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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 1, March 2005

ON SOME APPLICATIONS OF INTERPOLATION OPERATORS

GH. COMAN AND I. TODEA

Abstract. The goal of this paper is to give applications of interpolation

operators, with a special emphasis on optimal approximation of some linear

functionals and the construction of methods for the solution of equations

on R.

Let B be a linear space of real-valued functions defined on a domain Ω ⊂ Rn,

A ⊂ B and Λ = {λi| λi : B → R, i = 1, . . . , N}, a set of linear functionals. For f ∈ B,

is denoted by Λ(f) = {λi(f)| λi ∈ Λ, i = 1, . . . , N}, the informations on f suitable

to Λ.

An operator P : B → A, for which

λi(Pf) = λi(f), i = 1, . . . , N,

f ∈ B, is an interpolation operator that interpolates the set Λ, while

f = Pf + Rf

is the interpolation formula generated by P , with R the remainder operator.

The number r ∈ N for which Pf = f , for all f ∈ Pn
r and there exists

g ∈ Pn
r+1, such that Pg 6= g, where Pn

r is the set of all polynomial functions of the

total degree at most r, is the degree of exactness of the operator P .

Received by the editors: 10.01.2005.
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GH. COMAN AND I. TODEA

The purpose of this paper is to discuss applications of interpolation operators

to the approximation of some linear functionals, the construction of some homoge-

neous cubature formulas, the construction of numerical methods for solving of some

operatorial equations.

1. Optimal approximation in sense of Sard

One suppose here that Λ := ΛB = {λkj : Hm,2[a, b] → R, k = 1, . . . , n, j ∈

Ik}, with Ik ⊂ {0, 1, . . . , rk}, rk ∈ N, rk < m, is a set of Birkhoff-type functionals, i.e.

λkj(f) = f (j)(xk), xk ∈ [a, b], xk 6= xj for k 6= j. Let λ : Hm,2[a, b] → R, be a given

linear functional such that the elements of the set ΛB ∪{λ} to be linear independent.

One considers the approximation formula

λ(f) =
n∑

k=1

∑
j∈Ik

Akjf
(j)(xk) + RN (f), (1)

where N = |I1|+ . . . |In| − 1.

Definition 1. Formula (1), with prescribed points xk ∈ [a, b], k = 1, . . . , n,

for which:

i) RN (eν) = 0, ν = 0, 1, . . . ,m− 1

ii)
∫ b

a

K2
m(t)dt → minim,

where K is the corresponding Peano kernel:

K(t) := RN

(
(· − t)m−1

+

(m− 1)!

)

= λ

[
(· − t)m−1

+

(m− 1)!

]
−

n∑
k=1

∑
j∈Ik

Akj
(xk − t)m−j−1

+

(m− j − 1)!
,

is called optimal in sense of Sard.

In 1964, I. J. Schoenberg [10] has established a relationship between the

optimal approximation of linear operators, in particular, optimality in sense of Sard,

and spline interpolation problems.

So, let S : Hm,2[a, b] → S2m−1(ΛB) be a natural spline interpolation operator

of the order 2m− 1, suitable to ΛB .
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ON SOME APPLICATIONS OF INTERPOLATION OPERATORS

Remark 2. [3] If ΛB contains at least m functionals of Hermite-type then

S exists and is unique.

For f ∈ Hm,2[a, b], let

f = Sf + Rf

be the natural spline interpolation formula generated by S.

It follows [10], that

λ(f) = λ(Sf) + λ(Rf) (2)

is the formula of the form (1) that is optimal in sense of Sard.

For example, if

λ(f) =
∫ b

a

f(x)dx

then (2) becomes an optimal, in sense of Sard, quadrature formula.

As an application, let us find the quadrature formula of the form∫ 1

0

f(x)dx = A00f(0) + A10F

(
1
2

)
+ A21f

′
(

1
2

)
+ A30d(1) + R(f)

that is optimal in sense of Sard. Using, for example, the cubic spline interpolation

formula

f(x) = s00(x)f(0) + s10(x)f
(

1
2

)
+ s11(x)f ′

(
1
2

)
+ s20(x)f(1) + (Rf)(x)

where

s00(x) = 1− 3x + 4x3 − 4
(

x− 1
2

)3

+

− 6
(

x− 1
2

)2

+

s10(x) = 3x− 4x3 + 8
(

x− 1
2

)3

+

− 4(x− 1)3+

s11(x) = −1
2
x + 2x3 − 6

(
x− 1

2

)2

+

− 2(x− 1)3+

s20(x) = −4
(

x− 1
2

)3

+

+ 6
(

x− 1
2

)2

+

+ 4(x− 1)3+

and

(Rf)(x) =
∫ 1

0

ϕ1(x, t)f ′′(t)dt
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with

ϕ1(x, t) = (x− t)+ − s10(x)
(

1
2
− t

)
+

− s11(x)
(

1
2
− t

)0

+

− s20(x)(1− t)+

it follows that the optimal coefficients A∗ij respectively the optimal kernel K∗
1 are

A∗ij =
∫ 1

0

sij(x)dx

and

K∗
1 (t) =

∫ 1

0

ϕ1(x, t)dx.

One obtains:

A∗00 =
3
16

, A∗10 =
5
8
, A∗11 = 0, A∗20 =

3
16

and

K∗
1 (t) =

(1− t)2

2
− 5

8

(
1
2
− t

)
+

− 3
16

(1− t).

We also have ∫ 1

0

(K∗
1 (t))2dt =

1
210 · 5

Hence

|R(f)| ≤ 1
32
√

5
‖f ′′‖2.

Remark 2. The gaussian quadratures are optimal in sense of Sard - all the

coefficients and nodes are determined from the condition i). But, the nodes in the

gaussian quadrature formula of the form∫ 1

−1

f(x)dx =
n∑

i=1

Aif(xi) + Rn(f) (3)

are the zeros of the Cebyshev polynomial Tn, i.e.

x∗k = cos
2k − 1

2n
π, k = 1, . . . , n.

It means that the optimal coefficients of the quadrature form (3) are:

A∗i =
∫ 1

−1

l∗i (x)dx, i = 1, . . . , n

where l∗i are the fundamental Lagrange interpolation polynomials corresponding to

the interpolation nodes x∗i , i = 1, . . . , n.
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ON SOME APPLICATIONS OF INTERPOLATION OPERATORS

2. Homogeneous cubature formulas

Let D be a domain in R2, f : D → R an integrable function on D and

Λ(f) = {λk(f)| k = 1, . . . , N} some informations on f . Next, one suppose that

λk(f), k = 1, . . . , N , are punctual values of f or of certain of its derivatives, i.e. the

values of them at the cubature nodes.

One considers the cubature formula

Ixy :=
∫ ∫

D

f(x, y)dxdy =
N∑

i=1

Aiλi(f) + RN (f) (4)

where Ai, i = 1, . . . , N are of the cubature coefficients and RN (f) is the remainder

term.

The problem is to find the parameters of such a cubature formula (coefficients

and nodes) and to study the corresponding remainder term. Most solutions for this

problem has been obtained when D is a regular domain in R2 (rectangle, triangle,

etc.) and the informations are regularly spaced. For example, the product and the

boolean sum rules belong to this class of cubature procedures.

So, let D ⊂ R2 be a rectangle, D = [a, b] × [c, d] and λx(f) = {λx
i (f)| i =

0, 1, . . . ,m}, Λy(f) = {λy
j (f)| j = 0, 1, . . . , n}, m,n ∈ N some given partial informa-

tion on f , with regard to x respectively y.

One considers the quadrature formulas:

Ixf :=
∫ b

a

f(x, y)dx = (Qx
1f)(·, y) + (Rx

1f)(·, y) (5)

and

Iyf :=
∫ d

c

f(x, y)dy = (Qy
1f)(x, ·) + (Ry

1f)(x, ·) (6)

where

(Qx
1f)(·, y) =

m∑
i=0

Aiλ
x
i (f)

(Qy
1f)(x, ·) =

n∑
j=0

Bjλ
y
j (f)
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and Rx
1 , Ry

1 the corresponding remainder operators:

Rx
1 = Ix −Qx

1

Ry
1 = Iy −Qy

1.

We have the following decompositions of the double integral operator Ixy:

Ixy = Qx
1Qy

1 + (IyRx
1 + IxRy

1 −Rx
1Ry

1) (7)

and

Ixy = (Qx
1Iy + IxQy

1 −Qx
1Qy

1) + Rx
1Ry

1 (8)

The identities (7) and (8) generate so called product cubature formula

Ixyf = (Qx
1Qy

1)f + (Rx
1Iy + IxRy

1 −Rx
1Ry

1)f

respectively, the boolean-sum cubature formula

Ixyf = (Qx
1Iy + IxQy

1 −Qx
1Qy

1)f + Rx
1Ry

1f.

Now, if p1 and q1 are the approximation orders of Qx
1 respectively Qy

1

(ord(Qx
1) = p1, ord(Qy

1) = q1), it follows that the order of the product cubature

formula is min{p1, q1}, while the order of boolean-sum cubature formula is p1 +q1 [5].

Hence, the boolean-sum cubature rule has the remarkable property that it has

a high approximation order. Otherwise, the boolean-sum cubature formula contains

the simple integrals Ixf and Iyf . But, this simple integrals can be approximated, in

a second level of approximation, using new quadrature procedures, i.e.

Ixf = Qx
2f + Rx

2f

respectively

Iyf = Qy
2f + Ry

2f.

This way, from (8), is obtained

Ixy = Qxy + Rxy (9)

where

Qxy = Qx
1Qy

2 + Qx
2Qy

1 −Qx
1Qy

1 (10)
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and

Rxy = Qx
1Ry

2 + Qy
1R

x
2 + Rx

1Ry
1 (11)

As can be seen, from (11) follows

ord(Qxy) = min{ord(Qx
1) + ord(Qy

1), ord(Qx
2) + 1, ord(Qy

2) + 1}

If

ord(Qx
2) = ord(Qx

1) + ord(Qx
1)− 1

ord(Qy
2) = ord(Qy

1) + ord(Qy
1)− 1

then the cubature formula given by (9) is called a homogeneous cubature formula [5].

One of the main procedure to construct homogeneous cubature formulas is

based on the interpolation formulas. It is well known that each interpolation formula

give rise to a quadrature or cubature formula.

Remark 3. [6] If the multivariate interpolation formula is a homogeneous

one, then the suitable cubature formula is also an homogeneous cubature formula.

To illustrate it, we give some simple examples:

Example 2. Let f : Dh → R, with Dh = [0, b] × [0, b] be given

and Λ(f) = {f(0, 0), f(h, 0), f(0, h), f(h, h)}. For the partial informations on f :

Λx
1(f) = {f(0, y), f(h, y)} respectively Λy

1(f) = {f(x, 0), f(x, h)}, one considers the

Lagrange’s operators Lx
1 and Ly

1:

(Lx
1f)(x, y) =

h− x

h
f(0, y) +

x

h
f(h, y),

(Ly
1f)(x, y) =

h− y

h
f(x, 0) +

y

h
f(x, h).

If Rx
1 = I − Lx

1 and Ry
1 = I − Ly

1, with I the identical operator, then we have

I = Lx
1 ⊕ Ly

1 + Rx
1Ry

1 , (12)

the boolean sum decomposition of the identity operator. Also, we have

f = Lx
1 ⊕ Ly

1f + Rx
1Ry

1f

or

f = (Lx
1 + Ly

1 − Lx
1Ly

1)f + Rx
1Ry

1f

9
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Now, if Lx
1f and Ly

1f are interpolated, in a second level, by the Hermite’s

operators Hy
3 respectively Hx

3 suitable to the information sets

Λy
2(f) = {f(x, 0), f (0,1)(x, 0), f(x, h), f (0,1)(x, h)}

and

Λx
2(f) = {f(0, y), f (1,0)(0, y), f(h, y), f (1,0)(h, y)},

one obtains

f = (Lx
1Hy

3 + Hx
3 Ly

1 − Lx
1Ly

1)f + (Lx
1Ry

3 + Ly
1R

x
3 + Rx

1Ry
1)f, (13)

where Rx
3 = I −Hx

3 and Ry
3 = I −Hy

3 . Taking into account that

ord(Lx
1Ly

1) = ord(Hx
3 ) = ord(Hy

3 ) = 4

(13) is a homogeneous interpolation formula of order 4 [4].

Theorem 4. The cubature formula∫ ∫
Dh

f(x, y)dxdy = Q(f) + R(f)

where

Q(f) =
∫ ∫

Dh

((Lx
1Hy

3 + Hx
3 Ly

1 − Lx
1Ly

1)f)(x, y)dxdy

or

Q = Qx
1Qy

3 + Qx
3Qy

1 + Qx
1Qy

1

and

R(f) =
∫ ∫

Dh

((Lx
1Ry

3 + Ly
1R

x
3 + Rx

1Ry
1)f)(x, y)dxdy

is a homogeneous cubature formula of order 6.

Proof. Suppose that f ∈ C4,4(Dh). Then

(Rx
1f)(x, y) =

x(x− h)
2

f (2,0)(ξ, y)

(Ry
1f)(x, y) =

y(y − h)
2

f (0,2)(x, η1)

(Rx
3f)(x, y) =

x2(x− h)2

24
f (4,0)(ξ2, y)

10
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(Ry
3f)(x, y) =

y2(y − h)2

24
f (0,4)(x, η2)

with ξ1, ξ2, η1, η2 ∈ [0, h].

As ∫ h

0

(Rx
1f)(x, y)dx =

h3

12
f (2,0)(µ1, y)

∫ h

0

(Ry
1f)(x, y)dy =

h3

12
f (0,2)(x, ν1)∫ h

0

(Rx
3f)(x, y)dx =

h5

720
f (4,0)(µ2, y)

∫ h

0

(Ry
3f)(x, y)dy =

h5

720
f (0,4)(x, ν2)

µ1, µ2, ν1, ν2 ∈ [0, h], it follows that ord(Qx
1) = ord(Qy

1) = 3 and ord(Qx
3) =

ord(Qy
3) = 5. Hence, ord(Qx

3) = ord(Qy
3) = ord(Qx

1) + ord(Qy
1)− 1.

Example 3. Let Th be the standard triangle, Th = {(x, y) ∈ R2| x ≥ 0, y ≥

0, x + y ≤ h}, f : Th → R and Λ(f) =
{(

0,
h

2

)
, f

(
h

2
, 0
)

, f

(
h

2
,
h

2

)}
. Let P be

the operator that interpolate the information Λ(f), i.e.

(Pf)(x, y) =
h− 2x

h
f

(
0,

h

2

)
+

h− 2y

h
f

(
h

2
, 0
)

+
2x + 2y − h

h
f

(
h

2
,
h

2

)
and

f = Pf + Rf (14)

the interpolation formula suitable to P .

Let ∫ ∫
Th

f(x, y)dxdy = Q(f) + R(f) (15)

be the cubature formula generated by (14), i.e.

Q(f) =
h2

6

[
f

(
0,

h

2

)
+ f

(
h

2
, 0
)

+ f

(
h

2
,
h

2

)]
and

R(f) =
∫ ∫

Th

(Rf)(x, y)dxdy.

Remark 7. dex(Q) = 2, although dex(P ) = 1.

11
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Theorem 8. Formula (15) is a homogeneous cubature formula of interpola-

tions type.

Proof. Suppose that f ∈ B12(0, 0) on Th. By Peano’s theorem (dex(Q) = 2),

we have

R(f) =
∫ h

0

K30(x, y, s)f (3,0)(s, 0)ds +
∫ h

0

K21(x, y, s)f (2,1)(s, 0)ds (16)

+
∫ h

0

K03(x, y, t)f (0,3)(0, t)dt +
∫ ∫

Th

K12(x, y, s, t)f (1,2)(s, t)dsdt

where

K30(s) =
(h− s)4

24
− h2

6

(
h

2
− s

)2

+

K21(s) =
(h− s)4

24
− h3

12

(
h

2
− s

)
+

K03(t) = K30(t)

K12(s, t) =
(h− s− t)3

6
− h2

6

(
h

2
− s

)0

+

(
h

2
− t

)
+

As K30 ≥ 0, K03 ≥ 0 on [0, h] and∫ h

0

K30(s)ds =
1

720
h5,

∫ h

0

K03(t)dt =
1

720
h5

respectively

max
0≤s≤h

|K21(s)| =
1

384
h4, max

Th

|K(s, t)| = 1
12

h3,

the proof follows from (16).

Example 4. An interesting homogeneous formula, for f : Th → R, is ob-

tained from the interpolation formula

f = Pf + Rf

when

(Pf)(x, y) = f

(
h

3
,
h

3

)
namely ∫ ∫

Th

f(x, y)dxdy = Q(f) + R(f) (17)

12



ON SOME APPLICATIONS OF INTERPOLATION OPERATORS

with

Q(f) =
h2

2
f

(
h

3
,
h

3

)
.

It is easy to verify that dex(Q) = 1, while dex(P ) = 0.

Theorem 9. Formula (17) is a homogeneous cubature formula.

Proof. If f ∈ B11(0, 0) on Th, by Peano’s theorem one obtain

|R(f)| ≤ h4

72

[
‖f (2,0)(·, 0)‖+ ‖f (0,2)(0, ·)‖+

89
27
‖f (1,1)‖

]
.

3. Methods for nonlinear equations on R

For f : Ω → R, Ω ⊂ R, one considers the equation

f(x) = 0, x ∈ Ω. (18)

Let F : Dn → D, D ⊂ Ω, be an iterative method for solutions of the equation

(18), i.e. for given (x0, . . . , xn−1) ∈ Dn, F generates the sequence

x0, x1, . . . , xn−1, xn, . . . (19)

where

xi = F (xi−n, . . . , xi−1), i = n, . . .

If the sequence (19) converges to a solution, say x∗, of the equation (18), F

is a convergent method.

The number p with the property that

lim
xi→x∗

x∗ − F (xi−n+1, . . . , xi)
(x∗ − xi)p

= c, c ∈ R \ {0},

is the order of F (ord(F ) = p).

An efficient procedure to construct numerical methods for the solution of the

equation (18), is based on inverse interpolation. Namely, if g is the inverse of f ,

g = f−1, and x∗ ∈ D is a solution of the equation (18), f(x∗) = 0, then x∗ = g(0).

Inverse interpolation procedure means that the inverse function g is approximated by

an interpolation operator P and x∗ ≈ (Pg)(0).

13
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For example [7], using Taylor interpolation is obtained the one step method

FT
n (xi) = xi −

n−1∑
k=1

(−1)k

k!
(f(xi))kg(k)(f(xi))

with ord(FT
n ) = n.

Also, using Lagrange interpolation is obtained the multistep method

FL
n (xi−n, . . . , xi)=

n∑
k=0

fi−n . . . fi−n+k−1fi−n+k+1 . . . fi

(fi−n − fk) . . . (fi−n+k−1 − fk)(fi−n+k+1 − fk) . . . (fi − fk)
xk

with ord(FL
n ) = ρ, the positive solution of the equation

tn+1 − tn − · · · − t− 1 = 0

i.e., 1 < ρ < 2.

An interesting class of methods is given by Abel-Goncharov interpolation

operator P , defined by

(Pf)(x) =
n∑

k=0

pk(x)f (k)(xk)

where

p0(x) = 1

p1(x) = x− x0

pk(x) =
1
k!

xk −
k−1∑
j=0

pj(x)xk−j
j

 , k = 2, . . . , n.

Applying the operator P to the function g = f−1, for the interpolation nodes

xi−n, . . . , xi, one obtains

FAG
n (xi−n, . . . , xi) =

i∑
k=i−n

pn−i−k(0)g(n−i−k)(f(xk))

For example,

FAG
1 (xi−1, xi) = xi−1 −

f(xi−1)
f ′(xi)

,

is a new modified of Newton-Raphson method.
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PROJECTORS AND HALL π-SUBGROUPS
IN FINITE π-SOLVABLE GROUPS

RODICA COVACI

Abstract. Let π be a set of primes and X be a π-closed Schunck class

with the P property. The paper gives conditions with respect to which an

X-projector H of a finite π-solvable group G is an Hall π-subgroup of G,

and consequently we have that NG(NG(H)) = NG(H).

1. Preliminaries

All groups considered in the paper are finite. Let π be a set of primes, π′ the

complement to π in the set of all primes and Oπ′(G) the largest normal π′-subgroup

of a group G.

We first give some useful definitions.

Definition 1.1. ([8], [11]) a) A class X of groups is a homomorph if X is

epimorphically closed, i.e. if G ∈ X and N is a normal subgroup of G, then G/N ∈ X.

b) A group G is primitive if G has a stabilizer, i.e. a maximal subgroup H

with coreGH = {1}, where coreGH = ∩{Hg/g ∈ G}.

c) A homomorph X is a Schunck class if X is primitively closed, i.e. if any

group G, all of whose primitive factor groups are in X, is itself in X.

Definition 1.2. a) A positive integer n is said to be a π-number if for any

prime divisor p of n we have p ∈ π.

b) A finite group G is a π-group if |G| is a π-number.

Received by the editors: 15.12.2004.
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Definition 1.3. ([6]) A group G is π-solvable if every chief factor of G is

either a solvable π-group or a π′-group. For π the set of all primes, we obtain the

notion of solvable group.

Definition 1.4. A class X of groups is said to be π-closed if

G/Oπ′(G) ∈ X ⇒ G ∈ X.

A π-closed homomorph, respectively a π-closed Schunck class is called π-

homomorph, respectively π-Schunck class.

Definition 1.5. ([7], [8]) Let X be a class of groups, G a group and H a

subgroup of G.

a) H is an X-maximal subgroup of G if: (i) H ∈ X; (ii) H ≤ H∗ ≤ G,

H∗ ∈ X imply H = H∗.

b) H is an X-projector of G if, for any normal subgroup N of G, HN/N is

X-maximal in G/N .

c) H is an X-covering subgroup of G if: (i) H ∈ X; (ii) H ≤ K ≤ G, K0 EK,

K/K0 ∈ X imply K = HK0.

Definition 1.6. ([3], [4]) Let X be a class of groups. We say that X has the

P property if, for any π-solvable group G and for any minimal normal subgroup M

of G such that M is a π′-group, we have G/M ∈ X.

The following results are used in this paper.

Theorem 1.7. ([1]) A solvable minimal normal subgroup of a group is

abelian.

Theorem 1.8. ([1]) Suppose that G has a 6= {1} normal solvable subgroup

and let S be a maximal subgroup of G with coreGS = {1}. Then, the existence of

a 6= {1} normal solvable subgroup of S implies the existence of a normal subgroup

N 6= {1} of S with (|N |, |G : S|) = 1.

Theorem 1.9. ([2]) a) Let X be a class of groups, G a group and H a

subgroup of G. If H is an X-covering subgroup of G or H is an X-projector of G,

then H is X-maximal in G.
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b) If X is a homomorph and G is a group, then a subgroup H of G is an

X-covering subgroup of G if and only if H is an X-projector in any subgroup K of G

with H ⊆ K.

Theorem 1.10. Let X be a homomorph.

a) ([7]) If H is an X-covering subgroup of a group G and N is a normal

subgroup of G, then HN/N is an X-covering subgroup of G/N .

b) ([8]) If H is an X-projector of a group G and N is a normal subgroup of

G, then HN/N is an X-projector of G/N .

c) ([7]) If H is an X-covering subgroup of G and H ≤ K ≤ G, then H is an

X-covering subgroup of K.

Theorem 1.11. ([5]) Let X be a π-homomorph. The following conditions

are equivalent:

(1) X is a Schunck class;

(2) any π-solvable group has X-covering subgroups;

(3) any π-solvable group has X-projectors.

2. Hall π-subgroups in finite π-solvable groups

Of special interest in this paper will be the Hall π-subgroups and some of

their properties. The Hall subgroups were given in [9]. Ph. Hall studied them in

finite solvable groups. In [6], S. A. Čunihin extended this study to finite π-solvable

groups.

Definition 2.1. Let G be a group and H a subgroup of G.

a) H is a π-subgroup of G if H is a π-group.

b) H is an Hall π-subgroup of G if: (i) H is a π-subgroup of G;

(ii) (|H|, |G : H|) = 1, i.e. |G : H| is a π′-number.

We shall use some properties of the Hall π-subgroups given in [10]:

Theorem 2.2. ([10]) (Ph. Hall, S. A. Čunihin) If G is a π-solvable group,

then:

a) G has Hall π-subgroups and G has Hall π′-subgroups;
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b) any two Hall π-subgroups of G are conjugate in G; any two Hall π′-

subgroups of G are conjugate in G too.

Theorem 2.3. ([10]) Let G be a group and H an Hall π-subgroup of G.

a) If H ≤ K ≤ G, then H is an Hall π-subgroup of K.

b) If N is a normal subgroup of G, then HN/N is an Hall π-subgroup of

G/N .

We complete these properties with two new ones, which will be used in the

formation theory considerations in the main section of this paper.

Theorem 2.4. Let G be a π-solvable group, H a subgroup of G and N a

normal subgroup of G. If HN/N is an Hall π-subgroup of G/N and H is an Hall

π-subgroup of HN , then H is an Hall π-subgroup of G.

Proof. (i) H is a π-subgroup of G, since H is a π-subgroup of HN .

(ii) We shall prove that |G : H| is a π′-number. Indeed, we know that

|G : HN | = |G/N : HN/N | is a π′-number. Further, |HN : H| is a π′-number too.

Then |G : H| = |G : HN ||HN : H| is a π′-number. �

Theorem 2.5. If G is a π-solvable group and H is a Hall π-subgroup of G,

then NG(NG(H)) = NG(H).

Proof. We know that

NG(H) = {g ∈ G/Hg = H} ⊇ H

and so we have NG(H) ⊆ NG(NG(H)). We now prove that NG(NG(H)) ⊆ NG(H).

Let x ∈ NG(NG(H)). It is known that NG(H) E NG(NG(H)). It follows that

NG(H)x = NG(H), hence Hx ⊆ NG(H)x = NG(H), which implies by 2.3.a) that

H and Hx are Hall π-subgroups of NG(H). Applying Hall-Čunihin Theorem 2.2.b),

we obtain that H and Hx are conjugate in NG(H). So there is an element y ∈ NG(H)

such that (Hx)y = H. It follows that Hxy = H, hence xy ∈ NG(H). But y ∈ NG(H)

implies y−1 ∈ NG(H) and so x = (xy)y−1 ∈ NG(H). �
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3. Projectors which are Hall π-subgroups in finite π-solvable groups

In [8], W. Gaschütz gives for finite solvable groups the following result: If X

is a Schunck class, G a solvable group and S an X-projector of G such that S is a

p-group, then S is a Sylow p-subgroup of G.

It is the aim of this paper to study similar properties in the more general case

of finite π-solvable groups.

All groups considered in this section are finite π-solvable.

Theorem 3.1. Let X be a π-Schunck class with the P property. If G is

a π-solvable group, such that there is a minimal normal subgroup M of G which is

a π′-group, and if H is an X-projector of G which is a π-group, then H is an Hall

π-subgroup of G.

Proof. We will show that |G : H| is a π′-number. Let M be a minimal

normal subgroup of G, such that M is a π′-group. We know that X has the P

property, and so, by 1.6., we have G/M ∈ X.

On the other side, H being an X-projector of G, we have, by 1.10., that

HM/M is an X-projector of G/M . Now 1.9.a) implies that HM/M is X-maximal in

G/M . But G/M ∈ X. It follows that HM/M = G/M , hence HM = G. From this

and from HM/M ∼= H/H ∩M , we obtain that

|G : H| = |HM : H| = |M : H ∩M |.

Since |M : H ∩ M | divides |M | which is a π′-number, we obtain that |M :

H ∩M | is also a π′-number. Hence |G : H| is a π′-number. �

In order to renounce to the condition on the group G of having a minimal

normal subgroup M which is a π′-group, the next theorem contains the assumption

that H is an X-covering subgroup of G. This means, by 1.9.b), that H is a particular

X-projector.

Theorem 3.2. Let X be a π-Schunck class with the P property. If G is a

π-solvable group and H is an X-covering subgroup of G which is a π-group, then H

is an Hall π-subgroup of G.
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Proof. By induction on |G|. We consider two cases:

1) There is a minimal normal subgroup M of G, such that M is a π′-group.

By 1.9.b), H is an X-projector of G. Applying theorem 3.1., it follows that H is an

Hall π-subgroup of G.

2) Any minimal normal subgroup M of G is a solvable π-group. Hence, by

1.7., M is abelian. If H = G, it follows from H π-group that H is an Hall π-subgroup

of G = H. Let now H 6= G. We distinguish two possibilities:

a) For any minimal normal subgroup M of G we have HM = G.

Let us first prove that H is a maximal subgroup of G. Indeed, we have H < G.

Further, if H ≤ H∗ < G, we prove that H = H∗. Suppose that H < H∗, and let

h∗ ∈ H∗ \ H. Let M be a minimal normal subgroup of G. By the above, we have

that M is abelian and G = HM . So h∗ = hm, where h ∈ H, m ∈ M . It follows that

m = h−1h∗ ∈ M∩H∗. Let us prove that M∩H∗ = {1}. Suppose that M∩H∗ 6= {1}.

We have M ∩H∗ EH∗. Further, M ∩H∗ EG, since if x ∈ G = HM = H∗M = MH∗

and m ∈ M ∩H∗, then x = m1h
∗, where m1 ∈ M , h∗ ∈ H∗, and M being abelian,

we have:

x−1mx = (m1h
∗)−1m(m1h

∗) = (h∗)−1m−1
1 mm1h

∗ = (h∗)−1mm−1
1 m1h

∗ =

= (h∗)−1mh∗ ∈ M ∩H∗.

So M ∩H∗ E G, M ∩H∗ ⊆ M , M ∩H∗ 6= {1}. But M is a minimal normal

subgroup. Hence M ∩H∗ = M , which implies that M ⊆ H∗ and so G = H∗M = H∗,

a contradiction with H∗ < G. It follows that M ∩ H∗ = {1}. Hence m = 1 and so

h∗ = h ∈ H, in contradiction with the choice of h∗. We proved that H = H∗. So H

is a maximal subgroup of G.

Let us notice that coreGH = {1}. Indeed, if we suppose that coreGH 6= {1},

it follows since coreGH E G that there exists a minimal normal subgroup M of G

such that M ⊆ coreGH. We obtain G = HM ⊆ HcoreGH = H, in contradiction

with H 6= G. So coreGH = {1}.

