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Teodora Cătinaş, Tree Ways of Defining the Bivariate Shepard Operator of

Lidstone Type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 3, September 2005

TWO THEOREMS ON KENMOTSU HYPERSURFACES IN A
W3-MANIFOLD

ABU-SALEEM AHMAD MAHMOUD AL-SALEH MIHAIL BANARU

Abstract. A criterion of the minimality of a Kenmotsu hypersurface in

a special Hermitian manifold is established. It is also proved that a Ken-

motsu hypersurface in a special Hermitian manifold is minimal if and only

if its type number is even.

1. Introduction

The theory of almost contact metric structures occupies one of the leading

places in modern differential-geometrical researches. It is due to a number of its

applications in mathematical physics (for example, in classical mechanics [1] and in

theory of geometrical quantization [7]). Furthermore, we mark out the richness of the

internal contents of the theory of almost contact metric structures as well as the close

connection of this theory with other sections of geometry.

We recall that an almost contact metric structure on an odd-dimensional

manifold N is defined by the system of tensor fields {Φ, ξ, η, g} on this manifold,

where ξ is a vector, η is a covector, Φ is a tensor of the type (1, 1) and g = 〈·, ·〉 is the

Riemannian metric. Moreover, the following conditions are fulfilled:

η(ξ) = 1, Φ(ξ) = 0, η ◦ Φ = 0, Φ2 = −id + ξ ⊗ η,

〈ΦX, ΦY 〉 = 〈X, Y 〉 − η(X)η(Y ), X, Y ∈ ℵ(N),
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where ℵ(N) is the module of smooth vector fields on N . As an example of an al-

most contact metric structure we can consider the cosymplectic structure, that is

characterized by the following condition:

∇η = 0, ∇Φ = 0,

where ∇ is the Levi-Civita connection of the metric. It has been proved that the

manifold, admitting the cosymplectic structure, is locally equivalent to a product

M ×R, where M is a Kählerian manifold [10].

The almost contact metric structures are closely connected to the almost

Hermitian structures. For instance, if (N, {Φ, ξ, η, g}) is an almost contact metric

manifold, then an almost Hermitian structure is induced on N ×R [5]. If this almost

Hermitian structure is integrable, then the input almost contact metric structure is

called normal. As it is known, a normal contact metric structure is called Sasakian

[5]. On the other hand, we can characterize the Sasakian struture by the following

condition:

∇X(Φ)Y = 〈X, Y 〉ξ − η(Y )X, X, Y ∈ ℵ(N). (1)

For example, Sasakian structures are induced on totally umbilical hypersurfaces in

a Kählerian manifold [5]. As it is well known, the Sasakian structures have many

remarkable properties and play a fundamental role in contact geometry.

In 1972 Katsuei Kenmotsu has introduced a new class of almost contact

metric structures [8], defined by the condition

∇X(Φ)Y = 〈ΦX, Y 〉ξ − η(Y )ΦX, X, Y ∈ ℵ(N). (2)

The Kenmotsu manifolds are normal and integrable, but they are not contact, con-

sequently, they can not be Sasakian. In spite of the fact that the conditions (1) and

(2) are similar, the properties of Kenmotsu manifolds are to some extent antipodal

to the Sasakian manifolds properties [9]. Note that the new investigation [9] in this

field contains a detailed description of Kenmotsu manifolds as well as a collection of

examples of such manifolds.
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In the present paper, Kenmotsu hypersurfaces in W3-manifolds are consid-

ered. This note is a continuation of research of the authors (for example, the second

author studied six-dimensional W3-manifolds before [3], [4]). We remark that the class

of W3-manifolds is one of the most important classes of almost Hermitian manifolds

[6]. However, it has been studied not so detailed as other so-called ”small” classes

of almost Hermitian manifolds. Some dozens of significant works are devoted to the

nearly-Kählerian, almost Kählerian and locally conformal Kählerian manifolds, but

much less of articles are written about W3-manifolds.

2. Preliminaries

We consider an almost Hermitian manifold M2n, i.e. a 2n-dimensional mani-

fold with a Riemannian metric g = 〈·, ·〉 and an almost complex structure J . Moreover,

the following condition must hold:

〈JX, JY 〉 = 〈X, Y 〉, X, Y ∈ ℵ(M2n),

where ℵ(M2n) is the module of smooth vector fields on M2n. All considered manifolds,

tensor fields and similar objects are assumed to be of the class C∞. We recall that

the fundamental (or Kählerian) form of an almost Hermitian manifold is determined

by

F (X, Y ) = 〈X, JY 〉, X, Y ∈ ℵ(M2n).

Let
(
M2n, {J, g = 〈·, ·〉}

)
be an arbitrary almost Hermitian manifold. We

fix a point p ∈ M2n. As Tp(M2n) we denote the tangent space at the point p,

{Jp, gp = 〈·, ·〉} is the almost Hermitian structure at the point p induced by the

structure {J, g = 〈·, ·〉}. The frames adapted to the structure (or the A-frames) look

as follows:

(p, ε1, . . . , εn, ε1̂, . . . , εn̂),

where εa are the eigenvectors corresponded to the eigenvalue i =
√
−1, and εâ are

the eigenvectors corresponded to the eigenvalue −i [2]. Here the index a ranges from

1 to n, and we state â = a + n.
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The matrix of the operator of the almost complex structure written in an

A-frame looks as follows:

(
Jk

j

)
=

 iIn 0

0 −iIn

,

where In is the identity matrix; k, j = 1, . . . , 2n. By direct computing it is easy to

obtain that the matrices of the metric g and of the fundamental form F in an A-frame

look as follows, respectively:

(gkj) =

 0 In

In 0

, (Fkj) =

 0 iIn

−iIn 0

.

An almost Hermitian manifold is called special Hermitian, if

δF = 0, ∇X(F )(Y,Z)−∇JX(F )(JY, Z) = 0, X, Y, Z ∈ ℵ(M2n),

where δ is the codifferentiation operator. The first group of the Cartan structural

equations of a special Hermitian manifold written in an A-frame looks as follows:

dωa = ωa
b ∧ ωb + Bab

cω
c ∧ ωb,

dωa = −ωb
a ∧ ωb + Bab

cωc ∧ ωb,

and moreover,

Bab
b = 0, Bab

b = 0, (3)

where
{
Bab

c

}
and {Bab

c} are components of the Kirichenko tensors of M2n [2],

a, b, c = 1, . . . , n.

3. The main results

Theorem 3.1. Let N be a Kenmotsu hypersurface in a special Hermitian manifold

M2n, and let σ be the second fundamental form of the immersion of N into M2n.

Then N is a minimal submanifold of M2n if and only if σ(ξ, ξ) = 0.
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Proof. Let us use the Cartan structural equations of an almost contact

metric structure on a hypersurface in a Hermitian manifold [4]:

dωα = ωα
β ∧ ωβ + Bαβ

γωγ ∧ ωβ + (
√

2Bαn
β + iσα

β )ωβ ∧ ω+

+(− 1√
2
Bαβ

n + iσαβ)ωβ ∧ ω,

dωα = −ωβ
α ∧ ωβ + Bαβ

γωγ ∧ ωβ + (
√

2Bαn
β − iσβ

α)ωβ ∧ ω+

+(− 1√
2
Bαβ

n − iσαβ)ωβ ∧ ω,

dω = (
√

2Bnα
β −

√
2Bnβ

α − 2iσα
β )ωβ ∧ ωα + (Bnβ

n + iσnβ)ω ∧ ωβ+

+(Bnβ
n − iσβ

n)ω ∧ ωβ .

Here and further the indices α, β, γ range from 1 to n− 1.

Taking into account that the Cartan structural equations of a Kenmotsu

structure look as follows [9]:

dωα = ωα
β ∧ ωβ + ω ∧ ωα,

dωα = −ωβ
α ∧ ωβ + ω ∧ ωα,

dω = 0,

we get the conditions, whose simultaneous fulfillment is a criterion for the structure

on N to be Kenmotsu:

1) Bαβ
γ = 0; 2)

√
2Bαn

β + iσα
β = −δα

β ; 3) − 1√
2
Bαβ

n + iσαβ = 0;

4)
√

2Bnα
β −

√
2Bnβ

α − 2iσα
β = 0; 5) Bnβ

n − iσβ
n = 0 (4)

and the formulae obtained by the complex conjugation (no need to write them ex-

plicitly). From (4)3 we have:

σαβ = − i√
2
Bαβ

n.

Since

0 = σ[αβ] = − i√
2
B[αβ]

n = − i

2
√

2
(Bαβ

n −Bβα
n) = − i√

2
Bαβ

n,
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we get Bαβ
n = 0, and that is why

σαβ = 0.

Similarly, from (4)5 we obtain

σβ
n = 0.

Therefore we can rewrite the conditions (4) as follows:

1) Bαβ
γ = 0; 2) σαβ = 0; 3) σβ

n = 0; 4) σα
β = i

√
2Bαn

β + iδα
β (5)

and the formulae obtained by the complex conjugation.

Now, let us use a criterion of the minimality of an arbitrary hypersurface [11]:

gpsσps = 0, p, s = 1, 2, . . . , 2n− 1.

Knowing how the matrix of the contravariant metric tensor on N looks [3]:

(gps) =



0

0

. . .

0

In−1

0 . . . 0 1 0 . . . 0

In−1

0

. . .

0

0


,

we obtain:

gpsσps = gαβσαβ + gα̂β̂σα̂β̂ + gα̂βσα̂β + gαβ̂σαβ̂ + gnnσnn =

= gα̂βσα̂β + gαβ̂σαβ̂ + gnnσnn.

By force of (3) and (5) we have

gpsσps = i
√

2Bαn
α + i(n− 1)− i

√
2Bαn

α − i(n− 1) + σnn = σnn.

That is why gpsσps = 0 ⇔ σnn = 0. The last equality means that

σ(ξ, ξ) = 0. (6)
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So, a Kenmotsu hypersurface in a W3-manifold is minimal precisely when (6)

holds, Q.E.D.

Since the class of special Hermitian manifolds contains all Kählerian manifolds

[6], by force of THEOREM A we come to the following result.

Corollary 3.1. A Kenmotsu hypersurface in a Kählerian manifold is minimal if and

only if

σ(ξ, ξ) = 0.

Now, let N be a totally umbilical Kenmotsu hypersurface in a W3-manifold

M2n. Then σ = λg, λ — const, therefore the matrix of the second fundamental form

looks as follows:

(σps) =



0

0

. . .

0

λIn−1

0 . . . 0 λ 0 . . . 0

λIn−1

0

. . .

0

0


,

As it has been proved, the hypersurface will be minimal if and only if λ = 0.

Evidently, the matrix (σps) vanishes in this case, therefore we conclude that N will

be a totally geodesic hypersurface in M2n. That is why we have such an additional

result.

Corollary 3.2. A totally umbilical Kenmotsu hypersurface in a W3-manifold is min-

imal if and only if it is totally geodesic.

As it is well-known (see, for example, [12] or [13]), when we give a Riemannian

manifold and its submanifold, the rank of the determined second fundamental form

is called the type number. Now, we can state the second main result of this work:
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Theorem 3.2. A Kenmotsu hypersurface in a W3-manifold is minimal if and only if

its type number is even.

Proof. Considering the matrix of the second fundamental form of a Ken-

motsu hypersurface in a special Hermitian manifold, it is easy to see that this hyper-

surface is minimal precisely when the following condition holds:

(σps) =



0

0

. . .

0

σαβ̂

0 . . . 0 0 0 . . . 0

σα̂β

0

. . .

0

0


,

Taking into account that [14] σα̂β = σαβ̂ , we have:

rank(σps) = 2rank(σαβ̂).

On the other hand, if the Kenmotsu hypersurface is not minimal, then

rank(σps) = 2rank(σαβ̂) + 1.

Thus, a Kenmotsu hypersurface in a W3-manifold is minimal precisely when its type

number is even, Q.E.D.
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PROPERTIES OF SOME NEW SEMINORMED SEQUENCE SPACES
DEFINED BY A MODULUS FUNCTION

YAVUZ ALTIN AYŞEGÜL GÖKHAN HIFSI ALTINOK

Abstract. In this paper we introduce the sequence spaces ĉ0(p,f,q,s), ĉ(p,f,q,s) and

m̂(p,f,q,s) using a modulus function f and defined over a seminormed space (X,q) semi-

normed by q. We study some properties of these sequence spaces and obtain some inclusion

relations.

1. Introduction

Let m, c and c0 be the Banach spaces of bounded, convergent and null se-

quences x = (xk) with the usual norm ‖x‖ = sup
k≥0

|xk| . Let D be the shift operator

on s, that is, Dx = (xk)∞k=1 , D2x = (xk)∞k=2 and so on. It may be recalled that a

Banach limit (see Banach [1]) L is a nonnegative linear functional on m such that L

is invariant under shift operator (that is, L (Dx) = L (x) for x ∈ m) and L (e) = 1,

where e = (1, 1, ...) . A sequence x ∈ m is almost convergent (see Lorentz [8]) if all

Banach limits of x coincide. Let ĉ denote the space of almost convergent sequences.

It is proved by Lorentz [8] that

ĉ =
{

x : lim
m→∞

tm,n (x) exists uniformly in n
}

where

tm,n (x) =
1

m + 1

m∑
i=0

Dixn,
(
D0 = 1

)
.

Several authors including Duran [5] , King [7] and Nanda ( [12] ,[13]) have

studied almost convergent sequences.

