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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LI, Number 1, March 2006

ON EDGE-CONNECTIVITY OF INSERTED GRAPHS

M. R. ADHIKARI, AND L. K. PRAMANIK

Abstract. The aim of this paper is to estimate the edge-connectivity of
the inserted graph with the help of the degree of vertices of the inserted
graph and the edge-connectivity of the original graph.

1. Introduction

Throughout the paper we consider ordinary graphs ( finite, undirected, with
no loops or multiple edges) and G denotes a graph with vertex set Vi and edge set
E¢. Each member of Vg U Eg will be called an element of G. A graph G is called
trivial graph if it has a vertex set with single vertex and a null edge set. If e be an
edge of a graph G with end vertices = and y, then we denote the edge e, by e = zy.

We introduce the notions of box graph B(G) and inserted graph I(G) of a
non-trivial graph G in [3]. It is an elementary basic fact that the inserted graph I(G)
of a non-trivial connected graph G in connected. The edge-connectivity A(G) of a
graph G is the least number of edges whose removal disconnects G; and a set of A(G)
edges satisfying this condition is called a minimal separating edge set of G. Clearly,
G is m-edge-connected if and only if A(G) > m.

In §2; we recall some definitions and results which will be used in §3 and also
give an example of edge-connectivity of a graph G and its inserted graph I(G).

In [1], we investigate the relations between the connectivity and edge-

connectivity of a graph and its inserted graph. In §3 of this paper we obtain more
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results about edge-connectivity and give an alternative proof of some corollaries stated

in [1].

2. Preliminaries

Definition 2.1. [3] A graph can be constructed by inserting a new vertex on each
edge of G, the resulting graph is called Box graph of G, denoted by B(G).
Definition 2.2. [3] Let I be the set of all inserted vertices in B(G). A graph I(G)
with vertexr set I is called the inserted graph in which any two vertices are adjacent

if they are joined by a path of length two in B(G).

\G) -1 AI(G)) =2

Figure 1 : The edge - connectivity of a graph and its inserted graph
These concepts are illustrated for a graph G and its inserted graph I(G) in the Fig.1.
Here Q) marked vertices are the newly inserted vertices.

Now we recall the following theorems:
Theorem 2.3. [4] A graph G is m-edge-connected if and only if for every non-empty
proper subset A of the vertex set Vg of the graph G, the number of edges joining A

and Vg — A is at least m.
The next observation is due to Whitney [5].
Theorem 2.4. For any graph G, A\(G) < min deg G.

The order of a graph is the cardinality of its vertex set. If G isa subgraph
of G and Vs, Vg are the vertex sets of G and G respectively, then the degree of
4



ON EDGE-CONNECTIVITY OF INSERTED GRAPHS

G’ in G is the number of all edges of G joining vertices in Vi with the vertices in

Vo — V.

3. Edge-connectivity of I(G)

To begin with let us prove the following lemma.

Lemma 3.1. If
AMG) + 1]
2 )
then there exists a connected subgraph of G of order 2 and degree A\(1(G) in G.

AI(G)) < MG)]

Proof: Let Y denote any nonempty proper subset of the edge set Eg of G.
Thus Y induces a nonempty proper subset Y of the vertex set Vi(@)- For each vertex
u in G, denote the number of edges of Y incident with u by §(u) and the number
of edges of Eq — Y incident with u by & (u); and set W = {u;d(u) > 0,8 (u) > 0}.
Suppose that each connected subgraph of G with two vertices has degree at least
AI(G))+ 1 in G. We shall show that
> 6(u)d (w) = AI(G)) + 1.
u€EW
First, suppose that no two vertices of W are adjacent. Now from the Theorem

2.4, deg u > \G) for every vertex u € W. Thus one of the numbers §(u) and 8§ (u)
A(G)+1

must be [==5——]. Consequently,
S s ) > MY S 6w,
ueW ueW

where 8, means § or § . From the A(G)-edge-connectivity of G it follows that

Z 6u(u) > /\(G)a

ueW

and hence

AL @),

> ) (u) > A(G)]

ueW

Suppose now that two adjacent vertices, say v and w, belonging to W. We
assume that the degree of the subgraph generated by v and w is at least A(I(G)) + 1
5
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in G, i.e.
5(0) 46 () + 8(w) + 8 (w) > MNI(Q)) + 3.

Since for any natural numbers N; and Ny, Ny Ny > N1+ Ny — 1, we may write

D" 5(u)d () > 5(v)8 (v)+3(w)d (w)> §(v)+8 (v)~1+3(w)+d (w) =1 > MI(G))+1.

ueW

By application of Theorem 2.3, the inequality

> d(u)d (u) = MI(G)) +1

ueW

proved above for a set W derived from an arbitrary proper subset Y of V(@) shows
that I(G) is (A(I(GQ)) + 1)-edge-connected, which is by definition impossible.
Therefore there exist a connected subgraph G’ of G of order 2 and of degree
at most A(I(Q)); if this degree becomes smaller than A(I(G)), then the corresponding
vertex of I(G) have degree smaller than A(I(G)), contradicting the Theorem 2.4.
Hence G has precisely the degree A(I(G)) in G.
We now show that Corollaries 3.5 and 3.6 of [1] follows from the above Lemma.

Corollary 3.2. [1] MI(G)) > 2X(G) — 2.
Proof: We prove the corollary by the method of contradiction.
Suppose that A(I(G)) < 2A(G) — 2. Since

AG)) +1

2A(G) — 2 S MG~

B

Lemma 3.1 implies the existence of a connected subgraph G’ of G with two vertices
of degree A(I(G)) in G; since this degree is smaller than 2A(G) — 2, the degree of one
of the vertices of G is at most A(G) — 1, contradicting Theorem 2.4.

Corollary 3.3. [1] If A\(G) # 2, then AM(I(G)) = 2A\(G) — 2 if and only if there exist
two adjacent vertices in G with degree A\(G).

Proof: For A\(G) # 2,
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Hence by using Lemma 3.1, it follows that if
MI(@) =2MG) -2,
then there exist two adjacent vertices v, w in G so that
deg v+deg w=I(G))+ 2.

Since both v and w have degree > A(G) and

deg v+deg w=2\G),
it follows immediately by Theorem 2.4 that

deg v=deg w=AG).
Conversely, if v and w are adjacent vertices of G and

deg v=deg w=\G),

then the vertex in I(G) corresponding to the edge joining v and w has degree 2A(G)—2.
Hence by Theorem 2.4,
A(G)) <20G) - 2.
Now by Corollary 3.2, it follows that
MI(@) =2MG) —2.
Corollary 3.4. If \(G) > 3, then A(I(G)) = 2A(G)—1 only if there exist two adjacent

vertices in G, one of degree \(G) and the other of degree \(G) +1 .

Proof: Proof is similar to that of Corollary 3.3
This procedure can be continued finitely as the graph is finite. Now we prove

the following significant theorem.
Theorem 3.5. If

min deg I(G) < MNG)[——=——
then A(I(G)) = min deg I(G). Also if

min deg I(G) > MNG)[—=—
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then
—— ] < MI(G)) < min deg I(G).

Proof: Theorem 2.4 implies A(I(G)) < min deg I(G). Now for the case

AG) +1

min deg I(G) < AG)| 9 ]

suppose that A(I(G)) < min deg I(G). Then Lemma 3.1 asserts that there exists a
connected subgraph of order 2 and degree A(I(G)) in G; this means that there is a
vertex in I(G) of degree A\(I(G)), violating the assumed inequality. Consequently,

AMI(G)) = min deg I(G).
For the case

AMG) +1

min deg I(G) > XG)| > s

it remains to be shown that

MOEL S o).
Then by Lemma 3.1 some vertex in I(G) has degree A(I(G)). Hence
min deg I(G) < AI(Q)).

Thus it follows that

contradicting the inequality assumed above.

8
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APPROXIMATE FIXED POINT THEOREMS

MADALINA BERINDE

Abstract. Two general lemmas are given regarding e—fixed points of op-
erators on metric spaces. Using these results we prove qualitative and
quantitative theorems for various types of well known generalized contrac-

tions on metric spaces.

1. Introduction

There are plenty of problems in applied mathematics which can be solved
by means of fixed point theory. Still, practice proves that in many real situations
an approximate solution is more than sufficient, so the existence of fixed points is
not strictly required, but that of ”nearly” fixed points. Another type of practical
situations that lead to this approximation is when the conditions that have to be
imposed in order to guarantee the existence of fixed points are far too strong for the
real problem one has to solve.

It is then natural to introduce the concepts of e—fized point (or approximate
fized point), which is a "nearly” fixed point, and that of function with the approzimate
fixed point property and to formulate a proper theory regarding them.

In this paper, starting from the article of Tijs, Torre and Branzei [10], we
study some well known types of operators on metric spaces, and we give some quali-
tative and quantitative results regarding e—fixed points of such operators.

We have to mention that we consider operators on metric spaces, not on

complete metric spaces, the usual framework for fixed point problems. Weakening
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2000 Mathematics Subject Classification. 47TH10, 54H25.

Key words and phrases. e—fixed point, approximate fixed point, approximate fixed point property.

11



MADALINA BERINDE

the conditions by giving up the completeness of the space we can still guarantee the
existence of e—fixed points for various types of operators.

We begin with two lemmas. The first one is the qualitative result that indi-
cates under which conditions the operator f has the approximate fixed point property.
This will be used in order to prove all the results given in the second section. The
second lemma is the quantitative result which will be used in order to prove all the

results given in the third section.

Let (X, d) be a metric space.

Definition 1.1. Let f : X — X, € > 0, zg € X. Then z¢ is an e—fized point
(approxzimate fixed point) of [ if

d(f(zo),z0) <e.

Remark 1.1. As many authors we prefer the terminology with €, as being more

suggestive throughout the paper.
Remark 1.2. In this paper we will denote the set of all e—fixed points of f, for a
given g, by:
F.(f)={x € X | x is an € — fized point of f}.
Definition 1.2. Let f: X — X. Then f has the approximate fixed point prop-
erty (a.f.p.p.) if
Ve >0, F.(f) # @.
The following result guarantees the existence of e—fixed points for an operator

on a metric space.

Lemma 1.1. Let (X,d) be a metric space, f : X — X such that [ is asymptotic
reqular, i.e.,

d(f™(z), " (z)) — 0 as n — oo, Vz € X.

Then f has the approximate fixed point property.
Proof. Let g € X. Then:

d(f"(xo),f”Jrl(zO)) —0asn—oo0 &

12
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Ve > 0, Ing(e) € N* such that Vn > ng(e), d(f"(xo), [ (z0)) <e <
Ve > 0, Ing(e) € N* such that Yn > ng(e), d(f™(zo), f(f™(x0))) <€ .
Denoting
Yo = ["(@0),
it follows that:
Ve > 0, Jyo € X such that d(yo, f(yo)) < €,
so for each € > 0 there exists an e—fixed point of f in X, namely yq.

This means exactly that f has the approximate fixed point property. O
Remark 1.3. The following result (see [5]) gives conditions under which the existence
of fized points for a given mapping is equivalent to that of approzimate fized points.

Proposition.: Let A be a closed subset of a metric space (X,d) and f :

A — X a compact map. Then f has a fized point if and only if it has the
approzimate fixed point property.

In the following, by §(A) for a set A # @& we will understand the diameter
of the set A, i.e.,

0(A) = sup{d(z,y) | =,y € A}.
Lemma 1.2. Let (X,d) be a metric space, f : X — X an operator and € > 0. We

assume that:

1): F.(f) # 95
1): V>0, Jp(n) > 0 such that

d(z,y) —d(f(z), f(y)) <n=d(z,y) < @), Yo,y € Fe(f).
Then:
S(F:(f)) < ¢(2e).
Proof. Let e > 0 and x,y € F.(f). Then:

d(z, f(z)) <e, dly, f(y)) <e.

We can write:

d(z,y) < d(z, f(z)) +d(f(z), f(y)) +d(y, f(y)) < d(f(x), f(y)) + 2¢
13
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= d(z,y) —d(f(z), f(y)) < 2.

Now by (#4) it follows that

SO

O

Remark 1.4. Condition (i) in Lemma 1.2 can be replaced by the asymptotic reqularity
condition, as, by Lemma 1.1, the latter ensures (i). So Lemma 1.2 can be given in

the form:

Lemma 1.3. Let (X,d) be a metric space and f : X — X such that for e > 0 the
following hold:

): d(f™(x), [P (z)) = 0 asn — oo, Vo € X;
w): Y >0, Jp(n) > 0 such that

d(z,y) —d(f(z), f(y)) <n=d(z,y) <), Yo,y € F.(f).
Then:

O(F=(f)) < o(2e).

2. Qualitative results for operators on metric spaces

In this section we will formulate and prove, using Lemma 1.1, qualitative
results for various types of operators on a metric space, results that establish the
conditions under which the mappings considered have the approximate fixed point
property.

Let (X, d) be a metric space. Note that the completeness of the space is not

required, as in fixed point theorems.

Definition 2.1. (/8/) A mapping f : X — X is an a-contraction if

Ja €0, 1] such that d(f(z), f(y) < ad(x,y), YVz,y € X.

14
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Theorem 2.1. Let (X, d) be a metric space and f : X — X an a-contraction.

Then:
Ve >0, F.(f) # 2.

Proof. Let £ >0, = € X.
d(f"(x), () = d(f(f*7 (), F(f"(2))) <
<ad(f*Y(z), f1(x)) < ... < a"d(z, f(z))
But a €]0,1] =
d(f™(z), f*(z)) — 0, as n — oo, Va € X.

Now by Lemma 1.1 it follows that F.(f) # @, Ve > 0. O

Remark 2.1. Theorem 2.1 is a result presented and proved, by means of a different
method, in [10].

Any operator satisfying the condition in Definition 2.1 is Lipschitz and im-
plicitly continuous, which means a relatively small class of mappings. Still, the theory
of fixed points and consequently e—fixed points deals also with non-continuous map-
pings. In 1968, Kannan (see [6],[2]) proved a fixed point theorem for operators which

need not be continuous, by considering the following contraction condition.

Definition 2.2. (/6],/8]) A mapping f : X — X is a Kannan operator if

Ja €10, 3| such that d(f(z). f(»)) < ald(z, f(2)) +d(y, f(u), Yo,y € X.

Theorem 2.2. Let (X,d) be a metric space and f: X — X a Kannan operator.
Then:

Ve >0, F.(f) £ 2.

Proof. Let € >0 and =z € X.
d(f™(@), [ (@) = d(F(f" =), F(f" (@) <

< ald(f" (@), f(f"TH(@))) + d(f" (), F(F" (2)))] =

= ad(f"~(2), " (@) + ad(f" (x), [T (2))
15



= (1= a)d(f" (). £ (@) < ad(f" (@), /(@) =
A (@), S (@) € T d(F (@), f1(@) < - < al - a"d(a, f (@)
But a €]0, 1[ = ﬁ €]0,1] =

d(f™(x), f*(z)) — 0, as n — oo, Vo € X.

Now by Lemmal.l it follows that F.(f) # @&, Ve > 0. O

In 1972, Chatterjea considered another contraction condition, similar to that

of Kannan but independent of this one, and which again does not impose the conti-

nuity of the operator.

Definition 2.3. ([{/,/8]) A mapping f : X — X is a Chatterjea operator if

a €0, %[ such that d(f(z), f(y)) < ald(z, f(y)) + d(y, f(z))],Va,y € X.

Theorem 2.3. Let (X,d) be a metric space and f: X — X a Chatterjea operator.

Then:
Ve >0, F.(f) # @.

Proof. Let ¢ >0 and = € X.

16

A" (@), 74 (@) = d(F (7 @), (@) <
< ald(/" ! (@), F(" (@) +d(f (@), F(FH @) =
= ald(f" @), /" (@) + d(f" (@), " (@) = ad (7 @), 1 ()
On the other hand
A" @), S (@) < A @), £ (@) A @), S (@) =
(1= a)d(f" (@), S (@) < ad(f" (), (@) =
A" (@), " (@) < T d(F (@), (@) < o < al - a"d(a, f(@)).

But a €]0, 1[= % €0, 1=

d(f™(x), f*(z)) — 0, as n — oo, Va € X.

Now by Lemma 1.1 it follows that F. # @, Ve > 0. O
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In 1972, by combining the three independent (see [7 ]) contraction conditions
above, Zamfirescu (see [11]) obtained another fixed point result for operators which

satisfy the following.

Definition 2.4. (/8/,[11]) A mapping f: X — X is a Zamfirescu operator if
1 1
Jda,k,c € R, a€[0,1], k €0, 5[, c €0, 5[ such that

Vr,y € X, at least one of the following is true:

)i d(f(x), f(y) < ad(z, y);
w): d(f(x), f(y)) < kld(z, f(z)) + d(y, f(y))];
w): d(f(x), f(y)) < cld(z, fy)) + d(y, f(x))].
Theorem 2.4. Let (X,d) be a metric space and f: X — X a Zamfirescu operator.
Then:

Ve >0, F.(f) # 2.

Proof. First we will try to concentrate the three independent conditions into a single
one they all imply, see the proof of Zamfirescu’s fixed point theorem given in [3].
Let z,y € X.
Supposing #2) holds, we have that:

d(f(x), f(y)) < kld(z, f(x)) +d(y, f(y))] <
< kd(z, f(2)) + kld(y, ©) + d(z, f(z)) + d(f(2), f(y))] =

= Bk, f(2)) + ki, ) + kd(f (), () >
A (@), ) < T d(e, (@) + (e ). (1)

Supposing 2:2) holds, we have that:

d(f(z), f(y)) < cld(z, f(y) +d(y, f(2))] <

< cld(z,y) +d(y, f(y))] + cld(y, f(y)) +d(f(y), f(z))] =

= cd(f(z), f(y)) + 2cd(y, f(y)) + cd(z,y) =

A (@), ) < 1oy, ) + i) (20)

17



Similarly:
d(f (@), f(y) < cld(e, (y) +dly, (@) <
< cld(x, f(2)) + d(F(2), F))] + cld(y, 2) + d(a, f(x))] =
= cd(f(x), J(4) + 2ed(, f(2)) + cd(zy) =
A(f (@), F9) < —d(a, f(2)) + ——d(z,y). (20)

1-c 1-c
Now looking at 1), (1), (2a), (2b) we can denote:

c
6: _

max{a, TR T C},
and it is easy to see that § € [0, 1[.

For f satisfying at least one of the conditions 2),), 1) we have that
d(f(x), f(y)) < 20d(z, f(x)) + dd(z,y) (3a)

and d(f(x), f(y)) < 2dd(y, f(y)) + dd(z,y) (30)
hold.
Using these conditions implied by 2) — 12) and taking x € X, we have:

(3a)

d(f" (), f"H (@) = d(f(f" @), f(f"(2)) <
< 20d(f""H(a), f(f"H(@))) + 8d(f" (), f(x)) = 36d(f" (@), [ (x)) =
d(f™(x), f*H (@) < ... < (30)"d(, f(x)) =
d(f™(z), f*(z)) = 0, as n — oo, Va € X.

Now by Lemma 1.1 it follows that F. # &, Ve > 0. O

Remark 2.2. Theorems 2.1, 2.2, 2.3 are actually contained in Theorem 2.4, as any

a-contraction, Kannan operator or Chatterjea operator is also a Zamfirescu operator

(see Definitions 2.1, 2.2, 2.8, 2.4.).

If we go further generalizing, we may consider the contraction condition given
in 2004 by V. Berinde, who also formulated a corresponding fixed point theorem, see

[2], for example.

18
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Definition 2.5. A mapping f : X — X is a weak contraction if
Ja €]0,1] and L > 0 such that d(f(z), f(y)) < ad(z,y) + Ld(y, f(x)),Vz,y € X.

Theorem 2.5. Let (X, d) be a metric space and f : X — X a weak contraction.
Then:

Ve >0, F.(f) £ 2.

Proof. Let x € X.
d(f" (@), [ (@) = d(f ("7 (@), F(f"(2))) <
< ad(f""H(x), f* (@) + Ld(f" (2), f*(2)) =
= ad(f""H(z), f(2)) < ... < a"d(z, f(2))
But a €]0,1] =
d(f™(z), f*(z)) — 0, as n — oo, Va € X.
Now by Lemma 1.1 it follows that F. # &, Ve > 0.
Remark 2.3. Theorem 2.5 is even more general than the others above, as any of the

above mentioned mappings is also a weak contraction, see Proposition 1 in [2].

Remark 2.4. An analogous result could be given for quasi-contractions with 0 < h <

1, see again [2].
O

Similar results concerning the existence of e—fixed points for other classes of

operators on metric spaces will be the subject of future papers.

19
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3. Quantitative results for operators on metric spaces

For the same operators we have studied in the previous section, from the
qualitative point of view, we will now use Lemma 1.2 in order to obtain quantitative

results.

Theorem 3.1. Let (X,d) be a metric space and f: X — X an a-contraction.

Then:
2e
< — .
S(F()) < 7o Ve >0

Proof. Let € > 0. Condition ) in Lemma 1.2 is satisfied, as one can see in the proof
of Theorem 2.1.
We will show now that ) also holds for a-contractions.

