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Ostrowski type inequalities via
Y — («, 8,7, d)—convex function

Ali Hassan and Asif R. Khan

Abstract. In this paper, we are introducing very first time the class of ¢ —
(e, B,7y,0)—convex function in mixed kind, which is the generalization of many
classes of convex functions. We would like to state well-known Ostrowski inequal-
ity via Montgomery identity for ¢ — («, 3, v, §) —convex function in mixed kind. In
addition, we establish some Ostrowski type inequalities for the class of functions
whose derivatives in absolute values at certain powers are ¥ — («, 3,7, §)-convex
functions in mixed kind by using different techniques including Hélder’s inequality
and power mean inequality. Also, various established results would be captured
as special cases. Moreover, some applications in terms of special means would
also be given.

Mathematics Subject Classification (2010): 26A33, 26A51, 26D15, 26D99, 47A30,
33B10.

Keywords: Ostrowski inequality, Montgomery identity, convex functions, special
means.

1. Introduction

In almost every field of science, inequalities play a significant role. Although it
is a very vast disciplineour focus is mainly on Ostrowski-type inequalities. In 1938,
Ostrowski established the following interesting integral inequality for differentiable
mappings with bounded derivatives [15]. This inequality is well known in the literature
as Ostrowski inequality.
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Theorem 1.1. Let f : [a,b] — R be differentiable function on (a,b) with the property
that |f'(t)] < M ¥Vt € (a,b). Then

b o atb 2
‘f(x)—bla/ f(t)ydt| < M(b— a) i+< b;) , (1.1)

Va € (a,b). The constant % is the best possible in the kind that it cannot be replaced
by a smaller quantity.

Ostrowski inequality has applications in numerical integration, probability and
optimization theory, statistics, information, and integral operator theory. Until now,
a large number of research papers and books have been written on generalizations of
Ostrowski inequalities and their numerous applications in [7]-[11]. Now we would like
to present the Montgomery identity:

Theorem 1.2. [7] Let a < b, f € ACla,b] and f' € Lqla,b], then the Montgomery
identity holds:

b b
f@) = = [ swirs = [ oo

where Py(x,t) is the Peano Kernel defined by:

B t—a, th S [CL,-T]y
Pl(xut) _{ t—b, thE(.I‘,b],

Vz € [a,b].

From literature, we recall and introduce some definitions for various convex
functions.

Definition 1.3. [3] The 7: I C R — R is said to be convex function, if
7tz + (1 = t)y) <tr(x) + (1 =) (y),

Vr,y € I,t € [0,1].

We recall here definition of P—convex function from [3]:
Definition 1.4. Let 7: I C R — R is a P—convex, if 7(z) > 0 and

7 (tz + (1= t)y) <7(z) +7(y),

Vz,y € I and t € [0,1].

Here we also have definition of quasi—convex (for detailed discussion see [3].
Definition 1.5. The 7: I C R — R is known as quasi—convex, if

Pt + (1 - t)y) < max{r(z), 7(y)}

Ve,y eI, te|0,1].

Now we present definition of s—convex functions in the first kind as follows which
are extracted from [14]:
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Definition 1.6. [4] Let s € (0,1]. The 7 : I C [0,00) — [0, 00) is said to be s—convex
in the 1% kind, if
T(tr+ (1 —t)y) < t°7(z) + (1 —1°)7(y),
Vr,y € I,t €[0,1].
Remark 1.7. If s — 0, we get refinement of quasi-convexity (see Definition 1.5).
For second kind convexity we recall definition from [14].

Definition 1.8. Let s € (0,1]. The 7 : I C [0,00) — [0, 00) is said to be s—convex in
the 27 kind, if

T (tr+ (1 —t)y) < t°7(z) + (1 —1)°7(y),
Vr,y € I,t €[0,1].
Remark 1.9. Further if s — 0, we easily get P—convexity (see Definition 1.4).

Definition 1.10. [14] Let (o, 8) € (0,1]?. The 7 : I C [0,00) — [0,00) is said to be
(o, B)—convex in the 1°¢ kind, if

T (te + (1 —t)y) < t%(x) + (1 —t°)7(y),
Vr,y € I,t €[0,1].

Definition 1.11. [14] Let (o, 3) € (0,1]2. The 7 : I C [0,00) — [0,00) is said to be
(o, B)—convex in the 2" kind, if

7 (tr+ (1 —t)y) < t*r(z) + (1 —1)°7(y),
Yo,y € I,t €0,1].

Definition 1.12. [14] The 7: I C R — R is a Godunova-Levin convex, if 7(z) > 0 and

T(t:c—i-(l—t)y)g%T(x)—&— 1;

7(y);
Vz,y € I and t € (0,1).
Definition 1.13. [14] The 7 : I C R — [0, 00) is of Godunova-Levin s—convex, with
€ (0,1], if
T+ (1—-t)y) < —

vt € (0,1) and z,y € I.

Definition 1.14. [14] Let h: J C R — [0,00) with h # 0. The 7 : I C R — [0, 00) is
an h—convex, if Vz,y € I, we have

T(tx + (L —t)y) < h(t)r(x) + h(1 —t)7(y),
vVt € (0,1).
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Definition 1.15. [3] The 7: I C R — R is said to be MT—convex, if 7(z) > 0, and

Vit V11—t
() + Vi T

Ttz + (1-t)y) <

= QET (y),

Vo,y e I,t € (0,1).

Let [a,b] C (0,+00), we may define special means as follows:
(a) The arithmetic mean

b
A= A(a,b) := a;r ;
(b) The geometric mean
G = G(a,b) :== Vab;
(¢) The harmonic mean
2
H = H(a,b) := T
P
(d) The logarithmic mean
a ifa=5
L =L(a,b) := b—a . ;
—, if b
mb—Ilna’ ¢ 7
(e) The identric mean
a ifa=»5
1
I=1I(ab):= 1\ ;
(a,b) €<aa> , ifa#b.
(f) The p—logarithmic mean
a ifa=5
L,=Ly(a,b):= W gptl 13 £ b
PRV Cr) B

where p € R\ {0, —1}.
We make use of the beta function of Euler type, which is for x,y > 0 defined as

1
B(a:,y) — / tm71(1 _ t)yfldt — F(I)F(y)7
0 I'(z+y)
where I'(z) = [;° e “u”"du.

The main aim of our study is to generalize the Ostrowski inequality (1.1) for
¥ — («, B,7,d)—convex in mixed kind, which is given in Section 2. Moreover, we
establish some Ostrowski type inequalities for the class of functions whose derivatives
in absolute values at certain powers are ¥ — («, 3,7, d)-convex functions in mixed
kind by using different techniques including Holder’s inequality and power means
inequality. Also, we give special cases of our results. The application of midpoint
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inequalities in the special means, some particular cases of these inequalities are given
in Section 3. The last section gives us a conclusion with some remarks and future
ideas.

2. Generalization of Ostrowski type inequalities

Convexity is a very simple and ordinary concept, due to its massive applications
in industry and business, convexity has a great influence on our daily life. In the
solution of many real-world problems, the concept of convexity is very decisive. The
problems faced in constrained control and estimation are convex. Geometrically, a real-
valued function is said to be convex if the line segment joining any two of its points
lies on or above the graph of the function in Euclidean space. We are introducing
the very first time the class of (s,r)—convex and ¥ — (o, 3,7, §)—convex function in
mixed kind.

Definition 2.1. [12] Let (s,r) € (0,1]2. The 7 : I C [0,00) — [0,00) is said to be
(s,7)—convex in mixed kind, if
7tz + (1= t)y) <t™7(x) + (1 -17)°7(y),
Va,y € I,t €0,1].
Definition 2.2. [12] Let (o, 3,7,8) € (0,1]*. The 7: I C [0,00) — [0, 00) is said to be
(a, B,7,d)—convex in mixed kind, if
Tt + (1 - t)y) < t*77(x) + (1 - 7)°7(y),
Va,y € I,t €[0,1].
Definition 2.3. [12] Let ¢ : (0,1) — (0,00), the 7: I C R — [0,00) is a ¢p—convex, if
Vr,y € I we have
Ttz + (1 - t)y) < tp(t)7(x) + (1 =)l - 1) (y),
vt € (0,1).
Introducing a new class of convex functions that generalizes numerous well-

known and highly regarded classes of convex functions, providing a broader framework
for analysis and application in mathematical and optimization contexts.

Definition 2.4. Let (a, 3,7,8) € (0,1]*, and ¢ : (0,1) — (0,00). The 7 : I C [0,00) —
[0, 00) is said to be ¥ — («, 3,7, d)—convex in mixed kind, if

7 (tz + (1= t)y) <t 79()7(@) + (1 - t7)°0(1 = t)7(y), (21)
Vo,y € I,t €0,1].

Remark 2.5. In Definition 2.4, we have the following cases.

If ¢(t) =1 in (2.1), we get («, 8,7, d)—convex in mixed kind.

If(t) =y =0 =11in (2.1), we get (a, 3)—convex in 1% kind.

If (t) = =~ =1in (2.1), we get (c, 3)—convex in 2"¢ kind.
Ifyt)=1,a=0=s,8=~=r wheres,r € (0,1] in (2.1), we get (s, r)—convex
in mixed kind.

Ll o
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5. fa=pg=sand ¢(t) =v=0¢ =1 where s € (0,1] in (2.1), we get s—convex in

15 kind.

Ifa=8—0,and ¥(t) =y =0 =1, in (2.1), we get refinement of quasi-convex.

T Ha=0=s¢{t)=F=v=1where s€ (0,1]or (a=8=v=0=1,9(t) =
t*~! with s € (0,1]) in (2.1), we get s—convex in 2"¢ kind.

8 Ifa=6—=0,andy(t) =F=v=1,or (a=8=7=0 =1, andw(t):%) in
(2.1), we get P—convex.

9. IfY(t) =a=p=~v=3J=11in (2.1), gives us ordinary convex.

10. fa=p=v=§=1in (2.1), gives us —convex.

1. fa==y=0=1It)=t, h =1 in (2.1), we get h—convex.

12. fa =B =v=0=1,9() = & with s € [0,1) in (2.1), then we get the class
of Godunova-Levin s—convex.

13. Ifa=p=vy=6=1,9(t) = % in (2.1), then we get the concept of Godunova-
Levin convex.

M. Ifa=p=~v=4§ =191 = 2\/“1174) in (2.1), then we get the concept of

&

MT —convex.

Theorem 2.6. Suppose all the assumptions of Theorem 1.2 hold. If 7 : [a,b] CR — R
is ¥ — (a, B, 7y, 0)—convex in mized kind, then

(R
<(520) o (=) [ [ e arwial
+<l_(§:z>ﬁ> Z:lel IR t—b)f()}dt], (22)
Proof. Utilizing the Theorem 1.2, we get
- bla/abf“)dt - (=2 |75 [ e oroal
+(1_ (i—Z)) lbix/:(t—@f’(t)dt],

using the ¢ — (a, §, 7, §)—convexity in mixed kind of 7 : [a,b] CR — R, we have

r (f(x) = bf(t)dt>
< (224) o (2[5 [ e-arwal
N <1_ (zj;‘)ﬁyw(‘;jj)f lb_lx/:u—b)f'(t)dt],

Vo € [a,b].
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Va € [a,b], which is an inequality of interest in itself as well. If we use Jensen’s integral
inequality we get (2.2). O

Corollary 2.7. In Theorem 2.6, one can see the following.

1. If ¢¥(t) = 1, in (2.2), then functional generalization of Ostrowski inequality for
(a, 8,7, )—convex functions in mized kind:

1 b
T (f (x) f (t)dt>

b-a o

< (jjj)w [ arwal
+ (1 - (j‘j)6>5 [blx /:T[(t—b)f’(t)] dt]

2. IfYp(t) =y=0=1, and o, 8 € (0,1] in (2.2), then functional generalization of
Ostrowski inequality for (o, 3)—convex functions in 15t kind:

r (f(w) = bf(t)dt>
< (222) [ [ rte-aro
n <1 _ (2_2)5> [biw /be[(t_b)f’(t)]dt] :

3. IfY(t)=B=v=1, and o, € (0,1] in (2.2), then functional generalization of
Ostrowski inequality for (o, §)—convex functions in 2" kind:

r <f(fv) -/ bf(t)dt>
< (222) [ 2 [ e - s
+ (1 - (i:Z))6 lbiw /:T[@—b)f’(t)]dt] .

4. Ifp(t) =1,a =6 =s, and 8 =~ = r, where s,r € (0,1] in (2.2), then functional
generalization of Ostrowski inequality for (s,r)—convex functions in mized kind:

1 b
T <f (@) f (t)dt>

b—a o

< (228) [ [ rte-arwi]
+ (1 - (”;:Z)) [b—lm /:T[(t—b)f’(t)]dt] .
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S Ifa=F=sand Y(t) =~v =39 =1, where s € (0,1] in (2.2), then functional
generalization of Ostrowski inequality for s—convexr functions in 15 kind:

. (f(x) =i bf(t)dt>
< (2=4) 5 [ Ae-arwal
+ (1 — (abﬁ_z)é> lblw /:T[(t _b)f’(t)]dt] .

6. Ifa=p0—0and p(t) =~ =3 =1 in (2.2), then functional generalization of
Ostrowski inequality for quasi—convez functions:

b T
T(f(w)—bla / f(t)dt) < — [ rle-arw

7. Ifa=0=s, and Y(t) = p =~ =1, where s € [0,1] in (2.2), then functional
generalization of Ostrowski inequality for s—convex functions in 2" kind:

; (ij) [biw /:rkt—b)f'(t)]dt] -

8 Ifa=0—0and (t) = =7 =1 in (2.2), then functional generalization of
Ostrowski inequality for P—convex functions:

b
r (f(m)— =l f(t)dt>

1
<

< [ rle-orea = [ e -vro

9. IfYp(t) =a= G =v=10=11in(2.2), then functional generalization of Ostrowski
inequality for convex functions which is inequality (2.1) of Theorem T in [8].
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10. If a = B =~ =08 =1, in (2.2), then functional generalization of Ostrowski
inequality for 1—convex functions:

1 b
r (f(:v) - f(t)dt>

a

<o [ (22) [ rle-a rana

+w(l’jjj)/Ibrut—b)f'(t)]dt]-

11. Ifa=p=~v=0=1,Il(t) =t, and h = Iy in (2.2), then functional generalization
of Ostrowski inequality for h—convex functions:

1 b
r (f(x) - f(t)dt>

a

<n (=2 [ [ e arwial

12. Ifa = B =~ =6 = 1,9(t) = 2+ with s € [0,1] in (2.2), then functional
generalization of Ostrowski inequality for GL s—convex:

b
. (f(w)—b_la / f(t)dt>
1

< 0= [ [ - 0y @la

b
L P [ e b)f’(t)]df] -

18. Ifa =B =~ =10 =14¢(1) = 5 in (22), then functional generalization of
Ostrowski inequality for GL convex:

b
r (f(x)—bla / f(t)dt>
1 x

! 1 b !
<(b—a) [@_) | rte—arwa+ =0 [ rie-vs <t>}dt].
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Y. Ifa=38=~v=6=1v¢(1) = 2\/15(117_75) in (2.2), then functional generalization

of Ostrowski inequality for MT — convex:

b
T (f(w) - ﬁ/ f(t)dt>
=3 @_2xh_@[4$““@fﬁwﬁ+Lfﬂ@wfunﬁ]

In order to prove our main results, we need the following lemma that has been
obtained in [16].

Lemma 2.8. Let f : [a,b] — R be an absolutely continuous mapping on (a,b) with
a <b. If f' € Ly[a,b], then Vx € (a,b)

b 2 1
f(z) — ! /f(t)dt = (z—a) /Otf’(tx—i—(l—t)a)dt

b—a b—a
(b —x)*

1
_ﬁ/o tf'(tz + (1 —t)b)dt.

Theorem 2.9. Let a < b, f € ACa,b], f' € L1[a,b], and |f'| is ¥ — (o, 8,7, 0)— convex
function with |f'(x)] < M, then Vz € (a,b)

b
f@) - 5 [ s

1
ay+1 AV o K)bSU .
<u ([ avm - dpea-n)a) e, @3

by) = o)+ 0-n)?

where k,, -

Proof. From the Lemma 2.8 we have

b —a)? [t
f(x)_bia/a J(dt 5(12,_63/0 t1f (tz + (1 —t)a)| dt
+ (bb__z) /0 tIf (tz + (1 —t)b)| dt.  (2.4)

Since |f'] is ¥ — (a, B, 7, §)—convex and | f'(x)| < M, we get
/01 tf (tx + (1 —t)a)|dt < M/O1 t(t7P(t) + (1 —t7)°p(1 — ) dt, (2.5)
and similarly
/01 £ (b + (1 — O)b)] dt < M/O1 EE) + (1 20— 1) dt. (2.6)

By using inequalities (2.5) and (2.6) in (2.4), we get (2.3). O

Corollary 2.10. In Theorem 2.9, one can see the following.
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If () =1, in (2.3), then Ostrowski inequality for (o, 8,7, 0)— convex functions

in mized kind:

b
f@) -~ 5o [ (0

v+ 2 B

<M (a ! +B(§’5+1)) K2 (z).

CIfYt)=vy=50=1,a€0,1] and 8 € (0,1], in (2.3), then Ostrowski inequality

for (a, B)—convex functions in 15t kind:

gM( ! +B<?”2>) KD (x).

b
fo) = 5 [ (0

a—+2 I5)

CIfYt)=B8=~v=1,a€0,1] and § € [0,1], in (2.3), then Ostrowski inequality

for (o, §)—convex functions in 2™ kind:

1 1
=M (a+2 T o7 1)(5+2)) Fa(@).

b
O AL

CIfY(t) =1l,a=30=s, 8 =v=r, where s € [0,1] and r € (0,1] in (2.3), then

Ostrowski inequality for (s,r)—convex functions in mized kind:

<M< 1 +B(3,s+1)> @)

rs -+ 2 r e

b
O IGL

dfa=p=sand P(t) =y =09 =1, where s € (0,1] in (2.3), then Ostrowski

inequality for s—convex functions in 15¢ kind:

<M (1 + b (372)> K2 (z).

s+2 s

b
‘f(x)—b_la [ s

. Ifa=6 = 0and Y(t) = 8 =~ =1 in (2.3), then Ostrowski inequality for

P—convex functions:

flx) - < M k().

b
bia/ F(t)dt

B=~v=1 a =09 =s where s € [0,1], then (2.3) reduces to the
(2.1) of Theorem 2 in [1].

If 4(t)

inequality
If (t) =

B=~=06=1, then (2.3) reduces to the inequality (1.1).
Ifa=p =

v =40 =1 in (2.3), then Ostrowski inequality for 1—convex:

bia/abf(t)dt <M (/01 (t2il)(t)+t(1—t)z/}(1—t))dt> K (2).

Ifa=p0=~v=6=1,l(t) =t, then if h = I, in (2.3), then Ostrowski inequality
for h—convex:

b
f@) - [ s

fz) =

<M (/01 (th(t) + th(1 —t))dt) K2 (z).
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11. Ifa=B=vy=206=1,¢(t) =t~ 6t in (2.3), then Ostrowski inequality for GL

s—convexr:
b
‘f(m)—bla/ i) < o () whia)

12 Ifa=0=v=0 = 1,¢(t) = 2\/25(117_15) in (2.3), then Ostrowski inequality for

MT —convex:
\ [ s

Theorem 2.11. Leta < b, f € AC[a,b], f' € Li[a,b], and |f'|? is v—(a, B, 7, §)— convex
function for ¢ > 1 with |f'(x)| < M, then Vx € (a,b)

b
‘f(w)— = L

M ' ay+1 _ 4B\é _ é K',b 2
= (2 (/0 (7 () + (1 = t7)°p(1 — 1)) dt> bx).  (2.7)

<—/~@b()

Proof. From the Lemma 2.8 and power mean inequality, we have

ia/abf(t)dt < (I__‘ZF (/Oltdt) é(/Oltf’(t:c+(1—t)a)|th>é
+ (bb_f;)z (/Oltdt>11

1—

' (/Oltf’ (te + (1 —t)b)|th>;. (2.8)

Since |f']? is ¥ — (o, 8,7, 6)—convex and |f'(x)| < M, we get

/115 If' (tz 4+ (1 —t)a)|? dt < M9 /1 t(t7h(t) + (1 —t7)°p(1 —t)) dt, (2.9)
0 0

and

/1t|f’ (m+(1—t)b)|thgMq/lt(taw(t)+(1—tﬁ)5¢(1_t)) . (2.10)
0

0
Using the inequalities (2.8) — (2.10), we get (2.7). O

Corollary 2.12. In Theorem 2.11, one can see the following.

1. If ¢ =1, then we get Theorem 2.9.
2. If ¢(t) = 1, in (2.7), then Ostrowski inequality for («, 8,7, 0)—convex functions

in mized kind:
1 b M 1 B (%, o+ 1) ‘ b
|f(x) ey KGR (CM S — ().




11.

. Ilfa=p0
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CIfYt)=vy=0=1,a€][0,1] and B € (0,1], in (2.7), then Ostrowski inequality

for (« ,5) convex functzons in 15 kind:

_ M (1 +B<§’2))qnz(x).

b
|f(fr) S =l RICL

(2)'

CfYt)=8=v=1,a€|0,1] and 6 €[0,1], in (2.7), then Ostrowski inequality

for (o, §)—convex functions in 2" kind:

ot [ om

1 1 q
B 1’* ((a+2) + (5+1)(5+2)> K2 ().

CIfY(t) =1l,a=8=s, 8=v=r where s € [0,1] and r € (0,1] in (2.7), then

Ostrowski inequality for (s,r)—convex functions in mized kind:

UPRY
| -5 [ o ( : +B(“S“)> ().

2 \rs+2 r

CIfa=p=sand P(t) =y =09 =1, where s € (0,1] in (2.7), then Ostrowski

inequality for s—convex functions in 15¢ kind:

b 2 g
‘f(x)—bia/a f()dt] < 2)]\1/‘[_; <5_|1_2+B(;’2)> K2 (z).

Ifa=60 = 0and () = 8 =~ =1 in (2.7), then Ostrowski inequality for
P—conver functions:

b
- f(t)dt‘ < iy )

=v=1 a =0 =s where s € [0,1], then (2.7) reduces to the
3) of Theorem 4 in [1].

B=~=0=1, then (2.7) reduces to the inequality (1.1).

=0= 1 in (2. 7) then Ostrowski inequality for 1— convex:

b
- bia/ F(t)dt
<

< Ml (/1 () + (1 — t)p(1 — 1)) dt)é K2 (z).

21— 0

Ifa=p0=v=6=1,l(t) =t, then if h = I, in (2.7), then Ostrowski inequality
for h—convex:

b
‘f(w)—b_la [ s

If ¢(t) = B
inequality (2.

Ift) =a=
=7

=
=

< Py (/01 (th(t) + th(1 — t))dt)le K (z).
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12. Ifa=B=vy=206=1,¢(t) =tCtY in (2.7), then Ostrowski inequality for GL

s—convex:
1 \7 ,
| / f(&)dt (1—3) Ko(x).

13 Ifa=0=v=0 =19 = 2\/“117_” in (2.7), then Ostrowski inequality for

MT —convex:
t)dt
| z) b—a/ )

Theorem 2.13. Leta < b, f € AC|[a,b], f' € Li[a,b], and |f'|? is v—(a, B, 7, §)— convex
function for ¢ > 1 with |f'(x)| < M, then Vx € (a,b)

Hlmm

b
fo)~ 5= [ (0

= (p+Ml)5 </01 (t*79(t) + (1 — t7)°p(1 — 1)) dt)q kO(z),  (2.11)

where p~t + ¢ 1 = 1.

Proof. From the Lemma 2.8 and Holder’s inequality, we have

< (xb:Z)Z </01tpdt>; (/01 ! (t:z:+(1t)a)th>é
_|_(bb__z)2(/Oltpdt);(/01|f’(tx+(1—t)b)|th);. (2.12)

Since |f']7 is ¢ — (o, 8,7y, 0)—convex and |f'(x)] < M, we get

1 b
[ f(t)dt

o

/1 If' (tz + (1 —t)a)|"dt < M1 /1 (279 (t) + (1 — 7)°yp(1 — 1)) dt, (2.13)
0

0
and
1 1
/ If' (tz 4+ (1 —t)b)|"dt < Mq/ (t(t) + (L — 7)Y (1 — 1)) dt.  (2.14)
0 0
Using inequalities (2.12) — (2.14), we get (2.11). O

Corollary 2.14. In Theorem 2.13, one can see the following.
1. If ¥(t) =1, in (2.11), then Ostrowski inequality for (a, 8,7, 8)— convex in mized

kind:
B(Ls+1)\"
M 1 )
( + (B >) /12(3:).

1 b
|f($)—b_a/af(t)dt S(p+1)% o 3
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CIfY(t)=y=0=1,a€]0,1] and B € (0,1], in (2.11), then Ostrowski inequality

for (o, B)—convex in 15t kind:
1 ’ M 1 B (%’2) ' b
bfa/a )| < (p+ 1)% (a+1+ B Fa(@)-

CIfYt)=p=~v=1,a€[0,1] and § € [0,1], in (2.11), then Ostrowski inequality

or (o, 6)— conver in 2™ kind:
for (a,
1
M 1 1 \7 ,
< .
T (p+1)r <a+1+6+1> ()

CIfYt)=1l,a=6=s, B =~ =r where s € [0,1] and r € (0,1] in (2.11), then
Ostrowski inequality for (s,r)—convex in mized kind:

1

M 1 B(ts+1)\" ,

< . 4 b(x).
< (p+1)7 <r5+1 r Ko ()

dfa=0=sand Y(t) =~ =40 =1, where s € (0,1] in (2.11), then Ostrowski
inequality for s—convex in 15t kind:

1 ° M 1 B(%,Q)%
b—a/af(t)dt<(p+1); <S+1+ : ) KD ().

CIfYt) =B =v=1 a =3 = s where s € [0,1], then (2.11) reduces to the
inequality (2.2) of Theorem 3 in [1].
Cdfa=8 > 0and Y(t) =B =~ =1 14n (2.11), then Ostrowski inequality for

P—convex:
1t @M
) — dt| < —— Ko (z
f@) = 5= | 1o R

v =08 =11in (2.11), then Ostrowski inequality for convex:

o

b
|f<x> Sl RCL

b
‘f(w)—bla [ st

o

- f(t)

I
=y
I

«

1 h M b
O e R B e

. Ifa=8=~v=§=1, in (2.11), then Ostrowski inequality for 1— convex:

b
‘f(w)— g RIOL

e p N
S </0 (tp(1) + (1= )1 t))dt) b (2.
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10 If « = B =~ =6 = LI{t) = t, then if h = Y, in (2.11), then Ostrowski

inequality for h—convex:
M ! z

(t)dt| < —— h(t) +h(1 —t))dt) K:(x).

i [ o] < 2 ([fm0 e sa-ow) de

1. Ifa=F=~=06=1,(t) =t~ 6+t where s € [0,1) in (2.11), then Ostrowski

inequality for GL s—convex:
1t M 2 \7
r0) - s [ s < 2 (2)" o)
@ Ja (p+1)r s

fx) -

12. Ifa=B=~v=§ =1,¢() = 1 in (2.11), then Ostrowski inequality for
2/t(1-1)
MT—convex:
‘ / Fydt (2)l i (x)
J— a p)p

3. Applications of midpoint Ostrowski type inequalities via

If we replace f by —f and x = in Theorem 2.6, then the functional gener-
alization of Ostrowski midpoint inequality for ¢ — (a, 3,7, d)— convex functions:

(i [ o s (45

Ol v 28 —1)° b
< % [Qw_l/a (@ —t)f'(t)]dt + <255_1)/+ T[(b—t)f’(t)]dt] .
(3.1)
Remark 3.1. Assume that 7 : [a,b] CR — R be an ¢ — (a, 8,7, §)—convex function

in mixed kind:
1. If f(t) = 1 in inequality (3.1) where ¢ € [a,b] C (0,00), then
A(a,b) — L(a,b)
[ Afa,b)L(ab) ]

1 afb 8 o b
1 1 t— 27 —1 t—1>
S R Sy ) PR il dt| .
b—a |21 [, t2 285—1 atb t2

a+b
2

2. If f(t) = —Int in inequality (3.1), where ¢ € [a,b] C (0,00), then
A(a,b)
()]
a 6
(T 1 T+ [t—a (28 -1)° b Tt—b
< - 72(1,7_1/“ L dt —1—72{35_1 /a2+bT ; dt| .
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3. If f(t) =tP,p € R\ {0,—1} in inequality (3.1), where ¢ € [a,b] C (0, 00), then
vE [ 1 [F (e
7[Lh(a,b) = AP(a,b)] < o= QQH/Q T\ |
5
(2°-1)" * [p-1)
+72/36—1 /LH’T e dt| .

Remark 3.2. In Theorem 2.11, one can see the following.
L Letz =% 0<a<b g>1and f:R—RT, f(t)=t"in (2.7). Then

2
|A™ (a,b) — L}, (a, )|

M ! avy+1 _ 1B\G B %
= e (/0 (t*7hp() + ¢(1 = ) (1 t))dt> .

2. Letz =2, 0<a<b,g>1and f:(0,1] - R, f(f) = —Intin (2.7). Then

1

(A <820 ([ o)

Remark 3.3. In Theorem 2.13, one can see the following.
1. Let z = ‘%‘b, O<a<bpl+qgl=1and f:R— R, f(t)=1t"1in (2.11).
Then

A" (a,b) = Ly, (a,b)]|

1
q

Mb=a) ([ a0 Y
Sz(pﬂ)% (/O (t*7y(t) + (1 —t")°p(1 t))dt)
2. Letz =% 0<a<bp'+g'=1land f:(0,1] =R, f(t) = —Int in (2.11).
Then
. Al(a,b) M(b—a 1 - e 1
: <1(a,b))‘§2(p+1); (/0 (t7(t) + (1 = t7)°(1 t))dt> :

4. Conclusion and remarks

4.1. Conclusion

Ostrowski inequality is one of the most celebrated inequalities, we can find its
various generalizations and variants in literature. In this paper, we presented the
generalized notion of ¢ — («, 3,7,d)—convex functions in mixed kind. This class
of functions contains many important classes. We have started our first main re-
sult in section 2, the generalization of Ostrowski inequality via Montgomery iden-
tity with ¥ — («, 8,7, §)—convex functions in mixed kind. Further, we used different
techniques including Holder’s inequality and power mean inequality for generaliza-
tion of Ostrowski inequality[15]. Finally, we have given some applications in terms of
special means including arithmetic, geometric, harmonic, logarithmic, identric, and
p—logarithmic means by using the midpoint inequalities.



264 Ali Hassan and Asif R. Khan
4.2. Remarks and future ideas

1. One may also do similar work by using various different classes of convex func-
tions.

2. One may do similar work to generalize all results stated in this research work by
applying weights.

3. One may also state all results stated in this research work by higher-order deriva-
tives.

4. One may also state all results stated in this research work by multivariable
functions.

5. One may try to state all results stated in this research work for generalized
fractional integral operators.

6. One may try to state all results stated in this research work for Jensen-Steffensen
inequality and their different types of variants.

7. One may also do the similar work by using various different generalized forms
for the Korkine’s and Montgomery identities, improved power means inequality,
Holder’s Iscan inequality, Jensen’s integral inequality with weights, generalized
fuzzy metric spaces on the set of all fuzzy numbers.
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Better approximations for quasi-convex functions

Huriye Kadakal

Abstract. In this paper, by using Holder-Iscan, Holder integral inequality and
an general identity for differentiable functions we can get new estimates on gen-
eralization of Hadamard, Ostrowski and Simpson type integral inequalities for
functions whose derivatives in absolute value at certain power are quasi-convex
functions. It is proved that the result obtained Holder-Iscan integral inequality
is better than the result obtained Hoélder inequality.
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Keywords: Holder-Iscan inequality, Hermite-Hadamard inequality, Simpson and

Ostrowski type inequality, midpoint and trapezoid type inequality, quasi-convex
functions.

1. Introduction

A function f: I CR — R is said to be convex if the inequality

fltz+ 1 —t)y) <tf(x)+ (1 —t)f(y)
valid for all z,y € T and t € [0,1]. If this inequality reverses, then f is said to be
concave on interval I # @.

Integral inequalities have played an important role in the development of
all branches of Mathematics and the other sciences. The inequalities discovered
by Hermite and Hadamard for convex functions are very important in the lit-
erature. The classical Hermite-Hadamard integral inequality provides estimates of
the mean value of a continuous convex function f : [a,b] — R. Firstly, let’s re-
call the Hermite-Hadamard integral inequality. In addition, readers can refer to the
[8, 9, 10, 11, 14, 16, 12, 13, 17, 18, 19] articles and the references therein for more
detailed information on both convexity and the different classes of convexity.
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Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The following inequality

1(5) < it [ o < LA, -y

holds. This double inequality is known in the literature as Hermite-Hadamard integral
inequality for convex functions [1, 4]. Note that some of the classical inequalities for
means can be derived from (1.1) for appropriate particular selections of the mapping
f. Both inequalities hold in the reversed direction if the function f is concave.

Let f: I C R — R be a mapping differentiable in I°, the interior of I, and let
a,b e I° with a < b. If |f'(z)| < M, x € [a,b], then we the following inequality holds

bia/abf(t)dt . b]\_/[a l(w—a)Q—s—(b—x)z}

2
for all & € [a, b] . This result is known in the literature as the Ostrowski inequality [3].
The following inequality is well known in the literature as Simpson’s inequality

fz) =

Let f : [a,b] = R be a four times continuously differentiable mapping on (a, b)
and ||f(4) HOO = S?pb) ‘f(4) (x)’ < 00. Then the following inequality holds:
xe(a,

1[f(“)+f(b)+2f(a+bﬂ _bla/abf(:z:)dx

3 2 2

In recent years many authors have studied error estimations for Simpson’s in-
equality; for refinements, counterparts, generalizations and new Simpson’s type in-
equalities, see [20, 21] and therein.

1
< - <4>H —a)t.
= 2880 Hf L 0—a)

Definition 1.1 ([2]). A function f : [a,b] — R is said quasi-convex on [a, ] if

flte+ (1 =1t)y) < max{f(z), f(y)}
for any z,y € [a,b] and ¢ € [0,1].

Lemma 1.2 ([5]). Let the function f: I C R — R be a differentiable mapping on I°
such that f' € L[a,b], where a,b € I with a < b and 0, € [0,1]. Then the following
equality holds:

b
(1) (\f(@) + (1= ) F(B) + 07 (1= N+ 7~ = [ fla)da
= (b—a)[—/\2/1(t—9)f’(ta+(1—t)[(l—A)aJr)\b])dt
0
+(1—)\)2/ (t—@)f’(tb+(1—t)[(1—)\)a+>\b])dt}.
0

In [6], i@can gave the following theorems for quasi-convex functions.
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Theorem 1.3. Let f : I C R — R be a differentiable mapping on I such that f' €
Lla,b], where a,b € I° with a < b and a, X € [0,1]. If |f'|* is quasi-convez on [a,b],
q > 1, then the following inequality holds:

(=0 (@) + A= F0) + 05 (0 Va0~ [ s

p+1 _ p\ptl 117 1
< (h—a) <9 + +(1-9) ) {)\2 (sup{|f |q ‘f )|‘1})E

p+1
+(1= 2 (sup {| /)|, 17(C)|"}) 7] (1.2)
where C = (1 —XNa+ b and%—i—%:l
Theorem 1.4. Let f : I C R — R be a differentiable mapping on I such that [’ €

L{a,b], where a,b € I° with a < b and a, X € [0,1]. If |f'|* is quasi-convez on [a,b],
q > 1, then the following inequality holds:

b
(1O (@) + (1= V) +67 (1= Na+ )~ 2 [ f(o)ds

< G0 (P04 g) [ ew r@r O
HL= 0 (sup {1 O)17(©))) ] (13)
where C = (1 — X)a + \b.

A refinement of Holder integral inequality better approach than Holder integral
inequality can be given as follows:

Theorem 1.5 (Hiilder-i§can Integral Inequality [7]). Letp > 1 and %—F% =1.1If f and
g are real functions defined on interval [a,b] and if | f|*, |g|? are integrable functions
on la,b] then

[ 1wt < (Lb(b—x)f(w)lpdx>;(/ab(b—x)g(:c)lqdwy
- ( [0 f(w)l”dx> 7

=

( / e —a) |g<x>de> q

An refinement of power-mean integral inequality as a result of the Holder-Iscan
integral inequality can be given as follows:

Theorem 1.6 (Improved power-mean integral inequality [15]). Let ¢ > 1. If f and g
are real functions defined on interval [a,b] and if | f|, |g|? are integrable functions on
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[a,b] then

b
/ F(@)g(2)] da

b -7 b 1

bia (/ (b—x)lf(x)|da:> (/ (b—x)|f(x)||g(x)qu>
b 1-3 b 1
+</ (ar—a)lf(x)ldx> (/ (x—a)lf(w)lg(x)lqda:>

Our aim is to obtain the general integral inequalities giving the Hermite-
Hadamard, Ostrowsky and Simpson type inequalities for the quasi-convex function in
the special case using the Holder, Hélder-Iscan integral inequalities and above lemma.

Throught this paper, we will use the following notation for shortness

M, (maxx {| £/(AN|", £/ (@)|"}) " = max {|f' (A, | (@]} (1.4)

M, (maxx {| £/(A|, 1F/(0)|"})* = max {| £ (AL IFO)}, (15)
where Ay = (1 — A)a + Ab.

2. Main results

Using Lemma 1.2 we shall give another result for quasi-convex functions as
follows.

Theorem 2.1. Let f : I C [1,00)— R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I° with a < b and 0,\ € [0,1]. If |f'|* is quasi-conver
function on the interval [a,b], ¢ > 1, then the following inequality holds:

b
(1= 0)(Af(a) + (1= N F) + 07((1 = Nat 3) = = [ fla)do

b—a
<

2 [ty + (1= 2 ] [ 0.0+ 8 0. 21)
where % + % =1

Proof. Suppose that Ay = (1 —\)a + Ab. From Lemma 1.2, Holder-Iscan integral
inequality and the quasi-convexity of the function |f’|?, we have

1 b
(1) (\f(@) + (1= X) F(8) + 0F(4) — = [ fla)do

< (b—a) [/\2/0 it —0||f (ta+ (1 —1t)Ay)|dt

+(1—)\)2/01 |t—0||f’(tb+(1—t)A,\)dt}
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<b—a>v{(/01<1—t> t—e|ﬂ°dt); ([a-o1rGasa-navra)
+(/01t|t—e|”dt); (/Oltf’(ta+(1—t)f4x)|th);}
+<b—a><1—x>2{(/01<1—t>t—Wdt)é

. </01(1—t)|f’ (tb+(1—f)AA)|th);

+(/01t|t—0|’3dt); (/Oltf'(tb+<1—t>AA>|“dt>;}

(b—a) 2 { [Ml (3) " NEO (3) "N <e>]

H- 2 [MQ (2) oo (1) ot <0>] }

) b;%l_% [)\QMl - )\)QMZ} {N{l’(e) +Np (9)}

IA

Q

IN

_ b 028 [0+ (1- 0)? 14y [Nfl’ )+ Ny (9)] .

By simple computation

1
Ni(B,p) : = / (=)t — 0] dt (2.2)
0
gr+1 1-6 p+1 oPt2 _ (1 -9 p+2
N V) N st )
p+1 p+2
1
No(0p) = / Lt — 0 dt (2.3)
0
p+1 _ p\ptl _ n\Pt+2 _ pp+2
_ 99 +(1-0) (1-19) 0
p+1 p+2
Thus, we obtain the inequality (2.1). This completes the proof. O

Remark 2.2. The inequality (2.1) gives better results than the inequality (1.2). Let
us show that

b—a

2 [ty + (1= 0] [ F 0.0+ 8 000

< (b—a) (9”“ +( —W’“)i

p+1
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% [\2 (sup {1 (@)1 L/ (O} + (1= 22 (sup {17 )" 7))

Using the equalities (2.2), (2.3) and the concavity of the function h : [0,00) — R,

h(z) = z*,0 < A < 1, by sample calculation we obtain

P9 [N+ (1 - N 0] [ N (0.p) + NJ 0 p)}

(b—a)27 [AZMl F (1= N> Mg] {Nl(&p) ;Nz(ﬁ,p)} ,

IN

p+1 _ p\ptl
= (b—a) MMy + (1= 3 M (9 +p(i19) ) ,

which is the required.

Corollary 2.3. Under the assumptions of Theorem 2.1 with 8 = 1, then we have the
following generalized midpoint type inequality

‘f((l—)\)a—i—)\b ——/ f(z

5=
=

(2.4)

()

Corollary 2.4. Under the assumptions of Theorem 2.1 with 8 = 0, then we have the
following generalized trapezoid type inequality

b
M@+ (=N 0 - = [ fa)ds

b—a_1 1
< 7 [ \2 )2 -
< 2 [/\ Mi+(1-X) MQ} <p+2>

—a_ 1 2 1
< 2% (N2 M 1-=N)"My| [ ——
< U9k [heay (1~ 02 0] (pH)

1,1 _
where;—kg—l.

=
=

)

1
1+ —
(p+1)

Corollary 2.5. Under the assumptions of Theorem 2.1 with 0 = 1, if |f'(z)] < M,
x € [a,b], then we have the following Ostrowski type inequality

‘f(x)—bla/ F(u)du

CONES S

1,1 _
whereg—i—a—l.

1
(753)
p+2

—a

for each x € [a,b].
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Proof. For each x € [a,b], there exist A, € [0,1] such that z = (1 — X;)a + Ab.

Hence we have A\, = =% and 1 — \, = lg:i. Therefore, for each x € [a,b], from the

inequality (2.1) we obtain the inequality (2.5). O

Corollary 2.6. Under the assumptions of Theorem 2.1 with \ = % and 0 = £, then we

have the following Simpson type inequality
1 a+b
5 @+ (50) 5] - 2

gb;“ A (M, M) [Nl (; )+N2 (3773)]

where A is the arithmetic mean.

2
37

Corollary 2.7. Under the assumptions of Theorem 2.1 with A = % and 8 =1, then we
have the following midpoint type inequality
1
4 ()
p+1

(o)

where A is the arithmetic mean.

