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ON A CLASS OF LINEAR POSITIVE BIVARIATE OPERATORS
OF KING TYPE
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Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. The concern of this note is to introduce a general class of lin-

ear positive operators of discrete type acting on the space of real valued

functions defined on a plane domain. These operators preserve some test

functions of Bohman-Korovkin theorem. Following our technique, as a

particular class, a modified variant of the bivariate Bernstein-Chlodovsky

operators is presented.

1. Introduction

Let (Ln)n≥1 be a sequence of positive linear operators defined on the Ba-

nach space C([a, b]). A classical theorem of Bohman-Korovkin asserts: if (Lnek)n≥1

converges to ek uniformly on [a, b], k ∈ {0, 1, 2}, for the test functions e0(x) = 1,

e1(x) = x, e2(x) = x2, then (Lnf)n≥1 converges to f uniformly on [a, b], for each

f ∈ C([a, b]).

J.P. King [8] has presented an example of linear and positive operators Vn :

C([0, 1]) → C([0, 1]), given as follows

(Vnf)(x) =
n∑

k=0

(
n

k

)
(r∗n(x))k(1− r∗n(x))n−kf

(
k

n

)
, f ∈ C([0, 1]), x ∈ [0, 1], (1)
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where r∗n : [0, 1] → [0, 1],

r∗n(x) =


x2, n = 1,

− 1
2(n− 1)

+

√
n

n− 1
x2 +

1
4(n− 1)2

, n = 2, 3, . . .
(2)

This sequence preserves two test functions e0, e2 and (Vne1)(x) = r∗n(x) holds.

Based on Bohman-Korovkin criterion, we get lim
n→∞

(Vnf)(x) = f(x) for each f belong-

ing to C([0, 1]), x ∈ [0, 1].

Further results regarding Vn operator have been recently obtained by Gonska

and Piţul [5]. Also, by using A-statistical convergence, an analog of King’s result has

been proved by O. Duman and C. Orhan [4].

In [1] we indicated a general technique to construct sequences of univariate

operators of discrete type with the same property as in King’s example, i.e., their

degree of exactness is null, but they reproduce the third test function of the celebrated

criterion.

The central issue of this paper is to present a sequence of bivariate operators

with similar properties: to reproduce certain monomials of second degree and to form

an approximation process.

2. Preliminaries

Following our announced aim, in this section we recall results regarding the

univariate case. Also, basic results concerning the uniform approximation of functions

by bivariate operators are delivered.

We set R+ := [0,∞) and N0 := {0}∪N. Following [1], we consider a sequence

(Ln)n≥1 of linear positive operators of discrete type acting on a subspace of C(R+)

and defined by

(Lnf)(x) =
∞∑

k=0

un,k(x)f(xn,k), x ≥ 0, f ∈ F ∩ Eα, (3)

where un,k : R+ → R+ is continuous (n ∈ N, k ∈ N0), (xn,k)k≥0 := ∆n is a net on

R+ and

F := {f : R+ → R+ : the series in (3) is convergent},

14



ON A CLASS OF LINEAR POSITIVE BIVARIATE OPERATORS OF KING TYPE

Eα := {f ∈ C(R+) : (1 + xα)−1f(x) is convergent as x →∞},

α ≥ 2 being fixed. We mention that the right-hand side of (3) could be a finite sum.

We assume that the following identities

(Lne0)(x) = 1, (Lne1)(x) = x, (Lne2)(x) = anx2 + bnx + cn, x ≥ 0, (4)

are fulfilled for each n ∈ N. At this moment, {e0, e1, e2} ⊂ F ∩ Eα holds. Moreover,

we assume

an 6= 0, n ∈ N, lim
n→∞

an = 1, lim
n→∞

bn = lim
n→∞

cn = 0.

Based on Bohman-Korovkin theorem these relations guarantee that (Ln)n≥1

is a positive approximation process, more precisely lim
n→∞

(Lnf)(x) = f(x) uniformly

for every f ∈ F ∩ Eα and every x belonging to any compact K ⊂ R+.

Since (Le1)2 ≤ (Le0)(Le2) is a common property of any linear positive oper-

ator L of summation type, we get

(an − 1)x2 + bnx + cn ≥ 0, x ≥ 0, n ∈ N, (5)

which implies

cn ≥ 0, an ≥ 1 for each n ∈ N, (6)

and {n ∈ N : an = 1} ⊂ {n ∈ N : bn ≥ 0}. Further on, we are looking for the

functions vn ∈ RR+
+ , n ∈ N, such that (Lne2)(vn(x)) = x2 for each x ≥ 0 and n ∈ N,

this means

anv2
n(x) + bnvn(x) + cn − x2 = 0, x ≥ 0, n ∈ N. (7)

In what follows, throughout the paper, we take

cn = 0, n ∈ N, (8)

and

vn(x) =
1

2an
(
√

b2
n + 4anx2 − bn), x ≥ 0, n ∈ N. (9)

For each n ∈ N, vn(x) is well defined and vn is a continuous positive function.

Also, relation (7) is verified.
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Starting from (3) we define the univariate linear positive operators

(L∗nf)(x) =
∞∑

k=0

un,k(vn(x))f(xn,k), x ≥ 0, f ∈ F ∩ Eα, n ∈ N, (10)

where vn is given by (9).

The following identities

L∗ne0 = e0, L∗ne1 = vn, L∗ne2 = e2 (11)

hold. Consequently, one has lim
n→∞

L∗nf = f uniformly on compact intervals of R+ for

every f ∈ F ∩ Eα. This result follows from (11) and Korovkin criterion. For each n

with the property bn ≥ 0 we get vn(0) = 0 and, consequently, one has (L∗nf)(0) =

(Lnf)(0).

Setting ei,j(x, y) = xiyj , i ∈ N0, j ∈ N0, i + j ≤ 2, the test functions

corresponding to the bidimensional case, we need a result due to Volkov [10].

Theorem 1. Let I and J compact intervals of the real line. Let Lm1,m2 ,

(m1,m2) ∈ N×N, be linear positive operators applying the space C(I × J) into itself.

If

lim
m1,m2

Lm1,m2ei,j = ei,j , (i, j) ∈ {(0, 0), (1, 0), (0, 1)},

lim
m1,m2

Lm1,m2(e2,0 + e0,2) = e2,0 + e0,2,

uniformly on I × J , then the sequence (Lm1,m2f) converges to f uniformly on I × J

for any f ∈ C(I × J).

In a more general frame, Volkov’s theorem says: if X is a compact subset of

the Euclidean space Rp, then
{
1, pr1, . . . , prp,

p∑
j=1

pr2
j

}
is a Korovkin subset in C(X).

Here 1 stands for the constant function on X of constant value 1 and pr1, . . . , prp

represent the canonical projections on X, this means prj(x) := xj for every x =

(xi)1≤i≤p ∈ X, where 1 ≤ j ≤ p. For a thorough documentation the monograph of

Altomare and Campiti [2; page 245] can be consulted.
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3. A class of bivariate operators

Now we are going to present the tensor product extension of L∗n to the bidi-

mensional case.

Starting from the specified ∆n net on R+, we consider ∆m1 × ∆m2 , the

corresponding net on R+ × R+. Thus, (xm1,i, xm2,j), (i, j) ∈ N0 × N0, are its knots.

Having in mind the notations of the previous section we introduce the bivari-

ate linear positive operators acting on D and defined as follows

(L∗m1,m2
f)(x, y) =

∞∑
i=0

∞∑
j=0

um1,i(vm1(x))um2,j(vm2(y))f(xm1,i, xm2,j), (12)

(x, y) ∈ R+ × R+. For each index m ∈ N, the functions um,k, k ∈ N0, enjoy the

properties implied by (4) and vm is given by (9). In the above D consists of all

continuous functions f : R+ × R+ → R with the properties: the series in (12) is

convergent and (1 + xα1)−1f(x, y), (1 + yα2)−1f(x, y) are convergent as x → ∞,

y → ∞ respectively, where α1 ≥ 2, α2 ≥ 2 are fixed. Clearly, ei,j ∈ D for each

(i, j) ∈ N0 × N0 with i + j ≤ 2.

Theorem 2. Let L∗m1,m2
be defined by (12).

(i) The following identities

L∗m1,m2
e0,0 = e0,0, L∗m1,m2

e2,0 = e2,0, L∗m1,m2
e0,2 = e0,2, (13)

(L∗m1,m2
e1,0)(x, y) = vm1(x), (L∗m1,m2

e0,1)(x, y) = vm2(y), (x, y) ∈ R+ × R+,

hold.

(ii) One has lim
m1,m2

L∗m1,m2
f = f uniformly on compact subsets of R2

+ for

every f ∈ D.

Proof. (i) Taking into account (11) and (12), by a straightforward calculation

the stated identities follow.

(ii) Based on (13), the result is implied by (9) and Theorem 1. �

We can explore the rate of convergence of L∗m1,m2
operators in terms of the

first order modulus of smoothness ωf of the bivariate function f . It is known that

for any real valued bounded function f , f ∈ B(I × J), where I and J are compact
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intervals of the real line, the associated mapping ωf is defined as follows:

ωf (δ1, δ2) = sup{|f(x1, y1)− f(x2, y2)| : (x1, y1), (x2, y2) ∈ I × J,

|x1 − y1| ≤ δ1, |x2 − y2| ≤ δ2}, (δ1, δ2) ∈ R+ × R+. (14)

Among the properties of ωf investigated by A.F. Ipatov [7] we recall

ωf (λ1δ1, λ2δ2) ≤ (1 + λ1 + λ2)ωf (δ1, δ2), λ1 > 0, λ2 > 0. (15)

Let K ⊂ R2
+ be a compact and let δ1 > 0, δ2 > 0 be fixed. Based on (15) and

knowing that L∗m1,m2
e0,0 = 1, for each (x, y) ∈ K we can write

|(L∗m1,m2
f)(x, y)− f(x, y)|

≤
∞∑

i=0

∞∑
j=0

um1,i(vm1(x))um2,j(vm2(y))|f(xm1,i, xm2,j)− f(x, y)|

≤
∞∑

i=0

∞∑
j=0

um1,i(vm1(x))um2,j (vm2(y))ωf

(
1
δ1
|xm1,i − x|, 1

δ2
|xm2,j − y|

)

≤

(
1 +

1
δ1

∞∑
i=0

um1,i(vm1(x))|xm1,i − x|+ 1
δ2

∞∑
j=0

um2,j(vm2(y))|xm2,j − y|

)
ωf (δ1, δ2).

On the other hand, Cauchy’s inequality and the identities given by (13) imply

∞∑
i=0

um1,i(vm1(x))|xm1,i − x|

≤

( ∞∑
i=0

um1,i(vm1(x))

)1/2( ∞∑
i=0

um1,i(vm1(x))(xm1,i − x)2
)1/2

= (2x2 − 2xvm1(x))1/2,

and respectively

∞∑
j=0

um2,j(vm2(y))|xm2,j − y| ≤ (2y2 − 2yvm2(y))1/2.

The above relations enable us to state the following estimate for the pointwise

approximation.
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Theorem 3. Let K be a compact subset of R2
+. The operators Lm1,m2 ,

(m1,m2) ∈ N× N, defined by (12) verify

|(Lm1,m2f)(x, y)− f(x, y)| ≤
(

1 +
1
δ1

ṽm1(x) +
1
δ2

ṽm2(y)
)

ωf (δ1, δ2), (16)

for every f ∈ D, (x, y) ∈ K, δ1 > 0, δ2 > 0, where

ṽm(t) =
√

2t2 − 2tvm(t), m ∈ N, t ≥ 0, (17)

and vm is given at (9).

Remarks. 1◦ Based on Cauchy’s inequality (L∗e1)2 ≤ (L∗e0)(L∗e2) and

relation (11) as well, we get t ≥ vm(t), for each t ≥ 0. Consequently, in (17) ṽm is

well defined.

2◦ Endowing R × R with the metric ρ, ρ(z1, z2) = |x1 − x2| + |y1 − y2| for

zk = (xk, yk), k = 1, 2, we could have estimated the rate of convergence using another

type of modulus of smoothness given by

ω1(f ; δ) = sup{|f(z1)− f(z2)| : z1 ∈ K, z2 ∈ K, ρ(z1, z2) ≤ δ},

for every f ∈ B(K) and δ > 0. Clearly, (14) implies ωf (δ1, δ2) ≤ ω1(f ; δ1 + δ2). An

overview on moduli of smoothness as well as some of their extensions can be found,

e.g., in the monograph [2; Section 5.1].

3◦ Examining the construction of vm we easily deduce vm(0) ≤ vm(x) ≤ x,

for each x ∈ R+. Moreover, the mapping x 7→ x − vm(x) is increasing one. For a

compact I = [α, β] ⊂ R+, we can write

ṽm(t) ≤
√

2β

(
max
t∈I

(t− vm(t))
)1/2

=
√

2β
√

β − vm(β).

Consequently, if K := I × J = [α1, β1] × [α2, β2] ⊂ R2
+ then, by choosing in

(16) δj :=
√

βj − vmj
(βj), j ∈ {1, 2}, we obtain the following global estimate on the

compact K

‖Lm1,m2f − f‖C(K) ≤ (1 +
√

2β1 +
√

2β2)ωf

(√
β1 − vm1(β1),

√
β2 − vm2(β2)

)
.

Here ‖ · ‖C(K) stands for the usual sup-norm of the space C(K).
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4. Example

In order to obtain an approximation process of L∗m1,m2
-type, we focus our

attention on Bernstein-Chlodovsky operators. Let (hn)n≥1 be a sequence of strictly

positive real numbers verifying

lim
n→∞

hn = ∞ and lim
n→∞

hn

n
= 0.

The nth Bernstein-Chlodovsky operator [3], Ln : C(R+) → C(R+) is defined

by

(Lnf)(x) =


n∑

k=0

(
n

k

)(
x

hn

)k (
1− x

hn

)n−k

f

(
hnk

n

)
, if 0 ≤ x ≤ hn,

f(x), if x > hn.

(18)

It is known that identities (4) are fulfilled and we get an = 1− 1
n

, bn =
hn

n
, cn = 0, if x ∈ [0, hn],

an = 1, bn = cn = 0, if x > hn.
(19)

Following (9) we obtain: for n = 1, v1(x) = x2, x ≥ 0; for n ≥ 2,

vn(x) =


1

2(n− 1)

(√
h2

n + 4n(n− 1)x2 − hn

)
, if x ∈ [0, hn],

x, if x > hn.
(20)

Returning to (10) via (18), we obtain the modified univariate Bernstein-

Chlodovsky operators L∗n. Accordingly, based on (12), the bivariate extension for

each (x, y) ∈ [0, hm1 ]× [0, hm2 ] and f ∈ D is defined by

(L∗m1,m2
f)(x, y) =

m1∑
i=0

m2∑
j=0

cm1,m2(i, j)v
i
m1

(x)vj
m2

(y)(hm1 − vm1(x))i(hm2 − vm2(y))j

×f

(
i

m1
hm1 ,

j

m2
hm2

)
, (21)

where cm1,m2(i, j) =
(

m1

i

)(
m2

j

)
h−m1

m1
h−m2

m2
and vm is described by (20).

We notice the following aspect. From (19) we get a1 = 0 and this should be

in contradiction with (6). In fact nothing is wrong because, this time, relation (5)
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must hold only for x ∈ [0, hn], not for each x ∈ R+. Consequently, condition an ≥ 1

in (6) is not necessary to take place.

Particular case. If we choose hn = 1 in (18), then Ln becomes the classical

nth Bernstein polynomial for each n ∈ N. In this case relations (19) and (20) imply

vn(x) = r∗n(x), x ∈ [0, 1], see (2). The King’s operators (1) are reobtained.

Remarks. a) If we choose in (3) un,k(x) := e−nx (nx)k

k!
and xk,n := k/n, the

well-known Szász-Mirakyan-Favard operator is obtained. A variant of this operator

in two dimensions was defined by Totik [9; p.292] as follows

(Sn,mf)(x, y) = e−nx−my
∞∑

i=0

∞∑
j=0

(nx)i

i!
(my)j

j!
f

(
i

n
,

j

m

)
.

b) If we choose in (3) un,k(x) :=
(

n− 1 + k

k

)
xk(1+x)−n−k and xk,n := k/n,

the classical Baskakov operator is obtained. In [6] the authors have considered the

Baskakov operator for functions of two variables given by

(An,mf)(x, y) =
1

(1 + x)n(1 + y)m

∞∑
i=0

∞∑
j=0

ci,j(n, m)
(

x

1 + x

)i(
y

1 + y

)j

f

(
i

n
,

j

m

)
,

where ci,j(n, m) :=
(

n− 1 + i

i

)(
m− 1 + j

j

)
.

Following our technique, in the same manner we can obtain the modified

variants given by relation (12) of the above two classes. By a short computation,

relation (9) becomes

a) vn(x) =
√

1 + 4n2x2 − 1
2n

, b) vn(x) =

√
1 + 4n(n + 1)x2 − 1

2(n + 1)
,

respectively.
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Str. Kogălniceanu Nr. 1, RO-400084 Cluj-Napoca, Romania

E-mail address: agratini@math.ubbcluj.ro

22
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REPRESENTATION THEOREMS
AND ALMOST UNIMODAL SEQUENCES

DORIN ANDRICA AND DANIEL VĂCĂREŢU

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. We define the almost unimodal sequences and we show that

under some conditions the polynomial P (Xk + n) is almost unimodal

(Theorem 1.7). A nontrivial example of almost unimodality shows that

the sequence A
(1)
k (n), k = −n(n + 1)

2
, . . . ,−1, 0, 1, . . . ,

n(n + 1)

2
is sym-

metric and almost unimodal (Theorem 3.1). This result is connected to

some representation properties of integers.

1. Almost unimodal sequences and polynomials

A finite sequence of real numbers {d0, d1, . . . , dm} is said to be unimodal if

there exists an index 0 ≤ m∗ ≤ m, called the mode of the sequence, such that dj

increases up to j = m∗ and decreases from then on, that is, d0 ≤ d1 ≤ · · · ≤ dm∗

and dm∗ ≥ dm∗+1 ≥ · · · ≥ dm. A polynomial is said to be unimodal if its sequence of

coefficients is unimodal.

Unimodal polynomials arise often in combinatorics, geometry and algebra.

The reader is referred to [BoMo] and [AlAmBoKaMoRo] for surveys of the diverse

techniques employed to prove that specific families of polynomials are unimodal.

We recall few basic results concerning the unimodality.

Theorem 1.1. If P is a polynomial with positive nondecreasing coefficients, then

P (X + 1) is unimodal.
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Theorem 1.2. Let bk > 0 be a nondecreasing sequence. Then the sequence

cj =
m∑

k=j

bk

(
k

j

)
, 0 ≤ j ≤ m (1.1)

is unimodal with mode m∗ =
⌊

m− 1
2

⌋
.

Theorem 1.3. Let 0 ≤ a0 ≤ a1 ≤ · · · ≤ am be a sequence of real numbers and n ∈ N,

and consider the polynomial

P = a0 + a1X + a2X
2 + · · ·+ amXm. (1.2)

Then the polynomial P (X + n) is unimodal with mode m∗ =
⌊

m

n + 1

⌋
.

We can reformulate Theorem 1.3 in terms of the coefficients of polynomial P .

Theorem 1.4. Let 0 ≤ a0 ≤ a1 ≤ · · · ≤ am be a sequence of real numbers and n ∈ N.

Then the sequence

qj = qj(m,n) =
m∑

k=j

ak

(
k

j

)
nk−j , 0 ≤ j ≤ m (1.3)

is unimodal with mode m∗ =
⌊

m

n + 1

⌋
.

In order to introduce the almost unimodality of a sequence we need the

following notion.

Definition 1.5. A finite sequence of real numbers {c0, c1, . . . , cn} is called almost

nondecreasing if it is nondecreasing excepting a subsequence which is zero.

It is clear that, if the sequence {c0, c1, . . . , cn} is nondecreasing, then it is

almost nondecreasing. The converse is not true, as we can see from the following

example. The sequence {0, 1, 0, 2, 0, 3, . . . , 0,m} is almost nondecreasing but it is not

nondecreasing.

Definition 1.6. A finite sequence of real numbers {d0, d1, . . . , dm} is called almost

unimodal if there exists an index 0 ≤ m∗ ≤ m, such that dj almost increases up to

j = m∗ and dj almost decreases from then on.
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As in the situation of unimodality, the index m∗ is called the mode of the se-

quence. Also, a polynomial is said to be almost unimodal, if its sequence of coefficients

is almost unimodal.

For instance, the polynomial

(Xk + 1)m =
(

m

0

)
+

(
m

1

)
Xk +

(
m

2

)
X2k + · · ·+

(
m

m

)
Xmk

is almost unimodal for k ≥ 2, but it is not unimodal.

The following result is useful in the study of almost unimodality.

Theorem 1.7. Let 0 ≤ a0 ≤ a1 ≤ · · · ≤ am be a sequence of real numbers, let n be a

positive integer and consider the polynomial

P = a0 + a1X + a2X
2 + · · ·+ amXm.

Then for any integer k ≥ 2, the polynomial P (Xk + n) is almost unimodal.

Proof. We note that if Q is a unimodal polynomial, then for any k ≥ 2 the polynomial

Q(Xk) is almost unimodal. Applying Theorem 1.3 we get that P (X +n) is unimodal

and now using the remark above it follows that P (Xk + n) is almost unimodal with

mode m∗ = k

⌊
m

n + 1

⌋
.

Remark 1.8. If n ≥ m, then m∗ = 0, hence the sequence of coefficients of P (Xk +n)

is almost nonincreasing. For example, the sequence of coefficients of (Xk + 3)3 is

27, 0, . . . , 0︸ ︷︷ ︸
k−1

, 27, 0, . . . , 0︸ ︷︷ ︸
k−1

, 9, 0, . . . , 0︸ ︷︷ ︸
k−1

, 1.

2. Some representation results for integers

In 1960, P. Erdös and J. Surányi ([ErSu], Problem 5, pp.200) have proved

the following result: Any integer k can be written in infinitely many ways in the form

k = ±12 ± 22 ± · · · ± n2 (2.1)

for some positive integer n and for some choices of signs + and −.
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In 1979, J. Mitek [Mi] has extended the above result as follows: For any fixed

positive integer s ≥ 2 the result in (2.1) holds in the form

k = ±1s ± 2s ± · · · ± ns (2.2)

The following notion has been introduced in [Dr] by M.O. Drimbe:

Definition 2.1. A sequence (an)n≥1 of positive integers is an Erdös-Surányi se-

quence if any integer k can be represented in infinitely many ways in the form

k = ±a1 ± a2 ± · · · ± an (2.3)

for some positive integer n and for some choices of signs + and −.

The main result in [Dr] is contained in

Theorem 2.2. Any sequence (an)n≥1 of positive integers satisfying:

i) a1 = 1,

ii) an+1 ≤ 1 + a1 + · · ·+ an, for any positive integer n,

iii) (an)n≥1 contains infinitely many odd integers,

is an Erdös-Suranyi sequence.

As direct consequences of Theorem 2.1, in the paper [Dr], the following ex-

amples of Erdös-Suranyi sequences are pointed out:

1) The Fibonacci’s sequence (Fn)n≥0, where F0 = 1, F1 = 1 and Fn+1 =

Fn + Fn−1, for n ≥ 1;

2) The sequence of primes (pn)n≥1.

We can see that the sequence (ns)n≥1 does not satisfy condition ii) in Theorem

2.2 but it is an Erdös Suranyi sequences, according to the result of J. Mitek [Mi]

contained in (2.2). Following the paper [Ba] one can extend Theorem 2.2 in such way

to include sequences (ns)n≥1. The following notion has been introduced in [Kl] by T.

Klove:

Definition 2.3. A sequence (an)n≥1 of positive integers is complete if any suffi-

ciently great integer can be expressed as a sum of distinct terms of (an)n≥1.
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The above property is equivalent to the fact that for any sufficient great

integer k there exists a positive integer t = t(k) such that

k = u1a1 + u2a2 + · · ·+ utat, (2.4)

where ui ∈ {0, 1}, i = 1, 2, . . . , t.

The main result in [Ba] is contained in

Theorem 2.4. Any complete sequence (an)n≥1 of positive integers, containing infin-

itely many odd integers, is an Erdös-Surányi sequence.

Proof. Let q can be represented as in (2.4). Let Sn = a1+· · ·+an, n ≥ 1. The sequence

(Sn)n≥1 is increasing and it contains infinitely many odd integers but also infinitely

many even integers. Let k be a fixed positive integer. One can find infinitely many

integers Sp, having the same parity as k, such that Sp > k + 2q. Consider Sn a such

integer and let m =
1
2
(Sn − k). Because q < m, it follows that m can be represented

as in (2.4). Taking into account that m < Sn, we have m = u1a1 + · · ·+ unan, where

ui ∈ {0, 1}, i = 1, 2, . . . , n. Then, we have

k = Sn − 2m = (1− 2u1)a1 + · · ·+ (1− 2un)an.

From ui ∈ {0, 1} we get 1− 2ui ∈ {−1, 1}, i = 1, 2, . . . , n.

Remark 2.5. The result of J. Mitek [Mi] follows from Theorem 2.4 and from the

property that the sequence (ns)n≥1 is complete, for any positive integer s. The

completeness of (ns)n≥1 is a result of P. Erdös (see [Si], pp.395).

3. Integral formulae and almost unimodality

Consider an Erdös-Surányi sequence (am)m≥1. If we fix n, then there are 2n

integers of the form ±a1 ± · · · ± an. In this section we explore the number of ways

to express an integer k in the form (2.3). Denote Ak(n) to be this value. Using the

method in [AnTo] let us consider the function

fn(z) =
(

za1 +
1

za1

) (
za2 +

1
za2

)
. . .

(
zan +

1
zan

)
(3.1)
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It is clear that this is the generating function for the sequence Ak(n), i.e. we

may write

fn(z) =
Sn∑

j=−Sn

Aj(n)zj , (3.2)

where Sn = a1 + · · ·+ an. It is interesting to note the symmetry of the coefficients in

(3.2), i.e. Aj(n) = A−j(n). If we write z = cos t + i sin t, then by using DeMoivre’s

formula we may rewrite (3.1) as

fn(z) = 2n cos a1t · cos a2t . . . cos ant (3.3)

By noting that Ak(n) is the constant term in the expansion z−kfn(z), we

obtain

z−kfn(z) = 2n(cos kt− i sin kt) cos a1t . . . cos ant

= Ak(n) +
∑
j 6=k

Aj(n)(cos(j − k)t + i sin(j − k)t) (3.4)

Finally, making use of the fact that
∫ 2π

0

cos mtdt =
∫ 2π

0

sinmtdt = 0, we

integrate (3.4) on the interval [0, 2π] to find an elegant integral formula for Ak(n):

Ak(n) =
2n

2π

∫ 2π

0

cos a1t . . . cos ant cos ktdt (3.5)

After integrating, we find that the imaginary part of Ak(n) is 0, which implies

the relation ∫ 2π

0

cos a1t . . . cos ant sin ktdt = 0 (3.6)

for each k between −Sn and Sn.

Applying formula (3.5) for Erdös-Surányi sequence (ms)m≥1, we get

A
(s)
k (n) =

2n

2π

∫ 2π

0

cos 1st cos 2st . . . cos nst cos ktdt,

where A
(s)
k (n) denote the integer Ak(n) for this sequence.

The following result gives a nontrivial example of almost unimodality.
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Theorem 3.1. The sequence A
(1)
k (n), k = 0, 1, . . . ,

n(n− 1)
2

, is almost nonincreasing

and consequently, the sequence A
(1)
j (n), j = −n(n + 1)

2
, . . . ,−1, 0, 1, . . . ,

n(n + 1)
2

is

symmetric and almost unimodal.

Proof. First of all we show that A
(1)
k (n) is the number of representations of

1
2

(
n(n + 1)

2
− k

)
as

n∑
i=1

εii, where εi ∈ {0, 1}. Indeed, we note that if ε ∈ {0, 1},

then 1− 2ε ∈ {−1, 1} and we have
n∑

i=1

(1− 2εi)i = k if and only if

n(n + 1)
2

− 2
n∑

i=1

εii = k,

hence
n∑

i=1

εii =
1
2

(
n(n + 1)

2
− k

)
. (3.7)

Denote B
(1)
k (n) the number of representations of

1
2

(
n(n + 1)

2
− k

)
in the

form (3.7). It is clear that B
(1)
k (n) = 0 if and only if k and

n(n + 1)
2

have different

parities. Also, we have
n(n + 1)

4
≤ j ≤ n(n + 1)

2
for any integer j of the form

1
2

(
n(n + 1)

2
− k

)
, k = 0, 1, . . . ,

n(n + 1)
2

. Assume that we can write j as ε1 · 1 + ε2 ·

2+ · · ·+εn ·n and ε1 = 1. Then, we have j−1 = ε2 ·2+ · · ·+εn ·n, where ε2, . . . , εn ∈

{0, 1}. If we have in this sum three consecutive terms of the form i − 1, 0, i + 1,

we can move 1 at the first position and obtain three consecutive terms of the form

i − 1, i, 0. After another such step for other three consecutive terms s − 1, 0, s + 1,

taking into account that a such map is injective it follows that B
(1)
j (n) ≤ B

(1)
j−2(n),

hence A
(1)
j (n) ≤ A

(1)
j−2(n) if both A

(1)
j−2(n) and A

(1)
j (n) are not zero.

