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PROFESSOR GRIGORE CALUGAREANU
AT HIS 60TH ANNIVERSARY

SIMION BREAZ AND COSMIN PELEA

Grigore Cilugareanu was born on the 20" of January 1947, in Cluj-Napoca,
in a family with strong academic traditions and important influences on the scientific
life, as both his father and grandfather were members of the Romanian Academy of
Sciences. He graduated from high-school in 1964 and the same year he became a stu-
dent at the Faculty of Mathematics and Mechanics of the “Babeg-Bolyai” University
in Cluj-Napoca. In 1969 he graduated with a dissertation on “Embedding Theorems
in Categories” and he began to work at the Department of Algebra of the same univer-
sity, first as Probation Assistant (September 1969-September 1970), then as Assistant
(September 1970-March 1978). In 1977, he defended his Ph.D. thesis “Contributions
to the theory of enriched modules and to the problem of endomorphisms” under the
supervision of Professor Tonel Bucur and Professor Alexandru Solianu from the Fac-
ulty of Mathematics of the University of Bucharest. From March 1978 until March
1990 he was Lecturer and in 1990 he became Associate Professor in the Department
of Algebra of the “Babeg-Bolyai” University.

It is in that period that we first met Professor Grigore Calugareanu as stu-
dents in an introductory course in Algebra. This meeting was undoubtedly one of
the most important events in our students life and it convinced us to attend an Al-
gebra course whenever this was possible. Later, we had the opportunity to meet
Professor Calugareanu again at an optional undergraduate course on the connections
between Lattice Theory and Abelian Group Theory and at a graduate level course on
Abelian Group Theory. As a matter of fact, these two topics are the core of Grigore

Calugareanu’s research. From February 1998, Grigore Calugareanu is Professor at
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“Babeg-Bolyai” University, and from 2001, he is also Associate Professor at the De-
partment of Mathematics and Computer Science of the Faculty of Science of Kuwait
University.

Grigore Calugareanu had an important influence on the mathematical activity
in Cluj-Napoca (and not only). He obtained many valuable and interesting results
concerning Abelian groups and lattices, results published in more that 40 research
papers concerning the structure of an abelian group in connection with some objects
attached to it, such as the endomorphism ring or the subgroup lattice. We mention the
results concerning the structure of some generalizations of extending abelian groups,
obtained in collaboration with L. Fuchs, who can be considered the “father” of Abelian
Group Theory. We also mention a characterization for abelian groups with semilocal
endomorphism ring, a characterization of n-root property using subgroup lattices, and
the results on the structure of abelian groups with continuous subgroup lattice (in
collaboration with K. Benabdallah), and the structure of abelian groups with breaking
point subgroup lattice (in collaboration with M. Deaconescu and S. Breaz). Along the
time, Professor Calugareanu’s communication abilities lead to numerous cooperations
which are not confined to the field of mathematics. Thus, we can complete the list
of collaborators by adding G. Birkenmeier, B. Charles, P. Goeters, P. Hamburg, R.
Khazal, V. Leoreanu, C. Modoi, A. Orsatti, C. Pelea, D. Valcan, H. Wiesler.

Last but not least, we should stress that all his mathematical activity was
influenced by his teaching abilities. He is author and coauthor of 10 books for students
or for experts in algebra. All these books are the fruit of his rich and successful
teaching activity. Three of them were published by Kluwer Academic Publisher (now
a part of Springer Verlag): Ezxercices in Basic Ring Theory (with P. Hamburg), Lattice
Concepts in Module Theory, Exercises in Abelian Group Theory (with S. Breaz, C.
Modoi, C. Pelea, D. Véalcan).

For a complete image on the exceptional work of Grigore Calugareanu, both
a teacher and a researcher, we present here the most important issues of his mathe-

matical activity.
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Papers

1. On the S. N. Bernstein polynomials. The operator spectrum. (Romanian) Gaz.
Mat., seria A, vol. 71, nr.12, 448-451, 1966.

2. Remarks on triples in enriched categories (with H. Wiesler). Bull. Australl. Math.
Soc., vol. 13, nr. 3, 375-383, 1970.

3. A variety of associative structures with one-sided zero elements in autonomous
categories. Rev. Roum. Math. Pures et Appl., tome 17, 1317-1322, 1972.

4. Conjugation relations in gamma-categories. Studia Univ. Babes-Bolyai, Series
Math.-Mech., fasc. 2, 5-10, 1974.

5. Categories whose objects are determined by their rings of endomorphisms. Bull.
Australl. Math. Soc., vol. 15, nr. 1, 65-72, 1976.

6. On an enriched theory of modules I. Studia Univ. Babeg-Bolyai, Math., fasc. 3,
nr. 2, 25-38, 1979.

7. On an enriched theory of modules II. Studia Univ. Babeg-Bolyai, Math., fasc. 3,
nr. 2, 3-17, 1980.

8. Some remarks about pseudocomplements in lattices. Mathematica, vol. 22(45),
nr. 2, 237-239, 1980.

9. Note on B-high subgroups of abelian groups. Mathematica, vol. 23(46), nr. 1
9-10, 1981.

10. Torsion in lattices. Mathematica, vol. 25(48), nr. 2, 127-129, 1983.

11. Restricted socle conditions in lattices. Mathematica, vol. 28(51), nr. 1, 27-30,
1986.

)

12. Abelian groups with pseudocomplemented lattice of subgroups. Studia Univ.
Babes-Bolyai, Math., vol. 31, fasc. 3, 39-41, 1986.

13. Abelian groups with continuous lattice of subgroups (with K. Benabdallah).
Studia Univ. Babeg-Bolyai, Math., vol. 32, fasc. 1, 31-32, 1987.

14. Cocompact elements in algebraic lattices. Seminar of Algebra, 41-46, Univ.
“Babeg-Bolyai”, Cluj-Napoca, 1988.

15. Cocompact elements in algebraic lattices. Proceedings of the Bragov Conference,

83-88, 9-10, June 1988.
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16. Torsion-free components in non-splitting mixed abelian groups. Preprint nr. 2,
Univ. Babes-Bolyai, Cluj-Napoca, 7-8, 1990.

17. Socle and radical as pure subgroups of an abelian group. Mathematica, vol.
33(56), nr. 1-2, 17-20, 1991.

18. Torsion-free components and topology. Proceedings on the Conference on Algebra
(Cluj-Napoca,1991) pp. 7-8, Preprint 92-1, “Babes-Bolyai” Univ., Cluj-Napoca 1992.
19. La T-topologie d’un groupe abelien. Studia Universitatis Babeg-Bolyai, Mathe-
matica, XL, 4, 3-12, 1995.

20. Note on a module-theoretic exercise. Mathematica 37(60), nr. 1-2, 57-59, 1995.
21. Correction: La T-topologie d’un groupe abelien. 1996, Studia Universitatis
Babes-Bolyai, Mathematica, XLI, 3, 107-108.

22. Cocompact lattices. Mathematica Panonica, vol. 7, nr. 2, 185-190, 1996.

23. Distributively generated lattices. Analele Stiintifice ale Universitatii “Al. I. Cuza”
din Tasi, vol. 42, fasc. 2, 233-238, 1996.

24. Pure subgroups of mixed abelian groups including the torsion part. Mathematica
vol. 39(62), nr. 1, 29-35, 1997.

25. Essential-pure subgroups of abelian groups. Mathematica, vol. 39(62), nr. 2,
195-200, 1997.

26. Coatomic lattices and abelian group topics. Libertas Mathematica, XVII, 125-
131, 1997.

27. On a problem of Prof. A. Orsatti. Abelian groups, Module Theory, and Topol-
ogy (Proceedings in honor of Adalberto Orsatti 60-th birthday, Padova june 1997).
Lecture Notes in Pure and Applied Math., vol. 201, 105-112, Marcel Dekker, 1998.
28. Purity in I'-lattices. Mathematica, vol. 40(63), nr. 2, 155-158, 1998.

29. Torsion in I'-lattices. Studia Universitatis Babes-Bolyai, Mathematica, XLIII, 1,
1-5, 1998.

30. Purity in ideal lattices. Analele Stiintifice ale Universitatii “Al. 1. Cuza” din lasi,
XLV, s.l.a., fasc. 1, 39-44, 1999.

31. A useful category for mixed abelian groups, Theory and Applications of Cate-
gories, vol. 5, no. 4, 81-90, 1999.

31’. Extending Abelian groups. Preprint, 1999.
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32. Hypergroups associated to lattices. (with V. Leoreanu) Italian Journal of Pure
and Applied Mathematics, No. 9, 165-173, 2001.

33. The fully-invariant-extension property for abelian groups. (with G. Birkenmeier,
L. Fuchs and P. Goeters) Communications in Algebra, 29, 673-685, 2001.

34. Abelian groups with semi-local rings of endomorphisms. Communications in
Algebra, 30 (9), 4105-4111, 2002.

35. Abelian groups have/are near Frattini subgroups. (with S. Breaz) Commenta-
tiones Mathematicae Universitatis Carolinae , 43, 3, 2002, 395-405.

36. Fully-invariant elements in lattices. Mathematica, Tome 45(68), No. 1, 19 - 24,
2003.

37. Breaking points in subgroup lattices. (with M. Deaconescu) Proceedings, Groups
St Andrews 2001 in Oxford (Volume 1), 59 - 62, Cambridge University Press , 2003.
38. Distributivity and IM-lattices. (with R. Khazal) Italian Journal of Pure and
Applied Mathematics, vol. 15, 175-184, 2004.

39. The total number of subgroups of a finite Abelian group. Scientiae Mathematicae
Japonicae, 60, No. 1, 157-167, 2004.

40. Abelian groups whose subgroup lattice is the union of two intervals. (with S.
Breaz) Journal of the Australian Mathematical Society 78, 27-36, 2005.

41. On torsion-free periodic rings. (with S. Breaz and R. Khazal) Int. J. Math. Sci.,
vol. 2005, no. 14, 2321-2327, 2005.

42. Abelian groups determined by subgroup lattices of direct powers, Archiv der
Math., vol. 86, no. 2 (2006), 97-100.

43. Self-c-injective Abelian groups. (with S. Breaz) Rend. Sem. Mat. Padova,
vol.116 (2006), 193-204.

44. Every Abelian group is determined by a subgroup lattice, (with S. Breaz) to

appear in Studia Scientiarum Mathematicarum Hungaricae (2007).

Books

(except for 7, 8, and 9 all are written in Romanian language)
1. Collection of Problems of Algebra, fasc. 3: Rings and Fields. Babes-Bolyai
University Publishing House, Cluj-Napoca 1978 (58 pages).
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2. Lattice Introduction in the Theory of Abelian Groups. Babes-Bolyai University
Publishing House, Cluj-Napoca 1983 (109 pages).

3. Exercises and Problems of Rationing, Perspicacity and Ingenuity. Expert Press,
Cluj-Napoca 1992 (64 pages).

4. Solutions of the difficult Problems in the Manuals of Algebra of the 4 (high-school)
terminal classes. Expert Press, Cluj-Napoca 1992 (64 pages).

5. Introduction to the Theory of Abelian Groups. Expert Press, Cluj-Napoca 1994
(303 pages).

6. Lectures of Linear Algebra. Babeg-Bolyai University Publishing House, Cluj-
Napoca 1995 (83 pages).

7. Exercises in Basics of Ring Theory (with P. Hamburg). Kluwer Academic Pub-
lishers, Holland, 1998 (212 pages).

8. Lattice Concepts of Module Theory. Kluwer Academic Publishers, Holland, 2000
(238 pages).

9. Exercises in Abelian Group Theory (with S. Breaz, C. Modoi, C. Pelea and D.
Valcan). Kluwer Academic Publishers, Holland, 2003 (361 pages).

10. Fundamentals of Abelian Group Theory (with S. Breaz). Editura Academiei
Romane, Bucharest, 2005 (374 pages).

Visits Abroad

e 1993 COST - Research with Prof. Bernard Charles, Universit Technique du Langue-
doc, Montpellier 2

¢ 1995 TEMPUS - Teaching Algebra in University - Universita degli Studi din Padova
e 1997 NATO-CNR - Research with Prof. Adalberto Orsatti, Universita degli Studi
di Padova

e 1999 FULBRIGHT - Research with Prof. Laszlo Fuchs, Tulane University, New
Orleans, LA
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ON ANALOGS OF THE DUAL BRUNN-MINKOWSKI INEQUALITY
FOR WIDTH-INTEGRALS OF CONVEX BODIES

ZHAO CHANGJIAN, WING-SUM CHEUNG, AND MIHALY BENCZE

Abstract. In this paper we prove two new inequalities about width-
integrals of centroid and projection bodies. Two analogs of the dual Brunn-

Minkowski inequality for width-integral of convex bodies are established.

0. Definitions and preliminary results

The setting for this paper is n-dimensional Euclidean space R™(n > 2). Let
K™ denote the set of convex bodies (compact, convex subsets with non-empty interi-
ors) in R™. Let ¢™ denote the set of star bodies in R™. The subset of ©™ consisting of
the centred star bodies will be denoted by ¢7'. We reserve the letter u for unit vectors,
and the letter B is reserved for the unit ball centered at the origin. The surface of
Bis S"7'. For u € S"~ !, let E, denote the hyperplane, through the origin, that
is orthogonal to u. We will use K* to denote the image of K under an orthogonal
projection onto the hyperplane F,,.

We use V(K) for the n-dimensional volume of convex body K. Let h(K,-) :
S"~1 — R, denote the support function of K € K"; i.e.

h(K,u) = Maz{u-z:x € K},uec S" !, (1)

where u - x denotes the usual inner product v and z in R"™.

Let 6 denote the Hausdorff metric on K"; i.e., for K, L € K",
6(K7 L) = ‘hK - hL|c>07

Received by the editors: 14.02.2006.
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harmonic Blaschke linear combination.
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where | - |, denotes the sup-norm on the space of continuous functions, C'(S™~1).

For a convex body K and a nonnegative scalar A\, A\K, is used to denote
{M:xz e K}.For K; e K", \; >0,(i=1,2,...,r) ,the Minkowski linear combination
MK+ -+ MK, € K™ is defined by

MK+ o+ NK = {/\1%‘1 +or N, e KM iy € Ki}. (2)
It is trivial to verify that

hALKL + -+ AN K 0) = Mh(Kd, ) + -+ Ah(IG ). (3)

1.1 Mized volumes

If K; e K"(i =1,2,...,r) and \;(s = 1,2,...,7)are nonnegative real num-
bers, then of fundamental impotence is the fact that the volume of A\ K1 +-- -+ \. K,
is a homogeneous polynomial in \; given by [4,p.275]

VK + o+ MK = ) A A Vi, (4)
i1yeenin

where the sum is taken over all n-tuples (i1, ...,i,) of positive integers not exceeding
r. The coefficient V;, , depends only on the bodies K;, ,..., K, , and is uniquely
determined by (8), it is called the mixed volume of Kj,...,K; , and is written as
V(Ki,....,K; ) Let K =...=K,_, =K and K,,_;4y1 = ... = K,, = L, then the
mixed volume V(K ... K,) is usually written V;(K,L). If L = B, then V;(K, B) is
the ith projection measure(Quermassintegral) of K and is written as W;(K).
If K;(i=1,2,...,n—1) € K", then the mixed volume of the convex figures K (i =
1,2,...,n—1) in the (n—1)-dimensional space E,, will be denoted by v(K7,..., K¥_;).
It is well known, and easily shown [5,p.45], that for K; € K"(i = 1,2,...,n— 1), and
ue St

o(KY, .. K ) =nV(Ky, ..., Kn_1,[u]) (5)

where [u] denotes the line segment joining u/2 and —u/2.

1.2 Width-integrals of convex bodies
For u € S"1, b = L(h(K,u) + h(K, —u)) is called as half the width of K in the
direction u. Two convex bodies K and L are said to have similar width if there exists

14
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a constant A > 0 such that bx = \by, for all w € S”~!. The width-integral of index 4
is defined by: For K € K™, i € R

B = [ v, )

n

where dS is the (n — 1)-dimensional volume element on S™~!.

The width-integral of index ¢ is a map
B;: K" — R.

It is positive, continuous, homogeneous of degree n — ¢ and invariant under motion.
In addition, for i < n it is also bounded and monotone under set inclusion.

The following result easy is proved, for K; € K"(j =1,...,m)

bK1+-"+Km = bK1 + -+ bK,,,La (7)

1.8 The Blaschke linear combination and the harmonic Blaschke linear combination

A convex body K is said to have a positive continuous curvature function [8],
f(Kv) : Sn_l - [0,00),

if for each L € ™, the mixed volume V; (K, L) has the integral representation

Vi(K,L) = l/Sn_1 F(K,u)h(L,u)dS(u).

n
The subset of K™ consisting of bodies which have a positive continuous curvature
function will be denoted by ™. Let k' denote the set of centrally symmetric member
of k™.

The following result is true [9], for K € k™

/ uf(K,u)dS(u) =0.
Sn—l

Suppose K,L € ™ and A\, > 0(not both zero). From above it follows that the
function Af (K, ) + uf(L,-) satisfies the hypothesis of Minkowski’s existence theorem
(see [5]). The solution of the Minkowski problem for this function is denoted by
A K¥p- L that is

f()"K"T_/f"La'):)‘f(Kv')"_,uf(Lv')v (8)
15
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where the linear combination A - K+ - L is called a Blaschke linea combination.
The relationship between Blaschke and Minkowski scalar multiplication is
given by
A K =)\ VE, (9)
A new addition, harmonic Blaschke addition, be defined by Lutwak [8]. Sup-
pose K, L € ¢", and A\, u > 0(not both zero). To define the harmonic Blaschke linear
combination, NK+uL, first define € > 0 by

% /S,HW(K ) (B, w) T V(L) p( Ly w) T D AS (u). (10)

61/(n+1) _

The body AKFuL € ¢" is defined as the body whose radial function is given by
€ pAK L, ) = V() p(K, ™+ pV (D) p(L, ™+ (1)
It follows immediately that £ = V(MK +uL), and hence
VAK+uL) " p(AKFpL, )" = AV (K) ™ p(K, )"+ pV (L)~ p(L, )"+
Lutwak [10] define a mapping:
A o g

and point out that A tansforms harmonic Blaschke linear combination into Blaschke
linear combinations, i.e.

If K,L € ¢? and A\, > 0, then
AMNK+pL) = X- AK+p - AL.

Further, We obtain that
IKjepl(j=1,...,m),and \; >0(j =1,...,m), then

AME L E - FXAn K ) = A - AK A, - AR, (12)

and

AAK) = MK (13)

16
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1.4 Projection bodies and Centroid bodies
The projection bodies, ITK, of the body K € K" is defined as the convex

figure whose support function is given, for u € S~ by [6]
hIIK,u) = v(K*") (14)

It is easy to see, that a projection body is always centered(symmetric about
the origin), and if K has interior points then IIK will have interior point as well.
Here, we introduce the following property.

If K,L € K" and A\, u > 0, then [7]
O\ K+pu- L) = MIK + pllL.

Further, we may prove that

IfK;eK"(j=1,...,m)and A\; > 0(j =1,...,m), then
O - K+ - Kp) = MKy + -+ A IK,. (15)

The centroid body, 'K, of K € ¢™, is the convex body whose support func-
tion, at x € R™, is given by [8]:

1
hl"K,xzi/ x-y | dy. 16
(CK.) = s [ Vo-v] (16)
Here, we give the following property:
IfK;jep"(j=1,...,m),and \; >0(j =1,...,m), then
TMEK 4 A Km) = MPKL + -+ A DK . (17)

If K € o™, then from (20) it follows that 'K is centered.
Please see the next section for above interrelated notations, definitions and their

background material.

1. Main results

Width-integrals were first considered by Blaschke [1,p.85] and later by Had-
wiger [2,p.266]. In [3], Lutwak also introduced the width-integral of index ¢ and proved

some important results, one of them is the following Theorem:

17
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Theorem A. If K,L € K" andi <n —1, then
Bi(K + L)Y (=) < By(K)Y/ (=) 4 B,(L)/ ("= (18)

with equality if and only if K and L have similar width.
Since inequality (1) is a new result similar to the following Brunn-Minkowski
inequality for the cross-sectional measures [2, p.249].

Theorem B. If K, L € K" andi <n — 1, then
Wz(K-i-L)l/(n_l) < Wi(K)l/(n—i) —|—W1(L)1/(n_l) (19)

with equality if and only if K and L are homothetic.

Hence, inequality (1) is called as the dual Brunn-Minkowski inequality for
width-integral of convex bodies.

The main purpose of this paper is to establish two analogs of inequality (1),
them can be stated as:

Theorem C. If Ky,...,K,, € ", A1,..., A >0 andi <n—1, then

Bi(p(&[ﬁ@...jrAme))l/(nfi) < AlBi(FKl))l/("*i) I )\mBi(me)l/(nfi)’

(20)
with equality if and only if TK;(j =1,2,...,m) have similar width.
Theorem D. If Ky,..., Ky € 2 A1,...; A >0 and i <n —1, then
Bi(IAM K F - A ) 0
< M Bi(THAK) Y= 4 A, Bi(TI(AK,, )Y (=9, (21)

with equality if and only if II(AK;)(j = 1,2,...,m) have similar width.

2. A dual Brunn-Minkowski inequality about the width-integrals of cen-

troid bodies for the harmonic Blaschke linear combination

The following dual Brunn-Minkowski inequality about the width-integrals of
centroid bodies will be proved.

Theorem C. If Ki,..., K, € ¢", A1,..., Ay >0 andi <n—1, then
Bi(TOMEKLF - FAn K )Y D < Xy Bi(TK )Y =) oo 4 X By (DK, )Y (),
(22)
18



ON ANALOGS OF THE DUAL BRUNN-MINKOWSKI INEQUALITY

with equality if and only if TK;(j =1,2,...,m) have similar width.
Proof. From (7),(10),(11),(21) and in view of Minkowski inequality for integral
[11, p.147], we obtain that

n n 1 1 n—i nei
Bi(T(A\ K1+ A Ky)) 7= = (n/s . bp()\lKl_;_..._;Ame)dS(u))

n—1

1 n—i
= (/ ) (b)\ll—‘KlJr""l’)\mFKm) dS(U))
gn—

n

1

n—i

1 n—i
_ < / (bri, + -+ Ambric,) dS(u))
Snfl

n

1 1
1 . n—1 1 ) n—1
<\ <n/ b?KlldS(u)) +o Ay < / b?KlmdS(u)>
Sn—1 n Jgn-1

= MBi(TK) ™7 + -+ An Bi(T K, ) 77,
with equality if and only if I'K;(j = 1,...,m) have similar width.
The proof is complete. [
Taking m = 2 to (23), we have
Corollary 1. If K, L € ¢", \,u > 0 and i <n — 1, then

Bi(TAKFpL)Y =) < AB;(TK)Y (=% 4 u,B;(TL)Y/ ("=, (23)

with equality if and only if ' K and I'L have similar width.
Another important consequence is obtained when A = p = 1.

Corollary 2. IfK,L € ¢™ and i < n — 1, then
Bi(T(K+L)Y "= < By(TK)Y ™= 4 B,(rL)"/ (=9, (24)
with equality if and only if 'K and I'L have similar width.

3. A dual Brunn-Minkowski inequality about the width-integrals of pro-

jection bodies for the harmonic Blaschke linear combination

The following dual Brunn-Minkowski inequality about the width-integrals of
projection bodies will be proved.

Theorem D. If Ky,..., K, € 90, Ai,..., A >0 and i <n —1, then

BiM(AM K+ .. A K,p))) Y (D

19
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< MB;(IHAK )Y =D 4 4 X By (I(AK,, )Y (=), (25)

with equality if and only if INAK;)(j = 1,2,...,m) have similar width.
Proof. From (7),(10),(11),(16),(19) and in view of Minkowski inequality for
integral [11, p.147], we obtain that

R ! 1 i
Bi(H(A()\lK1+'"+/\me)))"_7" = <n/S . bH(A(Kl_j_..._;Km))dS(u))

! n—i nl—i
B (” /Sn,l bH(AlAK1¥~~-¥>\mAKm)ds(u)>

1
1 n—i =
- (n /Snﬂ bZ?:l MH(AKj)dS(“)>

n—1 n—1

1/ G
=\|- Aibrax; dS(u)
nJgn-1 ; JPIAK)

n—i

- 1 n—i
< ;Aj (n /Sn_l bH(AKJ_)dS(u)>

with equality if and only if II(AK,)(j = 1,...,m) have similar width.