Received by the editors: 11.09.2005.
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The notion of a modulus function was introduced by Nakano [11] in 1953. We

recall that a modulus f is a function from [0,∞) to [0,∞) such that (i) f(x) = 0 if

and only if x = 0, (ii) f(x+y) ≤ f(x)+f(y), for all x ≥ 0, y ≥ 0, (iii) f is increasing,

(iv) f is continuous from the right at 0.

Since |f (x)− f (y)| ≤ f (|x− y|) , it follows from condition (iv) that f is

continuous on [0,∞) . Furthermore, we have f (nx) ≤ nf (x) for all n ∈ N, from

condition (ii), and so

f (x) = f

(
nx

1
n

)
≤ nf

(x

n

)
,

hence

1
n

f (x) ≤ f
(x

n

)
for all n ∈ N.

A modulus may be bounded or unbounded. For example, f (x) = xp,

(0 < p ≤ 1) is unbounded and f (x) = x
1+x is bounded. Maddox [10] and Ruckle

[14] used a modulus function to construct some sequence spaces.

After then some sequence spaces, defined by a modulus function, were intro-

duced and studied by Bhardwaj [2], Bilgin [3], Connor [4], Esi [6], and many others.

Definition 1.1. Let q1, q2 be seminorms on a vector space X. Then q1 is said to

be stronger than q2 if whenever (xn) is a sequence such that q1(xn) → 0, then also

q2(xn) → 0. If each is stronger than the other q1 and q2 are said to be equivalent (one

may refer to Wilansky [15]).

Lemma 1.1. Let q1 and q2 be seminorms on a linear space X. Then q1 is stronger

than q2 if and only if there exists a constant M such that q2 (x) ≤ Mq1 (x) for all

x ∈ X (see for instance Wilansky [15]).

Let p = (pm) be a sequence of strictly positive real numbers and X be a

seminormed space over the field C of complex numbers with the seminorm q. We

14
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define the sequence spaces as follows:

ĉ0 (p, f, q, s) =
{

x ∈ X : lim
m→∞

m−s [(f (q (tm,n (x))))]pm = 0 uniformly in n
}

,

ĉ (p, f, q, s) =
{

x ∈ X : lim
m→∞

m−s [(f (q (tm,n (x− `e))))]pm = 0 for some `,

uniformly in n} ,

m̂ (p, f, q, s) =
{

x ∈ X : sup
m,n

m−s [(f (q (tm,n (x))))]pm < ∞
}

.

where f is a modulus function.

The following inequalities will be used throughout the paper. Let p = (pm)

be a bounded sequence of strictly positive real numbers with 0 < pm ≤ sup pm = H,

C = max
(
1, 2H−1

)
, then

|am + bm|pm ≤ C {|am|pm + |bm|pm} , (1.1)

where am, bm ∈ C .

2. Main results

Theorem 2.1. Let p = (pm) be a bounded sequence, then ĉ0 (p, f, q, s) , ĉ (p, f, q, s) ,

m̂ (p, f, q, s) are linear spaces.

Proof. We give the proof for ĉ0 (p, f, q, s) only. The others can be treated

similarly. Let x, y ∈ ĉ0 (p, f, q, s) . For λ, µ ∈ C, there exist positive integers Mλ and

Nλ such that |λ| ≤ Mλ and |µ| ≤ Nµ. Since f is subadditive and q is a seminorm

m−s [f (q (tm,n (λx + µy)))]pm ≤ C (Mλ)H
m−s [f (q (tm,n (x)))]pm +

C (Nµ)H
m−s [f (q (tm,n (y)))]pm → 0,uniformly in n. This proves that ĉ0 (p, f, q, s) is

a linear space.

Theorem 2.2. The space ĉ0 (p, f, q, s) is a paranormed space, paranormed by

g (x) = sup
m,n

m−s ([f (q (tm,n (x)))]pm)
1

M ,

where M = max (1, sup pm) . The spaces ĉ (p, f, q, s) , m̂ (p, f, q, s) are paranormed by

g, if inf pm > 0.
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Proof. Omitted.

Theorem 2.3. Let f be modulus function, then

(i) ĉ0 (p, f, q, s) ⊆ m̂ (p, f, q, s) ,

(ii) ĉ (p, f, q, s) ⊆ m̂ (p, f, q, s) .

Proof. We prove the second inclusion, since the first inclusion is obvious.

Let x ∈ ĉ (p, f, q, s) , by definition of a modulus function (the inequality (ii)), we have

m−s [f (q (tm,n (x)))]pm ≤ Cm−s [f (q (tm,n (x− `)))]pm + Cm−s [f (q (`))]pm .

Then there exists an integer K` such that q (`) ≤ K`. Hence, we have

m−s [f (q (tm,n (x)))]pm ≤ Cm−s [f (q (tm,n (x− `)))]pm+Cm−s max(1, [(K`) f (1)]H),

(1)

so x ∈ m̂ (p, f, q, s) .

Theorem 2.4. Let f, f1, f2 be modulus functions q, q1, q2 seminorms and s, s1, s2 ≥ 0.

Then

(i) If s > 1 then Z (f1, q, s) ⊆ Z (f ◦ f1, q, s) ,

(ii) Z (p, f1, q, s) ∩ Z (p, f2, q, s) ⊆ Z (p, f1 + f2, q, s) ,

(iii) Z (p, f, q1, s) ∩ Z (p, f, q2, s) ⊆ Z (p, f, q1 + q2, s) ,

(iv) If q1 is stronger than q2 then Z (p, f, q1, s) ⊆ Z (p, f, q2, s) ,

(v) If s1 ≤ s2 then Z (p, f, q, s1) ⊆ Z (p, f, q, s2) ,

(vi) If q1
∼=(equivalent to) q2 , then Z (p, f, q1, s) = Z (p, f, q2, s) ,

where Z = m̂, ĉ and ĉ0.

Proof. (i) We prove this part for Z = ĉ and the rest of the cases will follow

similarly. Let x ∈ ĉ (p, f, q, s) , so that

Sm = m−s [f1 (q (tm,n (x− `)))] → 0.

Let ε > 0 and choose δ with 0 < δ < 1 such that f (c) < ε for 0 ≤ t ≤ δ. Now

we write
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I1 = {m ∈ N : f1 (q (tm,n (x− `))) ≤ δ}

I2 = {m ∈ N : f1 (q (tm,n (x− `))) > δ} .

For f1 (q (tm,n (x− `))) > δ,

f1 (q (tm,n (x− `))) < f1 (q (tm,n (x− `))) δ−1 < 1 +
[∣∣f1 (q (tm,n (x− `))) δ−1

∣∣]
where m ∈ I2 and [|u|] denotes the integer part of u. By the definition of f we have

for f1 (q (tm,n (x− `))) > δ,

f (f1 (q (tm,n (x− `)))) ≤
(
1 +

[∣∣f1 (q (tm,n (x− `))) δ−1
∣∣]) f (1)

≤ 2f (1) f1 (q (tm,n (x− `))) δ−1. (2.1)

For f1 (q (tm,n (x− `))) ≤ δ,

f (f1 (q (tm,n (x− `)))) < ε (2.2)

where m ∈ I1. By (2.1) and (2.2) we have

m−s [f (f1 (q (tm,n (x− `))))] ≤ m−sε +
[
2f (1) δ−1

]
Sm → 0. as m →

∞,uniformly n.

Hence ĉ (p, f1, q, s) ⊆ ĉ (p, f ◦ f1, q, s) .

(ii) The proof follows from the following inequality

m−s [(f1 + f2) (q (tm,n (x)))]pm ≤ Cm−s [f1 (q (tm,n (x)))]pm+Cm−s [f2 (q (tm,n (x)))]pm .

(iii), (iv) (v)and (vi) follow easily.

Corollary 2.1. Let f be a modulus function, then we have

(i) If s > 1, Z (p, q, s) ⊆ Z (p, f, q, s) ,

(ii) Z (p, f, q) ⊆ Z (p, f, q, s) ,

(iii) Z (p, q) ⊆ Z (p, q, s) ,

(iv) Z (f, q) ⊆ Z (f, q, s)
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where Z = m̂, ĉ and ĉ0.

The proof is straightforward.

Theorem 2.5. For any two sequences p = (pk) and r = (rk) of positive real numbers

and for any two seminorms q1 and q2 on X we have Z (p, f, q1, s)∩Z (r, f, q2, s) 6= ∅.

Proof. The proof follows from the fact that the zero element θ̄ belongs to

each of the classes of sequences involved in the intersection.

Theorem 2.6. For any two sequences p = (pm) and r = (rm) , we have ĉ0 (r, f, q, s) ⊆

ĉ0 (p, f, q, s) if and only if lim inf pm

rm
> 0.

Proof. If we take ym = f (q (tm,n (x))) for all m ∈ N, then using the same

technique of lemma 1 of Maddox [9], it is easy to prove the theorem.

Theorem 2.7. For any two sequences p = (pm) and r = (rm) , we have ĉ0 (r, f, q, s) =

ĉ0 (p, f, q, s) if and only if lim inf pm

rm
> 0 and lim inf rm

pm
> 0.

Theorem 2.8. Let 0 < pm ≤ rm ≤ 1 . Then m̂ (r, f, q, s) is closed subspace of

m̂ (p, f, q, s) .

Proof. Let x ∈ m̂ (r, f, q, s) . Then there exists a constant B > 1 such that

k−s [f (tm,n (x))]rm/M ≤ B for all m,n

and so

k−s [f (tm,n (x))]pm/M ≤ B for all m,n.

Thus x ∈ m̂ (p, f, q, s) . To show that m̂ (r, f, q, s) is closed, suppose that xi ∈

m̂ (r, f, q, s) and xi → x ∈ m̂ (p, f, q, s) . Then for every 0 < ε < 1, there exists

N such that for all m,n

k−s
[
f

(
tm,n

(
xi − x

))]pm/M ≤ B for all i > N.

Now

k−s
[
f

(
tm,n

(
xi − x

))]rm/M
< k−s

[
f

(
tm,n

(
xi − x

))]pm/M
< ε for all i > N.

Therefore x ∈ m̂ (r, f, q, s) . This completes the proof.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 3, September 2005

EINSTEIN EQUATIONS IN THE GEOMETRY OF SECOND ORDER

GH. ATANASIU N. VOICU

Abstract. In [7], R. Miron and Gh. Atanasiu wrote the Einstein equa-

tions of a metric structure G on the tangent bundle of order two, T 2M

(previously named ”2-osculator bundle” and denoted by Osc2M), endowed

with a nonlinear connection N and a linear connection D such that the

2-tangent structure J be absolutely parallel to D.

In the present paper, the authors determine the Einstein equa-

tions by making use of the concept of N -linear connection defined by Gh.

Atanasiu, [ 1], this is, a linear connection which is not neccesarily compati-

ble with J , but only preserves the distributions generated by the nonlinear

connection N .

1. The Tangent Bundle T 2M

Let M be a real n- dimensional manifold of class C∞,
(
T 2M,π2,M

)
its second

order tangent bundle and let T̃ 2M be the space T 2M without its null section. For a

point u ∈ T 2M , let (xa, y(1)a, y(2)a) be its coordinates in a local chart.

Let N be a nonlinear connection, [3, 8-13], and denote its coefficients by(
N
1

a
b , N

2

a
b

)
, a, b = 1, ..., n.Then, N determines the direct decomposition

TuT 2M = N0(u)⊕N1(u)⊕ V2(u), ∀u ∈ T 2M. (1)

Received by the editors: 15.09.2005.

2000 Mathematics Subject Classification. 53C60, 58 B20, 70 G45.

Key words and phrases. 2-tangent bundle, nonlinear connection, N-linear connection, Riemannian metric,

Ricci tensor, Einstein equations.
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The adapted basis to (1) is (δa, δ1a, δ2a) and its dual basis is

(dxa, δy(1)a, δy(2)a), where
δa =

δ

δxa
=

∂

∂xa
−N

1

c
a

∂

∂y(1)c
−N

2

c
a

∂

∂y(2)c

δ1a =
δ

δy(1)a
=

∂

∂y(1)a
−N

1

c
a

∂

∂y(2)c

δ2a =
∂

∂y(2)a
,

(2)

respectively, 
δy(1)a = dy(1)a + M

1

c
adxc

δy(2)a = dy(2)a + M
1

c
ady(1)c + M

2

c
adxc,

(3)

where M
1

c
a,M

2

c
a are the dual coefficients of the nonlinear connection N .

Then, a vector field X ∈ X
(
T 2M

)
is represented in the local adapted basis

as

X = X(0)aδa + X(1)aδ1a + X(2)aδ2a, (4)

with the three right terms (called d-vector fields) belonging to the distributions N,

N1 and V2 respectively.

A 1-form ω ∈ X ∗ (
T 2M

)
will be decomposed as

ω = ω(0)
a dxa + ω(1)

a δy(1)a + ω(2)
a δy(2)a.

Similarly, a tensor field T ∈ T r
s

(
T 2M

)
can be split with respect to (1) into compo-

nents ,which will be called d-tensor fields.

The F
(
T 2M

)
-linear mapping J : X

(
T 2M

)
→ X

(
T 2M

)
given by

J (δa) = δ1a, J (δ1a) = δ2a, J (δ2a) = 0 (5)

is called the 2-tangent structure on T 2M,[8-13].

