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Petru Blaga was born on 7t September 1947 in Oradea, a rich cultural city at
the western border of Romania. He attended elementary school (1954-1958) in Roit
village, secondary school (1958-1961) in Sinnicolau Roméan village and high-school
(1962-1968) in Salonta city.

Between 1966 and 1971 he was student at the Faculty of Mathematics and Me-
chanics (nowadays the Faculty of Mathematics and Computer Science), Babeg-Bolyai
University. During his student years he had the privilege to be under the influence
of three refined masters: Tiberiu Popoviciu (1906-1975), D.V. Ionescu (1901-1985)
and D.D. Stancu (born on 1927). After graduation he was hired at Faculty of Math-
ematics and Mechanics as probation assistant (1971-1975) at the Chair of Numerical
and Statistical Calculus. Holding a continuous academic career at this department,
he successively advanced assistant (1975), lecturer (1990), associate professor (1993)
and, finally, full professor (1995).

Petru Blaga has obtained PhD in 1983, the scientific advisor being professor
D.D. Stancu.

The major coordinates of his private life: he got married in 1971, his wife
Livia is pedagogue and they have two boys, Alin born in 1973 and Daniel born in
1974. The first of them works in computer science field in Toulouse, France, and the
second is economist in Cluj.

His devotion to academic life is certified by the following features. As teacher,
Blaga Petru had given courses on Computer Science, Numerical Analysis, Probability
Theory, Statistics. As member of Babes-Bolyai community, he was the manager of

Applied Mathematics Department (2002-2004), the head of the Chair of Numerical
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and Statistical Calculus (2002-2004) and starting from 2004 he is in the position of
Dean of our faculty. This way, we found out that the patience is another specific
feature of our colleague. As PhD scientific advisor, so far, five students completed
their doctoral studies: Ban Ioan, Barnabas Bede, Breaz Nicoleta, Crainic Nicolae
Toan, Otrocol Diana.

Professor Petru Blaga is member of the Editorial Board of the journals: Stu-
dia Universitatis Babes-Bolyai, Mathematica and Studia Universitatis Babes-Bolyai,
Informatica. Since 1993 he is reviewer at Mathematical Reviews and member of the
American Mathematical Society. Based on his abilities, he was an active member of
scientific and organizing committees of many international meetings held in Romania.

On behalf of all colleagues of our faculty, we warmly congratulate Professor
Petru Blaga on his 60" birthday wishing him health and achievements in his further

work.
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SOME CUBATURES WITH CHEBYSHEV NODES

MARIUS M. BIROU

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. In this article we construct boolean cubature formulas using
univariate Lagrange interpolation projectors with Chebyshev nodes of sec-
ond type. We compute the coefficients of these cubature formulas using
coefficients of corresponding Fejer-Clenshaw-Curtis quadratures. The re-
mainder terms have minim properties in a class of cubature formulas with

the same number of nodes. Some numerical examples are given.

1. Preliminaries

First, we present the construction of Biermann projector and some properties
from [2].

Let be the univariate Lagrange interpolation projectors

Pla"'aprana"'aQr
given by

(P fl lem fl 1’1) 1§m§r

In
(Qnf2)(y Zlm Jfa(y;), 1<n<r
Jj=1
where f1: [a,b] = R and f5:[c,d] — R.
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remainder term.

This work has been supported by MEC ANCS under grant ET 3233/17.10.2005.

13



MARIUS M. BIROU
The sets of interpolations nodes
{z1,...,z,,} Cla,b], {v1,...,u1,} Clcd]
satisfy the conditions
1<ki<ka< - <kr, 1<h<la<--<l.

The cardinal functions of Lagrange interpolation are given by

Kkm
r — Tk
lim(@) =[] ——— 1<i<hn
e Vi k
ki
Y-y
= -y
Zjn(y) = , 1<5<1,
= Yi U
1#]

If f:]a,b] x[c,d = R, f e C(a,b] x [c,d]) then we have the parametric

extensions, which are bivariate projectors

km

(P )@, y) = lim(@)f(zi,y), 1<m <7

=1

(Qfxy len xy] 1<n<r
From (2) it follows that the parametric extensions
P, PLQY,....,Q!
are bivariate interpolation projectors which form the chains
Pl<-- <P, Q7<--<Q

where relation order ”<” is defined by: P < @ if and only if PQ = P.
The interpolation projector B, defined by relation

B, =PQ!®---®PQf, reN

is called Biermann interpolation projector.

The remainder operator in Bierman interpolation is

BE=PC+PCiQ+ -+ PCQ° +Q,° —PrQ° — —PrQ\°

14
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where P¢ =1 — P and [ is identity operator.
The Biermann interpolation projector has the representation

7+1 m—n

=2 Z Z > Oyf(wy). (6)

m=1 n=0 i=1+km_1 j=1+lr—m—n
where the cardinal functions of Biermann interpolations are given by

m—+n m+n—1

’L] $ y Z lzs ]7+1 5 Z Z’Lé j,r s ) (7)

ko1 <i<km, kmn<ji<lji1-man 0<n<r—-m, 1<m<r.

If f € C* ! ([a,b] x [c,d]) then for remainder term, we have Cauchy repre-

sentation
f(l',y) - (Brf)(zay) (8)
(kr,0) (0.0,)
=o)L (g g L)

kr—m

r—1 lm
f(krfm,lm)(g_ )
+> [ @-=) Hy e e T R
m=1 i=1 j=1 rometme

r krt1-m f(kr+1—mvlmr)(

NN H - )

where &;,0; € [a,b], 9,7 € [c,d], 1 <i<r

Or41—m, Tm)

errlfm!lm'

Next we obtain cubature formulas by integrating Biermann interpolation for-
mula with P; and @); univariate Lagrange interpolation projectors with Chebyshev
nodes of second type.

2. First type cubature

We consider the following univariate Lagrange interpolation projectors

2Mm—1

( mfl Z sz fl xzm) flec[_171]7 1<m<r
2" —1

(Qnf2)(y Z Ln W) fo(yjn),  f2€C[=1,1], 1<n<r
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with Chebyshev nodes of second type

i R —
Tipm = COS 5 —, =12 -1, m=1,r

2

Y — N
yjn:COS%7 j=T,97 =1, n=T,r.

The cardinal functions are given by

2rel
— Tk
Lim () = pro—
k1 “im km
ki
T oy-y
7 — W
ljn(y): = :
i—1 Yin —Yin
I#j

We construct the sets of nodes

2i+1 )
(Uk)g=Tor=1, Uk = COS 57T

Ir,i=0,2"1-1, k=2"144
(Ul)l:m, vy =u, [=1,2"—1.
If f € C([-1,1] x [-1,1]) we have the Biermann interpolation formula

f=B.f+Rf
where

B, = PlQI & QI & ® PLQY

and remainder operator

R= P7‘C+PTC—1QIC+"' +P16Q7'il +Q7‘C _PICQTC_ _P'r'CQlC'

The representation of Biermann interpolation projector is

r or—_m 9M_q1 or—m-n+l_q

Bf=> > > > ®iif(uiv))

m=1 n=0 j=2m—1

j=2r—m-n
where
m—+n . m+n—1 N
Cij(w,y) = > lis@lir1-s@) = Y Lis(@)ljr—s(v)
s=m s=m

omTl cj<ogm 1, T <<l 0<n<r—m, 1<m<r.
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By integrating Biermann interpolation formula (9) on domain D = [-1,1] X

[—1, 1] we obtain boolean cubature formula

r r—m 2m—1 2r-m-ntl_g

[1 /4 f(z,y)dedy = Z Z Z Z Cij [ (ui, v;) + R(f)

m=1 n=0 j=2m—1 j=2r—m-n

with

m—+n m—+n—1

C’ij = Z AiSBj,’!‘-i-l—s - Z AisBj,r—s

(10)

oMl _1<i<om 1,2 < i<l _ 1 0<n<r—m, 1<m<r

where the numbers A;s and B are coeflicients of some Fejer-Clenshaw-Curtis quadra-

tures

i . (27 +1

Asin L 2e-1 -1 sin (%ﬂ')

A (i), = 5 1 , i=1,25—-1, s=1,r
=0 J

Bjs:Ajsa j:].,QS*]., S:].,T'.

o5 being the permutations of numbers 1, ...,2° — 1 so that z,_(;),s = ;-

For remainder term of cubature (10), we have the following estimations

2 Mo 1 2 Mg or_ 1
2 1,0f |u,«(ac)|dx—|— 0,2 1f

(2r _ 1)[ 4 (27" . 1)| . |UT(y)|dy

[R()I <

r—1 f 1 1
Mor—m_1,9m_1
+ E : / Up—m (T dx/ vm (y)|dy
— (2’)“7777,71)'(2777,71)[ _1| r m( )l _1| m( )l

T

.S Myrsr-m_1 om_1f ' | (z)|d 1 v (y)d
@ —iEn L, e L T

m=1

where
um(ac) = ($ — l‘lm) . (I — xgm_l,m)
Un(y) = (y - yln) ce (y - y2”71,n)
M f = sup FED (2, y)
(z,y)€[—1,1]x[—1,1]
‘We notice that

/1 |t (z)|de =  min /1 [(x —c1)...(x — cam_1)|dzx

—1 Clyeeey Com—1 J_1
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and

/|vn<y>|dy= min /|<y—d1>...<y—d2n_1>|dy.

-1 diy..dan 1 )1

Next, we propose to approximate the double integral

11
//e(_xQ_yz)dxdy
S15

The approximative value given by Maple is
va := 2.230985141

In table are given the results obtained using cubature formula (10)

r | The approximation | The absolut error
2| 1.901496850 0.329488291
3| 2.249623509 0.018638368
4 | 2.230704125 0.000281016
5 | 2.230983295 0.000001846
6 | 2.230985150 0.000000009

3. Second type cubature

Let be the Chebyshev nodes of second type

i=T,Nm—1, m=1,2

i
Tim = COS W,
- .
yjn:COS%a j=1,N*—1, n=1,2
and univariate Lagrange interpolation projectors

N™—-1

( mfl Z lzm fl mmL) m=1,2, fl € C[_l’l]

N™-1

(Qnf2)(y Z Lin(®) fa(yjn), n=1,2, fo € C[-1,1].
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T T T T T T 2 T T T T T T T
I
I .
I
.
. . . — or . . . . . . .
.
I
.
I
I
-15 -1 -0.5 0 0.5 1 15 2 -2 -15 -1 -05 0 05 1 15
(a) r=2 (b) r=3
T T T T T T 2 T T T T T T T
I
. 3 . 1 r
H
* g o5
.
.
. 4 -05
:
. H . i b
I
-15 -1 -05 o 05 1 15 2 -2 -15 -1 -05 o 05 1 15
(c) r=4 (d) r=5

FIGURE 1. The distribution of nodes in cubature formula (10)

The cardinal functions are given by

N2l g
— Lkm
lim(x) = _
lm( ) ;l;[l Tim — Tkm
i#£k
vy
> — Y
lin(y) = .
=1 Yin = Yin
l#]

We construct the sets of nodes (ux), 77— (V1),_17537 7

N -1
N

s 2T
U] = COS —, U = COS —,...,UN_]1 = COS

N N

m 27 N-—-1
unN = COS m, UN+1 = COS m,...,UQN_Q = COS Wﬂ',

T,
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+ N +2 2N -1
UIN—1 = COS —r5= T, UsN = COS —mpT,..., UBN—3 = COS —s—T
N?—N+1 N?—1
UN2_N41 = COS Tﬂ', ..., UN2_1 = COS Tﬂ'
and
v = up, l:].,N271
If f € C([-1,1]x[—1,1]) then we have discrete blending interpolation formula
f=B2f+Rf (11)
where

By = P/Qy® Py
and remainder operator
R = PQ’C +P1/CQ/1/C + Q/Q/C _ P{CQ;/(/ N PQI(/Q;IC

The blending discrete interpolant has the representation

NMm_1 N3-m-n_q

Baf =) i > Z Dij f (ui, vy)

m=1n=0 j=Nm— 1 =N2-m—n

where
m+n m+n—1 N
;; (z,y) Z lis(z ]T+1 s(y) — Z liS(m)ljﬂ“*S(y)

Nl _1<i<N™m—1, NA2m " _1<j<N¥™"_10<n<2—m, m=1,2.

By integrating the interpolation formula (11) on domain D = [—1,1] x [-1,1]
we obtain boolean cubature formula

2-m N™—1 N3—™"7"_]

//fmydxdzz S Y o)+ R (12)

m=1 n=0 j=Nm—1 j:N27m—n

with

m-+n m+n—1
= Z AisBj,'r'—i-l—s - Z AisBj,r—s
s=m S=m
Nl 1 <i<Nm—1, N> " _1<j<N¥™"_1,0<n<2-m, m=1,2
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where the numbers A;; and B}, are coeflicients of some quadratures of Fejer-Clenshaw-

Curtis type

asin T[] g AT U B
Aa(i)sziN .7]\7, i=1,Ns—1, s=1,2
s ) N& = 2J+1

Bjs:Ajsa j:]-,NS*].,S:ﬁ.

05 being the permutations of the numbers 1,..., N® — 1 so that x,_¢;) s = u;

For the remainder term of cubature (12), we have the following estimation

2M 2 _ 2M _
RO < 8 [ o+ 2] [y

S rr el NS [
rmi s [ m@lds [

My_1n-1f ! !
it [ @l [ ol

where
U () = (& — 1) ... (T — TNm_1,m)
vn(y) = (Y —yin) - (Y — YNn—1n)
M;; f = sup FOD (2, y).
(z,y)€[—1,1]x[—1,1]
‘We notice that
1 1
/ |t (2)|dz = min / [(z—c1)...(x —eym_1)|dz
—1 Cly-esCNM—1 | _q
and

/ loa(9)ldy = min / (g — ). (y — dyo)ldy.

-1 di,..,dnn_1 J_q

We approximate the same double integral from previous section

11
/ / e d:cdy
Z1501
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In table are given the results which are obtained using cubature formula (12)

r | The approximation | The absolut error
2 | 1.901496850 0.329488291
3 | 2.226829679 0.004155462
41 2.230651197 0.000333944
5| 2.230936110 0.000049031
6 | 2.230983949 0.000001192
(a) N=2 (b) N=3
1 NS O 1 R
(c) N=4 (d) N=5

FI1GURE 2. Distribution of nodes in cubature formula (12).
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SOME INTERPOLATION OPERATORS ON A SIMPLEX DOMAIN
TEODORA CATINAS AND GHEORGHE COMAN
Dedicated to Professor Petru Blaga at his 6oth anniversary

Abstract. This paper studies with certain operators, their product and
boolean sum, which interpolate a given function on the triangle and tetra-
hedron. The interpolation properties and the degree of exactness for these
operators are studied. Also, the remainders of the corresponding interpo-

lation formulas are studied.

Our goal is to study some interpolation formulas for bivariate and trivariate
functions.

Bivariate case. We consider the standard triangle

Th={(z,y) €R |2 >0,y >0,2+y<hheRy}

and the function f : 7T, — R.
Let P;, P, and P; be the operators that interpolate the function f at two

edges of the triangle T}, as seen in Figure 1.

Received by the editors: 30.05.2007.

2000 Mathematics Subject Classification. 41A05, 41A25, 41A63, 41A80.
Key words and phrases. interpolation operators, degree of exactness, product and boolean sum operators,

Peano’s theorem.
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(0.x+y)

©Oy)

(x,.O) (x+y,0)

Triangle T, .
Figure 1.

We have

h —
0+ f = ),

(PL) () = = -

(P 9) = "= (e, 0) L o - ),

(Paf)(sy) = - flo - 4,0) + == 0.0+ y).

As seen, these operators have the following interpolation properties:

(PL)(0,y) = f(0,y), y € [0, 4]
(PLf)(h—y,y) = f(h—y,y), ye[0,h]
(P2f)(x,0) = f(z,0) z € [0, h]
(Pof)(x,h —x) = f(z,h —x), x€]0,h]
(Psf)(2,0) = f(z,0) z € [0, h]
(P5.f)(0,y) = f(0,y), y €10, A]

These properties are illustrated in Figure 2.

Remark 1. In the following figures, we use bold lines and points to indicate the
interpolation domains of the corresponding operators.
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P P P

Figure 2.

Remark 2. The degree of exactness of each of the operators Py, P> and Ps is 1, i.e.,
dex(P1) =1, dex(P) =1, dex(Ps) = 1.

Our goal is to study some interpolation formulas generated by the operators
Pl, P2 and P3.

1. Let us consider the interpolation formula generated by P; :

f=Pf+Rf,

where R;f denotes the remainder. Regarding this remainder, we have the following

result.

Theorem 3. If f € B11(0,0) (B11(0,0) denotes the Sard space, see e.g., [9]) then

F20 (€. 0) + fvy(hi_ﬂfyy)[ FOVELm) — FO (2, 12)]

h Y
(1)

x(x+y—h)

(Raf)ayy) = 2

U)Zthf € [Oah]a (§1a771) € [Oal‘] X [O7y] and (527772) € [Iah _y] X [an]a and

h
< (2,0)/. H H (1,1)H . 5
|(Ry f)(,y)] < S [Hf (+,0) Lo +1f | respectively (2)
for all (z,y) € Th.
Proof. We have
dex(Pl) = ].,

which implies that
ker(R;) = P,
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where P? denotes the set of bivariate polynomials of degree at most 1. Therefore, by

Peano’s Theorem it follows that
h h
(Bf)e) = [ Kao(o,y5)£20 (5,005 + [ Koalar )50 0,00
0 0

+fjf Ku(z,y, 5,6) fOD (s, t)dsdt

Th
with
Kao(,9,8) = (¢ = 8)4 — ——(h —y — 5)4
h—y
Koo (z,y,t) =0
K,y 5,0) = (g = 02 = )% = 3= (h—y = )3,
As
Koo(z,y,8) <0, s € [0, hl,
Kii(2,y,s ) >0, (s,t) €[0,2] x[0,y],
Kuii(z,y,s,t) <0, (s,t) € [x,h —y] x [0,y],
K1 (2,y,5,t) =0, (s,t) € Dy U Dy,

by the mean value theorem one obtains the formula (1). (The domains D; and Dy
are represented in Figure 3.)

Taking into account that

x(h—x—vy) h?

max ———> = —,
(z,y)ETh 2 8
zylh—z—y) h?
max ———— = —,
(z,y)ETH h— Yy 16
the inequality (2) follows. O
©y) (h-yy)
+ - D,

The sign of the kernel K.