Remark 3.2. The conclusion of Theorem 3.1 is not generally true for A
(s)
k (n), where

s ≥ 2 (see the values of A
(2)
k (6) in the table below).
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4. Numerical results

Numerical values for A
(1)
k for n up to 9

n = 1

k Ak

0 0

1 1

n = 2

k Ak

0 0

1 1

2 0

3 1

n = 3

k Ak

0 2

1 0

2 1

3 0

4 1

5 0

6 1

n = 4

k Ak

0 2

1 0

2 2

3 0

4 2

5 0

6 1

7 0

8 1

9 0

10 1

n = 5

k Ak

0 0

1 3

2 0

3 3

4 0

5 3

6 0

7 2

8 0

9 2

10 0

11 1

12 0

13 1

14 0

15 1

n = 6

k Ak

0 0

1 5

2 0

3 5

4 0

5 4

6 0

7 4

8 0

9 4

10 0

11 3

12 0

13 2

14 0

15 2

16 0

17 1

18 0

19 1

20 0

21 1

n = 7

k Ak

0 8

1 0

2 8

3 0

4 8

5 0

6 7

7 0

8 7

9 0

10 6

11 0

12 5

13 0

14 5

15 0

16 4

17 0

18 3

19 0

20 2

21 0

22 2

23 0

24 1

25 0

26 1

27 0

28 1

n = 8

k Ak

0 14

1 0

2 13

3 0

4 13

5 0

6 13

7 0

8 12

9 0

10 11

11 0

12 10

13 0

14 9

15 0

16 8

17 0

18 7

19 0

20 6

21 0

22 5

23 0

24 4

25 0

26 3

27 0

28 2

29 0

30 2

31 0

32 1

33 0

34 1

35 0

36 1

n = 9

k Ak

0 0

1 23

2 0

3 23

4 0

5 22

6 0

7 21

8 0

9 21

10 0

11 19

12 0

13 18

14 0

15 17

16 0

17 15

18 0

19 13

20 0

21 12

22 0

23 10

24 0

25 9

26 0

27 8

28 0

29 6

30 0

31 5

32 0

33 4

34 0

35 3

36 0

37 2

38 0

39 2

40 0

41 1

42 0

43 1

44 0

45 1
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Numerical values for A
(2)
k for n up to 6

n = 1

k Ak

0 0

1 1

n = 2

k Ak

1 0

2 0

3 1

4 0

5 1

n = 3

k Ak

0 0

1 0

2 0

3 0

4 1

5 0

6 1

7 0

8 0

9 0

10 0

11 0

12 1

13 0

14 1

n = 4

k Ak

0 0

1 0

2 1

3 0

4 1

5 0

6 0

7 0

8 0

9 0

10 1

11 0

12 1

13 0

14 0

15 0

16 0

17 0

18 0

19 0

20 1

21 0

22 1

23 0

24 0

25 0

26 0

27 0

28 1

29 0

30 1

n = 5

k Ak

0 0

1 0

2 0

3 2

4 0

5 2

6 0

7 0

8 0

9 0

10 0

11 0

12 0

13 1

14 0

15 1

16 0

17 0

18 0

19 0

20 0

21 1

22 0

23 1

24 0

25 0

26 0

27 1

n = 5

k Ak

28 0

29 1

30 0

31 0

32 0

33 0

34 0

35 1

36 0

37 1

38 0

39 0

40 0

41 0

42 0

43 0

44 0

45 1

46 0

47 1

48 0

49 0

50 0

51 0

52 0

53 1

54 0

55 1

n = 6

k Ak

0 0

1 2

2 0

3 0

4 0

5 0

6 0

7 1

8 0

9 2

10 0

11 1

12 0

13 1

14 0

15 1

16 0

17 1

18 0

19 1

20 0

21 1

22 0

23 1

24 0

25 0

26 0

27 0

28 0

29 0

30 0

31 2

32 0

33 2

34 0

35 0

36 0

37 0

38 0

39 2

40 0

41 2

42 0

43 0

44 0

n = 6

k Ak

45 0

46 0

47 0

48 0

49 1

50 0

51 1

52 0

53 0

54 0

55 0

56 0

57 1

58 0

59 1

60 0

61 0

62 0

63 1

64 0

65 1

66 0

67 0

68 0

69 0

70 0

71 1

72 0

73 1

74 0

75 0

76 0

77 0

78 0

79 0

80 0

81 1

82 0

83 1

84 0

85 0

86 0

87 0

88 0

89 1

90 0

91 1
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Numerical values for A
(1)
0 (n) and A

(2)
0 (n)

(1) (2)
n A0

1 0

2 0

3 2

4 2

5 0

6 0

7 8

8 14

9 0

10 0

11 70

12 124

13 0

14 0

15 722

16 1314

17 0

18 0

19 8220

20 15272

21 0

22 0

23 99820

24 187692

25 0

26 0

27 1265204

28 2399784

29 0

30 0

31 16547220

32 31592878

33 0

34 0

35 221653776

36 425363952

37 0

38 0

39 3025553180

40 5830034720

41 0

42 0

43 41931984034

44 81072032060

45 0

46 0

47 588431482334

48 1140994231458

49 0

50 0

n A0

51 8346638665718

52 16221323177468

53 0

54 0

55 119447839104366

56 232615054822964

57 0

58 0

59 1722663727780132

60 3360682669655028

61 0

62 0

63 25011714460877474

64 48870013251334676

65 0

66 0

67 365301750223042066

68 714733339229024336

69 0

70 0

71 5363288299585278800

72 10506331021814142340

73 0

74 0

75 79110709437891746598

76 155141342711178904962

77 0

78 0

79 1171806326862876802144

80 2300241216389780443900

81 0

82 0

83 17422684839627191647442

84 34230838910489146400266

85 0

86 0

87 259932234752908992679732

88 511107966282059114105424

89 0

90 0

91 3890080539905554395312172

92 7654746470466776636508150

93 0

94 0

95 58384150201994432824279356

96 114963593898159699687805154

97 0

98 0

99 878552973096352358805720000

100 1731024005948725016633786324

n A0

1 0

2 0

3 0

4 0

5 0

6 0

7 2

8 2

9 0

10 0

11 2

12 10

13 0

14 0

15 86

16 114

17 0

18 0

19 478

20 860

21 0

22 0

23 5808

24 10838

25 0

26 0

27 55626

28 100426

29 0

30 0

31 696164

32 1298600

33 0

34 0

35 7826992

36 14574366

37 0

38 0

39 100061106

40 187392994

41 0

42 0

43 1223587084

44 2322159814

45 0

46 0

47 16019866270

48 30353305134

49 0

50 0
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A CYCLIC ODD-EVEN REDUCTION TECHNIQUE APPLIED
TO A PARALLEL EVALUATION OF AN EXPLICITE SCHEME

IN MATHEMATICAL FINANCE

IOANA CHIOREAN

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. The purpose of this paper is to give a possibility of reducing

the execution time involved in evaluating a financial option by means of

an explicite scheme, using a cyclic odd-even reduction technique.

1. Introduction

The concept of arbitrage is largely used in the domain of mathematical fi-

nance. It allows us to establish precise relationships between prices and thence to

determine them. Connected with it, the strategies of an option is very important. In

the literature, the celebrated Black-Scholes differential equation for the price of the

so-called European vanilla option is the best known and used.

Many papers study this equation and indicate different numerical methods

in order to get the approximate solution. E.g., in [3], the finite difference method is

presented. In [4], the method of radial basis is used, to avoid the mesh of discretized

points.

In this paper, considering the idea given by the cyclic odd-even reduction

(see [1]), we start from an explicit scheme obtained by means of finite differences, and

give an alternative of evaluating of the approximate values, using a cyclic odd-even

reduction type technique, which generates a logarithmic time of execution.
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2. Recalling the Black-Scholes equation

As in [3], denoting by:

• V , the value of an option

• S, the current value of the underlying asset

• t, the time

• σ, the volatility of the underlying asset

• T , the expiry

• r, the interest rate

• E, the exercise price,

We get the Black-Scholes equation:

∂V

∂t
+

1
2
σ2 · s2 · ∂2V

∂s2
+ r · s · ∂V

∂s
− r · V = 0 (1)

with the boundary conditions:

C(0, t) = 0

C(S, T ) = max(S − E, 0).

3. The finite difference methods

Finite difference methods (see [2]) are a means of obtaining numerical solu-

tions to partial differential equations (see [2], [3]). They constitute a very powerful

and flexible technique and, if applied correctly, are capable of generating accurate nu-

merical solutions to all of the mathematical finance models, also for the Black-Scholes

equation (1).

So, considering a mesh of equal S-steps of size δS and equal time-steps of size

δt, with (N +1)2 points, central differences for S derivatives and backward differences

for time derivatives, we get the explicit discretization of the Black-Scholes equation:

B0V
m
n + C0V

m
1 = V m

0

AnV m
n−1 + BnV m

n + CnV m
n+1 = V m+1

n , n = 1, 2, . . . , N

(2)
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where m indicates the moment of time,

An = −1
2
(σ2n2 − (r − s0)n)δt

Bn = 1 + (σ2n2 + r)δt

Cn = −1
2
(σ2n2 + (r − s0)n)δt

4. A technique of the cyclic odd-even reduction type

Relation (2) generates a system of equations of the following form:

B0 C0 0 . . . 0

A1 B1 C1 . . . 0

0 A2
. . . . . . 0

...
...

. . . . . . CN

0 0 . . . AN BN


·



V m
0

V m
1

...

V m
N−1

V m
N


=



V m+1
0

V m+1
1

...

V m+1
N−1

V m+1
N


(3)

which involves a time of execution of O(N2). Then the following theorem holds:

Theorem 1. Using a cyclic odd-even reduction type technique, equation (2)

can be computed in a time O(N [log2 m]) time.

Proof. Rewriting (2),

AnV m
n−1 + BnV m

n + CnV m
n+1 = V m+1

n

for one single value n, and replacing V m
n using the same connection among values, we

get:

AnV m
n−1 + Bn(AnV m−1

n−1 + BnV m−1
n + CnV m−1

n+1 ) + CnV m
n+1 = V m+1

n

or, making some computations:

An(V m
n−1 + BnV m−1

n−1 ) + B2
nV m−1

n + Cn(BnV m−1
n+1 + V m

n+1) = V m+1
n .

So, for n given, value V m+1
n can be computed by means of values from two

previous moments of time. Repeating the same substitution, we finally get:

An(amV m
n−1 + am−1V

m−1
n−1 + · · · + a0V

0
n−1) + Bm

n V 0
n

+Cn(a1
mV m

n−1 + a1
m−1V

m−1
n−1 + · · · + a1

0V
0
n−1) = V m+1

n (4)
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where we denoted by ai and a1
i , i = 0,m the final coefficients.

Using the double recursive technique (see [1]), in [log2 m] parallel steps, the

values in parenthesis are computed.

Finally, for n = 1, 2, . . . , N , the total execution time is O(N [log2 m]). �
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[3] Wilmott, P., Howison, S., Dewynne, J., The Mathematics of Financial Derivatives,

Cambridge Univ. Press, 1995.

[4] Koc, M.B., Boztsun, I., Boztsun, D., On the Numerical Solution of Black-Scholes Equa-

tion, International Workshop on Mesh Free Methods, 2003.
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Abstract. The aim of the present paper is to define compact operators on

asymmetric normed spaces and to study some of their properties. The dual

of a bounded linear operator is defined and a Schauder type theorem is

proved within this framework. The paper contains also a short discussion

on various completeness notions for quasi-metric and for quasi-uniform

spaces.

1. Introduction

An asymmetric norm on a real vector space X is a functional p : X → [0,∞)

satisfying the conditions

(AN1) p(x) = p(−x) = 0 ⇒ x = 0; (AN2) p(αx) = αp(x);

(AN3) p(x+ y) ≤ p(x) + p(y),

for all x, y ∈ X and α ≥ 0. A quasi-metric on a set X is a mapping ρ : X×X → [0,∞)

satisfying the conditions

(QM1) ρ(x, y) = ρ(y, x) = 0 ⇐⇒ x = y; (QM2) ρ(x, z) ≤ ρ(x, y) + ρ(y, z),

for all x, y, z ∈ X. If the mapping ρ satisfies only the conditions ρ(x, x) = 0, x ∈ X,

and (QM2), then it is called a quasi-pseudometric. If p is an asymmetric norm on a

vector space X, then the pair (X, p) is called an asymmetric normed space. Similarly,
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(X, ρ) is called a quasi-metric space. If p is an asymmetric norm on a vector space

X, then ρ(x, y) = p(y − x), x, y ∈ X, is a quasi-metric on X. A closed, respectively

open, ball in a quasi-metric space is defined by

Bρ(x, r) = {y ∈ X : ρ(x, y) ≤ r}, B′
ρ(x, r) = {y ∈ X : ρ(x, y) < r},

for x ∈ X and r > 0. In the case of an asymmetric norm p one denotes by

Bp(x, r), B′
p(x, r) the corresponding balls and by Bp = Bp(0, 1), B′

p = B′
p(0, 1), the

unit balls. In this case the following equalities hold

Bp(x, r) = x+ rBp and B′
p(x, r) = x+ rB′

p.

The family of sets B′
ρ(x, r), r > 0, is a base of neighborhoods of the point x ∈

X for the topology τρ on X generated by the quasi-metric ρ. The family Bρ(x, r), r >

0, of closed balls is also a neighborhood base at x for τρ.

A quasi-uniformity on a set X is a filter U such that

(QU1) ∆(X) ⊂ U, ∀U ∈ U ;

(QU1) ∀U ∈ U , ∃V ∈ U , such that V ◦ V ⊂ U,

where ∆(X) = {(x, x) : x ∈ X} denotes the diagonal of X and, for M,N ⊂ X ×X,

M ◦N = {(x, z) ∈ X ×X : ∃y ∈ X, (x, y) ∈M and (y, z) ∈ N}.

If the filter U satisfies also the condition

(U3) ∀U, U ∈ U ⇒ U−1 ∈ U ,

where

U−1 = {(y, x) ∈ X ×X : (x, y) ∈ U},

then U is called a uniformity on X. The sets in U are called entourages (or vicinities).

For U ∈ U , x ∈ X and Z ⊂ X put

U(x) = {y ∈ X : (x, y) ∈ U} and U [Z] = ∪{U(z) : z ∈ Z}.

A quasi-uniformity U generates a topology τ(U) on X for which the family of sets

{U(x) : U ∈ U}
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is a base of neighborhoods of the point x ∈ X. A mapping f between two quasi-uniform

spaces (X,U), (Y,W) is called quasi-uniformly continuous if for every W ∈ W there

exists U ∈ U such that (f(x), f(y)) ∈ W for all (x, y) ∈ U. By the definition of the

topology generated by a quasi-uniformity, it is clear that a quasi-uniformly continuous

mapping is continuous with respect to the topologies τ(U), τ(W).

If (X, ρ) is a quasi-metric space, then

B′
ε = {(x, y) ∈ X ×X : ρ(x, y) < ε}, ε > 0,

is a basis for a quasi-uniformity Uρ on X. The family

Bε = {(x, y) ∈ X ×X : ρ(x, y) ≤ ε}, ε > 0,

generates the same quasi-uniformity. The topologies generated by the quasi-metric ρ

and by the quasi-uniformity Uρ agree, i.e., τρ = τ(Uρ).

The lack of the symmetry, i.e., the omission of the axiom (U3), makes the

theory of quasi-uniform spaces to differ drastically from that of uniform spaces. An

account of the theory up to 1982 is given in the book by Fletcher and Lindgren

[21]. The survey papers by Künzi [32, 33, 34, 35] are good guides for subsequent

developments. Another book on quasi-uniform spaces is [38].

On the other hand, the theory of asymmetric normed spaces has been de-

veloped in a series of papers [6], [8], [22], [23], [24], [25], [25], [26], following ideas

from the theory of (symmetric) normed spaces and emphasizing similarities as well

as differences between the symmetric and the asymmetric case.

Let (X, p) be an asymmetric normed space. The functional p̄(x) =

p(−x), x ∈ X, is also an asymmetric norm on X, called the conjugate of p, ps(x) =

max{p(x), p̄(x)}, x ∈ X, is a (symmetric) norm on X and the following inequalities

hold

|p(x)− p(y)| ≤ ps(x− y) and |p̄(x)− p̄(y)| ≤ ps(x− y), ∀x, y ∈ X.
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For a quasi-metric space one defines similarly the conjugate of ρ by ρ̄(x, y) =

ρ(y, x) and the associated (symmetric) metric by ρs(x, y) = max{ρ(x, y), ρ(y, x)}, for

x, y ∈ X.

Let (X, p), (Y, q) be two asymmetric normed space. A linear mapping A :

X → Y is called bounded, ((p, q)-bounded if more precision is needed), or semi-

Lipschitz, if there exists a number β ≥ 0 such that

q(Ax) ≤ βp(x), (1.1)

for all x ∈ X. The number β is called a semi-Lipschitz constant for A. For properties of

semi-Lipschitz functions and of spaces of semi-Lipschitz functions see [39, 40, 44, 45].

The operator A is continuous with respect to the topologies τp, τq ((τp, τq)-

continuous) if and only if it is bounded and if and only if it is quasi-uniformly con-

tinuous with respect to the quasi-uniformities Up and Uq (see [20] and [24]). Denote

by (X,Y )[p,q, or simply by (X,Y )[ when there is no danger of confusion, the set of all

(p, q)-bounded linear operators. The set (X,Y )[ need not be a linear subspace but

merely a convex cone in the space (X,Y )# of all linear operators from X to Y, i.e.,

A+B ∈ (X,Y )[ and αA ∈ (X,Y )[, for any A,B ∈ (X,Y )[ and α ≥ 0. Following [24],

we shall call (X,Y )[ a semilinear space. The functional

‖A| = ‖A|p,q = sup{q(Ax) : x ∈ Bp} (1.2)

is an asymmetric norm on the semilinear space (X,Y )[, and ‖A| is the smallest semi-

Lipschitz constant for A, i.e., the smallest number for which the inequality (1.1) holds.

Denote by (X,Y )∗s the space of all continuous linear operators from (X, ps)

to (Y, qs), normed by

‖A‖ = ‖A‖ps,qs
= sup{qs(Ax) : x ∈ X, ps(x) ≤ 1}, A ∈ (X,Y )∗s. (1.3)

It was shown in [24] that (X,Y )[p,q ⊂ (X,Y )∗s, and ‖A| ≤ ‖A‖ for any A ∈

(X,Y )[.

Consider on R the asymmetric norm u(α) = max{α, 0}, α ∈ R. Its conjugate

is ū(α) = max{−α, 0} and us(α) = |α| is the absolute value norm on R. The topology
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τu on R generated by u, called the upper topology of R, has as neighborhood basis of

a point α ∈ R the family of intervals (−∞, α+ ε), ε > 0.

The space of all linear bounded functionals from an asymmetric normed space

(X, p) to (R, u) is denoted by X[
p . Notice that, due to the fact that p is non-negative,

we have

∀x ∈ X, u(ϕ(x)) ≤ βp(x) ⇐⇒ ϕ(x) ≤ βp(x),

for any linear functional ϕ : X → R, so the asymmetric norm of a functional ϕ ∈ X[
p

is given by

‖ϕ| = ‖ϕ|p = sup{ϕ(x) : x ∈ X, p(x) ≤ 1}.

Also, the continuity of ϕ from (X, τp) to (R, τu) is equivalent to its upper

semi-continuity from (X, τp) to (R, | |), (see [1, 2, 20]).

In [24] it was defined the analog of the w∗-topology on the space X[
p, which

we denote by w[, having as a base of w[-neighborhoods of an element ϕ0 ∈ X[
p the

sets

Vx1,...,xn; ε(ϕ0) = {ϕ ∈ X[
p : ϕ(xi)− ϕ0(xi) ≤ ε, i = 1, ..., n}, (1.4)

for n ∈ N, x1, ..., xn ∈ X, and ε > 0.

Since

Vx; ε(ϕ0) ∩ V−x; ε(ϕ0) = {ϕ ∈ X[
p : |ϕ(x)− ϕ0(x)| ≤ ε},

it follows that the topology w[ is the restriction to X[ of the w∗-topology of X∗
s =

(X, ps)∗.

Some results on w[-topology were proved in [24] as, for instance, the analog

of the Alaoglu-Bourbaki theorem: the polar

B[p = {ϕ ∈ X[ : ϕ(x) ≤ 1, ∀x ∈ Bp} (1.5)

of the unit ball Bp of (X, p) is w[-compact. Other results on asymmetric normed

spaces, including separation of convex sets by closed hyperplanes and a Krein-Milman

type theorem, were obtained in [6]. Asymmetric locally convex spaces were considered

in [7]. Best approximation problems in asymmetric normed spaces were studied in [6]

and [8].
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The topology w[ is derived from a quasi-uniformity W[
p on X[

p with a basis

formed of the sets

Vx1,...,xn; ε = {(ϕ1, ϕ2) ∈ X[
p ×X[

p : ϕ2(xi)− ϕ1(xi) ≤ ε, i = 1, ..., n}, (1.6)

for n ∈ N, x1, ..., xn ∈ X and ε > 0. Note that, for fixed ϕ1 = ϕ0, one obtains the

neighborhoods from (1.4).

On the space (X,Y )∗s we shall consider several quasi-uniformities. Namely,

for µ ∈ {p, p̄, ps} and ν ∈ {q, q̄, qs} let Uµ,ν be the quasi-uniformity generated by the

basis

Uµ,ν; ε = {(A,B);A,B ∈ (X,Y )∗s, ν(Bx−Ax) ≤ ε, ∀x ∈ Bµ, }, ε > 0, (1.7)

where Bµ = {x ∈ X : µ(x) ≤ 1} denotes the unit ball of (X,µ). The induced quasi-

uniformity on the semilinear subspace (X,Y )[µ,ν of (X,Y )∗s is denoted also by Uµ,ν
and the corresponding topologies by τ(µ, ν). The uniformity Ups,qs and the topology

τ(ps, qs) are those corresponding to the norm (1.3) on the space (X,Y )∗s.

In the case of the dual space X[
µ we shall use the notation U [µ for the quasi-

uniformity Uµ,u .

2. Completeness and compactness in quasi-metric and in quasi-uniform

spaces

The lack of symmetry in the definition of quasi-metric and quasi-uniform

spaces causes a lot of troubles, mainly concerning completeness, compactness and total

boundedness in such spaces. There are a lot of completeness notions in quasi-metric

and in quasi-uniform spaces, all agreeing with the usual notion of completeness in the

case of metric or uniform spaces, each of them having its advantages and weaknesses.

We shall describe briefly some of these notions along with some of their

properties.

The first one is that of bicompleteness. A quasi-metric space (X, ρ) is called

bicomplete if the associated symmetric metric space (X, ρs) is complete. A bicomplete

asymmetric normed space (X, p) is called also a biBanach space. The existence of a
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bicompletion of an asymmetric normed space was proved in [22]. The notion can be

considered also for an extended (i.e. taking values in [0,∞]) quasi-metric, or for an

extended asymmetric norm on a semilinear space.

In [24] it was defined an extended asymmetric norm on (X,Y )∗s by

‖A|∗p,q = sup{q(Ax) : x ∈ Bp}, A ∈ (X,Y )∗s. (2.1)

The identity mapping idR is continuous from (R, u) to (R, u), but for − idR

we have

‖ − idR |∗u,u = sup{−α : u(α) ≤ 1} ≥ sup{−α : α ≤ 0} = +∞,

because u(α) = 0 ≤ 1 for α ≤ 0. It follows that ‖A|∗p,q can take effectively the value

+∞.

If the asymmetric normed space (Y, p) is bicomplete, then the space (X,Y )∗s

is complete with respect to the symmetric extended norm (‖ |∗p,q)s and (X,Y )[p,q is a

(‖ |∗p,q)s-closed semilinear subspace of (X,Y )∗s, so it is ‖ |p,q-bicomplete (see [24]).

In the case of a quasi-metric space (X, ρ) there are also other completeness

notions. We present them following [42], starting with the definitions of Cauchy

sequences.

A sequence (xn) in (X, ρ) is called

(a) left (right) ρ-Cauchy if for every ε > 0 there exist x ∈ X and n0 ∈ N

such that

∀n ≥ n0, ρ(x, xn) < ε (respectively ρ(xn, x) < ε) ;

(b) ρ-Cauchy if for every ε > 0 there exists n0 ∈ N such that

∀n, k ≥ n0, ρ(xn, xk) < ε ;

(c) left (right)-K-Cauchy if for every ε > 0 there exists n0 ∈ N such that

∀n, k, n ≥ k ≥ n0 ⇒ ρ(xk, xn) < ε (respectively ρ(xn, xk) < ε) ;

(d) weakly left(right) K-Cauchy if for every ε > 0 there exists n0 ∈ N such

that

∀n ≥ n0, ρ(xn0 , xn) < ε (respectively ρ(xn, xn0) < ε).
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These notions are related in the following way:

left(right) K-Cauchy ⇒ weakly left(right) K-Cauchy ⇒ left(right) ρ-

Cauchy,

and no one of the above implications is reversible (see [42]).

Furthermore, each ρ-convergent sequence is ρ-Cauchy, but for each of the

other notions there are examples of ρ-convergent sequences that are not Cauchy,

which is a major inconvenience of the theory. Another one is that closed subspaces

of a complete (in some sense) quasi-metric spaces need not be complete. If each

convergent sequence in a regular quasi-metric space (X, ρ) admits a left K-Cauchy

subsequence, then X is metrizable ([36]. This result shows that putting too many

conditions on a quasi-metric, or on a quasi-uniform space, in order to obtain results

similar to those in the symmetric case, there is the danger to force the quasi-metric to

be a metric and the quasi-uniformity a uniformity. In fact, this is a general problem

when dealing with generalizations.

For each of these notions of Cauchy sequence one obtains a notion of sequen-

tial completeness, by asking that each corresponding Cauchy sequence be convergent

in (X, ρ). These notions of completeness are related in the following way:

left (right) ρ-sequentially complete ⇒ weakly left (right) K-sequentially

complete ⇒

⇒ ρ-sequentially complete.

In spite of the obvious fact that left ρ-Cauchy is equivalent to right ρ̄-Cauchy,

left ρ- and right ρ̄-completeness do not agree, due to the fact that right ρ̄-completeness

means that every left ρ-Cauchy sequence converges in (X, ρ̄), while left ρ-completeness

means the convergence of such sequences in the space (X, ρ). For concrete examples,

see [42].
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A subset Y of a quasi-metric space (X, ρ) is called precompact if for every

ε > 0 there exists a finite subset Z of X such that

Y ⊂ ∪{Bρ(z, ε) : z ∈ Z}.

The set Y is called totally bounded if for every ε > 0, Y can be covered by

a finite family of sets of diameter less that ε, where the diameter of a subset A of X

is defined by

diam(A) = sup{ρ(x, y) : x, y ∈ A}.

As it is known, in metric spaces the precompactness and the total bounded-

ness are equivalent notions, a result that is not longer true in quasi-metric spaces,

where precompactness is strictly weaker than total boundedness, see [37] or [38].

In spite of these peculiarities there are some positive results concerning Baire

theorem and compactness. For instance, any compact quasi-metric space is left K-

sequentially complete and precompact. If (X, ρ) is precompact and left ρ-sequentially

complete, then it is sequentially compact (see [19, 42]). Hicks [28] proved some fixed

point theorems in quasi-metric spaces (see also [5, 29])

Notice also that in quasi-metric spaces compactness, countable compactness

and sequential compactness are different notions (see [18] and [31]).

The considered completeness notions can be extended to quasi-uniform spaces

by replacing sequences by filters or nets (for nets, see [52, 53]). Let (X,U) be a quasi-

uniform space, U−1 = {U−1 : U ∈ U} the conjugate quasi-uniformity on X, and

Us = U ∨ U−1 the coarsest uniformity finer than U and U−1. The quasi-uniform

space (X,U) is called bicomplete if (X,Us) is a complete uniform space. This notion

is useful and easy to handle, because one can appeal to results from the theory of

uniform spaces which is satisfactorily accomplished.

A subset Y of a quasi-uniform space (X,U) is called precompact if for every

U ∈ U there exists a finite subset Z of X such that Y ⊂ U [Z]. The set Y is called

totally bounded if for every U there exists a finite family A1, ..., An of subsets ofX such

that Ai×Ai ⊂ U, i = 1, ..., n, and Y ⊂ ∪ni=1Ai. In uniform spaces total boundedness

and precompactness agree, and a set is compact if and only if it is totally bounded
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and complete. A subset Y of quasi-uniform space (X,U) is totally bounded if and

only if it is totally bounded as a subset of the uniform space (X,Us).

Another notion of completeness is that considered by Sieber and Pervin [49].

A filter F in a quasi-uniform space (X,U) is called U-Cauchy if for every U ∈ U

there exists x ∈ X such that U(x) ∈ F . In terms of nets, a net (xα, α ∈ D) is called

U-Cauchy if for every U ∈ U there exists x ∈ X and α0 ∈ D such that (x, xα) ∈ U for

all α ≥ α0. The quasi-uniform space (X,U) is called U-complete if every U-Cauchy

filter (equivalently, every U-Cauchy net) has a cluster point. If every such filter (net)

is convergent, then the quasi-uniform space (X,U) is called U-convergence complete.

Obviously that convergence complete implies complete, but the converse is not true.

It is clear that this notion corresponds to that of ρ-completeness of a quasi-metric

space. It is worth to notify that the Uρ-completeness of the associated quasi-uniform

space (X,Uρ) implies the ρ-sequential completeness of the quasi-metric space (X, ρ),

but the converse is not true (see [36]). The equivalence holds for the notion of left

K-completeness (which will be defined immediately): a quasi-metric space is left K-

sequentially complete if and only if its induced quasi-uniformity Uρ is left K-complete

([43]).

A filter F in a quasi-uniform space (X,U) is called left K-Cauchy provided

for every U ∈ U there exists F ∈ F such that U(x) ∈ F for all x ∈ F . A net

(xα, α ∈ D) in X is called left K-Cauchy provided for every U ∈ U there exists

α0 ∈ D such that (xα, xβ) ∈ U for all β ≥ α ≥ α0. The quasi-uniform space (X,U) is

called left K-complete if every left K-Cauchy filter (equivalently, every left K-Cauchy

net) converges. If every left K-Cauchy filter converges with respect to the uniformity

Us, then the quasi-uniform space (X,U) is called Smyth complete (see [33] and [51]).

This notion of completeness has applications to computer science, see [50]. In fact,

there are a lot of applications of quasi-metric spaces, asymmetric normed spaces and

quasi-uniform spaces to computer science, abstract languages, complexity, see, for

instance, [23, 27, 41, 46, 47, 48].
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Künzi et al [36] proved that a quasi-metric space is compact if and only if it is

precompact and left K-sequentially complete, and studied the relations between com-

pleteness, compactness, precompactness, total boundedness and other related notions

in quasi-uniform spaces.

Another useful notion of completeness was considered by Doitchinov [13, 14,

15, 16, 17]. A filter F in a quasi-uniform space (X,U) is called D-Cauchy provided

there exists a co-filter G in X such that for every U ∈ U there are G ∈ G and F ∈ F

such that F ×G ⊂ U. The quasi-uniform space (X,U) is called D-complete provided

every D-Cauchy filter converges. A related notion of completeness was considered by

Andrikopoulos [3]. For a comparative study of the completeness notions defined by

pairs of filters see [10] and [4].

Notice also that these notions of completeness can be considered within the

framework of bitopological spaces in the sense of Kelly [30], since a quasi-metric space

is a bitopological space with respect to the topologies τ(ρ) and τ(ρ̄). For this approach

see the papers by Deak [11, 12]. It seems that the letter K in the definition of left

K-completeness comes from Kelly (see [9]).

