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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 2, June 2005

QUANTITATIVE APPROXIMATIONS
BY USING SCALING TYPE FUNCTIONS

OCTAVIAN AGRATINI

Abstract. The focus of the paper is to study a class of linear positive

operators constructed by using a quasi-scaling type function. Jackson type

inequalities are established in the framework of different function spaces.

1. Introduction

In Approximation Theory an interesting tool with a rich mathematical con-

tent and great potential for applications, is materialized by sequences of linear positive

operators generated by a scaling type function.

The aim of the present note is to investigate a general class (Lk)k∈Z of linear

positive operators of wavelet type. Our paper is designed as follows. Following [1], in

Section 2 we recall the construction of Lk, k ∈ Z, operators and we indicate the main

notations and results which will be used in the sequel. Further on, in Section 3 we use

this class to approximate smooth real valued signals, more precisely, functions which

possess derivatives of high order. We establish both pointwise and global estimates

of the rate of convergence of our operators. Under additional assumptions, we prove

that each γ−2δ−1Lk operator has the degree of exactness equal to 1. The last section

is devoted to estimate the approximation of bounded functions by Lk, with the help

of a Lipschitz-type maximal function.

Clearly, the research along a certain line can be developed by different angles.

We point out that our approach is made by using tools and methods which characterize
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the approximation of functions by linear positive operators. Similar results are quite

familiar in the Littlewood-Paley and wavelets literature. A good illustration of this

can be found in Daubechies’ book [4; Section 6.5] and elsewhere.

2. Background and preliminaries

Setting N0 := N∪{0}, we consider a bi-dimensional net (ak, δj), (k, j) ∈ Z×Z,

δ ∈]0,∞[, and

a−k = a−1
k , 0 < ak < ak+1, for every k ∈ N0. (1)

Clearly, a−(p+1) < a−p for each p ∈ N0 and a0 = 1. We point out that the

above net generalizes the couples (2k, j), (k, j) ∈ Z×Z, broad used in the construction

of many wavelet type discrete operators. Operating both on the sequence (ak)k∈N0

and on the ratio δ, we are able to transform the net in accordance with the problem

data and, therefore, it is more flexible then the previous one.

Let L1,loc(R) be the vector space of the real-valued functions defined on R

and locally integrable, i.e. integrable on any compact interval of the real line. We

make the following informal definition.

Definition 2.1. Let δ > 0 be fixed. A function ϕ : R → [0,∞[ satisfying the following

conditions:

(i) ϕ is a bounded function belonging to L1,loc(R),

(ii) a positive constant α exists such that supp(ϕ) ⊂ [−α, α], (2)

(iii) a positive constant γ exists with the property
∞∑

j=−∞
ϕ(x + δj) = γ, for every x ∈ R, (3)

is called a scaling function of (δ, γ) type.

Using the sequence (ak)k∈Z defined by (1) and a scaling function ϕ of (δ, γ)

type we generate the functions

ϕk,j(x) :=
√

ak ϕ(akx + δj), x ∈ R, (k, j) ∈ Z× Z. (4)

As usual in wavelet transforms, k is named the dilation index and j is named

the translation index. Dilation by larger k compresses the function ϕ on the x-axis.

4



QUANTITATIVE APPROXIMATIONS BY USING SCALING TYPE FUNCTIONS

Altering j has the effect of sliding the function ϕ along the x-axis. We mention that

condition (3) has nothing to do with the property of an orthogonal scaling function

of a multiresolution analysis (MRA), intensively used in the signals theory.

At this point we are in position to introduce the announced sequence of

operators.

For every k ∈ Z and f ∈ L1,loc(R) we define the operator Lk as follows

(Lkf)(x) :=
∞∑

j=−∞
(f, ϕk,j)ϕk,j(x), x ∈ R, (5)

where the functions ϕk,j are given by (4) and (f, ϕk,j) =
∫

R
f(t)ϕk,j(t)dt.

As usual, we denote by C(R) (B(R), respectively) the space of all continuous

(bounded, respectively) real valued functions on R. The spaces B(R) and B(R)∩C(R)

can be equipped with the norm ‖ · ‖∞ of the uniform convergence (briefly, the sup-

norm). Also Lp(R), p ≥ 1, stands for the vector space of all real valued Lebesgue

integrable functions defined on R endowed with the usual norm ‖ · ‖Lp(R). In the

Hilbert space of square integrable functions, the inner product is denoted by (·, ·).

Examining Definition 2.1 we deduce that ϕ belongs to the Lebesgue space

L2(R). The same statement is true for ϕk,j . Also, for each (k, j) ∈ Z×Z the coefficient

(f, ϕk,j) exists and is finite. Because of the function ϕ has bounded support, for any

real x the summation in (5) involves only a finite number of terms and, consequently,

(Lkf)(x) is well-defined on R.

A more explicit look of Lkf is the following

(Lkf)(x) =
∞∑

j=−∞
ϕ(akx + δj)

∫
supp(ϕ)

ϕ(u)f
(

u− δj

ak

)
du. (6)

The construction of Lkf guarantees that Lk is a positive linear operator.

In the particular case ak = 2k this operator becomes the operator Ak studied

in [3]. The authors have used a scaling function ϕ of (1,1) type.

As regards Lk operator, a result presented in [1; Theorem 1] will be read as

follows.
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Proposition 2.1. Let Lk, k ∈ Z, be defined by (5). For every function f ∈ C(R) the

following inequality

|(Lkf)(x)− γ2δf(x)| ≤ γ2δω(f ; 2αa−k), k ∈ Z, x ∈ R,

holds true, where α is given at (2) and ω(f ; ·) represents the modulus of continuity

associated to f .

Further on we collect some direct properties of the functions ϕ and ϕk,j .

Lemma 2.2. If ϕ is a scaling function of (δ, γ) type then one has

(i) ‖ϕ‖L1(R) =
∫

R
ϕ(x)dx =

∫
R

ϕ(x + δj)dx = γδ, j ∈ Z; (7)

(ii)
γδ√
2α

≤ ‖ϕ‖L2(R) ≤
√

γδ sup
x∈R

ϕ(x);

(iii) ‖ϕk,j‖L1(R) = √
a−kγδ, ‖ϕk,j‖L2(R) = ‖ϕ‖L2(R).

Since the proof is based on simple computations, we omit it.

We end this section proving that Lk enjoys the self-adjointness property on

the Hilbert space L2(R).

Lemma 2.3. For every f and g belonging to L2(R), the operator Lk defined by (5)

verifies (Lkf, g) = (f, Lkg).

Proof. We can write successively

(Lkf, g) =
∑
j∈Z

∫
R

(∫
R

ϕk,j(t)f(t)dt
)
ϕk,j(x)g(x)dx

=
∑
j∈Z

(∫
R

ϕk,j(t)f(t)dt
)
(g, ϕk,j) = (f, Lkg).

3. Estimates for high order differentiable functions

In most practical problems, the functions possess some degree of smoothness.

Letting Cn(R), n ∈ N, the space of n-times continuously differentiable real

valued functions defined on R, we are concerned to give bounds for the approximation

error |Lkf − f |, where f ∈ Cn(R).
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At first step we recall the Taylor formula. If f ∈ Cn(R) then the following

identity

f(y) =
n∑

i=0

f (i)(x)
i!

(y − x)i +
1

(n− 1)!

∫ y

x

(f (n)(t)− f (n)(x))(y − t)n−1dt (8)

holds true for every (x, y) ∈ R× R.

At second step we need a technical result useful in the proof of Theorem 3.2.

Lemma 3.1. Let ϕ be a scaling function of (δ, γ) type. Let fix (x, ak) ∈ R×]0,∞[

and define
Jk,x := {j ∈ Z| akx + jδ ∈ [−α, α]},

rn(f ; ak, x, t) :=
∣∣∣∫ t/ak

x

(f (n)(u)− f (n)(x))
(

t

ak
− u

)n−1

du
∣∣∣, f ∈ Cn(R)

(9)

For each j0 ∈ Jk,x and each t ∈ [−α− j0δ, α− j0δ], the following inequalities

hold

(i)
∣∣∣∣ t

ak
− x

∣∣∣∣ ≤ 2α

ak
, (ii) rn(f ; ak, x, t) ≤ 1

n

(
2α

ak

)n

ω

(
f (n);

2α

ak

)
. (10)

Proof. Since −2α + akx ≤ −α − j0δ ≤ t ≤ α − j0δ ≤ 2α + akx, the first relation is

evident. In order to prove the second inequality, we shall analyze 2 cases taking in

view the first inequality of this Lemma.

Case 1. x < t/ak. We have

rn(f ; ak, x, t) ≤
∫ t/ak

x

|f (n)(u)− f (n)(x)|
(

t

ak
− u

)n−1

du

≤
∫ t/ak

x

ω(f (n); |u− x|)
(

t

ak
− u

)n−1

du

≤
∫ t/ak

x

(
t

ak
− u

)n−1

du ω

(
f (n);

∣∣∣∣ t

ak
− x

∣∣∣∣)
≤ 1

n

(
t

ak
− x

)n

ω

(
f (n);

2α

ak

)
.

Case 2. x > t/ak. Following the same line, we get

rn(f ; ak, x, t) ≤
∫ x

t/ak

|f (n)(u)− f (n)(x)|
(

u− t

ak

)n−1

du

7
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≤
∫ x

t/ak

ω(f (n); |u− x|)
(

u− t

ak

)n−1

du

≤
∫ x

t/ak

(
u− t

ak

)n−1

du ω

(
f (n);

∣∣∣∣ t

ak
− x

∣∣∣∣) ≤ 1
n

(
x− t

ak

)n

ω

(
f (n);

2α

ak

)
.

In both cases, taking again the advantage of the first inequality we obtain

the desired result. The case x = t/ak is trivial and the proof is complete.

We present the main result of this section.

Theorem 3.2. Let f ∈ Cn(R). For every x ∈ R the operators Lk, k ∈ Z, defined by

(5) verify

|(Lkf)(x)− γ2δf(x)|

≤ γ2δ

(
n∑

i=1

|f (i)(x)|
i!

(
2α

ak

)i

+
1
n!

(
2α

ak

)n

ω

(
f (n);

2α

ak

))
. (11)

Proof. Let fix x ∈ R and k ∈ Z. Successively based on (5), (3), (4) and (9) we get

|(Lkf)(x)− γ2δf(x)| =
∣∣∣∑

j∈Z
(f, ϕk,j)ϕk,j(x)− γδf(x)

∑
j∈Z

ϕ(akx + jδ)
∣∣∣

≤
√

ak

∑
j∈Jk,x

|(f, ϕk,j)− γδ
√

a−kf(x)|ϕ(akx + jδ). (12)

In the above we also used (1). It is obvious that, in what follows, we are

interested only on the indices j belonging to Jk,x.

With the help of relations (4) and (7) we can write

|(f, ϕk,j)− γδ
√

a−kf(x)|

=
∣∣∣√a−k

∫
R

f

(
t

ak

)
ϕ(t + δj)dt−√

a−kf(x)
∫

R
ϕ(t + δj)dt

∣∣∣
≤ √

a−k

∫
R

∣∣∣∣f ( t

ak

)
− f(x)

∣∣∣∣ϕ(t + δj)dt. (13)

Choosing in (8) y := t/ak, t ∈ [−α− jδ, α− jδ], and using both (9) and (10)

we have∣∣∣∣f ( t

ak

)
− f(x)

∣∣∣∣ ≤ n∑
i=1

|f (i)(x)|
i!

∣∣∣∣ t

ak
− x

∣∣∣∣i +
1

(n− 1)!
rn(f ; ak, x, t/ak)

≤
n∑

i=1

|f (i)(x)|
i!

(
2α

ak

)i

+
1
n!

(
2α

ak

)n

ω

(
f (n);

2α

ak

)
.
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Returning on (13) and further on (12), we obtain the claimed result.

Letting Cn
b (R) := {f ∈ Cn(R)| f (i) ∈ B(R), 0 ≤ i ≤ n}, relation (11) leads

us to the following global estimate of the error.

Theorem 3.3. For every f ∈ Cn
b (R), the operators Lk, k ∈ Z, defined by (5) verify

‖Lkf − γ2δf‖∞ ≤ γ2δ

(
n∑

i=1

βi
k

i!
‖f (i)‖∞ +

βn
k

n!
ω(f (n);βk)

)
, (14)

where βk := 2αa−k.

In the above, under the hypothesis lim
k→∞

ak = ∞, one has βk < 1 for suffi-

ciently large k. Considering the semi-norm | · |Cn
b (R) of the vector space Cn

b (R) defined

by |h|Cn
b (R) :=

n∑
i=1

‖h(i)‖∞, relation (14) implies

∥∥∥∥ 1
γ2δ

Lkf − f

∥∥∥∥
∞
≤
(

2α

ak

)(
|f |Cn

b (R) + ω

(
f (n);

2α

ak

))
,

for every f ∈ Cn
b (R) and sufficiently large k.

4. On the degree of exactness

In what follows, for any integer s ≥ 0 we denote by es the test function

defined by es(x) = xs, x ∈ R.

Under an additional assumption, we prove that the operator (1/γ2δ)Lk re-

produces the affine functions, in other words it has the degree of exactness equal to

1. We assume that the scaling function ϕ of (δ, γ) type has the following property

∞∑
j=−∞

jϕ(x + δj) = −γ

δ
x, x ∈ R. (15)

Lemma 4.1. Let ϕ be a scaling function of (δ, γ) type such that condition (15) is

fulfilled. One has ∫
R

uϕ(u)du = 0. (16)

9
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Proof. We observe that∫
R

uϕ(u)du =
∑
j∈Z

∫ δ(j+1)

δj

uϕ(u)du =
∑
j∈Z

∫ δ

0

(x + δj)ϕ(x + δj)dx

=
∫ δ

0

x
(∑

j∈Z
ϕ(x + δj)

)
dx + δ

∫ δ

0

(∑
j∈Z

jϕ(x + δj)
)
dx.