Figure 3.
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Remark 4. Analogous formulas are generated by P> and Ps.

2. Let PiPj, i,j =1,3, i # j be the product of two of the operators P, Ps,
Ps, previously given. We have

h—xz—y yh—z—vy) T
(Praf)(,y) = Tf(oao) + Wf(oa h) + h——yf(h —4,9),
(Piaf) (o) = 5 F(0.9) + F1(0) + s F0.1)
(Posf)a) = S .0+ 27 0.0) + 57 10,1,

It is easy to verify the following properties.

e The interpolation properties:

e The degree of exactness is
deX(Pij):]-v iaj:ma 27&]

Remark 5. The operator P;; has the same interpolation properties as the operator

Pji,i,j =1,3, i # j. These properties are illustrated in Figure /.

Pis Py3 P

Figure 4.

We consider the interpolation formula generated by Pj2, namely
f=Puaf+Rof.
Similarly with Theorem 3, for the remainder Rs f, it is proved the following result.
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Theorem 6. If f € B11(0,0) then
B2
S s e R

for all (z,y) € Ty,.
3. Consider the product operator P = P,P; Py, i,j,k = 1,3, i # j # k # 1,
namely
(PF)wy) = =L 10,0)+ 7 £(0,0) + L 50, 1),
which interpolates the function f at the vertices of the triangle T}, (as we can see in

Figure 5), and dex(P) = 1.

Pyos
Figure 5.
Trivariate case. As an extension of the previous results we consider the
standard tetrahedron

Th = {(z,y,2) €R*|2,y,2> 0,2 +y+2<h, h>0},

and f : 7, — R. Let m; be the parallel planes to the tetrahedron faces, as we can see

in Figure 6.

Tetrahedron 7j,.
Figure 6.
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Denote by Q;, i = 1,4 the operator that interpolates the function f at the

intersection points of the plane 7; with the tetrahedron edges. We have

(@)l 2) = T 10,9.0) 7 (= .9.0) + 72— (0.3 h =),
(@2)(ws:2) = L2 (0,0,0) 4 2 S ,0) (e, 0, ),
(@) (.2) = "R 5 (0,0,2) 4 1 f(h = 0,20+ 1L f(0. - 7,2),
@)y ) = o fty 20,0 4 e [0, 4y 4 2,0)

t o 00yt

Theorem 7. Fach operator Q;, i = 1,4 interpolates the function f at three edges of

the tetrahedron (see Figure 7) and it has the degree of exactness equal to 1.

Proof. The proof is a straightforward computation.

NNy

Q1 Q2 Qs Q4

Figure 7.

Next, we shall study the product of two, three and four operators Q;, i = 1, 4.
4. Let us consider the product Q;; = Q;Q;, i,j = 1,4, i # j. We have

@uﬁ@www—Liiiﬂoom+hy
(Qusf)(w,y, 2) = =542 £(0,0,0) + £ £ (h, 0,0) + SEF=E (0, 7,0) + 725 £(0,4,h — )
(Quaf)(z,y,2) = L—%ﬁﬂa%m+%ﬂmam+ﬂﬁ?ﬂ0hm 7(0,0,h),

(Qaaf) (., 2) = B=E52=2 £(0,0,0) + o (R, 0,0) + £ £(0,h,0) + 725
(Qeaf)(,y,2) = "=5=4=2 £ (2,0,0) + 5GE5f (. 0,0) + ££(0,h,0) + ££(0,0,h),

(Qaaf)(@,y, 2) = B==4=2£(0,0,2) + £ f(h,0,0) + £ £(0, h,0) + 755 £(0,0, h).

(h—y,y,0) + L= £(0,h,0) + £ £(0,0, h),

(x,0,h — x),
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The main properties of the operators Q;;, i,j = 1,4 are:

® Qiif, 1,j = 1,4 interpolates the function f at one edge and two vertices
of the tetrahedron 7}, as one can see in Figure 8.

e (;;f has the same interpolation properties as Qj; f, i,j = 1,4 .

o dex(Q;j) =1, fori,j =1,4,i # j.

VANY/ANY/ES

Q12 Q13 Q14
Q23 Q24 Q34

Figure 8.
5. Let Qijx be the product of Q;, Q; and Qy, i,j,k = 1,4, i # j # k # i.
We have

(Qijkf)(mayvz) = wf(o 0,0) + %f(ha()?()) + % (O,y,O) + %f(0’07h)a

foralli,j,k=1,4,i#j#k #i.
We notice that Q;Q;QxQuf = Qijif, 4,4,k l=1,4,i#j#k#1.
It is easy to verify the following properties.
e Each operator Q;jx, 4,7,k = 1,4, i # j # k # i interpolates the function
[ at the vertices of the tetrahedron 7j,. (See Figure 9.)

e The degree of exactness is

dex(Qijr) =1, i,5,k=1,4, i #j#k#i.
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Q’ijk7 imja k= m7
Figure 9.
6. Some useful operators are obtained using the boolean sum of the operators

For example, each of the operators S;; = Q; ® Qj, 7,7 = 1,4, i # j has the
property that S;;f inetrpolates the function f at five of the tetrahedron edges (see

Figure 10) and

S12
Figure 10.
7. We also have S, f = f, i,j,k =1,4,i # j # k # i on all the edges of the

tetrahedron 7, and

deX(Sijk> =2, i,j=14,

where Sijr = Qi ® Q; & Qr, i # j # k # i.
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ON SOME IMPLICITE SCHEME IN MATHEMATICAL FINANCE

IOANA CHIOREAN

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. The aim of this paper is to give a parallel approach for the
Crank-Nicsloson method applied to the discretized form of the Black-

Scholes equation.

1. Introduction in the value of an option

One of the key problems in Mathematical Finance is the determining the
value of an option.

According to [8] the simplest financial option, a European call option, is a
contract with the following properties:

- at a prescribed time in the future, known as the expiry date or expiration

date (denoted by T'), the holder of the option may

e purchase a prescribed asset, known as the underlying asset (denoted by
S), for a

e prescribed amount of money, known as the exercise price (denoted by E).

Note 1.: The word "may” in this description implies that for the holder of

an option, this contract is a ”right” and not an ”obligation”.

The other part, who is known as the writer, has a potential obligation: he
"must” sell the asset if the holder chooses to buy it. Since the option confers on its

holder a right with no obligation, it has some value. Moreover, it must be paid for
Received by the editors: 04.04.2007.
2000 Mathematics Subject Classification. 65H05, 65N06, 91B28.

Key words and phrases. parallel calculus, finite difference, financial option.
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at the time of opening the contract. Conversely, the writer of the option must be
compensated for the obligation he has assumed. So the following questions arise:
- How much would one pay for this right, i.e. what is the value of an option?

- How can the writer minimize the risk associated with his obligation?

Note 2.: There are Call Options (which means the options to buy assets)
and Put Options (which means to sell assets). Whereas the holder of a
call option wants the asset prince to rise - the higher the asset price at
expiry, the greater the profit - the holder of a put option wants the asset

price to fall as low as possible.

2. The mathematical model

The problem of determining the value of an option is mathematically modeled

by the well known Black-Scholes equation:

ov

1, 5, 9%V ov B
55 739 5 52 +r-s 55 " V=0 (1)

where the following notations are used:
e V- the value of an option, where V; = V(S,t), with ¢-the time and S - the
underlying asset. If we have a call option, V' will be replaced by C, and if
we have a put option, it will be replaced by P.

e o - the volatility of the underlying asset

e 7 - the interest rate

Note 3.: For a Call option, e.g., the boundary conditions are:

V(S,T) = max(S — E,0) (2)

V(0,t) =0

where we denoted by
e I - the exercise price
e T - the expiry.
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The exact solution of equation (1) with boundary condition (2)
can be determined, but in practice it is difficult to handle. This is the

reason for which a numerical approach is preferred.

3. Solving numericaly the Black-Scholes equation

In order to obtain the numerical solution of equation (1), one has to discretize
it.

The most common way to do this, is by using finite - difference methods.

In the literature, there exist many results in this direction. So, in [6], [7]
and [8] one may find the basic tools for numerical option pricing. In [5], a backward
differentiations formula is used and in [2], some results are obtained by using an
explicit technique.

In what follows, we recall another technique, known as the Crank-Nicolson

method.

3.1. The Crank-Nicolson method. As is presented in [8], the Black-Scholes equa-
tion can be reduced to a diffusion equation, where the numerical solutions are easier to
determine. Then, by a change of variable, these are converted into numerical solutions
of the Black-Scholes equation.

So, let us consider the general form of the transformed Black-Scholes model

for the value of a European option,

ou  O%u
o o2 3)
with the boundary conditions
w(z, 7) v U_oo(x, T),u(x, T) = Uso(x,T) as ¢ — 00 (4)

u(z,0) = ug(x)

Using grid points with the x-axis divided into equally spaced nodes at distance dx
apart, and the 7-axis into equally spaced nodes at a distance 67 apart, the grid points
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have the form (ndz, mdr). We denote by

m

U,

= u(ndx, mdr) (5)
the value of u(x,7) at the grid point (ndz, mdr). Considering that, on the grid,

N 6z <z < NTtéx, 0<t< Mér

where N=, NT and M are large positive integers, we may write equation (3) with

the boundary conditions (4), in the following manner:

urtt — Upiy — 2uy" +up' g 2
by using an explicit formula and
um+1 —ym uerl _ 2um+1 + uerl
n n 0(s — n+1 n n—1 0((s 2 7
or +0(07) (62)2 +0((d2)?) (7)

by using an implicit formula, where the discretized boundary conditions are:

UN - = U_oo(N 70z, méT), 0 <m < M

Uty = Uoo (NTS2, mé7), 0 <m < M.

Making the average of (6) and (7), we obtain the Crank-Nicolson formula which,

ignoring the error terms, is the following:

m+1

UTL

o (u;”fll —2umt ¢ uzb_‘__ll) = (8)

N |

1
u,' + 54 (uny = 2up’ + upyy)

where

oT

(0x)?"

In a matriceal form, (8) can be written as follows:

A-umtt =B .y™ 9)
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where
[ 1+« —%a 0 0 ]
—%a 14+« %a 0
A= 0 —%a 1+«
. 7%04
| 0 0 —%a l+a
1—a %a 0 0
1 1
s 1l—a s« 0
B = 2. 2.
Lo
0 0 ia 1-«
By successive replacing (9) becomes:
um+1 :A_l-B-’u,mZ (A_l-B)2~um+1 - ... = (A_l-B)m-uO (10)

where u® contains the option values at the initial moment.

In (10) we have to compute the m!"—power of a matrix product. The com-
plexity of this computation, performed in a usual manner (it means with a serial
computer) is O(n®™), where n is the dimension of the matrix. In order to improve
this complexity, it means to reduce the effort of computation, one way is to use parallel

calculus.

4. Parallel approaches

Parallel calculus implies the execution of the corresponding algorithm by
means of several processors. For more details about parallel computation, in general,
see [4]. Many authors use more than one processor to reduce the execution time, for
different types of algorithms. Connected with the numerical methods for the Black-
Scholes formula, in [1] a parallel approach is proposed which generates an effort of
computation of order O(log n), where n is the dimension of the problem. Also, in [3],
by using another parallel technique, a similar result is given.
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4.1. Using the recursive doubling technique. One possibility to gain speed is
to apply the recursive doubling technique (see [4] ) to evaluate the matriceal product
in (10).

As presented in [4], having enough processors (let’s say p, with p > m) the
matriceal product can be performed on a binary tree network: every leaf processor
memorizes a pair A~ B, and exactly in [log, m] steps, the final product will be ob-
tained in the root processor. The computation effort at every level is of order O(n?).

So the total computational effort will be of order O (n® - [log, m]) .

4.2. Using a parallel matriceal product. Another possibility to gain speed is to
use the p processors (with p > n3, this time) to compute in parallel one matriceal
product A=! - B. According with some technique presented in [4], this can be done
exactly in the time needed to perform one single scalar multiplication. So, the total
time involved (the computational effort), will be of order O(mx* complexity of a scalar

multiplication).

5. Conclusions

The previous parallel approaches presented above reduce the computational
effort and can be used if there are enough processors in the system. Otherwise, the
matrices can be divided into blocks, and then some block parallel techniques may be

applied.
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Dedicated to Professor Petru Blaga at his 6oth anniversary

Abstract. The aim of the present paper is to prove that the family of all
closed nonempty subsets of a complete probabilistic metric space L is com-
plete with respect to the probabilistic Pompeiu-Hausdorff metric H. The
same is true for the families of all closed bounded, respectively compact,
nonempty subsets of L. If L is a complete random normed space in the
sense of Serstnev, then the family of all nonempty closed convex subsets of
L is also complete with respect to H. The probabilistic Pompeiu-Hausdorff
metric was defined and studied by R.J. Egbert, Pacific J. Math. 24 (1968),
437-455, in the case of Menger probabilistic metric spaces, and by R.M.
Tardiff, Pacific J. Math. 65 (1976), 233-251, in general probabilistic metric
spaces. The completeness with respect to probabilistic Pompeiu-Hausdorff
metric of the space of all closed bounded nonempty subsets of some Menger
probabilistic metric spaces was proved by J. Kolumban and A. Soéds, Stu-
dia Univ. Babes-Bolyai, Mathematica, 43 (1998), no. 2, 39-48, and 46
(2001), no. 3, 49-66.

1. Introduction

The study of probabilistic metric spaces (PM spaces for short) was initiated
by K. Menger [17] and A. Wald [28], in connection with some measurements problems
in physics. The positive number expressing the distance between two points p, q of a
metric space is replaced by a distribution function (in the sense of probability theory)
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F,,: R — [0,1], whose value F), ,(z) at the point z € R can be interpreted as the
probability that the distance between p and ¢ be less than x. Since then the subject
developed in various directions, an important one being that of fixed points in PM
spaces. Important contributions to the subject have been done by A.N. Serstnev and
the Kazan school of probability theory, see [21, 22, 23, 24] and the bibliography in
[19].

A clear and thorough presentation of the results up to 1983 is given in the
book by B. Schweizer and A. Sklar [19]. Beside this book, at the present there
are several others dealing with various aspects of analysis in probabilistic metric
spaces and in probabilistic normed spaces - V. Istratescu [11], I. Istratescu and Gh.
Constantin [4, 5], V. Radu [18], S.-S. Chang and Y. J. Cho [3], O. Hadzi¢ [8], O.
Hadzi¢ and E. Pap [9]. In the present paper we shall follow the treatise [19].

The probabilistic Pompeiu-Hausdorff metric on the family of nonempty closed
subsets of a PM space was defined by Egbert [6] in the case of Menger PM spaces,
and by Tardiff [27] in general PM spaces (see also [19, §12.9]), by analogy with the
classical case. Sempi [20] used the probabilistic Pompeiu-Hausdorff metric to prove
the existence of a completion of a PM space. Some results have been obtained also
by Beg and Ali [2].

As it is well known, the family of nonempty closed bounded subsets of a
complete metric space is complete with respect to the Pompeiu-Hausdorff distance
(see, e.g., [10, Chapter 1]). The aim of the present paper is to prove the probabilistic
analog of this result for the family of all nonempty closed subsets of a probabilis-
tic metric space. We shall prove that the families of all nonempty closed bounded,
respectively compact, subsets of a complete probabilistic metric space L are also
complete with respect to the probabilistic Pompeiu-Hausdorff metric. If L is a com-
plete random normed space in the sense of Serstnev, then the family of all nonempty
closed convex subsets of L is complete with respect to the Pompeiu-Hausdorff met-
ric too. In the case of Menger PM spaces (L, p, Min), and (L, p, W), with ¢t-norms
Min(s, t) = min{s, t}, s,t € [0,1], respectively W(s,t) = max{s+¢— 1,0}, the com-
pleteness of the space of all closed bounded nonempty subsets of L with respect to
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the probabilistic Pompeiu-Hausdorff metric was proved by Kolumbén and Sods in [13]
and [14]. In the case of a Menger PM space (L, p, Min), they proved also in [13] the
completeness of the family of all compact nonempty subsets of L. These completeness
results were applied in [13, 14, 15] to prove the existence of invariant sets for finite
families of contractions in PM spaces of random variables (E-spaces in the sense of
Sherwood [25], or [19, Ch. 9, Sect. 1]).

As in Aubin’s book [1], I have adopted the term Pompeiu-Hausdorfl metric.
For a short comment on this fact, as well as on the similar case of the Painlevé-

Kuratowski convergence for sequences of sets, see [1, page xiv].

2. Preliminary notions

Denote by A the set of distribution functions, meaning nondecreasing, left
continuous functions F : R — [0, 1] with F(—co0) = 0 and F(co) = 1. Let D be the
subclass of A formed by all functions F' € A such that

lim F(z)=0 and lim F(x)=1.

The weak convergence of a sequence (F,) in A to F € A, denoted by F,, <
F', means that the equality
lim F,(z) = F(z) (2.1)

n—oo

holds for every continuity point « of F'. Since F is non-decreasing the set of
its discontinuity points is at most countable, so that the set of continuity points of
F is dense in R. In order that F,, % F it is sufficient that the relation (2.1) holds
for every x in an arbitrary dense subset of R. An important result concerning weak
convergence of distribution functions is Helly’s First Theorem: every sequence in A
contains a weakly convergent subsequence (see Loeve [16, Sect. 11.2]).

The topology of weak convergence in A is metrizable. The first who realized
this was P. Lévy (see the Appendix to Fréchet’s book [7]), and for this reason the
metrics generating the weak convergence in A are called Lévy metrics. Since the orig-
inal Lévy metric characterizes the weak convergence only in D, Sibley [26] proposed a
modification of Lévy metric that generates the weak convergence in A. We shall work
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with a further modification proposed by Schweizer and Sklar [19] and denoted by dy,.
The distance d,(F, G) between two functions F,G € A is defined as the infimum of

all numbers h > 0 such that the inequalities
Flx—h)—h<Gx)<F(x+h)+h
and
Glx—h)—h<Fz)<Gx+h)+h
hold for every x € (—h~';h~!). One shows that dz, is a metric on A and, for any
sequence (F,) in A and F € A, we have

F, % F <= dy(F, F)—0.

By Helly’s First Theorem the space (A,dy) is compact, hence complete (see [19,
§4.2)).

The sets of distance functions are:
AT={FeA:F(0)=0} and DT =DnNA™T.

It follows that for F' € AT we have F(z) = 0, Vo < 0. The set AT is closed
in the metric space A, hence compact and complete too.
Two important distance functions are

eo(x)=0 for =<0 and €xo(x) =0 for x< oo

=1 for >0 =1 for =00

The order in AT is defined as the punctual order: for F,G € AT we put
F<G <<= V>0 F(z)<G(x).

