant. O

Theorem 2.10. Let g be a convex function and consider that g(0) = 1 and h(z) =
9(2) + 729" (2),7, A > 0. If t € A and the fuzzy differential subordination

<F<2+a>®;wvntz%”*(2)>kl (F(QW)DZWN%’,%?é”“Z))/
t)%

Fry-a
( NY 2lta o

< Fuayh(z)
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implies the following sharp result

A
L2+ a)D,°NY,""74(z)
Forowyynroa ( Jta < Foan9(2),

and g 1s fuzzy best dominant.

L2+ a)D;“NY ()
Zl+a

A
Proof. Let p(z) = ) belongs to H[1,1].

Differentiating w.r.t. z, we obtain

s 1A=l <F<2+a>®z“NY:gﬁ;fm)
p/(z) — '+ a)@;aNn7;7é t(2) —
Zl+a >

Following a little computation, we have

1 PE+a)D  NY () ) (TR +0D°NY 1)\
p()+570'(2) = e -

ZQ
Therefore, fuzzy differential subordination (2.6), becomes

Fyanlp(2) + 529/ (2)] < Fuganh(2) = Fyganlo() + 729/ (2)].

Applying Lemma 1.11, we obtain that

A
I'(2+ )07 NY T H(2)
)% Jlta < Fg(@/)g(2)7

F(@;‘U\/Y"*"“’t

b,v,0
and ¢ is fuzzy best dominant. O

1—2 , 1—2z—22
Example 2.11. Suppose g(z) = T, and h(z) = g(2) + z¢'(2) = Ao

Take n = 0,0 = 0,7 =1 and t(z) = z + 22, then we find that Niﬂg;}l’ft(z) =2+ 22

1 2 NYuz) 1 [ 42
H-e Y07170t _ / U, di = / dt
SNV = 1y Jy e T @y o

Zl—i—a 22,2—!—04
I'2+a) + I'B+a)

Thus, we have

re+ a)@;“NYb?;{;;)t(z) 222

2% i 24 a)
After differentiation, we get
(F(2 +a)DONY) ) ) B 4z

=14 ooy

ZO(
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The following fuzzy differential subordination is obtained by using Theorem 2.10
- 22 \M! 14 4z /< 1—2z—22
2+a 24a) F (1422

14 22 \* ~ 1—2z

2+« Frlge

Theorem 2.12. Considering h as a convex function with h(0) = 1,A > 0. Ift € A, the
fuzzy differential subordination

L2+ a)07 NY () ) (T2 + )07 N ()
F(Z);‘*NYJL’J%“’()%

implies that

Z1+(x Zx

< Fyanyh(z)

(2.7)
implies the result
A
L2+ a)D;°NY, " "74(2)
Flozenvrmryw ( o < Foa9(2).
where g(z) = 1 fo t)dt is convex and fuzzy best dominant.
Proof. Following the same technique of Theorem 2.10 and taking
A
D2+ a)D- N H(2)
p(z) = P , we have
]' /
Fyo@ry |p(2) + NP (2)| < Fr@a)h(2).
Using Lemma 1.10, we deduce that
A
L2+ a)D;°NY, " "74(2)
Elozonvypou ( e < Foan9(2);
where g(z) = % fo t)dt is convex and fuzzy best dominant. O

Example 2.13. Considering h(z) =

.
Taken = 0,0 = 0,7 =1 and t(2) = 2 + 22, then we obtaln/\/YO’l’O t(z) = 2+ 27, then
we find that

with 2(0) = 1 and it is convex function in
1+z2

NYboulg)t(z) =z + 2%

Now,
Zl—i—a 2224-04

IF'2+a) +F(3+a)'

- 0,1,0
DNY, yt(z) =
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Thus,

L2+ a)NYDt(2) 222
— =z+ .
z 2+ a)

After differentiation, we obtain

<r<2 + a)NYb?;%;Et(z))’ e

ZO(

2+a)

Additionally,

g(z) = i/ozh(t)dt: M .Y

We have the fuzzy differential subordination described below using Theorem 2.12
14 2z \M! 1+ 4z _< 1—=2
2+« 2+a) 14z

A
2z 2In(1+ z)
1 < ————1.
( +2—|—a> r z

implies the result

Theorem 2.14. Let g is a convex function with g(0) = 1 and h(z) = g(z) + z¢'(2). If
t € A, the fuzzy differential subordination

"
DIONYIIHE) (DT ONY))
F(@;(!Nyn,n‘o't)% 1-— -

< Fpanh(z), (2.8)

b,v, 9 B n o i 2
(27 Ny (=) }
implies sharp result,
DIONY 7 4(2)
Forenvpmyou | < Fyan9 (@),
o 2 (@ZQNX/I,7;71’9 t(z)>

and g is fuzzy best dominant.
DIONY T H(2)

z (@Z“NYb";%Ut(z))
Differentiating w.r.t. z, we have the relation

(33;&./\/'}/1:271790{(,2)) (QQQN)/I]/,;L{)T’,L;Ut(Z))//

[(QZ“NYE,’,’JQ;“t(z))T

Proof. Suppose p(z) = - belongs to H[1,1] and z € % .

p(z)+2p'(z) =1—

Inequality (2.8), becomes
Fo@n[p(2) + 20’ (2)] < Fya)h(2),
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We now get the sharp fuzzy differential subordination using Lemma 1.11,
0L WNYLIC)

!/

2 (D7 NV )

Flozenvymygu < Foa)9(2).

and g is fuzzy best dominant. O

3. Conclusion

At this point, we discussed a number of fuzzy differential subordination results of an-
alytic functions that are connected to the Riemann-Liouville fractional integral and
the linear combination of the Pascal and Catas operator. A new fuzzy class was also
developed, and fuzzy differential subordination results and a few examples were in-
ferred.

With reference to this operator, further subclasses of analytic functions can be
created, and some of their features, including coefficient estimates, distortion theo-
rems, and closure theorems, can be examined. Also, New fuzzy class identification,
fuzzy superordination results, higher-dimensional results extension, and the use of
fuzzy differential subordination to address practical issues are important topics for
development.
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On the coefficient estimates for a subclass of m-
fold symmetric bi-univalent functions
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Abstract. In this work, we introduce and investigate a subclass gg;j (A, y) of
analytic and bi-univalent functions when both f and f~' are m-fold symmetric
in the open unit disk U. Moreover, we find upper bounds for the initial coefficients
|@m+1| and |a2m+1| for functions belonging to this subclass gg;{j (A, 7). The results
presented in this paper would generalize and improve those that were given in
several recent works.
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1. Introduction

Let A denote the class of functions of the following normalized form:
o0
f(2) zz—l—Zajzj (1.1)
j=2

which are analytic in the open unit disk U= {z € C: |z| < 1}.

Also, we denote by S the class of all functions in the normalized analytic function
class f € A which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse
functions need not be defined on the entire unit disk U. The Koebe One-Quarter
Theorem [4] ensures that the image of U under every univalent function f € S contains
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a disk of radius %. Hence, every function f € S has an inverse f~!, which is defined
by

FTHf(R) =2 (2 €,

and
F7 ) =w (lul <r(fim(n = 1)
where

fHw) = w — agw? + (263 — az)w® — (5a3 — Sagaz + az)w* 4 -+ . (1.2)

A function f € A is said to be bi-univalent in U, if both f and f~! are univalent in
U. The class consisting of bi-univalent functions are denoted by X.

Determination of the bounds for the coefficients a,, is an important problem in
geometric function theory as they give information about the geometric properties
of these functions. For example, the bound for the second coefficient as of functions
f € S gives the growth and distortion bounds as well as covering theorems.

Lewin [8] investigated the class ¥ of bi-univalent functions and showed that
laz| < 1.51 for the functions belonging to . Subsequently, Brannan and Clunie [2]
conjectured that |as| < v/2. Kedzierawski [7] proved this conjecture for a special case
when the function f and f~! are starlike functions. Tan [14] obtained the bound for
|as| namely |ag| < 1.485 which is the best known estimate for functions in the class 3.
Recently there are interest to study the bi-univalent functions class ¥ (see [5, 6, 16, 17])
and obtain non-sharp estimates on the first two Taylor-Maclaurin coefficients |as| and
|as|. The coefficient estimate problem i.e. bound of |a,| (n € N—{1,2}) for each f € &
given by (1.1) is still an open problem. For each function f € S the function h(z)
given by

h(z) = %/ f(z™) (z€eUmeN)
is univalent and maps the unit disk U into a region with m-fold symmetry.

A function is called m-fold symmetric (see[11, 12, 13]) if the function f(z) has the
following normalized form:

o0
fz)=2z+ z Ampy1 2™ (z€U,meN) (1.3)
k=1
We denote by S,,, the class of m-fold symmetric univalent functions in U, which
are normalized by the series expansion (1.3). In fact, the functions in the class S are
one-fold symmetric, that is

S =S

Analogous to the concept of m-fold symmetric univalent functions, we now introduce
the concept of m-fold symmetric bi-univalent functions. Each function f € ¥ generates
an m-fold symmetric bi-univalent function for each integerf € N. The normalized
form of f is given as in (1.3). Furthermore, the series expansion for f~! , which was
recently proven by Srivastava et al. [13], is given as follows:



On the coefficient estimates for a subclass of m-fold symmetric 429

g(w) - CLm-l—lwm%k1 + [(m + 1) Qi1 a2m+1]w2m+1—

1
[i(m +1)(3m + 2)af’n+1 — (B3m+ 2)amt102m+1 + a3m+1}w3m+1 +oe

where g = f1 .

We denote by ¥, the class of m-fold symmetric bi-univalent functions in U. In the
special case when m = 1, the formula (1.4) for the class 3,,, coincides with the formula
(1.2) for the class X. Some examples of m-fold symmetric bi-univalent functions are

given below:
1

<1im> and [~ log(l — 2™)]

with the corresponding inverse functions given by

1 . 1
wm m w _ 1 m
( ) and (e — >
respectively.

Quite recently, Wanas and Pall-Szabé [15] introduced two new general subclasses
ASs,, (7, A;a) and ASS, (7, A; B) of the m-fold symmetric bi-univalent function class
Y. consisting of analytic and m-fold symmetric bi-univalent functions in U and de-
rived the coefficient bounds for |a,, 1| and |agpm,41| for functions in each of these new
subclasses.

i

Definition 1.1. [15] A function f € X, given by (1.3) is said to be in the class
ASs, (7, A «) if it satisfies the following conditions:

ST

<om'
2

and

wofo 0o (o) <5

where z,w €U, 0<vy<1,0<A<1,0<a<1l méeNandg=f1'.

Theorem 1.2 ([15]). Let f € ASx,, (7, A; ) be given by (1.3). Then

2a
my/2ay(1 + dm) +v(y — a)(1 + Am)?

|am+1| ~

and
202(m + 1) a
292(14+2xm)2  my(1+2xm)’

|a2m+1 ‘ S

Definition 1.3. [15] A function f € X, giwen by (1.3) is said to be in the class
AS*s. (v, \; B), if it satisfies the following conditions:

oo ea e £
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and

R [(1 — ) wgg(/s)”) +A (1 + wgg,l(ll(;;’)ﬂw > B,

where z,w €U, 0<vy<1,0<A<1,0<p<1l, meNandg= f".
Theorem 1.4 ([15]). Let f € AS*s,, (v, A; 5) be given by (1.3). Then

T— ¢ L
m\| 2y(1 + Am) + (v — 1)(1 + Am)?

and
2(m +1)(1 — B)? 1-p
m2y2(1+Am)2  my(1+ 2 m)’

laom+1| <

The main objective of this paper is to present an elegant formula for computing
the coefficients of the inverse functions for the class ¥, of m-fold symmetric functions
by means of the residue calculus. As an application, we introduce a new subclass of bi-
univalent functions in which both f and f~! are m-fold symmetric analytic functions
and obtain upper bounds for the coefficients |a,, 41| and |a2m41]| for functions in this
subclass. Our results for the bi-univalent function class ggfj (v, ), which we shall
introduce in section 2, would generalize and improve some recent works by Wanas
and P4ll-Szabé [15] and some of other researchers[1, 9, 10]

2. Coefficient Estimates
In this section, we introduce and investigate the general subclass gg;f (7, A).
Definition 2.1. Let h,p : U — C be analytic functions and

min{R(h(z)), R(p(2))} > 0 (2 € U) and h(0) =p(0) = 1.

A function f giwen by (1.3) is said to be in the class ggf('y,)\), if the following
conditions are satisfied:

{(1 BN (1 + Zf”(z))r € h(U) (2.1)

f(z) f'(2)
and
e O ) RN

where z,w €U ,0<y<1,0<A<1,m&cNandg=f"1.

Remark 2.2. There are many choices of the functions h,p which would provide in-
teresting subclasses of the general class ggfj (7, A). For example, if we set v = 1, the
subclass Qg’i’ (v, A) reduces to the subclass f € Mgf: (A, 1) which was introduced by
Motamednezhad et al. [10]. /
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If we let

14+ 2m\*
h(z):p(z):(li_zm> =142a2™ 4 2a%2*" +--- (0 < a < 1),

it can easily be verified that the functions h(z) and p(z) satisfy the hypotheses of
Definition 2.1. Thus, if we have f € ggp (7, A), then

2 2f"()\]7| _ e
ors |- ea (10 2) | [ < 3
and
wg'(w) ( wg”(w))]” ar
1-X +A1+ < —.
e {( ) g(w) g'(w) 2
In this case we say that f belongs to the subclass f € ASy (v, A;a). If we put

h(z) = p(z) = (%f‘z:)aand ~v = 1, the subclass ggf (7, A) reduces to the subclass

My, (a, A, 1) which was considered by Motamednezad et al. [10].
Also, for h(z) = p(z) = (1+zm) ,v=1and A = 0, the subclass ng(’y,)\)

1—zm

reduces to the subclass S§ ~ which was considered by Altinkaya and Yalcin [1].

On the other hand, if we take
1+ (1-28)z"
h = =
() =p(x)= - H 02
then the conditions of Definition 2.1 are satisfied for both functions h(z) and p(z).
Thus, if f € ggfj (7, A); then

ofo o () s

=1+21-B)2z"+2(1—-pB)2*" 4+ (0< B < 1).

and

R [(1 - A)wgg(;(j;’) +A (1 + wgg//(/g‘;))r > B.

In this case we say that f belonges to the subclass f € AS*s (v, \;5). If we put
h(z) = p(z) = 1H0=20)=" and 4 = 1, the subclass Qg’i’ (v, A) reduces to the subclass

1—zm

Ms, (B, A, 1) which was considered by Motamednezad et al. [10].
AISO, for h(z) = p(z) = M7 vy = 1 and A = 0, the subclass ggf(’}/,)\)

1—zm

reduces to the subclass Sg which was considered by Altinkaya and Yalcin [1].

Remark 2.3. For one-Fold symmetric bi-univalent functions, we denote the subclass
Gl (y,X) = GIP(, \). Special cases of this subclass illustrated below:

m

(A) By putting h(z) = p(z) = (H'Z) and v = 1, then the subclass G&P(), )

1—z

reduces to the subclass My («, A) studied by Li and Wang [9].

(B) By putting h(z) =p(z) = (ifﬁ)a, v =1and A = 0, then the subclass G&P (), 7)

reduces to the subclass S%(«) studied by Brannan and Taha[3].
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(C) By putting h(z) = p(z) = (ifj) ,and A = v =1, then the subclass gg’p()\gy)
reduces to the subclass My («, 1) studied by Li and Wang [9].

(D) By putting h(z) = p(z) = %735)2 and v = 1, then the subclass G&P (), )
reduces to the subclass By (8, A) studied by Li and Wang [9].

, _ _ 14(1-28)z _ —

(E) By putting h(z) = p(z) = ?Z), v = 1 and A = 0, then the subclass
gg’P(/\, ) reduces to the subclass S5 (8) of bi-starlike functions of order 5(0 <
B < 1) studied by Brannan and Tahal[3].

(F) By putting h(z) = p(z) = %}25)2 and A =« = 1, then the subclass ggvp(,\, v)

reduces to the subclass Bx(/5,1) of bi-convex functions of order 5(0 < § < 1)
studied by Li and Wang [9].

We are now ready to express the bounds for the coefficients |am+1] and |a2m41]
for the subclass Q;’i’ (7, A) of the normalized bi-univalent function class %,,.

Theorem 2.4. Let the function f given by (1.3) be in the class g;ﬁ (v,A). Then

lam+1] < min |hom| + |[p2m]

|hm|2 + |pm|2
2[m~y(1 + Am)]?

and

|hom| + [P2m| (m+ D) ([hm]* + pm]?)
4ym(1 + 2Am) 4v2m2(1 4+ Am)? 7
|2m(1 + Am) 4 2(m + 1)(1 + 2Am) + m(y — 1)(1 + Am)?|
Am2y(1 4 22m)[2(1 + Am) + (v — 1)(1 + Am)?]
|2(m + 1)(1 + 2Am) — 2m(1 + Am) — m(y — 1)(1 + Am)?|
Am2y(1 +22m)[2(1 + dm) + (v — 1)(1 + Am)?]

laom+1| < mm{

|h2m‘ +

p2m|}- (24)

Proof. The main idea in the proof of Theorem 2.4 is to get the desired bounds for the
coefficient |am,41| and |ag;,+1|. Indeed, by considering the relations (2.1) and (2.2),

we have
(O T ) IR
and
[(1 ~)) wili?) +A (1 + wgg/’(’l(g))r = p(2), (2.6)

where each of the functions i and p satisfies the conditions of Definition 1.3. In light
of the following Taylor-Maclaurin series expansions for the functions i and p, we get

h(z) =1+ h,z2" + homz®™ + hgmz"™ 4 - - (2.7)
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and

p(w) = 1+ prw™ + pemw®™ + papw®™ + - - .

433

(2.8)

By substituting the relations (2.7) and (2.8) into (2.5) and (2.6), respectively, we get

my(1+ Am)ami1 = hm,

m(1 + xm)? — (Am? + 2 m + 1)] az 1
+2my(1 + 2Am)agm+1 = hom,

—my(L+ Am)am41 = pm

and
ym {(3)\7712 +2A+1)m+1) + @m(l + )\m)ﬂ a4
—2m~y(1 + 22dm)agm+1 = Pom-
Comparing the coefficients (2.9) and (2.11), we obtain
him = —pm
and

2m*y*(1+ Am)?aq, 1y = hy, + pr,.
Now, if we add (2.10) and (2.12), we get the following relation
m?y [2(1+ Am) + (v — 1)(1 + Am)?] a2, 11 = hom + Pam.
Therefore, from (2.14) and (2.15), we have
2 = h + P,
ML 2lmy (1 + Am)]2

and
2= hom + Pam
T m2y2(1 4 Am) + (v = 1)(1 4 am)?)’
respectively.
Therefore, we find from the equations (2.16) and (2.17) that
hm 2 + Dim 2
A e

and

|h2m| + ‘p2m|
m2y[2(1 + Am) + (v — 1)(1 + Am)?]’

|am+1|2 <

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

respectively. We have thus derived the desired bound on the coefficient |a,1].
The proof is completed by finding the bound on the coefficient |a2;,41].- Upon

subtracting (2.12) from (2.10), we get

hom — Pom (m + 1) 2
Upp1-
4ym(1 + 2Am) 2

A2m+1 =

(2.18)
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Putting the value of a?,; from (2.16) into (2.18), it follows that

th — P2m (m + 1)h2m + Po2m
dym(1+2xm)  m2y[2(1 + Am) + (v — 1)(1 + Am)?]’

ao2m+1 =

Therefore, we conclude the following bound:

ham| + p2m|  (m+ D) ([l + Pm|*)

< 2.1
lem1l < 4 o) T Afm( + ) 2 (2.19)
By substituting the value of a2, ,; from (2.17) into (2.18), we obtain
" ~m[2(1+ A m) + (v — 1) (1 + Am)?](ham — pam) + (m +1)(1 + 2Am) (2.20)
amAl Am2~y(1 + 22m)[2(1 + dm) + (v — 1)(1 + Am)?] '
(h2m +p2m)
Am2y(1 4 22m)[2(1 + Am) + (v — 1)(1 + Am)?]
which readily yields
12m(1 + Am) 4 2(m + 1)(1 + 2\m) + m(y — 1)(1 + dm)?|
lagmy1] < 5 2 |ham| +
Am2y(1 4 22m)[2(1 + Am) + (v — 1)(1 + Am)?]
(2.21)
2(m + 1)(1 + 2Am) — 2m(1 + Am) — m(y — 1)(1 + m)?|

Am2y(1 4 22m)[2(1 + dm) + (v — 1)(1 + Am)?]

Finally, from (2.19) and (2.21), we get the desired estimate on the coefficient |agm, 41|
as asserted in Theorem 2.4. The proof of Theorem 2.4 is thus completed. O

3. Corollaries and Consequences

If we put

1+ 2™
1—2zm

h(z)p(z)( ) :1+20¢zm+2a222m+...’

in Theorem 2.4, then it can be obtained the following result.

Corollary 3.1. Let the function f given by (1.3) be in the class ASyx., (v, \;«). Then

|@mr1] < min 20 ) 20
{my(l +Am) m/A2(1 + Am) + (v — 1)(1 + Am)?] }
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and

| | < mi a? 2(m +1)a?
agm+1| < min ;
et my(1 42 m)  v2m2(1 4 Am)?

a? +

a2}.
Remark 3.2. For the coefficient |ag,, 1] it is easily seen that
a? 2(m +1)a? «@ 2(m +1)a?
my(1+2 m)  2m2(1+Am)2 — my(1+2xm)  +2m2(1 + Am)?’

Therefore, clearly, Corollary3.1 provides an improvement over Theorem1.2.

‘ 2m(1 + Am) + 2(m + 1)(1 + 2dm) + m(y — 1)(1 + Am)?
2m2y(1 4+ 2Am)[2(1 + dm) + (v — 1)(1 + Am)?]
’2(m + 1)(1 4+ 2xm) — 2m(1 + Am) — m(y — 1)(1 + dm)?
2m2y(1 4+ 22m)[2(1 4+ Am) + (v — 1)(1 + Am)?]

By setting v = 1 in Corollary 3.1, we conclude the following result.
Corollary 3.3. Let the function f given by (1.3) be in the subclass Msx_, (a, A\, 1). Then

2a 1
— 2 g<a<l
| ‘ - ) 20 20 ma/2(14+Am) - - m
Ama1| < min , =
i m(1+ m)" m\/2(1 + \m) 20 Loy o
m(1+Im) *° m = <
and

m(l+Am)?+2(m+1)(1+2\m) , (m+1)
m2(1+ 2xm)(1+ Am)2 " m2(1 + Am)

lagm+1| < mm{

By setting A = 0 in Corollary 3.3, we conclude the following result.
Corollary 3.4. Let the function f given by (1.3) be in the subclass S5 . Then

20 V2« V2a
|ami1] < ming —, —— = ——
m’

m m

and

’ m2 m2

(3m +2)a? (m+ 1)&2} (m+1)a?
m2

lazm+1] < min{

Remark 3.5. The bounds on |a,,+1| and |agm,+1| given in Corollary 3.4 are better
than those given by Altinkaya and Yalcin [1, Corollary 6], because of

V2a < 20
m  myva+1

and
2 2
(m+1a <g+2(m+1)o¢ .
m?2 ~m m2

By setting v = 1 and m = 1 in Corollary 3.1, we conclude the following result.



436 S. H. Hosseini, A. Motamednezhad, S. Salehian and A. O. P4ll-Szabé
Corollary 3.6. Let the function f given by (1.1) be in the subclass Ms(a, \). Then

2 2 2
laz| < min 70[,(1 — =y ——
1+ A 1+A 1+ A

and

. A2+ 10N+ 5 202 202
las| < min o? = .
- (T+20) 1+ N2 "1+ A 1+A

Remark 3.7. The bounds on |az| and |as| given in Corollary 3.6 are better than those
given by Li and Wang [9, Theorem 2.2].

By setting A = 0 in Corollary 3.6, we conclude the following result.
Corollary 3.8. Let the function f given by (1.1) be in the subclass Sy (). Then
laz| < V2a and las| < 2a2.

Remark 3.9. The bounds on |az| and |ag| given in Corollary 3.10 are better than those
given by Brannan and Taha [3].

By setting A = 1 in Corollary 3.6, we conclude the following result.
Corollary 3.10. Let the function f given by (1.1) be in the subclass Mx(«,1). Then

las] < and las| < a?.

Remark 3.11. The bound on |as| given in Corollary 3.8 are better than those given
by Li and Wang [9, Theorem 2.2] for A = 1.
By letting
1+ (1—28)zm
h(z) = p(e) = U2

in Theorem 2.4, we deduce the following corollary.

Corollary 3.12. Let the function f given by (1.3) be in the class f € AS*s, (v, A; 8).
Then

s < mind 2029 2% (1-8)
ST @ am) AR Am) + (7 = DT+ Am)’]

=14+21-8)2"+2(1—-8)22"+---(0< B < 1).

and

a <nm{ 1-6  2m+1)(1-p)

FmAl = my(14+2xm)  2m2(1 + Am)?’

’2m(1 +Am) 4+ 2(m + 1)(1 + 2Am) + m(y — 1)(1 + Am)?
2m2y(1+ 22m)[2(1 + dm) + (v — 1)(1 + Am)?]

'Z(m + 1)(1 +2xm) — 2m(1 + Am) — m(y — 1)(1 + Am)?
2m2y(1 + 2Am)[2(1 + dm) + (v — 1)(1 + Am)?]

(1-5)+

0-a)
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Remark 3.13. Clearly, Corollary 3.12 provides an improvement over Theorem1.4.
By setting v = 1 in Corollary 3.12, we conclude the following result.

Corollary 3.14. Let the function f given by (1.3) be in the subclass My, (a, A 1).
Then

20-p8) 2 | (-5
(14+2xm) m\ 2(1+ Am)

|@my1] < mm{ —
m

and

, 1-5 2m+1)(1-8)2 m+1
[@2m+1] = mm{ m(1 + 2 m) m2(1+xm)2 " m2(1+ Am) (1= 6)}

By setting A = 0 in Corollary 3.14, we conclude the following result.
Corollary 3.15. Let the function f given by (1.3) be in the subclass ng. Then

2(1-5) 1

la +1|<min{2(1_6) 2(1_ﬁ)}: " 0P <3
= m 9 m 215

(7n)7%§5<1

and

a < min
| 2m+1| = { m2 m2

m(1 - B) + 2(m + 1)(1 — B)? m+(1—5)}

+(1-7) 142
mT , 0S8 < 2(1+$>

m(1-B)+2(m+1)(1-8)* 1+2m
m?2 > 2(14m) < B <L

Remark 3.16. Clearly,the bounds on |an,+1] and |agm,+1| given in Corollary 3.15 are
better than those given by Altinkaya and Yalcin [1, Corolary 7].