We are now in the hypotheses of theorem 1.8.. By 1.8., it follows the existence

of a normal subgroup N 6= {1} of H, such that (|N |, |G : H|) = 1. But H being a
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π-group, N is also a π-group. Then |G : H| is a π′-number. It follows that H is an

Hall π-subgroup of G.

b) There is a minimal normal subgroup M of G such that HM 6= G.

We apply the induction to the π-solvable group HM , with |HM | < |G|. By

1.10.c), H is an X-covering subgroup of HM . Further, H is a π-group. By the

induction, H is an Hall π-subgroup of HM .

We now apply the induction to the π-solvable group G/M , with |G/M | <

|G|. By 1.10.a), HM/M is an X-covering subgroup of G/M . Further, we have that

|HM/M | = |H/H ∩M | divides |H|, and so HM/M is a π-group. By the induction,

HM/M is an Hall π-subgroup of G/M .

Finally, theorem 2.4. leads us to the conclusion that H is an Hall π-subgroup

of G. �

Corollary 3.3. Let X be a π-Schunck class with the P property. If G is

a π-solvable group and H is an X-covering subgroup of G which is a π-group, then

NG(NG(H)) = NG(H).

Proof. Follows from 3.2. and 2.5.. �
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THE P-LAPLACIAN OPERATOR ON THE SOBOLEV SPACE W 1,p(Ω)

JENICĂ CRÎNGANU

Abstract. In this paper p-Laplacian operator is defined on W 1,p(Ω) in

connection with the duality mapping of W 1,p(Ω).

1. Introduction and preliminary results

Let Ω be an open bounded subset in RN , N ≥ 2, with smooth boundary

and 1 < p < ∞.

We shall use the standard notations:

W 1,p(Ω) =
{

u ∈ Lp(Ω) :
∂u

∂xi
∈ Lp(Ω), i = 1, N

}
,

equipped with the norm

‖u‖p
1,p = ‖u‖p

0,p +
N∑

i=1

∥∥∥∥ ∂u

∂xi

∥∥∥∥p

0,p

,

where ‖·‖0,p is the usual norm on Lp(Ω).

It is well known that
(
W 1,p(Ω), ‖·‖1,p

)
is separable, reflexive and uniformly

convex Banach space (see e.g. [1], theorem 3.5).

If u ∈ W 1,p(Ω) we can speak about u|∂Ω in the sense of the trace: there is

a unique linear and continuous operator γ : W 1,p(Ω) → W 1− 1
p ,p(∂Ω) such that γ is

surjective and for u ∈ W 1,p(Ω) ∩ C(Ω) we have γu = u|∂Ω.

Then the closure of C∞
0 (Ω) in the space W 1,p(Ω) is

W 1,p
0 (Ω) =

{
u ∈ W 1,p(Ω) : u|∂Ω = 0

}
= Kerγ.

The dual space (W 1,p
0 (Ω))∗ will be denoted by W−1,p′(Ω), where 1

p + 1
p′ = 1.
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For each u ∈ W 1,p(Ω) we put

∇u =
(

∂u

∂x1
,

∂u

∂x2
, ...,

∂u

∂xN

)
, |∇u| =

(
N∑

i=1

(
∂u

∂xi

)2
) 1

2

and let us remark that

|∇u| ∈ Lp(Ω) , |∇u|p−2 ∂u

∂xi
∈ Lp′(Ω) , i = 1, N.

By the Poincaré inequality

‖u‖0,p ≤ const (Ω, N) ||∇u||0,p , for all u ∈ W 1,p
0 (Ω) ,

the functional

W 1,p
0 (Ω) 3 u → ‖u‖1,p := ||∇u||0,p

is a norm on W 1,p
0 (Ω), equivalent with ‖·‖W 1,p(Ω) .

The p-Laplacian operator ∆pu = div
(
|∇u|p−2∇u

)
may be action (see [2] or

[6]) from W 1,p
0 (Ω) into W−1,p′(Ω) by

< −∆pu, v > =
∫

Ω

|∇u|p−2∇u∇v , for u, v ∈ W 1,p
0 (Ω).

Now we define the p-Laplacian operator on the space W 1,p(Ω).

We define a new equivalent norm on the space W 1,p(Ω):

|||u|||p1,p = ||u||p0,p + ‖∇u‖p
0,p =

∫
Ω

|u|p +
∫

Ω

(
N∑

i=1

(
∂u

∂xi

)2
) p

2

.

The space
(
W 1,p(Ω), ||| · |||1,p

)
is separable, reflexive and uniformly convex

Banach space (see [5]).

The dual norm on (W 1,p(Ω), ||| · |||1,p)
∗ is denoted by ||| · |||∗ .

If u ∈ W 1,p(Ω) and div
(
|∇u|p−2∇u

)
∈ Lp′ (Ω) we can speak about

|∇u|p−2 ∂u
∂n

∣∣
∂Ω

and |∇u|p−2 ∂u
∂n

∣∣
∂Ω

∈ W
− 1

p′ , p′(∂Ω) is defined (see [5] and [8]) by

< |∇u|p−2 ∂u

∂n

∣∣∣∣
∂Ω

, v|∂Ω > =
∫

Ω

|∇u|p−2∇u∇v +
∫

Ω

div
(
|∇u|p−2∇u

)
v,

(∀) v ∈ W 1,p(Ω).
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If |∇u|p−2 ∂u
∂n

∣∣
∂Ω

= 0 it follows that∫
Ω

−div
(
|∇u|p−2∇u

)
v =

∫
Ω

|∇u|p−2∇u∇v, (∀) v ∈ W 1,p(Ω).

Because the integral
∫
Ω
|∇u|p−2∇u∇v exists for each u, v ∈ W 1,p(Ω) we

define the operator

−∆p : (W 1,p(Ω), ||| · |||1,p) → (W 1,p(Ω), ||| · |||1,p)
∗ by

< −∆pu, v >=
∫

Ω

|∇u|p−2∇u∇v , for all u, v ∈ W 1,p(Ω).

Let us remark that if u ∈ W 1,p(Ω) then −∆pu ∈ (W 1,p(Ω), ||| · |||1,p)
∗ .

Indeed, if u ∈ W 1,p(Ω) the application W 1,p(Ω) 3 v →< −∆pu, v > is linear

and, since for all v ∈ W 1,p(Ω):

|< −∆pu, v >| =
∣∣∣∣∫

Ω

|∇u|p−2∇u∇v

∣∣∣∣ ≤ ∫
Ω

|∇u|p−1 |∇v| ≤

≤
(∫

Ω

|∇u|p
) 1

p′
(∫

Ω

|∇v|p
) 1

p

≤ |||u|||p−1
1,p |||v|||1,p,

it follows that −∆pu ∈ (W 1,p(Ω), ||| · |||1,p)
∗.

2. Basic results concerning the duality mapping

Let (X, || · ||) be a real Banach space and X∗ its dual.

For a multivalued operator A : X → P(X∗), the range of A is defined by

R(A) =
⋃

x∈D(A)

Ax,

where D(A) = {x ∈ X : Ax 6= φ} is the domain of A.

The operator A is said to be monotone if

< x∗1 − x∗2, x1 − x2 >≥ 0 , for all x1, x2 ∈ D(A) and

x∗1 ∈ Ax1, x∗2 ∈ Ax2.

A continuous function ϕ : R+ → R+ is called a normalization function if it

is strictly increasing, ϕ (0) = 0 and ϕ (r) →∞ with r →∞.
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By duality mapping corresponding to the normalization function ϕ, we mean

the set valued operator Jϕ : X → P(X∗) defined by

Jϕx = {x∗ ∈ X∗ :< x∗, x >= ϕ (‖x‖) ‖x‖ , ‖x∗‖ = ϕ (‖x‖)} ,

for x ∈ X.

By the Hahn-Banach theorem one has that D (Jϕ) = X.

We need of the following result:

Theorem 2.1. If ϕ is a normalization function, then:

(i) for each x ∈ X, Jϕx is a bounded, closed and convex subset of X∗;

(ii) Jϕ is monotone:

< x∗1 − x∗2, x1 − x2 >≥ (ϕ (‖x1‖)− ϕ (‖x2‖)) (‖x1‖ − ‖x2‖) ≥ 0 ,

for each x1, x2 ∈ X and x∗1 ∈ Jϕx1, x∗2 ∈ Jϕx2;

(iii) for each x ∈ X, Jϕx = ∂Φ (x), where Φ (x) =
∫ ‖x‖
0

ϕ (t) dt and

∂Φ : X → P(X∗) is the subdifferential of Φ in the sense of convex analysis, i.e.

∂Φ (x) = {x∗ ∈ X∗ : Φ(y)− Φ(x) ≥< x∗, y − x > , (∀) y ∈ X} .

For proof we refer to Browder [3], Lions [7], Ciorãnescu [4].

Remark 2.1. We recall that a functional f : X → R is said to be Gâteaux

differentiable at x ∈ X, if there exists f ′(x) ∈ X∗ such that

lim
t→0

f(x + th)− f(x)
t

=< f ′(x), h > , for all h ∈ X.

If the convex function f : X → R is Gâteaux differentiable at x ∈ X then

∂f(x) = {f ′(x)}.

For example, if X = (W 1,p
0 (Ω), || · ||1,p), 1 < p < ∞ and ϕ(t) = tp−1, then (see

e.g. [6] or [7]) the duality mapping Jϕ on the space W 1,p
0 (Ω) is exactly the p-Laplacian

operator −∆p,

Jϕ : W 1,p
0 (Ω) → W−1,p′(Ω),

Jϕu = −∆pu , (∀) u ∈ W 1,p
0 (Ω).
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The surjectivity of the duality mapping (see [6]) achieves the existence of the

W 1,p
0 (Ω)-solution for the equation −∆pu = f , with f ∈ W−1,p′(Ω).

3. The main result

In the sequel, W 1,p(Ω) will be endowed with the norm ||| · |||1,p.

Theorem 3.1. The duality mapping on the space (W 1,p(Ω), ||| · |||1,p), corre-

sponding to the normalization function ϕ(t) = tp−1, 1 < p < ∞, is the single-valued

map

Jϕ : (W 1,p(Ω), ||| · |||1,p) → (W 1,p(Ω), ||| · |||1,p)
∗

Jϕu = −∆pu + |u|p−2
u , for each u ∈ W 1,p(Ω) ,

where −∆p is the p-Laplacian operator on the space (W 1,p(Ω), ||| · |||1,p).

Proof. By the theorem 2.1. Jϕu = ∂Φ (u), (∀) u ∈ W 1,p(Ω), where

Φ : (W 1,p(Ω), ||| · |||1,p) → R, Φ (u) =
∫ |||u|||1,p

0
ϕ (t) dt = 1

p |||u|||
p
1,p = 1

p ‖u‖
p
0,p +

+ 1
p ‖∇u‖p

0,p and ∂Φ : (W 1,p(Ω), ||| · |||1,p) → P
(
(W 1,p(Ω), ||| · |||1,p)

∗) is the subdif-

ferential in the sense of convex analysis.

We define the functionals

Φ̃1 : Lp(Ω) → R, Φ̃1(u) =
1
p
‖u‖p

0,p =
1
p

∫
Ω

|u|p

Φ2 : W 1,p(Ω) → R, Φ2(u) =
1
p
‖∇u‖p

0,p =
1
p

∫
Ω

|∇u|p

and Φ1 : W 1,p(Ω) → R, Φ1 = Φ̃1/W 1,p(Ω)

The functional Φ̃1 is Gâteaux differentiable (see [9]) and

< Φ̃
′

1(u), v >=< |u|p−1
sgnu, v >, for all u, v ∈ Lp (Ω) .

By the imbedding (W 1,p(Ω), ||| · |||1,p) →
(
Lp (Ω) , ‖·‖0,p

)
we have that Φ1 is

Gâteaux differentiable on (W 1,p(Ω), ||| · |||1,p).

Let the operator P : W 1,p(Ω) → Lp (Ω) be defined by P (u) = |∇u| .

If u ∈ W 1,p(Ω), u = 0, then < Φ
′

2(0), v >= 0, (∀) v ∈ W 1,p(Ω).

If u 6= 0, a simple computation shows that

< P ′(u), v >=
∇u · ∇v

|∇u|
, (∀) v ∈ W 1,p(Ω).
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Since the functional W 1,p(Ω) 3 v →< P ′(u), v > is linear and

|< P ′(u), v >| =
∣∣∣∣∫

Ω

∇u · ∇v

|∇u|

∣∣∣∣ ≤ ∫
Ω

|∇v| ≤ (meas Ω)
1
p′

(∫
Ω

|∇v|p
) 1

p

≤

≤ c|||v|||1,p, where c = (meas Ω)
1
p′ , it follows that the operator P is Gâteaux differ-

entiable at u.

Since Φ2 = Φ̃1oP one has that the functional Φ2 is Gâteaux differentiable at

u and

< Φ
′

2(u), v >=< Φ̃
′

1(Pu), < P ′(u), v >>=

= < |∇u|p−1
,
∇u · ∇v

|∇u|
>=

∫
Ω

|∇u|p−2∇u∇v =< −∆pu, v >, (∀) v ∈ W 1,p(Ω).

Consequently, the functional Φ = Φ1 + Φ2 is Gâteaux differentiable on the

space W 1,p(Ω) and

< Φ
′

1(u), v >=< −∆pu + |u|p−2
u, v >, (∀) u, v ∈ W 1,p(Ω).

Using the convexity of the functional Φ, by remark 2.1 it follows that

Jϕu = Φ′(u) = −∆pu + |u|p−2
u, for all u ∈ W 1,p(Ω). �

Remark 3.1. By the theorem 2.1 we have

|||Jϕu|||∗ = ϕ (|||u|||1,p) = |||u|||p−1
1,p ,

where ||| · |||∗ is dual norm of ||| · |||1,p.
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QUASIPOSITIVE STURM-LIOUVILLE PROBLEM

YA. M. DYMARSKII

Abstract. We explain a new approach for investigation of quasilinear

boundary problem by means of Sturm-Liouville problem.

1. The main result

In this paper, we consider the following nonlinear problem: find a classical

solution u ∈ C2[0, 1] of equation

−u′′(x) + p(u(x), u′(x), x) · u(x) = f(x), (1)

under Dirichlet condition

u(0) = u(1) = 0. (2)

We assume that

p ∈ C0(R×R× [0, 1]), f ∈ C0[0, 1] (3)

We assume that the function p is non-negative:

p(u, t, x) ≥ 0 for any (u, t, x) ∈ R×R× [0, 1] (4)

and there are such constant C > 0 and continuous function c : R → R that

p(u, t, x) ≤ C(c(u) + t2). (5)
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Let u∗ be a solution of the nonlinear problem (1), (2). Then u∗ is the solution

of the linear problem

[− d2

dx2
+ q(x)]u(x) = f(x), u(0) = u(1) = 0 (6)

with the positive operator [−d2/dx2 + q(x)] and the non-negative potential

q(x) = p(u∗(x), u∗′(x), x) ≥ 0.

Therefore the problem (1), (2) will be named quasipositive. Looking at the solution

of nonlinear problem (1), (2) as a solution of linear problem (6), we shall introduce a

new approach of passage from the boundary problem to a fixed point equation. There

are several methods of passage (see [1-3]). Our approach is analogous to D.Gilbarg

and N.Trudinger one ([2], chapter 11.3). The eigenfunction theory for quasipositive

operators is developed in our papers [4, 5].

We formulate the principal result. Let

K(x, τ) =

 (1− x)τ, 0 ≤ τ ≤ x,

x(1− τ), x < τ ≤ 1.

be the Green function of boundary problem

−u′′(x) = f(x), u(0) = u(1) = 0.

Theorem 1. The problem (1)-(5) has at least one solution u ∈ C2[0, 1]. For any

solution the estimate

∫ 1

0

(u′(x))2dx ≤
∫ 1

0

(∫ 1

0

K ′
x(x, τ)f(τ)dτ

)2

dx. (7)

is true.

We note that the estimate (7) does not depend on ”potential” p = p(u, t, x).

It is a direct consequence of the non-negative condition (4).
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2. The operator equation

Introduce following notations. As usual, we denote Lk(0, 1) (k = 1, 2) the

space of functions on (0, 1) which are k integrable. The Sobolev space of functions

u ∈ L2(0, 1) with distributional derivative which are integrable square we denote

by W 1
2 (0, 1);

◦
W 1

2 (0, 1) ⊂ W 1
2 (0, 1) is the closure in W 1

2 (0, 1) of subspace of C∞-

functions, which are equal to zero outside some segment [α, β] ⊂ (0, 1). The norm

of u ∈ W 1
2 (0, 1) is ||u||1 =

√∫ 1

0
((u′)2(x) + u2(x))dx; the norm of u ∈

◦
W 1

2 (0, 1) is

||u||◦1 =
√∫ 1

0
(u′)2(x)dx. The norms ||u||1 and ||u||◦1 are equivalent on the space

◦
W 2

2 (0, 1) due to the boundary condition (2) (see [1], chapter 13.7). Moreover, space
◦

W 1
2 (0, 1) is Hilbert one with the inner product (u, v)◦ =

∫ 1

0
u′v′dx.

First we are interested in solutions (of problem (1), (2)) from the space
◦

W 1
2

(0, 1). As usual, multiplying both sides of the equation (1) by v ∈
◦

W 1
2 (0, 1) and

integrating by parts, we get∫ 1

0

u′v′dx +
∫ 1

0

(∫ 1

0

K(x, τ)p(u(τ), u′(τ), τ)u(τ)dτ

)′
v′dx

=
∫ 1

0

(∫ 1

0

K(x, τ)f(τ)
)′

v′dx. (8)

A function u ∈
◦

W 1
2 (0, 1) is called a weak solution of the problem (1), (2) if for every

v ∈
◦

W 1
2 (0, 1) the equation (8) is valid. By the inner product, the identity (8) is of the

following form

(u, v)◦ + (P (u), v)◦ = (f , v)◦, (9)

where

P :
◦

W 1
2 (0, 1) →

◦
W 1

2 (0, 1), P (u) =
∫ 1

0

K(x, τ)p(u(τ), u′(τ), τ)u(τ)dτ, (10)

f ∈
◦

W 1
2 (0, 1), f =

∫ 1

0

K(x, τ)f(τ)dτ. (11)

Since (9) is valid for every function v ∈
◦

W 1
2 (0, 1), the identity (9) is equivalent to the

operator equation

u + P (u) = f . (12)

35



YA. M. DYMARSKII

3. The quasilinear representation of P

Now we investigate the operator P (see (10)) in more detail. By L(
◦

W 1
2 (0, 1))

denote the Banach space of continuous linear maps A which operate in
◦

W 1
2 (0, 1) and

by Lis(
◦

W 1
2 (0, 1)) ⊂ L(

◦
W 1

2 (0, 1)) the open subset of linear isomorphisms. As usually,

the norm ||A|| = sup ||Av||◦1 where ||v||◦1 = 1. Consider the map

A :
◦

W 1
2 (0, 1) → L(

◦
W 1

2 (0, 1)), A(u) = A that ∀v ∈
◦

W 1
2 (0, 1)

Av =
∫ 1

0

K(x, τ)p(u(τ), u′(τ), τ)v(τ)dτ,

Clearly P (u) = A(u)u. We shall call A the quasilinear representation of the map P

[5]. Now the equation (12) is of the following form

(E + A(u))u = f , (13)

where E is identity mapping. Properties of the map A is in next lemma.

Lemma 1. 1) For every u ∈
◦

W 1
2 (0, 1) the linear operator A(u) ∈ L(

◦
W 1

2 (0, 1)) is

completely continuous.

2) The map A is completely continuous.

3) For every u ∈
◦

W 1
2 (0, 1) the map E + A(u) ∈ Lis(

◦
W 1

2 (0, 1)) and

||(E + A(u))−1|| < 1. (14)

Proof. Since for any u, v ∈
◦

W 1
2 (0, 1)

((A(u)v)(x))′ =
∫ 1

0

K ′
x(x, τ)p(u(τ), u′(τ), τ)v(τ)dt

and the function r(ξ) = p(u(ξ), u′(ξ), ξ)v(ξ) ∈ L1(0, 1) is integrable one (see (5)), the

function (A(u)v)′ ∈ C0[0, 1]. Thus the map A = A(u) :
◦

W 1
2 (0, 1) → {C1[0, 1]∩(2)} is

continuous. Embedding im : {C1[0, 1]∩(2)} ⊂
◦

W 1
2 (0, 1) is completely continuous ([1],

chapter 26.24). Hence the linear operator A(u) = im ·A(u) is completely continuous

as the composition of continuous and completely continuous maps [6].

To prove the second statement, we represent the map A in the form

A(u)v = −x

∫ 1

0

(∫ τ

0

(∫ ξ

0

p(u(ν), u′(ν), ν)dν

)
v′(ξ)dξ

)
dτ+
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0

(∫ τ

0

(∫ ξ

0

p(u(ν), u′(ν), ν)dν

)
v′(ξ)dξ

)
dτ.

Write map A as the composition of four maps: A = δ · γ · β · α, where

α :
◦

W 1
2 (0, 1) → L1(0, 1), α(u) := p(u(ξ), u′(ξ), ξ) = q

β : L1(0, 1) → C0[0, 1], β(q) :=
∫ ξ

0

q(ν)dν = s;

γ : C0[0, 1] ⊂ L2(0, 1), γ(s) := s is the natural embedding;

δ : L2(0, 1) → L(
◦

W 1
2 (0, 1)), δ(s) = A that ∀v ∈

◦
W 1

2 (0, 1)

A(v) = −x

∫ 1

0

(∫ τ

0

s(ξ)v′(ξ)dξ

)
dτ +

∫ x

0

(∫ τ

0

s(ξ)v′(ξ)dξ

)
dτ.

These maps are continuous and the map γ is completely continuous. This completes

the proof of the second statement.

For any u, v ∈
◦

W 1
2 (0, 1) we have

(||(E + A(u))v||◦1)2 = (v, v)◦ + 2(A(u)v, v)◦ + (A(u)v,A(u)v)◦ ≥

(||v||◦1)2 + 2(A(u)v, v)◦.

Since (see (4))

(A(u)v, v)◦ =
∫ 1

0

p(u(x), u′(x), x)v2(x)dx ≥ 0,

then

(||(E + A(u))v||◦1)2 ≥ (||v||◦1)2.

Whence we obtain the third statement. �

37



YA. M. DYMARSKII

4. Proof of Theorem

Next step is the passage from the non-homogeneous equation (13) to a fixed

point equation.

Lemma 2. 1) The equation (13) is equivalent to the operator equation

u = (E + A(u))−1f . (15)

2) For any weak solution u the following a priori estimate is valid:

||u||◦1 ≤ ||f ||◦1. (16)

3) The map

B :
◦

W 1
2 (0, 1) →

◦
W 1

2 (0, 1), B(u) := (E + A(u))−1f

is completely continuous.

Proof. The first statement follows from the third statement of Lemma 1.

The second statement follows from the first one and third statement of Lemma 1 (see

(14)).

The map B is the composition:

u → A(u) → E + A(u) → (E + A(u))−1 → (E + A(u))−1f .

The first map is completely continuous (see the second statement of Lemma 1) and

the others maps are continuous. This completes the proof [6]. �

Note that the map B = (E+A(u))−1f depends on the u in the operator part

only. Thus properties of equation (15) follow from properties of map A.

To proof Theorem, we apply Leray-Schauder degree. Let the ball TR =

{u ∈
◦

W 1
2 (0, 1) : ||u||◦1 ≤ R}, where the constant R > ||f ||◦1. Let the sphere SR =

{u ∈
◦

W 1
2 (0, 1) : ||u||◦1 = R}. By (14) and (15), for any u ∈ SR we obtain ||u||◦1 >

||B(u)||◦1. Therefore on SR the completely continuous vector field u−B(u) 6= 0 and

degree of B is equal to one [6]. Consequently there is a solution u ∈ TR of equation

(15). The existence of a weak solution is proved.
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By (16) and (11) we obtain∫ 1

0

(u′(x))2dx ≤
∫ 1

0

{(∫ 1

0

K(x, τ)f(τ)dτ

)′
x

}2

dx =
∫ 1

0

(∫ 1

0

K ′
x(x, τ)f(τ)dτ

)2

dx.

The estimate (7) is proved.

Actually, the weak solution u ∈
◦

W 1
2 (0, 1) is the classical solution, i.e. u ∈

C2[0, 1]. This follows from well known theorem about regularity of weak solution (see

[1], §17). Theorem is proved. �

References

[1] Fuc̆ik S., Kufner A., Nonlinear differential equation, Elsevier Scientific Publishing Com-

pany, Amsterdam-Oxford-New York, (1980).

[2] Gilbarg D., Trudinger Neil S., Differential equation of second order, Springer-Verlag,

Berlin-Heidelberg-New York-Tokio, (1983).

[3] Skripnik I.V., Methods of investigation of nonlinear elliptic boundary value problems,

Nauka, Moscow, (1990).

[4] Dymarskii Ya.M., The periodic Choquard equation, Operator Theory: Adv. Appl. 117,

87-99 (2000).

[5] Dymarskii Ya.M., Intersection number and eigenvectors of quasiliner Hilbert-Schmidt

operators, Matematicheskaya fizika, analiz, geometriya 9, No. 4, 604-621 (2002).

[6] Krasnosel’skii M.A., Topological methods in the theory of nonlinear integral equations,

Pergamon Press, New York, (1964).

Department of Mathematical Analysis,

Lugansk National Pedagogical University, Oboronnaya str. 2,

Lugansk 91011, Ukraine

E-mail address: dymarsky@lep.lg.ua

39
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ON THE INVARIANCE PROPERTY
OF THE FISHER INFORMATION (II)

CRISTINA-IOANA FĂTU

Abstract. The objective of this paper is to give some properties for the

Fisher’s information measure when Xa↔b represents a bilateral truncated

random variable that corresponds to a normal random variable X with the

probability density function f(x; θ), where θ = (m, σ2), θ ∈ Dθ, Dθ ⊆ R2,

m ∈ R, m−known parameter, σ2 ∈ R+, σ2−unknown parameter.

1. Bilateral truncation effect of a normal distribution on Fisher’s

information

The Fisher’s invariance property will be studied in the case of a truncated

normal distribution.

Let X be a normal distribution with probability density function

f(x;m,σ2) =
1√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

, x ∈ R, (1)

where the parameters m and σ have their usual significance, namely: m = E(X),

σ2 = V ar(X), m ∈ R, σ > 0.

Definition 1. [2] We say that the random variable X has a normal distribution

truncated to the left at X = a, a ∈ R and to the right at X = b, b ∈ R, denoted by

Xa↔b, if its probability density function, denoted by fa↔b(x;m,σ2), has the form

fa↔b(x;m,σ2) =


k(a, b)√

2πσ
exp

{
−1

2

(
x−m

σ

)2
}

if a ≤ x ≤ b,

0 if x < a or x > b,

(2)
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where

k(a, b) =
1
A

=
1

Φ
(

b−m

σ

)
− Φ

(
a−m

σ

) ,
(3)

and

Φ(z) =
1√
2π

z∫
−∞

exp
(
− t2

2

)
dt, (4)

is the standard normal distribution function.

Theorem 1. If the random variable Xa↔b has a bilateral truncated normal distribu-

tion, that is its probability distribution has the form (2), then the Fisher’s information

measure about the unknown parameter σ2,then the parameter m is known, has the fol-

lowing form

IXa↔b
(σ2) = − (a−m)3f(a;m,σ2)− (b−m)3f(b;m,σ2)

4σ6A
−

− 3
4σ4

{
[(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)]−A

A

}
−

− 1
4σ4

{
[(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)]−A

A

}2

, (5)

where

f(a;m,σ2), f(b;m,σ2) ∈ R+, (6)

Proof. We have

IXa↔b
(σ2) = IXa↔b

(θ) =

=

b∫
a

(
∂ ln f

a↔b
(x;m,σ2)

∂σ2

)2

f
a↔b

(x;m,σ2)dx =

=

b∫
a

(
∂ ln f

a↔b
(x;m, θ)

∂θ

)2

f
a↔b

(x;m, θ)dx.
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Using (2) and (3), we obtain

ln f
a↔b

(x;m,σ2) = − ln
√

2π − 1
2 lnσ2 − lnA− 1

2

(
x−m

σ

)2 =

= − ln
√

2π − 1
2 ln θ − ln

[
Φ
(

b−m√
θ

)
− Φ

(
a−m√

θ

)]
−

− 1
2

(x−m)
θ

2
=

= ln f
a↔b

(x;m, θ)

and, it follows

∂ ln f
a↔b

(x;m, θ)
∂θ

= − 1
2θ

−

∂

∂θ

[
Φ
(

b−m√
θ

)]
− ∂

∂θ

[
Φ
(

b−m√
θ

)]
A

+
(x−m)

2θ2

2

.

Using the relations

∂

∂θ

[
Φ
(

b−m√
θ

)]
=

∂

∂θ

 1√
2π

b−m√
θ∫

−∞

exp{−1
2
z2}dz

 =

= −b−m

2
1
θ3

1√
2π

exp

{
−1

2

(
b−m√

θ

)2
}

=

= −b−m

2
1
θ2

f(b;m, θ),

∂

∂θ

[
Φ
(

a−m√
θ

)]
=

∂

∂θ

 1√
2π

a−m√
θ∫

−∞

exp{−1
2
z2}dz

 =

= −a−m

2
1
θ2

f(a;m, θ),

it results

∂ ln f
a↔b

(x;m, θ)
∂θ

=
∂ ln f

a↔b
(x;m,σ2)

∂σ2
=

1
2σ2

{
(x−m)2

σ2
+

+
[(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)]

A
− 1
}
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and Fisher’s information will be written

IXa↔b
(σ2) =

b∫
a

(
∂ ln f

a↔b
(x;m,σ2)

∂σ2

)2

f
a↔b

(x;m,σ2)dx =
1

4σ8A
{I1+

+ σ4

[
(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)

A
− 1
]2

I2+

+2σ2

[
(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)

A
− 1
]

I3

}
,

where

I2 =
1√
2πσ

b∫
a

exp

{
−1

2

(
x−m

σ

)2
}

dx,

I3 =
1√
2πσ

b∫
a

(x−m)2 exp

{
−1

2

(
x−m

σ

)2
}

dx,

I1 =
1√
2πσ

b∫
a

(x−m)4 exp

{
−1

2

(
x−m

σ

)2
}

dx.