1 1
P P

)

s 1)

Corollary 2.8. Under the assumptions of Theorem 2.1 with A = % and 8 = 0, then we
have the following trapezoid type inequality

fl@+fe 1 f°
‘ _b—a/a f(x)dx

1

1
b—a_1 1 B 1 B
< 25 A(My, M) ([ —— ) |1+ —
=T Al 2)<p+2> [+(p+1)

)

2

where A is the arithmetic mean.
Theorem 2.9. Let f : I C R — R be a differentiable mapping on I such that f' €

L[a,b], where a,b € I° with a < b and a, X € [0,1]. If | f'|? is quasi-convex on [a,b],
q > 1, then the following inequality holds:

b
(1-0) (\f(@) + (1= NF(B) +0F (1= Na+ 7))~ 72— [ fla)da

< (b—a) [/\QMl (1N MQ} [Ny (6) + N, ()] (2.6)

where C = (1 — N)a + Ab.
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Proof. Suppose that Ay = (1 — \)a + Ab. From Lemma 1.2, improved power-mean

integral inequality and the quasi-convexity of the function |f’|?, we have

1 b
(1= ) (A (a) + (1= N ) + 6(4) = 5 [ Fla)da

IA

(b - a) {)\2/0 It — 0] |f' (ta+ (1 —t) Ay)| dt

+(1—/\)2/0 |t—9|f’(tb+(1—t)AA)|dt]

1—1

(b—a))\Q{(/Ol(l_th_edt) 3
X (/01(1_t) lt—0[f (ta+(1—t)A)\)|th);
+(/olt|t—9|dt>1‘1’ (/Olt|t_9||f/(ta+(1—t)A/\)|th>‘1‘}
+(b_a)(1_A)2{(/(Jl(1‘t> It—eldt>1_‘1’

X (/01(1t) |159||f’(tb+(1t)AA)|th>é

+(/01t|t—9|dt>1_3 (/Olt|t—9||f'(tb+(1—t)AA)|th>‘l*}

< (b—a) MM [Ny (8) + N2 (6)] + (b — a) (1= A)* My [Ny (6) + N> (6)]
= (b—a) [NMy+ (1= X M| [N (6) + N (0)]

IN

where
1 2 ;2 3 1 3
Ny (0) =/(1—t)\t—9\dt:(1—9)9 Gl RNl Gl
0 2 3
1 2 _ )2 M3 3
Ny (0) - :/ tltfe\dtzeg +(; g 9; i
0

Remark 2.10. The inequality (2.6) coincides with the the inequality (1.3).

Using Lemma 1.2 we shall give another result for quasi convex functions as
follows using the Holder and Holder-Iscan integral inequality. After, we will compare
the results obtained with Holder and Holder-Iscan inequalities.

Theorem 2.11. Let f : I C [1,00)— R be a differentiable mapping on I° such that
f € Lla,b], where a,b € I° with a < b and 6, € [0,1]. If |f'|? is quasi convex
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function on [a,b], g > 1, then the following inequality holds:

b
(1= 0) (@) + (1= N ) + 0((1 = N a+ 3) = = | fla)do

(2.7)

gt 4 (1 — )" g
qg+1

< (b—a) 2M + (1 ) M) (

1,1 _
where;—kg—l.

Proof. Using Lemma 1.2, Holder integral inequality and quasi convexity of the function
|£/|?, we have

(1—6) (A f(a) + (1= \) (b)) + 0£(A) ——/ fa

IN

(b— a) \? UO [t — 0] |f' (ta+ (1 —t) Ay)| dt

1
+(1—)\)2A |t—0||f’(tb+(1—t)A,\)dt}

IN

(b— a) A2 (/Ol|t—9|q|f’(ta+(1—t)Ak)|th);

+(b—a) (1 —\)> (/0 |t—9|q|f’(tb+(1—t)AA)|th)q

1
q

IN

(b— a) [AQMl (11— ) Mz} (/01 It — 0] dt)

et 4 (1 — 9)@**1)3

_ (ba)|:>\2M1+(1)‘)2M2:|< g+1

where

q+1 q+1
/ [t — 0|7 dt = o +(1—6) : O
q+1

Theorem 2.12. Let f : I C [1,00)— R be a differentiable mapping on I° such that
/" € Lla,b], where a,b € I° with a < b and 6, € [0,1]. If |f'|? is quasi convex
function on [a,b], ¢ > 1, then the following inequality holds:

b
(1) (\f(@) + (1= X) F(B) + 0 (1= N e+ 7) — = [ fla)da

< (b-a) <;>l (/\2M1 F(1-N)? Mz) [C% (6,q) + D (0, q)] (2.8)

1,1 _
where;—l—a—l.



276 Huriye Kadakal

Proof. From Lemma 1.2 and by Holder-Iscan integral inequality, we have

(-0 0@+ -0 10) 0504 — o [ g (29)
1
< (ba)VUO [t —0||f (ta+ (1 —1t)Ay)|dt
1
+(14)2/0 |t0||f’(tb+(1t)A,\)dt}
< (b—a)v{(/o (1—t)dt>p</0 (1—t)|t—9|q|f’(ta+(1—t)AA)|th>q

+</01tdt); </01t|t0|qf’(ta+(1t)AA)|th);}
+(b—a)(1—)\)2{(/01(1—t)dt>;

X (/01(1 —t)[t—0||f (tb+ (1 —t)A,\)|th>

+</01tdt>; </01t|t—0|qf'(tb+(1—t)A>\)|th>;}

< (b-a) (;) (X201 + (1= ) M) [CF (6,0) + D (6,9)] -

1
q

Since |f’|? is quasi convex function on interval [a, b], the following inequalities holds.

IN

/O|f’<ta+<1—t>AA>|‘Idt max {|f (@), |f (A"} = My, (2.10)
/O|f’<tb+<1—t>Ak>|th < max {[f' O If (A7 =My (211)

Here, by simple computation we obtain

/01(1—t)dt:/oltdt:

Cl0.q) = /O(I—t)|t—9|th

0o [eq“ +(1- o)q“] . [GW ~ (- 0)(’*2] 212)

qg+1 q+2
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1
D(b,q) = /t|t—9|th
0

0l 4 (1—0) | {092 - (1—9)T
qg+1 q+2 '

(2.13)

Thus, using (2.10)-(2.13) in (2.9), we obtain the inequality (2.8). This completes the
proof. O

Remark 2.13. The inequality (2.8) is better than the inequality (2.7). For this, we
need to show that

(b—a) (;) ’ ()\2M1 F (-2 Mg) [c% (6,9) + D7 (6, q)}

grtl 4 (1 — )7 z
g+1 '

< (b—a) [)\QMl £ (1- ) Mg} (

Using the inequalities (2.12), (2.13) and concavity of ¢ : [0,00) = R,¢(z) = 2°,0 <
s <1, we have

(b— a) @) ’ (/\2M1 (1A M2> [O% (0,9) + Di (6, q)}

C(G,q)+D(97q)>3‘
2

< (b- a)ﬁ <A2M1 +(1-N)? Mz) (

Loo 4+ (1 0)™ ) E

= (b—a)2s (WM (1= )70 (2 g+ 1

0q+1 + (1 o 9)q+1 é
qg+1

(b— a) (A2M1 (11— ) M2> (

which is the required.

Corollary 2.14. Under the assumptions of Theorem 2.12 with 8 = 1, then we have the
following generalized midpoint type inequality

(2.14)

b
|f((1—A)a+Ab)—b_1a / F(@)da

<o-0(3) eanr o) (5) [+ ()

where Ay = (1 —=X)a+ \b and%—i—%:l.

g =
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Corollary 2.15. Under the assumptions of Theorem 2.12 with 8 = 0, then we have the
following generalized trapezoid type inequality

b
M@+ (=N FO) - = [ fla)de

g(h—@(é)i(VA&+%1—AVA@)<qi2>é

1,1 _
where;)—kg—l.

)

(o )é
qg+1

Corollary 2.16. Under the assumptions of Theorem 2.12 with 6 = 1, if |f'(z)| < M,
x € [a,b], then we have the following Ostrowski type inequality

o rowl<o-an () () o+ ()

for each x € [a,b].
Proof. For each = € [a,b], there exist A\; € [0,1] such that x = (1 — A;)a + A;b.

f@) =

Hence we have A\, = $=2 — Ay = Il::—i. Therefore, for each x € [a,b], from the
inequality (2.8) we obtain the desired inequality. O

Corollary 2.17. Under the assumptions of Theorem 2.12 with A = % and 0 = % then
we have the following Simpson type inequality

5@+ (550) 450 - 1 [ s
250 sl (o4 2)

where A is the arithmetic mean.

-

Corollary 2.18. Under the assumptions of Theorem 2.12 with A = % and 0 =1, then
we have the following midpoint type inequality

s (a+b>
b—a [1\7* 1\
< 5 <2> A (M, My) <q+2>

where A is the arithmetic mean.

1
1 q
1+ —=
(q+1>

Y
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Corollary 2.19. Under the assumptions of Theorem 2.12 with A\ = % and 0 = 0, then
we have the following trapezoid type inequality

fla+fe) 1 [
5 _b—a/a f(x)dx

b—a (1\7 1 \@
< il -
S <2> A (M, My) <q+2>

where A is the arithmetic mean.

)

1
1 q

1+ —
(q+1>

3. Some applications for special means
Let us recall the following special means of arbitrary real numbers a, b with a # b
and a € [0,1] :
1. The weighted arithmetic mean
Aq(a,b) :=aa+ (1 —a)b, a,beR
2. The unweighted arithmetic mean

A(a,b) := a—2|—b7 a,beR

3. The weighted harmonic mean

He(a,b) = (z+ 1204)17 a,b € R\ {0}

4. The unweighted harmonic mean
2ab

H(a,b) := b e R\ {0
(0.0) = =2 @b R\{0)
5. The Logarithmic mean
b—a
L(a,b).—m, a,b>0,a7éb

6. The n-logarithmic mean

b — g™

Ln(a,b) = ((n+1)(ba)>n neN, a,beR, a£b

Proposition 3.1. Let a,b € R witha < b, andn € Nyn > 2. Then, for 0, € [0,1] and
q > 1, we have the following inequality:
|(1—6) Ax (a™,0") + 6A% (a,b) — Ly (a, b)|

b—a
<

2 [0ty + (1= ) [ () + 7 0.

where M = max {|a|”*1 | Ax(a, b)|”*1}, M, = max{|A>\(a7 D \b|”*1} .

Proof. The assertion follows from the Theorem 2.1, for f(z) = 2™,z € R. O
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Proposition 3.2. Let a,b € R with 0 < a < b, and 0, A € [0,1]. Then, for ¢ > 1, we
have the following inequality:
|(1—0)H " (a,b) + 0A" (a,b) — L™ (a,b)|
h—
2

where M7 = max {a72, A;Q(a, b)} , My = max {A;Q(a,b), b72} )

<

293 [)\QMl +(1=n)? Mz} {Nf(ﬁ,p) + Ny (0,p)|

Proof. The assertion follows from the Theorem 2.1, for f(z) = %, x € (0,00). O
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Generalized fractional integral operator
in a complex domain

Dalia S. Ali, Rabha W. Ibrahim,
Dumitru Baleanu and Nadia M.G. Al-Saidi

Abstract. A new fractional integral operator is used to present a generalized
class of analytic functions in a complex domain. The method of definition is
based on a Hadamard product of analytic function, which is called convolution
product. Then we formulate a convolution integral operator acting on the sub-
class of normalized analytic functions. Consequently, we investigate the suggested
convolution operator geometrically. Differential subordination inequalities, tak-
ing the starlike formula are given. Some consequences of well known results are
illustrated.
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1. Introduction

Many scholars, academic and researchers have applied fractional order integral
operators (FOIOs) in real-world situations in a variety of scientific and technological
sectors in recent years. It is well known, there are a number of definitions of FOIOs that
can be utilized to solve fractional integral equations employing special functions (SFs).
Fractional differentiation and integration using the extended Mittag-Leffler kernel
were proposed in 2016 [1] and drew interest from a wide range of research sectors.
Many features of these differential and integral operators have been noticed in real-
world applications, such as crossover behavior (see [28]). These classes of specialized
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functions [8, 15] have newly become crucial in the fields of almost all applied sciences
[20], natural science, engineering and computer science (see [2], [9], [24],[25]).

Integrals and the outputs of many different forms of differential equations are examples
of special functions. As a consequence, record integrals involve explanations of SFs,
which take account of the furthermost fundamental integrals; at the actual slightest,
the integral representation of SFs. Because differential operators are important in
mathematical sciences and applied mathematics, the theory of SFs is tightly linked
to various physics topics [7].

In this note, we investigated the features of the k-Raina function under FOIOs and
created several novel images. Via their extended character and utility in the theory of
integral operators and a crucial part of computational mathematics, the conclusions
produced here involve special classes of analytic functions such as the k-Mittag-Leffler
function, S-function and K-function. Our methodology is based on the theory of dif-
ferential subordination to present a set of differential inequalities type starlikeness in
a complex domain.

2. Techniques

Here, we’ll proceed over the methods we utilized.

2.1. Geometric approaches

The following concepts can be found in [16]

Definition 2.1. The set O := {x € C: |x| < 1}, is the open unit disk in z—plane. The
analytic functions ¥, in O are under the subordinated inequality ¥; < o or

Lix) < 22(x), x€0
if for an analytic function ¢, || < |x| < 1 holds such that X1 (x) = X2(s(x)), x € O.

Definition 2.2. The class of all regular functions given by

o) =x+Y_ anx", xX€0, o(0)=0'(0)-1=0,

n=2
is denoted by R. Moreover, the analytic functions o1, 09 € X are convoluted ( o1 * 02)
if they have the Hadamard product [22]

(o1 % 02)(x) = <X+Zan><”> * <X+anx”> =X+ anbn X"
n=2 n=2 n=2
Definition 2.3. Define the following class of regular functions

Pi={p:p(x) =14+ bx+ x>+ ....x €0, R(p(x)) > 0,p(0) = 1}.

Special sub-classes of P are the starlike subclass of functions ¢ € N satisfying the
functional
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and the convex subclass of functions o € N having the functional

_oxd"(x)
Ko(x)=1+ R

2.2. Raina’s function

Let’s start with the Raina’s function (RAF), which is a familiar special feature.

Definition 2.4. In [21], the definition of RAF
Pa (x)=§:ﬂx” x € 0.
@B —TD(an+p) "’

(v BETRQ)>0,R(B) >0, pui={u(0), w(1), . u(m)}, 5(j) € CFj = 0, .m)

Remark 2.5.

en>0,un)=1= pas(x) = Z Tan+ )’ the Mittag-Leffler function.
=0
V)n(W)n — (v n(W)n X"
n=0
the hypergeometric function.
1 (wl)n"'(wk?l)’ﬂ k1,k2 = 1)71"'(wk?1>’ﬂ Xn
) = e e Mas ;OF om+ﬂ W)ty ) T

the M—series [27].
(U)n (wl)n“'(wkl)n - Kklbkz,v(x) - Z X (U>n (w1>n<wk1)n X

o pn) =

n! (ur)n-(Uky )n e N = an+ B8) (u1)n...(ky )n !
the K—function [26].

2.3. Complex Raina’s FOIOs

The Raina’s FOIO is defined for analytic function f(z),z € C in a complex
domain containing the origin (OQ) by the formula

15500 = [ (=27l - 21 @)

(?R(a)>0, R(B) >0, x, z€C, reR).

Note that the integral I Sg f(x) involves the well known Riemann-Liouville integral
operator, when 7 =0 and p(0) =1

L ! —2)P7 f(2)d=
5 | - wE) >0

whenever the function f(x) is analytic in simply-connected region of the complex
z-plane.

Isf(x) =
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In general, we have the integrals
X
=2l gl = 2071 = X0l = 2)7

/0 (= 2P0 g lr(x — 2%z = XPHE ol — )7

X
/O (2P [ — )%z = P (- 2)]

6 m _ aln
+ +1Z om+ﬂ+m+2) [T(x — 2)*]"™.

Moreover, we have the integral

1
7 ()= / (P (0P O

_ a+5+m ) n
Z an+ﬁ+m+2)x'

To normalize the above integral, we deﬁne the functional integral formula, as follows:

o _(Tle+B+m+2)\ (Lm0 14(0)
6 5m(X) = ( ey ) < T e 2)> (2.2)

> (F ) ()

n

o S () ()

n=2

_|_

where 7 # 0, p(1) # 0, m € Z. Tt is clear that "7, (x) € N.

a,@m

2.4. Convoluted fractional operator

We continue to define the convolution operator using the Hadamard product
combining the suggested integral I'’7, = (x) with the function o € X. The main integral
convoluted operator in this effort is given, as follows:

(17 x ) (0 (2.3)

<X+Z< a—l—B—&-;n—i—Q)) (F(aninﬁufzn+2)> X") - <X+§anx”>
“u

_ a+6+m+2) (n) n
X+Z( T(an+ 6 +m+2) )a”X'

Obviously, the convolution integral operator (]Ig 8m

O')EN.
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Remark 2.6. By assuming the factor u(n) for any coefficient formulas, we obtain all
the convoluted operators, differential operators (like the Salagean differential oper-
ator [23] and its generalizations [3]), fractional differential operators (Caputo and
its generalizations, ABC-differential operator), integral operators (like the Salagean
integral operator [23]), fractional differential and integral operators [11], symmetric
differential and integral operators [10], mixed fractional operators in the open unit
disk [13], convoluted operator (such as the Carlson and Shaffer convoluted operator
[5], Ruscheweyh convoluted operator [22], Noor operator [17] and Attiya operator [4]),
special series (like M—series, S—series [29] and the Borel distribution [30]), mixed dif-
ferential operators and all special functions in the litterateurs including the quantum
calculus [12, 18].

Example 2.7.
1 T'(y+nk)

n! T(y + k)
obtain the convoluted operator in [4]

, (0+8) T tmm) 1
(Hgﬁ*Q*g) X+Z( T(an+ ) T'(y+ k) n'> AnX"

e 7=1m=-2pu(n)= ,¥n > 1, and v € C and R(k) > 0 then we

As special cases from the above series, when o = 0,7 = x = 1, we have
(]Ig:é,f2 *U) (x) = o(x). And for « = 0, v = 2, kK = 1, we obtain the oper-
ator
1
1
(13,2 0) (0 = 31000 + X' ().

Moreover, when a =y =k =1,8=0,0(x) = %, we have
- X

(15 2% ) (0 = xer.

Finally, when a =y =xk=1,8=1,0(x) = IL’ we get
- X

(H’i’i_Q * O’) (x) =eX—1.

e The Operator (2.3) satisfies the recurrent relation

(BT, ) () = (@4 8) (185 % 0) (0 = B (I 11, % 0) (0

1 T(y +nk)

n! T(y+ k)

(k) > 0 then we have [4]-Lemma 2.1. And under the same set of parameters,

with o(x) = %, we obtain the result in [28]-Theorem 2.1. Finally, if a = 1,
- X

Note that, when 7 = 1,m = =2, u(n) = ,Vn>1,and v € C and

we have the equation (1.8) in [6].

In the following section, we illustrate our results concerning the generalized
Raina FOIO of a complex variable.
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3. Results

In this place, we discuss the sufficient conditions of the Ma-Minda starlike in-
equality [14]

(]I“ ™ )/ (x)
X (I sm*o) (x
S[n”:ﬂ %] (x) = (Hi’;m * 0) ()

For this purpose, we request the next result [16] (Corollary 3.4h.1 p.135).

< A(x)-

Lemma 3.1. Suppose that X is analytic and A is univalent in O with A(0) = A(0), and
an analytic function € defined in a domain involving A(Q) and A(O). If x A’ (x)¢(A(x))
is starlike, then the relation

XA COLAE)) < XA () (A (X))
yields A(x) < A(x) and A is the best dominant.

Theorem 3.2. Take into consideration the following hypotheses:
(i) o €N, A is univalent in O;

. xAN (%) . o
il) ———=—— s starlike in O
) S0 D
Lo e el (X)) = XA (x)
iii o <1+ occurs.
W S 0 =1 T RRA0 - D
Then

S[]I“’T *0] (X) = A(X)7 X € @

o, B,m

and A is the best dominant.

Proof. Denotes (1, as follows:
Q(X) = S[H“"r o] (X)7 X € 0.

a,8,m*

Thus, a computation implies
Sa(x) = Kper 1o)(x) = Q)
Substituting implies that
K g,:ol00 — 1 So() + Q00 — 1

a,B,m

T wo)(X) — 1 Q(x) — 1

o X (x)
Q20)(Q2(x) — 1)

Consequently, we obtain
X0 ()
Q00000 -1 ANAN -1
In view of Lemma 3.1, we attain the result. O

x € 0.

Theorem 3.3. Assume the following hypotheses
(i) o € N, A is univalent in O
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is starlike in Q;

Kper o) —p A
(147, 0] XA ()
iil) Sper o - — 1| < -=—== holds
( ) [Ha,ﬁ,m ](X) S[HZ’,E,m*U] (X) -1 A(X) -1

. XN (x)
W X -1

Then
S sal(X) <A(X), x €0

and A is the best dominant.

Proof. Consider the function €2, as follows:
Q(X) = S[H“’T *0] (X)7 X € 0.

a,B,m
Accordingly, we have
Sa(x) +Qx) = K a1 (X)-
A calculation yields

Which leads to , ,
XY (x) XA (X)

= )
Q) -1 Alx) -1
In virtue of Lemma 3.1, we get the desired outcome. O

x € 0.

Theorem 3.4. Consider the following assumptions
(i) o € N, A is univalent in O
(il) Sp IS starlike in O
(i) Kpper o)) = Sper o) (X) < Sa(X) satisfies.
Then
S sal(X) <A(X), x €0

and A is the best dominant.
Proof. Let Q as follows:

Q(x) = Sper .0)(§), x €0.
Thus, we get -

Sa(x) +Qx) = K o1(X)-

Consequently, we have

K vol (x) — S[H“’;_’m*g] (x) = Sa(x).

Hence,
Sa(x) < Sa(x), x€O.
Finally, Lemma 3.1 yields the outcome Q(x) < A(x). O

Theorem 3.5. Use these assumptions:
(i) o €N, A is univalent in O;
(if) xA'(x) is starlike in O;
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(i) Sy w0100 (Kizzg o100 = S w0)(0)) < XA'(0) oceurs.
Then

St o) (X) <Ax), x€0
and A is the best dominant.

Proof. Formulate the function 2 by:

Q(X) = S[HZ',;,m*U] (X)7 X € 0.
Thus, we have

Sa(x) + Q) = Kz o1 (X)-
Substituting attains

S w1 (X) (K[ﬂg»* o] (X) = S so (X)) =x(x)-

B 8,
Hence,
XYV () < xA(x), x€O0.
By Lemma 3.1, we obtain Q(x) < A(x)- O

Theorem 3.6. Suppose that A is conver univalent in Q satisfying the inequality
Suer wol(X) <A(X), X €O,
where A(0) = 1. Then

(147 % 0] < xexp < /O ' A(“;@)ds) ,

where w has the properties w(0) = 0 and |w(x)| < 1. In addition, the inequality
Ix| :=p <1 yields

o [ 50 < B0 [ 0)

Proof. A computation implies

(7, <0100) 1 Aw() ~1

Tmrd) X x
Integration yields
(17 0 % 0] (X) < xexp < /OX A(U;(E)) d§> |
which leads to .
w < exp (/X A(w(g))df) '

But,
A(=plx]) < R (A(w(xp))) < Alplx])

then, we obtain

/1 A(—plx\)dp - /1 %(A(w(xp)))dp - /1 A(plxl)dp.
0 P 0 P 0 14
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A combination of the last two relations, we attain

1 _ ]IllvT %O 1
/ A( plx\)dpglog‘[a,@,m ](x)‘g/ AlplxD)
0 P X 0 P
Which imposes

o ([ 5]« B ().

Corollary 3.7. In Theorem 3.6, let

i(n) = 1 T'(y+nk)

ol T(y+r)

witha=0,y=k=1m=-2= (]I’0‘7’é)_2 * a) (x) =a(x).

Consider that A is convex univalent in QO with

Se(x) < Alx), £€0,

o(x) < xexp (/OX A(w(g))d€> ;

where A(0) = 1 then

€
where w as in Theorem 3.6. In addition, the relation |x| := p < 1 gives
1A/ 1
exp (/ Al p)dp> < ‘@' < exp (/ A(p)dp> .
0 p X o P
1+ ox

Lastly, we present a special result when A(x) :

1+wx,where—1§1/1<¢§1.

Theorem 3.8. Consider the generalized FOIO (2.3).
(i) If the following subordination holds:

_ (¢ —¥)x(2+ ¢x)
(SS[IZ";Y”LW](X) () — 1) [S[Eiiﬁ,m*g](")] 1< (1+¢x)? ’

then 146
+ X
S )00 = Ty
(-1<v<o<0, xeO)
Moreover,

17 ,
Bl 22009 (1 4y, w20

(ii) If the next inequality occurs

1+ ox
1+ 9x

() +1<

S8
[ngﬁﬂnxo‘]
then
o=t

St el < (L +HPx) 7

,B8,m
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(\%il\gl, Xe@)
(iii) If the following relation exists

T *C,](X)(X) +1<1+¢x

then

Sipnr < e9x,

Q,ﬁ,m*o}(X)

(¢:0, lo| <, x6©)
In addition,

BT
[]Ia,,ﬁ,m * U](X) < 6¢X.
X

All the above results are the best dominant.

Proof. Clearly, based on the definition of the functional S, we have

!
5 X (S[Hg:g,m*o]u))
Sy o1 (X) (X) - S[]I“ )

BT
a,B8,m

where Sper g (0) = 1. Now let

Q(X) = S[]I“’T *0] (X)

a,B,m

Then a calculation implies

/ X[S T (X)]I
1 _ ]' + X% (X) — 1 _ ]‘ + [Ha,fi‘,rn ] 5
Q) 22(0) S sa1(X) - [Sper o) (X))

= (55[“2,5 ()~ 1> [Spr ool T+ 1

(¢ —¥)x(2+¢x)
1+ex)?*

Then in view of [19]-Lemma 3, we have the outcome in (i). Since we have

S[H’;’T xol(x)

,B,m

(-1<v<e<0, ycO)
Then the second inequality comes from [19]-Theorem 2

"7 —y
[ oc,ﬂ,mx* U}(X) < (1 +1/JX)¢Td, w 7& 0.



Generalized fractional integral operator 293

We aim to prove (ii). Since

/ XS o1 (X))
1+ X (X) — 14 15 5, m*0]
Q(X) S[Hi’y};ym*a](x)
- SS[I&’E r1 X0 () +1
14 ¢x
1+ Yy

Then in view of [19]-Lemma 4(i), we obtain the result in (ii).
A computation yields

Q(X) S[Hggm*a] (X)
= SS[I‘(:Z'[;,M*U] ) (X) +1
<14 ¢x.

Then in view of [19]-Lemma 4(ii), we get the result in (iii). Since

S[HM«T

el < €

(1/):0, g <, xe@)
we attain the second part by using [19]-Theorem 2

[T 3,m * 91(X)

< e, O
X
Corollary 3.9. [19] In Theorem 8.8, let
1 T(y+nk)

witha=0,y=rk=1m=-2= (]I’0‘7’é)_2 * a) (x) =a(x).
(i) If the following subordination holds:
(¢ —¥)x(2+¢x)

(Ss,00(0) = 1) [So] ' +1=

(I+ox)* 7
then
1+ ¢x
So(y) < .
(-1<v<e¢<0 xe0)
Moreover,

“;"’ L0, b A0
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(ii) If the neat inequality occurs

1+ ¢x
14y

Sg (X)+1-<

a(x)

then
o=
¢

Sot) < (L4 1x)
(\%il\gl, x€0)
(iil) If the following relation exists
88,00 () +1 <14 ¢x
then
So(x) < e?X,
(1&20, lp| < , XE@)

In addition,

U(X) < €¢X.

X
All the above results are the best dominant.

Example 3.10. Under the assumptions of Corollary 3.9, we have the following examples
(see Fig. 1):
e For g =1—2a,a €[0,1),v = —1, we get
1
o) | .
PERTENEED

e For a = 0, we obtain

4. Conclusion

The Generalized fractional integral operator is formulated using the Raina’s
function. The suggested FOIO is a generalization of many operators and series. We
formulated the FOIO in classes of starlike functions and explored the sufficient condi-
tions for these classes. Many recent results are conformed as special cases. We suggest
to include it in different other classes of analytic functions, for the next step of re-
search.
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(A) Plotting of 5,a=0

o
(1-x)

a
L0
12 14 16 |4

0.8
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20
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0.0
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y
: ~06 . A ’./ /]
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(B) Plotting of 30 a0 @ #0

(1-x)

FIGURE 1. Functions in Example 3.10
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1. Introduction

Let A be the class of analytic functions f in the open unit disc D := {z € C: |2| < 1}
normalized by the conditions f(0) =0 and f'(0) = 1. If f € A, then

f(2) :z—i—Zanz", z €D, (1.1)
n=2
and denotes by S the subclass of A consisting of univalent functions in D (see [6] for
details).

For two functions f and g analytic in D, we say that the function f is subordinate
to g in D, and write f(z) < g(2), if there exists an analytic function in D denoted by
w, with w(0) = 0 and |w(2)| < 1, z € D, such that f(z) = g(w(z)) for all z € D. In
particular, if the function ¢ is univalent in D, the above subordination is equivalent
to £(0) = 9(0) and f(D) C g(D).

We recall that B denote the class of analytic self-mappings of the unit disc, that
maps the origin onto the origin [13], that is

B:= {w(z) =D wa2":w(z)| <1, z € D} , (1.2)

and the class B is known as the class of Schwarz functions.

In 2018, Yunus et. al. [21] studied the subclass of starlike functions associated
with a limagon domain. The limacon of Pascal also known as limagon is a curve that
in polar coordinates has the form r = b + acos, where a and b are real positive real
and 6 € (0,27). If b > 2a the limagon is a convex curve and if 2a > b > a it has an
indentation bounded by two inflection points. For b = a the limacon degenerates to a
cardioid.

Recently, Kanas et. al. [13] introduced subclasses ST}, (s) and CV(s) of starlike
and convex function respectively. Geometrically, they consist of functions f € A such
S g G

and
f(z) f'(z)

0D, := {quivG(C: [(u71)2+vzfs4]2:432 {(u71+32)2+v2] },

that

lie in the region bounded by the limagon curve defined as

where s € [—1,1] \ {0}. If we define the limagon function
Ly(2) o= (1+52)2, s € [-1,1]\ {0}, (13)

then the analytic characterization of the limagon domain Ls(D) is given by the inclu-
sion relation (see [13] inclusions (9) and (10))

{wE(C:|w71\<17(17\s\)2}CLS(D)
cfwec:w-1]<@+s)’ -1}

In 1991 Chakrabarti and Jagannathan [5] introduced the concept of (p,q)-
calculus in order to generalize or unify several forms of g—oscillator algebras. In the
last three decades, applications of the g—calculus have been studied and investigated
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extensively. Inspired and motivated by these applications many researchers (for exam-
ple [1], [4]) have developed the theory of quantum calculus based on two-parameter
(p, ¢)—integer which is used efficiently in many fields such as difference equations, Lie
group, hypergeometric series, physical sciences, etc.

The (p, g)-bracket or twin basic number [n], , is defined by

pr—qr .
O f

[n]p,q = P—q g #p,
np"t, if g=p,

where 0 < g < p < 1.
For 0 < g < 1, the ¢g-bracket [n], for n =0,1,2,... is given by [n], := [n]1,4. The
(p, q)—derivative of a function f is defined by

f(pz) — f(g2)

b=q) if ¢#p, 2#0,
Pralle):=4 1, it pra z=0,
f'(2), it p=gq.

In particular, D, 42" = [n], 42"~ !, therefore, for a function f € A of the form (1.1)
the (p, ¢)—derivative operator is given by

Dypqf(z) =1+ Z[n]p,qanzn_l, z € D.
n=2

In the univalent function theory many extensive studies were given to estimate
the upper bounds of the Hankel determinants, and for further reading one may refer
to [15], [16], [18]. The closer connection with the Hankel determinants are the Toeplitz
determinants. A Toeplitz determinant can be thought of as an “upside-down” Hankel
determinant, in that Hankel determinant have constant entries along the reverse di-
agonal, whereas Toeplitz matrices have constant entries along the diagonal. In recent
past, many researchers have focussed on finding sharp estimates for second and third
order Toeplitz determinants [10], [7], etc.

Thomas and Halim [19] defined the symmetric Toeplitz determinant T,,(n) by

429 Un+1 <o+ Onidm—1
An41 (79} o An4+m—2
Tm(n) = . . . . B
Ap+m—1 Ap+m—2 et (079
and in particular
a a 1 as as
2 3
T2(2) = s T3<1) = | ag 1 ag
az a2
asz az 1

For a good summary of the applications of Toeplitz matrices to the wide range of
areas of pure and applied mathematics, one can refer to [20].

The logarithmic coefficients v, := v, (f), n > 1, for a function f € S of the form
(1.1) play an important role in Milin’s conjecture [14] and Brennan’s conjecture [12],
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and can also be used to find estimations for the coefficients of an inverse function. It
is given by the power series representation (see [14, p. 53])

logM :2i7nz" zeD (1.4)
2 — ) )

where the function “log” is considered to the main branch, i.e. log1 = 0. Differ-
entiating the definition relation (1.4) and then equating the coefficients of 2™, the
logarithmic coefficients 71 and 2 will be given by

as

Y1 = ?7 (15)

1 a3
= - - = . 1.6
V2 5 (as 2) ( )

In the theory of univalent functions the problem of finding the sharp estimates
for the logarithmic coefficients for various significant classes have gained a high im-
portance (see, for details, [2], [3]). Recently, S. Giri and S. Kumar [8] initiated the
study of Toeplitz determinants whose elements are logarithmic coefficients of f € S
which is given by

Tn TYn+1 s Tn+m—1
Tn+1 Tn o Tndm—2
Tonn (7)) = : : : : ’
Tn+m—1 Yn+m—2 e Tn
thus
T — Y72
21 (07) Y2 M

In this paper we obtained the estimates of Toeplitz determinants and Toeplitz
determinanats of logarithmic coefficients for the subclasses LS, L;Cl, and L;SINS,
LsCINS, 0 < g <p <1, respectively, defined by post quantum operators which map
the open unit disc D in a domain included in the limagon domain.

2. The subclasses LS, L,C] and preliminary results

The new subclasses of A we will define and investigate extend and are connected
with the below subclass functions:

Definition 2.1. [17] Denote by S% the subclass of A consisting of functions given by
(1.1) and satisfying
!
o )
f(z) = f(=2)
These functions introduced by Sakaguchi are called functions starlike with respect
to symmetric points, and for a function f € A the above inequality is a necessary and

sufficient condition for f to b e univalent and starlike with respect to symmetrical
points in D (see [17, Theorem 1]).

>0, z€D.
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Like we can see in [13, Lemma 2], the function L, defined by (1.3) is starlike with
respect to the point zp = 1 for all s € [—1, 1]\ {0}, hence is univalent in . Moreover,
if 0 < s < 1/4/2 then L has real positive part in D, i.e. Ly is a Carathéodory function
(see [13, p. 10]).

Now we define the classes LS and LsC! which maps the open unit disc onto
the region included in the limagon domain L4(D) as follows:

Definition 2.2. Let L S be the subclass of function f € A of the form (1.1) and
satisfying the condition

22Dp,qf(2) 1
— - < L(2), 0<s < —.
- f-a 0 V2
Definition 2.3. Let L;C}! be the subclass of A consisting of the function f of the form
(1.1) such that
22D ' 1
M%LS(Z),O<SS7.
(f(z) = f(=2) V2

Remark 2.4. The above mentioned classes are not empty, as we will show in the below
examples.
(i) Taking f.(2) = 2 + az?, a € C, then

b e 2 Dnal )

fe(2) = fu(=2)
For the values ¢ = 0.3, p = 0.5, a = 0.9, and s = 1/\/?;, like we see in the below
Figure 1(A) made with MAPLE™ computer software we have ¢.(D) C L, 5(D),
and because ®.(0) = L,, 5(0) from the univalence of L, , s it follows that ®,(z) <
Ll/\/g(z), ie. fu € LsS] for the previous parameters. Also, the Figure 1(B) shows
that the function f, is not univalent in D because f. (D) twice overlaps a subset of C.

=14+ (p+qaz, z€D.

(A) The images of ®.(0D) (B) The domain f,(D)
(red color) and L, ,, 5(9D)
(blue color)

FIGURE 1. Figures for the Remark 2.4(i)
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(ii) For f(z) =2z+az? +b22, a,bc C, we get
B(2) = /?ZDp,q/]\?(Z) _ 1+t qgaz+ (p® +pa+q?) b’
f(2) = f(=2) 1+b2?
If ¢ =085 p =095 a= 9.1, b =02, and s = 1/\/§,Awe see in the Figure
2(A) made with MAPLE™ that ®(D) C L,,3(D), and from ®(0) = L, 5(0) and
the univalence of L, , 5 we have ®(z) <L, 5(z), that is ® € L,S} for this choice of

, z€D.

the parameters. Moreover, from this figure we wee that ® is not univalent in D, while

the Figure 2(B) shows that f is univalent in D.

(A) The images of (B) The domain f(DD)
®(0D) (blue color) and
L,,35(9D) (red color)

\\.

)

N
\

FIGURE 2. Figures for the Remark 2.4(ii)

(iil) Using the above notations, and

—(ZZngf(z))/ =1+2 az, z€D
() - f—2)) +2(p+ q)az, z € D.

for ¢ = 0.15, p = 0.25, a = 0.9, and s = 1/4/3, the Figure 3(A) made with MAPLE™
computer software shows that ¥.(D) C L, 5(D), and because ¥,(0) = L;, 5(0)
from the univalence of L, , s it follows W.(z) < L;, 5(2), i.e. f. € L;C{ for these
values of the parameters. The Figure 3(B) shows that the function f, is not univalent
in D since there exists a subset of C that’s twice overlapped by f.(ID).

(iv) Considering the function f(z) = z + az2 + bz3, a,b € C, we get
\T/(z) _ (2sz7qf(z))/ o 1+2(p+qlaz+3 (p2 + pqg + q2) bz> ’
(f(2) = f(=2)) 1+ 3bz2
For ¢ = 0.4, p = 0.5, a= 0.25,b=0.2, and s = 1/\/§,lzve see in the Figure 4(A)
made with MAPLE™ that (D) C L, 5(D). Using that ¥(0) = L, , 5(0) together
with the univalence of L, , 5 we have ¥(z) < L, 5(2), that is ¥ € L,S} for these

U, (z):=

e D.
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Lemma 2.5. [11, Lemma 2.1] If the function w € B is of the form (1.2), then for some
complex numbers & and ¢ such that || <1 and |(| < 1, we have

wng(l—w%), and
wy = (1= wi) (1= [§]*) ¢ —wy (1 —wi) €™

Lemma 2.6. [9, p. 3, Lemma 1], [6] If the function w € B is of the form (1.2), then
the sharp estimate |w,| <1 holds for n > 1.

3. Symmetric Toeplitz determinants of the coefficients for the classes
LS} and L,C!

Now we will give upper bounds for some symmetric Toeplitz determinants for
the functions belonging to the above defined classes LS} and LsC, emphasizing that
for |T2(2)| the results are sharp.

Theorem 3.1. If the function f € LS has the form (1.1), then
s2(s+4)2 N 452
2
([3]p,q - 1) ([2]p,q)

and this inequality is sharp (i.e. the best possible).

IT2(2)] <

2

Proof. Assuming that f € LS}, according to the definition of the subordination there
exists a function w € B of the form (1.2) such that

22Dp o f(2)
f(z) = f(=2)
Since (3.1) is equivalent to
22Dy qf(2) = (f(z) — f(—z)) (1 + sw(z))Q, zeD,

expanding in Taylor series the both sides of the above relation and equating the
corresponding terms we have

z+ 2’2[2]1;,(1@2 + 23a3[3]p,q + Z4a4[4]p,q 4+ .=

2+ 25wy 22 + 23 (a3 + 2swq + szw%) + 224 (swras + swsg + wiws) + . . .,

= (1 + sw(z))z, z € D. (3.1)

thus
2 2
ag = SWw1 _ swl, (32)
2]p.q t2
a5 — 2s5wg + S2w% _ 2sw9 + 8211)%) (3.3)
[Blpg — 1 t3—1
where, for simplicity, we use the notation ¢,:=[n], 4.
It follows that
25wy + s2w? > 25wy \ >
22 = |63 — a3 = ‘(H) (B, (3.4)
3~ 2
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and rewriting wy in terms of w; from Lemma 2.5, we get

—w?) €+ 52wt swi\ 2
To(2)] = (2 (=) e+ )—(2 ) . (3.5)

t3—1 t2

From the relation (3.5), using the triangle’s inequality and the fact that s > 0 we get
first that

Ty(2)] = 452 (1 - w%)2£2 + stwt + 453 (1 —wi) Ew? 452w
R (ts — 1)? t5
421_22 2 4 gt 444631 — w2 2 Y42 2
e S VG P (R SIS PV
(ts —1) t3
Denoting x := |w;| and y := [£], then z, y € [0, 1], and
—w?| <142% [1—uw?]’<(1+2%)°, (3.7)
if we combine the inequalities (3.7) with (3.6) it follows
452 (1 + 22)° Y2+ stat 4483 (1 +22) ya? 45222
IT2(2)] < ( ) 5 ( ) + —— = h(z,y). (3.8)
(ts — 1) t5
Since
0 8s? (172 + 1)2 Y+ 4s3 (;1:2 + 1) x?
—h(z,y) = >0, (z,y) € (0,1] x|0,1},
8y( ) s 1)’ (z,y) €[0,1] x [0, 1]
we obtain that for any = € [0,1] we have
max {h(z,y) : y € [0,1]} = h(z,1) =: g(x)
and consequently, from (3.8) we get
452 (1+22)° + stat +4s3 (1 +22) 22 452 22
o) < 220 W) 2 48 e o)

(t; — 1) t3
Using the fact that

s+2) (sa? + 222 +2)t2
S8z ( )( 5 >2+(t3—1)2 s2
!
g (z) = 3 >0, z €[0,1],
(ts — 1)°t3

we have that ¢ is an increasing function on [0, 1]. Therefore, the inequality (3.9) leads
us to
s2(s+4)%  4s?

T 90 = 5+

x €10,1],

that proves the required inequality.
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To prove the sharpness of our result, let consider the function f € A given by

(3.1) with w(2) = iz — 222, Since w; =4, wy = —2, using the relation (3.4) we have
—4s—s2\? 25\?|  s2(s+4)2  4s?
ml=|(F) +(5) |-
t3 -1 t2 (tg — 1) t2
which shows the sharpness of our inequality. O

Theorem 3.2. If the function f € LS{ has the form (1.1), then
852 8s3(s +4) N s2(s +4)*
2 2 2"
(2a)”  (2pa)’|Blpa—1|  (Bloa—1)

Proof. Using the same techniques and notations like in the proof of Theorem 3.1 we
have

T3()] <1+

IT3(1) = |1 — 243 + 2a3a3 — |
Lo 25w7 \ 2 +2 25w \ 2 25wy + s2w? 25wy + s2w? 2
ta to t3—1 ty —1 '

From Lemma 2.5, rewriting the expression ws in terms of wy the above relation leads

to
1_2(2iw1>2+2 <2sw1)2.23 (1 —w}) €+ sw?

Ts(1)| =
T5(1) : - S

452 (1 — w%)2 €2 + stwi + 4sPw? (1 — w%) 13
(ts — 1) .