Taking into account identities (3) and (15), the proof is finished.

We come now to the main result of the section.

Theorem 4.2. Let Lk, k ∈ Z, be defined by (5) such that (15) is fulfilled. For every

real-valued polynomial p of degree less or equal to 1, one has Lkp = γ2δp.

Proof. Obviously, it is enough to verify the claimed identity only for the monomials

e0 and e1. For computations we use the formula given at (6).

Based on (7) and (3) one gets Lke0 = γ2δe0. The same quoted relations

together with (16) guarantee that Lke1 = γ2δe1. The conclusion follows.

At this moment, the idea to present Lke2 comes out. In order to achieve it,

we introduce the function θ given by

θ(x) =
∞∑

j=−∞
j2ϕ(x + δj), x ∈ R. (17)

Since (2) takes place, the above sum is finite and θ is well-defined. Moreover,

θ is non-negative and belongs to L1,loc(R).

Theorem 4.3. Let Lk, k ∈ Z, be defined by (5) such that (15) is fulfilled. If θ is

given by (17) then the following identities hold true

(i) (Lke2)(x) =
γ

a2
k

(‖e2ϕ‖L1(R) + δ3θ(akx)), x ∈ R, (18)

(ii) ‖e2ϕ‖L1(R) = δ2

∫ δ

0

θ(t)dt− γ

3
δ3.

Proof. (i) Clearly, e2ϕ ∈ L1(R). Resorting to (6) we can write

(Lke2)(x)=
1
a2

k

∑
j∈Z

ϕ(akx + δj)
(
‖e2ϕ‖L1(R) − 2δj

∫
R

uϕ(u)du + δ2j2‖ϕ‖L1(R)

)
.

Taking in view relations (16), (7), (3) and (17) we obtain (18).

10
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(ii) Since ‖e2ϕ‖L1(R) =
∑
j∈Z

∫ δ(j+1)

δj

u2ϕ(u)du =
∑
j∈Z

∫ δ

0

(t + δj)2ϕ(t + δj)dt,

with the help of (3), (15) and (17), our statement is proved.

5. Estimates for bounded functions

Based on (6) and (3) we can remark in passing that

‖Lkf‖∞ ≤ γ2δ‖f‖∞, for every f ∈ B(R) ∩ L1,loc(R).

Consequently, for γ2δ < 1 each operator Lk is a contraction.

The aim of this section is to give bounds for error approximation by using a

Lipschitz-type function introduced by Lenze [5; Eq. (1.5)]. We recall this map we will

have to deal with. Let J ⊂ R be an interval. Let f ∈ RJ be bounded and µ ∈]0, 1].

The Lipschitz-type maximal function of order µ associated to f is defined as

f∼µ (x) := sup
t6=x
t∈J

|f(t)− f(x)|
|t− x|µ

, x ∈ J. (19)

The local behaviour of function f can be measured by f∼µ . The finiteness of

f∼µ gives a local control for the smoothness of f . Roughly speaking, the boundedness

of f∼µ is equivalent to f ∈ Lipµ on J .

Theorem 5.1. Let Lk, k ∈ Z, be defined by (5) such that (15) is fulfilled. For every

µ ∈]0, 1] and f ∈ B(R) ∩ L1,loc(R) the following inequality

|(Lkf)(x)− γ2δf(x)| ≤ Mϕ

(
α2

3a2
k

+
δ2

γa2
k

θ(akx)− x2

)µ/2

f∼µ (x), x ∈ R,

holds true, where Mϕ = γ(2α)µ/2‖ϕ‖Lp([−α,α]), p = 2/(2− µ) and θ is given at (17).

Proof. Let fix x ∈ R and k ∈ Z. In what follows, for the sake of simplicity, we set

(Ik,jϕ)(x) :=
∫

R

∣∣∣∣ t

ak
− x

∣∣∣∣µ ϕ(t + δj)dt,

ck,j(x) :=
∫

supp(ϕ)

(
t− δj

ak
− x

)2

dt, (j ∈ Z),

11
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and

sk(x) :=
∑
j∈Z

ck,j(x)ϕ(akx + δj).

In concordance with formula (19) we write

|f(t/ak)− f(x)| ≤ f∼µ (x)|t/ak − x|µ.

Taking the advantage of relations (12) and (13), one obtains

|(Lkf)(x)− γ2δf(x)| ≤
∑
j∈Z

∫
R

∣∣∣∣f ( t

ak

)
− f(x)

∣∣∣∣ϕ(t + δj)dtϕ(akx + δj)

≤ f∼µ (x)
∑
j∈Z

(Ik,jϕ)(x)ϕ(akx + δj).

By using Hölder’s integral inequality with parameters q := 2/µ and p :=

2/(2− µ), we deduce

(Ik,jϕ)(x)

=
∫

supp(ϕ)

∣∣∣∣u− δj

ak
− x

∣∣∣∣µ ϕ(u)du ≤ c
µ/2
k,j (x)

( ∫
supp(ϕ)

ϕ2/(2−µ)(u)du
)(2−µ)/2

. (21)

The last quantity represents ‖ϕ‖Lp([−α,α]), see (2).

Further on, based on Hölder’s discrete inequality with the same parameters

q, p, we have∑
j∈Z

c
µ/2
k,j (x)ϕ(akx + δj) =

∑
j∈Z

(ck,j(x)ϕ(akx + δj))µ/2ϕ1−µ/2(akx + δj)

≤
(∑

j∈Z
ck,j(x)ϕ(akx + δj)

)µ/2(∑
j∈Z

ϕ(akx + δj)
)(2−µ)/2

= γ(2−µ)/2s
µ/2
k (x). (22)

In order to evaluate sk(x), we shall use (3), (15), (18) and (2).

sk(x) =
1
a2

k

∫
supp(ϕ)

∑
j∈Z

(t− δj − akx)2ϕ(akx + δj)dt

=
1
a2

k

∫
supp(ϕ)

(t2γ + δ2θ(akx)− a2
kγx2)dt ≤ 2αγ

a2
k

(
α2

3
+

δ2

γ
θ(akx)− a2

kx2

)
. (23)

Collecting (23), (22), (21) and substituting in (20) we finish the proof.

12
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Remarks. (i) In the particular case γ = δ = 1, ak = 2k, Lk turns into Anas-

tassiou’s original operator Ak, [2; §6.1]. As far as we know, Theorem 5.1 establishes

a new result for Ak which involves Lenze’s function.

(ii) For comparison, it is a standard fact in Littlewood-Paley theory that if f

and ϕ are both Hölder continuous of order µ > 0 and if ϕ has compact support then

the µ-Hölder norm of Lkf − f decays like 1/ak.

(iii) Regarding this note, we mention that a similar approach could be made

by considering the following (La)a>0 net of operators, Laf :=
∑
j∈Z

(f, ϕj,a)ϕj,a with

ϕj,a(x) =
√

aϕ(ax + jδ). The estimates would be exactly the same.
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Babeş-Bolyai University, Faculty of Mathematics

and Computer Science, Str. Kogălniceanu, 1
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 2, June 2005

ON THE EXISTENCE OF VIABLE SOLUTIONS FOR A CLASS OF
NONAUTONOMOUS NONCONVEX DIFFERENTIAL INCLUSIONS

AURELIAN CERNEA

Abstract. We prove the existence of viable solutions to the Cauchy

problem x′ ∈ F (t, x), x(0) = x0 in M , where F is a multifunction

and M is a convex locally compact set of a Hilbert space that satisfy

F (t, x)∩KxM ∩∂V (x) 6= ∅, with KxM the contingent cone to M at x and

∂V is the subdifferential of a convex function V .

1. Introduction

Consider H a real Hilbert space and F : M ⊂ H → P(H) a multifunction

that defines the Cauchy problem

(1.1) x′ ∈ F (x), x(0) = x0,

In the theory of differential inclusions the viability problem consists in proving the

existence of viable solutions, i.e. ∀t, x(t) ∈ M , to the Cauchy problem (1.1).

Under the assumptions that H = Rn, F is an upper semicontinuous nonempty

convex compact valued multifunction and M is locally compact, in [5] Haddad proved

that a necessary and sufficient condition for the existence of viable trajectories starting

from x0 ∈ M of problem (1.1) is the tangential condition

(1.2) ∀x ∈ M F (x) ∩KxM 6= ∅,

where KxM is the contingent cone to M at x ∈ M .
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Rossi, in [7], proved the existence of viable solutions to problem (1.1) replacing

the convexity conditions on the images on F with

(1.3) F (x) ⊂ ∂V (x) ∀x ∈ M,

where ∂V is the subdifferential, in the sense of Convex Analysis, of a proper convex

function V . In [4] condition (1.3) is improved in the sense that instead of (1.2) and

(1.3) we assume that F (.) verifies

(1.4) F (x) ∩KxM ∩ ∂V (x) 6= ∅ ∀x ∈ M,

with V as in [7], provided M is convex.

The aim of the present paper is to extend the result in [4] to the case of

nonautonomous problems

(1.5) x′ ∈ F (t, x), x(0) = x0.

We note that in [6] a similar type of result is proved for a function V that is

assumed to be lower regular, i.e. a locally Lipschitz continuous function whose upper

Dini directional derivative coincides with the Clarke directional derivative.

The idea of the proof of our result is to use the regularizing technique in [6]

and to apply the known result for autonomous problems in [4].

The paper is organized as follows: in Section 2 we recall some preliminary

facts that we need in the sequel and in Section 3 we prove our main result.

2. Preliminaries

Let H be a real separable Hilbert space and Ω ⊂ H a given set. By P(H)

we denote the family of all subsets of H. A multifunction F : Ω → P(H) is called

(Hausdorff) upper semicontinuous at x0 ∈ Ω, ∀ε > 0 there exists δ > 0 such that

||x − x0|| < δ implies F (x) ⊂ F (x0) + εB, where B is the unit ball in H. For ε > 0

we put B(x, ε) = {y ∈ H; ||y − x|| < ε}.

Let V : H → R ∪ {+∞} be a function with domain D(V ) = {x ∈ H;V (x) <

+∞}. If D(V ) 6= ∅, then f is called proper. We recall that the subdifferential (in the

16
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sense of Convex Analysis) of the convex function V is the multifunction ∂V : H →

P(H) defined by

∂V (x) = {y ∈ H; V (z)− V (x) ≥< y, z − x > ∀z ∈ H}.

In what follows we assume:

Hypothesis 2.1. i) F : [0,∞) ×M ⊂ H → P(H) is a bounded set valued

map, measurable in t, upper semicontinuous with respect to x, with nonempty closed

values.

ii) There exists a proper lower semicontinuous convex function V : H →

R ∪ {+∞} such that

(2.1) F (t, x) ∩KxM ∩ ∂V (x) 6= ∅ ∀x ∈ M, a.e. t ∈ [0,∞),

where KxM = {v ∈ H; lim infh→0+
1
hd(x + hv,M) = 0} is the contingent cone to

M at x ∈ M .

3. The main result

Our main result is the following.

Theorem 3.1. Let M ⊂ H be a convex and locally compact set and let

F : [0,∞)×M ⊂ H → P(H) be a set-valued map satisfying Hypothesis 2.1.

Then for every x0 ∈ M there exists T > 0 such that problem (1.5) admits a

solution on [0, T ] satisfying x(t) ∈ M , ∀t ∈ [0, T ].

Proof. Let x0 ∈ M . Since M ⊂ H is locally compact, there exists r > 0

such that M0 := M ∩B(x0, r) is compact. Consider L := sup(t,x)∈[0,∞)×M ||F (t, x)||,

define T := r
L+1 and take n ∈ N such that 1

n < T .

By regularizing the set valued map F on the right hand side of the Cauchy

problem (1.5) we reduce the nonautonomous problem to the autonomous case ([6]).

We can find a countable collection of disjoint subintervals (aj , bj) ⊂ [0, T ], j = 1, 2, ...

such that their total length is less then 1
n and a set valued map Fn defined on D :=

([0, T ]\∪∞j=1 (aj , bj))×M that is jointly upper semicontinuous and Fn(t, x) ⊂ F (t, x)

17
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for each (t, x) ∈ D. Moreover, if u(.) and v(.) are measurable functions on [0, T ] such

that u(t) ∈ F (t, v(t)) a.e. t ∈ [0, T ] then for a.e. t ∈ ([0, T ]\ ∪∞j=1 (aj , bj)) we have

u(t) ∈ Fn(t, v(t)) (we refer to [8] for this Scorza Dragoni type theorem). It is obvious

that all trajectories of F are also trajectories of Fn. We extend Fn to the whole

[0, T ]×M . We define

F̃n(t, x) =



Fn(t, x) if t ∈ [0, T ]\ ∪∞j=1 (aj , bj)

Fn(aj , x) if aj < t <
aj+bj

2

Fn(bj , x) if aj+bj

2 < t < bj

Fn(aj , x) ∪ Fn(bj , x) if t = aj+bj

2 .

It is easy to see that F̃n(., .) still satisfies the tangential condition (2.1). On

the other hand, according to Lemma 4 in [6], F̃n(., .) is upper semicontinuous on

[0, T ]×M .

By extending the state space from H to R ×H we can reduce our problem

to the autonomous case. For every (t, x) ∈ [0, T ]×M we define

Ṽ (t, x) = t + V (x).

Obviously, Ṽ (., .) is a proper lower semicontinuous convex function and

(1, v) ∈ ∂Ṽ (t, x) if and only if v ∈ ∂V (x) for all (t, x) ∈ [0, T ]×M . At the same time,

standard arguments show that (1, v) ∈ K(t,x)([0, T ]×M) if and only if v ∈ KxM .