By making the change of variables

z =
x−m

σ
,

and, if we consider the formula for integration by parts

β∫
α

udv = uv |βα −
β∫

α

vdu,

it results

I2 = A = Φ
(

b−m

σ

)
− Φ

(
a−m

σ

)
,

I3 = −σ2
{[

(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)
]
−A

}
,

I1 = −σ2
[
(b−m)3f(b;m,σ2)− (a−m)3f(a;m,σ2)

]
−

− 3σ4
[
(b−m)f(b;m,σ2)− (a−m)f(a;m,σ2)

]
+ 3σ4A.

Using the final values of the integrals I2, I3 and I1, we obtain (8).
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2. Invariance of the Fisher information

Corollary 1. If a = m− σ, b = m + σ, then

fm−σ↔m+σ(x;m,σ2) =



C(m− σ,m + σ)√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

if m− σ ≤ x ≤ m + σ,

0 if x < m− σ or x > m + σ,

(7)

where

C(m− σ,m + σ) =
1

2Φ(1)− 1
≈ 2, 93 (8)

and the Fisher’s information measure, relative to the unknown parameter σ2, has the

value

IXm−σ↔m+σ
(σ2) ≈ 0, 03IX(σ2). (9)

Proof. Using (8), we obtain

IXm−σ↔m+σ
(σ2) =

−2
4σ4

√
2πe[2Φ(1)− 1]

−

− 3
4σ4

{
2√

2πe[2Φ(1)− 1]
− 1
}
−

− 1
4σ4

{
2√

2πe[2Φ(1)− 1]
− 1
}2

=

= − 1
4σ4

{−3+
4√

2πe[Φ(1)− 0, 5]
+

+
(

1√
2πe[Φ(1)− 0, 5]

− 1
)2
}

=

= − 1
4σ4

{−3 + 2, 86 + 0, 08} =
0, 03
2σ4

.
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Corollary 2. (Invariance of the Fisher information - the first form) If a = m,

b = m + σ or if a = m− σ, b = m, then

fm↔m+σ(x;m,σ2) =



C(m,m + σ)√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

if m ≤ x ≤ m + σ,

0 if x < m or x > m + σ,

(10)

and

fm−σ↔m(x;m,σ2) =



C(m− σ,m)√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

if m− σ ≤ x ≤ m,

0 if x < m− σ or x > m,

(11)

where

C(m,m + σ) =
1

Φ(1)− Φ(0)
= C(m− σ,m) =

1
Φ(0)− Φ(−1)

≈ 2, 93 (12)

and the Fisher’s information measures relative to the unknown parameter σ2 has the

same value, namely

IXm↔m+σ (σ2) = IXm−σ↔m(σ2) =
0, 03
2σ4

= IXm−σ↔m+σ
(σ2). (13)

Remark 1. If we consider the normal variable

Y = X −m, (14)

then E(Y ) = 0, V ar(Y ) = V ar(X) = σ2 and the probability density function has the

form

fY (y;σ2) =
1√
2πσ

e−
y2

2σ2 , y ∈ R. (15)

In this case, the random variable Ya↔b has a bilateral truncated normal distribution:

fa↔b(y;σ2) =


C0(a,b)√

2πσ
e−

y2

2σ2 if a ≤ y ≤ b

0 if y < a or y > b,
(16)

where

C0 = C0(a, b) =
1

[Φ
(

b
σ

)
− Φ

(
a
σ

)
]
. (17)
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Using (8), the Fisher’s information measure, IYa↔b
(σ2) relative to the unknown pa-

rameter σ2, can be written like

IYa↔b
(σ2) =

a3fY (a;σ2)− b3fY (b;σ2)
4σ6C0

−

− 3
4σ4

[
bfY (b;σ2)− afY (a;σ2

C0
− 1
]
−

− 1
4σ4

[
bfY (b;σ2)− afY (a;σ2

C0
− 1
]2

. (18)

Corollary 3. (Invariance of the Fisher information - the second form)

IX−σ↔σ
(σ2) = IXm−σ↔m+σ

(σ2) = IXm↔m+σ
(σ2) = IXm−σ↔m

(σ2) ≈

≈ 0, 03
2σ4

= 0, 03IX(σ2). (19)

Theorem 2. (Invariance of the Fisher information - the third form) If a = m− kσ,

b = m + kσ, or a = −kσ, b = kσ, then the probability density function, denoted by

fa↔b(x;m,σ2), in(2), has the form

fm−kσ↔m+kσ(x;m,σ2) =



C(m− kσ,m + kσ)√
2πσ

exp

{
−1

2

(
x−m

σ

)2
}

if m− kσ ≤ x ≤ m + kσ,

0 if x < m− kσ or x > m + kσ,

(20)

or the form

f−kσ↔kσ(x;m,σ2) =


C(−kσ, kσ)√

2πσ
exp

{
−1

2

(x

σ

)2
}

if − kσ ≤ x ≤ kσ,

0 if x < −kσ or x > kσ,

(21)

where

C(m− kσ,m + kσ) = C(−kσ, kσ) =
1

2Φ(k)− 1
, k ∈ N∗. (22)

The Fisher’s information measures, relative to the unknown parameter σ2, have the

same values

IXm−kσ↔m+kσ
(σ2) = IX−kσ↔kσ

(σ2) = − 1
4σ4

{
−3 +

(k3 + 3k)
√

2πe
k2
2 [Φ(k)− 0, 5]

+

+

(
k

√
2πe

k2
2 [Φ(k)− 0, 5]

− 1

)2
 , k ∈ N∗. (23)
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Proof. Indeed, using the relations (2), (3) as well as the Theorem 1 and the Corollary

3, we obtain just the above value.

Corollary 4. (Invariance of the Fisher information - extended form)

IXm↔m+kσ
(σ2) = IXm−kσ↔m

(σ2) = IXm−kσ↔m+kσ
(σ2) = IX−kσ↔kσ

(σ2) =

= − 1
4σ4

−3 +
(k3 + 3k)

√
2πe

k2
2 [Φ(k)− 0, 5]

+

(
k

√
2πe

k2
2 [Φ(k)− 0, 5]

− 1

)2
 , k ∈ N∗.

(24)

Remark 2. Using Theorem 2 we obtain :

a) for k = 1, from (23) it results (19).

b) for k = 2, from (23) it results

IXm−2σ↔m+2σ
(σ2) = IX−2σ↔2σ

(σ2) =

= − 1
4σ4

{
−3 +

14√
2πe2[Φ(2)− 0, 5]

+

+
(

3√
2πe2[Φ(2)− 0, 5]

− 1
)2
}
≈ (25)

≈ − 1
4σ4

(−3 + 1, 6 + 0, 60) =

=
0, 40
2σ4

= 0, 40IX(σ2). (26)

c) for k = 3 we obtain

IXm−3σ↔m+3σ
(σ2) = IX−3σ↔3σ

(σ2) =

= − 1
4σ4

{
−3 +

36√
2πee4[Φ(3)− 0, 5]

+

+
(

2√
2πee4[Φ(3)− 0, 5]

− 1
)2
}
≈ (27)

≈ − 1
4σ4

(−3 + 0, 33 + 0, 95) =
0, 86
2σ4

= 0, 86IX(σ2). (28)

48



ON THE INVARIANCE PROPERTY OF THE FISHER INFORMATION (II)

Conclusion 1. The invariance properties of the Fisher information, relative to the

unknown parameter σ2, take place then when the normal variable X is truncated on

intervals of the forms:

[m− kσ,m + kσ], [m,m + kσ], [m− kσ,m], [−kσ, kσ], k ∈ N∗. (29)
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à�Ã�Â�È�Ð�Î Ð�Î ÀOÄbÂ�È�ÏHÌ�À!ÆvÀ0Ì�À0È�Á!ÀK×�Â�Ñ Ã�ÀOÄbÂ�Ì�À�Ï�À!Ð,Â�Ñ Î ÀOÏHÎ Èãá ä â;¶
ì�Î È�Á!À �HG µ ÒgÂ�Á!Å�Ç�Ô�Ì�ÀOÄ�Ä¢Î Ø�Ñ À é Å�ÛWÄ¢Å�Ñ ×�À0ÌUÛbÎ Ñ Ñ¯Ä¢Ã�ß�À0ÌQÄ¢À0×�À0Ì�À`Ï�À!Ê%Á!Î À0È�Á!Î ÀOÄ0ÒgØ%Å�Ð�Ó Î ÈæÀ?I�ë
Á!Î À0È�Á!É�Â�È�Ï?Â�Á0Á!Ã�Ì,Â�Á!É ¶"è Û¡ÅQÏ�Î�Ä�Ð�Î È�Á&Ð9Ð�ÀOÁ,Ó�È�Î�à�Ã�ÀOÄ¯Ó�Â�×�ÀbØ%À0À0È]Ô�Ì�Å�Ô%Å�Ä¢ÀOÏQÐ�ÅQÁ0Â�Ô�Ð�Ã�Ì�À�Ä¢Å�Ñ Ã�Ð�Î Å�È
Á!Å�È�×�À0Ì�Õ�À0È�Á!ÀUÆvÅ�ÌUÑ Å�ÛYë�BÍÂ�Á,ÓDÈ�Ã�ÇQØ%À0Ì é Å�Û¥Ä0Ú¥Ô�Ì�ÀOÁ!Å�È�Ï�Î Ð�Î Å�È�Î È�ÕHÂ�È�ÏÖÂ�Ä¢É�Ç�Ô�Ð�Å�Ð�Î�ÁQÀ?>�Ô�Â�È�Ä¢Î Å�È
Ç�À!Ð�Ó�Å�Ï�Ä ¶�Ù ÈÍÆ3Â�Á&Ð�Ð�Ó�ÀOÄ¢ÀQÐ�ÀOÁ,Ó�È�Î�à�Ã�ÀOÄKÌ�ÀOÄ�Á0Â�Ñ À�Ð�Ó�À�Á!Å�È�Ï�Î Ð�Î Å�ÈÖÈ�Ã�ÇQØ%À0ÌUÅ�Æ°Ð�Ó�À�Ä¢É�Ä�Ð�À0Ç ¶
è Ó�À
Ê�Ì,Ä�Ð�Å�È�ÀHÎ�ÄQÐ�Å ÇQÃ�Ñ Ð�Î Ô�Ñ ÉãÐ�Î Ç�ÀDÏ�À0Ì�Î ×�Â�Ð�Î ×�ÀOÄQØ�ÉËÄ¢Ã�Î Ð,Â�Ø�Ñ ÀHÔ�Ì�ÀOÁ!Å�È�Ï�Î Ð�Î Å�È�Î È�Õ Ç?Â�Ð�Ì�Î >.Ò¯Î ÈËÐ�Ó�À
Ä¢À0È�Ä¢ÀYÐ�Ó�Â�Ð¯Ð�Ó�À0É�Ä�Á0Â�Ñ À¡Ð�Ó�À¥À0Î Õ�À0È�×�Â�Ñ Ã�ÀOÄ°Å�Æ%Ð�Ó�À�Ä¢É�Ä�Ð�À0ÇWÐ�Å
Ä¢Î Ç�Î Ñ�Â�Ì¯Å�Ì,Ï�À0Ì,Ä�Å�Æ�Ç?Â�Õ�È�Î Ð�Ã�Ï�À�Â�È�Ï
Ì�À0Ç�Å�×�À�Ð�Ó�À
Ï�Î�Ä¢Ô�Â�Ì�Î Ð�É?Î È�ÛYÂ�×�ÀUÄ¢Ô%À0ÀOÏ�Ä0Ò�Ñ ÀOÂ�Ï�Î È�Õ`Ð�Å?Â`Û¡À0Ñ Ñ ë)Á!Å�È�Ï�Î Ð�Î Å�È�ÀOÏHÄ¢É�Ä�Ð�À0Ç á J â;¶
Ù È Ð�Ó�Î�Ä?Û¡Å�Ì�í�Ò¯Û¡À�ÛbÎ Ñ ÑbÆvÅ�Ñ Ñ Å�Û Ð�Ó�ÀÍÄ¢ÀOÁ!Å�È�ÏËÐ�ÀOÁ,Ó�È�Î�à�Ã�À�Ò¯Ð�Ó�ÀÍÂ�Ä¢É�Ç�Ô�Ð�Å�Ð�Î�ÁHÅ�Ì�Ô%À0Ì¢Ð�Ã�Ì�Ø�Â�Ð�Î Å�È
Ç�À!Ð�Ó�Å�Ï ¶¯è Ó�Î�ÄYÂ�Ô�Ô�Ì�Å�Â�Á,ÓMÁ!Å�È�Ä¢Î�Ä�Ð,Ä9Î È�Â è Â�É�Ñ Å�Ì¡Ä¢À0Ì�Î ÀOÄ9À?>�Ô�Â�È�Ä¢Î Å�ÈMÅ�Æg×�Â�Ì�Î�Â�Ø�Ñ ÀOÄ � Î ÈHÅ�Ã�ÌbÁ0Â�Ä¢À
Ð�Ó�À�Ô�Ì�ÀOÄ�Ä¢Ã�Ì�À � Î È�Ô%Å�Û¡À0Ì¡Ð�À0Ì�Ç?ÄbÅ�ÆgÐ�Ó�ÀKBÍÂ�Á,ÓHÈ�Ã�ÇQØ%À0Ì ¶¯è Ó�À�Ø�Â�Ä¢Î�Á�Ô�Ó�Î Ñ Å�Ä¢Å�Ô�Ó�É]Ø%À0Ó�Î È�ÏMÐ�Ó�Î�Ä
Ð�ÀOÁ,Ó�È�Î�à�Ã�ÀYÎ�Ä"Ð�Å�Ï�ÀOÁ!Ì�ÀOÂ�Ä¢À¯Ð�Ó�ÀbÈ�Ã�Ç�À0Ì�Î�Á0Â�Ñ�Ì�À0Ô�Ì�ÀOÄ¢À0È�Ð,Â�Ð�Î Å�È
Å�Æ�Ð�Ó�À¥Ä¢Ô%À0ÀOÏQÅ�Æ�Ä¢Å�Ã�È�Ï`Â�Ì¢Ð�Î Ê%Á!Î�Â�Ñ Ñ É�Ò
Ø�ÉMÄ¢Ã�Ø�Ä�Ð�Ì,Â�Á&Ð�Î È�Õ?Â�Á!Å�È�Ä�Ð,Â�È�ÐbÔ�Ì�ÀOÄ�Ä¢Ã�Ì�À %ML Â�Á!Ì�Å�Ä�Ä¯Ð�Ó�À�À0È�Ð�Î Ì�À�Ï�Å�Ç?Â�Î ÈTÚ

% � %ML � ����  � % $ �ON �/����  �  � :
ÛbÓ�À0Ì�À %ML Î�ÄYÐ�Ó�À
Õ�Ì�Å�Ã�È�ÏHÔ�Ì�ÀOÄ�Ä¢Ã�Ì�À�Â�È�Ï % $ Î�ÄbÐ�Ó�À é Ã�Á&Ð�Ã�Â�Ð�Î Å�ÈDÔ�Ì�ÀOÄ�Ä¢Ã�Ì�ÀUÔ�Â�Ì¢Ð ¶9Ù ÐbÐ�Ã�Ì�È�Ä¥Å�Ã�Ð
Ð�Ó�Â�ÐbÐ�Ó�ÀUÕ�Ì�Å�Ã�È�ÏMÔ�Ì�ÀOÄ�Ä¢Ã�Ì�ÀUÁ0Â�ÈHØ%À�Å�È�Ñ ÉMÂQÆvÃ�È�Á&Ð�Î Å�È�Å�ÆgÐ�Î Ç�À�Ò�Î ¶ À %ML � %ML���P � Ò�Ø�Ã�Ð�Ä¢Î È�Á!ÀKÐ�Ó�À
Ð�Ã�È�È�À0Ñ%Î�Ä¡Â�Å�Ô%À0ÈMÏ�Å�Ç?Â�Î È�Ð�Ó�Î�Ä9Õ�Ì�Å�Ã�È�Ï�Ô�Ì�ÀOÄ�Ä¢Ã�Ì�ÀbÛbÎ Ñ Ñ�Â�Ñ�Ä¢Å�È�Å�ÐYÁ,Ó�Â�È�Õ�À¥Î È?Ð�Î Ç�À ¶°è Ó�À0Ì�À!ÆvÅ�Ì�À�Ò
Á!Å�È�Ä¢Î�Ï�À0Ì�Î È�Õ %ML �RQ?S�TgÞ PVU T P Â�È�ÏDÐ�Ó�Â�Ð�Î È Ñ ÀOÂ�Ï�Î È�ÕHÅ�Ì,Ï�À0ÌKÛ¡À`Ó�Â�×�À 4 � %ML Ý 	 Ò�Ð�Ó�À?Ä¢É�Ä�Ð�À0Ç
, ¬



���]��#��Q���� �� î � $�	��U�,�  ����0	���� ���]����	M�O��� #  "	�$�#M���� ���� î ���O���� µ�� Á0Â�ÈHØ%À�Ì�À0ÛbÌ�Î Ð¢Ð�À0È�Â�Ä�á ä â
��	 ��
������� ��	�� � ��� � ä �

� 
� ��� ��� � � � µ	 �&% $ � µ	 ')(+* "$ , � � (+* "$
å �.� ����� ��� �/��01�12 � å �

����� ��� � � ��7+8 "$ (+* "$ , � µ	 ������%ML�� � ç �
è Ó�Î�ÄKÄ¢É�Ä�Ð�À0Ç Ì�À0Ô�Ì�ÀOÄ¢À0È�Ð,Ä¥ÂMÏ�À0È�Ä¢Î Ð�É�ë)Ï�À0Ô%À0È�Ï�À0È�Ð é Å�Û ÛbÎ Ð�ÓÖÂ]È�Å�È�ë;×�Â�È�Î�Ä¢Ó�Î È�ÕMÏ�Î ×�À0Ì�Õ�À0È�Á!À
Å�Æ
Ð�Ó�À�×�À0Ñ Å�Á!Î Ð�É?Ê�À0Ñ�Ï ¶
è Ó�À�Ä¢É�Ä�Ð�À0Ç � ä � ë � ç � Î�ÄbÄ¢Å�Ñ ×�ÀOÏMÈ�Ã�Ç�À0Ì�Î�Á0Â�Ñ Ñ É?Ø�ÉMÂ`Ç�Å�Ï�Î Ê�ÀOÏ]Ê�Ì,Ä�ÐbÅ�Ì,Ï�À0ÌYÔ�Ì�Å	��ÀOÁ&Ð�Î Å�ÈMÇ�À!Ð�Ó�Å�Ï
Ï�ÀOÄ�Á!Ì�Î Ø%ÀOÏHÎ Èãá å â;¶�
 Å�ÌYÐ�Ó�À
È�Ã�Ç�À0Ì�Î�Á0Â�ÑTÄ�Á,Ó�À0Ç�À�Û¡ÀUÔ�Ì�ÀOÄ�Á!Ì�Î Ø%ÀUÐ�Ó�ÀUÆvÅ�Ñ Ñ Å�ÛbÎ È�Õ�Ø%Å�Ã�È�Ï�Â�Ì�ÉMÁ!Å�È�ë
Ï�Î Ð�Î Å�È�Ä

� �
�� �  :/P � � � : ���� $�� ���� �  :/P � � � : ����  � ���	 �  :/P � � 	�L�: ��� �&�  :/P ���1� : ���� $	 �  :/P � � 	 $ : ��� �&�  :/P ���1� : ������

% �  :/P � � %ML�: ���� $% �  :/P � � % $ : ������

�&% ���T � µ	 'M(+* "$-, � � (+* "$
å �.� ����� ��� �/��0 ���T �12 ���T : ����  � ���

ÛbÓ�À0Ì�À � $ : ��� Ï�À0È�Å�Ð�À¥Ð�Ó�À�À0È�Ð�Ì,Â�È�Á!À¥Â�È�Ï`Ð�Ó�À�À?>�Î Ð¡Å�Æ�Ð�Ó�À¥Ð�Ã�È�È�À0Ñ�Â�È�Ï �  : ��� Ð�Ó�À�Ñ Å�Û¡À0Ì9Â�È�Ï
Ã�Ô�Ô%À0ÌbÊ)>�ÀOÏMÛYÂ�Ñ Ñ�Ä0Ò�Ì�ÀOÄ¢Ô%ÀOÁ&Ð�Î ×�À0Ñ É ¶
ä ¶ @! #"�$&%&'3¾3»"¾v¸)(tº+*b¸, #"D_`º%¼#-,-O¾3·#".-,/�%10#0"¹�º.2T¾43�%�¸O¾3º%·w¾3·t¸, #"Í½5%&-,"Íº+*6'4%�¹87+"
¸,".390�"�¹8%�¸O¼g¹8"D»"¾;:�"�¹8"�·"½5".-

è Ó�ÀY¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�àUÂ�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�È
Ä�Ð,Â�Ì¢Ð,Ä"Ø�É
Á!Å�È�Ä¢Î�Ï�À0Ì�Î È�Õ¥Ð�Ó�ÀYÁ!Å�Ç�Ô�Ì�ÀOÄ�Ä¢Î Ø�Ñ À¡ê�Â�×�Î À0Ì¢ë
ì�Ð�Å�í�ÀOÄKÀOà�Ã�Â�Ð�Î Å�È�Ä�ÆvÅ�Ì é Ã�Î�Ï é Å�Û ¶ E ÐUÐ�Ó�Î�Ä
Ä�Ð,Â�Õ�À�Â�Ñ Ñ é Ã�Î�Ï Ô�Ì�Å�Ô%À0Ì¢Ð�Î ÀOÄUÂ�Ì�À�Â�Ä�Ä¢Ã�Ç�ÀOÏDÐ�Å�Ø%À

,=<



�����	��,�,� î �������� î ��$��� ���� � î ��	����M� ��	��]�����O��	���	
ÆvÃ�È�Á&Ð�Î Å�È�ÄbÅ�ÆgÐ�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�À 4 Â�È�ÏHÔ�Ì�ÀOÄ�Ä�Ä¢Ã�Ì�À 7 Ò�Î ¶ À ¶

	 � 	 ��4 : 7 � : Q��K� Q�� ��4 : 7 �
� � � ��4 : 7 � : � � � ��4 : 7 �
� � � ��4 : 7 �

¿¡ÀOÁ0Â�Ã�Ä¢À`Ð�Ó�ÀOÄ¢À�ÆvÃ�È�Á&Ð�Î Å�È�ÄQÂ�Ì�À�È�Å�ÐQí�È�Å�ÛbÈæÁ!Å�Ç�Ô�Ñ À!Ð�À0Ñ É�Ò"Å�È�À]Â�Ä�Ä¢Ã�Ç�ÀOÄKÐ�Ó�Â�ÐQÀOÂ�Á,ÓÖÆvÃ�È�Á&Ð�Î Å�È
Ç?Â�É]Ø%À
Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�ÀOÏ]Ø�ÉMÂQÊ�Ì,Ä�Ð¥Å�Ì,Ï�À0Ì è Â�É�Ñ Å�ÌYÀ?>�Ô�Â�È�Ä¢Î Å�ÈTÒ�Î ¶ À ¶

	 � 	���� µ 6�������436A4	� �=��
 � �<7 6 7�� �/�
Q�� � Q��� � µ � U�����416A4	� ���� ���<7 6 7�� �/�
� � � ��� µ ��Q ����416A4	� ��O� � �<7 6 7�� �/�
� � ����� µ � * � ��436A4	� ���� ���<7 6 7�� �/�
� � � ��� µ �ãÜ ����436A4	� �=� T � �<7 6 7�� �/� � J �

ÛbÎ Ð�Ó  � � ��	�� : Q��� : � � :���� : � � � ÛbÓ�À0Ì�À�� � � ������: U�� : Q � : * � : Ü � � Ì�À0Ô�Ì�ÀOÄ¢À0È�Ð,ÄYÐ�Ó�ÀQÌ�À!ÆvÀ0Ì�À0È�Á!À
Ä�Ð,Â�Ð�ÀOÄYÅ�Æ � µ�Ý  � � �� � Ý � 4 Â�È�Ï�� � � � 
 � : � � : � � : � � : T � � Ì�À0Ô�Ì�ÀOÄ¢À0È�Ð,Ä¯Ð�Ó�À�Ì�À!ÆvÀ0Ì�À0È�Á!ÀUÄ�Ð,Â�Ð�ÀOÄYÅ�Æ� µ�Ý  � � �� � Ý � 7 Ò�Ì�ÀOÄ¢Ô%ÀOÁ&Ð�Î ×�À0Ñ É ¶E Á0Á!Å�Ì,Ï�Î È�Õ�Ð�ÅHá � â Ð�Ó�À¥ÆvÅ�Ñ Ñ Å�ÛbÎ È�Õ`Á!Ì�Î Ð�À0Ì�Î�Â�ÇQÃ�Ä�Ð¡Ø%ÀUÁ,Ó�ÀOÁ,í�ÀOÏ�Î ÈMÅ�Ì,Ï�À0Ì¯Ð�ÅQÀ0È�Ä¢Ã�Ì�À¥Ð�Ó�ÀK×�Â�Ñ Î�Ï�Î Ð�É
Å�ÆgÐ�Ó�À
¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à]Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈTÚ

Q $ ��� ����� ���3� � µ : Q  ��� 
 �?	������ ���1� � µ � � �
Q � ��� Q � � �!�1� � µ : Q � ��� � �?	������ ���3� � µ �#" �
Q�$&��� U���� ���3� � µ : Q�% ��� � �?	����&� �'�3� � µ ��( �
Q�)&��� Ü � � �!�3� � µ : Q�*&��� T �-	������ ���3� � µ ��+ �
Q�,&��� * � � �!�1� � µ : Q $ L ��� � �-	������ ���1� � µ � µ����

Q $ $ ��� �������Q��- ���3� � µ Q $  ��� �����&� 4	�Q��- � ���1� � µ � µ�µ��
,�.
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Q $ � ��� �����&�Q��- � �<7+8 ( U "$?� $��  � � � µ �<7+8 ( U �#"$��  � µ ä �
ÛbÓ�À0Ì�À � Ò � Ò � Â�Ì�ÀQÐ�Ó�À?Ç?Â >�Î Ç?Â�Ñ"Ð�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�À�×�Â�Ì�Î�Â�Ð�Î Å�È�ÄUÂ�Ì�Å�Ã�È�Ï 4	� ÒTÐ�Ó�À�Õ�Ì,Â�×�Î Ð,Â�Ð�Î Å�È�Â�Ñ
ÆvÅ�Ì,Á!ÀHÂ�È�ÏãÐ�Ó�À�Ì�À!ÆvÀ0Ì�À0È�Á!ÀMÑ À0È�Õ�Ð�ÓTÒ9Ì�ÀOÄ¢Ô%ÀOÁ&Ð�Î ×�À0Ñ É ¶ãÙ È Ð�Ó�À�Á0Â�Ä¢ÀHÅ�ÆKÂ�Î Ì�Â�Ð 4	� �Xµ J���� Â�È�Ï7�� � µ�� $ 7 U Ð�Ó�ÀUÆvÅ�Ñ Ñ Å�ÛbÎ È�Õ�×�Â�Ñ Ã�ÀOÄ¡ÆvÅ�ÌYÐ�Ó�À
Á!Ì�Î Ð�À0Ì�Î�Â Q $ 6 Q $ $ Â�Ì�ÀUÕ�Î ×�À0ÈMÎ Èãá � â ÚQ $ Q  Q � Q � Q�$ Q�%

å � J � µ�� " � � µ � ä � µ�� " % � ä � (+� µ�� " � � � ç � J � µ�� " $ � ä � å � µ�� " , �Q�) Q�* Q�, Q $ L Q $ $
ä � ç � µ�� " � � � 6 å � � � µ�� " � � � å � � � µ�� " ) �

Ù Æ¯Ð�Ó�À`Ç?Â >�Î Ç?Â�ÑgÐ�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�À`Ï�Î ß�À0Ì�À0È�Á!À � Î�Ä�×�À0Ì�É�Ñ�Â�Ì�Õ�À � À ¶ Õ ¶�µ������ ��� � Ð�Ó�À0ÈÖÎ ÐUÎ�ÄKà�Ã�Î Ð�À
ÀOÂ�Ä¢ÉÍÐ�ÅÖÁ,Ó�ÀOÁ,íÖÐ�Ó�Â�Ð
Ð�Ó�ÀHÁ!Ì�Î Ð�À0Ì�Î�Â Q $ Ò Q � Ò Q�) Ò Q�, Â�Ì�À?È�Å�Ð
ÆvÃ�Ñ Ñ Ê�Ñ ÀOÏ.Ò°Ó�À0È�Á!À?Ð�Ó�ÀH¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à
Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈHÏ�Å�ÀOÄYÈ�Å�Ð¥Â�Ô�Ô�Ñ É ¶
å ¶ >D¼#3�"�¹�¾3½5%&'¯¹8".-O¼#'v¸,-