2. N-linear connections. d-tensors of curvature

An N-linear connection D, [1], is a linear connection on T 2M, which pre-

serves by parallelism the distributions N,N1 and V2. Let us notice that an N -linear

connection, in the sense of the definition above, is not necessarily compatible to the
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2-tangent structure J (an N -linear connection which is also compatible to J is called,

[1], a JN-linear connection).

An N -linear connection is locally given by its coefficients

DΓ (N) =
(

L
(00)

a
bc, L

(10)

a
bc, L

(20)

a
bc, C

(01)

a
bc, C

(11)

a
bc, C

(21)

a
bc, C

(02)

a
bc, C

(12)

a
bc, C

(22)

a
bc

)
, (6)

where 
Dδcδb = L

(00)

a
bcδa, Dδcδ1b = L

(10)

a
bcδ1a, Dδcδ2b = L

(20)

a
bcδ2a

Dδ1c
δb = C

(01)

a
bcδa, Dδ1c

δ1b = C
(11)

a
bcδ1a, Dδ1c

δ2b = C
(21)

a
bcδ2a

Dδ2c
δb = C

(02)

a
bcδa, Dδ2c

δ1b = C
(12)

a
bcδ1a, Dδ2c

δ2b = C
(22)

a
bcδ2a

. (7)

In the particular case when D is J-compatible, we have

L
(00)

a
bc = L

(10)

a
bc = L

(20)

a
bc =: La

bc,

C
(01)

a
bc = C

(11)

a
bc = C

(21)

a
bc = C

(1)

a
bc,

C
(02)

a
bc = C

(12)

a
bc = C

(22)

a
bc = C

(2)

a
bc.

For an N -linear connection, let
D
0

H
XY = DXH Y H , D

0

V1
X Y = DXV1 Y H , D

0

V2
X Y = DXV2 Y H

D
β

H
XY = DXH Y Vβ , D

β

V1
X Y = DXV1 Y Vβ , D

β

V2
X Y = DXV2 Y Vβ ,

β = 1, 2.

D
α

H , D
α

V1 , D
α

V2 are called respectively, hα-, v1α- and v2α-covariant derivatives, α =

0, 1, 2. In local coordinates, for a d-tensor field

T = T a1...ar

b1...bs

(
x, y(1), y(2)

)
δa1 ⊗ ...⊗ δ2ar

⊗ dxb1 ⊗ ...⊗ δy(2)bs .

we have

D
α

H
XT = X(0)m T a1...ar

b1...bs|αm
δa1 ⊗ ...⊗ δ2ar

⊗ dxb1 ⊗ ...⊗ δy(2)bs ,
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where

T a1...ar

b1...bs|αm
= δmT a1...ar

b1...bs
+ L

(α0)

a1
hmTha2...ar

b1...bs
+ ... L

(α0)

ar

hmT
a1...ar−1h
b1...bs

−

− L
(α0)

h
b1mT a1...ar

hb2...bs
− ...− L

(α0)

h
bsmT a1...ar

b1...bs−1h.

and

D
α

Vβ

X T = X(1)m T a1...ar

b1...bs

(β)

| αm δa1 ⊗ ...⊗ δ2ar
⊗ dxb1 ⊗ ...⊗ δy(2)bs ,

where

T a1...ar

b1...bs

(β)

| αm = δβmT a1...ar

b1...bs
+ C

(αβ)

a1
hmTha2...ar

b1...bs
+ ... C

(αβ)

ar

hmT
a1...ar−1h
b1...bs

−

− C
(αβ)

h
b1mT a1...ar

hb2...bs
− ...− C

(αβ)

h
bsmT a1...ar

b1...bs−1h.

The curvature of the N -linear connection D,

R (X, Y ) Z = DXDY Z −DY DXZ −D[X,Y ]Z

is completely determined by its components (which are d-tensors) R (δγl, δβk) δαj .

Namely, the 2-forms of curvature of an N - linear connection are, [1],

Ω
(α)

a
b =

1
2

R
(0α)

a
b cddxc ∧ dxd + P

(1α)

a
b cddxc ∧ δy(1)d + P

(2α)

a
b cddxc ∧ δy(2)d + (8)

1
2

S
(1α)

a
b cdδy

(1)c ∧ δy(1)d + Q
(2α)

a
b cddy(1)c ∧ δy(2)d +

1
2

S
(2α)

a
b cdδy

(2)c ∧ δy(2)d,

α = 0, 1, 2, where the coefficients R
(0α)

a
b cd, P

(βα)

a
b cd, Q

(βα)

a
b cd, S

(βα)

a
b cd are d-tensors, named

the d-tensors of curvature of the N -linear connection D. For a JN - linear connection,

there holds

Ω
(0)

a
b = Ω

(1)

a
b = Ω

(2)

a
b,

this is,

R
(00)

a
b cd = R

(01)

a
b cd = R

(02)

a
b cd = R

(0)

a
b cd;

P
(β0)

a
b cd = P

(β1)

a
b cd = P

(β2)

a
b cd = P

(β)

a
b cd (9)
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Q
(20)

a
b cd = Q

(21)

a
b cd = Q

(22)

a
b cd = Q a

b cd

S
(β0)

a
b cd = S

(β1)

a
b cd = S

(β2)

a
b cd = S

(β)

a
b cd , β = 1, 2.

The detailed expressions of the d-tensors of curvature can be found in [1].

3. Metric structures on T 2M

A Riemannian metric on T 2M is a tensor field G of type (0, 2), which is

nondegenerate in each u ∈ T 2M and is positively defined on T 2M.

In this paper, we shall consider metrics in the form

G = g
(0)

abdxa ⊗ dxb + g
(1)

abδy
(1)a ⊗ δy(1)b + g

(2)
abδy

(2)a ⊗ δy(2)b, (10)

where g
(α)

ab = g
(α)

ab(x, y(1), y(2)); this is, such that the distributions N, N1 and V2

generated by the nonlinear connection N be orthogonal with respect to G.

An N -linear connection D is called a metrical N -linear connection if DXG =

0, ∀X ∈ X (T 2M).

This means

g
(α)

ab|αc = g
(α)

ab

β

|αc = 0, α = 0, 1, 2, β = 1, 2.

The existence of metrical N−linear connections is proved in [2].

4. The Ricci tensor Ric (D)

Let us notice that, if D is not J- compatible, we could expect that the com-

ponents of the Ricci tensor look in a more complicated way that the ones in the

Miron-Atanasiu theory, [7].

Indeed, if we consider the Ricci tensor Ric (D) ,[14], as the trace of the linear

operator

V 7→ R (V,X) Y, ∀V = V (0)aδa + V (1)aδ1a + V (2)aδ2a ∈ X
(
T 2M

)
, (11)
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then we have:

Ric (D) (X, Y ) = trace(V 7→ R
(
V H , X

)
Y + R

(
V V1 , X

)
Y +

+R
(
V V1 , X

)
Y ). (12)

By a straightforward calculus, we obtain:

Theorem 4.1. The Ricci tensor Ric (d) has the following components:

Ric (D)
(

δ

δxb
,

δ

δxa

)
= R

(00)

c
a bc =: Rab;

Ric (D)
(

δ

δy(1)b
,

δ

δxa

)
= − P

(10)

c
a cb =: −

2

P
(10)

ab;

Ric (D)
(

δ

δy(2)b
,

δ

δxa

)
= − P

(20)

c
a cb =: −

2

P
(20)

ab;

Ric (D)
(

δ

δxb
,

δ

δy(1)a

)
= P

(11)

c
a bc =:

1

P
(11)

ab;

Ric (D)
(

δ

δy(1)b
,

δ

δy(1)a

)
= S

(11)

c
a bc =: S

(1)
ab;

Ric (D)
(

δ

δy(2)b
,

δ

δy(1)a

)
= − Q

(21)

c
a cb =: −

2

Q
(21)

ab;

Ric (D)
(

δ

δxb
,

δ

δy(2)a

)
= P

(22)

c
a bc =:

1

P
(22)

ab;

Ric (D)
(

δ

δy(1)b
,

δ

δy(2)a

)
= Q

(22)

c
a bc =:

1

Q
(22)

ab;

Ric (D)
(

δ

δy(2)b
,

δ

δy(2)a

)
= S

(22)

c
a bc =: S

(2)
ab.

The Ricci scalar Sc (D) is, thus,

Sc (D) = gabRab + g
(1)

ab S
(1)

ab + g
(2)

ab S
(2)

ab, (13)

where gab, g
(1)

ab, g
(2)

ab are the coefficients of the inverse matrix of G.
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In the particular case of a JN -linear connection, taking into account (8′),

with the notations in [7], we have

1

P
(ββ)

ab =
1

P
(β)

ab,
2

P
(β0)

ab = P
(β)

ab,
1

Q
(22)

ab = P
(21)

1
ab (= Q c

a bc), (14)

2

Q
(21)

ab = P
(21)

2
ab (= Qc

a cb).

5. Einstein equations

The Einstein equations associated to the metrical N -linear connection D are

Ric (D)− 1
2
Sc (D)G = κT , (15)

where κ is a constant and T is the energy-momentum tensor, given by its components

T
(αβ)

ab = T (δβb, δαa)

Expressing the above relation in the adapted frame (2), we obtain

Theorem 5.1. The Einstein equations associated to the metrical N - linear connection

D are

Rab − 1
2Sc (D) gab = κ T

(00)ab

;

1

P
(ββ)

ab = κ T
(β0)

ab, β = 1, 2;
2

P
(β0)

ab = −κ T
(0β)

ab, β = 1, 2;

S
(β)

ab − 1
2Sc (D) g

(β)
ab = κ T

(ββ)
ab, α = 1, 2;

1

Q
(22)

ab = κ T
(21)

ab;

2

Q
(21)

ab = −κ T
(12)

ab.

In the case when D is a JN -linear connection, one obtains the result in [7].

In order to avoid confusions when raising and lowering indices, because of the

fact that the components gab, g
(1)

ab, g
(2)

ab are different, we will denote in the following

by i, j, ... the indices corresponding to the horizontal distribution, by a, b, ... those

corresponding to N1, and by p, q, ... those corresponding to V2. Thus, if we impose
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the condition that the divergence of the energy- momentum tensor vanish, in the

adapted frame we will obtain

Theorem 5.2. The law of conservation on T 2M endowed with the metrical N -linear

connection D is given by(
Ri

j −
1
2
Sc (D) δi

j

)
|i

+
1

P
(11)

a
j

(1)

| a −
2

P
(10)

a
j

(1)

| a +
1

P
(22)

p
j

(2)

| p −
2

P
(20)

p
j

(2)

| p= 0;

1

P
(11)

i
b|i −

2

P
(10)

i
b|i +

(
S
(1)

a
b −

1
2
Sc (D) δa

b

)
(1)

| a +
1

Q
(22)

p
b

(2)

| p −
2

Q
(21)

p
b

(2)

| p= 0;

1

P
(22)

i
p |i −

2

P
(20)

i
p|i +

1

Q
(22)

a
p

(2)

| a −
2

Q
(21)

a
p

(2)

| a +
(

S
(2)

a
b −

1
2
Sc (D) δp

q

)
(2)

| p= 0.

In the same way, one can deduce the Maxwell equations associated to the

metrical N -linear connection D.
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ITERATES OF SOME MULTIVARIATE APPROXIMATION
PROCESSES, VIA CONTRACTION PRINCIPLE

CLAUDIA BACOŢIU

Abstract. In this paper we study a general class of linear positive opera-

tors, using the theory of weakly Picard operators. The convergence of the

iterates of the defined operators will be proven.

1. Introduction

In [2] and [1] Agratini and Rus applied the theory of weakly Picard operators

to prove the convergence of iterates of a certain class of linear positive operators. In

some particular cases, these operators are well known approximation operators, such

as Bernstein or Stancu operators. In the above mentioned papers, the authors have

considered the univariate, respectivelly the bivariate cases. In the present paper we

give a generalization of these results to a class of linear positive operators defined on

C([0, 1]p), p ∈ N.

2. Weakly Picard operators

Let (X,→) be an L-space and A : X → X an operator. In this paper we will

use the following notations:

FA := {x ∈ X : A(x) = x};

I(A) := {Y ∈ P (X) : A(Y ) ⊂ Y };

A0 := 1X , An+1 := A ◦An ∀n ∈ N.
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Definition 2.1. (Rus [7]) The operator A is said to be:

(i) weakly Picard operator (WPO) if ∀x0 ∈ X An(x0) → x∗0, and the limit x∗0 is a

fixed point of A, which may depend on x0;

(ii) Picard operator (PO) if FA = {x∗} and ∀x0 ∈ X An(x0) → x∗.

If A is an WPO, we consider the operator A∞ defined by

A∞ : X → X, A∞(x) := lim
n→∞

An(x).

We have the next characterization theorem of WPOs:

Theorem 2.1. (Rus [7]) The operator A is WPO if and only if there exists a partition

of X, X =
⋃

λ∈Λ

Xλ such that:

(i) Xλ ∈ I(A), ∀λ ∈ Λ;

(ii) A|Xλ
: Xλ → Xλ is PO, ∀λ ∈ Λ.

3. Main results

Let p ≥ 1 be a fixed integer and

D := [0, 1]× [0, 1]× ...× [0, 1] = [0, 1]p.

C(D) = {f : D → R : f − continuous}.

We introduce the next notations: α〈0〉 := (0, 0, ..., 0) = 0Rp is the null vector. For all

k ∈ 1, p and for all 1 ≤ i1 < i2 < ... < ik ≤ p, denote by α
〈k〉
i1,i2,...,ik

the vector from

Rp defined as follows: on positions i1, i2, ..., ik the value 1 appears and on all other

positions the value 0 is displayed.