It follows that €y is the maximal element of At and of Dt as well, and e
is the minimal element of AT,

In the following we shall define some functions, say F', on R and consider
them automatically extended to R by F(—oc) =0 and F(co) = 1.
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If {F; :i € I} is a family of functions in A then the function F : R — [0, 1]
defined by

F(z) =sup{F;(x):i € I}, z € R,

is the supremum of the family {F;} in the ordered set (A™,<): F = sup,; Fi.
To define the infimum of the family {F;} put

[(z) = inf{Fy(z) : i € I}, x € R. (2.2)

Since the function I' is nondecreasing, but not necessarily left continuous on

R, we have to regularize it by taking the left limit
G(z) =0 T(x) := lim I'(z') = sup I'(2), = € R. (2.3)
z' Sw @' <z

Then G(z) < T'(z), Vo € R, the function G belongs to A™ and G = inf;c; F;
- the infimum of the family {F}} in the ordered set (AT, <).

A triangle function is a binary operation 7 on A*, 7: AT x AT — At that
is commutative, associative, non-decreasing in each place (7(F1,G1) < 7(F», Gs), if
Fy < Fy and G < Gs), and has ¢ as identity: 7(F,eq) = F, F' € AT. The triangle
function 7 is called continuous if it is continuous with respect to the d-topology of
AT. Tt follows that 7 is, in fact, uniformly continuous, since the metric space (AT, dr)

is compact.

3. Probabilistic metric spaces

A probabilistic metric space (PM space) is a triple (L, p, 7), where L is a set,
p is a mapping from L x L to AT, and 7 is a continuous triangle function. The value
of p at (p,q) € L x L is denoted by Fq, ie., p(p,q) = Fpq.
One supposes that the following conditions are satisfied for all p,q,r € L:
(PM1) F,, = o,
(PM2) F,,=¢€ = p=gq,
(PM3)  Fpq = Fp,
(PM4)  F, > 7(Fpq, Fyr)-
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The mapping p is called the probabilistic metric on L and the condition (PM4)
is the probabilistic analogue of the triangle inequality.

The strong topology on a PM space is defined by the neighborhood system:
Up)={q€ L:F,ylt)>1-t}, t>0. (3.1)

Putting

U(p) ={qeL:F,(t)>1—1t} (3.2)

we have U;(p) C Uy(p) and Uy (p) C Uy(p) for ¢’ < t, showing that the family (3.2)
of subsets of L forms also a neighborhood base for the strong topology of L.
Observe that Uy(p) = L, for t > 1, and Uy(p) = L, for t > 1, so that we
can restrict to ¢ € (0,1) when working with strong neighborhoods. In fact, we can
suppose that t is as small as we need.
The strong topology on a PM space (L, p, 7) is derived from the uniformity
U generated by the vicinities:

U ={(p,q) € LXL:F,y(t)>1—t}, t>0. (3.3)

The strong topology is metrizable since {U;/,, : n € N} is a countable base for the
uniformity &/. The probabilistic metric p is uniformly continuous mapping from L x L

with the product topology to (AT, d), meaning that

w

pn—p and g, > q in L = F, ., — Fp. (3.4)

ndn
The convergence of a sequence (p,,) in L to p € L is characterized by
Pn—p < Vt>03IngVn>ng pn€ Ui(p)
= F,., e
< dr(Fp,p,€0) — 0.
A sequence (p,) in L is called a Cauchy sequence, or fundamental, if

w
Fpop,, — € for n,m— oo,
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or, equivalently,
V¢ > 0 Ing such that VYn,m > ng (pn,pm) € Ur (<= Fp,p,, () > 1 —1).

A convergent sequence in L is a Cauchy sequence, and the PM space L is
called complete (with respect to the strong topology) if every Cauchy sequence is
convergent.

For these and other questions concerning the strong topology of a PM space,
see [19, Chapter 12].

Throughout this paper all the topological notions concerning a PM space will

be considered with respect to the strong topology.

4. The probabilistic Pompeiu-Hausdorff metric

For a metric space (X, d), two nonempty bounded subsets A, B of X and a

point p € X, one introduces the following notations and notions :
d(p, B) = inf{d(p,q) : ¢ € B} — the distance from p to B,
h*(A, B) = sup{d(p,B) : p € A} — the excess of A over B,
and let

h(A, B) = max{h*(A, B), h*(B, A)}

be the Pompeiu-Hausdorfl distance between the sets A, B.

Denoting by Py(X) the family of all nonempty closed bounded subset of X
it follows that h is a metric on P,(X), and the metric space (Pyy(X), h) is complete
if (X, d) is complete (see, e.g., [10, Chapter 1]).

In the case of a PM space (L, p, 7) the definitions are similar but, taking into
account the fact that the probabilistic triangle inequality (PM4) is written in reversed
form with respect to the usual triangle inequality, sup and inf will change their places.

For two nonempty subsets A, B of L and p € L denote by

Fop =sup{F,,:q € B} < F,p(x) =sup{F,(x):q€ B}, x €R, (4.1)
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the probabilistic distance from p to B, and let
Fip=inf{F,p:pe€ A}. (4.2)
Taking into account the formulae (2.2) and (2.3), it follows
Fap={T})p,
where
I g(z) =inf{F,p(z) : p € A}, z € R.
The probabilistic Pompeiu-Hausdorff distance between the sets A, B is defined

by
H(A,B) = F4p, where

Fap(x) =min{Fig(z), Fi4(x)}, z€R. (4.3)

The probabilistic Pompeiu-Hausdorff metric was defined and studied by Egbert [6]
in the case of Menger PM spaces and by Tardiff [27] in general PM spaces (see also
[19, §12.9]). The mapping H (A, B) = F4p satisfies the following properties, where cl
denotes the closure with respect to the strong topology:

Proposition 4.1. ([19, Th. 12.9.2])

1. Fyyg = Fpqg  for pqe L

2. For nonempty A,B C L, Fap = Fpa, Fap = Fauam), and
Fap =€y if and only if cl(A) = cl(B).

In order that H satisfy the probabilistic triangle inequality (PM4), we have
to impose a supplementary condition on the triangle function 7. The triangle function
T is called sup-continuous if

7(sup F;, G) = sup7(F;, G) (4.4)
i€l icl
for any family {F; :i € I} C At of distance functions and any G € AT,

Denote by Py(L) the family of all nonempty closed subsets of a PM space
(L, p, 7).
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Theorem 4.2. ([19, Th. 12.9.5]) If the triangle function T is sup-continuous then the
mapping H(A, B) = Fap, where Fap is defined by (4.3), is a probabilistic metric on
Py(L).

In the following proposition we collect some properties which will be used in
the proof of the completeness of P;(L) with respect to the probabilistic Pompeiu-
Hausdorff metric.

Proposition 4.3. Let (L,p,7) be a PM space with sup-continuous triangle function

T, and let A,B € Pr(L) andp € L. Then
1. F,p>7(Fpa,Fip);

and
2. Fp>T%, > Fiy > Fag.
3. If Fap(s) > 1—s for some s, 0 < s <1, then
Vp € A 3q € B such that Fpy(s) > 1 —s, (4.5)
and
Vg € B 3p € A such that Fpy(s) > 1 —s. (4.6)

Proof. For x € R we have
Yae€ AVbe B Fyp(z) > Fpp(x) > 7(FpaFap) ().

Taking the supremum with respect to b € B and taking in account that 7 is sup

continuous and monotonic in each place, we get
Va€ A Fop(x) > 7(Fpq, Fup)(x) > 7(Fpa, Fap)(x).

Taking now the supremum with respect to a € A one obtains the inequality 1.
The inequalities 2 are immediate from definitions.

To prove 3, observe that
Fap(s)>1—s <= Fipg(s)>1—sand Fp,(s) >1—s.

It follows
inf{F,p(s):p' € A} =T%(s) > Fig(s) > 1—s,
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so that
sup{Fpq(s): g€ B} >1—3s,

implying (4.5).
The inequality (4.6) can be proved similarly. O

The completeness result will be obtained under a further restriction imposed

to 7. We say that the triangle function 7 satisfies the condition (W) if
(W) F(z) > aand G(z) > 8 = 7(F,G)(x) > max{a+ § — 1,0},

for all x > 0, where F,G € AT, and «, € R.

Remark. Considering the t-norm
W(z,y) = max{z +y — 1,0}, (x,y) € [0,1]%
(see [19, p. 5]) and the associated triangle function W, defined for F,G € AT by
W(F,G)(z) =W(F(x),G(z)), x € R,

(see [19, p. 97]), the condition (W) essentially means that 7 > W.

Now we are ready to state and prove the completeness result.

Theorem 4.4. Let (L,p,7) be a PM space with sup-continuous triangle function T
satisfying the condition (W).
If the PM space L is complete then the space Py(L) is complete with respect

to the probabilistic Pompeiu-Hausdorff metric.

Proof. Let (Ay) be a sequence in Py(L) that is fundamental with respect to the
probabilistic Pompeiu-Hausdorff metric H.
Put
A= | U 4m |
n>1 m>n

and show that A € P;(L) (meaning that A C L is nonempty closed) and that the
sequence (A,) converges to A with respect to the probabilistic Pompeiu-Hausdorff
metric H.
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Observe that
peEA = dIni<ne<..dpp€A: ppL—Dp. (4.7)
For 0 < t < 1/2 fixed, choose ny € N such that
Vn,m >ng Fa,a, (t)>1—t.

For m > ng fixed, put n; := m and pick an element p; € A,,.
Let now ny > ny be such that

t t
Vn,nlzng FAnAn’(i)>1_§'

The inequalities

i, (0) > Faya, () > 1t
and the fact that p; belongs to A,, imply F}, 4, (f) > 1 —t, so that there exists
p2 € Ap, such that

Fplpz (t) >1-t
Take now n3 > nsy such that
Vn,n' >n3 Fa,a,(z)>1— .
Reasoning like above, we can find an element p3 € A,,, such that

t t
szp3(§) >1- 3

Continuing in this way, we obtain a strictly increasing sequence of indices n; < no < ...
and the elements p, € A,,,, k € N, such that

t t

Fpkpk+1(2]€7_1) >1- SE—T° (4.8)

for all k € N.
Claim I. Vi€ NVEEN Fpp ., (5i7) > 1= (571 + 5 + - + 552 )t-
We proceed by induction on ¢. For ¢ = 1 the assertion is true by the choice

of the elements py, (see (4.8)).
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Suppose that the assertion is true for ¢ and prove it for ¢ + 1. Appealing to

condition (W) we have

t 1 1
kpk+i+1(2k7_1) Z T ( F,

t
Fy F, pk+1pk+i+1)(2;€7_1) > 1—(F+?+~~+W)t»

PkPr+12

since F,p,,, (z7=7) > 1 — 57— and, by the induction hypothesis,

t t 1 1
Fpk+1pk+i+1(2]€7_1) > Fpk+1pk+,~+1(27) >1- (ﬁ +ot W)t'

Claim II. The sequence (py) is fundamental in the PM space L.

For 0 < s < 1 choose kg € N such that 27%0*! < 5. Then for any k > ko and

arbitrary ¢ € N we have

t t t t
(S)ZFPkPk+z(F)>1_(2k71++ )>1 — >1—s.

F " okti-1 Y

PePk+i

Since the PM space L is complete, there exists p € L such that py — p in the strong
topology of L. The choice of the elements p and (4.7) yield p € A. Since the set A
is obviously closed it follows A € Py(L).

By Claim I we have

1 1
Fplpk(t)>1_(1+§+...+2,€7_2)t>1—2t.

Let now ¢/, t < t' < 2¢, be a continuity point of the distribution function F, ,. The

continuity of the distance function (see (3.4)) and the inequalities
Fplpk (t/) 2 Fplpk (t) >1-2t
yield, for k — oo, Fpp(t') > 1 —2t, so that
Fy a(t') = sup Fp,4(t') > 1 —2t.
qeA

As p; was arbitrarily chosen in A,,, it follows

i A(t) =inf{Fyat'):p' € A} >1 -2t
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But then
Fi o a(2t) =suply A(t') >1—2t,
t/
where the supremum is taken over all continuity points ¢’ of the function F),, lying
in the interval (¢,2¢). The fact that the set of these points is dense in the interval

(t,2t) justifies the equality sign in the first of the above relations.

Taking into account that m > ng was arbitrarily chosen too, we finally obtain
Vm >ng Fj a(2t)>1-2t, (4.9)

Let now p € A and let n1 < ng < ... and p; € A,, be such that p, — p in
the strong topology of the PM space L.
Choose kg € N such that

Vk > ko Fpp(t)>1—t.

Proposition 4.3, the inequality F},a, > Fpp, , and condition (W) give, for
°0
any t/, t < t' < 2t,

Foan®) = Foa(®) = 7 (Foan,  Fi a,) (027 (Fopeys Fi a, ) (0> 121

kg kg

Since p € A was arbitrarily chosen, it follows
Vi', b <t <2t, Th, (t')>1-2t,
so that
Vm>ng Fia, (2t) >1—2t. (4.10)

The inequalities (4.9) and (4.10) yield
Ym > no H(Am, A)(Qt) = FA,,LA(2t) > 1-— 2t,

i.e., the sequence (A,,) converges to A with respect to the probabilistic Pompeiu-
Hausdorff metric H.
The proof of the completeness is complete. O
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The diameter of a subset A of a PM space (L, p, 7) is defined by
Da(t) =0 D4y(2)

where
D 4(t) = inf{F,y(t) : p,p’ € A}.

The set A is called bounded if Dy € DT, i.e. sup{Da(t) :t >0} =1 (see [19, pages
200-201]). This is equivalent to

sup{®4(t) :t >0} =1. (4.11)

Now we shall show that the families Py, (L) and Py(L) of all closed bounded
nonempty subsets of a PM space L, respectively of all nonempty compact subsets of
L, are complete in P¢(L) with respect to the Pompeiu-Hausdorff metric, provided
the PM space L is complete. To prove the assertion concerning the compact sets,
we shall use the characterization of compactness in uniform spaces in terms of total
boundedness (see [12, Ch. 6]). Let (X,U) be a uniform space. For U € U and a
subset A of X put U(A) = {z € X : Jy € A such that (x,y) € U}. It follows that
U(x) = U({z}) is a neighborhood of x and {U(z) : U € U} forms a neighborhood
base at z. A subset Y of X is called totally bounded if for every U € U there exists a
finite subset Z of X such that Y C U(Z). Then a subset of a uniform space (X,U) is
compact if and only if it is complete and totally bounded ([12, Ch. 6, Th. 32]). If L
is a PM space then, considering L as a uniform space with respect to the uniformity
generated by the vicinities (3.3), denote by Pyry,(L) the family of all nonempty, closed
and totally bounded subsets of L.

Theorem 4.5. If (L,p,7) is a PM space with sup-continuous triangle function T
satisfying the condition (W), then the subspaces Pyp(L) and Pyu(L) are closed in
Pr(L).

Consequently, if the PM space L is complete then the subspaces Pgy(L) and

Pi(L) are complete with respect to the probabilistic Pompeiu-Hausdorff metric.
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Proof. Let (A,) be a sequence of closed bounded nonempty sets converging to A €
P;(L) with respect to probabilistic Pompeiu-Hausdorff metric H. We have to show
that A is bounded too, i.e. that

sup{®a(t) : t >0} = 1. (4.12)
Let 0 < € < 1/3 and let m € N be such that
Vn>m Faa,(e)>1—¢. (4.13)

Since sup{®a,, (t) : t > 0} = 1 there exists ¢ > 0 such that ®4_(¢) > 1 —¢,
so that
Vg,q € Ay Fup(t) >1—e (4.14)
We can suppose also that ¢ > e. By (4.13) and (4.5), for any p,p’ € A there exist
q,q € Ay, such that

Fple) >1—€ and Fpy(e)>1—ce (4.15)

Since t > € we have F,4(t) > Fpy(€) > 1 — € and Fpy(t) > Fpq(€) > 1 — ¢, so that,
by (4.14) and condition (W), we have

qu/(t) > T(qu/, Fq/p/)(t) > 1 — 2e,

and
Fop (t) 2 7(Fpgs Fopr )(t) > 1 — 3e.

We have proved that for any ¢, 0 < € < 1/3, there exists ¢ > 0 such that
Fop (t) > 1 —€ for all p,p’ € A. Tt follows ®4(t) > 1 — 3¢, so that (4.12) holds.
Suppose now that (A,) is a sequence of nonempty compact subsets of L
converging with respect to the probabilistic Pompeiu-Hausdorff metric H to a set
A € Pg(L). We shall show that A is totally bounded with respect to the uniformity
having as vicinities the sets U; given by (3.3).
Let 0 < € < 1/2 and let n € N be such that Faga,(e) > 1 —¢. By (4.5) it
follows
Vp € A 3Jq € A, such that Fp,(e) > 1 —e. (4.16)
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Now, since the set A, is totally bounded, there exits a finite set Z C L such
that

Vg € A, 3z € Z such that Fi;(e) > 1 —e. (4.17)

For an arbitrary p € A choose first an element ¢ € A,, according to (4.16) and
then, for this ¢ select z € Z according to (4.17). Taking into account the condition
(W) we get

Fpy(€) > T(Fpq, Fyz)(e) > max{l — 2¢,0} =1 — 2e.

It follows A C Ua(Z), i.e. the set A is totally bounded.
Now, if the PM space L is complete and A is closed in L, it follows that A is

complete too, hence compact, as complete and totally bounded. O

Remark. As we have yet mentioned, in the case of Menger PM spaces
(L, p,Min), and (L, p, W), the completeness of the space of all closed bounded subsets
of L was proved by Kolumbdn and So6s in [13] and [14], respectively. Since Min > W,
both of these results are contained in the above completeness result. The completeness
of P;(L) in the case of a Menger PM space (L, p, Min) was proved in [13].

For a subset A of a PM space (L,p,7) and 0 < € <1 let

Aez{qeL:EIpeAqu(e)>1—e}=U{Ue(p):pEA}.

As in the case of ordinary metric spaces we have:

Proposition 4.6. (i) clA =), A
If T satisfies (W) then
(ii)) AC B, = clAC Ba..

Proof. Let g € c1 A and € > 0. Choosing p € U.(¢q) N A it follows
q € Uc(p) C A..
i.e. clA C N:A.. To prove the reverse inclusion we shall show that

nglAl/n C clA.
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Ifqe ﬂnZlAl/n then
1
Vn 3p, € A such that Fp,,, >1— —,
n

which implies that (p,) converges to p in the strong topology of the PM space L, i.e.
p € clA.

