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PROFESSOR PETRU T. MOCANU ON HIS 70** BIRTHDAY

Professor Petru T. Mocanu was born on June 1, 2001 in Braiila, Romania. He
attended primary and secondary school in Braila, then went on to take his undergradu-
ate (1950-1953) and postgraduate degrees (1953-1957) at the Faculty of Mathematics,
University of Cluj (now the Babeg-Bolyai University of Cluj-Napoca). In 1959 he de-
fended his doctoral dissertation which was written under the guidance of the great
Romanian mathematician G. Calugareanu. Professor Mocanu’s doctoral thesis was
entitled Variational methods in the theory of univalent functions.

Professor Mocanu has worked at Babeg-Bolyai University as Assistant Pro-
fessor (1953-1957), Lecturer (1957-1962), Associate Professor (1962-1970) and Full
Professor (1970 to the present). He was Visiting Professor at Conakry, Guinea (1966-
1967) and at Bowling Green State University, Ohio, USA (fall semester, 1992), and
invited to give lectures to international audiences at many different universities since
1966. These have included various universities in the United States and Germany,
including University of Michigan, Iowa University, and the University of Hagen. Pro-
fessor Mocanu has also taught at the University of Rouen in France, the Universities
of Lodz and Lublin in Poland, the University of Jyvaskyla in Finland and other uni-
versities in Hungary and Moldavia.

Professor Mocanu has held a number of distinguished positions at Babeg-
Bolyai University. He has served as Dean of the Faculty of Mathematics (1968-1976
and 1984-1987), Head of the Sub-Department of Function Theory (1976-1984 and
1990-2000), Head of Department of Mathematics and Vice-Rector of the University
(1990-1992). He is also the Chief Editor of Mathematica (Cluj), a member of the
Editorial Board of Studia Universitatis Babes-Bolyai and Bulletin de Mathématiques
S.5.M.R., the Chairman of the Seminar of Geometric Function Theory, Department
of Mathematics at Babeg-Bolyai University and the Head of the Romanian School of

Univalent Functions.
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Since 1972 Professor Mocanu has been an active supervisor of doctoral de-
grees; under his guidance 25 students have completed PhD degrees and another 10
are currently preparing their dissertations. He has a wide range of teaching interests
and many students have benefited from his expertise.

Among the subjects he has offered is a basic course on Complex Analysis and
he has developed many other specialized courses (Univalent Functions, Differential
Subordinations, Geometric Function Theory, Measure Theory, Hardy Spaces etc.) He
is also the author of two handbooks on Complex Analysis that have become standard
texts for Romanian students of mathematics.

Professor Mocanu is also:

- Corresponding Member of Romanian Academy,

- President of the Romanian Mathematical Society,

- Member of the American Mathematical Society,

- Doctor Honoris Causa, University ” Lucian Blaga”, Sibiu (Romania) - 1998,

- Doctor Honoris Causa, University of Oradea (Romania) - 2000.

In terms of published research Professor Mocanu’s output has been prodi-
gious. He is the author more than 155 papers in the field of Geometric Function
Theory (Univalent Functions) and has written two important monographs: Geo-
metric Theory of Univalent Functions (in Romanian), Ed. Casa Cartii de Stiinta,
Cluj-Napoca, 1999, 410 pages (with T. Bulboacd and Gr. St. Saligean) and Dif-
ferential Subordinations: Theory and Applications, Marcel Dekker, Inc., New York,
Basel, 2000, 459 pages (with S. S. Miller). Approximately 200 mathematicians world-
wide have cited his research in more than 500 papers. The work of Professor Mocanu
and Professor Miller on the method of differential subordinations (admissible func-
tion method) has an international reputation and has proved very influential within
research activity in the field of Geometric Function Theory.

Professor Mocanu obtained important results in the following domains (see
”Scientific Papers”):

- extremal problems in the theory of univalent functions [1-5, 8, 9,

12, 13, 15, 17, 18, 20-22, 24, 25, 27, 37, 42, 47, 72, 91, 125, 144]
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- new classes of univalent functions (well known is the class of alpha-
convex functions) [7, 10, 14-16,19, 23, 26-32, 34-36, 38, 40, 41, 43, 46, 65, 70, 95, 99,
102, 103, 109, 114, 124, 126, 130, 131, 142]

- integral operators on classes of univalent functions [44, 45, 48, 55-58,
62-64, 66, 67, 69-71, 73, 76, 78, 80-83, 88-90, 92-94, 96-98, 100, 102, 103, 106, 110,
111, 115, 123, 129, 132, 136, 146, 151]

- differential subordinations [49, 50, 52, 53, 61, 64, 68, 74, 77, 79, 85-87,
101, 104, 105, 107, 111-113, 119, 122, 137, 139, 141]

- conditions of diffeomorphism in the complex plane [51-54, 59, 60,
75, 95,128, 143, 154]

- sufficient conditions for injectivity, starlikeness or convexity [116-

118, 120, 121, 128, 133-135, 138, 140, 145, 147-150, 152, 153, 155].
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About the radius of starlikeness of the exponential function, Studia Univ. Babes-Bolyai,
Math. Phys. 14, 1(1969), 35-40.

Une propriété de convexité généralisée dans la théorie de la représentation conforme,
Mathematica (Cluj), 11(34)(1969), 43-50.
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Univ. Babeg-Bolyai , Math. Mech., 16, 2(1971), 13-19.

On generalized convexity in conformal mappings, Rev. Roumaine Math. Pures Appl.,
16(1971), 1541-1544. (with M.O.Reade).

On the holomorphic product of Haar measures, Mathematica (Cluj), 13(36)(1971),
229-233.

Equations fonctionnelles aux implications, Studia Univ. Babes-Bolyai, Math. 17,
1(1972), 33-36.

All a-convex functions are starlike, Rev. Roumaine Math. Pures Appl. 17, 9(1972),
1395-1397 (with S.S.Miller and M.O. Reade).

A generalized property of convexity in conformal mappings, Rev. Roumaine Math.
Pures Appl. 17, 9(1972), 1391-1394.

Sur une propriété d’étoilement dans la théorie de la representation conforme , Studia
Univ. Babes-Bolyai, Math., 17, 2(1972), 55-58.

On Bazilevic functions, Proc. Amer. Math. Soc., 39, 1(1973), 173-174. (with M.O.
Reade and E. Zlotkiewicz).

All a-convex functions are univalent and starlike, Proc. Amer. Math. Soc., 37, 2(1973),
553-554. (with S.S. Miller and M.O. Reade).

Numerical computation of the a-convex Koebe functions, Studia Univ. Babeg-Bolyai,
Math. Mech. 19, 1(1974), 37-46. (with Gr. Moldovan and M.O. Reade).

Bazilevic functions and generalized convexity, Rev. Roumaine Math. Pures Appl., 19,
2(1974), 213-224. (with S.S. Miller and M.O. Reade).

On the functional f(z1)/f’(22) for typically-real functions, Rev. Anal. Numer. Théorie
Approx. 3, 2(1974), 209-214. (with M.O. Reade and E. Zlotkiewicz).

On a subclass of Bazilevic functions, Proc. Amer. Math. Soc., 45, 1(1974), 88-92. (with
P. Eenigenburg , S. Miller and M. Reade).

The radius of alpha-covexity for the class of starlike univalent functions, alpha-real,
Rev. Roumaine Math. Pures Appl., 20, 5(1975), 561-565. (with M.O. Reade ).
Alpha-convex functons and derivatives in the Nevanlinna class, Studia Univ. Babes-
Bolyai, Ser. Math, 20(1975), 35-40. (with S.S. Miller).

An extremal problem for the transfinite diameter of a continuum, Mathematica (Cluj),
17(40), 2(1975), 191-196. (with D. Ripeanu ).

The radius of alpha-convexity for the class of starlike univalent functions, alpha-real,
Proc. Amer. Math. Soc., 51, 2(1975), 395-400. (with M.O. Reade).

The Hardy class for functions in the class MV[a, k], J. of Math. Analysis and Appl.,
51, 1(1975), 35-42. (with S.S. Miller and M.O. Reade).

Janowski alpha-convex functions, Ann. Univ. M. Curie-Sklodowska, 29, A(1975), 93-
98. (with S.S. Miller and M.O. Reade ).

On generalized convexity in conformal mappings II, Rev. Roumaine Math. Pures Appl.,
21, 2(1976), 219-225. (with S.S. Miller and M.O. Reade).

The Hardy class of functions of bounded argument rotations, J. Austral. Math. Soc.
A, 21, 1(1976) 72-78. (with S.S. Miller).

On the radius of alpha-convexity, Studia Univ. Babes-Bolyai, Ser. Math., 22, 1(1977),
35-39. (with S.S. Miller and M.O. Reade).

The order of starlikeness of a Libera integral operator, Mathematica (Cluj), 19(42),
1(1977), 67-73. (with M.O. Reade and D. Ripeanu).

A particular starlike integral operator, Studia Univ. Babes-Bolyai, Math., 22, 2(1977),
44-47. (with S.S. Miller and M.O. Reade).
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The order of starlikeness of alpha-convex functions, Mathematica (Cluj), 20(43),
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(with S.S. Miller and M.O. Reade).

General second order inequalities in the complex plane, Idem, 96-114. (with S.S.
Miller).
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On a Briot-Bouquet differential subordination, General Inequalities, 3(1983), 339-348.
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Abstract. We introduce a class, namely, H,(b, M) of certain analytic
functions. For this class we determine sufficient condition in terms of
coefficients, coefficient estimate, maximization theorem concerning the co-

efficients, and radius problem.

1. Introduction

Let A denote the class of functions of the form
fE) =2+ az" (1.1)
k=2

which are analytic and univalent in the unit disc U = {z : |z] < 1}. We use Q
to denote the class of functions w(z) in U satisfying the conditions w(0) = 0 and

|lw(z)| <1 for z € U. For a function f(z) in A, we define

D°f(2) = f(2), (1.2)
D'f(z) = Df(2) = 2f'(2), (1.3)

and
D"f(z) = D(D" " 'f(2)) (ne N={1,2,...,}). (1.4)

The differential operator D™ was introduced by Salagean [11]. With the help

of the differential operator D™, we say that a function f(z) belonging to A is in the

1991 Mathematics Subject Classification. 30C45.

Key words and phrases. analytic, Salagean operator, complex order.
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class F, (b, M) if and only if

D"+1f(z)

b—1+ D f(2)

where M > % and b # 0, complex.
It follows by Kulshrestha [6] that g(z) € Hy (1, M) = F(1, M) if and only if

for ze U

() 1tuw(z)
o) T mu(s) (1.6)

1 1
where m =1 — i (M> 2) and w(z) € Q.

One can easily show that f(z) € H,(b, M) if and only if there is a function
g(z) € Hy(1, M) = F(1, M) such that

()]’
D"f(z) =2 {9 ] . (1.7)
z
Thus from (1.6) and (1.7) it follows that f(z) € H,(b, M) if and only if for
zeU
DMFG) 1+ b1+ m) — mlu(z)
Dnf(z) 1 —mw(z) ’ (18)
where m =1 — % (M > ;) and w(z) € (.

By giving specific values to n,b and M, we obtain the following important
subclasses studied by various authors in earlier works:

(1) Ho(b, M) = F(b, M) (Nasr and Aouf [7]) and H; (b, M) = G(b, M) (Nasr
and Aouf [8]).

(2) Hp(cosde ™™ M) = Fy and Hi(cosde ™ M) = Gau (|)\| < %)
(Kulshrestha [4]).

(3) Ho((1—a)cos de~™, 00) = S*(a) <|/\| < g 0<a< 1) (Libera [6]) and
Hi((1—a) cos Ae™, 00) = CAa) (|)\| < g 0<a< 1) (Chichra [3] and Sizuk [14]).

(4) Ho(b,M) = S(1 —b) (Nasr and Aouf [9]) and H;(b, M) = C(b) (Wia-
trowski [15] and Nasr and Aouf [10]).

(5) Ho((1 — a)cosAe™™ M) = Fy(\,a) and Hy((1 — a)cose™™ M) =
Gu(\ ) (w < g 0<a< 1) (Aouf [1,2]).
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(6) Ho(1,1) = F(1,1) Singh [12] and Hy(1, M) = F(1, M) (Singh and Singh
[13]).
From the definitions of the classes F'(b, M) and H, (b, M), we observe that
f(z) € Hy(b, M) if and only if D™ f(z) € F(b, M). (1.9)

The purpose of the present paper is to determine sufficient condition in terms
of coefficients for function belong to H,, (b, M), coefficient estimate, and maximization
of |az — pa3| on the class H, (b, M) for complex value of u. Further we obtain the

. . : D" f(z)
radius of disc in which Re D) > 0, wherever f(z) belongs to H, (b, M).

2. A sufficient condition for a function to be in H, (b, M)

Theorem 1. Let the function f(z) defined by (1.1) and let

> {(k=1) + b(1 +m) + m(k — D}E"|ax| < [b(1 +m), (2.1)
k=2
1 1
holds, then f(z) belongs to H, (b, M), where m =1 — i M > 3

Proof. Suppose that the inequality (2.1) holds. Then we have for z € U

D™ f(2) = D™ f(2)] = b(1 +m) D" f(2) +m(D"*! f(2) — D" f(2))|

= Zk"(k—l)akzk —16(1+m) {z—&—Zk"akzk}—&—mZk”(kJ—l)akzk <
k=2 k=2 k=2
Z — 1)|ag|r* - {|b(1+m |7‘—Z|b 1+m) +m(k — 1)|k"|ag|r" } =
k= k=2

= Z{(k — 1)+ [b(1 4+ m) +m(k — )Yk |ag|r* — [b(1 + m)|r.
k=2
Letting »r — ~1, then we have

D" f(2) = D" f(2)] = [b(1 +m)D" f(2) +m(D" " f(2) — D" f(2))| =

=> {(k—1)+ [b(1 +m) + m(k — 1)|}k"|ax| — [b(1 +m)| <0, by (2.1).
k=2
Hence it follows that

D”'Hf(z)_l

brj) <1, zeUl.

b(1 +m) + {D”*M 1}
m my ———— —
D f(z)
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Lettin
e D"+l f(z)
D"f(z)

b(1+m)+m{Dn+1f(Z) —1}7

w(z) =
Dn f(z)
then w(0) = 0, w(z) is analytic in |z| < 1 and |w(z)| < 1. Hence we have

D) 14 (1t m) - mjuz)
Dnf(z) 1 —muw(z)

which shows that f(z) belongs to H,, (b, M).

3. Coefficient estimate

Theorem 2. Let the function f(z) defined by (1.1) be in the class
H,(b,M), z€U.
(a) If 2m(k — 1)Re {b} > (k — 1)%(1 —m) — |b]*>(1 + m), let

2m(k — 1)Re {b}

N=lw=a—m — s m)

}, k=2,3,...,j—1.

laj| < w5 H b(1 4+ m) — 2)m), (3.1)

forj=23,...,N+2; and

N+3
1
| < 1 — ) . .
laj| < SRS k|:|2 b(14+m)+ (k—2)m|, j>N-+2 (3.2)

(b) If 2m(k — 1)Re {b} < (k — 1)2(1 —m) — |b]2(1 +m), then

.7, fo ’l"_] > 2 3.3
where m an 7é , complex.

The inequalities (3.1) and (3.3) are sharp.
Proof. Since f(z) € H,(b, M), so from (1.8) we have that

> k(k - 1)agz" = {b(l +m)z+ Y E"[b(1+m) + m(k — 1)]az" } w(z) (3.4)
— k=2
which is equivalent to
J [e%s}
Z E"(k — 1)apz" + dezk =
k=2 k=2
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j—1

= {b(l +m)z+ Z E™[b(1 +m) +m(k — 1)]} apz"w(z),
k=2

where d;’s are some complex numbers.

Then since |w(z)| < 1, we have

J oo
Z E"(k — 1)apz" + Z dp2"| <
k=2

j=k+1
< b(l—i—m)z—!—]z_:k”[b(l—l—m)—l—m(k:— D]agz" (3.5)
k=2

Squaring both sides of (3.5) and integrating round |z| = r < 1, we get, after

taking the limit when r — 1

72" = 1 lag* < (1+m)? [+
j—1
+ R+ m) + m(k — 1)) = (k= 1)*}Hax|*. (3.6)
k=2
Now there may be following two cases:

(a) Let 2m(k — 1)Re {b} > (k — 1)%(1 — m) — (1 + m)|b|?>. Suppose that
j < N +2; then for j =2, (3.7) gives

las| <

which gives (3.1) for j = 2. We establish (3.1), by mathematical induction. Suppose
(3.1) is valid for k =2,3,...,j — 1. Then it follows from (3.6)

(14 m)|b|
27L

72" = 1P lag* < (1+m)? o+

j—1
+Zk2"{|b(1+m)+m(k—1)|2—(k—l)}k% — QH\bl—i—m (p—2)m|*> =
k=2
1
— T 10 +m) + (k= 2)m[%.
<<y—1>>2,ng' JrEmm
Thus, we get
|a]|— |H|b1+m 72)m|v

which completes the proof of (3.1).
Next, we suppose j > N + 2. Then (3.6) gives
(7 = 1)?ag? < (1+m)?[b*+
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N+1
+ > Kb+ m) +m(k — 1) = (k- 1)*}ax|*+
k=2
j—1
+ >0 b+ m) +m(k — 1)) = (k- 1) Har|* <
k=N+3
N+2
< (L 4+m)2B2 4+ D {Ib(1 +m) +m(k — 1) = (k — 1)%}Hax|.
k=2
On substituting upper estimates for as,as,...,ayt 2 obtained above, and

simplifying, we obtain (3.2).
(b) Let 2m(k —1)Re {b} < (k—1)%(1 —m) — (1 4+m)|b|?, then it follows from
(2.7)
72 = D2 ag? < X+ m)?pl? (5 >2)
which proves (3.3).
The bounds in (3.1) are sharp for the function f(z) given by

& b(1+m) ? m 7é 07
D'f(z)=¢ (L—mz)" = (3.7)
zexp(bz), m = 0.

The bounds in (3.3) are sharp for the function f(z) given by

T M
m(k —1)
D" fi(z) = (3.8)
b 1 _
zexp(k_lzk ), m=20

4. Maximization of |a3 — pa3|

We shall need in our discussion the following lemma:

Lemma 1. [5] Let w(z) = Z crz® € Q, if pis any complex number, then
k=1

ez — pei| < max{L, |u[} (4.1)

for any complex . Equality in (4.1) may be attained with the functions w(z) = 22

and w(z) = z for |p| <1 and |u| > 1, respectively.
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Theorem 3. If a function f(z) defined by (1.1) is in the class Hy, (b, M) and

w is any complex number, then

b(1
jay — a3 < P2 s, i, (12)
where
2-3"ub(1+m)
d= T [b(1 4+ m)+m). (4.3)
The result is sharp.
Proof. Since f(z) € H,(b,m), we have
() D" f(z) — D" f(2)
w(z) = =
[b(1 +m) —m]D"f(z) + mD"+1 f(z)
> kMk = agzt!
b(1+m)+ > 2oy k?[b(1 4+ m) + m(k — 1)]agzF—1
o0 o0 -1
> kMk = 1)apzt ! D Kb+ m) + m(k — D]agz"!
k=2 k=2
1 44
b(1+ m) * b(1+ m) (44)
Now compare the coefficients of 2z and z? on both sides of (4.4). We thus
obtain
b(1
s = wch (4.5)
21’L
and
b(1+
asz = (2.73:1){02 + [b(1 +m) + m]ci}. (4.6)
Hence
b(1+m
az — pa3 = Q[CQ —dc?), (4.7
2.3n
where
2-3™ub(1
g= 23 AT 0y o),

922n
Taking modulus both sides in (4.7), we have

|b(1 +m)

jay — a3 < M0y, g (45)

Using Lemma 1 in (4.8), we have

[b(1 + m)|

2
- <
jag — pad] < 2

max{1,|d|}.
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Finally, the assertion (4.2) of Theorem 3 is sharp in view of the fact that the
assertion (4.1) of Lemma 1 is sharp.
5. Radius Theorem

The following theorem may be obtained with the help of (1.9) and Theo-
rem 3 of Nasr and Aouf [7].
Theorem 4. Let the function f(z) defined by (1.1) be in the class H, (b, M).