3. Compact operators

Recall that a subset Z of an asymmetric normed space (X, p) is called p-

precompact if for every ε > 0 there exist z1, ..., zn ∈ Z such that

∀z ∈ Z, ∃i ∈ {1, ..., n}, p(z − zi) ≤ ε, (3.1)

or, equivalently,

Z ⊂ Uε[{z1, ..., zn}],

where Uε is the entourage

Uε = {(x, x′) ∈ X ×X : p(x′ − x) ≤ ε}

in the quasi-uniformity Up .

One obtains an equivalent notion taking the points zi in X or/and < ε in

(3.1).
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Let (X, p), (Y, q) be asymmetric normed spaces and, as before, let

µ ∈ {p, p̄, ps} and ν ∈ {q, q̄, qs}. (3.2)

A linear operator A : X → Y is called (µ, ν)-compact if the set A(Bµ) is ν-precompact

in Y.

Some properties of compact operators are collected in the following propo-

sition. We shall denote by (X,Y )kµ,ν the set of all linear (µ, ν)-compact operators

from X to Y. Notice that, for µ = ps and ν = qs, the space (X,Y )[ps,qs
agrees

with (X,Y )∗s, the (ps, qs)-compact operators are the usual linear compact operators

between the normed spaces (X, ps) and (Y, qs), so the proposition contains some well

known results for compact operators on normed spaces.

Proposition 3.1. Let (X, p), (Y, q) be asymmetric normed spaces. The following

assertions hold.

1. (X,Y )kµ,ν is a semilinear subspace of (X,Y )[µ,ν .

2. (X,Y )kp,q is τ(p, q̄)-closed in (X,Y )[p,q.

Proof. (1) We give the proof in the case µ = p and ν = q. The other cases can be

treated similarly.

If A : X → Y is (p, q)-compact, then there exists x1, ..., xn ∈ Bp such that

∀x ∈ Bp, ∃i ∈ {1, ..., n}, q(Ax−Axi) ≤ 1. (3.3)

If for x ∈ Bp, i ∈ {1, ..., n} is chosen according to (3.3), then

q(Ax) ≤ q(Ax−Axi) + q(Axi) ≤ 1 + max{q(Axj) : 1 ≤ j ≤ n},

showing that the operator A is (p, q)-bounded.

Suppose that A1, A2 : X → Y are (p, q)-compact and let ε > 0. By the (p, q)-

compactness of the operators A1, A2, there exist x1, ..., xm and y1, ..., yn in Bp such

that

∀x ∈ Bp, ∃i ∈ {1, ...,m}, ∃j ∈ {1, ..., n}, q(A1x−A1xi) ≤ ε and q(A2x−A2xj) ≤ ε.
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It follows that for every x ∈ Bp there exists a pair (i, j) with 1 ≤ i ≤ m and

1 ≤ j ≤ n such that

q(A1x+A2x−A1xi −A2yj) ≤ q(A1x−A1xi) + q(A2x−A2yj) ≤ 2ε,

showing that {A1xi+A2yj : 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a finite 2ε-net for (A1+A2)(Bp).

The proof of the compactness of αA, for α > 0 and A compact, is immediate

and we omit it.

(2) The τ(p, q̄)-closedness of (X,Y )kp.q .

Let (An) be a sequence in (X,Y )kp,q which is τ(p, q̄)-convergent to A ∈

(X,Y )[p,q .

For ε > 0 choose n0 ∈ N such that

∀n ≥ n0, ∀x ∈ Bp, q̄(Anx−Ax) ≤ ε ( ⇐⇒ q(Ax−Anx) ≤ ε). (3.4)

Let x1, ..., xm ∈ Bp such that An0xi, 1 ≤ i ≤ m, is an ε-net for An0(Bp).

Then for every x ∈ Bp there exists i ∈ {1, ...,m} such that

q(An0x−An0xi) ≤ ε,

so that, by (3.4),

q(Ax−Axi) ≤ q(Ax−An0x) + q(An0x−An0xi) + q(An0xi −Axi) ≤ 3ε.

Consequently, Axi, 1 ≤ i ≤ m, is a 3ε-net for A(Bp), showing that A ∈ (X,Y )kp,q .

Remark 3.2. The assertion (2) of Proposition 3.1 holds for other types of compact-

ness too, i.e. for the spaces (X,Y )kµ,ν with µ, ν as in (3.2), with similar proofs.

4. The dual of a bounded linear operator

Let (X, p), (Y, q) be asymmetric normed spaces and µ, ν as in (3.2). For

A ∈ (X,Y )[µ,ν define A[ : Y [ν → X[
µ by

A[ψ = ψ ◦A, ψ ∈ Y [s . (4.1)
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Obviously that A[ is properly defined, additive and positively homogeneous.

Concerning the continuity we have.

Proposition 4.1. 1. The operator A[ is quasi-uniformly continuous with respect to

the quasi-uniformities U [ν and U [µ on Y [ν and X[
µ , respectively.

2. The operator A[ is also quasi-uniformly continuous with respect to the

w[-quasi-uniformities on Y [ν and X[
µ .

Proof. (1) Take again µ = p and ν = q. For ε > 0 let

Uε = {(ϕ1, ϕ2) ∈ X[
p ×X[

p : ϕ2(x)− ϕ1(x) ≤ ε, ∀x ∈ Bp}.

If ‖A|p,q = 0, then A = 0, so we can suppose ‖A| = ‖A|p,q > 0. Let

Vε = {(ψ1, ψ2) ∈ Y [q × Y [q : ψ2(x)− ψ1(x) ≤ ε/‖A|, ∀x ∈ Bq}.

Taking into account that

∀x ∈ Bp, ϕ2(x)− ϕ1(x) ≤ ε/r ⇐⇒ ∀x′ ∈ rBp, ϕ2(x′)− ϕ1(x′) ≤ ε,

and

∀x ∈ Bp, q(Ax) ≤ ‖A|p(x) ≤ ‖A|,

it follows

A[ψ2(x)−A[ψ1(x) = ψ2(Ax)− ψ1(Ax) ≤ ε,

for all x ∈ Bp, proving the quasi-uniform continuity of A.

(2) For x1, ..., xn ∈ X and ε > 0 let

V = {(ϕ1, ϕ2) ∈ X[
p ×X[

p : ϕ2(xi)− ϕ1(xi) ≤ ε, i = 1, ..., n}

be a w[-entourage in X[
p. Then

U = {(ψ1, ψ2) ∈ Y [q × Y [q : ψ2(Axi)− ψ1(Axi) ≤ ε, i = 1, ..., n},

is a w[-entourage in Y [q and (A[ψ1, A
[ψ2) ∈ V for every (ψ1, ψ2) ∈ U, proving the

quasi-uniform continuity of A[ with respect to the w[-quasi-uniformities on Y [q and

X[
p .
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Now we can prove the analog of the Schauder theorem for the asymmetric

dual.

Theorem 4.2. Let (X, p), (Y, q) be asymmetric normed spaces. If the linear operator

A : X → Y is (p, q)-compact, then A[(B[q) is precompact with respect to the quasi-

uniformity U [p on X[
p.

Proof. For ε > 0 let

Uε = {(ϕ1, ϕ2) ∈ X[
p ×X[

p : ϕ2(x)− ϕ1(x) ≤ ε, ∀x ∈ Bp},

be an entourage in X[
p for the quasi-uniformity U [p .

Since A is (p, q)-compact, there exist x1, ..., xn ∈ Bp such that

∀x ∈ Bp , ∃i ∈ {1, ..., n}, q(Ax−Axi) ≤ ε. (4.2)

By the Alaoglu-Bourbaki theorem, [24, Theorem 4] the set B[q is w[-compact,

so by the (w[, w[)-continuity of the operator A[ (Proposition 4.1), the set A[(B[q) is

w[-compact in X[
p. Consequently, the w[-open cover

Vψ = {ϕ ∈ X[
p : ϕ(xi)−A[ψ(xi) < ε, i = 1, ..., n}, ψ ∈ B[q,

contains a finite subcover Vψk
, 1 ≤ k ≤ m, i.e,

A[(B[q) ⊂
⋃
{Vψk

: 1 ≤ k ≤ m}. (4.3)

Now let ψ ∈ B[q . By (4.3) there exists k ∈ {1, ...,m} such that

A[ψ(xi)−A[ψk(xi) < ε, i = 1, ..., n.

If x ∈ Bp, then, by (4.2), there exists i ∈ {1, ..., n}, such that

q(Ax−Axi) ≤ ε.

It follows

ψ(Ax)− ψk(Ax) =

= ψ(Ax)− ψ(Axi) + ψ(Axi)− ψk(Axi) + ψk(Axi)− ψ(Axi)

≤ 2q(Ax−Axi) + ε ≤ 3ε.
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Consequently,

∀x ∈ Bp , (A[ψ −A[ψk)(x) ≤ 3ε,

proving that

A[(B[q) ⊂ U3ε[{A[ψ1, ..., A
[ψm}].

Comments. As a measure of precaution, we have defined the compactness

of an operator A in terms of the precompactness of the image of the unit ball Bp

by A, rather than by the relative compactness of A(Bp) , as in the case of compact

operators on usual normed spaces. As can be seen from Section 2, the relations

between precompactness, total boundedness and completeness are considerably more

complicated in the asymmetric case than in the symmetric one. To obtain some

compactness properties of the set A(Bp) , one needs a study of the completeness of

the space (X,Y )[µ,ν with respect to various quasi-uniformities and various notions of

completeness, which could be the topic of a further investigation.
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(2005), University of Bath, http://www.bath.ac.uk/math-sci/BICS.

[10] Deák, J., On the coincidence of some notions of quasi-uniform completeness defined by

filter pairs, Studia Sci. Math. Hungar. 26(1991), no. 4, 411-413.

[11] , A bitopological view of quasi-uniform completeness. I, II, Studia Sci. Math.

Hungar. 30(1995), no. 3-4, 389-409, 411-431.

[12] , A bitopological view of quasi-uniform completeness. III, Studia Sci. Math. Hun-

gar. 31(1996), no. 4, 385-404.

[13] Doitchinov, D., Completeness and completions of quasi-metric spaces, Rend. Circ. Mat.

Palermo (2) Suppl. (1988), no. 18, 41-50, Third National Conference on Topology (Ital-

ian) (Trieste, 1986).

[14] On completeness of quasi-uniform spaces, C. R. Acad. Bulgare Sci. 41(1988),

no. 7, 5-8.

[15] , Cauchy sequences and completeness in quasi-metric spaces, Pliska Stud. Math.

Bulgar. 11(1991), 27-34.

[16] , A concept of completeness of quasi-uniform spaces, Topology Appl. 38(1991),

no. 3, 205-217.

[17] Completeness and completion of quasi-uniform spaces, Trudy Mat. Inst. Steklov.

193(1992), 103-107.

[18] Ferrer, J., and Gregori, V., A sequentially compact non-compact quasi-pseudometric

space, Monatsh. Math. 96(1983), 269-270.

[19] , Completeness and Baire spaces, Math. Chronicle 14(1985), 39-42.

[20] Ferrer, J., Gregori, V., and Alegre, C., Quasi-uniform structures in linear lattices, Rocky

Mountain J. Math. 23(1993), no. 3, 877-884.

[21] Fletcher, P., and Lindgren, W. F., Quasi-Uniform Spaces, M. Dekker, New York 1982.
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ç å6á�ß1ë�Þ�Ú�à�âCé�êdá�÷�ß]ë�ßFÚ�àgÚ ��ç�â )qôJÚ�å�æÁá�÷�ß1ç ë #s�-��� � $#�<�I� � $! �� $;�U
R�"!#�U
·á�é � ã
�"� � ì Ì �²Ú�å�æ#�
Ú�ë�ß·æ�ß���å�ßFæTé�å ��å�ç á�ß1à ñ«øTÚ�å�ñ�ô6øAî�á�î�Ú�à à ñ«æ�ç�â�á�ç å�ï&áqý%é�ç å6á,â ��$ . � 0&% ô�Ú�å�æ ��'/. � 0&( ô�ã�Ýaç á�÷
â�î�ç á,Ú�ð�à ßUç å�æ�ß��Áâ�ß!á,â % Ú�å�æ ( ì&ô�Ú�å�æX÷�Ú±Þ�ßCá�÷�ßUê�é�ë�ø

�Cã*)2� ��ì � �$!+-, ).ã���$!ì �/. $�ã���ì .�Iã � � � ì � �' +-0 � ã ��' ì � � ' ã � ì .
Ýaç á�÷ . $ 0 � ã
����ì«Ú�å�æ � '�0 � ã � ��ìTÚ�â«ê�î�å�æ�Ú�ø«ß1å6á,Ú�àaê�î�å�ï&á�ç é�å�â Ì ÛJé�å�â�ß	�6î�ß1å6á�à ñ�ôJá�÷�ß1ç ë
#s�-��� � $#�<�I� � $! �� $;�U
R�"!#�U
qá�é � ã
��� � ì½Ú�ë�ßUè�ç Þ�ß1åXð�ñ


 �Cã���� � .�� ì � �Cã��21 � ��ì � �$!+-, �21�ã���$!ì �3. $�ã���ì � �$!+-, �gã���$ .�� ì �/. $�ã���ì .12�Iã���� � .�� ì �4�Iã�� 
 � � ì � �' +-0 � 
 ã ��' ì � � ' ã � ì � �' +-0 �gã�� .���' ì � � ' ã � ì .
|	|�5



��� ��$6�#qN� �,�A�F� ����	 1 � ����� 1 �����1	���� ��� 1 �±��� �,� �����a>����1	�$�z q�	F�����F�����

Ýaç á�÷
� 0C� ã
��� � ì½Ú�å�æíã�� .�� ì 0 ��� �dÌ

 é�ëUæ�ç�â�ï!ë�ß!á�ß1à ñ¹æ�ß���å�ßFæ[é�ý%ß1ë,Ú�á�é�ë,â·Ýqß]÷�Ú±Þ�ß
á�÷�ßAê�é�à à é�Ýaç å�èXë�ß1ý�ë�ßFâ�ß1å6á,Ú�á�ç é�åLé�ê�á�÷�ß

á�ß1å�â�é�ëaý�ë�é�æ�î�ï&áaé�ê �»Ú�å�æ �
ã 
 � � 1 � ì!ã���� � .�� ì � �$!+-, �' +-0 �gã���$ .���' ì �3. $�ã���ì � � ' ã � ì . � 0C� ã
��� � ì ã���ì

ã4Ú�å�æÁâ�ç ø«ç à�Ú�ë�à ñ«ê�é�ë 1 � � 
 �qì Ì
 íß>î�â�ßNá�÷�ßUê�é�à à é�Ýaç å�è«è�ß1å�ß1ë,Ú�à��6î�Ú�å6á�ç á,Ú�á�ç Þ�ßUë�ßFâ�î�à áaë�ß1è6Ú�ë,æ�ç å�èAá�ß1å�â�é�ë½ý�ë�é�æ�î�ï&á,â Ì

R�
"Í�Ò�×�Í�� !D�
	F� =�&B,�,��9729:I����8G <
	�E��`,8* � .-021 � 	�,�1 ,�1H02,�1 .�&�. 	�(-+-,�.-0214&)@�K�9#*�9:.-*2L8(-5
1�
A,�1 � .�� 0 2 7

$ �Cã*)2� ��ì � ).ã���ì $ �
��
� � 7

� � V � ã���ì � + � ã*)2��� � V � ã���ì�ì . � 0 � � . ) 0
� ã
��ìdÚ�å�æ
$ �Iã � � � ì � � ã � ì $ � ��

� � 7
� � V � ã � ì � + � ã � ��� � V � ã � ì�ì .��)0 � � . � 0C� ã � ì&�

O ,85D,)G � .-021 � .-5D, 	�(-@N021 ,�1;L�@N02K8*�$<(-0:&BI
=?$ E 729:,80�L8(-5 ã�� .�� ì 0 ��� � � � .-021 � 0C� ã
��� � ì *�9:,dL8(-3
3 (�� $
0�� 9:(-3 1 "
$ ã 
 � � 1 � ì\�gã�� .�� ì � �gã�� .�� ì $ �

��
� � 7

� � V � ã���ì � + � ã������ � V � ã���ì .I� ì
� P � P � ��

� � 7
� � V � ã � ì � + � ã���� �/. � � V � ã � ì�ì&�

=?$
$ E�� &  �.&.4,8*�5)$<K�@J' '�,85 	�(-@N0214$"&
��$
+-,80 	9 
��
� � 7

� � V � ã � ì � + � ã���� �/. � � V � ã � ì�ì � ��
� � 7

� � V � ã���ì � + � ã������ � V � ã���ì .I� ì&�

 ë�é�ø ã���ìlÝqß½ç ø«ø«ßFæ�ç�Ú�á�ß1à ñ
è�ß!ágá�÷�ß½ß���ý�à ç�ï!ç ádë�ß1ý�ë�ßFâ�ß1å6á,Ú�á�ç é�åAé�ê�á�÷�ßqá�ß1å�â�é�ëgý�ë�é6æ�î�ï&á

é�êlá�ÝqéTØ½ÙlÚ�Û»é�ý%ß1ë,Ú�á�é�ë,â

ã 
 ��� - � 1-�����Uì!ã���� � .�� ì � 8 9 ; þ�4 � ; þ
8��?; þ�
S � ; þ

�gã�� -4 . � �S ì � $ -4 ã���ì � $ �S ã � ì .
Ú�å�æXï1Ú�åÁâ�á,Ú�á�ß

|	|��



#�
��������;v�	%���%
yv�	�$6� j������
����� g� ���±��	������F
���� � �����
R�
"Í�Ò�×�Í�� !D�"!D� � (-5 /�.�� 0 2 �d, 9:.-+-,

P ã 
 ��� - � 1-�����Uì\� � � P � ã Ë � � ì + þ � ��� Ë+ - .I� � � � + + 8 � ��� Ë+ - .I� �
� ã Ë � � ì + þ � ��� �/. Ë+ � � � � + + 8 � ��� �/. Ë+ � �
� + ã Ë � � ì + þ � ��� Ë+ - . Ë+ � � � � + 8 � ��� Ë+ - . Ë+ � � �

<U×�ÒGÒMQ:� ÿ ÷�ß«ý�ë�é�é�êqç�âUç ø«ø«ßFæ�ç�Ú�á�ß ÌTÿ Ú�Y�ß]ç å ÿ ÷�ß1é�ë�ß1ø � Ì + � � � � + ô � 7 ã���ì �
�/. � þ ã���ì � Ë � � . � 8 ã���ì ��� 8 Ú�å�æ � þ ã���ì � � 8 ã���ì � þ8:9 ô�øTÚ�Y�ßCÚ�åPÚ�å�Ú�à é�è�é�î�â�ï,÷�é�ç�ï!ß·Ýaç á�÷
ë�ßFâ�ý%ßFï&áNá�éPá�÷�ß]Þ�Ú�ë�ç�Ú�ð�à ß � Ú�å�æ¹î�â�ßAá�÷�ß«ë�ß1à�Ú�á�ç é�å¹ç å ó ë�é�ý%é6â�ç á�ç é�å +�Ì ü á�Ýaç�ï!ß Ì 
 é�ëNá�÷�ß]à�Ú�â�á
ç å�ß	�6î�Ú�à ç á�ñ^î�â�ßTã ü ì Ì �
OPÍ��ùÔ�×�� !D� �B�]õ�ç ø«ç à�Ú�ëAë�ßFâ�î�à á,â
ï1Ú�å¿ð%ßXÚ�à�â�é¹Ú�ï,÷�ç ß1Þ�ßFæ[ê�é�ëAØqé�é�à ßFÚ�å¿â�î�øTâ
é�ê½á�Ýqé[Ø½ÙlÚ�Û
é�ý%ß1ë,Ú�á�é�ë,â1ô6î�â�ç å�è�ô�ê�é�ëaß���Ú�ø«ý�à ß�ô ÿ ÷ Ì � Ë ê�ë�é�ø , Ë�0:Ì

� ý�ë,Ú�ï&á�ç�ï1Ú�à½Ú�ý�ý�à ç�ï1Ú�á�ç é�åÀé�ê·á�÷�ßÁð�ç Þ�Ú�ë�ç�Ú�á�ßXï1Ú�â�ßPç�â«ç øTÚ�è�ßXï!é�ø«ý�ë�ßFâ�â�ç é�å Ì 5)åùá�÷�ß
æ�ç ý�à é�øTÚÁá�÷�ßFâ�ç�â , � 0 é�êaá�÷�ß^á�÷�ç ë,æ¿Ú�î�á�÷�é�ë]ÚLø«ß!á�÷�é�æ¿ç�â
ç ø«ý�à ß1ø«ß1å6á�ßFæ¸á�÷�Ú�á]ß1å�Ú�ð�à ßFâ
î�â>á�é
ï,÷�é�é6â�ßAç å¸Ú�åíÚ�ý�ý�ë�é�ý�ë�ç�Ú�á�ßAÝ½Ú±ñXá�÷�ß]ý�Ú�ë,Ú�ø«ß!á�ß1ë � ê�é�ë>ÚPè�ç Þ�ß1å[ý�ç�ï&á�î�ë�ßÁã�ý�Ú�ë�áUé�êqç á&ì Ì �6��Ü
Ú�ø«ý�à ßFâaÚ�ë�ßNè�ç Þ�ß1åPá�é«ç à à î�â�á�ë,Ú�á�ßNá�÷�ßNê4Ú�ï&áaá�÷�Ú�áaç åÁø«é6â�á·ï1Ú�â�ßFâqç á·ç�â½ð%ß!á�á�ß1ëaá�éTï,÷�é�é6â�ß � å�é�á
ß	�6î�Ú�à�á�é � é�ë Ë ô�ç åXé�ë,æ�ß1ë½á�é«é�ð�á,Ú�ç åÁÚ«ø«é�ë�ßUâ�Ú�á�ç�â�ê�ñ�ç å�è«ý�ç�ï&á�î�ë�ß Ì

OPÍAQ:Í6×�Í�Ï���Í�Ó
� |�� ®" ,©�£� ,¦�³±¯G� ³
	qªF¢6¨��F¥�³�
C� ³��·¥1¡,¨��ª�³��N� ³±¥1¢�µC��¥1¡��6 ,¼�³�	C� ³�� �>�1�1�����1�����1����~1���N���6���)���������������!}�����}����

���6}��)�1�4�1�����·��}� "!�#6�1�6�����4�1�����F}N���4�1��}��
}��6��� ³%$�¢�&"´�']©6¦ £�§ ¼F¥!¤�§ ¥!£� )(J­6­�¤�ª&È�§ Â
¥!£�§ ªF¢T¥1¢�µ*$�¢�£� �¤�­�ª1Ê
¦ ¥!£�§ ªF¢«Ç�§ £��+(J­6­6¦ § ¡&¥!£�§ ªF¢6¨)´-,� &µ���É�¾*'P��	½¥1¨)¡&¥�.�³�']ªF¢6ªF¶1¤&�/(J¡&¥Fµ� ,Â>§ ¥>°"§  ,¢6¡,§ ¥1¨½µ� 10�¥!¤�¥1¶Fª�2&¥
3�4 , 5 �F� 5 .�³ � Ê }#> �

� 55� ®" ,©�£� ,¦�³�¯G� ³6	qªF¢6¨��F¥�³�
C� ³87 #6�1�6�����4�1�����F}J�����6}������4�1����}9���)���6}������4}����,�1�d�����1#6: �4�1��})�;#��q�������)�5<1���>���
�����1�=���>��}��6���1�>���)�&~;#6�������6}��)�1�4�1��� ³/?q©6Â> �¤�§ ¡&¥1¦�(J¦ ¶Fª1¤�§ £��6Â>¨A@�@�, 5 �F� � .�³ > � Ê � 5 �

� �B� ®" ,©�£� ,¦�³g¯G� ³g¥1¢�µC	qªF¢6¨��F¥�³�
C� ³D7 #6�1�6�����4�1�����F}]�����6}������4�1����})���)���6}������4}��a�,�1�A�����1#6: �4�1��})�;#��«�����
���)�5<1���>�1�����1�=���U��}��6���1�E���)�&~;#6���d���6}��)�1�4�1���GF�F��%������: �����1�����1�6� ³�$�¢�&G´�'«¥!£��6 ,Â
¥!£�§ ¡,¨�¥1¢�µA§ £�¨E(J­�Ê
­6¦ § ¡&¥!£�§ ªF¢6¨)´H,JI.¤�ª�¡F� | � £��íº�¡,§  ,¢�£�§ K�¡Aº� ,¨)¨)§ ªF¢�L" &µ��.É�¾M	C� NC� OJ¤�Â
¥1¢�.�³ | Ê 5 > �l®l¤�¥6P¨)ª!¼�&RQlµ�§ £�©�¤�¥
S ¢6§ ¼± �¤�¨)§ £BT¥!£ P�§ §�´±��¤�¥1¢6¨)§ ¦ ¼F¥1¢6§ ¥1´ 5 �F� � �

|	|�U



��� ��$6�#qN� �,�A�F� ����	 1 � ����� 1 �����1	���� ��� 1 �±��� �,� �����a>����1	�$�z q�	F�����F�����

� U;� ®"ªF¢6¢6 &¥1©�³6	C�
I�� ³�� #6: ������}�����: #������1�T�1����: �1�����E G�����U���1������}�����})~U�J���±��}�� ³6$�¢�&�´±�%©�£�ª1¤�§ ¥1¦ ¨gªF¢ ']©6¦ Ê
£�§ ¤� ,¨)ªF¦ ©�£�§ ªF¢T§ ¢=	q ,ªFÂ> �£)¤�§ ¡1']ª�µ� ,¦ ¦ § ¢6¶F´+,�¯� ,¡�£�©�¤� ,¨AQG©�¤�ªF­� &¥1¢^º�¡��6ª�ªF¦%ªF¢+I.¤�§ ¢6¡,§ ­6¦  ,¨Jª1¬ ']©6¦ Ê
£�§ ¤� ,¨)ªF¦ ©�£�§ ªF¢[§ ¢C	q ,ªFÂ> �£)¤�§ ¡-']ª�µ� ,¦ ¦ § ¢6¶�³E']©6¢6§ ¡�� S ¢6§ ¼± �¤�¨)§ £�¾Áª1¬½�% ,¡��6¢6ªF¦ ªF¶1¾�³�(J©6¶F©6¨:£ 5 �F� | L
 &µ���É�¾ (·��$�¨��± F³�Qd���q©�¥;�A¥1¢�µ-'P��º��6Æ�¦ ª±¥!£� �¤�.�³ |�U � Ê | I � ��®" �¤�¦ § ¢�&dº�­�¤�§ ¢6¶F �¤ 5 �F� 5 �

� } � 	qªF¢6¨��F¥�³�
C� ³ � �Á�������)�5<1���>�1�����1�X���P�J���±��}��U�:�C���1�6������#6�;#��g��#����������1�6� ³�®"©6¦ ¦��/(J©6¨:£)¤�¥1¦���'«¥!£����
º�ª�¡F� 3�� , | ��> � .�³�¢6ª�� � ³ U*|	| Ê U � 5 �

� I � 	qªF¢6¨��F¥�³�
C� ³E� �¹�������)�5<1���>�1�����1� ���*: ����})�1�>���6}��)�1�4�1�����>���A���)�1�F})~P}��������>�1��}�� ³ (J¢�¥1¦��/?q©6ÂH� �¤&�
�g� � ,ª1¤&��(J­6­�¤�ª&È����	�8, | ��>#} .�³ � Ê � 5 �

� � � ?q ,Â>§ £ 2F³
OC� ³�
�� ��� ��
«�1�F}�: }����>#���~C�6�������.����}������1��~�}�����}��������±������}�: ��}�
«�1�F}�: }���� ³
�½§ ­6¦ ªFÂ
¥q£��6 �Ê
¨)§ ¨,³ S ¢6§ ¼± �¤�¨)§ £�¾
ª1¬ �½©6§ ¨)É6©�¤�¶1Ê QG¨)¨) ,¢ 5 �F� � �

� > � IET¥1¦ £BT¥1¢6 &¥�³��·� ³�
 }����C���1�6���4�1�6���A���¸}��������>�1��}��  G�����X�,})���1��~L�1�)~�}��A�>�&~;#6: �½�:�A���1�6������#������ ³�$�¢�&
(J­6­�¤�ª&È����g�6 ,ª1¤)¾�³/,JI.¤�ª�¡F�6$�¢�£&���½ª1¤)£�ÂN©6¢�µUÂ> , �£�§ ¢6¶·ªF¢ (J­6­�¤�ª&È����g�6 ,ª1¤)¾ | ���#} ³6 &µ���É�¾ 'P�	�»�
'��©6¦ ¦  �¤q �£q¥1¦�� .�³�®" �¤�¦ § ¢�³�(>�F¥Fµ��
Nl �¤�¦ ¥1¶ | ���#} ³ 5 } | Ê 5 �	} �

� � � IET¥1¦ £BT¥1¢6 &¥�³��·� ³�� �����)�5<1���>�1�����1���%�6})�1��� #�������� ���1���������F} � ����})�1� � �6}��)�1�4�1��� ³ ®"ªF¨:£�ªF¢�³
®"§ ¤ �����¥1©6¨) �¤ 5 �F� U �

�����! #"�$&%('*)! �+���,-)! �. /�021�354�. 6���7�08.  �9:$&%;��<�. 08=�<�7�>&?A@�0808��4B1��5?DC�E	F	C�G(��<�. 08=�<�7�>�1
H ��7�,-)&4�9
I ���>�1� :%�±~±~1��}���� &�J!K�L�M8N�OQPSR�OUTQVXWZY2L�[Q\U]QY�[2MS^2Y	_2JBW`]	a

b�)�/�<�cd �9e$&%�'*)! �+���,-)! �. /�021�fg<�+�7�?D354�. 6���7�08.  �h)� :ig$&/�+�<�,51&�5?DC!C�E	G!F�ig$&/�+�<�,51
H ��7�,-)&4�9
I ���>�1� :%�±~±~1��}���� &Xj�O�L�[Ua	k2OlWZm�O	n2MQKQPQ_QY2^XW`]	a

oA4�0p #"q%�h<�7sr5<�,q��7�. 08/�+��:t�. ,q<�cU)! �. $&4B1�354�. 6���7�08.  �9�$&%uig$&4�4B1&�5?wv	x�y!yQvzig$&4�4B1
H ��7�,-)&4�9
I ���>�1� :%�±~±~1��}���� &-K2k	[�{	aQ_BWZL!aSR�[�T2|	P![SL�M�WZY2L�[Q\�^�K�L2LXW}]	a