Let n > 0 and x,y € F.(f). We also assume that

d(x,y) —d(f(z), f(y)) <n

and aim to show that there exists an ¢(n) > 0 such that d(z,y) < ¢(n).
We have that:

d(z,y) < d(f(2), f(y)) +n < ad(z,y) + 1

= (1 —a)d(z,y) <n,

which implies d(z,y) < . .
—a

So Wi > 0,3p(n) = % > 0 such that
d(z,y) —d(f(z), f(y)) < n=d(z,y) < »(n).
Now by Lemma 1.2 it follows that
O(F:(f)) < ¢(2¢),Ve >0,

which means exactly that

S(FL(f) < 1o Ve >0

—a

20
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Theorem 3.2. Let (X, d) be a metric space and f : X — X a Kannan operator.
Then:

0(F.(f)) <2¢(14a),Ve > 0.

Proof. Let € > 0. As in the proof of Theorem 3.1 we only verify that condition ) in
Lemma 1.2 holds.
Let n > 0 and z,y € F.(f) and assume that d(z,y) — d(f(z), f(y)) < n.
Then

(e, y) < afd(e, £(2) + d(y, 7))+
As z,y € F.(f), we know that d(z, f(z)) < € and d(y, f(y)) < €.
= d(z,y) < 2ae + 17
So Vn > 0,3p(n) = 1 + 2ae > 0 such that
d(z,y) — d(f(2), f(y)) <n = d(z,y) <.
Now by Lemma 1.2 it follows that
5(F=(f)) < ¢(2e),Ve > 0,
which means exactly that
S(Fo(f)) <2¢(1+a),Ve > 0.
O

Theorem 3.3. Let (X, d) be a metric space and f : X — X a Chatterjea operator.

Then:
2e(1+a)

S(RL(f) < Tt

,Ve > 0.

Proof. Let € > 0. Again we will only show that condition ) in Lemma 1.2 holds.
Let n > 0 and z,y € F.(f) and assume that

d(z,y) —d(f(z), f(y)) <n.
Then

d(z,y) < ald(z, f(y)) +d(y, f(z))] +n <
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< ad(z, f(y)) +ad(y, f(z)) +n <

< ald(z,y) + d(y, f(y))] + ald(y, ©) + d(z, f(x))] + 1.

As z,y € F.(f), it follows that
d(z,y) < 2ad(x,y) + 2ca + 1.

= (1 -2a)d(z,y) < 2ea+n=

n+ 2¢ea
d <
(@,y) < T
2
So Vn > 0,3p(n) = 771—1— 25a > 0 such that
—2a

d(z,y) —d(f(x), f(y)) <n = d(z,y) < o).
Now by Lemma 1.2 it follows that
0(Fe(f)) < p(2¢),Ve >0,

which means exactly that

2¢(1 4+ a)

I(F:(f)) < T —9a , Ve > 0.
O

Theorem 3.4. Let (X, d) be a metric space and f : X — X a Zamfirescu operator.

Then
1
S(F(f)) < 2514:2,\15 >0,
k c . .
where p = max{a, -7 17} and a, k,c as in Definition 2.J.
- —c

Proof. In the proof of Theorem 2.4 we have already shown that if f satisfies at least

one of the conditions 7),) or u2) from Definition 2.4, then

d(f(z), f(y)) < 2pd(z, f(z)) + pd(z, y)
and

d(f(z), f(y)) < 2pd(y, f(y)) + pd(z,y)
hold.
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Let £ > 0. Again we will only show that condition #2) in Lemma 1.2 is satisfied,
as 1) holds, see the Proof of Theorem 2.4.
Let n > 0 and z,y € F.(f), and assume that

Then
d(z,y) < d(f(z), f(y) +n < 2pd(x, f(x)) + pd(zx,y) + 1 =

(1—=p)d(z,y) < 2pc + 1=
N+ 2pe
d Ly
(2,y) < T,
-+ 2pe

So Vn > 0,3p(n) > 0 such that

d(x,y) —d(f(z), f(y)) <n = d(x,y) <n.
Now by Lemma 1.2 it follows that
5(F:(f)) < ¢(2e),Ve >0,

which means exactly that

1
S(F.(f)) < Qali—z,w > 0.

O

Remark 3.1. In the case of weak contractions we have to add a condition, namely
a+ L < 1, with the same notations as above, in order to get the result.
Theorem 3.5. Let (X,d) be a metric space and f : X — X a weak contraction with
a+ L <1

Then

SR(f) < L

= ms,Vs > 0.

Proof. Let € > 0. We show again only that condition (i7) in Lemma 1.2 holds.
Let n > 0 and z,y € F.(f), and assume that

d(z,y) —d(f(z), f(y)) <n.
23
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Then
d(z,y) < d(f(x), f(y)) +n < ad(z,y) + Ld(y, f(z)) +n <

< ad(w,y) + Ld(z,y) + Ld(z, f(z)) +n < (a + L)d(z,y) + Le + 1.

L
= (1—a— L)d(e,y) < Le +n = d(a,y) < ——
l—a—-L
L
So Vn > 0,3p(n) = % > 0 such that

d(z,y) = d(f(x), f(y)) <n = d(z,y) <n.
Now by Lemma 1.2 it follows that
S(F=(f)) < ¢(2€),Ve > 0,
which means exactly that

SR(f) < L

S mE,VE > 0.

4. Conclusions

The theory of e—fixed points is not less interesting than that of fixed points
and many results formulated in the latter can be adapted to a less restrictive frame-
work in order to guarantee the existence of the e—fixed points and the fact that the
diameter of the set containing these points goes to zero when ¢ goes to zero.

We proved results referring to some types of contractive operators on metric
spaces, starting from a result presented in [10] for a—contractions, but the study may

go further to other classes of operators, which will be the subject of future papers.
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BOOLEAN SHEPARD INTERPOLATION

MARIUS M. BIROU, AND CRISTINA O. OSAN

Abstract. Using Shepard univariate interpolation projectors which form
the chains and boolean methods we construct Biermann-Shepard projector.
We study the approximation order of Biermann-Shepard operator for two
particular cases. The convergence of this operator is mark out by graphs

and numerical examples.

1. Preliminaries

Let X, Y be the linear spaces on R or C.

The linear operator P defined on space X is called projector if P2 = P.

The operator P¢ = I— P, where I is identity operator, is called the remainder
projector of P.

The set of interpolation points of projector P is denoted by P(P). If P, @

are commutative projectors then we have
P(P&Q)="P(P)UPQ) (1)
If P, P, are projectors on space X, we define relation “<”:
P<P,&PP=P (2)
Let be f € C(X xY) and z € X. We define f* € C(Y) by
o) = f(z,t) , teY
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For y € Y we define v f € C(X) by

Yf(s) =f(s,y) ,s€ X

Let P be a linear and bounded operator on C'(X). The parametric extension P’ of P

is defined by

(P'f)(@,y) = (PYf)(z) (3)
If @ is a linear and bounded operator on C(Y), then the parametric extension " of
Q is defined by

(Q"f)(@,y) = (QF)(y) (4)

Proposition 1. Let r € N, Py,..., P, univariate interpolation projectors on C(X)

and Q1,. .., Q, univariate interpolation projectors on C(Y). Let P{,..., P!, QY,...,

Q!'be the corresponding parametric extension. We assume that
P<P<---<P, Q1 <Q2<--<Qy (5)
Then
B, =PQ; & P,Q;_, & - & PQY (6)

is projector and it has representation
r r—1
By =3 Ph@liin— Y PhQis @
m=1 m=1
Moreover, we have
By = P+ PG QI+ + POQUS + @ = (POQI7 + -+ PYQIY) (8)

where P¢ =1 — P, I is identity operator.

For the proof of this proposition see [3].
Remark 2. If Py,..., P, and Q1,..., Q, are Lagrange univariate operators which
form the chains (i.e. satisfy the relation (5)) the operator B, given by (6) is called

Biermann interpolation projectors. In this article, we instead the Lagrange univariate

operators by Shepard univariate operators.
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2. Main result

Let be the univariate interpolation projectors of Shepard type Pi,...,

P, Q1,..., Q, which are given by relations

(Puf)(@) =D Aim(@)f(a:), 1<m <7

(@n9) (W) = Ajn(®)gy;), 1<n<r
The interpolation points satisfy

{xla“-: $km} g [aab] and {yla"'a yln} g [C,d]

with
1<k <k < - <kandl<lhh<l<--<lI,

The cardinal functions are given by

| TH
Al,m(m) = k |m ml| —n S 1 S km
Zk:L ki |z — i
—h
T Yy—UYj .
Aynly) = ==l " <j<l

==
21:1, 145 ly —ui

with p € R and satisfy the relations

Ai,m(a:l/) = 61'1/7 7:7’/ = lakm

A],n(y(f) = 6]'(77 jaa = 17ln

and
Ko
> Ajm(x) =1
i=1
ln ~
Z Ajnly) =1
j=1

Theorem 3. The parametric extensions

! ! n n
Pl P.Q"....Q

T T

9)
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are bivariate interpolation projectors which form the chains

Pl <Py<.---<P,Q<Qy<---<Q;

r

Proof. Let be 1 <my < mgy <r. From (10) we have

kﬂh S kmz
We have that
ma
(P'r’nl Prlnz Z All,ml ) Z Aiz,mz ('rh)f(mizay)
i1=1 in=1

But
Aiz,mz (mll) = 6i27i1
From (13), (14) and (15) we have that

(PI Pl Z Aiy i (@) f(2iy,y) = (P'rlnlf)('r’y)

71=1

ie. P, < P). . Thus the projectors P[,..., P form the chain.

1,Q%, ..., Q! are projectors which form a chain.

We have that
Pr@n=QuP Py, 1<mn<r
and the tensor product projector has the representation:
(PI Q”f 'T y ZZAzm Jn )f(muyj)
i=1 j=1

with interpolation properties

(P, Quf) (@i yj) = fli,y;), 1 <i < km, 1 <j <1,

(13)

(15)

Analogous

O

The projectors P/,..., P, QY,..., Q" generate a distributive lattice of pro-

T

jectors on C([a,b] X [c,d]). A special element in this lattice is

B =PQ!ePQ! & - ®PQy,reN
30
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called Biermann-Shepard projector and which has the interpolation properties
(BY (@i, y;) = f(@i,95), 1 <0 < by 1< j <lpgiom, L<m <

The set of interpolation points of the Biermann-Shepard projector given by

(16) has the disjoint representation

T r—m

PBY) = U U {@oy) i km1 <i <kmylomn <j <lpomnia}  (17)
m=1n=0
with kg = 0, l[p = 0. The number of interpolation points of Biermann-Shepard

operator B given by (16) is

r

PBI] = 3 kmllrsrm =)

m=1
Using the disjoint representation (17 ) of interpolation set we obtain the

Lagrange representation of Biermann-Shepard interpolant
r r—m kom [ p—
B(f)=3 > > > f@iy)Sy (18)

m=1n=0 i=1+km—_1 j=1+lr_m—n

The cardinal functions of Biermann-Shepard interpolation projector are given

by
m4n _ m+n—1 "
Sij(z,y) = Z Ais(@)Ajri1-s(y) — Z Ais(x)Ajr—s(y), (19)

with k1 <P <k, e n SJ<lip1-mn, 0<n<r—m, 1<m <
For the remainder term we can use formula (8) and integral representation

of remainder [1]

b
om(w, ) f'(s)ds (20)

d
Yn(t,y)g'(t) dt

(P f)(z) =

QY9 () =

J
J
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where
om(z,5) = (z — 5)% ZA,m (z; — 5)%
000 = =0 = 3 Fy )y~ 01
Also B
(P f)(@)] < Hn () My f
(@90 < Kaw)iig
where

km km
() =2 — Zm,A,(m) + QZA,(:[?)(Q: -
ln ln
Knly) =y = 3_vidilw) +23_ A)(y; -

M f= sup |f'(z)
a<z<b

Myg= sup |g'(y)]
e<y<d

If f € CY([a,b] x [c,d]) we have the following estimation for remainder term of

Biermann-Shepard interpolant

|H(z,9) = BS f(z.y)] < Hota) [ 09| + Ko () [ £00] + iﬂri(m)Ki(y) [#0]

+ zT:Hr+1—z‘(m)Ki(y) Hf(Ll)H

where /O = B e g1 (@)

3. Examples

Using relations (8) we determine the approximation order of Biermann-

Shepard projector (16) for two particular case.

32



BOOLEAN SHEPARD INTERPOLATION

Example 1
Let be

km=2"+1,1<m<r

l,=2"+1,1<n<r

and the univariate Shepard interpolation projectors on [0, 1] with equidistant nodes

Z}cmof(z%) o = o "

(P f)(@) = (Sam uf)(x) = —— 1<m<r (21)
il — ]
> g )y — &
(Qn9)(y) = (S2n u9)(y) = == )| - | ,1<n<r
il - |
We have that the extension projectors form the chains
PI<P<- - <PLQY<Qy < <Q
and we can define the Biermann-Shepard operator
By = PlQ] & PBQ)_ & - & PQf (22)
From [5], if Y € Lipjp,1j1, we have that
O(5w) > 2
O(3%) p=2
£ = (Sam Y Il = > (23)
O(gmti=ry) n€(1,2)
O(3) p=1

If f* € Lipjo,1)1 we obtain a analogous estimation for ||f* — San , f*]|.

Theorem 4. If f € Lipjo,111 X Lipjo,;11 , the approximation orders of the B inter-
polant given by (22) are

o) , p>2
o%) , n=2
IF = B7f|| = o
0(27«(“—1)) ’ :U’ € (17 2)
O(%) ) p=1
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Proof. From (8) we have

(BY) = (S3r) + (S )"+

r—1 T
+ ) (Shomm 1) (S ) = D (Shorim 1) (St )
m=1 m=1

Taking into account (23) on obtain

e in the case u > 2

)
S \C ¢ ¢ c .<c ¢ . ° _
[BPN°) < gt g+ X g g 2 g g =

r
e in the case uy =2
r—1 T
- +1—m) cm
BSACI < ol 4ol cr—m) cm crtl-m) em _
H( T f) || — c2r + c2r +mz::1 gQr—m gm — 27‘+17m gm
3
r

e in the case p € (1,2)

r cm
< cQT(u—l) te r(p—1) + Z (T m(u 1) " om(u—1)

" c(r+1—-m) cm
+ D ST gl

m=1

|BZHC +

’1“3

0o

e in the case py =1

r

S f\C e c_.c e
I A N A
1
= 0()

In Figure 1 we approximate the functions f : [0,1] x [0,1] = R f(z,y) =

1+x+y by BZ for y =4 and r = 2,3,4.
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=

. “/l';\\' —

- =

(c) The approximant By (d) The approximant By

FIGURE 1. The graph of function f(z,y) = 1/(1 + = + y) and the
graphs of BY for y =4 and r = 2,3,4

We have the estimations

v ||l =B PBES)]
2 | 0.0998 21

3| 0.0531 49

4 0.0295 113

5| 0.0167 257
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Remark 5. Under stronger restrictions on f, see [5], [6]

FE00,y) = fEO(1,y), y €10,1] (24)
FOY (2, 0) = FOY(2,1), 2 €[0,1]
fe ™ ([0,1] x [0,1))
we have

17 = (S2n 22 D)l = O(50)

1
1 = S22 f9)Il = O(57)
which implies
r
If = B f|| = O(5;), for =2 (25)

Remark 6. The approzimation orders of product operator Sy, ,Sy. , are

0(2%) > 2
O(L _y
1f = (84,85 )| = )
O(g=r) ne(1,2)
O(%) p=1

But,
|[P(BY)|=2"(r+3)+1
|P(S3 i Soe )| = (27 +1)°
It follows the Biermann-Shepard operators By is more efficient that operator
Sor 1 Sor e

Example 2
Let be r = 2 and

ki=N+1,k =N>+1
lh=N+11,=N?+1
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and the univariate Shepard interpolation projectors on [0, 1] with equidistant nodes

Zk Of(Nm)|'r_ Nk—m|7”

(P f)(x) = (Snm.uf)(2) = ——>m=12 (26)
Zk:o - N_m|
ZM g (=) |y = ="
(Qn9)(®) = (Snnu9)(y) = =05 ) = | ,n=1,2
o ly— ="
The Biermann-Shepard interpolation projector is given by
B; = P{Qy ® QY (27)
If ¥ f € Lipyo,1)1, we have that (from [5])
O(x=) o> 2
O(%y)  n=2
1V = (Snm w? Il = N m =12 (28)

O(§t=ry) k€ (1,2)
Olizy)  n=1
If f* € Lipjo,1;1 we obtain a analogous estimation for || f* — Sym , f*(|.

Theorem 7. If f € Lipjo,1j1 X Lipjp,1j1 , the approximation orders of the By inter-
polant given by (27) are

O(x=) > 2

log? N _

lr-psr)=q O e
O(m) /-”6(172)

Olgwy) k=1

Proof. From (8) we have

(B5)C = (Sh2,)¢ + (S )¢ + (S ) C (8%,

—(Siz,,) (SR, = (S ) Sz )€

Taking into account (28) on obtain
e in the case yu > 2

S MO c c c ¢ c c c c 1
||(B2f) f”fﬁ‘*‘ﬁ‘i‘ﬁﬁ-}-ﬁﬁ—}—ﬁm_O(_)
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e in the case y =2

log N log N log N log N

‘N teNT TN Ty
logN logN logN log N
‘Nz N TN e

1B H 1

IN

log> N
= o X
e in the case p € (1,2)
S O c c c c
IBINF < Fa= + yeoo + oo Ne=D T
c c c c
T ND NGeD T NGD N2
1
= 95
e in the case pu =1
S G c c c c
< :
”(32 7) f“ — logN + log N + log N log N +
c c c c

+logN . log N + log N . log N

c
O(logN)

O

In Figure 2 we approximate the functions f : [0,1] x [0,1] = R f(z,y) =

H_;—ﬂ/ by By for p =4 and N = 2,3,4.

We have the following estimations

N | [If = BSf|| | [P(BSS)]
2 | 0.0998 21

3 | 0.0365 64

4 {0.0283 145

5 | 0.0135 276
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(c) The approximant By, N = 3 (d) The approximant By, N = 4

FIGURE 2. The graph of function f(z,y) = 1/(1 4+ = + y) and the
graphs of By for y =4 and N = 2,3,4

Remark 8. Under the same stronger restrictions on f given by (24) we have that

17~ (Snm 2" )l = O(5)

1
17 = (S 2/l = O(57)

which implies

| = BS £l = OCsg), form=2. (29)
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Remark 9. The approzimation orders of operator Sy Sy are

O(x=) > 2
O(*&x =2
I1f - SheStapll =4 CORT) (30)

O(Fmo=ry) wmE€(1,2)

O(loglN) p=1

But,
|P(S§V7usxf2,u ® S;\fz,us&u” =2N°+ N* +1

|P(Sk2,Sn2 )| = (N? + 1)

It follows that the Biermann-Shepard operator B> given by (27) is more efficient that

operator S'\2 Sy .
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ON THE MORITA INVARIANCE OF THE HOCHSCHILD
HOMOLOGY OF SUPERALGEBRAS

PAUL A. BLAGA

Abstract. We provide a direct proof that the Hochschild homology of a

Zso-graded algebra is Morita invariant.

1. Introduction

The goal of this paper is to show that if R is an arbitrary superalgebra (i.e.
Za-graded algebra) while M, ,(R) is the (super)algebra of (p, ¢)-supermatrices over R,
then the two algebras have the same Hochschild homology (in the Zo-graded sense, see
(Kassel, 1986)). This, naturally, suggest the idea of introducing the notion of Morita
equivalence between two superrings and of proving that, in general, the Hochschild
homology for superalgebras should be Morita invariant. We should discuss this issues

at the end of the paper.

2. The Hochschild homology of superalgebras

The Hochschild complex for superalgebras (Kassel, 1986), is very similar to
the analogous complex for ungraded case. Namely, the chain groups are, as in the
classical case, C,,(R) = R®™T! where, of course, the tensor product should be

understood in the graded sense, while the face maps and degeneracies are given by
0 (ag® Q@ am) =0 Q@+ Q Gi4+1 ® ...ap, if 0<i<m, (1)
0(ap @ -+ ® ) = (—1)lomlladltotlam—)g 01000 @ @am-1, (2)
ST ap® @ am) =ap® - ®a; 1R a1 @ Dapm, 0<i<m.  (3)

Received by the editors: 05.10.2005.
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Now the differential is defined in the usual way, meaning d™ : C,,(R) — Cp,—1(R),

dm=>"(-1)'5". (4)
and the Hochschild homology of the superalgebra is just the homology of the complex
(C(R),d). In particular, it is easy to see that for any superalgebra R we have

where {R, R} is the subspace generated by the supercommutators. of that element.

3. The Morita invariance

We shall simply give the definition of the Morita equivalence here. For a de-
tailed approach, see for, instance, the book of Bass ([1]). The definition is completely

analogous to that from the ungraded case.

Definition 1. If A and B are two unital, associative superalgebras over a graded
commutative superring R, then A and B are said to be Morita equivalent if there
exists an A — B-bimodule P and a B — A-bimodule @ such that P ®p Q ~ A (as
A — A-bimodules), while Q ® 4 P ~ B (as B — B-bimodulea). The tensor products
should be taken in the graded sense.
Theorem 1. Let R be a commutative superring and A and B — two unital R-
superalgebras (not necessarily commutative). Let, also, P be an A— B-bimodule which
is projective over both rings and QQ — an arbitrary B — A-bimodule. Then there is an
isomorphism
Fo:H (A, P®p Q) — Hi(B,Q®a P),

which is functorial in the 4-tuple (A, B; P, Q).

Before actually proving the theorem, let us, first, prove a technical lemma.
Lemma 1. Let A be a unital, associative superalgebra over a commutative superring.