= > A Bi(II(AK;)) ™,
j=1

The proof is complete. [
Taking m = 2 to (26), we have
Corollary 3. If K, L € o2, A, > 0 and i <n — 1, then

Bi(I(AMAK +uL))Y =) < AB;(IAK )Y "= + By (I(AL)) V=9, (26)

with equality if and only if II(AK) and II(AL) have similar width.
Another remarkable case is obtained for A = p = 1.

Corollary 4. If K, L € ¢ and i <n — 1, then
Bi(I(A(K+L))) =D < Bi(I(AK))Y =D 4 B;(II(AL)) Y "7, (27)
with equality if and only if II(AK) and II(AL) have similar width.
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PROJECTORS IN FINITE 7-SOLVABLE GROUPS
AND ASSOCIATED PRIMITIVE CLASSES

RODICA COVACI

Dedicated to Professor Grigore Calugdreanu on his 60th birthday

Abstract. In [7], W. Gaschiitz introduced the notion of primitive class
and studied its connection with projectors in finite solvable groups. Let m
be a set of primes. Introduced by S.A. Cunihin in [6], the m-solvable groups
are more general than the soluble groups. It is the aim of this paper to give
conditions under which we can establish a connection between projectors
in finite m-solvable groups and their associated primitive classes. The main
results establishing this connection are based on some new properties of

projectors in finite m-solvable groups which are also proved in this paper.

1. Preliminaries

All groups considered in this paper are finite. Let m be a set of primes and
7’ the complement to 7 in the set of all primes.

We first remind some useful definitions and theorems.

Definition 1.1. a) A positive integer n is said to be a w-number if for any
prime divisor p of n we have p € 7.

b) A finite group G is a w-group if the order of G is a m-number.

c¢) A subgroup H of a group G is said to be a mw-subgroup if H is a m-group.

Notation 1.2. Let G be a group. We denote by O,/ (G) the largest normal
7’-subgroup of G.

Definition 1.3. Let G be a group.

Received by the editors: 25.10.2006.
2000 Mathematics Subject Classification. 20D10.

Key words and phrases. Schunck class, projector, m-solvable group, primitive class.

23



RODICA COVACI

a) M is a minimal normal subgroup of G if:
(i) M <G and M # 1,
(i) if M* <G, M* #1 and M* < M then M* = M.
b) Let M and N be normal subgroups of G such that N C M. The factor
M/N is called a chief factor of G if M/N is a minimal normal subgroup of G/N.
c) Let

C:G=Gy>G1>Gy>--->G, =1

be a chain of normal subgroups of G. C is called a chief chain of G if G;/G;y1 is a
chief factor of G, for any i.

The following theorem given by R. Baer in [1] is of special interest for our
considerations.

Theorem 1.4. ([1]) A solvable minimal normal subgroup of a finite group is
abelian.

Introduced by S.A. Cunihin in [6], the m-solvable groups are more general
than the solvable groups.

Definition 1.5. ([6]) A group G is m-solvable if every chief factor of G is
either a solvable m-group or a w’-group. For 7 the set of all primes, we obtain the
notion of solvable group.

Remark 1.6. a) A finite group G is mw-solvable if and only if G is a chief

chain

C:G=Gy>G1 >G> --->G,. =1

such that any factor G;/G,11 is either a solvable m-group or a 7’-group. Moreover, if
G is a finite 7-solvable group then any chief chain of G has the above property.
b) We use in the paper the following basic properties of m-solvable groups:

(i) If G is a m-solvable group and H is a subgroup of G, then H is also
a m-solvable group.

(ii) If G is a m-solvable group and N is a normal subgroup of G, then
G/N is a m-solvable group.
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We define below the special classes of groups and subgroups which will appear
in the paper.

Definition 1.7. a) A class X of groups is a homomorph if X is epimorphically
closed, i.e. if G € X and N is a normal subgroup of G, then G/N € X.

b) A group G is primitive if G has a stabilizer, i.e. a maximal subgroup H of
G with coregH = 1, where coregH = N{HY?/g € G}. We remind here that coreqH
is a normal subgroup of G.

¢) ([7]) A homomorph X is called a Schunck class if X is primitively closed,
i.e. if any group G, all of whose primitive factor groups are in X, is itself in X.

d) A class X of groups is said to be w-closed if:
G/On(G)eX = GeX.

A m-closed homomorph, respectively a m-closed Schunck class will be called
w-homomorph, respectively w-Schunck class.
Definition 1.8. ([7]) Let X be a class of groups, G a group and H a subgroup
of G.
a) H is an X-mazximal subgroup of G if:
(i) H € X;
(i) H<H*<G,H*¢eX = H=H"
b) H is an X -projector of G if, for any normal subgroup N of G, HN/N is
X-maximal in G/N.
Remark 1.9. Let X be a class of groups.
a) Any X-projector of a group G is X-maximal in G.
b) If H is an X-maximal subgroup of G and H < K < G, then H is also an
X-maximal subgroup of K.
Theorem 1.10. ([7]) Let X be a class of groups, G a group and H a subgroup
of G. H is an X -projector of G if and only if:
(a) H is an X-mazimal subgroup of G;
(b) HM /M is an X -projector of G/M, for all minimal normal subgroups M
of G.
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Theorem 1.11. ([7]) Let X be a homomorph, G a group and H a subgroup
of G. If H is an X -projector of G and N is a normal subgroup of G, then HN/N is
an X -projector of G/N.

In [3], we introduced the P property, which is important for the present paper.

Definition 1.12. Let X be a class of groups and G a mw-solvable group. We
say that G has the property (o) with respect to X if the following implication is true:

M minimal normal subgroup of G, M 7’ — subgroup = G/M € X. (@)

Definition 1.13. ([3]) Let X be a class of groups and 7 a set of primes. We
say that X has the P property with respect to m if any m-solvable group G has the
property («) with respect to X.

The following two results on properties () and P will be used in our consid-
erations.

Theorem 1.14. Let X be a m-homomorph and G a w-solvable group having
property () with respect to X and suppose that there is a minimal normal subgroup
M of G such that M is a ©'-group. Then G € X.

Proof. From M <1 G and M 7’-group follows that M < O, (G) and so

G/O0x(G) = (G/M) /(O (G)/M). (1)

By property («), G/M € X. Hence, by (1) and X being a homomorph,
G/O0./(G) € X. This implies by the m-closure of X that G € X. O

Theorem 1.15. Let X be a m-homomorph with the P property with respect
to ™ and G a w-solvable group such that there is a minimal normal subgroup M of G,
M 7'-group. Then G € X.

Proof. Since X has the P property with respect to m and G is a m-solvable
group, it follows that G has property («) with respect to X. Applying now 1.14, we
obtain that G € X. [
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2. Some new properties of projectors in finite m-solvable groups

We first give some sufficient conditions on a subgroup of a w-solvable group
to be an X-projector, where X is a m-Schunck class.

Theorem 2.1. ([5]) Let X be a w-Schunck class, G a finite w-solvable group
such that for any minimal normal subgroup M of G which is a ' -group we have
G/M € X and let B be a normal abelian subgroup of G and S a subgroup of G such
that:

(i) S is X-mazimal in BS;

(i) BS/B is an X-projector of G/B.

Then S is an X-projector of G.

Theorem 2.2. Let X be a w-Schunck class with the P property with respect
to m, G a finite m-solvable group and let B be a mormal abelian subgroup of G and S
a subgroup of G such that:

(i) S is X -mazimal in BS;

(ii) BS/B is an X -projector of G/B.

Then S is an X -projector of G.

Proof. X having the P property with respect to m and G being a m-solvable
group, we deduce that G has the property («) with respect to X. Applying now 2.1,
it follows that S is an X-projector of G. [J

Theorem 2.3. Let X be a w-Schunck class and G a finite w-solvable group
with O, (G) = 1. If B is a normal abelian subgroup of G and S is a subgroup of G
such that

(i) S is X-mazximal in BS;

(ii) BS/B is an X -projector of G/B,
then S is an X -projector of G.

Proof. The proof is similar with that of 2.1 given in [5]. Two cases are
considered:

1) B = 1. From (ii) follows that S is an X-projector of G.

2) B # 1. We prove that S is an X-projector of G by using 1.10.
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(a) S is X-maximal in G. This follows like in the proof of 2.1 given in
[5].

(b) Let M be a minimal normal subgroup of G. Since G is m-solvable, it
follows that M is either a solvable m-group or a 7’-group. If M is a solvable m-group,
we prove like in the proof of 2.1 given in [5] that SM/M is an X-projector of G/M.
If M is a 7’-group, we deduce that M < O,/ (G) = 1, which leads to the contradiction
M = 1. So this case cannot happen. [

We continue by giving two new characterizations of projectors in finite 7-
solvable groups.

Theorem 2.4. Let X be a w-Schunck class with the P property with respect
to m, G a finite m-solvable group and S a subgroup of G. Let

C:.G=Gy>G1>>G_1>G,. =1

be a chief chain of G. Then S is an X-projector of G if and only if G;S/G; is
X-mazimal in G/G;, for any i.

Proof. We consider two cases: 1) S =G; 2) S #G.

1) § = G. If S is an X-projector of G, then G is an X-projector of G, and
so G € X. But X being a homomorph, we have also G/G; € X, for any i. It follows
that G/G; = G;S/G; is X-maximal in G/G;, for any i. Conversely, let G;S/G; be
X-maximal in G/G;, for any i. Then G/G; is X-maximal in G/G;, for any i. In
particular, for ¢ = r we obtain that G is X-maximal in G, hence S = G € X and so
S = G is an X-projector of G.

2) S # G. Let S be an X-projector of G. For any i, G; is normal in G. Hence,
by 1.11, G;S/G; is an X-projector of G/G;, for any i. Then, by 1.9.a), G;S/G; is
X-maximal in G/G;, for any i. The converse is proved by induction on |G|. Suppose
that G;S/G; is X-maximal in G/G;, for any ¢. In particular, for i = r, we obtain that
S is X-maximal in G. By 1.6.a), G;/G;41 is either a solvable m-group or a 7’-group,
for any ¢. In particular, for i = r — 1, G,—1 & G,_1/G, is either a solvable m-group
or a w'-group. We consider the two cases and prove in each of them that S is an
X-projector of G.
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a) Gr_1 is a solvable m-group. Then, by 1.4, G,_; is abelian. In this case,
we are in the hypotheses of theorem 2.2, taking G,._; as a normal abelian subgroup
of G and S as a subgroup of G. Indeed, we will prove below that (i) and (ii) from 2.2
are true.

(i) S is X-maximal in G,_1.5, since S is X-maximal in G and we apply 1.9.b).

(i1) Gy—15/Gy—_1 is an X-projector of G/G,_1. Indeed, this can be obtained
if we observe that the group G/G,_1 is also m-solvable (by (1.6.b)) and apply for
G /G, _1 the induction. It follows, by Theorem 2.2, that S is an X-projector of G.

b) G,_1 is a ©'-group. In this case, we are in the hypotheses of theorem
1.15, where G,_1 = G,_1/G, is the minimal normal subgroup of G = G/G, which
is a 7’-group. By 1.15, G € X. From this and S being X-maximal in G, it follows
that S = G. But G € X implies that G is its own X-projector. So S = G is an
X-projector of G. O

In order to prove the second characterization of projectors in finite m-solvable
groups, we first give a lemma.

Lemma 2.5. ([2]) If X is a w-homomorph, G a w-solvable group, H a
subgroup of G, H # G, H X-maximal in G and N is a minimal normal subgroup of
G with HN = G, then N is abelian.

Theorem 2.6. Let X be a w-Schunck class, G a finite w-solvable group with
the property (o) with respect to X and S a subgroup of G. Let

C.G=Gy>G1>-->G_1>G, =1

be a chief chain of G such that G/G,._1 € X. Then S is an X -projector of G if and
only if G;S/G; is X-mazimal in G/G;, for any i.

Proof. We consider two cases: 1) S =G, 2) S #G.

1) S = G. This case has the same proof as the proof of case 1) for theorem
2.4.

2) S # G. If S is an X-projector of G, then we prove like in the proof of case
2) for theorem 2.4 that G;S/G; is X-maximal in G/G;, for any i. Conversely, suppose
that G;S/G; is X-maximal in G/G;, for any i. In particular, for ¢ = r, we obtain that
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S is X-maximal in G. Obviously, G,_1 = G,_1/G, is a minimal normal subgroup
of G/G, = G. Putting i = r — 1 in our hypothesis, we have that G,_15/G,_1 is
X-maximal in G/G,_1. But G/G,_1 € X. It follows that G,_15/G,_1 = G/G,_1,
and so G,_1S = G. We are now in the hypotheses of lemma 2.5, for H = S and
N = G,_1. Applying 2.5, we obtain that G,_1 is abelian. In order to prove that S is
an X-projector of G we use theorem 2.1, in our case the abelian normal subgroup of
G being G,_; and S verifying the conditions (i) and (ii) from 2.1. Indeed, we have:

(i) S is X-maximal in G,_1.5, since S is X-maximal in G and we apply 1.9.b).

(i1) Gy-1S/Gr—1 is an X-projector of G/G,_1, since G,_1.S = G implies that
Gr-15/Gr—1 =G/G,_; € X.

By applying 2.1, it follows that S is an X-projector of G. [

We finally give conditions under which the property of being projector in a
finite m-solvable group is hereditary to subgroups. In preparation for the main result,
we first give a lemma.

Lemma 2.7. Let G be a finite group and let
C:G=Gy>G1>->G1>G, =1

be a chief chain of G. Let H be a characteristic subgroup of G. We put H; = HN Gy,
for any i. Then

C*:H=Hy>Hy>--->H,_1>H,.=1

1s a chief chain of H.

Proof. We have to prove that H;/H;1 is a minimal normal subgroup of
H/H;y1, for any i. Obviously H;/H;1 is a normal # 1 subgroup of H/H;1. Let
N/H,;11 be a normal # 1 subgroup of G/H,41 such thar N/H,;1 C H;/H;11. We
will prove that N/H,; 11 = H;/H; 1. From H; < H and H characteristic in G follows
that H; < G, for any i. Furthermore,

Hi/Hiv1 = (HNG;)/(HNGit1)

= (H n Gl)/(H N GZ) n Gi+1 = (H n Gi)Gi+1/Gi+1 < Gz/Gerl
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This means that H,;/H;y; is isomorphic with a normal # 1 subgroup of
G/G;y1 included in G;/G;y1. Since G;/G;y1 is a minimal normal subgroup of

G/G,41, this subgroup coincides with G;/G;4+1. So, for any ¢, we have:
Hi/His1 = Gi/Giga. (2)
Similarly, since
H/Hip1=(HNG)/(HNGiq1)

=HNG)/(HNG)NGip1 = (HNG)Gis1/Git1 < G/Gip

we deduce that H/H;; is isomorphic with a subgroup G*/G;y1 of G/G;y1. But
from N <« H and H characteristic in G follows that N << G. From this and from
N/H;y1 C H;/H,;14, it follows by (2) that N/H;,; is isomorphic with a normal
# 1 subgroup of G/G;41 included in G;/G;41. Since G;/G;4+1 is a minimal normal
subgroup of G/G;41, this subgroup coincides with G;/G;41, which means that

N/Hprl = Gz/Gz+1 (3)

From (2) and (3) follows that N/H; 1 = H;/H;+1. But N/H; 41 C H;/H;11.
So N/H;y1 =H;/H;,. O

Theorem 2.8. Let X be a w-Schunck class with the P property with respect
to m, G a finite w-solvable group and S < H < G such that H is characteristic in G.
If S is an X -projector of G, then S is an X -projector of H.

Proof. By 1.6.a), G has a chief chain

C:.G=Gy>G1>>G1>G,. =1

such that G;/G,41 is either a solvable w-group or a ©’-group, for any ¢. Since S is an
X-projector of G, by applying theorem 2.4, we deduce that G;S/G; is X-maximal in
G /G, for any i. We put H; = H N G, for any i. Applying lemma 2.7 for the group
G, its chief chain C and its characteristic subgroup H, it follows that

C*:H=Hy>H,>--->H,_1>H,=1
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is a chief chain of H. Since G is w-solvable, by 1.6.b) follows that H is also w-solvable.
In order to prove that S is an X-projector of H we use theorem 2.4 for the m-solvable
group H and its chief chain C*. It remains only to show that H;S/H; is X-maximal
in H/H;, for any i. Indeed, we have that

H;S/H; 2S/SNH;=S/SN(HNG;)=S/(SNH)NG;, =5/SNG,; =2G;S/G;
and so
H;S/H; = G,;S/G,;. (4)
We also have that
H/H;,=H/HNG; = HG,;/G; < G/G,.

From G;S/G; X-maximal in G/G; and G;S/G; < G;H/G; < G/G; follows
by 1.9.b) that

G;S/G; is X —maximal in HG;/G;. (5)
We also have
HG,;/G;2H/HNG; = H/H; (6)
and
H;S/H; < H/H;. (7)

(5) becomes by using (4), (6) and (7):
H;S/H; is X — maximal in H/H;, for any i.

Finally, applying theorem 2.4, it follows that S is an X-projector of H. O

3. Primitive classes. Their connection with projectors in finite m-solvable

groups

In 1.7.b), we defined the notion of primitive group. If G is a group and N
is a normal subgroup of G, we will call a primitive quotient group G/N simply by a
primitive factor of G.

Proposition 3.1. ([7]) Let G be a finite group.
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a) If N is a normal subgroup of G, then: G/N is primitive if and only if there
is a maximal subgroup W of G such that N = coregW.

b) If W is a maximal subgroup of G, then G/coreqW is primitive.

Notation 3.2. We put Pr for the class of all finite primitive groups.

Remark 3.3. If G is a primitive group and N is a normal subgroup of
G, it doesn’t generally follow that G/N is primitive. So the class Pr is neither a
homomorph nor a Schunck class.

In [7], W. Gaschiitz introduced the notion of primitive class and gave some
theorems which reveal a connection between primitive classes and projectors in the
universe of finite solvable groups. It is the main aim of this paper to give conditions
under which such a connection also holds in the more general case of w-solvable groups.

Definition 3.4. ([7]) A class P of finite groups is said to be a primitive class
if P satisfies the following two conditions:

(i) if G € P, then G is primitive;

(ii) if G € P and G/N is a primitive factor of G, then G/N € P.

In other words, a primitive class P is a class of finite groups such that P C Pr
and which together with a group G contains all primitive factors of G.

Notation 3.5. ([7]) Let G be a finite group. We put
P(G) ={G/N / G/N is primitive}.

Proposition 3.6. If G is a finite group, then P(G) is a primitive class.
Proof. Obviously P(G) satisfies (i). In order to verify (ii), let G/N € P(G)
and let (G/N)/(M/N) be a primitive factor of G/N. Since

(G/N)/(M/N) = G/M, (8)

we deduce that G/M is a primitive factor of G, and so G/M € P(G). It follows by
(8) that (G/N)/(M/N) € P(G). So (ii) is also satisfied. O
Definition 3.7. Let G be a finite group. We call P(G) given by

P(G)={G/N / G/N is primitive}
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the primitive class associated to the group G.

Notation 3.8. ([7]) Let X be an arbitrary class of groups. We denote by
P(X)=U{P(G)/G e X}

the union of the primitive classes associated to all groups belonging to the class X.

b) Let P be a primitive class. We denote by
X(P)={G / G/N € P, for all primitive factors G/N of G},

i.e. X(P) is the class of those finite groups G whose primitive factors are in P.

Proposition 3.9. ([7]) If X is a Schunck class and P is a primitive class,
then:

8) X = X(P(X));

b) P = P(X(P)).

We give below the main results of this paper.

Theorem 3.10. Let X be a m-Schunck class with the P property with respect
to w, G a finite w-solvable group and S a subgroup of G. If S is an X -projector of G,
then:

(i) P(S) € X;

(ii) S < W < H < G, with W mazimal in H and H characteristic in G
imply that H/coregW & X.

Proof. (i) S being an X-projector of G, by 1.9.a) S is X-maximal in G,
hence S € X. Let S/N € P(S). Since S € X and X being a homomorph, we obtain
that S/N € X. So P(S) C X.

(ii) Let S <W < H < G, with W maximal in H and H characteristic in G.
Suppose that H/coregW € X. By theorem 2.8, it follows that S is an X-projector of
H. Hence by theorem 1.11 we obtain that S coregW/coregW is an X-projector in
H/coregW, and so by 1.9.a) S coregW/coregW is X-maximal in H/coregW. But
we supposed that H/coregW € X. Hence S coregW/coregW = H/coregW and so
S coregW = H. It follows that

H =S5 coregW <W,

34



PROJECTORS IN FINITE n-SOLVABLE GROUPS AND ASSOCIATED PRIMITIVE CLASSES

in contradiction with the hypothesis that W is a maximal subgroup of H. So we
conclude that H/coregW ¢ X. O

Theorem 3.11. Let X be a m-Schunck class with the P property with respect
tom, G a finite m-solvable group and S a subgroup of G. If the following two conditions
are verified:

(i) P(S) C X;

(ii)) S <W < H <G, with W mazimal in H = H/coregW ¢ X,
then S is an X -projector of G.

Proof. We prove by induction on |G|.

We first remark that S € X. Indeed, from (i) follows that any primitive
factor S/N of S is in X, which, by the primitive closure of the Schunck class X, leads
to S e X.

Let M be a minimal normal subgroup of G. We put S* = SM. Applying
the induction for the m-solvable group G/M (see 1.6.b)) and its subgroup S*/M, we
deduce that S*/M is an X-projector of G/M.

We now prove that S is X-maximal in S*. We saw that S € X. Let § <
T < S*and T € X. We will prove that S = T. Suppose that S # T. Let then
W be a maximal subgroup of T such that S <V < T < S* < G. Applying (ii),
we obtain that T'/corerW ¢ X, in contradiction with T'/corerW € X, which comes
from T € X by applying the hypothesis that X is a homomorph. So S =T.

G being a m-solvable group and M being a minimal normal subgroup of G,
it follows that M is either a solvable m-group or a n’-group. We continue the proof
by considering two cases:

1) M is a solvable m-group. Then, by theorem 1.4, M is abelian. So we are
in the hypotheses of theorem 2.2, where we take M as normal abelian subgroup of G.
Applying theorem 2.2, we obtain that S is an X-projector of G.

2) M is a ’-group. Since X has the P property with respect to =, it follows
that G/M € X. From the fact that S*/M is an X-projector of G/M we deduce,
by 1.9.a), that S*/M is X-maximal in G/M, which gives, using G/M € X, that
S*/M = G/M. So S* = G. We saw that S is X-maximal in S*. It follows that
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S is X-maximal in G. On the other side, by applying theorem 1.15, we obtain that
G € X. Thisleads to S = G € X. So S = G is its own X-projector. [J

In our last considerations, we generalize the definition of the notion of projec-
tor given by W. Gaschiitz in [7] and give some connection of projectors with primitive
classes in the universe of finite w-solvable groups.

Definition 3.12. Let G be a finite w-solvable group and S a subgroup of
G. We say that S is a projector of G if there is some m-Schunck class X with the P
property with respect to m, such that S is an X-projector of G.

Theorem 3.13. Let G be a finite m-solvable group and S a subgroup of G.
If S is a projector of G, then the following implication is true: S < W < H < G,
with W mazimal in H and H characteristic in G = H/coregW & P(S).

Proof. Let S be a projector of G and let S < W < H < G, with W maximal
in H and H characteristic in G. It follows that there is a w-Schunck class X with
the P property with respect to m, such that S is an X-projector of G. Applying now
theorem 3.10, it follows that P(S) C X and also that S < W < H < G, with W
maximal in H and H characteristic in G imply H/coregW & X. Then obviously
H/corezgW ¢ P(S). O

Theorem 3.14. Let G be a finite w-solvable group and S a subgroup of G.
If

(i) X = X(P(S)) is a w-Schunck class with the P property with respect to 7;

(1)) S <V < H <G, with W mazimal in H = H/coregW ¢ P(S),
then S is a projector of G.