Letting z := |w1| and y := ||, then z, y € [0, 1], and applying the triangle’s inequality
in the right hand side of (3.10), since s > 0 we obtain

85222 8s%2?[2s (14 2?) y + s?2?]
3 ts [t — 1
452 (1 + x2)2 y? + stz 4+ 45322 (1 + xz) Y
(ts — 1)
A simple computation shows that for all (z,y) € [0,1] x [0,1] we have

(3.10)

T3] <1+

=: q(z,y). (3.11)

0 165322 (:v2 + 1) 8s2 (mQ + 1)2 y + 45322 (m2 + 1)
-4, y) = — 3
Jy t5lts — 1] (tz — 1)

therefore, for any x € [0, 1] we have

>0,

85222 8s%2?[2s (14 2?) + s%a?]

t3 ts [t — 1
452 (1 + x2)2 + stxt 4 45322 (1 + x2)
(ts —1)°

max {q(z,y) 1y € [0,1]} = q(z,1) =1+

— t(a),
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hence, from (3.11) it follows

|T5(1)] < t(x), = €[0,1]. (3.12)
Moreover, since
_ 16s%x  16s%x[2s (2® + 1) + s%2%]  8s%a? (25%x 4 4sx)

t'(x
=" Bt — 1) Bl 1
1652 (22 + 1) z + 4s*23 + 883z (22 + 1) + 85323
+ ( ) (s 1) ( ) >0, z €[0,1],
53—

the function ¢ is increasing on [0,1], and from (3.12) we deduce that
8s? 8s3(s+4) s%(s+4)?
B (1)

ITs(1)] <t(1) =1+

which represents the required inequality. O
Theorem 3.3. If the function f € LiC{ has the form (1.1), then
s°(s+4 52
T2y < A

+ 35
( P ) ([2]1),11)

and this inequality is sharp (i.e. the best possible).

Proof. For the function f € LsCJ, using the definition of the subordination there
exists a function w(z) = w1z + wez? + -+ € B, z € D, such that

(QZDpyqf(z))/
(F() = J(=2))'
The relation (3.13) could be written in the form
(2:D,,0/(2)) = (f(2) = (=2)) (1 + sw(2))", z €D,
and expanding in Taylor series both sides of this equality we get
1+ 22(2], ga2 + 32%a3[3],.4 + 42%as[d]p g + - =
1+ 2sw1z+4+ 2 (s w1 + 25wy + 3a3) + 23 (252w1w2 + 2sws3 + 6sw1a3) +....

Equating the corresponding coefficients it follows that
SWy

=(1+ sw(z))27 z €. (3.13)

ag = W7 (3.14)
p.q
2 2,,2
az = 25Wa + STWT (3.15)
3([3]13711 - 1)
Using Lemma 2.5 it’s easy to check that
45%w?2 + stwi + 4s3wPw s2w?
Ta(2)] = o} - = | ZUEETMAE T S
9 (t3 - 1) t2
42 (1 - wd)’ @ + sfwd +dsPud (1-wi) € s2w? (3.16)
B 9(ts — 1) t3 |’ '
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where we use the previous notation t,,:=[n], 4.
Denoting  := |wq| and y := ||, then z, y € [0,1], and using the triangle’s
inequality in the right hand side of the above relation, since s > 0 we have

- 4s? (1+ x2)2 y? + stz + 453 (1 + 2?) 2%y N 5222

IT2(2)] < 9(ts — 1) 2

=:h(x,y). (3.17)

It is easy to see that
gh(x, y) = 452 (22 + 1) [(s + 2y) 2* + 2y
dy 9(tg — 1)
consequently, for each = € [0, 1] we have
max {h(z,y) : y € [0,1]} = h(z,1)
4s? (1+ x2)2 + stat +4s° (1 + %) 2?  s222

>0, (z,y) €[0,1] < [0,1],

= + = x).
0 1) 2 g(x)
Combining this last relation with the inequality (3.17) we obtain
T2(2)] < g(=). (3.18)

Since for all z € [0, 1] we have
(@) = 1652 (22 + 1) @ + 4s2® + 85323 + 85% (a2 + 1) @ N 2521
9(ts — 1)° t ’
the function g is increasing on [0, 1], therefore the inequality (3.18) leads to
s2(s+4)%  s?

IT2(2)] < g(1) = m + 2

and our conclusion is proved.
The inequality is sharp for the function f € A given by (3.1) with w(z) = iz—222.

In this case wy = i, we = —2, and from the relation (3.16) we get
s2(s+4)%  4s?
T2(2)] = ———5 + =
(ts —1) t
which proves the sharpness of our inequality 0

Using the same techniques as in the previous theorem, we obtain the next upper
bound for [T3(1)] if f € L,CJ.

Theorem 3.4. If the function f € LiC] has the form (1.1), then
252 253(s +4) s2(s +4)2
2 2
(E)*  3(2p)’[Blpa = 1| 9(Bloa —1)

Proof. With the same techniques and notations as in the proof of the previous theorem
we have

Ta(1)] <1+

3.

2 s2w?  s2w? 4 25wy stwi 4+ 4s2w? + 4sPwiwe
+2— - 2
t5 3(ts —1) 9(tz — 1)
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Rewriting the expression ws in terms of wy like in Lemma 2.5, applying the triangle’s
inequality, denoting « = |w1| < 1, y = |£| < 1, and using that s > 0 we get

25222 2s%x? [$*a? + 25 (1 + 2?) y]

T3(1)] <1
e B | PR
stat + 452 (14 x2)2 y? +4s%2% (1+2%)y
+ =:p(z,y). 3.19
T @ G1)

It follows that

45322 (332 + 1) 4s [2$y (332 + 1) + szxz} (x2 + 1) >0
3i3]ts — 1] 9(ts —1)° o
(x,y) €[0,1] x [0, 1],

0
@p(w, y) =

hence, for each x € [0,1] we have

25222 25222 [52x2 + 25 (1 + xQ)]

: 1|} = 1)=1
max {p(x,y) Yy e [07 }} p(l'v ) + t% + 31‘,% |t3 — 1|
stxt 4452 (1 4 22 2 + 45322 (1 + 22
+ ( ) 5 ( ) =: q(z). (3.20)
9(ts — 1)
Using that
() = 88332: (%2 +1) N 2853x3 N (2s%x + 4syx) s ng +1)
3t2|t3 — 1| 3t2|t3 — 1‘ 9 (t3 — 1)
8 [2sy (22 + 1) + s%2?| sz
2oy(@x ) &5z e,
9(ts — 1)

the function ¢ is increasing on [0,1], and from the inequalities (3.19) and (3.20) we
conclude that
252 283(s+4)  s%(s+4)?
Ts()| <q(1) =14+ — + .
Mol = ath) 5 3t3lts =11 9(t; - 1)°

4. Symmetric Toeplitz determinants of the logarithmic coefficients for
the classes L;S! NS and L,CINS

In this section we find the estimates of initial two logarithmic coefficients and
then the estimate of symmetric Toeplitz determinants 731 (7¢) of logarithmic coeffi-
cients for the subclasses LS NS and L;CINS.

Theorem 4.1. If the function f € L;SI NS has the form (1.1) and the logarithmic
coefficients are given by (1.4), then
s s(s+4) 52

e " S, S

Im| <
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Proof. Replacing the values of ay and as given by (3.2) and (3.3) in (1.5) and (1.6),
using the notation ¢,:=[n|, 4, from Lemma 2.6 we obtain

Swy

to

S S

71| = < .
t2 [2]1741

In addition, using Lemma 2.5 we get

1

)

1| 25wy + s?w?  25%w?

=T n T e

2s (1 —w}) &+ s*wi  25%w?
t3 —1 2 |

where [£] < 1. Letting = := |w;] and y := ||, then z, £ € [0,1] and using the triangle’s
inequality in the above relation together with s > 0 we obtain

2s (1 + 1’2) y+ s2x?  s2z2

< = F . 4.1
It follows that
0 S(1+.Z‘2)
—F(z,y) = ——% >0, (z,y) € [0,1] x [0,1],
5y @0 = S >0, @) € 0.1 x 0.1

hence, for each = € [0, 1] we have
2s (1 + x2) + 8222 %2
2 |t; — 1] t2

max {F(z,y) :y € [0,1]} = F(z,1) = =:r(z). (4.2)

From the fact ( ) )
iy sT(s+2 2s°x
r'(z) = s — 1| + 2
the function r is increasing on [0, 1], and from (4.1) and (4.2) we conclude that
4s + 82 52
= —_— + 5
2)ts — 1|  t3

which proves our second inequality. O

>0, x €[0,1],

2| < (1)

Theorem 4.2. If the function f € L,Ci NS has the form (1.1) and the logarithmic
coefficients are given by (1.4), then

s s(s+4) 52
and |y2| < + :
2[2]p.q 6/[3]p.q — 1] 4([2],),(1)2
Proof. Using the values of az and ag given by (3.14) and (3.15), from (1.5) and (1.6),
using Lemma 2.6 we obtain

71| <

swy s 1 |2sws + s2w?  s2w?

ml=|5-| <557 and |hel=; -5

2, | = 2|ty 2| 3(t; - 1) 212
Rewriting the expression of wo in terms of w; according to Lemma 2.5, using the
triangle’s inequality in the above last relation, and the notations x := |w1]|, y := ||,

with z, & € [0,1], since s > 0 we obtain
2s (1 + IEQ) y+s2x? §2p2

675 — 1] 1 =: G(z,y). (4.3)

72| <
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Therefore
S (1 + xz)

0

oy

hence, for each x € [0, 1] we have

0, (x,y) €[0,1] x [0,1],

2s (1 + :cz) + s2g2 n s2x?
6tz — 1| 4t3

max {G(z,y) :y € [0,1]} = G(z,1) =

Since

sx(sz+2) s
K(z) =" 4 2250, 2 €[0,1],
() 3ts — 1] 2t2 [0,1]

the function k is increasing on [0, 1], and combining (4.3) with (4.4) it follows

s(s+4)  s?
<k(l)= ——— + —
ol < 401) = 22504 2

and the proof is complete. O
The following two results, where we determined the upper bounds for the

Toeplitz determinant |7z,1 ()| for the classes L;SNS and L,CINS are immediately
consequences of the previous two theorems.

Corollary 4.3. For the class LS NS the next inequality holds:
9 2
s s(s+4) s?
T2 (vp)] < () + + :
2]p.q 2|[8]p.q — 1] ([2]p’q)2

Ta,1 ()| = 17 — 3l < il + 3]

Proof. Since

from the inequalities of Theorem 4.1 we get

2 2
s s(s+4) s
<(Z Bkl /A B
21 0p)l < (t2> " (2|t3 =T t%)
g

Similarly, using the inequalities obtained in Theorem 4.2 it’s easy to prove the
next result:

Corollary 4.4. For the class L;C] NS the next inequality holds:

i 2
s s(s +4) il
[T2,1 (vf)] < (2 [2]p7q> * (6’[3],,,,; — 1| " 4([2}1),11)2)
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5. Concluding remarks

The quantum calculus is one of the important tools in many area of mathematics,
physics and in the areas of ordinary fractional calculus, optimal control problems,
quantum physics, operator theory, and g—transform analysis, and in this paper we
made a connection with some subclasses of analytic functions.

In addition, the logarithmic coefficients play an important role for different es-
timates in the theory of univalent functions. Many researchers have found the upper
bounds for the second and third order Toeplitz determinants and logarithmic coeffi-
cients for various subclasses of analytic function. The present investigation deals with
the subclasses of symmetric function using the (p, ¢)—calculus for some functions de-
fined by subordinations to the limagon domain, and we determined upper bounds for
some special symmetric Toeplitz determinants containing the coefficients and the log-
arithmic coefficients of the functions belonging to these classes. We obtained bounds
for the second and third order Toeplitz determinants and Toeplitz determinants for
logarithmic coefficients for the classes LS, LsCl, and L;SINS, LsCENS, respectively,
defined by the post-quantum operators and subordinated to LLg function.

‘We hope that these results could be important in several fields related to mathe-
matics, engineering, science and technology, and we encourage the researchers to find
the sharp estimates for third order Toeplitz determinants and Toeplitz determinants
for logarithmic coefficients.
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Generalization of Jack’s lemma for functions with
fixed initial coefficient and its applications

Rogayeh Alavi, Saied Shams and Rasoul Aghalary

Abstract. In this paper, by using the theory of differential subordination, we will
generalize Jack’s lemma for functions with fixed initial coefficient. Then exten-
sions of the well-known open-door lemma for analytic and meromorphic functions
with fixed initial coefficient are given. Also we consider some applications of the
extension of Jack’s lemma.

Mathematics Subject Classification (2010): 30C45, 30C80.

Keywords: Analytic functions, differential subordination, fixed initial coefficient,
meromorphic functions, Nunokawa’s lemma, open-door lemma.

1. Introduction and preliminaries

Let H denote the set of analytic functions in the open unit disk U = {z € C :
|z] < 1}. We define

Hla,n] ={f €H: f(2) = a+ an2" 4+ an1 2" +...},
where n is a positive integer number and a € C. Suppose n € N, we introduce the
subclass A,, of H as follows:

A, ={feHH: f(z)=2z+ anHz"+1 + an+gz”+2 +... 1

In addition to, in particular, we set A; = A. Also we define the subclass S of A
consisting of univalent functions in the open unit disk U. A function f € A is said to
be starlike of order 0 < v < 1, written f € S*(), if it satisfies

2f'(2)
f(2)
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Especially we set $*(0) = S*. Now for analytic functions in U with fixed initial
coefficient, we define the class Hg[a, n] as follows:

Hpla,n) = {f €M : f(z) = a+ B2" + anp1z" ™ + ...},

where n is a positive integer number, a € C and g € C is a fixed number. Moreover
we assume

Anpy={fEH: f(z) =2+ bz"T" +api22" 2+ ...},

where n is a positive integer number and b € C is a fixed number. Also we set
Ay = A1p. Let f and g be in ‘H. We say that the function f is subordinate to g,
denoted by f < g, if there exists an analytic function in U as w, with w(0) = 0 and
lw(z)| < |z| < 1, such that f(z) = g(w(z)). Moreover if g is an univalent function in
U, then f < g if and only if f(0) =0 and f(U) C g(U).

It is important to note that coefficients of analytic functions play important role
in geometric functions theory. For example, the bound on the second coefficient of an
univalent function leads to well-known results such as growth, distortion and covering
theorems (see [8]). Recently the subject of second order differential subordination for
analytic functions with fixed initial coefficient was considered by Ali et al.[2]. Then
in the papers [7, 6, 9] the authors by applying first order differential subordination
for functions with fixed initial coefficient related to univalent functions, obtained
some good results.

Furthermore in [1], the problem of radius of starlikeness for analytic functions
with fixed second coefficient is discussed. Also, Amani et al., [3, 4] have obtained some
results for functions with fixed initial coefficient.

Motivated by [3] and [4], in this paper we extend the famous Jake’s Lemma for
analytic functions with fixed second coefficient.

We organize the contents as follows. In Section 2, we will bring extension of
Jack’s Lemma and open-door lemma for analytic and meromophic functions with
fixed initial coefficient and then we include some corollaries from them. In Section
3, we apply the results in the sections 2, for obtaining some sufficient conditions for
starlikeness and carathedory functions.

In the continuation of work, for proving main results, we require to express a
definition and a basic lemma.

Definition 1.1. (see [8]) Let @ denote the set of functions ¢ that are analytic and
injective on U\ E(q), where

Blq) = {< € 90 : lim g(2) = oo},

and are such that ¢'(¢) # 0 for ¢ € OU\E(q).
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Lemma 1.2. (see [2]) Let ¢ € Q with ¢(0) = a and p € H.[a,n] with p(z) # a. If there
exist a point zg € U such that p(zo) € q(OU) and p({z : |z| < |20]}) C q(U) then

209’ (20) = mCoq’ (o) (1.1)
" (20) Gd" (G0)
zop" (20 04 (Go
me{ 1 2 ) e {1 S 2
where ¢~ (p(20)) = o = €% and
m > n 4 (L0 = lellzo]" (1.3)

2. Main results
In the beginning, we prove extension of Jake’s Lemma [5] as follows:

it A
Theorem 2.1. Let ¢ = re' with fa”—_f)\ <t< Q’T—M, where 0 < a <1 and 0 < XA < 1.

Also let 0 < B < (a+ )\)\C|QTJrA cos(t — ﬁﬁ) and p € ’Hg[cQTH,n] with p(z) # 0
in U. If there exist elements z1 € U and zo € U such that |z1| = |z2| = r and for all
ze€U,={z€C,|z| <r}

— % = argp(z1) < argp(z) < argp(zz) = %}\’ (2.1)
then we have
z21p'(z1) = —i/\ —iz_ amlp(21)7 (2:2)
and
2op (22) =i ;amzp(»z?)’ (2:3)
where
- |C|QT: cos(t — malahy) — xia | Lt sin(t - ”ﬁ), (2.4)
el "2 cos(t — matyhy) + a ) cos(t- Tatnrar)
and
I . |c|aT: Cos(t—ﬂﬁ)—ﬁ 1_Sin(t_ﬂ-ﬁ) (2.5)
"5 costt —maty) + 5 ) eos(t = o)

Proof. Let us define

q(z) = exp { 77@'()\4_ @) } (611+czlz> 2fe

with ¢; = cexp {%} It is easy to find that ¢ is analytic in U, ¢(0) = ¢™2 and

A
—% < argq(U) < %,
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moreover ¢ € @ and E(q) = 1. Upon assumption and the properties of the function
g, we have p(z1) € ¢(8U) and p(z2) € ¢(9U), also p({z : |z| < r}) C ¢(U). Define

e —ew{ TE ey e

and
c1 + 612
%(@Zﬁ (z€),
with ¢; = cexp {%} Then it can be readily considered that ¢; € @, ¢1(0) =

p1(0), ¢1(U) = {w € C : Rew > 0}( note that Rec; > 0) and p1({z : |z| < r}) C ¢1(U).

Also p1(z1) = —izq and py(22) = a2, with 21,29 > 0. By means of calculating the
inverse of ¢; and obtaining the derivative of ¢;, we reach to
1 z—c , 2Rec
z) = and z) = .
Q1 ( ) Z+C_1 ql( ) (1_2)2

On the other hand, since p € 'Hg[caTH,n], we have p € H,,[a,n], with

~rex mila—A) | p —28¥ﬁex mi(a — A)
CTEEP 90T ST M 2T T P20t [

Hence by applying Lemma 1.1 we deduce that there exist complex numbers (; and
C2 in OU such that p;(z1) = q1(¢1) and p1(22) = q1(¢2) and also

z21p1(21) = k1G1qi(G)  and  zop)(22) = ka(aqi((2),

where
/ 0 _ n / 0 _ n
T \q}( )| —leflza] - \q}( )| — lea|z2|"
¢4 (0)] + [e2||z1]™ ¢ (0)] + |eal|z2|™
Since p1(z1) = —izy with 1 > 0 and {; = ql_l(pl(zl)) = % we have
21p'(21) _ A+ z1p(21)
p(21) 2 pi(z1)
_ A akiGiqi)
2 pi(=)
A+ air) + ¢ 1 2Recq
= kl - — X - X -
2 ixy - —irp (1 Etan?
1r1—C1
_k Atal o 22 + 221Jmey + |eg|?
MY iy 2%Rec,
_ ik, ()\—&—04) 22 + 2|c|ay sin(t — (A+a))+ |c|2
2 2|c|zy cos(t — 7r2(>\+a))
Set

2% + 2|clz sin(t — TS ) + |e)?
f(z) = &* (x> 0).
2|c|z cos(t — ﬂ‘m)
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By computing, it can be easily observed that

1+ sin(t 7r2(/\+a))

min f(z) = f(le]) =

z>0 N COS(t — Wm)
by 28c| 3
. — c .
Now using ¢1(0) = 2|c| cos(t — 7T2(/\7+0&)) and [c2| = =5, we obtain
atA .
lc| *2~ cos(t — 7r2(/\+aa)) /\fa 1+ sin(t 7r2(’\/\+0;))
my =kif(z1) > [ n+ —x 5 :
|C| 2 COS(t - m) + o COS( - 71—2()\4,_(1))

Thus assertions (2.2) and (2.4) hold. Now similar to the procedure of the former case,

since p1(z2) = izq, with 3 > 0 and (5 = ql_l(iasg) = Z;gl we can obtain

2p' (22) A+ a zpi(22)

p(z2) 2 pi(z2)
_ At ak(eqi(r)
2 pi(z)
A + « il’g —C1 1 2%661
= ko 2 ize b ime (1= m—ay
1o+ X9 (1- m)
Atal —z3 + 2zx30me; — | |2
2 ixg 20R¢ecy
n(220) 4~ 2elaasin(t - ) + |
= ’Lk‘g
2 2|c|wo cos(t — 7r2(/\+a))
Set
22 — 2|c|rsin(t — )+ |cf?
A+
g(@) = & ‘j} (z>0).
2|c|x cos(t — wm)
By computing, we have
 1—sin(t - T30sy)
min g(x) = g(|e) = . ia
cos(t — T557%7)
2—a—X
Thus in view of ¢} (0) = 2|c|cos(t — Wﬁ) and |co| = %, as the former
case, we can conclude assertions (2.3) and (2.5). O

Remark 2.2. Note that the above theorem extends Theorem 2.1 obtained in [3].

By applying the same trend of Theorem 2.1 and putting o = A in this theorem,
we obtain

Corollary 2.3. Let c = re' be a complex number with Rec > 0. Let 0 < 8 < 2\|c|* cost
and p € Hg[c*, n] with p(z) # 0 in U. If there exists a point zg € U such that

AT
largp(2)l < 5 for |2l < |z,
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and p(zo)% = +ia, where a > 0 and 0 < XA <1, Then we have
207" (20) = imAp(20),
where

9 . 2 A 8

_9 t c|*cost — oy A

m > & 2alelsint e (0 el 2 when  argp(zo) = o
2alc| cost |c[* cost + 55

and

2.9 int 2 | cost — £ —A
< @+ 2a|clsint + |c] n+‘ | 2 when  argp(zo) = ——.

B
2ac| cost c[* cost + o
By putting A = 1 in Corollary 2.1, we have

Corollary 2.4. Let ¢ = re't be a complex number with Bec > 0. Let 0 < B < 2%Rec and
p € Hplc,n]. If there exists a point zo € U such that

m
largp(2)] < 5 for [2] <lzl,

and p(zo) = Lia where a > 0, Then we have

Zopl(zo) = imp(zo),

where
a? — 2admp(0) + |p(0)? 2R¢p(0) — B T
2a9Rep(0) (" T oRep(0) + ﬂ) when argp(z0) = 3,
and
a? + 2aJ3mp(0) + [p(0) > 2R¢ep(0) — 8 v
me - 2a%ep(0) ( 29Rcp(0) + 5) when argp(z0) = —3-

Remark 2.5. Letting p € H]c,1] in corollary 2.2 and using the corrections needed in
this Corollary, one can gain Theorem 2.1 in [11].

By setting ¢ = 1 in Corollary 2.2, we attain

Corollary 2.6. Let p € Hp[l,n] and 0 < 8 < 2. If there exists a point zo € U such
that -
|arg p(z)| < 5

and p(zp) = tia where a > 0, Then we have

for |z| < |zol,

200" (20) = imp(20),

where . 23
Z -1 — _T
m > 2(a—l—a )(n—i— 2+5> when  argp(zg) 5
and ) 23
- -1 P __T
m < 2(a+a )(n—i— 2+5> when  arg p(zo) 5"

Remark 2.7. Letting p € HJ[1,1] in Corollary 2.3 and implying the alternations re-
quired in this corollary, we can obtain Theorem 1 in [10].



Generalization of Jack’s lemma 323

Theorem 2.8. (extension of open door Lemma) Let ¢ = re't with 7(174—)\ <t< a+/\’

where 0 < a < 1land 0 < A < 1. Also let 0 < B < (a—|—)\)|c| 3> cos B and p €
’Hg[CQTH,n] with p(z) #0 in U. If
2

25 2p'(2) ; ;
7p(2) +Q+Ap@ #iy (2 €D),

for all y € R where

\/M+2|c|cosB vV M sin B),

or
v M
y < ——— (/M + 2|c|cos B + \/MsinB),
cosB
then
%4 AT
-5 < argp(z) < o> (2 €U), (2.6)

‘ ‘a+)\ (t
c 2 cos(t—7
and M = n+ RN

I
le| 2 Cos(t—wﬁ)-ﬁ-%

A—a el
22 +a) )_ At

}, B=

where y = exp{— ”TQ(AJra Wﬁ

Proof. Let us set

-7\ — « 2
p1(z) = exp {M} {p(2)} 3+ (z€l),
and
c1+ ¢z
a()="7—, (z€D),
where ¢; = cexp {%} We know that p; € H,[a,n], with
a=cex M =c and Ccy = ZCQ_E_AB ex mile = A)
TP 20t S T @ 2T x P20t [

and p;(0) = ¢1(0). If p(U) is not contained in the sector {w : —Z& < argw < 2},
then p;U) is not contained in the right half plane fRew > 0. On the other hand
¢1(U) = {w : Rew > 0}, thus we follow that p; 4 g1, then there exists a point
z1 € U such that p1({z : |z] < |z1]|}) € ¢1(U) and p;(z1) = —izy or p1(2z1) = iwe with
21,29 > 0. Let p1(21) = —ixq, with 1 > 0. Similar to the argument of Theorem 2.1
we have

ar') _ (Ha) 2} + 2lclay sin(t — T + el

2 )\a) ’

2|c|xq cos(t — T500a)
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where ky > M . Then it yields

m {“ﬂﬂ(zl)“iA T i Y Zz];éii) }

22 + 2|c|ay sin(t — wﬁ) + |c|?
=Jm —il‘l — ik‘l o
2|c|xq cos(t — wm)

(o1 1k 22 + 2|c|wy sin(t — wﬁ) + |c\2)
—(z1 + k1 —

2|e|xy cos(t—w%)
(o, +Mx%+2|c|a:1 sin(t — ()\+a))+ \c|2)

2‘C|$1 COS(t — Wm)
Suppose

22 + 2|c|a sin(t — 712(/\+a )+ |e?

f@)=z+M

(x > 0).
2|C|.’B COS(t — Wm)

By computing, we can readily find that

e[V M
/M +2|c|cos B

min f(z )f<

x>0

) = (\/M+2|C‘ cos B+ VM smB)
cos B

this implies that

2 ! vV M
Jm {'yp(zl)aix + Z1p (Zl)} < _cosB( M + 2|c| cos B+ vV M sin B),

a+ X p(z)

atA
|c\ 2 cos(t—ﬂ'x_iﬂ)—%
where v = exp{ —im ;A%< 7} B =t—my5%y and M = = ote) i,
c| 2 cos(t—wﬁf‘a))—&-m

2()\+a
On the other hand we have

2(A+ )

2 /
e {VP(Zl)““ + = (21)} =0,

a+ A p(z)

that this contradicts with the hypothesis. For the case p;(z1) = iza, Similar to the
argument of Theorem 2.1 we have

2p' (1) i (A—f—a) 23 — 2|c|ag sin(t — 2(>\+a)+|0|2
2

Aa) )

2|c|xo cos(t — T50ma)
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where ko > M. Then it yields

2 zp' (=)
a+ A p(z1) }

23 — 2|c|rg sin(t — 2()\+a)) +|c|? }

2|c|zo cos(t — ﬂm)

m {w(zl)ai* +

=Jm {’ixz + iko

x3 — 2|c|zy sin(t — m5ASE) + |¢f?
= T2 + kQ 2 22 ta)

2|e|xq cos(t — wﬁ)

13 — 2|c|ra sin(t — A2 ) + |c|?
>z + M 2 2(A+a

2|C|$2 COS(t — Wm)
Suppose

x? — 2|c]zsin(t — 772()\+a )+ |cf?

(x> 0).
2|C|Jf COS(t — Wm)

By computing we can easily conclude that

v M vM
ming(z) =g i = ( M+2\c|cost\/MsinB>,
z>0 M + 2|c|cos B cos B

thus we have

2 zp(n
a+ A p(z1)

VM
m{’yp(zl)aiA + )} > B( M + 2|c| cos B — v M sin B),
cos

a+ X A
|c\ 2 cos(tfﬂ'wfa))fpr%

and M =n

. A—«
where v = exp{—in;7"%}, B=t— =
{ 2(A+a) }7 ()‘+ ) c|% cos(t—w‘z(AA:rO:x) )+ Aﬁa

)

On the other hand we have
2 z21p'(z1) }

Re {fyp(zﬂaiA +t o o)
that this contradicts with the hypothesis. Hence the assertion (2.6) holds. O
Remark 2.9. we note that Theorem 2.2 extends Theorem 2.1 in [4]
Also we can write the other version of extension of open door Lemma as follows:
Corollary 2.10. Let ¢ = re't be a complex number with Rec > 0. Also Let 0 < A < 1,
0 < B <2)\c|*cost and p € Hg[c*, n] with p(z) # 0 in U. If

p)k 412 L (e,

A p(2)

for all y € R, where

v M

> ( M + 2|c| cos —\/Msint),
cost

or

vM
E— ( M + 2|c| cost + \/Msint) )



326 Rogayeh Alavi, Saied Shams and Rasoul Aghalary

then )\ N
s ™
—5 <argp(z) < 5> (2 €U,
|c|>‘cost—%
\c|>‘cost+% ’

where M = n +

Proof. The proof of this corollary is similar to that of Theorem 2.2 (put o = \), so
we omit its details. O

Corollary 2.11. Let f € A, p, with f(2)f'(z) # 0 in U —{0}. Also let a« + X = % with
tl Z 1 and 0 S b S %COS{—%_O‘)}' [f

(-,

f(z)
for all y € R where

y > cos{_\igi—a)} <\/M+cos{—ﬁtl(za>} - msin{—W}> )

f//( )
f'(z)

+(1+ )#iy  (2€0),

or
y<-— M+c (A @) + VM sin 77#1(/\ —2) ,
{ 7Tt1(>\ Ot) 4 4
cos
then ,
—zatl < arg ) < z)\121 (z € 1),

2 fz) 2

cosd — Tr1/1(2*@) }_M

cos{—iﬂl(iia) }+%h '

where v = exp(fiww) and M =n+

Proof. Let p(z) = (Z;ES))% then we have p € Hnb [1,n] with p(z) # 0 in U. Then

with applying Theorem 2.2 and with letting ¢ = 1, t =0, a+ = E and f = 22 in
this theorem, the proof is complete. (|

Theorem 2.12. Let ¢ = ret with — X% a+)\, where 0 < a <1 and 0 < X < 1.

Also let M > Cilscj‘g, 0<B< (a+ N > cos B and p € Hﬁ[CQTM7n] with p(z) # 0
in U. If

22 w6, s
p(2) P #iy  (z€l),

for all y € R where

vM
Yy > 73(\/M —2|c¢|cos B+ vV M sin B),
cos

or

—2|c| cos B —
then N
—% <argp(z) < % (=€),
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afd A— 8
and M = n—+ i j-/\ st T atirey) " wea
- .
e
le| 2 cos(t—‘n‘ﬁ)-ﬁ-%

where v = exp{ —im A%~ } B=

- A—a
2()\+a 2(Aa)

Proof. The proof of this theorem is similar to Theorem 2.2, and we omit its details. [

Corollary 2.13. Let f( ) =14B2"+... be a meromorphic function with f'f # 0 in
U — {0}. Also let — <B<OandM>2 If

(n+1)
zf"(z)
- 7é 1y (Z € U))
f(?)
for all y € R where
Y>>V M( VM — 2)7
or
y<7VM(VM72)7
then we have
™ z2f'(2) v
—2<arg{— f(z)}<2 (z € U),
where M = (n+ 1) + %
Proof. Let p(z) = —Z}CES), then p € Hg, [1,n + 1] with 81 = —(n+ 1) > 0. With a
simple computation we obtain
zp'(2) zf"(2)
z) — =-1- z e U).
P& =00 ORI

Then with using Theorem 2.3 and with letting ¢ = 1, t = 0, « = A = 1 and also
with substituting 8 by (1 in this theorem, we obtain this result and the proof is
complete. O

3. Further applications related to extension of Jake’s Lemma

Corollary 3.1. Let0 < A < 1, ¢ € C and 1 be a real number such that (c* ﬁlﬁ =re’t
with Re(c* — B1)> > 0. Suppose 0 < f < 2X|c* — Bi|cost and p € Halc*,n) wzth
p(2) # By in U. If there exists a point zg € U such that
AT
|arg(p(2) — B1)| < > for |z <z,
and (p(z0) — f1)> = ~ia, where a > 0, Then we have

2p'(20)
p(z0) = 1

ima,
where for arg{p(zo) — f1} = >‘2—”

S a? — 2aJm(c* — B1)x + | — By} N * — Bi|cost — &
n
2aRe(cr — B1)* |cX — B1] cost + ﬁ
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and for arg{p(z0) — 1} = *%

_a2+2a3m(c/\—ﬁ1)§+|c>‘—51\§ n+|c*—ﬁ1|cost—%
2aRe(cr — By)* A — Bilcost+ £ )

Proof. Tt is sufficient that we consider q(z) = p(z) — 1. Then ¢(2) € Hgle,n] with
= (c’\ — 61)%. Also from the hypothesis we have fec; > 0 and there exists a point
zo € U such that |arg ¢(z)| < 2F for |z| < |20| and q(20)* = +ia. Now using Corollary
2.1 for g, we get the result and the proof is complete. O

By using Corollary 3.1, we obtain

Corollary 3.2. Let f € A, with @ # 6 in U. Suppose 0 < f <1 and 0 < b <
2(1=p). If
2f'(2) — f(Z)
f(z) -

for all s € R where |s| >n + E ﬁ§+b, then we have RelZ) > 3.

£is (z € ),

Proof. Let us define p(z) = f( ) then p € Hyp[1,n]. Let there exists a point zp € U

such that Rep(z) > S for |z] < |zo| and Rep(z9) = B, so |arg (p(z) — B)| < § for
|z| < |z0| and p(z0) = B £ ia, where a > 0. Now applying Corollary 3.1, we have

20f'(20) = F(0) _ zop'(z0)

f(z0) = Bzo p(z0) — B

where for p(zp) — 8 = ia

- (1-B)2 [  21-p)—b 21— B) — b
" 5a(1- B) (n+2(16)+b)2<n+2(1ﬁ)+b>’

and for p(zg) — 8 = —ia
a’*—(1-p5)° 21-p)—b 20-p8)—0
_ < S
m<—nma (i aee) < (v aaer):
which contradicts with the hypothesis. Hence the proof is complete. O

=1im (z €,

Also similar to Corollary 3.1, we can conclude

Corollary 3.3. Let0 < A <1, c € C and 31 be a real number such that (/31 —c)% =re’t
with Me(B1 — ¢)x > 0. Suppose —2A|B1 — ¢|cost < B < 0 and p € Hgle,n] with
p(z) # P1 in U. If there exists a point zo € U such that

g8~ p()| < o for [2] < |z,

and (81 — p(z0))* = +ia, where a > 0, Then we have

zop' (20) _
p(20) — B

TmA,
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where for arg{1 — p(z0)} = /\zl

1 2 B
S a? —2adm(B; — ¢)x + |p1 — ¢|> <n+ |61—c|c05t+2>\>

2a9%e(ﬁ1—c)% |ﬁl—c|cost—7
and for arg{B1 — p(z0)} = *%

24247 — o) — 3 —clcost + &
m<_a+am(61 e)x + |1 — |3 n+|ﬁl | 2,\ .

20Me(fy — ¢)x |81 — c|cost — =%

Proof. Tt is sufficient to consider ¢(z) = 81 — p(z). The rest of the proof is similar to
the proof of Corollary 3.1. g

The same as Corollary 3.2 and by applying Corollary 3.3, we can obtain the
following Corollary.

Corollary 3.4. Let > 1 and —2(8 — 1) < b < 0. Suppose f € A, with @ #+ 8. in
U. If

2f'(2) = f(2)
77&25 zel),
7G) - =Y
for all s € R where |s|>n+%, then we have
Sﬁe@<ﬁ.

Theorem 3.5. Let ¢, f1 and ~ be real numbers with ¢* — 5y > 0. Suppose v > 0,
0<a<1,0<6; <1land0<p <2a(c*—p1). If p € Hplc™,n] with p(z) # B1 in
U and

Jarg(p(=) — 1 + 7 ()] < S (ot Ztan~ (rs) (2 € D),

e

then

jarg(p(z) = Bl < o €U,

_ (Ca—ﬂl)—%)
where s = n + (7(60(7&”% .

Proof. If there exists a point zo € U such that |arg(p(z) — f1)| < Fa for |z| < |z
and |arg(p(z0) — f1)| = S, then from Corollary 3.1 we have

20p"(20)
p(z0) — B

= 1am,

where
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Thus for the case arg(p(z0) — f1) = S we have
- 20p'(20)} = ar 2 _zoP'(20)_
arg () — 61+ 7200 )} = g { (o) — )1+ 2 0L

= ga + arg{1l + iyam}

> ga + tan™ ! (yas)

which contradicts with the hypothesis. Also for the case arg(p(z9) — 81) = —5a we
have

arg{p(z0) — B1 +vzop'(20)} = arg {(p(zo) = B)(1+ ’Yp?zf:),(_zogl)}

= fga + arg{l + iyam}

< f(ga + tan~!(yas))
which contradicts with the hypothesis. Hence the proof is complete. O

By putting c = =a =n =1 in Theorem 3.1 we have

Corollary 3.6. Let 0 < 81 < 1 be a real number and 0 < 8 < 2(1 — p1). If p(2) =
1+ B8z+... withp(z) # B1 in U and

Sl } (= e V),

Jarg(p(s) = fn + 7/ ()] < 5 4 vt { A
then

Rep(z) > L1 zeU.

Remark 3.7. Letting p € H[1, 1] in the Corollary 3.5 and applying the reforms required
in this corollary, we can obtain Theorem 3 in [13].

Theorem 3.8. Let —\ < b <\, A > 0 and k > 0. Also let p € Hp[1,n] with p(z) # 2 b+}\
inUandOﬁBSl—g. If for all z € U

b 2(A—b)
Zp/(Z) Mk ;\wa ( 2)\) Zf B )\ < b < 0 M > H(A+0)
e {p(z) A } <9 imtas ¥ mwm Sb<A

p(2) . 2(A+b
i 0<b<ipg, M2 kg,\ergﬂ

then we have

A A
‘””—b+A’<b+A =<l
A=b_p
where M = n + $+,3.
Proof. Let us define
A1 -2z
q(z) = AL =2)

A—bz
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One can easily observe that ¢ € @ with ¢(0) = p(0) = 1 and ¢ maps the open unit
disc U onto the disk with the center %_H) and the radius %_H). Moreover
_ Az —1) WUEDY
1 — d / — .

=G ed 4G = S
We claim that p < ¢, otherwise if p £ ¢, then there exist points zg € U and (y € 0U
such that p(zo) = q(¢o) and p({z : |z| < |z0|}) C ¢(U). Therefore from lemma 1.1 we
have

20p'(20) = moq’ (Co).

where 1¢'0)] = 15112
q' (0)] = |8]|z0|™ A—b—pBN
RO 1Bl T A=A
Since (o(z0) )
o _ Ap(20) — 1
G =4a" (p(20)) = () =2
we have
— A—b
Set \ \
p(ZO) = m —+ m61t7

for a fix real ¢t. Using the relations obtained at the above and with a simple compu-
tation we deduce that

20p'(20) | [ AMAX —b(L + km)) cos -
e {pteo) + K = () (et kg T ()

For completing our proof we consider three cases. If —A < b < 0 then (3.1) implies
that

A+b

zop' (%0) A+b
Re z0) + k ,
{rteo + 4705 20— 1)
which contradicts with the assumption. Also for 0 < b < A < b(1 + kM), we put

}>Ml<:

A+0b A A=b(1+Ekm)
= _ 1 —1<z<1
f@) =mhgn— + (42— (-lsz<),
where x = cost. It is clear that
A A=b(1+km)
"(z) = —1<z<
f(z) Nt b - <0 (-1 <z <1),
SO
k(X — 2 ME(N — 2
fa) > f(1) = TEAZD) 24 A-b) 2y,

+ > +
2(A+0) (A+D) 2(A+b) (A+D)
which contradicts with the assumption. Ultimately, for the case 0 < b < Hﬁ we set

()_)\+b_ A b
= "X e a+b

(-1 <z<1),
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where z = cost. Now ¢'(x) = 7/\—_,_1) < 0, and so for all -1 <z <1 we have
(=02
1 > 0.
g9(x) 2 9(1) = 0+ b
Consequently,
zop' (20) A mk
= 1 —_—
Sﬁe{p(zo)—&-k‘ (0) } )\+b< +z)+ - g(x)
Mk (A—b)? A—b
A=Db)2(A+b)  2(A+b)’
that contradicts with the assumption. Hence the proof is complete. O

Corollary 3.9. Let —A <b < A, A >0 andk > 0. Also let f € Ay, with Zfz) 7£b+)\
m[UandO<b1<>‘ f forall z €U

refu w50

M2 f —A<b<0M>2<A b

Mk s 2(>\2§) E(3+D)
=y 2z +b1\;c A if e SO<A st
AR 0<b< e M > 55y
then we have
z2f'(2) A A
— < e,
Fz)  b+A| Sbta
M—nbl
where M = n + é+nb1

Proof. Let p(z) = Z}CES) then we have p € Hyp, [1, n]. Therefore by applying Theorem

3.2, and replacing 8 by nb; in this theorem, we obtain the result. O

Remark 3.10. By putting by = 0 in the Corollary 3.6, one can observe that this
corollary improves and extends the result obtained in [12](see Theorem 3.1 in [12]).

By setting k=1,b=1, b = %, A =3 and n = 2 in Corollary 3.6 we obtain

Corollary 3.11. Let f € Ay 1 with Zf ;é 3 in U. If for all z in the open unit disc

zf"(2)
Re{l + ) } <2,
then we have
zf'(z) 3 3

By setting k=1,b=1,b; = %, A =3 and n = 3 in Corollary 3.6 we obtain
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Corollary 3.12. Let f € Az 1 with ZJ{/(Z) # 32 inU. Iffor all z in the open unit disc
f”( )

Re{l + ) }_ 3
then we have P 3 3
zf'(z

By putting k=1,b=3,b; = % A =5 and n =1 in Corollary 3.6 we obtain

Corollary 3.13. Let f € A, 2 2 with f( ) #* % in U. Iffor all z in the open unit disc
f”( )

Re{l + } <
f'(z) 8
then we have ) s .
zf'(z
——| <= eU.
i il<i -

By putting k =1 and b =0 in Corollary 3.6 we obtain
Corollary 3.14. Letn > 2 and 0 < by < . Also let f € Ay, with zf 74 2in U. If
for all z in the open unit disc

2f"(z), _ M
Re{l + < —,
HHpe =5
then we have 7(2)
z2f'(z
-1l <1 zel,
f(2) ‘

where M is defined in the Corollary 3.6.
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Application of Hayman’s theorem to directional
differential equations with analytic solutions in
the unit ball

Andriy Bandura

Abstract. In this paper, we investigate analytic solutions of higher order linear
non-homogeneous directional differential equations whose coefficients are analytic
functions in the unit ball. We use methods of theory of analytic functions in the
unit ball having bounded L-index in direction, where L : B®™ — R is a continuous
function such that L(z) > fj'lf’zl‘ for all z € B", b € C™\ {0} be a fixed direction,
B > 1 is some constant. Our proofs are based on application of inequalities from
analog of Hayman’s theorem for analytic functions in the unit ball. There are pre-
sented growth estimates of their solutions which contains parameters depending
on the coefficients of the equations. Also we obtained sufficient conditions that
every analytic solution of the equation has bounded L-index in the direction. The
deduced results are also new in one-dimensional case, i.e. for functions analytic
in the unit disc.

