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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

ON THE BASIC PROPERTIES OF DISCONTINUOUS FLOWS

E. AKALIN AND M. U. AKHMET

Abstract. In this paper, we define discontinuous dynamical systems

which can be used as models of various processes in mechanics, electron-

ics, biology and medicine. We find sufficient conditions to guarantee the

existence of such systems. These conditions are easy to verify.

1. Introduction and preliminaries

A book [1] edited by D.V. Anosov and V.I. Arnold considers two fundamen-

tally different Dynamical Systems (DSs) : flows and cascades. Roughly speaking,

flows are DSs with continuous time and cascades are DSs with discrete time. One

of the most important theoretical problem is to consider Discontinuous Dynamical

Systems (DDSs). That is systems whose trajectories are piecewise continuous curves.

It is well-recognized (for example, see [2]) that the general notion of such systems

was introduced by Th. Pavlidis [3], although particular examples (the mathematical

model of clock [4]-[6] and so on) had been discussed before. Some basic elements of

the theory are given in [7]-[11]. Analysing the behavior of the trajectories we can con-

clude that DDSs combine features of vector fields and maps, they can not be reduced

to flows or cascades, but are close to flows since time is continuous. That is why we

propose to call them also Discontinuous Flows (DFs). Applications of DDSs in me-

chanics, electronics, biology and medicine were considered in [3], [12] - [15]. Chaotic

behavior of discontinuous processes was investigated in [13, 16]. One must emphasize

that DFs are not differential equations with discontinuous right side which often have
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been accepted as DDSs [17]. However, theoretical problems of nonsmooth dynamics

and discontinuous maps [18]-[25] are also very close to the subject of our paper. One

should also agree that nonautonomous impulsive differential equations, which were

thoroughly described in [8] and [11], are not DFs.

The paper embodies results that provide sufficient conditions for the existence

of a differentiable DF. Since DFs have specific smoothness of solutions we call these

systems B-differentiable DFs. Apparently, it is the first time when notions of B−

continuous and B− differentiable dependence of solutions on initial values [27] are

applied to described DDSs and sufficient conditions for the continuation of solutions

and the group property are obtained. A central auxiliary result of the paper is the

construction of a new form of the general autonomous impulsive equation (system

(1)). Effective methods of investigation of systems with variable time of impulsive

actions were considered in [8, 11], [27]- [31].

Let Z,N and R be the sets of all integers, natural and real numbers, respec-

tively. Denote by || · || the Euclidean norm in Rn, n ∈ N. Consider a set of strictly

ordered real numbers {θi}, where the set A of indices is an interval of Z/{0}.

Definition 1.1. The set {θi} is said to be a sequence of β − type if the product

iθi, i ≥ 0 for all i and one of the following alternative cases holds:

(a) {θi} = ∅;

(b) {θi} is a finite and nonempty set;

(c) {θi} is an infinite set such that |θi| → ∞ as |i| → ∞.

From the definition, it follows immediately that a sequence of β − type does

not have a finite accumulation point in R.

Definition 1.2. A function ϕ : R −→ Rn is said to be from a space PC(R) if

1. ϕ(t) is left continuous on R;

2. there exists a sequence {θi} of β− type such that ϕ is continuous if t 6= θi

and ϕ has discontinuities of the first kind at the points θi.

Particularly, C(R) ⊂ PC(R).

Definition 1.3. A function ϕ(t) is said to be from a space PC1(R) if ϕ′ ∈ PC(R).
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ON THE BASIC PROPERTIES OF DISCONTINUOUS FLOWS

Let T be an interval in R.

Definition 1.4. We denote by PC(T ) and PC1(T ) the sets of restrictions of all

functions from PC(R) and PC1(R) on T respectively.

Let G be an open subset of Rn, Gr be an r− neighbourhood of G in Rn for

a fixed r > 0 and Ĝ ⊂ Gr be an open subset of Rn. Denote as Φ : Ĝ −→ R be a

function from C1(Ĝ) and assume that a surface Γ = Φ−1 (0) is a subset of Ḡ, where

Ḡ denotes the closure of the set G in Rn. Moreover, define a function J : Γr → Ḡ ,

where Γr is an r− neighbourhood of Γ. We shall need the following assumptions.

C1) ∇Φ(x) 6= 0 , ∀x ∈ Γ;

C2) J ∈ C1(Γr),det[∂J(x)
∂x ] 6= 0, for all x ∈ Γ.

One can see that the restriction J |Γ is a one-to-one function. Let also Γ̃ = J(Γ), Γ̃ ⊂

Ḡ. If Φ̃(x) = Φ(J−1(x)), x ∈ Γ̃ then Γ̃ =
{
x ∈ G| Φ̃ (x) = 0

}
. It is easy to verify that

∇Φ̃(x) 6= 0, ∀x ∈ Γ̃.

Consider the following impulsive differential equation in the domain D =[
G ∪ Γ ∪ Γ̃

]
\

[(
Γ̄\Γ

)
∪

(
¯̃Γ\Γ̃

)]

x′(t) = f(x(t)), {x(t) /∈ Γ ∧ t ≥ 0} ∨ {x(t) /∈ Γ̃ ∧ t ≤ 0},

x(t+)|x(t−)∈Γ∧t≥0 = J(x(t−)),

x(t−)|x(t+)∈Γ̃∧t≤0 = J−1(x(t+)). (1)

We make the following assumptions which will be needed throughout the

paper.

C3) f ∈ C1(Gr).

C4) Γ ∩ Γ̃ = ∅, Γ ∩
(
¯̃Γ\Γ̃

)
= ∅,

(
Γ̄\Γ

)
∩ Γ̃ = ∅.

C5) 〈∇Φ(x), f(x)〉 6= 0 if x ∈ Γ.

C6)
〈
∇Φ̃(x), f(x)

〉
6= 0 if x ∈ Γ̃.
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2. Main results

Definition 2.1. A function x(t) ∈ PC1(T ) with a set of discontinuity points {θi} ⊂ T

is said to be a solution of (1) on the interval T ⊂ R if it satisfies the following

conditions:

(i) equation (1) is satisfied at each point t ∈ T\{θi} and x′(θi−) =

f(x((θi))), i ∈ A, where x′(θi−) is the left-sided derivative;

(ii) x(θi+) = J(x((θi)) for all θi.

Theorem 2.1. Assume that conditions C1)−C6) hold. Then for every x0 ∈ D there

exists an interval (a, b) ⊂ R, a < 0 < b, such that the solution x(t) = x(t, 0, x0) of (1)

exists on the interval.

Definition 2.2. A solution x(t) : [a,∞) → Rn, a ∈ R, of (1) is said to be continuable

to ∞.

Definition 2.3. A solution x(t) : (−∞, b] → Rn, b ∈ R, of (1) is said to be continuable

to −∞.

Definition 2.4. A solution x(t) of (1) is said to be continuable on R if it is continu-

able to ∞ and to −∞.

Definition 2.5. A solution x(t) = x(t, 0, x0) of (1) is said to be continuable to a

set S ⊂ Rn as time decreases (increases) if there exists a moment ξ ∈ R, such that

ξ ≤ 0 (ξ ≥ 0) and x(ξ) ∈ S.

Denote by B(x0, ξ) = {x ∈ Rn|||x− x0|| < ξ} a ball with centre x0 ∈ Rn and

radius ξ ∈ R.

The following Theorem provides sufficient conditions for the continuation of

solutions of (1).

Theorem 2.2. Assume that

(a) every solution y(t, 0, x0), x0 ∈ D, of

y′ = f(y). (2)

satisfies the following conditions:

6



ON THE BASIC PROPERTIES OF DISCONTINUOUS FLOWS

(a1) it is continuable either to ∞ or to Γ as time increases,

(a2) it is continuable either to −∞ or to Γ̃ as time decreases;

(b) for every x ∈ Γ̃ there exists a number εx > 0 such that B̄(x, εx) ∩ Γ = ∅;

b′) for every x ∈ Γ there exists a number ε̃x > 0 such that B̄(x, ε̃x) ∩ Γ̃ = ∅;

(c) inf(x,εx)∈Γ̃×R
εx

supB̄(x,εx)‖f(x)‖ > 0;

c′) inf(x,ε̃x)∈Γ×R
ε̃x

supB(x,ε̃x)‖f(x)‖ > 0.

Then every solution x(t) = x(t, 0, x0), x0 ∈ D, of (1) is continuable on R.

Consider a solution x(t) : R → Rn of (1). Let {θi} be the sequence of

discontinuity points of x(t). Fix θ ∈ R and introduce a function ψ(t) = x(t+ θ).

Lemma 2.1. The set {θi − θ} is a set of all solutions of the equation

Φ(ψ(t)) = 0. (3)

The following condition is one of the main assumptions for DFs.

C7) Γ, Γ̃ ⊂ ∂G;

∃ε > 0 such that ∀x ∈ Γε ∩G function Φ(x) is either positive or negative;

∃ε > 0 such that ∀x ∈ Γ̃ε ∩G function Φ̃(x) is either positive or negative.

Lemma 2.2. Assume that C1) − C7) hold. Then x(−t, 0, x(t, 0, x0)) = x0 for all

x0 ∈ D, t ∈ R.

Lemma 2.3. If x(t) : T → Rn is a solution of (1) then x(t + θ), θ ∈ R, is also a

solution of (1).

Lemmas 2.1-2.3 imply that the following theorem is valid.

Theorem 2.3. Assume that conditions C1)− C7) are fulfilled. Then

x(t2, x(t1, x0)) = x(t2 + t1, x0), (4)

for all t1, t2 ∈ R.

Let x0(t) : [a, b] → Rn, a ≤ 0 ≤ b, be a solution of (1), x0(t) =

x(t, 0, x0), θi, i = −k, . . . ,−1, 1, . . . ,m, are the points of discontinuity of x0(t), such
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that a ≤ θ−k < · · · < θ−1 ≤ 0 ≤ θ1 < · · · < θm ≤ b. Denote by x(t) = x(t, 0, x̄)

another solution of (1).

Definition 2.6. The solution x(t) : [a, b] → Rn is said to be in an ε-neighbourhood

of x0(t) if:

1. every point of discontinuity of x(t) lies in an ε-neighbourhood of a point

of discontinuity of x0(t);

2. For each t ∈ [a, b] which is outside of ε-neighbourhood of points of discon-

tinuity of x0(t) the inequality
∥∥x0(t)− x(t)

∥∥ < ε holds.

Definition 2.7. Hausdorff’s topology, which is built on the basis of all ε-neighbour-

hoods, 0 < ε <∞, of piecewise solutions will be called B[a,b]-topology.

Theorem 2.4. Assume that conditions C1) − C7) are satisfied. Then the solution

x(t) continuously depends on initial value in B[a,b] topology .

Moreover, if all θi, i = −k, . . . ,−1, 1, . . . ,m, are interior points of [a, b] , then, for

sufficiently small ||x0 − x̄||, the solution x(t) = x(t, 0, x̄), x(t) : [a, b] → Rn, meets the

surface Γ exactly m+ k − 1 times.

Without loss of generality, assume that all points of discontinuity of x0(t) are

interior. Denote by xj(t), j = 1, n, a solution of (1) such that xj(t0) = x0 + ξej =

(x0
1, x

0
2, . . . , x

0
j−1, x

0
j + ξ, x0

j+1, . . . , x
0
n), ξ ∈ R, (t0, x0 + ξej , µ0) ∈ C0(δ) and let θj

i be

the moments of discontinuity of xj(t). By Theorem 2.4, for sufficiently small |ξ| the

solution xj(t) is defined on [a, b].

Definition 2.8. The solution x0(t) is said to be differentiable in x0
j , j = 1, n, if

A) there exist such constants νij , i = −k, . . . ,−1, 1, . . . ,m, that

θj
i − θi = νijξ + o(|ξ|); (5)

B) for all t ∈ [a, b]\ ∪m
i=−k

ˆ(θi, θ
j
i ], the following equality is satisfied

xj(t)− x0(t) = uj(t)ξ + o(|ξ|), (6)

where uj(t) is a piecewise continuous function, with discontinuities of the first kind

at the points t = θi, i = −k, . . . ,−1, 1, . . . ,m.

8
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The pair {uj , {νij}i} is said to be a B− derivative of x0(t) in initial value xj
0

on [a, b].

The following theorem is valid.

Theorem 2.5. Assume that conditions C1) − C7) are satisfied. Then the solution

x0(t) of (1) has B− derivatives in the initial value on [a, b].

3. The B-smooth discontinuous flow

Let G ⊂ Rn be an open set and Γ, Γ̃ be disjoint subsets of Ḡ. Denote D =

G ∪ Γ ∪ Γ̃.

Definition 3.1. We say that a B− smooth DF is a map φ : R × D → D, which

satisfies the following properties:

I) The group property:

(i) φ(0, x) : D → D is the identity;

(ii) φ(t, φ(s, x)) = φ(t+ s, x), is valid for all t, s ∈ R and x ∈ D.

II) If x ∈ D is fixed then φ(t, x) ∈ PC1(R), and φ(θi, x) ∈ Γ, φ(θi+, x) ∈ Γ̃

for every discontinuity point θi of φ(t, x).

III) The function φ(t, x) is B− differentiable in x ∈ D on [a, b] ⊂ R for

every {a, b} ⊂ R, assuming that all discontinuity points of φ(t, x) are interior points

of [a, b].

One can see that the system (1) defines a B− smooth DF provided conditions

C1)− C7) and the conditions of the continuation theorem are fulfilled.

Definition 3.2. We say that a DF is a map φ : R × D → D, which satisfies the

property I) of Definition 3.1 and the following conditions are valid:

IV ) If x ∈ D is fixed then φ(t, x) ∈ PC(R), and φ(θi, x) ∈ Γ, φ(θi+, x) ∈ Γ̃

for every discontinuity point θi of φ(t, x).

V ) The function φ(t, x) is B− continuous in x ∈ D on [a, b] ⊂ R for every

{a, b} ⊂ R.

Comparing definitions of the B− differentiability and the B− continuity one

can conclude that every B− smooth DF is a DF.
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Example 3.1. Consider the following model for simple neural nets from [3]. We

have modified its form according to the proposed equation (1).

x′1 = x2, x
′
2 = −β2x1, p

′ = −γp+ x1 +B0, if (x(t) 6∈ Γ ∧ t ≥ 0) ∨ (x(t) 6∈ Γ̃ ∧ t ≤ 0),

x1(t+) = x2(t−), x2(t+) = x2(t−), p(t+) = 0, if x(t) ∈ Γ ∧ t ≥ 0,

x1(t−) = x1(t+), x2(t−) = x2(t+), p(t−) = r, if x(t) ∈ Γ̃ ∧ t ≤ 0,

where β,B0 ∈ R are constants, Γ = {(x1, x2, p)| p = r}, Γ̃ = {(x1, x2, p)| p =

0},Φ(x) = p − r, f(x) = (x2, β
2x1,−γp + x1 + B0), J(x) = (x1, x2, r), β, γ, r > 0,

are constants. We assume that G = {(x1, x2, p)|0 < p < r, x2
1 + x2

2
β4 < 1}. In the

system the variable p(t) is a scalar input of a neural trigger and x1, x2, are other

variables. The value of r is the threshold. One can verify that the functions and the

sets satisfy C1)−C7) and the conditions of Theorem 2.2. That is, the system defines

a DF.

Remark 3.1. The extended version of the paper has been submitted to Mathematical

and Computer Modelling.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

TWO- AND THREE-DIMENSIONAL INVERSE PROBLEM
OF DYNAMICS

MIRA-CRISTIANA ANISIU

Abstract. For a given a monoparametric family of curves f(x, y) = c, we

present the partial differential equations satisfied by the potentials V =

V (x, y) under whose action a particle of unit mass can describe the curves

of the family. Szebehely’s equation depends on the total energy of the

particle, while Bozis’ one relates merely the potential and the given family.

Therefore the last one is also adequate for the direct problem of dynamics.

A similar program is accomplished for a two-parametric spatial family of

curves ϕ(x, y, z) = c1, ψ(x, y, z) = c2 and potentials V = V(x, y, z).

1. Introduction

The first result concerning the inverse problem of dynamics is due to Newton

[24], who presented the form of the gravitational potential on the basis of Kepler’s

laws. Kepler has had at his disposal the very accurate tables of observations made

by Tycho Brache (whose assistant he was in Prague); these observations allowed him

to discover that the orbit of Mars is an ellipse and to formulate the three laws of

planetary motion.

Later on, Bertrand [7] showed that Kepler’s first law suffices to derive the

Newtonian universal force; Dainelli [18] obtained the expressions of general force

fields producing given planar or spatial families of curves.

Received by the editors: 06.12.2004.
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The two-dimensional problem, this time for conservative systems, has renewed

the interest in the inverse problem of dynamics by means of Szebehely’s [29] partial

differential equation. This equation relates the potential to the given monoparametric

family of curves and to the total energy. Puel [26] derived a Szebehely-type equation

which is independent of the coordinate system. Another basic result for the two-

dimensional inverse problem is the energy-free partial differential equation obtained

by Bozis [9] from Szebehely’s equation, and later derived directly by Anisiu [3].

The conservative three-dimensional problem was considered by Érdi [19] for

a monoparametric family of orbits, and then for two-parametric families by Váradi

and Érdi [30]. Puel [25] used the least action principle of Maupertuis to obtain the

equations satisfied by the potential in the two- and three-dimensional inverse problem

of dynamics. The existence of such a potential and its relation with the energy in the

three-dimensional case was subject to further papers, as those of Gonzales-Gascon et

al [21], Bozis and Nakhla [15] and Shorokhov [28]. Puel [27] obtained the intrinsic

equations of the three-dimensional inverse problem, using the Frenet reference frame.

A review of the basic results in the inverse problem of dynamics, including the three-

dimensional ones, can be found in [10].

2. The planar inverse problem of dynamics

We consider the following version of the inverse problem for one material

point of unit mass, moving in the xy inertial Cartesian plane. Given a family of

curves

f (x, y) = c (1)

with f of C3-class (continuous and with continuous derivatives up to third order on a

domain of the plane), find the potentials V (x, y) under whose action, for appropriate

initial conditions, the particle will describe the curves of that family. The equations

of motion are

ẍ = −Vx ÿ = −Vy, (2)

14
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where the dots denote derivatives with respect to the time t and the subscripts partial

derivatives. By making use of the energy integral, Szebehely [29] proved that the

potential V is a solution of the first order partial differential equation

fxVx + fyVy +
2 (V − E(f))
f2

x + f2
y

(
fxxf

2
y − 2fxyfxfy + fyyf

2
x

)
= 0, (3)

where E(f) denotes the total energy, which is constant on each curve of the family

(1). Bozis [8] wrote Szebehely’s equation in the simpler form

Vx + γVy +
2Γ (E(f)− V )

1 + γ2
= 0, (4)

making use of the functions

γ =
fy

fx
and Γ = γγx − γy (5)

related to the geometry of the family (γ representing the slope and Γ being propor-

tional to the curvature). By eliminating the energy from (4) (using the fact that

Ey/Ex = fy/fx) Bozis [9] obtained the energy-free equation of second order

−Vxx + κVxy + Vyy = λVx + µVy, (6)

where

κ =
1
γ
− γ, λ =

Γy − γΓx

γΓ
, µ = λγ +

3Γ
γ
. (7)

The basic equations (4) and (6) of the planar inverse problem of dynamics present

the connection between geometry and dynamics. Their derivation and other related

results are exposed in [10], [2], [1], [3].

Szebehely obtained the first order equation intending to determine the po-

tential of the earth by means of satellite observations, while Bozis used equation (6)

to check if a given family of orbits may be generated in the plane of symmetry outside

a material concentration.

15
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2.1. Basic tools. Let us consider a particle whose motion is described by equations

(2), where V is of C2-class on a domain of the xy plane. We shall use a procedure

exposed by Anisiu [3], related to that followed by Kasner [22] while he has obtained

the differential equation of the trajectories corresponding to a general (not necessarily

conservative) force field. By differentiating (1) with respect to t we get fxẋ+fy ẏ = 0,

or, using notation (5),

γ = − ẋ
ẏ
. (8)

By differentiating (8) we get

−Γ =
ẋÿ − ẏẍ

ẏ3
. (9)

Inserting in (9) ẍ and ÿ from (2), and ẋ from (8) we obtain

Γẏ2 = − (Vx + γVy) .