Proof. It is easy to see that P(S) C X(P(S))=X. Let S <W < H <G,
with W maximal in H. By 3.1.b), H/coregW is primitive. By (ii), we have that
H/coregW ¢ P(S). From this and from P(S) C X(P(S)) = X and H/coregW
primitive, we deduce that H/coregW ¢ X = X(P(S)). So we proved that conditions
(i) and (ii) from theorem 3.11 are verified. Applying now theorem 3.11, we obtain
that S is an X-projector of G, where X = X (P(S5)) is a m-Schunck class with the P
property with respect to m. Hence S is a projector of G. O
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LEBESGUE TYPE CONVERGENCE THEOREMS

ANCA CROITORU

Abstract. In [9], the author introduced a set-valued integral for multi-
functions with respect to a multimeasure . If Py(X) is the family of
nonempty compact subsets of a Hausdorff locally convex algebra X, then
both the multifunctions and the multimeasure take values in a subset X
of Pr(X) which satisfies certain conditions. In this paper, we present

Lebesgue type convergence theorems for the integral defined in [9].

1. Terminology and notations

The theory of multifunctions has multiple applications in the theory of math-
ematical economics or in the theory of games. In an earlier article [9], we constructed
an integration theory for multifunctions £ : S — X with respect to a multimeasure
p: A— X. If Pr(X) is the family of nonempty compact subsets of a Hausdorff
locally convex algebra X, then both the multifunctions and the multimeasure take
values in a subset X of Pr(X), where X satisfies certain conditions. For different
choices of the space X, of the multifunctions F' and of the multimeasure ¢, this set-
valued integral contains, like particular cases, the classical integrals of Dunford [11],
Brooks [5] and Martellotti-Sambucini [14]. In this paper, we obtain Lebesgue and
Vitali type theorems of passing to the limit into the set-valued integral defined in [9].

Let S be a nonempty set and A an algebra of subsets of S. Let X be a
Hausdorff locally convex vector space and @ a filtering family of seminorms which

defines the topology of X.

Received by the editors: 19.06.2006.
2000 Mathematics Subject Classification. 28B20, 28C15.
Key words and phrases. set-valued integral, integrable multifunction, multimeasure, Lebesgue type

convergence theorem.
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We consider (z,y) — zy having the following properties for every x,y,z €
X,a,peR,peQ:
(i) z(yz) = (zy)z,
(i) vy = yz,
(i) z(y + 2) = 2y + zz,
(iv) (ez)(By) = (aB)(zy),
(v) pzy) < p(x)p(y).
1.1. Examples. (a) X={f | f : T—R} where T is a nonempty set and

Q= A{plt € T}, p(f) = |f(1)], Vf e X.

(b) X ={f | f:T — Ris bounded } where T is a topological space. Let
K ={K C T|K is compact } and @ = {pi|K € K} where px(f) = sup |f(¢)|,Vf € X.

Let Pr(X) = Pi be the family of all nonempty compactteslt(lbsets of X. If
A,B € P, and « € R, then:

A+B={x+ylr € A ye B}
aA = {azx|z € A}
A-B={xylr € A,y € B}.

For every p € Q, A, B € Py, let e,(A, B) = 51618 ylgjg p(z —y) be the p-excess of A over
B and let hy,(A, B) = max{e, (A, B),e,(B, A)} be the Hausdorff-Pompeiu semimetric
defined by p on Pr. We define |A|, = hy(A,0), VA € Py, where O = {0}. Then
{hp}peq is a filtering family of semimetrics on Py, which defines a Hausdorff topology
on Py.

Let X C Py be a subset of Py, satisfying the conditions:
(1) X is complete with respect to {hy}peo;
(2) 0 € X;
(3) A+ B,A-Be X, forall A,B e X;
(1) A-(B+C)=A-B+A-C,forall A,B,C € X.
1.2. Examples.
(a) X = {{z}|z € X} for X like in the examples 1.1-(a), (b).
(b) X = {A € Pr|A C[0,+00)} for X =R.
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(¢) For X like in the example 1.1-(a), let X = {[f,g] | f,g € X,0 < f < g},
where [f, 9] = {u e X | f <u < g} and [f, f] = {f}, for every f,g € X.
1.3. Definition. A multifunction ¢ : A — Py, is said to be a multimeasure
if:
(i) »(0) = 0;
(i) ¢(AUB) =¢(A)+ ¢(B), VA, Be A, ANB = .

1.4. Definition. Let ¢ : A — Pj. For every p € Q, the p - variation of ¢ is
the non - negative (possibly infinite) set function v,(¢p, -) defined on A as follows: for

every A € A,

vy, —Sup{ZIIsD | (

We denote v, (¢, -) by v, if there is no ambiguity.

E;)?, C Ais a partition of A} .

If ¢ is a multimeasure, then v, is finitely additive, Vp € Q.

Throughout this paper, ¢ : A — X will be a multimeasure. We shall work
under a weaker condition than that presumed in Croitoru [9], that is: we shall assume

vp(S) < o0, for every p € Q.

2. Set-valued integral

We recall in this paragraph some basic definitions introduced in [9].
2.1. Definition. A multifunction F : § — X is said to be a simple mul-
tifunction if F = > C; - Xy,, where C; € X, A €A iec {1,....n}, AinA; =0

=1

(i #7), U A; =S and Xy, is the characteristic function of A;.
The integral of F' over E € A with respect to ¢ is defined to be:

/Fd<p Zo ©(A;,NE)eX.

2.2. Definition. A multifunction F : § — X is said to be @ - totally
measurable if there is a sequence (F}, ), of simple multifunctions F,, : S — X satisfying

the following condition for every p € @ :
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hyp(Fy, F) converges to 0 in v,- measure (in the sense of Dunford-Schwartz
[11]) (denoted hy,(F,, F) —2 0).

2.3. Remarks. (a) Every simple multifunction is ¢-totally measurable.

(b) Let F : § — X be a ¢-totally measurable multifunction and, by the
previous definition, let (F),),cn be the sequence of simple multifunctions F,, : S — X

such that, for every p € @ :

hy(Fp, F) =2 0.

Then, for every n € N, h,(F,,, F) and || F||,, are vp-measurable in the sense of Dunford-
Schwartz [11].

2.4. Definition. Let F : S — X be a @ - totally measurable multifunc-
tion. F is said to be ¢ - integrable (over S) if there is a sequence (F,)nen of simple

multifunctions F, : S — X satisfying the following conditions for every p € Q:

(i) hp(Fo, F) =50,
(i) lim [ghy(Fy, Fp)dy, = 0.

n,m— oo
The sequence (F),), is said to be a defining sequence for F. For every E € A, we

define the integral of F over E with respect to ¢ by:

/ Fdp = lim | F,dp € X.
E E

n—oo

2.5. Remarks. (a) Every simple multifunction is ¢-integrable.

(b) If X = R, X = {{z}|z € R}, F = {f}(f is a function), ¢ = {u}(x is
finitely additive) and F is ¢ - integrable, then [, Fdy = { [, fdu}, E € A, where
Ji fdu is the Dunford integral [11].

(¢)If X =R, X = {{z}|z € R}, F = {f} (f is a function) and F is ¢ - inte-
grable, then f is Brooks - integrable with respect to ¢ and [B] fE fdo = fE Fdp,E €
A, where [B] [} fdg is the Brooks integral [5].

(d) If X =R and ¢ = {u} (p is finitely additive), then we get the integral
defined by Martellotti - Sambucini [14] for F' with respect to p.

(e) If X is a real Banach algebra, then we obtain the integral defined in [8].
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2.6. Definition. A multifunction F : § — X is said to be strong ¢ -

integrable if there is a sequence (F),), of simple multifunctions such that:

(i) hy(Fo, F) = 0,
(7)) lim hp(Fp, Fi)dv, =0,

n,m—oo [qo

uniformly in p € Q.

The sequence (F},),, is said to be a strong defining sequence for F'.
2.7. Remarks. (i) Every simple multifunction is strong ¢-integrable.

(i) U F:S— X is strong ¢-integrable, then F' is p-integrable.

3. Main results

3.1. Theorem. Let F,G : S — X be p-totally measurable multifunctions
and o € R. Then:

(1) hp(F, G) is vp-measurable for every p € Q,

(ii) F 4+ G and oF are p-totally measurable.

Proof. Since F,G are p-totally measurable, there exist (F)n, (Gpn)n se-

quences of simple multifunctions such that for every p € @ :
hy(Fo, F) =250, hy(Gp, G) =2 0. (1)

(i) Since |hp(Frn, Gn) —hp(F,G)| < hp(Fp, F) + hp(Gy, G), Vn €N, from (1)
it follows:

hp(Fr, Gp) =2 hy(F,G).
But h,(F,,G,) are simple functions, so h,(F,G) is v,-measurable.

(ii) Since the relations:
hp(Fp+Gn, F+G) < hp(Fp, F) 4+ hy(Gr, G) and
hp(aF,,aF) = |alh,(F,, F),
from (1) it follows:
hp(Fp 4 G, F + G) =% 0 and hy(aF,, aF) =% 0

which show that F'+ G and aF are p-totally measurable. [J
3.2. Theorem. Let F;G : § — X be p-integrable (strong p-integrable
respectively) and let o € R. Then:
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(1) hy(F, G) is vy-integrable for every p € Q.
(it) F+G,aF are p-integrable (strong p-integrable respectively) and we have

/(F—l—G)dap:/ngo—l-/Gdgo,
B B B

/E (aF)dp = a /E Py,

Proof. Suppose F,G are p-integrable. Then there exist (F},)n,(Gn)n

for every E € A:

defining sequences for F,G respectively. From definition 2.4, it follows that
(hp(Ern, Go))n, (B, + Gr)y, and (aF,), are defining sequences for h,(F,G), F + G
and aF respectively. Thus the function h,(F,G) is v,-integrable for every p € @ and
the multifunctions F' + G and oF are ¢-integrable.

Moreover, since

hy (/( F, +G,) d(p,/Fd(p—!—/Gdgp)
< h, (/ F,,d<p,/Fd<p>+h </G d(p,/Gdgp) and
h, (/E(aFn)d%a/Engo) = |alh, (/E Fndap,/Engo),

/(F—l—G)dgo:/ngo—F/Gd(p and/(ozF)dtpza/ngp, VE € A.
E E E E E

it results:

The case of strong ¢-integrability of F' and G is proving analogously. O

3.3. Theorem. Let F: S — X be a strong p-integrable multifunction and
let (F,)n be a strong defining sequence for F. Then we have the following limits
uniformly inp € Q and E € A:

(i) Jim fE (Fp, F)dv, =0,

(i) i fy | Fulodvs = [y 1P v

Proof. (i) First, from definition of Dunford-Schwartz, p.112-[11], it follows
that h,(Fy, F) is vp-integrable, Vn € N, p € Q and:

lim [ hy(Ew, Fy)dy, = /h (Ey, F)dv,, Ym € N. (2)

n—oo S
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From definition 2.6-(ii) we obtain:

Ve > 0,3dng € N such that / hyp(Fiy Fr)dyy < %, Vm,n > ng, uniformly inp € Q.
s
(3)

Since (2), we have:

dn; € N such that <z, VYm 2>nq, (4)

/ hy(Fon, Fy)dvy, — / hy(F, F,)dv,
S S

uniformly in p € Q. Finally, from (3) and (4), it results:

lim hyp(Fp, F)dv, = 0, uniformly inp € Q and E € A.

n—oo E

(ii) Since |[[Fally = 1 Fllp| < hp(Fn, F) and [[Fally = |1 Enllp| < hp(Fas Fin),

from definition 2.6 it results the following conditions uniformly in p € @Q:

IEully 22 WPl and tim [ (UE = 1Pl v, =0,
which show that ||F'||, is v,-integrable and lim S | Fallpdvy =[5 IF|pdyp, uni-
formly inpe @Q and E € A. O o

3.4. Theorem (Vitali). Suppose there exists a > 0 such that v,(S) < «
for everype Q. Let F': S — X bea multifunction and let F,, : S — X be a sequence
of strong p-integrable multifunctions satisfying the following conditions uniformly in
pPeR:

(i) hy(Fo, F) 5 0,

(i) Ye > 0,30() = 0 > 0 s.t. [, |Fulpdvy, < € for every E € A with
vp(E)<6,¥n € N. Then F is strong p-integrable and [, Fdp = nlLII;O S Fado,YE €
A.

Proof. Since (i),
limDO vp({s € S|hp(F(s), Fin(s)) > ¢e}) =0, Ve >0.

n,m—

If we denote Apm(e) = Apm = {s € S|hp(Fn(s), Fin(s)) > €},Vn,m € N, then from
theorem 3.10 - [9], it follows:

[E hp(F, Fy)dury < / | Fallpdvy + / | iy + €y (S). (5)

nm nm
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Since (i) and (ii), there exists ng € N such that vp(Anm) < 0, [, | Fulpdyy < €
and [, ||Fnllpdy, < € for every n,m > ng. Thus from (5) and theorem 3.9 - [9], it

results:
hy (/ Fndgp,/ Fmd<p> < (24 vp(S))e, Yn,m>ng, E € Ap € Q,
E E

which shows that the sequence ([ 5 Fndp), is Cauchy in X and consequently, con-
verges in X. Now, we follow the proof of Vitali theorem 3.17 - [9]. So, let (G})ken
be a strong defining sequence for F,, and let H} , = {s € S|h,(G}.(s), Fu(s)) > =1
Then,for every n € N, there is k(n) € N such that vp(HY }) < 5 and
1 _
/ hp(Gy, Fy)dy, < L Vk > k(n), uniformly inp € Q. (6)
s

If we denote G,, = Gg(n) for every n € N, then we obtain:

(G, F) =5 0. (7)

From (7) and (i), it results that h,(G,,F) is vpy-measurable and h,(G,, F) 0,
uniformly in p € Q. Like in the beginning of the proof, it follows:

/ hp(Fy, Frp)dvy < (24 a)e, Vn,m >ng, E € A,p e Q. (8)
E

Since (6), it results:

1 1
[ 1olGs Gy < 5+ (24 @)z + 5 (9)
S
for all sufficiently large n,m and for every p € (). Consequently, we have
n}flbrgoo fs hp(Gy,, Gr)dy, = 0. So, F is p-integrable and
/ Fdp = lim G,dp, VE € A. (10)
E n—Je
According to theorem 3.9 - [9] and (6), we obtain:
lim h, (/ Gndga,/ Fndgo) =0, VpeQ,F € A. (11)

From (10) and (11) it results now that [, Fdp = lim [, F,de,VE € A.
Since (i) and (9), it follows that (G,), is a strong defining sequence for F
and from theorem 3.3-(i), it results that the limit of (10) is uniform. O
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3.5. Theorem (Lebesgue). Let F : S — X be a multifunction such that
|F|lp is vp-integrable for every p € Q. Suppose there exists a sequence (Fy)nen of

p-integrable multifunctions having the following properties:
hy(Fp, F) 250, Vp e Q, (i)

(ii) there exists o > 0, such that ||Fp(s)|l, < o, Vs € S,p € Q,n € N.
Then F is p-integrable and / Fdp = HILH;O/ F,dp, VE € A.

Proof. Since F,, is JTfo—integrable for every n € N, there exists (G})ken a
defining sequence for F,. Let H}'(p) = H' = {s € S | hy(G}(s), F,,(s)) > 5= }. Then

for every n € N, since proposition 3.7-b) of [9], there exists k(n) € N such that:

1 1 _
vp(HE) < on and /Shp(GZ,Fn)dup < on VEk > k(n). (12)

Let G,, = G%(n), Vn € N. Then we have
(G, Fry) =5 0. (13)
Since hy(Gr, F) < hy(Gr, Fy) + hyp(Fy, F), ¥Yn € N, from (13) and (i) we obtain:
hp(Gn, F) =2 0. (14)

By the definition 2.2, F' is ¢-totally measurable. Since theorem 3.1,it results h, (G, F)
is vp-measurable, ¥n € N. Since F), is ¢-integrable and F' is ¢-totally measurable, from

theorem 3.1-(i) it follows that h,(F,, F) is vp-measurable. Now we have:
hyp (B, ) < | Eallp + ([ Flp, V0 €N (15)

From proposition 3.7-a) of [9], it results || F, ||, is v,-integrable and from hypothesis
we have ||F||, is vp-integrable. But h,(F),, F') is vp-measurable so, from (15) it follows
that h,(Fy, F') is vp-integrable, Vn € N. For every k € N*, let

Ag(p,n) = {s €S| hp(Fn(s), F(s)) > k:ulp(S)} .
Since (i), for ¢ = 1, there exists ny > k such that v,(Ay(p,n)) > £, Vn > ny.
Particularly,

, VkeN*. (16)

I =

Vp(Ax(p,ni)) <
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Let us denote Ay (p,ni) = By and let € > 0. Denoting I'(F) = / | F||pdvy, VE € A,
E
since I' < v,, there is d(p, ) = § > 0, such that

/ |Fllpdvy < &, VE € Awith vp(E) < 6. (17)

Then, for every k € N* with + < min{4, e}, from (ii), (16) and (17) we have:

/hp(Fk,F)dl/p:/ h Fk, dI/p / hp Fk, dl/p
S Bk CBk

1
< [ VR [ 1Pl <
By By

< avy(By) + 2 < % + 2 < (a+ 2)¢,

that is
lim [ hy(Fk, F)dy, = 0. (18)

k—o0 S

Since the inequality:

/ hy(Fr, F)dy, < / hy(Fy, F)dv, +/ hy(F, Fp,)dv,
s s S
and from (18) it follows

lim hyp(Fy, Fi)dy, = 0. (19)

n,m-—0o0 S

For all sufficiently large n and m, since (12) and (19) we have:

/ (G, G )l < / (G, Fi) vy + / oy (Fis F )y +
S S S

1 1
+/ hy(Frm, Gr)dvy < — +e+ —, that is
. on om
lim hyp(Gy,, Gr)dyy, = 0. (20)

n,m—oo |g

Finally, from (14) and (20), it results that F' is @-integrable.

Now, since theorem 3.9 - [9], we have:

(/ F, d<p7/ Fd(p) / o(Fo, Fdv, <

< / hp(Fy, F)dvy, YE € A,n €N
S
and from (18) it follows that [, Fdp = lim [, F,dp, YE € A0
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3.6. Theorem (Lebesgue). Let F : S — X be a o-totally measurable
multifunction such that ||F||, is vy-integrable for every p € Q. Suppose there exists a
sequence (Gy)n of simple multifunctions satisfying the conditions:

(i) hy(Gn, F) = 0,p € Q,

(1) there is o > 0 such that ||Gn(s)|l, < @,Vs € S,pe Q,n € N.

Then F is p-integrable.

Proof. Since ||F||, is v,-integrable, from the inequality h,(Gy, F) < |G, ||+
|F|lp, it follows that h,(G.,, F) is vy-integrable for every p € Q,n € N. For every
k € N* let

Ag(p,n) = {s € Slhy(Gn(s), F(s)) > kz/pl(g) } )

For now on, acting like in the proof of the previous theorem 3.5, we obtain:

k—oo

lim [ hy(Gg, F)dv, =0. (21)
s
Since the inequality:

/ oy (Gins G )y < / (G )y + / (G, F)d
S S S
and from (21), it follows:

lim hyp(Gy,, Gr)dyy, = 0. (22)
n,m—oo |g
Finally, from (i) and (22), it results that F is ¢-integrable.
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RESTRICTION TO SUBGROUPS AND SEPARABILITY

ANDREI MARCUS

Dedicated to Professor Grigore Calugareanu on his 60th birthday

Abstract. Let G be a group, R = @gec
and let H be a subgroup of G. In this note we prove that the functors

Ry a strongly G-graded ring,

(Ind%, ResZ) form a Frobenius pair if and only if [G; H] < oo, and that
Resé : Rz-Mod — R-Mod is a separable functor if and only if [G; H] < oo

and the trace map Tr§: Z(R1)" — Z(R:1)¢ is surjective.

1. Introduction and preliminaries

1.1. Let F: A — B be a covariant functor, and G: B — A a right adjoint of F'. Recall
that F is separable if the unit n: 1¢ — G o F of the adjunction splits. Similarly, G is
separable if the counit €: 1p — F o G of the adjunction cosplits.

The functors F and G are said to form a Frobenius pair if G is also a left
adjoint of F. Frobenius and separability properties have attracted the interest of

many authors, and an excellent account of the subject is given in [1].

1.2. In this note we consider a group G, a strongly G-graded ring R = @gGG Ry,
and a subgroup H of G. Denote by R-Mod the category of left R-modules. We are
concerned with the ring extension Ry — R. It is easy to see that the induction

functor
G
md% = R®p, —: R-Mod — Ry-Mod
Received by the editors: 13.03.2007.
2000 Mathematics Subject Classification. Primary 16 W50, Secondary 20C20, 18A40.
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is separable, therefore we investigate the separability of its right adjoint
Res$ : Ry-Mod — R-Mod.

This is related to [1, Section 3.2] and [1, Section 3.2], but we give here a direct proof
of a separability criterion for Res% in terms of the action of G on the center Z(R;)
of Ry, which generalize [4, Proposition 2.1] and [2, Proposition 1.5].

More precisely, we prove in Section 2 that (Ind$, Res$) is a Frobenius pair
if and only if the index of H in G is finite, and the functor Resg is separable if and

only if [G : H] < oo and the trace map
%5 Z(R)H — Z(Ry)®

is surjective.
We recall some well-known facts about the ungraded case.

1.3. Let ¢: S — R be a ring homomorphism, and let y: R ®s R — R be the mul-
tiplication. Then the restriction of scalars induced by ¢ is a separable functor if and

only if the ring extension R/S is separable, that is, there is an (R, R)-bimodule map
(:R— R®s R

such that oy = idg. Clearly, the existence of an (R, R)-bimodule map (: R — RQsR

is equivalent to the existence of an element
T = Zx(l) @z? e R®s R

such that 7z = zr for all r € R, and then ¢ splits p if and only if 3> z(Mz(?) = 1.

1.4. The restriction of scalars induced by ¢ and the extension of scalars
R®g —: S-Mod — R-Mod
form a Frobenius pair if and only if there is an (S, S)-bimodule map
viR— S

and an (R, R)-bimodule map
(:R— R®s R
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such that the diagram

R®s R

N

S®s R R®s S

A

R

is commutative, that is,

Zu(x(l))xm = Zaj(l)y(azm) =1

2. Strongly graded rings and restriction to subgroups

Let G be a group and let R = R, be a strongly G-graded ring.

geG
2.1. There is an action of G on Z(R;) defined as follows.

For each g € G, we have that RgR,-1 = Ry, so there are elements ry; € R,
and 1y ; € Ry-1 such that ), ry ;7 ; = 1. By definition, for each ¢ € Z(R1), we have
Je= ng,icr;i =1.

This definition does not depend on the choices we have made, and (g, ¢) — 9¢ is indeed
a (left) action of G on Z(R;). Note also that the element 9¢ € Z(R;) is uniquely

defined by the property
rgc="9cry

for each ry € R,.
If [G : H] is finite, we may define the trace map
T Z(R)" — Z(R)°,  a— ) Ya,
9€[G/H)

where [G/H| denotes a full set of representatives for the left cosets of H in G. The
image of Trg is an ideal of Z(R;)Y, so Trg is surjective if and only if there is
a € Z(R)™ such that Tr% (a) = 1.
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We may state the main result of this note. We use the notation introduced

in 1.2.

Theorem 2.2. 1) The functors Indg and Resg form a Frobenius pair if and only if
[G: H] < c0.

2) The functor Resg is separable if and only if [G : H] < oo and trace map
TG : Z(R)H — Z(Ry)C is surjective.