Mk := {(i1, i2, ..., ik) : 1 ≤ i1 < i2 < ... < ik ≤ p} ⊂ Nk ∀k ∈ 1, p

νD :=
{
α〈0〉

} ⋃ {
α
〈k〉
i1,i2,...,ik

: k ∈ 1, p and (i1, i2, ..., ik) ∈Mk

}
.

Denote by eα, α ∈ νD the test functions

eα : D → R+; eα(x1, x2, ..., xp) :=
p∏

k=1

xαk

k ∀(x1, x2, ..., xp) ∈ D,
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with the convention that, if in a component, αk is null, then xαk

k will be replaced by

1.

We notice that

Card(Mk) =

 p

k

 , ∀k = 1, p and Card(νD) =
p∑

k=0

 p

k

 = 2p := N.

Remark 3.1. Any α ∈ νD is α〈0〉 or there exist k ∈ 1, p and (i1, i2, ..., ik) ∈Mk such

that α = α
〈k〉
i1,i2,...,ik

.

Remark 3.2. Because Card(νD) = Card{1, 2, ..., N}, it follows that there exists a

bijective function

ω : νD → {1, 2, ..., N}.

More precisely:

- for k = 0 there exists a unique j ∈ 1, N such that ω(α〈0〉) = j and

- for any k ∈ 1, p and for any (i1, i2, ..., ik) ∈Mk there exists a unique j ∈ 1, N

such that ω(α〈k〉i1,i2,...,ik
) = j.

For all (m1,m2, ...,mp) ∈ Np consider the next p-dimensional net

∆k
mk

:= (0 = xk,mk,0 < xk,mk,1 < ... < xk,mk,mk
= 1) ∀k = 1, p.

We also consider the next systems of real positive functions

0 ≤ ψk,mk,i ∈ C[0, 1], ∀i = 0,mk ∀k = 1, p.

Let the next assumptions be satisfied:
mk∑
i=0

ψk,mk,i(x) = 1, ∀x ∈ [0, 1], ∀k = 1, p; (1)

mk∑
i=0

xk,mk,iψk,mk,i(x) = x, ∀x ∈ [0, 1], ∀k = 1, p; (2)

ψk,mk,0(0) = ψk,mk,mk
(1) = 1, ∀k = 1, p. (3)

We also introduce the next notation:

K := {0, 1, ...,m1} × {0, 1, ...,m2} × ...× {0, 1, ...,mp}.
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Clearly,

∂K = {(0, 0, ..., 0), (m1, 0, ..., 0), ..., (0, 0, ...,mp), ..., (m1,m2, ...,mp)} ⊂ Rp.

Notice that Card∂K = N and

(x1,m1,i1 , ..., xp,mp,ip
) ∈ νD, ∀(i1, ..., ip) ∈ ∂K. (4)

Let um1,...,mp : D → R be the function given by

um1,...,mp
(x1, ..., xp) :=

∑
(i1,...,ip)∈∂K

ψ1,m1,i1(x1)...ψp,mp,ip
(xp) (5)

and

σm1,...,mp
:= inf

{
um1,...,mp

(x1, ..., xp) : (x1, ..., xp) ∈ D
}
. (6)

We define now the operators:

Lm1,m2,...,mp : C(D) → C(D)

by

(Lm1,m2,...,mp
f)(x1, x2, ..., xp) :=

=
m1∑

i1=0

...

mk∑
ik=0

...

mp∑
ip=0

ψ1,m1,i1(x1)...ψk,mk,ik
(xk)...ψp,mp,ip

(xp)· (7)

·f(x1,m1,i1 , ..., xk,mk,ik
, ..., xp,mp,ip

)

for all f ∈ C(D), ∀(x1, x2, ..., xp) ∈ D.

Proposition 3.1. The operators Lm1,m2,...,mp
have the next properties:

(i) Lm1,m2,...,mp
(eα) = eα, for all α ∈ νD;

(ii) (Lm1,m2,...,mp
f)(α) = f(α), for all f ∈ C(D), ∀α ∈ νD;

(iii) Lm1,m2,...,mp are linear and positive.

Proof: The first statement follows from (1) and (2). The second follows from

(1) and (3). The last statement is obvious.�

For all Λ = (λ1, λ2, ..., λN ) ∈ RN , consider the sets

XΛ :=
{
f ∈ C(D) : f(α) := λω(α), ∀α ∈ νD

}
(8)
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Lemma 3.1. (i) For all Λ ∈ RN , the sets XΛ are closed in C(D);

(ii) XΛ ∈ I
(
Lm1,m2,...,mp

)
;

(iii) C(D) =
⋃

Λ∈RN

XΛ is a partition of the space C(D).

The main result is given by the next theorem.

Theorem 3.1. If σm1,...,mp
given by (6) is non-zero, then the operators Lm1,m2,...,mp

defined by (7) are WPOs and for all (m1,m2, ...,mp) ∈ Np, we have:

L∞m1,m2,...,mp
(f) = ϕ∗f , ∀f ∈ C(D).

The function ϕ∗f is defined by

ϕ∗f (x1, x2, ..., xp) = C0
0 +

∑
i1∈M1

C1
i1xi1 +

∑
(i1,i2)∈M2

C2
i1,i2xi1xi2 + ...+

+
∑

(i1,i2,...,ik)∈Mk

Ck
i1,i2,...,ik

xi1xi2 ...xik
+...+Cp

1,2,...,px1x2...xp ∀f ∈ C(D) ∀(x1, x2, ..., xp) ∈ D

where C0
0 and Ck

i1,i2,...,ik
, ∀k ∈ 1, p, ∀(i1, i2, ..., ik) ∈ Mk are real numbers which

depend of f , given by

C0
0 := f(α〈0〉);

Ck
i1,i2,...,ik

:= (−1)kf(α〈0〉) + (−1)k−1
k∑

s1=1

f(α〈1〉is1
) + (−1)k−2

∑
1≤s1<s2≤k

f(α〈2〉is1 ,is2
)+

+...+ (−1)k−l
∑

1≤s1<s2<...<sl≤k

f(α〈l〉is1 ,is2 ,...,isl
) + ...+ (−1)0f(α〈k〉i1,i2,...,ik

);

for all k ∈ 1, p, ∀(i1, i2, ..., ik) ∈Mk.

Proof: By virtue of Lemma 3.1, the sets XΛ are closed, XΛ ∈

I

(
Lm1,m2,...,mp

)
, and C(D) =

⋃
Λ∈RN

XΛ is a partition of the space C(D).

Denote by ‖ · ‖C(D) the Cebysev norm in C(D), i.e.

‖v‖C(D) := sup
(x1,...,xp)∈D

|v(x1, ..., xp)|, ∀v ∈ C(D).

For all Λ ∈ C(D) and for all f, g ∈ XΛ we have:

|(Lm1,m2,...,mp
f)(x1, x2, ..., xp)− (Lm1,m2,...,mp

g)(x1, x2, ..., xp)| =

=
∣∣∣ m1∑

i1=0

...

mk∑
ik=0

...

mp∑
ip=0

ψ1,m1,i1(x1)...ψk,mk,ik
(xk)...ψp,mp,ip

(xp)·
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·(f − g)(x1,m1,i1 , ..., xk,mk,ik
, ..., xp,mp,ip

)
∣∣∣ =

=
∣∣∣ ∑
(i1,...,ip)∈K

ψ1,m1,i1(x1)...ψp,mp,ip(xp) · (f − g)(x1,m1,i1 , ..., xp,mp,ip)
∣∣∣ ≤

≤
∣∣∣ ∑
(i1,...,ip)∈K−∂K

ψ1,m1,i1(x1)...ψp,mp,ip
(xp) · (f − g)(x1,m1,i1 , ..., xp,mp,ip

)
∣∣∣+

+
∣∣∣ ∑
(i1,...,ip)∈∂K

ψ1,m1,i1(x1)...ψp,mp,ip
(xp) · (f − g)(x1,m1,i1 , ..., xp,mp,ip

)
∣∣∣ (4)

=

=
∣∣∣ ∑
(i1,...,ip)∈K−∂K

ψ1,m1,i1(x1)...ψp,mp,ip(xp) · (f − g)(x1,m1,i1 , ..., xp,mp,ip)
∣∣∣ ≤

≤

 ∑
(i1,...,ip)∈K−∂K

ψ1,m1,i1(x1)...ψp,mp,ip
(xp)

 · ‖f − g‖C(D) =

=

 ∑
(i1,...,ip)∈K

ψ1,m1,i1(x1)...ψp,mp,ip(xp)−
∑

(i1,...,ip)∈∂K

ψ1,m1,i1(x1)...ψp,mp,ip(xp)

 ·
·‖f − g‖C(D)

(1)
=

1−
∑

(i1,...,ip)∈∂K

ψ1,m1,i1(x1)...ψp,mp,ip
(xp)

 · ‖f − g‖C(D)
(5)
=

=
[
1− um1,...,mp

(x1, ..., xp)
]
· ‖f − g‖C(D)

(6)

≤ (1− σm1,...,mp
) · ‖f − g‖C(D).

Because σm1,...,mp
in non-zero, the restrictions Lm1,m2,...,mp

|XΛ are contractions with

the same constant 1− σm1,...,mp ∈ [0, 1[. Consequently, they are POs.

It can be proven that for all Λ ∈ RN , ϕ∗f ∈ XΛ ∀f ∈ XΛ. For any Λ ∈ RN ,

the restriction Lm1,m2,...,mp
|XΛ has a unique fixed point which is ϕ∗f (it follows from

Proposition 3.1).

From Theorem 2.1 it follows that Lm1,m2,...,mp : C(D) → C(D) are WPOs. Besides,

for all f ∈ C(D), the limit operator is ϕ∗f . �

Remark 3.3. In the case p = 2 we have D = [0, 1]× [0, 1], N = 4,

α〈0〉 = (0, 0), α
〈1〉
1 = (1, 0), α

〈1〉
2 = (0, 1), α

〈2〉
1,2 = (1, 1)

and

νD = {(0, 0), (1, 0), (0, 1), (1, 1)}
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There exists a bijective function ω : νD → {1, 2, 3, 4}.

For all Λ := (λ1, λ2, λ3, λ4) ∈ R4 consider the sets:

XΛ := {f ∈ C(D) : f(0, 0) = λω(0,0), f(1, 0) = λω(1,0), f(0, 1) = λω(0,1), f(1, 1) = λω(1,1)}

For all m1 := m ∈ N, m2 := n ∈ N, the operators Lm,n are WPOs and

L∞m,n(f) = ϕ∗f , ∀f ∈ C(D)

where

ϕ∗f (x, y) = f(α〈0〉)︸ ︷︷ ︸
C0

0

+
(

[f(α〈1〉1 )− f(α〈0〉)]︸ ︷︷ ︸
C1

1

x+ [f(α〈1〉2 )− f(α〈0〉)]︸ ︷︷ ︸
C1

2

y

)
+

+
(
f(α〈0〉)− [f(α〈1〉1 ) + f(α〈1〉2 )] + f(α〈2〉1,2)

)
︸ ︷︷ ︸

C2
1,2

xy

So, we reobtain [1; Remark 1 - Theorem 9] in the particular case a1 = a2 = 0 and

b1 = b2 = 1.

4. Applications

4.1. Bernstein operators of (m1, ...,mp) order. For all (m1, ...,mp) ∈ Np consider

the next system of points:

∆k
mk

:=
(

0 =
0
mk

<
1
mk

< ... <
mk

mk
= 1

)
∀k = 1, p.

Let the functions ψk,mk,i be the fundamental polynomials of Bernstein

ψk,mk,i(x) := bmk,i(x) =

 mk

i

xi(1− x)mk−i ∀x ∈ [0, 1]

for all i = 0,mk, k = 1, p.

Then the polynomials Lm1,m2,...,mp
: C(D) → C(D) from (7) are the Bernstein poly-

nomials of (m1, ...,mp) order, given by

(Lm1,m2,...,mpf)(x1, x2, ..., xp) :=

=
m1∑

i1=0

...

mp∑
ip=0

bm1,i1(x1)...bmp,ip(xp) · f
(
i1
m1

, ...,
ip
mp

)
.
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The next theorem states the convergence of the iterates of the generalized Bernstein

operator.

Theorem 4.1. The Bernstein operators Lm1,m2,...,mp
are WPOs and

L∞m1,m2,...,mp
(f) = ϕ∗f , ∀f ∈ C(D)

with ϕ∗f as in Theorem 3.1.

Remark 4.1. In the particular case p = 2, m1 := m, m2 := n we reobtain the

estimation

λm,n =
1

2m+n−2

(see [1; §4.1.])

4.2. Stancu modified operators of (m1, ...,mp) order. For all (m1, ...,mp) ∈ Np

consider the systems of points: ∆k
mk
, k = 1, p as in the previous application.

The functions ψk,mk,i are the fundamental polynomials of Stancu:

ψk,mk,i(x) := wmk,i,αk
(x) =

 mk

i

x[i,−αk](1− x)[mk−i,−αk]

1[mk,−αk]
∀x ∈ [0, 1]

for all i = 0,mk, k = 1, p. αk are real positive numbers.