Therefore, the tangential condition (2.1) implies that

(3.1) (1, F̃n(t, x)) ∩K(t,x)([0, T ]×M) ∩ ∂Ṽ (t, x) 6= ∅ ∀(t, x) ∈ [0, T ]×M.

Thus applying Theorem 3.1 in [4] we obtain the existence of an absolutely

continuous function xn(.) : [0, T ] → H that satisfies

(1, x′n(t)) ∈ (1, F̃n(t, xn(t))) ∩ ∂Ṽ (t, xn(t)) a.e. [0, T ], xn(0) = x0

and

(t, xn(t)) ∈ [0, T ]×M ∀t ∈ [0, T ].
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It follows that xn(.) verifies

(3.2) x′n(t) ∈ Fn(t, xn(t)) ∩ ∂V (xn(t)) a.e. [0, T ], xn(0) = x0

and

(3.3) xn(t) ∈ M ∀t ∈ [0, T ].

Therefore from (3.2) we have

(3.4) ||x′n(t)|| ≤ L.

On the other hand, from (3.3) graph(xn(.)) is contained in [0, T ] × M and

xn(.) is also a solution to the inclusion (1.5) except for a set (say) En of measure

not exceeding 1
n for each n ∈ N . Hence, from (3.4) and Theorem III. 27 in [3] there

exists a subsequence (again denoted by xn(.)) and an absolutely continuous function

x(.) : [0, T ] → H such that

xn(.) converges uniformly to x(.),

x′n(.) converges weakly in L2([0, T ],H) to x′(.).

Since V (.) is lower semicontinuous, it follows that graph(∂V ) is closed and

thus, by (3.2), one has

(3.5) x′(t) ∈ ∂V (x(t)) a.e. [0, T ].

We apply Lemma 3.3 in [2] and by (3.5) we obtain

(V (x(t)))′ =< x′(t), x′(t) >= ||x′(t)||2 a.e. [0, T ];

and thus, V (x(T ))− V (x0) =
∫ T

0
||x′(t)||2dt.

On the other hand, from (3.2) we deduce that∫ T

0

||x′n(t)||2dt =
∫ T

0

(V ◦ xn)′(t)dt = V (xn(T ))− V (x0).

Hence, by the lower semicontinuity of V, we get

lim
n→∞

∫ T

0

||x′n(t)||2dt = V (x(T ))− V (x0) =
∫ T

0

||x′(t)||2dt

and so {x′n(.)} converges strongly in L2([0, T ],H).
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Hence, there exists a subsequence (still denoted) x′n(.) which converges point-

wise almost everywhere to x′(.). From (3.2) and the fact that graph(F ) is closed we

have

x′(t) ∈ F (t, x(t)) a.e. [0, T ]

and from (3.3) we obtain that ∀t ∈ [0, T ], x(t) ∈ M .
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 2, June 2005

MAXIMUM PRINCIPLES FOR A CLASS OF SECOND ORDER
ELLIPTIC SYSTEMS IN DIVERGENCE FORM

CRISTIAN CHIFU-OROS

Abstract. The purpose of this paper is to prove a maximum principle for

weakly coupled second order elliptic systems in divergence form using an

iterative estimation technique. A similar method was used by A.W. Tursky

in 1992 to prove a maximum principle for elliptic equations in divergence

form.

1. Introduction

Let us consider the following second order elliptic system:

N∑
i,j=1

(aij(x)(up)xj
)xi

+
N∑

j=1

bj(x)(up)xj
+

n∑
l=1

cpl(x)ul + fp(x) = 0, p = 1, n (1)

in Ω, where Ω ⊂ RN is a smooth bounded domain. Assume that:

(i) aij , bj ∈ C1(Ω) , i, j = 1, N, cpl ∈ C(Ω), p, l = 1, n,

N∑
i,j=1

aij(x)ξiξj ≥ 0,∀x ∈ Ω,∀ξ ∈ RN ;

(ii) fp is continuous in Ω, p = 1, n.

Let

‖u‖ = max{‖up‖ : p = 1, n},

where:

‖up‖ = inf{M : |up(x)| ≤ M, a.e. x ∈ Ω}.
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Denote

Mp = sup
Ω
‖fp‖ ,M = max

p
Mp,

mp = sup
∂Ω

|up(x)| ,m = max
p

mp.

In the proof of the main result we shall need the following Lemma given in [6]:

Lemma 1. If

Ga(x) = (1 + xa)[1− x(1 + xa)−
1
a ], a ∈ Z, x > 0,

then

Ga(x) ≥ 1
a
,∀x > 0. (2)

In what follows we shall give the main result of the paper. We shall show

that the method which was used by A. W. Turski in [6] for second order elliptic

equations in divergence form works for weakly coupled second order elliptic systems

in divergence form. Our result is similar with other results as in [3],[4] or [5] but the

method of proving is different. On the other hand the technique may be used to study

weak solutions of the second order elliptic systems.

2. Main result

Theorem 1. Assume that there exit two real constants h, β with 0 ≤ β < h such

that:

1. cpp ≤ −h < 0, p = 1, n;

2. 0 ≤ cpl ≤ β
n , p, l = 1, n, p 6= l.

Then for each u ∈ C2(Ω, Rn) ∩ C0(Ω, Rn) satisfying (1),

‖u‖ ≤ max
{

m,
M

h− β

}
.

Proof: Because the derivatives of u which occurs in system (1) are continuous

just in Ω, to be able to use the continuity of these on the boundary, for every q ∈

{1, 2, 3, ...}, we shall define Ωq = {x ∈ Ω : d(x, ∂Ω) > 1
q}. Our assumptions still
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hold in Ωq . If we multiply system (1) by u2k−1
p and integrate on Ωq with q fixed, we

obtain: ∫
Ωq

N∑
i,j=1

(aij(x)(up)xj )xiu
2k−1

p dx +
∫
Ωq

N∑
j=1

bj(x)(up)xj u
2k−1

p dx+

+
∫
Ωq

n∑
l=1

cpl(x)ulu
2k−1

p dx +
∫
Ωq

fp(x)u
2k−1

p dx = 0. (3)

We have∫
Ωq

N∑
i,j=1

(aij(x)(up)xj
)xi

u
2k−1

p dx =
∫

∂Ωq

N∑
i,j=1

aij(x)(up)xj
u

2k−1

p cos(N,xi)ds−

−(2k − 1)
∫
Ωq

N∑
i,j=1

aij(x)(up)xj (up)xiu
2k−2

p dx.

Denote

mpq = sup
x∈∂Ωq

|up(x)| ,

H1q :=
∫

∂Ωq

∣∣∣∣∣∣
N∑

i,j=1

aij(x)(up)xj cos(N,xi)

∣∣∣∣∣∣ ds.

Because of the assumption (i) we obtain∫
Ωq

N∑
i,j=1

(aij(x)(up)xj
)xi

u
2k−1

p dx ≤ m2k−1
pq

H1q
. (4)

Integrating by parts we have∫
Ωq

N∑
j=1

bj(x)(up)xj
u

2k−1

p dx =

= 2−k

∫
∂Ωq

N∑
j=1

bj(x)u
2k

p cos(N,xj)ds− 2−k

∫
Ωq

N∑
j=1

(bj(x))xj
u

2k

p dx.

Denote

H2q
:=
∫

∂Ωq

∣∣∣∣∣∣
N∑

j=1

bj(x) cos(N,xj)

∣∣∣∣∣∣ ds.

23



CRISTIAN CHIFU-OROS

Because bj ∈ C1(Ωq ), there exists Bq > 0 such that∣∣∣∣∣∣
N∑

j=1

(bj(x))xj

∣∣∣∣∣∣ ≤ Bq.

In this way ∫
Ωq

N∑
j=1

bj(x)(up)xj
u

2k−1

p dx ≤ 2−km2k

pq
H2q

+ 2−kBq

∫
Ωq

u
2k

p dx,

∫
Ωq

N∑
j=1

bj(x)(up)xj
u

2k−1

p dx ≤ 2−km2k

pq
H2q

+ 2−kBq ‖up‖2
k

. (5)

On the other hand∫
Ωq

n∑
l=1

cpl(x)ulu
2k−1

p dx =
n∑

l=1,l 6=p

∫
Ωq

cpl(x)ulu
2k−1

p dx +
∫
Ωq

cpp(x)u
2k

p dx.

Using Hölder inequality with the exponents 2k and 2k

2k−1
and the hypothesis of theorem

we’ll obtain

∫
Ωq

n∑
l=1

cpl(x)ulu
2k−1

p dx ≤ β

n

n∑
l=1,l 6=p

∫
Ωq

u
2k

l


2−k ∫

Ωq

u
2k

p


1−2−k

− h

∫
Ωq

u
2k

p dx.

In this way ∫
Ωq

n∑
l=1

cpl(x)ulu
2k−1

p dx ≤ β

n

n∑
l=1,l 6=p

‖ul‖ ‖up‖2
k−1 − h ‖up‖2

k

. (6)

Also ∫
Ωq

fp(x)u
2k−1

p dx ≤

∫
Ωq

f2k

p


2−k ∫

Ωq

u
2k

p


1−2−k

.

Let |Ωq| be the Lebesque measure of Ωq. Because of the assumption for fp,∫
Ωq

fp(x)u
2k−1

p dx ≤ Mpq
|Ωq|2

−k

(‖up‖2
k

)1−2−k

. (7)

From (4) , (5) , (6) and (7), (3) becomes

m2k−1
pq

H1q + 2−km2k

pq
H2q + (2−kBq − h) ‖up‖2

k

+
β

n

n∑
l=1,l 6=p

‖ul‖ ‖up‖2
k−1 +
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+Mpq
|Ωq|2

−k
(
‖up‖2

k
)1−2−k

≥ 0.

If we take the maximum after p = 1, n then

m2k−1
q H1q + 2−km2k

q H2q + (2−kBq + β − h) ‖u‖2
k

+

+ Mq |Ωq|2
−k
(
‖u‖2

k
)1−2−k

≥ 0.

Denoting

yk := ‖u‖2
k

,

we have

m2k−1
q H1q

+ 2−km2k

q H2q
+ (2−kBq + β − h)yk + Mq |Ω|2

−k

y1−2−k

k ≥ 0. (8)

Let

αk := h− β − 2−kBq > 0,

for k large enough,

βk := Mq |Ωq|2
−k

,

γk := 2km2k−1
q H1q

+ m2k

q H2q
.

With these notations (8) becomes

2−kγk − αkyk + βky1−2−k

k ≥ 0,

αkyk − βky1−2−k

k ≤ 2−kγk. (9)

Let

F (y) = αky − βky1−2−k

.

We observe that if y ≥
(

βk

αk

)2k

, then F ′(y) ≥ 0, which means that on I :=[(
βk

αk

)2k

,∞
)

the function F is increasing. On the other hand we have

F (yk) ≤ 2−kγk. (10)

Let

y∗ =
(

βk

αk

)2k

+
γk

αk
∈ I.
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We shall prove that F (y∗) ≥ 2−kγk which, because of (10) and the monotonicity of

F , will imply that yk ≤ y∗.

F (y∗) = αk

(
β2k

k

α2k

k

+
γk

αk

)
− βk

(
β2k

k

α2k

k

+
γk

αk

)1−2−k

,

F (y∗) = γk

(
β2k

k

α2k−1
k γk

+ 1

)1− βk

α1−2−k

k γ2−k

k

(
β2k

k

α2k−1
k γk

+ 1

)2−k .

If we denote by Φ := βk

α1−2−k

k γ2−k

k

then Φ2k

= β2k

k

α2k−1
k γk

and in this way we obtain

F (y∗) = γk

(
1 + Φ2k

) [
1− Φ(1 + Φ2k

)−2−k
]

= γkG2k(Φ).

From Lemma 1 we have

F (y∗) ≥ 2−kγk. (11)

From (10) and (11) it follows that F (yk) ≤ F (y∗) and hence yk ≤ y∗.

yk ≤
(

βk

αk

)2k

+
γk

αk
⇒ y2−k

k ≤

[(
βk

αk

)2k

+
γk

αk

]2−k

≤ 22−k

max

{
βk

αk
,

(
γk

αk

)2−k}
,

‖u‖ ≤ 22−k

max

{
βk

αk
,

(
γk

αk

)2−k}
.

For k →∞ we obtain

‖u‖ ≤ max

{
lim

k→∞

βk

αk
, lim
k→∞

(
γk

αk

)2−k}
,

βk

αk
=

Mq |Ωq|2
−k

h− β − 2−kBq
→ Mq

h− β
,

(
γk

αk

)2−k

= mq

(
2k 2kH1q + mqH2q

[2k(h− β)−Bq]mq

)2−k

→ mq.

Hence

‖u‖ ≤ max
{

mq,
Mq

h− β

}
.

For q →∞ we obtain (see [7])

‖u‖ ≤ max
{

m,
M

h− β

}
.

Remark 1. If n = 1 and β = 0 then we obtain the result given in [6].
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Theorem 2. Under the assumptions of Theorem 1, if u ∈ C2 (Ω, Rn) ∩ C0
(
Ω, Rn

)
satisfies (1), with f ≡ 0, then

‖u‖ ≤ sup
∂Ω

|u (x)| .

3. Application

Let us consider the following boundary value problem:
−∆up −

n∑
l=1

cplul = fp, inΩ

up = 0, on ∂Ω
, p = 1, n. (12)

Assume that Ω ⊂ RN is a smooth bounded domain and fp is continuous in Ω.

Theorem 3. Under the assumptions of Theorem 1, the boundary value problem (12)

has at most one solution in C2(Ω, Rn) ∩ C0(Ω, Rn).