If M is an arbitrary left A-module, while Q) is a projective right A-module, then

M ifn=0
Hy (A, M ® Q) = Q@AM fn

0 ifn>1
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Dually, if N is a right A-module, while P is a projective left A-module, then

N®aP ifn=0
Ho(A,P®N) =

0 ifn>1

Proof. We shall assume, first, that Q = A, which is, clearly, projective, when regarded
as right A-module. Moreover, in this case we have A ®4 M = M, so what we have to
prove is that

M ifn=0
H,(AAM®A)=

0 ifn>1 '
It is easily seen, however, that the standard complex for computing the Hochschild
homology of A with coefficients in the module M ® A is, essentially, the (unnormalized)
bar resolution  of the M, which has non-vanishing homology only in degree zero and
the zero degree homology is M.

To prove now the general case, take () an arbitrary projective right A-module.
Then the functor Q ® 4 — is exact and the result follows from the isomorphism (M &

QRQ)RIA" X2 QR4 (M ® AR A™) established by the maps
frMeQ)eA" - Qea(Ma AR A"),

F(meg® @) =)"emeleon e 0a)

and
g: QA (M@ A" - (M®Q)® A",
gqO(MRag® -+ @ayp)) = (- (m o ¢) @ agay ® as @ -+ @ an.
The proof of the second part of the lemma is completely similar. O

Proof of the theorem 1. We consider the following family of modules and maps:
(Cp.q,d',d"), where
Cm,n _ P® Bn ® Q ® 147n7

where

B"=B®B®---®B
—_—
n factors
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and

A" — A@A®---® A,
—_—
m factors

and all the tensor products are considered over the ground superring R. Before
defining the maps d’ and d”, several remarks are in order.

First of all, it is very clear that
Cm,n: m(A7P®Bn®Q)7

i.e. Cpp is the group of the Hochschild m-chains of the superalgebra A, with the
coefficients in the A-bimodule P ® B"™ ® ). On the other hand, up to a cyclic
permutation of the factors in the tensor product, C,,, is, also, the group of the
Hochschild n-chains of the superalgebra B with coefficients in a B — B-bimodule.

More specifically, we have
Cm,n = Wm+1,n+1 (Cn(B7 Q ® A™ X P)) s

where w4141 @O A" @ PR B" - PR B™"®Q ® A™ is the cyclic permutation

of factors given by
Wint1nt1(P O ® - @0, @R a1 ® - @apy) =

Ipl+al+ 3 lail+ 3 151
:(_1) i=1 j=1 q®a1®---®am®p®b1®-~-®bn.

Now we can use the Hochschild differentials to build the maps d’ and d”. Let m,n € N
two given natural numbers. We define now, for any pair of natural numbers, m,n € N;
d;nm : Cn — Ci—1,n to be the Hochschild differential for A, with coefficients in
P ® B" ® Q. Thus, on the columns we have Hochschild complexes. On the other
hand, also for any pair of natural numbers m,n we define the horizontal differentials

" .
dm,n . Cm,n — Um,n—1,
" _ m
dm,n = (=1)"bm,n © Wm+1,n+1,

where by, , 1 Cp (B, QRA™QP) — Cp,_1(B, Q®A™®P) is the Hochschild differential.
From the construction, it is obvious that both d' and d” are differentials. We will
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prove now that they anticommute. We have
d'd(pb @ - ®b,RqRa1 R Ray) = d”<p®b1®~~®bn®qa1 Ras® -+ @ am+

m—1
D ()pRL @ @b ®qR U @ D @+ Dt
i=1

> Ibs]

m—1
m+|am|| |p|+g]+ Z laj|+ )
J=1 J=1 amp®b1®®bn®q®a+l®®am_l =

1)

:(—1)m{pb1®-~-®bn®qa1®a2®-~-®am+

n—1
+) PO @ ®bbi® - ®by @D qa1 Ray @ D At

j=1

n+\bn|<\p\+|¢I|+_§ |aj|+n_2_1|bj|>
+(=1) =T p@b @ @by @bpga; ®as @ @ Gt

m—1

+Z(_l)i(pbl®b2®"'®b”®q®a1®---aiai+1®“-®am+

=1

=

m n—1
nlbnl| IPI+lgl+ 2 lasl+ 30 b1
J= 1=

+(-1) PRb®- - @b, 1®b, D1 @ Qa1 ®- - ~®am>

m—1 n
m+|am\(|p|+|q|+ INIHESS um)
+(=1) =t =t Umpb1 @b @ -+ b, R a1 @ -+ @ A1+

n—1
+) (-1 amp @b ®@...bjbjy1 ® ... by ®qD a1 @ @ A1+
j=1

n+\bn|<\p\+|Q|+_§ |aj|+ni1|bj|>
+(-1) i=1 =1 AmP Qb1 @by 1 Qb @ a1 @ Qam_1 ) |-

On the other hand,
d'd" (pRb1®...b,RqRa1® - @ay,) = (—1)™ " d’ (pb1®b2®~ @b, RqRa1 R - - Ry +

n—1
+Y (C)pRb @ ®bibi @ @b ® R a1 @ D At
i=1

n+\bn\<\p\+|q|+£ |aj\+”i1|bj|)
i=t i=1 PR X Rby1 @b R Q- Ry, | =
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:(*1)m71 Py Rbs @+ Rb, ®qa; Ras R+ Q am—+

m—1
+ (—l)jpb1®b2®---®bn®a®a1®~--®ajaj+1®~--®am+
j=1

m+|am|<\p\+|q|+"§1|ak|+i \ka)
+(=1) =t P b @by @ @b, QR Q- @ At
n—1
+Z(1)z<p®b1®"'®bibi+l®"'®bn®q®a1®"'®am+
=1

D (~1)YpRbi @ ®@bibi1 @ Qb ® R a1 @ DA 11 D+ D et
j=1

m—1 n
m+|am| (\P\+\q|+ X lasl+ X 16
i=

+(=1) I= >amp®b1®~ - ®bibi11®- - -Qb, QR - - ~®am_1>

n+|bn\<|p|+|Q\+§f |aj\+7il\bj\>
+(_1) i=1 i=t PRI ®...bp_1 ®byqa1 Ras R+ Q G+

m—1
+ (_1)jp®bl®"'®bn—1®bnq®a1®"'®aja'j+l®"'®am+
j=1

m—1 n
m+\am|<\p\+\q|+ > lagl+ X2 |bj|>
+(=1) T S amp @b @ @by 1 ®bng®a1 @ Qam | |-

An inspection shows immediately that the quantities between the square
brackets in the expressions of d’'d” and d’d’ coincide, while the signs in front of

these brackets are opposite, which means that we have
d/d/I +d”dl — 0

Thus, as we saw previously that d’> = d’? = 0, it follows that the family of modules
and morphisms (Cp, n,d',d")m.nen is a double complex of modules. We consider now
its total complex, given, for any n > 0, by
Tot, = @ Chq
ptq=n
and

dp :Tot, —Tot,_1, ,d,= Z (d;,q + dqu)'

ptg=n

46



MORITA INVARIANCE FOR SUPERALGEBRAS

As it is well-known (see [3], from where the notations, classical, in fact, are taken),
the total complex has two canonical filtrations (a horizontal and a vertical one) and to
each of this filtration we can associate a spectral sequence. The two spectral sequences
both converge to the homology of the total sequence. We shall show that in our case
both spectral sequences collapse at the second step. In fact, the second order terms
of the two sequences are

172
B2 =H,H (C)

pPTP,q
and
112 1"y’
Epyq - HP H‘LP(C)'

In our particular case, due to the particular form of the vertical and horizontal com-

plexes, we get
H) ,(C) = Hy(B,Q ® A @ P) (6)
and

As P is a bimodule which is projective at both sides, applying the previous lemma,

we can write

PpQ®AP for ¢q=0

Hﬁlol,q(C) =
0 for ¢ > 1
BPR,Q®P for ¢q=0
H(/M,(C) =

0 for ¢ >1

As a consequence, we obtain for the second terms of the two spectral sequences:

H,(A,P®pQ) for ¢=0

T2
Epq=

0 for ¢g>1
e H,(B,Q®4 P) for ¢q=0
Ep,q_

for ¢ > 1
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Since, as we see, the two spectral sequences collapse, their limits coincide, in fact,
with the second terms. Therefore, as they should converge to the same limit (the
homology of the total complex), we have, in particular, that, for any n > 0, we should
have
ie.

Hy (A, P©p Q) = Ha(B,Q ©4 P)
which concludes the proof (the functoriality follows from the way we constructed the

double complex). O

Corollary. If A and B are Morita equivalent superalgebras, then they have isomorphic

Hochschild homologies.
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OPTIMAL QUADRATURE FORMULAS BASED
ON THE ¢-FUNCTION METHOD

TEODORA CATINAS, AND GHEORGHE COMAN

Abstract. In this survey paper it is studied the optimality in sense of
Nikolski for some classes of quadrature formulas, using the method of -
function. It is presented the one-to-one correspondence between p-func-
tions and the quadrature formulas. Also, there are given some examples
of quadrature formulas which are optimal in sense of Nikolski with regard

to the error.

1. Introduction

Let H be a linear space of real-valued functions, defined and integrable on a

finite interval [a,b] C R, and S : H — R be the integration operator defined by

b
S(f) = / f(z)dz.

Let
AZ{A1|)\,H—>R,Z: 1,...,”}

be a set of linear functionals. For f € H, one considers the quadrature formula

where

and R, (f) denotes the remainder term.
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Remark 1. Usually, A\;(f), i = 1,..,n are the values of the function f or of certain

of its derivatives on the quadrature nodes from [a,b].

An important problem regarding the quadrature formulas is the optimality
problem with respect to the error. In this paper it is studied the optimality in sense of
Nikolski for some classes of quadrature formulas, using the one-to-one corespondence

between p-functions and quadrature formulas.
Definition 2. The quadrature formula (1) is called optimal in the sense of Nikolski,

in the space H, if

Fo(H, A, X) = sup |R.(f)],
feH

attains the minimum value with regard to A and X, where A = (A4, ..., A,) are the

coefficients and X = (x1,...,x,) are the quadrature nodes.

2. The method of y— function

Suppose that f € C"[a,b] and for some given n € N consider the nodes
a=2x9<...<x, =0b. On each interval [zy_1,2], k¥ = 1,...,n, it is considered a

function ¢g, k =1, ...,n, with the property that
M_1, k=1
ka - =L..,"N (2)
One defines the function ¢ as follows:

()0|[xk_1,:vk] = Pk, k= 17 s T (3)

i.e., the restriction of the function ¢ to the interval [xj_1,xx] is k. Based on the

additivity property of the defined integral and on the relations (2), we have

Tk

b n
S(f) = / f@idr=3 [ @) f @)z,

k=1Jxi_1
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Using the integration by parts, one obtains

Zy

:Z { { (r— 1) Vf(z) — Sﬁgcr_2) (2)f (z) + ... + (_1)T71§0k($)f(7‘71)(17):|
k=1

Tr—1

(4)

= =l D (@o) flwo) + [l V1) =l TV (@) flw1) + ot
+ [0 @ne1) = 60D @nm1)] F @) + 00D () f (@) -
—{ =P @) o) + [P (1) = o8P ()] S ) + ot
[P @ne1) = D @ne1)| F(@nea) + 05D (@) [ @) b+
+ ..+
+ (-1 =1 (@0) f ) (@0) + 1 (21) = wa(@n)] £ (1) + ot
+ [n-1(@n-1) = @a@a-1)] S @nm1) + o) f 7D () |
e [ e,
For
Ao = (=1l (), (5)
Ak = (=1 (or = o) T V@), k=1, =1,
Ay = (1) V(z,), j=0,1,..,7r—1,

relation (4) becomes

/ f(@)de = irzlAkjfU (1) + Ru(f), (6)

=0
with ,
Ralf) = (1) [ pla) s ) g
Remark 3. Knowing the function o, onea can find the coefficients Ap;, k= 0,...,n
j=0,...7r =1, and the nodes x, k = 1,...,n — 1, based on the relations (5). This
method of constructing the quadrature formulas is called the p-function method [10].
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Remark 4. From (7) it follows that the degree of exactness of the quadrature formula
(6) is at least r — 1.

3. The one-to-one corespondence between ¢— functions and quadrature

formulas

First of all, one remarks that to a function ¢, which satisfies (3) and (2),
corresponds the quadrature formula (6).
Conversely, let us consider the quadrature formula (6), which has the degree

of exactness r — 1. By Peano’s theorem it follows that

Rn<f>=/abR:; | @

where
By |G| = e - S
So,
1R |2 = o S A

ie,

(1 R[5 ] = eto)
If

Ol 1=1,..,n,

then

n

(z— xn) s T z)
pila) = EFE £ () 2 P

Jj—1

piv1(z) = (x_f;"h + (—1)”1 > ZAkJ ol

k=i+1j=0 (r=g=1)t
and we get that

(xt_w) It

r—1
(pi — pir1)(@) = ()™ Y A=
=0 (r—j-1)
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Further,

e (x7_z)(l’ 7)
(‘Pi*@i-&-l)( 1)( )= (-1)" ZAw T w=r

(pi — ir1) "D (@) = (—1)" Ay
It follows that

Aoy = (1) (ag),
A = (1) (pi — i) (@), i=1,..,n—1,

Am,—cpgf Ve 1)(srjn), v=0,1,...,r—1.

So, the correspondence is proved.

4. The optimality problem

We consider H™2[a,b], m € N, the space of functions f in C"™~! with the
m — 1th derivative absolute continuous on [a,b] and with f™ in L?[a,b]. Suppose that

f € H™?[a,b], m € N. From (7) one obtains

b 1/2
R (f)] < Hf(m)H2 </ 902(x)dx> .

So, the optimal quadrature formula of the form (6) is determined by the parameters

A and X for which
b
FAX) = [ ¢ a)da =

attains the minimum value.

Remark 5. Taking into account the property of minimal L2 [a,b]l—norm, (w is a
weight function), of the orthogonal polynomials, the function F(A, X) takes the min-
imal value when @y is the orthogonal polynomial on [xx—1,xzx], k = 1,...,n, with
regard to the weight w.
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For example, if w = 1 the corresponding orthogonal polynomial on [a,b] is

the Legendre polynomial

T dar

Ir() [(z —a)"(y = 0)"].

It means that the parameters of the optimal quadrature formula can be obtained by
identifying the functions ¢x = ¥|[5,_, 2] With the corresponding orthogonal polyno-

mials on [zg_1,2zx], k= 1,...,n.

Example 6. One considers the quadrature formula
1 n
| e = 3 g + Rat), ®)
0 =0
obtained from (6) for r =1, with
1
Ralf) = [ o()f @)da,
0

Theorem 7. For f € HY2(0,1], the quadrature formula of the form (8), optimal with

regard to the error, is

1 1 n—1 i .
[t = o |70 425 1)+ 10|+ B,
with
* ]‘ !
R, ()] < 3 11l -
Proof. Relations (5) become
Ao = —¢1(0), (9)

A = pr(zr) — o (zg), k=1,.,n—1,

Ay, = ‘Pn(l)v

and from (2) we get
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From (9) and (10) it follows

v1(x) =z — A,

pa(x) =2 — Ag — Ay,
op(x) =2 —A0— A1 — ... — Aj—1,

gOn(IZ?) =T — Ao — A1 — e — An_g - An—1~

As the quadrature formula (8) has the degree of exactness zero, i.e., R,(ep) = 0
(eo(z) = 1) we have

Ao+ ...+ A, =1.

It follows that for ¢,, we have
on(z) =2 -1+ A,.

Now, the optimal coefficients Ay, k = 0, ..., n and the optimal nodes zy, k=1, ...,n—1
are obtained by minimizing the functions
1 n
B = [ P =3 [
0 k=1Jxi_1
But, f;:fl ¢2(z)dx takes its minimum value for ¢ = 1, the Legendre polynomial of
degree one, on the interval [z;_1, 2], i.e.,

Tp—1+ Tk
o Tho1 Tk

or(z) = 3
and
Tk 3
2 (x) — Tp—1)
d —
/ A =
It follows that
Rl Tg—1 + Tk
;)Ai = 5 (11)
1=
and
/ @2(x)dx =3 S(xk — xp—1)
0 k=1
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Hence,

_ _ 1 a
F(X):= HﬁnFl(A,X) —ZZ(xk—xk,l)?’.
As

oY) - i [(zr — Tr-1)? — (Tps1 — ka )

axk

the optimal nodes constitute the solution of the system

T — Th—1 = Tk+1 — Tk, k= I..,n—1,

with
z0=0, z,=1
ie.,
xZ:E, k=0,..,n (12)
and
R(x7) = 121n2'

From (11) and (12) one obtains the optimal coefficients

1
Al = —
Y7 9pn
1
A* = = A* e
1 n—1 n
1
Al = —
2n

Finally, we have

Fi (A", X7") = rfr‘nnFl(A,X) =
and the proof follows. O
Example 8. For f € H*?20,1] one considers the quadrature formula of the form
1 n
| #aidn = 35 Autten) + Rl (13)
0 =0

with 0 =xp < 1 < ... <z, = 1.
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Theorem 9. For f € H?2(0,1], the quadrature formula of the form (13), optimal

with regard to the error, is

1 n
/ f@)de = 3 ALF(@h) + RL(F),
0 k=0

with
3
A =AY = —
0 n 4:uv
. 5+2V6
Al =A,_, = TM’
F=V6u, k=2,.,n-2,
=24 k-D)V6lp, k=1,.,n—1,
and
12
R* < 1" ,
LARIEF LR T
where
1
M:
44 (n—2)V6

Proof. For r = 2 relation (4) becomes
1 n—1
| @ == e 0)£0) + 'S (eh = )@ fla) + (DS )
i 0)0) = S (o1 = e @) (20) = eu (V1)
+ / (@) 1" (2)da.

Taking into account (13), we have

AO = _90/1(0)7
A = (¢} — ‘P;H-l)(ﬂ?k), k=1,.n—1,
An = ¢y, (1),

(14)
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and
¢1(0) =0,
(or — pr+1)(@e) =0, k=1,..n—-1,
en(1) =0,
respectively,

Relation (2) becomes

2

x
p1(x) = 5 — Az,

2 k—1
op(e)=— =Y Ap(z — ), k=2,.n—1,

2 j=0

PRy

a@) =)

By (16) one obtains

1/2

mni< ([ 1 i) 1.

Next, the problem is to minimize the function

FQ(A,X):/O ©*(x)dx

z1 n—1 [Tk 1
- / Awde+ T [ e+ / 2 (2)dz
0 = Tp—1 Tp—1

with regard to the parameters A = (Ao, ..., 4,) and X = (21, ..., Tp—1).

By (18) it follows that the integrals
Tk
/ oi(x)de, k=2,..,n—1,
Tr—1
attain the minimum values for

1~
oK = 5127;€7 k=2 ..,n-1,
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where l~27k is the two degree Legendre polynomial on the interval [xg_1, zk],

- 1
lok(z) = 2° — (Tp—1 + zp)T + g(a:ﬁ_l + Az 7 + 7).

TE 4 (ap—ar1\’
2 (2)de = — (TEZTk-1)
/ " B 45( . )

From (18) and (19), one obtains

We have

k—1
Z&:%, k=2 ..,n—1,
i=0
and, also, from
d z1 x2
i 2 Anz)idz| =
dAo{/o (2 0T) 1} 0,
T [ o]
—— —A,(1—2z)] dey=0
it follows
3 3
AO_ 8:1;1, Anzé(l_xnfl)7
respectively,
g2 3 1
/0 (? - §$1$)2d$ = 3—2x?
1 2 2
(1—-ux) 3 1 5
a1 —2)| de=—(1 -2,
[ S -a-ma0 e de - gpa—en
So,
Fy(X) = min Fa(A4, X) = =+ 5 Pt (1= )
= = — — Tp_ — (1 —z,_
2 o 3271 T 720,52, T TR T 390 -t
Now, from
0 5 4 4
P2 S(wi—xi—1)° =5[(xg — xp—1)" — (Tpg1 — )] =0, k=2,...,n—1
i=2
one obtains
xk_xkflzx:l:.;la k:27 n—1

For
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we have
~ 1 (l‘ -1 — 331)5 1
F n— = b - —(1 n 5
221 20-1) = 3501+ g gyt T 0L )
From the following system
OF: (1, Tn—1) _
OFy(x1,2n-1) _
e =0
one obtains
rp=1—x, 1 =2u (24)
and
I * * 1 4
Fy(xf, 25, 1) = %/L (25)
Finally, the proof follows from (20)—(25). O

Theorem 10. For a function f € H*2[0,1], the quadrature formula of the form

/0 F@)de = 35 Apf(er) + Bof'(0) + Buf'(1) + Ru(f), (26)

k=0

s optimal with regard to the error for

1
A :Anzia
0 2n
1
Ak:77 k:]., ,n_].7
n
1
B —
07 12p2°
Bl__307
k
rg=0, zp=—, k=1,...,n—-1, z,=1
and
1 1
IR, (f)] < £l -

12n2v/5
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Proof. From (14), we get

AO = _gpll (0)7

An = ¢, (1),
BO - QO]_(O),
Bl - _Spn(l),

and

(o —or41)(xg) =0, k=1,.n—1.

It follows that

2 k=1
or(z) = 5~ > Ai(x —xi)+ Bo, k=1,..
i=0

As the integral

/ L) = 3 | s

k=1Jxzp_1

attains the minimum value for

1~
=] k=1,...
Pk 2 2,k> s ey 1T,

from these last identities, using the fact that the degree of exactness of the quadrature

formula is one, the proof follows.

