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PROFESSOR DIMITRIE D. STANCU, AT HIS 75th BIRTHDAY
ANNIVERSARY

GHEORGHE COMAN, IOAN A. RUS AND LEON ŢÂMBULEA

Dedicated to Professor D.D. Stancu on his 75th birthday

1. We present briefly a short vita, the career and some of the research activity

of professor D.D. Stancu in approximation theory, numerical analysis and probability

theory.

He was born on February 11, 1927 in the township Călacea, Timiş District,

Romania, in a farmer’s family. In the first years he had many difficulties, but with

the help of his mathematics teacher he succeeded to study in the prestigious Lyceum

”Moise Nicoară”, from the city Arad.

In the period 1947-1951 he studied at University ”Victor Babeş”, from Cluj,

Romania. When he was a student he was mostly under the influence of academician

professor Tiberiu Popoviciu (1906-1975), a great master of numerical analysis and

approximation theory. This has strongly influenced and stimulated his research work.

After his graduation, in 1951, he was named assistant at the Department of

Mathematics, University ”Victor Babeş”, Cluj.

He has obtained the Ph. D. in Mathematics in 1956. His advisor for the

doctoral dissertation was professor Tiberiu Popoviciu.

In a normal succession, he advanced up to the rank of full professor, in 1969.

He was happy to benefite from fellowship at the University of Wisconsin, at

Madison, Numerical Analysis Department, conducted by the late professor Preston

C. Hammer. He spent at the University of Wisconsin, in Madison, the academic year

1961-1962.

Received by the editors: 01.09.2002.
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Professor D.D. Stancu has participated in different events in the USA; among

them we mention that he has presented contributed papers at several regional meet-

ings of the American Mathematical Society held in Chicago, Milwakee and New York.

He has a nice family. His wife, dr. Felicia Stancu was a lecturer of mathe-

matics at the same University. They have two daughters: Angela (1957) and Mirela

(1958), both teaching mathematics at secondary schools in Cluj-Napoca. From them

they have three grandchildren: Alexandru (1983) and George (1992) (the sons of

Mirela) and Ştefana (1991) (the daughter of Angela).

Professor D.D. Stancu has taught several courses at the University ”Babeş-

Bolyai”, Cluj-Napoca: Mathematical Analysis, Numerical Analysis, Approximation

Theory, Probability Theory and Constructive Theory of Functions.

He has used probabilistic methods in Approximation Theory of Functions.

He had a large number of doctoral students, from Romania and abroad.

Besides the United States, Professor D.D. Stancu, he has participated in many

scientific events in Germany (Stuttgart, Hannover, Hamburg, Goettingen, Dortmund,

Münster, Siegen, Würzburg, Berlin, Oberwolfach), Italy (Roma, Napoli, Potenza,

L’Aquila), England (Lancaster, Durham), Hungary (Budapest), France (Paris), Bul-

garia (Sofia, Varna), Czech Republic (Brno).

His publication lists about 120 items.

There are more than 50 papers where his name is included in their titles.

Since 1961 he is a member of American Mathematical Society. He is also a

member of the society: ”Gesellschaft für Angewandte Mathematik und Mechanik”

(Germany).

He is for many years a reviewer of the journals: ”Mathematical Reviews”

(USA) and ”Zentralblatt für Mathematik” (Germany).

He is Editor in Chief of Revue d’Analyse Numérique et de Théorie de

l’Approximation” (Cluj-Napoca, Romania) and a member of the Editorial Board of

the Italian journal Calcolo, published by Springer-Verlag.

In 1968 he has obtained one of the Research Awards of the Department of Ed-

ucation in Bucharest, for his research work in Numerical Analysis and Approximation

Theory.
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University ”Lucian Blaga”, from Sibiu, has accorded him, in 1995, the scien-

tific title of Doctor Honoris Causa.

In 1999 Professor D.D. Stancu has been elected a Honorary Member of the

Romanian Academy of Sciences.

In August 1999 he has participated at the ”Alexits Memorial Conference” in

Budapest.

In May, 2000 he has participated at the International Simposium on ”Trends

in Approximation Theory”, dedicated to the 60th birthday anniversary of Professor

Larry L. Schumacher. He has presented a contributed paper, in collaboration with

Professor J. Wanzer Drane, from University of South Carolina, Columbia, S.C.

In June 2000 Professor D.D. Stancu was invited to present colloquium talks

at several American Universities: Ohio State University, Columbus, OH., Univer-

sity of South Carolina, Columbia, S.C., Vanderbilt University, Nasville, TN., PACE

University, Pleasantville, N.Y.

The main contributions in research work of D.D. Stancu fall into the following

list of topics: Interpolation Theory, Numerical differentiation, Orthogonal Polynomi-

als, Numerical quadreatures and cubatures, Taylor-type expansions, Approximation

of functions by linear positive operators, Representation of remainders in linear ap-

proximation formulas, Probabilistic methods for construction and investigation of

linear positive operators of approximation, Use of interpolation and calculus of finite

differences in probability theory and mathematical statistics.

In 1996, Professor D.D. Stancu has organized in Cluj-Napoca, an ”Inter-

national Conference on Approximation and Optimization”, in conjonction with the

Second European Congress of Mathematics, held in Budapest.

At present he and his colleagues are organizing an ”International Symposium

on Numerical Analysis and Approximation Theory” (May 9-11, University Babeş-

Bolyai, Cluj-Napoca, Romania).

His intensive research work and his important results obtained in Numerical

Analysis and Approximation Theory has brought him recognition in his country and

abroad.

We conclude by wishing to DiDi Stancu many fruitfull and happy years, with

health and satisfactions in his research work.
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3. SCIENTIFIC PAPERS CONTAINING IN THE TITLE THE NAME

OF D. D. STANCU

1. Abel, U., Asymptotic Approximation with Stancu Beta Operators, Rev.

Analyse Numer. et Theorie del’Approximation, vol.27(1998).

2. Acu, D., Boncut, M., Cismaşiu, C., Evaluation of the remainder in an

approximation formula of D.D. Stancu, Calcolo, vol. 35(1998), 191-196.

3. Acu, D., On the D.D. Stancu method of parameters, Studia Univ. Babeş-

Bolyai, Mathematica, vol. 47(1997), 1-7.

4. Agratini, O., Approximation Properties of a Class of Operators of Stancu-

Kantorovich Type, Babeş-Bolyai Univ. Preprint nr.1, Fac. Math., Cluj-

Napoca, pp. 3-12, 1994.

5. Agratini, O., On the monotonicity of a sequence of Stancu-Bernstein type
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6. Agratini, O., Application of divided differences to the study of monotonic-
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erators, Proceedings of ICAOR, vol. I, Transilvania Press, Cluj-Napoca,

1997, pp. 157-162.
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1997, pp. 217-222.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLVII, Number 4, December 2002

APPROXIMATION PROPERTIES OF A BIVARIATE STANCU TYPE
OPERATOR

DAN BĂRBOSU

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. An extension of Stancu’s operator P
(α,β)
m to the case of bi-

variate functions is presented and some approximation properties of this

operator are discussed.

1. Preliminaries

In 1969 (see[8]), D.D. Stancu constructed and studied a linear and positive

operator, depending on two positive parameters α and β which satisfy the condition

0 ≤ α ≤ β. This operator, denoted by P
(α,β)
m , associates to any function f ∈ C([0, 1])

the polynomial P
(α,β)
m f, defined by:

(
P (α,β)

m f
)

(x) =
∑m

k=0
pmk(x) f

(
k + α

m + β

)
(1.1)

where pmk(x) are the fundamental Bernstein polynomials. In the monograph by F.

Altomare and M. Campiti ([1]) this operator is called ”the operator of Bernstein-

Stancu”.

A first extensions of the operator (1.1) to the case of bivariate functions was

given by F. Stancu in her doctoral thesis (see [9]). The aim of the present paper is to

extend the operator (1.1) to the case of B-continuous (Bőgel continuous functions).

More exactly, we shall present a GBS (Generalized Boolean Sum) operator of Stancu

type and some properties of this operator.

Received by the editors: 17.09.2002.

2000 Mathematics Subject Classification. 41A10, 41A36, 41A63, 41A80.

Key words and phrases. Stancu’s operators, Korovkin theorem, bivariate function, modulus of smooth-

ness, Voronovskaia theorem.
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The terminus of ”B-continuous function” was introduced by K. Bőgel ([5],[6]).

A first result concerning the approximation of this kind of functions is due to E.

Dobrescu and I. Matei ([7]).

An important ”test function theorem”, (the analogous of the well known Ko-

rovkin theorem), for the approximation of B-continuous functions by GBS operators

was introduced by C. Badea and C. Cottin ([3)]. Approximation properties of the

GBS operators were studied by C. Badea, C. Cottin, H.H. Gonska, D. Kacsó and

many others.

2. The GBS operator of Stancu type

Let be I = [0, 1] and let I2 = [0, 1] × [0, 1] be the unit square. The space of

all B-continuous functions on I2 will be denoted by Cb(I2).

Next, we consider four non-negative parameters α1, β1, α2,β2,satisfying the

conditions 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2. If f ∈ Cb(I2), the parametric extensions of the

operator P
(α,β)
m are defined respectively by:

(
xP (α1,β1)

m f
)

(x, y) =
∑m

k=0
pmk(x)f

(
k + α1

m + β1
, y

)
, (2.1)

(
yP (α2,β2)

n f
)

(x, y) =
∑n

l=0
pnl(y)f

(
x,

l + α2

n + β2

)
. (2.2)

It is easy to see that xP
(α1,β1)
m and yP

(α2,β2)
n are linear and positive operators, well

defined on Cb(I2).

Let Lm,n : Cb(I2) → Cb(I2) be the tensorial product of xP
(α1,β1)
m and

yP
(α2,β2)
n , i.e.

Lm,n =x P (α1,β1)
my ◦ P (α2,β2)

n . (2.3)

Then, Lm,n : Cb(I2) → Cb(I2) associates to any f ∈ Cb(I2) the bivariate

polynomial

14
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Lm,n f(x, y) =
∑m

k=0

∑n

l=0
pmk(x)pn,l(y)f

(
k + α1

m + β1
,

l + α2

n + β2

)
(2.4)

It is well known (see for example [4] or [10]) that the operator (2.4) has the

following properties:

Lemma 2.1. If eij : I2 → R (i, j ∈ N, 0 ≤ i + j ≤ 2) are the test functions

the following equalities hold

(i) (Lm,ne00)(x, y) = 1;

(ii) (Lm,ne10)(x, y) = x + α1−β1x
m+β1

;

(iii) (Lm,ne01)(x, y) = y + α2−β2y
n+β2

;

(iv) (Lm,ne20)(x, y) = x2 + mx(1−x)+(α1−β1x)(2mx+β1x+α1)
(m+β1)2

;

(v) (Lm,ne02)(x, y) = y2 + ny(1−y)+(α2−β2y)(2ny+β2y+α2)
(m+β2)2

;

for any (x, y) ∈ I2.

Lemma 2.2 The operator (2.4) is linear and positive.

Definition 2.1. Let Sm,n : Cb(I2) → Cb(I2) be the boolean sum of xP
(α1,β1)
m

and yP
(α2,β2)
n , i.e.

Sm,n =x P (α1,β1)
m +y P (α2,β2)

n −x P (α1,β1)
m ◦y P (α2,β2)

n (2.5)

The operator Sm,n will be called GBS operator of Stancu type.

By direct computation, one obtains:

Lemma 2.3. If Sm,n : Cb(I2) → Cb(I2) is the GBS operator of Stancu type,

then

(Sm,nf) (x, y) =∑m
k=0

∑n
l=0 pmk(x) pnl(y)×

{
f
(

k+α1
m+β1

, y
)

+f
(
x, l+α2

n+β2
, y
)
−f
(

k+α1
m+β1

, l+α2
n+β2

)} (2.6)

for any f ∈ Cb(I2) and any (x, y) ∈ I2.

Remark 2.1. For α1 = β1 = α2 = β2 = 0, the GBS operator of Stancu type

is reduced to the GBS operator of Bernstein type, which interpolates any function

f ∈ Cb(I2) on the boundary of the unit square I2. If α1 = β1 = 0 and α2 6= 0, β2 6= 0,

the corresponding operator interpolates any f ∈ Cb(I2) on the left and respectively
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on the right side of the boundary of unit square I2. Others particular cases of the

GBS operator of Stancu type can be discussed in a similar way.

Theorem 2.1. For any f ∈ Cb(I2),the sequence {Sm,nf}m,n∈N converges

to f, uniformly on I2 as m and n tend to infinity

Proof. Let us to introduce the following notations

um(x) =
α1 − β1x

m + β1
,

vn(y) =
α2 − β2y

n + β2
,

wm, n(x, y) = x2 + y2 +
mx(1− x) + (α1 − β1x)(2mx + β1 + α1)

(m + β1)2

+
ny(1− y) + (α2 − β2y)(2ny + β2 + α2)

(n + β2)2
.

Then the results contained in Lemma 2.1 can be written in the form

(Lm,ne00) (x, y) = 1;

(Lm,ne10) (x, y) = x + um(x);

(Lm,ne01) (x, y) = y + vn(y);

(Lm,n (e20 + e02)) (x, y) = x2 + y2 + wm,n(x, y), for any (x, y) ∈ I2.

Because the sequences {um(x)}m∈N, {vn(x)}n∈N and {wm,n(x)}m,n∈N tend

to zero, uniformly on I2 as m and n tend to infinity, we can apply the Korovkin -

type theorem for the approximation of B-continuous functions due C.Badea, I.Badea

and H.H.Gonska (see [2]. Applying this theorem, it follows that Sm,nf tend to f ,

uniformly on I2, for any f ∈ Cb(I2) as m and n tend to infinity.

Next the approximation order of any function f ∈ Cb(I2) by Sm,nf will be

established, using the mixed modulus of smoothness (see [3]). We need the following

result, due to C. Badea and C. Cottin [see [3]).

Theorem 2.2. Let X and Y be compact real intervals. Furthermore, let

L : Cb(X, Y ) → Cb(X, Y ) be a positive linear operator and U the associated GBS

operator. Then, for all f ∈ Cb(X, Y ) , (x, y) ∈ X × Y and δ1,δ2 > 0 the inequality

|(f − Uf)(x, y)| ≤ |f(x, y)| · |1− L(x;x, y|+

{L(1;x, y) + 1
δ1

√
L((x− ◦)2;x, y) + + 1

δ2

√
L((y − ∗)2;x, y)+

+ 1
δ1δ2

√
L((x− ◦)2(y − ∗)2;x, y) }ωmixed(δ1, δ2)

(2.7)
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holds.

Lemma 2.4. The bivariate operator of Stancu verifies the following equali-

ties:

(i) Lm,n((x− ◦)2;x, y) = mx(1−x)+(α1−β1x)2

(m+β1)2
;

(ii) Lm,n((y − ∗)2;x, y) = ny(1−y)+(α2−β2y)2

(n+β2)2
;

(iii) Lm,n((x− ◦)2(y − ∗)2 = 1
(m+β1)2(n+β2)2

×{
mx(1− x) + (α1 − β1x)2

}
×
{
ny(1− y) + (α2 − β2y)2

}
.

Proof. The equalities follow from the linearity of Lmn and Lemma 2.1. �

Theorem 2.3. The GBS operators of Stancu Smn verify the inequality:

|Sm,nf(x, y)− f(x, y)| ≤{
1
δ1 ·

1
m+β1

√
m
4 + (α1 − β1x)2 + 1

δ2

√
n
4 + (α2 − β2y)2+

+ 1
δ1δ2

· 1
(m+β1)(n+β2)

√
{m

4 + (α1 − β1x)2}{n
4 + (α2 − β2y)2} }×

×ωmixed(δ1δ2),

(2.8)

for any δ1, δ2 > 0 and any (x, y) ∈ I2.

Proof. We apply the Lemma 2.4 and the inequalities x(1−x) ≤ 1
4 , y(1−y) ≤

1
4 for any(x, y) ∈ I2.�

Remark 2.2. The inequality (2.8) give us the order of the local approxima-

tion of f by Sm,nf.

The order of the global approximation of f ∈ Cb(I2) by Sm,nf is expressed

in

Theorem 2.4. The GBS operator of Stancu verify the following inequality:

|Sm,nf(x, y)− f(x, y)| ≤ 9
4
ωmixed

(√
m + 4α2

1

m + β1
,

√
n + 4α2

2

n + β2

)
(2.9)

Proof. Taking into account that (α1 − β1x)2 ≤ α2
1 and (α2 − β2y)2 ≤ α2

1 for

any (x, y) ∈ I2, from Theorem 2.3, we get:

|Sm,nf(x, y)− f(x, y)| ≤{
1

2δ1

√
m + 4α2

1

m + β1
+

1
2δ2

√
n + 4α2

2

n + β2
+

√
(m + 4α2

1)(n + 4α2
2)

4δ1δ2(m + β1)(m + β2)

}
ωmixed(δ1δ2).
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Choosing then

δ1 =

√
m + 4α2

1

m + β1
; δ2 =

√
n + 4α2

2

n + β2
;

it follows (2.9) and the proof ends �.

Remark 2.3. The inequality (2.9) can be more rafinated, taking into account

of the values of α1,α2 with respect β1 and β2.
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[5] Bőgel, K., Mehrdimensionale Differentiation von Funktionen mehrer Veränderlicher, J.
Reine Angew. Math.170(1934), 197-217.
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FIXED POINTS OF R-CONTRACTIONS

ANTAL BEGE

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. Let X be a set and R = (Rn)n≥0, Rn ⊂ X ×X a sequence of

binary relations on X. The operator f : X −→ X is R-contraction if

(x, y) ∈ Rn =⇒ (f(x), f(y)) ∈ Rn+1.

The first theorem concerning R-contraction is due to Eilenberg [2]. Fur-

ther I. A. Rus [7] and Grudzinski [3] generalize this concept. We prove

some results which generalize the theorems in [7] and [3] under certain

conditions.

1. Introduction

Let X be a set, f : X −→ X an operator and Ff be a fixed point set of f :

Ff := {x ∈ X | f(x) = x}.

We introduce the following notations:

∆(X) := {(x, x) | x ∈ X},

f0 = 1X , f1 = f, fn(x) := f(fn−1(x)), n ≥ 2.

Let X be a nonempty set, Rn ⊂ X ×X a sequence of symmetric binary relations on

X. Throughout this paper we suppose that:

a)

X ×X = R0 ⊃ R1 ⊃ ... ⊃ Rn ⊃ ...

b)
∞⋂

n=0

Rn = ∆(x) = {(x, x) |x ∈ X}.

Received by the editors: 01.09.2002.

2000 Mathematics Subject Classification. 06A10, 47H10.
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Firstly Eilenberg [2] proved the discrete version of Banach fixed point theorem. Later

I. A. Rus [7] introduced the concept of R-contractions:

Definition 1. The operator f : X −→ X is R-contraction if

(x, y) ∈ Rn =⇒ (f(x), f(y)) ∈ Rn+1.

I. A. Rus [7], [6], [8] and indepently I. A. Grudzinsky [3] proved fixed point

theorems for R-contractions (see Bege [1]).

In this paper we generalize the concept of R-contractions and we prove some fixed

point theorems for this contractions.

2. Generalized R-contractions

In this section we introduce the concept of generalized R-contraction and give

some examples.

Definition 2. Let X 6= ∅, Rn ⊂ X ×X, n ∈ N. We say that

f : X −→ X generalized R-contraction of the type di if

d1) (x, f(x)) ∈ Rn, (y, f(y)) ∈ Rn

⇒ (f(x), f(y)) ∈ Rn+1

d2) (x, y) ∈ Rn, (x, f(x)) ∈ Rn, (y, f(x)) ∈ Rn

⇒ (f(x), f(y)) ∈ Rn+1

d3) (x, y) ∈ Rn, (x, f(y)) ∈ Rn

⇒ (f(x), f(y)) ∈ Rn+1

d4)

(x, f(x)) ∈ Rn ⇒ (f(x), f2(x)) ∈ Rn+1

We remark that if an operator is R-contraction then it is a generalized d4

contraction.

In the following part of this section we present some examples concerning

R-contractions and generalized contractions.
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Example 1 ( S. Reich [5])

Let (X, d) be a metric space and a, b, c ∈ R+, a + b + c < 1 such that

d (f(x), f(y)) ≤ a · d (x, y) + b · d (x, f(x)) + c · d (y, f(y)) , ∀x, y ∈ X.

If

Rn =
{

(x, y) ∈ X ×X | d(x, y) ≤ a + b

1− c
· (a + b + c)n · δ(X)

}
,

Y =
{

x ∈ X | d(x, f(x)) ≤ a + b

1− c
· δ (X)

}
6= ∅

then Rn satisfies the conditions (a) and (b) and f generalized contraction of the type

d2.

Example 2 (R. Kannan [4])

Let (X, d) be a metric space, and f : X −→ X one operator for which exist a ∈

R, a < 1
2 , such that:

d(f(x), f(y)) ≤ a · [d(x, f(x)) + d(y, f(y))], ∀x, y ∈ X.

If

Rn =
{

(x, y) ∈ X ×X | d(x, y) ≤ a

1− a
· (2a)n · δ(X)

}
,

Y =
{

x ∈ X | d(x, f(x)) ≤ a

1− a
· δ (X)

}
6= ∅,

then Rn satisfies the conditions a) şi b) and f generalized R-contraction of the type d1.

3. Main results

Theorem 3. Let X be a nonempty set, Rn ⊂ X ×X a sequence of symmet-

rical binary relations on X, satisfying the conditions a) b) and

c) If (xn)n≥0 is a sequence in X such that (xn, xn+k) ∈ Rn, ∀n, k ≥ 0, then there

exist unique x ∈ X satisfying the condition (xn, x) ∈ Rn, ∀n ≥ 0.

Let f : X −→ X be a generalized R-contraction of type d3. Then f has an unique

fixed point.

Proof.

Let x0 ∈ X , xn = f (xn−1) , ∀n ≥ 1.
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From the form of R0 and definition 2 we have:

(x0, x1) ∈ R0, (x0, x2) ∈ R0 =⇒ (x1, x2) = (f (x0) , f (x1)) ∈ R1,

(x0, x2) ∈ R0, (x0, x3) ∈ R0 =⇒ (x1, x3) = (f (x0) , f (x2)) ∈ R1.

From mathematical induction follows that: (x1, xn+1) ∈ R1, ∀n ≥ 0.

But

(x1, xn) ∈ R1, (x1, xn+1) ∈ R1 =⇒ (x2, xn+1) ∈ R2, ∀n ≥ 1

and generally

(xk, xk+n) ∈ Rk, ∀k ≥ 0,∀n ≥ 0.

