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A new member of the Pell sequences:
The pseudo-Pell sequence

Hasan Gokbag

Abstract. In this study, we define a new family of the Pell numbers and estab-
lish some properties of the relation to the ordinary Pell numbers. We give some
identities the pseudo-Pell numbers. Moreover, we obtain the Binet’s formula, gen-
erating function formula and some formulas for this new type numbers. Morever,
we give the matrix representation of the pseudo-Pell numbers.

Mathematics Subject Classification (2010): 11B37, 11B83, 11C20.

Keywords: Pell and Pell-Lucas numbers, pseudo-Pell and Pell-Lucas numbers.

1. Introduction and preliminaries

Almost all branches of contemporary research, including computer sciences,
physics, economics, architecture, geostatistics, art, color image processing, and music,
employ a large number of integer sequences. One of mathematics’ most well-known
and intriguing number sequences, the Fibonacci sequence has been the subject of ex-
tensive research in the literature. The fascinating features of the Fibonacci sequence
have delighted scientific enthusiasts for years. The Fibonacci sequence is generated
by a recursive formula

Fy,=F, 1+ F, »
for n > 2 with Fy = 0 and F; = 1. The Fibonacci sequence has many interesting

1++5
as
n 2

n tends to infinity. The Fibonacci sequence has been generalized in many ways, some

properties. For example, the ratio ! converges to the golden ratio (
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by preserving the initial conditions and others by preserving the recurrence relation
1, 4, 6, 7, 10, 11, 14, 16, 19, 18, 21, 22, 27, 29].

The pseudo-Fibonacci and pseudo Lucas sequences was introduced by Ferns [8]
as novel generalizations of the Fibonacci and Lucas sequences as follows

En+1 = En + 6?7,7

®n+1 = En—‘,—l + §En

with initial conditions =; = 1 and ©1 = 1 in which £ is a positive integer. We derive
the recursion formula by elimination

En+2 - 2En+1 + EEnv

®n+2 - 2®n+1 + §®n

with initial conditions conditions Z¢g = 0, =; = 1 and ©y = O = 1 respectively.
The Binet formula for each of the pseudo-Fibonacci and pseudo Lucas sequences is

;_n—ia_ﬁ
O, =—F"7——
2

where a =1+ +/1+¢, 8=1—+/1+E.

The Pell sequence is one of the most famous and interesting numerical sequences
in mathematics and has been widely studied in the literature. The Pell sequence is
generated by a recursive formula

Pn:2pn71+Pn72a

for > 2 with Py = 0 and P; = 1. Similarly, the Pell sequence has many interesting
P7L+1

properties. For example, the ratio converges to the silver ratio (1 4 v/2) as n

n

tends to infinity.

The two basic ways that the Pell sequence has been generalized are either by
keeping the recurrence relation constant while changing the starting conditions or by
changing the recurrence relation while keeping the beginning circumstances constant.
A closed form for the nth term of the sequence, the sum of the first n terms of the
sequence, the sum of the first n terms with odd (or even) indices of the sequence,
an explicit sum formula, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity,
Tagiuri’s identity, and generating function are just a few of the properties that have
been looked into by various researchers, among many others [2, 3, 12, 13, 15, 17, 20,
23, 24, 25, 26, 28|.

In this work, a variety of algebraic properties of the pseudo-Pell and Pell-Lucas
numbers will be presented. Some identities will be given for the pseudo-Pell and Pell-
Lucas numbers sequences, such as Binet’s formula, the generating function formula,
and some sum formulas. A matrix representation of these sequences will also be given.
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2. The pseudo-Pell sequence

Several integer sequences exist, many of them with charming shapes and several
charming characteristics. For instance, two of the most well-known and attractive
number sequences are the Pell and Pell-Lucas sequences. The mathematical commu-
nity is still in awe of their universality and beauty. Additionally, there are count-
less possibilities to explore, locate, and estimate thanks to the Pell and Pell-Lucas
numbers. Mathematical friends, the Pell and Pell-Lucas numbers share many similar
characteristics. Our main aim here is to find alternatives to these two series of families.

In this section, a new generalization of the Pell and Pell-Lucas numbers is intro-
duced. We give some properties of the pseudo-Pell and Pell-Lucas numbers.

Definition 2.1. Let £ > 0 be integer number. The pseudo-Pell and Pell-Lucas numbers
be recursively defined by
P,i1=2P,+R, (2.1)
Rn-‘,—l = 2Pn+1 + an (2'2)
with initial conditions P; = 1 and R; = 2. Actually, by eliminating first the P,,’s
and then the R,’s, from equations (2.1) and (2.2), following the pseudo-Pell and
Pell-Lucas numbers are obtained

Pn+1 = 4Pn + an—l (2-3)
R,1 =4R, + &R, (2.4)
with initial conditions conditions Py = 0, P; =1 and Ry = 1, R; = 2 respectively.
From equations (2.3) and (2.4), the associated characteristic polynomial
p(z) = 2% — 4o — €.
p(z) has the roots 1 = 2 + /4 + £ and x5 = 2 — /4 + £. Thus, it is apparent that
T1T2 = —§,
T+ 12 =4,
r1 — 22 =2y/4+E,
2]+ 23 =16 + 2¢,

22 — 22 =84 +€,

I% = 4I’1 + 55
The first terms of the pseudo-Pell and Pell-Lucas numbers
n P, R,
0 0 1
1 1 2
2 4 £+8
3 £E+16 6§ + 32
4 || 8¢+64 €2 4+ 326 + 128
5 €2 + 48¢ + 256 10€2 + 160€ + 512
6 1262 + 256¢ + 1024 €3 + 7262 + T68¢ + 2048
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2.1. Binet’s formula for the pseudo-Pell sequence

The Fibonacci numbers are among the brightest points within a wide range of
integer sequences, according to Koshy. We can speculate that this sequence’s abun-
dance of intriguing features is one of the reasons it is referenced. Furthermore, Binet’s
formula can be used to obtain practically all of these features. We will state and prove
a general closed formula for the pseudo-Pell sequence.

Theorem 2.2. The Binet’s formula for the pseudo-Pell and Pell-Lucas numbers are

n n
)
P,="1""2
Tl — T2
o7+ oy
ani2

where 11 =2+ 44+ &, o =2 — /4 + & and € is a positive integer.

Proof. The pseudo-Pell sequence’s characteristic equation 22 — 42 — ¢ = 0, and its
real roots are r1 = 2+ 4+ & and x93 = 2 — /4 + &, Then the sequences P,, =
n(xz1)™ + u(xz)™, for n > 0, and with n, p real numbers are solutions of equation. Let
us determine the constants 1 and u, considering that Py = 0 and P; = 1, and we
obtain the linear system,
n+pu=0
nxry + pxre = 1.
We find p = ——~— and n = —L—. So we have that

T1—T2 T1—x2 "

Pn = x? — 'Tg .
r1 — T2
Similarly,
n n
R, = % 0

Corollary 2.3. We let n = —m where m is a positive integer. From Binet’s formula,
we find the negative subscript terms of the pseudo-Pell and Pell-Lucas numbers.

P,
(=6
R,
(=)
Theorem 2.4. For n > 0, the following identity holds
Roi— 2R, = (14 6P,

where P,, and R, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof.

P, =-

R_,=

n+1 n+1 n n n n
Tt ] +w o [z — 2] + 2l [xg — 2
R, -2R, =" 5 2 _ 9 12 2 _ 1 [z }2 5 [z2 ]

:[I?’I%]V“E:(HQPH. 0
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Corollary 2.5. In (2.3) and (2.4) let € = 4. We get P,, =2""'P, and R,, = 2" 'R,
where P,, and R,, are the nth Pell and Pell-Lucas numbers, respectively.

2.2. Generating function for the pseudo-Pell sequence

A strong method for resolving linear homogeneous recurrence relations is offered
by generating functions. We shall systematically apply generating functions for lin-
ear recurrence relations with nonconstant coefficients, even though they are usually
employed in conjunction with linear recurrence relations with constant coefficients.
Now, we consider the generating functions for the pseudo-Pell sequence.

Theorem 2.6. The generating formula for the pseudo-Pell and Pell-Lucas numbers are

= t
Pntn =

1-2¢
Rot" = —
Z 4t—§t2

Proof. Let h(t) be the generating function for the pseudo-Pell numbers as >~ >~ , P, t".
We get the following equations

Ath(t —4ZP "1 and &62h(t ZP 2,

n=0

After the needed calculations, the generating function for the pseudo-Pell numbers is

obtained as
> t
Pt"=—
Similarly,

> 1—92t
Rt =— " . O
Z 1— 4t — &2

Theorem 2.7. The following identities holds

(4+£)ZPi+ZRi =R, —1, (2.5)
i= =
n+1 n+1

2+8) Pi—-> R;=£(P,y,y (2.6)
i=0 i=0
where P,, and R,, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof. The proof is carried out using elimination in the equations of theorem (2.4). O

Corollary 2.8. From equations (2.5) and (2.6), the following equations are obtained,

%P A+ P + P, —
3+€ ’



182 Hasan Gokbag

n+1 1
o (B43)Pr1 +62+ P —(2+8)5
YR, = re .

2.3. Matrix representation for the pseudo-Pell sequence

A close connection between matrices and Fibonacci numbers was shown in
Charles’[9] work on what he called the Q matrix. An interesting pattern emerges
from this work. The power of matrices was exploited to obtain new identities and
results involving Fibonacci numbers. We will give the matrix representation of the
pseudo-Pell sequence.

Definition 2.9. The basic matrix of the pseudo-Pell and pseudo-Pell-Lucas sequence

is
_ |14 €
o=[1 3]

where £ > 0 is a integer. Based on the Cayley-Hamilton Theorem, the pseudo-Pell
and pseudo-Pell-Lucas’s characteristic polynomial is given as

p(\) = det(\ — Q).

A—4

p(\) = det(M — Q) = ‘ 1

£ _ 2 4\
N A — 4N =&
Then, if p(\) = A2 —4X — &.

Theorem 2.10. Let n > 0 be an integer. The following equality holds

o [+ €] [P Br]_[Pu2 Pun
1 0 P, Py P,.. P,
" 0 1 1"[Py Pl [P Py
% _% Pl PO B P—n+1 P—n

|-

o [P Po}[‘;
H P PO]H _égr_[p_m P, ]

Proof. For the prove, we utilize induction principle on n. The equality hold for n = 1.
Now assume that the equality is true for n > 1. Then, we can verify for n + 1 as

follows
4 ¢ P, P, | [4 ¢ 4 ¢1"[ Py Py
1 0 P, Po| |1 0 1 0 P, Py
4 Pn+2 Pn+1 — Pn+3 Pn+2
1 Pn+1 Pn Pn+2 Pn+1 '
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Thus, the first step of the theorem can be proved easily. Similarly, the other
steps of the proof are seen by induction on n. Matrix representations of the pseudo-
Pell-Lucas numbers are proved similarly. O

2.4. Sums of the pseudo-Pell sequence

Finite sums of sequences have always been important for people working in this
field. Some researchers examined the sum of product two consecutive terms, some
researchers examined the sum of squares. In a new sequence found, the study of the
sums of sequence terms became important. We present some results concerning sums
of terms of the pseudo-Pell and Pell-Lucas sequence.

Theorem 2.11. The following equalities hold

ZP _ £ P271 Popio + Py
P (E-n)E+s)

’p -P 1-—
b) ZP%H _ §Poni1 ont3 + (1 =§)

2 E5E+s
f R2n R2n+2 - R2 + 2
Ry = ,
E:Z (€—5)(€+3)
_ &Rani1 — Rangs +2(1 - )
> Rar - E—5)(E+3)

where P, and R, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof.

n

Spu=) oo [zu%)i—zmav]
i=0

=0 =0 =0

1 I B A |
.131—.132|: 2 —1 B 2 —1 }
1 @i —23") — (27" — a3 ) + (o — 2))
(z7 = 1)(23 - 1)

Tr1 — T2
_ £2P2n - P2n+2 + P2
€—=5)(E+3)

Other sums are shown in a similar way. O

Theorem 2.12. The sum of squares of the first n terms and the sum of products of
consecutive terms of the pseudo-Pell and Pell-Lucas sequence are

n

a 2 _ ERan —Ropyz — €7 (="t -1
) ;Pz 26 -5)(E+3)(E+4) * 26+ 1)(E+4)

& RQ” Rona =67 (=" -1
R2
Z (€=5)(E+3) 206+1)
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1 ERont1 — Rongs +2(1-6) | 2(=¢" ' -1
IS g+4>{ E-D)E+3) S ]

1=0

(E—5)(E+3) S (6+1

where P,, and R,, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

ZR Ri = F Roni1 — Rongs +2(1 &) 2(_§)n+1)_ 1]

Proof.

2y (B i 1 v N2y - i
ZP zg (xl — ;1;2> (351 — 1;2)2 [Z_:(xl) + X_:(J?Q) — 2;(3;13;2) ‘|

1=0 =

_ 2Ry, — Ropio —€—7 N (_5)n+1 1
206 —5)(E+3)(E+4) 20+ D)(E+4)

Sums are shown in a similar way. O

Some special equalities well-known for the Pell and Pell-Lucas sequences have
also been calculated for the pseudo-Pell and Pell-Lucas numbers. The proofs of these
equations are omitted. P,, and R,, be the nth pseudo-Pell and Pell-Lucas numbers
such that £ > 0 integer, respectively. Then, the following equalities hold:

a) Tagiuri’s Identity:

PoiiPu o — PP, = ()" "PrP_nis

Rm+kRn7k - RmRn = (5 + 4)(€)nikRkRmfn+k
b) d’Ocagne’s Identity:
Pm+1Pn—1 - PmPn = *(E)nile—n-&-l
Reranfl - RmRn = 2(5 + 4)(£)n_1Rmfn+1
c¢) Catalan’s Identity:

P, xP, . — P, P, = —(&)" P2

Rn+kRn—k -R,R, = (5 + 4)(5)7z—kRi
d) Cassini’s Identity:

PnJrIPnfl - PnPn = _(€>n—1

Rn-‘,—an—l -R,R, = 4(5 + 4)(5)7171
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3. Some numerical examples

In this section, we show four numerical examples for verify our theoretical results.
Let us examine the case £ = 3 in some of the results we obtained. For £ = 3, the
pseudo-Pell sequence will be

Pn+1 =4P, + 3P,

and the characteristic equation will be p(z) = 2? — 4z — 3.
For £ = 3, The basic matrix of the pseudo-Pell sequence is

4 3
o[ d]
For ¢ = 3, some sum formulas will be as follows
n+1

14P,, ., + 6P, — 1
Pi = )
> P

=0

- 9P;, — Popio + P>
ZPQi = - )
P 12

Zn: p ~ 9Pgp41 — Popyz —2
241 = — ;
= 12

9R,, — Ran42 — 10 =3)ntl —1
ZPf:* 2 2042 Jr( ) ’
168 96

- 1 [9Rg+1 — Ropyg —4  2(=3)"t1 —1
ZPiPi+1 __ [ 2n+1 2n+3 + (=3)
p 28 12 4

Some well-known special equations for the pseudo-Pell sequence are obtained for
& = 3 as follows
a) Tagiuri’s Identity:

PPt = PP = —(3)" PPt
b) d’Ocagne’s Identity:
P,iiPo1—PoP,=—-3)"""'P_ni1.
c¢) Catalan’s Identity:
P, P, — PP, =—(3)" FP2.
d) Cassini’s Identity:

Pn,-l—an—l - PnPn = _(3)7171-
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4. Discussion and conclusions

Cigler[5] obtained the Fibonacci and Lucas polynomials, which are defined by
F,(x,8) =xF,_1(x,s) + sF_a(z, s),

L,(z,s) =xL,—1(z,s) + sL,_a(z,s),
where Fy(z,s) =0, Fi(z,s) =1, Lo(z,s) =2 and L1 (z,s) = .
There is a relationship between the special cases of pseudo-Pell and Pell-Lucas
numbers and the special cases of Fibonacci and Lucas polynomials defined by Cigler
as follows

and
SACH)

This study presents the pseudo-Pell and Pell-Lucas sequences. We obtain this
new sequence, which was not defined in the literature before. Some very important
properties of sequence, such as characteristic equation, generating functions, and Bi-
net’s formula, are investigated. We obtain the matrix representation of the pseudo-Pell
and Pell-Lucas numbers. There have been a large number of studies on numerical se-
quences in the literature lately, and these sequences have been employed extensively in
a variety of academic fields, including biology, finance, physics, architecture, nature,
and the arts. Since this study includes some new results, it contributes to the liter-
ature by providing essential information concerning the number sequences. Research
in these fields can benefit from the pseudo-Pell and pseudo-Pell-Lucas sequences as
well. Therefore, we hope that this new number system and properties that we have
found will offer a new perspective to the researchers. Some further investigations are
as follows:

e Studying the properties of the pseudo-Pell and pseudo-Pell-Lucas sequences
quaternions (hybrid, octonion, sedenion, etc.) might be intriguing.

e Examining the partial infinite sum obtained from the pseudo-Pell numbers and
pseudo-Pell-Lucas sequences’ reciprocals would be fascinating.

e Non-positive values of the integer £ may also be worth examining.

Acknowledgment. The authors express their sincere thanks to the anonymous referees
and the associate editor for their careful reading, suggestions, and comments, which
improved the presentation of the results.
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On a unification of Mittag-Lefler function
and Wright function

Meera H. Chudasama

Abstract. We introduce here a function that unifies Mittag-Leffler function and
Wright function which is referred to here as an UMLW-function. This function
turns out to be a solution of an infinite order differential equation. With the aid
of this UMLW-function, an integral operator is constructed and shown that it
is bounded in Lebesgue measurable space. Further an eigen function property is
established for a particular UMLW-function with the help of hyper-Bessel opera-
tor and Caputo fractional derivative operator. Some well known functions occur
in the illustrations of these properties. At the end, the graphs of this UMLW-
function are plotted by suitably specializing the parameters and also compared
with the graph of exponential as well as Mittag-Leffler function.
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1. Introduction and main results

Gosta Mittag-Leffler [15], introduced the function given by

Eo(2) = nz:% Tan+1)’

where z is a complex variable and « € C with Re(a)) > 0, which reduces to e* when
a=1.

After some decades, its importance was realized due to its occurrence in many prob-
lems of Physics, Chemistry, Biology, and Engineering as a solution of fractional order
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differential or integral equations. During the course of time, this function was gen-
eralized and studied by many researchers among them Wiman [22], Prabhakar [16],
Kiryakova [11], Shukla and Prajapati [19], Srivastava and Tomovski [21], Garra and
Polito [10] are worth mentioning,.

With the aid of L-exponential function

ek(z)zgngm (1.1)

(of order k) due to Ricci and Tavkhelidze [18], Garra and Polito [10] defined and
studied a generalization of (1.1) in the form:

o0 "
Eop () = Z Tt (on )’

n=0

(1.2)

wherein x € R,a > —1,v > 0, and v € R, which they called a—Mittag-Leffler
function. Noticing the rapid convergence of the series due to Sikkema [20]

;W :;F”(n—f—l)’ (13)

we propose a more general series structure which would also encompass another func-
tion, namely the Wright function [12]

00 o
WA’#(Z) = Z:O m, A > —1,/,L e C. (14)

This was introduced and investigated by the eminent British mathematician E. Mait-
land Wright (in a series of notes starting from 1933) in the framework of the asymp-
totic theory of partitions [12].

Aiming at the unification of the series given by (1.2), (1.3) and (1.4), we introduce
the function defined by the power series as follows.

Definition 1.1. For Re(«ad) > 0, Re(86 + oy — g —r+1)>0, a,0 #0,and u,z € C,

o0

EU,V;’Y . — (,U)rn ﬁ 1.5
a3 a (175 2) ng() ron(an+ B) I''(on +v) n!’ (15)
where (1), = F(Iﬁ”a’;n) is generalized Pochhammer symbol.

We shall henceforth referred to this function as UMLW-function.

Remark 1.2. Chudasama M. H. and Dave B. 1. studied ¢-Hypergeometric function,
its particular cases and their g-analogues in [4, 3, 7, 5, 6, 2. In context of the study

of these, when 7, 0,v,a € NU {0} with z*:#zﬂ(ﬁ),we have
1
oy ) —
E@,,B,(S(:u,hz) - F'Y(l/)
© ptl ptr—1, o*
X HE | o Ty, (8 g B+a—1
¥ 1\7 o—1\7 . a—1 . ). .
R |(2)7, () ()T (2, B2 L sl
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The particular cases of (1.5) are worth mentioning; all of them are corresponding
to the common choice § = 0. The substitutions for the other parameters involved are
indicated in each special case below.

1. Exponential function : (y=p=r=v=0c=1)

o0 n

z 1,1,1
Zzg —— =FE;"(1,1; 2).
CT Xy

2. Mittag-Leffler function [15] : (y=p=r=v=1)

- 2" o,1,1
E,(z) = E —— =E;" (1,1;2).
(2) = T(on+1) 0 ?)

3. Wiman function [22] : (y=p=7r=1)

z o,v,1
E,. :E — =E;" (1,1 2).
s (Z) ~ F(O'TL+V) 0 ( Z)

4. Wright function [12] : (r =0,y = 1,0 # 0, v arbitrary)

oo n

< o,v,1
Woo(z) = — =E5" (,0; 2).
5. Prabhakar’s function [16] : (r =y =1)

- (M)n z" o,v,1
Ey () = Z:Om =Eg (w15 2).

6. Cosine function : (y =v =p=r = 1,0 = 2, z is replaced by —2z?)
Sad 1)mz"

cos(y/z) = 7;) IE(_2n—|—1) =E2V(1,1;—2).

7. Bessel Maitland function [14] : (y = 1,r = 0, v is replaced by v +1, z is replaced
by —2)

e}
(=2)" ov+1,1
JH(z) = E =E;" " 0; —2).

II(Z) —~ P(O”I’L—‘rl/“r 1) n! 0 (u’ ) Z)

8. Mainardi’s functions [12] : (y = 1,7 = 0,0 is replaced by —o with 0 < o < 1)
(v=0in F,(2)) (v=1—0in M,(2))

nw§§jﬁﬂEﬁmwmx

_ — (_Z)n _ m—o,l—0,1 .
MG(Z)iZF(—O’TL—I—l—O’)n! 7]EO (/L,O,Z).

n=0
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9. Kiryakova’s function [11] : (u = r = 1,y = m € N, in (1.5); and putting
1 :~--:umzu,pi1=-~-: pim =0 in [11, Eq.(13)])

oo Zn
=Y o =EJ" (1, 15 2).
Z) ~ Fm(U’I’L-ﬁ-V) 0 ( ’ 7Z)

10. Garra and Polito’s function [10] : (u=r=1,z=2z,v=7vy,y=a+ 1,0 =v)

oo
:L,n

_ _ wvvatl .
Eay () = ; Tt (n+y) Eo (1, L z).
11. Shukla and Prajapati’s function [19] : (y = 1,7 € NU (0,1))

7‘ rn 2" o,v,1 .
B Fon f oy (m+y = Eg¥ (75 2).

12. Srivastava and Tomovski’s function [21] : (v =1, Re(r) > 0)

2" w1 )
iz Fmi’;y = B¢ (.5 2).

Now as a main results, the domain of convergence, differential equation and the
integral operator of the UMLW-function are discussed.

Theorem 1.3. For Re(ad) > 0,Re(B8 + oy — g —r+1) >0, and a,0 # 0, the
UMLW-function (1.5) is an entire function.

Proof. We have

o0

Eo¥ L) — (1)rn o L
=p b Ti%) nzzjo ron(an + B)T (on +v) Z pn" (s27). (1.6)

Using Cauchy-Hadamard formula:

(#)rn
an+ B)I'(on + v) n!

1 . n .
o= dm s ] = i s |
and then applying Stirlng’s asymptotic Formula [9]

T(an+b) ~ V21 e (970 (an 4 b)ontt—3 (1.7)

for large n and for a = r,a, 0 and b = p, B, v respectively we have

L _ oy "
R s

P+ )

['(p) o7 (an + B) TV (on +v) F(n +1)

(E—y
V2 e~ W) ()2

1

~ lim sup
n—oo

1
X
V27 e~(anth8) (an + ﬁ)an-{-ﬁ_%
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1

1
X ’ 1
2T e—(on+y) (an + l/)onJerE

o1 e~ () (n 4 1) 12

. w_ 1
{|e—r| ()t (1 )55 (14 )

3R
3=
——

= lim sup
n—oo

y 6[36 604677,
S adn 5—2
(v/2r) (an)dlan+s—1) (1+ %) (1+ %)ﬂ 2
x|e?7| °r

a1 ”
ot | (b d e 1 2) 5 (1 )
= 5 55_% lim sup —
(\/ﬂ) ordale 3 | n—oo pn " 2n
adén
® !
on )
n nBo—4 (1+ %yi ( I aan)ﬁ 3
X e
(\/277)%0'%7% noy (nn)'VV 2n
1 en (1 + %)g_l
X = % I .1 (1.9)
() () 7|V i)
_ 6[3(5+(7'y—r+1,r,r 1 y %) adén 1
T | (Vamoerai-§ | [P a5k | | n Botor— 5 il
= O7
provided that Re(ad) > 0,Re(85 +~v0 — § —r+1) >0, and o, 0 # 0.
Thus, R = . g

Remark 1.4.
1. We stick to the conditions proved in Theorem 1.3 throughout the article unless

it is specified.
2. The series Y ¢, 2" thus, converges uniformly in any compact subset of C.

Next, to obtain the differential equation we define an operator as follows.
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1128

Definition 1.5. Let f(z) = anz™, 0 # z € C, p € NU{0} and a € C with

Re(a) > 0. Define [4,7]
AL = | Dol a1 ki pEN
f(2), phif p=0

where 6 = z<£ and (04 ¢)" = (0 +c)(@ +¢)... (0 +¢), ¢ is a constant.

n times
Using this operator, we have now obtained the differential equation of the
UMLW-function in the following theorem.

Theorem 1.6. Ifa=1,v€ NU{0},0,7,d € N and 8 #0,—1,—2,... then

o,v, (:U’)'rn z
w = El,ﬁ,g(:u’7r; Z) = Z an( -
n=0 :

n+ B)I7(on +v) n!
satisfies the differential equation :

(500} (ﬁ <9+ v+i _1>”> 9] —z*ﬁ [9+“:‘7} w=0, (111)

i=0 §=0

where z, = ﬂfirﬁ(m

In order to prove this theorem, we first prove the following lemma which allows us to
actually apply the operator 5A% onto the operand w.
For the sake of brevity, we put

{51 }H <9+ v —1) 0= 55O
In this notation, we have

Lemma 1.7. Ifa =1,y NU{0},0,r,0 € N andﬁ#() —1,-2,... with

Z?’l

SV

w:Elﬁéu,rz

ZF5" n—i—ﬁ FV(Un—&— v)n

and

B,(S@O',V,’Y(w) = Z fn(/”’a T, ﬂa 57 a,V,7; Z) (say),

then the operator 5,50, ~ 5 applicable to w provided that the series

> en fulpar,B,6,0,v,7;2)

converges (cf. [20, Definition 11, p.20]).
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Proof. We first write

11 TW) 1 { 1 r
M(on+v) Tr(w)T(on+v) TVW) | @)on]

then applying the formula [17, Lemma 6, p. 22]

(@ =H" (3) . <"+Z_1) ,

for a = p,v and k = r, o respectively, we have

_ = (1)rn 2" Fén(ﬁ)
wo= ) T (n + B)T7 (on + v) n! 197 (B)
_ G (:u)rn 2"
-2 (5)anmm ) nl T (3)
1 e 2 (FH'T 1)n P SN
I Z ) A e B
Now take
r’" z
o7 I‘é(ﬁ) 2y
then

()

S
|
—
(]2
|~
QIR [3 =
2|3
—~
N
+
Q
|
—
SN—
—
=S
=
>
3
s

3
Il
o

Now consider

N g ’
DI e

- F’Yl(y) {6A%}(9+V;0 ' t9+y_z+1>V <9+V;2
igigiimun—w {"*VUT

195

(1.12)
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n

pt+r—1
r

(

v+on—1

+§ prae }

g

T

5.690.v7(w)
_ 1 oy Jo= (B), - (), 2
~ e A {Z (%) (H2=2)) B3 (= 1)
X <V+0n1>7 (VJrUn?)’y_,. (W>W
1 = (B (), o
= T 04 {nz_:l (5o () oy (B (n— 1)’}
I S € P G e PN () T 0 e VR
= ]_—"Y(I/) ; (5)271 . (V+Zfl):lil (lﬂ)gn (TL — 1)| (1.13)
Now, observe that for § = z-L,
O+p-1)z = (0+5 1)( — F5(ﬁ))
= (O.U'Y F(S(ﬂ)> (9"’_5_1)2”
= (o) Crtenn o
= (O.U'Y F5(ﬁ)> (TL—I—ﬁ—l) 2"
= (n+p-1) =z

Similarly (6 + 8 —1)? 27 = (n + 8 — 1)? 2? and in general, for 6,n € NU {0}, (6 +
B—1)0" 27 = (n+ B —1)°" 27, Using this in (1.13), we have

ﬂ,tS@a,V,’y (’LU)

- )i () (7)), (Bnalnd 510 2
0= G () B (1)

= N ptr—1 n
S T L T T
F<>§:E; E:; S 0
i fnlp,m, 8,9, 0,v,7; 2) (say)
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To complete the proof of lemma, it remains to show that

S S (W (utrn),

is convergent.
For that take

()7 (),
r2on(n+ 8) I'2v(on +v) (n!)?’

Using Cauchy Hadamard formula:

&n

(1) (1 + 1))
n+8) I'?Y(on +v) (n!)?

and then applying Stirlng’s asymptotic formula (1.7), we have

1 . n o
7= nh_{r;o sup v/ |&,| = nlggo sup ’F25“(

(g +1) D(pu+rn +1)
[2(p) T(r) T2 (n + ) T*7(on +v) T2(n+ 1)

1*1
R s

(4 1m) T2 (4 +1)
T(4) T (r) Ton(u + ) T (on + ) T(n + 1)

= lim sup
n—oo

Proceeding in the similar manner from (1.8) to (1.9), we get

1 e2(Bo+oy—r+1),.2r 1 26n 1
R ['2(p)(v2m)20g207 | | e2P0+2 nh—{r;o‘ﬁ‘ n2(Bo+oy—3—r+1)

)

provided that Re(8d + yo — g —r+1)>0,and a,0 # 0.
This completes the proof of Lemma.

Proof. (of Theorem 1.6) From (1.14), we have

(1) L (e

r

n

T )n (:u+rn)7" Z*

Zx

B,ée)o,v,’y(w) = I‘"Y(V) Z (5)1 o (V+071)Z rr (5)% nl’

n=0 o

On the other hand,

r—1

2 H{QJFM:J}

: tr-2\ e (%), ("),
( v) (M“)Z(V)V...(W)jl (8)3n nl

n=0 \o/n o
+r—1> n
*

- rw(y)( +0) (9 W)

197

(1.15)
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ig(’é)n...(”ﬁ‘l)" 2 (u+m+r—1>

() B

[ea

n=0 o n

_ +r=3\ e (4),- ("),
= ™ () (9—1—':)(0—4—”7“)2 (%););...(V-Q-J—Z)'Y (8)5n n!
Jr

Xi E‘;)n...(‘ﬂ"‘l)" Zn (u+m+r—1> (u—l—rn—i—r—Q).

) (wke=1) 7 (B)on r v

n

Proceeding in this way, we finally arrive at

r—1

Zx H {0+u+‘7} w
=0 "
Zx > (%)n"'(u+:7l)n Z:}
e & ()] ()] B

x(p+rn+r—1(p+rm+r—2)...(g+rn+1)(p+rn)
Zx i (%)n (u+:_1)n (,U/‘i"f'n)r Zf

. (1.16)
CF=1ONE S O
The differential equation (1.11) now follows from (1.15) and (1.16). O
We next define an integral operator of E7';(u, r; x) as follows.
Definition 1.8. For Re(v) > 0,
Lorp(z) = /(m — )" B (s Mz — y) 7)o (y)dy. (1.17)

a

For this operator, we prove

Theorem 1.9. The operator Z,4 defined in (1.17) is bounded in L(a,b), the space of
all Lebesque measurable functions on finite interval (a,b) and

[ Zay ¢l < M |l ¢ |1,

where
rn| |/\‘n (b _ a)Re(V)+Re(U)n

M= Z « |70 ( an—i—ﬂ | ITY(on + v)| n! (Re(v) + Re(o)n)

We need the following lemma for proving this theorem.
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Lemma 1.10. The series
rn| |>\|n (b _ a)Re(V)-i—Re(a’)n

Zun n Z \F‘S” an—|—6 | IT7(on + v)| n! (Re(v) + Re(o)n)

converges absolutely under the convergence conditions as stated in Theorem 1.3.

The proof runs almost parallel to that of Theorem 1.3. Hence we omit the proof.

Proof. (of Theorem 1.9)
From the definition of integral operator (1.17), we have

b| x

[EAY / / (2 — )" S (3 Az — 9)7 o)y da

b x
//(gj _ y)Re(u)fl

Changing the order of integration, gives

b b
| Zovo i < / /(ac— JRe()-1
a y

Now taking = — y = u, we get

EL 5% (s Mz — y)7)| le(y)| dy d.

B3 (i Ma = y)7)| da ()] dy.

b b—y
IZaso < [ [ a0 B i da) du foty)] dy
a O
b—a
< / [t ez s )| du ool dy.
0

a

Using the Definition 1.1 of EZ'} 5 (11, 75 @), we obtain

|()rn] A"
Za <
[ Zate |l < HZ:O D% (an + B)| [T (on + v)| nl
x/ Re(v)+Re(o)n—1 g, /|<p )| dy
0

|( ) ‘ |)\|n (b _ a)Re(V)JrRe(o')n
= E n el
« [T2"(an + )| [I7(on +v)| n! (Re(v) + Re(o)n)

The series on the r.h.s. is of real constants which converges absolutely by Lemma 1.10.
Hence denoting its sum by M, the theorem follows. O
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2. Other results

In this section, we derive some results involving certain fractional order deriva-
tives and obtain the eigen function property of the UMLW-function. At last, some
special cases and graphs of the UMLW-function are compared.

Definition 2.1. The Riemann-Liouville fractional integral (RL-integral) operator of
order a € C,R(a) > 0 is defined as [13]

x

o f(z) = ﬁ /(x — 0P () dty x> a. 2.1)

a

Definition 2.2. The Riemann-Liouville fractional derivative (RL-derivative) of order
a€eC,m—1< Re(a) <m,m € N is defined as [13]

x

D™ /(w )" @) dt p e >a, (2.2)

a

Dg f(x) = Dg'1" " f(x) = Tm—a)

m
where D™ = 4

~ dxm-

Definition 2.3. The Caputo derivative of order « € C,m — 1 < Re(a) < m,m € N is
[13]

DEf@) = 1D @) = s [ DU @ =) dta >0 (23)

where D™ = jﬁ-
T

Then following hold true.

«@ _ F(BJ'_ 1) «
(1) 19 (x—a)ﬂ—m(x—a)BJr ,8>—-1,a>0. (2.4)
(2) D%z —a)’ = FF(/B—FD (x—a)’~™ B> —1,a>0. (2.5)

(a=p+1)

We take a = 0 now onwards. We define below hyper-Bessel type operators.

Definition 2.4. For x € R\ {0} and ¢ € N U {0}, the hyper-Bessel type operators
denoted and defined by

(I =1% 1% .. I% 1%, forn=0,1,2,..., (2.6)

(n+1) integrals

and
(*DY)" = D*2°D* ... D**D®, forn =0,1,2,..., (2.7)
(bn+1) derivatives
where I¢ denotes the RL-integral and D® will be either RL-derivative D* or Caputo
derivative .D® defined in (2.1), (2.2) and (2.3) respectively for a = 0.
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Theorem 2.5. For UMLW-function (1.5) with «,f3,6,0,v,u € C,n > 0,z # 0 and
v € N, the hyper-Bessel type operators furnish

e (2 B (e rian)) =2 B (et (28)
and
D (# B (o ria®)) = 2 R ursat), (29)

where I and *D" are as defined in the Definition 2.4.

That is, a fractional integration or differentiation transforms the function (1.5) with
the v-parameter is increased or decreased by the order of integration or differentiation
respectively.

Proof. The equation (2.8) is proved below which uses (2.4). In fact,
) (2B (e

B 3 _ (W)pn ©
= [Mpn[n . g WIWZ Fén(an+ﬂ)r'y+1(0n+”)n!

on+r—1

v+1 integrals n=0
s on+v—1
= [Mp=nn . Mg Z (Wrn @ ['(on+v)
ron(an + B)I+ (on +v)n! T(on + v + 1)

7 integrals

o0

— — Z (1) pp o™tV 1 I'(on+v)
T ron(an + B) 7t (on + v)n! TV (on + v + 1)

— v+n—1 Z (H)Tn X
ron(an + B) T+ (on + v + n)n!

= gvtn- 1E” V'H”(u,r x%).

We next prove (2.9).
Observing that

(D) (2 IE‘;;%“(M,T;IU))

(,LL)Tn on+rv—1
n+ 8) T+ (on + v)n!

= D"z"D". D%W’?ZW
n a

~+1 derivatives

(1) 71 I'(on +v)
— DD D" DN
= = Z ron(an + Bt (on+v)n! T(on+v —n)

~ derivatives

= — pn Z Jon 27TV M (on +v)
N ron( an+5 Y+t (on+v) n! T (on+v —1n)

— gV IZ )rn X
ron(an + )L+ (on + v —n)n!

= o 1]EZ,",M(M,T ).
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Hence the required result. O

For deriving the eigen function property, we first define the following operator.

Definition 2.6. Let f(z) = Y anz™, |z| < R, R > 0. Define an operator for z # 0 as
n=1

Lf= /e—%x—lf(t) dt. (2.10)
0

With the aid of this and the Caputo fractional derivative, we next define the
eigen function operator below.

Definition 2.7. Let f(z) = > anz™, |z] < R, R > 0 and ¢,k € NU {0}. Define an
n=0
operator for x # 0 as

4 k 7 T k T 14
Q M) =11, -1, (*D" D"z, 2.11
.27 (f(")) ("D")" £ (("D")2") (2.11)
¢ integrals
where D" represents an operator defined in (2.7) with D as the Caputo derivative

and I is as defined in (2.10).

Theorem 2.8. For  =oc =pu=r=1andv = a,n—1 < Re(a) < n,n € N,

o0
the UMLW-function B2 177 (1, 1; Aa®) = ZOWM =B} s(Ax®), say, \ €
=

C,a,z > 0, is an eigen function of the operator ZDm Q) in (2.11).
That is,

5,97 (ELs(0)) = AE] ;(a%), A€ R - {0},
Proof. Note that
5,97 (EL,0a)
= LI I, (*DY"E) , (A\*D%)%z
xlz C ( ) a,(s( ( ) L )

¢ integrals

S
AP
_ Y\ Y rya\on .an
SR ERENE D o

§ integrals

oo A"
N Z rontr+l(an + 1)

n=0

(*D*)onEY gon, (2.12)
J integrals
For n = 0, (*D*)%+7 20 = .D%* . D* ... .Dz*.D%(1) = 0.