O

Remark 11. In an analogous way, for f € H*1[0,1] one can prove that the quadra-

ture formula of the form (26), optimal with regard to the error, has the coefficients:

1
Af = A =
0 n Qna
.1
Ak:77 k::l,..,nfl,
n
. 3
07 32n2”
B} = —Bj,
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the nodes
x5 =0,
k
Ty = - k=1,..,n—-1,
=1,
and
RS < g 171

It is important in the proof that the functions %gok, k=1,...,n, are identified with the
Cebyshev polynomials of the second kind.

Now, let us consider the general case, i.e., the quadrature formula (6), with
the remainder term given by (7), for r > 1 and for f € H"P[0,1]. The problem is to

find the values of the parameters Ay; and z, k=0,...,n, j =0,...,r — 1 for which

1
F(A,X) = / ()P de

attains the minimum value. We have

F(A,X) = Z:l li(@)[” da,

Ti—1

where .
PSR
pi(z) = —+ > ZAij, T € [Ty, w].
As the polynomials ¢; are independent, the function F'(A, X) can be minimized, first

with regard to the coefficients Ay, k =0,...,n, 7 =0,...,r — 1, considering the nodes

fixed, and then, with regard to the nodes x1,...,T,_1.

Using the notation Aj’j] = Bf,] one obtains
1
@i:ZATwh
7!
with
i—1r—1 X
Vi(z) ="+ > > Brj(z — xp)’
k=0j=0
and
1o [
FAX) = —=3 [ @) do.

(P = sy
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Using the minimum norm property of the orthogonal polynomials, the integrals
x;
L= [ @l e i1,
Ti—1
can be minimized by identifying the polynomials 1); with the corresponding orthogonal
polynomials, say 6;, for different values of p. One obtains

~ n Ti

Flor,ta) = ohe 2o [ 10i()P da,

=1Jx; 1

that is further minimized with regard to z;, i =1,...,n — 1.
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UNBOUNDED SOLUTIONS OF EQUATION
y(t) = B®)[y(t — 9) — a(t)y(t —7)]

JOSEF DIBLIK AND MIROSLAVA RUZICKOVA

Abstract. This contribution is devoted to asymptotic behavior

(for t — o0) of solutions of first-order differential equation with two delays

y(t) = BM)[y(t — 6) — a(t)y(t — 7)].

Representation of solutions in an exponential form is discussed and in-
equalities for such solutions are given. As a consequence, existence of un-
bounded solutions is proved. An overview of known results and illustrative

examples are considered, too.

1. Introduction

1.1. The aim of the contribution. In this contribution we deal with asymptotic
behavior of solutions to a linear homogeneous differential equation with two delayed

terms containing two discrete delays

y(t) = BByt —0) — alt)y(t —7)] (1)

for t — oco. In (1) 6,7 € RT, R" := (0,400), 7 > 4, B : [_; — RT is a continuous
function, Iy := [tg — 7,00), to € R and a : I — [0,1], where I := [tg,00), is a
continuous function. The symbol “ * 7 denotes (at least) the right-hand derivative.
Similarly, if necessary, the value of a function at a point of I_; is understood (at least)
as value of the corresponding limit from the right. We show that increasing solutions

of (1) have representation

e[ ot @)

0o—T

Received by the editors: 16.10.2004.
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with a function € : I_; — (0,1). Such representation we call ezponential. Represen-
tation (2) is then specified and a criterion connecting it with an integral inequality is
formulated. Since the equation considered is linear, the corresponding statements for-
mulated for increasing solutions are (under obvious modification) valid for decreasing
solutions etc. Let us note that close investigation of asymptotic behaviour of a solu-
tion of delayed functional differential equations is performed e.g. in papers [1]-[24].
The studied Eq. (1) (with a = 1) occurs e.g. in the number theory [23].

The contribution is organized as follows: In Section 2 a basic auxiliary in-
equality is studied and the relationship of its solutions with solutions of Eq. (1) is es-
tablished. Exponential representation of monotone solutions is discussed in Section 3.
Section 4 contains main results of the paper concerning inequalities for solutions of
Eq. (1) and existence of unbounded solutions. An overview of known results and il-
lustrative examples are contained in Section 5. The paper ends with an open problem

formulated in Section 6.

1.2. Some definitions. Let us shortly recall basic definitions. Let C := C([—7,0],R)
be Banach space of continuous functions mapping the interval [—7,0] into R equipped
with the supremum norm.

A function y(t) is said to be a solution of Eq. (1) on[v—T1,v+ A) withv € T
and A >0, ify € O([v—T,v+ A),R)NC([v,v+ A),R), and y(t) satisfies the Eq. (1)
for t € [v,v + A).

For given v € I, p € C, we say that y(v, ) is a solution of Eq. (1) through
(v, @) (or that y(v, ) corresponds to the initial point v ), if there is an A > 0 such
that y(v, ¢) is a solution of Eq. (1) on [v — 7,v + A) and y(v,¢)(v + 0) = ¢(0) for
0 € [-T,0].

Due to linearity of equation (1), the solution y(v, ¢) is unique and is defined

on [V — 7,00), i.e. in previous definitions we can put A := co.

2. An auxiliary inequality
Auxiliary inequality

w(t) < Bt)[w(t —0) — a(t)w(t —7)] (3)
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plays a main role in analysis of equation (1). A function w(t) is said to be a solution
of ) onv—7,v+A)withveland A>0,ifweC(v—m,v+A4),R)NC ([v,v+
A),R), and w(t) satisfies the inequality (3) for ¢ € [v,v + A).

2.1. Inequalities between solutions of inequality (3) and equation (1). Below
we discuss some properties of solutions of inequalities of the type (3) and inequalities

between solutions of (1) and inequality (3).

Theorem 1. Suppose that w(t) is a solution of inequality (3) on I_y. Then there

exists a solution y(t) of (1) on I_1 such that an inequality
y(t) > w(t) (1)
holds on I_1. In particular, a solution y(tg, ) of Eq. (1) with ¢ € C defined by relation
o(0) :=w(to+0), 0€[-T,0], (5)

1s a such solution.

Proof. Let w(t) be a solution of inequality (3) on I_;. Let us show that the solution
y(t) := y(to, ®)(¢) of (1) satisfies inequality (4) i.e.

y(to, 9)(t) = w(t) (6)
on I_;. Due to definition of y(t) we have y(t) = w(t), t € [to — 7, to] and (4) holds on
initial interval [t — 7,tp]. Define on I_; a continuous function

W(t) :=y(t) — w(t).

Function W is continuously differentiable on I. Then (taking into account inequal-

ity (3)) the estimation
W(t) = g(t) - o(t) > Z(1)
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is valid on I . Let t € (to,to + d]. In view of (5) W(t—0)=W({t—71)=0, Z(t) =0
and W(t) > 0, i.e. (4) holds on (tg,tg + 8]. Let t € (to + 6,tp + 7]. In this case
W(t—71)=0 and

Z(t) = BByt = 8) —w(t =) = BHOW(t = &) > 0.

Consequently, W(t) > 0, i.e. (4) holds on (ty + 8,%o + 7], too. Let us show that

inequality W (t) > 0 holds on the whole interval I. For it suppose the contrary, i.e.

suppose existence of a point t; > ty + 7 such that

W(t) >0, telto,t1),

W(t) <0, te(t,ti+e), (7)

where € < § is a small positive number. Due to continuity of W (t) on I_;, our
construction and suppositions, such point ¢; exists. Let ty € (¢1,t1 + ). Taking into
account that W (¢) is nondecreasing on [tg, t1] we conclude W (to —§) > W (ta—7) > 0.
Then

Witz) = y(t2) — w(ta) = Z(t2) = B(t2) W (b2 — ) — a(t)W (b2 — 7)] >

B(t2)(1 — a(t))W(ta — 1) > 0.
The resulting inequality W (t2) > 0 contradicts (7). O
Remark 1. Let us note that an affirmation, opposite in a sense with the statement

of Theorem 1 is obvious. Namely, if a solution y(t) of (1) on I_1 is given, then there

exists a solution w(t) of inequality (3) on I_1 such that inequality

w(t) > y(t) (8)

holds on I_q, since it can be put w(t) = y(t).
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2.2. A comparison lemma. Let us consider an inequality of the type (3)
W (t) < fr()[w" (t = 0) — ar (t)w™ (¢ — 7)] (9)

where 31 : I_1 — RT and a; : I — [0, 1] are continuous functions satisfying inequali-
ties B1(t) < B(t), a1(t) > a(t) on I_1. The following comparison lemma will be used

below.

Lemma 1. Let the inequality (9) have a nondecreasing positive solution on I_y. Then

this solution is a solution of the inequality (3) on I_1, too.

Proof. Let w* be a nondecreasing solution of inequality (9) on I_;. Then

W' < fr()w"(t = 0) — ar(t)w™(t — 7)] < B(E)[w (t = 6) — ar ()w"(t — 7)]
< BO)w(t = 6) —alt)w" (t — 7))
Consequently, the function w := w* solves the inequality (3), too. O

2.3. A solution of the inequality (3). It is easy to get a solution of inequality (3)
in an exponential form.

Lemma 2. Suppose that there exists a function e : I_; — R, continuous on I_1\{to}
with at most first order discontinuity at the point t = tg and satisfying on I the

iequality

t

exp [— /tt £(s)B(s) dS} > £(t) + a(t) exp [—/t

-6 -7

e(s)B(s) ds] . (10)

Then on I_1, there exists a solution w(t) = we(t) of inequality (3) having the form

alt) e | [ (6)3(e) ). (1)

Proof. Inequality (10) follows immediately from inequality (3) if a possible

solution w(t) is taken in the form (11). O

3. Properties of solutions of equation (1)

In this part we prove auxiliary results concerning solutions of equation (1).
Lemma 3. Let ¢ € C is increasing and positive on [—1,0]. Then the corresponding
solution y(t*, v)(t) of (1) with t* € I is increasing in [t* — T,00), too.
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Proof. Immediately, from the form of (1), we get sign g(t*, »)(t*) = +1 in the case
when the function ¢ increases on [—7,0]. The case y(t*, ¢)(t**) = 0 for a t** € (t*, 00)
and simultaneously sign ¢(t*, ¢)(t) # 0 on interval t € (t*,¢**) is impossible because,
as it follows from (1) and from the properties of function ¢, the inequality y(¢** —0) >

y(t** — 7) holds and, consequently,
y(t™ —0) —a(t™)y(t™ — 1) # 0.
Le. g(t*, o)(t*) #£0. O

3.1. Exponential representation of solutions of equation (1).

Theorem 2. Fvery continuously increasing on I_1 and continuously differentiable on

I_1\{to} solution y(t) of (1) with y(to—7) =1 is on I_; representable in exponential

form:
t
s =ew | [ a(aas] (12)
to—T
where € : I_; — Ry :=1[0,00) is a continuous function on I_1\ {to} with at most first

order discontinuity at to and 0 < &(t) <1 on I.

Proof Let ¢ € C, p(to — 7) = 1 be increasing and continuously differentiable initial
function generating solution y(t) = y(to, ¢)(t). By Lemma 3 is y(t) increasing in I_;.
Define

o) .
] B O o~
E(t) ==
Lyt
Bt)y(t)

Then on I_; representation (12) holds. Really, for ¢t € [ty — 7,t0) we have

exp [ /t t 2(s)B(s) ds] = exp {m (p("m} = o(t)

to—T)

and for t € I

[ tonon] e[ s st
plto) y<t))] =y(1).

@(to — ) y(to

exp {ln
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Function € is on [ty — T, %) nonnegative, since obviously ¢ > 0, ¢’ > 0 and 3 > 0.

Positivity of € on I is obvious, too since

yt)  _yt=90) —a®)yt—7) _ (L—a(®)y(t —7)

0= By ~ o) STy =0
i.e. £(t) > 0. Moreover, on I,
o 9@yt =98) —a@ylt—71) _ylt—96) ylt) _
0= 50ym ~ y() STm S T

ie E(t)< 1. O
Below is given a modification of previous result.
Corollary 1. There exists continuously increasing on I_1 and continuously differen-
tiable on I_1\{to} solution y(t) of (1) with y(to—7) = 1, representable in exponential
form (12), where

g1, —(0,1)
is a continuous function on I_1 \ {to} with at most first order discontinuity at tg.

The proof remains exactly the same if the initial function ¢ € C is defined as
to+6
©(0) :=exp l/ e (s)B(s) ds} , 0€[-7,0],

to—T

where €* : [tg — 7,19] — (0,1) is a continuous function. Then we can define corre-

sponding function € e.g. in the following way:

e*(t) on [tg — T7,to),

=Yy —0) - alyit - )

y(t)

Remark 2. From the statement of Theorem 2 it follows that every continuously

on [tg,00).

increasing on I_1 and continuously differentiable on I_1 \ {to} solution y(t) of (1)
with y(tog — 7) = 1 satisfies on I the inequality

t

v <o | [ aeas). (13)

to—‘f‘
Moreover (as it follows from Corollary 1) there exists continuously increasing on I_y
and continuously differentiable on I_1 \ {to} solution y(t) of (1) with y(to — 1) =1,
such that inequality (13) holds on I_1 \ {to — 7}.
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4. Main results

The purpose of this part is to give an equivalence between existence of a
certain type of exponential behavior of solutions of (1) and existence of a solution of
inequality (3). The following result can be useful in the case when we need a concrete

inequality for indicated solution y = y(t) of (1).

4.1. Two equivalent statements.

Theorem 3. Let ¢ : I_1 — (0,1) be a given function such that the integral
t

/ q(s)B(s) ds exists for any t € I_1. Then the following two statements are equiv-
t

0o—T
alent:
a) There exists a continuously increasing on I_1 and continuously differen-
tiable on I_1 \ {to} solution y = y(t) of (1) representable in the form
t
v =ew | [ aoae)as] (14)
to—T
on I_q1, where £ : I_1 — (0,1) is a continuous function on I_1 \ {to} with
at most first order discontinuity at the point t = tg, such that
t
v zew | [ aopas) (15)
tQ—T
on I_1.
b) There exists a function € : I_1 — (0,1) continuous on I_1 \ {to} with at
most first order discontinuity at the point t = tg such that
t t
[ eeses= [ a@as (16)
t()—T t(J—T
on I_1, and satisfying the integral inequality (10) on I.
Proof

Part b) = a). In this case there exists (by Lemma 2) a solution w(t) = we(t) of
inequality (10) given by formula (14). Define

©(0) := we(to +0), 6 €[—T,0].
72



UNBOUNDED SOLUTIONS OF EQUATION Y (T) = B(T)[Y (T — ) — A(T)Y (T — 7)]

Since ¢ € C is increasing and positive on [—7,0], then (by Lemma 3) solution y(t) =
y(to, p)(t) is increasing in I_; and, by Theorem 1, satisfies on I_; inequality (4), i.e.
t
y(t) > exp [/t e(s)B(s) ds} , tel .
o—T
Now is the inequality (15) a straightforward consequence of inequality (16). The
part b)) = a) is proved.

Part a) — b). Let y(¢) be a solution of (1) on I_;, having form (14), with
properties indicated in the part a). Then on I_; \ {to}:
t
0 =280 -0 | [ s(oppte)as]
to—T

Let us put y(t) into (1). Then on I:

) =ew |- [ 0| —atyem |- [ cpe)as]

Define function € : I_1 \ {to} — (0,1) as € := &, and rewrite the last equality. For
t € I we get
¢

exp [— / " 9)(s) ds} = e(t) +aft) exp [‘/

-4 -7

(6189 as]

i.e. the integral inequality (10) holds on I. Moreover, due to (15) we have
t t
y(t) = exp [/ e(s)B(s) ds] > exp [/ q(s)B(s) ds} ,
to—T t()—T
i.e. the inequality (16) holds, too. This ends the proof. O

Remark 3. Note that Theorem 8 remains valid if, instead of the supposition q :
I_1 — (0,1), a more general supposition q : I_1 — R is used. But for some specifi-
cations of the function q the equivalence between statements a) and b) can lose sense
since the existence of solution y = y(t) satisfying inequality (15) can follows directly
from the statements of Theorem 2 or Corollary 1. E.g. the choice ¢q(t) := 0 gives
no new information as well as the choice q(t) := &(t). Theorem 3 generalizes and
improves Theorem 2 from [14], where the equation (1) with a(t) =1 was investigated.

The authors are grateful to R. Hakl for corresponding remark during discussions on
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International Conference on Nonlinear Operators, Differential Equations and Appli-
cations in Cluj-Napoca, Romania, August 2004, indicating a gap in formulation of
this result.

Remark 4. Let us underline that Theorem & together with Remark 2 give for solution
y(t) on I_y estimation

t

exp [/tt q(s)B(s) dS} < y(t) <exp [

0—T

5(5) s

tQ—T
4.2. Sufficient conditions for divergence. Conditions guarantee existence of un-
bounded solution can be derived easily from previous results. Let us formulate some

of them. From Theorem 1 we get

Theorem 4. Suppose that w(t) is a solution of inequality (3) on I_1 such that

limsup w(t) = +oo.

t—oo
Then there exists unbounded solution y(t) of (1) on I_;.
From Lemma 2, Theorem 1 and Theorem 3 (putting ¢(t) := €(t)) we get

Theorem 5. Suppose there exists a function € : I_1 — R, continuous on I_1 \ {to}
with at most first order discontinuity at the point t =ty satisfying /OO e(s)B(s)ds =
oo, and on I the inequality (10). Then there exists unbounded solution y(t) of (1) on
1_1 satisfying inequality

)2 | [ (5)3(s) | a7

on I_1. If, moreover € is on [tg — T, to] positive then there exists increasing unbounded

solution y(t) of (1) on I_1, satisfying inequality (17).

5. Summary of known results and examples

5.1. Known results relative to equation (1). Let us recall some known par-
tial results concerning equation (1). In paper [12] conditions for convergence of all

solutions of equation (1) with a(t) =1 and 6 = 1, i.e. the equation

y(t) = BBy () —y(t —7)]. (18)
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are given. We reproduce one result as the first statement of following theorem. The

second part concerns of equation (1) with a(t) = 1, i.e. the equation

y(t) = B)[y(t = 0) —y(t —7)]. (19)

and follows from results given in [3, 6].
Theorem 6. Let for allt € I_y and a constantp > 1:

1 p
5@§;—§. (20)

Then each solution of (18) corresponding to the initial point to converges.

Let for allt € 11 exists a constant p such that

Bty <p<—— (21)

Then each solution of (19) corresponding to the initial point ty converges.

In the paper [14] is proved following result concerning existence of unbounded

increasing solutions of (19).

Theorem 7. Let for allt € 1_; with sufficiently large to and for a constant p € (0,1) :

1 p
MﬂZT_é—E- (22)

Then there exists an increasing and unbounded solution of (19) ast — oo.

5.2. Examples. In this part we give two examples to demonstrate the influence of

the coefficient a to appearance of unbounded solutions.

Example 1. The first remark is obvious - the presence of coefficient a in Eq. (1)
enlarges, in the case a(t) # 1, the range for coefficient 3. Consider the following

result to illustrate this phenomenon.

Theorem 8. Let for allt € I_; inequalities

, OgMﬂSl—E (23)

At) > p

1 p
T—0 t

with constants p € R, b € R hold. Then there exists increasing and unbounded
solution y(t) of (1) ast — oo.
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Proof. Let us verify that the integral inequality (10) have (for sufficiently large values
t) a solution of the form e(t) := o/t with « € RT. Put in (10)

ﬁ(t)::Tié—k%?, a(t) =1- 2 e(t) =5 -

Then the left-hand side L(t) of (10) equals

c=ew|- [ ;E(S)ﬂ(s)ds] —ew |- [ F o [ L5+ 2] 0] =

58
t—5\r—¢§ —adp
— - ex .
t Pl —0)
Now we asymptotically decompose L(t) for t — oo with sufficient accuracy for further
application. We get:

ad ad? Q 1 1 adp 1
t)=|(1-— . -1) = — 1——
- -5y () e o (8)) w0 (@)
ad ad? @ 1 1
_ . _1) = fl sl
womt my (75 1) o] wro(z)
where O is the Landau order symbol.

of (10) leads to

Decomposition of the right-hand side R(t)
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Comparing L(t) and R(t), we see that for L(t) > R(t) it is necessary to compare
coefficients of the terms t=2 because coefficients of the terms t' and t—! are equal. It

means we need the inequality

ab? o at? «
: —1) - : 1) —arp—b.
2(1 —9) <T5 ) adp > 2(1 = 9) (75 > arp—b

We see that for sufficiently small positive a this inequality holds since taking limit for

a — 0T, the limiting inequality 0 > —b is valid due to positivity of b. Consequently,

a function

ol o] -en[ | 2(;%5+2)o

is (under supposition that to is sufficiently large) a positive solution of the integral

inequality (3) and, moreover, it is easy to verify that we(oco) = +oo. Let us show
that this solution solves every inequality of the type (10) (perhaps starting with a
different value to) if the above fixed functions § and a (defined at beginning of the
proof) are changed by any functions B and a specifying in formulation of theorem by
inequalities (23). This statement is a straightforward consequence of Lemma 1 if in

its formulation

Bi(t) == +=, a(t) :zl—t%.

Finally, by Theorem J with w := w,, there exists increasing and unbounded solution

y(t) of (1) ast — oco. O

Remark 5. The discussed above influence of the coefficient a can be now treated as
follows. Slight perturbation of the coefficient a(t) := 1, in situation when Theorem 8
holds, leads to substantial enlargement or the range of the coefficient 3 (compare
inequalities (22) and (23)) such that the property of existence of increasing unbounded

solutions remains preserved.