Condition c1) implies the existence of unique x∗ ∈ X such that (x∗, xn) ∈ Rn, ∀n ≥ 0.

But

(x∗, xn) ∈ Rn, (x∗, xn+1) ∈ Rn+1 ⊂ Rn =⇒ (f (x∗) , xn+1) ∈ Rn+1, ∀n ≥ 0.

Because x∗ is unique, x∗ = f (x∗) .

If we have y∗ ∈ X, for which y∗ = f (y∗), then

(x∗, y∗) = (x∗, f(y∗)) ∈ R0 =⇒ (f (x∗) , f (y∗)) = (x∗, y∗) ∈ R1

Similarly (x∗, y∗) ∈ Rn for all n.

From b) we have x∗ = y∗.

Corollary 4. ([7], Theorem 2.1) If f : X −→ X is a R-contraction, and

Rn ⊂ X × X, n ∈ N , a sequence of binary symmetrical relations, satisfying the

conditions a) b) and c ) , then:

Ff = {x∗}

and

(fn (x0) , x∗) ∈ Rn, ∀x0 ∈ X, n ∈ N.

Theorem 5. Let X be a nonempty set and Rn ⊂ X ×X, n ∈ N a sequence

of symmetrical binary relations on X, satisfying the conditions a), b),

c1)

If (xn)n≥0 is a sequence in X such that (xn, xn+k) ∈ Rn for all n, k ∈ N then there
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exist unique x ∈ X for which (xn, x) ∈ Rn, ∀n ∈ N.

If f : X −→ X is a generalized R-contraction of type d1) and satisfies the following

condition:

e)

For every x0 ∈ X

(fn (x0) , x) ∈ Rn =⇒
(
fn+1 (x0) , f(x)

)
∈ Rn+1 (n ∈ N).

Then f has an unique fixed point.

Proof.

In same way (see the proof of theorem 1) we have that if x0 ∈ X, xn = f (xn−1) ,

∀n ≥ 1 then:

(xk, xk+n) ∈ Rk, ∀k ≥ 0, ∀n ≥ 0.

The condition c1) implies the existence of the unique x∗ ∈ X such that

(x∗, xn) ∈ Rn, ∀n ≥ 0.

But from e) :

(xn, x∗) = (fn (x0) , x∗) ∈ Rn =⇒
(
fn+1 (x0) , f(x∗)

)
= (xn+1, f(x∗)) ∈ Rn+1.

We have (x0, f(x∗)) ∈ R0 so (xn, f(x∗)) ∈ Rn for all n. The uniqueness of x∗ implies

x∗ = f(x∗).

In the next we prove the uniqueness of the fixed point:

Let x∗, y∗ ∈ Ff . From b) (x∗, f (x∗)) ∈ Rn and (y∗, f(y∗)) ∈ Rn for all n ≥ 0.

This implies that (x∗, y∗) ∈ Rn ( f generalized R-contraction of type d1)). So x∗ = y∗.

Theorem 6. Let X be a nonempty set and Rn ⊂ X ×X, n ∈ N a sequence

of symmetrical binary relations on X, satisfying the conditions a), b),

c2)

If (xn)n≥0 is a sequence in X such that (xn, xn+k) ∈ Rn for all n, k ∈ N then there

exist x ∈ X (not necessary unique) for which (xn, x) ∈ Rn, ∀n ∈ N.

f) For all x, y, z ∈ X, n ∈ N

(x, y) ∈ Rn+k, (y, z) ∈ Rn+k =⇒ (x, z) ∈ Rn.

If f : X −→ X is a generalized R-contraction of type d3) then Ff = {x∗}.
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Proof.

We consider the iterares of f in x0: xn = f (xn−1) , ∀n ≥ 1.

From the first part of the proof of Theorem 1, there exist x∗ ∈ X such that

(x∗, xn+k) ∈ Rn ∀n ≥ 0.

f generalized R-contraction of type d3) which implies:

(x∗, xn+2k) ∈ Rn+k, (x∗, xn+2k+1) ∈ Rn+k+1 ⊂ Rn+k =⇒

=⇒ (f(x∗), xn+2k+1) ∈ Rn+k+1 ⊂ Rn+k.

From condition f):

(x∗, xn+2k+1) ∈ Rn+k, (f(x∗), xn+2k+1) ∈ Rn+k =⇒ (x∗, f (x∗)) ∈ Rn,

(x∗, f (x∗)) ∈
⋂

n∈N

Rn = ∆ (x)

which implies x∗ = f (x∗) .

The proof of uniqueness is same with the proof in Theorem 1.

Corollary 7. ( Grudzinski [3]) Let X be a nonempty set and Rn ⊂ X ×X,

n ∈ N a sequence of reflexive and symmetrical binary relations on X, satisfying the

conditions a), b), c2), f) . Let f : X −→ X be R-contraction.

Then f has an unique fixed point.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLVII, Number 4, December 2002

ON BLEIMANN, BUTZER AND HAHN TYPE GENERALIZATION
OF BALÁZS OPERATORS

OGÜN DOĞRU

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. In this paper we introduced a generalization of Balázs opera-

tors [4] which includes the Bleimann, Butzer and Hahn operators [6]. We

define a space of general Lipschitz type maximal functions and obtain the

approximation properties of these operators. Also we estimate the rate of

convergence of these operators. In the last section, we obtain derivative

and bounded variation properties of these generalized operators.

1. Introduction

In [4], K. Balázs introduced the discrete linear positive operators defined by

(Rnf)(x) =
1

(1 + anx)n

n∑
k=0

f(
k

bn
)
(

n

k

)
(anx)k, x ≥ 0, n ∈ N (1)

where an and bn are positive numbers, independent of x.

After simple computation, we have

(Rne0)(x) = 1

(Rne1)(x) =
n

bn

anx

1 + anx

(Rne2)(x) =
n(n− 1)

b2
n

(
anx

1 + anx

)2

+
n

b2
n

anx

1 + anx

where en represents the monomial en(x) = xn for n = 0, 1, 2.

These equalities show that both of classical Bohman-Korovkin theorems in

[7], [13] and weighted Korovkin type theorems in [10] and [9] do not valid.

Received by the editors: 01.10.2002.
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In [4], Voronoskaja type formula was given for operators (1), under the some

restriction of sequences an and bn.

In [1] and [2], O. Agratini introduced a Kantorovich type integral form of op-

erators (1) and obtained the degree of approximation in polynomial weighted function

spaces.

By choosing an = nβ−1, bn = nβ for n ∈ N and 0 < β < 1, the operator

(1) was denoted by the symbol R
[β]
n . Also, for some 0 < β < 1 values in [4], [5] and

[17], convergence, derivative and saturation properties of R
[2/3]
n were investigated by

K. Balázs, J. Szabados and V. Totik respectively.

A recent paper is given by O. Agratini in [2] about Voronovskaja type theorem

for Kantorovich type generalization of the R
[β]
n .

On the other hand in [6], G. Bleimann, P.L. Butzer and L. Hahn introduced

the Bernstein type sequence of linear positive operator defined as

(Lnf)(x) = (1 + x)−n
n∑

k=0

f(
k

n− k + 1
)
(

n

k

)
xk, x ≥ 0, n ∈ N. (2)

In [6], pointwise convergence properties of operators (2) are investigated on

compact subinterval [0, b] of [0,∞) . In [11], T. Hermann investigated the behavior of

operators (2) when the growth condition for f is weaker than polynomial one. In [12],

C. Jayasri and Y. Sitaraman proved direct and inverse theorems of operators (2) in

the some subspaces on positive real axis. In [8], by using the test functions
(

x

1 + x

)ν

for ν = 0, 1, 2, a Korovkin type theorem was given by Ö. Çakar and A.D. Gadjiev and

they obtained some approximation properties of (2) in a subclass of continuous and

bounded functions on all positive semi-axis.

The aim of this paper is to investigate the approximation properties of a

generalization of K. Balázs’s operators Rn in Bleimann, Butzer and Hahn operators

type on the all positive semi-axis.

2. Construction of the operators

We consider the sequence of linear positive operators

(Anf)(x) =
1

(1 + anx)n

n∑
k=0

f

(
k

bn,k

)(
n

k

)
(anx)k, x ≥ 0, n ∈ N (3)
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where an and bn,k satisfy the following conditions for every n and k;

ank + bn,k = cn and
n

cn
→ 1 for n →∞. (4)

Since replacing bn by bn,k, these operators different from the operators Rn.

Clearly, if we choose an = 1, bn,k = n − k + 1 for every n and k then

cn = n + 1 the conditions (4) are satisfied. These operators turn out into Bleimann,

Butzer and Hahn operators. Therefore, these operators are a Bleimann, Butzer and

Hahn operators type generalization of Balázs operators.

3. Approximation properties

In this section, we will give a Korovkin type theorem in order to obtain

approximation properties of operators (3).

In [14], B. Lenze introduced a Lipschitz type maximal function as

f∼α (x) = sup
t>0
t6=x

|f(t)− f(x)|
|x− t|α

.

Firstly, we define a space of general Lipschitz type maximal functions.

Let W∼
α be the space of functions defined as

W∼
α =

{
f : sup(1 + ant)α fα(x, t) ≤ M

(
an

1 + anx

)α

, x ≥ 0
}

(5)

where f is bounded and continuous on [0,∞) , M is a positive constant, 0 < α ≤ 1

and fα is the following function

fα(x, t) =
|f(t)− f(x)|
|x− t|α

.

Example 1. For any M1 > 1, let the sequence of functions fn be

fn(x) =
1 + M1anx

1 + anx
.

Then for all x, t ≥ 0, x 6= t, we have

|f(t)− f(x)| = (M1 − 1)an |x− t|
(1 + anx)(1 + ant)

.

By choosing M1 − 1 ≤ M, one obtains fn ∈ W∼
1 .

Also, if
an

1 + anx
is bounded then W∼

α ⊂ LipM1(α) where M1 is a positive

constant which satisfies the following inequality

M

(
an

1 + anx

)α( 1
1 + ant

)α

≤ M1.
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Really, if f ∈ W∼
α then for all x, t ≥ 0, x 6= t we can write

|f(t)− f(x)| ≤ M

(
an

1 + anx

)α( 1
1 + ant

)α

|x− t|α

and f ∈ LipM1(α). Clearly that, if an ≤ 1 or x ≥ 1 then
an

1 + anx
is bounded.

Theorem 2. If Ln is the sequence of positive linear operators acting from

W∼
α to CB [0,∞) and satisfying the following conditions for ν = 0, 1, 2∥∥∥∥(Ln

(
ant

1 + ant

)ν)
(x)−

(
anx

1 + anx

)ν∥∥∥∥
CB

→ 0 for n →∞ (6)

then, for any function f in W∼
α one has

‖Lnf − f‖CB
→ 0 for n →∞.

where CB [0,∞) denotes the space of functions which is bounded and continuous on

[0,∞) .

Proof. This proof is similar to the proof of Korovkin theorem.

Let f ∈ W∼
α ,. Since f is continuous on [0,∞) , for any ε > 0 there exists a

δ > 0 such that

|f(t)− f(x)| < ε for
∣∣∣∣ ant

1 + ant
− anx

1 + anx

∣∣∣∣ < δ

and since f is bounded on [0,∞) , there is a positive constant M such that

|f(t)− f(x)| < 2M

δ2

[
an(t− x)

(1 + ant)(1 + anx)

]2
for

∣∣∣∣ ant

1 + ant
− anx

1 + anx

∣∣∣∣ ≥ δ.

Thus, for all t, x ∈ [0,∞) one has

|f(t)− f(x)| < ε +
2M

δ2

[
an(t− x)

(1 + ant)(1 + anx)

]2
. (7)

By using basic properties of positive linear operators, we have

‖Lnf − f‖CB
≤ ‖(Ln |f − f(x)|)‖CB

+

+ ‖f‖CB
‖(Ln1)− 1‖CB

(8)

By using the inequality (7) and conditions (6) in (8), the proof is complete.

Now, we will give the first main result about approximation properties of

operators (3) with the help of Theorem 2.
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Theorem 3. If An is the sequence of positive linear operators defined by (3),

then for each f ∈ W∼
α

‖(Anf)− f‖CB
→ 0 for n →∞.

Proof. For the operators in (3), it is easily to verify that

(An1)(x) = 1(
An

(
ant

1 + ant

))
(x) =

n

cn

anx

1 + anx(
An

(
ant

1 + ant

)2
)

(x) =
(

n

cn

)2(
anx

1 + anx

)2

+
1
cn

n

cn

anx

1 + anx
.

By using the conditions (4) and Theorem 2, the proof is obvious.

4. Approximation order

In this section, we give a result about rate of convergence of operators (3).

Theorem 4. If f ∈ W∼
α then for all x ≥ 0 we have

|(Anf)(x)− f(x)| ≤ M

(
n

cn
an − 1

)α

(9)

where the constants M and 0 < α ≤ 1 are defined in the definition of the space W∼
α

and the operators An are defined in (3).

Proof. If f ∈ W∼
α , we can write

|(Anf)(x)− f(x)|

≤ M

(
an

1 + anx

)α 1
(1 + anx)n

n∑
k=0

∣∣∣∣ k

bn,k
− x

∣∣∣∣α
(

1
1 + an

k
bn,k

)α(
n

k

)
(anx)k.

From the conditions (4), we get

1

1 + an
k

bn,k

=
bn,k

cn
.

If we use this equality in the last inequality, we obtain

|(Anf)(x)− f(x)|

≤ M

(
an

1 + anx

)α 1
cα
n

1
(1 + anx)n

n∑
k=0

|k − x(cn − ank)|α
(

n

k

)
(anx)k.
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By using the Hölder inequality for p =
2
α

, q =
2

2− α
and considering

((Ane0)(x))
2−α

2 = 1 we have

|(Anf)(x)− f(x)| (10)

≤ M

(
an

cn(1 + anx)

)α
(

1
(1 + anx)n

n∑
k=0

(k − x(cn − ank))2
(

n

k

)
(anx)k

)α
2

.

On the other hand, it is obvious that
n∑

k=0

(
n

k

)
(anx)k = (1 + anx)n,

n∑
k=1

k

(
n

k

)
(anx)k = nanx(1 + anx)n−1,

n∑
k=1

k2

(
n

k

)
(anx)k = (anx)2n(n− 1)(1 + anx)n−2 + anxn(1 + anx)n−1.

By using these equalities, after simplifications, we obtain

1
(1 + anx)n

n∑
k=0

(k − x(cn − ank))2
(

n

k

)
(anx)k ≤

≤ x2c2
n

[(
n

cn
an − 1

)2

− n

c2
n

a2
n

]
≤ x2c2

n

(
n

cn
an − 1

)2

.

If we use last inequality in (10), we have

|(Anf)(x)− f(x)| ≤ M

(
an

cn(1 + anx)

)α

xαcα
n

(
n

cn
an − 1

)α

= M

(
anx

1 + anx

)α(
n

cn
an − 1

)α

.

Since
(

anx

1 + anx

)α

≤ 1, the proof is complete.

Since Theorem 4 is valid for all x ≥ 0, this proof gives uniform convergence

of the operators An to f without using Korovkin type theorem.

5. Derivative properties

Firstly, explicit formula for derivatives of Bernstein polynomials with differ-

ence operators is obtained by G.G. Lorentz in [15, p.12]. A lot of studies have included

derivative properties of positive linear operators. In [16], D.D. Stancu obtained the
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ON BLEIMANN, BUTZER AND HAHN TYPE GENERALIZATION

monotonicity properties from different orders of the derivatives of Bernstein polyno-

mials with the help of divided differences.

In this part, we will give some derivative properties of operators An defined

in (3) with the help of difference operators.

We can easily compute:

d

dx
(Anf)(x) = nan(1 + anx)−n−1

n−1∑
k=0

[
f(

k + 1
bn,k

)− f(
k

bn,k
)
](

n− 1
k

)
(anx)k (11)

and by using induction method for derivatives of k−order, we have

dk

dxk
(Anf)(x) (12)

= n(n− 1) . . . (n− k + 1)ak
n(1 + anx)−n−k

n−k∑
ν=0

∆kf(
ν

bn,k
)
(

n− k

ν

)
(anx)ν ,

where ∆kf

(
ν

bn,k

)
is difference operator defined as

∆kf(
ν

bn,k
) =

k∑
i=0

(−1)k−i

(
k

i

)
f

(
ν + i

bn,k

)
.

Theorem 5. Let f ∈ C1 [0,∞) . Then the operators An have the monotonic-

ity properties.

Proof. If f ∈ C1 [0,∞) then f ∈ C1
[

k
bn,k

, k+1
bn,k

]
. Therefore, from (11) we

can write

d

dx
(Anf)(x) = nan(1 + anx)−n−1

n−1∑
k=0

∫ k+1
bn,k

k
bn,k

f ′(ξ)dξ

(
n− 1

k

)
(anx)k.

Since
∫ k+1

bn,k

k
bn,k

f ′(ξ)dξ ≥ 0 (≤ 0) for f ′(x) ≥ 0 (≤ 0), we have

d

dx
(Anf)(x) ≥ 0(≤ 0) for f ′(x) ≥ 0(≤ 0)

and this completes the proof.

In [15, p.23], G.G. Lorentz gives an estimate related to the total variation of

Bernstein polynomials. Similarly, in the following theorem, we give an estimate of

bounded variation between the operators An and f.

Theorem 6. The operators An preserve the functions of bounded variation

on [0,∞) .
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Proof. By using formula (11), we get

Vn(Anf) =

∞∫
0

∣∣∣∣ d

dx
(Anf)(x)

∣∣∣∣ dx (13)

≤
n−1∑
k=0

∣∣∣∣∆f(
k

bn,k
)
∣∣∣∣nan

(
n− 1

k

) ∞∫
0

(anx)k(1 + anx)−n−1dx.

Since k > −1 and −k + n > 0, we can write
∞∫
0

(anx)k(1 + anx)−n−1dx =
Γ(1 + k)Γ(−k + n)

anΓ(1 + n)
.

If we use properties of Gamma function in this equality, we have
∞∫
0

(anx)k(1 + anx)−n−1dx =
k!(n− k − 1)!

ann!
.

By using this equality in (13), we obtain

Vn(Anf) ≤ V (f)

which gives the proof.
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ON APPROXIMATION PROPERTIES OF STANCU’S OPERATORS

ZOLTÁN FINTA

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. The purpose of the paper is to present pointwise and uniform

approximation theorems for some Stancu’s operators using the classical

moduli of smoothness and the second modulus of smoothness of Ditzian -

Totik.

1. Introduction

One of the most studied operator (see e.g. the bibliography of [1]) is

Bα
n : C[0, 1] → C[0, 1],

Bα
n (f, x) =

n∑
k=0

wn,k(x, α) · f
(

k

n

)
, n = 1, 2, . . . , x ∈ [0, 1], α ≥ 0, (1)

where

wn,k(x, α) =

 n

k

 ·
∏k−1

i=0 (x + iα)
∏n−k−1

j=0 (1− x + jα)
(1 + α)(1 + 2α) . . . (1 + (n− 1)α)

(2)

and α is a parameter which may depend only on the natural number n. This positive

linear polynomial operator was introduced by D. D. Stancu in [15]. In the case α = 0,

Bα
n is the Bernstein operator Bn given by

Bn(f, x) =
n∑

k=0

 n

k

xk(1− x)n−k · f
(

k

n

)
. (3)

The Stancu - Kantorovich polynomial operator was defined in [14] as follows:

Kα
n : Lp[0, 1] → Lp[0, 1], 1 ≤ p ≤ ∞,

Kα
n (f, x) = (n + 1)

n∑
k=0

wn,k(x, α) ·
∫ k+1

n+1

k
n+1

f(u) du, n = 1, 2, . . . , x ∈ [0, 1] (4)

Received by the editors: 20.09.2002.

2000 Mathematics Subject Classification. 41A10, 41A25, 41A36.

Key words and phrases. Stancu operator, the first and the second modulus of smoothness, the second

modulus of smoothness of Ditzian - Totik.
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and α and wn,k(x, α) have the same meaning as above. For α = 0, Kα
n is the Kan-

torovich operator Kn given by

Kn(f, x) = (n + 1)
n∑

k=0

 n

k

 xk(1− x)n−k

∫ k+1
n+1

k
n+1

f(u) du. (5)

The spaces Lp[0, 1], 1 ≤ p ≤ ∞, are endowed with the norm

‖f‖p =
{∫ 1

0

|f(x)|p dx

}1/p

, 1 ≤ p < ∞.

For p = ∞ we consider C[0, 1] instead of L∞[0, 1] with

‖f‖ = ‖f‖∞ = sup {|f(x)| : x ∈ [0, 1]} .

The corresponding operator to Bernstein operator on the positive semiaxis is

the so - called Szász - Mirakjan operator defined by Sn : CB [0,∞) → CB [0,∞),

Sn(f, x) = e−nx
∞∑

k=0

(nx)k

k!
· f
(

k

n

)
, n = 1, 2, . . . , x ∈ [0,∞), (6)

where CB [0,∞) denotes the set of all bounded and continuous functions on [0,∞)

endowed with the norm

‖f‖∗ = sup {|f(x)| : x ∈ [0,∞)} .

The operator Sn was generalized by Stancu in [16], obtaining Sβ
n operators

Sβ
n(f, x) = (1+nβ)−x/β ·

∞∑
k=0

(
β +

1
n

)−k

· x(x + β) . . . (x + (k − 1)β)
k!

· f
(

k

n

)
, (7)

where β > 0 is a parameter depending on the natural number n.

Furthermore, in the paper [17], Stancu has introduced a generalization of the

well - known Baskakov operator Vn : CB [0,∞) → CB [0,∞),

Vn(f, x) =
∞∑

k=0

 n + k − 1

k

xk(1 + x)−n−k · f
(

k

n

)
, n = 1, 2, . . . , x ∈ [0,∞), (8)

defined by

V γ
n (f, x) =

∞∑
k=0

vn,k(x, γ) · f
(

k

n

)
, (9)

where

vn,k(x, γ) =

 n + k − 1

k

 ·
∏k−1

i=0 (x + iγ)
∏n−1

j=0 (1 + jγ)∏n+k−1
r=0 (1 + x + rγ)

(10)
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and γ ≥ 0 depends on the natural number n.

The purpose of this paper is to establish pointwise and uniform approximation

properties for the operators (1) − (2), (4), (7) and (9) − (10). On the other hand

the paper will be a survey of some results given by the author regarding the above

mentioned Stancu’s operators.

