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SOME REMARKS ON GROUPS OF POINTWISE SYMMETRIES OF
THIRD-ORDER ORDINARY DIFFERENTIAL EQUATIONS

GALINA BANARU

Abstract. A necessary and sufficient condition for a third-order ordinary
differential equation to possess a five-dimensional group of pointwise sym-

metries is established.

1. Introduction

The investigation of symmetries groups of differential equations in general
(and of ordinary differential equations in particular) is one of the most important
problems of differential equations geometry. The author of the present article studies
third-order ordinary differential equations. Before that [1] the author obtained a
complete solution of the problem in the case when such an equation has a seven-
dimensional or a six-dimensional group of pointwise symmetries: the corresponding
criteria have been obtained. (We recall [2] that seven is the maximum of the possible
dimension of the pointwise symmetries group of a third-order ordinary differential
equation). The present work is devoted to the analysis of the problem in the case

when the dimension of the pointwise symmetries group is equal to five.

2. Preliminaries

We consider a third-order ordinary differential equation

"

y" = f(x, 9,9, y") (1)

given on a plane where the pseudo-group of point analytical transformations of coor-
dinates acts:
T =i(z,y); §=p2(z,y).
2000 Mathematics Subject Classification. 53C10.
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The equation (1) is bound in an invariant way (concerning the given transforma-
tions) with such a geometrical object as a fiber space with a connection. The Cartan

structural equations of the above-mentioned fiber space looks as follows:

Dwt = w! Awi +Q

Dw? = w' ANw? + w? AWl

Dw? =wiA (Wi —wl) +w Awd +w? Aw];
Dufy = wii A (wh —2w1) +wf Awly + 03, (2)

Dwi = w' Awi, + 91
Duwi = wh Awi + Q3

Duwiy = wi Awjy + Q.

The torsion-curvature forms of the equations (2) looks as follows:

1
ol = i(awf + bw?)) A w?
1
03 = i(cw1 —ewd) Aw?
1 1
Qf = §(gw1 + hw? + kwi) Aw? + ibwfl Aw? (3)

1

02 =
279

1
[Bgw' + (3h — 2m)w? + (3k — 2a)w? ] Aw? + §bwf Aw?y
1 1 1
07, = (56 +g)w' Awi+ §[nw1 +rwi + (h+m)w? ] Aw? + (ia —k)w? AWl
The coefficients

a7b7c7eﬂg7h7 k7m7n77’. (4)

being present in the torsion-curvature forms make up a complete system of differential
invariants of the equation (1). They completely characterize the equation (1)and,

thus, determine its geometry. The differentials of the invariants are as follows:
da + 2a(wi — w3) — bwi; = hw' + ...
db + b(3w; — 2w3) = (k — a)w' + ...
dc — 3cw] = oy
de — e(w; +w3) = 09 (5)

dg — g(wi +w3) = 03
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dh+ h(w] —2w3) + (a — k)wi; = 04
1 2y _
dk + 2k(w; — w3) = o5
dm 4+ m(wi — 2w3) = (r + be)w' + ...
dn — n(2wl 4+ w?) — (g + e)wi, = o
dr — 2rw? — mwi, = o7.
The right parts of all equalities are linear combinations of the main forms of the
second-order tangent element: w!, w? w? w? . We denote such combinations by the
symbols o;,0,5. From the given relations it is seen that the differential invariants
of the equation (1) are either relative invariants or become relative invariants when
some relative invariants vanish.

3. The main result

Now, we consider the invariant c. According to (5),
dc — 3cwi = 0. (6)

Thus, c is one of the invariants that is relative from the beginning. For this reason for
¢, as well as for any relative invariant, two different cases are possible: ¢ = 0 and ¢ # 0.
From the multitude of third-order ordinary differential equations we select those for

which the invariant c is different from zero and all others differential invariants vanish:
a=b=e=g=h=k=m=n=r=0. (7)

Let us do the canonization ¢ = 1. In extracted particular case according to
, the differential form wj will be a linear combination of the main forms of the
6), the differential f b will be a li binati f th in f f th

second-order tangent element:
wh =t + tw? + taw? + taw?, (®)

where t,t1,%9,t3 are some new invariants. Having an exterior differentiation of the

equality (8), we shall find the relations for differentials of these invariants:
dt = gs; dtl — tlwg = 09,

dtg — tgwg = 010, dt3 — tgwg =011- (9)
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The obtained relations show that the coefficients ¢1,t5 t3 are relative invariants and
t is an absolute invariant.
The exterior differentiation of (8) will give us another useful equality:
wiy = pw' + p1w? + pawi + pswi,. (10)
(Here p,p1,p2 p3 are new invariants of the equation (1) we are interested in). Having
an exterior differentiation of (10), we get:
dp = 019; dpy — prws = 013;
dpy — pow3 = 014; dps — pswi = 015. (11)
Therefore, p1, p2, p3 are relative invariants and p is an absolute invariant.
Let us select the case when all the "new” relative invariants vanish:
th=ty=1t3=p1=p2=p3=0. (12)
In this case the equalities (8) and (10) will look as follows: w} = tw!; wi; = pw;, and
the Cartan structural equations (2) will be written down as follows:
Dw' = Dw3 =0
Dw? = wh Aw? +w? AWl
Dw? = wi A (W3 —twh) + W' A (Wl — pw?) (13)
1
Dw3 = w? A (w3 — 2tw!) +wh A (§w2 — pwi).
Having an exterior differentiation of (13), we shall be convinced that (13) are structure
equations of a some transformations group. The dimension of this group is equal to

five. For the equation (1) that we are interested in the group mentioned is a group of

pointwise symmetries (in the selected particular case). So, we have proved

Proposition 1. If ¢ # 0 and equalities (7) and (12) are fulfilled, then the equation
(1) has a five-dimensional group of pointwise symmetries. The structure equations of

this group looks as (13).
It turns out that the inverse statement is also true.

Proposition II. If the equation (1) has a five-dimensional group of pointwise sym-
metries, then ¢ # 0 and equalities (7) and (12) are fulfilled.
6



SOME REMARKS ON GROUPS

Proof. Assume the equation (1) possesses a five-dimensional group of point-
wise symmetries. Then among its differential invariants in (4) there is at least one that
is different from zero. Otherwise [1], the symmetries group is the seven-dimensional
group g2,6(3) (using the Cartan’s terminology [3]).

Let I be one of the relative invariants of the equation (1). Then its differential

satisfies the equality:
dI + I(s1w] + s5w3) = rw! + row? + r3w? 4 rywiy. (14)
We assume that I # 0. Canonizing [ L3 1, from (14) we obtain:
s1w1 + sows = riw' + row? + 3wl + raw?). (15)

Having an exterior differentiation of this equality, as one of differential results we

obtain the relation:
dry —rwi + (51 + s9)wi;, = o.

The invariant 7, (like the others invariants of the equation (1)) must be a constant in
the case when (2) are the structure equations of the symmetries group of (1). Under

this condition the last equality looks as follows:
—riwi + (51 4 s2)wi; = 0. (16)

Now, we assume that the invariant s, is different from zero and express the differential

form w3. Substituting the relation for w? in (2), we obtain:

S1

Dw? = wh Aw? 4+ w? A( wh +5).

S9
We have an exterior differentiation of this equality. Among others we obtain the

following relation:

S1
—— =1, 0ors;+ 5 =0.
52

As seen from (5), among the relative invariants only the invariant k satisfies this
condition. But being different from zero, the invariant k& does not suit us for the
reason that if we admit that the equation (1) has not any other invariants different
from zero, then the symmetries group will be the six-dimensional group gs. If at
least one invariant is different from zero, then according to (15) and (16) the forms

7
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1

wi, w2, wi will turn out to be dependent on w?

,w? w? w2 and, thus, the symmetries
group can not have a dimension more than four.

Hence, all the relative invariants from (4) for which s2 # 0 must vanish.
Therefore

b=e=g=k=m=0=a=k=0.

Moreover, the coefficients h,n, become relative invariants for which s # 0. If we
consider this fact as mentioned before, we can come to conclusion that h =n =r = 0.

Only the invariant I = ¢ satisfies the condition so = 0. Therefore, ¢ # 0.

In this case, as it is mentioned before, the forms w! and w}; are expressed in
a linear way though the main forms of the second order tangent element. If we admit
that any of invariants ty,ta,t3, p1, pe2, ps, are different from zero, then owing to (9)
and (11) the form w3 will also be dependent on w!,w?, w?, w?, and so the symmetries
group can not have a dimension more then four.

That’s why, in the case we are interested in t; =ty =t3 = p; = ps = p3 = 0.

The Proposition II is proved completely.
Proposition ITI. The structure equations (13) determine the transformations group
g5,5-
Proof. We substitute
wt = 0% w? =0 Wi =0] +1te?
w?=0l+1t0! Wi = -0k, +tel +pol.
According to the substitution, the equations (13) may be written down as follows:
DO? = DO =
De'=e're; +e%*r06)
DO} =0, 0% +0iA0] (17)
DOL, = 02 A ((2p — 12)0L — %@1) ol el

Now, we use the structural equations of the group gss for the third-order ordinary

differential equation [3]:

DO'=0'A0] +0%A0)
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DO* =0
DOi =0
DO} =03, A% + 05 A0
DO}, = 02 A (my©03 +m30') + 03, A O7].
It is quite evident that (17) are structure equations of gs 5, in addition, mg =

2p —t2mg = —%. The Proposition IIT have been proved.

Remark. In our case the finite transformations of the group look as follows:
T =cz+Y(y);

y=y-+ca,

where 1(y) is the general solution of the equation
" 2 !/ 1
P — (7 = 2p)yp +§¢=0-

Taking together all the proved statements, we state the following result:

Theorem. Third-order ordinary differential equations have a five-dimensional group
of pointwise symmetries if and only if ¢ # 0, and conditions (7) and (12) are fulfilled.
In addition, the only possible group of pointwise symmetries is (with the precision to
an isomorphism) the group gs 5.
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ON SPECTRA OF SOME TENSORS OF SIX-DIMENSIONAL
KAHLERIAN SUBMANIFOLDS OF CAYLEY ALGEBRA

M.B. BANARU

Abstract. The spectra of the metric tensor, of the almost complex struc-
ture, of the fundamental form, of the Riemannian curvature tensor, of the
Ricci tensor and of the Weyl tensor of six—dimensional Kéhlerian subman-
ifolds of Cayley algebra are computed.

It is proved that six—dimensional K&hlerian submanifolds of Cay-
ley algebra are C'RK—manifolds, i.e. their Weyl tensor of conformal cur-

vature is J—invariant.

1. Preliminaries

We consider an almost Hermitian manifold, i.e. a 2n—dimensional manifold
M?" with Riemannian metric g = (-,-) and an almost complex structure .J. Moreover,

the following condition must hold
(JX,JY)=(X,Y), VX,Y e RM?™),

where R(M?") is the module of smooth vector fields on M?". All considered manifolds,
tensor fields and similar objects are assumed to be of the class C*°.

The specification of an almost Hermitian structure on a manifold is equivalent
to the setting of a G—structure, where G is the unitary group U(n) [1]. Its elements

are the frames adapted to the structure (A—frames). They look as follows:

(p7 517"'7€na5T7"'a5ﬁ)7

where p € M?", ¢, are the eigenvectors corresponded to the eigenvalue i = /—1,
and g5 are the eigenvectors corresponded to the eigenvalue —i. Here a = 1,...,n;

a=a-+n.

2000 Mathematics Subject Classification. 53C10, 58C05.

Key words and phrases. almost Hermitian manifold, Kaé&hlerian manifold, tensor spectrum, CRK-

manifold.
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Therefore, the matrices of the operator of the almost complex structure and

of the Riemannian metric written in an A—frame look as follows, respectively:

where I, is the identity matrix; k,j = 1,...,n.
We recall that the fundamental form of an almost Hermitian manifold is

determined by
F(X,Y)=(X,JY), X,Y €RM™).

By direct computing it is easy to obtain that in an A—frame the fundamental form

matrix looks as follows:

It is expedient to consider the other tensors written in an A—frame. This
corresponds to the problems of the study of almost Hermitian manifolds. We remark

that the notion of the tensor spectrum was introduced by V.F. Kirichenko [1].

2. Kahlerian structure on M% c O

Let O = R8 be the Cayley algebra. As it well-known [2], two non—isomorphic

three fold vector cross products are defined on it by means of the relations
PI(X,)Y,2)=-XY2)+ (X, Y)Z+ (Y, Z)X — (Z,X)Y,

PyX,Y,Z) = —(XY)Z + (X, Y)Z + (Y, Z)X — (Z,X)Y,

where X,Y,Z € O, (,-) is the scalar product in O, X — X is the conjugation
operator. Moreover, any other three fold vector cross product in the octave algebra
is isomorphic to one of the above—mentioned.

If M® C O is a six-dimensional oriented submanifold, then the induced

almost Hermitian structure {J,,g = (-,-)} is determined by the relation
Jo¢()(>:POL(AXV761,62)7 04:1,27

where {e1, eo} is an arbitrary orthonormal basis of the normal space of M® at a point
p, X € T,(M®) [2]. The submanifold M® C O is called Kéhlerian, if the following
12
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condition is fulfilled
VJ =0,

where V is the Levi-Civita connection of the metric. The point p € M is called
general [3], if

eo & T,(M®) and T,(M®) C L(eg)™,
where e is the unit of Cayley algebra and L(eg)" is its orthogonal supplement. A
submanifold M% C O, consisting only of general points, is called a general-type
submanifold [3]. In what follows all submanifolds M to be considered are assumed

to be of general-type.

3. Riemannian curvature tensor spectrum

The tensor of the Riemannian curvature (or Riemann—Christoffel tensor)
plays an important role in the geometry of manifolds. The outstanding American
mathematician Alfred Gray noted [4] that the identities the Riemannian curvature
tensor satisfies are very important for the study of almost Hermitian manifolds. Tak-
ing into account the properties of the symmetry and of the reality of this tensor as
well as the Ricci identity [5], [6], it is sufficient to obtain four (out of sixteen) types
of components, that determine completely its spectrum.

Now, let M% C O be a six-dimensional K#hlerian submanifold of the octave

algebra. In [7] the Cartan structure equations of Kéahlerian have been obtained:

dw® = w A wb;

dw, = fwg A Wp;

dwp = wi N\ wp — ngTngh AwY,
where {T}[;} are the components of the configuration tensor of M® [8] (or the Euler
curvature tensor [9]). Here and further a,b,¢,d,g,h = 1,2,3; a = a+ 3; k,j,m,l =
1,2,3,4,5,6.
Taking into account the fact that the Cartan structure equations must look

as follows:

dw® = wf Awl;

k

1
k k 1
dwji = wp, Awj" + iijlwm Aw',

13
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we compute the spectrum of the Riemannian curvature tensor of six—dimensional

Kéhlerian submanifolds of Cayley algebra. We get such values
Roped = Rapea = Ryp.q = 0, (3)
Raea = 2T, Ty
We remark that the condition
Raped = Rapea = Rj., =0 (4)

is a criterion [10] for an arbitrary almost Hermitian M% C O to belong to the class
of Rl-manifolds (in A. Gray’s terminology [4], or parakdhlerian manifolds [11], or
f—spaces [12]). But, however, A. Gray has proved [4] that every Kéhlerian manifold
is parakéhlerian. That’s why (4) could be obtained from the above—mentioned result

[10].

4. Ricci tensor spectrum

We recall that the Ricci tensor of a Riemannian manifold [5], [6] is determined

by the relation
TiCk; = Rfcjl.
In view of the reality of the Ricci tensor for determining of its spectrum it is sufficient

to find the components ricq, and riczp. From (3) we get:
. . . - 7 7
ricey =0, 7Ticagy, = —2T5:T 4.

Since the condition ric,, = 0 is a criterion for an arbitrary almost Hermitian manifold

to possess a J-invariant Ricci tensor [13], we have the following Theorem.

Theorem 1. Every siz—dimensional Kahlerian submanifold of Cayley algebra pos-

sesses a J—invartant Ricci tensor.

5. Weyl tensor spectrum

Now, we give the values of Weyl tensor spectrum of six—dimensional Kéhlerian

submanifolds of the octave algebra. This tensor is determined by

Wijki = Rijr +

— (ricikgji + ricjigic — ricugir — TiciRgi)+

14
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(n_ 1)(n_2) gjkgll g]lglk )

where K is the scalar curvature of M [6]. Like in the case of the Riemannian curvature
tensor, proceeding from the properties of the Weyl tensor, it is sufficient to find the

components
Wabcda Wabcda W?L@cd’ Wabeda

that determine completely the Weyl tensor spectrum. We obtain such values

Wabcd = Oa Wabcd = Oa

K

1
W Ty 04 + T T 68 — T5 T 00 — TL T 64) + %

_ b
abed — 75( 603?
1

Wapea = —2TLT), + 5

K
(TL Tt + TS5 Tiy08) + 0%
As the condition

Wabea = 0

is a criterion for an arbitrary almost Hermitian manifold to belong to the C RK—class

(or cR3—class [14]), we obtain the following Theorem.

Theorem II. FEvery siz—dimensional Kahlerian submanifold of Cayley algebra is a

CRK-manifold.

6. Table of classical tensors of six-dimensional K&ahlerian submanifolds of

Cayley algebra

Let us put together the obtained results. The spectra of the structure ten-
sors and of the fundamental form are found from (1) and (2). We remark that all
these data define more exactly the result [15] obtained on six—dimensional Hermitian

submanifolds of Cayley algebra.

15
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Tensor Tensor spectrum
Almost complex Jg = 1idy, Jl‘? =0, JT(: =0, J?‘? = ik
structure
Riemannian Gab, Yab =04, G5 = 5, 9.5 =0
metric
Fundamental Faoy, Fap = —idy, F;= 0%, F;=0
form
Riemannian Rapeda =0, Rapea =0, Ryp.,=0,
curvature tensor Raveqd = _2Ta76Tb7d
Ricci tensor ricgy =0, ricg, = —2Ta72TC7b
Weyl tensor Wabea =0, Wapeq =0,
Wepeg = —3(T5 T .04 + TE T 08 — T Ty 00—
—TET5.08) + 35004,
Waea = =251, + 5 (TL Ty 05 + T2 T7,06)+
+256508
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ON SEPARABLE EXTENSIONS OF GROUP GRADED ALGEBRAS

ILUSCA BONTA

Abstract. We study extension A — B of G-graded O-algebra, when G
is a finite group. Such extensions occur when we consider blocks of nor-
mal subgroups and the associated graded source algebra, and we prove a
refinement of a lifting theorem by B. Kiilshammer, T. Okuyama and A.
Watanabe.

1. G-graded interior algebras

1.1. Let G be a finite group and let O be a complete discrete valuation ring with
residue field k = O/J(O) of characteristic p > 0. Let A = P 54y and B =
é e B, be two G-graded O-algebras, and recall that the O-algebra homomorphism
f: A — Bis called G-graded if f(A,) C B, for all g € G.

IftM=& M, is a G-graded (A, A)-bimodule, we shall consider the O-

zeG
submodule

M* ={m e M | am = ma for all a € A}.

We say that B is a G-graded A-interior O-algebra if B is a G-graded (A, A)-
bimodule and (za)y = x(ay) for all a € A, z,y € B. Observe that in this case,
the map f: A — B, (a) = alp = lpa is a unitary homomorphism of G-graded
O-algebras. Conversely, given a unitary homomorphism 5: A — B of G-graded
(O-algebras, then B becomes a G-graded A-interior O-algebra in an obvious way.

Let B be a G-graded A-interior O-algebra. It is well-known that B ® 4 B
is a G-graded (B, B)-bimodule, where if z € By and y € Bj, then, by definition

r®4Y € (B®a B)gn. Remark that the multiplication map
p:B®aB— B, plr®ay) =y

for z,y € B is a homomorphism of G-graded (B, B)-bimodules.

19
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Lemma 1.2. Let B be a G-graded A-interior O-algebra and let p: B®4 B — B
denote the map of G-graded (B, B)-bimodules satisfying p(z ® y) = xy for z,y € G.
Then the following statements are equivalent:

(1) There exists a homomorphism v : B — B ®4 B of G-graded (B, B)-
bimodules such that pov = 1p.

(2) There exists an element w = Zle z; ®y; € (B®a B)P where x;,y; are

homogeneous elements such that Z?Zl z;y; = 1B.

Proof. 1f (1) holds, let v: B — B®4 B be a map of G-graded (B, B)-bimodules such
that pov =idg, and let w = v(1p).

Then w € (B ®4 B)? and p(w) = pu(v(1p)) = 1p. Since w has the form
w = 2?21 x; ®y; and each x;, y; is a sum of homogeneous elements, we may clearly
assume that z;,y; are homogeneous, so (2) holds.

Conversely, assume that (2) holds. Since p(w) = Z?Zl zjy; = 1 € By, it
follows that if z; € B, then y; € B,-1, so w € (B ®4 B);. Then the map

v:B— B®u B, v(z)=aw=uwz

is a homomorphism of G-graded (B, B)-bimodules, as for z, € B, we have v(z,) =

zqw € (B®4 B)g. Moreover, for all z € B p(v(z)) = zu(v(l)) = zp(w) = zlp = z.

1.3. Wessay B is a separable G-graded A-interior O-algebra, if the equivalent condition

of Lemma 1.2 are satisfied.

This discussion is motivated by the following situation considered in [3] and
[4].