The function Γ is related to the curvature K of the family (1) by K =

|Γ| /
(
γ2 + 1

)3/2. It follows that Γ = 0 if and only if the family (1) contains only

straight lines. In this case, which was studied in [11], we have by necessity

Vx + γVy = 0, (10)

which represents Szebehely’s equation for this special case. The straight lines are

traced with arbitrary energy.

Let us consider now a general family (1) with Γ 6= 0. In this case we have

ẏ2 = −Vx + γVy

Γ
. (11)

We differentiate (9), divide both members by ẏ and get

γΓx − Γy =
ẏ (ẋ

...
y − ẏ

...
x )− 3ÿ (ẋÿ − ẏẍ)
ẏ5

. (12)

We remark that (8), (9) and (12) express the relations between the geometry

of the family of curves (1) and the kinematics derivatives.
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Two additional equations are obtained by differentiating equations (2) with

respect to t, namely
...
x = − (Vxxẋ+ Vxy ẏ)
...
y = − (Vxyẋ+ Vyy ẏ) .

(13)

Now we eliminate the derivatives ẋ, ẏ, ẍ, ÿ,
...
x ,

...
y between the seven relations in (2),

(8), (11), (12) and (13), and get the partial differential equation

Γ
(
−γVxx + Vxy − γ2Vxy + γVyy

)
= − (Vx + γVy) (γΓx − Γy) + 3VyΓ2. (14)

We divide both members of (14) by γΓ and obtain Bozis’ equation (6), with λ and µ

given in (7).

A straightforward calculation shows that equation (6) can be written as

γWx −Wy = 0, (15)

where

W = V − 1 + γ2

2Γ
(Vx + γVy) . (16)

Equation (15) has the general solution W = E(f), where E denotes an arbitrary

function. It follows that

V − 1 + γ2

2Γ
(Vx + γVy) = E(f). (17)

In view of relations (2), (8) and (9) we obtain

V +
ẋ2 + ẏ2

2
= E(f), (18)

which means that E(f) represents the total energy, constant on each curve of the

family (1). Therefore equation (17), obtained this time from Bozis’ equation, is in

fact Szebehely’s equation. From (18) we obtain E(f)−V ≥ 0, and from (17) it follows

that only the curves of the family (1) or parts of them which are situated in the plane

region
Vx + γVy

Γ
≤ 0 (19)

can be described by the unit mass particle. Inequality (19) was obtained by Bozis

and Ichtiaroglou [12].
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Remark 1. Bozis [10] arranged equation (6) in a form adequate for the direct problem

of dynamics, namely

γ2γxx − 2γγxy + γyy = h, (20)

where

h =
γγx − γy

Vyγ + Vx

(
−γxVx + (2γγx − 3γy)Vy + γ (Vxx − Vyy) + (γ2 − 1)Vxy

)
. (21)

Relations (20)-(21) have been used to find families of curves satisfying auxiliary con-

ditions, supposing that a potential is given, in [16], [17], [6].

2.2. Examples.

Example 2. From the class of Hénon-Heiles potentials

V (x, y) = ax2 + by2 + cx2y + dy3 (22)

with a, b, c, d ∈ R, a, b > 0, Anisiu and Pal [5] looked for those compatible with the

family of polytropic curves f(x, y) = x−py, where p ∈ Z r {0, 1}. The potential

V1(x, y) = a
(
x2 + 16y2

)
+ c

(
x2 + (16/3)y2

)
y

was found to generate the family f1(x, y) = x−4y in the region described by y(cx2 +

8cy2 + 24ay) ≤ 0, with the energy E1(f1) = −c/(24f1). Another potential is

V2(x, y) = a
(
x2 + 4y2

)
+ dy3,

which produces the family f2(x, y) = x2y in the region dy + 4a ≤ 0, with the energy

E2(f2) = −df2/4.

It was shown in [11] that no potential of the form (22) allows for families of

straight lines.

Example 3. For the family f = y − 1/x2, the potential

V (x, y) = 8y2 + 4x2y − x8 − 6x2

was found in [17]. The particle describes the curves of the given family in the region

y ≤ x4 + 1/(2x2) with the energy E(f) = 8f2.
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3. The three-dimensional inverse problem

We consider the three-dimensional family of curves

ϕ (x, y, z) = c1, ψ (x, y, z) = c2. (23)

with ϕ,ψ of C3-class and with ∣∣∣∣∣∣ ϕy ϕz

ψy ψz

∣∣∣∣∣∣ 6= 0. (24)

We can suppose that any other determinant (containing derivatives with respect to x

and y, or to x and z) is different from zero, and proceed accordingly.

We deal with the following version of the inverse problem: find the potentials

V (x, y, z) under whose action, for appropriate initial conditions, a material point of

unit mass, whose motion is described by

ẍ = −Vx ÿ = −Vy z̈ = −Vz, (25)

will trace the curves of the family (23). The partial differential equations satisfied by

V will be derived as in [4], where the geometrical methods used by Kasner [23] were

adapted to this problem.

3.1. Basic tools. In order to obtain the equations satisfied by V, we differentiate

both sides of equations (23) with respect to t, and get

ẏ

ẋ
= α,

ż

ẋ
= β, (26)

where

α =
ϕzψx − ϕxψz

ϕyψz − ϕzψy
, β =

ϕxψy − ϕyψx

ϕyψz − ϕzψy
. (27)

We remark that at least one of the functions α and β, say α, is not identically null

(otherwise condition (24) fails to be fulfilled).

The notation (27) was introduced by Bozis and Kotoulas [13], where it was

emphasized that the family (23) leads to a unique pair α, β and, conversely, the pair

α, β determines uniquely the family (23).
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We differentiate both relations in (26) and get

ẋÿ − ẍẏ

ẋ3
= A,

ẋz̈ − ẍż

ẋ3
= B, (28)

where

A = αx + ααy + βαz, B = βx + αβy + ββz. (29)

Using (26) and equations (25), we obtain from (28)

αVx − Vy

ẋ2
= A,

βVx − Vz

ẋ2
= B. (30)

We have to analyze the special case when A = B = 0. It is obvious that,

in view of relation (28), it follows that also ẏz̈ − ÿż = 0, hence the curvature K =

|
.
r ×

..
r|/|

.
r|3 of each member of the family (23) vanishes. We have denoted by r =

x (t) i+ y (t) j + z (t) k, where i, j, k are unit vectors along the axes Ox, Oy, Oz.

It follows that we have A = B = 0 if and only if the family (23) consists of

straight lines. This case was analyzed in detail in [13]. Relations (30) give rise to two

linear partial differential equations to be necessarily satisfied by V, namely

αVx − Vy = 0, βVx − Vz = 0. (31)

These equations will admit of a solution only if α and β satisfy, besides the two

equations obtained from (29) for A = B = 0, a supplementary equation (see [20])

αβx − βαx = βy − αz. (32)

So, generally, the inverse problem is not expected to have a solution for arbitrary

families of straight lines.

Let us consider now A 6= 0 and B 6= 0. By eliminating ẋ2 between the two

relations in (30) we obtain a first necessary condition to be satisfied by V,

αVx − Vy

A
=
βVx − Vz

B
, (33)

where α, β from (27) and A,B from (29) depend on the derivatives of ϕ and ψ up to

the second order. Because of ẋ2 ≥ 0, it follows that the motion is possible only in the

region determined by
αVx − Vy

A
≥ 0. (34)
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Differentiating both members of the equality ẋ2 = (αVx − Vy) /A with respect

to t and replacing ẍ from the first equation in (25), respectively ẏ/ẋ and ż/ẋ from

(26), we obtain a second differential relation to be satisfied by V

−Vxx + kVxy + Vyy + pVyz + qVxz = lVx +mVy, (35)

where

k =
1
α
− α, p =

β

α
, q = −β

l =
3A
α

− αm, m =
Ax + αAy + βAz

αA
.

(36)

Summarizing the above reasoning, we assert that a potential which produces

as orbits the curves of the family (23) satisfies by necessity the two differential relations

(33) and (35), the motion of the particle being possible in the region determined by

inequality (34). We remark that equation (35) is of second order in V and does not

involve the energy (constant on each curve of the family), hence it is the corresponding

for the three-dimensional case of Bozis’ equation (6) satisfied by planar potentials.

In the following we shall derive the equation from which the total energy can

be expressed. Denoting by

W =
(
1 + α2 + β2

) αVx − Vy

2A
+ V, (37)

one can check by direct calculation that (35) is equivalent to

Wx + αWy + βWz = 0. (38)

The characteristic system for (38) is

dx

ϕyψz − ϕzψy
=

dy

ψxϕz − ϕxψz
=

dz

ϕxψy − ϕyψx

and one obtains easily that ϕxdx + ϕydy + ϕzdz = 0 and ψxdx + ψydy + ψzdz = 0.

It follows that ϕ (x, y, z) = c1 and ψ (x, y, z) = c2 are integrals, hence the general

solution of (38) is W = E (ϕ,ψ) with E an arbitrary function.

In view of relations (26) and (30), we get from (37) that

E (ϕ,ψ) =
(
ẋ2 + ẏ2 + ż2

)
/2 + V, (39)
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i.e. W = E (ϕ,ψ) is the total energy, constant on each curve of the family (23). It

follows that the equation

E (ϕ,ψ) =
(
1 + α2 + β2

) αVx − Vy

2A
+ V, (40)

which was derived by Váradi and Érdi [30] using the energy integral (and which

corresponds to Szebehely’s planar equation), can be obtained as a consequence of the

second order partial differential equation (35).

The two equations (33) and (35) for a single unknown function V will not

have always a solution; compatibility conditions are to be checked. The advantage of

this formulation consists in the fact that it is free of energy.

Remark 4. Equations (33) and (35) are suitable for the direct problem of dynamics:

given a three-dimensional potential, find families of curves of the form (23) generated

by it. We can rearrange the mentioned equations and obtain a linear partial differential

equation of first order in α and β

(Vxβ − Vz) (αx + ααy + βαz)− (Vxα− Vy) (βx + αβy + ββz) = 0, (41)

and a nonlinear one of second order

αxx + α2αyy + β2αzz + 2ααxy + 2βαxz + 2αβαyz =
A

Vxα− Vy
· (3Vxαx + (2Vxα+ Vy)αy + (2Vxβ + Vz)αz

+Vxxα− Vxy

(
1− α2

)
− Vyyα− Vyzβ + Vxzαβ

)
.

(42)

If B = 0 and A 6= 0, we still have inequality (34); instead of (33), the relation

βVx − Vz = 0 holds, beside the second order partial differential equation (35).

If A = 0 and B 6= 0, the inequality to be satisfied is (βVx − Vz) /B ≥ 0, and

(33) is replaced by αVx − Vy = 0. Starting with ẋ2 = (βVx − Vz) /B, we follow the

steps from the case when both A and B were different from zero and obtain instead

of (35)

−Vxx + k̃Vxz + Vzz + p̃Vyz + q̃Vxy = l̃Vx + m̃Vz, (43)
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where
k̃ =

1
β
− β, p̃ =

α

β
, q̃ = −α

l̃ =
3B
β

− βm̃, m̃ =
Bx + αBy + βBz

βB
.

(44)

3.2. Examples.

Example 5. The two-parametric family of straight lines

y

x
= c1,

z

x
= c2

was found in [13] to be compatible with the (central) potential

V(x, y, z) = F (x2 + y2 + z2),

where F is an arbitrary function of its argument.

Shorokhov [28] presented a family of straight lines

x

y
= c1, y + z = c2

which cannot be described by a particle under the action of any potential. This family

has α = y/x and β = −y/x, hence condition (31) does not hold.

Example 6. The family of curves

z

x
= c1, x2 + y2 = c2

was considered in [30] and [15]. It can be traced all over the space under the action

of the potential

V(x, y, z) = (x2 + y2 + z2)/2,

with the energy E(ϕ,ψ) = ψ(ϕ2 + 2)/2. This example illustrates the case A 6= 0,

B = 0.

Example 7. For the family of curves

x2 + y2 = c1,
x2 − y2

z
= c2

one has A 6= 0 and B 6= 0. The potential

V(x, y, z) = x2 + y2 + 4z2
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given in [14] produces the given family with the energy E(ϕ,ψ) = 2ϕ
(
2ϕ+ ψ2

)
/ψ2.

4. Conclusions

The energy-free equations have a basic role in the inverse problem of dy-

namics. When we have no a priori information on the energy of the given family, it

is natural to work with equations (6), respectively (33) and (35) in order to obtain

potentials compatible with the given family. These equations can be used also when

the search of the potentials is restricted to a class of theoretical or practical interest.
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SMOOTH DEPENDENCE OF SOLUTION ON PARAMETERS
FOR THE VOLTERRA-FREDHOLM INTEGRAL EQUATION

CLAUDIA BACOŢIU

Abstract. In this paper we will give conditions that ensures the differen-

tiability with respect to parameters of the solution of Volterra-Fredholm

nonlinear integral equation.

1. Introduction

In the present paper consider the nonlinear integral equation of Volterra-

Fredholm type:

u(x, t) = f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, u(y, s))dyds (1)

∀t ∈ [0, c], ∀x ∈ [α, β], where [a, b] ⊂ [α, β].

Applying fiber Picard operators theory, we will prove the differentiability of the solu-

tion of (1) with respect to a and b.

2. Fiber Picard operators

Let (X, d) be a metric space and A : X → X an operator. In this paper we

will use the following notations:

FA := {x ∈ X : A(x) = x};

A0 := 1X , An+1 := A ◦An ∀n ∈ N.

Received by the editors: 01.10.2004.
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Definition 2.1. (I. A. Rus [1]) The operator A is said to be:

(i) weakly Picard operator (wPo) if ∀x0 ∈ X An(x0) → x∗0, and the limit x∗0 is a

fixed point of A, which may depend on x0.

(ii) Picard operator (Po) if FA = {x∗} and ∀x0 ∈ X An(x0) → x∗.

In the next section we need the following result:

Theorem 2.1. (Fiber Contraction Principle, I. A. Rus [3]) Let (X, d), (Y, ρ) be two

metric spaces and B : X → X, C : X × Y → Y two operators such that:

(i) (Y, ρ) is complete;

(ii) B is a Picard operator, FB = {x∗};

(iii) C(·, y) : X → Y is continuous ∀y ∈ Y ;

(iv) ∃a ∈]0, 1[ such that the operator C(x, ·) : Y → Y is an a-contraction for all

x ∈ X; let y∗ be the unique fixed point of C(x∗, ·).

Then

A : X × Y → X × Y, A(x, y) := (B(x), C(x, y))

is a Picard operator and FA = {(x∗, y∗)}.

This theorem is very useful for proving solutions of operatorial equations to

be differentiable with respect to parameters. For such results see [6], [3], [2], [4], [5],

etc.

3. Main result

Theorem 3.1. Consider the equation (1) in the next conditions:

(i) f ∈ C([a, b]× [0, c]) and K ∈ C([a, b]× [0, c]× [a, b]× [0, c]× R);

(ii) there exists LK > 0 such that:

|K(x, t, y, s, u)−K(x, t, y, s, v)| ≤ LK |u− v| (2)

∀(x, t, y, s) ∈ [α, β]× [0, c]× [α, β]× [0, c], ∀u, v ∈ R.

Then:

a) for all a < b ∈ [α, β], the equation (1) has in C([α, β] × [0, c]) a unique solution
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u∗(·, ·, a, b).

b) for all u0 ∈ C([α, β]× [0, c]), the sequence (un)n≥0 defined by:

un(x, t, a, b) = f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, un−1(y, s, a, b))dyds

converges uniformly to u∗, ∀(x, t, a, b) ∈ [α, β]× [0, c]× [α, β]× [α, β].

c) The function u∗, (x, t, a, b) 7→ u∗(x, t, a, b) is continuous: u∗ ∈ C([α, β] × [0, c] ×

[α, β]× [α, β]);

d) If K(x, t, y, s, ·) ∈ C1(R), ∀(x, t, y, s) ∈ [α, β] × [0, c] × [α, β] × [0, c], then

u∗(x, t, ·, ·) ∈ C1([α, β]× [α, β]), ∀(x, t) ∈ [α, β]× [0, c].

Proof. Let the space C([a, b]× [0, c], R) be endowed with a suitable norm,

‖u‖BC := sup{‖u(x, t)‖ e−τt : x ∈ [a, b], t ∈ [0, c]}, τ > 0 (3)

Let X := C([α, β] × [0, c] × [α, β] × [α, β]). We consider the operator B : X → X

defined by:

B(u)(x, t, a, b) := f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, u(y, s, a, b))dyds

From (ii), applying the Contraction Principle, it follows that B is a contraction, so

we have a), b) and c).

For all a < b ∈ [α, β], there is a unique solution u∗(·, ·, a, b) ∈ C([α, β]× [0, c]), so we

have:

u∗(x, t, a, b) = f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, u∗(y, s, a, b))dyds (4)

Let us prove that
∂u∗(x, t, a, b)

∂a
and

∂u∗(x, t, a, b)
∂b

exists and they are continuous.

1. Supposing that
∂u∗(x, t, a, b)

∂a
exists, from (4) we obtain:

∂u∗(x, t, a, b)
∂a

= −
∫ t

0

K(x, t, a, s, u∗(a, s, a, b))ds+

+
∫ t

0

∫ b

a

∂K(x, t, y, s, u∗(y, s, a, b))
∂u

· ∂u∗(y, s, a, b)
∂a

dyds
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This relationship suggest us to consider the next operator:

C : X ×X → X, defined by:

C(u, v)(x, t, a, b) := −
∫ t

0

K(x, t, a, s, u(a, s, a, b))ds+

+
∫ t

0

∫ b

a

∂K(x, t, y, s, u(y, s, a, b))
∂a

· v(y, s, a, b)dyds

Let u∗ be the unique fixed point of B. The operator C(u, ·) is a contraction ∀u ∈ X

and let v∗ be the unique fixed point of C(u∗, ·)).

If we define the operator A : X ×X → X ×X,

A(u, v)(x, t, a, b) := (B(u)(x, t, a, b), C(u, v)(x, t, a, b)) ,

then the conditions of the Theorem 2.1 are fulfilled. It follows that A is a Picard

operator and FA = {(u∗, v∗)}.

Consider the sequences (un)n≥0 and (vn)n≥0 defined by:

un(x, t, a, b) := B(un−1(x, t, a, b)) =

= f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, un−1(y, s, a, b))dyds ∀n ≥ 1

vn(x, t, a, b) := C(un−1(x, t, a, b), vn−1(x, t, a, b)) =

= −
∫ t

0

K(x, t, a, s, un−1(a, s, a, b))ds+

+
∫ t

0

∫ b

a

∂K(x, t, y, s, un−1(y, s, a, b))
∂u

· vn−1(y, s, a, b)dyds ∀n ≥ 1

We have:

un ⇒ u∗ (n →∞), vn ⇒ v∗ (n →∞) (5)

uniformly for (x, t, a, b) ∈ [α, β]× [0, c]× [α, β]× [α, β].

We take u0 = v0 := 0, so v1 =
∂u1

∂a
.

By induction we can prove that vn =
∂un

∂a
∀n and from (5) results:

∂un

∂ a
⇒ v∗ (n →∞)
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Using a Weierstrass theorem, it follows that
∂u∗

∂ a
exists and

∂u∗(x, t, a, b)
∂a

= v∗(x, t, a, b).

2. By a similar way, we can prove the existence and the continuity of
∂u∗

∂ b
.�

Remark 3.1. We can also consider the following integral equation of Volterra-

Fredholm type:

u(x, t) = f(x, t) +
∫ t

0

∫ b

a

K(x, t, y, s, u(y, s), λ)dyds (6)

∀t ∈ [0, c], ∀x ∈ [a, b], where λ ∈ R and we can prove the differentiability of the

solution with respect to the parameter λ.