Then
n+1
Re {W} > 0 for |z| < ry,
where
iyl
T =2 {|b|(1 +m)+ [b|2(1 +m)? —4 {Re (b) <1:1m> — 1} — 1} } (5.1)
such that
9 9 1+m
Pt 2 fre ) (122 1)
The result is sharp for the function fo(t), where
D" fo(z) = 2(1 — mz) (") (5.2)
and

Remarks on Theorem 4.

(i) Putting n = 0, we get the sharp radius of starlikeness of the class F(b, M)
studied by Nasr and Aouf [7].

(ii) Putting n =1, we get the sharp radius of convezity of the class G(b, M)
which is investigated by Nasr and Aouf [8].
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STARLIKE, CONVEX AND ALPHA-CONVEX FUNCTIONS OF
HYPERBOLIC COMPLEX AND OF DUAL COMPLEX VARIABLE

SORIN G. GAL

Dedicated to Professor Petru T. Mocanu on his 70" birthday

1. Introduction

The study of functions of hyperbolic complex and of dual complex va-
riable was done in [11-12] and continued in the very recent papers [1-6].

In this paper we begin the study of a geometric theory for such of functions,
in the general setting of nonanalytic functions.

It is known that for the functions of usual complex variable, the geometric
theory is based on the identification of the field of usual complex numbers with the
two-dimensional Euclidean plane. But according to the Cayley-Klein scheme, there
are nine plane geometries, corresponding to all possible combinations which can be
formed for the three kinds of measures of angles and the three kinds of measure of
distances (see [13, p. 195-219], [14, p. 214-288)]):

1) Elliptic geometry, Euclidean geometry, Hyperbolic geometry, based on the
same elliptic (usual) measure of angles but having three different kinds of measures
for distances, i.e. elliptic measure, parabolic measures and hyperbolic measure, re-
spectively.

The analytic model for these geometries are the usual complex numbers.

2) Co-Euclidean geometry, Galilean geometry, Co-Minkowskian geometry,
based on the same parabolic measure of angles but having the three different kinds
of measures for distances as in the case 1, respectively.

The analytic model for these geometries are the dual complex numbers.

3) Cohyperbolic geometry, Minkowskian geometry, doubly hyperbolic geom-
etry, based on the same hyperbolic measure of angles but again having the three

different kinds of measures of distances, as above, respectively.
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The analytic model for these last three geometries are the hyperbolic complex
numbers.

A geometric theory for (analytic) functions of usual complex variable, based
on the hyperbolic geometry was done in [7].

In the next sections we will consider a few geometrical aspects for (nonan-
alytic) functions of hyperbolic complex and of dual complex variables, based on the
Minkowskian geometry and on the Galilean geometry, respectively.

Besides the fact that in this way we introduce several plane transformations
with new geometrical properties, our method permits an unitary treatment for the
geometric theories of functions of usual complex, of hyperbolic complex and of dual
complex variables.

Section 2 contains some preliminaries facts.

In the Sections 3 and 4 we introduce and study the classes of starlike, con-
vex and alpha-convex functions of hyperbolic complex and of dual complex variable,
respectively.

The methods were suggested by the classical ones in [8-10].

2. Preliminaries

First let us recall some known facts about the complex-type numbers (see
e.g. [6], [13-14]). It is known that excepting an isomorphism, three kinds of complex
numbers are important:

(i) Cy4, ¢ € R, ¢*> = —1, called the system of usual complex numbers,

(ii) Cyy g € R, ¢* = 0, called the system of complex numbers,

(iii) Cq, ¢ € R, q*> = +1, called the system of hyperbolic complex numbers,
where C, = {z =z + qu; =,y € R}.

For simplicity, let us denote ¢ =i if ¢> = -1, ¢ =d if ¢> =0and ¢ = h is

If ¢ = 4, then C; is a field, if ¢ = d then C, is a ring with the set of
divisors of zero given by Z, = {z = z +qy; * =0, y € R} and if ¢ = h then C,
is a ring with the zero divisors Z, = {z = z + qy;z,y € R, |z| = |y|}. Obviously
Zy ={z € Cy; pg(z) =0}, where p,(2) is defined below, for all ¢ € {3, d, h}.
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For z = z + qy € Cg, let us denote z = z — qy, (so 2z = 2% — ¢°y? € R),
pqe(z) = \/]2Z], for r > 0 let us denote Ul = {z € Cy; pg(2) < r}, cl9 = {z €
Cq; pg(z) =1}, for all g € {i,d, h}.

In the Euclidean geometry, Cf(,i) is a circle of radius r and of center (0, 0), C,gd)

represents the straigth lines x = —r and x = +r, and C’,(,h) represents the hyperbolas

2 2

2?2 —y? = —r? 2% —y? =12

The polar coordinates and the exponentials are defined as follows. Let z =
x4 qy € C,. For ¢ =i they are well-known.

For ¢ = d we have |z]g = x, p = arg; z = %, 2 & ZLq, and z = |z]4(1 + dp) =
|2]4e2®, where 3 = e%e® = e (1 + dy).

For ¢ = h we have e/Y = cosh(y) + hsinh(y), e = el = e*coshy +
he® sinhy, |z|, = (sgnx)\/22 — 42, p = argy, z = arcth%, 2 = |2|nep?, for 22 —y% > 0,
and |z|, = (sgny)\/y? — a2, ¢ = arcthg, z = q|z|heZ“0, for y?> — 22 > 0. In the first
case z is called of first kind (1-kind) anz(/i in the other case it is called of second kind
(2-kind).

Note that Zy = {z € Cy; |z|q =0}, for all ¢ € {i,d, h}.

Let ¢ € {i,d,h} and v : I — C,, 7(t) = =(t) + qy(t), t € I (bounded or
unbounded interval) be a differentiable path in C,, such that 4/(t) & Z,, t € I.
Then arg,[y'(t)] represents the ”(Q”-angle with the positive sense of Ox-axis, of the
7 (Q”-tangent at the path «y in the point 7(¢), where by convention, everywhere in the

paper ”Q” means the words Euclidean, Galilean and Minkowskian, for ¢ = i,d and

h, respectively.

_ o _of _of _of . _
Let us denote Dy (f)(2) = P I Dr(f)(z) = “ 5 +Z£, f=U+hV,
z = x + hy, where (see [7])
of _L[oU av] [V oU
0z 2|0z Oy 210z 9y’
o _1[ou _av) niov v
0z 2|0z Oy 210z Oy’
ie.
2% ov oUu ou
Du(f)(2) oy TVar T {xa +yax] ,
ou  oU ov. oV
Di(f)(2) = %+y87y+ { 6:c+y8y]'
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It is easy to verify the following formulas

Dy(f) = =Dn(f); Du(f) =Dn(f); Dn(Re f) = hIm [Dy(f)],

D}L[R'e f] = Re Dh(f)) Dh(Im h):h’Re Dh(f)v Dh[Im f]:Im Dh(f)a

0 0 1 D
oL =hDA(f), 5 = D), Dallfl) = Hflim 24
Dull7h) = Iflare 248 Dyargy ) = e 224, arg, 1) = 1 P4,
which immediately imply
ofln Du(f)  Olfln /I Dull)
e MW T T e T 1)
Qarg), f _ o Dulf) Oarg,f _ 1, Dul(f)
de T NCTE T okl T f @)

where in all the above formulas ¢ = argy, z, |z|n, # 0, |f(2)|n # 0.

Also, if h € CY(R), then Dy (h(2%)) = 0 and Dy[h(arg, 2)] = 0.

Note that these formulas are valid for all the cases when z and f(z) are of
first or of second kind. On the other hand, in comparison with the case ¢ =i in [8],

among the above formulas only three differ (by sign) from those in [8], namely those

I fln
dp

which give formulas for Dy (Im f), Dp(arg,, f) and

3. Starlike functions

Let f : Ul(Q) — C, be of C'-class on Ul(Q), f =U+qV, where q is any between
i,d and h.

Definition 3.1. We say that f is Symmetrically Uniformly (shortly (SU)) -
»Q” starlike function on U, if f is univalent on UL \ Z,, f(2) € Zq iff z € Z, and

moreover, for any fixed p € (—1,1) \ {0}, we have

Darg Z(al“gq f(z)) >0, for all |z], = p. (3)
q

The univalency of f is required only on Ul(q) \Z, (and not on the whole Ul(q)),

because the geometric condition in (3) holds only on Ul(Q) \ Zg.
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Remarks. 1) If ¢ = ¢, then we obtain the classical conditions in [8]: f is
(SU)-Euclidean starlike, if f is univalent on the whole Ul(i), f(0) =0 and
Dif

Re —= >0, for all z € U1 \ {0}, (4)
L 0f Jof G 9F Of
where D, f = ig, “Zgpand o5, o, z=a + iy, are given in [8].

(From [8] it follows that (4) implies the starlikeness of all the sets f( T(i)),
0 < r < 1, which suggested us the denomination of ”Symmetrically Uniformly” for f.
In fact it is well-known that (see e.g. [10, Theorem 3.1]) if f is analytic and

f'(0) = 0, then f is (SU)-starlike if and only if f is starlike (in the classical sense).
ov_ v (U U
y re Yor oy

Di(f) 1 v U U oV
Re = _U2+V2{“’<Uay Va) (Vax Um)}’

Since simple calculations show that D;(f) =«

and

it follows that f generates the injective vectorial transform defined on U. fi) (in fact on
the Euclidean image of U1 (¢)), F(z,y) = (U(x,y), V(z,y)), with U(0,0) = V(0,0) =0
and satisfying

[Uav - V(’?U} ou oV

[vaU(9 ]>0, Va? 492 <1, 240, y#0 (5)

y 0

(since obviously (4) is equivalent with (5)).
2) Let ¢ = d. First, in this case the condition ”f(z) € Zq4 iff z € Zg”,
means that "U(x,y) = 0 iff z = 0”. For z € Ul(d) \ Zq we have z = |z|q(1 + dy),

p=arggz €R, z=zlg=7r#0, y=rp (r fixed in (—1,1) \ {0}), and (3) becomes
0 o (V uvy, —-vu,,
—_— = — — = —_— 0
8¢(argdf) 3@ (U) U2 >0,

ov. Oz OV 9y _ 8V 5‘U
here V), = — . — - U, .
WHere Vo = e Op oy oy Op 8y ay
As an immediate conclusion it follows that a (SU)-Galilean starlike function
f generates the injective vectorial transform on U1 )\Zd, F(z,y) = (U(z,y),V(z,y)),

with U(z,y) = 0 iff x = 0 and satisfying

ov oU
<Uay—V6y>>0,Vxe(—171)\{0},yeR. (6)

Note that (6) is equivalent with the inequality
o [V
— | = 0, v -1,1 0 R.
rge (§) >0 Ve (LN} v
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3) Let ¢ = h. The condition 7 f(z) € Z, iff z € Z;” is equivalent with
Uz, y)| = [V(x,y)| ff || = |y|”. Let z € Z, then arg, f(z) = arcthg, for

-

U? - V2% > 0 and argy, f(z) = —, for V2 — U? > 0. Denoting arg, z = ¢ € R,
|2z|ln =7 € (—=1,1) \ {0} and (3) becomes

<

V !
(U)W UV, VU,

[amth <5)L L (V)2 G

>0, ifU>-V2>0

U
and
(%),
\% o UVJ, —VU[P

[amh (g)L T (U>2 R

>0, if V2-U?>0.

Vv
Now, taking into account that for fixed » and independent of the fact that =
is of the first or second kind, we have g—i =y and S—Z = x, by simple calculations it
follows that a (SU)-Minkowskian starlike function f, generates the injective vectorial
transform on Ul(h) \ Zp, F(z,y) = (U(x,y),V(z,y)) with |U(z,y)| = |V(z,y)| iff
|x| = |y|, satisfying the differential inequality

1 oV ou ou oV
(7)

On the other hand, taking into account the relations satisfied by Dy, (f)(2) in

Section 2, we easily obtain that (7) (and therefore (3)) is equivalent with

Re Dhjfé))(z) >0, for all z € UM\ Z,,. (8)

4) Tt is immediate that by the conditions in Definition 3.1, f has in addition
the following property of univalency: if z1 # 22, 21 € Zg, 20 € U 1@ \ Z4, then
f(z1) # f(22).

5) The differential inequalities (5), (6), (7), suggest us that each kind of
starlikeness in Definition 3.1 is completely independent in respect with the other two,
as can be seen in the following simple examples.

Note that in all these examples, U and V are of C'-class on the whole R2.

Example 1. Let U(z,y) = z, V(x,y) = 2'%%Y. The function f(z) =
U(z,y)+dV(x,y), z =z + dy, is (SU)-Galilean starlike in Ul(d), since it is univalent
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on UY\ Zy, Uz,y) = 0 iff = 0, and (6) is satisfied. But even if f(z) = U(x,y) +
iV (z,y), z = x + iy, satisfies f(0) = 0, however f cannot be (SU)-Euclidean starlike,
because (5) is not satisfied in any Ul re (0,1], and f is not univalent on the whole
ul®.

Also, f(z) = U(x,y) + hV(x,y), z = x + hy, cannot be (SU)-Minkowskian
starlike in Ul(h)7 firstly because it is not satisfied the condition |U(z,y)| = |V (x,y)| iff
|z| = |yl|, secondly (7) is not satisfied, and thirdly f is not univalent on Ulh) \ Zy,.

Example 2. Let U(z,y) = = + %(a:Q —y?), V(z,y) = y —xy. By [8],
f(z)=U(z,y) +iV(z,y) = 2+ %EZ, z = x + 1y, is (SU)-Euclidean starlike in Ufi).
But f(z) = U(z,y) +dV(z,y), z = ¢ + dy, cannot be (SU)-Galilean starlike in U( )
(for example, (6) does not hold) and f(z) = U(z,y) + RV (x,y), 2 = x + hy, cannot

e (SU)-Minkowskian starlike in U( ) (for example, (7) does not hold).

Example 3. Let U(z,y) = xe$2, Viz,y) = yeyQ. The vectorial function
F(z,y) = (U(x,y),V(z,y)) is injective on the whole R?. Let f(z) = U(z,y) +
dV(z,y), 2 = x + dy. Then f is (SU)-Galilean starlike on U1 because U(z,y) =0
iff x =0, and (6) becomes

e$2(1 + 2y2)ey2 >0, forall z #0, y € R.

Let us denote g(t) = te'”. Since ¢(t) = e’ (142t2) > 0, g is strictly increasing
on R, and as consequence we obtain |U(z,y)| = |V (z,y)| iff |x|e|g”|2 = |y|e|y|2 iff
g9(lz) = g(lyl) iff |z| = |y].

The function f(z) = U(z,y)+hV(z,y), 2 = x+hy, also is (SU)-Minkowskian
starlike on U1 , because (7) becomes

e @ — )

— = 27 5, forall 22 —y? #0,
H(?) — H(y2) #

taking into account that H(t) = te?! is strictly increasing on R .
Now, let us denote f(z) = U(z,y) +iV(x,y), 2 =  + iy. We have f(0) =

and (5) becomes
e eV’ [2? +y* +42%y?] >0, forall £ 0, y # 0,

which means that f is (SU)-Euclidean starlike too (on Ul(i)).
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Remark. Let ¢ = d or h. We will say that a region G C C, is (SU)-
7 Q)" starlike if there exists f : Ul(Q) — C, as in Definition 3.1, such that G = f[Ul(Q)].
Then it would be of interest to give internal geometric characterizations (in Euclidean
language) of the (SU)-"Q” starlike regions.

In the following we will obtain some sufficient conditions for (SU)-"Q” star-
likeness. Thus, because Ul(d) is an usual convex domain, combining [6, Corollary 3.2]

with Definition 3.1 and relation (6), we obtain
Theorem 3.1. Let f : U — Cy, f(2) = U(z,y) +dV(z,y), z = x +dy, be
of C'-class. If f satisfies the conditions
(i) Ulz,y) = 0 iff z =0,
(ii) ana—Z >0 on UY\ Zy,
oV oUu oU
(i) 5. #0.

e >0, i 0 on Ul(d) (conditions of univalency),
€z Y
then f is (SU)-Galilean starlike on Ul(d).

An example of f satisfying Theorem 3.1 is for U(z,y) = x, V(z,y) = (x + 1)1,

Note that this f is univalent on the whole Ul(d).

Another example is f(z) = ﬁ, z = x + dy, which can be written in the
y(1 — )

x
—, V = .
(1+x)27 (x7y) (1+$)3
Now, as in the case ¢ = ¢ in [8], it is of interest to see how the geometric

form f=U +dV, with U(z,y) =

conditions together with the local univalency (imposed by using the Jacobian) could
imply the (global) univalency, in the cases ¢ = d and ¢ = h too.
The ideas of proof of Theorem 1 in [8] can be summarized by two properties

which must to be checked:

f is univalent on C'9 for any fixed r € (0,1), (9)

f(Cy(f)) N f(Cﬁg?)) =0, for any 71,72 € (0,1), 71 # ro. (10)

But the case ¢ = i is essentially different from the cases ¢ = d and ¢ = h,
because while for ¢ = 1, f(Cﬁi)), r € (0,1), are Jordan curves, in the cases ¢ = d
and ¢ = h (because of the zero divisors) they are not anymore, which will require

additional conditions on f, as can be seen in the following results.

Theorem 3.2. Let f : Ul(d) — Cq, f(2) =U(z,y) +dV(z,y), z =z +dy, be
of C'-class. If f satisfies the conditions:

(i) |f(x)|la =0 iff |z[a = 0,
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(i) J(f)(z) >0, for all z € Ul(d) \ Zg, (here J(f)(2) denotes the Jacobian of

f),
(i) wﬁ v >0, forallz e (-1,1)\ {0}, y e R
8y U ) b 2’ y ’
(iv) Denoting L_() = Tim_arg, [(2), Ly(x) = lm_are, f(2),
arg, f(z) = gg’z;, z=x+dy € Ul(d) \ Zq (by (iii), L_(x), Li(x) exist finite or
infinite), 7

I(z) = (L-(z),L4(2) ifz >0, I(z)=(Ly(z),L-(x)) ifz <0,
and supposing

(@) NI(B) =0, foralla € (0,1), B€(-1,0), () I(x)#0, [\ I(=)#0,
z€(0,1) z€(—-1,0)
(11)
then f is (SU)-Galilean starlike on U(d),
Proof. We have to prove that f is univalent on U \Zd In this sense we

will show that for ¢ = d, (9) and (10) hold.
For any r € (0,1) we have C\¥) = 4D o) C(dﬂ N ) = 0, where

C’ﬁdﬂ ={z=z+dy; z=r}, C’,(.df) ={z=z+dy; v =—-r}.
Note that C’(dﬂ NZy=0,C" ' NZy =0 and that by (i) it follows that
HE ) N2 =0, F(C )02 =0,
In order to prove (9), let 21,20 € Cﬁd), z1 # z9. T € (0,1) be fixed. If
|21]la = —|22|a, then by (11) it follows arg, f(z1) # arg, f(z2), i.e. f(z1) # f(z2). So

let |z1|q = |22|a- We have two possibilities:
a) [z1]a = [22a =13
b) |z1la = |22]a = —r.
In both cases p; = arg, z1 # arg, z2 = 2 and by (iil) we get
0 .
%[argd f(2)] >0, p=arg;z, ie. arg, f(21) # argy f(22),
which proves (9).
Now, let 1,75 € (0,1), 71 # ro. We will prove that

FCYN A FCE Ny =0, FCYNNFCE)) =0 (12)

and

FCENNFCED)y =0, F(CUD)YNFCE)) =0, (13)
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which obviously will imply (10).