Then Lm1,m2,...,mp from (7) are the Stancu modified polynomials of (m1, ...,mp) order,

given by

(Lm1,m2,...,mp
f)(x1, x2, ..., xp) := (S〈α1,α2,...,αp〉

m1,m2,...,mp
f)(x1, x2, ..., xp) =

=
m1∑

i1=0

...

mp∑
ip=0

wm1,i1,α1(x1)...wmp,ip,αp(xp) · f
(
i1
m1

, ...,
ip
mp

)
The next theorem states the convergence of the iterates of the generalized Stancu

operators:

Theorem 4.2. The Stancu operators S〈α1,α2,...,αp〉
m1,m2,...,mp are WPOs and(

S〈α1,α2,...,αp〉
m1,m2,...,mp

)∞
(f) = ϕ∗f , ∀f ∈ C(D)

where ϕ∗ is as in Theorem 3.1.
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Remark 4.2. In the particular case p = 2, m1 := m, m2 := n we obtain:

λm,n ≥ 1
2m+n−2 · 1[m,−α1] · 1[n,−α2]

which is the estimation given in [1; §4.2.].
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 3, September 2005

TREE WAYS OF DEFINING THE BIVARIATE SHEPARD
OPERATOR OF LIDSTONE TYPE

TEODORA CĂTINAŞ

Abstract. In this paper they are given three possible definitions of the

bivariate Shepard operator of Lidstone type. Also, they are given error

estimations for the corresponding interpolation formulas.

1. First variant of the Shepard operator of Lidstone type

Let f be a real-valued function defined on X ⊂ R2, (xi, yi) ∈ X, i = 0, ..., N

some distinct points and ri (x, y), the distances between a given point (x, y) ∈ X and

the points (xi, yi) , i = 0, 1, ..., N .

First, we consider the original bivariate operator introduced by Shepard in

1968. This operator is defined by:

(SN,µf)(x, y) =
N∑

i=0

Ai(x, y)f(xi, yi), (1)

where

Ai (x, y) =

N∏
j=0
j 6=i

rµ
j (x, y)

N∑
k=0

N∏
j=0
j 6=k

rµ
j (x, y)

, (2)

with µ ∈ R+.

The functions Ai, i = 1, . . . , N have the cardinality properties:

Ai(xν , yν) = δiν , i, ν = 1, . . . , N,
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and
N∑

i=0

Ai (x, y) = 1. (3)

The main properties of SN,µ are:

1. the interpolation property:

(SN,µf) (xi, yi) = f (xi, yi) , i = 0, 1, . . . , N

2. the degree of exactness is:

dex (SN,µ) = 0.

Consider a, b, c, d ∈ R, a < b and c < d and let

∆ : a = x0 < x1 < . . . < xM+1 = b and ∆′ : c = y0 < y1 < . . . < yN+1 = d

denote uniform partitions of [a, b] and [c, d] with stepsizes h = (b − a)/(M + 1) and

l = (d− c)/(N + 1), respectively. Further, let ρ = ∆×∆′ be a rectangular partition

of [a, b]× [c, d].

In [4] it was introduced the bivariate Shepard operator of Lidstone type, using

the classical definition of the Shepard operator (1).

For a function f ∈ C2m−2[a, b], according to [1], the Lidstone interpolant uni-

quely exists and it is of the form

(L∆
mf)(x) =

M+1∑
i=0

m−1∑
µ=0

rm,i,µ(x)f (2µ)(xi), (4)

where rm,i,j , 0 ≤ i ≤ M + 1, 0 ≤ j ≤ m− 1 are satisfying

D2υrm,i,j(xµ) = δiµδ2υ,j , 0 ≤ µ ≤ N + 1, 0 ≤ υ ≤ m− 1. (5)

On the subinterval [xi, xi+1], 0 ≤ i ≤ M, the polynomial L∆
mf can be explicitly

expressed as

(L∆,i
m f)(x) := (L∆

mf)|[xi,xi+1](x) = (6)

=
m−1∑
k=0

[
Λk

(
xi+1−x

h

)
f (2k)(xi) + Λk

(
x−xi

h

)
f (2k)(xi+1)

]
h2k,

where Λk is the Lidstone polynomial of degree 2k + 1, k ∈ N. In analogous way it is

obtained the expression of L∆′,i
m f, corresponding to ∆′.
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For a function f ∈ C2m−2,2m−2([a, b] × [c, d]), the bivariate Lidstone

interpolant Lρ
mf uniquely exists and can be explicitly expressed as

(Lρ
mf)(x, y) =

M+1∑
i=0

m−1∑
µ=0

N+1∑
j=0

m−1∑
ν=0

rm,i,µ(x)rm,j,ν(y)f (2µ,2ν)(xi, yj), (7)

with rm,i,j , 0 ≤ i ≤ M + 1, 0 ≤ j ≤ m− 1 given by (5).

Lemma 1.1. [1] If f ∈ C2m−2,2m−2([a, b]× [c, d]) then

(Lρ
mf)(x, y) = (L∆

mL∆′

m f)(x, y) = (L∆′

m L∆
mf)(x, y).

Corollary 1.1. [1] For a function f ∈ C2m−2,2m−2([a, b] × [c, d]), from Lemma 1.1,

we have that

f − Lρ
mf = (f − L∆

mf) + L∆
m(f − L∆′

m f) (8)

= (f − L∆
mf) + [L∆

m(f − L∆′

m f)− (f − L∆′

m f)] + (f − L∆′

m f).

We recall that the k−th modulus of smoothness of f ∈ Lp[a, b], 0 < p < ∞,

or of f ∈ C[a, b], if p = ∞, is defined by (see, e.g., [11]):

ωk(f ; t)p = sup
0<h≤t

∥∥∆k
hf(x)

∥∥
p
,

where

∆k
hf(x) =

k∑
i=0

(−1)k+i
(
k
i

)
f(x + ih).

In what follows ‖·‖ detones the uniform norm over the corresponding interval.

We have some error bound for the bivariate Lidstone interpolation, that is

useful in what follows. It is obtained based on some results from [5].

Theorem 1.2. If f ∈ C2m−2,2m−2([a, b]× [c, d]) then

‖f − Lρ
mf‖ ≤

(
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[c,d]
ω2m

(
f(·, y); b−a

2m

)
(9)

+
(
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[c,d]
ω2m

(
(f − L∆′

m f)(·, y); b−a
2m

)
+

(
1 + ‖L∆′

m ‖
)
W2m max

x∈[a,b]
ω2m

(
f(x, ·); d−c

2m

)
,

where Wk is Whitney’s constant.
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The bivariate Shepard operator of Lidstone type is given by:

(SLif)(x, y) =
N∑

i=0

Ai(x, y)(Lρ,i
m f)(x, y), (10)

where Lρ,i
m f is the restriction of Lρ

mf , given by (7), to the subrectangle [xi, xi+1] ×

[yi, yi+1], 0 ≤ i ≤ N.

We have the bivariate Shepard-Lidstone interpolation formula,

f = SLif + RLif, (11)

where RLif is the remainder term.

Estimations of the remainder of this interpolation formula were obtained by

us in [4] and [5].

2. Second variant of the Shepard operator of Lidstone type

For a function f : [0, 1]×[0, 1] → R we consider the bivariate Shepard operator

as a tensor product [13]:

(SM,Nf)(x, y) =
M∑
i=0

N∑
j=0

si,λ(x)sj,µ(y)f
(

i
M , j

N

)
, (12)

where λ, µ > 1 and

si,λ(x) =

∣∣x− i
M

∣∣−λ

M∑
k=0

∣∣x− k
M

∣∣−λ
,

sj,µ(y) =

∣∣y − j
N

∣∣−µ

N∑
k=0

∣∣y − k
N

∣∣−µ
.

If we denote as in [13], by SM,λ(f, ·) the univariate Shepard operator regarding a

univariate function f we have that

(SM,Nf)(x, y) = SM,λ(f, x)SN,µ(f, y).
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For a function f ∈ C2m−2,2m−2(D), m ∈ N, the Shepard operator of Lidstone

type corresponding to (12), is defined by

(SLi
M,Nf)(x, y) =

M∑
i=0

N∑
j=0

si,λ(x)sj,µ(y)(Lρ,i,j
m f)

(
i

M , j
N

)
, (13)

where Lρ,i,j
m f is the restriction of Lρ

mf , given by (7), to the subrectangle [xi, xi+1]×

[yj , yj+1], 0 ≤ i ≤ M, 0 ≤ j ≤ N.

The corresponding interpolation formula is

f = SLi
M,Nf + RLi

M,Nf,

where RLi
M,Nf denotes the remainder.

Further we give some error bounds for this interpolation procedure. First,

we recall some known results.

Theorem 2.1. [5] If f ∈ C2m−2[a, b] then

‖f − SM,λ(f, x)‖ ≤ (1 +
∥∥L∆

m

∥∥)W2mω2m

(
f ; b−a

2m

)
. (14)

Theorem 2.2. For any f ∈ C2m−2,2m−2(D) and µ > 2 we have

∥∥f − SLi
M,Nf

∥∥ ≤ (
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[0,1]
ω2m

(
f(·, y); 1

2m

)
(15)

+
(
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[0,1]
ω2m

(
(f − L∆′

m f)(·, y); 1
2m

)
+

(
1 + ‖L∆′

m ‖
)
W2m max

x∈[0,1]
ω2m

(
f(x, ·); 1

2m

)
.

Proof. By Corollary 1.1 and taking into account (13) it follows that

∥∥f − SLi
M,Nf

∥∥
C[0,1]

= ‖f − SM,λf‖C[0,1]

+
∥∥∥(f − L∆′,i

m f)− SM,λ(f − L∆′,i
m f)

∥∥∥
C[0,1]

+ ‖f − SN,µf‖C[0,1] .

and from (14) we obtain (15).
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3. Third variant of the Shepard operator of Lidstone type

In [13] was introduce another type of the bivariate Shepard operator which has

good approximation properties and better global smoothness preservation properties

then that defined by (1). It is defined by

SM,N (f ;x, y) = TM,N (f ;x,y)
TM,N (1;x,y) ,

with µ > 0, f : D → R, D ⊂ R2, D = [0, 1]× [0, 1], xi = i/M, i = 0, ...,M ; yi = j/N,

j = 0, ..., N and

TM,N (f ;x, y) =
M∑
i=0

N∑
j=0

f(xi, yj)
[(x− xi)2 + (y − yj)2]µ

.

For a function f ∈ C2m−2,2m−2(D), m ∈ N, the corresponding Shepard

operator of Lidstone type is given by

(SLi
M,Nf)(x, y) = T Li

M,N (f ;x,y)

TM,N (1;x,y) , (16)

with

TLi
M,N (f ;x, y) =

M∑
i=0

N∑
j=0

(Lρ,i,j
m f)(xi,yj)

[(x−xi)2+(y−yj)2]µ
,

where Lρ,i,j
m f is the restriction of Lρ

mf , given by (7), to the subrectangle [xi, xi+1]×

[yj , yj+1], 0 ≤ i ≤ M, 0 ≤ j ≤ N.

Theorem 3.1. [13] For any f ∈ C(D) and µ > 3/2 we have

‖f − SM,N (f)‖ ≤ cω(f ; 1
M , 1

N ), (17)

where

ω(f ; δ, η) = sup{|f(x + h, y + k)− f(x, y)| : 0 ≤ h ≤ δ, 0 ≤ k ≤ η}.

Using Theorem 3.1 we can give some error bounds.
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Theorem 3.2. For any f ∈ C2m−2,2m−2(D) and µ > 3/2 we have∥∥f − SLi
M,Nf

∥∥ ≤cω(Lρ
mf ; 1

M , 1
N ) +

(
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[0,1]
ω2m

(
f(·, y); 1

2m

)
(18)

+
(
1 +

∥∥L∆
m

∥∥ )
W2m max

y∈[0,1]
ω2m

(
(f − L∆′

m f)(·, y); 1
2m

)
+

(
1 + ‖L∆′

m ‖
)
W2m max

x∈[0,1]
ω2m

(
f(x, ·); 1

2m

)
.

Proof. We have∥∥f − SLi
M,Nf

∥∥ ≤ ‖f − Lρ
mf‖+

∥∥Lρ
mf − SLi

M,Nf
∥∥

and by (16) and (17) we obtain∥∥f − SLi
M,Nf

∥∥ ≤ ‖f − Lρ
mf‖+ cω(Lρ

mf ; 1
M , 1

N ).

By (9) it follows (18).
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[9] Gh. Coman and R. Tr̂ımbiţaş, Combined Shepard univariate operators, East Jurnal on

Approximations, 7 (2001) no. 4, pp. 471–483.

[10] Gh. Coman and R. Tr̂ımbiţaş, Univariate Shepard-Birkhoff interpolation, Rev. Anal.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 3, September 2005

CONTINUATION METHODS FOR INTEGRAL EQUATIONS IN
LOCALLY CONVEX SPACES

A. CHIŞ

Abstract. The continuation method is used to investigate the existence

of solutions to integral equations in locally convex spaces.

1. Introduction

In this article we study the problem of the existence of solutions for the

Fredholm integral equation

x(t) =
∫ 1

0

K(t, s, x(s))ds, t ∈ [0, 1]. (1.1)

and the Volterra integral equation

x(t) =
∫ t

0

K(t, s, x(s))ds, t ∈ [0, 1] (1.2)

where the functions x,K have values in a locally convex space.

In paper [2] the above equations are studied using fixed point theorems for

self-maps. Our approach is based on the continuation method.

The results presented in this paper extend and complement those in [2]-[5].

We finish this section by stating the main result from [1] which will be used

in the next section.

Received by the editors: 8.09.2005.