~+1 derivatives

For n =1,
(DY) = Dz, D* ... . Dz . D" (z). (2.13)

d+~v+1 derivatives
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Observing that

D%z /a a—1)...(a=m+1)t*™ (x —t)" " at

0
T

_ a(afl)...(afm+1)xm7a71/taim (lt)maldt

'(m—a) x

0
and substituting ¢t = zu, we further have

1

-1 — e
Dz = ala 12( @ m+ /u (1—u)™“ L du

ala=1)...(a=m+1)
I'(m — «)
= T'(a+1).

Using this repeatedly in (2.13), we finally arrive at
(IDQ)‘HV % = I“H”H(a +1).
Now for n = 2,
("D*)*°*Y 2% = D*2®.D* ... . D2 .D* z**.

20+v+1 derivatives

We begin with
cDa( 2a)

= / 20— 1)... 2 —m 4+ 1) 2™ (x — )™ " Lat
0

. @0)20-1)...(Q0-m+ l)xmali j20mm (1 B t)m—“—ldt

I'(m—a) x

20)2a—1)...2a—m+ 1)x2a_af(m—a) F'2a—m+1)

'(m—a) T2a—a+1)
F(20{ + 1) 20—«
I'2a—a+1)
Therefore,
20+v+1
T ¥ a « a—o
( D )26-‘,— .’L'Q r (2 + 1) 2
S T2 (20 — o+ 1)
In general,
F5n+’y+l 1
(zDa)6n+'yxom _ (om + ) pan—a (214)

- Tontrtl(an — o+ 1)



204 Meera H. Chudasama

Now substituting (2.14) in (2.12) and then applying the operator defined in (2.10),
we find that

b7 (EL;0a)

00
An rontrtl(an 4+ 1
— IxIx . Ia: Z 5 5 ( ) an—o
A —— [onty+l(an + 1) Tontr+l(an —a+ 1)
4 fold integrals n=1
o 0o

_ . % -1 joan—o
- LL--I, Zr5n+v+1(an_a+1 /e a™ enTedt

6—1 fold integrals n=1 0

oo An o0 . —Q
= LL -1, gl = dt
S — Z rontr+l(an —a + 1) /6 ( >

0

§—1 fold integrals n=1
AP
B M Z F5”+’Y+1(an — o+ 1)

§—1 fold integrals n=1

" T(an — a+ 1).

Continuing in this way by applying the operator I, § — 1 times, we finally arrive at

(oo}
)\n
) v v o _ an—a 70
LAY (Eaﬁg()\x )) = ;I‘MJW“(an—a—&—l) T I(an —a+1)
B i AP pan—a
- n—9 1 _ :
o Ton=otrtl(an —a+ 1)
Hence,
5,97 (BL;00)) = AE] (M), (2.15)

O

Remark 2.9. From the definition of E ;(x) in the Theorem 2.8, observe that
E7 5(0) = 1 and from (2.15), &, ] (Egyé(ma)) = AE] ;(Az%), A€ R\ {0}.

3. Application

In the view of [8], we now discuss the application of particular UMLW-function
discussed in the Theorem 2.8. Let D be the bounded domain in R? with sufficiently
smooth boundary 0D. We consider the infinite order fractional evolution type problem

5.9 u(z,t) = w(z,t), t€[0,7], T>0; (3.1)

u(0,t) = f(t), (3.2)
where the operator ¢ D, Q? is as defined in (2.11) in L*°-space and is operating only on
the variable x and f( ) € C[0,T].
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Theorem 3.1. If 6,7 € NU{0}, n — 1 < Re(a) < n,n € N then the solution of
(3.1)-(3.2) is given by
3]
t)=E] C— ) ().
) =5, (s 1) £

Proof. To prove the theorem, we prove that u(z,t) = E] ;5 (z* %) f(t) satisfies the
problem described by (3.1)-(3.2).
Here, noticing that ZDI Q] is the operator operating only on the variable z, we have

from the Theorem 2.8,
0 0 0
4 y Y « — Y e}

= w(x,t).

0,7 u(x,1)

To complete the proof of the theorem it sufficient to prove that
lim ||u(z,.) — f]leo = 0. (3.3)
z—0
Observe that
lim [lu(z,.) = flle
z—0

0
— : vy o 7 _
- ks (o 31) £
0
— 3 Y a 7 _
= tim e |2 (= 5) 1|
But hmHIE]7 x® E 71’ =0 by Remark 2.9 and f € C[0,T] proves (3.3). O

Now, some of the special cases of the properties proved for UMLW-function are
shown.
Differential equation:
We illustrate the reducibility of the differential equation of Theorem 1.6 corresponding
to the special cases namely Garra and Polito’s function and Srivastava and Tomovski’s
function as follows.
(i) By taking 6 = 0, = r = 1 and replacing v by v+ 1, z by « in (1.11) we obtain
with z* = —7+, the equation

o—1 .

{ I [0+ 2 -1 9—1:*(9—1—1)}11}:07

i=0

where the solution w = E,,;,(z) = > Wgn-&-v) is Garra and Polito’s function.
n=0

(ii) The Srivastava-Tomovski’s function w = E!7(z) = Z 1“(&;11(/2)71' satisfies the

differential equation

=0 7=0
n (1.11), and 2* = ;—:z

o—1 . r—1 .
{ [T [0+2—1] 6—2*]] [9—1—“:‘7]}111:0, with substitutions 6 =0 and v =1
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Integral Operator:
(i) By taking § = 0,4 = r = 1 and replacing v by v+ 1, z by z in Theorem 1.9, we
obtain
M Z |)\|n )Re(u)+Re(o)n
< L7+ (on + )| (Re(v) + Re(o)n)’

which is a bound of 1ntegral operator of Garra and Polito’s function in Lebesgue

Measurable space.
(ii) In Theorem 1.9, on making substitutions § = 0 and v = 1, we find
M= Z Wral AP (b — a)Re()+Re(o)n
|F'Y on+v)| n! (Re(v) + Re(o)n)’

which is nothing but the Integral operator of Srivastava and Tomovski’s function [21

Theorem 2, Eq.(2.15)].

Eigen function property:
It is interesting to note that the substitutions § = 0, u = r = 1 and z = x in Theorem
. .

2.8, yields the eigen function property of the Garra and Polito’s function [10, Theorem

3.6, p. 776]
> an

E] o(2%) = Eyan(z®) = Y v

o0 e 2 T (an + 1)

with respect to the operator (*D%) 9.7
Following are the graphs of UMLW-function for the specific values of the parameters

involved.

(x), Graph C : Y%7, (1,2 2)
223

FIGURE 1. Graph A: exp(z), Graph B: E%,%
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300

1
110

1
FIGURE 2. Graph A : E}¥’ ’11(1,O;x), Graph B : E?'/’/(1,0;2),
3% 5.1,

NI pof—=

1
5014

2,1
%’1_’2 : (1,2,17)

Graph C : E (3,4;2), Graph D : Ei; L
27273

In the Figure 1, a graph of particular UMLW-function (Ei’i’i(lﬂ;x))
is compared with that of exponential function and ML-function in two param-
eters indicated by Graph C, Graph A and Graph B respectively. And in the
Figure 2, the graphs of certain specialized UMLW-functions are plotted. These
are indicated in Figure 2 as Graph A, Graph B, Graph C and Graph D. Click:
https://drive.google.com/file/d /0BwlylqnY QNxZbEJnc0JQdW5tNEOQ/view?Tusp=

sharing for more detail.

4. Conclusion

As a specific instance of the hypergeometric function ,F, if @« € NU {0}, the
new function defined in (1.5) may clearly be viewed as an extension of the Mittag-
Leffler and Wright functions (1 F, and ¢F,), reduced to the hyper Bessel function
ofFy. However, in the power series, ¢ in the second index and the summation index n
both go to infinity at this point. It’s also noteworthy to note that it solves an infinite
order differential equation, which may arise in the turbulence field or in a system
with an infinite number of degrees of freedom. Also, the integral involves this newly
defined UMLW function as a kernel is bouned in L(a, b). Notably, the specific instance
of this new function possessing an eigen function characteristic concerning the hyper
Bessel type fraction operators via which the infinite order evolution type problem is
formulated is also intriguing.
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On some coefficient estimates for a class
of p-valent functions
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Abstract. In this paper, we consider a class of p-valent functions. For functions
in this class we find sharp estimates for their first three coefficients. Upper bound
for the second order Hankel determinant is also obtained.
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1. Introduction

Let A(p) denote the class of functions of the form

flz) =27+ apppz”t* (1.1)
k=1
defined on the open unit disk 4 = {z € C: |z| < 1}.

Note that for p = 1 we obtain A(1) = A which is the class of analytic functions
of the form

flz)=2z+ Zakzk. (1.2)
k=2

Let P be the the well known Carathéodory class of functions consisting of func-
tions ¢ such that

g(z2) =1+ cnz" (1.3)
n=1
which are analytic in the unit disc U and satisfy Rq(z) > 0,2z € U (see [2]).
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The Hankel determinant of a function f, for ¢ > 1,n > 1 was defined by Pom-
merenke ( [12]), [13]), as

Qp, Ap+1 - - Gn+q—1
Ap+1 Ap+2 ... An+q
An+q—1 Gn+tq --- (n42¢—2

For our discussion in this paper , we consider the second order Hankel determi-
nant for the case g =2 andn=p+1

ap+1  Ap42

Hy(p+1) = pr2  Gpss

— 2
= Qp4+10p4+3 — ap+2.

Bounds for this determinant, for different classes of p-valent functions, has been
investigated by several authors, see [1], [4], [5], [10] to mention only a few.

In a recent paper, Gupta et al. [3] extended Marx-Strohhécker result [9], [14], to
multivalent functions f € A(p) (p > 2), by finding 8 and + such that

3?{Hzf”(z)}wézw% L’?>ﬂ=>%®>%zeu. (1.4)
f’(z) PP 1 ZPp

Starting from Marx-Strohhécker implication (1.4), we consider the following class of
p-valent functions.

Definition 1.1. A function f € A(p) (p > 1) is said to be in the class SQ(p) if and
only if

pzP~1

>0,z €lU. (1.5)

In this paper, for the class SQ(p), we obtain sharp estimates for the coefficients
Qp+1,apt2, Apr3. We also find an upper bound for the second Hankel determinant
In order to obtain our results we will need the next two lemmas.

Lemma 1.2. [[6], [7]] If the function p € P is given by (1.8), then
len] <2,m>1
20 =} +x(4—c}) (1.6)
des=c3 +24 —er —cr(4—)a® +2(4 — (1 - |z)*)y (1.7)
for some x,y with |x| <1 and |y| < 1.

The second lemma is a special case of a more general result due to Ohno and
Sugawa [11] (see also [8]).

Lemma 1.3. For some given real numbers A, B, C, let

Y (A, B,C) = max(|A+ Bz + C2*| + 1 — |2]%).
zelU
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If AC >0, then

, | Al +1Bl+C], 1B] >2(1—|C))
Y(A B,C) =
T 1+ A+ ———==, |Bl<2(1-]C)).
A+ e+ 1Bl <20-10)
If AC <0, then
BQ
1—[A4] +m7 —4AC(C~2—1) < B? and |B| <2(1—-1C))
Y(A,B,C) = B? . B
o 1+ |Al+ ———=, B? 4(1+|C))%, —4AC(C—2 — 1
+] |+4(1+|C|)’ <m1n{(+\ 12, ( )}
R(A,B,C), otherwise
where
|A[ +|B| —|C], |C|(|B] +4]A|) < |AB]
_ < -
ReA,B.cy = MIFIBIEICL o AB] < CIIB] = dlA)
(ICl+ |A|)m, otherwise.

2. Coeflicient estimates

In this section we obtain sharp inequalities for the coefficients ap1, ap42 and
ap+3.

Theorem 2.1. Let f € SQ(p) be given be (1.1). Then

4p
< —
|ap+1| =+ 1’
8p
< —
|ap+2| = p+2’
12p
< —.
lap+s| < p+3
Proof. Since f € SQ(p), we have that ple,gf)l € P. It results that there exists a
function ¢ € P such that
f'(z
sz*)l =q(z),z€lU. (2.1)

Equating the coefficients in (2.1), we obtain
2p

a = —72c
p+1 p+1 1,

2

2p 51
Api2 = m(@ + 5)’

Apt3 = (03 + 6102).

p+3
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4
Since ¢ € P we have |¢1| < 2 and thus |apt1] < % The inequality is sharp for
p

¢1 = 2. In order to obtain |a,2|, making use of Lemma 1.2 , we replace the coefficient
o from (1.6) and we get

p 2 2
= —(2 4 — <1.
Gp+2 p+2( ci+ (4 —cq)z), 2] <
Suppose now that ¢; = ¢ and 0 < ¢ < 2. Then
P 2 2 p 2 2 3p
a = ——|2¢{+ (4 —c))x| < ——=(2¢* +4—¢c*) < ——.
il = 25l2et + (4= cDal < L )<
The inequality is sharp for ¢ = 2.

Since apt3 = %(c;ﬁ—cl@), making use of Lemma 1.2 and replacing the coefficients
p
co and cg, given by (1.6) and (1.7) respectively, we have
3 3 2
Upis = ﬁ {; +2cz(d—c?) — (4 CQ)% F -1 - |x2|)y} .

In view of triangle inequality, after some calculations, we obtain

p(4—c?) 3c3 cx?
|apts| < b3 |2(4_Cz) +2Cx—7|+(1—|=’1”2|) :

To obtain the upper bound of |a,+3| we use Lemma 1.3 with

3c3 c
A=—"— B=2,C=—-.
204 — c2)’ “ 2
It is easy to see that AC > 0 and —4AC(C~2? — 1) < B2
The inequality |B| < 2(1 — |C|) holds true for ¢ < 2.

Thus, for the case ¢ € [0, %), we have

p(4 - ) B?
<—Y(A,B here Y (A, B =1- A+ ——~.
|ap+3| = p+3 ( ’ ,C) where ( ’ ,C) ‘ |+ 4(1_ |C|)
By replacing A, B and C' we obtain
A +6c%+8
Y(A7B7C) - ma

which implies

p 3 2
< — 6 8).
opsal < 5l (4 6 4 )
Let ¢(c) = ¢® + 6¢% +8,c € [0, 2) with ©'(¢) = 3¢(c+ 4). Since, ' (¢) > 0,¢ € [0, 2)
we get p(c) < 28,
148p

Therefore, if ¢ € [0, 2), we h = % +3)
erefore, if ¢ € [0, 5), we have |ap+3|_27(1?+3)

We consider now the case % < ¢ < 2 and we check the condition

B? <min {4(1+|C|*); —4AC(C™* - 1)} (2.2)
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from Lemma 1.3, which is equivalent to
2
4¢® < min {4(1 tet 04),302} .

2
Hence, for c € [57 2] the inequality (2.2) is not satisfied. We check now the conditions
for R(A, B,C) from the same Lemma 1.3.
2 2 2 2
It is easy to obtain that |AB| < |C|(|B| — 4|A|) for ¢ € |-, —]. For ¢ € [=, —] we
y [AB| < |CI(1B] ~ 41A]) for ¢ € [3, 2], For e € [£, ]
have Y (A, B,C) = R(A, B,C), where
10c — 4¢3
R(A,B,C) = ————
(A,B,0) = =

In this case,
Japss] < ﬁ(loc —4c%).
Let p(c) = 10c — 4c,c € | Then ' (¢) = 10 — 12¢2. Tt follows that p(c) is an

1087 2 2

33
37

increasing function, so p(c) < u(\%) 29 €€ [3 \f] We obtain
] < p  108V7
P43 49
p(4 — 2
Now, for ¢ € (%,2] we get, |api3] < %R(A,B,C), where

B2 24?16 — 2

Then,
P P )\/16—62
p+3 V3

lapts| < tc
We denote by n(c) = (c? +2)v16 — ¢2,c € ( } Then

736(10_6 ) >0, ce (2'2}

/716 — 02 = Y \/?a ’
which shows that 7(c) is an increasing function on (%, 2} and n(c) < n(2) = 12V/3.
Thus

' (c) =

lap-s| 12p
p+3 fp+3~
Finally, we get

0 y3] < max 148p  108V7 p  12p
Pl = 27(p+3)" 49 p+3 p+3

which implies

}7p> 1,ce[0;2]

12p

< —.
lap+s| < P+3
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The last inequality is sharp for ¢ = 2.
Now, the proof of our theorem is completed. O

3. Second Hankel determinant
In this section we find an upper bound for the second order Hankel determinant
Hy(p+1) = aps1ap13 — Gy .

Theorem 3.1. Let f € SQ(p) be given be (1.1). Then

16p?
|Ha(p+1)| < TESIEE)

Proof. Since f € SQ(p), from the proof of Theorem 2.1, we have

_ %
Ap+1 = P+ 1C,
2p c?
Qpi2 = m(@ + 5)7
. 14
(pt3 = 513 3(03 + co0).
Th
o 4p? 4p? c?
Ho(p+1)= —+——cleg +c2¢) — ——=(ca + —)
TERIEE) proE @ty
P

T r )22+ 3) [4c?cy —ct = (p+1)(p+3) +4(p+2)?|ccs —4(p+1) (p+3)c3].

Making use of Lemma 1.2, we get

4ctcy = 2¢* +2¢2(4 — A)x

4ck =t +2c2(4 — ) + (4 — 2)%a?

decz = +262(4 — ) — (4 — )2® +2(4 — A)e(1 — |x?)y,
where ¢ € [0,2], and |z| < 1,]y| < 1.

After lengthy calculations, we obtain

p2

Holp+1)| < ——————2c(4— ) {A+ Bx + Cz2 + (1 — |2?)},
Halp + )] € et = ) (1 - la)
where I
—c’(p® + 2p)
A:
2t 2id—c) <0
2¢
=—>>0
(p+2)?

A+ 1)(p+3)

¢= 2c(p + 2)2

< 0.
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In order to obtain the upper bound of |Hz(p + 1)|, we use Lemma 1.3 for the case
AC > 0. Since the inequality |B| < 2(1 — |C]) is satisfied, then we have

B2
Y(A,B,C) =1+ |A| + ———
( ) Al TEETe)
s c? A(p +2)%—2¢(p” +4p) (p+2)* +4(p* + 4p)(p + 1)(p + 3) — 16
2(p+2)2(4 — @) 2 —2c(p+2)2+4(p+1)(p+3) '
It follows that
2
p 2
Hy(p+1)| < ———2¢(4— A)Y(A,B,C
[Ha(p + 1) CENrEE) ( )Y ( )
2p%(4 — c?)c p?ct u(c)

p+1)(p+3)  (p+Dp+2°(p+3) v(e)
where
u(c) =*(p+2)% —2c(p® +4p)(p+2)> + 4(p*> + 4p)(p + 1)(p+ 3) — 16
and
v(c) =c* —2c(p+2)2+4(p+1)(p+3), c€0,2], p>1.

We observe that u(2) = 0 and u(c) = (¢ —2)[c—2(p* +4p —1)](p+2)2. Also v(2) =0
and v(c) = (¢ — 2)[c — 2(p* + 4p + 3)].
It follows that

2p%(4 — c?)c p?ct c—2(p*+4p—1)
et Dl e+ T o D) c— 207 +4p 4 3)
= P c 2(402)+036_2(p2+4p_1)]
S+ Dp+3) ¢ —2(p% +4p +3)
- r {20(4—c2)—|—c4 [14— 8 }
(p+1)2p+3) c—2(p%>+4p+3)

C4

c—2(p?+4p+3)’
Since f;(c) = 2(2¢3 —3c244) for ¢ € [0, 2], we have that f1(c) is an increasing function
and fi(c) < f1(2) = 16.

3 2
Further f3'(c) = C[C[S_C 2(}895]:_ Ip4—|]i ;:)]32) ] < 0, which shows that fa(c) is a decreasing
function on [0,2] and fa(c) < f2(0) =0, c € [0, 2].
Therefore

where fi(c) = 2c(4 —c?) + ¢t and fao(c) = c€10,2].

16p?
|Hy(p+1)| < TESIrE

The proof of theorem is now completed. O
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Abstract. In this paper, involving a convolution f * g, two classes of normalized
analytic functions f are defined. Showing an inclusion relation between these
classes, various sufficient conditions for functions to be in these classes are es-
tablished. In particular, varied forms of univalency conditions of the convolution
function f* g are given which lead to some univalency conditions of several linear
operators.
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1. Introduction
Let ‘H denote the class of functions analytic in the open unit disk
U={z:|z| <1},
and for k e N={1,2,...} and a € C, let
Hla, k| ={f eH: f(z) =a+arz" +ap12" + ..},

Let A denotes a class of functions in # [0, 1] of the form

f2) =2+ appa2"t (1.1)
k=1
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A subclass of univalent functions in A is denoted by S. Functions f € A is said to be
in the class §*, a class of starlike functions if

R (i{é?) >0 in U.

A convolution (Hadamard product) * of f € A of the form (1.1) and g € A of
the form

z)=z+ Z bk+1zk+1, (1.2)
k=1
is defined by
F2)xg(2) =2+ apprbera 2T = g(2) = £(2). (1.3)
k=1

Note that the convolution preserves the class A.

Several linear operators have been studied in Geometric Function Theory so
far, which are defined in the form of convolution, differential, integral, and fractional
differintegral linear operators. Some of the known linear operators for the class A,
are the Dziok-Srivastava convolution operator [5], the Srivastava-Attiya linear oper-
ator [19], the Jung-Kim-Srivastava integral operator (7], a multiplier operator [16]
and a fractional differintegral operator introduced by Owa and Srivastava [10]. The
convolution representation of these operators may be given as follows:

The Dzoik-Srivastava operator [5]: ,H, ([a1]) : A — A is defined by

pHy ([a]) f(2) = 2z pFy(an, ... ap; i, -y Bgs 2) x f(2) (1.4)
where
[e%s} H (ai)k Zk
qu(ala ey Qipg ﬁla [EES) Bq; Z) = Z lzlig
k=0 l:[l(ﬁi)k '
(p<q+1,p,geNy=1{0,1,2,..} ,a;, 5 € C (8 # 0, - ,);2 € U)

is the generalized hypergeometric function ([12, p. 19]). The symbol (A),, is the
Pochhammer symbol defined by

FrA+k
V), = (F&)) AN A +2) A+ E—1), kEN;(A), = 1.
The Srivastava-Attiya linear operator [19]: J, : A — A is defined in terms of
generalized Hurwitz-Lerch Zeta function ¢ (b, a, z) [20] by

Japf(2) = Gap(2) * f(2), (1.5)

where

Gapl®) = (B41)" (96,0,2) —b7) ==+ 3 (ZIi) -

(be(C(b;éo,—l,—Q,...),ae(C;zeIU).



Some classes involving a convolution of analytic functions 221

The fractional integral operator D * of order u (u > 0) for the function f € A
is defined by (see [9])

DM f(z) = F(lﬂ) /(z 4 (zew),

where the multiplicity of (z —¢)"~" is removed by requiring log (z — t) to be real
when z —¢ > 0. Also, the fractional derivative operator D2 of order A (A > 0) for the
function f € A is defined by

1 d [ i) <
DX f(2) = TN d= bf G dt (0<A<1),

LDX"f(2) (n<A<n+1,n€eNy=Nu{0}),

where the multiplicity of (z — t)f/\ is understood similarly.
Owa and Srivastava [10] introduced a fractional differintegral operator

WA= A(—0<A<2)
by
M f(z) =T (2-XN)*D}f(2) (=€),

where D2 f(z) is, respectively, the fractional integral of order A( —oo < A < 0) and a
fractional derivative of order A (0 < A < 2). The operator Q2 for the function f € A
is given in the form of convolution by

QM f(2) = z2F1 (2,1;2=X2) % f(2) (~oo< A< 22€0). (1.6)

The Jung-Kim-Srivastava integral operator [7] @5 : A — A (a > 0,7 > —1) is
defined by

i) = (17 )2 / <1i>a_1t“f(t)dt (zeD)

v 27
0
which can also be expressed as follows:

Qyf(2) = z2F1 (v+ 1L La+y+1;2)x f(2). (1.7)

The multiplier operator IY’,, : A — A, recently studied in [16] (see also [15, 18])
is defined forme Z =4...,—2,-1,0,1,2,..} ,u > =1, A > 0, by

f(Z), m:O,
S m _
T f =4 EETS I A mez = {122,

At d (z%*ljﬁjl f(z)) . mezt={1,2..)
(1.8)

Tl (2) = @%, (2) * f(2), (1.9)
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where
= Ak — 1))’” .
O (2) = 1+ —-—= 2",
L= (155
Let f and g be analytic functions in the unit disc U. Then we say that f is
subordinate to g, and we write f < g if there exists a function w analytic in unit disc
U, such that
w(0)=0, |w(z) <1 (z€)
and
f(z) = g(w(2)),V z € U.

In particular, if g is univalent in U, then we have the following equivalence:

f =<9 f(0) =g(0) and f(U) C g(U).
In [6], Janowski introduced the class S*[A, B] of functions f € A satisfying the

condition:
zf'(z) 14 Az

f(2) 1+ Bz
Geometrically, the above subordination condition means that the image of the unit

(-1<B<A<1;2€0).

disc U by the function Z]{é;) is in the open disc whose endpoints of the diameter

are 1=2 and ﬂ'—g (in case B # —1) and in the positive half plane R (i{ég?) >

154 (in case B = —1).

For particular values of A, B, we get S*[1, —1] = S*, a class of starlike functions,
S*[1 —2a,—1] = S* (a) (0 < @ < 1), a class of starlike functions of order «;
S*[1 — «,0] = S% and S*[a, —a] = S*[a] (see [2]).

On using convolution, we define following subclasses of the class A:

Definition 1.1. A function f € A is said to be in the class S*[u,g; A, B] if for
-1<B< AL 1,u2—1andf0rsomeg€AWithO7é(f*i¢ € C, it satis-
fies

1+ Az

5 41 /
((f*g)(Z)) (f*9) (2) < 5, (€0, (1.10)

where only principle values of the exponent function are considered.

Remark 1.2. Let =0 and ¢ (2) = % (2 € U), we get S* [u, 9; A, B] = S* [4, B].

1—=

Remark 1.3. If we put =0, g(2) = 775z (? € U)and A =1-2a,B = —1in
S* [u, g; A, B] then we obtain the class K(«) convex functions of order « studied by
Robertson [17].

Definition 1.4. A function f € A is said to be in the class B (g, u; ) if for % <p <1,
u > —1 and for some g € A with 0 # M € C, it satisfies

((f*;)(z))qul (fx9) ()-8

where only principle values of the exponent function are considered.

<B(z€l), (1.11)
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Example 1.5. The following example p = 0, f(z) = ﬁ and g (z) = 7% satisfies
the conditions of Definitions 1.1 and 1.4.

In particular, 8* [, ¢;1,0] = B (g, 15 1) .

Remark 1.6. If 8 = 1 and p = 1, the class condition (1.11) for the class B (g, u; 3)
provides a univalency criterion for the functions fx*g according to Ozaki and Nunokawa
[11], see also [1, 4].

In this paper, for a certain function g € A, involving a convolution f x g, two
classes S* [u,g; A, B] and B (g,u;8) of f € A, are defined. Showing an inclusion
relation between these classes, various sufficient conditions for functions to be in
these classes are established. In particular, varied sufficient conditions for univalency
of the convolution function f * g are given which lead to the univalency conditions of
various known linear operators.

2. Main results

We first prove an inclusion result for the classes S* [u, g; A, B] and B(g, u; 8)
which is as follows:

Theorem 2.1. Let f e A and 0< B< A<, % < B <1 be such that
A<2B(1-8)+28-1. (2.1)
Let the classes S* [u,g; A, B] and B(g,u; B) be defined, respectively, by Definitions
1.1 and 1.4.Then
S [ 9; A, B] C B(g, 15 8) .-
Proof. It f € 8*[u,g; A, B], then there is a Schwarz function w analytic in U with
w(0) =0 and |w(z)| <1 (z € U), such that

<(f*g)(2’)> (Fxa)( )71+Bw(z) (z€T). (2.2)

Hence, for the given hypotheses (2.1) and for this Schwarz function w given by (2.2),
we get

z ptl , (A—B)w(z)
) (Fe z—6=‘1+—6
‘((f*g)(Z)) (ol ) I+ Bu(:)
A-B
1 -8 <
< l+T—p-B<b

which implies that f € B(g, u; 8). This proves Theorem 2.1. O
Example 2.2. The following example p =0, f(z) = z + é and g (z) = = satisfies

the condition of Theorem 2.1.

In view of Remark 1.6, for § = 1 and g = 1, Theorem 2.1 provides following
univalency condition for the convolution f * g:
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Corollary 2.3. Let f € A and let for some g € A with 0 # (fLZ)(Z) eC,

z ’ / 1+ Az .
((f*g)(z)> (F*9) ()< ;o f; O<B<A<Lzel).

Then f * g is univalent in U.

Now, we prove certain sufficient conditions for functions to be in the class
S* (1, g; A, B], for this, we apply the method of admissible function used in the fol-
lowing lemma which is the special case of the result [8, (ii) Theorem 2.3h, p. 34].

Lemma 2.4. [8, (ii) Theorem 2.3h, p. 34] Let Q be a subset of the complex plane C
and let an admissible function v : C?> x U — C satisfies the condition

Y(Me mMe; z) ¢ Q
forreal M >0 and m >k > 1 and z € U. If the function w € H [a, k], then
P(w(z),zw'(2);2) € Q= |w(z)| < M (2 €U).

Theorem 2.5. Let f € A and let for some e Rm>1, —-1<B<A<LI,
(A — B)me®
(14 Aei?) (1 + Be?)
If for some g € A with 0 # (f*g)/(z)-% eCinU,
"

)

1+ > 1. (2.3)

z(f*g) (2) z2(fx9) (2
e e - | < 24
then f € 8* [, g; A, B].
Proof. Let )
z pot ,
p(z) = ((f*g)(z)) (f*9) (=) (255)
and w € H [0,1] be defined by
W) = g GED), (2.6)

then w is analytic in U. To prove the theorem we only need to prove |w(z)| < 1. For
this purpose, we define an admissible function ¥ : C? x U — C by

(A—B)s
(1+Ar)(1+4 Br)
where r # —%, —% (in case A, B # 0). Then, from (2.3), we have

¥ (eie,mew;zﬂ > 1. (2.8)
Differentiating equations (2.6) and (2.5) logarithmically, we obtain

U(r,s;2) =14+ (-1<B< AL, (2.7)

W) (A-B)z'()

o T YT 0 dw) O 1 Bu) (2.9)
_ 2 (fx9)" (2) z2(fx9) (2)
RRTETHC “"“){1 (F+9) ) }
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Let  be a subset of the complex plane C such that in C\ €2, the admissible function
U satisfies (2.8). Hence, Lemma 2.4 for the case M = 1 reveals in view of (2.7), (2.9)
and (2.4), that

|V (w(z2), 2w (2);2)| <1=|w(z)] <1 (2 €U),

which proves that

(2) < 1+ Az
P 1+ Bz’

and hence f € §* [y, g; A, B]. O

Theorem 2.6. Let f € Aand -1 < B< AL, let

)\:{ Aps AB<Owith [(A+B) (1+ 45)| <4 (2.10)
(THANCED yAB 20
If for some g € A with 0 # (f x g)’ (2) - (f*g ) eCin,

2(F*9)" () fioseaa)

0 ) +(p+1)41 Frg) @) S| = (2.11)

then f € §*u, g; A, B].
Proof. To prove the result, we define an admissible function ¢ : C2 x U — C by
o (r,s;2) =V (r,s;2) — 1, (2.12)
where W (r, s; z) is defined by (2.7). Then for some 6 € R and for some m > 1
(A — B)me®
(14 Ae??) (1 + Be?)
(A—B)m
(14 Ae)[[(1+ Be®)|
(A-=B)m
V1+ A% +2At-/1+ B?+2Bt
(A—B)m
h(t)
where ¢t = cosf € [—1,1]. Observe that

{¢ (eiﬂjmeie;z)‘

hi<{ A+AA+B), H0<B<A<,
R Sl 1-4)@0-B), if —1<B<A<LO,
Hence,
i A-B
¢ (e”,m > if AB > 0.
o )z (1+A}) (1 +1B])’

Further, if -1 < B <0 < A <1, ie. if AB < 0, then the function h(t) attains its
maximum value at

(A+ B)(1+ AB)

= —
41AB

€ [-1,1].
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Hence, if AB < 0 with the condition: 4AB < (A+B)(1+AB) < —4AB or equivalently,
((A+B) (1+ 55)| <4,

h(t) = (A-B)(1-AB)
B 2./A|B]
So,
, 4 2\/A|B| . ) 1
0 0. > _— < 4.
‘(b(e ,me ,z) > 1—AB’1fAB<OW1th ‘(A—i—B) (1+AB)‘_4
Hence,

’qb (ew,mew; z)’ > A\, (2.13)
where A is given by (2.10). Thus, in view of (2.12) and for p(z) defined by (2.5), we
get from (2.9),

w(z), zw'(2); 2 7' (2)
o) @il = [ZE (2.14)
2(f+g) (2) _2(fx9) (2)
(/+9) (=) “‘”“){1 (/9 () } |

Let A be a subset of the complex plane C such that in C\ A, the admissible function
¢ satisfies (2.13). Hence, applying Lemma 2.4 (in case M = 1), from (2.14) and (2.11)

|6 (w(z), 20 (2);2)] < A= w(2)| < 1 (2 € 1),

which proves
(2) < 1+ Az
z .
p 1+ Bz

This establishes Theorem 2.6. O

From Theorem 2.1 and Theorem 2.6, we obtain following result.

Corollary 2.7. Let fe A and0< B < A<, % < B <1 be such that
A<2B(1-B)+28—1. (2.15)
IfforsomegE.Awith%#OinUandforuZ—l,
2(f*9)" (2) { Z(f*g)’(Z)H A-B
_— 1)1 — U 2.16
Fro e TN T e ST araars B B9
then f € B(g, u; B)-

Proof. Applying Theorem 2.6 for 0 < B < A < 1, we get f € §*[u,g; A, B] if and
condition (2.16) holds, and from Theorem 2.1, 8* [u,g; A, B] C B (g, u; 8) if (2.15)
holds. Hence, this proves the result. O

Example 2.8. The following example p = 0, f(z) = z + % and g (z) = 7% satisfies
the condition of Corollary 2.7.

Again, in view of the Remark 1.6, for 5 = 1 and pu = 1, above Corollary 2.7
provides the following univalency condition for the convolution f * g:
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Corollary 2.9. Let f € A and 0 < B < A < 1. If for some g € A with
0#(7+9) (1) LI c ey,

2(fx9)" (2) 2(fx9) (2) A-B
0 () ”{1 (F+9) () H<<1+A><1+B>

then f * g is univalent in U.

Also, for the special values: A =1 — 2« (O <a< %) and B = —1, Theorem 2.6
provides following result:

Corollary 2.10. Let f € A and 0 < a < %, w > —1. If for some g € A with

0% (f+9) (2)- <f*g><2>

2(fx9)"(2) Z(f*g)'(Z)H<m
(fx9)(2) (f*9)(2) 1-a

((f*g)(2)> (fx9) (2) = T (2 €U).

In our next result we give some more sufficient conditions for the class S* [u, g; A, B]
in case B = 0.

Theorem 2.11. Let f € A and let 0 < A < 1. If for some g € A with
xqg) (2
0% (72g) (5)- LHIE

in U, any one of the following conditions holds

((f * ;) (z))MH (f*9)(2)
{(f*g)/(z) + (u +1){1_Z(f*9)/(Z)}H
A

(z € U),

e Cin,

(€ U),

+(u+1){1

then

(f*9) () (f+9)(2)
< A (z€0), (2.17)
|<(f*g)(2))”“ 1
z (f*9) ()
2(f+9)" (2) 2(fx9) ()
{ U9 () ”““){1 9) () }”
A
iRk Uk i 1| D R

+1 ,
(W)# (fx9) () -1 1+A

then f € 8*[u,g; A,0].
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Proof. Let p(z) be defined by (2.5). Then p € H][1,1] and by the hypothesis
0 # p(z) € Cin U. Then from (2.9), we obtain

z ptt
6= () G0
(f*9)" () 2(fx9) (2
[(f*g) ) ”"“){ 90 H (2.20)
f* ptd 1
21) Fro) (22
(f* "), 2(f*9) (2
[(f g)(z) rern{1- ]
and
we) e e msel o,

PALE =D () e )1

where in (2.22) the singularity of the function at z = 0, is being removed by the
numerator. To prove the result, we use the similar method used in the above proofs
of Theorems 2.5 and 2.6 for the case if B = 0. Let u(z) be defined by

p(z) =1+ Au(z). (2.23)

Then 4(0) = 0 and now we prove |u(z)| < 1 in U. For this, we may define admissible
function 7; : C? x U — C for each i = 1,2, 3, by

m (r, s;z) = As, (2.24)
As 1
n2(r78’z)_m (T%—A),

and
s

773(738;2)=m (T#Q—;).

Then for some 6 € R and for some m > 1,

’m (ew,mew; z)| =Am > A, (2.25)
A
o (6, me:2)| = — 20> A (226)
|1+ Ae®| (1+A4)
and
m 1
> . 2.27
|773 (’I" 53 Z)| |1+A610| 1_|_A ( )
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Then from (2.23)

2 (2) = zAW(2), (2.28)
zp’(z) _ ZAu/(z) (2.29)
(p(2))* (1+ Au(2))®’
Zp/(z) _ Zu’(z)
p(2)(p(2)—1)  (1+Au(z)u(z) (2.30)

Let for each i = 1,2, 3, ; be a subset of the complex plane C such that in C\ €;, the
admissible function 7); satisfies for each ¢ = 1,2, 3, the conditions, (2.25), (2.26) and
(2.27). Hence, by Lemma 2.4 for M = 1, in view of (2.20), (2.21) and (2.22), from the
conditions (2.17), (2.18) and (2.19) and using the values (2.28), (2.29) and (2.30), we
get

20 (2)] < A= Ju(z)] < 1,

m (u(z), zu'(2); 2)]

e (02,252 = | | < e el < 1,
e (i) = | s G <1
This proves the Theorem 2.11. O

Using Theorem 2.1 for the case B = 0, we obtain following result from Theorem 2.11.

Corollary 2.12. Let f € A and let % <B<1,0< A<L28—1.1If for someg € A
with 0 # (f *g)" (2) - U=9)2) ¢ C in U, any one of the conditions (2.17), (2.18) and

z

(2.19) in Theorem 2.11 holds, then f € B (g, u;f) .

In addition to the Corollaries 2.3 and 2.9, Corollary 2.12 provides for § = 1 and
=1, the following univalency condition for the convolution function f * g.