Indeed, (12) is immediate by (11). Let 0 € ﬂ I(x) be fixed.
z€(0,1)
For any p € (0,1), by (9) it follows that the system

argy f(z) =0, |zla=p (14)

yields a unique point z = pei‘o, © = p(p). Differentiating in respect with p, we obtain

2 (5)] @ston+ et [ (37)| -peton =0 (15)

On the other hand, for the values of z in (14), denoting R(p) = |f(2)|la =
U(p, p(p)), we obtain

R (p) = 5 (0.000) + (0l0)) 5 (5,610 (16)

Eliminating (p@(p))’ between (15) and (16) and taking into account (i), (ii)

and (iii), we get

J(f)(p, pe(p))

e Ui ()| et
dt)

i.e. R'(p) keeps the same sign on (0,1), which immediately implies that f(C’r(1 )N
+
Fel ) =o.
Now, let § € ﬂ I(z). For any p € (—1,0), reasoning as above, we obtain
z€(—1,0)
that f(C’ﬁfli)) N f(Cﬁzdi)) = (), which proves (13) and therefore the theorem.

# 0, for all p € (0,1),

Remarks. 1) From the proof we can see how the geometric condition (iii),
together with the condition of local univalency in (ii) imply the global univalency on
Ul(d) \ Zg4. In comparison with Theorem 1 in [8], because of the zero divisors Zg in
this case appears the additional condition (11).

2) The function in the previous Example 1 satisfies Theorem 3.2. Another
example is f = U +dV, with U(x,y) = 22 and V(x,y) = zeV.

Analysing the proof of Theorem 3.2, we see that the condition (11) can be

replaced by others. Thus we easily obtain
Corollary 3.1. Let f : Ul(d) — Cq, f(z) =U(z,y) +dV(x,y), z = = + dy,
be of Cl-class. If f satisfies the conditions (i), (ii), (iii) in the statement of Theorem
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3.2 and
( I(z)#0, () 1) #0, |f(z)la #1f(22)la;

z€(0,1) z€(—1,0)

forall zy = x1+dyy, 20 = xo+dys € Ul(d)\Zd, with t129 < 0, then f is (SU)-Galilean
starlike on Ul(d) \ Zyq.

Remark. The function f in Example 3 and f(z) =

a fz)Q satisfy Corollary
3.1.

For functions of hyperbolic complex variable we can prove

Theorem 3.3. Let f : Ul(h) — Cyp, f(z) =U(z,y) + hV(z,y), z = = + hy,
be of C'-class. If f satisfies the conditions:

(i) 1£(2)|n = 0 4ff |z[n =0,

(ii) J(f)(z) > 0, for all z € UM\ Z,,

(#i) Re J}Z(f() ?) >0, forall z € U(h) \ Zp,

(iv) (2% — y*)[U2(z,y) — V2(z,)] > 0, on U \ Zy,
(v) if x1xe < 0 then U(x1,y1)U(2z2,y2) < 0 and if y1y2 < 0 then

V(wr,y1)V (w2,92) <0, on UL\ Zy,
(vi) Denoting
V (sr cosh ¢, srsinh ¢) |

AS(r) = arcth | 1
1(r) = arc ¢—1>moo U (sr cosh ¢, srsinh @) |

(
(

[ h . h -
Bj(r) = arcth | lim V(srcos i, srsinh o
|p—-+oo U(sr cosh ¢, srsinh @) |

(
(
(

A5(r) = arcth | lim
2(r) |¢——occ V (srsinh ¢, srcosh ¢) |

[ U (srsinh sh ) ]
Bi(r) = arcth | lim srsinh ¢, s7 cosh ¢
Lp—+oo V(srsinh g, srcosh ) |
s € {-1,+1}, r € (0,1), (by (iii), (iv) these numbers exist, finite or infinite and

Ap(r) < By(r), p € {1,2}, s€ {—1,+1}, r € (0,1)) and supposing that

() (A5(r), By(r) #0, pe {12}, s {-1,+1},

re(0,1)

)

)
)
)
)
U (srsinh ¢, srcosh ¢) |
)
)
)

then f is (SU)-Minkowskian starlike on U(h).
Proof. We have to prove that f is univalent on Ul(h) \ Zy, in this sense
showing that (9) and (10) hold for ¢ = h.
First, it is obvious that for any r € (0,1) we have
C’ﬁh) = Cﬁhr) U C’T(hl_) U Cﬁh;) U Cﬁh;), where for p=1,2
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+
C’r(h”) = {z € Cy; z if of p-kind and |z|;, = 7},

Cﬁh;) = {z € Cy; zif of p-kind and |z|, = -7},

the four sets being disjoint two by twos.
The univalency of f on each between the above four sets, easily follows from
(iil) (since it is equivalent with (3)).

On the other hand, by (iv) we get

e Dyn ey =u, pcynpet) =,

ety =0, ey npe)y =y,

and by (v) we get
PPy nped Ty =0, g nped) =0,

which immediately proves (9).

Now, let 71,72 € (0,1), r1 # 72. In order to prove (10), we have to check

sixteen relations of the form
(dy) dt
FCSyn feli) =0, (17)

with p,l € {1,2}, s,t € {+,—}.
For p # 1, (17) follows by (iv). For s # t, (17) follows by (v). Therefore it

remains to prove the following four relations

hy hi hy Ry
FEE A feRy =0, fen o el =0,
(hi) (hd) (hy) (hy) (18)
f(CT1 )mf(CTz ):@v f(CTl )mf(CTz ):(Z)
In order to obtain the first relation, let § € (A", Bi!) be fixed.
For any p € (0,1), by (7) we get that the system
arg, f(z) =0, z=z+hy, |z|n=0p, (19)

yields a unique point z = peZ“", v = ¢(p). For this value of z let us denote R(p) =
|f(2)|n. We will show that R(p), p € (0,1), is strictly monotonous on (0,1), i.e.

dlfln _dR .
= — keeps the same sign on (0, 1), 20
= e gn on (0, 1) (20)

which will imply the desired conclusion.

In this sense we follow the ideas of proof in [8, Theorem 1].
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Differentiating (19) in respect with p and using (2), we obtain

l Dh(f) / Dh(f) _
pIm 7 +¢'(p)Re 7= 0. (21)
Then by (1) we get
dR 1. Du(f) 'V Dh(f))
i R (pRe 7 +¢'(p)I 5 ) (22)

Eliminating ¢’(p) between (21) and (22) (since Re thm # 0), we obtain

dR eDh(f):E eDh(f) eDh(f)i mDh(f)mDh(f) _
T p{RfRfIfIf}
_R Dun(f) (Dn(f)\| R 1

= ERG 7 <f> = 72—z e [Da(f)  Du(f)]

Since by direct calculation Re [Dp(f) - Din(f)] = (22 — y?)J(f), we get the

formula
dR_ Dn(f) R 2%—14?
'R = . J(f),
dp T f p U?-V?2 ()
which can be written in the form
dlf()lny Dulf) _ 1) 2?—y°
R = . J(f). 23
d
As conclusion, the sign of (QST)M is the same with the sign of |fl(j|)|h But
h h
n
because Ul(hl) ={z=z+hye€ Ul(h); 2?2 —y? >0, x > 0} is obviously a connected

N
set (in R?), by the hypothesis it follows that the continuous function F : Ul(h1 ), R,

.

F(z) = |f(z)|h = |f(zz|)|h keeps the same sign on Ulhl)
h

in (18).

Taking now 6 € (A7!, B;'") and again considering (18) but for p € (—1,0),

, which proves the first relation

by similar reasonings we obtain (23), which will imply that f (C’ﬁ?;)) nf (Cﬁf l7)) = (),
1 £ Ta.

Analogously we can prove the last two relations in (18), which completes the
proof.

Remarks. 1) The previous Example 3 satisfies Theorem 3.3, while f(z) =
2%%Z do not satisfies it, but still is starlike.

35



SORIN G. GAL

2) By the relations cosh p = /1 + sinh? o and denoting sinh ¢ = t, it is easy

to see that the conditions in Theorem 3.3,(vi), can be written as

V(srv/1+ 12, srt
Aj(r) =arcth | lim (srv/1 + 1%, s7t) ,
t——o0 U(srv/1+ 2, srt)

B;(r) = arcth l lim_ ZEL% ;ﬁg] :
and similarly for A3(r), B5(r), s € {—1,+1}, r € (0,1).
3) Condition (iv) in Theorem 3.3 assures that the kind of z € Ul(h) is not
changed by f. On the other hand, it is obvious that (iv), (v), (vi) can be replaced by

other conditions.

4. Convex and alpha-convex functions

Let g be any between i,d,h, f : Ul(q) — Cy, f(2) = Ulz,y) + qV(x,y),
z = x + qy, f of C%class on Ul('I). For any fixed r € (0,1), let us consider the
differentiable path in Cg, v4(¢) = f(C,(-Q))7 where ¢ = arg, z is variable and |z, is
constant (|z|, =7 if ¢ =1, |2|, = xr if ¢ =d, h).

Then

U 0 U oy oV or oV oy
Vq(w_ax 6<p+6y 8<p+q Ox 8<p+8y Op |’ (24)

and arg, [y, ()] represents the ”Q”-angle (with the positive sense of Ox-axis) of the
”(Q”-tangent at the path f(C’ﬁq)) in v4(¢).

Definition 4.1. We say that f is (SU)-"@” convex on UéQ) if f is univalent
on Ul(q) \ Zg, v4(¢) € Zq iff z € Z, and moreover, for any fixed r with A, = {z €
Cy |zlg=r}N (Ul(Q) \ Z,) # 0, we have
9 /

%(argq Yq()) >0, for all z € A,. (25)

Remarks. 1) Let ¢ = i. Then by (24) and by = rcosp, y = rsiny,
¢ € (0,27], we get that (25) is equivalent with the inequality %[argi D;(f)] > 0, and

we obtain the equivalent inequality in [8]

>0, zeU\{o}.
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2) Let ¢ = d. In this case z = z(1 + dp), where x = +r, y = zp, p € R,

o) =200 g V| areaiie)) = O /20
Ya\p) = By q dy |’ ga\YalP ~ oy oy

for x # 0, and simple calculations show that a (SU)-Galilean convex function f,
generates the injective vectorial transform on Ul(d) \Zqg, F(z,y) = (U(z,y),V(z,y)),

ou
with 8—(m, y) = 0 iff z = 0 and satisfying
Y

ou o9V oV U

a5 T S 5 0, Vv -1,1 0 R. 26
o (GG - Gy G ) >0 Vo (L) ve (20)
Obviously that (26) is equivalent with

w%wway)/wv/ayn >0, ze(-1L,1)\ {0}, yeR.

A simple example of (SU)-Galilean convex function is f = U + dV, with
U(z,y) = xze¥, V(x,y) = —y. Note that f is univalent on the whole Ul(d).

3) Let ¢ = h. In this case, we obtain: z = |z|j(cosh ¢+ hsinh ¢) if z is of first
kind, z = |z|p(sinh ¢ + hcosh ) if z is of second kind, ¢ € R, |z|, = £r (constant),

and in both cases £ =y, gz =x.
Then by (24) we obtain
ou ou ov ov
/ v, L= =
() = 4y (250 4y 5 ) = aDu(n))

which immediately implies argy, [y, (¢)] = arg,[Dn(f)(2)].

Reasoning exactly as in the case of starlikeness, we can say that f is (SU)-

Minkowskian convex on Ul(h)7 if f is univalent on Ul(h) \Zn, Dp(f)(2) € Zy, iff z € Zy,

and
Di(f)(2) (h)
Re =2270 5 0, for all z € Uy \ Zy,. 27
D) CE 0
A simple example of (SU)-Minkowskian convex function is f(z) = 227, z =
x + hy.

4) Let ¢ = d or h. We will say that a region G C C, is (SU)-"Q” convex,
if there exists f : UY — C,, (SU)-"Q" convex function on U\? such that G =
fu 1((1)). An interesting question would be to find internal geometric characterization
(in Euclidean language) of the (SU)-"Q” convex regions.

By using the ideas in [9], at end we can introduce the concept of alpha-convex
functions.
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The Remarks 2 after the Definitions 3.1 and 4.1, suggest
Definition 4.2. Let f: U — Cy, f(2) = U(z,y) + dV(z,y), z = x + dy,
be of C?-class on Ul(d) and « a real number. The function f is called (SU)-Galilean

U
—(z,y)=0iff z =0,

a-convex if f is univalent on Ul(d) \Zg, U(z,y) =0iff x =0, 99

and for all z € (—1,1) \ {0}, y € R, we have

oV | 1P (5 5)]

y @ y

(1-a) >0,

where D(U,V) ==z (g

Note that f(z) = U(z,y)+dV (x,y), z = x+dy, with U(x,y) = ze¥, V(z,y) =
e?¥ is (SU)-Galilean a-convex, for any a > —1.

By the relations (8) and (27) we can introduce

Definition 4.3. Let f : U — Cy, f(2) = U(z.y) + hV(z,y), z = = +
hy, be of C?-class on Ul(h) and « a real number. The function f is called (SU)-

Minkowskian a-convex if f is univalent on Ul(h) \Zp, |U(z,y)| = |V(x,y)| iff |z| = |y,

x%—i—y% _ m%—l—y% iff |x| = |y| and on Ul(h) \ Zj, we have
_ DiH) | DA
Re%l‘” R AGIE]

Note that f(z) = 2%%, 2 = 2 + hy, is (SU)-Minkowskian a-convex, for any
a e R

Remark. A deeper study of the function classes introduced in this paper
together with a corresponding theory for spirallike functions will be done in another
paper.

Also, the method in this paper can be extended to functions of hypercomplex
variables, as for example of quaternionic variable, or even in abstract Clifford algebras,

and will be done elsewhere.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVI, Number 2, June 2001

GENERALIZATION OF CERTAIN CLASSES OF UNIVALENT
FUNCTIONS WITH NEGATIVE COEFFICIENTS

H. M. HOSSEN

Dedicated to Professor Petru T. Mocanu on his 70" birthday

Abstract. The object of the present paper is to obtain coefficient esti-
mates, some properties, distortion theorem and closure theorems for the
classes R;, () of analytic and univalent functions with negative coefficients,
defined by using the n-th order Ruscheweyh derivative. We also obtain sev-
eral interesting results for the modified Hadamard product of functions be-
longing to the classes R, («). Further, we obtain radii of close-to-convexity,

starlikeness and convexity and integral operators for the classes R, («).

1. Introduction

Let A denote the class of functions f(z) of the form
f(z) :z+Zakzk (1.1)
k=2

which are analytic in the unit disc U = {z : |z] < 1}. We denote by S the subclass
of univalent functions f(z) in A. The Hadamard product of two functions f(z) € A
and g(z) € A will be denoted by f * g(z), that is, if f(z) is given by (1.1) and g(z) is

given by
g(z) =2+ biz", (1.2)
k=2
then
frg(z)=z+ Zakbkzk. (1.3)
k=2
Let

2 ()

D" f(z) = - (1.4)

1991 Mathematics Subject Classification. 30C45.

Key words and phrases. analytic, univalent, Ruscheweyh derivative, modified Hadamard product.
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for n € Ng = NU {0} and z € U, where N = {1,2,3,...}. This symbol D" f(z) was
named the n-th order Ruscheweyh derivative of f(z) by Al-Amiri [3]. We note that
D°f(2) = f(2) and D' f(z) = zf'(z). By using the Hadamard product, Ruscheweyh
[5] observed that if

z

DPf(z) = A—z)pt *f(z) (B=-1) (1.5)

then (1.4) is equivalent to (1.5) when 8 = n € Ny.

It is easy to see that

D"f(z) = k‘—i—z&(n, k)agz®, (1.6)
k=2
where
5(n k) = (”*:_ 1). (1.7)
Note that
2(D"f(2)) = (n+1)D" T f(2) —=nD"f(2) (cf. [5]). (1.8)

Let R, () denote the classes of functions f(z) € A which satisfy the condition

A(D"f(2)Y
fte { D f ()

for some o (0 < v < 1) and n € Ny. The class R, («) was studied by Ahuja [1,2].

} >a, (z€U) (1.9)

From (1.8) and (1.9) it follows that a function f(z) in A belongs to R, («) is
and only if

D" f(2) n+a
Re { D F(2) }>n+1 (z€U). (1.10)

Let T denote the subclass of S consisting of functions f(z) of the form
fz)=2-> az" (ar>0). (1.11)
k=2

In the present paper we introduce the following classes R} (a) by using the
n-th order Ruscheweyh derivative of f(z), defined as follows:

Definition. We say that f(z) is in the class R} («) (0 < a <1, n € Ny), if
f(2) defined by (1.11) satisfies the condition (1.10).

We note that R} (0) = R} was studied by Owa [4] and Rj(a) = T*(«) (the
class of starlike functions of order a) and Rj(a) = C(a) (the class of convex functions
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of order «), were studied by Silverman [7]. Hence R} («) is a subclass of T*(«) C S.
Further, we can show that Ry  ;(«) C R} () for every n € Ny.

2. Coefficient Estimates

Theorem 1. Let the function f(z) be defined by (1.11). Then f(z) is in
the class R} («) if and only if

o0

Z(k‘ —a)d(n,k)ap <1—a. (2.1)

k=2
The result is sharp.
Proof. Assume that the inequality (2.1) holds and let |z| = 1. Then we get

o0

= (0(n+1,k) —d(n, k))apz"""

’Dn+1f(z) B ‘ | k=2 <
Drf(z © -
1z) 1- Z 5(n, k)agz""1
k=2
(k-1 (k-1
3 ( - 1) S Kagst <+1) (. K)ax
n n _
ch=2 T ch=2 T < 1 +011'
n
1= " 6(n, k)ag|2|*! 1= " 6(n, k)ax
k=2 k=2
. Dlf(z) . :
This shows that the values of W lies in a circle centered at w = 1
z

.o 1
whose radius is

Ry ().

— ?. Hence f(z) satisfies the condition (1.10) hence further, f(z) €

For the converse, assume that the function f(z) defined by (1.11) belongs to
the class R} («). Then we have

Z (n+1, k‘akz -1
k=2

Dn+1
Re LA O] = Re nta (2.2)
Dnf(z) 1 n+1
1-— Zé(n, k)agz"~
k=2
. D" f(2) .
for 0 < a < 1and z € U. Choose values of z on the real axis so that W is

real. Upon clearing the denominator in (2.2) and letting z — 1~ through real values,

we get
(n+1) (1—26 (n+1,k)a >Z(n+a) (1—26(71,1@)%) (2.3)
k=2
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which gives (2.1). Finally the function f(z) given by

1-a k

1@ =2 G smn”

(k> 2) (2.4)

is an extremal function for the theorem.
Corollary 1. Let the function f(z) defined by (1.11) be in the class R} (c).
Then

Mﬁ (k> 2). (2.5)

The equality in (2.5) is attained for the function f(z) given by (2.4).

ap <

3. Some properties of the class R} («)

Theorem 2. Let 0 < a1 < ag <1 and n € Nyg. Then we have

Ry (on) 2 R (az). (3.1)

Proof. Let the function f(z) defined by (1.11) be in the class R’ (a2) and

a1 = ag — €. Then, by Theorem 1, we have

NE

(k—ag)d(n,k)ar <1 —an

k=2
and
oo 1 _
3 6(n,k)ar < 52 < 1. (3.2)
2 — (%)
k=2
Consequently
> (k—a))d(n,k)ar = (k- a2)d(n,k)ax +¢ Y _d(n,k)a, <1—ar.  (3.3)
k=2 k=2 k=2

This completes the proof of Theorem 2 with the aid of Theorem 1.
Theorem 3. R}, ,(a) C R (a) for 0 < a <1 andn € Ny.