2000 Mathematics Subject Classification. 45B05, 45D05.

Key words and phrases. Integral equations, locally convex spaces, Banach spaces, Volterra integral equa-

tions, Fredholm integral equations.
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For a map H : D × [0, 1] → X, where D ⊂ X, we will use the following

notations:
Σ = {(x, λ) ∈ D × [0, 1] : H(x, λ) = x},

S = {x ∈ D : H(x, λ) = x for some λ ∈ [0, 1]},

Λ = {λ ∈ [0, 1] : H(x, λ) = x for some x ∈ D}.

(1.3)

Theorem 1.1. Let X be a set endowed with the separating gauge structures P =

{pα}α∈A and Qλ = {qλβ}β∈B for λ ∈ [0, 1]. Let D ⊂ X be P-sequentially closed,

H : D × [0, 1] → X a map, and assume that the following conditions are satisfies:

(i) for each λ ∈ [0, 1], there exists a function ϕλ : B → B and aλ ∈ [0, 1)B,

aλ = {aλβ}β∈B such that

qλβ(H(x, λ),H(y, λ)) ≤ aλβq
λ
ϕλ(β)(x, y), (1.4)

∞∑
n=1

aλβa
λ
ϕλ(β)a

λ
ϕ2

λ(β)...a
λ
ϕn−1

λ (β)
qλϕn

λ(β)(x, y) <∞ (1.5)

for every β ∈ B and x, y ∈ D;

(ii) there exists ρ > 0 such that for each (x, λ) ∈ Σ, there is a β ∈ B with

inf{qλβ(x, y) : y ∈ X\D} > ρ; (1.6)

(iii) for each λ ∈ [0, 1], there is a function ψ : A → B and c ∈ (0,∞)A,

c = {cα}α∈A such that

pα(x, y) ≤ cαq
λ
ψ(α)(x, y) for all α ∈ A and x, y ∈ X; (1.7)

(iv) (X,P) is a sequentially complete gauge space;

(v) if λ ∈ [0, 1], x0 ∈ D,xn = H(xn−1, λ) for n = 1, 2, ..., and P-limn→∞ xn =

x, then H(x, λ) = x;

(vi) for every ε > 0, there exists δ = δ(ε) > 0 with

qλϕn
λ(β)(x,H(x, λ)) ≤ (1− aλϕn

λ(β))ε

for (x, µ) ∈ Σ, |λ− µ| ≤ δ, all β ∈ B, and n ∈ N.

In addition, assume that H0 := H(., 0) has a fixed point. Then, for each

λ ∈ [0, 1], the map Hλ := H(., λ) has a unique fixed point.
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Remark 1.2. Notice that, by condition (ii) we have: for each (x, λ) ∈ Σ, there is a

β ∈ B such that the set

B(x, λ, β) = {y ∈ X : qλϕn
λ(β)(x, y) ≤ ρ, ∀n ∈ N} ⊂ D. (1.8)

The proof of Theorem 1.1, in [1], shows that the contraction condition (1.4)

given on D, can be asked only on sets of the form (1.8), more exactely for (x, λ) ∈ Σ

and y ∈ B(x, λ, β).

2. Existence Results

This section contains existence results for the equations (1.1) and (1.2).

Theorem 2.1. Let E be a locally convex space, Hausdorff separated, complete by

sequences, with the topology defined by the saturated and sufficient set of semi-norms

{|.|α , α ∈ A} and let δ > 0 be a fixed number. Assume that the following conditions

are satisfied:

(1) K : [0, 1]2 × E → E is continuous;

(2) there exists r = {rα}α∈A such that, any solution x of the equation

x(t) = λ

∫ 1

0

K(t, s, x(s))ds, t ∈ [0, 1], (2.9)

for some λ ∈ [0, 1] satisfies |x(t)|α ≤ rα, for all t ∈ [0, 1] and α ∈ A;

(3) there exists {Lα}α∈A ∈ [0, 1)A such that

|K(t, s, x)−K(t, s, y)|α ≤ Lα |x− y|f(α) (2.10)

whenever α ∈ A,for all t, s ∈ [0, 1] and x, y ∈ Er where Er = {x ∈ E : there exists

α ∈ A such that |x|α ≤ rα + δ};

(4)
∞∑
n=0

LαLf(α)...Lfn(α) <∞ (2.11)

for every α ∈ A;

(5) for every α ∈ A and for each continuous function g : [0, 1] → E one has

sup{|g(t)|fn(α) : t ∈ [0, 1], n = 0, 1, 2, ...} <∞;
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(6) there exists C with 0 < C ≤
1− Lfn(α)

Mfn(α)
for all α ∈ A and n ∈ N, where

Mα := sup
t,s∈[0,1],

|x|f(α)≤rf(α)

|K(t, s, x)|α.

Then problem (1.1) has a solution.

Notice that Mα <∞. Indeed, from (2.10) we have

|K(t, s, x)|α ≤ |K(t, s, x)−K(t, s, 0)|α + |K(t, s, 0)|α

≤ Lαrf(α) + max
t,s∈[0,1]

|K(t, s, 0)|α <∞

for all t, s ∈ [0, 1] and x ∈ E with |x|f(α) ≤ rf(α).

Proof. We shall apply Theorem 1.1. Let X = C([0, 1], E). For each α ∈ A we define

the map dα : X ×X → R+, by

dα(x, y) = max
t∈[0,1]

|x(t)− y(t)|α .

It is easy to show that dα is a pseudo-metric on X and the family {dα}α∈A defines

on X a gauge structure, separated and complete by sequences.

Here P = Qλ = {dα}α∈A for every λ ∈ [0, 1]. Let D be the closure in X of

the set

{x ∈ X : dα(x, 0) ≤ rα + δ for some α ∈ A}.

We define H : D × [0, 1] → X, by H(x, λ) = λA(x) , where

A(x)(t) =
∫ 1

0

K(t, s, x(s))ds.

In what follows we shall check conditions (i)-(vi) in Theorem 1.1. We shall

start with condition (ii) by technical reason.

Condition (ii) becomes: there exists ρ > 0 such that for each solution (x, λ) ∈

D × [0, 1], of x = H(x, λ), there is an α ∈ A with

inf{dα(x, y) : y ∈ X\D} > ρ.
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To prove this, let us note that if y ∈ X\D, one has dα(y, 0) > rα+δ for every

α ∈ A. Consequently, for at least one t ∈ [0, 1],

|x(t)− y(t)|α ≥ |y(t)|α − |x(t)|α > rα + δ − rα = δ.

Then dα(x, y) > δ. Hence (ii) holds for any ρ ∈ (0, δ).

Condition (i) becomes: for each α ∈ A there exists f(α) ∈ A and Lα ∈ [0, 1)

such that

dα(H(x, λ),H(y, λ)) ≤ Lαdf(α)(x, y), (2.12)

∞∑
n=1

LαLf(α)...Lfn−1(α)dfn(α)(x, y) <∞, (2.13)

for all x, y ∈ D.

According to Remark 1.2, it suffices to have (2.12) on sets of the form (1.8).

Let (x, λ) ∈ D × [0, 1], such that H(x, λ) = x, and let β ∈ A. The set B(x, λ, β) :=

{y ∈ X : dfn(β)(x, y) ≤ ρ, ∀ n ∈ N} is included in D. From the fact that H(x, λ) = x

it follows that |x(t)|α ≤ rα, for every t ∈ [0, 1] and α ∈ A; from y ∈ B(x, λ, β) it

follows that |y(t)|β ≤ rβ + δ, for every t ∈ [0, 1].

Then for x with H(x, λ) = x and y ∈ B(x, λ, β) we have

|H(x, λ)(t)−H(y, λ)(t)|α = λ

∣∣∣∣∫ 1

0

(K(t, s, x(s))−K(t, s, y(s))) ds
∣∣∣∣
α

≤ λ

∫ 1

0

|K(t, s, x(s))−K(t, s, y(s))|α ds

≤ λ

∫ 1

0

Lα |x(s)− y(s)|f(α) ds

≤ λLα max
t∈[0,1]

|x(s)− y(s)|f(α)

= λLαdf(α)(x, y)

≤ Lαdf(α)(x, y).

Then maxt∈[0,1] |H(x, λ)(t)−H(y, λ)(t)|α ≤ Lαdf(α)(x, y), that is (2.12).

Now (2.13) follows from (4) and (5).

Condition (iii) is trivial since P = Qλ.
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Condition (iv): (X, {dα}α∈A) is a sequentially complete gauge space since E

is complete by sequences.

Condition (v): Let λ ∈ [0, 1], x0 ∈ D, xn = H(xn−1, λ) for n = 1, 2, ... and

assume P- lim
n→∞

xn = x. We wish to obtain that H(x, λ) = x.

We have

|H(x, λ)(t)− x(t)|α = |H(x, λ)(t)− xn(t) + xn(t)− x(t)|α

≤ |H(x, λ)(t)− xn(t)|α + |xn(t)− x(t)|α

= |H(x, λ)(t)−H(xn−1, λ)(t)|α + |xn(t)− x(t)|α

≤
∫ 1

0

Lα |x(s)− xn−1(s)|f(α) ds+ |xn(t)− x(t)|α

≤ Lα max
s∈[0,1]

|x(s)− xn−1(s)|f(α) + sup
t∈[0,1]

|xn(t)− x(t)|α

= Lαdf(α)(xn−1, x) + dα(xn, x).

Passing to the supremum we obtain

dα(H(x, λ), x) ≤ Lαdf(α)(xn−1, x) + dα(xn, x).

Letting n→∞, we deduce dα(H(x, λ), x) = 0.Since this equality is true for all α ∈ A

and {dα}α∈A is separated, we have H(x, λ) = x as we wished.

Condition (vi) becomes: for every ε > 0, there exists δ = δ(ε) > 0 such that

dfn(α)(x,H(x, λ)) ≤ (1− Lfn(α))ε

whenever (x, µ) ∈ D × [0, 1], H(x, µ) = x, |λ− µ| ≤ δ, α ∈ A and n ∈ N.
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Indeed, using (2) and (6) we obtain

|x(t)−H(x, λ)(t)|fn(α) = |H(x, µ)(t)−H(x, λ)(t)|fn(α)

= |µ− λ|
∣∣∣∣∫ 1

0

K(t, s, x(s))ds
∣∣∣∣
fn(α)

≤ |µ− λ|
∫ 1

0

|K(t, s, x(s))|fn(α) ds

≤ |µ− λ|Mfn(α)

≤ |µ− λ|
1− Lfn(α)

C
.

So condition (vi) is true with δ(ε) = Cε.

In addition H(., 0) = 0 ·A(.) = 0. Hence H(., 0) has a fixed point.

Thus all the assumptions of Theorem 1.1 are satisfied and the proof is com-

pleted.

In Banach space, Theorem 2.1 becomes the following well-known result.

Corollary 2.2. Let (E, |.|) be a Banach space. Assume that the following conditions

are satisfied:

(1) K : [0, 1]2 × E → E is continuous;

(2) there exists r > 0 such that, any solution x of the equation

x(t) = λ

∫ 1

0

K(t, s, x(s))ds, t ∈ [0, 1], (2.14)

for some λ ∈ [0, 1] satisfies |x(t)| < r, for all t ∈ [0, 1] and any λ ∈ [0, 1];

(3) there exists L ∈ [0, 1) such that

|K(t, s, x)−K(t, s, y)| ≤ L |x− y| (2.15)

for all t, s ∈ [0, 1] and x, y ∈ E with |x| , |y| ≤ r.

Then problem (1.1) has a solution.

Notice that an analogue result is true for Volterra integral equation (1.2).
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In particular, we obtain an existence principle for the initial value problem x′(t) = K(t, x(t)) t ∈ [0, 1]

x(0) = 0
(2.16)

is equivalent to the integral equation

x(t) =
∫ t

0

K(s, x(s))ds, t ∈ [0, 1] (2.17)

for which the following result holds.

Theorem 2.3. Let E be a locally convex space, Hausdorff separated, complete by the

sequences, with the topology defined by the saturated and sufficient set of semi-norms

{|.|α , α ∈ A} and let δ > 0 be a fixed number. Assume that the following conditions

are satisfied:

(1) K : [0, 1]× E → E is continuous;

(2) there exists r = {rα}α∈A such that, any solution x of the equation

x(t) = λ

∫ t

0

K(s, x(s))ds t ∈ [0, 1]

for some λ ∈ [0, 1] satisfies |x(t)|α ≤ rα, for all t ∈ [0, 1] and α ∈ A;

(3) there exists {Lα}α∈A ∈ [0, 1)A such that

|K(t, x)−K(t, y)|α ≤ Lα |x− y|f(α)

whenever α ∈ A, for all t ∈ [0, 1] and x, y ∈ Er;

(4)
∑∞
n=0 LαLf(α)...Lfn(α) <∞, for every α ∈ A;

(5)for every α ∈ A and for each continuous function g : [0, 1] → E, one has

sup{|g(t)|fn(α) : t ∈ [0, 1], n = 0, 1, 2, ...} <∞;

(6) there exists C with 0 < C ≤
1− Lfn(α)

Mfn(α)
, for all α ∈ A and n ∈ N, where

Mα := sup
t∈[0,1],

|x|f(α)≤rf(α)

|K(t, x)|α .

Then, the problem (2.17) has a solution.