Mathematics Subject Classification (2010): 32W50, 32A10, 32A17.

Keywords: Analytic function, analytic solution, slice function, unit ball, direc-
tional differential equation, growth estimate, bounded L-index in direction.

1. Introduction

B. Lepson [16] introduced a concept of entire function of bounded index as an-
other approach in analytic theory of differential equations. The first paper was closely
connected to linear differential equation of infinite order with constant coefficients.
But the functions of bounded index have interesting properties [21, 20, 19]: some reg-
ular behavior, uniform distribution of zeros, growth estimates, etc. There are many
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approaches to generalize the concept for wider classes of entire functions of single vari-
able because every entire function of bounded index is a function of exponential type.
Perhaps, the most successful approach is a concept of function of bounded I-index,
proposed by A. Kuzyk and M. Sheremeta [14], where [ : C — R, is a continuous
function. For these functions there are known existence theorems [10, 12]: for an en-
tire function f there exists a function l: C — Ry such that f has bounded l-index if
and only if the function f has bounded multiplicities of zeros.

In the last years, analytic functions of several variables having bounded index
are intensively investigated. Main objects of investigations are such function classes:
entire functions of several variables [4, 5, 17, 18], functions analytic in a polydisc [2],
in a ball [6, 7].

For entire functions and analytic function in a ball there were proposed two
approaches to introduce a concept of index boundedness in a multidimensional com-
plex space. They generate so-called functions of bounded L-index in a direction and
functions of bounded L-index in joint variables.

In this research, we will consider the first approach, i.e. analytic functions in the
unit ball of bounded L-index in direction. A connection between these two approaches
is investigated in [8]. We will consider an application of these functions to study
properties of analytic solutions of a linear higher order non-homogeneous differential
equation with directional derivatives of the following form:

P 1F(2)

90O F(2) +91(2) =50

+ -+ gp(2)F(2) = h(2). (1.1)
Also, we estimated asymptotic behavior of modulus of analytic functions in the unit
ball by the function L and the L-index in the direction b.

The linear PDE’s (1.1) can easily be turned into ODEs by a suitable change of
directional derivative in the direction b into a canonical direction along a coordinate
axis. The cross-terms will vanish and hence an ODE. But the coefficients of the ODE
depend on z if we consider a slice z+1tb, z € B", t € C, |t| < 1|_b|f|. Therefore, all one-
dimensional results need uniform estimates in z. Let us consider an entire function
F(z1,22) = cos\/z122 = D g % It is known [4] that for fixed 20 = (29, 29)
and for every b = (b1,by) € C?\ {0} the function F(2{ + tby, 2° + tbe) has bounded
index as a function of variable ¢ € C. But the function F(z1,22) has unbounded
index in any direction b because the indexes of the function F(29 + tby, 20 + tbs)
are not uniformly bounded in (29, 29). This fact was proved with the application of
differential equations in [4]. It shows that uniform estimates play an important role
and the bounded index in direction can not be simply reduced to the one-dimensional
bounded index.

Our results are generalizations of earlier obtained results for entire functions
of bounded L-index in a direction [3]. But now we consider the function L of more
general form than in [3]. There was considered only L(z) = I(|z|), where I : Ry — Ry,
and z € C". In addition to Hayman’s theorem, L-index boundedness in direction of
analytic solutions of partial differential equations can be established by the so-called
logarithmic criterion (see [9])). This approach requires that all coefficients of the
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equations have bounded L-index in the direction. For entire functions of one variable
having bounded I-index the similar results were deduced in [15, 11].

Let us introduce some notations and definitions.

Note that the positivity and continuity of the function L are weak restrictions to
deduce constructive results. Thus, we assume additional restrictions by the function L.

Let 0 = (0,...,0), b = (b1,...,b,) € C"\ {0} be a given direction, Ry =
(0,+), B* ={2€ C": |z] < 1}, L : B"™ — Ry be a continuous function such that
for all z € B™

Blb|

L(z) > 1= 2]

Analytic function F' : B™ — C is called [7] a function of bounded L-index in a
direction b if there exists mg € Z, such that for every m € Z, and every z € B" the
following inequality is valid

m z k z
m<max{W:0<k<mo}a (1.3)

, B = const > 1. (1.2)

n

where O F(z) = F(z),0pF(2) =

X 25, bR () = (0 () k> 2

The least such integer mo = mo(b) is called the L-indez in the direction b of
the analytic function F and is denoted by Np(F,L) = mo. If n =1,b =1, L =1,
F = f, then N(f,l) = Ni(f,1) is called the l-index of the function f. In the case
n =1 and b = 1 we obtain the definition of an analytic function in the unit disc of
bounded I-index. The definition is a generalization of concept of bounded L-index in
direction introduced and considered for entire functions of several variables in [5]. The
primary definition of bounded index for entire function of one variable was defined
by B. Lepson [16].

LetD={teC:|t| < 1} L : B™ — R, be a continuous function. For z € B" we
denote D, = {t € C: ‘ ‘}

L(z+t1b) n }
Ap(n) = bl < .
b(1) ZSSB%jfEDZ{ L(z + tsb) b —ta] < min{L(z + t,b), L(z + t2b)}

The notation Qp(B™) stands for a class of positive continuous functions L : B" — R,
satisfying (1.2) and

(Vn €[0,8]) : Ab(n) < +o00. (1.4)
If n =1 then Q(D) = Q;(B') and \(n) = A\ (n).

Let D be an arbitrary bounded domain in B™ such that dist(D,B™) > 0. If
inequality (1.3) holds for all z € D instead B”, then the analytic function F': B — C
is called a function of bounded L-index in the direction b in the domain D. The least
such integer my is called the L-index in the direction b € C"\ {0} in domain D and is
denoted by Ny, (F, L, D) = mg. The notation D stands for a closure of the domain D.

Lemma 1.1 ([1]). Let D be an arbitrary bounded domain in B™ such that
d = dist(D,B") = in]fj(l —|z]) >0, 6>1, beC"\ {0}
zE
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be an arbitrary direction. If L: B™ — R is continuous function such that L(z) > %,
and F : B" — C is analytic function such that (Vz° € D): F(z" +tb) # 0, then
Np(F, L, D) < oc.

Below we present an analog of Hayman’s Theorem [13]. The theorem helps to
investigate boundedness L-index in direction of analytic solutions of differential equa-
tions. At the end of the paper, we will present a scheme of this application.

Theorem 1.2 ([7]). Let L € Qp(B"). An analytic function F : B™ — C is of bounded
L-index in the direction b if and only if there exist p € Z4 and C > 0 such that for

every z € B"
< Cmax {

Using Lemma 1.1, we yield the following corollary with this criterion.

R F(2)
Lrt+1(z)

OF ()
L¥(2)

:nggp}. (1.5)

Corollary 1.3. Let L € Qn(B™), G be a domain compactly embedded in B™ such that
d = dist(D,B"™) = inf,cp(l — |z]) > 0 and for all z € G L(z) > %. An analytic
function F : B™ — C has bounded L-index in the direction b if and only if there exist
p € Z4 and C > 0 such that for all z € B™ \ G the following relation holds

FE _ { O5F(2)]

L) LF () t0<k< p} . (1.6)

2. Auxiliary lemmas

We denote at = max{a,0}. Set u(r) = u(z°,0,r) = L(z° + re¥b). Let W3, (B")
be a class of positive continuous function L : B® — R satisfying all following condi-
tions:

)forallzé]B%” L(z) > 5 ||‘|,Whereﬂ—conbt>l

2) for every 2° € B" and every 6 € [0, 27] the function u(r, 2%, 0) be a continuously
differentiable function of real variable r € [0,r), where

ro = min{s € Ry : |2° + s¢b| = 1};
3) for every 2° € B", 6 € [0,27] one has

ds L(2° + sre*’b

The conditions 2) and 3) together can be replaced by some strict condition
Ob(1/L(Re®)) — 0 as |R| — 1, where Re'® = (riefs ... rp,ei), |R| < 1,
0; € [0,27], and L(Re™®) is positive continuously differentiable function in each vari-

(—uy (2°,0,1)*
L2(29+re'?b)

d 1 i 0 0 .
*—-)|s=1 —0as|z” +reb| = 1, ie r— 1.

able 7, j € {1,...,n}. Moreover, condition 3) is equivalent to — 0 as

r — 7. Beside, condition 1) yields that [ L(z°+zeb)dz — +o0 as |20 +re?b| — 1.
0

First, we prove the following two lemmas. For entire functions of bounded L-
index in direction they were obtained in [3].
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Lemma 2.1. Let L € Wy(B"™), F : B"® — C be an analytic function such that IR €
[0,1) Vz € B" |z| < R one has F(z +tb) # 0. If there exist numbers p € Zy, C > 0
such that for all z € B", |z| > R, the inequality

OPTIR (2 OFF (2
| EP‘H(,(Z))' < cmax{| ILDk((Z))I

holds then for every z° € B™ and for every 6 € [0, 2n]
0 i0
T In |F (2" 4+ re'’b)|

[ZHre RIS L0 4 peifb)da
0

:ngzgp}, (2.1)

< max{1,C}.

Proof. Let 6 € [0,27], 2° € B" be fixed and = € [0,79) be such that |z° + ze?’b| > R.
We define
|OFF (2° + 2e"b)|
Qo(x) = max{ LF(:0 % 2eib) 0<k<p,.

% is continuously differentiable by real x € [0, r*],
outside the zero set of function |0fF(2° + ze?b)| because L € Wy(B"). Thus, the
function Q0 (z) is a continuously differentiable function on [0, 7*], apart from, possibly,
a countable set. For absolutely continuous functions hy, ha, ..., hy and h(x) :=
max{h;(z) : 1 < j < k}, A'(z) < max{hi(z) : 1 < j <k}, x € [a,b] (see [21,
Lemma 4.1, p. 81]). The function Q,0(x) is absolutely continuous. Therefore,

The function

d 1 )
Q < Bl L A 0 0<k<
Lo(x) < max{dm (Lk(zo T 7eh) \ab (2" + ze b)‘) 0<k< p}

except on a countable set of points.

Using the inequality £ [¢o(z)| < |-L¢(z)|, which holds for complex-valued func-
tion of real argument except at the points z = t such that ¢(¢) = 0, in view of (2.1)
we obtain

. 1
/ < { i0 i
(@) < 0<hp e |L"?(z0 + ze'’b)
k-ul(2°,0,2)
} <

x LF+1(20 4 zeifb)

‘OﬁﬂF(zO + Jcewb)‘ - ]a’,;F(zO + xewb)’ X

1
< -
- Iélka%(p { LF+1(20 4 zeb

1 k1o(,0 i0
L¥(20 4 z¢ib) [0 (" + aeb)]

) |5‘§+1F(z0 + xewb)| L(2° 4 ze'b)—
’ (50
ku! (z ,9,@) } <
L(2° + zei®b) J —

ety

< Q.0(2) (CL(zO +eb) +p (20 & 2cb)

From condition 3) in the definition of the class Wy (B™) we have

ul (2°,0,2) = o(L2(2° + zeb)) as x — 7o,
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then
Lo(z) < Quo(z)(max{1, O}L(2° + ) 4 pe L(2° + b)) < Q0 () x
x L(2° 4 zeb)(max{1, C} + pe) < Qo (x)L(2° 4+ 2¢“b) max{1, C}(1 + pe)

for all e > 0 and for all z € [x¢(2°, 0, ¢),70) outside a countable set of points for given
20 € B" and 6 € [0, 27] Hence, there exists r1 > z0(2°, 0, ¢) such that

Q,0(r) < Qo(r1) - exp {(1 + pe) max{1, C}/ L(2° + xeieb)d:c}
Ty
for every r € [r1,ro). From the definition of ,0(z) for k£ = 0 we obtain that

|F(2° 4+ reb)| < Qu0(r1) - exp {(1 + pe) max{1, C}/ L(z° + xewb)dz} ,
0

In|F(z° +reb)| < InQo(ry) + (1 + pe) max{1, C’}/ L(2° + zeb)dz,
0

In |F(2° + re’b)| < InQ,0(r1)
Jo L(2° + zeb)dx — [ L(z° + ze’b)dx
From this inequality for all 20 € B" and 6 € [0, 27] we obtain that

0 i
T In |F (2" 4+ re'’b)|

|204ret?b =1 J L(2° + zeb)dx
0

+ (1 4+ pe) max{1,C}.

< max{1,C}. O

Lemma 2.2. Let L € Wy(B"™), F : B"® — C be an analytic function such that IR €
[0,1) Vz € B" |z| < R one has F(z +tb) # 0. If there exist numbers p € Zy, C >0
such that for all z € B", |z| > R, the inequality

EFE %0

(p+ DILPH(z) — RIFG) O SkS P} ) (2.2)

holds then for all z° € B" fm  AnlEGCreb) o (p + 1) max{1,C}.
|z04reifb|—1 fL(zUjLzemb)d:D
0

Proof. Let 6 € [0,2n], 2° € B" be fixed and 2 € Ry be such that |2 4+ ze?’b| > R.
We denote

Q0 (z) = max { !

kL% (20 + zeb

7 |5‘]]§F(20 +xei0b)| 0<k gp} .
As in Lemma 2.1 the function Q.0 () is continuously differentiable because L €
Wy (B™) and
Qo (z) < max 4 L |8kF(zo+azewb)| 0<k<p
i - dz \ k'LF(20 + zeifb) P T

except a countable set of points. Applying the inequality %h@(ac)\ < ’%gp(x) , which
holds for complex-valued function of real argument outside a countable set of points,
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in view of (2.2) we obtain
1
KLk (20 + zeifb
ku’(2°,0, )
K\LE+1(20 4+ xeifb)

Qo(x) < max{\ei‘9| ) |OF T F (20 + 2eb) | -

7|0§F(zo+xewb)| :0§k§p}§

1
< -
= hax { (k + 1)ILF1(20 | z¢ih)
1
Lk (20 + zei?b

’8’;+1F(zo +zeb)| (k + 1)L(2° + ze"b)—

ku'(2°,0, )
L(2° + zeib)
(_u;(ZO’ 9,.13))+
L(2° 4 ze?b) ) '

7 |8§F(zo+xewb)’ :nggp} <

< Q0(x) (max{l7 CYL(z° + ze”b)(p+ 1) + p

ny e (Cup(z®0.2)* 0 i0
But we have that L € Wy(B"), i.e. (o rheny 0 as |2° + zeb| — 1.
Therefore,

Lo () < Qeo(x) (max{l, CYL(2° + 2e”b)(p +1) + peL(2® + z¢''b)) <
< Qu0(2)L(2° + zeb) (max{1, C}(p + 1) + pe) < Qo (x)L(z° + 2¢¥b) x

x max{1,C}(p + 1) (1 + pi 16)

for all e > 0 and for all z > x(2°,6,¢), except a countable set of points at given z°
0

0
and 6. Thus, there exists rqy > xo(2", 0, ¢) that for » > r; we have
Q0(r) < Qo(ry) - exp {(1 +¢e)max{1,C}(p+1) /T L(2° + :cewb)das} .
2
Be definition of 2,0 (z) at k = 0 we obtain
|F(2° 4+ re?b)| < Q.0(ro) exp {(1 +e)max{1,C}(p+1) /OT L(2° + wewb)dﬂc} .

Therefore,

In |F(2° + re'b)| <InQ0(ro) + (1 + ¢) max{1, C}/ L(2° + zeb)dz.
0

Dividing of the inequality by [ L(z° + ze®b)dz, we obtain
0

In |F(2° + ¢rb)| < In Q,0(rp)

v <+ + (1 +&)max{1,C}(p+1).
JL(2° + zeb)dzr [ L(2° + zeb)dx
0 0
Thus, for all z € B and 6 € [0, 27] we obtain an estimate
0 4 ,if

. @I lTn|F(z + e"rb)|

204ret?b|—1
JI(

<max{1,C}(p+1). O
29 + zeb)dx
0
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Remark 2.3. Note that condition (2.2) means that

OB ()]
Lrt1(z)
_ 5T F(2)] OhF(2)] |
=(p+1)- & -|—b1)!LP+1(z) <@+ 1)!Cmax{ k!bLk(z) 0<k Sp} <
i
<(p+1)!C-max{k1:!:0<k<p}~max{|azf((j))|:0<k<p}<
FE(z
S(erl)!C’maX{w:nggp}.

Hence, by Lemma 2.1 we have

o 1 FO i0b
T n|F(z° 4 e¥rb)|

i r _
|20+7eifb|—1 fL(zO + :cewb)dx
0

<max{1,C(p+ 1)'}.

Since ¢(p+1)! > ¢(p+1) for p > 1, we see that Lemma 2.2 does not imply growth esti-
mate of Lemma 2.1. Clearly, Lemma 2.1 does not imply Lemma 2.2 as well. Therefore,
we need both Lemma 2.1 and Lemma 2.2.

3. Growth and bounded L-index in direction of analytic solutions of
partial differential equations

Using proved lemmas we formulate and prove propositions that provide growth
estimates of analytic solutions of the partial differential equation

a0(RFE) + () 2 ()P G) = hee) (31)

Let us denote QW (B") = Qp(B™) N Wy (B™).
Theorem 3.1. Let L € QWy(B"), functions go, g1,.., gp, and h be analytic in the

unit ball and there exists R € [0,1) such that for all z € B", |z| > R, the following
conditions hold

1) 1g;(2)] < m; L7 (2)|go(2)| for L < j < p;
2) [0bg;(2)| < Mj - L7+ (2)|go(2)| for 0 < j < p;
3) [Ouh(2)| < M - L(z) - |h(2)],

where m; and M are nonnegative constants and M; are positive constants. If an
analytic function F : B™ — C satisfies equation (3.1) and Vz € B", |z| < R,

F(z+1tb)#0
then F has bounded L-index in the direction b and for all 2° € B", 6 € [0, 27]
0 if
Trm 111 |F(2” 4 e"rb)|
[z0+reifb|—1 fL(ZO —|—t67’0b)dt
0

< max{1,C}, (3.2)
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where
p
Z + (M +1) Zm]—I—M
j=1 j=1

Proof. First, we note that the second condition of the theorem with 7 = 0 implies
that

go(z) # 0 for z € B", |z| > R.

Taking into account that the function F(z) satisfies equation (3.1), we calculate the
derivative in the direction b for this equation

p
90(2)00 F(2) + Z Obgj(2) - 0y T F(z) + Zgj(Z)aﬁ_JHF(ZH
j=1

+Zg] )P TITR(2) = Buh(2). (3.3)

Using the third condition of the theorem, we obtain

p

|0bh(2)| < ML(2)h(z) < ML(2) Y _ |g;(2)]

Jj=0

8€_jF(z)‘ . (3.4)
By (3.3)

8ﬁ+1F(z):gotz) Ouh(z) =Y Obgi(2) - O F(z Z 2)OL TR (2)
3=0 =

(3.5)

Putting in the first condition of the theorem mg = 1, from (3.5) in view of the second
condition we obtain

gol\z

o P(z)| < t) ML(z)Zp:|gj )| |op 7 F (= ‘+Z\abgj
j=0

ag—j“F(z)] <

or~ F(z)] +

) _ijmz)

R IF ()| + Zm]U

p
Y ML (z) aﬁ*j“F(z)‘.
j=0
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Dividing this inequality by LP*!(z), we obtain

b
Lrti(z)

p
1
7=0

p p
i 1 _
=1

p P
= (M+1)ij+ZMj+M max{ ’8b ‘ 0<k‘<p}
j=1 3=0

for all z € B", |z| > R.
Thus, by Lemma 2.1 estimate (3.2) holds, and by Corollary 1.3 the analytic
function F(z) is of bounded L-index in the direction b. O

In the case when equation (3.1) is homogeneous (h(z) = 0), the previous theorem
can be simplified.

Theorem 3.2. Let L € QWy(B™), functions go, g1, .., gp be analytic in the unit ball
and there exists R € [0,1) such that for all z € B", |z| > R, one has |g;(z)| <
m;L7(2)|go(2)| for 1 < j < p, where m; are some nonnegative constants. If an analytic
function F' : B — C satisfies equation (3.1) with h(z) = 0 and Yz € B", |z] < R,
F(z+1tb) # 0 then F(2) is of bounded L-index in the direction b and for all 2° € B,
6 € [0, 2]

T 1:1 |[F(2° + erb)|
|20+reifb|—1 fL(ZO —|—tei€b)dt

0

p
< max 1,ij . (3.6)
j=1

P :
Proof. Equation (3.1) implies go(2)0h F(z) = — Y g;(2)0L 7 F(z). Then
j=1

p .
()| OGP () < 3oy )] 277 F ().
Jj=

Dividing the obtained inequality by go(z)LP(z) and using assumptions of the theorem
by the functions g;(z), we obtain

1
Lr(z)

(2) 1

Z

P
ap JF ‘ z::

j=1

x |00~ TR (2 ‘ zp: max{

z)\:0<k<p—1}.
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Thus, all conditions of Corollary 1.3 are obeyed. Hence, the function F' is of bounded
L-index in the direction b and by Lemma 2.1 estimate (3.6) is true. O

Moreover, using Corollary 1.3 and Lemma 2.2 we can complement two previous
Theorems 3.1 and 3.2 by propositions, that contain growth estimates, which can
sometimes be better than (3.6) and (3.2). Two following theorems have similar proofs
as in Theorems 3.1 and 3.2.

Theorem 3.3. Let L € QWy(B"), functions go, 91,.., gp, and h be analytic in the
unit ball and there exists R € [0,1) such that for all z € B™, |z| > R, the following
conditions hold

L 1g5(2)] < myLi(2)]go()] for 1 < j < ps
2. 189 (2)| < M; - L*1(2)|go(2)| for 0 < j < p;
3. |Oph(2)] < M - L(z) - |h(2)],

where m; and M are nonnegative constants and M; are positive constants. If an
analytic function F : B™ — C is a solution of equation (3.1) and Vz € B™, |z| < R,
F(z+tb) # 0 then F(z) is of bounded L-index in the direction b and for all 2° € B,
6 € [0, 2]
T 1:1 |F(2° + e'rb)|
|20+reifb|—1 fL(ZO —I—tewb)dt
0

<max{p+1,2(M + 2)M*}, (3.7)

where M* = max{1,m;, M;}.

Proof. First, we note that the second condition of this theorem when j = 0 implies
that go(2) # 0 for z € B", |z| > R, because in this case we have

0g0(z)
Ob

< MoL(2)go(2)-

Since the function F(z) satisfies the equation (3.1), then we calculate a derivative of
this equation in the direction b:

go(z)8€+1F(z) + Z M@ﬁ_jF(z) + Zgj(z)ﬁﬁ_jHF(z)-i-
j=0 j=1

+Y gy R = 2

(3.8)
Using the third condition of this theorem, we obtain

B6h(2)] < ML)[A()| < ML) Y ls ()| |05 F ()]
j=0
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From (3.8) it follows

9o(2)

OHF(z) = —— (abh(z) =S Ongi(2) O (s Z )ap IR z)) .
=0

(3.9)

Putting in the first condition of this theorem mgy = 1, with (3.9) in view of the second
condition we obtain

3p+1Fz‘<
’b () |gOZ

& (Muz)imj |or 2 r)| + Zwbgj
j=0

< |0 ()| + Zlgg )l |op 7 F Z‘)<MZLJQJ(93£)IX

. 1 j —J
) LI+ (2) or~ JF ‘+Z‘3bg] WLJH(Z) oy JF(Z)’—F
+i l9;(=)| 1 Li(z) apfjHF(z)’ < Mim»y“(z) 8”’jF(z)‘+
g T 1% =t ’
p
+ZMij+l( )|or- JF ‘+ZmJLJ )|or- J-‘rlF( )‘ <

Jj=0

< M* ((M+1 ZLJ“ ZLJ ())

ZLJ+1

(2)] +

= M* ((M+1 > Lt(2)

7=0

+LPH(2)|F(2)]) < M* ((M+ 2)ZLJ'+1(Z) I F(z) ) )

3=0
We divide the obtained inequality by (p + 1)!LPT1(z)

1 1

m 6§+1F(z)‘SM*(M+2)Zm 8€_jF<Z)‘X
— ) _ 2M*(M* +2 1
X&)Q&S (;Jrl) >max{k,Lk |05 F(2)| : 0<k<p}
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because
ZP: — ) 0!+1!+2!+3!+~--+p!_2-1!+2!+3!+4!+-~-+p!_
= (p+1) (p+ 1) - (p+1)! -
2204243 44l pl 2314445
a (p+1)! - (p+1)! -
2.4 4+5l+---+pl  2.514...p 2p! 2
< < < = . (3.10)
(p+1)! (p+1)! (p+1! p+1

Hence, by Corollary 1.3 the function F' has bounded L-index in the direction b,
because

ol

p+1 * % 1 p—j
T 08T @] < M W*”Zm(@b F(:)| <

<2M*(M—|—2)max{ |8b z)] : 0<k<p}
And by Lemma 2.2 corresponding estimate (3.7) holds. O

Theorem 3.4. Let L € QWy(B™), functions go, g1, .., gp be analytic in the unit ball
and there exists R € [0,1) such that for all z € B", |z| > R, one has

l95(2)] < m;L7 (2)lgo(2)| for 1 < j < p,

where m; are some nonnegative constants. If an analytic function F : B™ — C satisfies
equation (3.1) with h(z) = 0 and Vz € B", |z| < R, F(z + tb) # 0 then F(z) is of
bounded L-index in the direction b and for all z° € B", 0 € [0, 27]

In |F(z° + erb)|
eI (20 4 teifb)dt
0

< max{p,2M*}, (3.11)

where M* = max{l,m;}.

Proof. The proof of this theorem is similar to the proofs of Theorems 3.2 and 3.3. In
particular, from equation (3.1) with h(z) = 0 it follows that

90(2)p F(2) Zg] )L F(2) |

then

90(2) 1EF(2)] < 3 lgs(2)| [ F () (3.12)

j=1
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Dividing the obtained inequality by |go(z)|LP(z) and using the conditions of this
theorem for functions g;(z), we obtain

() |OpF(2)] < Z

x’@l’;_ﬂF(z)‘ SijmaX{W:OSkgp—l}.

j=1
Thus, by Corollary 1.3 the function F' is of bounded L-index in the direction b. We

show that conditions of Lemma 2.2 are satisfied. Dividing inequality (3.12) by p!LP(z),
we obtain

|ObF(2) P
|LP Z z_:
06 F(2)]

-j (p—3)!
x [OF JF(z)‘<maX{kM:0<k<p—l}Z;mj o <
o

Z

1 D—Jj - m; (p—j)! 1
oo % PO X T e e

Z

J=

p Y| k

= p! EILk(z)

2M* |OFF(2)]
< 0<kE<p— .
= aX{K!Lk(z) Oskzp-1

In the proof of this estimate we used an inequality (3.10), which was obtained in
the proof of Theorem 3.3. Thus, by Lemma 2.2 the corresponding estimate (3.11)
holds. d

Remark 3.5. The conditions in Theorems 3.1-3.4 imposed by the coefficients of equa-
tions are easy satisfied because there is some freedom to choose a function L. In the
worst case we can choose the function L as an iterated exponential function in this
form Aexpk(l%‘z‘), where expy, () = exp(expy_q(t)), A > 0 is sufficiently big number
and k is integer number depending on the growth of coefficients g;(z) and h(z). For
example, in Theorem 3.1 this number & can be chosen such that (|g;(2)|/|go(2)])'/7 =
Olexpy(12) for 1< j < p, (1695 (2)|/I90(2) )V G+ = Oexpy (127) for 0 < j < p
and |Oph(2)|/|h(2)| = O(expk(l_1 )as|z| = 1-0.

2]

Example 3.6. Let us consider the following third order partial differential equation
from [7]:
OPF = 2(mhy 29 + Thy 21 )Of F+

47Tb1b2 (7Tb12,’2 + 7Tb221)
cos? mzy 29

2
' <(7rb122 + mhaz) F (3.13)

5 + 27wb1 by tan 7T2122> OpF'—
cos? 2129
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where b = (by,by) € C?\ {0}. It is easy to check that conditions of Theorem 3.2 are
satisfied for this equation and for the functions
|b12’2 —+ b22’1| —+ 1

Lz, 2) =
G12) = T = el

in the unit ball. Therefore, by Theorem 3.2 every analytic solution of equation (3.13)
has bounded L-index in the direction b and its growth is described by estimate (3.6).
Namely, the function F'(z1, z2) = tan(mz;122) has the bounded L-index in this direction
because the function F is analytic solution in B? of equation (3.13).
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Abstract. This paper deals with a class of p(x)-Kirchhoff type problems involv-
ing the p(z)-Laplacian-like operators, arising from the capillarity phenomena,
depending on two real parameters with Dirichlet boundary conditions. Using a
topological degree for a class of demicontinuous operators of generalized (Sy),
we prove the existence of weak solutions of this problem. Our results extend and
generalize several corresponding results from the existing literature.
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1. Introduction

The study of differential equations and variational problems with nonlinearities
and nonstandard p(z)-growth conditions or nonstandard (p(z), ¢(x))— growth condi-
tions have received a lot of attention. Perhaps the impulse for this comes from the new
search field that reflects a new type of physical phenomenon is a class of nonlinear
problems with variable exponents (see [26]). The motivation for this research comes
from the application of similar models in physics to represent the behavior of elasticity
[34] and electrorheological fluids (see [30, 32]), which have the ability to modify their
mechanical properties when exposed to an electric field (see [3, 4, 7, 11, 15, 27, 28, 29]),
specifically the phenomenon of capillarity, which depends on solid-liquid interfacial
characteristics as surface tension, contact angle, and solid surface geometry.
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Let Q be a bounded domain in RY(N > 1) with smooth boundary denoted by
0Q, a € L>*(Q), p(x),k(xr) € C4 (), and let x and X be two real parameters.

In this article, we consider a class of p(x)-Kirchhoff type problems involving the
p(z)-Laplacian-like operators, originated from a capillarity phenomena, depending on
two real parameters with Dirichlet boundary conditions of the following form:

~M(C(w)) (Bfyu = [ul72u) + afw) ul* -2y

=pg(z,u) + A f(z,u,Vu) in Q, (1.1)
u=20 on 0,
where
p(x) / 2p(z) p(z)
C(u) := / [Vl + V14 [Vl + [ul dx,
Q p(z)
and

|Vu|2p(m)_2Vu)
V1 + [Vu|2r=)

is the p(x)-Laplacian-like operators, g : @ x R — R and f : Q@ x R x RV — R are
Carathéodory functions that satisfy the assumption of growth, and
M :RT — R is a continuous function.

Problems related to (1.1) have been studied by many scholars, for example, Ni
and Serrin [20, 21] considered the following equation

- div(\/lfuw) = f(u) inRY. (1.2)

) is most often denoted by the specified mean cur-

A~ YU = div(|Vu|p(£)_2Vu +

p(z

Vu

V14 [Vul?
vu . .
vature operator and Vv is the Kirchhoff stress term.

?Elliptic boundary value problems” involving the mean curvature operator play
apivotal role in the mathematical analysis of several physical or geometrical issues,
such as capillarity phenomena for incompressible or compressible fluids, mathematical
models in physiology or in electrostatics, flux-limited diffusion phenomena, prescribed
mean curvature problems for Cartesian surfaces in the Euclidean space: relevant ref-
erences on these topics include [8, 9, 13, 14].

In the case when M(C(u)) =1, p=a=0, >0, f independent of Vu and
without the term |u[P(*)~2u, we know that the problem (1.1) has a nontrivial solutions
from [31].

For M(C(u)) =1, k(z) = p(x), 0 >0, A >0, a € L>*(Q) with essinfqa > 0
and f independent of Vu, Afrouzi et al. [5] established some new sufficient conditions
underwhich the problem (1.1), under Neumann boundary condition, possesses infin-

itely many weak solutions. Their discussion is based on a fully variational method
and the main tool is a general critical point theorem.

The operator —div(
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Note that, in the case when

p(x)

p(z)
Clu) = /Q %dm, AL u=Dpyu = div(|vu|P<I)*2Vu),

pw=a=0,\=1, f independent of Vu and without the term |u[?(*)=2y, then we
obtain the following problem

|Vu[P) )
-M ———dz )| Appu = f(xz,u) in Q,
( o p) ) P flaw) (1.3)

u =0 on 012,

which is called the p(z)-Kirchhoff type problem. In this case, Dai et al. [10], by a direct
variational approach, established conditions ensuring the existence and multiplicity of
solutions to (1.3). Furthermore, the problem (1.3) is a generalization of the stationary
problem of a model introduced by Kirchhoff [17] of the following form:

Ou (po E La“f x)azuzo, (1.4)

Porr ~\'n 2L ), oz Oa?

where p, po, h, E/, L are all constants, which extends the classical D’Alembert’s wave
equation, by considering the effect of the changing in the length of the string during
the vibration.

Lapa et al. [19] showed, by using a Fredholm-type result for a couple of nonlinear
operators, and the theory of variable exponent Sobolev spaces, the existence of weak
solutions for the problem (1.1), under no-flux boundary conditions, in the case when
pw=a=0,A=1and f independent of Vu.

In the present paper, we will generalize these works, by proving the existence
of a weak solutions for the problem (1.1). Note that the problem (1.1) has not a
variational structure, so the most usual variational methods can not used to study
it. To attack it we will employ a topological degree for a class of demicontinuous
operators of generalized (S4) type of [6].

2. Preliminaries

In the analysis of problem (1.1), we will use the theory of the generalized

Lebesgue-Sobolev spaces LP(®) (Q) and Wo*™ (Q). For convenience, we only recall
some basic facts with will be used later, we refer to [12, 18, 22, 25, 23, 24] for more
details.

Let © be a smooth bounded domain in RY (N > 1), with a Lipschitz boundary
denoted by 9. Set

Cy () = {p :p € C(Q) such that p(z) > 1 for any x € ﬁ}
For each p € C4(Q), we define

pt = max {p(a:)7 T e ﬁ} and p~ := min {p(x), T € ﬁ}
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For every p € C(Q), we define
LP@(Q) = {u : Q — R is measurable such that / Ju(z)|P@dx < —I—oo},
Q

equipped with the Luxemburg norm

[u|p(z) = 1nf{)\ >0: pp(z)(A> < 1}
where
Py (U / lu(z)|P@dz, ¥ u e LP@(1Q).

Proposition 2.1. [12] Let (u,) and u € LP*)(Q), then

[ulp(z) < l(resp. =1;> 1) S ppay(u) < 1<resp. =1;> 1), (2.1)
oy > 1= 1l < (@) < (22)
ey <1 = [l < ooty () < full (23
nh_}m [t — tlpey =0 < nh—>H;o Pp(z) (un - u) =0. (2.4)
Remark 2.2. According to (2.2) and (2.3), we have
lulp@) < Pp(a) (1) +1, (2.5)
pp(ay (w) < [ulb )+ [u Ip(z (2.6)

Proposition 2.3. [18] The space (LP(“")(Q), |'|p(7;)> is a separable and reflexive Banach
spaces.
Proposition 2.4. [18] The conjugate space of LP*)(Q) is L' (®)(Q) where
1 n 1
p(z)  p'()
for all z € Q. For any u € LP®)(Q) and v € Lpl(m)(ﬂ), we have the following Holder-
type inequality

| [ o o] < (5= + =)l ol < 2l ol (2.7)

Remark 2.5. If p;, po € C(Q) with pi(z) < pa(x) for any = € Q, then there exists
the continuous embedding LP2(®)(Q) — LP*(#)(Q).

Now, let p € C(Q) and we define W) (Q) as
Wir@)(Q) = {u € LP@)(Q) such that [Vu| € LP@) (Q)},

equipped with the norm
Hu” = |u‘p(x) + |vu‘p(x)~

We also define Wol’p(m) (Q) as the subspace of W'P(*)(Q), which is the closure of
C§°(£2) with respect to the norm || - ||.
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Proposition 2.6. [12] If the exponent p(x) satisfies the log-Hélder continuity condition,

i.e. there is a constant a > 0 such that for every x, y € Q, x # y with |z — y| < 3
one has
a

lp(z) — p(y)| < (2.8)

~ —loglz —y|’
then we have the Poincaré inequality, i.e. there exists a constant C > 0 depending
only on Q and the function p such that

|U,‘p(z) < C|Vu|p(w), Vue Wol’p(z)(Q). (2.9)

In this paper we will use the following equivalent norm on WO1 P (z)(Q)

|u|17p(m) = ‘vu‘p(xﬁ
which is equivalent to || - ||.
Furthermore, we have the compact embedding Wol’p(m)(Q) s LP@)(Q)(see [18]).

Proposition 2.7. [12, 18] The spaces (Wol’p(m)(ﬂ), |-|1,p(m)) and (Wol’p(m)(Q), |-|17p(x))
are separable and reflexive Banach spaces.

Remark 2.8. The dual space of Wol’p(x)(ﬂ) denoted W12 (#)(Q), is equipped with
the norm

N
|| -1,p () = Inf {\u0|p'(x) +> |ui|p’(m)}a
i=1

where the infinimum is taken on all possible decompositions ©v = ug — divF with
up € L@ (Q) and F = (uy, ..., uy) € (LP @ (Q))N.

3. A review on the topological degree theory

Now, we give some results and properties from the theory of topological degree.
The readers can find more information about the history of this theory in [1, 2, 6, 16].

In what follows, let X be a real separable reflexive Banach space and X* be
its dual space with dual pairing (-, -} and given a nonempty subset © of X. Strong
(weak) convergence is represented by the symbol — (—).

Definition 3.1. Let Y be real Banach space. A operator F': 2 C X — Y is said to be:

1. bounded, if it takes any bounded set into a bounded set.

2. demicontinuous, if for any sequence (u,) C €2, u,, — w implies that F(u,) —

3. compact, if it is continuous and the image of any bounded set is relatively com-
pact.

Definition 3.2. A mapping F' : Q C X — X* is said to be:

1. of type (S4), if for any sequence (u,) C Q with w,, — v and

lim sup{Fuy,, v, —u) <0, we have u,, — u.
n— oo
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2. quasimonotone, if for any sequence (u,) C 2 with u,, — u, we have
lim sup(Fuy, u, —u) > 0.

n—0o0

Definition 3.3. Let T': 2; C X — X™ be a bounded operator such that Q C €. For
any operator F':  C X — X, we say that

1. F of type (S4)r, if for any sequence (u,) C  with u,, — u,
Yn = Tup, — y and limsup(Fu,, y, —y) <0, we have u, — u.

n—00

2. F has the property (QM)r, if for any sequence (u,) C Q with u, — wu,
Yn = Tu, — y, we have lim sup(Fu,,y — yn) > 0.

n—oo

In the sequel, we consider the following classes of operators:

Fi(2) := {F : Q — X*: F is bounded, demicontinuous and of type (S+)},
Fr.g(Q) = {F :Q — X : F is bounded, demicontinuous and of type (S+)T},

Fr(Q) := {F : Q0 — X : Fis demicontinuous and of type (S+)T}7

for any Q C D(F'), where D(F') denotes the domain of F, and any T € F;(2).
Now, let O be the collection of all bounded open sets in X and we define

F(X) = {F ceFr(E): E€O, Te fl(E)},
where, T € F;(E) is called an essential inner map to F.

Lemma 3.4. [16, Lemma 2.3] Let T € F1(E) be continuous and S : D(S) C X* — X

be demicontinuous such that T(E) C D(S), where E is a bounded open set in a real
reflexive Banach space X . Then the following statements are true:

1. If S is quasimonotone, then I + S oT € Fr(E), where I denotes the identity
operator. o
2. If S is of type (S4), then SoT € Fr(E).

Definition 3.5. Suppose that F is bounded open subset of a real reflexive Banach space
X, T € Fi(E) is continuous and F, S € Fr(FE). The affine homotopy #H : [0,1] x E —
X defined by

H(t,u) := (1 —t)Fu+tSu, forall (t,u)€[0,1]xE

is called an admissible affine homotopy with the common continuous essential inner
map T

Remark 3.6. [16, Lemma 2.5] The above affine homotopy is of type (S ).
Next, as in [16] we give the topological degree for the type F(X).
Theorem 3.7. Let
M={(F,E.h): E€O,TeF(E) FeFrpE), h¢FOB)},

then, there exists a unique degree function d : M — 7Z that satisfies the following
properties:
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1. (Normalization) For any h € E, we have d(I,E,h) = 1.

2. (Homotopy invariance) If H : [0,1] x E — X is a bounded admissible affine
homotopy with a common continuous essential inner map and h : [0,1] — X is
a continuous path in X such that h(t) € H(t,0F) for all t € [0,1], then

d(H(t,-), E,h(t)) = const for all t € [0,1].
3. (Existence) If d(F, E, h) # 0, then the equation Fu = h has a solution in E.
Definition 3.8. [16, Definition 3.3] The above degree is defined as follows:
d(F,E,h) = dp(F|g,, Eo, h),

where dp is the Berkovits degree [6] and Eq is any open subset of E with F~1(h) C Ey
and F is bounded on Ej.

4. Existence of weak solution

In this section, we will discuss the existence of weak solutions of (1.1).
We assume that Q@ C RY (N > 1) is a bounded domain with a Lipschitz boundary
09, p € C,.(Q) satisfy the log-Hélder continuity condition (2.8), a € L>®(Q), k €
Ci(Q) with 1 < k- < k(z) <kt <p ", M:RT - RT g: QxR — R and
f: QxR xRY — R are functions such that:
(A;1). f is a Carathéodory function.
(As). There exists ¢ > 0 and y € LP ) (Q) such that

(2, ¢,8)| < o(y(z) + |¢[1 7 + |glat=T),

(A3). g is a Carathéodory function.
(A4). There are 0 > 0 and v € L' (*)(Q) such that

l9(z,¢)] < o(v(@) + ¢,
for a.e. z € Q and all ((,€) € R x RY, where ¢, s € C;.(Q) with
l1<qg <gqx)<qt<p and1<s <s(z)<st <p .

(Mp). M : [0,400) — (mg,+00) is a continuous and increasing function with
mg > 0.

Remark 4.1. e Note that, for all u,v € Wol’p(x)(Q)

M(C(u)) / <(|Vu|p(w)72Vu + w)V@ + u|P®) =2y v)dx
Q

V14 |Vufr@
is well defined (see [19]).

o a(x)|u/"® 2y, pg(z,u) and A f(z,u, Vu) are belongs to L' *)(Q) under u €
WO1 P (I)(Q)7 the assumptions (Az2) and (A4) and the given hypotheses about the
exponents p, k,q and s because:

v e LX@(Q), ve @), r(z) = (g(z) — D' (x) € C4(Q)
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with r(x) < p(z), B(z) = (k(z) — 1)p'(z) € C4(Q) with B(z) < p(z) and
k(z) = (s(z) — 1)p'(z) € C4+(Q) with k(x) < p(z).
Then, by Remark 2.5 we can conclude that
LP®) ey @) pp@) oy 1B apng LP®) <y @),
Hence, since v € LP(®)(Q), we have
( — a(x)|ul* 20 4 pg(z,u) + X\ f(x,u, Vu))v c L'(Q).

This implies that, the integral

/ ( — a(@)[u)* D20 + gz, u) + X f(z,u, Vu))vdx
Q

exists.