Ù ÈtÐ�Ó�À�ÆvÅ�Ñ Ñ Å�ÛbÎ È�ÕæÛ¡ÀDÛbÎ Ñ Ñ�Á!Å�Ç�Ô�Â�Ì�ÀHÐ�Ó�ÀDÈ�Ã�Ç�À0Ì�Î�Á0Â�ÑbÌ�ÀOÄ¢Ã�Ñ Ð,Ä?Î ÈtÐ�Ó�ÀÍÁ0Â�Ä¢ÀDÅ�ÆKÐ�Û¡Å
Ì�ÀOÂ�Ñ Î�Ä�Ð�Î�Á¥Ð�Ã�È�È�À0Ñ.Ê�Ì�ÀUÀ0×�À0È�Ð,ÄbÏ�ÀOÄ�Á!Ì�Î Ø%ÀOÏMÎ Èæá å â ÛbÎ Ð�ÓHÐ�Ó�À
¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à?Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈÖá � â;¶°Ù È
Ø%Å�Ð�ÓwÁ0Â�Ä¢ÀOÄQÐ�Ó�À�Ó�ÀOÂ�Ð]Ä¢Å�Ã�Ì,Á!ÀHÎ�Ä`Ô�Ñ�Â�Á!ÀOÏ À?>�Â�Á&Ð�Ñ ÉãÎ È Ð�Ó�ÀDÇ�Î�Ï�Ï�Ñ À�Å�Æ�Ð�Ó�ÀHÐ�Ã�È�È�À0Ñ�Â�È�Ï Î Ð?Î�Ä
Ï�Î�Ä�Ð�Ì�Î Ø�Ã�Ð�ÀOÏHÅ�×�À0ÌbÂ`Ì�ÀOÁ&Ð,Â�È�Õ�Ã�Ñ�Â�ÌYÂ�Ì�ÀOÂ`Å�Æ�Ä¢Î �0À µ�� Ç >Mç?Ç ¶
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 Î Õ�Ã�Ì�À µ�¶�� À0Ì¢Ð�Î�Á0Â�Ñ�Ð�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�ÀUÔ�Ì�Å�Ê�Ñ ÀOÄ � Î È ��� � ÆvÅ�Ì¥ÂQÐ�Ã�È�È�À0ÑTÛbÎ Ð�Ó�Å�Ã�Ð�Ä¢Ñ Å�Ô%À µ���� Ç Ñ À!Æ�Ð
Â�È�ÏMÌ�Î Õ�Ó�ÐYÆvÌ�Å�Ç Ð�Ó�À�Ó�ÀOÂ�Ð¥Ä¢Å�Ã�Ì,Á!ÀUÂ�Ð¥×�Â�Ì�Î Å�Ã�Ä9Ð�Î Ç�ÀOÄ0Ú � Â � Ð�Ó�À�Ñ Å�ÛYë�BÍÂ�Á,ÓMÈ�Ã�ÇQØ%À0ÌbÇ�Å�Ï�À0Ñ� µ�� Ò � Ø � Ð�Ó�À
Ä�Ð,Â�È�Ï�Â�Ì,ÏMÎ È�Á!Å�Ç�Ô�Ì�ÀOÄ�Ä¢Î Ø�Ñ À�ê�Â�×�Î À0Ì¢ë�ì�Ð�Å�í�ÀOÄ9Ç�Å�Ï�À0ÑTÛbÎ Ð�ÓD¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à

Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�È ¶
å ¶ µ�¶ @¡¼"·"·#".'��?¾v¸, "º%¼g¸ -,'3º�0�"�� è Ó�À]Ð�Ã�È�È�À0ÑbÁ!Å�È�Ê�Õ�Ã�Ì,Â�Ð�Î Å�ÈËÏ�Â�Ð,ÂÖÂ�Ì�À]Ñ Î�Ä�Ð�ÀOÏËÎ È è Â�Ø�Ñ À Ù&¶BDÅ�Ì�À�Î È�ÆvÅ�Ì�Ç?Â�Ð�Î Å�ÈÍÂ�Ø%Å�Ã�Ð¥Ð�Ó�ÀQÈ�Ã�Ç�À0Ì�Î�Á0Â�ÑTÇ�À!Ð�Ó�Å�ÏÍÂ�È�Ï�Å�Ð�Ó�À0Ì�Ì�À0Ñ À0×�Â�È�ÏDÏ�Â�Ð,Â]Â�Ì�À�Õ�Î ×�À0È�Î È
á å â;¶�
 Î Õ�Ã�Ì�À µ Ä¢Ó�Å�Û Ð�Ó�ÀUÐ�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�ÀUÔ�Ì�Å�Ê�Ñ ÀOÄbÂ�Ñ Å�È�Õ?Â`×�À0Ì¢Ð�Î�Á0Â�Ñ.Â >�Î�Ä0Ò�ÛbÓ�Î�Á,ÓHÎ�ÄbÔ�Ñ�Â�Á!ÀOÏ µ����
ÇIÐ�ÅKÐ�Ó�À¥Ñ À!Æ�Ð9Â�È�Ï`Ì�Î Õ�Ó�Ð°Å�Æ�Ð�Ó�ÀbÇ�Î�Ï�Ï�Ñ À¥Å�Æ�Ð�Ó�ÀbÐ�Ã�È�È�À0Ñ�Î È`Ð�Ó�À¥Á0Â�Ä¢ÀYÅ�Æ%Ð�Ó�ÀbÑ Å�ÛYë�BÍÂ�Á,ÓQÈ�Ã�ÇQØ%À0Ì
Ç�Å�Ï�À0Ñ � µ�� � µ Â � Ò�Â�È�ÏMÐ�Ó�À`Ä�Ð,Â�È�Ï�Â�Ì,Ï�¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�àMÂ�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈHÇ�Å�Ï�À0Ñ � µ Ø �&¶6
 Î Ì,Ä�Ð�Å�Æ¯Â�Ñ Ñ
Ð�Ó�À`Ì�ÀOÄ¢Ã�Ñ Ð,ÄUÄ¢Ó�Å�Û Ð�Ó�Â�ÐKÐ�Ó�À é Å�Û Ê�À0Ñ�ÏÍÎ�ÄUÄ¢É�Ç�Ç�À!Ð�Ì�Î�ÁQÛbÎ Ð�ÓÖÌ�ÀOÄ¢Ô%ÀOÁ&ÐKÐ�ÅMÐ�Ó�À`Ñ Å�Á0Â�Ð�Î Å�ÈÍÅ�Æ¯Ð�Ó�À
Ó�ÀOÂ�Ð¥Ä¢Å�Ã�Ì,Á!À ¶

è Â�Ø�Ñ À Ù&¶�è ÀOÄ�Ð¥Á!Å�È�Ê�Õ�Ã�Ì,Â�Ð�Î Å�È
�TÀ0È�Õ�Ð�Ó µ�������Ü
	¥À0Î Õ�Ó�Ð µ���Ü
	¥ÀOÂ�Ð¥Ä¢Å�Ã�Ì,Á!À µ ��


Ù È�Î Ð�Î�Â�ÑT×�À0Ñ Å�Á!Î Ð�É ��¶ �D¯Ì�ÀOÄ�Ä¢Ã�Ì�ÀKÏ�Î ß�À0Ì�À0È�Á!À � Ø%Å�Ð¢Ð�Å�Ç`ë�Ð�Å�Ô � µ ä � D°ÂCbÀUÈ�Ã�ÇQØ%À0Ì ä�J ���
ì�Î ÇQÃ�Ñ�Â�Ð�Î Å�ÈMÐ�Î Ç�À å �QÜ.��T
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 Î Õ�Ã�Ì�À
ä ¶�� À0Ì¢Ð�Î�Á0Â�Ñ�Ð�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�ÀUÔ�Ì�Å�Ê�Ñ ÀOÄ � Î È ��� � ÆvÅ�Ì¥ÂQÐ�Ã�È�È�À0ÑTÛbÎ Ð�Ó�Å�Ã�Ð�Ä¢Ñ Å�Ô%À µ���� Ç Ñ À!Æ�Ð
Â�È�ÏMÌ�Î Õ�Ó�ÐYÆvÌ�Å�Ç Ð�Ó�À�Ó�ÀOÂ�Ð¥Ä¢Å�Ã�Ì,Á!ÀUÂ�Ð¥×�Â�Ì�Î Å�Ã�Ä9Ð�Î Ç�ÀOÄ0Ú � Â � Ð�Ó�À�Ñ Å�ÛYë�BÍÂ�Á,ÓMÈ�Ã�ÇQØ%À0ÌbÇ�Å�Ï�À0Ñ� µ�� Ò � Ø � Ð�Ó�À
Ä�Ð,Â�È�Ï�Â�Ì,ÏMÎ È�Á!Å�Ç�Ô�Ì�ÀOÄ�Ä¢Î Ø�Ñ À�ê�Â�×�Î À0Ì¢ë�ì�Ð�Å�í�ÀOÄ9Ç�Å�Ï�À0ÑTÛbÎ Ð�ÓD¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à

Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�È ¶
Ù Æ%Û¡ÀbÁ!Å�Ç�Ô�Â�Ì�À9Ð�Ó�À 
 Î Õ�Ã�Ì�À � µ Â � ÛbÎ Ð�Ó`Ð�Ó�À 
 Î Õ�Ã�Ì�À � µ Ø � Û¡ÀbÄ¢À0À¡Ð�Ó�Â�Ð�Ð�Ó�ÀYÐ�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�À9ÆvÌ�Å�È�Ð,Ä
Â�Ì�ÀHÇ�Å�×�Î È�ÕæÛbÎ Ð�Ó²Ï�Î ß�À0Ì�À0È�Ð?×�À0Ñ Å�Á!Î Ð�Î ÀOÄ0Ò¡Î ¶ À ¶ Ð�Ó�À�×�À0Ñ Å�Á!Î Ð�É Á!Å�Ç�Î È�Õ ÆvÌ�Å�Ç Ð�Ó�ÀÍ¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à
Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�È�Ç�Å�Ï�À0Ñ"Î�Ä�Ñ Å�Û¡À0ÌbÐ�Ó�Â�ÈÖÎ ÈDÐ�Ó�ÀQÑ Å�ÛYë�BÍÂ�Á,ÓDÈ�Ã�ÇQØ%À0Ì�Ç�Å�Ï�À0Ñ � µ��&¶Uè Ó�Î�Ä¥Æ3Â�Á&ÐKÎ�Ä
Á!Ñ ÀOÂ�Ì9Î È?Ð�Ó�ÀKÑ Î Ð�À0Ì,Â�Ð�Ã�Ì�À¥ÛbÓ�À0Ì�À�Î Ð¡Î�Ä¡Á!Ñ�Â�Î Ç�ÀOÏ�Ð�Ó�Â�Ð¡Ð�Ó�À�Ø%Å�Ã�É�Â�È�Á!Î ÀOÄ°ÆvÅ�Ì,Á!ÀOÄ9Â�Ì�À¥È�Å�ÐbÄ¢ÅQÄ�Ð�Ì�Å�È�Õ
ÛbÓ�À0ÈÍÄ¢Î ÇQÃ�Ñ�Â�Ð�ÀOÏHÛbÎ Ð�ÓDÐ�Ó�ÀQ¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à]Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈHÇ�Å�Ï�À0Ñ ¶¡Ù È�Ï�À0ÀOÏ�Ø%ÀOÁ0Â�Ã�Ä¢À�Ð�Ó�À
Ó�ÀOÂ�Ð
Ð�Ì,Â�È�Ä�ÆvÀ0Ì¯Ð�Å�ÛYÂ�Ì,Ï�Ä�Ð�Ó�À�Ð�Ã�È�È�À0Ñ�À0È�Ï�Ä9Î�Ä9È�Å�ÐbÄ¢Å�Æ3Â�Ä�ÐYÂ�Ä9Î È?Ð�Ó�ÀKÑ Å�ÛYë�BÍÂ�Á,Ó�È�Ã�ÇQØ%À0Ì¡Ç�Å�Ï�À0Ñ�Ò�Ð�Ó�À
Ð�À0Ç�Ô�Â�Ì,Â�Ð�Ã�Ì�ÀOÄ¡Î ÈHÐ�Ó�À
¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à?Â�Ô�Ô�Ì�Å�>�Î Ç?Â�Ð�Î Å�ÈHÂ�Ì�ÀUÓ�Î Õ�Ó�À0Ì ¶
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å ¶ ä ¶ @¡¼"·"·#".' �?¾v¸, -,'3º�0�"�� E ÄYÎ ÈMÐ�Ó�ÀUÔ�Ì�À0×�Î Å�Ã�Ä¡À?>�Â�Ç�Ô�Ñ ÀKÐ�Ó�ÀKÐ�Ã�È�È�À0ÑgÁ!Å�È�Ê�Õ�Ã�Ì,Â�Ð�Î Å�ÈMÏ�Â�Ð,Â
Â�Ì�ÀKÑ Î�Ä�Ð�ÀOÏHÎ È è Â�Ø�Ñ À Ù&¶�è Ó�À�Å�È�Ñ É]Ç�Å�Ï�Î Ê%Á0Â�Ð�Î Å�ÈHÓ�À0Ì�ÀUÎ�Ä¡Ð�Ó�Â�ÐbÐ�Ó�ÀUÐ�Ã�È�È�À0ÑTÓ�Â�ÄbÂ`Ä¢Ñ Å�Ô%À�Å�Æ�å��
Ã�Ô�ÛYÂ�Ì,Ï�ÄKÆvÌ�Å�Ç Ð�Ó�À]Ñ À!Æ�Ð
Ð�ÅDÐ�Ó�À?Ì�Î Õ�Ó�Ð
À0È�Ï ¶�è Ó�ÀMÄ�Â�Ç�À�ÆvÀOÂ�Ð�Ã�Ì�ÀOÄ�Å�ÆYØ%Å�Ð�ÓËÄ¢Î ÇQÃ�Ñ�Â�Ð�Î Å�È�Ä
Â�Ì�À
Ä¢À0À0È�Â�Ñ�Ä¢Å�Î ÈHÐ�Ó�Î�ÄbÁ0Â�Ä¢À � Ä¢À0À 
 Î Õ�Ã�Ì�À
ä�Â�Ò Ø �&¶
ç ¶ NQº%·"½5'3¼#-O¾3º%·#-

BÍÂ�Ð�Ó�À0Ç?Â�Ð�Î�Á0Â�Ñ�Ç�Å�Ï�À0Ñ�ÄKÛbÓ�Î�Á,Ó Ï�ÀOÄ�Á!Ì�Î Ø%ÀQÊ�Ì�À�Â�Á0Á!Î�Ï�À0È�Ð,Ä�Î ÈÖÐ�Ã�È�È�À0Ñ�Ä�Ä¢Ó�Å�Ã�Ñ�ÏÍÇ�Å�Ï�À0Ñ
Ñ Å�ÛYë�BÍÂ�Á,ÓãÈ�Ã�ÇQØ%À0Ì é Å�Û¥Ä
Ð�Å�Õ�À!Ð�Ó�À0ÌQÛbÎ Ð�Ó Ñ�Â�Ì�Õ�À?Ð�À0Ç�Ô%À0Ì,Â�Ð�Ã�Ì�ÀHÕ�Ì,Â�Ï�Î À0È�Ð,Ä ¶ÖÙ ÈãÐ�Ó�ÀHÔ�Ì�ÀOÄ¢À0È�Ð
Ô�Â�Ô%À0ÌUÛ¡À?Á!Å�Ç�Ô�Â�Ì�ÀOÏDÐ�Ó�À�Ñ Å�ÛYë�BÍÂ�Á,ÓÍÈ�Ã�ÇQØ%À0Ì�Ç�Å�Ï�À0Ñ°Ô�Ì�Å�Ô%Å�Ä¢ÀOÏÍÎ Èwá å â ÛbÎ Ð�ÓÖÐ�Ó�À]Ä�Ð,Â�È�Ï�Â�Ì,Ï
¿¡Å�Ã�Ä�Ä¢Î È�ÀOÄ�à�Â�Ô�Ô�Ì�Å�Â�Á,ÓKÆvÅ�Ì é Ã�Î�Ï é Å�ÛãÎ È�Ð�Ó�À¡Á0Â�Ä¢À¯Å�Æ�Ð�Û¡ÅbÊ�Ì�À9À?>�Â�Ç�Ô�Ñ ÀOÄ ¶ E ÄgÛbÌ�Î Ð¢Ð�À0È
Î È è Â�Ø�Ñ À
Ù Û¡À
Ï�Å?È�Å�Ð¥Ã�Ä¢ÀUÐ�Ó�À�Ì�ÀOÂ�ÑCbÀ0É�È�Å�Ñ�Ï�ÄbÈ�Ã�ÇQØ%À0ÌOÒ�Î È�Ï�À0ÀOÏMÐ�Ó�À
È�Ã�Ç�À0Ì�Î�Á0Â�Ñ.À?>�Â�Ç�Ô�Ñ ÀOÄYÔ�Ì�ÀOÄ¢À0È�Ð�ÀOÏ
Ó�À0Ì�ÀHÓ�Â�×�ÀHÈ�Å�Ð`Ð�ÅæØ%ÀDÄ¢À0À0ÈtÂ�Ä�ÂæÁ!Å�Ç�Ô�Â�Ì�Î�Ä¢Å�ÈËÛbÎ Ð�Ó Ð�Ó�À�Ì�ÀOÂ�ÑYÀ?>�Ô%À0Ì�Î Ç�À0È�Ð?Ï�Â�Ð,Â ¶tè Ó�Î�Ä�Î�Ä
ÂHÔ�Ì�À0Ñ Î Ç�Î È�Â�Ì�ÉÖÄ�Ð�À0Ô Î È Ð�Ó�Î�Ä
Ï�Î Ì�ÀOÁ&Ð�Î Å�È ¶?è Ó�À?À!ß�ÀOÁ&Ð
Å�Æ¡Ð�Ã�Ì�Ø�Ã�Ñ À0È�Á!À�ÛbÎ Ñ Ñ¯Ø%À�Ð�Ó�À]Ä¢Ã�Ø1��ÀOÁ&Ð
Å�Æ
ÆvÃ�Ì¢Ð�Ó�À0ÌbÎ È�×�ÀOÄ�Ð�Î Õ�Â�Ð�Î Å�È�Ä ¶

PM½��T·"º � '4"�»#7+".3�"�·�¸,-

è Ó�À?Ñ�Â�Ä�ÐQÂ�Ã�Ð�Å�Ì�ÛYÂ�Ä�Ä¢Ã�Ô�Ô%Å�Ì¢Ð�ÀOÏ Ø�É Â�Õ�Ì,Â�È�ÐUÆvÌ�Å�Ç Ð�Ó�À 
 Ì,Â�Ã�È�Ó�Å�ÆvÀ0Ì¢ë Ù È�Ä�Ð�Î Ð�Ã�Ð�À�Æ��Ã�Ì
è ÀOÁ,Ó�È�Å�ë;Ã�È�Ï��²Î Ì¢Ð,Ä�Á,Ó�Â�Æ�Ð,Ä¢Ç?Â�Ð�Ó�À0Ç?Â�Ð�Î í � Ù�è � B � Ò	��Â�Î�Ä¢À0Ì,Ä¢Ñ�Â�Ã�Ð�À0Ì�ÈTÒ�
KÀ0Ì�Ç?Â�È�É ¶
J ".* "�¹8"�·"½5".-
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Ç�Î�ÒYÇ�Ù9Â�Ã0Ú�Ð�Ä�Â�Ã0Û�Ï�èPÇ�È Ã0É�ã�¿ Î�ÊiÃ!Á�Â�Ì�ÒÑä;Ùªè ÍtÌ�ÉPÄ�Â�Ì�É�Á&æ Ö ¿ Á�Â`Ò�¿ Ý�Ã0É�Ã0Î�Á]Á�É�¿�Ç�È�Ç�Î�Ò_Á�ÃcÄ�ÁOÚ�Ç�Ä�¿�Ä
ÍtË�Î�Æ&Á�¿ Ì�Î�Ä�Ç�Î�Ç�È Ð��0ÃcÒN¿ Î�Ì�Ë�ÉlÓ�É�Ã0Û�¿ Ì�Ë�ÄªÓ�Ç�Ó%Ã0É,ÄPÔ � Õ çoÔ � Õ çoÔ � Õ Ç�Î�ÒáÔ 	 Õ;µ


)Î
Á�Â�ÃªÊiÌ�Ä�ÁfÄ�¿ Ü�Î�¿ â%Æ0Ç�Î�Á�Æ0Ç�Ä�ÃcÄ Ö ÃªÇ�È�Ä�ÌOÒ�¿�Ä�Ó�È�Ç§ÐPÁ�Â�ÃlÆ!Ì�É�É�ÃcÄ�Ó%Ì�Î�Ò�¿ Î�Ü�Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É,Ç µ
¾×Ã Ö Ç�Î�Á�Á�Ì¡Ó%Ì�¿ Î�ÁlÌ�Ë�Á�Á�Â�ÃOÍ3Ç�Æ&ÁªÁ�Â�Ç�Ácç�Ú%ÃcÄ�¿�Ò�ÃcÄ�Á�Â�ÃPÓ�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É,Ç�ç�Ì�Ë�ÉªÄ�Æ0Ç�È�Ç�É�ÊiÃcÇ�Ä�Ë�É�ÃOÌ�Í
Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð
Æ0Ç�Î¡Ú%ÃlÁ�Â�Ì�Ë�Ü�Â�ÁfÌ�Í.Ç�ÄfÇOÍ3Ç�¿ É�È Ð
É�ÃcÇ�Ä�Ì�Î�Ç�Ú�È ÃªÆ,Â�Ç�É,Ç�Æ&Á�Ã0É�¿�Ä�Á�¿�Æ9Ì�Í%Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð
Ì�Í�Ä�Ø�Ë�Ç�É�ÃfÊ?Ç�Á�É�¿�Æ!ÃcÄ µ�� Ì�É�Ã�ç0¿ ÁoÂ�Ç�ÄCÇ�ÎP¿ ÊiÓ%Ì�É�Á,Ç�Î�Á"Ç�Ò�Û�Ç�Î�Á,Ç�Ü�Ã µ� Ð]Ë�Ä�ÃgÌ�Í�Á�Â�¿�ÄoÄ�Æ0Ç�È�Ç�É.ÊiÃcÇ�Ä�Ë�É�Ã
Á�Â�ÃEÊ?Ç�Á�É�¿�Æ!ÃcÄ0ç�Ç�Î�Ò_Æ!Ì�Î�Ä�ÃcØ�Ë�Ã0Î�Á�È Ð?Á�Â�ÃEÎ�Ë�ÊiÃ0É�¿�Æ0Ç�È�ÊiÃ!Á�Â�Ì�Ò�Ä0ç�Æ0Ç�Î�Ú%Ã
Æ!Ì�ÊiÓ�Ç�É�ÃcÒ µ
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)ÎÞÌ�É,Ò�Ã0ÉEÁ�Ì`Ø�Ë�Ç�Î�Á�¿ ÍtÐ`Á�Â�ÃKÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�ÐÅÌ�ÍlÁ�Â�Ã?â�É,Ä�Á
Á�Â�É�Ã0ÃKÒ�¿ Ý�Ã0É�Ã0Î�Á�¿�Ç�È9Ì�Ó%Ã0É,Ç�Ï

Á�Ì�É,Ä Ö Â�Ã0Î×Á�Â�Ã0Ð`Ç�É�ÃiÒ�¿�Ä�Æ!É�Ã!Á�¿ �0ÃcÒ`Ë�Ä�¿ Î�Ü_Á�Â�ÃNÇ�Ú%Ì�Û�Ã¡ÊiÃ0Î�Á�¿ Ì�Î�ÃcÒ`ÊiÃ!Á�Â�Ì�Ò�Ä Ö Ã?Æ!Ì�Î�Ä�¿�Ò�Ã0ÉOÁ�Â�Ã
ÍtÌ�È È Ì Ö ¿ Î�ÜHÁ Ö Ì�Ï;Ó%Ì�¿ Î�ÁlÚ%Ì�Ë�Î�Ò�Ç�É�ÐNÛ�Ç�È Ë�ÃPÓ�É�Ì�Ú�È Ã0Ê%$
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;Ág¿�Ä Ö Ã0È È�ã�Î�Ì Ö ÎHÁ�Â�Ç�ÁgÇOÊ?Ç�Á�É�¿ =H¿�Ä�Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È�¿ Í�¿ Á9Ò�Ì�ÃcÄ�Î�Ì�ÁgÆ!Ì�ÊiÊHË�Á�Ã Ö ¿ Á�Âi¿ Á,ÄfÆ!Ì�Î�>�Ë�Ü�Ç�Á�Ã
Á�É,Ç�Î�Ä�Ó%Ì�Ä�Ã�ç§¿ µ Ã µ ç@?BA2? / ?C?BA�D3E; Ï�Á�Â�Ã�Î�Ë�È È�Ê?Ç�Á�É�¿ = µ ¾×Ã�É�ÃcÆ0Ç�È È�Á�Â�Ç�Á"ÍtÌ�É�Ç]Ä�Ø�Ë�Ç�É�ÃOätÎ�Ì�Î
Î�Ë�È È�æ
Ê?Ç�Á�É�¿ =F?TÌ�ÍªÒ�¿ ÊiÃ0Î�Ä�¿ Ì�ÎHG Ö ¿ Á�ÂÞÆ!Ì�ÊiÓ�È Ã.=ÅÃ0Î�Á�É�¿ ÃcÄ0çC¿ Á,ÄPÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�ÐYÉ,Ç�Á�¿ Ì�ç.¿ Î�Á�É�Ì�Ò�Ë�Æ!ÃcÒ
¿ ÎÞÔ ´&Õ ç�É�ÃcÇ�Ò�ÄlÇ�Ä9ÍtÌ�È È Ì Ö Ä

I äJ?OæK$ 3ML N äJ? A ? / ?C? A æN äJ?Oæ
9

Ö Â�Ã0É�ÃBOEÄ�Á,Ç�Î�Ò�ÄfÍtÌ�É9Á�Â�ÃOÆ!Ì�Î�>�Ë�Ü�Ç�Á�ÃlÁ�É,Ç�Î�Ä�Ó%Ì�Ä�Ã�Ì�Í�?vÇ�Î�Ò N äJ?OægÊiÃcÇ�Î�ÄfÁ�Â�ÃBP�É�Ì�Ú%Ã0Î�¿ Ë�ÄgÎ�Ì�É�Ê
Ì�ÍQ? < ß Â�¿�Äl¿�Äª¿ Î�Ò�Ã0ÃcÒ�Ç?Ä�Æ0Ç�È�Ç�É�ÊiÃcÇ�Ä�Ë�É�Ã?ä3Ä�Ã0Ã?Ô ´!Õ æªÇ�Î�Ò_¿ Á]Ä�Ç�Á�¿�Ä�â�ÃcÄ9Á�Â�Ã
Ä�Â�Ç�É�Ó_¿ Î�ÃcØ�Ë�Ç�È ¿ Á�Ð

;SR I äJ?Oæ RUTV � <
P�Ì�É�Á�Â�ÃPÆ!È�Ç�Ä�Ä�¿�Æ0Ç�ÈCÙ ß ÊiÃ!Á�Â�Ì�Ò Ö ÃOÉ�Ã!ÍtÃ0É�Á�ÌHÁ�Â�Ã Ö Ã0È È�ã�Î�Ì Ö ÎKÊiÌ�Î�Ì�Ü�É,Ç�Ó�ÂKèOÌ�Á�Á�È ¿ Ã0Ú

Ç�Î�ÒXW]É,ÄY�cÇ�Ü�Ô Z Õ ç�Ó�Ó µl´�´"[ Ï ´ � ; µ
P�Ì�ÉªÁ�Â�Ã¡Ùªè ê ÊiÃ!Á�Â�Ì�Ò Ö ÃOÍtÌ�Ë�Î�Ò_Ì�Ë�ÁlÁ�Â�ÃEÊ?Ç�Á�É�¿�Æ!ÃcÄ9ÍtÉ�Ì�ÊWÁ�Â�ÃEÓ�Ç�Ó%Ã0É
Ô ë Õ�\�µ � µ
]gÛ�Ã0Î�Á�Ë�Ç�È È Ð�ç%Ç�È ÈoÁ�Â�Ã
Á�ÃcÆ,Â�Î�¿�Æ0Ç�È ¿ Á�¿ ÃcÄ]¿ ÊiÓ�È ¿ ÃcÒYÚ�Ð`Ùªè ÊiÃ!Á�Â�Ì�Ò`Ç�É�ÃHÇ§Û�Ç�¿ È�Ç�Ú�È ÃE¿ ÎYÁ�Â�Ã

É�Ã0Ó%Ì�É�ÁOÌ�Í^
 µCê�µ_\ Ì�ÓÑÔ � Õ;µ P�Ì�ÉPÛ�Ç�É�¿ Ì�Ë�Ä�Û�Ç�È Ë�ÃcÄOÌ�ÍgÓ�Ç�É,Ç�ÊiÃ!Á�Ã0É,Ä + Ç�Î�Ò 1 Á�Â�Ã¡Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð
É,Ç�Á�¿ Ì�ÄªÇ�É�ÃEÒ�¿�Ä�Ó�È�Ç§Ð�ÃcÒN¿ Î_Á�Â�ÃPÍtÌ�È È Ì Ö ¿ Î�Ü¡Á�Â�É�Ã0ÃOÁ,Ç�Ú�È ÃcÄ µ
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�,�� ��¡$�#��������,#��§��# �������E �����#������l���  ������,� ���i���!���� ì ��$���� ì �

� 3�� � 3 	@� � 3 ´ � � � 3 � ´ � ß Â�ÃEÛ�Ç�É�¿�Ç�Á�¿ Ì�Î
Ù ß ´�µ ; � ��� ; µ [ � � � ; µ [ � ��ë ; µ [ � ��� �

Ùªè ; µ Z [ � � ; µ � � � ; ; µ ´ 	 ´ 	 ; µ ;�� � � 	

Ùªè ê ; µ � [ �@	 ; µ ´ �@Z � ; µ ;�� [�´ ; µ ; ��� � 	
ß Ç�Ú�È Ã ´ $ ß Â�ÃPÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?É,Ç�Á�¿ Ì�Ä9ÍtÌ�É�ÊHË 3 ; µ Ç�Î�ÒKÈ�Ç�ÊHÚ�Ò�Ç 3 ; µ ´ ¿ ÎÞä ´ æ µ

� 3�� � 3 	@� � 3 ´ � � � 3 � ´ � ß Â�ÃEÛ�Ç�É�¿�Ç�Á�¿ Ì�Î
Ù ß ; µ ; � ´ ; ; µ [ ë ´ Z ; µ [ � ��� ; µ [ � ��� �

Ùªè ; µ Z*� � � ; µ ´ Z*� [ ; µ ; [ � 	 ; µ ; ë@� � 	

Ùªè ê ; µ ; ; ë�	 ; µ ; ´ � ´ ; µ ; � ; ; ; µ ; �@Z � 

ß Ç�Ú�È Ã��0$ ß Â�ÃPÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?É,Ç�Á�¿ Ì�Ä9ÍtÌ�É�ÊHË 3 ; µ Ç�Î�ÒKÈ�Ç�ÊHÚ�Ò�Ç 3 � �@	��2�P¿ ÎÞä ´ æ µ

� 3�� � 3 	@� � 3 ´ � � � 3 � ´ � ß Â�ÃEÛ�Ç�É�¿�Ç�Á�¿ Ì�Î
Ùªè ; µ ��ë@� [ ; µ ´"[ ë@� ; µ ´ �*Z*� ; µ ; ë [ 	 	