Proof. Assume that [G : H] is finite. Then it is well-known (see for instance [3, 3.1] for
details) that Ind is both a left and a right adjoint of Res%. In fact, let us define an
(R, Ry )-bimodule map v: R — Ry and an (R, R)-bimodule map (: R — R®pg, R
such that 1.4 holds. First, let
v: R— Ry, ngl—> ng
e geH

be the projection onto Ry, which is obviously (R, Ry)-linear. Next, let ¢ € Z(R;)H,
and let

Ccz R_>R®RH R, r—r Z Zrn,ic(@rfy,i:rrcc(l)v
oceG/H i

where we choose g € o and then 7, ; :=r,; and r, ; :=r, ;. Observe that (.(1) does
not depend on the choices made in 2.1. Indeed, let s4; € Ry and Sg,j € Ry—1 such

that
Z 59,359 = L.
J

Choose another full set of representatives for the left cosets of H in G, and define
sy, and s, ; by the above convention, so in particular, 77 ;5,; € Ry. Then, since
¢ € Z(Ry), we have

1 o ) /
D D 50e®8g = D D Taillifec® sy

ce€G/H j c€EG/H j i

! !/
= E : E :E :rU,iC@TU,iSUJSU,j

oc€G/H j i

/!
= E E ToiC QT ;-

ceG/H 1
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Now let h € G and 1}, € Ry,. Then

rpCe(1 Z Zrhrg Zc®7‘gZ

g€e[G/H] i

= Z ZZshgjshgjrhrglc@)ng
ge[G/H] & j

= Z ZZsth X shgjrhrgzcr
g€[G/H] i ]

= Z Zshgﬂc@shwrh_g( )Th
g€[G/H] J

It follows that (. is an (R, R)-bimodule map. It is easy to see that

(v @id) o ()(1) = (([d@v) o C)(1) = ¢,

hence 1.4 holdy by taking ¢ = 1. Moreover, (po(.)(r) = r Tr%(c), hence by 1.3, Res%
is a separable functor if there is ¢ € Z(Ry)™ such that Tr$ (c) = 1.

To prove the converses, assume that (: R — R®p, R is an (R, R)-bimodule
map, and let ¢(1) = Y2 @ 2 € R®g, R. If (Ind%, Res) is a Frobenius pair,
there is an (Ry, Ry )-bimodule map v: R — Ry such that for all » € Ry

r=v(reM)z® = Wy (7).

It follows that the family {2(®), v((—)z(1)} is a dual basis for R as a left Ry-module,
hence in particular, R is a finitely generated left Ry-module. Since R is strongly
graded, it follows that [G : H] is finite.

We have that R = @ ¢ m Rgnr as (R1, Ry)-bimodules. We denote by o

the isomorphism

R—R®p, R~ P Reu®nry R

9€[G/H]

~ P R,®r R
9€[G/H]

~ @ Pron.
g€[G/H] heG

61



ANDREI MARCUS

of (Ry, Ry)-bimodules. Denote also ¢’ :== ao ¢ and p/ := poa~!. Then ('(1) is a
finite sum of monomials of the form a4 ® by, where g € [G/H], h € G, a4 € R, and
by € Ry,.

Assume that Res% is separable, so p/(¢'(1) = 1 € R;. By looking at the

homogeneous components, we deduce that ¢’(1) is of the form

ciy= 3 Ya e,

9€[G/H]

Denote ¢y g-1 = 4/ (3 ag®@b, 1) € Ry, so we have that >_gelG/H] Cog-1 = 1. We claim
that ¢, -1 = 9¢y ) for all g € [G/H]. Indeed, we know that r,¢’(1) = ¢'(1)r, for all

g € G and ry € Ry. By taking homogeneous components, we deduce

Z/rgal ®b = Z/ag ®bg-17g.

By applying p, we get rgc1,1 = ¢4 g-17¢, s0 by 2.1, the claim is proved. It follows that

E 90171 = E Cg)g—l =1.

9€[G/H] g€[G/H]

This also implies that [G : H] is finite, since otherwise there would exist g € [G/H]

such that ¢, ;-1 = 0; then ¢;,1 = 9 e, 4= 0, which is a contradiction.

9,9

Finally, it remains to show that we may take c;1 € Z(Rl)H, that is rpc11 =
c1am, for all h € H and ry, € Ry,. Indeed, the representation of ¢’/(1) can be chosen
such that 1 € [G/H] and Z/al ® b1 = 1® by, and then ¢ ; = b;. The claim follows

from the fact that rp¢’'(1) = ¢'(1)ry, for all h € H and ry, € Ry,. O

Remark 2.3. Assume that [G : H] is finite and let M, M’ € R-Mod. Then we have

a trace map
Trf;: Hompg, (M, M') — Homgp(M, M'), TeG(f)(m)= Y_ > reif(r} m).
g€e[G/H] i

If moreover ¢ € Z(Ry)" satisfies Tr& (¢) = 1, then for any f € Hompg(M, M), we
have that Tr(cf) = f.
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ON THE COMPLETENESS OF THE SEMIHYPERGROUPS
ASSOCIATED TO BINARY RELATIONS

HORATIU OLARU, COSMIN PELEA, AND IOAN PURDEA

Dedicated to Professor Grigore Calugdreanu on his 60th birthday

Abstract. We will determine the complete hypergroupoids, semihyper-
groups or hypergroups determined by binary relations (more exacly, by
monounary multialgebras) an we will study some closure properties of
their classes with respect to the products of some categories where they

are contained.

1. Introduction

On the basis of [1, 7], in [4, 5] C. Pelea and I. Purdea started an investiga-
tion on some constructions of hypergroupoids associated to binary relations. This
paper continues the investigation of C. Pelea and I. Purdea from the point of view
of the completeness of the multialgebras involved in this discussion, which is another
problem studied by Pelea and Purdea (for general multialgebras) in [3]. So, we will
give a characterization for the complete hypergroupoids, complete semihypergroups
and complete hypergroups associated to monounary multialgebras (hence with binary
relations). Even if the subcategory of the hypergroupoids determined by monounary
multialgebras is not closed under direct product (i.e. under the product from the cat-
egory of hypergroupoids) the completeness condition seems to fix this problem. This
is not surprising since we will see that the completeness condition on a hypergroupoid
determined by a monounary multialgebra is very restrictive. We will see that the

Received by the editors: 11.03.2007.
2000 Mathematics Subject Classification. 20N99, 20N20.

Key words and phrases. semihypergroup associated to a binary relation, semihypergroup associated

to a monounary multialgebra, complete semihypergroup, complete hypergroup.
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complete hypergroupoids determined by monounary multialgebras coincide with the
complete semihypergroups determined by monounary multialgebras, so, we deal most
of the time with semihypergroups determined by monounary multialgebras. We will
also be able to adapt the results we obtain to hypergroups determined by monounary
multialgebras. We mention that the categorical notions are not complicated and they

can be found in [6].

2. Preliminaries

Let H be a set and let R be a binary relation on H. Denote the inverse of

the relation R by ﬁ For z1,...,x, € H, X C H we denote
R(X)={ye€e H |3z e X : xRy} and R(z1,...,z,) = R({z1,...,2,}).
As in [7], one can associate to R the partial hypergroupoid Hr = (H, o) defined by
zoy= R(x,y).
It is obvious that 2* = x ox = R(z) = {y € H | zRy} and
(1) roy=a’Uy? Va,y € H.
Lemma 1. [7, Lemma 1] Let H be a set and let R be a binary relation on H. The
partial hypergroupoid Hr = (H, o) is a hypergroupoid if and only if E(H) =H.

An element z € H is an outer element of (the relation) R if there exists h € H

such that (h,z) ¢ R%.

Proposition 1. [7, Proposition 2] If H be a set and R is a binary relation on H with
—1
R(H) = H then Hg is a semihypergroup if and only if R C R* and

(a,x) € R> = (a,2) € R

whenever x is an outer element of R.

Proposition 2. [7] Let H # 0 and let R be a binary relation on H. The hypergroupoid
Hy is a hypergroup if and only if the following conditions hold:

1) R(H)=H;
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2) R(H) = H;
3) RC R2;

4) whenever x is an outer element of R we have
(a,2) € R?* = (a,r) € R.

Let (H,R), (H', R') be relational systems with binary relations and h : H —

H'. One says that h is a homomorphism of relational systems if
TRy = h(x)R'h(y).

Let (H,o), (H',o") be hypergroupoids. A mapping h : H — H' is called homomor-
phism (of hypergroupoids) if

h(zoy) C h(z) o' h(y), Yo,y € H.

-1
Remark 1. If R is a binary relation on H with R(H) = H, we can see (H, R) as the
multialgebra (H, f) with one unary multioperation f : H — P*(H) defined by

(2) TRy &y € f(z).

An element x € H is outer element (of (H, f)) if there exists h € H such that

x ¢ f(f(h)). An element x € H is an inner element if it is not an outer element.

Remark 2. If (H', R’) is also a relational system for which IB}(H’) =H' and (H', f)
is the corresponding monounary multialgebra then h is a relational homomorphism
between (H, R) and (H', R') if and only if h is a homomorphism between the multialge-
bras (H, f) and (H', f'). If Ry denotes the category of the relational systems with one
binary relation (having as morphisms the homomorphisms of relational systems and
as product the usual composition of homomorphisms) and R} its (full) subcategory
consisting in the relational systems (H, R) for which le(H ) = H. The identification
we made in the previous remark gives a categorical isomorphism between R, and
the category Malg(1) of the monounary multialgebras (i.e. the multialgebras of type
(1)), where the morphisms are the multialgebra homomorphisms and the product of
two morphisms is the usual composition of homomorphisms.
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The hypergroupoids (or semihypergroups, or hypergroups) associated to bi-
nary relations can be seen as hypergroupoids (or semihypergroups, or hypergroups)
associated to monounary multialgebras (H, f) using the translation of (1) in the terms

of the unary multioperation f. Thus we have

fX) = f@) and zoy = f({z,y}) = f(@) U fy)(= 2" Uy?)

zeX

forany X C H, X #(, x,y € H and Lema 1 can be rewritten as below:

Lemma 2. For any multialgebra (H, f) with one unary multioperation, the equality

zoy = f({z,y})

defines a hypergroupoid Hy = (H, o).
Propositions 1 and 2 can be restated as follows:

Proposition 3. Let (H, f) be a multialgebra with one unary multioperation. The

hypergroupoid Hy is a semihypergroup if and only if

f(z) C f(f(z)), Ve e H

and for any outer element x € H,

x € f(f(a)) = x € f(a).

Proposition 4. Let H # 0 and let (H, f) be a multialgebra with one unary multiop-
eration. The hypergroupoid Hy is a hypergroup if and only if the following conditions
hold:

i) f(H)=H;

ii) f(z) C f(f(x)), Vo € H;

iii) whenever x is an outer element we have

z e f(f(a) =z € fla).

In [7, Proposition 3], Rosenberg determines the semihypergroups which can
be obtained from a binary relations using (1). We restated the result of Rosenberg as
follows:
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Proposition 5. Let (H, x) be a hypergroupoid. There exists a binary relation R on H
such that (H,*) = Hg if and only if (1) holds. A hypergroupoid (H,*) which satisfies

the condition (1) is a semihypergroup if and only if it verifies the conditions:
3) 22 € (22)? and («2)2 1 (H \ (42)?) C a2, Va,y € H.

A hypergroupoid (H,*) which satisfies the conditions (1) and (3) is a hypergroup if
and only if U, ey 22 =H.

The binary relation R € H x H from Rosenberg’s proof is defined by

TRy & ycxrxz,
-1
R(H) = H and the corresponding unary multioperation is

fx 1 H— P*(H), fi(z)=xx*uz.

Remark 3. The conditions (3) are the (equivalent) translation of the conditions 3)
and 4) from Proposition 2 in the terms of the hyperoperation *. So, a hypergroupoid
(or semihypergroup, or hypergroup) (H,*) is determined by a unary multioperation

f on H if and only if (H,*) satisfies the condition (1).

In the category Malg(2) of hypergroupoids — the morphisms are the hyper-
groupoid homomorphisms and the product of two morphisms is the usual composi-
tion of homomorphisms — we consider the following subcatgories: the subcategory
Malg’(2) of the hypergroupoids satisfying (1), the subcategory SHG' whose objects
are the semihypergroups which satisfy (1) and the subcategory HG' whose objects
are the hypergroups which satisfy (1). We also denote by Malg'(1) the full subcate-
gory of Malg(1) whose objects are the monounary multialgebras (H, f) which satisfy
Malg(1) whose objects are the monounary multialgebras (H, f), with H # @, which

satisfy the conditions i), ii), iii) from Proposition 4.
Remark 4. [4, Corollaries 3, 4] The correspondences

(H,f) — Hy, hh
77



HORATIU OLARU, COSMIN PELEA, AND IOAN PURDEA

define three covariant functors

F : Malg(1) — Malg'(2), F’: Malg'(1) — SHG’, and F" : Malg”(1) — HG'.
These functors are isomorphisms of categories and their inverses are the functors

G : Malg'(2) — Malg(1), G’ : SHG' — Malg'(1), and G” : HG' — Malg" (1),
respectively, given by

(H, %) — (H, f+), h— h.

3. Complete semihypergroups associated to monounary multialgebras

In this section we will determine those monounary multialgebras which de-
termine complete semihypergroups and complete hypergroups.
First, remember that a multialgebra A = (A, (fy)y<o(r)) of type T is complete

if for any m,n € N, any

qe P () \{x; |ie{0,...,m—1}}, re P (r)\ {x; | i€ {0,...,n—1}},
and any ag,...,0m—1,00,--.,bn_1 € A,
(4)  qlag, .- am—1) N7y bn_1) #0 = qlag,---,am—1) =7(bg,...,bp_1).

Remark 5. For a monounary multialgebra (H, f), the images of the term functions

involved in (4) are the nonempty subsets

with n € N* and « € H, hence the monounary multialgebra (H, f) is complete if and

only if for any m,n € N, and any z,y € H,
fM@) 0 f(y) #0 = (@) = f"(y).

Lemma 3. Let (H,o) be a semihypergroup which satisfy (1). The semihypergroup
(H, o) is complete only if the multialgebra (H, f,) satisfies the identity

() f(f(x)) = f(x)
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(f denotes the symbol of the multioperation corresponding to the monounary multial-

gebra type).

Proof. According to Proposition 5, in the semihypergroup (H,0) = Hy, we have
22 C (2%)?, Vo € H,

and the completeness of (H, o) leads us to the equalities
2? = (2%)?, Vo € H.

Let us remember that 2 = f,(x) and

(2°)’ = (@owx)o(wox)=|Jyoz|yzemon} = J{y? Uz’ |y,z € fo(x)}
=2 1y € fol@)} = J1fo) |y € fo(2)} = fo(fo(2)).
Thus we have
fo(fo(x)) = folz), Yz € H,

hence the identity (5) is satisfied on the multialgebra (H, f5). O

Remark 6. From Remark 5 one deduce easily that a monounary multialgebra (H, f)
satisfying (5) is complete if and only if {f(x) | x € H} is a partition of f(H). In the
terms of binary relations, if R is the binary relation from (2), this happens when the
restriction of R to R(H) is an equivalence relation on R(H).

The condition that the monounary multialgebra (H, f) satisfies the identity
(5) is stronger than the conditions from Proposition 3, but it is not sufficient for
obtaining a complete semihypergroup Hy.
Ezample 1. Let H = {1,2,3} and f : H — P*(H), f(z) = z. Clearly, (H, f) satisfies
(5). Yet, the corresponding hypergroupoid Hy = (H, o) is a hypergroup which is not

complete since
1o2={1,2} #{2,3} =203, evenif (102)N(203) = {2} # 0.

Lemma 4. Let (H,o) be a hypergroupoid determined by a monounary multialgebra
(H, f). If the hypergroupoid (H,o) is complete then:
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) zox=xoy, Vr,y € H;

b) f(x) = f(H), Yz € H;
) (H, f) is a complete multialgebra;
) (H

,0) is a commutative (complete) semihypergroup.
Proof. a) Since (H,o) is a complete hypergroupoid and
(@ox)N(zoy) = flz)N(f(x)U f(y) = fz) #0,

for all z,y € H, we have

rox=xoy, VYr,y € H.

b) From a) follows that f(x) = f({x,y}) for all z,y € H, thus for each z € H,

f@)= U =) =f | Ulzw} | = f(H).

yeH yeH

¢) We apply Remark 5 and from b) follows that
f™(x)=f(H), Yn e N*, Va € H.

d) It is clear that any hypergroupoid determined by a monounary multialgebra is

commutative. For any x,y,z € H, using b) we have
(zoy)oz= f({w,y}) oz = F(H) oz = [(H).
Analogously, z o (yo z) = f(H). O
Lemma 5. Any commutative hypergroupoid (H,o) which satisfies the identity
(6) X0X=XO0Yy
s a complete semihypergroup determined by a monounary multialgebra.
Proof. Tf a commutative hypergroupoid (H, o) satisfies the identity (6) then
roy=xox=yoy=a>Uy? Yo,y € H,
so (H, o) satisfies (1). This means that (H,o) is determined by (H, f), where

f:H— P*(H), f(x)=zoux.
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Under these circumstances, (6) leads us, as in the proof of the previous lemma, to

{EOy:f({(E,y}):f(x):f(H), Ve,y € H

and to the fact that the hypergroupoid (H, o) is a semihypergroup. The completeness
of this semihypergroup follows from the form of its hyperproducts: it is easy to prove

by induction on n € N*, n > 2 that
xlo"'oxn:f(H)v
for any x1,...,x, € H. O

Theorem 1. Let (H, o) be a hypergroupoid determined by a monounary multialgebra
(H, f). The following conditions are equivalent:
1) (H,o) is a complete hypergroupoid;
2) (H,o) satisfies the identity (6);
3) f(z) = f(H), Yz € H;
) (H

4 ,0) is a complete semihypergroup.

Proof. 1) = 2) = 3) follows as in the proof of Lemma 4.
3) = 4) follows as in the final part of the proof of Lemma 5.

4) = 1) is obvious. O

Corollary 1. A hypergroupoid (H,o) determined by a nonempty monounary multi-

algebra (H, f) is a complete hypergroup if and only if
f(z)=H, Ve e H

and this happens exactly when the (H,o) is the total hypergroup on H.

Indeed, if (H,o) is a hypergroup then f(H) = H, hence its completeness
implies f(x) = f(H) = H for each x € H. Conversely, if f(x) = H for each v € H
then f(H) = H, thus (H,o) is a complete semihypergroup which is a hypergroup.
The hyperproduct of this hypergroup is defined by

xoy:f({x,y}):f(H):H, Vo,y € H
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(i.e. (H,o) is the total hypergroup on H).
Remark 7. The condition on (H, f) to be complete is not equivalent with the con-
ditions from the Theorem 1. For instance, the monounary multialgebra (H, f) from
Example 1 is complete and determines a (semi)hypergroup which is not complete
since (H, f) does not satisfy the condition 3) from Theorem 1.

The following corollary is the translation of the above results in the terms of
binary relations.
Corollary 2. Let Hr = (H, o) be the hypergroupoid determined by the binary relation
R. Then Hg is a complete semihypergroup if and only if

R(z) = R(H), Vz € H.
If H # 0 then Hp is a complete hypergroup if and only if

R(x)=H, Vz € H.

4. Products of complete semihypergroups associated to monounary mul-

tialgebras

Let ((Hi, fi) | @ € I) be a family of monounary multialgebras. The direct

product of the multialgebras (H;, f;) is the multialgebra (IT;c; H;, f) with
F(@)ier) =[] filw)-
iel

This multialgebra, with the projections e/ : [ljer Hi — Hi, el((zj)jer) =z (1 € 1)
is the product of the multialgebras (Hj, f;) in the category Malg(1).
Proposition 6. [2, Proposition 4] If n € N, q,r € P (1), and (A; | i € 1) is a
family of multialgebras of type T such that q = r is satisfied on each multialgebra 2;
then q = r is also satisfied on the multialgebra [, , 2A;.
Corollary 3. If ((H;, f;) | i € I) is a family of monounary multialgebras satisfying
the identity (5) then the direct product (I];c; Hi, f) also satisfies (5).

Remark 8. [5, Remark 9] If K7 is the subclass of Malg(1) which consists in multialge-
bras which satisfies (5) then KY is a subclass of Malg’(1) closed under the formation
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of the direct products. The subclass K%' of Malg(1) which consists in nonempty mul-
tialgebras (H, f) which satisfy (5) and f(H) = H is a subclass of Malg” (1) closed
under the formation of the direct products.

Theorem 2. The monounary multialgebras which determine complete hypergroupoids
form a subclass of K} closed under the formation of direct products. Also, the mo-
nounary multialgebras which determine complete hypergroups form a subclass of K4

closed under the formation of direct products.

Proof. From Lemma 3 it follows that a monounary multialgebra (H, f) which deter-
mines a complete hypergroupoid Hy satisfies (5), hence (H, f) is in Kj. According
to Theorem 1, the complete hypergroupoid Hy is a semihypergroup. It is immediate
that if Hy is a hypergroup then (H, f) is in K4. Let I be a set and for each i € I, let

(H;, f;) be a monounary multialgebra for which
fi(zs) = fi(H;), Yo, € H;.

If (Hiel H;, f) is the direct product of the multialgebras (H;, f;) then

F(@ier) = [ [ filw) = [[ fi(H) = 1 (H Hi) :

i€l i€l iel
for any (;)ier € [T;e; Hi, hence ([T;c; Hi, f) determines a complete semihypergroup.
If, in addition, for any 7 € I we have H; # () and f;(H;) = H; then
f((@i)ier) = Hfi(Hz‘) = Hsz
iel i€l

for any (z;)icr € [[,c; Hi, so the multialgebra (Hiel Hi7f) determines a complete
hypergroup. O

Let us denote by SHG,' the subcategory of SHG' whose objects are the
complete semihypergroups determined by monounary multialgebras and by HG.'
the subcategory of HG’ whose objects are the complete hypergroups determined by
monounary multialgebras. Since the direct product of monounary multialgebras is
their product in Malg(1) from the above theorem, using Remark 4 and Remark 8 we
obtain:
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Corollary 4. The subcategory SHG.' of SHG' is closed under products. More-
over, if I is a set and for each i € I, (H;, f;) is a monounary multialgebra
which determines a complete semihypergroup (H;)s, = (H;,0;) then the product of
((H;,0;) | i € I) in SHG,.' is the (complete) semihypergroup determined by the direct
product ([T;c; Hi, f).
Corollary 5. The subcategory HG.' of HG' is closed under products. Moreover, if
I is a set and for each i € I, (H;, f;) is a monounary multialgebra which determines
a complete hypergroup (H;)s, = (H;,0;) then the product of ((H;,0;) | i € I) in HG'
is the (complete semi)hypergroup determined by the direct product (Hiel H;, f)

If (H;, fi) | i € I) is a family of monounary multialgebras which determine

the complete semihypergroups (hypergroups) ((H;) ¢, = (H;,0;) | i € I) then
zioy; = filwi) = fi(yi) = fi(H;), Vai,y; € Hy, Vi€ 1.

The product of ((H;)y,
(hypergroup) ([I,c; Hi,o) determined by the direct product (I[;c; Hi, f). The hy-
Hi then

i €I)in SHG. (HG.') is the (complete) semihypergroup

perproduct o is defined as follows: if (2;)icr, (yi)ier € [1;c;

(@i)ier o (Wi)ier = f((:)ier) U f((i)ier) = [ [ filws) U] fi(wi)
el i€l
= £iH) =[[@iow),
i€l iel
hence ([[;c; Hi,o) is the direct product of ((H;,o;) | ¢ € I), i.e. the product of
((Hi,0;) | i € I) in Malg(2). Thus we have proved the following result:

Corollary 6. The categories SHG,' and HG.' are subcategories of Malg(2) which

are closed under products.
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ON THE INTEGRABILITY OF A SYMPLECTIC STRUCTURE
ON TANGENT BUNDLE

MONICA PURCARU

Abstract. In this paper we determine the set of all semi-symmetric met-
rical d-linear connections for a fixed nonlinear connection. We consider the
group: Z%SN of transformations of semi-symmetric metrical d-linear connec-
tions on TM, having the same nonlinear connection N and we give some
important invariants. We study the 2-forms on TM and we define the in-
tegrability of a 2-form. We study the integrability of an almost symplectic
d-structure on TM.

1. Preliminaries

The geometry of the tangent bundle (T'M,w, M) has been studied by
M.Matsumoto in [4], by R.Miron and M.Anastasiei in [5], [6], by R.Miron and
M.Hashiguchi in [7], by V.Oproiu in [8], by Gh.Atanasiu and I.Ghinea in [1], by
R.Bowman in [2], by K.Yano and S.Ishihara in [10],etc. Concerning the terminology
and notations, we use those from [6].

Let M be a real n-dimensional C*°-differentiable manifold and (T'M,w, M)
its tangent bundle.

If (z%) is a local coordinates system on a domain U of a chart on M, the
induced system of coordinates on 7= 1(U) is (z*,4°), (i = 1, ...,n).