To prove (ii), let p € cl A. Tt follows Uc(p) N A # 0, so that Fy,(e) > 1 — €,
for some ¢q € A.

Since A C B it follows Fi,.(¢) > 1 —¢, for some r € B. But then, taking

into account the condition (W), we have for 0 < e <1/2
Fpr(€) > T(Fpq, Fgr)(e) > max{l — 2¢,0} =1 — 2¢,
showing that p € By.. If € > 1/2 then By, = L. O

In the following proposition we give two expressions for the probabilistic
Pompeiu-Hausdorff limit of a sequence of sets in P¢(L), inspired by a well known

result for the usual Pompeiu-Hausdorff metric (see [10, Proposition 1.3]).
Proposition 4.7. Let (L,p,7) be a PM space with sup-continuous triangle function
T satisfying the condition (W). If (A,) is sequence in Py(L) converging to A € Ps(L)
with respect to the probabilistic Pompeiu-Hausdorff metric H then

A=Ndl U4 |=NU N Am)e (4.18)

n>1 m>n e>0n>1m>n
Proof. Show first that

Ac(dl U 4m |- (4.19)

n>1 m>n

Let p € A and let ny € N be such that

1 1
VYm > ny FAA"”(i) >1-— 3
By (4.5),
1 1
Elpl S Anl Fppl(i) >1-— 5
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Continuing in this way we obtain a sequence n; < ns < ... of indices and the elements

pr € Ay, such that ' '
Fppk(QTg) >1- ok

It follows pr — p, so that

pE ﬂcl UAm

n>1 m>n

Let now 0 < € < 1/2 and let ny € N be such that
VYm >mng Faa,, () >1—¢
By (4.6) it follows
Vm > ng Vg € A, 3p € A such that Fpg(e) > 1 —,

so that
Vm > ng A, C A,

or, equivalently,

U Am c A

m>ng

But then

ﬂcl UAm cecl UAm C As..

n>1 m>n m>ng

Since 0 < € < 1/2 is arbitrary we have

e JAn|c [ Ae=cAd=A

n>1 m>n 0<e<1/2
It follows

A= d| J 4m

n>1 m>n

Let’s prove now that

AcU N Am)e

e0n>1m>n

For 0 < € < 1/2 choose ng € N such that

VYm > ng Faa,,(€) >1—e
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By (4.5) we have
Vm >ngVpe Adg € A, Fpy(e) > 1 —c¢,

implying

Ac () Amec U ) Am)e

m>ng n>lm>n

Again, since 0 < € < 1/2 was arbitrarily chosen, we get (4.21).

Finally, prove that

B=(U N@wec | U 4Am | =C. (4.22)

e>0n>1m>n n>1  \m>n
If p € B then
Ve, 0 < e <1, Ing(e) Vm > no(e) p € (Ap)e.
For n > 1 letting m = max{n,no(e)} we have

pE (Am)e C U Am/

m’'>n
= €

We have obtained

Vn>1Ve>0pc¢€ UAm/ ,

m’'>n .
implying
Vn>1 pecl UAm/ ,
m’'>n
so that
pE m cl U Am/
n>1 m’'>n
Combining now (4.20), (4.21) and (4.22) we obtain (4.18). O

Now we shall prove that the family P;.(L) of all nonempty closed convex
subsets of a complete Serstnev random normed space L is complete with respect to

the probabilistic Pompeiu-Hausdorff metric H.
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A Serstnev random normed space (RN space) is a triple (L, v, 7) where L is
a real linear space, T is a continuous triangle function such that 7(D* x D) c D™,
and v is a mapping v : L — D7 satisfying the following conditions:

(RN1) v(p) =€ <= p=0;

(RN2)  v(ap)(z) = Z/(p)(‘%‘) for >0 and a # 0;

(RN3) v(p+q) 2 7(v(p), ¥(q)), p:q € L.
If (L,v,7) is a Serstnev RN space then

pp,q) =v(p—q), pa €L, (4.23)

is a random metric on L. The topology of L is the strong topology corresponding to
the random metric (4.23), and L is a metrizable topological vector space with respect
to this topology. Random normed spaces were defined and studied by A. N. Serstnev
[21, 22, 24] (see also [19, Ch. 15, Sect. 1]).

The following result holds:

Theorem 4.8. Let (L,v,7) be a Sestnev random normed space with sup-continuous

triangle function satisfying the condition

T(F,G)(x) > ts%pl] min{F(tz), G((1 — t)x)}, (4.24)
€10,
forx >0 and F,G € DT.
Then the family Prc(L) of all nonempty closed convex subsets of L is closed in
Py(L) with respect to the probabilistic Pompeiu-Hausdorff metric H, hence complete
if the random normed space L is complete.
If L is complete then the family Py.(L) of all nonempty compact convex sub-

sets of L is complete with respect to the probabilistic Pompeiu-Hausdorff metric.

Proof. Observe first that if the set A C L is convex then the set A, is convex too.
Indeed, let q1,q2 € Ac and t1,t5 > 0,;t1 +to = 1. If p1, po € A are such that

vipi —qi)(€) >1—¢€, i =1,2, then t1p; + taps € A and, by (4.24) and (RN2),
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v(tipr +taps — (tiqn + t2g2))(€) >
> min{v(ti(p1 — q1))(t1€), v(ta(p2 — g2))(t2€) }

= min{r(p1 — q1)(€), ¥(p2 — g2)(€)} > 1 — ¢,

showing that t1q1 + t2qs € A..

Let now (4,,) be a sequence of nonempty closed convex subsets of L converg-

ing to A € Py(L) with respect to H. By Proposition 4.7

A=1U ] (A

e0n>1m>n

Since each A,, is convex, the same is true for (4,,)., as well as for

Bpe= (] (Am)e n=1,2,...

m>n

The union of the increasing sequence By . C By C ... of convex sets will be convex

too, so that their intersection for all € > 0 is a convex set.

The assertion concerning the family Pg.(L) of all nonempty compact convex

subsets of L follows from Theorem 4.5 and the first assertion of the theorem. O
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HOMOTOPIC EMBEDDINGS IN n-GROUPS

MONA CRISTESCU AND ADRIAN PETRESCU

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. In this paper we prove necessary and sufficient conditions for
homotopic embeddings of an n-groupoid in an n-group. The results ob-
tained are generalization for n > 2 of the Malcev [2], [3] and Rado [4]
results. We prove that an A semirectangular partial groupoid can be ho-
motopic embedded in a group if and only if it is with cancellation and in A
the Malcev conditions are satisfied. Also we proved that a n-groupoid can
be homotopic embedded in a n-group if and only if it is with cancellation

and in it all the Malcev conditions are satisfied.

In this paper we prove necessary and sufficient conditions for homotopic em-
beddings of an n-groupoid in an n-group.

Let A, = {Lf,ff,Rf,Ef |k =1,n—1,i € N} be the alphabet of the n-ary
Malcev symbols. An n-ary Malcev sequence is a word in the A, alphabet which
satisfies the following conditions:

i) each symbols from A,, appears in a word at the most once;

ii) the Lf, Rf symbols appear in the natural order of inferior index;

iii) if in a word appears the L¥(RF) symbol, then also the Zf ,(R;) appears
and L¥(RF) symbol precedes the f? (Ef);

iv) if the L¥(RY) symbol is between the L} and ff (respectively RF and E? ),

then also ff(ﬁ?) is between LF and fi—c (respectively RF and Ef)

Received by the editors: 18.09.2006.
2000 Mathematics Subject Classification. 20L05.

Key words and phrases. n-groupoid, n-groups, homotopic embedding.
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Let be A an n-groupoid. To each m-ary Malcev sequence I an equalities

system is attached by the following table as in the binary case o(I)

Lk I’ Rn—k R

oz(xlf,uZJrl) a(flfaﬂsz) O‘(’vayzzﬂ) O‘(Ellcay;czrl)

a(flf7“2+1) a(x]f7UZ+1) a(”’fa?ﬁ-}-l) a(ﬁ’f,y,?_i_l)

Tabel nr.1

The closing equality to the o(I) system is formed using the table as in the
binary case.

We will say that in A the Malcev conditions are satisfied if for any I Mal-
cev sequence from the realisation in A of the o(I) equalities system it results the
realisation in A of the closing equalities of this system.

Let be A an n-groupoid which does not have isotopes with unit.

Lemma 1. Let be A a cancellative n-groupoid. If in A are satisfied the
Malcev conditions, then A can be embedded in a partial n-groupoid having an unit
which belongs to the center.

Proof. Let (a}) € A", e = a(al) and we consider the translations
T;,i = 1,n, determined by (a}). On the A set we define the 3 n-ary partial opera-
tion by D(B) = {(T1(z1), ..., Tu(zn)) | (z7) € A"} U{("e,2,"¢") |i = T,n,x € A},
B(Ti(21), ..., Tolzn)) = a(z?), (e’ 2, ") =2, i = T,n,z € A.

Because A is cancellative [{T7'},14] : A — (A, ) is a monotopy.

Let (y7™') € A"~ ! and (yifl,e,y?ﬂ),(y{_l,e,y;”l) € D(B) and we sup-
puse that ¢ > j.. From the definition of the 8 operation it results that there are

Zl,...,$n,1,fj,...,fi,1 € A so that

yi=Ti(z1), .y = Tja(wj1),y; = Tilxg) = T (), -

Vi1 =Ti—1(zi1) = Ti(Ti-1), i = Tiv1(@i), - -, Yn—1 = Tp(Tn—1) (1)
We obtain the equalities system

Oé(.ﬁiil, A, x?il) = 04(30?2, ai—laj’i—h x?il)
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from Ti_l(xi_l) = Ti(fi—l) with Di—l,’i
a(@ % a0, T, ) = a(@i 7 a0, T ) e
from T;_o(xi—2) = Ti—1(Ti—2) with D;_g;_1;

alw,aj1, Ty, )t = ale] ey T )
from Tj(z;) = Tj41(T;) with D; j11. Therefore
a(xiia Qi x?il) = a(I{_17 aj, T;}l’ I?71)7
that is By; " e,y ") = By! s e,yf ). O
We consider the (A, ) extension of (A, 3) defined by
n .
D) =D@BUJ{wi ey T e{L,2,... ,n}
i=1
such  that (y{_laeay?_l) € D(ﬁ)}a7| = B and (i hey ) =

) _ D(B)
ﬁ(y{_l,e,y;lfl),i = 1,n. From the lemma 1 it results that the v operation is well

defined.

Lemma 2. In the partial n-groupoid (A,~) the Malcev conditions are satis-

fied.

Proof. Let be the table

Lk

~

Y(uf, uy ) [ yf,op )

’7(1)]1€7 uZ-i-l) "}/(U]f, UZ+1)
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We study only the nontrivial cases. For example:

-1 i—1
7(“112“2@1) = B(uf ,e,u];,ufcﬂ,uﬁl)

_1 _
7(vf7u2+1) - 6(0(11 av¢1;+1au71;+iaeau?)

1

7(“1167 UI?—}-l) = ﬁ(vf_ , €, Ufa ’Uerll, ’U?—i-l)

k _ i—1  k g—1
’Y(UUU]?JA) - ﬁ(ull aui+lavk+1a€7vg+1)

We prove from (2) it follow:

_ —k—1 i —k+1
B(uf l,e,u’;,n e ) =08} 1,uf+1,n e )
k41 k=1 ._
B(e 7ui+117u?+1) =p(e ,u;_‘_i,e,u:})
_ —k—1 _ —k+1
Bt e, o, e ) = B! 1,v§+1,n e )

k+1 _ k—1 _
6( € 7v]i+lpvi?+1) :6( € ;’Ugﬁ,@,””g)

Let 4 < p. From the definition of 3 operation it results that:
ur =Ti(z1),.. ., uim1 = Timi(@ic1), vit1 = Tig1(@ig1) = Ti(Tit1), - - -
Up—1 = Tp_1(xp_1) = Tp—2(Tp—1),
up = Tpi1(zp) = Tp-1(Tp), - - -, uk = Th1 (k) = Th—1(Tkc)-

From (4) we get the equalities system:

i—1

7 o1 kE n _ i—1 — ) p—1 k n
O‘(xl y Qiy Ly g5 Apy Ty ak+2) = a(fﬁ y Li 15 Qit15 Ty o5 Apy Ty ak+2)

from ﬂJrl(miJrl) = Ti(fiJrl) with Di,iJrl;

i—1 — p—1 k n _ i—1 —i+2 p—1 E n
04(931 axi+1aai+laxi+2aapafﬂpaak+2)*a(fﬁ 7xi+17ai+2azi+3aapaxpaak-i-Q)

from Ty o(ziy2) = Tit1(Tig2) with Diyqi42;

i—1 —=p—2 k n _ i—1 —p—1 k n
a(zy y L1 5 Ap—25 Tp—1, Op, Tpy, ak+2) = a(] yLiji 1y Ap—1;0p, Ty, ak+2)

from Tp—l(Ip—l) = Tp_g(fp_l) with Dp—2,p—1;

i—1 —=p—1 k n _ i—1 =p k n
a(z] » Lig1 ’ap—l’a’p7xp’a’k‘+2) = a(r) 7xi+17apaap+17xp+1’a’k+2)
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from Tp11(zp) = Tp—1(Tp) With Dp_1 pi1;

1 — i—1

71— k—1 n _ —k n
Ot(:L'l yLip1 ) Ak—1, Ok, Tk, ak+2) - Ot(:L'l » L1 ak)

from Tyi1(xg) = Tp—1(Tr) with Di_1 p41. Therefore

1—1 . p—1 k n _ 1—1 =k n
oy y Gy T34 q aapafﬂpaak+2) = a(x] T, ay)

. p—1 k n—k—1
that isg(u} ™", e,u,, e

i —k+1
):5('“11 1,u§+1,” € )

Similarly we study the other cases. In (A, ) are satisfied the D; ; conditions:
6(3411.717'“5’ y?—i—l) = ﬂ(yiila Ugvy?-i-l) and
(21'71’,“2,2?“)’ (2171705,2?“) €D(B) =
ﬁ(zi_la ’U/g, Z;‘l-i-l) = ﬁ(zi_17 Uzj' ) Z_;L-i-l)'
Thus from (3) we obtain the equalities system:
-1 k ,i-1 -1 k2 g+l
Buf 7@aupvui+17“?+1) = Buy Uit e’“iﬂ)
from (3) with Dy g41;

-1

-1 ko, t—1 k2 t-1
6(1); 7eavsavk+1vv?+1) = 6(0(11 7vq+17 e, Uk+1vv?+1)

from (3) with Dy g41;

-1,k -1 -1k 2 j-1
6(1);] 7vq+17u2+17 evu:}) = 6(1);] 7vq+17 eauier u?—i—l)

from (3) with Dg_1p;

i—1 , k -1 i—1 k2 t—1
ﬁ(ull aui+1avg+1aeavg):5(ull ,uiﬂ,e,vk“,vfﬂ)

from (3) with Dg_1 .
Therefore the initial table becomes

Lk I

i—1 k2 5-1 -1 k2 -1
Bluy 7ui+17e’uk+1’u?+1) B(vf s Vg41 € Uk i1 Vig1)

-1 &k 2 -1 i—1 k2 t—1
B(v] avq+1aeauk+17u?+1) Bluj ,ui+1,€,vk+1,vf+1)
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e | Bk
Similarly it is demonstrated that a table in (A, ) becomes a table

—k
of a similar type ' Thus, to every equalities system o(I) in (A, ) it corre-
sponds an equalities system &(I) in (A, 3) for the same Malcev sequence I. The closing
equality of o(I) becomes the closing equality of the &(I) system. Because in A are
satisfied the Malcev conditions it results that also in (A, 3) are satisfied the Malcev
conditions, so they are satisfied also in (4, 7).

Lemma 3. i) (u}) € D(y) = (u}" 4, e), (e,u}) € D(v)

it) (ul), (v]) € D(y) and fy( ey = v, y(ev)) = un = (v1, € ,up) €
D(7) and 7 (u}) = 4(v}) = (01, "€ ).

Proof. If v; = e or u, = e, then is obvious that (v1, e’ ,Un) € D(v). We
suppose that v; # e and w, # e. Then u, € T,(A) = u, € T,_1(A) and v; ¢
T1(A) = v1 € Ta(A). We suppose that u, & T,,(A). From (u}) € D(y) = y(u}) =
Bui™t ul,y,€), that is u, € T,—1(A). If v; & Ti(A), then from (v) € D(y) =
y(v}) = ﬁ(e,v{_l,vjnﬂ), that is v; € Ta(A). We suppose that (vy, eQ,un) & D(v).
Then u, € T,—1(A),v1 € To(A) and n — 1 = 2. But then y(u3) = B(u1,us,e) (or
B(uz,us,e)), so vy = y(u?,e) = uy (or uz), that is (v1,e,u3) € D(y) which is false.

From y(u} 'e) = v = ’y(vl,ngl) with Dy p_1 = y(ul) = ’y(vl,nEQ,un),
and from (e, vy) = up, = v(ngl,un) with Dy, = v(v7) = v(v1, nEQ,un). O

We consider the (4, §) extension of (A, ) defined by D(d) = D(y)U D, where
D C A™ is defined by (y7") € D &

i) there are i, 7,k € N so that (y}) = (é,’y(u?_l,e),é,un,g) and (uy) € D(v)

or
i) there are 7, s,t € N so that (y}) = (e,v1, &, y(e, v}), é) and (v") € D(v);
d/p(y) = 7 and (5(6 y(uy~ l,e),é,un,g) = ~(ul), 5(@,1}1,;,7(@,03),8 =
y(r).

From the 2 and 3 lemmas it results that the § operation is well defined. (A4, J)

is a partial n-grupoid with unit e which is in the centre.
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On the set A we define the binary operation ” o” by (y1,y2) € D(o) &

n—2 n—2
(y1, e ,y2) € D(6) and y1 o y2 = 5(y1, e, 92)-
Lemma 4. If (y}) € D(y), then v(y}) = (y10yY2) - 0 Yn—1) © Yn.

Proof.

(i) € D(y) = (y7',e) € D(9),

n _ n—2 _
7(y1) = 5(’7(?/711 176)7 € ayn) = V(y? 176) O Yn
(yi~ ' e) € D(y) = (y7 2, e.yn—1) € D(v) =
n— n— n—2 2 —~2
Yy e) =y e yno1) = 6(v(yP 2 e), e Y1) =

'7(:(]?_2,62) Oyn—l,etC. O
Lemma 5. In the partial groupoid (A, o) the Malcev conditions are satisfied.