Example 2. Let us show that unbounded increasing solution of (1) as t — oo can
exists even in the case when the inequality (20) holds. This can be caused due to

smallness of a.
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Theorem 9. Put ((t) := 1/v/t on I_y with ty > 7. Let there exists a constant
qg € (0,1) such that a : I — [0,q]. Then there exists increasing and unbounded
solution y(t) of (1) ast — oo.

Proof. Let us verify that the integral inequality (10) have a solution given by formula
e(t) := 1/\/t. We proceed similarly as in the proof of Theorem 8. The left-hand side
L(t) of (10) equals

L(t) = exp {— /t;a(s)ﬁ(s) ds} — exp [— /t;ids] — exp {— mtfé] —1 —g

Computation of the right-hand side R(t) of (3) leads to

t

s<s>ﬁ<s>ds} - L vawes [_ / L ds] _

+ a(t) exp {—mt_tT} :%—i—a(t) (1—%) <%+q<1—%).

R(t) will be valid if

1—§>\}£+q(1—1—>.

This inequality obviously holds for sufficiently large t since, by supposition, ¢ < 1. So,

coreenl[_omon] -enl [ 1]

is (under supposition that to is sufficiently large) a solution of the integral inequal-

R(t) = &(t) + a(t) exp [_/t

—T

Sl -

Inequality L(t)

Y

function

ity (3) and we(o0) = +o00. By Theorem b, there exists increasing and unbounded

solution y(t) of (1) ast — oo satisfying inequality y(t) > t/(to — 7). O

6. Open problem

Problem 1. Comparing inequalities (22), (23) the following open question arises.
Can be the affirmation of Theorem 8 improved in the following sense? Exists a func-
tion b* satisfying on I_1 inequalities

b *
L— 5 <t () <1
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such that formulated statement remains valid if for the function a inequalities

0 < a(t) < b (1)

on I_1 hold?
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LI, Number 1, March 2006

ANALYSIS OF AN INTEGRAL EQUATION
WITH MODIFIED ARGUMENT

MARIA DOBRITOIU

Abstract. This paper contains a study of the Fredholm integral equation
with modified ar%ument
(1) alt) = / K (t,s,(s), 2(g(s)), 2(a), 2(b))ds + [(1), t € [a,],
concerning: ¢

- the existence and uniqueness of the solution using Schauder’s
theorem and Contractions Principle;

- continuous dependence on data of the solution using data de-
pendence general theorem;

- approximation of the solution using successive approximations
method with two quadrature formula: the trapezoidal rule and the rectan-

gle quadrature formula.

1. Notations and preliminaries
Let X be a nonempty set, A : X — X an operator and we shall use the
following notation:

Fy:={x € X| A(zx) = x} - the fixed point set of A.

We consider the Banach space X = C'[a,b] endowed with the Chebyshev

In the section 2 we need the following results (see [2], [8], [9], [10] and [12]).

norm || -

Received by the editors: 08.11.2005.
2000 Mathematics Subject Classification. 45G10, 47TH10.

Key words and phrases. Fredholm integral equation with modified argument, existence and uniqueness,

data dependence, approximation of solution.
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Theorem 1.1. (Schauder). Let X be a Banach space and ¥ C X a
nonempty, bounded, convex and closed set. If A:Y — Y is a completely continuous
operator, then A has at least one fixed point.

Theorem 1.2. (Contractions Principle). Let (X,d) be a complete metric
space and A : X — X an a-contraction (a < 1). In these conditions we have:

(i) Fa={z*};

(ii) A™(xg) — z*, as n — oo;

(iii) d(x*, A™(x)) < %d(zo,A(zo)) .

In the section 3 we need the following result (see [2], [8], [9], [10] and [12]).

Theorem 1.3. (Dependence on data). Let (X, d) be a complete metric space
and A, B: X — X two operators. We suppose that:

(i) A is an a-contraction (o < 1) and Fy = {z*};

(ii) a% € Fy;

(#ii) there exist 1 > 0 such that d(A(x),B(z)) <n for all x € X.

In these conditions we have

* * n
d < .
(anxB) “1_a

In the section 4 we need the following results (see [2], [7], [8], [9] and [12]).
We will use for the calculus of the integrals of the succesive approximations
sequence, two quadrature formulae:

1) The trapezoidal rule

n—1

b —a
[ t@de =22 fa) + 23 )+ 10)| + BT (). ()

with a very sharp division of the interval [a,b] through the points a = zg < z1 <

...<xp=>b and f € C?[a,b]. We use for the rest of the formula RT(f) = > RI(f)
i=1

the following estimation:
(b—a)’®
12n2

(2)

|RT(f)| < M™

2) The rectangle quadrature formula
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(a) If we consider the intermediary points of the division of the interval [a, b]
at the left terminal point of the partial intervals [z;, x;11], & = x; , we will have the
following formula:

/abf(a:)dx: b=

n—1

fla)+ > f(x)

=1

- +R(F), (3)

or

(b) If we consider the intermediary points of the division of the interval [a, b]

at the right terminal point of the partial intervals [x;, z;+1], & = zi+1 , we will have

the following formula:

b

b—

| s -

a

[¢
n

+RP(f) (4)

n—1
[Z fai) + f(b)
i=1

with a very sharp division of the interval [a, b] through the points a = zo < z1 < ... <
n

z, =b and f € C'a,b]. We use for the rest of the formula RP(f) = > RP(f)
i=1

the following estimation:
(b—a)®
n

[RP(f)] < MP (5)

2. Existence of the solution

Theorems of existence of the solution for several type of integral equations
with modified argument have been presented in the papers [1], [2], [5], [9], [10], [11],
[12] .

In what follows we will establish theorems of existence of the solution of the
integral equation (1) in C[a,b] and in the B(f; R) sphere.

A. Existence of the solution in Cla,b]

Let us consider the Fredholm integral equation with modified argument (1)
and assume that the following conditions are satisfied:

(a1) K € C([a,b] x [a,b] x R*);

(az) f € Cla,b);

(a3) g € C([a, ], [a,]).

Theorem 2.1. Suppose (a1)-(as3) are satisfied. In addition suppose
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(a4) there exist Mg > 0 such that
‘K(t787u17u27u3;u4)| < MK; fOT all t € [aab]a U, U2, U3, Ug € R.

Then the integral equation (1) has at least one solution z* € C|a, b].
Proof. We attach to the integral equation (1), the operator A : C[a,b] —
Cla,b], defined by

b
A(z)(t) ;:/ K(t,s,2(s),2(9(s)), z(a), x(b))ds + [ (1), (6)
for all ¢ € [a, b].
We have

IA@)ctan) < I fllepap + Mr(b—a), for all z € Cla,b] .

Let Y C Cla, b] be a nonempty, bounded subset. Then A(Y") is also a bounded
subset. From the uniform continuity of K with respect to ¢, it follows that the operator
A is continuous and that the subset A(Y) is equicontinuous. Therefore A(Y) is a
compact subset.

Let be Y = convA(Cla,b]) and now Y is a nonempty, bounded, convex and
closed subset. We consider the operator A : Y — Y also noted with A and defined
by same relation (7). Y is an invariant subset by A.

On the other hand, by Arzela-Ascoli theorem, A is completely continuous.

The conditions of the Schauder’s theorem are satisfied. O

We have the following theorem of existence and uniqueness of the solution of
the integral equation (1) in Cfa, b]:

Theorem 2.2. Suppose (a1)-(a3) are satisfied. In addition suppose

(as) there exist L > 0 such that
| K (t, s, u1, u2, us, ua) — K (t, 5,01,v2,03,04) <

< L(|luy —vi| + |ug —va| + [ug — v3| + [ug — v4) ,
for all t,s € [a,b], uw;, v; €R ,i=1,4;
(ag) 4L(b—a) < 1.
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Then the integral equation (1) has a unique solution * € Cla,b] .

Proof. We attach to the integral equation (1), the operator A : C[a,b] —
Cla, b, defined by the relation (7). The set of the solutions of the integral equation
(1) coincide with the set of fixed points of the operator A. By (as) and using the

Chebyshev norm, we have
[A(z1) = A(x2) [l gpg ) < 4L (0= a) [lz1 — 22l cpq 4

and therefore, by (ag) it result that the operator A is an a-contraction with the

coefficient &« = 4L (b — a). The conclusion result from the Contractions Principle. O
B. Existence of the solution in the B(f;R) sphere

We suppose the following conditions are satisfied:
(a}) K € C([a,b] x [a,b] x J*), J C R closed interval;
and (a2), (a3z).
In addition, we denote My a positive constant such that, for the restriction

Kliap)x[a,b]x.74, J C R compact, we have
|K(t,s,u1,us,us,ug)| < Mg, for all t € [a,b], ui,ug,us,ug € J. (7)

We have the following theorem of existence of the solution of the integral
equation (1) in B(f; R) C Cla,b]:

Theorem 2.3. Suppose (a}), (az2), (a3) are satisfied. In addition suppose

(b1) Mg(b—a) < R (the invariability condition of the B(f; R) sphere).

Then the integral equation (1) has at least one solution z* € B(f;R) C
Cla, b].

Proof. We attach to the integral equation (1), the operator A : B(f; R) —
Cla, b, defined by the relation (7), where R is a real positive number which satisfies

the condition below:
[z € B(f; R)] = [x(t) € J CR]

and we suppose that there exist at least one number R with this property.
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We establish under what conditions, the B (f; R) sphere is an invariant set

for the operator A . We have

b
A@)(t) — F(1)] = / K(t,5,2(5), 2(g(5)), 2(a), 2(6))ds| <

b
< / K (t,5,2(s), 2(g(5)), 2(a), 2(b))| ds

and by (8) we have
|A(z)(t) — f(t)] < Mg (b—a), for all t € [a,b],

and then by (b;) it result that the B(f; R) sphere is an invariant set for the operator
A. Now we have the operator A : B(f; R) — B(f; R), also noted with A, defined by
same relation, where B(f; R) is a closed subset of the Banach space C[a, b].

Next we assure the conditions of the Schauder’s theorem.

We have
HA(x)HC[a,b] < ||f||c[a,b] +R, for all x € B(f;R)

and it follows that the subset A(B(f;R)) is bounded. From the uniform continuity
of K with respect to ¢, it follows that the subset A(B(f; R)) is equicontinuous. Now
it result that A(B(f; R)) is a compact subset.

Also, from the uniform continuity of K with respect to t, it follows that
the operator A is continuous. On the other hand, by Arzela-Ascoli theorem, A is
completely continuous. The proof follows the Schauder’s theorem. [

Theorem 2.4. Suppose the conditions (a}), (az2), (a3z), (b1) and (ag) are
satisfied. In addition suppose

(b2) there exist L > 0 such that
‘K(ta S, U1, U2,U3, U4) - K(t; s, U1, V2, U3, U4)| S

< L(Jur — 1] + |ug — vao| + Jug — v3| + |ua — v4]),

for all t,s € [a,b], w;, v; € J, i =1,4;
Then the integral equation (1) has a unique solution z* € B(f; R) C Cla, b].
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Proof. We attach to the integral equation (1), the operator A : B(f; R) —
Cla, b, defined by the relation (7), where R is a real positive number which satisfies
the condition below:

[z € B(f;R)] = [x(t) € J CR]

and we suppose that there exist at least one number R with this property.

If we use a reasoning as the one used in the proof of theorem 2.3, we will obtain
that the B(f; R) sphere is an invariant set for the operator A, and the invariability
condition (by), of the B(f; R) sphere is hold.

Now we have the operator A : B(f; R) — B(f; R), also noted with A, defined
by same relation, where B(f; R) is a closed subset of the Banach space Cfa,b]. The
set of the solutions of the integral equation (1) coincide with the set of fixed points
of the operator A.

By a similar reasoning as in the proof of theorem 2.2 and using the condition

(bo) it result that the operator A is an a-contraction with the coefficient o« = 4L (b — a)

Now the proof result from the Contractions Principle. [

3. Dependence on data

Theorems of dependence on data for several type of integral equations with
modified argument have been presented in the papers [5], [6], [9], [12].

In what follows we consider the integral equation (1) and we will study the
dependence of the solution of the integral equation (1) with respect to K and f .

Now we consider the perturbed integral equation

b
y(t) = / H(t,5,y(s), y(9(s)), y(a), y(8))ds + h(t), 1€ [ab] (8)

and we have the following theorem of dependence on data of the solution of the
integral equation (1):

Theorem 3.1. Suppose

(7) the conditions of the theorem 2.2 are satisfied and denote z* the unique
solution of the integral equation (1).
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(ii) H € C([a,b] x [a,b] x R*) and h € C[a,b] ;
(i4) there exist 71, 2 > 0 such that

|K(t,s,u1,u2,u3,U4) - H(ta Saulau27u37u4)| < m,
for all t,s € [a,b], uy,us,us,ugy € R and
[f(t) = h(t)| <nz for all t€ [a,b].

In these conditions, if y* is a solution of the integral equation (9), then we

have:
* * m (b - Cl) + T2
— < ——F.
" =97l < 1—4L(b—a)
Proof. We consider the operator A which appear in the proof of the theorem
2.2.

Let B : Cla,b] — Cla,b] be an operator defined by

b
B(y)(t) :/ H{(t,s,y(5),4(9(s)), y(a), y(b))ds + h(t),, ¢ € [a,b] .
By the condition (¢¢) we have
[A(z) = B(a)|| <m(b—a)+mns .

The proof result from data dependence general theorem. [

4. Approximation of the solution

Approximative methods for various type of integral equations with modified
argument have been presented in the papers [1], [2], [3], [4], [7], [8], [9] -

We will determine as follows, a method for the approximation of the solution
of the integral equation (1).

We suppose that the conditions of one of the two existence and uniqueness
theorems from section 2 are satisfied. In order to lay down the ideas we consider the
case of the integral equation (1) with a unique solution in the sphere B(f; R) C C|[a, ]
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(theorem 2.4), called z* and established using the successive approximation method.

We have the sequence of the successive approximations:

zo(t) = f(t)
b
zi(t) = K(t,s,20(s), 70(9(s)), zo(a), xo(b))ds + f (1)

b
T (t) = / K(t,s,2m-1(5), 2m-1(9(5)); Tm-1(a), Tm—1(b))ds + f()

and we consider a division of the interval [a,b] through the points a = 29 < 21 <

L<xp=0b.
A. Approximation of the solution using the trapezoidal rule

We suppose that:

(h11) K € C%([a,b] x [a,b] x J*), J C R closed interval ;

(h12) f € C?[a,b] ;

(h1s) g € C2([a, b, [a, b))

and we will approximate the terms of the successive approximations sequence

using the trapezoidal rule (2) with the rest from (3). Generally, for the term ., (tx)

we have
xm(tk) = b;na [K(tk,a,xm_l(a),mm_l(g(a)),zm_l(a),xm_l(b))—F (9)
2 i Kt tos @mr (8)s 21 (9(t)), @t (0), s () +

K (t, by 2n-1(b), Tn-1(g(0)), Tm-1(a), m—1(0)] + f(te) + Ry, i

k=0,n,m € N, with the estimation of the rest

(b—a)? ”"

max [K(t/ﬁ S, wmfl(s)’ xmfl(g(s))v xmfl(a)v xmfl(b))]s

T
’Rm,k’ < T1on2 .se[a,b]
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According to (hi1) it result that the derivative of the function K from the

expression of the rest be i exist and has the following form:

. 2
[K(tlw S, zm—l(s)? xm_l(g(s)),I’m_l(a),mm—l(b))]s - aaT];{+

02K ’ 0’K 61‘771—1 4

9 2 .
080T, —1 T1(8) + 080T —1 dg g (s)+

32K ’ 2 (92K azm—l ’ ’
oz (T () + 25— S () ()

_|_

Ox2

m—1

oK v K (Ozm_1\> [/, \2
g6 g (P (4 0)

m—1

0K Tt / 0K  Oxp_1
+axm71 : agas ' xm—l(s) g (8) + axm,1 . ag g (8)7

2 (1) = /ab 6(@)K(t,s,xmfz(S),:Cméf((j(s)),xm,g(a),mm,g(b))ds + PO

T olal K
1 = max a @ « @ i
la|<2,t,5€(a,b] | Ot¥1 D52 Qu® Qug* Qus® duy®
MI = ’ @], MmI= ‘ (@) (¢
2 acax L)), M aoax |9 )]

then we obtain for z,,_1(¢) and its derivative, the following estimations:

2 ) < MIG—a)+ ME @ =02

while for the derivative of function K, we have
(K (t 8, Zon1(8)s 2 1.(9(5))s @1 (), 21 (B))] < M {143 [MT (b= a)+

+ME) (U4 MT) + [MT 6 — )+ ME ) (143 + ()] =

It is obvious that MJ doesn’t depend on m and k, so the estimation of the

rest is

T T (b—a)3
|Rm7k| < MO ’ 12n2 ' (10)
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where MI = M (K,D(O‘)K, f,D(a)f,g,D(a)g) , la] <2, and we obtain a formula
for the approximative calculus of the integrals of the successive approximations se-
quence. Using the method of successive approximations and the formula (10) with
the estimation of the rest resulted from (11), we suggest further on an algorithm in
order to solve the integral equation (1) approximately. To this end, we will calcu-
late approximately the terms of the successive approximations sequence and through

induction we obtain

pnt) = T U (0,0, Fn1(0), B (9(0)) T (@) B () +
1237 Kt b0, Bt (1), Fone (0(8)), Bt (@), T (0))
i=1

+K(tkv ba 5M—l(b), 5m—l(g(b))a fm_l(a), im—l(b))} +

+f(te) + Eﬁk = Ty (tr) + E%k , k=0,n

where

7| < O e e gy 1 k=0
m7k — 12n2 0[ ( a’) +'+ ]7 - 7n .

Since the conditions of theorem 2.4 are satisfied we have4L(b — a) < 1, and

it result the estimation:

‘ =T (b—a)® MOT '

R ‘ <
mk| = 1202 [1 — 4L(b — a)]

We have thus obtained the sequence (T, (t)) k =0,n , that estimates

meN
the successive approximations sequence (', )men using a division of the interval [a, b],
a=z9 <z <...<zH =>b, with the following error in calculus:

(b—a)?
202 [l —aL(b—a)] 0

|517m(tk) - Em(tk)| <

B. Approximation of the solution using the rectangle quadrature

formula

We suppose that:
(ho1) K € C*([a,b] x [a,b] x J*), J C R closed interval ;
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(ha2) f € C'a,0] ;
(h2s) g € C*([a, ], [a, b])
and we will approximate the terms of the successive approximations sequence using
the rectangle quadrature formula (4) with the rest from (5). Generally, for the term
T (tr) we have
b—a
2n

n—1

+ Z K(tk, ti; xm—l(ti)v xm—l(g(ti))a xm—l(a)a x’m—l(b))

i=1

+f(te) + RE o, k=0,n, meN

xm(tk) = [K(tk,a,xm_l(a),xm_1(g(a)),xm_1(a),xm_1(b))—|- (11)

+

with the estimation of the rest

—a)? )
(b . ) - mmax (K (t, 8, Zm—1(8); Tm—1(9()), Tm_1(a), Tm_1(b))],] -

Bk <

According to (ha1) it result that the derivative of the function K from the

expression of the rest R% « exist and has the following form:

K (th, 5, 2m1(5), Em1(9(5))s @ms (@), 21 (B))], = %—f+
oK / oK 0% y— ,
T I8 g “””ag L.g'(s),
where
b
x;n—l(t) :/ 8K(t’vam—Q(s)vxm—Qggt(s))axm—2(a)7xm—2(b))d8+f’(t) )

If we denote

ol K
MP =
! o <t o ab] | D1 D52 DU DG DU dul® |
MP = ‘<a>t MP — ’(a)t’
2 WP [T O] MeT= | mex g0

then we obtain for z, _,(t) the following estimation:
[ (®)] < MP (= a)+ P,

while for the derivative of function K, we have

’

(K (s 8 2m—1(5); m-1(9(8)), 2m-1(a), Tm—1())], <
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<MP {1+ [MP(b—a) + MP] (1+ M) } = Mg .

It is obvious that MP doesn’t depend on m and k, so the estimation of the
rest is

2
(8D,] < aa - O (12)

where MP = MP (K, DK, f,D*f g,Dg), a =1, and we obtain a formula
for the approximative calculus of the integrals of the successive approximations se-
quence. Using the method of successive approximations and the formula (12) with
the estimation of the rest resulted from (13), we suggest further on an algorithm in
order to solve the integral equation (1) approximately. To this end, we will calcu-
late approximately the terms of the successive approximations sequence and through

induction we obtain

Tm(ty) = b;“[K(tk,a,5m,1(a),5,”,1(9(@)),5m,1(a),gzm,1(b))+

n—1

+ Z K(th,ts, Zm—1(ts), Tm-1(9(t:)), Tm-1(a), Tm-1(b)) | +

i=1

+f(tr) + RE p =Tm(ti) + R, . k=0n |,

where

AR < £

2
MP [4m 'L b—a)™ .o +1], k=0,n.

Since the conditions of theorem 2.4 are satisfied we have 4L(b — a) < 1, and
it result the estimation:
~ b—a)?
RD ‘ < ( D
‘ R = [l —4L(b—a)] °

and we have thus obtained the sequence (T, (tx)) k = 0,n , that estimates the

meN
successive approximations sequence (Z.,)men using a division of the interval [a, b],
a=2z9<x <...<zy =>b, with the following error in calculus:
~ (b—a)? D
tr) — t < ——— My .
|$m( k) xm( k)| > n[l —4L(b—a)] 0
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NEW INVERSE INTERPOLATION METHODS

ALEXANDRA OPRISAN

Abstract. The goal of this paper is to give some numerical methods for
the solution of nonlinear equations, generated by inverse interpolation of
Abel Goncharov type and a particular case of Lidstone inverse interpola-

tion.