To establish these results we shall use the following notations:

ω(g, t)p = sup
0<h≤t

{∫ 1

0

|g(x + h)− g(x)|p dx

}1/p

,

g ∈ Lp[0, 1], 1 ≤ p < ∞, x, x + h ∈ [0, 1];

ω2(g, t) = sup
0<h≤t

sup
x,x±h∈I

|g(x + h)− 2g(x) + g(x− h)|,

g ∈ C(I), I = [0, 1] or I = [0,∞);

ωϕ
2 (g, t) = sup

0<h≤t
sup

x±hϕ(x)∈I

|g(x + hϕ(x))− 2g(x) + g(x− hϕ(x))|,

g ∈ C[0, 1] and ϕ(x) =
√

x(1− x),

g ∈ CB [0,∞) and ϕ(x) =
√

x or

g ∈ CB [0,∞) and ϕ(x) =
√

x(1 + x);

ωϕ
2 (g, t)p = sup

0<h≤t

{∫ 1

0

|g(x + hϕ(x))− 2g(x) + g(x− hϕ(x))|p dx

}1/p

,

g ∈ Lp[0, 1], 1 ≤ p < ∞, x± hϕ(x) ∈ [0, 1]

and ϕ(x) =
√

x(1− x), x ∈ [0, 1];

ωφ
2 (g, t) = sup

0<h≤t
sup

x±hφ(x)∈[0,∞)

|g(x + hφ(x))− 2g(x) + g(x− hφ(x))|,

g ∈ CB [0,∞) and φ : [0,∞) → < is an admissible

step - weight function ( see [3] ).

Here we mention that throughout this paper C and C0 denote absolute con-

stants and not necessarily the same at each occurrence.

49
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2. Theorems

In [5, Theorem 1] we have proved the following

Theorem 1. For f ∈ C[0, 1] and x ∈ [0, 1] we have

|Bα
n (f, x)− f(x)| ≤ C ω2

(
f,

√
1 + nα

n(1 + α)
· x(1− x)

)
.

Remark 1. We can obtain the estimate of Theorem 1 with C = 2 using [13,

p. 255, Theorem 2.1 ].

Furthermore, by [6, p. 100, Theorem 1 ], we have

Theorem 2. Let f ∈ C[0, 1] and α = α(n) = o(n−1), α n ≤ 1, n = 1, 2, . . . .

Then

|Bα
n (f, x)− f(x)| ≤ C · x(1− x)

n
, x ∈ [0, 1], n = 1, 2, . . .

holds exactly when ω2 (f, h) ≤ C h2, h > 0.

Using [2, p. 79, Theorem A] or [6, p. 100, Theorem 3 ], we get

Theorem 3. For f ∈ C[0, 1] and ϕ(x) =
√

x(1− x), x ∈ [0, 1] we have

‖Bα
n (f)− f‖ ≤ C ωϕ

2

(
f,

√
1 + nα

n(1 + α)

)
.

The next result requires the following lemma ( see [12, p. 317, ( 2.1 )] or

[19] ):

Lemma 1. Let f ∈ C[0, 1] and ϕ(x) =
√

x(1− x), x ∈ [0, 1]. Then

1
n
‖ϕ2(Bn(f))′′‖ ≤ C0 ‖Bn(f)− f‖,

where C0 is an absolute constant.

Then our result is ( see [7, p. 2, Theorem 3 ] ) :

Theorem 4. Let f ∈ C[0, 1], ϕ(x) =
√

x(1− x), x ∈ [0, 1] and α = α(n),

2 C0 α n ≤ 1, n = 1, 2, . . . , where C0 denotes the absolute constant of Lemma 1 above.

Then there exists an absolute constant C > 0 such that

C−1 ‖Bn(f)− f‖ ≤ ‖Bα
n (f)− f‖ ≤ C ‖Bn(f)− f‖

and

C−1 ωϕ
2 (f, n−1/2) ≤ ‖Bα

n (f)− f‖ ≤ C ωϕ
2 (f, n−1/2).
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Hence, in view of [3, p. 177, ( 9.3.3 ) ], we obtain immediately

Corollary 1. Let f ∈ C[0, 1], ϕ(x) =
√

x(1− x), x ∈ [0, 1], α = α(n) with

2 C0 α n ≤ 1, n = 1, 2, . . . and 0 < δ < 2. Then

‖Bα
n (f)− f‖ = O(n−δ/2) iff ωϕ

2 (f, h) = O(hδ), h > 0.

The following results will be in connection with the operator Kα
n . More

precisely, we have ( see [8, Theorem 1, Lemma 2 and Theorem 3] ) :

Theorem 5. Let f ∈ Lp[0, 1], 1 ≤ p ≤ ∞ and ϕ(x) =
√

x(1− x), x ∈ [0, 1].

Then there exists C > 0 such that

(i) ‖Kα
n (f)− f‖p ≤ C

{
ωϕ

2 (f, n−1/2)p + n−1 ‖f‖p

}
,

where α = α(n) = O(n−1) and 1 < p ≤ ∞;

(ii) ‖Kα
n (f)− f‖1 ≤ C

{
ωϕ

2 (f, n−1/2)1 + n−1 ‖f‖1
}

,

where α = α(n) = O(n−4).

For the converse result we need a lemma :

Lemma 2. For f ∈ Lp[0, 1], 1 < p ≤ ∞ and ϕ(x) =
√

x(1− x), x ∈ [0, 1]

we have
1
n
‖ϕ2(Kn(f))′′‖p ≤ C0 ‖Kn(f)− f‖p,

where C0 is an absolute constant.

Remark 2. The above Lemma does not hold for p = 1 (see [8, Remark 2]).

Our result is

Theorem 6. Let f ∈ Lp[0, 1], 1 < p ≤ ∞, ϕ(x) =
√

x(1− x), x ∈ [0, 1] and

α = α(n), p/(p − 1) C0 α n ≤ δ < 1, n = 1, 2, . . . , where C0 denotes the absolute

constant of Lemma 2. Then

(1− δ) ‖Kn(f)− f‖p ≤ ‖Kα
n (f)− f‖p ≤ (1 + δ) ‖Kn(f)− f‖p

and there exists an absolute constant C > 0 such that

C−1
[
ωϕ

2 (f, n−1/2)p + ω(f, n−1)p

]
≤ ‖Kα

n (f)−f‖p ≤ C
[
ωϕ

2 (f, n−1/2)p + ω(f, n−1)p

]
.
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In what follows we give the theorems concerning to the operator Sβ
n using [9,

p. 62, Theorem 1] and [10] :

Theorem 7. For f ∈ C[0,∞) and x ∈ [0,∞) we have

|Sβ
n(f, x)− f(x)| ≤ 2 ω2

(
f,

√(
β +

1
n

)
x

2

)
.

Theorem 8. Let f ∈ CB [0,∞) and ϕ(x) =
√

x, x ∈ [0,∞). Then

‖Sβ
n(f)− f‖∗ ≤ C ωϕ

2

(
f,

√
1
n

+ β

)
.

Theorem 9. Let f ∈ CB [0,∞), ϕ(x) =
√

x, x ∈ [0,∞) and β = β(n),

2 C0 β n ≤ δ < 1, n = 1, 2, . . . , where C0 denotes the absolute constant of Lemma 3

below. Then

(1− δ) ‖Sn(f)− f‖∗ ≤ ‖Sβ
n(f)− f‖∗ ≤ (1 + δ) ‖Sn(f)− f‖∗

and there exists an absolute constant C > 0 such that

C−1 ωϕ
2 (f, n−1/2) ≤ ‖Sβ

n(f)− f‖∗ ≤ C ωϕ
2 (f, n−1/2).

Lemma 3. [19] Let f ∈ CB [0,∞) and ϕ(x) =
√

x, x ∈ [0,∞). Then

1
n
‖ϕ2(Sn(f))′′‖∗ ≤ C0 ‖Sn(f)− f‖∗,

where C0 is an absolute constant.

Finally, we give the results about the operator V γ
n . This operator is linear,

positive and bounded, but it does not preserve the linear functions. Therefore we

consider the following two cases :

a)

Lγ
n(f, x) = a0(n) · V γ

n0
(f, x) + a1(n) · V γ

n1
(f, x), (11)

where

n = n0 < n1 ≤ A n, |a0(n)|+ |a1(n)| ≤ A,

a0(n) + a1(n) = 1, a0(n) · n−1
0 + a1(n) · n−1

1 = 0
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and γ = γ(n) ≤ B/(4n), n = 1, 2, . . . , 0 < B < 1. Here A and B are given

absolute constants. Following [11] ( see also [4] ), we have

Theorem 10. Let Lγ
n : CB [0,∞) → CB [0,∞) be given by ( 11 ), ϕ(x) =√

x(1 + x), x ∈ [0,∞) and φ : [0,∞) → < be an admissible step - weight function of

the Ditzian - Totik modulus and γ = γ(n) ≤ B/(4n), n = 1, 2, . . . , 0 < B < 1. Then

|Lβ
n(f, x)− f(x)| ≤ C ωφ

2

(
f, n−1/2 · ϕ(x)

φ(x)

)
, x ∈ [0,∞).

In particular, we obtain a local estimation of the approximation error for

φ = 1 :

|Lβ
n(f, x)− f(x)| ≤ C ωφ

2

(
f,

√
x(1 + x)

n

)
and we get a uniform ( global ) estimation of the approximation error for φ = ϕ :

‖Lβ
n(f)− f‖∗ ≤ C ωϕ

2 (f, n−1/2).

b)

Ṽ γ
n (f, x) =

∞∑
k=0

ṽn,k(x, γ) · f
(

k

n

)
, (12)

where

ṽn,k(x, γ) =

 n + k − 1

k

 ·
∏k−1

i=0 (x + iγ) ·
∏n

j=1 (1 + jγ)∏n+k
r=1 (1 + x + rγ)

(13)

( see also [18] ). By [10], we have

Theorem 11. For Ṽ γ
n : CB [0,∞) → CB [0,∞) given by ( 12 ) - ( 13 ),

f ∈ CB [0,∞), ϕ(x) =
√

x(1 + x), x ∈ [0,∞) and 0 < γ < 1 we have

‖Ṽ γ
n (f)− f‖∗ ≤ C ωϕ

2

(
f,

√
1
n

+
γ

1− γ

)
.

Theorem 12. Let f ∈ CB [0,∞), ϕ(x) =
√

x(1 + x), x ∈ [0,∞) and γ =

γ(n), 2 C0 · (γ/(1 − γ)) · n ≤ δ < 1, n = 1, 2, . . . , where C0 denotes the absolute

constant of Lemma 4 below. Then

(1− δ) ‖Vn(f)− f‖∗ ≤ ‖Ṽ γ
n (f)− f‖∗ ≤ (1 + δ) ‖Vn(f)− f‖∗
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and there exists an absolute constant C > 0 such that

C−1 ωϕ
2 (f, n−1/2) ≤ ‖Ṽ γ

n (f)− f‖∗ ≤ C ωϕ
2 (f, n−1/2).

Lemma 4. [19] Let f ∈ CB [0,∞) and ϕ(x) =
√

x(1 + x), x ∈ [0,∞).

Then

1
n
‖ϕ2(Vn(f))′′‖∗ ≤ C0 ‖Vn(f)− f‖∗,

where C0 is an absolute constant.
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ÆÈÇ�É[Ê¬Ë�Ì�É8Í Í Î Ï�ÐHÑ�Ï�ÌÓÒ�É8Ê¬Ë�Ì�É8Í Í Î Ï�Ð?Ë�Ô0Õ�Ö�Ò�Ô6Ñ�× ÉLÕ¶× Ë�Ê¬É
Ö�ØEÎ ÏÙÌ�Î Ú�É8Ò�É8Ï�ÛDÑ�×%Û�Î Ü�Î Û�Î ÉLÕ{Ñ�Õ
× Î Ü�Î ÍÈÉ8Ï�Ð�Î Ï�É8É8Ò�Î Ï�Ð�ÝfÎ Ï�Ì�Ö�Õ�Û�Ò�Î ÉLÕ[Ë�Ô{Ñ�Î Ò�Ø�ÍnÑ�Ï�ÉLÕ8ÝqÕ�Ç�Î Ø�Õ8Ý0Ñ�Ö�Û�Ë�Ê¬Ë�Þ�Î Í ÉLÕ8ÝqÎ Ï�Ì�Ö�Õ�Û�Ò�ÎnÑ�ÍÈÑ�Ï�Ì°Ñ�Ò�Û�ÎnÕ�Û�În×
Ë�Þ�ß�ÉL×%Û+Õ8Ý�Õ�× Î É8Ï�Û�Î à$×DÒ�ÉLÕ�ÉLÑ�Ò+×+ÇHÑ�Ï�ÌCË�Û�Ç�É8Ò+Õ ½

ÆÈÇ�É8Ò�ÉTÉ á�ÎnÕ�Û+Õ¶Ñ¬ÍnÑ�Ò�Ð�ÉJÏ�Ö�Ê[Þ$É8Ò¶Ë�Ô0× ÍnÑ�Õ�Õ�În×8Ñ�ÍXÑ�Ï�ÌCÊ¬Ë�Ì�É8Ò�ÏÓÊ¬É Û�Ç�Ë�Ì�ÕiÔ^Ë�Ò¶Ð�É8Ï�É8Ò+Ñ�Û�Î Ï�Ð
Õ�Ö�Ò�Ô6Ñ�× ÉLÕ ½tâ Õ¬Ê¬Ë�Ì�É8Ò�ÏtÊ¬É Û�Ç�Ë�Ì�Õ³Ô^Ë�Ò¬Ð�É8Ï�É8Ò+Ñ�Û�Î Ï�Ð Õ�Ö�Ò�Ô6Ñ�× ÉLÕ[ãäÉÓÊ¬É8Ï�Û�Î Ë�Ï°Û�Ç�Ë�Õ�ÉCË�ÔJåZæÉ8ç8Î É8ÒLÝ
è Ë�Ë�Ï�Õ8Ýäé�Ç�É8Ø�Ñ�Ò+ÌtÑ�Ï�Ì°Ë�Û�Ç�É8Ò+ÕÓê ëLì<Ý0Ô^Ò�ÉLí�Ö�É8Ï�Û�Í îïÉ8Ï�× Ë�Ö�Ï�Û�É8Ò�ÉLÌ°Î Ï è Ë�Ê¬Ø�Ö�Û�É8Ò â ÎnÌ�ÉLÌtð{ÉLÕ�Î Ð�Ï
ñ è â ðJòiÑ�Ï�Ì è Ë�Ê¬Ø�Ö�Û�É8Ò â ÎnÌ�ÉLÌEóDÉ8Ë�Ê¬É Û�Ò�În×Jð{ÉLÕ�Î Ð�Ï ñ è â óJðJò ½

ô(ÏÓË�Ö�ÒiØ�Ñ�Ø$É8ÒiãäÉJØ�Ò�ÉLÕ�É8Ï�ÛÈÛ�ãäË¬Ø�Ò�Ë�× ÉLÌ�Ö�Ò�ÉLÕ3Ô^Ë�Ò{Ì�É à�Ï�Î Ï�Ð?Õ�Ö�Ò�Ô6Ñ�× ÉLÕ ½

õ�½ SXÃaÀ�ö<÷�Ä�ø�ù¬ú?Å^¿Lûü¿+ú[ÁïùLÃaý!ý3Á�À�¿?Ä�ÃaÀ�þ$ø�ù?÷�¾!Âc¿L÷�¾!ÿ$ø�¾�¿¬À�Å����3Á$¾!ù

ô(Ï Û�Ç�ÎnÕ
Õ�ÉL×%Û�Î Ë�Ï ãäÉZÌ�É à�Ï�ÉZÑCÔ6Ñ�Ê¬Î Í îÙË�ÔiÕ�Ö�Ò�Ô6Ñ�× ÉLÕJÉLÑ�×+Ç Ë�Ï�ÉZ× Ë�Ï�Û+Ñ�Î Ï�Î Ï�ÐHÛ�Ç�ÉHÕ�Ñ�Ê¬É
Û�ãäËZË�Ø�Ø$Ë�Õ�Î Û�É[Õ�Ø�Ñ�× É[× Ö�Ò�Ü�ÉLÕ8Ý$Õ�Ñ�î ñ è ¼ ò¶Ñ�Ï�Ì ñ è õ ò¶Ñ�Ï�ÌEÌ�Î Ú�É8Ò�É8Ï�Û{Û+Ñ�Ï�Ð�É8Ï�Û{Ò�Î Þ�Þ$Ë�Ï�Õ ñ Ñ�× Ò�Ë�Õ�Õ��
Þ$Ë�Ö�Ï�Ì�Ñ�Ò�îHÌ�É8Ò�Î Ü�Ñ�Û�Î Ü�ÉLÕ+ò%Ý�Õ�É8É��!Î Ð�Ö�Ò�É ¼�½

é�Ö�Ø�Ø$Ë�Õ�ÉJÛ�Ç�É
× Ö�Ò�Ü�ÉLÕ ñ��
	 òÈÑ�Ï�Ì ñ���� òÈÑ�Ò�ÉJÒ�É8Ø�Ò�ÉLÕ�É8Ï�Û�ÉLÌZÞ�îZÛ�Ç�ÉTÉLí�Ö�Ñ�Û�Î Ë�Ï�Õ�
ñ��
	 ò �� �������� ����� ñ�� ò ���! ñ���� ò �� �"���#� 	�ñ�� ò� ��� 	�ñ�� ò%$ �'& ê � $ � ì)( ñ õ�½ ¼ ò

��Ë�Ò?Û�Ç�ÉEÐ�Î Ü�É8ÏtÔ^Ö�Ï�×%Û�Î Ë�Ï�Õ ��� ñ�� ò%Ý � 	�ñ�� ò%Ý+* � ñ�� ò?Ñ�Ï�Ì � 	�ñ�� ò%Ý �,& ê � $ � ì<ÝäÍ É ÛZÖ�Õ¬à�Ï�ÌoÛ�Ç�É
Õ�Ö�Ò�Ô6Ñ�× É ñ�- ò%Ý$Ç�Ñ�Ü�Î Ï�Ð¬Û�Ç�É
ÉLí�Ö�Ñ�Û�Î Ë�Ï � �/. ñ�� $ � ò%Ý �0& ê � $ � ì<Ý � & ê � $ � 	�ñ�� ò<ì<Ý�ãiÇ�În×+Ç Õ�Ñ�Û�ÎnÕ�à�ÉLÕ
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�	��
��������� â Õ�Ö�Ò�Ô6Ñ�× ÉJãiÎ Û�ÇCÛ�ãäË?Õ�Ö�Ø�Ø$Ë�Ò�Û¶× Ö�Ò�Ü�ÉLÕÈÑ�Ï�ÌHÛ+Ñ�Ï�Ð�É8Ï�ÛiÒ�Î Þ�Þ$Ë�Ï�Õ

Û�Ç�ÉJÔ^Ë�Í Í Ë�ãiÎ Ï�Ð?× Ë�Ï�Ì�Î Û�Î Ë�Ï�Õ�
. ñ�� $ � ò ����� ñ�� ò%$ . ñ�� $ � 	�ñ�� ò�ò ��� 	�ñ�� ò%$.��� ñ�� $ � ò � * � ñ�� ò%$ .�� ���� ñ�� $ � 	�ñ�� ò�ò � * 	�ñ�� ò%$ �'& ê � $ � ì)(

ñ õ�½ õ ò

ÆÈÇ�ÉHÖ�Ï�Îní�Ö�ÉCÕ�Ë�Í Ö�Û�Î Ë�ÏïË�ÔiÛ�Ç�ÉHØ�Ò�Ë�Þ�Í É8Ê ñ õ�½ õ òJÎnÕ
Û�Ç�ÉZÛ�Ç�Î Ò+Ì �(Ì�É8Ð�Ò�É8É��¶É8Ò�Ê¬Î Û�ÉHÎ Ï�Û�É8Ò�Ø$Ë�ÍnÑ�Û�Î Ë�Ï
Ø$Ë�Í î�Ï�Ë�Ê¬ÎnÑ�Í-ãiÎ Û�ÇÓÒ�ÉLÕ�Ø$ÉL×%ÛiÛ�Ë³Û�Ç�É � �<Ü�Ñ�Ò�ÎnÑ�Þ�Í É ½ åäîCÌ�Î Ò�ÉL×%Û¶×8Ñ�Ín× Ö�Í Ö�ÕÈË�Ï�ÉJË�Þ�Û+Ñ�Î Ï�Õ�

. ñ3� $ ���;��� ñ�� ò%$ � 	�ñ�� ò%$ * � ñ�� ò%$ * 	�ñ�� ò�ò �
ê * � ñ�� ò�� * 	�ñ�� ò<ì � 	�ñ�� ò�� õ ê � 	�ñ�� ò�� ��� ñ�� ò<ì� �	 ñ�� ò � � �
! ê � 	�ñ�� ò"� ��� ñ�� ò<ì#� � 	�ñ�� ò-ê õ * � ñ�� ò�� * 	�ñ�� ò<ì� �	 ñ�� ò � � � * � ñ�� ò � � ��� ñ�� ò%(

ñ õ�½ ! ò

ô(ÏE×8Ñ�Ò+Ì�Î Ï�Ñ�Í�Ô^Ë�Ò�Ê ê ëLì<Ý�Û�Ç�ÉTØ$Ë�Í î�Ï�Ë�Ê¬ÎnÑ�Í . ÎnÕ�
. ñ�� $ ���;��� ñ�� ò%$ � 	�ñ�� ò%$ * � ñ�� ò%$ * 	�ñ�� ò�ò �%$ �� ñ ��� � 	�ñ�� ò�ò ��� ñ�� ò&�
$
	
�
ñ ��� � 	�ñ�� ò�ò * � ñ�� ò'� $

�
�
ñ ��� � 	�ñ�� ò�ò�* 	�ñ�� ò�� $ ��

ñ ��� � 	�ñ�� ò�ò � 	�ñ�� ò%$ ñ õ�½ ( ò

�*)
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ãiÇ�É8Ò�ÉDÛ�Ç�É
×8Ñ�Ò+Ì�Î Ï�Ñ�Í ñ Þ�Í É8Ï�Ì�Î Ï�Ð�ò3Ô^Ö�Ï�×%Û�Î Ë�Ï�Õ $���

ñ ��� � 	�ñ�� ò�ò Ý�� � � $ ! Ñ�Ò�É

$ �� ñ ��� � 	�ñ�� ò�ò � ê � 	�ñ�� ò"� � ì � ê õ � � � 	�ñ�� ò<ì� �	 ñ�� ò $
$
	
�
ñ ��� � 	�ñ�� ò�ò � ê � 	�ñ�� ò"� � ì � �� �	 ñ�� ò $

$
�
�
ñ ��� � 	�ñ�� ò�ò � ê � � � 	�ñ�� ò<ì � �� �	 ñ�� ò $

$ ��
ñ ��� � 	�ñ�� ò�ò � � � ê ! � 	�ñ�� ò"� õ � ì� �	 ñ�� ò $ � & ê � $ � ì)$ � & ê � $ � 	�ñ�� ò<ì)(

ñ õ�½ ë�ò

ÆÈÇ�ÉTÉLí�Ö�Ñ�Û�Î Ë�Ï!
� ��. ñ3� $ ��� � 	�ñ�� ò%$ ��� ñ�� ò%$ � 	�ñ�� ò%$ * � ñ�� ò%$ * 	�ñ�� ò�ò $ �'& ê � $ � ì)$ � & ê � $ � 	�ñ�� ò<ì)$

ãiÇ�É8Ò�É . ÎnÕTÐ�Î Ü�É8Ï Þ�î ñ õ�½ ! òDË�Ò ñ õ�½ ( ò%ÝaÒ�É8Ø�Ò�ÉLÕ�É8Ï�Û+ÕTÑHÔ6Ñ�Ê¬Î Í îÙË�ÔiÕ�Ö�Ò�Ô6Ñ�× ÉLÕJãiÇ�În×+ÇïÌ�É8Ø$É8Ï�Ì Ë�Ï
� 	�ñ�� ò%Ý ��� ñ�� ò%Ý � 	�ñ�� ò%Ý * � ñ�� ò%Ý * 	�ñ�� ò ½ ÆÈÇ�É?Ô^Ö�Ï�×%Û�Î Ë�Ï�Õ * � ñ�� ò
Ñ�Ï�Ì * 	�ñ�� ò
Ì�É Û�É8Ò�Ê¬Î Ï�É?Û�Ç�É
Õ�Ç�Ñ�Ø$ÉTË�Ô!ÉLÑ�×+ÇÓÕ�Ö�Ò�Ô6Ñ�× É ½

FHø��°÷�À
	������

Ñ�ò â Õ�Ö�Ò�Ô6Ñ�× É ñ�- òÈÑ�Ï�ÌHÎ Û+Õ¶Õ�î�Ê¬Ê¬É Û�Ò�În×DãiÎ Û�ÇÓÒ�ÉLÕ�Ø$ÉL×%ÛiÛ�Ë ��� � Ø�ÍnÑ�Ï�ÉJÇ�Ñ�ÕäÛ�Ç�ÉTÉLí�Ö�Ñ �
Û�Î Ë�Ï!