Corollary 2.13. Let f € A and let 0 < A < 1. If for some g € A with

0#(fr9) (- L2 ccin,

z
f * g satisfies any one of the following conditions:

2(fg) () ((f *a) (2) (f+0) ()
(Fr9) (2)? ( 9 () “{1 ([+9) () })

<A (z€l),

(f9)(2)* (2(f*9)" (2) _2(f*9) (2) A
s (750 ) w2{1- S }>’ Saray €Y
2(f*9)" (2) +9 {1 _ Z(f*g)’(Z)}
(f*9)"(2) (f*9)(2) 1
2(fx9) (2) _ 1 1+ A4 (Z € U)a

((f*9)(2))*
then f * g is univalent in U.
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Remark 2.14. For A = 1 and g(z) = % (2 € U), above Corollary 229 coincides with
the result [13, Corollary 3.2, p.361] for a function f € A, and with the result [14,
Theorem 1, p. 2135] for the function f(z) = K, (%), where K, .(z) is a normalized

form of generalized Bessel function defined in [3, 21] by

o/ _enk—1 L
_ () 2 I
K%C(Z)iZJrkZ:Q(V-i-l)kfl ) (ceC,veR, v#-1,-2 ..:2€U).

3. Concluding remark

By considering special form of the function g, from our main results, we may
obtain results involving several linear operators of the class A, some of the known
linear operators are mentioned in the Introduction section. We give here only the
results giving varied univalency conditions of the Dzoik-Srivastava operator by taking
9(z) = z Fy(a1,...,0p; 01, ..., Bg; 2). Results giving univalency conditions of other
linear operators mentioned in the Introduction section may similarly be obtained
by taking g(z) = Gap(2), z 2F1 (2,1;2—=X;2), z oF1 (v+1,1;a+v+1;2) and
oy, (z), respectively, in the Corollaries 2.3, 2.9 and 2.13.

Corollary 3.1. Let f € A and ,Hy ([a1]) f be defined by (1.4) with
04 w eCinU.
If

14+ Az
1+ Bz

<qu([041])f(Z)> (pHq ([0a]) f) (2) <

then ,Hgy ([ou]) f is univalent in U.
Corollary 3.2. Let f € A and ,Hy ([a1]) f be defined by (1.4) with

0 # (ot (fon) 1) () - 2B ¢y

(0K B<A<L1;2z€U),

If

2 (pHq ([a]) )" (2) _ 2GHe ([ea]) ) (2) A-B
(pHq ([a]) ) (2) . {1 pHq ([]) f(2) }’ S+ A+ B)
(0<B<A<1;z€U),
then ,Hgy (Jou]) f is univalent in U.

Corollary 3.3. Let f € A and ,Hg ([on]) f be defined by (1.4) with
0# (pHqy ([ea]) 1) (2) - w

If for 0 < A < 1;z € U, any one of the following conditions:

2 (pHy ([on]) ) (2) (2 (pHy ([en]) /)" (2) _ 2GHy ([ea]) ) (2)
(pHy (1) £(2))? <(qu([a1])f)'(Z) +2{1 pHq ([ea]) (2) }>

e CinU.

< A,
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(o Hy ([a1)) f(2))?
!
22 (pHq ([c1]) ) (2)
A
(1+A4)%
2 Hy (o) )" (2)  2GHy () (2)
o Hy (oD () *2{1 W H, (o) F(2) } 1

@ S1raA
G Hy(lon) F())°

holds, then p,Hy ([ou]) f is univalent in U.

2 (pHy ([ea]) )" (2) 2 (pHy ([en]) N (2)
((qu([al])f)/(z) +2{1 pHq ([aa]) f(2) }>‘
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Existence results for a coupled system of
higher-order nonlinear differential equations
with integral-multipoint boundary conditions
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Abstract. In this paper, we establish the existence and uniqueness criteria for
solutions of an integral-multipoint coupled boundary value problem involving a
system of nonlinear higher-order ordinary differential equations. We apply the
Leray-Schauder’s alternative to prove an existence result for the given problem,
while the uniqueness of its solutions is accomplished with the aid of Banach’s fixed
point theorem. Examples are constructed for illustrating the obtained results.
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1. Introduction

The topic of boundary value problems is an important area of investigation in
view of extensive occurrence of such problems in several diverse disciplines. Examples
include conservation laws [8], nano boundary layer fluid flow [4], magnetohydrody-
namic flow [18], magneto Maxwell nano-material [19], fluid flow problems [28], cellular
systems and aging models [1], etc.

Much of the literature on boundary value problems includes classical boundary
conditions. However, these conditions cannot model the physical and chemical pro-
cesses taking place within the given domain. In order to cope with this situation, the
concept of nonlocal conditions representing the changes happening at some interior
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points or sub-segments of the given domain was introduced. One can find the details
and applications of nonlocal boundary conditions in the articles [14, 11, 22, 16, 24, 15]
and the references cited therein.

Integral boundary conditions serve as an effective tool in the mathematical mod-
eling of the problems arising in the flow and drag phenomena in arteries [27], heat
conduction [9, 20, 10], biomedical CFD [23], etc. In fact, these conditions provide
a practical approach to fluid flow problems with arbitrary shaped blood vessels, for
instance, see [25]. For the boundary value problems involving integral boundary con-
ditions, for instance, see the papers [26, 21, 3, 7, 2, 6, 5, 13].

In [3], the authors obtained some existence results for nth-order ordinary dif-
ferential equations and inclusions supplemented with nonlocal multi-point integral
boundary conditions:

ul™(t) = f(t,u(t), ut™(t) € F(t,u(?))),t € [0,1],
_5/ s)ds, u'(0) =0, u”(0) =0,...,u""2(0) =0,

au(l) + fu'(1 z%/ s)ds, 0 <E<P1 < Pa<...<fBm <1,

where f : [0,1] xR — R is a given continuous function, F : [0,1] xR — P(R), P(R)
is the family of all nonempty subsets of R, and «, 5, v, 6, & B; (i =1,2,...,m)
are appropriately chosen real constants.

In this paper, motivated by [3], we formulate and investigate a boundary value
problem for a coupled system of higher-order nonlinear differential equations comple-
mented with coupled integral-multipoint boundary conditions given by

u(”)(t) = f(t,u,v), p(m) (t) = g(t,u,v), t €10,1],
§
w(0) = 5, /O o(s)ds,  w(0)=0, w'(0)=0,.... u2(0)=0,
v(0) = 8, /5 u(s) ds, v'(0) =0, 2"(0)=0, M2 (0) =0
0 . 5 . (1.1)
)+ G/ (1) = Yo [ vl + Y wron),
v s T
eav(1) + v’ (1) = Z Ai/o u(s)ds + Z@u(nj),

where 0 < £ < B1 < Ba < ... < Bp < m < 1m2 < ... < g <1, 01,00,€1,€3,
¢y Cosvis Viswi,w; € Ryi=1,2,...,p,j =1,2,...,q and f,g:[0,1] x R* — R are
given functions.

The objective of the present work is to develop the existence theory for the
problem (1.1) by applying the standard fixed point theorems. The outcome of the
proposed work will be a useful contribution to the existing literature on nonlinear
differential systems supplemented with coupled nonlocal integral boundary conditions.
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The rest of the paper is arranged as follows. In Section 2, we prove an auxiliary
lemma related to the linear variant of the problem (1.1). The main results for the
given problem are proved in Section 3. Section 4 contains examples illustrating the

main results.

2. An auxiliary lemma

In the following lemma, we solve a linear variant of the system (1.1) and use it
to convert the problem (1.1) into a fixed point problem.

Lemma 2.1. Let (J1 Ky — JoK;) # 0, (1 —616262) # 0 and y1,y2 € C([0,1],R). Then,

the linear boundary value problem

W) =yi(t), o) =we(t), te0,1],
€
w(0) = 5, /0 o(s)ds,  W(0)=0, u'(0)=0,..., u"2(0)=0,
3
v(0)252/ u(s)ds, ' (0)=0, v (0)=0,..., v™2(0)=0,
0 » : q (2.1)
eru(1) + G (1 Z o [ ot + S,
e2v(1) + (v'(1 Z / | (3)d8+zw/\ju(ﬁj)’
s equivalent to a pair of integral equations
t 9
(t—s)™
Z/l s)ds + N1 (t y2(s)ds
- [T [
j(e »
+No(t) ;!8 y1(8)ds
0 14 B (B q ’7;‘( )m—l
; s)ds wi [ TS (s)ds
+Ns<t>[;%o/ TR CCLEDY / (e
1
- [ a9 Gt D]
0
/4 B (ﬁ q )n—l
—H\Q(t)[; Z-O/ - ds—}—jz_:leb/ ol y1(s)ds
1
- [ - 9+ Gl = o], (22
0



B. Ahmad, S. K. Ntouyas, A. Alsaedi and A. B. Wali

(m— 1)1 72

t 3
(t—s)m" E—9s)™
v(t) = ——————yo(s)ds + N5(t) | ——y2(s)ds
0/ 0/

where

Ni(t)
Ny(t)
N7 (t)

Ay

Ao

A10

n!
0
+N7(t)[zp:,y_7(ﬂ ds+zw /-)_1y2(s)d5
=1} m! ’ - 1!
1
1 n—2
_/ ( T 8)1)' [e1(1—8)+ Ci(n— 1)}y1(3)d3}
0
b g
+N8(t)[z Ai/ oy s)ds + ij/ — — 1 (s)ds
=1 J
1
1— m—2
_/ ((m i)ly [e2(1 = ) + Ga(m — D)]ya(s )dS} (2.3)
0
A+ Ast™h, No(t) = A+ Aet™ ™", Na(t) = Az + Aqt" 1,
Ag+ At Ns(t) = Ag + Aat™ ", No(t) = Ao + Agat™ !,

Aqr 4 Agst™ Ng(t) =

Agg 4+ Agst™

pa(no €M K1 + m61(52£n+1K2) — pe(n61€™ Ty + m(5152£n+1j2)

p1+

ps(N61E™ K + mé1826" T Ko) —

M(1 — 616262)mn

p7(n51§mJ1 =+ m6152§”+1.]2)

P2 M(l —51(5252)77,

(n51§mK1 + m61§2§”+1K2)
M(l — 515262)77171 ’

(pa K2 — peJ2) A —
M » =6 M

Ay =

(n51£WJ1 + m5162§"+1J2)

(ps K2 — p7J2)

(n5152§m+1K1 + m61§"K2) —

M(l — 515262)77171 ’

K> J2

) A7:M7 Aszﬁv

pe(nd1626™ 1 J1 +mé1€" J2)

p3+p4

M(l — 515252)77%71

p5(nd1026™ T K1 4+ md1€" Ka) — pr(nd1626™ T I + mé1€" J2)

p1+

M(l — 51(5252)’”@1@

)

)

)
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A N (n51(52£m+1K1 + m51§”K2) Avy —
" o M(l - 5152{2)7’117’1, ’ 2=

(nd1026™ 1 + mé1 €™ J)
M(l — (515252)7’17,” ’

K1 — peJ K1 — prd K J
A = efazpe) STE D py = eFamerh) ST L, Ais=57 Aw= 75
_ 1 o A2 o Bz _ BngfC&
P e PP T T 6002 PP T T 5002 P T 1 — 50062
Dy - Ay _ B:Er - I B - Ay
Pe = A 5,2 P T 1 60,2 T T T 5100620
6 5 n+1 —6 nD
o= % 26Dy | b Gi(n 1),

n(l — 51(5252)

51026 — 626" ey
n(l — 61(5252)

_ 01€"(626D1 — &) _
S = m(1 — §102€2) +Ds, Ko =

+ By,

o (51€m(52£€2 — Fl) . _
Ky = —m(175152€2) +D2, M = J1 Ko J2K1,

P q p q
B -
Dy = E viBi + E w;n;, D2 = E Vi —+ E winy*
i=1 j=1 i=1 Jj=1

P q P n q
D LT RS i R Y (2.4
i=1 j=1 i=1 j=1

Proof. Solving the system of ordinary differential equations in (2.1), we get

G .
u(t) = A W%(S) S+co+cit+...+cp_1t" T,

(t _ S)m—l 1 (2 5)
t) = - ds+byg+bit+ ...+ b1t
o(t) /0 (m—1)! yo(s)ds + by + bt 4 ... + 1
where ¢;,b; € R, i = 0,1,...,n — 1,m — 1, are arbitrary constants. Making use of
the conditions u'(0) = 0, v”(0) = 0,..., =2 (0) = 0 and v'(0) = 0, v"(0) = 0,...,
v™=2)(0) = 0 in (2.5), we get ¢; = 3 = ...,cpo =0,bg = by = ..., b1 = 0. In

consequence, (2.5) takes the form

t n—1
t_
u(t):/o 7( 5) ! yl(s)ds—i—co—i—cn,lt”_l,

n—1
— ! (t(_ S)m?_l d b b m—1 (2 6)
’U(t) = o WyQ(S) s + o0 + mflt .
3 13
Using (2.6) in the conditions u(0) = 1 [ v(s)ds and v(0) = d2 [ u(s)ds, we get
0 0

(2.7)

)

13 _\m
co =01 / 7(6 mT) yo(r)dr + 0160 + 61bpm—1
O .

2|73
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and

¢
bO = 62/ (5 ;L'T) Y1 (’I“)d’l“ + 60525 + Cnflég%. (28)
0

Now, inserting (2.6) in the conditions:

p Bi q
eu(l) + G’ (1) = 35 / o(s)ds + 3 wio(n),
i=1 =1

0

P 8; q
ev(1) + o' (1) = Zf?z/o u(s)ds + Z@u(m),
i=1 =1

we obtain

co€1 + cn—1ler + CG(n—1)] + /0 (1- s)"—2[61(S—f))!+ ¢i(n—1)]

= by [Z%ﬁﬂrzwﬂb] + b1 [Zv

+ Z’yi/o ' %f)my2(s)ds + ZOJJ‘ /Onj %yg(s)ds, (29)

y1(8)ds

bo€a + bp—1]e2 + Ca(m

P q r.opgn &
Foa n—1
E § wji| +cn-1 E i + E Wi,
i=1 j=1 i=1 j=1
p q ; —
B e
i 7y (s)ds + w-/ —————y1(s)ds. (2.10)
; 0 n! ' Jz::l " Jo (n—1)! '

We can express equations (2.7)-(2.10) in the form

co — Azby — Azby—1 = Ay,

—Bacg + by — Bsen—1 = By,

Cico — D1bg + Cocp—1 — Daby—1 = D3 — Cs,
—Fico + Erbg — Facp—1 + Eoby,—1 = F3 — Es,

(2.11)

where Dy, Do, F} and Fy are given in (2.4) and
€

A = 51[/%%(”%}’ Ay = §1€, As 25157

n

0
€

B = 52[/(5"") p()dr|,  By=0¢  By=b,
0
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Ci = e, Co =e€1 +(i(n—1),
1 —8)" 2[e(1—s 1(n —
oy = /0(1 ) [((nl_l))"FC( 1)}y1(5)d8’
_ _ gym-1
Dy = Z%/ ds+z%/ 7’_)1)!y2(s)ds,
E; = e, Ey = €3 + (a(n — 1),
By = /0(1_3)m— [62((1:3'_'—@(”1_1)]y2(s)ds, (2.12)

n—1

[P (B (1 —9)
B = ;’yi/o - ds—!—ij/ wyl(s)d&

Solving the first two equations in (2.11) for ¢g and by in term of ¢,,—; and b,,—1and
using the notation in (2.12), we obtain

co = G1 + Gaby—1 + Gsep_1,

(2.13)
bo = Hi + Hobp,—1 + Hzcp—1,
where
A Ao B A AsB AB B
G A G A o A BBy
Ii 5 ! 5 ! ! (2.14)
Hy =22 27 H3:*37 rp=1— 010262
T1 T1

Substituting the values of ¢o and by from (2.13) in the last two equations of (2.11),
we get

Cn—1J1 — bpm—1J2 = J3,
{ a1 K1 — b1 Ky = K, (2.15)
where Jy, Ja, K1, Ko are given in (2.4) and
A1(BxD1 — Ch) + B1(Dy — AxC
Iy = 1(B2Dy 1) 1(D1 21)+D3_03’
1
Ay(ByEy — Fy) + By (E; — AyF (2.16)
— + J—
Ky — 1(B2Ey 1) 1(E1 21)+E3—F3.
T1
Solving the system (2.15) for b,,—1 and ¢,_1, we find that
L JsKa = DK,
"L Ky — DKy
(2.17)
J3K1 — J1K3
bm—l =

J1 Ky — oKy
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Inserting (2.17) in (2.13), we obtain

G1(J1 K2 — Jo K1) + Go(Js K1 — J1K3) + G3(J3 K2 — J2 K3)
LKy — JoK) ’

Co =
(2.18)
Hy(J1 K2 — J2 K1) + Ha(Js Ky — J1K3) + Hs(Js Ko — J2K3)
JiKs — J2 K1 '
Substituting the above values of ¢,_1, byn_1, co and by into (2.6) together with the
notation (2.4), we obtain the solution (2.2) and (2.3). One can obtain the converse of
the lemma by direct computation. O

bo =

In the sequel, we set
N; = max |N;(t)],i=1,2,...,8,
t€[0,1]
§m+1 £n+1

1= (m+1) 102 = (n+1)

Bt 1] [SY (2.19)
Zl’yl m+1)! +Z‘J| U4:<711!+(n11)[>’
| n+1 + |A| _ @‘F |<2|
Z% +1 Z jn" 7%= \ml (m—-1)!)"

where N;(t),i =1,2,...,8, are given in (2.4).

3. Main results

In the forthcoming analysis, we need the assumptions:

(H1) There exist real constants m;,n; > 0,5 = 1,2 and mo > 0,79 > 0 such that
Vu,v € R,

[f (&, u, )| < o + M ful +malvl,  [g(t, u, v)| < Ro + D ful + 1z v;

(Hs) There exist positive constants ¢; and fs such that, V¢ € [0,1] and u;,v; € R,
i=1,2,

|f(t,ur,v1) — f(t, w2, v2)] < li(Jur — ua| + |v1 — val),
lg(t,ur,v1) — g(t,uz,v2)| < La(|ur — uz| + [v1 — v2l).

For the sake of convenience in the mathematical computations, we set

Qo = min{l — (@171 + Q271),1 — (Q1M2 + Q27i2)},

Q1 =q1+q, Q2=q + ¢,

@1 = 7 + N202 + N30y + Naos, ¢t = Nioy + Nsos + Nyos, (3.1)

_ _ _ 1 _ _ _
g2 = N¢oo + N7oyg + Ngos, ¢ = oo + Nso1 + N7o3 + Ngog.
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Let X = {u(t) | u(t) € C([a,b])} be the space equipped with norm

[ull = sup{[u(®)], ¢ € [a,b]}.

Then, (X, |-||) is a Banach space and consequently, the product space (X x X, ||(u,v)||)
is also a Banach space endowed with the norm ||(u, v)|| = ||u||+||v] for (u,v) € X x X.
By Lemma 1, we define an operator 7 : X x X — X x X associated with the problem

(1.1) as

where

and

T (u, 0)(t) := (Tu(u, 0)(1), T2(u, v)(t)),

T (u, v) (1)

t

. e
/%f(s,mv)dwr]\]l(t)/(é

£
—|—N2(t)/ (& — S)Hf(s u,v)ds + N3(t [Z%/ )mg(s,u,v)ds

s)™
—9(s,u,v)ds

o

n!

p Bi e q j gt
+N4(t)[. yﬁ-/%f(s,u,v)derZw/\j/%f(s,u,v)ds
,/%(EQ(PS)HQW* )g(s,u,0)ds], (3.2)
T2(u, v)(t)
/ t—s)mt §
/ﬁg(s u,v)ds + N5(t (s,u,v)ds

1S
+N6(t)/(£;!5) f(s,u,v)ds + N7 (¢ [Z%/ ) 22 g(s,u,v)ds
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+Ns(t [Z%/ suvds—chw/ n—l f(s,u,v)ds
1

/ 0= (61— 5) + Golm — 1)g(s, . v)ds]. (33)

0

3.1. Existence of solutions
In this subsection, we discuss the existence of solutions for the problem (1.1) by
using Leray-Schauder’s alternative [17], which is stated below.

Lemma 3.1. Let T : K — K be a completely continuous operator (that is, a map
restricted to any bounded set in K is compact). Let

Y(T) ={x € K :z=¢T(x) for some 0 < ¢ < 1}.
Then, either the set ¥(T) is unbounded or T has at least one fized point.

Theorem 3.2. Let f, g : [0,1] xR? — R be continuous functions. Assume that condition
(Hy) holds, and

Q1m1 + Qg <1 Q1Mma + Q22 < 1,
where Q1 and Q2 are given by (3.1). Then, there exists at least one solution for the
problem (1.1) on [0,1].

Proof. First of all, we show that the operator 7 : X x X — X x X is completely
continuous. Notice that the operator 7 is continuous as the functions f and g are
continuous. Let ¥ = {(u,v) € X X X : ||(u,v)]] < p}. For any u,v € ¥ we have

|f(t u, 0)|

Mo + malul + malv| < mo + (M1 4 ma)(Jlull + [[v])
77/7}) + (77/1\1 +77/1\2),0 =RE,

IN A

and similarly
lg(t,u,v)| <o+ (P71 +N2)p i= Ky.
Then, for any (u,v) € B,, we obtain
)

T, 0) 0
oo e
< é}é‘i}{ / ﬁuw,u,vndwman | et wotas
vl [ s it

(n

|Ns<>[/0 %[a( )+ Guln = D)1 (s, 0)lds

Bi (B, _ )™ kl M (n: —
# 3 [ O atswolas + 3 [ O s oas

+|N4<t>[ | S et = )+ alm = Dl w v)lds

(m
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+Z%/ )Ifsuv|d8+zwg/ e f(s,u,v>|dsH

Nio1 + Nsoz + N4U6:|

IN

1 _ _ _
o + Naooo + N3oy + Naos | + kg

S qul"_ffgq_h

which implies that || 7i(u,v)|| < Kpq1 + K¢G1, where ¢; and ¢; are given in (3.1).
Similarly, one can obtain that ||72(u, v)|| < Kfq2 + keg2, where go and ¢ are defined
n (3.1). From the forgoing inequalities, we get |7 (u, v)|| < kfQ1 + kgQ2, where Q1
and @9 are given in (3.1), which shows that the operator 7 is uniformly bounded.
Next, we establish that T is equicontinuous. For t1,ts € [0,1] with ¢; < t2, we have

|71 (w1, v1)(t2) — T1(uz,v2)(t1)]

< /Otz%f(&u,v)ds—/otl %f(s,u,u)ds
N (62) ~ Na(m)] j C % s, ) s
HNa(t2) = Na(ts)] | T o w0
[ Na(t2) = Na(tr)| { / 1 %[elu —5)+ Gl = D] F(s,u,0)lds
+§%/Om (ﬁimls)m|g(s,u,v)d8+gw1 /O"j %Li);n)l|g(s,u,v)ds]
I Na(tz) — Na(to)| { / %[ex ) + Galm — Dllg(s,u,v)|ds
+Z%/ ) (5,0, \derZw]/ n(n__s)l)l|f(s,u,v)ds]}
< L (Ata — )" 15— 1)+ INu(12) — Na(t)lgor + Na(t2) — Na(ta) s

+|N3(t2) — N3(t1)|(kfoa + kgos) + |Na(tz) — Na(tr)|(kros5 + Kg06),

which tends to zero as (t2 —t1) — 0 independent of (u,v) € ¥. In a similar manner,
it can be shown that |T2(u1, v1)(t2) — Ta(uz2,v2)(t1)| = 0 as (t2 —t1) — 0 independent
of (u,v) € U. Thus, the operator T is equicontinuous.

Finally, it will be verified that the set ¢ = {(u,v) € X x X|(u,v) = ¢T (u,v),
0 < ¢ < 1} is bounded. Let (u,v) € ®. Then (u,v) = ¢T (u,v) for any ¢t € [0,1].
Therefore, we have u(t) = 71 (u,v)(t), v(t) = ¢T2(u,v)(t). In consequence, it follows
by the assumption (H;) that

lu(t)| = qimo + @i + (ma + @na) ||ul| + (game + @) ||v||, (3.4)

and
[v(t)| = gamo + 2o + (g2 + @) ||ul] + (g2me + G@nz) v, (3.5)
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where ¢1,¢2.G1, and @2 are given in (3.1). From (3.4) and (3.5), we have

lull + vl < (g1 + g2)mo + (G1 + G2)70 + [(q1 + g2)a + (G1 + G2)ma][|u|
+(q1 + g2)m2 + (@1 + G2)nz] ],
which, in view of (3.1), can be written as
Q1Mo + Q2o
Qo '

This shows that the set ¢ is bounded. Hence, by Lemma 3.1, the operator T has at
least one fixed point. Therefore, the problem (1.1) has at least one solution on [0, 1].
This completes the proof. O

1w, )] <

3.2. Uniqueness of solutions
Here, we establish the uniqueness of solutions for the problem (1.1) by means of
Banach’s contractions mapping principle [12].

Theorem 3.3. Suppose that f, g : [0,1] xR? — R are continuous functions, the assump-
tion (Hs) and the following condition

Q1l1 + Q262 < 1, (3.6)
hold, where Q1 and Qo are given in (8.1). Then, the problem (1.1) has a unique

solution on [0, 1].

Proof. Firstly, we show that 7B, C B, where B, = {(u,v) € X X X : ||(u,v)| < r}

is a closed ball with
Q1N + Q2N

T 1—(Q1l + Qala)
Let us set sup,ejo 17 [f(¢,0,0)] = p1 and supse(o1719(¢,0,0)[ = po. Then, by the as-
sumption (Hs), we have
(s, u(s), v(s))| = [f(s,u(s),v(s)) = f(s,0,0) + f(5,0,0)|
< [f(s,u(s),v(s)) = f(5,0,0)[ +[f(s,0,0)|
< O((lull + [loll) + w1 < bl (w, 0) | + p1 < b+

(3.7)

Likewise, one can obtain that

l9(s, u(s), v(s))] < lor + pa.
For (u,v) € B,, we have

|71 (u, v)(2)]
ft—s)"! (e
< { / (n_ 1)! suolas+ 0] [ ED g(o,, s
5
+[N2(t)] If s,u,v)|ds

0

+|N3<t>[/0 %[a( )+ Culn — D] f(s,u,v)|ds

(n
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p Bi (B _ g\™m ki M (. _ ym—1
#3 [ P ets w3 [ %m@,w)ds}

N0 [ / %[Q(l — )+ Galm — 1)lg(s,w,v)lds

-|-ny,/ ) |f(s,u,v |ds+zwg/ ‘n_j)ln : f(s,u7v)|ds}}

[61r + pa] [ﬁ + Naooo + Naoy + N405] + [lar + pe2] [NlUl + Nzoz + Nzﬂe]
q1(1r 4+ p1) + G (lar + p2),

which implies that

(|71 (uw,0))|| < qu(lar + p1) + G (bor + p2).

Similarly, we can get

H7—2(ua U))H < qQ(Elr + ,ul) + @(627‘ + Mg).

From the above estimates together with (3.7), it follows that |7 (u,v)| < r. Since
(u,v) € B, is an arbitrary element, therefore 7B, C B,.
Now, we show that the operator T is a contraction. For (u1,v1), (ug,v2) € X X X, we

have

IN

[T (w, v1)(t) — 7'1(u2av2)(t)\

sup {/ (s,u1,v1) — f(s,u2,v2)|ds
0

te(0,1]
-f

+N1(1)] |9 s,u1,v1) — g(s,u2,v2)|ds
0
€ (

+| N2 ()] |f s,u1,v1) — f(s,u2,v2)|ds

0

+INs(?) [/O 178 [61(1—8)+Cl(n—1)]|f(8,m,v1)—f(s,Uz,vz)lds
P Bl o m
+Z’Yz/ 78)|g(8 U17’U1) —g(S7UQ7U2)|d5
j L mfl
+;w]/0 %Lg(svulavl) g(S,’lI,277_)2)|d8:|

LN ()] [ / A= 7 1,(1— s) 4 Calm — 1)]lg(s, u, 01) — g(s, uz, v2)|ds

(m —1)!
L Bi _\n
+;’%/0 %Iﬂ&uhm) — f(s,uz,v2)|ds
2 i . _ o\n—1
+;@ | (nj(n_S)l)V(S,uhm)f(s,u27v2)|d3:|}
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IN

1 _ _ _
4y [ﬁ + Naoa + N3oa + N4U5} (Jur — u2| + |v1 — v2])

+L2 []\7101 + Nsos +N40'6:| (Jur — uz| + |v1 — v2|)

IN

(Lrgr + L2q1) (Jur — uz| + |v1 — v2)),
which implies that

(71 (w1, v1) = Ti(ug, v2)|| < (Lrqr + Loqi)(Jur — uz| + [v1 — val). (3.8)
In a similar manners, we get
(T2 (w1, v1) — Ta(uz, v2)|| < (b1g2 + £2G2)(Jur — ua| + |v1 — va). (3.9)

From (3.8) and (3.9), we deduce that
[T (u1,v1) = T (uz, v2)|| < (Quly + Q2b2)([Jur — szl + [[vr — v2l]),

where @)1 and Q5 are given in (3.1). By the assumption (3.7), it follows from the above
inequality that the operator T is a contraction. Thus, by the Banach’s contraction
mapping principle, the operator 7 has a unique fixed point, which corresponds to a
unique solution to the problem (1.1) on [0, 1]. O

4. Examples

Example 4.1. Consider the integral-multipoint boundary value problem of nonlinear
differential equations
1 1 |u?| et
(3) i
u (¢ + + sin v, t e |0,1],
(1) = 2+9 V24414 |u) 412%4 [0,1]

et U CoS v v lu

U(4)(t)=T6+ %t2+36+(t2+5) A+ u)’
3 3
u(0) = 51/0 v(s)ds, u'(0) = 0, v(0) = 52/0 u(s)ds, v'(0) =0, v"(0) =0,

3
equ(1) + Gl (1 Z% / v(s)ds + 3 wiv(m),
ng
exv(1) + Gov' (1 Z% / u(s)ds + S Gulny),

€ [0,1],

(4.1)
where n =3, m =4, 0, = 1.2, 65 = 1.5, e; = 0.7, € = 0.4, (; = 2.6, (» = 2.1, £ = 0.1,
By =02, By =03, B3 =04, Bs =05, 1 =06, 75 = 0.7, 73 = 0.8, 71 = 0.325,
No = 0.572, v3 = 0.811, 74 = 0.124, wy = 0.267, wo = 0.489, ws = 0.712, 71 = 0.452,
F = 0.695, 33 = 0.831, 74 = 0.203, &, = 0.378, &o = 0.617, @3 = 0.954.

Using the given data in (2.4), (2.19) and (3.1), we find that N; ~ 0.978509,
Ny ~ 0.3632664, N3 ~ 0.172781, Ny ~ 0.020315, N5 ~ 0.621273, Ns ~ 1.038184,
N; ~ 0.035554, Ng = 0.221574, o1 ~ 0.0000008, o2 ~ 0.000004, o3 ~ 0.017157,
o4 ~ 1416667, o5 =~ 0.118329, ¢ ~ 0.413846, g2 ~ 0.076591, g1 ~ 0.010413,

G ~ 0.123521, Q1 ~ 0.490437, Q2 ~ 0.133934.
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Also it is easy to find that |f(¢,u,v)] < 1/9 + 1/2[uf + 1/4|v], [g(t,u,v)| <
1/16+1/6|U|+1/5|U|, Q1m1+Q2h\1 ~ 0.267541 < 1 and lez-f—QQ/ﬁQ ~ (0.149396 < 1.
Clearly all the assumptions of Theorem 3.2 are satisfied. Therefore, there exists at

least one solution to the problem (4.1).
Example 4.2. Consider the system of ordinary differential equations
1 _1 1 [v] et
———tan" tu+ + =, telo,1],
VETT0 @y rpy T 0N

V() = - inu+ — osv+ L teo,1]
_t2+ t‘3+47 PR b

subject to the boundary cond1t10ns in Example 4.1.

Observe that ¢ =1/10,¢, = 1/2 as

u® (t) =

1

|f(t7u17vl)_f(t7u27/02)‘ < (|’U,1 —U2|+|U1 —’U2|)

,_\>—~

lg(t,ur,v1) — g(t, ug, v2)| < (|U1 — ug| + |v1 — val).

Moreover, Q141 + Q24> ~ 0.088091 < 1. Thus7 the hypotheses of Theorem 3.3 are
satisfied and hence its conclusion applies to the problem (4.2).

5. Conclusions

‘We have developed the existence and uniqueness results for a new class of coupled
systems of two nonlinear ordinary differential equations of order n and m subject to
the coupled integral-multipoint boundary conditions. Our results are not only new in
the given configuration but also yield some new ones by fixing the parameters involved
in the given boundary data. In future, we plan to develop the multivalued version of
the problem studied in this paper.
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On the stabilization of a thermoelastic laminated
beam system with microtemperature effects

Foughali Fouzia and Djellali Fayssal

Abstract. The present article investigates a one dimensional thermoelastic lam-
inated beam with microtemperature effects. Using the energy method we prove
in the case of zero thermal conductivity that the unique dissipation due to the
microtemperatures is strong enough to exponentially stabilize the system if and
only if the wave speeds of the system are equal. Our result is new and improves
previous results in the literature.
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1. Introduction

In this paper, we address the following thermoelastic laminated beams with
microtemperature effects

peie+ G (Y — ¢a), =0,

I, (3s — w)tt —D(3s - "/’)zx —G (Y —¢z) =0,

31,544 — 3Dsz5 + 3G (VY — g) + 4ys — 06 + mw, = 0, (1.1)
Oy + Kiw, + s =0,

QWi — KoWgy + K3w + K10, + msy, = 0,
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for (x,t) € (0,1) x Ry, system (1.1) is complemented with the following boundary
conditions

02(0,1) = (0, 1) = 5(0,) = 0(0, 1) = w,(0,1) = 0, >0,
oo(1,1) = (1,1) = s(1,) = B(1, 1) = we(1,1) = 0, t>0,  (1.2)

and the initial data

90(*%0) = 900(55)7 ¢( ) = %(Uﬁ)a S($>O) = So(fL’), T e (07 1)7
@t($70) = @1('1:)) wt(lﬁ O) ¢1($)a st(x,O) =1 (JJ), YAS (0’ 1)7 (13)
0(x,0) =6o(z),  w(x,0)=wo(x), z € (0,1),

where the functions ¢(x,t) is the transversal displacement of the beam, 1 is the
volume fraction difference, (3s(z,t) — ¢ (z,t)) is the effective rotation angle, 0 is the
relative temperature and w is the microtemperature difference and the coefficients,
p, 1,, D, G, and ~ are positive constant coefficients represent the density, the shear
stiffness, the mass moment of inertia, the flexural rigidity, and the adhesive damping
weight. And the coefficients v, k1, ks, k3, ¢, m and « are positive constants represent
the physical parameters describing the coupling between the various constituents of
the materials.

The initial data (vg, ©1, Yo, U1, S0, S1, 0o, wo) are assumed to belong to a suitable
functional space.

The laminated beam model describes a vibrating structure of an interfacial slip.
It consists of two layered beams of uniform thickness which are attached by an adhe-
sive layer of small thickness in such a way that small amount of slip is possible while
they are continuously in contact with each other. And with the increasing demand
of advanced performance, the vibration suppression of the laminated beams has been
one of the main research topics in smart materials and structures, and these composite
laminates usually have superior structural properties such as adaptability.

The laminated beam problem was first introduced by Hansen and Spies in [14].
In that paper, the authors derived the mathematical model for two-layered beams
with structural damping due to the interfacial slip, namely

Pt + G(w - @a:)w = 07
Ip('?’sf'l/))tt 7D(35*7/})"cx 7G(7/}*90.r) :Oa (14)
31,84 — 3Dszq + 3G (Y — g) + 4ys + das; = 0.

In recent years, researchers have focused on the study of the well-posedness and
asymptotic stability properties of (1.4). With additional dampings on the first two
equations or some sort of boundary damping mechanism, the authors [4, 5, 20, 21,
22, 27, 28, 32] showed that system (1.4) can be stabilized exponentially.

Regarding thermoelastic laminated-beam models, Apalara [2] analyzed a lami-
nated beam system with thermal effect in the slip instead of the frictional damping
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(4asy). More precisely, he studied the following laminated beam system

P + GW - @L)L = 07
Ip(35 =) — D(3s = ¥)za — G(Y — ) =0,
31,81 —3Dsze +3G(Y —wg) +4ys+ 60, =0,
c@t - k9m + 68tz = O7
and he came to the conclusion that an exponential stability result is achievable in the
case of equal wave speeds, that is,
r_1
G D’
We refer the reader to [1, 3, 7, 6, 10, 8, 9, 11, 13, 17, 18, 16, 25, 26, 23, 29] and the
references cited therein for some other results.
In the matter of microtemperature effects, we bring up the study of Djeradi
et al. [12] where they examined the joint of microtemperature, nonlinear structure

damping, along with nonlinear time-varying delay term, and time- varying coefficient
on a thermoelastic laminated beam. They examined the system

por+ G (WY —¢z), =0,

I,(3s =)y —DBs =), — G — ) =0,

31,51t — 3D sy + 3G (¢ — pg) + 4ys + 00, + mw,
+6b()h1(se(z,t)) + pb(t)ha(se(x, t —<(t))) =0,

ey — Kolzy + K1wg + 055 = 0,

QWi — KoWgg + K3w + K10, + msg, = 0,

and established a general decay result in the case of equal wave speeds and particular
assumptions related to nonlinear terms.

The coupled system we’ve described involves several physical phenomena, includ-
ing thermoelasticity, laminated beams, and microtemprature effects. For example, a
laminated beam consists of multiple layers of different materials bonded together,
thermoelasticity refers to the combined behavior of thermal and elastic properties of
the materials, and microtemperature refers to the consideration of temperature vari-
ations at a very small scale, which can influence the overall behavior of the coupled
system.

Taking the above observations into account, we consider the one-dimensional
thermoelastic laminated beam problem with microtemperature effects and without
thermal conductivity (1.1)-(1.3), and we establish that the dissipation due solely to
microtemperature is adequate to stabilize the system exponentially in the case of
equal wave speeds. i,e.

£ _22_y (L.5)

Concerning the stability of some thermoelastic systems with microtemperature effects
and without thermal conductivity, we refer the reader to [15, 24, 31].

In order to be able to use Poincaré’s inequality for ¢ and w, we perform the
following transformation. From the first equation in (1.1) and boundary conditions,
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it follows that

2l
E/o o(z,t)de =0, Vt>0,

and therefore
1 1 1
/ @(m,t)dx:t/ wl(m,t)dx—i—/ oz, t)dz, Vt>0.
0 0 0
Consequently, if we set
1 1
Dz, t) = (x,t) — t/ o1(x)dx 7/ wo(x)dx, t>0,
0 0
we get
1
/ D(x,t)de =0, Vt>0.
0

Now, from the fifth equation of (1.1) and the boundry conditions, we get

d ! ks [
— >
p /0 w(x, t)de + — /0 w(z,t)de =0, Vt>0,

thus

/Olw(;v,t)dx = (/(leo(x)dx) et

so, if we put

w(z,t) = w(,t) — (/01 wo(x)d:c> e Wl >0,

we obtain
1
/ w(x,t)de =0, ¥t > 0.
0

Clearly, the use of Poincaré’s inequality for ¥ and @ is justified, and (g, v, s, 0, )
satisfies the same equations in (1.1)-(1.3). Subsequently, we work with @ and @ instead
of ¢ and w but write ¢, w for simplicity of notation.