Proof. We consider the table

L L
Y10Y2 | Y1 9Ys
Y1oy2 | Yy1°Yq

Table nr.2

We have several possibilities. We will consider only two of them

7(“’?7176)792 = 'U/n;yl = V(U?717e)7 yQ = Un, Y1 0 Y2 = 7(“?)’

1. Y1 =
Y1 Oy2 = 7(“’711_1) 'Un)7§1 Oy2 = V(U?) and yl Y2 = V(U?_la ’U/n)
The above table becomes
L1 Z”fl
20 ) | 503 )
7(”?71,7%) 7(“?717071)
Table nr.3
2. Y1 = ’7(“711_176) = tlay2 = Up = 7(6705% yl = ’7(5?_1;6) = V1, yQ = Snp =
7(& tg)7 yl o y2 = V(u?)ayl o y2 - ’Y(’U?)) yl o y2 = 7(8?)7y1 O?Q = ’Y(t?)

Similarly to the prove of lemma 3 we obtain:

) ) )
(tlane 7“")7(U15ne 7“"))(”17 € ’S")7(t1’ne 7571) GD(’Y)
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So
e)=7(t1, e ) cu Dipo1=yul) =7ty e uy),
e) =(v1, e) cu Dipo1=7y(st) =v(v1, e, 8n),
)=7(e ,up) cu Doy =y(0f) =v(v1, e, up),
e,t) =7("e " su)  cu Dou = (t]) = (1, e, sn),
Therefore the table 3 becomes:

Lt L

—2 2
’Y(thne ,Un) 7(U17ne ,Sn)
2

n—2 n—
’7(vla € 7un) ’}/(tla € 7871)

Table nr.4

The other cases are studied in a similar way.

By a similar reasoning it is demonstrated that a table in (A, o)

becomes a table in (A4, 7).

In accordance with lemma 2 we obtain that in the partial groupoid (A, o) the
Malcev conditions are satisfied.

Definition 1. A binary groupoid (4, -) is called semirectangular if the fol-
lowing conditions are satisfied.

i) (21,91), (21, 92), (22, 92), (z3,91) € D()) = (z2,51) € D(-) or (x3,y2) €
D();

i) (x1,91), (21,92), (22, ¥2), (x2,93) € D() = (x1,93) € D(-) or (z2,51) €
D().

Lemma 6. The partial groupoid (A, o) is semirectangular.

Proof. i) Let 1 = y(ul ' e) = v1, y1 = un = Y(e,v8), 12 = y(t7 1, e) = 51,
Yo =t =v(e,55), x3 = wy = y(r? 1 e) and zy oy1 = y(u}), 1 0 Y2 = y(v1,85), 22 0
y2 =(t1), 23 0 y1 = y(w1, v3).

For n > 3 using the prove of lemma 3 ii) we obtain that (wq, n52, tn) € D(o),
that is(zs,y2) € D(o). We suppose that n = 3 and (wl,ng2,tn) ¢ D(o). Then
ts € To(A) = v(t3) = B(ta, t3,¢) (that is t; = e) or y(t3) = B(t1,13,¢€) (that is t = e).
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From s; = y(t3,€) = s1 = ta or 81 = t1, s0 s1 € Ti(A); w1 € To(A) = y(wy,v3) =
B(e,wi,vs), that is vy = e, so uz = y(e,v3) = vz € T3(A) or y(wy,v3) = B(e, w,v2),
that is v3 = e, so uz = y(e,v3) = vy € T3(A). In conclusion, s; € T1(A) and
ug € T3(A) = (s1,e,u3) € D(o), that is (z2,y1) € D(o).

The other cases are studied similarly. [J

Lemma 7. The groupoid (A,o) can be homomorphic embedded in a group.

Proof. The groupoid (A, o) can be homomorphic embedded in a group if
and only if R((A, o)) can be embedded in a g-regular classic net, that is a classic net
in which the Reidemeister closure condition is satisfied [1]. We use Radd’s results [4]
for defined nets associated to m-groupoids: a 2-seminet p can be embedded in a 2
g-regular classic net if and only if it is quasiregular and all M-configurations of p are
closed.

In accordance with [4] the Malcev conditions are exactly My’ closing condi-
tions. From the lemmas 5 and 6 it results that in R((A, o)) all M; closing conditions
are satisfied (i = 1,2,3) (cf. [4]).

We prove that in R((4,0)) all M3 closing conditions are satisfied. Let be a
M3-condition of which M-model is given in fig. 1.

Applying the lemma 6 it results the existence in R((A, o)) of at least one of ¢
or r points. We suppose that point ¢ exists. We consider the M model from fig. 2, for
the pairs of the nods (p, p2), respectively (p,p1), (ps,ps) and (¢, ¢) corresponding
respectively the same points in R((A,0)).

Repeating this procedure after a finite number of steps (in our case 3) we
obtain a M-model to which correspond an equalities system in (A, o) associated to
a Malcev sequence. By applying this procedure the closing equality is kept. As a
consequence of lemma 5 in R((A4, o)) all Ms-closing conditions are satisfied.

Let be now a M; - condition of which M-model is given in fig. 3.

We consider the polygonal line from fig. 4

In accordance with the lemma 6 in R((A, o)) there is at least one of the ¢ or

T points.
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FIGURE 1

Ps

FIGURE 2
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If g exists applying the lemma 6 to the polygonal line it results the existence
in R((A4,0)) of at least one of the ¢t or s points. If r exists, applying the lemma 6 to

the polygonal line it results the existence in

D2 P3 t
O O
[} }
[} }
[} }
| O P4
| |
[} }
[} }
o o)

P1 \% r

FIGURE 6

R((A,0)) of at least one of the ¢ or v points.
If v exists, applying the lemma 6 to the polygonal line from fig. 7 results the

existence in R((A, o)) of at least one of the ¢ or u points.

D3 o !
[}
(220 S P4
% r
FIGURE 7

Thus we can always consider one of the M-models from fig. 8 and fig. 9. O

To each model corresponds a Ms-condition. From the above results R((A4, o))
all M3-conditions are satisfied. If ps(x], y1), ¢3(x2, y2), pa(z1, y3), then in the first case
t(x1,y1), s0o x1 0y1 = w2 0ys and x} o y3 = x9 0 Y2 = x| = 1 (because (A,0) has a
unit from the lemma 5 it result that (A, o) is cancellative).

Therefore the M, considerated condition is satisfied.
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In a similar way the second case is proved. Similarly in R((A4,0)) the My
closing condition are satisfied.

From the above proof we obtain, in particular, the following generalization
of a result from [4].

Corollary 1. An A semirectangular partial groupoid can be homotopic em-
bedded in a group if and only if it is cancellative and in A the Malcev conditions are
satisfied.

Theorem 1. An n-grupoid can be homotopic embedded in an n-group if and
only if it is cancellative and in it the Malcev conditions are satisfied.

Proof. Let be a A a cancellative n-groupoid in which the Malcev conditions
are satisfied. From the lemma 1 it results that [{T7'},14] : A — (A,~) is a homotopic
embedding. In accordance with the lemma 7, (A, o) can be homomorphic embedded in
(G,); f : (A,0) — (G, ). From the 4 results that f(7(y3)) = f(y1) f(y2)- -+ f(yn),
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q2 q3
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FIGURE 9

that is (4,~) is homomorphic embedded in n-derivate G = (G,7) of group: (G,-)
Y(9r) =g1-92- - - gn
In conclusion f[{T7'},14] : A — G is a homomorphic embedding of A in an

n-group. [
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AN INTEGRAL EQUATION ARISING FROM INFECTIOUS
DISEASES, VIA PICARD OPERATOR

M. DOBRITOIU, I.A. RUS, AND M.A. SERBAN

Dedicated to Professor Petru Blaga at his 6oth anniversary

Abstract. In this paper we use the Picard operators technique to study

the following integral equation arising from infectious diseases

z(t) = /ti f(s,z(s))ds, t€R,

regarding the existence and uniqueness of the solutions and periodic so-
lutions, lower and upper subsolutions of the integral equation, the data
dependence of the solution, the differentiability of the solutions with re-

spect to a parameter.

1. Introduction

We consider the nonlinear integral equation

x(t) = /t f(s,2(s))ds, tER, (1.1)
when 7 > 0 is a parameter. o
This equation can be interpreted as a model for the spread of certain infectious
diseases with periodic contact rate that varies seasonally and has been studied in [2],
(3], [9], [10], [13] [16], [17], [25].
We will study the solutions of this nonlinear integral equation.
Let X be a nonempty set, d a metricon X and A: X — X an operator. In

this paper we shall use the following notations:

Received by the editors: 05.02.2007.
2000 Mathematics Subject Classification. 45G10, 47H10.

Key words and phrases. nonlinear integral equation, Picard operator, subsolution, data dependence,

differentiability of the solution.
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P(X) : ={Y CX|Y # 0o}
Fy : ={z€X| A(x) = a} - the fixed point set of A
UF), : ={zeX|Aq) <}
(LF), : ={eeX|A@)>a)
I(A) : ={Y € P(X)| A(Y) C Y} - the family of invariant and nonempty sets of A
5(Y) : =supld(a,y)lz €Y, ye v}
L(A) : ={Y €I(A)] §(Y) < +oo}
I(4) : ={Y eIl(4)]Y =Y}
La(4) + ={Y e(4) Y =Y}.

Definition 1.1. (Rus [17] or [18]) Let (X,d) be a metric space. An operator A :
X — X is a Picard operator (PO) if there exists x* € X such that:

(a) Fa={z"}

(b) the sequence (A™(xo))nen converges to x*, for all xg € X.
Definition 1.2. (Rus [17] or [18]) Let (X,d) be a metric space. An operator A :
X — X is a weakly Picard operator (WPO) if the sequence (A™(xg))nen converges
for all zy € X and the limit (which may depend on xg) is a fized point of A.

If A is a WPO, then we consider the following operator

A® X = X, A®(z)= lim A"(z)

n—oo

It is clear that A (X) = Fa.
In section 3 we need the following results (see [14], [15], [19]).

Lemma 1.1. (Rus [19]) Let (X, d, <) be an ordered metric space and A: X — X an
operator, such that:

(i) the operator A is increasing ;

(i) A is WPO.
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Then, the operator A% is increasing.

Lemma 1.2. (Comparison abstract lemma) Let (X, d, <) be an ordered metric space

and A,B,C : X — X three operators, such that:
(i) A<B<C(;
(ii) A, B,C are WPOs;
(iii) the operator B is increasing.
Then
r<y<z = A%(r) < B®(y) < CF(2).
Lemma 1.3. (Abstract Gronwall lemma) (Rus [15]) Let (X, d, <) be an ordered met-
ric space and A : X — X an operator. We suppose that:
(i) A is Picard operator;
(ii) the operator A is increasing.
If we denote with x* the unique fized point of A, then
(a) e < A(x) = z<uz%;
(b) z> A(x) = x>a%.
Lemma 1.4. (Rus [19]) Let (X, d, <) be an ordered metric space and A : X — X an

increasing operator. If A|(UF)AU(LF)A is Picard operator, then
T<xy <Y,

for every x € (LF) , andy € (UF) ,.
In section 4 we need the general data dependence theorem (see [12], [16] and
[20]).
Theorem 1.1. (General data dependence theorem). Let (X, d) be a complete metric
space and A, B : X — X two operators. We suppose that:
(i) A is an a-contraction (o < 1) and Fu = {z*};
(ii) % € Fp;
(iil) there exists n >0 such that
d(A(z), B(x)) <n
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forall z e X.

In these conditions we have

* * 77
d < —
(x4,2p) < 1

In section 5 we need the fiber Picard operators theorem (see [13], [15]).
Theorem 1.2. (Fiber Picard operators theorem). Let (X,d) and (Y, p) be two metric
spaces, B: X - X, C: X xY —-Y and A= (B,C): X XY — X XY a triangular
operator. We suppose that:

(i) (Y, p) is a complete metric space;

(ii) the operator B : X — X is WPO;

(iii) there exists a € [0,1), such that C(z,-) is an «-contraction, for all
r e X;

(iv) if (a*,y*) € Fa, then C(-,y*) is continuous in z* .

Then the operator A is WPO.

If B is a PO then A is a PO.

The existence and uniqueness and the data dependence on data of the solu-
tions for some nonlinear integral equations have been studied in [1], [4], [5], [6], [7],
8], [9], [10], [11], [18], [21], [22], [23], [24]. In what follows we shall study the equation
(1.1)

2. Existence and uniqueness in a subset of C(R,I)

We consider the equation (1.1) in the following conditions:

(c1) I, J CR two compact intervals and f € C(R x I, J);
(co) f(t,-): I — J is Ly- Lipschitz for all ¢ € R;
(c3)
(ca)

cq) there exists U C C(R, I) such that U € I (A).

Theorem 2.1. Under the conditions (c1) — (ca) the equation (1.1) has a unique
solution in U .
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Proof. We consider the Banach space (C(R,I),|-||) with supremum norm

2]l = sup |z (¢)]
teR

and the operator defined by

A(@)(t) = /t_ F(s,2(s))ds, tER. (2.1)

From condition (c4) it results that A(U) C U, and we take the operator A: U — U,
defined by (2.1). The set of the solutions of the integral equation (1.1) coincides with
the set of fixed points of the operator A.

From (c3) we have:

<

IA(wl)(t)—A(fﬂz)(tN:/t [f(s,21(s)) — f(s,22(s))] ds

—T

<

/ti 1f(s,21(5)) — f(s,22(5))| ds

< ‘/ttTLf 01 (s) — wa(s)| ds

and using the supremum norm, we obtain
[A(z1) = A(z2)llc < Ly - 7 |l21 — 22l -

Therefore, by (c3) it results that the operator A is an a-contraction with the coefficient

o = Ly -7. Now, the conclusion of the theorem results from the Contraction Principle.
O

Remark 2.1. Under the conditions (c1) — (ca) the operator A : (U, dy.,) —
(U, d””c) is a PO.

Let O<m<M,0<a<f, I=]ap], J=[m,M].
Corollary 2.1. We suppose that:

(i) the conditions (c1) — (c3) are satisfied;

(ii)) a <mr, 8> Mr.
Then the equation (1.1) has a unique solution in C(R,T).
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Proof. We take U := C(R, I), where I = [a, §] and we consider the operator A defined
by (2.1).
By the definition of the function f it results that

f@t,z(t)) € [m,M], forallteR, ze€U
and we have
¢
/ f(s,xz(s))ds € [mr,M7], forall teR, x €U,
t—7
ie.
A(z)(t) € [mr,M7], forall teR, xzeU.
Condition (ii) implies that

A(x)(t) € [a, 8], forall teR, zeU.

Therefore, U is an invariant set for the operator A. Now the proof is obtained applying

Theorem 2.1 O

Corollary 2.2. We suppose that the conditions of the Corollary 2.1 hold. Moreover,

we suppose that there exists w > 0 such that:
ft+w,u) = f(t,u), forall teR, uel.
Then, the equation (1.1) has a unique w-periodic solution.
Proof. We take
U:=X,:={zecCR,I) : z(t+w) =x(t), for all t € R}

and we consider the operator A defined by (2.1).

Since the function f is w-periodic with respect to ¢ and from (c¢;) and the
condition (#i) of the Corollary 2.1, we have A(U) C U, i.e. U € I(A). Thus all the
conditions of Theorem 2.1 are satisfied and therefore we obtain the conclusion. [
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3. Lower and upper subsolutions

We consider the integral equation (1.1) under the conditions (¢1) — (c4) and
we denote by z% € U the unique fixed point of the operator A. In addition, we
suppose that:

(cs5) f(t,-): I — J is increasing, for every t € R.

We have:

Theorem 3.1. We suppose that the conditions (c1) — (¢5) are satisfied.
If

zel zt)< [ f(s,2(s))ds

t—7

then

*
T <Xy

Proof. We consider A : U — U, defined by (2.1). Under the conditions (¢1) — (¢4) the
operator A is a PO and by (c5) we have that the operator A is increasing. Since all

the conditions of the Abstract Gronwall lemma (Lemmal.3) are satisfied, we obtain
x <zl
and the proof is complete. O

Let 0 < m< M,0< a< g, I =]|ap], J=[m M. We have the

following theorem:
Theorem 3.2. Let f;,i=1,2,3 be three functions and suppose that:

(i) ie CRxI,J),i=1,2,3 where I, J CR two compact intervals;

)
(ii) fa(t,-) is increasing for every t € R;
(il) f1 < f2 < fa
) fi(t,:): I —J is Ly, - Lipschitz for allt € R , i =1,2,3;
(v) Ly, -7<1,i=1,2,3;
)

(vi) a<mr, B> Mr.

(iv
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Let x},i=1,2,3 be the unique solution of the integral equation (1.1) corre-

spondent to each of f;,i=1,2,3 . Then

* * *
] <oy < 3.

Proof. We consider the operators A; : C(R,I) — C(R, I), defined by

A;(z)(t) == /t_ fi(s,z(s))ds, te R, i=1,2,3. (1)

From condition (i7) we get that the operator As is increasing and from the condition
(#it) we have

Ay <Ay < Az
Using conditions (4), (iv), (v) we obtain that the operators A, are «;-contractions
with the constants o;; = Ly, -7, ¢ = 1,2, 3, therefore A;, i =1,2,3 are POs.

By Comparison abstract lemma (Lemmal.2), it results that
1 <z2<z3 = AP(71) < AF(22) < AT (w3),
but A;, i =1,2,3 are POs and therefore, we obtain
] <uzh <uxj.

This completes the proof. O
Theorem 3.3. We suppose that the conditions (c1)—(c3) and (c5) are satisfied. Then
T<TH<Y,

forallz € (LF), andy € (UF),.

Proof. We take U := (LF), U (UF),. Now we consider the operator A defined by

the relation (2.1)
¢

A(z)(t) == f(s,z(s))ds, teR.

t—T1

By the condition (c5) the operator A is increasing and therefore, we have (LF), €
I(A) and (UF), € I(A), so (LF),U(UF), is an invariant set for A.

From conditions (¢;1) — (¢3) and the above condition we have that A: U — U
is a PO. Theorem 2.1 implies that the operator A has a unique fixed point in U,
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which we denote by z%. Since the conditions of Lemma 1.4 are satisfied, we obtain

the conclusion of the theorem. O

4. Data dependence

In what follows we will study the dependence of the solution of the integral
equation (1.1), with respect to f.