� ��. ñ�� $
� � � $ � 	�ñ�� ò%$ ��� ñ�� ò%$ � 	�ñ�� ò%$ * � ñ�� ò%$ * 	�ñ�� ò�ò $ ñ õ�½ � ò

ãiÇ�É8Ò�É � & ê � $ � ì<Ý�� � ��� � 	�ñ�� ò ½
Þ$ò â Õ�Ö�Ò�Ô6Ñ�× É ñ�- òäÑ�Ï�ÌHÎ Û+ÕiÕ�î�Ê¬Ê¬É Û�Ò�În×DãiÎ Û�ÇCÒ�ÉLÕ�Ø$ÉL×%ÛÈÛ�Ë � � � Ø�ÍnÑ�Ï�ÉJÎnÕäÒ�É8Ø�Ò�ÉLÕ�É8Ï�Û�ÉLÌ

Þ�îZÛ�Ç�ÉTÉLí�Ö�Ñ�Û�Î Ë�Ï!
� ��. ñ � � � $ � $ � 	�ñ � � � ò%$ ��� ñ � � � ò%$ � 	�ñ � � � ò%$ * � ñ � � � ò%$ * 	�ñ � � � ò�ò!$ ñ õ�½ � ò

ãiÇ�É8Ò�É�� � ��� � Ý � & ê � $ � 	�ñ�� ò<ì ½
×LòHÆÈÇ�ÉHÉLí�Ö�Ñ�Û�Î Ë�Ï Ë�ÔÈÛ�Ç�ÉCÕ�Ö�Ò�Ô6Ñ�× É ñ�- òTÑ�Ï�Ì Î Û+Õ³Õ�î�Ê¬Ê¬É Û�Ò�În×¬ãiÎ Û�Ç°Ò�ÉLÕ�Ø$ÉL×%Û
Û�Ë ��� �

Ñ�Ï�Ì � � � Ø�ÍnÑ�Ï�ÉLÕÈÎnÕ�
� � . ñ � � � $
� � � � � 	fñ � � � ò $ ��� ñ � � � ò�ò $ * � ñ � � � ò%$ * 	�ñ � � � ò%$ ñ õ�½ � ò

� � ��� � Ý�� � ��� � 	�ñ�� ò ½
���
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�!Î Ð�Ö�Ò�É õ Õ�Ç�Ë�ã¶Õ{Û�Ç�É?Õ�Ö�Ò�Ô6Ñ�× É[Ô^Ò�Ë�Ê Û�Ç�É¬Ô6Ñ�Ê¬Î Í î ñ õ�½ � ò%Ý-ãiÇ�É8Ò�É . ÎnÕJÐ�Î Ü�É8ÏÙÞ�î ñ õ�½ ! ò
× Ë�Ò�Ò�ÉLÕ�Ø$Ë�Ï�Ì�Î Ï�Ð[Û�Ë³Û�Ç�ÉJÔ^Ë�Í Í Ë�ãiÎ Ï�Ð?Ì�Ñ�Û+Ñ�

��� ñ�� ò � (
� ë ñ�� � ¼ ë�ò ñ�� � õ � ò'� (

¼�õ ë �!ñ�� � õ � ò�� (
¼�õ ë �!ñ�� � ¼ ë�ò%$

� 	�ñ�� ò � ¼ � ¼
õ Õ�Î Ï õ��

¼ ë
� � � !

õ�� $
* � ñ�� ò � ¼

� × Ë�Õ � ë ñ�� � ¼ ò $
* 	�ñ�� ò � � ¼

( $ � � õ � $ � 	�ñ�� ò � õ � (
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�	��
��������� â Õ�Ö�Ò�Ô6Ñ�× ÉLÕ3Ô^Ò�Ë�Ê Û�Ç�ÉJÔ6Ñ�Ê¬Î Í î ñ õ�½ � ò

!�½ SXÃaÀ�ö<÷�Ä�ø�ù?û!÷�þXÅ6¾!ÿ°÷Ùý3Á$Å6¾�¿¬÷�¾!Âc÷ Ä�ÃaÀ�þ$øÙ÷�ù?ùLÃaý!ý3Á�À�¿Lù�XÉ ÛäÖ�Õ3× Ë�Ï�Õ�ÎnÌ�É8Ò0Û�Ç�É¶Ø$Ë�Î Ï�Û	� ñ � $ � $ ��� ò0Ñ�Ï�Ì?Ñ
× Ö�Ò�Ü�É ñ�� òqÒ�É8Ø�Ò�ÉLÕ�É8Ï�Û�ÉLÌ-Ý�Î ÏH× î�Í Î Ï�Ì�Ò�Î �
×8Ñ�ÍX× Ë�Ë�Ò+Ì�Î Ï�Ñ�Û�ÉTÕ�î�Õ�Û�É8ÊÓÝ�Þ�îZÛ�Ç�ÉJÔ^Ë�Í Í Ë�ãiÎ Ï�Ð³ÉLí�Ö�Ñ�Û�Î Ë�Ï�Õ�

ñ�� ò
�

� 

�
� ��� 	�ñ� ò�× Ë�Õ  $� ��� 	�ñ� ò�Õ�Î Ï ñ� ò%$� ��� 	�ñ� ò%$ '& ê � $ õ�� ì)( ñ !�½ ¼ ò

ñ Õ�É8ÉJà�Ð�Ö�Ò�É ! ò ½
¼�½ ��Ë�ÒTÛ�Ç�ÉZÞ$É8Ð�Î Ï�Ï�Î Ï�ÐEãäÉZÌ�É Û�É8Ò�Ê¬Î Ï�ÉHÑE× Ö�Ò�Ü�É ñ���� òJãiÇ�În×+ÇïØ�Ñ�Õ�Õ�ÉLÕDÛ�Ç�Ò�Ë�Ö�Ð�Ç Û�Ç�É

Ø$Ë�Î Ï�Û�� Ñ�Ï�Ì ÑMà�á�ÉLÌ Ø$Ë�Î Ï�Û Ë�ÔVÛ�Ç�É × Ö�Ò�Ü�É ñ�� ò%Ý ãiÇ�În×+Ç ãiÎ Í Í Þ$É Ì�É8Ï�Ë�Û�ÉLÌ Þ�î���
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�	��
��������� â Õ�Ö�Ò�Ô6Ñ�× ÉJÇ�Ñ�Ü�Î Ï�Ð¬Ñ³Ø$Ë�Î Ï�Û{Ñ�Ï�ÌCÑ?× Ö�Ò�Ü�ÉJÑ�ÕiÕ�Ö�Ø�Ø$Ë�Ò�Û+Õ

� ñ � 	�ñ� ò�× Ë�Õ  $ � 	�ñ� ò�Õ�Î Ï  $ � 	�ñ� ò�ò%Ý  �
à�á�ÉLÌoÔ^Ë�Ò?Û�Ç�É Ê¬Ë�Ê¬É8Ï�ÛHÑ�Ï�ÌüÇ�Ñ�Ü�Î Ï�Ð Î Ï � Ñ�Ï�Ì��
Û�Ç�É
Õ�Í Ë�Ø$ÉLÕ+* � ñ� òäÑ�Ï�Ì * 	�ñ� òäÒ�ÉLÕ�Ø$ÉL×%Û�Î Ü�É8Í î ½

ÆÈÇ�É
× Ö�Ò�Ü�É ñ���� òäÎnÕÈÖ�Ï�Îní�Ö�É8Í îHÒ�É8Ø�Ò�ÉLÕ�É8Ï�Û�ÉLÌZÞ�îCÑ[Û�Ç�Î Ò+ÌCÌ�É8Ð�Ò�É8É �¶É8Ò�Ê¬Î Û�ÉJÎ Ï�Û�É8Ò�Ø$Ë�ÍnÑ �
Û�Î Ë�ÏÓØ$Ë�Í î�Ï�Ë�Ê¬ÎnÑ�Í-Î Ï�� �<Ü�Ñ�Ò�ÎnÑ�Þ�Í É�Ý�Õ�Î Ê¬Î ÍnÑ�ÒÈÛ�Ë ñ õ�½ ! ò%

ñ�� � ò �

� 

�
� � �ä× Ë�Õ 
��� �äÕ�Î Ï 
� ��� ñ � �;��� $ � 	�ñ� ò%$ * � ñ� ò%$ * 	�ñ� ò � 	�ñ� ò�ò $

� & ê � $ � 	�ñ� ò<ì<Ý  & ê � $ õ�� ì<Ý  à�á�ÉLÌ-Ý�ãiÇ�É8Ò�É

� ñ � �;��� $ � 	�ñ� ò%$ * � ñ� ò%$ * 	�ñ� ò%$ � 	�ñ� ò�ò �
ê * � ñ� ò�� * 	�ñ� ò<ì � 	�ñ� ò õ ê � 	�ñ� ò'� ��� ì� � 	 ñ� ò � �

� ! ê � 	�ñ� ò'� ��� ì#� � 	�ñ� ò-ê õ * � ñ� ò�� * 	�ñ� ò<ì� � 	 ñ� ò �
� � * � ñ� ò�� ��� $

ñ !�½ õ ò

Ë�ÒiÎ ÏE×8Ñ�Ï�Ë�Ï�În×8Ñ�Í$Ô^Ë�Ò�Ê

� ñ � �;��� $ � 	�ñ� ò%$ * � ñ� ò%$ * 	�ñ� ò � 	�ñ� ò�ò �%$ �� ñ � � � 	�ñ� ò�ò ��� �
� $

	
�
ñ � � � 	�ñ� ò�ò * � ñ� ò�� $

�
�
ñ � � � 	�ñ� ò�ò * 	�ñ� ò�� $ ��

ñ � � � 	�ñ� ò�ò � 	�ñ� ò ñ !�½ ! ò

���
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ãiÎ Û�Ç
$ �� ñ � � � 	�ñ� ò�ò � ê � 	�ñ� ò�� ��ì � ê õ � � � 	�ñ� ò<ì� � 	 ñ� ò $
$
	
�
ñ � � � 	�ñ� ò�ò � ê � 	�ñ� ò�� ��ì � �� � 	 ñ� ò $

$
�
�
ñ � � � 	�ñ� ò�ò � ê � � � 	�ñ� ò<ì � �� � 	 ñ� ò $

$ ��
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FIXED POINT THEOREM IN ΛE-SPACES

J. KOLUMBÁN AND A. SOÓS

Dedicated to Professor D.D. Stancu on his 75th birthday

The theory of metric spaces is a very useful tool in applied mathematics.
However, by some practical problems this theory can not be applied. For this
reason the concept of probabilistic metric space was introduced in 1942 by Menger
[7]. It was developed by numerous authors, as it can be realized upon consulting
the list of references in [2], as well as those in [10]. Menger proposed to replace the
distance d(x, y) by a distribution function Fx,y whose value Fx,y(t), for any real
number t, is interpreted as the probability that the distance between x and y is
less than t. The study of contraction mappings for probabilistic metric spaces was
initiated by Sehgal [12],[13], Sherwood [16] and Bharucha-Reid [14]. Radu in [8]
and [9] introduced other types of contractions in probabilistic metric spaces. The
notion of E-space was introduced by Sherwood [16] in 1969 as a generalization of
Menger space for random variables. For new results and applications of probabilistic
analysis one can consult Constantin and Istrăţescu’s book [2]. New results in fixed
point theory in probabilistic metric spaces can be find in [4] and in Hadzic’s book
[3].

Hutchinson and Rüschendorf [5] showed that the Brownian motion can be
characterized as a fixed point of a special stochastic process. They proved a fixed
point theorem using a first moment condition. Our goal is to generalize this idea
and to replace the first moment condition by a more less restrictive hypothesis.
Using a generalization of the notion of E-space to the so called ΛE-space we will
prove a new fixed point theorem. As application Brownian bridge-type stochastic
fractal interpolation functions will be constructed.

In the first section we recall the notions of probabilistic metric space and
E-space. The next section contains the definition and some properties of ΛE-space.
The main result of this paper is the fixed point theorem in section 3. The last section
contain an application of our main theorem to the stochastic fractal interpolation.

1. Probabilistic metric spaces

Let R denote the set of real numbers and R+ := {x ∈ R : x ≥ 0}.
A mapping F : R → [0, 1] is called a distribution function if it is

non-decreasing and left continuous.
By ∆ we shall denote the set of all distribution functions F. Let ∆ be

ordered by the relation ”≤”, i.e. F ≤ G if and only if F (t) ≤ G(t) for all real t.
Also F < G if and only if F ≤ G but F 6= G.
We set ∆+ := {F ∈ ∆ : F (0) = 0}.

Received by the editors: 08.10.2002.
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Let H denote the Heviside distribution function defined by

H(x) =
{

0, x ≤ 0,
1, x > 0. (1.1)

LetX be a nonempty set. For a mapping F : X×X → ∆+ and x, y ∈ X we
shall denote F(x, y) by Fx,y, and the value of Fx,y at t ∈ R by Fx,y(t), respectively.

The pair (X,F) is a probabilistic metric space (briefly PM space) if
X is a nonempty set and F : X ×X → ∆+ is a mapping satisfying the following
conditions:

10 Fx,y(t) = Fy,x(t) for all x, y ∈ X and t ∈ R;
20 Fx,y(t) = 1, for every t > 0, if and only if x = y;
30 if Fx,y(s) = 1 and Fy,z(t) = 1 then Fx,z(s+ t) = 1.
A mapping T : [0, 1] × [0, 1] → [0, 1] is called a t-norm if the following

conditions are satisfied:
40 T (a, 1) = a for every a ∈ [0, 1];
50 T (a, b) = T (b, a) for every a, b ∈ [0, 1];
60 if a ≥ c and b ≥ d then T (a, b) ≥ T (c, d);
70 T (a, T (b, c)) = T (T (a, b), c) for every a, b, c ∈ [0, 1].
We list here the simplest:
T1(a, b) = max{a+ b− 1, 0},
T2(a, b) = ab,
T3(a, b) = Min(a, b) = min{a, b},
A Menger space is a triplet (X,F , T ), where (X,F) is a probabilistic

metric space, T is a t-norm, and instead of 30 we have the stronger condition:
80 Fx,y(s+ t) ≥ T (Fx,z(s), Fz,y(t)) for all x, y, z ∈ X and s, t ∈ R+.
If the t-norm T satisfies the condition

sup{T (a, a) : a ∈ [0, 1[} = 1,

then the (t, ε) -topology is metrizable (see [11]).
In 1966, V.M. Sehgal [13] introduced the notion of a contraction mapping

in probabilistic metric spaces.
The mapping f : X → X is said to be a contraction if there exists

r ∈]0, 1[ such that

Ff(x),f(y)(rt) ≥ Fx,y(t)

for every x, y ∈ X and t ∈ R+.
A sequence (xn)n∈N from X is said to be fundamental if

lim
n,m→∞

Fxm,xn
(t) = 1

for all t > 0.
The element x ∈ X is called limit of the sequence (xn)n∈N, and we write

limn→∞ xn = x or xn → x, if limn→∞ Fx,xn
(t) = 1 for all t > 0.

A probabilistic metric (Menger) space is said to be complete if every
fundamental sequence in that space is convergent.

For example, if (X, d) is a metric space, then the metric d induces a mapping
F : X ×X → ∆+, where F(x, y) = Fx,y is defined by

Fx,y(t) = H(t− d(x, y)), t ∈ R.
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Moreover (X,F ,Min) is a Menger space. Bharucha-Reid and Sehgal show that
(X,F ,Min) is complete if the metric d is complete (see [14]). The space (X,F,Min)
thus obtained is called the induced Menger space.

The notion of E-space was introduced by Sherwood [16] in 1969. Next we
recall this definition and we show that if (X, d) is a complete metric space then the
E-space is also complete.

Let (Ω,K, P ) be a probability space and let (Y, ρ) be a metric space.
The ordered pair (E , F ) is an E-space over the metric space (Y, ρ)

(briefly, an E-space) if the elements of E are random variables from Ω into Y and
F is the mapping from E × E into ∆+ defined via F(x, y) = Fx,y, where

Fx,y(t) = P ({ω ∈ Ω| ρ(x(ω), y(ω)) < t})
for every t ∈ R.

If F satisfies the condition

F(x, y) 6= H, if x 6= y,

then (E ,F) is said to be a canonical E-space. Sherwood [16] proved that every
canonical E-space is a Menger space under T = Tm, where Tm(a, b) = max{a+ b−
1, 0}. In the following we suppose that E is a canonical E-space.

The convergence in an E-space is exactly the probability convergence.
The E-space (E ,F) is said to be complete if the Menger space (E ,F , Tm)

is complete.
If we start with a complete metric space (X, d) then we obtain a complete

E-space.
Proposition 1.1. ([6]) If (X, d) is a complete metric space then the E-

space (E , F ) is also complete.

2. ΛE-spaces

Let Λ be a nonempty set and, for λ ∈ Λ, let (Y λ, dλ) be metric space.
Denote Eλ the set of random variables from Ω into Y λ and let

Fλ : Eλ × Eλ → ∆+

be defined via Fλ(x, y) := Fλ
x,y, where

Fλ
x,y(t) := P ({ω ∈ Ω|dλ(xλ(ω), yλ(ω)) < t})

for all t ∈ R. Denote
Fx,y(t) := inf

λ∈Λ
Fλ

x,y(t)

and
F(x, y) := Fx,y.

The ordered pair (Eλ,Fλ) is an E-space over the metric space Y λ.
Let Y :=

∏
λ∈Λ Y

λ, e ∈ Y and define

E := {x ∈
∏
λ∈Λ

Eλ| lim
t→∞

inf
λ∈Λ

P ({ω ∈ Ω|dλ(xλ(ω), eλ(ω)) < t}) = 1}.

Remark. E is the set of bounded random functions. The convergence in
E is similar to the uniform convergence in metric space.

The triplet (E ,F , T ) is called ΛE-space.
In the following let T := Tm.
Proposition 2.1. (E ,F , T ) is a Menger space.
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Proof. Conditions 1o and 2o are satisfied by definition. Since Fλ
x,y satisfies

8o for all λ ∈ Λ, we can write

Fλ
x,y(t+ s) ≥ T (Fλ

x,z(t), F
λ
z,y(s)) ≥

≥ inf
λ

max(Fλ
x,z(t) + Fλ

z,y(s)− 1, 0) ≥

≥ max(inf
λ
Fλ

x,z(t) + inf
λ
Fλ

z,y(s)− 1, 0) =

= T (Fx,z(t), Fz,y(s))

for all t, s ∈ R+. Taking the infimum over λ we obtain the triangle inequality:

Fx,y(t+ s) = inf
λ∈Λ

Fλ
x,y(t+ s) ≥ T (Fx,z(t), Fz,y(s))

for all t, s ∈ R+. �
Proposition 2.2. If (Y λ, dλ) are complete metric spaces for all λ ∈ Λ,

then (E ,F , T ) is a complete Menger space.
Proof. Let (xn)n∈N be a Cauchy sequence of elements of E , i.e.

lim
n,m→∞

Fxn,xm
(t) = lim

n,m→∞
inf
λ∈Λ

P ({ω ∈ Ω|dλ(xλ
n(ω), xλ

m(ω)) < t}) = 1 (2.2)

for all t > 0 and

lim
t→∞

inf
λ∈Λ

P ({ω ∈ Ω|dλ(xλ
n(ω), eλ(ω)) < t}) = 1. (2.3)

Since, for λ ∈ Λ

P ({ω ∈ Ω|dλ(xλ
n(ω), xλ

m(ω)) < t}) ≥ Fxn,xm
(t),

it follows that for ε > 0, exists nε ∈ N such that, if n > nε and m > nε then

P ({ω ∈ Ω|dλ(xλ
n(ω), xλ

m(ω)) < t}) > 1− ε.

So, (xλ
n)n∈N is a Cauchy sequence in the E-space (Eλ,Fλ). According to Proposition

1.1 (Eλ,Fλ) is complete for all λ ∈ Λ. Denote xλ := limn→∞ xλ
n, and x := (xλ|λ ∈

Λ).
Now we have to show that
(i) limn→∞ Fxn,x(t) = 1 for all t > 0,
and
(ii) x ∈ E .
By the relation (2.2) for all t > 0 and ε > 0 there exists nε ∈ N such that

for n,m > nε and λ ∈ Λ

P ({ω ∈ Ω|dλ(xλ
n(ω), xλ

m(ω)) <
t

2
}) > 1− ε

2
.