Ùªè ê ; µ ´"[ ë [ ; µ ; 	*� � ; µ ; �@Z � ; µ ; � ´ � 	
ß Ç�Ú�È Ã Z�$ ß Â�ÃPÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?É,Ç�Á�¿ Ì�Ä9ÍtÌ�É�ÊHË 3 � �@	 µ Ç�Î�ÒKÈ�Ç�ÊHÚ�Ò�Ç 3 ; µ ´ ¿ ÎÞä ´ æ µ


;Áª¿�Ä Ö Ã0È È�ã�Î�Ì Ö Î?Á�Â�Ç�Á�Á�Â�ÃOÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð¡Ì�ÍoÊ?Ç�Á�É�¿�Æ!ÃcÄg¿�ÄªÇ�È�Ä�ÌH¿ Î�Û�ÃcÄ�Á�¿ Ü�Ç�Á�ÃcÒiË�Ä�¿ Î�Ü
Á�Â�Ã?Î�Ì�Á�¿ Ì�ÎáÌ�ÍªÓ�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�Ê ¿ µ Ã µ çCÁ�Â�ÃKÄ�Ó%ÃcÆ&Á�É�Ë�Ê Ì�Í�Á�Â�Ã?É,Ç�Î�Ò�Ì�ÊiÈ ÐÅÓ%Ã0É�Á�Ë�É�Ú%ÃcÒ×Ê?Ç�Á�É�¿ =
Ö ¿ Á�Â×Ç�Î`Ç�É�Ú�¿ Á�É,Ç�É�Ð_Ä�Ê?Ç�È È�Ø�Ë�Ç�Î�Á�¿ Á�Ð µ� ÓÅÁ�ÌKÌ�Ë�ÉOã�Î�Ì Ö È ÃcÒ�Ü�ÃHÇKÒ�¿ É�ÃcÆ&ÁPÆ!Ì�Î�Î�ÃcÆ&Á�¿ Ì�ÎÅÚ%Ã!Á Ö Ã0Ã0Î
Ä�Æ0Ç�È�Ç�ÉªÊiÃcÇ�Ä�Ë�É�ÃcÄ�Ì�Í�Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?Ç�Î�Ò_Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É,Ç¡Ò�Ì�ÃcÄlÎ�Ì�ÁlÃ.=�¿�Ä�Á µ

P�Ì�ÉoÃ.=�Ç�ÊiÓ�È Ã�ç0Á�Â�Ã9Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É,ÇªÉ�Ã0Ó%Ì�É�Á�ÃcÒP¿ Î P"¿ Ü�Ë�É�ÃcÄ ´ Ç�Î�Ò �ªÈ Ì�Ì�ã]Û�Ã0É�ÐPÒ�¿ Ý�Ã0É�Ã0Î�Á
Ã0Û�Ã0Î_¿ Í"Á�Â�Ã0Ð_Æ!Ì�É�É�ÃcÄ�Ó%Ì�Î�Ò?Á�ÌiÊ?Ç�Á�É�¿�Æ!ÃcÄ Ö ¿ Á�ÂYÆ!È Ì�Ä�ÃPÛ�Ç�È Ë�ÃcÄªÌ�Í�Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?É,Ç�Á�¿ Ì�Ä µ

¾ÀÂ�¿ È Ã?ÍtÌ�ÉEÁ�Â�Ã�Ùªè ÊiÃ!Á�Â�Ì�Ò×Á�Â�ÃKÄ�Ó%ÃcÆ&Á�É�Ë�Ê Æ!Ì�Î�Á,Ç�¿ Î�Ä
Æ!Ì�ÊiÓ�È Ã.=×Ã0¿ Ü�Ã0Î�Û�Ç�È Ë�ÃcÄ0ç"Ç�Î�Ò
Á�Â�Ã�Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�ÊdË�Î�Ò�Ã0É�È ¿ Î�ÃcÄHÁ�Â�ÃYÄ�Ó%ÃcÆ&Á�É,Ç�È�¿ Î�Ä�Á,Ç�Ú�¿ È ¿ Á�Ð�ç9¿ ÎRÆ0Ç�Ä�ÃKÌ�ÍEÙªè ê ÊiÃ!Á�Â�Ì�ÒbÇ�È È
Ã0¿ Ü�Ã0Î�Û�Ç�È Ë�ÃcÄªÇ�É�ÃOÓ�Ë�É�ÃPÉ�ÃcÇ�ÈCÇ�Î�ÒNÁ�Â�Ã
Ä�Ó%ÃcÆ&Á�É,Ç�È�¿ Î�Ä�Á,Ç�Ú�¿ È ¿ Á�ÐK¿�ÄlÇ�È ÊiÌ�Ä�Á�Ç�Ú�Ä�Ã0Î�Á µfß Â�Ë�Ä0ç�¿ ÎYÄ�Ó�¿ Á�Ã
Ì�ÍªÁ�Â�Ã?Í3Ç�Æ&Á
Á�Â�Ç�Á¡Ç�Ê?Ç�Á�É�¿ =á¿�Ä
Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È�çC¿ Á,Ä
Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�Ê Ò�Ì�ÃcÄ
Î�Ì�Á
Ó%Ã0É,Æ!Ã0¿ Û�ÃiÁ�Â�¿�Ä
Ç�Î�Ì�Ê?Ç�È Ð µ 
)ÎNÁ�Â�¿�ÄlÄ�¿ Á�Ë�Ç�Á�¿ Ì�Î Ö Ã]ÊHË�Ä�ÁªÉ�ÃcÄ�Ì�É�Á9Á�ÌiÇ¡Ä�Æ0Ç�È�Ç�É9ÊiÃcÇ�Ä�Ë�É�Ã]¿ ÎKÌ�É,Ò�Ã0É9Á�Ì¡Ì�Ú�Ä�Ã0É�Û�ÃlÁ�Â�Ã
Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð µ ¾×ÃEÇ�È�Ä�ÌHÌ�Ú�Ä�Ã0É�Û�Ã�Á�Â�Ç�ÁªÁ�Â�ÃEÆ!Ì�ÊiÓ�È Ã.=NÓ�Ç�É�ÁªÌ�ÍCÁ�Â�ÃEÄ�Ó%ÃcÆ&Á�É�Ë�ÊW¿�Ä�ÊHË�Æ,Â_ÊiÌ�É�Ã
¿ Î�Ä�Á,Ç�Ú�È ÃOÁ�Â�Ç�Î_Á�Â�ÃEÉ�ÃcÇ�ÈCÆ!Ì�Ë�Î�Á�Ã0É�Ó�Ç�É�Á µ
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$��	��c� �2# � ��	�����#���� ì ��#�� �
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Pseudospectum − A −CG method 

���������
	��� ß Â�Ã�Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�Ê Æ!Ì�É�É�ÃcÄ�Ó%Ì�Î�Ò�¿ Î�ÜÅÁ�ÌáÓ%Ì�Ä�¿ Á�¿ Ì�Î:��ç^�á¿ Î
ß Ç�Ú�È Ã��

I ������¸����%e���������� ��� �"!$#�%'&(��)+*,)-%"#/.102!�34#�%53+�6!/&(!�3478!�*9�:��;�%<%50=��3>.?%>)'!A@8B=���5� %>)<C�D�E
��0F#<GIH'BF;�%�JK)-%5*=#�!�)�J=%"�5��34�<&(%534%L#�%MJF.?�5�6%"# *,)>.10,N �+)>� . N�;,��� O'P'!$#�. QR%"#/�"!$#�%(@"34!�PS��;�%�J=�4J=%53
!A@UTVH�WLH:B934%?@5%5��;�%50 Ô � Õ H
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���N������$�� ì 	���� ì ����� ì ��� ���l���
�,�� ��¡$�#��������,#��§��# �������E �����#������l���  ������,� ���i���!���� ì ��$���� ì �
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Pseudospectum − A−CGS method 

���������
	��
 ß Â�Ã�Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�Ê Æ!Ì�É�É�ÃcÄ�Ó%Ì�Î�Ò�¿ Î�ÜÅÁ�ÌáÓ%Ì�Ä�¿ Á�¿ Ì�Î Z�ç^�á¿ Î
ß Ç�Ú�È Ã��

Z µ FH¹%¶"¼ �3»"º"½3¶��×¸�������¸��#
P"¿ É,Ä�ÁªÌ�Í"Ç�È È�ç�¿ Áª¿�Ä�Û�Ã0É�Ð?Æ!È ÃcÇ�É9ÍtÉ�Ì�Ê ß Ç�Ú�È ÃcÄ ´ Ç�Î�Ò4�PÁ�Â�Ç�ÁªÁ�Â�Ã
Ù ß ÊiÃ!Á�Â�Ì�ÒN¿�Ä Ö Ì�É,Ä�Ã

Ö ¿ Á�ÂKÉ�ÃcÄ�Ó%ÃcÆ&Á�Á�Ì¡Î�Ì�É�Ê?Ç�È ¿ Á�Ð?Ç�Î�ÒN¿ Á,Ä�Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð?Ò�Ì�ÃcÄ�Î�Ì�ÁªÛ�Ç�É�Ð Ö ¿ Á�ÂNÁ�Â�ÃEÒ�¿ ÊiÃ0Î�Ä�¿ Ì�Î4G
Ì�ÍoÁ�Â�Ã
Ç�Ó�Ó�É�Ìa=�¿ Ê?Ç�Á�¿ Ì�Î µ

ß Â�ÃlÊiÌ�Ä�Á9Î�Ì�É�Ê?Ç�È�ÊiÃ!Á�Â�Ì�Ò?Ä�Ã0Ã0Ê?Ä�Á�ÌEÚ%ÃPÙªè ê�µ�� Î�Ð Ö Ç§Ð�ç�ÍtÌ�ÉgÈ�Ç�É�Ü�Ã G Á�Â�ÃPÙªè Ç�Î�Ò
Ùªè ê ÊiÃ!Á�Â�Ì�Ò�ÄªÚ%ÃcÆ!Ì�ÊiÃPÆ!È Ì�Ä�Ã0ÉlÇ�Î�ÒKÆ!È Ì�Ä�Ã0É µ�� ÁªÁ�Â�ÃEÄ�Ç�ÊiÃ]Á�¿ ÊiÃ�ç�¿ Ál¿�ÄªØ�Ë�¿ Á�ÃEÄ�Ë�É�Ó�É�¿�Ä�¿ Î�Ü
Á�Â�Ç�Á
¿ ÎiÁ�Â�Ã]Ç�Ú�Ä�Ã0Î�Æ!ÃlÌ�Í�Á�Â�Ãlâ�É,Ä�Á9Ì�É,Ò�Ã0É�Á�Ã0É�Ê ä3Ä�Ã0Ã ß Ç�Ú�È Ã Z�æ"Á�Â�ÃcÄ�Ã�ÊiÃ!Á�Â�Ì�Ò�Ä9Ä�Ã0Ã0Ê Á�Ì
Æ!Ì�Î�Û�Ã0É�Ü�Ã�Á�Ì
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$��	��c� �2# � ��	�����#���� ì ��#�� �
Á�Â�Ã
Ä�Ç�ÊiÃPÛ�Ç�È Ë�ÃEÌ�Í"Î�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�Ð�ç%Ùªè Ò�ÃcÆ!É�ÃcÇ�Ä�¿ Î�ÜiÇ�Î�ÒYÙªè ê ¿ Î�Æ!É�ÃcÇ�Ä�¿ Î�Ü¡ÍtÌ�ÉlÈ�Ç�É�Ü�ÃOÛ�Ç�È Ë�ÃcÄ
Ì�Í�Æ!Ë�Á�Ì�Ý`Ó�Ç�É,Ç�ÊiÃ!Á�Ã0É G <

P"¿ Î�Ç�È È Ð�ç Ö ÃlÂ�Ç§Û�Ã�Á�ÌEÉ�Ã0Ê?Ç�É�ãEÁ�Â�Ç�Ág¿ ÎNÄ�Ó�¿ Á�ÃlÌ�Í%Á�Â�ÃlÍ3Ç�Æ&ÁfÁ�Â�Ç�Á9¿ Î?Æ0Ç�Ä�ÃcÄfÆ!Ì�Î�Ä�¿�Ò�Ã0É�ÃcÒH¿ Î
P"¿ Ü�Ë�É�ÃcÄ ´ Ç�Î�ÒF�¡Á�Â�ÃHÎ�Ì�Î�Ï;Î�Ì�É�Ê?Ç�È ¿ Á�ÐKÉ,Ç�Á�¿ Ì�Ä]Ç�É�ÃHØ�Ë�¿ Á�Ã¡Æ!È Ì�Ä�ÃcÒ.ç�Á�Â�ÃHÓ�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É,ÇNÇ�É�Ã
¿ Î�Ï
Æ!Ì�ÊiÓ�Ç�É,Ç�Ú�È Ã µ 
;ÁgÄ�Ã0Ã0Ê?Ä"Á�Â�Ç�Áf¿ ÎiÄ�Ë�Æ,ÂiÆ0Ç�Ä�ÃcÄoÁ�Â�Ãª¿ Î�ÍtÌ�É�Ê?Ç�Á�¿ Ì�Î
ÍtË�É�Î�¿�Ä�Â�ÃcÒHÚ�Ð
Ó�Ä�Ã0Ë�Ò�Ì�Ä�Ó%ÃcÆ&Á�É�Ë�Ê
Æ!Ì�Ë�È�ÒKÚ%ÃEÊi¿�Ä�È ÃcÇ�Ò�¿ Î�Ü µ

I ��� ��¸���¶"¼ ��#
� 6�� «����,�0��³c��� £�± ¤ ��¯�� ±������
	������� ���������������������������! "�����
#$��� %'&)(+*,�.-/-�� %"���&)%"���0&1�2&'34�25637�����/8 

&9�
�
% :;��&)%"���0�=<>����#�����-4���&)�����?���
&'37�;@���A%£��������g�,¦c�0� £��!��� �c�?�!�>B�¯;>CED���B��,��� ¤ �c�E��£��&�
� `;� «����,�0��³c��� £�± ¤ �%¯�� ±�F��c��±%¯���B�� ±HGI�J&'34�K5634�8L�(���34�
MN "&1���J�.-/-!���;O�%'#$��&)%"���2<8���P����#��Q�4%'��R��7� ����� (

S �
�
&)���8L
��@�T6	.�� S ��%'�4&�UH������@/���
(2V4��� �!� S ���/L8� �
#P��A7W9�,¦��&��X 9���0� ���)�ZY�£��E����� °�£������.���o�����,�0��� �
���l�)X 9�������&®�� �
�!��� �c��± `5X � 6;[�[�� ��± 6.` � � 6.`�[ �

� �N� «��0�)��� � �,¥�±7\O� ±!]9���)�&�0³�±!B����� ±^�_��#��
�
%"����4�`����� (���%'�>�=<H��-4���&)���������
&'37�;@��8a�T?34�����
(�����@��.-/-�� %) 
���&)%"���4��A,B�¯;>CbFC��� � �c���,� ����� ��± 6;[/c�c �

� X�� F��c��±C¯���B�� ±I�_��#��
�
%"����I�
-/-!���;O�%'#$��&)%"���d�=<e@�% f_�
���
�4&)%"���g��h��4��&)%"���4��	,%'&'3��"-4���&)�����I#��
&'37�;@��N��� �
W9�c�
�0��� �0����±��%�,������� �&�0�����,���0�)�&±�i/j��0¥��,�;�9j"�c� ���0� i$k���� ¦§�����)� ��� ¤ � £�l��1Yª�0�����&��±!m��0�,£�� ���E�0�,Ci�!�����
�,�
�!��� �,�9�0���H¯������0���
�!��� �,�,± ¤ � £�l��1Yª�0�����&��± 6;[�[�� �

� �;� F��c��±"¯��ZB�� ±`�n��&1�/L�%)� % :N��@J�
-/-!���;�/
32<8���e&'34�o5634�8L�(���34�
MN "&1���d#��
&'37�;@�A>B���£���� �^k���� ¦���i/j��0¥��,�;�
j"�c� ���0� i�±pCi�!�����,�
�!��� �&��± X�` � 6;[�[/c ��± 5/c � c�[ �

� 5N� F��c��±�¯��!B�� ±�«����,�0��³c��� £�± ¤ ��¯�� ±,5634�8L�(���34�
MN �q`��� �
��rN%'�o���
&'37�;@��Z<8���`sI% R+�
�4M���� �!� S ���/L8� �
#P��A?F.���0�
�,�,�&��� ��³c�9�0�.¯ ¤ H]_W�± ¤ � £�l��1Yª�0�����&��± 6;[�[�5 ±�¦§�c����¯)¯�± `�6Nc � `"` ²��

� c;� B����,��±4D�� ±�s�tu�%1�
�4&.�"-4���&)�����  �q`��� �
��rN%'��#��
&'37�;@Qv�v�A6w>%'�����&.����� M��
�
�x�=<>�8�������@2����@`<8�����
&'3y��h��4�� 
&)%"���4�>����%'��R^5634�8L�(���34�
M�-7��� (�����#P%"��� ��A6B�¯;>CED���B��,����B����!�&� ¤ �c�E��£��&� ± 6�5 � 6;[�[�� ��± c5X �9z c �

� z � ���������������,��±!{C�4Y]� ±Z5Z��#_-!��&1��&)%"���0�=< S �8�
�4@/���"-4���&)����A.9������Y�£��E����� �&��± 6;[�[�[ ± `5X+c � `�[�� �
|�}P~?�I�p�7�4�?� �!� �p|K��������� �������^�p�K�x���`�7��� �4�p�������p���?�8� �/�?�>~ ��~p�_�!�������
� �������=���p�7�p�4�����p�_�p�g�p��� �
sg "#$��%)�?�/@/@����
���� .¡�¢4£�¤/¥+¦;§7¨�©/©/ª/«�¬�¤N¢7/6®�£�8¯
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��������� 	
����� �������	������ ������������	�� ���! "	���#��� "	���� $�	%�&��')( *,+.-�/%�0��*,+%1!-32�4)�0 "5)2�6�798;:):�<

=?>?@BA!>DC
AFEHGJILKMKMIONPCRQSEHGTKM=?ILIUNVEHGXWBIONPC
AFEHG
KM=YEHZ[>\WBIL=DC
AFNP>?]^NVEHG_I`ILZ^aRIL@B@BIL@

A!Gb>cKM]9dBA!@JQe>DC
dB=?>DC
IL@TfPEH=YEHd_QgZ^IL@BA!dBZ

h�i�j.k"j.lgm"l.jen o;prqgprq"ktsuj�prqSv%j.v

w
x.y,z,{!|�}FzF~����������F��� �!��� �F�X�����,�������F�?�����L�;���&�F���H� ���,�D�,�F�����,����� �F�B���F�������!�)�
� �,�������!�����L�R�����)��� �&�0�r�,�F���
�,�L���&�����&�Y� �_�P����� �?���!�������!���&�B���0���F�����O�&��� ���
�!���L�;������� �&��~��X�L�F���F�������0�����������F��� �!��� ���L�O�����,�%���������,� � �3 ����&�¡�Y¢9�F�)�)�,� �0���
�O�����,��~¡£3�����0�9���,�,�V���F�����R�����!���)� �O� � �!��� �¤�H�)�F� ����� �F������¥�� �;�M�0���R�������0����� ���!�)�
��� �������,����� �0�%�&¦����!��� �F���¡���������)�F� ���&�V���)� ��§
�D�,�F�L��� ���&�R¢9����§F���3¨M���)�����O���������
�0���P�)�����0��� ��§D���,������� ¦����F~

©�ª A!«�¬0�®e¯"°"±�¬F²3®%«

³�´Fµ�¶D¶�·,µ�¸�¹�ºu´0·D» ¸½¼%¾�·�¾�¿�¹�ÀV´FÁ�»�µB»�¹D» ¸�Â�¾�Ã Â�´FÁ_» ¸½ÀHµ�¸�ÄÅ¼�·,µ�Æ&¶�»�Æ0µ�ÃÇµ�¼�¼�Ã »�Æ0µ�¶�» ¾�¸�¹�» ¸

È ´0¾�¼�É�Ä�¹�»�Æ0¹0Êe´0¸�´0· È ÄË·�´0Ã�µ�¶�´FÁ½¼�·�¾�Ì�Ã ´0ÀH¹0Êr´0¸�Â�» ·�¾�¸�ÀV´0¸�¶
¼�·�¾�Ì�Ã ´0ÀH¹0Êr´!¶,Æ ªXÍ É�´YÀV¾�¸�¾ È ·,µ�¼�É�¹0Î
Ï)¸ È É�µ�ÀÐµ�¸�Á_Ñ�¾�¼ÓÒ ©FÔ�Ô�Õ Ê%Ö�×�×�Ö�Ø&Ê�Ù¡µ�º3µ�»�Ò¤Ö�×�×�Ö�Ø&Ê�Ñ�¾�¼_µ�¸�ÁXÏ)¸ È É�µ�À\Ò¤Ö�×�× © Ø�µ�¸�ÁXÏ)¸ È É�µ�ÀÚ´!¶
µ�Ã ª Ò¤Ö�×�×�Û�Ø È » Â�´Dµ�¸X´!Ü�Æ!´0Ã Ã ´0¸�¶�¹�¿�ÀVÀHµ�·�ÄY¾�ºr¶�É�´OÝ�¾�·�ÞH¾�¸B¶�É�»�¹�¹�¿�Ì�ß�´FÆ&¶ ª

Ï;º9¶�É�´RÉ�´Fµ�¶D¶�·,µ�¸�¹�ºu´0·L¼�·�¾�Æ!´F¹�¹�¶,µ�Þ�´R¼�Ã�µ�Æ!´Vµ�¶DÉ�» È ÉË¶�´0ÀV¼%´0·,µ�¶�¿�·�´R·,µ�Á�»�µ�¶�» Â�´P´!à�´FÆ&¶,¹
Æ0µ�¸eá ¶RÌ%´?¸�´ È Ã ´FÆ&¶�´FÁâÒ3ã_¾�Á�´F¹�¶FÊ9Ö�×�×�ä�å¡æ�» ´ È ´0Ã�µ�¸�ÁÓ³�¾�Ý�´0Ã Ã¤Ê ©FÔ�Ô Ö�Ø ªËÍ É�´Y·,µ�Á�»�µ�¶�» Â�´YÀV¾�Á�´0Ã�¹
¿�¹�´FÁ?ºu¾�·�ç�¿�»�Á�¹�µ�·�´D¸�¾�¶�µ�Ã Ý�µ�Ä�¹�µ�¼�¼�·�¾�¼�·�»�µ�¶�´�ºu¾�·M¼%¾�·�¾�¿�¹�ÀV´FÁ�»�µ ª¡è ¹�Ä�¸�¶�É�´F¹�»�¹�¾�º�·,µ�Á�»�µ�¶�» Â�´
ÀV¾�Á�´0Ã�¹Y» ¸S¼%¾�·�¾�¿�¹HÀV´FÁ�»�µé»�¹ È » Â�´0¸êÌ�ÄêëOµ�Â�»�µ�¸�Ätµ�¸�Áâæ�» ¸ È É^Ò ©FÔ�Ô ä�Ø ªíì ¹�» ¸ Ètî ¾�¹�¹�´0Ã�µ�¸�Á
µ�¼�¼�·�¾�Ü�» ÀHµ�¶�» ¾�¸^Ò3¹�´0´ î ¾�¹�¹�´0Ã�µ�¸�Á.Ê ©FÔ ä�ï�Ø&ÊL³�¾�¹�¹�µ�» ¸ðµ�¸�Á Í µ�Þ�É�µ�·éÒ ©FÔ�Ô ï�Ø&Ê î µ�¼�¶�»�¹éÒ ©FÔ�Ô�Õ Ø&Ê
³�¾�¹�¹�µ�» ¸Óµ�¸�ÁéÑ�¾�¼SÒ¤Ö�×�× © ØLµ�¸�ÁÓñ�µ�Þ�» ´0·YÒ¤Ö�×�× © ØL¹�¶�¿�Á�» ´FÁ½¶�É�´Yºu·�´0´HÀV» Ü�´FÁÓÆ!¾�¸�Â�´FÆ&¶�» ¾�¸Ëºu·�¾�À
Â�´0·�¶�»�Æ0µ�Ã�¹�¿�·�º3µ�Æ!´F¹Ç¼�Ã�µ�Æ!´FÁR» ¸H¼%¾�·�¾�¿�¹ÇÀV´FÁ�»�µ ª¡ò É�µ�ÀVÞ�µYÒ ©FÔ�Ô�ó Ø&Ê ò É�µ�ÀVÞ�µD´!¶�µ�Ã ª Ò¤Ö�×�× © Ê�Ö�×�×�Ö�Ø
Æ!¾�¸�¹�»�Á�´0·�´FÁH¶�É�´
¹�¾�Ã�µ�·�·,µ�Á�»�µ�¶�» ¾�¸XÆ0µ�¹�´D¾�·FÊ�» ¸_µ�Á�Á�» ¶�» ¾�¸eÊ�¶�É�´OÀHµ�¹�¹�¶�·,µ�¸�¹�ºu´0· ª

ô -363-3õ ö�-3÷Ç1�ø"ù�7,-%-3÷,õ ù�')2�ú3ûF4¤<� 4¤8� 8;:):)ü�
8;:):):¡ýrþ;ÿ ������þ;ÿ � ���	��
�� �� �uÿ���� þ������ ����þ;ÿ � �����	������:�<����):)	�8;:�
 ��!#"$��% &��%þ��'&�(��)% þ��*���*��+F')2�')*,ú�+.-3÷,õ *,+"��ö�-32 ù�õ 635)(�63'-,,-)��. 2�-3-%63'-,�ö�-36uù�õ '-,0�02�5)÷,õ 5;ù�õ '-,0
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��������� ô���ô ��� ��	��H	����?� ��	�� +���+

Ï)¸½¶�É�»�¹O¼�µ�¼%´0·
Ý�´HÝM» Ã Ã9¹�¶�¿�Á�ÄÅ¶�É�´Y·,µ�Á�»�µ�¶�» ¾�¸Ë´!à�´FÆ&¶P» ¸½¶�É�´Hºu·�´0´HÆ!¾�¸�Â�´FÆ&¶�» ¾�¸Ëºu·�¾�À
µ_Â�´0·�¶�»�Æ0µ�Ã�Æ!¾�¸�´?´0ÀPÌ%´FÁ�Á�´FÁÓ» ¸gµXç�¿�»�Át¹�µ�¶�¿�·,µ�¶�´FÁé¼%¾�·�¾�¿�¹
ÀV´FÁ�» ¿�À ¿�¹�» ¸ È ¶�É�´ î ¾�¹�¹�´0Ã�µ�¸�Á
·,µ�Á�»�µ�¶�» Â�´LÀV¾�Á�´0Ã ª

Ö ª a����F²3±��	�.°
��¬F²3®%«
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 1, March 2005

ASYMPTOTIC PROPERTIES OF THE DISCRETIZED
PANTOGRAPH EQUATION

PETR KUNDRÁT

Abstract. We are going to deal with the asymptotic properties of all

solutions of the delay difference equation

∆xn = −axn + bx⌊
τ(tn)−t0

h

⌋, n = 0, 1, 2, . . . ,

where a > 0, b 6= 0 are reals. This equation represents the discretization

of the corresponding delay differential equation. Our aim is to show the

resemblance in the asymptotic bounds of solutions of the discrete and

continuous equation and discuss some numerical problems connected with

this investigation.

1. Introduction

We discuss the numerical discretization of the delay differential equation

ẋ(t) = −ax(t) + bx(τ(t)), t ∈ I := [t0,∞) (1)

in the form

xn+1 − xn = −ahxn + bhxτn , (2)

where a > 0, b 6= 0 are reals, τn :=
⌊

τ(tn)−t0
h

⌋
, tn := t0 + nh, n = 0, 1, 2, . . . , h > 0 is

the stepsize and the symbol b c is an integer part. Then xn means the approximation

of x(tn).

Equation (2) is a difference equation obtained from (1) via the modified Euler

method. It has been shown in [2] that numerical schema (2) is convergent. Our aim
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is to describe some asymptotic properties of equation (2) (more precisely, to find

conditions under which asymptotic behaviour of (1) and (2) is similar).

We especially investigate equations with unbounded lag, i.e. such that t −

τ(t) → ∞ as t → ∞. As the prototype of this equation may serve the so called

pantograph equation (i.e. equation (1) with τ(t) = qt, 0 < q < 1). The name of the

equation has its origin in the application on British railways [9], where the motion of

pantograph of electric locomotive along trolley wire has been described.

In the connection with the investigation of asymptotic properties of solutions

of these equations we recall papers dealing with relative problems, e.g., Čermák [1],

Heard [4], Iserles [5], Liu [7], Kato and McLeod [6] and many others in the continuous

case, and Györi and Pituk [3], Makay and Terjéki [8], Péics[10] and others in the

discrete case.

The paper is organized as follows. In the next section we recall the asymptotic

estimate of all solutions of (1) (valid under certain assumptions). In Section 4 we

derive the analogous asymptotic estimate valid for all solutions of difference equation

(2).

2. Continuous case

In this section we mention the result describing the asymptotics of the inves-

tigated delay differential equation.

Theorem 2.1 (Heard [4]). Let a > 0, b 6= 0 be scalars, τ ∈ C2(I) be such that τ̇ is

positive and decreasing on I and q = τ̇(t0) < 1. Then for any solution x of (1) there

exists a continuous periodic function g of period log q−1 such that

x(t) = (ϕ(t))α
g(logϕ(t)) +O

(
(ϕ(t))αr−1

)
as t→∞,

where ϕ is a solution of

ϕ(τ(t)) = qϕ(t), t ∈ I, (3)

α = log (b/a)
/

log q−1 and αr = <(α).
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Remark 2.2. Particularly, it follows from Theorem 2.1 that for any solution x of

(1) holds

x(t) = O (ψ(t)) as t→∞,

where ψ(t) = (ϕ(t))αr is a solution of the functional equation

aψ(t) = |b|ψ(τ(t)), t ∈ I. (4)

3. Preliminaries

In this section we summarize the assumptions necessary to formulate the result for

discrete case. First, let us denote (H) the assumptions on function τ :

(H): Let τ be an increasing continuous function on I such that τ(t) < t for all t ∈ I

(the case τ(t0) = t0 is also possible), τ(t + h̃) − τ(t) is nonincreasing for arbitrary h̃

fulfilling 0 < h̃ ≤ h on I and let limt→∞ τ(t) = ∞.