Let N be a nonlinear connection on TM, with the coefficients N°? j(x,y),

(i,7=1,...,n).

Received by the editors: 10.04.2006.
2000 Mathematics Subject Classification. 53C05, 53C20, 53C60, 53B40, 58B20.

Key words and phrases. tangent bundle, metrical structure, almost symplectic structure, integrability,

invariants, semi-symmetric metrical d-linear connection, transformations group.
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We consider on T'M a metrical structure G defined by:
(L) Glz,y) = 39i(z,y)de’ @ do? + 5Gi5(x,y)0y’ @ 0y,

where (dzt, 6y%), (i = 1,...,n) is the dual basis of (62;- , 6%1-), and (gi;(x,v), §ij(z,y))

is a pair of given d-tensor fields on T'M, of the type (0,2), each of them symmetric
and nondegenerate.

We asociate to the lift G the Obata’s operators:

| 0= 0~ gg), 0 = 461 +00ig"),
0l = §010] ~ 30i8"), 0 = $0105 + 30s8")
Obata’s operators have the same properties as the ones associated with a

Finsler space [7].

2. Semi-symmetric metrical d-linear connections on TM

0
Let N and N be two nonlinear connections on TM with the coefficients

0
N%(x,y) and N (z,y) respectively, (i,j=1,...,n).

Definition 2.1. A d-linear connection, D, on T M, with local coefficients
DI'(N) = (Lijk,f/ijk, C’ijk, C’ijk), is called metrical d-linear connection on T M if:
(21) gk =0, gile =0, Giji =0, Gisle =0,

where |, | denote the h-and v-covariant derivatives respectively, with respect to D.

Using a well known method given by R.Miron in [7] for the case of Finsler

connections we obtain:

0
Theorem 2.1. Let D be a given d-linear connection on T M, with local coefficients
0 0 0 0

0_ 0 ) 00 .
DU(N) = (L3, L 5, C3, C%) - The set of all metrical d-linear connections on TM,
with local coefficients DI'(N) = (Lijk,fﬁjk, C’ijk, Cijk) is given by:
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0
Ni =N X',

, 0 0 . 0 ,
L' =L, + C"p X + %st(gsﬁk + Gsj | X™) + Q%'thk
- 0 0 ) 0 -
02§ D=t Ol X157 g, 3 o X0 S

C]k _Cjk +2g Gsj ‘k +thYh

i O k+29 Gsj |k +ththk’ X' -Tk:O’
j
0

0
Vi, Yi are arbitrary tensor ﬁelds on TM, |, | denote the

ka’ Jk

i i
where X, X%,

h-and v-covariant derivatives respectively, with respect to D.

If we take Xij = 0 in theorem 2.1, we obtain a theorem given by R.Miron

and M. Anastasiei in their papers [5], [6]:

0
Theorem 2.2. [5],[6] Let D be a given metrical d-linear connection on TM, with
0o 0

0_ 0 o 9 0
local coefficients: DI'(N) = (L’jk,Lljk,Czjk,Cljk). The set of all metrical d-linear
0
connections on T M, corresponding to the same nonlinear connection N, with local

0 o .
coefficients DT'(N) = (L’jk,L’jk,Czjk,C“jk) is given by:

0
Ly, =Ly, + 0 X",
0
L, =Lt +Qir X"
(2.3) jk Ojk hj rk
éijk :éijk +Q7f;l7:.j}7h’r’k:

' _ct i HY R

where X Xt ik X ij, Y;k are arbitrary tensor fields on T'M.

Jk
If we shall try to replace the arbitrary tensor fields Xijk, Y?k in theorem 2.2

by the torsion tensor fields T 0) Jk, Sijk, and if we put:

*1 ir h h

" = §9 (grn T, (0) jk _gth(O) rk +gkhT(0) jr)’

(2.4)

=537 (Gen Sy, — Gin Sy + GrnS",),
we find a result obtained by R.Miron and M.Anastasiei in [5], [6]:
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Theorem 2.3. [5], [6] Let T), ijk and ", be two given alternate tensor fields. Then
there exists a unique metrical d-linear connection with local coefficients: DT'(N) =

(Lijk,]zijk, C’ijk, C%x), having T ijk and S' as the torsion tensor fields. It is given

by: .

Ly, :L:jk T
(2.5) L :iij’“’

T :CZJk

Cijk :Cijk +S*ijk,

where CT(N) = (Lijk,iéjk,é%mC’ijk) are the local coefficients of the canonical d-

linear connection of G.

Definition 2.2. A d-linear connection, D, on T M, with local coefficients DT'(N) =
(Lijk, f/ijk, C'ijk, C’ijk)7 is called semi-symmetric d-linear connection if the torsion ten-

sor fields T(o) ijk and Sijk have the form:

T(O)ijk = 45(T}6], — Tid}) = 046}, — o0’

n—1 727

(2.6)

7°

Sijk = ﬁ(sjé,@ - Sk(S;) = Tjé,i - de’i

i _ i _ T -7
where Tj = Tg)";, S5 = S%; and 0 = 23,75 = 27
Then (2.4) become:
(27) T* ijk _ QQﬂiUma S* ijk _ 20%i7m7

Using the theorem 2.3 and the relations (2.7) we have:

Theorem 2.4. The set of all semi-symmetric metrical d-linear connections cor-
responding to the same nonlinear connection N, with local coefficients: DIT'(N) =
(Lijk,ffjk,(f'ijk,C’ijk), is given by:
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c
7 _ T i m
L ik =L jk +00;, — gjkg"" Tm,
(&

Clyp =Cly,

c
Oljk :Cijk +Tj5]1€ — gjkgzme’
c c c [
where CT(N) = (L';;, L', C%, C*y1.) are the local coefficients of the canonical d-

linear connection of G.

3. The group of transformations of semi-symmetric metrical d-linear con-

nections

Let N be a given nonlinear connection. Then any semi-symmetric metrical
d-linear connection with local coefficients DT(N) = (L'}, L', C%y., C'y) is given

by (2.5) with (2.7).

From theorem 2.4 we have:

Theorem 3.1. Two semi-symmetric metrical d-linear connections: D and D, with
local coefficients DT(N) = (L', L', C",., C%,) and DT(N) = (L', iij,w

éijk, C_’ijk) are related as follows:

fﬂjk = Lijk + aj(S,i — gjkgimam7 Eijk = Lijk + 29}:}107”,
(3.1) LJ’“ - LJ’“ or : Lak - Lak

Cy=C%, Cip=Chy,

Clp = Clp + 750 — GinG™™ T, Cly = Clip + 207 7.

Conversely, given o; € X*(M),7; € X*(M) the above (3.1) is thought to
be a transformation of a semi-symmetric metrical d-linear connection D, with local
coefficients DT'(N) = (Lijk,iijk,éijk,cijk) to a semi-symmetric metrical d-linear
connection D, with local coefficients DT'(N) = (L'}, [:ﬂjk, C:’ij,C7 Clr)-

We shall denote this transformation by: t(o;,7;).

Thus we have:
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Theorem 3.2. The set: ’?j\, of all transformations t(cj,7;) : DI'(N) — DIT(N)
of semi-symmetric metrical d-linear connections given by (3.1) is an abelian group,
together with the mapping product:
t(a;,7j) ot(oj,15) =t(o; +a;, 7 + 7).
This group acts on the set of all semi-symmetric metrical d-linear connec-

tions, corresponding to the same nonlinear connection N, transitively.

In order to find invariants of the group ’5@ j\,, let us consider the transformation
formulas of the torsion tensor fields by a transformation t(cj,7;) : DI'(N) — DI'(N)
of semi-symmetric metrical d-linear connections on TM, with respect to G, given by
(3.2)-(3.3):

Eijk: = Lijk - Bijk?
‘zijk = ‘Z’ijk - Bijkv

(3:2) L
Czjk = Cij - Dzjk?
Oijk = Cijk - Dijk?
where:

i im i
B = gjkg"" om — 00y,

(3.3) B, =0, D\, =0,

Dijk = gjkgime — Tjélic'

Proposition 3.1. By the transformations (3.2)-(3.8) of semi-symmetric metrical d-
linear connections, corresponding to the same nonlinear connection N: DT'(N) —
DT(N), the torsion tensor fields, T(o) ijk’T(l)ijk?P(l)ijk’P(Q)ijk’Sijk are transformed

as follows:

Ty’ :T(o)ijk‘k((fj‘si_ak‘s;)a

(0) jk
Ty = Ty e
G4 Pl =Foe
Py = Pla e

Sljk = Sljk + (Tjé,i - Tk(S;)

We denote with:
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; SN,
(3:5) = Al )

where Aji.{...} denotes the alternate summation: A;x{B’;.} =B’ — BY;

and with;
t*ijk = Zijk{gimt?k-}?
Tioy i = i 9imT(0) T}
Ry = 2 9im R},
(3.6) tjk = Zijk{fh’msn}k}a

Ct:jk = Zijk{gimcm;‘k}’
L*ijk = Zijk{gimL?k}’
P(l)j'jk - Zijk{gimp(l)n;‘k}a

Play gk = 2eijwt9im Po) i}
where E”k{} denotes the cyclic summation: Zijk{Aijk} =Aijk+Ajki+Ag; and

with: )
Kijk=—gkmT0)"s; + Aij{Gim P "}
’%ijk: gz‘msn;'k - Ajk{gkmon}j}’

(3.7) ;jfijszjk{aka@”zj},

Kijk= gmjC"p + gimC"y.,

I%ijk: gmjéwfk + gimé";'k‘

1
* * * :
T(o) J*Zijk,Sij,C are alternate, K1 is

Remark 3.1 It is noted that: ¢ ik

ijk

2 3
alternate with respect to: i,j and ik, Kijr are alternate with respect to: j.k.

By direct calculation from (3.1) and (3.4) and using the notations (3.5), (3.6)
and (3.7) we have:

Theorem 3.3. The tensor fields: t';,, Ry, Py ' Proy s Eijios Tio) 5B i
1 2 3 4 5 ms
S’;-jk,P(l)’;jk, P(Q) ’;jk, Kijks Kijker Kijir Kijk, Kijk, are invariants of the group Ty .

Theorem 3.4. Between the invariants in theorem 3.3 there exists the following rela-
tions:
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1 _
doiipiKijrt = Ty iji T 155k + > it A Gim A { L} )
2
(3.8) ik} =0
3 ~ -
Y die} = U + 2268 9im A { L } -

4. About the integrability of a symplectic structure on tangent bundle

Let A¥(TM) be the F-module of all k-forms on the tangent bundle
(TM, 7, M) where F is the ring of all differentiable functions on T'M. If N is a given
nonlinear connection, then {dxz?, §y’} is a local basis of A'Y(T'M), which is dual to
If f € F, then the 1-form df is written as:
1) df = $Lda' + SLoy,
and the exterior differential of (5yi is given by:
(42)  d(sy') = SR,
In general, w € A%(T M) is written in the form:

(4.3)  w=1lajda’ Ada? + bjjdat Aoyl + 5 ci0yt Ay,
where a;; = —aji, ¢ij = —c¢;ji-

The cxtcrior differential dw is givcn by:

dw = w”k det Adxd Ndzk + L w”k dzt A dx? A SyF+

(4.4)
+1 Ejijk dz’ A dyd A Syk + & L%Jijk Syt A Syd A SyF,
where:
1 dagj
Wijk= Z”k{ 5(;1c +bim R ]k}a
2 ; 5b,; ON™:
(45) wijk_ 9ai J + Cka + Azg{ 5beZc + bzm “oyk }

3 50 k 8b ON'"
Wijk= 5;7 +-A]k{ ” + Cem 5+ gyg }

4 dc;
Wiik= il gt }-

Proposition 4.1. If a d-linear connection D is given on T M, with local coefficients:
o . 1 2 3

DU(N) = (L', L. Cy, C%y.), then the coefficients wyji, Wijk, Wijk,

f)ijm of (4.5) have the following expressions:
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1 m T
wijk= > i;x{ ik + aimT (06 T bim R ikt
2 .
Wijk= aij|k + bm’CTn(LO)ji + Ckam;j + Aij{bjk“ + aimc”?k + bimP"(LQ)jk,},
3 ~
Wijk= Cjkli + bim Sy + Ajk{bijle + bmiCp + CmiPg) s

4
Wijk= Y ijr{ciile + cim S}

(4.6)

Definition 4.1. A 2-form w € A?(TM) written in the form (4.3), for which the

aij bij

matric B= is nondegenerate is called integrable if: dw=0.

—bji ¢y
Theorem 4.1. A 2-form w € A*(TM), for which the matriz B is nondegenerate,
1s integrable, if and only if the tensor fields uljijk: O,u%ijk: O,gjijk: 0 and f)ijk: 0,

1 2 3 4 ) .
where Wiji, Wijk, Wik ond Wi are given in (4.6).

Let (gi;(x,y)) be a GL-metric and (N}(z,y)) the local coefficients of a non-
linear connection ([6]).

The 2-form w above considerated doesn’t define a metrical structure on TM,
because the coeflicients a;; and c;; are alternate and b;; cannot be the coefficients
of the metrical structure G from (1.1). Therefore it isn’t possible to consider the
problem of the integrability of a metrical structure on TM.

On the other hand, w is in fact an almost symplectic structure on TM. It
defines a symplectic structure if it is closed (i.e. dw = 0).

In the remainder of this section we shall present the integrability problem of
the symplectic structure defined by the 2-form w on TM, ([9]).

Assume that a nonlinear connection N on T'M is given, then an almost sym-
plectic structure on the base manifold M (A(z,y) = $a;;(z, y)da’ A dzd +
%dij(m, y)oyt A Syl where (dzt,6y"), (i = 1,...,n) is the dual basis of (%, aiyi)v and
(aij(x,y), aij(x,y)) is a pair of given d-tensor fields on T'M, of the type (0,2), each
of them alternate and nondegenerate) is lifted to a 2-form w on T'M in the following
way: we consider the 2-forms w of two single types I, IT and one combined type eI+11,
ceeR:

I w = La;;de’ Ada?; 11 w =3a;;6y" A6y,
el4+1l: w = %Eaijdxi Adxd + %dijéyi A Syl
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Proposition 4.2. Fach 2-form w of the type eI 4+ II is nondegenerate and defines

an almost symplectic structure on TM .

. ) 1 2 3 4 ) . )
Proposition 4.3. The coefficients w;ji,Wijk, Wijk, Wijk, of the exterior differential

of the 2-form eI+II given in Proposition 4.2 are invariants of the transformation
group of the set of all almost symplectic d-linear connections with the same nonlinear

connection N: Gy, and are given in the following form:

eI+ wijp= €T?O)ijk’ f}ijk: 0114(13‘1« + akm R ‘?’U’f: IB{W“’ é”’“: Sijee
where:
(4.7) ??O)ijk = SiskdaimT ()50 S = Sigpl@im 5™ i)
t:"ijk = Sije{aimt™;. ) R = Sigp{aim Ry},
Ii(ijk = aka%)ij + Aij{dimp%)jk}’
. Kijke = im0 + AjplakmC™ ),

3 ~
Kijx = Ajk{akmpr(ng)ij}v

4 ~
Kt = A (00 P ) = Ay i ).

Definition 4.2. An almost symplectic structure A on a differentiable manifold M
is called integrable of the types I, II or el + I1, if there exists an almost symplectic
d-linear connection D on T M such that the corresponding lifted 2-forms on TM are

integrable.

Theorem 4.2. An almost symplectic structure A on a differentiable manifold M
1s integrable of the type €I + I1 if and only if there exists an almost symplectic d-
linear connection D on TM with local coefficients DT'(N) = (Lijk,iijk,é’zk,Cijk),
satisfying the following conditions:

. . 4 3
el+1I: Tl(O)jk = Szjk =0, eKijr + szmR"gj =0, Kk = 0.

Theorem 4.3. An almost symplectic structure A on a differentiable manifold M,

integrable of the type el + I1,e € R*, does not depend on y if and only if Rkij =0.
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ALMOST OPTIMAL CUBATURE FORMULAS
WITH REGARD TO THE EFFICIENCY

SOMOGYI ILDIKO

Abstract. We introduce the definition of the almost optimal efficiency of
the cubature formulas obtained with the tensor product and boolean-sum
of the numerical quadrature operators, and we also give some applications

and examples for such formulas.

The purpose of this note is to study the cubature formulas from efficiency
point of view. We will consider the case when we have a rectangular domain and
the cubature formula is constructed with the boolean-sum and tensor product of the
one dimensional approximation operators. We will give the definition of the almost
optimal formulas with regard to the efficiency and also some examples.

Let be f a function defined and integrable on the rectangular domain D,, = [ay, b1] X
[az, ba] X ... X [an, by] and [],, a rectangular partition of the domain D,, : [],, = Az x
Axg X ... X Axy, where Az, = {Tk 1,0, Thom, | With ap < 2p1 < oo < Tpm,, < bg.

First of all we will consider the tensor product cubature formula

by bn
/ flxy, .y xn)dey .. dey, :/ / fz1, .y zp)day. . dxy, =
D ai an

=Q1..QVf + RiI*™ + ..+ Ry IV —

— R{R{I> " — .(-1)""'R}..R} (1)
where we use the following partial quadrature formulas
I"f=Qif + Ry, (2)

Received by the editors: 11.01.2002.
2000 Mathematics Subject Classification. 65D32.

Key words and phrases. cubature formulas, quadrature formulas.
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for k=1,2,....n

bi
ka: flz1, oy @y ooy Ty )dg

(23
my
kp __ Ak .
Qlf* ikf(xla~~~axk71axkﬂk7$k+1a"'7xn)
=1
and R} f is the corresponding remainder term. The formula (1) is a numerical ap-

proximation formula because

ma My

Qr-QUf = . > ALLLAY f(@1iys s Tni,)-

i1=1  ip=1
Definition 1. The cubature formula (1) is almost optimal with regard to the effi-
ciency, if all the quadrature formulas (2) are optimal with respect to the efficiency.

In bidimensional case we have the following almost optimal efficient cubature

formula :

Theorem 1. Let D = [a,b] X [¢,d] C R? and f : D — R an integrable function on
D. If 20 §02) 22 ¢ C(D) then the cubature formula

bord —a)(d—c
Iy fayydady = L= (0 4 fand) + F(b,e) + £(b, )]

4
_4)3 rd _)\3 b
O [ o - O [0 wonan-
(b~ a)(d— o)

- Tf(2’2)(5777) (3)

1s almost optimal with regard to the efficiency.
Proof. From (1), in the bidimensional case we have:

| fdody = Q1QUF + (BT + R~ RERD S (@)
Let QF, QY be the trapezes quadrature rules

(@ECo) = 5 [ a,) + F(bry)] o)

d—c

@1N)(w,) = ——=[f(z,¢) + f (2, d)] (6)
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then, if we use this rules in (4) with being Ry, RY the corresponding remainder terms,
we obtain the formula (3). But from [1] we know that in the class of Newton-Cotes

quadratures Ay_c(Q; f), we have

E(Q1; f) EQ;f)

= max

QeAN_c(Q;f)
i.e. the trapezium quadrature is the optimal formula regard to the efficiency. O
Theorem 2. Let f: D — R, if f € C%(D) then

b pd a a
[ ] fawdsty=0-a)d-alr 520+ f5 2+

c+d c+d (b—a)3
+f(a,?)+f(b, 2 )]+ o1

d
/ FE0 (&, y)dy+

(b—a)’(d—c)’

e [PPEn ()

d—¢)3 b
+ (240)/1 f(072)(x,n1)dx —
s a cubature formula which is almost optimal from efficiency point of view.

Proof. In the formula (4) we will choose Q7,QY to be the rectangular quadrature,

and we will use the relation proved in [1]

E@Qp;f) = QE@%#)E(Q; f)s

in the class of Gauss quadrature rules the optimal quadrature with respect to the

efficiency is the rectangular quadrature. O

We will consider now the boolean-sum cubature formula:

I'=Qs+ R, (8)
where
Qs = Qi " + .+ QI " — QP — L.
+(-1)"7Q1...QY, (9)
respectively

R, = Ri.R}
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with

by, bu,
[”1"“’”Pf:/.../f(:cl,...,xn)dxl,l...da:yp.
Ay,

av,
It follows that Qs f in formula (9) contains (n-1),...,2 multiple integrals, thus (8) is not
a numerical integration formula. In order to obtain a numerical integration formula
we have to use n-1 levels of approximation.

If we want to reduce the approximation levels we can combine the two methods. In
this case

-if n = 2k, k > 1, we have the following decomposition of the integral operator:

n—2 n—2
= 5
I= EB Q2j+1Q2j+2 + H (R2j+1 © Rajt2); (10)
=0 =0
fn= 2+ 1,
N 5
=P Q2r1Qoj12 | Qu+ | [] Rej1Rajr2 | ® R (11)
=0 j=0

The identities (10) and (11) lead us to the following product-boolean sum

cubature formulas :

If=Q1Q2®Q3Qs® ... ® Qn1Qnf + (R ® R2)...(Ry—1 ® Ry f, if n=2k (12)

and

If =(Qi1Q2® ... ®Qn2Qn_1)Qnf+ (R1® R2)..(Ry2®D Ry_1) DR, f (13)

ifn=2k+1.

Definition 2. The boolean-sum respectively the product-boolean sum formula are al-
most optimal with regard to the efficiency, if the quadrature formulas used in each

level of approximation are optimal with regard to the efficiency.

Now, we will give some examples for such a formulas.
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Theorem 3. Let D, C R? be the standard domain D, = [0,h] x [0,h]. If
fEO)£0.4) £(2:2) ¢ O(Dy,) then the homogeneous cubature formula

12

N 4h?
12

2
/ [t oy = I 0,0) 1 0B+ £ 0) + F(h )]+

O30+ 05 + 1G5 00+ (5w + RO ()

where

hG
R()=-15 [zlof“m(gl, m)+ 55 7O (G, m) + £ (6 ngﬂ :

s almost optimal with regard to the efficiency.

Proof. From (8) in bidimensional case we have the following boolean-sum cubature

formula:
I"f = (QT1Y + Q{I" — Q1QY)f + RiR{ f. (15)

Let QF, Q7 be the trapezoidal rules (5), (6), then the formula (15) become:

hofh hofh
[ [ sy =5 [0+ sy 5 [0 + 56 hde

2
2
~ LA0.0) 4 7,0 + FO. )+ F(h W] + Rs(f)  (16)
where
h6
Rs(f) = — 20 12 (€.

The formula (16) is not a numerical integration formula, so we have to use a next
level of approximation. If in the second level of approximation we use the Simpson’s
quadrature, we obtain the formula (14).

But, from [1], the two quadrature formulas which we use in booth levels are optimal

with regard to the efficiency in the corresponding class of quadrature formulas. [
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Theorem 4. Let D C R® | D = [a1,b1] X [ag,b2] X [az,b3], f: D — R an integrable

function on D. On some differentiability condition of the function f the product-

boolean sum cubature formula:

by b2 b3
///f(x,y,z)dmdydz:Qxyzf+nyzf,
where
b1 —a1)(bs —as)(bs —a
Quyof = rma)l < 2 = 83) (14, ag,a3) + by, az, az) +
+f(b1,b2,a3) + f(a1,a2,b3) + f(b1,az,b3) + f(ai,ba, b3)+
+f(a,ba,a3) + f(by, b2, b3)]
and
(b = an)(bs — a2)® [
1— a1 2 — a2
Rmny = 144 /f(2’270)(£17’l’]172)d2—
b 3 by bo
sl [ ] 1002,y pr)dady +

(b1 — a1)3(ba — az)3(bs — a3)? (2,2,2)
+ 1798 f (52,7727/’2)

(b1 — a1) (b — a2)3(bs — as) {f(o,z,o)(
48
+f(0’2’0)(al, Y2,b3) + f(o,z,o)(bl’ V3, a3) + f(O’Q’O)(bh’M’ b3)} a

by — a1)3(by — a2)(bs — a
(b1 —a1)’( 248 2)(b3 — az) {f(2,070)(517a27a3)+

+ 0085, a,b3) + FP00 (85,2, a3) + fF 00 (84, b2, 63)}

ai, Vi, a3)+

is an almost optimal formula with regard to the efficiency.