This case will be presented elsewhere.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

ON REVERSE HILBERT TYPE INEQUALITIES

ZHAO CHANGJIAN, WING-SUM CHEUNG, AND MIHÁLY BENCZE

Abstract. In this paper we establish a new inverse inequality of Hilbert

type for a finite number of positive sequences of real numbers. The integral

analogue of the inequality are also proved. The results of this paper reduce

to that of B. G. Pachpatte.

1. Introduction

In recent years several authors(see [1], [2], [3], [4], [5], [6], [7], [8]) have given

considerable attention to Hilbert’s inequalities and Hilbert type inequalities and their

various generalizations. In particular, in 1988, B. G. Pachpatte[1] proved two new

inequalities similar to Hilbert’s inequality[9,P.226]. These two new results can be stated

as follows, respectively:

Theorem A. Let {am} and {bn} be two nonnegative sequences of real num-

bers defined for m = 1, 2, . . . , k and n = 1, 2, . . . , r with a0 = b0 = 0 and let

{pm} and {qn} be two positive sequences of real numbers defined for m = 1, 2, . . . , k

and n = 1, 2, . . . , r, where k, r are natural numbers and define Pm =
∑m

s=1 ps and

Qn =
∑n

t=1 qt. Let φ and ψ be two real-valued nonnegative, convex and submultiplica-

tive functions defined on R+ = [0,∞). Then

k∑
m=1

r∑
n=1

φ(am)ψ(bn)
m+ n

≤M(k, r)
( k∑

m=1

(
k −m+ 1

)(
pmφ

(∇(am)
pm

))2
)1/2
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×
( r∑

n=1

(
r − n+ 1

)(
qnψ

(∇(bn)
qn

))2
)1/2

, (1)

where

M(k, r) =
1
2

(
k∑

m=1

(φ(Pm

)
Pm

)2
)1/2( r∑

n=1

(ψ(Qn

)
Qn

)2
)1/2

,

and ∇(am) = am − am−1,∇(bn) = bn − bn−1.

Theorem B. Let f ∈ C1[[0, x), R+], g ∈ C1[[0, y), R+] with f(0) = g(0) = 0

and let p(σ) and q(τ) be two positive functions defined for σ ∈ [0, x) and τ ∈ [0, y),

and P (s) =
∫ s

0
p(σ)dσ and Q(t) =

∫ t

0
q(τ)dτ for s ∈ [0, x) and t ∈ [0, y), where x, y

are positive real numbers. Let φ and ψ be as in Theorem A. Then

∫ x

0

∫ y

0

φ
(
f(s)

)
ψ
(
g(t)

)
s+ t

dsdt ≤ L(x, y)

(∫ x

0

(x− s)
(
p(s)φ

(f ′(s)
p(s)

))2

ds

)1/2

×

(∫ y

0

(y − t)
(
q(t)ψ

(g′(t)
q(t)

))2

dt

)1/2

, (2)

where

L(x, y) =
1
2

(∫ x

0

(φ(P (s)
)

P (s)

)2

ds

)1/2(∫ y

0

(ψ(Q(t)
)

Q(t)

)2

dt

)1/2

,

and ´ denotes the derivative of a function.

The main purpose of this paper is to establish reverse forms of the above two

inequalities.

2. Main results

Theorem 1. Let {ai,mi
}(i = 1, 2, . . . , n) be n positive sequences of real

numbers defined for mi = 1, 2, . . . , ki with ai,0 = 0(i = 1, 2, . . . , n), where ki(i =

1, . . . , n) are the natural numbers. Let {pi,mi} be n positive sequences of real numbers

defined for mi = 1, 2, . . . , ki(i = 1, 2, . . . , n). Set Pi,mi =
∑mi

si=1 pi,si(i = 1, 2, . . . , n).

Let φi(i = 1, 2, . . . , n) be n real-valued nonnegative concave, supermultiplicative and

non-decreasing functions defined on R+ = [0,+∞). Let 1
αi

+ 1
βi

= 1, 0 < βi < 1
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and
∑n

i=1
1
αi

= 1
α . Sut A(pi)

i,mi
= ∇(ai,mi

) · api−1
i,mi

, where the operator ∇ is defined by

∇(ai,mi
) = ai,mi

− ai,mi−1(i = 1, 2, . . . , n) and 0 ≤ pi ≤ 1 are real numbers. Then

k1∑
m1=1

· · ·
kn∑

mn=1

∏n
i=1 φi(

a
pi
i,mi

pi
)(

α
∑n

i=1
1
αi
mi

)1/α

≥M(k1, k2, . . . , kn)
n∏

i=1

 ki∑
mi=1

(ki −mi + 1)

(
pi,mi

φi

(
A

(pi)
i,mi

pi,mi

))βi
1/βi

, (3)

where

M(k1, k2, . . . , kn) =
n∏

i=1

(
ki∑

mi=1

(
φi(Pi,mi

)
Pi,mi

)αi
)1/αi

.

Proof. By using the following inequality(see Hardy et al. [9,P.39])

hix
hi−1
i,mi

(xi,mi − yi,mi) ≤ xhi
i,mi

− yhi
i,mi

≤ hiy
hi−1
i,mi

(xi,mi − yi,mi),

where xi,mi
> 0 and yi,mi

> 0 and 0 ≤ hi ≤ 1(i = 1, 2, . . . , n), we obtain that

api

i,mi+1 − api

i,mi
≥ pi(ai,mi+1)pi−1(ai,mi+1 − ai.mi) = pi(ai,mi+1)pi−1 · ∇(ai,mi+1).

Consequently

ki−1∑
mi=0

api

i,mi+1 − api

i,mi
= api

i,ki
≥ pi

ki−1∑
mi=0

∇(ai,mi+1) · api−1
i,mi+1 = pi

ki∑
mi=1

A
(pi)
i,mi

.

Hence
api

i,mi

pi
≥

mi∑
si=1

A
(pi)
i,si

. (4)

On the other hand, from the following theorem of the Arithmetic and Geo-

metric means[9,p.17]

n∏
i=1

bqi

i ≤
(∑n

i=1 qibi∑n
i=1 qi

)∑n
i=1 qi

,

where qi > 0, bi > 0, we easy get the following result

n∏
i=1

m
1/αi

i ≥

(
α

n∑
i=1

1
αi
mi

)1/α

, (5)

where αi < 0.
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From (4), (5) and in view of Jensen’s inequality and inverse Hölder’s

inequality[10], we obtain that

n∏
i=1

φi(
api

i,mi

pi
) ≥

n∏
i=1

φi

Pi,mi

∑mi

si=1 pi,si

(
A

(pi)
i,si

pi,si

)
∑mi

si=1 pi,si



≥
n∏

i=1

φi(Pi,mi) · φi


∑mi

si=1 pi,si

(
A

(pi)
i,si

pi,si

)
∑mi

si=1 pi,si


≥

n∏
i=1

φi(Pi,mi
)

Pi,mi

mi∑
si=1

pi,siφi

(
A

(pi)
i,si

pi,si

)

≥
n∏

i=1

φi(Pi,mi
)

Pi,mi

m
1/αi

i

 mi∑
si=1

(
pi,si

φi

(
A

(pi)
i,si

pi,si

))βi
1/βi

≥

(
α

n∑
i=1

1
αi
mi

)1/α n∏
i=1

φi(Pi,mi
)

Pi,mi

 mi∑
si=1

(
pi,siφi

(
A

(pi)
i,si

pi,si

))βi
1/βi

. (6)

Dividing both sides of (6) by
(
α
∑n

i=1
1
αi
mi

)1/α

and then taking the sum over mi

from 1 to ki(i = 1, 2, . . . , n) and in view of inverse Hölder’s inequality, we have

k1∑
m1=1

· · ·
kn∑

mn=1

∏n
i=1 φi(

a
pi
i,mi

pi
)(

α
∑n

i=1
1
αi
mi

)1/α

≥
n∏

i=1

 ki∑
mi=1

φi(Pi,mi
)

Pi,mi

 mi∑
si=1

(
pi,si

φi

(
A

(pi)
i,si

pi,si

))βi
1/βi


≥

n∏
i=1

(
ki∑

mi=1

(
φi(Pi,mi

)
Pi,mi

)αi
)1/αi

 ki∑
mi=1

mi∑
si=1

(
pi,siφi

(
A

(pi)
i,si

pi,si

))βi
1/βi

= M(k1, k2, . . . , kn)
n∏

i=1

 ki∑
mi=1

mi∑
si=1

(
pi,siφi

(
A

(pi)
i,si

pi,si

))βi
1/βi

= M(k1, k2, . . . , kn)
n∏

i=1

 ki∑
mi=1

(ki −mi + 1)

(
pi,mi

φi

(
A

(pi)
i,mi

pi,mi

))βi
1/βi

.
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The proof is complete.

Remark 1. Taking for βi = n−1
n (i = 1, . . . , n) in (3), (3) changes to

k1∑
m1=1

· · ·
kn∑

mn=1

∏n
i=1 φi(

a
pi
i,mi

pi
)

(m1 + · · ·+mn)−n/(n−1)

≥ M̄(k1, k2, . . . , kn)
n∏

i=1

 ki∑
mi=1

(ki −mi + 1)

(
pi,mi

φi

(
A

(pi)
i,mi

pi,mi

))(n−1)/n
n/(n−1)

,

(7)

where

M̄(k1, k2, . . . , kn) = nn/(n−1)
n∏

i=1

(
ki∑

mi=1

(
φi(Pi,mi)
Pi,mi

)−(n−1)
)−1/(n−1)

.

Taking for n = 2 and pi = 1(i = 1, 2) in (7), (7) becomes

k1∑
m1=1

k2∑
m2=1

φ1(a1,m1)φ2(a2,m2)
(m1 +m2)−2

≥

≥M(k1, k2)
( k1∑

m1=1

(
k1 −m1 + 1

)(
p1,m1φ1

(∇(a1,m1)
p1,m1

))1/2
)2

×
( k2∑

m2=1

(
k2 −m2 + 1

)(
p2,m2φ2

(∇(a2,m2)
p2,m2

))1/2
)2

, (8)

where

M(k1, k2) = 4

(
k1∑

m1=1

(φ1

(
P1,m1

)
P1,m1

)−1
)−1( k2∑

m2=1

(φ2

(
P2,m2

)
P2,m2

)−1
)−1

,

and

∇(a1,m1) = a1,m1 − a1,m1−1,∇(a2,m2) = a2,m2 − a2,m2−1.

Inequality (8) is just an reverse form of inequality (1) which was stated in

the introduction.

Theorem 2. Let fi(σi) ∈ C1[[0, xi), [0,∞)], i = 1, . . . , n, with fi(0) = 0,

Let pi(σi) be n positive functions defined for σi ∈ [0, xi)(i = 1, 2, · · · , n) and define

Pi(si) =
∫ si

0
pi(σi)dσi, for si ∈ [0, xi), where xi are positive real numbers and set

F
(pi)
i,σi

= f ′i(σi)f
pi−1
i (σi), where pi are real numbers. Let φi(i = 1, 2, . . . , n) be n
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real-valued nonnegative concave and supermultiplicative functions defined on R+ =

[0,+∞). Let αi, βi and α be as in Theorem 1. Then

∫ x1

0

· · ·
∫ xn

0

∏n
i=1 φi

(
f

pi
i (si)

pi

)
(
α
∑n

i=1
1
αi
si

)1/α
ds1 · · · dsn

≥ L(x1, · · · , xn)
n∏

i=1

∫ xi

0

(xi − si)

(
pi(si)φi(

F
(pi)
i,si

pi(si)
)

)βi

dsi

1/βi

, (9)

where

L(x1, · · · , xn) =
n∏

i=1

(∫ xi

0

(
φi (Pi(si))
Pi(si)

)αi

dsi

)1/αi

.

Proof. From the hypotheses, we have

fpi

i (si) = pi

∫ si

0

F
(pi)
i,σi

dσi, si ∈ [0, xi).

By using Jensen integral inequality and inverse Hölder integral inequality

and notice that φi(i = 1, 2, · · · , n) are n real-valued supermultiplicative functions, it

is easy to observe that

n∏
i=1

φi

(
fpi

i (si)
pi

)
=

n∏
i=1

φi


Pi(si)

∫ si

0
pi(σi)

F
(pi)
i,σi

pi(σi)
dσi∫ si

0
pi(σi)dσi



≥
n∏

i=1

φi(Pi(si))φi


∫ si

0
pi(σi)

F
(pi)
i,σi

pi(σi)
dσi∫ si

0
pi(σi)dσi

 ≥
n∏

i=1

φi (Pi(si))
Pi(si)

∫ si

0

pi(σi)φi

(
F

(pi)
i,σi

pi(σi)

)
dσi

≥
n∏

i=1

(
φi (Pi(si))
Pi(si)

)
s
1/αi

i

∫ si

0

(
pi(σi)φi

(
F

(pi)
i,σi

pi(σi)

))βi

dσi

1/βi

. (10)

In view of inequality (5) and integrating two sides of (10) over si from 0 to xi(i =

1, 2, . . . , n) and noticing reverse Hölder integral inequality, we observe that∫ x1

0

· · ·
∫ xn

0

∏n
i=1 φi(

f
pi
i (si)

pi
)(

α
∑n

i=1
1
αi
si

)1/α
ds1 · · · dsn
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≥
n∏

i=1

∫ xi

0

(
φi (Pi(si))
Pi(si)

)∫ si

0

(
pi(σi)φi

(
F

(pi)
i,σi

pi(σi)

))βi

dσi

1/βi

dsi

≥
n∏

i=1

(∫ xi

0

(
φi (Pi(si))
Pi(si)

)αi

dsi

)1/αi

∫ xi

0

∫ si

0

(
pi(σi)φi

(
F

(pi)
i,σi

pi(σi)

))βi

dσidsi

1/βi

= L(x1, . . . , xn)
n∏

i=1

∫ xi

0

(xi − si)

(
pi(si)φi(

F
(pi)
i,si

pi(si)
)

)βi

dsi

1/βi

.

This completes the proof of Theorem 2.

Remark 2. Taking for βi = n−1
n (i = 1, . . . , n) in (9), (9) changes to∫ x1

0

· · ·
∫ xn

0

∏n
i=1 φi(

f
pi
i (si)

pi
)

(s1 + · · ·+ sn)−n/(n−1)
ds1 · · · dsn

≥ L̄(x1, · · · , xn)
n∏

i=1

∫ xi

0

(xi − si)

(
pi(si)φi(

F
(pi)
i,si

pi(si)
)

)(n−1)/n

dsi

n/(n−1)

, (11)

where

L̄(x1, · · · , xn) = nn/(n−1)
n∏

i=1

(∫ xi

0

(
φi (Pi(si))
Pi(si)

)−(n−1)

dsi

)−1/(n−1)

.

Taking n = 2 and pi = 1 to (11), (11) changes to

∫ x1

0

∫ x2

0

φ1

(
f1(s1)

)
φ2

(
f2(s2)

)
(s1 + s2)−2

ds1ds2 ≥

≥ L(x1, x2)

(∫ x1

0

(x1 − s1)
(
p1(s1)φ1

(f ′1(s1)
p1(s1)

))1/2

ds1

)2

×

(∫ x2

0

(x2 − s2)
(
p2(s2)φ2

(f ′2(s2)
p2(s2)

))1/2

ds2

)2

, (12)

where

L̄(x1, x2) = 4

(∫ x1

0

(φ1

(
P1(s1)

)
P1(s1)

)−1

ds1

)−1(∫ x2

0

(φ2

(
P2(s2)

)
P2(s2)

)−1

ds2

)−1

.

Inequality (12) is just an reverse form of inequality (2) which was stated in

the introduction.
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Inequalities, J. Math. Anal. Appl., 257(2001), 238-250.

[3] Gao Minzhe and Yang Bicheng, On the extended Hilbert’s inequality, Proc. Amer. Math.

Soc., 126(1998), 751-759.

[4] Kuang Jichang, On new extensions of Hilbert’s integral inequality, J. Math. Anal. Appl.,

235(1999), 608-614.

[5] Yang Bicheng, On new generalizations of Hilbert’s inequality, J. Math. Anal. Appl.,

248(2000), 29-40.

[6] Zhao Changjian, On Inverses of disperse and continuous Pachpatte’s inequalities, Acta

Math. Sin., 46(2003), 1111-1116.

[7] Zhao Changjian, Generalizations on two new Hilbert type inequalities, J. Math.,

20(2000), 413-416.

[8] Zhao Changjian and L. Debnath, Some New Inverse Type Hilbert Integral Inequalities,

J. Math. Anal. Appl., 262(2001), 411-418.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

UNIQUENESS ALGEBRAIC CONDITIONS IN THE STUDY
OF SECOND ORDER DIFFERENTIAL SYSTEMS

CRISTIAN CHIFU-OROS

Abstract. The purpose of this paper is to give some algebraic conditions

for the coefficients of an second order differential system in order to obtain

some uniqueness and comparison results.

1. Introduction

Let us consider the following second order differential system:

Lu := δ2In
d2u

dx2
+ B (x)

du

dx
+ C (x) u = 0, δ > 0, (1)

where B,C ∈ C ([a, b] ,Mn (R)) , and the following statement:

u ∈ C2 ([a, b] , Rn)

Lu = 0, in ]a, b[

u (a) = u (b) = 0

 =⇒ u ≡ 0 in [a, b] (2)

It is well known the fact that if u satisfies a maximum principle, then the statement

(2) automatically take place. The aim of this paper is to determine effective algebraic

conditions for B,C such that the statement (2) to take place, without using a maxi-

mum principle. Let A ∈ Mn(R), J the Jordan normal form of A. We know that there

exist a nonsingular matrix T such that A = TJT−1.

Received by the editors: 26.10.2004.

2000 Mathematics Subject Classification. Second order differential system, estimation of the minimum

value of a matrix norm, uniqueness and comparison theorems.
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We will denote:

α̃ =


1
n

s∑
k=1

nkλk, λk ∈ R

1
n

s∑
k=1

nk Reλk, λk ∈ C\R

γF = ‖T‖F ·
∥∥T−1

∥∥
F

mF = ‖J − α̃I‖F

where λk are the eigenvalues of A, nk is the number of λk which appears in Jordan

blocks (generated by λk) and ‖·‖F is the euclidean norm of a matrix (see [2]).

We shall use the following result given in [2]:

Theorem 1. Let ϕ‖·‖ : R → R, ϕ‖·‖(α) = ‖A− αIn‖ , ‖·‖ being one of the following

norms: ‖·‖F , ‖·‖1, ‖·‖2, ‖·‖∞. In these conditions:

ϕ‖·‖(α̃) ≤
√

nγF mF .

Remark 1. In case of euclidean norm ‖·‖F and spectral norm ‖·‖2 we have that

ϕ‖·‖(α̃) ≤ γF mF (see [2]). Because n ≥ 2, if mF 6= 0, then:

ϕ‖·‖(α̃) <
√

nγF mF .

Conditions determined here will be very useful to obtain comparison results

(see Section 3 of the paper).

2. Establishing the conditions in which the statement (2) take place

Let u ∈ C2 ([a, b] , Rn), u 6= 0, a solution of the system (1) with the property

that u (a) = u (b) = 0. We have:

u∗Lu = δ2u∗
d2u

dx2
+ u∗B (x)

du

dx
+ u∗C (x) u

δ2 d

dx

(
u∗

du

dx

)
= u∗Lu− u∗B (x)

du

dx
− u∗C (x) u + δ2 du∗

dx

du

dx
.
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If we integrate on [a, b], we obtain:

b∫
a

(
δ2 du∗

dx

du

dx
− u∗B (x)

du

dx
− u∗C (x) u

)
dx = 0.

Let us denote

E := δ2 du∗

dx

du

dx
− u∗B (x)

du

dx
− u∗C (x) u.

We shall show that under some assumptions for the coefficients B and C this expres-

sion is positive which will imply the fact that the integral can not be zero on [a, b] ,

only if E ≡ 0. Let u = R · e, where R = ‖u‖ =
(

n∑
i=1

u2
i

) 1
2

,

e ∈ C2 ([a, b] , Rn) , e =



e1

.

.

.

en


, e∗ = (e1, ..., en) , ‖e‖ =

(
n∑

i=1

e2
i

) 1
2

= 1.