Proof: Suppose that problem (12) has two solutions u1, u2 ∈ C2(Ω, Rn) ∩

C0(Ω, Rn), u1 6= u2. Then u = u1 − u2 ∈ C2(Ω, Rn) ∩ C0(Ω, Rn) is a solution of the

following boundary value problem
∆up +

n∑
l=1

cplul = 0, inΩ

up = 0, on ∂Ω
, p = 1, n. (13)

Because of the assumptions of the theorem we have

‖u‖ ≤ max
{

m,
M

h− β

}
.

In this case m = 0,M = 0, hence

‖u‖ ≤ 0.

This will imply that u ≡ 0 which is a contradiction. In conclusion problem (12) has

at most one solution.
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MIXED FUNCTIONAL DIFFERENTIAL EQUATION
WITH PARAMETER

VERONICA ANA DÂRZU ILEA

Abstract. In this paper we study some special functional differential

equation of mixed type. First we take an equation with some initial con-

dition:

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (1)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], (2)

where h1, h2 > 0, ϕ ∈ C1[t0 − h1, t0 + h2], λ ∈ R parameter.

The problem that we are interested in is the convergence of the

solution of the problem (1)+(2) in the case λ 6= 0 to the solution of the

same problem in case λ = 0. As an example of this problem we give the

linear case of functional differential equation of mixed type. At the end of

the article we discuss some inequalities between the solution of equation

(1), inequalities that depend on λ.

1. Introduction

In this section we’ll discuss the linear case of the mixed functional differential

equation (MFDE) with parameter .

Let us consider the problem:

−λx′(t, λ) = αx(t, λ) + βx(t− h1, λ) + γx(t + h2, λ), t ∈ R (3)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (4)
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where h1 6= h2, β, γ 6= 0, λ ∈ R.

By a solution of equation (3) we mean a function x ∈ C1(R2) which satisfy

the relation (4) for any t ∈ R, λ ∈ R.

Remark. If λ = 0, the equation becomes a difference equation. Both the

differential equation case λ 6= 0 and the difference equation case λ = 0, will be of

interest.

In the first part of this section we assume that λ 6= 0. By the method of steps

we’ll find the solution for problem (3) + (4).

Let t ∈ [t0, t0 + h2]. We have

−λϕ′(t, λ) = αϕ(t, λ) + βϕ(t− h1, λ) + γx(t + h2, λ) (5)

It follows that

x(t) := x1(t) = − 1
γ

[αϕ(t− h2, λ) + βϕ(t− h1 − h2, λ) + λϕ′(t− h2, λ)], (6)

t ∈ [t0 + h2, t0 + 2h2].

Let t ∈ [t0 + h2, t0 + 2h2]. We have

−λx′1(t, λ) = αx1(t, λ) + βy1(t− h1, λ) + γx(t + h2, λ) (7)

where

y1(t− h1, λ) :=


ϕ(t− h1, λ), h1 > h2

ϕ(t− h1, λ), h1 < h2, t ∈ [t0 + h2, t0 + h1 + h2]

x1(t− h1, λ), h1 < h2, t ∈ [t0 + h1 + h2, t0 + 2h2]

(8)

It follows that

x(t) := x2(t) = − 1
γ

[αx1(t− h2, λ) + βy1(t− h1 − h2, λ) + λx′1(t− h2, λ)], (9)

t ∈ [t0 + 2h2, t0 + 3h2].

The same way, it follows that

xn(t) = − 1
γ

[αxn−1(t− h2, λ) + βyn−1(t− h1 − h2, λ) + λx′n−1(t− h2, λ)], (10)
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t ∈ [t0 + nh2, t0 + (n + 1)h2], where

yn−1(t− h1 − h2, λ) :=

ϕ(t− h1 − h2, λ), h1 > (n− 1)h2

x1(t− h1 − h2, λ), (n− 1)h2 > h1 > (n− 2)h2,

· · ·

xn−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xn−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + nh2, t0 + nh2 + h1),

xn−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + nh2 + h1, t0 + (n + 1)h2]

(11)

We apply the same method on the left of t0 and it follows

x−n(t) = − 1
β

[αx−(n−1)(t+h1, λ)+γy−(n−1)(t+h1+h2, λ)+λx′−(n−1)(t+h1, λ)], (12)

t ∈ [t0 − (n + 1)h1, t0 − nh1], where

y−(n−1)(t + h1 + h2, λ) :=

ϕ(t + h1 + h2, λ), h2 > (n− 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(n−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(n−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − nh1, t0 − nh1 + h2)

x−(n−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − nh1 + h2, t0 + (n− 1)h1]

(13)

Next we have to find a condition for unique of the solution.

Let ϕ ∈ C∞[t0 − h1, t0 + h2].

Let x ∈ C∞(R) a solution of the problem (3)+(4).

We have

−λx(k+1)(t, λ) = αx(k)(t, λ)+βx(k)(t−h1, λ)+γx(k)(t+h2, λ), k ∈ 0, 1, · · · , n. (14)

For t = t0 we have

−λϕ(k+1)(t, λ) = αϕ(k)(t0, λ) + βϕ(k)(t0 − h1, λ) + γϕ(k)(t + h2, λ), k ∈ 0, 1, · · · , n.

(15)
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Theorem 1.1. The problem (3)+(4) have a unique solution if the relation (15) is

done and the solution have the form

x(t, λ) =


x−k(t, λ), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, λ), t ∈ [t0 − h1, t0 + h2]

xk(t, λ), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(16)

where

xk(t, λ) = − 1
γ

[αxk−1(t− h2, λ) + βyk−1(t− h1 − h2, λ) + λx′k−1(t− h2, λ)], (17)

t ∈ [t0 + kh2, t0 + (k + 1)h2]

yk−1(t− h1 − h2, λ) :=

ϕ(t− h1 − h2, λ), h1 > (k − 1)h2

x1(t− h1 − h2, λ), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xk−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(18)

x−k(t, λ) = − 1
β

[αx−(k−1)(t + h1, λ) + γy−(k−1)(t + h1 + h2, λ) + λx′−(k−1)(t + h1, λ)],

(19)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, λ) :=

ϕ(t + h1 + h2, λ), h2 > (k − 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(20)
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Let now λ = 0. The problem becomes:

0 = αx(t, 0) + βx(t− h1, 0) + γx(t + h2, 0), t ∈ R (21)

x(t, 0) = ϕ(t, 0), t ∈ [t0 − h1, t0 + h2] (22)

If we apply in the same way the method of steps it follows

x−k(t, 0) = − 1
β

[αx−(k−1)(t + h1, 0) + γy−(k−1)(t + h1 + h2, 0)], (23)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, 0) :=

ϕ(t + h1 + h2, 0), h2 > (k − 1)h1

x−1(t + h1 + h2, 0), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, 0), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(24)

xk(t, 0) = − 1
γ

[αxk−1(t−h2, 0)+βyk−1(t−h1−h2, 0)], t ∈ [t0+kh2, t0+(k+1)h2] (25)

yk−1(t− h1 − h2, 0) :=

ϕ(t− h1 − h2, 0), h1 > (k − 1)h2

x1(t− h1 − h2, 0), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, 0), 2h2 > h1 > h2,

xk−2(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(26)

and

x(t, 0) =


x−k(t, 0), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, 0), t ∈ [t0 − h1, t0 + h2]

xk(t, 0), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(27)
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Theorem 1.2. The problem (21) + (22) has a unique solution if and only if we have

0 = αϕ(k)(t0, 0) + βϕ(k)(t0 − h1, 0) + γϕ(k)(t0 + h2, 0), k ∈ 0, 1, · · · , n. (28)

We can give the following theorem

Theorem 1.3. Let the problem (3) + (4) with the solution given by (16). If we put

a limit on (16) when λ → 0 we obtain the relation (27), which is the unique solution

of the problem (21) + (22).

2. Main results

In this section we consider the problem

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (29)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (30)

where

∂f(t, u)
∂uj

6= 0, j = 2, 3, u = (u1, u2, u3), f ∈ C∞(R4). (31)

We first suppose that λ 6= 0.

Let the following conditions:

(C1) For any u1, u2, u4, u5 ∈ R, there exist a unique u3 ∈ R,

u3 = f1(u1, u2, u4, u5), f1 ∈ C∞(R4), so that u5 = f(u1, u2, u3, u4).

(C2) For any u1, u2, u3, u5 ∈ R, there exist a unique u4 ∈ R,

u4 = f2(u1, u2, u3, u5), f2 ∈ C∞(R4), so that u5 = f(u1, u2, u3, u4).

Remark. If f ∈ C∞(R4) and x ∈ C1(R2) is a solution of the equation (29),

then x ∈ C∞(R2).

Theorem 2.1. Let f ∈ C∞(R4) satisfy the conditions (C1), (C2).

If ϕ ∈ C∞[t0−h1, t0+h2] then the problem (29) + (30) has a unique solution

if and only if the following relation takes place:

−λϕ(k+1)(t0, λ) = [f(t, ϕ(t, λ), ϕ(t− h1, λ), ϕ(t + h2, λ))](k)
t=t0 , k = 0, 1, · · · , n. (32)
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Proof. By the method of steps we built the solution of the problem (29) +

(30) as follows:

Let t ∈ [t0, t0 + h2],

−λϕ′(t, λ) = f(t, φ(t, λ), φ(t− h1, λ), x(t + h2, λ)). (33)

From (C2) we have

x(t, λ) := x1(t, λ) = f2(t− h2, ϕ(t− h2, λ), ϕ(t− h1 − h2, λ), λϕ′(t− h2, λ)), (34)

t ∈ [t0 + h2, t0 + 2h2].

By the same way we have:

xk(t, λ) = f2(t− h2, xk−1(t− h2, λ), yk−1(t− h1 − h2, λ), λx′k−1(t− h2, λ)), (35)

t ∈ [t0 + kh2, t0 + (k + 1)h2], where

yk−1(t− h1 − h2, λ) :=



ϕ(t− h1 − h2, λ), h1 > (k − 1)h2

x1(t− h1 − h2, λ), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xk−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(36)

On the left of t0 we obtain:

x−k(t, λ) = f1(t + h1, x−(k−1)(t + h1, λ), y−(k−1)(t + h1 + h2, λ), λx′−(k−1)(t + h1, λ)),

(37)

t ∈ [t0 − (k + 1)h1, t0 − kh1], where

y−(k−1)(t + h1 + h2, λ) :=
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ϕ(t + h1 + h2, λ), h2 > (k − 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(38)

For the regularity of the solution we have the conditions:

ϕ(t0 + h2, λ) = x1(t0 + h2, λ)

xp(t0 + (p + 1)h2, λ) = xp+1(t0 + (p + 1)h2, λ), p ≥ 1

ϕ(t0 − h1, λ) = x−1(t0 − h1, λ)

x−p(t0 − (p + 1)h1, λ) = x−(p+1)(t0 − (p + 1)h1, λ), p ≥ 1

(39)

So the solution is

x(t, λ) =


x−k(t, λ), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, λ), t ∈ [t0 − h1, t0 + h2]

xk(t, λ), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(40)

We have to prove the necessity of the (42). Let x ∈ C1(R) solution of the

problem (29)+(30). Then x ∈ C∞(R) is a solution. We have

−λx(k+1)(t, λ) = [f(t, x(t, λ), x(t−h1, λ), x(t+h2, λ))](k), t ∈ R, k = 0, 1, · · · , n (41)

For t = t0 it follows

−λϕ(k+1)(t0, λ) = [f(t, ϕ(t, λ), ϕ(t− h1, λ), ϕ(t + h2, λ))](k)
t=t0 , k = 0, 1, · · · , n. (42)

Let now λ = 0

The problem becomes

0 = f(t, x(t, 0), x(t− h1, 0), x(t + h2, 0)), t ∈ R (43)

x(t, 0) = ϕ(t, 0), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (44)
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Theorem 2.2. Let f ∈ C∞(R4) satisfy the conditions (C1), (C2).

If ϕ ∈ C∞[t0−h1, t0+h2] then the problem (43) + (44) has a unique solution

if and only if the following relation takes place:

−λϕ(k+1)(t0, 0) = [f(t, ϕ(t, 0), ϕ(t− h1, 0), ϕ(t + h2, 0))](k)
t=t0 , k = 0, 1, · · · , n. (45)

Proof. The proof is similar with the proof of the last theorem. We find by

the method of steps that the unique solution of the problem (43) + (44) has the form

x(t, 0) =


x−k(t, 0), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, 0), t ∈ [t0 − h1, t0 + h2]

xk(t, 0), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(46)

where

xk(t, 0) = f2(t−h2, xk−1(t−h2, 0), yk−1(t−h1−h2, 0)), t ∈ [t0 + kh2, t0 + (k + 1)h2],

(47)

yk−1(t− h1 − h2, 0) :=



ϕ(t− h1 − h2, 0), h1 > (k − 1)h2

x1(t− h1 − h2, 0), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, 0), 2h2 > h1 > h2,

xk−2(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(48)

x−k(t, 0) = f1(t + h1, x−(k−1)(t + h1, 0), y−(k−1)(t + h1 + h2, 0)), (49)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, 0) :=
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ϕ(t + h1 + h2, 0), h2 > (k − 1)h1

x−1(t + h1 + h2, 0), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, 0), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(50)

It is natural that the solution of problem (29) + (30) converge, when λ → 0,

to the solution of the problem (43) + (44).

So we can give the following theorem:

Theorem 2.3. Let f ∈ C(R4), λ parameter. Let x(t, λ) given by (40) the solution

of the problem (29) + (30). If we put λ → 0 then x(t, λ) given by (40) converge

punctually to x(t, 0) given by (46).

3. The comparing of the solutions

Let the equation

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (51)

where

(i) h1 6= h2;

(ii) f : R4 → R, f(t, u) - continuous, local Lipschitz on u, u = (u1, u2, u3);

(iii) for any t ∈ R: ∂f(t,u)
∂uj

≥ 0, u ∈ R3, j = 2, 3, u = (u1, u2, u3).