Let H be a finite group, N a normal subgroup of H and let G = H/N. Then
the group algebra OH can be regarded as a G-graded algebra, and ON is also an
H-algebra. Let b € Z(ON) be a block independent, and assume that b is G-invariant,
that is, b € Z(OH). Then the algebra B = bOH is a strongly G-graded O-algebra.
Note that 8 = {b} is a point of N on By and a = {b} is a point of H on Bj.
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Let P, be a defect pointed group of H,. Recall that if
Brp': BY — By /() TeBP + J(0)BY)
Q<P
is the Brauer map, then there is a primitive idempotent i € Bf such that B?"Ifj1 (i) #0,
and 7 is the point of B’ containing i. The interior O P-algebra A := iBi = iOHi is
called a source algebra of B. By [4, Proposition 3.2], A is a strongly G-graded algebra
and the structural map OP — A, u — iu = ui is a homomorphism of G-graded

algebras in a natural way (the degree of u € P is ulN € G).

Lemma 1.4. With the above notations, the algebra A is a separable G-graded OP-
interior O-algebra.

Proof. By [5, Lemma 14.1] there are elements a,b € BY such that 1 = Tr (aib).
Consider the element

v=Y_ hai®ibh '€ OH®@cp OH,
he[H/ P]

where [H/P] is a set of representatives for the left cosets of P in H. Then as in [2,
Lemma 4], vh = hv for all h € G and }_,c(yy/p) haibt—! = TrA (aib) = 1p. It follows
that the element w = ivi € (A ®op A)? satisfies u(w) = i = 14, hence by Lemma

1.2, A is a separable G-graded O P-interior algebra.

2. The lifting theorem

The following result is a generalization to the case of G-graded algebras of

[2, Theorem 3].

Theorem 2.1. Let B be a separable G-graded A-interior O-algebra, let I be an G-
graded ideal in an arbitrary G-graded A-interior O-algebra C such that I C J(I), and
let p: B — C/I be a unitary homomorphism of G-graded A-interior O-algebras.
Suppose that there exist a map of G-graded (A, A)-bimodules 79: B — C such
that 7o(x) + I = p(x) for x € B. Then there exists a homomorphism of G-graded
A-interior O-algebras 7: B — C such that 7(z) + I = p(x) for x € B.
Moreover T is unitary and unique up to conjugation with elements in 1+ I{*.
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Proof. Since B is a separable G-graded A-interior O-algebra there exists an element
w = Z§:1 z; ®y; € (B®a B)? with x;,y; € B homogeneous elements such that
Y1y = 1p.

The counstruction 7 is given in [1, Theorem 3]. We only have to verify that 7
is grade-preserving.

Consider the map of (A, A)-bimodules
6: B®AB_’I2n7 9(x®y) :Tn(xy) _Tn(x)Tn(y)

for x,y € B. If z, € By and y, € By we have x4y, € By, because B is a G-
graded A-algebra. We know that 7, is a G-graded map of (A, A)-bimodules, so
T(xgyn) € Cyn and 7(xy) € Cq,7(yn) € Cp (hence 7(xg)7(yn) € CyCh C Cyp).
Finally, 7, (z4yn) — Tn(2g)Tn(yn) € Cgpn, so 0(z @ y) € 7" n Cyp. This means that 0
G-graded.

Consider the map of (A, A)-bimodules

MB@AaBRAB—I", Mzy®:z)=0(xy)m(2).

If z, € By, y» € By and 2, € B; we have x4y, € By, and 2z € B;. Since 0
and 7, are G-graded, we have 0(z, @ ys) € I*" N Cy, and 7,(z) € I*" N Cp. Tt
follows that 6(z, ® yn)7s(21) belongs to (12" N Cyup)(I*" N C;) C I?" N Cypy, hence
Mzy @ yn @ 2;) € I?" N Cypy. Then

n:B— 1", 77(17):)\(x®w):29(z®xj)rn(yj)
is a map of G-graded (A, A)-bimodules with

T(@)0(y) — n(ay) + (@)1 (y) + 12 = T(ay) — ml(@)mly) + 127

If x4, € By then 2, @ w € B®4 B, and since X is G-graded, we obtain A\(zy @ w) €
" n Cy. It follows that 7 is G-graded. We get a map of (A, A)-bimodules

Tat1: B — C,  7mhi1(z) = m(z) + ()
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with 741(2) + 12" = 7(2) + 17" and 71 (2)T0g1 (v) + 127 = T (ay) + 127
for z,y € B. Since 7, and 1 are G-graded, if z, € B, we have 7,(z4) € C, and
n(xy) € I*" N Cy, s0 T,(xy) +n(x,) € C,y. Consequently 7,41 is G-graded.

We have constructed the sequence (7,,)5% . Since I C J(C) the map

7:B—C, 7(z)= lim 7,(x)

n—oo

is a well-defined unitary homomorphism of G-graded A-interior O-algebras such that
T(x)+ I =70(x) + I = p(z) for x € B.

Finally, suppose that 7/ : B — C is another homomorphism of G-graded
A-interior O-algebras such that 7/(z) + I = p(x) for € B. Then

5:B—1, 6x)=r1(x)—"7"(2)

is a map of G-graded (A4, A)-bimodules such that §(zy) = 7(z)d(y) + d(x)7'(y) for
x,y € B and clearly ¢ is grade-preserving.
We consider the map of (A4, A)-bimodules

®:BoaB—I, dzxy)=r1(2)y)

for x,y € B and let a = ®(w) = Z§:1 7(2;)8(y;) € I{. If 2, € By and y;, € By,
then, since 7 and 6 are G-graded we have 7(x4)d(yn) € Cy(I N Ch) C I N Cyp, hence
® is G-graded too. Because B is a separable G-graded A-interior O-algebra, there
exists an element w = Zle r; ®y; € (B®a B)P where x;,y; are homogeneous
elements such that Z?Zl zjy; = 1p imply w € (B®4 B);. We have that ® is a map
of G-graded (A, A)-bimodules. Therefore, if 2; € B, and y; € By-1 then 7(z;) € Cy
and §(y;) € INCy_1, so 7(x;)0(y;) € A NCy = I
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ON THE EIGENVALUE PROBLEM FOR A GENERALIZED
HEMIVARIATIONAL INEQUALITY

ANA-MARIA CROICU

Abstract. In this paper the eigenvalue problem for a generalized hemivari-
ational inequality is studied. Some general existence results are obtained.

Applications from Engineering illustrate the theory.

1. Introduction

The mathematical theory of hemivariational inequalities and their applica-
tions in Mechanics, Engineering or Economics, were introduced and developed by
P.D. Panagiotopoulos ([38], [39], [40], [41], [42], [44]). This theory has been devel-
oped in order to fill the gap existing in the variational formulations of boundary value
problems (B. V. P.s) when nonsmooth and generally nonconvex energy functions are
involved in the formulations of the problem. In fact, this theory of hemivariational
inequalities may be considered as an extension of the theory of variational inequalities
([16], [23], [27], [26]). For a comprehensive treatment of the hemivariational inequality
problems we refer to the monographs ([39], [44], [36], [35]).

Until now many hemivariational inequalities have been formulated and stud-
ied ([36], [37], [43], [39], [14], [2], [17], [45], [35], [48], [31], [19], [3], [29], [30], [15],
[1], [28], [18], [8]), and eigenvalue problems for hemivariational inequalities have been
presented ([22], [33], [34], [20], [46], [7], [10], [6], [21]).

The study of eigenvalue problems for hemivariational inequalities has a deep
practical motivation. For instance, the loading-unloading problems and thus also the
hysteresis problems are typical examples for the theory of hemivariational inequali-

ties and can be reduced to the study of the eigenvalue problem. Indeed, D. Motreanu

Key words and phrases. Hemivariational inequlities, Eigenvalue problems, Clarke subdifferential, Mono-

tone operator, Set-valued mappings.
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and P. D. Panagiotopoulos ([44], [32]) proved that the global behaviour of a loading-
unloading problem of a deformable body is governed by a sequence of hemivariational
inequality expressions, one for each branch. They proved that the changing of branch
leads to an eigenvalue problem. The stability of a Von Karman plate in adhesive con-
tact with a rigid support or of Von Karman plates adhesively connected in sandwich
form is another motivation for the study of eigenvalue problems for hemivariational
inequalities ([24], [25]). Recent papers deal with eigenvalue hemivariational inequali-
ties on a sphere-like type manifold ([6], [7]), with nonsymmetric perturbed eigenvalue
hemivariational inequalities ([10], [46]), which imply applications in adhesively con-
nected plates, etc.

In this paper we deal with a type of eigenvalue problem for a hemivariational
inequality governed by two variable operators. The hemivariational inequality, which
gave rise to the problem studied here, was introduced in [12], [11] as an extension
to several hemivariational-variational problems. The aim of the present paper is
to provide general existence results of the solutions on real Banach spaces and real
reflexive Banach spaces. Finally, we illustrate our theoretical results by an application

to Engineering.

2. The abstract framework

We assume that the following statements are valid:

(H1) V is a real Banach space endowed with the norm topology, and V* is
its dual endowed with the weak*-topology. Throughout the paper the duality pairing
between a Banach space and its dual is denoted by < .,. >;

H2) T:V — LP (Q, §Rk) is a linear and continuous operator, where
1<p<ook>1and 2 C R"is a bounded open set in n-dimensional Euclidean
space;

(H3) A:V xV ~» V* is a set-valued mapping;

The properties of the set-valued mapping A will be given later.

(H4) j = j(x,9) : 2 x R¥ — RN is a Caratheodory function, which is locally

Lipschitz with respect to the second variable and satisfies the following assumption:

3hy € L7T (Q,R) and hy € L™ (Q,R)
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such that
2| < hy () + he (2) [y|P~" ae. z € Q,Vy e R*,Vz € 0j (x,y)
where,

j(x,y/ + th) — ] <x7y/)
t

3" (x,y) (h) =1lim sup

y' =y

t—0t

is the (partial) Clarke derivative of the locally Lipschitz mapping j (z,.) , x € Q fixed,

at the point y € R¥ with respect to the direction h € R*, and
9j (z,y) ={z€R": (z,h) < j%(z,y) (h) ,VheR"}

is the Clarke generalized gradient of the mapping j (,.) at the point y € R*.

We recall some basic concepts, which are needed to formulate the problem
under consideration.
Definition 1. We say that the set-valued mapping A : V ~» V* is monotone if it

satisfies the relation

(f—g,u—v>20 ,VU,UE‘/,VfEA(U;),VgEA(U)-

Definition 2. We say that the set-valued mapping A(.,v) : V ~» V*, wherev € V
fized, has the monotone property (M) if it verifies the relation

sup (f,u—wv)> sup (g,u—v) ,Yu€eV. (M)
feEA(u,v) geEA(v,v)

Remark 1. Every set-valued mapping A (.,v) : V ~» V* (where v € V is fized) which
is monotone has the monotone property (M), but the inverse is not always true.

Definition 3. The set-valued mapping A : V ~» V* is said to be concave if

(1—a)A(z1)+ad(z) 2A((1— )z +azz) ,Va €[0,1],Vey, 20 € V.

Definition 4. The set-valued mapping S : V ~» V* defined by
Sui={f e V* Il = llull, {fu) = Jull’} Yu e v

is called the duality map of V.
The duality map has the following representation:
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Proposition 1. (see [4]) For everyu €V , Su =0 (% ||u||2) .

Because the Banach space V' is endowed with the norm topology and its dual
V* is endowed with the weak*-topology then, according to [35], [9], [5], [13], we can
state some properties of the duality map:
Theorem 2. Duality map S has the following properties:

(i) for every u € V, the set Su is conver and

for every A € R, for every u € V, I (Au) = AS (u);

(i) the set S (u) is weakly*-compact, for every u € V ;

(iii) the duality map S is weakly*-upper semicontinuous.

The duality map S is successfully involved in the representation of the semi-
inner products.

The semi-inner products (.,.), : V x V — R are defined (according to

[13]) by

_ Ny +tal = Iyl

(@,y)y = lyll lim ;
oyl = lly — ¢
= lim R

(z,y) Iyl Jim, "

Remark 2. If V is a Hilbert space endowed with the inner product (.,.),, , then

(x.y), = (z,y)_ = (2,y)y , Yo,y € V.

Thus, let us note the representations of the semi-inner products:

Proposition 3. (see [13]): The following estimations hold:

(=, y), max {(f,z) : f € Sy}

(z,y). = min{(f,2):f € Sy}.

Our goal is to study the following problem (EP):
Find w € V, A € R\ {0} such that
sup  (f,v—u) +/ 3% (z, Tu (2)) (Tv (z) — Tu(z))dz > X (v —u,u), ,YveV
feA(u,u) Q
(EP)
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which is the eigenvalue problem corresponding to the hemivariational inequality prob-
lem (P):
Find v € V such that
sup (f,v—u)+ / 3% (z, Tu (2)) (Tw () — Tu(z)) dz > 0,Yv € V. (P)
fEA(uu) Q
Remark 3. In fact, the eigenvalue problem (EP) is equivalent with the following
problem:
Find uw e V,A € R\ {0} such that
sup (f,v) —|—/ 3% (z, Tu (2)) (Tw (z)) dz > Av,u), ,VveV.
feA(u,u) Q
Because our approach is based on the results obtained for the problem (P),we will take
into account the earliest formulation of the eigenvalue problem (EP).

For the general study of this eigenvalue problem (EP) we need some to recall
results about the existence of solutions of the problem (P).

Theorem 4. (see [12]) Assume that all the hypotheses (H1)-(H/) are satisfied. More-
over, the following assumptions hold:

(i) for each v € V, the set-valued mapping A (.,v) : V ~» V* has the monotone
property (M) and it is weakly*-upper semicontinuous from the line segments of V in
V*

(ii) for each u € V, the set-valued mapping A (u,.) : V ~» V* is weakly*-upper
semicontinuous;

(iii) there exists a compact subset K C V), and an element ug € V such that
the coercivity condition

sup  {(f,up—u) + / 3% (z, Tu () (Tug (z) — Tu (x))de <0 ,Yu € VNIK
feA(u,u) Q
holds;

(iv) for each u,v € V, the set A(u,v) is weakly*-compact.

Then the problem (P) admits a solution u € V.

If in addition A (u,u) is a convez set, then u is also a solution of the following
problem (Pc):

Findu eV, fe A(u,u) such that

(f,v—u>—|—/Qj0(a:,Tu(a:))(Tv(x)—Tu(x))dxzo , YwelV. (Pc)
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We define the set R(A,j,V) of asymptotic directions by

w eV |3 (up) C Vity = [[un]| = 00, wy = r2p = w,
R(A,j,V)=
inf reaqunun) (s tn) — fQ 3% (@, Tuy, (2)) (=Tup, () dz <0

Theorem 5. (see [11]) Assume that all the hypotheses (H1)-(H/) are satisfied, and
V' is a real reflexive Banach space. Moreover,

(i) for each v € V| the set-valued mapping A (.,v) : V ~» V* is weakly-upper
semicontinuous from the line segments of V into V* | concave and monotone;

(ii) for each u € V, the set-valued mapping A (u,.) : V ~» V* is weakly-upper
semicontinuous;

(i11) R(A,5,V)=0;

(i) for each u,v € V| the set A (u,v) is weakly-compact.

Then the problem (P) admits a solution.

If in addition the set A(u,u) is convex, then the problem (Pc) admits solution

also.

3. The main results

The aim of our study is to provide verifiable conditions ensuring the existence
of solutions to problem (EP). Our existence results concerning problem (EP) are the
following.

Theorem 6. Assume that all the hypotheses (H1)-(HJ) are satisfied. Moreover, the
following assumptions hold:

(i) for eachv € V| the set-valued mapping A (.,v) : V ~> V* has the monotone
property (M) and it is weakly*-upper semicontinuous from the line segments of V in
vV

(i) for each u € V, the set-valued mapping A (u,.) : V ~ V* is weakly *-upper
semicontinuous;

(i11) there exists a compact subset K C'V, and an element ug € V' such that

luoll < Jlull , Vu € VAK
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and
sup  (f,ug —u) + / 3% (z, Tu (z)) (Tug (z) — Tu (2)) de < 0,Yu € VNIK;
feA(uu) Q
(iv) for each u,v € V, the set A (u,v) is weakly*-compact.
Then for every X\ < 0, the problem (EP) admits a solution u € V.
If in addition A (u,u) is a convex set, then the following problem (EPc):
Findu e V,A € R\ {0}, f e A(u,u) such that

(fyv—u) —|—/j0 (x,Tu(z)) (Tv(z) = Tu(x))dxr > A(v—u,u), , YveEV
! (EPc¢)

admits a solution uw € V, f € A (u,u) for every A < 0.
Theorem 7. Assume that all the hypotheses (H1)-(Hj) are satisfied, and V' is a real
reflexive Banach space. Moreover,

(i) for each v € V| the set-valued mapping A (.,v) : V ~» V* is weakly-upper
semicontinuous from the line segments of V into V* | concave and monotone;

(ii) for each u € V, the set-valued mapping A (u,.) : V ~» V* is weakly-upper
semicontinuous;

(111)R (A, j, V) = 0;

(i) for each u,v € V| the set A (u,v) is weakly-compact.

Then the problem (EP) admits a solution.

If in addition the set A(u,u) is convez, then the problem (EPc) admits solution
also.
Remark 4. Under the assumptions of the Theorems 6, 7 not only the eigenvalue

problem (EP) but also the hemivariational inequality (P) admits solution.

4. Proofs of the theorems

4.1. Proof of the first theorem. The assumptions of the Theorem 6 allow to apply
Theorem 4.

First, let us note that the eigenvalue inequality of problem (Ep) can be rewrit-
ten, according to the Proposition 3, as

swp (fov—u)+ [ (@ Tu(@) (Tole) - Tu(@)ds > A sup (g0 - ).
feA(u,u) Q gESU

Yo € V.
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So,

sup  (f,v—wu) — A sup (g,v—uw)
feA(u,u) geSU

+/ 3% (z, Tu () (Tw () — Tu () dz > 0,Yv € V.
Q

Consider A < 0. Hence, (—A) > 0 and in this case we can obtain

sup  (f,v—wu)+ sup ((=A)g,v —w)
feA(u,u) geSU

+/ 3% (z, Tu (2)) (Tv (z) — Tu(z))dz > 0,Yv € V.
Q

By the Theorem 2(i), we can note that

sup <f,’U*’UI>+ sup <g7vfu>
fEA(u,u) gES(—Au)

+/ 3% (z, Tu (2)) (Tv (z) — Tu(z))dz > 0,Yv € V. (1)
Q

Knowing that sup,c 4 pe 5 (¢ (a) + 1 (b)) = sup,e 4 ¢ (a)+sup,ep ¥ (b) , prob-
lem (EP) and the inequality (1) lead us to the following problem:
Find v € V such that
sup  (f,v—u)+ / 3% (z, Tu (z)) (Tv (x) — Tu(z))dx > 0,Yv € V (EPn)
feF (uu) Q
where, we denoted by F the set-valued mapping defined by F : VXV ~» V* F (u,v) =
A (u,v) + S (=v).
We show that all the hypotheses of the Theorem 4 are verified in the case of
the problem (EPn).
"Hypothesis (i)’
Let v € V be a fixed element. Then, using the monotone property (M) of

A(.,v), we have

sup (f,u—v) = sup (fru—vy=sup ((f,u—v)+ (g,u—v))
fEF (u,v) FEA(u,0)+SI(—Av) feEA(u,v)
geSI(—Av)
= sup (f,u—v)+ sup (g,u—0v)
feA(u,v) geEI(—Av)
> ap (fu-vp+ s (gu-v)= s (fu—o).
feA(v,v) ge€I(=Av) feF (v.v)

This proves that the set-valued mapping F'(.,v) has the monotone property
(M).
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Moreover, the definition of the mapping F' and the assumption (i) on the
operator A(.,v) imply that the mapping F (., v) is weakly*-upper semicontinuous from
the line segments of V' in V*.

"Hypothesis (ii)”:

Because A (u,.) is weakly*-upper semicontinuous, by the assumption (ii),
and because S (.) is weakly*-upper semicontinuous, according to the Theorem 2(iii),
it follows that F'(u,.) is weakly*-upper semicontinuous.

"Hypothesis (iii)’:

Let both K C V and ug € V' be the elements from the assumption (iii). The
question we need to ask is if:

sup  (f,uo —u) + / 3% (2, Tu (z)) (Tug (x) — Tu (x))de <0 ,Vu € VNK
fEF (u,u) Q
i.e.

sup (f,uo —u)+ sup (g,uo —u)
feA(u,u) geES(—Au)

+/ 3% (z, Tu () (Tug (z) — Tu (x))de <0 ,Yu € VNK
Q
which leads us to the
sup  (f,uo —u) + / 3% (z, Tu () (Tuo (z) — Tu (x)) dz
feEA(u,u) Q

< A sup {(g,ug —u),Vu € VK. (2)

gESU
We note that the left hand side of the relation (2) is less than zero, by the
assumption (iii). Moreover, the right hand side of the relation (2) is greater than

zero, for A < 0, because of the Proposition 1 and assumption (iii). Precisely, for

Vg€ Su=2 (% ||uH2) , Yue V\K,
1 1
{guo—w) < 5 luoll* — 3 lul® <0,

which implies that
sup (g,up —u) <0 (3)

gESU -

If we multiply the inequality (3) by A (A < 0), we obtain

A sup (g,uo —u) > 0.
geESU

As a conclusion, the 'hypothesis (iii)’ is verified.
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"Hypothesis (iv)”:

By the assumption (iv), as well as by the Theorem 2(ii), we can infer that
the set F' (u,v) is weakly*-compact, for every u,v € V.

Finally, according to the Theorem 4 the eigenvalue problem (EP) admits a
solution u € V, when A < 0.

In addition, if A (u,u) is convex, it follows from the Theorem 2(i) that F(u, u)
is also convex. So, by the second part of the Theorem 4, we infer that the eigenvalue

problem (EPc) admits solution for every A < 0.