~ $&cQ��>�. <�c;r�)� �d. $&4�)&c(��t�)&,q<���c�6�$&4�ig7�<��&��4� �+�)&c2��1�f���?wv!v	F�yUG��:t�. =�. <B1
fg$&,-)&4�. )
I ���>�1� :%�±~±~1��}���� &X��[�TQY�k ��O�Y�k2OQPQ�!O�V�K2KlWAnQK8R

|	| }



��������� 	
����� ��
�����	������ ������������	�� ���! "	���#��� "	���� $�	%�&��')( *,+.-�/�0��1��*,+%2!-4365��1��-474-4+%2!-43�8:9)9);

<
=?>A@CBEDCFG@CDCHJI!DK<
IMLONP>AQRQR>TSU<VLONWQRXJFYF%ZWHJ>\[J>AF]LO^T>AH
QR@C>A>_S`LONa[J>TSU<
IMLONbI!NWDc[J>A@K<
IMSUDCFd@C>TSU<eDCNgfJXJFYDC@hHJX?SU<

ikj�l"m.nko p:qsrut�ikj%vAqsw"vTnkn.xyt�qsr"x{z4j%|%n.|
}\~)�1�����1��~)�
�4�A�y�)�:�&~������1�
�"�6~)�1���!�6~U�s�1�T�1�J�1�s�������1� ��� �1�6�6���M~������1���

�
�.�,�,�!���M�M�e�y 6¡¢¡�£�¡,¤�¥e¦1§k¨�©Mª�« ©!¥�« ¦M¬­¦M¬`¥� 6¡R®:¥�¡&©Mª�¯°§ ¨�¡,¡\¤,¦M¬�±²¡,¤�¥�« ¦M¬`³�¦&´Rµ�«�� ¡M�
¥� 6¡s¤&©1®)¡y¦1§�¶6·�¨�¡,¸ ¯¢¹6·6¦&¯�©1¬6¤�¯�º�ª�¨�« ±²¡,¬e³�¦&´RµM« ¬A©Y±²¡�¨)¥�« ¤&©1¸²¨�¡,¤�¥�©1¬6»M·6¸ ©!¨sª�·6¤�¥.« ®�« ¬�º
±²¡,®:¥�« »²©!¥�¡&ª\§�¦1¨s¸ ©1¼T« ¬�©!¨"©1¬�ª¢§�·6¸ ¸ ¯Aª�¡,±²¡,¸ ¦M¶�¡&ª\¨�¡,»M« ¼T¡M�.�y 6¡u½Y¦M®)®)¡,¸ ©1¬�ªK©1¶6¶�¨�¦&¾�« º
¼
©!¥�« ¦M¬K« ®s¤,¦M¬6®)« ª�¡�¨�¡&ªT©1¬�ªA¥�¡,¼T¶�¡�¨�©!¥�·�¨�¡,®k¦1§�¥� 6¡y´u©1¸ ¸ ®u©!¨�¡Y©1®)®)·6¼T¡&ªA¤,¦M¬6®:¥�©1¬�¥�®,�
�y 6¡
»M¦!±²¡�¨�¬6« ¬6»O¡&¿�·�©!¥�« ¦M¬6®A©!¨�¡
¡�¾�¶�¨�¡,®)®)¡&ªa« ¬?¬6¦M¬�º�ª�« ¼T¡,¬6®)« ¦M¬�©1¸k§�¦1¨�¼À©1¬�ªa©!¨�¡
®)¦M¸ ±²¡&ªJ¹�¦1¥� ?©1¬�©1¸ ¯�¥�« ¤&©1¸ ¸ ¯Á©1¬�ªJ¬�·6¼T¡�¨�« ¤&©1¸ ¸ ¯��°Â4¥¢´u©1®\§�¦M·6¬�ªC¥� �©!¥¢¥� 6¡T»M¦!±²¡�¨�¬�º
« ¬6»`¶�©!¨�©1¼T¡�¥�¡�¨�®¢ �©&±²¡
©°®)« »M¬6« Ã�¤&©1¬�¥A¡�£�¡,¤�¥\¦M¬J¥� 6¡T±²¡,¸ ¦�¤,« ¥�¯a©1¬�ªC¥�¡,¼T¶�¡�¨�©!¥�·�¨�¡
¶�¨�¦1Ã�¸ ¡,®,�

Ä�Å
I!Æ�Ç1È�ÉkÊ"Ë"Ì�ÇMÍ4É%Æ

Î¢ÏMÐ�ÑCÑ�Ò,Ð�Ó�Ô�Õ�Ï1ÒCÖ Ó×Õ�Ò�Ï1ÏØÐ�Ó�Ù×Ú`Ö Û�ÏMÙÝÜ!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Ó×Ö ÓÝß�Ï1Ò�Ñ�Ö�Ü1Ð�àAÜ,á�Ð�Ó�Ó�Ï1à�Ô­Þ�Ü1Ü!â�Ò,Ô­Ö Ó
ÚOÐ�Ó�ã­Ö Ó�Ù�â�Ô�Ñ�Ò�Ö�Ð�à.ä�Ò�Þ�Ü!ÏMÔ�Ô�ÏMÔRÐ�Ó�ÙCÓ�Ð�Ñ�â�Ò,Ð�à.ä�á�Ï1Ó�Þ�Ú`Ï1Ó�Ð Åuå Ñ¢á�Ð�ÔeÑ�á�Ï1Ò�Ï!Õ�Þ�Ò�ÏKæ%Ï1Ï1ÓJÑ�á�ÏUÔ�â�æ�ç�ÏMÜ&Ñ
Þ�Õ�ÚOÐ�Ó�ã°Ù�Ï!Ñ,Ð�Ö à ÏMÙ.è�Ú`Þ6Ô�Ñ�à ãUÓ�â�Ú`Ï1Ò�Ö�Ü1Ð�à�Ô�Ñ�â�Ù�Ö ÏMÔyÕ�Þ�ÒYÙ�Ö é�Ï1Ò�Ï1Ó6Ñ�ê�Þ�ë{Ü!Þ�Ó�ì�í�â�Ò,Ð�Ñ�Ö Þ�Ó�Ô Å"î á�Ï]ê�â�Ö�Ù
ê�Þ�ëïÐ�Ó�Ù
á�ÏMÐ�Ñ"Ñ�Ò,Ð�Ó�Ô�Õ�Ï1Ò"á�Ð�Ôsæ%Ï1Ï1ÓUÑ�á�Ï]Ô�â�æ�ç�ÏMÜ&ÑyÞ�Õ�ÚOÐ�Ó�ãKÒ�ÏMÜ!Ï1Ó6Ñyæ%Þ�Þ�ð�Ô1è�Ô�â�Ü,á°Ð�Ô1è²Õ�Þ�Ò"Ï!Û�Ð�Ú`ä�à Ï
ñeÏ�ç�Ð�Ó×ò Ä!ó è"ôyÞ�äØÐ�Ó�Ù å Ó�í�á�Ð�ÚPò õ ó è"öKÞ�á�ÒTÐ�Ó�Ù÷ôyÞ�äøò ù ó èsÏ!Ñ,Ü ÅCú Þ6Ô�Ñ
Þ�ÕYÑ�á�Ï­Ö Ó6Ñ�Ï1Ò�ÏMÔ�ÑTÖ ÓØÑ�á�Ö�Ô
Ô�â�æ�ç�ÏMÜ&ÑUÖ�Ô
Ù�â�ÏOÑ�Þ?Ö Ñ,ÔUÐ�ä�ä�à Ö�Ü1Ð�Ñ�Ö Þ�Ó�Ô1èkÕ�Þ�Ò
Ö Ó�Ô�Ñ,Ð�Ó�Ü!Ï�è"Ö Ó÷Ñ�á�ÏCÙ�ÏMÔ�Ö í�Ó÷Þ�Õ¢Ü!Þ�Þ�à Ö Ó�í?Ô�ã�Ô�Ñ�Ï1ÚOÔKÕ�Þ�Ò
Ï1à ÏMÜ&Ñ�Ò�Þ�Ó�Ö�Ü°Ù�Ï1ß�Ö�Ü!ÏMÔTÐ�Ó�ÙÁÖ ÓØÑ�á�Ï°ì�Ï1à�ÙgÞ�Õ]Ô�Þ�à�Ð�ÒKÏ1Ó�Ï1Ò�í�ãÁÜ!Þ�à à ÏMÜ&Ñ�Ö Þ�Ó Å`û Þ�Ú`Ï`Þ�ÕYÑ�á�Ï`ä�â�æ�à Ö�Ô�á�ÏMÙ
ä�Ð�ä%Ï1Ò,ÔuÞ�Ó°Ñ�á�Ö�ÔuÑ�Þ�ä�Ö�Ü�è6Ô�â�Ü,áOÐ�Ô�ü¢â�Ó�íCò ý ó è6ü¢â�Ó�í
Ï!ÑYÐ�à Å ò þ ó è6ü¢â�Ó�íUÐ�Ó�Ù°ÿØÞ�Ò�ð�â?ò ��è � ó è6ñ]Ð�Ò�à Ï!Ñ�Ñ,Ð
ò ��è � ó èeÐ�Ó�ÙøñeÞ�â�à�Ð�ÚOÐØÐ�Ó�Ù��KÐ�à�Ð�Ó�Ö�Ô?ò Ä���ó èeÙ�ÏMÐ�àRëRÖ Ñ�á{Ñ�á�Ï?Ï1ß�Ð�à â�Ð�Ñ�Ö Þ�ÓøÞ�Õ\Ñ�á�ÏaÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï
Ð�Ó�Ùgß�Ï1à Þ�Ü!Ö Ñ�ã?ä�Ò�Þ�ì�à ÏMÔ\Õ�Þ�ÒAÑ�á�Ï`ß�Ï1Ò�Ñ�Ö�Ü1Ð�àyä�Ð�Ò,Ð�à à Ï1à ��ê�Þ�ë Õ�â�à à ãgÙ�Ï1ß�Ï1à Þ�ä%ÏMÙgÒ�Ï1í�Ö Ú`Ï Å ü\ÔKÖ�ÔKëeÏ1à à
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ð�Ó�Þ�ëRÓkè�á�ÏMÐ�Ñ\Ï!Û�Ü,á�Ð�Ó�í�Ï1Ò,ÔYÑ�ÏMÜ,á�Ó�Þ�à Þ�í�ã­Ö Ó�ß�Þ�à ß�ÏMÔRÜ!Þ�Ó�ß�ÏMÜ&Ñ�Ö ß�ÏAê�Þ�ë¢ÔRÖ Ó?ß�Ï1Ò�Ñ�Ö�Ü1Ð�àkÜ,á�Ð�Ó�Ó�Ï1à�Ô Åeå Ó
Ú`Þ6Ô�ÑKÜ1Ð�Ô�ÏMÔ1è�Ñ�á�ÏMÔ�Ï
ê�Þ�ë¢Ô¢Ö Ú`ä�à ãÁÜ!Þ�Ó�Ù�Ö Ñ�Ö Þ�Ó�Ô¢Þ�ÕYâ�Ó�Ö Õ�Þ�Ò�Ú á�ÏMÐ�Ñ�Ö Ó�íCÞ�ÕYÐCÜ,á�Ð�Ó�Ó�Ï1à�è%ëRá�Ö�Ü,ágÜ1Ð�Ó
æ%ÏKÚ`Þ�Ù�Ï1à à ÏMÙCÏ1Ö Ñ�á�Ï1ÒRæ�ã­â�Ó�Ö Õ�Þ�Ò�Ú_ë]Ð�à à%Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï����¢ÿ î	� Þ�Ò]â�Ó�Ö Õ�Þ�Ò�Ú_á�ÏMÐ�Ñeê�â�Û
���\Î�� �
Ñ�á�Ï1Ò�ÚOÐ�à.æ%Þ�â�Ó�Ù�Ð�Ò�ãCÜ!Þ�Ó�Ù�Ö Ñ�Ö Þ�Ó�Ô Å

ü¢à àRÑ�á�ÏÁÐ�æ%Þ�ß�Ï�
6â�Þ�Ñ�ÏMÙ{Ð�Ó�Ð�à ã�Ô�ÏMÔ°Þ�ÕAÕ�Ò�Ï1ÏÁÐ�Ó�Ù Ú`Ö Û�ÏMÙøÜ!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Ó ê�Þ�ë Ö Óøß�Ï1Ò�Ñ�Ö �
Ü1Ð�à\Ü,á�Ð�Ó�Ó�Ï1à�Ô­Ð�Ò�Ï?æ�Ð�Ô�ÏMÙ{Þ�Ó{Ñ�á�ÏÁá�ã�ä%Þ�Ñ�á�ÏMÔ�Ö�Ô`Ñ�á�Ð�Ñ­Ñ�á�Ï?Ñ�á�Ï1Ò�ÚOÐ�à\Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó{Ï!é�ÏMÜ&ÑCëRÖ Ñ�á�Ö Ó
Ñ�á�ÏOê�â�Ö�Ù Ö�ÔTÓ�Ï1í�à Ö í�Ö æ�à Ï Å Î¢Þ�ëeÏ1ß�Ï1ÒMèkÏ!é�ÏMÜ&Ñ,ÔUÞ�Õ¢Ü!Þ�Ó�Ù�â�Ü&Ñ�Ö Þ�ÓH�:Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�ÓØÞ�Ó Ü!Þ�Ó�ß�ÏMÜ&Ñ�Ö ß�Ï`ê�Þ�ë¢Ô
Ð�Ò�Ï°ß�Ï1Ò�ãÁÖ Ú`ä%Þ�Ò�Ñ,Ð�Ó6ÑTÖ ÓgÑ�á�Ï­Ü!Þ�Ó6Ñ�Ï!Û�ÑTÞ�ÕRÔ�ä�Ð�Ü!Ï°Ñ�ÏMÜ,á�Ó�Þ�à Þ�í�ãÁÐ�Ó�Ùgä�Ò�Þ�Ü!ÏMÔ�Ô�ÏMÔAÖ Ó�ß�Þ�à ß�Ö Ó�íJá�Ö í�á
Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏMÔ Å?î á�Ï­Ö Ó�Ü!à â�Ô�Ö Þ�Ó Þ�Õ¢Ü!Þ�Ó�Ù�â�Ü&Ñ�Ö Þ�ÓH�:Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó÷Ï!é�ÏMÜ&Ñ,Ô
Ö Ó Ñ�á�Ï­Ï1Ó�Ï1Ò�í�ãgÏ�
6â�Ð�Ñ�Ö Þ�Ó
á�Þ�ëeÏ1ß�Ï1ÒTà ÏMÐ�Ù�ÔTÑ�ÞØÐ?á�Ö í�á�à ãØÓ�Þ�Ó�à Ö Ó�ÏMÐ�ÒUä�Ð�Ò�Ñ�Ö�Ð�àYÞ�Ò
Þ�Ò,Ù�Ö Ó�Ð�Ò�ãØÙ�Ö é�Ï1Ò�Ï1Ó6Ñ�Ö�Ð�àeÏ�
6â�Ð�Ñ�Ö Þ�Ó�Ô ÅÁî á�Ï
Ð�Ö Ú Þ�ÕeÑ�á�Ï­ä�Ò�ÏMÔ�Ï1Ó6Ñ
ä�Ð�ä%Ï1Ò
Ö�ÔKÑ�á�Ï1Ò�Ï!Õ�Þ�Ò�Ï`Ñ�ÞÁÐ�Ó�Ð�à ã�Ô�Ï°Ñ�á�Ï­Ï!é�ÏMÜ&Ñ,ÔTÞ�Õ]Ñ�á�Ï1Ò�ÚOÐ�à�Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�ÓØÞ�Ó
Ñ�á�ÏKÔ�Ñ�ÏMÐ�Ù�ã`Õ�â�à à ã­Ù�Ï1ß�Ï1à Þ�ä%ÏMÙOÕ�Ò�Ï1ÏKÜ!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Ó­Ö ÓJÐUß�Ï1Ò�Ñ�Ö�Ü1Ð�à%Ü,á�Ð�Ó�Ó�Ï1à.Ô�â�Ü,á­Ñ�á�Ð�ÑeÑ�á�ÏKë]Ð�à à�ÔYÞ�Õ
Ñ�á�Ï°Ü,á�Ð�Ó�Ó�Ï1à�Ô\Ð�Ò�Ï
Ô�â�æ�ç�ÏMÜ&Ñ�ÏMÙaÑ�Þ­â�Ó�Ö Õ�Þ�Ò�Ú æ�â�ÑKÙ�Ö é�Ï1Ò�Ï1Ó6ÑAë]Ð�à à.Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏMÔ����¢ÿ î	� â�Ô�Ö Ó�í
Ñ�á�Ï��RÞ6Ô�Ô�Ï1à�Ð�Ó�Ù`Ð�ä�ä�Ò�Þ²Û�Ö ÚOÐ�Ñ�Ö Þ�Ó`Ú`Þ�Ù�Ï1à%ëRá�Ö�Ü,áOà ÏMÐ�Ù�ÔuÑ�Þ
Þ�Ò,Ù�Ö Ó�Ð�Ò�ã°Ù�Ö é�Ï1Ò�Ï1Ó6Ñ�Ö�Ð�à%Ï�
6â�Ð�Ñ�Ö Þ�Ó�ÔyÕ�Þ�Ò
Ñ�á�Ï
Õ�Ò�Ï1ÏUÜ!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Óaê�Þ�ë Þ�ÕYÐ�Ó?Þ�ä�Ñ�Ö�Ü1Ð�à à ãaÙ�Ï1Ó�Ô�ÏUß�Ö�Ô�Ü!Þ�â�Ô¢Ö Ó�Ü!Þ�Ú`ä�Ò�ÏMÔ�Ô�Ö æ�à ÏKê�â�Ö�Ù?Ñ�á�Ð�Ñ\ê�Þ�ë¢Ô
Ñ�á�Ò�Þ�â�í�áOÑ�á�ÏKÜ,á�Ð�Ó�Ó�Ï1à Åuî á�ÏAÞ�Ò,Ù�Ö Ó�Ð�Ò�ã`Ù�Ö é�Ï1Ò�Ï1Ó6Ñ�Ö�Ð�à%Ï�
6â�Ð�Ñ�Ö Þ�Ó�ÔeÐ�Ò�ÏAÔ�Þ�à ß�ÏMÙOæ%Þ�Ñ�áJÐ�Ó�Ð�à ã6Ñ�Ö�Ü1Ð�à à ã
Ð�Ó�ÙOÓ�â�Ú`Ï1Ò�Ö�Ü1Ð�à à ã°â�Ô�Ö Ó�í
Ñ�á�Ï��Râ�Ó�í�Ï �)öKâ�Ñ�Ñ,ÐTÚ`Ï!Ñ�á�Þ�Ù Å �"à Þ�ë×Ð�Ó�ÙOá�ÏMÐ�ÑeÑ�Ò,Ð�Ó�Ô�Õ�Ï1ÒYÒ�ÏMÔ�â�à Ñ,ÔuÕ�Þ�Ò]Ð
Ò,Ð�Ó�í�ÏTÞ�Õuß�Ð�à â�ÏMÔ¢Þ�ÕyÑ�á�Ï
ä%Ï1Ò�Ñ�Ö Ó�Ï1Ó6ÑAä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,ÔRá�Ð²ß�ÏTæ%Ï1Ï1Ó?Ò�Ï1ä%Þ�Ò�Ñ�ÏMÙ Å�� é�ÏMÜ&Ñ,Ô¢Þ�Õuä%Ï1Ò�Ñ�Ö Ó�Ï1Ó6Ñ
ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,Ô1èYÔ�â�Ü,á×Ð�Ô°Ñ�á�Ï?Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó{ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1ÒMè����gèRÐ�Ó�ÙïÑ�á�ÏaÑ�á�Ï1Ò�ÚOÐ�à¢ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò����
ß�Ï1à Þ�Ü!Ö Ñ�ãCÐ�Ó�Ù­Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏKä�Ò�Þ�ì�à ÏMÔRÐ�Ò�ÏKÔ�á�Þ�ëRÓJí�Ò,Ð�ä�á�Ö�Ü1Ð�à à ã Å
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& Þ�Ó�Ô�Ö�Ù�Ï1Ò­Ð÷ß�Ö�Ô�Ü!Þ�â�ÔOÐ�Ó�Ù{Ö Ó�Ü!Þ�Ú`ä�Ò�ÏMÔ�Ô�Ö æ�à Ïaê�â�Ö�Ù.è]ëRá�Ö�Ü,áÝÔ�Ñ�ÏMÐ�Ù�Ö à ã ê�Þ�ë¢ÔOæ%Ï!Ñ�ëeÏ1Ï1Ó
Ñ�ëeÞ
Ö Ó�ì�Ó�Ö Ñ�Ï\ß�Ï1Ò�Ñ�Ö�Ü1Ð�à�Ð�Ó�Ù`ä�Ð�Ò,Ð�à à Ï1à�ä�à�Ð�Ó�Ï¢ë]Ð�à à�Ô Åyî á�Ï\Ù�Ö�Ô�Ñ,Ð�Ó�Ü!Ï\æ%Ï!Ñ�ëeÏ1Ï1Ó`Ñ�á�Ï\ë]Ð�à à�Ô1è�Ö Å Ï Å è�Ñ�á�Ï
Ü,á�Ð�Ó�Ó�Ï1à�ëRÖ�Ù�Ñ�ákè�Ö�Ô�' Å ü Ü!Þ�Þ�Ò,Ù�Ö Ó�Ð�Ñ�ÏKÔ�ã�Ô�Ñ�Ï1Ú_Ö�ÔRÜ,á�Þ6Ô�Ï1ÓJÔ�â�Ü,á­Ñ�á�Ð�ÑRÑ�á�Ï�(*)GÐ�Û�Ö�ÔeÖ�Ô]ä�Ð�Ò,Ð�à à Ï1à
Ñ�ÞOÑ�á�Ï°í�Ò,Ð²ß�Ö Ñ,Ð�Ñ�Ö Þ�Ó�Ð�àkÐ�Ü1Ü!Ï1à Ï1Ò,Ð�Ñ�Ö Þ�Óaß�ÏMÜ&Ñ�Þ�Ò�+ è%æ�â�ÑKëRÖ Ñ�á?Ñ�á�ÏUÞ�ä�ä%Þ6Ô�Ö Ñ�Ï°Ù�Ö Ò�ÏMÜ&Ñ�Ö Þ�Ó Å\î á�Ï�,-)
Ð�Û�Ö�ÔTÖ�Ô
Þ�Ò�Ñ�á�Þ�í�Þ�Ó�Ð�à"Ñ�Þ?Ñ�á�ÏCÜ,á�Ð�Ó�Ó�Ï1àYë]Ð�à à�Ô1è"Ð�Ó�ÙØÑ�á�Ï­Þ�Ò�Ö í�Ö Ó÷Þ�Õ]Ñ�á�ÏCÐ�Û�ÏMÔTÖ�ÔUÔ�â�Ü,áØÑ�á�Ð�Ñ
Ñ�á�Ï
ä%Þ6Ô�Ö Ñ�Ö Þ�Ó�ÔuÞ�Õ�Ñ�á�Ï\Ü,á�Ð�Ó�Ó�Ï1à�ë]Ð�à à�Ô�Ð�Ò�Ï.)	'�/�õAÐ�Ó�Ù�'�/�õ�è�Ò�ÏMÔ�ä%ÏMÜ&Ñ�Ö ß�Ï1à ã Å üÝÔ�ð�Ï!Ñ,Ü,á`Þ�Õ�Ñ�á�Ï\Ô�ã�Ô�Ñ�Ï1Ú
Ð�Ó�ÙÁÞ�ÕuÑ�á�ÏOÜ!Þ�Þ�Ò,Ù�Ö Ó�Ð�Ñ�ÏUÐ�Û�ÏMÔ\Ö�ÔAÒ�Ï1ä%Þ�Ò�Ñ�ÏMÙ?Ö Ó0�"Ö í�â�Ò�Ï Ä�ÅTî á�Ï°ë]Ð�à àuÐ�Ñ�,213)	'�/�õ`Ö�ÔKÐ�Ñ\Ñ�á�Ï
í�Ö ß�Ï1Ógâ�Ó�Ö Õ�Þ�Ò�Ú Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï�4*5MèkëRá�Ö à Ï°Ñ�á�Ï`ë]Ð�à àuÐ�Ñ.,216'�/�õ­Ö�ÔKÔ�â�æ�ç�ÏMÜ&Ñ�ÏMÙÁÑ�Þ?ÐCâ�Ó�Ö Õ�Þ�Ò�Ú
J�J87
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Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï�4���è�ëRá�Ï1Ò�Ï�4���� 4*5 Åuî á�Ï]ê�â�Ö�Ù`ß�Ï1à Þ�Ü!Ö Ñ�ã
	 ����
�� � Ö�Ô�Ð�Ô�Ô�â�Ú`ÏMÙUÑ�Þ
æ%Ï¢ä�Ð�Ò,Ð�à à Ï1à�Ñ�Þ
Ñ�á�Ï�(*) Ð�Û�Ö�Ô1è�Ô�Þ
Ñ�á�Ð�Ñ]Þ�Ó�à ã°Ñ�á�Ï�(*) Ü!Þ�Ú`ä%Þ�Ó�Ï1Ó6Ñ��
Þ�ÕkÑ�á�ÏAß�Ï1à Þ�Ü!Ö Ñ�ã`ß�ÏMÜ&Ñ�Þ�ÒeÙ�Þ�ÏMÔeÓ�Þ�Ñ]ß�Ð�Ó�Ö�Ô�á Å
î á�ÏTñeÞ�â�Ô�Ô�Ö Ó�ÏMÔ 
OÐ�Ó�Ù �RÞ6Ô�Ô�Ï1à�Ð�Ó�ÙCÐ�ä�ä�Ò�Þ²Û�Ö ÚOÐ�Ñ�Ö Þ�Ó�ÔeÐ�Ò�ÏAÏ1Ú`ä�à Þ�ã�ÏMÙ Å �"à â�Ö�ÙJÒ�Ö�Ô�ÏMÔeÖ ÓJÑ�á�ÏTÙ�â�Ü&Ñ
Ù�Ò�Ö ß�Ï1Ó`æ�ãUæ�â�Þ�ã6Ð�Ó�Ü!ãKÕ�Þ�Ò,Ü!ÏMÔ Å Î¢Ï1Ó�Ü!Ï]Ñ�á�ÏRê�Þ�ë{Ö�Ô�Ù�â�ÏRÑ�Þ
Ù�Ö é�Ï1Ò�Ï1Ó�Ü!ÏRÖ Ó`Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï¢Ð�Ó�ÙUÑ�á�Ï
Ü!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Ó­Ô�Ï!Ñ,ÔeÖ ÓCÖ Ó�Ô�Ñ,Ð�Ó6Ñ,Ð�Ó�Ï1Þ�â�Ô�à ã Åyú Þ�Ò�Ï1Þ�ß�Ï1ÒuÑ�á�ÏAí�Ò,Ð�Ù�Ö Ï1Ó6ÑeÞ�Õ*4�� )�4*5]Ö�Ôeä%Ï1Ò�ä%Ï1Ó�Ù�Ö�Ü!â�à�Ð�Ò
Ñ�ÞÁÑ�á�ÏCí�Ò,Ð²ß�Ö Ñ�ãgëRá�Ö�Ü,á ëeÏJÜ1Ð�à àYÖ Ñ`Ð�Ô��\æ%Ï1Ò�æ%ÏMÜ,ð÷Ü!Þ�Ó�ß�ÏMÜ&Ñ�Ö Þ�Ó Ð�Ó�Ù÷Ñ�á�Ï1Ò�Ï!Õ�Þ�Ò�ÏOÑ�á�Ï1Ò�Ï­ëRÖ à àeæ%Ï
Ó�ÞOä�Ò�ÏMÔ�Ô�â�Ò�ÏKí�Ò,Ð�Ù�Ö Ï1Ó6ÑRÖ ÓaÑ�á�Ï
æ�Ð�Ô�Ö�ÜAÏ�
6â�Ð�Ñ�Ö Þ�Ó Å ü¢à àkÑ�á�ÏTê�â�Ö�ÙJä�Ò�Þ�ä%Ï1Ò�Ñ�Ö ÏMÔRÏ!Û�Ü!Ï1ä�Ñ\Ù�Ï1Ó�Ô�Ö Ñ�ãCÖ Ó
Ñ�á�Ï­æ�â�Þ�ã6Ð�Ó�Ü!ãÁÑ�Ï1Ò�ÚcÐ�Ò�Ï­Ü!Þ�Ó�Ô�Ö�Ù�Ï1Ò�ÏMÙ÷Ð�ÔUÜ!Þ�Ó�Ô�Ñ,Ð�Ó6Ñ Åaî á�ÏOê�Þ�ë æ%Ï1Ö Ó�í?Õ�â�à à ã Ù�Ï1ß�Ï1à Þ�ä%ÏMÙgÑ�á�Ï
Õ�Þ�à à Þ�ëRÖ Ó�í°Ò�Ï1à�Ð�Ñ�Ö Þ�Ó�ÔRÐ�ä�ä�à ã­á�Ï1Ò�Ï

� 1 � 
�� �� , 1 � 
����� ( 1����� , 1 � � Ä �

ëRá�Ï1Ò�Ï � Ö�ÔKÑ�á�Ï­ê�â�Ö�Ù÷ä�Ò�ÏMÔ�Ô�â�Ò�Ï ÅJî á�Ï1Ò�Ï!Õ�Þ�Ò�Ï�èkÑ�á�ÏJÜ!Þ�Ó6Ñ�Ö Ó�â�Ö Ñ�ãgÏ�
6â�Ð�Ñ�Ö Þ�Ó÷í�Ö ß�ÏMÔ ��� / � ( 1 ��Å�\Ó�ÏJÜ1Ð�Ó Ñ�á�â�Ô`Ü!Þ�Ó�Ü!à â�Ù�ÏCÑ�á�Ð�Ñ � Ù�Þ�ÏMÔUÓ�Þ�ÑOÙ�Ï1ä%Ï1Ó�ÙïÞ�Ó (sèYÖ Å Ï Å � 1 � � , �&Å �¢Ó�Ù�Ï1Ò°Ñ�á�ÏMÔ�Ï
Ð�Ô�Ô�â�Ú`ä�Ñ�Ö Þ�Ó�ÔeÑ�á�ÏTÚ`Þ�Ú`Ï1Ó6Ñ�â�ÚÀÐ�Ó�ÙCÏ1Ó�Ï1Ò�í�ãOÏ�
6â�Ð�Ñ�Ö Þ�Ó�ÔeÕ�Þ�Ò]Ñ�á�ÏKê�Þ�ëGÐ�Ó�ÙJá�ÏMÐ�Ñ]Ñ�Ò,Ð�Ó�Ô�Õ�Ï1Ò¢Ð�Ò�Ï