A simple computation shows us that

E = δ2 (R′)2 + e∗B (x) eRR′ − (e∗Le)R2 (3)

where

e∗Le = −δ2 ‖e′‖2 + e∗B (x) e′ + e∗C (x) e.

The quadric form (3) is positive if and only if

[e∗B (x) e]2 + 4δ2e∗Le ≤ 0. (4)

It is simple to see that:

e∗Le ≤ 1
4δ2

∥∥∥B (x)− β̃ (x) In

∥∥∥2

+ e∗C (x) e

From Theorem 1 we know that for every x ∈ ]a, b[ there exist β̃ (x) ∈ R such that∥∥∥B (x)− β̃ (x) In

∥∥∥ ≤ γF mF .

If we suppose that mF 6= 0, than we have:∥∥∥B (x)− β̃ (x) In

∥∥∥ < γF mF .

63



CRISTIAN CHIFU-OROS

Under assumption that

e∗C (x) e ≤ − 1
4δ2

n (γF mF )2 ,∀x ∈ ]a, b[ (5)

we obtain:

e∗Le ≤ 1
4δ2

[∥∥∥B (x)− β̃ (x) In

∥∥∥2

− n (γF mF )2
]

:= −p2 (x) < 0. (6)

Supposing that

e∗B (x) e ≤ 2δp (x) , (7)

we observe that the relation (4) take place. In conclusion if (5) and (7) take place,

then the quadric form (3) is positive and that means that the integral can not be

identically null, only if E ≡ 0. But, if E ≡ 0, then

d

dx

(
u∗

du

dx

)
= 0,

meaning that ‖u‖2 is constant. Because u (a) = u (b) = 0, we obtain that u ≡ 0. In

this way, if mF 6= 0, we obtain the following result:

Theorem 2. Suppose that:

1. e∗C (x) e ≤ − 1
4δ2 n (γF mF )2 ,∀x ∈ ]a, b[ ;

2. e∗B (x) e ≤ 2δp (x) ;

∀e ∈ C2 ([a, b] , Rn) , ‖e‖ =
(

n∑
i=1

e2
i

) 1
2

= 1, with p as in (6) . In these condi-

tions the statement (2) take place.

Example 1. If we consider system (1), in the case n = 2, with B =

 a1 a2

a3 a1

 ,

a2, a3 > 0, a2
1 ≤ a2

2 + 4a2a3 + a2
3, we have an example of matrix B which verifies (7),

with p2 = 1
4δ2

(
3a2

2 + 8a2a3 + 3a2
3

)
.

Remark 2. If mF = 0, then the statement (2) still take place if

e∗C (x) e ≤ − 1
4δ2

(
β̃ (x)

)2

,∀x ∈ ]a, b[ .
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3. A comparison result

Let us consider the following second order differential systems:

Lu := λ2 d2u

dx2
+ B (x)

du

dx
+ C (x) u = 0 (8)

Mv := µ2 d2u

dx2
+ Q (x) v = 0, (9)

with B ∈ C1 ([a, b] ,Mn (R)) , C, Q ∈ C ([a, b] ,Mn (R)) , λ > µ > 0. Using the same

method as in section 2 of this paper we obtain the following result (in case mF 6= 0):

Theorem 3. Suppose:

1. Q is symmetric;

2. There exist a solution matrix S of system (9) such that detS (x) 6= 0 in

[a, b] and the matrix dS
dx S−1 is symmetric..

If:

(i): e∗ (C (x)−Q (x)) e ≤ − 1
4δ2 n (γF mF )2 ,∀x ∈ ]a, b[ ;

(ii): e∗B (x) e ≤ 2δp (x) ,∀x ∈ ]a, b[ .

∀e ∈ C2 ([a, b] , Rn) , ‖e‖ =
(

n∑
i=1

e2
i

) 1
2

= 1,with δ2 = λ2 − µ2,

p2 (x) = 1
4δ2

[
n (γF mF )2 −

∥∥∥B (x)− β̃ (x) In

∥∥∥2
]

> 0, then the system (8) is non-

oscillatory.

Remark 3. If mF = 0, conditions (i) and (ii) from Theorem 3 are reduced to:

e∗ (C (x)−Q (x)) e ≤ − 1
4δ2

(
β̃ (x)

)2

,∀x ∈ ]a, b[ .

Remark 4. Theorem 3 improve a result given by I.A. Rus in [5] .
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[2] C. Chifu-Oros, Minimum value of a matrix norm with applications to maximum prin-

ciples for second order differential systems, Bulletin Mathematique de la Societe Math-

ematiques de Roumanie, 46(94), 1-2, 2003.

[3] R. Precup, Ecuaţii cu derivate parţiale, Transilvania Press, Cluj-Napoca, 1993.

65



CRISTIAN CHIFU-OROS

[4] A. I. Rus, Asupra unicităţii soluţiei problemei Dirichlet relativ la sisteme tari eliptice

de ordinul al doilea, St. Cercet. Mat., 20, 9(1968), 1337-1352.

[5] I. A. Rus, Theoremes de comparaisons pour les systemes d’equations differentielles du

second ordre, Boll. U.M.I.(4), 4-5(1968), 540-542.

[6] I. A. Rus, Maximum principles for elliptic systems, International Series of Numerical

Mathematics, vol. 107, Birkhauser Verlag, Basel, 1992.
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ON THE INVARIANCE PROPERTY
OF THE FISHER INFORMATION (I)

CRISTINA-IOANA FĂTU

Abstract. The objective of this paper is to give some properties for the

Fisher’s information measure when Xa↔b represents a bilateral truncated

random variable that corresponds to a normal random variable X with the

probability density function f(x; θ), where θ = (m, σ2), θ ∈ Dθ, Dθ ⊆ R2,

m ∈ R, σ2 ∈ R+.

The Fisher’s invariance property will be studied in the case of a truncated

normal distribution.

Let X be a normal distribution with probability density function

f(x;m,σ2) =
1√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

, x ∈ R, (1)

where the parameters m and σ have their usual significance, namely: m = E(X),

σ2 = V ar(X), m ∈ R, σ > 0.

Definition 1. [1] We say that the random variable X has a normal distribution

truncated to the left at X = a, a ∈ R and to the right at X = b, b ∈ R, denoted by

Xa↔b, if its probability density function, denoted by fa↔b(x;m,σ2), has the form

fa↔b(x;m,σ2) =


k(a, b)√

2πσ
exp

{
−1

2

(
x−m

σ

)2
}

if a ≤ x ≤ b,

0 if x < a or x > b,

(2)

where
k(a, b) =

1
A

=
1

Φ
(

b−m

σ

)
− Φ

(
a−m

σ

) ,
(3)

Received by the editors: 15.12.2004.
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Φ(z) =
1√
2π

z∫
−∞

exp
(
− t2

2

)
dt, (4)

Φ(−∞) = 0, Φ(0) =
1
2
, Φ(+∞) = 1, Φ(−z) = 1− Φ(z), (5)

Φ(z) is the standard normal distribution function corresponding to the standard nor-

mal random variable

Z =
X −m

σ
, E(Z) = 0, V ar(Z) = 1. (6)

The probability density function of the random variable Z has the form

f(z; 0, 1) = f(z) =
1√
2π

exp
(
− t2

2

)
, z ∈ (−∞,+∞). (7)

Remark 1. A truncated probability distribution can be regarded as a conditional

probability distribution in the sense that if X has an unrestricted distribution with

probability density function f(x) then fa↔b(x), as defined above, is the probability

density function which governs the behavior of X subject to the condition that X is

known to lie in [a, b].

Theorem 1. [2] Let Xa↔b be a random variable with a normal distribution truncated

to the left at X = a and to the right at X = b. Then

E(Xa↔b) = m− σ2

A

[
f(b;m,σ2)− f(a;m,σ2)

]
, (8)

where

f(a;m,σ2) = f(x;m,σ2) |x=a=
1√
2πσ

exp

(
−1

2

(
a−m

σ

)2
)

, (9)

f(b;m,σ2) = f(x;m,σ2) |x=b=
1√
2πσ

exp

(
−1

2

(
b−m

σ

)2
)

. (10)

Theorem 2. [2] Let Xa↔b be a random variable with a normal distribution truncated

to the left at X = a and to the right at X = b. Then

E(X2
a↔b) = m2 + σ2 − σ2

A

(
(m + b)f(b;m,σ2)− (m + a)f(b;m,σ2)

)
. (11)
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Corollary 1. [2] If Xa↔b is a random variable with a normal distribution truncated

to the left at X = a and to the right at X = b, then

V ar(Xa↔b) = σ2 +

(
σ2
)2

A2

(
f(b;m,σ2)− f(a;m,σ2)

)2
+ (12)

+
σ2

A

(
(m− b)f(b;m,σ2)− (m− a)f(a;m,σ2)

)
. (13)

Corollary 2. [1] For the random variables Xa←, X→b and X we have

lim
a→−∞

fa↔b(x;m,σ2) = f→b(x;m,σ2) = (14)

=


1

Φ
(

b−m

σ

) . f(x;m,σ2) if x ≤ b

0 if x > b,

(15)

lim
b→+∞

fa↔b(x;m,σ2) = fa←(x;m,σ2) = (16)

=


1

1− Φ
(

a−m

σ

) . f(x;m,σ2) if x ≥ a

0 if x < a,

(17)

and

lim
a→−∞,
b→+∞

fa↔b(x;m,σ2) = f(x;m,σ2) = (18)

=
1√
2πσ

exp

(
−1

2

(
x−m

σ

)2
)

if x ∈ R, (19)

where f→b(x;m,σ2) is the probability density function when X→b has a normal distri-

bution truncated to the right at X = b; fa←(x;m,σ2) is the probability density function

when Xa← has a normal distribution truncated to the left at X = a and f(x;m,σ2)

is the probability density function when X has an ordinary normal distribution.
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Corollary 3. [1] For the random variables Xa←, X→b and X we have

E(Xa←) = lim
b→+∞

E(Xa↔b) = (20)

= m +
σ2

1− Φ
(

a−m
σ

)f(a;m,σ2), (21)

E(X→b) = lim
a→−∞

E(Xa↔b) = (22)

= m− σ2

Φ
(

b−m
σ

)f(b;m,σ2), (23)

and

E(X) = lim
a→−∞,
b→+∞

E(Xa↔b) = (24)

= m. (25)

Corollary 4. [1] For the random variables Xa←, X→b and X we have

V ar(Xa←) = lim
b→+∞

V ar(Xa↔b) = (26)

= σ2 +

(
σ2
)2

f2(a;m,σ2)(
1− Φ(a−m

σ )
)2 − σ2(m− a)f(a;m,σ2)

1− Φ(a−m
σ )

, (27)

V ar(X→b) = lim
a→−∞

V ar(Xa↔b) = (28)

= σ2 +

(
σ2
)2

f2(b;m,σ2)
Φ2( b−m

σ )
+

σ2(m− b)f(b;m,σ2)
Φ( b−m

σ )
, (29)

and

V ar(X) = lim
a→−∞,
b→+∞

V ar(Xa↔b) = σ2. (30)

Let consider the case: m−an unknown parameter, σ2−a known parameter.
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Theorem 3. [2] If the random variable Xa↔b has a bilateral truncated normal dis-

tribution, that is, its probability distribution has the form (2), then the Fisher’s in-

formation measure, about the unknown parameter m, has the following form

IXa↔b
(m) =

b∫
a

(
∂ ln f

a↔b
(x;m,σ2)

∂m

)2

f
a↔b

(x;m,σ2)dx = (31)

=
1
σ2
− [f(b;m,σ2)− f(a;m,σ2)]2√

2πσA2
+

+
(m− b)f(b;m,σ2)− (m− a)f(a;m,σ2)

σ2A
, (32)

where f(a;m,σ2) and f(b;m,σ2) are given in (9) and (10).

Corollary 5. If a = m−σ, b = m+σ, then the Fisher’s information measure, relative

to the unknown parameter m, has the following value

IXm−σ↔m+σ
(m) =

1
σ2

(
1− 1

0, 341
√

2πe

)
, (33)

moreover, we obtain the inequality

IXm−σ↔m+σ
(m) < IX(m). (34)

Corollary 6. (Invariance of the Fisher information - the first form) If we consider

values a = m, b = m+σ or a = m−σ, b = m, then the Fisher’s information measures,

relative to the unknown parameter m, has the same value, namely

IXm↔m+σ (m) = IXm−σ↔m(m) =
1
σ2

{
1−

(
(1−

√
e)2(√

2πe.0, 341
)2 +

1√
2πe.0, 341

)}
,

(35)

moreover, we have the following inequality

IXm↔m+σ
(m) = IXm−σ↔m

(m) < IX(m). (36)
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Corollary 7. If a = m − kσ, b = m + kσ, k ∈ N∗, then the Fisher’s information

measure, relative to the unknown parameter m, can be written like

IXm−kσ↔m+kσ
(m) =

1
σ2

{
1− 2k√

2πek2(2Φ(k)− 1)

}
, k ∈ N∗, (37)

moreover, we obtain the inequality

IXm−kσ↔m+kσ
(m) <

1
σ2

= IX(m), k ∈ N∗. (38)

Remark 2. In the particular case k = 3 we obtain a bilateral truncated random

variable Xm−kσ↔m+kσ and the Fisher’s information measure, relative to the unknown

parameter m, can be written like

IXm−3σ↔m+3σ (m) =
1
σ2

[
1− 1√

2πee4.0, 166

]
, (39)

moreover, we obtain the inequality

IXm−3σ↔m+3σ
(m) <

1
σ2

= IX(m). (40)

Corollary 8. For the random variables Xa←, X→b and X the Fisher’s information

measures have the following forms

IXa←(m) = lim
b→+∞

IXa↔b
(m) = (41)

=
1
σ2
− (m− a)f(a;m,σ2)

σ2

(
1− Φ

(
a−m

σ

)) − .f2(a;m,σ2)(
1− Φ

(
a−m

σ

))2 , (42)

IX→b
(m) = lim

a→−∞
IXa↔b

(m) = (43)

=
1
σ2

+
(m− b)f(b;m,σ2)

σ2Φ
(

b−m

σ

) − f2(b;m,σ2)

Φ2

(
a−m

σ

) , (44)

and

IX(m) = lim
a→−∞,
b→+∞

IXa↔b
(m) =

1
σ2

. (45)
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Corollary 9. If b = m, then from (5) we obtain Φ (0) = 1
2 and from (44) it results

the inequality

IX→m
(m) =

1
σ2

(
1− 2

π

)
<

1
σ2

= IX(m). (46)

Corollary 10. If b = m− σ, then from (5) we obtain

Φ(−1) = 1− Φ(1) = 0, 159, (47)

and from (44), the following relations

IX→m−σ
(m) =

1
σ2

(
1 +

1√
2πeΦ (−1)

− 1(√
2πeΦ (−1)

)2
)

, (48)

moreover, the inequalities

IX→m(m) < IX(m) < IX→m−σ (m). (49)

Corollary 11. If b = m + σ, we have the following relations

IX→m+σ (m) =
1
σ2

{
1−

(
1√

2πeΦ (1)
+

1(√
2πeΦ (1)

)2
)}

, (50)

moreover, the inequalities

IX→m+σ
(m) < IX→m

(m) < IX(m) < IX→m−σ
(m). (51)

Proof. From (44), it results the equality (50) which imply the inequality

IX→m+σ
(m) =

1
σ2

{
1−

(
1√

2πeΦ (1)
+

1(√
2πeΦ (1)

)2
)}

<
1
σ2

= IX(m). (52)

Then, from (49) and (52) it results the inequalities

IX→m+σ (m) < IX(m) < IX→m−σ (m). (53)

Now, from (46), the inequality (51) is reduced to the following inequality

IX→m+σ
(m) < I→m(m). (54)
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Using the relations (46) and (50), we observe that this last inequality is equivalent to

the inequalities

1√
2πeΦ (1)

+
1(√

2πeΦ (1)
)2 <

2√
2πeΦ (1)

<
2
π

,

or to the inequality

π <
√

2πeΦ (1) .

This last inequality results using the approximations: π ≈ 3, 14, e ≈ 2, 72, Φ(1) =

0, 841.

Corollary 12. If a = m, then from (5) we obtain Φ (0) = 1
2 and from (42) it results

the inequality

IXm←(m) =
1
σ2

(
1− 2

π

)
<

1
σ2

= IX(m). (55)

Corollary 13. If a = m− σ, then from (5) we obtain

1− Φ(−1) = Φ(1) = 0, 841, (56)

and from (42) it results the equality

IXm−σ←(m) =
1
σ2

{
1−

(
1√

2πeΦ (1)
+

1(√
2πeΦ (1)

)2
)}

, (57)

moreover, the inequality

IXm−σ←(m) < IX(m). (58)

Corollary 14. If a = m+σ, then from (5) we obtain Φ(−1) = 0, 159, and from (42)

it results the equality

IXm+σ←(m) =
1
σ2

{
1 +

(
1√

2πeΦ (−1)
− 1(√

2πeΦ (−1)
)2
)}

, (59)

moreover, the inequalities

IXm−σ←(m) < Im←(m) < IX(m) < IXm+σ←(m) (60)
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Proof. From the relation (42), we obtain the equality (59) which imply the inequality

IXm+σ←(m) =
1
σ2

{
1 +

(
1√

2πeΦ (−1)
− 1(√

2πeΦ (−1)
)2
)}

>
1
σ2

= IX(m). (61)

From (58) and (61) it results the inequalities

IXm−σ←(m) < IX(m) < IXm+σ←(m). (62)

Now, regarding the inequalities (55) and (62), we observe that the inequality (60) is

reduced to the inequality

IXm−σ←(m) < IXm←(m). (63)

By the relations (55) and (57), we observe that this last inequality is equivalent to

the inequality

1
σ2

{
1−

(
1√

2πeΦ (1)
+

1(√
2πeΦ (1)

)2
)}

<
1
σ2

(
1− 2

π

)
,

or to the inequalities

1√
2πeΦ (1)

+
1(√

2πeΦ (1)
)2 <

2√
2πeΦ (1)

<
2
π

.

The last inequality is equivalent to the inequality
√

2πeΦ (1) <
(√

2πeΦ (1)
)2

which

imply the inequality

π <
√

2πeΦ (1) . (64)

Using the approximations: π ≈ 3, 14, e ≈ 2, 72 and Φ(1) = 0, 841, the last inequality

is true, because

√
2πeΦ (1) ≈

√
2× 3, 14× 2, 72.0, 841 ≈ 4, 13.0, 841 ≈ 3, 475.

The invariance of Fisher’s information is ilustrated in the following corollaries.
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Corollary 15. (the second form)

IX→m+σ
(m) = IX−∞↔m+σ

(m) = (65)

=
1
σ2

{
1−

(
1√

2πeΦ (1)
+

1(√
2πeΦ (1)

)2
)}

= (66)

= IXm−σ←(m) = IXm−σ↔+∞(m). (67)

Proof. Using the relations (50) and (57), the proof is obviously.

Corollary 16. (the third form)

IX→m−σ
(m) = IX−∞↔m−σ

(m) = (68)

=
1
σ2

(
1 +

1√
2πeΦ (−1)

− 1(√
2πeΦ (−1)

)2
)

= IXm+σ↔+∞(m). (69)

Proof. Using the relations (48) and (59), the proof is obviously.

Corollary 17. (the fourth form)

IX→m(m) = IX−∞↔m(m) =
1
σ2

(
1− 2

π

)
= IXm←(m) = IXm↔+∞ . (70)

Proof. Using the relations (46) and (55), the proof is obviously.
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A NEW DIFFERENTIAL INEQUALITY II

GHEORGHE OROS, GEORGIA IRINA OROS, ADRIANA CĂTAŞ

Abstract. We find conditions on the complex-valued functions A and B,

in the unit disc U such that the differential inequality

Re [A(z)p2(z) + B(z)p(z)− α(zp′(z))
2k

+ β(zp′(z))2k−1−
−γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η] > 0

implies Re p(z) > 0, where α, β, γ, δ ≥ 0, η < αn2k

22k +
βn2k−1

22k−1 +
γn2k−2

22k−2 +

δn2k−3

22k−3 , p ∈ H[1, n] and k ∈ N, k ≥ 2

1. Introduction and preliminaries

We let H[U ] denote the class of holomorphic functions in the unit disc

U = {z ∈ C : | z |< 1}.