Further, throughout this paper we denote T−1 = τ(t0) and Tk = τ−k(t0),

k = 0, 1, 2, . . ., where τ−k means the k-th iteration of the inverse τ−1. If we set

Im := [Tm−1, Tm] for all m = 0, 1, 2, . . ., then τ is mapping Im+1 onto Im.

Instead of the above functional equation (4) we consider the functional in-

equality

aρ(t) ≥ |b|ρ(t0 +
⌊
τ(t)− t0

h

⌋
h), t ∈ I. (5)

Now we can formulate the proposition ensuring some required properties of solutions

of the inequality (5).

Proposition 3.1. Consider the inequality (5), where a > 0, b 6= 0 are reals and let

(H) be fulfilled.

(i): If |b|/a ≥ 1, then there exists a positive continuous nondecreasing solu-

tion ρ of inequality (5).

(ii): If |b|/a < 1, then there exists a positive continuous decreasing solution ρ

of inequality (5) such that ρ(t+h̃)−ρ(t) is nondecreasing on I for arbitrary

real 0 < h̃ ≤ h.
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Proof. Using the step method we can easily verify that there exists a positive contin-

uous solution ρ(t) of (5) which is nondecreasing or decreasing according to |b|/a ≥ 1

or |b|/a < 1, respectively.

Further, we assume that |b|/a < 1 and show that the function ρ(t+ h̃)− ρ(t)

is nondecreasing on I for all 0 < h̃ ≤ h. It is easy to check that any solution of

functional equation

aρ(t) = |b|ρ(τ(t)− h) (6)

is fulfilling the inequality (5). We choose the decreasing function ρ defined on the

initial interval I0 such that ρ(t0) = (|b|/a)ρ(T−1 − h) and let ρ(t + h̃) − ρ(t) be

nondecreasing on I0. Further let t∗, t∗∗ ∈ I1, t∗ < t∗∗. If we denote h∗ := τ(t∗ + h̃)−

τ(t∗), h∗∗ := τ(t∗∗ + h̃)− τ(t∗∗), then h∗ ≥ h∗∗ and we can write

ρ(t∗ + h̃)− ρ(t∗) = |b|
a

(
ρ(τ(t∗ + h̃)− h)− ρ(τ(t∗)− h)

)
= |b|

a

(
ρ(τ(t∗) + h∗ − h)− ρ(τ(t∗)− h)

)
≤ |b|

a

(
ρ(τ(t∗∗) + h∗ − h)− ρ(τ(t∗∗)− h)

)
≤ |b|

a

(
ρ(τ(t∗∗) + h∗∗ − h)− ρ(τ(t∗∗)− h)

)
= |b|

a

(
ρ(τ(t∗∗ + h̃)− h)− ρ(τ(t∗∗)− h)

)
= ρ(t∗∗ + h̃)− ρ(t∗∗)

by use of the assumptions of proposition. Thus ρ(t + h̃) − ρ(t) is nondecreasing on

I0∪I1 and repeating this procedure for intervals I2, I3, . . . we obtain that the function

ρ(t+ h̃)− ρ(t) is nondecreasing on I. �

4. Main result

Theorem 4.1. Let xn, n = 0, 1, 2, . . . be a solution of (2), where 0 < ah < 1, b 6= 0

are reals. Let (H) be fulfilled, let ρ be a positive solution of (5) with the properties

guaranteed by Proposition 3.1 and let ρn := ρ(tn).

(i): If |b|/a ≥ 1, then xn = O (ρn) as n→∞.

(ii): If |b|/a < 1 and moreover
∞∑

k=1

ρ(Tk−1)− ρ(Tk−1 + h)
ρ(Tk+1)

<∞,

then xn = O (ρn) as n→∞.
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Proof. First we rewrite the difference equation (2) as

xn+1 = ãhxn + hbxτn
, n = 1, 2, 3, . . . , (7)

where ã is a (unique) positive real such that ãh = 1− ah.

We introduce the substitution yn = xn/ρn in (7) to obtain

ρn+1yn+1 = ãhρnyn + bhρτn
yτn

, n = 1, 2, 3, . . . (8)

and show that every solution yn of (8) is bounded as n→∞. Multiplying the previous

equality by 1/ãtn+h we get

ρn+1yn+1

ãtn+h
=
ρnyn

ãtn
+

bh

ãtn+h
ρτn

yτn
,

i.e.,

∆
(ρnyn

ãtn

)
=

bh

ãtn+h
ρτnyτn . (9)

Now we take any t ∈ Im+1, m = 1, 2, . . .. We define nonnegative integers km(t) :=⌊
(t− Tm)/h

⌋
. Denote tm := t − km(t)h − h. Summing the equation (9) from tm to

t− h, we get

y(t) =
ρ(tm)ãt

ρ(t)ãtm
y(tm) +

ãt

ρ(t)

t−h∑
s=tm

bh

ãs+h
ρτs

yτs
.

Let us denote Mm := sup

{
|y(t)|, t ∈

m⋃
j=0

Ij

}
. In accordance with (5) we obtain

|y(t)| ≤ ρ(tm)ãt

ρ(t)ãtm
Mm +

ãt

ρ(t)

t−h∑
s=tm

(1− ãh)ρs

ãs+h
Mm.

Using the relation (1−ãh)
ãs+h = ∆

(
1
ã

)s we get

|y(t)| ≤ ρ(tm)ãt

ρ(t)ãtm
Mm +

ãt

ρ(t)

t−h∑
s=tm

(
∆
(

1
ã

)s)
ρsMm
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and summing by parts we finally have

|y(t)| ≤ Mm

ρ(tm)ãt

ρ(t)ãtm
+

ãt

ρ(t)

ρ(t)
ãt

− ρ(tm)
ãtm

−
t−h∑

s=tm

(
1
ã

)s+h

∆ρs


= Mm

1− ãt

ρ(t)

t−h∑
s=tm

(
1
ã

)s+h

∆ρs

 . (10)

The common part of the proof ends here and we continue for the cases (i)

and (ii) separately.

ad (i): If |b|/a ≥ 1, then in accordance with Proposition 3.1 we choose a non-

decreasing function ρ(t) on I. Then ∆ρ(t) is nonnegative on I, hence |y(t)| ≤ Mm.

Since t ∈ Im+1 was arbitrary, we have Mm+1 ≤Mm, i.e., Mm is bounded as m→∞.

Hence the function y(t) is bounded and the statement (i) is proved.

ad (ii): If |b|/a < 1, then in accordance with Proposition 3.1 we choose

a decreasing function ρ(t) on I such that ∆ρ(t) is nondecreasing on I. Then from

(10) we have

|y(t)| ≤ Mm

1 +
ρ(tm)− ρ(tm + h)

ρ(t)

t−h∑
s=tm

(
ãt

ãs+h

)
≤ Mm

{
1 +

ρ(tm)− ρ(tm + h)
ρ(t)

ξ

}
≤Mm

{
1 + ξ

−∆ρ(Tm − h)
ρ(Tm+1)

}
,

where ξ := 1/(1− ãh). The repeated application of this procedure yields

|y(t)| ≤M1

m∏
j=1

(
1 + ξ

−∆ρ(Tj − h)
ρ(Tj+1)

)
,

i.e.,

Mm+1 ≤M1

m∏
j=1

(
1 + ξ

−∆ρ(Tj − h)
ρ(Tj+1)

)
.

By our assumption, the product converges as m → ∞, hence Mm is bounded as

m→∞. The theorem is proved. �

Remark 4.2. The assumption on the stepsize h (h < 1/a) enables us to preserve the

correlation of asymptotic estimates of discrete and continuous case. In other words,
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the estimates of solutions in the discrete case and the continuous case are expressed

via the same function, resp. sequence (provided the stepsize h is sufficiently small).

Remark 4.3. In the estimate concerning the case |b|/a < 1 it is also possible to take

a solution ψ of functional equation (4) instead of a function ρ (which is a solution of

(5)). Using the fact that the term ρ(τ(t)) − ρ(τ(t) − h) is a positive nonincreasing

function it could be shown that there exists a solution ψ of (4) such that ψ(t) > ρ(t)

for all t > t0. In some cases the utilizing of ψ instead of ρ can be more applicable.

5. Examples

Corollary 5.1. Consider the scalar pantograph equation

ẋ(t) = −ax(t) + bx(qt), (11)

where a > 0, b 6= 0, 0 < q < 1 are reals. The qualitative theory yields the estimate

x(t) = O(tr), r =
log |b|

a

log q−1
, as t→∞ (12)

for every solution x of the equation (11). The corresponding difference equation is

xn+1 = (1− ah)xn + bhxb qtn−t0
h c, t ≥ t0 > 0, (13)

where the above assumptions on a, b, q are fulfilled and 0 < ah < 1. Then the following

estimate

xn = O(trn), r =
log |b|

a

log q−1
as n→∞ (14)

is valid for all solutions {xn}∞n=0 of difference equation (13).

Example 5.2. Consider the initial problem:

ẋ(t) = −2x(t) + x(t/2), x(0) = 1, t ∈ [0,∞) . (15)

In accordance with (12) we get the asymptotic estimate

x(t) = O(1/t) as t→∞.

In the corresponding discrete case we consider formula (13) in the form

xn+1 = (1− 2h)xn + hxbtn/2hc, t0 = 0, x0 = 1. (16)
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Then xn = O(1/tn) as t → ∞ provided h < 1/a. If we violate the condition on

stepsize, this asymptotic formula is not valid. Indeed, if h = 1 > 1/a, then the

corresponding discrete equation xn+1 = −xn + xbtn/2c admits solutions not tending

to zero as n→∞.

It is obvious, that the assumption 0 < ah < 1 has its relevance in the choice

of suitable stepsize h to preserve the same behaviour of difference case as in the

continuous case.
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[8] Makay, G., Terjéki, J., On the asymptotic behavior of the pantograph equations, Electron

J. Qual. Theory Differ. Equ., 2 (1998), pp. 1-12, (electronic).

[9] Ockendon, J. R., Tayler, A. B., The dynamics of a current collection system for an

electric locomotive, Proc. Roy. Soc. Lond. A., 322 (1971), pp. 447–468.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 1, March 2005

AN APPLICATION OF BRIOT-BOUQUET DIFFERENTIAL
SUPERORDINATIONS AND SANDWICH THEOREM

GEORGIA IRINA OROS

Abstract. Let f ∈ A. We consider the following integral operator

F (z) =
2

z

∫ z

0

f(t)dt. (1)

By using this integral operator we obtain a Briot-Bouquet differential su-

perordination and sandwich theorem.

1. Introduction

Let H(U) denote the class of functions analytic in the unit disc

U = {z ∈ C, |z| < 1}.

For n a positive integer and a ∈ C, let

H[a, n] = {f ∈ H(U) : f(z) = a + anzn + an+1z
n+1 + . . . , z ∈ U},

and An = {f ∈ H(U), f(z) = z + an+1z
n+1 + . . . , z ∈ U} with A1 = A.

A function f ∈ H[a, n] is convex in U if it is univalent and f(U) is convex. It

is well known that f is convex if and only if f ′(0) 6= 0 and

Re
zf ′′(z)
f ′(z)

+ 1 > 0, z ∈ U.

Let Q denote the set of functions f that are analytic and injective on the set

U \ E(f), where

E(f) =
{

ζ ∈ ∂U, lim
z→ζ

f(z) = ∞
}

Received by the editors: 03.12.2004.

2000 Mathematics Subject Classification. Primary 30C80, Secondary 30C45, 30A20, 34A40.

Key words and phrases. Differential subordination, differential superordination, Briot-Bouquet, univalent,

convex.

93



GEORGIA IRINA OROS

and are such that f ′(ζ) 6= 0 for ζ ∈ ∂U \E(f). The subclass of Q for which f(0) = a

is denoted by Q(a).

Many of the inclusion results that follow can be written very easily in terms

of subordination and superordination. We recall these definitions. Let f, F ∈ H(U)

and let F be univalent in U . The function F is said to be superordinate to f , or f is

subordinate to F , written f ≺ F , if f(0) = F (0) and f(U) ⊂ F (U).

Let β and γ be complex numbers. Let Ω2 and ∆2 be sets in the complex

plane, and let p be analytic in the unit disc U . In a series of articles the authors and

many others [1, p. 80-119] have determined conditions so that{
p(z) +

zp′(z)
βp(z) + γ

| z ∈ U

}
⊂ Ω2 ⇒ p(U) ⊂ ∆2. (2)

The differential operator on the left is known as the Briot-Bouquet differential

operator. The main concern in this subject is to find the smallest set ∆2 in C for

which (2) holds.

In [2] the authors consider the dual problem of determining conditions so that

Ω1 ⊂
{

p(z) +
zp′(z)

βp(z) + γ
| z ∈ U

}
⇒ ∆1 ⊂ p(U). (3)

In particular we are interested in determining the largest set ∆1 in C for

which (3) holds.

If the sets Ω and ∆ in (2) and (3) are simply connected domains not equal

to C, then it is possible to rephrase these expressions very neatly in terms of subor-

dination and superordination in the forms:

p(z) +
zp′(z)

βp(z) + γ
≺ h2(z) ⇒ p(z) ≺ q2(z) (2′)

h(z) ≺ p(z) +
zp′(z)

βp(z) + γ
⇒ q1(z) ≺ p(z). (3′)

The left side of (2′) is called a Briot-Bouquet differential subordination, and

the function q2 is called a dominant of the differential subordination. The best dom-

inant which provides a sharp result, is the dominant that is subordinate to all other

dominants.
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In a recent paper [3] the authors introduced the dual concept of a differential

superordination. In light of those results we call the left side of (3′) a Briot-Bouquet

differential superordination, and the function q, is called a subordinant of the differ-

ential superordination. The best subordinant, which provides a sharp result is the

subordinant which is superordinate to all other subordinants.

In [3] the authors combine (2′) and (3′) and obtain a condition so that the

Briot-Bouquet sandwich

h1(z) ≺ p(z) +
zp′(z)

βp(z) + γ
≺ h2(z) (4)

implies that q1(z) ≺ p(z) ≺ q2(z).

In order to prove the new results we shall use the following lemma:

Lemma A. [3, Corollary 1.1] Let β, γ ∈ C and let h be convex in U , with

h(0) = a. Suppose that the differential equation

q(z) +
zq′(z)

βq(z) + γ
= h(z)

has a univalent solution q that satisfies q(0) = a and q(z) ≺ h(z). If p ∈ H[a, 1] ∩Q

and p(z) +
zp′(z)

βp(z) + γ
is univalent in U , then

h(z) ≺ p(z) +
zp′(z)

βp(z) + γ

implies

q(z) ≺ p(z).

The function q is the best subordinant.

Lemma B. [1, Th. 3.2.b, p. 83] Let h be a convex function in U , with

h(0) = a and let n be a positive integer. Suppose that the Briot-Bouquet differential

equation

q(z) +
nzq′(z)
q(z) + 1

= h(z)

has a univalent solution q that satisfies q(z) ≺ h(z).

If p ∈ H[a, n] satisfies

p(z) +
zp′(z)

p(z) + 1
≺ h(z)
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then p(z) ≺ q(z) and q is the best (a, n) dominant.

2. Main results

Theorem 1. Let R ∈ (0, 1] and let h be convex in U , with h(0) = 1, defined

by

h(z) = 1 + Rz +
zR

2 + Rz
, z ∈ U.

If f ∈ A and
zf ′(z)
f(z)

is univalent,
zF ′(z)
F (z)

∈ H[1, 1] ∩Q and

h(z) ≺ zf ′(z)
f(z)

, z ∈ U (5)

then

q(z) = 1 + Rz ≺ zF ′(z)
F (z)

, z ∈ U,

where F is given by (1).

The function q is the best subordinant.

Proof. In [4] the authors have showed that

h(z) = 1 + Rz +
zR

2 + Rz
, R ∈ (0, 1] (6)

is convex, and q(z) = 1 + Rz is a univalent solution of (3) which satisfies q(0) = 1

and q(z) ≺ h(z), z ∈ U .

From (1) we have

zF (z) = 2
∫ z

0

f(t)dt, z ∈ U.

By using the derivative of this equality, with respect to z, after a short cal-

culation, we obtain

zF ′(z) + F (z) = 2f(z).

This equality is equivalent to

F (z)
[
1 +

zF ′(z)
F (z)

]
= 2f(z), z ∈ U. (7)

If we let

p(z) =
zF ′(z)
F (z)

, (8)
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then (7) becomes

F (z)[1 + p(z)] = 2f(z), z ∈ U. (9)

By using the derivative of (9) with respect to z, after a short calculation, we

obtain
zF ′(z)
F (z)

+
zp′(z)

1 + p(z)
=

zf ′(z)
f(z)

which, using (8), is equivalent to

p(z) +
zp′(z)

1 + p(z)
=

zf ′(z)
f(z)

.

Using (5) we have

1 + Rz +
Rz

2 + Rz
≺ p(z) +

zp′(z)
1 + p(z)

, z ∈ U.

By using Lemma A we deduce that

q(z) ≺ p(z) =
zF ′(z)
F (z)

, 1 + Rz ≺ zF ′(z)
F (z)

.

Theorem 2. Let h be convex in U , with h(0) = 1, defined by

h(z) = 1 + z +
z

z + 2
, z ∈ U.

If f ∈ A and
zf ′(z)
f(z)

≺ h(z), z ∈ U (10)

then
zF ′(z)
F (z)

≺ 1 + z,

where F is given by (1). The function q(z) = 1 + z is best dominant.

Proof. In [4] the authors have showed that

h(z) = 1 + z +
z

z + 2

is convex.

From (1) we have

zF (z) = 2
∫ z

0

f(t)dt, z ∈ U.
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Following the steps from the proof of Theorem 1 we obtain:

p(z) +
zp′(z)

1 + p(z)
=

zf ′(z)
f(z)

.

Using (10) we have

p(z) +
zp′(z)

1 + p(z)
≺ h(z).

By applying Lemma B we obtain

p(z) =
zF ′(z)
F (z)

≺ q(z) = 1 + z, z ∈ U.

The function q(z) = 1 + z is the best dominant.

Using the conditions from Theorem 1 and Theorem 2 we can write the fol-

lowing

Corollary. If f ∈ A and

1 + Rz +
zR

2 + Rz
≺ zf ′(z)

f(z)
≺ 1 + z +

z

2 + z
, z ∈ U

then

1 + Rz ≺ zF ′(z)
F (z)

≺ 1 + z, z ∈ U.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 1, March 2005

A NUMERICAL METHOD FOR APPROXIMATING THE SOLUTION
OF A LOTKA-VOLTERRA SYSTEM WITH TWO DELAYS

DIANA OTROCOL

Abstract. In this paper, using the step method, we established the exis-

tence and uniqueness of solution for the system (1.2) with initial condition

(1.3). The aim of this paper is to present a numerical method for this

system.

1. The statement of the problem

Consider the following Lotka-Volterra type delay differential system:
x′i(t) = xi(t)ri(t)

{
ci − aixi(t)−

n∑
j=1

m∑
k=0

ak
ijxj(τk

ij(t))

}
, t ≥ t0, 1 ≤ i ≤ n

xi(t) = φi(t) ≥ 0, t ≤ t0 and φi(t0) > 0, 1 ≤ i ≤ n

(1)

There have been many studies on this subject (see [2], [5], [7]). In particular, for

n = 2, ri(t) ≡ 1, ai = 0 and τk
ij(t) = t − τk

ij , 1 ≤ i, j ≤ 2, 0 ≤ k ≤ m, the fact

that time delays are harmless for the uniform persistence of solutions, is established

by Wang and Ma for a predator-prey system, by Lu and Takeuchi and Takeuchi for

competitive systems.

Recently, Saito, Hara and Ma [7] have derived necessary and sufficient condi-

tions for the permanence (uniform persistence) and global stability of a symmetrical

Lotka-Volterra-type predator-prey system with ai > 0, i = 1, 2 and two delays.

For a nonautonomous competitive Lotka-Volterra system with no delays, re-

cently Ahmad and Lazer have established the average conditions for the persistence,
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which are weaker than those of Gopalsamy and Tineo and Alvarez for periodic or

almost-periodic cases.

In this paper, using the step method [6], we established the existence and

uniqueness of solution for the following system x′(t) = f1(t, x(t), y(t), x(t− τ1), y(t− τ2))

y′(t) = f2(t, x(t), y(t), x(t− τ1), y(t− τ2))
, t ∈ [t0, b], t0 < b (2)

with initial condition  x(t) = ϕ(t), t ∈ [t0 − τ1, t0]

y(t) = ψ(t), t ∈ [t0 − τ2, t0]
(3)

Here τ1 and τ2 are constants with τ1 ≥ 0, τ2 ≥ 0, τ1 ≤ τ2 and ϕ,ψ are continuous

functions.

On the basis of these results, the aim of this paper is to present a numerical

method for obtaining the solutions of system (2) with initial condition (3).

2. The existence and uniqueness of solution

We consider the system (2) with initial condition (3) and we established the

existence and uniqueness of the solution for the problem (2) + (3).

We have

x ∈ C[t0 − τ1, b] ∩ C1[t0, b]

y ∈ C[t0 − τ2, b] ∩ C1[t0, b]

If we suppose that

(i) fi ∈ C([t0, b]× R4), i = 1, 2

(ii)|fi(t, u1, v1, u, v)− fi(t, u2, v2, u, v)| ≤ L1 |u1 − u2|+ L2 |v1 − v2| ,

∀u1, u2, v1, v2, u, v ∈ R,∀t ∈ [t0, b]

(ii’)|fi(t, u1, u2, u3, u4)− fi(t, v1, v2, v3, v4)| ≤ L(|u1 − v1| + |u2 − v2| +

|u3 − v3|+ |u4 − v4|)

∀ui, vi ∈ R, i = 1, 4,∀t ∈ [t0, b]

then the following result is given.
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Theorem 1. We consider the system (2) with initial condition (3). If the conditions

(i) and (ii) are satisfied, then the problem (2)+(3) has a unique solution.

Proof. We use the step method.

t ∈ [t0, t0 + τ1]
x′(t) = f1(t, x(t), y(t), ϕ(t− τ1), ψ(t− τ2))

y′(t) = f2(t, x(t), y(t), ϕ(t− τ1), ψ(t− τ2))

x(t0) = ϕ(t0)

y(t0) = ψ(t0)

So we have the Cauchy problem with fi continuous functions, i = 1, 2. But

fi(t, ·, ·, u, v) : R → R are Lipschitz. Then it results from the Cauchy theorem that:

∃! x1 ∈ C1[t0, t0 + τ1]

∃! y1 ∈ C1[t0, t0 + τ1]

solution of the problem (2) + (3).

t ∈ [t0 + τ1, t0 + 2τ1]
x′(t) = f1(t, x(t), y(t), x1(t− τ1), y1(t− τ2))

y′(t) = f2(t, x(t), y(t), x1(t− τ1), y1(t− τ2))

x(t0 + τ1) = x1(t0 + τ1)

y(t0 + τ1) = y1(t0 + τ1)

⇒ ∃!x2 ∈ C[t0 + τ1, t0 + 2τ1]

⇒ ∃!y2 ∈ C[t0 + τ1, t0 + 2τ1]

solution of the problem (2) + (3).

t ∈ [t0 + nτ1, t0 + τ2]
x′(t) = f1(t, x(t), y(t), xn(t− τ1), yn(t− τ2))

y′(t) = f2(t, x(t), y(t), xn(t− τ1), yn(t− τ2))

x(t0 + nτ1) = xn(t0 + nτ1)

y(t0 + nτ1) = yn(t0 + nτ1)
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⇒ ∃!xn+1 ∈ C[t0 + nτ1, t0 + τ2]

⇒ ∃!yn+1 ∈ C[t0 + nτ1, t0 + τ2]

So we obtained:

(x(t), y(t)) =


(x1(t), y1(t)), t ∈ [t0, t0 + τ1]

(x2(t), y2(t)), t ∈ [t0 + τ1, t0 + 2τ1]

. . .

(xn+1(t), yn+1(t)), t ∈ [t0 + nτ1, t0 + τ2]

solution of the problem (2) + (3).

Remark 1. We consider the system (2) with initial condition (3). If the conditions

(i) si (ii’) are satisfied, then the problem (2)+(3) has a unique solution which can be

obtained by the method of successive approximations.

3. The approximation of the solution

We consider the system (2) with initial condition (3)

This problem is equivalent with the delayed integral Volterra equations:

x(t) =

 ϕ(t), t ∈ [t0 − τ1, t0]

ϕ(t0) +
∫ t

t0
f1(s, x(s), y(s), x(s− τ1), y(s− τ2))ds, t ∈ [t0, b]

y(t) =

 ψ(t), t ∈ [t0 − τ2, t0]

ψ(t0) +
∫ t

t0
f2(s, x(s), y(s), x(s− τ1), y(s− τ2))ds, t ∈ [t0, b]

where fi ∈ C([t0, b]× R4), i = 1, 2.

We suppose that the hypotheses of Remark 1 are satisfied. Then the problem

(2) + (3) has a unique solution

x ∈ C[t0 − τ1, t0] ∩ C1[t0, b]

y ∈ C[t0 − τ2, t0] ∩ C1[t0, b].
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Let (α, β) be the solution, which, by virtue of Remark 1, can be obtained by successive

approximation method. So, we have

α(t) = ϕ(t), t ∈ [t0 − τ1, t0]

β(t) = ψ(t), t ∈ [t0 − τ2, t0]

For t ∈ [t0, b] we have:  α0(t) = ϕ(t)

β0(t) = ψ(t)
(4)

 α1(t) = ϕ(t0) +
∫ t

t0
f1(s, α0(s), β0(s), α0(s− τ1), β0(s− τ2))ds

β1(t) = ψ(t0) +
∫ t

t0
f2(s, α0(s), β0(s), α0(s− τ1), β0(s− τ2))ds

. . . αm(t) = ϕ(t0) +
∫ t

t0
f1(s, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))ds

βm(t) = ψ(t0) +
∫ t

t0
f2(s, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))ds

To obtain the sequence of successive approximations (4), it is necessary to

calculate the integrals which appear in the right-hand side. In general, this problem

is difficult. We shall use the trapezoidal rule.

Let an interval [a, b] ⊆ R be given, and the function f ∈ C2[a, b].

Divide the interval [a, b] by points

a = x0 < x1 < x2 < . . . < xn = b

into n equal parts of length ∆x =
b− a

n
.

Then we have the trapezoidal formula:∫ b

a

f(x)dx =
b− a

2n

[
f(a) + f(b) + 2

n−1∑
i=1

f(xi)

]
+ rn(f) (5)

where rn(f) is the remainder of the formula.

To evaluate the approximation error of the trapezoidal formula there exists

the following result.

Theorem 2. For every function f ∈ C2[a, b], the remainder rn(f) from the trape-

zoidal formula (5), satisfies the ineguality:

|rn(f)| ≤ (b− a)3

12n2
= max

x∈[a,b]
|f ′′(x)| (6)
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3.1. The calculation of the integrals which appear in the successive approx-

imations methods. Now we suppose that fi ∈ C([t0, b]×R4), i = 1, 2, and in order

to calculate the integral αm and βm from (4), we apply the formula (5). Then we

divide the interval [t0, b] by the points:

0 = t0 ≤ t1 < . . . < tn = b (7)

where: ti = ti−1 + h, h =
t− t0

2v
, v = 0, 1, 2, ..., i = 1, n, n =

[
b

h

]
([·] is integer

part). Thus we have

αm(tk) =
∫ tk

t0

f1(s, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))ds =

t− t0
2n

[f1(t0, αm−1(t0), βm−1(t0), αm−1(t0 − τ1), βm−1(t0 − τ2))+

f1(tk, αm−1(tk), βm−1(tk), αm−1(tk − τ1), βm−1(tk − τ2))+

2
n−1∑
i=1

f1(ti, αm−1(ti), βm−1(ti), αm−1(ti − τ1), βm−1(ti − τ2))]+

ϕ(t0) + rm,k(f1) (8)

where, for the remainder rm,k(f1), we have the estimation:

|rm,k(f1)| ≤ (t−t0)
3

12n2 max
s∈[t0,b]

∣∣[f1(, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))]
′′
s

∣∣ ,
k = 0, n,m ∈ N

We denote by αm−1(s) = u, βm−1(s) = v, αm−1(s−τ1) = w, βm−1(s−τ2) =

z. Taking into account the fact that:

[f1(s, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))]
′′
s =

∂2f1
∂s2

+
∂2f1
∂s∂u

u′ +
∂2f1
∂s∂v

v′ +
∂2f1
∂s∂w

w′ +
∂2f1
∂s∂z

z′+

∂2f1
∂s∂u

u′ +
∂2f1
∂u2

(u′)2 +
∂2f1
∂u∂v

u′v′ +
∂2f1
∂u∂w

u′w′ +
∂2f1
∂u∂z

u′z′+

∂2f1
∂s∂v

v′ +
∂2f1
∂u∂v

u′v′ +
∂2f1
∂v2

(v′)2 +
∂2f1
∂v∂w

v′w′ +
∂2f1
∂v∂z

v′z′+

∂2f1
∂s∂w

w′ +
∂2f1
∂u∂w

u′w′ +
∂2f1
∂v∂w

v′w′ +
∂2f1
∂w2

(w′)2 +
∂2f1
∂w∂z

w′z′+

∂2f1
∂s∂z

z′ +
∂2f1
∂u∂z

u′z′ +
∂2f1
∂v∂z

v′z′ +
∂2f1
∂w∂z

w′z′ +
∂2f1
∂z2

(z′)2+
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∂f1
∂u

u′′ +
∂f1
∂v

v′′ +
∂f1
∂w

w′′ +
∂f1
∂z

z′′ =

∂2f1
∂s2

+ 2
∂2f1
∂s∂u

u′ + 2
∂2f1
∂s∂v

v′ + 2
∂2f1
∂s∂w

w′ + 2
∂2f1
∂s∂z

z′+

∂2f1
∂u2

(u′)2 +
∂2f1
∂v2

(v′)2 +
∂2f1
∂w2

(w′)2 +
∂2f1
∂z2

(z′)2 + 2
∂2f1
∂u∂v

u′v′+

2
∂2f1
∂u∂w

u′w′ + 2
∂2f1
∂u∂z

u′z′ + 2
∂2f1
∂v∂w

v′w′ +
∂2f1
∂v∂z

v′z′+

2
∂2f1
∂w∂z

w′z′ +
∂f1
∂u

u′′ +
∂f1
∂v

v′′ +
∂f1
∂w

w′′ +
∂f1
∂z

z′′

and

αm−1(t) = ϕ(t0) +
∫ t

t0

f1(s, αm−2(s), βm−2(s), αm−2(s− τ1), βm−2(s− τ2))ds

α′m−1(t) =
∫ t

t0

∂f1(s, αm−2(s), βm−2(s), αm−2(s− τ1), βm−2(s− τ2))
∂s

ds

α′′m−1(t) =
∫ t

t0

∂2f1(s, αm−2(s), βm−2(s), αm−2(s− τ1), βm−2(s− τ2))
∂s2

ds

and denoting by

M0 = max
|α| ≤ 2

s ∈ [t0, b]

|u| , |v| , |w| , |z| ≤ R

∣∣∣∣ ∂|α|f1(s, u, v, w, z)
∂sα1∂uα2∂vα3∂wα4∂zα5

∣∣∣∣ ,

we obtain

|αm−1(t)| ≤ (t− t0)M0;
∣∣α′m−1(t)

∣∣ ≤ (t− t0)M0;
∣∣α′′m−1(t)

∣∣ ≤ (t− t0)M0.