The next theorem is concerning with the ”a priori” boundedness condition

(2).
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Theorem 2.4. Assume K : [0, 1] × E → E is continuous. In addition assume that

for each α ∈ A, there exists βα ∈ C([0, 1],R+) and ψα : R+ → (0,∞) nondecreasing

with 1
ψα

∈ L1
loc(R+) such that

|K(t, x)|α ≤ βα(t)ψα(|x|α), for x ∈ E, t ∈ [0, 1] (2.18)

and ∫ ∞

0

dτ

ψα(τ)
>

∫ 1

0

βα(s)ds. (2.19)

Then condition (2) in Theorem 2.3 is satisfied..

Proof. Let x be any solution of the problem x′(t) = λK(t, x(t)), t ∈ [0, 1]

x(0) = 0

for some λ ∈ [0, 1], and let α ∈ A by arbitrary. Then

x(t) = λ

∫ t

0

K(s, x(s))ds, t ∈ [0, 1]

and so

|x(t)|α ≤ λ

∫ t

0

|K(s, x(s))|α ds = λ

∫ t

0

|x′(s)|α ds.

Let wα(t) =
∫ t
0
|x′(s)|α ds. Then |x(t)|α ≤ wα(t) on [0, 1]. Using (2.18) we obtain

w′α(t) = |x′(t)|α = λ |K(t, x(t))|α ≤ λβα(t)ψα(|x(t)|α) ≤ λβα(t)ψα(wα(t))

on [0, 1]. Next
w′α(t)

ψα(wα(t))
≤ λβα(t) ≤ βα(t)

and ∫ t

0

w′α(s)
ψα(wα(s))

ds ≤
∫ t

0

βα(s)ds ≤
∫ 1

0

βα(s)ds.

Make the following change of variable wα(s) = τ and use (2.19) to derive∫ wα(t)

0

dτ

ψa(τ)
≤

∫ 1

0

βα(s)ds <
∫ ∞

0

dτ

ψα(τ)
.

The last inequality implies that there exists rα < ∞ such that wα(t) ≤ rα for every

t ∈ [0, 1]. Hence |x(t)|α ≤ rα, for every t ∈ [0, 1].Therefore (2) holds.

73



A. CHIŞ

A better existence result is true for the Volterra integral equation

x(t) =
∫ t

0

K(t, s, x(s))ds, t ∈ [0, 1]. (2.20)

Theorem 2.5. Let E be a locally convex space, Hausdorff separated, complete by the

sequences, with the topology defined by the saturated and sufficient set of semi-norms

{|.|α : α ∈ A} and let δ > 0 a fixed number. Assume that the following conditions are

satisfied:

(1) K : [0, 1]2 × E → E is continuous;

(2) there exists r = {rα}α∈A such that each solution x of the equation

x(t) = λ

∫ t

0

K(t, s, x(s))ds, t ∈ [0, 1]

for some λ ∈ [0, 1] satisfies |x(t)|α ≤ rα, for all t ∈ [0, 1] and α ∈ A;

(3) there exists {Lα}α∈A ∈ (0,∞)A such that

|K(t, s, x)−K(t, s, y)|β ≤ Lα |x− y|f(β) for every β ∈ Oα

whenever α ∈ A; t, s ∈ [0, 1] and x, y ∈ Er; here Oα := {α, f(α), f2(α), ...};

(4) for every α ∈ A and for each continuos function g : [0, 1] → E one has

sup{|g(t)|fn(α) : t ∈ [0, 1], n = 0, 1, 2, ...} <∞;

(5) sup
n
Mfn(α) <∞, for every α ∈ A.

Then problem (2.20) has a solution.

Proof. We also apply Theorem 1.1. Let X = C([0, 1], E). We define the applications

‖.‖α : X → R+ by

‖x‖α = max
t∈[0,1]

(
|x(t)|α e

−θαt
)

where θα > 0 will we precised in what follows. This applications are semi-norms on

the linear space X, and the family {‖.‖α}α∈A defines on X a structure of a locally

convex space, separated, complete by sequences.

Let a < 1. For each α ∈ A and θα > 0, we define the pseudo-metric dα :

X ×X → R+, by

dα(x, y) = ‖x− y‖α .
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Here again P = Qλ = {dα}α∈A for all λ ∈ [0, 1]. Let D be the closure of

{x ∈ X : there is α ∈ A with dα(x, 0) ≤ rα + δ}.

We define H : D × [0, 1] → X, by H(x, λ) = λA(x) , where

A(x)(t) =
∫ t

0

K(t, s, x(s))ds.

Now we check conditions (i)-(vi) from Theorem 1.1.

First we check condition (ii): For any y ∈ X\D one has dα(y, 0) > rα + δ for

every α ∈ A. Then for at least one t ∈ [0, 1], we have

|x(t)− y(t)|α e
−θαt ≥ (|y(t)|α − |x(t)|α)e−θαt

= |y(t)|α e
−θαt − |x(t)|α e

−θαt

≥ dα(y, 0)− dα(x, 0)

> rα + δ − rα = δ.

Then dα(x, y) > δ for all y ∈ X\D. So inf{dα(x, y) : y ∈ X\D} > ρ for any

ρ ∈ (0, δ).

Condition (i): Using the statements made in Remark 1.2,we will check the

condition (1.4) on sets of the form (1.8). Let (x, λ) ∈ D×[0, 1], such that H(x, λ) = x,

and let β ∈ A. The set B(x, λ, β) := {y ∈ X : dfn(β)(x, y) ≤ ρ, ∀ n ∈ N} is

included in D. From the fact that H(x, λ) = x it follows that |x(t)|α e−θαt ≤ rα,

for every t ∈ [0, 1], every α ∈ A and θα > 0; from y ∈ B(x, λ, β) it follows that

|y(t)|β e−θβt ≤ rβ + δ, for every t ∈ [0, 1] and θβ > 0.
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Let x with H(x, λ) = x and y ∈ B(x, λ, β). Then for γ ∈ Oβ we have

|H(x, λ)(t)−H(y, λ)(t)|γ = λ

∣∣∣∣∫ t

0

(K(t, s, x(s))−K(t, s, y(s))) ds
∣∣∣∣
γ

≤ λ

∫ t

0

|K(t, s, x(s))−K(t, s, y(s))|γ ds

≤ λ

∫ t

0

Lβ |x(s)− y(s)|f(γ) e
−θβseθβsds

≤ λLβ max
t∈[0,1]

(
|x(s)− y(s)|f(γ) e

−θβs
) ∫ t

0

eθβsds

= λLβdf(γ)(x, y)
∫ t

0

eθβsds

≤ Lβ
θβ
df(γ)(x, y)eθβt.

So we have

|H(x, λ)(t)−H(y, λ)(t)|β e
−θβt ≤ Lβ

θβ
df(γ)(x, y).

Consequently

dγ(H(x, λ),H(y, λ)) ≤ Lβ
θ
df(γ)(x, y).

We choose θα > 0 large enough that

Lα
θα

≤ a

and

Lα + sup
n
Mfn(α) ≤ θα (2.21)

for all α ∈ A.

For each α ∈ A series (1.5) is dominated by the convergent series
∞∑
n=0

an

which obviously is convergent. This together with condition (4) guarantees condition

(i) from Theorem 1.1.

For condition (iii) and condition (iv) see the proff of Theorem 2.1.
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Condition (v): We have

|H(x, λ)(t)− x(t)|α = |H(x, λ)(t)− xn(t) + xn(t)− x(t)|α

≤ |H(x, λ)(t)− xn(t)|α + |xn(t)− x(t)|α

= |H(x, λ)(t)−H(xn−1, λ)(t)|α + |xn(t)− x(t)|α

≤
∫ t

0

Lα |x(s)− xn−1(s)|f(α) e
−θαseθαsds+ |xn(t)− x(t)|α

≤ Lα max
s∈[0,1]

(
|x(s)− xn−1(s)|f(α) e

−θαs
) ∫ t

0

eθαsds+

+ |xn(t)− x(t)|α ≤
Lα
θα
df(α)(xn−1, x)eθαt + |xn(t)− x(t)|α .

Hence

|H(x, λ)(t)− x(t)|α ≤
Lα
θα
df(α)(xn−1, x)eθαt + |xn(t)− x(t)|α .

If we multiply by e−θαt, we obtain

|H(x, λ)(t)− x(t)|α e
−θαt ≤ df(α)(xn−1, x) + |xn(t)− x(t)|α e

−θαt.

Taking the supremum into the above inequality, we obtain

dα(H(x, λ), x) ≤ df(α)(xn−1, x) + dα(xn, x).

Letting n→∞, we deduce that dα(H(x, λ), x) = 0 and so H(x, λ) = x.

Condition (vi) From

|x(t)−H(x, λ)(t)|fn(α) = |H(x, µ)(t)−H(x, λ)(t)|fn(α)

= |µ− λ|
∣∣∣∣∫ t

0

K(t, s, x(s))ds
∣∣∣∣
fn(α)

≤ |µ− λ|
∫ t

0

|K(t, s, x(s))|fn(α) e
−θαseθαsds

≤ |µ− λ|Mfn(α)

∫ t

0

eθαsds.

we obtain

|x(t)−H(x, λ)(t)|fn(α) ≤ |µ− λ|
Mfn(α)

θα
eθαt,
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and using (2.21) we deduce

|x(t)−H(x, λ)(t)|fn(α) e
−θαt ≤ |µ− λ|

Mfn(α)

θα
≤ |µ− λ|

(
1− Lα

θα

)
.

So condition(vi) is true for δ = ε.

In addition H(., 0) = 0 · A(.) = 0. Hence H(., 0) has a fixed point. Thus

Theorem (1.1), applies.

In case that f : A → A is the identity map, Theorem 2.5 reduces to the

following result.

Theorem 2.6. Let E be a locally convex space, Hausdorff separated ,complete by the

sequences, with the topology defined by the saturated and sufficient set of semi-norms

{|.|α , α ∈ A} and δ > 0 a fixed number. Assume that the following conditions are

satisfied:

(1) K : [0, 1]2 × E → E is continuous;

(2) there exists r = {rα}α∈A such that, each solution x of the problems

x(t) = λ

∫ t

0

K(t, s, x(s))ds

has the property |x(t)|α ≤ rα, for all t ∈ [0, 1], α ∈ A and every λ ∈ [0, 1];

(3)there exists Lα > 0 such that

|K(t, s, x)−K(t, s, y)|α ≤ Lα |x− y|fα

whenever α ∈ A, for all t, s ∈ [0, 1], and x, y ∈ Er;

Then, the problem (2.20) has a solution.
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume L, Number 3, September 2005

DATA DEPENDENCE FOR SOME INTEGRAL EQUATIONS VIA
WEAKLY PICARD OPERATORS

ION MARIAN OLARU

Abstract. In this paper we study data dependence for the following inte-

gral equation:

u(x) = h(x, u(0)) +

x1∫
0

· · ·
xm∫
0

K(x, s, u(θ1s1, · · · , θmsm))ds,

x ∈
m∏

i=1

[0, bi], θi ∈ (0, 1), (∀)i = 1, m

by using c-WPOs.

1. Introduction

Let (X, d) be a metric space and A : X → X an operator. We shall use the

following notations:

FA := {x ∈ X | A(x) = x} the fixed points set of A.

I(A) := {Y ∈ P (X) | A(Y ) ⊂ Y } the family of the nonempty invariant subsets of A.

An+1 = A ◦An, A0 = 1X , A1 = A,n ∈ N.

Definition 1.1. [1] An operator A is weakly Picard operator (WPO) if the sequence

(An(x))n∈N

converges, for all x ∈ X and the limit (which depend on x ) is a fixed point of A.

Definition 1.2. [1] If the operator A is WPO and FA = {x∗} then by definition A

is Picard operator.
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Definition 1.3. [1] If A is WPO, then we consider the operator

A∞ : X → X, A∞(x) = lim
n→∞

An(x).

We remark that A∞(X) = FA.

Definition 1.4. [1] Let be A an WPO and c > 0. The operator A is c-WPO if

d(x,A∞(x)) ≤ c · d(x,A(x)).

We have the following characterization of the WPOs:

Theorem 1.1. [1]Let (X, d) be a metric space and A : X → X an operator. The

operator A is WPO (c-WPO) if and only if there exists a partition of X,

X =
⋃
λ∈Λ

Xλ

such that

(a) Xλ ∈ I(A)

(b) A | Xλ : Xλ → Xλ is a Picard (c-Picard) operator, for all λ ∈ Λ.

For the class of c-WPOs we have the following data dependence result:

Theorem 1.2. [1] Let (X, d) be a metric space and Ai : X → X, i = 1, 2 operators.

We suppose that:

(i) the operator Ai is ci −WPO, i = 1, 2.

(ii) there exists η > 0 such that

d(A1(x), A2(x)) ≤ η, (∀)x ∈ X.

Then

H(FA1 , FA2) ≤ η max{c1, c2}.

Here stands for Hausdorff-Pompeiu functional.

We have:
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Lemma 1.1. [1], [3] Let (X, d,≤) be an ordered metric space and A : X → X an

operator such that:

a) A is monotone increasing.

b) A is WPO.

Then the operator A∞ is monotone increasing.

Lemma 1.2. [1], [3] Let (X, d,≤) be an ordered metric space and A,B,C : X → X

such that :

(i) A ≤ B ≤ C.

(ii) the operators A,B,C are WPOs.

(iii) the operator B is monotone increasing.

Then

x ≤ y ≤ z =⇒ A∞(x) ≤ B∞(y) ≤ C∞(z).