Since
P ({ω ∈ Ω|dλ(xλ

n(ω), xλ(ω)) < t}) ≥

≥ P ({ω ∈ Ω|dλ(xλ
n(ω), xλ

m(ω)) <
t

2
})+P ({ω ∈ Ω|dλ(xλ

m(ω), xλ(ω)) <
t

2
})−1>1−ε

we have
inf
λ∈Λ

Fλ
xn,x(t) > 1− ε

for all t > 0 and ε > 0. So

lim
n→∞

Fxn,x(t) = 1, for all t > 0.
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In order to show (ii) we use relation (2.3). For ε > 0 there exists tε > 0
such that for all t ≥ tε the following inequalities hold

Fx,e(2t) ≥ T (Fxn,x(t), Fxn,e(t)) ≥ T (Fxn,x(1), Fxn,e(t)) >

> 1− ε

2
+ Fxn,e(t)− 1 > 1− ε.

�

3. The main result

The main result of this paper is the following fixed point theorem:
Theorem 3.1. Let (E ,F , T ) be a complete ΛE- space, and let f : E → E

be a contraction with ratio r. Suppose there exists z ∈ E and a real number γ such
that

sup
λ∈Λ

P ({ω ∈ Ω| dλ(zλ(ω), f(zλ)(ω)) ≥ t}) ≤ γ

t
for all t > 0.

Then there exists a unique x0 ∈ E such that f(x0) = x0.
Proof. Let a0 = z and an = f(an−1) for n ≥ 1.
First we show that (an)n∈N is a fundamental sequence in (E ,F , T ).
Let fn = f ◦ · · · ◦ f n-times.
Since an+k = fn(ak) and an = fn(a0), we have

Fan,an+k
(s) = Ffn(z),fn(ak)(s) ≥ inf

λ∈Λ
P ({ω ∈ Ω| rndλ(zλ(ω), aλ

k(ω)) < s}) =

≥ inf
λ∈Λ

P ({ω ∈ Ω| rndλ(zλ(ω), aλ
k(ω)) < s · (1 +

√
r + · · ·+

√
r

k−1)(1−
√
r)}) ≥

≥ P ({ω ∈ Ω| rn[dλ(zλ(ω), f(zλ(ω))) + dλ(f(zλ(ω)), f2(zλ(ω))) + · · ·+
+dλ(fk−1(zλ(ω)), fk(zλ(ω)))] < s · (1 +

√
r + · · ·+

√
r

k−1)(1−
√
r)}) ≥

≥ inf
λ∈Λ

[P ({ω ∈ Ω| dλ(zλ(ω), f(zλ(ω))) <
s(1−

√
r)

rn
})+

+P ({ω ∈ Ω| dλ(f(zλ(ω)), f2(zλ(ω))) <
s(1−

√
r)
√
r

rn
}) + · · ·+

+P ({ω ∈ Ω| dλ(fk−1(zλ(ω)), fk(zλ(ω))) <
s(1−

√
r)
√
r

k−1

rn
})]− (k − 1) ≥

≥ inf
λ∈Λ

[P ({ω ∈ Ω| dλ(zλ(ω), f(zλ(ω))) <
s(1−

√
r)

rn
})+

+P ({ω ∈ Ω| rdλ(zλ(ω)), f(zλ(ω))) <
s(1−

√
r)
√
r

rn
}) + · · ·+

+P ({ω ∈ Ω| rk−1dλ(zλ(ω), f(zλ(ω))) <
s(1−

√
r)
√
r

k−1

rn
})]− (k − 1) =

= 1− sup
λ∈Λ

[P ({ω ∈ Ω| dλ(zλ(ω), f(zλ(ω))) ≥ s(1−
√
r)

rn
})+

+P ({ω ∈ Ω| dλ(zλ(ω), f(zλ(ω))) ≥ s(1−
√
r)
√
r

rn+1
}) + · · ·+

+P ({ω ∈ Ω| dλ(zλ(ω), f(zλ(ω))) <
s(1−

√
r)
√
r

k−1

rn+k−1
})] ≥

≥ 1− γ · rn

(
1

s(1−
√
r)

+
r1/2

s(1−
√
r)

+ ...+
r(k−1)/2

s(1−
√
r)

)
>
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> 1− γ
rn

s(1−
√
r)2

.

Since

lim
n→∞

(
1− γ

rn

s(1−
√
r)2

)
= 1,

we have, for t > 0,

lim
n→∞

Fan,an+k
(t) = 1,

uniformly with respect to k. The space (E ,F , T ) being complete, (an) is convergent.
Let x0 be its limit.

Next we show that x0 is a fixed point of f.
For we have

Fan,f(x0)(
t

2
) ≥ Fan−1,x0(

t

2
) for all t > 0.

Using 80 it follows

Fx0,f(x0)(t) ≥ T (Fx0,an
(
t

2
), Fan,f(x0)(

t

2
)) ≥ T (Fx0,an

(
t

2
), Fan−1,x0(

t

2
)).

Since limn→∞ an = x0, we have

Fx0,f(x0)(t) = 1 for all t > 0,

therefore
f(x0) = x0.

For the uniqueness we suppose that there exists an other element x′ ∈ E
such that f(x′) = x′. For n ∈ N and t > 0, we have

Fx0,x′(t) = Ffn(x0),fn(x′)(t) ≥ Fx0,x′

(
t

rn

)
.

Since limn→∞ rn = 0, we have

Fx0,x′(t) = 1 for all t > 0,

therefore x0 = x′. �

4. Application: stochastic fractal interpolation

In [5] Hutchinson and Rüschendorf showed that the Brownian bridge can
be characterized as the fixed point of a ”scaling” function. Indeed, let (Ω,K, P ) be
a probability space and let Λ = R+, the set of positive real numbers. Define the
Brownian bridge as the stochastic process (Xλ

t )t∈R+ with the following properties:

P ({ω ∈ Ω| t 7→ Xλ(t, ω) is continuous}) = 1,

and, for every t ≥ 0 and every h > 0,

Xλ(t+ h)−Xλ(t) d=N(0, λh),

thus

P ({ω ∈ Ω|Xλ(t+ h, ω)−Xλ(t, ω) < x}) =
1√

2πhλ

∫ x

−∞
e−

t2

2λ2h2 dt.

N(a, b) denote the normal distribution with mean a and variance b.
We suppose

Xλ(0, ω) = 0 a.s. and Xλ(1, ω) = 1 a.s..
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Denote I = [0, 1], and define the functions

Φ1 : I → [0,
1
2
], Φ1(s) =

s

2
,

and
Φ2 : I → [

1
2
, 1], Φ1(s) =

s+ 1
2

.

Let λ ∈ Λ and denote pλ the random point with distribution N(0, λ
2 ).

Let ϕλ
1 , ϕ

λ
2 : R × Λ → R be the affine transformations characterized by

ϕλ
1 (0, λ) = 0, ϕλ

1 (1, λ) = ϕλ
2 (0, λ) = pλ, ϕλ

2 (1, λ) = 1 for all λ ∈ Λ. Denote rλ
1 =

Lipϕλ
1 = |pλ|, rλ

2 = Lipϕλ
2 = |1− pλ|. For ϕλ

1 , ϕλ
2 we obtain

ϕλ
1 (a, λ) = pλa and ϕλ

2 (a, λ) = (1− pλ)a+ pλ.

Denote L the set of functions from R× Λ to R,

L := {u : R× Λ → R}.
Let ψ1, ψ2 : L → L be mappings satisfying the following property:

ψi(u)(a, λ) = u(a,
λ

2r2i
), i = 1, 2.

Let
Sλ

i = ϕλ
i ◦ ψi.

Using the definition of the process, we have

Xλ|Xλ( 1
2 )=pλ(t) d= Sλ

1 ◦Xλ(2t), t ∈ [0,
1
2
].

Similarly

Xλ|Xλ( 1
2 )=pλ(t) d= Sλ

2 ◦Xλ(2t− 1), t ∈ [
1
2
, 1].

This relations can be written as follows

Xλ|Xλ( 1
2 )=pλ(t) d= tiS

λ
i ◦Xλ ◦ Φ−1

i (t), t ∈ [0, 1].

For each λ > 0, we have

Xλ d= tiS
λ
i ◦Xλ(i) ◦ Φ−1

i ,

where Xλ(i) d= Xλ are chosen independently of one another.
Let Y λ = L1([0, 1]) and dλ the Euclidean metric in R, for all λ ∈ Λ. In

this case Eλ is the space of real random variables and E is their product space. By
Theorem 2.2 (E ,F , T ) is a complete ΛE- space. Consider the function f : E → E ,
defined by f := (fλ|λ ∈ Λ) where

fλ(X) := tiS
λ
i ◦Xλ(i) ◦ Φ−1

i

for all X ∈ E . If X0 is a fixed point of f then, for all λ ∈ Λ,

Xλ
0

d= fλ(Xλ
0 ).

Hutchinson and Rüschendorf [5] proved that, if the set of all functions
Z ∈ E such that

sup
λ∈Λ

λ−
1
2Eω

∫
I

|Z(t, λ, ω)|dt <∞

there exists a fixed point of f . Motivated by this result, we consider the following
problem.
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Let Λ be a nonempty set and let 0 = t0 < t1 < ... < tN = 1, ti ∈ R,
i ∈ {0, ..., N} be N + 1 given points. Consider N bijections

Φi : I → [ti−1, ti] = Ii

for i ∈ {1, ..., N}, with Lipschitz constant αi.
Let Y λ := L1(I) and let β(λ) > 0 for all λ ∈ Λ. For u, v ∈ Y λ, define

dλ(u, v) := β(λ)
(∫

I

|u(a)− v(a)|da
)
.

Let E be defined as in previous section with e = 0.
For all λ ∈ Λ and i ∈ {1, ..., N} define the random function ϕλ

i : R → R,
ϕλ

i ∈ Lip(<1), and rλ
i denote its Lipschitz constant. Let γi : Λ → R be real

functions. Consider the mappings ψi : L → L such that

ψi(u)(a, λ) := u(a, γi(λ)),

and Sλ
i be defined as above, i.e. Sλ

i := ϕλ
i ◦ ψi. Suppose for λ ∈ Λ there exists

δ(λ) > 0 such that the following Lipschitz condition will be satisfied:

inf
λ
P ({ω ∈ Ω|δ(λ)

∫
I

|u(a, γi(λ), ω)− v(a, γi(λ), ω)|da < s}) ≥

≥ inf
λ
P ({ω ∈ Ω|β(λ)

∫
I

|u(a, λ, ω)− v(a, λ, ω)|da < s})

for all u, v ∈ E .
Let pλ

i be given random variable (i ∈ {0, ..., N}). Suppose the next inter-
polation properties are fulfilled:

for u ∈ E , λ ∈ Λ and i ∈ {1, ..., N − 1}

ϕλ
1 (u(0, λ, ω)) = pλ

0 (ω) a.s. (4.4)

ϕλ
i+1(u(0, λ, ω)) = ϕλ

i (u(1, λ, ω)) = pλ
i (ω) a.s. (4.5)

ϕλ
N (u(1, λ, ω)) = pλ

N (ω) a.s. (4.6)

If x ∈ E then the random function f(x) is defined by

fλ(x) = tiS
λ
i ◦ x ◦ Φ−1

i , (4.7)

Theorem 4.1. Suppose

ess sup
ω

sup
λ∈Λ

N∑
i=1

rλ
i (ω)αiβ(λ)

δ(λ)
< 1 (4.8)

and there exists a real number γ such that

sup
λ∈Λ

P ({ω ∈ Ω|
∑

αi|ϕλ
i (0)| ≥ t}) ≤ γ

t
for all t > 0. (4.9)

Then there exists a random fractal interpolation function x∗ ∈ E such that

f(x∗) = x∗

and
x∗(ti, λ, ω) = pλ

i (ω) a.s., i ∈ {0, ..., N}, λ ∈ Λ. (4.10)
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Proof. For the random functions x, z : I ×Λ×Ω → R, i ∈ {1, ..., n} let as
define

Fx,z(t) := inf
λ
P ({ω ∈ Ω|β(λ)

(∫
I

|x(a, λ, ω)− z(a, λ, ω)|da
)
< t}).

Assuming this has been done, in order to show that f is a contraction map
we compute

Ff(x),f(z)(t) = inf
λ∈Λ

P ({ω ∈ Ω|dλ(f(x), f(z)) < t}) =

= inf
λ∈Λ

P ({ω ∈ Ω|β(λ)(
N∑

i=1

∫
Ii

|ϕλ
i (ψi(x(Φ−1

i (a), λ, ω))−

−ϕλ
i (ψi(z(Φ−1

i (a), λ, ω))|da) < t}) ≥

≥ inf
λ∈Λ

P ({ω ∈ Ω|β(λ)(
N∑

i=1

rλ
i (ω)αi

∫
I

|ψi(x(a, λ, ω))− ψi(z(a, λ, ω))|da) < t})≥

≥ inf
λ∈Λ

P ({ω ∈ Ω|

(
N∑

i=1

αir
λ
i (ω)β(λ)
δ(λ)

)
δ(λ) ·

·
(∫

I

|ψi(x(a, λ, ω))− ψi(z(a, λ, ω))|da
)
< t}) ≥

≥ inf
λ∈Λ

P ({ω ∈ Ω|r
(∫

I

|x(a, λ, ω)− z(a, λ, ω)|da
)
< t}).

So we have
Ff(x),f(z)(t) ≥ Fx,z(

t

r
).

Using Theorem 3.1 for the contraction f there exists a fractal interpolation
function x∗.

Next we have to show the interpolation property of x∗. For i ∈ {1, ..., N}
we have the following equalities

x∗(ti, λ, ω) = f(x∗(ti, λ, ω)) = Sλ
i (x∗(tN , λ, ω)) = pλ

i (ω).

�
This fractal interpolation function x∗ can be considered a generalized Brow-

nian motion.
Remark: If

sup
λ∈Λ

β(λ)Eω

∑
αi|ϕλ

i (0)| <∞

then, by Tchebysev inequality, (4.9) is fulfilled.
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RELATION BETWEEN THE AMOUNT OF INFORMATION AND
THE LIKELIHOOD FUNCTION

ION MIHOC AND CRISTINA IOANA FĂTU

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. The objective of this paper is to give some properties for the

Fisher information measure and as well as some relations and informational

characterizations.

1. Introduction

The notion of information plays a central role both in the life of the person

and of society, as well as in all kinds of scientific research. The notion of information

is so universal, it penetrates our everyday life so much that from this point of view,

it can be compared only with the notion of energy [5],[6].

The information theory is an important branch of probability theory and it

has very much applications in mathematical statistics. The notion of information

plays a central role in the fundamental statistical works of R.A.Fisher. Thus, e.g.,

Fisher characterized a sufficient statistical function by the fact that it exhausts all

the information on the estimated parameter, contained by the sample.

Let X be a random variable on the probability space (Ω,K, P ). A statistical

problem arises when the distribution of X is not known and we want to draw some

inference concerning the unknown distribution of X on the basis of a limited number

of observations on X. A general situation may be described as follows: The functional

form of the distribution function is known and merely the values of a finite number

of parameters,involved in the distribution function, are unknown; i.e., the probability

density function of the random variable X is known except for the value of a finite

number of parameters. In general, the parameters θ1, θ2, ..., θk will not be subject to

Received by the editors: 29.10.2002.

2000 Mathematics Subject Classification. 94A17.

Key words and phrases. gain of information, Fisher information, local parameter.
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any a priori restrictions; i.e., they may take any values. However, the parameters may

in some cases be restricted to certain intervals. In the next we shell restrict ourselves

to the case of a single parameter θ.

2. Fisher’s information measure

Let X be a continuous random variable and its probability density function

f(x; θ) depends on a parameter θ which values in a specified parameter space Dθ, Dθ

⊆ R.Thus we are confronted, not with one distribution of probability, but with a

family of distributions. To each value of θ, θ ∈ Dθ,there corresponds one member of

the family. A family of probability density functions will be denoted by the symbol

{f(x; θ); θ ∈ Dθ} .Any member of this family of probability density functions will be

denoted by the symbol f(x; θ), θ ∈ Dθ.

Let Sn(X) = (X1, X2, ..., Xn) denote a random sample from a distribution

that has a probability density function which is one member (but which member we

do not known) of the family {f(x; θ); θ ∈ Dθ} of the probability density functions.

That is, our sample arises from a distribution that has the probability distribution

f(x; θ), θ ∈ Dθ.Our problem is that of defining a statistic T = T (X1, X2, ..., Xn), so

that if x1, x2, ..., xn are the observed experimental values of X1X2, ..., Xn,then the

number t = t(x1, x2, ..., xn) will be a good point estimate of θ.

In the next we suppose that the parameter θ is unknown and we estimate a

specified function of θ, g(θ) with the help of statistic T = T (X1, X2, ..., Xn) which is

based on a random sample Sn(X) = (X1, X2, ..., Xn), where Xi are independent and

identically distributed (i.i.d.) random variable with density f(x; θ), θ ∈ Dθ.

A well known means of measuring the quality of the statistic

T = T (X1, X2, ..., Xn)

is to use the inequality of Cramér-Rao which states that, under certain regularity

conditions for f(x; θ) (more particularly, it requires the possibility of differentiating

under the integral sign) any unbiased estimator of g(θ) has variance which satisfies

the following inequality [4]
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V arT ≥ [g
′
(θ)]2

n.IX(θ)
= (2.1)

=
[g

′
(θ)]2

In(θ)
, (2.1a)

where

IX(θ) =
∫

Ω

(
∂ ln f(x; θ)

∂θ

)2

f(x; θ)dx = (2.2)

=
∫

Ω

1
f(x; θ)

(
∂f(x; θ)

∂θ

)2

dx, (2.3)

and

In(θ) = E

[(
∂ lnL(x1, x2, ..., xn; θ)

∂θ

)2
]

= (2.4)

=
∫

Ω

...

∫
Ω

(
∂L(x1, x2, ..., xn; θ)

∂θ

)2

L(x1, x2, ..., xn; θ)dx1...dxn = (2.5)

= nE

[(
∂ ln f(x; θ)

∂θ

)2
]

= n

∫
Ω

(
∂ ln f(x; θ)

∂θ

)2

f(x; θ)dx, (2.6)

f(x; θ) = f(xi; θ), i = 1, n, (2.7)

L(x1, x2, ..., xn; θ) =
n∏

i=1

f(xi; θ) (2.8)

is the joint probability density function of X1, X2, ..., Xn.

This joint probability density function of X1, X2, ..., Xn may be regarded as

a function of θ and it is called the likelihood function of the random sample Sn(X) =

(X1X2, ..., Xn).

The quantity IX(θ) is known as Fisher
′
s information measure and it mea-

sures the information about g(θ) which is contained in an observation of X.Also, the

quantity In(θ) = n.IX(θ) measures the information about g(θ) contained in a random

sample Sn(X) = (X1X2, ..., Xn),than then Xi, i = 1, n are independent and identi-

cally distributed random variables with density f(x; θ), θ ∈ Dθ. An unbiased estimator

of g(θ) that achieves this minimum from (2.1) is known as an efficient estimator.

77



ION MIHOC AND CRISTINA IOANA FĂTU

3. Some properties of Fisher’s information measure

Let f(x; θ), θ ∈ Dθ be a positive probability density function in the interval

[a, b] depending on the continuous parameter θ in a continuously differentiable way.

Definition 1. [6], [3]. The gain of information when a distribution with

probability density function f(x; θ0) is replaced by another one with probability den-

sity function f(x; θ1) has the form

I[f(x; θ1)‖f(x; θ0)] = I(θ1‖θ0) = (3.1)

=

b∫
a

f(x; θ1) log2

f(x; θ1)
f(x; θ0)

dx. (3.2)

Theorem 1. Let X be a continuous random variable with probability density

function f(x; θ), θ ∈ Dθ. Then we have the following relation

k
d2I(θ1‖θ0)

dθ2
1

∣∣∣∣
θ1=θ0

= IF [f(x; θ0)], (3.3)

where

IF [f(x; θ0)] =

b∫
a

(
∂ ln f(x; θ0)

∂θ0

)2

f(x; θ0)dx, (3.4)

k = ln 2. (3.6)

Proof. Indeed, if we have in view the form (3.1) of the gain of information

and we compute the derivative, we obtain

dI(θ1‖θ0)
dθ1

=
d

dθ1

 b∫
a

f(x; θ1) log2

f(x; θ1)
f(x; θ0)

dx

 =

=

b∫
a

(
df(x; θ1)

dθ1
log2

f(x; θ1)
f(x; θ0)

+ f(x; θ1)
d

dθ1
log2

f(x; θ1)
f(x; θ0)

)
dx =

=
1
k

b∫
a

(
d ln f(x; θ1)

dθ1
ln

f(x; θ1)
f(x; θ0)

+
df(x; θ1)

dθ1

)
dx =

=
1
k

b∫
a

(
1 + ln

f(x; θ1)
f(x; θ0)

)
df(x; θ1)

dθ1
dx,
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respectively,

dI(θ1‖θ0)
dθ1

=
1
k

b∫
a

(
1 + ln

f(x; θ1)
f(x; θ0)

)
df(x; θ1)

dθ1
dx. (3.7)

Now, if we compute the second derivative of I(θ1‖θ0) , we get

d2I(θ1‖θ0)
dθ2

1

=
1
k

b∫
a

[
1

f(x; θ1)

(
df(x; θ1)

dθ1

)2

+

+
(

1 + ln
f(x; θ1)
f(x; θ0)

)
d2f(x; θ1)

dθ2
1

]
dx, (3.8)

and, hence, if we consider θ1 = θ0,we obtain

d2I(θ1‖θ0)
dθ2

1

∣∣∣∣
θ1=θ0

=
1
k

b∫
a

1
f(x; θ0)

(
df(x; θ0)

dθ0

)2

dx +
1
k

b∫
a

d2f(x; θ0)
dθ2

0

dx =

=
1
k

IF [f(x; θ0)], (3.9)

because from the relation

b∫
a

f(x; θ0)dx = 1, (3.10)

we obtain

b∫
a

df(x; θ)
dθ0

dx = 0,

b∫
a

d2f(x; θ)
dθ2

0

dx = 0. (3.11)

Remark 1. From this theorem it follows that the gain of information can

be considered as a generating-function of the Fisher information measure [2].

Theorem 2. Let X be a continuous random variables and f(x; θ) its prob-

ability density function which depends on a parameter θ with values in the specified

parameter space Dθ and , more f(x; θ) is absolutely continuous in θ. If θ is a local

parameter for X, i.e.,

f(x; θ) = f1(x− θ), θ ∈ Dθ, (3.12)
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then

IF [f(x; θ)] = IF [f1(x− θ)], (3.13)

where

IF [f(x; θ)] =
∫
R

[
1

f(x; θ)
∂f(x; θ)

∂θ

]2

f(x; θ)dx, (3.14)

IF [f1(x− θ)] =
∫
R

[
1

f1(x− θ)
∂f1(x− θ)

∂θ

]2

f1(x− θ)dx, (3.15)

are Fisher’s information measures.