For completeness we present a short discussion of the well-posedness and the
semigroup formulation of (1.1)-(1.3). For this purpose, we denote by £ the effective
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rotation angle, that is, £ = 3s — 1. Then, system (1.1)-(1.3) is equivalent to

por+ G (3s — & —pa), =0,

16 — Doy — G(35—&— ) =0,

31,5t — 3Dsz5 + 3G (35 — & — pg) + 4ys — 060 + mw, =0,
el + Kiwg + s =0,

QW — KoWgy + k3w + K10, + msy, = 0,
‘Pm(()’t) = S(Oat) = 5(07t) = Q(O,t) = Wm(ovt) =0,
v (1,t) = &(1,t) = s(1,t) = 6(1,t) = w,(1,t) =0
‘P($>O) = @0(33)’ 5(‘7;’0) = £O($>7 S(l‘,O) = SO(x)7
ei(2,0) = p1(2), se(x,0) = s1(z), &(x,0) =& (@),
0(x,0) = Op(x), w(z,0) = wo(x).

)
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(1.6)

Clearly, by introducing the vector function U = (¢, ¢, £, u, s,v,0, w)T, where ¢ = ¢y,
u=2¢&, and v = s, system (1.6) can be written as

U(0) = Uy = (0, 1, &0, €1, 505 51,00, w0)

{C‘ftU(t) = AU®), t>0,

where A is a differential operator defined by

AU =

¢
—G (35— ¢~ pa),
u
i(ng +G(33—§—%))
—%(/ﬂ?lwz + 51})

L (figwm — Kyw — K10, — mvw)

(03

We consider the following spaces

The energy space

L2(0,1) = {\IJ € L?(0,1) : /1 U(z)de = 0} ,
0
H(0,1) = H'(0,1) N L%(0,1),

*

HZ(0,1) = {¥ € H*(0,1) : ¥,(0) = ¥, (1) =0}.

H = H!0,1) x L2(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L*(0,1)

x L2(0,1) x L2(0,1)

(1.7)
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is a Hilbert space with respect to the inner product
1 1 1 1
(U,U)Hzp/ ¢¢dac—|—lp/ uﬂdx+3lp/ vﬁdm+c/ 00dx
0 0 0 0
1 1 ~
+a/1mwx+G/‘@s—&—@ﬁ(%—ﬁ—@ﬁdw (1.8)
0 0
T 1 1
+ D/ &p&pdr + 47/ ssdxr + 3D/ Sz8qdx,
0 0 0

. -~ . \T
for U = (<p7¢7§,u,s,v,0,w)T eHand U = ((,Z?,(b@,ﬁ,é,ﬁ,@,@) eH.

The domain of A is then
oy - {UEH| e O HN0.1) &5 € B0, 0 H0,1);
¢ € HN0,1); u,v,0 € HH(0,1) '

Using the standard semigroup method (see, for instance [19, 30]), one easily establishes
the following well-posedness result:

Theorem 1.1. Let Uy € H, then there exists a unique solution U € C(RT H) of
problem (1.1)-(1.3). Moreover, if Uy € D(A). Then U € C(RT, D(A)) N CH(RF,H).

This paper is organized as follows. In section 2, we state and prove some technical
lemmas needed in the proof of our main results. In section 3, we show that the system
is exponentially stable under condition (1.5). In what follows, we use ¢; to denote a
generic positive constant.

2. Technical lemmas

This section is devoted to the statements and proofs of some technical lemmas
needed for the proof of our stability result.

Lemma 2.1. Let (¢, 1, s,0,w) be the solution of (1.1)-(1.3), then the energy functional
defined by

1 1
B0 =3 [ [p6+ 1, (ot — 00 + 31,5 + D (35, - )
0 (2.1)
+3Ds2 + 452 + G (¢ — <p3,)2 + cb? + aw? |dx, Yt >0,

satisfies, along a strong solution of (1.1)-(1.3),
1 1
E'(t) = —,%2/ widz — /<53/ widz <0, vt > 0. (2.2)
0 0
Proof. Equation (2.2) follows by multiplying the five equations of system (1.1) by

©t, (3s: — 1), 8¢, 0 and w respectively, integrating by parts over (0,1), boundary con-
ditions (1.2) and summing up. O
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Lemma 2.2. The functional Fy(t) defined by

Fﬁpfif;&(éz(mg lp/ sOdx

1
_'_73/11[9(5/ s*dr,
2me  Jq

satisfies, for any €1,€9,e3 > 0, the estimate

1 1 1
Fl(t) < —I/sfdaH—el/ sidm—&—eg/ (1 — 3)? dz
0 0 0

! 11 1 !
+53/ (92dx+cl<l+++ )/wzdx
0 €1 €2 €3 0

1 1
+a (1 + > / widz.
51 0
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Proof. By taking the derivative of Fy, using (1.1), integrating by parts and the fact

that fo x)dx = 0, we get,

F=- 22 szwd:cf% (- / w(y)dyde

4
OW/ / @m+—/ / y)dydz
+a/ widx +31 KQ/ Siwepdr — BIp/ td;v
0
2 gl
_ 3 1{3/ / y)dydx — 31”’{1/ Swydz.
me  Jo

Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have, for any

€1,€2,63 >0

3aD [! € ! c !
e Spwdx < —1/ sidw + 2 dem,
m 0 4 0 81 0

3aG
m

w o2) / " () dyde

1 1 T 2
S N (/ w(y)dy) dz
0 €2 Jo 0

1 1
< 52/ (v — @w)2 dx + Cfl/ w?dz,
0 0

4 1
a’y/ / y)dydx < —/ Lt 2de + — / w?dz,
61 0

similarly,

(2.6)

(2.7)

(2.8)
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1
/ / y)dydz < 53/ 0%dr + c—l/ w?dz,
€3 Jo

3Ipl€2
m 0

31 1 1
K?’/ / y)dydx < I / sidx + cl/ widz,
0 0
3[ 2 1 1 1
—ﬁ/ swedr < 6—1/ de + — / widx.
mc 0 2 0 €1 Jo

Estimate (2.4) follows by substituting (2.6)(2.12) into (2.5).

1 1 1
Swedr < Ip/ sfda: + 01/ widx,
0 0

Lemma 2.3. The functional F5(t) defined by

Ryft) = & / 0 (/Ommy)dy) dr,

satisfies, the following estimate

1 1 1 1
Fi(t) < 7%/0 92dx+01/0 sfdz+01/0 w2dx+c1/0 widz.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Proof. Direct computations, using (1.1), integrating by parts and the fact that

fol w(x)dr = 0, yield

1
Fi(t) :—c/ 02dx+a/ 2dm—— st/ y)dydz
C@/ Ow, dr — CKS/ / dydx——/ Osidx.

By virtue of Young’s and Cauchy-Schwarz inequalities, we find

1 1
/ st/ y)dydx < 01/ sfdx + cl/ w2dx,
0 0
c@/ Ow,dr < f/ 0%dx + cl/ idm,
_ CKg c [t !
/ / y)dydx < f/ 0%dx + 01/ widz,
8 Jo 0
1 1 1
—%/ Osidx < E/ 0%dx + cl/ sfd:m
1 Jo 4 0 0

which yields the desired result (2.14), by inserting (2.16)(2.19) into (2.15).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



On the stabilization of a thermoelastic laminated beam system

Lemma 2.4. The functional F5(t) defined by

Dp [! !
Fg(t) = *?p/ Sﬁthdx+Ip/ St (@bfsﬁr)dm
0 0

satisfies, for any e4 > 0, the estimate

1 1
BO<-5 [ G-pdore [ Gs-v)ds

1 1 1 1
+c (1 + ) / sfdac + / s2dz + ¢ 0%dx
€4 0 0 0
1 1
+ c1/ widaz + Dx/ Pz Sedr.
0 0

Proof. Differentiating F3, using (1.1) and intgrating by parts, we obtain

A0 —G/sotstgcd:c G/ (6~ pu) do — 21 /Olsw—%)dx

S 1

1 1
+ Ip/ serdr — Ip/ Stptzdr.
0 0

Using the simple equality ¥y = — (3s; — ;) + 3s¢, we arrive at

1 1 1
R - [ (¢—%)2dz—§7/ sw—%)dw%/o stda

/ew Px) f/wxw )

pr/ st (3sp — y) d:v+Dx/ Pz Sed.
0 0

Applying Young’s and Poincaré’s inequalities, for 4 > 0, we get

4 1 G 1 1
**7/ sw—md:cs—/ (w—soxfdwcl/ 2,
3 0 8 0 0

5 [t a rt 1
*/ 0 (Y — @) dr < */ (1 — z) dx + cl/ 0%dx,
3 0 8 0 0

1 1
I - ) da < g/ (6= ) ds + o1 [ W
0 0

1

1 1
—Ip/ st (3s¢ — ) da < 54/ (38 — wt)z dx + a sida.
0 0

54 0
By substituting (2.23)-(2.26) into (2.22), we obtain (2.21).
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(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Lemma 2.5. The functional Fy(t) defined by
Do [t 1
Filt) = =02 [ B —va)do+ 1, [ 0-pa) G- wds, (220)
0 0
satisfies, the estimate
It 1
)<= % [ G-t G [ (w-po)do
0 0 (2.28)

1 1
+c / S?diﬂ + DX/ (35t — 'Q/Jt) Qota:dx
0 0

Proof. Direct differentiation of Fy, using (1.1) and then integrating by parts, gives

D 1 1
Fi) == [ o5~ v oG [ (0ot

1 1
+ Ip/o (38t — 1bt) Yedx — Ip/o (3¢ — V¢) prade.

By using the equality ¥y = — (3s; — ¢;) + 3s;, we obtain
1

1
Fi(t) :—Ip/o (SSt—wt)2dx+31p/ st (3sy — ) da

0

1 1
+G/ (% — ¢z)” deer/ (3st — Yt) proda.
0 0
Estimate (2.28) follows thanks Youngs inequality. O

Lemma 2.6. The functional F5(t) defined by

Fs(t) = —p /01 (/Om gpt(y)dy> sdz + 1, /01 sesdz, (2.29)

satisfies, for 5 > 0, the estimate
D ! 1 1 1
Fi(t) < — —/ sidx —fy/ szdx+s5/ @fdm—i—cl/ 0*dx
2 Jo 0 0 0

1 1 1
+ca / widr + ¢ (1 + > / s2da.
0 €/ Jo

Proof. The derivative of F5, using (1.1), integration by parts and the boundary con-
ditions, give

1 1 1 1
4 4]
Fi(t) = _D/o sﬁdx—gv/o 52dm+§/0 93dx—%/0 Wy sdx
1 1

+fp/ S?dfc—p/ St (/ wt(y)dy) dx.
0 0 0

By using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, for €5 > 0, we have

1 1 1
é/ Osdx < 1/ sidx + cl/ 02dz, (2.32)
3 Jo 3 Jo 0

(2.30)

(2.31)
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1 1 1

D

_m wxsdxg—/ sidw—l—cl/wdﬂc
3 Jo 2 Jo

1 x
—P/ St (/ @t(y)dy> dr < 55/ tdr + */ sidz.
0 0 0

Relation (2.30) follows by substituting (2.32)-(2.34) into (2.31).
Lemma 2.7. The functional Fg defined by

1
Fs(t) = —P/ prpde,
0

<—p/01 dx+—/ (35, — 102)" d

+01/Ols d:rJrcl/ (v — <pz) dx.

satisfies, the estimate
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(2.33)

(2.34)

(2.35)

(2.36)

Proof. Direct differentiation of Fg, using (1.1) and then integrating by parts, gives

1 1
= fG/ 0z (Y — ) dx — / gafdx.
0 0

Using the simple relation ¢, = — (¢ — ;) — (35 — ) + 3s, we get
1 1
=G/ w—soz)zdﬁG/ (¢ — px) (35 — ) dr
0 0

1 1
36 [ w-pa)sdo—p [ i,
0 0

Using Young’s and Poincaré’s inequalities, lead to the desired estimation.

Lemma 2.8. The functional F; defined by

) =1, /O (35 — ) (350 — vy) da

satisfies, the estimate

D 1 1
RO <=5 [ Gu-v)dtd, [ Gn-v’d
1
+a /0 (1 — g )? d.

(2.37)

(2.38)

Proof. A simple differentiation of Fr, using (1.1) together with integration by parts,

yield

1 1
F) :19/ (350 — )% dar — D/O (35, — 1) da

0

+G/O (6 — pa) (3s — ) da
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The use of Young’s and Poincaré’s inequalities lead to (2.38). O

3. Stability result

In this section, we prove under the condition of equal wave-speed propagation
(1.5) that the energy associated with (1.1)(1.3) is exponentially stable. To achieve
this goal, we define a Lyapunov functional £ and show that it is equivalent to the
energy functional E.

Lemma 3.1. Let (p,, s,0,w) be the solution of (1.1)-(1.3) and assume x = 0. Then,
for N, N1, Ny, N3, Ny, N5 > 0 to be chosen appropriately later, the functional defined

by
L(t) = NE(t) + N1 Fy(t) + NaFy(t) + N3Fs(t) + Ny Fy(t)

4 NoF(0) + Fo(t) + (), oy
satisfies, for N sufficiently large,
1 E(t) < L(t) < 1 E(t), vt > 0, (3.2)
and the estimate
L'(t) < —m3E(t), (3.3)

where T1, Ty and T3 are positive constants.

Proof. From (3.1) and the Lemmas in Section 2, it follows that

s [ wlo)dy
0
+3LI”5N1/ $2de + & Nz/ ‘/ dy‘dx

+*N3/ ’@tsx dx + 1 N3/ ‘St ) — ) |d

Dp
+EN4/ ‘@t (SSw_wz> dx
0

£(t) - NE(1)| < 30;1[” N /0 do +

1
+IpN4/0 ‘(ZZJ*S%) (3¢ — ) |dx

+ pNjx /1 ‘s/m @t(y)dy‘daz—k I,Ns /1 ‘sts‘da:
0 0 0

+p/01 wtcp‘dx—l—lp/ol’(?)st—wt) (33—¢)‘dm.
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Exploiting Young’s, Cauchy-Schwarz and Poincaré’s inequalities, we get
1
Lt) = NE(t)] < / {wf + (35t — )® + 57 + (350 — )’
0
+ 2452+ (U —a) + 02 + w?|da.
Consequently, we have
£(t) - NE(®)| < alE(),
that is,
(N—c1)E(t) <L(t) < (N +ec1)E(2).

By choosing N large enough, (3.2) follows. Next, to prove (3.3), we take the derivative
of L(t), use (2.2), (2.4), (2.14), (2.21), (2.28), (2.30), (2.36), (2.38), and set

DN5 GN3 o CN2 oy — [PN4 14
4N, YT 4N;

55:m.

51:TM7 Ezzm, €3 =

So, we arrive at

p ! I ! 2 D [ 2
L'(t) < — */ pidr — [ZN4 - Ip} / (35t — )" dow — Z/ (355 — ¥z)" da
0 0 0

N. 1
_ |:IpN1 — 1Ny — 1 N3 (1+]\;’> —c1 Ny — 1 N5 (1—|—N5):| / S?dﬂ?
4 0

1 D 1
_ [GNP, — GNy — cl} / (Y — <p$)2 dx — [N5 — cl} / sida:
4 0 4 0
1 c 1
— [’}/N5 — ClNg]/ SQdZ‘ — |:*N2 — ClNg - C1N5} / 02da:
0 4 0

N 1
— |:NI<32 —c Ny (1 + 1) —c1Noy — c1 N3 — 01N5} / widw
N5 0

N, N Ny /1 2
— |Nkg—ciN1 |14+ —+ —+— ] —a]V- dx.
[Kia C11<+N5+N3+N2 01200-256
At this point, we choose the constants carefully. First, let us take Ny > 4. We then
choose N3 large enough such that
G
ZNB - GN4 —Cc1 > 0.
After that, we select N5 large enough so that
D
YN5 —c1N3 > 0 and ZN5 —c; > 0.
Next, we choose N5 large enough such that

ENQ — ClNg — 61N5 > 0.
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Then, we pick N; so large that
Ny

Finallay, we choose N very large enough (even larger so that (3.2) remains valid) such
that

N.
I,N; — ¢, Ny — ¢, N3 <1 + 3) — 1Ny — 1 N5 (14 N5) > 0.

N
Nko — c1 N1 <1 + 1) — 1Ny — 1 N3 — c1 N5 > 0,

Ns
and
Ny N1 Ny
Nk —ciNy [1+ — + — — c1 N 0.
K3 — C1 1(+N5+N3+N2> C1Ng >

Therefore, we arrive at

1
L'(t) < -1 / [sa? + (35t — ) + 87+ (354 — ¥)°
0

+si+s2+(¢gom)2+92+w§+w2}dx, 75 > 0.
We finally use Poincaré’s inequality to substitute — fol w2dz by — fol w?dx and, hence,
(3.3) is established. O

We are now ready to state and prove the following exponential stability result.

Theorem 3.2. Let (p,1),s,0,w) be the solution of (1.1)-(1.3) and assume (1.5). Then,
there exist two positive constants A1, Ay such that the energy functional satisfies

B(t) < e ™ vt>0. (3.4)
Proof. The combination of (3.2) and (3.3) gives
L'(t) < =XaL(t), t>0, (3.5)

where Ay = 2. A simple integration of (3.5) over (0,¢) yields
L(t) < L0y e 2t t>0.

which yields the desired result (3.4) by using the other side of the equivalence relation
(3.2) again. O
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1. Introduction

Let © be an open bounded in RV, N > 1, and consider the coupled nonlinear
elliptic system

—div o(x,u, Vu) + ®(x,u) = k(u) | Vu |? in Q, (1.1)
div(k(u)Vy) =0 in Q, (1.2)
@ =0, u=0 on 0. (1.3)

We assume that the following assumptions hold. Let M and P be two N-
functions such that P < M (P grows essentially less rapidly than Q) and M the
N-function conjugate to M (see preliminaries).

o: QxR xRN - RV is a Carathéodory function such that for almost every = € Q
and for every s, 51,52 € R, £, € RV,

| o(2,5,€) |< viao(z) + ML " Plky | s
| o(,51,6) — 0w, 52,) |< vlaa(@)+ | s1 |+ | s2 | +P (lsM(IED),  (L5)

)+ M(ks | €])], (1.4)
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(U(xa 535) - 0—(1'7 575*))(5 - 5*) > O‘M(| f - 5* |)7 (1'6)
o(x,s,0) =0, (1.7)
where ao(.) € E57(Q), a1(.) € Ep(Q) ( E57(Q) and Ep(Q) are specific Orlicz spaces)
and «, v, k; > 0 (i=1, 2, 3), are given real numbers.
Furthermore, let ® : ) Xx R — R be a Carathéodory function such that for a.e. z €
and for all s € R, the growth condition

| ®(z,5) |< h(x)M M (Lé{'}) , (1.8)

where A = diam(2) and ||| ) < % and Cj is a constant large enough.

k € C(R) and there exists K € R such that 0 < k(s) <&, for all s € R, (1.9)
@o € H'(Q) N L>(). (1.10)

In this paper, we will introduce a solution of the coupled system (1.1)-(1.3) called
the capacity solution. This type of solution will deal with the phenomena caused by
the possible degeneration of the (1.1)-(1.3). Indeed, one cannot use the weak solution
of (1.1) since k can tend towards 0 when |u| tends to infinity and consequently the
equation becomes degenerate, no a priori estimates for Vy will be available and then
 may not belong to a Sobolev space. To overcome this obstacle, we use the entire
function ® = k(u)Vp instead of ¢ to show that ® € (L*(Q))V.

The idea of capacity solution is inspired from the weak and renormalized so-
lutions and X. Xu is the first author who introduced the concept in [13] where
o : RY — R¥ is a continuous function satisfying the conditions: 3u > 0,V | £ [> 1
(i.e. | € | is large enough), | a(¢) |< | € |, and Ja > 0, V€, &€ € RN, ¢ #£ ¢,
(0(&) —a(£))(E—€%) > a | £ —€* |2, Also, he used this concept in other papers with
various conditions (See [14]). Later, from other authors in [7], showed the existence
of a capacity solution to the problem (1.1)-(1.3) where o = o(z, Vu) is a Leray-Lions
operator from LP(W'P) into LV (W=1¢"), p > 2, % + ﬁ =1 and ® = ¥(z, s) satisfies
the sign condition, and | ®(x,s) |< h,(x) with h, € L'(Q) , for all | s |[< r, Vr > 0.
For the parabolic, we refer the reader to [10]. Recently, the existence of a capacity
solution in the context of Orlicz-Sobolev spaces with o = o(x,u, Vu) and H = 0 has
been established in [12].

The motivation behind the study of differential equations comes from appli-
cations of non Newtonian mechanics turbulence modelling to as an example of an
operator for which the present result can be applied, we give

~Apru+ h(x)M M (au) = rule®sv | Vau > in Q (1.11)
div(k(u)Ve) =0 in Q '
where Ayu = — div ((1+ | |)2Du%), h() € (L= (Qr)™ and M(t) =

tlog(e+t) is an N -function, ¢ represent the electric motive force, u the temperature

inside the electrical conductor, and &(u) = rugek;ﬁ, the electrical conductivity where
it means the ability of electrical material to pass charges, where u > 0, r,s € RT,
¢ € [-1,1) and kp is the Boltzmann constant. Other applications of the stationary
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case of the thermostat problem can be found in [8, 15].

Our novelty in the present paper is to give the existence of a capacity solution
of (1.1)-(1.3) in the framework of Orlicz spaces with the presence of a perturbation
®(z,u). The difficulties encountered during the proof are that the term H satisfies
neither the coercivity condition nor the monotony nor the sign condition and the
nonlinearity described by N-functions M. The As-condition is not imposed on the
N-functions M, we will lose the reflexivity of the space Ly (2) and W3 Ly (£2). To
overcome this difficulty, we will first introduce and prove the existence of the solution
for the auxiliary elliptic problem (2.8) and by Schauder’s fixed point theorem, we
show the existence of the uniqueness of the weak solutions for two equations (1.2)
and (1.1). Secondly, with adequate approximate problems we establish some a priori
estimates for the approximate solution sequence. Finally, we draw a subsequence to
obtain a limit function and prove this function is a capacity solution in the sense of
Definition 4.1 by virtue of the convergence results of approximate solutions. Note that
the second lower order term H is controlled by a non-polynomial growth (see (1.8)).
It is similar to those in [2, 3]. Finally, it should be noted that this work is an extension
of the results of [12].

The contents of this article are summarized as follows: Section 2 presents the
mathematical preliminaries. In Section 3, we make precise all the basic assumptions
on o, H, k, ¢ and some technical results. Finally, in Section 4, we give the definition
of a capacity solution of (1.1)-(1.3) and we prove the main result (Theorem 4.2).

2. Preliminaries

Let M : RY — RT be an N-function, that is, M is continuous, convex,
Mt M(t
WithM(t)>0f0rt>0,%—>035t—>0,and%
t

Equivalently, M admits the representation M (t) = / a(s)ds, where a : RT — RT is

— 400 as t — +oo.

0
nondecreasing, right continuous, with a(0) = 0,a(t) > 0 for ¢ > 0, and a(t) — 400 as
¢

t — +o0o. The N-function Mconjugate to M is defined by M(t) = / a(s)ds, where
0

a:RT — RT, is given by a(t) = sup{s : a(s) < t}.

s>0
The N-function M is said to satisfy the As-condition if, for some k, M (2t) < kM (t)
for all t € IRT.

We will extend these N-functions into even functions on all R. Let P and @ be two
N-functions. P < @) means that P grows essentially less rapidly than @, that is, for

P(t Lt
each ¢ > 0, Q((et)) — 0 as t — +o0. This is the case if and only if tiigloo g—lgti = 0.
The Orlicz class Kpr(2) (resp. the Orlicz space Lps(€2)), is defined as the set of
(equivalence classes of) real valued measurable functions u on £ such that

/QM(|u(x)|)dm < +00 (resp. /QM (“(;”) dr < +o0o  for some A > o) .
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The set Ly (2) is Banach space under the norm

||u||M:inf{)\>O:/QM<u(;)l)dxgl},

and K7 (€2) is a convex subset of L(€2) . The closure in Lj/(€2) of the set of bounded
measurable functions with compact support in € is denoted by Eps(€2). The dual of

En(Q) can be identified with L77(€2) by means of the pairing / uvdz and the dual

Q
norm of Ly;(§2) is equivalent to [jul|57 . We now turn to the Orlicz-Sobolev space,

WL (Q)) [resp. WIEy(Q)] is the space of all functions u such that u and its
distributional derivatives up to order 1 lie in Lp;(Q) [resp. Ep(€)]. It is a Banach
space under the norm

lallar =) I1D%ul|ar.

ler|<1
Let W'Li7(2) [resp. W 1E47(Q2)] denote the space of distributions on
which can be written as sums of derivatives of order < 1 of functions in Ly;(Q) [resp.
E57(Q)]. It is a Banach space under the usual quotient norm (for more details see [4]).

Lemma 2.1. ([11]) For all u € Wi Ly () with meas(Q)) < +o00 one has

/QM (“;) dr < /QM(| Vu [)dz. (2.1)

where A = diam(Y), is the diameter of ).

Statement of useful results.
We assume that there exists four positive constants vy and 7 such that

lul> < oM (u), and |ul®> <y P(u) forall u>0, (2.2)
Hence, the following continuous inclusions hold true:
Ly (Q) = L*(Q) = Li7(Q), and Lp(Q) < L*(Q) < Lp(Q). (2.3)
And we also deduce that
Wo Ly () = Hy(Q), and H Q) — W Li7(9). (2.4)
Example 2.2. The N-function M (t) = tlog(e + t) verifies the previous results.
Consider the following set W = {w € Epy(Q): A M(%)dm < 1} .

It is closed and convex. Indeed let w, € W such that w, — w strongly in F;(Q),
then for any e > 0, there exists ng such that for all n > ng we have ||w, —w|a <€
and [|5&=llm < (%52l + 158 I < 56 + 1. Let tends as € — 0 we have w € W;
Thus W is closed. And since M is convex function, we deduce that W is also convex.
Now, let is start by this first result that we will use later. Suppose that o verifies the
following strong hypothesis: There exists as(.) € E57(2), and v > 0 and k4 > 0, such
that for almost every z € Q and for all s € R, £ € RY,

| o(2,5,€) |< vias(x) + DL (M(ks | €)))), (2.5)
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k € C(R) and there exist 1 and kg € R such that
0 < k1 < K(8) < Ko, for all s € R. (2.6)
Then
div(k(w)eVe) € HHQ). (2.7)
Proof. Let w € W, we consider the elliptic problem

div(k(w)Ve) =0 in€Q,
{ =0 on 0f2. (2:8)

By applying Lax-Milgram’s theorem, we prove that there exists a unique solution
© € HY(Q) to (2.8) and, by (1.10) and the maximum principle, we get

lellLe() < lleoll=(q)- (2.9)
Multiplying the first equation of (2.8) by ¢ — o € H () we get

| re)vie =) =0,
therefore

m/|v@|2dxs/n<w>|v90||wo|dxsfez/|vw|wo|dx.
Q Q Q

We deduce from the Cauchy-Schwarz inequality that

/Q | Vo |2 de < C = C(k1, k2, 90)- (2.10)
Notice that k(w) | Vi |?€ LY(Q), this term is also belongs to the space H ().
Indeed, let ¥ € D(Q) and taking ¥ as a test function in (2.8), we have
[ #@) VeV ez =0,
then )
[ #@) 190 2 s = [ ()T Vids = (@iv(s()o Vi), o oy 000

Thus ,
k(w) | Vo 2= div(k(w)pVe) in D (). (2.11)
Since k(w)pVep € L2(Q)N, we deduce (2.7). O

3. Main result

Theorem 3.1. Assume (1.4)-(2.3), with (2.5) and (2.6) instead of (1.4) and (1.9),
respectively. Then there exists a weak solution (u,p) to problem (1.1)-(1.3), that is,
u € Wy Ly (Q), o(z,u, Vu) € Ly (Q)N,
o~ o € HY(O) N L= (Q),

/U(I,U,VU)V¢+/ @(I,u)w:f/ k(u)pVeVp,  for all € Wy L (),
Q) Q Q

/ k(u)VVip =0, forall ¢ € H ().
Q
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Proof. Let consider the following variational formulation problem

uw€ WiLn(Q), o(z,w, Vu) € Lip(Q), ®(z,w) € Lyz(),
/ U(x,w,Vu)qu—F/ D(x,w)p = —/ k(W) VeV, for all ¢ € Wi Ly (),
Q Q Q

u = 0 on 0f).
(3.1)
Notice that div(k(w)eVe) € H71(Q) — W 1Li7(), and the existence of solution
to (3.1) is derived by an application of the result obtained in [11]. Also we can check
that the solution of (3.1) is unique [5].

Lemma 3.2. Let u be a weak solution of problem (3.1). Then we have | Vu |€ K (),
and the estimates

/ M(| Vu )z < O, (3.2)
Q
o, Va7 g < Co, (3.3)

Where C1 and Cy are two positive constants that do not depend on w.

| Vu|

Proof. Let n > 0 such that € Ky (Q). Since ¢ € HY(Q) € WLy (Q), there

n
f€2||<P0||Loo(Q) | Vo |

exist 8 > 0 such that

n (3.1). In view of (1.6), (1.7), (1.8), (2.6), (2.9) and Young’s inequality, and Lemma
2.1, we get

€ K37(2), we take ¢ = u as a test function

el 1
n—ﬂ/M(| Vu |)dz < —/ o(z,w, Vu)Vudz

oo AV
/|<I> |d +/52|<P0||L ) | QDHVu\dm
Q B n

| w |> | u | / Kalleoll ) | Voo | | Vu |
h(x M M —dx + dx
5/ (ACO nA 0 B n
ARl Lo Q)/ <|w|) AR Lo (0) (|U>
A=) [y dr +7/M Ll o
B ACo B Q nA
_ o \V4
+/M(m2||900L ) | w')dx—l—/M(vu')dx
Q B Q n
A R| 700 Al R|| 700
< 7z @ , AL (Q)/M(|Vu|)dx
B B Q n

_ o \Y
+/M<K2HSDOL (Q)| SD')dx—i—/M( vu')dac<oo.
Q B Q n

| /\
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Then we deduce that | Vu |€ Kp(€2). Let prove the estimate (3.2), by (1.6), (1.7),
(1.8), (2.2) and Young’s inequality, and Lemma 2.1, we obtain

a/ M(| Vu |)dz < / o(z,w, Vu)Vudz
Q

/|<1>xw |dz+/H2H<P0||L°°(Q)\V80|\Vu\d$
<A @M ‘M ( ') [l gy +(”2H‘p°””" 2) /|v 2 /|Vu|2dx
Q )\CO )\ Q

< s M dx + 0 M — | d
> )‘HhHL (Q)/ ()\C )‘HhHL () )\ €T

2
+<@W|me>>/|w?dx+“/|wl2dw
20ce Q 2 Ja

< M=) + AlB 2= /Q M(| Vu |)dz

(2lleoll Lo ())?
+ - -
20

e
Clin, 2, 0) + QVO/M(\vu\)dx
Q
which implies, that

€% (H2||<P0HL<>O(Q))2

(a—AIIhIIme)— 2ae

/ M(| Vu |)dz < Alhl| (o) + C(#1, K2, p0)-

Q€Yo

Then by choosing € such that o —2A[|A| ) — 5

the estimate (3.2).
Remark 3.3.

> 0, as a consequence, we have

o We take the constant Cy and C; such that

2
(/‘02||900|\Loo(9)) o

A B oo
|7l Lo () + Sere

Qe
K1, k2, o) < Co (Oé = 2|2l o) — %)

and
Cy < C1. (34)

e It is clear that u belongs also to W and do not depends on w.

On the other hand, from the previous prove and (1.6), we also have

/ o(z,w, Vu)Vudz < ﬁ (3.5)
Q «
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From (1.6), (3.5) and Young’s inequality, we get

/a(x,w,Vu)V¢dx§/a(x,w,Vu)Vudx—/a(x,w,vw)(VU—Vw)dx
Q Q Q

C
Si+/ \a(x,w,vw)||vu|d$+/ | o(,w, Vi) || Vi | dx
Q @

<Cl+4u/ﬂM("(“’W>+2u/Q[M(| YV |) + M(| Vi |)] da.

a 2u

by (2.5), we get

/QM (W) dr < /Q %(Mas(w))d:v + M (ks | VY |))da.

Choosing ¢ € W E () such that | Ve|a0 = , then

1
ky+1
/ o(x,w, Vu)Vipdr < C,
Q
finally to deduce the estimate (3.3), we use the dual norm on Ly7(£2). 0

Now, let define the operator T': w € W — u € Wi Ly (Q) — Ep(Q), where u
is the unique solution to (3.1), then due to the estimate (3.2), T"is a compact operator.
Moreover, from (3.2), (3.4) and Lemma 2.1, we have T(W) C W. And to satisfy the
hypotheses of Schauder’s fixed point theorem for T, it remains to be shown that T is a
continuous operator. Indeed, taking a sequence (w,) C W such that w,, — w strongly
in Ep () and let up, = T'(wy), @n, Frn = k(wn)pn Ve, and F = k(w)pVe. We have
to show that

U, = u = T'(w) strongly in Ep ().

Owing to (3.2), we have Vu € Ly ()", We also have w,, — w strongly in L?(Q)
and thus, we may extract a subsequence, still denoted in the same way, such that
Wy, — w a.e. in . Then it is easy task to show that ¢,, — ¢ strongly in H!(Q) and,
consequently, also for another subsequence denoted in the same way, F,, — F strongly
in L2(Q).

Since (wp) C La(€2) is bounded, we deduce for a subsequence,

u, — U in Ep(Q), for some U € Ep (), (3.6)
Vu, — VU weakly in L*(Q)". (3.7)

By subtracting the respective equations of (3.1) for u,, and u, and taking ¢ = u,, — u
as a test function, we obtain

/(a(m,wn, Vuy,) —o(z,w, Vu))(Vu, — Vu)dz + / (®(z, wn) — P(z,w)) (un, —u)dz
Q Q

__ / (Fn — F)(Vun — Vu)da. (3.8)
Q
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For the first term of the right hand-side of (3.8):
Using (1.6), we get

(o(x,wn, Vuy) — o(z,w, Vu))(Vu, — Vu) > aM (| V(u, —u) |)
+ (o(x, wn, Vu) — o(z,w, Vu))(Vu, — Vu).

Let B, = o(z,wn, Vu) — o(z,w, Vu), then | B, |— 0 a.e. in §2. For a given positive
number dg, to be chosen later, we have

/ | BV (un — ) | = / | BV (un — ) |
Q {1V (un—u)|<do0}

+/ | BV (un — )| (3.9)
{IV(un—u)|>80}

For the first term of the right-hand side of (3.9), we have

/ |BnV(un7u)|§50/\Bn|
{1V (un—w)| <50} 0

:50/ |Bn|+50/ B, |.
(1B <av} (1B 540}

The first of these integrals converges to zero. As for the second one, using the fact

B, o
that | 1 | > 1 on the set {| B, |> 4v} and (2.2), it yields
v

B, |\? B,
50/ | B, |< 41/50/ <|> < 4V’7150/ P (' |) :
{|Bn|>4v} {Bn|>4v} \ 4V Q 4v

In virtue of (1.5) and while P < M for eks < 1, we deduce

(| f: |) < 4(P(a1) + P(w) + P(wy) + ksM (| Vu |)),

and since P(w,) — P(w) strongly in L'(2), by Lebesgue’s dominated theorem it

yields that
B,
lim P (") =0,
n—oo Jo 4v

lim | B,V (uy —u) |=0.
"0 IV (un —u) | <60}

consequently,

For the second term of the right-hand side of (3.9), we use Young’s inequality and
(2.2). It yields

1
J BVl =)< o 1B | V(=) P
{IV (un—u)| >80} Qg {IV (un—u)|>80}

B,

2
Slﬁw/p(' )+ oz | P(| V(un —u) ).
agy  Jq 4v 4 {IV (un—u)|>6d0}
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It has been already shown that the first of these terms converges to zero. As for the
second one, since P < M, we fix dg > 0 such P(s) < M (s) for all s > dy. Then

‘WO/ P(| V(up—u) |)dz < w/ M(| V(up—u) |)dz.
4 SV un—u)>50} 4 SV un—u)|>50}

By taking ¢y = —, we obtain
Ao
07 [0
—/ P(| V(u, —u) |)dz < —/ M(| V(up —u) |)dx.
2 J{V (un—u)|>50} 2 J{V (wn—u)|>60}

For the second term of the right hand-side of (3.8):

/(@(m,wn)—@(%w))(un —u)dx < / | ®(z,wp) — @(z,w) || up —u | dz
Q Q

S/M<)\¢)(xawn)_q)($vw) )d.T—i—()(o/M(un_U|>dx
Q Qo Q A

g/ﬂM(A‘b(””’W”)_@(m’“) )dx+ao/QM(| V() |)da.

Qo
(3.10)
From above, we deduce the following estimate, for some sequence (e,) such that
€n — 0,

(§ =0 [ 20V, ) o

S/Q|(Fn—F)V(un—u)|dx+ao/QM<

A @(z,wn) — P(z,w) |
Qo

dr + €,.

(3.11)
Choosing o = % and by (2.3), we obtain

«
— |V (uy — u)]|%2 </ F, — F)V(u, —u) | dx
4%” ( iz < Q|( IV( )|

+Oé()/QM()\ | q)(l’,wn)—‘b(l',W) |) d$+6n

&)

Using Poincare’s inequality, we get

lin — )220 < C /Q | (Fa = F)V(un — u) | dz

+CC¥0/M<>\ | (I)(win)_q)(xaw) |>d$+€n
Q

Qo

(3.12)

We have F,, — F strongly in L2(Q)" and V(u,, — u) is bounded in L?()". On the
other hand w,, — w strongly in Br, we may extract a subsequence, still denoted the
same way, such that w, — w a.e. in €. In addition, the function H is continuous with
respect to its second argument, then from (1.8) and dominate convergence’s theorem

/ i ()\ | ®(2,wn) — O(z,w) |) dx converges to 0.
Q @o
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Then the right-hand side in (3.12) converges to zero. In conclusion, w, — u
strongly in L?(Q2). Since this limit does not depend upon the subsequence one may
extract, it is in fact the whole sequence (u, ) which converges to u strongly in L?(£2).
On other hand, in virtue of (3.6), we also have u,, — U strongly in L?(Q2), so that
u = U and we can rewrite (3.6) to give u,, — u strongly in Fj;(€2). This shows that
T is continuous and this ends the proof of theorem 3.1. g

4. An existence result
The definition of a capacity solution of (1.1)-(1.3) can be stated as follows.

Definition 4.1. A triplet (u, @, ®) is called a capacity solution of (1.1)-(1.3) if the
following conditions are fulfilled:
(R1) u € WiLy(Q), o(z,u,Vu) € Li7(Q)N, ®(z,u) € L}(Q),
®(z,u).u € LY(Q), p € L=(N), ® € L2V,
(R2) (u,, ®) verifies the system of elliptic equations
—div o(x,u, Vu) + ®(z,u) = div(p®) in Q,
{ div(®) =0 in Q.