For a ∈ C and n ∈ N∗ we let

H[a, n] = {f ∈ H[U ], f(z) = a+ anz
n + an+1z

n+1 + ..., z ∈ U}

and

An = {f ∈ H[U ], f(z) = z + an+1z
n+1 + an+2z

n+2 + ..., z ∈ U}

with A1 = A.

In order to prove the new results we shall use the following lemma, which is

a particular form of Theorem 2.3.i[1,p.35].

Lemma A. [1,p.35] Let ψ : C2 × U → C a function which satisfies

Re ψ(ρi, σ; z) ≤ 0,
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where ρ, σ ∈ R, σ ≤ −n2 (1 + ρ2) z ∈ U and n ≥ 1.

If p ∈ H[1, n] and

Re ψ (p(z), zp′(z); z) > 0

then

Rep(z) > 0.

2. Main results

Theorem 1. Let α, β, γ, δ ≥ 0, η < αn2k

22k + βn2k−1

22k−1 + γn2k−2

22k−2 + δn2k−3

22k−3 and

let n, k be positive integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −αn
2k

22k 2k − βn2k−1

22k−1 (2k − 1)−

−γn
2k−2

22k−2 (2k − 2)− δn2k−3

22k−3 (2k − 3)

(ii)(ImB(z))2 ≤ 4
(
αn2k

22k 2k + βn2k−1

22k−1 (2k − 1)+

+γn2k−2

22k−2 (2k − 2) + δn2k−3

22k−3 (2k − 3) +ReA(z)
)
·

·
(
αn2k

22k + βn2k−1

22k−1 + γn2k−2

22k−2 + δn2k−3

22k−3 − η

)

(1)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z)− α(zp′(z))2k + β(zp′(z))2k−1−

−γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η] > 0 (2)

then

Rep(z) > 0.

Proof. We let ψ : C2 × U → C be defined by

ψ(p(z), zp′(z); z) = A(z)p2(z) +B(z)p(z)− α(zp′(z))2k+

+β(zp′(z))2k−1 − γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η (3)
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From (2) we have

Reψ(p(z), zp′(z); z) > 0 for z ∈ U. (4)

For ρ, σ ∈ R satisfying σ ≤ −n2 (1 + ρ2), hence

−σ2k ≤ −n
2k

22k
(1 + ρ2)2k; σ2k−1 ≤ −n

2k−1

22k−1
(1 + ρ2)2k−1

−σ2k−2 ≤ −n
2k−2

22k−2
(1 + ρ2)2k−2; σ2k−3 ≤ −n

2k−3

22k−3
(1 + ρ2)2k−3

and z ∈ U , by using (1) we obtain

Reψ(ρi, σ; z) = Re [A(z)(ρi)2 +B(z)ρi− ασ2k+

+βσ2k−1 − γσ2k−2 + δσ2k−3 + η] =

= −ρ2ReA(z)− ρ ImB(z)− ασ2k + βσ2k−1 − γσ2k−2 + δσ2k−3 + η ≤

≤ −ρ2ReA(z)− ρ ImB(z)− αn2k

22k
(1 + ρ2)2k − βn2k−1

22k−1
(1 + ρ2)2k−1−

−γn
2k−2

22k−2
(1 + ρ2)2k−2 − δn2k−3

22k−3
(1 + ρ2)2k−3 + η =

= −αn
2k

22k
(ρ2)2k −

(
αn2k

22k
C2k−1

2k +
βn2k−1

22k−1
C2k−1

2k−1

)
(ρ2)2k−1−

−
(
αn2k

22k
C2k−2

2k +
βn2k−1

22k−1
C2k−2

2k−1 +
γn2k−2

22k−2
C2k−2

2k−2

)
(ρ2)2k−2 − . . .−

−
[(

αn2k

22k
2k +

βn2k−1

22k−1
(2k − 1) +

γn2k−2

22k−2
(2k − 2)+

+
δn2k−3

22k−3
(2k − 3) +ReA(z)

)
ρ2 + ρ ImB(z)+

+
αn2k

22k
+
βn2k−1

22k−1
+
γn2k−2

22k−2
+
δn2k−3

22k−3
− η

]
≤ 0.

By using Lemma A we have that Rep(z) > 0. �

If α = 0 and β = 0, then Theorem 1 can be rewritten as follows:
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Corollary 1. Let γ, δ ≥ 0, η < γn2k−2

22k−2 + δn2k−3

22k−3 and let n, k be positive

integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −γn
2k−2

22k−2 (2k − 2)− δn2k−3

22k−3 (2k − 3)

(ii)(ImB(z))2 ≤4
(
γn2k−2

22k−2 (2k−2) + δn2k−3

22k−3 (2k−3) +ReA(z)
)

·
(
γn2k−2

22k−2 + δn2k−3

22k−3 − η

)
(5)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z)− γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η] > 0 (6)

then

Rep(z) > 0.

Remarks. 1. This result from Corollary 1 was obtained in Theorem 1 from

[2].

2. For α = 0, k = 2 we obtain Theorem 1 from [3].

If α = 0, then Theorem 1 can be rewritten as follows:

Corollary 2. Let β, γ, δ ≥ 0, η < βn2k−1

22k−1 + γn2k−2

22k−2 + δn2k−3

22k−3 and let n, k

be positive integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −βn
2k−1

22k−1 (2k − 1)− γn2k−2

22k−2 (2k − 2)−

−δn
2k−3

22k−3 (2k − 3)

(ii)(ImB(z))2 ≤ 4
(
βn2k−1

22k−1 (2k − 1) + +γn2k−2

22k−2 (2k − 2)

+δn2k−3

22k−3 (2k−3)+ReA(z)
)(
βn2k−1

22k−1 + γn2k−2

22k−2 + δn2k−3

22k−3 − η

)
(7)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z) + β(zp′(z))2k−1−
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−γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η] > 0 (8)

then

Rep(z) > 0.

If β = 0, then Theorem 1 can be rewritten as follows.

Corollary 3. Let α, γ, δ ≥ 0, η < αn2k

22k + γn2k−2

22k−2 + δn2k−3

22k−3 and let n, k be

positive integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −αn
2k

22k 2k − γn2k−2

22k−2 (2k − 2)− δn2k−3

22k−3 (2k − 3)

(ii)(ImB(z))2 ≤ 4
(
αn2k

22k 2k + γn2k−2

22k−2 (2k − 2)+

+δn2k−3

22k−3 (2k − 3) +ReA(z)
)(
αn2k

22k + γn2k−2

22k−2 + δn2k−3

22k−3 − η

)
(9)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z)− α(zp′(z))2k−

−γ(zp′(z))2k−2 + δ(zp′(z))2k−3 + η] > 0 (10)

then

Rep(z) > 0.

If γ = 0, then Theorem 1 can be rewritten as follows.

Corollary 4. Let α, β, δ ≥ 0, η < αn2k

22k + βn2k−1

22k−1 + δn2k−3

22k−3 and let n, k be

positive integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −αn
2k

22k 2k − βn2k−1

22k−1 (2k − 1)− δn2k−3

22k−3 (2k − 3)

(ii)(ImB(z))2 ≤ 4
(
αn2k

22k 2k + βn2k−1

22k−1 (2k − 1)+

+δn2k−3

22k−3 (2k−3) +ReA(z)
)(
αn2k

22k + βn2k−1

22k−1 + δn2k−3

22k−3 − η

)
(11)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z)− α(zp′(z))2k + β(zp′(z))2k−1−
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+δ(zp′(z))2k−3 + η] > 0 (12)

then

Rep(z) > 0.

If δ = 0, then Theorem 1 can be rewritten as follows:

Corollary 5. Let α, β, γ ≥ 0, η < αn2k

22k + βn2k−1

22k−1 + γn2k−2

22k−2 and let n, k

be positive integers, k ≥ 2. Suppose that the functions A,B : U → C satisfy

(i)ReA(z) > −αn
2k

22k 2k − βn2k−1

22k−1 (2k − 1)− γn2k−2

22k−2 (2k − 2)

(ii)(ImB(z))2 ≤ 4
(
αn2k

22k 2k + βn2k−1

22k−1 (2k − 1)+

+γn2k−2

22k−2 (2k−2) +ReA(z)
)(
αn2k

22k + βn2k−1

22k−1 + γn2k−2

22k−2 − η

)
(13)

If p ∈ H[1, n] and

Re [A(z)p2(z) +B(z)p(z)− α(zp′(z))2k + β(zp′(z))2k−1−

−γ(zp′(z))2k−2 + η] > 0 (14)

then

Rep(z) > 0.
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[2] Georgia Irina Oros, Adriana Cătaş, On a special differential inequality I,(submitted).
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HÖLDER ESTIMATES OF HIGHER ORDER DERIVATIVES
FOR EVOLUTIONARY MONGE-AMPÉRE EQUATION

ON A RIEMANNIAN MANIFOLD

N. RATINER

Abstract. Let (V, g) be a compact Riemannian manifold. For u ∈ C2(V )

we consider the form gij + ∇iju. If the form is positive definite, it gives

a new metric on V . The Monge-Ampére operator on V is the quotient of

determinants: M(u) = |gij +∇iju|/|gij |. The paper deals with the Cauchy

problem for the evolutionary Monge-Ampére type equation:

−∂u

∂t
+ ln M(u) = f(t, x, u), (t, x) ∈ [0, T ]× V,

u(0, x) = u0(x).

Hölder estimates for higher order derivatives ut and ∇iju of a solution u

are proved.

1. Introduction

The paper deals with the apriory estimates of solutions of the Cauchy prob-

lem for the evolutionary Monge-Ampére type equation on Riemannian manifolds and

continues [1],[2].

Let (V, g) be a smooth compact Riemannian manifold, dim V = m. We

consider the Levi-Civita connection on V , it defines the covariant differentiation on

V . The Levi-Civita connection is the unique symmetric connection with vanishing

torsion tensor, for which the covariant derivative of the metric tensor is zero. Let

x1, . . . , xm be a local coordinate system on V , and ∂1, . . . , ∂m, where ∂k = ∂
∂xk , be
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the corresponding basic vector fields. Suppose u(x) is a function on V at least twice

continuously differentiable. By ∇iu = ∇∂i
u we denote the covariant derivative, and

∇iju = ∇i(∇ju) second order covariant derivative. Let (gij(x)) be the matrix of the

metric g in a local coordinates. We consider the form gu with matrix gij(x)+∇iju(x)

in the local coordinate system. A function u(x) is said to be admissible provided

the form gu is positive definite. An admissible function gives a new metric on V .

By |gij | and |gu
ij | we denote determinants of metrics. The quotient M(u)(x) =

|gu
ij(x)|/|gij(x)| is a positive function on V . We call u → M(u) the Monge-Ampere

type operator by analogy with the classical Monge-Ampére operator. The distinc-

tion between M(u) and the classical operator is the following. The classical operator

is the Hesse matrix of a function u, but M(u) contains sum of the matrix (gij) and

Hesse matrix. The classical operator is defined on the convex set of symmetric positive

definite matrix, for M(u) we shall consider a bundle with convex fibres.

We consider the product [0, T ]×V with the same metric g and connection ∇

for each t ∈ [0, t]. Let u(t, x) be at least twice continuously differentiable function on

[0, T ]×V with respect to spatial variables. The function u(t, x) is said to be admissible

provided the form gu
ij(t) = gij + ∇iju(t, ·) is positive definite for all t ∈ [0, 1]. An

admissible function u(t, x) defines the family of metrics gu(t), t ∈ [0, 1] on V . Applying

M to u(t, x), we obtain the function M(u)(t, x) depending on two variables.

We consider the evolutionary equation

−∂u

∂t
+ lnM(u) = f(t, x, u), (t, x) ∈ [0, T ]× V, (1)

with initial condition:

u(0, x) = u0(x). (2)

The stationary equation with M(u) arises in some geometrical problem. For

example, the condition that describes Einstein-Kähler manifolds is proportionality of

the Ricci tensor and the metric tensor, it was first proposed by Einstein as the equation

of the gravity field in vacuum. The question of existence of Einstein-Káhler metric

leads to the stationary Monge-Ampére type equation. The proof of the famous Calabi

conjecture, which asserts that every form representing the first Chern class is the Ricci
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form of some Kähler metric, proved in 1976 by S.T.Yau and T.Aubin independently,

is based on the existence theorem for stationary Monge-Ampére equation (see [3], [4],

[5],[6] for more details).

Evolutionary equations with classical Monge-Ampére operator on a bounded

domain in the n-dimensional space arise in the problem of deformation of a hyper-

surface with rapid controlled by the mean curvature. Papers of many authors are de-

voted to the last problem, e.g. papers of N.Uraltseva, V.Oliker, N.Ivochkina, K.Tso,

G.Huisken and others.

The aim of the paper is the Hölder constant estimates for the higher order

derivatives for solutions of (1-2). In the proof we use the following estimates obtained

in [1],[2].

Theorem 1. ([1], th.1) Let u(t, x) be an admissible function and belong to

C
(
[0, T ], C2(V )

)
. By D denote the diameter of V . Then we have

max
[0,t]×V

|∇xu| ≤ 2D.

Theorem 2. ([1], th.2) Suppose u(t, x) is an admissible solution of (1)-(2) and be-

longs C
(
[0, T ], C3(V )

) ⋂
C1

(
[0, T ], C2(V )

) ⋂
C2 ([0, T ], C(V )). Let the right hand

side f(t, x, u)of equation (1) be bounded and have bounded first order partial deriva-

tives, fu(t, x, u) ≥ δ > 0 on [0, T ]× V ×R1. Then

|ut(x, t)| ≤ M1,

where M1 depends on the diameter D, metric g, ‖u0‖C1(V ), ‖f‖C1(V ), and δ.

As usual we denote by (gij) elements of matrix g in a local coordinates, (gij)

elements of inverse matrix, also we denote by (gu
ij) elements of matrix gu and (gij

u )

elements of corresponding inverse matrix.

Theorem 3. Let u(t, x) be an admissible solution of (1)-(2) and belong

C
(
[0, T ], C4(V )

) ⋂
C1

(
[0, T ], C2(V )

) ⋂
C2 ([0, T ], C(V )). Suppose the right

hand side f(t, x, u) is bounded and has bounded partial derivatives up to the second

order, fu(t, x, u) ≥ δ > 0 on [0, T ] × V × R1. Then all metrics generated by the

solution u(t, x) of (1)-(2) are uniformly equivalent, i.e. there are positive constants
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c1, c2, depending on the diameter D, metric tensor g, curvature tensor of V , ‖f‖C2(V ),

δ, ‖u0‖C2(V ), and independent on (t, x) such that

c1gijξ
iξj ≤ gu

ijξ
iξj ≤ c2gijξ

iξj ; (3)

1/c2g
ijξiξj ≤ gij

u ξiξj ≤ 1/c1g
ijξiξj . (4)

for all ξ = (ξ1, . . . , ξm) ∈ Rm.

Theorem 4. Let u(t, x) be a solution of (1-2) and belong to C
(
[0, T ], C4(V )

) ⋂
C1

(
[0, T ], C2(V )

) ⋂
C2 ([0, T ], C(V )). Under the assumptions of theorem 3 we have

0 < m−∆u ≤ K,

where K depends on the same values as c1, c2 in theorem 3.

2. Some properties of the operator M(u)

Let us consider the set of all square matrix of order m, we identify it with

Rm2
. Denote by S ∈ Rm2

the subset of symmetric positive definite matrix. S is open

and convex. Write a = (aij) for elements of S.

Let us cover V by finite number of local charts (Ωk, ϕk)q
k=1 and choose open

sets Ω′
k, Ω̄′

k ⊂ Ωk, such that ϕk(Ω′
k) convex in Rm and

q⋃
k=1

Ω′
k = V . Fix an index k,

we shall proceed throughout Ω̄′
k in the local coordinates of chart (Ωk, ϕk).

Fix x ∈ Ω̄′
k, then g(x) ∈ S. Denote by Sx the following subset in Rm2

:

Sx = {a ∈ Rm2
| g(x) + a = (gij(x) + aij) ∈ S}.

We consider the fibre bundle π : S → Ω̄′
k with fibre π−1(x) = Sx and total space

S =
⋃

x∈Ω̄′
k

Sx.

Fibres of the bundle π are open convex subset in Rm2
and every fibre is

homeomorphic to S. The bundle π is trivializable, i.e. there is a homeomorphism

ϕ : S→ Ω̄′
k × S such that the following diagram is commutative:

S
ϕ−→ Ω̄′

k × S

π ↘ ↙ p1

Ω̄′
k

,
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where p1 : Ω̄′
k × S → Ω̄′

k is the projection on the first factor, p1(x, a) = x.

Indeed, we put ϕ(x, a) = (x, a + g(x)). The map ϕ is one-to-one:

1. if (x1, a1 + g(x1)) = (x2, a2 + g(x2)), then x1 = x2 and a1 + g(x1) =

a2 + g(x1) ⇒ a1 = a2.

2. if (x, b) ∈ Ω̄′
k × S, then ϕ(x, b− g(x)) = (x, b− g(x) + g(x)) = (x, b).

The map ϕ is continuous due to continuity of g, the inverse map ϕ−1(x, b) = (x, b−

g(x)) is also continuous .

Together with π : S→ Ω̄′
k we consider the bundle π̄ : [0, T ]× S→ [0, T ]× Ω̄′

k

whose fibre over (t, x) coincides with the fibre Sx of π over x: π̄−1(t, x) = π−1(x) = Sx.

By S̄ = [0, T ]× S we denote the total space of the bundle π̄.

On the bundle S we consider the following function F : S→ R1:

F (x, a) = ln
|g(x) + a|
|g(x)|

.

We extend F identically to S̄: F (t, x, a) = F (x, a). It is easily seen that the restric-

tion F to a fibre Sx of the bundles S and S̄ is a convex function of m2 variables.

Indeed, ∂F
∂(aij)

= gij
a , where gij

a is an element of the inverse matrix (g(x)+a)−1. Then
∂2F

∂(aij)∂(akl)
= −gik

a glj
a ([1], lemma 1). Thus ∂2F

∂aij∂akl
ξijξkl = −gik

a glj
a ξijξkl is a negative

definite form, i.e. the function F |Sx
is a convex function of m2 variables.

Let Λ: [0, T ]× Ω̄′
k → S̄, Λ(t, x) = (t, x, λ(t, x)), λ(t, x) ∈ Sx, be a continuous

section of the bundle π̄. Assume that there are exist positive constants c1, c2 such

that

c1|ξ|2 ≤ (gij(x) + λij(t, x))ξiξj ≤ c2|ξ|2 (5)

for all (t, x) ∈ [0, T ]× Ω̄′
k.

We consider the superposition

F (x, λ(t, x)) = ln
|g(x) + λ(t, x)|

|g(x)|
.

Denote by

ρ(z1, z2) = |t− τ |1/2 + |x− y| (6)

the parabolic distance between points z1 = (t, x), z2 = (τ, y) ∈ [0, T ]× Ω̄′
k.
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Lemma 1. Suppose the metric g and section Λij are C2+α. Let Mα
Λ be the maximal

Hölder constant for λij. Then

|F (x, λ(z1))− F (y, λ(z2))| ≤ N1ρ
α(z1, z2) + N2|x− y|α,

for all z1 = (t, x), z2 = (τ, y) ∈ [0, T ] × Ω̄′
k with constant N1 depending on

c1,m, ‖g‖C2+α ,Mα
Λ and constant N2 depending on m, ‖g‖C2+α .

Proof.