Proof. Let the function f(z) defined by (1.11) be in the class Ry ,;(c); then

Z(k:—a)é(n—i—l,k)ak <l-« (3.4)
k=2

and since
o(n, k) <d(n+1,k) for k > 2, (3.5)
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we have
oo

Z(k —a)d(n, k)ap < Z(k —a)f(n+1,k)ap <1—a. (3.6)
k=2 k=2
The result follows from Theorem 1.

4. Distortion theorem

Theorem 4. Let the function f(z) defined by (1.11) be in the class R ().

Then we have for |z| =r < 1

11—« 2 l1-a 2
- < < _ 4.1
T emwnrn ST e (1)
and
2(1 — «) , 2(1 — «)
1-————r< <l+ ———. 4.2
(2—a)(n+1)7’—|f(2)|_ Tecamr)” (42)
The result is sharp.
Proof. In view of Theorem 1, we have
11—«
—_ 4.3
Z W) mt 1) (4.3)
Consequently, we have
\f(2)|>rfr2iak>r——1_a r? (4.4)
= — = 2=+
and
\f(z)|<r+r2iak<r+—1ia r? (4.5)
- = 2—a)(n+1)
which prove the assertion (4.1).
From (4.3) and Theorem 1, it follows also that
2(1 — o)
k 4.6
Z "= 2-a)mt1) (46)
Consequently, we have
= 2(1 — )
! >1- kap,>1— ——M——F—— 4.7
FEz Y ka2 1o R (47)
and
> 2(1 — a)
/ <1 kap, <14+ ———M——-—— 4.
FEN<1Hr ) b < Te—amr” (48)

k=2
which prove the assertion (4.2). This completes the proof of Theorem 4.
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The bounds in (4.1) and (4.2) are attained for the function f(z) given by

1-a 9

I === gmin~ |
Corollary 2. Let the function f(z) defined by (1.11) be in the class R} («).

z=4r). (4.9)

Then the unit disc U is mapped onto a domain that contains the disc

2-a)in+1)—(1—a)

lw| < CEICES)) (4.10)
The result is sharp with extremal function f(2) given by (4.9).
5. Closure theorems
Let the functions f;(z) be defined, for i = 1,2,...,m, by
z)=z— iak,izk (ak,i >0, k> 2) (5.1)

for z € U.

We shall prove the following results for the closure of functions in the classes
Ry ().

Theorem 5. Let the functions fi(z) defined by (5.1) be in the class R} ()
for everyi=1,2,...,m. Then the function h(z) defined by

m

W)= cifilz) (e 2 0) (5.2)

i=1

is also in the class R} (), where

Proof. According to the definition of h(z), we can write

h(z) =z — Z <Z ciag Z) . (5.4)

k=2
Further, since f;(z) are in R} (a) for every i = 1,2,...,m, we get
Z(k —a)d(n,k)ag; <1—« (5.5)
k=2
for every ¢ = 1,2,...,m. Hence we can see that
Z — a)d(n, k) (cha;“> Zcz<z —a) nka;“>_
k=2 i=1 =2
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<ch> 1-a)<l-a (5.6)

with the aid of (5.5). This proves that the function h(z) is in the class R} (a) by
means of Theorem 1. Thus we have the theorem.
Theorem 6. The class R} (a) is closed under convex linear combinations.
Proof. Let the functions f;(z) (¢ = 1,2) defined by (5.1) be in the class
R} («). Then it is sufficient to prove that the function

hz) = Afi(z) + (1= A fa(z) (0<A<T) (5.7)

is in the class R (). Since, for 0 < A < 1,

o0

hz)=z— Z{)‘ak’l + (1= Nago}2", (5.8)
k=2
we readily have
Z 0(n,k){dar1+ (1 —Nago} <1-aq, (5.9)

k=2
by means of Theorem 1, which implies that h(z) € R} («).
Theorem 7. Let

fi(z) =2 (5.10)

and
1-a &

R RN
for 0 < a <1 andn € Ng. Then f(z) is in the class R} («) if and only if can be

(k> 2) (5.11)

expressed in the form
z) = Z/\kfk(z) (5.12)
k=1
where A\, > 0 and

> =1 (5.13)
k=1

Proof. Assume that

Z)\kfk i 5(n k))\ Zk. (5.14)
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Then we have

> ¢ 710[150(7’ o (k —la;(s?m ph=2w=l-hsl (515)
k=2 k=2

So by Theorem 1, f(z) € R} («).
Conversely, assume that the function f(z) defined by (1.11) belongs to the
class R} (). Again, with the aid of Theorem 1, we get

ay, < m (k > 2). (5.16)
Setting
A = %‘W@k (k > 2), (5.17)
and
A =1- i A (5.18)
k=2

Hence, we can see that f(z) can be expressed in the form (5.12). This completes the
proof of Theorem 7.

Corollary 3. The extreme points of the class R} («) are the functions fi(z)
and fr(z) (k > 2) given by Theorem 7.

6. Modified Hadamard product

Let the functions f;(z) (¢ = 1,2) be defined (5.1). The modified Hadamard
product of f1(z) and f2(z) is defined by

fix fo(2) =2 — Zak,lamzk- (6.1)
k=2

Theorem 8. Let the functions f;(z) (i = 1,2) defined by (5.1) be in the class
R (a). Then f1 % fa(z) € R:(B(n, ), where

PR =) o

(n+1)— (;:Z>2

The result is sharp.
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Proof. Employing the technique used earlier by Schild and Silverman [4],

we need to find the largest 8 = B(n, «) such that

(k= Do)

k=2 1-6
Since
S o alnl),
k=2 -
and

2 (k—a)d(n, k
Z( )é)

1_ ak. 2 < 1a

k=2

by the Cauchy-Schwarz inequality we have

= (k—a)d(n, k
%\/ak,lakﬂ <1

k=2
Thus it is sufficient to show that

(k_lﬁ)(sén’k)amam < W\/amak,z (k>2),

that is, that

(k—a)(1-p)
VOk,10k2 < W

)

(k> 2).

Note that

Vagiag 2 < m (k> 2).

Consequently, we need only to prove that

l—a  _(i-a)1-7)
e —a)s(n ) = 1

or, equivalently, that

Since

(6.10)

(6.11)

(6.12)
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is an increasing function of k (k > 2), letting k = 2 in (6.12), we obtain
1—a)’
)—2(—=
1) -2(5=2)
9
11—«
1) —
- (5=2)
which completes the proof of the theorem. Finally, by taking the functions f;(z) given
by

B< A@2)=

(6.13)

11—« 2
(2-—a)(n+1)

we can see that the result is sharp.

filz)=2z— (i=1,2), (6.14)

Corollary 4. For fi(z) and f2(2) as in Theorem 8, we have

= Z./ak 10k, 52F (6.15)

k=2
belongs to the class R} ().
The result follows from the inequality (6.6). It is sharp for the same functions
fi(z) (1 =1,2) as in Theorem 8.
Theorem 9. Let fi(z) € R () and fa(z) € RL(0), then f1 x fa(z) €
R (y(n,a, B)), where

=),

The result is sharp for the functions

1-a 9

N P ITES VR

(6.17)

and
1-p 2

L) =

(6.18)

Proof. Proceeding as in the proof of Theorem 8, we get

e EE)
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Since the function B(k) is an increasing function of k (k > 2), setting k = 2 in (6.19),

+0-2(3=3) (555)
v< B(2) = 170[0‘ oy (6.20)
0= (3=) (5=5)
This completes the proof of Theorem 9.

Corollary 5. Let the functions f;(z) (i = 1,2,3) defined by (5.1) be in the
class R (), then fi % fo* f3(2) € R:(((n,q)), where

(n+1)22<;_z>3

we obtain

((n,a) = 3 (6.21)
(nt1)2— (1=
2—«
The result is best possible for the functions
1
fiz) =2 — C 2 (i=1,2,3). (6.22)

2—a)n+1)

Proof. From Theorem 8, we have f1 * fa(z) € R (8), where 3 is given by
(6.2). We use now Theorem 9, we get f1 * fa x f35(2) € R:(((n,@)), where

l—a\ (1-8 1-a)®
(n+1)—2<2a> (M) B (n+1)2—2(2a>

11—« 1-8\ 1—a\®
G () e ()
This completes the proof of Corollary 5.

Theorem 10. Let the functions fi(z) (i = 1,2) defined by (5.1) be in the
class R} (). Then the function

C(TL, a) =

Z akl +a’k2 (623)
k=2
belongs to the class R} (¢p(n,a)), where
21— a)\?
(n+1)- <2_a>
)= 1—a\?’
(n+1)—2(2_a)

The result is sharp for the functions f;(z) (i = 1,2) defined by (6.14).

e(n, o (6.24)
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Proof. By virtue of Theorem 1, we obtain

00 2 oo 2
> [ < S, ey oo
k=2 k=2

and

2

[ (k= a)d(n,k)]* ., (k — a)d(n, k

Z (12()] agy < [Z (12()%,21 <L (6.26)
k=2 “ k=2 @

It follows from (6.25) and (6.26) that

oo

Z% {W} (af) +ais) <1 (6.27)
k=2

Therefore, we need to find the largest ¢ = ¢(n, @) such that

(k 1@25%(071, k) < % {(kz 1&250(7,]9)} (k> 9), (6.28)
that is )
(n, k) — 2k (; = Z)
v < (k>2). (6.29)
1—a\’
o(n, k) —2 <k:—a>
Since

D(k) = S (’1 - 2)2 (6.30)

5(n,k)—2<ll€:z>2

is an increasing function of k (k > 2), we readily have

(n+1)—
¢ <D(2) = ( 2= /) (6.31)

(n+1)—2 (10[> :
2—-a
and Theorem 10 follows at once.
Theorem 11. Let fi(z) € R}, (), and fa(z) € R}, («). Then the modified
Hadamard product fi x f2(z) € R}, () N R} (c).

Proof. Since f2(z) € R}, («), we have from (4.3) that

11—«

< ——m . 6.32
W2 =) (e 1+ 1) (6.52)

From Theorem 1, since fi(z) € R}, («), we have
3 W#am <1 (6.33)

k=2
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Now, from (6.32) and (6.33), we have

Z (k—a)d(ni, k) t1ars < e Z (k — a)d(nq, k)ak,l <

1-« (2—a)(ns +1) e

k=2 k=2

11—«
SE-a)me D

Hence f1 * f2(z) € R}, (a). Interchanging n; and ny by each other in the above, we

get fi* f2(2) € R}, (). Hence the theorem.

7. Radii of close-to-convexity, starlikeness and convexity

Theorem 12. Let the function f(z) defined by (1.11) be in the class R («),

then f(z) is close-to-convex of order p (0 < p < 1) in|z| < r1(n,a,p), where

u—mw—awqukl (k> 2). (7.1)

rl(ma,p):i%f{ K1 —a) >

The result is sharp, with the extremal function f(z) given by (2.4).
Proof. We must show that |f'(z) — 1| <1 — p for |z| < r1(n,a, p). We have

1f/(z) =11 <Y kag|z*
k=2

Thus |f'(z) — 1| <1—pif

i <1kp) aplz|F"t < 1. (7.2)

k=2

Hence, by Theorem 1, (7.2) will be true if

k|z|*—1 < (k—a)d(n, k)

1—p — l-«o
or if )

The theorem follows easily from (7.3).
Theorem 13. Let the function f(z) defined by (1.11) be in the class R (),
then f(z) is starlike of order p (0 < p < 1) in |z| < ra(n,a, p), where
(1= p)(k — a)8(n, k)
(k=p(1—a)
The result is sharp, with the extremal function f(z) given by (2.4).

ra(n, o, p) = inf { } o (k>2). (7.4)
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!/
Proof. It is sufficient to show that Z}f((j) - 1‘ <1—pfor |z| < ra(n,a, p).
z
We have
> (k= Daglz|*!
/!
Z;((j) _1‘ <k=2 .
z
1- Z ar|z|"t
k=2
2f'(2) ‘ ~
Thus 1| <1—pif
f(2)
0 k’ k—1
Z ’) G’M <1 (7.5)
k=2

Hence, by Theorem 1, (7.5) will be true if

(k= p)la* _ (k= a)d(n, )

1—p - l1-a
or if
(1= p)(k —a)d(n, k)] 7
< [B2E D™ (s ), (7.5

The theorem follows easily from (7.6).
Corollary 6. Let the function f(z) defined by (1.11) be in the class R} («),

then f(z) is convez of order p (0 < p < 1) in |z| < r3(n,a, p), where

R i IR

The result is sharp, with the extremal function f(z) given by (2.4).

8. Integral operators

Theorem 14. Let the function f(z) defined by (1.11) be in the class R} ()
and let the function F(z) be defined by

F(z) = Cjcl / oL (4)dt. (8.1)
0
Then
(i) for every ¢, ¢ > —1, F(z) € R} ()
and

(ii) for every ¢, =1 <c<mn, F(z) € R}, ().
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Proof. (i) From the representation of F(z), it follows that

F(z)=2z—- Zbkzk,
k=2

b, = ctl a
o \exrk )™

where

Therefore,

<Y (k- a)dn Kay <10,
k=2
since f(z) € R} («). Hence, by Theorem 1, F'(2) € R} («).

(ii) In view of Theorem 1 it is sufficient to show that
oo
1
Z(k —a)d(n+1,k) <C+> ar <1-—a.
c+k
k=2
Since

5(n,k) — 3(n+ 1, k) (‘:[1

the result follows from Theorem 1.

Putting ¢ = 0 in Theorem 14, we get

k) >0if —1<e<n(k=23,...

(8.4)

Corollary 7. Let the function f(z) defined by (1.6) be in the class R} ()

and let the function F(z) be defined by
F(z) = / &dt.
o ¢

Then F(z) € Ry, ().

(8.5)

Theorem 15. Let the function F(z) = z — Zakzk (ar > 0) be in the class

k=2

R} (a), and let ¢ be a real number such that ¢ > —1. Then the function f(z) defined

by (8.1) is univalent in |z| < r*, where

. e Dk —a)d(n, k) ]FT
r A — ) ] » (kz22).

The result is sharp.
Proof. From (8.1), we have

foy = EFEN L oy (Ci’f

c+1 i \¢

) akzk.

(8.6)
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In order to obtain the required result it suffices to show that
I/ (2) =1 < 1in |z] < 7*.
Now
If/(2) = 1] < Z (c+ k |k 1
Thus |f'(z) — 1] < 1, if
i MakIZIk‘1 <L (8.8)

= c+1

But Theorem 1 confirms that

i k) <1, (8.9)

1 -
k=2
Hence (8.8) will be satisfied if

k(c+ k)|z|F1 - (k—a)d(n, k)
c+1 11—«

(k>2)

or if

(c+1)(k — a)d(n, k)
> 2). 1
2l < kE(c+k)(1—a) (k=2) (8.10)
Therefore f(z) is univalent in |z| < r*. Sharpness follows if we take
B (I1—-a)(c+k) &
= e M+
Acknowledgements. The author wishes to thank Prof. Dr. M.K. Aouf for

(k>

2). (8.11)

his kind encouragement and help in the preparation of this paper.

References

[1] O.P. Ahuja, On the radius problems of certain analytic functions, Bull. Korean Math.
Soc. 22(1985), no.1, 31-36.

[2] O.P. Ahuja, Integral operator of certain univalent functions, Internat. J. Math. Sci.
8(1985), no.4, 653-662.

[3] H.S. Al-Amiri, On Ruscheweyh derivatives, Ann. Polon. Math. 38(1980), 87-94.

[4] S. Owa, On new classes of univalent functions with negative coefficients, Bull. Korean
Math. Soc. 22(1985), no.1, 43-52.

[5] St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49(1975),
109-115.

[6] A. Schild and H. Silverman, Convolution of univalent functions with negative coeffi-
cients, Ann. Univ. Mariae Curie-Sklodowska, Sect.A, 29(1975), 99-107.

[7] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc.
51(1975), 109-116.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF

MANSOURA, MANSOURA, EGYPT
E-mail address: sinfac@mum.mans.eun.eg

56



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVI, Number 2, June 2001

ON CERTAIN CLASSES OF FUNCTIONS DEFINED BY
CONVOLUTIONS

H. M. HOSSEN AND M. K. AOUF

Dedicated to Professor Petru T. Mocanu on his 70" birthday

Abstract. The object of the present paper is to obtain several interest-
ing results involving coefficient estimates for analytic normalized functions
belonging to certain classes defined in terms of the convolution with the

extremal function for the class of starlike functions of order «, 0 < a < 1.

1. Introduction

Let A; denote the class of functions of the form
f(z) :z—l—Zanz" (1.1)
n=2

which are analytic in the unit disc U = {z : |z| < 1}. And let S denote the subclass of
A consisting of analytic and univalent functions f(z) in the unit disc U. A function

f(z) of S is said to be starlike of order « if and only if

Re {ZJJ:(S)} >a (zeU) (1.2)

for some o (0 < o < 1). We denote the class of all starlike functions of order a by
S*(a).

Now, the function

z
Sa(z) = m (1.3)
is the well-known extremal function for S*(a). Setting
H (k — 2a)
_ k=2 _

1991 Mathematics Subject Classification. 30C45.

Key words and phrases. analytic, starlike, convolution.
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Sa(2) can be written in the form
Sa(z) =z + Z C(a,n)z". (1.5)
n=2

Note that C'(a, n) is a decreasing function of a, 0 < a < 1, and satisfies

00, a<1/2
nh_)rr;@ Clan)=¢ 1, a=1/2 (1.6)
0, a>1/2

Let (f * g)(z) denote the convolution or Hadamard product of two functions

f(2) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

g(z) =2+ bn2", (1.7)
then
(fx9)(2) =2+ > anbp2". (1.8)
n=2

Recently, many classes defined by convolution of f(z) and S, (z) have been studied by
Ahuja and Silverman [1], Owa and Ahuja [11, 12], Sheil-Small, Silverman, and Silvia
[15], Silverman and Silvia [16], and Ruscheweyh and Singh [14].

We denote by P, (8,7, A, B) the class of functions f(z) in A; that satisfy the

condition

B+ (A-B)(1-p)z
14 Bz

for some a (0 <a<1), (0<A<1, vy0<~vy<1),and -1 <A< B <1,

(f *8a)'(2) < Lt (z€U) (1.9)

0 < B < 1, where < means subordination. For f € P,(8,v, A, B), the values of
1—[B+(A-B)(1-p)By?

1= B2y whose radius is

(f % Sa)/(2) lie in a disc centered at
(B—A)y(1-p)
1— B242
We observe that, by specializing the parameters «, 3,v, A and B, we obtain

the following subclasses studied by various authors:
(1) Pi3(0,1,-1,1) = {f € A1 : Re f'(2) >0, z € U} (Mac-Gregor [8]).

1—
(2) Pij2(0,7,—-1,1) = {f €A fl(2) < T +3z, z € U} (Padmanabhan

[13] and Caplinger and Causey [4]).

® Pal-10) = { e o) <
and Mogra [7]).

1+(28-1)yz

12 , Z € U} (Juneja
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1+ A4
(4) Py/5(0,1,A,B) = {f €Ar: f(z) < 1173; e U} (Mehrok [9]).
(5) P12(B3,7,A,B) = {f €Al fl(z) < 1+[B+(f_:§3il_ﬁ)hz, z U} (Aouf

and Owa [3]).

(6) Pu(B,y,-1,1) = {f €A (f*xS)(2) <
(Owa and Ahuja [12]).

(7) Po(0,1,-1,1) = {f € A1 : Re (f*54)'(2) >0, z € U} (Ahuja and Owa

1+ (26— 1)yz o
14+vz

[2]).

It is well-known that the functions in Py 5(0,1,—1,0) and P; /2(0,1, A, B) are
univalent in U.