Again from here we have:

[f1(s, αm−1(s), βm−1(s), αm−1(s− τ1), βm−1(s− τ2))]
′′
s ≤M1

where M1 = M0 + 12(t− t0)M2
0 + 16(t− t0)M3

0 and M1does not depend on m and k.

For the remainder rm,k(f1), from the formula (8) we have:

|rm,k(f1)| ≤
(t− t0)3

12n2
M1, m = 0, 1, 2, ..., k = 0, n. (9)

In this way we have obtained a formula for the approximative calculation of the

integrals from (4).
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3.2. The approximate calculation of the terms of the successive approxima-

tions sequence. Using the approximation (4) and the formula (8) with the remain-

der estimation (9), we shall present further down an algorithm for the approximate

solution of system (2) with initial condition (3).

So, we have:

α1(tk) =
∫ tk

t0

f1(s, α0(s), β0(s), α0(s− τ1), β0(s− τ2))ds =

t− t0
2n

[f1(t0, α0(t0), β0(t0), α0(t0 − τ1), β0(t0 − τ2))+

2
n−1∑
i=1

f1(ti, α0(ti), β0(ti), α0(ti − τ1), β0(ti − τ2))+

f1(tk, α0(tk), β0(tk), α0(tk − τ1), β0(tk − τ2))]+

ϕ(t0) + r1,k(f1) =

α̃1(tk) + r1,k(f1), k = 0, n

α2(tk) =
∫ tk

t0

f1(s, α1(s), β1(s), α1(s− τ1), β1(s− τ2))ds =

t− t0
2n

[f1(t0, α̃1(t0) + r1,0(f1), β̃1(t0) + r1,0(f1),

α̃1(t0 − τ1) + r1,0(f1), β̃1(t0 − τ2) + r1,0(f1))+

2
n−1∑
i=1

f1(ti, α̃1(ti) + r1,i(f1), β̃1(ti) + r1,i(f1),

α̃1(ti − τ1) + r1,i(f1), β̃1(ti − τ2) + r1,i(f1))+

f1(tk, α̃1(tk) + r1,n(f1), β̃1(tk) + r1,n(f1),

α̃1(tk − τ1) + r1,n(f1), β̃1(tk − τ2) + r1,n(f1))]+

ϕ(t0) + r2,k(f1) =
t− t0
2n

[f1(t0, α̃1(t0), β̃1(t0), α̃1(t0 − τ1), β̃1(t0 − τ2))+

2
n−1∑
i=1

f1(ti, α̃1(ti), β̃1(ti), α̃1(ti − τ1), β̃1(ti − τ2))+

f1(tk, α̃1(tk), β̃1(tk), α̃1(tk − τ1), β̃1(tk − τ2))]+

ϕ(t0) + r̃2,k(f1) =

α̃2(tk) + r̃2,k(f1)
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Observe that

r1,k(f1) = α1(tk)− α̃1(tk) and r̃2,k(f1) = α2(tk)− α̃2(tk).

and we pass from

f1(ti, α̃1(ti) + r1,i(f1), β̃1(ti) + r1,i(f1), α̃1(ti − τ1) + r1,i(f1), β̃1(ti − τ2) + r1,i(f1))

to

f1(ti, α̃1(ti), β̃1(ti), α̃1(ti − τ1), β̃1(ti − τ2)) + same remainder

so that the remainders cumulated after i it gives us r̃2,k(f1).

We use the Taylor formula with respect to the last four variables from f1

around α̃1(ti).

|r̃2,k(f1)| ≤
t− t0
2n

L

[
|r1,0(f1)|+

n−1∑
i=1

|r1,i(f1)|+ |r1,n(f1)|

]
+ |r2,k(f1)| ≤

t− t0
2n

L

(
(t− t0)3

12n2
M1 + (n− 1)

(t− t0)3

12n2
M1 +

(t− t0)3

12n2
M1

)
+

(t− t0)3

12n2
M1 ≤

t− t0
2n

L
(t− t0)3

12n2
M1 (1 + n− 1 + 1) +

(t− t0)3

12n2
M1 ≤

(t− t0)3

12n2
M1

[
(n+ 1)(t− t0)

2n
L+ 1

]
≤ (t− t0)3

12n2
M1 [(t− t0)L+ 1]

We continue in this manner, for m = 3, 4, ..., by induction, and obtain:

αm(tk) =
t− t0
2n

[f1(t0, α̃m−1(t0) + r̃m−1,0(f1), β̃m−1(t0) + r̃m−1,0(f1),

α̃m−1(t0 − τ1) + r̃m−1,0(f1), β̃m−1(t0 − τ2) + r̃m−1,0(f1))+

2
n−1∑
i=1

f1(ti, α̃m−1(ti) + r̃m−1,i(f1), β̃m−1(ti) + r̃m−1,i(f1),

α̃m−1(ti − τ1) + r̃m−1,i(f1), β̃m−1(ti − τ2) + r̃m−1,i(f1))+

f1(tk, α̃m−1(tk) + r̃m−1,n(f1), β̃m−1(tk) + r̃m−1,n(f1),

α̃m−1(tk − τ1) + r̃m−1,n(f1), β̃m−1(tk − τ2) + r̃m−1,n(f1))]+

ϕ(t0) + rm,k(f1) =

t− t0
2n

[f1(t0, α̃m−1(t0), β̃m−1(t0), α̃m−1(t0 − τ1), β̃m−1(t0 − τ2))+
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2
n−1∑
i=1

f1(ti, α̃m−1(ti), β̃m−1(ti), α̃m−1(ti − τ1), β̃m−1(ti − τ2))+

f1(tk, α̃m−1(tk), β̃m−1(tk), α̃m−1(tk − τ1), β̃m−1(tk − τ2))]+

ϕ(t0) + r̃m,k(f1) = α̃m(tk) + rm,k(f1), k = 0, n.

where

|r̃m,k(f1)| = |αm(tk)− α̃m(tk)| ≤ (t− t0)3

12n2
M1

[
(t− t0)m−1Lm−1 + ...+ 1

]
, k = 0, n.

or

|r̃m,k(f1)| ≤
(t− t0)3

12n2
M1

1− (t− t0)mLm

1− (t− t0)L
≤ (t− t0)3M1

12n2[1− (t− t0)L]
, k = 0, n, m ∈ N∗.

In this way we got the sequence

(α̃m(tk))m∈N, k = 0, n

which approximates the sequence of successive approximation (4) on the knots (7),

with the error

|αm(tk)− α̃m(tk)| ≤ (t− t0)3M1

12n2[1− (t− t0)L]
(10)

By Picard’s theorem [1], we have the following estimation

|α(tk)− αm(tk)| ≤ (t− t0)mLm

1− (t− t0)L
‖α0 − α1‖C[t0,b] . (11)

Analogously we calculate for βm.

In this way there was obtained the main result of our paper:

Theorem 3. Consider the system (2) with initial condition (3) under the condi-

tions of Remark 1. If the exact solution (α, β) is approximated by the sequence(
(α̃m(tk)), (β̃m(tk))

)
m∈N

, k = 0, n, m < n on the knots (7), by the successive ap-

proximations method (4) combined with the trapezoidal rule (5), then the following

error estimation holds:

|α(tk)− α̃m(tk)| ≤ (t− t0)3

1− (t− t0)L

[
(t− t0)m−3Lm ‖α0 − α1‖C[t0,b] +

M1

12n2

]
,

m = 1, 2, ..., k = 0, n
(12)
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A NUMERICAL METHOD∣∣∣β(tk)− β̃m(tk)
∣∣∣ ≤ (t− t0)3

1− (t− t0)L

[
(t− t0)m−3Lm ‖α0 − α1‖C[t0,b] +

M2

12n2

]
,

m = 1, 2, ..., k = 0, n
(13)

Proof. We have

|α(tk)− α̃m(tk)| = |α(tk)− αm(tk) + αm(tk)− α̃m(tk)| ≤

≤ |α(tk)− αm(tk)|+ |αm(tk)− α̃m(tk)|

which, by virtue of formula (10) and (11), can also be written

|α(tk)− α̃m(tk)| ≤ (t− t0)3M1

12n2 [1− (t− t0)L]
+

(t− t0)mLm

1− (t− t0)L
‖α0 − α1‖C[t0,b]

and, from here, it results immediately (12) and analogue (13). The theorem is proved.

Remark 2. For L <
1

t− t0
the errors from Theorem 3 converges.

4. Example

Consider the following Lotka-Volterra-type predator-prey system with two

delays τ1 and τ2:  x′(t) = x(t) + x(t− 2) + y(t− 5)

y′(t) = y(t) + x(t− 2)− y(t− 5)
, t ≥ 0

with initial condition  x(t) = 1, t ∈ [−2, 0]

y(t) = 0, t ∈ [−5, 0]

We apply the step method for this system:

t ∈ [0, 2]  x′(t) = x(t) + 1

x(0) = 1
⇒ x1(t) y′(t) = y(t) + 1

y(0) = 0
⇒ y1(t)

t ∈ [2, 4]  x′(t) = x(t) + x1(t− 2)

x(2) = x1(2)
⇒ x2(t)
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DIANA OTROCOL y′(t) = y(t) + x1(t− 2)

y(2) = y1(2)
⇒ y2(t)

t ∈ [4, 5]  x′(t) = x(t) + x2(t− 2)

x(4) = x2(4)
⇒ x3(t) y′(t) = y(t) + x2(t− 2)

y(4) = y2(4)
⇒ y3(t)
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EXTREMAL PROBLEMS OF TURÁN TYPE

IOAN POPA

Abstract. We give estimations of certain weighted L2-norms of the k-

th derivative of polynomials which have a curved majorant. They are

obtained as applications of special quadrature formulae.

1. Introduction

The following problem was raised by P. Turán.

Let ϕ (x) ≥ 0 for −1 ≤ x ≤ 1 and consider the class Pn,ϕ of all polynomials

of degree n such that |pn(x)| ≤ ϕ (x) for −1 ≤ x ≤ 1.

How large can max[−1,1]

∣∣∣p(k)
n (x)

∣∣∣ be if pn is arbitrary in Pn,ϕ ?

The aim of this paper is to consider the solution in the weighted L2−norm

for the majorant

ϕ (x) =
α− βx√
1− x2

, 0 ≤ β ≤ α.

Let us denote by

xi = cos
(2i− 1) π

2n
, i = 1, 2, ..., n, the zeros of Tn (x) = cos nθ, x = cos θ, (1.1)

the Chebyshev polynomial of the first kind,

y
(k)
i the zeros of U

(k)
n−1 (x) , Un−1 (x) = sin nθ/ sin θ, x = cos θ, (1.2)

the Chebyshev polynomial of the second kind and

Gn−1 (x) = αUn−1 (x)− βUn−2 (x) , 0 ≤ β ≤ α. (1.3)

Received by the editors: 14.03.2005.

2000 Mathematics Subject Classification. 41A17, 41A05, 41A55, 65D30.

Key words and phrases. Bouzitat quadrature, Chebyshev polynomials, curved majorant.
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Let Πα,β be the class of all polynomials pn−1, of degree ≤ n− 1 such that

|pn−1(xi)| ≤
α− βxi√

1− x2
i

, i = 1, 2, ..., n, (1.4)

where the xi’s are given by (1.1) and 0 ≤ β ≤ α.

2. Results

Theorem 2.1. If pn−1 ∈ Πα,β then we have

1∫
−1

1√
1− x2

[
p′n−1 (x)

]2
dx (2.1)

≤
2πn (n− 1)

[(
α2 + β2

)
(n− 2)

(
n2 − 2n + 2

)
+ 5β2

(
n2 − n + 1

)]
15

with equality for pn−1 = Gn−1.

Two cases are of special interest:

I. Case α = β = 1, ϕ (x) =
√

1−x
1+x ,

Gn−1 (x) = Vn−1 (x) =
cos[(n− 1

2 ) arccos x]
cos[ 1

2 arccos x] .

Note that Pn−1,ϕ ⊂ Π1,1, Vn−1 /∈ Pn−1,ϕ, Vn−1 ∈ Π1,1.

Corollary 2.2. If pn−1 ∈ Π1,1 then we have

1∫
−1

1√
1− x2

[
p′n−1 (x)

]2
dx ≤

2πn (n− 1) (2n− 1)
(
n2 − n + 3

)
15

(2.2)

with equality for pn−1 = Vn−1.

II. Case α = 1, β = 0, ϕ (x) = 1√
1−x2 , Gn−1 = Un−1.

Note that Pn−1,ϕ ⊂ Π1,0, Un−1 ∈ Pn−1,ϕ, Un−1 ∈ Π1,0.

Corollary 2.3. If pn−1 ∈ Π1,0 then we have

1∫
−1

1√
1− x2

[
p′n−1 (x)

]2
dx ≤

2πn
(
n4 − 1

)
15

(2.3)

with equality for pn−1 = Un−1.

In this second case we have a more general result:
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Theorem 2.4. If pn−1 ∈ Π1,0 and 0 ≤ b ≤ a then we have

1∫
−1

(a− bx)3
(
1− x2

)k−1/2
[
p
(k+1)
n−1 (x)

]2

dx (2.4)

≤ πa (n + k + 1)!
(n− k − 2)!

2
(
n2 − (k + 2)2

) (
a2 + 3b2

)
(2k + 1) (2k + 3) (2k + 5)

+
2 (k + 1) a2 + 3b2

(2k + 1) (2k + 3)


k = 0, ..., n− 2 , with equality for pn−1 = Un−1.

Setting a = 1, b = 1 one obtains the following

Corollary 2.5. If pn−1 ∈ Π1,1 then we have

1∫
−1

(1− x)k+5/2 (1 + x)k−1/2
[
p
(k+1)
n−1 (x)

]2

dx (2.5)

≤ π (n + k + 1)!
(n− k − 2)!

×
8

(
n2 − (k + 2)2

)
+ (2k + 5)2

(2k + 1) (2k + 3) (2k + 5)

k = 0, ..., n− 2 , with equality for pn−1 = Un−1.

Setting a = 1, b = 0 one obtains the following

Corollary 2.6. If pn−1 ∈ Π1,0 then we have

1∫
−1

(
1− x2

)k−1/2
[
p
(k+1)
n−1 (x)

]2

dx (2.6)

≤ 2π (n + k + 1)!
(n− k − 2)!

× n2 + k2 + 3k + 1
(2k + 1) (2k + 3) (2k + 5)

k = 0, ..., n− 2 , with equality for pn−1 = Un−1.

3. Lemmas

Here we state some lemmas which help us in proving our theorems.

Lemma 3.1. Let pn−1 be such that |pn−1(xi)| ≤ α−βxi√
1−x2

i

, i = 1, 2, ..., n, where the xi’s

are given by (1.1). Then we have∣∣p′n−1(yj)
∣∣ ≤ ∣∣G′

n−1(yj)
∣∣ , k = 0, 1, ..., n− 1, and (3.1)∣∣p′n−1(1)

∣∣ ≤ ∣∣G′
n−1(1)

∣∣ , ∣∣p′n−1(−1)
∣∣ ≤ ∣∣G′

n−1(−1)
∣∣ . (3.2)
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Proof. By the Lagrange interpolation formula based on the zeros of Tn and us-

ing T ′
n (xi) = (−1)i+1n

(1−x2
i )

1/2 , we can represent any polynomial pn−1 by pn−1 (x) =

1
n

n∑
i=1

Tn(x)
x−xi

(−1)i+1 (
1− x2

i

)1/2
pn−1 (xi) .

From Gn−1 (xi) = (−1)i+1 α−βxi√
1−x2

i

we have Gn−1 (x) = 1
n

n∑
i=1

Tn(x)
x−xi

(α− βxi) .

Differentiating with respect to x we obtain

p′n−1 (x) = 1
n

n∑
i=1

T ′
n(x)(x−xi)−Tn(x)

(x−xi)
2 (−1)i+1 (

1− x2
i

)1/2
pn−1 (xi) .

On the roots of T ′
n (x) = nUn−1 (x) and using (1.4) we find∣∣p′n−1 (yj)

∣∣ ≤ 1
n

n∑
i=1

|Tn(yj)|
(yj−xi)

2 (α− βxi) = |Tn(yj)|
n

n∑
i=1

α−βxi

(yj−xi)
2 =

∣∣G′
n−1 (yj)

∣∣ .

For li (x) = Tn(x)
x−xi

taking into account that l′i (1) > 0 (see [5]) it follows∣∣p′n−1 (1)
∣∣ ≤ 1

n

n∑
i=1

l′i (1) (α− βxi) =
∣∣G′

n−1 (1)
∣∣ .

Similarly
∣∣p′n−1 (−1)

∣∣ ≤ ∣∣G′
n−1 (−1)

∣∣ .

Lemma 3.2. (Duffin− Schaeffer)[2] If q (x) = c
n∏

i=1

(x− xi) is a polynomial of

degree n with n distinct real zeros and if p ∈ Pn is such that

|p′(xi)| ≤ |q′(xi)| (i = 1, 2, ..., n) ,

then for k = 1, 2, ..., n− 1,∣∣p(k+1)(x)
∣∣ ≤ ∣∣q(k+1)(x)

∣∣ whenever q(k)(x) = 0.

Lemma 3.3. Let pn−1 be such that |pn−1(xi)| ≤ 1√
1−x2

i

, i = 1, 2, ..., n,

where the xi’s are given by (1.1). Then we have∣∣∣p(k+1)
n−1 (y(k)

j )
∣∣∣ ≤ ∣∣∣U (k+1)

n−1 (y(k)
j )

∣∣∣ , whenever U
(k)
n−1(y

(k)
j ) = 0, (3.3)

k = 0, 1, ..., n− 1,and∣∣∣p(k+1)
n−1 (1)

∣∣∣ ≤ ∣∣∣U (k+1)
n−1 (1)

∣∣∣ ,
∣∣∣p(k+1)

n−1 (−1)
∣∣∣ ≤ ∣∣∣U (k+1)

n−1 (−1)
∣∣∣ . (3.4)

Proof. For α = 1, β = 0, Gn−1 = Un−1 and (3.1) give
∣∣p′n−1(yj)

∣∣ ≤ ∣∣U ′
n−1(yj)

∣∣
and (3.2)

∣∣p′n−1(1)
∣∣ ≤ ∣∣U ′

n−1(1)
∣∣, ∣∣p′n−1(−1)

∣∣ ≤ ∣∣U ′
n−1(−1)

∣∣ .

Now the proof ends by applying Duffin-Schaeffer Lemma.

We need the following quadrature formulae:

Lemma 3.4. For any given n and k, 0 ≤ k ≤ n− 1, let y
(k)
i , i = 1, ..., n− k − 1,
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be the zeros of U
(k)
n−1.

Then the quadrature formulae

1∫
−1

(
1− x2

)k−1/2
f (x) dx = A0 [f (−1) + f (1)] +

n−k−1∑
i=1

sif
(
y
(k)
i

)
, (3.5)

A0 =
22k−1 (2k + 1)Γ (k + 1/2)2 (n− k − 1)!

(n + k)!
, si > 0

and
1∫

−1

(
1− x2

)k−1/2
f (x) dx = B0 [f (−1) + f (1)] (3.6)

+C0 [f ′ (−1)− f ′ (1)] +
n−k−2∑

i=1

vif
(
y
(k+1)
i

)

C0 =
22k (2k + 3) Γ (k + 3/2)2 (n− k − 2)!

(n + k + 1)!
,

B0 = C0

2
(
n2 − (k + 2)2

)
(2k + 3) + 4 (k + 1) (2k + 5)

(2k + 1) (2k + 5)

have algebraic degree of precision 2n− 2k − 1.

For r (x) = (a− bx)3, 0 ≤ b ≤ a the formulae

1∫
−1

r (x)
(
1− x2

)k−1/2
f (x) dx = A1f (−1) + B1f (1) (3.7)

+
n−k−1∑

i=1

sir
(
y
(k)
i

)
f

(
y
(k)
i

)

A1 =
22k−1 (2k + 1)Γ (k + 1/2)2 (n− k − 1)! (a + b)3

(n + k)!
,

B1 =
22k−1 (2k + 1)Γ (k + 1/2)2 (n− k − 1)! (a− b)3

(n + k)!
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and
1∫

−1

r (x)
(
1− x2

)k−1/2
f (x) dx = C1f (−1) + D1f (1) (3.8)

+C2f
′ (−1)−D2f

′ (1) +
n−k−2∑

i=1

vir
(
y
(k+1)
i

)
f

(
y
(k+1)
i

)
,

C1 = B0 (a + b)3 − 3C0b (a + b)2 , D1 = B0 (a− b)3 + 3C0b (a− b)2 ,

C2 = C0 (a + b)3 , D2 = C0 (a− b)3 ,

have algebraic degree of precision 2n− 2k − 4.

Proof. The first quadrature formula (3.5) is the Bouzitat quadrature formula of the

second kind [3, formula (4.8.1)], for the zeros of U
(k)
n−1 = cP

(k+ 1
2 ,k+ 1

2 )
n−k−1 .

Setting α = β = k − 1/2,m = n− k − 1 in [3, formula (4.8.5)] we find A0 and si > 0

(cf. [3, formula (4.8.4)]).

If in the above quadrature formula (3.6), we put

f (x) = (1− x) (1 + x)2 P
(k+ 3

2 ,k+ 3
2 )

n−k−2 (x) ,

U
(k+1)
n−1 (x) = cP

(k+ 3
2 ,k+ 3

2 )
n−k−2 (x) ,

we obtain C0, and for

f (x) = (1 + x)2 P
(k+ 3

2 ,k+ 3
2 )

n−k−2 (x)

we find B0.

If in formula (3.5) we replace f (x) with r (x) f (x) we get (3.7) and

if in formula (3.6) we replace f (x) with r (x) f (x) we get (3.8).

4. Proof of the Theorems

Proof of Theorem 2.1

Setting k = 0 in (3.5) we find the formula

1∫
−1

f (x)√
1− x2

dx =
π

2n
[f (−1) + f (1)] +

π

n

n−1∑
i=1

f (yi) (4.1)
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According to this quadrature formula and using (3.1) and (3.2) we have
1∫

−1

1√
1−x2

[
p′n−1 (x)

]2
dx = π

2n

(
p′n−1 (−1)

)2 + π
2n

(
p′n−1 (1)

)2 + π
n

n−1∑
i=1

(
p′n−1 (yi)

)2

≤ π
2n

(
G′

n−1 (−1)
)2 + π

2n

(
G′

n−1 (1)
)2 + π

n

n−1∑
i=1

(
G′

n−1 (yi)
)2 =

1∫
−1

1√
1−x2

[
G′

n−1 (x)
]2

dx.

Using the following formula ( k = 0 in (3.6))
1∫

−1

f(x)√
1−x2 dx =

3π(3n2−2)
10n(n2−1) [f (−1) + f (1)] + 3π

4n(n2−1) [f ′ (−1)− f ′ (1)] +
n−2∑
i=1

vif (y′i)

we find
1∫

−1

[U ′
n−1(x)]2√

1−x2 =
2πn(n4−1)

15 ,
1∫

−1

[U ′
n−2(x)]2√

1−x2 =
2πn(n−1)(n−2)(n2−2n+2)

15

and
1∫

−1

[G′
n−1(x)]2√
1−x2 dx =

2πn(n−1)[(α2+β2)(n+1)(n2+1)−5β2(n2−n+1)]
15 .

Proof of Theorem 2.4

According to the quadrature formula (3.7), positivitiness of si’s, and using (3.3) and

(3.4) we have
1∫

−1

(a− bx)3
(
1− x2

)k−1/2
[
p
(k+1)
n−1 (x)

]2

dx

= A1

[
p
(k+1)
n−1 (−1)

]2

+ B1

[
p
(k+1)
n−1 (1)

]2

+
n−k−1∑

i=1

sir
(
y
(k)
i

) [
p
(k+1)
n−1

(
y
(k)
i

)]2

≤ A1

[
U

(k+1)
n−1 (−1)

]2

+ B1

[
U

(k+1)
n−1 (1)

]2

+
n−k−1∑

i=1

sir
(
y
(k)
i

) [
U

(k+1)
n−1

(
y
(k)
i

)]2

=
1∫

−1

(a− bx)3
(
1− x2

)k−1/2
[
U

(k+1)
n−1 (x)

]2

dx

In order to complete the proof we apply formula (3.8) to f =
[
U

(k+1)
n−1 (x)

]2

.

Having in mind U
(k+1)
n−1

(
y
(k+1)
i

)
= 0 and the following relations deduced from [1]

U
(k+1)
n−1 (1) =

n(n2−12)...(n2−(k+1)2)
1.3...(2k+3) , U

(k+2)
n−1 (1) = n2−(k+2)2

2k+5 U
(k+1)
n−1 (1),

U
(k+1)
n−1 (−1) U

(k+2)
n−1 (−1) = −U

(k+1)
n−1 (1)U

(k+2)
n−1 (1),

we find
1∫

−1

(a− bx)3
(
1− x2

)k−1/2
[
p
(k+1)
n−1 (x)

]2

dx = C1

[
U

(k+1)
n−1 (−1)

]2

+ D1

[
U

(k+1)
n−1 (1)

]2

+2C2U
(k+1)
n−1 (−1) U

(k+2)
n−1 (−1)− 2D2U

(k+1)
n−1 (1)U

(k+2)
n−1 (1)

= πa(n+k+1)!
(n−k−2)!

[
2[n2−(k+2)2](a2+3b2)
(2k+1)(2k+3)(2k+5) + 2(k+1)a2+3b2

(2k+1)(2k+3)

]
.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 1, March 2005

ON GENERALIZED DIFFERENCE LACUNARY
STATISTICAL CONVERGENCE

BINOD CHANDRA TRIPATHY AND MIKÂIL ET

Abstract. A lacunary sequence is an increasing integer sequence θ = (kr)

such that k0 =0, kr−kr−1 →∞ as r →∞. A sequence x is called Sθ(∆
m)−

convergent to L provided that for each ε > 0, limr(kr − kr−1)
−1 {the

number of kr−1 < k ≤ kr : |∆mxk−L| ≥ ε} = 0, where ∆mxk = ∆m−1xk−
∆m−1xk+1. The purpose of this paper is to introduce the concept of ∆m−
lacunary statistical convergence and ∆m-lacunary strongly convergence

and examine some properties of these sequence spaces. We establish some

connections between ∆m-lacunary strongly convergence and ∆m-lacunary

statistical convergence. It is shown that if a sequence is ∆m-lacunary

strongly convergent then it is ∆m-lacunary statistically convergent. We

also show that the space Sθ(∆
m) may be represented as a [f, p, θ](∆m)

space.

1. Introduction

Throughout the article w, `∞, c, c0, c̄, and c̄0 denote the spaces of all,

bounded, convergent, null, statistically convergent and statistically null complex se-

quences. The notion of statistical convergence was introduced by Fast [6] and Schoen-

berg [19] independently. Subsequently statistical convergence have been discussed in

([5], [7], [8], [12], [16], [18]).

Received by the editors: 15.11.2004.

2000 Mathematics Subject Classification. 40A05, 40C05, 46A45.

Key words and phrases. Difference sequence, statistical convergence, lacunary sequence.
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The notion depends on the density of subsets of the set N of natural numbers.

A subset E of N is said to have density δ (E) , if

δ (E) = lim
n→∞

1
n

n∑
k=1

χE (k) exists,

where χE is the characteristic function of E.

A sequence (xn) is said to be statistically convergent to L if for every ε > 0,

δ ({k ∈ N : |xk − L| ≥ ε}) = 0. In this case we write S − limxk = L or xk → L (S) .

The notion of difference sequence spaces was introduced by Kizmaz [10].

Later on the notion was generalized by Et and Çolak [3] and was studied by Et and

Basarir [4], Malkowsky and Parashar [14], Et and Nuray [5], Çolak [2] and many

others.

Let m be a non-negative integer, then

X (∆m) = {x = (xk) : (∆mxk) ∈ X}

for X = `∞, c and c0, where m ∈ N, ∆0x = (xk) and ∆mx = (∆mxk) =(
∆m−1xk −∆m−1xk+1

)
.

The generalized difference has the following binomial representation:

∆mxk =
m∑

v=0

(−1)v

(
m

v

)
xk+v.

The sequence spaces `∞ (∆m) , c (∆m) and c0 (∆m) are BK-spaces, normed by

‖x‖∆ =
m∑

i=0

|xi|+ ‖∆mx‖∞ .

We call these sequence spaces ∆m−bounded, ∆m−convergent and ∆m−null se-

quences, respectively. The classes c̄ (∆m) and c̄0 (∆m) was studied by Et and Nuray

[5].

Let θ = (kr) be the sequence of positive integers such that k0 = 0, 0 < kr <

kr+1 and hr = kr − kr−1 →∞ as r →∞. Then θ is called a lacunary sequence. The

intervals determined by θ will be denoted by Ir = (kr−1, kr] and the ratio kr/kr−1

will be denoted by qr.
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Let E,F ⊂ w. Then we shall write

M (E,F ) = ∩
x∈E

x−1 ∗ F = {a ∈ w : ax ∈ F for all x ∈ E} [20].