(R3) For every S € C}(Q) = {¢ € C'(Q2)/supp(¢) is compact}, one has
S(u)p — S(0)po € Hy(), and  S(u)® = w(u)[V(S(u)p) — 9VS(u)].
Our most general result reads as follows.

Theorem 4.2. Assume that (1.4)-(2.3) hold true. Then there exists a capacity solution
to problem (1.1)-(1.3).

Proof of the theorem 4.2
Step 1: Approximative problem.
For every n € N*| let us define the following approximation of x, a and g:

b(z, s)

n(s) = Kls) + ) oul5,6) = 00, Tu(s), ), Bulays) = —p )
1+ -~ | &(x,s) |

)

for all z € Q and & € RV,
Let us now consider the approximate system

—div 0, (2, Un, Vun) + O (2, u) = K (un) | Vo |2 in Q,
div(kn (un) V) = 01in Q,
Uy, =0, on 09,
Yn = g, on 0.
From (1.4), we deduce

1 1

| o(z, To(s),€) [< v [ao(x) + M (P(ky [ Ta(s) [) + M (M(k2 [ £1)]
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where (ao(az) —|—M71(P(k1n))> € E57(9).

In view of (1.9), we have that
n! < kp(s) <E+1=rs, foralls € R. (4.5)

We have also | ®,(x,s) |<| ®(z,s) | and | ®,(z,s) |< n. Thus, we can apply
Theorem 3.1 to deduce the existence of a weak solution (u,, ¢y, ) to the system (4.1)-
(4.4).

From the maximum principle

[nll=(0) < llvollLee(e); (4.6)

hence, there exists a function ¢ € L*°() and a subsequence, still denoted ¢,,, such
that

©n — @, weakly-* in L°(Q). (4.7)

Now let multiply (4.2) by ¢, — ¢o € Hg(2) and integrate over Q. We get

/ Ko (Un ) Vo, V(on — @o)dz = 0;
Q

hence

/ tin(Un) | Vo, |? dx < O3, for all n € N*, (4.8)
Q

where C3 = C(R, |00l r=(q)). Consequently, the sequence (kn(un)Vey) is bounded
in L2(Q)Y. Thus, there exists a function ¢ € L?(Q)" and a subsequence, still denoted
in the same way, such that

Ko (U ) Vo, — ¢ weakly in LZ(Q)V. (4.9)

This weak limit function ¢ € L?(2)" is in fact the third component of the triplet
appearing in the defintion (4.1) of a capacity solution.
Taking w,, as a function test in (4.1), we obtain

/o(x,Tn(un),Vun)Vundz+/
Q

D, (z, up )upder = f/ Ko (Un)on Vo Vuyde.
Q

Q
(4.10)
Since u, € Wy L (), and ¢, € H' () C W L77(€), there exist n,, and 3, > 0 such

that V%2l € 1 (Q) and “leele=@lVenl ¢ pe(q),
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From (1.6), (1.7), (4.4) and (4.6) and Young’s inequality, and Lemma 2.1, we obtain

oz/M(| Vuy, |)dz < / o(x, Tn(un), Vup)Vu,dr
Q Q

| un |) / <53||<P0||L°°(Q) | Vion |>
< 2| o /M( dx + 1
1]l Lo () A \Co 3 A 5,
+nnﬂn/ M(' Vi |>d
Q Tn

< 2 e / M(| Vg )z + 7 /Q (

+777L57L/M<|vun |>d
Q Mn

Therefore

3H<P0||Loo(9) | Von |>
Bn

oo Vo,
(@ — 2 Al| = (o) /M | Vu, |)d:c<77nﬂn/ <"”v3”%lLﬁm )| m)
Q n

—|—77nﬁn/ M (Wu"'> dx < oo.
Q n

and thus | Vu, |€ K (€2). On the other hand

a/M(| Vuy Nde < | o(z, Th(un), Vu,)Vu,de
Q Q

2
Uy, R3||P oo
< ooy [ (L) oy BB OR [y 19, 2 0

)\C (67551
+ X / | Vuy, |? da

(ssllpollze)? , | e
< Wl | M1 Vi o+ 52 BB 2900 [ 1 9, e

aeq

Then

Q€170 (r3lloll Lo ())?

( 1 —2X\|hllL=()) | M(] Vu, |)de < ——————Cs.

Q a
Taking €; = 4 , we obtain
[ 210 s < 1)
Q

It follows that (u,) is bounded in W} L/ (€2). Consequently, there exists a subse-
quence, still denoted (uy,), and a function u € W Ly (Q) such that

u, ~u in WyLy(Q) for o(IlLy,IE3;), (4.12)
and since the embedding Wi Lz () — Ejr(9) is compact, we also have

up, — u  strongly in  Ep(2) and ae. in €, (4.13)



280 Yassine Ahakkoud, Jaouad Bennouna and Mhamed El Massoudi

1
ko +1°

On the other hand, let 1 € Wi Ex ()" be arbitrary with |[Vi||ar) =
In view of the monotonicity of a,, one easily has

/Qo(%un,Vun)Vi/)dx S/

o(x, Up, V) Vu,dr — / oz, up, V) (Vu, — Vip)dz
Q

Q

§C+/ |U(x7un,V1/))||Vun|d:c+/ | o, tn, V) || V0 | da.
Q Q

(4.14)
For the first integral in the right side, we use the Young’s inequality to have

/Q | o(2, tn, V) || Vg | da < 3V/Q {M (W) + M(| Vuy, |)} da,
using (1.4) we have
3 U(van(un)vvw)
3v

) < W[ (ao(x)) + Py To(un)) + M(ks V1)),

Since (u,) is bounded in WLy (€2), and owing to Poincare’s inequality, there exist

A > 0 such that / M (uTn) dr <1 for all n € N*. Also, since P < M, there exist
Q

so > 0 such that P(kys) < P(kiso) + M (;) for all s € R.

Consequently,

- T S
3U/ Vi (O’(-r, ngin)a Vw)) dr < V/ (M(ao(l‘)) + P(len(un)) + M(kQV’(/))) dx

Q Q
<C,
and thus / | (2, un, V) | . | Vug|lde < C, for all n € N* and v € Wi Ep ()N
Q
1

such that ||V ar) = Bl

On the other hand, the second integral in (4.14), namely
/ | on (2, tn, Vuy) | .| Vu, | de < C
Q
can be dealt in the same way so that it is easy to check that it is also bounded.
Gathering all these estimates, and using the dual norm, one easily deduce that
(0n(2,up, Vuy,)) is bounded in  Lz(Q)N. (4.15)

Thus, up to a subsequence, still denoted in the same way, there exists w € LM(Q)N
such that

(On (T up, Vu,)) = in Li(Q)Y for o(IILy, TTF5). (4.16)

Step 2: Almost everywhere convergence of the gradient.
In this step, we may extract a subsequence of (u,,), still denoted the same way, such
that

Vu, - Vu ae in Q, as n— +oo. (4.17)
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Let v; € D(2) be a sequence that v; — u in W Lp(£2) for the modular convergence
see [9]. Setting for s > 0, Qs = {x € Q :| VIk(u) |< s} and Q) = {z € Q :
|VTk (v;) |< s} and denoting by x* and xJ the characteristic functions of Q4 and Q7
respectively. And we denote by (i, j, 5,n) the quantities such that

lim lim lim lim €(¢,3,5,n) = 0.
1—00 j—00 B—00 N—00

For any n > 0 and n,j > 1, we may use the admissible test function
g = Tn(un — Tk (v)))
n (4.1). This leads to

/ on (@, Un, Vun) VT, (uy — T (vj))dz + / O, (z, un) Ty (un — Tk (v5))dx
@ @ (4.18)

= / Kn(wn) | Vo |2 VT, (uy — T (v;))d.
Q
By Young’s inequality and Lemma 2.1, we have

/ 1B (2, ) | Tt — Tic () < / | (2, n) | Ty(un — T (v5))dx
Q Q

< /Qh(x)ﬁ’lM ('A“g()') T, (un — Ti (v;))d

< llhllz~) /Q M (| Vuty 1)z + [ hl] = () M (1) meas(€)
< (Ch.
Using (4.8) and above result, we get
/ on (2, Up, Vun) VT, (uy, — T (vy))dx < Cn. (4.19)
Let’s study the left—h:nd side of (4.19). We have

/Un(l'y Un, vun)VTn(un - TK(vj))dx
Q

/ (2, Un, Vun )V (up — Tk (v)))d
{lun— TK(UJ)‘<77}

/{ On (@, Un, Vun)V(un — Tk (v;))de

Un | > K} {|un—Tk (v;)|<n}

(@t V)V (1 — T (o))l

_|_

‘Alun|<K}m{|un TK(UJ')ISW}
/ on (@, Tn(un), VI (un)) (VI (un) — VIk (v5))dx

{1 Tk (un) =T (v)| <0}

on (T, U, V) Vu,de

+

/{|un|>K}ﬁ{|un T (vs)|<n}

—/ On (2, Up, V) VT (vj)de.
{lun|>K}0{|un—Tk (v;)|<n}
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which yields, thanks to (1.6) and (1.7),
/ on (T, U, Vun )V, (u, — Tk (vj))dz
Q
> | 0, T (), VT (1)) (VT (1) — VT (0))dz (4.20)
{lun =Tk (v;)|<n}

Un(xa U, Vun)VTK(U])dx

/{lun|>K}ﬂ{|unTK(vj)<n}
Let 0 < § < 1, we define

On,x = (0(2, Tk (un), VIk (un)) — (2, Tk (un), VI () (VT (un) — VTk (u)).
Using the similar technic as in [1], we obtain,

/ O, kdr < Cimeas{z € Q:| T (un) — T (vj) [> 0}~ + Ca(e(n, j, 5,m))°.

r

Which yields, by passing to the limit sup over n, j, s and 7

imsup | ((o{a. Tic(un). VTic(n)) = oo Tic ), VT (w)

n—oo

(VT (1) — VTK(u))>6da: —0.

Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in (., and since r is
arbitrary,
Vu, = Vu ae. in Q.

Remark 4.3. A consequence of (4.17) is that,
o (2, un, V) = o(z,u, Vu) in Ly (Q)N  for o(IlLyp, TEy). (4.21)

Step 3: Equi-integrability of the nonlinearitie ®,, (z, u,).

We shall now prove that @, (z,u,) — ®(x,u) strongly in L*(Q) by using Vitali’s
theorem. Since @, (z,u,) — P(x,u) a.e in , it is suffices to prove that ®,,(z,u,) are
equi-integrable in €. Indeed, let € and for any measurable subset D C 2. Using (1.8),
Young’s inequality and Lemma 2.1, we have

b D 2Co
< Hh“Lw(Q)/ M(| YV, [)da + |1 o ) M(1)meas(D).
D

According to Lemma 3.2 in [6], we have M (| Vu, |) — M(| Vu |) in L*(), and there
exists n(e) > 0 such that

€ €
||h||Lx(Q)/ M(| Vuy, |)dx < 3 and  ||h]| e ()M (1)meas(D) < >
D

such that meas(D) < n(e). Then, by Vitali’s theorem we conclude that
®,,(x,u,) — ®(x,u) strongly in L'(Q).



Capacity solution for an elliptic coupled system 283

Using again (1.8), Young inequality and Lemma 2.1, we obtain

D, (z,un) | .| un d:ch/h M M( —dx
JRLCXAINES [ el) L
< A e / M(| Vu, |)da.
D

and in the same way, we show that
P, (x, up)uy — ®(x,u)u  strongly in  L'(Q).
So that ®(z,u)u € L'(Q).

Step 4: Passage to the limit.

The next result analyze the behavior of certain subsequences of (¢y,). They will allow
us, to pass to the limit in the approximate system (4.1)-(4.4) to show the existence
of a capacity solution to the system (1.1)-(1.3).

Lemma 4.4. [10] Let (un, ©rn) be a weak solution to the system (4.1)-(4.4), u € Ep(Q)
and ¢ € L>(Q) the limits functions appearing, respectively in (4.7) and (4.13). Then
for any function S € C}(R),

e there exists a subsequence, still denoted in the same way, such that

S(un)pn — S(u)p weakly in  H' (). (4.22)
o Moreover, if 0 < S < 1, then there exists a constant C > 0, independant of S,
such that
“”f“p/Q b (tn) | V(S(un)pn = S()g) P< OIS oo L+ [18]oe). (4:23)
o There exists a subsequence (yp,) C (pn) such that
Jim [ on —o1=0, (4.24)

Finally, the condition (R;) and (R2) of the Definition 4.1 are fulfilled. In order
to obtain the condition (R3), using (4.17), (4.22) and (4.24), it is enough to make
k — 400 in the expression

S(tny ) Eng (Uni )V Pny = by (Uny ) [V (S (Ui )ony ) — ©n, VS (Uny,)]-
This completes the proof of theorem 4.2.

References

[1] Aberqi, A., Bennouna, J., Elmassoudi, M., Sub-supersolution method for nonlinear el-
liptic equation with non-coercivity in divergentiel form in Orlicz spaces, AIP Conference
Proceedings 2074, 020004 (2019).

[2] Aberqi, A., Bennouna, J., Elmassoudi, M., Ezistence of entropy solutions in Musielak-

Orlicz spaces via a sequence of penalized equations, Bol. Soc. Parana. Mat. (3s.),
38(6)(2020), 203-238.



284 Yassine Ahakkoud, Jaouad Bennouna and Mhamed El Massoudi

[3] Aberqi, A., Bennouna, J., Elmassoudi, M., Hammoumi, M., Ezistence and uniqueness
of a renormalized solution of parabolic problems in Orlicz spaces, Monatsh. Math.,
189(2019), 195-219.

[4] Adams, R.A., Sobolev Spaces, New York (NY), Academic Press, 1975.

[5] Aharouch, L., Bennouna, J., FEzistence and uniqueness of solutions of unilateral prob-
lems in Orlicz spaces, Nonlinear Anal. TMA, 72(2010), 3553-3565.

[6] Azroul, E., Redwane, H., Rhoudaf, M., Existence of a renormalized solution for a class
of nonlinear parabolic equations in Orlicz spaces, Port. Math. (N.S.), 66(2009), no. 1,
29-63.

[7] Bahari, M., El Arabi, R., Rhoudaf, M., Capacity solution for a perturbed nonlinear
coupled system, Ric. Mat., 69(1)(2020), 215-233.

[8] Bass, J., Thermoelectricity, In: Parer, S.P. (ed.) Mc Graw-Hill Encyclopedia of Physics,
McGraw-Hill, New York, 1982.

[9] Benkirane, A., Elmahi, A., Almost every where convergence of the gradients of so-
lutions to elliptic equations in Orlicz spaces and application, Nonlinear Anal. TMA,
11(28)(1997), 1769-1784.

[10] Gonzalez Montesinos, M.T., Ortegon Gallego, F., FEzistence of a capacity solution to
a coupled nonlinear parabolic-elliptic system, Commun. Pure Appl. Anal., 6(1)(2007),
23-42.

[11] Gossez, J.-P., Mustonen, V., Variational inequalities in Orlics-spaces, Nonlinear Anal.,
11(1987), 379-492.

[12] Moussa, H., Ortegén Gallego, F., Rhoudaf, M. , Capacity solution to a nonlinear elliptic
coupled system in Orlicz-Sobolev spaces, Mediterr. J. Math., 17(67)(2020), 1-28.

[13] Xu, X., A strongly degenrate system involing an equation of parabolic type and an equa-
tion of elliptic type, Comm. Partial Differential Equations, 18(1993), 1-21.

[14] Xu, X., On the ezistence of bounded temperature in the thermistor problem with degen-
eracy, Nonlinear Anal. TMA, 42(2000), 199-213.

[15] Young, J.M., Steady state Joule heating with temperature dependent conductivities,
Applied scientific Research, 42(1986), 55-65.

Yassine Ahakkoud

Laboratory L2MASI, Faculty of Sciences Dhar El Mahraz,
University Sidi Mohamed Ben Abdellah, Fez, Morocco
e-mail: yassine.ahakkoud@usmba.ac.ma

Jaouad Bennouna

Laboratory L2MASI, Faculty of Sciences Dhar El Mahraz,
University Sidi Mohamed Ben Abdellah, Fez, Morocco
e-mail: Jbennouna®hotmail.com

Mhamed El Massoudi

Laboratory L2MASI, Faculty of Sciences Dhar El Mahraz,
University Sidi Mohamed Ben Abdellah, Fez, Morocco
e-mail: elmassoudi09@gmail.com


https://orcid.org/0000-0002-7111-5505
https://orcid.org/0000-0001-9335-9271

Stud. Univ. Babes-Bolyai Math. 70(2025), No. 2, 285-299
DOLI: 10.24193/subbmath.2025.2.08

Some saturation classes for deferred Riesz
and deferred Norlund means

Seyda Sezgek (@, Ilhan Dagadur ( and Cumali Catal

Abstract. One of main problem in approximation theory is determination a sat-
uration class for given method. The problem of determining a saturation class
has been considered by Zamanski, Sunouchi and Watari and others. Mohaparta
and Russel have considered some direct and inverse theorems in approximation
of functions. Sunouchi and Watari have studied the Riesz means of type n. In
[5], Goel et al. have extended these results by considering Norlund means. In this
paper, we examine some direct and inverse theorems in approximation of func-
tions under weaker conditions by considering Deferred Riesz means and Deferred
Norlund means. Also, we extent above mentioned results.
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1. Introduction

Let f be a 2m-periodic function and f € L, := Ly[—n, x| for p > 1, where L,
consists of all measurable functions for which denote the L,-norm with respect to x

and defined by
1 " »
o P
1= {5z | Ir@lras)

Cs, denote the set of all continuous functions defined on [—m,7]. For p = oo,
L,[—m, 7] space replace by the space Ca.
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Each f € L' has the Fourier series

flx) ~ %ao + i(ak coskx + by sinkz) = iAk(x) . (1.1)
k=0

k=1

The partial sum of the first (n + 1) terms of the Fourier series of f at a point x
is defined by

1 n n
Sp(f;z) = 200 + Z(ak coskx + by sin kz) = Z Ag(x) .
k=1 k=0

The conjugate series of the series (1.1) is

oo

Z Bi(z) = Z(b’f coskx — ay sinkx) .
k=1

k=1

and also the conjugate function f of f is given by
~ 1 ™ t
f(x) = %/0 {flx+1) —f(x—t)}cotidt .

The integral is known as a Cauchy integral. Also, f exists almost everywhere
whenever f is integrable.
Moreover, if wy(0, f) = O(6%), then f € Lip(c,p), (p > 1), where
wp(6, f) = sup [[f(z + h) = f(2)llp
|n|<6

is the integral modulus of continuity of f € L,. Clearly, if f € Lip(a,p) for some
«a > 1, then f must be constant. So it is interesting only in case of 0 < o < 1. Also
for p > 1, the generalized Minkowski’s inequality is given in [7] as follow

H/ flo.t)di) < / 1f (. )|t -

Throughout the paper, we consider K, = {f € L, : fe Lip(1,p)} for 1 <p < o0
and Ko = {f € Cor : f € Lipl} for p = 0.
In 1932, Agnew [1] defined the Deferred Cesaro mean of the sequence {si} by

2
Sap+1 + Sa,+2 + ... + Sp, 1
(Da,ba S)n = - b Li w T = b —_a § Sk
n n n U N

where a = {a,,} and b = {b,,} are sequences of non-negative integers satisfying

an <b,, n=123,... and lim b, =00.
n—oo

We note here that D, is clearly regular for any choice of {a,} and {b,}.

Let {p,} be a sequence of non-negative real numbers. Deferred Riesz and De-
ferred Norlund means of (1.1) are defined as follows

b
1 n

an+l k=a,+1

DR, (f:z):
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and
1 o
DyN,(f; ) = Dhaman—1 > o kSk(fiz)
0 k=an+1

where

b bp—an—1

Prrag= Y w#0, Frh= 3 g #0
k=an+1 k=0

(see [11], [2] and [12]).

Taking b, = n and a,, = 0, Deferred Riesz and Deferred Norlund means give us
classically known Riesz and Norlund means of the series (1.1), respectively. Also, in
case p, = 1 for all k, both of them yield Deferred Cesaro means of Si(f;x) as follows

bn
Db (fi2) i= — > Sk(fix)

b, —a

n k=a,+1
Let gp(n) k = 1,2,... be the summating function and consider a family of
transform of (1.1) of a summability method G,

1 o0
P.(z) = 540 + Z 9x(n)(ag cos kx + by sin kx) (1.2)
k=1

where the parameter n needs not be discrete.
If there are a positive non-increasing function ¢(n) and a class K of functions
in such a way that

| f(z) — P,(x) || = o(¢(n)) implies f(z) = constant; (1.3)
| f(x) = Pu(z) | = O(¢(n)) implies f(z) € K; (1.4)
for every f € K, onehas | f(z) — P,(z) || = O(¢(n)), (1.5)

then it is said that the method of summation G is saturated with order ¢(n) and its
class of saturation in K ([3]).

Ever since the definition of saturation of summability methods was given by
Favard [4] many authors have studied the saturation property of operators which are
obtained as transforms of the n-th partial sum of the Fourier series by summability
methods. Zamanski [14] have studied the notion of determining a saturation class
by considering (C,1). Sunouchi and Watari [13] have obtained the saturation order
and class for Cesaro, Abel and the (R, A, k) method. Goel et al. [5] have examined
order and class of saturation of Norlund means with supremum norms. Mohapatra
and Russell [10] have analyzed order and class of (N,c,d)-methods in the L, spaces.
Kuttner, Mohapatra and Sahney [8] have obtained results on saturation for a general
class of summability methods in the supremum norm.

In this paper, our object is to extent some of these results under weaker condi-
tions by considering Deferred Riesz means and Deferred Norlund means.

We shall give some well-known results that we will use them to prove our theo-
rems.
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Lemma 1.1. [6] If f belongs to Lip(1,p), 1 < p < oo, then f is equivalent to the
indefinite integral of a function belonging to L,. Also, if f € Lipl, then f is the
indefinite integral of a bounded function.

Lemma 1.2. [15] If f € LP, 1 < p < oo, then f € LP. Moreover, S[f] = S[f].
Lemma 1.3. [5]

T s 1 1
/ sin(k + 1)udu’ . { 2(k2+ Dlog (gt ) 0< (k+1)t<
t

u e E>0,t>0.

Lemma 1.4. [9] Suppose that dy; > 0 (Vn, k), >7—dnr =1 and

Zd"k loghk < oo .
k=1

Let ¢(n) be a positive function. In order that D should be saturated with order ¢(n)
and some class, it is necessary and sufficient that

0 < lim inf 20V

n—roo n0

< o0

2. Main results

If there are a positive non-increasing function ¢(n) and a class of functions K
with the following properties

| £(2) = DERa(f:2) || = o(¢(n)) = f is constant (2.1)
| f(z) = DyRu(f;2) | = O(8(n)) = feK (2.2)

and
feK = | f(x) = DiRu(f;2) | = O(g(n)) (2.3)

then we say that DY R, (f;x) is saturated with the order ¢(n) and class K.
Now, we give interesting results for Deferred Riesz means.

Lemma 2.1. Let 1 <p < o0 and

b
1 n
Pon Z prlogk < oco.
an+l k=a,+1

If

f _DZRn g p— ( P, )
| f(z) (f;2) llp=o P

then f is constant.

To proof the following lemma we use the same technique in [8].
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Proof. Let us write D2 R, (z) instead of D2R, (f;x). By definition of DR, (x), we
get
1 I T

— DR, (x+t)cosktdt = = Z prSr(x + t) cos ktdt

b'VL
TJ—n Pll +1 r=a,+1

= Z pr (x + t) cos ktdt
a +1 r=a,+1 -r

= Z prAk

an+1 r=k

since hypothesis and

1 4 | Ag(z), r>k
7r/ S’T(Jc—l—t)cosk:tdt—{ 0. ek

—Tr

Hence, we obtain

A ZprAk ( e Z pr> :

an+1 r==k an+1 r=k+1

Sn(f) converges to f uniformly whenever f is continuous [15]. So, from hypothesis
and generalized Minkowski’s inequality we get

1 ™ 1 ™
H — Sy(x +t) cos ktdt — — DYR,, (x +t) cos ktdt
T J_x ™

—T

p
0

1 /" 1
H — Sy(x +t) cos ktdt — — flx +1t)cos ktdt
TJ_x ™

—T

IN

p

1 (" 1 (7
— fz+1t)cosktdt — — Db R, (z 4 t) cos ktdt
- T

™

+

—Tr

p

IN

1 (7 1 [7
- = fllpdt + = — DYR, ||pdt
= 18 = gt + = [ 17 = DL,

—T

i ( p,,,z )
= D, .
Pan+1

Therefore for all £ > 1 we have

Db,
b bn
(Pan+1 r=k+1 Pan+1

Ai(z) (pk+1 +p;:2... +pb”) =o(1).

Because of (W%ﬂjb") > 1 for each r > 1, we get Ax(x) = 0. Consequently

f(x) = $ao which is a constant. O

ie.,
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Lemma 2.2. Let the limit
. Dr
lim
n— 00 pbn

hold for a fized a,, +1 <1 < b,. If the equation

=1

pn
| Fw) — DyRa(f2) ||p=o< > )
18 hold, then

= 0(1).

Proof. Suppose that A,,(z) := f(z) — D’R,,(f;x). In this case,

bn, an
An(@)~ 3 (1—be§ )Aku).
+1

k=a,+2

N
> k-an-n) (1- 52 )

k=a,+2

Let N < b, taking N-th arithmetic mean of A, (x) we get

N b Ca. —
on([T; Ay = Z (1— i)k ><1—]];_(;;_21)Ak(x).

k=a,+2 Pan,+1
bn
» Pan—i-l

On account of [|A,|| > [lon[z; As]ll, we obtain

N b
P k—a,—2
Z <1_ an > (1_ N_an_:l)Ak(x)

k=a,+2 an+1
N b b
P =P k—a,—2
an+1 k mn
—nt- = 1—-—) A =0(1
= 2 ( . )( ==t )| =ow
k=an+2 " P
al D +p +..+p k
. a,+1 a,+2 k—1 _ _
= 2 ” ) (1= w) 4| =00
k=a,+2 " p
al k
k=an+2 P
This completes the proof. O

Lemma 2.3. Let

1 i cos(k +1/2)t

P Pk :
Py it sin(t/2)

M, (t) =

and

Go(t) = /t " My (u)du. (2.4)
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[ 1Gato1=0 (”“) (25)
+1

CL

If

an

an+1

and f € K, (1 <p<o0) then || f(z) — DER,(f;x) |lp=0 ( Db, >

Proof. Let Sy (f;x) denote the partial sums of the conjugate series related to f(z).
So,
- cos(t/2) — cos(k + 1/2)t

( 3 L 27‘(‘ / {f T+ t f(ﬂﬁ - t)} sin(t/2) dt.
With a simple analysis, we get
U 1 bn L
SR (Sk(fix)) = piSk(fi )

pbn
Pan +1 k= an,+1

= Pb Z Pk*/ {fla+1) -

U«n+1 k= an—&-l

Pb” Z pki

an+1l k=a,+1

f(z—t)} cot(t/2)dt

cos(k + 1/2)t

sin(t/2) dt.

{fx+1) = fl@—1)}
0
By Lemma 1.2, f € L, (1 < p < c0) implies fe L,. So f € L,, and thus we obtain
S'(f) = S(f) If p = oo then it means that f € Lipl. Therefore, we say that —f + %ao
is equal to f. As a result f — D?R,,(Sk(f;x)) is identical to f(x) — D? Ry (Sk(f;x)).
From hypothesis we get

bn

Pbl Z pkf(l“)

an+l k=a,+1

! k*/ {flx+1)—

b"l
Plln+1 k=a,+1

f(@) = DoRn(f;2) =

f(x— 1)} cot(t/2)dt

cos(k + 1/2)t

+ 1 k—/{fxﬂ

a +1 k=a,+1

= an Z pki/ {fl’-i—t

ant+l k=a,+1

Z pk*/ {fz+1) -

an+1 k= an+1

Z pk*/ {f(x+1)

lln+1 k=a,+1

flz =1} sin(t/2)
f(z—1t)} cot(t/2)dt
f(x — 1)} cot(t/2)dt

~fa-0} sin(t/2)

cos(k + 1/2)t
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—/{fx+t Fla — )} Mo (t). (2.6)
As f € K, by Lemma 1.1, we get f'e L,, p > 1. By integrating in (2.6) we have

@) = DoRo(io) = =5 [ (@t 0)+ 7@ = 0)Gu (0

By generalized Minkowski’s inequality, we obtain

5@ = Dhrasiall, = |5 [0+ PG

P
< / Pz +t) + ' a:—t}H (1)|dt
< M/ W()]dt = (p””>.
a +1
This completes the proof of Lemma. O

Theorem 2.4. Let 1 < p < o0, (ay,) and (by,) be sequences of non-negative integers
satisfying

an < b,, lim b, =0
n— oo

and {pn} be a sequence of non-negative real numbers such that

bn

> bk = prral = O(ps,) (2.7)

k=a,+1

Pap+1 = 07 P, +1 = 0. Iff € Kp7 1< p < 00, then

| f() = DgRa(f;2) [lp=O < e ) : (2.8)

bn,
PanJrl

Proof. Due to Lemma 2.3, it is enough to show (2.5). By Abel’s transform, we get

1 1 on
M, (t) = Py /2 P v +1 { Z sin(k + 1)¢)(pk —pk+1)}

k=a,+1
Since
1 2
————==5+0
2sin®(t/2) 12 (1),
we have
2 1 on
M,(t) = P { Z (sin(k + 1)t) (p —pk+1)}
an+1l (k=a,+1

bn
+0 (Pbl { Z (sin(k + 1)t)(pk pk+1)}>

an+l \k=a,+1
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bn
- = { 2}@m@+nmm—pﬂo}+0(€“>.

+2 pban n
t Pan"!‘l k=a,+1 Pan"rl

From the last equation we obtain

b,

T [T sin(k + Du
Z |pk*pk+1|/ ’/ 7( 5 ) du
- o |Jt u
To complete the proof, we shall show the following equation
T[T sin(k +1
I :=/ / bln(u;—)udu‘ dt =0(1) . (2.9)
0

t
By Lemma 1.3 we get

B 1/e(k+1)
e / / bm(kw‘du‘ ai = /
o |Ji 0

u?
“
1/e(k+1)

dt.

/ sm(k—z!—l)udu)dt
¢ u

T sin(k + 1
/Sm<+>udu‘dt
t

u2

1/e(bx+1) 1
< 2(k+ 1)1 dt
< ( )Og<(k+1)t)
g 2
+/ ———dt = O(1).
1e(brt1) (k+1)E2
This completes the proof. O

Now, we can give our results for Deferred Norlund means.
If there are a positive non-increasing function ¢(n) and a class of functions K
with the following properties

| f(z) = DoN(fi2) || = o(¢(n)) = [ is constant (2.10)
| f(2) = DN, (fi2) || = O(6(n)) = feK (2.11)

and
feK =| f(x) = DiNu(fiz) | = O(¢(n)) (2.12)

then we say that D2 N, (f;z) is saturated with the order ¢(n) and class K.

Lemma 2.5. Let 1 < p < oo and
b

> po,—klogh < 0.
k=an+1

1

If
| f(x) = DY N, (f; ) |l,= o <po>

Pgn —an—1

then f is constant.
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Proof. Let us write D N,,(z) instead of DN, (f;z). Now we get

1 us
= / DY N, (x + t) cos ktdt

™

—T

b
1 i 1 n
= 2 g X e peoskia

™
r=an+1

T

b,
n 1

Z Db, —r— / Sy(x + t) cos ktdt
7r

1
bp—an,—1
PO r=ap+1 -n

b
L b
= e 2 P Ak()
PO r==k

since summation and integration can be replace by hypothesis and since

[  Ak(z), r>k
;/ Sr(ert)cosktdt{ 0. ek

—Tr
Hence, we obtain
1 by, 1 bn,
An(@) = o=t D P Ar() = An(@) <Pb1 > wa)
0 r=k 0 r=k+1

Sn(f) converges to f uniformly whenever f is continuous [15]. So, from hypothesis
and generalized Minkowski’s inequality we get

1 [/" 1 (7
H — Sy(x +t) cos ktdt — — DY N, (z + t) cos ktdt
7r ™
—7 -7 P
1 /" 1 (7
< H — Sy(x +t) cos ktdt — — flx +t)cosktdt
71'
—7 — p
1" 1,
+ |- f(z+t)cosktdt — — D) N, (x +t) cos ktdt
i 7r
-7 -7 p
1
<

™ 1 ™
=[S =ttt [ 17 = AN

_ Po
= o0 7})0%7%71 .
Hence we have
1 on P
0
Ak(x) (an Z pbn—?") =0 <anan1>
an+1 r=k+1 0

Ap() (pbnkl +p1b)gfk72~-~ +po) — o(1).

for all k£ > 1, i.e.,
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Po
f(x) = Fao which is a constant. O

Because of (pb"‘k‘1+pb“"k‘2“'+p°) > 1, Ag(z) = 0 for each r > 1. Consequently

Lemma 2.6. Let the limit
i Db, —k+1
im ———

hold for a fized a,, +2 < k < by,. If the equation

=1

| f(a) = DeNu(f;2) [|,= O (po>

by —an—1
PO

is hold, then
N

> (k—an—1) (1 m> Ag(z)

k=a,+2

=0(1).

P

Proof. Suppose that A,,(x) := f(z) — D2N,,(f;z). In this case,

bn pba—k
An(@)~ 3 |1 ot | Arl@):
k=an,+2 0

Let N < b,. Taking N-th arithmetic mean of A, (z) we have

N b —F
Py k—a,—2

A,] = 1 -0 1———" “ 1A .
iran= 3 (1o ) (1 A==

Since ||Arl| > |lon[z; Ar]l] we obtain

N by —k
P k—ap,—2
1— -0 1™ “14
Z < Pgn—an_1> ( N — an — 1) k(x)
P

k=an+2

N b —an—1 b —k
Pyt — Py k—ap—2
1———— ) Ag =0(1
) ( ~ )( 22w =on)
k=an,+2 P
al +ot k
Z lim (pb"kﬂ pb"a"1> (1 “ N1 1) Ag(z)|| =0(1)
k=an+2 e Po + P
al k
k — — _ . =
S (kan—1) (1 NH)Akm o)
k=a,+2 p
This completes the proof. O
Lemma 2.7. Let
b
1 “ cos(k + 1/2)t
My(t) = ——— Dok
phn—an=t k:;H sin(t/2)
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= /F M, (u)du. (2.13)
/ Gt (Pb ]f‘;n_1> (2.14)

and f € K,(1 < p < 00) then || f(z) — DONo(f;2) |,= O (%)

by —ap—1
PO

and

If

Proof. Let Sy(f;x) denote the partial sums of the conjugate series related to f(z).
So,
I Y - cos(t/2) — cos(k + 1/2)t
D=5 [ e+t - fa-n) G dt.

With a simple analysis, we get

bn,
DEN(S4(fi ) = % S o 1Si(F5)
an+1
= Pb p— Zpb —kf/ {fx+1t)— f(z —t)} cot(t/2)dt
an+1
1 cos(k + 1/2)t
R gy [ 0= fle -0y B

By Lemma 1.2, f € L, (1 < p < o0) implies f e L,. So f € Ly, and we get
S(f) = S(f). If p = oo then it means that f € Lipl. Therefore, —f + 3ag is equal to

f. Thus f — DZNn(Sk(f; 7)) is identical to f(x) — DY N, (Sk(f;z)). From hypothesis
we get

fl@ )— DgNn(f3)
- pha—n= 1az+1pb k*/ {f(xz+1t) — f(x —t)} cot(t/2)dt
Pb “n—1 anzﬂpb k*/ {f(x+1t) = f(x —1t)} cot(t/2)dt

cos(k + 1/2)¢
+pb<ﬁn T Z Db, —k*/ {flx+1t)— fla— )}Wdt

an+1
- /{fx+t Fla — )} Mo (8). (2.15)
As f € K, by Lemma 1.1, we have f’ € L,, p > 1. By integrating in (2.15), we get

@) = DN (i) = =5 [ (7o) 4 o= D)ooy
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By generalized Minkowski’s inequality, we obtain

5@ = DiNufill, = |5 [0+ F - 0G0

P
< / Fl(z+1) + f' x—t}H |G (1)t
Po
< M/‘ (1)t = <%m%l>
This completes the proof of Lemma. O

Theorem 2.8. Let 1 < p < oo, (ay,) and (by,) be sequences of non-negative integers
satisfying

an < b, , nhn;ob =0

and {pn} be a sequence of non-negative real numbers such that

bn

Z |pbn7k: _pbn7k71| = O(po% (2-16)

k=an,+1
Dby—an,—1 =0 andp_1 =0. If f € K,(1 <p < 0) then

Iﬂ@—D%Mﬁ@b=0<ﬁf;1>- (2.17)
0

Proof. Due to the Lemma 2.7, it is enough to show (2.14). From Abel’s transform,
we get

b,
M,(t) = ! 1 { Z (sin(k + 1)t) (Pb, -k — pbn—k—l)} :
[ +1

25sin*(t/2) P, Pt
Since . )
= =+ 0(),
2sin?(t/2)  t2 (1)
we have
2 1 G
My (t) = 2 phian—1 Z (sin(k + 1)t) (Po, —k — Db, —k—1)
0 k=an,+1
1 on
+0 <W { > (sin(k +1)t)(py, -k _pbn—k—l)}>
PO k=a,+1
2 1 G
= @phiand > (sinlk + 1)) (po,—k — Pb—k-1)
0 k=an+1

Po
*0<%n%1>
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From the last equation we get

br

T 1
/ |Gn(t)|dtﬁm Z |Pb—k — Pb,—k— 1|/
0 0

k=an+1

/51nk+ 1)u du‘dt

By Theorem 2.4 and hypothesis, we have

This completes the proof. (|

If we take pp = 1 for all k, both of them yield Deferred Cesaro means of the
series (1.1). So we get following corollary.

Corollary 2.9. Let

M, () = cos|((by, + a, +2)/2)t] sin[((by, — an)/2)1]
(bp, — ap)sin (t/2)
and
t) = /t M, (u)du
If

/07r|Gn(t)|:O(bnian> (2.18)

and f € K,(1 < p < o0) then || f(z) — D(f;z) Hp:O< L )

bp—an

If we take pj, = 1 for all k, a,, = 0 and b, = A(n), where A(n) is a strictly increas-
ing sequence of positive integers, both of them yield Cy\-method. So, we immediately
get following corollary.