Proof. In 3-dimensional case we have the following product-boolean sum cubature

formula:

If = (Q; ® Qy)QLf + (RyR, @ RY)f.
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In order to obtain a numerical approximation formula we have to use two level of

approximation, and the formula (18) become:

If = Quyzf + Ray=f (19)
where
Quy= = Q2 Q201 + Q2Q,Q! — Q1Q,Q! (20)
and
Ryy. = RyR,I* + I"IYR. + RLR, R, + QLR2Q. + R2Q, Q.. (21)

Let Qy,Q, and Q! be the trapezes approximation operators:

(@LD)(:2) = 5 [Far,9,2) + F(br, 9, 2)
(@L1)(a+2) = 252 [ 2,2) + S, bs, )]
(@), ) = 5 [fy,a) + Ty, b))
then we have
Quef = oy fmal,y,ag) ¥ Flan,,b) + 70,y a5)+

az

by

/[f(x,ag,a3)+

+f($a az, b3) + f($7 bQ,CLg) + f(l', b2a b3)] dz —

(b1 —a1)(ba — az)(bs — as)
8

+f(a1,az,b3) + f(ai,be,a3) + f(a1, bz, b3)+

(ba — a2)(bs — a3)

+f(blay7b3)] dy+ 4

[f(ala az, 03)+

+f(b1,az2,a3) + f(bi,a2,b3) + f(b1,b2,a3) + f(b1,b2,b3)],

where for the representation of the error we assume that f(20.0) £(0:2,0) £(0,0.2) ¢
C (D).

If in the second level we also use the trapezoidal rules where f(2:2.0) £(2.2.2) ¢
C (D) we get the formula (17). The quadrature rules used in each level are optimal

with regard to the efficiency, so the proof follows. O
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Theorem 5. Let Dy, C R? be the standard domain Dy, = [0, h]x [0, h] and f : Dj, — R
a derivable function on Dy,. If CP(f') < CP(f) —3 and 29, f(0.2) §22) ¢ C(Dy,)

then the cubature formula
|| ety = Qs + Ro.f =
h

2
Z [3f(0’0) +f(07h) +f(h’0) _f(hvh)]+
+ %2 [f(o’l)(&h) + fOD (B + FEO (R, 0)+

£ ()] + R () (22)

where

RS ht
Rou(f) = 1f®2Em = [FOD0.m) + 5O (hme)+

1@ (6,0) + FE0) (g, 1)
18 almost optimal with regard to the efficiency.

Proof. First of all we will consider the boolean-sum cubature formula in bidimensional
case, when Q7, QY are the trapezes approximation operators. In this case we obtain
the formula (16). In the second level of approximation we will consider the following

interpolation quadrature formula:

h h h3
| s@ie =i + 50 - )0 0.1, (23)

We got this formula from an Abel-Gonciarov interpolation formula corresponding to
the linear functionals L;f = f®(z;),i = 0,1,29 = 0,2; = h. The efficiency of this

quadrature formula is

_ log, 3
-~ CP(f)+CP(f)+9°

E(Q2, f)

If CP(f) — CP(f") > 3 then the efficiency of the formula (23) is better than the

trapezoidal quadrature formula. O
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FUNCTIONAL-DIFFERENTIAL EQUATION
WITH RETARDED ARGUMENT

ALEXANDRINA ALINA TARTA

Dedicated to Professor Grigore Calugdreanu on his 60th birthday

Abstract. Sufficient conditions are obtained for all positive solutions of

da(t) _
20 — [, 2l - )la(®)

to converges as t — oo to a positive equilibrium solution.

1. Introduction

Trade cycles, business cycles, and fluctuations in the price and supply of
various commodities have attracted the attention of economists for well over 100
years and possible more than thousands of years. Early authors often attribute these
fluctuations to random factors, e.g. the weather for agricultural commodities, see for
instance Slutzky [17] and Kalecki [11].

Other workers speculated that economic cycling of fluctuations might be an
inherent endogenous dynamical behavior characteristic of instable economic systems,
(Ezekiel [3] and the references therein). A number of business cycle models postulat-
ing the existence of nonlinearities to account for limit cycle behavior have played a
fundamental role in sharpening the debate between the proponent of the exogenous
versus endogenous (or stochastic versus deterministic) school (cf. Zarnowitz [19]).

The development of modern dynamical system theory (Guckenheimer and
Holmes [10], Lasota and Mackey [12], Glass and Mackey [6]) have shed new light

on this debate. The possibility that economic fluctuations may reflect underlying
Received by the editors: 07.09.2006.

2000 Mathematics Subject Classification. 54H25.
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periodic or chaotic dynamics in nonlinear economics systems have been explored in
various context, se for instance Goodwin at all [7] , Grandomnd and Malgrange [9],
Gabisch and Lorenz [5] and references therein.

Mackey [13] developed a price adjustment model for a single commodity mar-
ket with state dependent production and storage delays. Conditions for the equilib-
rium price to be stable are derived in terms of a variety of economic parameters.
Also Blaire and Mackey [2] developed a model for the dynamics of price adjustment
model in a single commodity market where nonlinearities in both supply and demand
functions are considered explicitly. Farahani and Grove [4] have studied a special case
of a general model studied of Blaire and Mackey [2] which it calls the case of naive
consumer.

Our purpose here is to study the following model.
a'(t) = [f(x(t), z(t — 7))]2(t), teRy (1)

2(t) = ¢(t), tel[-70] (2)

where 7 > 0, f,g € C(R4,Ry) and ¢ € C([—7,0],R%). Sufficient conditions are ob-
tained for all positive solutions of (1) to converges as t — oo to a positive equilibrium
solution. We say that the function z*(¢) oscillate about r* if z*(¢) — r* has arbitrarily
large zeros. If is not the case that «*(¢) oscillate about r*, then we say that z*(t) is

nonoscillatory about r*.

2. The main result

Consider the problem (1)+(2). The following theorem establish sufficient
conditions that z*(t) oscillate about r* where x* is the unique positive solution of
problem (1)+(2) and 7* is the unique positive equilibrium solution of (1).

Theorem 1. Suppose that
(i) feC' Ry xRy, Ry), @€ C([-7,0LRY),
(ii) f(-,y) is locally Lipschitz,
(iii) There exists My > 0 such that | f(u,v)| < My for all u,v € Ry,
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(iv)
of (u,v)
ox

)
M+ M; <0, g?wgo for all (u,v) € Ry x Ry
Yy

and M > 0 such that x*(t) < M for allt € Ry,

of (u,u)  Of (u,u)
< .
(v) T+ A 5 + A oy < M; <1 forallue Ry

Then

(a) Problem (1)+(2) has an unique positive solution x*(t).

(b) There exists m, M € R1,0 < m < M such that m < z*(t) < M for all
teR,.

(¢) Equation (1) has a unique positive equilibrium solution r*.

(d) if «* is r* -nonoscillatory then

lim z*(t) =r*.

=00
Proof:
(a) Let 2* € C([-7,t+),Ry) N CH([0,¢4),Ry) be a maximal solution of
(1)4(2). We can rewrite the equation (1) in the form
x'(t)
a(t)

Integrating the equation (3) from 0 to ¢ we obtain

= f(az@®),2(t — 7)) (3)

I 2(t) — In2(0 /’f (s — 7))ds.

g / F((s), 2(s — 7)ds,

exp/ flx(s),z(s — 1))ds.

From (2) we have

and

From (iii) we have that
z(t) < p(0)eMrt for all te[0,t4).

From steps method and the Theorem of the maximal solution (see [1] and

[16]) we have that there exists a unique z* and ¢4 = +oo
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(b) Follows from (a).
(c) Let F': ]Rﬁ_ — Rﬁ_, F(x,y) = (F1(x), F1(y))

where
Fi(z) =z 4+ Af(z,x)
1 (2, y) = F(u, 0)||g2
< (1eaglen w2l oA w423 w0 ) e - wol,
2 |z
where (R%, [[o]]), and ||z, y|| = u
Y
From (v) we have that
M; O
1F (2, y) = F(u,v)||gs < (2, y) = (u, )],
0 M,y
and
S" — Oy, as n — o0,
where
G- M; 0
0 M,y

It follows that F' is a contraction and from Contraction Principle of Perov we

have that F' has a unique fixed point, i.e.
x=x+ Af(z,x).

This implies that the equation

flz,2)=0
has a unique solution and consequently that equation (1) has a positive equilibrium
solution r*.

(d) We rewrite equation (1) in the form

W~ G,y ) - €0,0) ()

where
Gy(t),y(t — 1)) = [f(y(t + "yt — 7 +79)](y(t) +r7),
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and
y(t) = x(t) —r"
It is now sufficient to show that y(¢) — 0 as t — co. An application of the mean-value

Theorem to (4) leads to
Y — —a(t)y(t) ~ (e 7). o)
where
oG
oy
oG
—b(t) = 5, (w®),v(®)),

and (u(t),v(t)) lies on the line segment joining (0,0) and (y(t),y(t — 7)). It is found

—a(t) (u(t), v(t)),

that
—a(t) = 8f(a? 2. (y) +r*) + flyt) +r7ylt —7) +17),
and
—of0) = 2y + 00

Note that a(t), and b(t) are positive and bounded away from zero. The
existence of solution of (5) for all £ > 0 is a consequence of boundedness of z(t) for
all t > 0. If y is nonoscillatory then |y(t)| > 0, for all ¢ > 0.

If y(t) > 0 for all ¢ > T then we have from (5) that ¢'(¢) < 0 and so
limg_, oo limy(t) exists.

Since y(t) > 0 eventually, lim;_, o limy(¢f) = I > 0. We claim that | = 0;
suppose that [ > 0. Then there exists ty > 0 such that

l
y(t) > 2 for t > to.
We have directly from (5) that
dy(t) !
AP P AR
a =3

leading to

) = o) < 5 [ als)is,

to
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which implies that

y(t) = —oo as t — 0.

But this contradicts the eventual positivity of y.

Thus

lim y(t) =1=0.

t—oo
If y(t) < 0 for ¢ > T, the arguments are similar.
Thus the result follows from

lim y(¢) = 0.

t—o0

References

(1]

2]

3]
[4]

(5]

[10]

[11]
[12]

114

Altman, M., Dilating mappings, implicit functions and fixed point theorems in finite
dimensional spaces, Fund. Math. (1970), 129-141.

Bélair, J., Mackey, M.C., Consumer memory and price fluctuations in commodity mar-
kets: An integrodifferential model, J. Dynamics Diff. Equations 3, (1980), 299-325.
Ezekiel, M., The cobweb theorem, Q. J. Econ. 52, (1938), 255-280.

Farahani, A.M., Grove, E.A., A simple model for price fluctuations in a single commod-
ity market, Contemporary Mathematics 129 (1992), 97-103.

Gabisch, G., Lorenz, H.-W., Business cycle theory, Lecture Notes in Economisc and
Mathematical Systems, 283, Springer-Verlag, Berlin, 1987.

Glass, L., Mackey, M.C., From clocks to chaos: The rythm of life, Princeton University
Press, Princeton. N. J., 1988.

Goodwin, R.M., Kruger, M., Varcelli, A., Nonlinear models of fluctuating growth, Lec-
ture Notes in Economisc and Mathematical Systems, 228, Springer-Verlag, Berlin, 1984.
Gopalsamy, K., On an equation modelling haematopoiesis, Automedica 15(1993), 251-
257.

Grandmont, J.M., Malagrange, P., Nonlinear economics dynamics: Introduction, J.
Ecom Theory 40, (1986), 3-12.

Guckenheimer, J., Holmes, P., Nonlinear Oscillations, Dynamical Systems, and Bifur-
cations of Vector Fields, Springer-Verlag, New Yorke, 1983.

Kalecki, M., Theory and economic dynamics, Unwin University Books, London, 1952.
Lasota, A., Mackey, M.C., Probabilistic properties of deterministic systems, Cambridge
University Press, New York, 1985.



[13]

[14]

[15]

[16]

[17]

18]

[19]

FUNCTIONAL-DIFFERENTIAL EQUATION WITH RETARDED ARGUMENT

Mackey, M.C., Commodity price fluctuations: price dependent delays and nonlinearities
as ezxplanatory factors, Journal of Economic Theory 48 (1989), 497-509.

Muresan, A.S., On some models of price fluctuation in a market economy, Studia Univ.
Babes-Bolyai, Mathematica, XXXVIII, 2, 1993.

Rus, I.A., Tancu, C., A functional-differential model for price fluctuations in single
commodity market, Studia Univ. Babes-Bolyai, Mathematica, XXXVIII, 2, 1993.

Rus, L.A., Some remarks on coincidence theory, Pure Math. Manuscript 9(1990-1991),
137-148.

Slutzky, E., The summation of random causes as the source of cyclic processes, Econo-
metrica 5 (1937), 105-146.

Tarta, A.A., Functional-differential equations that appear in price theory, Semin. Fixed
Point Theory Cluj-Napoca 3(2002), 375-380.

Zarnowitz, V., Recent work on business cycle in historical perspective: A review of

theories and evidence, J. Econ. Lit. 23(1985), 523-580.

DEPARTMENT OF APPLIED MATHEMATICS
BABES-BoLYAl UNIVERSITY, 1 KOGALNICEANU STR.,

400084 Cruis-Naproca, CLuJ, ROMANIA

115



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 2, June 2007

ON THE HOMOGENIZATION OF A CLIMATIZATION PROBLEM

CLAUDIA TIMOFTE

Abstract. This paper deals with the homogenization of a nonlinear model
for heat conduction through the exterior of a domain containing period-
ically distributed conductive grains. We assume that on the walls of the
grains we have climatizators governing the heat flux through the boundary.
The effective behavior of this nonlinear flow is described by a new elliptic
boundary-value problem containing an extra zero-order term which cap-

tures the effect of the boundary climatization.

1. Introduction

The aim of this paper is to study the homogenization of some nonlinear ther-
mal flows through periodically perforated domains. We will focus our attention on a
nonlinear problem which describes the heat conduction through the exterior of a do-
main containing periodically distributed conductive grains (or conductive obstacles).
We suppose that on the walls of the grains we have climatizators governing the heat
flux through the boundary.

Let © be an open bounded set in R™ and let us perforate it by holes. As
a result, we obtain an open set 2° which will be referred to as being the perforated
domain; € represents a small parameter related to the characteristic size of the per-
forations.

The nonlinear problem studied in this paper concerns the stationary flow of

a fluid confined in ¢, of temperature u®, with a given heat flux on the boundary of

Received by the editors: 01.11.2004.
2000 Mathematics Subject Classification. 35B27, 35B40, 35Q35, 76M30.
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117



CLAUDIA TIMOFTE

the grains:
—DiAu® =f in QF,

5 acg(u®) on S¢, (1)

u® =0 on 0f.

_Df

Here, v is the exterior unit normal to Q°, a > 0, f € L*(Q2) and S¢ is the boundary
of our porous medium 2\ Q¢. Moreover, the fluid is assumed to be homogeneous and
isotropic, with a constant diffusion coefficient Dy > 0.

In the semilinear boundary condition on S¢ in problem (1) the function g
is assumed to be given. We shall address here the case of a single-valued maximal
monotone graph with g(0) = 0, i.e. the case in which g is the derivative of a convex
lower semicontinuous function G. This situation is well illustrated by the following

example, which is of practical importance in climatization problems:

1
1 r> -,
K 1
g(r) =< kr |7 |< =,
k
-1 7"<—l
— k,

for a given k > 0.
The existence and uniqueness of a weak solution of (1) can be settled by using
the classical theory of semilinear monotone problems (see [1]). As a result, we know

that there exists a unique weak solution u¢ € V¢ () H(2¢), where
Ve ={ve HY(Q) | v=0on 09Q}.
If with ¢ we associate the following nonempty convex subset of V<:

K= {ve V|Gl eL'(s) (2)

then u° is also known to be the unique solution of the following variational problem:
Find «® € K¢ such that
Df/DUED(UE — u)da — /f(ve —u)de +a i GOT) ~ G 20, (g)
Q° Q°
Yo© € K¢,
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where 1€ is the linear form on W' (Q) defined by

(1=, 0) =6/<de Vo € Wy ().
Ss

From a geometrical point of view, we shall just consider periodic structures
obtained by removing periodically from §2, with period €Y (where Y is a given hyper-
rectangle in R™), an elementary hole 7" which has been appropriated rescaled and
which is strictly included in Y, ie. T C Y.

We shall prove that the solution u®, properly extended to the whole of €,

converges to the unique solution of the following variational inequality:
u € HE(Q)
/QDuD(v —u)dz > /f(v —u)dx —a
Q Q

o7
T / (@)~ G)dz, ()

Yo € H} (D).

Here, @ = ((gi;)) is the homogenized matrix (symmetric and positive-definite):

1 ox;
i =D 5i-+7f/ Ldy |, 5
dij f J {Y\T| 78yiy (5)
Y\T

defined in terms of the functions x , ¢ = 1, ..., n, solutions of the cell problems
i

—~Ax =0 in Y \T,
I(xi + i)
v
xi Y — periodic.

=0 on 0T, (6)

We can treat in a similar manner the case of a multi-valued maximal mono-
tone graph, which includes various semilinear boundary-value problems, such as
Dirichlet or Neumann problems, Robin boundary conditions, Signorini’s unilateral
conditions, problems arising in chemistry (see [2], [4] and [5]).

The structure of the paper is as follows: first, let us mention that we shall just
focus on the case n > 3. The case n = 2 is much more simpler and we shall omit to
treat it. Section 2 is devoted to the setting of our problem and to the formulation of
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the main result of this paper. Section 3 contains some necessary preliminary results.

In the last section we give the proof of our main result.

2. Setting of the problem and the main result

Let © be a smooth bounded connected open subset of R™ (n > 3) and let YV’
= [0,11[x...[0,1,[ be the representative cell in R™. Denote by T an open subset of Y
with smooth boundary 97 such that T C Y.

Let € be a real parameter taking values in a sequence of positive numbers
converging to zero. For each € and for any integer vector k € Z", set Tg = e(kl + T
the translated image of €T by the vector kl = (k1ly, ..., knl,,) and denote by T the set
of all the holes contained in Q, i.e. T¢ =J{T5 | TCQ, k€ Z"}. Set Q° = Q\T¢
and S = U{0Tf | TfCQ, ke Z"}. Also,let Y* =Y \T and p = ||§;*|| Moreover, for
an arbitrary function ¢ € L?(QF), we shall denote by 1Z its extension by zero inside

the holes.

As already mentioned, we are interested in studying the asymptotic behavior
of the solution of problem (1). We shall treat the case in which the function g
appearing in (1) has a single-valued maximal monotone graph in R xR, with g(0) = 0.
Also, if we denote by D(g) the domain of g, i.e. D(g) = {£ € R | g(&) # 0}, then we
suppose that D(g) = R. Moreover, we assume that g is continuous and there exist

C > 0 and an exponent ¢, with 0 < ¢ < n/(n — 2), such that
lg(v)] < C(1+ Jo]"). (7)

We know that in this case there exists a lower semicontinuous convex function G
from R to | — 0o, +o0], G proper, i.e. G # +o0o such that g is the subdifferential of
G, g = 0G (G is an indefinite "integral“ of g). Let G(v) = jg(s)ds.

If the convex set K¢ is defined by (2), then, for a given funcotion f € L?(Q), the weak
solution of the problem (1) is also the unique solution of the variational inequality
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(3). Also, notice that u® is the unique solution of the minimization problem:
w € K¢,
JE(uf) = inf J°
(u) = inf J*(v),

where

JE(v) = fo/|Dv| dx +a{u®,G(v /fvd;v

Let us introduce the following functlonal defined on H} (Q)

/QD Dvdx+a|Y|/G —h/fvdac.

The main result of this paper is the following one:

Theorem 2.1. One can construct an extension P<u® of the solution u® of the vari-
ational inequality (3) such that

Peu® —wu  weakly in HJ(Q),
where u is the unique solution of the minimization problem

Find u € H}(Q) such that

JO(u) = vegléf(ﬂ) JO(v).

(8)

Moreover, G(u) € L*(Q). Here, @ = ((g:;)) is the classical homogenized matriz,
whose entries were defined by (5)-(6).

3. Preliminary results

In order to extend the solution u® of problem (1) to the whole of €, let us
recall the following well-known result (see [3]):
Lemma 3.1. There exists a linear continuous extension operator P¢ € L(L*(QF);
L2(Q)) N L(VE; HE () and a positive constant C, independent of €, such that, for
any v € V&,
[P0l 20y < Cllvll L2 (e
and

VPl 20y < ClIVO[l 2 (qey -
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For getting the effective behavior of our solution u®, we have to pass to the
limit in (3). In order to do this, let us introduce, for any h € L (0T), 1 < s’ < o0,
the linear form 5 on W, *(€) defined by

x S
Wineh = [ HE)pds Wo WY (@),
SE

with 1/s +1/s’ = 1. It is proved in [2] that
p5, — pn - strongly in (Wy*(Q)), 9)

1
where (up, ) = pn [ pdx, with py, = Vi / h(y)do.
Q
aT

In the particular case in which h € L>°(9T) or even h is constant, we have
us, — pp - strongly in W1%°(Q). (10)

We shall denote by p° the above introduced measure in the case in which A = 1.

Let F be a continuously differentiable function, monotonously non-decreasing
and such that F'(v) = 0iff v = 0. We shall suppose that there exist a positive constant
C and an exponent ¢, with 0 < ¢ < n/(n — 2), such that

OF

(%‘ < O+ |v|h). Tt is
not difficult to prove (see [4]) that for any ¢ € D(Q) = C§°(2) and for any z° — z
weakly in H}(Q), we get

@F(2°) — pF(z) weakly in W, %(Q), (11)

2n

where g = —————.
1 gn—2)+n

4. Proof of the main result

Proof of Theorem 2.1. Let u® be the solution of the variational inequality (3) and
let P°u® be the extension of u® given by Lemma 3.1. It is not difficult to see that

Peuf is bounded in H{(f2). So by extracting a subsequence, one has

Puf —u  weakly in HJ(Q).
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Let ¢ € D(2). By classical regularity results x; € L. Using the boundedness of x;

o
8951-

X <M. Let
Leo || @
L

. e z
v —¢+zi:€axi(x)xi(€)~

Then, v® € K¢, which will allow us to take it as a test function in (3). Moreover,

and ¢, there exists M > 0 such that H

v¥ — ¢ strongly in L?(Q). If we compute Dv®, we get:

728% eZ+DX +5ZD8%

i
where e;, 1 < ¢ < n, are the elements of the canonical basis in R".

Using v¢ as a test function in (3), we can write

Df/DPEuE(DvE)dx > /f(ve —uf)dz+
Q Q=
+Dy /DusDuedx —a{u®,G(v°) — G(u%)). (12)
Denote
1
Qe = gy D [ (Ox + ey (13)
Y*

where p = [Y*|/|Y]|. Neglecting the term EZD%(Z‘)X (£) which actually tends
i ‘ i

strongly to zero, we can pass easily to the limit in the left-hand side of (12). Hence
Dy / DPu Dvedx — / pQDuDydx. (14)
For the first term of the right-hand side of (12) we get

[ 107 —urdo = [ e = Pruydn — [ folo - ue (15)
Qe Q Q

For the third term of the right-hand side of (12), assuming (7) for the maximal
monotone graph g and using (11) written for G and for 2° = Pu®, we get
G(P*uf) — G(u) weakly in W, 7(Q).
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Combining this with the convergence (10) written for h = 1, we have

0T |

(1, G(P*u®)) — Il G(u)dx.
Q

Using a similar technique for the convergence of (¢, G(v®)), we obtain

oT
(4, G(07) — G(Pu)) — 'Y|' (6(¢) ~ Glu)da. (16)
For passing to the limit in the second term of the right-hand side of (12) let us write

down the subdifferential inequality

Df/DuEDuadx > Df/Dw‘sDw‘de—|—2Df/Dwa(DuE — Dw®)dz, (17)

pen
for any w® € Hj(Q). Reasoning as before and choosing w® =g+ e aw (x)x (g)7

where @ enjoys similar properties as the corresponding ¢, the right-hand side of the

inequality (17) passes to the limit and one has
llmlnfo/DUEDU€d$ > /pQD(thpdm + Q/pQDtp(Du — Dp)dz,
Q Q

for any @ € D(Q) and, by density, for any @ € H}(2). So, for u € H}(Q2), we have

hmlnfo/DusDusdx > /pQDuDudx (18)
Q

Putting together (14)-(16) and (18), we get

0T |

/pQDchpdx > /fp —u)dm—i—/pQDuDudx—a
Q

Q
for any ¢ € D(2) and hence, by density, for any v € Hg(£2). So, finally, we obtain

0T
Y+
O

/QDuD(v —u)dx > /f(v —u)dr —a (G(v) — G(u))dz,
Q Q

which gives exactly the limit problem (4). This ends the proof of Theorem 2.1. O
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NEW UNIVALENCE CRITERIA

HORIANA TUDOR

Abstract. In this paper we obtain sufficient conditions for univalence,
which generalize some well known univalence criteria for analytic functions

in the unit disk of the complex plane.