Lemma 3.1. Assume that (ii) and (iii) above hold. Let xj : R → R, for j = 1, 2, be

two solutions of equation (51) at some nonzero parameter value λ ∈ R∗. Assume that

x1(t, λ) ≥ x2(t, λ), t ∈ R. (52)

Then if x1(τ, λ) = x2(τ, λ) at some τ ∈ R, we have that

x1(ξ, λ) = x2(ξ, λ) for all ξ ≥ τ , in case λ > 0, and that

x1(ξ, λ) = x2(ξ, λ) for all ξ ≤ τ , in case λ < 0.
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Proof. Let y(t, λ) := x1(t, λ)−x2(t, λ) ≥ 0, and we assume that the inequal-

ity (52) is an equality at some τ ∈ R.

It means that y(τ, λ) = 0, so that x1(τ, λ) = x2(τ, λ).

We prove for c > 0; the proof when c < 0 being similar.

Let the function

H(ξ, u) := −λ−1[G(ξ, u + x2(ξ, λ), x1(ξ − h1, λ), x1(ξ + h2, λ))

−G(ξ, x2(ξ, λ), x2(ξ − h1, λ), x2(ξ + h2, λ)]. (53)

We observe that u = y(ξ, λ) satisfies u′ = H(ξ, u).

From (52) and (iii) we have that H(ξ, 0) ≤ 0, for every ξ ∈ R.

It follows that y(ξ, λ) ≤ 0 for all ξ ≥ τ by a standard differential inequality.

So that y(ξ, λ) = 0 for all ξ ≥ τ .

Thus x1(ξ, λ) = x2(ξ, λ) for all ξ ≥ τ , in case λ > 0 and x1(ξ, λ) = x2(ξ, λ)

for all ξ ≤ τ , in case λ < 0.

Lemma 3.2. Assume that the conditions of lemma (3.1) hold, except that solutions

x1, x2 satisfy equation (51) at different values of λ, with λ1 > λ2, and where either

λ1 = 0 or λ2 = 0 are permitted. Suppose that x1(τ, λ1) = x2(τ, λ2) at some τ ∈ R.

Then if

x2(ξ, λ2) is monotone increasing in ξ ∈ R

and λ1 > 0 we have that x1(ξ, λ1) = x2(ξ, λ2) is constant for all ξ ≥ τ + h1; while if

x1(ξ, λ1) is monotone increasing in ξ ∈ R

and λ2 > 0 we have that x1(ξ, λ1) = x2(ξ, λ2) is constant for all ξ ≤ τ − h2;

Proof. The proof is very similar to that of Lemma (3.1) except for the choice

of the function H. Several cases must be considered, based on the signs of λ1 and λ2.

First, we suppose that (3.2) holds and λ2 6= 0.

Let

H(ξ, u) := −λ−1
1 G(ξ, u + x2(ξ, λ), x1(ξ − h1, λ), x1(ξ + h2, λ))

+λ−1
2 G(ξ, x2(ξλ), x2(ξ − h1, λ), x2(ξ + h2, λ). (54)
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Then u = x1(ξ, λ1)− x2(ξ, λ1) satisfy u′ = H(ξ, u).

By replacing x1 with x2 in the formula of H and using the inequality (52)

and (iii), form (3.2) follows that

H(ξ, 0) ≤ (λ2λ
−1
1 − 1)x′2(ξ, λ2) ≤ 0.

Thus x1(ξ, λ1)− x2(ξ, λ2) ≤ 0 for all ξ ≥ τ .

So that x1(ξ, λ1) = x2(ξ, λ2), ξ ≥ τ .

From (51) we have

λ1x
′
1(ξ, λ1) = λ2x

′
2(ξ, λ2) for all ξ ≥ τ + h1.

If λ1 6= λ2 we have x′1(ξ, λ1) = x′2(ξ, λ2) = 0 , ξ ≥ τ + h1;

so x1(ξ, λ1) = x2(ξ, λ2) = const, ξ ≥ τ + h1.

Now suppose that (3.2) holds and λ2 = 0.

Let

H(ξ, u) := −λ−1
1 G(ξ, u, x1(ξ − h1, λ1), x1(ξ + h2, λ1))

H̃(ξ, u) =

 H(ξ, x2(ξ, λ2)), u ≥ x2(ξ, λ2)

H(ξ, u), u ≤ x2(ξ, λ2)
(55)

H can be easily checks that H(ξ, x2(ξ, λ2)) ≤ 0, so that H̃(ξ, u) ≤ 0. From

inequality, form the fact that x2 is monotone increasing and that H̃ satisfies the

standard Caratheodory and Lipschitz conditions, we have that the unique solution

u = x3(ξ, λ2) satisfies u′ = H(ξ, u), for any ξ ≥ τ .

But u = x1(ξ, λ1) satisfies u′ = H(ξ, u) and x3(τ) = x2(τ) = x1(τ).

So that x1(ξ, λ1) ≤ x2(ξ, λ2) for any ξ ≥ τ .

Thus x1(ξ, λ1) = x2(ξ, λ2) for any ξ ≥ τ .

So x′1(ξ) = x′2(ξ) = 0 for any ξ ≥ τ + h1.

It follows that x1(ξ, λ1) = x2(ξ, λ2) = const for any ξ ≥ τ + h1.
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NOTE ON A TWO-POINT BOUNDARY VALUE PROBLEM
UNDER NONRESONANCE CONDITION

DEZIDERIU MUZSI

Abstract. The nonresonance method of Mawhin and Ward Jr. is used to

discuss the existence of solutions to two point boundary value problems

for second order functional-differential equations.

1. Introduction

In this paper we present existence results for the two point boundary value

problem  −u′′(t) = cu(t) + F (u)(t), t ∈ (0, 1)

u(0) = u(1) = 0
(1)

under the assumption that the constant c is not an eigenvalue of the operator −u′′

(nonresonance condition) and the growth of F (u) on u is at most linear. More exactly,

we will apply the fixed point theorems of Banach, Schauder and the Leray-Schauder

principle in order to obtain weak solutions to (1), that is a function u ∈ H1
0 (0, 1) with∫ 1

0

u′(t)v′(t)dt =
∫ 1

0

(cu(t) + F (u)(t))v(t)dt, for all v ∈ H1
0 (0, 1).

The method we use was introduced by J. Mawhin and J. Ward Jr. in [2]. See

also [3], [4], [5] for its applications to differential equations. This paper was inspired

by [7] and [6], chapter 6. The novelty in this note is that the term F (u) is given

by a general operator F from L2(0, 1) to L2(0, 1). In particular, F can be the usual

superposition operator f(t, u(t)) as in[6] and [7], or a delay operator f(t, u(t− τ)).
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1.1. Fixed point formulation of problem (1). We consider F : L2(0, 1) →

L2(0, 1) to be a continuous operator and we define

L : H2(0, 1) ∩H1
0 (0, 1) → L2(0, 1), Lu = −u′′ − cu

Let L−1 : L2(0, 1) → H2(0, 1) ⊂ L2(0, 1) be the inverse of L. If we look a priori for

a solution u of the form u = L−1v with v ∈ L2(0, 1), then we have to solve the fixed

point problem on L2(0, 1) :

(F ◦ L−1)(v) = v (2)

Throughout this paper we denote:

〈u, v〉L2 =
∫ 1

0

uvdx, ‖u‖L2 =
(∫ 1

0

u2dx

)1/2

, ‖v‖H1
0

=
(∫ 1

0

(v′)2 dx

)1/2

1.2. An auxiliarly result. We present first an auxiliarly result given in [7]. Let

(λk)k≥1 be the sequence of all eigenvalues of −u′′ with respect to the boundary con-

dition u(0) = u(1) = 0, and let (φk)k≥1 be the corresponding eigenfunctions, with

‖φk‖L2 = 1.

Lemma 1. Let c be any constant with c 6= λk for k = 1, 2, .... For each v ∈ L2(0, 1),

there exists a unique weak solution u ∈ H1
0 (0, 1) to the problem −u′′ − cu = v, on (0, 1)

u(0) = u(1) = 0

denoted by L−1v, and the following eigenfunction expansion holds

L−1v =
∞∑

k=1

(λk − c)−1 〈v, φk〉L2 (3)

where the series converges in H1
0 (0, 1). In addition,

∥∥L−1v
∥∥

L2 ≤ µc ‖v‖L2 for all v ∈ L2(0, 1) (4)

where

µc = max
{
|λk − c|−1 ; k = 1, 2, ...

}
.
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2. Existence results

We first show how the fixed point theorems of Banach and Schauder can be

used to obtain existence results for problem (1).

Theorem 2. Suppose

λj < c < λj+1 for some j ∈ N, j ≥ 1, or 0 ≤ c < λ1 (5)

Also assume that

‖F (v1)− F (v2)‖L2 ≤ a ‖v1 − v2‖L2 (6)

for all v1, v2 ∈ L2(0, 1), where a is a nonnegative constant such that

aµc < 1. (7)

Then (1) has a unique solution u ∈ H1
0 (0, 1) ∩H2(0, 1). In addition

(F ◦ L−1)n(v0) → v in L2(0, 1) as n →∞

for any v0 ∈ L2(0, 1), where v = Lu.

Proof. We will show that F ◦ L−1 is a contraction on L2(0, 1). For this, let

v1, v2 ∈ L2(0, 1). Using (6) and (4) we have

∥∥F (L−1(v1))− F (L−1(v2))
∥∥

L2 ≤ a
∥∥L−1 (v1 − v2)

∥∥
L2 ≤ aµc ‖v1 − v2‖L2 .

This together with (7) shows that F ◦ L−1 is a contraction. The conclusion follows

from Banach’s fixed point theorem.�

Theorem 3. Suppose that (5) holds, F is continuous and satisfies the growth condi-

tion

‖F (u)‖L2 ≤ a ‖u‖L2 + h (8)

for all u ∈ L2(0, 1), where h ∈ R+ and a ∈ R+ is as in (7). Then (1) has at least one

solution u ∈ H2(0, 1) ∩H1
0 (0, 1).
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Proof. We have F ◦ L−1 = F ◦ J ◦ L−1
0 where

L−1
0 : L2(0, 1) → H2(0, 1), L−1

0 u = L−1u and

J : H1
0 (0, 1) → L2(0, 1), Ju = u.

Recall that F is continuous and by (8) is bounded. Next, by Rellich-Kondrachov

theorem (see [1]), the imbedding of H1
0 (0, 1) into L2(0, 1) is completely continuous.

Thus, F ◦L−1 is a completely continuous operator. On the other hand, from (8) and

(4) we have ∥∥F (L−1(v))
∥∥

L2 ≤ a
∥∥L−1(v)

∥∥
L2 + h ≤ aµc ‖v‖L2 + h.

Now (7) guarantees that F ◦ L−1 is a self-map of a sufficiently large closed ball of

L2(0, 1). Thus we may apply Schauder’s fixed point theorem.�

Better results can be obtained if we use the Leray-Schauder principle (see

[6]).

Theorem 4. Suppose that F is continuous and has the decomposition

F (u) = G(u)u + F0(u) + F1(u)

Also assume that

‖F0(u)‖L2 ≤ a ‖u‖L2 + h0 (9)

‖F1(u)‖L2 ≤ b ‖u‖L2 + h1 (10)

〈u, F1(u)〉L2 ≤ 0 (11)

−M ≤ G(u)(t) + c ≤ β < λ1 (12)

for all u ∈ L2(0, 1), where a, b, h0, h1,M, β ∈ R+. In addition assume that 0 ≤ c ≤ β

and

a/λ1 < 1− β/λ1. (13)

Then (1) has at least one solution u ∈ H2(0, 1) ∩H1
0 (0, 1) .
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Proof. We look for a fixed point v ∈ L2(0, 1) of F ◦L−1. As above, F ◦L−1

is a completely continuous operator. We will show that the set of all solutions to

v = λ(F ◦ L−1)(v) (14)

when λ ∈ [0, 1] is bounded in L2(0, 1). Let v ∈ L2(0, 1) be any solution of (14). Let

u = L−1v. It is clear that u solves −u′′(t)− cu(t) = λF (u)(t), t ∈ (0, 1)

u(0) = u(1) = 0.
(15)

Since u is a weak solution of (15), we have

‖u‖2
H1

0
= 〈cu + λF (u), u〉L2 .

It is easy to check that

〈cu + λG(u)u, u〉L2 ≤ β ‖u‖2
2 . (16)

We define

R(u) := ‖u‖2
H1

0
− β ‖u‖2

2 (17)

and using (11), (16) and c ≤ β, we obtain

R(u) ≤ ‖u‖2
H1

0
− 〈cu + λG(u)u, u〉L2 ≤ |〈F0(u), u〉L2 | .

On the other hand, if we denote ck = 〈u, φk〉L2 = 〈u, φk〉H1
0
/λk, we see that

R(u) =
∞∑

k=1

(λk − β)c2
k ≥

∞∑
k=1

λk(1− β/λ1)c2
k

≥ (1− β/λ1) ‖u‖2
H1

0
.

(18)

Recall that

λ1 = inf
{
‖u‖2

H1
0
/ ‖u‖2

2 ;u ∈ H1
0 (0, 1) \ {0}

}
and using (18), (17), (9) and Holder’s inequality we obtain

(1− β/λ1) ‖u‖2
H1

0
≤ |〈F0(u), u〉L2 | ≤ ‖F0(u)‖L2 ‖u‖L2 ≤ a ‖u‖2

L2 + h0 ‖u‖L2

≤ a

λ1
‖u‖2

H1
0

+ C ‖u‖H1
0
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for some constant C > 0. Thus (13) guarantees that there is a constant r > 0 inde-

pendent of λ with ‖u‖H1
0
≤ r. Finally, a bound for ‖v‖L2 can be immediately derived

from u = L−1v. The colnclusion now follows from the Leray-Schauder principle. �

3. Particular cases

Particular case 1. Let F (u) be the usual superposition operator, F (u)(t) =

f(t, u(t)). Then for the problem −u′′(t) = cu(t) + f(t, u(t)), t ∈ (0, 1)

u(0) = u(1) = 0
(19)

we have the following existence result given in [7]:

Theorem 5. Assume that f : (0, 1) × R → R is a Caratheodory function, f(·, 0) ∈

L2(0, 1) and that f satisfies the Lipschitz condition

|f(t, v1)− f(t, v2)| ≤ a |v1 − v2| (20)

for every v1, v2 ∈ R, t ∈ (0, 1) and some a ≥ 0. Also assume that the conditions (5)

and (7) from Thorem 2 are satisfied.