By setting v =1 and m =1 in Corollary 3.12, we conclude the following result.
Corollary 3.17. Let the function f given by (1.1) be in the subclass Bs(8,\) . Then

Ia<mz‘n{2“‘5> 2(1—5)}_ VD o<pcip
2— pr—

14X 1+ A

21-p) 1-\
T =2 <p<1

and

las| < min{

1-8 40582 2(1-§)
L+22  (14X)27 14X

2(1—3) 3+42—3)?2
0 0SB < SEEy

1-3 4(1-p)> 3+42—32>
Tox T gz 0 gy =B <L
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Remark 3.18. The bounds on |az| and |ag| given in Corollary 3.17 is better than that
given by Li and Wang [9, Theorem 3.2].

By setting A = 0 in Corollary 3.17, we conclude the following result.
Corollary 3.19. Let the function f given by (1.1) be in the subclass S5 (B). Then

MW—F). 0<p<l
il im0
217ﬂ7 §§,8<1

and

jas| < min {(1 = B)(5—45),2(1 - B)} =
(1-B)(6-48), §<B <L

Remark 3.20. The bounds on |as| and |az| given in Corollary 3.19 are better than
those given by Brannan and Taha [3].

By setting A = 1 in Corollary 3.17, we conclude the following result.
Corollary 3.21. Let the function f given by (1.1) be in the subclass Bx(8,1). Then
jaa] < min{1- 8, V/T= B} =1-3

and

S

|as] <min{ 3

(1-B)+3(1—8)* 1
5, 3<fB<L

Remark 3.22. The bounds on |az| and |ag| given in Corollary 3.21 are better than
those given by Li and Wang [9, Theorem 3.2] for A = 1.

4. Conclusions

In this paper, we introduce a new subclass gg’j (7, A) of analytic functions, charac-
terized by m-fold symmetric as a foundational framework. It is worth noting that
this subclass is a generalization of many well-known or new subclasses, mentioned in
section 2. Moreover, by Theorem 2.4, we obtained sharp bounds of the coefficients
for many well-known subclasses as consequences. That in certain cases our data has
improved the results of others.
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Certain subclass of close-to-convex univalent
functions defined with ¢-derivative operator

Gagandeep Singh () and Gurcharanjit Singh

Abstract. The objective of this paper is to introduce a new subclass of strongly
close-to-convex functions defined with g-derivative operator and by subordinating
to generalized Janowski function. We establish several useful properties such as
coefficient estimates, distortion theorem, argument theorem, inclusion relations
and radius of convexity for this class. Some relevant connections of the results
investigated here with those derived earlier are mentioned.
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Keywords: Analytic functions, univalent functions, close-to-convex functions, co-
efficient bounds, g-derivative, subordination, hypergeometric function, Hadamard
product.

1. Introduction

Let A be the class of analytic functions in the open unit disc E = {z:| z |< 1} and
having the Taylor-Maclaurin expansion of the form

(oo}
f(z) :z—i—Zanz". (1.1)
n=2
Further, let S be the class of functions f € A which are univalent in F.

By U, we denote the class of Schwarzian functions w satisfying w(0) = 0 and
|w(z)| <1, which are analytic in E and of the form

(o)
w(z) = Z cn2",z € E.
n=1
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For 0 < a < 1, §*(a) and K(«) denote the classes of starlike functions and
convex functions of order a respectively and are defined as

S*(a) = {f:feA,Re<Zf/(Z)) >a,z€E}

f(2)
and
(zf'(2))
ICoz—{f:fEA,Re( >a,z€ By
) 7)
In particular, $*(0) = S* which is the class of starlike functions and K(0) = K, the
class of convex functions. For o = £, 8*(3) is the class of starlike functions of order 1.

For the functions f(z) = 2+ .., a,2" defined in (1) and h(z) = z+>_ - 5 b, 2",
the Hadamard product(or convolution) of f and h is defined by

(Fxh)(z) =2+ anbyz".
n=2

A function f € A is said to be close-to-convex function if there exists a function

g € §* such that
Re <Z§(/§)> >0(z € E).

The class of close-to-convex functions is denoted by C and was established by
Kaplan [9].

Sakaguchi [18] established the class S of the functions f € A which satisfy the

condition b
(7)o

The functions in the class S} are called starlike functions with respect to symmetric
points. Clearly, the class S¥ is contained in the class C of close-to-convex functions,

e — f=2)

5 is a starlike function [3] in E.

Getting inspired from the class S8, Gao and Zhou [5] studied the class g given

Ksz{f:feA,Re<m>>07geS* (;),zeE}

Kowalczyk and Les-Bomba [10] extended the class Kg by introducing the class
Ks(7)(0 <+ < 1) which is defined as

2 p1

) > 10e (3) 227

Ks(v) = : eA,Ra(Z >v,9e€8 |- |,z€eE;.
={r:1 gGra=) 7S

For v = 0, the class Kg(7) reduces to the class Kg.

by
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Later on, Prajapat [14] established that, a function f € A is said to be in the
1
class x¢(7)([t] <1, #0,0 <~ < 1), if there exists a function g € S* (2>7 such that

t2>f'(2)
[
In particular x_1(v) = Kg(vy) and x-1(0) = Ks.

For -1 < B < A < 1and 0 < a < 1, Polatoglu et al. [13] introduced
the class P(A, B;a), the subclass of A which consists of functions of the form

p(z) = 1+ 377 prz”® such that p(z) < 1+[B+ (1A+—BB)(1 — a)]z. Also for a = 0,
z

the class P(A, B;«a) agrees with P(A, B), which is a subclass of A introduced by
Janowski [8].

Let f and g be two analytic functions in E. Then f is said to be subordinate
to g (symbolically f < g) if there exists a Schwarzian function w € U such that
f(z) = g(w(z)). Further, if g is univalent in E, then f < g is equivalent to f(0) = g(0)
and f(E) C g(E). Recently some subordination properties for certain classes of
analytic functions were studied in [16].

Using the concept of subordination, Singh et al. [20] introduced the class
xt(4, B)([t] < 1,t # 0), which consists of functions f € A with the conditions

tz2f'(2) - 1+ Az
9()gtz) " T+ Bx

-1<B<A<1l,z€E,

where g € 8* (). The following observations are obvious:
(1) xe(1 =27, —1) = xe (7).

(i)x 1 (1~ 29, 1) = Ks().

(iii)x-1(1,-1) = Ks.

Raina et al. [15] defined the class of strongly close-to-convex functions of order
3, as below:

C/BZ{f:fE.A,

arg{ZfI(Z)H < BW)ge}C,O<B<1,z€E},
9(z) 2

or equivalently

. f(2) (142
Cﬂ{f.fEA, T *(1—2:

Quantum calculus is ordinary classical calculus which introduces g¢-calculus,
where ¢ stands for quantum. Nowadays, ¢-calculus has attracted many researchers
as it is widely useful in various branches of Mathematics and Physics. The appli-
cation of g-calculus was initiated by Jackson [6, 7] and he developed g¢-integral and

B
> ,gElC,0<ﬂ§1,z€E}.
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g-derivative in a systematic way. For 0 < ¢ < 1, Jackson [6] defined the g-derivative
of a function f € A as

f)=flaz) o 5 £0
_ (1—q)= )
Dqf(2) {f’(o)q for 2 =0, (1.2)
where D2 f(z) = Dg(Dqf(2)).

From (1.2), it is obvious that
Dyf(z) =14 Y [Klgarz*",
k=2

where [k], = % =1+q+¢*+..+¢"Pand [0}, =0.If ¢ — 17, then [k], — k.
Further Dg2% = [k],z*~! and lim, ;- Dyf(2) = f’(2). Recently a new subclass of

analytic functions defined with g-derivative operator is studied in [22].

The g¢-shifted factorial is given by

(a:0) 1 for n =0,
a;q)n =
1 (1-a)(1—-aq)..(1—ag"t) forn=1,2,..

As a generalization of the hypergeometric series, Heine established the ¢-
hypergeometric series as

oF1la,b;c: q, 2] nzzo(q;q)n(c;q)n .

Generalising the Heine’s series, we define the basic hypergeometric series ¢ as
below:

i . . . ] 1+s—r
7.¢s(a1’a2’ vy @3 b1, b9, b q,z) — Z (alaQ)n(a2;Q)n-..(ar7Q)n |:(_1)nq(2):| o

n=0

(1.3)

where ()= "("2_1), and ¢ # 0 when r > s+ 1. In (1.3), it is supposed that the
parameters by, ba, ..., bs are such that the denominator factors in the terms of the
series are never zero. In basic hypergeometric series, ¢ is a fixed parameter with

g€ Cand gl <1.

For complex parameteres ai,as,...,a, and by, ba,....bs, (b € C \
Zy = 0,—-1,-2,..;5 = 1,2,...,s), the generalized g-hypergeometric function
rs(ar, ag, ..., ar;b1,ba, ..., bs ¢ q, 2) is defined by

(a1;@)n(a2; Qn---(ar; @)n o
(@ Dn(b1;@)n--(bs; @)~

[e%S)
r¢s(a17 A2, ...y Ar; b17 b2v ey bs; q, Z) = Z

n=0

where r = s+ 1;r,s € Ny =NU{0},z € E.

?
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The function G, s(a;,b5;¢,2)(i =1,2,...,7;5 = 1,2, ..., 5) is defined by
Grs(ai,bj5¢,2) == zpps(a, ag, ..., arp; by, b, ..., bs 1 ¢, 2).
Now we define the operator Jy"(a1,b1;¢,2)f : E — E as
T(ar,bi;q,2) f(2) = f(2) * Grs(ai, b3 ¢, 2),

j}}(ala bl; q, Z)f(Z) = (1 - )‘)(f(z) * gr,s(a’iv bj; q, Z)) + /\ZDq(f(z) * gr,s(aia bj; q, Z)a
(1.4)
T3 (a1,b130,2) f(2) = TA (TR (ar, bis ¢, 2) £(2)). (1.5)

For f € A, it can be easily deduced from (1.4) and (1.5), that

T (a1, 0139,2) f(2) = 2+ Z[l — A+ [ A" Tranz",
n=2

where I', = {Eifastgaifasiiont and m € No = NU {0}, 2 0.
In particular

(i) For m = 0, the operator J7"(a1,b1;q,%) agrees with the g-analogue of Dziok-
Srivastava operator [4].

(ii) For r = 2,s = 1,a1 = b1,a2 = ¢, A = 1, the operator J"(a1,b1;q, z) reduces to
the well known Salagean operator [19].

Motivated by the above mentioned work, now we introduce the following sub-
class of close-to-convex functions defined by subordinating to generalized Janowski
function.

Definition 1.1. Let Sti%m(al,bl;A,B;a;ﬁ)ﬂﬂ <1L,t#0,0<a<1,0<8<1) denote
the class of functions f € A which satisfy the conditions,
225" (a1, b1, 2)f ()] . (1 +[B+(A-B)(1- a)]z)ﬁ
(T3 (a1, b13 ¢, 2)9(2)][T3" (a1, 015, 2)g(t2)] 1+ Bz ’
where J{"(a1,b15¢,2)g(z) € S* (), -1<B<A<1landz€E.

The following observations are obvious:
(i) For « = 0,8 = 1, the class S;"’tm(al,bl;A,B;a;ﬁ) reduces to Sti;m(al,bl;A,B),
the class studied by Murugusundaramoorthy and Reddy [12].
(ii) For m = 0,r = 2,8 = 1,41 = b1,a2 = ¢, = 0,8 = 1 and ¢ — 17, the class
S;\,}m(ah b1; A, B; a; B) reduces to xt(A, B), the class studied by Singh et al. [20].
(iii) For m =0,r = 2,s = 1,a1 = bj,as = q,a=0,=1,A=1-2y,B = -1 and
q — 17, the class S;\,’tm(al, b1; A, B; a; 8) agrees with x¢(), the class established by
Prajapat [14].
(iv) Form=0,r=2,s=1,a1 =bj,aa =q,a=0,=1,A=1,B=—1,t = —1 and
q — 17, the class S;‘_’;fm(al, b1; A, B; «; B) reduces to K, the class introduced by Gao
and Zhou [5].
(v) Form=0,r=2,s=1,a1 =bj,aa =q,a=0,=1,A=1-2y,B=—-1,t =-1
and ¢ — 17, the class S(i%m(al, b1; A, B; a; ) agrees with K(7), the class studied by
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Kowalczyk and Les Bomba [10].

As f € S;\,’tm(al,bl;A,B;oz;ﬂ), therefore by the principle of subordination, it
follows that

122175 (a1, 61,0, 2)f ()] _ (1 +[B+(A-B)(1 - a)]w(z))ﬁ
[T (a1, 154, 2)g ([T (a1, b1: 4, 2)9 (¢2)] L+ Bu(z) ’

(1.6)
where w € U.

In the present investigation, we obtain the coefficient estimates, inclusion
relation, distortion theorem, argument theorem and radius of convexity for the
functions in class S(;’tm (a1,b1; A, B;a; ). Our results extend the known results due
to various authors.

Throughout our discussion, we assume that —1 < B < A< 1,0 < |t| < 1,t # 0,0 <
a<1l,0<pf<1,meNy,AN>0,z€ E.

2. Preliminary lemmas
Lemma 2.1. [1, 17] Let,

— — Q)|wlz o =
<1+[B+(A B)(1—a)] ()) = (P()F =1+ pas, (2.1)

1+ Bw(z)

then
lpn] < B(1 = )(A = B),n > 1.
Lemma 2.2. [21] Let g € S* (3), then g(%i(tz) €S,

On the lines of Lemma 2.2, the following result is obvious.

Lemma 2.3. Let J{"(a1,b15¢,2)g € S* (%), then for

[j}in(ah bl; q, Z)g(z)][j)tn(ah bl; q, Z)g(tz)]
tz

=z+ Z dp,z" € S*, (2.2)

n=2

G(z) =

we have, |d,| < n.

Lemma 2.4. [15] Let -1 < By < By < A; <Ay <1 and0< B <1, then

1+ Az ﬁ{ 14 452"
1+Blz 1—|—B2Z ’
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3. Main results
Theorem 3.1. If f € S(;,’tm(al,bl;A,B;a;B), then

1 B(1—a)(n—1)(A—- B)
Tl =+ o | 5

|an| < (3.1)

The result is sharp.

Proof. As f € S;‘A”tm(al,bl;A,B;a;ﬁ), therefore from (1.6) and (2.1), we obtain
t2*[ T3 (a1, bis g, 2) f ()]

= (P(2))". .
(T3 (a1, 015 6, 2)g(2)][ T3 (a1, b ¢, 2)g(t2)] (Plz)) 32
Using (2.2), (3.2) takes the form

G(2)
On expanding (3.3), it yields

1+ Z[l — A+ [P Al a2t = (1 + Z dnz”1> (1 + anz"> . (3.4)
n=2 n=2 n=1

Equating the coefficients of 2”71 in (3.4), we have
n[l — A+ [n] A" Tha, = dp + dn—1p1 + dn—2p2 + ... + dopp—2 + Dn—1. (3.5)
Using Lemma 2.1, Lemma 2.3 and applying triangle inequality in (3.5), it gives
n[l =X+ [n] A" Thllan <n+B(1—a)(A=B)[(n—1)+(n—2)+...+2+1]. (3.6)
After simplification, (3.1) can be easily obtained from (3.6).

Equality in (3.1) is attained for the function f defined by

LT (a1, by 0, 2)S ) _ (1 +[B+(A-B)(1- a)]z)ﬁ
(T3 (ax bz g, 2)g ()5 (a1, br; 4, 2)a(t2)] 1+ B2) |

O

For a« = 0,8 = 1, Theorem 3.1 gives the following result due to Murugusun-
daramoorthy and Reddy [12].

Remark 3.2. If f € S)}"(a1,b1; A, B), then

1 (n—1)(A - B)
lan] < Tl = A+ [n] ™ L+ 2

Form=0,r=2,s=1,a1 =bj,aa = ¢, =0,8=1and ¢ — 17, Theorem 3.1
agrees with the following result by Singh et al. [20].
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Remark 3.3. If f € x+(A4, B), then

|t | §1+W'

Form=0,r=2,s=1,a1 = bj,a0 =q,aa=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.1 yields the below mentioned result established by Prajapat [14].

Remark 3.4. If f € x4(v), then
lan| <1+ (n—=1)(1—7).

Form=0,r=2,s=1,a1 = bj,ac =¢a=0,=1,A=1,B=—-1,t=-1
and ¢ — 17, Theorem 3.1 gives the following result for the class K.

Remark 3.5. If f € g, then
lan| < n.

Theorem 3.6. If -1 < By =B <A; <Ay <1 and0<as <ay <1, then
837" (a1, b1; A1, Bisax; B) C )" (ay, bi; Az, Ba; s ).
Proof. As f € S;,;m(al,bl;Al,Bl;al;ﬁ), S0
223" (a1, 13 4, 2) f ()]’ . (1 + B+ (A1 = By)(1 - m)]z)ﬁ
(T3 (a1, b13.¢, 2)g(2)|[ T (a1, bis ¢, 2) g(t2)] 1+ Bz .
As -1 < By =By <A <Ay <land 0<as <a; <1, we have
-1 S Bl + (]. - Oél)(Al - Bl) S BQ + (]. - OéQ)(AQ — B2) S 1.
Thus by Lemma 2.4, it yields
12275 (ar, bis 0, 2) f (2) (1 +[Bz + (A2 — Ba)(1 - amz)ﬂ
[T (a1, 0154, 2)9(2)][T (a1, b15 ¢, 2)g(t2)] 1+ Bsz ’
which implies f € S(i}m(al, b1; Aa, Ba; an; ).

[l
Theorem 3.7. If f € S;\,’tm(ahbl;A,B;a;B), then for |z| = r,0 <r <1, we have
(17[B+(A73)(17a)]r)5 1
T Br T2
1+[B+A-B)(1-a)lr\’ 1
< m . ! < . .
< (98 (onbisa 27N < A7 o 8
%nd 5
1-[BH(A-B)(1—a)t
Of ( [ (1th)( ol ) '(1+1t)2 dt
[(14[B+(A-B)1-at)’ 1
<|T" ; < . . .
< 19§ anbisa 27 < . Tl (38)

0
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Proof. From (3.3), we have

[T (a1, b15.q,2) f(2)]'] = (P(2))”. (3.9)

Aouf [2] proved that
1-[B+(A-B)(1—-a)r
1-Br

+[B+(A-B)(1—a)r
14 Br ’

1
<[P(2)] <
which implies

<1_[B+(A_B)(1—a)]r)ﬁ < PG < (1+[B+(A—B)(1—a)]r>5.

1—-Br 1+ Br
(3.10)
By Lemma 2.3, G is a starlike function and so due to Mehrok [11], we have
r r
— < |G < — . 3.11
TSP Sl s (3.11)

Using (3.10) and (3.11) in (3.9), (3.7) can be easily obtained. On integrating (3.7)
from 0 to 7, (3.8) follows.
U

On putting o = 0,8 = 1 in Theorem 3.7, the following result due to Muru-
gusundaramoorthy and Reddy [12] can be easily obtained.

Remark 3.8. If f € S;"’tm(al,bl;A,B), then for |z| = 7,0 < r < 1, we have

1—-Ar 1 m _ , 1+ Ar 1
<1—B7“) "1+7)2 < [T (a1, b15.4,2) f(2)]'] < (1+Br> 1 —r)?
and

[(1—At\ 1 I [(1+At) 1
/(1—131&)'(1+t)2dt§|‘7A (al’bl’q’z)f(z)|§/<1+3t)'(1—t)2dt'
0 0

Form=0,r=2,s=1,a1 = bj,a0 =q,aa=0,8=1and ¢ — 17, Theorem 3.7
gives the following result due to Singh et al. [20].

Remark 3.9. If f € x+(A4, B), then for |z| = 7,0 < r < 1, we have
— Ar 14+ Ar
<
(1-Br)(1+4+r)?2 — SPRQIES (14 Br)(1 —r)?

/ 1 At / B
(1—Bt)(1+t)2 1+ Bt)(1—1t)2
0

0

and

For m = 0,r = 2,s = 1,a; = bj,a0 = qoa =0, =1,A=1-2y,B = -1
and ¢ — 17, Theorem 3.7 agrees with the following result established by Prajapat [14].
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Remark 3.10. If f € x:(7), then for |z| = 7,0 < r < 1, we have

1—(1—=29)r , 1+ (1 —2y)r
WSU(Z”SW

and
/Tl—(l—Qw)tdt<|f()|</r1+(1—2'y)tdt
1t+3 == a-0s

0

Form =0,r =2,s =1,a; = bj,a2 = qa=0,=1,A=1,B=-1,t = -1
and ¢ — 17, Theorem 3.7 gives the following result for the class K.

Remark 3.11. If f € K, then for |z] = r,0 < r < 1, we have

1—r , 1+7r
mﬁu (Z)|§ (1—7")3

and
-

1—+t [ o1+t
/(1+t)3dt<|f(z)| g/(l jt)Sdt.
0 0

Theorem 3.12. If f € S(i’tm(al,bl;A,B;a;ﬂ), then for |z| =r,0 <r < 1, we have

(A—B)(1—a)r
[B+ (A—B)(1—«)]Br?

gl brsa ) S]] < psin (= )+ 2sin
Proof. From (3.3), we have

(T3 (a1, b134,2) f(2)] = (P(2))”,

which implies

|arg[T3" (a1, b154,2) f(2)]'| < BlargP(2)] +

argGiZ)‘ . (3.12)

As G is a starlike function and so due to Mehrok [11], we have

argGiz)‘ < 2sin” . (3.13)
Aouf [1], established that,
o A-B)(1—-a)r
< ! ( . :
largP(2)| < sin (1 "B A-B)i- oz)]BrQ) (3.14)

Using (3.13) and (3.14) in (3.12), the proof is obvious.
U

On putting @ = 0,8 = 1 in Theorem 3.12, the following result for the class
S;‘:tm(al, b1; A, B) can be easily obtained.
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Remark 3.13. If f € S(i’tm(al,bl;A,B), then for |z| = r,0 < r < 1, we have

(A—B)r

|larg|T\" (a1, 015, 2) f(2)]'| < sin~! (1ABrz

) + 2sin" .

Form=0,r=2,s=1,a1 =bj,a0c =¢q,a=0,6=1and ¢ — 17, Theorem 3.12
gives the following result due to Singh et al. [20].

Remark 3.14. If f € x:(A, B), then for |z| = 7,0 < r < 1, we have
4 ((A=DB)r .1
largf'(z)| < sin (I—ABr?) + 2sin T

Form =0,r =2,s =1,a;1 = bj,a0 =q,a=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.12 gives the following result for the class x:(7y).

Remark 3.15. If f € x;(7), then for |z| = 7,0 < r < 1, we have
L 21 —y)r
/ < 1
largf'(2)] < sin (1 =27

Form=0,r=2,s=1,a1 = bj,ac =¢a=0,=1,A=1,B=—-1,t=-1
and ¢ — 17, Theorem 3.12 gives the following result for the class /Cs.

) + 2sin" 7.

Remark 3.16. If f € K, then for |z] = r,0 < r < 1, we have

largf'(2)] < sin™* (

2r

]_—|—’r'2) + 252.774_17".

Theorem 3.17. Let f € S(;’tm(al, bi; A, B;a; B), then J"(a1,b1;¢,2) f(2) is convex in
|z| < 71, where r1 is the smallest positive root in (0,1) of the equation
BB+ (A—B)(1—a)lr® = [B(B—2)+(A—B)(1—a)B-1-8)r

-1-8A-B)(1-a)+(2B-1)]r—1=0. (3.15)
Proof. As f € S;\,;fm(al,bl;A,B;a;B), we have

2T (a1, bi3 ¢, 2) f(2)] = G(2)(P(2))”.
On differentiating it logarithmically, we get

(2[73"(a1,b139,2) f(2)]') _ 2G'(2) | ,2P'(2)
FanbiaDfGF - G@ PG (310
As G € §*, from [11], we have
2G'(2) 1—r
Re( G0 ) > (3.17)
Also it can be easily verified that
2P (2) r(A—B)(1-a)
P | S U+BNA+ Bt A-_B)(1_a)) (8.18)
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(3.16) can be expressed as

(G anbig DI < (2GR [2PG)
R ( T an b0, ) )] ) = ( a2) ) 1P (3.19)
Using (3.17) and (3.18), ( 19) yields
(z[T(a1,b15 ¢, 2) ’)’ 1—7r r(A—B)(1-a)
Re( T, b .2) > Z iy ‘ﬁ<1+Br><1+[B+<A—B><1—a(>?1)r§6)

After some simplification, (3.20) takes the form
Re (z[T™M(a1, 0159, 2) f(2)])') _B[B+(A—B)(1—a)]r®
(T ar,buig. D)) = T B GEBIT=aT)
n [B(B—2)+(A—B)(1—a)(B—1-8)]r?
(14r)(1+Br)(1+[B+(A—B)(1—a)]r)
(1-B)(A-B)(1-a)— (2B —-1)r+1
(1+7r)(1+Br)1+[B+(A-B)(1—-a)r)’

Hence, the function J7*(a1,b1;q, 2) f(2) is convex in |z| < 71, where r; is the smallest
positive root in (0,1) of the equation
B[B+(A—-B)(1—a)r®—[B(B—2)+(A—B)(1—a)(B—1- )’

—(1=-8)A-B)(1-a)+(2B-1)r-1=0.

0

On putting a = 0,8 = 1 in Theorem 3.17, the following result due to Muru-
gusundaramoorthy and Reddy [12] can be easily obtained.

Remark 3.18. If f € S(;”tm(al, bi; A, B), then J"(a1,b1; ¢, 2) f(2) is convex in |z| < 73,
where 75 is the smallest positive root in (0, 1) of the equation

ABr® — A(B—2)r* — (2B —1)r—1=0.

Form=0,r=2,s=1,a; =b;,a2 =q,a=0,5=1and ¢ — 17, Theorem 3.17
gives the following result due to Singh et al. [20].

Remark 3.19. If f € x.(4, B), then f(z) is convex in |z| < r3, where 73 is the smallest
positive root in (0,1) of the equation

ABr® — A(B—2)r* —(2B—1)r —1=0.

Form =0,r =2,s =1,a;1 = bj,a0 =q,aa=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.17 gives the following result due to Prajapat [14].

Remark 3.20. If f € x;(v), then f(z) is convex in |z| < ry =2 — /3.
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Abstract. In this paper, we derive a differential subordination theorem involving
convolution of normalized analytic functions. By selecting different dominants to
our main result, we find certain sufficient conditions for ¢p—likeness and parabolic
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1. Introduction

A function f is said to be analytic at a point z in a domain D if it is differentiable
not only at z but also in some neighbourhood of the point z. A function f is said to
be analytic in a domain D if it is analytic at each point of D. Let H be the class of
analytic functions in the open unit disk E={z € C: |z| < 1}. Fora € C and n € N,
let H[a,n] be the subclass of H consisting of the functions of the form

f(2) =a+anz" + anp12" ™+ .