1. Introduction
Let A be the class of analytic functions f in the unit disk
U={zeC: |z <1}

of the form

f(2)=z24+a2’+... ,z€U.

(1)

In order to prove our results a brief summary of Loewner parametric method

is needed.

A family of functions L(z,t), z € U, t € [0,00) is a Loewner chain if L(z,t)

is analytic and univalent in U and L(z,t) is subordinate to L(z,s) for all 0 < s < t.

Theorem 1. [4] Let r be a real number such that r € (0,1] and let L(z,t) = a1(t)z+. ..

be an analytic function in U, = {z € C: |z| <r}, for allt > 0. If

1) L(z,t) is locally absolutely continuous in [0,00), locally uniformly with

respect to U,.;

ii) a1 # 0, lim¢_.o |a1(t)] = o0 and {L(z,t)/a1(t)}forms a normal family in

U, ;

Received by the editors: 09.12.2005.
2000 Mathematics Subject Classification. 30C45.
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OL(z

W = p(z,t)T’t), z € Uy, a.e. t €[0,00) where p(z,t) is analytic

iii) 2
in U and satisfies Re p(z,t) > 0, for all z € U, t € [0, 00),

then L(z,t) has an analytic and univalent extension to the whole unit disk U.

2. Main results

Theorem 2. Let a be a compler number such that Re o > % and let f € A. Let g
and h be two analytic functions in U, g(z) =1+biz+..., h(z) =co+crz+.... If

the following inequalities are satisfied

;.J;’(f;_l’d,zev (2)
‘(; . J;'(f)) _ 1) o (3)

1212222 l_ f'(z) gf/(z)h(z) g'(2) —12]2)2,2.
a-tefs| (5 -1) 5 + 2 g+ G5 ra-

1N FEhE) 1 PERE | JE@hE
[(a 1) & Ta T T "

for all z € U, then the function f is univalent in U.

Proof. We define

et [ (= e zgetz) 1°
L) = 1o )[f( )+ )}

14 (et —e t)zh(e tz
and we will prove that L(z,t) satisfies theorem 1.

From the analyticity of the functions f, g and h it follows that L(z,t) is
analytic in a neighborhood U,., r € (0,1] of z = 0.

Elementary calculation shows that
L(z,t) = a1 (t)z + ... where a(t) = e?2~D1,

We have a;(t) # 0 and lim;_, o |a1 (¢)| = oo.

Since L(z,t) is an analytic function in U,., for all ¢ € (0,00) we obtain that
there exist a number 0 < r; < r and a constant k = k(r1) such that
L(z,t)
ax(t)

and hence {L(z,t)/a1(t)} forms a normal family in U,,.

‘<k7 z €Uy, t € (0,00)
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It can be easy see that % is an analytic function in U,, and hence we

obtain the absolute continuity requirements of theorem 1.

We define
OL(z,t) / OL(z,t)
0z ot

and we will prove that the function p(z,t) has an analytic extension with positive real

p(Z,t) =z

part in U, for all t > 0.
Let W(z,t) be the function defined by

_ plzt) =1
W(z,t) = FEnEEE
Elementary calculation shows that
1(,—t
W(z,t) = [;J;((:_tj)) - 1} e 2y (4)
o [(1 ) Flets) | 2 fethes) | gle ) C
(1—e 2)3 z'[(al) Flet2) Jra e ) + g(e_tz)}Jr(le 2)222.
1 flle7t2)h(etz) 1 fl(e7t2)h2(e"t2) g'(e t2)h(e t2) , _
() HE s e )
We have
|1 ) ‘
|W(z,0)| = o 90 1
and
_| (L. o) - 1 —ony| _ |1
(W (0,t)| = ’(a o 10) —1)e 2+ (a—1> (1—e?)| = a—1‘
From (2) and since Re a > % we obtain that
|[W(z,0)| < 1 and also |W(0,t)| < 1. (5)

Let t be a fixed positive number. Since |e™**| < e™* < 1for all z € U =
{2z € C: |2] < 1} it results that the function W (z,t) is analytic in U. By using the
maximum principle we obtain
(W(z,t)| < fg?glw(&t)l = [W(e)], (6)
where § = 0(t) € R.
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We denote u = e~* - e?. Then |u| = e~* < 1 and from (4) it results

wiet o= (5 T8 1) s

a g(u)
o= (5 1) oy o T )
B (- e . £ £y

The inequality (3) implies |[W(e",t)] < 1 and by using (6) we obtain
[W(z,t)] < 1for all z € U and t > 0. From (5) it follows that |W(z,¢)| < 1 for
all z € U and ¢ > 0. Hence the requirements for the function p(z,t) are satisfied.

Finally, from Theorem 1 we obtain that the function L(z,t) has an analytic
and univalent extension to the whole unit disk U. For ¢t = 0 we have L(z,t) = f(z),

z € U and thus the function f is univalent in U. O

Remark 1. The univalence criterion which results from Theorem 2 when
a =1 is due to H. Ovesea-Tudor [2].

Specific choices for the functions g and h in Theorem 2 gives us various
univalence criteria, between them being the very well known Nehari’s criterion [1]

and also Ozaki’s criterion [3].

Corollary 1. Let o be a complexr number, with Re av > % and let f € A. Suppose

there exists an analytic function h in U, h(z) = co + c12+ ... such as

‘(; _ 1) 2 4 (1 = [2[?)]2[22 K; - 1) MO 2 Ch(z)+ f”(z)] +

f(2) f'(z)
(1 |2f?)222 K; - 1> f(]f()j)(z) F o)+ fj(fgf)(z) - h’(z)] ‘
<|2?, zeU (7)
then the function f is univalent in U.
Proof. Tt results from Theorem 2 with g = /. 0

If we choose g = f and h = —= - é—l,/ in Theorem 2 we obtain the following

1
2
univalence criterion.
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Corollary 2. [5]Let o be a complex number with Re o > % and let f € A. Suppose

(G erroemier (G (- )+
2

+<1—|z|2>2{22{f»2}+ (1‘1)[ (%Q) f<(>)]}

<P zeu ()

then f is univalent in the unit disk U.

Remark 2. If we consider @« = 1 in Corollary 2 we obtain the univalence
criterion due to Nehari [1].

Corollary 3. Let a be a complex number with Re o > % and let f € A. If there

exists a function h: U — C h(z) = by + b1z + ... such as

1 270)
E.f2(z) 1'<1,z€U (9)
1 2%f'(2) 1
(G ) "
at+l fi(z) 2 22f'(2)h(z) 2
Nt = R i
a2 [etl flRhz) 1 Z2f(2)h%(z)  2h(z) ., 2
-z |10 HE e £ S - B v <
for all z € U, then f is univalent in U.
Proof. Tt results from Theorem 2 with g(z) = (@)2 O
Finally, if we choose g(z) = (@)2 and h(z) = 1 — % in Theorem 2 we

obtain the following corollary.

Corollary 4. [6]Let a be a compler number with Re o > L and let f € A. Suppose

2
12 .
o () 1’ <1, zeU (11)
l.ZQf’(Z)_ a—1 2 zf'(2) 212 5
o 720 1+ (1 ||)f(z) <|z|*, z€U (12)

then the function f is univalent in the unit disk.
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Remark 3. If we consider « = 1 in Corollary 4 we obtain the univalence

criterion due to Ozaki [3].
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INDECOMPOSABLE SUBGROUPS
OF TORSION-FREE ABELIAN GROUPS

DUMITRU VALCAN

Dedicated to Professor Grigore Calugareanu on his 60th birthday

Abstract. The present work gives descriptions of some classes of torsion-
free abelian groups which have indecomposable subgroups, and for such a

group we will present the structure of these subgroups.

All through this paper by group we mean abelian group in additive notation,
and we will mark with P the set of all prime numbers, with r(A) - the rank of
the group A and with ¢(A) - the type of A. According to [2,27.4], if a group A is
indecomposable, then it is either torsion-free or cocyclic. Since the case of cocyclic
groups (so of torsion groups) is well-known, in this paper we will present certain
classes of torsion-free abelian groups which have indecomposable subgroups, properly
constructing these subgroups.

Let G be a group of rank r and let L = {x;};c; be a maximal independent
system in G; I is a index set with |I| = . Then, according to [2,16.1], (L) = @(xﬁ
For every i € I, we mark with X; the pure subgroup of G, generated by {mi}z.e’IThen,
for every i € I, the subgroup X; is (homogeneous) of rank one and ¢t(X;) = t(z;) = t;.
Therefore any group of rank r has a completely decomposable subgroup of the same
rank. This motivates the study of our problem for completely decomposable groups.

For the beginning we have:
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Theorem 1. Let G = @Gi be a torsion-free group with the following
properties: e

1) I is at most countable index set;

2) For every i € I, G; is a reduced group and r(G;) = 1;

3) There is at most countable set Py = {p1,p2,.-,Pn,- .-} of distinct prime
numbers, with the following properties:

i) for every py € Py, Gy, is pi-divisible,

ii) there is p;, € Po \ {pr} such that Gy, is not py, -divisible.

Then G has an indecomposable subgroup A with r(A) = |P|.

Proof. Let G be a group as in the statement. For every pi € Py, we consider
the groups E,, = (p, “gr) and Hp, = (p,:‘x’gk,pl_kl?k), where p;, € Py \ {pr} and
gr € G\ {0}. Then, for every py € Py, E,, is a subgroup in Hp, and r(E,, ) = 1.

Let be A= ( @D Ep.p,'01 +,'92: 01,91 + 1, Tao 29, 'G1 + 1. G- -)- Then
prE€P
A< @ H, < @Gi and, for every pi € P, neither g nor g, is divisible by

pPrE€EPy i€l

Py, € Po\ {pe} in A. (1)

Since, for every p, € Py, all elements of E,, are divisible by every power of
Pk, and, for every ps € Po\{pr}, Ep, does not contain any such except for 0, it follows
that, for every pp € Fy, E,, is fully invariant in A. On the other hand, since, for

every py € Py, Hp, /E,, is torsion, it follows that ( @ H,)/( @ E,.) is torsion
pr€Po pr€Po
too. According to [1,1.6.12], it follows that @ E,, is an essential subgroup of A.
prEPo
(2)

We are going to show that A is indecomposable. In this way we suppose that
A = B&C. Then, according to [2,9.3], for every pi, € Py, E,, = (Ep, NB)&(E,, NC).
Since each E,,, is indecomposable, it follows that, for every p; € Py, either E,, "B =0

or £, NC = 0. So, for every p, € Py, either E,, C B or E,, C C. We suppose

k
that there is k # 1 such that E, C B and E, C C. In this case we consider the
element palgl —&—pl;lgk =b+c, with b€ B and c € C. It follows that p;, g, + 1,7, =

pi,p1, (b+¢), that is p;, (g, —pi,b) = pi, (G, — pi,.¢) = 0, which is impossible, according
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to the statement (1). Therefore, for every py € Py, either E,, C B in which case
C =0, or E,, C C in which case B = 0, according to the statement (2). It follows
that A is indecomposable and since r(A) = |Py|, the theorem is completely proved.

Corollary 2. If G = @Gi is a group which satisfies the conditions from
iel
Theorem 1 and the sets I and Py are equipotent, then G has indecomposable subgroups

of every rank m < r(G).

Now we obtain the example 2 from [3,p.123]:

Corollary 3. Let G = @Gi be a group which satisfies the conditions from
Theorem 1. If there is q € P\Poz;ich that in the condition 3) of Theorem 1, for every
i € Po, pi,, may be replaced by q, then G has indecomposable subgroups of every rank
m < |P.

Proof. Keeping the notations from Theorem 1, for every cardinal m < | Py,

we consider the indecomposable subgroup A, = ( @ E,,, q71(§1 +7s), q ! (G, +

prep{™

G3)s---+q" (G, + Gon)), where P{™ is a subset of cardinal m of P,.
Other consequences of Theorem 1:

Corollary 4. Let G = @Gp be a torsion-free group with the following

peP
properties:

1) For every p € P, G), is p-divisible and r(G,) = 1;

2) For every p € P, there is a q, € P\ {p} for which G, is not gy-divisible.

Then G has indecomposable subgroups of every rank m < r(QG).

Proof. Let G be a group as in the statement. According to the condition 1),
for every p € P, there is a g, € G}, such that hg” (9,) = oo. From the condition 2) it
follows that, for every p € P, there is a ¢, € P\ {p} for which there is a g, € G, such
that thpp (9p) = 1. Since r(G,) = 1, it follows that g, and g, are linear dependent;
SO hg” (g9p) = co. Now, for every p; € P, we consider the groups E,, = (p. >, gp,)
and Hp, = (p,?oogpwq;klgpk} Then, for every p, € P, E,, is a subgroup of index
dp, in H,, and r(E,, ) = 1. For any cardinal m < r(G), we consider the subgroup

-1 -1 —1 —1 -1 -1
A'm = < @ Epkyqpl g;lh + ng gp27q1)1 gpl + qp3 gp37 et 7qp1 gp1 + meqpm>7 Where
prEP(™)
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P(™) ig a subset of cardinal m of P. Following the same reasoning as in Theorem 1,
we obtain that A,, is indecomposable.
Corollary 5. For every p € P, we consider the group QP of all rational

numbers whose denominators are powers of p. Then the group G = @Q(l’) has
peP
indecomposable subgroups of every rank m < r(QG).

Proof. For every p € P, t(Q®) = (0,...,0,00,0,...), where oo stands at
the proper place of the p-height h,. So the group G satisfies the conditions from
Corollary 4.

Corollary 6. If I is a index set with |I| < |P|, then the group Q* = ©;Q
has indecomposable subgroups of every rank m < |I|.

From Corollary 3 it follows:

Corollary 7. We consider G a reduced, torsion-free of rank one group,
I at most countable index set and let be G* = ®;G. If there is a set Py =
{p1,02s- - Pn, ...} of distinct prime numbers with the property that, for every px, € Py
there is g, € G (not mnecessarily distinct) such that hS (gr) = oo, and there is
q € P\ Py, for which there is g, € Gy such that h§(g,) = 1, then G has inde-
composable subgroups of every rank m < |Py|.

One can notice that there is a basic condition in all the cases we have men-
tioned above: the direct summands of group G have elements of infinite p-height,
for certain prime numbers p. Afterwards this condition is replaced by another: the
existence of a rigid system in group G. For the beginning we generalize [3,88.3].

Theorem 8. Let be {H;|i € I} a family of torsion-free groups such that, for
every i € I, there is G; < H;, where {G;|i € I} is a rigid system of groups, with the
property that there is a set Py = {p;|i € I'} of prime numbers (not necessarily distinct)
such that, for every p; € Py, there is a g; € G; with hf (9;) = 1 and which is not
divisible by p; in G;. Then the group H = GBHz has indecomposable subgroups of
every rank m < |I|. !

Proof. Let m be any cardinal, m < |I| and let 1™ be a subset of cardinal

m of I. According to the hypothesis, for every i € I, there is a p; € Py for which
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there is a ¢g; € G; which is not divisible by p; in G;. Now we consider the subgroup

A =( @ Gi, .0, 9ir + 93, 9ins 05, 9ir + D5, Giss -2 05, 9ir + D5, 9i,,,) of H. Then,
ijEI(m)
for every p; € Py, g; is not divisible by p; in A. Since {G;|i € I} is a rigid system

of groups, for every i € I, GG; is fully invariant in H; so, for every i € I, G; is fully
invariant in A,,. We suppose that A,, = B,, ® Cp,. Then, for every i; € I (m),
Gi; = (Gi; N By,) ® Gi; N Cp,). Since each Gy, is indecomposable, it follows that,
for every i; € I0m) either Gi; N By, =0 or Gi; NCp, = 0. So, for every i; € I0m),
either G;; C By, or G;; C Cp,. We suppose that there is j # 1 such that G, C By,
and G;; C Cp,. In this case we consider the element pilgil —|—p;jlgi]. = by, + Cm, With
bm € B, and ¢, € C,y,. Tt follows that p;,|g;, and Di; \gij in A,,, which is impossible,
according to the hypothesis. Therefore, for every i; € 1 (m) | either Gi; C By, in which
case (), = 0 or Gij C (), in which case B,,, = 0, because @ Gij is essential in A,,

ij er(m)
(in this way it is straightforward to verify that A,, /( @ G, ) is torsion). It follows
1J cI(m)
that A, is indecomposable and since r(4,,) = |[I™)|, the theorem is completely

proved.

An immediate consequence of Theorem 8 is:

Corollary 9. Let {H;|i € I} be a family of torsion-free groups such that,
for every i € I, there is G; < H;, where {G;|i € I} is a family of reduced of rank
one groups, with the property that, for every iy, ia € I, i1 # ia, t(Gy) and t(Gyy)
are incomparable. Then the group H = @ H; has indecomposable subgroups of every
rank m < |I|. !

Proof. According to the hypothesis, {G;|i € I} is a rigid system of groups
and there is a set Py = {p;|i € I} of prime numbers (not necessarily distinct) such
that, for every p; € Py, there is a g; € G; with hﬁf (9;) = 1 and which is not divisible
by p; in G;. Since |I| = r(G), the statement follows from Theorem 8.

Let G = B @ C be any group and A a subgroup of G. According to [2,p.44],
there are subgroups Bs, By of B and there are subgroups Cs,C; of C such that
By < By, Oy < Cq, By ® (1 is the minimal direct sum containing A, and By @ Cs is
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the maximal direct sum contained in A, with components in B, respectively C. So
By ®Cy < A< By @ Cy and it is straightforward to verify that A is a subdirect sum
of By and C with kernels By, respectively Co. Then, according to [2,p.43,44] the

following relationships hold:

A/(By & Co) = By /By = C1/Ch (3)
(B; & Cy)/A= A)(By & Cy) (4)
A/By = C, (5)

A/Cs = By. (6)

Remark 10. Let G = B® C be any group and A a subgroup of G. If C is
free and A is indecomposable, then either r(A) =1 or A C B.

Proof. According to the hypothesis, keeping the above notation, C is free.
In this case, the relationship (4) and [2,14.4] show that Bj is a direct summand in A
- which is in contradiction to the hypothesis.

Now, we suppose that G = B@C is a torsion-free group, with r(B) = r(C) =
1. Then, according to the relationships (3), By = 0 if and only if Co = 0; in this
case, according to the condition (4), (B @ C1)/A = A - which is impossible, because
(B1 ® C1)/A is torsion and A is torsion-free. Therefore By # 0 and Cy # 0. On the
other hand, if By = Bz then Cy = C5 (see (3)) and in this case A = By @ Cs.

Of course By @ Cs is essential in A (A/(Bg @ C3) is torsion), Bs = BN A,
and Co = C' N A. Tt follows that if By is a proper subgroup of By, then also Cs is a
proper subgroup of Cy and

A= <B2@02,0,1,0,2,...> (7)

where, for every i = 1,2,..., there is a b} € By \ {0} and there is a ¢i € C;\ {0} such
that a; = b% + ¢}.

Now we can present the structure of indecomposable subgroups of completely
decomposable groups of rank 2.
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Theorem 11. Let G = B @ C be a torsion-free group with r(B) =r(C) =1
and let A be any subgroup, of the form (7), of G. Then the following statements are
equivalent:

a) A is indecomposable;

b) i) for every a; € A\ (Ba®Cs), there are by € B\ {0} and ¢ € Cy\ {0} for
which there are the prime numbers pb and qb (not necessarily distinct) such that bl is
not divisible by pb in Ba, cb is not divisible by ¢& in Cy and a; = (pb)~1bh + (qb) ~tcl;

ii) the subgroups By and Cy are fully invariant in A.

Proof. In view of Theorem 8, suffice it to show that a) implies b). Let
A = (By @ Cq,b1 + ¢1,ba + ca,...) be a subgroup, of the form (7), of G, where
b1,ba,- - € B\ By and ¢p,c¢q, -+ € C'\ Co. According to the hypothesis, By and Cy
are reduced and not pure in B and C respectively. Let p be a prime number and let
b+ c+ (Bs & Cs) be an element of order p from A/(Bs & C5). Then pb = x € By and
pc =1y € Cy. If x is divisible by p in B, then b € By, what is in contradiction to the

Lg. Analogously it

hypothesis. It follows that z is not divisible by p in By and b = p~
follows that ¢ = p~'y and the statement i) from point b) is completely proved.

If b+ c+ (Bs @ Cs) is an element of order p”, with » > 2, then we follow the
same reasoning.

For the proof of the second statement from point b) we distinguish two cases:

Case 1. t(Bg) and t(Cy) are incomparable. Then this gives the required
result.

Case 2. t(Bsy) < ¢(Cs). In this case there is a monomorphism f : By — Cy;
so By & f(Bs) = B3 < Cy. We consider the group A* = (B @ Cs,a}, a3, ...), where,
for every i = 1,2,... af = (pb)~H(b4)* + (g5) "k, and (by)* = f(b}) € Bj; also we
consider the subgroup C3 = (Cq,aj,a3,...) of A*. Then, for every i = 1,2,... there
is n; € N* such that n;a} € C5. We are going to show that A* = B5 @ (5. Of course
A* = B3+ 3. Let a* be any element from A*. We suppose that there are z*, y* € Bs
and there are u,v € Cy, such that a* = 2* +u+af = y" +v+aj. Let ben € N*
such that n(aj —aj) € Ca. Then n(z* —y*) = n(v — u) + n(aj —aj) = 0. Since G is
torsion-free, it follows that z* = y* and u+a; = v +aj, that is " may be written in
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a unique way of the form b* + ¢, with b* € B; and ¢ € (5. Since A = A*, it follows
that A is completely decomposable, what is in contradiction to the hypothesis.

From Remark 10 or Theorem 11 we obtain:

Corollary 12. If B is a torsion-free of rank one group, then the group
G = B ® Z has no indecomposable subgroups of rank 2.

Proof. If GG is a group as in the statement, then there is no direct sum in G
which is not made up of fully invariant direct summands. Now the statement follows

from Theorem 11.
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Abstract. The present work gives descriptions of some classes of torsion-
free abelian groups which have indecomposable subgroups, and for such a

group we will present the structure of these subgroups.

All through this paper by group we mean abelian group in additive notation,
and we will mark with P the set of all prime numbers, with r(A) - the rank of
the group A and with ¢(A) - the type of A. According to [2,27.4], if a group A is
indecomposable, then it is either torsion-free or cocyclic. Since the case of cocyclic
groups (so of torsion groups) is well-known, in this paper we will present certain
classes of torsion-free abelian groups which have indecomposable subgroups, properly
constructing these subgroups.

Let G be a group of rank r and let L = {x;};c; be a maximal independent
system in G; I is a index set with |I| = . Then, according to [2,16.1], (L) = @(xﬁ
For every i € I, we mark with X; the pure subgroup of G, generated by {mi}z.e’IThen,
for every i € I, the subgroup X; is (homogeneous) of rank one and ¢t(X;) = t(z;) = t;.
Therefore any group of rank r has a completely decomposable subgroup of the same
rank. This motivates the study of our problem for completely decomposable groups.

For the beginning we have:
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Theorem 1. Let G = @Gi be a torsion-free group with the following
properties: e

1) I is at most countable index set;

2) For every i € I, G; is a reduced group and r(G;) = 1;

3) There is at most countable set Py = {p1,p2,.-,Pn,- .-} of distinct prime
numbers, with the following properties:

i) for every py € Py, Gy, is pi-divisible,

ii) there is p;, € Po \ {pr} such that Gy, is not py, -divisible.

Then G has an indecomposable subgroup A with r(A) = |P|.