4.2. Proof of the second theorem. For the proof of the Theorem 7, we pro-
ceed in the same way. Again, for A < 0, we note that the eigenvalue problem (Ep) is
equivalent to the hemivariational inequality problem
Find v € V such that
sup  {(f,v—u)+ / 3% (z, Tu (z)) (Tv (x) — Tu(z))de >0 ,YoeV (EPn)
fEF (u,u) Q
where, we denoted by F’ the set-valued mapping defined by F' : VXV ~s V* F (u,v) =
A (u,v) + S (—v).
We show that all the hypotheses of the Theorem 5 are verified in the case of
the problem (EPn).
'Hypothesis (i)’
First, let us emphasize that, because V is a reflexive Banach space, there
exists an equivalent norm on V, such that under this new norm, the duality map is
a single-valued monotone demicontinuous function. Having this, let v € V' be a fixed

element. Then using the fact that A (.,v) is monotone, we have
(fi+S (=) = fo =S (=), u1 —u2) = (f1 — fa,u1 —u2) >0,

for every f1 € A(u1,v), fo € A(ug,v).

This proves that the set-valued mapping F (., v) is monotone.

By the definition of the operator F', and the assumption (i), it follows that
F (.,v) is concave.

Moreover, the definition of the mapping F' and the assumption (i) on the
operator A(.,v) imply that the mapping F (., v) is weakly-upper semicontinuous from
the line segments of V' in V*.
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"Hypothesis (ii)”:

Because A (u,.) is weakly-upper semicontinuous, by the assumption (ii), and
because S (.) is demicontinuous, it follows that F (u,.) is weakly-upper semicontinu-
ous.

"Hypothesis (iii)’:

Assume, by contradiction, that there exists w € R (F,4,V). This means that

F(un) € Vitn = |upl| — oo, wn = ”Z"” — w such that
inf  (f,un) — / 3% (z, Tu,, (z)) (=Tu, (x)) dz < 0. (4)
FEF (un,un) Q

Taking into account the definition of the operator F', inequality (4) becomes:

i — MU, un) — [ 50 (2, Tuy (x) (—Tup (x)) de < 0.
ot () = M) = [ 0Ty @) (T, (@) de <0, (3

Knowing that

—MSUp, up) >0

the relation (5) may be true if and only if the next inequality holds:

st () - / 70 (&, Ty () (~Tun (2)) de < 0.

We can conclude that w € R(A,j,V), which is a contradiction with our
assumption (iii).

"Hypothesis (iv)’:

By the assumption (iv), as well as by the definition of the operator F, we can
infer that the set F (u,v) is weakly-compct, for every u,v € V.

Finally, according to the Theorem 7, the eigenvalue problem (EP) admits a
solution u € V, when A < 0.

In addition, if A (u,u) is convex, it follows that F'(u,u) is also convex. So, by
the second part of the Theorem 5, we infer that the eigenvalue problem (EPc) admits

solution, for every A < 0.

5. Applications to Engineering

Our results can be applied directly to the study of B. V. P.s in Engineering.
Let us analyze a very general situation which leads us to the hemivariational inequality
problem (EP). For instance, let us consider an open, bounded, connected subset
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Q C N3 referred to a fixed Cartesian coordinate system Ozizox3 and we formulate
the problem

—Au+h(u) +cu=fin Q (6)

u=0onT. (7)

Here T' is the boundary of € and we assume that I' is sufficiently smooth
(CYHl-boundary is sufficient), ¢ is a given constant, and h is a continuous function,
which has the property

u(z)h(u(x)) >0,Vz € Q. (8)

In order to physically motivate problem (6),(7) in a simple way, we interpret
u as the temperature of a medium in a region 2. The differential equation in (6)
describes a stationary temperature state with the heat source f — h(u) — cu that
depends on temperature (see [47]).

We seek a function u such that to verify (6), (7) with

—f € 0j(z,u) 9)

where j (x,.) is a locally Lipschitz function.
Let us consider the Sobolev space V = H{} (), which can be viewed as a

Hilbert space endowed with the inner-product
(u,v) = / wvdzx, Yu,v € V.
Q
Let us denote by C (€) the constant of the Poincaré-Friedrichs inequality

/ vide < C(Q)/ (V) dz, Yo e V. (10)
Q Q

Moreover, let us assume that the following directional growth condition holds:
30 (2,8) (=€) S a(z) [ €], Ve e QVEER (11)
for some nonnegative function o € L? (Q), with
ladl 2@y € 5o (12)
« L2(Q) > C(Q) .

Now, we multiply (6) by (v —wu) and integrate over ). This gives us the

following relation

/Q—Au(v—u)dw—i—/ﬁh(u)(v—u)dm—i—c/ﬁu(v—u)dm:/Qf(v—u)dx. (13)
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Then from the Gauss-Green Theorem applied to (13) we are led to the equal-
ity

/QVUV(v—u)dx+/gh(u)(v—u)dx+c/u(v—u)dx

Q

_/Fg::(v_u)df—q—/gf(v—u)dx. (14)

Because u,v € H} () the surface integral vanishes.

Relation (9) implies that
—f (v =) <5°(2,u) (v —u). (15)
If we introduce the notation
a (u,v) = /QVqudx

then the relations (14) and (15) give us the inequality

a(u,v)+/Qh(u)(v—u)dx+c/gu(v—u)dx

_|_/Qj0 (x,u) (v—wu)dx >0,Yv € V. (16)

Let us note that there exists a linear monotone continuous operator B : V —

V* such that

(B(u),v) =a(u,v), VYu,velV.
Consider & : V' — V* the duality isomorphism
(Su,v) = (u,v), Yu,v €V
Thus, if we consider the following multivalued mapping

A . VXV ~V*

then the hemivariational inequality (16) lead us to the following problem:
find v € V such that for any v € V
sup (f,v—u)+ / 30 (,u) (v —u) dz > (—c) (Su,v — u) (EPeng)
feA(u,u) Q
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First, let us remark that the operator A satisfies the assumptions (i), (ii),
(iv) of the Theorem 7. All we have to do now is to verify if the assumption (iii) is

satisfied. For this goal, let us assume that there exists w € R (4,7, V). So,

I (un) € Vity = ||un|l2(q) = 00, wy = —m < such that
||Un||L2(Q)
/ (Vuy,)? dz + / h (up) upde — / 3% (2, un (%)) (—up (x)) dz < 0. (17)
Q Q Q

There exists a rank m such that ||u,|/z2() > 1, for every n > m. By the Holder
inequality and because of the relations (10), (11), (12), the following evaluation holds

for every uy,,n > m:

/Q(Vun)2 dz > ﬁ /Q (up)? da > ﬁ (/Q (un)? cl:r;)é

||Un||L2(Q)
= DB ) Sl oo - ] raren > : d
SR ol - sy > | @@ u() | de

>| [ 5% (@,u(2)) (—u () dz \Z/Qjo (z,u(2)) (—u(z))de.

Q
The last evaluation and the property (8) of the function h show us that the

relation (17) is impossible. This contradiction guarantees that the assumption (iii) of
the Theorem 7 is also satisfied.

Since all the assumptions of the Theorem 7 are ensured and the embedding
V C L? () is linear and continuous, we can prove the existence of solutions of (EPeng)

for all ¢ > 0.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVTII, Number 1, March 2002

WHEELER-FEYNMAN PROBLEM ON A COMPACT INTERVAL

VERONICA ANA DARZU

Abstract. In this paper the problem (1)4(2) is studied.

1. Introduction

In the paper [1] and [3] the author study the Weeler-Feynman problem on R.

In this paper we consider the following Weeler-Feynman problem:

Z'(t) = f(t,z(t),z(t — h),z(t + h)), tE [a,b], (1)

o(t) = @(t), t € [to — h, to + ], (2)

where tg € [a,b], a <to—h,to+h <band ¢ € C[tg— h,to + h]

2. Remarks and examples

2.1. By a solution of (1) we understand a function € Cla — h,b + h] N C*[a, b]
which satisfies the relation (1) for all ¢ € [a, b].

22. Leta, 8, YER, B#0, v#£0, ty € [a,b]. We consider the following problem:
2'(t) = ax(t) + Bz(t — h) +yz(t + 1)), t€lab], 3)

ac(t) :Lp(t), t e [to—h,to—‘rh}, (4)

where tg € [a,b], a < [to — h,to + h] <b.

We shall apply the method of steps on intervals [to, b] and [a, to] to find some
”if and only” conditions for the existence of a solution of problem (3)+(4).

Let t € [to, to + ]

@' (t) = ap(t) + Bp(t — h) +ya(t + h)
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Then:
1
x(t) == 21(t) = ;[acp(t — h) + Bo(t — 2h) — ' (t — h)], t € [to + h,to + 2h]
Let t € [to + h,to + Qh]

z)(t) = axi(t) + Bo(t — h) +~yx(t + h)

1
x(t) := xa(t) = ;[aasl(t —h) + Bo(t — 2h) — 2 (t — h)], t € [to + 2h, to + 3h]
By the same way the final step on [tg, b]:
1
Tn, (t) = ;[awnb,l(t — h) + Ban,—2(t — 2h) — x;,, _(t —h)], t € [to + nph, b]

where n;, = [25%2].

By the same way on [a, to] we find n, = [2-2].

Let n := max{ng, ny}-
Let p € C”+1[t0 — h,ty + h]

Let x € C™[a — h,b+ h] N C"*[a, b] be a solution of problem (3)+(4).
We have:

2 V(1) = ax® () + 2P (t — h) + vz P (t+ h), k€ 0,1,...,n
For t = tg, we have:
P (t0) = ag®™ (to) + B ™ (to — h) + 9™ (to + ), k€ {0,1,....n}
Then the problem (3)+(4) has a solution if and only if:
P (to) = ap® (to) + Be™ (to — h) + 1M (to + k), k € {0,1,...,n}.

2.3.  For the case in which 8 =0 or v = 0 see [2].
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3. The main result

In what follow we consider the problem (1)4(2). We need the following

conditions.

Let ng == [2], n, := [2522], n:=max{nq, n}.
Let f € C""l([a,b] x R3).

(Cl):For all uy € [a,b], uz,uq,us € R, there exist a unique us€R, uz =
frur, uz, ug, uz), LeC™ ! ([a,b] x R?), such that, us = f(u1,ug, u3, us).
(C2):For all u; € [a,b], u2,us,us€R, there exist a unique us€R, uy =

fg(ul,UQ,U3,U5), fQECnJrl([CL,b] X Rg), such that, Uy = f(ul,UQ,U3,U4).

We have
Theorem 1. Let f € C"1([a,b] x R3) satisfies (C1) and (C2). If ¢ €
C"*L[ty — h,to + h|, then the problem (1)+(2) has a unique solution if and only if ¢

satisfies the following condition:

P (ko) = [ (t, (), 0t = B, ot + WLy, o k€ (0,1, m) (5)

Proof. By the method of steps we construct the solution of (1) +(2) as follows.
Let ¢ € [to, to + h]

¢'(t) = f(t,o(t), ot — h),x(t + h))
From (C2) we have
z(t) == x1(t) = fo(t — h,p(t — h),p(t — 2h), ¢’ (t — h)), t € [to + h,to + 2h] .
By the same method we find the final step:
Ty, (1) = f(t — hyTpy—1(t — D), 2py—1(t — 2R), @ty —1(t — h)), t € [to + nph,b]

where ny = [bjlto}.

We must have:

o(to +h) =z1(to + h)

xp(to+ (p+1)h) =xpia(to+ (p+1)h), p<ny—1
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By the same way we have the solution on [a, tp] with the condition
p(to —h) =z_1(to — h)

z_p(to—(p+1)h) =z_pp1)(to — (p+1)h), p<n,—1

where n, = [22-2].

So the solution is:

T_n,(t) dacd t€la,tg—nyh]
z_p(t) dacd te€to— (k+1)h,to—kh],1<k<mn,—1
x(t) = o(t) dacd t € [tog— h,to+ h
zp(t) daca teto+khto+ (E+1)h], 1<k<n,—1
Tp,(t) dacd t € [to+ nph,b]

Let n = max{nq,ny}.

Now we prove the necessity of the condition (5). Let z € Cla — h,b+ h] N
C1[a,b] a solution of the problem (1)+(2).
Then z € C"[a — h,b+ h] N C™*1[a,b] is a solution.

We have:

P D@ = [f(t, (), x(t — h),z(t + h)]P, t € [a,b], ke {0,1,...,n}.

For t = tg, we have (5).
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CERTAIN SUBCLASSES OF MEROMORPHIC UNIVALENT
FUNCTIONS WITH MISSING AND TWO FIXED POINTS

S.R. KULKARNI AND MRS. S.S. JOSHI

Abstract. The systematic study of some novel subclasses Qy; (v, 5, i, 20),

(i =0, 1) consisting functions of the type
f(z) =aoz™' + Z apin2’™, a9 > 0,apin > 0,pEN
n=0

which are meromorphic and univalent in U* = {z : 0 < |z] < 1} is pre-
sented here. The various results for example coefficient estimates, radius
of convexity, distortion theorem are obtained for f(z) to be in the above

mentioned classes.

1. Introduction and Definitions

Let 2 denote the class of functions of the form
o0
f(z) =G02_1+Zanz”, ag >0 (1.1)
n=1

which are analytic in the punctured disk U* = {z : 0 < |z| < 1}. Further, Q* is the
class of all functions in €2 which are univalent in U*. We denote by €27, a subclass of
Q* consisting functions of the form
oo
f(z) =apz"t + Z Apin2PT", ag > 0,ap4n > 0,p € N, (1.2)
n=0

N={1,2,3---}.

Definition. A function f(z) belonging to the class €2 is in the class Q(«, 8, ) if it
satisfies the condition

22f'(2) + ag

12 7(2) —ag + (1 + paag | = (1.3)

forsome 0<a<1,0<f<land 0 < pu<1.

2000 Mathematics Subject Classification. 30C4S.
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For a given real number zo(0 < 29 < 1). Let ,,(i = 0, 1) be a subclass of Q7
satisfying the condition zof(z9) = 1 and —z3 f’(z0) = 1 respectively.
Let
Qi B, 1y 20) = Qp (e, B, 1) N Qi (i = 0,1). (1.4)
In our systematic investigation of the various properties and characteristics
of the class Q;i(a, B, 1), we shall require use of number of other classes of functions
associated with 7. First of all, a function f € 27 is said to be meromorphic starlike

of order « in U™ if it satisfies the inequality

SOV o cvro<a
Re{ f(z)}> ,zelU"0<a< . (1.5)

On the other hand, a function f € (27 is said to convex of order o in U, if it satisfies

the inequality

2f"(2) .
Re{lJr 70 }>a, zeU"0<a<]l. (1.6)

For other subclasses of meromorphic univalent function, one may refer to the
recent work of Aouf [1], Aouf and Darwish [2], Cho et al [3], Joshi et al [4], Srivastava
and Owa [5]. In the present paper we obtain coefficient estimates, distortion theo-
rems, closure theorems and radius of convexity of order §(0 < § < 1) for the classes
Qi (o, B, 20)(¢ = 0,1). Further, we look for necessary and sufficient condition that
a subset B of the real interval [0, 1] should satisfy the property U ep$2i(a, B, i1, 2;)
and U,, egQp1(a, B, 11, 2-) each forms a convex family. The techniques used are similar

to Uralegaddi and Ganigi [6].

2. Main Results

Coefficient Estimates
Theorem 1. Let the function f(z) be defined by (1.2) is in the class Q5 (a, 3, p) if
and only if

oo

S0+ m)(L+ pB)apin < Bao(l — a)(1+ p). (2.1)

n=0

The result is sharp and is given by

% B(1 —a)(1 + p)agzP™
z (p+n)(1+ pp)

Proof. The proof of Theorem 1 is straightforward, hence omitted.

flz)= ,n>1. (2.2)
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Theorem 2. Let the function f(z) be defined by (1.2). Then f(z) € Q4(c, 3, 1, 20)
if and only if

— [(p+n)(1+ puB) prn+l
- < n < 1. 2.
Ezo{ —a)(i+ )Jrzo Gptn = (2.3)
0

Proof. Since f(z) € (o, B, p, 20), we have

p+n+1
20f(20) = ao + Z Apn ) , ag >0, apyn >0,
n=0

which gives

ag=1-— Z I S (2.4)
n=0

substituting this value of ag (given by (2.4)) in Theorem 1, we get the desire assertion.
Theorem 3. Let the function f(z) be defined (1.2). Then f(z) € Qy;(c, 3, u, 20) if
and only if

- (1+p’ﬂ) p+n+1
D0 [~ 4 o s %)

Proof. Since —22f'(z9) = 1, we have
a0 =1+ (p+n)apnft ™ (2.6)
n=0
Eliminating ag from (2.1) and (2.6) we get the required result.
An immediate consequence of Theorem 2 and Theorem 3 may be stated as
the following.
Corollary 1. Let, f(z) given by (1.2) be in the class 2% (c, B, i1, 20) then

B(L+p)(1 - )

Aptn < . 2.7
P (p ) (4 ) + B+ p)(1— a)f >0

The equality in the (2.7) is attained for the function f(z) given by
(p+n) (1 + ) + B(L+ p)(1 = a)2P*"H (2.8)

C 2lp+n) A+ pB) + B+ p) (1 — )
p€ N,n>0.

Corollary 2. Let the function f(z) given by (1.2) in the class 2% (a, 3, i1, 20) then
51+ (1 - a)

" s : 2.9
Ap+ (p+n)[(1+ uB)— 681+ p)(l— a)zg-&-n-&-l} (2.9)
The equality holds for the function f(z) given by

() = (p+n)(1+ ub) + B+ pu)(1 — a)zP ! o)

2(p+n)[(1+ pB) — B+ p)(1 — a)zh T
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3. Distortion Theorem

In this section, we prove distortion theorem associated with the classes intro-
duced in section 1, we first state the following theorem.
Theorem 4. Let f(2) € Q5 («, B, i1, 20) then,

o) > 20t sd) = O+ w0 —a)r™
rlp(L+ pB) + B+ p) (1 — )z
for 0 < |z| =7 < 1. The result is sharp.

(3.1)

Proof. Since f € Qy(a, B, i, 20), by applying assertion (2.3) of Theorem 2, we obtain

" B+ w1 —a)
n;() n = p(1+uB) + B+ pu)(1 — )bt (3.2)

Further from (2.4), we have

oo
_ p+n+1
ag=1-— E Qptn2p
n=0

> (L+pS)p . (3.3)
" p(L+pB) + B+ p)(1 — )2t
Hence we have
1F(2)] = aor™ =" apin
n=0
p(l—’_“ﬂ) _5(1+M)(1 _a)rp+1 (34)

~rlp( 4 pB) + B+ p)(L - a)f
by using (3.2) and (3.3). Further, the result is sharp for the function f(z) given by

p(1+ pB) — B+ p)(1 — a)2Pt

T = ) + B0+ = )] &
Theorem 5. If f(z) € Q;(a, 3, i, z0) then
p(1+pB) + B(L+ w1 — a)r?*!
TS 13— B0+ (=) o0
for 0 < |z| = r < 1. The result is sharp.
Proof. It follows from assertion (2.5) of Theorem 3, that
- B+ w1 —a)
2 S S ) — 5+ - R 0
and
= B+ —a)
+n)apin < . 3.8
2 S ) h0+ @ - .
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From (2.6) we have

ag =1+ (p+n)apnzh ™" (3.9)

n=0
< (1+ up)
< —.
[(1+pB) — B+ m)(1 — o) 2B

Hence we have

oo
1F(2)] < aor™t 07> " ap
n=0

p(1+ pB) + (1 + ) (1 — a)rt!

< : (3.10)
rpl(1+ ) — B(1+ p)(1 — )25 ™
by using (3.7) and (3.9). Further the result is sharp for the function given by
p(L+pB) + B(L+ ) (1 — @) 2P+
zp[(1+pB) — b1+ ) (1 — )z ]
4. Closure Theorems
Let the functions f;(z) be defined, for j =1,2,---,m by
i  ~— .
f](Z) = % + Zaern,jszr” (CLOJ‘ > O,ap+n,j > 0) zeU". (41)
n=0

Theorem 6. Let f;(z) defined by (4.1) be in the class €25 («, 8, 1, 20). Then the
function h(z) defined by

m

h(z) = Z d;f;(z), (dj = 0) (4.2)

Jj=0

is also in the same class Q73 (a, 3, 1, 20), where

dj=1. (4.3)

M

<
I
=)

Proof. According to the definition (4.2) we have

o0

b
h(z) = ;0 + > bpynzPt, (4.4)
n=0

where
bo = Zdjaovj and bp+n = Z djap+n7j, (n = O, 1, 2, s ,m).
§=0 j=0
Since f;(2) € Qyo(a, B, 11, 20) (j =0,1,2,---,m), using Theorem 2 we have

oo

> A+ )1+ pp) + 81— )1+ p)2E 1} < B - a)(1+p)

n=0
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for every j =0,1,--- ,m. Therefore we have

Y A +n)A+p) + 81— )1+ djapin,)

n=0 =0
= > &> [(p+n)(1+pus)+ 81— )1+ w2 apin,;}
j=0  n=0
< O d)B—a)1+p)
j=0

= B -a)(1+p)

which shows that h(z) € Q5 (a, B, 11, 20)-

Theorem 7. Let the functions f;(z)(j = 0,1,---,m) defined by (4.1) be in the class
Q51 (v, B, p, 20) for every j = 0,1,---,m. Then the function h(z) defined by (4.2) is
also in the same class (2 (@, B, i1, 20), under the assumption (4.3).

Proof. The proof of Theorem 7, can be given on using the same techniques as in the
proof of Theorem 6, using Theorem 3.