� � � �� , ������ "!$# � 4 )
4  � 1 � ��õ �

%&� � 4� , � ) �('*)� , 1 � �4ù �

ëRá�Ï1Ò�Ï�4øÖ�ÔuÑ�á�ÏRê�â�Ö�Ù°Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï�è ! Ö�ÔyÑ�á�Ï\Ð�Ü1Ü!Ï1à Ï1Ò,Ð�Ñ�Ö Þ�Ó`Ù�â�ÏRÑ�Þ
í�Ò,Ð²ß�Ö Ñ�ã�è % Ö�ÔuÑ�á�ÏRÑ�á�Ï1Ò�ÚOÐ�à
Ü!Þ�Ó�Ù�â�Ü&Ñ�Ö ß�Ö Ñ�ã�è # Ö�Ô
Ñ�á�ÏCÑ�á�Ï1Ò�ÚOÐ�àeÏ!Û�ä�Ð�Ó�Ô�Ö Þ�ÓïÜ!Þ�Ï"+­Ü!Ö Ï1Ó6ÑMè � Ö�Ô
Ñ�á�ÏaÙ�ã�Ó�Ð�Ú`Ö�Ü­ß�Ö�Ô�Ü!Þ6Ô�Ö Ñ�ã�è �� 
Ö�ÔRÑ�á�ÏUÜ,á�Ð�Ò,Ð�Ü&Ñ�Ï1Ò�Ö�Ô�Ñ�Ö�ÜKÙ�Ï1Ó�Ô�Ö Ñ�ã�è '*) Ö�ÔRÑ�á�Ï
Ò,Ð�Ù�Ö�Ð�Ñ�Ö ß�ÏTá�ÏMÐ�Ñ¢ê�â�Û?Ð�Ó�Ù"4  Ö�ÔRÑ�á�Ï°Ü,á�Ð�Ò,Ð�Ü&Ñ�Ï1Ò�Ö�Ô�Ñ�Ö�Ü
Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï Å ÿØÏ
Ð�Ô�Ô�â�Ú`ÏAÑ�á�Ð�Ñ '*) â�Ó�Ù�Ï1Ò]Ñ�á�Ï��RÞ6Ô�Ô�Ï1à�Ð�Ó�ÙJÐ�ä�ä�Ò�Þ²Û�Ö ÚOÐ�Ñ�Ö Þ�Ó­á�Ð�ÔeÑ�á�ÏKÕ�Þ�Ò�Ú

' ) 1 )-, ý�.ù�/10 � 412� , ��ý �

ëRá�Ï1Ò�Ï
.ØÖ�ÔRÑ�á�Ï û Ñ�Ï!Õ4Ð�ÓH�)ñeÞ�à Ñ431ÚOÐ�Ó65 Ô¢Ü!Þ�Ó�Ô�Ñ,Ð�Ó6ÑAÐ�Ó�Ù7/ïÖ�ÔRÑ�á�ÏUÚ`ÏMÐ�ÓÁÐ�æ�Ô�Þ�Ò�ä�Ñ�Ö Þ�Ó?Ü!Þ�Ï"+­Ü!Ö Ï1Ó6Ñ Å
ÿØÏeÐ�à�Ô�Þ\Ð�Ô�Ô�â�Ú`ÏuÑ�á�Ð�Ñ Å%� 
6â�Ð�Ñ�Ö Þ�Ó�Ô ��õ � Ð�Ó�Ù �4ù � á�Ð²ß�ÏyÑ�Þ\æ%ÏeÔ�Þ�à ß�ÏMÙTÔ�â�æ�ç�ÏMÜ&ÑsÑ�ÞRÑ�á�Ïeæ%Þ�â�Ó�Ù�Ð�Ò�ã
Ü!Þ�Ó�Ù�Ö Ñ�Ö Þ�Ó�Ô

� �98�'�/�õ � 1 � 
 4 � )	'�/�õ � 1 4*5�
 40� '�/�õ � 1 4�� ��þ �
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å ÓÁÞ�Ò,Ù�Ï1ÒRÑ�ÞJÔ�Þ�à ß�Ï � 
�Ô Å ��õ � Ð�Ó�Ù �4ù � è�ëeÏ
Ö Ó6Ñ�Ò�Þ�Ù�â�Ü!ÏTÑ�á�Ï
Õ�Þ�à à Þ�ëRÖ Ó�í­Ó�Þ�ÓH�)Ù�Ö Ú`Ï1Ó�Ô�Ö Þ�Ó�Ð�àsß�Ð�Ò�Ö �
Ð�æ�à ÏMÔ �

1 ,
' 
�� �

�
� 1 ��  
 �	�

�
� 1 4 )
4  

4���)
4*5 ��� �

ëRá�Ï1Ò�Ï��  1 !$# ��4���)
4*5 � Ö�Ô¢Ñ�á�Ï°Ü,á�Ð�Ò,Ð�Ü&Ñ�Ï1Ò�Ö�Ô�Ñ�Ö�ÜKß�Ï1à Þ�Ü!Ö Ñ�ã ÅAû â�æ�Ô�Ñ�Ö Ñ�â�Ñ�Ö Ó�í0��� � Ö Ó6Ñ�Þ � 
 Å ��õ �
Ð�Ó�Ù
�4ù � è�ëeÏKí�Ï!ÑRÑ�á�ÏKÕ�Þ�à à Þ�ëRÖ Ó�í°Þ�Ò,Ù�Ö Ó�Ð�Ò�ã­Ù�Ö é�Ï1Ò�Ï1Ó6Ñ�Ö�Ð�à.Ï�
6â�Ð�Ñ�Ö Þ�Ó�Ô� � �� � � � ��1 � ��� �

�� � ��� Ä � ý
ù	� � � Ä � ��
 � �
��� � �� ��� 1 � ��� �

Ô�â�æ�ç�ÏMÜ&ÑRÑ�Þ°Ñ�á�ÏTæ%Þ�â�Ó�Ù�Ð�Ò�ãCÜ!Þ�Ó�Ù�Ö Ñ�Ö Þ�Ó�Ô.��þ � ëRá�Ö�Ü,áJæ%ÏMÜ!Þ�Ú`Ï

� ,(8 Äõ(0 1 � 
 ��, ) Äõ(0 1 ) Äõ 
 ��, Äõ(0 1 Ä
õ ��� �

ëRá�Ï1Ò�ÏAÑ�á�ÏTÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�ÓCä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò � � Ð�Ó�Ù­Ñ�á�ÏKÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏTä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò���
 Ð�Ò�ÏAí�Ö ß�Ï1ÓJæ�ã
� � 1 ý�.-4 � % / 
 ��
01 õ 4���)
4*5

4�� � 4*5 � Ä����

ÿØÏAÓ�Þ�Ñ�Ö�Ü!Ï\Ñ�á�Ð�Ñ]Ö Ó­Ñ�á�ÏKÜ1Ð�Ô�Ï\ëRá�Ï1Ó­Ñ�á�ÏAÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�ÓOÏ!é�ÏMÜ&ÑRÖ�ÔeÐ�æ�Ô�Ï1Ó6Ñ.� � � 1 ��� è � 
�Ô Å ��� � Ð�Ó�Ù
��� � Ò�ÏMÙ�â�Ü!ÏAÑ�Þ`Ñ�á�Þ6Ô�ÏTÞ�æ�Ñ,Ð�Ö Ó�ÏMÙCæ�ãJü¢â�Ó�íÁò ý ó:Å�î á�Ï
Ð�Ó�Ð�à ã6Ñ�Ö�Ü1Ð�àkÔ�Þ�à â�Ñ�Ö Þ�ÓaÞ�Õ � 
 Å ��� � Ð�Ó�Ù0��� �
Ü1Ð�ÓJæ%ÏTÏ!Û�ä�Ò�ÏMÔ�Ô�ÏMÙCÐ�Ô � 1 )���� ��� � ����� � ��� 5 � ��� � � Ä�Ä �

� � � �ý ��
 � Ä � ��
%� � 2 1 � �
�
��� 2 � Ä õ �

ëRá�Ï1Ò�Ï � 5²è � ��è � � Ð�Ó�Ù � 2 Ð�Ò�Ï\Ü!Þ�Ó�Ô�Ñ,Ð�Ó6Ñ,ÔuÞ�Õ.Ö Ó6Ñ�Ï1í�Ò,Ð�Ñ�Ö Þ�Ó Å ÿ×á�Ï1Ó � � 1 � ��Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó`Ï!é�ÏMÜ&Ñ
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6â�Ð�Ñ�Ö Þ�Ó�Ô ��� � Ð�Ó�Ù ��� � èuÔ�â�æ�ç�ÏMÜ&Ñ
Ñ�ÞÁÑ�á�Ï­æ%Þ�â�Ó�Ù�Ð�Ò�ã÷Ü!Þ�Ó�Ù�Ö Ñ�Ö Þ�Ó�Ô ��� � ëeÏ1Ò�ÏCÔ�Þ�à ß�ÏMÙ
Ó�â�Ú`Ï1Ò�Ö�Ü1Ð�à à ãaâ�Ô�Ö Ó�íCÑ�á�ÏUì�Ó�Ö Ñ�Ï �)Ù�Ö é�Ï1Ò�Ï1Ó�Ü!Ï`Ú`Ï!Ñ�á�Þ�Ù?Õ�Þ�ÒTÙ�Ö é�Ï1Ò�Ï1Ó6ÑKß�Ð�à â�ÏMÔAÞ�Õ�Ñ�á�Ï°ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,Ô� � 1 � 
 ��� Ä 
 Ä 
,þ�
 Ä�� Ð�Ó�Ù2��
 1 Ä�� Ä 
 Ä�� þ�
,õ � ��Å î á�ÏTß�Ï1à Þ�Ü!Ö Ñ�ã�� Ð�Ó�Ù?Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï��Jä�Ò�Þ�ì�à ÏMÔ
Ð�Ò�ÏaÔ�á�Þ�ëRÓ Þ�Ó �"Ö í�â�Ò�ÏMÔOõÁÑ�Þ � Å ÿ×á�Ï1Ó Ñ�á�ÏaÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó Ö�Ô`Ð�æ�Ô�Ï1Ó6Ñ � � � 1 ��� Þ�Ó�Ï?Ü1Ð�Ó{Ô�Ï1Ï
Õ�Ò�Þ�Ú �"Ö í�â�Ò�ÏMÔ\ýCÑ�Þ �­Ñ�á�Ð�ÑAÑ�á�Ï°Ó�â�Ú`Ï1Ò�Ö�Ü1Ð�à"Ò�ÏMÔ�â�à Ñ,ÔAÐ�Ò�ÏUÖ Ógß�Ï1Ò�ãaí�Þ�Þ�ÙÁÐ�í�Ò�Ï1Ï1Ú`Ï1Ó6Ñ\ëRÖ Ñ�áÁÑ�á�Ï
Ð�Ó�Ð�à ã6Ñ�Ö�Ü1Ð�à6Ô�Þ�à â�Ñ�Ö Þ�Ó Åså ÑuÚ`ÏMÐ�Ó�ÔkÑ�á�Ð�ÑyëeÏeÐ�Ò�ÏeÜ!Þ�Ó�ì%Ù�Ï1Ó6ÑsÑ�á�Ð�Ñ"Ñ�á�Ïeä�Ò�ÏMÔ�Ï1Ó6Ñ"Ò�ÏMÔ�â�à Ñ,Ô"Ð�Ò�ÏeÜ!Þ�Ò�Ò�ÏMÜ&Ñ Å

ÿØÏaÓ�Þ�Ñ�Ö�Ü!ÏJÑ�á�Ð�ÑCÐgÒ�Ï1ß�Ï1Ò,Ô�ÏMÙ÷ê�Þ�ë Ï!Û�Ö�Ô�Ñ`Õ�Þ�ÒOÔ�ÚOÐ�à àRß�Ð�à â�ÏMÔ`Þ�Õ\Ñ�á�ÏaÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó{Ð�Ó�Ù
Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏJä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,Ô1èuëRá�Ö�Ü,á Ö�ÔOÔ�Ö Ú`Ö à�Ð�Ò°ëRÖ Ñ�á Ñ�á�Ï?Ü1Ð�Ô�ÏaÔ�Ñ�â�Ù�Ö ÏMÙ æ�ãïü¢â�Ó�íøò ý ó ëRá�Ï1Ó
Ñ�á�ÏKÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó­Ö�ÔRÐ�æ�Ô�Ï1Ó6Ñ Åuî á�ÏKÒ�Ï1ß�Ï1Ò,Ô�ÏMÙ`ê�Þ�ë Ù�Ö�Ô�Ô�Ð�ä%ÏMÐ�Ò,Ô�Õ�Þ�Ò]à�Ð�Ò�í�ÏAß�Ð�à â�ÏMÔeÞ�ÕsÑ�á�ÏKÒ,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó
Ð�Ó�Ù­Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏKä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,Ô��4Ô�Ï1Ï��"Ö í�â�Ò�ÏMÔ¢õ�è�ý�è)�`Ð�Ó�Ù � �&Å ��â�Ò�Ñ�á�Ï1ÒMè�ëeÏTÜ1Ð�ÓaÔ�Ï1ÏAÑ�á�Ð�Ñ]Ñ�á�Ï
ß�Ï1à Þ�Ü!Ö Ñ�ãgä�Ò�Þ�ì�à ÏMÔ
Ö Ó�Ü!Ò�ÏMÐ�Ô�ÏOëRÖ Ñ�á Ñ�á�ÏCÖ Ó�Ü!Ò�ÏMÐ�Ô�Ö Ó�í?Þ�Õ]Ñ�á�Ï­Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�Ï­ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò���
 �4Ô�Ï1Ï
�"Ö í�â�Ò�Ï`õ � Ð�Ó�ÙÁÐ�à�Ô�Þ­ëRÖ Ñ�áÁÑ�á�Ï°Ö Ó�Ü!Ò�ÏMÐ�Ô�Ö Ó�í­Þ�ÕuÑ�á�Ï°Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�Ó?ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò � � �4Ô�Ï1Ï��"Ö í�â�Ò�ÏMÔ¢ý�è
�`Ð�Ó�Ù � �&Å

î á�Ï`Ñ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏOä�Ò�Þ�ì�à ÏMÔTÐ�Ò�Ï­Ô�á�Þ�ëRÓØÖ Ó �"Ö í�â�Ò�ÏMÔTù�èuþ�è �JÐ�Ó�Ù � Å ÿØÏCÜ1Ð�Ó Ô�Ï1Ï1Ó
Ñ�á�Ð�Ñ\Ñ�á�ÏUÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏUä�Ò�Þ�ì�à ÏMÔ¢Ö Ó�Ü!Ò�ÏMÐ�Ô�Ï
ëRÖ Ñ�áÁÑ�á�ÏUÖ Ó�Ü!Ò�ÏMÐ�Ô�Ö Ó�í­Þ�ÕuÑ�á�Ï°ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò,Ô���
×Ð�Ó�Ù� � ÅKî á�Ï°Ï!é�ÏMÜ&ÑKÞ�ÕuÑ�á�ÏUÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏUä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò\Ö�ÔAÚ`Þ�Ò�ÏUÔ�Ö í�Ó�Ö ì%Ü1Ð�Ó6Ñ\Õ�Þ�ÒAà�Ð�Ò�í�Ï1Ò\ß�Ð�à â�ÏMÔ\Þ�Õ
Ñ�á�Ï
ä�Ð�Ò,Ð�Ú`Ï!Ñ�Ï1Ò � � Å ÿØÏUÐ�à�Ô�ÞOÓ�Þ�Ñ�Ö�Ü!ÏTÑ�á�Ð�Ñ\Ñ�á�Ï
Ò,Ð�Ù�Ö�Ð�Ñ�Ö Þ�ÓaÏ!é�ÏMÜ&Ñ,Ô\Ú`Þ�Ù�Ö Õ�ãCÑ�á�Ï°Ô�Ö Ú`Ú`Ï!Ñ�Ò�ãJÞ�Õ
Ñ�á�ÏKÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏKä�Ò�Þ�ì�à ÏMÔ1è6Ñ�á�ÏKÑ�Ï1Ú`ä%Ï1Ò,Ð�Ñ�â�Ò�ÏKí�Ò,Ð�Ù�Ö Ï1Ó6Ñ,Ô]Ð�Ò�ÏKà�Ð�Ò�í�Ï1ÒeÓ�ÏMÐ�Ò]Ñ�á�ÏTÜ!Þ�à�ÙCë]Ð�à à ��à Ï!Õ�Ñ
ë]Ð�à à.Þ�ÕsÑ�á�Ï
Ü,á�Ð�Ó�Ó�Ï1à �&Å

@ !�� !6È !�Æ"Ì !$�
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STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume LI, Number 4, December 2006

PROFESSOR GHEORGHE COMAN AT HIS 70TH ANNIVERSARY

OCTAVIAN AGRATINI AND PETRU BLAGA

Gheorghe Coman was born on January 24th 1936, in Grindeni, Mureş. He

attended elementary school (1944-1948) in his home-village, secondary school (1948-

1951) in the town of Luduş and high-school (1951-1956) in Cluj, a rich cultural and

historical city located on the Someş river banks. From 1956 to 1961 he was a student

at the Faculty of Mathematics and Mechanics (nowadays the Faculty of Mathematics

and Computer Science), Babeş-Bolyai University, Cluj. After graduation, he worked

as an assistant professor in the Department of Numerical and Statistical Calculus.

In this department, Gheorghe Coman has held a continuous academic career, being

successively promoted to the positions of lecturer (1970), associate professor (1977)

and full professor (1990).

In 1966 Gheorghe Coman married Mioara, a chemistry professor at the

Medicine and Pharmacy University in Cluj-Napoca. They have two children: Dan,

born in 1967, and Horia, born in 1970. Dan followed in his father’s footsteps, becom-

ing also a mathematician, while Horia is a medical doctor.

Under the guidance of the famous mathematician D.V. Ionescu (1901-1985),

in 1970 Gheorghe Coman completed his doctoral thesis Optimal quadrature and cu-

bature formulas. He also had the opportunity to participate in professional training

modules abroad in Moskow (1968) and in the USA, University of Wisconsin, Madison

(1973-1974).

In what follows, we briefly certify the outstanding scientific activity and teach-

ing career of Ghitza, name under which professor Coman is known to those close

to him. So far, twenty doctoral students have worked under his guidance: Călin

Enăchescu, Sorin Pop (also supervised by professor W. Jaeger, Heidelberg), Daniela
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Kacso (also supervised by professor H. Gonska, Duisburg), Andras Peter, Ioan Lazăr,

Milena Solomon, Virginia Niculescu, Monica Vancea, Codruţa Vancea, Daniela Roşca,

Ioana Pop, Ion Cozac, Iulia Costin, Cătălin Mitran, Teodora Gulea, Cristina Mihoc,

Ioan Todea, Marius Birou, Ildiko Kovacs, Alexandra Oprişan.

Professor Coman is editor-in-chief at the Romanian journals: Seminar on Nu-

merical and Statistical Calculus and Studia Universitatis Babeş-Bolyai, Mathematica.

He is also included in the editorial board of the following journals edited by the Ro-

manian Academy: Mathematica and Revue d’Analyse Numerique et de Theorie de

l’Approximation. Since 1974 he has been member of the American Mathematical

Society and reviewer for Mathematical Reviews.

Professor Coman has been invited to deliver talks at universities in France

(Paris, 1994), Germany (Heidelberg, 1995; Duisburg, 1998), Hungary (Debrecen,

1991).

For many years, our colleague, a good organizer and honest judge, served the

academic community of the Babeş-Bolyai University from the position of vicedean

(1986-1989) and dean (1989-1996). A constant proof of his remarkable character is

given by the fact that he was elected and re-elected dean, before and after 1989, the

year of the Romanian Revolution.

A gifted teacher with a good understanding of students, a challenging partner

for his colleagues, he succeeded in fascinating us with his spiritual youth, honesty in

its purest form and, above all, his personal charm.

Coman’s teaching and research activity is materialized in more than one hun-

dred published papers and nine books (textbooks and monographs). The scientific

work of professor Gheorghe Coman aims at Numerical Analysis and Approximation

Theory. Regarding these contributions, we mention the following research directions:

numerical integration of functions, approximation of uni and multivariate functions,

optimizations of numerical methods with respect to the error, complexity and effi-

ciency of calculus.

At the end we list the most relevant works of professor Coman.
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List of Scientific Papers

[1] Agratini, O., Blaga, P., Coman, Gh., Lectures on wavelets, numerical methods and

statistics, Casa Cărţii de ştiinţă, Cluj-Napoca, 2005. iv+196 pp. MR 2006h:42001.

[2] Coman, Gh., Todea, I., On some applications of interpolation operators, Studia Univ.

Babeş-Bolyai Math., 50(2005), no.1, 3-15. MR 2006e:41039.

[3] Coman, Gh., Birou, M., Oşan, C., Somogyi, I., Cătinaş, T., Oprişan, A., Pop, I.,

Todea, I., Interpolation operators. With a preface by Dimitrie D. Stancu, Casa Cărţii

de Ştiinţă, Cluj-Napoca, 2004. viii+298 pp. MR 2006i:41001.

[4] Coman, Gh., Todea, I., Bivariate Shepard operators of Abel-Gonciarov-type, Studia

Univ. Babeş-Bolyai Math., 48(2003), no. 2, 39-48.

[5] Coman, Gh., Pop, I., Some interpolation schemes on triangle, Studia Univ. Babeş-

Bolyai Math., 48(2003), no. 3, 57-62.

[6] Coman, Gh., Birou, M., Bivariate spline-polynomial interpolation, Studia Univ.

Babeş-Bolyai Math. 48(2003), no. 4, 17-24. MR 2005g:41002.

[7] Coman, Gh., Solomon, M., Homogeneous numerical cubature formulas of interpolatory

type, Rev. Anal. Numér. Théor. Approx., 31(2002), no. 1, 45-53 (2003). MR 2004j:65035.

[8] Coman, Gh., Păvăloiu, I., At the 75th birthday anniversary of academician Professor

Dimitrie D. Stancu, Rev. Anal. Numér. Théor. Approx., 31(2002), no. 1, 5-7 (2003).

[9] Coman, Gh., Mitran, C., On some homogeneous cubature formulas. Numerical anal-

ysis and approximation theory, (Cluj-Napoca, 2002), 148-162, Cluj Univ. Press, Cluj-

Napoca, 2002. MR 2004h:65027.

[10] Coman, Gh., Pop, I., Tr̂ımbiţaş, R., An adaptive cubature on triangle, Studia Univ.

Babeş-Bolyai Math., 47(2002), no. 4, 27-36. MR 2004g:65024.

[11] Coman, Gh., Rus, Ioan A., Ţâmbulea, L., Professor Dimitrie D. Stancu, at his 75th

birthday anniversary, Studia Univ. Babeş-Bolyai Math., 47(2002), no. 4, 3-12.

[12] Agratini, O., Chiorean, I., Coman, Gh., Tr̂ımbiţaş, R., Analiză numerică şi teoria

aproximării, Vol. III. (Romanian) Presa Universitară Clujeană, Cluj-Napoca, 2002.

xii+551 pp.

[13] Stancu, D. D., Coman, Gh., Blaga, P., Analiză numerică şi teoria aproximării,

Vol. II. (Romanian) Presa Universitară Clujeană, Cluj-Napoca, 2002. xii+433 pp.

[14] Gânscă, I., Bronsvoort, W. F., Coman, Gh., Ţambulea, L., Self-intersection avoidance

and integral properties of generalized cylinders, Comput. Aided Geom. Design, 19(2002),

no. 9, 695-707. MR 2003j:68142.
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[15] Coman, Gh., Tr̂ımbiţaş, R., Univariate Shepard-Birkhoff interpolation, Dedicated to

the memory of Acad. Tiberiu Popoviciu., Rev. Anal. Numér. Théor. Approx., 30(2001),

no. 1, 15-24. MR 2004m:41021.

[16] Coman, Gh., Tr̂ımbiţaş, R., Multivariate Shepard interpolation. Symbolic and numeric

algorithms on scientific computing (Timişoara, 2001), An. Univ. Timişoara Ser. Mat.-

Inform., 39(2001), 39-48. MR 2004m:41033.

[17] Stancu, D. D., Coman, Gh., Agratini, O., Tr̂ımbiţaş, R., Analiză numerică şi teoria

aproximării, Vol. I. (Romanian) Presa Universitară Clujeană, Cluj-Napoca, 2001. 414

pp.

[18] Coman, Gh., On D. V. Ionescu’s practical numerical integration formulas, Mathe-

matical contributions of D. V. Ionescu, 69-76, Babeş-Bolyai Univ. Dept. Appl. Math.,

Cluj-Napoca, 2001.

[19] Coman, Gh., Tr̂ımbiţaş, R., Combined Shepard univariate operators, East J. Approx.,

7(2001), no. 4, 471-483. MR 2002j:41018.

[20] Coman, Gh., Somogyi, I., Homogeneous numerical integration formulas, Analysis,

functional equations, approximation and convexity (Cluj-Napoca, 1999), 45-49, Carpat-

ica, Cluj-Napoca, 1999. (41A55)

[21] Gânscă, I., Coman, Gh., Ţâmbulea, L., Rational Bézier curves and surfaces with

independent coordinate weights, Studia Univ. Babeş-Bolyai Math., 43(1998), no. 2, 29-

38. MR 2002e:65026.

[22] Gânscă, Ioan, Coman, Gh., Ţâmbulea, L., Remodelling given Bézier spline curves and

surfaces, Studia Univ. Babeş-Bolyai Math., 43(1998), no. 1, 29-38. MR 2002e:65025.

[23] Coman, Gh., Purdea, I., On the remainder term in multivariate approximation, Studia

Univ. Babeş-Bolyai Math., 43(1998), no. 1, 7-14.

[24] Coman, Gh., Shepard operators of Birkhoff-type, Calcolo, 35(1998), no. 4, 197-203.

MR 2001b:41026.

[25] Coman, Gh., Tr̂ımbiţaş, R., On complexity of Romberg and adaptive-recursive numer-

ical integration methods, Mathematica, 40(63)(1998), no. 1, 63-70. MR 2000h:65199.

[26] Coman, Gh., Hermite-type Shepard operators, Rev. Anal. Numér. Théor. Approx.,

26(1997), no. 1-2, 33-38.

[27] Gânscă, I., Coman, Gh., Ţâmbulea, L., Contributions to rational Bézier curves and

surfaces, Approximation and optimization, Vol. II (Cluj-Napoca, 1996), 107-116, Tran-

silvania, Cluj-Napoca, 1997. MR 99a:65023.

[28] Coman, Gh., Breckner, W. W., Blaga, P., Approximation and optimization, Vol. II.

Proceedings of the International Conference (ICAOR) held at Babeş-Bolyai University,
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Cluj-Napoca, July 29-August 1, 1996, Edited by Dimitrie D. Stancu, Transilvania Press,

Cluj-Napoca, 1997. viii+252 pp. MR 98g:41002.

[29] Coman, Gh., Iancu, C., Spline interpolation of Birkhoff type, Approximation and

optimization, Vol. I (Cluj-Napoca, 1996), 233-240, Transilvania, Cluj-Napoca, 1997.

MR 98k:41014.

[30] Coman, Gh., Breckner, W. W., Blaga, P., Approximation and optimization, Vol. I,

Proceedings of the International Conference (ICAOR) held at Babeş-Bolyai University,

Cluj-Napoca, July 29-August 1, 1996, Edited by Dimitrie D. Stancu, Transilvania Press,

Cluj-Napoca, 1997. xiv+374 pp. MR 98g:41001.

[31] Coman, Gh., Ţâmbulea, L., Gânscă, I., Multivariate approximation, Seminar on

Numerical and Statistical Calculus, 29-60, Preprint, 96-1, Babeş-Bolyai Univ., Cluj-

Napoca, 1996.

[32] Coman, Gh., Iancu, C., Lacunary interpolation by cubic spline, Studia Univ. Babeş-

Bolyai Math., 40(1995), no. 4, 77-84. MR 98a:41015.

[33] Rus, I. A., Both, N., Coman, Gh., Mihoc, I., Mihoc, M., Purdea, I., Ţarină, M.,

Matematica şi aplicaţiile sale, (Romanian) Editura Ştiinţifică, Bucharest, 1995. 360 pp.

MR 97c:00003.

[34] Coman, Gh., Gânscă, I., Ţâmbulea, L., Blending approximation, Romanian Sympo-

sium on Computer Science (Iaşi, 1993), 126-139, A. I. Cuza Univ. Iasi, Iaşi, 1994.

[35] Gânscă, I., Coman, Gh., Ţâmbulea, L., Generalizations of Bézier curves and surfaces,

Curves and surfaces in geometric design (Chamonix-Mont-Blanc, 1993), 169-176. MR

95g:65023.

[36] Coman, Gh., Homogeneous cubature formulas, Studia Univ. Babeş-Bolyai Math.,

38(1993), no. 2, 91-101.

[37] Coman, Gh., Gânscă, I., Ţâmbulea, L., Surfaces generated by blending interpolation,

Studia Univ. Babeş-Bolyai Math., 38(1993), no. 3, 39-48.

[38] Coman, Gh., Professor Dimitrie D. Stancu at his 65th birthday, Studia Univ. Babeş-

Bolyai Math., 37(1992), no. 1, 113-128. MR 95k:01025.

[39] Coman, Gh., Gânscă, I., Ţâmbulea, L., New interpolation procedure in triangles, Stu-

dia Univ. Babeş-Bolyai Math. 37(1992), no. 1, 37-45.

[40] Coman, Gh., Ţâmbulea, L., Bivariate Birkhoff interpolation of scattered data, Studia

Univ. Babeş-Bolyai Math. 36(1991), no. 2, 77-86.

[41] Coman, Gh., Gânscă, I., Ţâmbulea, L., Some new roof-surfaces generated by blending

interpolation technique, Studia Univ. Babeş-Bolyai Math., 36(1991), no. 1, 119-130. MR

95a:65034.
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[42] Coman, Gh., On some parallel methods in linear algebra, Studia Univ. Babeş-Bolyai

Math., 36(1991), no. 3, 17-33. MR 94c:65174.