Corollary 2.10. Let

1 [cos((A(n) +2)/2)t.sin((A(n) —1)/2)t
M- (2) ( sin®(¢/2) >

p = /tﬁ M, (w)du
/OW Go(t)] = O (@) (2.19)

and f € K, (1 < p < o0) then || f(x) —o)(f;7) |l,= O (ﬁ)

and

If
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Abstract. This work investigates the interval Volterra integral equation (IVIE)
and its solution techniques through the parametric representation of intervals.
First, the general form of the second-kind IVIE is expressed in both lower-upper
bound format and its equivalent parametric form. Next, the methods of succes-
sive approximations and resolvent kernel are developed to solve the IVIE, utiliz-
ing parametric approaches and interval arithmetic. The solutions are presented
in both parametric and lower-upper bound representations. Lastly, a series of
numerical examples are provided to illustrate the application of these methods.
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1. Introduction

Integral equations play a crucial role in various fields of applied mathematics,
with numerous applications in real-world problems such as radioactive decay, diffu-
sion and heat transfer analysis, energy systems, web security, and population growth
models. In these cases, the parameters involved are often not fixed but fluctuate
within certain ranges due to randomness or uncertainty, making the problem impre-
cise. Based on the nature of these problems, the theory of integral equations can be
categorized into two types:

e Precise integral equations
e Imprecise integral equations
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Historically, integral equations have been studied in a crisp environment, where all
variables (dependent and independent) are deterministic. Numerous works have fo-
cused on solving these crisp integral equations. However, as uncertainty in areas such
as technology, energy, communications, and financial security continues to grow ex-
ponentially, scientists, engineers, and system analysts face increasing challenges in
solving decision-making problems under inexact conditions. To address this uncer-
tainty, researchers have introduced various approaches, such as stochastic, fuzzy, and
interval methods. Imprecise integral equations, therefore, can be classified as:

e Stochastic integral equations
e Fuzzy integral equations
e Interval integral equations

In stochastic integral equation, all the imprecise known and unknown functions are
represented by the random variables with suitable distribution functions. In this sec-
tor, many researchers and mathematicians contributed their works, among those some
excellent pieces are reported here. Mao [15] investigated the results on existence of
the solutions of a stochastic delay integral equation. Ogawa [20, 21]studied Fredholm
stochastic integral equation in random environment whereas Mirzaee et al. [16], Yong
et al. [30] derived computational method and backword method respectively for solv-
ing non-linear Volterra integral equations in stochastic environment. Recently, Mo-
hammadi [17], Samadyar and Mirzaee [24, 25] contributed their works on stochastic
integral equation.

In fuzzy integral equation, the imprecise functions are presented precisely by using
fuzzy set having appropriate membership functions or fuzzy numbers. In this area,
Subrahmanyam et al. [27], Agarwal et al. [2], Attari et al. [6] established different
methods of solving Volterra integral equations in fuzzy environment. Later Mordeson
and Newman [18] studied the different solution approaches of fuzzy integral equation.
Babolian et al. [7], Abbasbandy et al. [1] established some numerical technique for
solving Fredholm integral equation in fuzzy environment. Also, Bica and Popescu [8]
together developed a methodology for approximate solution of nonlinear Hammer-
stein fuzzy integral equation. Recently, Zakeri et al. [31], Ziari et al. [32], Agheli and
Firozja [3]and Noeiaghdam et al. [19] accomplished their works on different types of
fuzzy integral equations.

Alternatively, if the known and unknown functions of an imprecise integral equation
are presented in the form of intervals, then that imprecise integral equation is called
as interval integral equation (or ITE). The general form of an interval integral equation
(or IIE) is given below:

u oruj

lgr, gu] (W) [y, yul (v) = [fL, fu] (u) + A / K (u,2) [yr, yu] () dz

where [fr, ful, 9L, gu] : [uo, u1] = K. defined by
[, fol(u) = [fL (w), fu (W)],
gL, gul (w) = gL (u) , gu (u)]
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and
K [UO7’U,1] X [UO7’U,1] —R
which are known function whereas,

[yr, yul (v) = [yr (u), yu (v)]
is unknown function.

In the above-mentioned integral equation, if the upper limit is fixed or variable, then
the integral equation is called interval Fredholm or interval Volterra integral equation
respectively. With the help of this concept of interval environment in the mathematical
lingua franca of these variables/parameters, the concepts of interval differential equa-
tion or interval system of differential equations have been formulated mathematically
for those real-life problems. The interval differential equations have been studied by
several researchers representing the imprecise parameters by random variables/fuzzy
sets/intervals. Among of them, the contributions of Kaleva et al. [11], Buckley et
al. [9], Vorobiev et al. [28], Stefanini et al. [26], Malinowski [13], Ramezanadeh et
al. [23], Wang et al. [29], de Costa et al. [10] and Ahmady [4] are noteworthy. On
the other hand, very few works on integral equations in interval environment were
accomplished among which works of An et al. [5], Otadi and Mosleh [22], Lupulescu
and Van [12] are worth mentioning. An et al. [5] in their work, studied the Fredholm
integral equation in interval environment using interval arithmetic and Hukuhara dif-
ferentiation. Otadi and Mosleh [22] developed simulation technique for the evaluation
of linear fuzzy Fredholm type integral equations. Further, Lupulescu and Van [12]
extended the theory of RiemannLiouville fractional integral to develop the theory of
the Abel integral equation in interval environment.

In this work, the theory of interval Volterra integral equation is studied using
parametric representation of intervals and parametric differentiation. To navigate
the derivation of the theorems properly, the concepts of set of parameterizations of
intervals, continuous parametric interval-valued functions along with metric with
respect to which their different analytical properties (like continuity, differentiability,
integrability etc.) are discussed. After that the class of all parametric interval valued
L2 —functions is defined, over which all the discussions of interval Volterra interval
equations have been performed. Beside these, two types of solution methodologies of
interval Volterra integral equations named as successive approximation and Resolvent
kernel theorems are developed in the parametric form of intervals.

2. Basic notations and definitions
Let K. = {[ar,au] : ar,ay € R} the set of closed and bounded intervals.

Definition 2.1. Parametric representations of [ay,, ay] can be defined in the following
manner:

e Increasing form (IF):

lap,ay] ={a(()=ar +((ay —ar): 0< (<1}
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e Decreasing form (DF):
lar, ay] ={a(() =ay +((ar —ay): 0K (<1}
Therefore, the set of all parametric intervals Kp is defined as follows:

Kp ={a({): a(({) is parametric form of the interval [ar,ay] € K.} .
Definition 2.2. Let I; = {«(¢1): ¢ €[0,1]},1o = {8((2) : & €[0,1]} € K, be the
parametric forms of two intervals (o, ay| and [BL, Su] respectively and A € R. Then,

e Addition:
L4+ I ={a(G)+8(G): G,&e[0,1]}

Subtraction:

I — Iy ={a(C1) = B(C) : ¢1,¢ €[0,1]}

Parametric difference:

Lieply ={a ()= B(0): ¢<[0,1]}

Multiplication:
Iily ={a(C1)B(¢): C1,¢ €[0,1]}

T _ a(Cr) .
1/12 - {ﬁ(@) . ChCZ € [07 1]}

e Division:

Scalar multiplication:
AL = {Aa(Q) 2 C€[0,1]}
Equality of two intervals:
Li=I & a(f)=8(), V¢ €[0,1]
Proposition 2.3. Let Iy = [ar,ay], s = [BL,Bu] € K¢, A € R and their paramet-
ric representations be I = {a(¢1) : ¢1 € [0,1]} and I = {B((2) : (2 €[0,1]}. The
different arithmetic operations on the set K. can be obtained as follows:
o Addition:
hth=| mip (a(@)+8(@), max (a(G)+5()]

¢1,¢2€[0,1] ¢1,¢2€[0,1

o Subtraction:

L -1, = { min (a (1) — B(¢2)), max (a(C) —ﬂ(Cz))}

¢1,62€[0,1] ¢1,62€[0,1]
e Parametric difference:
Loyl = i — _
Syl = | i (2(6) = H(0). max (a(6) ~ 50|

o Multiplication:

1112=[ min (a(C)B(G)s  max <a<<1>6<<2>>]

¢1,¢2€[0,1] ¢1,62€[0,1]
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o Division:

Ly, _ min CV(Cl)) max (a(Cl)ﬂ
1, {cl,cze[0,1]<6(é‘z) 16201 \ B (Ca) 0L

o Scalar multiplication:

A = [ min 0 (6). mx (0 (0)]

Definition 2.4. The distance function on K, is a function p, : K, x K, = Rt U {0}
be a function defined by

pp (@ (C),B(€)) = sup |a(C) =B (O], Ve (C),B(C) € Kp.

¢elo,1]
Clearly p, is a metric on K.
Proposition 2.5. Let a (¢), 8 (¢) € Ky, then
sup [a(¢) =B (Q)] = max |a(¢)—B(C)].

¢€lo,1] ¢efo,1}
Corollary 2.6. Let p,, : K x K, — Rt U{0} be defined by

pp (@ (), B(C) = (ax (€)= B(QI, VY (¢), 5 (C) € K.

Then, p,, is a metric on I,
Corollary 2.7. Let p.: K. x K. — R* U {0} be defined by

pe(lar, avl], [Br, Bul) = max{|ar — B|,|av — Bul}, Y]ar,av], [Br, Bul € K.
Then p. is a metric on K..

Corollary 2.8. The metrics pzl) and p. are equivalent.

2.1. Parametric form of interval valued functions (IVF)

Definition 2.9. An IVF is a function [fr, fy] : I € R — K. given by [fr, fu] (u) =
[fr (v), fu (w)], where fr,fuv : I — R are real valued functions with fr (u) <
fu(u),Vuel.

Definition 2.10. The parametric form (in IF) of IVF [f7, fu] (u) is denoted as feejo,1)
I — K, and it is defined by

feey () ={fr (w) + C(fo (u) = fr(uv) : ¢€[0,1]}, Vuel.
Let us consider an IVF in parametric form fecp,1) : I — K, defined by
Jeey () ={fr (w) + C(fu (u) = fr(v) : C€[0,1]}, Vuel.

Definition 2.11. The IVF in parametric form feepo,1) : I — K, is called continuous at
ug € I if the real valued function f: I x [0,1] — R defined by

[, Q) = fr(u) + ¢ (fu (u) = fr (u))

is continuous at (ug, (), V¢ € [0,1].
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Definition 2.12. The IVF in parametric form fecjo,1] : I — K is called differentiable
at ug € I if the real valued function f : I x [0,1] — R defined by

[, Q) = fr(u) + ¢ (fu (u) = fr (u))

is differentiable at (ug,¢), V¢ € [0,1]. And the derivative is obtained by the following
limit:
oF ~ - o
f(gu7<) :fu (UO;C): lim f(u7C) f(UOaC)
u u—ug U — Ug
U=uog

The parametric derivative of feco,1] at ug is denoted by fée[o 1 (up) .

Proposition 2.13.

1. The IVF feeo,) s continuous at ug iff both the bounds fr, and fy are continuous
at up-

2. The IVF fecio,1) is differentiable at ug iff both the bounds fr, and fy are differen-
tiable at ug.

Proposition 2.14. If the IVF in parametric form feeo,1) is differentiable at ug, then
flepon (wo) = {1 (wo) + ¢ (fv' (uo) = f'1 (uo)) : ¢ € [0,1]}.

Definition 2.15. Let I be a Lebesgue measurable set. The IVF in parametric form
feepo,1) is said to be a Lebesgue measurable parametric interval valued function over

I if for every fixed ¢* € [0,1], the function f (u,(*) is a measurable function.

Definition 2.16. The IVF in parametric form fec[o 1 is said to be integrable over I if
for every fixed ¢* € [0,1], the function f (u,¢*) is integrable in over I and

l/ﬁQMMMdu:{a+<uUfu>w«emJH,
I

where

fo= [ utdu, 1= [ o
I I

Proposition 2.17. The IVF fcc(o,1) is integrable over I iff both the bounds fr, and fu
are integrable over I.

Definition 2.18. The IVF fccjo 1] is said to be a parametric L?— function over I if
Pp /fCe[O,l] (u) du, 0 | < oo.
I

Proposition 2.19. The IVF' feco,1) is L%— function over I iff both the bounds f1, and
fu are L?— functions over I.

Remark 2.20. The set of all parametric L?— function over I is denoted by L% (I).
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2.2. Interval initial value problem (Interval IVP)

Let [yL,yu] : [uo,u1] — K. be a p-differentiable function and the IVF [fr, fu] :
[ug, u1] = K. be a continuous, then a second order interval valued initial value prob-
lem can be defined as follows:

(e ()0 () + 1 () (fy () ()] + a2 () [y, () ()] (2.1)

= [/ (), fu (u)]

with [yz (uo) ,yu (vo)] = [Yro,yuvo] and L lyr (u),yu (u)] = [yr1,yu1)

du w=uo

where a1 (u), as (u) are real valued continious functions over [ug,u1] .

The interval initial value problem (2.1) can be represented in parametric form as
follows:

yﬂqe[o,l] (u) + ay (u) yl(e[o,l] (u) + a2 (w) Yeeo,1) (w) = feejo,1 (w)
with yeejo,1) (uo) = {yo (¢) : ¢ € 0,1]} and y' o1y (wo) = {1 (¢) : ¢ € [0, 1]}
where yo (¢) = yor + ¢ (you — »or) and y1 (¢) = y1L + ¢ (yiv — y1L) -

3. Interval Volterra integral equation (IVIE)

In this section, we have presented some theoretical aspects regarding an IVIE
of second kind. Also, the different solution approaches viz. general solution method,
method of series solutions and resolvent kernel for solving an IVIE of second kind
are discussed.

The general form of an IVIE is

lgr, gul (v) [yr, yul (v) = [fr, fu] (u) + A/K (u, 2) [yr, yul (2) dz (3.1)

Uo

where [fr, ful, 9L, 9u] ¢ [uo,u1] — K. are known functions. However, [yr,yu] (u) is
an unknown function and A is a non-zero real number. Here we discuss IVIE of second
kind only.

An IVIE of second kind is defined as

[y, yul () = [f, fo] (u) + /\/K(uvz) lyL,yul (2) dz (3.2)

Uuo

The parametric form of (3.2) is of the following form:

Yeelo,) (w) = feiefo (v +)\/K (u, 2) Yeepo,1) (2) dz (3.3)

Uo

where yeepo,1] and fe, cjo,1] are respectively parametric forms of [yr, yv] and [fz, fu].
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Remark 3.1. Here the real valued function K (u, z) is a L?— function and the para-
metric interval valued functions yecjo,1) and f¢ ¢o,1) are taken from Lf, [wo, u1] -

Remark 3.2. For, y¢cc0,1] and f¢,e[o,1) the parametric forms are given by

7 (u,¢) = yr (u) + ¢ (yo (u) = yr (w) and f (u, 1) = f () + 1 (fu (w) = f1 (u)).

Proposition 3.3. The interval Volterra integral equation (3.2) is equivalent to its para-
metric form (3.3).

Definition 3.4. The interval valued function [yr, (u) , yu (u)] is called a solution of (3.2)
if it satisfies the equation (3.2). Similarly, the solution of (3.3) can be defined.

Proposition 3.5. The solutions of (3.2) and (3.3) are equivalent.

Proof. Proof follows from the equality of two intervals in parametric form. O

Before to discuss the solution procedures of the IVIE, an important formula
for converting multiple integrals into a single integral for integrable interval valued
functions is presented in the next subsection.

3.1. Conversion of multiple integrals into a single integral for interval integrals

Theorem 3.6. Let [yr,yu] : [uo, u1] = K. be given by
[fr, ful (w) = [fr (u), fu (W)], Vu € [ug,u1]

be an integrable interval valued function. Then it satisfies the following integral for-
mula:

Jue@ o = (ST @@ e

) Uuo
To prove this theorem, we have required the following Lemma:

Lemma 3.7. Let g,h : [ug,u;] = R be two differentiable functions with non-negative
derivatives over [ug,u1]. Then,

h(u)
o I BTAC A6 P B VA YO B 00 e )
(u)
o [f2 (9 () fo (o ()] 2L

Proof. From the parametric representation of [fr, fu], it can written as

Jeeo (@) = {F (w,0) = fu () + ¢ (fu (w) = fr (W) : CE[0,1]}, Yue L.
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From the Leibnitz’s rule of differentiation under the sign of integration for real valued
functions, it follows that

~{F .0 ceon} W w0 scepn) 20

since, ¢’, h/ are non - negative

h(u)
- Q [ @) fo 2 dz)

(u)

= 1 () for () e, 17, (g ) (g ) 20

This completes the proof. O

Now, we have proved the Theorem 3.6.

Proof of Theorem 3.6

Proof. Let us consider the interval integral

u

i, un] (1) = / (= 2" [f (2)  fo (2)] d (3.6)

Uo
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Differentiating (3.6) successively with respect to u for k times and using Lemma 3.7,
we get

4 [Jin (;‘il; Tun (] _ 1) (0= 2) -+ (= ) [Timr () Joms (w)], for n > k.

(3.7)

Therefore from (3.6) and (3.7), it follows that:

From (3.8), we get the following recurring integrals:

u

rr () i (u) =l/“uz<z1>,fU<zn]dzl

[']LQ( JU2 //fL 2’1 fU 21)]dz1dz

Up uo

Proceeding similarly, one can get the following relation:

Ui () Jorm (w)] = (0 — 1) // / /2 (ue) s fu Gone)] dnordzns - dz
o (3.9)
= [Jin (u), Jun (u)] = (nfl)!/[fL (), fu (u)]dz", (3.10)
which is the required relation. O

3.2. General solution procedure for solving IVIE

Since the equations (3.2) and (3.3) are equivalent, to get the solution of (3.2), it
is sufficient to solve (3.3). Also, since the equation (3.3) represents the crisp Volterra
integral equation for each fixed ¢, (7 € [0,1], (3.3) can be solved by using any existing
method for solving the Volterra integral equation. Let 7 (u,{) be the solutions of
(3.3). Then it satisfies (3.3). Thus,

m%osz«n+\/KWJM@@Mz

Therefore, from IPF of intervals, it follows that
yr (u) = min {7 (u,¢)} and yy (u) = max {7 (u,()}

¢elo,1] ¢elo,1]
So, from Proposition 2.5, it follows that,
~ min {j(u d _ 3.11
yr, (u) uin {7 (u,Q)} and yu (u) (e {7 (u,Q)} (3.11)
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and y (u) = [yr (u) ,yu (u)] is the desired solution of (3.2).

3.3. Solution of interval Volterra integral equation of second kind by iterative method
Theorem 3.8. Let us consider an IVIE of second kind of the form

[y, yul (u) = [fr, fu] (u) + /\/K(%Z) lyr, yul () dz (3.12)

Uo

satisfying the following conditions:

a) kernel K be a non-negative real valued continuous function on [ug,u1] X [ug, u1]
and Ja > 0 such that

|K (u, 2)| < a, V(u,z) € [ug,u1] X [ug,u1]. (3.13)
b)[fr, fu] is an interval valued continuous function over [ug,u1] and 38 > 0 such that
pe (f (u), 0) < B, Yu € [ug,u]. (3.14)

c) A > 0 be a non-negative constant.

Then the IVIE (3.12) has a series solution as follows:

lyr, yol () = [f, fo] (u) + /\/K (u,2) [fL, ful (2) dz (3.15)

+/\2/K(u,z) /K(z,zl) s fol (1) derdz + -

Proof. From Proposition 3.5, the given IVIE is equivalent to its parametric form

Yeep1) (u) = feoep,1) (w) + )\/K (u, 2) yeepo] (2) dz (3.16)

Therefore for fixed ¢,¢; € [0, 1]
7, ) = F(u,¢1) +A/K(u,z)g(z,g) dz (3.17)

After nth substitution, the equation (3.17) gives

5 () = Flu,Gy) +A/K(wz)f(z?cl)dzw/K(mz)/K(z,zl)f(zl,cl) dz1dz

u z Zn—2
4+ )\”/K (u,z)/K (z,21) - / K (zn,g,zn,l)f(zn,h(l) dzp_1...dz1dz
uop uo uo

+ Rt (u,0) (3.18)



312 S. Das, Md S. Rahman, A. A. Shaikh and A. K. Bhunia

where,

Zn—1

Ry (u,¢) = A1 /K(u,z)/K(z,zl) e / K (zn—1,2n)7 (2n,C) dzy ... dz1dz.

Let

Zn—2

M, (u, ()= /K U,z /K z,21) /K Zn—2, Zn— 1)f(zn_1,C1) dzp_1...dz1dz,

then from the conditions (a) and (b) and by the equivalency of the metrics p.and p,,
we get

b=y

‘Mn( )‘ aar P 5 v, € 0,1], Vu € [uo, ui] (3.19)

Now Z A" am (b=a)® a) f is convergent and hence 3 M, (u, (1) is uniformly convergent
n
over [uo, uy], for every choice of ¢; € [0, 1].

So, if (3.17) has a solution, clearly it can be expressed by (3.19). Therefore § (u, ¢) is
continuous over [ug, u1] and hence bounded.

Thus, let
19 (u, Ol <7 (), V¢ €0,1]. (3.20)
Now,
‘R,H_l ’* )\"Jrl/K U, 2 /K 2,21) / K (zn-1,2n)7 (2n,¢) dzy ... dz1dz
n+1

n n Uy (%)
< A" +1((n_’_1))<g%%>i}fy(§) — 0 as n — oo.

Hence (3.17) has a series solution

5w ¢) = F (1) +A/K (u,2) f (2,C1) dz

—|—)\2/K u, 2 /K z,21)f Z1,C1) dz1dz + -

Therefore,

Yeepo,1) () = feieo, (u +)\/Kuzfgle[01()d

Uo

+)\2/K(u,z) /K(szl)fcle[o,l} (21) dzydz+ - - .

Uo Uo
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Hence,

iz y0) (u) = [fo. ful (u) + A / K (u,2) [f1, fol (=) dz

u

+)\2/K(u,z)/K(2,zl) [fL, ful (z1) dzadz + - - -.

Uo Uo

313

O

3.3.1. Solution of interval Volterra integral equation by the method of Resolvent

Kernel.

Theorem 3.9. Consider an IVIE of the form

e v) () = [fr. for) () + A / K (u,2) [yz,y0] (2) d.

Uo

Then it has a solution of the form

u

e o) (w) = [fzn fu] () + A / R (w20 [un (=)o (2)] d,

uo
where, R (u,z;\) = > A" 1K, (z,2) is the resolvent kernel.
n=1

Proof. Here the iterated kernel K,, (u, z) is defined as

Ky (u,2) =K (u,z2), K, (u,z) = /K(u,zl)Kn,l (21, 2) dt.

From Proposition 3.5, (3.21) is equivalent to

Yeelo,n) (W) = feepo) (w) + )\/K (u, 2) Ycejo) (2) dz

Uo

Therefore for fixed ¢,¢; € [0,1]
70.0) = Flu6) 4 [ K (w2)5 (2,0 dz

Let
Yo (u’€> = f(u7<1) :

(3.21)

(3.22)

(3.23)
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Then,

1 (u,C) =f<u,<1>+A/K<u,z>@o (2,¢) dz

=f<u,<1>+A/K<u,z>f<z,<1> dz

Proceeding in this way and using (3.23), we get

Yn (u, C) :f(u7<1)+/\/K(u’Z)f(27<1) d2+>\2/Kz(u,Z)f(z,Cl) dz -

Uuo

A / Ko (u,2) f (2, 1) dz.

Therefore, V¢ € [0, 1],

§(u,0) = lim iy (u,0) = F (1) /(ZAK u) (2.1) d

Uo

— Fu) +A/R<u,z;x>f<z,c1> dz

uo
This gives,

{g(u’C) : CG [071]}: {f(%(l) +>\/R(U,Z,>\)JF(2’,C1) dZ:Cl € [071}}

Uuo

i.e.

Jeeon) (W) = feoeon) (w) + /\/R(u72;>\)fcle[o,1} (2) dz.

uo
Hence, by the equivalency of parametric form, we have

u

lyr,yol () = [fr, fu] (v) +A/R(uvz;k) lyz (2),yu (2)] dz.

Uo

This completes the proof.
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4. Tllustrative examples
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To validate all the methods, three numerical examples are considered and solved.

Example 4.1. Let us consider the interval IVP:

o 00w )+ i, () (0] + [ (). ()] = O
with the initial conditions

[y (0),yu (0)] = [1,2] and [y, (0),y'y (0)] =[0,1].
Solution. The parametric form of (4.1) is
Yeeo) (W) +uyico ) (W) +yeepa) (w) =0

with the initial conditions

Yeep,(0)={1+(: (€ [0,1]} and yée[o,l] (0)={¢:¢e0,1]}.
Therefore, for a fixed ¢ € [0, 1], we have

y" (u, Q) +uy’ (u,¢) +y (u,¢) = 0.

Let us take,

v (u’ Cl) = y// (u7 C) .

(4.2)

(4.3)

Integrating (4.3) from 0 to « and using the second initial condition of (4.2), we obtain

Y (u,¢) = /Ouv(z7C1)dz+C.
Again, integrating (4.4) from 0 to u and using (4.2), it gives
y(u, Q) = /Ou (u—2)v(z,61)dz+ Cu+1+C.
Now, multiplying (4.3) by 1, (4.4) by w and (4.5) by 1 and adding, we get,
v(u, () = —/Ou(2u—z)v(z,§1)dz— (1+¢) —2¢u.
Therefore, the required interval integral equation is

[vr (w),vy (u)] =—[1,2u+2] — / (2u — 2) [vr, (2), vy (2)] d=.
0
This is the required interval Volterra integral equation.

Example 4.2. Consider the following interval Volterra integral equation:

] () = [ 3] 4 [ ) (2]

Solution. The parametric representation of the equation (4.6) is

ﬂ(u,C) = fN(ua Cl) +A GUQ_Z2g(Z7<) dZ, VC7<1 € [07 1]

where f(u,¢1) = (14+2¢1) e and § (u, ) = yr, (u) + ¢ (yu (w) — yz (u)).

(4.4)

(4.5)
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Therefore, by the method of successive approximation, the solution of (4.7) is

ﬂ(u,():f(u,(1)+ K(u,z) z2,¢1)dz+ | K (u,2) | K(z,21)f zl,Q) dz1dz + -
st o

P 0) = (14+20) € + (1420) e u+ (1+26) e 4 ..

21
= §(n0) = (1+20) e
Therefore, the solution of the equation (4.6) is

2 2
lyz () o (w)] = [+, 3]
Example 4.3. Consider the following interval Volterra integral equation:
u
o) (0) = (124 [ lon () 0 (2) (48)
0

Solution. The parametric representation of the equation (4.8) is

g<u,<>=f<u,¢1>+/0 §(2.0) dz, Y. € [0,1]

(4.9)
where f (u,¢1) =1+ ¢ and §(u,¢) = yr (u) + ¢ (yo (u) — yr (u))
Here,
u — 5 n—1
K, (u,z) = /Z K (u,21) Kpoq (21, 2) dzg = (u(n—)l)!’ n=123,...

Therefore, the resolvent kernel for this problem is of the form

o0 (ui Z)n_l (u—=2)
R (u,z;1) Zn_K U, z) anli(n—l)! =e .

Therefore, the solution of the equation (4.9) is of the form

FQ)=1+G+ [ (140 e s WG e 1),
0
Hence, the required solution of the equation (4.8) is
e (u), yu (w)] = [e*,2e"].

5. Conclusion

In this work, the concept imprecise Volterra integral equation is introduced in
the interval form with a brief motivation. Then the solution procedure of interval
Volterra integral equation is derived in parametric form in a simple way. Then all
the results including solution procedure regarding interval Volterra integral equation
are derived in a simple way. In these derivations, all the results are presented in
parametric form of intervals. After that, a set of examples have been solved for the
illustration of the solution procedure. This concept of imprecise Volterra integral
equation can be implemented in various real-life problems viz. analyses of diffusion
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and heat transferring, power sector, web-security problems in which fluctuation of
parameters is occurred due to the uncertainty.

For future research, one may develop the same for nonlinear interval Volterra type
integral equations. One can develop the numerical methods for solving an interval
Volterra integral equation. Also, this concept can be extended by introducing interval-
valued kernels etc.
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Approaching the split common solution problem
for nonlinear demicontractive mappings by means
of averaged iterative algorithms

Vasile Berinde and Khairul Saleh

Abstract. We consider new iterative algorithms for solving split common solu-
tion problems in the class of demicontractive mappings. These algorithms are
obtained by inserting an averaged term into the algorithms previously used in
[He, Z. and Du, W-S., Nonlinear algorithms approach to split common solu-
tion problems, Fized Point Theory Appl. 2012, 2012:130, 14 pp] for the case of
quasi-nonexpansive mappings. In this way, we are able to solve the split common
solution problem in the larger class of demicontractive mappings, which strictly
includes the class of quasi-nonexpansive mappings. Our investigation is based on
the embedding of demicontractive operators in the class of quasi-nonexpansive
operators by means of averaged mappings. For the considered algorithms we prove
weak and strong convergence theorems in the setting of a real Hilbert space.
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Keywords: Demicontractive mapping, strong convergence, common solution,
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1. Introduction

Let C and D be nonempty subsets of the real Hilbert spaces H; and Hs, respec-
tively, and A : H1 — Hs2 be a linear bounded operator. Let also f : C x C — R and
F: D x D — R be two bi-functions.

The split equilibrium problem (SEP), see [10], is asking to find a point ¢ € C
such that

f(@c) >0, forallceC (1.1)
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and
d = A¢ € D is such that F(d,d) >0, for alld € D. (1.2)

Problem (1.1) alone is the classical equilibrium problem (EP) and its solution set is
usually denoted by EP(f).

Several important problems in nonlinear analysis, e.g., the optimization prob-
lems, variational inequalities problems, saddle point problems, the Nash equilibrium
problems, fixed point problems, complementary problems, bilevel problems, and semi-
infinite problems, are special cases of the classical equilibrium problem and have rele-
vant applications in mathematical programming with equilibrium constraint, see [11]
and references therein.

In turn, the split equilibrium problem (SEP) (1.1)+(1.2) defines a way to split
the solution between two different subsets such that the solution of the equilibrium
problem (1.1) and its image by the linear bounded operator A leads to the solution
of the second equilibrium problem (1.2).

Let G : C — C be a mapping with Fiz(G) := {v € D : Gv = v} # 0 and
f:D xD — R a bi-function.

In this paper, our interest is to study the following split common solution problem
(SCSP) for equilibrium problems and fixed point problems:

find u € C such that v € Fiz (G)

and
Au € D with f(Au,v) >0, forall veD.
Denote the set of solutions of this problem by

Q:={u € Fiz(G) : Au€ EP(f)}.

Example 1.1. Let H, = Ha =R, C =[0,1] and D = [-100, —7/8]. Let Au = —u for
all v € R and

i <
G _{7/8, fo<u<l1 (13)

o 1/4, ifu=1.

The mapping G defined on C is %—demicontractive but it is neither quasi-nonexpansive
nor nonexpansive [3]. Define f : D x D — R by f(u,v) =u — v for all u,v € D. It is
clear that A is a linear bounded operator, Fiz(G) = {1} and A (%) = —1 € EP(f).
Thus, Q = {u € Fiz(G) : Au € EP(f)} # 0.

Example 1.2. Let H; = R?, Hy = R with the standard norms. Let C = {u € R? :
|lul| <1} and D = [-100, —5/6]. Let Au = —uy for all u = (uy,uz) € R? and

o, J(0.5/6), ifu(0,1) 14)
(0,1/3), if u=(0,1). '

It is easy to see that G defined on C is a %—demicontractive mapping.

Define f : Dx D — R by f(v,w) = v —w for all v,w € D. It is clear that A is
a linear bounded operator, Fiz(G) = {(0,2)} and A(0,2) = —2 € EP(f). Thus,
Q={ue€ Fiz(Q): Au e EP(f)} # 0.
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He and Du [11] presented some new iterative algorithms for solving the split
common solution problems for equilibrium problems and fixed point problems of non-
linear quasi-nonexpansive mappings.

Our aim in this paper is to construct new averaged iterative algorithms for
solving the split common solutions problem in the setting of Hilbert spaces for the
the larger class of demicontractive mappings, thus extending the main results in He
and Du [11].

Our results are obtained by considering new averaged iterative algorithms for
which we prove weak and strong convergence theorems.

2. Preliminaries

Let H be a real Hilbert space with norm || -|| and inner product (-,-). Let D C H
be a closed convex set, and consider the operator G : D — D.
Recall that the mapping G is said to be

(a) nonexpansive if

|Gu — Go|| < ||lu—wv|, forall u,v € D; (2.1)
(b) quasi-nonezpansive if Fiz(G) # () and
|Gv—v*|| < |lv—20"|, forallveDandv*e Fiz(Q); (2.2)
¢) a-demicontractive if Fix and there exists a positive number a < 1 suc
demi we if Fix(G) # 0 and th i iti b 1 such
that
IGv = v*||* < [l = v*||* + allv — Gu]]%, (2.3)

for all v € D and v* € Fiz(G);
(d) firmly nonexpansive if
1Gu = Gu||* < lu—=v]|* = lu—v— (Gu~— Gv)|, (2.4)

for all u,v € D.

By the above definitions, it is clear that any firmly nonexpansive mapping is non-
expansive, any nonexpansive mapping G with Fiz(G) # ) is demicontractive and
that any quasi-nonexpansive mapping is demicontractive, too, but the reverses are no
longer true, as illustrated by the previous Examples 1.1 and 1.2.

It is well known, see [15], that any Hilbert space H satisfies the Opial’s condition,
that is, if {u,} is a sequence in H which converges weakly to a point v € H, then we
have

liminf [ju, — u|| < liminf||u, —v[|, for all v € H,v # u.
p—o0 p—o0

The following lemmas and proposition are very important in the proof our main
results.

Lemma 2.1. [2] Let H be a real Hilbert space and D C H a closed and convex set. If
G : D — D is a-demicontractive, then for any ¢ € (0,1 — «), the map

Gy =(1—=p) +pG

1S quasi-nonerpansive.
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Lemma 2.2. [11] Let H be a real Hilbert space, D C H a closed and convex set and
G : D — D a mapping. Then, for any ¢ € (0,1), we have Fiz(G,) = Fiz(G).

Definition 2.3. [13] Let D be a nonempty, closed, and convex subset of a real Hilbert
space H and G a mapping from D into D. The mapping G is said to be zero-demiclosed
if, for any sequence {u,} which weakly converges to u, and if the sequence {Gu,}
strongly converges to zero, then Gu = 0.

Proposition 2.4. [11] Let D be a nonempty, closed, and convex subset of a real Hilbert
space with zero vector 0 and G a mapping from D into D. Then the following asser-
tions hold.

(i) G is zero-demiclosed if and only if I — G is demiclosed at O;
(ii) If G is a nonexpansive mappings and there is a bounded sequence {u,} C H such
that |u, — Guy|| — 0 as p — 0, then G is zero-demiclosed.

Lemma 2.5. [7] Let D be a nonempty, closed, and convex subset of H and f : DxD —
R be a bi-function that satisfies the following conditions.
(C1) f(v,v) =0 for allv € D;
(C2) f is monotone, that is, f(u,v)+ f(v,u) > 0;
(C3) for every u,v,w € D, limsup,_,, f(tw + (1 —t)u,v) < f(u,v);
(C4) for every u € D, F(v) = f(u,v) is convex and lower semi-continuous.
Let 1 > 0 and u € H. Then there exists w € D such that

1

f(w,v) + *<U*U),’LU*’U,> Z 0
I

for allv € D.

Lemma 2.6. [9] Let D be a nonempty, closed, and convex subset of H and let f be a
bi-function from D x D into R that satisfies (C1)-(C3). For > 0 and u € H, define
a mapping

Tj(u) = {weD:f(w,v)—i—i(v—mw—u) >0, for allveD}. (2.5)

Then the following assertions hold:

(a) TJ is single-valued and f(TJ) = EP(f) for any p > 0 and EP(f) is closed and
convezr;
(b) Tlf is firmly nonexpansive.

Lemma 2.7. [8] The following assertions hold for all u,v € H.
(a) [lu+vl? < [Jvll” +2(u,u+v) and u—|* = Jul® + [v]* — 2(u, v).
(b) flau+ (1 —a)v|? = allul* + (1 — a)[v||* — a(1 — a)|lu — v||? for a € [0,1].

Lemma 2.8. [10] Let T be as in (2.5). Then for p,7 >0 and u,v € H,
I ul
IThu = Thol| < u— vl + T2 rs0 o).

In particular, Tp{ s monexpansive for any p > 0.
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The next lemma is due to Li and He [12] and will be useful in proving our main
results.

Lemma 2.9. [12] Let Fy,--- , F, : H1 — H1 be quasi-nonexpansive mappings and set
T =" bF,, whereb; € (0,1) with Y. b; =1, and F,, = (1 — a;)I + a;F; with
€(0,1),i=1,2,--- ,n. Then T is quasi-nonexpansive and

Fix(T sz:z: ﬂsz ;)

3. Split common solutions in the class of demicotractive mappings

In this section we prove convergence theorems for averaged algorithms used for
finding split common solutions for demicontractive mappings. Let H; and Ho be two
Hilbert spaces.

In the following theorem, we prove the weak convergence of an averaged algo-
rithm used for solving the split common solution for equilibrium problems and fixed
point problems of nonlinear demicontractive mappings.

Theorem 3.1. Let C C Hy and D C Ha be two nonempty closed convex sets. Let
G : C — C be a zero-demiclosed a-demicontractive mapping and f : D X D — R be a
bi-function with

Q={ue€ Fiz(G): Au € EP(f)} # 0,
where A : Hy — Ha is a bounded linear operator with its adjoint A*. Consider the
sequences {up} and {vp} generated as follows:

V1 € C,

Up = T;{I,AU;IH {.up} - (05 OO),

Vpt1 = (1 — ap)wp + ap [(1 — @)wp + pGw,] € (0,1 — ),

wp = Pe (v, + ﬂA*(TL —I)Avy), ﬂ € ( HA*H> , for allp € N,

(3.1)

where lim inf,,_,  p, > 0, P¢ is the projection operator from H, onto C and {a,} is a
sequence in [e,1 — €] with e € (0,1). Then {v,} converges weakly to v* € Q, and {u,}
converges weakly to Av* € EP(f).
Proof. Since G is an a-demicontractive mapping, in view of Lemma 2.1 the averaged
mapping

Gy :=1—9)[+¢G (3.2)
is quasi-nonexpansive for ¢ € (0,1 — «). Here I is the identity mapping. Hence, in
Algorithm (3.1) we can write

Upt1 = (1 = ap)wp + apGowp.