F (x, λ(t, x))− F (y, λ(τ, y)) = ln |g(x)+λ(t,x)|
|g(x)| − ln |g(y)+λ(τ,y)|

|g(y)| =

= [ln |g(x) + λ(t, x)| − ln |g(y) + λ(τ, y)|] + [ln |g(y)| − ln |g(x)|].
(7)

We start with the first term. For all θ ∈ [0, 1] the form gθ = θ[g(x) + λ(t, x)] + (1 −

θ)[g(y) + λ(τ, y)] is positive definite. Let us consider the function ϕ(θ) = ln |gθ|. We

have

ϕ′(θ) =
1
|gθ|

gij
θ |gθ|

d

dθ
(gθ)ij = gij

θ [gij(x)− gij(y) + λij(t, x)− λij(τ, y)],

where (gθ)ij are elements of matrix gθ, gij
θ are elements of the inverse matrix. Then

ln |g(x) + λ(t, x)| − ln |g(y) + λ(τ, y)| = ϕ(1)− ϕ(0) =
1∫
0

ϕ′(θ) dθ =

=
∑
ij

dij [gij(x)− gij(y) + λij(t, x)− λij(τ, y)],
(8)

where

dij =

1∫
0

gij
θ dθ. (9)

Since matrices g(x) + λ(t, x) satisfy condition (5), then the matrix gθ satisfies (5) as

well, and for elements of the inverse matrix we have

1
c2
|ξ|2 ≤ gij

θ ξiξj ≤
1
c1
|ξ|2.

Integrating the above inequality with respect to θ from 0 to 1 we get

1
c2
|ξ|2 ≤ dijξiξj ≤

1
c1
|ξ|2. (10)
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HÖLDER ESTIMATES FOR MONGE-AMPÉRE EQUATION

Then

ln |g(x) + λ(t, x)| − ln |g(y) + λ(τ, y)| ≤

≤
∑
ij

|dij |(|gij(x)− gij(y)|+ |λij(t, x)− λij(τ, y)|) ≤

≤ 1
c1

∑
ij

(Mα
g |x− y|α + Mα

Λρ(z1, z2)α) ≤ m2

c1
(Mα

g + Mα
Λ )ρα(z1, z2),

(11)

where Mα
g is the maximal Hölder constant for gij .

To obtain estimate for the second term we denote for a while g(x) = a,

g(y) = b and consider ln |s| as a function of m2 variables s = (sij) ∈ S.

| ln |a| − ln |b| | ≤
∑
ij

sup
t∈[0,1]

∂ ln |s|
∂sij

(ta + (1− t)b)|bij − aij |.

Since for any matrix s = (sij) we have ∂ ln |s|
∂sij

= sij , then

| ln |a| − ln |b| | ≤
∑
ij

sup
t∈[0,1]

(ta + (1− t)b)ij |bij − aij |.

Put G = {g(x), x ∈ Ω̄′
k} and let co G be its convex hull. Let Mg be the bound for

elements of matrices that are inverse to matrices from co G. Then

| ln |g(x)| − ln |g(y)|| ≤ MgM
α
g m2|x− y|α. (12)

Combining (11) - (12) we obtain the estimate that we need.

We shall use equality (8) ones more to obtain the following:

Lemma 2. Under the assumptions of lemma 1 we have

∑
ij

dij [λij(t, x)− λij(τ, y)] = F (x, λ(t, x))− F (y, λ(τ, y)) + F1(x, y),

where dij are given by (9) and F1(x, y) satisfies Hölder condition

|F1(x, y)| ≤ M̂g|x− y|α

with M̂g = Mα
g (1/c1 + Mg)m2.
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Proof. From (8) and(7) we have:∑
ij

dij [λij(t, x)− λij(τ, y)] =

ln |g(x) + λ(t, x)| − ln |g(y) + λ(τ, y)|+
∑
ij

dij [gij(y)− gij(x)] =

F (x, λ(t, x))− F (y, λ(τ, y)) + [ln |g(x)| − ln |g(y)|] +∑
ij

dij [gij(y)− gij(x)].

(13)

Consider F1(x, y) = [ln |g(x)|− ln |g(y)|]+
∑
ij

dij [gij(y)−gij(x)]. Inequalities (10) and

(12) give

|F1(x, y)| ≤ Mα
g (1/c1 + Mg)m2|x− y|α (14)

3. Hölder Estimate for ut

Theorem 5. Let u(t, x) be a solution of (1-2) from the space C
(
[0, T ], C4(V )

) ⋂
C1

(
[0, T ], C2(V )

) ⋂
C2 ([0, T ], C(V )). Assume that the right hand side f(t, x, u)

bounded and has bounded derivatives up to the second order, fu(t, x, u) ≥ δ > 0

on [0, T ]× V ×R1. Let u0 be an admissible function from C2+α(V ). Then

|ut(z1)− ut(z2)| ≤ Nρβ(z1, z2) (15)

with some power β ∈ (0, α] depending on dimension m and constants c1, c2 from

theorem 3. The constant N depends on β, m, c1 c2, D, g, ‖u0‖C2+α , ‖f‖C2 , and on

δ.

Proof. Fix a number ρ0, 0 < ρ0 < 1/2, we begin with estimate for ut on the cylinder

[ρ0, T ]× V .

Suppose that the manifold V is covered by charts (Ωk, ϕk) whose images coin-

cide with B1(0), where Br(0) is the ball in the Euclidean space Rm of radius r centered

at the origin, and preimages Ω′
k of balls B1/2(0) cover V as well. Differentiating (1)

in t within local coordinates of chart Ωk, we have:

−∂ut

∂t
+ gαβ

u ∇αβut = ft + fuut
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Write v = ut. We have got a linear equation with respect to v:

Lv = ft, (16)

where

L = −∂/∂t + gαβ
u ∇αβ − fu

is a uniformly parabolic operator due to theorem 3.

By Q and Qρ we denote cylinders Q = (0, T )×B1(0), Qρ = (ρ, T )×B1/2(0)

in Rm+1. By ∂′Q denote the parabolic boundary of the cylinder Q: ∂′Q =(
{0} × B̄1(0)

) ⋃ (
(0, T )× ∂B1(0)

)
. Let ρ(z, z′) be the parabolic distance (6) between

points z = (t, x), z′ = (t′, z′), for a point z ∈ Q we write

ρ(z) = inf{ρ(z, z′), z′ = (t′, x′) ∈ ∂Q, t′ < t}, (17)

ρ(z) is said to be the parabolic distance from z to the boundary of Q.

Note that inf{ρ(z), z ∈ Qρ0} = ρ0.

For a solution v = ut of uniformly parabolic equation (16) there is the fol-

lowing Hölder estimate ([7],theorem IV.2.7, p.120): for z1 = (x1, t1), z2 = (x2, t2),

z1, z2 ∈ Qρ0 ,

|ut(z1)− ut(z2)| ≤ N(sup
Q
|ut|+ ‖Lut‖Lm+1(Q))ργ(z1, z2)

with some power γ ∈ (0, 1), depending on m and constants c1, c2 from theorem 3.

The constant N depends on m, c1 c2 as well, and extra on sup |fu| and distance ρ0

from the parabolic boundary.

Using the estimate of |ut| (theorem 2) and the equality Lut = ft, we get

|ut(z1)− ut(z2)| ≤ N1ρ
γ(z1, z2) (18)

with N1 depending on m, c1, c2, δ, ρ0, D, metric tensor g, initial function u0, right

hand side f , and their derivatives up to the second order.

Before getting an estimate of v = ut for small t ∈ (0, ρ0), let us consider the

case t = 0.
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If t = 0, then from equation (1) and initial condition (2) we have

ut(0, x) = lnM(u)(0, x)− f(0, x, u0). (19)

The initial function u0 ∈ C2+α(V ) defines the continuous section Λ0 : Ω̄′
k → S

of the bundle π : S → Ω̄′
k as follows: Λ0(x) = (x,∇iju0(x)). For the section Λ0 we

have constants c1 and c2 in (5) are equal to the minimal and maximal eigenvalues

of matrices (gij(x) +∇iju0(x)) and depend on the initial metric g and second order

derivatives of the initial function.

Application of lemma 1 gives

| lnM(u0)(x)− lnM(u0)(y)| ≤ (N1 + N2)|x− y|α,

where N = N1 + N2 depends on m, ‖g‖C2+α , ‖u0‖C2+α .

On the other hand,

|f(0, x, u0(x))− f(0, y, u0(y))| =∣∣∣∑m
i=1

∂f
∂xi (0, θx + (1− θ)y, θu0(x) + (1− θ)u0(y))(xi − yi)+

fu(0, θx1 + (1− θ)x2, θu0(x1) + (1− θ)u0(x2))(u0(x1)− u0(x2))| ≤

sup
∣∣∣ ∂f
∂xi

∣∣∣ |x− y|+ sup |fu| sup |∂u0
∂xi ||x− y|.

Thus from (19) we have

|ut(0, x)− ut(0, y)| ≤ N0|x− y|α,

where α is the Hölder power of u0 and N0 depends on m, ‖g‖C2+α , ‖u0‖C2+α , and first

order derivatives of f .

To estimate ut on the cylinder (0, ρ0) × V we use another theorem ([7],th.

IV.4.5, p.142). Choose a covering (Ωk, ϕk) of V such that images of Ωk in the space

Rm coincide with balls of radius r = 3
√

2 centered at (3, 0, . . . , 0) ∈ Rm and preimages

Ω′
k of sets {(x1, . . . , xm) : 1/2 < x1 < 2, |xi| < 1, i = 2, · · · ,m} cover V as well. Then

we apply the theorem mentioned above to uniformly parabolic equation (16). It claims

existence of a constant γ̃0 ∈ (0, 1), γ̃0 ≤ α, depending on m, c1 c2 such that for every

γ̃ ∈ (0, γ̃0] we have the following estimate

|u(z1)− u(z2)| ≤ ργ̃(z1, z2)(Mγ̃ + M2 + M1q
−γ̃)N (20)
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HÖLDER ESTIMATES FOR MONGE-AMPÉRE EQUATION

with constant N depending on α, m, c1, c2, sup |fu|, where Mγ̃ is the Hölder constant

for ut(0, x) on the lower base t = 0, which corresponds to the power γ̃, M2 is the

bound for the right hand side ft of equation (16), M1 is a constant from theorem 2,

and q = 1/2 due to the choice of charts.

Then inequalities (18) and (20) give the estimate that we need on the hole

cylinder [0, T ]× V with power β = min{γ, γ̃}.

4. Hölder Estimates for ∇iju

Theorem 6. Let u(t, x) be a solution of (1-2) from the space C
(
[0, T ], C4(V )

)⋂
C1

(
[0, T ], C2(V )

) ⋂
C2 ([0, T ], C(V )). Assume that the right hand side

f(t, x, u) is bounded and has bounded derivatives up to the second order, fu(t, x, u) ≥

δ > 0 on [0, T ] × V × R1. Suppose that u0 is an admissible function and belongs to

C2+α(V ). Then

|∇iju(z1)−∇iju(z2)| ≤ Nρβ(z1, z2) (21)

with some power β ∈ (0, α] depending on m and constants c1, c2 from theorem 3. The

constant N depends on β, m, c1 c2, diameter D, metric g, ‖u0‖C2+α , ‖f‖C2 , and δ.

Proof. Suppose that V is covered by local charts in the same way as in the proof of

theorem 5. Let z = (t, x) be a fixed point in (0, T ] × ϕk(Ωk). Let γ be an arbitrary

direction in the model space. Differentiating (1) with respect to γ, we have:

− ∂

∂t
∇γu + gαβ

u ∇γαβu = fγ + fu∇γu.

Differentiating once more, we get

− ∂
∂t∇γγu +∇γ(gαβ

u )∇γαβu + gαβ
u ∇γγαβu =

= ∇γ(fγ) +∇γ(fu)∇γu + fu∇γγu.

Write w = ∇γγu, then

−wt − gαk
u glβ

u ∇γklu∇γαβu + gαβ
u ∇αβw + E

= fγγ + 2fuγ∇γu + fuu(∇γu)2 + fuw,
(22)
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where E = gαβ
u (∇γγαβu − ∇αβγγu). Commutation formulas for forth order covari-

ant derivatives, which contain coefficients of the curvature tensor and second order

covariant derivatives, imply the following estimate ([5], lemma 2):

|E| ≤ [a(m−∆u) + b]gλµ
u gλµ + c, (23)

where a, b, c are positive constants, depending on diameter and curvature tensor of

V . Using the estimate of (m−∆u) (theorem 2) and uniformly equivalence of metrics

gu (theorem 3), we obtain

|E| ≤ 1
c1

(aK + b)gλµgλµ + c =
1
c1

(aK + b)m + c
def
= M.

Let u(t, x) be a solution of (1-2). Denote by L the linear differential operator Lw =

−wt + gαβ
u ∇αβw− fuw. Coefficients gαβ

u at higher order derivatives continuous if the

solution u(t, x) has continuous derivatives with respect to spatial variables up to the

second order. The second term in (22) nonnegative since F is convex. Therefore we

get the following linear differential inequality :

Lw ≥ −E + fγγ + 2fuγ∇γu + fuu(∇γu)2.

Second order derivatives of the right hand side f are bounded, and we have

the estimate |∇γu| ≤ 2D, thus we obtain the inequality

Lw ≥ −K1, (24)

with a constant K1 > 0 depends on diameter and curvature tensor of V , and on

‖f‖C2 .

We are going to use Hölder estimates for solutions of a system of uniformly

parabolic inequalities ([7]), but we need one more inequality. It will be obtained

separately for interior points and for points near the base {0} × V of cylinder. Fix a

number ρ0, 0 < ρ0 < 1/2, and choose cylinders Q and Qρ as in theorem 5.

Each solution u(t, x) of (1) is an admissible function and determine the con-

tinuous solution Λu of the bundle S̄:

Λu(t, x) = (t, x, λu(t, x)) = (t, x,∇iju(t, x)).
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The above section satisfies condition (5) (theorem 3) with c1, c2 depending on diameter

of V , metric g, curvature tensor, ‖f‖C2 , δ, and ‖u0‖C2 . Lemma 2 implies∑
ij

dij [∇iju(t, x)−∇iju(τ, y)] = F (x, λu(t, x))− F (y, λu(τ, y)) + F1(x, y), (25)

where F1(x, y) satisfies Hölder’s condition with power α and Hölder’s constant M̂g =

Mα
g (1/c1 + Mg)m2. In (25) we have

F (x, λu(t, x)) = F (x,∇iju(t, x)) = lnM(u)(t, x), (26)

Let us write equation (1) at points z = (t, x), z′ = (τ, y) ∈ Qρ0 :

−ut(t, x) + lnM(u)(t, x) = f(t, x, u(t, x)),

−ut(τ, y) + lnM(u)(τ, y) = f(τ, y, u(τ, y)).

Subtracting yields:

lnM(u)(t, x)− lnM(u)(τ, y) =

[ut(t, x)− ut(τ, y)] + [f(t, x, u(t, x))− f(τ, y, u(τ, y)].

Then using the Hölder estimate for ut (theorem 5), mean value theorem for f(t, x, u)

regarded as a function of three variables, and estimates from theorems 1, 2, we get

| lnM(u)(t, x)− lnM(u)(τ, y)| ≤ |ut(t, x)− ut(τ, y)|+

|f(t, x, u(t, x))− f(τ, y, u(τ, y)| ≤ Nρβ(z1, z2)+

sup |ft||t− τ |+ sup |∇xf ||x− y|+ sup |fu||u(t, x)− u(τ, y)| ≤

N1ρ
β(z1, z2),

(27)

with β is Hölder’s power for ut; N1 depends on β, m, c1 c2, D, g, ‖u0‖C2+α , ‖f‖C2 ,

and δ.

Therefore from (25), (26), and (27) we have∑
ij

dij(∇iju(t, x)−∇iju(τ, y)) ≤

N1ρ
β(z1, z2) + M̂g|x− y|α ≤ N2ρ

β(z1, z2).
(28)

where N2 depends on the same values as N1 and Hölder’s constant of coefficients of

g.
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Now we use lemma from [7]( p.212, lemma V.5.4)(see also [8], lemma 5.2, for

another wording). It claims that for all positive definite matrices (aij) satisfying the

condition

d1|ξ|2 ≤ aijξiξj ≤ d2|ξ|2, (29)

there exists a natural number n, unit vectors γ1, · · · , γn, and d ∈ (0, 1), depending on

m, d1, d2, such that the following inequality holds

aijuij ≥ d
n∑

i=1

(uγiγi
)+ − 3d2

n∑
i=1

(uγiγi
)−, (30)

where uγi
denotes the derivative in the direction of vector γi and c+ = max{0, c},

c− = max{0,−c}.

The above claim contains partial derivatives, but it is true for covariant

derivatives due to linearity of the covariant derivative with respect to subscript vec-

tor field. Indeed, inequality (30) is based on presentation of a matrix A = (aij)

in the form A =
n∑

i=1

βi(A)γi ⊗ γi, which implies presentation of a linear oper-

ator: Lu = tr(A · D2u) =
n∑

i=1

βi(A)γk
i γl

i∇klu. Here γk
i γl

i∇klu = ∇γiγj u. In-

deed, let γ be a direction, γ = γk∂k, where γk are constant coefficients. Then

∇γu = ∇γ1∂k+···+γm∂m
u =

∑
k

γk∇ku and ∇γγu = ∇γ(
∑
k

γkuk) =
∑
k

γk∇γ(∇ku) =∑
k,l

γkγl∇l(∇ku) =
∑
k,l

γkγl∇lku =
∑
k,l

γkγl∇klu.

Applying (28) to dij∇iju(t, x) and dij∇ij(−u(τ, y)), and note that (−c)+ =

c−, (−c)− = c+ we get:∑
ij

dij(∇iju(t, x)−∇iju(τ, y)) ≥

d
n∑

i=1

((∇γiγiu(t, x)−∇γiγiu(τ, y)))+ − 3
c1

n∑
i=1

((∇γiγiu(t, x)−∇γiγiu(τ, y)))−.

Write wi = ∇γiγi
u. The above inequality together with (28) imply:

N2c1
3 ρβ(z1, z2) ≥

dc1
3

n∑
i=1

(wi(t, x)− wi(τ, y))+ −
n∑

i=1

(wi(t, x)− wi(τ, y))−.
(31)

Therefore, for every point z = (t, x) in the fixed local chart we have uniformly

parabolic inequality (24) and for all z = (t, x), z′ = (τ, y) ∈ Qρ0 inequality (31). Put
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K2 = max{K1, N2c1/3}, then we shall consider the same constant K2 in the right

hand sides of both inequalities (24), (31).

Now we are ready to use theorem [7](. IV.3.1, .122), which gives Hölder

estimates for solutions of system of linear parabolic inequalities. In this theorem we

take fi(r) ≡ r and ν = α = β, where β is the Hólder power for ut (theorem 5).

The theorem mentioned above claims existence of power β0 ∈ (0, 1), depending on

n, d, m, c1, c2, such that for all β′ ≤ min{β0, β} and all z1, z2 ∈ Qρ0 the following

inequality holds

m∑
i=1

|wi(z1)− wi(z2)| ≤ ρ̃−β′
ρβ′

(z1, z2)N(K2ρ̃
β +

m∑
i=1

sup
Q
|wi|), (32)

where ρ̃ = min{ρ(z1), ρ(z2), 1} and ρ(z) is the parabolic distance from z to the bound-

ary Qρ0 (evidently ρ̃ ≥ ρ0). The constant N depends on the same values as β0 and

extra on sup |fu|, β.

Thus substituting ρ0 for ρ̃ in denominator and 1 for ρ̃ in numerator we get

the estimate on [ρ0, T ]× V :

m∑
i=1

|wi(z1)− wi(z2)| ≤ ρ0
−β′

ρβ′
(z1, z2)N1, (33)

with N1 depending on diameter, ‖g‖C0+α , curvature tensor, ‖f‖C2 , δ, ‖u0‖C2+α and

β, where β is the Hölder power for ut.

To obtain the estimate on [0, ρ0) × V we use ([7], theorem IV.5.1, p.147).

Proceeding in the same way as in theorem 5 we cover V with charts (Ωk, ϕk) such

that images of Ωk in the space Rm coincide with balls of radius r = 3
√

2 centered

at (3, 0, . . . , 0) ∈ Rm and preimages Ω′
k of sets {(x1, . . . , xm) : 1/2 < x1 < 2, |xi| <

1, i = 2, · · · ,m} cover V as well. Then the theorem mentioned above claims that

inequalities (24) and (31) imply existence of a constant γ̃0 ∈ (0, 1), depending on

n, m, c1, c2, d, such that for every γ̃ ∈ (0,min{γ̃0, β}] the following inequality holds

n∑
i=1

|wi(z1)− wi(z2)| ≤ ργ̃(z1, z2)(Mγ̃ + K2 + Mq−γ̃)N (34)
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with N depending on n, m, c1, c2, sup |fu|, γ, β, where Mγ̃ is the largest Hólder

constant of ∇γiγi
u0 with power γ̃, M = sup∇γiγi

u, and q = 1/2 due to the choice of

charts.