[43] Coman, Gh., Ţâmbulea, L., On the complexity of some scattered data interpolation

procedures, Seminar on Complexity of Algorithms, 50-63, Preprint, 89-10, Babeş-Bolyai

Univ., Cluj-Napoca, 1991.

[44] Coman, Gh., Chiorean, I., On the efficiency of some parallel simultaneous methods

for the approximation of polynomial zeros, Seminar on Complexity of Algorithms, 39-49,

Preprint, 89-10, Babeş-Bolyai Univ., Cluj-Napoca, 1991.

[45] Coman, Gh., Inverse interpolation methods for nonlinear equations, Research Seminar

on Numerical and Statistical Calculus, 45-52, Preprint, 94-1, Babeş-Bolyai Univ., Cluj-

Napoca, 1994. MR 98g:65046.

[46] Coman, Gh., Ţâmbulea, L., On some interpolation procedure of scattered data, Studia

Univ. Babeş-Bolyai Math., 35(1990), no. 2, 90-98. MR 94h:41069.

[47] Gânscă, I., Coman, Gh., Ţâmbulea, L., On the shape of Bézier surfaces, Studia Univ.

Babeş-Bolyai Math., 35(1990), no. 3, 37-42.

[48] Coman, Gh., Gânscă, I., Ţâmbulea, L., Some practical application of blending in-

terpolation, Itinerant Seminar on Functional Equations, Approximation and Convexity

(Cluj-Napoca, 1989), 5-22, Preprint, 89-6, Univ. Babeş-Bolyai , Cluj-Napoca, 1989.

[49] Coman, Gh., Ţâmbulea, L., A Shepard-Taylor approximation formula, Studia Univ.

Babeş-Bolyai Math., 33(1988), no. 3, 65-73. MR 90i:41003.

[50] Coman, Gh., Shepard-Taylor interpolation, Itinerant Seminar on Functional Equa-

tions, Approximation and Convexity (Cluj-Napoca, 1988), 5-14, Preprint, 88-6, Univ.

Babeş-Bolyai , Cluj-Napoca, 1988.

[51] Coman, Gh., On the parallel complexity of some numerical algorithms for solving linear

systems, Itinerant Seminar on Functional Equations, Approximation and Convexity

(Cluj-Napoca, 1987), 7-16, Preprint, 87-6, Univ. Babeş-Bolyai , Cluj-Napoca, 1987.

[52] Coman, Gh., The remainder of certain Shepard type interpolation formulas, Studia

Univ. Babeş-Bolyai Math., 32(1987), no. 4, 24-32. MR 89j:41003.

[53] Coman, Gh., On the efficiency of parallel computation in numerical quadrature, Sem-

inar on Numerical and Statistical Calculus (Cluj-Napoca, 1987), 49-56, Preprint, 87-9,

Univ. Babeş-Bolyai, Cluj-Napoca, 1987.

[54] Coman, Gh., Rus, I. A., On the sixtieth birthday of Professor D. D. Stancu, Seminar

on Numerical and Statistical Calculus (Cluj-Napoca, 1987), 1-20, Preprint, 87-9, Univ.
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Bolyai Math., 32(1987), no. 1, 41-52. MR 90c:65083.

[56] Coman, Gh., Optimal quadratures with regard to the efficiency, Calcolo, 24(1987), no.

1, 85-100. MR 89k:65022.

[57] Coman, Gh., Optimal algorithms for the solution of nonlinear equation with regard to
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Univ. Babeş-Bolyai Math., 26(1981), no. 2, 14-22. MR 83j:41002.
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formula, (Romanian) Studia Univ. Babeş-Bolyai Ser. Math.-Phys., 14(1969), no. 2,

53-58. MR 41#6391.

[93] Coman, Gh., On some cubature formulas with fixed nodes, (Romanian) Studia Univ.
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12(1967), no. 1, 15-23. MR 35#6391.

[95] Groze, V., Coman, Gh., An optimal nomogram in a class of nomograms with aligned

points of order 3, (Romanian) Studia Univ. Babeş-Bolyai Ser. Math.-Phys., 10(1965),
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Abstract. The homogenization theory is devoted to analysis of partial

differential equations with rapidly oscillating coefficients. Let Ak be a

given partial differential operator and we consider the equation Akuk = f,

together with the appropriate boundary initial conditions. Here k ∈ N and

f ∈ H1(Rn). We are interested in studying the solutions of this system in

the limit as k →∞.

The homogenization theory is devoted to analysis of partial differential equa-

tions with rapidly oscillating coefficients. Let Aε be a given partial differential oper-

ator and we consider the equation

Aεuε = f,

together with the appropriate boundary initial conditions. Here ε is a small parameter

ε << 1, associated with the oscillations. We are interested in studying the solutions

of this system in the limit as ε → 0. The homogenization theory study the following

issues:

• Convergence to a limit.

• Characterization of the limiting process.

Au = f

• Explicit analytical construction of A.
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• Properties of the limiting equation.

This type of equation models various physical problems. As examples we

mention composite materials, flow in porous media, atmospheric turbulence. A com-

mon feature of all these problems is that phenomena occur at various length and times

scales. In the classical homogenization theory the structure are periodic. This implies

that the coefficients of the corresponding PDE which model the physical phenomenon

under investigation are periodic.

In this article we will quit the periodicity assumption. The coefficients are

generated by an iterated function system. We will give a generalization of classical

homogenization theory. We will use some basic notions from the fractal geometry as

the invariant set and the Hutchinson’s invariant measure regarding iterating function

systems. Usually the solutions of the limiting equations live on selfsimilar fractals.

1. Setting of the problem

Consider the similarities ϕ1, ..., ϕm : Rn → Rn with the scale factors

r1, ..., rn ∈]0, 1[, respectively. Suppose there exists an open, bounded set O ⊂ Rn

such that ϕi(O) ⊂ O and ϕi(O) ∩ ϕj(O) = ∅ (i 6= j). For i1, ..., ik ∈ {1, ...,m} denote

σ the word i1...ik, and let |σ| = k be the lenght of σ. Let ϕσ = ϕi1 ◦ ... ◦ ϕik
and

rσ = ri1 ...rik
.

For A ⊆ Rn put

F (A) := ϕ1(A) ∪ ... ∪ ϕm(A),

F 1 := F, F k := F ◦ F k−1 (k ∈ N), and K := ∩k≥1F
k(O).

Then we have

F (K) = K ⊆ O

and

lim
k→∞

F k(A) = K,

for every compact subset A ⊂ Rn, where the limit is understood in sense of the

Hausdorff metric. K is the unique nonempty compact set which is invariant under F .
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Moreover, the Hausdorff dimension of K is the solution of
m∑

i=1

rs
i = 1.

If Hs(K) denotes the s-dimensional Hausdorff measure of K, then 0 < Hs(K) < +∞.

Define M to be the set of positive, Borel regular measures µ on Rn having

bounded support and finite mass. Put ”spt” for support.

Define

M1 := {µ ∈M : µ(Rn) = 1}.

Let

C(Rn) := {f : Rn → R : f is continuous}.

For µ ∈M, ψ ∈ C(Rn), define

µ(ψ) :=
∫

Rn

ψdµ.

If ϕ : Rn → Rn is continuous, then we define the push forward measure ϕ# : M→M

by

ϕ#µ(A) := µ(ϕ−1(A)), A ⊆ Rn,

equivalently

ϕ#µ(ψ) := µ(ψ ◦ ϕ), ψ ∈ C(Rn).

We define the weak topology on M by taking as a sub-basis all sets of the form

{µ : a < µ(ϕ) < b}, for arbitrary real a < b and arbitrary ϕ ∈ C(Rn). We have

µi → µ in the weak topology iff µi(ϕ) → µ(ϕ) for all ϕ ∈ C(Rn).

For µ, ν ∈M1 let

L(µ, ν) := sup{µ(ϕ)− ν(ϕ) : ϕ ∈ C(Rn), Lipϕ ≤ 1}.

Then L is a metric on M1 and the metric topology coincide with the weak topology

on M1. Moreover, the metric space (M1, L) is complete (see [6]).

If ν ∈M1, let

G(ν) :=
m∑

i=1

rs
iϕi#ν.
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Thus

G(ν)(ψ) =
m∑

i=1

rs
i ν(ψ ◦ ϕi), ψ ∈ C(Rn),

and G : M1 →M1 is a contraction map. Consequently, there exists a unique measure

µ ∈M1, the invariant measure on K, such that

G(µ) = µ and sptµ = K.

For ν ∈M1 put

G1(ν) := G(ν), Gk(ν) = G ◦Gk−1(ν), k ∈ N.

It is easy to see that

Gk(ν) =
∑
|σ|=k

rs
σϕσ#(ν),

and

µ = lim
k→∞

Gk(ν)

in the sense of L metric.

Moreover,

µ = (Hs(K))−1Hs|K .

For all these properties we refer to Hutchinson [6].

Let Ω ⊂ Rn be a nonempty bounded open domain with smooth boundary.

Let ν be the Lebesgue measure on Ω divided by the Lebesque measure of Ω.

Let us suppose that the functions ϕi are composed by homotheties and trans-

lations, and Ω ⊆ O. For the word σ consider the set

Ωσ := ϕσ(Ω).

In this paper we will develop the method of homogenization through multiple

scales for the Dirichlet problem

n∑
i,j=1

∂

∂xi

(
aij

(
ϕ−1

σ (x)
) ∂uk(x)

∂xj

)
= f(x), for x ∈ Ωσ, for all σ with |σ| = k(1.1)

uk(x) = 0, for x ∈ ∂Ωσ. (1.2)
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We are interested in studying the solutions uk of (1.1) in the limit as k → ∞. In

particular, we would like to understand if the limit exists and what kind of properties

does the limit u satisfy.

We will assume that the coefficients aij : Rn → R are smooth and uniformly

elliptic on Ω, i.e. there exists α > 0 such that

n∑
i,j=1

aij(y)ξiξj ≥ α|ξ|2, ∀y ∈ Rn, ξ ∈ Rn. (1.3)

It is to accentuate, that the coefficients aij have not to be periodic. We will also

assume that the function f is smooth and independent of k.

Example 1.1. (Homogenization for periodic structures) Let Y = [0, 1]n be the unit

cell and suppose that the coefficients aij are 1-periodic, i.e.

aij(y + ek) = aij(y), i, j, k = 1, ..., n, y ∈ Y.

Define ϕ1(x) = x
2 . For m = 2n and i ∈ {2., , , .m} we define the functions ϕi(x)

as translations of ϕ1 by sumes of unit vectors such that Y = ∪n
i=1ϕi(Y ). We can

choose O = [0, 1]n. In this case, for |σ| = k and ε = 1
2k , we have aij(ϕ−1

σ (x)) =

aij(x
ε ). Therefore, in this case, problem (1.1) redeces to the homogenization problem

for periodic structures (see [4]). Insteed of ]0, 1[n we can choose O as an open cub

containing Ω. In this case the functions ϕi will be translated by a corresponding

constant vector.

Example 1.2. (Homogenization on Sierpinski gasket) Let n = 2, m = 3, and q1, q2, q3

be the vertices of an equilateral triangle. The functions ϕi are defined by

ϕi(x) =
1
2
(x− qi) + qi, i = 1, 2, 3.

The Sierpinski gasket is the unique nonempty compact set K ⊂ R2 such that

K = ϕ1(K) ∪ ϕ2(K) ∪ ϕ3(K).

The set K is one of the simplest examples of a self-similar fractal. Its Hausdorff

dimension is log 3
log 2 . In this case r1 = r2 = r3 = 1

2 and O can be choosen as the interior
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of the triangle q1q2q3. If we take Ω = O, then the problem of homogenization reduces

to the study of the limit of uk on the Sierpinsku gasket.

2. The multiple scales expansion

By the iterated functions system properties, for σ 6= σ′, |σ| = |σ′| we have:

Ωσ ∩ Ωσ′ = ∅.

The idea behind the method of multiple scales is to assume that the solution uk is of

the form

uk(x) = u0(x, ϕ−1
σ (x)) + rσu1(x, ϕ−1

σ (x)) + r2σu2(x, ϕ−1
σ (x)) + ..., for x ∈ Ωσ (2.4)

Using the two-scale convergence method, the validity of this expansion will be justi-

fied later. Anyway, since lim|σ|→∞ rσ = 0, from physical point of view it is reasonable

to expect that the solution of (1.1) is of the (2.4) form, since there are different lenght

scales in our problem and the above expansion takes this fact explicitly into account.

The variables x and y = ϕ−1
σ (x) represent the ”slow” (macroscopic) and ”fast” (mi-

croscopic) scales of the problem respectively. For big |σ| the variable y changes much

more rapidly then x. We can think of x as being a constant, when looking at the

problem at the microscopic scale. So we can treat x and y as independent variables.

The fact that y = ϕ−1
σ (x) implies that the partial derivatives with respect to

xj become:

∂

∂xj
→ ∂

∂xj
+

1
rσ

∂

∂yj
, j = 1, ..., n.

Using this we can write the differential operator

Aσ = −
n∑

i,j=1

∂

∂xi

(
aij ◦ ϕ−1

σ

∂

∂xj

)
(2.5)

in the form

Aσ = r−2
σ A0 + r−1

σ A1 +A2, (2.6)
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where

A0 : = −
n∑

i,j=1

∂

∂yi

(
aij(y)

∂

∂yj

)
, (2.7)

A1 : = −
n∑

i,j=1

[
∂

∂yi

(
aij(y)

∂

∂xj

)
+

∂

∂xi

(
aij(y)

∂

∂yj

)]
, (2.8)

A2 : = −
n∑

i,j=1

∂

∂xi

(
aij(y)

∂

∂xj

)
. (2.9)

Now, equation (1.1), on account of (2.6), becomes

(
r−2
σ A0 + r−1

σ A1 +A2

)
uk(x) = f(x), for x ∈ Ωσ and |σ| = k. (2.10)

If we substitute (2.4) into (2.10) we obtain the following sequence of problems:

A0u0 = 0 (2.11)

A0u1 = −A1u0 (2.12)

A0u2 = −A1u1 −A2u0. (2.13)

These equations are of the form:

A0u = h (2.14)

Here u = u(x, y) and h = h(x, y). However x enters merely as a parameter since A0

is a uniformly elliptic partial differential operator with respect to y. This equation

admits a unique, smooth solution if and only if the right hand side averages to 0 on

Ω: ∫
Ω

h(x, y)dν(y) = 0, (2.15)

This solvability condition is a consequence of the Fredholm alternative (see [5]).

By (1.3) the only solutions of the homogenous equation A0u0 = 0 are con-

stants in y: u0(x, y) = u(x). This means that the first term in the multiple scales

expansion is independent of the fast scales represented by y. Consequently, we can

derive a homogenized equation for u(x) which is independent of the microscopic scales.
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In view of relation u0(x, y) = u(x) the equation (2.12) becomes:

A0u1 = −
n∑

i,j=1

∂aij

∂yi

∂u

∂xj
. (2.16)

Suppose
n∑

i=1

∫
Ω

∂aij(y)
∂yi

dν(y) = 0, for all j = 1, ..., n. (2.17)

In this case, the solvability condition is satisfied, and equation (2.16) is well

posed: it admits a unique solution, up to constants in y. To solve this equation we

will use the separation of variable tehnique. To this end, we look for a solution of the

form:

u1(x, y) = −
n∑

j=1

χj(y)
∂u(x)
∂xj

+ u1(x). (2.18)

Substituting (2.18) into (2.16) we obtain:

A0χ
j(y) = −

n∑
i=1

∂aij(y)
∂yi

, for j = 1, ..., n. (2.19)

This is called the cell problem and χj(y) is the first order corrector field. Condition

(2.17) implies that the problem is well posed. We remark that at this moment u1 is

undetermined.

Now we consider equation (2.13). The function f being independent of y,

then the solvability condition implies:∫
Ω

[A1u1(x, y) +A2u(x)] dν(y) = f(x). (2.20)

We have: ∫
Ω

[A1u1(x, y) +A2u(x)] dν(y)

=
n∑

i,j=1

∫
Ω

[
− ∂

∂yi

(
aij(y)

∂u1

∂xj

)
− ∂

∂xi

(
aij(y)

∂u1

∂yj

)]
dν(y)

+
n∑

i,j=1

∫
Ω

− ∂

∂xi

(
aij(y)

∂u(x)
∂xj

)
dν(y)

=
n∑

i,j,l=1

∫
Ω

∂

∂yi

[
aij(y)χl(y)

∂2u(x)
∂xl∂xj

]
dν(y)
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+
n∑

i,j,l=1

∂2u(x)
∂xi∂xl

∫
Ω

aij(y)
∂χl(y)
∂yj

dν(y)−
n∑

i,j=1

∂2u(x)
∂xi∂xj

∫
Ω

aij(y)dν(y)

=
n∑

i,l=1

∂2u(x)
∂xi∂xl

∫
Ω


n∑

j=1

[
aij(y)

∂χl(y)
∂yj

+ χl(y)
∂aji(y)
∂yj

+ aji(y)
∂χl(y)
∂yj

]
− ail(y)

 dν(y)

Denote

ail := −
∫

Ω


n∑

j=1

[
(aij(z) + aji(z))

∂χl(z)
∂zj

+ χl(z)
∂aji(z)
∂yj

]
− ail(z)

 dν(z).

By this notation the homogenized equation will be the following:

−
n∑

i,l=1

ail
∂2u(x)
∂xi∂xl

= f(x), for x ∈ Ωσ (2.21)

u(x) = 0, for x ∈ ∂Ωσ, (2.22)

and for all σ.

3. Two scale convergence

In this section we will recall the homogenization procedure given by [7]. The

notion of two-scale convergence introduced by Nguetseng [8],[9] and developed futher

by Allaire [1],[2] was modified by Kolumbán for iterating function system inthe fol-

lowing way:

Denote Cb(Rn) the set of bounded and continuous real functions defined on

Rn. We will also use the space L2
σ(Ω, Cb(Rn)), which is the set of all measurable

functions u : Ω → Cb(Rn) such that ‖ u ‖∈ L2(Ω). The norm of this space is

‖ u ‖L2(Ω,Cb(Rn))=
[∫

Ω

| sup
y∈Rn

u(x, y)|2dx
] 1

2

.

Theorem 3.1. (Oscillations lemma, [7]) Let ν be the Lebesgue measure restricted to

Ω and let Φ ∈ L2(O,Cb(Rn)). Then the following convergence result holds:

lim
k→∞

∑
|σ|=k

rs
σ

∫
Ω

Φ(ϕσ(z), z)dν(z) =
∫

K

[∫
Ω

Φ(x, y)dν(y)
]
dµ(x), (3.23)

where K is the invariant set and µ is the invariant measure of the iterated function

system {ϕ1, ..., ϕm}.
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Let uk be a sequence in L2(O). We say that uk two-scale converges weakly

to u0 ∈ L2(K × Ω) and write uk 2
⇀ u0 if for every function Φ ∈ L2(O,Cb(Rn)) we

have

lim
k→∞

∑
|σ|=k

rs
σ

∫
Ω

uk(ϕσ(x))Φ(ϕσ(x), x)dν =
∫

K

∫
Ω

u0(x, y)Φ(x, y)dν(y)dµ(x). (3.24)

Two-scale convergence implies a kind of weak convergence in L2(Ω). In fact

we have the following lemma:

Lemma 3.1. ([7]) Let uk be in L2(∪|σ|=kΩσ) which two-scale converges weakly to u0.

Then, for all Φ ∈ L2(Ω),

lim
k→∞

∑
|σ|=k

rs
σ

∫
Ω

uk(ϕσ(x))Φ(ϕσ(x)dν(x) =
∫

K

(∫
Ω

u0(x, y)dν(y)
)

Φ(x)dµ(x).

(3.25)

The first result over the two scale expansion is the following lema:

Lemma 3.2. Let uk ∈ L2(Ω) be a function which admits the two-scale expansion

uk(x) = u0(x, ϕ−1
σ (x)) + rσu1(x, ϕ−1

σ (x)) + ..., for x ∈ Ωσ,

where uj ∈ L2(Ω, Cb(Rn)), j ∈ {0, 1}. Then uk 2
⇀ u0.

Proof. For Φ ∈ L2(Ω, Cb(Rn)) we have:

∑
|σ|=k

rs
σ

∫
Ωσ

uk(x)Φ(x, ϕ−1
σ (x))dνσ(x) =

=
∑
|σ|=k

rs
σ

∫
Ω

uk(ϕσ(x))Φ(ϕσ(x), x)dν(x) =

=
∑
|σ|=k

rs
σ

∫
Ω

u0(ϕσ(x), x)Φ(ϕσ(x), x)dν(x) +

+
∑
|σ|=k

rs+1
σ

∫
Ω

u1(ϕσ(x), x)Φ(ϕσ(x), x)dν(x) + ...

The first term converges to
∫

K

∫
Ω
u0(x, y)dν(y)dµ(x).
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Using Cauchy-Schwartz inequality, we obtain:

|
∑
|σ|=k

rs+1
σ

∫
Ω

u1(ϕσ(x), x)Φ(ϕσ(x), x))dν(x)| ≤

≤
∑
|σ|=k

rs+1
σ ‖ u1(ϕ(·), ·) ‖‖ Φ(ϕ(·), ·) ‖L2(Ω×Ω)≤

≤ ‖ u1 ‖L2(Ω×Ω)‖ Φ ‖L2(Ω×Ω)

∑
|σ|=k

rs+1
σ → 0

So ∫
Ω

uk(x)Φ(x, ϕ−1
σ (x))dx→

∫
K

∫
Ω

u0(x, y)Φ(x, y)dν(y)dµ(x).

Hence uk two-scale converges weakly to u0.

We will use the following compactness result as a criteria which enable to

conclude that a given sequence is weakly two-scale convergent.

Theorem 3.2. ([7]) Let uk ∈ L2(∪|σ|=kΩσ), k ∈ N, and let

ak :=

 ∑
|σ|=k

rs
σ

∫
Ω

[uk ◦ ϕσ(x)]2dν(x)

 1
2

.

If the sequence (ak) is bounded then there exists a subsequence of (uk) which two-scale

converges weakly to a function u0 ∈ L2
µ⊗ν(K × Ω).

The weakly two-scale convergence defined is still a weak type of convergence,

since it is defined in terms of the product of a sequence uk with an appropriate test

function. We also define a notion of strong two-scale convergence.

Let uk be a sequence in L2(Ω). We say that uk two-scale converges strongly

to u0 ∈ L2
O×Ω and write uk 2→ u0 if

lim
k→∞

∑
|σ|=k

rs
σ

∫
Ω

|uk(ϕσ(x))|2dν(x) =
∫

K

∫
Ω

|u0(x, y)|2dν(y)dµ(x) (3.26)

Although every strongly two-scale convergent sequence is also weakly two-

scale convergent, the converse is not true.

As it is always the case with weak convergence, the limit of the product of

two-scale convergent sequences is not in general the product of the limits. However, we

can pass to the limit when we one of the two sequence is strongly two-scale convergent.
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The next theorem can be proved as the similar result in the classical homog-

enization theory (see [2]).

Theorem 3.3. Suppose uk 2→ u0 and vk 2→ v0. Then ukvk 2→ u0v0.

For simplicity in the following we suppose n = 1 and O = Ω =]a, b[, [a, b] ⊆ R.

Let µ be an atomless finite Borel measure on [a, b]. Further letK := sptµ with a, b ∈ K

and L2 := L2
µ(K) be the separable Hilbert space with scalar product 〈f, g〉 =

∫ b

a
fgdµ.

We define

Dµ
1 := {f ∈ L2 : ∃f ′ ∈ L2 with f(x) = f(a) +

∫ x

a

f ′(y)dµ(y), x ∈ sptµ}.

Proposition 3.1. Dµ
1 ⊂ C(K), i.e. every function in Dµ

1 is continuous on K, and

the function f ′ defined above is unique in L2.

So we can introduce the µ− derivative of f . The µ-derivative of f on Dµ
1 is

∇µf =
df

dµ
.

In the case µ = ν, where ν denotes Lebesgue measure on R, Dµ
1 coincides with the

Sobolev space W 1
2 . As in the classical Lebesgue case the µ−Dirichlet form on Dµ

1 is

defined as

Eµ(f, g) := 〈∇µf,∇µg〉

Denote

Dµ
2 := {f ∈ Dµ

1 : ∇µf ∈ Dµ
1 }.

The µ−Laplace operator from Dµ
2 is given by

∆µf := ∇µ(∇µf) = f ′.

Remark 3.1.

Dµ
2 =

{
f ∈ L2 : ∃f ′, f ′′ ∈ L2 with f(x) = f(a) +

∫ x

a

f ′(y)dµ(y), x ∈ K,

f ′(y) = f ′(a) +
∫ y

a

f ′′(z)dµ(z), y ∈ K
}
.

Using Fubini’s theorem we have the following representation of f ∈ Dµ
2 :

f(x) = f(a) +∇µf(a)µ([a, x]) +
∫ x

a

µ([y, x])∆µf(y)dµ(y), x ∈ K.
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Proposition 3.2. For any c, d ∈ K with c ≤ d and f, g ∈ Dµ
1 we have∫ d

c

(∇µf)gdµ = fg|dc −
∫ d

c

f(∇µg)dµ

Proof. By definition of ∇µ and Fubini theorem it follows that∫ d

c

(∇µf)(x)g(x)dµ(x)

=
∫ d

c

(∇µf)(x)
[
g(c) +

∫ x

c

(∇µg)(y)dµ(y)
]
dµ(x)

= g(c) [f(d)− f(c)] +
∫ d

c

(∇µg)(y)

[∫ d

y

(∇µf)(x)dµ(x)

]
dµ(y)

= g(c) [f(d)− f(c)] +
∫ d

c

(∇µg)(y) [f(d)− f(y)] dµ(y)

= g(c) [f(d)− f(c)] + f(d)[g(d)− g(c)]−
∫ d

c

f(y)(∇µg)(y)dµ(y)

= f(d)g(d)− f(c)g(c)−
∫ d

c

f(y)(∇µg)(y)dµ(y). (3.27)

In the similar way we can prove the following proposition:

Proposition 3.3. For any c, d ∈ K with c ≤ d and f, g ∈ Dµ
2 we have∫ d

c

(∆µf)gdµ = (∇µf)g|dc −
∫ d

c

(∇µf)(∇µg)dµ

∫ d

c

[(∆µf)g − f(∆µg)] dµ = (∇µf)g − f(∇µg)|dc

These are analogues of the classical Gauss Green formulae.

Now we introduce the Dirichlet boundary condition

Dµ
2,D := {f ∈ Dµ

2 : f(a) = f(b) = 0}.

From the last proposition we obtain the following

Corollary 3.1. −∆µ is a positive symmetric operator on Dµ
2,D.
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Theorem 3.4. Let uk ∈ H1
0 (∪|σ|=kΩσ). If

ak :=

 ∑
|σ|=k

rs
σ

∫
Ω

[uk ◦ ϕσ(x)]2dν(x)

 1
2

and

bk :=

 ∑
|σ|=k

rs
σ

∫
Ω

[∇uk ◦ ϕσ(x)]2dν(x)

 1
2

are bounded then there exist a subsequence of (uk) and functions u0(·), u(·) ∈ L2
µ(K)

with ∇µu ∈ L2
µ(K), such that

lim
k→∞

∑
|σ|=k

rs
σ

∫
Ωσ

(∇uk)(x)ϕ(x)dνσ(x) =
∫

K

∇µu(x)Φ(x)dµ(x) =

= −
∫

K

u0(x)∇Φ(x)dµ(x), ∀Φ ∈ H1
0 (O).

Proof. By Theorem 3.2 we can choose a subsequence denoted by uk too, a function

u0 ∈ L2(K × Ω) and a function v ∈ L2(K × Ω) such that uk 2
⇀ u0 and ∇uk 2

⇀ v.

First we prove the independence of u0 of the second variable y. To this end

let Φ ∈ C1(O ×O). We have

∑
|σ|=k

rs
σ

∫
Ω

(∇uk)(ϕσ(z))Φ(ϕσ(z), z)dν(z) =

= −
∑
|σ|=k

rs
σ

∫
Ω

uk(ϕσ(z))[rσ∇xΦ(ϕσ(z), z) +∇yΦ(ϕσ(z), z))]dν(z)

Since uk(ϕσ(z))∇xΦ(ϕσ(z), z) is bounded in L2(Ω) it follows that∑
|σ|=k

rs+1
σ

∫
Ω

uk(ϕσ(z))∇xΦ(ϕσ(z), z)dν(z) → 0.

This implies∑
|σ|=k

rs
σ

∫
Ω

(∇uk)(ϕσ(z))Φ(ϕσ(z), z)dν(z) → −
∫

K

∫
Ω

u0(x, y)∇yΦ(x, y)dµ(x)dν(y).

(3.28)
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On the other hand

1
rσ
∇uk(ϕσ(z))Φ(ϕσ(z), z))

is bounded in L2(Ω) which implies the convergence to 0. Consequently

−
∫

K

∫
Ω

u0(x, y)∇yΦ(x, y)dµ(x)dν(y) = 0

for all Φ. Hence the two scale limit is a.e. independent of y, i.e. u0(x, y) = u0(x).

Let us now suppose Φ is independent of y. We compute

∑
|σ|=k

rs
σ

∫
Ω

(∇uk)(ϕσ(z))Φ(ϕσ(z))dν(z) =

= −
∑
|σ|=k

rs
σ

∫
Ω

uk(ϕσ(z))∇Φ(ϕσ(z))dν(z) →

→ −
∫

K

∫
Ω

u0(x)∇Φ(x)dν(y)dµ(x) = −
∫

K

u0(x)∇Φ(x)dµ(x)

According to the two-scale convergence of ∇uk, we have

∑
|σ|=k

rs
σ

∫
Ω

(∇uk)(ϕσ(z))Φ(ϕσ(z))dν(z) →

→
∫

K

∫
Ω

v(x, y)Φ(x)dν(y)dµ(x).

The last two relations implies that

−
∫

K

u0(x)∇Φ(x)dµ(x) =
∫

K

∫
Ω

v(x, y)Φ(x)dν(y)dµ(x) (3.29)

for all Φ ∈ C1(Ω). Denote

V (x) =
∫

Ω

v(x, y)dν(y) and u(x) =
∫ x

a

V (x)dµ(x).

Then

V (x) = ∇µu(x).