Now we consider the perturbed integral equation

y(t) = /t g(s,y(s))ds, teR, (4.1)

-7

where g € C(R x I, J), with I, J C R two compact intervals.
We have:

Theorem 4.1. We suppose:

(i) the conditions of the Theorem 2.1 are satisfied and we denote by x* the
unique solution of the integral equation (1.1);

(i) there exists n >0 such that
[f(t,u) —g(t,u)| <n, for alteR, uel.

In these conditions, if y* is a solution of the integral equation (4.1), then

we have

* * nr
_ < 1
I = vlle < 7= —
Proof. We consider the operator A: U — U defined by the relation (2.1).
Let B : U — U be the operator defined by

¢
B = [ glsys)ds, teR, (4.2
t—T1
From the condition (i7) we have

<

/t (s, 2(5)) — g(s,2(s))] ds

t
/ nds
t—T1

[A()(t) — B(x)(t)] =

<

< < <nrt

/tf |f(s,2(s)) — g(s,x(s))|ds
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and using the supremum norm, we obtain
[A(z) = B(z)l o < 7.

The proof of the theorem follows from the General data dependence theorem, Theorem

1.2. O

Also, we have the following data dependence theorem of the periodic solution
of the integral equation (1.1):
Theorem 4.2. We suppose that:
(i) the conditions of the Corollary 2.2 are salisfied and we denote by x* the
unique w-periodic solution of the integral equation (1.1);
(i1) g(t +w,u) = g(t,u), forallt e R, w € I;
(iii) there exists >0 such that

[f(t,u) —g(t,u)| <n, for alteR, uel.

In these conditions, if y* 1is a w-periodic solution of the integral equation

(4.1), then we have

— <
e yHC—uLf-T
Proof. The proof of this theorem is similar to the proof of the Theorem 4.1. 0

5. Differentiability with respect to a parameter

In this section we will study the differentiability of the solution of the integral
equation (1.1) (see [9], [10], [19]) with respect to parameter A

z(t, ) = t f(s,z(s);Nds, teR, Ne K, (5.1)

t—1
where f € C(RxIxK, J),with I =[a, 5], 0<a <, J=[m,M], 0 <m < M and
K C R a compact interval.

Let

X, ={2eCRxK,I) : z(t+w,\) =x(t,\), forall teR, A€ K},
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where w > 0 .
Theorem 5.1. We suppose that:
(i) a <mr, > Mr;
(ii) f(t,u;A) € [m,M], forallte R,uel, A€ K;
(iil) f(t+w,u;A) = f(t,u;\), forallte R, uel, A€ K;
(iv) f(t,sA): 1 — J is Ly - Lipschitz for allt e R, A € K;
(v) Ly -7 < 1.
Then:

(a) the equation (1.1) has a unique solution x* in X, ;

(b) for all xo € X, , the sequence (v,,),,cy, defined by

i (1) = /t F s (s, 0) ds

converges uniformly to x*;

(c) if f(t,-,-) € C*(I x K) then z* (t,-) € C* (K).

Proof. (a) 4 (b). We consider the operator B : X,, — C(R x K) defined by
¢

B(z)(t,\) == f(s,z(s;0))ds.

t—7
From () and (i4i) we have that X, € I(B). From (iv) and (v) it follows that B is an

a-contraction with the constant @ = Ly - 7. By the Contraction Principle we have

that B is a PO.
ox* ox*

*

(c). We prove that there exists

, then from

If we suppose that there exists

x(t; \) = f(s,z(s;\); N)ds

t—7
we have

dx(t;N) [T Of(s,x(s;A);A)  Oz(s;A) LOf(s,m(s; M) \)
ot _/” 0z "Ton d”/tT o

This relation suggests to us to consider the following operator

T:XWXXUJ_’XwXXwa
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defined by
T=(B,C), T(x,y)=(B(x),C(z,y)),
where
¢ ; 5 t . .
Clay)tA) = /ti W ~y(s, N)ds + /ti st.
We have:

Of (s,2(s;\); \)

C ) (1) = Caz) ) < [ |18

’ y(s,A) — z(s,N)| ds <

t
<Lply=lo [ ds=Lsorely—zle.
for all z,y,z € X,. Now, the conditions of the fiber Picard operators theorem are
satisfied. From this theorem we obtain that the operator T is a PO and the sequences
Tnt1 = B(zy)
and
Ynt1 = C(@n, yn)

converge uniformly to (z*,y*) € Fr , for all zq, yo € X,,.

If we take zg, yo € X, such that

_ 9
Yo = N )
then we have that
oxy,
=——, for all n €N.
="y 1
So
unif.
Tp —> " asn — oo,
—833” Ui ¢ as m— 00
oA Y '
Using a Weierstrass argument we conclude that x* is differentiable, i.e. there exists
ox* and v ox* E
——, an = .
x> YT )
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 3, September 2007

ON A CLASS OF ORTHOGONAL POLYNOMIALS

I. GAVREA

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. In this note we study a system of polynomials { Py } orthogonal

with respect to the modified measure

i) = =4

— w(t)dt, te0,1]

where d,c < 0 and w is a weight function, using orthogonal polynomials

{Px} with respect to the measure dw(t).

1. Introduction

n [3] G.V. Milovanovic, A.S. Cvetkovi¢ and M.M. Matejic investigated poly-

nomials orthogonal with respect to the moment functional

1
/ P(t HlH V1-tdt, Pell
- t+ 5¢ + %
where ¢ € R\ {0}.
Similar measures, e.g. with the weight function (1 —2)(1 —k%t?)~1/2 k? <1
were studied in [4]. For the Chebyshev measure of the first kind the same modification
has been studied in [2].

In this note we investigate polynomials orthogonal with respect to the mo-

ment functional
t—d

w(t)dt, P el (1.1)

Received by the editors: 08.04.2007.
2000 Mathematics Subject Classification. 33C45, 33C47.

Key words and phrases. orthogonal polynomials, weight function, Chebyshev measure.
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where dw(t) is a positive measure on [0, 1] having finite moments of all orders, d, ¢ be-
ing fixed negative numbers. We will denote by { P} the set of orthogonal polynomials
with respect to the measure dw(t) and by {?k} the system of orthogonal polynomials

with respect to the measure

dwq(t) = ; w(t)dt.

—c
The existence of {P;} is guaranteed, since dws () is a positive measure on

[0, 1] having finite moments of all orders

A(th) = /01 = dw(t)dt.

t—c

We will solve the problem in two steps as well as in [3]. First, we consider
modification of dw(t) measure by linear factor ¢ — d computing the coefficients of
the three-term recurrence relation and then we consider the modification of dw(t)
measure by the linear divisor.

In the following we will suppose that
/01 w(t)dt = 1. (1.2)
2. Linear factors
We denote by w the weight function defined by
w(t) = (t — d)w(t). (2.1)

It is well known (see [5]) that the orthogonal polynomial of degree n relative

to the weight function w(t) is given by

n

Py(t) = > Pu(t)Pr(d). (2:2)

k=0
It is known ([5]) that there exists a relation of the form

Pu(t) = (Apt + Bp)Pa_i(t) — cuPua(t), n=2,3,... (2.3)
Theorem 2.1. The coefficients Ay, B,,C, are given by:

P, »(d)

Ay = ——nm
Pn—l,n—l(d)
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noim-1  Pan(d dP, »(d
B, =1+ fn=tnsl. O n(d) (2.5)
An,n F%—lm—l(d) }%—lm—lgn
P2 (d
Cn _ An—1,n—1 . n,n( ) (26)

Qn,n Pr%—l,n—l(d)
where P, ,, is the polynomial of degree n orthogonal with respect to w(t) normalized
by
1
/ 2" P p(2)w(z)dr =1
0

and ap ., n=0,1,... is the coefficient of ™ of the polynomial P, .

Proof. For k € {0,1,...,n} we denote by P, j the polynomial of degree n
defined by the equalities:

1
/ WO Py (1) = Sy i =01 (2.7)
0

P, i, is well defined by the relations (2.7).

If P is a polynomial of degree n then P can be written in the following form:

P(t) = Y MiPoalt) (28)
k=0

where
1
Mk:/ th P(t)w(t)dt.
0

The polynomial ]3” can be written as

P, (t) = En: d* P, k(1) = En:t"”'Pnyk(d). (2.9)
k=0 k=0
We note that
/ Po(w(t)dt = 1. (2.10)
0

From (2.9) and (2.10) the equality (2.3) is equivalent with

n

n—1 n—1
> APy (t) = (At + Bp) Y d" Py k(t) — Cp Y d¥Py_op(t), n>2. (211)
k=0 k=0 k=0

From (2.10) and (2.11) we get:

1=B, —C, +dA,. (2.12)
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On the other hand (2.11) can be written as:

n n—1 n—2
D P x(d) = (Ant + Bn) > " Pu_1x(d) = Cn Y t* Py 1(d).
k=0 k=0 k=0
From (2.13) we get
P,
An — ’ﬂyn(d>
Pn—l,n—l(d)
and
Pn,n—l(d) - AnPn—l,n—2(d> + BnPn—l,n—l(d)~
P, n—1 can be written as:
Pn,n—l('r) - Pn—l,n—l(x) + afpn,n(x)
where

1
a = —/ tnpn_l,n_l(t)dt.

0
By (2.15), (2.14) and (2.16) we obtain
(d> - Pn,n(d)Pnf2,n72(d)
Pg—l,n—l(d)

P2

n—1n—1
B, =

/o " (Poama(t) = tPa 1 1 (d)w(t)dt - Po1 1 (d) P n(d)
+

ngl,nfl(d)

There is the constants au,, 8., v, such that
Pn,n(t) = (ant + /Bn)Pn—l,n—l(t) - ’YnPn—Q,n—Q(t)

and we have
O = Y = — 0
" " Ap—1,n—1
and
1
a _
3, = L/ t" NPy _gm_2(t) — tPy 1 o1 (t))w(t)dt.
0

Ap—1,n—1

From (2.17), (2.18), (2.19) and (2.20) we get

Un—1,n—-1 Pr%,n(d) _d Pn,n(d)

B,=1+ : _
! Gn.n Pr%—lm—l(d) Po1n-1(d)
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By (2.12) and (2.21) we obtain
P a(d)

P2, (d)

Cn _ Ap—1,n—1
Un . n
and the theorem is proved

3. Linear divisors
Let us consider the weight function
w(t)

are orthogonal polynomials

The orthogonal polynomials {P,}, n = 0,1,
w(t)dt
f-c (3.1)

/Pnn
t—c

= Pnfl,nfl(t)

relative to the weight function ws(t)
Theorem 3.1. The polynomial P, is given by
/1 ﬁn 1,n— l(t)

P (t)
where P, , is orthogonal polynomial of degree n relative to the weight function w

normalized by
1
/ 2" P, p(z)w(z)dr =1
0

]3” is normalized by
1 ~
/ 2" Py (x)w(z)dr =1
0

Proof. By the conditions
1 -~

/ 28 P, (z)wy(z) =0 for k=0,1,...,n—1
0

we get
1
0_/ TP,
T —c
1
—A
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or

k—1 1
0= ch/ tF= P (w(t)dt, k=1,2,...,n—1.
i=0 0

If we denote by

from (3.2) we get
M0=M1:-~~: 7L—2:O

and so, the polynomial ]3” can be written

Po(t) = My 1Py 1(t) + My Py (t).

)

By the condition

t—c

/1 " Pa()at) , _
0

we get M,_1 = 1.

From the condition

t—c
we obtain L~
/ P, nt 1_(tc)w(t) gt
M = Y P (t)i(t)

The polynomial f’n,n,l can be written as

Pn,nfl(t) - Pnfl,nfl(t) + unPn,n(t)
where
1
Uy = — / By 0 (L) dE.
0

From (3.6), (3.5), (3.4) and (3.3) we get

ﬁn(t):Pnfl,n 1 t_c

The last relation proves the theorem.
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ON THE DEGREE OF APPROXIMATION
IN VORONOVSKAJA’S THEOREM

HEINER GONSKA

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. The present article continues earlier research by P. Pitul,
I. Raga and the author on quantitative versions of E.V. Voronovskaja’s

1932 result concerning the asymptotic behavior of Bernstein polynomials.

1. Introduction and historical remarks

In two recent notes P. Pitul, I. Ragsa and the author discussed E.V.
Voronovskaja’s [20] classical theorem on the asymptotic behavior of Bernstein polyno-
mials B, (f;-) for twice continuously differentiable functions given on [0, 1]. We recall

that for f € RI%U n > 1 and x € [0,1] one puts
Bu(f;x) = X of () poi()
= Yho S (5) ()2t —a)n .

Normally Voronovskaja’s result is given today in its local version as follows.
Theorem 1.1. (see R.A. DeVore & G.G. Lorentz [3])

If f is bounded on [0,1], differentiable in some neighborhood of x and has
second derivative f"(x) for some x € [0,1], then

neBafi) — 1@~ 2 @) 0n o
If f € C?[0,1], the convergence is uniform.

Received by the editors: 16.04.2007.
2000 Mathematics Subject Classification. 41A10, 41A17, 41A25, 41A36.
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In an article following directly that of Voronovskaja S.N. Bernstein [1] gen-

eralized the uniform version as given below.

Theorem 1.2. If g € N is even, f € C?0, 1], then, uniformly in z € [0, 1],
g.{ W (fr ) ZB" ey —x)';x) - f(:i!()}ao,n%oo.

Before we continue here is a word of warning:

”Voronovskaja” ist just one possible way to spell the Russian
BOPOHOBCKA4 in Latin characters. Other possibilities to be observed in
the literature are Voronovskaya, Woronowskaja, Woronowskaya and even Voronovsky
(as given on the original 1932 article).

It is the aim of this note to present new quantitative results which also
cover Bernstein’s above case, among others. Before going into details we give three
examples of quantitative Voronovskaja theorems. Some authors call them ”strong
Voronovskaja-type theorems” because, in addition to the convergence of n - [B,g — g]
towards Ag, they also express a degree of approximation depending on smoothness

properties of the function g.

Example 1.3. Write A(f;z) := “:(1 2) " (x), p(x) := y/z(1 — x). Then for
e g€ C0.1]: |In - [Bng — g] — Agllec < ;(Hg’”ll +1lg@1) (see [8]);
© g€ C%0,1]: |In-[Bug — gl = Aglloc < 7= - l¢® - g"|| (see [4]).
A full quantitative pointwise version of Voronovskaja s uniform result reads
o FEC?0,1): |n- [Bulfiz) — f(2)] — Afiz)] < 252 (5 327 (see
[6]).

All the proofs are based on Taylor’s formula; the last one uses the ”Peano

/\

I /\

remainder without Landau” as recalled in the next section. During the writing of
this note it was brought to the author’s attention that already in 1985 V.S. Videnskij
published in [19] (see Theorem 15.2 on p. 49) the following:
o JEC01]: I [Ba(f;2) — f@)] — Afs2)] < (1 —2) - w("5/2).
Videnskij’s inequality follows from ours given in [6]; later in this note an even
more precise pointwise estimate will be given.
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2. An auxiliary result

Here we recall an estimate of the remainder in Taylor’s formula which (strange

enough!) we were unable to locate in the literature.

Theorem 2.1. (see [6]) Let w(f;e) denote the classical first order modulus of conti-

nuity of f € Cla,b],e > 0. The least concave majorant &(f;e) is given by

(E—JC)W(f;y)+(y—E)w(f;ﬂC)7 0<e<b—a;

sup =

afie)=q TR

w(f;b—a), e>b—a.

Suppose that f € Ca,b],q > 0. Then for the remainder in Taylor’s formula

we have

|t—x|q~<( |t—x|)
R,(f;z,t)| < ——w q);i .

Here © € [a,b] is fized, and t € [a,b].
Remark 2.2. Since &(f(q);lz;—f‘) = o(l),t — =z, this is a more explicit form of

Peano’s remainder in Taylor’s formula.

3. A general quantitative Voronovskaja-type theorem

As mentioned before, Bernstein’s generalization can be turned into a quanti-
tative statement. However, we intend to be more general. For historical reasons we

recall the following

Theorem 3.1. (R.G. Mamedov [13])
Let ¢ € N be even, f € C?0,1], and L, : C[0,1] — CI0,1] be a sequence of positive
linear operators such that

L,(ep;2) =1,z € [0,1];

oy Lnlles =0 i)
n—co  Ln((er — )% )
Then
; cx) — 2 — g . _mr.x f(T)(:L‘)
T — oo el = f(2) S Lul(er —2)"s2)

r=1

=0 for at least one j € {1,2,...}.

_ } —0,n — oo.

The quantitative version of the above result will be based upon
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Theorem 3.2. Let g € Ny, f € C?0,1] and L : C[0,1] — C[0,1] be a positive linear
operator. Then

1 L(leg — |97t )

f() ,
qg+1 L(ler —x|z)

7!

< Lller — x|%2)

O £
| < T (o

L(fi2)=> L((er—a)"s )
r=0

Sketch of proof. For x fixed and ¢ € [0, 1] write Taylor’s formula as

I
10 =S LD 6yt Ry, te

7!
r=0

r

q
F) (x .
O I e ACT iy N}
r=0
Applying L to both sides (as functions of ¢) yields

\L(f;2) = >0, @) L((e1 — 2)"; )|

r!
< L(IRy(f;, )]; )
< p(legll g(p@; el o)

Ler—a|%z  ~cr(q). 1 L(er—z|"" )
< q! w(f ' g+1 L(ler—x|%;x) )

For further details (such as the intermediate use of a K-functional) see [6].00
Corollary 3.3. (Mamedov’s situation) Suppose that we consider a sequence (Ly) of
positive linear operators, q is even, L,(eg;x) = 1 and that for at least one j € N one

has
_ p)at25.
hm Ln((el x) 7.@) _
n—o  Ly((e1 —2)%2)

In this case Ly(ler — z|%2) = Ly ((e1 — x)9; 2).

Using the Cauchy-Schwarz inequality for positive linear functionals (possibly
repeatedly) we obtain
Lo(ler —a|™Y2) _ Ln(ler —|? - |er — 2|35 2)
Lo(ler — z|32) Ln((ex — x)% x)
oo/ Inller = 2)T%0) [ La((er — @)% 7).
TV La((er —2)%2) 7 Ln((ex — z)% 2)

And from here Mamedov’s statement follows, since according to his assump-

tion the latter quantity tends to 0 as n goes to co. [
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4. Some special cases

Here we briefly discuss the cases ¢ =0,¢q =1 and ¢ = 2.