Proof. Let G be a group as in the statement. For every pi € Py, we consider
the groups E,, = (p, “gr) and Hp, = (p,:‘x’gk,pl_kl?k), where p;, € Py \ {pr} and
gr € G\ {0}. Then, for every py € Py, E,, is a subgroup in Hp, and r(E,, ) = 1.

Let be A= ( @D Ep.p,'01 +,'92: 01,91 + 1, Tao 29, 'G1 + 1. G- -)- Then
prE€P
A< @ H, < @Gi and, for every pi € P, neither g nor g, is divisible by

pPrE€EPy i€l

Py, € Po\ {pe} in A. (1)

Since, for every p, € Py, all elements of E,, are divisible by every power of
Pk, and, for every ps € Po\{pr}, Ep, does not contain any such except for 0, it follows
that, for every pp € Fy, E,, is fully invariant in A. On the other hand, since, for

every py € Py, Hp, /E,, is torsion, it follows that ( @ H,)/( @ E,.) is torsion
pr€Po pr€Po
too. According to [1,1.6.12], it follows that @ E,, is an essential subgroup of A.
prEPo
(2)

We are going to show that A is indecomposable. In this way we suppose that
A = B&C. Then, according to [2,9.3], for every pi, € Py, E,, = (Ep, NB)&(E,, NC).
Since each E,,, is indecomposable, it follows that, for every p; € Py, either E,, "B =0

or £, NC = 0. So, for every p, € Py, either E,, C B or E,, C C. We suppose

k
that there is k # 1 such that E, C B and E, C C. In this case we consider the
element palgl —&—pl;lgk =b+c, with b€ B and c € C. It follows that p;, g, + 1,7, =

pi,p1, (b+¢), that is p;, (g, —pi,b) = pi, (G, — pi,.¢) = 0, which is impossible, according
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to the statement (1). Therefore, for every py € Py, either E,, C B in which case
C =0, or E,, C C in which case B = 0, according to the statement (2). It follows
that A is indecomposable and since r(A) = |Py|, the theorem is completely proved.

Corollary 2. If G = @Gi is a group which satisfies the conditions from
iel
Theorem 1 and the sets I and Py are equipotent, then G has indecomposable subgroups

of every rank m < r(G).

Now we obtain the example 2 from [3,p.123]:

Corollary 3. Let G = @Gi be a group which satisfies the conditions from
Theorem 1. If there is q € P\Poz;ich that in the condition 3) of Theorem 1, for every
i € Po, pi,, may be replaced by q, then G has indecomposable subgroups of every rank
m < |P.

Proof. Keeping the notations from Theorem 1, for every cardinal m < | Py,

we consider the indecomposable subgroup A, = ( @ E,,, q71(§1 +7s), q ! (G, +

prep{™

G3)s---+q" (G, + Gon)), where P{™ is a subset of cardinal m of P,.
Other consequences of Theorem 1:

Corollary 4. Let G = @Gp be a torsion-free group with the following

peP
properties:

1) For every p € P, G), is p-divisible and r(G,) = 1;

2) For every p € P, there is a q, € P\ {p} for which G, is not gy-divisible.

Then G has indecomposable subgroups of every rank m < r(QG).

Proof. Let G be a group as in the statement. According to the condition 1),
for every p € P, there is a g, € G}, such that hg” (9,) = oo. From the condition 2) it
follows that, for every p € P, there is a ¢, € P\ {p} for which there is a g, € G, such
that thpp (9p) = 1. Since r(G,) = 1, it follows that g, and g, are linear dependent;
SO hg” (g9p) = co. Now, for every p; € P, we consider the groups E,, = (p. >, gp,)
and Hp, = (p,?oogpwq;klgpk} Then, for every p, € P, E,, is a subgroup of index
dp, in H,, and r(E,, ) = 1. For any cardinal m < r(G), we consider the subgroup

-1 -1 —1 —1 -1 -1
A'm = < @ Epkyqpl g;lh + ng gp27q1)1 gpl + qp3 gp37 et 7qp1 gp1 + meqpm>7 Where
prEP(™)
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P(™) ig a subset of cardinal m of P. Following the same reasoning as in Theorem 1,
we obtain that A,, is indecomposable.
Corollary 5. For every p € P, we consider the group QP of all rational

numbers whose denominators are powers of p. Then the group G = @Q(l’) has
peP
indecomposable subgroups of every rank m < r(QG).

Proof. For every p € P, t(Q®) = (0,...,0,00,0,...), where oo stands at
the proper place of the p-height h,. So the group G satisfies the conditions from
Corollary 4.

Corollary 6. If I is a index set with |I| < |P|, then the group Q* = ©;Q
has indecomposable subgroups of every rank m < |I|.

From Corollary 3 it follows:

Corollary 7. We consider G a reduced, torsion-free of rank one group,
I at most countable index set and let be G* = ®;G. If there is a set Py =
{p1,02s- - Pn, ...} of distinct prime numbers with the property that, for every px, € Py
there is g, € G (not mnecessarily distinct) such that hS (gr) = oo, and there is
q € P\ Py, for which there is g, € Gy such that h§(g,) = 1, then G has inde-
composable subgroups of every rank m < |Py|.

One can notice that there is a basic condition in all the cases we have men-
tioned above: the direct summands of group G have elements of infinite p-height,
for certain prime numbers p. Afterwards this condition is replaced by another: the
existence of a rigid system in group G. For the beginning we generalize [3,88.3].

Theorem 8. Let be {H;|i € I} a family of torsion-free groups such that, for
every i € I, there is G; < H;, where {G;|i € I} is a rigid system of groups, with the
property that there is a set Py = {p;|i € I'} of prime numbers (not necessarily distinct)
such that, for every p; € Py, there is a g; € G; with hf (9;) = 1 and which is not
divisible by p; in G;. Then the group H = GBHz has indecomposable subgroups of
every rank m < |I|. !

Proof. Let m be any cardinal, m < |I| and let 1™ be a subset of cardinal

m of I. According to the hypothesis, for every i € I, there is a p; € Py for which
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there is a ¢g; € G; which is not divisible by p; in G;. Now we consider the subgroup

A =( @ Gi, .0, 9ir + 93, 9ins 05, 9ir + D5, Giss -2 05, 9ir + D5, 9i,,,) of H. Then,
ijEI(m)
for every p; € Py, g; is not divisible by p; in A. Since {G;|i € I} is a rigid system

of groups, for every i € I, GG; is fully invariant in H; so, for every i € I, G; is fully
invariant in A,,. We suppose that A,, = B,, ® Cp,. Then, for every i; € I (m),
Gi; = (Gi; N By,) ® Gi; N Cp,). Since each Gy, is indecomposable, it follows that,
for every i; € I0m) either Gi; N By, =0 or Gi; NCp, = 0. So, for every i; € I0m),
either G;; C By, or G;; C Cp,. We suppose that there is j # 1 such that G, C By,
and G;; C Cp,. In this case we consider the element pilgil —|—p;jlgi]. = by, + Cm, With
bm € B, and ¢, € C,y,. Tt follows that p;,|g;, and Di; \gij in A,,, which is impossible,
according to the hypothesis. Therefore, for every i; € 1 (m) | either Gi; C By, in which
case (), = 0 or Gij C (), in which case B,,, = 0, because @ Gij is essential in A,,

ij er(m)
(in this way it is straightforward to verify that A,, /( @ G, ) is torsion). It follows
1J cI(m)
that A, is indecomposable and since r(4,,) = |[I™)|, the theorem is completely

proved.

An immediate consequence of Theorem 8 is:

Corollary 9. Let {H;|i € I} be a family of torsion-free groups such that,
for every i € I, there is G; < H;, where {G;|i € I} is a family of reduced of rank
one groups, with the property that, for every iy, ia € I, i1 # ia, t(Gy) and t(Gyy)
are incomparable. Then the group H = @ H; has indecomposable subgroups of every
rank m < |I|. !

Proof. According to the hypothesis, {G;|i € I} is a rigid system of groups
and there is a set Py = {p;|i € I} of prime numbers (not necessarily distinct) such
that, for every p; € Py, there is a g; € G; with hﬁf (9;) = 1 and which is not divisible
by p; in G;. Since |I| = r(G), the statement follows from Theorem 8.

Let G = B @ C be any group and A a subgroup of G. According to [2,p.44],
there are subgroups Bs, By of B and there are subgroups Cs,C; of C such that
By < By, Oy < Cq, By ® (1 is the minimal direct sum containing A, and By @ Cs is
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the maximal direct sum contained in A, with components in B, respectively C. So
By ®Cy < A< By @ Cy and it is straightforward to verify that A is a subdirect sum
of By and C with kernels By, respectively Co. Then, according to [2,p.43,44] the

following relationships hold:

A/(By & Co) = By /By = C1/Ch (3)
(B; & Cy)/A= A)(By & Cy) (4)
A/By = C, (5)

A/Cs = By. (6)

Remark 10. Let G = B® C be any group and A a subgroup of G. If C is
free and A is indecomposable, then either r(A) =1 or A C B.

Proof. According to the hypothesis, keeping the above notation, C is free.
In this case, the relationship (4) and [2,14.4] show that Bj is a direct summand in A
- which is in contradiction to the hypothesis.

Now, we suppose that G = B@C is a torsion-free group, with r(B) = r(C) =
1. Then, according to the relationships (3), By = 0 if and only if Co = 0; in this
case, according to the condition (4), (B @ C1)/A = A - which is impossible, because
(B1 ® C1)/A is torsion and A is torsion-free. Therefore By # 0 and Cy # 0. On the
other hand, if By = Bz then Cy = C5 (see (3)) and in this case A = By @ Cs.

Of course By @ Cs is essential in A (A/(Bg @ C3) is torsion), Bs = BN A,
and Co = C' N A. Tt follows that if By is a proper subgroup of By, then also Cs is a
proper subgroup of Cy and

A= <B2@02,0,1,0,2,...> (7)

where, for every i = 1,2,..., there is a b} € By \ {0} and there is a ¢i € C;\ {0} such
that a; = b% + ¢}.

Now we can present the structure of indecomposable subgroups of completely
decomposable groups of rank 2.
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Theorem 11. Let G = B @ C be a torsion-free group with r(B) =r(C) =1
and let A be any subgroup, of the form (7), of G. Then the following statements are
equivalent:

a) A is indecomposable;

b) i) for every a; € A\ (Ba®Cs), there are by € B\ {0} and ¢ € Cy\ {0} for
which there are the prime numbers pb and qb (not necessarily distinct) such that bl is
not divisible by pb in Ba, cb is not divisible by ¢& in Cy and a; = (pb)~1bh + (qb) ~tcl;

ii) the subgroups By and Cy are fully invariant in A.

Proof. In view of Theorem 8, suffice it to show that a) implies b). Let
A = (By @ Cq,b1 + ¢1,ba + ca,...) be a subgroup, of the form (7), of G, where
b1,ba,- - € B\ By and ¢p,c¢q, -+ € C'\ Co. According to the hypothesis, By and Cy
are reduced and not pure in B and C respectively. Let p be a prime number and let
b+ c+ (Bs & Cs) be an element of order p from A/(Bs & C5). Then pb = x € By and
pc =1y € Cy. If x is divisible by p in B, then b € By, what is in contradiction to the

Lg. Analogously it

hypothesis. It follows that z is not divisible by p in By and b = p~
follows that ¢ = p~'y and the statement i) from point b) is completely proved.

If b+ c+ (Bs @ Cs) is an element of order p”, with » > 2, then we follow the
same reasoning.

For the proof of the second statement from point b) we distinguish two cases:

Case 1. t(Bg) and t(Cy) are incomparable. Then this gives the required
result.

Case 2. t(Bsy) < ¢(Cs). In this case there is a monomorphism f : By — Cy;
so By & f(Bs) = B3 < Cy. We consider the group A* = (B @ Cs,a}, a3, ...), where,
for every i = 1,2,... af = (pb)~H(b4)* + (g5) "k, and (by)* = f(b}) € Bj; also we
consider the subgroup C3 = (Cq,aj,a3,...) of A*. Then, for every i = 1,2,... there
is n; € N* such that n;a} € C5. We are going to show that A* = B5 @ (5. Of course
A* = B3+ 3. Let a* be any element from A*. We suppose that there are z*, y* € Bs
and there are u,v € Cy, such that a* = 2* +u+af = y" +v+aj. Let ben € N*
such that n(aj —aj) € Ca. Then n(z* —y*) = n(v — u) + n(aj —aj) = 0. Since G is
torsion-free, it follows that z* = y* and u+a; = v +aj, that is " may be written in
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a unique way of the form b* + ¢, with b* € B; and ¢ € (5. Since A = A*, it follows
that A is completely decomposable, what is in contradiction to the hypothesis.

From Remark 10 or Theorem 11 we obtain:

Corollary 12. If B is a torsion-free of rank one group, then the group
G = B ® Z has no indecomposable subgroups of rank 2.

Proof. If GG is a group as in the statement, then there is no direct sum in G
which is not made up of fully invariant direct summands. Now the statement follows

from Theorem 11.
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BOOK REVIEWS

K. Burns and M. Gidea, Differential Geometry and Topology With a
View to Dynamical Systems, Chapman & Hall/CRC (Studies in Advanced
Mathematics), 2005, ISBN 1-58488-253-0, 978-1-58488-253-4, Hardcover, IX+389 pp.

This is a graduate course on the topology and differential geometry of smooth
manifolds, introducing, in parallel, the basic notions of smooth dynamical systems.

The first two chapters of the book introduce the basics of differential topol-
ogy (manifolds and maps, the tangent bundle, immersions, submersions, embeddings,
submanifolds, critical points, the Sard’s theorem) and vector fields and the associated
dynamical systems. The following three chapters make up a concise introduction
to Riemannian geometry, covering most of the standard material (Riemannian met-
rics, connections, geodesics, the exponential map, minimal geodesics, the Riemannian
distance, Riemannian curvature, Riemannian submanifolds, sectional and Ricci cur-
vature, Jacobi fields and conjugate points,manifolds of constant curvature). Chapter
6, Tensors and Differential Forms, is devoted, essentially, to integration theory of
manifolds, as well to the de Rham cohomology. It is also, introduced the singular
homology and it is given a proof of the de Rham theorem. Chapter 7 is concerned
with some global results in the theory of smooth manifolds and Riemannian geome-
try (the Brouwer degree, the intersection number, the fixed point index, the Lefschetz
number, the Euler characteristic and the Gauss-Bonnet theorem), while the chapter
8 covers the basic notions and results of Morse theory. Finally, the chapter 9 provides
a short introduction to the theory of hyperbolic dynamical systems.

There are plenty of worked examples in the book and each chapter ends with
a comprehensive list of exercises. Another feature that has to be remarked is the
presence of a great number of very suggestive and well realized graphical illustration.

The book is very well written, in a very pedagogical manner and it covers a
lot of material in a very clear way. I think this is an ideal introduction to differential
geometry and topology for beginning graduate students or advanced undergraduate
students in mathematics, but it will be, also, useful to physicists or other scientists
with an interests in differential geometry and dynamical systems.

Paul Blaga
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Donal O’Regan, Yeol Je Cho and Yu-Qing Chen, Topological Degree
Theory and Applications, Series in Mathematical Analysis and Applications (R.P.
Agarwal and D. O’Regan eds.), Vol. 10, Chapman & Hall/CRC, Taylor & Francis
Group, Boca Raton, 2006, 221 pp, ISBN 1-58488-648-X.

The degree theory for continuous maps on finite dimensional spaces was cre-
ated by Brouwer in 1910-1912, and later, for compact maps on infinite dimensional
spaces, by Leray and Schauder in 1934, and it has become one of the most useful
tool in nonlinear analysis. Since the 1960s, several extensions have been done for
various classes of non-compact type maps. The present book focuses on topological
degree theory in normed spaces and its applications to integral, ordinary differential
and partial differential equations.

The Contents are as follows: Chapter 1: Brouwer degree theory, presents the
construction of Brouwer degree, the degree for vanishing mean oscillation functions,
and in particular for Sobolev maps, of Brezis and Nirenberg (1995), and applications
to periodic and anti-periodic problems for ordinary differential equations in R™.

Chapter 2: Leray-Schauder degree theory, starts with the basic result on the
approximation of a compact map by finite dimensional maps and presents the Leray-
Schauder extension of Brouwer degree to compact maps in Banach spaces. Then a
degree theory is described for upper semicontinuous compact maps with closed convex
values. Applications are given to bifurcations and to the existence of solutions of the
Cauchy problem, the Dirichlet problem for a second order partial differential equation,
and anti-periodic problems in Hilbert spaces.

Chapter 3: Degree theory for set contractive maps, presents the degree theory
for k-set contraction maps and condensing maps and some applications to the initial
value problem and anti-periodic problems for ordinary differential equations in Banach
spaces.

Chapter 4: Generalized degree theory for A-proper maps, is devoted to
Petryshyn’s generalized degree theory and some typical applications to periodic prob-
lem for second order differential equations and semilinear wave equation.

Chapter 5: Coincidence degree theory, introduces Mawhin’s degree for L-
compact maps and gives application to periodic ordinary differential equations.

Chapter 6: Degree theory for monotone-type maps, presents basic contribu-
tions of Skrypnik, Browder, Berkovitz, Mustonen, Kartsatos and others, to the con-
struction of the degree for monotone-type maps. Applications to evolution equations
are included.

Chapter 7: Fized point index theory, is in connection with the problem of
the existence of non-negative solutions (in a cone) to operator equations. After
defining the fixed point index, the authors present a variety of fixed point theorems
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of compression-expansion type in cones of Banach spaces and give applications to
integral and differential equations.

The book is very well written, presents essential ideas and results with typical
applications, being extremely useful to the beginners in nonlinear analysis. Each
chapter of the book is concluded by a section of exercises and the bibliography contains
314 titles.

This is really a valuable text for self-study and special courses in nonlinear
analysis and also a good reference for anyone applying topological methods to integral,
ordinary and partial differential equations.

Radu Precup

Rajendra Bhatia, Positive Definite matrices, Princeton Series in Applied
Mathematics, Princeton University Press, Princeton and Oxford 2007, ix + 254 pp.,
ISBN 0-691-12918-5.

Denote by H be the n-dimensional Hilbert space C™ with inner product (z, y).
Let £(H) be the space of all linear operators on H and M,, = M,,(C) the space of
n x n-matrices over C. An operator A € L(H) is identified with the associated matrix,
denoted also by A, with respect to the standard basis {e;} of C". A matrix A in M, is
called positive if (x, Az) > 0 for all x € C™, and positive definite (or strictly positive)
if (z, Az) > 0 for all x # 0.

The present book is devoted to the study of positive matrices, positive linear
maps, and positive definite functions. This is a rich field with numerous interesting
results and with deep and far reaching applications. One of the domains of appli-
cation, of great interest in the last time, is quantum information theory, where the
quantum communication channels are thought as completely positive trace preserving
linear maps. The author presents in the fourth chapter two fundamental results in
quantum entropy - the inequalities of Lieb-Ruskai and Furuta’s inequality. Recall
that the quantum entropy of a positive definite matrix A was defined in 1927 by J.
von Neumann by the formula S(A) = —tr(Alog A).

The first chapter of the book, 1. Positive matrices, presents the basic notions
and results: characterizations of positivity, the Schur product, block matrices. Note
that, as it was shown by T. Ando and M.-D. Choi in 1986, the 2x 2-block matrices
play a crucial role in the proofs of many results on positive matrices, a point made
very clear by the author of the book too.

Although many results in Chapters 2. Positive linear maps, and 3. Com-
pletely positive maps, hold in the more general framework of C*-algebras, the pre-
sentation is restricted to their finite dimensional versions (called ”toy versions” by
the author), which are sufficient for matrix theory and for the applications as well.

143



BOOK REVIEWS

As we did mention, in Chapter 4. Matrix means, some spectacular applica-
tions of various means for matrices to convex matrices and to quantum information
theory are presented.

Chpater 5. Positive definite functions, is devoted to the study of positive
definite functions from R to C. There are proved the fundamental theorems of Herglotz
and Bochner and applications to various matrix inequalities and to the study of
Loewner matrices are given.

In the last chapter of the book, 6. Geometry of positive matrices, the set
of positive matrices is studied as a Riemannian manifold of nonpositive curvature, a
domain of very active current research, mainly due to the results of M. Gromov. This
is a promising area of investigation, of great interest to analysts and geometers as
well.

Written by an expert in the area, the book presents in an accessible manner a
lot of important results from the realm of positive matrices and of their applications.
Although, in some places, references to the author’s book, Matriz Analysis (MA),
Springer 1997, are made, the present one is practically self-contained and can be read
independently of MA.

The book can be used for graduate courses in linear algebra, or as supple-
mentary material for courses in operator theory, and as a reference book by engineers
and researchers working in the applied field of quantum information.

S. Cobzasg

M. de Gosson, Symplectic Geometry and Quantum Mechanics, Birkhduser
(Operator Theory and Applications, vol. 166), 2006, Hardback, 367 pp., ISBN-10:
3-7643-7574-4, ISBN-13: 978-3-7643-7574-4.

Hamiltonian formalism lies at the very heart of quantum mechanics. In the
recent decades, Hamiltonian mechanics “happily married” differential geometry, giv-
ing birth to one of the most beautiful parts of geometry, symplectic geometry. This
kind of geometry was quite successfully applied to quantum mechanics in the so-called
geometric quantization approach. Several monographs on geometric quantization are
available by now, but the focus mainly on the geometrical formalism without doing
justice to quantum mechanics. It is the aim of this book to correct this deficiency.

The book has three parts. The first one is a detailed exposition of the basic
notions of symplectic geometry, as well as of those of an extension of it, the so-called
multiply-oriented symplectic geometry, or g-symplectic geometry. In particular, there
are studied a series of indices, essential in this field (e.g. the Arnold-Leray-Maslov
and the Conley-Zehnder indices).
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The second part is dedicated to the Heisenberg group, the Weyl calculus and
metaplectic group, while the final part is more physically-oriented. It begins with
a geometrical approach to the uncertainty principle from quantum mechanics and
its connections to the symplectic capacity. It follows a rigorous treatment of the
density matrix, by using the Hilbert-Schmidt and trace-class operators and, finally,
the Weyl pseudo-differential calculus is extended to the phase space, via the Stone-
von Neumann theorem on the irreducible representation of the Heisenberg group.
Several appendices review some standard mathematical material (classical Lie groups,
covering spaces, pseudo-differential operators, elementary probability theory).

The book is very clearly written, by one of the most active researchers in the
field, and, in my opinion, it successfully manages to fill a gap in the mathematical
physics literature. It will be very useful for graduate students and researchers both
in theoretical physics and geometry.

Paul A. Blaga

A. Mallios, Modern Differential Geometry in Gauge Theories, Maxwell
Fields, volume I, Birkhauser, 2006, 293 pp., Paperback, ISBN-10: 0-8176-4378-8,
ISBN-13: 978-0-8176-4378-2.

Much of the differential geometry of a smooth manifold X can be built staring
from a small number of objects: the sheaf of smooth functions C§, the sheaf of
differential forms and the differential associating to functions 1-forms. For instance,
vector bundles are just projective, locally free C§-modules, the connections can also
be constructed easily out of the three mentioned objects.

This book starts with a more general framework: a space X (which is not
necessarily a manifold), two sheaves A and £ on X and a sheaf morphism 04 — &,
having similar properties to those of the ordinary differential of functions (linearity
and a kind of Leibniz property). Such a triple is called a triad on the space X. There
are introduced, then, some generalizations of vector bundles, through the so-called
vector sheaves, which are just locally-free sheaves of A-modules.

All the constructions from differential geometry (connections, metrics, curva-
ture and torsion tensors) can be carried out in this generalized context. The theory
obtained is called abstract differential geometry (ADG).

The book under review is the first volume of a two-volume work dedicated
to the applications of ADG to gauge theories. This first volume focuses only on
electromagnetic fields (Maxwell theory). It first gives a review of ADG, then it recasts
the classification of elementary particles by the spin structure in terms of sheaves.
The next two chapters are devoted to electromagnetic fields and their classification
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in terms of sheaf cohomology. The final chapter is dedicated to the reformulation of
geometric quantization in the language of abstract differential geometry.

Many of the results from this monographs belong to the author or to his
collaborators. He, is, in fact, one of the founders of ADG. The book is very well
written and it brings a fresh approach to gauge theories, that will probably be of a
great help both to theoretical physicists and geometers.

Paul Blaga
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