By a density argument on Φ the assertion follows.
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ON SUPERCONVERGENT SPLINE COLLOCATION METHODS
FOR THE RADIOSITY EQUATION

SANDA MICULA

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. In this paper we study collocation methods based on piecewise

polynomial interpolation for the radiosity equation. We give a brief outline

of this equation and its properties. With a special choice of interior nodes,

we show that interpolation of degree r of the solution leads to an error

in the collocation method of O
(
hr+1

)
, where h is the mesh size of the

triangulation. We conclude the paper by giving superconvergence results,

considering separately the case where r is odd and the case where r is even.

1. The radiosity equation

Radiosity is a method of describing illumination based on a detailed analysis

of light reflections off diffuse surfaces. It is typically used to render images of the

interior of buildings. In computer graphics, the computation of lighting can be done

via radiosity.

1.1. Definition. Properties

Radiosity is defined as being the energy per unit solid angle that leaves a sur-

face. The radiosity equation is a mathematical model for the brightness of a collection

of one or more surfaces. The equation is

u(P )− ρ(P )
π

∫
S

u(Q)G(P,Q)V (P,Q)dSQ = E(P ), P ∈ S (1)
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where u(P ) is the radiosity, or the brightness, at P ∈ S. E(P ) is the emissivity at

P ∈ S, the energy per unit area emitted by the surface.

The function ρ(P ) gives the reflectivity at P ∈ S, i. e. the bidirectional

reflection distribution function. We have that 0 ≤ ρ(P ) < 1, with ρ(P ) being 0

where there is no reflection at all at P . The radiosity equation is derived from the

rendering equation under the radiosity assumption: all surfaces in the environment

are Lambertian diffuse reflectors. What this means is that the reflectivity ρ(P ) is

independent of the incoming and outgoing directions and, hence, of the angle at

which the reflection takes place. Thus, ρ(P ) can be taken out from under the integral

of a more general formulation (the rendering equation, see Cohen and Wallace [5]),

leading to (1).

The function G, a geometric term, is given by

G(P,Q) =
[(Q− P ) · nP ] [(P −Q) · nQ]

|P −Q|4

=
cos θP · cos θQ

|P −Q|2
(2)

where nP is the inner unit normal to S at P , θP is the angle between nP and Q−P ,

and nQ and θQ are defined analogously.

The function V (P,Q) is a visibility function. It is 1 if the points P and Q are

“mutually visible” (meaning they can “see each other” along a straight line segment

which does not intersect S at any other point), and 0 otherwise. Surfaces S for which

V ≡ 1 on S are called unoccluded, and this is the case that we will consider here.

More about the radiosity equation can be found in Cohen and Wallace [5].

We can write (1) in the form

u(P )−
∫
S

K(P,Q)u(Q)dSQ = E(P ), P ∈ S (3)

with

K(P,Q) =
ρ(P )

π
G(P,Q)V (P,Q), P,Q ∈ S (4)

or, in operator form

(I −K)u = E (5)
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Let S be a smooth surface, although not necessarily connected. Later on,

more assumptions on the surface S will be made.

The function G(P,Q) given in (2) has a singularity at P = Q and is smooth

otherwise. Since this function plays an important role in the study of the solvability

of equation (1), we give in the next lemma some of its properties.

Lemma 1. Let S be a smooth Ci+1 surface to which the Divergence Theorem can be

applied. Let P ∈ S. Then

a) |G(P,Q)| ≤ c1, P,Q ∈ S, P 6= Q;

b) G(P,Q) ≥ 0, for Q ∈ S;

c)
∫
S

G(P,Q) dSQ = π;

d) if S is the unit sphere, then G(P,Q) ≡ 1
4
;

e)
∣∣Di

QG(P,Q)
∣∣ ≤ c2

|P −Q|i
, P 6= Q, c2 independent of P and Q.

For the proof, see [10].

Since the surface S is smooth and by Lemma 1, it is relatively easy to prove

that the integral operator K of (5) is compact as an operator on either C(S) or L2(S)

into itself (see Mikhlin [13] pp. 160-162).

1.2. Solvability and Regularity of the Radiosity Equation

The solvability theory for the radiosity equation (1) is relatively straightfor-

ward, being based on the Geometric Series Theorem.

Let S be a smooth unoccluded surface (not necessarily connected). Thus

the normal nP is to be a continuous function of P ∈ S. In addition to the radiosity

assumption (discussed in Section 1.1., we will also assume that the reflectivity function

ρ(P ) ∈ C(S) and that it satisfies

‖ρ‖∞ < 1 (6)
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From the physical point of view, what (6) means is that the surface does not reflect

100% of all the light that it receives, which is a reasonable assumption.

For the regularity of the solution of (1), we have

Lemma 2. Let m ≥ 0 be an integer, S a smooth unoccluded surface. Assume the

reflectivity function ρ ∈ Cm+1(S) and it satisfies (6). Then

u ∈ Cm(S) ⇒ Ku ∈ Cm+1(S) (7)

Theorem 3. Let m ≥ 0 be an integer. Let Ŝ be the boundary of a convex open

set Ω, and assume Ŝ is a surface to which the Divergence Theorem can be applied.

Assume S is a smooth (possibly disconnected) unoccluded surface S ⊂ Ŝ. Also, assume

ρ,E ∈ Cm(S). Then

(a) The equation (1) is uniquely solvable for each E, with the solution u(P )

satisfying

‖u‖∞ ≤ ‖E‖∞
1− ‖K‖

(8)

(b) The solution u ∈ Cm(S).

For the proof, see [10].

2. Preliminaries for Collocation Methods

Let S be a smooth unoccluded surface in IR3, which can be written as

S = S1 ∪ S2 ∪ ... ∪ SJ (9)

with each Sj the continuous image of a polygonal region in the plane

Fj : Rj
1−1−→
onto

Sj , j = 1, ..., J (10)

Generally, we will need to assume that the mappings Fj are several times continuously

differentiable.

To create triangulations for S, we first triangulate each Rj and then map this

triangulation onto Sj . Let {∆̂j
n,k | k = 1, ..., nj} be a triangulation of Rj , and then

define

∆j
n,k = Fj(∆̂

j
n,k)

148



ON SUPERCONVERGENT SPLINE COLLOCATION METHODS FOR THE RADIOSITY EQUATION

This yields a triangulation of S, which we refer to collectively as Tn = {∆1, ...,∆n}.

Let

h ≡ hn = max
1≤j≤J

max
1≤k≤nj

diameter
(
∆̂j

n,k

)
(11)

be the mesh size of this triangulation. (The number of triangles n is to be understood

implicitly; from now on, we dispense with it.)

We make the following assumptions concerning this triangulation:

T1. The set of all vertices of the surface S is a subset of the set of all vertices

of the triangulation Tn.

T2. The union of all edges of S is contained in the union of all edges of all

triangles in Tn.

T3. If two triangles in Tn have a nonempty intersection, then that intersection

consists either of (i) a single common vertex, or (ii) all of a common edge.

We call triangulations satisfying T1 - T3 conforming triangulations.

Let ∆k be some element from Tn, and let it correspond to some ∆̂k, say

∆̂k ⊂ Rj and ∆k = Fj(∆̂k). Let {v̂k,1, v̂k,2, v̂k,3} denote the vertices of ∆̂k. Define

mk : σ
1−1−→
onto

∆k by

mk(s, t) = Fj(uv̂k,1 + tv̂k,2 + sv̂k,3), (s, t) ∈ σ, u = 1− s− t (12)

(an affine mapping), where σ is the unit simplex σ = {(s, t)|0 ≤ s, t, s + t ≤ 1}.

Now we can define interpolation and numerical integration over a triangular surface

element ∆ by means of a similar formula over σ.

Let α be a given constant with 0 ≤ α ≤ 1
3
. Define the interpolation nodes by

qi,j =
(

i + (r − 3i)α
r

,
j + (r − 3j)α

r

)
, i, j ≥ 0, i + j ≤ r (13)

These fr =
(r + 1)(r + 2)

2
nodes form a uniform grid over σ. If α = 0, some of these

points are on the edges of σ. If α > 0, then they are symmetrically placed points in

the interior of σ. To avoid problems with the unit normal and with the nonsmoothness

of the kernel, throughout this paper we want to consider only nodes that are interior

to the triangular elements, so we will work with 0 < α <
1
3
.
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Denote by li,j(s, t) the corresponding Lagrange interpolation basis functions.

Then for a given g ∈ C(σ), the formula

pr(s, t) =
∑

0≤i+j≤r

g(qi,j)li,j(s, t) (14)

is the unique polynomial of degree r that interpolates g(s, t) at the nodes

{qi,j | i, j ≥ 0, i + j ≤ r}.

Denote the nodes and the basis functions collectively by {q1, ..., qfr
} and {l1, ..., lfr

}.

So, now we have the interpolation formula

g(s, t) ≈
fr∑

j=1

g(qj)lj(s, t), g ∈ C(S) (15)

Integrating (15) over σ, we obtain the quadrature formula∫
σ

g(s, t)dσ ≈
fr∑

j=1

ωjg(qi,j) (16)

where ωj =
∫
σ

lj(s, t)dσ. Since the formula (15) is exact for all polynomials of degree

≤ r, formula (16) has degree of precision at least r.

Let

Png(mk(s, t)) =
fr∑

j=1

g(mk(qj))lj(s, t), P = mk(s, t) ∈ ∆k (17)

Define a collocation method using (17) (the collocation nodes coincide with the in-

terpolation nodes). Substitute

un(P ) =
fr∑

j=1

un(vk,j)lj(s, t), P ∈ mk(s, t) ∈ ∆k

vk,j = mk(qj), k = 1, ..., n (18)

into (1). This leads to the linear system

un(vi) − ρ(P )
π

n∑
k=1

nfr∑
j=1

un(vk,j)
∫
σ

G (vi,mk(s, t)) lj(s, t)

· |(Dsmk ×Dtmk) (s, t)| dσ = E(vi), i = 1, ..., nfr (19)
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This can be written abstractly as

(I − PnK)un = PnE (20)

Also, introduce the iterated collocation solution

ûn = E +Kun (21)

We will give an error analysis based on standard projection operator theory

(e. g. see Atkinson [2] Section 4.2). We have

Theorem 4. Assume S is a smooth unoccluded surface in IR3, and assume S ⊂ Ŝ,

with Ŝ the type of surface required in Lemma 1. Assume S satisfies (9) and (10) with

each Fj ∈ Cr+2. Then for all sufficiently large n, say n ≥ n0, the operators I − PnK

are invertible on C(S) and have uniformly bounded inverses. Moreover, for the true

solution u of (1) and the solution un of (20)

‖u− un‖∞ ≤
∥∥(I − PnK)−1

∥∥ ‖(u− Pnu)‖∞ , n ≥ n0 (22)

Furthermore, if the emissivity E ∈ Cr+1(S), then

‖u− un‖∞ ≤ O(hr+1), n ≥ n0 (23)

3. Superconvergent Collocation Methods

So we know that under suitable assumptions, interpolation of degree r leads

to an error of order O(hr+1) in the collocation method associated with it. Sometimes

at the collocation node points, the collocation method converges more rapidly than

over all S, in which case

lim
n→∞

max
1≤i≤nfr

|u(vi)− ûn(vi)|

‖u− un‖∞
= 0 (24)

Such methods are superconvergent at the collocation node points.

Let us examine more carefully the terms in (24). For simplicity, we work

with the solution ûn of the iterated collocation equation (21). This should cause no

problems, since we know that the convergence of ûn to u is at least as rapid as that
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of the solution of the collocation equation (20) to u. Moreover, û(vi) = un(vi) at all

collocation nodes.

By looking at the linear system associated with

(I − KPn)(u− ûn) = K(u− Pnu) (25)

we have

max
1≤i≤nfr

|u(vi)− ûn(vi)| ≤ c max
1≤i≤nfr

|K(I − Pn)u(vi)| (26)

(see Atkinson [2] p. 449). So, to find superconvergent methods, now we focus on

finding errors for K(I − Pn)u(vi).

Let τ ⊂ IR2 be a planar triangle with vertices {v1, v2, v3} and define the

mapping mτ : σ −→ τ as in (12). For g ∈ C(τ), define

Lτg(x, y) =
fr∑

j=1

g(mτ (qj))lj(s, t) (27)

which is a polynomial of degree r in the parametrization variables s and t, interpo-

lating g at the nodes {mτ (q1), ...,mτ (qfr
)}.

Define a numerical integration formula over τ by∫
τ

g(x, y)dτ ≈
∫
τ

Lτg(x, y)dτ (28)

which has degree of precision at least r. In what follows, for differentiable functions

g, we will use the notation

|Dkg(x, y)| = max
0≤i≤k

∣∣∣∣ ∂kg(x, y)
∂xi∂yk−i

∣∣∣∣ (29)

In investigating superconvergent collocation methods based on interpolation

r, we have to distinguish two cases: where r is odd and where r is even.

3.1. Interpolation of Odd Degree

Consider the quadrature formula (28), based on interpolation of degree r,

an odd number. It has degree of precision at least r. Suppose we can find a value

0 < α0 <
1
3

, such that for α = α0, formula (28) has degree of precision r + 1. Then,

if we extend it to a rectangle, it will have degree of precision r + 2. We have the

following result.
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Lemma 5. Let τ1 and τ2 be planar right triangles that form a square R of length h

on a side. Let g ∈ Cr+3(R). Let Φ ∈ L1(R) two times differentiable with derivatives

of order 1 and 2 in L1(R). Assume α = α0. Then∣∣∣∣∣∣
∫
R

Φ(x, y)(I − Lτ )g(x, y)dτ

∣∣∣∣∣∣≤chr+3

∫
R

(|Φ|+ |DΦ|+ |D2Φ|)dτ

 max
R

i=r+1,r+2,r+3

{
|Dig|

}
(30)

with Lτg(x, y) ≡ Lτi
g(x, y), where (x, y) ∈ τi, i = 1, 2.

If integrating over a single triangle, the bound is given by

Lemma 6. Let τ be a planar right triangle and assume the two sides which form the

right angle have length h. Assume α = α0. Let g ∈ Cr+2(τ),Φ ∈ L1(τ) differentiable

with first derivatives in L1(τ). Then∣∣∣∣∣∣
∫
τ

Φ(x, y)(I − Lτ )g(x, y)dτ

∣∣∣∣∣∣ ≤ chr+2

∫
τ

(|Φ|+ |DΦ|)dτ

 ·max
τ

{
|Dr+1g|, |Dr+2g|

}
(31)

where c denotes a generic constant.

For the proofs, see [10].

Remark. These results can be extended to general triangles, but then the derivatives

of g and Φ will involve the mapping mτ from (12). Let h(τ) denote the diameter of

τ and h∗(τ) the radius of the circle inscribed in τ and tangent to its sides. Define

r(τ) =
h(τ)
h∗(τ)

(32)

Assume that for our triangulations Tn = {∆n,k}, n ≥ 1, we have

sup
n

[
max

∆n,k∈Tn

r(∆n,k)
]

< ∞ (33)

Condition (33) prevents the triangles ∆n,k from having angles which approach 0 as

n →∞.

Now, we want to apply these results to the individual subintegrals in

Ku(vi) =
ρ(vi)

π

n∑
k=1

∫
σ

G (vi,mk(s, t))u (mk(s, t))

· |(Dsmk ×Dtmt) (s, t)| dσ, i = 1, ..., 6n (34)
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with

g(s, t) = u (mk(s, t)) |(Dsmk ×Dtmt) (s, t)|

Φ(s, t) = G (vi,mk(s, t)) (35)

Theorem 7. Assume the hypotheses of Theorem 4, with each Fj ∈ Cr+2. Assume

u ∈ Cr+2(S). Assume the triangulation Tn of S satisfies (33) and that it is symmetric.

For those integrals in (34) for which vi ∈ ∆k, assume that all such integrals are

evaluated with an error of O(hr+3). Assume α = α0. Then

max
1≤i≤nfr

|u(vi)− ûn(vi)| ≤ chr+3 log h (36)

Proof. We bound

max
1≤i≤nfr

|K(I − Pn)u(vi))|

By our assumption, the error in evaluating the integral of (34) over ∆∗ will

be O(hr+3).

Partition T ∗n into parallelograms to the maximum extent possible. Denote by

T (1)
n the set of all triangles making up such parallelograms and let T (2)

n contain the

remaining triangles. Then

T ∗n = T (1)
n ∪ T (2)

n

It is easy to show that the number of triangles in T (1)
n is O(n) = O(h−2), and the

number of triangles in T (2)
n is O(

√
n) = O(h−1).

It can be shown that all but a finite number of the triangles in T (2)
n , bounded

independent of n, will be at a minimum distance from vi. That means that the

triangles in T (2)
n are “far enough” from vi, so that the function G(vi, Q) is uniformly

bounded for Q being in a triangle in T (2)
n .

By Lemma 6, the contribution to the error coming from the triangles in T (2)
n

will be O
(
hr+3‖Dr+2u‖∞

)
.
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Using Lemma 5 we have that the contribution to the error coming from

triangles in T (1)
n is of order

chr+3

∫
S−∆∗

2∑
j=0

1
|vi −Q|j

dSQ (37)

Using a local representation of the surface and then using polar coordinates,

the expression in (37) is of order

chr+3
(
h2 + h + log h

)
= O(hr+3 log h)

Combining the errors arising from the integrals over ∆∗, T (1)
n , and T (2)

n , we have (36).

3.2. Interpolation of Even Degree

Analogously, consider the quadrature formula (28), based on interpolation of

degree r, an even number, which has degree of precision at least r. Considered over

a rectangle formed by two symmetric triangles, it has degree of precision r + 1, since

r is an even number. Define a collocation method with it as before. We have:

Lemma 8. Let τ1 and τ2 be planar right triangles that form a square R of length h

on a side. Let g ∈ Cr+2(R). Let Φ ∈ L1(R) differentiable with first order derivatives

in L1(R). Then∣∣∣∣∣∣
∫
R

Φ(x, y)(I − Lτ )g(x, y)dτ

∣∣∣∣∣∣ ≤ chr+2

∫
τ

(|Φ|+ |DΦ|)dτ

 · max
R

i=r+1,r+2

{
|Dig|

}
(38)

with Lτg(x, y) ≡ Lτi
g(x, y), where (x, y) ∈ τi, i = 1, 2.

For integration over one triangle only, the term in h in (38) is only hr+1. We use

these results to prove the following superconvergence result.

Theorem 9. Assume the hypotheses of Theorem 4, with each Fj ∈ Cr+2. Assume

u ∈ Cr+2(S). Assume the triangulation Tn of S satisfies (33) and that it is symmetric.

For those integrals in (34) for which vi ∈ ∆k, assume that all such integrals are

evaluated with an error of O(hr+2). Then

max
1≤i≤nfr

|u(vi)− ûn(vi)| ≤ chr+2 (39)

The proof of Theorem 9 is similar to that of Theorem 7.

155



SANDA MICULA

References

[1] Atkinson, K., A Survey of Numerical Methods for the Solution of Fredholm Integral

Equations of the Second Kind, SIAM Publications, 1976.

[2] Atkinson, K., The Numerical Solution of Integral Equations of the Second Kind, Cam-

bridge University Press, 1997.

[3] Atkinson, K., Chien, D., The collocation method for solving the radiosity equation for

unoccluded surfaces, J. Integral Equations Appl., 10(1998), 253-289.

[4] Atkinson, K., Chien, D., Seol, J., Numerical analysis of the radiosity equation using the

collocation method , Electron. Trans. Numer. Anal., 11(2000), 94-120.

[5] Cohen, M., Wallace, J., Radiosity and Realistic Image Synthesis, Academic Press, New

York, 1993.

[6] Colton, D., Partial Differential Equations: An Introduction, Random House, New York,

1988.

[7] Hansen, O., On the stability of the collocation method for the radiosity equation on

polyhedral domains, IMA Journal of Numerical Analysis, 22(2002), 463-479.

[8] Günter, N., Potential Theory, Ungar Publishing Company, New York, 1967.

[9] Kress, R., Linear Integral Equations, Springer-Verlag, New York, 1989.

[10] Micula, S., Numerical Methods for the Radiosity Equation and Related Problems, (Ph.

D. Thesis), University of Iowa, Iowa City, 1997.

[11] Micula, Gh., and Micula, S., Handbook of Splines, Kluwer Academic Publishers, Dor-

drecht/Boston/London, 1999, 620 pp.

[12] Micula, Gh., and Micula, S., On the Superconvergent Spline Collocation Methods for the

Fredholm Integral Equations on Surfaces, Mathematica Balkanica, New Series Vol. 19,

2005, Fasc. 1-2, 155-166.

[13] Mikhlin, S., Mathematical Physics: An Advanced Course, North-Holland Publishing,

1970.

[14] Rudin, W., Real and Complex Analysis, McGraw-Hill, 1986.

[15] Stroud, A., Approximate Calculation of Multiple Integrals, Prentice Hall, New Jersey,

1971.
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ON POSITIVE DEFINITENESS OF SOME LINEAR FUNCTIONALS
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Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. In this paper we investigate the positive definiteness of linear

functionals L defined on the space of all algebraic polynomials P by

L(p) =
∑
k∈N

wkp(zk), p ∈ P.

1. Introduction

Let P be the space of all algebraic polynomials. In this paper we investigate

linear functionals L defined by

L(p) =
∑
k∈N

wkp(zk), p ∈ P. (1)

In general, we investigate functionals for which wk, zk ∈ C\{0}, but with the following

restrictions. First, we assume that wk 6= 0, k ∈ N. This condition is rather natural,

since, assuming wk = 0, for some k ∈ N, simply produces a linear functional where

summation is performed over N\{k}. Additionally, we will not loose any generality if

we assume that zi 6= zj , i, j ∈ N, since, for example, we may skip summation over j

and use w′i = wi + wj at point zi.

For the set of nodes zi, i ∈ N, we introduce the notation Z = {zk | k ∈ N}.

Second we are going to assume that

lim
k→+∞

zk = 0 (2)

Received by the editors: 15.08.2006.
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and, in order to have absolute integrability of all polynomials p ∈ P, we assume that

∑
k∈N

|wk| ≤ M < +∞. (3)

We assume in the sequel that the sequence zk, k ∈ N, is ordered in such a way that

|zk+1| ≤ |zk|, k ∈ N.

Note that the linear functional L can be interpreted as the linear functional

acting on the space of all bounded complex sequences `∞. Namely, according to the

condition (3) we have that the sequence wk, k ∈ N, belongs to the space `1, the space

of all absolutely summable complex sequences (see [3, p. 30], [2, p. 39]). As is known

`1 ⊂ `′∞, where `′∞ denotes dual of `∞.

Create now a linear mapping I : P 7→ `∞ in the following way

I(p) = (p(z1), p(z2), . . . , p(zn), . . .).

The linear space P can be normed as

||p|| = sup
k∈N

|p(zk)|, p ∈ P.

Lemma 1.1. The linear mapping I : P 7→ `∞ is an bounded embedding of P into

`∞.

Proof. Given L, any polynomial p ∈ P achieves its maximum on the compact

set Z, hence any sequence p(zk), k ∈ N, p ∈ P, is uniformly bounded in k and belongs

to `∞.

Norm preserving property is easily established. We note that if two poly-

nomials satisfy I(p1 − p2) = 0, we have that p1 = p2, since those are two analytic

functions equal on the set Z which has one accumulation point. Hence, I(P) ⊂ `∞

is an embedding.

It is easily seen that ||I|| = 1. �

Now, define the linear functional L′ : `∞ 7→ C in the following way

L′(u) =
∑
k∈N

wkuk, u = (u1, u2, . . .) ∈ `∞.
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Obviously L′ is bounded, since

|L′(u)| ≤
∑
k∈N

|wk||uk| ≤ ||u||
∑
k∈N

|wk|, u ∈ `∞,

and L′ ◦ I = L on P. Hence, for the certain extent we can identify L′ and L and we

may consider L′ as a bounded linear extension of L to the whole of `∞.

Define P+ to be the set of all polynomials p ∈ P\{0} which are nonnegative

on the real line and denote by PR the set of all real algebraic polynomials.

We recall that linear functional L : P 7→ C is called positive definite provided

for every polynomial p ∈ P+ we have L(p) > 0 (see [1, p. 13]). As a direct consequence

of positive definiteness we have:

Lemma 1.2. If the linear functional L : P 7→ C is positive definite, then

L(x2n) > 0, L(x2n+1) ∈ R, L(p) ∈ R, p ∈ PR, n ∈ N0. (4)

Proof. Since x2n ∈ P+, we have directly L(x2n) > 0. For the odd powers

we have

L(x− 1)2n =
2n∑

k=0

(
2n

k

)
(−1)2n−kL(xk) > 0,

and using induction over n ∈ 2N, we have

L(x2n−1) <
1
2n

2n∑
k=0,k 6=2n−1

(
2n

k

)
(−1)kL(xk).

Finally, we have according to linearity of L the last statement. �

The question we answer is summarized in the following theorem.

Theorem 1.1. A linear functional L given by (1) is positive definite if and only if

wk > 0 and zk ∈ R, k ∈ N.

Finally, we introduce the following notation

en = (0, . . . , 0, 1, 0, . . .) ∈ `∞, n ∈ N,

where number 1 occupies n-th position with zeros on all other positions.
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2. Auxiliary results

We give first, the following auxiliary lemmas.

Lemma 2.1. Choose zn ∈ Z and assume that zn /∈ Z. Then there exists pn ∈ C,

|pn| = 1, such that for every rn ∈ PR we have pnrn(zn)en ∈ I(PR). If zn ∈ R\{0}

then pn = 1.

Proof. We are going to construct the sequence pn
k ∈ P+, k ∈ N, n ∈ N, such

that lim
k→+∞

I(pn
k ) = αnen for some complex number αn ∈ C\{0}.

Choose some fixed zn ∈ Z and assume that zn /∈ Z. Then choose some

polynomial rn ∈ PR. We define

pn
k (z) = rn(z)

k∏
i=1,i 6=n

(z − zi)(z − zi)
λn

i

, k ∈ N,

where we denote

λn
i = |zn − zi||zn − zi|, i 6= n.

Obviously we have pn
k ∈ P+, k, n ∈ N.

Since rn is an algebraic polynomial it is uniformly bounded on the compact

set Z. Hence, for some M > 0 we have |rn(zν)| < M , ν ∈ N.

According to the property (2), we can choose some i01 ∈ N such that

|zn|/2 < |zν − zi|, |zn|/2 < |zν − zi|, i > i01, ν = 1, . . . , n.

Fix some q ∈ (0, 1). We can choose some i02 ∈ N such that

|zi| < |zn|q/4, i > i02.

Now, define i0 = max{i01, i02}. For k > i0 and ν > k, we have

|pn
k (zν)| = |rn(zν)|

i0∏
i=1,i 6=n

|zν − zi||zν − zi|
λn

i

k∏
i=i0+1

|zν − zi||zν − zi|
|zn − zi||zn − zi|

≤ M

i0∏
i=1,i 6=n

|zν − zi||zν − zi|
λn

i

k∏
i=i0+1

|zn|q/2|zn|q/2
|zn|/2|zn|/2

≤ M

(
2|z1|
m

)2i0−2

q2(k−i0),
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where m = min
i=1,...,i0, i 6=n

{|zn − zi|, |zn − zi|} > 0. We note that pn
k (zν) = 0 for ν < k,

ν 6= n. From here it can be easily seen that we have uniform convergence in ν 6= n of

pn
k (zν) to zero for k → +∞, i.e., given ε > 0, for

k > k01 = i0 +
1

2 log q
log

ε

M

(
m

2|z1|

)2i0−2

,

we have |pn
k (zν)− 0| < ε, ν ∈ N\{n}.

Now, we consider pn
k (zn), we have

|pn
k (zn)| = |rn(zn)|,

according to the definition of λn
i . This means that pn

k (zn) has constant norm as

k → +∞.

The product

k∏
i=1,i 6=n

(zn − zi)(zn − zi)
λn

i

, k ∈ N,

is just product of the complex numbers having modulus 1, hence, represent the se-

quence on the unit circle in the complex plane. According to the compactness of the

unit circle in C, we easily conclude that there exists some subsequence of the products

which converge to some pn which norm is one.

Denote set of indices for convergent subsequence as N1. Then according to

the convergence, given ε > 0, we can choose some k02 ∈ N1, such that for k > k02,

k ∈ N1, we have

|pn
k (zn)− rn(zn)pn| < ε.

Now consider the vector rn(zn)pnen, we have

||I(pn
k )− rn(zn)pnen|| = sup

ν∈N
|pn

k (zν)− rn(zn)pnen| < ε,

for k > max{k01, k02}, k ∈ N1.

Hence, if we enumerate, again the sequence pn
k using only indexes k ∈ N1, we

have the sequence pn
k ∈ PR, such that

lim
k→+∞

I(pn
k ) = pnen.
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Finally, if zn ∈ R\{0} we see that since rn ∈ PR, we have rn(zn) ∈ R and

pn
k (zn) = rn(zn)

k∏
i=1,i 6=n

|(zn − zi)(zn − zi)|
λn

i

∈ R

and also the terms of the product are simply equal to 1, hence, pn = 1.

We can repeat construction for every n ∈ N, i.e., every point zn ∈ Z for

which zn /∈ Z. �

In the case rn ∈ P+, we easily see that the sequence pn
k also belongs to P+,

so that we have the following result.

Lemma 2.2. Assume that zn /∈ Z. Then there exists pn ∈ C, |pn| = 1, such that for

every rn ∈ P+ we have pnrn(zn)en ∈ I(P+). If zn ∈ R\{0} we have pn = 1.

Next we consider the case when zn ∈ Z. Without loss of generality we may

assume that zn+1 = zn, since this can be achieved by the simple renumeration of the

sequence zn, n ∈ N.

Lemma 2.3. Let zn+1 = zn for some n ∈ N. Then there exist some pn ∈ C, |pn| = 1,

such that for every rn ∈ PR we have

pnrn(zn)en + pnrn(zn)en+1 ∈ I(PR).

Proof. We consider the sequence of the polynomials

pn
k (z) = rn(z)

k∏
i=1,i 6=n,n+1

(z − zi)(z − zi)
λn

i

,

where all notation is from the proof of Lemma 2.1. The only problem is definition of

the sequence λn
i , but luckily we have

|zn − zi||zn − zi| = |zn+1 − zi||zn+1 − zi|,

since zn+1 = zn. Hence, we can apply safely the same definition.

It can proved using the same arguments that

|pn
k (zν)− 0| < ε,

162



ON POSITIVE DEFINITENESS OF SOME LINEAR FUNCTIONALS

provided

k > k01 = i0 +
1

2 log q
log

ε

M

(
m

2|z1|

)2i0−4

.