Let Q, := {u € Fiz(G,) : Au € EP(f)} # 0 and u € Q. Using Lemma 2.6 and
Lemma 2.7, it is easy to see that for any p € N,

1T, Av, — Aul® < || Av, — Au|]® ~ | T, Av, — A, 1> (3.3)
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We also obtain

2B{v, — u,A* (Tf — I) Avp)

Hp
= 28(A(vy — u) + (T — D Av, — (T} — I)Avy, (T] —1)Av,)

1
<29 (ST, - v IP - T, ~ D 1?)
= =BI(T, = ) Av, .
Since for any p € N|
1A*(T], = DAvy|* < |A*IPI(T, — 1) Avy 1%, (34)
and G, is quasi-nonexpansive, we have
[vp1 — ulf?
= (1= ap)|wy — ul® + ap[|Gpwp — ul|* = (1 = ap)ay[w, — Gowp?
< wp — ul|® = €?||w, — GsaprQ (Since € € [ap, 1 — ap))
= |[Pe(vp + BA™(T] — I)Avy) — Peul|? — €2||w, — G|
< |lvp + BAX(T, — D Avy — ul|* — €% |lwp, — Gpwp|®
= l[og—l® + |BA*(TS. — 1) Avy > + 28w, — u, A*(T]. — 1) Avy) — [, — Gy
< lvp — ull® + BIAMPINT], — D) Avy|* = BT, — D Avy|* — 2wy — Gowy|
= |lvp — ull* = BL = BIA" )T, — 1) Avp|* — 2wy — Gpwyl. (3.5)
Since S € (0, ﬁ) and B(1 — B||A*||?) > 0, we have
[vp41 — ull < Jlwp — ull < o, — ull (3.6)
and by (3.5),
llwp — Gowp® + B(L = BIA )T, — DAv[* < [lop — ull® ~ Jvpss —ull?, (3.7)

for any p € N. Note that since u € Fiz(G,,), it follows that the sequence {||v, — u||}
is convergent. Inequalities (3.6) and (3.7) imply that

lim o, —ul = lim [, - ul], (3.8)
lim [, — G| =0
and
Jim (T} —I)Av,| = 0. (3.9)
We obtain
lwp = vpll = 1P (v + BA* (T, = 1) Av, ) = Pevy|
< ,B||A*(ij —I)Avy|| = 0 as p — oc.
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Since lim,_, o ||vp—ul| exists, {v,} is bounded and thus, {v,} has a weakly convergence
subsequence {vp, }. Let v* € C be the weak limit of {v,, }. Hence,

Avy, = Av* €D, vy, — V"

and

Tl{pk Avp, — Av*.
Since G, is a zero-demiclosed mapping, and y,, — v*, we obtain v* € Fiz(G,).
Applying Lemma 2.6, EP(f) = Fz:v(T/{) for any p > 0. We claim that TI{AU* = Av*.
Suppose TJAU* # Av*. Since Av, — TJPAUP =({I- TJP)AUP — 0 as p — oo, applying
the Opial’s property and Lemma 2.8 yields

liminf ||Av,, — Av*|| < liminf ||Av,, — TS Av*
m in | Avp,, v\|<ljlggg | Avy,, — T Av*||

< timinf (|| vy, = T v, ||+ T}, Avy, — T/ Av"]))

J—00

— limi f Ap* — T
= 11jrggc1f||T”Av T, Avp,|l

. o = 1] o
* k
< hjrggolf <||Avm —Av*| + THTHP’“ Avp, — Avy, ||
= lim inf || Av,, — Av™|],
j—00

which lead to a contradiction. So Av* € sz(TJ ) = EP(f), and hence
v* € Q, ={ue Fiz(G,) : Au e EP(f)}.

Now we prove that {v,} converges weakly to v* € Q.. Otherwise, there exists a sub-
sequence {vp, } of {v,} such that v, — u* € Q, with u* # v*. By Opial’s condition,

. TR T .
lim inf [jvy, — "] <liminf [jo,, — ™[} <limnf{lv, — .

This is a contradiction. Hence, {v,} converges weakly to an element v* € Q.
Finally, we prove that {u,} converges weakly to Av* € EP(f). Since v, — v*, we
have Av, — Av* as p — oc. Therefore, u,, := T} Av, — Av* € EP(f). O

Corollary 3.2. Let C C Hy and D C Hs be two nonempty closed convex sets. Let
G : C = C be a zero-demiclosed a-demicontractive mapping and f : D X D — R be a
bi-function with

Q={ue Fiz(G): Au € EP(f)} # 0,

where A : Hy — Ha is a bounded linear operator with its adjoint A*. Consider the
sequences {u,} and {vp} generated as follows:

V1 € C,

Up = TJPAUP’ {:up} C (O’ OO)’

Vp+1 = (1 — ap)wp + apGwy,

wp = Pe(vp +BA*(TJP —I)Avy), Be€ (0, m) , pEN,

(3.10)
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where lim inf,,_, p, > 0, P¢ is the projection operator from Hq onto C and {a,} is a
sequence in [e,1 —¢e] with e € (0,1). Then {v,} converges weakly to v* € Q, and {u,}
converges weakly to Av* € EP(f).

Proof. Consider G, given in (3.2). By Lemma 2.2, for any ¢ € (0,1), we have
Fiz(G,) = Fiz(G). We have
(1 —ap)wp + apGow, = (1 = ap)wp + a,p((1 — @)wy, + Guwp)
= (1 — app)wy, + appGuw,.

To obtain exactly the iterative scheme (3.10), we simply denote a, := @a, € (0,1) for
all pe N. g

Next we prove a strong convergence theorem of an iterative method to split
common solution for a demicontractive mapping.

Theorem 3.3. Let C C Hyi and D C Hy be two nonempty closed convex sets. Let
G : C = C be a zero-demiclosed a-demicontractive mapping and f : D x D — R be
a bi-function with Q = {u € Fiz(G) : Au € EP(f)} # 0, where A : Hy — Hz is
a bounded linear operator with its adjoint A*. Consider the sequence {u,} and {vp}
generated as follows:

vy €C,

up = TJPAUP, {rn} C (0,00),

Yp = (1 = ap)wp + ap[(1 — p)wp + 9Gwy], ¢ € (0,1 - a),

wy = Polvy + BAX(T) — I Av,), B e (0, ﬁ)

Cpr1={v e Cp: lyp — vl < llwp — vl < llvp — 0|}, with Cy =C,
vpt1 = Pc,,, (v1), pEN,

(3.11)

where iminf, ., r, > 0, Pc is the projection operator from H1 onto C, and {a,} is
a sequence in [g,1 —¢],e € (0,1). Then v, = v* € Q and u, — Av* € EP(f).

Proof. Consider the mapping G, given in (3.2). Similar to the proof of Theorem 3.1,
the sequence {yy} in Algorithm (3.11) can be written as

Yp = (1 — ap)wp + apGowy,.

Let Q, = {u € Fiz(G,) : Au € EP(f)} # 0. We claim that Q, C C), for p € N,
In fact, let u € €. Following the same argument as in the proof of Theorem 3.1, we
have

28(vp — u, A* (T, — ) Avy) < —BII(T], — 1) Avy |2, (3.12)
and for any p € N,

1A*(T], — D) Awy||* < [ A*|PI(T, — 1) Avy 1. (3.13)
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For any p € N, we obtain

lyp = ull < llwp —ull* = (1 = ap)ap|lwy — Gowp|®

< |lvp + BAN(T] = DAvy — ul]® = €2[Jwy, — Gow,||?

= [lup—ull® + | BA™(T], —1) Avp|® +28(vp —u, A(T] — 1) Avy) — 2 [|lwy — Gy
< lvp = ull® + B2A*IP(T, = DAv|* = BI(T, — DAvy||* = €2[lwy — Gy |®

< lvp = ull® = B = BIA )T, — DAv|* = €2[lwp — Gwy|.

Since 3 € (O, ﬁ) , B(1—=BJlA*||?) > 0, it follows that

lyp = ull < llwp — ull < flvp —ul, (3.14)
and thus p € C, for all p € N. Hence, Q C C), and C), # ) for all p € N.
Now we prove that C), is a closed convex set for each p € N. It is not hard to verify
that C), is closed for each p, so it suffices to verify that C), is convex for each p € N.
Indeed, let x1,x2 € Cpiq. For any v € (0,1), since
lyp — (yz1 + (1 = 7)o
= lv(yp — 1) + (1 =) (yp — 22)
=llyp — 21| + @ = Nlyp — z2]* = 7(1 = 7)llz1 — 22|
S wp = zal* + (1 = Nlwp — 22]* = v(1 = )llz1 — 22
= lwp — (yo1 + (1 = y)z2?,
the following inequality holds
lyp — (vzr + (1 = y)w2)[| < [lwp — (o1 + (1 = 7)z2)].-
Similarly, we also have
wp = (va1 + (1 = 7)) || < llvp — (y21 + (1 = 7)z2),
which implies that yz1 4+ (1 — v)ze € Cpy1. Hence, Cpyy is convex.
Notice that Cpy1 C Cp and v, 41 = Po,, (v1) C Cp. Then |lv,11 —v1| < [lv, —v1]| for
n > 2. It follows that lim,_, ||v, — v1|| exists. Hence {v,} is bounded, which yields

{wp} and {y,} are bounded. For any k,p € N with & > p, from vy = Pg, (v1) C Cp
and the character (iii) of the projection operator P, we have

lvp = vkll® + llor = vk |* = [lop = Pe, (w)[I* + lor = Pey (v1)1* < Jlup — vl (3.15)

Since lim, o ||vp — v1|| exists, it follows that lim,_, ||[vp — vx|| = 0, which implies
that {v,} is a Cauchy sequence.
Let v, — v*. One can claim that v* € €. Firstly, by the fact that

I?

vpt1 = Pe, (V1) € Cpi1 C Cp,
we have
lyp = vpll < llyp — vprall + [[vpr1 — vpll < 2[|vps1 —vpl| =0, asp—o00  (3.16)
and

||wp - Up” < ||7~Up - UerlH + vaJrl - U;DH < 2va+1 - U;DH — 0, asp—o0. (3.17)
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Setting p = (1 — B[ A*||*), we obtain
PI(T, = D Avp||* + *||wp — Twp|* < [lop — v*|I* = [lyp — v*||?
< lvp = ypll (lvp — ™[ + llyp — 07[)) -
So
plggo |G owp — wpll =0

and

3 f _
Tim (T, — DAw,|| =0.

Let r > 0. Since v, — v* as p — oo, Lemma 2.8 implies that

HT;{;,AU* — Av*|| < ||T[pAv* — TJPAUPH + ||Tf Av, — Avp|| + || Av, — Av™||
§2A’UpAv*||+<1+| |)H JAvp — Avy|| = 0, as p — 0.
T

So Tl{Av* = Av*, which says that Av* € Fix(Tlfp) = EP(f). On the other hand,
since v, — w, — 0 and v, — v*, we conclude that w, — v*. Notice that G is zero-
demiclosed quasi-nonexpansive, G,v* = v*. We also deduce that {u,} := {T/{I)Avp}
converges strongly to Av* € EP(f). O

Corollary 3.4. Let C C Hq1 and D C Hao be two nonempty closed convex sets. Let
G : C — C be a zero-demiclosed a-demicontractive mapping and f : D x D — R be
a bi-function with Q = {u € Fiz(G) : Au € EP(f)} # 0, where A : H1 — Hz is
a bounded linear operator with its adjoint A*. Consider the sequences {up,} and {v,}
generated as follows:

v1 €C,

up =T} Avy,  {ra} € (0,00),

yp = (1 — ap)wy, + a,Gwy,

wy = Po (v, + 5A*(T,fp —1)Avy), B€ ( HA*H?)

Cpir = {0 € Cy ¢ g — vl <y — vl] < [lop — v} with Cy = C,
vpp1 = Po,,, (v1), peN.

(3.18)

where iminf,_,o, 7, > 0, Pc is the projection operator from Hy onto C, and {a,} is
a sequence in [¢,1 —¢],e € (0,1). Then v, = v* € Q and u, — Av* € EP(f).

Proof. Consider the mapping G, given in (3.2). By Lemma 2.2, for any ¢ € (0, 1),
we have Fiz(G,) = Fiz(G). We have

(1=ap)wp +apGowy = (1 —ap)wy +ap((1 = p)wp +9Gw,) = (1= app)wy + appGuy.

To obtain exactly the iterative scheme (3.18), we simply denote a, := pa, € (0,1) for
all p € N. 0

We close this section by stating the strong convergence of an iterative scheme for
a split common solutions problem with a finite number of demicontractive mappings.
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Theorem 3.5. Let C C Hy and D C Ha be two nonempty closed convex sets. Let
G, ,Gp:C—=C

be a finite number of zero-demiclosed a-demicontractive mappings with

() Fiz(Gi) # 0
1=1

and f : D x D — R be a bi-function with

:{ue ﬂsz AueEP(f)}#@,

where A : Hy — Ha is a bounded linear operator with its adjoint A*. Consider the
sequences {u,} and {vp} generated as follows:

vy € C,

Uup = TI{CPAvp, {rn} C (0,00),

yp = (1 —ap)wp +ap >y al(1 — p)wy, + 9iGw,), ¢, € (0,1), S0 ¢ =1,
wy = Po(v, + BA* (T, — DAvy), B € (0, i)

Cpt1 ={v e Cp: lyp — vl <Hlwp — vl < lop —vll},  with C, = C,

vpt1 = Pc,,,(v1), peEN.

(3.19)
where iminf, ., 7, > 0, Pc is the projection operator from Hy onto C, and {a,} is
a sequence in [e,1 —¢l,e € (0,1). Then v, — v* € Q and u, — Av* € EP(f).

Proof. Let F =" | ¢;G,,, where Gy, = (1 — ¢;)I + ¢;G. Lemma 2.9 implies that
F' is a quasi-nonexpansive mapping. Furthermore,

Fiz(F) = (| Fiz(Gy,) = [ | Fiz(G;) # 0.
i—=1 i=1

It is straightforward to see that F' is zero-demiclosed. The rest of the proof is similar
to that of Theorem 3.3. g

4. Conclusion

(1) We have proven a weak convergence theorem for an iteration scheme used to
approximate split common solutions for demicontractive mappings in Hilbert
spaces, which is derived from an associated weak convergence theorem in the
class of a quasi-nonexpansive operators.

(2) We also have established a strong convergence theorem for an iteration scheme
used to approximate split common solutions of demicontractive mappings in
Hilbert spaces, which is derived from a corresponding strong convergence theo-
rem in the class of a quasi-nonexpansive operators.
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(3) Our investigation is based on an embedding technique by means of an averaged
mapping: if G is a-demicontractive, then for any ¢ € (0,1 — «),

Gy, =(1-p) +¢G

is a quasi-nonexpansive mapping.

(4) For some very recent developments on related topics we refer the reader to
Alakoya et al. [1], Berinde and Saleh [5] [6], Berinde and P&curar [4], Onah et
al. [14], Rathee and Swami [16], Wang and Pan [17],Yao et al. [18], Zhu et al.
[19], etc., to which a similar approach seems to be applicable.
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An elastic-viscoplastic contact problem with
internal state variable, normal damped response
and unilateral constraint

Lamia Chouchane and Dounia Bouchelil

Abstract. In this manuscript, we study a contact problem between an elastic-
viscoplastic body and an obstacle. The contact is quasistatic and it is described
with a normal damped response condition with friction and unilateral constraint.
Moreover, we use an elastic-viscoplastic constitutive law with internal state vari-
able to model the material’s behavior. We present the classical problem then we
derive its variational formulation. Finally, we prove that the associated variational
problem has a unique solution. The proof is based on arguments of quasivaria-
tional inequalities and fixed points.
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normal damped response, unilateral constraint, friction, quasivariational inequa-
lity.

1. Introduction

Contact problems represent an important topic both in Applied Mathematics
and Engineering Sciences. References in the field include [1, 5, 6, 11, 13, 12, 14,
15, 16, 17]. In this work, we deal with a model of the frictional contact between
an elastic-viscoplastic body and an obstacle named foundation, for the purpose of
modelling and establishing variational analysis of this one. This analysis is done within
the infinitesimal strain theory. We model the material’s behavior with the following
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constitutive law with internal state variable
o(t)=Ae(u(t)) + Be(u(t)) + /9(0 (s) — Ae(u(s)),e(u(s)) k(s)) ds, (1.1)
0

in which the viscosity operator A and the elasticity operator B are assumed to be
nonlinear and G represents a nonlinear function. Also, u denotes the displacement
field, o represents the stress tensor and e(u) is the linearized strain tensor. The
internal state variable k is a vector-valued function whose evolution is governed by
the following differential equation

k(t) = ¢ (o (t) - Ae(a (1), e(u(t)),k (1)), (1.2)

in which ¢ is a nonlinear constitutive function with values in R™ | m being a positive
integer. Elastic-viscoplastic models can be found in [3, 4, 9, 10]. In particular, the
reader can refer to [7, 8, 16] where he finds a detailed analysis of elastic-viscoplastic
contact problems with internal state variables.

In this paper, we assume that the part of the body’s boundary which will be in contact
with the foundation is covered by a thin lubricant layer. Lubricants make sliding of
rubbing surfaces easier by interposing a smooth film between these parts. We can find
examples of lubrication in many fields such as oil rigs and car mechanics. To model
lubrication, we usually use a normal damped response contact condition in which
the normal stress on the contact surface depends on the normal velocity, see [1, 2].
However, in this manuscript, we model the contact with normal damped response
and unilateral constraint for the velocity field, associated with a version of Coulomb’s
law of dry friction. These boundary conditions model the contact with a foundation
in such a way that the normal velocity is restricted by a unilateral constraint. Also,
when the body moves towards the obstacle, the contact is described with a normal
damped response condition associated with the friction law. On the other hand, when
the body moves in the opposite direction then the reaction of the foundation vanishes.
More details on the normal damped response boundary condition with friction and
unilateral constraint can be found in [1].

The main novelty of this paper is to describe a frictional contact with the normal
damped response and unilateral constraint in velocity for elastic-viscoplastic materi-
als with internal state variable.

The rest of the paper is divided into three sections. Section 2 contains both nota-
tions and preliminary material. In section 3, we list assumptions on the data that
are required to solve the variational problem derived in the same section. Section 4
deals with different steps taken to prove the main existence and uniqueness result,
Theorem 4.1.

2. Notations and preliminaries

In this short section, we make an overview of the notation we shall use and
some preliminary material. The notation N is used to represent the set of positive
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integers. For d € N, we denote by S? the space of second-order symmetric tensors on
R? (d = 2,3). We define the inner products and norms of R? and S by

u.v=uu;, |[v]=(v .v)% Yu,v €R?,
1
o.Tt=o0,7;, |T|=(r.7)? Vo,r € SL

Note that the indices ¢ and j run between 1 to d and that the summation convention
over repeated indices is used. Also, an index that follows a comma represents the
partial derivative with respect to the corresponding component of the spatial variable,
€.8. U;j = 5u,/5x]

Let @ ¢ R? (d=1,2,3) be a bounded domain with a Lipschitz continuous
boundary T' and let T'; be a measurable part of T’ such that meas (I';) > 0. We
use x = (x;) for a generic point in Q UT and we denote by v = (v;) the outward
unit normal at I'. We use the standard notation for the Lebesgue and Sobolev spaces
associated with € and I'; moreover, we consider the spaces

H= {u = (u;)/u; € LQ(Q)},
H = {0’ = (Uij)/O'ij = 0j; c L2(Q)},
H, = {u = (u;)/u; € Hl(Q)}7
Hi={o € H/Dive € H}.
The spaces H,H, H; and H; are real Hilbert spaces with the inner products

(w,v)u = fQ u;v; dx,

(o, T)n = fQ 04§ Tij dX,

(W, V), = (0, v)g + (e(u),&(v))2,
(o,7)n, = (o, 7)n + (Div o, Div T) g,

respectively, where € : Hy — H and Div : H1 — H are respectively the deformation
and the divergence operators defined by

e(u) = (gi5(n) , eij(u) = %(um‘ +uji),  Dive = (0ij;)

The associated norms on H,H, H; and #H; are denoted by |||, |||, |||z, and
II.]2, respectively.
Next, for the displacement field, we introduce the closed subspace V' of H; defined as
follows

V = {V S Hl/V =0 onFl}.
We consider on V' the inner product given by
(u,v)y = (e(u),e(v))y Vu,vey,
and the associated norm
Ivllv =lle(v)lln ¥veV. (2.1)

Completeness of the space (V, ||.||;,) follows from the assumption meas (I';) > 0, since
the use of Korn’s inequality is allowed.
Moreover, for an element v € V, we still write v for the trace of v on the boundary.
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In addition, v,, and v, denote the normal and the tangential components of v on the
boundary I" gave by

Vy, =V.U, V; =V —U,V.

Let I's be a measurable part of I'. We can see from the Sobolev trace theorem that
there exists a positive constant ¢ which depends on €2, 'y and I's such that

Vllzzryya < co vl vveV. (2.2)

For a regular function ¢ € H, o, and o, denote the normal and the tangential
components of the vector ov on I, respectively, and we recall that

o, =(oVv)v, o, =0V —o,v.

Moreover, we recall the following Green’s formula,

/ o.e(v) dx —|—/ Div o.v dx = / ov.v da VvelVl. (2.3)
Q Q r
Furthermore, for the internal state variable, we introduce the notation

Y =L%(Q)™ meN. (2.4

)
Finally, for a given Banach space X we use the notation C (0,7; X) and C! (0,T; X)
for the space of continuous and continuously differentiable functions defined on [0, T
with values in X, respectively. The spaces C (0,T;X) and C* (0,7; X) are Banach
spaces endowed with the following norms

b vy = ma v (t
Iollco.rix) = max o (1)l -

lollen ) = mase o () + mae 16 (0] x

The following fixed point result will be used in section 4 of the paper.

Theorem 2.1. Let (X, ||.||x) be a Hilbert space and let K be a nonempty closed subset
of X. Let A : C(0,T; K) — C(0,T; K) be a nonlinear operator. Assume that there
exists h € N with the following property: there exists b € [0,1) and ¢ > 0 such that

A7 () = Ana (D)% < bl () = m2(®) 1% + ¢ fy Im(s) = ma2(s)]) ds,
Vni,m2 € C(0,T; K), YVt € [0, T]. Then, there exists a unique element n* € C(0,T; K)
such that An* = n*.

Note that here and below, the notation A7 (¢) means the value of the function
An, ie. An(t) = (An) (¢).

Next, we recall a second result proved in [15] which will be used in section 4.
To this end, we introduce the following setting. Let X be a real Hilbert space with
the inner product (.,.)y and the associated norm ||.||y and let K be a subset of X.
Let consider the operator A : K — X and the functionals j : K x K — R and
f:10,T] = X such that

K is a nonempty closed convex subset of X. (2.5)
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(a) There exists M4 > 0 such that
(Aul—AUQ,ul—UQ)XZMA ||111—112||§( VU17UQ€K.
(b) There exists L4 > 0 such that

||AU1—AUQ||X§LA ||111—112HX Yup, us € K.

(a) The function j (u,.) is convex and lower
semicontinuous on K, for all u € X.
(b) There exists a > 0 such that
J (a1, va) = j(ar, vi)+j(uz,vi) —j (g, va)
< aflur —ugx [[vi = Vol x
Vul, u € X, Vv, vo € K.
fecC(0,T;X). (2.8)
Moreover, we assume that
My > a, (2.9)
where M4 and « are the constants in (2.6) and (2.7) respectively.
We have the following result.

Theorem 2.2. Assume that (2.5)-(2.9) hold. Then there exists a unique function
u e C(0,T; K) such that

(Au(t),v—u(t))y +j(u(t),v)—j(u(t),u(t))
> (f(t),V—)l(l(t)])X Vve[j(. (2.10)

We can see that (2.10) is a time-dependent quasivariational inequality governed
by the functional j which depends on the solution.

3. Problem statement and variational formulation

We consider an elastic-viscoplastic body that occupies a bounded domain
Q c RY (d=1,2,3) with a Lipschitz continuous boundary I', divided into three
measurable parts I';, I's and I's, such that meas (I'y) > 0. The body is acted upon
by body forces of density fy and surface tractions of density fs act on I's. We assume
that the body is clamped on I'1, and therefore, the displacement field vanishes there.
The body may come in contact over I's with an obstacle, the so-called foundation.
Moreover, on I's we describe the contact with:
a) A unilateral constraint in velocity given by

1, < g,

where g > 0 is a given bound. Here we assume the nonhomogeneous case and, there-
fore, g is a function that depends on the spatial variable x € T's.

b) A normal damped response condition associated to Coulomb’s law of dry friction,
as far as the normal velocity does not reach the bound g. When the normal velocity
reaches the limit g, friction follows the Tresca law. Also, We assume a given compat-
ibility condition to accommodate conditions in b) and to ensure the continuity of the
friction bound when the normal velocity reaches its maximum value g. Therefore, we
can see a natural transition from the Coulomb law (which is valid as far as 0 < u,, < g)
to the Tresca friction law (which is valid when u, = g). Consequently, we obtain the
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following frictional contact conditions with normal damped response and unilateral
constraint

i, (t) < g, o,(t) + pli,(t) <0,
{ (i () — 9)(u(t) + plin (D)) =0, O Tsx 10T,
lo-@)I < 1 p(a(t)
- Uf(t)=up(uu(t))||zTEgH it (r) 20,  onlsx[0T],

where p is a positive function such that p(r) = 0 for » < 0 and u denotes the coefficient
of friction. More details on these contact conditions can be found in [1].
Furthermore, we assume that the process is quasistatic since the forces and tractions
vary slowly in time and, therefore, we neglect the acceleration of the system. Hence,
the classical formulation of the contact problem is as follows.

Problem P. Find a displacement field u : Q x [0,7] — R%, a stress field o :
Q x [0,7] — S? and an internal state variable k : Q x [0, T] — R™ such that

o(t) = As(? (t)) + Be(u(t))

+[0(er(5) ~ As(it (3)).£(u (5)). k (s)) ds i 2 0.7 (3.1)

k(t) = (o (t) — Ae(a (), e(u (t), k() inQx (0,77, 3.2

w
w

Div o (t)+1£(t)=0 inQx[0,T7],

u(t)=0 onIy x[0,T7],

w
=~

(3:2)
(3:3)
(3:4)
o(t)v="1(t) onlyx[0,T], (3.5)

3.5

U, (t) < g, o (t) +plin(t) <0,
{ i (1) —gg)(oy(t) +z(uy(t))) _o,  onlsx[0T], (3.6)
lo-(Oll < pp(in(t)
— o, (t) = pp(i,(t)) HETEE;H if 1, (t) # 0, onl'3 x [0, 7], (3.7)
u(0) =up, k(0) =ko in Q. (3.8)

Now, we describe the problem (3.1)-(3.8). First, equations (3.1) and (3.2) represent
the elastic-viscoplastic constitutive law with internal state variable as well as the
evolution equation of the latter. Equation (3.3) is the equilibrium equation while
conditions (3.4)-(3.5) are the displacement-traction boundary conditions respectively.

The boundary conditions (3.6)-(3.7) describe the mechanical conditions on the
contact surface I's that represents the frictional contact conditions with normal
damped response and unilateral constraint in velocity. Finally, (3.8) represents the
initial conditions in which uy and kg are the initial displacement and the initial state
variable respectively.
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We turn now to the variational formulation of the Problem P. To this end, we
assume that the viscosity operator A, the elasticity operator B and the nonlinear
constitutive function G satisfy

(a) A:Q xS% — s,

(b) There exists L4 > 0 such that
[A(x,€1) — A(x,€)[ < La [ler — ez
Ve, e € Sd, a.e. X € Q.

(c) There exists M4 > 0 such that
(A(x,61) — A(x,82)) . (61 — €2) = ma |le1 — &
Ve, g2 €8% ae x€Q.

(d) The mapping x — A (x, &) is measurable on 2,
for any € € S%.

(e) The mapping x — A (x,0) belongs to H.

(3.9)

(a) B: Q2 xS% — S
(b) There exists Lp > 0 such that
B (x,e1) = B(x,e2)|| < Lp |1 — &
Ve, g3 €8% ae. xe . (3.10)
(d) The mapping x — B (x,€) is measurable on €,
for any e € S%.
(e) The mapping x — B (x,0) belongs to H.

(a) G: Q2 xS%xS%xR™ — S
(b) There exists Lg > 0 such that
||Q(X,O'1,€1,k1) - g(X, 0'275271(2)“
< Lg ([lor — o2 + |ler — ez + |[k1 — kal|)
Vo, 02 1,62 € Sd, ki, ko € R™, ae. x € Q.
(¢) The mapping x — G (x, g, &,k) is measurable on ) ,
for any o,e € S% , k € R™.
(e) The mapping x — G (x,0,0,0) belongs to H.

(3.11)

Also, we assume that the constitutive function ¢ : Q x S x S x R™ — R™

satisfies

(a) There exists L, > 0 such that

lo (x,01, €1,k1) — (%, 73, 2,10

<Ly (o —oaf + [ler — 2 + [[k1 — kz|)

Y o1, 09, €1, €2 €S ki, ko € R™, ae. x € Q. (3.12)
(b) The mapping x — ¢ (x, 0, €, k) is measurable on €,

for any o,e € S? , k € R™.
(¢) The mapping x — ¢ (x,0,0,0) belongs to Y.
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The function p : I's x R — R* satisfies
(a) 3 L, > 0 such that
Ip(x,7m1) —p(x,72)| < Lp|r1 —re| Vri,re € R, ae. x € IT's.
(b) (p(x,71) —p(x,72))(r1 —1r2) >0 Vry,ro € R ae.x €.

(¢) The mapping x — p(x,r) is measurable on I's, (3.13)
for all r € R.
(d) p(x,7)=0 Vr<0,ae xeTls.
The friction coefficient 1 satisfies
e L>®T3), p>0 ae xels. (3.14)
The densities of body forces and surface tractions are such that
fo € C (0,T; H), f, € C (0,T;L*(T2)?). (3.15)
Finally, the initial data verify
uy € U. (3.16)
koeY. (3.17)
After that, we introduce the set of admissible velocities U defined by
U={veV:v <gae onls}. (3.18)

We note that U is a nonempty, closed, convex subset of the space V and, on U, we
use the inner product of V.
Next, we use the Green formula (2.3) to find that
(o(t),e(v—u(t)y + (Div o(t),v—u(t))g = [pov(t)(v—u(t))da
= Jp,ov(t) (v—u(t))da+t [ ov(t)(v—u(t))da+ [ ov(t)(v—u(t))da,

for all v € U. Since v —u(t) = 0 on I'y, ov(t) = f2(t) on I's and Div o(t) = —fy(t)
in Q , we obtain

(a(t), e(v—u(t))n = (fo(t), v —u(t)n
+ Jp, B2(0)-(v —a(t) da + [, ov(t).(v —u(t)) da.

On the other hand, we use Riesz’s theorem to define the element f(¢t) € V by
(f(t), v)y = / fo(t).vdx + / f2(t).v da Vv €V, (3.20)
Q T,

where f : [0,7] — V. It follows from hypotheses (3.15) that the integral (3.20) is
well-defined and we have

(3.19)

feC(0,1T:V). (3.21)
Now, we note that
ov(t)(v—u(t)) =o,(t)(v, — 0, (1)) + o,(t) (v —u-(t)) onT5 x [0,T].
We combine (3.19), (3.20) and the last equality to obtain
(a(t),e(v —u(®)n = (£(t),v)v

+ [ o) (v, — @, (t)) da+ [ or(t) (v, — 0, (t)) da Vv € U. (3.22)
T3 I's
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Next, we write

oy () (v — i (1)) = [ow(t) + (1 (1))] (v, = g)
Flow (t) + p(i ()] (g9 — i (t)) — p(i () (v — (1)),

for all v € U. Moreover, (3.4), (3.6) and (3.18) show that
u(t)eU, u(t) e V. (3.23)

Thus, we deduce that v, — g < 0 and %, — g < 0; in addition, we use the contact
conditions (3.6) to obtain

o (t)(vy — () = —p(in (1)) (vy — (1)) on I's.

We integrate the last inequality on I's to find that
/ o () vy — i (1)) da > — / Pl (£)) (v — i (2)) da. (3.24)
Ts s

Also, we use (3.7) to see that, if u, # 0, we have

o (Ve — 1) = —pp(i) 22V 4 (i) i | (3.25)

¢ TH

Using the Cauchy—Schwartz inequality, we obtain
pplin) T ” o+ up(y) [a- > —pp(i) [[ve |l + ppli) a- .

Now, from (3.25) and the last inequality we find that
or(ve —ur) 2 pp(i)(la-|| — [Jv-) ifa; # 0. (3.26)

On the other hand, if ., = 0, then

o (v — ;) =0,V,.
From the Cauchy-Schwartz inequality and (3.7), we obtain

or vy 2 — ||0'7_H vl
> —puplin). |val.
Since u, = 0, the last inequality can be written as follows
;. vy — 00y > —pp(l) ||Vl + pp(d) A

which yields

or(ve—ur) = pp(iw)(ar]l = [v-]) ifa, = 0. (3.27)
We conclude from (3.26) and (3.27) that
frs o (t)(vr —ur(t))da = frg (i () ([[ar (@) = [[v-[]) da. (3.28)

We gather (3.22),(3.24) and (3.28) to find that

(o(t),e(v —u(t)n = (£(t), v —a(t)v + [, p (i (t)) (i (t) —v,) da

+ Jo, 12 (0, (8)) ([ @) = [[v-]]) da (3.29)
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To finalize the variational formulation of Problem P, we use again the Riesz’s theorem
to define the operator P : V — V by

(Pu,v)y = / p(uy) v, da Y u, veV. (3.30)
I's

It follows from (2.2) and hypotheses (3.13) that
(Pu—Pv,u—v)y >0, |[Pu—Pv|y <cL,Ju—v|y VYuvey, (3.31)

which means that P : V — V is monotone and Lipschitz continuous.
Finally, we define the function j : U x U — RT by

jtav) = [uptw) v do v e v. (3.32)
I's

We use now (3.30) and (3.32) to see that (3.29) becomes

(a(t),e(v —u(t))n + (Pua(t),v —u(t))v
+j(a(t),v) —j(a(t),a) = (£(t), v —a(t))v, vv e U.

Lastly, we integrate (3.2) from 0 to ¢ by using initial conditions (3.8) and we use (3.33)
and (3.1) to obtain the following variational formulation of Problem P.

Problem PV. Find a displacement field u : [0,7] — U, a stress field o : [0,T] — H
and an internal state variable k : [0, 7] — Y such that

(3.33)

o(t) = Ae(a(t)) + Be(u / G(o(s) — Ae(u(s)),e(u(s)),k(s)) ds,  (3.34)
k(t) = /0 p(o(s) — Ae(u(s)), e(u(s)), k(s)) ds + ko, (3.35)

+j(ﬁ(t) ) j(a(t), o (t ) = (£(t),v —u(t))y Vv eU, '
u(0) = (3.37)

4. Existence and uniqueness result

In this section, we study the existence and the uniqueness of the solution of the
variational problem PV introduced in section 3. We summarize this study in the
following result.

Theorem 4.1. Assume that hypotheses (3.9) - (3.17) are satisfied. Then, there exists
a constant Ly > 0 such that, if L, < Lg, then the problem PV has a unique solution
{u, o,k}. Moreover , the solution satisfies

ue CH0,T;V),
o€ C(0,T;H1), (4.1)
k€ CH0,T;Y).
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Now let’s move on to the proof of Theorem 4.1 which will be carried out in several
steps. We assume in what follows that hypotheses (3.9)-(3.17) are satisfied. We use
the product space H x Y endowed with the norm

nllaexy = 0Pl + [Py ¥ = 0", n®)eH x Y. (4.2)

Step 1. For all n = (n™™,n®) € C(0,T;H x Y) , we consider the following interme-
diate variational problem.
Problem PV,. Find a displacement field u,, : [0, 7] — U such that

(Ae(iay (1)), e(v) — e(@y () + (D (2), e(v) — (i, (1))

+(Pua,(t), v —u,(t)y + j(a,(t),v) — j(a,(t), q,(t)) (4.3)
> (f(t),v—u,(t)y Vvel.
u,(0) = uo. (4.4)

We have the following existence and uniqueness result.

Lemma 4.2. If L, < Ly, then there exists a unique solution u,, to Problem PV, such
that u,, € CY(0,T;V). Moreover, if u; = u,, are two solutions to Problem PV,
corresponding ton; € C(0,T;HxY), i = 1,2, then there exists a constant ¢ > 0 such
that

[ (t) =)y < ¢ llny () —=m2 Dy VE€[0,T]. (4.5)

Proof. First, we use Riesz’s Theorem to define the operator A : V' — V and the
function f, :[0,7] — V by equalities

(Au,v),, = (Ae(u), (v))y + (Pu,v)y, (4.6)
(£ (1), v)y = (£(),v)y — (0 () ,e(v))n, (4.7)

for all u,v € V and ¢t € [0, T]. Hence, (4.3) becomes
(A, (1), v —,(1)v + j(y(t), v) — j(,(t), ay(t)) (4.8)

> (f,(t), v —1,(t)y Vv e U,

and using the notation w,(t) = ,(t), we can see that the last inequality can be
written as follows

(Aw,) (1), v — wy (1)) v + j(wWy (1), v) — 3 (wy (t), wy(t)) (4.9)
> (£,(t),v —wy(t))v Vv e U, ’

Next, we apply Theorem 2.2 for K = U and X = V. First, we note that the space U
defined in (3.18) satisfies conditions (2.5). Next, we consider w1, wg € V and we use
the monotonicity of the operator P expressed in (3.31) as well as (3.9)(c) and (2.1)
to obtain

(AWl — AWQ,Wl — WQ)V > MA||W1 — W2||%/ VWl,WQ eV,

which shows that A is strongly monotone with constant M4 = M 4.
On the other hand, for wy,wsy,v € V., we use the Lipschitz continuity of P expressed
in (3.31) as well as (3.9)(b) and (2.1) to find

(Awy — Awy, v)y < (La +cj Ly) [[wi — wa|lv[[v]]v.
By choosing v = Aw; — Aws in the last inequality we obtain

|Aw, — Aws|ly < (La+cg Ly) [[wi — wallv,
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which means that A is a Lipschitz continuous operator with constant L4 = L 4+c3 L.
We conclude that conditions (2.6) are satisfied.

Now we prove conditions (2.7) on the function j. First, it is easy to see that j(w,.)
is a semi-norm on V, for all w € V. Moreover, we recall that ||v.|| < ||v| and we use
(3.13), (3.14) and (2.2) to see that for all w € V|

j(w,v) <clviv.

We conclude that j(w,.) is a continuous semi-norm on V' and thus it is convex and
lower semi-continuous on V', which means that it satisfies condition (2.7)(a) of Theo-
rem 2.2. Now, for all wi,wq,v1,vy € V, we use assumptions (3.13) (a) and (3.14),
after a simple calculation we obtain

J(wi1,va) — j(wi,vi) + j(wa,v1) — j(wa, va)
<Ly [r lwn —wa| | [[vir]| = [[va- || | da .

Next, it is well known that |wy, —we,| < [|[w1—wal| , | [[vir]| = ||ver| | < [[vi— V2]
Thus, we obtain

J(wi,va) = j(wi,vi) + j(wa, vi) — j(w2, va)
S pLy Wy = wall oy Ve = Vall p2py)a -

Hence, inequality (2.2) yields

J(Wi,v2) — j(wy,v1) + j(wa,vi) — j(Wa, v2)
) (4.10)
< ¢yl w1 — W2||v [vi— V2||v )

for all wy, wo, vy, vy € V. We note that the last inequality shows that the condition

(2.7) (b) is satisfied for o = ¢ p L,.