Example 4.1. In case ¢ = 0 we may assume that L(eg;x) > 0. Since otherwise, for

f € C|0,1] arbitrary, we would have

IL(f;2)| < L(If; =) < [[f]l - L(eo; z) =0,

leading to a trivial inequality. Making the above assumption we get

|L(f;2) = Lleo;z) - ($>|§L(€o;x)-&)<f;w>;

thus

IL(f52) = f(2) + f(2) = L(eo; ) - (w)|§L(eo;x)~w(f;W)7

or

L) = )] = |ileoia) = 11+ £ + Lewi) & (£ 2200

or, for L(eg;z) =1,

|L(f;2) — f(z)| < &(f; L(ler — z|; 2).

This is an inequality which can already be found in [5], Theorem 3.1.

Example 4.2. For ¢ =1, i.e., f € C1[0,1] we arrive at

L)~ Lleas 0:F(0)-Dler i) (0] < Lllerslia) (£ =058,

Proceeding as in the previous case we find

IL(f;2) = f(x)] < [(Lleosx) = 1) - f(x) + L(ex — z;2) - f()]

(f/ 1 L((e1—2)% x))

+L<‘€1 —LE‘; ) ’ 2 L(lei—z|;z)

IN

|[L(eo;x) = 1] - [f(2)| + [L(er — ;)| - [f'(2)]

+L(jer — ol @) - a(f; A=),

’ 2 L(ler—z|;z)
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If L reproduces linear functions this simplifies to

1 L((er — 7))

L(fi2) = $@) < Ler = alia) - af's 5 Tt )

A similar inequality was given in [5], Section 4.
Example 4.3. For q = 2 we get
|L(f;2) = L(eo; ) - f(x) = L((e1 — x);2) - f'(x) = 5 - L((ex — ) 2) - f ()]
<L L((er—o)%a) o(f L plasele),
If L(eg;x) =1 and L((ex — x);x) = 0, then this turns into
IL(f;2) = f(x) = 3 - L((er — 2)%2) - f(2))]
<3 Iller — %) 077 - Hemha)

(see [6], proof of Theorem 6.2).

For Bernstein operators B,, we arrive at

o Sl i S n By (ler — ;2
Batfio) = fta) = Ul < H o g P )
r(l—2) _ ., 1
ST'W( ,73\/5)

(see [6], Proposition 7.2). This is the example mentioned earlier. But we can do

better as is shown in the next section.

5. Application to Bernstein-type operators

Theorem 5.1. For f € C?[0,1],z € [0,1] and n € N one has

z(1—x z(1—2) . 1 z(l—=
- [Ba(fi2) — f@)] - LT g < T g [ L 2020,
Proof. We discriminate two cases.
(i) # € [2,1—1]. In this situation we showed in Remark 9.4 of [6] that, using

the Cauchy-Schwarz inequality,

Bn(|€1 - l’|3,5€) Bn((el - :L')4;£L' I’(l _ SC)
Bu((e1 — @)% ) = \/Bn((q — )% ) e
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(ii) z € [0, 2]JU[1 — 1,1]. In Remark 7.3 of [6] it was proved that in this case

Bu(le —afsx) _ 3
B.((e1 —x)%z) — n’
Thus for all z € [0, 1] we get
B,(ler — z|?; 1) <3. 1 z(1l-ux)
B,((e1 —z)%2) — n? n
which, using also
1—
Bo((er — 2)%2) = u7

n

gives the inequality in the theorem. [

Remark 5.2. The above inequality can also be written as

1 1-—
Bu(er —afsa) <31/ 5+ T ey — i,

This shows that - in this particular case - the absolute moment of "high”
order 8 may be estimated by the product of a function vanishing uniformly of order
o(ﬁ) and the moment of “low” order 2. It would be interesting to know if this can

be proved for more general positive linear operators. [

A similar improvement close to the endpoints 0 and 1 is also possible for the

so-called ”genuine Bernstein-Durrmeyer operators” defined by

n—1 1
Un(fvx) = f(O) 'pn,O(m) + f(]-) 'pn,n(x) + an,k(w) . / pn72,k71(t) : f(t)dt
k=1 0

A survey on these and related operators was recently prepared by D. Kacso
[9]. For our purposes the information given about them in [6] and [7] will suffice. We

obtain

Theorem 5.3. For f € C?[0,1],x € [0,1] and n € N,n > 2, the following inequality
holds

. " J)(l—.’L‘) ~( pl, 1 x(l_x)
(n+ 1)U (f52) = ()] —a(l-a)f ()] < ol 74'\/@“)# P
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Proof. Again we consider two cases.

(i) z € [2,1 — 1], In Section 7 of [6] we noted that

n

_ 2z(1 — )

Unl(er = o)) = =

_ 1222(1 — 2)%(n — 7) + 242(1 — )

Un((e1 — 2)*; ) (n+1)(n+2)(n+3)

From this we get

Un(les = zf*sa) _ \/Un((el —a)ha) w‘xu —z)(n—T)+12
Un((er —x)%2) = \| Un((e1 — 2)%;2) (n+2)(n+3) '

Forn>2and z € [1,1 — 1]

6x(1—2)(n—"7)+12 < 18z(1 — x)

that
n+2)n+3) - nt1 000

Up(ler — z|; ) < 18z(1 — x)
Un((ex —x)%2) — n+1

(ii) # € [0, 2] U1 — L, 1]. We only consider the left interval, the second one

can be treated analogously. In this case we write
Un(ler — a*;2) = Un(ler — 2’;2) = Un((ex — 2)% 2) + Un((e1 — 2)% @)
= Un(ler — 2’ = (e1 — 2)%:2) + Upn((e1 — 2)%; )

=Un(2- (e1 — 2)*(z — e1)43;2) + Un((e1 — 2)%; 2).

Here (v —e1)4 := max{0,z — ey }.

From the definition of U,, it follows that

Un(lex —w|3;:v)

n—1 T
=22" pno(2) + 2 pula)- / Pr2k-1(t) - (x —t)%dt + Up((er — 2)*; z)
k=1 0

6z(l —x)(1 — 2x)

n 2 S

The representation of U, ((e; — x)%;x) can be found in [7].
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The latter expression is bounded from above by

2 ne
ﬁx(l—x)~[(1—x) V414 3(1 - 22)]
10 45 z(1 —x)
Thus in this case we get
Un(ler —z®52) 45 xz(1—2z) n+1 12

<

Uy((e1 —2)%2) = 2 (n+1)2 2s(1—2)  n+1

Combining the two cases entails, for z € [0,1] and n > 2,

Un(ler — 2|5 2) 1 z(1—x)
—_— =< 12-
Unler —x)%2) — (n+1)2 + n+1

7

and from this the theorem follows. [J

6. Concluding remarks

Remark 6.1. Here we make some further remarks concerning the case when q > 3

18 odd. In this case the right hand side in the inequality of Theorem 3.1 is

1 L((eg — )7t x)

L(ley — z|% )
g+1  L(ler —z|% )

, - B(f9;
q:

Furthermore we assume that L(eg;x) = 1. A Holder-type inequality for pos-

itive linear operators (see [6], Theorem 5.1) then implies for 1 < s < r:
L(ler — 1’|5;x)% < L(le; — x\r;x)%.
Taking s =q¢— 1> 2 and r = q gives
L((er = 2)"52) 77 < L(jer — o' )7
or
L((e; — 2)0 L2)7 1 < L(|ey — 2|% ).
Thus the left side in Theorem 3.1 is bounded from above by

L<|e1—x|q;x>_@<f<q> L L((er =)+ )

¢! g1 L((eg —a)imla) T
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Now the moments inside @(f(?);-) are both of even order and can more easily
be evaluated. The absolute moment in front of &(f(@;-) can also be estimated using
Holder’s inequality.

Our quantitative Voronovskaja-type theorem is not only applicable to poly-
nomial operators as can be seen from the following
Example 6.2. (see [7]) For variation-diminishing spline operators Sa, gwing piece-
wise linear interpolators at equidistant knots in [0,1] the quantitative Voronovskaja
theorem in case ¢ = 2 reads

n? 1

zn(gj)(l _ Zn(.li)) [SAn (f7$) — f(x)] —

2
This is (again) obtained via representations of the second and fourth central

1

. a}( II; %).

DN | =

| (@) <

moments as given, for example, in Lupas’ Romanian Ph. D. thesis [11] on p. 46:

Sa,((er —2%57) = —g2ae) - (1 = 2a(a)),

San((er = 2)52) = Tza (@)1~ 20(@) - [1 = Ban(2) (1 — 20 (@)

Here z,(x) = {nz} := nx — [nx| is the fractional part of nx.

Voronovskaja-type results are also known for other cases of Schoenberg’s
variation-diminishing spline operators. See the cited articles by Marsden, Riemen-
schneider and Schoenberg for non-quantitative versions. It would be of interest to

find quantitative statements also for cases other than Sa,,.

Remark 6.3. We noted before (see Theorem 1.1) that Voronovskaja’s theorem is
pointwise in nature, i.e., it does not only hold for functions f € C2[0,1]. One example

1s the negative “entropy function”
f(z) = 2loga + (1 - 2)log(1 — ), € (0,1), £(0) := 0, (1) := 0.
Here f"(z) = [z(1 — z)]"Y 2 € (0,1), so that the local version of

Voronovskaja’s theorem gives

lim n - [By(fiz) — f(z)] = %a: € (0,1),

while B (f;0) — £(0) = 0= B,(f;1) — f(1),n € N.
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In [2] several interesting phenomena concerning the approzimation of the en-
tropy function f by B, f are discussed.

Moreover, Lupas showed in [12] that for this function one has

22 < nlBa (i) - f)) < /21— o)

see also the related question in [18].

Remark 6.4. It was not easy to find out details about the life of FElizaveta
Viadimirovna Voronovskaja who was born in 1898 or 1899 in Sankt Peterburg (Rus-
sia) and died in 1972, most likely in Leningrad (Soviet Union). Voronovskaja held
university degrees in mathematics and history and was influenced in her mathemati-
cal work by S.N. Bernstein and V.I. Smirnov . Her main scientific achievement is -
besides the famous 1932 paper on the asymptotic behavior of Bernstein polynomials -
the monography ”The functional method and its applications” which was published in
Russian in 1968 and in English in 1970. Since 1946 she was the chairperson of the
department of higher mathematics in the Leningrad Institute of Aerospace Instrumen-
tation (now St. Petersburg State University of Aerospace Instrumentation). The last
years of her life she also worked as a chairperson, now in the department of higher
mathematics in the Leningrad Institute of Telecommunications (now St. Petersburg
State University of Telecommunications).

This and more information on E.V. Voronovskaja including a photograph can
be found at the following Russian internet pages (operative on April 20, 2007):

http: //www. spbstu. ru/public/m_v/N_ 002/ Yarv/ Voronovskaya. html
http: //www. spbstu. ru/phmech/math/ persons/HISTORY/ Voronouskaia_E_V. html

We are grateful to Vitalii Arestov (Ekaterinburg), Elena Berdysheva
(Stuttgart-Hohenheim) and Andriy Bondarenko (Kiev) for helping us to locate these

pages.
Acknowledgement. The author gratefully acknowledges the technical as-

sistance of Ms. Béarbel Schmitz during the preparation of this note.
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ON GRAPH-INVARIANT MEASURES

IULIANA MARCHIS

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. The goal of this paper is to prove some basic properties of in-
variant set list and invariant list of measures defined by Mauldin-Williams
graphs. The main result of this article is the so called oscillation lemma for
graph self-similar sets, similar to that used in the homogenization theory

of partial differential equations.

1. Introduction

A theory of self-similar fractal sets and measures was developed by Hutchin-
son. Construction mapping methods for showing the existence and uniqueness of
self-similar fractal sets and measures were first used in [3]. There is a generalization
of self-similarity that provides a way to study a larger class of sets. A definitive for-
mulation is due to Mauldin and Williams [6]. In this case there is a list of nonempty
compact sets to be constructed simultaneously. Each of them is decomposed into
parts obtained from this list using certain similarities. For each such construction
corresponds a directed multigraph: there is one node for each set in the list and the
edges from a node correspond to the subsets into which the corresponding set is de-
composed. A well know example of graph self-similar fractal is the golden rectangle
fractal [1]. Another important examples are sets constructed for number systems with

complex base. For example for the number system with base —i + 1 and digit set
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{0,1} we get the so called twindragon, which has a graph-similar fractal boundary
[1].

The goal of this paper is to prove some basic properties of invariant set
list and invariant list of measures defined by Mauldin-Williams graphs. The graph-
similar measures are the generalizations of the self-similar measures introduced by
Hutchinson [3]. We prove also a so called oscillation lemma, similar to that used
in the homogenization theory of partial differential equations. For self-similar sets
an oscillation lemma was given in [4]. This result was used in homogenization with

multiple scale expansion on self-similar structures in [5].

2. Preliminaries

Let (V,E,i,t) be a strongly connected directed multigraph, where V' is the
set of the vertices, F the set of the edges of the graph, andi: F — V t: E — V two
functions such that, for each edge e € E, i(e) is the initial vertex of e and t(e) is the
terminal vertex of e. Denote by E,, the set of all edges from u to v, where u,v € V.
Each edge from E belongs exactly to one of these subsets F,,. Denote by E, the set
of all edges leaving the vertex u.

A finite path in the graph is a finite string a = ejes...e; of edges, where the
terminal vertex of each edge e; is the initial vertex of the next edge e;11. The length
of a path is the number of the edges contained by it, so the length of « is |a| = gq.
Denote by Eq(f]) the set of all paths of length ¢ with the initial vertex u, and by E,(ﬂ;)
the set of all paths of length ¢ from vertex u to v. For each u € V' the set Eqs(i) has
one element, the empty path from u to itself, denoted by A,. Denote by E,(L*) the set
of all finite paths with initial vertex u, E*) the set of all finite paths.

0 = eje3...eq... is an infinite path. Denote by E&w) the set of all infinite
paths with initial vertex u, E“) the set of all infinite paths.

Because (V, E,i,t) is a strongly connected multigraph, there is a path from
any vertex to any other, along the edges of the graph, taken in the proper direction.

118



ON GRAPH-INVARIANT MEASURES

Let « € E®). Then
0] ={oc e B a <o}

is the set of all infinite paths that begin with the finite path «.
Let (S,,d)yev be a family of nonempty complete metric spaces, (fe)ecr a

family of Lipschitz functions, f. : S, — S, such that

d(fe(z), fe(y)) < red(z,y),

for z,y € Sy, € € Eyy.

A directed multigraph (V, E,i,t) together with a positive number r, for each
edge e € F, is a Mualdin-Williams graph. A definitive formulation is due to
Mauldin and Williams [6].

3. Invariant set list

An invariant set list for the iterated function system (fe)ecp is a list of
nonempty sets (K,),ev, K, C Sy, such that

K, = U U fE(K’U)7

vEV e€Ey,
forallu e V.
Theorem 3.1 (Theorem 4.3.5. in [1]). There exists a unique invariant set list

(Ky)vev of nonempty compact sets.

Let (fe)ecr be an iterated function system. Denote by fe, . .c, = fe, ©...0 fe,,
and K% = Jer...eq(Ky, ), for u,v, € V, vy = t(eq) and ey, ...,eq € E.

The following results are the adaptation of the results for self-similar sets
from [3] to graph self-similar sets.

Theorem 3.2. Let o € Ez(f), o =eies...eq.... Then
K, ODK}DKI}*D>..DK? % D ..

and
oo

€1...€5...
(5o

q=1
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e .€
is a singleton, whose unique member we denote by ky' "

Proof. We have Ky D fe(Ky(e)), for every e € E.

So, Ku D fe, (Ky(ey)) = K.

Also Ki(ey) D fey (Ki(ey)), from where fe, (Kj(e,)) D fe (feo (Ki(es))). But
for i) = K& and fo, (fer (Kigen) = fur (K2,)) = K542, 50 K& O Kiee,

Therefore
K, D K? > Kslez S5O Kzl...eq 5.
But diam(K5' ) — 0, as ¢ — 00, so ﬂ;il K% s a singleton. We denote the
element of this singleton by ky' """ .

Theorem 3.3. Let o € Eu*), £ e E ), o€ Et(( )) The following relations hold:

Z) foc( t(a)) Kaﬂ
it) fa(k t(a)) = k37

Proof. 1) fa(K}4)) = fa(f3(Ki() = fas(Ki(g) = Kg”
i) fa (ko) € fo (M2 Kflay) = Moty Ko = {27},

Let u € V and A, C S,. We denote by Ay " = fo, . (Aiey)-

Proposition 3.4. If A, is a non-empty bounded set, then
d(ASr % k&%) — 0 uniformly as ¢ — oo.
Proof.

A0 kG 0) = dfer ey (Arge): For ey (KES )
< T€1-~-8qd(At(eq)a kiq+1m)

S ’rel.“eq sup{d(a,b) tac At(eq)’ b € Kt(eq)}

q
<C| max re, | — 0, as g — oo,
1<i<|E|

where C' is a constant, 7e,e,...e, = TeiTey--Te,, and we denote by |E| the number of
the edges of the graph. O
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Define the following map:

Tu: B — K, m,(0) =kJ,0 € E@.

u u

Proposition 3.5. m, is a continuous map onto K.

Proof. Let o € EY) and € > 0. Then mu(0) = kS and there exists ¢ such that
Ki'% c{r e Ky :d(z,m,(0)) < §}. Let o’ € ES) such that 01...04 is the longest

common prefix of o and ¢’ . Then

d(ka ka/) < d(l’, kg) + d(:z:, kz/) < €,

uru

so T, is continuous. O

4. Invariant list of measures

We assign weights p. > 0 to each edge e € F such that

Z Z pe =1, for all u € V,

vEV €€y,

so the weight on edges leaving a node must sum to 1.

For an S metric space we denote by B(.S) the set of all tight Borel probability
measures.

Let v = (Wu)uev, t = (fw)uev, where vy, iy, € B(S,), for all u € V.
Define

p(p,v) = max sup{pty, (@) — vy (®): ®: X — R, Lip ® <1},

which is a metric.

Let v = (vy)uev and f € C(R™). We define the push-forward measure by
fuvu(@) = vy(¢po f), for ¢ € C(R"), for every u € V.