Further, we say that a function f(z) in A; belongs to the class Q. (3,7, A, B)
if and only if z2f/(2) € P,(8,7, A, B) for all z € U. Finally, denote by R, (8,7, A, B)
the class of functions f(z) in A; that satisfy the condition

1+[B+(A-—B)(1-pP)vz
14 Byz

L 5a(2) < (110

for some «, 3,7, A, and B as defined above. Note that

f(z) 1+ Az
z = 1+ Bz’ €U

Rl/g(o, ].,A,B) = {f < A1 :
In Section 2, we first prove that

Qa(ﬂ777 A7B) C POC(B? 77 A7 B) C Ra(ﬂ, 77 A’ B)7

and we then determine coefficient inequalities for the functions belonging to these
classes. Finally, the coefficient inequalities for some subclasses of P, (53,~, 4, B) and

Qo (8,7, A, B) are obtained.

2. Coefficient Inequalities

First we examine the relationship between P,(03,7v,4,B) and
Qa(08,7,A, B). We need the following very useful result due to Jack [6], and Suf-
fridge [17].

Lemma 1. Let w(z) be analytic in U with w(0) = 0. If |w(zo)| = gl\i): lw(z)],

then we have

zow' (20) = kw(z0),

where k is a real number and k > 1.
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Theorem 1. Qu (8,7, 4, B) C Pu(f,7, A, B).
Proof. Let f € Q.(8,7, A, B). Then zf'(z) € P,(53,7, A, B) and therefore

(2f'* Sa)'(2) < g(2), (2.1)

1+[B+(A-B)(1-93)yz
1+ Byz
principle of subordination and the Schwarz’s Lemma [10], it follows that (2.1) is

where g(z) = is convex univalent in U. In view of the

equivalent to
(zf % 5,) (z) — 1
By(z2f * 5a)'(2) = [B+ (A= B)(1 - B)]v

<1 (2.2)
Define w(z) by
(2f"*Sa)(2) _ L+ [B+ (A~ B){1 - B)lyw(z)

z B 1+ Byw(z) (2:3)
We observe that
G 5)E) _ (e,
Thus (2.3) can be written as

[B+ (A= B)(1 = B)ly = By(f *5a)(2)
Note that w(z) is analytic in U and w(0) = 0. We need to show that |w(z)| < 1 for
all z € U. On the contrary, suppose |w(z)| £ 1. Then by Lemma 1, there exists a
point zp € U such that |w(z)| = 1, zow’(20) = kw(zp) for some k > 1. Therefore,
(2.3) yields

(A= B)(1 = B)yw(z0)(1 + T(20))
1+ Bryw(zp)

(z0f' % Sa) (20) — 1 =

)

and

By(zof" * Sa)'(20) = [B+ (A= B)(1 - p)]y =
(B —A)(1 = B)v[1 — Byw(20)T(20)]

1+ Bryw(z)
k
where T(z) = T Bywle)’ and hence (2.2) implies that
1
1 — Byw(z0)T (20)
This last inequality gives
(1 - B*9*)|T(20)]” < —2Re [(1 + Byw(20))T(20)]. (2.5)
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Since the right side of (2.5) is equal to —2k and k > 1, we conclude that (2.5) is
not possible. This contradiction thereby shows that |w(z)| < 1 for all z € U, and
hence (2.4) immediately proves that f € P,(8,7, A, B). The proof of the theorem is
completed.

Theorem 2. P, (08,7, A, B) C R.(8,7, 4, B).

Proof. Let f € P,(0,7, A, B). Then it follows that

S S2)(2) < g(2)

1+ [B+(A—B)(1—-P9)]yz
1+ Byz
zf'(z) € Ra(B,7, A, B). Therefore, in view of (1.10), we have

1(/02}155%75*50,) (z)/olwa)(tz)ng(Z)-

z tz

where g(z) = is convex univalent in U and hence h(z) =

This implies that
t
which completes the proof of the theorem.

Corollary 1. If f(z) € P.(8,v,A, B), then we have

- (B—=A)y(1-p)|z|
<sin (1 — By’ [B+ (A—B)(1 ﬂ)]|z|2> .

f(z):/oz MY 4y € Ra(B,y, A, B),

arg~(f 5. (2)

The bound is sharp.

We next obtain a sufficient condition in terms of the modulus of the coeffi-
cients for a function to be in P, (8,7, A, B).

Theorem 3. Let the function f(z) defined by (1.1) satisfies the condition

o0

> n(l+ By)C(a,n)lan| < (B = A)y(1 - 5) (2.6)

n=2
Jor0<a<1,0<08<1,0<y<1,and -1<A<B<1,0<B<1. Then f(z)
is in the class Py (8,7, A, B).

Proof. We use a method of Clunie and Keogh [5]. Assuming the inequality
(2.6), we have

|(f %8a)'(2) = 1| = B(f * Sa)'(2) = [B+ (A= B)(1 - B)]| =

(B )1~ 5)+ 3 BaCla,nans"")| <

n=2

o0
Z nC(a, n)anz”1| —
n=2
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<>~ nO(amlay|+"" —v{(B — A1) - ZBnc<a,n>|an||z"—1} <

n=2 n=2
<> n(l+By)Cla,n)|a,| — (B - A)y(1-p) <0

for all z € U. Consequently, by the maximum modulus theorem, it follows that
f(z) € Py(B,7, A, B). The equality in (2.6) is attained for the functions of the form

(B—An(-5)
n(l+ Bv)C(a,n)

fn(z):Z (n>2)

Example. The function f(z) =z + Z a,z" given by
n=2

(fx8a)(z) =z + Z Cla,n)a,z" =

n=2

_ _B+A=-B)(1=-p]  (B-A)(A-7)
= 7 z+ B2 In(1 — Bvz) (2.7)

belongs to P, (3,7, 4, B) but

Z n(l+ By)Clayn), | =n(l+By)C(a,n) (B=A)1=B) 0y noy
2 B-An-p =l B a8 el =

n=2 n=2

=> (1+By)(BY)"*>1
n=2

for each a, 8,7, A, B (0<a<1l,0<08<1,0<vy<1, -1<A<B<1,0<B<
1). This example shows that the converse of Theorem 3 may not be true.

Motivated by Theorem 3 and the above Example, we now consider a class
H, (8,7, A, B) of precisely those functions in A; which are characterized by the con-
dition (2.6): that is, f(2) € Ha(8,7, A, B) if and only if f(z) satisfies (2.6) for some
a,B,7,A4B0<a<1,0<8<1,0<vy<1 -1<A<B<1,0<B<1).
Clearly, H.(8,v,A,B) C P,(8,7v,A,B). This containment is proper because f(z)
given by (2.7) belongs to P, (8,7, A, B) — H,(8,7, A, B). We next prove a theorem

about convolutions of functions in H,(B,v, A, B). But first we need the following
Lemma 2. If f(2) —z+Zanz € H, (8,7, A, B) and g(= —z—i—Zb 2" e

Ay with |by| <1 for every n, then (f x g)(z) € Ho(B,7, A, B).
Proof. The result follows from (2.6) upon noting that

n(1+ By)C(a, - +Bv n)
> neele |n||b|<Z L2 <1

n=2 n=2

64



ON CERTAIN CLASSES OF FUNCTIONS DEFINED BY CONVOLUTIONS

Remark. The condition |b,| < 1 is best possible because if |b,,| > 1 for some

n, then

(B=ANA=5) .\, ..,
(z+ n(l+ By)Clan) ) 9(2) & Ha(B,7, 4, B).

Theorem 4. If f,g € H, (0,7, A, B) with

1+ Byp3

2.
4= 1+ By (2.8)

then fxg(2) € Ha(B,7, A, B).
Proof. According to Lemma 2, it suffices to show that the modulus of the

n-th coefficient, |b,|, is bounded above by 1. Note that

,}1(’“‘2‘“) 21— a) ¢ (B— A)(1-a)
Clan) ==y = Gy -2 =5, —
Thus from (2.6) we have
(B—-A)y(1-5)
[bn] < n(l+ By)C(a,n) <
(B—A)y(1-p5) Bn By(1—-0)

n(1+By) (B-A)1-a) (1-a)1+By) (2.9)

This last expression is bounded above by 1 if (2.8) holds and the proof is completed.

Remark. The condition (2.8) cannot be eliminated. The function

fn(z)iz+n(1+B’y)C(a,n)Z =z+a,z" (n>2)

isin H, (8,7, A4, B) but f, * fn(z) € Ha(B,7, A, B) for a close enough to 1 to assure
that a, > 1.

With the aid of Theorem 3, we have

Theorem 5. Let the function f(z) defined by (1.1) satisfies the condition

> 01+ By)C(a,n)lan| < (B = A)yy(1-p) (2.10)
n=2

for0<a<1l, 0<f<1,0<y<land -1<A<B<1, 0<B<1. Then f(z)
is in the class Q. (0,7, A, B).
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Proof. We note that f(z) € Qa.(8,7,4,B) if and only if zf/'(z) €
P,(B,v,A,B). Since zf'(z) = z + Znanz", we may replace a,, by na, in The-
n=2

orem 3. Further, the equality in (2.10) holds for the functions of the form

fu(z) =2+ ngj}(gljrfgz)(é(_aﬁr)ﬁ 2" (n>2). (2.11)

Following the method of Theorem 3, we obtain a sufficient condition in terms
of the modulus of the coefficients for a function to be in R, (3,7, A, B).
Theorem 6. Let the function f(z) defined by (1.1) satisfies the condition

> 1+ By)C(a,n)|an| < (B~ A)y(1-p) (212)
n=2
for0<a<1l, 0<p<1,0<y<land -1<A<B<1,0<B<1. Then f(z)
is in the class Ro (8,7, A, B). The equality in (2.12) is attained for the functions of
the form

(B-An(-0)

I&) =24 T B S 2 (2.13)

Remark. The proof of Theorem 6 is omitted. Furthermore, analogous to
subclass H, (8,7, A, B) of P,(0,7,A, B) and Theorem 4, it is a simple exercise to
introduce and study corresponding subclasses of Q4 (8,7, A, B) and R, (3,7, A, B).

The next theorem gives the coefficient bounds for the functions in the class
Pu(B,7, A, B).

Theorem 7. Let the function f(z) defined by (1.1) be in the class
P,(B,v,A, B). Then we have

(B— A1 -p)
nC(a,n)

lan| < (n>2). (2.14)
These bounds are sharp.

Proof. Let f(z) € P,(8,v,A,B). Then it follows from the definition of
subordination

1+ [B+ (A= B)(1 = f)lhw(z)

(F»5a) () = T+ Byu(e) |

(2.15)
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o0

where w(z) = Z tp2" is analytic and satisfies the condition |w(z)| < 1 for all z in U.
k=1

On simplification, (2.15) gives

v [(B—=A4)(1- +ZBnC’anan ]thz]:

n=2

=— Z nC(a,n)a,z" " . (2.16)

Equating corresponding coefficients on both sides of (2.16) we find that the coefficient
a, on the right side depends only on the coefficients as, a3, ..., a,_1 on the left side.

Therefore, since |w(z)| < 1, (2.16) gives

n—1 n
v|(B—A)(1-78)+ Z BEC(a, k)agz"1| > Z EC(a, k)agz"~ Z bzt~
k=2 k=2 k=n+1

for all n > 2. Writting z = re?, r < 1, squaring both sides of the preceeding

inequality and then integrating, we obtain

(B A +ZBQk2 ) |a |2 2(k— 1)‘| >

>Zk2 Oék‘ |ak‘22k 1)+Z|b|22k 1)

k=n-+1

Taking the limit as » — 17, we have

2 (B - A)? 24 ZB2k2 k) akﬂ

> n2(C(a,n) |an|2+Zk2 k))?|ax|?. (2.17)
Since 0 <y <1 and 0 < B <1, (2.17) immediately yields
(B = A)P?9*(1 - §)? 2 n*(C(a,n))?|an|?

which proves (2.14). The bounds in (2.14) are sharp for the functions f(z) defined by

zZ1 _ _ _ n—1
(f*sa)(z):/o ! [BJr(lA_ Bf)tﬁf_l Bt o (2.18)

forn > 2 and for all z € U.
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Corollary 2. Let the function f(z) defined by (1.1) be in the class
Qua(8,7,A,B). Then we have

(B—-A)y(1-p)
n2C(a,n)

Jan] < (n>2). (2.19)

These bounds are sharp.

Proof. We need only replace a,, by na,, in Theorem 7.

Remark. We can show that the inclusion Q. (8,7, A, B) C P,(8,7, A, B)
and H, (8,7, A, B) C P,(8,v, A, B) are both proper. In particular, for f(z) given by
(2.18) it follows that

(Bn22%)my”'”2+%ﬂ+n.

isin P, (8,7, A, B) but f € Qa (8,7, A, B) and f & H, (0,7, A, B) because a,, exceeds
the coefficients bounds of the above Corollary 2 and (2.6).

f(z) =z +

By using the arguments similar to Theorem 7, we obtain the following
Theorem 8. Let the function f(z) defined by (1.1) be in the class
R. (8,7, A, B). Then we have

(B—A)y(1-p5)

<
= )

(n>2). (2.20)

These bounds are sharp for the function f(z) given by

SLEELIELIERY
1 — Bryzn—1

(f*Sq)(2) = < z. (2.21)

3. Subclasses of P, (3,7, A, B) and Q.(8,v, A, B)

In view of Theorem 3, we introduce the following classes. Let

P, (8,7, A, B; k) be the subclasses of P, (3,7, A, B) consisting of functions of the form

k 9]
fz)=2z+ ZBipizi + Z anz", (3.1)
i=1 n=k+1
k
where 0 <p; < 1,0 < Zpi < 1, and
i=2
B —A)y(1—

B = WA=5) 95 k) (3.2)

" (1 4+ By)CO(a, i)
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Further, let Q (8,7, A, B; k) be the subclass of Q. (5,7, A, B) consisting of functions

of the form

—z—&—ZEzpzz + Z anz", (3.3)

n=k+1
k
where 0 < p; < 1; 0 < Zpi < 1, and
i=2
_ (B-An(-p)
"= 21+ By)C(a,i)

Theorem 9. Let the function f(z) defined by (3.1) satisfies the condition

(i=2,3,....k). (3.4)

oo k
> nll+By)C(a,n)lay| < (B = Ayy(1-5) <1 - Zm) (3.5)
n=k+1 =2

for0<a<1l,0<p8<1,0<y<1l,and -1<A<B<1, 0<B<1. Then f(z)
is in the class P, (8,7, A, B; k).

Proof. By virtue of Theorem 3, we note that

—Z+ZB'LP12 + Z an?

n=k+1

belongs to the class P, (8,7, A, B; k) if

k
ZZHBV)C(Q i) Bip; + Z (1+ By)C(a,n)|an| < (B — A)v(1 —B), (3.6)
1= n=k+1

or if
k
> (B=A)y(1-p)pi + Z (14 By)C(a,n)|an| < (B—A)y(1-05). (3.7
=2 n=k+1

This is equivalent to the condition (3.5). Further, by taking the function given by

k
_ o, B=AKI-8) ,
f(z)= Z+;Blplz + n(l+ny)C(a,n)z (n>k+1), (3.8)

we can show that the result (3.5) is sharp.

Putting p; =0 (¢ = 2,3,...,k) in Theorem 9, we have

Corollary 3. Let the function f(z) defined by (3.1) with p; = 0 (i =
2,3,...,k). If [ satisfies

o0

> n(l+ By)Ca,n)lan| < (B — A)y(1- ) (3.9)

n=k+1
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for0<a<1,0<8<1,0<y<1,and -1<A<B<1, 0<BZ<1, then
f(2) € Pa(B,7, A, B; k).
Similarly, we obtain

Theorem 10. Let the function f(z) defined by (3.2) satisfies the condition

00 k
> nA(+ By)Clasn)lan] < (B~ Ap(1- ) (1 - _Zpi) (3.10)

n=k+1
for0<a<1l,0<p8<1,0<y<1,and -1<A<B<1, 0<B<1. Then f(z)
is in the class Qq (8,7, A, B; k).

Corollary 4. Let the function f(z) be defined by (3.2) with p; = 0 (i =
2,3,...,k). If f(2) satisfies

o0

S R2(1+ By)Clasn)lan] < (B — A)y(1 - §) (3.11)
n=k+1

for0<a<1l, 0<8<1,0<y<1,and -1<A<B<1, 0< B<1, then

f(2) € Qa(B,7, A, B; k).
Remark. Putting A = —1 and B = 1 in the above theorems we get the
results obtained by Ahuja and Owa [2].
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CONVOLUTIONS OF PRESTARLIKE FUNCTIONS

TUNDE JAKAB

Dedicated to Professor Petru T. Mocanu on his 70" birthday

1.Introduction
We denote the class of starlike functions of order a by S*(«), and the
class of convex functions of order a by K («). The function

Sa(z) = () =z+ ZC(a,n)z”

n=2

is the well-known extremal function for S*(«), where
n

1T (k —2«)

k=2

(n—1)!
Let (f * g)(z) denote the Hadamard product of two functions f(z) and g(z), that

Clayn) = (n>2).

is, if f(2) and g(z) are given by

f(z)=z+ Z a,z", and g(z)=2z+ Z bnz",
n=2 n=2

then -
(fxg)(z) =2+ Z anbp2™.

n=2

Let T denote the class of functions of the form
f(z)=2— Z anz" (an > 0), (1)
n=2

which are analytic in the unit disc U = {z € C: |z| < 1}.
If f(z) is given by (1) and

g(z) =z — Z bp 2" (b, > 0),
n=2
then the Hadamard product of f and ¢ is defined by

(fxg)(z)=2— Zanbnz”.
n=2
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Let R[o, 8] be a subclass of T, consisting functions which satisfies
(f * sa)(z) € S*(B) for 0 < @ < 1 and 0 < B < 1. Futher let Cla, ]
be a subclass of T of functions satisfying zf'(z) € Rla, 3] for 0 < o < 1 and 0 <
B < 1. Rla, 3] is called the class of functions a-prestarlike of order 8 with negative
coeflicients.
LEMMA 1.[7] Let the function f(z) be defined by (1). Then f(z) is in the
class R|a, B] if and only if

o0

Z (n—=08)Clayn)a, <1-—p.

n=2
LEMMA 2.[3] Let the function f(z) be defined by (1). Then f(z) is in the class
Cla, B] if and only if

oo

Z n(n — B)C(a,n)a, <1—7.
n=2
Since f(z) defined by (1) is univalent in the unit disc if Y na, < 1; we can see
n=2
that f € R[a, 3] is univalent if 0 < a < 1; and a function f(2) € C[a, B] is univalent
in the unit disc if 0 < a < (2 B)
LEMMA 3.[2, Th.8] Let f(z) a function defined by (1) be in the class

Cla, B]. Then f belongs to the class Rla, ], where

eyt
2.Convolutions

THEOREM 1. Ifafunction f(2) defined by (1) belongs to the class R[a, (]
with0 < B<land0 < a< 2(2 B)’ then (f * f*...x f)(z), m € N={1,2,...} belongs

m

to the class Rla, 3], too.