Then (19) has a unique solution u ∈ H1
0 (0, 1) ∩H2(0, 1).

Proof. Using (20) we deduce

|f(t, u)| ≤ |f(t, u)− f(t, 0)|+ |f(t, 0)| ≤ a |u|+ |f(t, 0)|

for every u ∈ R and t ∈ (0, 1). Moreover, f beeing a Caratheodory function, we have

that the Nemitskii operator

u 7−→ f(·, u(·))

is well defined, bounded and continuous from L2(0, 1) into L2(0, 1). Using again (20)

we obtain ∫ 1

0

|f(t, v1(t))− f(t, v2(t))|2 dt ≤ a2

∫ 1

0

|v1(t)− v2(t)|2 dt

so

‖F (v1)− F (v2)‖L2 ≤ a ‖v1 − v2‖L2 .

The conclusion follows now by applying Theorem 2. �
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Particular case 2. Let 0 < τ < 1 and let F be defined by

F (u)(t) =

 f(t, u(t− τ)), τ < t < 1

g(t), 0 < t < τ.
(21)

Theorem 6. Assume that f : (τ, 1) × R → R is a Caratheodory function, f(·, 0) ∈

L2(τ, 1) and that f satisfies the Lipschitz condition

|f(t, v1)− f(t, v2)| ≤ a |v1 − v2| (22)

for all v1, v2 ∈ R, t ∈ (τ, 1) and some a > 0. Also assume that g ∈ L2(0, τ) and that

the conditions (5) and (7) from Theorem 2 are satisfied.

Then (1) with F defined by (21) has a unique solution u ∈ H1
0 (0, 1)∩H2(0, 1).

Proof. Let u ∈ L2(0, 1). Then u(· − τ) ∈ L2(τ, 1). Hence, f(·, u(· − τ)) ∈

L2(τ, 1). Moreover, since g ∈ L2(0, τ) we have F (u) ∈ L2(0, 1) is well defined as

operator from L2(0, 1) into L2(0, 1).

Let (uk) be a sequence wich converges to u in L2(0, 1). Let vk(t) = uk(t− τ)

and v(t) = u(t− τ). Then∫ 1

τ
(vk(t)− v(t))2dt =

∫ 1

τ
(uk(t− τ)− u(t− τ))2dt

=
∫ 1−τ

0
(uk(t)− u(t))2dt −→ 0, as k →∞,

so vk → v in L2(τ, 1) as k → ∞. Consequently, f(·, vk(·)) −→ f(·, v(·)) in L2(τ, 1)

and by the definition of F it follows that F (uk) → F (u) in L2(0, 1). Using (22) we

deduce ∫ 1

0
(F (v1)(t)− F (v2)(t))2dt ≤

∫ 1

τ
(f(t, v1(t− τ))− f(t, v2(t− τ)))2dt

≤ a2
∫ 1

τ
(v1(t− τ)− v2(t− τ))2dt

≤ a2
∫ 1−τ

0
(v1(s)− v2(s))2ds

≤ a2
∫ 1

0
(v1(s)− v2(s))2ds
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and finally

‖F (v1)− F (v2)‖L2 ≤ a ‖v1 − v2‖L2 .

The conclusion follows now by applying Theorem 2. �
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ON A FIRST-ORDER NONLINEAR DIFFERENTIAL
SUBORDINATION II

GH. OROS AND GEORGIA IRINA OROS

Abstract. We find conditions on the complex-valued functions A, B, C, D

defined in the unit disc U and the positive constants M and N such that

|A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)| < M

implies |p(z)| < N , where p is analytic in U , with p(0) = 0.

1. Introduction and preliminaries

In [1] chapter IV, the authors have analyzed a first-order linear differential

subordination

B(z)zp′(z) + C(z)p(z) + D(z) ≺ h(z), (1)

where B,C,D and h are complex-valued functions.

A more general version of (1) is given by

B(z)zp′(z) + C(z)p(z) + D(z) ∈ Ω, (2)

where Ω ⊆ C.

In this paper we shall extend this problem by considering a first-order non-

linear differential subordination given by

A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z) ≺ h(z). (3)

A more general version of (3) is given by:

A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z) ∈ Ω, (4)
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where Ω ⊆ C.

The general problem is to find conditions on the complex-valued functions

A,B,C, D and h such that the differential subordination given by (3) or (4) will have

dominants and even best dominant.

We let U denote the class of holomorphic functions in the unit disc

U = {z ∈ C; |z| < 1}, U = {z ∈ C; |z| ≤ 1}.

For a ∈ C and n ∈ N∗ we let

H[a, n] = {f ∈ U, f(z) = a + anzn + an+1z
n+1 + . . . , z ∈ U}

and

An = {f ∈ U, f(z) = z + an+1z
n+1 + . . . , z ∈ U}

and A1 = A.

We let Q denote the class of functions q that are holomorphic and injective

in U \ E(q), where

E(q) =
{

ζ ∈ ∂U : lim
z→ζ

q(z) = ∞
}

and furthermore q′(ζ) 6= 0 for ζ ∈ ∂U \ E(q), where E(q) is called exception set.

In order to prove the new results we shall use the following:

Lemma A. [1] (Lemma 2.2.d p.24) Let q ∈ Q, with q(0) = a, and let

p(z) = a + anzn + an+1z
n+1 + . . .

be analytic in U with p(z) 6≡ a, and n ≥ 1.

If p is not subordinate to q, then there exist points z0 = r0e
iθ0 ∈ U , r0 < 1

and ζ ∈ ∂U \ E(q), and an m ≥ n ≥ 1 for which p(Ur0) ⊂ q(U)

(i) p(z0) = q(ζ)

(ii) z0p
′(z0) = mζq′(ζ), and

(iii) Re
z0p

′′(z0)
p′(z0)

+ 1 ≥ mRe
[
ζq′′(ζ)
q′(ζ)

+ 1
]
.

In this paper we consider the first-order nonlinear differential subordination

(4) in which Ω = {w; |w| < M}. Given the functions A,B, C, D and the constant

72



ON A FIRST-ORDER NONLINEAR DIFFERENTIAL SUBORDINATION II

M , our problem is to find a constant N such that, for p ∈ H[0, n], the differential

inequality

|A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)| < M

implies

|p(z)| < N.

If D(0) = 0, then this result can be written in terms of the differential

subordination as

A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z) ≺ Mz

implies p(z) ≺ Nz.

2. Main results

In this paper we improve the results obtained in [2].

Theorem 1. Let M > 0, N > 0 and let n be a positive integer. Suppose that

the functions A,B,C, D : U → C satisfy

n|A(z)| − |C(z)| ≥ M + N2|B(z)|+ |D(z)|
N

. (5)

If p ∈ H[0, n] and

|A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)| < M (6)

then

|p(z)| < N, z ∈ U.

Proof. If we let

w(z) = A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z),

then from (6) we obtain

|w(z)| = |A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)|. (7)
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From (7) and (6) we have

|w(z)| < M, z ∈ U. (8)

Assume that |p(z)| ≮ N , which is equivalent with p(z) 6≺ Nz = q(z).

According to Lemma A, with q(z) = Nz, there exist z0 ∈ U , z0 = r0e
iθ0 ,

r0 < 1, θ0 ∈ [0, 2π), ζ ∈ ∂U , |ζ| = 1 and m ≥ n, such that p(z0) = Nζ and

z0p
′(z0) = mNζ.

Using these conditions in (3) we obtain for z = z0

|w(z0)| = |A(z0)z0p
′(z0) + B(z0)p2(z0) + C(z0)p(z0) + D(z0)| (9)

= |A(z0)mNζ + B(z0)N2ζ2 + C(z0)Nζ + D(z0)|

≥ |A(z0)mN + B(z0)N2ζ + C(z0)N | − |D(z0)|

≥ N |A(z0)m + C(z0)| −N2|B(z0)| − |D(z0)|

≥ mn|A(z0)| −N |C(z0)| −N2|B(z0)| − |D(z0)|

≥ [n|A(z0)| − |C(z0)|]N −N2|B(z0)| − |D(z0)| ≥ M.

Since (9) contradicts (8) we obtain the desired results |p(z)| < N . �

Instead of prescribing the constant N in Theorem 1, in some cases we can

use in (5) to determine an appropriate N = N(M,n, A,B,C,D) so that (6) implies

|p(z)| < N . This can be accomplished by solving (5) for N and by taking the supre-

mum of the resulting function over U . The condition (5) is equivalent to

N2|B(z)| −N [n|A(z)| − |C(z)|] + |D(z)|+ M ≤ 0. (10)

Suppose B(z) 6= 0, the inequality (10) holds if

[n|A(z)| − |C(z)|]2 ≥ 4|B(z)|[|D(z)|+ M ]. (11)

The roots of the trinomial in (10) are

N1,2 =
n|A(z)| − |C(z)| ±

√
[n|A(z)| − |C(z)|]2 − 4|B(z)|[|D(z)|+ M ]

2|B(z)|
.
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Let

N = sup
|z|<1

n|A(z)| − |C(z)| −
√

[n|A(z)| − |C(z)|]2 − 4|B(z)|[|D(z)|+ M ]
2|B(z)|

= sup
|z|<1

2[|D(z)|+ M ]
n|A(z)| − |C(z)|+

√
[n|A(z)| − |C(z)|]2 − 4|B(z)|[|D(z)|+ M ]

.

If this supremum is finite, we have the following version of the Theorem 1:

Theorem 2. Let M > 0, N > 0 and n be a positive integer. Suppose that

p ∈ H[0, n] and the functions A,B, C, D : U → C, with B(z) 6= 0, satisfy:

[n|A(z)| − |C(z)|]2 ≥ 4|B(z)|[|D(z)|+ M ].

N = sup
|z|<1

2[|D(z)|+ M ]
n|A(z)| − |C(z)|+

√
[n|A(z)| − |C(z)|]2 − 4|B(z)|[|D(z)|+ M ]

then

|A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)| < M

implies

|p(z)| < N, z ∈ U.

If D(z) ≡ 0, the Theorem 1 can be rewritten as the following:

Corollary 1. Let M > 0, N > 0 and n be a positive integer. Suppose that

the functions A,B,C : U → C satisfy

n|A(z)| − |C(z)| ≥ M + N2|C(z)|
N

.

If p ∈ H[0, n] and

|A(z)zp′(z) + B(z)p2(z) + C(z)p(z) + D(z)| < M

then

|p(z)| < N, z ∈ U.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 2, June 2005

THE UNITARY TOTIENT MINIMUM AND MAXIMUM
FUNCTIONS

JÓZSEF SÁNDOR

Abstract. The unitary totient function has been introduced by E. Cohen

[1]. The Euler minimum function has been first studied by P. Moree and

H. Roskam [2], and independently by the author [4], who introduced more

general concepts (and duals). A particular case is obtained for the unitary

totient. Basic properties for this minimum, as well as maximum functions

are pointed out. These include inequalities, divisibility properties, and

values taken at special arguments. The necessary exponential diophantine

equations are treated by elementary arguments.

1. Introduction

A divisor d of n is called unitary if
(
d,

n

d

)
= 1. Let (k, n)∗ denote the

greatest divisor of k which is a unitary divisor of n. The arithmetical functions asso-

ciated with unitary divisors have been introduced by E. Cohen [1]. The multiplicative

function

µ∗(n) = (−1)ω(n),

where ω(n) denotes the number of distinct prime factors of n, is the unitary analogue

of the Möbius function µ(n) and we have

∑
d||n

µ∗(d) =

 1, n = 1

0, n > 1
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where d||n denotes that d is a unitary divisor of n. Let ϕ∗(n) denote the unitary

analogue of the Euler totient function, that is ϕ∗(n) represents the number of positive

integers k ≤ n with (k, n)∗ = 1. Then, it is easy to see that

ϕ∗(n) =
∑
d|n

dµ∗
(n

d

)
,

so ϕ∗(n) is multiplicative, being the unitary convolution of two multiplicative func-

tions (see [1]), and for n = pα1
1 . . . pαr

r > 1 (prime factorization of n) we have

ϕ∗(n) = (pα1
1 − 1) . . . (pαr

r − 1) (1)

Put ϕ∗(1) = 1.

Let A ⊂ N∗ = {1, 2, . . . } be a given set, and f, g : N∗ → N∗ two given

functions. In [4] and [5] we have introduced the functions FA
f (n), GA

g (n) by (if these

are well-defined)

FA
f (n) = min{k ∈ A : n|f(k)}, (2)

and its ”dual” by

GA
g (n) = max{k ∈ A : g(k)|n} (3)

For A = N∗, f(k) = g(k) = ϕ(n), one obtains the ”Euler minimum” and

”Euler maximum” functions, given by

E(n) = min{k ∈ N∗ : n|ϕ(k)}, (4)

E∗(n) = max{k ∈ N∗ : ϕ(k)|n} (5)

For properties of E(n) given by (4) see [2] and [6], while function (5) appears

for the first time in [4] and [6].