Theorem 8. The class Q54(c, 3, i, 29) is closed under convex linear combination.
Proof. Let f;(z)(j =0,1,--- ,m) defined by (4.1) be in the class Q3o (v, 3, , 20), it
is sufficient to show that the function H(z) defined by

H(z) = Mi(2) + (1= N fal2), 0< A< 1, (4.5)

is also in the class Q54 (c, 3, 1, 20). Since

Aag1 + (1 —Aa = n
H(z) = 20O A2 S (0 M)t
n=0

with the aid of Theorem 2, we have
> @+ n)1+ ) + A1 = )L+ WE T Dy + (1= Napine]
n=0
< B(1 - a)(1+ ) (4.6)
which implies that H(z) € Q5(a, B, 11, 20). In a similar manner, by using Theorem 3,
we can prove the following Theorem.
Theorem 9. The class O3, (a, 3, , 29) is closed under convex linear combination.
Theorem 10. Let
fo(z)=1/z (4.7)
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and
(4 1)1+ pB) + A1+ p) (1 — a)zPtntl

e+ )1+ ) + B+ (1 =) ]
then f(z) is in the class Q(c, 3, u, 20), if and only if it can be expressed in the form:

fpin(2) = n=>0 (4.8)

=3 Aufalz), where A, >0, (4.9)
Ai=0(=12-,p—Lp>2) and Y A, =1 (4.10)
n=0

Proof. Assume that

fz) = E}Mﬁ@)

. (b )(L+ iB) + B+ (1 = )P+ Ay
MH; 2l(p+n)(1+pB) + B+ p)(1 —a)lzh ™!

— A (p+ 1)+ pB)Aptn
°+Z [(p+n)(1+ pB) + B+ p)(1 — a)zf ]

ad 6(1 + N)(l - O‘))‘n+pzp+n
+
n;) (p+n)(1+ pB) + (L + p)(1 — )2

Then it follows from theorem 2, that

i (p+n)(1+pf) + B(1+ p)(1 — a)zf ! B+ p)(A —a)Apin
P B(1+ (1 - a) (p+n)(1+uB) + B(L+ p)(1 — a)zf ™

=Y Mppn=1-X <1
n=0

Also by definition we have zg fp4n(20) = 1. Therefore

ZOf zO Z )\p-l-nZOfp-‘rn ZO Z )\p-i-n =1

n=0
This implies f € 0, so by theorem 2, f(z) € Qy4(a, 3, i, 20).
Conversely, assume that the function f(z) given by (1.2) belongs to the class
Qyo(a, B, p, z0). Then

B+ p)(1-a)
(p+n)A+pB)+ 41+ p)(1— a)zg+”+1 J

pin < n>0. (4.11)

Setting

Ay = (MO + 1) + B+ p)(1 - @)zt Gy 1> 0

B+ p1 - a)
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and
o0
Ao=1=> Npin-
n=0

Hence, it is observed that f(z) can be expressed in the form (4.9). This completes
the proof of Theorem 10.
In a similar manner, we can prove the following Theorem.

Theorem 11. Define
fo(Z) = — (4.12)

and

(p+n)(1+pB) + B(1+ ) (1 — a)zpHn!
2p+n)[(1+pB) = B(L+ ) (1 =)z
then f(z) is in the class 3, (v, 3, i, 20) if and only if it can be expressed in the form

(4.9) where A\, > 0 and (4.10).

Jpin(2) = n>0 (4.13)

5. Radius of Convexity

In this section we determine the radius of convexity of order §(0 < § < 1) for
the class Q7 (v, 3, p, 20)(i = 0,1).
Theorem 12. Let the function defined by (1.2) be in the class 25 («, B, 1, 20) or
Q51 (v, B, 1, 20), then f(2) is convex of order §(0 <0 < 1) in 0 < [z] < R*(«, B, 1, 9)
where

(1—0)(1+pB) Vel
(1—a)B(1+p)(p+n+2-0) ’

R*(a, B, p1,0) = i%f [ n > 0. (5.1)

The result (5.1) is sharp.
Proof. It is sufficient to show that

<(1-94),0<68<1,

for 0 < |z| < R*(«, B, 1, 9).
We have
’f’(Z) + /@)
f'(2)

(oo}

S rn)ptn )y n2[PrmH!
a0 — >0 o (p+ M) 2P

Thus
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if

D )P+ 1+ 2= 8)apsn|z" T < (1 - d)ag (5.2)

n=0
when f(2) € Qyo(a, B, i1, 20), using (2.4) we find that inequality (5.2) is equivalent to

Y A +n)pt+n+2=8)A7 T+ (1= 6) T fapen < (1-0). (5:3)

n=0
But Theorem 2 ensures

St o) | SELEII ety < 1= 0). (5.4)

n=0

Hence (5.3) holds if
{p+n)(n+p+2=0)H" 1+ (1= 0™ apin

or if

_ 1/(p+n+1)
(L= 8)(1+pB) ] o

1 | T W T
Thus f(z) is convex of order §(0 < 6 < 1) in 0 < |2| < R*(«, 5, i, 9).
In other case when f(z) € € («, 3, i1, 20) using (2.6) we find that the in-
equality (5.2) is equivalent to

Y )l tnt2—=8)=P = (1= 6)25""  ape, < (1-6). (5:5)

n=0
Therefore, in view of Theorem 3, the inequality (5.5) holds if
(p+m)(p+n+2=8) 2" — (1= 8)25™ M apin

<=0+ | gty % e

or if

_ 1/(p+n+1)
(L= 8)(1+pp) ] 0.

= [ T=ats Wt =D
This completes the proof of theorem 12.
Sharpness for the class €25 («, B, i1, 20) follows by taking the functions f(2)
given by (2.8), whereas for the class 0, (, 3, i1, 20), sharpness follows if we take the
function given by (2.10).

Remark. The conclusion of Theorem 12 is independent of z.
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6. Convex Family

Let B be a nonempty subset of a real interval [0,1]. We define a family
QZO(OJ,Q,M,B) by

Q;O(aa ﬂa H, B) = UZTEBQZO(O[’ ﬂa L, ZT)'

If B has only one element, then Q5(a, 3,1, B) is known to be a convex family by
Theorems 6 and 8. It is interesting to investigate this class for other subset B.

We shall make use of the following
Lemma 1. If f(2) € Qq(a, B, i, z0) N Qio(a, B, 1, 21) where zp and 21 are distinct
positive numbers then f(z) = 1/z.

Proof. If f(z) € Qpo(a, B, 1, 20) N Qo (v, B, p, 21) and let

o0
f(z) = aozil + Z aeranJrn’ ap > 0,ap4n >0,p €N,

n=0

then
o0 o0
_ p+n+l __ p+n+1
ap=1- E Aptn 2 =1~ E Qpt+n?]
n=0 n=0

since aptn > 0,20 > 0 and z; > 0, this implies ap4n = 0 for each n > 0 and
f(2) = 1/z. Hence the proof of lemma is complete.

Theorem 13. If B is contained in the interval [0, 1], then Q7 (a, 8, u, B) is a convex
family if and only if B is connected.

Proof. Suppose B is connected and zg, z1 € B with zg < z1. To prove Q;O(a, B, u, B)

is a convex family it suffices to show, for

oo
f(Z) = CLOZ_l + Za‘p+nzp+n c Q;O(a,ﬁapﬂzo)a
n=0
oo
g(Z) = boZ_l + Z bp+nzp+n S Q;O(a76au7 Zl)a
n=0

and 0 < X\ < 1, that there exists a 22(29 < 29 < z1) such that

hz) = Af(2) + (1 = A)g(2)
56



CERTAIN SUBCLASSES OF MEROMORPHIC UNIVALENT FUNCTIONS

is in the Q;O(aaﬁaﬂsz)' Since f € Q;O(CV?ﬂaNa ZO) and g(Z) € Q;O(avﬂaﬂazl)' We

have

2 : 1
ayg = 1-— Apin Zp—i—n—i—

by = 1-— Z bp+nzf+n+1

Therefore we have

t(z) = zh(z)

Aag + (1 — Nbo + )\Zap+nzp+ +(1— pr+nzp+

n=0
= LAY T g+ (1= 2) S - T, (61)
n=0

t(z) being real when z is real with ¢(z9) < 1 and #(z1) > 1, there exists z2 € [20, 21],

such that ¢(z2) = 1. This implies that

zoh(z2) = 1 for some 22,29 < 22 < 21, that is h(z) € Q.
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Now, in view of (6.1) and z3h(z2) = 1, we have

[ee)

S [(p+n)(1+ uB) — B — ) (1 + w)E " T Adpin + (1= Abpin}
n=0

=AY [(p+n)(1+pB) = B(1 = )1+ p)zp ™ Hapsn

+1 =)D lp+n)(1+pB) — B — )1+ )" by
n=0
+B(L =)L+ mA Y [T = ap,
n=0
+B(1 =)L+ p)(1=A) Y [ =" b,
n=0

=A Z[(p +n)(L+ pf) + B(L = )1+ )z " Hapn

Z p"‘” 1 +N6) +ﬁ(1 - a)(l ‘|’,U) p+n+1]bn+p
n=0
SABA =) +p)+ (1 =NB(1—a)(1+p)

=p(A —a)(1+p)

by Theorem 2, since f(z) € Qyg(a, 3,1, 20) and g(2) € Qig(a, B, p1,21). Hence we
have h(z) € Qpq(a, B, i, 22), by Theorem 2. Since zp,21 and zp are arbitrary, the
family Q54(c, 8, p, B) is convex.

Conversely, if B is not connected, then there exists zg, 21 and zo such that
20,21 € B and 2o ¢ B and zp < 22 < 21. Assume that f(2) € Qpq(a, 3, 1, 20) and
9(2) € Q5g(a, B, 1, 21) are not both equal to 1/2z. Then, for fixed zz and 0 < A < 1,
we have from (6.1)

t(A) = t(z2,A) = 1+)\Zap+n ptntl_ P+"+1 +(1=1) pr+n ptn+l P+n+1).

Since #(z2,0) < 1 and ¢(z2,1) > 1, there must exists; \p,0 < Ag < 1, such that
t(z2,A0) = 1 or z3h(z2) = 1, where h(z) = Aof(2) + (1 — Ag)g(z). Thus h(z) €
Qyo(a, B, p, z2).  From Lemma 1, we have h(z) € Qyg(a, 3,u, B). Since 2 € B
and h(z) # 2. This implies that the family 7, («, 3, 1, B) is not convex which is a
contradiction.
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CONTINUITY AND SUPERSTABILITY OF JORDAN MAPPINGS

YOUNG WHAN LEE AND GWANG HUI KIM

Abstract. We show that every strong approximate one-to-one Jordan
functional on an algebra is a Jordan functional and every approximate

one-to-one Jordan functional on a Banach algebra is continuous.

1. Introduction

A linear mapping f from a normed algebra A into a normed algebra B is an

e-homomorphism if for every a,b in A

1f(ab) = f(a) fO)]| < e llal [|o]] -

In [7, Proposition 5.5], Jarosz proved that every e-homomorphism from a Banach
algebra into a continuous function space C(S) is necessarily continuous, where S is a
compact Hausdorff space. A Jordan functional on a Banach algebra A is a nonzero
linear functional ¢ such that ¢(a?) = ¢(a)? for every a in A. Every Jordan functional
¢ on A is multiplicative [2]. We are concerned with linear mappings f on Banach
algebras which are approximate Jordan mappings. A linear mapping f from a normed
algebra A into a normed algebra B is called an e-approximate Jordan mapping if for
all @ in A
1£(a®) = f(@)?|| < ellal

If B is the complex field, then f is called an e-appoximate Jordan functional. For
e-appoximate mappings the reader is referred to [3],[4],[5],6],[9],[10],[11].

A linear mapping f is a strong e-approximate Jordan mapping if ||f(a?) —
f(a)?|| < e. Also a continuous linear mapping f between normed algebras is an e-
near Jordan mapping if ||f — J|| < e for some continuous Jordan mapping J. In this

paper, we prove that every strong e-approximate one-to-one Jordan functional on an

2000 Mathematics Subject Classification. Primary 39B82, Secondary 46H40, 46J10.

Key words and phrases. Banach algebra, Automatic continuity, Jordan mapping, Superstability.
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algebra is a Jordan functional and every e-approximate one-to-one Jordan functional

on a Banach algebra is continuous.

2. Main Results

Theorem 1. If f is a strong e-approzimate one-to-one Jordan functional on an
algebra A, then f is a Jordan functional. In particular if A is a Banach algebra, then
f is continuous.

Proof. Since, for every z,y € A, |f ((m+y)2) — f(xz +v)?| < e, we have |f(xy +
yz) —2f(z) f(y)| < 3e. If z and y are commute, |f(zy) — f(z)f(y)| < 3. Now we use
the method of the proof in [1]. Let c(e) = %m. Note that c(g)? — c(e) = € and
c(e) > 1. Let a € A. If a # 0 we may assume that | f(a)| > c(e) because | f(ta)| > c(g)
for some t € R and f((ta)?) = f(ta)? implies f(a®) = f(a)?. Say |f(a)| = c(¢) +p for
some p > 0. Then

1f(@®)| = |f(a)* = (f(a)® — f(a®)| > |f(a)?| — |(f(a)? — f(a?))]
> (c(e) +p)? —e > c(e) + 2p.
By induction, |f(a?")| > ¢(e) 4+ (n+ 1)p for all n = 1,2,3,--- . For every z,y,z € A

which they are commute, |f(zyz) — f(zy)f(2)| < % and |f(zyz) — f(2)f(yz)| < 2.
So |f(xy)f(2) — f(2)f(yz)| < 3e. Hence

|f(zy) f(2) = (@) f () f(2)]

< [flxy)f(2) = f@) f(y2)| + | f (@) f(yz) = (@) f(y) f(2)] < 3e + If(x)%g-

n
2" we have

e +f(a)l 5
[f(a2")]

By letting t = a,y =a and z = a

|f(a®) = f(a)?| <

Letting n — 400 shows that f(a?) = f(a)?.

Theorem 2. Let f be an e-approximate Jordan functional on a normed algebra A

< 14++/1+4e
= 2

with the multiplicative norm. Then for each a € A, either |f(a)| l|lall or

fa?) = f(a)?.
Proof. Let a € A and ¢ = qan. If | f(a)| > VI |lgf| then | £(c?")| > c(e) + (n+1)p

1+V144e
2

for all n = 1,2,3 and for some p, where ¢(c) = , by the proof of Theorem 1.
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For any natural number m, n,
[f(c*e™) = f(") f(c™)]
SUF(E +em)?) = (" + P+ [F((€)?) = F(e)? 4+ £ (™)) = f(e™)?
< S (e + e + eI + ™17 = 3e.

Then we have

2y _ £(c)2 1 V(Y = F(e2 1 2"
1) = 1] <y (£ S = £ + )
H () = FEFE)+ 1O f(e- ) = Fle)f(¢)])

6e + 3| f(c)|e

—0 as n — oo.

[f (e
This shows that f(a?) = f(a)?.

Corollary 3. Let S be a compact Hausdorff space and C(S) the set of all continuous
complex valued functions. If f is an e-approzimate Jordan mapping from a Banach
algebra A with the multiplicative norm into C(S), then for each a € A, either || f(a)] <
LT o] or f(a?) = f(a)?.

Proof. For every x € S, we can define a linear functional f, : A — C by f(a) =

f(a)(x) for all a € A. Then for every a € A,

fa(a®) = fo(@)?] < || f(a®) = f(a)?]| < ellall.

By Theorem 2, either || f,(a)|| < Y57 or f,(a%) = fu(a)? for any a € A. Then we

complte the proof.

In Theorem 2 and Corollary 3 we used the assumption that an algebra A has
the multiplicative norm. It is not known that whether they hold or not without such
condition. With another condition we obtain the following theorem.

Theorem 4. Let f be an e-approrimate Jordan functional on a Banach algebra A
such that f(a) = 0 implies f(a®) = 0 for each a € A. Then f is continuous and
1] < BRgEE.

Proof. If A does not posses a unit, then we can extened f to A @ (A1) by putting
fla@ A1) = f(a)+ A, and the extended f is still an € -approximate Jordan functional.
Thus without loss of generality we may assume that A has a unit. Suppose that f
is discontinuous. Then the kernel Ker(f) of f is a dense subset of A. Since the unit
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element 1 is the closure of Ker(f), we can choose ¢ € Ker(f) such that |lc —1|| < &.
Then c is invertible, and ¢™' =14+ 3">7 | (1 —¢)". And so ||c_1H < ﬁ < 3. Let
b=qq € Ker(f). Then b=! = |[|c[| ¢~ 'and ||p~!|| < 2. Put |f(b~')| = a. Note that

for every z,y € A
[f(xy +y2) = 2f (@) fW)] < |f((z +9)*) = (f(z +1))*|

+Hf(2®) = F@?+ £ %) = F)°) < 26l + Iyl + ] lyl).

If =1 is not in Ker(f), then for every a in A with ||la| = 1,
1
= —|2 -1
F@l = ael2fa@f o)

< 5o (RF@FE) - flab 457 a)

O b a1 — 20 b )] < 2

Thus f is bounded and it is a contradiction. Therefore b=! is in Ker(f). By assump-

tion, b=2 is in Ker(f). Then for every a in A with ||la| = 1,

[f(a)] = %(If(a +b7 ab)| + | f(a+ bab™)| + [ f(b™ ab+ bab~")])

= %(If(a +07tab) = 2f (b~ a) f(b)| + | f(a + bab™ ") — 2f(ab™ ") f(D)]
+|f(bLab + bab™ ') — 2f(bab) f(b~2)|) < 35e.

Thus f is continuous. Since |f(a?)— f(a)?| < € for every a € A with ||a]| = 1,
f(@®)] —& < |f(a®)| < ||f]| and consequently ||f[| > [|f[|* — . This proves ||f|| <
1+V144e

F—.

Corollary 5. Every e-approzimate one-to-one Jordan functional on a Banach algebra

is continuous and its norm is less than or equal to 11+ V;“‘E.

Let f be an e-near Jordan mapping from a Banach algebra A into a Banach

algebra B. Then there exists a Jordan mapping J such that ||f — J|| < e. For every

ain A,
[£(a®) = f(a)?]] < [[f(a®) = J(@®)| +f(a)? = J(a)?|
< elal*+1£(a) = J@I 1 f (@] + 1T @] |l f(a) = J(a)]|
< (e+elfl+ell) al®.
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Therefore f is a (1 + ||f|| + ||J]|)-approximate Jordan mapping. We are
concerned with it’s converse. By the method of the proof in [8] we obtain the following
theorem.

Theorem 6. For every e >0 and K > 0, there exists a positive integer m such that
every =-approzimate Jordan mapping with norm less than or equal to K on a finite
demensional Banach algebra A is an e- near Jordan mapping.

Proof. Let J(A) be the set of all bounded Jordan mapping on a finite dimensional
Banach algebra A, BL(A) the set of all bounded linear mappings on A, and let for
each f in BL(A)

N(f) =mf{|[f = JII: J € J(A)},
M= (f € BLOA) s N(f) 2 e and |1 < 1}

and
nZ{fGBL(A): sup Hf (a)QHES}.
lall<1 n

Since M is a closed and bounded subset of a finite dimensional space BL(A), M is

compact. Since G,, is open for each n and
M c BL(A)\JA)c |G
n=1

there is m such that M C G,,,. If f € BL(A) \ Gy, then f € BL(A)\ M. Therefore

if f is an =- approximate Jordan mapping then f is an e- near Jordan mapping.
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RELATION BETWEEN THE PALAIS-SMALE CONDITION AND
COERCIVENESS FOR MULTIVALUED MAPPINGS

MEZEI ILDIKO ILONA

Abstract. The aim of this paper is to study the coerciveness property of

a class of multivalued mappings satisfying the Palais-Smale condition.

1. Introduction

Many papers has been devoted to show that the Palais-Smale condition
implies the coerciveness. In the differentiable case this property is studied by L.
Caklovici, S.Li, and M. Willem [2], for the locally Lipschitz functionals by Cs. Varga
and V. Varga [11]. For the class of functions introduced by A. Szulkin [10], which
is lower semicontinuous, this property has been proved by D. Goeleven in the paper
[7]. For continuous functionals this result is proved by Fang [6]. These results are
generalized by J.-N. Corvellec, see [4].

In a recent paper D. Motreanu and V.V. Motreanu [8] studied this problem
for a class of functional of type ® + v, where ® is a locally Lipschitz function and
is a proper, convex, lower semicontinuous functional.

In this paper we study the coerciveness of the function v + o, where o is a
locally Lipschitz function and + is a convex lower semicontinuous function. The main
tool used in the proof the coerciveness property is the classical Ekeland’s variational

principle [5].

2000 Mathematics Subject Classification. 49J53.

Key words and phrases. locally Lipschitz function, critical point, Palais-Smale condition, coercive.
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2. Preliminaries

Let (X, ]| - ||) be a real Banach space and let A : X ~ X be a multivalued
map with A(z) # 0, Vr € X, i.e DomA = X. Let X* be the dual of X.

Definition 2.1 [1] A : X ~» X is Lipschitz around x € X if there exists a

positive constant [ and a neighborhood U of x such that
Vo, ze €U, |ly1 — ol < lflzy — z2l, V1 € A(z1), y2 € A(z2).
If A is Lipschitz around all x € X, we say that A is locally Lipschitz.

Definition 2.2[9] The generalized directional derivative of the locally Lips-
chitz function f : X — R at the point zyp € X in the direction h € X is defined
by

th) —
f°(z0,h) = limsup fla+th) f(m)
rz—xo t\0 t
Let p € X* such that ||p[l. < oo, where ||p||« = sup{(p,z) : ||z]| < 1,z € X}.

Lemma 2.1 If A : X ~~ X is locally Lipschitz, then the function x —

o(A(x),p) is locally Lipschitz, where

o(A(z),p) = sup{(p,y) : y € A(z)},p € X™.