Then, we shall use the definition of weak solution for problem (1.1) in the following
sense:

Definition 4.2. We say that a function u € Wol’p(m)(ﬂ) is a weak solution of (1.1), if
for any v € VVO1 ple) (Q), it satisfies the following:

M(C(u)) / <(|Vu|p("”)72Vu + w)Vu + |ulP®) =2y v)dm
Q

V1+ [Vu|?r=)

= / ( — a(x)|u* P20+ pg(z,u) + X\ f(x,u, Vu))vdx.
Q
Before giving our main result we first give two results that will be used later.

Lemma 4.3. If (My) holds, then the operator T : Wol’p(z)(Q) — WP @)(Q) defined

by
_ Vu|?P(#) =27y _
Tu,v) = M(C Vul|P*) -2y |—v P2 o) de,
(Tu,v) ( (U))/ﬂ((| ul u+ 1+|Vu|2p(w)) v+ |ul uv) z

is continuous, bounded, strictly monotone and is of type (S4).

Proof. Let us consider the following functional:
S
() = M(C()). where M(s) = / M(r)dr,
0

such that M(7) satisfies the assumption (My).

From [19], it is obvious that 7 is a continuously Gateaux differentiable function whose
Gateaux derivative at the point u € Wol’p(r)(Q) is the functional T (u) := J'(u) €
W12 (@)(Q) given by

<Tu,v>:M(C(u))/ (IvuP®-2vu+ V2P @)-27y
Q

V1+ [Vul?r@

for all u,v € Wol’p(x)(ﬂ) where (-, -) means the duality pairing between W~17'(2)(()
and W, 7(Q).

)VU + |uP@ =2y v) dz,
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Hence, by using the similar argument as in the Theorem 3.1. of [19] and in the
Proposition 3.1. of [31], we conclude that 7 is continuous, bounded, strictly monotone
and is of type (S4). O

Proposition 4.4. Assume that the assumptions (A1) — (A4) hold, then the operator
S Wy (Q) » WL ()(Q)
(Su,v) = —/ ( — a(@)ulF® =20 4 gz, u) + X f(z,u, Vu))vd;v,
Q

for all u,v € Wol’p(x)(Q), is compact.

Proof. In order to prove this proposition, we proceed in four steps.
Step 1: Let Uy : W) P (Q) — LV (®)(Q) be an operator defined by

Uu(z) = —pg(z,u).
In this step, we prove that the operator ¥, is bounded and continuous.
First, let u € Wol’p(gc)(Q)7 bearing (A4) in mind and using (2.5) and (2.6), we infer

|\Illu|p/(m) < pp/(r)(\lflu) +1
— [ Inglau@)p @z + 1
Q
= [ 1P @lg(a,uta)P s+ 1
Q
< (P + \ul”ﬂ/ o (@) + Ju @7 )PP 41
Q
const(|u\p/7 + |M|p/+) / (|y(3’;)‘1)/($) 4 |u|ﬂ($))dac +1
Q
’— /+
const<|u\p + [P ) (pp/(:r)(l/) + pn(r)(u)) +1

4 Paa K
const(|u|g($) + |ulf) + |U|n(x)> +1.

N

IN

IA

IN

Then, we deduce from (2.9) and LP(*) — L*(*)  that
I+ ot o
[l (2) < const(|y|z(w) + |u|1¢p(z) + |u|1,p(z)) +1,

that means ¥, is bounded on W&’p(m)(Q).
Second, we show that the operator ¥; is continuous. To this purpose let u, — u
in Wo "™ (Q). We need to show that Wyu, — Uyu in LP'@)(Q). We will apply the
Lebesgue’s theorem.
Note that if w,, — u in Wol’p(z)(Q), then u,, — u in LP®)(Q). Hence there exist a
subsequence (uy) of (u,) and ¢ in LP(*)(Q) such that

ug(z) = u(x) and |ug(z)| < (), (4.1)

for a.e. z € Q and all £ € N.
Hence, from (A3) and (4.1), we have

l9(z, uk(2))] < o(v(@) + |o(x)[*7H),
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for a.e. x € 2 and for all kK € N.
On the other hand, thanks to (As) and (4.1), we get, as k — oo

g(z,up(z)) = g(z,u(z)) ae xz €.

Seeing that

v+ @* @ € IPON(Q) and pp o) (Prug—T1u) = / |9(, un (@) —g(z, u(@))|” da,
Q

then, from the Lebesgue’s theorem and the equivalence (2.4), we have

yuy, — Uyu in LP)(Q),

and consequently
i, — Uu in LY O(Q),

that is, ¥ is continuous.
Step 2: We define the operator ¥ : Wol’p(m)(ﬂ) — LP'@(Q) by

Wou(z) := a(z)|u(z)|*®~2u(z).

We will prove that U5 is bounded and continuous.
It is clear that W5 is continuous. Next we show that W5 is bounded.

Let u € Wol’p(z)(Q) and using (2.5) and (2.6), we obtain
(Wottlp (z) < ppr () (Pou) +1
= /Q la(z)|uF®) 2P O dg 4 1
:/ (@) [P/ @) [ K@ =DP @) gy 41
Q

<ol ey [ "z +1

= llall < (o3t (@) + 1

= ||“||§,w<n>(|“|g(_x> + |“|§<+z>) +1.
Hence, we deduce from LP(®) < LA(*) and (2.9) that

|Wotu]p (z) < const(\u|f;)(w) + ‘“ﬁ;m) +1,

and consequently, ¥y is bounded on VVO1 P (I)(Q).
Step 3: Let us define the operator W5 : Wy '™ (Q) — L' @) (Q) by

Usu(z) := =X f(x,u(z), Vu(z)).
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We will show that W3 is bounded and continuous.
Let u € Wol’p(m)(ﬂ). According to (Az) and the inequalities (2.5) and (2.6), we obtain

|\I/3u|p,($) S pp/(a;)(\llzgu) +1
- / A f( u(z), Vu(@)P @ dz + 1
Q

- / AP @] (2, ule), Vu(@) P ©de + 1
Q

IN

(™ + 14 [ To(3(0) + e 4 19upte ) P O 1

IN

const(w" +|A|p’+)/ (w(xnp’(@+|u|r<w>+|vu|’“<x>)dx+1
Q

IA

’— 1+
const (INF™ + ™) () (9) + oty () + pray (V) +1

I+ et — + _
00”5t<|7|§(1) + |ulr ey + luly@ + [Vulye) + |V“\:(m)) + 1.

A

Taking into account that LP(®) — L") and (2.9), we have then
1+ 7‘+ r
|Waulp () < CO”“(W@(I) + |ulf py + |u‘1,p(m)> +1,

and consequently W3 is bounded on VVO1 P (‘T)(Q).
It remains to show that W3 is continuous. Let u,, — v in I/Vol’p(x)(Q), we need to show
that WUgu, — Ugu in LP' () (Q). We will apply the Lebesgue’s theorem.
Note that if u, — u in W™ (Q), then u, — w in LP®)(Q) and Vu, — Vu
in (LP®)(Q))N. Hence, there exist a subsequence (u) and ¢ in LP(*)(Q) and 1) in
(LP®)(Q))N such that
ug(z) = u(z) and Vug(z) = Vu(z),
uk(2)] < ¢(z) and [Vur(z)| < |i(2)],
for a.e. x € 2 and all kK € N.
Hence, thanks to (A1) and (4.2), we get, as k — oo

flz,up(x), Vur(x)) = f(z,u(z), Vu(zr)) ae x €.
On the other hand, from (A3) and (4.3), we can deduce the estimate
|f (@, ur(z), Vur(@))] < o(y(@) + |o(@)[ 1O + ()| ),

for a.e. z € Q and for all £ € N.
Seeing that

—~
w N
= =

TG + () 10T € L) (@),
and taking into account the equality
Py () (Psu — Wgu) = / | (@, un (@), V(@) = f (@, u(z), V(@) P dz,
Q
then, we conclude from the Lebesgue’s theorem and (2.4) that

Waup — Ysu in Lp,(x)(ﬂ),
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and consequently
Wsu, — Ugu in LP O(Q),

and then W3 is continuous.
Step 4: Let I* : LP'(®)(Q) — W~ (#)(Q) be the adjoint operator of the operator
1: WP (@) — Lr)(Q).
We then define

I oWy - WP (Q) » w1 @ (@),

I o Wy : Wy PP (Q) — wLr'(®)(Q),
and

I oWy : Wy (Q) — W' @)(Q).

On another side, taking into account that I is compact, then I* is compact. Thus,
the compositions I* o Wy, [* o Uy and I* o U3 are compact, that means

S:I*O\IJ1+I*O\I/2+I*O\I]3
is compact. With this last step the proof of Proposition 4.4 is completed. O

We are now in the position to give the existence result of weak solution for (1.1).

Theorem 4.5. Assume that (A1) — (A4) and (My) hold, then the problem (1.1) admits
at least one weak solution u in Wol’p(z)(ﬂ).

Proof. We will reduce the problem (1.1) to a new one governed by a Hammerstein
equation, and we will apply the theory of topological degree introduced in Section 3.
For all u,v € Wol’p(x)(Q), we define the operators 7 and S, as defined in Lemma 4.3
and Proposition 4.4 respectively,

T WP Q) — WP ()()

(Tu,v) = M(c(w) / (G Vur@ 27y
Q

V 1+ |Vul?r)

)VU + |uP@ =2y U) dx,
and
S WP (Q) — WP () ()
(Su,v) = —/ ( — a(@)[ul*® =20 4 pg(x,u) + X f(z,u, Vu))vdx.
Q
Consequently, the problem (1.1) is equivalent to the equation

Tu+Su=0, ueWy? Q). (4.4)

Taking into account that, by Lemma 4.3, the operator 7 is a continuous, bounded,
strictly monotone and of type (S;.), then, by [33, Theorem 26 A], the inverse operator

L:=T 1w @) » wyP@(q),

is also bounded, continuous, strictly monotone and of type (S5 ).
On another side, according to Proposition 4.4, we have that the operator S is bounded,
continuous and quasimonotone.
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Consequently, following Zeidler’s terminology [33], the equation (4.4) is equivalent to
the following abstract Hammerstein equation

u=Ly and v+SoLv=0, ue Wol‘p(z)(Q) and v e WL @)(Q), (4.5)

Seeing that (4.4) is equivalent to (4.5), then to solve (4.4) it is thus enough to solve
(4.5). In order to solve (4.5), we will apply the Berkovits topological degree introduced
in Section 3.

First, let us set

Bi={vew Q) 31 e 0,1] such that v+tSo Ly =0},

Next, we show that B is bounded in € W‘l’p,(’”)(ﬂ).
Let us put u := Lo for all v € B.
Taking into account that |Lv|; p) = [Vulp(s), then we have the following two cases:

First case: If [Vu|,(,) < 1, then [Lv|; ;) < 1, that means { Lv : v € B} is bounded.

Second case: If |Vul,,) > 1, then, we deduce from (2.2), (A2) and (A4), the inequal-
ities (2.7) and (2.6) and the Young’s inequality that

= —t(So Lv, Lv)

= t/ ( — a(@)[ulF® 20 4 g, u) + A f(x,u, Vu))udx
Q
< tmax(|all oy, o1, o) (o (0 + [ (@utolde + [ [y(epu(o)lda

+ Ps(a) (W) + Pg(z)(u) + / |Vu|q(x)—1|u|dm)
Q
_ N o .
< Con5t<|u"1:(z) + |u|£ (z) + |V‘p’(r)|u‘p(m) + |'Y|p’(m)|u|p(x) + |u‘s(a:) + |u‘s(x)
1 1
iy + Il + =Py (V) + —_pq@ (w))

- +
< const(wk(w)+|u|m>+|u|p<x)+|u\9<x  Juls oy + [ullyy + ulle + 19U, ),

q(z)

then, according to LP(*) < LF@)  [p() y [5) and [Py [4®) ) we get
- + st +

Lo} iy < const<|£v|lf7p(w) + L)1 p) + L] iy + |£’U|l{,p(x)),

what implies that {Lv ve B} is bounded.

On the other hand, we have that the operator is S is bounded, then So Lv is bounded.
Thus, thanks to (4.5), we have that B is bounded in W1 (#)(Q).



364 M. ElI Ouaarabi, H. El Hammar, C. Allalou and S. Melliani

However, 3 a > 0 such that
V|1 pr(z) < a forall vebB,

which leads to
v+tSoLv#0, vedB,(0) and ¢t € [0,1],

where B,(0) is the ball of center 0 and radius a in W= (#)(Q).
Moreover, by Lemma 3.4, we conclude that

I+SoLeFr(B,(0) and I =T oL € Fr(B,(0)).

On another side, taking into account that I, S and £ are bounded, then I + S o L is
bounded. Hence, we infer that

I+SoLeFrp(By(0) and I =T oL € Fr p(B,(0)).
Now, we define the homotopy H : [0,1] x B, (0) — W12 @) (Q) by
H(t,P) =19 +tS o LO.

Applying the homotopy invariance and normalization property of the degree d seen
in Theorem 3.7, we have

d(I + 8 0 £,B4(0),0) = d(I, B,(0), 0) =1 # 0.

Since d(I—l— SoL,B,(0), O) = 0, then by the existence property of the degree d stated
in Theorem 3.7, we conclude that there exists ¥ € B,(0) which verifies

(I+S0L)#) =0 0+80Ld=0ToLd+SoLd=0.

Hence, we conclude that u = Lv is a weak solutions of (1.1). The proof is completed.
O
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Invariant regions and global existence of
uniqueness weak solutions for tridiagonal
reaction-diffusion systems

Nabila Barrouk, Karima Abdelmalek and Mounir Redjouh

Abstract. In this paper we study the existence of uniqueness global weak solu-
tions for m X m reaction-diffusion systems for which two main properties hold:
the positivity of the weak solutions and the total mass of the components are
preserved with time. Moreover we suppose that the non-linearities have criti-
cal growth with respect to the gradient. The technique we use here in order to
prove global existence is in the same spirit of the method developed by Boccardo,
Murat, and Puel for a single equation.
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diffusion systems, invariant regions, matrice of diffusion.

1. Introduction

In [26, 27], the authors obtained a global existence of solutions for the coupled semi-
linear reaction-diffusion system with diagonal by order 2, and m, triangular, and full
matrix of diffusion coefficients. By combining the compact semigroup methods and
some L' estimates, we show that global solutions exist for a large class of the term
of reaction. In the works [8, 14], we find new developed methods based on truncation
functions, fixed point theorems and compactness, etc to prove establish the existence
of global solutions.
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In the present work we consider the problem
9 — A AU = F (t,2,U,VU) on 0, +00] x

U=0 or %—g =0 on ]0,+oo[ x 99, (1.1)

U (0,2) = U () on Q,

by using a technique based on L!'-estimate we establish a global existence result of
the solution.

We consider the m-equations of reaction-diffusion system (1.1), with m > 2, where Q
is an open bounded domain of class C' in R”, the vectors U, F, Uy and the matrix
A, are defined as:

U = (Ul, e ,Um)T = ((’LLS s 1)Ta
VU = (V’U,l’ .. .,Vum)T - (vus)m )T7
F=(F,....,F,)" = ((F)m)7T,

Uo = (uf, ... up,)" = ((ud)iL))".
ap by 0 0
c1 as by
A, = 0 ¢ a5 . 0 . (1.2)
. b
0 -+ 0 c¢mao1 am

The nonlinearities Fs, 1 < s < m, have critical growth with respect to |VU|, and the
constants (a;)™,, (b;)"7" et (c;)," are supposed to be strictly positive and satisfy
the condition

Vs aia,;_H
m+1) - (bi +ci)? 3
which reflects the parabolicity of the system and implies at the same time that the
diffusion matrix is positive defnite. That means the eigenvalues (X\;):,, (A1 > Ao >
... > Am), of Ay, are positive.
Note that % denotes the outward normal derivative on boundary 0f2.
The initial data are assumed to be in the regions:

cos?(

m . 0=(V,,Up) <0 ifze3
26*3{%6}1{{ ' {w8=<VS7Uo>zo ifse6 [ (14)
where
GN3=¢, 6U3=1{1,2,...,m}.
The notation (.,.) denotes the inner product in R™ and Vi = (vs1,... 7vsm)T the

eigenvector of the diffusion matrix A,, associated with the eigenvalue (As)™ ;. Hence,
we can see that there are 2™ regions.

This work represents a generalization to the parabolic case study did in the elliptic
case (see [7]) for these systems of arbitrary order. This passage in parabolic case,
needs new approaches and also technical difficulties to be overcome. We will explain
in detail here.
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We found a good idea to present our work as follows: we start initially with an
introduction that presents the state of the art of the area studied and some recall the
main results obtained previously. This will highlight the contribution of our work and
its originality. In the second section we give the definition of the notion of solution
used here. We then present the main results of this work. In the last section, we give
the proof of global existence and uniqueness of our reaction-diffusion system. This is
done in three steps: in the first we truncate the system, the latter we give suitable
estimates on the approximate solutions and in the last step we show the convergence
of the approximating system by using the technics introduced by Boccardo et al. [13]
and Dall’Aglio and Orsina [15].

2. Eigenvalues and eigenvectors of the diffusion matrix

The usual norms in the spaces L' (), L* () and C (Q) are denoted respectively

by:
lull, = / fu ()] d,
Q

[ullog = esssupfu(z)] and |lull(q) = max|u (z)].
T€ e

For any initial data in C (€2) or L* () local existence and uniqueness of solutions

to the initial values problem (1.1) follow from the basic existence theory for abstract

semilinear differential equations (see Friedman [16], Henry [17], Pazzy [28]).

Our aim in this section is to get a three term reccurence relation of characteristic
polynomial of matrix A of dimension m X m in terms of matrices of dimensions
(m—1)x(m—1) and (m—2)x(m—2) so the eigenvectors of this matrix. The solutions of
characteristic polynomial det(A,, — Al,,) = 0 are A which represent eigenvalues of the
matrix A,,. We denote the characteristic polynomial of A,,, Ay—1, Am—2 by dm(A),
Om—1(N), Pm—2 (X) respectively.

Lemma 2.1 (See [22]). Let A, be the tridiagonal matriz defined in (1.2), the eigen-
values of Ay, are distinct and interlace strictly with eigenvalues of Ap,_1 for m > 2.
Where

¢0 (A) = 1’ d)l (>‘) =ay — )\, ¢m (>\) - ()\ - am) Qbmfl (>\) - bmflcmflﬁbme ()\) .
(2.1)

Lemma 2.2 (See Andelic and Fonseca [9]). Let A,, be the real symmetric tridiagonal
matriz definied in (1.2), with diagonal entries positive.

If

C082< T )< aiaiHQ,for 1=1,....m—1,
m+1 (bi+ci)

then A,, is positive definite.
We remark that general characterization in terms of the eigenvalues, i.e. A, is
positive definite if and only if all its eigenvalues are positive.
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Lemma 2.3. Let \; for s =1,...,m be the eigenvalues of the tridiagonal matriz A,,.
Then the eigenvectors Vs = (vs1, . . . ,vsm)T associated to \g for s =1,...,m are given
by the following expressions

Vsm = 1,
— As—am
Vs(m—1) = 1 (2.2)
bevg o1y +H(ae—As)vse
Vs(t—1) = — Py 5 €:2,...,m—1

Proof. Recall that the diffusion matrix is positive definite, hence its eigenvalues are
necessarily positive. The eigenvectors of the diffusion matrix associated with the eigen-
values \g are defind as Vi = (vs1,Vs2, - .-, Vsm)? . For an eigenpair (A, Vi), the com-
ponents in A,,V = AV are

ai1v1 + bive = v
Co—1Vo—1 F apvg + bpvgpr = vy, (2<0<m—1)
Cm—1Um—1 + mUm = A\Up,

if v, = 0, the assumption b; # 0, ¢; # 0 for all i = 1,...,m — 1 we said that all vy;
are zero. We can therefore take v,, = 1 and (v, va,...,0,—1) is a solution of upper
triangular system

Co—1Vp—1 + (ag — )\)’U[ + bgvg+1 =0 (2 </l{<m-— 2)
Com—2Um—2 + (amfl - )\)'Um,1 - _bmfl
Cm—1Vm—1 = A — G

the solution of this system is given by

A—Gpm
Um-1 = Cm—T’ m
_ bevgpi+(ae—Nve _
'U[_l—fT, (5—2,,77171)

3. Diagonalizing system (1.1)

Usually to construct an invariant regions for systems such (1.1) we make a linear
change of variables u; to obtain a new equivalent system with diagonal diffusion
matrix for which standard techniques can be applied to deduce global existence (see
1,2, 3,4, 5, 21]).

Let Vi = (vs1, ... ,vsm)T be an eigenvector of the matrix A,, associated with its
eigenvalue (\s)™ ; where Ay > Ay > ... > \,,. Multiplying the k" equation of (1.1)
by (—=1)" Vig, is = 1,2 and k = 1,...,m, and adding the resulting equations, we get

W — diag (M, A2, -, Am) AW = T (t,2, W, VW) on ]0,+oo[ x €,
W=0 or G¥=0 on J0,+oo[ x 99,  (3.1)

W (0,2) = Wy (x) on €,
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where
W= ((w)m)T, YW = (Vu)z)T, w, = (=) V,,U),
U= (W), U= ()" V., F),
Wo = (()m)”,  wd=((~1)" Vo, U), m > 2.

for all i, = {1,2}.

Proposition 3.1. The system (3.1) admits a unique classical solution W on [0, Tiyax) X
Q, where Tyax (Hw?”oo , HwSHOO,..., |w ) denotes the eventual blow-up time.

Furthermore, if Thmax < +00, then

lim Y flws (¢, )| = +oo.
s=1

ml
miloo

t—Tmax

Therefore, if there exists a positive constant C such that
m
Z lws (t,.)||o <C forall te(0,Tax),
s=1

then, Tyax = +00.

4. Statement of the main result
4.1. Assumptions
Let us, now introduce for w? the hypotheses, for all 1 < s <m
(A1) The initial conditions are in 26,57 w?, are nonnegative functions in L' (Q).

The following assumptions are also made on the function ¥ defined by:
U= (W), W= () Ve ), =12,
(A2) ¥, are continuously differentiable on R and U, s = 1,1, are quasi-positives
functions which means that, for s =1, m
[wy >0,...,ws—1 > 0,ws41 >0,...,wy >0],
implies

\Ils (t7$7w17"'aws—hoaws—i-la"'7wmap13"'aps—1707p5+17"'7pm) Z 0.
for all 1 < s <m, (W,p) € (RT)™ x R¥™ and for a.e. (t,z) € Qr

These conditions on ¥ guarantee local existence of unique, nonnegative classical
solutions on a maximal time interval [0, Tinax), see Hollis and Morgan [20].

(A3) The inequality
(S,¥ (t,z, W,VW)) < C, 1+ (W, 1)),

such that
W= (wla"'7wm)a S = (d17d27"'adm71a1)7
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for all ws > 0, s =1,...,m and all constants d; satisfy ds; > ds,s=1,...,m—1,
where C7 > 0 and dg are positive constants sufficiently large.

Under the assumptions (A1)-(A3), the next proposition says that the classical solution
of the system (3.1) remains in 26,3 for all ¢ in [0, Thax)-

Proposition 4.1. Suppose that the assumptions (A1)-(A8) are satisfied. Then for any
Wo in ) s 5 the classical solution W of the system (3.1) on [0, Tinax) X § remains in

> 6.3 for allt in [0, Trax).

(A4) The total mass of the components wy, ..., w,, is controlled with time, which is
ensured by
S W(t,x,W,p) <0, forall 1 <r <m
{ 15;3;11 (W,p) € (RT)" x RN™ and a.e. (t,7) € Qr
T, :]0,T[ x Q x R™ x R™ — R are measurable (4.1)
U, : R™ x R™ — R are locally Lipschitz continuous (4.2)

namely

3 ‘\Ifs(t,z,W,p)*‘I’s (t’x’w’ﬁﬂ

1<s<m

< K@) | Y lws—dsl+ D> s — bl

1<s<m 1<s<m

for a.e. (t,z) and for all 0 < |wg], |[Ws], ||psll, [|Ps]| < 7.

|1 (@, W, VW) < Cr (lwn ) | Fr (t2) + [V [P+ Y ||V | (4.3)

2<j<m
where Cj : [0, +00) — [0, +00) is nondecreasing, Fy € L' (Qr) and 1 < a; < 2

U (6,2, W, VW) < Co | Y wyl | | Bo(ta)+ D (IVuy|® ], 2<s<m
=1 1<j<m
(4.4)
where C; : [0, +00) — [0, +00) is nondecreasing, Fy, € L' (Q7) for all 2 < s < m.

Let us know that if the nonlinearities ¥ do not dependent on the gradient (system
(3.1) is semilinear), the existence of global positive solutions have been obtained by
Hollis et all [18], Hollis and Morgan [19] and Martin and Pierre [25]. One can see
that in all of these works, the triangular structure, namely hypotheses (A4) plays an
important role in the study of semilinear systems. Indeed, if (A4) does not hold, Pierre
and Schmitt [29] proved blow up in finite time of the solutions to some semilinear
reaction-diffusion systems.

Where U = (U1, ¥5) depends on the gradient, Alaa and Mounir [8] solved the problem
where the triangular structure is satisfied and the growth of ¥; and ¥, with respect
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to |Vawy|,|Vws| is sub-quadratic. There exists 1 < p < 2, C : [0,00)° — [0,00)
nondecreasing such that

W]+ [Po] < C (Jwal, [wa]) (1+ [Vwr[” + [Viwa|”)

About the critical growth with respect to the gradient (p = 2), we recall that for the
case of a single equation (d; = dy and ¥y = WU,), existence results have been proved
for the elliptic case in [11, 12]. The corresponding parabolic equations have also been
studied by many authors; see for instance [6, 13, 15, 24].

5. Statement of the result

First, we have to clarify in which sense we want to solved problem (3.1).
The existence of global unique solutions for the system (3.1) is to equivalence to
existence a w,, s = 1, m, true for the following theorem:

Theorem 5.1. Suppose that the hypotheses (A1)-(A4) and (4.1)-(4.4) are satisfied, so
it exists unique wg, s = 1, m solution of:

w, € C ([0,T]; L () N LY <O,T; Wit (Q)) ,

U, € L' (Qr) where Qr = (0,T) x Q for all T > 0, (5.1)
wy (t) = S () wd + [ S5 (t —7) W (s,., W (), VW (7)) dr,

s=1,m, Vt € [0,T],

where W = (w1, ..., W), VW = (Vwy,...,Vw,) and S, (t) are the semigroups of
contractions in L' (Q) generated by \sA, s =1, m.

Example 5.2. For 1 < i < m, A typical example where the result of this paper can be
applied is

ow; w

—d;Aw; = ai-ij Vw-z—&—fi t,x) in Qr
ot 1§Zj:§i J Z wg ‘ J| ( )

1<k<m
w; (0,2) = w0 in Q

Theorem 5.3. Assume that (A2), (A4) and (4.1)-(4.4) hold. If w0 € L? (), for all
1 < s < m, then there exists a positive global solution W = (w1, ..., wm) of system
(3.1). Moreover, wy, ..., w,, € L? (O,T; H} (Q)) .

Before giving the proof of this theorem, let us define the following functions.
Given a real positive number k, we set

Tk (s) = max{—Fk,min(k,s)} and Gi(s) =s — T(s)

We remark that
Ti(s)=s for0<s <k,
Ti(s) =k for s> k.
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Proof of Theorem 5.3.
Approximating scheme. For every function h defined from Rt x  x R™ x R™ into
R, we associate ¢ = $(t, z, W, p) such that

@(tv'xawlv"'7w’m7pla"-apm) lwaZO, 1S5Sm
~ <p(t7x7wl7'"’ws—laoaws+17"'7wm7 : -
= if wy <0 and w; > 0, S
4 plv"'7p571;0,ps+17°"7pm) 5= 7= J ;é
w(t,x,0,...,0,p1,...,Pm) ifws <0, 1<s<m

and consider the system, for 1 < s <m

O — dAwg = U (t,2, W,VIW) in 0, +oo] x €,
Ws = 0 or 65;}78 = on ]07_’_00[ X 697 (52)

ws (0,7) = w? (z) in Q.

It is obviously seen, by the structure of ¥,, 1 < s < m, that systems (3.1) and (5.2)
are equivalent on the set where ws; > 0, 1 < s < m. Consequently, to prove Theorem
5.3, we have to show that problem (5.2) has a weak solution which is positive.
To this end, we define 1,, a truncation function by ¢,, € C2°(R),0 < ¢,, < 1, and
1 if|z]<n

¥n(2) = { 0 |z >n41
and the mollification with respect to (¢, ) is defined as follows.
Let p € C2° (R x RY) such that

suppp C B(0,1), /p:l, p>0onR xRY
and p,,(y) = n™¥p(ny). One can see that
1
pn € CF° (R x RY), SupppncB(O,), /pnzl, pn>0on R x RY
n

We also consider nondecreasing sequences wy , € Cg° () such that
wly—wlin L2 (Q), 1<s<m

and define for all (t,z, W, p) in RT x Q x R™ x R™N and 1 < s < m,

1<j<m

Note that these functions enjoy the same properties as ¥y, 1 < s < m, moreover they
are Holder continuous with respect to (¢,z) and |U, | < M, 1 < s < m, where M,
is a constant depending only on n (these estimates can be derived from (5.1), the
properties of the convolution product, and the fact that [ p, = 1).

Let us now consider the truncated system, for 1 < s <m

Ows n,

ot

wsy, =0 or

- dsAws,n = \I/s,n (t, x, Wh, VWn) in Qr

Ows,n
Tn =0 on ZT

Ws . (0,2) = wig (7) in Q
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It is well known that problem (5.3) has a global classical solution (see [23], theorem
7.1, p. 591 ) for the existence and ([24], Corollary of Theorem 4.9, p. 341 ) for the
regularity of solutions. It remains to show the positivity of the solutions.

Lemma 5.4. Let w, = (Win,...,Wnn) be a classical solution of (5.3) and suppose
that wy g, ..., wy, o > 0. Then win, ..., Wy > 0.
Proof. See [8], Lemma 1, p 537. O

5.1. A priori estimates
The hypotheses (A2) and (A4) allowed the following lemma.

Lemma 5.5. (i) There exists a constant M depending on > ||wj70||L1(Q) such that

1<j<m

/ Z wjna(t) | <M, forallte[0,T]
Q

1<j<m

(i) There exists a constant Ry depending on 1<Z; ||wj70||L1(Q), such that
<j<m

j{: b/jhy$n(t,$,LVﬁ7‘7VVn” S fh-
Q

1<j<m

(iii) There exists a constant Ry depending on k and ) such that for
1<s<

megHLl(Q)’
all1<j<m
| IV il < Re
T

(iv) There exists a constant Rs depending on ||wj70||L2(Q) such that for all 2 <

1<j<r
r<m,
2
T 1<j<r
(v) There exists a constant Ry depending on ||wj,0||L2(Q) and dy,...,dm such
1<j<m
that

/ |Un (t,x, Wy, VIV,,)| Z (m—7r+Dwgy | < R4y foralll<j<m.
Qr

1<r<m

Proof. See Bouarifi et al. [14]. O
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5.2. Convergence

Our objective is to show that W,, = (win,...,Wm,) converges to some W =
(w1, ..., wy) solution of the problem (5.1). The sequences wfy,...,wy, , are uni-
formly bounded in L' (Q) (since they converge in L?(f)), and by Lemma 5.5, the
nonlinearities ¥y ,,..., ¥, , are uniformly bounded in Lt (Q7) . Then according to
a result in [10] the applications

(wZOv \Ils,n) — ws,n7 1 S S S m

are compact from L! (Q) x L' (Qr) into L* (O,T; Wyt (Q))

Therefore, we can extract a subsequence, still denoted by (w1 p, ..., Wm ), such that
Wiy -y W) = (w1, W) in Lt (0,73 (@)
(Wi Winn) = (W1, Wiy a.e. in Qr
(Vwim, ..., Vi) = (Vwi,...,Vw,,) ae. in Qp
Since U1y ,, ..., ¥,, , are continuous, we have
U (6, Wy, VIV,,) = U, (L, 2, W, VW) ae. inQr, 1 <s<m.
This is not sufficient to ensure that (w1, ..., w,,) is a solution of (5.1). In fact, we have

to prove that the previous convergence are in L' (Qr). In view of the Vitali theorem, to
show that Wy, (t,z, W,,, VW,,), 1 < s < m, converges to Uy (t,z, W, VW) in L' (Qr),
is equivalent to proving that ¥, , (t,2, W, VW,), 1 < s < m are equi-integrable in

L' (Qr)
Lemma 5.6. VU, (t,z,W,,, VW,,), for all 1 < s < m, are equi-integrable in L' (Qr).

The proof of this lemma requires the following result based on some properties of two
time-regularization denoted by w, and w,(y,o > 0) which we define for a function
w € L? (0,T; Hy () such that w (0) = wo € L? (Q) (for more details see [8]). In the
following we will denote by w(e) a quantity that tends to zero as € tends to zero, and
w?(g) a quantity that tends to zero for every fixed o as € tends to zero.

Lemma 5.7. Let (w,) be a sequence in L? (0, T; H} () NC([0, T]) such that wy, (0) =
wy € L*(Q) and (wy), = pin + p2,n with p1, € L*(0,T; H 1 (Q)) and pa, €
L' (Qr). Moreover assume that w,, converges to w in L* (Qr), and w converges to
w (0) in L% (Q).

Let Y be a function in C([0,T]) such that T > 0, Y < 0,Y(T) = 0. Let ¢ be a
Lipschitz increasing function in C°(R) such that ¢ (0) = 0. Then for all k,y > 0

(P Yo (Th (wa) = T (wn), ) ) + /Q pon Yo (T (wn) = Ti (wy), )

> (D) (1) + [ YO0 @) - T, 0 s

n

-, Gr(w) (0) Y (0) ¢ (Th(w) = Tie(w)4) (0) da

where ®(t) = fot o(s)ds and Gi(s) = s — Ti(s)
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Proof. See [8], Lemma 7, p 544. O

Lemma 5.8. Suppose that w; ,,w;, 1 < j < m, are as above.

(1) If

(W1n| < Cy(Jwrnl) [ Fr(62) + [V + Y (Vg™

2<j<m

where Cy : [0, +00) — [0,4+00) is nondecreasing, Fy € L' (Qr) and 1 < a; < 2. Then
for each fized k

lim VT, (w1,n) — VT (w1)|2 X[

n—o0 QT

(ii) If

Wom (t, 2, W VW) < Cs [ D gl | [ Falta)+ D [Vwl? ], 2<s<m

J=1 1<j<m

where Cs : [0,+00) — [0,+00) is nondecreasing, Fs € L' (Qr) for all 2 < s < m.
Then for each fized k and for all 2 < s <m

lim Y7Tk j{: Wy n —-‘77% ji: wy X =0.

n—o0 /g
T 1<j<s 1<j<s

EE: Wj,n < k

1<j<m

Proof. (i) This is a direct consequence of the resulting output established in [8, 14] O

Proof of Lemma 5.6. Let A be a measurable subset of ), we have

/ W (12, Wi, VIV, = / W]+ / I
A AN[E, >k] AN[E,, <k]

/ Wy ] + / 0|
A0, > AN[E, <F]

with E,, = > wj,and 0, = > (m—k+1)wy,.

1<j<m 1<k<m
Thanks to (iii) (Lemma 5.5), we obtain Ve > 0, 3ko such that if k¥ > k¢ then for all n

IN

j/ |qun(tax,vVﬁv‘7LVﬁ)
AN[E,, >k]

1 1 1
< —/ k:|x111,n|§—/ En|w1,n|§—/ 0, |0y, < —
k Jig, >k kJor kJaor m+2
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Hypothesis (4.3) implies that for all k > kg

/ |\:[Jl,n (ta z, Wna vVVn)|
A

€ 2
< + Ci(k /F t,x —|—/ Vwi p
m+2 1()<A 1 () Aﬂ[Engk]| ! |>
+C4 (k) (/ |ij,n|°‘-7>
QSJ‘ZSm AN[E, <k]
€
<

+Ck/Ft7 +/ VT (w1.)]?
m+ 2 i )< A 1) Aﬁ[Engk]| b (wrn)

2<j<m

Using Holder’s inequality for 1 < a; < 2 and (iii) (Lemma 5.5), we obtain

2—ay

am [ VT ()| < Cik) ( / |VTk<wj,n>|2> A1
AN[E,, <K] A

2

< Ci(k)Ry A7 < —

m+ 2

o

=
Whenever |A] < p;, with g; = (miQCll(k)R;;) , 2 < j < m To deal with

the second integral we write
[ R [ VT - VT ) +2 [ VT )P
AN[E, <k] AN[E, <k] A

According to (iii) (Lemma 5.5), |VTy (w1,n) — VI (w1)|2X[En§k] is equi-integrable
in L (Q) since it converges strongly to 0 in L! (). So, there exists g, 11 such that
if |A] < om+1, then

13
204 (k) / IV Tk (w1,0) — VT (w1)]? <
AN[E,, <k]|

m + 2

On the other hand Fy, VT (wy)]> € L' (2), therefore there exists g4 such that

Cu(k) (z/AwTk <w1>|2+/AF1 w)) <—

whenever |A| < g,,,12. Choose go = inf {p;, 2 < j <m+ 2}, If |A] < gp we obtain

/ (U1 (2, W, VIWV,)| < €.
A

Similarly, we get for all 2 < s <m

/|\Dm|s 2
A ’ m—|—2
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+C4(k) (/A F,(t,x)+ Am[En<k] (6 Vw; | + 6 |VTy (w1.,) — VT (w1)|2>>

2

+8C4(k) Y SV D w

2<r<m \ AN[E,<k] 1<5<r
2
wem | Y Va3 w
2<r<m \ AN[E,<k] 1<5<r 1<j<r
Arguing in the same way as before, we obtain the required result. 0

Then (wy, ..., ws,) verify (3.1) consequently (w1, ..., w.,) is the solution of (1.1).
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General decay rates of the solution energy
in a viscoelastic wave equation with boundary
feedback and a nonlinear source

Islem Baaziz, Benyattou Benabderrahmane and Salah Drabla

Abstract. In a bounded domain, we consider a viscoelastic equation
t
ue — Au —I—/ g(t — 7)Au(r)dr = |u|"u
0

with a nonlinear feedback localized on a part of the boundary, where v > 0 and
the relaxation function g satisfied ¢'(t) < &(t)g”(t), 1 < p < 2, and certain
initial data. We establish an explicit and general decay rate result, using some
properties of the convex functions. Our new results substantially improve several
earlier related results in the literature.

Mathematics Subject Classification (2010): 35105, 35L70, 35L15, 93D20, 74D05.
Keywords: General decay, nonlinear source, viscoelastic, wave equation, relaxa-
tion function.

1. Introduction

In this paper, we are concerned with the energy decay rate of the following
viscoelastic problem with nonlinear boundary dissipation and a nonlinear source

ug — Au + fotg(t — 1) Au(r)dT = |u]u, in Q x (0,00)
u-O on Ty x (0,00) (1.1)
fo (t —7)2L(7)dT + h(us) = 0, on Ty x (0,00) '
(x 0) = ug(x); ut(z 0) = ui(x), x e
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where €2 is a bounded domain of R™ with a smooth boundary 92 = I'y U T';. Here,
I’y and I'; are closed and disjoint, with meas(I'g) > 0, v is the unit outward normal
to 02, v > 0, and g, h are specific functions.

Let us mention some known results related to the viscoelastic problem with
nonlinear boundary dissipation. In [7], Cavalcanti and al. considered the following
problem

utt—Au—I—fO —s)Au(s)ds=0, in Q x (0,00)
fo (t—s) ()ds—|—h(ut)—0 on I'y x (0, 00) (1.2)
( t) =0, on I'y x (0,00)
u(:c,O) = ug, ut(z,0)=uy, x €.

The existence and uniform decay rate results were established under quite restrictive
assumptions on damping term h and the kernel function g. Later, Cavalcanti and
al. [6] generalized this result without imposing a growth condition on h and under a
weaker assumption on g. Recently, Messaoudi and Mustafa [18] exploited some prop-
erties of convex functions [2] and the multiplier method to extend these results. They
established an explicit and general decay rate result without imposing any restrictive
growth assumption on the damping term h and greatly weakened the assumption
on g. Also, Li et al [11] have analyzed the global existence and decay estimates for
nonlinear viscoelastic wave equation with boundary dissipation. They established uni-
form decay rate of the energy under suitable conditions on the initial data and the
relaxation function g. Let us also mention other papers in connection with viscoelastic
effects such as Dafermos [8] [9], Mustafa MI [22], Lagnese [10], Aassila et al. [1]. On
considering the boundary dissipation,we refer the reader to related works Mohammad
M. Al-Gharabli [3], [20], [21], [23] and the references therein.

In a situation in which a source term is competing with the viscoelastic dissi-
pation, many authors have established stability results. For example, Messaoudi [16]
looked at

up — Au + fotg(t — 1) Au(r)dT = |u]u, in Q x (0,00)
u=0, on 9 x (0,00)
u(z,0) = ug(z); ue(z,0) = uy(z), x €,

where Q is a bounded domain in R™ (n > 1) with a smooth boundary, v > 0, and the
relaxation function g is a positive and uniformly decaying function satisfies a relation
of the form

g'(t) < —€()g(t), (1.3)
where £ is a nonincreasing differentiable function such that
¢'(t)
£(t)

He established a more general decay result, from which the usual exponential and
polynomial decay rates are only special cases.

' <k, &t)>0,¢&(t) <0, Vt>0, /OO £(t)dt = +oo.
0
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In a situation in which a source term is competing with the viscoelastic dissipa-
tion and on considering the boundary dissipation, Shun and Hsueh [24] considered

utt—kOAu(t)—i—/o gt —s)div(a(x)Vu(s))ds+b(z)u = f(u), in Q x (0,00),

t
0%—/ g (t—35)(a(x)Vu(s)).vds+ h(u) =0,0on Ty x (0,00),
0
u(x,t) =0, on Ty x (0,00),
u(z,0) =ug, u(z,0)=uy, €9,

where 2 is a bounded domain in R™ (n > 1) with a smooth boundary, the relaxation
function g is a positive and uniformly decaying function satisfying (1.3), and where &
is a nonincreasing differentiable positive function such that

/OOO £()dt = +o.

The authors established the general decay rate of the solution energy which is not
necessarily of exponential or polynomial type. Another problems, in which in which
a source term is competing with the viscoelastic dissipation and on considering the
boundary dissipation, were discussed in [5], [14], [12] and [13], and the existence,
uniform decay rate results were established.

In this article, we devote ourselves to the study of the problem (1.1). Motivated
by previous work and by the idea of Messaoudi and Mustafa [17], which considers a
wider class of relaxation functions g, we obtain a more general and explicit energy
decay formula, to from which the exponential and the polynomial decay rates are
only special cases of our result. In fact, our decay formulas extend and improve some
results of the literature.