References

[1] V. G. Zvyagin, N. M. Ratiner, Estimates for first order derivatives for solutions of

the Cauchy problem for evolutionary Monge-Ampere equation, (in Russian), Vestnik of

Voronezh State University, Series Phys. Math. 2001, N1, 100-103.

[2] N. M. Ratiner, On the uniform equivalence of metrics generated by solutions of the

Cauchy problem for the evolutionary Monge-Ampere type equation, (in Russian), Vestnik

of Voronezh State University, Series Phys. Math. 2003, N2, 210-215.

[3] T. Aubin, Nonlinear Analysis on Manifolds. Monge-Ampère Equations, Grundlehren

der mathematischen Wissenschaften 252, Springer-Verlag, 1982, 204p.

[4] T. Aubin, Métrique riemanniennes et courbure, J. Diff.Géo. 1970, V.4, 383-424.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

FRACTIONAL BROWNIAN MOTION USING CONTRACTION
METHOD IN PROBABILISTIC METRIC SPACES

A. SOÓS

Abstract. In this paper we show how the random scaling law can be

generalized such that the fractional Brownian motion satisfies it. Using

the contraction method in probabilistic metric spaces, we give existence

and uniqueness conditions for fractional Brownian motion.

The fractional Brownian motion (fBm) has been introduced in 1968 by Man-

delbrot and Van Ness. For any H in [0, 1] we denote by {BH
t : t ∈ [0, 1]} the fractional

Brownian motion of index H (Hurst parameter), and it is the centered Gaussian pro-

cess whose covariance kernel is given by

RH(s, t) = E(BH
s BH

t ) :=
VH

2
(
s2H + t2H − |t− s|2H

)
,

where

VH :=
Γ(2− 2H)cos(πH)

πH(1− 2H)
.

The theoretical study of the fractional Brownian motion was originally motivated by

new problems in mathematical finance and telecommunication networks. In engineer-

ing applications of stochastic processes it is often used to model the input of system.

These real inputs exhibit long-range dependence: the behavior of a real process after

a given time t does not only depend on the situation at time t but also on the whole

history of the process up to time t.

Another property of the fBm encountered in applications is the self similarity:

the behavior of fBm is stochastically the same, up to a space-scaling, i.e. the process
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{Xαt, t ∈ [0, 1]} has the same law as the process {αHXt, t ∈ [0, 1]}, where H ∈]0, 1[

and α > 0.

Since RH is a positive definite operator, the Bochner-Milos theorem en-

sures that, for any value of H ∈ [0, 1], there exists a unique probability measure

on C0([0, 1]; R) such that the canonical process is a fBm.

Using fractal theory methods Hutchinson and Rüschendorf [2] have obtained

the classical Brownian motion (H = 1
2 ) as the invariant set for an iterated function

system.

A first theory of selfsimilar fractal sets and measures was developed in

Hutchinson [1]. Falconer, Graf, Mouldin and Williams, and Arbeiter randomized

each step in the approximation process to obtain self-similar random fractal sets and

measures. Recently Hutchinson and Rüschendorf [3] gave a simple proof for the ex-

istence and uniqueness of random fractal sets, measures and fractal functions using

probability metrics defined by expectation.

In this paper we use probabilistic metric spaces techniques in order to prove

that the fBm can be characterized as the fixed point of a scaling law.

1. Invariant sets in E-spaces

Let X be a nonempty set. We denote by ∆+ denote the set of all distribution

functions F with F (0) = 0. A Menger space is a triplet (X,F , T ), where F : X×X →

∆+ is a mapping with the following properties:

10. Fx,y(t) = Fy,x(t) for all x, y ∈ X and t ∈ R;

20. Fx,y(t) = 1, for every t > 0, if and only if x = y;

30. Fx,y(s + t) ≥ T (Fx,z(s), Fz,y(t)) for all x, y, z ∈ X and s, t ∈ R+,

and T is a t-norm.

A mapping T : [0, 1]× [0, 1] → [0, 1] is called a t-norm if the following condi-

tions are satisfied:

40. T (a, 1) = a for every a ∈ [0, 1];

50. T (a, b) = T (b, a) for every a, b ∈ [0, 1]

60. if a ≥ c and b ≥ d then T (a, b) ≥ T (c, d);
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70. T (a, T (b, c)) = T (T (a, b), c) for every a, b, c ∈ [0, 1].

The mapping f : X → X is said to be a contraction if there exists r ∈]0, 1[

such that

Ff(x),f(y)(rt) ≥ Fx,y(t)

for every x, y ∈ X and t ∈ R+.

A sequence (xn)n∈N from X is said to be Cauchy if

lim
n,m→∞

Fxm,xn(t) = 1 for all t > 0.

The element x ∈ X is called limit of the sequence (xn)n∈N if limn→∞ Fx,xn
(t) = 1

for all t > 0. A probabilistic metric (Menger) space is said to be complete if every

Cauchy sequence in this space is convergent.

The notion of E-space was introduced by Sherwood [7] in 1969. Let (Ω,K, P )

be a probability space and let (Y, ρ) be a metric space. The ordered pair (E ,F) is an

E-space over the metric space (Y, ρ) if the elements of E are random variables from Ω

into Y and F : E × E → ∆+ defined by F(x, y) = Fx,y, where

Fx,y(t) = P ({ω ∈ Ω| d(x(ω), y(ω)) < t})

for every t ∈ R. The E-space (E ,F) is said to be complete if the Menger space

(E ,F , Tm) is complete, where Tm(x, y) = max{x + y − 1, 0}.

In the sequel we will use the following result proved in [4]:

Theorem 1.1. Let (E ,F) be a complete E- space, N ∈ N∗, and let f1, ..., fN : E → E

be contractions with ratio r1, ...rN , respectively. Suppose that there exists an element

z ∈ E and a real number γ such that

P ({ω ∈ Ω|ρ(z(ω), fi(z(ω)) ≥ t}) ≤ γ

t
, (1)

for all i ∈ {1, .., N} and for all t > 0. Then there exists a unique nonempty closed

bounded and compact subset K of E such that

f1(K) ∪ ... ∪ fN (K) = K.
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Corollary 1.1. Let (E ,F) be a complete E- space, and let f : E → E be a contraction

with ratio r. Suppose that there exists z ∈ E and a real number γ such that

P ({ω ∈ Ω| ρ(z(ω), f(z)(ω)) ≥ t}) ≤ γ

t
for all t > 0.

Then there exists a unique x0 ∈ E such that f(x0) = x0.

2. Scaling law and Brownian motion

Denote by (X, d) a complete separable metric space. Let g : I → X, where

I ⊂ R is a closed bounded interval, N ∈ N and let I = I1∪ I2∪ · · ·∪ IN be a partition

of I into disjoint subintervals. Let Φi : I → Ii be increasing Lipschitz maps with

pi = LipΦi. If gi : Ii → X, for i ∈ {1, ..., N} define tigi : I → X by

(tigi) (x) = gj(x) for x ∈ Ij .

A scaling law S is an N-tuple (S1, ...., SN ), N ≥ 2, of Lipschitz maps Si : X → X.

Denote ri = LipSi.

A random scaling law S = (S1, S2, ..., SN ) is a random variable whose values

are scaling laws. We write S = distS for the probability distribution determined by

S and d= for the equality in distribution.

Let S = (S1, ..., SN ) be a random scaling law and let G = (Gt)t∈I be a

stochastic process or a random function with state space X. The trajectory of the

process G is the function g : I → X. The trajectory of the random function Sg is

defined up to probability distribution by

Sg
d= tiSi ◦ g(i) ◦ Φ−1

i ,

where S, g(1), ..., g(N) are pairwise independent and g(i) d= g, for i ∈ {1, ..., N}. We say

that g or G satisfies the scaling law S, or is a random fractal function, if

Sg
d= g,

The fBm can be characterized as the fixed point of a scaling law. Next we

will contruct this scaling law.
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Let (Ω,K, P ) be a probability space. The fBm with Hurst exponent H is a

stochastic process Bα = (Bα
t )t∈R characterised by BH

0 (ω) = 0 a.s. and

BH(t + h)−BH(t) d=N(0, hH), for t > 0 andh > 0,

where N(0, hH) denotes the normal distribution with mean 0 and variance h2H .

For each H > 0, let BH : [0, 1] → R denote the constrained fBm given by

BH(0) = 0 a.s. and BH(1) = 1 a.s.

For a fixed p ∈ R consider the fBm BH
∣∣∣BH( 1

2 )=p constrained by BH( 1
2 ) = p.

Let S1, S2 : R → R be the unique affine transformations characterized by

S1(0) = 0, S1(1) = S2(0) = p, S2(1) = 1. If r1 = LipS1 = |p|, r2 = LipS2 = |1− p|,

then

BH |BH( 1
2 )=p(t)

d= S1 ◦B
H

2r2
1 (2t), t ∈ [0,

1
2
].

Similarly

BH |BH( 1
2 )=p(t)

d= S2 ◦B
H

2r2
1 (2t− 1), t ∈ [

1
2
, 1].

Let I = [0, 1], and define

Φ1 : I → [0,
1
2
], Φ1(s) =

s

2
, andΦ2 : I → [

1
2
, 1], Φ1(s) =

s + 1
2

.

It follows that

BH |BH( 1
2 )(t)

d= tiSi ◦B
H

2r2
i ◦ Φ−1

i (t), t ∈ [0, 1].

Now let pH be a random variable with distribution N(0, H
2 ). For each H > 0 let us

define the random scaling law SH = (SH
1 , SH

2 ) in the same manner that (S1, S2) was

previously defined from the point p.

Let rH
i = LipH

i for i = 1, 2 and let rα = max{rH
1 , rH

2 }. It follows for each

H > 0 that

BH d= tiS
H
i ◦B

H

2r2
i

(i)
◦ Φ−1

i ,

where S is first chosen as above, and then after conditioning on S, B
H

2r2
1
(1) d= B

H

2r2
1

and B
H

2r2
2
(2) d= B

H

2r2
2 are chosen independently of one another.

111



A. SOÓS

Thus the family of constrained Brownian motion {BH |H > 0} satisfies the

family of scaling laws S = {SH |H > 0}.

3. Generalized scaling law

In this section we generelize the notion of random scaling law. Let pH be a

random variable in R with distribution N(0, H
2 ) and denote I = [a, b]. Let SH

1 , SH
2 :

R → R be the unique affine transformations characterized by SH
1 (a) = a, SH

1 (b) =

SH
2 (a) = pH , S2H(b) = b. Let Φi : I → Ii, i = 1, 2 be increasing Lipschitz maps,

such that I1 ∪ I2 = I and
◦
I1 ∩

◦
I2= ∅.

The generalized random scaling law is a family of scaling laws

S = {SH |H > 0}.

If fω,H(t) = fω(H, t) :]0,∞[×I → R is a stochastic process, then the stochastic

process (Sf)H is defined up to probability distribution by

(Sf)H d= tiS
H
i ◦ f

H

2r2
i

(i)
◦ Φ−1

i ,

where S is first chosen as before, and then after conditioning on S, f
H

2r2
1
(1) d= f

H

2r2
1 and

f
H

2r2
2
(2) d= f

H

2r2
2 are chosen independently of one another.

The family of stochastic processes or random functions fH satisfies the gen-

eralized scaling law S or is a fractal stochastic process if

(Sf)H d= fH .

Theorem 3.1. Denote by EH the set of random functions gH : Ω× I → R with the

following property: there exist hH ∈ EH and a positive number γ such that

P ({ω ∈ Ω| sup
H

H− 1
2

∫
I

|hH(x)|dx ≥ t}) ≤ γ

t

for all t > 0.

Then there exists a family of stochastic processes g∗ ∈ EH satisfying S.

Proof. Let f : Eα → Eα defined by

f(gH) = (Sg)H = tiS
H
i ◦ g

H

2r2
i

(i)
◦ Φ−1

i ,
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where S is first chosen as in the previous section, and then after conditioning on S,

g
H

2r2
i

(i) d= g
H

2r2
i , i = 1, 2 are chosen independently of one another.

We first claim that, if gH ∈ EH then f(gH) ∈ EH as well. For this, choose

g
H

2r2
i

(i) d= g
H

2r2
i , i = 1, 2, independently of one another and SH = (SH

1 , SH
2 ). Then, for

t > 0,

P ({ω ∈ Ω| sup
H

H− 1
2

∫
I

|(Sh)H(x)|dx ≥ t}) ≤

≤ P ({ω ∈ Ω|1
2

sup
H

H− 1
2

2∑
i=1

rH
i

∫
Ii

|h
α

2(rα
i

)2
(i)

(x)|dx ≥ t}) ≤ γ
√

2
t

.

To establish the contraction property let us consider gH
1 , gH

2 ∈ EH . Since

Ff(gH
1 ),f(gH

2 )(t) ≥ FgH
1 ,gH

2
(

t√
2
)

for all t > 0, f is a contraction. Then we can apply Corollary 1.1 and existence and

uniqueness follows.
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SPECTRAL RADIUS OF QUOTIENT BOUNDED OPERATOR

SORIN MIREL STOIAN

Abstract. We introduce the spectral radius rP(T ) for a quotient bounded

operator on a locally convex space X. Similarly to the case of bounded

operator on a Banach space we prove that the Neumann series

∞∑
n=0

T n

λn+1

converges to R(λ, T ), whenever |λ| > rP(T ), and |σ(QP , T )| = rP(T ).

1. Introduction

The spectral theory for a linear operator on Banach space X is well developed

and we have useful tools for use this theory. For example, the spectral radius of such

operator T is defined by the Gelfand formula r(T ) = lim
n→∞

n
√
‖Tn‖ and |σ(Q,T )| =

r(T ).

Further it is known that the rezolvent R(λ, T ) is given by the Neumann series
∞∑

n=0

Tn

λn+1
, whenever |λ| > r(T ).

If we want to generalize this theory on locally convex space X one major

difficulty is that is not clear which class of operators we can use, because there are

several non-equivalent ways of defining bounded operators on X. The concept of

bounded element of a locally convex algebra was introduced by Allan [1]. An element

is said to be bounded if some scalar multiple of it generates a bounded semigroup.

Definition 1.1. Let X be a locally convex algebra. The radius of boundness

of an element x ∈ X is the number

β(x) = inf{α > 0| the set {(αx)n}n≥1 is bounded}.

Received by the editors: 01.06.2004.
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In this paper we consider the class of quotient bounded operators, which was

introduced in Appendix A by A. Michael [8], and later was studied by T. Moore [9]

and A. Chilana [2].

Throught this paper all locally convex spaces will be assumed Hausdorff, over

complex field C, and all operators will be linear. If X and Y are topological vector

spaces we denote by L(X, Y ) (L(X, Y )) the algebra of linear operators (continuous

operators) from X to Y .

Any family P of seminorms who generate the topology of locally convex

space X (in the sense that the topology of X is the coarsest with respect to which

all seminorms of P are continuous) will be called a calibration on X. A calibration

is characterized by the property, that for every seminorms p ∈ P and every constant

ε > 0 the sets

S(p, ε) = {x ∈ X| p(x) < ε},

constitute a neighbourhoods sub-base at 0. A calibration on X will be principal if it

is directed. The set of calibration for X is denoted by C(X).

Any family of seminorms on a linear space is partially ordered by relation

”≤”, where

p ≤ q ⇔ p(x) ≤ q(x), ∀ x ∈ X.

A family of seminorms is preordered by relation ”≺”, where

p ≺ q ⇔ there exists some r > 0 such that p(x) ≤ rq(x), ∀ x ∈ X.

If p ≺ q and q ≺ p, we write p ≈ q.

Definition 1.2. Two families P1 and P2 of seminorms on a linear space are

called Q-equivalent (denoted P1 ≈ P2) provided:

a) for each p1 ∈ P1 there exists p2 ∈ P2 such that p1 ≈ p2;

b) for each p2 ∈ P2 there exists p1 ∈ P1 such that p2 ≈ p1.

It is obvious that two Q-equivalent and separating families of seminorms on

a linear space generate the same locally convex topology.
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Similar to the norm of an operator on a normed space we define the mixed

operator seminorm of an operator between locally convex spaces. If (X,P), (Y,Q) are

locally convex spaces, then for each p, q ∈ P the application mpq : L(X, Y ) → R∪{∞},

defined by

mpq(T ) = sup
p(x) 6=0

q(Tx)
p(x)

,

is called the mixed operator seminorm of T associated with p and q. When X = Y

and p = q we use notation p̂ = mpp.

Lemma 1.3. (V. Troistky [10]) If (X,P), (Y,Q) are locally convex spaces

and T ∈ L(X, Y ), then

1) mpq(T ) = sup
p(x)=1

q(Tx) = sup
p(x)≤1

q(Tx), ∀ p ∈ P, ∀ q ∈ Q;

2) q(Tx) ≤ mpq(T )p(x), ∀ x ∈ X, whenever mpq(T ) < ∞.

Corollary 1.4. If (X,P), (Y,Q) are locally convex spaces and T ∈ L(X, Y ),

then

mpq(T ) = inf{M > 0| q(Tx) ≤ Mp(x), ∀ x ∈ X},

whenever mpq(T ) < ∞.

Proof. If p, q ∈ P then from previous lemma we have

q(Tx) ≤ mpq(T )p(x), ∀ x ∈ X.

If M > 0 such that

q(Tx) ≤ Mp(x), ∀ x ∈ X,

then using lemma 1.3.(1) we obtain

mpq(T ) = sup
p(x)=1

q(Tx) ≤ M.

Definition 1.5. An operator T on a locally convex space X is quotient

bounded with respect to a calibration P ∈ C(X) if for every seminorm p ∈ P there

exists some cp > 0 such that

p(Tx) ≤ cpp(x), ∀ x ∈ X.
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The class of all quotient bounded operators with respect to a calibration

P ∈ C(X) is denoted by QP(X).

Lemma 1.6. If X is a locally convex space and P ∈ C(X), then for every

p ∈ P the application p̂ : QP(X) → R defined by

p̂(T ) = {r > 0| p(Tx) ≤ rp(x), ∀ x ∈ X},

is a submultiplicative seminorm on QP(X), satisfying p̂(I) = 1.

We denote by P̂ the family {p̂|p ∈ P}.

Proposition 1.7. (G. Joseph [7]) Let X be a locally convex space and P ∈

C(X).

1) QP(X) is a unital subalgebra of the algebra of continuous linear operators

on X;

2) QP(X) is a unital locally multiplicative convex algebra (l.m.c.-algebra) with

respect to the topology determined by P̂;

3) If P ′ ∈ C(X) such that P ≈ P ′, then QP′(X) = QP(X) and P̂ = P̂ ′;

4) The topology generated by P̂ on QP(X) is finer than the topology of uni-

form convergence on bounded subsets of X.

Lemma 1.8. If X is a sequentially complete convex space, then QP(X) is a

sequentially complete m-convex algebra for all P ∈ C(X).

Proof. Let P ∈ C(X) and (Tn)n ⊂ QP(X) be a Cauchy sequence. Then, for

each ε > 0 and each p̂ ∈ P̂ there exists some index np,ε ∈ N such that

|p̂(Tn)− p̂(Tm)| ≤ p̂(Tn − Tm) < ε, ∀ n, m ≥ np,ε. (1)

From the previous relation it follows that (p̂(Tn))n is convergent sequence of

real numbers, for each p̂ ∈ P̂. If x ∈ X, then

p(Tnx− Tmx) ≤ p̂(Tn − Tm)p(x), ∀ p ∈ P, (2)

so (Tn(x))n ⊂ X is a Cauchy sequence. But, since X is sequentially complete and

Hausdorff, there exists an unique element y ∈ X such that

lim
n→∞

Tnx = y.
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Therefore, the operator T : X → X defined by

T (x) = lim
n→∞

Tnx, ∀ x ∈ X,

is well defined. It is obvious that T is linear operator. Using the continuity of

seminorms p̂ ∈ P̂ we have

p(Tx) = p
(

lim
n→∞

Tnx
)

= lim
n→∞

p(Tnx) ≤ lim
n→∞

p̂(Tn)p(x) = cpp(x),

for all x ∈ X and for each p ∈ P (where cp = lim
n→∞

p̂(Tn)).