Let A be the class of functions f, analytic in the unit disk E and normalized by the
conditions f(0) = f'(0) — 1 =0.

Let S denote the class of all analytic univalent functions f defined in the open unit
disk E which are normalized by the conditions f(0) = f/(0) — 1 = 0. The Taylor series
expansion of any function f € S is

f(2) =24 a9z +az2® + ...

Received 25 February 2025; Accepted 31 May 2025.
© Studia UBB MATHEMATICA. Published by Babes-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License.


https://orcid.org/0009-0006-0201-3122
https://orcid.org/0000-0002-5649-7904
https://orcid.org/0000-0002-6801-2521
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

456 Hardeep Kaur, Richa Brar and Sukhwinder Singh Billing

Let the functions f and g be analytic in E. We say that f is subordinate to g written
as f < g in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in |z| <
1, ¢(0) =0 and |¢(2)| < |2| < 1) such that

f(z) = 9(6(2)), |2 <1.
Let ® : C> x E — C be an analytic function, p an analytic function in E with

(p(2),2p'(2);2) € C?> x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(z), (p(0),0;0) = h(0). (1.1)
A univalent function ¢ is called dominant of the differential subordination (1.1) if
p(0) = ¢(0) and p < ¢ for all p satisfying (1.1). A dominant ¢ that satisfies § < ¢ for
all dominants g of (1.1), is said to be the best dominant of (1.1). The best dominant
is unique up to a rotation of E.

o0
Let f(z Zakz and g(z) = Zbkzk be two analytic functions, then the

k=0
Hadamard product or convolution of f and g, written as f * g is defined by

(f*9)( Z abyz".

Ronning [8] and Ma and Minda [6] studied the domain 2 and the function ¢(z) defined
below:

Q:{u+iv:u> (u71)2+v2}.

-1 (1)

maps the unit disk E onto the domain €. Let ¢ be analytic in a domain containing
f(E), #(0) =0 and R(¢'(0)) > 0. Then, the function f € A is said to be ¢— like in

E, if
*(5en) > 7 <

This concept was introduced by Brickman [4]. He proved that an analytic function
f € A is univalent if and only if f is ¢— like for some analytic function ¢. Later,
Ruscheweyh [9] investigated the following general class of ¢—like functions:

Let ¢ be analytic in a domain containing f(E), where ¢(0) = 0, ¢'(0) = 1 and
¢(w) # 0 for some w € f(E)\{0}, then the function f € A is called ¢p—like with
respect to a univalent function ¢, ¢(0) =1, if

Clearly the function

5 < s
A function f € A is said to be parabolic ¢— like in E, if
2f'(2) > 2f'(z)
%<¢ww» Z oty | EE (1.2)
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Equivalently, condition (1.2) can be written as:

St <=1+ (e (15))

In 2007, Shanmugham et al. [10] proved the following result for ¢—like functions.

Theorem 1.1. Let q(z) # 0 be analytic and univalent in E with ¢(0) = 1 such that
2q'(2)
q(2)

is starlike univalent in E. Let q(z) satisfy

aq(z)  2q'(2) | 2¢"(2)
%[1+ . o) + q,(z)]>0.
Let

U(a,v,9;2) == a {z(f*g)’(z)} N {1 + Z((J{:g)/"(z) z(o(f x 9)(2)) }

o(f * 9)(2) 9)'(z)  o(fxg)(2)

If q satisfies

U(a,v,9;2) < aq(z) +

then
2(f x9)'(2)
o(f *9)(2)
and q is the best dominant.

Later in 2018, Brar and Billing [3] obtained the following result.

Theorem 1.2. Let q(z) # 0, be a univalent function in E such that

| NN (51 N
@ |1+ a0 >0 en

W) ) Fa)
(i) ® |14 205 4 (-2 4 F029) gy 4] >0

If f and g € A satisfy

@[], )@ e ) ))
S )Lé(f*g)(z)] * Lﬁ(f*g)(Z)] {” T/ o 9)) ]
—« 2P+ alq(2)Y 24 (2)
< (1= a)(e(:)" + ata(z)) (14 2
then
gV
S(Frg)n) <A FER

where o, B, v are complex numbers such that o # 0, and q(z) is the best dominant.
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In 2019, Adegani et al. [1] established sufficient subordination conditions for functions
to be close-to-convex.

Moreover, this study is also motivated by the findings of Cho et al. [5] and Adegani
et al. [2] who explored subordination conditions in geometric function theory.

The aim of the present investigation is to find sufficient conditions for parabolic
¢—likeness and ¢—likeness of analytic functions.

To prove our main result, we shall use the following lemma of Miller and Mocanu.

Lemma 1.3. ([7], Theorem 3.4h, p.132). Let q be univalent in E and let 6 and ¢
be analytic in a domain D containing q(E), with ¢(w) # 0, when w € ¢(E). Set
Q(z) = z¢' (2)ple(2)], h(z) =0]q(2)] + Q(2) and suppose that either
1. h is convex, or
2. Q is starlike.
In addition, assume that

3. R (Zg((;))> >0 for all = € E.

If p is analytic in E, with p(0) = ¢(0), p(E) C D and
0lp(2)] + 2p'(2)elp(2)] < Ola(2)] + 2¢'(2)pla(2)], = € E,

then p(z) < q(z) and q is the best dominant.

2. A subordination theorem

In what follows, all the powers taken are principal ones.

Theorem 2.1. Let 5 and vy be complex numbers such that 8 # 0. Let q(z) # 0, be a
univalent function in E such that

s N ORe

(i7)R [1 + Z;I,((Zj) + (% — 1) zg(g) +2 (% + 1) q(z) +2 (% + 2) q2(2)} > 0, where
a, b and c are real numbers with ¢ # 0. Let ¢ be analytic function in the domain con-

taining (f*g)( ) such that $(0) =0=¢'(0)—1 and ¢(w) # 0 for w € (f*g)(E)\{0}.

(F*g
Iff. g (f* )7&0 z € B, satisfy
[ f*g( }
9)(2))
2 / B
S Uy T () ], [ A0 ) A6 <))
{ o(F = Xz»‘+b{ «f*ng»] T T e ]}
Y aa(z 2(, Czq’(z) 7
<G o) + 0 + 23] @)
hen
: ( +9) ()

A o)) "4 ek

and q(z) is the best dominant.
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Proof. Define the function p by
gV () g
o((f *9)(2))
Then the function p is analytic in E and p(0) = 1.
Therefore, from equation (2.1), we get:

p(z) =

’ B
T el + 92 + L] <

alp()]P T+ b[p(2)]7 T + ¢ [p(2)]

< alq(2)]
Let the functions 6 and ¢ be defined as:

N
P
2
—
—
N
~—
_|_
S
L
—~
~—

or
Ly 2)

5 (
b g()]P T+ ela(2)]P T 24 (2)

O(w) = aw? ™ + bw? 2 and p(w) = cw?

Clearly, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0 in D.

Therefore,

Q(z) = ola(2)]2¢(2) = clq(2)]7 ' 2¢ (2)

and
h(z) = 0[q(2)] + Q(2) = alq(2)] 7" + blg(2)] 72 + clg(2)]7 " 2q/(2)
On differentiating, we get
2Q'(2) ., 24"(z) n (7 1) zq'(2)

o) TR a(2)

B

and

2l (2) 2q"(2) (v ) 2q'(z) | a ('y ) b (v ) 2
=1+ +(5—-1 +-=|5+1)gkz)+-|5+2)q(2).

e e T e et e ) o)
In view of the given conditions (i) and (i), we see that @ is starlike and

zh’(z))
R > 0.

( Q(2)

Therefore, the proof, now follows from Lemma [1.3]. O
For g(z) =

Theorem 2.2. Let 5 and vy be complex numbers such that 8 # 0. Let q(z) # 0, be a
univalent function in B which satisfy conditions (i) and (ii) of Theorem 2.1. Let ¢ be
analytic function in the domain containing f(E) such that ¢(0) =0 = ¢'(0) — 1 and

o(w) £ 0 for w e FEN0}. If f € A Z(’;((j))) £0, = € E, satisfy

¢
, B
@\ =) OV, (L e
Eael { o Ga) - <” 7o) o) )}

5 B
<) {ant) + 0P + LB L

in Theorem 2.1, we have
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where a, b and ¢ are real numbers with ¢ # 0, then

M <q(z), z €E,

¢(f(2))

and q(z) is the best dominant.

3. Applications to parabolic ¢p—like functions

2
2 1
Remark 3.1. Selecting ¢(z) =1+ — <10g < + ﬁ)) , 8=~ =11in Theorem 2.2,
T 1—+/z

then after having some calculations,

q(2) = ﬂz\/zé — ) 08 G . é)

= {k’g G - ?)]
q(2) . % [log (1+ﬁ>]2

vz
q"(z)  3z-1 . 1
q(z)  2z2(1-2) VZ(1 - 2)log (i@ .

Thus the conditions (¢) and (i¢) of Theorem 2.1 becomes

') (v ) ) 1+ Vz
e +<ﬂ 1) ORTE) 202 (12 log (£25)
and
2q"(z) (v 2 (2) , a(~y AL (2 2(,
LS G e s (e 2 (G ) e
14 2B B Ry

1+ 2
B z_ 4 vz 42

C2(1-2) (1_2)10g(1+ ) "

1—
2 1 2
1+ — |log +vz .
2 1—4/z
b
Therefore, for real numbers a, b, ¢ with ¢ # 0 and g, - > 0, we notice that ¢(2)
c c

satisfy conditions (¢) and (i7) of Theorem 2.1. Thus, we derive the following result
from Theorem 2.2.

N

A (2]

R

3b
+
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Theorem 3.2. Let ¢ be analytic function in the domain containing f(E) such that

Y/ —1 an w or w Zf()
$(0) =0=¢/(0) =1 and ¢(w) # 0 for w € FE)\{0}. If f € A, ¢(f(Z))7AO

satisfy

(G5) (55355?)

{ Nf"(2) + £1(2)] = 2F'(2) [¢<f<z>>]’}
¢(f(2))]2
ol 2 (D) T w2 ()]
+errgy o (122
where a, b, ¢ are real numbers such that ¢ % 0 and % g >0, then
I =) I

Hence f is parabolic ¢-like.

2 1
Remark 3.3. Selecting ¢(z) = 1+ —; (log (1 + :?)) , 3 =1and v = 0in Theorem
T

2.2, then after having some calculations, we have

q(2) = ﬂz\/zé — ) 08 G . é)

on ENE(ED) [l‘)g G - 9]

)

q¢"(z)  3z-1 N 1
/ - _ 2\
7)) 20=2) 20 - )0 (1)
Thus the conditions (7) and (i¢) of Theorem 2.1 becomes

- 2q" (2) N (7 1) 2'(2) _ N 2q"(z) zq’iZ)

7 (2) B ) az) T dk) a2

_ 14z Vz _WQle\/—EZ) {log(iiéﬂ
2(1-2) (1—z)log<i+£) 1+;{log<1t£)r
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e () 2 2 (et (o2
e st R
_ s vz _m[logciéﬂ
2(1-2) (1_z)log<1i—£> 1"':2[10‘%(1—1—@)}2

2 272
a 2 1++/z 2b 2 1+ =z
— 1+ = (1 — |1+ =1 .
o +7r2<0g<1—\/5>”+0 +ﬂ2(og(1—\/2
b
Therefore, for real numbers a, b, ¢ with ¢ # 0 and %, - > 0, we notice that ¢(z)

c
satisfy conditions (¢) and (i7) of Theorem 2.1. Thus, we derive the following result
from Theorem 2.2.

Theorem 3.4. Let ¢ be analytic function in the domain containing f(E) such that

#(0) =0 = ¢'(0) — 1 and (w) # 0 for w € FENO}. If f € A, qf{;g; 40, z €E,
satisfy

O ETLOR 21"(z)  =0(f(2))
a¢(f(Z))+b(¢(f(z>)) “(” & el )

2 (e (1)

+b

o o (26)
m2(l—z g —/z
n (1-2) 11 vz

1+ % [log (J@)]

<a

b
where a, b, ¢ are real numbers such that ¢ # 0 and 9, - >0, then
¢ c
2f'(2) 2 < <1+¢2>)2
<14+ = |log , z € E.
o(f(2)) ™ 11—z

Hence f is parabolic ¢-like.

4. Applications to ¢—like functions

Remark 4.1. By taking g(z) = 1+1tz, 0 <t <1, 8 =+ =1 in Theorem 2.2, then
after having some calculations we have

2q"(2)

q(z) !

1+
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and
z2q"(z)  2a 3 2a 3b 9
1 — — =1+—(1+4¢ —((1+t2)°.
+ D 2+ T ) =14 2t )+ 1)
Thus for real numbers a, b and ¢ (# 0) such that 0 < 4 <1,

c
b
0 < - < 1, we observe that ¢(z) satisfy conditions (i) and (i7) of Theorem 2.1.

c
Therefore, we immediately, arrive at the following result from Theorem 2.2.
Theorem 4.2. Let ¢ be analytic function in the domain containing f(E) such that

_ Y _ an w or w Zf/(Z)
¢<f.) f_0—¢<0> Land g(w) # 0 for w € JEN0} I f € A, 27
satisfy

SN, (AN
(sep) + (Grep)
e { SN [1"() + £ (2)] = 2'(2) [ ()] }
()P
a(l4t2)% +b(1 +t2)® + ctz,

b
where a, b, ¢ are real numbers such that ¢ # 0, 0 < ¢ <1land0< - <1, then
c c

2f'(2)
o(f(2))
Therefore, f is ¢-like in E.

<1+tz, 0<t<1, z€E.

Remark 4.3. When we select ¢(z) = e*, § = = 1 in Theorem 2.2, a little calculation
yields that

=1+z

and
" 2 b 2 b
z2q (Z)+7aq(z)+37q2(z):1+z+7aez+3762
q(z) ¢

b
For real numbers a, b, ¢ such that ¢ #0, — > 0.4 and - = 1, we see that ¢(z) satisfy

conditions () and (i) of Theorem 2.1. Hence we obtaln the following result from
Theorem 2.2.

Theorem 4.4. Let ¢ be analytic function in the domain containing f(E) such that

_ o _ an w or w Zf/(Z)
¢<f.) f_0_¢(0) tand o) 20 forw € JENON S 4 G50
satisfy

(DN ()N
<¢(f(Z))> “’(¢<f<z>>)
e { U f"(2) + F(2)] — 21'(2) [ )] }
[6(f(2))]

< ae® +be* + cze?,
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where a, b, ¢ are real numbers such that c # 0, % > 0.4 and g =1, then
zf'(z)
<e*, z€eR,
o(f(2))

i.e. [ is ¢-like.

2
Remark 4.5. By selecting q(z) =1+ =22, f =~ =1 in Theorem 2.2, we have

3
2q"(2)
14 =2
7 (2)
and
2
zq"(2)  2a 3 5 2a 2 5 3b 2 5
1 — — =24+ — (14 — 14 = .
+q,(z)+cq(z)+cq(z) +- +3z +C +32
b
For real numbers a, b, ¢ such that ¢ # 0, 4 > —0.6 and - > 0, we notice that ¢(z)
c c

satisfy conditions (¢) and (ii) of Theorem 2.1. Hence, we obtain the following result
from Theorem 2.2.

Theorem 4.6. Let ¢ be analytic function in the domain containing f(E) such that

6(0) =0 = ¢/(0) — 1 and ¢(w) £ 0 forw e FENO}. Iffe A, L) 4o . eR,
satisfy

o(7(2)
SN ()
”<¢<f<z>>> +b(¢(f(2)))
e { U f"(2) + F(2)] — 21'(2) [ )] }
O

]
2 ,\° 2 ,\° 4
<a <1 + 322) +b <1 + 322> + 5022,

b
where a, b, ¢ are real numbers such that c # 0, % > —0.6 and - > 0, then
zf'(2) 2 5
<1+ =-2% z€E.
o(f(2)) 3

Thus f is ¢-like.

1+ 2
1—2z

5
Remark 4.7. By taking ¢(z) = ( ) ;1 0<d<1, f=7=1in Theorem 2.2, we

get
2q"(z) 1420z + 2?
¢(z) 122

1+

and

1+

1— 22 c

2q"(z)  2a 3b C1+20z+2%  2a (1+z>5+3b (1—&—2)26
e ; .

7@ 1+ G 1—2 1—2



Results on ¢—like functions involving Hadamard product 465

For real numbers a, b, ¢ such that ¢ # 0, b = 0 and 4 > 0, we notice that ¢(z)
c

satisfy conditions (i) and (¢4) of Theorem 2.1. Hence, we obtain the following result
from Theorem 2.2.

Theorem 4.8. Let ¢ be analytic function in the domain containing f(E) such that

$(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, ;(‘i;((;)) 40, 2 €E,
satisfy

2f'(2) \° 2f'(2) \°
“<¢><f<z>>> +b(¢(f(z)))
e { U] () + /()] — 2 (2) [ }
Bk

DNEEE: 25+b 142 35+CZ 26 14 2\°
1—z 1—z 1—22 1—2) "

where a, b, ¢ are real numbers such that ¢ #0, b =10 and % >0, then

2f'(2) (1+Z)5.
sy “\iDy) 1 0<istl ek

1+ (1—-2n)

Remark 4.9. When we put ¢(z) = Z; 0<n<1, B=v=1in Theorem

2.2, a little calculation yields that

2q"(z2) 14z

1+

¢(z) 1-z

" ) (129
2q" (2 2a 3b , 142z 2a|1+(1-2n)z
1 = = = i [ S b

+q’(z) +Cq(z)—|—cq(z) 1—z+c 1-2

3b {1+(1 —2n)zr

+ | TR

c 1—-=2

For real numbers a, b, ¢ such that ¢ # 0, b =0 and 4 > 0, we see that ¢(z) satisfy
c

conditions (i) and (#¢) of Theorem 2.1. Therefore, we obtain the following result from
Theorem 2.2.

Theorem 4.10. Let ¢ be analytic function in the domain containing f(E) such that

$(0) = 0= ¢'(0) — 1 and p(w) £ 0 for w € FEN{0}. If f € A, ;(J;((j))) 40, z €E,
satisfy

‘ <¢<J;<(>))> 0 (¢(J}<(>)>)

e { BUENE"() + F(2)] = 2'() U )] }

[e(f ()]
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. [1 + (11_227;)2] 2 b {1 + (11_2277)2} 3 e {%1_;)72)] ,

where a, b, ¢ are real numbers such that ¢ #0, b =0 and 4 >0, then
c
2f/(:) 1+ (1=2):

o(f(2)) 1—2z
r.e. [ is ¢-like in E.

,z€eE, 0<n<1,

o' (1—2)

Remark 4.11. When we select ¢(z) = i o/ >1, B=+=11in Theorem 2.2,
z

after a little calculation, we obtain

o —

1+ 2q"(2) _ o +z

q'(2) o —z
and 1 b / !/
2 2 1-—-

4 2E) 2y 8 ey iz 2afd(l=2)
q'(2) c c o —z ¢ | o —2z

3b {a'(l—z)r

R

c | o —2

For real numbers a, b, ¢ such that ¢ # 0, b = 0 and 4 > 0, we see that g(z) satisfy
c

conditions (¢) and (i7) of Theorem 2.1. Thus, we get the following Theorem from
Theorem 2.2.

Theorem 4.12. Let ¢ be analytic function in the domain containing f(E) such that

#(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, (;(i:(f;) £0, z€E,
satisfy

‘ <¢(J;((>)>> 0 (as(if(())))g

+ez { UL () + /()] = 27 (2) BU ) }

[B(f(2)]?
’ 2 ! 3 ! !

where a, b, ¢ are real numbers such that ¢ #0, b =0 and 4 >0, then
c

zf'(z) o (1-2)
of(2) o —2

, 2€E, o >1,

r.e. fis ¢-like.
Remark 4.13. By taking gq(z) =1+tz, 0 <t < 0.8, =1 and v = 0 in Theorem 2.2,

then after having some calculations we have
2q"(2)  2q(z) _ 1
d(z)  alz)  1+tz
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and
2q"(z)  z¢'(z2) a 2 1 a 2b 2
+ 2 I L )+ D P = e+ S )+ 2 (1)
b
Thus for real numbers a, b, ¢ such that ¢ # 0 and %, - > 0, we observe that ¢(z)

satisfy conditions (i) and (i¢) of Theorem 2.1. Therefor
the following result from Theorem 2.2.

@

, we immediately, arrive at

Theorem 4.14. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 72]"(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € FEN{0}. If f € A, d)(f(Z))#O’ €k,

zf'(2) 2f'(2) \? 2f"(2)  28(f(2)
a ) +0b ( )) +c (1 + )

satisfy

o(f(2 o(f(2) f'(2) P(f(2))

t
<a(l+t2)+b(1+t2)°+ =

1+tz’

b
where a, b, ¢ are real numbers such that ¢ # 0 and g, - >0, then
¢ ¢

2f'(2)

o(f(2))

<14+tz, 0<t<0.8, z€E.

Therefore, f is ¢-like.

Remark 4.15. When we select ¢(z) = ¢*, 8 =1 and v = 0 in Theorem 2.2, a little
calculation yields that

1+ - =1
(=) q(2)
and "2 2q(2) 2% 2%
2q" (2 2q'(z a 9 a , 95
1 - 2 = =14 S 4 e,
MO E I R A
b

For real numbers a, b, ¢ such that ¢ # 0, 4 > 0and 0 < - < 0.8, we see that ¢(z)

o

c
satisfy conditions (¢) and (ii) of Theorem 2.1. Hence, we obtain the following result

from Theorem 2.2.

Theorem 4.16. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 7@”(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € FEN{0}. If f € A, ¢(f(z))#07 €k,

) () 2(2) AU
5o o) “(” e elfe) )

< ae® + be** + ¢z,

satisfy

b
where a, b, ¢ are real numbers such that ¢ #0, — >0 and 0 < — < 0.8, then
c

2f'(2)
¢(f(2))

ole

<e*, z€eR,



468 Hardeep Kaur, Richa Brar and Sukhwinder Singh Billing

n.e. fis ¢-like.
2
Remark 4.17. By selecting g(z) = 1+ 522, B =1and v =0 in Theorem 2.2, we have

2q"(z) zqd(z) 6

¢(z)  qlz)  3+22

and

S
w

> 0.6 and 0 < - < 0.7, we notice that

q(z) satisfy conditions (i) and (i) of Theorem 2.1. Hence, we obtain the following
result from Theorem 2.2.

a
For real numbers a, b, ¢ such that ¢ # 0, —
c

Theorem 4.18. Let ¢ be analytic function in the domain contammg f(E) such that

#(0) = 0= ¢/(0) ~ 1 and g(w) £ 0 for w € FENO}. If f € A, == <(z)>

)

S () zf”(z),z (2)
a¢(f(Z))+b(¢(f(z>)) “(” 7z ) )
2

2 2
1+=22)+b(1+=
a<+32>+(+3z>+3+222,

where a, b, ¢ are real numbers such that ¢ # 0, 4 > 0.6 and

satisfy

o

b
0< - < 0.7, then

Thus f is ¢-like.

5
1
Remark 4.19. By taking ¢(z) = (1 i Z) ;0<6<0.5, 8=1and~y = 0in Theorem
-z
2.2, we get,
1+ 2q"(2)  2q'(2) _ 1+ 22
q(z)  alz)  1-27
and
5 26
2q"(z)  z2¢'(z)  a 2b 1+22 a(l1+z 2b (14 2
1 - 2 = = 2 =
+ q(z) q(z) —l—cq(z)—l—cq(z) 1—22 1—2 +c 1—=2

a b
For real numbers a, b, ¢ such that ¢ # 0 and —, - > 0, we notice that ¢(z) satisfy
c ¢

conditions (i) and (i7) of Theorem 2.1. Hence, we obtain the following result from
Theorem 2.2.
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Theorem 4.20. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 7@”(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f e FEN{0}. If f € A, ¢(f(z))#07 €k,

satisfy
£ (R ) 2F1(2) HO(F())
s+ (G “’(” FE) T eU) )

- 1+=2 6—|—b 1+2 26+ 20cz
12 1-2z 1— 22’
b
where a, b, ¢ are real numbers such that ¢ # 0 and 9, - >0, then
c ¢

zf'(2) 1+2
o(f(2) " (1 —%

1 1-2
Remark 4.21. When we put ¢(z) = %; 0<n<1l,B=1andv=0in

Theorem 2.2, a little calculation yields that
2q"(2)  2q'(z) _1+z 2z(1—mn)

s
) :0<6<05, zeE.

YU T k) 1= Goan+ (-2
and
2q"(z) 2q(2) a2 5\ 14z 2z(1 —n)
1+ q(z) q(z) +cq()+c(J() 1—z (1-2)1+(1-2n)z

all+(1—-2n)z 2 [1+ (1—2n)z]>
o | .
c 1—-2 c 1—=2

For real numbers a, b, ¢ such that ¢ # 0, b =0 and % > 0, we see that ¢(z) satisfy

conditions (¢) and (i7) of Theorem 2.1. Therefore, we obtain the following result from
Theorem 2.2.

Theorem 4.22. Let ¢ be analytic function in the domain containing f(E) such that

#(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, (;(‘i:((j))) £0, 2 €E,
satisfy

zf'(z) 2f'(2) ) 2f"(2)  28(f(2)
a +0b ( )) +c (1 + )

¢(f(2)) o(f(2) f'(z) o(f(2))

1+ (1—2n)z 1+ (1—2n)z]° 2(1—mn)
L S pl A 2=
a[ - " 1— - T a0 a=2n2]
where a, b, ¢ are real numbers such that ¢ # 0, b =0 and % >0, then
2f/() 1+ (1= 2
o(f(2)) 1—=z

,z€eE 0<n<1,

i.e. [ is ¢-like.
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Remark 4.23. When we select ¢(z) = M; o’ >1, B =1and v =0 in Theorem
2.2, after a little calculation, we obtaina o
1+ z2q"(2) B z2q'(2) _ o — 22
7(z)  alz)  (1-2)(¢—2)
and
2q" (2 2q'(z a 2b o — 22 ald(l-=2
LS e e Y e = g =

2b {a/(l - z)} 2
+= = .
c| o —z2
b

For real numbers a, b, ¢ such that ¢ # 0, 4 >0 and - > 0, we see that ¢(z) satisfy

c c
conditions (i) and (i7) of Theorem 2.1. Thus, we get the following Theorem from
Theorem 2.2.

Theorem 4.24. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 72]"(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € f(E)\{0}. If f € A, ¢(f(z))#07 €k,

S (Ge) (7 )
<a {04(1—2)} b [a’(l - z)r - (1—a')ez

o —z o —z 1—2)(a/ —2)’

satisfy

b
where a, b, ¢ are real numbers such that c # 0, 4 >0 and - > 0, then
c c

2f'(z) o (1—2)
o) o -

,z€E, o >1,

i.e. [ is ¢-like.