Moreover, we use (3.21) and (4.7) and we recall that n € C'(0, T; HxY') to deduce that

f, € C(0,T;V); i.e. f, satisfies (2.8). Finally, for the condition (2.9) to be satisfied,
M,

we choose Ly = 2—’4. As a consequence, if L, < Lo, then M4 > ¢ p L, which means
Co

that condition (2.9) of Theorem 2.2 is now satisfied. We conclude that there exists a

unique solution w, € C(0,T;U) to the quasivariational (4.9). Now, we use (4.4) and
we define the displacement u,, by

w, (t) = / Wy (s) ds + 1. (4.11)
0
It results from the last equality and hypothesis (3.16) that u, € C'(0,7;V) is the
unique solution of the quasivariational inequality (4.8). Finally, we can see that, by
substituting (4.6)-(4.7) in (4.8), we find that u, € C*(0,7;V) is the unique solution
of PV, which concludes the existence and uniqueness part of Lemma 4.2.
We turn now to the proof of estimate (4.5). To this end, let consider

m =", 0, ny = @, n$) € C(0,T;H x V)

and let use the notations u; = u,,, uy = u,,. We write (4.3) for u,(¢t) = u;(¢t) and
v = 1y (t) and then for u,(t) = u(t) with v = 1, (¢), after a simple calculation we
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obtain
(Ae(t (1)) — Ae(its (1)), e (1)) — (ia(t)))n
HPi (1) — Pia(t), (1) —a(0))v
< (ni" (1) - ><>,s< 2 (1)) — e (i (1))

+j(w(t), 0 ()) (0 (), i () + j(ax(t), wi (t)) — j(a(t), va(t)

)-
On the one hand, we note that w; € C*(0,T;V), i = 1,2; this implies w;(¢t) € V
i = 1,2. Then, we use (3.9) (c), the monotonicity of P expressed in (3.31) and (2.1

to find
(Ae(uy (1)) — Ae(uz (1)), (w1 (t) — e(uz(t)))n
+(Pay(t) — P (t), i (t) — ﬁ2(t))V2
> Myljui(t) — wa(t)]];, -
On the othor hand, we use (4.10) to deduce that
(Ae(uy (1)) — Ae(uz (), e(ar(t) — e(az(t)))n
+(Pay(t) — Pug(t), () — aa2(t))v
< ot @ =8 @], lleua(e) - et @],
+eg Ly [[a1(t) — ()] [l (t) — a2 @), -

We combine the two last inequalities and we recall (2.1) to find
- - 1 1 . .
Ml () =tz (0], < |[nf () =S @], + Lyl () = b2 @)y -
Now we use (4.2) to deduce that

1 1
[ ()= m (5)]| < I (9) = (5) g
Then, we combine the last two inequalities to obtain
(Ma = cgpLy) [[ax(t) = aa(®)]|y, < llmy () = 1o () lrexy-
Finally, we recall that the condition (2.9) of Theorem 2.2 is satisfied for My = M4

and o = ¢y Ly, which yields M4 > ¢ p Ly; i.e. Ma—c3u L, > 0. Hence, we conclude
that the estimate (4.5) is satisfied. O

Step 2. In the second step of the proof of Theorem 4.1, we denote by k,, € C(0,7;Y)
the function defined by

t

k,(t) = / n' (s) ds + ko. (4.12)
0
Step 3. The third step of the proof consists of using the displacement field u,, which
was obtained in Lemma 4.2 and the function k, defined in (4.12) to consider the
following problem.
Problem @,,. Find a stress field o, : [0,7] — H such that

o (1) = Be(u, (¢ / Gl (s), (1)), Ky (5)) ds, (4.13)
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In the study of Problem @,, we have the following result.

Lemma 4.3. There exists a unique solution to Problem @, which satisfies o, €
C(0,T;H). Moreover, for all n; € C(0,T;H xY), i =1,2,if o; = oy, and u; = uy,
represent the solutions of Problems Q, and PV, respectively and k; = k,,, i = 1,2
are defined by (4.12) then there exists ¢ > 0 such that

[ o1(t) = o2(t)ll; <

e (I (6) = wa(6)y+ Jif s (3) = o)y s+ fi s (5) — Roo)] ds) . 44
vt € [0, 7).
Proof. We introduce the operator A, : C(0,T;H) — C(0,T;H) defined by
Ayo(t) = Be(uy(t)) + ; G(o(s),e(uy(s)), ky(s)) ds. (4.15)

First, we can see that assumptions (3.10) and (3.11) on B and G show that the
operator A, is well-defined. Next, for all o € C(0,7;H) and t € [0,7T], we consider
01,02 € C(0,T;H) and we use (4.15) and (3.11)(b) to obtain for all ¢ € [0,T],

1M1 (1) = Ayoa (1)l < Lg [y llos (s) = o2 (s)lly ds -

The reiteration of the last inequality p times yields

A2a, (1) — AZars (1)), < (Lg)” / / / o (1) — s ()], dl.
(e —

p times

which implies

, , P TP
HAnal - AU02||C(O,T;7-L) < ! lo1 = UQHC(O,T;H) :
cPTP
It results from the last inequality that for p large enough, lim,_, — = 0; and
p!

therefore the operator A} is a contraction on the Banach space C(0,T;H). So we can
deduce that there exists a unique function o, € C(0,T;#) such that

Ayo, = oy

The last equality combined with (4.15) shows that o, is a solution of @,,. Its unique-
ness follows from the uniqueness of the fixed point of the operator A,,.

Now, let consider n,,m, € C(0,T;H x Y) and, for i = 1,2, we use the notations
u,, = w;,0,, = o; and k,, = k;. We use assumptions (3.10)(b) and (3.11)(b) on B
and G as well as (2.1) to find

oy () = 2 (), < el (1) = wa () + o o1 (5) ~ma ()l ds (1
+ Jy s (5) = o2 ()l ds + Jy s (5) =z (3)]y ds),

for all ¢ € [0,T]. We use now (4.16) and a Gronwell argument to deduce the estimate
(4.14). O
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Step 4. In this step, we use the properties of B, G and ¢ to define the operator
A:CO,T;H xY) = C0,T;H x Y) which maps every element n = (), n(?) ¢
C(0,T;H x Y) into the element An given by

An(t) =

(BS(Hn + f G (on(s),€(uy(s)), kn(s)) ds, @ ((t), e(uy(t)), kn(t))> ~
Here, for all n € C(0,T;H x Y), u, and o,, represent respectively the displacement
field and the stress field provided in Lemmas 4.2 and 4.3. Moreover, k;, is the internal

state variable given by (4.12). We have the following result.
Lemma 4.4. The operator A has a unique fized point n* € C(0,T;H x Y).

(4.17)

Proof. Let consider n,,m, € C(0,T;H xY') and let use the notations u,, = u;, oy, =

7

o, k,, =k;, fori =1,2. We use (4.17),(4.2), (3.10)(b), (3.11)(b), (3.12)(a) and (2.1)
to obtain

A7, (£) = Ano (D) 5cv

< e(llon (8) = o2 (Ol + lhua (1) =02 Oy + 1 () — k2 (D)) (4.18)

+c g (o1 () = o2 (8)lly + llua (s) =z ()]l + [k (s) — k2 (s)[ly) ds
On the one hand, definition (4.12) yields
ki (1) ke (D]ly < Jy |m
and, by using (4.2), we deduce that
[ (6) =Ko ()l < g lm1 () = 02 ()lpny s VEE[0.T) (419)

On the other hand, we use the initial condition (3.8) to write

~nf (s)||, as.

—U-0+f0112 ) ds vi=1,2.
Hence,

s (8) = w2 ()]l <y [l (s) = ba(s)]y ds -
The last inequality combined with the estimate (4.5) implies
¢
[ (t) = w2 ()l < e [y llm () =n2 () 3y s, (4.20)
Now, we combine (4.18)-(4.20) and the estimate (4.14) to deduce that

HAmt(t) = Any (O)l30y .
< Cfo M1 (8) = M2 (8) [l xy ds + Cfo (fos Iy () =12 ()|l v dr) ds

s (05 (J 1m0 = 1 @l ) ar ) as,

which yields

A7 (8) = Any (D)[l3y < C/O 171 () = 12 (8) I3y ds.
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Finally, we apply Theorem 2.1 to conclude that there exists a unique fixed point
n* € C(0,T;H x Y) of the operator A . O

Now we have all the ingredients to prove Theorem 4.1.

Proof. Existence. Let n* = (n™M* n(®*) € C(0,T;H x Y) be the fixed point of the
operator A which is defined by (4.17). We use the notations

u(t) = uy () (4.21)
k(t) = ky (1) (4.22)
o) = Ae(u(t) + o (t) . (4.23)

We prove that (u, o, k) is a solution of the Problem PV with regularity (4.1). In fact,
we write (4.13) for 7 = n* and we use the notations (4.21)-(4.23) to obtain (3.34).
Next, we write (4.3) for n = n* and we use (4.21) to find that

(Ae (i1 (1)) & (v) — & () + (0" (1) & (v) — € ((1))) . (42
H(Pa(r), v — a(0)y + (), v) — jal), a() > (£ (6),v - a)y, ,

for all v € V and t € [0,T]. Now, we recall that An* = n* = (n* n(®*). Hence,
definition (4.17) and the notations (4.21)-(4.23) yield

t

n" (1) = Be(u(t)) + [ G (o (s) ~ Ae(a(s)) e (n(s)) K(s)) ds,  (425)
N (1) = (0 (1) - Ae (a(t)) & (u (1)) .k (1)) - (4.26)

We use (4.26) and (4.12) to see that (3.35) is satisfied. Next, we substitute (4.25) in
(4.24) and we use (3.34) to see that (3.36) is also satisfied.

Finally, (3.37) and the regularities of u and k which are given in (4.1) follow from the
Lemma 4.2 and (4.12), combined with the fact that n®* € C(0,T;Y).

Moreover, for the stress tensor o, we use (4.23), (3.9) and we recall that from Lemma
4.3 we have oy« (t) € H; hence, we deduce that o(t) € H. As for the regularity of o,
we use again (4.23) to find that for all ¢y,t5 € [0,T],

lo (1) — & (t2)[l3, < [[Ae (0 (t1)) — Ae (@ (t2))lly; + [log- (t2) — oy (E2)ll5 -
Thus, hypothesis (3.9)(b) on the operator A and (2.1) yield
o (t1) — o (t2)llyy < Lalla () —a(t)lly + oy (f1) — oy (L2)ll;, -

The last inequality combined with regularities u € C*(0,7;V) and o, € C(0,T;H)
derived respectively from Lemmas 4.2 and 4.3 shows that o € C(0,T;H). In order to
obtain the regularity o € C(0,T;H1), we test (3.36) with v = u + ¢ and then with
v =1 — ¢, where ¢ € C§° (Q)d and we recall that j is a positive function; after a
simple calculation, we obtain

(0(5),6(@)y = (E 1), 0)y VLE[0.T], Voel5 (@)
Then we use (3.20) to deduce that
(o (t),e(p))y = (t), @)y
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Thus, from the definition of weak divergence we conclude that
(=Div o (£), )1 = (0 (£) 0y Voo € C5° ()"
Since the space C§° ()% is dense in L? (2)* we deduce that
Divo(t)=—1f(t) Vte[0,T]. (4.27)

The last equality combined with the hypothesis (3.15) on fo implies Div o (t) € H
and, therefore, o(t) € H;. Finally, we note that the norm on H; allows us to write

lo(t) = (t2)ll3, = llo(t1) = o (t2)l3 + [|Div (o (t1)) = Div (o (t2))|3 -

Thus, (4.27), (3.15) and the regularity o € C'(0,T;H) imply o € C(0,T;H;); which
completes the proof of the existence of a solution (u,o,k) to Problem PV with
regularity (4.1).

Uniqueness. The uniqueness of the solution (u, o, k) of Problem PV follows from the
uniqueness of the fixed point of the operator A combined with the unique solvability
of the intermediate problems PV, and @, guaranteed by Lemmas 4.2 and 4.3. O
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On the stability of KdV equation with
time-dependent delay on the boundary
feedback in presence of saturated source term
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Abstract. The current paper investigate the question of stabilizability of the
Korteweg-de Vries equation with time-varying delay on the boundary feedback
in the presence of a saturated source term. Under specific assumptions regarding
the time-varying delay, we have established that the studied system is well-posed.
Moreover, using an appropriate Lyapunov functional, we prove the exponential
stability result. Finally, we give some conclusions.
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1. Introduction

In recent years a lot of work has come out on the study of Korteweg-de Vries
equation with time-delay (see e.g. [25, 2, 36]). The Korteweg-de Vries equation (KdV)

Up + Uy + Uggy + Uty =0 (1.1)

is a nonlinear one dimensional equation, more precisely the KdV equation is a mathe-
matical model of waves on shallow water surfaces. In recent decades, the study of the
Korteweg-de Vries equation has yielded intriguing results, particularly with regard to
its controllability and stabilizability properties. This studies can be attributed to the
efforts made by Russell and Zhang in [32]. Subsequently, significant research efforts
have been dedicated to the examination of both controllability and stabilizability. For
a comprehensive review of these studies, interested readers can refer to various works
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(such as [31, 37]), as well as the following references [3, 9, 5]. In the majority of these
papers, the following system have been studied:

ur(t, @) + up(t, ) + Ugpe (6, 2) + f =0, >0, z€[0,L];
u(t,0) = u(t, L) = u,(t,L) =0, t>0; (1.2)
u(0, z) = uo(z),

In a general context, the feedback control f in (1.2) is chosen to fulfill specific objec-
tives. As a result, it must consistently adhere to predefined constraints. In particular,
equation (1.2) has been the subject of investigation, with two distinct approaches
studied in the literature: one involving distributed control (as examined in [29, 27])
and another involving boundary control (as discussed in [18, 4]). Notably, in [29],
the authors demonstrate that the linear feedback control f(t,z) = a(x)u(t, z), where
a = a(z) is a nonnegative function that satisfies certain conditions, makes the origin
exponentially stable. It’s worth mentioning as well that when a equals zero, the au-
thors also prove that the linear Korteweg-de Vries (KdV) equation without control is

exponentially stable under the conditions L ¢ {2#« / W |n, k€ N*}.

One of the most well-known constraints that can affect the proper functioning
of the control system is the saturation constraint, which has been discussed in various
works (see, for instance, [20, 24, 16, 17, 10, 6]. The issue of input saturation in the
control system is inevitable. Physical constraints or practical limitations can cause the
restriction of input signal amplitudes, leading to unfavorable and even catastrophic
outcomes for the control system.

In the literature, there are several articles that studies the stability result of
KdV equation with input saturation (see e.g. [20, 34, 19]. In particular, [34] looks at
the study of the following KdV equation:

ur(t, ) + Uz (t, ) + Ugae (t, ) + sat(a(x)u(t,z) =0, t>0, x €[0,L];
u(t,0) = u(t, L) = uy(t, L) = 0, t>0; (13)
(0, z) = up(x),

where a = a(z) € L*([0, L]) satisfying a1 > a = a(x) > ap > 0 on w C [0, L] (w
is a nonempty open subset of [0, L]), and the saturation function sat(.) is defined as
follows

t, if [t z2(0,0) <1

sat(t) = it el > 1

(1.4)

[0l 20,1

The well-posedness of the closed-loop system for the linear KdV equation (1.3)

has been proved through the application of nonlinear semigroup theory. Moreover,

the authors have demonstrated that the origin of the KdV equation (1.3) in closed-

loop system with the saturated control (1.4) is exponentially stable. The asymptotic

stability of KAV equation with a saturated internal control has been studied by [19].
In their work , they considered the system (1.2) with

f(t,x) = asat(u),
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where a is a positive constant and the saturation function is defined as follows

—ugp, if t S —Ug
sat(t) =4t if —up <t<ug (15)
uo, if t Z Ug

where ug represent a positive constant. The authors prove the well-posedness by
applying nonlinear semigroup theory. Additionally, using Lyapunov theory for infinite-
dimensional systems, they also establish that the origin is asymptotically stable.

In this paper, we are interested in the study of time-varying delay on the bound-
ary of the Korteweg-de Vries equation in the presence of a saturated source term.
That is to say, we consider the same problem as in [34] with time-varying delay on
the boundary feedback.

In general, the presence of delay in scientific phenomena is a multifaceted con-
sideration. It is widely acknowledged that even a minor delay in the feedback mecha-
nism can potentially induce instability in a system, as discussed in various references
[12, 7, 21]. Alternatively, delays can be used as a tool to improve performance by in-
troducing beneficial phase shifts to optimize system behavior, as studied in references
such as [1, 30]. When delays become time-varying, the complexity of analyzing system
stability significantly increases. Several studies have examined the stability of partial
differential equations (PDEs) involving time-varying delay, with notable references
including [22, 8, 26, 13].

In recent years, researchers have shown increasing interest in solving stability
and robustness problems related to constant delay for the Korteweg-de Vries equa-
tion. Notable contributions have been made by researchers such as Baudouin et al.
and Parada et al., as mentioned in [2, 23], where they studied the Korteweg-de Vries
equation with time-delay feedback, establishing the well-posedness and proving expo-
nential stability through the use of the observability inequality. For more details on
the KdV equation with time-delay, the readers can find more details in [35, 11, 15].
Concerning the Korteweg-de Vries equation with time-varying delay, there is a no-
tably singular study conducted by Parada et al. [25]. This study examined the issue of
time-varying delay both on the boundary or internal feedback. With specific assump-
tions concerning time-varying delay, they proved the well-posedness and the stability
results is analyzed, using an appropriate Lyapunov functional. However, in the litera-
ture to the best of our knowledge, there has been no prior work addressing this issue
in the context of the Korteweg-de Vries equation with a saturated source term.

In our paper, we focus on the Korteweg-de Vries equation with time-varying
delay on the boundary feedback in presence of saturated source term. The equation
under investigation is given as follows:

ug(,t) + ug (2, 1) + Ugen (2, t) = f(2,t), t>0, x€]0,L];

u(0,t) = u(L,t) =0, t>0;

uzp(L,t) = aug(0,t) + Buy (0,8 — 0(¢)), t>0; (1.6)
u(z,0) =uo(z), =z €]0,L];

uz(0,t —60(0)) = 20(t — 0(0)), 0<t<6(0),
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with
f(z,t) = —sat(a(x)u(t; x)), (1.7)

where a(-) € L%°([0, L]) is a nonnegative function satisfying some conditions, and
sat(.) is the same given by (1.4). The main contribution of this paper is to study the
well-posedness and exponential stability of the linear KdV equation with time-varying
delay on the boundary feedback, as given in equation (1.6)-(1.7). The well-posedness
of the system (1.6)-(1.7) is proven under some conditions. By using an appropriate
Lyapunov functional, we demonstrate that the KdV equation (1.6)-(1.7) with the
saturated source term (1.4) is exponentially stable.

Our paper is organized as follows. In the next section, we formulate our problem.
In section 3, we examine the well-posedness of (1.6)-(1.7). Section 4 is dedicated to
the exponential stabilization of (1.6)-(1.7). Finally, we present some conclusions in
section 5.

2. Problem statement

The aim of this paper is to study the following KdV equation with time-varying
delay

up(m,t) + ug(z, ) + Ugge (2, t) = —sat(a(z)u(z,t)), t>0, =z€l0,L];
u(0,t) = u(L,t) =0, t>0;

Uz (L, t) = aug(0,t) + Bug (0, —6(t)), ¢ > 0; (2.1)
U(SL’,O) = uO(w)v x € [07L],

uz (0, — 60(0)) = zo(t — 0(0)), 0<t<60),

where where a = a(z) € L*[0, L] satisfying

{ a=a(zr)>a >0 on wC]l0,L], (2.2)

w is a nonempty open subset of [0, L],

Moreover, suppose that the delay 6(-) € W2[0,T] for all T > 0 and satisfies the
following conditions

0<0y<6(t) <K, forallt >0, (2.3)
and
O(t) <d <1, forall t >0, (2.4)
where d > 0.
Furthermore, we define the matrix M; by
2
= (0 ey ) (#5)

Where «, f and d are real constants that satisfy the following inequality

la| + 8| +d < 1. (2.6)
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If (2.6) is satisfied, then the matrix M is definite negative according to [25].
In this context, we introduce a new variable z(u,t) = u,(0,¢ — 6(t)u) for p € [0,1]
and t > 0. Then, z(-,-) satisfies the following system

0(t)zt(p,t) + (1 = O() )z (p,t) =0, ¢ >0, € [0,1];
2(0,t) = uz(0,¢), t>0; (2.7)
Z(,uv O) = ZO(_Q(O)M)7 e [O’ 1]
For more detail about a new variable z that takes into account 0(-) (see [21, 22]).
Therefore, we investigate the following semi-linear system

(2, 1) + e (2, t) + Usaa (2, 1) = —sat(a(z)u(z,t)), t>0,z€0,L];

0(t) 2011, 1) + (1 — O(8)) 2 (1,) = 0, £> 0, [0,1]

u(0,t) = u(L,t) =0, t>0

ug (L, t) = au,(0,t) + Bu, (0, — 6(t)), t>0; (2.8)
u(z,0) = up(x), r € [0, L]; .
uz(0,t —6(0)) = zo(t — 0(0)), 0 <t<6(0).

2(0,t) = u,(0,1), t > 0;

2(11.0) = 20(~0(0)p), we 0,1,

Let Y = ( Z ), then the system (2.8) can be rewritten as the following first-order
system

Y, = A)Y (t) + ( _S“t(g(x)“) ) , >0,

Y (0) = (w0, 20(—6(0)) )
Where the operator A(t) is defined by
D(A®)) = {(u,z) € H*((0,L]) x H'([0, L]),u(0) = u(L) =0
2(0) = ux(0), uz (L) = auy (0,8) + Pux (0,1 — 0(t))}
A(t) ( ; ) = < e ) for all ( ! ) € D(A(t)). (2.10)

0(t) K
It has been proved in [25] that the domain of operator A(t) is independent of ¢, i.e.

D(A(t)) = D(A(0)).
Let the Hilbert space H = L?[0, L] x L?[0,1] equipped with the following usual inner

product
u u L 1
(()-(5)), = [ e [}

u 2 L 1
( ) :/ u2dx+/ 22du
) e Jo 0

We introduce a new inner product on H. This inner product is dependent to time ¢
and define as follows

((2):(2)), - [

) (2.9)

and its norm
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with associated norm denoted by || - ||;. Using (2.3), the norm || - ||; and || - || are
equivalent in H. Indeed, for all ¢ > 0, and all ( 1: ) € H, we have

2

2 2
u U U
a=e|()] <|(1)] <armm|() (2.11)
H t H
Now, we recall the definition of mild solution.
Let us consider the abstract system in a Hilbert space Z
u(t) = Au(t) + f(t), t>0,
{ w(0) = uo, (2.12)

where A is an infinitesimal generator of linear Cy—semigroup (T'(¢)):>o defined on its
domain D(A) C H, where Z is a Hilbert space and f € L} _([0,7T], Z).

loc

Definition 2.1. [28, Definition 2.3] Let A be the infinitesimal generator of a
Co—semigroup (T'(t))i>0. Let ug € Z and f € L'(0,7,Z). Then the function
u € C([0,T], Z) given by

u(t) = T(Huo + /Ot T(t—s)f(s)ds 0<t<T, (2.13)

is the unique mild solution of the initial value problem (2.12) on [0, 7.
We recall that the saturation function is Lipschitzian in L2[0, L].
Lemma 2.2. [33, Theorem 5.1] For all (u,v) € L%0, L], we have

lsat(u) — sat(v)|lL210,z) < 3llu —v|lz200,z

3. Well-posedness

Before stating the well-posedness result system (2.9), we recall the result of well-
posedness of the following linear system without source term which has been treated
by Parada et al. [25]

ut(x, ) + up (T, 1) + Ugae (z,1) =0, t>0,z¢€l0,L];

g(t)zt(/u"t) + (1 - at(t)ﬂ)zﬂ(,uvt) =0, > 07“ € [Oa 1];

u(0,t) = u(L,t) =0, t>0

Uz (Lyt) = aug(0,t) + Bus (0,8 —6(¢)), t>0; 31
u(z,0) = ugp(x), x €10, L]; (3-1)
uz (0,1 — 6(0)) = zo(t — 0(0)), 0 <t<6(0).

2(0,t) = u.(0,1), t>0;

Z(/va 0) = ZO(_Q(O)N)7 IS [07 ”

u

As previously, let Y = ( . ), then the system (3.1) can be rewritten as the following

first-order system
Y; =AY (1), t >0,

Y(0) = (w0, 20(-0(0)) )"
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Where A(t) is given by (2.10). The well-posedness of (3.2), is proved in [25, Theorem
2.2]. To prove the well-posedness of (3.2), they used the following Theorem

Theorem 3.1. Assume that
1. D(A(0)), is a dense subset of H.
2. D(A(t)) = D(A(0)) vt >0.
3. For all t € [0,T] A(t) generates a strongly continuous semigroup on H and
the family A = {A(t) : t € [0,T]} is stable with stability constant C' and m
independent of t, i.e. the semigroup (Ti(s))s>o0 generated by A(t) satisfies

T ()Y ||g < Ce™||Y ||, for allY € H, and s > 0.

4. 9;A(t) belong to L°([0,T),B(D(A(0)))), the space of equivalent of essen-
tially classes bounded strongly measure functions from [0,T] into the set
B(D(A(0)), H) of bounded operator from D(A(0) to H.

Then the system (3.2) has a unique solution Y € C([0,T], D(A(0))) N C*([0,T], H)
More precisely, in [25], the authors demonstrated that, if (2.3)-(2.6) holds,
the operator A(t) satisfy all assumptions of Theorem 3.1 and the system (3.2)

has a unique solution u € C([0,+o0[, H). Moreover if Yy € D(A(0)), then
¥ € C([0, +oo, D(A(0))) N € ([0, +o0], H).

The following result gives the conditions for the existences and the uniqueness
of the solution of (2.9).

Theorem 3.2. Let (ug, 20) € H and suppose that (2.3)-(2.6) holds. Assume also that
a = a(z) € L>0, L] satisfying (2.2) and w € L*(0,T, H'[0, L]). Then, there exists a
unique solution Y = (u, z) € C([0,+oo[, H) of (2.9).

—sat(a(z)u)
0

€ LY(0,T, H). Indeed, let uy,us € L?(0,T, H'[0, L)), by using the
Holder inequality, ([20, Proposition 3.4]) and ([33, Theorem 5.1]), we get

Proof. Let G(u) = (

—sat(a(x)u)
0

). By assumption u € L?(0,T, H'[0, L]), hence

1G(ur) — Glus) s ormy = / 1G ur) — Glus) st

0

T
/ sat(aur) — sat(aus)| 2.1 + 0] 201yt
0

T
/ lsat(au1) — sat(ausa)||p2j0,r7)dt
0

T
< 3/ llaur — ausl|p2(0, 1) dt
0
T
< Bllalmio | llur - ual oo oy
0
< 3llafl Lo, ) VTVL|ur — vzl 20,7, 10,17y < 400
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—sat(a(x)u)

Therefore, ( 0

) € LY(0,T, H). Moreover, from [25, Theorem 2.2] the

fsat((c)t(z)u) ) c
L'(0,T, H), then if Yy € H, the system (3.2) has a unique solution Y = (u,z) €
C([0,+o0[, H), according to [14, Theorem 2].

Furthermore, sat(a(x)u) € L*(0,T, L?[0, L]), hence if ( :O ) € D(A(0)), then from
0

operator A(t) satisfy all assumption of Theorem 3.1. Thus, since <

[2, Proposition 2] the solution of (2.9) is a regular solution.

4. Exponential stability

Consider the following energy

L 1
E(t) = %/0 u?(z,t)dz + g”@(t)/o u?(0,t — O(t)p)dp. (4.1)

The following lemma proves that the energy (4.1) does not increase.

Lemma 4.1. Assume that assumptions (2.3), (2.4) and (2.6) are satisfied. Moreover
suppose also that u € L*(0,T, H'[0,L)) and a = a(z) € L*[0, L], satisfying (2.2).
Then, for any regular solution of (2.9), the energy (4.1) satisfies the following in-

equality
sros(00 ) (G ()
<0.

Proof. Let v a regular solution of (2.1). By definition z(p,t) = u5(0,¢ — 6(¢)u), hence
we rewrite the energy (4.1) as follows

1 L 1
By = 1 / w2(z, )z + g / 20, ).
2 0 2 0
Differentiating E(-), we get

d - Bly [ 1
—E(t) z/ uupdr + —G(t)/ 22dp + |B|0(t)/ zzedp
dt 0 2 0 0

L L L
= —/ Ulxdx —/ Ul g AT —/ sat(au)udz (4.3)
0 0 0

1 1
+|§|9(t)/0 szu+\5|9(t)/0 zzidp

After some integrations by parts, we obtain

—/ uuzdr = 0; —/ Ulgrrdr = —uZ(L,t) — Zu2(0,1),
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and
! B Loty —1
8100) [ =z =1gip0) | HGE ez
~1860) [ ez 18] [ 2z
Thus
1816(2) /O o :'i;'é(t) [M%(M,t)];—'i;'é(t) /0 2, t)dp
(4.4)
i, - Lo [ 20
and
1 [ sz =~ L
_ ‘ﬂ| [ (1 t) (O,t)] (4.5)
Using (2.8), (4.3), (4.4) and (4.5), we get
d 1 , 1, L
ﬁE(t) = i(auz(OJ)—i—ﬁz(Lt)) —gux(o,t)—/o sat(auw)udz

1 1 !
Ll [ 2au+1800) [ ez =151 [ 2z

_ %aﬂug(o,t)mﬁ%(o D2(1,8) + 15%2(1 t)—%ui(o,t)

" Bloo [ 12 |/3|
- /0 sat(au)udx + ~— 5 ()/O du + ==0(t)2*(1,t)

- @é(t)/o a0, - Pl

= (0~ TH[BN20.0) + aBus(0,1)2(1,1)

+

3 (7 +18160) - 1) 2.0 - [ " sat(awuds.
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Therefore using (2.4), we obtain

o+ () () ()

£(07 — L B)2(0,1) + s (0,1)2(1, )

+

IN

+ 5 (B +1a160) - ) 200 - [ " sat(anuds

- L ()
_ /0 " sat(awyuds

< 0
L
Because / sat(au)udx > 0, indeed, if ||aul/rz < 1, then
0

sat(au)u = au?® > 0.

If ||au||z2 > 1,
2
sat(au)u = au U= au >0,
llau| L2 |aul[ 2

where a = a(z) is a nonnegative function. Consequently, using (2.6), we have

d up(0,8) \" (1 (0, 1)
—FE(t) < ’ -M A <0. O
dt ()< 2(1,t) > 2! 2(1,t) <0
The following lemmas play an important role to prove the exponential stability
of (2.8). Before that, consider the following lyapunov function

V(t) = E(t) + AVi(t) + 9V (1), (4.6)
where \,v > 0, E(-) is given by (4.1), and
Loy
Vi(t) = /0 xu”(x, t)dx (4.7)
Va(t) =60 [ (1= )l (ot = Ot (1)
0

Lemma 4.2. Assume that a = a(ax) € L*[0, L] satisfies (2.2), ( ZO > € D(A(0))
0

and u € L*(0,T, H'[0, L)), then for any regular solution of (2.1), the following equa-
tion is satisfied

Vi(t) =L(0uz(0,1) + 20uq (0, )ua (0, — 0(1)) + B (0,1 = 0(t))
L L L (4.9)
*dx — 3 2dw — d
—|—/O u“dr /0 usdx /0 zsat(au)udz
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Proof. Let us consider a regular solution, then Differentiate V; () we have

L
2 / ruurdr
0

L L L
= 72/ zuUuzdr — 2/ TUUpprdT — 2/ xsat(au)udz
0 0 0

After some integrations by parts, we obtain

L L
—2/ xuuxdac:/ u?dz;
0 0

L L
—2/ TUUpppdr = Lu*(L,t) — 3/ u?dx
0 0

Vi(t)

L
= L{caug(0,t) + Bu,(0,t — 0(t)))? — 3/0 u?dx

Using the last equations, we get

Vi(t)

/L u?dx + L(oug (0,1) + Bug (0,1 — 6(t)))?
0

L L
- 3/ uidm—Z/ xsat(au)udx
0 0

L(®u2(0,t) + 2afu. (0, t)u, (0,t — O(t)) + 52u(0,t — 6(t)))

L L L
+ / u?dx — 3/ udr — 2/ xsat(au)udz
0 0 0

Lemma 4.3. Assume that (2.4) is satisfied. Suppose also ( ZO > € D(A(0)) and
0

O

u € L?(0,T, H'[0, L)), then for any reqular solution of (2.1), the following inequality
is satisfied

Va(t) < —(1 —d) /01 u2(0,t — 0(t)p)dp + u2(0,1). (4.10)
Proof. Consider a regular solution, then differentiate Va(-), we have
(o) =ote) [ (1 a0, — 60
+26(¢) /01(1 — )0z (0,6 — 0(t) ) us (0, — O(t)u)dp
—(t) /01(1 — (0, — O(t))dp + 2 /01 0(8) e (0, ¢ — 0(8) s (0, ¢ — O(8) ) ds

72/ 10(t)0ua (0, — 0(t)p)ua (0, — O(t)p)dp
’ (4.11)
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After some integration by parts and using the following equation
—0(1)suz (0, = O(t)) = (1 = (1)), (0, ¢ — O(t)p),

we obtain

2 / 0(8) st (0, £ — O(8) 1)z (0, — O(E))dpr =u2(0,1) — (1 — B(t))u2(0, ¢ — (1)

(1) / W2(0,t — O(t))dp
’ (4.12)

and

= / #0010, = OO 0,1 = 6O} =(1 = 6O (0,1 - 0(2)
-/ 20, — 00

42 [ (e (0.~ 00 )

(4.13)
We deduce from (4.11), (4.12), (4.13) and (2.4) that
a0 = = [ 0. o0ua
+ 9(t)/1uu§(0,tG(t)u)du+Ui(0,t)
0
< —/0 uw(07t—9(t)u)du+d/0 puz (0,¢ — 0(t)u)dp + uz(0,1)
= (=) [ a0t 60w+ 20,0
0
O

Now, we are able to state and prove the main result of this section.

Theorem 4.4. Assume that a = a(x) € L*[0,L] satisfying (2.2), and L < /3.
Moreover suppose that the assumptions (2.3) , (2.4) and (2.6) are satisfied. Then,
there exists r > 0 such that for every (ug,z0) € H satisfying ||(uo, z0)||l < 7, there
exists & > 0 and M > 0 such that

E(t) < Me™2'E(0), Vt> 0. (4.14)

where for X\ and v sufficiently small, the two positive constants § and M satisfy the
following inequality:

2 2 3.2
5§min{(97r SL” = 2Ler) | i } (4.15)

3L2(1 + 2LN) " h(2y + 18])
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and

MSl—l—maX{L)\,Qg'}.

Where X and vy, satisfying the following inequality

) < { =18 = |8l —d) +a?(d—1) +2y(|B] +d - 1)
- 2L(|8] — a*(d = 1) — % — 27|8])

4.16
1—a?—p2—|Bld+2y (4.16)
2L(a? + 3?) )
and
a2 _p2_
"< { 1-a®— B2 —|B|d
2
_ _ _ 2(d —
(- 18D~ 18]~ d) + a*(d ~ 1) )
2(1— B[ —d)
8] —a®(d—1) — B
203 '
Remark 4.5. The Lyapunov function V() and the energy E(-) are equivalent. Indeed,
Et)<V(t) < MiE(t) Vi>D0, (4.18)
where M7 = 1 + max {L)\, ‘%} > 0. Thanks to inequality (4.18), in order to prove
the exponential stability of system (2.1), it is sufficient to show that for all § > 0,

%V(t) +26V(t) <O0.

Proof. Let ( ZO ) € D(A(0)) such that || < ZO > llo < 7, with » > 0 chosen later.
0 0
Using (4.2), (4.9) and (4.10), we get

V(t) g%YMlY + LAu2(0,t) + 2L aBus (0, t)u (0, — (1))

L L

+LA2u2(0,t — 0(t)) + )\/ w?dx — 3)\/ u?dx

0 0
L 1
- / zsat(au)udx — (1 — d) / u?(0,t — O(t)p)dp + yu2(0, 1)
0 0
1 L L

=yT {QMl + MQ} Y + /\/ u?de — 3)\/ uZdx

0 0

L 1
—/ zsat(au)udx — v(1 — d) / u?(0,t — O(t)p)dp,
0 0

uz(0,1) [ LXa®>+~ LXap
(0,1 — O(t)) ) and M = ( Lhaf  LAP?
is given by (2.5).

where Y = ( ) and the matrix M;
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Since z € [0, L] and sat(au)u > 0, we deduce that fOL xsat(au)udxr > 0. Consequently
we deduce that

. 1 L L
V() <yT [QMl + Mz} Y + )\/ u?de — 3)\/ u?dx
0 0
. (4.19)
(1 - d)/ uz (0, — O(t)p)dp.
0

Now, we calculate 2§V (t), using (2.3), we have
20V (t) =20E(t) 4+ 20AV4(t) + 207 Va(t)

L 1 L
:(5/ u?dx + 5|ﬂ\9(t)/ u?(0,t — O(t)p)dp + 25)\/ ru?dr
0 0 0
1 1
$2596(0) [ 0.t = 6O~ 2090(0) [ (0.t~ b0
; ; (4.20)
L 1
§6/ u2d:c+5|ﬁ\K/ u?(0,t — O(t)p)dp
0 0

L 1
+20\L / u?dr + 207K / u?(0,t — O(t)p)dp
0 0

According to [25, Theorem 3.2], for A and 7 small enough, the matrix %Ml + M, is
definite negative, and from (4.19) and (4.20) we deduce that

L L
V(t) 420V (t) <YT [;Ml + Mg] Y + (A + 8+ 2LAG) / u?dx — 3)\/ uldx
0 0
1
HOBIK + 20K ~2(1= ) [ (0.t~ 60
0
L L
<(A+ 0+ 2L)\) / u?dr — 3)\/ uZdzr
0 0

1
011K + 298K =51 =) [ 0.t =0t

(4.21)
By using the Poincaré inequality, we get
. L2 L

V(t)+25V(t) < (2(A + 6+ 2LN\) — 3>\> / uZdx

i o (4.22)
+QIBIK + 200K (1= ) [ a0, - 60
0

O

By assumption L < m+/3, then from [2], it is possible to choose r small enough
3(m? — L?)

to have r < =
2Lz 72

. Consequently, we can choose ¢ > 0 such that (4.15) holds in
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order to obtain that )
L
—2()\+5+ 2LA) —3A <0,
T

and
O[BIK + 270K —~(1—d) <0,
therefore

V(t)+26V(t) <0 Vt>0.
Hence, we deduce that

V(t) < Ce” 'V (0) Vit >0.
By (4.18), we get

E(t) < Ce™2'E(0) vt > 0.

Using the density of D(A(0)), we conclude the proof by extending the result to any
initial condition within H.

5. Conclusion

In this work, we investigated the linear Korteweg-de Vries equation with a time-
varying delay on the boundary feedback in the presence of a saturated source term.
This study has illustrated that the incorporation of a time-varying delay in the
Korteweg-de Vries equation, along with a saturated source term, leads to a well-
posed system under some conditions. Using a suitable Lyapunov functional, we prove
that the system (2.1) is locally exponentially stable. An inserting topic for further
research is the analysis of exponential stability of the non-linear KdV equation with
time-variyng delay in presence of non-linear source term.
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