Proof. Indeed, from (3.12) and (3.14), we obtain

IF [f(x; θ)] =

∞∫
−∞

[
1

f(x; θ)
∂f(x; θ)

∂θ

]2

f(x; θ)dx =

=

∞∫
−∞

[
1

f1(x− θ)
∂f1(x− θ)

∂θ

]2

f1(x− θ)dx =

=

∞∫
−∞

[
−f

′

1(x− θ)
f1(x− θ)

]2

f1(x− θ)dx =

=

∞∫
−∞

[
f

′

1(u)
f1(u)

]2

f1(u)du =

= IF [f1(u)],

if we have in view the change of variables

u = x− θ. (3.16)

Corollary 3. If the parameter θ is a scale parameter for X with center m

as follows

f(x; θ) = e−θf2[(x−m)e−θ],−∞ < θ < ∞, (3.17)

then

IF [f(x; θ)] = IF (f2), (3.18)

when

IF (f2) =

∞∫
−∞

[
1− x

f ′2(x)
f2(x)

]2

f2(x)dx, (3.19)

constantly in θ and m,-∞ < θ,m < ∞.
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Proof. From (3.17), we obtain

∂f(x; θ)
∂θ

=
∂

∂θ

{
e−θf2[(x−m)e−θ]

}
=

= −f(x; θ)− (x−m)e−2θf ′2[(x−m)e−θ], (3.20)

where

f ′2(v) =
df2(v)

dv
, v = (x−m)e−θ. (3.21)

Then

IF [f(x; θ)] =

∞∫
−∞

[
1

f(x; θ)
∂f(x; θ)

∂θ

]2

f(x; θ)dx =

=

∞∫
−∞

[
−f(x; θ)− (x−m)e−2θf ′2[(x−m)e−θ]

f(x; θ)

]2

f(x; θ)dx =

=

∞∫
−∞

{
−1− (x−m)e−2θf ′2[(x−m)e−θ]

f(x; θ)

}2

f(x; θ)dx. (3.22)

If we make the following change of variables

v = (x−m)e−θ, (3.23)

then we obtain

IF [f(x; θ)] =

∞∫
−∞

[
−1− v

f ′2(v)
f2(v)

]2

f2(v)dv, (3.24)

because we have

{
−1− (x−m)e−2θf ′2[(x−m)e−θ]

f(x; θ)

}2

f(x; θ)dx =
[
−1− v

f ′2(v)
f2(v)

]2

f2(v)dv. (3.25)
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4. Application

Let X be a continuous random variable which follows a normal distribution,

that is, its probability density function is defined by

f(x;m,σ2) =
1√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

, x ∈ R, (4.1)

where σ > 0 and m ∈ R are the two parameters of the distribution, namely, m is a

location parameter and σ2 is a scale parameter.

Then for the function

g(x;m,σ2) = − ln f(x;m,σ2) = (4.2)

= ln
√

2π +
1
2

lnσ2 +
1
2

(
x−m

σ

)2

, (4.3)

we obtain

∂g(x;m,σ2)
∂x

=
x−m

σ
, (4.4)

∂2g(x;m,σ2)
∂x2

=
1
σ2

> 0,∀x ∈ R, (4.5)

and from here it follows that the probability density (4.1) is a strongly unimodal func-

tion and more it is an absolute continuous function, if we have in view the following

remark.

Remark 2. [1] Let X be a continuous random variable on the probability

space (Ω,K, P ) and f(x) , x ∈ (a, b), a < b, (a, b) ⊂ R its probability density function.

If the function g,defined as

g(x) = − ln f(x), x ∈ (a, b) (4.6)

is a convex function, than f is called strongly unimodal.

Such strongly unimodal probability density function is absolutely continuous

within (a, b) and more

g′(x) = −f ′(x)
f(x)

, (f(x) 6= o, x ∈ (a, b)) (4.7)
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is a non-decreasing function.

Also, we say that X is absolutely continuous random variable if its probability

density f(x) is an absolutely continuous function.

Then, according to the relation (2.2), when θ = m, we obtain

IF (x; θ) = IF (x;m) =
1
σ2

. (4.8)

Now, we consider the relation

f(x; θ) = e−θf2[(x−m)e−θ],−∞ < θ < +∞ (4.9)

and if

eθ = σ, (4.10)

then

e−θ =
1
σ

, θ = ln σ (4.11)

and from (4.9), we obtain

f(x; θ) = e−θf(v) =
1√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

= f(x;m,σ2), (4.12)

where

v =
x−m

σ
. (4.13)

Also, according to the relation (2.2), when θ = σ2,we obtain

IF [f(x; θ)] = IF [f(x;σ2)] =
1

2σ4
. (4.14)
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APPLICATION OF CLOSE TO CONVEXITY CRITERION TO
FILTRATION THEORY

PETRU T. MOCANU

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. We give new and more simple proofs for the univalence of cer-

tain functions related to an inverse boundary problem in the theory of

filtration. These proofs are based on the criterion of close to convexity.

1. Introduction and statement of the results

Let U be the unit disc of the complex plane C and let H(U) denote the class

of holomorphic functions in U .

A function f ∈ H(U), with f(0) = 0 is called starlike if it is univalent and

f(U) is starlike (with respect to the origin). A necessary and sufficient condition for

f to be starlike is given by f ′(0) 6= 0 and

Re
zf ′(z)
f(z)

> 0, z ∈ U.

A function f ∈ H(U) is called convex if it is univalent and f(U) is convex.

A necessary and sufficient condition for f to be convex is given by f ′(0) 6= 0

and

Re
zf ′′(z)
f ′(z)

+ 1 > 0, z ∈ U.

It is easy to show that the function f is convex if and only if the function

g(z) = zf ′(z) is starlike (Alexander duality theorem).

The function f ∈ H(U) is called close-to-convex if there exists a convex

function ϕ such that

Re
f ′(z)
ϕ′(z)

> 0, z ∈ U.
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According to Alexander duality theorem the function f is close-to-convex if

there exists a starlike function g such that

Re
zf ′(z)
g(z)

> 0, z ∈ U. (1)

It is well known that all close to convex functions are univalent [4], [6].

In a mathematical model of the theory of filtration [2], [3], [5] it occurs the

problem of finding conditions for univalence of the function F defined in the lower

half-plane Ω = {ζ ∈ C : Im ζ < 0} by

F (ζ) = G(ζ) + H(ζ), (2)

with

G(ζ) =
i

π

√
1− ζ2

∫ 1

−1

ϕ(t)dt

(t− ζ)
√

1− t2
(3)

and

H(ζ) = −2Ti

π
arctan

λ
√

1− ζ2

λ′
= −T

π
log

λ′ + iλ
√

1− ζ2

λ′ − iλ
√

1− ζ2
,

where T > 0, λ, λ′ ∈ [0, 1] with λ2 + λ′
2 = 1 and

0 ≤ arg
λ′ + iλ

√
1− ζ2

λ′ − iλ
√

1− ζ2
≤ π

L. A. Aksentiev in [1] proved the following result by using the argument

principle.

Theorem 1. If the function ϕ is increasing on [−1, 1], then the function F

given by (2) is univalent in the half-plane Ω.

We shall give a more simple proof of this theorem by using the criterion of

close to convexity.

In addition we shall prove the following result.

Theorem 2. If the function ϕ is increasing on [−1, 1], then the function G

given by (3) is univalent in the domain D = C \ [−1, 1].

2. Proof of Theorem 1

For z ∈ U , let consider the transform

ζ = −i
1 + z

1− z
,

which maps the unit disc U on the lower half-plane Ω.
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The function F becomes

f(z) = F [ζ(z)] =
i

π

√
1 + z2

∫ 1

−1

1− tz

(t− ζ)
√

1− t2
ϕ(t)dt

−i
2T

π
arctan

[√
2λ

λ′

√
1 + z2

1− z

]
, z ∈ U.

Since

f ′(z) = G′(ζ)ζ ′(z) + H ′(ζ)ζ ′(z),

where

G′(ζ) =
i

π
√

1− ζ2

∫ 1

−1

1− tζ

(t− ζ)2
√

1− t2
ϕ(t)dt

= − i

π
√

1− ζ2

∫ 1

−1

d

dt

[√
1− t2

t− ζ

]
ϕ(t)dt =

i

π
√

1− ζ2

∫ 1

−1

√
1− t2

t− ζ
dϕ(t),

H ′(ζ) =
2iTλλ′

π
· ζ

(1− λ2ζ2)
√

1− ζ2

and

ζ ′(z) = − 2i

(1− z)2
,

we deduce

f ′(z) =
√

2
π
√

1 + z2

∫ 1

−1

√
1− t2

t + i− (t− i)z
dϕ(t)

− i2
√

2Tλλ′

π

1 + z

[(1− z)2 + λ2(1 + z)2]
√

1 + z2
.

Since

(1− z)2 + λ2(1 + z)2 = −i[1− z + iλ(1 + z)][λ + i + (λ− i)z],

we deduce

[λ + i(λ− i)z]
√

1 + z2f ′(z) =
√

2
π

∫ 1

−1

λ + i + (λ− i)z
t + i− (t− i)z

√
1− t2dϕ(t)

+
2
√

2Tλλ′

π

1 + z

[1− z + λ(1 + z)]
. (4)

For λ ∈ [0, 1] and t ∈ [−1, 1], we have

Re
λ + i + (λ− i)z
t + i− (t− i)z

> 0, z ∈ U.

On the other hand we have

Re
1 + z

1− z + λ(1 + z)
= Re

1
1− z

1 + z
+ iλ

> 0, z ∈ U.
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Hence for λ ∈ [0, 1], from (4) we deduce

Re {[λ + i + (λ− i)z]
√

1 + z2f ′(z)} > 0, z ∈ U. (5)

Let the function g be defined by

g(z) =
z

[λ + i + (λ− i)z]
√

1 + z2
.

Since
zg′(z)
g(z)

= 1− (λ− i)z
λ + i + (λ− i)z

− z2

1 + z2
,

and

Re
z2

1 + z2
<

1
2
, z ∈ U

Re
(λ− i)z

λ + i + (λ− i)z
= Re

kz

1 + kz
<

1
2
, z ∈ U,

with |k| = |(λ− i)/(λ + i)| = 1, we deduce

Re
zg′(z)
g(z)

> 0, z ∈ U,

which shows that g is starlike. Since (5) can be rewritten as the inequality (1), we

deduce that f is close to convex, hence f is univalent in U and this implies that F is

univalent in Ω.

3. Proof of Theorem 2

For z ∈ U , let consider the Jukowski transform

ζ =
1
2

(
z +

1
z

)
,

which maps the unit disc U onto the domain D = C \ [−1, 1].

The function G, given by (3) becomes

g(z) = G[ζ(z)] =
1
π

(1− z2)
∫ 1

−1

ϕ(t)dt

(1− 2tz + z2)
√

1− t2
.

Since for t = cos θ, we have

1 + ze−iθ

1− ze−iθ
=

1− z2 − 2iz sin θ

1 + z2 − 2z cos θ
,

and we deduce

g(z) =
1
2π

∫ π

−π

ϕ(cos θ)
[
1 + ze−iθ

1− ze−iθ
+ 2i

z sin θ

1 + z2 − 2z cos θ

]
dθ
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=
1
2π

∫ π

−π

1 + ze−iθ

1− ze−iθ
ϕ(cos θ)dθ.

Since the function ϕ(cos θ) is increasing on [−π, 0] and decreasing on [0, π],

by applying the well known theorem of Kaplan concerning the Poisson integral [4],

we deduce that g is univalent in U and this implies that G is univalent on D.
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ITERATES OF STANCU OPERATORS, VIA CONTRACTION
PRINCIPLE

IOAN A. RUS

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. In this note we prove that some Stancu operators are weakly

Picard operators.

Let α, β ∈ R, 0 ≤ α ≤ β and let n ∈ N∗. We consider the Stancu operators

([7], [2])

Pn,α,β : C[0, 1] → C[0, 1]

f 7→ Pn,α,β(f)

where

Pn,α,β(f)(x) :=
n∑

k=0

f

(
k + α

n + β

)(
n

k

)
xk(1− x)n−k. (1)

Let Pm
n,α,β be the mth iterate of the operator Pn,α,β . We have

Theorem 1. Let n ∈ N∗ and β > 0. Then for all f ∈ C[0, 1],

Pm
n,0,β(f)(x) → f(0) as m →∞,

uniformly with respect to x ∈
[
0,

n

n + β

]
.

Proof. Consider the Banach space
(

C

[
0,

n

n + β

]
, ‖ · ‖C

)
where ‖ · ‖C is

the Chebyshev norm. Let

Xγ :=
{

f ∈ C

[
0,

n

n + β

]
| f(0) = γ

}
, γ ∈ R.

We remark that

(a) Xγ is a closed subset of C

[
0,

n

n + β

]
, γ ∈ R;

(b) Xγ is an invariant subset of Pn,0,β for all β > 0, n ∈ N∗, γ ∈ R;
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(c) C

[
0,

n

n + β

]
=
⋃

γ∈R

Xγ is a partition of C

[
0,

n

n + β

]
.

Now we prove that

Pn,0,β : Xγ → Xγ

is a contraction, for all n ∈ N∗, β > 0 and γ ∈ R.

Let f, g ∈ Xγ . From (1) we have

|Pn,0,β(f)(x)− Pn,0,β(g)(x)| = |Pn,0,β(f − g)(x)| ≤

≤

(
n∑

k=1

(
n

k

)
xk(1− x)n−k

)
‖f − g‖C =

= (1− (1− x)n)‖f − g‖C ≤
(

1−
(

1− n

n + β

)n)
‖f − g‖C .

From this we have that

‖Pn,0,β(f)− Pn,0,β(g)‖C ≤
(

1−
(

1− n

n + β

)n)
‖f − g‖C ,

for all f, g ∈ Xγ .

We remark that 1−
(

1− n

n + β

)n

< 1.

On the other hand the constant function γ ∈ Xγ and is a fixed point of Pn,0,β .

Let f ∈ C

[
0,

n

n + β

]
. Then f ∈ Xf(0) and from the contraction principle

([5]) it follows that

Pm
n,0,β(f)(x) → f(0) as m →∞.

Theorem 2. Let n ∈ N∗ and α > 0. Then for all f ∈ C[0, 1],

Pm
n,α,α(f)(x) → f(1) as m →∞,

uniformly with respect to x ∈
[

α

n + α
, 1
]
.

Proof. Let Xγ :=
{

f ∈ C

[
α

n + α
, 1
]
| f(1) = γ

}
, γ ∈ R. Then

(a) Xγ is a closed subset of C

[
α

n + α
, 1
]
, for all γ ∈ R;

(b) Xγ is an invariant subset of the operator Pn,α,α, for all γ ∈ R, α > 0 and

n ∈ N∗;

(c) C

[
α

n + α
, 1
]

=
⋃

γ∈R

Xγ is a partition of C

[
α

n + α
, 1
]
.

Let us prove that

Pn,α,α|Xγ : Xγ → Xγ
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is a contraction, for all n ∈ N∗, α > 0 and γ ∈ R.

Let f, g ∈ Xγ . From (1) we have

‖Pn,α,α(f)− Pn,α,α(g)‖C ≤
(

1−
(

α

n + α

)n)
‖f − g‖C .

On the other hand the constant function γ is a fixed point of Pn,α,α and

γ ∈ Xγ .

Now the proof follows from the contraction principle.

Remark 1. For the case α = β = 0, see [4] and [6].

Remark 2. Let (X, d) be a complete metric space. By definition an operator

A : X → X is weakly Picard operator (briefly, WPO) if the sequences (Am(x))m∈N

converges, for all x ∈ X, and the limit (which may depend on x) is a fixed point of

A.

For an WPO we consider the operator A∞ defined by

A∞ : X → X, A∞(x) := lim
m→∞

Am(x).

In the terms of WPOs we can formulate the Theorem 1 and 2 as follow

Theorem 1’. Let n ∈ N∗ and β > 0. Then the Stancu operators Pn,0,β are

WPOs on C

[
0,

n

n + β

]
.

Theorem 2’. Let n ∈ N∗ and α > 0. Then the Stancu operators Pn,α,α are

WPOs on C

[
α

n + α
, 1
]
.

Remark 3. The applications of the contraction principle to study the iter-

ations of other approximation operators ([1]-[3]) will be presented elsewhere.
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APPPROXIMATION OF BIVARIATE FUNCTIONS BY MEANS
OF THE OPERATORS Sα,β;a,b

m,n

DIMITRIE D. STANCU, LUCIA A. CĂBULEA, AND DANIELA POP

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. By starting from the Steffensen theta operator θα,β , defined at

(2.1), one constructs the bivariate operator given at (2.2), which depends

on the parameters α, β, a, b. In the case β = b = 0 one obtains the Stancu

operators Sα;a
m,n, investigated anterior in the paper [10]. In the case α =

a = 0 we get a bivariate operator of Cheney-Sharma. For the remainder of

the approximation formula (3.1) we present three representations: (3.2),

(3.3) and (3.4). In the final part of the paper we give estimations of the

order of approximation of a bivariate function f by means of the operators

introduced at (2.2).

1. Introduction

It is known that the omega operators Ω, considered in 1902 by Jensen [3],

include the shift operator Ea, defined by (Eaf)(x) = f(x+ a), the central mean

operator µ, defined by

(µhf)(x) =
1
2

[
f

(
x+

h

2

)
+ f

(
x− h

2

)]
and the integration operator.

An operator T which commutes with all shift operators is called a shift

invariant operator, that is TEa = EaT .

A special case of an omega operator is represented by the theta operator θ,

introduced in 1927 in his book [11] by J.F. Steffensen. Such an operator is sometime

called delta operator and is denoted by Q in the book of F.B. Hildebrand [2],
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published in 1956. This last term was used very often by specialists in umbral

calculus: G.-C. Rota [6], S. Roman [5] and others.

A theta operator θ is a shift-invariant operator for which θe1 is a con-

stant different from zero, where e1(t) = t.

Typical examples of theta operators are represented by the forward, back-

ward and central differences operators ∆h,∇h, δh, as well as by the prederivative

operator Dh = ∆h/h. We consider that D0 is the derivative operator D.

Another, very interesting example is represented by the Abel operator Aa =

DEa = EaD, which in the case of pm(x; a) = x(x−ma)m−1 leads to the formula:

Aapm(x; a) = mx(x− (m− 1)a)m−2.

It is known that a θ operator can be expressed as a power series in the

derivative operator.

One can see that: (i) for every theta operator θ we have θc = 0, where c is a

constant; (ii) if pm is a polynomial of degree m, then θpm is of degree m− 1. This is

the reason that the θ operators are called reductive operators.

A sequence of polynomials (pm) is called by I.M. Sheffer [7] and Gian-Carlo

Rota [6], as well by his collaborators, the sequence of basic polynomials if we have:

p0(x) = 1, pm(0) = 0 (m ≥ 1), θpm = mpm−1. These polynomials were called

by Steffensen [12] poweroids, considering that they represent an extension of the

mathematical notion of power.

It is easy to see that: (i) if (pm) is a basic sequence of polynomials for a theta

operator, then it is a basic sequence; (ii) if (pm) is a sequence of basic polynomials,

then it is a basic sequence for a theta operator.

By induction can be proved that every theta operator has a unique sequence

of basic polynomials associated with it.

J.F. Steffensen [12] observed that the property of the polynomial sequence

em(x) = xm to be of binomial type, can be extended to any sequence of basic poly-

nomials associated to a theta operator.

Illustrative examples: (i) if θ is the derivative operator D, then pm(x) = xm;

(ii) if θ is the prederivative operator Dh = ∆h/h, then we obtain the factorial power:

pm(x) = x[m,h] = x(x− h) . . . (x− (m− 1)h).
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2. Use of the Steffensen theta operator θα,β for construction the approxi-

mating operators Sα,β;a,b
m,n

Now let us consider the theta operator of Steffensen [12]:

θα,β =
1
α

[1− E−α]Eβ , (2.1)

where α and β are nonnegative parameters.

In this case the basic polynomials are

pm(x;α, β) = pα,β
m (x) = x(x+ α+mβ)[m−1,−α] =

x

x+mβ
(x+mβ)[m,−α].

These are polynomials of binomial type.

By using them we can give a generalized Abel-Jensen combinatorial formula

(x+ y)(x+ y +mβ)[m−1,−α] =

=
m∑

k=0

(
m

k

)
x(x+ α+ kβ)[k−1,−α]y(y + α+ (m− k)β)[m−1−k,−α].

Selecting y = 1− x we can write the identity

(1 + α+mβ)[m−1,−α] =

=
m∑

k=0

(
m

k

)
x(x+ α+ kβ)[k−1,−α](1− x)(1− x+ α+ (m− k)β)[m−1−k,−α].

We introduce the polynomials pα,β
m,k(x), defined by the relation

(1 + α+mβ)[m−1,−α]pα,β
m,k(x) =

=
m∑

k=0

(
m

k

)
x(x+ α+ kβ)[k−1,−α](1− x)(1− x+ α+ (m− k)β)[m−1−k,−α].

Let f be a real-valued bivariate function defined on the square D = [0, 1] ×

[0, 1].

We define the bivariate operator Sα,β;a,b
m,n by means of the formula

(Sα,β;a,b
m,n f)(x, y) =

m∑
k=0

n∑
j=0

pα,β
m,k(x)qa,b

n,j(y)f
(
i

m
,
j

n

)
, (2.2)

where

(1+a+nb)[n−1,−a]qa,b
n,j(y) =

(
n

j

)
y(y+a+jb)[j−1,−a](1−y)(1−y+a+(n−j)b)[n−1−j,−a].

Now we present two special cases of this operator:
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(i) In the case β = b = 0 we have

(Sα;a
m,nf)(x, y) =

m∑
k=0

n∑
j=0

pα
m,k(x)qa

n,j(y)f
(
i

m
,
j

n

)
,

where

pα
m,k(x) =

(
m

k

)
xk,−α(1− x)[m−k,−α]/1[m,−α],

qa
n,j(y) =

(
n

j

)
y[j,−α](1− y)[n−j,−a]/1[n,−a].

The approximation properties of this operator have been studied in the paper

[10].

(ii) If α = a = 0 we obtain

(Sm,nf)(x, y;β, b) =
m∑

k=0

n∑
j=0

pm,k(x;β)qn,j(y; b)f
(
i

m
,
j

n

)
,

where

pm,k(x;β) =

(
m

k

)
x(x+ kβ)k−1(1− x+ (m− k)β)m−k−1

(1 +mβ)m−1

and

qn,j(y; b) =

(
n

j

)
y(y + jb)j−1(1− y + (n− j)b)n−j−1

(1 + nb)n−1
.