5. Conclusion

Using the differential subordination technique involving convolution, we derived new
conditions under which normalized analytic functions exhibit ¢-likeness and parabolic
¢-likeness. These results contribute to a deeper understanding of geometric function
theory and open pathways for further applications.
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On a second order p-Laplacian impulsive
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Abstract. In this article, we shall establish the existence of weak solutions for
a p-Laplacian impulsive differential equation with Dirichlet boundary conditions
on the half-line by using Browder theorem.
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1. Introduction

In this paper, we consider the following second-order p-Laplacian impulsive difierential
equation with Dirichlet boundary conditions on the half-line

—(p(x) [ [P72) + [ufP?u = f(z,u), x#z;, ae x>0,
Alpla)l (z) P2/ (25)) = g(x;)L(ulzy)), €N, (L.1)
u(0) = u(c0) = 0,

where p > 1, p: [0,00) — (0, 00) satisfies pfﬁ € L'0,00) and

som ([ ([ e} =

The functions f € C([0,00) x R,R), I; : R -+ R and ¢ : [0,00) — (0, 00) are assumed
to be continuous with Zjoczl g(zj) <00, 0 =20 <21 < T2 < ... <Tj < ... < Tyyy = 00,
as m — 0o, are the impulse points, and

Ap(ag)l (@) [P0/ () = pla))|u' () P20/ (@) = plag) ' (a7) P72 (27),
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such that u’(xji) = limrﬁx;: u'(z) for j € N*.

Recently, there is increasing interest in the existence and multiplicity of solutions
for several types of differential equations with a p-Laplacian operator by applying
variational methods and critical point theory. Meanwhile, some people begin to study
p-Laplacian differential equations with impulsive effects, for example, see [1, 2, 4, 7,
8, 9] and the references therein.

Motivated by the works cited above, in this paper, we shall discuss the existence
of solutions for problem (1.1) on the half-line by adoptting Browder theorem. The
results obtained here improve some existing results in the literature.

2. Variational structure

Let define the following reflexive Banach space
X = {u EWP(0,00):  u(0) =u(c0) =0, pru € L’"(O,oo)}7

equipped with the norm

+oo +oo P
= | [ s @rde+ [ lu@rds)
0 0
or the equivalent norm
lullx = o7l + llullp-

Also consider the space

Co[0, +00) = {u € C([0,4+00),R) :  lim u(x) = 0},

T—r0o0
endowed with the norm

[ulloo = sup [u(z)].
z€[0,+00)

In what follows, we shall convert the problem (1.1) into an integral equation.
Multiply the two sides of the equality

—(pla)[d [P72u) + [ulP~Pu = f(a,u),
by v € X and integrate from 0 to oo, to obtain,

400 “+o00 +oo
- / (pla)|od ()72 () w2 + / () P2y () = / F( u(@)o()d.
0 0 0

Let consider the first term

~+o0 Tjt1

- [ @l @@y =Y [ (o)l @)P @) e

0 =0 "
Tj
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+oo

— [ s@ @@ @)de + 3 [l )P )
0 j=1
= play )l (2712 (2) o)
+o0 0o
= [ @l @2 @ (w)de + 3 Aol )2 (o)

Jj=1

|
o\g S

p(a) | (@)|P~2u' (2)0' (2)da + Z g(x;) I (u(z;))v(z;),

and then, we have

—+oo

oo oo
[ ol P @ @de + [ )P 2uteuds + Y gl ule)o()
0 j=1

0
+o0
= / f(z,u(z))v(x)de.
0
This leads us to introduce the following concept for the solution for (1.1).

Definition 2.1. We say that a function u € X is a weak solution of the impulsive
problem (1.1) if u satisfies

+oo +oo .
/ plallu ()P~ () (w)de + / (@) 2u(eyo(@)de + 3 gl I (ulz))o(e;)
O O +o0
- [ s atepuiis =0
0

Concerning the previous spaces, we have the following vital embeddings.

Lemma 2.2. Let u € X. Then
[ully < Mol[ull”, (2.1)

My = /OOO </:o p_Pll(s)d$> dz.

Proof. For u € X, we find

where

|u(@)| =

[ =] [ ot |
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Then, by the Hdlder inequality, we obtain

el < ([ sooras) (7o)
< ([ sonras) ([T o).
Hence,

[ wras < ([7( [T e reas)an) ([ o).

As a result we obtain (2.1). O
Lemma 2.3. Let u € X. Then
[ulloo < Mlul],
=t
where M = ||p” 71|, " .

Proof. For u € X, we get

)l =] [ (o)
< [0 i en )l

0

< ([T ) v (f °°p<s>|u'<s>|f’ds);
< Io™ 7Tl

Hence, [[ulloo < M]jul. O

To prove that X embeds compactly in Cy[0,+0c0) we need the following Cor-
duneanu compactness criterion.

Lemma 2.4. [5] Let D C Cy([0, +0),R) be a bounded set. Then D is relatively compact
if the following conditions hold:
(a) D is equicontinuous on any compact sub-interval of RY, i.e.

V.J C[0,400) compact¥Ne >0,36>0,Vry, 20 € J:
|z1 — 22| < & =>|u(z1) — u(z2)| <e,Yu € D;

(b) D is equiconvergent at +oo i.e.,

Ve >0,3T =T(e) > 0 such that
Vae:x>T(e) = |u(x) —u(+0)| <&, Vue D.

Lemma 2.5. The embedding X — Cy[0,00) is compact.
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Proof. Let D C X be a bounded set. Then, D is bounded in Cy[0, 00) by Lemma 2.3.
Let R > 0 be such that ||u|| < R for all w € D. We will apply Lemma 2.4.
(a) D is equicontinuous on every compact interval of [0, +00). Let v € D and

21,29 € J C [0,400) where J is a compact sub-interval. Using Hélder inequality, we
have

lu(z1) — u(z2)| = ‘/g:z u'(s)ds’

<(/ " i(s)ds) Tl < R [ o) Ea—

1 Tl
as |r1 — xa| — 0.

(b) D is equiconvergent at +oo. For € [0,400) and u € D, using the fact that
u(oo) = 0 and by Holder inequality, we have

|u(z) = u(o0)| = fu(z)]

/:O u’(s)ds‘

O

Finally, we present the Browder Theorem which will be needed in our argument.

Definition 2.6. [6] Let X be a reflexive real Banach space and X* its dual. The operator
L: X — X* is called to be demicontinuous if L maps strongly convergent sequences
i X to weakly convergent sequences in X*.

Lemma 2.7 (Browder theorem). [3], [6] Let X be a reflexive real Banach space. More-
over, Let L : X — X* be an operator satisfying the following conditions:

(i) L is bounded and demicontinuous;
(L(u),u)
|
(iii) L is monotone on the space X ; that is; for all u,v € X; one has

(ii) L is coercive, that is, lim,||—oo = 400;

(L(u) — L(v),u —v) > 0. (2.2)
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Then the equation L(u) = f* has at least one solution u € X for every f* € X*.
If, moreover, the inequality (2.2) is strict for all u,v € X, u # v, then the equation
L(u) = f* has precisely one solution u € X for all f* € X*.

3. Results

Suppose the following hypotheses hold:
(H1) The function f(z,u) is decreasing about u, uniformly in z € [0,00); and I;(u)
(j € N*) are increased functions with u.
(H2) There exist a;,5; > 0 and v € [1,p) with Z;’;l a;g(x;) < oo, EJO; Big(z;) <
o0, such that
|1;(w)| < aj + Bjlul*"", forallueR and j € N*.
(H3) There exist positive functions ¢;,¢; € L7-1[0,00) and a constant p € (0,p — 1)
such that
|f(x,u)| < Cl(z) + CQ(I)‘uVLa V(JE,’LL) € [0, OO) x R.
Let £ be the operator defined from X into X* by
(L(u),v) = (L1 (u),v) + (La(w), 0) = (Ls(u),v),  Vu,v € X,

where

(La(u),v) = /p<x>|u ()72 (o) () + / () P~2uu()o () dx

Zg i) (u(zg))v(z;),

We search for a weak solution of problem (1.1) which is a solution for the operator
equation £(u) = 0.
Theorem 3.1. Assume that (H1)-(H3) hold. Then (1.1) has a unique weak solution.

Proof. The proof consists of four steps:

Claim 1. L is bounded and demicontinuous.

It is sufficient to show that the operators L;(i = 1,2,3) are bounded and continuous.
Firstly, we prove that £ is bounded.

Using Holder inequality, together with the following result

Ya,b,c,d >0 VB e (0,1): (a+b)P(c+d) " >d’c P +bPd' P,

we obtain for all u,v € X, (see [7]),
+oo

(s (u), )] = / D @) @do+ [ [u(@)? 2u(e)o(a)do

0
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+oo +oo %
<| [sow@ris s [

0 0

+oo +oo »
<\ [ rwl@rds s [ @

0 0

< Pl
< 00,

as a result, Ly is bounded.

Now, we prove the boundedness of Ly and Lg respectively. Using Lemma 2.3 and
(H2), gives

(L ]i z;))u(;)

SZ (1) () o)

E%g

9(;) (e + Bjlulz;) "~ Hv ()]

Jj=1
< > (ag(ay) + Big(ay) ulls o)l
j=1
< (X asalen) + Ml S Bl ol
j=1 j=1
< oo, Yu,v € X,
that implies Lo is bounded.
From the condition (Hs), we get
+oo —+o0
(L) = | [ Feu)ee] < [ (@) + a@lu@]) o@)ds,
0 0

by the Holder inequality, Lemma 2.2 and Lemma 2.3, we arrive immediately at

sl < ([ @) ([ i)’ s

P 1

+o0 » %1 +oo , L
(/0 |62(x)|p—1dx) (/O lo(z)| da;)

< lleall oz 1ol + llullEllezll 2 vl

< Mg (||c1npfgl + M| e, ) o]

< 00,
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as a consequence, L3 is bounded. We deduce that £ is a bounded operator.
Secondly, we prove that £ is demicontinuous.
For u, — uw in X, we have

i P
(1) = Lawn = )] < ([ pla) (@)~ (o) ~ (@) ()) ™

0

+oo
p p—1

# [ (la@P 2 un@) = [u@) 2u(a)) ™ ) .
0

Since limy, o0 ||un, — u|| = 0, the last integral tends to zero. We see that L; is contin-
uous.

To show the continuity of Lo, we prove that Ly is strongly continuous, that is, if
Up — uw in X then La(uy,) — Lao(u), as n — oo.

Assume u,, — u in X, Lemma 2.5 guarantees that (u,) converges uniformly to u on
[0,00), as n — oo. Since I; are continuous, then

Lj(un(z)) = Li(u(z;)), n—o0, jeN,

moreover, from (H2) we get

ng.] ’Ltn xj>)<OO,

by applying Lebesgue’s dominated convergence theorem, we obtain
ngj i(un(z5)) —>ng] xj)) as n— oo,

concequently,
|[(La(upn) — Lo(u))] = 0 as n — oo,

that means Lq is strongly continuous and therefore it is continuous.

In what follows, we discuss the continuity of Lg.

Let (uy) be such that w, — w in X. So (u,) is bounded in X and by Lemma 2.5, we
have that (u,) is bounded in Cy[0, +00). By Lemma 2.5, u,, — u in Cy[0, +00). We
have

[La(un) = La(u)lx- = sup |(La(un) = Ls(u))]

lvll <1

+00
= sup ‘/ {f(x,un(ac))—f(sc,u(x))]dac‘

vl <1

< sup /If:vun o))

vl <1
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+00
+ s / 1 ue)oe) e
+00
< s / (cx(@)ol@)] + ea(e)un (o) o() )
+o0
+ sup / (e1(@)[o(@)| + c2(@) (@) | [o(2)|da)

< 2ferll 2, + (Il + lulls)
< 2llerll 2, + MPlleall 2 (lunll” + 1))
< 2llerll 2, + CMH|la]] 2,

for some constant C' > 0. Since u, — u, n — 0o in Cy[0, +00), we obtain

+oo
/ (& un(2)) — f(,u(@)) o(@)dz =0 as 1 oo,

0

this implies that Lz is continuous. Thus the operator £ is continuous and hence it is
demicontinuous. So assumption (i) of Lemma 2.7 holds.

Claim 2. L is monotone.
By (H1), for all u,v € X, we have

+00
(L(u) — L(v),u—v) = / ple) ||/ (@)% (2) = o/ ()P~ (@) (0 (&) = o/ (2))
0
+00
+ / [[o(@)P~20(@) = [o(@)P~20(@)| (u(z) - o())d
.
- [ [f @) - s v o) - via))d
0
+ i {g(l‘j)fj(u(ﬂ?j)) - g(fﬁj)fj(v(fﬁj))} (u(z;) —v(xy))
+00
> [ o) [[w @l @) - [ @2 @)] () - o (@) do
0
+00

+ [ @l 2o - @l 2u@)] (@) - ofz))ds

0
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> (Jlull= = lrol*=) (lhull = 1ol

v

so, L is monotone.
Claim 8. L is coercive.
For all u,v € X, we have

00 oo
<E(U),U>=IIUH”+Zg(wj)fj(U($j))U($j)—/f(%U(x))u(w)d%
j=1 0

From Lemma 2.2 and Lemma 2.3, combining assumption (H2) and (H3), we find

0o +oo
(L(u),u) = ul? =Y gla;) I(u(z;))ule;) — / f (@, u(@))u(z)de
j=1 0

> [lull” - ig(ﬂfj)(%‘ + ﬂj\u(xjﬂ%l)u(%)

+oo -
- [ (@ + a@lu@))u@)d
0
hence,
o0 oo +oo
(€. = Jull? = (S asgten) + Y- Araa) il ~ [ crfeute)lde
o0 '
- [ cx@lut@)u(w)lds
0

(oo} oo
> Jull? — (3 ago(a) + 3 Baa) [l ) fulloe — llealz, lull,
j=1 j=1
~ llullllal g el

> Jlullr ~ (MY agges) + Mg lleall 2 ) ull = (M7 3 Big(a)) full?

j=1 j=1
1
— Mg M leal| e [[ull ",
50 1imy |- o0 L) o,

fll

Lemma 2.7 guarantees that problem (1.1) has a weak solution.
Claim 4. Uniqueness.
For all u,v € X, u # v, we have

(L) = L@),u =) = (Il = o)) (Jull = o]) >0,
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so L is strictly monotone. O
Example 3.2. Let p =4 and v = % Consider the problem
— (| |u') + |ulu = e — 2e73%y2, a.e. v #xj, v >0,
o iy s ) .
A () =e (L4 Blu()IF), jen,

u(0) = u(c0) =0,

where ¢;(x) = e™%, ca(z) = 2¢73% and g(z) = e~ *.

It’s clear that (H1) — (H3) hold true. Hence, we may apply Lemma 2.7 and conclude
that (1.1) has precisely a weak solution.

Next, we consider the limit case y=p — 1.
Theorem 3.3. Assume that (H1) and (H2) are hold both with
(H4) There exist positive functions cy,ca € Lv%l[O, o0) such that
|f(z,u)] < ci(z) + co(m)ulP™t,  V(x,u) €[0,00) x R.
with
MEMP o]l s, < 1.
Then (1.1) has a unique weak solution.

Proof. Arguing as in the proof of Theorem 3.1, we prove that £ is bounded, demi-

continuous and monotone.
We check that £ is a coercive. Indeed, under (H2), (H4), in view of Lemma 2.2 and

Lemma 2.3, it is easy to verify that
+oo

(€, = Jull = (S asgten) + Y- sraa) il = [ erfe)lute)ldo

0
—+oo

- [ ex@lu@Puta)ds

0
oo o0
> Jlull? = (32 asgta) + 3 Bigl) Il ) fullse
j=1 j=1
~ llerll e el = a2 ezl e, el

o0 o0 1
> Jull” = M (D agglas) + MOl 7Y Big(an) ) lull = M el 2, lul
j=1 j=1
1
— M§ M ezl e [l

1 > 1
> (1= My M el e, ) ull” = (MY aggles) + M el e, )

j=1
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- (73 Byt

we conclude that Lm0 wﬁ+)”“ = +00.

Theorem 3.3 guarantees that problem (1.1) has a unique weak solution. O
— — 1 :
Example 3.4. Let p =2 and v = 5. Consider the problem
—(e®|u/|u) + ulu = e 3T —e T|u|, ae x#x;, x>0,
Alerw' (7)) = e (34 Hlu(IF), jen,
u(0) = u(o0) =0,

where ¢;(z) = €727, ¢y(x) = €77, |jca]|2 = %, g(z) =e®and M = My = 1.
It’s clear that (H1),(H2) and (H4) hold true. Hence, from Lemma 2.7 we find that
problem (1.1) has precisely a weak solution.
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Global well-posedness for the generalized Keller-
Segel system in critical Besov-Morrey spaces with
variable exponent
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Abstract. This article is devoted to studying the generalized Keller-Segel system
(GKS) in homogeneous variable exponent Besov-Morrey spaces. By making use
of the Littlewood-Paley theory and the Chemin mono-norm methods, we obtain,
when % < B <1, a global well-posedness result for GKS system with small initial
data in the critical variable exponent Besov-Morrey spaces ./\/'T(Z)B;Eg(h) (R™) with
1<r() <q(-) <oo,1<h < oo. In the limit case B = 3, we show the global

—14 -0
well-posedness for small initial data in /\/’T(%q?()")l(R”) with 1 < r(-) <gq() < oo.
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1. Introduction

We are concerned with the generalized Keller-Segel system given by the following
fractional diffusion:
up + (—A)Pu=—-V-(uVy) in R? x (0,00),
—AY=u in R™ x (0,00), (1.1)
u(z,0) = up(x) in R",
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where n > 2, u = u(z,t) denotes the unknown density of cells, ¥ = ¢ (x,t) represents
the unknown concentration of the chemo-attractant, ug is the initial data, V is the
gradient operator, (—A)# is the Laplacian operator, which is the Fourier multiplier
with symbol [£|??, and § < 3 < 1, that is, the abnormal (normal) diffusion is modeled
by a fractional power of the Laplacian.

Note that the function v, which is determined by the Poisson equation, is given
by the second equation of (1.1) as the volume potential of v:

Y(x,t) = (—A) tu(z, t).
We can therefore eliminate ¢ from the system (1.1) and get the following equivalent
problem:

For 8 = 1, (1.1) corresponds to the classical Keller-Segel equation which is a
simplified system of

—Au= -V (uVy) in R™ x (0, 00),
Y =AY =u—1 in R"™ x (0, 00), (1.3)
u(z,0) = up(x), ¥(x,0) =1o(z) in R".

The system (1.3) was introduced by Keller and Segel [17] in 1970. It describes a
chemotaxis mathematical model, and it is also linked to astrophysical models of grav-
itational auto-interaction of huge particles in a cloud or nebula, the reader may refer
to [6]. The well-posedness of classical Keller-Segel models has been studied by several
researchers in various spaces. Recently, making use of the smoothing effect of the
heat semlgroup, Iwabuchi [16] proved the global well-posedness of the system (1.3)

in Bpoo 7(R") where n > 1 and max{1,n/2} < p < oo, under the condition of
smallness of the initial data. Later, by the same method, Nogayama and Sawano [18]
extended this well-posedness 1"esu7}t7 where they established global well-posedness in
the Besov-Morrey spaces ./\'/'72m+; (R™) with max {1, %} <p<ooand 1< h<p.

For the general case 3 L < ﬂ < 1, (1.1) was initially considered by Escudero [11], in
which it was utilized to characterlze the spatio-temporal distribution of a population
density of random walkers subjected to Lévy flights. Furthermore, in that paper, it
has been established that (1.1) in this case, has global in time solutions. There are
many studies on (1.1) by several researchers in various spaces. Recently, Zhao [21]
obtained well-posedness results of (1.1) in the classical Besov spaces Bp,fﬁJr (R™)
with % <pB<1land 1< p,r <oo. We mention that certain aspects of these results
were also extended to the fractional power bipolar type drift-diffusion system. Further
information on this topic can be found in [14, 12] and the relevant references cited
therein.

Inspired by this work, we aim to investigate, by making use of the Chemin mono-
norm methods, global well-posedness of the generalized Keller-Segel system (1.1) with

initial data in the critical variable exponent Besov-Morrey spaces N ﬁ ‘)‘( ) (R™) with

$<B<1,1<r()<q()<ocand 1 <h<oo.

{ut +(=A)Pu=-V-(uV(=A)"tu) in R™ x (0,00),
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In general, variable exponent function spaces have garnered significant attention
from researchers in recent times. This interest extends beyond theoretical aspects,
encompassing their pivotal role in various applications, such as fluid dynamics [20]
and resolving specific equations [10, 4]. Notably, variable exponent Besov-Morrey
space, based on variable exponent Morrey spaces, is a new large framework compared
to Besov space, i.e. variable exponent Besov-Morrey spaces are strictly broader than
classical Besov spaces (also refer to Remark 2). However, there are many challenges
in addressing the well-posedness of equations in these spaces. Replacing the LP-norm
by the Mzgig—norm is not sufficient to ensure a direct transition from Besov spaces
to variable exponent Besov-Morrey spaces. One of the main difficulties comes from
the collapse of certain essential embedding features and the inapplicability of certain
classical theories, like the multiplier theorem and Young’s inequality, within Besov-
Morrey spaces with variable exponents, unlike classical Besov spaces. To overcome
these challenges, the present paper primarily relies on the properties described in
Section 2 to look at the global well-posedness result. For an in-depth exploration of
these variable exponent function spaces, we direct the reader to [1, 8, 9, 10, 19, 13,
20, 15, 2, 3] and the associated references therein.

To address the system (1.1), passing via (1.2), we think about the following
equivalent integral equations:

t
u(t) — e—t(—A)BuO _/ 6—(t—t’)(_A)3v_ (UV(—A)_lu) dt/7 (1.4)
0

where e~t(=2)" .= .7-"*1(6*”5‘%]:) is the fractional heat semigroup operator.

Organization of the paper: In Section 2, we present some basic background
information on the Littlewood-Paley theory and some different laws on products in
variable exponent Besov-Morrey spaces, and then, in Section 3, we state and prove
our main theorem.

2. Preliminaries

We introduce some background knowledge on Littlewood-Paley theory and variable
exponent Besov-Morrey spaces, and present some propositions relevant to our objec-
tives. Firstly, we start by introducing some of the notations used in the present paper,
E < H designates having a constant C' > 0, which can be different at different places,
such that £ < CH and E ~ H designates having two constants C7,Cs > 0 such that
C1H < FE < CyH. We define, for two Banach spaces X and Y, and u € X NY, the
norm ||| yny as

ull xry = llullx + llully -

Definition 2.1. [3] For the measurable function r(-), let

Po(R™) := {r() :R™ — (0,00]; 0 < r_ = essinf r(z),esssupr(z) = r < oo}

zER™ zER™
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The Lebesgue space with variable exponent is defined by

L0 (R™) = {u :R™ = R is measurable, / lu(z)|" @ dx < oo} ,

n

with norm

lul

e s=inf {A >0 0,0y (u/A) < 1}

inf{)\>0:/n (M;”)r(z)dxﬁ 1}.

We use the following notation to separate variable exponents from constant
exponents: 7(-) for variable exponents, r for constant exponents. Also (L") (R™),
llu|l ) is a Banach space.

L") doesn’t have the same features as L. Therefore, to assure the boundedness
of the maximal Hardy-Littlewood operator M on L"()(R™), the following standard
conditions are assumed:

1. (Locally log-Holder’s continuous)[3] There exists a constant Ciog () such that

r(@) — r(y)] < —Cos(0)

, for all z,y € R", x .
< fog(et e~y D) v -

2. (Globally log-Hélder’s continuous)[3] There exist two constants Ciog(r) and e
such that

Clog(r)

——=2 _ for all z € R™.
log(e + [z])

() = Too| <

Clog(R™) denotes the set of all functions 7(-) : R — R that satisfy 1 and 2.

Definition 2.2. [2] Let r(-), q(-) € Po(R™) with 0 < r_ <r(-) < q(-) < oo, the variable
exponent Morrey space Mzgg = Mgg;(R") is defined as the set of all measurable
functions on R™ such that

U () = sup HRﬁfﬁu’
” ”Mf‘(-) zoER™,R>0

LrC)(B(zo,R))
Here we give an important lemma.

Lemma 2.3. [2] Let r(-) € Po(R™). Then for any measurable function u

SUp 0, (UXB(wo,R)) = 0r() (1),
20ER™,R>0

and [[ull yre) = fJull Lo
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We now recall the Littlewood-Paley decomposition (refer to [5] for further infor-
mation). Consider ¢ € S(R™) a smooth radial function such that

0<p<1,
3 8
suppr{feR”:4§|£|§3},
an jf —1 for all £ # 0,

JjEZ

and we denote p;(§) = ¢(277¢). Then for every u € S'(R™), we define the frequency
localization operators for all j € Z, as follows

Aju=F o xu and Sju = Z Agu. (2.1)
k<j—1

One observes here that A; has frequency {|¢| ~ 27} and that S; has frequency {|¢| <
27}, and one also notes that the quasi-orthogonality property holds for the Littlewood-
Paley decomposition, that is, for every u,v € S'(R™)/P(R"),

AAju=0 if |i—j|>2 A%&Amgﬁzo if li—jl>5 (22

with P(R"™) denoting the collection of all polynomials over R™.
All through this document, we will use the following Bony paraproduct decom-
position:
wv = Tyv + Tyu + R(u,v), (2.3)
with

T, = Z Sij—1uljv,  R(u,v) = Z Z Ajulp.
J J i1
(1),q9(-),h(:) € Po(R™) with r(-) < q(-), the mized Morrey-

Definition 2.4. [2] Let
(M )) is the set of all sequences {a]} ez of measurable functions

sequence space 20
on R" such that

tr
a(:
()

[ {aj}jeZ ||gh(~)(MzE:;) :=inf {/\ >0: Q@h(-)(MZE:;)({a’j/)‘}jEZ) < 1} )

where

(R 0 x| |
gth(MQ()) {aJ}JGZ = Zlnf v>0: T de <1

JEL

Notice that if hy < oo and r(-) < h(-), then

5

QW”(')(MZE:)))({aj}jez) = Z sup

jez ToER™ E>0 L™ (B(wo,R))
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Definition 2.5. [2] Let s(-) € Ciog(R™) and 7(-),q(-), h(-) € Po(R™) N Ciog(R™) with
0<r_- <7r() <q() < oo. The variable exponent homogeneous Besov-Morrey space
s(+) .
Nr(_)’q(_),h(_) is defined by
NEQ) = {uED’ R™) : [Jul] , s <oo},
r(-),q(-),h(") (R™) -l ||Nr(())q( e

with norm

”uH/\/s

H{QJS()AJ’U,}
r( ) a(+),h()

JEL Zh,(_)(M?lE:;) )
and D' (R™) represents the dual space of
DR") ={ueSR"): (D) (0) =0, for all multi-index o} .
For T'> 0 and 1 < h, p < co. The mixed space-time space L” (O T; N:( 3200, h)
is the set of all tempered distribution w satisfying

= (> |proa, u’

JEZ

, :
0N = SHl° t| .
) ( R )

With the standard modification if A = oo or p = o0

[l < o0,

A :
e (00N L) Lp MZE.?)

where

Proposition 2.6. The following inclusions hold for variable exponent Morrey spaces.