2. Preliminaries

In this section we prepare some material needed in the proof of our result. We
have the imbedding: H} < L20FD(Q). Let C. > 0 be the optimal constant of
Sobolev imbedding which satisfies the following inequality:

[ully(yi1y < CellVaully, Vue Hy,, (2.1)
and we use the trace-Sobolev imbedding: Hf < L"(T1), 1 <k < % In this
case, the imbedding constant is denoted by Bj, that is

lullk,r, < Bil|Vaulla. (22)

Next, we state the assumptions for problem (1.1) as follows.
For the relaxation function g we assume the following;:
(G1) g : Ry — R, is a nonincreasing C! function satisfying

g(0) >0, 1- / g(s)ds =1>0.
0
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(G2) There exists a nonincreasing differentiable function £ : Ry — Ry, with £ (0) > 0,
and satisfying

J'(t) < EgP (1), 1Sp<g, £>0.

(G3) For the nonlinear term, we assume

2
0<y<—"—, n>3
T=m—2 "=

v>0, n=1,2.
(G4) h : R — R is a nondecreasing C° function such that there exist a strictly
increasing function hg € C([0,+00)), with ho(0) = 0, and positive constants c;, ca,
e such that

ho(l 1) <[ h(s) < hg'(|s|) forall |s|<e
cr]s|<|h(s)|<ca|s| forall |s|>e.

In addition, we assume that the function H, defined by H(s) = /shqo(v/s), is a strictly
convex C? function on (0,72], for some 7 > 0, when hg is nonlinear.

By using the Galerkin method and procedure similar to that of [11], and [23],
we have the following local existence result for problem (1.1).

Theorem 2.1. Let hypotheses (G1)-(G4) hold and assume that ug € Hp, N H*(Q),
uy € H%O. Then there exists a strong solution u of (1.1) satisfying

u € L™([0,T);Hp, NH?(Q))
uw € L>([0,7);Hyp,)
e € L™ ([0,7);L%(Q)),

for some T > 0.

Proposition 2.2. Suppose that (G1), (G3) and (G4) hold. Let (ug,u1) € V x L*() be
given, satisfying (2.7). Then the solution u of (1.1) is global and bounded.

We introduce the following functionals

5@ = g (k= [ oe)ds) 19U+ 5 oo V) () - — ]

B() = J@®)+ sl forte ) (2.3

10 = 1) = (k- [ o)ds) ITul} + (o va) 0 - Jul} 13 (24)
where

(gov)(t) :/0 g(t—s) v (t)=v(s)ll5ds, (2.5)

and F (t) is the energy functional.
A direct differentiation, using (1.1), leads to

B(0) = 560 Vu)(®) = 39(0) | Vu(®) [§ = [ w(Oh(u()r <o, (26)
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For completeness, using similar procedure in [15], we state the global existence result.

Lemma 2.3. Suppose that (G1) and (G3) hold, and (ug,u1) € V x L?(), such that

B=

coy+? (2(7 +2)

v/2
7 " E(uo,u1)> <1 (2.7)
I(U’O) > 07

then I(u(t)) > 0, Vt > 0.

Proposition 2.4. Suppose that (G1), (G3) and (G4) hold. Let (ug,u1) € V x L*() be
given, satisfying (2.7). Then the solution u of (1.1) is global and bounded.

Adopting the proof of [17], we have the following results which are crucial for
the proof of our main result.

Lemma 2.5. Assume that g satisfies (G1) and (G2) then

+oo
/ E(6) g7 (1) dt < +o0, Vo <2—p.
0

Lemma 2.6. Assume that g satisfies (G1) and (G2), and u is the solution of (1.1)
then, for 0 < 6 < 1, we have

wovww=c|([ e ) £(0) T o v o).

By taking 6 = %, we get

wovn=c|[dea] T @evno. 28)

Corollary 2.7. Assume that g satisfies (G1) and (G2), and u is the solution of (1.1)
then

£(t) (g0 Vu) (t) < C [E' (1)) 77 . (2.9)

If G is a convex function on [a,b],
integrable functions on Q, with h(z) >
inequality states that

L eren@ase|) [ reneal. (210)

For the special case G (y) = y%, y >0, p>1, we have

1 [ @i n@an<|g [ @ ]

(-G is convex) f:Q — [a,b] and h are
0 and [,h(z)dz = k > 0, then Jensen’s

Q=
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3. Decay of solutions

In this section we state and prove the main result of our work. For this purpose,
we adopt the following result from [24] without proof.

Lemma 3.1. There exist positive constants €1, €5, m, ty such that the fun

F(t) == E(t) + e191(t) + e2ta(t), (3.1)
18 equivalent to E and satisfies
F'(t) < —mE(t) +c [ h*(ug)dr + c(g o Vu)(t). (3.2)
I

where

P1(t) == /Q uugdz, (3.3)
Pa(t) == —/Qut/o g(t — 7)(u(t) — u(r))drdz.

Lemma 3.2. [19] Under the assumptions (G1), (G2) and (G4), the solution satisfies
the estimates

/ h?(ug)dl < / ush(ug)dT, if ho is linear (3.4)
r, T

/ h%(u;)dT < cH™Y(J(t)) — cE'(t), if ho is nonlinear (3.5)

I
where .
Jt) = —=— ugh(ug)dl < E'(t),
| Tz [ Jr,,

and

Flg = {$ € Fl : |ut\ S 61}.
Proof. Case 1: hg is linear, using (G4) we have
¢ Jue] <[ h(ue) [ 5 Juel
and hence
h*(uz) < chuh(uy).
So, (3.4) is established.
Case 2: hg is nonlinear on [0, ¢]:

First, we assume that max {r, ho(r)} < &; otherwise we take r smaller. Let
go = min {r, ho(r)}; them for gy <| s |< ¢, using (G4), we have

—1 ~1
|h(8)|gw‘s‘gw‘s| and |h(s)|2M\s\2M|s|,
| 5| €0 | 5| €
so, we conclude that
ho(| s |) <[ h(s) < hg'(|s]) forall |s|<eg (3.6)
| s|<|h(s)|< | s for all | s|> ep. ’
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Since H(s?) =| s | ho(] s|), then using (3.6), we obtain
H(h?(s)) < sh(s) forall |s|< eo,

which gives

h%(s) < H '(sh(s)) for all |s|< eo.
To estimate the last integral in (3.2), we consider the following partition of T'y:

Tin={zel:|ul>e0}, Tia={rel:|uwl <e}.

Recalling the definition of €y and using (3.6), we obtain on I'jo,

ush(us) < eohg *(g0) < ho(r)r = H(r?) (3.7)
and

uh(ug) < gohg *(g0) < rhg tho(r) = r2.

Jensen’s inequality gives

HYJ@)>c | H (ush(u))dl. (3.8)

T2

Thus, using (3.6) — (3.8), we get
/ h?(u,)dl = / h?(ug)dT + [ h?(ug)dT
Iy T2 Fi

= Hil(uth(ut))deLC/ uih(ug)dl
T2 i1

< cH™Y(J(t)) - cE'(t). (3.9)
O

Theorem 3.3. Let (ug,u1) € (Hp, x L (Q)) be given . Assume that (G1)-(G4) are
satisfied and hois linear. Then, for any tg > 0, there exist two positive constants K,
and X such that the solution of (1.1) satisfies, for all t > to,

E(t) < Ke Mu s, ifp=1. (3.10)
1
1 B 3
E(t)<K ; , I<p< . (3.11)
1+ [, €271 (s)ds 2

Moreover, if
1

+oe 1 S 3
Ty E— t < l<p< = 3.12
/0 ngp_l (t)+1] +00, P<3 (3.12)

then
1

1 P 3
E(t)<K|———| | l<p<?=. (3.13)

1—i—ft0 &r (s)ds 2
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Proof. Multiplying (3.2) by £(t) and using Egs. 3.4, we get

EOF() < ~mEOEQ) +c€)goVu)e) +(0) [ H(udr

I
< —mE(E() + cS(t)(g 0 Vu)(t) — () E ()
which gives, as £(¢) is non-increasing,
(EFH+CE) (t) < —m&)E (t) 4 c&(t) (g o Vu)(t), Vt > to. (3.14)
Let L(t) :=&(t) F (t) +CE (t), then clearly L ~ E and we have, for some m; > 0,
I (1) < —ma€(8)L (1) + c&(t)(g o V) (1), ¥t > to.

Now, using the procedure similar to that of [17], we obtain the results of the theorem.
O

Theorem 3.4. Let (ug,u1) € V x L2(Q) be given, satisfying (2.7). Assume that (G1) —
(G4) hold and hg is nonlinear. Then there exist positive constants ki, ko and kssuch
that the solution of (1.1) satisfies , for all t > tg,

t
E(t) < k‘3H1_1 <k1/ f(s)ds—l— kg) s p=1 (315)
to
¢ 3
E(t) < ksH;* <k1 2771 (s)ds + k:2> » 1<p<g (3.16)
to

Moreover, if
+oo

) 3
Hi' (bt (t) + ko) dt < +00, 1<p< o (3.17)
then .
3
E(t) < k3H§1 (k‘l fp(S)dS + k‘g) R 1<p< 5, (318)
to
1 1 1 1
where Hl(t) = j; mds and where Hz(t) = ft mds

Here, Hy and Hs are strictly decreasing and convex on (0, 1], with tlimo H;(t) = 400,
—
1=1,2.
Simple calculations show that (3.16) and (3.17) yield

+oo
E (t)dt < +oc.
to
Proof. Case of p = 1. Recalling G(2) and (2.6), Multiplying (3.2) by &£(¢), we obtain,
for all t > tg

EOF (1) < —mEWE ()+C (€Ngo V) () + ) [ W(udr (319)
< SmEWE () - Clo o Vu) O +e6(0) | Wuidr
I
< —mEME () — CE (t)+ &) | h*(u)dr,

I
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which leads to
(EF+CEY (1) < —me) B () + c£(t) /F R, Wzt (320)
Let L (t) i= & (t) F () +CE (£) , then clearly L ~ E and we have, for some my > 0,
L' (t) < —mi&(t)L (t) + c£(t) /F R%(ug)dr, Vt > to.

Now, using the procedure similar to that of [19], we obtain the results of the theorem.
3
Case0f1<p<§.
Multiplying (3.2) by £(t) and we using 2.7, we obtain
SOF' (1) < —mE(E(t) + c&(t) | h*(u)dr + k(~E'5 (1)),
Iy
multiplying by £€2P=2(t) E?’~2(t) and using Young’s inequality

ErHOEPTAOF (1) < —mgPTH ) EPTH(t) + 8T () EPTA() /F h? (uq)dr

k(B ()7 (67O

< e OB (1) + € (EP () [ W (u)dr
Iy

+ k(—E*7Y ) E* (1)
Fy(t) < k&P () B () + PP ({4 E*P 2 (1) / h? (ug)dr.
" (3.21)
With Fy(t) = F(t)E2P~1(t)E?P=2(t) + kE(t); Fo~ E.
Therefore, using (3.5), (2.5) becomes
Fy(t) < &P (BT (E) + €T () EP T3 (1) (HTH (A1) — E'(t)
Fy(t) < k&P HOEPTH(E) + PN EP T2 () H T (A(2)) — €771 (0) B 72(0) B (t)

() —
Fi(t) < k&M EPPTH(t) + €L BT H (1)
with F3 = F2 + CFE then, F3 ~ F.

Now, for ¢y < 72 and ¢y > 0, using (3.9) and the fact that £/ <0, H' >0, H" >0

n (0,7%], we find that the functional F, defined by

E(t)
E(0)

Fy(t):=H' (eo ) F>(t) + coE(t)

satisfies, for some aq, ag > 0,

011F4(t) S E(t) S Oé2F4(t) (3.22)
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and
Fl(t) = e ]:JE((S)) H" <60§(((’;))) Fyt) + H’ (eog((é))> Fy(t) + coE' (1)
< —kEPEP(H)H' (60 g((é))) + P () EPH ) H Y (\(t)H' (eo g((g) +coE'(t).

(3.23)
Let H* be the convex conjugate of H in the sense of young (see [4] p. 61 — 64); then
H(s) = s (H) " (s) = H [(H) " ()], if s € [0,H7)]
and H* satisfies the following Young’s inequality:

AB < H*(A)+ H(B), if A€ (0,H?)], Be (0,r]. (3.24)

With A = H’ (eo EEC(((?)> and B = H=1(\(t)), using (2.6), (3.7) and (3.23) — (3.24),

we arrive at

Fi(t) < —k&PIEPNHH (60 g(%))) + c€(t)A(D)
&P () EPP T2 () HE <H’ <60 f;((é)) )) +coE'(t),
that gives
i = g (B et Sl (o E0)
—cE'(t) + coE'(t).
Consequently, with a suitable choice of ¢y and k, we obtain, for all t > ¢,
(3.25)

where Hy(t) = t*»~1H'(eot).
Since hg € C* ([0, +00]), then it is evident that H € C! ([0, +o0]) and H’(0) = h{(0).
So, H2(0) = 0 and since

Hi(t) = (2p — D)t*P2H' (eot) + eot®® H" (eqt)
then, using the strict convexity of H on (0,72], we find that H}(t), Ha(t) > 0 on [0, 1].

Fy(t
Thus, with R(t) = alE(AE)() ), and using (3.22) and (3.25), we have R ~ E and, for

R (t) < =k 27 () Hy(R(t)), YVt > to.

Then, a simple integration gives, for some kg > 0,

t
R(t) < H;! <k1/ €271 (s)ds + k2> , Yt > to,

to

some ki > 0,
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1
j;H()ds

To establish (3 18) Multiplying(3.2) by £(¢) and recall Remark 3. So, we have

where H (

EF () < —mEME (1) + CE(t) (90 Vu) (1) + c&(t) | h*(up)dr

Iy

:—mé“(t)E(t)wLCM/ (€7 () g7 ()] |V (8) = Vu (¢ = 9)]3

n() J,
+ c£(t) /F 1 h? (u)dr, (3.26)
where
) = /HW Vut—s>||2ds<c/ IV (8)13 + [V (t = )13 ds
< c/ +Et—s]ds<20/Et—s)d

+oo
= 20/ E(s)ds <2C E(s)ds < +o0.

0

Applying Jensens’s inequality (2.10) for the second term on the right hand side of
(3.26), with

Gly) =y7, y>0, f(s) =€ (s)g" (s)
and
h(s) = [[Vu(t) — Vu(t—s)|3,
to get

EOF (1) < —mE(t)E () + cE(t) / B2 (ug)dr,

=

[ /gp 5) [Vu () — Vu(t — s)|3 ds

where we assume that n(t) > 0.
Therefore, we obtain

EOF () < —mEE () +ct(t) / B2 (ug)dr

S

+on'F ( {51’ L /g s) |V (t) = Vu (t — s)||5 ds

IA
\
3

7Y

(DE (1) +C (~d owﬁ<>+c§< >/ B2 (us)dr

Iy

“mEDE )+ C(—E ()7 +ce(t) | h2(up)dr.

IS}

IN
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Multiplying by &P (t) EP(t), and repeating the same computations as in above, we
arrive at

E(t) < ksH, (kl/fp ds+k2) 1<p<g,

1
= I P (o)) "

Remark 3.5. In the case where | Vu(t) — Vu(t — s) ||= 0 and hence from (3.2) we
have

where Ho(

F'(t) < —mE (1) + ¢ / B2 (w)dr,

ry
using the procedure similar to that of [19], we obtain

Case hg linear
E(t) < Ce ™,
Case hg nonlinear
E(t) < H ' (kit + ko), Vt>to

This completes the proof of our main result. 0

Example 3.6. As in [17], we give an example to illustrate the existence of relaxation
function g and ¢ satistying (G2):

Ifp=1:

Let g(t) = ae 0+ where b > 0 < v < 1 and a > 0 is chosen so that

JiF g (t)dt < 1. Then ¢ (t) = —€ (t) g () where £ (t) = b.

3
Let g (t) = o7 V > 2, where a > 0 is a constant so that f0+°° g (t)dt < 1. We have

v+1

, av a v v+1 3
H=-—"——=-b| — = —bg? (1), = <=, b>0.
g () (148" ((1+t) > R

with £ (t) =

Example 3.7. As in [2, 6], we give an example to illustrate the energy decay rates
given by Theorem (3.3) and Theorem (3.4).
If h satisfies

cvmin{] s |,| s 7} <| hs) |< comax {| s |, | s [/},

for some ¢y, ¢ > 0 and ¢ > 1. Then ho(s) = cs? and H(s) = \fho(\f) = cs't

is a strictly convex C? function on (0,00), then H; '(t) = (ct + cl)4p+f1 5, and the
relaxation function g and ¢ given in Example 3.6.
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Then, we obtain for some constants ¢, ¢/, ¢’ > 0:
If p=1and g =1 (ho is linear), by Theorem (3.3) we arrive at

E(t) < ce™ Jo &()ds — po=c'bt

If 1 <p< 2 andqg=1 (ho is linear), by Theorem (3.3) we arrive at

=c(dbt+c") @2,

E() <c (c/ /Ot €201 (5)ds + c”> _

If p=1and g > 1 (ho is nonlinear), by Theorem (3.4) we arrive at

t —a=T ,
Et)<c (c’/ &(s)ds + c”) =c(dbt+c") 1.
0

If 1 <p< 32 andq>1 (ho is nonlinear), by Theorem (3.4) we arrive at

2
t =
E(t)<c (C’/ 2P~ 1(s)ds + c”) =c(c'bt + c”)_41’+2q‘5 .
0
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Abstract. The purpose of this study is to provide a generalized C'R—iteration al-
gorithm for finding common fixed points (C'F Ps) for nonself quasi-nonexpansive
mappings (QNEMs) in a uniformly convex Banach space. The suggested algo-
rithm’s convergence analysis is analyzed in uniformly convex Banach spaces.
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1. Introduction

Let B be a Banach space, ) # B, C B be closed and convex, and Y : B, — B,
be an operator which has at least one fixed point. Then, for the initial value ag € B :
(i) Picard’s iteration algorithm [16] is defined as :
apt1 = Ya,, V1€ Ny.

(#4) Mann’s iteration algorithm [13] is defined as:
a1 = (1 = ky)ay + £y Tay, V n € No,
where {x,} € (0,1).

(741) Ishikawa’s iteration algorithm [8] is defined as:
a1 = (1= k)ay, + 61 = k2)ay + K2 Tay], V n € Ny,
where {,} and {k2} € (0,1).
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For nonexpansive operators, it is very well established that the Picard iteration al-
gorithm often does not work effectively. As a result, for the estimation of F'Ps for
nonexpansive type mappings in ambient spaces, the Mann and Ishikawa iterative al-
gorithms have been extensively studied (see [1, 3, 6]).

On the other side, Chug et al. [5] introduced the C' R—iteration algorithm in a Banach
space in 2012. The structure of the C'R—iterative algorithm differs significantly from
that of the Mann and Ishikawa iterative algorithms, making it absolutely independent
of both. Several mathematicians have been intrigued by the C R—iterative algorithm
as an alternative iterative algorithm for fixed point analysis in recent years (see [9, 2]),
and it has opened up a substantial field of research in various aspects (see [11, 12]).

Let T be a self map on 8. Then the sequence {a,}72 defined as follows:

ap €8

a1 = (1= Kp)by, + K, Ty,
b, = (1 —x2)Ya, + k. Tc,,
¢ = (1= w})a, + w2 a,,

(CR)

where {x}}, {2} and {s3} € (0,1) is called C R—iteration. The C R—iteration method
is a three-step iteration method. For contraction mappings, C' R—iterative algorithms
perform better than Picard and Ishikawa iterative algorithms, and behave well for
nonexpansive mappings.

We are concerned with two quasi-nonexpansive nonself mappings M, My : B, — B,
where B is a nonempty subset of the Banach space B, the iterative location and weak
limits of the proposed iterative algorithm for these types of functions in the context
of current research [19]. Our findings are applied to the zeros of accretive operators
in some different ways.

2. Tools and notations

In this section, we discuss the notations which we are going to use in the entire
manuscript. The framework in which we shall prove our results from now on is a Ba-
nach space B. T is a mapping. Ny represents the set of natural numbers including 0,
whereas the terminology R is used to represent the set of real numbers. The notation
‘for all’is represented by ‘V’and ‘such that’is represented by ‘>’. The symbol € rep-
resents ‘belongs to’. The terminology H is used to represent the ‘Hilbert space’with
the inner product (-, -) and whereas Qg is a retraction of B onto B,. Py, is used
to represent the projection from B to B,. H, C H,. Dom(A) represents the domain
of A, Ran(A) is used to represent the range set of A, and Gr(A) is the graph of
A whereas A™! is the inverse of A. A is a non-negative real number. The terminol-
ogy ‘fixed points’, we denote by ‘F'Py’.The Proximal point algorithm is denoted by
‘PPA’. Tt is important to note that the ‘set of all fixed points’is denoted by ‘F (y)’.
Furthermore, V is used to represent the ‘vector differential operator’.
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3. Preliminaries

In this section, we discuss key definitions and lemmas that are necessary in order
to make this article self-contained.
Throughout the paper, we denote the closed ball with the center at a and radius r by
CB,[a] and is defined as

CB.la]={beB:|la—b| <r}
Also, B is said to be uniformly convex if for 0 < e < 2, ||a|]| < 1, |[b]] < 1 and
|la —b|| > e imply 3 = p(e) >0 3
1

Lemma 3.1. [21] Let m > 1 and r1 > 0 be two fized numbers. Then, By is uniformly
convez iff 3 a convex and strictly increasing function Y : [0, 00) — [0,00) with T(0) =
0>
llea + (1 = )b[[™ < ¢f[a][™ + (1 = ¢)[|b[][™ = ¢(1 — )T ([|a — b]]),
Va,be By > (0] and ¢ € [0,1].
For Hs, we have

llea+ (1= )b[[* < cffz[|* + (1 = )[ly[[* — ¢(1 = ) |a — b]l,
Va,beHsand ce0,1].
Definition 3.2. A mapping T : B, — B has the demiclosed property at b € B if

{a € Bs,a, > aand Ta, > b = a€ B, and Ta=b}.

Lemma 3.3. [4]Let B, be a nonempty,closed and convexr subset of a uniformly con-
vexr Banach space B.If T : By — B is nonexpansive mappings then I — Y has the
demiclosed property with respect to 0.

The collection of points of B, unaltered by T is defined as follows:
Fry={a€DBs:Ta=a}
For a constant L € [0, 00), the mapping T is called L—Lipschitz if
|[Ta —Tb[| < Ll[a — B]],

YV a,b € B,. Every 1—Lipschitz is called QNEM.

A retract of B is a subset B of a Banach space 9 that has a continuous mapping
Qg from B to B, such that O, (a) = a for any a € B,. A Qg like this is known
as B onto B, retraction.
If Qn, (Qm, (a+c(a— Op,(a)))) = Op (a), Vaec DB and ¢ > 0, a retraction O, is
said to be sunny. ‘B, is a sunny nonexpansive retract of 95 if a sunny retraction Qs
is also nonexpansive. Let B be reflexive and strictly convex Banach space. Let Py, :
B — B, be a projection. Also, Py, (a) is in B, with the property

[la — Pm, ()] = {inf|ja — u|| : u € B,}.
for a € 8.
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It is also well comprehended that Py (a) € H, and
(@ =Py (a), Py (a)—b) >0,
VaeHs, beH,.
Sunny nonexpansive retractions work in the same way in 98 as projections do in H.

If a subset H. # 0 of H is closed and convex, then 3 a unique sunny nonexpansive
retraction from B, to H..

Definition 3.4. [1]Let B be a Banach space. For any sequence {a,} — a € B, and V
b # a, we say that B satisfies the Opial condition, if the following inequality holds:

lim supy— 00 ||ay, — a|| < lim supy,— o0 ||a, — b]].

It is to be noted that lim sup can be substituted by liminf in this definition
and that every Hilbert space satisfies the Opial condition [1]. Let §} # B; C B,
T : B, — B a mapping, and {a,} a sequence in B,. If lim,, ||a, — Ta,|| = 0, then
{a,} is referred to as a sequence in Y.
The following proposition is the generalization of Proposition 2.5 [20].

Proposition 3.5. Let Y : B, — B be uniformly continuous mapping and {a,} C B be
a sequence of Y. Then, {b,} C By is an approzimating F P sequence of Y whenever
{b,} € B > lim, o ||a, — b,|| =0.

For dual space B* of 9B, the symbol || - || denotes the norms of B and B*.
For a* € B* and a € B, we use (a, a*) instead of a*(a). The set-valued mapping
J B — 2% is defined as

J(a) ={a” € B : (a, a”) = |[a]|l[a]| and [[a*[| = [|a][}, a€ B,
and is known as a normalized duality mapping of 9. For a multi- valued operator
A: B — 2% the following are defined as:
Dom(A) = {a € B : Aa # 0},
Ran(A) = U{Au :u € Dom(A)},
and
Gr(A) ={(a,b) € B xB:ac Dom(A), b€ Aa}
respectively. A C B x B represents A : B — 2% and the inverse A~! of A is as
follows:
ae A'b < be Aa
IfV a; € Dom(A) and b € Aa; for i = 1,2, 3 5 € J(a; —az) 3 (by — by, 3) >0,
then the operator is known as accretive.
An accretive operator is the negation of a dissipative operator. If there is
no proper accretive extension of A, it is known as “maximal accretive”, and if
Ran(I + A) = ‘B, where I symbolizes the identity operator on B. If A is

“m—accretive”, then it is maximally accretive. For accretive A, the single-valued
nonexpansive mapping V A > 0 is

JR ' Ran(I + AA) — Dom(A), J=(I+AA)7,
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and is said to be the resolvent of A. The resolvent for an m—accretive operator on ‘B
JA =T +AA)7
is a multi-valued nonexpansive mapping whereby the domain is the entire space B,

vV A>O0.

Lemma 3.6. [7] Let A: B — 2% be an m—accretive operator. Then A is the mazimal
accretive, where B is a real Banach space.

Lemma 3.7. [1] If A : Hs — 2™ is a monotone operator, then A is the mazimal
monotone iff Ran(I + AA) =H ¥V A > 0.

As a result, if A: H, — 27 is a maximum monotone operator and A > 0, we
may define the resolvent of A, JX‘ : Hs —: Hs, using Lemma 3.7. Also, JA“ satisfies
the following inequality

174 = aJ&0|* < |la = b[[> = [|( = Ja)a — (I = JR)bll,

Va beH,.

For a function g : Hs — (00, 00],the domain is defined by:
dom(p) = {a € H, : p(a) < co}.

Lemma 3.8. [3] Let p € T'o(H). Then, p is mazimal monotone.

4. Main results

The C R—iteration approach allows us to compute the common F' P; of two oper-
ators. Our objective is to analyze the asymptotic behaviour of our designed algorithm
in Banach spaces. Let T1, To : 8 — 9B, be mappings with at least one common
FP between T1 and Ys. The collection of common F P, of mappings Yo and Y, is
denoted by F (v, r,)-

We now present the G — C R—iteration algorithm, which is as follows:

ag € B,

app1 = Qs [(1 = Kp)by + K T10,)],

by = Q. [(1 — k7)) Taa, + w2 1cy],

¢y = Qu, [(1- K%)an + H%TQ%L
where the sequences {x}}, {x2}, {3} € (0,1). The sequence {a,} defined by G—CR s

called the generalized C'R—iteration algorithm for mappings T3 and Yo. If T7 = Yo,
then G — CR iterative algorithm is defined as follows:

(G—-CR)

ag € %sa

app1 = Qu, [(1— K))by + k) T1by)],
by = Q. [(1 = &2)T1a, + K2 T1cy),
¢y = Q. [(1 — wp)ay + w)T1ay],
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where {x}}. {r2} and {x3} are sequences in (0, 1). To prove the main results, we start
with the following lemma.

Lemma 4.1. Let Qs be the sunny nonexpansive retraction and Y1, Yo : By — B be
QNEM > [ (v, v,y # 0. Let {x}}, {k2}, and {x3} be sequences of real numbers >

0 <Ky, ko, K3 <1,¥neNU {0}. Let the sequence {a,} be generated from ay € B

and be defined by G — CR. Then, for each o € F (v, ), lim, o ||la, — o|| exists and
by = ol < llay —ol], and
ey = ol < [lay —ol, ¥neNuU {0}. (4.1)
Proof. Let o be a common FP of T1 and Y. Then, for n € NU {0}, the following
inequalities hold:
a1 — ol = [|Qu. [(1 — k)b, + £, T1by] — Qo [o]]]
<11 = #3)(by = 0) + iy (T1by — o)
< (1= wp)lloy — ol + k|| T1b, — o]
< (1= )by — o] + 5[ — o]

= [lby —all. (42)
Also,
16, — ol = [|Qu.[(1 — #7)Taa, + K5 T1e,] — Qu, [0]]]

< |11 = mp) (Y20, — 0) + w7 (Trey — 0)|

<1 = w3)(ay — o) + ki (cy — o)

S(1—K%)HOW—UH-FK%HCU—UH. (4.3)
Similarly,

ey — ol = [1Qu.[(1 — #;)ay + K Toay] — O, [o]|

<[ = my)(ay — o) + £y (Toa, — o)

< (1= my)llay — ol + || T2a, — o]

< (1= rp)llay — ol + w3l ay — o]
= [lay —al|. (4.4)
Using inequality (4.4) in (4.3), we have
[|by — ol < [lay —al]. (4.5)
Hence, the inequality (4.2) results
g = ol] < llay — ol (46)
Considering (4.6) and (4.2), we calculate the following result
lans1 — 1l < llag — 01| < llay1 — 0l < ... <llao — o], (47)

vV n e NU {0}. Since {||a, —o||} is monotonically decreasing, it confirms the conver-
gence of {||a, — |} O
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The convergence behaviour for QN E M s is now studied by the following theorem.
Theorem 4.2. Let () # B, C B, with O, as the sunny nonexpansive retraction. Let
Ti, Ty : By — B be QNEMs > [ (y, v,) # 0. Let the real sequences {x}}, {x2}
and{l{f’]}90<a§n}7§E<1,0<b§/{%§5<1and0<c§ﬁ2§5<lv
n € NU {0}. Let ag € B and Pr , v, (a0) = a*. Let {a,} be the sequence defined
by (G— CR). Then, we have

1. {ay} is in a closed convex bounded set CB.[a*] N B,, where r € (0,00) >
[lag — a*|| < 7.

2. If T be uniformly continuous, then

nlggo [lay = Tray[| = 0 and nhjgc llay — Taay[| =0,

then p. : [0,00) — [0,00), p(0) =0, where error bounds are as follows-

n
a(l—a) > pc(|lo; — Y1) < lag — a*||* = [|ay41 — a”| %, (4.8)
1=0
B n
b(1 =) pe(l[Taai — Ticsl]) < [Jao — a%||* = [Jayq1 — a*[|
=0
n
= w1 = K)pe(]]b; — T1by])), (4.9)
1=0
U
be(1-2) Y pe(llai — Taasl]) < [lag — a%[|> = [Jay41 — a*[|
=0
n
=3 rH1 = ED)pe(||T2a; — Trcil])
=0
n
= w1 = K)pe(]]b; — T1by])), (4.10)
1=0
vneNuU {ol.

3. If I — Y5 and I — Y1 are demiclosed at 0 and B satisfies the Opial condition,
then {a,} — £ where £ € F (v, v,y N CB.[a*], where the convergence is weak.

Proof. (1) Let a* € F (v, v,). From inequality (4.7) the following holds for all €
Nu{0}.
a1 — o] < lay —a™[[ < lay—1 —a*|| < ... <lao —a"[|.
Hence, {a,} € CB,[a*] N B,.
(2) Let T be uniformly continuous. By Lemma 4.1, we have that {a,}, {b,} and
{c,} € CB,[a*] N B, and hence, from inequality (4.1), we have

[[Toa, —a*|| <r, [|Tiay, —a”|| <7, ||T1b, —a*|| <7 and ||Tic, —a®|| <,
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v neNU {0}.
Let g, be the function as defined in Lemma 1 for m = 2 and r; = r. Benefiting
from inequality (4.1) as well, we have

lay+1 —a*[[* = [1Quw.[(1 — £y)by + 15, T1b,] — Qus, [a"]]|?
<11 = #y)(by — @) + £ (T1byy — a”)||?
< (1= s [[by — a"[2 + |1 T1by — a¥[|* — s, (1 = #5) 0e([[ by — Taby]])
< (1= mig) by — a*[12 + sy llby — a”||* — sy (1= rip) 0c(I[by — Ty 1)
= [lby — @[] — 5, (1 — #5)0c(|[by — T1by | (4.11)
< lay — a*[[* = 5, (1 = i )pe(1]by — T1by]l,

V7 eNU {0}. By the bounds of sequence {x,}, we have

i (1= fi)c(|[by — Tabyll) < [Jay — a*[]* = [Jay 1 — a™[].q

Observe that

e
a1 =a) Y pe(llby — T1byl]) < Jlag —a*|| < co.
n=0

We obtain that nlirgo [|b, — Y1b,|| = 0. Using (G — CR), we have
16, — a”||* = []Qu.[(1 — K7) Taay + £ T1¢y] — Qu [a7]||*
<11 = wp)(Taay — a*) + ki (Trey — a”)||?
< (1= sl Taay —a|[*+rp [ Trey —a* [ = k5 (1 — k7)) pe(|[ Taay — Ticy]]).
< (1= w2y — al2+ w2]ley — 12— k21— k)l T2, — Trcyl])
< lay = a*[]* = k5 (1 = £7)0c (|| T2, — T1ey]). (4.12)
Using inequality(4.11), we have

llap+1 —a*|f?

<D%—wW—ﬁaﬂmmmn%—nmﬂ—@u—@mﬂm—nmm

s@%wW@@Of@@mn%hwﬂqa@mmmnmu

Noticeably a b(1 —b) < k(1 —rk2) Ve NU {0}. We obtain that

Y
a b (| Toa;i — Triel]) < [lao — a*[|* = [|ay1 — a*[
1=0

n

=Y hp (1= k) pe(|[b; — T1bil]).

=0
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Now, we have

o]
ab el Y20y — Tieyl]) < [lag — a[|* < cc.
n=C

It results in that
nll)rglo || Toa, — Tic,|| = 0.

Using the inequality (4.12), we have
by — a*[] < (1 — k), — a*|* + &7 {I(l —#y)(ay — a*) = w(Taa, — ")
— kg (1= ) pe(|[ Taay — Trey])

< (1=rp)llay —a”[* + {(1 = rip)llay = a*[|* + w320, — a”)||?

=ty (1= wp)pe(llay — Tzanl)] — k(1= K7)pe(|[Taay — Treyl]).
< lay—a*[| = w55 (1= k7)) pe(llay = T2ay]]) — k5 (1 = K7) ([ T2ay — Tigyl]),
vV n e NU {0}. On the other hand, from inequality (4.11), we have
[lety1—a”]|
= [[by — a*||* = k(1 = k) pc(][by — T1by|
= {Hanaﬂ — ity (=) pc(llay — Taey|]) — w5 (1 — £3)(|[T2ay — Ticy|l)

— tip(L = fip)c(llby — T1byl.
Therefore, b ¢(1 —¢) < by¢, (1 —¢,), Vn € NU {0}. Noticeably

n
be(1-2) pe(a; — Tae;) < [lag — a*|* = lay1 — a*[|?
1=0

n
> K1 = KDl T2a, — Ticy|])
=0

n
= k(1= K)pe(]]b; — T1by])),
=0

which follows that lim, . ||a, — Y2a,|| = 0. Note that
lley — apll = 11Qu. [(1 — Ky)ay + ) T2a,] — Qus, [a"]]]
=||T2a, — a,|| = 0 as n — oc.
Tt is given that Y5 is uniformly continuous, so using Proposition (3.5)
nlggo llen = Taey[| = 0.
Therefore, from

[T20; = Yiey[| =0,

lim
77—>OO
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we have
llay — Taa,|| = 0.
(3) Let B satisfies the Opial condition and T; and Yo with CFP w, where
w € CB,[a*] NB,. Lemma 4.1 results that lim, . [|a, — w|| exists. Let 3 {a,,} and

{ag,} convergent to two distinct points wi and wy in CB, N By, respectively. Since
both I — Y7 and I — Y5 are demiclosed at 0, we have

T1w1 = Tgwl = w
and
T1WQ = TQWQ = W.

Furthermore, the Opial condition results

Jm [l —wi|| = lim llay, —wl] < lim |lag, —wol| = lim_la, —wsl.

In similar manner, we have
nlggo [lay — w2l < nlggo [lay — will,

which is a contradiction. Hence, wi = wy, which confirms the existence of the conver-
gent sequence {a,} which converges weakly to w € F (v, v,) NCB,[a*]. O

Also, if any nonexpansive mapping is uniformly continuous, we may deduce a
convergence theorem for estimating the common F'P; of two nonexpansive mappings
from Theorem 4.2 and Lemma 3.3.

Theorem 4.3. Let ) # B, C B with Qw, as the sunny nonexpansive retraction. Let
T1, T2 : By — B be nonexpansive mappings such that F (y, v,y # (0. Let the real
sequences {ry}, {k2} and {3} 30 <a <k <a<1,0<b<k2<b<1and
0<ec<w)<e<1VneNU {0}. Let ag € B and Pr , ., (a0) = a*. Let {a,} be
the sequence defined by (G — CR). Then, we have

1. {ayp} is in a closed convex bounded set CB,[a*] N B, where
r € (0,00) 3 [lag — a™|] < 7.

2. limy o0 |Ja, — Tiay|| = 0 and lim,_, ||a, — Yoa,|| = 0 with the same error
bounds (2) defined in Theorem 4.2.

3. If I—Y5 and I =Y are demiclosed at 0 and B satisfies the Opial condition, then
{a,} is convergent to an element of I (v, x,) N CB.[a*], where the convergence
is weak convergence.

We may restate condition (3) of Theorem 4.3 as if B meets the Opial condition,
{ay} weakly converges to an element of F (v, r,), if Pr y, v, cannot be determined.
Therefore we can define the following:

Corollary 4.4. Let Ty, Yo : Hs, — Hs, be nonexpansive mappings such that
F(ryrs) 7 0. Let the real sequences {r)}, {sp} and {k}} 0 <a < k) <@ <1,
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O<b§/<;727§5< 1 and0<c§n;°’] <e<1VneNU {0}. Let the sequence {a,} is
defined as follows

ap € By,

a1 = (1— 143717)[177 + Ky T1by,

b, = (1 — K?])Tgan + H%Tﬂm

¢y = (1= kKps)ay + Ky Y2a,, neNUO.

(CR — PPA)

Then the sequence {a,} is convergent weakly to an element of F (v, r,).-

5. Application

It is important to note that various problems based on signal processing and
machine learning can be expressed in accordance with the following manner.
Problem 1. For an m—accretive operator A : B — 2% find an element that satisfies

a € B such that 0 € Aa. (5.1)

PPA, introduced by Martinet (see [15], [14]) and generalized by Rockafellar ([17], [18])
is one of the popular methods to solve this problem. Also, Rockafellar [17] studied
the weak convergence of the PPA, namely:

Uyl = J“A‘lnan, for all n e NUO, (5.2)

for the solution to Problem 5.1 and ay € 8. The weak and strong convergences
of the sequence {z,} defined by equation ( 5.2) have been extensively studied in
various ambient spaces e.g. Hilbert and Banach spaces (see [23], [22], [24], [25] and
the references therein). The general form of Problem 1 is as follows:

Problem 2. Let the mappings A, A; : B — 2% be m—accretive operators.
Find an element

aeB> 0 Aan Aa, (5.3)

when A and A; are two maximal monotonic operators in a H,.

We are now eligible to utilize our observations, which are primarily focused on
accretive operators’ common zeros. We name (G — C'R) an iteration - based proximal
point algorithm when T; = Jﬁ and Yo = Jﬁl. In a more generalized context, we
now analyze its convergence to solve Problem 2.

Theorem 5.1. Let ) # B, be Opial condition. Let A : Dom(A) C B, — 2%
and A; : Dom(A;) C By — 2% be accretive operators > Dom(A) C B
MasoRan(I + AA), Dom(A;) € B, C NasoRan(I + AA1) and A~(0) N .A;(0)

1 2 3 1 _ =
Let {ﬁn},i{/{n}, andﬁ{f{n} be sequences of real numbers 5 0 < a < Kk, < @
b§/£727<b, where b, b € (0,1) andcgﬁf’,<é, ¢, c€(0,1) VneNUO. Let A
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a9 € By and P 4-1(9)na,0-1(00) = a*. Let the sequence {ay} be defined as follows:

ap € %s,
ape1 = (1— 1)577 + “%J“A‘lbnv
by = (1 — k2)JA ay, + k2 JRc,,
o = (1— kD), + K3T 0y,
Then, we have
1. {ayp} is in a closed convex bounded set CB,[a*] N B, where
r € (0,00) 3 [lag — a*|] < 7.

2. lim,, o0 ||a, — Jia,|| = 0 and lim, o0 ||, — JR a,|| = 0 with the same error
bounds (2) defined in Theorem 4.2 where T1 = J“A4 and Yo = J“AAI.

3. {a,} is convergent to an element of A=*(0)N.A;*(0)NCB[a*] and the convergence
is weak convergence.

Proof. As Dom(A) C B, C NxsoRan(I + MA), it is to note that J& : B, — B, is
nonexpansive. Also, J& : B, — B is nonexpansive. Also, Dom(A) N Dom(B) C B,
hence we have

ac A 10)ATH(0) = a € Dom(A) N Dom(A;) with 0 € Aa and 0 € A;a
— a € B, with J“A“a = a and J“A“la =a
- ael’(JJAq’le). (5.4)

Substitute Y1 = JA and Yo = JA1 As a result, Theorem 5.1 refers to the proof from
Theorem 4.3.

Example 5.2. For the problem given below, find the element which satisfies

acJ:= 0A0)N oA (0),
where A, A1 : R x R x R — R are defined as follows:

Ale) = 3 (75(@)) + (0,6).

Also )
Ai(a) = 5(Vy(@).a)) + (a)
VaeR xR xR and
1 2 -3
sz 1 2 =3
-1 -1 3

and
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B =1(2,6,8) and v = (2,6,0). Here, it easy to conclude that the functions V; and
V4 are convex and continuous as well on R x R x R — R with delV () = A(:) + 8,
delVgy(-) = A1(-) + and

J ={a,b,c:a+b=38, c=0}.

Let us define a sequence {a,, b,, ¢, } with initial value {ag, b, ¢o} as follows:

ag € By,

(oS = (- ROL D TR,
(b),02,03) = (1 — k2)Ya(a), by, ) + k2T1(c), ¢2,c2),

(ch,e2,¢2) = (1—rkd)(a),b),ch) + k3T (al, bl cl),

where Y1 = (I +delVs)™! and Yo = (I +delV,)™, 0 < /@717,/{,27,/@% < 1. Using initial
value as (ag, bo, o), V ag,bp,co0 € R in Theorem 4.2, we can find the solution for

distinct values of (ag, bo, co).