This operator represents an extension to two variables of the second

operator of Cheney-Sharma [1].

We can see that

(Sm,ne0,0)(x, y) = 1, (Sm,ne1,0)(x, y) = x,

(Sm,ne0,1)(x, y) = y, (Sm,ne1,1)(x, y) = xy.

For e2,0(x, y) = x2 and e0,2(x, y) = y2 we have

(Sm,ne2,0)(x, y) = (Sme2)(x),

(Sm,ne0,2)(x, y) = (Sne2)(y)

and we can write [1]:

lim
m→∞

(Sme2)(x) = x2, lim
n→∞

(Sne2)(y) = y2,

uniformly on the interval [0, 1].

According to the bivariate criterion of Bohman-Korovkin, we can state
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Theorem 2.1. If f ∈ C(D) and α = α(m) → 0, mβ(m) → 0 for m → ∞,

while b = b(n) → 0 and nβ(n) → 0 when n→∞, then we have

lim
m,n→∞

(Sm,nf)(x, y) = f(x, y),

uniformly on the square D.

3. Evaluation of the remainder

Since the approximation formula

f(x, y) = (Sα,β;a,b
m,n f)(x, y) + (Rα,β;a,b

m,n f)(x, y) (3.1)

has the degree of exactness (1,1), by applying an extension of the Peano theorem (see

[8]) we are able to find an integral representation of the remainder.

We now formulate

Theorem 3.1. If f ∈ C2,2(D), then we can give the following integral

representation for the remainder of formula (3.1):

(Rα,β;a,b
m,n f)(x, y) = (3.2)

=
∫ 1

0

Gα,β
m (t;x)f (2,0)(t, y)dt+

∫ 1

0

Ha,b
n (z, y)f (0,2)(x, z)dz−

−
∫ 1

0

∫ 1

0

Gα,β
m (t;x)Ha,b

n (z, y)f (2,2)(t, z)dtdz,

where

Gα,β
m (t, x) = (Rα,β;a,b

m,n ϕx)(t),

Ha,b
n (z, y) = (Rα,β;a,b

m,n ψy)(z),

with

ϕx(t) =
1
2
[x− t+ |x− t|], ψy(z) =

1
2
[y − z + |y − z|]

and the use of the notation

f (n,s)(u, v) =
∂r+sf(u, v)
∂ur∂vs

(r, s = 0, 1, 2).

Proof. Formula (3.2) can be obtained if we use a representation of Peano-

Milne type, given in the paper [8], for the remainder of a bivariate linear approxima-

tion formula having a certain degree of exactness.
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If we assume that x ∈
[
r − 1
m

,
r

m

]
, we can give for the Peano kernel Gα,β

m (t, x)

the following expression

Gα,β
m (t;x) =



−
i=1∑
k=0

pα,β
m,k(x)

(
t− k

m

)
if t ∈

[
i− 1
m

,
i

m

]
(1 ≤ i ≤ r − 1)

−
r−1∑
k=0

pα,β
m,k(x)

(
t− k

m

)
if t ∈

[
r − 1
m

,x

]

−
m∑
k=

pα,β
m,k(x)

(
k

m
− t

)
if t ∈

[
x,

r

m

]

−
m∑

k=i

pα,β
m,k

(
k

m
− t

)
if t ∈

[
i− 1
m

,
i

m

]
(r ≤ i ≤ m)

The dual Peano kernel Ha,b
n (z, y) has a similar expression.

If we take into account that on the square D we have Gα,β
m (t, x) ≤ 0 and

Ha,b
n (z, y) ≤ 0, we can apply the first law of the mean to the integrals and we find

that

(Rα,β;a,b
m,n f)(x, y) =

= f (2,0)(ξ, y)
∫ 1

0

Gα,β
m (t, x)dt+ f (0,2)(x, η)

∫ 1

0

Ha,b
n (z, y)dz−

−f (2,2)(ξ, η)
[∫ 1

0

Gα,β
m (t, x)dt

] [∫ 1

0

Ha,b
n (z, y)dz

]
,

where ξ and η are certain points from the interval (0, 1).

It is easy to see that we have∫ 1

0

Gα,β
m (t, x)dt =

1
2
(Rα,β

m e2,0)(x),

∫ 1

0

Ha,b
n (z, y)dz =

1
2
(Ra,b

n e0,2)(y),

where Rα,β
m and Ra,b

n are the univariate remainders:

Rα,β
m = I − Sα,β

m , Ra,b
n = I − Sa,b

n .

Now we can state the following
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Corollary 3.1. If f ∈ C2,2(D), then the remainder of the approximation

formula (3.1) can be represented under the following Cauchy form

(Rα,β;a,b
m,n f)(x, y) = (3.3)

=
1
2
(Rα,β

m e2)(x)f (2,0)(ξ, y) +
1
2
(Ra,b

n e2)f (0,2)(x, η)−

−1
4
(Rα,β

m e2)(x)(Ra,b
n e2)(y)f (2,2)(ξ, η).

Because (Sα,β
m f)(x) and (Sa,b

n f)(y) are interpolatory at both sides of the

interval [0, 1], we can conclude that (Rα,β
m e2)(x) contains the factor x(x − 1), while

(Ra,b
n e2)(y) has the factor y(y − 1).

Since Rα,β
m e0 = 0, Ra,b

n e0 = 0 and the remainder is different from zero for any

convex function f of the first order, we can apply a criterion of T. Popoviciu [4] and

we find that the remainder is of simple form. Consequently we can state the following

Theorem 3.2. If the second-order divided differences of the function f are

bounded on the square D, we can give an expression of the remainder of the formula

(3.1) in terms of divided differences

(Rα,β;a,b
m,n f)(x, y) = (Rα,β

m e2,0)(x)[xm,1, xm,2, xm,3; f(t, y)] =

+(Ra,b
n e0,2)(y)[yn,1, yn,2, yn,3; f(x, z)]−

−(Rα,β
m e2,0)(x)(Ra,b

n e0,2)(y)

 xm,1, xm,2, xm,3

yn,1, yn,2, yn,3

; f(t, z)

 , (3.4)

where xm,1, xm,2, xm,3, yn,1, yn,2, yn,3 are certain points in the interval [0, 1].

If we apply the mean-value theorem to the divided differences, we arrive at

the Corollary 3.1.

4. Estimation of the order of approximation

We will use the bivariate modulus of continuity

ω(f ; δ1, δ2) = sup{|f(x, y)− f(x′, y′)| : |x− x′| ≤ δ1, |y − y′| ≤ δ2},

where (x, y) and (x′, y′) are points of the square D and δ1, δ2 ∈ R+.
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Because the constants are reproduced by our operator and pα,β
m,k(x) ≥ 0,

qa,b
n,j(y) ≥ 0, when x, y ∈ [0, 1], we can write

|f(x, y)− (Sα,β;a,b
m,n f)(x, y)| ≤

≤
m∑

k=0

n∑
j=0

pα,β
m,k(x)qa,b

n,j(y)
∣∣∣∣f(x, y)− f

(
k

m
,
j

n

)∣∣∣∣ .
By using a basic property of the modulus of continuity, we can write

|f(x, y)− (Sα,β;a,b
m,n f)(x, y)| ≤

≤

1 +
1
δ21

m∑
k=0

pα,β
m,k(x)

(
x− k

m

)2

+
1
δ22

n∑
j=0

qa,b
n,j(y)

(
y − j

n

)2
ω(f ; δ1, δ2).

Since our partial operators are interpolatory in 0 and 1, we can write
m∑

k=0

pα,β
m,k(x)

(
x− k

m

)2

= (Sα,β
m e2)(x)− x2 = −(Rα,β

m e2)(x) =
x(1− x)

m
Aα,β

m .

By selecting

δ1 = c

√
x(1− x)

m
, δ2 = d

√
y(1− y)

n
(c > 0, d > 0),

we get

|f(x, y)− (Sα,β;a,b
m,n f)(x, y)| ≤

≤
[
1 +

1
c2
Aα,β

m +
1
a2
Ba,b

n

]
ω

(
f ; c

√
x(1− x)

m
, d

√
y(1− y)

n

)
.

If we choose c = d = 2 and take into consideration that t(1− t) ≤ 1
4

on [0, 1],

we can state

Theorem 4.1. The order of approximation of the function f ∈ C(D) is

evaluated by the following inequality

‖f − Sα,β;a,b
m,n f‖ ≤

[
1 +

1
4
(Aα,β

m +Ba,b
n )
]
ω

(
f ;

1√
m
,

1√
n

)
,

where Aα,β
m = o

(
1
m

)
, Ba,b

n = o

(
1
n

)
.

In the particular case α = β = a = b = 0, we obtain the inequality

‖f −Bm,nf‖ ≤
3
2
ω

(
f ;

1√
m
,

1√
n

)
,

corresponding to the approximation by the bidimensional Bernstein polynomial Bm,n.
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ON THE ORTHOGONAL POLYNOMIALS OF PARETO AND
APPLICATIONS ON MATHEMATICAL MODELS

FABIAN TODOR

Dedicated to Professor D.D. Stancu on his 75th birthday

Abstract. The advantage of determining the differential stochastic equa-

tions with applications in Economy, through an orthogonal polynomial sys-

tem unfolds from the fact that we can approximate the solution, improve

the solution, and determine the degree of precision of the approximation.

We shall make such a determination through the orthogonal polynomials

associated with the law of Pareto.

The advantage of determining the differential stochastic equations with ap-

plications in Economy, through an orthogonal polynomial system unfolds from the

fact that we can approximate the solution, improve the solution, and determine the

degree of precision of the approximation.

We shall make such a determination through the orthogonal polynomials

associated with the law of Pareto. By these means we will step into Numerical

Analysis.

I) We have seen the stochastic equations applied in Economy such that (see

[4])

dS

S
= µdt + σdX (1.1)

or the Black & Scholem variante, that is to say:

∂V

∂t
+

1
2
σ2S2 ∂2V

∂2S
+ rS

∂V

∂S
− rV = 0 (1.2)

where r and σ are constants -if we have a simplyfied version of the problem - but in

a more general case of the problem, these constants are dependent on t.

Received by the editors: 17.09.2002.
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This solution may be expressed by orthogonal polynomials, that is to say we

found the formula:

V (x, τ) = V (x, 0) exp(A, τ) =
∞∑

n=0

an(τ)Pn(x) (1.3)

where Pn(x) for n = 0, 1, 2, 3... are the orthogonal polynomial associated for the

Pareto distribution, and an (τ) are the coefficients (see [4]).

To obtain (1.3), we have the following hypothesis: r(t)
σ2(t) = c and α = c−3 > 0,

then the found Pareto law had the following probability density:

f(x− λ) =
αλα

xα+1
where x > λ and λ = 1. (1.4)

In order to construct the orthogonal polynomial system associated to the

weights ρ (x) = f(x−1) given by (1.4) - we must use the following formula, (see [3])

Pn(x) = bn

∣∣∣∣∣∣∣∣∣∣∣∣

M0 M1 .... Mn

M1 M2 .... Mn+1

.... .... .... ....

1 x .... xn

∣∣∣∣∣∣∣∣∣∣∣∣
(1.5)

where Mn =
∞∫
1

xn α
xα+1 dx and bn = the normalization constant.

Mn is the moment of order n of the density ρ (x) = f(x − 1) = α
xα+1 for

x > 1 as λ = 1

The Mn moments for n = 0, 1, 2, 3...are estimated by improper integrals as

the superior limit is ∞, which exist if α > n.

Clearly, by the following transformation: u = 1
x in this integral

∞∫
1

αxn−α−1dx

we have the results
1∫
0

αu−n+α−1du = α
α−n if α > n as if α < 1 or if α = 1 the integral does

not exist. The results are: Mn = α
α−n for α > n that is to say: M0 = 1,

M1 = α
α−1 , ...,Mk = α

α−k , ...,Mn = α
α−n .

The orthogonal polynomials associated with the Pareto law, that is to say

Pn (x) given by (1.5) are expressed by the following relation:

P0 = b0, P1 = b1

[
x− α

α− 1

]
,
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P2 = b2

 x2 α
(α−1)2(α−2)

+ x α
(α−1)(α−2)(α−3)+

+ α2(2α+1)

(α−1)(α−3)(a2−2)2

 , . . .

Pn (x) = bn [xn........] (1.6)

for α > n.

(II)

1) In applications we may conclude early that formula (1.3) which renders

the value V of the option will be trucated by the orthogonal polynomials of Pareto,

having the condition α > n for the existence of these polynomials.

In order to know in which manner the above mentioned condition is implied

in the applications, we must revise the definition of α = c− 3 = r(t)
σ2(t) − 3 > 0.

For the r(t) interest rate of the active S, which is the stochastic processes in

the capital market, we may say there are few mentioned models(see [1]).

Also, for the σ2 (t) variance, or the σ (t) volatility of active S, there are

several mathematical models, inclusively by Hermite and Laguerre orthogonal poly-

nomials(see [2]).

Therefore in a given time period t ∈ (a, b), the strategy over the r(t) rate and

its relation with σ2 (t) , will be optimized. By these means, the value of α will be

determined knowingly, through knowledge of mathematical models, and then we will

see how the (1,3) formula will be truncated.

2) Another application of Pareto’s law will appear from the following propo-

sition:

a) ”If x obeys to the Pareto’s law with α and λ, then the variable y =

log(1 + x
λ ) will obey to the exponential law of 1

αmean.

Therefrom the following statement

b)”If x(1), x(2), ....x(n) is a sample of ordinated values of a distribution x of

Pareto, then the variables x(k) will be expressed such as:

x(k) = λ

 k∏
j=1

(1 + vj)− 1


for k = 1, 2...n; where vj are independent Pareto variables”.
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Certainly, the b) statement results from a) especially due to variable y obeying

to an exponential law and we apply the exponential law theorems concerning the

ordinated variables extracted from an n volume sample.

In conclusion, the independent Pareto variables will be used in order statistics.
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Ø�Ò�Ñ�Î+×+Ö�Ù Ë �TÝ6Ø�Ù Ë�× Ò¾Ï�Ö�ÙlØeÑ�Û�Û�Î�Í�Ñ�×+ÖEÒ8Ó Ù ø?Ù Ë�Ñ�Ï�Ò�ØeÑ]ÓlÑ�Î���Ò�Ë�Ð�øfâ$Ò8ÎeÍ�Ì-Û$Í�Ù Ë�Ï+Ø à Ñ�Ë�Ü?Ï�Ö�Ò8ËAÏ�Íf×+Ö�Ò�×2�
Ï�Ö�Ò]Î�Ò8Û$Í�Î�Ï�Ò�ÜRÛ$Í�Ù Ë�Ï+Ø Á
� Á D�> C
FH@�> @�Â�Ã!E�Ã�É6Å$Â

N Ë�Ò^Í�Ì!Ï�Ö�Ò]ø?Í�Ø�Ï�Ð�Ø�Ò�Ü[Ü�Ñ�Ï+Ñ?Ø�Ï�Î�Ð�×%Ï�Ð�Î�ÒJÌ}Í�Î�Í�Î�Ï�Ö�Í ��Í�Ë�Ñ�Ó$Î+Ñ�Ë ��Ò���Ð�Ò8Î�ÔTÙlØeÏ�Ö�Ò�)*"���VD�
,/)*����Þ � ß<Á � Ø�Í�Ó Ð�Ï�Ù Í�Ë[â�Ñ�Ø�Ò�ÜRÍ�Ë[Î+Ñ�Ë ��ÒyÏ�Î�Ò8Ò]ÙlØ ��Ù ��Ò8Ë[Ù Ë Þ À ô ß<Á

� Ë�Í�Ï�Ö�Ò8Î0Ø�Í�Ó Ð�Ï�Ù Í�ËfÙlØ�Ù Ë�Ø�Û�Ù Î�Ò�Ü]Ì}Î�Í�øCÑJÛ�Ñ�Û$Ò8Î�Í�Ì���Ò8Ë ��Ñ�Þ % ß<Á�� Ö�Ò�Ø�øAÑ�Ó Ó Ò�Ø�Ï�â$Í�Ð�Ë�Ü�Ù Ë �
â$Í 
 × Í�Ë�Ï+Ñ�Ù Ë�Ù Ë �·Ï�Ö�ÒVË�Í�Ü�Ò�Ø�� ûë%ì ÿ + è ë��� 	 ó è ë��
��� ÙlØ?Û�Ñ�Î�Ï�Ù Ï�Ù Í�Ë�Ò�Ü Ù Ë�Ï�Í`Ñ�Ë Ð�Ë�Ù Ì}Í�Î�ø ��Î�ÙlÜ Í�Ì
× Ò8Ó ÓlØ8Õ�Ö�Ñ ��Ù Ë ��� & × Ò8Ó ÓlØeÍ�ËRÒ�Ñ�×+Ö[Ü�Ù ø?Ò8Ë�Ø�Ù Í�Ë Á ÷3Ñ�×+ÖR× Ò8Ó Ó-Û$Í�Ù Ë�Ï+Ø3Ï�ÍfÏ�Ö�Ò^Ó ÙlØ�Ï¨Í�Ì!Û$Í�Ù Ë�Ï¨Ù Ë�Ü�Ùl× Ò�Ø
× Í�Ë�Ï+Ñ�Ù Ë�Ò�ÜRÙ Ë[Ï�Ö�Ñ�Ïy× Ò8Ó Ó Á Ú�Ð�×+ÖVÑ�ËVÒ�
�Ñ�ø?Û�Ó ÒJÌ}Í�Î¨Ï�Ö�Òfô��C×8Ñ�Ø�ÒJÙlØ ��Ù ��Ò8Ë[Ù Ë �!Ù ��Ð�Î�Ò À�Á

1

2

3

4
5

6

 1, 4, 6 
 3, 5 

 2  [ ] 

�������������! � ô�� ��Î�ÙlÜRÍ�Ì°× Ò8Ó ÓNÑ�Ë�Ü[Ù Ï+Ø�Î�Ò8Û�Î�Ò�Ø�Ò8Ë�Ï+Ñ�Ï�Ù Í�Ë
� Ö�ÒAÑ�Ó ��Í�Î�Ù Ï�Ö�ø À Ü�Ò�Ø�× Î�Ù â$Ò�ØyÏ�Ö�ÒA× Î�Ò�Ñ�Ï�Ù Í�Ë·Í�Ì3Ï�Ö�ÒAÜ�Ñ�Ï+Ñ[Ø�Ï�Î�Ð�×%Ï�Ð�Î�Ò Á 	 Ì3Ï�Ö�ÒAØ�Ò�× Í�Ë�Ü

Ñ�Î���Ð�ø?Ò8Ë�Ï"� & ÙlØ0Ë�Í�Ï0Û�Î�Í ��ÙlÜ�Ò�Ü õ Ò¾×8Ñ�Ë?Ù Ë�Ù Ï�ÙlÑ�Ó Ù #8Ò�Ù Ï õ Ù Ï�ÖTÑ]Ü�Ò Ì6Ñ�Ð�Ó Ï ��Ñ�Ó Ð�Ò �$��Ò8Ë ��Ñ
Ø�Ð � ��Ò�Ø�Ï+Ø
Ù Ë Þ / ß

� & é&% Ý'�)( � à ÿ�*$+ � �", ö
� Ö�ÒeÍ�Î�Ï�Ö�Í ��Í�Ë�Ñ�Ó�Î+Ñ�Ë ��ÒeØ�Ò�Ñ�Î+×+Ö�Ù Ë ��ÙlØ!Ò�Ñ�Ø�ÔJÏ�ÍyÙ ø?Û�Ó Ò8ø?Ò8Ë�Ï�Ð�Ø�Ù Ë �yÏ�Ö�ÙlØ�Ü�Ñ�Ï+ÑyØ�Ï�Î�Ð�×%Ï�Ð�Î�Ò

Ý�Ï�Ö�Ò?Ñ�Ó ��Í�Î�Ù Ï�Ö�ø ô à $eá�Î+Ø�ÏyÏ�Ö�ÒE× Ò8Ó Ó õ Ö�Ùl×+Ö·øfÐ�Ø�ÏJâ$Ò?Ø�×8Ñ�Ë�Ë�Ò�ÜHÑ�Î�ÒfÜ�Ò Ï�Ò8Î�ø?Ù Ë�Ò�Ü Ý}Ù Á Ò Á Ï�Ö�ÒE× Ò8Ó Ó
õ Ö�Ùl×+Ö·Ù Ë�Ï�Ò8Î+Ø�Ò�×%Ï+Ø�Ï�Ö�ÒEØ�Ò�Ñ�Î+×+Ö�Ù Ë �TÜ�Í�øAÑ�Ù Ë à Õ�Ñ�Ë�Ü[Ï�Ö�Ò8Ë·Ï�Ö�ÒfÓ ÙlØ�ÏyÍ�Ì0Û$Í�Ù Ë�Ï+ØJ× Í�Î�Î�Ò�Ø�Û$Í�Ë�Ü�Ù Ë �EÏ�Í
Ï�Ö�Ñ�Ï[× Ò8Ó ÓJÑ�Î�ÒH× Í�Ë�×8Ñ�Ï�Ò8Ë�Ñ�Ï�Ò�Ü Á � Ö�ÒHÛ$Í�Ù Ë�Ï+ØAÌ}Î�Í�øLÏ�Ö�Ò·Í�Ð�Ï�Ò8ÎT× Ò8Ó ÓlØ õ Ö�Ùl×+ÖnÓ Ù Ò·Í�Ð�Ï+Ø�ÙlÜ�ÒVÏ�Ö�Ò
Ø�Ò�Ñ�Î+×+Ö�Ù Ë �EÎ+Ñ�Ë ��ÒJøfÐ�Ø�Ï¾â$Ò]Ò8Ó Ù ø?Ù Ë�Ñ�Ï�Ò�Ü Á

8�\.-
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P�F��$Å�Ä�É}Ã!BA> O : Î�Ò�Ñ�Ï�Ù Ë �EÏ�Ö�Ò
× Ò8Ó Ó ��Î�ÙlÜ

D Â C�ÇjÃ $°Ï�Ö�Ò
Ø�Ò Ï�Í�Ì�� Û$Í�Ù Ë�Ï+Ø 	?Õ�Ï�Ö�Ò]Ë�Ð�øfâ$Ò8Î¾Í�Ì�× Ò8Ó ÓlØ8Õ�� � Ý}Í�Û�Ï�Ù Í�Ë�Ñ�Ó à �
>AÇjÃ^C�ÇjÃ $0Ñ���Î�ÙlÜTÍ�Ì°× Ò8Ó Ó�" : ÷ "�"0Õ�Ò�Ñ�×+Ö[× Í�Ë�Ï+Ñ�Ù Ë�Ù Ë �EÏ�Ö�Ò]Ó ÙlØ�Ï¾Í�Ì!Û$Í�Ù Ë�Ï+Ø�Ù Ë[Ï�Ö�Ò
× Ò8Ó Ó
Ø�Ò ÏyÑ�Ó ÓN× Ò8Ó ÓlØ¨Ï�Í Â!ÉHF �
ý × Í�ø?Û�Ð�Ï�Ò^Ï�Ö�Ò
× Ò8Ó ÓNØ�Ù #8Ò�Ø��
4 � ÿ $ é ø?Ù Ë!Ý'� & ó % è