Proof. We consider an arbitrary xg € X. Since A is locally Lipschitz, there

exist [ > 0 and an U neighborhood of zy such that:
Vry, 2 € U, Vy1 € A(21),y2 € A(x2) : ly1 — g2l < flz1 — 22|
We can suppose that o(Axy,p) > o(Axa,p). It’s easy to verify that

0 < o(Awy,p) — o(Axg,p) < sup (p,y1 — y2).
Y1 EAx1,y2€EAxs

But
Y1 — Y2
sup (p,y1 —y2) = sup (p, ——— —[lvy1 —v2|) =
Yyi€AT; yi€EAx; ”yl - y2||
Y1 — Y2
= sup (p, =) llyr —wall < lplls - 1+ flzr — 22,
yi€AT; llyr — 2|

providing that y; # ys .The case y; = yo is trivial.
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Therefore x — o(Az,p) is locally Lipschitz. O

We consider an appropriate class of function as [9, chapter3].

Let J : X — R be a function given by

(H) J(2) = P(x) + o (A(z), p),

where ¥ : X — R is a convex lower semicontinuous function, A : X ~» X is a locally

Lipschitz multivalued map and p € X*.

Definition 2.3 A point u € X is said to be critical point of J for p € X* if

it satisfies the following variational inequality
w(v) - w(u> + (O'(A(-),p))o(u7’[} - U) > 03 Vv € X.

Definition 2.4 The function J satisfies the Palais-Smale condition at level ¢
(briefly (PS).) if for each sequence {u,,} C X such that J(u,) — ¢ and ¥ (v) — ¥ (u,)—
(a(AG), )% (Un,v — up) > —enlv — unll, Vv € X, where ¢, — 0, {u,} contains a

convergent subsequence.
Definition 2.5 We say that J is coercive, if for ||u|| — oo we have J(u) — oo.

As we said above our main tool is the Ekeland’s principle, which we recall
now.

Theorem 2.1 Let X be a complete metric space and let f : X — (—o0, 00] be
a lower semicontiuous function such that infxf € R. Let € > 0 and u € X be given
such that f(u) <infxf+¢e. Then for every X\ > 0, there exists an element v € X,
such that

i) f(v) < f(u);

i) f(v) < f(w) + 5 - d(v,w), for every w # v;

iil) d(u,v) < A.

3. Main result

Theorem 3.1 Let X be a Banach space,J a bounded bellow function satisfying
(H) and p € X* such that ||p||« < oo. Define

¢ := liminf J(u).

llwll—o0
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Then, if c € R, there exists a sequence {v,} C X such that:

(1) fonll — oo;

(i) J(vn) = ¢

(iii) ¥(v) — ¥(vn) + (0(A(),)°(Vn,v = vn) = —n - [[v = vnl|, where e, —
0, Yo € X.

Proof. From the definition of ¢ there exists a sequence wu, such that
J(un) < ¢+ L and |Ju,|| > 2n, for n € N\ {0} sufficiently large. Evidently J is lower
semicontinuous and so we can apply the Theorem 2.1, with f = J, e =c+ % —infx J
and A =n.

Thus there exists v,, € X such that:

(1 T(wn) < Tun) < e 3

1 1
J(w) > J(vg) — E(CJF - —ianJ)an —wl, Yw # vy;

(2) [tn = vnll < 7.
Thus, for each w € X we have
1 1
J(w) — J(vy) > —E(C-i- o infxJ)|w— vy

Let w = (1 — t)vy, + tv, where v is fixed in X and ¢ € [0, 1]. Replacing w in

the last inequality we obtain

P(on +t(v = on)) = p(vn) + o (A((1 = t)vp + tv),p) — 0 (A(va), p) = —entllv = val,

where &, = (c+ 1 —infx J)1.

Since 1 is convex, we have
t(v) — ¥(vn)) + o(A((1 = t)vn + tv),p) — 0 (A(vn),p) = —ent|lv — vn.
Dividing this relation by ¢ we get

(3) (o)~ lon) + ¢ [o(Alwn + 10— 02)),p) ~ (A0, )] 2 ~eullo = vall
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Taking the limit as ¢ \, 0 and using that
o(A(wn + t(v —vn)),p) — o (A(wn), p)

U(A('ap))o(vn,v —v,) = limsup >
wp,—vy N0 t
N0 n

we obtain

'(/J(U) - ’L/)('Un) + (O-(A(')’p))o (Unav - Un) > _EnHU - Un||7 en — 0,

Vv € X ie. exactly the (iii).
From (2) and (1) we have ||v,|| > ||unl| — |un — vn|| = 2n — n = n, and
J(v,) — ¢ respectively thus we have constructed a sequence such that (i), (ii) and

(iii) are satisfied. O

Corollary 3.1 Let X be a Banach space and let J : X — R be a function
of the form J(x) = ¢(z) + o(Az,p), with ||p|l. < oo satisfying (H) and the (PS)
condition. If J is bounded bellow, then J is coercive.

Proof. We proceed by contradiction. Assume that

¢ = liminf J(u) € R.

llull—o0
Then by the main theorem, there exists a sequence v, such that ||v,|| — oo,
J(wn) — ¢ and $(v) = $(va) + (7(A(),0)) (o0, = va) = —enllv = vall, Vo € X,
where €, — 0. Since J satisfies the (PS) condition, we can choose a convergent

subsequence of {v,}, which is in contradiction with |lv,| — co. O

Remark 3.1 The Corollary 3.1 generalize some results from the papers [2],
[11], [7] and [8].
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COMMON FIXED POINT THEOREMS FOR MULTIVALUED
OPERATORS ON COMPLETE METRIC SPACES

AUREL MUNTEAN

1. Introduction

The purpose of this paper is to prove a common fixed point theorem for
multivalued operators defined on a complete metric space. Then, as consequences, we
obtain some generalizations of several results proved in [6] for singlevalued operators.

For other results of this type see [1], [2], [3] and [5]. The metric conditions

which appears in Theorem 3.1 generalize some conditions given in [6].
2. Preliminaries

Let X be a nonempty set. We denote:

PX)={ACX|A#2} and Py(X):={AecP(X)|A=A}.

If (X, d) is a metric space, B € P(X) and a € A, then

D(a, B) :=inf{d(a,b) | b € B}.

Definition 2.1. If T : X — X is a multivalued operator, then an element
x € X isa fized point of T, iff x € T(x).

We denote by Fr:={z € X |z e€T(z)} the fired points set of T.

Definition 2.2. Let (7}, )nen+ be a sequence of multivalued operators T, :

X — P(X), (¥)n € N*. Then we denote by

Com(T):={z € X |z € Ty(z), (V)neN}= () Fr,
neN*

the common fized points set of the sequence (T,)nen-

2000 Mathematics Subject Classification. 47TH10, 54H25.

Key words and phrases. fixed point, multivalued operator, common fixed point.
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Lemma 2.3. (LA.Rus [4]). Let ¢ : RE - R, (k€ N*) be a function and
denote by ¢ : Ry — Ry, the mapping given by  ¥(t) = p(t, t, ..., t), (V)te€R,.

Suppose that the following conditions are satisfied:

i) (r<s, rmseRE) = o) <o(s);

i) @ is upper semi-continuous;

iii) (t) <t, for each t > 0.

Then nh_}néo Y™ (t) =0, for each t > 0.

In [6], T.Veerapandi and S.A.Kumar gave the following result:

Theorem 2.4. Let X be a Hilbert space, Y € Py(X) and T,:Y =Y,
for n € N, be a sequence of mappings.

We suppose that at least one of the following conditions is satisfied:

i) there exist real numbers a,b,c, satisfying 0< a,b,c <1 and a+2b+

2c¢ <1 such that for each x,y €Y and x #y,

nﬂ@>zwa<awxm2H(mnum2HW@@wﬁ+

& .o
w5l =TI 4y - T@I ). for s
i) there exist a real number h satisfying 0 < h < 1 such that for all

z,y €Y and x #vy,
1
I73(0) = TP < e { o = ol 5 (1o = TP + Iy - T ).

1

4@x—n@nﬁ+y—n@mﬁ},ﬁMJ.

Then, (Tn)nen+ has a unique common fized point.

3. The main results

The first result of this section improve and generalize Theorem 2.4 in the
multivoque case.

Theorem 3.1. Let (X, d) be a complete metric space and S, T : X —
P, (X) multivalued operators.

We suppose that there exists a function ¢ : R} — Ry such that:

i) (r<s, mseRY) = o(r) <eo(s);

i) @(t,t,t) <t for each t > 0;
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i) @ is continuous;
i) for each x € X, any u, € S(x) and for all y € X, there exists u, € T(y)

so that we have

(@, ug) + d*(y, uy) (2, uy) +dP(y, uz)>
2 ’ 1 ’

In these conditions, Fg = Fp = {z*}.

P, 1) < ¢ (d%c,y),

Proof. Let zop € X arbitrarily. Then we can construct a sequence (x,) C X

such that
Ton+1 € S T
w1 € S(@2n) (V)n € N.
Tony2 € T(T2n41)
Denote by d,, :=d(z,, znt1), n € N. We have several steps in our proof.
Step I. Let us prove that the sequence (d,,) is monotone decreasing. Indeed,
we have successively:
311 = d*(Tan1, Tang2) <

d*(xon, Tont1) + d* (X241, Tant2)

< "2 (d2 (1727“ 1‘2n+1)a

2 )
d*(Zon, Tony2) + d* (Tan1, $2n+1)) <
4 X
d3,, +dj dan + dgnin1)? 3, + d3
<<p(d§n, L ( +42 +1) ) <max{d§n7 e 2”“} =3,

from where it follows da,11 < d2,. By an analogous method we have da;, 12 < dopi1-
Step II. We prove that nll)rr;o d, = 0.
For this purpose, let us define ¢ : Ry — Ry, by ¥(t) = (¢, t,t). Obviously,
1 is monotone increasing and (t) <t¢, (V)¢ > 0.
By induction, we can prove that d2 < ¢"(d3), (V)n > 1.

Indeed, we have

d?+d3 (do+dp)?
2 4

ﬁ<@(%, )<w@&%w®=¢@@

If inequality d3, < ¥?"(d3) is true, then we get successively:

d3, +dz, dop, + doni1)?
s < (8, gt (Bl ) <o 8, d3,) = vl <

< P (dg)) = > (df).

By passing to limit as n — oo, if dy > 0 it follows

lim d? < lim ¢"(d?) =0, and hence lim d, = 0.

n—oo n—oo
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For dy = 0, the sequence (d,) being decreasing it is obviously that

lim d,, = 0.

n—oo

Step IIT. We'll prove that the sequence (z,) is Cauchy in X, i.e. for each
€ > 0, there exists k € N such that for each m,n >k, d(xm,,z,) <e.

Suppose, by contradiction, that (x9,) is not Cauchy sequence. Then, there
exists € > 0 such that for each 2k € N there exist 2my,2n, € N,  2myg > 2np > 2k,
with the property d(zam,,Ton,) > €.

In what follows, let us suppose the numbers 2m(k) and 2n(k) as follows:
2m(k) := inf{2my, € N| 2my, > 2ny, > 2k, d(x2n,, Tam,—2) < €, d(Xan, , Tom,) > €}
and 2n(k) := 2ng. Then, (V)2k € N we have:
£ < d(Tan k) Tam(k)) < ATan k) Tam(k)—2) + A(Zom(k)—25 Tam(k)—1)+

Fd(Tom k) —1) T2m(k))-
Using step II, we deduce that
Jim d(Tan(k)> Tam(k)) = €- (1)
From the triangle inquality, we get:
d(Z2n (k) Tamk)—1) — ATon(k), Tamk))| < A(Tamk)—15 Tam(k))
and
|d(Z2n (k) +15 T2mk)—1) — AT2n(k)> T2mk))| < ATo2mk)—1, Tamk)) + A Z2n(k)s Tank)+1)-
Using again step III and the relation (1), it follows
kli)ﬂgo (T2 (k) T2m(k)—1) = €
klljgo d(Zon(k)+1> T2m(k)—1) = €-
Then, we have successively:
A(Ton(k), Tamk)) < AT2an(k)s Tank)+1) T AT2nk) 115 Tamk)) < ATon(k), Tank)+1)+

AP (T2 (k) Tan(k)+1) + @ (T2m(k)—1> T2m(k))
2 )

+ | o(d* (Tan () > Tam(k)—1)
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1
d2(932n(k), Tom(k)) + d2<x2m(k)717 Ton(k)+1) ’

4

Because ¢ is continuous, passing to the limit as k — co, we have:

2 2
e < [@(62, 0, 2)} < [1/1(52)] < e, a contradiction.

Step IV. We prove that Fr # &.

=

Because (z,,) is Cauchy sequence in the complete metric space (X, d) we
obtain that there exists * € X such that lim z, = z*.

n—oo

From .41 € S(x2,) we have that there exists u, € T(z*) such that:

d2 (x2n+1a un) <

<o (dZ(xgn,x*) , d2(732nax2n+1) + dz(m*aun) d2($2naun) + d2($*7x2n+1)> <

2 ’ 4
< max dZ(JL‘Qn, .’,E*) : d2(1'2n7 x2n+1) + dQ(x*a un) ’ dz(Ian un) + d2($*7 x2n+1)
2 4
= M.
Consequently, we have the following situations:
a. Case M =d*(wy,,2*). In this case, we have
2 2 *
d (x2n+17un) g d (IQTL?‘T )5
from where
lim d(zony1,u,) < lim d(z2,,z*) =0,
i.e.
lim d(zont1,u,) =0.
d2 " " d2 * "
b. Case M = (20, 72 +12) + @y ) We deduce successively:

d?(zop, x +d?(z*,u
d2(1'2n+17un) < ( 2n; 2n+12) ( ) n) <

< d*(@an, T2nt1) + [d(@*, Tont1) + d(@2n41, un)]?
— 2 b

e, d*(zant1,Un)—2-d(@*, Ton41) d(T2nt1, Un) —[d* (T2n, Tont1)+d> (2%, 22041)] <0,
therefore

d(Tant1,un) < d(@*, Tons1) + /2 (2%, Ton1) + d2(T2n, Tans1)-

7



AUREL MUNTEAN
Passing to the limit in this inequality, as n — oo, we obtain
lim d(zont1,u,) =0.

n—oo

d?(zon, un) + d*(z*, T2n41)

. C M =
c ase 1

. In this case, from the inequal-

ity
0P (@30, 1) + (2, T3 11)
4 )

2
d <x2n+1aun) <
we have, again,

lim d(zont1,u,) =0.

n—oo

Passing to the limit, as n — oo, in inequality
d(l'*7 un) < d(l‘*, x2n+1) + d($2n+1a un)a

on the basis of the limit nlg%o d(x2n+1,un) = 0, we obtain d(z*,u,) — 0 as n — 0.

Since u, € T(z*), (V)n € N and T(z*) is a closed set, it follows that
x* € T(z*),ie. a* € Fr.

Step V. We'll obtain, now, the conclusion of our theorem. We first prove
that Fg C Fr.

Let z* € Fg. From z* € S(2*) we have that there exists u € T'(z*) such
that

2 ( * 2 (o 2 ( 2 (o *
d?(z*, u) <<P<d2(x*,sc*), dat2h) +d(etu) d(e )+ d(at )>.

2 ’ 4

If we suppose that d(z*,u) > 0, then we obtain

d*(z*,u)  d*(x*,u) - d*(z*,u)
2 ’ 4 2 ’

d?(z*,u) < (O,
a contradiction. Thus, d(z*,u) = 0, which means that u« = z*. It follows that
x* € T(z*) and so Fg C Fr.
We shall prove now the equality Fs = Fp betwen the fixed points set for S
and T.
If we assume that there exists y* € Fp such that y* # 2* € Fg, then

we have

v . d2 .I‘*,l'* +d2 *’ * d2 1,*7 * +d2 *,1?*
d2(x’y)<gp<d2(x7y)’ (%, a) + (") A2y + Py )):

d2 * ok
:w(dz(fﬂ*,y*), 0, (xzy)) S e(d (", y")) < (2", y"),
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a contradiction, proving the fact that Fg = Fr € P(X).

In fact, we have obtained, even more, namely that Fs = Fr = {a*}. O

Corollary 3.2. Let (X, d) be a complete metric space and S, T : X — P (X)
multivalued operators .

We suppose that there exist a,b,c € Ry, a+2b+ 2c <1, such that for
each x € X, each uy € S(x) and for all y € X, there exists u, € T(y) so that we

have
&
dQ(umyuy) <a- dz(x7y) +b- [d2($,u1) + d2(y7uy)] + 5 : [d2(x,uy) + d2(y7uz)]

Then, Fg= Fr={x*}.

Proof. Applying Theorem 3.1 for the function ¢ : R} — Ry, p(t1,t2,t3) =
aty; + 2bts + 2ct3, which satisfies the conditions i), ii) and iii) of this theorem, we
obtain the conclusion. O

Remark 3.3. If T and S are singlevalued operators, then Corollary 3.2 is
Theorem 3 from [6].

Corollary 3.4. Let (X, d) be a complete metric space and S, T : X —
P, (X) multivalued operators.

We suppose that there exists h €]0,1] such that for each = € X, any
uz € S(x) and for all y € X, there exists u, € T(y) so that we have

dQ(x, Uy) + dz(y,uy) dz(xa “y) + dQ(U,Uz) }
2 ’ 4 '

d2(um,uy) < h-max {dz(x,y) ,

In these conditions, Fs = Fr = {xz*}.

Proof. We apply Theorem 3.1 for the function ¢ : R — Ry, o(t1,t2,t3) =
h - max{ty,ts,t3}, which satisfies the conditions i), ii) and iii) of this theorem.
O

Remark 3.5. Corollary 3.4 is a generalization for multivalued operators of
Theorem 4 from [6], theorem proved for singlevalued operators in Hilbert spaces.

Remark 3.6. Let (X, d) be a complete metric space and (T,)nen be a
sequence of multivalued operators T, : X — Py(X), (V)neN.

If each pair of multivalued operators (T, Ty), for n € N*, satisfies similar
conditions as in Theorem 3.1, then Fr, = Fp, = {z*}, for all n € N*,

We next give a generalization of Theorem 1 of N.Negoescu [2].
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Theorem 3.7. Let (X, d) be a compact metric space, S,T : X — Py (X)
and ¢ : Ri — R4.. Suppose that the following conditions are satisfies:

i) (r<s; rseRy) = o) <g(s);

i) ot t,t)<t, (¥V)t>0;

it) S or T be continuous;

) d?(ug,uy) < g@(dQ(x,y), d(z,ug)-d(y, uy) , d(x,uy)-d(y,u1)>,for all
z,yeX, x#y and for all (ug,uy) € S(x) x T(x).

In these conditions:

a. S or T has a strict fixed point;

b. if both S and T have such fized points, then the pair (S, T) has a common
fixed point.

Proof. a. Let S be continuous and we consider the function f(z) :=
D(z, S(z)). Because [ is continuous on X, it follows that f takes its minimum
value, i.e. there exists 9 € X such that f(z¢) =inf{f(x) | z € X}.

We prove that x¢ is a fixed point of S or some x; € S(xg) is a fixed
point of T.

Indeed, we choose:

21 € S(xg) be such that  d(xg,z1) = D(x0, S(x0)

x2 € T(z1) besuch that  d(z1,22) = D(z1,T(21));

x3 € S(x2) besuch that  d(ze,z3) = D(x2,S(x2)).

We shall prove that D(zg, S(z )) 0 or D(x1,T(z1)) =0, i.e. g€ S(xo)
or 1 € T(z1). We suppose that D(zg,S(z9)) > 0 and D(z1,T(x1)) > 0. Hence,

using the inequality iv), we have:

d*(z1,22) < <p<d2(xo,x1) , d(zg,z1) - d(x1,22), d(x0,22) - d(xl,xl)) <

< max {dQ(xo,xl) , d(zg,z1) - d(zl,xg)} = M.

Consequently, we distinguish the following situations:

I. Case M =d?*(xzg,z1). In this case, we deduce d(x1,x2) < d(xq,x1).

II. Case M = d(xg,z1) - d(z1,72). In this case, we have d?(xy,z2) <
d(zo,x1) - d(z1,x2). Since d(x1,22) = D(x1,T(x1)) > 0, it follows that d(z1,x2) <
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d(xg,x1). Now,

fmwg<%fmwmdmmga%mya%mywmm0<

< max {d2(x1,x2), d(xy,13)) -d(xl,xQ)}.

Analogously, it follows that d?(wg,z3) < d*(z1,m2) or d*(wa,z3) <
d(xg,x3) - d(x1,x2).

In the second situations, if d(z2,x3) = 0, we obtain a contradiction. Thus,
it follows that d(zg,x3) < d(z1,x2).

Similarly, we deduce successively:
D(LE27 S(l’g)) = d((EQ, fE3) < d(l’l,l'g) < d(xo,xl) = f(il’())7

which contradict the minimality of f(z). Therefore,  D(xo,S(z9)) = 0 or
D(z1,T(x1)) =0. So, xg € S(xg) or z1 € T(x1).
b. We assume that there exist v € S(u) and v € T'(v), such that wu # v.

Then, using the hypothesis iv) we get, again, a contradiction:
.0) < o ) dlu) dlo) . P,0)) < o)

So, u=v, meaning that wu is a common fixed point of S and T. O
Remark 3.8. If ¢ : R3 — Ry, o(t1,t2,t3) = max{t1,t,t3}, from
Theorem 3.7, we get a result of Negoescu [2, Theorem 1].

Remark 3.9. We note that Theorem 3.7 is true for S =T:X — P, (X).
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVTII, Number 1, March 2002

THE o-CATEGORY OF SOME PAIRS OF PRODUCTS OF
MANIFOLDS

CORNEL PINTEA

Abstract. In this paper we will show that in certain topological conditions
on the manifold M, the p-category of the pairs
(Pr(R) x M, T* x R™™%), (Pn(R) X M,T* x §™™%)

is infinite for suitable choices of the numbers m,n, a.