Conclusion. Inspired by two well-known concepts, C'R—iterative algorithm by Chug
et al. [5] and common zero of two accretive operators by Kim & Tuyen [10], in this
analysis we have introduced the Generalized G —CR iteration algorithm and analyzed
its convergence behaviour to find C'F P; for nonself QN E M s in convex Banach spaces.
In order to understand the work, application of the the same is also analyzed.
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Generalized Szasz-Mirakian type operators
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Abstract. In this paper we propose certain modifications of Szasz-Mirakian type
operators and study their approximation properties. We also give a Voronovskaya
type theorem for these operators.
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1. Introduction

Classical Szasz-Mirakian operator is defined as

e ()t <k)
Sn(fiz) =e k; Bl fl- (1.1)
with © € Ry = [0,00),n € N = {1,2,3,...},k € Np = NUO and f € C(Rp). The
approximation behaviour of this operator for bounded functions is well known (see,
e.g. [2, 8]). Hermann considered this operator on a much wider class, growing faster
than exponentially. In 2005, Schurer[6, 7] type generalization was given by Moreno
[4] for this operator 1.1.

o0

) = (e § (R P)2)*
Sn,p(f’ ) ];O (k)'

Later Firlej and Rempulska [3] introduced a modified Szész-Mirakian operator:

G g 1 = (nx)?* | [ 2k
Sn(fiw) = cosh(nz) ;} anr (n> @ € Ro,n € N,

k
f(n) ,x € Rg,n € N,p € Np.
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Motivated by the above two modifications now we consider Szész-Mirakian type opera-
tors for f € Cp

Snap(f37) = cosh((n —|—p Z

k:O

2k
) <n)7xER07n€N,pEN0. (12)

and coshz,tanhx are elementary hyperbolic functions. Let
={feCnNC*(Ry): f';f" € Cp}

be the space of real-valued functions uniformly continuous and bounded on
Ry = [0;00) and let the norm in Cp be given by the formula

IfIl = sup [f(x)].

TzERy

In the year 2008, Deo et al. [1] studied Voronovskaya type results for modified Bern-
stein operators. Now the purpose of this study is to give Voronovskaya type theo-
rems for Schurer ([6, 7]) as well Firlej and Rempulska [3] type modification of Szdsz-
Mirakian operators.

2. Auxiliary results

In this section we prove some results on gnm that will help in establishing the
main result.

Lemma 2.1. For each n € N and x € Ry we have

Spp(liz) =1, (2.1)
§n,p(t; x) = @ tanh((n + p)x), (2.2)
Supltti) = D (EDIE (. 2:3)

Snp(t’;2) = % [{((n +p)2)® + (n+ p)a} tanh((n + p)z) + 3((n +p)2)*],  (2.4)

Sn7p(t4; x) = % [((n +p):c)4 +{6((n+p)x)*+ (n+p)z} tanh((n+p)z) +7((n +p)z)2] .
(2.5)

Proof. From (1.2) we can easily obtain (2.1) and

a — ((n z)?k n x
Snp(t;x) = ! kzo ( ?_2]1;))' ) (Qk) = %tamh((n +p)x).

cosh((n +p)z) & n
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(oo}

S (20— 1 (n+p)o)** (2k\*
Snp(t5 @) = cosh((n + p)x) Z (2k)! < n >
)
)

k=0
> x)?* {(2k)(2k — 1) + 2k}
|

B 1 ((n+p
~ cosh((n +p)x) kz:;) (2Kk)!

- (PP DD o+ i

n2

S (3.0 _ 1 = ((n+p)x)?* [2k\°
Sert5n) = v e ,;) 2k) <n>
B = n+p 2k L(2k)(2k—1)(2k—2) + 6k(2k—1) + 2k}
cosh((n + p)zx ’; n3
1 (n
- cosh((n + p)x) {(( L n3 o) sinh((n + p)z)
+ W cosh((n + p)x)}
= % [((n+p)x)? tanh((n+p)z) + 3((n+p)z)* + (n+p)x tanh((n+p)z)] .
g 4.\ _ - (n +p x) 2k
Snap(t 7HC)_cosh n+p kz:; (n)
= ool n+p Z n;;p, 2 [21«)(21{71)(214;72)(%73)

k:O
+6(2K)(2k — 1)(2k — 2) + 7(2Kk)(2k — 1) + Qk}

= % [((n+p)z)* + (6((n+p)z)* + (n+p)z) tanh((n+p)z) + 7((n+p)z)?] .
O

Using above Lemma 2.1, we shall prove the following Lemma.

Lemma 2.2. The following equalities hold for all x € Ry and n € N:

Spp(t —z;2) = MTP)@" [tanh((n + p)z) — 1] + 7%
Bua( = a5 = P2 (202 = £ (1 tanb(n 4+ p)) + DL
§n’p((t — x)?’;x) = (nT—i_p)tanh((n +p)fE) |:(n;:2p)2x3 + % _ 37:;2 + 3(E3

3(n + p)2a® B 3z(n + p)2z? 3
n3 ) z

+
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Sup((t — 2)* )

B L N T
N ((n+p)x)t +7((n +p)z)* — 12m(§$+ p)r)? + 62%n%((n + p)z)? + 2'n?
Proof. Using Lemma 2.1 we have,
Spp(t —z;2) = (n+pw tanh((n + p)z) — x
_ Zp)x [tanh((n + p)z) — 1] + % (2.6)
St — %) = Zf)m)z G ;:f)” tanh((n + p)z)
= 23:@ tanh((n + p)z) + 22
— tanh((n + p)a) {(" L (("27?”3)2
(2.7)

(n+p)

(29&2 - %) (1 —tanh(n +p)z) +

Snp((t —2)% )
= % [((n+ p)z)3 tanh((n + p)z) + 3((n + p)z)? + (n + p)z tanh((n + p)z)]

s [ DT )

+3 (n —|—np)x3 tanh((n + p)z) — 23 (2.8)
(n+p) (n+p)? 5 =z 327

— 3

3(n + p)2a? ~ 3z(n +p)2z? B

+ 2

n3 n
§n,p((t—m)4; x)= gn,p(t‘l; m)—4x§n,p(t3; x)+6x2§n,p(t2; m)—4x3§n,p(t; x)+m4§n,p(1; x)
(n+plx+6((n+px)® 4z{((n+p)’+ (n+pz}

nt - n3
623(n + p) — 4z*n(n + p)
+ 2
n

((n+p)x)* +7((n+p)x)? — 12zn((n + p)x)? + 622n3((n + p)x)? + zin*

= tanh((n + p)x) {

_|_

6 2,.3 4 2,.3 4 2 6 3
:7(n+p) tanh((n + p)x) (ntp)fe”  Aln+p)e +£—i+i—4ﬁc4]
n n3 n? n3 n? n
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((n +p)z)* +7((n +p)x)® — 122n((n + p)x)* + 62%n*((n + p)2)* + 2'n’

+ i

(2.9)
O
In order to prove a Voronovskaya type theorem we need the following lemmas.
Lemma 2.3. Forn,r € N,p € Ny and x > 0, the following results hold
(a) 0 < 2"(1 —tanh(n +p)z) < 2'"rl(n +p)~"

(b) lim [n {tanh((n +p)z) — 1} =0

() lim {tanh((n +p)2)} = 1,

and

(d) Tim {tanh((n +p)z) -1}

n—00 n

0

Proof. We shall use an inequality considered in (eq.(22), [5]) which says that, for
m,r € N and z > 0,

0 <z"(1—tanhmz) < 21T plm T

Now on replacing m by n + p,n € N,p € Ny we get the desired result.
Following the technique used in Lemma 2 of [5],we easily obtain (b),(c) and (d). O

Lemma 2.4. For every fized x € Ry, we have

(7) nl;ngo n:S'\n,p(t —z;x) = pr,

(i4) nh_)ngo n§n7p((t —2)%2) =,

Proof. Using Lemma 2.2 we obtain,

(n+p)x

(i)gn’p(t —zyx) = tanh((n + p)x) —

= @ [tanh((n + p)z) — 1] + %

=z [tanh((n + p)x) — 1] + % tanh((n + p)x).
therefore
ngn,p(t — z;x) = zn [tanh((n + p)z) — 1] + px tanh((n + p)x).
Using Lemma 2.3 we get

lim ngn,p(t —z;z) = lim [zn{tanh((n + p)x) — 1} 4+ px tanh((n + p)z)]

n—oo n—oo
= pax.
N TR IR U DN ST RN A (n+ p)z + p*a?
(1) Sp p((t — )% 2) = - <2£L' n) (1 —tanh(n + p)x) + 3
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~

nSnp((t — )% 2) = 222 [n {1 — tanh((n + p)z)}]
+ 2pz? [1 — {tanh((n + p)z)}] — = [{1 — tanh((n + p)z)}]

2.2

pr px  pT

— —[1 — {tanh — 4 —
(1~ {sanh((n+ )] + o+ 2+ 2
Again using Lemma 2.3 we obtain
: g _ )2 —

nll)ngonSn’p((t x)5x) == O
Lemma 2.5. The following inequalities are satisfied for allm € N,p € Ny and x € Ry :

pxr+1

| p(t — @32)] <

3+ (p+ 1)z + p*a?

1S p((t — )% )| <

n
~ 474+ (1 +p)x + (3 + 10p + 7p*)z? + 6p22® + plat
|Snp((t = 2)%2)] < — (2.10)

Proof. For n,r € N,p € Ny and z > 0 we have
0 < 2"(1 —tanh(n +p)z) <27 "rl(n +p)~".

So from Lemma 2.2,

Gt — 2:2)] = | P22 fan((n 4+ p)) — 1] + 2
< pxr +1
n
a n+ p)zr)? n—+p)x
So((t —2)% ) = U nf) L nf) tanh((n + p)z)
— 23:@ tanh((n + p)z) + 2
+ —+ + 2
— tanh((n + p)z) [(n n2p)x G np)x] e (@TL#
n+px n+p)r n+ p)z + p?a?
:(tanh(ner)z—l) |:( nf) ),21,( np) ]Jr( p)n2 p
. 2 2
1Sy p((t — x)%; 2)| = |(tanh(n+p)z—1) (ntp)r) 9 (n+p)w n (n+p)x + p?z
n? n n2
Lt mtpzapta® 2
- n? n(n+p)
< Stprepiet @
n n
< 3+ px + x + p*a?
n

< 3+ (p+ 1)z + p*ax?
o n
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Sup((t — 2)* )

n-+ 6(n+p)2z®  4(n+p)2® T 422 623
:( p)tanh((n—i—p)x)[ ( f) - ( 5) +*3—72+7—4x4
n n n n n n
((n+p)x)t+7((n+p)x)? — 122n((n + p)x)? + 622n?((n + p)x)? + zint
+ "
6 3,.3 4 3.4 4 2 6 3
_ () [ i)'t iple i tpia® oty
(n+p) 41 (n+pa'  T(n+p)Pz® 12(n+p2® 6n+pPct
-4 n } + n4 + n* a n3 * n? e
6(n+p)3rd  4(n+p)2z* (m+pr  4n+p)?
= (tanh((n +p)x) — 1) [ - — 3 + - — 3
3 4 4 3 2
. 6(n+p)z”  (n+p) 4 . (n+p)*  4(n+p) . 6n+p)” _ ,(tp) 1 4
n? n n4 n3 n?
6(n+p)* 6(n+p) 12(n+p)*\ 5 (Tn+p)? 4n+p) o (n+p)
+( n4 + nz n3 )I +< nt N3 )x +TI
~ 10 16 9 12
Son((t—2)h2) < —
[Snp((t = 2)552)] < n4+n3(n+p) +n2(n—|—p)2 +n(n+p)3+
4. .4 6 2,.3 3_|_ 10 _|_ 7 2 2 1 +
ijrp;ch( p2p)x+( 219)3?
n n n n
< 47 plzt +6p2a® + (3 + 10p + Tp?)a?® + (1 + p)z
S + 2
< 47+ (1 +p)x + (3 + 10p + 7p?)a? + 6p2z3 + pla?
< 2
O

3. Voronovskaya type theorems

In this section we give a Voronovskaya-type theorem for the operators §n,p with
the help of properties of S, ,, which are already mentioned in the above lemmas.

Lemma 3.1. Suppose that x¢ is a fized point in Ry and o(t;xz0)is a given function
belonging to Cp and such that

Jim o(t;20) =0 (}1_{1;1) o(t;0) = 0)

Then for a fited p € N
lim Sy p((t; z0); o) = 0. (3.1)

n— oo

Proof. By (1.2) we have for n € N and a fixed point z¢ > 0

N > ((n 4+ )2k
Snp(@(t; m0); o) = cosh((;—i—p)x) Z (« (+2£§' ) © (2:;:1:0) (3.2)
k=0
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Choose € > 0. Since ¢(+;x9) € Cp, there exists a positive constant § = d(¢) such that
€
|(p(t;$0)‘ < 5, if |t — 1‘0| < 5, t>0

Moreover there exists a positive constant M such that |o(t;20)] < M for all ¢ > 0.
Hence, from (3.2) we get for every n € N
2k
P50
n

1 ((n+ p)x)**
cosh((n + p)x) Z (2k)!
2k
 (5)
=F| + Ey (33)

|5 (8 20); 20)| <
k€Q1,n

1 ((n+p)a)*
+ cosh((n+p)x) Z (2k)!

where

2k
Ql,n:k€N03’n—$o <0

and

2
Q2,n=k€No:‘:—xo > 4.

From (2.1) we get,
€ 1 = ((n+ p)x)?* €
Er<3 cosh((n + p)x) kZ:O (k) 2 (34)

1 ((n+p)z)*
B2 < M+ p)) ke%;n (2h)] (3:5)

. i . . 2 .
Since |% — x| > & implies 1 < 62 (% - mo) , we can write

1 2k ok ?
E2 S M(572 Z ((n +p)$> = 2
cosh((n + p)x)) (2k)! n
k€Q2,n
< M6728, ,((t — 20)?; 20)
which by Lemma 2.5 gives,
M (3 + pxo + xo + p*z)
né2

It is obvious that for given € > 0,0 > 0,M > 0 and xy > 0 we can choose ng =
no(€e; d; M;x0) € N such that for all natural numbers n > ng one gets

M(3 + pro + w0 +p*ag) _ €

nd? 2

Ey <

Hence,
E, < g for n> nyg. (3.6)

Using equations (3.4) and(3.6) to (3.3) we get

Lim S, (p(t 20); 20) = 0
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and this completes the proof. O
Theorem 3.2. If f € C%, then for every fized x € Ry one gets
. 5 x
T n(S,,(fi2) = F(@)) = paf (@) + 5 £ (a). )

Proof. Let xg € Ry be a fixed point.Then by Taylor formula we can write for every
t € Ry,

f(t) = f(zo) + f'(w0)(t — x0) + %f//(ffo)(t —20)? + ¥(t; 20) (t — 30)?, (3.8)

where ¥(t;z9) € Cp and tlg?o U(t; o) = (t£%1+w(t; 0) = 0>

On applying the operator :S’\mp on both sides of (3.8), we have for every n € N,
~ ~ 1 ~
Sn,p(f; 1’0) - f(.’L'()) = f/(‘rO)Sn,p(t — Xo; 330) + §f”(m0)sn,p((t - mO)Q; 1'0)
+ S (W5 20) (t — 20)% 20) (3.9)
In view of (3.9) and by Holder’s inequality we get for n € N

S0 6(t320) (¢ = 20)% 20)| < { S @2 (tiz)iz) s {Spl(t —20)ia)}

(3.10)
Since the function ¢(t;x0) = ¥2(t;20),t > 0 satisfies the assumption of Lemma 3.1
we have,

lim S, ,(2(t; 7); 0) = 0
n— o0
From (2.10) it follows that there exists a constant M; = M;(p,zo) depending on
p and xq such that
”2§n,p((t —x0)420) <My forne N

Consequently we obtain

lim NS (Y (t; o) (t — 20)%;20) = 0 (3.11)
from (3.10). Using Lemma 2.4 and (3.11), we derive immediately (3.7) from (3.9).
Thus the proof is complete. U

References

[1] Deo, N., Noor, M.A., Siddiqui, M.A., On approzimation by a class of new Bernstein
type operators, Appl. Math. Comput., 201(2008), 604-612.

[2] Ditzian, Z., Totik, V., Moduli of Smoothness, Springer-Verlag, New York, 1987.

[3] Firlej, B., Rempulska, L., Approzimation function by some linear positive operators,
Fasciculi Mathematici, 27(1997), 65-79.

[4] Lopez-Moreno, A.J., Preservation of Lipschitz constants by Bernstein type operators,
Acta Math. Hungar., 102(4)(2005), 343-354.

[5] Rempulska, L., Skorupa, M., A Voronowskagja-type theorem for some linear positive op-
erators, Indian Journal of Mathematics, 39(1997), no. 2, 127-137.



424 Raksha Rani Agrawal and Nandita Gupta

[6] Schurer, F., Linear positive operators in approzimation theory, Math. Inst. Techn. Univ.
Delft Report, (1962).

[7] Schurer, F., On Linear Positive Operators in Approzimation Theory, Dissertation, Uni-
versity of Delft, 1965.

[8] Totik, V., Approzimation by Bernstein polynomials, Amer. J. Math., 116(1994), 995-
1008.

Raksha Rani Agrawal
Department of Mathematics,
S.S.T.C./S.S.G.I. College,

Durg, Chhattisgarh, India

e-mail: raksha mukesh@yahoo.com

Nandita Gupta

Government Polytechnic,
Mahasamund, Chhattisgarh, India
e-mail: nandita_dec@yahoo.com



Stud. Univ. Babes-Bolyai Math. 69(2024), No. 2, 425-443
DOLI: 10.24193/subbmath.2024.2.12

Global existence and uniqueness for viscoelastic
equations with nonstandard growth conditions

Abita Rahmoune

Abstract. This paper is devoted to the study of generalized viscoelastic nonlinear
equations with Dirichlet-Neumann boundary conditions. We establish the local
and uniqueness of weak solutions results in Sobolev spaces with variable expo-
nents. Solutions are constructed as a limit of approximate solutions by a method
independent of a compactness argument. We also discuss the global existence of
solutions in the energy space.
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1. Introduction

In this paper, we study the global existence and uniqueness of weak solutions
for the nonlinear viscoelastic equation with the m (z)-Laplacian operator

Ut — D (o) U + w1 A% (t) — woAuy () + a (t) /t B(t—s)Au(s)ds
0

PP () + Mg (ue (8) = bf (u(t)) in Q xR, (1.1)
u=0,u=0o0nT x[0,+o0],
u(z,0) = up(x), ue(z,0) =uy(z) in Q,

where A,,yu = div (|Vu|m(m)_2 Vu) is called the m (z)-Laplacian operator,

m(z) and p(x) are two continuous functions on €, Q is a bounded open subset of
R™ with a smooth boundary 092 = T', 3 is a memory kernel that decays exponentially,
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g(uy) is a nonlinear damping term, f(u) is a nonlinear generalized source term, uy and
uy are given functions, and J,, denotes the normal derivative directed outside of Q2 and
Q = Qx[0,T]. Problem (1.1), with its general memory term o ( fo B(t—s)Au(s)ds
can be regarded as a fourth order viscoelastic plate equation with a lower order per—
turbation of the usual m-Laplacian type (m (z) = const > 2). It can also be regarded
as an elastoplastic flow equation with some kind of memory effect. We note that for
viscoelastic plate equations, it is usual to consider a memory of the general form

fo B (t — s) A?u (s)ds. However, because the main dissipation of the system (1.1)
is given by strong damping —Auw, (t), here we consider a weaker memory, acting only
on Awu (t). There is a large body of literature about the stability and global existence
of viscoelasticity. We refer the reader to, [9, 10, 8, 18, 19, 4, 2, 3, 1]. Our objective in
the present work is to extend the results established in the study of the differential
equation about global existence with standard m-growth in the study of generalized
problem (1.1) with nonstandard m(z)-growth. Equations with nonstandard growth
occur in the mathematical modeling of various physical phenomena, for example,
the flows of electrorheological fluids or fluids with temperature-dependent viscosity,
nonlinear viscoelasticity, processes of filtration through porous media and image pro-
cessing.

2. Literature overview and new contributions

The semilinear case with the classical Laplace operator (when m(x) = m =
const) and when (p(z) = p = const), was studied by many authors. Other related
works include:

1. The asymptotic behavior of solutions of the equations of linear viscoelasticity
at large times was considered first by Dafermos [9] in 1970, where the general
decay was discussed.

gy — A%u (t) — Auy (t /Bt—s Au(s)ds =

From a physical point of view, this type of problem usually arises in viscoelas-
ticity.

2. With the usual m—Laplacian operator m (z) = p(p =const> 2), a more general
problem concerning the energy decay for a class of plate equations with memory
and lower order perturbation of the p—Laplacian type

utt—div<|Vu\p_2Vu)+A2u() Auy (t /ﬂt—s Au(s)ds+ f(u(t)) =0

has been extensively studied in [5].

3. Problem (1.1) without the viscoelastic term, with the usual m-Laplacian opera-
tor (m(z) =m —1), (p = const > 2) has been extensively studied by Yang et
al [6, 7] concerning existence, nonexistence and long-term dynamics,

uy — div (\Vu|m71 Vu) + A% (t) — Aug (1) + g (ug (1)) +h (u(t)) = £ (z,t)
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4. The following problem:
t
wy — Au(t) + / B(t—s)Alu(s,x))ds + [ulP > u+ o (z)us =0
0

for o : Q — RT, a function, which may be null on a part of the domain 2, has
been considered and studied by many authors [8].

By assuming o () > o¢ on the subdomain 7 C 2, the authors obtained
an exponential rate of decay, provided that the kernel S satisfies:

{ —GB) < B (1) < —GA(t), t >0,

181l L (0,4-00) 18 small enough.

Motivated by previous works, the goal of this paper is to establish the local and
uniqueness of weak solution results in Sobolev spaces with variable exponents.
We also discuss the global existence of solutions in the energy space. We pay
specific properties caused by the variable exponents m(.) and p(.).

3. Problem statement

In this section we list and recall some well-known results and facts from the
theory of Sobolev spaces with variable exponents. (For the details see [11, 12, 13, 14,
15]). Throughout the rest of the paper we assume that € is a bounded domain of R",
n > 2 with smooth boundary T' and assume that p(x) and m (z) satisfy:

2<p_ <p(z) <py <ps«(x) < oo, 31
2<m_ <m(x) <my < my(z) < 0 (3.1)
where
py = ess supy (x), p_ =ess infy(x)
TEQ zefd
and
ne(x) .
————ifp. <n
pu(z) < ¢ (n—p(2), (3.2)
400, if o1 > n.
We also assume that
1
m(z)—m(y)| < ———, forall z, y in Q with |z —y| < =, 3.3
@) = m ) € -yl<y  (33)
with M > 0 and
m, > ess supm (z) (3.4)

{ze}

Let p : Q — [1,00] be a measurable function. We denote by LP()(Q) the set of
measurable functions u on €2 such that

Ay (u) = / |u (x)|p(x) dz+ ess sup |u(x)| < o0

zeQ|p(x)=0c0
(2eQlp(z) <00} {z€Q|p(z)=00}
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The set LP() (Q) equipped with the Luxemburg norm

lulloc) = llull Lo () = inf {M >0, Ap) <u) < 1}7

is a Banach space with

min (||u||p<> Nl >) < Ay (u) < max (Hu”p() lull? ))
and the generalized Holder’s inequality holds.

Let p satisfy the following Zhikov—Fan uniform local continuity condition :

1
lp(z) —p ()| < , for all z, y in Q with |z — y] <3 M >0, (3.5)

llog |z — y|
with ess inf (p* (z) — p(z)) > 0.
{zeQ}
o If condition (3.5) is fulfilled, Q has a finite measure and p, ¢ are variable ex-
ponents so that p(z) < ¢(x) almost everywhere in 2, then the embedding
L1)(Q) — LPL)(Q) is continuous.

e If p: Q — [1,400) is a measurable function and p, > ess supp (x) with p, <
{zeQ}

20 (n > 2), (p* < 2 (n> 4)), then the embeddings H} () — LP()(Q), and
(Hg Q) = Lp(')(Q)) are continuous and compact respectively.

Let us state the precise hypotheses on ¢, f, « and 3 :
o is a measurable nonincreasing differentiable bounded function on Rt and

ar > a(0) >a(t) >0, t>0. (3.6)
Let g be increasing C'—function such that:
zg (@) = do e, w € R,
|9 (@)| < difo] +d2 |2|77F w e R, di >0, (3.7)

2<0 <o) <oy <pr) <py < s <00, >3
Let f(z,s) € C! (Q x R) satisfy:
sf (x,8) + k1 (@) [s| > p(@) f (2,9), (3-8)
and the growth conditions
@)l <t (I8l + ke () 5

(3.9)
Ifs (z,8)] <l (|s|971 + k3 (33)) inQxR, and 1 << %

where f(m,s) = f(s) = fogf(a: ¢)d¢, with some Iy, I; > 0 and the nonnegative
functions k1 (z), k2 (z), k3 (z) € L™ (), a.e. x € Q.
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The memory kernel 8 : [0, +oo[ — [0, 400 is a differentiable bounded function
such that

B(0) =pFo >0, co> /OO B(t)dt = Bu;
0
wiA — a(0) B > 0; (3.10)
t
oz(t)ﬂ(t)Jro/(t)/ B(s)ds>0 teR".
0
there exists K > 0 such that

B'(t) < —KpB(t) Vt>0. (3.11)
where A\; > 0 is determined by the imbedding inequality
A [V ()] < |Auf®. (3.12)

Remark 3.1. Typical examples of functions satisfying (3.10) and (3.11), are

B(t) = Boe”™, a> max (Boa (0),K> ;

w1/\1

a(t) =a (O) e 51(2)1 I B(S)ds.

Remark 3.2. We remark from the first identity in (3.10) and assumption (3.6) that

¢
Wi — a(t)/ B(s)ds > wiA; —a(0) By >0, forallteRY.
0

4. Main result

In this section we establish an existence result for problem (1.1).

4.1. Local existence

Theorem 4.1. Assume that (3.6)-(3.11) hold, given any (uo,u1) € HZ (Q)NLPO(Q) x
L?(Q). Then problem (1.1) admits a solution u (t) satisfying:

ue L®(0,T;V N LPY(Q)), (4.1)

where
V={peH*(Q):9=00nT}.

Proof. Let w; (j =1,2,...) satisfy the spectral problem
(wj,v)Hg =\, (wj,v), Yve H,
where (., .)H2 represents the inner product in HZ. The family of functions

0
{w1,wa, ..., wp,} yield a Galerkin basis for both HZ and L? (Q).
For any m € N, let us put V,,, = Span {wy, wa, ..., wy}. We define

U (1) = Zij(t)wj, (4.2)
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where K, satisfies:
(U (8), wj) + w1 (A, Aw;) + wo (Vime, Vw;)

it (1) 05) + (Jum P i, w5)

(a0 [ Bt — ) Vum () 5.9, ) + 0o () 05) = B0 (1) 7).

m

Um = Uom = E Aim Wy, umt = Ulm = E Bzmw] )

Ugm — Up 10 Vi, U1y — uq in LQ(Q).

for 1 < j <m, and

a(h, W) = / (V™72 Ty v da.

As the family {wy, wa, ..., w,;, } is linearly independent, the problem (Pm) admits at
least one local solution u,, in the interval [0, ¢,,] verifying w,, (t) € L? (0,t,,; V;,) and
Upme (t) € L2 (0,t; Vin). The estimate below will allow ¢, to be independent of m.

A priori Estimate 1
Let us define

(BoVu) ( /6 (t—-s) /|Vu (t)]* dads,

it is easy, by differentiating the term « (t) (SoVu) () with respect to t, to show that

a(t) /Q /0 Bt —s)Vu(s) Vuy (t) deds

= —%% {a (t) (BoVu) (t) — a (t) [Vu (t)|2/0 B (s) ds}

+%a (t) (B'oVu) (¢ a(t)B(t)[Vu(t)?

V(¢ |/6

(gt () e (8)) + (2t (2) 1t (£)) + 01 (Dt (2) , Aty (1))
Fwy (Vi (), Ve (t))

1

) =5
1, 1
50’ (1) (BoVu) (1) = ' (1)

Next, replacing w; in (Pm) by wn, (), yields

o (I P72 (1), e (8)) = (2) /O B(t—5) (Vum (5), Ve (£)) ds
+A(g (i) wme (1)) = O(f (um (£)) , wme (1))

(4.4)
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Using Young’s inequality and (4.4), it results

1 2 1 m(x) 1 2
= |ume(t — m(t d — Ay,
5 1t + [ = 190,01 o + G [ B

% 7% <a (t) /O B(s) ds) Vi, (1) (4.6)
1a oVu 1 u P@) g — f(u x
4500 (3090 (0+ [ sl (@F do =t [ Flun(t)a
2

+)‘ (g (umt) y Umt (t)) + wa |vumt (t)‘

= %oz (t) (B oVun) (t) + %o/ (t) (BoVup,) (t)

-2 (a t) B () + o (t) /Otﬁ(s) ds) |V (8)]

We denote by E,, the energy functional associated with problem (1.1):

B (1) = 3 b (O + 2 et~ ( ) [ 5615 19 07

+%0‘ t) (BoVuy,) (t) + /Q \vum(t)rn(x) da

m ()
L u P(@) 4 — f(u T
[ s Pz =b [ Flun0) de @)

Using the conditions (3.6), (3.10) and (3.11), we see that

B () < 500 (#'0Tun) (0~ 5 (a0 +0©) [ 56)ds) IVun O)F
+%o/ (t) (BoVuy,) (t) <0 VYt > 0. (4.8)

The Young’s inequality and (3.8), gives

fb/ f(upm(t)de > — / (b )kl( x) || de — / (bx)umf (z,un,)dz (4.9)

—5+2/|um ()P dxfC’s+/|k1x|p(

/Qp( )umf(;v s Upp) dex.
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Next, using hypothesis (3.9) and Young’s inequality, we obtain
b b
——un f (z,u d:ES/ — | f (x,u Uy | A
ooyt ) < | 217
l e, p_
< 715_"_/ (Ium‘29+|k2 (.Z')|2) dx+c(+72p)/ |um|2 dz
Q pZ Q

p—

12 </ p(I)729 / 1 (z) > l2 2
<-Lle —————dx + 20 —umt’”dx + Ley k2 (2
L@ [um ()] P LIl S

+C' (e4,p- / |t ()P daz (4.10)

? 20
<i, (mp* 2 [ ) a )

12 .
oben s ()% + € epo) + = / i (P dz

Now replace (4.10) in (4.9) and let 0 < g4 < W by using (3.10), (3.12) and
Remark 3.2 from (4.7), we obtain:
1 1
B (8) 2 3 im0+ 5 (11 = (0) 82) [ Aun (6 (4.11)

+Cy / [Vt (£)]™) da + 02/ |t ()P daz — C5 (1 4+ Ky + K>)
Q Q
or

[t + 1B, OF + [ un @ do+ [ [V (0 da
Q Q

< Cy (Em (t)+K1 +K2—|—1), (412)
where
1 2 —py (24202
012770<02:p P+(2 1)a€+7
my pPZp+
2 13 — 26
Cy=max | C. ;Lte :C (es,p_) + ¢ ),
= max (Cei Leni ' eanpo) + e P
1
C4 = max ,C3
min (% (wiA — a(0) B1),Ch, C’g)
Thus, it follows from ( (4.8) and (4.12) that

e (1) +/|Vu m(I)dx+IAum\2+/|um(t)|p(g”>dx
Q

¢
+ws / |Vt (5)|° ds + )\/ (9 (tmt (8)) , ume (s))ds (4.13)
0 0
<Cy(En(0)+ Ky +Ky+1) foreveryt>0
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where K1 = ||ki%,, Ko = [[ka|%
According to Holder’s inequality, using (3.8) and (3.9), we have

‘b/Q F (um(0)) dz

c (|u0m2 I+ [ Ton P de+ [l + |u0m|2) .
Q

b b
< —/ k1 (x)IIuOm\dx+—/ [uom | | f (2, uom)| dz
P-Ja P-Ja

Therefore from (4.7) one has

1
E,, (0) = 5|u1m‘2_’_/Q m( ) ‘Vu0m| d(E—‘r |AU()m|

1 .
—&—/—ump(gu)dx—b/ Uom ) AT
Qp(l')|0 | Qf(o )

C <|u1m|2 +/ [V ttgm ™™ dz + | Augy |* +/ |tom [P dz + |uom|* + K1 + K2> .
Q Q
Then from (4.3) and (4.13), we obtain

|umt(t)\2+/ |Vt () dx+|Aum\2+/ |t (£)[P) A
Q Q

+w2/0 |Vttt (S>|2 ds + )\/0 (g (Ut (5)) , ume (5)) ds < C,

for some positive constant C' > 0.
Gronwall’s inequality and assumption (3.7) gives

Uy, is bounded in L™ (O7T; H2(Q) N LPO( Q))
),
)

b

Uy is bounded in L™ (0,7 L*(12)

g (Umi) Upy is bounded in L' (Q x (0,T)
Ume is bounded in L? (O T; Lot )(Q )
Vi is bounded in L2 (O T; L? Q) )
2).

Q))

Since Hi < VVol’p+ (), we can use the standard projection arguments as in Lions
[16]. Then from (Pm) and the estimates (4.14), we obtain

Ut 18 bounded in L2 (O,T; Hal (Q)) . (4.15)

(4.14)

Vi, is bounded in L™ (0 T, L)

(
Anp(y (ty) is bounded in L (o,T; wLm' () (

To estimate the term g (up,: (t)) we need the following lemma.
Lemma 4.2. For all m € N there exists M > 0 such that

llg (e I < M.
1(Q)
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Proof. Thanks to Holder’s, and Young’s inequalities, from (3.7), we get

_olz) o
/ 19 (tme)| 77T do = / |9 (tme)] g (Ume)| 7@ da
Q

1
o(z)—1

< [ 19 ot O] (s 0]+ e e (017 ) 7
<c /Q 19t ()] ([t (017 - e (1))

e /Q 19 (it (6)) [ttt ()] 7T daz + C /Q 19 (e (8))] [tme (£)] d

o(x) o (x)
N 4o C (o) [ e (O do
Q

e /Q 19ttt (8))] [t ()]

therefore

1 —2iz) _o(=x)
— / 19 (tms ()77 d < C (04,0) / [ty ()| 7T da

*C/ 19 (tme ()] [ttt (8)] A < € [t (][50 1+0/ |9 (it (£))] [t (t)] e,

hence, estimates (4.14) gives

T _o(@)
/ / |g (e ()] 7@=T deedt < M.
) Q

(

By estimate (4.16)
g (Ume (t)) = g (ug (t)) a.e. in Q x (0,T)

Therefore from Lions [16, Lemma 1.3] we infer that
g (umt) — g (ue) in LT (2 x (0,T)) weak star.

Passage to the limit
On the other hand, we have from (4.14)

Uy — u weak star in L (O,T; HZ(Q) N Lp(‘)(Q)) ,

A?u,, — A%y weak star in L™ <O,T; H2(Q)N Lp(')(Q)> ,

AW (um) — ¥ weak star in L™ (O,T; w—1m' () (Q))

(4.16)

(4.17)

(4.18)
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By applying the Lions-Aubin compactness lemma, we obtain, for any 7' > 0,
Um — u strongly in L* (0,75 H)(9)) . (4.19)

Using the compactness of Hg(2) in L?(Q), it is easy to verify

T T
/ / |t [P 2 wppvdadt — / / [l "2 uvdadt for all v € L7 (0,75 Hg () ,
o Jo o Jo

as m — oo. s
Using growth conditions (3.9) and (4.18), we see that fOT Jo If (um)| 7 dzdt is
bounded and

f (um) — f(u) aein Qx (0,7),
then
f (um) — f (u) weak star in L% (O,T;L%) 7

as m — 0o, which implies that

T T
/ / f () vdzdt — / / f (u)vdzdt for all v € L+ (0,75 Hy () .
0o Ja 0o Ja
Passing to the limit in (Pm), we have

(uee (), v) — (1, v) + w1 (A%u,v) — wa (Aug,v) + <|u|p(')_2 u, v) (4.20)

- (a (t)/o B(t—s) Vu(s)dS,Vv) + A (g (u),v) =b(f(u),v) YveWrL(Q).

Finally, by strong convergence, we can use a standard monotonicity argument as done
in Lions [16] or Ma & Soriano [17] to show that ¢ = A,,() (u). Then we infer that
limit u satisfies (4.1) and

t
e — Apgy (w) + wy A%y — wyAuy + a (t) / B(t—s)Au(s))ds + |u|p(‘)_2 U
0
+Ag (ut) =bf (u).
From where the proof of theorem (4.1). O

4.2. Uniqueness

In this subsection, the uniqueness of the solution will be proven.

Theorem 4.3. Let the assumptions of theorem 4.1 hold. Assume further that

2n —2
p+§L27 n#2 (pyr <o ifn<2) (4.21)
n—
2n —2
m+§L2,n7é2(m+<ooz'fn§2), (4.22)
n—
1<9§%‘, (4.23)

Then, there exists a unique solution u to problem 1.1 and it satisfies (4.1).
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Proof. Let u, v be two weak solutions of problem 1.1, and set ¥ = u — v. Then, ¥
satisfies the equation

L\ (t) - (Am( YU (t) Am (t)) + ’LU1A2\1/ (t) - ’UJQA\I’/ (t)
A (g (ur (1) = g (v () + (u@FY 2 u(t) — o @)Y 0 (1)) (4.24)
t) / B(t—s)AU(s)ds = b(f (u(t) - f (v (1))

in L2 (O, T; L? (Q)), T > 0, with boundary conditions and null initial data.
As W' € L? (0,T; H} (€2)), multiplying above equation by ¥’ (t), to get

1d
SO + wrg T IAVOP + w2 (VUL 4+ (g (w) —g (), we — ) (425)

+ <|Vu|m(')_2 Vu — |V1}|m(')_2 Vo, V\Pt) = / (|v|p(')_2 v— |u\p(')_2 u) U, dx
Q

+(f(U)—f(v),\IJt)+a(t)/Q/0 B (t—s) VU (s) VU, (t) dsdz.

From (3.7) we have:
(9 (w) =g (ve) ,ue —v) 2 0.

Thanks to Holder’s inequality, we estimated the first term on the right hand side of
(4.25) as follows:

'/(|U|P<I>2v — |uP® "2 0) b, da
Q

< (e =) [ sup (JuP o 77) 9 9 o
< 1 P+—2 P+—2 p——2 P-—2\ 1yl | d
<y = 1) [ (2 Pl o) 9

2 -2
52 ey gy + I

LW(T’+ 2 Ln(p+—2)(Q)
S 9 Ol ooy e (O]
U Ln(p,—2)(9) v L’n,(pi_Q)(Q)

where 1+ % +3 =1, and from (4.21), n (p— — 2) < n(p; — 2) < ;2% = g which gives
by estimate (4.1), Young’s inequality and as H}(Q) C L4(Q), that:

’/ (|o]P 72 0 — JuP@) 2 )T, da

2 —2
||VUHT£§(Q + [V Hi;(sz)

— (Q)

<C (\V\I/(t)| + |0, (t)|2).



Viscoelastic equations with nonstandard growth conditions 437

By the same manner and by condition (4.21), we have

’/(|Vu|’"<“”)2 Vu — | Vo™ 2 VoV, de
Q

< (my — 1) /Q sup (|72 90" |V ] |V 4| da

el o) g 10 2y ,
<c S - [ ()l ey 19 D)
o+ [lul + Il

Lr(m-=2)(q) v Lr(m—=2) ()

IIVUIIZLJQ)QﬂL IVl
O IS O] 2y 2 (1)
+IVull}s (Q) + IVllzz o
<c(IVeF + 1w ).

Now setting Us = Cu+ (1 —¢) v, 0 < ¢ <1, from the growth condition it follows that

£ (Ue) dCT,dzdt

/ 1 |wt|dxdt\

// [[druon
= o), dCf(U()dC‘|\I/t|dxds
t 1
<l / / / (1Dl + Jks (@)]) [ — o] [ 4] dCdrds
gc/(:/ﬂ (|u|"*1+|v|9*1+|k:3 (x)\) U (s)| W, (s)] deds = 1.

Using generalized Holder’s, Young’s inequalities, estimates (4.1), and let \ satisfy:

|W;| dads

n
n—2)0—-1)"n
from (4.23), the following estimates hold,

1<c/ [ (el 101" + 11 ()

1<)\+1<min( "2>,n7é2(/\<ooifn<2) (4.26)

Lo 12y el

6—1 6—1 A
<0 [ (M, D s+ s iy ) 9 il s

t
0— 60—
<C / (173 + 19l + ks (@)1, ) 119911, 19, s

< c/ot (|\I't(s)|2 + |v\1/(s)|2) ds.

because by (4.26) we have [[¥][y\ ;) < [[V¥][,.
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Combining the above inequalities with identity (4.4), from (4.25), we derive
1 2 1 t 2
S0P + 3¢ (wini—a ) [ 5(s)ds) v
0
+Cy / [V, (s)|”ds+ e (t) (BoV) (¥)
0

< c/ot (120 () + 9% (s) ) s + ;/Ot o (5) (BoVD) (s) ds

+; /0 o (s) (FoV¥) (5) ds — /0 (a<s>ﬁ<s>+a/(s) / 5(()d§) T (5) ds

0

Then, from remark (3.2), assumptions (3.10) gives
2 2 ! 2 2
WO + (= a(0)5) FEOP <0 [ (10 + VU P) s
0
and then by Gronwall’s inequality we deduce that: ¥ (¢) = ¥ (0) =0 in H3(Q). O

To study the global existence of the energy function, we define some functionals
and establish several lemmas. Let the functions:

It)=1(u()= @ <w1/\1 -« (t)/o B(s) ds) [V (t)] (4.27)
—b/Q Fu@)u(t)ds — b/Q ky () |u (t)] dz;

T() = J (ut)) = % </\1w1 - a(t)/o B(s) ds) IV (1)) — b/ng(a:,u) dz; (4.28)

B0 = B(u(®).w(t) > T () + 5 hu(®F + [ PP ae (@429)

L u(®)™® dz 1oz oVu
[ IV o 4 0 (0 (3050) ().

And the set as
W={u:ueH; (), I >0}u{0}. (4.30)

where

B0 = 3 w0 + Jun 3l — 5 (a0 [ 56)ds ) Fu 0 + Ja ) (507 (0
1

+/ 733)|Vu(t)|m<x> dx+/ p(lx ()" de /f v (431)
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5. Global existence

In this section we show that the solution of problem 1.1 global in in infinite time
under the assumption

p— (Mwr — a(0) 51) )ezl '

E(0) <4(widr —a(0)fy) (4(11 [z (@)oo + (1R (2)]],) T

and
2n .
p+§72, n#2 (pyr <ooifn<2).
n—

The next lemma shows that our energy functional (4.29) is a nonincreasing
function along the solution of (1.1).

Lemma 5.1. E(t) is a nonincreasing for t > 0 and
1
E' (t) = —wy |Vu|* — )\/ ug (t) g (ug (t))dz + 50/ (t)/ (BoVu) (t)dz
Q Q

+%a(t)/Q(B’OVu) (t) dz — % (a )8 (#) + o (t)/o B(s) ds) Vu@)F <0, (5.1)

Proof. Multiplying the equation of (1.1) by w; and integrating by parts over 2, using
(3.6), (3.7), (3.10) and remark 3.2, summing up the product results, obtains

B0~ 20) = v | [V (3)% ds — A / t [ (5)9u (5)) daas
% /0 o /Q (BoVu) () dzder% /0 "o (s) /Q (8'oVu) (£) dads

e+ o) [80d) IVueds <0 forrzo. O
, [, o)

Lemma 5.2. Let (3.6) and (3.8) hold, suppose ug € W and uy € H} () such that

6—1

o (4 B0\ . ,
y=set (4 EO ) T itk @l @l 62)
< B vwn —a(0)4y).

then w € W for each t > 0, where C, 1is the best Poincar’s, Sovolev constant de-
pending only on p(x) and on , which satisfy 2 < p(x) < py < n2_"2 (n>3)
2<pr <x0ifn=172).

lu (®)llpwy < C IVu@®lly Yu € Hy(Q).