Also we have pn
k (zn) = pn

k (zn+1), which gives the convergence for some sequence of

k ∈ N1 to mutually conjugated values. �

It is clear that we may choose rn ∈ P+ to get the following immediate con-

sequence.

Lemma 2.4. Let zn+1 = zn for some n ∈ N. Then there exist some pn ∈ C, |pn| = 1,

such that for every rn ∈ P+ we have

pnrn(zn)en + pnrn(zn)en+1 ∈ I(P+).

3. Proof of the main result

Now we are ready to prove the main result.

Proof of Theorem 1.1. It can be easily seen that if wn > 0 and zn ∈ R,

n ∈ N, for some p ∈ P+, we have

L(p) =
∑
k∈N

wkp(zk) > 0,

according to the simple fact that p(zk) ≥ 0, k ∈ N.

Now, assume that L is positive definite. Choose some n ∈ N and suppose

that zn /∈ Z. Then, according to Lemma (2.1), we have

lim
k→+∞

L(pn
k ) = lim

k→+∞
(L′ ◦ I)(pn

k ) = L′(pnrn(zn)en),

where we have used the fact that L′ is continuous on `∞. But then

L′(pnrn(zn)en) = wnrn(zn)pn.

Choose rn(z) = 1, rn ∈ P+, and rn(z) = z, rn ∈ PR, to get

L′(pnen) = wnpn ≥ 0 and L′(pnznen) = wnznpn ∈ R.

Since zn 6= 0 and according to the construction pn 6= 0, we have that L′(pnen) =

wnpn > 0. Then we have

zn =
L′(pnznen)
L′(pnen)

∈ R
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and also wn > 0, according to the fact that pn = 1 for zn ∈ R\{0}.

Now let zn = zn+1. Note that in this case we cannot have zn ∈ R, since in

that case we would have zn = zn+1, which is impossible according to the conditions

imposed on the set Z. Then, according to Lemma (2.3) and positive definiteness of

L for rn(z) = 1 and rn(z) = z, we have

L′(pnen + pnen+1) = wnpn + wn+1pn = α ≥ 0

and

L′(pnznen + pnznen+1) = wnznpn + wn+1zn = β ∈ R.

We can rewrite these equations as the linear system in pn and pn, which has the

unique solution

pn =
αzn − β

wn(zn − zn)
, pn =

αzn − β

wn+1(zn − zn)
.

Using these expressions we readily get wn+1 = wn and also we see that we cannot

have α2 + β2 = 0, since it would imply pn = 0, which is impossible.

Now, choose rn(z) = z2ν , ν ∈ N. We have

L′(pnz2ν
n en + pnz2ν

n en+1) = wnz2ν
n pn + wnz2ν

n pn = Re(wnz2ν
n pn) ≥ 0, ν ∈ N0.

If we denote αn = arg(wn), βn = arg(pn) and ϕn = arg(zn), where ϕn 6= 0 and

ϕn 6= π, we get

|wnz2ν
n pn| cos(αn + βn + 2νϕn) ≥ 0, ν ∈ N0.

We want to show that there exist some ν ∈ N0 such that cos function is negative

which will produce a contradiction.

The cos-function is negative provided 2ν is an element of some interval

Jk =
(

(4k + 1)π − 2(αn + βn)
2ϕn

,
(4k + 3)π − 2(αn + βn)

2ϕn

)
, k ∈ Z.

The interval Jk has length π/|ϕn| > 1, hence, there is at least one integer inside every

interval Jk. If π/|ϕn| > 2 then there are at least two consecutive integers inside every

Jk and at least one of them is even. Choosing 2ν to be equal to such an integer

produces a contradiction. So, we assume π/|ϕn| ≤ 2.
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The intervals

Gk =
[
(4k + 3)π − 2(αn + βn)

2ϕn
,
(4k + 5)π − 2(αn + βn)

2ϕn

]
, k ∈ Z,

we are going to call gaps, obviously R = ∪k∈Z(Jk ∪Gk).

If π/|ϕn| = 2, we have ϕn = ±π/2, which means that if

cos(αn + βn ± 2 · 0 · π/2) > 0,

we have

cos(αn + βn ± 2 · 1 · π/2) = − cos(α + βn) < 0,

which produces a contradiction. If cos(αn + βn ± 2 · 0 · π/2) = 0, then we have

Re(wnz2ν
n pn) = |wnz2ν

n pn| cos(αn + βn ± νπ) = 0, ν ∈ N,

and, choosing rn(z) = z2ν+1, ν ∈ N0, we have

Re(wnz2ν+1pn) = |wnz2ν+1
n pn| cos(αn + βn ± (2ν + 1)π/2)

= ±(−1)ν |wnz2ν+1
n pn| sin(αn + βn) 6= 0, ν ∈ N0.

According to the fact cos(αn + βn) = 0, we have sin(αn + βn) = ±1, therefore, the

expression cannot be equal zero. Consider now polynomials rn(z) = z2ν(z − 1)2,

ν ∈ N0. Obviously rn ∈ P+, so that it must be

lim
k→+∞

L(pn
k ) = lim

k→+∞
(L′ ◦ I)(pn

k ) = wnz2ν
n (zn − 1)2pn + wnz2ν

n (zn − 1)2pn

= Re(wnz2ν
n (zn − 1)2pn) ≥ 0.

According to linearity we must have

Re(wnz2ν
n (zn − 1)2pn) = Re(−2wnz2ν+1

n pn)

= ∓2(−1)ν |wnz2ν+1
n pn| sin(αn + βn) > 0, ν ∈ N0.

This is, of course, a contradiction.

Finally, it must be 1 < π/|ϕn| < 2. Assume that in some interval Jk we have

an integer 2m + 1. Then we can always choose some ν ∈ N, such that

π

|ϕn|
>

2ν − 2m− 1
2ν − 2m− 2

> 1.
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Then counting from 2m + 1 and finishing with 2ν there are exactly 2ν − 2m integers

and those are covered with

2ν − 2m− 2 + 1 >
2ν − 2m− 1

π/|ϕn|
+ 1,

intervals and gaps. Since we are starting and ending with an interval there are ν−m−1

gaps and ν−m intervals. According to pigeon-hole principle there is at least one either

interval or gap which contains at least two consecutive integers. If some interval

contains two consecutive integers we are done. So assume that it is some gap. If gap

contains even and odd integer, then next interval holds an even integer and we are

done. If gap holds odd and even integer, then interval in front of it holds an even

integer, and we are done.

We conclude that it cannot be zn, zn ∈ Z. We have seen also that if zn ∈ Z,

then zn ∈ R and wn > 0, which finishes the proof. �
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A NOTE ON MULTIVALUED MEIR-KEELER TYPE OPERATORS

ADRIAN PETRUŞEL AND GABRIELA PETRUŞEL

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. The purpose of this work is to present some fixed point results

for multivalued generalized Meir-Keeler type operators.

1. Introduction

Throughout this paper, the standard notations and terminologies in nonlinear

analysis (see [12], [13], [8]) are used. For the convenience of the reader we recall some

of them.

Let (X, d) be a metric space. By B̃(x0; r) we denote the closed ball centered

in x0 ∈ X with radius r > 0.

Also, we will use the following symbols:

P (X) := {Y ⊂ X| Y is nonempty}, Pcl(X) := {Y ∈ P (X)| Y is closed},

Pb(X) := {Y ∈ P (X)| Y is bounded }, Pb,cl(X) := Pcl(X)
⋂

Pb(X).

Let A and B be nonempty subsets of the metric space (X, d). The gap

between these sets is

D(A,B) = inf{d(a, b)| a ∈ A, b ∈ B}.

In particular, D(x0, B) = D({x0}, B) (where x0 ∈ X) is called the distance from the

point x0 to the set B.

Also, if A,B ∈ Pb(X), then one denote

δ(A,B) := sup{d(a, b)| a ∈ A, b ∈ B}.
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The Pompeiu-Hausdorff generalized distance between the nonempty closed

subsets A and B of the metric space (X, d) is defined by the following formula:

H(A,B) := max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)}.

The symbol T : X ( Y means T : X → P (Y ), i. e. T is a set-valued

operator from X to Y . We will denote by Graf(T ) := {(x, y) ∈ X ×Y |y ∈ T (x)} the

graph of T .

For T : X → P (X) the symbol Fix(T ) := {x ∈ X| x ∈ T (x)} denotes the

fixed point set of the set-valued operator T . Also, for x ∈ X, we denote Fn(x) :=

F (Fn−1(x)), n ∈ N∗, where F 0(x) := x.

Definition 1.1. If f : X → X is an single-valued operator, let us consider

the following conditions:

i) α-contraction condition:

(1) α ∈ [0, 1[ and for x, y ∈ X ⇒ d(f(x), f(y)) ≤ αd(x, y);

ii) contractive condition:

(2) x, y ∈ X, x 6= y ⇒ d(f(x), f(y)) < d(x, y);

iii) Meir-Keeler type condition:

(3) for each η > 0 there exists δ > 0 such that x, y ∈ X, η ≤ d(x, y) < η+δ ⇒

d(f(x), f(y)) < η;

iv) ε-locally Meir-Keeler type condition (where ε > 0)

(4) for each 0 < η < ε there is δ > 0 such that x, y ∈ X, η ≤ d(x, y) < η+δ ⇒

d(f(x), f(y)) < η.

Let us observe that, condition (iii) implies (ii), (iii) implies (iv) and each of

these conditions implies the continuity of f.

Definition 1.2. If F : X → Pcl(X) is a multi-valued operator then F is said

to be:

i) α-contraction if:

(5) α ∈ [0, 1[ and for x, y ∈ X ⇒ H(F (x), F (y)) ≤ αd(x, y);

ii) contractive if:

(6) x, y ∈ X, x 6= y ⇒ H(F (x), F (y)) < d(x, y);
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iii) Meir-Keeler type operator if:

(7) for each η > 0 there exists δ > 0 such that x, y ∈ X, η ≤ d(x, y) < η+δ ⇒

H(F (x), F (y)) < η;

iv) ε-locally Meir-Keeler type operator (where ε > 0) if:

(8) for each 0 < η < ε there is δ > 0 such that x, y ∈ X, η ≤ d(x, y) < η+δ ⇒

H(F (x), F (y)) < η.

It is easily to see that condition (iii) implies (ii), (iii) implies (iv) and each of

these conditions implies the upper semi-continuity of F.

The following theorems are fundamental in the theory of Meir-Keeler type

operators.

The first result is known as Meir-Keeler fixed point principle for self single-

valued operators.

Theorem 1.3. (Meir-Keeler [5]) Let (X, d) be a complete metric space and

f an operator from X into itself. If f satisfies the Meir-Keeler type condition (3)

then f has a unique fixed point, i.e. Ff = {x∗}. Moreover, for any x ∈ X, we have

lim
n→∞

fn(x) = x∗.

For the multivalued case, a similar result was proved by S. Reich, as follows.

Theorem 1.4. (Reich [9]) Let (X, d) be a complete metric space and F :

X → Pcp(X) be a multivalued operator. If F satisfies the Meir-Keeler type condition

(7), then F has at least one fixed point.

For the case of a multivalued contractive operator Smithson proved:

Theorem 1.5. (Smithson [14]) Let (X, d) be a compact metric space and

F : X → Pcl(X) be a multivalued contractive operator. Then F has at least one fixed

point.

The purpose of this work is to consider a generalized Meir-Keeler type mul-

tivalued operator and to discuss some connections with the classical one. Some fixed

point results are also given. Two open problems are pointed out. Our results are in

connections with some theorems given in S. Reich [9], R. P. Agarwal, D. O’Regan, N.
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Shahzad [1], S. Leader [4], S. Park, W. K. Kim [7], T. Cardinali, P. Rubbioni [2], I.

A. Rus [10], [11], etc.

2. Main Results

Let (X, d) be a metric space and F : X → Pcl(X) be a multivalued operator.

For x, y ∈ X, let us denote

M(x, y) := max{d(x, y), D(x, F (x)), D(y, F (y)),
1
2
[D(x, F (y)) + D(y, F (x))]}.

Consider the following two Meir-Keeler type conditions on F :

(9) for each η > 0 there exists δ > 0 such that x, y ∈ X, η ≤ M(x, y) <

η + δ ⇒ H(F (x), F (y)) < η;

(10) for each η > 0 there exists δ > 0 such that x, y ∈ X, M(x, y) < η + δ ⇒

H(F (x), F (y)) < η.

Our first remark is that (9) ⇔ (10).

This follows from the following two lemmas.

Lemma 2.1. If (X, d) is a metric space and F : X → Pcl(X) satisfies (9),

then H(F (x), F (y)) ≤ M(x, y), for each x, y ∈ X.

Proof. We discuss two cases:

1) M(x, y) = 0; Then x = y and we are done.

2) M(x, y) > 0; Let η > 0 and δ > 0 such that (9) holds. Suppose, by

contradiction, that H(F (x), F (y)) > M(x, y). Then H(F (x), F (y)) > M(x, y) ≥ η, a

contradiction with (9). �

Lemma 2.2. Let (X, d) be a metric space and F : X → Pcl(X). Then

(9) ⇔ (10).

Proof. (10) ⇒ (9) is obviously. For the reverse implication, let us consider

η > 0 and x, y ∈ X such that (9) holds. We have the following two situations:

1) M(x, y) < η; Then from Lemma 2.1 we get that H(F (x), F (y)) < η.

1) M(x, y) ≥ η; Then from (9) we have H(F (x), F (y)) < η. �.

Also, we have:
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Lemma 2.3. If (X, d) is a metric space and F : X → Pcl(X) satisfies (10),

then H(F (x), F (y)) < M(x, y), for each x, y ∈ X, with x 6= y.

Proof. If there exist x 6= y ∈ X such that H(F (x), F (y)) ≥ M(x, y), then

we contradict (9). �

Lemma 2.4. Let (X, d) be a metric space and F : X → Pcl(X) be a multi-

valued operator such that (9) (or equivalently (10)) holds. Then:

(11) for each η > 0 there exists δ > 0 such that (x, y) ∈ GrafF , η ≤ d(x, y) <

η + δ ⇒ H(F (x), F (y)) < η.

Proof. For η > 0 let δ > 0 be such that (9) holds. Let y ∈ F (x) be arbitrary.

Then M(x, y) = max{d(x, y), D(x, F (x)), D(y, F (y)), 1
2D(x, F (y))}.

Since D(x, F (x)) ≤ d(x, y) and D(x, F (y)) ≤ d(x, y) + D(y, F (y)) it follows

that M(x, y) = max{d(x, y), D(y, F (y))}.

If M(x, y) = D(y, F (y)), then from (9) we have the following contradiction:

η ≤ D(y, F (y)) ≤ H(F (x), F (y)) < η. So M(x, y) = d(x, y). �

In a similar way as above, we have:

Lemma 2.5. Let (X, d) be a metric space and F : X → Pcl(X) be a multi-

valued operator. Consider the following condition:

(12) for each η > 0 there exists δ > 0 such that (x, y) ∈ GrafF , d(x, y) <

η + δ ⇒ H(F (x), F (y)) < η.

Then (11) ⇔ (12).

The following result is an easy consequence of the above lemmas.

Lemma 2.6. If (X, d) is a metric space and F : X → Pcl(X) satisfies

(9’) for each η > 0 there exists δ > 0 such that (x, y) ∈ GrafF , η ≤

M(x, y) < η + δ ⇒ H(F (x), F (y)) < η

or

(10’) for each η > 0 there exists δ > 0 such that (x, y) ∈ GrafF , M(x, y) <

η + δ ⇒ H(F (x), F (y)) < η,

then H(F (x), F (y)) < d(x, y), for each (x, y) ∈ GrafF , with x 6= y.
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Open Problem A. Establish fixed point results for (generalized) Meir-Keeler

multivalued operators on graphic, i. e. satisfying the condition (9′) or (10′).

For example, from the above results and Theorem 1.5. we immediately obtain:

Theorem 2.7. Let (X, d) be a compact metric space and F : X → Pcp(X)

be a multivalued operator, such that it satisfies the contractive condition (6) for each

(x, y) ∈ (X ×X) \ GrafF . Suppose that F satisfies the following generalized Meir-

Keeler type condition:

(13) for each η > 0 there exists δ > 0 such that (x, y) ∈ GrafF , M(x, y) <

η + δ ⇒ H(F (x), F (y)) < η,

then F has at least one fixed point.

Proof. The assumption (13) implies (12) which is equivalent to (11). From

the above remark, F satisfies the contractive condition (6) for each (x, y) ∈ GrafF .

Hence, F is contractive on X. The rest of the proof follows from Theorem 1.5. �

Open Problem B. Establish results of the above type for the case of a locally

(generalized) Meir-Keeler multivalued operator, see also the conditions (4) and (8).

The following theorem is a slight modification of a result established by R.

P. Agarwal, D. O’Regan, N. Shahzad in [1].

Theorem 2.8. Let (X, d) be a complete metric space, x0 ∈ X, r > 0 and

f : B̃(x0; r) → X an operator. Suppose that:

i) for each η > 0 there exists δ > 0 such that x, y ∈ B̃(x0; r), η ≤ d(x, y) <

η + δ ⇒ d(f(x), f(y)) < η.

ii) d(x0, f
n(x0)) < r, for each n ∈ N∗.

Then Fixf = {x∗}.

An extension to the multivalued case is the following:

Theorem 2.9. Let (X, d) be a complete metric space, x0 ∈ X, r > 0 and

F : B̃(x0; r) → Pcp(X) be a multivalued operator. Suppose that:

i) for each η > 0 there exists δ > 0 such that x, y ∈ B̃(x0; r), η ≤ d(x, y) <

η + δ ⇒ H(F (x), F (y)) < η.

ii) δ(x0, F
n(x0)) < r, for each n ∈ N∗.
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Then FixF 6= ∅.

Sketch of the proof. Let us consider the operator G : B̃({x0}; r) ⊂

(Pcp(X),H) → (Pcp(X),H), given by G(Y ) :=
⋃

x∈Y

F (x). Then G satisfies all the

hypothesis of Theorem 2.8. Hence, there exists Y ∗ ∈ Pcp(X) such that Y ∗ = G(Y ∗).

Define h : Y ∗ → R+, by h(a) := D(a, F (a)). Since F is contractive on B̃(x0; r)

it follows that F is upper semicontinuous on B̃(x0; r). Thus h is lower semicon-

tinuous on Y ∗. Since Y ∗ is compact, there exists b ∈ Y ∗ and c ∈ F (b) such that

inf
a∈Y ∗

h(a) = d(b, c). If we suppose that d(b, c) > 0 then we get a contradiction:

h(c) = D(c, F (c)) ≤ H(F (b), F (c)) < d(b, c). Hence b = c and so the conclusion

follows. �
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Kogălniceanu 1, 400084, Cluj-Napoca, Romania

E-mail address: petrusel@math.ubbcluj.ro, gabip@math.ubbcluj.ro

188
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FIXED POINT STRUCTURES WITH THE COMMON FIXED POINT
PROPERTY: MULTIVALUED OPERATORS

IOAN A. RUS

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. The concept of fixed point structure with the common fixed

point property is extended to multivalued operators. In the terms of this

concept some common fixed point theorems are given.

1. Introduction

In this paper we follow the notations and terminologies in I.A. Rus [10] and [12].

Let X be a nonempty set and T,Q : X → P (X) two multivalued operators.

In the present paper we shall consider the following problems:

Problem A. In which conditions we have that:

FT 6= ∅, FQ 6= ∅, T ◦Q = Q ◦ T ⇒ FT ∩ FQ 6= ∅?

Problem B. In which conditions we have that:

(SF )T 6= ∅, (SF )Q 6= ∅, T ◦Q = Q ◦ T ⇒ (SF )T ∩ (SF )Q 6= ∅?

The aim of this paper is to study these problems in terms of the fixed point

structures ([10]).

We recall that if T : X → P (X) is a multivalued operator then we shall

denote:

FT := {x ∈ X | x ∈ T (x)};
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2000 Mathematics Subject Classification. 47H10.

Key words and phrases. fixed point structure, common fixed point property, multivalued operator,

commuting pair, (θ, ϕ)-contraction pair, θ-condensing pair, open problem.

189



IOAN A. RUS

(SF )T := {x ∈ X | T (x) = {x}};

I(T ) := {A ⊂ X | T (A) ⊂ A}.

2. Fixed point structures with the common fixed point property

Definition 2.1. A fixed point structure (X, S(X),M0) on a set X (see [10])

is with the common fixed point property iff:

Y ∈ S(X), T, Q ∈ M0(Y ), T ◦Q = Q ◦ T ⇒ FT ∩ FQ 6= ∅.

Definition 2.2. A strict fixed point structure (X, S(X),M0) on a set X (see

[10]) is with the common strict fixed point property iff:

Y ∈ S(X), T, Q ∈ M0(Y ), T ◦Q = Q ◦ T ⇒ (SF )T ∩ (SF )Q 6= ∅.

Remark 2.1. For the case of singlevalued operators see I.A. Rus [11].

Remark 2.2. For the common fixed point theorems in terms of the fixed

point structures see A. Muntean [8] and A. Ŝıntămărian [14].

Remark 2.3. For the common fixed point theorems for the general-

ized commuting operators (weakly commuting, R-weakly commuting, compatible,

δ-compatible,...) see G.F. Jungck [5], O. Hadzic [3], O. Hadzic and Lj. Gajic [4],

B.E. Rhoades [9], A. Ahmad and M. Imdad [1], M.A. Ahmed [2], T. Kamran [6], H.

Kaneko [7],...

Example 2.1. The trivial fixed point structure is a fixed point structure

with the common fixed point property.

Example 2.2. Let (X, d) be a complete metric space, S(X) := Pcl(X) and

M0(Y ) := {T : Y → Pcl(Y ) | T is a multivalued contraction with (SF )T 6= ∅}. The

triple (X, Pcl(X),M0) is a strict fixed point structure with the common strict fixed

point property.

Indeed, from the Theorem 3.2 in [12] it follows that (X, Pcl(X),M0) is a strict

fixed point structure. Let Y ∈ Pcl(X), T,Q ∈ M0(Y ) such that T ◦Q = Q ◦ T . We

have FT = (SF )T = {x∗} and FQ = (SF )Q = {y∗}. From T ◦ Q = Q ◦ T it follows

that x∗ = y∗.
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Remark 2.4. For other examples see I.A. Rus [11], A. Muntean [8] and A.

Ŝıntămărian [14].

Remark 2.5. To give examples of fixed point structures with the common

fixed point property is one of the basic open problem of the common fixed point

theory.

3. (θ, ϕ)-contraction pairs

Let X be a nonempty set, Y ⊂ X, Z ⊂ P (X) and θ : Z → R+.

Definition 3.1. A pair of operators T,Q : Y → P (Y ) is a (θ, ϕ)-contraction

pair iff:

(i) ϕ : R+ → R+ is a comparison function;

(ii) A ∈ P (Y ) ∩ Z implies that T (A) ∪Q(A) ∈ Z;

(iii) θ(T (A) ∪Q(A)) ≤ ϕ(θ(A)), ∀ A ∈ I(T ) ∩ I(Q) ∩ Z.

We have the following general common fixed point principles.

Theorem 3.1. Let (X, S(X),M0) be a fixed point structure with the common

fixed point property and (θ, η) a compatible pair with this fixed point structure. Let

Y ∈ η(Z) and T,Q ∈ M0(Y ). We suppose that:

(i) θ|η(Z) has the intersection property;

(ii) T ◦Q = Q ◦ T ;

(iii) the pair (T,Q) is a (θ, ϕ)-contraction pair.

Then, FT ∩ FQ 6= ∅.

Proof. Let Y1 := η(T (Y ) ∪ Q(Y )), . . . , Yn+1 = η(T (Yn) ∪ Q(Yn)), n ∈ N.

First of all we remark that Yn ∈ I(T ) ∩ I(Q), ∀ n ∈ N. From the conditions (ii) and

(iii) we have that

θ(Yn+1) = θ(η(T (Yn) ∪Q(Yn))) = θ(T (Yn) ∪Q(Yn))

≤ ϕ(θ(Yn)) ≤ · · · ≤ ϕn+1(θ(Y )) → 0 as n →∞.

From the condition (i) it follows that

Y∞ :=
⋂
n∈N

Yn 6= ∅ and θ(Y∞) = 0.
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Now, we remark that η(Y∞) = Y∞ and Y∞ ∈ I(T )∩I(Q). From the definition

of the fixed point structure it follows that Y∞ ∈ S(X) and from Definition 2.1 the

operators T |Y∞ and Q|Y∞ have a common fixed point. So, FT ∩ FQ 6= ∅.

In a similar way we have

Theorem 3.2. Let (X, S(X),M0) be a strict fixed point structure with the

common fixed point property and (θ, η) a compatible pair with (X, S(X),M0). Let

Y ∈ η(Z) and T,Q ∈ M0(Y ). We suppose that:

(i) θ|η(Z) has the intersection property;

(ii) T ◦Q = Q ◦ T ;

(iii) the pair (T,Q) is a (θ, ϕ)-contraction pair.

Then, (SF )T ∩ (SF )Q 6= ∅.

4. θ-condensing pairs

Let X be a nonempty set, Y ⊂ X, θ : Z → R+ and Z ⊂ P (X).

Definition 4.1. A pair T,Q : Y → P (Y ) is a θ-condensing pair iff:

(i) Ai ∈ Z, i ∈ I,
⋂
i∈I

Ai 6= ∅ ⇒
⋂
i∈I

Ai ∈ Z;

(ii) A ∈ P (Y ) ∩ Z ⇒ T (A) ∪Q(A) ∈ Z;

(iii) θ(T (A)∪Q(A)) < θ(A), for all A ∈ I(T )∩ I(Q)∩Z such that θ(A) 6= ∅.

We have

Theorem 4.1. Let (X, S(X),M0) be a f.p.s. with the common fixed point

property and (θ, η) a compatible pair with this fixed point structure. Let Y ∈ η(Z) and

T,Q ∈ M0(Y ).

We suppose that:

(i) x ∈ Y , A ∈ Z imply A ∪ {x} ∈ Z and θ(A ∪ {x}) = θ(A);

(ii) T ◦Q = Q ◦ T ;

(iii) the pair (T,Q) is θ-condensing pair.

Then, FT ∩ FQ 6= ∅.

Proof. Let x0 ∈ Y . By Lemma 2.3 in [14] there exists A0 ⊂ Y such that

x0 ∈ A0, A0 ∈ Fη ∩ I(T ) ∩ I(Q) and η(T (A0) ∪ Q(A0) ∪ {x0}) = A0. From the
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condition (iii) it follows that θ(A0) = 0. But η(A0) = A0 and θ(A0) = 0 imply that

A0 ∈ S(X). From the Definition 2.1 the operators T |A0 and Q|A0 have a common

fixed point. So, FT ∩ FQ 6= ∅.

In a similar way we have

Theorem 4.2. Let (X, S(X),M0) be a strict fixed point structure with the

common strict fixed point property and (θ, η) a compatible pair with this fixed point

structure. Let Y ∈ η(Z) and T,Q ∈ M0(Y ). We suppose that:

(i) x ∈ Y, A ∈ Z imply A ∪ {x} ∈ Z and θ(A ∪ {x}) = θ(A);

(ii) T ◦Q = Q ◦ T ;

(iii) the pair (T,Q) is θ-condensing pair.

Then, (SF )T ∩ (SF )Q 6= ∅.
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În cel de al LI-lea an (2006) STUDIA UNIVERSITATIS BABEŞ-BOLYAI apare 
în următoarele serii: 
 dramatica (semestrial)
matematică (trimestrial) 
informatică (semestrial) 
fizică (trimestrial) 
chimie (semestrial) 
geologie (trimestrial) 
geografie (semestrial) 
biologie (semestrial) 
filosofie (semestrial) 
sociologie (semestrial) 
politică (anual) 
efemeride (semestrial) 
studii europene (trei apariŃii pe an) 

business (semestrial) 
psihologie-pedagogie (anual) 
ştiinŃe economice (semestrial) 
ştiinŃe juridice (trimestrial) 
istorie (trei apariŃii pe an) 
filologie (trimestrial) 
teologie ortodoxă (semestrial) 
teologie catolică (trei apariŃii pe an) 
teologie greco-catolică - Oradea (semestrial) 
teologie catolică - Latina (anual) 
teologie reformată (semestrial) 
educaŃie fizică (semestrial) 

 

In the LI-th year of its publication (2006) STUDIA UNIVERSITATIS BABEŞ-
BOLYAI  is issued in the following series: 
 

mathematics (quarterly) 
computer science (semesterily) 
physics (quarterly) 
chemistry (semesterily) 
geology (quarterly) 
geography (semesterily) 
biology (semesterily) 
philosophy (semesterily) 
sociology (semesterily) 
politics (yearly) 
ephemerides (semesterily) 
European studies (three issues / year) 
business (semesterily) 

dramatica (semestrial) 
psychology - pedagogy (yearly) 
economic sciences (semesterily) 
juridical sciences (quarterly) 
history (three issues / year) 
philology (quarterly) 
orthodox theology (semesterily) 
catholic theology (three issues / year) 
greek-catholic theology - Varadiensis  

(semesterily) 
catholic theology - Latina (yearly) 
reformed theology (semesterily) 
physical training (semesterily) 

 

Dans sa LI-ème année (2006) STUDIA UNIVERSITATIS BABEŞ-BOLYAI paraît 
dans les séries suivantes: 
 

mathématiques (trimestriellement) 
informatiques (semestriellement) 
physique (trimestriellement) 
chimie (semestriellement) 
géologie (trimestriellement) 
géographie (semestriellement) 
biologie (semestriellement) 
philosophie (semestriellement) 
sociologie (semestriellement) 
politique (annuellement) 
éphémérides (semestriellement) 
études européennes (trois apparitions / 
année) 
 

dramatica (semestrial) 
affaires (semestriellement) 
psychologie - pédagogie (annuellement) 
études économiques (semestriellement) 
études juridiques (trimestriellement) 
histoire (trois apparitions / année) 
philologie (trimestriellement) 
théologie orthodoxe (semestriellement) 
théologie catholique (trois apparitions / année) 
théologie greco-catholique - Varadiensis  

 (semestriellement) 
théologie catholique - Latina (annuellement) 
théologie réformée - (semestriellement) 
éducation physique (semestriellement) 

 
web: http://www.studia.ubbcluj.ro   e-mail: office@studia.ubbcluj.ro 
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