1. Introduction

Let us first recall that the p-category of a pair (M, N) of smooth manifolds

is defined as
(M, N) =min{#C(f)| f € C*(M,N)},

where C'(f) denotes the critical set of the smooth mapping f : M — N and #C(f)
its cardinality. For more details, see for instance [AnPi].

In the previous papers [Pil], [Pi3] is studied the p-category of the pairs
(P.(R),R™), (P.(R),S™),(P,(R), T* x R™™ %) and is proved that it is infinite for
suitable choices of the numbers m,n, a.

Using those results as well as some others, in this paper we will show the same

think for some pairs of the form (P,(R) x M,T* x R™™%), (P,(R) x M, T® x §™~%).

2. Some useful results

In this section we will recall some results proved in some various previous
papers and which we are going to use in the next sections.
Theorem 2.1. ([Pil]) Let M, N be compact connected differentiable manifolds having
the same dimension m. In these conditions the following statements are true:
(i) If m > 3 and 71 (N) has no subgroup isomorphic with w1 (M), then (M, N) > No;
(ii) If m > 4 and 7q(M) % wg(N) for some q € {2,3,...,m — 2}, then (M, N) > Xo.
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If G, H are two groups, then the algebraic - categoryof the pair (G, H) is
defined as

©alg(G,H) =min{[H : Im f] | f € Hom(G, H)}.

Recall that for an abelian group G the subset ¢(G) of all elements of finite order forms
a subgroup of G called the torsion subgroup.

Proposition 2.2. ([Pi2]) If G,H are finitely generated abelian groups such that
rank/G/t(G)]<rank[H/t(H)], then @q4(G, H) > N

Theorem 2.3. ([Pi2]) Let M™, N™ be compact connected differential manifolds such
that m >n > 2. If ga(n(M),m(N)) > Rg, then p(M,N) > N,.

Theorem 2.4. ([Pi3]) If M is a smooth manifold and n is a natural number such
that dim M < n, then o(M,R™) = (M, S™).

Theorem 2.5. ([Pi3]) If n is a natural number such that n+1 and n+2 are not powers

of 2, then we have

P,(R),R™) >Ry ifn <m < 2lleg2nl+t _ 9
o(Pr(R),S™) = p(P,(R),R™) =0 ifm>2n—1.

Theorem 2.6. ([Pi3]) If M™,N™, P are differentiable manifolds such that w(P) is
a torsion group and w(N) is a free torsion group and p : M — N is a differentiable
covering mapping, then (P, M) = ¢(P,N).

Corollary 2.7. ([Pi3]) If M is a differentiable mapping such that w(M) is a torsion
group, then o(M,R™) = (M, T* x R"™%), for any a € {1,...,n—1}. In particular,
for a =n we get that o(M,R"™) = (M, T™).

Theorem 2.8. ([Pi4]) If n is a natural number such that n+1 and n+2 are not powers

of 2, then we have

P,(R),R™) >8Ry ifn<m< 9llogan]+1 _ 9
©(P,(R),R™) =0 ifm>2n—1.

3. Main results

In this section we will see the announced topological conditions on the mani-
fold M in order that the ¢-category of the pairs (P, (R) x M,T* x R™~*), (P,(R) x
M, T* x §™~%) to be infinite.
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Theorem 3.1. If M,N,P are differentiable manifolds such that dim M < dim N <
dim P and M is injectively immersable in N, then o(M, P) < ¢(N, P).

Proof. Let j: M — N be an injective immersion and f : N — P be a differential
mapping. Recall that if @ : X — Y is a morphism of vector spaces (linear mapping)

then dim X = dim Kera + dim I'ma. Further on we have successively:
xe€C(foj)erank (foj) <dimM < dimImd(foyj), <dmM <

& dim M — dim Kerd(f o j), < dim M « dim Ker[(df),,, o (d),] > 0=
= dim Ker(df),,, > 0« dim N — dim I'm(df),,, >0+

& dim I'm(df), ,, <dim N & rank,  f <dim N & j(z) € C(f).

J(

Therefore we showed that j[C'(f o j)] € C(f), which implies that
#CO(f o) = #3[C(f o 5)] < #C(f),

that is (M, P) < #C(foj) < #C(f). The last inequalities holds for any differential
mapping f : N — P, which means that

©(M, P) < ¢(N, P).0O0

Theorem 3.2. If n is a natural number such that n+1, n+2 are not powers of 2 and
M is a differential manifold such that (M) is a torsion group, then we have

(i) p(Py(R) x M,T* x R™~%) > Rg if n+ dim M < m < 2llegnl+1 9
VYae{l,...,m—1};

(ii) p(Pp(R) x M, T*xR™ %) =0 if m > 2(n+dim M) and M is a compact
mamnifold.
Proof. (i) First of all observe that, according to corollary 2.7, ¢(P,(R) x M,T* x
R™ %) = p(P,(R) x M,R™). Because P,(R) can be embedded in P,(R) x M it
follows, according to theorem 3.1, that ¢(P,(R) x M,R™) > ¢(P,(R),R™). But in
the given hypothesis we get that ¢(P,(R), R™) > Ng, because of theorem 2.8, that is

we have
o(Pr(R) x M, T* x R™"™%) = o(P,(R) x M,R™) > p(P,(R),R™) > N,.

(i7) Follows easily from the equality ¢(P,(R) x M,T* xR™ %) = ¢(P,(R) X
M,R™) and from the Whitney’s embedding theorem.(]
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Theorem 3.3. If n is a natural number such that n+1, n+2 are not powers of 2 and

M is a differential manifold, then we have

(i) @(Pa(R) x M, S™) = p(Po(R) x M,R™) > Ry
if n+ dim M < m < 2lleganl+1 _ 2.
(i1) (Pp(R) x M,S™) = p(P,(R) x M,R™) =0 if m > 2(n + dim M)

and M is a compact manifold.

Proof. (i) First of all observe that, according to theorem 2.1, ¢(P,(R) x M,S™) =
o(P.(R) x M,R™). Because P,(R) can be embedded in P,(R) x M it follows, ac-
cording to 3.1, that ¢(P,(R) x M,R™) > ¢(P,(R),R™). But in the given hypothesis
we get that p(P,(R), R™) > R, because of theorem 2.8, that is we have

P(Po(R) x M, 5™) = o(Pp(R) x M, R™) > (P, (R),R™) > Ro.

(i) Follows easily from the equality p(P,(R)x M, S™) = p(P,(R)x M,R™)
and from the Whitney’s embedding theorem.[]
Theorem 3.4. If m > 3,n > 2 are natural numbers and M is a compact connected

differentiable manifold such that n + dim M = m, then

(i) p(Po(R) x M, T% x S™=%) >Rg; Va € {1,...,m —2}
(#1) p(Pn(R) x M, T™) > Ro
(ii1) (Pn(R) x M, S™) > Ry if m > 4.

Proof. (i) Because (7% x S™ %) ~ w(T*) xw(S™ %) ~ (Z x --- x Z), it follows that
(T x §™~%) has no subgroup isomorphic with (P, (R) x ]\;)t;ne;r(Pn(R)) x7(M) ~
Zo x7(M). Therefore, according to theorem 2.1 (i), it follows that (P, (R) x M, T* x
S™M=4) > Ry. The inequality (P, (R) x M,T™) > X, can be proved in the same way.

(#i1) Because 7, (P, (R) x M) ~ m,(Pp,(R)) X mp(M) =~ 7,(S™) X mp(M) =~
Z x 7,(M) and 7,(S™) = 0 it follows that m,(P,(R) X M) # m,(S™). Therefore,
according to theorem 2.1 (i7), it follows that ¢(P,(R) x M, S™) > Ry.00

Theorem 3.5. If m,n are natural numbers and M a compact connected differential

manifold such that n + dim M > m > 2 and w(M) is a torsion group, then

(P (R) x M, T x §™~*) >N, Ya € {1,...,m — 1}.
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Proof. Because 7(P,(R) ~ Zo and w(M) are torsion groups, it follows that

T(Po(R) x M) =~ m(P,(R) x m(M) ~ Zy x w(M) is a torsion group too. Because

m(Tex S™™) = p(T*) x w(S™ %) =~ (Z x -+ x Z) xmw(S™ %) is a free torsion group,
—_——

a times

it follows that Hom (W(PH(R) x M), m(T% x Sm*a)) — 0, that is
alg (W(PH(R) x M), m(T* x S’”‘“)) > R,
which means, according to theorem 2.3, that
o(Po(R) x M, T* x S™~%) > R.0

Theorem 3.6. If m,n are natural numbers and M a compact connected differential
manifold such that n + dimM > m > 2 and ©(M) is a free abelian group with
rankm(M) < m — 1, then

W(P,(R) x M,T* x S™7%) >Ny Va € {rank7(M) +1,...,m — 1}.

Proof. Because m(P,(R) x M) ~ Zy x w(M) it follows that
m(Pa(R) x M)
t(w(Pn(R) X M))

~ m(M).

(P (R)x M)

Therefore rank ) =rank 7(M) < a =rank 7 (T* x S™~%). Using propo-

t(‘/r(Pn(R)x]M)
sition 2.2, it follows that @qe (7 (Py(R) x M), w(T* x S™~%)) > Ry, that is, according
to theorem 2.3, one can conclude that (P, (R) x M, T* x S™~%) > Ny.OJ

4. Applications

Example 4.1. Let ny,...,n, be natural numbers such that n; + 1,n; + 2 are not
powers of 2, for somei € {1,...,p}.
(i) Ifna+...+np, <m< Qllogz nil+1 _ 9 then
©(Pp,(R) x ... x Py (R),T* xR™ %) >Ng (V)a € {l,...,m -1} and
©(Pp,(R) x ... x Py (R),8™) = (P, (R) x ... x P, (R),R™) > R

(i1) If m > 2(n1 + ... +nyp), then

@(Pnl(R) X ... XPnp(R);Ta XRm_a) =0Vae {17...,’171,—1}7
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and (Pn, (R) x ... x P, (R),S™) = ¢(Py,(R) x ... x P, (R),R™) =0
Proof. It is enough to take in the theorems 3.2, 3.3

M=P, (R)x...xP,, [ (R)x Py, ,(R) x...x P, (R).

Example 4.2. (i) If m,nq,...,n, > 2 are natural numbers such that ni+...+n, >
m > 2, then (Pp, (R) x ... x P, (R),T* x §"7%) >Ny, (V)aec{l,...,m—1}.
(i7) If a,b,m,n1 ...n, > 2 are natural numbers such that a < b and a+ny +
sty > m > 2, then (P, (R) x ... x P, (R) x T, T? x ™) > R,.
Proof. (i) It is enough to take in the theorem 3.5 M = P,,(R) x ... x P, (R).
(i4) It is enough to take in the theorem 3.6 M = P,,,(R)x...x P, (R)xT".0]
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PICARD PAIRS AND WEAKLY PICARD PAIRS OF OPERATORS

ALINA SINTAMARIAN

Abstract. The purpose of this paper is to introduce the notions of Pi-
card pair, c-Picard pair, weakly Picard pair and c-weakly Picard pair of
operators and to present examples for these notions. We also study the
data dependence of the common fixed points set of c-weakly Picard pairs

of operators.

1. Introduction
Let (X, d) be a metric space. Further on we shall need the following notations
PX):={Y |0#Y C X}
Py(X)={Y |Y eP(X)and Y is a closed set }

and the following functionals
D:P(X)xP(X)—Ry, DA, B)=inf { d(a,b) |a€ A, be B },

H:P(X)x P(X)— Ry U{+o0}, H(A,B) = max { sup D(a, B), sup D(b, A) } .
acA beB
Let f1, f2 : X — X be two operators. We denote by G, the graph of fi, by

Fy, the fixed points set of f; and by (CF)y, ¢, the common fixed points set of f; and
fa.

The purpose of this paper is to study the following problems:
Problem 1.1. Let (X,d) be a metric space and fi1, fo : X — X be two operators.
Determine the metric conditions which imply that (f1, f2) is a (weakly) Picard pair
of operators or (and) f1, fo are (weakly) Picard operators.
Problem 1.2. Let (X,d) be a metric space and f1, f2,q1,92 : X — X be four
operators such that (CF)y, f,, (CF)g, g, # 0. We suppose that there exists n > 0 with

2000 Mathematics Subject Classification. 47TH10, 54H25.

Key words and phrases. fixed point, common fixed point, Picard operator, weakly Picard operator, Picard

pair of operators, weakly Picard pair of operators.
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the property that for each x € X, there are iz, j, € {1,2} so that d(fi, (x), g;,(x)) <n.
In these conditions estimate the Pompeiu-Hausdorff distance H((CF)y¢, ,,(CF)g, g,)-
Throughout the paper we follow the terminology and the notations from Rus

[7], [8] and Rus-Muresan [9], [10].
2. Picard pairs and weakly Picard pairs of operators

Definition 2.1. [Rus [6], [7], [8]] Let (X, d) be a metric space. An operator f: X — X
is a Picard operator (briefly P. o.) iff there exists x* € X such that Fy = {z*} and
(f™(x0))nen converges to x*, for all xy € X.

Let (X,d) be a metric space. We say that a P. o. f: X — X is a ¢ Picard
operator (c € [0, +o0[) (briefly ¢-P. o.) iff the following condition is satisfied

d(z,2*) < cd(z, f(z)),

for each € X, where x* is the unique fixed point of f.
Definition 2.2. [Rus [6], [7], [8]] Let (X, d) be a metric space. An operator f : X — X
is a weakly Picard operator (briefly w. P. 0.) iff for each xo € X, the sequence
(f™(x0))nen converges and its limit is a fixed point of f.

For examples of P. 0. and w. P. o. see for instance Rus [6], [7], [8].

Let (X, d) be a metric space and f : X — X be a w. P. 0.. We consider the
operator f> : X — FY, defined as follows

f(x) = lim f*(z),

n—00
for each z € X.

Definition 2.3. [Rus-Muresgan [10]] Let (X,d) be a metric space and f : X — X be
a w. P.o.. We say that f is a c-weakly Picard operator (c € [0, 4+o0[) (briefly c-w.
P. 0.) iff the following condition is satisfied

d(z, f>(x)) < ¢ d(z, f(2)),

for each z € X.

Examples of c-w. P. o. are given in Rus-Muregan [10].
Definition 2.4. Let (X,d) be a metric space and f1, fo : X — X be two operators.
We say that the pair of operators (f1, f2) is a Picard pair of operators (briefly P. p.
o.) iff there exists 2* € X such that (CF)y, r, = {«*} and for each x € X and for
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every y € {f1(z), fa(x)}, the sequence (xn)nen defined as follows: xo = x, ©1 =y
and xon—1 = fi(Ton—2), Ton = fj(@an—1), for each n € N*, where i,j € {1,2}, with
i # j, converges to x*.

The sequence (y)nen 18, by definition, a sequence of successive approxima-
tions for the pair (f1, f2), starting from (zg, z1).
Definition 2.5. Let (X,d) be a metric space and fi, fo : X — X be two operators
which form a P. p. o.. We say that (f1, f2) is a c-Picard pair of operators (¢ €
[0, +00]) (briefly c-P. p. o.) iff the following condition is satisfied

d(z,z*) < c d(z,y),

for each (z,y) € Gy, UGy,, where x* is the unique common fized point of f1 and fo.
Definition 2.6. Let (X,d) be a metric space and f1, fa : X — X be two operators.
We say that the pair of operators (f1, f2) is a weakly Picard pair of operators (briefly
w. P.p. o) iff for each x € X and for every y € {fi(x), fo(x)}, there exists a
sequence (n)nen such that:
(i) zo =2, 1 = y;
(ii) xon—1 = fi(zon—2) and xa2, = f;(xan—_1), for each n € N*, where i,j €
{1,2}, with i # j;
(iii) the sequence (Ty)nen i convergent and its limit is a common fized point
of f1 and f.
Definition 2.7. Let (X,d) be a metric space and fi,fo : X — X be two op-
erators which form a w. P. p. o.. Then we consider the multivalued operator
(fi, f2)® : Gy, UGy, — P((CF)y, . 1,) as follows: for each (z,y) € Gy U Gy,,
we define (f1, f2)*(z,y) = { z € (CF)y, s, | there exists a sequence of successive
approximations for the pair (f1, f2), starting from (x,y), that converges to z }.
Definition 2.8. Let (X,d) be a metric space and fi, fo : X — X be two operators
which form a w. P. p. o.. We say that (f1, f2) is a c-weakly Picard pair of operators
(c € [0, +00]) (briefly c-w. P. p. o.) iff there exists a selection f7% of (fi, f2)> such
that

d(z, fro(z,y) < cd(z,y),

for each (z,y) € Gy, UGy,.
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Remark 2.1. [t is obvious that a P. p. o. is a w. P. p. 0. and a c-P. p. 0. is a
c-w. P. p. o..

Further on we shall give some examples of ¢-P. p. 0. and ¢-w. P. p. o..
Theorem 2.1. Let (X,d) be a complete metric space and fi, fo : X — X be two

operators for which there exists a € [0,1/2] such that

d(f1(x), f2(y)) < a [d(z, f1(x)) + d(y, f2(y))];

for each z,y € X.

Then Fy, = Fy, = {z*}, (f1, f2) is c-P. p. o. and f1 and fo are c-P. o., with
c=(1-a)/(1-2a).
Proof. The conclusion follows immediately from Kannan’s theorem [3] and from the
Theorem 2 given by Rus in [5]. O
Theorem 2.2. Let (X,d) be a complete metric space and f1, fo : X — X be two

operators for which there exist a,b € Ry, with a +b < 1 such that

d(fl(m)va(y)) <a d(l‘,fl(iﬂ)) +b d(yan(y))a

for each z,y € X.

Then Fy = Fy, = {z*} and (f1,f2) s c-P. p. 0., with ¢ = (1 —
min {a,b})/[1 — (a +b)].
Theorem 2.3. Let (X,d) be a complete metric space and fi1,fa : X — X be two
operators. We suppose that there exist a, 8,7 € Ry, with a + 28 + 2v < 1 such that

d(f1(z), f2(y)) < a d(z,y)+ B [d(z, fr(2)) +d(y, f2(y)]+7 [d(z, fa(y)) +d(y, fr(2))],

for each z,y € X.
Then Fy, = Fy, = {z*} and (f1, f2) is c-P. p. o., withc=[1—(8+7)]/[1 —
(a+26 +27)].
Proof. The fact that Fy, = Fy, = {z*} follows from a theorem given by Rus in [4].
In order to prove the second part of the conclusion we shall take again the
proof.
Let i,57 € {1,2}, with i # j. Let g € X and we take zo,—1 = fi(zan—2),
Ton = fj(22—1), for each n € N*.
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We have

d(z1,x2) = d(fi(0), f5(21)) <
< ad(zo, x1) + Bld(2o, filzo)) + d(z1, f5(21))] + vld(z0, f(21)) + d(z1, fi(z0))] =
= ad(wo, v1) + Bld(wo, 21) + d(x1, 22)] + (w0, 72) <
< ad(zo, z1) + Bld(wo, 21) + d(x1,72)] + Y[d(w0, 21) + d(1,72)]
and hence

d(z1,72) < (@ + B +7)/[1 = (B+ )] d(zo, 1)

Similarly, we have that

d(x2,73) < (a+ B+7)/[1 = (B+7)] dz1,22).
By induction we get that

at+ B+~ 1"
1(6+'7):| d(3307331)>

d(mnyanrl) S |:

for each n € N.
This implies that (z,)nen is a convergent sequence, because (X, d) is a com-
plete metric space. The limit of the sequence (z,)nen is the unique common fixed

point z* of f; and fs.
We have

d(zo, 1),

oty < [0 ) 0

=B+ (a+28+29)
for each n € N.

For n = 0, we obtain

d(xo,2") < [1 = (B 4]/ = (428 + 27)] d(o, fi(x0))-

So, we can assert that (f1, f2) is a ¢-P. p. o., with ¢ = [1 = (8+7)]/[1 — (a+28+27)].
(I
Remark 2.2. If we take o = 3 = 0 in the metric condition of the Theorem 2.3, then
the part which affirms that Fy, = Fy, = {2*} is a result given by Chatterjea in [1]
and we have that (f1, f2) is ¢-P. p. o., withc= (1 —7)/(1 —27).
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Theorem 2.4. Let (X,d) be a complete metric space and f1, fo : X — X be two
operators for which there exist ay,...,as € Ry, with a; +as+a3+2max {ag,a5} < 1

such that
d(fi(x), f2(y)) < ay d(z,y) + a2 d(z, fi(x)) + a3 d(y, f2(y))+

+ag d(z, f2(y)) + as d(y, fi(z)),

for each z,y € X.
Then Fy, = Fy, = {z*} and (f1, f2) is ¢-P. p. o., with c = (1 — )™, where
Il =max {(a1 +az + a4)/[1 — (as + a4)], (a1 + as + as5)/[1 — (a2 + a5)]}.
Proof. The proof is made similarly with that of the Theorem 2.3. [J
Theorem 2.5. Let (X,d) be a complete metric space and f1, fa : X — X be two

operators. We suppose that there exists a € [0, 1] such that

d(f1(z), f2(y)) < a max {d(z,y),d(z, f1(z)), d(y, f2(y)),

1/2 [d(z, f2(y)) + d(y, f1(x))]},

for each z,y € X.