1. Preliminars

Let @ C R and f: Q — R. Consider the equation
fx)=0, ze€Q, (1)
and attach to it a mapping
F:D—D, DcQ"

Let xg,....,x,—1 € D. Using the mapping F' and the numbers zg, ..., ,_1 We

construct iteratively the sequence
TQy L1y ey T 1y Ty -ee (2)
where
€Z; :F(xi,n,...,xi,l), z:n, (3)

The problem is to choose F' and the numbers xg,...,z,_1 € D such that

sequence (2) converges to a solution of equation (1).

Received by the editors: 19.10.2005.
2000 Mathematics Subject Classification. 65HO05.

Key words and phrases. numerical methods, inverse interpolation, Abel-Goncharov inverse interpolation,
Lidstone inverse interpolation.
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Definition 1. The method of approzimating a solution of equation (1) by the elements
of sequence (2), computed as in (3) is called F - method attached to equation (1) and
to the values g, ..., xp_1. Numbers xg, ..., T,—1 are called starting values, and the pth
element of sequence (2) is called pth order approximation of the solution. If the set
of the starting values consists of a single element, the corresponding F - method is

called one step method, otherwise it is called multi-step method.

Definition 2. If sequence (2) converges to a solution of equation (1), F' - method is

said to be convergent, otherwise is divergent.

Definition 3. Let z* € Q be a solution of equation (1) and let xg,...,Tp,... be a

sequence generated by a given F - method. Number p = p (F) having the property

= F(Timni1y o i)

—C 40, (4)

is called order of the F' - method, and constant C is the asymptotical error.

Let z* € Q be a solution of the equation (1) and V (z*) a neighborhood of
x*. Assume that f has inverse on V (z*) and denote ¢ = f~!. Since f(x*) = 0, it
follows that =* = ¢ (0). This way, the approximation of the solution z* is reduced
to the approximation of the ¢ (0). The approximation of the inverse g by means of
a certain interpolating method, and z* by the value of the interpolating element at
point zero is called inverse interpolation procedure. This approach generates a large
number of approximation methods for the solution of an equation (thus for the zeros

of a function), according to the employed interpolation method.

Such examples of methods, based on Taylor, Lagrange and Hermite inverse
interpolation are:

Let z* be a solution of f(z) = 0, V(z*) a neighbourhood of z*, f €
C™[V(x*)], f'(x) # 0 for x € V(z*) and z; € V(z*). Using Taylor polynomial of
the degree m — 1, that interpolates the function g = f~!, one obtains the one step

96



NEW INVERSE INTERPOLATION METHODS

method [2]:

T DR e
Fo(xi) =z + Z x f ()] g™ (f (24))- (5)
k=1

Also, if g™ (0) # 0, we have ord(FL) =

Based on Lagrange interpolation, it follows the multistep method [2]

m

Ly )= Jofe—1frt1fm -
F(xg, .y Tm) Zo(fo_fk)---/---(fm_fk) k (6)

where fi = f(xy), is a multistep method based on inverse Lagrange interpo-
lation.

The order of this method is the solution of equation:
tmr g —t—1=0.

More general methods are generated by Hermite and Birkhoff interpolation
[2], [5]. Such, let z* be a solution of the equation (1), V(z*) a neighbourhood of z*
and xg, x1..., Ty € V(2*).For n = ro+...47,,+m, where ry, represents the multiplicity
order of the point zy, k = 0,...,m, if f € C"*1(V(2*)) and f'(x) # 0 for x € V(z*),

we have the following Hermite approximation method:

m T Tk— J 1 v )
F (20, ... 2m ZZZO ,U, J*“vkm)(%(y)>;;fkg<ﬂ><fk> (7)
k=05=0v

where fp = f(ar),k=0,...,m,g = f~1, and

ve(y) = (y = fo) Ty — from) ™ Ty = fer) Ty — )T

The order of FX | is [5] the unique real positive root of the equation:

thrl

— P t™ = Pt — =it — 19 = 0. (8)

where rg, ..., T, are permutation of the multiplicity orders of the nodes z, k =0, ...,m

satisfying the conditions:
(1) ro+ri+..+rm>1

(2) Tm 2 Tl = 0. 2 T1 > 70,
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respectively of the equation:

if To = «.. = Tmy-
2. Abel-Goncharov inverse interpolation method

On the base of Abel-Goncharov interpolation, we have the following method

for the solution of equation f (z) =0:

Theorem 4. Let n € N; a,b € R; a < b; f : [a,b] = R be a function having
n derivatives f,i = 1,2,...,n. The values ; € [a,b], i = 0,...,n and fO (x;),
1 =0,...,n, with x; # x; for i # j are given. Let z* be the solution of the equation
f(x) =0 and V (z*) a neighborhood of x*. If f € C"1(V (x*)) and f@ (x;) # 0,
1 =0,...,n then we have the following method of Abel-Gonciarov type:

()
FAC (@0, 00y 20) = q (40) — 0.0’ (1) — Zq (we) Z (10)

k=2 ! j=0

Proof. Suppose that 3 ¢ = f~!. Then

q = Phqg+ Rng
with
(Png) (y) = ng ) a™ (u)
k=0
and
go (y) =1
g1 (iU) =Y —%Yo

k—1

1 _

o @)= (v =20 W)y
j=0

Because z* = ¢ (0), ¢ ~ P, = z* ~ (P,q) (0)

n

(Paq) (0) = g (0) g™ (1)

k=0
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) ( k-
(Pnq) (0) = q(y0) — yo-¢' (y1) — E:qkyk E:

k=2 k! j=0

. g(k)
— o g 0) w0t )~ 0 I (30 ) () =

1 il Y5
k=2 =0

= FA% (20, ..., 20) .

Particular cases.
1). n =1 (nodes zg, 2z and f (zo), f’ (x1) given)

F{*% (20, 21) = ¢ (0) — y0-4' (1)

1
AG
F{™ (20, 21) = q(yo) — yom
— FAG e [ (o) 11
1 (xo,.’ﬂl) x f/ (901) ( )

— F{% (zg,21) = FP (20,21) and the method F{¢ coincide with the

method FZ generated by the Birkhoff inverse interpolation.

Remark 5. If xg = 1 := x; (the nodes coincide), then:

FAG (1) =z, — f (i)
1 ( ) f/ (zz)
FAC (2;) = FY (z;) and the method coincide with the method FJ generated

by inverse interpolation Taylor for two nodes.
The order of this method is the solution of the equation:
t?—t—1=0

SO

E

)= 1 +2
2). n=2. (xo, f (x0),z1, [ (x1), 22, [ (x2) given)

ord(F{A¢

90 (0) =1

g1 (0) = —yo
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g2 (0) = %[29091 - 3]
= (P2q) (0) = ‘J(yo)”* Yo-q' (y1) — %[2110%/1 —y3l.d" (y2) =
g — L0 LT o p ) f 1) — (o)) =

fr@) 204 (22)

f(xo) 1 f"(2)
frlen) 20 (22))

Remark 6. For xg = x1 = 9 := x;, the method coincide with the method generated

2f (zo) f (1) — f (x0)’].  (12)

F3% (wg, 21, 22) = 20 —

by Taylor inverse interpolation, for n = 3.

T () = s — f () 71 f () 2f”(ffi)
e =n— 055 [ Fiom) ey

The order of this method is the solution of the equation:

t—2—t-1=0

SO

ord(F§*%) = 1.839
3. Lidstone inverse interpolation method

For the particular case of Lidstone interpolation, on [zg,z1], 20 # %1, =
0,1,m =2, and
{ Lois1f = [ ()
Loiraf = f®) (1)
it follows that

(129) e 0= 3 [0 { ( ) F® (o) + Ay (;“’) £ (21) hZ’“}

k=0
where
Ao () ==
AY (2) = Ao (2) = @
A (0)=A1(1)=0
The interpolation polynomial is:
11
(L2F) (@) =D rmaag (@) £ ()
i=0 j=0
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= (I8f) () = ra00(x) f(w0) + 7201 (@) " (20) + 210 () f (21) +
ro11 (z) f” (1) where

2,05 () = A (mlh_x> h2,0 <z <x;i=0

72.1,5 (z) = Aj (:c h$0> hzj,xo <z<zi=1

2,00 () = Ao (B2 h =21 — 2
ra,001 () = Ay (25-2) B2

21,0 () = Ao (5522) h = & — g
o1 (x) = Ay (55%2) h? but

3—&3

1 T 1
Al(m)z/o gl(x,s)sds:/o (x—1)525d5+/ (s—l)xssds:x 5 +c

A1(0)1A1(1)10:>C10

and

raon (@) = Ay (IR = Loy — ) (1 — o — h) (21 — 2+ 1)
()=

— 1
ro11 () = A4 (x hx()) h? = G—h(x—xo) (x—x0—h)(x—x0+h)

We know that for g = f71,
g=Lsg+Rig
and 2* = ¢ (0),g9 ~ LYg = a* ~ LLg(0).

x xr
E89(0) = 21 (o) + b (= 12) g (s0) = 70 (4) + 20 (7 — a3) g (&)

* € T
= 1" = x19 (70) + 6711 (95? - h2) g" (xo) — wog (1) + 67.; (h2 - x%) g’ (x1)

and so we have the following method:

X X
Fy* (w0, x1) = 719 (w0) + 6711 (7 — 1®) g" (x0) — wog (x1) + 6% (h* —a3) g" (z1)
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MONTE CARLO METHODS FOR SYSTEMS
OF LINEAR EQUATIONS

NATALIA ROSCA

Abstract. We study Monte Carlo methods for solving systems of linear
equations. We propose three methods to generate the trajectories of the
Markov chain associated to the system. We calculate the average complex-
ity of generating the trajectories using these methods. From the complex-
ity point of view, the proposed methods are better than other methods

reported in the literature.

1. Introduction
We consider the system of linear algebraic equations:
Az =D, (1)

where A = (aij)ﬁjzl € R™*™ is a given invertible matrix and b € R"” is a given vector,
b= (by,...,b,)t. We are interested in estimating the solution # = (z1,...,z,) € R"
of system (1), using Monte Carlo methods. For this, we write the system in the
following form:

x=Tzx+c, (2)
where T' = (t;;)}' =1 € R"*", ¢ = (c1,...,cn)" € R and [ —T is an invertible matrix.

The solution x admits the Neumann series representation:
r=c+Tc+T?c+Tc+... (3)

It is assumed that Y27, [tij| <1, 4 = 1,...,n, which is a sufficient condition for the

convergence of Neumann series to the solution.

Received by the editors: 09.11.2005.
2000 Mathematics Subject Classification. 65C05, 65C10.

Key words and phrases. Monte Carlo method, random number generation, linear systems, algorithm

complexity.
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The first Monte Carlo method for solving systems of linear equations was
proposed by von Neumann and Ulam, and extended by Forsythe and Leibler [5]. For
further details, see [6] and [9]. The method is efficient when we are interested in

estimating one component of the solution.

2. Monte Carlo methods to estimate the solution of the system

There is also a Monte Carlo method for solving systems of linear equations,
which allows to estimate the entire solution, by constructing unbiased estimators for
the components of the solution.

To solve system (2), let P = (pij);fj:ll e RDx(+1) be a matrix, whose
elements satisfy the conditions:

1. pi; > 0 such that tj; # 0 = p;; # 0,

2. Zyzlpij <l,i=1,...,n,

3. Pint1=1— Z?:ﬂ’ija i=1,...,n,

4. prny1,; =0, <n+1,

9. Pn+int1 = L.

We also use the notation p; for p; ,,1. Furthermore, define the weights:

tii .
P]i,j lf Pij 7£ 0

_ i,j=1,...,n. (4)
0 1fpij:0

Wiy =
The matrix P describes a Markov chain with states {1,...,n + 1}, where n 4+ 1 is
an absorbing state and p;;, 4,5 = 1,...,n + 1 is the one step transition probability
from state i to state j. Such a Markov chain is also called a random walk, as it is
homogeneous and finite.

Denote by v = (g, i1, . .-, ix, n+ 1) a trajectory that starts at the initial state

1o < n+1 and passes successfully through the sequence of states (i1, ...,ix), to finally
get into the absorbing state ix+1 = n + 1. Counsider a vector « = (a1, ..., q,), where
a;, 1 =1,...,n is the probability that a trajectory starts in state ¢, in other words,

Plig=i) =05, ;>0 i=1,...,n, Zaizl.
=1

The probability to follow trajectory 7 is P(Y) = QiyDigiy - - - Pig—yinPix -
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Define the estimators 6;, ¢ = 1,...,n and A;, i = 1,...,n on the space of
trajectories as follows. For a trajectory v = (ig,41,...,ik,n + 1), the values of these

estimators are defined as:

k
dipi .
91(7) = Wk)(’y)pk ) )\z(’Y) = Z Wm(’Y)(Szmu 1= 1a sy T
Tk m=0
where W,,,, m =0, ...,k are random variables whose values are:
Cs
Wo(y) = —=,
M = o
Wn(y) = Winoi(DWi, i,
Ci
= %wioilwiliz Wi iy m = 1,...,]{3.

10
The above values are taken with probability P(y) (4;; is the Kronecker symbol, i.e.,
d;; =1if ¢ = j and 0 otherwise).
It can be proved that 6; and \; are unbiased estimators of x;, i.e.: E(6;) =
EX\)=ax; i=1,...,n.
The Monte Carlo Algorithm to estimate the solution of system (2) is the
following:

Algorithm 1. Monte Carlo Algorithm to estimate the solution x

1. Input data: the matrix Tand P, the vectors ¢ and «, the integer n.
2. Generate N trajectories v1,...,7nN.

3. Compute the Monte Carlo estimate of the solution:

o [elmn...wl(w) an(m+...+en<w>]t 5
= = .
or, the estimate:
- lxlmn...mm) An<m+...+xnm>]t .
= = .

3. Complexity of the Monte Carlo Algorithm

To compute the complexity of Algorithm 1, we assume that:
1. The costs of all arithmetical operations are equal, i.e., CP(+) = CP(—) =
CP(x)=CP(:) = 1.
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2. The cost of testing any of the inequalities ¢ <y, x >y, x <y or x >y or
the equality x = y is d arithmetical operations.

3. The cost of generating one random number uniformly distributed on [0, 1)
is 3 arithmetical operations, as we use the linear congruential generator to generate
random numbers.

Next, we analyse the complexity of each step of Algorithm 1.

3.1. Complexity of generating the trajectories. To start a trajectory, we sample

from the following discrete distribution:

1 2 ... n
Y. :
a1 Qg ... Qpn

described by the probability vector a, in order to get the initial state ig € {1,2,...,n}.

Once the trajectory is in state i, =i, i € {1,2,...,n}, we sample from the discrete
distribution:
1 2 ... n n+l
Y;:
bir Pi2 .- DPin Di

described by the i-th line of matrix P, in order to determine the next state ¢,,+1. We
repeat this procedure till absorbtion takes place.

The total number of steps before absorption is Y . ; C;, where C; denotes
the number of times a trajectory visits the non-absorbing state i. Let z = (21,...,25)
be the solution of system z = Pz + «, where P is the transpose of matrix (Pij)?,j:y
The expectation of the random variable C; is E(C;) = z;, i = 1,...,n ([7]).

Denote by C'P the (computational) complexity of generating a trajectory, de-
fined as the number of arithmetical operations needed to generate it. For a trajectory,
we sample from Y, once, at the beginning of the generation process. The number of
times we sample from Y; is C;. Let C'Py, and C Py, denote the number of operations
needed to generate a sample from Y, and Y;, respectively. It follows that the average

complexity of generating a trajectory is given by:

E(CP)=E(CPy.) + Zn: %E(CPy,). (7)

i=1
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There are several methods for sampling from discrete distributions (see [3] or
[4]). In [7] three such methods are used: the inversion, the acceptance-rejection and
the alias method. The following results for the average complexities of generating a

trajectory were obtained:

E(CPimy) < (d+1)([[2]1+ Dn, (8)
E(CPrej) < (d+9)([[z]li +1)n, (9)
E(CPatias) = (d+9)([|z[x +1). (10)

In the following, we use three methods: the decomposition, the economical
and the table look-up method to sample from Y, and Y;, ¢ = 1,...,n. We calculate
the average complexity of generating a trajectory and compare our results with the

results (8)-(10).

3.2. Generating trajectories using decomposition method. We describe how
we can generate a trajectory using the decomposition method to sample from Y, and

Y:,i=1,...,n. Decomposition method is based on the following result (see [3]):

Theorem 1. Any discrete distribution Y with m possible values can be written as
the weighted sum of m distributions &1, &, ..., &m, each taking two possible values and
having weight 1/m.

Next, we consider Y =Y, and we describe how we can construct the distribu-
tions &1, ...,&, (in this case m = n). For the sake of simplicity, we denote the values
1,2,...,n of distribution Y, by y1,...,yn, respectively. Thus, Y, has the following
form:

Y, = Y Y2 .- Yn
a1 Q... Qp

We assume that oy < 1/n and ay > 1/n, otherwise we look for two such
probabilities in distribution Y, and re-index them to 1 and 2, respectively. First, we
decompose the distribution Y, into the two-point distribution &; and the n — 1 point

distribution n; with weights 1/n and (n — 1)/n respectively, i.e.,

n—1

1
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It can be shown that these distributions have the following form:

Y1 Y2 Y2 Ys ... Yn
&1 = m = , , , )
a1 Qg2 Qay Q3 ... Q

where ¢; = na; and g3 = 1 — nay and

’ n(a1+a2)71 ’ n
X2 = ) ;= Qj,s
n—1 n—1

j=3,...,n.
Distribution 7; is further decomposed into the two-point distribution &; with
weight 1/(n — 1) and the (n — 2)-point distribution 7y with weight (n — 2)/(n — 1),
ie.,
1 n—2
n—1§2+ n_1"

These distributions can be constructed as described above. Substituting (12)

m= (12)

into (11), one obtains that the weight of & in the decomposition of Y, is 1/n as
well. In a similar way distributions &3, . .., &, are constructed. Their weights are 1/n.

Thus, Y, can be written as:

1 1 1
Yo==-&+ & +...+ =&, (13)
n n n
where the distributions &;, ¢ = 1,...,n have the following form :
¢ = Yil  Yi2
Qi1 gi2

with yi1, ¥i2 € {y1, ..., ynt (e v,y €{1,...,n}) ,i=1,...,n.
Now, we give the procedure that generates a sample from Y.
Algorithm 2. Decomposition Algorithm
1. [Set-up step] Construct distributions &1, ...,&,.
2. [Selecting the distribution ;] Generate u uniformly distributed on [0,1) and set
i = [nu] 4+ 1 (¢ is uniformly distributed over {1,2,...,n}).
3. [Generating a sample from the distribution &;] Generate v uniformly distributed

on [0,1), if v < ¢;1 then return y;1, otherwise return y;s.

A similar algorithm can be written for sampling from Y;,i =1,...,n.

Concerning the complexity, we obtain the following main result.
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Theorem 2. The average complexity of generating a trajectory using the decomposi-

tion method is:

E(CPaec) = (d+8)(||z[lr +1). (14)

Proof. Algorithm 2 requires the generation of 2 random numbers, 1 comparison, 1
multiplication and 1 addition. We omitted the integer part operation and the com-
plexity of the set-up step. From formula (7), we obtain that the average complexity

of generating a trajectory with decomposition method is given by:

E(CPsc) = E(CPy,)+ zn: 2 E(CPy,) = (d+8) + Zn: zi(d+8)

i=1 =1

= (d+38)(lzllL + 1).
O

Corollary 3. The average complexity of generating N trajectories using the decom-

position method is equal to (d+ 8)(]|z|j1 + 1)N.

Remark. From (14) and (10), we obtain E(CPj..) < E(CP,iqs), which is an im-

provement from the complexity point of view.

3.3. Generating trajectories using economical method. We describe how to
generate a trajectory using the economical method to sample from Y, and Y;, i =
1,...,n. The economical method is a variant of the acceptance-rejection method,
where no generated value is rejected. This will lead to a decrease in the complexity
of generating a trajectory.

As previously illustrated, distribution Y, can be written as:
1 1 1
Ya :7§1+7§2++7fn7
n n n

where the distributions &; have the following form:

P B L I
qi1 42
Recall that y;1,y;2, ¢ = 1,...,n are among the values of distribution Y.

109



NATALIA ROSCA

We assume that ¢;1 < ¢;2,7 =1,...,n, otherwise ¢;; and ¢;o are inverted. In
the economical method, degenerated distributions with P(§; = y;2) = 1 have to be

transformed into P(§; = yi1) = 1/2, P(&§ = yi2) = 1/2, where y;1 = yio.

The probabilities ¢;1,¢:2,% = 1,...,n will be arranged into a vector r =
(r1,...,72,), and correspondingly the values y;1, 42,7 = 1,...,n will be placed into
a vector v = (vy,...,v2,) as described below.