Proof. Using Lemma 1 we have

Son-mC(ama < |t -1

W1‘ch0<ﬁ<1and0<oz<2(2 -

THEOREM 2. If a function f(z) defined by (1) belongs to the class Cla, 3]

cu0§ﬂ<1and0§a<4223ﬁ),then(f fx..xf)(z) € Cla, 5],
%,_/

(m e N).
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Proof. Using Lemma 2 we have

00 1 m—1
Z an)a;ng[zl(l_a)(g_ﬁ)} (1-8)<1-p8

with0<fg<land0<a< E 'g)
THEOREM 3. Let a function f(2) defined by (1) be in the class R, (]

with0 < f<1land 0 < a< 2(2 ﬁ) ; and let the function g(z) defined by

z):z—anz" (b, > 0)
n=2
be in the class Cla, f] with0 < <1 and 0 < a < 56 %) Then we have

(frfxxfrgrgx..xg)(z) €Cla, B,  pgeN.

p q

Proof. Applying Lemma 1 and Lemma 2 we have

Z n(n — B)C(a,n)ab bl <
n=2
1-8 P 1-8 ot
< \qrae=n) woaem) (-8
ifo<pg<l, 0<04<2(2 ) and0<a<4223ﬁ)
7

But we have 2(2;7’%) < 4(2:/3)’ and results 0 < o < 2(2 ﬁ)

We need the following notation
zZ)=2z— Z Ap, ;2" (an; >0,i=1,2) (2)

and the following results from [1]:

THEOREM 4.[1] Let the function f1(z) defined by (2) be in the class R|a, (]
with0 < a < 1 and 0 < B <1 and let the function fo(z) defined by (2) be in the class
Rlo, 7] with0 < a < 1 and 0 < 7 < 1. Then (f1 = f2)(2) € R[a, ], where

(- |
20-)2-p)2-7)-(1-B)(1—-7)

The result is sharp for the functions

Y=1-

2(1—104_)5—5)22 and  fa(z) =z — I_—Tz2.

hz)=z- 51 —a)2 1)
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THEOREM b5.[1] Let the function f1(z) defined by (2) be in the class Cla, 8] with
0<ac< % and 0 < 8 < 1 and let the function fo(z) defined by (2) be in the class
Clo,7) with 0 < o < % and 0 < 7 < 1. Then (f1 * f2)(z) € Clo, Y], where

(1-B)1-7) |
A1-a)2-p5)2-7) - (1 =p)(1—-7)
The result is sharp for the functions

1-06 2 _ L—7 2
o= "=ae-5" ™ POTTmmae-a

The following two theorems are generalizations of the Theorem 4 and Theorem

Y=1-

THEOREM 6. Let the functions fi(z) (i = 1,2,...,m) defined by (2)
be in the classes Rla, 3;] with 0 < a < § and 0 < 3; < 1 for all i = 1,2,...,m.
Then(f1 * fo * ... % fim)(2) belongs to the class R|c, )], where

fa-s)
’L/) = 1 - l:%m m N
2m=1(1 — q)m-1 1;[1(2 — i) — 1;11(1 - Bi)

The result is sharp for the extremal functions defined by

1_/61‘ 2
21— a)2—3)"

Proof. We apply the method of the mathematical induction.

fi(z) =2~ (i=1,2,..m).

For m =2 and 31 = 3, B2 = 7, our theorem is reduced to Theorem 4, which

is true. Suppose that

fz(z) GR[avﬂi] (Z:].,?,,k,k€N,]€22) =

= (f1* fa x ... % fx)(2) € R, '],
where
k
I1(1-8)
Wi=1- Z_Ilc k .
k11— )= [T(2-8) - [1(1 - B)
=1 =

i=1

If fr41 € R[a, Bk+1], then from Theorem 4, we have

((fr* fo* o fi) * fey1)(2) € Rla, 9,
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where

(1 =) — Br+1)

T = )= Be) — (1= )0 = Brer)’
which is equivalent to
ket
1:[ (1-5)
p=1- +7 ket 1
21— a)* [ (2 5) - [1(1- )

This means that if the theorem is true for m = k, then it is true for m = k + 1, so
that it is true for all m > 2.

THEOREM 7. Let the functions fi(z) (i = 1,2,...,m) defined by (2)
be in the classes Cla, 3] with 0 < o < L and 0 < B; < 1 for all i = 1,2,....m

2
Then(f1 * fo * ... x fm)(2) belongs to the class Cla, 1], where
ﬁ (1-5)
l/) =1- Z:%m m .
gm=1(1 — q)m—1 1_11(2 - Bi) — l_T (1-5)

The result is sharp for the functions
1-— ﬂz 22
41 - )2 - 6i)

Proof. For m = 2 and 8, = 8, B2 = 7, our theorem is reduced to Theorem 5,

fi(z) =2~ (i=1,2,..m).

which is true.

Suppose that
fi(Z)EC[Oé,ﬁi} (7’:1?2)7k7k€N7k22):

= (fl *fQ * .. *fk)(z) € C[Ol,d)l],

where L
[1(1-3)
Y=1- 1:116 k :
#1015 - [T - 6)

If fxt1 € Cla, Br+1], then from Theorem 5, we have

((fr* fax s fi) * fri)(2) € Cla, ¥,

where
(1 —¢)(d = Br+1)
41— a)2 =92~ Br+1) = (1 =)L = Brt1)’

b=1-
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which is equivalent to

Kt
10—

v=1- ii kt1 ’

441 — )t l;[ (2—-0i) - ‘1;[1(1 - Bi)

which means that the theorem is true for all m > 2.
THEOREM 8. If f(2) € Cla, 3] (i = 1,2,...,m) with) < a < 3 and
0<B; <1 foralli=1,2,....m, then(f1 * fox...x f,)(2) € Rla, 7], where

m

H(l _ﬂz)

2. 4m=1(1— a)m=1 [T (2~ 6) - [1(1-F:)

=1 i=1

The result is sharp.
From Theorem 6 (or Theorem 7) and Lemma 3 we obtain the result.
THEOREM 9. Let the functions f;(z) (i =1,2) defined by (2) be in the
class Cla, 8] with 0 < a < 1 and 0 < 3 < 1. Then the function h(z) defined by

= Z n 1 + an 2 Zn
n=2
belongs to the class R|a, ], where
1-p)°

L TGy Ty by s )

The result is sharp.
Using Theorem 9 (or Theorem 10) from [1] and Lemma 3 we obtain

immediately the result.
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NORM ESTIMATES, COEFFICIENT ESTIMATES AND SOME
PROPERTIES OF SPIRAL-LIKE FUNCTIONS

YUSUKE OKUYAMA

Dedicated to Professor Petru T. Mocanu on his 70" birthday

Abstract. This is a survey of the author’s talk at the VIIIth Romanian-
Finnish Seminar in Iassy, Romania, in 23-27 August 1999. We shall state
the sharp estimates of the norms of pre-Schwarzian and Schwarzian deriva-
tives of spiral-like functions and about the optimal growth estimates of
coefficients of them. We shall also remark that some spiral-like function
f(2) = z4 a22> + - -+ is normalized and univalent on the unit disk D but

satisfies a2 f(z) + 1 = 0 for some z € D.

1. Introduction

We consider an analytic function f on the unit disk D normalized so that
f(0) = f/(0) =1 = 0. For a constant 3 € (—n/2,7/2), such a function f is called
(B-spiral-like if f is univalent on D and for any z € D, the p-logarithmic spiral
{f(2) exp(—e®Pt);t > 0} is contained in f(D). It is equivalent to the analytic condi-
tion that R(e~"2f'(2)/f(2)) > 0 in D. We denote by SP(f) the set of S-spiral-like
functions. We call f3(z) := z(1 — z)*zem csB ¢ SP(B) the B-spiral Koebe function.
Note that SP(0) is the set of starlike functions and that fo(z) = 2z(1 — 2z)~2 is the
Koebe function. The (-spiral Koebe function conformally maps the unit disk onto
the complement of the S-logarithmic spiral {f3(—e~2") exp(—e’t);t < 0} in C. For

the known results about these classes of the functions, see, for example, [1].

1991 Mathematics Subject Classification. 30C45.

Key words and phrases. spiral-like function, pre-Schwarzian derivative, Schwarzian derivative, growth

estimate, strongly normalized univalent function.
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2. Norm estimates

For a locally univalent holomorphic function f, we define

f//
Ty = ? and Sy = (Ty) —

which are said to be the pre-Schwarzian derivative (or nonlinearity) and the

1

2(Tf)27

Schwarzian derivative of f, respectively. For a locally univalent function f in D,

we define the norms of Ty and Sy by
IT¢llx = sgg(l — [Ty (2)] and |[|Sf|2 = Slelg(l — [21)?18; (2)],

respectively.

As well as ||S¢||2, the norm ||T%||; has a significant meaning in the theory of
Teichmiiller spaces. For example, see [8], [2] and [13].

We shall give the best possible estimate of the norms of pre-Schwarzian deriva-
tives for the class SP(3).

Main Theorem 1 ([9]). For any f € SP(3), where § € (—7/2,7/2), we

have the following.

I) In the case |G| < /3, we have
ITsllx < 1Tl = 212 + 7). (1)

II) In the case |B| > n/3, we have | Ty||1 < ||Ty, |1, where

244 —4msi
|Tyslli =  max  2mcosf3 (1 + \/m ks msin |5 ) and (2)

OSmS%sinMﬂ m? +1 72msin|ﬂ|

. 4
22+ 28] < [Tyl <2 1+ 3si2lg) ) 3)

In particular, | Ty,ly — 2 as |B] — 7/2.

In both cases, the equality ||Ty||y = || Ty,|l1 holds if and only if f is a rotation of the
B-spiral Koebe function, i.e., f(z) = (1/e)fa(ez) for some |e| = 1.

The proof of Main Theorem 1 is in [9]. From the proof, if |5] < 7/3, the
function (1 — [2]?)|T},(z)| does not attain its supremum in D. However if |3| > 7/3,
it does since

max ggiuzr:(l — 2Ty, (2)] = 212 + €] < || Ty, |-
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This phenomenon of phase transition seems to be quite interesting.

Remark. Clearly, the §-spiral Koebe function fz converges to idp (which
is bounded) locally uniformly on D as |3| — /2 but does not converge to it with
respect to the norm ||- ||y since lim|g|— /2 [|T;][1 = 2. On the other hand, it is known
that a normalized analytic function f is bounded if ||Ty |1 < 2. In fact, the value 2 is
the least one of the norms of unbounded normalized analytic functions.

We would also like to mention the related works about norm estimates of
pre-Schwarzian derivatives in other classes by Shinji Yamashita [11] and Toshiyuki
Sugawa [10].

Theorem 2.1. Let 0 < o < 1 and f be a normalized analytic function.

If f is starlike of order «, i.e., R(zf'(2)/f(2)) > «, then | Tr|1 <6 — 4a.

If f is convex of order a, i.e., R(1+2zf"(2)/f'(2)) > a, then ||Ty|1 < 4(1—a).

If f is strongly starlike of order a, i.e., arg(zf'(2)/f(2)) < ma/2, then
|T¢]lh < M(c)+2c, where M (o) is a specified constant depending only on o satisfying
200 < M(a) < 2a(1 + «@).

All of the bounds are sharp.

On the other hand, we also obtain the estimate of the norms of Schwarzian
derivatives of (3-spiral-like functions.

Main Theorem 2 ([9]). Assume |8| < /2. For any f € SP(3), ||S¢]l2 <
I

In the rest of this article, we shall state two remarks about spiral-like func-

tions.

3. Order estimates of the coefficients

Knowing the norm ||T%||; enables us to estimate the growth of coefficients of
f. For example, the following holds.

Theorem 3.1 (cf.[7]). Let (3/2) < A < 3. For a normalized analytic function
f(z) = 2+ azz® + azz® + - -+ such that | Ty||1 < 2X, it holds that a, = O(n*~2) as
n — +o0o. This order estimate is best possible.
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However the sharp estimate of coefficients of f € SP(3) has been already
obtained by Zamorski [12] in 1960. We would like to remark that we can derive the
sharp growth estimate of coefficients of f € SP(f) from this.

Theorem 3.2 (Zamorski). If f(2) = 2z + a22® + a3z + -+ is in SP(3) and
18] < 7/2, then
o218

1
+ k

|an| < 1:[ (4)
k=1

forn > 2. The equality in (4) holds for some n > 2 if and only if f is a rotation of

the B-spiral Koebe function f3.

Remark. This is also shown in terms of generalized spiral-like functions by
C. Burniak, J. Stankiewicz and Z. Stankiewicz [4](1980).

Corollary 3.1. Let |3] < m/2 and f(2) = 2+ as2® +azz>+--- be a B-spiral-
like function. Then it holds that

an = 0(n%)  (n — +00). (5)

This order estimate is sharp.
Remark. In the case || < w/4, this is shown by Basgoze and Keogh in
[3](1970).

4. Strongly normalized univalent functions are not always holomorphic.

The following is known.
Theorem 4.1. For a holomorphic function ¢ on a simply connected domain

A, there exists a locally univalent meromorphic function f on A such that

S = ¢.

The solution is unique up to postcomposition of an arbitrary Mdbius transformation.

We assume A = . Nehari showed that if [|¢]|2 = sup,cp |6(2)|(1—]2]%)? < 2,
then f is univalent and meromorphic on D. It is well-known that if f is strongly
normalized, i.e., f(0) = f'(0) —1 = f"”(0) = 0, then f is holomorphic on D. Since for
a normalized analytic function f(z) = 2z + a22% + -+, g := f/(asf + 1) is strongly
normalized and ||Sy|l2 = ||Sqll2, we have the following.
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Proposition 4.1 ([6], [5] Corollary 2). If a normalized analytic function

f(z) = z+ax2?+ -+ satisfies ||Sy|l2 < 2, then f is univalent and asf +1 # 0 on D.

In [5] Chuaqui and Osgood remark that a strongly normalized univalent func-

tion f is not always holomorphic if ||S¢||2 > 2. Spiral-like functions are examples for

this fact.

Theorem 4.2. If |§] is sufficiently close to w/2, the B-spiral-Koebe function

f8(2) = 2+ a2z + - -+ satisfies asfg(z) +1 =0 for some z € D.
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Abstract. In this note we study the univalence of the functions f who
belong to the class of convex functions of complex order introduced by
Nasr and Aouf [2]. The results obtained improve the results from paper

[3]-

1. Introduction

Let A be the class of functions f analytic in the unit disk U = {z € C': |z| <
1} and such that f(0) =0, f/(0) = 1.
Let S denote the class of functions f € A, f univalent in U.
Nasr and Aouf defined the class of functions f € A, f'(z) # 0 in U, for which
Re[l + zf"(2)/(af'(z))] > 0, where o € C. For a fixed complex number «,
a # 0, let us denote this class by N(a),

s freas ne (i 35

) >0, fl(z)#0, (V)ze€ U} (1)

Theorem 1.1 ([3]). Let « be a complex number, o # 0 and let f € N(«). If

a € D, where

D=D,UDyU[-1/2, —1/4]U[1/4, 3/2] and 2)
Di={acC: |a<1/4}

Dy={aeC: |a—1/2|<1/2 and =/3<|argal<m/2},

then the function f is univalent in U.
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2. Preliminaries

Theorem 2.1 ([4]). Let f € A. Let a, 3, ¢ be complex numbers, Rel3 >
0, Re(2a + 3) > 0, ReG > —1/2, |c(a+ B) + af + |a| < |a+ B]. If there exists an
analytic function g, g € A, such that

g'(z)

O R G

for all z € U\ {0}, then the function

Fz) = (5 /0 e f'(u)du)w

s analytic and univalent in U.

’(1+c)f/(z)—1’<1, (V)z e,

The results obtained are proved by using Theorem 2.1 in the particular case
f =g and a =1 — (. For this choise, from Theorem 2.1 we get the following

Corollary 2.1. Let f € A and let 3, ¢ be complex numbers. If |3 — 1] < 1,
le| <1, [c+1=8]4+|8—-1 <1 and

2f"(z)
f'(z)

clz)? + (1 — |z|2)< +5—1>’ <1, (V)z €U, (3)

then the function
z 1/p
re) = (5 [ w0 r) 0

is analytic and univalent in U .

Theorem 2.2 ([1]). If g is a starlike function in U and —1/2 < a < 3/2,

G(z) = /0 (g(uu))adu

is a close-to-conver function in U.

then the function

Lemma 2.1. If g is a starlike function in U and a is a fized point from the

unit disk U, then the function

. a-z ) a—+z
h(z) = (a+2)(1+az)g(a) g <1 —I—az) (5)

is a starlike function in U.
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3. Main results

Theorem 3.1. Let o, [ be complex numbers, o # 0, | — 1| < 1 and let

feN(). If

o < L2021, ©

then it exists an univalent function F in U, such that

f(z)= /OZ <F(u))ﬁl F'(u)du, z€U. (7)

u

Proof. Let us consider the function

We have
W) L L)
o e ®)

Because f € N(a) it follows that Re[zg'(z)/g(z)] > 0 in U and hence g is a starlike

function in U. Let h be the function defined by (5), h(z) = z +a22% +.... We obtain

_ o) _ g'(a) 1+]a
a2_?_(1 H)g(a) a
and then
2g'(z)  14azz+]z|?
o) 1P v
The relations (8) and (9) lead to
2f"(z) _ (29'(2) _apz 422
o e (g ) = 1o
Taking into account (10) it results
el + (1= 1:) (T 5 1) - 1)

=(c+20+1-p)|zP +aaz+5—-1.

If c=0—-1-2a, from (6) it follows that |¢| < 1 and also
le+1-8|+|8—1=2al +|8—-1|<1.

Since h is a starlike function, then |az| < 2 and in view of (6) , the relation (11)

el + 1~ 1) (£ 4 1)) -

becomes
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=|aazz + 6 —1] <2la|+|6—-1] < 1.

From Corollary 2.1 we conclude that the function

F(z) = <5 /O uﬁlf’(u)du)w

is analytic and univalent in U.
We have FA~1(2)F'(z) = 2! f’(z) and therefore
B—1
F
e =(22) e,

It follows that the function f is given by (7), where F' is analytic and univalent in U.

If in Theorem 3.1 we take § = 1, then we have f(z) = F(z) and we get the
following result

Corollary 3.1. Let a be a complex number, o # 0 and let f € N(a).
If o] < 1/2, then the function f is univalent in U.

Theorem 3.2. Let a be a complex number , o # 0 and let f € N(«). If
a € D, where

D=DyUl1/2, 3/2]U{-1/2}, (12)
Dy={acC: |a|<1/2},

then the function f is univalent in U.

If a is a real number, o & D, then the function

flz)= /Oz(l —u) "% (13)

belongs to the class N(«) but it is not univalent in U.

Proof. If « € Dy, from Corollary 3.1 it follows that f is an univalent function.
Let « be a real number, a € [—1/2, 3/2]\ {0}. In the same manner as in Theorem 3.1
we consider the function g(z) = z(f’(z))"/®. The function g being a starlike function,

from Theorem 2.2 it follows that the function

6= [ (M) au= [ st 5o

is a close-to-convex function. For the function f defined by (13) a short computation

gives
1+lzf”(z) _1+z
a f'(2) 1—2
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For z € U we have Re(1 + 2)/(1 — z) > 0 and hence f € N(«).
For 8 € R, 3 # 0, we know that the function h(z) = (1 — 2)” is univalent in U if and
only if 8 € [-2, 2]. From (13) we get

1
200 — 1

f(z) = [(1—z)2tt—1] a#1/2

and then the function f is not univalent if & < —1/2 or @ > 3/2.
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Abstract. A basic result in the theory of univalent functions is well-known
inequality |—2[2°| + (1 — [2|*) 2f” (2) /' (2)| < 42| where f is an univa-
lent function in the unit disc. In this note we obtain a similar result for

univalent functions in the upper half-plane.

1. Introduction.

Let U be the unit disc {z: z € C, |z| < 1} and let A be the class of analytic
and univalent functions in U. We denote by S the class of the functions f, f € A,
normalized by conditions f (0) = f'(0) — 1 =0.

As a corollary of the inequality of the second coefficient, for the functions in
the class S, it results the following well-known theorem:

Theorem A. If the function f belongs to the class A, then for all z € U we
have

=212+ (1= 12P) 27" (2) 1 (2)] < 4121

The Theorem A is the starting point for solving some problems (distortion
theorem, rotation theorem) in the class S.

We denote by D the upper half-plane {z : Im (z) > 0} and by Sp the class
of analytic and univalent functions in the domain D. In this note we obtain a result,

similar to the Theorem A, for functions in the class Sp.
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2. Main results.
Let g : U — D be the function defined from

11—z
=1
1+ 2

9(2) (1)

The function g belongs to the class A and g (U) = D.