This implies that T ∈ QP(X). Now we prove that Tn → T in QP(X).

From relations (1) and (2) it follows that for each ε > 0 and each p̂ ∈ P̂ there

exists np,ε ∈ N such that

p(Tnx− Tmx) < εp(x), ∀ n, m ≥ np,ε

so

p(Tnx− Tx) ≤ εp(x), ∀ n ≥ np,ε.

This implies that

p̂(Tn − T ) ≤ ε, ∀ n ≥ np,ε,

which prove that Tn → T in QP(X) and QP(X) is a sequentially complete m-convex

algebra. �

Given (X,P), for each p ∈ P let Np denote the null space {x| p(x) = 0} and

Xp the quotient space X/Np. For each p ∈ P consider the natural mapping

x → xp ≡ x + Np (from X to Xp).

It is obvious that Xp is normed space, for each p ∈ P, with norm defined by

‖xp‖p = p(x). Consider the algebra homomorphism T → T p of QP(X) into L(Xp)

defined by

T p(xp) = (Tx)p, ∀ x ∈ X.
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This operator are well defined because T (Np) ⊂ Np. Moreover, for each

p ∈ P, L(Xp) is a unital normed algebra and we have

‖Tp‖p = sup{‖Tpxp‖p| ‖xp‖p ≤ 1 for xp ∈ Xp} =

= sup{p(Tx)| p(x) ≤ 1 for x ∈ X}.

For p ∈ P consider the normed space (X̃p, ‖·‖p) the completion of (Xp, ‖·‖p).

If T ∈ QP(X), then the operator T p has a unique continuous linear extension T̃ p on

(X̃, ‖ · ‖p).

Definition 1.9. Let (X,P) be a locally convex space and T ∈ QP(X). We

say that λ ∈ ρ(QP , T ) if the inverse of λI − T exists and (λI − T )−1 ∈ QP(X).

Spectral sets σ(QPT ) are defined to be complements of rezolvent sets

ρ(QP , T ).

For each p ∈ P we denote by σ(Xp, T
p) (σ(X̃p, T̃

p)) the spectral set of the

operator T p in L(Xp) (respectively the rezolvent set of T̃ p in L(X̃p)). The rezolvent

set of the operator T p in L(Xp) (respectively the spectral set of T̃ p in L(X̃p)) is

denoted by ρ(Xp, T
p) (ρ(X̃p, T̃

p)).

Lemma 1.10. (J. R. Gilles, G. Joseph, B. Sims [6]) Let (X,P) be a sequen-

tially complete convex space and T ∈ QP(X). Then T is invertible in QP(X) if and

only if T̃ p is invertible in L(X̃p) for all p ∈ P.

Corollary 1.11. (J. R. Gilles, G. Joseph, B. Sims [6]) If (X,P) is a sequen-

tially complete convex space and T ∈ QP(X), then

σ(QP , T ) = ∪{σ(Xp, T
p)| p ∈ P} = ∪{σ(X̃p, T̃

p)| p ∈ P}.

2. Spectral radius of quotient bounded operators

Let (X,P) be a locally convex space and T ∈ QP(X). We said that T is

bounded element of the algebra QP(X) if it is a bounded element of QP(X) in the

sense of G. R. Allan [1]. The class of bounded elements of QP(X) is denoted by

(QP(X))0.
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Definition 2.1. If (X,P) is a locally convex space and T ∈ QP(X) we

denote by rP(T ) the radius of boundness of operator T in QP(X), i.e.

rP(T ) = inf{α > 0| α−1T generates a bounded semigroup in QP(X)}.

We said that rP(T ) is the P-spectral radius of the operator T .

Proposition 1.7(3) implies that for each P ′ ∈ C(X), P ≈ P ′, we have

QP′(X) = QP(X), so if H is a Q-equivalence class in C(X), then

rP(T ) = rP′(T ), ∀ P,P ′ ∈ H.

Since QP(X) is a m-convex algebra, for each P ∈ C(X), the propositions

2.2-2.5 follows from the results proved by G. A. Allan [1] and I. Colojoara [3].

Proposition 2.2. If X is a locally convex algebra and P ∈ C(X), then for

each T ∈ QP(X) we have:

1) rP(T ) ≥ 0 and

rP(λT ) = |λ|rP(T ), ∀ λ ∈ C,

where by convention 0∞ = ∞;

2) rP(T ) < +∞ if and only if T ∈ (QP(X))0;

3) rP(T ) = inf
{

λ > 0| lim
n→∞

Tn

λn
= 0
}

.

Proposition 2.3. If X is a locally convex algebra and P ∈ C(X), then for

each T ∈ QP(X) we have:

rP(T ) = sup
{

lim sup
n→∞

(p̂(Tn))1/n| p ∈ P
}

=

= sup
{

lim
n→∞

(p̂(Tn))1/n| p ∈ P
}

= sup
{

inf
n≥1

(p̂(Tn))1/n| p ∈ P
}

.

Proposition 2.4. Let X be a locally convex algebra and P ∈ C(X).

1) If T ∈ (QP(X)), then

lim
n→∞

Tn

λn
= 0, ∀ |λ| > rP(T );
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2) If T ∈ (QP(X))0 and 0 < |λ| < rP(T ), then the set
{

Tn

λn

}
n≥1

is un-

bounded;

3) For each T ∈ QP(X) and every n > 0 we have

rP(Tn) = rP(T )n.

Proposition 2.5. Let X be a locally convex algebra and P ∈ C(X). Then:

1) rP(T + S) ≤ rP(T ) + rP(S), ∀ T, S ∈ QP(X) which have property TS =

ST ;

2) rP(TS) ≤ rP(T )rP(S), ∀ T, S ∈ QP(X) which have property TS = ST .

From real analysis we have the following lemma.

Lemma 2.6. (V. Troistky [10]) If (tn)n is a sequence in R∗ ∪ {∞} then

lim sup
n→∞

n
√

tn = inf
{

v > 0| lim
n→∞

tn
vn

= 0
}

.

This lemma implies that for a bounded operator on Banach space we have

r(T ) = lim
n→∞

n
√
‖Tn‖ = inf

{
v > 0| sequence

(
Tn

vn

)
n

converge to zero

in operator norm topology
}

.

If we consider this relation as an alternative definition of the spectral radius,

then proposition 2.2(3) implies that P-spectral radius of an quotient bounded operator

can be considered to be natural generalization of the spectral radius of bounded

operator on Banach space.

Proposition 2.7. Let X be a sequentially complete locally convex algebra and

P ∈ C(X). If T ∈ (QP(X))0 and |λ| > rP(T ), then the Neumann series
∞∑

n=0

Tn

λn+1

converges to R(λ, T ) (in QP(X)) and R(λ, T ) ∈ QP(X).

Proof. If |λ| > rP(T ), then there exists β ∈ C such that 0 < |β| < 1 and

rP(T ) < βλ. From proposition 2.4(1) we obtain that for each ε > 0 and every p ∈ P,
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there exists some index np,ε ∈ N, with property

p̂

(
Tn

(βλ)n

)
< ε, ∀ n ≥ np,ε.

Therefore, using corollary 1.4 we obtain

p

(
Tn

(βλ)n
x

)
≤ p̂

(
Tn

(βλ)n

)
p(x) < εp(x), ∀ n ≥ np,ε, ∀ x ∈ X.

Since 0 < |β| < 1, there exists n0 ∈ N, such that

m∑
k=n

|β|k < 1, ∀ m > n ≥ n0.

From a previous relation result that for each ε > 0 and every p ∈ P there

exists an index mp,ε = max{np,ε, n0} ∈ N, for which we have

p

(
m∑

k=n

T k

λk
x

)
≤ ε

(
m∑

k=n

|β|k
)

p(x) < εp(x), (3)

for every m > n ≥ mp,ε and every x ∈ X.

Therefore, for each x ∈ X,

(
m∑

k=0

T k

λk+1
x

)
m≥0

is a Cauchy sequence.

But X is sequentially complete, so for every x ∈ X there exists an unique

element y ∈ X such that

y = lim
m→∞

m∑
k=0

T k

λk+1
x.

We consider the operator S : X → X given by

S(x) = lim
m→∞

m∑
k=0

T k

λk+1
x, ∀ x ∈ X.

It is obvious that S is linear operator. Moreover, from equality

m∑
k=0

T k

λk+1
(λx− Tx) = x− Tm+1

λm+1
x, ∀ x ∈ X,

result that if m →∞ then

S(λx− Tx) = x, ∀ x ∈ X.
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Hence S(λI − T ) = I, we prove (λI − T )S = I. From continuity of the

operator T result that

STx = lim
m→∞

m∑
k=0

T k

λk+1
Tx = lim

m→∞
T

(
m∑

k=0

T k

λk+1
x

)
=

= T

(
lim

m→∞

m∑
k=0

T k

λk+1
x

)
= TSx,

for all x ∈ X, therefore

S(λI − T ) = (λI − T )S = I.

The definition of P-spectral radius implies that family
(

Tn

(βλ)n

)
n

is bounded

in QP(X), therefore for every p ∈ P there exists a constant εp > 0 with property

p̂

(
Tn

(βλ)n

)
< εp, ∀ n ≥ 1.

Using again corollary 1.4 we have

p

(
Tn

λn
x

)
< εp|β|np(x), ∀ n ≥ 1, ∀ x ∈ X.

Therefore, for every p ∈ P there exists some εp > 0 with property

p

(
m∑

k=0

T k

λk+1
x

)
<

εp

|λ|

(
m∑

k=0

|β|k
)

p(x) <
εp

|λ|
1

1− |β|
p(x),

for every m ≥ 1 and every x ∈ X, which implies that S = R(λ, T ) ∈ QP(X).

If we write relation (3) under the form

p

(
m∑

k=0

T k

λk+1
x−

n∑
k=0

T k

λk+1
x

)
<

ε

|λ|
p(x),

then for m →∞ result that for every ε > 0 and every p ∈ P there exists some index

np,ε ∈ N, such that

p

(
Sx−

n∑
k=0

T k

λk+1
x

)
≤ ε

|λ|
p(x), ∀ n ≥ np,ε, ∀ x ∈ X.

This implies that the Neumann series
∞∑

n=0

Tn

λn+1
converges to R(λ, T ) in

QP(X). �
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Proposition 2.8. Let X be a sequentially complete locally convex algebra

and P ∈ C(X). If T ∈ QP(X), then

|σ(QP , T )| = rP(T ).

Proof. Inequality |σ(QP , T )| ≤ rP(T ) is implied by previous proposition.

We prove now the reverse inequality. From corollary 1.11 we have

σ(QP , T ) = ∪{σ(Xp, T
p)| p ∈ P} = ∪{σ(X̃p, T̃

p)| p ∈ P}.

So, if |λ| > |σ(QP , T )|, then

|λ| > |σ(X̃p, T̃
p)|, ∀ p ∈ P.

But, X̃p is Banach space for each p ∈ P, therefore

|σ(S̃p, T̃
p)| = r(X̃p, T̃

p)

where r(X̃p, T̃
p) is spectral radius of bounded operator T̃ p in X̃p.

This observation implies that for each p ∈ P we have
T pn

λn
→ 0 in L(X̃p).

This means that for any ε > 0 we must have ‖Tn‖p ≤ (ε + |σ(QP , T )|)n for large n.

Hence, by proposition 2.3 we have rP(T ) ≤ |σ(QP , T )|.
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BOOK REVIEWS

Free Boundary Value Problems – Theory and Applications, Pierluigi Colli,

Claudio Verdi, Augusto Visintin, Editors, Birkhäuser Verlag, ISNM Vol. 147,

2004, ISBN 3-7643-2193-8.

The volume collects the proceedings of the conference on free boundary prob-

lems, Trento (Italy), June 2002. The contributions concern problems which are either

directly related to free boundaries, or may be so in perspective. Special emphasis

was put on interdisciplinarity and on issues of applicative relevance. Talks included

twenty plenary addresses, and seven sessions were devoted to selected topics: free

boundary problems in polymer science, image processing, grain boundary motion,

numerical aspects of free boundary problems, free boundary problems in biomathe-

matics, modelling in crystal growth and transition in anisotropic materials. I remark

some contributions about numerical aspects:

Structural Optimization by the Level-Set Method by G. Allaire et al. describes

a new numerical method based on a combination of the classical shape derivative and

of the level-set method for front propagation.

Finite Element Methods for Surface Diffusion by E. Bnsch et al. presents a

novel variational formulation for the parametric case of this 4th order highly nonlin-

ear geometric driven motion of a surface. The authors also develop a finite element

method and propose a Schur complement approach to solve the resulting linear sys-

tem.

Upscaling of Well Singularities in the Flow Transport through Heterogeneous

Porous Media by Z. Chen and X. Yue presents a method based on the recently in-

troduced over-sampling multiscale finite element method and on the introduction of

new base functions that locally resolve the well singularities.
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On Plasma Expansion in Vacuum by P. Degond et al. formally and numer-

ically justifies why electron emission produces a reaction pressure which slows down

the plasma expansion .

A Posteriori Error Control of Free Boundary Problems by R. H. Nochetto

assesses the derivation of a posteriori error estimators (including interface error es-

timators): computable quantities depending on the discrete solutions and the data,

which provide upper and lower bounds for the error.

Shape Deformations and Analytic Continuation in Free Boundary Problems

by F. Reitich presents an analysis of stability and bifurcation of steady states and

travelling waves for a class of free boundary problems. These results lead to an under-

standing of the mechanisms behind the observed performance of a class of numerical

algorithms based on shape-perturbation theory.

A Multi-mesh Finite Element Method for 3D Phase Field Simulations by A.

Schmidt presents a general framework for the adaptive solution of coupled systems

and its application to phase field simulations, making 3D simulations possible even

on desktop computers.

Of course, all the 26 contributions included, which reflect and study the free

boundary problems with applications in industry, make this volume interesting for a

large spectrum of readers and offer opportunities of collaboration among mathemati-

cians, physicists, engineers, material scientists, biologists and other researchers.

Damian Trif

George Grätzer, General Lattice Theory , Second Edition, Birkhäuser Verlag,

2003, ISBN 3-7643-6996-5.

From its first edition George Grätzer’s General Lattice Theory was a funda-

mental work in the lattice theory. It can be used as a course of lattice theory for

students as well as a source of research problems for specialists. The last edition is

enriched by 8 appendices and a new (and updated) bibliography. In this form, the
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book covers so well the study of lattices that it is almost impossible for someone who

works in this field not to find here something useful for his research. Besides the

rich valuable information concerning the developments of the last two decades, the

first appendix (Retrospective) is the history of the last 20years of lattice theory.

The other 7 appendices are surveys on various topics of lattice theory. They are

recommended by the value of their authors.The original chapters of the book are:

I. First Concepts;II. Distributive Lattices; III. Congruences and Ideals;

IV.Modular and Semimodular Lattices; V. Varieties of Lattices; VI.Free

Products; Concluding Remarks, and the appendices are A. Retrospective; B.

Distributive Lattices and Duality by B.Davey and H. Priestley; C. Congru-

ence Lattice by G.Grätzer and E. T. Schmidt; D. Continuous Geometry by

F.Wehrung; E. Projective Lattice Geometries by M. Greferathand S. Schmidt;

F. Varieties of Lattices by P. Jipsen and H. Rose; G. Free Latices by R. Freese;

H. Formal Concept Analysis by B. Ganter and R. Wille. The book ends with the

new bibliography which contains 530 title.

C. Pelea

Alfred Göpfert, Hassan Riahi, Christiane Tammer, and Constantin

Zălinescu, Variational Methods in Partially Ordered Spaces, Springer-

Verlag, New York, 2003 (CMS Books in Mathematics/Ouvrages de Mathématiques

de la SMC, 17), xiv+350 pp, ISBN 0-387-00452-1.

This book is intended to provide a systematic and self-contained presenta-

tion of recent significant developments in vector optimization and adjacent fields,

in connection with the own research of the four authors. The targeted audience in-

cludes researchers and graduate students in pure and applied mathematics, economics,

engineering, geography, and town planning, who want to study modern variational

methods in general partially ordered linear spaces and their concrete applications.
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Since vector optimization is nowadays an attractive and quickly growing field,

it is understood that authors have not intended to present an exhaustive treatment,

and coercive choices were imposed in order to pack all of the topics surveyed into the

following format:

Chapter 1. Examples: Section 1.1 (Göpfert-Tammer-Zălinescu): Cones

in vector spaces; Sections 1.2–1.6 (Göpfert-Tammer): Equilibrium problems, Location

problems in town planning, Multicriteria control problems, Multicriteria fractional

programming problems, Stochastic efficiency in a set;

Chapter 2. Functional analysis over cones: Sections 2.1–2.3 (Göpfert-

Tammer-Zălinescu): Order structures, Functional analysis and convexity, Separation

theorems for not necessarily convex sets; Sections 2.4–2.7 (Zălinescu): Convexity no-

tions for sets and multifunctions, Continuity notions for multifunctions, Continuity

properties of multifunctions under convexity assumptions, Tangent cones and differ-

entiability of multifunctions.

Chapter 3. Optimization in partially ordered spaces: Sections 3.1

(Göpfert-Tammer-Zălinescu): Solution concepts; Sections 3.2–3.6 (Zălinescu): Exis-

tence results for efficient points, Continuity properties with respect to a scalarization

parameter, Well-posedness of vector optimization problems, Continuity properties,

Sensitivity of vector optimization problems; Section 3.7 (Göpfert-Tammer): Duality;

Sections 3.8–3.9 (Riahi): Vector equilibrium problems and related topics, Applications

to vector variational inequalities; Section 3.10 (Göpfert-Tammer-Zălinescu): Minimal-

point theorems in product spaces and corresponding variational principles; Section 3.11

(Göpfert-Tammer): Optimality conditions

Chapter 4. Applications: Section 4.1 (Göpfert-Tammer): Approxima-

tion problems; Section 4.2: Solution Procedures; Subsections 4.2.1–4.2.3 (Göpfert-

Tammer): A proximal-point algorithm for real-valued control approximation problems,

Computer programs for the application of the proximal-point algorithm, An interactive
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algorithm for the vector control approximation problem; Subsections 4.2.4–4.2.5 (Ri-

ahi): Proximal algorithms for vector equilibrium problems, Relaxation and penaliza-

tion; Sections 4.3–4.6 (Göpfert-Tammer): Location problems, Multicriteria fractional

programming, Multicriteria control problems, Stochastic efficiency in a set.

The bibliography counts almost four hundreds items and allows the reader

to easily find up-to-date literature on the field. The book also contains two lists

providing an overview of illustrative figures, abbreviations and notations, and an

index of selective terminology used throughout. In contrast to the wide spectrum of

surveyed topics, the book reads easily, an unifying approach being visible throughout

the whole text.

On one hand, specialists will certainly enjoy this monograph, especially be-

cause of the following features: many important results from functional analysis and

partially ordered space theory are stated in a very general setting without undue

abstraction; a large variety of relevant notions currently used in the literature are

presented in a systematic way, the relationship between them being illustrated by

diagrams; the authors use advanced techniques from different modern fields.

On the other hand, since the book is written in an rigorous, understandable,

and teachable way, it may certainly serve to support courses on vector optimization,

applied functional analysis, set-valued analysis, etc., targeted at the graduate level.

For designing accompanying exercises, instructors will find in the text a good number

of qualitative examples, which can be used to illustrate the results or to justify the

stated assumptions. In particular, the emphasis on location theory applications will

be especially appealing to graduate students of geography and researchers dealing

with town planning. The final part of the book could also serve as a know-how

support for practitioners who need to design multiple criteria decision software.

As a whole, this book can be strongly recommended as an excellent reference

of general interest in vector optimization.

Nicolae Popovici
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