1. (Hélder’s inequality)[1] Let r(-),r () rg() q(+), ql() qg() € PO(R”) satisfyz'ng

r()<40), ri() GO =12), 75 = 5+ e od oy = G e The

for all u € ./\/lql( and v € Mfz( 3 there is a constant C depending only on r_
and ry such that

lvll pgar < Cllull gy 190 gz (2.4)
r r1() r2(+)

And for all w € L>*(R™) and v € ./\/138, there is a constant C such that
vl oy < €l ol g (2.5)

2. (Sobolev-type embedding) [1] Let r1(-),7m2(-),q1(:), q2(-) € Po(R™), 0 < h < oo
and s1(-), s2(-) € L N Clog(R™) with s1(-) > s2(-). If 1 and

n n
S ) - = —
=3 1(+)
are locally log-Holder continuous, then

S( s2(+)
NG TN e yn (2.6)
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3. (Mollification inequality) [2] Let r(-),q(-) € Po(R™) N Clog(R™) and ¢ € L}(R™),
suppose ®(y) = sup,¢p(o, 1y |9(z)| is integrable. Then for all u € ./\/138, there
is a constant C' depending only on d such that

lu* @ell oy < Cllull oy (19115 (2.7)
M M

where ¢, = 6%(;5(6)
Lemma 2.7. [2] Let C be a ring, and B a ball in R™, and let k € N, j € Z, A > 0, and
r(+),q(+) € Po(R™) N Clog(R™) with r(-) < q(-) < oc.

1. Assume that u € Mzgg satisfying suppF(u) C A\B, then

\Z?:pk ||8QUHMZ§:§ < ORIk HuHM?E)) .
2. Assume that u € MZE% satisfying suppF(u) C M B, then
[ul| e < CNTO lull pgac -
where C' is a constant independent of \.

Lemma 2.8. Let m € R, s(-) € Ciog(R"), (), q(-) € Po(R™) N Ciog(R™) with r(-) <
q(-), and let 0 < h < oo . Then
m . Afs()m s()
0"+ No (S atyn = Nogs,
s bounded.

Proof. For the proof, we can use the same idea as in [14, Lemma 2] O

Lemma 2.9. ([5, Lemma 5.5]) Let X be a Banach space with norm |||y and B be a
bounded bilinear operator from X x X to X satisfying

[1B(z1,22) x < Colleallx 22 x

for all x1,z2 € X and a constant Co > 0. Then for any a € X such that ||a y < ﬁ,
the equation * = a + B(z,x) has a solution x in X. Moreover, the solution is such
that ||z|| y < 2|lal|y, and it is the only one such that ||x||y < ﬁ

3. Well-posedness

In this section, we state our main theorem, and then prove it for the case % <p<1
and the case § = % in Subsection 3.1 and in Subsection 3.2, respectively.

Theorem 3.1. Letn>2, 1<7r(:)<q(-) <oo and 1 <h < oo.

1. Let % < B < 1. Then there exists a constant € > 0 such that for any ug €
=28+ 15 . . . . .
Nr(,)ﬂq(f)’('}z satisfying ||uo|| 28t ny € the system (1.1) admits a unique time-
r(),a()h
global solution u € X, where

Xe={ueX'NXx": |ufyo <00, [lullxr Set,

~
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with o N 26+35
=L (R+’ <>,q<>h>’
1._ s1(+) s
= (RN 0n) N7 (RN 0)
and 28 28
e 28 —1
Y1 Qﬁ—1+57 Y2 = Qﬁ—l— 70<E< B )

s1() = —1+ ()+5 $3() = —1+ — —e.

_A'_L
2. Let 3 = 5. Assume that ug € /\fT(.) qz()l)l is small enough. Then the system (1.1)
admits a unique global solution v satisfying

oo 43t
we £ (ReN i)

The above result requires some further comments.

Remark 3.2.
1. The results of this work remain valid if we take variable exponent Besov space

B;E; n() instead of variable exponent Besov-Morrey space s() Indeed,

r(),a(),h(-)"
if we have r(-) = ¢(+), then N:((-.)),T( = B:E V()"
2. Theorem 3.1 extends the correspondlng well-posedness results of [21], where the

author considered the system (1.1) in Besov spaces, which is a particular case
of our framework which is variable exponent Besov-Morrey spaces N, f((")) a() ()"

Moreover, we have ./\/'()q()h() ¢ B , for any ' € R, 1 < p’ < oo and
1< < .

In order to prove Theorem 3.1, we consider the following linear equation:
ug + (—A)Pu=f in R"x(0,00),
u(z,0) = up(x) in R,
for which we get the following linear estimate:

Proposition 3.3. (Linear estimate) Let 0 < T < oo % <B<
1 < h,y < oo, and let r(-),q(-) € Po(R™) N Cioe(R ) ith 1

Assume that ug € J\/()q( yp and f € L£7(0,T; N:(() e ) Then (3.1) has a unique
solution v satisfying, for any p € [, o0,

[l 128\ SO | luoll o0 + £l +28 28\ | > (3:2)
U( e :(_)’q(_p),h) r()a(),h c (o,T;N:(_)_yq(},h )

where C' > 0 is a constant depending only on S and d.

Before proving this proposition, we need to get estimates for the localisations of
the fractional heat semigroup {e‘t(_A)ﬂ }i>0 in our framework.
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Proposition 3.4. Lett >0, j € Z and 1 < r(-) < ¢(-) < oco. Then for all u € S'(R™)
satisfying Aju € Mzgg, we have

4(—A)P 10283
s 0] < 1A g
where K and k are tow constants independent of j and t.

Proof. Recalling that supp(F(A;v)) C 2IC (A, is a frequency to {|¢] ~ 27}), and
considering a function ¢ € C§°(R™\ {0}) with ¢ =1 in a neighborhood of the ring C,
then one has

Aj (e_t(_A)ﬂv) = e_t(_A)BAjv
= 6(27)e A A
=F! (¢(2j§)e_t|5|2ﬁ) * Ajv.
Hence, Proposition 2.6, gives

_+(—A)B _ ; _ 28
st < (o),
< Ke "2 Al aer s
< 1250l g

as desired. O

Proof of Proposition 3.3. Since ug € S'(R™)/P and f € §'([0,T) x R™)/P, we can
obtain u € §'([0,T) x R™)/P. And then, applying A, to (3.1) and taking the ./\/138—
norm, we get

!
e 47
()

t
4 B (4N (_ B
1850 ey < [l Ao, +/ et 5, 50
) Moy Jo
According to Proposition 3.4, we obtain for some s > 0,
—Kt2287 ! — k2283 (t—t") ’ ’
1Aju)l] o) < e 1A uoll yyacr + | e 125 S gyt
0 . 0 (-
Set % =1+ % — % Young’s inequality in L? gives us,

||Aju(t)||L§(M;{E:;)

1 — e rT2%p\ * 1 — o rT2%90\ ®
/
5 TBJP HAJUOHM?«E; + w HA]f<t )”L%(Mzg)))

1

_ 28 _ 1_1ys
5 2= J HAJUOHMQE; + 2 26(1+p «,)J ”Ajf(t/)HL}(MqE;) )

Finally, multiplying by 2(3(')+%)j, and taking ["-norm of both sides in the above
inequality, we obtain the desired estimate. And this completes the proof of Proposition
3.3. O
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3.1. Proof of Theorem 3.1 (1) (The case 1 < 3 < 1)
In this part, we aim at proving global well-posedness for small initial data of the

+7
system (1.1) in critical variable exponent Besov-Morrey spaces ./\/ )Bq( ‘;(h) with § <

B<1, 1<r()<g() <ooand 1<h < oo. Firstly, we get the followmg key blhnear
estimate.

Lemma 3.5. Let 0 < T < o0, $(-) € Clog(R™), 7(-),q(-) € Po(R™) N Clog(R™) with
s()> -1, 1<r() <q(-) <oo, and let 1 < h,v,71,72 < 00 satisfying % = % + 712
Then for any € > 0, one has

|fV(=A)" g+ gV(-A) 1me(0TN*<())q(>;,)

<
~ Hf”[;’u (O,T;Nf((_')):;(s_)yh,) HgH[jW’Z (0 T; Nr(l;rq[é())h 6)

+ s()4e B\ . 3.3
Il (0706330,) W e (om0 (33)
Proof. Using the following paraproduct decomposition due to J. M. Bony [7],

IV(=A)"lg+ gV (=AY f =Ty + Jo + Js, (3.4)

where,

Jii= Y AV(-A) TS g+ AV (=) 1S f,

lez

Jy = Z Sl,lfV(—A)_IAzg + Slflgv(_A)_lAlfa
lEZ

Ji=d Y AfV(-A) Mg + MgV (=A) T A,
IEZ |I—1'|<1

Below, we estimate Jy, Jo and J3 separately. For J;, we consider the estimate of its
first term only, while the second one can be treated similarly. So, by the facts (2.1)
and (2.2), Proposition 2.6, Holder’s inequality in LP-space, and Lemmas 2.7 and 2.8,
when € > 0, one has

HAj Z A fV(=A)"'S1 g

e L3 M)
< D0 IF el [AfV(=2) " Simag]| yac)
li—j1<4 Ty
S Z HAlfHL’u(Mq() ||v Sl 19HLW2(LQC)
[l—j]<4

—14-n
S X I8y, 3 2 q(->>||Akg||LWT2<M7<<;;)7

l1—j]<4 k<l—2
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then,

HAj D ASV(=A) ' Silag

LEZ

vy q(-)
LEMI)

1/h’
< ekh’ n
S 2 1Al e ( 32 ) lgll (0M_1+m_5>

[l—jl<4 k<l—2 r(:),q(:);h
S, 275(')j Z 275(-)(l*j)2(8(4)+5)l HAlfHL—yl (Mq(')) Hg“ 3 71+q?~) —e\ -
1-j1<4 T () L 2(0,T;NT(_)1Q(_)1h >

Multiplying by 2°()7, and taking I"-norm of both sides in the above estimate, we
obtain

D> AfV(=A)1 S g

IeZ

SIf
m(o TN )N” Hml (O’T;NT‘(‘;;?‘%’J
O IONY

X 1en
”g”ﬁwz (O,T;NT(_I):(Z.()')JI E) ’

which implies that

(A

< (- ipmo
e (] ) W (0miactyit, ) en on 1)

+ : IR TREIR 3.5
9] (O’T;N:((A;Z?%h) ”meQ <O7T;/\/yw(.l)qu(.(i?h E) &

Similarly for J,: By applying Hoélder’s inequality and Lemma 2.7, we get

A S fV(=A) A

leZ

L3 (M)
S 2 18V Ml aar

l1—jl<4

k- _
S Z Z 270 ||Akf||L}2(M‘{(‘>) IV(=4) 1Azg||L;1(Mq<->)7
l—j|<4 k<I—2 ) ()

Lemma 2.8 gives us again,

A S V(=) Ay

ez

LE(MI)

< Z Z o(=T+t5—e)kg(1+e)k HAkf”L;?(M‘“‘))Z_l HAlg”L;l(M‘”‘))
l1—j|<4 k<i—2 "0 O
1/h

S D 27 Al o ey | 20O Kl I
~ L 1 M‘Z ) + ®) e
P 7 (ML) W L2 ((),T,Nr(_)yq‘é_%h )
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Since € > 0, then

‘ L3 (M)

< S 2O Ay, 171,
lI—jl<4 h (

Aj Z Sl_lfV(—A)_lAlg

IEZ

i m e -
. q(-)
0. TN, (),4(),n )

Hence, we arrive at

D S fV(=A) Ay

5 ||g||L'y] (O’T;NS(')+E )
lezZ

r(-),a(-);h

£ (O,T;fo.')),q(-),h)

< | £1l

—14 -2 ¢ .
. a(-)
L2 <07T1Nr(.),q(.),h >

Thus, we get

J: : S : Cipn
” QHU (0’T;N:((->),q(->,h) ~ ”mel (O’T;Nrsé»)z?),h) Hg”m? <07T;Mw<.1)qu<f$?h E)

—+ s(- 14 . 3.6
”g”[:ﬁ (O‘T;Nr((-?:;(s-%h) ”fHﬁw (o,T;M(.l:qq(S?h E) o

We are now moving on to the last term J;. We use the following formula, based on
an analysis of the algebraic structure of Equation (1.1) [21]:

()i = > Afo(=A) " Apg + Agdi(—A) A f = K + K7 + K7,

1€ |I-1'|<1

for i =1,2,...,n. Where (J3); is the i-th exponent of (J3) and

K=Y Y A [(-A) A (i(-8) Arg)]

1€Z |I-1']<1
K? = Z Z 2V - [((=A)TAf) (8, V(=A)tApg)],
1eZ |1—1']<1
K=Y 3" o [((-a)"Af) Avgl .
1€Z 1-1'|<1

In order to estimate the above three terms, we use Holder’s inequality in LP-space
and MZE:;—space (2.5), and Lemma 2.8 as follows: From (2.2), there is dyp € N such
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that

|}AjKi1|}L“’ (M)

<2030 2 2 A (o A)flAl’g)”L%(MiEii)

1>j—do |I-1'|<1

j — 4
SP30 3 A g ey 2T 1wl pny)
1>j—do |I-1"|<1

< Z 9—5()i9—=(2+s())(I=7)9(s(-)+&)! ||Alf||L’Yl(M‘1('))”g”

1>5—do M) (OT/\/,UQ‘Z())’LE)(’ |
3.7

HAJ'KEHLV (M"(")

Y30 3 e AS) 0V 8809 )

1>5—do [1-1'|<1

SQj Z Z 27 2 ||Alf||L’Y1(M(1() 2(1() ||Al’g||L’Y2(Mq())
1>j—do |I—1'|<1

s()ig—(1+s(:))(1=3) g (s(-)+e)l
Z 9—s()ig— b € ||Azf||Lv1(Mq<>) Hg”mz (OTN ety - ) ’

l>] n HORTON: 53
3.8
and
12 B 1 (g
<20 Z Z A)TTAf) Arg ]L}(qu)
1>j—do |I—1'|<1 "
<20y > o AN 30 (s 270! ||Az/9||va(Mq<>)
1>j—do |I—1'|<1
Z 275()ig=(AFsOU=a) o)+ A 1| o ||g|| .
LY (M5 a() "¢
l>j do ( ) <OTN’!‘()Q()h )( )
3.9
Thus, (3.7), (3.8) and (3.9) give us, when s(-) +1 > 0,
n 3
J. s(- KF .
| 3||“(07T3Nr<(-)), ;;H HU (07N )
< e AN 3.10
~ || ||£’Yl (O’T;Nr((-))j;(-),h) HgHﬁ’YZ (O TNT(I;;?())}L > ( )

Finally, by combining (3.5), (3.6) and (3.10) with (3.4), we get (3.3). This completes
the proof of Lemma 3.5. O
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Now, by using Lemma 2.9, we can start to prove the existence of local and global
solutions of the system (1.1) in the case 3 < 8 < 1. We define

L= L (R+’N51>q >h)“w (R+7 AT )

with
n n 25
s1()=—14+ —=+e¢, s2(:)=—14+ — —¢, =—
26
= — 2 71-
V2 26_1_5’ 0<e< B

Due to Duhamel’s principle, the solution of the system (1.1) can be written as

t
u(t) — e—t(—A)BuO _/ e_(t_t/)(_A)BV- (uV(—A)_lu) 4. (3.11)
0

Set ,
A(u, w) ::/ e (A g (uV(—A)"tw) dt'.
0

We note that A(u,w) can be considered as the solution of the dissipative equation
(3.1) withup=0and f=V- (uV(—A)*lw). Then by applying Proposition 3.3 and

Lemma 3.5, with v = we see that

B
2B—1°

||A(u,w)||ml (]R AP0 ) < HV (uV(—A)flw)HLm%(R+;N—2+q?_ )

NORTONS HORTONY
S |luV(=A)™ Cipm
~ Hu ( wHL” ! <R+;/\Cw(.l>fq{f,(§?h>

<

~ ”u”[m (R“N:(l-glzz(-)vh) HU’Hmz (R+ N2, h)

e iz ) Ples iz )
S el [[wll e
and similarly,
||A(uaw)||£72 (R*’;Nj(?g.,l(‘),h) S ||UHX1 HwHXl .

Thus,

[A(w, w)[[ 31 < Clul g1 lwl] ps - (3.12)

On the other hand, e_t(_A)ﬁuo can also be considered as the solution of the dissipative
equation (3.1) with ug = ug and f = 0. Then we can directly deduce from Proposition
3.3 that,

—t(— B
e ||, < Cluoll -0s
X r(-),q(-),h

So, if [Jug| s+ 2y < e withe = 1oz then by Lemma 2.9, the integral equation (3.11)
r(),a()sh
admits a unique solution u such that |ju||,» < 2Ce, which is the unique solution of
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the system (1.1). Furthermore, Proposition 3.3 and Lemma 3.5 once again give us
—2B+ﬁ> Slluoll 24— + uf3n < 0.

ol
£ ( TN, ()00

r(-),q(-),h

Finally, u € A,. This completes the proof of the first assertion of Theorem 3.1.

3.2. Proof of Theorem 3.1 (2) (The case 3 = 1)

In thlS part, we establish the global well-posedness for the system (1.1) in the limit case

+
B = 5, with initial data in critical variable exponent Besov-Morrey spaces N, (), q‘(’()>1

with 1 < r(-) < q(-) < oo. Firstly, by making a slight modification to the proof of
Lemma 3.5, we obtain the following estimate:
14-2

Lemma 3.6. For any f,g € L™ <R+,./\/7( ), q@l)’ one has

|FV(=8) g +gv(-8) ] e (i) MM (a0

r(-),a(-),1 r(-),a(-),1

Sy - (313)
)

< gl :
Lo (R+ §-/\/,,.(A),q(A)?1

Proof. We estimate the first term of J; as follows:

AN AFV(-A)TIS) g

leZ Loo(MzE';)
5 Z ||Alf||Loo MQ()) ||V Sl 1gHLoo(Loo)
[1—jl1<4
“1
S I8l o 2O kgl )
lI—j|<4 k<2 )

< n
~ Z ”AlfHL?(MzE:;) HgHﬁx (R+,N_l+m ) .

ll—j|<4 O RTON!

Multiplying by 2(71+ﬁ)j, and taking I'—norm of both sides in the above estimate,
we obtain

ZAsz(*A)ﬂSl—lg

IeZ

£ <R+?N ” ):ﬁl>
S (R%Nfuﬁ) lall ., (R+;N—1+# ) :

r(-),a(),1 r(-),q(-),1

And then,

[ 1H (R ot ) N||f\| (R oty ) ||g||Lw<R+;N71+%>' (3.14)

r(-),q(-),1 r(-),q(-),1 r(-)sa(:),1
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Similarly, for Js,

Aj Z Sl_lfV(fA)ilAlg

leZ

s

S D0 D0 ATV A ) 2 A e

|l jl<4k<i-—2

< Z |Alg||L°°(MQ()) ||f|| (]R A 1*%) )

ll—j|<4 r(-),a(),1

which gives us that

> S fV(=A) Ay

IeZ

“aly
oo
£ <R+ Notal, 1)

S llgl 11 :
£ ( +N<>q?<>>1> £ ( +N<>q‘i%)1)
Thus, we get

n < n n
17211 <R+;N7Hm> SIAI, <R+;N71+W> lall ., <R+;N71+q(.) ) : (3.15)

r(-),q(-),1 r(),q(-),1 r(),a(:),1

Moreover for the final term J; = K' + K2 + K3, and since K2 is similar to K2, we
only estimate K'and K? as follows:

HA]-K} HL”(MQ('))

22J Z Z 2 21 ||Alf||Loo(MQ( )) 2( 1+Q() ||Al/g||Loo(M‘1( ))

1>j—do |I-1'|<1

< o(1=525)i Z 9~ (1+5t5) (=) o(—1+g85)1 ||Alf||Lgco(Mg<->) X ||g||£ Al )
l>j—do v < " )

r().a(),1
and

||AJ'K¢2||L<>°(M‘“")

< 2J Z Z 2- A ||Alf||Loc(Mq()) Q() ||Al’g||Loo(MQ())

1>j—do [1-1'|<1

<2077 37 2m T A gy o, <(renrgt) ®19
I>j—do + r<‘>,q<»),1>

Hence, from (??) and (3.16), we arrive at

n
Il ) 3 e (o )

r(-),a(-),1 i=1 k=1 r(-),a(-),1

S ||f|| ~r g5 gl Sk B (3.17)
(R+ N, qrf(>)1> £ (R%J\f,,.(,),q‘i?;?l)

Finally, putting the estimates (3.14), (3.15) and (3.17) together, we get (3.13). The
proof of Lemma 3.6 is complete. O
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We are now in a position to demonstrate the second assertion of Theorem 3.1.
Cq. . -1+t . .
By considering the resolution space £L(R4; N, qg.())1) and returning to the integral

equation (3.11), Proposition 3.3 with 8 = % and v = oo, and Lemma 3.6, give us

Sy <OV (uV(=A) T rw
Nr(fq%)ﬁ) Iv-( )H5°°<

A(u, w oy m_
A )||£°°(R+; R%Nr(-z)fq%-?)'?l)

<Ol el
£°°<R+;Nr(->,q[f-(i?1> £°°<R+5Nr(->,q%?1)

Applying Proposition 3.3 for 5 = % again, we can obtain

1
—t(—A)2
e t( )2 14 S C H’U,OH 71+ﬁ .

U’O n
Lo <R+;N 20 ) No(alra

r(-),a(),1

If || uo | 1+ 2 is sufficiently small, by using the fixed point argument as in Subsection
r().a()01

3.1, we get the global solution of the system (1.1) in £ (IR_s_;./\/;j1+m

(4)’(1(‘)71). The proof

of Theorem 3.1 is complete, as desired.
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Threshold results of blow-up solutions to Kirch-
hoff equations with variable sources

Nadji Touil (©) and Abita Rahmoune

Abstract. This paper analyzes an initial boundary value problem for variable
source Kirchhoff-type parabolic equations. We aim to derive a new sub-critical
energy threshold for finite-time blow-up, a new blow-up condition, and estimates
for lifespan and upper bounds for blow-up time across various initial energy cases.
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1. Introduction

In recent years, there has been a significant interest among numerous mathematical
researchers in examining the blow-up time properties of solutions to equations used
for describing the transverse vibrations of a stretched string while taking into account
the change in the string length. These equations, proposed by Kirchhoff [19], [26] are
widely employed in engineering disciplines like automotive, aerospace, and large-scale
structures. The extensive applications of these materials have led to a growing desire
among researchers to establish findings related to the presence and control of elasticity
problems. Almeida Junior et al. [25] studied polynomial stability for the equations of
porous elasticity in one-dimensional bounded domains. Iesan et al. [16, 17, 18] studied
the theory of thermoelastic materials with voids. Santos et al. [30] considered a porous
elastic system with porous dissipation In recent years, there has been a significant
amount of research focused on developing mathematical models for nonlocal diffusion.
These models are formulated by using parabolic equations that combine linear or non-
linear diffusion with a Kirchhoff term. The Kirchhoff problems are a type of problem
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that includes the term M (fQ |Vu|2d:r), which causes the equation to no longer be a
pointwise identity

uy — M ([, |Vul?dz) Au =g (z,u), (z,t)€Qx(0,T),
u =0, (z,t) € 9Q x (0,T),
U(I,O):IUO(I% z e

The Kirchhoff problems are a type of problem that includes the term M ( [, [Vu|?dz),
which causes the equation to no longer be a pointwise identity. The nonlinear Kirchhoff
equation (NLKE) is a partial differential equation used to describe the transverse
vibrations of a stretched string while taking into account the change in the string
length [19]. It is also used to describe the movement of a semi-infinite string [26] and
is an underlying equation of quantum mechanics. Partial differential equations have a
wide range of applications, as listed in reference [33]. The study of Kirchhoff equations
has a long history and was examined in detail in Lions research [23], where it became
possible to investigate the existence, uniqueness, and regularity of the solutions in
Kirchhoff’s equations. For more information, interested readers can refer to [10, 11, 24]
and the references therein. This paper studies a parabolic problem with a nonlocal
diffusion coefficient, where a nonlinear source term modeled by an operator appears
in the Kirchhoff equation.

u — M ([, [Vuldz) Au = Ju|*® 1y, (2,t) € Q2 x (0,T),
u =0, (x,t) € 092 x (0,7, (1.1)
u(z,0) = up(x), xz €,

where Q@ C R™ (n > 1) is a bounded domain with smooth boundary 9, we assume

that up € H}(Q) and ug(z) # 0, the diffusion coefficient has the specific form M(s) =
a + bs with positive parameters a, b, 2 C R™, ¢ is constant and satisfy

n+2
(H1)3<CI1SQ($)§QQSTL_2

(Ho) 1<q1 <q(z)<g<3 ifn>1 ze€q.

it n>3, zey (1.2)

We consider a mathematical model, where ug belongs to the Sobolev space H () and
—A denotes the Laplace operator concerning the spatial variables. Our focus is on the
explosion property in finite time. To this end, we use the potential well method and
various inequality techniques to establish the the blow-up of weak solutions within
a finite time and obtain a new blow-up criterion. Additionally, we determine the
lifespan and an upper bounds for the blow-up time in different initial energy cases. It
is important to note that the model (1.1) is called degenerate when a = 0, and when
a > 0, we refer to it as a non-degenerate model. The exponent ¢(.) is a measurable
function on 2 that satisfies certain conditions.

1 < ¢ =ess infg(x) < gq(z) < g2 =ess supg (z) < o0, (1.3)
e €N
and the following Zhikov—Fan uniform local continuity condition. There exist a con-

stant k > 0 such that for all points x, y in Q with 0 < |z —y| < , we have the



Blow-up solutions to Kirchhoff equations 505

inequality
lqg(z) —q (W) < k(lx—yl), (1.4)

where k(r) satisfies
lim supk(r) In <1> =c < o0.
r—0+ r

This problem has its origin in the mathematical explanation of system in real world
from the mathematical modeling for axially moving viscoelastic materials, they ap-
pear in numerous applications in the natural sciences, for instance models of flows
of electro-rheological fluids or fluids with temperature-dependent viscosity, nonlinear
viscoelasticity, filtration processes through a porous media [3, 4, 28], and the process-
ing of digital images [2, 9, 22|, and can all be linked with problem (1.1), further details
on the subject can be seen in [5, 6, 29] and the other references contained therein.
In recent years, the study of mathematical nonlinear models with variable exponent
nonlinearity has attracted the attention of many researchers. Let us highlight some
of these issues. For example, Pinasco [27] established the local existence of positive
solutions for the parabolic problem.

uy — Au = f(u) in Qx(0,7)
u=0,in o0 x (0,T)
u(z,0) = up(x) in Q

where the source term is of the form
f(u) = a(m)up(x) or f(u) = a(x)/ uq(y)dy_
Q

He also proved that with sufficiently large initial data, solutions blow up in a finite
time. Alaoui et al. [21] considered the following nonlinear heat equation,

ug — div (|Vu(a:)\m(‘r)72Vu) = |u|P®) "2y + f.