We denote by D, the disc g (U,), where r € (0,1], U, = {z:|2| <r} and
Uy = U. We observe that, for all 0 < r < s < 1 we have D, C Dy C D; = D and
hence for all £ € D, there exists rg € (0,1) such that & € D,, for all r € (19, 1).

Let &, and R, be the numbers defined from

1+7r? 2
& = zi R, = _r (2)

For £ = g(z), where |z| = r, we have
4‘z+7“2|2

2_
|£_£T| - ‘1+Z|2(1—T2)2 (3)

Because for all z, |z| =7 < 1, we have
’Z—F’I“Q’ =|r+rz| (4)

it result that
€ =& =R, (5)
and hence D,. is the disc with the center at the point &, and the radius R,.
Lemma. For all fixed point £ € D there exists ro € (0,1) and u, € U such
that for all 7 € (rg,1)
£=¢& + Reuy (6)
and
lim u, = —i,  m (R, (1~ fu,])] = Tm (&) (7)
Proof. If £ € D, then ’g_l (f)’ < 1 and hence for all ro, [g7! (£)] <ro <1
we have £ € D,., for all r, 1o <1 < 1.
For z, = Re (u,), yr = Im (u,), X = Re (§), Y =Im (€¢) we have

2r 1472 2r
X =z,—07, = r
TR 1—7"2er1—7“2 )
for all r,79 < r < 1 and hence
(171"2)X (1—r2)Y71—r2

lim z, = lim

=0, limy, = lim
r—1 r—1 2r ’ r—1 Yr

r—1 2 =1 (9)
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From (8) we have

(1 - |ur|2> R, =

It result that

2(1+72)Im (&) — (1—72) [¢fF — 1 +72
2r

. 2 T _
lim (1 — |y ) R, = lim =2Im(§) (11)

and hence
lim (1 fu, ) R, = Im (&) (12
Theorem. If the function f is analytic and univalent in the domain D, for

all £ € D we have

]

Proof. Let £ be a fixed point in the domain D. From Lemma it result that

(13)

there exists ro € (0,1) such that £ € D, for all r € (rg,1). We consider the function
gr : U — C defined from
gr (u) = f (& + Rru) (14)
where 1 € (r9,1).
For all fixed r,r € (19, 1) the function g, is analytic and univalent in U and
from Theorem A it result that

uf” (§ + Ryu)
" fl (fr + Rru)

From Lemma it result that for fixed point & € D there exists u, € U such

‘2 uf? + (1 - W) R

< 4|u (15)

that & = &, + R,u, and hence, from (15) we obtain

. 2 2 u f (€) .
_ _ RSV IV
}Hq ‘ 2 u,|” + (1 [ur| ) R, ) 4}1H% [ (16)
Because lim1 u, = —i and liml[(l — |up|) Ry] = Im (§), form (16) we obtain

the inequality (13).
Remark. The function f defined from

fe=¢ (17)
is analytic and univalent in the domain D and
i—Im () J;://((é)‘ = ’i—lm(g)é‘ (18)
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If we observe that

1
1 —Im (&) 5’ = 2 for & = 1, it result that the inequality
(13) is best possible.
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Abstract. In this note we define the notions of convexity for analytic
2 2
functions in the ellipse £ = {z:m—i—iye(C: % +Z—2 -1 <0}7 a >
a

b > 0. We obtain sufficient conditions for an analytic function to be a

convex function in the ellipse E.

1. Introduction and preliminaries

Let g be a complex function defined in the unit disc U = {z € C: |z| <
1}. For z = x + iy € U we consider u(z,y) = Reg(z) and v(x,y) = Img(z). The
function g belongs to the class C'(U), respectively C?(U) if the functions u and v
of the real variables x and y have continuous first order, respectively second order,
partial derivatives in U [1].

For g € C(U) the following operators are defined

_ 99 _|og* |99
Dg(z)—z——z—z and Jg= o il =

2

where

09 _1(0 04\ . 05 _1(05 0
9. 2\az ‘ay) ° oz 2\az oy )

P.T. Mocanu [1] obtained sufficient conditions for a non-analytic function in
the unit disc, to be univalent and convex.

Definition 1. [1] A function g of the class C'(U) is a convex function in U
if it is univalent and g(U) is a convex domain.

A sufficient condition for convexity is given in the following theorem.

Theorem 1. [1] If the function g € CY(U) satisfies the conditions

(i) g(0) =0, Dg € C*(U) and g(2)Dg(z) # 0, for all z € U \ {0},
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(ii) Jg(z) >0, for all z € U

D?g(z)
1i1) Re >0, forall z€ U\ {0
(i) he 592 \ {0}
then g is a convex function in U.

2. Main results

Let f be an analytic function in the ellipse E.

Definition 2. The function f is a convex function in F if it is an univalent
function in F and f(FE) is a convex domain.

In the next two theorems, sufficient conditions for an analytic function in F
to be convex in F, are given.

Theorem 2. If the analytic function f : E — C satisfies the conditions

(i) f(0) =0 and f'(2) #0, for all z € E,

(ii) the inequality

Zf”(z)
f'(z)
holds for all z € E, then f is a conver function in E.

Proof. Let h: U — E be the function defined by

zf"(2)
f'(z)

(a® +b*)Re { + 1] — (a® = b*)Re [ + 1} >0 (1)

b —-b
h(z):a; 2+ 2"z 2)

Then h belongs to the class C*(U), is an univalent function in U and h(U) =

We consider the functions g : U — C, g = foh. In order to prove that f is a
convex function in F it is sufficient to show that the function g satisfies the conditions

from theorem 1. We have

Do(s) = 1) (525 - 157) 3)

where u = h(z) € E. Since f/'(u) # 0, for all u € E, then g(2)Dg(z) # 0, for all
z € U\ {0}. The Jacobian of g is

Jg(z) = ab|f'(w)|* >0, forall zeU.

We also have

D?g(z)  f"(u) (a+b 3 asz (a+b)z+(a—b)Z
5 = 7 )i

2 °7 T2
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Fromu:ﬂzﬁ—a_bfandﬂ:a_bz a+bfweobtain
2 2 2
= L {(a+b)u—(a— by (5)
z = 5ah a u— (a u
D?g(2)

and hence Re > 0, for all z € U, holds only if

Dg(z)

uf"(u) uf"(u)
fr(w) f'(w)

Remark. For a = b (E = U), the conditions from above are the same with

(a® + b*)Re { + 1} — (a® = b*)Re [ + 1] >0, forall weE.

the well-known conditions for convexity for analytic functions in the unit disc.
Theorem 3. If the analytic function f : E — C satisfies the conditions
(i) f(0) =0 and f'(z) #0, for all z € E,

(i) the inequalities

Re [Zﬁ;(z;) + 1} > % (6)
and
Py " P a2 _ K2
arg { Jiﬂ/(i)) + 1] < arccos 3(&27_’_:2) (7)

are true, for all z € E, then f is a convex function in E.
Proof. In order to prove that the function f is convex in E it is sufficient to

show that the inequality (1) is true. From (6) we have

L) s [£O] RO
7o UEE T e | 2R )
and
2f"(2) 1
IERale ?)
for all z € E.
From (17) we also have
2f"(2)
Re [ Feg 1] s 0
ST )
f'(z)
for all z € E.
Using the inequalities (8), (9) and (10) we obtain
2f"(z) zf"(2)
(a2+b2)Re{ e +1} —(a2—b2Re[ e +1} >
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> (a% + b*)Re [Zf,/;iz)) + 1] —(a® - b?) { Z/{{,/;S) + 1] >
> (a2+b2)Re{ JJ:,((Z)) +1] — (a® = b?) [ J{i(i)) +1' +1] >
> 3(a? — b?) Z]{f,zg) + 1‘ — (a® - 1?) [ ZJ{/;S) + 1' + 1} >0,
for all z € E.
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The purpose of this paper is to generalize some results about functions of
class C! on the unit disc obtained by P.T.Mocanu in [1], considering functions of
class C'! on an elliptic domain. We also obtained a sufficient condition for univalency,
by introducing the notion of starlikeness with respect to the origin for functions of

class C*' on the elliptic domain.

Let E denote the elliptic domain
E={:=z+iyeC: 5+ -1<0}.
Consider a complex function defined on F of the form f(z) = u(z, y)+iv(z, y).

For r € (0,1) and € € [0, 27], the elliptic coordinates of a point z = x + iy from E are
{:E = arcosf

y = brsinf.
Definition 1. The function f : E — C is said to be of class C*(E) if the

real functions u = Ref and v = Imf, of the real variables * = Rez, y = Imz, are
continuous and have continuous first order partial derivatives in E.

For f € C1(E), we denote

where
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and

0z 2ab ox y
The linear differential operators defined by (1) and (2) verify the rules of the

2 - (a2a +ib28) .

differential calculus, for example:

D
D

f+9)=Df+ Dy,

fg) = fDg+gDf,
i) _ ng ng
g

S

)

S

(
(
(
(fog) = 55Dy + g Dy;

For a =1 and b =1, from (1) and (2), we obtain the differential operators
defined in [Mo].

The two operators have the following properties:

Df=-Df Df=Df

DRef=ilmDf DRef=ReDf
DIm f=—iReDf DImf=ImDf
D|f|=i|f|Tm &L D|f| = |f|Re B
Dargf:—iReDTf Dargf:ImDTf

We also have:

=iDf and 8—f: 1Df
or r

of
06
where z = r(acos @ + ibsin ).

From here we deduce that

olf] _ Df olfl _ Ifl . Df
0 0
aeargf ReDTf and a—ar f—lR ff (4)

The Jacobian of the function f € C1(FE) is given by
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a 2
o |2

s
0z

It is known that a function verifying Jf > 0, z € E, is locally univalent and
preserves the orientation.

Definition 2. The continuous function f : E — C , f(0) = 0, is called
starlike in E with respect to the origin if it is univalent in £ and f(F) is a starlike
set.

Theorem 3. A functionf € C*(E) that satisfies the conditions:

(i) f(0) =0 and f(z) # 0 for all z € E\{0},

(i) J f(z) > 0 for all z € E,

(i1i)Re fo((z) > 0 for all z € E\{0},

2)
is starlike in E.

2

Proof. We denote E, := {z=x+iy€C: %—F(;’T)z—l <O} and C; =
f(OFE;) for r € (0,1). From (4) and (iii) we deduce that

% arg f(r(acosf 4 ibsin@)) > 0, for all § € [0,2x] and all r € (0,1).

Therefore C, is a starlike curve (not necesarry simple) with respect to the origin, for
all » € (0,1).

In order to prove the univalency of f it is enough to show that C,. are Jordan
curves and they are each two disjoint. From the condition (i) follows that the curves
Cy,r € (0,1), are homotopic in C'\{0}, therefore the index of C, with respect to the
origin is the same, for each r € (0,1), i.e. n(C;,0) = const. Because of the condition
(ii) there exists a neighbourhood of the origin such that f is univalent and preserves
orientation in this neighbourhood. Thus we have an ¢ € (0, 1) such that for every
r < 1o, n(Cy,0) = 1, meaning that the variation of the argument along C, is 2r. We
conclude that C, is a Jordan curve, for each r € (0,1).

In order to prove that every two different curves C, and C,, are disjoint, we
will show that for any ray starting from the origin, the modulus of the unique point
of intersection of this ray with the curve C, is a strictly increasing function of r, as r
increases in the interval (0,1).

Let us fix ¢ € (0,27). The system
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arg f(2) = ¢
z =r(acosf + ibsinf)
has a unique solution 6 = 6(r), that gives us the unique point z = r(a cos 6 +

,r€(0,1)

ibsin @). For this value of z we consider

R(r) = [f(2)] (5)

We will show that R(r) is strictly increasing in (0, 1).
From (5), by differentiating with respect to r, we get
dR 1 Df do. Df
SV _R(-Re=L -T2,
dr R(rRef drmf> (6)
From the relation arg f(z) = ¢, we obtain
1. Df db._ Df
“m 2L+ P Re L — .
- m 7 + = Re 7 0 (7)
0

By eliminating 2% between the equations (6) and (7) we get

ZfRel}f:f<RefoRe7+Iml}fIméff>
or
dR Df_l —
ERGT = , Re (Dfo)

A simple calculus shows that Re (DfDf) = abr?J f, therefore

iR . Df
%RQT == ab?"Jf,

Because % > 0, R is a strictly increasing function in (0, 1). We proved the univalency
of f.

We have that the domain f(U,) is starlike for each r € (0,1) and f(U,) C
f(U,) for 0 <r < rr<1. It follows that f(U) is also a starlike domain. Our theorem
is proved.
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NEW UNIVALENCE CRITERION FOR CERTAIN INTEGRAL
OPERATOR

VIRGIL PESCAR

Dedicated to Professor Petru T. Mocanu on his 70" birthday

Abstract. In this work we prove a new univalence criterion for the
analicity and univalence in the unit disc U = {z € C : |z| < 1} of an

integral operator.

1. INTRODUCTION

Let A be the class of the functions f which are analytic in the unit disc and
f(0) = f'(0) —1 =0 . We denote by S the class of the functions f € A which are
univalent in U.

In the theory of univalent functions an interesting problem is to find those
integral operators which preserve the univalence of the class S.

Many authors studied the problem of integral operators which preserve the
class S. In this sense, important results are due to Y. J. Kim, E.P. Merkes [1], M.
Nunokawa [3] and J. Pfaltzgraff [5].

2. PRELIMINARIES

We will need the following theorem in this paper.

THEOREM A[4]. Let a be a complex number, Rea: > 0 and
feA

If

2f"(z)
f'(2)

(1- |z|2Re°‘) < Rea (1)

for all z € U, then the function

Paper presented at the International Conference on Complex Analysis and The 8th Romanian-Finnish

Seminar, Iasi, 23-27 August 1999.
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Fu(z) = [a /0 Tt f’(u)du] ;

is in the class S.

3. MAIN RESULT

THEOREM. Let g € S and a = a + bi be a complex number and

ac(0,4]. If

1
at+a??—4>0,a¢ (0,2) and a®>+b*>—16>0,

then the function

is in the class S.

Proof. Let us consider the function

o= [ (1) e

The function f is regular in U.From (5) we have
1 14 , s
7= (H2)7 e = (3 (42) 7 et

and

L[z |2f"(2)| _ 1|z (2(9’(2‘)) n 1>
a f') 17 ava®+b2 \ g(2) '
forall z e U.
From (6) we obtain
L[z |2f"(2) | _ 1|z <1+|Z| +1>
a ') |7 ava?+ b2 \1 - 7] '
and hence we get
1— 2% | zf"(2) 2 1—|z|%@
a ') |7 ava?+02 1|2

for all z € U.
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Let us note |z| =z, z € (0,1) and ¢(z) = lff;a,a > 0. It easy to prove that

1 if a€(0,3)
2a¢ if a€]|
Using a € (0,4] and the relations (8),(9),(3

(=)

¢(z) < (9)

,00)

N[

we obtain

~—

2f"(2)
f'(2)

<1 (10)

for all z € U.

1
From (5) we have f/(z) = (M) “ and using (10) by Theorem A it results

z

that the function H, is in the class S.
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DATA DEPENDENCE OF THE FIXED POINTS SET OF
MULTIVALUED WEAKLY PICARD OPERATORS

IOAN A. RUS, ADRIAN PETRUSEL, ALINA SINTAMARIAN
Dedicated to Professor Petru T. Mocanu on his 70" birthday
Abstract. The purpose of this paper is to present data dependence re-

sults for some multivalued weakly Picard operatorors such as: Reich-type

operators, graphic-contractions.

1. Introduction

The purpose of this paper is to study the following problem (see Lim [9], Rus
[21], Rus-Muresan [23], etc).
Problem. Let (X,d) be a metric space and 77,75 : X — P(X) two multivalued
operators. If the fixed points sets Frr, and Fr, are nonempty and there exists n > 0
such that H(Ty(x), Tz (x)) < m, for all © € X, estimate H(Fr,, Fr,), where H is the
Hausdorff-Pompeiu generalized functional on P(X).

Throughout the paper we follow the terminologies and the notations from
Rus [20]. For the convenience of the reader, we recall some of them.

Let (X, d) be a metric space. We denote:
P(X) := {A|A is a nonempty subset of X}, Py(X):={A € P(X)|A - closed},
Py(X):={A e P(X)] A—Dbounded}, P, (X):={Ae P(X)|A - compact},
Py(X) := Py(X) N Py(X).
If A,B € P(X), then we define the functional:
D(A, B) := inf{d(a,b)|a € A, b € B},

1991 Mathematics Subject Classification. 47TH10, 54H25.
Key words and phrases. Multivalued Reich-type contraction, Weakly Picard operator, Fixed point.
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and the following generalized functionals:
p(A, B) :=sup{D(a,B)la € A}, H(A, B) :=max{p(4, B),p(B,A)}.

In this note we need the following well known properties of the functionals D and H
(see Nadler [13], Reich [15], Rus [19], [20],...).

Lemma 1.1 Let A,B € P(X) and ¢ € R, g > 1, be given.

Then for every a € A, there exists b € B such that d(a,b) < gH(A, B).

Lemma 1.2. Let A, B € P(X). We suppose that there exists n € R, n > 0,
such that

(i) for each a € A there is b € B such that d(a,b) < n;
(ii) for each b € B there is a € A such that d(a,b) <.
Then H(A, B) <.
Lemma 1.3. Let A€ P(X) and x € X. Then D(z,A) =0 iff z € A.
If T: X — P(X) is a multivalued operator, then we denote by Fr the fixed
points set of T', i. e.

Fr:={re Xz eT(x)}.

2. Multivalued weakly Picard operators

Let us start the section by recalling an important notion.

Definition 2.1. Let (X, d) be a metric space and T': X — P (X) a multi-
valued operator. By definition, T is a weakly Picard operator (briefly w.P.o.) iff for
all z € X and all y € T(z), there exists a sequence (z,)nen such that:

(i) xo =z, x1 =y,
(ii) zp41 € T(xy,), for all n € N,

(iii) the sequence (zp,)nen is convergent and its limit is a fixed point of 7.

Remark 2.2. A sequence (x,)nen satisfying the condition (ii) and (iii),
in the Definition 2.1 is, by definition, a sequence of successive approximations of T’
starting from zg.

Example 2.3. [see Rus [22]] If t : X — X is a singlevalued w.P.o., then
the multivalued operator T' : X — Py(X), T(z) := {t(z)}, for each z € X, is a
multivalued w.P.o.
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Example 2.4. Let t; : X — X, ¢ € {1,2,...,n}, be singlevalued contrac-
tions. Then the multivalued operator T : X — Py (X), T(z) = {ti(x),...,tn(z)}, for
each x € X, is a multivalued w.P.o.

Example 2.5. [see Covitz-Nadler [4] and Reich [15]] Let (X, d) be a com-
plete metric space and T : X — P.(X) be a multivalued contraction. Then T is a
multivalued w.P.o.

Other examples will be given in the next paragraphs.

3. Data dependence of the fixed points set of Reich-type operators

The first main result of this paper is the following:
Theorem 3.1. Let (X,d) be a complete metric space and T1, Ty : X —
P, (X)), be two multivalued operators. We suppose that:

(i) there exist av;, Bi,vi € Ry, i + B + v < 1, such that
H(Ti(z), Ti(y)) < cid(w,y) + BiD(z, Ti(x)) + v D(y, Ti(y)),

for all z,y € X and i € {1,2};
(ii) there exists n > 0 such that

H(T(x), Ta(x)) <mn, forallx e X.

Then

(a) FTi S Pcl(X), xS {1,2},
(b) the operators T, Ts are w.P.o. and

H(Fr,, Fr,) < n(1 —min{y;,7})(1 — max{a; + B + 1,22 + B2 + 72}) .