Algorithm 3. Set-up Step for Economical Algorithm
Initialize j =1, m=1,7i=1.
WHILE i <n DO
IF gi1 < ¢;2 THEN [case of a non-degenerated distribution &;]
Set 75 < i1, Ton—j+1 < iz, Vj < Yi1, Van—j+1 < Yi2,
Increase j «— j + 1.
ELSE [case of a degenerated distribution &]
Set Tn—m+1 < i1, Tntm < €i2, Vn—m+1 < Yil, Untm < Yi2,
Increase m «— m + 1.
END IF
Increase ¢ <+ 7 + 1.
END WHILE
Save ny «— j, ng < n+m.
Note that the probabilities ¢;1 = ¢;2 = 1/2 occupy the positions 7, s =
ny,n1 + 1,...,n9 — 1, which are central positions of vector r. The probabilities
gi1 < @2 occupy symmetrical positions in vector 7.

The procedure that generates a sample from Y,, is the following:
Algorithm 4. Economical Algorithm

Generate uy uniformly distributed on [0, 1).
Compute j « [2nu;] + 1 (j is uniformly distributed over {1,...,2n}).
IF' j > ny THEN RETURN v;
ELSE Generate ug uniformly distributed on [0,1).
IF % < r; THEN RETURN uv;
ELSE RETURN vy, 1
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END IF
END IF.

A similar algorithm can be written for sampling from Y;,i =1,...,n.

Concerning the complexity, we obtain the following main result.

Theorem 4. The average complexity of generating a trajectory using the economical

method is bounded by:
E(Cecon) < (2d+12)(|[2[1 +1). (15)

Proof. In Algorithm 4, the worst case scenario is the situation when both ELSE
instructions are executed. In this case, we have 2 random numbers generated, 2 mul-
tiplications (we count the multiplication 2n only once), 2 additions, 1 substraction,
1 division and 2 comparisons. We omitted the integer part operation and the com-
plexity of the set-up step. From formula (7), we get that the average complexity of

generating a trajectory with the economical method is:

E(CPecon) = E(CPy,)+ > zE(CPy,)
=1

< (2012043 2(2d +12) = (2d 412 + D).

O

Corollary 5. The average complexity of generating N trajectories using the econom-

ical method is bounded by (2d 4+ 12)(||z]1 + 1)N.

Remark. In the economical method the size n of matrix T" is not included in the upper
bound, whereas in the acceptance-rejection method, the complexity is proportional to
n. As a consequence, the computing time is substantially reduced in the economical

method, comparing to the acceptance-rejection method.

3.4. Generating trajectories using table look-up method. The table look-up
method is a fast method to sample from Y, in the particular case when the proba-
bilities «; are rational numbers with common denominator M, i.e., a; = m; /M, with
@;>0,i=1,...,nand >.I" , m; = M.
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First, we construct a vector D of size M with m entries 1, my entries 2, ...,
m,, entries n. Then, one element of this vector is picked up randomly (uniformly).
Obviously, this element is a sample from distribution Y,. The algorithm that gener-

ates a sample from Y, is:
Algorithm 5. Table Look-up Algorithm

1. [Set-up step] Construct a vector D = (D(1),...,D(M)), where m,; entries are 1,
t=1,...,n.

2. Generate u uniformly distributed on [0,1) and set j = [Mu] 4+ 1 (j is uniformly
distributed over {1,...,M}).

3. Return D(j).

If the transition probabilities are rational numbers with common denominator, a
similar algorithm can be written to sample from Y;,i =1,...,n.

Concerning the complexity, we get the following theorem.

Theorem 6. The average complexity of generating a trajectory using the table look-up
method 1s:
n
E(CPuap) =5+ Y 52 = 5(|[z[l + 1). (16)
i=1
Proof. Algorithm 5 requires the generation of 1 random number, 1 multiplication and
1 addition. We omitted the integer part operation and the complexity of the set-up
step. From formula (7), we obtain the average complexity of generating a trajectory

with the table look-up method:

n

E(CPuw) = E(CPy,)+ Y zE(CPy)=5+) 5z

=1 i=1

I

o
e
R
=

+

—_
N—

O

Corollary 7. The average complexity of generating N trajectories using the table

look-up method is equal to 5(||z|| + 1)N.
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3.5. Complexity of evaluating the estimators. The average complexity of com-
puting (5) is equal to (2||z||1 + 1)N + n ([7]). The average complexity of computing
(6) is bounded by (d(||z[lx — 1) +3)[|z[[1N +n .

3.6. Total Complexity. The average complexity of the Monte Carlo Algorithm 1
is the sum of the average complexity of generating N trajectories and the average
complexity of evaluating the estimator.

The following table contains bounds for the average complexity of the Monte
Carlo Algorithm 1, when the decomposition (DEC), the economical (ECON) and the
table-look up (TAB) methods are used to generate the trajectories.

Method Est. Upper bound for the average complexity

DEC  6; (d+8)(Izlh + YN + 2]z + YN +n

ECON 6;  (2d+12)(||z[li + )N + (2|z]l1 + 1)N +n

TAB 0; 5zl + )N+ 2||z][1 + 1)N +n

DEC A (d+8)(lzll + DN + (d(llz]s = 1) + 3)[|2[L N +n
ECON \;  (2d+12)(|lz[lx + DN + (d(||z]lx — 1) + 3)[[z[LiN +n
TAB A 5(2ll + DN + (A2l — 1) + 3) |21 N +n

Thus, the total average complexity of Algorithm 1 is O(N) + n.

4. Concluding remarks

1. We described how to generate the trajectories using decomposition method
and calculated the average complexity of this procedure. We found this is less then the
average complexity for the alias method, which is an improvement from the complexity
point of view.

2. We used the economical method to generate the trajectories. This leads
to a substantial decrease in the average complexity of generating the trajectories,
comparing to the acceptance-rejection method.

3. We used the table look-up method to generate the trajectory, in the case
when the initial and transition probabilities are rational numbers with a common

denominator. This leads to the smallest complexity.
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ON THE ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS
OF A CERTAIN FOURTH-ORDER DIFFERENTIAL EQUATION

ERCAN TUNC

Abstract. The main purpose of this paper is to establish sufficient con-
ditions under which any solution of (1.1) is uniformly bounded and tend

to zero as t — oo.

1. Introduction and Statement of the Result

As we know from the relevant literature, up to now, many results have been
obtained on the asymptotic behaviour of solutions of certain non-linear differential
equations of the fourth- order (see, e.g., Hara [2-4], Abou-el-Ela, A.M.A and Sadek,
A1 [1], Sadek and Elaiw [7] and Tung, C. and Tung, E. [5], Tung [9-10].

In this paper we investigate the asymptotic behaviour of solutions of the real

non-linear ordinary differential equation of fourth order:

(1.1)

in which the functions a,b,c,d, f1, f2, f3, f1, and p are continuous for all values of
their respective arguments. We assume that the functions a, b, ¢, d are positive definite
and differentiable in R = [0, 00), and that the derivatives a%fg(x,y, z), %fg(x,y),
%fg(x,y), %fg(x,y, z) and fj(z) exist and are continuous for all z,y, z and w. The
dots indicate differentiation with respect to t.

Received by the editors: 25.10.2005.

2000 Mathematics Subject Classification. 34C, 34D.
Key words and phrases. Ordinary differential equations, asymptotic behaviour, uniformly boundedness,
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The main purpose of this work is to prove the following

Theorem. In addition to the basic assumptions on the functions a,b,c,d,
fi, f2, fs, f1, and p, suppose that

(i) A>a(t) >ap>0,B>b(t) >by>0,C>c(t)>co>0,D>d(t) >dy>
0 for t € RT;

(i) 0 < W - 041} < min{&\/(g €0)CoQ3EAQQT, ?),/,; 50—5}

2\/§Q4DA CcoQxg
for all x,y, z,w; a1 >0, ag >0, ag > 0, ay > 0;

(iii) f3(x,0) =0 and a%fg(m,y) > a3 >0 for all z and y;
(iv) There is a finite constant dg > 0 such that

0
apbocoariavavy — C2a38—yf3(9c, y) — A2Da%a4 > dp

for all z,y and z;

(V) 0 < 2 fa(w,y) — LE < 5y < 2D%%, for gll 3 and y # 0,

Capaiciog

(vi) Z/Za*zfz(x,y, 2) <0 for all z,y and =z

(vii) fo(z,y,0) = ,6yf2(x y,2) < 0and 0 < fZ(xZ’y’Z) g < ;05%% (z #£0),

where €qg is a positive constant such that

1
gg < €= min{ Dau % Ceoas ( 2Ddgcrs — 51>} (1.2)

apQy ’ C()Oég7 4(10600[1043A07 4DOZ4A0 C’aoalcgag

with AO _ agbg%'alag + aOb,?x(sza37

(viii) faxfg,.]? C)d(<wforalla:andy7é0 and{awfgxy)} <

a050a1 8 60)

607 for all x and y;

(50 £4(0) = 0. filz)sgnz > 0 (& # 0). Fu(w) = [ f1(Q)dC — o0 as Ja| = o0
and

0 < i fif) < =Bot5al for gl g

va t)dt < oo0,d'(t) — 0 as t — oo, where o(t) = |a'(t)] + b/ (t) +

|/ (#)] + Id’(t)l :

by (t) = max {V/(t),0};

(xi) |p(t, 2, y, z,w)| < pr()+p2(8)[Fa(@) +42 + 22 +w? P2+ A(y? + 22 +w?) /2,
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where § and A are constants such that 0 <6 < 1,A >0 and p1(t), p2(t) are nonneg-
ative continuous functions satisfying

o0

/pi(t)dt <o (i=1,2). (1.3)

0

If A is sufficiently small, then every solution x(t) of (1.1) is uniformly bounded and

satisfies

z(t) = 0,z (t) = 0,z (t) — 0,2 (t) — 0, ast— oo. (1.4)

Remark. Our result includes those of Abou-el-Ela and Sadek [1], Sadek and
AL-Elaiw [7].

2. The function Vj(t,x,y, z,w)

In what follows it will be convenient to use the equivalent differential system

T=1y,Y= z, 2= w,

w= _a(t)fl(x’yv va) - b(t)fg(ﬂf,y, Z) - C(t)fg(l‘,y) - d(t)f4(x) —|—p(t,l‘,y, Z,U)),
(2.1)

which is obtained from (1.1) by setting =y, = z and 2= w.
For the proof of the theorem our main tool is the function Vy = Vi (¢, x, y, 2, w)

defined as follows:

x

Wy = 200d(t) [ F2(O)AC +2¢(t) [ falw, )

0 0

z

+[Agaab(t) — Ajaud(t)]y® + a(t)arz® + 2A10(t) [ fa(z,y,¢)dC
0 (2.2)

—Ao2? + Aqw? + 2d(t)y fa(z) + 2A1d(t) 2 fa(x)

+2Asa(t)aryz + 2A1¢(t) 2 f3(x, y) + 2A0yw + 22w + k,
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where

1 D
A = +e, Ay = a4 +e (23)

apQy CpoQ3

and k is a positive constant to be determined later in the proof.
Now we will obtain some basic inequalities which will be used in the proof of
the result.

By noting (2.3), (i) and (iii) we obtain

71— >¢e, forallz,y,zand allt € RT, (2.4)

a(t)aq

~ Daygy
c(t) f3(x,y)
In view of (2.3), (i) and (iv) it follows that

As >¢e, forallz,y#0andallt € RT. (2.5)

asb(t) — Alc(t)a%fg(x, y) — Asza(t)an

1
— apCopx1(x3

|:a0b0000410120t3 - 02043%]03(1', y) - AZDQ%OL4:|

~ (e fala.y) + alt)on | &

Z aocoégclag - [C(t)a%f3($,y) + a(t)al} E.

Also (iv) implies that

0 aoboc()OqOQ aobgcoa2a3

— _ —_ 2.6

ayf?)(xvy) < 02 ) ap < A2DOZ4 ( )
Hence

asb(t) — Are(t) 2 fy(a,y) — Asa(t)ar > — 20— oA 2.7)
2 1 By 3\, Y 2 1= 20C001 0% 0, .
for all x,7,z and all t € RT.
Let ®3 be the function defined by
fS(Z’y)7 Y 7& 0

é%f?)(xao)a y:O
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Then from (iii) and (v) we have
®3(x,y) > ag for all z and y, (2.9)

0< 8%103(33’ y) — P3(x,y) < for all x and y. (2.10)

From (2.9), (i) and (2.3) we get

DO(4
Ay — — — =%
27 () ®s(x,y)

To prove the present theorem we need the following two lemmas:

>¢, forallz,yandallt € RT. (2.11)

Lemma 1. Subject to the conditions (i)-(iz) of the theorem, there are positive

constants Dy and Do such that
Di[Fy(z) +y* + 2% + w? + k] <V < Do[Fy(x) +y* + 22 + w? + k] (2.12)

for all z,y, z and w.

Proof. Since f3(z,y,0) =0 and W > ag (2 #0), it is clear that

2A1b(1) / Fa(@,9, O)dC > Arb(t)ass?.
0

Therefore it follows from (2.2) that

x

2Vo = 2Aqd(t) { f4(Q)d¢ + 2¢(2) Ofyfg(x, QdC + [Azab(t) — Araad(t)]y”

Fa(t)ar 2 + Arb(t)asz? — Avz? + Au? + 2d(B)yfa(x) + 281d(1)2 fa(x)

+2A0a(t)aryz + +2A1¢(t)z f3(x, y) + 2025w + 2zw + k.

Rewrite above inequality as follows:

o(t) [d(t) ’
2V > By (. 9) L(t)fz;(iﬁ) +y®3(w,y) + Alz‘I’:a(Tf,y)}
a(t) [ w 2 f ()3 ()
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+[Agb(t)ag — Ard(t)oy — Ala(t)ar]y? + 2¢(t) / f3(z,Q)d¢ — c(t)®s3(z, y)y?
0

+[ALb(t) — Ay — A2c(t)®3(z,y)]22 + [Al - ] w? + k.
a(t)aq
From (2.4) we get
Ay — L w? > ew?
a(t)oq - '
Then
2V > Vi + Vo + Vi +ew? + k, (2.13)
where
d*(t) f (x)

Vi = 2A2d(t)/f4(0d< -

0

c(t)®s(x,y)’

Vo = [Doab(t) — Ajayd(t) — Aga(t)al]?ﬁ + 2¢(t) / f3(z,¢)d¢ — c(t)q)g(x,y)yQ,
0

Vs := [Aranb(t) — Ay — A2c(t)®3(x, y)] 22

From (2.3), (2.9) and (i) we find

x

Vi > 2gd(t)g’f4(C)d<j + D4 2a40ff4(C)dC ~ fi(z)

T

> 2sd<t>1"f4<<>d<<+-%ggg?—f[a4 — A

0

Since the second integral on the right hand side is non-negative by (ix), it clear that

QM/h@M—ﬁ@ZQ (2.14)
0
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So Vi > 26d0ff4(<)d<. Also from (2.3), (iii), (i) and (2.7) we obtain
0

AQO[Qb(t) — A1a4d(t) — A%a(t)al
= Ay [azb(t) = Ase(t) falw,y) — Asalt)on
+A1 [Ase(t) B F3(w) — cad(t)]

> Ay [agb(t) — Ave(t) 2 f3(xy) - Aga(t)al}

> DO“‘( S fsAo).

Cox3 apCox1 (3

Since

Cagf (z,Q)d¢ = yfs(x,y) — ff3l“C

Ct—

= 203(2,y) — | falw, Qe

0

then

26(0) [l Qi — c)alo)s? = elt) || Flo 1 ~ [ ¢l O

0

= c(t) [ [@s(2.y) = & folw. Q)] Cd¢

C—

> Ch2 by (210).

Therefore we have

5 ) 2a4 D6
VQZ[Dm( 0 _aAO)_Cl}?fzi(%02_51)y27by(1.2).

cos \ apcoariais Caparcial
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Similarly, from (2.3), (i), (2.10) and (2.7) we obtain

Alagb(t) — Ag - A%C(t)q)g(l‘7 y)
= Al[ong(t) — Alc(t)q)g(fﬂ, y) — Aga(t)aﬂ + Ag[Ala(t)oq — 1}

> Al[agb(t) — Alc(t)a%fg(x,y) — Aga(t)al]

> L ( % fsAo).

agt apCox1 3

Therefore we obtain

V> ( % —5A0>22, by (1.2).

apa1 \ apCor1Cv3

Combining the estimates for Vi, V, and Vs with (2.13) we find

C 20¢4D(50 2 360 2 2
2V > 2edy F. — =—5—= -0 —_— k.
b > 2edoFy(z) + 1 (C’aoalcgag 1>y + TaZconlas 22 +ew? +

Then there exists a positive constant D such that
Vo > Di[Fy(z) +v* + 22 +w? + k).

Easily,by noting the hypothesis of the theorem, it can be followed that there exists a

positive constant Dy such that
Vo < Do[Fy(z) + y2 + 22 4w + k).

Therefore (2.12) is verified.

Lemma 2. Under the conditions of the theorem there exist positive constants

Dy, D5 and Dg such that

Vo< —Ds(y? + 2% + w?) + v3Dg(y? + 2% + w?) V2 [p1(t) + pa(t)]
(2.15)

—I—\/§D6p2(t)[F4(LL') + y2 + 22 + ’w2] + D4’YOV0'
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Proof. An easy calculation from (2.2) and (2.1) yields that

i vy . vy ove oV OV
Jladl pA hadl) g, Y, 2%
A T Pl ML T T

= _Ala(t)wfl (377 Y, %, w) - AQb(t)ny(xv Y, Z) - AQC(t)yf?)(xv y) - b(t)ZfQ(xv Y, Z)

Yy z z
s ey [ 3 e, O+ Dab(0)z [ 5] ol O+ abioy [ 5 fae O
0 0

0

+Aqa(t)or 22 + [Aganb(t) — Ajaqud(t)]yz + Alc(t)zQ%fg,(x, y)

FAe(t)yz o ol y) + A0 Fi(x) + Aad(t)y=Fi(a)
—Asa(t)yfi(x,y, z,w) + Asa(t)ayyw
A%

—a(t)zfi(z,y, z,w) + a(t)arzw + (Agy + 2z + Aqw)p(t, z, y, z,w) + T

Since

[0 § [ .
[ g ole.OdC < 0. by (vit) and y [ 5L faley O, by (i),
0 0
Then we find that
Vo =—=(Va+Vs+Vs+Vz+Vs) — Doa(t)yfi(z,y, 2,w) + Aga(t)aryw

—a(t)zfi(z,y, 2,w) + a(t)arzw + (Aoy + z + Ajw)p(t, z,y, z,w) + B2,
(2.16)

where

Y
Vi i= Baclt)ufa(e,) — a0 = )y [ £, — Mrelt)yz 5 fale),
0

Vs := |aab(t) — Alc(t)aﬁyfg(x,y) — Aga(t)ay | 22,

Vo= [Bran LELA0) e,

Vr 1= 2b(t) fa(@,y, 2) — ab(t)2? + Dob(t)yfo(w,y, 2) — Azanb(t)yz

Vs == aud(t)y® — d(t) f1(2)y? + Araud(t)yz — Ard(t) f1(2)yz
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But

ox

V= s (00) |82~ s Lt cton |
0

Y

0 0
> ecpazy? — Cy/%fs(x,od( - AlcyZ%f:‘a(x,y%
0
by (i), (2.9) and (2.11).

Vs = [a2b(t) — Are(t) 2 f3(x,y) — Doalt)on | 22

> ( o __ _ EAO) 2%, by (2.7),

apcox1 3

(Bya(p) HES20)

Vo = —1w? > eapoyw?,
by (i), (ii) and (2.3).

Ve =b(t) [M — 042:| (22 + Agyz), for z #0

) o .
> —%b(t) [% — ag} y?, by (vii).

By using (vii) and (2.3) we get for z # 0

A% fa(w,y,2) 1 Day 2 500?)@%
-2 _ < =
1 b(t) { 2 ag| < 4b(t) ot +e€ BD%a?

2
1 CoQg E0CoQ3
=-b(t)(1 — <
4 ( ) ( + DOL4 E) B S €0CpQi3,

since € <

Da
ot by (1.2). Then

Vi > —ggcoasy® for all ,y and z # 0,
but V7 =0 when z = 0, so

Vi > —ggcoasy? for all z,y and 2.

By (ix)

Ve = di)fou — B + Arye) > —Sd(t)]a - fi():
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From (ix) and (2.3) we find

2
%%d(t)[m;— fg(x)]gid(t)< L +5) £Apado]

apy D
1 VAN
= d(t) (1 + apo€)’ °D 0 <eny,
since € < aolal by (1.2). Thus it follows that
Ve > —eo2”. (2.21)

From (2.17) and (2.20) we have, for y # 0,

Y
Vi+Vz > |(e —eo)coas — %f %fs(ﬂf,f)dﬁ] y? — A Cyz2 f3(2,y)
0

Y

3(e — e0)coasy® — Alcyz%fg(x, y), by(viii)

= 3(e —e0)coazy® + (e — e0)coas [Z/2 — ey f (e, y)}

Alc? 2
%(5 — €0)coazy® — m [%fs(xa y)] 2

%

do 2
4a0a1 CcoQx3 ?

by using (vii), (2.3) and (1.2). But V4 + V7 = 0, when y = 0,by (2.17) and (2.20);

> 4(e —eo)coosy? —

therefore we have

1 )
Vi+ Ve > =(e — g0)coasy® — 702'2, for all y and z. (2.22)
2 4a0a100a3

From the estimates given by (2.18), (2.19), (2.21) and (2.22) we get
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- 1
Vo< —= (g — 2 —=
0= 2(6 80)60()[3y (40,0000[10[3

— 2€A0> 22

—capayw? — a(t)zf1(z,y, z,w) + a(t)ag 2w

oV
—Aza(t)yfi(x,y, z,w) + Asa(t)aryw + (Aoy + 2 + Ayw)p(t, z,y, z,w) + afto
1 )
< *5(5 - 50)00043312 - Zm?ﬂ - 6610041102 —a(t)zfi(z,y, z,w) + a(t)or zw

oV,
—Aga(t)yf1(1‘7 Y, =, UJ) + AQa(t)alyw + (AQy +z+ Alw)p(t7 z,Y, %, UJ) + 871507 (223)
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since € < Wiﬁ by (1.2).Consider the expressions
1 2 1 2 1 2
Wy = *1(6 —€o)cozy” — 1(5 — €0)coqzy” — 3EGMW
*Aga(t) fl(xayazaw) 011:| yw
w
and
1 4 1 9 1 Y, 2,
Wy =—- 0 22— 0 22— 76a0a1w2 — a(t) M
2 agcori a3 2 apcoai g 3 w

which is contained in (2.23). Because of the inequalities

—Wi = L(e — gp)coasy® + 1(e — e0)coasy® + Feapaw?