Then Fy, = Fy, = {z*} and (f1, f2) is ¢-P. p. o., withc= (1 —a)~ L.
Proof. The fact that Fy, = Fy, = {z*} follows from a theorem given by Ciri¢ in
[2]. For the second part of the conclusion, the proof is made similarly with that of
the Theorem 2.3. O
Theorem 2.6. Let (X, d) be a complete metric space and ¢ : R%. — R, be a contin-

uous function which satisfies the following two conditions:
(i,) @ is monoton increasing in each variable;
(ii,) @(t,t,t,2t,0) <t, p(t,t,t,0,2t) <t and ¢(t,0,0,t,t) < t, for each t > 0.

Let f1, fo : X — X be two operators for which there exists a € [0,1] such that

d(f1(x), f2(y)) < a (d(z,y), d(x, f1(2)), d(y, f2(y)), d(z, f2(y)), d(y, f1(2))),

for each z,y € X.

Then Fy, = Fy, = {z*} and (f1, f2) is ¢-P. p. o., withc= (1 —a)™'.
Proof. The proof is made similarly with that of the Theorem 2.3, taking into account
the properties of the function . O
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Remark 2.3. It is an open question if the operators fi and fo from the Remark 2.2,
the Theorems 2.2, 2.3, 2.4, 2.5 or 2.6 are P. o..

Theorem 2.7. Let (X,d) be a complete metric space and f1,fa : X — X be two
continuous operators. We suppose that there exist ai,as € [0,1] such that for each

1,7 € {1,2}, with i # j we have

d(fi(x), f;(fi(x))) < ai d(z, fi(x)),

for each z € X.
Then Fy, = Fj, € Py(X) and (fi1, f2) is ccw. P. p. o., with c = (1 —
max {a,as})"t.

Proof. We show in the beginning that Fy, = Fy,. Let * € Fy,. Then we have

d(a”, fo(z")) = d(f1(z"), fo(f1(27))) < @y d(z7, f1(2")) = 0.

So x* € Fy, and thus we are able to write that Fy, C Fy,. Analogously we get that
Fy, C Fy,. Hence Fy, = Fy,.

It is not difficult to see that Fy, and Fy, are closed sets. In order to prove
that let ¢ € {1,2} and z,, € FY,, for each n € N, with the property that x,, — z*, as
n — oo. From z,, = f;(x,), for each n € N and taking into account the fact that f;
is continuous we get, by letting n to tend to infinity, that «* = f;(«*), i. e. 2* € FY,.
So FY, is a closed set.

Further on we shall prove that (CF)y¢, , # 0. Let i,j € {1,2}, with 7 # j.
Let 2y € X and we put @2,—1 = fi(Z2n—2), Ton = fj(T2n—1), for each n € N*. We

have
d(z1,x2) = d(fi(xo), fi(x1)) = d(fi(wo), f;(fi(x0))) <
< a; d(xo, fi(20)) = a; d(zg,x1).
Similarly, we have that

d($2,$3) S aj d(.l?l,l‘g).

We put a = max {a1,az2}. By induction we get that
d(xn, Tni1) < a” d(xo, 11),

for each n € N.
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This implies that (z,)nen is a convergent sequence, because (X, d) is a com-
plete metric space. Let 2* = lim,, o0 . From x9,_1 = fi(z2n—2), Ton = fj(@2n-1),
for each n € N* and taking into account the fact that f; and fo are continuous, it
follows that z* € (CF)y, s,. So (CF)y, y, = Fy, = Fy, # 0. By an easy calculation

we have
d(zp,2*) <a™/(1 —a) d(zo,z1),

for each n € N.

For n =0 we get
d(zg,z*) < (1 —a)™" d(zo,z1).

Therefore (fi, f2) is a c-w. P. p. o., where ¢ = (1 — max {aj,a2})" . O
Remark 2.4. It is an open question if the operators f1 and fo from the Theorem 2.7

are w. P. o..

3. Data dependence of the common fixed points set of c-weakly Picard

pairs of operators
Theorem 3.1. Let (X,d) be a metric space and f1, f2,g91,92 :+ X — X be four
operators. We suppose that:

(i) (f1,f2) is a cg-w. P. p. o. and (g1,92) is a cg-w. P. p. o.;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi, (), 95, (x)) <n.
Then

H((CF)flva’ (CF)91792) < 7 max {Cf7cg}'

Proof. It is not difficult to see that

H((CF)f17f27 (CF)91792) < max { sSup d(x,fﬁ%(l',f%(z))),
zE(CF)gy 99

sup d('ragi%(x?gjm (l‘))) } :

z€(CF) 5o
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If z € (CF)g, g,, then we have

d(z, a2, fi, (2)) < cf d(z, fi. () = cf d(g;, (2), fi. () < cf .

If z € (CF)y, t,, then we get

(@, 975(, 9. (1)) < ¢q d(z, g;, () = ¢q d(fi. (%), ;. (x)) < cg 1.

From these, using the following lemma (see [8])
Lemma 3.1. Let (X,d) be a metric space and A, B € P(X). We suppose that there
erists n € R, n > 0 such that:

(i) for each a € A, there exists b € B so that d(a,b) <,
(ii) for each b € B, there ezists a € A so that d(b,a) <.
Then H(A, B) <.

We obtain the conclusion of the theorem. I

Further on we shall give some consequences of the abstract result given in
Theorem 3.1.
Theorem 3.2. Let (X,d) be a complete metric space and f1, f2,91,92 : X — X be

four operators. We suppose that:

(if) there exists ay € [0,1/2[ such that

d(f1(x), f2(y)) < ag [d(z, fr(2)) + d(y, f2(y))];

for each z,y € X;
(ig) there exists a4 € [0,1/2[ such that

d(91(), 92(y)) < ag [d(z, 91(2)) + d(y, 92(y))],

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that

d(fi, (), 9j, () <.
Then Fy, = Fy, ={a}}, Fy, = Fy, = {a}} and
d(xy, xg) <n (1—a)/(1 - 2a),

where a = max {af,a4}.
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Proof. From the Theorem 2.1 we have that Fy, = Fy, = {27} and that (f1, f2) is
cg-P. p. o., with ¢ = (1 —af)/(1 — 2ay). From the same theorem we also have that
Fy, = Fy, = {z;} and that (g1, g2) is ¢g-P. p. 0., with ¢, = (1 —a,)/(1 — 2a,4). The
fact that d(z},z;) <1 (1—a)/(1—2a) follows immediately from the Remark 2.1 and
the Theorem 3.1. O

Theorem 3.3. Let (X,d) be a complete metric space and f1, fa,91,92 : X — X be

four operators. We suppose that:

(if) there exist af,by € Ry, with ay + by <1 such that

d(f1(x), fa(y)) < ag d(z, f1(x)) + by d(y, f2(y)),

for each z,y € X;
(ig) there exist ag,by € Ry, with ag + by < 1 such that

d(91(x), 92(y)) < ag d(z,91(2)) + by d(y; 92(v)),

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi, (), 9, () <.

Then Fy, = Fy, = {x;}; Fo, = Fg, = {x:;} and
d(r},z;) <n max {cf, ¢4},

where ¢y = (1—min {ay,bs})/[1—(as+bs)] and ¢y = (1—min {ay, by})/[1—(ag+by)].

Proof. From the Theorem 2.2 we have that Fy, = Fy, = {z}} and that (f1, f2)
is cs-P. p. o.. From the same theorem we also have that F,, = F,, = {z;} and
that (g1,92) is ¢g-P. p. o.. Now, the fact that d(z7},z7) < n max {cf,cg} follows
immediately from the Remark 2.1 and the Theorem 3.1.

Theorem 3.4. Let (X,d) be a complete metric space and f1, f2,91,92 : X — X be

four operators. We suppose that:

(if) there exist oy, By, vr € Ry, with oy + 285 4+ 2v¢ < 1 such that
d(f1(2), f2(y)) < af d(z,y) + By [d(z, f1(2)) + d(y, f2(y))]+

+yy (A, fa(y)) + d(y, f(2))],
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for each z,y € X;
iy ) there exwist o, By,ve € Ry, with ay + 28, + 2v, < 1 such that
Y g9s7gy 1g + g Y g

d(g1(x), 92(y)) < ag d(z,y) + By [d(x, g1(x)) + d(y, g2(y))]+

+7g [d(z, 92(y)) + d(y, 91(2))];
for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that
d(fi, (), ;. () <.

Then Fy, = Fy, ={a}}, Fy, = Fy, = {23} and
d(x}, ;) <n max {cy,cg},

where ¢y = [1—=(By +75)]/[1 = (ay + 265 +27¢)] and ¢g = [1 = (By +79)]/[1 = (g +
284 + 2,)]-
Proof. From the Theorem 2.3 we have that Fy, = Fy, = {z}} and that (f1, f2) is
cf-P. p. o.. From the same theorem we also have that Fy, = Fy, = {z}} and that
(91,92) is ¢g-P. p. o.. The fact that d(z},27) < n max {cf,cg} follows immediately
from the Remark 2.1 and the Theorem 3.1. O
Theorem 3.5. Let (X,d) be a complete metric space and f1, f2,91,92 : X — X be
four operators. We suppose that:

(if) there exist af,... al € Ry, with a] + af + af +2max {a},al} <1 such

that

d(f1(2), f2(y)) < af d(z,y) +af d(z, f1(z)) +af d(y, fo(y))+

+af d(z, f2(y)) + af d(y, f1(2)),

for each z,y € X;
i,) there emist a¥,...,al € Ry, with af + ad + a3 + 2max {a?,al} < 1 such
g 1 5 + 1 tay+ag 1,05

that
d(g1(2), 92(y)) < af d(z,y) + a3 d(z,g1(x)) + af d(y, g2(y))+

+aj d(x,92(y)) + a5 d(y, 91(x)),

for each z,y € X;
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(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that

d(fi. (%), g5, () <.
Then Fy, = Fy, = {x}}, F, =F, = {m;} and
d(l‘;,fb;) S 7 max {Cfacg}v

where ¢y = (1 — 1)t with l; = max {(a{ + ag + af:)/[l - (ag + afi)],(a{ + af; +
al)/[1 = (af +al)]} and ¢, = (1 —1y)™, with I, = max {(af + af + af)/[1 — (af +
)], (@ +ad + a)/[1 - (ad + aD)]}.

Proof. From the Theorem 2.4 we have that Fy, = Fy, = {27} and that (f1, f2) is
cf-P. p. o.. From the same theorem we also have that Fy, = Fy, = {z;} and that
(91,92) is ¢g-P. p. o.. Now, the fact that d(z},2}) <n max {cs,cy} follows from the
Remark 2.1 and the Theorem 3.1. [J

Theorem 3.6. Let (X,d) be a complete metric space and f1, fa,91,92 : X — X be

four operators. We suppose that:

(if) there exists ay € [0, 1] such that
d(fl(x)v f2(y)) < af max {d(xv y)v d((E, fl(x))v d(y7 fQ(y))v
1/2 [d(z, f2(y)) + d(y, f1(x))]},

for each z,y € X;
(ig) there exists a4 € [0, 1] such that

d(g1(z), 92(y)) < ag max {d(z,y),d(x, g1()),d(y, 92(v)),

1/2 [d(z, g2(y)) + d(y, 91(x))]},

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that

d(fi, (), 95, () <.
Then Fy, = Fy, = {x*]}}, Fy =F, = {x;} and

d(x}ax;) <1 (1 — max {afvag})_l‘
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Proof. From the Theorem 2.5 we have that Fy, = Fy, = {z}} and that (f1, f2)
is ¢p-P. p. o., with ¢y = (1 —ay)~!. From the same theorem we also have that
Fy, = Fy, = {x}} and that (g1, g2) is ¢g-P. p. 0., with ¢, = (1 —a,)~". The fact that
d(z},zy) < n (1 —max {ay, ag})~t follows immediately from the Remark 2.1 and the
Theorem 3.1. O

Theorem 3.7. Let (X,d) be a complete metric space and @¢,pq - Ri — R4 be two
continuous functions which satisfy the following conditions:
(ip;,) @y and @, are monoton increasing in each variable;
(iip;,) @r(t,t,t,2t,0) < t, op(t,t,t,0,2t) < t and ps(t,0,0,t,t) < t, for each
t >0 and pg(t,t,t,2t,0) < t, o (t,1,t,0,2t) < t and @4(t,0,0,t,t) < t,
for each t > 0.

Let f1, fa,91,92 : X — X be four operators. We suppose that:

(iy) there exists ay € [0, 1] such that

d(fl(‘r)a f2(y)) < afr gof(d(m,y),d(x, fl(x))vd(yvfQ(y))’d(x»f2(y))ad(yafl(x)))v

for each z,y € X;
(ig) there exists aq € [0, 1] such that

d(.gl (x)7gg(y)) < Qg L)09(d(xa y)? d(wvgl (m))v d(yvg2(y>)7 d(.’L‘,gz(y», d<y’ g1 ($>))7

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that

d(fi, (), 95, (x)) <n.

Then Fy, = Fy, = {a}}, Fy, = Fy, = {a3} and

d(x’},a:;) <7 (1 — max {af,ag})_l.

Proof. From the Theorem 2.6 we have that Fy, = Fy, = {z}} and that (f1, f2)
is ¢y-P. p. o., with ¢y = (1 —ay)~!. From the same theorem we also have that
Fy, = Fy, = {«}} and that (g1,92) is ¢g-P. p. o., with ¢; = (1 —ay)~". Now, the
fact that d(z},27) < n (1 — max {ay, ag})~! follows immediately from the Remark
2.1 and the Theorem 3.1. O
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Theorem 3.8. Let (X,d) be a complete metric space and f1, f2,91,92 : X — X be

four operators. We suppose that:

(i) there exist af al € [0,1] such that for each k,l € {1,2}, with k # | we

have
d(fr(x), il fr(2))) < af d(z, fi(x)),
for each x € X
(ig) there exist af,al € [0,1] such that for each k,l € {1,2}, with k # | we

have

d(gx(z), 91(gr())) < af d(z, gr(z)),

for each x € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that

d(fi, (@), 95, (x)) <n.
Then

H((CF>f1’f2> (CF)!h,gz) <n (1 — max {a1>a2aa1’ })

Proof. From the Theorem 2.7 we have that (fi, f2) is ¢s-w. P. p. o., with ¢y =
(1-max {af,a}})~" and that (g1, g2) is ¢,-w. P.p. 0., with ¢; = (1—max {a?,ad}) !
The conclusion follows from the Theorem 3.1. [J
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Abstract. An ordered pair (D, £) of subsets of a partially ordered set
A is called a pairing in A if the meet DA E =inf{D, F} exists for all
D eD and E € £. Moreover, the set D is said to separate the points
of £ if for each FEi, B2 € £ with Fq # E2 there exists D € D such
that DA Ey # D A Es.

A function F of D to & is called nonexpansive if F (D) <
D for all D € D. Moreover, the function F is called a multiplier if
F(D1)AND2= D1 ANF(Ds) forall Dy, Dy € D. If in particular D is a
meet semilattice in A, then the function F' is a nonexpansive multiplier
if and only if F (D1 ADs2)=F (D1)ADy forall Dy, Dy €D.

After summarizing some basic properties of pairings, nonexpan-
sive functions and multipliers, it is shown that if F' is a multiplier of D
onto £, then & separates the points of D if and only if F' is injective
and D separates the points of £€. Moreover, some sufficient conditions
are given in order that a nonexpansive function and a multiplier of D to
& be the identity function of D.

The results obtained naturally extends and supplement some for-
mer statements of G. Szdsz, J. Szendrei, A. Sz4z and G. Pataki on multi-
pliers on semilattices and partially ordered sets. Moreover, they are also
closely related to the works of several mathematicians on the extensions
of semilattices and semigroups by the module theoretic methods of R. E.

Johnson, Y. Utumi, G.D. Findlay and J. Lambek.
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1. Partially ordered sets

According to Birkhoff [2, p.1] a nonvoid set A together with a reflexive,
transitive and antisymmetric relation < is briefly called a poset. The use of the
script letter is mainly motivated by the fact that each poset A is isomorphic to a
family of sets partially ordered by set inclusion. The isomorphism is established by
the mapping A —]A], where Ac A and |A]={BeA: B<A}.

As usual, a poset A is called (1) totally ordered if for each A, B € A
either A < B or B < A holds, (2) well-ordered if each nonvoid subset of A has
a minimum (least element). Moreover, a subset D of A is called (1) descending if
A€ A, DeD and A<D imply A€ D, and (2) cofinal if for each A € A
there exists D € D such that A< D.

The infimum (greatest lower bound) and the supremum (least upper bound)
of a subset D of a poset A will be understood in the usual sense. However, instead
of infD and supD, we shall use the lattice theoretic notations AD and \/ D,
respectively. Thus, for instance F = A D if and only if E € A such that for each
Ae A wehave A<FE ifandonlyif A<D forall DeD.

However, in the sequel, we shall only need some very particular cases of the
above definitions whenever, for A, B € A, we write AAB = inf{A, B} and
AV B = sup{A, B}. Concerning the operation A, we shall frequently use the
next simple theorems which, in their present forms, are usually not included in the
standard books on lattices.

Theorem 1.1. If A is a poset and A, B, C, D e A, then

(1) A<B ifandonlyif A=AANB; and thus A=ANA;

(2) A<B and C <D imply ANC < BAD whenever ANC and
BAD exist.

Theorem 1.2. If A is a poset and A, B, C € A, then

(1) ANB=BAA whenever either BANA or AANB exist;

(2) (ANB)ANC =AAN(BAC) whenever ANB and BAC and moreover
either (AANB)ANC or AN(BAC) exist.
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Remark 1.3. A slightly weaker form of the assertion (2) can be found in Birkhoff
[2, Theorem 1, p.8]. Moreover, a somewhat weaker form of the dual of this assertion
can be found in Gréatzer [7, Exercise 31, p.8].

Theorem 1.4. If A is a poset and D C A, then the following assertions are
equivalent :

(1) D is descending;

(2) Ac A and DeD imply AND €D whenever AND exists.
Remark 1.5. From the above theorems, by using the dual A (>) of the poset A (<),
one can easily get some analogous theorems for the operation V and the ascending
subsets of A (<). However, in the sequel, we shall mainly need the operation A.
Therefore, we shall assume here some rather particular terminology.

A nonvoid subset B of poset A is called a semilattice in A4 if DAE exists
in A and belongs to B for all D,E € B. Moreover, a nonvoid subset D of a
semilattice B in a poset A is called an ideal of B if DA E isin D for all D € D
and F € B. Note that, by Theorem 1.5, D is an ideal of B if and only if D is
descending subset of B.

If D and £ are subsets of a poset A such that DA E exists for all D € D
and E € &, then we write DAE={DAE: DeD, Eecf}. Notethatif B
is a semilattice in a poset A, then B =B AB. Moreover, if D and £ are ideals of
B, then D=DAB and DNE =D AE. Therefore, the ideal DN E inherits some
useful properties of D and £.

2. Separating pairings in posets

Definition 2.1. For every subset D of a poset A, we define
D*={AeA: VDeD: JAAD}.

Concerning the mapping * of P (A) to itself, we can easily establish the
following
Theorem 2.2. If D and & are subsets of a poset A, then the following assertions
are equivalent :

(1) € C D*; (2) D cC&*.
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Proof. Suppose that the assertion (1) holds and D € D. Then, E € D* for all
E € &. Therefore, DAE =FEAD exists for all E € £. Consequently, D € £,
and thus the assertion (2) also holds.

The converse implication (2) = (1) can now be immediately established by
interchanging the roles of D and £ in the implication (1) = (2).
Remark 2.3. From the above theorem, by [29, Lemma 2.3], it follows that the
mappings * and * establish a Galois connection between the posets P (A) and
P(A).

Therefore, as an immediate consequence of [29, Theorem 2.4, we can also
state
Theorem 2.4. If A is a poset, then

(1) D*=D*** forall DCA;

(2) the composite mapping ** is a closure operation on P (.A) such that
P(A) =P (A)™;

(8) the restriction of the mapping = to P (A)* is an inversion invariant
injection of P (A)* onto itself.

Hence, by [29, Theorem 1.9], it is clear that in particular we also have
Corollary 2.5. If A is a poset, then P (A)* is a complete poset.
Definition 2.6. If D and £ are nonvoid subsets of A such that £ C D*, then we
say that the ordered pair (D, £) is a pairing in A.

Our prime example for pairings is described in the following
Theorem 2.7. If A is a poset with A* # 0, then A* is the largest subset of A
such that (A*, A) is a pairing in A. Moreover, A* is a semilattice in A.
Proof. The first statement is immediate from Definition 2.6 and Theorem 2.2. To
prove the second statement, note that if A, B € A* and C € A, then by Definition
21 AAB and AA(BAC) exist. Therefore, by Theorem 1.2, (AAB)AC =
AN(BAC) also exists. Thus, again by Definition 2.1, AA B € A*.
Definition 2.8. If (D, &) is a pairing in a poset A such that for any
Ey, By € £, with Ey # FEo, there exists D € D such that Ey AD # Ea A D, then
we say that D separates the points of £.

Concerning the existence of separating pairings, we can only state the follow-

ing generalization of [28, Theorem 2.9], and its immediate consequences.
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Theorem 2.9. If (D, £) is a pairing in a poset A such that D is a cofinal subset
of £, then D separates the points of & .
Corollary 2.10. If A is a poset such that A* is cofinal in A, then A* separates
the points of A.
Corollary 2.11. If A is a semilattice, then A separates the points of itself.

In the sequel, we shall also need the following rather particular
Theorem 2.12. Let (D, E) be a pairing in a poset A such that D C E. Suppose
that U C D and V C & such that UND CU and UANYV C V. Moreover,
suppose that U separates the points D and V separates the points of U. Then V
also separates the points of D .
Proof. Suppose that D;, Dy € D such that D; # Ds,. Then, since U separates
the points of D, there exists U € U such that Dy AU # Dy AU . Moreover, since
UND C U, we also have D; AU, Do AU € U. Therefore, since V separates the
points of U , there exists V €V such that (D AU)AV # (Da AU) AV . Hence,
by Theorem 1.2, it follows that D3y A (U AV) # Dy A (U AV'). Moreover, since
UANY CV, we also have UAV € V. Therefore, the required assertion is also true.
Corollary 2.13. If A is a poset and D is an ideal of A* such that D separates
the points of A* and A separates the points of D, then A also separates the points
of A*.