Proof. Since I (0) > 0, by the continuity, there exists 0 < T,,, <T such
I(t)>0 in [0,7,],
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this gives from (4.28) and (3.8):

B2 (0= 510+ (Alwl —al0) [ 56 ds) Vuf?

+I% (/Qf(u)udm—&—/gkl( |u|dz —p /f dx) (5.3)

> % <)\1w1 - a(t)/ B (s) ds) IVul?.
0
since by (3.8) we have

/f udx+/k1( lu|dz —p /f )dz >0

Then by using (5.3), (4.29), (5.1) and remark 3.2, we obtain
1

Vul? <4 </\1w1 ol [ "8(s) ds) E ()

<4 <>\1w1 Ca®) /Otﬁ (s) ds> B E(0). (5.4)

By recalling (3.9), Sobolev-Poincaré’s embedding (0 + 1 < p), condition (5.2), esti-
mate (5.4) and Cauchy-Schwartz’s inequality, we have the following estimates:

b/ﬂf(u)udx—l—b/ﬂkl(x)\umx§b/ﬂ|f(u)|\u|dx+b/9|k1(m)|\u|d;v

gbll/ |u\9+1dx+b11/ " (x)\|u|d:c+b/ ey ()] Ju] da
Q Q Q
< bl [u (llg 11 + b ([l ()| + 1 (@)]].0) 1w (@) 1553
< bl OO V(1)
+bCIT (1 [ (2)]] o + o1 (2)]]0) [Vu(t)"F!
= b, COtT V()" [Vu(t)|?
+DCTH (I ([ ()] o + |lF1 (@)]]0) [Vu(®)]” |
o

v
< bCoH! (4 (Alwl —al(t) /Otﬂ (s)d.s)_l E(O)) N (5.5)
)

< (l+ 1 lk2 (2)]] o + k1 (@)]]0) [Vul?
E(0)
wiA — a (0) B

< % (Mwy — a(0) B1) |Vu|2

< 1’@ (/\1w1 —al(t) /Otﬂ(s)ds> |Vul* on [0,T),].

2
t)]
1

6—1

< bet+! (4 ) % (1y + 1 |lk2 (@) + 1k @)]]0) [Vul?
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Therefore, from (4.27), we conclude that I (¢) > 0 for all ¢ € [0,T,,]. By repeating
this procedure, and using the fact that

0—1
. (t) :
! o1 (4 B n n <D
. uqr%an* < o 0) ﬂ1> (I 41 [[F2 (2)]] o + k1 (2)]] ) <

< £ Owun —a(0) ).
T, is extended to T. O

Theorem 5.3. Let the assumptions of theorem 4.1 hold. Let ug € W satisfying (5.2).
Then, the solution gotten in of theorem 4.1 is global.

Proof. 1t sufficient independently to t to show that
jue|* + |V +/ (Vu(t)[™) dz +/ u(t) P dz
Q@ Q

is bounded.
For this aim, we use (4.27), (4.29), (3.8), (3.10) and Lemma 5.2 to obtain:

1 t 5 ~
B(0) > B(t) > (Alwl - a(t)/o B(s) ds) IV (6)? - b/ﬂf(x,u) do

+%|ut(t)|2+ /Q %Wu(mm(z) dz + /Q e Ju(t)|P™) dx+%a(t) (BoVu) (t)
1 ¢ 5 1
> </\1w1 —a(t)/o B(s) ds) Va)l + ~o=1 )

+I% (/Qf(u)udx—i-/gkl (2) |udx—p(x)/9f(x,u)dx>

1 2 / 1 m(x) / 1 p(x)
+—=|us ()]” + Vu(t dx + — |u(t dx

> % <>\1w1 _ a(t)/o B(s) ds) IV (1))
gl + [ S IVuO) P de+ [ s o ar
On = (0) ) [V () + 3 (1)

1 m(x) / 1 p(z)
+ Vu(t dzr + — |u(t dx.
Jy e Ve o (@

>

B~ =

Therefore
Jue (O + |V (£)* + / [Vu(t) ™ dz + / Ju(t)[") da
Q Q
< max (p*,m+,4 (Arwr —a (0) 51)71) E(0),

These estimates ensure that the solution w(t) exist globally in [0, +o00]. O
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Example 5.4. Consider the following functions:
f(@ou) = a(@) |ul™*u—b()|u*u
with appropriate functions a (x) and b (x), where w >~ > 1.
glus (1) = |u (D)7 2wy (t); o (x) satisfies conditions in (3.7);
Apyu = div <|Vu|m_2 Vu) ;o om(x)=m > 2.

Then, problem (1.1), is reduced to the following problem
t
uge — div (\Vu|m_2 Vu) + w1 A% () — woAuy () + a (1) / B(t—s)Au(s)ds
0

P u ()72 g () + (w7 u () = bf (u(t) in Q x R,
u=0pu=0onT x[0,+o0[,
u(z,0) = up(x), u(x,0) =ui(x) in Q,
(P)
Since f, g satisfies hypotheses (3.7)-(3.9). Then, Theorems (4.1), (4.3) and (5.3) are
verified for problem (P), which gives importance to this general problem.

Acknowledgments. The author would like to thank the referees for their important
and useful remarks and suggestions.
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A two-steps fixed-point method for the simplicial
cone constrained convex quadratic optimization

Merzaka Khaldi and Mohamed Achache

Abstract. In this paper, we deal with the resolution of the simplicial cone con-
strained convex quadratic optimization (abbreviated SCQO). It is known that
the optimality conditions of SCQO is only a standard linear complementarity
problem (LCP). Under a suitable condition, the solution of LCP is equivalent
to find the solution of an absolute value equations AVE. For its numerical solu-
tion, we propose an efficient two-steps fixed point iterative method for solving
the AVE. Moreover, we show that this method converges globally linear to the
unique solution of the AVE and which is in turn an optimal solution of SCQO.
Some numerical results are reported to demonstrate the efficiency of the proposed
algorithm.

Mathematics Subject Classification (2010): 90C20, 90C33, 14K30.

Keywords: Quadratic programming, simplicial cones, absolute value equations,
linear complementarity problem, Picard’s fixed point iterative method.

1. Introduction

Consider the simplicial cone constrained convex quadratic optimization SCQO:

1
min | f(z) = §ITQZE +2Tb+c| st.xes (1.1)

where Q € R™*" is a symmetric positive definite matrix, b € R", ¢ € R", and
S={Az |z cR}}

is the simplicial cone associated with the nonsingular matrix A € R"*™. The impor-
tance of quadratic programming lies in its theoretical properties, its applications in

Received 18 February 2022; Accepted 27 April 2022.
© Studia UBB MATHEMATICA. Published by Babeg-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License.


https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

446 Merzaka Khaldi and Mohamed Achache

different scientific fields and several disciplines such as economics, finance, telecom-
munications, medicine and the engineering sciences. Another great advantage of the
quadratic case is that we can transform several real and academic problems (polyno-
mial minimization problems, least squares problems in numerical analysis, etc.) into
an equivalent quadratic problem without loss of generality. Simplicial cone constrained
convex quadratic programming is equivalent to the problem of projecting the point
onto a simplicial cone (see [5, 6, 9]), with its KKT optimality conditions consisting
a linear complementarity problem (see [8, 19]). From this optimality conditions, un-
der suitable conditions, the convex quadratic programming under a simplicial cone
constraints is equivalent to finding the unique solution of the following absolute value
equation:
(ATQA+ DNz + (ATQA — I)|z| = —ATD. (1.2)
This equation is a special case of the general absolute value equations AVE of the
type:
Ax — Blz| =b

where A, B are given (n x n) real square matrices and b € R™. The AVE was first
introduced by Rohn [18] and investigated in more general context in Mangasarian
(see [16]). Other studies for the AVE can be found in [1, 3, 2, 7, 10, 12, 13, 15, 17].
Besides some numerical methods are used to solve it. In particular, Mangasarian
in [14] proposed a semi-smooth Newton’s method for solving the AVE, and under
suitable conditions he showed the finite and linear convergence to a solution of the
AVE. However, other numerical approaches focus on reformulating the AVE as an
horizontal linear complementarity problems (HLCP) (see [4]), where they introduce
an infeasible path-following interior-point method for solving the AVE by using is
equivalent reformulations as an HLCP. In this paper, we propose a new two-steps
fixed point iterative method for solving the AVE (1.2) which is introduced in [11],
and under a new mild assumption we show that this method is always well-defined
and the generated sequence converges globally and linearly to the unique solution of
the AVE from any starting initial point. Finally, numerical results are provided to
illustrate the efficiency of this algorithm to solving the SCQO.

Our paper is organized as follows. In section 2, some notations and basic results
used in the paper are presented. In section 3, the reformulation of problem (1.1)
as an absolute value equation AVE and the unique solvability of AVE is studied.
Any solution of the AVE generates a solution of our convex quadratic programming
problem SCQO. In section 4, a description and a convergence property of the two-steps
fixed point iterative method for solving the AVE are stated. In section 5, numerical
results are presented. We end this paper with a conclusion and some remarks in
section 6.

2. Preliminaries

Let R™ be the Euclidean space provided with the usual scalar product (z,y) =
2Ty where z and y are two vectors of R” and z” is the transpose of 2. The nonegative
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orthant of R™ is denoted by R’}. For = € R”}, we write > 0, and means that z; > 0,
Vi. For x = (11, 22,...,7,)T € R", we denote by:
= max(0, —xz,), |z| := (|lz1] ..., |za])" .

z; = max(0,z;), z;

It is easy from the definitions of 2 and 2™, to conclude that:
r=zt -2, 2T €eR}, 2~ €R}, (z",27) =0, |z| =2 +27,Vz e R™.

For z € R", sign(x) denotes a vector with components equal to 1, 0, -1 depending on
whether the corresponding component of x is positive, zero or negative. We denote
by R™*™ the vector space of real square matrices of order n, the identity matrix is
denoted by I,,. If x € R™ then X = Diag(xz) denotes the n x n diagonal matrix
with X;; = ;, Vi = 1,...,n. Let A € R"*" its spectral matrix norm is denoted by
|Al] := max {||Az|| : = € R",||z|| = 1}, where ||z|| denotes the Euclidean norm, this
definition implies:

[Az|| < Al [l=]l, IABI| < [A][ | B|, VA, B € R™*".
For a matrix M, p(M) denote its spectral radius. In addition, if M is a real symmetric
matrix, p(M) = ||M||. Finally,
Lemma 2.1. For all z € R™ and y € R", we have:
2] = lylll < llz =yl
Proof. For detailed proof see Lemma 5 [15]. O

3. The SCQO as an absolute value equation
Recall that the SCQO problem is given by:

min {f(a:) = %xTQx + 2T+ c} s.t. x €S.

Starting from the definition of simplicial cones S associated with the nonsingular
matrix A, the problem (1.1) can be formulated as a quadratic programming problem
under positive constraints:

1
min {f(y) = inATQAy +yTATH + c} s.t.y € RY. (3.1)
Yy
As the problem (3.1) is convex and the constraints are positive then the optimality
conditions of K.K.T are necessary and sufficient and we have, y € R”} is an optimal
solution of problem (3.1) if and only if there exists z € R’ such that:

2 —ATQAy = ATb, 2Ty =0, y>0,2>0, (3.2)

which is a standard linear complementarity problem (see [8] ).
Next, letting z = |s| — s and y = |s| + s, then the LCP (3.2) is reformulated as the
following absolute value equations (AVE) of type

As + Bls| = b, (3.3)
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where - - ~
A=ATQA+1,B=ATQA—1,b=—A"b.

Hence, solving the problem (1.1) is equivalent to solving the AVE (3.3). The following

result is needed to guarantee the unique solvability of the AVE.

Theorem 3.1 ( Theorem 8 [2]). Assume that A is invertible and the matrices A, B
satisfy the following condition, | A‘lBH < 1, then the AVE (3.8) has a unique solution
for any b € R™.

For our case since A = ATQA + I and B = ATQA — I where Q is symmetric

positive definite and A is invertible, the condition H/_l_léH < 1 of Theorem 3.1, is
satisfied. We check this result through the following lemma.

Lemma 3.2. Let A = ATQA+ I and B = ATQA — I such that A is invertible
matriz and Q is symmetric positive definite. Then the matriz A is invertible and
|A-'B|| < 1.

Proof. Because () is symmetric positive definite and A is invertible, then the matrix
AT QA is symmetric positive definite, hence A is symmetric positive definite too, which
implies that A is invertible. Next, since ATQA is symmetric positive definite, then
AT QA has positive real eigenvalues denoted by \;(ATQA) := X\; > 0,¥i =1,...,n. In
addition, it is known that the eigenvalues of A and B, are given by A\; + 1 > 0 and
\i — 1, respectively. Because, A and B are real symmetric matrices, we then have,

[A7B] < [[A7H[|B]| = p(A")p(B)
Ai—1
)
As \; > 0, then
AT
A+ 1
So ||[A7'B|| < 1. This gives the required result. O

Proposition 3.3. If s* is the solution of the AVE (3.3) then (y*,z*) = (|s*| +s*, |s*| —
s*) is the solution of the LCP (3.2). Consequently, Ay* is the optimal solution of
problem (1.1).

Proof. Let s* be the unique solution of the AVE, then
As* + B|s*| = b.
So
(ATQA+1I)s* + (ATQA—1)|s*| = —ATb
& ATQA(|s*| + s%) + |s*| — s* = —ATb
o2t — ATQAy* = ATh.
Now, since y* = |s*| + s* = 2(s*)",2* = |s*| — s* = 2(s*)~, then we have y* > 0,
2* > 0 and z*Ty* = 0, hence, the pair (y*,2*) is a solution of LCP (3.2). Finally,

we deduce that Ay™* is an optimal solution of the SCQO problem. This completes the
proof. O
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4. Two-steps Picard’s fixed point iterative method for SCQO

In this section, we derive a new fixed-point iterative approach for solving the
equation (3.3). Let t = |s| then, the AVE (3.3) is equivalent to the following system:
{ As+Bt=1b

—|s|+t=0. (41)

The latter can be expressed as follows:

“D(S)f)(i):@)’ (4.2)

where D(s) :=Diag (sign (s)), s € R™. Note that the system (4.2) is nonlinear, it is
generally impossible to obtain an exact solution. We will therefore be satisfied with
an approximated solution. Since the matrix A is invertible hence from (4.1) we can
obtain the following fixed point equation:

{ ¢ = A1 (“Bt* +1)

£ = (1)t +r|s*| (43)

where 7 > 0, is a suitable parameter that we shall specified it later. According to the
fixed-point equation, we generate a sequence (3(’“)7 t(k)) converging to the solution of
AVE. So the new fixed-point iteration is given by:

s+ = A1 (~By®) 1)
£ = (1 — ) t® 4 p [s6HD| k= 0,1,...

The details of our algorithm for solving the AVE (3.3) is described in Figure 1.

(4.4)

4.1. Algorithm

Input
An accuracy parameter € > 0;
1 27~
a parameter r such that 0 < r < A 5]+
an initial starting point t° € R"; ~
compute t! = (1 —7)t° + r[st|, st = A~! (—Bt(o) + b); k= 0;
k+1_ Lk
While W > e do
begin
tHD = (1 — ) t®) 4 |sEHD|
compute : G(k+1) — -1 (th(k) N B)
k:=k+1;
end
end

Fig. 1. Algorithm. 4.1

In this section, we give detailed proof for the convergence of Algorithm 4.1.

Theorem 4.1. Let Q € R™*™ be a symmetric positive definite matriz, b € R™ and A €
R™ "™ 4s an invertible matrixz then the sequence (S(k)ﬂf(k)) generated by the iterative
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algorithm (4.4) to solve the problem (4.1) is well-defined for any starting point t° €
R™. In addition, if
2

0<T<W7

then the sequence (s%) t(K)) converges linearly to the solution (s*,t*) of the nonlinear
equation (4.1). Consequently, A(|s*| + s*) is the solution of the problem (1.1).

Proof. First, we check that the sequence (s®) t(F)) is well-defined, it suffices to show
that the matrix A = ATQA + I is invertible. This claim was proven by Lemma 3.2.
Next, using formula (4.4) and Lemma 2.1, we have, on one hand that

k+1)

[ =) = [a= e ]

—(1=r)t"+rls"|

|

_ H(1 —r) (tF =) + r(‘s“””‘ —[s*))

[

+r Hsk'H —s"||.

So
s+ =) = A (-Bit +T) - A7 (<Be <)
= [|[-ATIBEF )| < |ATIB] || — ).
Therefore
[+ o) < (1= |+ [ A7 BI) = o)

On the other hand,

|s¥7t —s*|| < ||-ATIB(E* — )|
< H_A—lB(tk _ (1 _ T)tk_l + (1 _ T)tk_l _ t*)|
< ||-ATIB(r|sF ]+ (1 =)t — )|

As |s*| = t*, we find
55+

|-A"'B(r |s"] —r]s*]) = (1 =) AT B — )|
r HA‘IBH Hsk — s*| +[1—r Hsk —s*
(1 =r|+r ||Ale||) ||s’C - S*H )

_S*|

ININ A

The sequence (s(k), t(k)) is convergent if the following condition
[1—r[+r[[A7'B| <1

holds. For that we distinguish two cases.
Case 1. If 0 < r <1, then

1—r|+7r||[A7'B||<1 & 1-r+r[|A7'B| <1
& r(|A7'B||-1) <o
Since HAABH < 1 then,
r(|A7'B||-1) <0,V0O<r<1.



A two-steps fixed-point method for SCQO 451

Case 2. If r > 1, then

L—r[+r|[[A7'B||<1 & —-1+r+r||A7'B|<1
2

<~ T<W.

Finally, regrouping the two cases, this gives the required result. O

5. Numerical results

In this section, we present numerical results for Algorithm 4.1 by using € = 1076
and r = 0.9. The algorithm has been applied on three examples of SCQO problem.
The iterations have been carry out by MATLAB R2016a and run on a personal pc
with 1.40 GHZ AMD E1-2500 APU Radeon(TM) HD Graphic, 8 GB memory and
Windows 10 operating system. The starting point and the unique solution by ¢° and
s*, respectively. The stopping criterion used in our algorithm is the relative residue,
ie.,

e —
o]

In view of the influence of the initial point on the convergence of our algorithm,

different values are used. For each problem, the hypotheses of Theorem 4.1 are

checked. In the tables below, the symbols ”It” and ”CPU” denote the number of

iterations produced by the algorithm and the elapsed times, respectively.
Problem 1. Consider the SCQO problem where @), A and b are given by :

RES = <107°

2100 0 30 0 0 0
12100 05 3 0 0 0
Q=012 10],4=] -1 05 3 0 0
001 21 -1 -1 05 3 0
000 1 2 1 -1 -1 05 3

and b = [-3, 1, —10, —12, —2]7.
The starting point in this example is taken as:

=10, -1, -1, 2, 1]T.
After 21 iterations, the unique solution s* of AVE is:
s* =[0.2071, —7.6143, 0.5262, 0.7886, —2.2308]",

and
y* = |s*| + s = [0.4142, 0, 1.0525, 1.5771, 0]T.

Therefore, the unique solution of Problem (1.1), is given by:

a* = Ay* = [1.2426, 0.2071, 2.7433, 4.8435, —0.6781]7.
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Problem 2. Let the matrices @), A and the vector b of this example are given by:

and

2
0

A = (ai;) =

Merzaka Khaldi and Mohamed Achache

for
for

)

=

)

for

)

b=—

otherwise

for
for
for
for
for

2A~

i =7,

i—jl=1,i=12,..

j=i—2i=1

i=j—=2j=1
t=J,

)

)

)

2,
27
2,.

) 7

j=i—1,i=2,...n
i=j—1,j=2,...n

i>i+2,i=12,...n
i>j+1,j=12...n

YA+ B)e.

The computational results with different size of n are shown in Table 1. For the

initialization of Problem 2, we take different values of ¢°.

n t0=10,...,0]T [t =[5,...,5]T [t =[~10,...,—10]T
CPU 0.049665s 0.04552s 0.10820s
10 It 17 11 65
RES 9.923¢ — 07 8.542¢ — 07 9.606¢ — 07
CPU 0.03704s 0.03391s 0.36887s
50 It 4 3 42
RES 9.136e — 07 9.025¢ — 07 9.576¢ — 07
CPU 0.07339s 0.05023s 0.26949s
100 It 3 3 22
RES 6.032¢ — 07 1.508¢ — 07 9.365¢ — 07
CPU 5.34351s 4.42180s 5.368165s
1000 | It 2 1 2
RES 5.992¢ — 07 3.37le — 07 7.501e — 07
CPU 34.17236s 33.23488s 39.15840s
2000 | It 1 1 2
RES 3.370e — 07 8.427¢ — 07 1.873¢ — 07

Table 1. Computational results of Problem 2.

An exact solution with different size of n is given by:

and

=[4,4, ...,

4"

An exact solution of problem (1.1) is given by: z* = Ay*.

Problem 3. The bloc matrices @), A and the vector b of this example are given by:

|

Qll

Q:[ I

I,
Q22

An I,

|
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where
6, for 1 =7,
Qll = (qll)zj = —1, fOI' ‘Z—j|:17Z:1,2,TL,
0, otherwise.
5, for i =7,
-2, for li—jl=1,i=1,2,...n,

7 for {g:z+1,z:1,2,...n—1,

1
4 j=i—-1,j=1,2,...n—1,
0, otherwise.

-2, for =7,
_ _1, for J:Z—I,Z:3,TL7
A = (a1)iy = 3, for j>i, 1=3,...n,
0.5, otherwise.
-1, for t= ],
0, for j=itli=12. n-1,
B = (b)— j:Z—17]:1,27...7L7
ij L j=14+2,i=1,2,...n— 2,
= for . .
n J:’L—27J:47...n,
0, otherwise,
and
b=1[-8,...,-8T
For the initialization, we take:
tO = [O; 307_17 7_1]T

The numerical results with different size of n are summarized in Table 2.

n 10 50 100 1000 2000
CPU 0.14101s 1.0919s 1.11202s 8.37809s 35.76440s

It 122 137 92 6 3
RES 9.81e — 07 9.98e — 07 9.95e — 07 7.436e — 07 7.35e — 07

Table 2. Computational results of Problem 3.

For example, if n = 10 then,

s* = [0.0984, 0.0042,0.409, —1.782, 1.6329, 0.3763, 0.4448, 0.881,0.7929, 2.7841]",
and
y* = |s*|+s* = [0.1967,0.0082,0.8179, 0, 3.2658, 0.7525, 0.8896, 1.7619, 1.586, 5.568] .
An exact solution of problem (1.1) is given by:

ot = Ay* = [2.3928,2.475, 2.3819, 2.206, 2.1049, 2.0303, 3.038, 3.3649, 3.2356, 2.3168]” .
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6. Conclusion and remarks

In this paper, a convex quadratic programming problem under simplicial cone
constraints were studied, and via its optimality conditions is reduced to finding the
unique solution of an absolute value equation AVE. For solving this AVE we applied
a new two-steps Picard’s iterative fixed point iteration. In particular, the sufficient
conditions for the convergence of our algorithm are studied. The obtained numerical
results deduced from the testing examples illustrate that the suggested algorithm is
efficient and valid to solve the SCQO problems.
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New hybrid conjugate gradient method
as a convex combination of PRP and RMIL+
methods

Ghania Hadji, Yamina Laskri, Tahar Bechouat and Rachid Benzine

Abstract. The Conjugate Gradient (CG) method is a powerful iterative ap-
proach for solving large-scale minimization problems, characterized by its sim-
plicity, low computation cost and good convergence. In this paper, a new hy-
brid conjugate gradient HLB method (HLB: Hadji-Laskri-Bechouat) is pro-
posed and analysed for unconstrained optimization. We compute the param-
eter Bf'"" as a convex combination of the Polak-Ribiere-Polyak (8; ") and
the Mohd Rivaie-Mustafa Mamat and Abdelrhaman Abashar (B,?MIL"') ie.
BEEE = (1 — 0) BERE + 0,85 5. By comparing numerically CGHLB with
PRP and RMIL+ and by using the Dolan and More CPU performance, we deduce
that CGHLB is more efficient.
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Keywords: Unconstrained optimization, hybrid conjugate gradient method, line
search, descent property, global convergence.

1. Introduction

Consider the nonlinear unconstrained optimization problem

min f (z) (1.1)

TER™
where f : R” — R is a continuously differentiable function, bounded from below.
The gradient of f is denoted by g (x). To solve this problem, we start from an initial
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point 2y € R™. Nonlinear conjugate gradient methods generate sequences {xy} of the
following form:

Thy1 = T + ogdy, k=0,1,2,...., (1.2)

where z, is the current iterate point and oy > 0 is the step size which is obtained by
line search [7].

The iterative formula of the conjugate gradient method is given by (1.2), where
dy, is the search direction defined by

—9k sik=1

- i 1.

Gt { —gk+1 + Prd si k> 2 (1.3)

where f, is a scalar and g (z) denotes V f (x) [10]. If f is a strictly convex quadratic
function, namely,

1
flx) = ixTHa: + b7z, (1.3bis)

where H is a positive definite matrix and if ay, is the exact one-dimensional minimizer
along the direction dy, i.e.

ap = arg m>ir(} {f(z + ady)} (1.3tris)

then (1.2), (1.3), (1.3bis), (1.3tris) is called the linear conjugate gradient method.
Otherwise, (1.2), (1.3) is called the nonlinear conjugate gradient method. Conjugate
gradient methods can broadly be classified based on the used strategies of the way in
which the search direction is updated and the algorithms dealing with the step size
minimization along a direction [6]. In [12], a convex combination of LS and FR ([1])
is proposed with a newton descent direction.

The line search in the non linear conjugate gradient methods is often based on
the standard Wolfe conditions [23]:

f (@ + ardi) — f (z) < pogrde (1.4)

Gis1dk = Ogidi (1.5)
where 0 < p <4 < 1.
Conjugate gradient methods differ in their way of defining the scalar parameter
Br. In the literature, there have been proposed several choices for [ which give rise
to distinct conjugate gradient methods [16], [27]. The most well known conjugate gra-
dient methods are the Hestenes—Stiefel (HS) method [17], the Fletcher-Reeves (FR)
method [1], [13], the Polak-Ribiere-Polyak (PRP) method [20], [19], the Conjugate De-
scent method(CD) [13], the Liu-Storey (LS) method [18], the Dai-Yuan (DY) method
[08], [09], Hager and Zhang (HZ) method [15] and the RMIL+ method [21], [22]. The
update parameters of these methods are respectively specified as follows:

2
op _ _llgenl”

2
ns _ ¥k opr _ gkl PRP _ i 1Yk _
F d;‘fgk

k - k - 2 k 2
AT lgsll* lgell*

T 2 2 T
rs _ 9% ooy _ llgknill”  omz U — 20, [yl gr+1
F dlg, ~ " ATy, 7k dF s dfyr’
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rvine ki1 (Grrr — g — di)
By = k
|kl

Some of these methods, such as Fletcher and Reeves (FR) [13], Dai and Yuan
(DY) [8] and Conjugate Descent (CD) [13] have strong convergence properties, but
they may have modest practical performance due to jamming. On the other hand,
the methods of Polak and Ribiére and Polyak (PRP) [20], Hestenes and Stiefel (HS)
[17] or Liu and Story (LS) [18] may not generally be convergent, but they often have
better computational performance.

In the process of obtaining more robust and efficient conjugate gradient methods,
some researchers suggested the hybrid conjugate gradient algorithm which combined
the good features of the methods involve in the hybridization. Even though conjugate
gradient improvement using hybridization is a classic deeply investigated problem; it
still an attractive topic for the research community due to its contemporary use in
numerous prominent disciplines [25].

The first hybrid conjugate gradient method was given by Touati-Ahmed and
Storey (1990) [24] to avoid jamming phenomenon.

The researchers were motivated by the works of Andrei [5], [4]; Dai and Yuan
[9]; Zhang and Zhou [26]. Their parameter 35 is computed as a convex combination
of BFR and B} other algorithms, i.e.

B = (1—6k) B + 0i3;

The Wolfe line search was employed to determine the step length aj, > 0 and the
new method proved to be more robust numerical wise as compared to FR and other
methods. The global convergence was established under some suitable conditions.

In [4] Andrei has proposed a new hybrid conjugate gradient algorithm where the
parameter 6,;4 is computed as a convex combination of the Polak-Ribiere-Polyak and
the Dai-Yuan conjugate gradient algorithms i.e.

Bt = (1= 0k) BT + 068"
and 0}, is presented to satisfy the conjugacy condition
0y, = HOCOMB _ (Y5.9k+1) (Wi sk) — Wigk11) (9gr)

2 2
Wiegr+1) (Wisk) = llgrsall” llgwll

where s, = 241 — k. To satisfy Newton direction he takes

2
0 = ONDOMB _ Whgkr1 — spgres1) llgell” = (Whgr+1) (Whsk)
- - 2 2
lgkr1l” Nlgell” = (Wgr+1) (Yisk)

but in the combination of HS and DY from Newton direction, he puts

f, = —Skdkt1
gzgm
On the other hand, from Newton direction with modified secant condition (Hybrid
M-Andrei), Andrei has proposed another method

BHYBRIDM _ (1 _ g,y gHS | g 3DY
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where

ok _ 1) gt _ y;igk-+1
(szsk SkIk+1 visk On
kgk+1
YLk

O =

9rgk+1 + Ok

d is parameter. In [14] Salah Gazi Shareef and Hussein Ageel Khatab have introduced
a new hybrid CG method

ﬁ]]c\/ew — (1 _ 9/9) PRP 1+ BBA

where 324 is selected in [2].
Recently Delladji et al. [11] proposed a hybridazation of PRP and HZ schemes
using the congugacy condition.

In this paper, we present another hybrid CG algorithm noted CGHLB (HLB
is an abbreviation to Hadji; Laskri and Bechouat), witch is a convex combination of
the PRP ([20]) and RMIL+ ([21]) conjugate gradient algorithms.We are interested
to combine these two methods in a hybrid CG algorithm because PRP has good
computational properties and RMIL+ has strong convergence properties. In section
2, we introduce our hybrid CG method and prove that it generates descent directions.
In Section 3 we present and prove global convergence results. Numerical results and a
conclusion are presented in section 4. By comparing numerically CGHLB with PRP
and RMIL+ and by using the Dolan and More CPU performance, we deduce that
CGHLB is more efficient.

2. HLB conjugate gradient method

The iterates xq, x1, ........ of the proposed HLB algorithm are computed by means
of the recurrence (1.2) where the step size o, > 0 is determined according to the wolfe
line search conditions (1.4), (1.5). The directions dj, are generated by the rule:

_ —3o ifk=0
dy = { g+ BHLBG, k> 1 (2.1)
where
/BkI;ILB — (1 _ ek) PRP T 9 ﬁRMIL-i—
i.e.

¢
HLB _ (1 _¢,) 419k

: Lo Ghr1 (Grv1 — gk — di)

gk l® 1
HLB is an abbreviation to Hadji; Laskri and Bechouat; 6 is a scalar parameter which
will be determined in a specific way to be described in the following section. Observe
that if 6 = 0 then BB = BPEP and if 0), = 1, then BHEE = M+ On the other
hand if 0 < ), < 1, then B7EB is a convex combination of 8% and 55M1L+. The
parameter 6 is selected in such away that at every iteration the conjugacy condition
is satisfied. It can be noted that,

(2.2)

gltc+1ykd iy 92+1 (gr+1 — g1 — d)

di1 = —gr+1 + (1 — 0) 5 Ak + Uk 3
gl lld||

d,  (2.3)



CGHLB, hybrid convex combination of PRP and RMIL+ 461

so multiply both sides of above equation by y; and by using the conjugacy condition
(df 1 1yx = 0) we have:

Ghrr (Gh1 — gk — di)

t
Ir11Yk
k

2
gl
After a simple calculation we get

diyr + Ok

0=—gh 1y + (1—6x)

2 2 2
0, — g/ti?-‘rlyk? lgrll” ld ™ — (92-&-1%) (diyk) (||| (2.5)

((9hss 6 = i) el = (g 20) Il ()

So, to ensure the convergence of this method when the parameter 6, goes out of

interval |0, 1[, i.e. when 6, < 0 or 65 > 1, we prefer to take B7LB as following:

(1 —0y) BERY + 0, 87MIEif0< ), < 1

BHLE — BLRP if 0, <0 (2.5(bis))
5MIL+ if gk > 1

We are now able to present our new algorithm, the Conjugate Gradient CGHLB
Algorithm:

CGHLB Algorithm
Step 1: Initialization:

Set k = 0, select the initial point x, € R".select the parameters 0 < p < 4§ < 1,
and € > 0.

Compute f (zg), and go = V f (). Consider dy = —go.

Step 2: Test for continuation of iterations:

If ||gr|| < e then stop else set. d = —gi
Step 3: Line search:

Compute ay, > 0 satisfying the Wolfe line search condition (1,4) and (1,5) and
update the variables, xp11 = xx + agdy; compute f (zgp41), gr+1 and Sk = Tyl — Tk;
Y = Jk+1 — Gk-

Step 4: 6, Parameter computation:

16 ((ghs (= ) 9l = (9 o) el (i) = 0

then set 0, = 0, otherwise, compute ), as in (2.5).
Step 5: [35 LB Conjugate gradient parameter computation:
If 0 < 0 < 1, then compute LB as in (2.2).
If 0 > 1, then set /1P = giMILT,
If 65 <0, then set BI?LB = B,fRP.
Step 6: Direction computation:
Compute dj11 = —gr41 + B LB dy,.
Set k=k+1 and go to step 3.
The following theorem shows that our method assures the descent condition,
when 0 < 6 < 1.

Theorem 2.1. In the algorithm (1.2), (1.3) and (2.5) assume that dj is a descent
direction (gtdy <0), and oy is determined by the Wolfe line search (1.4); (1.5). If
0 < 0 < 1 then the direction d11given by (2.8) is a descent direction.
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Proof. Multiply both sides of (2,3) by grg+1 we have:

t
2 Ir+1Yk
Ghrdiyr = —llgepll” + (1 —6) ”;1”2 digr41
k
¢
Ihr1 (Gr+1 — 96 — di)
+0), = 3 Gk
|||
2 g}tc 1Yk
Ghderr = — (1 =0k +0k) [lgrrall” + (1 —6k) ”; E digr+1
k
¢
9fi1 (9e41 — g — di)
+0), 7L 5 di.gr41
[l ]|
2 912 1Yk
Geprdier = | =1 = 6k) llgrsall” + (1= 6r) ”'; E di G+
k
¢
9141 (Gr41 — gr — di)
+ = O) llgrra|” + 65 = 5 dj.gk+1
lld |
2 92 1Yk
Ghderr = (1=0k) | = llgrrall” + ||9+ E di gt
k

Ghir Gkt — gk — di)
el K

+ (0r) [— lgrsall +

since 0 < 0 < 1 then

Gy 1Yk
2
[l

2
g1 dis1 < [— lgr+1lI” + d29k+1‘|

Ghs1 (Grg1 — gk — di)
p)
x|

2
+ | = lge+all”™ +

d29k+1] (2.6)

If the step length ay is chosen by an exact line search. Then ng+1dk =0.
If the step length ay, is chosen by an inexact line search (ggﬂdk #* O) then we have:
ng+1dk+1 <0

because the algorithms of (PRP) and (RMIL+) satisfied the descent property.
The proof is completed. O

3. Global convergence properties

The following assumptions are often needed to prove the convergence of the
nonlinear CG:
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Assumption 1

The level set Q = {x € R"/f () < f(xo)} is bounded, where ¢ is the starting
point.
Assumption 2

In some neighborhood N of €1, the objective function is continuously differen-
tiable and its gradient is Lipschitz continuous, namely, there exists a constant I > 0
such that:

lg (@) —g Wl <lllz—yll foranyz,yeN

Under these assumptions on f there exists a constant u such that ||g (z)| < p, for all
z € (L

Lemma 3.1. [28] Suppose Assumption 1 and 2 hold, and consider any conjugate gra-
dient method (1.2) and (1.3), where dy, is a descent direction and oy, is obtained by
the strong Wolfe line search. If

oo

1
Y —— =+ (3.1)
=1 [k
then
liminf ||gx|| =0 (3.2)
k—o0

Assume that the function f is uniformly convex function, i.e. there exists a
constant I' > 0 such that,

forall z,y € Q: (Vf(z)=Vfw) (z—y)>T|z—yl? (3.3)

and the steplength «y is given by the strong Wolfe line search.
f g + ardy) — f (ag) < olakgidk (3.4)
|k s 1di| < —02gkde (3.5)

For uniformly convex function which satisfies the above assumptions, we can prove
that the norm of dj41 given by (2.3) is bounded above.
Using the above lemma, we obtain the following theorem.

Theorem 3.2. Suppose that Assumption 1 and 2 hold. Consider the algorithm (1.2),
(2.3) and (2.5), where 0 < 6, <1 and «ay, is obtained by the strong Wolfe line search

(8.4) and (3.5).

If dy, tends to zero and there exists non negative constants 1 and 1o such that:

2 2 2
lgll” = mu llsell” and {|lgrsa]l™ < n2 [[skll (3.6)

and f is uniformly convex function, then
lim g =0 (3.7)
k—o0

Proof. From (3,3) it follows that

yksk > T |sk]”
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since 0 < 6 < 1, from uniform convexity and (3.6) we have

HLB| - gltc+1yk giﬂ (9r+1 — 9& — di)
|Bk | = 2 2
gl 1|
L SR R [ SR G U SR
2 2 2
gk 1| [l |
< Ngpeallllyell | Ngeeallllyell  llgeralllld]
2 2 2
gl e |l
from Lipschitz condition
[yl < Ullskll
BB < gkl Nyl | lgrrallllyell | lgreall
T sl x| Il
_ ol | pllsellof | po
= 2 2
||l sl sl
ol plag  poy,
m skl llsell sl
Hence
k1]l < Nlgwsall + [BEEE] i
plllsell pllsellof | pow llsell
man skl an skl anllskll
=2u + plag, +
N0k
which implies that (3.1) is true. Therefore, by Lemma 1 we have (3.2), which for
uniformly convex functions is equivalent to (3.7). O

4. Numerical results and discussion

In the present numerical experiments, we analyze the efficiency of BHLE | as
compared to the classic methods: S7%F and BREMIL+ These comparisons are based
on the number of iterations and CPU time per second to reach the optimum. All the
comparisons are done with two or three different initial points and different number
of variables ranging from 2 to 20000. All variables have been experimented to each
function test [3]. For the numerical tests, the strong Wolfe line searches parameters
have been experimentally fixed to p = 1073 and § = 10~%. All tests were terminated
when the stopping criteria ||gx| < ¢ is fulfilled, where ¢ = 107%. When the iteration
number exceeds 2000 or the CPU execution time exceeded 500 seconds, the test is
considered as failed.
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FIGURE 1. Performance Profile based on the CPU time

Figures 1 and 2 show that the method of 37%5 is superior when compared to
BPEP and BRMILY with the least duration of CPU time. The highest percentage
of successful comparison is with BZLE at 98.34%, followed by SEMIL+ with 93.72%.
However, the successful rate comparison for S7EF is low at 90.05%. Hence, our method
(BHEB) successfully solves the test problems, and it is competitive with the well-
known conjugate gradient methods for unconstrained optimization.
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FIGURE 2. Performance Profile based on the iteration number
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Table 1. A list of test problems

No. Function Dimension Initial points

01 Alpine 1 1,5,7,10, 12, 30, 100 [ETED)

02 Beale 2 (—=1,—-1);(0,0);(1,1)

03 Booth 2 (—=1,-1);(1,1);(3,3)

04 Branin 2 (—=1,-1);(0,0);(1,1)

05  Diagonal 1 2,4, 6,8, 10, 20, 100, 200 (1,.0,1)5(2,..,2)5(3, ..., 3)

06  Diagonal 2 2,4, 10, 100, 200, 400, 500, 600, 1000 (=1,...,=1);(0,...,0); (1, ..., 1)
07 Diagonal 4 1000, 5000, 8000, 10000, 14000, 16000, 20000 (2,...,2);(5,...,5); (10, ...,10)
08 Exponential 2,4,6,8,10,12, 14,15, 16, 20 (1,...,

09 Griewank 10, 100, 500, 1000, 2000, 5000, 10000 (-2,...,—2);(2,...,2)

10  Hager 2,4, 10, 100, 200, 500, 800, 1000 (-1,...,—1);(0,...,0)

11 Himmelblau 2, 4,10, 100, 1000, 5000, 10000, 20000 (=5,...,=5); (5, ..., 5)

12 Leon 2 (—=0.5,—0.5);(0,0);(0.5,0.5)
13 Matyas 2 (1,1);(2,2);(5,5)

14 Penalty 2, 10, 100, 500, 1000, 2500, 4000, 5000, 10000 (—1, ..., =1); (0, ...,0); (1, ..., 1)
15 Perquadratic 2,4, 8,10, 20, 50, 200 (=5,...,—5)5(3,...,3)5(5,...,5)
16  Power 2,4,8,10, 20, 50, 100, 500 (=2,...,-2);(2,...,2)

17 Qing 2, 10, 100, 200, 300, 400, 500, 1000, 2000 (=2,...,-2);(2,...,2)

18  Quadratic 2, 10, 100, 200, 500, 750, 1000 (2,..,2);(4,...,4)

19 Quartic 2,4, 10, 100, 200, 500 (1,..,1)5(2,...,2)

20  Rastrigin 2,10, 100, 200, 500 (=5, ..., —5); (5, ..., 5)

21  Raydan 1 2,4, 10, 20, 50, 80, 90, 100 (=2,...,-2);(2,...,2)

22 Raydan 2 2,10, 100, 500, 1000, 2000, 3000 (=2, ..., -2);(2,...,2)

23 Rosenbrock 2,10, 10, 50, 100, 200, 1000, 2000, 5000, 10000 (0, ..., 0)

24 Schwefel 2. 20  2,4,10,20 (=1,...,=1);(2,...,2)

25  Schwefel 2. 21 5,10, 15, 20 (1,..,1);(2,...,2)

26 Schwefel 2. 23  2,5,10,20 (=1,...,-1);(1,...,1)

27  Sphere 2,10, 20, 100, 1000, 5000, 20000 (=4,...,—4);(4,...,4)

28  Styblinski 2,10, 100, 500, 1000, 2000, 5000 (0,...,0);(2,...,2)

29 Sumsquares 2,10, 20, 100, 300, 500, 1000 (5,...,5);(10,...,10)

5. Conclusion

Numerous studies have been devoted to develop and improve hybrid conjugate
gradient methods. In this paper we have presented a new convex hybridation of the
PRP and the RMIL+ conjugate gradient algorithms; HLB. The global convergence
of our method is demonstrated for 0 < 6 < 1. Numerical experiments reveal that our
method is reaching the optimum in less iteration number and CPU time comparing
to RMIL+ and PRP.
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