Proof. (a) From a theorem of Reich (Theorem 5 in [15]), we have that Fr, € P(X),
i € {1,2}. Let us prove that the fixed points set of a multivalued operator T, satisfying
a condition of type (i) (with a, 8,7 € Ry, a+ 5+ < 1) is closed. For this purpose

let z,, € Fr, n € N, such that x,, — z*, as n — +00. We have:

D(z*,T(xz")) < d(z*,xn) + D(zpn, T(x")) < d(z*,25) + H(T (zn), T(x")) <

S d(”, xn) + ad(@n, &) + BD(xn, T(2n)) +yD(x", T(27)).
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From this relation we have that
D(z*,T(z*)) < (1 +a)(1 —~) " td(z*,2,) — 0, as n — 0.

Hence, by Lemma 1.3, z* € T'(z*).
(b) Let ¢ €]1,min{(cq + B1 +m) "%, (a2 + B2 + 72) "} Let z9 € Fr, and
x1 € Th(zo) such that

d(wo,x1) < qH(T1(w0), Ta(x0)) < qn.
Using again Lemma 1.1, there exists x5 € T(x1) such that
(w1, 22) < qloz + B2)(1 — qy2) ' d(z0, 1)

By induction, we prove that there exists a sequence of successive approxima-

tions of T, starting from zo € Fr,, such that
d(l’n, (En+1) < Lg(q)d(.’ﬂnfl, SUn), ne N*a

where L(q) = q(aa + B2)(1 — gy2) "t < 1.
This relation implies that z,, — x*, as n — oo. By standard argument we

prove that z* € Fr, and
d(tn,2") < [1 = La(q)] " [La2()]"qn, n € N.
For n = 0, we obtain
d(zo, ") < [1 = La(q)] ™ qn- 1)

By a similar way, we have that for all yo € Fr, and y; € T1(yo), there exists

a sequence of successive approximations of T; such that
yn — y* € Fr,, asn — oo

and
d(yn,y") < [1 = Li(q)] " '[L1(g)]"an, n €N,
where L1(q) := q(a1 + 81)(1 —qn)~t < 1.

For n = 0, we have

d(yo,y*) < [1 = L1(q)] " an. (2)
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By Lemma 1.2, using (1) and (2) we have

H(FT17FT2> < [1 - maX{Ll(Q)7 L2(Q)H_1qn-

Letting ¢ \, 1, we get the conclusion. J
Remark 3.2. For §; = v; = 0 we have a result given by Lim [9]. See also
Rus [21].

4. Data dependence of the fixed points set of multivalued graphic-

contraction-type operators

A multivalued graphic-contraction-type operator is a multivalued operator
T : X — P,(X) satisfying a contraction-type condition for all z € X and y € T'(x).
We have:

Theorem 4.1. Let (X,d) be a complete metric space and Th, Ty : X —
P, (X) such that:

(i) there exist vy, B; € Ry, a; + B; < 1 such that

H(Ti(x),Ti(y)) < aqsd(z,y) + B D(y, Ti(y)),

for every x € X, every y € T;(x) and fori € {1,2};
(ii) there exists n > 0 such that H(Ty(x), Ta(x)) <n, for all x € X.
If:
(iii) T1,T» are closed multivalued operators
or
(iv) there exist two continuous functions ¥y, : Ri — R4 such that:
(ivi) H(Ti(x), Ti(y)) < id(z,y), D(z, Ti(z)), D(y, Ti(y)), D(z, Ti(y)), D(y, Ti(x))),
for all z,y € X and for i € {1,2};
(ive) ;(0,0,s,s,0) <s, if s >0, i€ {1,2};
(ivs) If uy < ug and vy < ve then ¥;(u, uy, v, w,v1) < PY;(u, us, v, w,ve), for
all ug, vy, u,v,w € Ry and @ € {1,2},
then
(a) Fr, € Py(X), fori € {1,2};
(b) T; are w.P.o., fori € {1,2};
(c) H(Fr,, Fr,) <n(1 —min{B1, f2})(1 — max{as + B1, s + B2}) L.
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Proof. Let us have (7), (i7) and (44). From Lemma 2 in Rus [19] and (%) we have T;
are w.P.o. and F, € P(X), for ¢ € {1,2}. Let us prove that Fr, € P, (X), i € {1,2}.
For this purpose, let (x,)nen C Fr, be a convergent sequence to an element z* € X.
It is sufficient to prove that z* € Fr,. We have: z, € T;(z,), n € N. From (4i) it
follows that z* € T;(x*), for i € {1, 2}.

Let us have (), () and (7). Using Theorem 1 in [19] we obtain Fr, € P(X),
for i € {1,2}. Let us prove again that Fr, is closed in X for each i € {1,2}. As before,

let (zn,)nen C Fr, be a convergent sequence to a point z* € X. Then:
D(z*,T;(z*)) < d(z*,x,) + D(zp, T;i(z¥)) < d(z*,z,) + H(T;(xn), Ti(z")) <
< d(wn, 2")+ild(zn, ©7), D(wn, Ti(wn)), D(x”, Ti(z")), D(2n, Ti(2")), D(2", Ti(xn))) <
<d(x*,xn) + ¥i(d(zn, 2"),0, D(z*, Ti(z")), D(xn, T; (%)), d(x", x,)).
Letting n — oo, we have:
D(z", Ti(x7)) < 4i(0,0, D(z", Ti(«")), D(«7, Ti(2)), 0).

From (ivs) it follows that D(z*,T;(z*)) = 0 and hence 2* € Fr,, fori € {1, 2}.
So, we get the conclusions (a) and (b). For (c¢) let 2y € Fr,.

For every ¢ > 1, there exists z7 € Ta(xg) such that d(zg,x1)

<
H(Ty(xg),T5(x)) < qn. For x7 € Th(xzp) and 1 < ¢ < min
GH(Ty (), To(&) < qn. For a1 € To(eo) o <min{ ot
x1) such that d(zq1,22) < ¢H(Ta(x0), To(x1)) < glaad(zo,x1) +

there is xo € Ty
B2D(x1,Ta(x1))] < gland(zg, x1) + B2d(x1,22)] and hence

By induction, one prove that there exists a sequence of successive approxima-

tions for Ty, starting from x¢ € Frp, such that d(z,, zn+1) < p2(q)d(xn—_1,,), where

qa
1—qB
1

*
) &y — T*, as n — 00,

p2(q) = < 1. This implies that:

2) T e FTQ,

3) d(an, x%) < Md(xo 1) < [p2(g)]"

~ 1—pa(q) ~ 1-p2(q)
Interchanging the roles, one can prove that for each yo € Fr,, there exists a

qn, n € N.

sequence of successive approximations for 77, starting from yg such that
17) Yn — y*a as n — 0o,
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2) y* € Fpy,
[p1(g)]" [p1(g)]"
3) d(yn,y*) < ———=d(yo,y1) < ———~qn, n € N, (where pi(q) =
1
<1.
toah ) q7 q7
For n = 0 we get d(xzg,2*) < ———— and d(yo,y") < ————. As
(=0, 27) 1 —p2(q) (v0.97) 1—pi(q)
consequence H(Fr,, Fr,) < qn[l — max{p1(q),p2(q)}] .
Letting ¢ \, 1, the conclusion follows. [J
5. Applications
We shall prove now a data dependence result for the following equation:
o(u) +Y(u) =v, ueU. (3)

Let us denote by Sy, the solutions set for (3). We have:

Theorem 5.1. Let (U, | - ||lv) and (V.| - ||v) be real Banach spaces and let
¢ : U — V be a continuous linear operator from U onto V. Put oo = sup{inf{||u|y|u €
W)} veV, Julv <1}

Then, for every vi,ve € V and every lipschitzian operators y1,vs : U — V

(with the same Lipschitz constant L > 0) satisfying the following assertions:
i) there is m1 > 0 such that ||vy — va|lv < 715
ii) there exists ny > 0 such that ||11(u) — Y2 (u)||v < n2, for each u € U;
iii) aL <1
are true the conclusions:

a) Sy, v € Pa(U), forie{1,2};

a(n +n2)
o vy Oy vy) < —————.
b) H(Sy,v1sSps,vs) ol

Proof. From a result given by B. Ricceri (see [17], Theorem 4) it follows that Sy, ., #
¢ and Sy; w; = FixF;, where F; : U — P,(U) is a multivalued aeL-contraction, given
by the formula F;(u) = ¢~ (v; — 1;(u)), for i € {1,2} (see also [18]). From Theorem

3.1 one have:
1

H(Swl-,vl’sdm,vz) < SupH(Fl(u)aFQ(u))‘

1—al welU
But H(Fy(u), Fa(u)) = H(¢™ (vi =1 (u)), ¢~ (v2—2(u)) < aflvr =t (u)—
vg + 2 (u)|| < afm + n2), for each u € U and hence the conclusion follows. O
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Let us consider now the following functional equations of n-th order:
p(r) € Gi(z, o(fi(x)), .- o(fn())), ze€X, (4)

o(x) € Ga(z,90(91(2)), -, p(gn(2))), € X, ()
where ¢ is an unknown function and the multivalued operators G1, G5 and the singl-
evalued functions fi, gr (k € {1,2,...,n}) are given. Let us denote by S; (i € {1,2})
the space of continuous solutions for problems (4) and (5) respectively.

Theorem 5.2. Let X be a compact metric space and Y be a nonempty,
closed, convex subset of a Banach space. Let G1,Ga : X x Y™ — Py ,(Y) be mul-

tivalued operators and fr,gr : X — X, k € {1,2,...,n} functions. We assume the

following conditions on the given operators:

i) there exist two functions (; : R} — Ry non-decreasing with respect to

each variable with the property Bi(t,t,...,t) < a;t, for each t > 0, with

0 < a; <1 such that one have:

H(Gi(z7ylv cee 7yn)aG’i($azl7 e ,Zn)) < ﬂl(”yl - Zl”v EERE} ||yn - ZTLH)?

fore e X, yp,zr €Y (k€ {1,2,...,n}) and for i € {1,2};

ii) fr,gr: X — X are continuous, k € {1,2,...,n};

ili) G1, Gy are lower semicontinuous (I.s.c.);

iv) there exist ni, 7 > 0 such that |fx(z) — gr(z)]| < mx for k €
{1,2,...,n} and H(G1(z,y1,--,Yn), G2(T, Y1, -, Yn))
and yi,...,Yyn €Y.

INA
2

, forx € X

Then:
a) S; € Py(C), forie {1,2} (where C = C(X,Y) is the space of continuous
functions from X toY);
b) H(S1,S2) < (1 —max{ai,a2}) [B(m,...,nn) + 7).
Proof. From Theorem 4.1 in Wegrzyk [26] we get that S; = Frp,, where T; : C —

P..cv(C), i € {1,2} are multivalued operators given by the formulae:

Ti(p) = {v € ClY(z) € Gi(z, o(f1(2)), .., o(fu(2))), = € X}
and

Ta(p) = {9 € Cl ¥(x) € Ga(x, p(g1(x)), - ., p(gn(2))), = € X}.
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From Lemma 4.1 in the same paper [26], we have that H(T;(¢1),Ti(v2)) <
Yi(d(p1,p2)), for p1,p9 € C, where 7;(t) = Bi(t,...,t), for t € Ry and d(¢1,p2) =

sup{[|¢1(z) — p2(2)| | € X}.
By i) it follows that T; are multivalued a;-contractions, for ¢ € {1,2}. Then,

we obtain:
S; € Py(C), fori e {1,2}
and
H(S1,82) = H(Fr,, Fr,) <[l — max{ay, az}] sup H(T1(), T2(p))- (6)

On the other side, let us estimate H (T (), T2(¢))-
For this purpose, let ¢y € Ti(p). Then ¢;(x) €
Gi(z, o(f1(@)), ..., ¢(fa(@))), v € X. We have

D(p1(x), Ga(, 0(g1(2)); - -+ p(gn(@))) < H(G1(2, o(f1(2)); - - o(fu())),

G2($7 80(91(1‘))7 ) @(gn(x))) < H(G1($> @(fl(x))v SR w(fn(x))%
Gi(z,0(g1()), - - -, p(gn(x))) + H(G1(z,0(91(2)), - - -, (gn (7)),

Ga(z, (91 (@), -+, p(gn(2)))) < Bl (fr(2)) =@ (g1 (@), - - o (fn @) =2 gn(2)))+1].

From the uniform continuity of ¢ on the compact space X and from iv) we

get that
le(f(x)) — @(gk(x))l| < i, for each z € X.

Hence we conclude that

D(p1(x), Ga(w, p(g91()), -, 0(gn(2))) < BN1s -+ 00) + 17,

for each x € X.

Then, for a fixed ¢ > 0 and for every x € X there exists z, €
Ga(z,¢(91(2)), - .., p(gn(x))) such that

lp1(2) = zall < B0, -y m0) +77 + <.

Using the same argument like in the proof of Lemma 4.1 from [26] we infer

that for every e > 0 there exists a continuous function ¢o € To(p) such that

d(p1,02) < By M) +1+ €.
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It follows D(p1,To(p)) < B(n1,---,mn) + 7. From the analogous inequality:

D(p2,T1(¢)) < B(m,...,nn) + 17, for every pg € To(p) we get that

H(T1(p), Ta(p)) < B - 0m) + 1.
Making use of the estimate (6), we obtain
H(51,82) < (1 —max{a1,a2}) [B(m,....mn) +7]. O

Remark 5.3. For other applications see (2], [3], [7], [8], [11], [24].
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ON SOME CLASSES OF HOLOMORPHIC FUNCTIONS

DORINA RADUCANU

Dedicated to Professor Petru T. Mocanu on his 70" birthday

Abstract. In this note we define two classes of functions, which are called
a-starlike and a-harmonic starlike and we obtain some properties concern-

ing these classes.

1. Introduction and preliminaries

Let C™ be the space of n-complex variables z = (z1,...,2,) with the
norm ||z|| = max |2i|. The unit polydisc {z € C™: ||z|| < 1} is denoted by P.
Let H(P) be the family of all holomorphic functions from P into C. The
Fréchet derivative of f € H(P) is

Df(z) = (g(z),...,£(2)> , z€eP

2
and D?f(z) = ( oF z)) is the Fréchet derivative of the second order of
02,0z \<kj<n
f.
Let A denote the class of all functions f € H(P) which satisfy the conditions
0
f(0) =0 and —f(O)zl,lgkgn.
8zk

In several papers K. Dobrowolska, J. Dziubinski, R. Sitarski [1], [2] and E.
Janiec [4] have studied the subclasses of the class A consisting in starlike and convex
functions.
Let S*(P) be the class of all functions f € A, f(z) # 0 for all z € P\ {0},
satisfying the condition
zDf(z)

ReW >0, for zeP (1)

Paper presented at the International Conference on Complex Analysis and The 8th Romanian-Finnish

Seminar, Iasi, 23-27 August 1999.
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where D f(z)" is the transpose of D f(z). The functions of this class are called starlike
on P.
Let S¢(P) be the class of all functions f € A, zDf'(z) # 0, z € P\ {0}, for

which
2D%f(2)2
zDf(z)

where 2z’ is the transpose of z. The class S¢(P) is the class of convex functions on P.

Re(l—i— )>07 for zeP (2)
We shall use the following theorem to prove our results.
Theorem 1. [3] Let q be a holomorphic and univalent function on U = {z €
C: |z| < 1} without at most one point ( € U, which is a simple pole. Letp: P — C
be a holomorphic function on P with p(0) = q(0). If p(P) ¢ q(U), then there exist
Co €0U, 19 € (0,1), 20 € roP and m > 1 such that

p(20) = q(Co) 3)
20D f(z0)" = mCoq' (¢o) (4)
20D? f(20) 2, m Re oq" (o)
Re <1+ zoD f(z0)' ) =mh (1+ 7' (o) > )

2. Main results

Let a be a complex number. A function f € A, f(z) #0, z € P\ {0} is

called a-starlike on P if the function
G(z)=(1—a)f(2) +azDf(z)!, for zeP (6)

is a starlike function on P. We denote by S%(P) the class of a-starlike functions on
P.
Since G € S*(P), from (1) and (6) it follows that a function f is a-starlike

on P if
Re |p(z) + a%} >0, forall zeP, (7)
where p(z) = Z,;{Z(;)/

The definitions of the classes S*(P), S¢(P) and SZ(P) imply immediately
S§(P) = S*(P) and S7(P) = S¢(P).
Theorem 2. If f € S%(P) and o € C with

1
< 3 then f € S*(P).

|

a3
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2Df(2) _
Proof. We assume that RGW # 0forsome z € P. Let ¢ : U\ {1} - C
z
be the function defined by ¢(z) = 1 + z.
—z
D /
If p(z) = z fj(;(;) , 2 € P then we have p(0) = ¢(0) = 1 and p(P) ¢ q(U).

From Theorem 1 there exist & € U, ro € (0,1) and zy € roP such that p(zy) =
q(Co) and zoDp(z0)" = mCoq'(Co), m > 1. It follows Rep(z) = Req(¢o) = 0 and
z0Dp(z0)" < 0. We obtain

20Dp(20)’ 20Dp(z0)’ 2
R = R — .
e e o ] = e gy el el
1 D !
Since |a — =| < % it follows Re [p(zo) + M < 0 which contra-
1 —a+ ap(z)
. zDf(z)
dicts (7). We get Rew > 0 for all z € P and then f € S*(P).
z

The notion of a-starlikeness was introduced with the help of the generalized
arithmetical mean of the functions f(z) and zDf(z)’. We now consider a new class
of functions using the generalized harmonic mean of the functions f(z) and zDf(z)’.

Let « be a complex number. The function f € A, f(z) # 0, zDf(z)" # 0 for
z € P\ {0} is called a-harmonic starlike if the function F' : P — C defined by

1 _1—a «

F(z) ~ f() 2Df(z)

for zeP (8)

is a starlike function on P.

We denote by SH(P) the class of a-harmonic starlike functions on P. We
have SH;(P) = S*(P) and SHf(P) = S°(P). Using (1) and (8) it follows that a
function f belongs to the class SH(P) if

Re |p(z) + szg)Z)/ —(1— a)cﬁ(z))/p(z)] >0, forall zeP, (9)
where p(z) = Z,;J(;()Z)/

1

1
Theorem 3. If f € SHX(P) and a € C with | — 2‘ > 5 then f € S*(P).

The proof is similar with the proof of Theorem 2.

Remark. The classes S¥(P) and SH(P) are the extensions of the a-starlike
and a-harmonic starlike functions in the unit disc U = {z € C: |z| < 1} which were
obtained by N.N. Pascu [5] and N.N. Pascu, D. Raducanu [6].

125



DORINA RADUCANU

References

[1] K. Dobrowolska, J. Dziubinski, On starlike and convez functions of many variables,
Demonstratio Math. 11(1978).

[2] J. Dziubinski, R. Sitarski, On classes of holomorphic functions of many variables starlike
and convex on some hypersurfaces, Demonstratio Math. 13(1980).

[3] S. Gong, S.S. Miller, Partial differential subordinations and inequalities defined on com-
plez circular domains, Comm. in Partial Diff. Equations, 11(1986).

[4] E. Janiec, On starlike and convex maps of a Banach space into the compler plane,
Demonstratio Math. 2(1994).

[5] N.N. Pascu, Alpha-starlike functions, Bull. Univ. Bragov, CXIX, 1977.

[6] N.N. Pascu, D. Riducanu, Generalized means and generalized convezity, Seminar of
Geometric Function Theory, Preprint 3(1993).

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, ” TRANSILVANIA”
UNIVERSITY OF BrAsov, TuLiu MANIU, 50, 2200 BrRASOV, ROMANIA

126



	00contents
	01Events
	02Aouf_etall
	03GAL
	04HOSSEN
	05Hossen&Aouf
	06JAKAB
	07Okuyama
	08Ovesea&Radomir
	09PASCU
	10PASCU_etall
	11Pascu&Serbu
	12PESCAR
	13Rus_etall
	14RADUCANU