3. Nonexpansive functions on posets

Definition 3.1. A function F' of a subset D of a poset A to A is called nonex-
pansive if F (D)< D forall DeD.

Clearly, the identity function Ap of D is nonexpansive. Moreover, to provide
a less trivial example, we can also at once state
Example 3.2. If 7 is a subset of an upper complete poset A, then the function
o, defined by A°=sup{V e7: V <A} forall A€ A, is nonexpansive. Note
that, in particular, A may be the family of all subsets of a set X and 7 may be a
topology on X.
Remark 3.3. To let the reader feel the importance of nonexpansive functions, it is
also worth mentioning that if F' is a nonexpansive function of a poset A to itself,
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then the minimal elements of A are fixed points of F. The dual statement has
previously been stressed by Bronsted [4].

By the corresponding definitions, we evidently have the following two theo-
rems.

Theorem 3.4. If (D, &) is a pairing in a poset A and F is a function of D
to £, then the function F', defined by F'(D) = F(D)AD forall D€ D, is
nonexpansive. Moreover, F is nonezpansive if and only if F'=F.

Corollary 3.5. If F' is a nonexpansive function of an ideal D of a semilattice A
onto a subset £ of A, then £ CD.

Theorem 3.6. If (D, £) is a pairing in a poset A and F is a function of D to
&, then the following assertions are equivalent :

(1) F is nonexpansive ;

(2) F(Dy)=F(Dy)ADy forall Dy € D and Dy € A with D; < Ds.
Remark 3.7. In this respect, it is also worth noticing that a function F' of a poset
D to another £ is nondecreasing if and only if F'(Dy) = F(Dy) A F (D) for all
D1, Dy € D with D1 < D,.

Therefore, in addition to Theorem 3.6, we may also naturally state the fol-
lowing theorem of [18].

Theorem 3.8. If (D, &) is a pairing in a poset A and F is a function of D to
&, then the following assertions are equivalent :

(1) F is nonexpansive and nondecreasing ;

(2) F(D1)ANDy=F(D)ANF(Ds) forall Dy, Dy €D with Dy < Dy.

In contrast to the injective nondecreasing functions, the inverse of an injective
nonexpansive function need not be nonexpansive. Namely, we have the following
natural extension of an observation of Szasz [22, p.449].

Theorem 3.9. If F' is an injective function of a subset D of a poset A to A such
that both F and F~' are nonexpensive, then F = Ap.

Proof. Note that, in this case, we have D = F_l(F (D)) < F (D) < D, and hence
F(D)=D forall DeD.

Analogously to [8, (4.43) Theorem|, we can also prove the following
Theorem 3.10. If F is an injective nonexpansive function of an ideal D of a

well-ordered set A to A, then F = Ap.
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Proof. If this is not the case, then by the well-orderedness of A there exists a
smallest element D of D such that F (D) # D. Hence, by the nonexpansibility of
F, it follows that F (D) < D. Moreover, by using Corollary 3.5 and the injectivity
of F, we can see that F (D) € D and F (F (D)) # F (D). But, this contradicts
the minimality of D.

Moreover, as a dual of [8, (4.43) Theorem]|, we can also state
Theorem 3.11. If F' is an injective nondecreasing function of a dually well-ordered
set A to itself, then F is nonexpansive.

Hence, by using Theorem 3.9, we can easily derive
Corollary 3.12. If F is an injective nondecreasing function of a dually well-ordered
set A onto itself, then F = Ay4.
Proof. In this case, F~! is also an injective nondecreasing function of A onto itself.
Therefore, by Theorem 3.11, not only F, but also F~! is nonexpansive. Therefore,
Theorem 3.9 can be applied.

Moreover, as an immediate consequence of Theorems 3.11 and 3.10, we can
also state
Corollary 3.13. If F is an injective nondecreasing function of a well-ordered and

dually well-ordered set A to itself, then F = A4.

4. Nonexpansive multipliers on posets

Definition 4.1. If (D, £) is a pairing in a poset A, then a function F of D to &
is called a multiplier if F (D1) A Dy =D AF (D) for all Dy, Dy € D.

The above definition can be illustrated with the following examples of [18].
Example 4.2. If (D, £) is a pairing in a poset A4 such that D C £, then the
identity function Ap of D is a nonexpansive multiplier.

Example 4.3. If (D, £) is a pairing in a poset A such that D is a semilattice in

A, then for each A € £ the function F, defined by F (D)= AAD forall DeD,

is a nonexpansive multiplier.

Example 4.4. Let A be a distributive lattice [2, p.12] with a least element O and

a greatest element X such that X # O. Choose A € A such that A # O, and

define D={DeA: AAND=0} and F(D)= AV D forall DeD. Then
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D is an ideal of A such that D does not separate the points of A, and F is a
nonextendable multiplier such that D < F'(D) forall D eD.

Remark 4.5. Moreover, it is also worth noticing that F is meet-preserving and
DNF(D)=90.

The importance of nonexpansive multipliers is also apparent from the follow-
ing theorems of [18].

Theorem 4.6. If (D, &) is a pairing in a poset A and F is a function of D to
&, then the following assertions are equivalent :

(1) F is a nonexpansive multiplier ;

(2) F(Dy)ANDy=F(D1)ANF(D3) forall Dy, DyeD.

Corollary 4.7. If (D, &) is a pairing in a poset A and F is a monexpansive
multiplier of D onto &, then (£, &) is also a pairing in A.

Theorem 4.8. If (D, £) is a pairing in a poset A and F is a function of D to
&, then each of the following assertions implies the subsequent one :

(1) F is a nonexpansive multiplier ;

(2) F(D1)=D1ANF(Dy) forall Dy, Do €D with D1 < Dy;

(3) F(DiyADs3)=F(Dy)ANDy forall Dy € D and Dy € A with
Dy NDy €D.

Corollary 4.9. If (D, &) is a pairing in a poset A and F is a nonexpansive
multiplier of D to £, then F is nondecreasing.

Theorem 4.10. If (D, &) is a pairing in a poset A such that D is a semilattice
i A, and F is a function of D to &, then the following assertions are equivalent :

(1) F is a nonexpansive multiplier ;

(2) F(DyADy)=F(Dy)ADsy forall Dy, Dy €D;

(3) F(Dy)=DiANF(Dy) forall Dy, Do € D with Di < Dy.
Corollay 4.11. If (D, £) is a pairing in a poset A such that D is a semilattice in
A, and F is a nonexpansive multiplier of D onto £, then F is meet-preserving
and & s also a semilattice in A .

Corollay 4.12. If F is a nonexpansive multiplier of an ideal D of a semilattice A
onto a subset £ of A, then F is idempotent and &£ is also an ideal of A.
Moreover, as some straightforward generalizations of [28, Theorems 6.2 and

6.3], we can also prove the following two theorems.
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Theorem 4.13. If (D, £) is a pairing in a poset A such that D separates the
points of £, and F is a multiplier of D to & such that F'(D) C £, then F is
nonexpansive .

Proof. If D € D, then by the above assumption on F'’' we have F'(D) € £.

Hence, by the corresponding definitions and Theorem 1.2, it is clear that
F'(D)ANQ=(F(D)AD)AQ=QA(F(D)AD)=(QAF(D))AD =

(F(QAD)AD=F(@QAN(DAD)=F(@QAD=QAF(D)=F(D)rQ

for all @ € D. Hence, since D separates the points of &, it follows that
F'(D)=F (D). Therefore, F'=F, and thus by Theorem 3.3 F is nonexpansive.
Theorem 4.14. Let (D, &) be a pairing in a poset A such that EAND C E.
Suppose that F is a multiplier of a subset D, to £ such that D, separates the
points of €. Define

F-={(D,E)eDx&: VQeD,: EAQ=DAF(Q)}.

Then F~ is the largest multiplier of a subset D, of D to & such that F C F~.

1s already an ideal of

Moreover, if in particular D is a semilattice in A, then D

D.

5. Injective multipliers on posets

The following theorem has mainly been suggested by Mété [14, Proposition
4]. For a generalization, see also [26, Theorem 2.3].
Theorem 5.1. If (D, &) is a pairing in a poset A and F is a multiplier of D onto
&, then the following assertions are equivalent :

(1) & separates the points of D ;

(2) F is injective and D separates the points of & .
Proof. Suppose that the assertion (1) holds. Then, for any Dy, Dy € D with
Dy # Dy, there exists E € £ such that Dy A E # Ds A E. Hence, by choosing
D €D such that E = F (D), we can see that

F(D)AD=DyAF(D)=DyANE#DyANE=DyANF(D)=F(Dy))AD.

Therefore, F (D1)# F (D), and thus the first part of the assertion (2) also holds.
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Moreover, since for any Ej, Ey € £ with FEy # Ey there exist Dy, Dy € D
with D; # Dy such that Ey} = F(D;) and FEs = F(D3), it is clear that the
second part of the assertion (2) is also true.

Suppose now that the assertion (2) holds. Then, by the first part of the
assertion (2), for any Dj, Do € D with Dy # Dy, we have F(Dy) # F(Ds).
Therefore, by the second part of the assertion (2), there exists D € D such that
F(D1)AD # F(Dy) AD. Hence, by defining E = F (D), we can see that E € £
such that

DiAE=DyAF(D)=F(D))AD#F(D))AD=DyAF(D)=Dy\E.

Therefore, the assertion (1) also holds.

Now, as some immediate consequences of Theorem 5.1, we can also state
Corollary 5.2. If (D, &) is a pairing in a poset A such that € separates the points
of D, then every multiplier F' of D onto £ is injective.

Corollary 5.3. If (D, £) is a pairing in a poset A such that there exists an injective
multiplier F of D onto £, then the following assertions are equivalent :

(1) D separates the points of & ; (2) & separates the points of D.
Corollary 5.4. If (D, &) is a pairing in a poset A such that D separates the
points of £, and F is a multiplier of D onto &, then the following assertions are
equivalent :

(1) F is injective ; (2) & separates the points of D.

Moreover, by using Theorems 5.1 and 2.12, we can also prove the following

Theorem 5.5. Let (D, E) is a pairing in a poset A such that D C E. Suppose
that F is an injective multiplier of a subset D, of D onto a subset £, of €& such
that D, AD C D, and F'(D,)C€&, and D, separates the points of £. Then &,
separates the points of D.
Proof. In this case, by Theorem 5.1, &, separates the points of D,. Moreover,
by Theorem 4.13, F is nonexpansive.  Therefore, if E € &,, then by
choosing D € D, such that E = F (D) and using Theorem 4.8, we can see that
ENQ =FD)NQ = F(DAQ) € &, for all @Q € D. Thus, in particular,
E, ND, C &, also holds. Hence, by Theorem 2.12, it is clear that the required
assertion is also true.
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By the above theorem, it is clear that in particular we also have
Corollary 5.6. Let A be a poset and suppose that F' is an injective multiplier of an
ideal D of A* onto a subset £ of A such that D separates the points of A. Then
E separates the points of A*.

Moreover, by using Theorem 5.5, we can see that in some particular cases the
maximal extension F'~ of an injective multiplier F is also injective.
Theorem 5.7. Let (D, &) be a pairing in a poset A such that D C €& and
END C E. Suppose that F is an injective multiplier of a subset D, of D to £ such
that D, AND C D, and D, separates the points of £. Then F~ is also injective.
Proof. In this case, by Theorem 5.5, the range &, of F separates the points of
D. Hence, since F~ is an extension of [, it is clear that the range £ _ _ of F~
separates the points of the domain D__ of F~. Therefore, by Theorem 5.1, the
required assertion is also true.
Corollary 5.8. Let A be a poset and suppose that F is an injective multiplier of
an ideal D of A* to A such that D separates the points of A. Then F~ is also

injective.

6. Some further results on injective multipliers

A counterpart of the following theorem is attributed to Devinatz and
Hirschman by Wang [31, p.1134].
Theorem 6.1. If (D, &) is a pairing in a poset A, and F is an injective multiplier
of D onto &£, then F~' is an injective multiplier of £ onto D.

Proof. In this case, we evidently have

F Y E)NE,=F Y(E\)ANF(FY(Es)) =

F(FYE))ANF Y (E) = E ANF™(E>)

forall Fi, E5 €€&.

Now, we are ready to prove the following counterpart of Theorem 3.9.
Theorem 6.2. If (D, £) is a pairing in a poset A such that £ separates the points
of D, and F is a multiplier of a subset D, of D onto &€ such that F'(D,) C DNE,
then F = ADF.
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Proof. In this case, by Theorem 5.1, F' is injective and D, separates the points of &£.
Hence, by Theorem 6.1, it follows that F~! is a multiplier of £ onto D,.. Moreover,
by Theorem 4.13, it is clear that not only F, but also F~! is nonexpansive. Namely,

we have

for all E € £. Therefore, by Theorem 3.9, the required assertion is also true.

Hence, it is clear that in particular we also have
Corollary 6.3. If A is a poset and F is a multiplier of a subset D of A* onto a
subset € of A such that F'(D) C A*NE and & separates the points of A*, then
F=Ap.

Corollary 6.4. If F' is a multiplier of a subset D of A onto a subset € of A such
that F'(D) C & and & separates the points of A*, then F = Ap.

Moreover, by using Corollary 6.3, we can also prove the following

Theorem 6.5. If A is a poset and F is a multiplier of a subset D of A* to A
such that the sets F~'(A*) and F (F~'(.A*)) separates the points of A and A*,
respectively , then F = Ap.
Proof. Define Dy = F~'(A*) and & = F (F~'(A*)), and denote by Fj the
restriction of F' to Dy. Then, by the corresponding definitions, it is clear that
Do CD and & C A* (infact, & = F(D)NA*), and Fy is a multiplier of Dy
onto &. Moreover, from Theorem 4.13 we can see Fj is nonexpansive. Therefore,
Fy' = Fy, and thus Fy'(Dg) = &. Hence, by using Corollary 6.3, we can infer that
Fy = Ap,. On the other hand, from Theorem 4.14, we know that Fy has a unique
maximal extension F,, . Therefore, we necessarily have F, = A4-, and thus the
required assertion is also true.

Now, as an immediate consequence of this theorem, we can also state
Corollary 6.6. If F is a multiplier of a subset D of a poset A onto a subset & of
A such that both D and £ separate the points of A, then F = Ap.

From Theorem 6.2, by Theorem 5.1, it is clear that the following theorem is
also true.
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Theorem 6.7. If (D,&) is a pairing in a poset A such that D separates
the points of £, and F is an injective multiplier of D onto £ such that
F'(D)cDNE, then F=Ap.

Moreover, by using Theorem 5.5 instead of Theorem 5.1, we can also prove
the following
Theorem 6.8. Let (D, &) is a pairing in a poset A such that D C €. Suppose
that F' is an injective multiplier of a subset D, of D to £ such that D, N'D C D,
and F'(D,) CDNE, and D, separates the points of €. Then F = Ap .
Proof. In this case, by Theorem 4.13, F' is nonexpansive. On the other hand, by
Theorem 6.1, F~! is a multiplier of the range &, of F onto D,. Moreover, by
Theorem 5.5, £, separates the points of D. Therefore, again by Theorem 4.13, F~!
is also nonexpansive. Namely, we again have (F *1)/(E) €D foral E €é&,.
Therefore, by Theorem 3.9, the required assertion is also true.

Hence, it is clear that in particular we also have
Corollary 6.9. If A is a poset and F is an injective multiplier of an ideal D of
A* to A such that F'(D) C A* and D separates the points of A, then F = Ap.
Corollary 6.10. If F' is an injective multiplier of an ideal D of a semilattice A to
A such that D separates the points of A, then F = Ap.
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ON SOME INEQUALITIES FOR THE -ENTROPY NUMBERS

NICOLAE TITA

Abstract. We prove the inequalities:

k k
> omen (Si4.. +8) <2 =1) e Y an(en(S1)+ ...+ enl(Sh))

and

k
> amen(Sr ... (2" —1) Zanen (S1)...€n(Sr),

k=1,2,. ._., r > 2, where (€,(S5)) is the sequence of € - entropy numbers
of the linear and bounded operator S : X — X (S € L(X)) and (o) is
such that 1 = a1 > ... > 0 and anr < =“7an, Vn € N. X is a Banach

space.

1. Introduction

Let X be a Banach space and let T' : X — X be a linear and bounded operator
(T € L(X)). The € - entropy numbers of the operator T" are defined, [1],[2],[4],[6], as

follows:

e(T)=inf{c >0 : Jy1,...yn € X st. TUx C U {y; +oUx}}, n=1,2,...,

where Uy = {z € X || z ||< 1}.
It is well known [1],[4],[6] that: || T ||= e1(T) > &(T) > ... > 0 and
€nins (S +T) < €ny (S) + €y (1) €nyno (ST) < €1(S)en, (T), ny,na =1,2,.. ..

In the papers [5],[6] are presented the inequalities:

k k
yo el T) Z @)+l (a)

n=1

2000 Mathematics Subject Classification. 47B06, 47B10.

Key words and phrases. Entropy numbers, symmetric norming functions.
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By reiteration we obtain:

n

Z’“:en (S1+...+5,) <3T_1§:en(51)+...+en(s,) ()
n=1 n a n=1

and an analog inequality (b’) for the product of r operators.

In this paper we prove, in a simple way, that the factor 3"~! can be replaced
by (2" —1).

More generally, is [6], the sequence (%) is replaced by («,), where

l=a;>2ay>...20and ay2 < ~a,, Vn € N

2. Results

Firstly we remark that, from the inequalities of e-entropy numbers for the
sum and product of two operators we obtain:

Proposition 1.1 The e- entropy numbers verify the following inequalities:

enr (S14 ..+ 80) < en (1) +...+en(Sh) (1)

€nr (S1...5r) <€, (51)...€n(Sr) (2)

Now we prove:

Theorem 1.2. The e-entropy numbers verify the inequalities:

k k

D anen(Sit+. +8) <2 1) Y an(en(S)+...+en(S) (3)
k k
Y e (St 8) < (2 =1) e Y anen (1) .. e (), (4)

where (a,) is a sequence such that 1 = a3 > @ > ... >0 and
Qpr < =iram, Vne Ny k=1,2,...
Proof. We prove only (4). Tthe proof for (3) is similar. By using the

inequality (2) and the fact that the sequence (e, (S)) is non increasing we obtain:
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k (k+1)"—1
D onen(S1..8)< Y e (S1...8,) =
n=1 n=1

E (n+1)"—1

IN

= Z Z Q€5 (Slsr)

n=1 i=n"

k
<> [+ 1) —n" e (S1...8,) <
<Y - —aner (S8 <

k
<@ =1 ¢ anen(S1).. €a(Sy).

The proof is fulfiled.

3. Application

Let I be the normed space of all bounded sequence, where
| 2 [loo= sup |zn|.
n

For all x € lo, card(z) = card{n € N : z, # 0}. We denote by K the set of all
sequences & € lo, such that card(z) <nand x; > 29 > ... > 0.

A function ¢ : K — R is called symmetric norming function, [3],[4],[6], if:

d(x) >0, forx € K, x # 0;

dlan) = ap(z), a >0,z € K;

¢(x +y) < o(x) + ¢(y);

#(1,0,0,...) =1;

. If z,y € K are such that

k k
S <>y k=12,...
=1 i=1

then ¢(z) < ¢(y).
Example of such functions are: ¢oo : € K — 21, ¢p1: € K — Z? x; and

bo: xEK — Y L

i=1 "7

&
&

1
2
3
4
)
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It is known, [3],[6],[7], that, for all symmetric norming function ¢, the func-
tions: ¢ : (2:) € K — (¢ (gcf))%7 1<p<ooand ¢: (z;) € K — ¢ ({ayz;}) are
symmetric norming functions.

If z € I, are such that x1 > x5 > ... > 0, we consider

o(x) = lim ¢(x1,...,2,,0,0,...).

n—oo

In [4], [7], the classes L((;()p) (X) are considered, where L(e) (X)={TeL(X):
by ({en(T)}) < o0}, 1 < p<oo. If ¢ is replaced by ¢, from the inequality (a) and
the Minkowski inequality (for ¢(,),[3],[4],[7]) in [5], [7] is proved that

I 715 =8 (enlT)) = (6 ({anch(T T)}))? is a quasi-norm.

From the above inequality (a’) and the properties (2) and (5) of the functions
¢, it results that:

- (O ar1 % ©
DIEACE S LA

but from the theorem 1.2 we obtain that the factor 3"~! can be replaced by (2" — 1)

if oy, = n, n=1,2,.... A similar result is also true for all sequences («,) as above.

Remarks: For the dyadic entropy numbers e, (1) = en-1(T), n = 1,2,..., are
known, [4] , [7], the inequalities:

k k
Z (S*T) Z S) *en(T),
n=1 n=1

where x is + or e.

For the case of r operators r > 2 it results:

k k
Z (Six...xS) <Y en(S1) ... xen(S), k=1,2,...

n=1

This results from the fact that e, 1)1 (S1%...x5;) < en(S1)*...xe,(S;)

as follows:

k rk k rn
Z (S1r. .k S) <D en(SixxS) =Y > e(Six...xS5,)
n=1 n=1

n=1i=(n—1)r+1

k k
nge(n_l)rH (S1x...x5Sp) ngen(Sl)*...*en(Sr).

n=1
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We can also prove the inequality

k r k r
IIe- (HS,) <IIIIen(s), k=1.2,...5r>2
n=1 =1

n=1i=1
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