2. Main results

Data dependence for functional integral equations was studied [1], [2], [3]. In

what follows we consider the integral equation

u(x) = h(x, u(0)) +

x1∫
0

· · ·
xm∫
0

K(x, s, u(θ1s, · · · , θms))ds, (1)

where

x ∈
m∏

i=1

[0, bi], θi ∈ (0, 1), (∀)i = 1,m.

We denote D =
m∏

i=1

[0, bi] .

Theorem 2.1. We suppose that:

(i) h ∈ C(D ×R) and K ∈ C(D ×D ×R).

(ii) h(0, α) = α, (∀)α ∈ R.

(iii) there exists LK > 0 such that

|K(x, s, u1)−K(x, s, u2)| ≤ LK |u1 − u2|,
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for all x, s ∈ D and u1, u2 ∈ R.

In these conditions the equation (1) has in C(D) an infinity of solutions.

Moreover if

(iv) h(x, ·) and K(x, s, ·) are monotone increasing for all x, s ∈ D

then if u and v are solutions of the equation (1) such that u(0) ≤ v(0) we have u ≤ v.

Proof. Consider the operator

A : (C(D), ‖·‖B) → (C(D), ‖·‖B),

A(u)(x) := h(x, u(0)) +

x1∫
0

· · ·
xm∫
0

K(x, s, u(θ1s, · · · , θms))ds.

Here ‖u‖B = max
x∈D

|u(x)|e
−

m∑
i=1

xi

.

Let λ ∈ R and Xλ = {u ∈ C(D) | u(0) = λ}. Then

C(D) =
⋃

λ∈R

Xλ.

is a partition of C(D) and Xλ ∈ I(A), for all λ ∈ R.

For all u, v ∈ Xλ, we have have

|A(u)(x)−A(v)(x)| ≤ LK

τmθ1 · · · θm
e
τ

m∑
i=1

xi

‖u− v‖B .

So the restriction of the operator A on Xλ is a c-Picard operator with c = (1 −
LK

τmθ1 · · · θm
)−1, for a suitable choices of τ such that

LK

τmθ1 · · · θm
< 1.

If u ∈ R then we denote by ũ the constant operator

ũ : C(D) → C(D)

defined by

ũ(t) = u.

If u, v ∈ C(D) are the solutions of ( 1) with u(0) ≤ v(0) then ũ(0) ∈

Xu(0), ṽ(0) ∈ Xv(0).
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By lema 1.1 we have that

ũ(0) ≤ ṽ(0) =⇒ A∞(ũ(0)) ≤ A∞(ṽ(0)).

But

u = A∞(ũ(0)), v = A∞(ṽ(0)).

So, u ≤ v.

Theorem 2.2. Let hi ∈ C(D × R) and Ki ∈ C(D × D × R), i = 1, 3 satisfy the

conditions (i), (ii), (iii) from the Theorem 2.1. We suppose that

(a) h2(x, ·) and K2(x, s, ·) are monotone increasing, for all x, s ∈ D.

(b) h1 ≤ h2 ≤ h3 and K1 ≤ K2 ≤ K3.

Let ui be a solution of the equation (1) corresponding to hi and Ki.

Then

u1(0) ≤ u2(0) ≤ u3(0) imply u1 ≤ u2 ≤ u3.

Proof. The proof follows from Lemma 1.2.

For studding of data dependence we consider the following equations:

u(x) = h1(x, u(0)) +

x1∫
0

· · ·
xm∫
0

K1(x, s, u(θ1s1, · · · , θmsm))ds (2)

u(x) = h2(x, u(0)) +

x1∫
0

· · ·
xm∫
0

K2(x, s, u(θ1s1, · · · , θmsm))ds (3)

Theorem 2.3. We consider (2), (3) under the following conditions:

(i) hi ∈ C(D ×R) and Ki ∈ C(D ×D ×R), i = 1, 2.

(ii) hi(0, α) = α, (∀)α ∈ R , i = 1, 2.

(iii) there exists LKi > 0 , i = 1, 2 such that

|Ki(x, s, u1)−Ki(x, s, u2)| ≤ LKi |u1 − u2|, i = 1, 2
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for all x, s ∈ D and u1, u2 ∈ R.

(iv) (∃)η1, η2 > 0 such that

|h1(x, u)− h2(x, u)| ≤ η1,

|K1(x, s, u)−K2(x, s, u)| ≤ η2,

(∀)x, s ∈ D,u ∈ R.

If S1, S2 are the solutions sets of the equations (2), (3), then we have:

H(S1, S2) ≤ (η1 + η2

m∏
i=1

bi) max
i=1,2

{
1

1− LKi

τmθ1 · · · θm

}
,

for τ > max
i=1,2

{
m

√
LKi

θ1 · · · θm

}
.

Proof. We consider the following operators:

Ai : (C(D), ‖ · ‖B) → (C(D), ‖ · ‖B)),

Aiu(x) := hi(x, u(0)) +

x1∫
0

· · ·
xm∫
0

Ki(x, s, u(θ1s, · · · , θms))ds, i = 1, 2

From:

|A1(u)(x)−A2(u)(x)| ≤ |h1(x, u(0))− h2(x, u(0))|+
x1∫
0

· · ·
xm∫
0

‖K1(x, s, u(θ1s · θms))−K2(x, s, u(θ1s, · · · θms))‖ds ≤

≤ η1 + η2

m∏
i=1

bi.

we have that ‖A(u)−A(v)‖B ≤ η1 + η2

m∏
i=1

bi

Like in the proof of Theorem 1.2 we obtain that the operators Ai, i = 1, 2 are

ci-WPOs with ci =
(

1− LKi

τmθ1 · · · θm

)−1

, τ > max
i=1,2

{
m

√
LKi

θ1 · · · θm

}
.

From this and by Theorem 1.2. we have conclusion.
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CYCLIC REPRESENTATIONS AND PERIODIC POINTS

GABRIELA PETRUŞEL

Abstract. The purpose of this note is to give some existence results of

periodic points for some classes of single-valued operators. The fixed point

structures technique and an abstract periodic point lemma given by I. A.

Rus are used.

1. Introduction

Throughout this paper, we will use the notations and terminologies in [4], [5].

Let (X, d) be a metric space and f : X → X an operator. By Ff := {x ∈

X| x = f(x)} we will denote the fixed point set of the operator f .

We will also use the following symbols:

P (X) := {Y ⊆ X|Y 6= ∅}, Pcl(X) := {Y ∈ P (X)| Y is closed}, Pcp(X) :=

{Y ∈ P (X)| Y is compact} and Pb(X) := {Y ∈ P (X)| Y is bounded }.

Let X, Y be nonempty sets. We will denote by M(X, Y ) the set of all single-

valued operators from f : X → Y . If X = Y then M(Y ) := M(Y, Y ).

Definition 1.1. Let X be a nonempty set. By definition (see [4]), the triple

(X, S(X),M) is a fixed point structure (briefly f. p. s.) if:

(i) S(X) ⊂ P (X), S(X) 6= ∅

(ii) M : P (X) →
⋃

Y ∈P (X)

M(Y ) is a selection operator, such that if Z ⊂

Y, Z 6= ∅ then M(Z) ⊃ {f|Z |f ∈ M(Y ), Z ∈ I(f)}

(iii) for each Y ∈ S(X) and f ∈ M(Y ) we have that Ff 6= ∅.

Received by the editors: 12.09.2005.
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Definition 1.2. (I. A. Rus [5]) Let X be a nonempty set and f : X → X

an operator. By definition, X =
m⋃

i=1

Xi (where Xi ⊂ X, for each i ∈ {1, 2, · · · ,m})

is a cyclic representation of X with respect to f if f(X1) ⊂ X2, · · · , f(Xm−1) ⊂

Xm, f(Xm) ⊂ X1.

In [3], W. A. Kirk, P. S. Srinivasan, P. Veeramani proved some fixed point

theorems for single-valued operators satisfying some cyclical contractive assumptions.

Then, I. A. Rus generalize these results in terms of the fixed point structures (see [5]).

Also, in Rus [5], the following periodic points lemma is given:

Lemma 1.3. Let (X, S(X),M) be a fixed point structure, where X is a

nonempty set. Let Ai ∈ P (X), for each i ∈ {1, 2, · · · ,m}. Denote Y :=
m⋃

i=1

Ai and

consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) Ai ∈ S(X) for some i ∈ {1, 2, · · · ,m};

(iii) g1, g2 ∈ M(Y ) implies g1 ◦ g2 ∈ M(Y ).

Then Ffm 6= ∅.

The purpose of this paper is to give some applications of the previous lemma.

2. Periodic points for Knaster-Tarski type operators

Let (X,≤) be an ordered set,

S(X) := {Y ∈ P (X)|(Y,≤) is a complete latice} and

M(Y ) := {f : Y → Y | f is increasing }. Then (X, S(X),M) is a f. p. s. (Knaster-

Tarski, see [1]).

Then, by applying Lemma 1.3., one obtains:

Theorem 2.1. Let (X,≤) be an ordered set, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 a complete lattice. Denote

Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;
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(ii) f(x1) ≤ f(x2), for each x1 ∈ Ai and each x2 ∈ Ai+1, (i ∈

{1, 2, · · · ,m}) with x1 ≤ x2 (where Am+1 = A1).

Then Ffm 6= ∅.

Proof. Let us remark that the fixed point structure of Knaster-Tarski satis-

fies the conditions (i)-(iii) in Lemma 1.3. �

3. Periodic points for generalized contractions

Let (X, d) be a complete metric space. Then the operator f : X → X is

called a ϕ-contraction if there exists a comparison function ϕ (i. e. ϕ : R+ → R+ is

non-decreasing and (ϕn(t))n∈N → 0, as n → +∞, for each t > 0) such that

d(f(x1), f(x2)) ≤ ϕ(d(x1, x2)), for all x1, x2 ∈ X.

If we consider S(X) := Pcl(X) and one define

M(Y ) := {f : Y → Y |exists a comparison function ϕ such that f is a ϕ-contraction},

then (X, S(X),M) is a f. p. s. (see Rus [4])).

The following result follow now from Lemma 1. 3.

Theorem 3.1. Let (X, d) be a complete metric space, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X). Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) there exists a comparison function ϕ such that

d(f(x1), f(x2)) ≤ ϕ(d(x1, x2)), for all x1 ∈ Ai, and x2 ∈ Ai+1, i ∈ {1, 2, · · · ,m},

where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Let g1, g2 ∈ M(Y ). It follows that there exist the comparison func-

tions ϕ1, ϕ2 such that gi is a ϕi-contraction, for i ∈ {1, 2}. Since the composition of

two comparison functions is a comparison function, it follows immediately that the

condition (iii) in Lemma 1.3. holds. �

109



GABRIELA PETRUŞEL

4. Periodic points for contractive operators

Let (X, d) be a metric space. Then the operator f : X → X is called

contractive if d(f(x1), f(x2)) < d(x1, x2), for all x1, x2 ∈ X, x1 6= x2. If S(X) :=

Pcl(X) and M(Y ) := {f : Y → Y | f is contractive }. If (X, d) is a compact metric

space, then (X, S(X),M) is a f. p. s. (Nemytzki-Edelstein, see [4])).

From Lemma 1.3. we have:

Theorem 3.1. Let (X, d) be a compact metric space, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X). Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) d(f(x1), f(x2)) < d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1,

with x1 6= x2, for i ∈ {1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Let g, h be contractive operators. Then, for any two elements x1, x2

from X, with x1 6= x2, we have: d((g ◦ h)(x1), (g ◦ h)(x2)) ≤ d(h(x1), h(x2)) <

d(x1, x2). hence all the conditions of Lemma 1.3. are satisfy. �

5. Periodic points for nonexpansive operators

Let (X, d) be an uniformly convex Banach space. Then the operator f : X →

X is called nonexpansive if d(f(x1), f(x2)) ≤ d(x1, x2), for all x1, x2 ∈ X. If S(X) :=

Pb,cl,cv(X) and M(Y ) := {f : Y → Y | f is nonexpansive }. Then (X, S(X),M) is a

f. p. s.(Browder - Ghöde - Kirk, see [1], [2]).

For nonexpansive operators we have:

Theorem 4.1. Let X be an uniformly convex Banach space, Ai ∈ P (X), for

i ∈ {1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pb,cl,cv(X). Denote

Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;
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(ii) d(f(x1), f(x2)) ≤ d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1, for i ∈

{1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Since the composition of two nonexpansive operators is a nonexpan-

sive operator, we remark that the condition (iii) in Lemma 1.3 holds. The conclusion

follows now by Lemma 1.3. �

6. Periodic points for Perov type operators

Let (X, d) be a generalized metric space, in the sense that d(x, y) ∈ Rk.

The operator f : X → X is called a Perov type contraction (or S-contraction)

if S ∈ Mkk(R), with Sn → 0, as n → +∞, such that d(f(x1), f(x2)) ≤

S · d(x1, x2)), for all x1, x2 ∈ X. If S(X) := Pcl(X) and M(Y ) := {f : Y →

Y | f is a Perov contraction }. Then (X, S(X),M) is a f. p. s. (Perov, see [4])).

In the setting of the Perov’s f. p. s., Lemma 1. 3. gives us:

Theorem 5. 1. Let (X, d) be a complete generalized metric space, Ai ∈

P (X), for i ∈ {1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X).

Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) There exists a matrix S ∈ Mkk(R), with Sn → 0, as n → +∞

such that d(f(x1), f(x2)) ≤ S · d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1, for i ∈

{1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.
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Babeş-Bolyai University, Faculty of Mathematics

and Computer Science, Str. Kogălniceanu, 1
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