The author has considered also other particular cases of (2) and (3) for

f(k) = g(k) = σ(k) (sum of divisors of k), f(k) = d(k) (number of divisors of k) [7],

f(k) = g(k) = T (k) (product of divisors of k) [9], f(k) = g(k) = S(k) (Smarandache

function) [8], f(k) = g(k) = Z(k) (pseudo-Smarandache function) [11], f(k) = ϕe(n)

(exponential totient function) [10]. It is interesting to note that, for g(k) = d(k) or

g(k) = ϕe(n) the analogues functions to (5) are not well-defined.

92



THE UNITARY TOTIENT MINIMUM AND MAXIMUM FUNCTIONS

The aim of this paper is the introduction and the initial study of the particular

cases f(k) = g(k) = ϕ∗(k), the unitary totient function. In analogy with (4) and (5)

define

E∗(n) = min{k ≥ 1 : n|ϕ∗(k)}, (6)

E∗
∗(n) = max{k ≥ 1 : ϕ∗(k)|n} (7)

First note that the functions E∗(n) and E∗
∗(n) are well-defined. Indeed, by

Dirichlet’s theorem on arithmetic progressions, for each n ≥ 1 there exists a ≥ 1 so

that k = an + 1 is a prime (see e.g. [3]). Then, since by (1) ϕ∗(k) = k − 1 = an,

which is a multiple of n, (6) is well-defined. On the other hand, remark that

ϕ(n) ≤ ϕ∗(n), (8)

with equality only for n = 1 and n = squarefree (i.e. product of distinct primes).

Since ϕ and ϕ∗ are multiplicative, (8) follows from

ϕ(pα) = pα − pα−1 ≤ pα − 1 = ϕ∗(pα)

(p prime, α ≥ 1), where for α = 1 there is equality.

Now, since ϕ(k) >
√

k for k > 6 (see e.g. [3]) and from ϕ∗(k)|n it follows

ϕ∗(k) ≤ n, so
√

k < n, implying k < n2. Thus E∗
∗(n) ≤ max{6, n2} < +∞, so this

function is well-defined, too.

2. Main results

Lemma 1. For all n ≥ 2 one has

P (n)− 1 ≤ ϕ∗(n) ≤ n− 1, (9)

where P (n) denotes the greatest prime factor of n.

Proof. The left side inequality follows by (pα1
1 − 1) . . . (pαr

r − 1) ≥ pαr
r − 1 ≥

pr − 1, where p1 < p2 < · · · < pr are the distinct prime factors of n. Then by (1),

ϕ∗(n) ≥ pr − 1 = P (n)− 1.

For the right side of (9), apply the obvious relation (1 + y1) . . . (1 + yr) ≥

1 + y1 . . . yr (yi > 0 for i = 1, 2, . . . , r) to yi = pαi
i − 1 > 0. Then we get pα1

1 . . . pαr
r ≥
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1 + (pα1
1 − 1) . . . (pαr

r − 1), so by (1), the required result follows. Since here there is

equality only for r = 1, the equality sign in right-side of (9) is attained only for n =

prime power. Clearly, for the left side of (9) there is equality for n = prime.

Lemma 2. Let r = ω(n) be the number of distinct prime factors of n. Then

ϕ∗(n) ≤ (n
1
r − 1)r for all n ≥ 2 (10)

Proof. Apply the Huyggens inequality

r
√

(1 + y1) . . . (1 + yr) ≥ 1 + r
√

y1 . . . yr (yi > 0)

to yi = pαi
i − 1. Then by (1), inequality (10) follows.

Theorem 1.

ϕ∗(E∗
∗(n))|n|ϕ∗(E∗(n)) for all n ≥ 1. (11)

Particularly,

ϕ∗(E∗
∗(n)) ≤ n, (12)

ϕ∗(E∗(n)) ≥ n. (13)

Proof. Let E∗(n) = k0. By Definition (6), n|ϕ∗(k0). This gives the right

side of (11). If E∗
∗(n) = k1, then by (7), ϕ∗(k1)|n, so the left side of (11) follows.

Relations (12) and (13) are direct consequences of (11).

Corollary 1.

E∗(n) ≥ (n
1
r + 1)r ≥ n + 1, for n ≥ 2, (14)

where r = ω(E∗(n)).

Proof. By (10), ϕ∗(E∗(n)) ≤ (E∗(n)
1
r−1)r, so by (13) we get n ≤ (E∗(n)

1
r−

1)r. This gives the first relation of (14). The second one is a trivial consequence of

(a + b)r ≥ ar + br (a, b > 0, r ≥ 1), which follows e.g. by the binomial theorem.

Corollary 2.

P (E∗
∗(n)) ≤ n + 1, n ≥ 2, (15)
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where P (m) denotes the greatest prime factor of m.

Proof. This is similar to the proof of (14), by applying (12) and the left side

of (9).

Remark 1. The weaker inequality of (14), i.e. E∗(n) ≥ n + 1 for n ≥ 2

follows also by (13) and the right side of (9). This inequality becomes an equality for

many values of n, e.g. for n = 2, 3, 4, 6, 7, 8, 10, 12, 15, 16, 18, 22, . . . . Particularly, we

prove:

Theorem 2. If p ≥ 3 is a prime, then

E∗(p− 1) = p (16)

Proof. Since (p − 1)|ϕ∗(p) (because of ϕ∗(p) = p − 1), by definition (6) it

follows E∗(p− 1) ≤ p. On the other hand, applying E∗(n) ≥ n + 1 for n = p− 1 ≥ 2

one gets E∗(p− 1) ≥ p, so (16) is proved.

Clearly, since ϕ∗(p)|(p− 1), too, by (7) and (15) we get

Theorem 3. For all primes p,

E∗
∗(p− 1) ≥ p, (17)

and

P (E∗
∗(p− 1)) ≤ p for p ≥ 3 (18)

Remark 2. The exact calculation of E∗
∗(p− 1) seems difficult. However, the

determination of E∗
∗(p) is given by the following

Theorem 4.

E∗
∗(p) =


6, if p = 2,

2, if p ≥ 3 is not a Mersenne prime,

2n, if p = 2n − 1 is a Mersenne prime

(19)

First we prove the following auxiliary result:

95



JÓZSEF SÁNDOR

Lemma 3. Let p be a prime. Then the equation

ϕ∗(x) = p

is solvable if and only if p = 2 or p is a Mersenne prime (with a single solution).

Proof. If x is composite, x = pα1
1 . . . pαr

r , with ω(x) = r ≥ 2, then ϕ∗(x) =

(pα1
1 − 1) . . . (pαr

r − 1) is always composite, so 6= p. If r = 1, i.e. x = qα, then

ϕ∗(x) = qα − 1 = p iff qα = p + 1. Now, if p ≥ 3, then p + 1 is even, so we must have

q = 2, i.e. p = 2α − 1 = Mersenne prime (see [3]). If p = 2, we get q = 3, α = 1 so x

is not composite.

If x = q is a prime, then ϕ∗(x) = q− 1 = p ⇔ q = p+1, and this is solvable

only if p = 2, since for p ≥ 3, p + 1 being even, cannot be a prime.

Now, for the proof of (19), let ϕ∗(k)|p. Then ϕ∗(k) = 1 (i.e. k = 1 or 2),

or ϕ∗(k) = p. Since p ≥ 2, always, the result follows from Lemma 3, by taking into

account the form of the solution, when p is a Mersenne prime.

We now prove:

Lemma 4. Let k ≥ 1 be an integer. Then the equation

ϕ∗(x) = 2k

is always solvable, and its solutions are of the form x = F , or x = 2F , where F = 9;

a Fermat prime; or the product of distinct Fermat primes.

Proof. Let x = pα1
1 . . . pαr

r , when ϕ∗(x) = (pα1
1 − 1) . . . (pαr

r − 1) = 2k

⇔ pα1
1 − 1 = 2a1 , . . . , pαr

r − 1 = 2ar , with a1 + · · · + ar = k. Thus pα1
1 = 2a1 +

1, . . . , pαr
r = 2ar + 1, so each pi (i = 1, 2, . . . , r) is odd, so x must be odd. Since we

can have also the case 21 − 1 = 20, x could be also of the form x = 2F , where F is

odd. Therefore we must study an equation of type

pα = 2a + 1 (a ≥ 1) (20)

1) If α = 2m is even, then (pm−1)(pm+1) = 2a gives pm−1 = 2u, pm+1 = 2v

(u + v = a), so 2v − 2u = 2, i.e. 2v = 2(1 + 2u−1), which is possible only if u = 1,
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v = 2. Then pm − 1 = 2, pm + 1 = 4, giving p = 3, m = 1, α = 2; so a = 3 and

x = pα = 9.

2) If α = 2m + 1 (m ≥ 0), for m = 0 we get α = 1, so p = 2a + 1 is

a prime, so it is a Fermat prime (see [3]). Let m ≥ 1. Then since p2m+1 − 1 =

(p− 1)(p2m + p2m−1 + · · ·+ p + 1) and p is odd, the second term contains a number

of 2m + 1 odd terms, so it is odd. Thus (20) is impossible.

This finishes the proof of Lemma 4.

Theorem 5. E∗
∗(2

t) = 2m, where m is the greatest of the products (2a1 +

1) . . . (2ar + 1) of Fermat primes, where a1 + · · ·+ ar ≤ t.

Proof. Let ϕ∗(k)|2t. Then ϕ∗(k) = 2a, where 0 ≤ a ≤ t. By Lemma 3, the

greatest such k is k = 2m, where m = (2a1 +1) . . . (2ar +1), with a1 + · · ·+ar = a ≤ t

and r is maximal (i.e. m is maximal if a1 + · · ·+ ar ≤ t).

Example. E∗
∗(8) = 30.

Indeed, 8 = 23, a1 + · · ·+ ar ≤ 3 ⇔ r = 2, since 21 + 1 = 3, 22 + 1 = 5 are

Fermat primes and 1 + 2 = 3. So 2m = 2 · 3 · 5 = 30.

Lemma 5. Let p be a prime. Then

ϕ∗(x) = p2

is solvable iff p = 2. The solutions are x = 5, 10.

Proof. 1) Let x = pα1
1 . . . pαr

r be odd. Then (pα1
1 − 1) . . . (pαr

r − 1) = p2 iff

a) pα1
1 − 1 = p2;

b) pα1
1 − 1 = 1, pα2

2 − 1 = p2;

c) pα1
1 − 1 = 1, pα2

2 − 1 = 1, pα3
3 − 1 = p2;

d) pα1
1 − 1, pα2−1

2 = p, pα3
3 − 1 = p.

Remark that cases b), c), d) are impossible, since then p1 = 2 always, and

this contradicts x = odd. In case a), since p1 is odd we must have p = even, so p = 2.

But in this case, p1 = 5, α1 = 1, so x = 5.

2) If x is even, then p1 = 2. In case a) we can write 2α1 = p2 + 1. For

p = 2, 3, 5 this is impossible. If p > 5, then it is known (see e.g. [3]) that p must have
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the forms p = 6M ± 1, so p2 = 36k2 ± 12k + 1 = 12k(3k ± 1) + 1 = 24M + 1, so

p2 + 1 = 2(12M + 1) 6= 2α1 .

In case b) α1 = 1, pα2
2 = 5 (p2 = 5, α2 = 1) is possible, implying x = 2·5 = 10.

Cases c), d) cannot hold, since then e.g. in case c) α1 = 1, α2 = 1, p2 = p3

and this is a contradiction to p3 > p2. Similarly, in case d).

Theorem 6.

E∗
∗(p

2) =


10, if p = 2

2, if p ≥ 3 is not a Mersenne prime

2k, if p = 2k − 1 is a Mersenne prime

Proof. ϕ∗(k)|p2 ⇔ ϕ∗(k) ∈ {1, p, p2}. Now, apply Lemmas 3, 5, and

definition (7).

Lemma 6. Let p be a prime, k > 1 an integer. Then the equation

ϕ∗(x) = pk

is solvable only for p = 2.

Proof. First we prove an auxiliary result:

Lemma 6’. If k > 1 and p is a prime, α ≥ 1, then the equation

pk = 2α − 1 (21)

is not solvable.

Proof. First remark that p must be odd. If k = 2m + 1 (m ≥ 1) is odd,

then p2m+1 + 1 = (p + 1)(p2m − · · ·+ p + 1), where the second term contains an odd

number of odd terms, and the signs + or −, so it is odd. Thus (21) is impossible. If

k = 2m is even, and p > 5, then by p = 6s± 1 (as in the proof of case 2) of Lemma

5) p2 = 24M + 1, so p2m = M24 + 1, p2m + 1 = 2(M12 + 1) 6= 2α.

For p = 3, 5 we must consider separately equation (21) in case k = 2m.

So 32m = 9m = (8 + 1)m = M8 + 1, so M8 + 2 = 2(M4 + 1) 6= 2α. Similarly,

52m = 25m = (2n + 1)m = M24 + 1, i.e. 52m + 1 = M24 + 2 = 2(M12 + 1) 6= 2α.

This finishes the proof of Lemma 6’.
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The proof of Lemma 6 is similar to that of Lemma 5.

When x is odd, then pα1
1 − 1 = pk in case a) so p = 2, so by (20). This is

possible only when p1 = 3, so k = 3.

The other cases, when pα1
1 − 1 = 1, etc. are impossible, since p1 = 2, contra-

diction to x = odd. Similarly the case pα1
1 − 1 = p, . . . , pαr

r − 1 = p, k = 2, since then

p1 = · · · = pr, impossible.

When x is even, i.e. p1 = 2, in case a) we get 2α1 − 1 = pk, and by (21) this

is not solvable.

Theorem 7.

E∗
∗(p

k) =


2m, if p = 2, where m is given by Theorem 5,

2, if p ≥ 5 is not a Mersenne prime,

2k, if p = 2k − 1 is a Mersenne prime.