ÿ��
�� ðºè ÿ��� 	 , � À�à �ÁÁÁ
4 � û $ é ø?Ù ËjÝ'� & ó % è�û��
�� ðºè�û��� 	 , � À�à ��<Å�Ä�� $ é � Æ!Å��AÂ�Ã�Å À Æ!Å

ý á�Ë�ÜRÏ�Ö�Ò
× Ò8Ó Ó��
� ÿ�$ é ø?Ù ËjÝ'� & ó % è ë ÿ ðºè ÿ��� 	 , � À�à �ÁÁÁ
� û $ é ø?Ù Ë!Ý'� & ó % è ëû ðºè�û��� 	 , � À�à �
Ñ�Ü�Ü � Ï�ÍEÏ�Ö�Ò]Ó ÙlØ�Ï��
	�� � �yÝ � ÿ ó ö8ö8ö ó � û à �

@�Â!Æ �<Å�Ä
�¾Í õ õ Ò^Ñ�Î�Ò^Ñ�â�Ó ÒyÏ�ÍA× Í�ø?Û�Ð�Ï�ÒJÏ�Ö�Ò^Ó Í�×8Ñ�ÓNÚ�Ö�Ò8Û�Ñ�Î+ÜTÙ Ë�Ï�Ò8Î�Û$Í�ÓlÑ�Ë�Ï¨Í�ËVÑEØ�Ò Ï�Í�ÌjÛ$Í�Ù Ë�Ï+Ø

ü $
 â�Ð�Ù ÓlÜ[Ï�Ö�Ò
Ø�Û�Ñ�Ï�ÙlÑ�ÓNÜ�Ñ�Ï+Ñ?Ø�Ï�Î�Ð�×%Ï�Ð�Î�Ò �
 Ì}Í�Î�Ò�Ñ�×+Ö[Û$Í�Ù Ë�Ï¾èHÙ ËVü

_ Û$Ò8Î�Ì}Í�Î�øùÏ�Ö�Ò?Í�Î�Ï�Ö�Í ��Í�Ë�Ñ�Ó!Î+Ñ�Ë ��ÒEØ�Ò�Ñ�Î+×+Ö�Ù Ë �RÙ Ë�Ï�ÍRÏ�Ö�Ò?Ö�Ô�Û$Ò8Î+× Ð�â$ÒA× Ò8Ë�Ï�Ò8Î�Ò�Ü
Ù ËVè·Ñ�Ë�Ü õ Ù Ï�Ö[Ï�Ö�Ò]Î+Ñ�Ü�Ù Ð�Ø &

_ Ñ�Û�Û�Ó ÔTÌ}Í�Î�øfÐ�ÓlÑ�Ø^Ý�� à Ñ�Ë�ÜºÝ�� à%Á
� Ö�ÙlØeÑ�Û�Û�Î�Í�Ñ�×+Ö?Ö�Ñ�Ø3ÑfÜ�Î+Ñ õ â�Ñ�×2� $-Ï�Ö�ÒJÑ�×8× Ð�Î+Ñ�× Ô
Ï�Ò8Ë�Ü�Ø0Ï�ÍEÜ�Ò�× Î�Ò�Ñ�Ø�Ò�Ù Ë�Ï�Í
Ï�Ö�ÒJÑ�Î�Ò�Ñ�Ø

õ Ö�Ò8Î�ÒEÏ�Ö�ÒAÙ Ë�Ï�Ò8Î�Û$Í�ÓlÑ�Ï�Ù Í�ËºË�Í�Ü�Ò�Ø]Ñ�Î�Ò?Ø�Û�Ñ�Î+Ø�Ò Á MºÒT×8Ñ�Ë`Ñ ��Í�ÙlÜHÏ�Ö�ÙlØ
Ø�Ù Ï�Ð�Ñ�Ï�Ù Í�ËNÕjÑ�Ó Ó Í õ Ù Ë � &10
Ñ�Ë�Ü & Ï�Í���Ñ�Î�Ô õ Ù Ï�Ö � $�Ï�Ö�Ò]Î+Ñ�Ü�Ù ÙNÑ�Î�Ò]×+Ö�Í�Í�Ø�Ò8ËVØ�Ð�×+ÖRÏ�Ö�Ñ�Ï�Ï�Ö�Ò]â�Ñ�Ó Ó 2RÝ}è�X ó &10 à × Í�Ë�Ï+Ñ�Ù Ë�Ø¨Ñ�Ï
Ó Ò�Ñ�Ø�Ï � 0yË�Í�Ü�Ò�Ø�Ñ�Ë�ÜRÏ�Ö�Ò]â�Ñ�Ó Ó$2RÝ}è ó & à × Í�Ë�Ï+Ñ�Ù Ë�Ø�Ñ�Ï�Ó Ò�Ñ�Ø�Ï ��� Ë�Í�Ü�Ò�Ø Á� Ö�Ð�Ø8Õ�Ù Ë�Ø�Ï�Ò�Ñ�Ü[Í�Ì°Ñ�Ë
Í�Î�Ï�Ö�Í ��Í�Ë�Ñ�Ó�Î+Ñ�Ë ��ÒJØ�Ò�Ñ�Î+×+Ö�Ù Ë � õ ÒJÛ$Ò8Î�Ì}Í�Î�ø Ñ�� 0�!�Ï�Ö`Ý}Í�Î¨Ñ���� !�Ï�Ö à Ë�Ò�Ñ�Î�Ò�Ø�ÏeË�Ò8Ù ��Ö�â$Í�Î¨Ø�Ò�Ñ�Î+×+Ö
Í�Ì�è�XTÑ�Ë�ÜºèjÕ�Î�Ò�Ø�Û$Ò�×%Ï�Ù ��Ò8Ó Ô Á � Ö�ÙlØf×8Ñ�Ëºâ$ÒRÜ�Í�Ë�ÒTØ�×8Ñ�Ë�Ë�Ù Ë �[Ï�Ö�Ò ��Î�ÙlÜºÙ Ë ÑH× Ù Î+× Ð�ÓlÑ�Î^Ì6Ñ�Ø�Ö�Ù Í�Ë
Ø�Ï+Ñ�Î�Ï�Ù Ë � õ Ù Ï�ÖEÏ�Ö�Ò�× Ò8Ó Ó�× Í�Ë�Ï+Ñ�Ù Ë�Ù Ë �Jè ÁA	 ËEÍ�Î+Ü�Ò8Î!Ï�ÍJÌ6Ñ�× Ù Ó Ù Ï+Ñ�Ï�Ò3Ï�Ö�Ò¾Ø�×8Ñ�Ë�Ë�Ù Ë � õ Ò¨×8Ñ�Ë?Ñ�Ø�Ø�Í�× ÙlÑ�Ï�Ò
Ñ��eÍ�Í�Ó Ò�Ñ�ËRÙ Ë�Ü�Ùl×8Ñ�Ï�Í�Î¨Ï�Í?Ò�Ñ�×+ÖV× Ò8Ó Ó�Õ õ Ö�Ùl×+Ö[ÙlØ¨Ï�Î�Ð�Ò õ Ö�Ò8Ë[Ï�Ö�Ò
× Ò8Ó Ó õ Ñ�Ø�Ñ�Ó Î�Ò�Ñ�Ü�ÔTØ�×8Ñ�Ë�Ë�Ò�Ü Á
8�\��
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P�F��$Å�Ä�É}Ã!BA>�� � Ö�Ò]Í�Î�Ï�Ö�Í ��Í�Ë�Ñ�Ó$Î+Ñ�Ë ��Ò]Ø�Ò�Ñ�Î+×+Ö�Ù Ë �
	�������ã�� $ é Â!ÉHF �
ý Ü�Ò Ï�Ò8Î�ø?Ù Ë�Ò^Ï�Ö�Ò]Í�Ð�Ï�Ò8Î¾× Ò8Ó ÓlØ8Õ�Ù Á Ò Á Ï�Ö�Ò
Ø�×8Ñ�Ë[Ó Ù ø?Ù Ï+Ø��
��� � �!ÿ�$ é øAÑ 
NÝ À ó % Ý
	 ��� � �jç�ÿ°ðºè ÿ��� 	 à (�4 � ÿ , � À�à �
����� è-ÿ�$ é ø?Ù Ë!Ý'� & ó % Ý
	 ��� � � ÿ°ðºè ÿ��� 	 à (�4 � ÿ , � À�àÁÁÁ
��� � � û $ é øAÑ 
-Ý À ó % Ý
	 ��� � �jç û ðºè�û��� 	 à (�4 � û , � À�à �
����� è û $ é ø?Ù Ë!Ý'� & ó % Ý
	 ��� � � û ðºè û��� 	 à (�4 � û , � À�à�<Å�Ä � ÿ�$ é ��� � �!ÿ Ã�Å ����� è-ÿ Æ!ÅÁÁÁ�<Å�Ä � û $ é ��� � � û Ã�Å ����� è û Æ!Å

� � $ é �
	�� � �yÝ � ÿ ó ö8ö8ö ó � û à �É&� Ï�Ö�Ò
× Ò8Ó Ó0Ý � ÿ ó ö8ö8ö ó � û à ÙlØ�Û$Ò8Î�Ù Û�Ö�Ò8Î+Ñ�Ó Ã!BA@�Â
Î�Ò8ø?Í ��ÒyÏ�Ö�Ò]Û$Í�Ù Ë�Ï+Ø õ Ö�Ùl×+Ö[ÓlÑ�ÔR× Ò8Ó ÓNÍ�Ð�Ï+Ø�ÙlÜ�ÒJÏ�Ö�Ò
Ø�Ò�Ñ�Î+×+Ö�Ù Ë �EÎ+Ñ�Ë ��ÒyÌ}Î�Í�ø�� � �

@�Â!Æ É&�
× Í�Ë�×8Ñ�Ï�Ò8Ë�Ñ�Ï�Ò 	�������ã�� Ñ�Ë�Ü�� �

@�Â!Æ �<Å�ÄÁÁÁ
@�Â!Æ �<Å�Ä

� Ö�Ò^Ñ�Ó ��Í�Î�Ù Ï�Ö�øAØ3Ü�Ò�Ø�× Î�Ù â$Ò�ÜRÑ�â$Í ��ÒyÑ�Î�ÒyÙ ø?Û�Ó Ò8ø?Ò8Ë�Ï�Ò�ÜRÙ Ë������������ ÿ Á�� Ö�Ò^× Ò8Ó Ó ��Î�ÙlÜ
ÙlØJÎ�Ò8Û�Î�Ò�Ø�Ò8Ë�Ï�Ò�ÜHÑ�ØJÑRØ�Ï�Î�Ð�×%Ï�Ð�Î�Ò õ Ö�Ùl×+Öb× Í�Ë�Ï+Ñ�Ù Ë�Ø¾Ù Ë�Ì}Í�Î�øAÑ�Ï�Ù Í�ËbÑ�â$Í�Ð�ÏJÏ�Ö�Ò ��Î�ÙlÜ $¾Ü�Ù ø?Ò8Ë�Ø�Ù Í�ËNÕ
Ë�Ð�øfâ$Ò8Î
Í�Ì¨× Ò8Ó Ó0Í ��Ò8Î^Ò�Ñ�×+Ö`× Í�Í�Î+Ü�Ù Ë�Ñ�Ï�Ò�Ø8Õ�Ï�Ö�ÒTØ�Ù #8ÒAÍ�Ì¨ÑH× Ò8Ó Ó�Õjø?Ù Ë�Ù øfÐ�ø Ñ�Ë�ÜºøAÑ 
�Ù øfÐ�øXÙ Ë
Ò�Ñ�×+ÖT× Í�Í�Î+Ü�Ù Ë�Ñ�Ï�Ò¾Ñ�Ë�ÜTÑ
× Ò8Ó Ó$Ñ�Î�Î+Ñ�Ô�Õ õ Ö�Ò8Î�Ò¾Ò�Ñ�×+ÖT× Ò8Ó Ó�× Í�Ë�Ï+Ñ�Ù Ë�Ø0Ñ�ËTÑ�Î�Î+Ñ�Ô õ Ù Ï�ÖRÛ$Í�Ù Ë�Ï3Ù Ë�Ü�Ùl× Ò�Ø	�
Ï�Ö�ÙlØ�Î�Ò8Û�Î�Ò�Ø�Ò8Ë�Ï+Ñ�Ï�Ù Í�Ë[Ñ�Ó Ó Í õ ØeÒ�Ñ�Ø�ÔTÓ Í�×8Ñ�Ï�Ù Í�Ë[Í�Ì�× Ò8Ó ÓjÑ�Ë�Ü[× Í�Ë�×8Ñ�Ï�Ò8Ë�Ñ�Ï�Ù Í�Ë[Í�Ì!Û$Í�Ù Ë�Ï¾Ó ÙlØ�Ï+Ø Á

� Ö�Ò
Ó Ù Ë�Ò�Ñ�Î¾Ø�Ô�Ø�Ï�Ò8ø õ Ö�Ùl×+Ö ��Ù ��Ò�ØeÏ�Ö�ÒfØ�Í�Ó Ð�Ï�Ù Í�ËVÍ�Ì�Ó Ò�Ñ�Ø�ÏyØ���Ð�Ñ�Î�Ò]Ø�Ô�Ø�Ï�Ò8ø ×8Ñ�ËVâ$Ò]Ù Ó Ó !
× Í�Ë�Ü�Ù Ï�Ù Í�Ë�Ò�Ü Á ��Í�Î
Ï�Ö�ÙlØ
Î�Ò�Ñ�Ø�Í�ËºÏ�Ö�Ò[Ø�Ô�Ø�Ï�Ò8ø ÙlØEØ�Í�Ó ��Ò�ÜºÐ�Ø�Ù Ë �bÑ�� � Ì6Ñ�×%Ï�Í�Î�Ù #�Ñ�Ï�Ù Í�Ë ÁW	 Ì�Ï�Ö�Ò
Î�Ò�Ø�Ð�Ó Ï+Ø]Ñ�Î�ÒEË�Í�Ï
Ø�Ñ�Ï�ÙlØ�Ì6Ñ�×%Ï�Í�Î�Ô Ý6Ø�Ô�Ø�Ï�Ò8ø Ï�Í�ÍVÙ Ó Ó !(× Í�Ë�Ü�Ù Ï�Ù Í�Ë�Ò�Ü à ø?Í�Î�ÒEÛ$Í�Ù Ë�Ï+Ø]Ñ�Î�Ò?Ñ�Ü�Ü�Ò�Ü-ÕjÑ�Ë�Ü
Ï�Ö�Ò
Ø�Í�Ó ��Ù Ë �?Û�Î�Í�× Ò�Ø�ØeÙlØ�Î�Ò�Ü�Í�Ë�Ò Á

� �!	����8	�� 9 * 3"! /�5#!#,+,6*�!(5#$�&�% /10+,��&! /10('3&(5#$ 36�8� )+9(��"! /1* 9*$%� �!	
;�7,+�-(;�� :<;/.#6
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N Ë�ÒbÍ�Ì]Ï�Ö�Òºø?Í�Ø�ÏRÌ}Î�Ò���Ð�Ò8Ë�ÏRÌ}Ð�Ë�×%Ï�Ù Í�Ë Ð�Ø�Ò�Ü Ñ�ØRÒ�
�Ñ�ø?Û�Ó Ò·Ï�ÍsÙ Ó Ó Ð�Ø�Ï�Î+Ñ�Ï�Ò`Ú�Ö�Ò8Û�Ñ�Î+Ü
Ù Ë�Ï�Ò8Î�Û$Í�ÓlÑ�Ï�Ù Í�Ë[ÙlØ¨Ï�Ö�Ò ��Î+Ñ�Ë ��Ò�� Ø3Ì}Ð�Ë�×%Ï�Ù Í�Ë Þ ��Õ % ß Õ$ç�ÿ�$�Þ � ó À ß �`Þ � ó À ß - úeÕ���Ù ��Ò8Ë[â�Ô $

ç�ÿ�Ý}è óZY à3é�� ö � ��Ò�
�Û � ð � Ý&/�èAð ô à � � Ý&/ Y ð ô à � � ( ���
� � ö � ��Ò�
�Û � ð
Ý&/�è � À�à � ( � /JðnÝ&/ Y � À�à ( À�� �
� � ö ��Ò�
�Û � ð � Ý&/�èAð � à � � Ý&/ Y ð � à � � ( ���
ð � ö ô�Ò�
�Û � ð
Ý&/�èTð � à � ðnÝ&/ Y ð � à � � ö

	 Ï+Ø ��Î+Ñ�Û�Ö Ñ�Û�Û$Ò�Ñ�Î+ØAÙ Ë �!Ù ��Ð�Î�Òbô�Ý6Ñ à%Á �!Ù ��Ð�Î�Ò�ØRô�Ý}â à Ñ�Ë�Ü ô�Ý6× à ��Ù ��ÒVÏ�Ö�Ò ��Î+Ñ�Û�Ö�ØAÍ�Ì]Ó Í�×8Ñ�Ó
Ú�Ö�Ò8Û�Ñ�Î+ÜfÍ�Û$Ò8Î+Ñ�Ï�Í�Î°× Í�øfâ�Ù Ë�Ò�Ü õ Ù Ï�ÖAÑ^Ó Ò�Ñ�Ø�Ï0Ø���Ð�Ñ�Î�ÒeÛ$Í�Ó Ô�Ë�Í�ø?ÙlÑ�Ó�Ö�Ñ ��Ù Ë �yÏ�Ö�Ò¾Ü�Ò	��Î�Ò8Ò À Ý ��Ù ��Ò8Ë
â�ÔHÌ}Í�Î�øfÐ�ÓlÑ`Ý À���à�à Ñ�Ë�Ü ôºÝ�Ì}Í�Î�øfÐ�ÓlÑºÝ&% à�à ÕjÎ�Ò�Ø�Û$Ò�×%Ï�Ù ��Ò8Ó Ô Á�� Ö�Ò���Î+Ñ�Û�ÖºÍ�Ì3Ï�Ö�ÒAÓ Í�×8Ñ�Ó3Ú�Ö�Ò8Û�Ñ�Î+Ü
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BOOK REVIEWS

William Arveson, A Short Course on Spectral Theory, Graduate Texts in Mathe-
matics, Vol. 209, Springer, New York, Berlin, Heidelberg, 2002, x+135 pp., ISBN
0-387-95300-0.

The fundamental problem of operator theory is the calculation of spectra of
operators on infinite dimensional spaces, especially on Hilbert spaces. The theory has
deep applications to the study of partial differential and integral operators, to the
mathematical foundation of quantum mechanics, noncommutative K-theory and the
classification of simple C∗-algebras.

The aim of the present book, based on a fifteen-week course taught for several
times by the author at the University of Berkeley, is to make the reader acquainted
with the basic results in spectral theory, needed for the study of more advanced topics
listed above. The prerequisites are elementary functional analysis and measure theory.

In the first chapter, Spectral theory and Banach algebras, the theory is de-
veloped in the natural framework of Banach algebras and includes spectral radius,
regular representation, the spectral permanence theorem, and an introduction to an-
alytic functional calculus. The abstract notions are illustrated on concrete examples
of operators.

Ch. 2, Operators on Hilbert space, is concerned with spectral theory for op-
erators on Hilbert space and their C∗-algebras, normal operators, compact operators,
spectral measures. For the sake of clarity the treatment is restricted to separable
Hilbert spaces. A good companion in reading this part could be another book by the
same author: An invitation to C∗-algebras, Springer 1998.

Ch. 3, Asymptotics: Compact perturbations and Fredholm theory, contains
the Calkin algebra, Riesz theory for compact operators, Fredholm operators and Fred-
holm index.

In the last chapter, Ch. 4, Methods and applications, a variety of operator
theoretic methods are applied to determine the spectra of Toeplitz operators, the
results being definitive only for Toeplitz operators with continuous symbol. An ele-
mentary theory of Hardy spaces H2 is also developed. The book ends with the study
of states on C∗-algebras and a proof of Gelfand-Naimark representation theorem.

The book is a clear, short and thorough introduction to spectral theory,
accessible to first or second year graduate students. As the author points out in the
Preface: ”this material is the essential beginning for any serious student in modern
analysis”.

S. Cobzaş

Raymond A. Ryan, Introduction to Tensor Products of Banach Spaces, Springer
Monographs in Mathematics, Springer, New York Berlin Heidelberg, 2002, xiv+225
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BOOK REVIEWS

pp., ISBN: 1-85233-437-1.

Quoting from the Preface: ”tensor products are a natural and productive
way to understand many of the themes of modern Banach space theory and ”ten-
sorial thinking” yields insight into many mysterious phenomena”. The first book
on normed tensor products was written by R. Schatten in 1950, followed by the
fundamental works of A. Grothendieck – Produits tensoriels topologiques et espaces
nucléaires, Memoirs AMS 1955, and the famous ”Resumé” published at Sao Paolo in
1953 (reprinted 1996).

The aim of the present book is to give a thorough and relatively short in-
troduction to tensor products of Banach spaces, starting from the algebraic theory,
presented in the first chapter, and bringing the reader to the frontier of current re-
search in the area.

The two basic constructions of tensor norms on the tensor product of two
Banach spaces are presented in Chapters 2, The projective tensor product, and 3.
The inductive tensor product. The relevance of the approximation property for the
theory of tensor products (e.g. the study of reflexivity), and the efficiency of the tools
furnished by tensor products in the study of approximation property are presented in
Chapter 4, The approximation property.

Chapter 5, The Radon-Nikodým property, is concerned with vector measures
and vector integration (Pettis and Bochner) and with representability of various types
of operators on C(K) and L1(µ) spaces.

The study of cross-norms is done in Chapters 6, The Chevet-Saphard tensor
products, and 7, Tensor norms, and includes Grothendieck’s inequality, p-summing
and p-integral operators.

The last chapter of the book, Chapter 8, Operator ideals, contains a brief
introduction to this related topic. For a full treatment of the interrelations between
tensor products and operator ideals, the reader is referred to the recent book of A.
Defant and K. Floret, Tensor norms and operator ideals, North Holland 1993.

The book has also three appendices: A. Suggestions for further reading, B.
Summability in Banach spaces, and C. Spaces of measures.

The book is an excellent introduction to the theory of tensor products and it
is highly recommended to graduate students in analysis and to researchers in other
areas needing results from this field.

S. Cobzaş
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