2

> (e — co)consy® + [5/E = e0)ena Iyl & |/ 3asan ul]

>0, by (ii),

Wy = %7‘50 22 + %750 2% + teapaiw? + a(t) [7fl($fjj’z’w) — o

apcox1 (3 apcCox1 3

2
1 4 2 1 /1
Z §aocog¢1a32 + |: §aocoa1a3 | ‘ + 351100[1 |w|}

it follows that

1 ]
Wy < ———2 22,
2 apCo1(g

Hence, a combination of the estimates Wy and W5 with (2.23) yields that

do 2

7 Ll 2_1_ % 2_ 1 2
Vo < —3(e—c¢o0)coasy S arcneras A 3EA0OIW

+(Agy + 2z + Aw)p(t, x, y, z,w) + 3V°
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A CERTAIN FOURTH-ORDER DIFFERENTIAL EQUATION

From (2.2) we obtain

% = d(t) [%a1z2 + %Agalyz]
(1) [Al [ (e c + 1A2a2y2] L) [f Jale, ¢ + Az fa(,y)

+d'(t) [A2Zf4(od§ — Ay +yfa(z) + A1Zf4(95)] .

From the assumptions in the theorem, (2.6) and (2.14) we have a positive constant

D3 satisfying

oV
P < Dyl ()] + B, (0) + 1€/ (0)] + | O )[Fa(e) + 2 + 2 +w?] < DoV,
by using the inequality (2.12), where D, = %.Therefore one can find a positive

constant Ds such that
‘/OS _2D5(y2 + 22 + U}2) + (AQy +z+ A1w>p(t7xaya Z,'LU) + D4’70VYO~
Let Dg = max(Aq,1,Aq), then

VO S _2D5(y2 + Z2 + ’LU2) + \/gDG(y2 + 22 + w2)1/2 |p(t7$7ya Z,U))| + D4’YOVO
< —2D5(y% 4 22 + w?) + V3Dg(y? + 2% + w?)? {p1(t)

+ po(t)[Fa(z) + v + 22 + w2 + A(y? + 22 + w?)/2} + Dyyo V.

Let A be fixed, in what follows, to satisfy A = —25— with this limitation on A we

V3Ds
have
Vo< —Ds(y? + 22 4+ w?) + V3D (y2 + 22 + w2 {py(t)
(2.24)
+ pa(O)[Fu(x) + y* + 2% + w?)*/2} + DynoVi.
Note that
[Fa(x) + 92+ 22 + w2 <14 [Fy(a) + y? + 22 + w?]V2 (2.25)
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From (2.24) and (2.25) we find

Vo< —Ds(y? + 22+ w?) + V3D (y? + 22 + w?) /2 [py (t) + pa(t)]

+V3Dgpa(t)[Fu(z) + y* + 22 + w?] + DayoVo

3. Completion of the Proof

We define
t
V(t,z,y,z,w) = exp —/’7(7’)(17‘ Vo(t, z,y, z,w), (3.1)
0
where
7(t) = Dayo + NSD “pa(t) + pa (1)) (32)

Then it is easy to see that there exist two functions Uy (r), Ua(r) satisfying
Ur(|lzll) < V(¢ 2y, 2,w) < Uz(|[Z]), (3-3)

for all T € R* and t € R* where Uj(r) is a continuous increasing positive definite
function, Uy (r) — oo as r — oo and Us(r) is a continuous increasing function.

From (3.1), (2.15), (3.2) and (2.12) we have

t

V=exp | — / y(r)dr [Vo —v(t)Vo]
0

< exp ‘/"Y(T)df {~Da(y? + 22+ w?) + VBDs(y? + 22 + w?) 2 [pr (1) + pa(0)

0
—V3Dg[p1(t) + p2(B)[Fa(w) + 4 + 2* + w? + 2k] }

< exp —/’)/(T)dT {—D5(y2—|—22+w2)
0

—V3Ds[pa (t) + pa(t)] l(m— 1) -

2 4

} |

V< =Di(y® +2° +w?) = ~U(||z]). (34)

Setting k& > é, we can find a positive constant D7 such that
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A CERTAIN FOURTH-ORDER DIFFERENTIAL EQUATION

From inequalities (3.3) and (3.4) it follows that all the solutions (z(t),y(t), z(t), w(t))
of (2.1) are uniformly bounded [12; Theorem 10.2].

Auxiliary Lemma

We consider a system of differential equations
7= F(t,7) + G(t,T), (3.5)

where F(t,7) and G(t,T) are continuous vector functions on Rt x @ (Q is an open
set in R™). We assume

|G(t,Z)|| < Gi(t,T) + G2(T),

t
where G4 (,T) is non-negative continuous scalar function on R* x@Q and [ G1(7,7)dr
0

is bounded for all ¢ whenever T belongs to any compact subset of @ and G2(T) is a
non-negative continuous scalar function on Q.

The following lemma is a simple extension of the well-known result obtained

by Yoshizawa [12; Theorem 14.2].

Lemma 3. Suppose that there exists a non-negative continuously differen-
tiable scalar function V(t,Z) on RT x Q such that V 35y (t,7) < —U(|Z|), where
U(||Z||) is positive definite with respect to a closed set Q of Q. Moreover, suppose that
F(t,T) of system (8.5) is bounded for all t when T belongs to an arbitrary compact
set in Q and that F(t,T) satisfies the following two conditions with respect to

(1) F(t,T) tends to a function H(T) forZ € Q ast — oo, and on any compact
set in Q this convergence is uniform;

(2) Corresponding to each € > 0 and each G € Q, there exist a 0, § = 6(g,7)
and a T =T(e,y) such that if t > T and ||T — || §, we have ||F(t,ZT) — F(e,7)| < e.
And suppose that

(3) Go(T) is positive definite with respect to a closed set  of Q.

Then every bounded solution of (3.5) approaches the largest semi-imvariant

set of the system T= H(T) contained in Q ast — co.
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Proof. (See [7]) From (2.1) we set F' and G in (3.5) as follows

Y

z
F(t,z) =
w

_a(t)fl(xayv va)w - b(t)fQ(xa y,Z) - C(t)fS(xvy) - d(t)f4($)

p(t,z,y,z,w)
Thus from (xi) we find

Gt D) < pr(t) +pa()[Fa(z) + v + 2° + 0] + AQ® + 2° + w®) /2,
Let
G1(t,Z) = p1(t) + p2(t)[Falx) + v 422+ w2]6/2 and G5(T) = A(y2 +22+ w2)1/2.

Then F(t,T) and G(t,T) clearly satisfy the conditions of Lemma 3.
Now U(||z||) in (3.4) is positive definite with respect to the closed set 2 =
{(z,y,z,w) |z € RY,y =0,z =0,w = 0}, it follows that, in Q,

0
0
F(t,7) =
0
—d(t) fa(x)
From (i) and (x), we have d(t) — ds as t — 0o where 0 < dy < doo < D. If we set
0
0
H(z) = , (3.6)
0
_doof4(x)

then the conditions on H(Z) of Lemma 3 are satisfied. Moreover Ga(T) is positive

definite with respect to a closed set €.

130
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Since all of the solutions of (2.1) are bounded, it follows from Lemma 3
that every solution of (2.1) approaches the largest semi-imvariant set of the system

T= H(T) contained in Q as t — co. From (3.6), T= H(Z) is the system
1= 0,9=0,2= 0, = —duo fa(),

which has the solutions x = k1,y = ko, 2z = ks, w = kg —doo f4(k1)(t—1%p). To remain in
O; ko = k3 =0 and kg —doo fa(k1)(t —to) = 0 for all ¢t > tg which implies k1 = kg = 0.

Therefore the only solution of T= H (Z) remaining in €2 is T = 0, that is, the
largest semi-invariant set of Z= H () contained in € is the point (0,0,0,0). Then it

follows that
z(t) — 0,y(t) — 0,2(t) - 0,w(t) - 0 as t — oo,

which are equivalent to (1.4).

This completes the proof of the theorem.
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BOOK REVIEWS

Handbook of Computational and Numerical Methods in Finance, Svet-
lozar T. Rachev and George A. Anastassiou (Eds.), Birkhduser Verlag 2004,
VI4+435 p., 15 illus., Hardcover ISBN 0-8176-3219-0.

Svetlozar Todorov Rachev, one of the editors of this book, belongs both to
the Department of Statistics and Applied Probability from University of California
USA and to the Department of Economics and Business Engineering from Universitét
Karlsruhe Germany.

The merit of the editors was that they collected twelves articles, each of them
treating a computational or a numerical method applied in finance.

Many years the Nobel prize for economics was awarded to mathematicians
who applied their knowledge of probability theory, numerical analysis, partial deriva-
tives equations, statistics, in one word the mathematics, to find models in economics.
After the establishing of the economical models, some of them become difficult to
solve and, as a consequence, impossible to performed their results.

As in other fields of science, i.e. mechanics, where computational and numer-
ical methods were successfully applied, it is the turn of finance to be the ,,reason”
of research for mathematicians and a field in which those who work with applied
mathematics find a fertile ground to develop them ideas.

In this book are fruitfully putted together themes from financial analysis like:
computation of complex derivatives; market credit and operational risk assessment,
asset liability management, optimal portfolio theory, financial econometrics, as well

as recent studied themes from computational and numerical methods in finance, and
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risk management like: Genetic Algorithms, Neural Networks, Monte-Carlo methods,
Finite Difference Methods, Stochastic Portfolio Optimization and others.

As the editor Svetlozar Rachev mentioned, the subject of computational and
numerical methods in finance has recently emerged as a new discipline at the inter-
section of probability theory, finance and numerical analysis. The methods employed
bridge the gap between financial theory and computational practice and provide solu-
tions for complex problems that are difficult to solve by traditional analytical methods.

The book presents some of the current research collected by the editor and
survey articles focusing on various numerical methods in finance. The articles and
the authors, in order of appearance are:

1. O.J. Blaskowitz, W.K. H Kardle and P. Schmidt, Skewness and Kurtosis
Trades; 2. D.D’ Souza, K. Amir-Atefi and B. Racheva-Jotova, Valuation of a Credit
Spread Put Option: The Stable Paretian model with Copulas; 3. 1. Khindanova, Z.
Atakhanova, and S. Rachev, GARCH - Tupe Processes in Modeling Energy Prices;
4. Kohatsu-Higa and M. Monteri, Malliavin Calculus in Finance ; 5. P. Kokoszka
and A. Parfionovas, Bootsfrap Unit Root Tests for Heavy-Tailed Time Series; 6. S.
Ortobelli, S. Rachev, I. Huber and A. Briglova, Optimal Portfolio Selection and Risk
Management: A Comparison between the Stable Paretian Approach and the Gaussian
One; 7. G. Pages, H. Pham, and J. Printems, Optimal Quantization Methods and
Applications to Numerical Problems in Finance; 8. S. Stoianov and B. Racheva -
Jotova, Numerical Methods for Stable Modeling in Financial Risk Management; 9.
F. Schlotttman and D. Seese, Modern Heuristics for Finance Problems: A Survey
of Selected Methods and Applications; 10. C. E. Testuri and S. Uryasev, On Rela-
tion Between Expected Regret and Conditional Value-at-Risk; 11. S. Trick and E.
Ozturkmen, Estimation Adjustment and Application of Transition Matrices in Credit
Risk Models; 12. Z. Zheng, Numerical Analysis of Stochastic Differential Systems and

its Applications in Finance.

Diana Andrada Filip
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Songmu Zheng, Nonlinear FEwvolution FEgquations, Monographs and Sur-
veys in Pure and Applied Mathematics, Vol. 133, Chapman & Hall/CRC, Boca
Raton, London, New York, Washington DC, 2004, xiv +287 pp., ISBN 1-58488-452-5.

Nonlinear evolution equations are partial differential equations with time ¢ as
one of the independent variables. Beside their presence in various fields of mathemat-
ics, nonlinear evolution equations are also important for their applications in physics,
mechanics, material science. For instance, the Navier-Stokes and Euler equations
in fluid mechanics, the nonlinear Klein-Gordon equations in quantum mechanics, the
Cahn-Hilliard equations in material science are particular cases of nonlinear evolution
equations.

The first question in the study of nonlinear evolution equations is that of
existence and uniqueness of the solution (at least locally), which is that of the existence
and uniqueness of the solution (at least locally) which is usually solved by fixed point
methods (the contraction principle and Leray-Schauder fixed point theorem). Another
fundamental question, which is vital in applications, is that of global existence and
uniqueness and the long time behavior of a solution as the time goes to infinity.

The aim of the present book is to develop in a detailed and accessible manner
the basic methods and tools for the treatment of nonlinear evolution equations — the
semigroup method, compactness and monotone operators method, monotone iterative
methods. These are developed in the six chapters of the boo: 1. Preliminaries; 2.
Semigroup Method; 3. Compactness method and Monotone Operator Method; 4.
Monotone Iterative Methods and Invariant Regions; 5. Global Solutions and Small
Initial Data; 6. Asymptotic Behavior of Solutions and Global Attractors.

Most of the included material appears for the first time in book form, some

of it being based on the research work of the author.
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The prerequisites for the reading of the book are familiarity with Sobolev
spaces and embedding theorems, distribution theory, elements of functional analy-
sis. The required results are enounced at the beginning of each chapter with exact
references.

The bibliography counts 171 items.

The book is well written and provide the reader with a good introduction to
this area of investigation.

Treating a topic of great importance in nonlinear science, with applications
to mechanics, material science and biological sciences, the book is of interest for
mathematician (graduate students and researchers) working in this area, as well for

people working in the applied domains mentioned above.

Radu Precup

Daniel Li, Hervé Queffelec, Introduction a l’étude des espaces de Banach
— Analyse et probabilités, Cours Spécialisés 12, Société Mathématique de France,

2004, xxiv + 627 pp., ISBN 1-58488-452-5.

The aim of the present book is to show how probabilistic methods can be used
to solve difficult problems in Banach space theory and, at a same time, to emphasize
the interplay between Banach space theory and classical analysis. It is an advanced
course, so the reader is supposed familiar with basic results in functional analysis, real
analysis, measure theory and complex analysis. But modulo these standard results
(taught in the 2nd cycle of French universities) the book is fairly selfcontained, one
of the main targets of the authors being to avoid the use of "by a well known result”
or references to other places. To this end some special results in classical analysis,
which are not usually taught in general courses as, for instance, Rademacher’s theo-
rem on a.e. differentiability of Lipschitz functions, Riesz-Thorin and Marcinkiewicz
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interpolation theorems, M. Riesz theorem, F. and M. Riesz theorem, and others of
this kind, are included with full proofs. Also, Chapter 0, Notions fondamentales de
probabilités, contains an introduction to classical probability theory, and the Annezxe
to the book is concerned with harmonic analysis on compact abelian groups. Some
probabilistic results in Banach spaces, needed in the rest of the book, are developed
in Chapters 3, Variables aléatoires and 10, Processus gaussiens. As the authors point
out in the introduction, the book is not on probability in Banach spaces but rather
on their applications to the study of Banach spaces.

In the following we shall present some highlights of the book. Chapters 1
and 2 are concerned with bases and unconditional bases in Banach spaces, including
Maurey’s proof of Gowers’ dichotomy theorem.

Type and cotype are discussed in the fourth chapter, culminating with the
proof of Kwapien’s result that a Banach space which is both of type and cotype 2
is isomorphic to a Hilbert space. Stegall’s proof of Lindenstrauss-Rosenthal local
reflexivity principle is also included.

Chapter 5 deals with p-summing operators, emphasizing the key role
Grothendieck’s theorem (every linear operator from ¢; to ¢y is 1-summing) played
in the development of the subject initiated by Pietsch. This chapter contains also a
proof of Dvoretzky-Rogers theorem on unconditionally convergent series and an intro-
duction to Sidon sets. In fact, Sidon sets and, more generally, thin sets in harmonic
analysis and their interplay with Banach space theory form one of the central themes
of the book.

Chapter 6 is concerned with the spaces LP — Vitali-Hahn-Saks and Dunford-
Pettis theorems in L', the Haar basis in L?, and a new proof of the Grothendieck’s
theorem based on a result of Paley. The space ¢; is studied in Chapter 7, having as
central result Rosenthal’s theorem on Banach spaces containing ¢; and some of its
consequences. The main result of chapter 8, Sections euclidiennes, is the famous the-

orem of Dvoretzky on almost spherical sections of convex bodies in finite dimensional
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spaces. There are included two proofs of this result — one by Gordon (1985) covering
only the real case, and the other one by Pisier (1986), based on the phenomenon of
concentration of measures developed by Maurey and Pisier, and valid in both real
and complex cases.

Chapter 9 is devoted to Davie’s construction of a separable Banach space
without approximation theory and related results.

Chapter 11 is concerned with reflexive subspaces of L', characterizations in
terms of the convergence in measure, relations to sets closed in measure and other
results. In Chapter 12, Quelques exemples d’utilisations de la méthode des sélaecteurs,
selectors obtained from independent Bernoulli random variables (€,,) by the condition
I, ={n>1:¢€(w) =1} are used to study Sidon sets, the vector Hilbert transform,
and K-convexity. The results of this chapter belong, in essence, to Bourgain.

The last chapter of the book, Chapter 13, Espaces de Pisier des fonctions
presque strement continues. Applications, is concerned with Pisier spaces CP?.

Each chapter of the book ends with a section of Exercises with results com-
pleting those from the main text. They are accompanied by hints, meaning that the
proof is decomposed in several steps and the reader has to fill in the details.

By collecting a lot of fundamental results in modern Banach space theory
and exposing them in an accessible way, with full details and auxiliary results, the
authors have done a great service to mathematical community. The book can be used

for advanced graduate or postgraduate course or as a reference text as well.

S. Cobzag

Elias M. Stein & Rami Shakarchi, Real Analysis — Measure Theory,
Integration and Hilbert Spaces, Princeton Lectures in Analysis III, Princeton

University Press, Princeton and Oxford 2005, xix + 402 pp., ISBN 0-691-11386-6.
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This is a third one of a four-volume treatise on analysis, based on four one-
semester courses taught at the Princeton University, and having as purpose to em-
phasize the organic unity between various parts of the subject and, at a same time, to
illustrate its wide applicability to other fields of mathematics and science. The first
two volumes were concerned with Fourier Analysis (Part I) and Complex Analysis
(Part II). A fourth volume on functional analysis, distribution theory and probability
theory is planned. The emphasis in the presentation is on the historical order in
which the main ideas and results emerged and shaped the field. For this reason some
results are reconsidered and reexamined at various stages, with interconnections and
applications to other areas. A typical example is that of Fourier series considered in
the first volume within the framework of Riemann integration with applications to
the infinitude of prime numbers in arithmetic progression and to X-ray and Radon
transform, and which reappear in the third volume (within Lebesgue integration this
time) with applications to Besicovich sets and Fatou theorem on the boundary values
of bounded holomorphic functions.

Let us pass to a detailed description of the content. Chapters 1, Measure the-
ory, and 2, Integration theory, are concerned with the Lebesgue measure and integral
in RY. As applications, one proves the Brunn-Minkowski inequality and the inversion
formula for the Fourier transform. The third chapter, Differentiation and integration,
is devoted to a presentation of the deep results on the differentiation of functions
with bounded variation and of absolutely continuous functions and the relations with
integrability. After presenting in the fourth chapter, Hilbert spaces: An introduction,
the basic results on Hilbert spaces and Hilbert space operators, the authors study
in Chapter 5, Hilbert spaces: Several examples, the Fourier transform on L?, the
Hardy space on the upper half-plane and some applications to PDEs. The results on
Lebesgue measure and integration from chapters 1 and 2 are reconsidered in Chapter
6, Abstract measure and integration theory, from an abstract point of view, with ap-

plications to ergodic theory and spectral theory of Hilbert space operators. The last
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chapter of the book, Chapter 7, Hausdorf measure and fractals, contains a short
presentation of these topics with applications to space-filling curves and Besicovich
like sets.

Each chapter ends with a set of exercises and problems. The exercises are
accompanied by hints, smoothing the way to their solutions. The ”Problems” sections
contain more challenging problems, some of them, marked by an asterisk, of higher
difficulty.

The result is a fine book, which together with the previous one and the
forthcoming fourth volume, will give a comprehensive and well motivated approach
to a lot of core results of analysis. It can be used for graduate or advanced graduate

courses on analysis and its applications.

S. Cobzag
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