Under appropriate conditions on m and p, and with f = 0, they demonstrated
that any solution with a nontrivial initial condition will experience a blow-up in
finite time. Additionally, they provided numerical examples in two dimensions to
illustrate their findings. Autuori et al. [7] investigated a nonlinear Kirchhoff system
involving the p(z,t)-Laplace operator, a nonlinear force f(t,z,u), and a nonlinear
damping term Q = Q(t,x,u,ut). They established a global nonexistence result
under suitable conditions on f, @, and p. In the classical case of constant exponent
(¢(x) =constant= q), this equation has its origin in the nonlinear vibration of an
elastic string, were the source term w9 'u forces the negative-energy solutions to
explode in finite time. It’s known that several authors have looked at problem (1.1)
concerning the findings of the global existence and blow-up of solutions, and a
powerful method for treating it is the ”potential well method,” which was founded by
the first author Sattinger [31] in 1968 and later been enhanced by Liu and Zhao [32]
by introducing the so-called family of potential wells which later became a significant
technique for the study of nonlinear evolution equations and has also given many
interesting results. Recently, authors of [14, 15] discussed in a bounded domain of R"
with 3 < ¢ < Z—f; the global existence and finite time blow-up of solutions to problem
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(1.1) when the initial data are at different energy levels E(ug) < d, E(ug) = d, and
E(ug) > d respectively. If we know that the solutions of a given system explode in
finite time, it is important to estimate the bounds of the explosion time from both
above and below, which is the main goal of this work. We will expand the assumptions
about the given ¢ in the aforementioned works, assuming a new assumption on the
critical exponent ¢ (.) such that 1 < ¢; < ¢(z) < g2 < (n+2)/(n — 2), under some
sufficient conditions we giving a new blow-up criterion for problem (1.1) if the initial
energy is not -negative, and derive the upper and lower bounds of this blow-up time.
The table below provides a summary of the background for our work.

Table 1: Main results.

Main results q Initial data Blow-up
—gi T
(&) " 24) | E(u) < Ei, Blow-up (2.6)
q1+1
allVuo 3\ 7
Theorem 2 | (H1) | > b
+§||Vu0||‘21
> o Eyasin (2.4) | lim [[u(t)|3 = oo
t—=T
E (ug) <0 Blow-up
E (UO) S Eda
: . t
Eg as in (1.11) Jim Jo llu(r)||I3d7
Theorem 3 | (H1) | uo€ HE(Q), ug #0 0 < E (ug) =0
< Colluoll3 (i)
E(ug) Blow-up
Theorem 3 | (Hs) up € HL(Q) < _%%C(d
(2.21),(2.22) thH% lu(t)||3 = oo.
—

Table 2: The estimate of blow-up time.

0 < E(uo) < Co |luol;

1
E(up) < — Ziis Le(e)

E(up) Upper bound estimate | Lower bound estimate
E (UO) < El \/
E (Uo) <0 \/
E (Uo) =0 ? ?
E (up) < Eq Vv
\/
Vv
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1.1. Modified potential wells
For u € H} (), we define the functionals

B =l + 2Tt - 1 a(x)+1
B(u (1) = B(O) =5 IVallf + 19l = | o fult i,
I(u(t)) =a||VUII§+bIIVUII§—/ Jul 1)+ d, (1.5)
Q
1
M(u () =: M(t) =5 lu () I5-
and testing (1.1) by u; we have E(t) is nonincreasing, i.e.,
d
Bt =~ ()13 <0, (1.6)
and .
E(t) +/ ||ut(t)||§ ds < E(up) ae.te (0,7), (1.7)
0
L'(t)=—I(u(t)) ae. te (0,T). (1.8)

We then have the following lemma.

Lemma 1.1. For q(z) be (1.4) and u € H(Q)\{0}. Let F : [0,+oc) — R the Euler
functional defined by

2 % )\q(z)+1

FO) =2 24 2pvalt — [ A jye@)+g

() = Gl + SVl — [ e,

then, F keeps the following properties:
(1) . limy 0+ F(A) =0 and limy_, 4o F(A) = —o0.
(). There is at least one solution to the equation F'(X) = 0 on the interval [A1, A ,

where
—1 —1

Ay = min [p () 79, p ()70 |, g = max [p (), p ()T | (1.9)

and

p(u) = af| Vull? + bl Vul[*

: fQ |u|q(z)+1dx .

(iii) . There exists a A* = A*(u) > 0 such that F(X\) gets its mazimum at A = X*.
Furthermore, we have that 0 < A* < 1, A* =1 and \* > 1 provided I(u) < 0,
I(u) =0 and I(u) > 0, respectively.

Proof. Since q(z) € C4(Q) = {p €C0(Q): infq(x) > 3}, the assertion (i) is shown
€
by the following;:

A2 2 1
F()\) < 2 b 4 _ min { @1+l \g2+1 / a(z)+19q
) < 5 al|Vul||® + 1 (IVull mln{ , } e 1|u| x,

and

A2 A 1
F(\) > Z—a||Vul? 4_ a1+l a2+l / q(z)+1
(A > 5 al|Vul||® + 1 bl|Vaul|* — max { @ A=F ] @ 11 |ul dz,
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For (ii). We have
P\ = )\a/ Vu(e)|?da + A% Vul|* — / AT [y 1)1 g
Q Q
which implies that F/(\) lies in the following two inequalities

PO 2 a [ [Fule)de + X0Tult max (30,30} [ s
Q2 Q

min{)\lf‘h,)\l*q?}a/ |Vu(z)|*dz
Q

max {9 N2}

)

+min{)\3*q1,/\3*q2}a/ |Vu(x)|4dzf/ |u|1@) g
Q Q
and

F'(A)

IN

No [ [Vu()Pde + AX0Tul ~ wmin (30 ) [ a4z
@ Q

max{)\lfql,)\lf‘m}a/ |Vu(z)|*dz
= min {\", \?} @

)

+max{)\3*q1,)\3*q2}a/ |Vu(x)|4dx—/ \u|q<z)+1dx
Q Q

Since g2 > g1 > 3, we signify that F’()\) has at least one zero point A satisfying (1.9).
So we get (ii). The definition of A* and the relation I(Au) = AF’(\) and

F'IN) < (A — X”)a/ﬂ [Vu(z)Pda+(A° — A%2) b/Q |Vu(z)[*de+A21(u), for X € (0,1),
and

F'(A) > (A —\2) a/Q [Vu(z)Pda+(A? — A%2) b/Q |Vu(z)[*dz+A21(u), for A € (1,00),
lead to the last claim (iii). Completeness of the proof. O

1.2. Assumptions and main results

As FE is the Fréchet-differentiable functional with derivative E’, let suppose that u # 0
is a critical point of E, i.e., E'(u) = 0. Then necessarily u is contained in the set

N = {u € Hy(Q\{0} : I(u) = (E'(u),u) = O},

so N is a natural constraint for the problem of finding nontrivial critical points of E,
N is called the Nehari manifold associated with the energy functional E. By Lemma
1.1 we know that A is not empty set. It is clear that F(u) is coercive on N. The
depth of the potential well, denoted as d, characterized by

d= ulélj{[E(u) (1.10)

Under the appropriate conditions we have d is a positive finite number and is therefore
well-defined. For E; is a constant given by

g1
=2ty (1.11)
G1+1lga—1
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we define the modified stable and unstable sets as follows
W = {u€ Hj(Q): E(u) < Eq, I(u) >0} U{0},
U={ueH)Q):E(u) <Eq, I(u) <0}.

2. Blow-up and bounds of blow-up time

In this section, we get new bounds for the blow-up time to problem (1.1) if the
variable exponent ¢(.) and the initial data satisfy some conditions. Before stating our
main results, without proof, we preferably give the following theorem of existence and
uniqueness, as well as the regularity:

Definition 2.1 (Weak solution). [20]4 function u(z,t) is said to be a weak solu-
tion of problem (1.1) defined on the time interval [0,T], provide that u(x,t) €
L (0,T; Hy () with uy € L*(0,T;L*(Y)), if for every test-function n € HE(S)
and a.e. t € [0,T], the following identity holds:

(ue, ) + (a + b||Vu||§) (Vu,Vn)g = <|u\q(w)*1u,n)ﬂ, a.e. t € (0,7), (2.1)

with u(z,0) = ug € H} ().

Without proof, we give the local existence of a solution of (1.1) that can be ob-
tained by the Faedo-Galerkin methods together with the Banach fixed point theorem
1, 8].

Theorem 2.2. Assume that (1.3)-(1.4) hold. Then the problem (1.1) for given ug €
HY(Q) admits a unique local solution

u € C ([0, Tmax) ; Hy (), u € C ([0, Trmax) ; L*(R)) ,
where Tnax > 0 is the mazimal existence time of u(t).

2.1. Function spaces and lemmas

In this section, we present some preliminary concepts and notations that we shall
employ in our further analysis. Let us start by introducing the variable-order Lebesgue
space LP()(Q), which is defined for all p: Q — [1, +00] a measurable function as

LPY(Q) = {u : Q — R measurable : / \u(x)|p(‘”) dz < —I—oo} .
Q

We then know that Lp(‘)(Q) is a Banach space, equipped with the Luxemburg-type

norm ( )
p(x
Jull, = inf {)\ >0, / —“(;) dz < 1} .
Q

Next, we define the variable-order Sobolev space W P()(Q) as

W) (Q) = {u € LPY(Q) : Vue Lp(')(Q)} ;

equipped with the norm
lullwrro @) = ||U||;27(‘) + ||VU||;2)(.)- (2.2)
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Moreover, in what follows we will need the following embedding result from [12, 13].

Lemma 2.3. Let Q C R" be a bounded regular domain. It holds the following.
1. Ifpe C(Q) and q: Q — [1,4+00) is a measurable function such that

eisesi)nf(p*(x) — q(a:)) >0,

with p* defined as in (1.2), then Wol’p(')(Q) — LIO(Q) with continuous and
compact embedding.
2. Ifp satisfy (1.3), then ||ullpy < C||Vullp.y for allu € Wol’p(')(Q). In particular,

llullipc) = IVullp) defines a norm on Wol’p(')(ﬂ) which is equivalent to (2.2).

It is not difficult to set up the following lemma’s, so we will ignore its proof here.

Lemma 2.4. Allow (1.3)-(1.4) to apply. Let u(t) := u(x,t) be a local solution to prob-
lem (1.1). Then, the following assertions hold:
(i). If there is a time to € [0, Tinax) such that u (to) € W and E (to) < d, then u(t)
stays within the set W for all t € [to, Tmax)-
(ii). If there is a time to € [0, Tmax) Such that u (to) € U and E (to) < d, then u(t)
stays within the set U for all t € [to, Tmax)-

Lemma 2.5. Suppose that a positive, twice-differentiable function ¢ (t) satisfies on
t > 0 the inequality
o —(1+a) (@) >0, a>0.

If
©(0) >0, and ¢'(0) > 0,

then, then there exists t; € (0, aﬁ(%)) such that

p(t) = o0 ast — .
Lemma 2.6. Let 2 be a bounded domain of R™, q(.) satisfies (1.2) and (1.4), then

B||Vully > |Jull for all u € Wy*(Q). (2.3)

q()+1>

where the optimal constant of Sobolev embedding B is depends on q1 2 and |€].

Lemma 2.7. Assuming (uo,u1) are in Hi(Q) x L2(Q)) and that ug is an element of U,
the following holds:

1 1 1 .
< 2 g+l 2 4 g0 +1 4 Tmax .
d< (2 " 1) al|Vu(t)|lz + (4 p— 1) b|Vu(t)|s,  fortelo, )

Proof. Because ug € U, according to Lemma 2.4 u(t) € U for t € [0, Ty ) and thus
I(u(t)) < 0. By Lemma 1.1 there exists A* € (0, 1) such that T (A\*u) =0, i.e

/ NI (@) |1 dz = a (V) [ Vull3 + b (V) Va3
Q
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Thanks to A* < 1 we can derive from the definition of d

* +\4 \q(z)+1
1< B = o 1wunl + o g - [ )

o q(@)+1
)2 w\4
<o) Sl - g [0 ol

Ju(t)[" de

Va3 +b
~ (3~ 1) O e + (5 - ql) ) BITuDI + T Ou(o)

1 1 , (1 1 .
<(=- - .
< (2 Q2+1) allVu(t)|3 + (4 q2+1> bl Tu(t)]

The proof is completed. O

Suppose there are positive constants By, a1, ag, and F; that satisfy the following
argument:

b
B1 = max(l,B) , g = \/G”VU()”% + §HV’LLO”§,

2 a1+1
a; = (Bl) a0 Fy = <1 _ 1) 04%.
a 2 q1 + 1

Based on equations (2.3) and (2.1), we can come to a conclusion that

(2.4)

Q

1
E(t) > Vull3 + fuwné—mmax(||u||3§ji1,||uuq1>+1)

[\D

a 1 2 QZ;l 2 QI;I
> |Vul} + 2 vull} - PRl ((B% Ival3) * . (B2 IVul})
1 1 B2\ B2\ 7
>-a? — max =1 a®tl (=L a1 =g (a) Ya >0,
2 q+1 a a

(2.5)

where a = \/a||Vu||§ + %||Vu||‘21

To the best of our knowledge, no evidence has been found regarding the blow-up
of solutions to this equation in R™, given the initial data at a high energy level. This
paper aims to investigate this matter by examining the finite-time explosion of weak
solutions in the initial boundary value problem provided.

In the following sections, we will present our main theorems
For3<qi <q(x)<g < Z—J_rg, we have the following result

2.2. Results on the blow-up time

Theorem 2.8. Supposed that q satisfies (H1). If ug # 0 is chosen in such a way that
E(ug) < Eq and (%)ﬂhﬂ > (al|Vuol3 + g||VuoH§)Q1T+1 > «y. Then the solution
of the problem (1.1) will eventually blow-up in finite time T. Moreover, the blow-up
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time T can be estimated from above by ZA“ where

(CII + 1 |Q| (IQ )

(@1 —1) (1 = 3) (1 - ((q1 +1) (% - ES%“)))II>
= max iy (2.6)
(@1 +1)[Q]" 7 (fg uOdw) ’

(g2 = 1) (1 = 3) (1 — ((fh +1) (% _ Eg‘%‘”))ﬁ)

Lemma 2.9. Let define h: [0,4+00) — R as

h(a):%aQ ! (BQ) Qmit1 (2.7)

g1 +1
Then, under the assumptions of Theorem 2.8, the following properties hold :

~)

(i). R is increasing for 0 < a < a and decreasing for a > ay;
(if). lim h(a) = —oo0 and h(a1) = Es.
a—r+00

Proof. By the assumption that By > 1 and p; > 1, h(a) = g(a), for 0 < a <

a1+1
(&) o Moreover, h(a) is continuous and differentiable in [0, +00).

Ja
a1+1
B2 3 B —q1+1
h (o) =a- (1> o', 0<a< (1> i
a Vva

Then (i) follows. Since g1 —1 > 0, we have lim h(a) = —oco. A typical computation

a—r+00

yields to h(ay) = Ej. This means that (ii) is true. O

Lemma 2.10. According to Theorem 2.8, it can be assumed that there is a positive
constant ay > «q such that

b
\/a||Vu||§ + 5||Vu||;1 >ay, t>0, (2.8)
1 1 /B
/ —— ju(z, )" dz > =t ot (2.9)
aq(x)+1 ’ T +1\ a ’
and .
1 E(u a1 =T
071 > ((q +1) (2 - Eyﬂ)) > 1. (2.10)
1

Proof. According to Lemma 2.9, since E(ug) < E7, there must be a positive constant
ag > a1 such that E(ug) = h(az). Using equation (2.5), we can see that h(ag) =
g(ag) < E(ug) = h(az). With the help of Lemma 2.9(i), we can conclude that ag > aq,
which proves that (2.8) holds for ¢t = 0. Now, to prove (2.8) by contradiction, let’s

assume that there exists a t* > 0 with \/aHVu ) 13 + 5[Vu (t*) |4 < as. By the
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continuity of \/ [Vu(,t*) |2+ 2| Vu (., t*) |3 and a2 > a1, we may take t* such that

ag > \/ [Vu (t*) |13 + 2| Vu (¢*) |4 > a1, then it follows from ) and (2.7) that

(2.5
E(ug) = h(a2) < h (\/aHVu (t*) )13 + f||Vu (t*) ) E(t
which contradicts to (1.6), and (2.8) follows. By (2.1) and (??), we obtain

1 z
/ — (2, 1)1 A > 2 V)3 + fnv 14 — E(uo)
a9 2

x)+1
1 1 B?
>,a2_ha Q1+1
=22 (a2) = 111+1( )

and (2.9) follows. Since E(ug) < Ey, by a simple calculation, we can check

(o0

then the second inequality in (2.10) holds, and we only need to show the first in-
equality. Denote [ = %’ then 8 > 1 by the fact that as > a3. So it results from
E(Uo) = h(OéQ), B; > 1 and (24) that

(2.11)

1 1 +1 -1
g1 +1 aﬂlgn Bgl ﬁq1+1a1111
1

1 1
— 202 - q1— 1 2 - q1—1
a6 (5 - o) za (5 o).
which implies that the first inequality in (2.10) holds. O

E(uo) = h(az) = h (Bay) =a? ( B2 —

Consider H(t) = Ey — E(t) for t > 0, the following lemma holds.

Lemma 2.11. According to Theorem 2.8, the functional H(t) mentioned earlier has
the following estimates:

0< H(0) < H(t /7ux,t 1@+ 4. 1> 0. 2.12
(0) < H(t) < Qq()+1|( )| (2.12)

Proof. By (1.6), H(t) is nondecreasing in ¢. Thus
H(t) > H(0) = Ey — E(ug) >0, t>0. (2.13)

Combining (2.1), (2.4), (2.8) and a3 > ay, we have
1 1 b
H(t)— | ——— Ju(z,0)|" " dz =F, — = 24 2| Vull}
0= [ g el do =B = 5 (@l Tul} + 59l

1 1 1
<[(=- 2_Za2<0,t>0.
_<2 ql+1>a1 PRI

(2.12) follows from (2.13) and (2.14). O

(2.14)

With the three lemmas presented above, we can give the proof of the Theorem
2.8.
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Proof of Theorem 2.8. Let define the function

o (t) = %/Qu(x,t)de, (2.15)

According to the definitions of E(t) and H(t), the derivative of ¢'(¢) meets the re-
quirements

o (t) = /Q w(z,t)ug (z,t) dz

:/ u(x,t) (M </ |Vu|2d:r> Au + |u|q(x)1u> dz
Q Q
:—a/ |Vu(a:,t)\2dx—b/ \Vu(x,t)|4dx+/ |u\q(w)+1 dz
) Q )
1
> (—4E(t)+a||Vu||§ —4/ |U|Q(I)+1dx) +/ ‘u|q(f£)+1 de
q(z) +1 Q
—4(F1—H 1— Q(I )+1
(£, <m+( qﬁ4)/mxt| ar

> —4F + QH

(2.16)

By (2.4) and (2.8), we see

+1

a1
1B =15 +B(Bﬁ‘**=2“11(¥>z‘ﬁ“
Q1 q1 a
+1 a1 +1
) (@)
[0 a
« 2 (2.17)
-1 q1+1 )
(5] e
q1

_ 3 q1+1 .
<I (m) / lu (1)1 dg.
g +1 \a Q

According to Lemmas 2.11, (2.16) and (2.17), this result

(2 [ u o o (2.18)
Q

o q1+1
_wm3 (@ >0
@1 +1 a2
According to Holder’s inequality we have

@““<><03/WW“A%
Q

where

. (2.19)
w*m<@/w“%x
Q
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where
q1+1 g2+1

a1—2 1 2 2—1 1 2
<2> 5 and CQ = 2 (2>

|| is the Lebesgue measure of 2. Then it follows from (2.18) and (2.19) that

¢/ (1) >y min ( / |u<m,t>\q1“ dz, [ ut et dx)
Q

>~ min

this implies

1% v -1\
( =)

> min —2
1*42 a3 —1
O YA
2C5
Now, let
ai 172q1 a2 1—2q2
0 < T" := max 2201(/ u%dz) ,2202</ ugdx) < 00,
(@ —1) \a (2 —1) \Ua

(2.20)
then ¢(t) blows up at time T*. Hence, u(x,t) discontinues at some finite time 7" < T*,
that is to means, u(z,t) blows up at a finite time 7. Next, we estimate 7. By (2.10)
and the values of v, C1, Cs, we have

290 _ (1 +1)
1—1 o
Y(qn —1) (@1 —1)(q1 —3) (1 - ((q1 +1) e _ Eg?))) m )
290, (qn+ 1)1
v(g2 — 1)

(g2 = 1) (1 —3) (1 - ((q1 +1) (% N Efi”)))

The pair of inequalities shown above coupling (2.20) imply that T < T™* < f, with T
being a fixed in (2.6). O

Forl<qi <q(z)<g < ”J_rg, we have the following blow-up results

n

Theorem 2.12. Let u(x,t) the weak solution to problem (1.1) with the initial data
ug € HE(Q) are such that ug # 0.

1. Let q satisfy (H1). Suppose that one of the following claims holds:
(1). E(ug) <0,
(ii). F(0) < Eq,
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q1+1 ’ 2(qa+1)
A1 > 0 is the first eigenvalue of —A in  with homogeneous Dirichlet
boundary condition.
Then u(x,t) blows up in finite time. Moreover, the upper bound for T has
the following proprieties:

(iii). 0 < E(ug) < Co|luoll; £ min (a(‘hfl)/\l ba1=3) /\2||U0||§) luoll5, where

lluoll3
< 2 .
= (1—¢%)E(uo)
In case (i), when E(ug) < Eq, then the T can be bounded above as:

In case (i), T

T 4qs [|uol3 .
T (@1 = D2 (g1 + 1) (Eq — E(0))
4q1[luoll3
I T< 2 .
mcase (i), T S G i (ot 0y 32 o ) o B o))
2. Let q satisfy (Hz) . Suppose that the following claim holds: E(ug) < —L24L b (e),

q1+5 4e
where
4
3—aq Be- ULt IS 7
4 4
0 < ¢(e) = max < | (2.21)
3—q _awrigy+ 1)
B 27T
4 <€ Ty
and
b 1)°
0<5§49%?l, (2.22)

. Then T < 400, which implies that u(x,t) blows up in finite time. Moreover,
the upper bound for T has the following form

e Juoll3 |
(1- ) (L5 Bwo) + £¢(9))
Proof. 1. (I) Set
MWZ%M@ﬁaJ@Z—MMWé—WM%W,
then M(0) > 0, J(0) > 0. By (1.7) we have J'(t) = E(u(t)) = ||ut(t)||§ >0
which infers that J(t) > J(0) > 0 for all t € [0,T). Evokmg (1.5), (1.8) and the

fact that ¢; > 3, we gain, for any ¢ € [0,7T), that

M/ (1) = ~I(u(t)) > ~ (ar + D E@) + (0 — 1) 5[Vull + 5 (@1 —3) [Vull

(2.23)
> (g1 +1)I(),
This, when combined with the Cauchy-Schwarz inequality, results
1 1
MM (t) =5 @) 3 e (Il > 5 llu@)]3 (0113
1 1 +1 (2.24)
>2 () = 5 (1) = L= () (0),
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Based on direct calculations, it can be inferred from (2.24) that

(M= ) =M= ) (Yom( - 20 0) >0
Therefore,
0 < w:=JOM "2 (0) < JOM "2 (1)
s QLG (M (t)) . (2.25)

By integrating (2.25) over the interval [0, ¢], where ¢ belongs to the open interval
(0,T), and taking into consideration that g; > 3, we can derive the following
result

1—-q3

(M= () - M (0)

rt <

1—qf

or equivalently

¢ —1
2

It is clear that (2.26) cannot hold for all ¢ > 0, implying T' < +oc. Furthermore,
it can be deduced from (2.26) that

1-q1

0<M () < M2 (0) —

Kt, te(0,T). (2.26)

re 2 i oI5
T (@ -1k (1 —aq7)E (uo)

(IT) Assuming the existence of u(t) globally, we will use contradiction and define
the following function:

(0) =

t
o(t) = / la(s)Bds + (To — ©) fuoll? + B (¢t + 1), t € [0.Tl, to > 0. (2.27)

where tg, Ty and (8 are positive constants to be determined later. Then we have

0' (1) =llu(t)||3 — lluoll3 + 28 (t + to)

:/O %Hu(s)”%ds + 28 (t + to) (2.28)
=2 t ug(s)u(s)dads + 26 (t + to) ,
0 Q
and
0'(6) =2 [ w(Outt)de +25. (2:20)

Using (1.1), and (2.29) we deduce that

0"(t) = ~allVul ~ | Vull + [ fulr o+ 25. (2.30)
Q
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Based on (2.27), (2.28) and (2.30), it can be concluded that

g +1

5 (0'(1)

=20(t) [—a|Vu||§ — bHVuH;l + / |u|q(z)+1dx + B}

2

_aTl +1 ( / /ut s)dxds + 28 (t+t0)> (2.31)

=20(t) [—a|Vu||§ —b||Vul]3 + / |u|q(z)+1dx + ﬁ}
Q

0" (4)0(t)—

#2000+ 0 o) - (00— @ -0 jul) (5+ [ Jan(o)as)|

where 7 : [0,7] — R is the function given by

0 = Qﬂwwm”+/Ww@ﬁw)(ﬁ+[fud@@dﬁ

(st [ [ uion dxds)? (232)

By utilizing the Cauchy-Schwarz and Young’s inequalities, we can ensure that:

(/uo <m@2ﬂmm@mmm&

t+a//¢t s)dads <B (¢ + ) /Wuﬂﬂmﬂ/HUHﬂs

By (2.33), we get

<>ﬁtuo/wm m&+@/m @®+/nm M®/nunﬂs

—2,Bt+to//ut dxds—(//ut dmds) >0, Vtelo,T].