Proof. This is similar to the proof of Theorem 6 (case k = 2), but remarking

that for p = 2 we must use Theorem 5.
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BOOK REVIEWS

Titu Andreescu and Bogdan Enescu, Mathematical Olympiad Treasures,

Birkhäuser Verlag, Boston-Basel-Berlin, 2004, 234 pp., ISBN 0-8176-4305-2.

This excellent book deals with some important topics of elementary math-

ematics necessarily in the process of training students for various contests and

olympiads. One of the main intention of the authors is to build a bridge between

ordinary high school exercises and more sophisticated, intricate and abstract concepts

and problems in undergraduate mathematics. Mathematical Olympiad Treasures re-

flects the depth of experience of two seasoned professors and coaches from the USA

and Romanian Olympiad teams. The book is organized into three chapters each of

them containing eight sections. Each sections contains some suggestive completely

solved problems and some proposed problems which are solved in the second part of

the book. In what follows we will briefly present each of them.

Chapter 1 is entitled Algebra and contains some basic notions and results

concerning the following topics: An algebraic identity, Cauchy-Schwartz revisited,

Easy ways through absolute values, Parameters, Take the conjugate, Inequalities with

convex functions, Induction at work, Roots and coefficients.

Chapter 2, Geometry and Trigonometry, contains eight sections dealing with

Geometric inequalities, An interesting locus, Cyclic quads, Equiangular polygons,

More on equilateral triangles, The carpets theorem, Quadrilaterals with an inscribed

circle, Dr. Trig learns complex numbers.

In Chapter 3, Number Theory and Combinatorics, the authors present some

fundamental ideas and interesting problems concerning Arrays of numbers, Functions

defined on sets of points, Count twice, Sequences of integers, Equations with infinitely

many solutions, Equations with no solutions, Powers of 2, Progressions.
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The book ends with a useful Glossary, an Index of notation and an Index

containing the sources of the problems. The book is written in a very clear and

rigorous manner and it is recommended for students, graduated students and their

teachers and for anyone interested in mathematical contests and olympiads.

Dorin Andrica

Titu Andreescu and Zuming Feng, A Path to Combinatorics for Under-

graduates.Counting Strategies, Birkhäuser Verlag, Boston-Basel-Berlin, 2004,

228 pp., ISBN 0-8176-4288-9.

This is a unique approach to combinatorics centered around challenging ex-

amples, fully-worked solutions, and hundreds of problems many from mathematical

contests and olympiads. This excellent book deals with some important topics of

combinatorics which are very useful in the process of training students for various

contests and olympiads and it reflects the depth of experience of two seasoned pro-

fessors and coaches from the USA Olympiad team. The book is organized into nine

chapters containing the basic notions and results in the following topics : Addition or

multiplication, Combinations, Properties of binomial coefficients, Bijections, Recur-

sions, Inclusion and exclusion, Calculating in two ways: Fubinis principle, generating

functions, review exercises. The book ends with a useful Glossary, an Index of no-

tions and a suggestive list of references. The book is written in a very clear and

rigorous manner and it is recommended for students, graduated students and their

teachers and for anyone interested in challenging mathematics. It can be used as a

solid stepping stone for other advanced mathematical readings.

Dorin Andrica
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Titu Andreescu and Zuming Feng, 103 Trigonometry Problems From the

Training of the USA IMO Team , Birkhäuser Verlag, Boston-Basel-Berlin, 2005,

214 pp., ISBN 0-8176-4334-6.

This excellent book contains 103 highly selected problems used in the training

and testing of the USA IMO (International Mathematical Olympiad) team. From the

authors preface it follows that ”It is not a collection of very difficult, impenetrable

questions. Instead, the book gradually builds students trigonometric skills and tech-

niques”. The book contains five chapters. The first chapter provides a comprehensive

introduction to trigonometric functions, their relations and functional properties, and

their applications into plane and solid geometry. Chapters two and three contain 52

introductory and 51 advanced proposed problems, respectively. In Chapters four and

five the authors present the solutions and some comments to the proposed problems.

The book also contains a Glossary and a rich list of references.

This work aims to broaden students view of mathematics and better prepare

them for possible participation in various mathematical contests and olympiads. The

book further stimulates interest for the future study of mathematics.

Dorin Andrica

Vasile Berinde, Exploring, Investigating and Discovering in Mathemat-

ics, Birkhäuser Verlag, Basel-Boston-Berlin, 2004, 246 +xix pp., ISBN 3-7643-7019-x.

This book represent the English version of the Romanian edition (V.Berinde,

Explorare, investigare si descoperire in matematică, Editura Efemeride, Baia Mare,

2001). The author writes in his Preface to the book: ”The book is addressed mainly

to students, young mathematicians, and teachers, involved or/and actively working

in mathematics competitions and training gifted people. It collects many valuable

techniques for solving various classes of difficult problems and, simultaneously, offers

a comprehensive introduction to creating new problems. The book should also be of
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interest to anybody who is in any way connected to mathematics or interested in the

creative process and in mathematics as a art”. Indeed the author has been greatly

successful. The reader can find here ideas and problems which combine a number of

classical topics from various fields of mathematics.

The book is organized into 24 chapters, most of them independent, involving

the following topics: Chase problems, Sequences of integers simultaneously prime, A

geometric construction using ruler and compass, Solving a class of nonlinear systems,

A class of homogeneous inequalities, The first decimal of some irrational numbers,

Polynomial approximation of continuous functions, On an interesting divisibility prob-

lem, Determinants with alternate entries, Solving some cyclic systems, On a property

of recurrent affine sequences, Binomial characterizations of arithmetic progressions,

Using duality in studying homographic recurrences, Exponential equations having ex-

actly two solutions, A class of functional equations, An extension of Leibniz-Newton

formula, A measurement problem, A class of discontinuous functions admitting primi-

tives, On two classes of inequalities, Another problem of geometric construction, How

can we discover new problems by means of the computer, On the convergence of

some sequences of real numbers, An applications of the integral mean, Difference and

differential equations.

Each chapter ends with a suggestive and useful bibliography concerning the

topic. Some basic and general principles regarding creativity in solving problems are

discussed in an Addendum at the end of the book. The book is strongly recommended

to all students and teachers but also to everyone who has a special love for math-

ematical problems that are stated and also solved in a simple and in an ingenious

way.

Dorin Andrica
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Advanced Courses in Mathematical Analysis, I. A. Aizpuru-Tomas and

F. Leon-Saavedra (Editors), World Scientific Publishers, London-Singapore 2004,

vii+155 pp., ISBN 981-256-060-2.

The volume contains the written versions of the lectures delivered at the

First International Course of Mathematical Analysis in Andalucia, organized by the

University of Cadiz from 23 to 27 September, 2005. The aim of the course was

to bring together different research groups working in mathematical analysis and to

provide the young researchers of these groups with access to the most advanced lines

of research. A second course took place in September 2004 in Granada.

There are included five survey papers: 1. Y. Benyamini, Introduction to

uniform classification of Banach spaces ; 2. M. Gonzáles, An introduction to local

duality for Banach spaces ; 3. V. Müller, Orbits of operators ; 4. E. Matouškova,

S. Reich and A. J. Zaslavski, Genericity in nonexpansive mapping theory ; 5. A. R.

Palacios, Absolute-valued algebras, and absolute-valuable Banach spaces.

The first paper is the only updated survey on the classification of Banach

spaces under uniformly continuous mappings. Its aim is to introduce the reader to

this area and to present some results and open questions, a complete presentation

of these problems and of other related ones being given in the recent treatise of Y.

Beniaminy and J. Lindenstrauss, Nonlinear Geometric Functional Analysis, I., AMS,

2000.

The local duality for Banach spaces is a tool recently developed by the author

of the second paper and some co-workers, which turned to be very useful in the study

Banach spaces, mainly in the case when the dual of a Banach space is too large.

V. Müller emphasizes in the third paper the relevance of the orbit method and

of Scott Brown’s technique in the study of invariant subspaces. A more comprehensive

treatment is given in his recent book ????.

It is known that nonexpansive mappings could note have fixed points, but,

as it was shown by F. S. De Blasi and J. Myjak in 1976, most of them (in the sense

of Baire category) do have. The fourth paper surveys various category and porosity

127



BOOK REVIEWS

results concerning the well-posedness of the fixed point problem for nonexpansive

mappings, most of them being obtained recently by the authors.

An absolute-valued algebra is a normed algebra A such that ‖xy‖ = ‖x‖‖y‖,

for all x, y ∈ A. As it is well-known, if A is associative and commutative then it agrees

with R or C, and with the quaternion field H if A is only associative. Therefore, the

interesting case is that of non-associative absolute-valued algebras, presented in the

last paper of the book. The results are presented from historical perspective to the

frontier of current research in the field.

The book contains surveys of some topics of interest in the current research

in functional analysis, written by leading experts in the area. It can be used as an

introductory material for young researchers, as a guide to more advanced books or

research papers.

S. Cobzaş

Michael Růžička, Nicthlineare Funktionalanalysis – Einr Einführung ,

Springer Verlag, Berlin-Heidelberg-New York 2004, xii+208 pp., ISBN 3-540-20066-5.

The book is based on a one-semester course (the 6th semester) taught by

the author at the Universities of Bonn (1999) and Freiburg (2002 and 2003). Its

aim is to provide the reader with the basic results and techniques in the field, which

can form a basis for the reading of more advanced books, as, e.g, the monumental

four volume treatise of E. Zeidler, Nonlinear Functional Analysis and Applications,

Springer Verlag, 1985-1990.

The topics covered by the present volume are best illustrated by the headings

of the chapters: 1. Fixed point theorems; 2. Integration and differentiation in Banach

spaces; 3. The theory of monotone operators; 4. The topological degree theory.

The first chapter of the book contains the basic fixed point theorems: Ba-

nach’s contraction principle, Brouwer and Schauder fixed point theorems. The proof
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of Brouwer fixed point theorem uses some techniques from variational calculus. Ap-

plications are given to existence results for ordinary differential equations (Picard’s

iterative method).

The second chapter is concerned with Bochner integration, Lp-spaces of Ba-

nach valued functions and differential calculus in Banach spaces (Gâteaux and Fréchet

derivatives).

The third chapter contains an introduction to monotone operators and in-

cludes results of Browder, Minty and Brezis. Maximal monotone operators, subdiffer-

entials of convex functions, and the duality mapping are also included. Applications

are given to quasilinear parabolic and elliptic partial differential equations.

The last chapter of the book is devoted to a presentation of Brouwer and

Leray-Schauder topological degree theories wit applications to Brouwer fixed point

theorem and to quasilinear elliptic equations.

The prerequisites from topology, measure theory and linear functional anal-

ysis, needed for the reading of the book are included in an Appendix (37 pp.). There

are no problems and exercises in the book.

The book is clearly written, with complete and carefully written proofs and

illuminating examples. It can serve as a base text for introductory courses in nonlinear

functional analysis.

S. Cobzaş

Kehe Zhu, Spaces of Holomorphic Functions in the Unit Ball , Graduate

Texts in Mathematics, Vol. 226, Springer, Berlin-Heidelberg-New York, 2005, x+271

pp., ISBN 0-387-22036-4.

The book is concerned with the basic properties of the most well-known and

widely used spaces of holomorphic functions in the open unit ball Bn of Cn. The

restriction to the unit ball of Cn allows the author to present direct proofs of most

of the results by straightforward formulas. The central idea of these proofs is to use
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integral representations for holomorphic functions and elementary properties of the

Bergman kernel, the Bergman metric, and the automorphism group. In this way,

although few of the results are new, most of the proofs are new and simpler than

the existing ones. On the other hand, this reduces the prerequisites to a minimum:

only familiarity with single variable complex analysis, no prior knowledge of several

complex variables theory being required.

The first chapter of the book, Ch.1, Preliminaries, has an introductory char-

acter and contains some results on holomorphic functions, the authomorphism group

of Bn, Lebesgue spaces, Bergman metric, subharmonic functions, complex interpola-

tion.

Each of the remaining chapters is devoted to a class of spaces of holomorphic

functions in the unit ball: Ch. 2. Bergman spaces ; Ch. 3. The Bloch space ; Ch. 4.

Hardy spaces ; Ch. 5. Functions of bounded mean oscillation (the study of BMOA

spaces) ; Ch. 6. Besov spaces ; Ch. 7. Lipschitz spaces. For each class of spaces,

the author discusses integral representations, characterizations in terms of various

derivatives (radial derivatives, holomorphic gradients, fractional derivatives), atomic

decompositions, complex interpolation and duality.

All these spaces are intimately related as it is emphasized in the book: the

Bloch space B can be thought as a limit case of Bergman space Ap
α as p → ∞. In

particular, B can be naturally identified with the dual of the Hardy space H1. The

Besov space Bp is the image of the Bergman space Ap
α under a suitable fractional

integral operator, and B∞ is just the Bloch space. In their turn Lipschitz spaces Λα

are images of Bloch spaces under some fractional integral operator. In fact, as the

author points out in the Preface to the book, all these spaces are special cases of a

more general family of holomorphic Sobolev spaces, but the direct treatment of these

particular cases is far more interesting and appealing than a cumbersome presentation

of an exhaustive class of functions containing all of them.

Each chapter ends with a set of exercises of varying difficulty. For the difficult

results, completing the main text, exact references are given. The Notes sections

contain bibliographical mentions and references to related results.
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Of course that the title of the book automatically directs us to the classic book

of W. Rudin, Function Theory in the Unit Ball of Cn (Springer 1980). Although there

are some inevitable overlaps, they are not substantial and the two books complement

each other.

Professor Zhu is an authoritative personality in the area and the author of the

books: Operator Theory in Function Spaces (M. Dekker 1990), Theory of Bergman

Spaces, with H. Hedenmalm and B. Korenblum (Springer 2000), and An Introduction

to Operator Algebras (CRC Press 1993).

The book is well written and can be used as a textbook for advanced graduate

courses in complex analysis and spaces of holomorphic functions.

Mirela Kohr
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