The set Eα = M (E, l1) is called Köthe-Toeplitz dual space or α−dual of E.

A sequence space E is said to be solid (or normal) if (αkxk) ∈ E whenever

(xk) ∈ E for all sequences (αk) of scalars with |αk| ≤ 1 for all k ∈ N,

A sequence space E is said to be symmetric if (xk) ∈ E implies
(
xπ(k)

)
∈ E,

where π (k) is a permutation of N,

A sequence space E is said to be convergence free when, if x is in E and if

yk = 0 whenever xk = 0, then y is in E,

A sequence space E is said to be monotone if it contains the canonical preim-

ages of its step spaces,

A sequence space E is said to be sequence algebra if x.y /∈ E whenever

x, y ∈ E,

A sequence space E is said to be perfect if E = Eαα [9].

It is well known that if E is perfect =⇒ E is normal.

The following inequality will be used throughout this paper.

|ak + bk|pk ≤ C {|ak|pk + |bk|pk} , (1)

where ak, bk ∈ C, 0 < pk ≤ supk pk = H, C = max
(
1, 2H−1

)
.

The notion of modulus function was introduced by Nakano [15]. We recall

that a modulus f is a function from [0,∞) to [0,∞) such taht

i) f(x) = 0 if and only if x = 0, ii) f(x + y) ≤ f(x) + f(y) for x, y ≥ 0, iii)

f is increasing, iv) f is continuous from the right at 0.

It follows that f must be continuous everwhwre on [0,∞). A modulus may be

unbounded or bounded. Ruckle [17] and Maddox [12] used a modulus f to construct

sequence spaces.
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2. Definitions and Preliminaries

The notion of almost convergence of sequences was introduced by Lorentz

[11]. The notion was generalized by Et and Başarır [4].

Definition 2.1 [4] The sequence (xn) is said to be ∆m−almost convergent

to L if

lim
n→∞

1
n

k+n∑
i=k+1

(∆mxi − L) = 0, uniformly in k.

We denote the class of all ∆m−almost convergent sequences by AC (∆m) .

Definition 2.2 [4] The sequence (xn) is said to be ∆m− strongly almost

convergent to L if

lim
n→∞

1
n

k+n∑
i=k+1

|∆mxi − L| = 0, uniformly in k.

We denote the class of all ∆m−strongly almost convergent sequences by |AC| (∆m) .

Definition 2.3 [8] The sequence (xk) is said to be lacunary statistically

convergent to L if for each ε > 0,

lim
r→∞

1
hr

card {k ∈ Ir : |xk − L| ≥ ε} = 0.

The class of all lacunary statistically convergent sequences is denoted by Sθ.

Definition 2.4 A sequence (xn) is said to be ∆m−Cesàro summable to L if

lim
n→∞

1
n

n∑
k=1

(∆mxk − L) = 0.

The class of all ∆m−Cesàro summable sequences is denoted by σ1 (∆m) .

Definition 2.5 A sequence (xn) is said to be ∆m−strongly Cesàro summable

to L if

lim
n→∞

1
n

n∑
k=1

|∆mxk − L| = 0.

The class of all ∆m−strongly Cesàro summable sequences is denoted by |σ1| (∆m) .

Now we introduce the definitions of ∆m−lacunary statistically convergence,

∆m− lacunary strongly convergence and ∆m−lacunary strongly convergence with

respect to a modulus f.
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Definition 2.6 Let θ be a lacunary sequence, the number sequence x is

∆m−lacunary statistically convergent to the number L provided that for every ε > 0,

lim
r→∞

1
hr

card {k ∈ Ir : |∆mxk − L| ≥ ε} = 0.

In this case we write Sθ (∆m) − limxk = L or xk → L (Sθ (∆m)) . We denote

∆m−lacunary statistically convergent sequence by Sθ (∆m) .

Definition 2.7 Let θ be a lacunary sequence. Then a sequence (xk) is said

to be Cθ (∆m)−summable to L if

lim
r→∞

1
hr

∑
k∈Ir

(∆mxk − L) = 0.

We denote the class of all Cθ (∆m)−summable sequences by Cθ (∆m) .

A sequence (xk) is said to be ∆m− lacunary strongly summable to L if

lim
r→∞

1
hr

∑
k∈Ir

|∆mxk − L| = 0.

We denote the class of all ∆m− lacunary strongly summable sequences by Nθ (∆m) .

In the case L = 0 we shall write N0
θ (∆m) instead of Nθ (∆m) . It can be shown that

the sequence space Nθ (∆m) is a Banach space with norm by

‖x‖∆θ =
m∑

i=1

|xi|+ sup
r

1
hr

∑
k∈Ir

|∆mxk| .

If we take m = 0 then we obtain the sequence space Nθ which were introduced

by Freedman et al.[1].

Definition 2.8 Let f be a modulus function and p = (pk) be any sequence

of strictly positive real numbers. We define the following sequence set

[f, p, θ] (∆m) =

{
x = (xk) : lim

r

1
hr

∑
k∈Ir

[f (|∆mxk − L|)]pk = 0, for some L

}
,

If x ∈ [f, p, θ] (∆m), then we will write xk → L [f, p, θ] (∆m) and will be called

∆m−lacunary strongly summable with respect to a modulus f. In the case pk = 1 for

all k ∈ N, we shall write [f, θ] (∆m) instead of [f, p, θ] (∆m). It may be noted here

that the space [f, θ] (∆m) was discussed by Colak [2].
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3. Main Results

In this section we prove the results of this article. The proof of the following

results is a routine work.

Proposition 3.1 Let θ be a lacunary sequence, then Sθ

(
∆m−1

)
⊂ Sθ (∆m).

In general Sθ

(
∆i

)
⊂ Sθ (∆m) , for all i = 1, 2, . . . , m − 1. Hence Sθ ⊂ Sθ (∆m) and

the inclusions are strict.

Theorem 3.2 If a ∆m−bounded sequence is ∆m−statistically convergent to

L then it is ∆m−Cesàro summable to L.

Proof. Without loss of generality we may assume that L = 0. Then,∣∣∣∣∣ 1
n

n∑
k=1

∆mxk

∣∣∣∣∣ ≤ 1
n

n∑
k=1

|∆mxk| =
1
n

∑
1≤k≤n
|∆mxk|≥ε

|∆mxk|+
1
n

∑
1≤k≤n
|∆mxk|<ε

|∆mxk|

<
1
n

K card {k ≤ n : |∆mxk| ≥ ε}+
n

n
ε.

Thus x ∈ σ1 (∆m) . Converse of Theorem 3.2 does not holds, for example, the sequence

x = (0,−1,−1,−2,−2,−3,−3,−4,−4, ...) belongs to σ1 (∆) and does not belong to

S (∆) .

Theorem 3.3 Let θ be a lacunary sequence, then

i) If a sequence is ∆m−lacunary strongly convergent to L, then it is ∆m−lacunary

statistically convergent to L and the inclusion is strict.

ii) If a ∆m−bounded sequence is ∆m−lacunary statistically convergent to L then it

is ∆m−lacunary strongly convergent to L.

iii) `∞ (∆m) ∩ Sθ (∆m) = `∞ (∆m) ∩Nθ (∆m) .

Proof. We give the proof of (i) only. If ε > 0 and xk → L (Nθ (∆m)) we can

write

∑
k∈Ir

|∆mxk − L| ≥
∑
k∈Ir

|∆mxk−L|≥ε

|∆mxk − L| ≥ ε. |{k ∈ Ir : |∆mxk − L| ≥ ε}| .

Hence xk → L (Sθ (∆m)) . The inclusion is strict. In order to establish this, let

θ be given and define ∆mxk to be 1, 2, ...,
[√

hr

]
at the first

[√
hr

]
integers in Ir,
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and ∆mxk = 0 otherwise. Then x is not ∆m−bounded, xk → 0 (Sθ (∆m)) and

xk 9 0 (Nθ (∆m)).

Note that any ∆m−bounded Sθ (∆m)−summable sequence is

Cθ (∆m)−summable.

Theorem 3.4 Let θ be a lacunary sequence, then S (∆m) = Sθ (∆m) if and

only if 1 < limr inf qr ≤ limr sup qr < ∞.

The proof of Theorem 3.4, we need the following lemmas.

Lemma 3.5 For any lacunary sequence θ, S (∆m) ⊂ Sθ (∆m) if and only if

limr inf qr > 1.

Proof. If lim infr qr > 1 there exists a δ > 0 such that 1 + δ ≤ qr for

sufficiently large r. Since hr = kr − kr−1, we have kr

hr
≤ 1+δ

δ . Let xk → L (Sθ (∆m)) .

Then for every ε > 0,

1
kr
|{k ≤ kr : |∆mxk − L| ≥ ε}| ≥ 1

kr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

≥ δ

1 + δ

1
hr
|{k ∈ Ir : |∆mxk − L| ≥ ε}| .

Hence S (∆m) ⊂ Sθ (∆m) .

Conversely suppose that lim infr qr = 1. If we consider the sequence defined

by,

∆mxi =

 1, if i ∈ Irj
for some j = 1, 2, 3, ...

0, otherwise

then x ∈ `∞ (∆m) but x /∈ Nθ (∆m) . However, x ∈ |σ1| (∆m) . Theorem 3.3 (ii)

implies that x /∈ Sθ (∆m) . On the other hand if a sequence is strongly ∆m−strongly

Cesàro summable to L then it is ∆m−statistically convergent to L (Theorem 4.2, Et

and Nuray [5]). Hence S (∆m) * Sθ (∆m) and the proof is complete.

Lemma 3.6 For any lacunary sequence θ, Sθ (∆m) ⊂ S (∆m) if and only if

lim supr qr < ∞.

125



BINOD CHANDRA TRIPATHY AND MIKÂIL ET

Proof. Sufficiency can be proved using the same technique of Lemma 3 of

[8]. Now suppose that lim supr qr = ∞. Consider the sequence defined by

∆mxi =

 1, if krj−1 < i ≤ 2krj−1 for some j = 1, 2, 3, ...

0, otherwise
.

Then x ∈ Nθ (∆m) but x /∈ |σ1| (∆m) . Clearly we have x ∈ Sθ (∆m) , but Theorem

4.2 of Et and Nuray [5] x /∈ S (∆m) . Hence Sθ (∆m) * S (∆m) . This completes the

proof.

Lemma 3.7 If £ denotes the set of all lacunary sequences, then

|AC| (∆m) = `∞ (∆m) ∩ (∩θ∈£Sθ (∆m)) .

Proof. Omitted.

Lemma 3.8 Let E be any of the spaces σ1, |σ1| , Cθ, Nθ, N0
θ , AC, |AC| and

Sθ. Then the sequence spaces E (∆m) are neither solid nor symmetric nor sequence

algebra nor convergence free nor perfect.

Proof. Proof follows from the following examples.

Example 1. Let θ = (2r). Then x = (k) ∈ N0
θ

(
∆2

)
, but αx = (αkxk) /∈

N0
θ

(
∆2

)
, for αk = (−1)k for all k ∈ N. Hence N0

θ (∆m) is not solid.

Example 2. Let θ = (2r) . Then x = (k) ∈ (Nθ) (∆). Let (yk) be a

rearrangement of (xk), which is defined as follows:

(yk) = {x1, x2, x4, x3, x9, x5, x16, x6, x25, x7, x36, x8, x49, x10, ...} .

Then (yk) /∈ (Nθ) (∆) .

Example 3. Let θ = (2r). Then x = (k) ∈ N0
θ

(
∆2

)
. Let (yk) be a re-

arrangement of (xk) , which is defined as above, then (yk) /∈ N0
θ

(
∆2

)
.

Example 4. Let θ = (2r) . Consider the sequences x = (k) , y =
(
km−1

)
,

then x, y ∈ N0
θ (∆m) but x.y /∈ N0

θ (∆m) . For the others spaces consider the sequences

x = (k) , y = (km) .

Example 5. Let θ = (2r). Then (xk) = (1) is in N0
θ (∆) . The sequence

(yk) defined as yk = k for all k ∈ N does not belong to N0
θ (∆) . Hence N0

θ (∆) is not

convergence free.
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Note. Similarly different examples can be constructed for the other spaces.

Now we will give some relations between ∆m−lacunary statistically conver-

gent sequences and ∆m− lacunary strongly summable sequences with respect to a

modulus function.

Theorem 3.9 The inclusion [f, p, θ] (∆m−1) ⊂ [f, p, θ] (∆m) is strict. In

general [f, p, θ] (∆i) ⊂ [f, p, θ] (∆m) for all i = 1, 2, . . . ,m − 1 and the inclusion is

strict.

Proof. Straight forward and hence omitted.

Theorem 3.10 Let f, f1, f2 be modulus functions. Then we have

i) [f, θ] (∆m) ⊂ [f ◦ f1, θ] (∆m),

ii) [f1, p, θ] (∆m) ∩ [f2, p, θ] (∆m) ⊂ [f1 + f2, p, θ] (∆m).

Proof. i) Let ε > 0 and choose δ with 0 < δ < 1 such that f(t) < ε for

0 ≤ t ≤ δ. Write yk = f1 (|∆mxk − L|) and consider∑
k∈Ir

f(yk) =
∑
1

f(yk) +
∑
2

f(yk)

where the first summation is over yk ≤ δ and second summation is over yk > δ. Since

f is continuous, we have ∑
1

f(yk) < hrε (2)

and for yk > δ, we use the fact that

yk <
yk

δ
≤ 1 +

yk

δ
.

By the definition of f we have for yk > δ,

f(yk) < 2f(1)
yk

δ
.

Hence ∑
2

f(yk) ≤ 2f(1)δ−1
n∑

k=1

yk. (3)

From(2) and (3), we obtain [f, θ] (∆m) ⊂ [f ◦ f1, θ] (∆m).

ii) The proof of (ii) follows from the following inequality

[(f1 + f2) (|∆mxk − L|)]pk ≤ C [f1 (|∆mxk − L|)]pk + C [f2 (|∆mxk − L|)]pk .
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The following result is a consequence of Theorem 3.10 (i).

Proposition 3.11 ([2]) Let f be a modulus function. Then Nθ (∆m) ⊂

[f, θ] (∆m).

Theorem 3.12 Let 0 < pk ≤ qk and (qk/pk) be bounded. Then [f, q, θ] (∆m)

⊂ [f, p, θ] (∆m).

Proof: If we take wk = [f (|∆mxk − L|)]qk for all k. Following the technique

applied for establishing Theorem 5 of Maddox [13], we can easily prove the theorem.

Theorem 3.13 The sequence space [f, p, θ] (∆m) is neither solid nor sym-

metric nor sequence algebra nor convergence free nor perfect for m ≥ 1.

To show these, consider the examples cited in Lemma 3.8.

Theorem 3.14 Let f be modulus function and supk pk = H. Then

[f, p, θ] (∆m) ⊂ Sθ (∆m) .

Proof. Let x ∈ [f, p, θ] (∆m) and ε > 0 be given. Then

1
hr

∑
k∈Ir

[f (|∆mxk − L|)]pk =
1
hr

∑
k∈Ir

|∆mxk−L|≥ε

[f (|∆mxk − L|)]pk

+
1
hr

∑
k∈Ir|∆mxk − L| < ε

[f (|∆mxk − L|)]pk

≥ 1
hr

∑
k∈Ir

|∆mxk−L|≥ε

[f (|∆mxk − L|)]pk ≥ 1
hr

∑
k∈Ir

[f (ε)]pk

≥ 1
hr

∑
k∈Ir

min
(
[f (ε)]inf pk , [f (ε)]H

)
≥ 1

hr
|{k ∈ Ir : |∆mxk − L| ≥ ε}| min

(
[f (ε)]inf pk , [f (ε)]H

)
.

Hence x ∈ Sθ (∆m) .

Theorem 3.15 Let f be bounded and 0 < h = infk pk ≤ pk ≤ supk pk =

H < ∞. Then Sθ (∆m) ⊂ [f, p, θ] (∆m).

Proof. Suppose that f is bounded and let ε > 0 be given. Then

1
hr

∑
k∈Ir

[f (|∆mxk − L|)]pk =
1
hr

∑
k∈Ir|∆mxk − L| ≥ ε

[f (|∆mxk − L|)]pk
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+
1
hr

∑
k∈Ir|∆mxk − L| < ε

[f (|∆mxk − L|)]pk

≤ 1
hr

∑
k∈Ir

max
(
Kh,KH

)
+

1
hr

∑
k∈Ir

[f (ε)]pk

≤ max
(
Kh,KH

) 1
hr
|{k ∈ Ir : |∆mxk − L| ≥ ε}|

+max
(
f (ε)h

, f (ε)H
)

.

Hence x ∈ [f, p, θ] (∆m).

Theorem 3.16 Let f be bounded and 0 < h = infk pk ≤ pk ≤ supk pk =

H < ∞. Then Sθ (∆m) = [f, p, θ] (∆m) if and only if f is bounded.

Proof. Let f be bounded. By Theorem 3.14 and Theorem 3.15 we have

Sθ (∆m) = [f, p, θ] (∆m).

Conversely suppose that f is unbounded. Then there exists a sequence (tk)

of positive numbers with f (tk) = k2, for k = 1, 2, ... . If we choose

∆mxi =

 tk, i = k2, i = 1, 2, . . .

0, otherwise

then we have
1
n
|{k ≤ n : |∆mxk| ≥ ε}| ≤

√
n

n

for all n and so x ∈ Sθ (∆m) , but x /∈ [f, p, θ] (∆m) for θ = (2r) and pk = 1 for all

k ∈ N. This contradicts to Sθ (∆m) = [f, p, θ] (∆m).
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BOOK REVIEWS

Jürgen Appel, Espedito De Pascale and Alfonso Vignoli, Nonlinear

Spectral Theory, De Gruyter Series in Nonlinear Analysis and Applications, Vol.

10, Walter de Gruyter, Berlin - New York 2004, xi + 408 pages, ISBN: 3-11-018143-6.

The spectral theory of bounded linear operators on Banach spaces is one of

the most important branches of functional analysis and operator theory, with deep and

far reaching applications to spectral theory of differential operators and to classical

quantum mechanics.

It is expected that a reasonable definition of the spectrum of a continuous

nonlinear operator F acting on a Banach space X should agree with the usual one

when F is linear and, at a same time, to retain some of its essential properties,

as nonemptiness, compactness, to contain the eigenvalues, etc. By a sequence of 8

simple examples given in the introduction the authors show some of the drawbacks

of various natural definitions of the spectrum of a nonlinear operator, leading them

to the conclusion that the main matter is not the intrinsic structure of the spectrum,

but rather its usefulness in the study of nonlinear operator equations.

The book contains a systematic presentation of various spectra for nonlinear

operators, along with some applications. Numerous examples and tables illustrate

the relations between these spectra, as well as some shortcomings arising for each of

them.

The first chapter contains an overview of the spectral theory of bounded linear

operators, the second one is concerned with various metric and topological properties

of nonlinear operators (the Lipschitz property, α-contractibility, etc), while the third

one presents some results on the invertibility of nonlinear operators, a question closely
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related to the solvability of nonlinear equations - the main target of the nonlinear

spectral theory.

Various kinds of spectra for nonlinear operators are presented in Chapters 4

through 9: 4. The Rhodius and Neuberger spectra, 5. The Kachurovskij and Dörfner

spectra, 6. The Furi-Martelli-Vignoli spectrum, 7. The Feng spectrum, 8. The Väth

phantom, 9. Other spectra.

Chapter 10 is concerned with the quite subtle notion of eigenvalue of a non-

linear operator. Again, a direct transpose of the definition to the nonlinear case does

not fit best the needs of the theory, this being done by other equivalent definitions,

apparently different from the familiar one. Chapter 11 emphasizes through an appro-

priate definition of the numerical range of a nonlinear operator, the influence of the

geometry of the underlying Banach space in the study of nonlinear spectra. The last

chapter of the book, Chapter 12, is devoted to applications to general solvability of

nonlinear equations and to bifurcation theory. A nonlinear Fredholm theory is applied

existence and perturbation results for p-Laplacian.

Each chapter ends with a section of bibliographical and historical notes and

remarks. The book is fairly self-contained, the prerequisites being a modes back-

ground in nonlinear functional analysis and spectral theory.

As the authors point out in the introduction, the theory is far from being

complete - in fact there is no a satisfactory definition of the spectrum in the non-

linear case. The book can be considered as a systematic introduction to this area,

emphasizing the diversity of directions in which current research in nonlinear spectral

is developing.

S. Cobzaş
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Jon P. Davis, Methods of Applied Mathematics with a MATLAB overview ,

Birkhäuser Verlag, 2004, XII, 721 p., ISBN: 0-8176-4331-1.

This book is devoted to the application of Fourier Analysis. The author

mixed in a remarkable way theoretical results and application illustrating the results.

Flexibility of presentation (increasing and decreasing level of rigor, accessibility) is a

key feature.

The first chapter is an introductory one.

An introduction to Fourier series based mainly on inner product spaces is

given in chapter 2.

The third chapter treats elementary boundary value problems. Besides ap-

plications of the Fourier series, it presents standard boundary value problem models

and their discrete analogous problems.

Higher-dimensional, non rectangular problems is the topic of the fourth chap-

ter. These includes Sturm-Liouville Theory, series solutions, Bessel equations and

nonhomogeneous boundary value problems.

Chapter 5 is an introduction to functions of complex variable. Here ones

discuss basic results and their applications to problems of fluid flow and transform

inversion.

The sixth chapter introduces Laplace transform and their applications to

ordinary differential equations, circuit analysis and input-output analysis of linear

systems.

Continuous Fourier transform is the topic of seventh chapter. Also applica-

tions of Fourier transform to ordinary differential equations, integral equations, partial

differential equations are included here.

Chapter eight is on discrete variable transforms. It treats discrete variable

models, z-transform, discrete and fast Fourier transform and their properties. Com-

putational aspects of fast Fourier transform are also pointed.
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The last chapter ”Additional Topics” introduces methods that are special-

ization of those treated previously such as two-sided and Walsh transform, wavelets

analysis and integral transform.

The book contains extensive examples, presented in an intuitive way with high

quality figure (some of them quite spectacular), useful MATLAB codes. MATLAB

exercises and routines are well integrated within the text, and a concise introduction

into MATLAB is given in an appendix. The emphasis is on program’s numerical

and graphical capabilities and its applications, not on its syntax. A large variety of

problems graded from difficulty point of view. Applications are modern and up to

date. Reach and comprehensive references are attached to each chapter.

Intended audience: especially students in pure and applied mathematics,

physics and computer science, but also useful to applied mathematicians, engineers

and computer scientists interested in applications of Fourier analysis.

Radu Tr̂ımbiţaş

Donaldson, S.K., Eliashberg, Y., Gromov, M. (Eds.), Different Faces of

Geometry , Kluwer Academic / Plenum Press (International Mathematical Series),

2004, Hardback, 404 pp., ISBN 0-306-48657-1.

Everybody knows how difficult can be to give a proper definition. This is,

particularly, true when it comes to geometry. I think it’s quite impossible to give

a definition of contemporary geometry. Definitely, the old ethymological definition

doesn’t do the job anymore. In fact, the editors (three of the most influential mathe-

maticians of our times, who don’t need any formal introduction) claim that “there is,

perhaps, no branch of mathematics which cannot be considered a part of geometry,

when approached in the right spirit”. Their idea, therefore is that it is probably better

to think of geometry as being rather a collection of subjects than a single field. To

put it another way, the geometry has many “faces”.

134



BOOK REVIEWS

The aim of the editors of this book is to provide a readable description of

some of these faces, by asking leading specialists to discuss the current state and

prospects of their fields of expertise. These fields include (but are not restricted to):

amoebas and tropical geometry, convex geometry, differential geometry of 4-manifolds,

3-dimensional contact geometry, Lagrangian and Special Lagrangian submanifolds,

Floer homology. It is probably no accident that many of these topics are closely

related to the research interests of the editors themselves.

While I didn’t mentioned all the subjects touched in this book, I would like,

nevertheless, to mention at least the authors of the contributions: G. Mikhalkin,

V.D. Milman, A.A. Giannopoulos, C.LeBrun, Ko Honda, P. Ozsváth, Z. Szabó, C.

Simpson, D. Joyce, P. Seidel and S. Bauer.

The books of this kind, providing a rapid access to reliable information on

different fields of mathematics are of a great help for many people, from graduate

students and researchers. Nowadays is quite difficult to find your way through a field

which is not exactly your own and a hand lent by an expert is always very helpful.

The book under review is no exception. The subjects chosen belong to the most active

fields of research in the last period and the authors manage to describe them in an

accessible way. I would gladly recommend it to anyone with an interest in geometry,

even if he/she has no intention whatsoever to specialize in one of the fields described

in the book. It’s always nice to know what your neighbors are doing.

I’d like to finish this review by mentioning that this book (like any other in

this series, edited by the Russian mathematician Tamara Rozhkovskaya) was simul-

taneously published in Russian.

Paul A. Blaga
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Pei-Kee Lin, Köthe-Bochner Function Spaces, Birkhäuser Verlag, Boston-

Basel-Berlin 2004, xii+370 pp, ISBN: 0-8176-3521-1.

Let (Ω,Σ, µ) be a complete measure space. A real Banach space E consisting

of equivalence classes (modulo equality a.e.) of locally integrable real-valued functions

is called a Köthe function space provided:

(i) if h ∈ E and g : Ω → R is measurable and g(ω)| ≤ |h(ω)| a.e. on Ω, then

g ∈ E and ‖g‖ ≤ ‖h‖;

(ii) for every A ∈ Σ with µ(A) < ∞ the characteristic function 1A of A

belongs to E.

Every Köthe function space is a Banach lattice with respect to the pointwise

order: f ≤ g ⇐⇒ f(ω) ≤ g(ω) a.e. on Ω. Köthe function spaces form an important

class of Banach function spaces and Banach lattices as can be seen, for instance, from

the second volume of the treatise J. Lindenstrauss and L. Tzafriri, Classical Banach

spaces, Springer Verlag, Berlin 1979. If X is a Banach space and E is a Köthe function

space over the complete measure space (Ω, µ), then the Köthe-Bochner function space

E(X) is formed by all strongly measurable functions f : Ω → X such that the function

ω 7→ ‖f(ω)‖X belongs to E. Equipped with the norm ‖‖f(·)‖X‖E , E(X) is a Banach

space.

The main questions the author of the present book addresses are: if both of

the spaces E and X have a geometric property P, then does the space E(X) have

the same property, and conversely, if E(X) has the property P, then must E and X

have the property P ? For P one takes various rotundity and smoothness conditions

(strict convexity, local uniform convexity, uniform convexity, smoothness, etc) or other

properties of geometric or topological nature as Dunford-Pettis, Radon-Nikodým,

Kadec-Klee properties. Chapters 5.I and 5.II, both headed Stability properties, are

concerned with the following problem: if f is an extreme (smooth, exposed, etc) point

of the unit ball of E(X) then is f(ω)/‖f(·)‖ and extreme (smooth, exposed, etc) point

of the unit ball of X for a.e. ω ∈ suppf , and, conversely, is this property sufficient
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for f to be an extreme (smooth, exposed, etc) point of the unit ball of E(X) ? These

chapters contain also a discussion of the containment of c0 and `1 in E(X).

The basic properties of Köthe and Köthe-Bochner function spaces are treated

in the third chapter Köthe-Bochner function spaces. Chapters 1, Classical theorems

and 2, Convexity and smoothness, contain some basic results (most of them with

complete proofs) on Banach spaces as strict convexity, uniform convexity, smoothness,

Dunford-Pettis property, conditional expectations and martingales, tensor products.

The last chapter of the book, Chapter 6, Continuous function spaces, is concerned

with the Banach space C(K, X).

Each chapter contains a set of exercises completing the main text, open ques-

tions for further study, remarks and historical notes, and bibliography.

The book is clearly written and succeeds to present in an accessible manner

some deep and difficult results in the domain. It can be recommended for advanced

graduate students and for researchers in functional analysis, probability theory, oper-

ator theory and related fields.

S. Cobzaş

Ole Christensen and Khadija L. Christensen, Approximation theory -

From Taylor Polynomials to Wavelets, Applied and Numerical Harmonic

Analysis Series, Birkhäuser Verlag, Boston-Basel-Berlin 2004, xi+156 pp, ISBN:0-

8176-3600-5.

This book contains an elementary introduction to approximation theory, in

a way which naturally leads to the modern field of wavelets. One of the main goals of

this presentation is to make it clear to the reader that the mathematics is a subject

in a state of continuous evolution. The exposition demonstrates the dynamic nature

of mathematics and how the classical disciplines influence many areas of modern

mathematics and their applications.
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The focus here is on ideas rather than on technical details. The book may be

used in courses on infinite series and Fourier series, where ideas and motivation are

more important than proofs. Some of the material from the two chapters on wavelets

can be used as a guide towards more recent research. The wavelets are presented as

a natural continuation of the material from the previous chapters.

The information is accessible to readers at several levels. Some basic material

is placed at the beginning of each chapter preparing the reader for the more advanced

concepts and topics in the latter part of that chapter. Only selected results are proved,

while more technical proofs are included in an appendix.

The first chapter, dedicated to approximation by polynomials, contains ele-

mentary results. It also gives an idea about the content of the entire book. The next

chapter presents the infinite series. It contains several classical entertaining examples

and constructions. The Fourier analysis is treated in Chapter 3.

Wavelet analysis can be considered a modern supplement to classical Fourier

analysis. Therefore, the chapters 4 and 5 are dedicated to this subject. Chapter

4 describes wavelets more in words rather than in symbols, but it gives the reader

an understanding of the fundamental questions and concepts involved. It also tells

the story of how the wavelets era began and discusses the applications in the signal

processing.

In Chapter 5, which is slightly more technical, the multiscale representation

associated to wavelets in the special case of the Haar wavelets is explained. It also

presents the Gabor system. In this chapter the role of wavelets in digital signal

processing and data compression is discussed, along with the FBI’s manner of using

wavelets to store fingerprints.

Each of the chapters contains more examples and ends with a few exercises.

The book can be used as a good textbook or for self-study reference for students.

Readers find the motivation and the background material pointing towards advanced

literature and research topics in pure and applied harmonic analysis and related areas.

Radu Lupşa
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