(2.33)

(2.34)
From (2.31) and (2.34) we obtain
0" (001~ L (0(1)” = (1), (2.35)

where ((t) is given by

t
dﬂ=4dW@—%Ww%ﬂ/wwmﬂww%ﬂm+w@+/m®@®>
(2.36)



Blow-up solutions to Kirchhoff equations 519

We will now make an estimation of {(t), using equations (1.7), and (2.36) yields

C(t) = — 2] Vul2 — 25| Vul + 2 /Q 1@+ g

+2(q1 +1)E(uw) —2(q¢1 +1)E(uo) —2¢:8
> — 2a||Vul3 — 20| Vull3 + (g1 + 1) al|Vull3

b
+5 (a0 + 1) [Vulls = 2 (g1 + 1) E(uo) — 2018

2 (2.37)
-3
= (@~ )| Val}3 + T30 Vull} — 2 (@ + 1) Buo) — 2018
1 1 1 1

(53— 27 lvuli+ (5 - ) ol
=2(q1 +1) o o q
_E _ 4l

(uo) qﬁ—lﬁ

Let 3 be a positive value such that 8 € (0, qlq—fl (Eq — E(uo))} , and since ug € U
by Lemma 2.7, we have:

1 1 1 1
<(zZ_- = 2 - 3. 2.
i< (5= ) VeI + (- g ) oIveol @39
And by assuming E(ug) < E4 we get
g —1g+1
E < d<d
(o) Gq+1lg—-1 —
1 1 1 1
<(z-— 24 (- —— 1
< (5 57) VeI + (5 - 7 ) HIVuls
(2.39)
If we connect (2.37) and (2.39) we obtain
¢(t) > p>0. (2.40)
From (2.35) and (2.40), we reach at
1
0" (1)0(t) - L= (0 (1)) = (). (2.41)

By the continuity of 6 and equation (2.38), we can infer that there exists a
positive constant ¢ such that 6(t) > ¢ for ¢ in the interval [0,T]. Therefore,
equation (2.41) produces

_atl
2

In this case, we prove that T cannot be infinite, meaning there is no weak solution
at all times. We use Lemma 2.5 to infer that 6(t) — oo as t — T, where

0" (£)0(t) 0'(£))° > cp. (2.42)

__ 60 Toluol;+ 515
"7 (g —1)0'(0) (@1 —1)Bto
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there exists a T™ < T, which
t
iy [ u(s) s + (To = &) ol + B (¢4 to)? = .
t—=T* Jo
Let’s choose appropriate values for ¢y and Ty. We can set tg to any number that
depends only on ¢, d — E(0) and g

2
[[uoll3
(@ — 1)
If ¢y is fixed, then Tj can be chosen as
_ Tolluol3 + 823
(@1 —1)Bto

pt3
(g1 — 1)Bto — [[uol3
The lifespan of the solution u(z,t) is bounded by a certain number as

Ty = inf iia _ 4wl 4qy ||uolf3 .
tzto ((q1 — 1)t — ||uo|\§) (@1 =128 (1 —1)*(q1 +1) (Eq — E(uo))

Due to the arbitrariness of Ty < T it follows that

to >

To

so that

T) =

4q1 ||uoll3
DS G D2 @+ D) (B Buw))

(III) To deal with the case 0 < E(ug) < Cy ||uo|\§, first, it follows from the
definitions of I(u), E(u) and the assumption (ii) that

a(lqgp —1 b(q1 —3
1 (u0) = (a1 + DE (ug) — "L g2 - X =3 g
alqgp — 1
= @+ 1) (B0) ~ Colluol) — 2L (1ol — s o 2)
b(g1 —3
U823 gt <0

We claim that for all ¢ € [0,T), I(u(t)) < 0. Otherwise, there would exist a
to € (0,T) such that I'(u(t)) < 0 for all t € [0,%) and I (u (tp)) = 0. By (2.23),
we have that [|u(t)||3 and ||u(t)||3 are strictly increasing in ¢ for t € [0,%0), and
therefore

0 < E(uo) < Co [luoll3 < Co llu(to)]3- (2.43)
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On the other hand, we can deduce from the monotonicity of E(u(t)) and
(1.5)

( -1 b(q1 — 3)

4(q1 +1)

A%uo@) ot (to) 2 = Co [l (ko) 2.

IVu <to>||2+#1< (to)

7 (k)3 + i

)

)
(a((h — 1) " b(q1 — 3)
(a+1 "7 2(q+1)

+
—_

Therefore, since (2.43) is contradictory, we have I(u(t) < 0 for all ¢t € [0,T).
Then, ||u(t)||? is strictly increasing on [0, T') and ||u(t)||3 is also strictly increasing
on [0,7T). For any Ty € (0,T), 8 > 0, and to > 0, we define

:/0 lu(r)3dr = (To — 1) luoll5 + B(t +t0)*, ¢ € [0,To). (2.44)

Through a direct calculations

t
F0) =018 - ol + 250+ 10) = [ )3 + 200+ 10)
:2/ (uy 1) dr -+ 26t + to),
0
F(t) =2 (u, ug) + 28 = —2I(u(t)) + 28

(2.45)
= 2(qu + DE(u(®)) + a(gr — 1) Vu(t)|3 +

b —
a1 =) gu (o) + 28

=—2(q + E (uo) +2(q1 + 1)/0 lur ()5 dr + alqr = 1)[[Vu(®)]3

+ 1) )8+ 28,

For t € [0,Tp], set

(/ (D)2 + Bt + 1) )(/ ol + 5)

_ (/Ot (u,ur)dr+ﬁ(t+to))2

By applying Cauchy-Schwarz and Hoélder’s inequalities, we can show that F'(¢) is
non-negative on the interval [0, Tp]. As a result, we can use equation (2.44)-(2.45)
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and the monotonicity of ||u(t)||3 and |lu(t)||3 to conclude

- )

F@)F"(t)
2

—F(O)F"(t) — 2(q1 +1) (/Ot (u,ur)dr + B(t + to))
—F(O)F"(t) + 2(q1 + 1) [9(1&) - (F —(T —t) ||uo||§) (/ot s 15 dr + 6)}
>F(t)F"(t) — 2(q1 + 1)F () </Ot lur |5 dr + ﬂ)

=F(t) | =2(q1 + DE (uo) + 2(q1 + 1)/0 lurll3 d7 + algy = 1) Vu(®)|3

b(f112—3>||w(t>|g+2ﬂ—2(q1+1>/0 uTIIEdT—Q(fh“W}

blar =3)
2

blgr —3)
2

>F(t) |—2(q1 + 1)E (uo) + alqr — 1)1 [u(®)]3 +

Aﬂmoﬁ—zm4

>F(t) |—2(q1 + 1)E (ug) + min <a(q1 — 1)y,

ﬁm&@wm@—Mﬁ]

2(ar + DF(E) |Coluol ~ B (un) — 22| >0
a+1
(2.46)
Choosing 0 < f < ‘hq—‘fl (CO ||u0||§ - E(u0)> . Then using Lemma 2.5, to infer

F(t) — oo as t — T, where
co_ FO)  Toluoly+ 5t
~ (@ = 1)F(0) (@1 —1)Bto

Let’s choose appropriate values for ¢y and Ty. We can set tg to any number that
only depends on ¢, d — E(0) and ug as

(2.47)

2
[[uoll;

to > ——.
(1 —1)B
Fix tg, then Ty can be picking a

7= D luoll + 523
(@1 — 1)Bto

so that
Bts
(a1 = 1)Bto — [luo]l3
Therefore, the lifespan of the solution u(zx,t) is bounded by
t2 4 ;
TO = inf ﬂ 5 = a HUOH2 5 s
o lgn — D50~ Tuoll2 (a2 — 12 a1 + 1) (Co ol — B o)

Ty =
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due to the arbitrariness of Ty < T it follows that
41 [|uoll
(a1 = 1) (g1 + 1) (min (alar = DAL, 27208 fuol13) o 3 — B (uo) )

2. To handle the case where 1 < ¢1 < ¢g(z) < ¢2 < 3, we modify the energy
functional E by setting

Tp <

MO = Sl 0 = -B(0) - (S EO) + 1e©)
2 Bule.0) - (Bl + (@)
then M(0) > 0, J(0) > 0. By (1.7) we also have
7(6) = — S B(u(t) = fua(t)]3 >

It implies that J(¢t) > J(0) for all t € [0,T). Additionally, Lemma 2.6 states that
for any € > 0

[l e < B (I0ulg g )

4
3—q (B q+1\*=n
vl + 22 ()
£ 1
< max 4
3—q B g +1)\3x
4
vl + 252 (g2
< < Vulf + (o).

which give
4o 1 (z)+1 1
[Vully =2 = [ Ju]"" de — —c(e),
g Jo g
and from (1.5)
a b 1
E - Z 2 e 4 _/ - q(x)—i—ld
) = GIVul}+ JIVul - | o e

a b1 1 b
> ¢ 2, 22 a(x)+1q,. _ q(@)+1 3, _ 2
> GIVul+ g7 [ e - — [ e - o).

also using (1.5), and (1.5)2 we have

4
b||Vul|s < 4E(0) + 7/ w1 @+ g,
Vull; O+ Q||
in which (1.5)2 becomes

4
I(u) < af|Vul|2 + 4B(ug) + —— / 1)+ g
(h + 1 Q

a -1
_/Q |u|q(m)+1dx + % ||VUOH§
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thus we obtain, for any ¢ € [0,7T), that
(@1 +1)E(u) — I(u)

—1 b 1
> @ al| V|3 + blant+1) / || 9@+ g — / |u|?1@H dg
2 4e Q Q
b 1 4
—4E(ug) — (91 + )c(e) — / | 9@+ g +/ |u| 9@+ g
45 Q
bl +1) / b(gi +1)
> @)+ gy — 4B T
- ( 4e g1 +1 ful o (uo) = de ¢(e)
b 1
> —ap(ug) - Yo
this meaning that
b(gn+1
MI(1) = ~I(u) > — (g + 1) E(w) ~ 4B(ug) — "1V e @) = — g0+ 1)30),
which, together with Cauchy-Schwarz inequality, yields
1 1 1 o4 +1
M()I'(0) = 5 ()3 )3 > 5 (u)® = 5 (M) > L2200,
By direct computations as previously, it follows that
—a a1 ¢ -1 _ a1+l
7 (t) < (0) — 5 JOM~ 72 (0)t, te(0,T). (2.48)

It is obvious to see that (2.48) cannot hold for all ¢ > 0. Therefore, T' < +o0.
Moreover, it can be inferred that

2 iy o3
" (gF - DIOL () (1-¢2) (5B (w) + £e(e))

O

Remark 2.13. It is not possible to compare the conditions in Theorem2.8 and The-
orem2.12, which use E4, Eq, and E(ug). However, when 1 < ¢1 < ¢(x) < g2 < 3,
instead of 3 < ¢1 < ¢(z) < g2 < 2%, and n > 3, three new blow-up criteria are
obtained which have not been addressed before in [14, 15].
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tic equations involving p-Laplacian with singular
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Abstract. We consider the elliptic parabolic partial differential equation with
singular coefficients under the rather general form boundary conditions. We
proved that the bounded operator associated with the elliptic equation satisfies
monotony, coercivity, and semicontinuity conditions. Employing Minty-Browder
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1. Introduction

In this article, we consider the existence of the weak solution to a quasi-linear elliptic
differential equation in the divergent form

_ d
MuulP~? = 7 (z, u, Vu) +b(x, u, Vu) =0
z;
with a positive parameter A, where the divergent term is given by
d Oa; (x, u, Vu)
dixiai (IL’, u, Vu) = Z T

i=1, ..., I
in domain Q C R!, I > 3. As a model example of the main term, we can consider the

operator A,u = div (Vu |Vu|p_2) and lower term b (z, u, Vu) = ¢ (z)u|ul’~>.
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Due to the plethora of applications of elliptic partial differential equations, the
theory of the existence of solutions is well developed. There are many approaches
to the solvability theory for elliptic equations, such as the mountain pass theorem,
method of sub-super solutions, degree theory, and fixed point theory to name a few.
A general version of the Minty-Browder theorem states that if an operator A from
real, separable, reflexive Banach space X into its dual space X* is semicontinuous,
monotone, and coercive, then for each ¢ € X* there is a solution f € X to the equa-
tion A (f) = 1. The classical results of the Minty-Browwder theorem can be found in
[3 — 5, 15, 16], where the method of monotone operators was developed and its appli-
cation to the Dirichlet problem for a quasi-linear elliptic partial differential equation
in the divergence form was considered [16]. In [4, 5], nonlinear elliptic boundary value
problems were considered in Hilbert spaces by the method of monotone operators,
the semi-boundedness was employed instead of the positivity condition, also, the per-
turbation of such operators by compact operators was studied.

In this article, we consider elliptic differential equations in the divergent form
under form-boundary conditions on its coefficients. The local singularities of the co-
efficients are supposed such that they belong to certain classes PK (/3).

Definition 1.1. For a given number 5 € (0,1), the class of form-boundary functions
PK (B) consists of all functions f € L} . () such that the inequality

loc

1£6l172 < BIVEllze +c(8) ol (L.1)
holds with a positive constant ¢ (B) and for all p € W ().

Some additional information on this type of form-boundary condition can be
founded in [22, 23, 24].

From the definition of form-boundary class, assuming v > 0 and 'y% € PK (B),
we obtain

2
[ 2168 do < 8% 1012 IV, + c(8) ol

for all ¢ € W (Q) and p > 2. Indeed, we estimate

1 p\ 2 1 p]2

fgwpdf - IRCE o1 ) o = [t 10f%],
< BV (@%)[|L. + B 0%
=8 [ (V(68) dr+e®) [ (161F) da

Q Q
=5fﬂ(§¢%—1v¢)2dm+c(ﬁ) o lol” de
— 2 [ 672(V9) du + ¢ (8) 61

Next, applying the Holder inequality, we obtain
Jorvorae < g2 o2 e 002 , +e® 01

= B2 122 V]2, + ¢ (B) llo|L, -
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The form-boundary condition guarantees the coercitivity of the associated qua-
dratic form in L2, namely, the linear operator —A + f -V is coercive in L? if
f] e PK (8)

We proved that the operator A : WP (2) — WP (Q) given in (2.1), satisfies the
monotony, coercivity, and semi-continuity conditions. The existence and the unique-
ness of the weak solution to the considered equation follow from the Minty-Browder
theorem applied to the operator A.

2. An elliptic partial differential equation

2.1. Basic properties of Sobolev spaces

Let 2 be a smooth domain in R’ for [ > 3. The Sobolev space W7 () is a Banach
space consisting of all elements u € LP(§2) such that for all multy-index « with
|a| <k, the distributional mixed partial derivative

ololy,

D% = u(® =
w=u Ozt ...0x)"

exists and belongs to L? (Q), i.e., [|[u(® ||L < 00. The norm in W} (Q) is defined by

1

s

g = | [ {1+ = > b’

, k (m)

or equivalent form in the sense of equivalence of norms

lullsvy = llull o + Z ZHD(’”)‘

m=1,

where the symbol > (m) I€ANS summation by all possible derivatives of u up to order
m. For the domains 2 with smooth enough boundaries 92, the space W} (Q) coincides
with the closure of the set C*° () of all infinitely differentiable functions in clos (£2).
In particular, the norm of W7 (Q) is given by
1
lullywy = (el + IVullz)?
or equivalent form in the sense of equivalence of norms

lullwe = llull o + IVl Lo -

Property. Forp € (1, oo) and for each integer m > 0, the Sobolev space W (£2)
is a reflexive separable Banach space with the dual W9, (Q), where %—i—% = 1. The set

C> (clos (2)) is dense subset of WY (). The subspace W () is dense in W[ ().
In Wﬁ o, the following inequality holds true (Poincare inequality)
lullpe < clVulls

forallu € Wﬂ o (€2), where the constant ¢ depends only on the domain {2 and exponent
p.
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The Sobolev embedding theorem establishes that if m > s and mf% > 5,% then

l

the embedding W} (2) € W (Q2) is continuous, and moreover, when m — Lis g =

then the embedding is completely continuous, i.e., each relatively weakly compact
subset maps into a relatively compact subset.
In this paper, we use the following Holder inequality

/Q Faeldz < 1F11 o lolza Ilor

where % + % + 1 =1. Also, for all z,y > 0, we use the Young inequality
L, a1yt
< Z —(Z
xy_a(sa?) +b(s)
for all a,b > 1 such that % + % =1,and all € > 0.

2.2. A nonlinear elliptic partial differential equation involving p-Laplace operator

Let Q be a smooth domain in R! for { > 3, which can coincide with whole R!. For
some A > 0, we consider a nonlinear elliptic partial differential equation

A () = Mu|ulP~? = div (a; (x, u, Vu)) +b(z, u, Vu) =0, (2.1)

where u (x) an unknown function in Q C R’

Functions a; (x, u, £) and b(z, u, &) are defined for all z € clos(Q2) and all
ueR, ¢ €RY a;(x, u, &) and b(z, u, &) are continuous at u and &.

We assume the following conditions

S (o, u, €& > vie (2.2)

Z (ai (‘Ta u, E) — a4 (I7 v, 77)) (52 - 771) > ‘5 - 77|p >0, (23)

Ja; (2, u, O < pleP™" + (@) [uf ™ + 72 (2), (2
|ai (.’E, U, 5) —ag ((E, v, 77)| < H3 |£ - n‘pil + Y6 (:L’) "LL - U|p717 (2
b (2, u, O] < €77 + s (2) [ul”™ + 7 (@), (2
bz, u, &) = b (@, v, N < p2l¢ ="+ (@) [u—v' 7, (2
for all £ € R!. We assume
71%7 73%7 75%776% € PK(6)7 73%7 75% € PK(/B)a

and
Y1 € LI(Q).
We remark that the inequalities
(S 6P~ =" 2, & - 77) >c(p) | —nl’
and

—2 —2 -2 -2
[lal ™ = ylyP ] < 0= Dla =yl (1ol + )
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hold for all £, n € R! and x, y € R with the constant ¢ (p) = 227P. Employing this
estimate, we obtain that p-Laplacian a (u) = A, (u) = div (Vu |Vu|p_2> satisfies our
conditions.

Definition 2.1. The function u (z, t) is called a weak solution to the equation (2.1) if
ue WP (Q) and the identity

)\/Q|u\p72 (bdx—i—/gai (2, u, Vu) Vi¢dx+/ b(x, u, Vu)pdr =0 (2.8)

Q
holds for all ¢ € Wﬁ o (). The solution w is called a bounded weak solution to the
equation (2.1) if essgrlnax\u| < 00.

Definition 2.2. The operator A : W (Q) — W2, (Q) is called monotone if the
imequality
(Au) = Av), (u=v)) 20 (2.9)
holds for all u, v € WY (Q).
The operator A : WF () — W1, (Q) is called strictly monotone if the inequality
(A(w) —A(w), u—v) >0 (2.10)
holds for all u, v € WY (Q), u # v.

Definition 2.3. The operator A : W (Q) — W2, (Q) is called coercive if the inequal-
ity
(A, ) ol
Tollng
Definition 2.4. The operator A : WP (Q) — W1, (Q) is called semicontinuous if the
mapping t — (A (u+ tv), w) is continuous for all u, v, w € W{i0 (Q).

0. (2.11)

Below, we assume that the operator A : W} () — W7, (Q2) is associated with
the elliptic equation (2.1).

Lemma 2.5. Letp > 2 and let q be its conjugate, i.e., %—i—% = 1. Assume the conditions
(2.2)-(2.8) are satisfied. Then, the operator

A WP(Q) - Wi (Q)
1s bounded.

Proof. For all u, v € W} (Q), we have

A, ol <A [ AP ol do
L (e I9uP ™ @) P e (@) [V da
(190 s @) P 4 1)) ol de

p—1 p—1 et
<Al [0l + s IVl 190l g+ a7 190l
+ Ihell o 190l + g 1905 ol

et
sl el + Il ol
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Applying the Young inequality for a = 17%2 and b = £, and the form-boundary
condition, we have

[nttarde<s [ (9 (1)) do+e(3) [ da

: 2,
<07 (4 =D Jully ) + (3l

and similarly, we obtain
q p

J st ul? s

p> [ _2

S ﬁ 4 (E g

so we conclude
-1 -1
(A (u), o) < Mullfy ™ [oll o + 1 VUl Vol

+@—2V22vM$)+cwanm

p—1
2 2 )
+ Bﬁ<£p T2 3)* 190,
e () [lull?, y
el o 900+ 22 1725 ol o 1
.
2 e
| A Tp=2)= p)* ol
e () [l

+lvall g 01l Lo
thus, the operator A is bounded.

Lemma 2.6. Let p > 2 and let q be its conjugate, i.e., %Jré = 1. Assume the conditions
(3)-(8) are satisfied. Then, the operator

A WP (Q) =W (Q)
15 monotone.
Proof. For all u, v, w € WY, () , we have
(A(u) = A(v), u—w)
—)\f ( |u|p72—v\v|p72) (u —v)dz
—l—f (z, u, Vu) — a; (x, v, Vv)) (Viu — V,v) dx
(b(at u, Vu) —b(z, v, Vv)) (u—v)dx
> Ac(p) lu—olg, + w1 IV (u—0)llL,
fg pa |V (u— )P 45 (= >|u—v|p_1)(u—v>dx
(p
~(w

Y

e (p) lu = vllz, + w1 IV (=)L,

25 I = vll7s + p2 S IV (u = w)lI7,

P
fQ’Yg,(lE |u —v|” da.
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We assume 75% € PK (8). Applying the form-boundary condition, we have
P
fQ’Yg, (z) |u —v|" dz

<ﬂf V |ufv|%)) dx +c(B f |ufv|pdx

< gt ( IV (= )2, + (p— 2) 22 flu v||Lp)

€2p

c(B)llu—vlLs,

so, we conclude
(A () = A(v), u—v)
> (Acp) — packy — B(p—2) 728 —c (B >)|\u—v||'zp
+ (1 - =845 IV =),

thus, the operator A is strictly monotone.
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Lemma 2.7. Let p > 2 and let q be its conjugate, i.e., %Jré = 1. Assume the conditions

(3)-(8) are satisfied. Then, the operator
A WP (Q) =W (Q)
18 coercive.

Proof. From the definition, we obtain
(A(u), u) = )\fQ |ul” dz
—i—fQ a; (z, u, Vu) Viudz + be(x, u, Vu)udx
> Ml + v IVl — [ (VP 3 @) [ 4 (2)) ude
> (A= iz ) lull, (u — %) [Vl
@)l do— [ yalulde,
for all u € WY (Q). By form-boundary condition, we have
Jom @ do < % (4 190, + (0 -2 22l )+ () [l
thus, it follows that
(A@), up > (A= B8 (p =2 &7 — = — L) |lul,

+ (v = m= = B ) IVl - < ullL,
and
A(u
<|\7(L\I)Lp > (/\ gp(p 2)5p 3 _L_Mlal >||uH
e IVullZy  ea falltg lellze oo
+(” At ) Tales — ¢ Telh, %

so, A is a coercive operator.
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Lemma 2.8. Letp > 2 and let q be its conjugate, i.e., %Jr% = 1. Assume the conditions
(3)-(8) are satisfied. Then, the operator

A WP(Q) - Wi (Q)
1S semicontinuous.

Proof. Due to the arbitrarity of the element v € WY (Q) in the definition of
semicontinuity, we conclude that the operator A : W} (Q) — W9, (Q) is semicontin-
uous if the limit

(A(u+tv), w) =2 (A(u), w)
holds for all u, v, w € Wﬁo (Q). So, it is sufficient to show that

t—0

(A (u+tv) = A(u), w)| — 0,

for all u, v, w € WY ().

For u, v, w € Wﬁo (), we calculate
A G+ t0) — Afw), w)
— fQ ((u Fto)juttof 2 —u |u|p_2) wdz
—|—f (@i (z, u+tv, V(u+1tv)) —a; (z, u, Vu)) Viwdx
+ Q(b(:z:7 u+tv, V(u+tv)) —b(x, u, Vu)) wdz
<XM(p-1) fg ] (\u + 0P + |u\p_2> wdz
st [ (2 1V 456 ) o) [ V] d

st [ (s 1V0P ™ 435 () o) o] o

Applying Holder inequality and form-boundary condition, we estimate

S (2190 456 @) 1o ) [Vl dar

L (3 190P ™ 35 ) o) ol e
< g Vol o P [ Vwl]

1

+<ﬂ”4( 2 |Volls, + (p— 2) £ Ivll’ip)+c(ﬂ)llv|’£p> IVl

2
€2p

+us Vol Lo P wll o

1
P

+ (55 (190 + -2 2 1ol ) + o) L) -

12
€2p
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Using the Holder inequality, we deduce

(A (u+tv) — A(u), w)
<At(p-1) (HUHin u+toll 272 |wll L, + ||11’HLP flull o 22 Hw”Lp)
Ftpg Vol P71Vl o + tus Vol L 27 [wl] L,

q

e (877 (190l + =2 22 1ol ) + ¢ @) ol ) 19wl

D
E2Dp

2 723 a
+1 (85 (S IVl + -2 22 ol ) + e ol ) ol

t—0
— 0.

3. The Minty-Browder theorem

To complete our investigation, we present the scheme of the proof of the existence and
uniqueness of the solution. The proof is based on Minty’s ideas [9, 16] and on a variant
of the Galerkin method, which are applied to the operator A : W} (Q) — W2, (Q),
and employment of limits in weak topology.

Theorem 3.1 (Minty-Browder). Letp > 2 and q its conjugate i.e., %—I—% = 1. Assume

conditions (3) — (8) are satisfied. Then the elliptic equation (2) has a unique weak
solution in the Sobolev space WY (Q) .

Proof. Let
A WP(Q) - WL (Q)
be the operator associated with equation (2.1). Under conditions (2.2)-(2.8), the op-
erator
A WP (Q) =W (Q)
is a bounded, monotone, coercive, and semi-continuous operator. Thus, we are going
to show that there exists a solution u € WY (Q2) to the operator equation A (u) = ¢
for each fixed p € W7, .
Let {v;} be a basis in Wﬁo and X, be a linear span of {vy, ..., vx}. We compose
the nonlinear Galerkin approximation system
(A (ur) — ¢, vi) =0,
where uy € X, i =1, ..., k so we denote u = Zi:l,“.,k c;rv; with coefficients ¢y, to
be calculated.
Since the operator A is coercive there exists a number R > 0 such that

(A(u) =, u) >0
for all w € WY, |lul| > R. Therefore, we have the system

<A Z cikvi | — o, vj>=O

i=1,...k
with an unknown real vector {cij, ..., ¢gx}. The function

ur (A(u) — o, v;)
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is continuous on Wﬁ o with respect to variables {cig, ..., cxx}. The system
Z <A§(') Z civi | — e, vj> cjk >0
j=1,...,k i=1,....k
has a solution for all uy € Xy, i =1, ..., k such that uy € W7, ||uk||W1p =R.

The fixed point theorem states that: let function

<A Z cikVi | — @, vj> : cos(B(0, R)) >R

i=1,...,k
be continuous for each j =1, ..., k and
Z <A Z CikVi | — ©, Uj> Cik > 0
j=1,....k i=1,....k

for all uy € WY, l[ur |l = R; then the system

<A Z CikVi | — ¢, vj>:O

i=1,...k

has a solution for all uy € WY, lurllyr < R O

From
(A(u) =, u)=0
and statement that
(A(u) =, u) >0
for all u € WY, ||U||W1p > R, we deduce that Hu||Wlp < R, which provides us with

a priori solution estimate.

The sequences {uy} and {A (ux)} are bounded since the operator A is bounded,

kly . .
therefore, A (ug,) % ¢ in W?, ; and there exists a subsequence {ug} C {uy} such

kl
that wuj, YEERY . Thus, we have

k—
(A(ur), ug) = (¢, ug) = (@, u).
In finite-dimensional Banach spaces, the strong and weak convergences coincide. We

kl
choose subsequence {uj} C {us} such that uj V%Y u and

A(ug) "5 o,

and

So, we have
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and
A () "5 A w).
Thus, the equation A (u) = 0 has a solution in W (), which proves the existence
of a weak solution to elliptic equation (2.1) under the conditions (2.2)-(2.8).

Let w € WP (Q2) and v € W! () be two different solution to (2.1) so that
A(u) =0 and A (v) = 0. On another hand, the strict monotony yields that from

(A(u) = A(v), u—v) =0

follows u = v, thus we have proved the uniqueness of the solution.
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Abstract. The focus of this paper will be on studying the existence of solutions
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1. Introduction

Our goal is to prove the existence of at least one distributional solution to the ?()—
nonlinear elliptic partial differential equations of the type :

N
- >0 (Ji(x,u,ﬁiu)) +g(z,u)=f, in Q,

i=1 (1.1)
u=20 ;on 0f).
Where, Q@ ¢ RY (N > 2) is a bounded open set with Lipschitz boundary 99,
= N /
ferO@Q)(= N L7O(Q)), with p;(-)(= ;25,4 = 1,...,N) denotes the Holder
i=1 ¢

congugate of p;(+), o0; : A x RxR = R, i = 1,..., N, are Carathéodory functions
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fulfilling for almost everywhere x € 2 and every s,n,7" € R, (n,n') # (0,0), the
following :

s [
pi(@), 1.3

loi(z,s,m) |[<caK([s])(In
oi(z,s,mn > c2K(|s|) [ n
(0i(z,8,m) — o3z, s,1) (0 —n') = O (x,n,7), (1.4)
cs | n—n' [P, if pi(x) > 2

{ i ifl < pi(z) <2

CHERND ca n—n
(Inl+[n'D?=Pit=?
where, ¢;, | = 1,...,4 are positive constants, 9; € L]""'(‘)(Q)7 i=1,...,N, and
K(-) : Ry — RY is a continuous function such that,

K(&)zal&™, forall |€]=A (1.5)
with, @ >0, A > 0 and r(-) € C(Q), where r(-) >0 in Q.
For some 3 >0
K(|s]|)>pB, forallseR. (1.6)

g: QxR — R is a Carathéodory function and satisfies ;
a.e. z € (1 the following conditions:

4@,5)(s ) >0, Vs,s' €R, [s]=] s | (L.7)
sup | g(z,s) |€ L'(Q), Vs € R and Vt >0,
sl <t
N
lg(z,8)] < CZ |s[Pi@=1 " Vs e R. (1.9)
i=1

As a typical example, we can consider the following model equation

N
(Gi(x’ s aﬁu) = K(| u |)|azu pi(m)iZaﬂL, g(],‘7 u) = 2:1 |u pi(z)72):
N N
- >0 (K(| u |)|O;u Pi(a:)*28iu) +ud|u pi(z)—2 _ fl@), inQ,
=1 =

u=0, on0f,

where f € L?(‘)(Q), and the continuous function K(-) is defined for any fixed = € Q
as follows:

T+ A@ ) if g <\

T+n@ if >\,

where A > 0, and r(-) € C(Q) with 7(-) >0 in Q.

Our boundary-value problems entails an ?(x)-nonlinear elliptic differential op-
erartor wherein those sorts of operators have many makes use of withinside the car-
ried out discipline of diverse sciences, amongst them modeling of image processing
and electro-rheological fluids(see [9, 21, 3]). From the theoretical side related to the
existence of solutions, we can refer , without limitation, to [11, 12, 13, 10, 14, 15, 16,
17, 18, 19, 20].

VnEOJﬁWZ{
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This paper seeks to prove the existence results of ditributional solutions for a
class of anisotropic nonlinear elliptic problems with variable exponents and growth
conditions given by a real positive continuous function, will provide us regular so-
lutions in the anisotropic space Wolj(')(ﬂ) such that, 7 () = (q1(-),...,qn(-)), be
restricted as in Theorem 3.2.

The proof of our main result requires proving the existence of a sequence of suit-
able approximate solutions (u,) by applying the main Theorem of pseudo-monotone
operators and the results obtained in [12, 13]. Prior estimates are then used to show the
boundedness of the solutions u,, and the almost everywhere convergence of their par-
tial derivatives ;u,, i = 1,..., N, which can be converted into strong L!-convergence.
Through this, we can pass to the limit by L!—strongly sense for o;(z, Ty, (uy,), dity),
and for g(z,uy,), then we conclude the convergence of u,, to the solution of (1.1).

The paper is divided into several sections, in Section 2 we discuss variable ex-
ponents anisotropic Lebesgue-Sobolev spaces and their key characteristics, as well as
mentioning some embedding theorems. The main theorem and its proof can be found
in Section 3.

2. Preliminaries and basic concepts

In this section, we will learn about anisotropic Lebesgue-Sobolev spaces with variable
exponent and their most important distinctive properties, as explained, for example,
in the papers [6, 4, 5].

Let @ ¢ RY (N > 2) is a bounded open subset, and let the following set
be:

C+(Q) = {continuous function p(-): Q+—— R, p (= minp(z)) > 1}.
e

Assume p(-) € C.(Q). The variable exponent Lebesgue reflexive Banach space
(Lp(')(Q)7 - ||p(.)) defined by

LPO)(Q) := {measurable functions u : Q — R, / lu(z) [P de < oo},
Q
under the Luxemburg norm
. u
wes Jullpey 2= Julloo oy = inf {5 >0 0,y (5) < 1}
The function

Op(-) U / |u(x)[P@da is called the convex modular.
o

The variable exponents Sobolev Banach space (WP (Q), || - ||; ,(.)) defined as fellows
WiPO)(Q) = {u e LPO(Q) : [Vu| € LP(')(Q)} :

such that
U +—> HU’HLP(') = ||VU||p(.). (2.1)
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We define also the reflexive and separable Banach space (Wol P (')(Q), - 1,p(.)> by

e T LA Y)
Wo () = C5 () .

The following Holder type inequality holds :

1 1
/uv dz| < ( + ) lullpy 1ol < 2Mullpey 1ol ),
Q p p

where, p/(+) denotes the Holder conjugate of p(-) (i.e. ﬁ + p,l(_) =1in Q).
Next results(see [4, 5]) we need to use them later. Let u € LP()(Q), then:

1

1 1 1
min (g3, (05 @0) < ey < max (30,002 0)) . (22)

. - + - +
min ([[ullf ), ull?) ) < opy () < max (Jlull2 ) ull?)) - (23)

We will now define the variable exponents anisotropic Sobolev spaces W1’7(')(Q).
Let p;(-) € C’(ﬁ, [1,+oo)), i€{l,...,N}, and Vz € Q we set that

P@) = @),y (@), pi(e) = max pi(@), p-(z) = min pi(),

1 1<i<N
1 1N 1
(z) N;pi(m)'

bl

The Banach space le(')(Q) is defined by
WLPO(Q) = {u e LP+O(Q) and du € LPO(Q), i€ {1,.. .,N}} :

equipped with the following norm :
N
we ullg ey = lullp, o) + D 105l - (24)
i=1

The Banach space (Wol’?(')(Q), I| - ||7(,)) defined as follows

. ——wh PO ()
WETOQ) = CrE @) ,

Let p(-) € C4(Q), the variable exponent Marcinkiewicz space MP()(Q) is defineed by

MPO(Q) := {measurable functions u : Q — R;

3M>0;/ tP@) dx < M, ¥s > 0}.
{ul>s}

The truncation function V¢ > 0, T; : R — R is defined as

Ty(s) := {S iflsl <, (2.5)

rarts if |s| > ¢,
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and its derivative (see [11]) given by

(DT,)(s) = { Y (2.6)

3. Statement of results and proof

Definition 3.1. The function u : Q@ — R is a distributional solution for (1.1) if and
only if u € Wy (Q), and Yo € C(Q) :

N
[ Yo nomopds s [ gaupdo= [ f)pds
0= Q Q

The main result is that.

Theorem 32 Let pi(-) € C(Q,]1,400)),i = 1,...,N, such that p < N. Assume

that f € Lp )(Q), and g, 04,7 = 1,...,N, be Carathéodory functions that satisfy
(1.2)-(1.4), and (1.7)-(1.9). If we have

PO —1) " POW-D g i
Ne(+0E0 -1 PO Go ey M T e B
where, r(-) defined in (1.5) and satisfies
() < N]E[p;)pf')l) in Q. (3.2)
Then (1. ) has at least one solution w in the sense of distributions in W L70) ( ),

where? @1(*)s- .-, qn (")), and

max{1, (r(-) + Dpi(-) — 1} < gi(-) < Npi(YP() = D)) +1) . ~ .

(N — 1) mQ, i=1,...,
(3.3)

Remark 3.3. The assumption (3.2) ensure that
p()(N —1)
N(r()+1)({®() - 1)
Remark 3.4. The upper bound in (3.1) implies that
Npi()@() —1)(r()+1)
p()(N —-1)
3.1. Existence of approximate solutions

>1inQ,i=1,...,N.

>r()+Dpi()—1inQ, i=1,...,N. (3.4)

Let (f,) be a sequence of bounded functions defined in € which converges to f in
I~

LY O)(Q).

It should be goted here that:

Since f,, € L ()(2), then from (2.2), we obtain

1 1

Uallogy ST+ 00037 () <2+ pp (Fa) <
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Through this, we conclude that

fn is bounded in L¥)(Q),i=1,...,N. (3.5)
Lemma 3.5. Let p;(-) € C(ﬁ,]ld—oo)), i=1,...,N, such that p < N, and let f is
in L?(')(Q). Let g, 05, i =1,..., N, be Carathéodory functions satisfying (1.2)-(1.4),
and (1.7)-(1.9). Then, there exists at least one weak solution u, € W&’?(')(Q) to the

approrimated problems
N

- Zai(ai(xaTn(un)’aiun)) + g(l‘vun» = fn, nf,

i=1

(3.6)
u, =0, on I,

in the sense that; for every ¢ € W&’?(')(Q) N L>®(Q)

N
Z/al-(x,Tn(un)ﬁiun)@i(pdm—i—/g(m,un)wdx:/fngpdx. (3.7)
i=179 Q Q

Proof. Consider the problem
N

i=1
Up, =0, on 08,
where,

g(z, ) !
g x,f = s Vk € N*.
k(@) 1+ L0l

Note that,

|gk(x,§) |S‘ g(maf) |’ and |gk($7£) |§ k.

In a similar manner to the results obtained in [12] or in [13] by applying the main
Theorem on pseudo-monotone operators, we conclude that there exists a solution
Up, € Wol’p(')(ﬂ) to problem (3.8), which satisfies

N
Z/ oi(z, Tp(Un, ), Oitin,, ) Oip dx +/ i (T, Un,, ) dz
=179 @ (3.9)
— [ fupda. Vo eWT(@),
Q
And also in a similar way, we can obtain (3.7) by passing to the limit in (3.9). O

3.1.1. A priori estimates.

Lemma 3.6. Let u, € W&’?(‘)(Q) NL>®(Q) be a solution to problem (3.6). Then, there
exists a constant C, such that

N
i—1 7 {lun|<t}

Pi®) gy < C(t+1), Yt >0, (3.10)
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/ | 9(z,un) | dz < C, (3.11)
Q

Z/ 1) | (K (| un ) @ dz<C, V> 0. (3.12)
{K(Jlunl|)<t}

Proof. By choosing ¢ = Ty(uy) in (3.7) and use (1.3), (1.6), (2.5), and (2.6), we find
that, for all t > 0

C’Z/ | Dy [P1) d:z:th/ Un g(x,uy,) dx
[t | <t [t | >t | un |
< ct—|—/ | un || g(z,uy,) | da. (3.13)
|un|<t
Then, from (1.8), and the fact that
Uy,
9(@,un) 2| g(z,un) | . (3.14)

| un |

Which is produced by the following: due (1.7) we get

|Z"|g(3: un) ‘ g(xvun) |: ﬁg(xvun)(un_ | Un ‘ |ggﬂ:§‘) > 0]7 we obtain
CZ/ | Dy, [P dx—i—t/ | g(x,uy) | do < C't. (3.15)
un‘<t ‘un|>t
So, (3.15) give us (3.10), and also, for all t > 0
/ | g(x,uy) | doe < . (3.16)
[un|>t

From (3.16) and (1.8) we get (3.11).
In order to prove (3.12), we choose ¢ = T;(K (| up, |)) in (3.7) with the use of (1.3),
(1.6), (2.5), and (2.6), we can get for all ¢t > 0

«:2/32/ K( wn 1))

K(|un| )<t}

pi(@) d:cht/ g(z,uy,) dx
K(Jun|)>t

+p g(x,uy)dx < ct. (3.17)
K(lun|)<t

Then, we get

mZ / K (| u 1)

{K(Junl) <t}

pi(®) o

< ct+t/ | g(z,uy) | dx—l—,é’/ | g(z,up,) | da. (3.18)
{(K(Junl)>t} K(Jun)<t}
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Let’s simplify the second side to (3.18).
By (1.8) and (3.16), we obtain

/ | gz un) | da = / | 9@, un) | da
{K(Jun|)>t} {K(Jun])>t}N{|un|>t}

4 / | g un) | da
{K(Jun|)>t}N{|un|<t}

< / | 9(@,un) | dfﬂ-ir/ | g(z,up) | dz < C,
{lun|>t} {Jun|<t}

and

/ | g, ) | do = / g, un) | do
{(K(Jun|)<t} {(K(Jlun|)<t}n{|un|>t}

+ o) | do
{(E (Jun )<t} {un|<t}

< / | 9@, un) | do + / | 9z, un) | de < C".
{lun|>t} {lun|<t}

Through this we find that, (3.18) gives us

Z/ K un ) 7@ do < eft +1). (3.19)
\un\)<t}
Then, from (3.17) we obtain (3.12). O
Remark 3.7. (3.10) implies that
/ (t+ 1)1 | Oy [P) dz < C, V> 0. (3.20)
{lunl<t}

Remark 3.8. The relationship (3.14) implies that
Ung (T, Up) > 0. (3.21)

We need the following technical Lemma that came in [11] and scalar case in [2]

Lemma 3.9. (see [2, 11]) Let 7 (-) pl() ...,pn()) € (C’+(§))N with p(-) < N,
and let f be a nonnegative function in W0 s )( Q). Suppose that there exists a constant

¢ such that
N
> [ o
i—1 J{f<t}

Then there exists a constant C, depending on c, such that

Pi@) gy < c(t+1), Vit >0. (3.22)

[ towce wso wm="EE0 en o
{f>t} N—p(l’)



Nonlinear anisotropic elliptic equations with variable exponents 547

Lemma 3.10. Let u, € Wol’?(')(Q) N L>(82) be a solution to problem (3.6). Then,

Np; ()(@()—-1)

Oi(K(| un |)) is bounded in M~ ?OON=-0(Q), i=1,...,N (3.24)

Npi(O@C) =D (r()+1)
P()(N-1)

Oiuy, is bounded in M Q),i=1,...,N. (3.25)

Proof. For all i = 1,..., N setting o;(-) = hIZf’)(il where h(z) = %ﬁ)@;), Yz € Q,
then we have:

If 0 < t < 1, we have trivially that

/ @) de <| Q.
{10: (K (Jun )| =) >}

If t > 1, using (3.12), Lemma 3.9 ( due (3.10), and the fact that | 9; | un ||<| Oiun |
un #0,1=1,...,N), we get that

/ th@) g < / @) dg
{103 (K (Jun )| (=) >} {10: (K (Jun )| > }0{ K (Jun|) <t}
+/ th(@) gy
{103 (K (Jun )] @) >t { K (Jun]) >t}
< @)

/{ai(K(lunl))“i(w>>t}ﬂ{K(unl)<t}ﬂ{|unl<t}

+ / (@) do
{10: (K (lun )¢ ™ > 30 { K (Jun ) <t}N{|un| >t}

+ / () gy
{10: (K (lun )¢ @ >3 { K (Jun ) >t} {|un| <t}

+ / th®) dg
{10: (K (lun )¢ @ >3 { K (Jun ) >t 30 {un| >t}

§2/ th(@) do + 2/ th(@) dg
{K (Junl)<t} {lun|>t}

pi(x)

<2/ (@) <| 0i(K (] un |)) ai(w)>a;<m> o
K (lun <t} t

+2 / ") dg
{‘un|>t}

< / 1 0 (K (| un )
{K (Junl)

Pi(®) do + ¢

Pi(®) dy + ¢

<4 / PR )

S4/ (t+ D)7 0K (| up ) P9 dz+e< O
{
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Then,forallizl,...,N,|8( (| un 1))
This gives us, for all i = 1,..., N, | 9;(K (| u, |)) | is bounded in M"*)2:()(Q) where

8
pi()h() _ Npi()(@() — 1)
MO = 5051 T O D
Now we will prove (3.25), For «a;(:), 4 = 1,, N and h(:) defined previously, we find

that

If 0 <t <1, we get that

@i() is bounded in M) (Q).

/ th@yde <| Q| .
{118iun])] %1 @@+ >}

If t > 1, by (3.12), Lemma 3.9 ( due (3.10), and the fact that
| Oi | un, ||<] Ozt |, upn #0,4=1,...,N), we obtain that

/ ﬁwmg/ th@ de
{10iun ‘ai(ﬁ)(r(1)+1)>t} {\Biun|ai(”)(”‘(”)+1>>t}ﬁ{\un\St}

+ / @) dy
{{l0sun ‘ui(wﬂr(m)Jrl)>t}ﬂ{|un|>t}

/ h(z) <| Ot ai(w)(r(:r)+1)> ST p
< e T
{Jun <t} ¢
+ / ) dg
{lun|>t}

S/ th(z)r(m)fl | azun
{lun|<t}

By noting that the assumption (3.2) is equivalent to:
h(:)r(:) —1<0, in Q,

and through the positivity of 7(-) and h(-), we find that
h()r(:)—1> -1, in Q.

Pi®@) dg 4 c. (3.26)

So, we get that
(h(-)r(-) = 1) € [-1,0), in Q. (3.27)
By using (3.27) in (3.26), and thanks to (3.20), we can obtain that

th(®@) da < / t71 ] By, [P dx + ¢
{lun|<t}

< 2/ (2t)7' | Dy,
{‘un|§t}

SZ/ (t+1)"" | B
{lun|<t}
Hence, we can obtain,

| Dy, [ OVT@HD g bounded in MP(Q) i =1,...,N.

‘/{laiunlai(z)”(mHJ) >t}

Pi(®) do 4 c

Pi®) gy 4 ¢ < C. (3.28)




Nonlinear anisotropic elliptic equations with variable exponents 549

From this we conclude that
| Dty | is bounded in MPOOEOFY QY =1 N,
where,

pi()h()(r() +1) _ Npi()(P() —1)(r() +1)

C)ea()r() + 1) = == 577 p()(N —1)

We need the following Lemma (see [22]) to prove the Lemma after it

Lemma 3.11 ([22]). Let v(-),w(-) € C(Q), such that w~ > 0, (v —w)~ > 0.
If u € M¥O)(Q), then | u |*Oe LY(Q).
In addition to that, M*)(Q) C L*O(Q) for all v(-), w(-) > 1.
Lemma 3.12. Let f, g and p;, 0;, ¢t = 1,..., N be restricted as in Theorem 3.2. Then,
foralli=1,...,N,
Uy, is bounded in L% (Q), (3.29)
diuy is bounded in L% ((), (3.30)
where q;(+), i =1,..., N satisfying (3.3).
Proof. From (3.24), thanks to Lemma 3.11, we deduce that
di(K(| un |)) is bounded in L") (Q), i =1,..., N, (3.31)
where, 1 < h;(+) < %, i1=1,...,N.
So, we can obtain
K(| uy, |) is bounded in L*)(Q), i =1,..., N, (3.32)

where, 1 < h; (1) < %, i=1,...,N.

By condition (1.5) we can get
ClIE(tn ) =] un " Jup [= A, i=1,...,N. (3.33)
Then, through (3.33) and (3.32) we obtain

/|un h1<-><r<~)+1)dx:/ |ty (OO gy
Q {lun|=X}

+/ |y [OEO+D) g g
{lunl<A}

< c/ VK (| ) O da + (14 A E0T0Y [0|<
Q
(3.34)

Then, (3.34) implies that, for all i =1,..., N
u, € L¥0(Q), (3.35)

where, ¢;(+), i = 1,..., N satisfying (3.3).
From (2.2) and (3.35) we deduce (3.29).
Finally, by (3.25), Lemma 3.11, and (2.2), we can get (3.30). O
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Remark 3.13. Lemma 3.12 implies that
1,7(')(9)

Uy is bounded in W,

where, ¢ (-) = (¢1(-), ..., qn (), such that ¢;(-), i = 1,..., N satisfying (3.3).

Lemma 3.14. Foralli=1,... N
lim Ai,n = 07

n—-4oo

where,

Ajp = / (oi(x, Tn(up), Oiun) — oi(x, Tn(uy), O;w)) (Osuy, — Oiu) dz.
Q

Proof. From (3.36), we can conclude that the sequence (u,) is bounded in

Wé’q: (Q), where q: = 1221]\[ Iwnenﬁl Q’L(x)

So, a sequence (still denoted by (uy)) can be extracted from them, such that

u, — u strongly in Wol’q: (©) and a.e in €,
and, d;u,, — O;u weakly in Lpi(x)(Q), i=1,...,
Note that, for alli =1,..., N,
Din = Af) - A7
where

i,n

Q

Aﬁz = / oi(x, Tn(un), Oju) (0w, — Oju) d.
’ Q
First, let’s prove for alli =1,..., N

lim A =0.

n——+oo

Choose ¢ = u,, — u as a test function in (3.7), we get

N
Z/ai(x,Tn(un),aiun)(aiun — Oyu) dx
=1 Q2

+ /Qg(x, Up ) (Up —u) dz = /an(un —u)dz.

By using (1.9), and that u, € LP()(Q),i=1,..., N, we can get

| 196w

then (3.42) implies that,

Pi(®) gy §/ | wn, |p'i(w) dz < c,
Q

(9(x,uy)) is bounded in L7 ) (),

(3.36)

(3.37)

(3.40)

(3.41)

(3.42)

(3.43)
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So, from (3.43), and (3.38), we get

lim g(z,un)(uy —u)drdx = 0. (3.44)

n—-+oo Q

Now, by (1.2), Young’s inequality, and that O;u,, K(T,(u,)) € LPiO)(Q),i =
1,..., N, we deduce that

/ | i, T (1), Bitun) [P4C) da §c/ | K (Ty(un)) [P da
Q Q

+ c’/ | Oiup,
Q

and this implies the boudedness of (o5 (, Ty (), d;tn)) in LPiO)(Q).
Thanks to this and (3.39) we get

Pi(®) qp 4 " < C,

lim oi(z, Ty (un), Oty ) (Ouy, — Oju) da = 0. (3.45)

n—-4oo Q

Then, from (3.38), (3.44), (3.45), and (3.5), we get (3.40).
Now, from (1.2), and that d;ju € L), we obtain for all i = 1,..., N

[ 1ot Tutun). )

And therefore

Pi(@) dy 4+ < C.

Pi() dg < c/ | Oiu
Q

(05(x, T (un), B;w)) is bounded in L¥)(Q), i=1,...,N. (3.46)
Then, (3.46) and (3.39) implies that
Jim AP =0. (3.47)
So, by (3.40) and (3.47), we derive (3.37). O
Lemma 3.15. Foralli=1,... N
Oy, — Ozu, a.e.in . (3.48)

Proof. Through (1.4) we conclude that, for all i =1,..., N
(oi(z, Tn(un), Oun) — oi(x, Ty (uy,), O;u)) (Osun, — Oju) > 0. (3.49)
Then, (3.49) and (3.37) gives us, for all i = 1,..., N

(o4(x, Ty (un), Ostin) — 052, Ty (un), O51)) (D5t — Osu) — 0,strongly in L'(Q).
(3.50)
Extracting a subsequence (still denoted by (u,) ), we have for alli =1,..., N

(oi(x, T (un), Oiun) — oi(x, Tn(uyn), Ou)) (Qjun, — Oju) — 0 a.e. in Q. (3.51)

Then, by the same techniques used in [11, 8] we can obtain (3.48). O
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3.2. Proof of the Theorem 3.2 :
By (3.38), we have
g(x,up) — g(z,u) a.e. in Q. (3.52)

Let E C € be any measurable set, we write

/ | 92, un) | da = / | gz, un) | do + / g, un) | do.
E En{jun|<t} En{jun|>t}

Let 0 < M < t, and observe that

T3 ()| < T (un) L ju, 1 <nry + 1 Te(wn) Lgju, >0y < M+, 503 (3.53)
Then, after taking ¢ = Ti(u,,) in (3.7) and using (3.53), yields
t/ |g(a:,un)|dx§M/ |fn|d:c+t/ fulde.  (354)
{lun|>t} Q {lun|>M}

From (3.54) and (3.11), we conclude the equi-integrability of g(z,u,) in L*(£).
Through this, (3.52), and Vitali’s theorem we get

g(x,u,) — g(x,u) strongly in L' (). (3.55)
From (3.29) and (3.48), we have
o; (x,Tn(un),aiun) — 0 (x,u,@iu) a.e. in . (3.56)
Now, we prove that
oi (x, T (un), Ojun) — o (z,u,0;u)  strongly in L%(Q),

where ¢;(-), 7 =1,..., N are a continuous functions on Q satisfying (3.3).
Then, we have, for all z € )

ai(x) _ N(p@) - Dpi(@)(r(z) +1)
pi(r) =1 p@)(N = )(pi(z) —1) ~

The choice of pi‘l(iggmll > 1 is possible since we have (3.4).

Using (1.2), and (3.30), we get that,

/Q | oi(z, T (un), Oiun)

1< i=1,...,N. (3.57)

a;(x)
Pi@) -1 dp < c/ | Oiun, |q’i(“”) +Cdx<C', i=1,...,N.
Q

(3.58)
Then, by (3.58) and using (2.2), we conclude that, for all i =1,..., N,
q; ()
(0i(z, Ty (un), Ojun)) uniformly bounded in  L70=T(€).
So, by (3.56) and Vitali’s theorem, we derive, for all i = 1,..., N,
oi (a:, T (un), 6iun) — 0; (3:, u, &u) strongly in L'(Q). (3.59)

So, by passing to the limit in (3.7), we have completed the proof.
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