For every u € V define

Gu<l/) - Z Z pefe#l/'m (1)

vEV e€Ey,
and G(v) = (G (V))uev-
Theorem 4.1. G is a contraction map in metric p.
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Proof. Let & : X — R, Lip ® <1 and p,v € B. Then we have

Gu(l)(®) = Gu@)(®) = Y D" pelferho(®) = fepr(®))

vEV e€Eyy
= Z Z Pe(po(® o feo) —vu(Po fe))
vEV e€Fyy
= Z Z per(uv(r_lq) o fe) — Vv(r_lq) o fe)),
veEV e€Eyy
where r = maxre < 1. Then p(G(p), G(v)) < rp(p,v), so G is a contraction. O
ec

The result of the following theorem follows from Theorem 4.1 (it is given in
[2] without proof).
Theorem 4.2. There exists a unique invariant list of measures (ty )vev, o € B(Sy),

for allv € V, such that

Ly = Z Z pefe#,uvv

veEV e€EE
forallueV.

We call this invariant list of measures graph-invariant measure. The
graph-similar measures are the generalization of the self-similar measures introduced
by Hutchinson [3].

Define G*(v) recursively. Denote G'(v) = G(v). Define G¥(v) := G o
G*=1(v). Then G* can be written in the following form:

GEW) =" " Polotiv,

VEV s k)

where p, = Do, * Doy - --- * Poy,- a0d
lim p(G*(v), 1) = 0.

k—oo

Let e € E,,. Define

0. : E“) — E“ 0,(0) = eo, for all 0 € EW),

which is called right-shift map.
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For 0,7 € El(,w) define the metric p; by

p1(0,7) = Ta,

where « is the longest common prefix of o and v, and r, = TeiTey-Te,» Where a =

€1€2...€4.

The following two results are stated in [1] without proof. As we did not find

the proofs in the literature, for completeness, we give it here.

Lemma 4.3. With the metric py the right-shift 0. is a similarity with ratio re.

Proof. p1(ec,ey) = req =rera = rep1(o,7), where « is the longest common prefix of

o and 7. O

Fix a vertex v € V. Suppose nonnegative numbers w,, are given, one for each

o € Eq(,*) such that

o= Y e
eclE
i(e)=t(a)
Theorem 4.4. The method I outer measure defined by the set function C([a]) = wq

)

. . w .
is a metric outer measure 7, on ES) with To([a]) = wq.

Proof. Let Ay = {[a] :a € ES”} and A5 = {D € A: diam D < ¢}.
Let v be the method I measure defined by the set function C' restricted to
AS. If D € AS, then 7,(D) < C(D), so by the method I theorem (Theorem 5.2.2. in
[1])
vi(A) > 7,(A), for all A.

Therefore the method II measure v, defined by

vy(A) = liII(l) ve(A)
satisfies v, > 7,.
)

For any o € Ef,* we have
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C([Oé]) = Wa = Z Woe = Z C([Oé@])
ecE eckE
i(e)=t(a) i(e)=t(a)

Applying this repeatedly, knowing that
khigo( sup {diam [o] : « € EP}) =0,
we have that for any € > 0, any set D € A is finite union of sets from A$, i.e.
D= LnJ D;, D; € A with C(D) = Zn:C(Di).
i=1 i=1

From this follows that

from where

vy(A) > 7,(A), for all A.
Therefore 7, = v, is a method II outer measure, so it is a metric outer
measure. 0O
Let 7 = (7y)vev-

Lemma 4.5. The measure (7y)ucyv 18 (B¢, Pe)ecE invariant. i.e. for allu € V

Z Z peae#Tv = Tu-

veEV e€EE

Proof. Let a € Eq(,*). Then

S Y pebegrila) =3 Y per (o))

veEV e€FEyy veV e€FEy,
_ —1
=Y Y perulle'al)
veEV e€ By,
= E E PeWe-14 = Wa,
VEV e€EEy,
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where we denote by e !« the following path: we remove the edge e from the beginning
of the path a.

On the other side of the equation 7,([a]) = w,. Therefore the equality
holds. O

Theorem 4.6. The following two relations hold:
Z) Moy = 7Tu#Tu
it) spti, = K.

Proof. i) First we prove that f. om, =7, 060,.. For o € EI(LW)

fe(mo(0)) = fe(k)) = k7,

using Theorem 3.3 and

so the above relation is true.

Now

Z Z pefe#(ﬂv#Tv) Z Z peﬂ-u#(ee#Tv)

vEV e€EE VEV e€E .,

- (z 3 peee#ﬂ,)

veEV e€Eyy

= MupTu
ii) Let A be an open set such that AN K, = 0. Then m,x(r,(A)) =

Tu(m;1(A)) = 0, thus sptp, = K. O

u
5. Oscillation lemma

Theorem 5.1 (Oscillation lemma). Let K = (K, )yecv be the list of invariant sets,
= (t)uecv the list of invariant measures, v = (Vy)uev @ list of probabilistic Borel
measures with compact support, sptvy, = Q. If ¢, € L*(Qy, Cp(R™)), u € V then

> o [ edt@2ini = [ [ s i) e, @

lim

k—o0
UEEq(ﬁ)

for every uw € V, where ps = Doy * Doy * - * Doy -
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Proof. Take first ¢, € C(Q, Cp(R™)), u € V. Let h be the Hausdorff metric in the

space of all nonempty compact sets in R™. Since

lim p(G*(v), 1) =0,

k—o0

we have
klingo h(spt ((Gk(y))u)vKu) =0.
Then
klirrgo h(Q,Kg)=0
and

lim diam (92J) = 0.

k—oo

Let € > 0. Then there exists ky € N such that

max{|¢(x,y) — o, y)| : y € Qu} <,

forall z € K7, t € QJ, k> ko.
Choose z € §,, such that t = f,(z).
Then

[ o)~ [ utso(e) )] <
Multiplying this equality by p, and summing, using that
Z Po =1,
UEE,Sk)
we get
—e</ b, )dvaly Zpa/ bulfol2), 2)da(2) < €.
UGE(M
Integrating on f,(K,) and summing

—e</ / bu(,y)dv (y)dp (2 Zpa/ bu(fo(2), 2)dvy(z) < €.

(k)

As C(Q, Cy(R™)) is dense in L?(,, Cp(R™)), we get the result. O
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For self-similar sets formula like (2) was given in [4]. This result was used in

homogenization with multiple scale expansion on self-similar structures in [5].

Remark 5.2. If ¢ depends only on its first variable, the convergence (2) has the
following form:

kh—{go Z Po

erq(Lk)

bulfr(2))dva(2) = /K () dpra (),

Qy

for every u € V, which means the weak convergence of the sequence G*(v) to the

muariant vector measure (.

Remark 5.3. A well know example of graph self-similar fractal is the golden rectangle
fractal. For the construction of this fractal see for example [1].

Another important examples are sets constructed for number systems with
complex base. For example for the number system with base —i+1 and digit set {0,1}

we get the so called twindragon. The twindragon has a graph-similar fractal boundary

(see [1]).
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ON SOME GEOMETRIC PROPERTIES
OF THE RADIOSITY EQUATION

SANDA MICULA

Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. In this paper we study some properties of the kernel of the
radiosity equation. The geometric term G(P,Q) from the kernel is of
great importance in the study of solvability and regularity of the radiosity
equation. We state some of its properties and give a complete proof of the

main one, namely the fact that

DLGP.Q)| < 5 P#Q

1. The radiosity equation

Radiosity, an important quantity in image synthesis, is defined as being the
energy per unit solid angle that leaves a surface. The photometric equivalent is lumi-
nosity. Radiosity is a method of describing illumination based on a detailed analysis
of light reflections off diffuse surfaces. It is typically used to render images of the in-
terior of buildings, and it can achieve extremely photo-realistic results for scenes that
are comprised of diffuse reflecting surfaces. In computer graphics, the computation
of lighting can be done via radiosity. The radiosity equation is a mathematical model
for the brightness of a collection of one or more surfaces. The equation is

p(P)

u(P) — -

[u@0(P.@V(P.Quse = E(P). Pes, o

S
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where u(P) is the radiosity, or the brightness, at P € S. E(P) is the emissivity at
P € S, the energy per unit area emitted by the surface.

The function p(P) gives the reflectivity at P € S, i. e. the bidirectional
reflection distribution function. We have that 0 < p(P) < 1, with p(P) being 0
where there is no reflection at all at P. The radiosity equation is derived from the
rendering equation under the radiosity assumption: all surfaces in the environment are
Lambertian diffuse reflectors (see [1], [3], [4]). What this means is that the reflectivity
p(P) is independent of the incoming and outgoing directions and, hence, of the angle
at which the reflection takes place. Thus, p(P) can be taken out from under the
integral of a more general formulation (the rendering equation, see [4]), leading to
(1).

The function V(P, Q) is a visibility function. It is 1 if the points P and @ are
"mutually visible” (meaning they can ”see each other” along a straight line segment
which does not intersect S at any other point), and 0 otherwise. Surfaces S for which
V =1 on S are called unoccluded. More about the radiosity equation can be found
in [4].

The function G, a geometric term, is given by

(@ —P) -np|[(P-Q) ng]
P —Q*
cosfp - cosbg

T oPear o

where np is the inner unit normal to S at P, 0p is the angle between np and Q — P,

GPQ) =

and ng and 0 are defined analogously.

We can write (1) in the form

u(P) - / K(P,Qu(Q)dSq = E(P), PeS, 3)
S
with
k(P = "D ovra), roes (@)

or, in operator form
(I-K)u=EF. (5)
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The function G(P, Q) given in (2) has a singularity at P = @ and is smooth
otherwise. The study of the solvability and regularity of equation (1) (see [2], [3], [7],
[8], [9]) relies heavily on special properties of this function, which is why we want to

focus on some of these properties.

2. Properties of the function G(P, Q)

Lemma 1. Let S be a smooth surface to which the Divergence Theorem can be applied.
Let P € S. Then
a) |G(P,Q)| <¢, P,QeS, P+#Q (cindependent of P and Q);
b) G(P,Q) >0, for Q € S;
c) /G(P7 Q) dSqg =m;
s

d) if S is the unit sphere, then G(P,Q) = i

The proofs of these properties are straight forward computations and can be
found in [5], [6], [10]. O

Next, let us make some simplifying notations. First, by agEDP) we denote

OF(P) OF(P)

generically the derivatives , where P = P(x,y). Denote by

or ' Oy
FrPQ) = e
FUPQ) = (6)
Then we can write
G(P.Q) = FF(P.Q) - FO(P.Q). @

Now we can state the main property of the function G.

Theorem 2. Let i > 0 be an integer and let S be a smooth C*t surface to which the

Divergence Theorem can be applied. Then

; c
DLG(PQ) < ———, P#Q, 8
| Q ( )| |P _ le # ( )
for the function G(P,Q) of (2), with ¢ a generic constant independent of P and Q.
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Proof. Since
|cosbp| < c|P —Q), |cosbg| <c|P—Q, (9)

we have
[FPLIFQ| < c. (10)

For n > 0 we can write
Dy =3 (1) Dy H(FTPQ) - DR (11)
k=0

Claim.

|DoF"|,|DGF?| < (12)

c
P —Ql"

Proof of claim. Fix P € S. The proof of (12) is very delicate. We will use
both a local parametrization of the surface as well as formal reasoning. For a better

understanding, one could see [9], [10], [11]. Assume the surface S can be represented

locally by

with f € C**2. We consider P to be the origin of a coordinate system and @ an

arbitrary point in S. Then we have

P = (0,0,0),
= (J:,y,f(x,y)),
np = (0,0,1), (14)

ng = (7f96(x7y)a 7fy(xvy)7 1)

(Implicitly, we then also have that f(0,0) = f;(0,0) = f,(0,0) = 0).

We can write

Op = ¥ ~ 7 - - =X .
s0r= 1P Ql el @
(Q—P) nq Q

COS@ = —_— =
¢ P-Ql- gl @
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where we denoted by N¥ = np and by N9 = % Note that by (14), N¥ is
ng
independent of @ (and, hence, of z and ), while N is a function of Q, i.e. of x and

y. The inequalities (10) can now be written

’QQ . NP S c,
Q|
5
—4= N9 < e 16
o 1o
Let us proceed first with the derivative of F¥. In what follows we will use
0
the notation g,, rather than 8—97 for the derivative of a function g with respect to x.
x

We have

_gPEr _ Q@ P)

- Q. NP _(Q-N")(Q-Q.)

= ( QF Y qQr ()

_ QN (@) (@-Qu)
Q) QP '

For the first term on the right of (17), we have
Q. NP (1,0, f,) - (0,0,1)
QI Ve + v+ (@)’

_ fe )

Va2 + 2+ (f(@,y))?

_ o J=l+1yl
[x2+y2 )’

which is bounded. The second term on the right of (17) can be rewritten as

(&) ()

The first term in (19) is clearly bounded because of (16). For the second
term in (19), note that by (14), @, = (1,0, f;). Then by our assumption on the

smoothness of f , |f;| is bounded, and hence, so is

Q
Q<
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P
We have just proved that < ¢ . An identical argument will lead
Oz |~ |P=Q)
P
c
to the result < . So we have that
‘ Oy |~ [P-Q|
c
DoFP| < ——rxn. 20
| Q ! \P — Q| ( )
In a similar way we prove that the claim is also true for F¢. We have
OF® Q
P—-Q|— = < _.N@
P-a = el ve),
Q. N° Q- NS
— (%o + 4o
Q| Q|
. N@ .
Q|
_ @N? Q-Ng L (Q-N9)(QQu)
Q| Q| QJ?
The first term on the right of (21) is obviously 0. The second term on the
right of (21) is bounded because £| is a unit vector (so bounded) and
1 Jofoe + fyfya
NmQ =T (_fx:m _fyzao) + SEeEE cYIYT (fxa fy7 _1) )

 Ing| Ingl?

and we assumed f € C**2. The third term on the right of (21) can be rewritten

(8 @) ()

which is bounded by (16) and by our earlier discussion following (19).
ore ’ ._c d
< an
9y |~ |P=Q

(similarly with (19)) as

The same argument (with z replacing y ) proves that

SO
c

P -Ql

The computations for higher order derivatives get more complicated, but the

DoF?| < (23)

idea of the proof is the same. Use the inequalities (16) and the fact that the norm of

a vector of the form Q. A is bounded if the components of A involve f and/or its

Ql
Q Q o @ 0

8 = Qu, —= - N9, = . N9 etc.
“& Q9 g Ql ete.)

This concludes the proof of the claim.

derivatives (
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For the derivatives of GG, we have
i

b6l P -0 = Y (1) [Pt Fr e - @Ik rer - @ < e

k=0
which proves (8). O
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A NOTE ON THREE-STEP ITERATIVE METHODS
FOR NONLINEAR EQUATIONS

GRADIMIR V. MILOVANOVIC¢ AND ALEKSANDAR S. CVETKOVIC

Dedicated to Professor Petru Blaga at his 6oth anniversary

Abstract. In this short note we give certain comments and improvements
of some three-step iterative methods recently considered by N.A. Mir and

T. Zaman (Appl. Math. Comput. (2007) doi: 10.1016/j.amc.2007.03.071).

1. Introduction

Very recently, N.A. Mir and T. Zaman [1] have considered three-step quad-

rature based iterative methods for finding a single zero x = « of a nonlinear equation
flx)y=0. (1.1)

All variants of their methods include the formula

— f(@n) [ (xn)
P G A ) ) -

obtained from the rectangular quadrature formula. It is clear that (1.2) reduces to

Newton and Halley method for A = 0 and A = 1/2, respectively.
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Key words and phrases. iterative methods, three-step methods, nonlinear equations, order of convergence,

computational efficiency.
The authors were supported in part by the Serbian Ministry of Science and Environmental Protection

(Project #144004G).

137



GRADIMIR V. MILOVANOVIC AND ALEKSANDAR S. CVETKOVIC

As a variant with maximal order of convergence they have proposed the

following three-step method

- 4 f(xn)
o fl(x”)f} ) ()
_ _ Yn Yn
T YT T A () () (13)
(Yo = 20) f(20)

Tl T T ) — 2f(20)

proving that for a sufficiently smooth function f and a starting point zy sufficiently

close to the single zero x = «, this method has eighth order convergence for A = 1/2,
ie.,

€ntl = (*CBCg + cg)ei + 0(62)7

where e,, = x,, — « and

ck;m, k=2,3,.... (1.4)
As we can see this three-step method need six function evaluations per it-
eration: f(z,), f(yn), f(zn), f'(zn), f'(yn), and f"(y,). Without new function
evaluations, in this note we show that the formula
_ f(zn)
F'(Yn) + (20 = yn) " (Yn)

is a much better choice than the third formula in (1.3). In that case the correspond-

Tnt+1 = S(yn7 Zn) = Zn (15)

ing three-step method has tenth order convergence. Moreover, the formula (1.5) is
numerically stable in comparing with the previous one.

The paper is organized as follows. In Section 2 we give certain auxiliary
formulae, which can be used also in other investigations in convergence analysis. The

main results and a numerical example are given in Section 3.

2. Some auxiliary formulae

We suppose that the equation (1.1) has a single zero = « in certain neigh-
borhood U.(a) := (o — e, + €), € > 0, and that the function f is sufficiently
differentiable in U, (). Evidently, f'(«) # 0.
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Let z,, € U.(a) and
€n i =Tp —Q, €,:=Yp—Q, Epn:=2z,—Q.

Using (1.4) it is easy to get the following formula

= en— €2 +2(c3 —c3)ed — (4¢3 — Tezeq + 3ey)ed

+(8¢5 — 20c3¢2 + 10c4co + 6¢2 — 4cs)e?
—[16¢5 — 52c3c3 + 28c4ca + (33¢2 — 13¢5)co — 17czeq + 5egled
+0(el). (2.1)

This formula is an inverse of the well-known Schréder formula (cf. [2, pp. 352-354]).

Therefore, in the case of the Newton method

B (an) = 0 — }f((iz)) (2.2)
we have
en = On(z,)—a
= cge2 —2(c2 —c3)ed + (4¢3 — Tezen + 3ea)el
— (8¢5 — 20c3¢3 4 10cyco + 6¢2 — 4es)ed
+[16¢5 — 52c3c3 + 28¢4c3 + (33¢3 — 13c5)co — 17czeyq + 5egled
+0(el). (2.3)

Also, we need the corresponding expression for

f//(yn) B lf"(a) + f 1(!04) 5+ fl;(!oa) Ae% L

52(yn) = = 7 7 )
21" (Yn 2 a) «Q
I (Yn) f’(a)+f1(')€n+f2(')é%+'“
ie.,
~ 1 1-2cp+23c3én+3-dcge2 +---
02(yn):*' )

2 1+ 2co€, +3c3e2 +---
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where ¢, are defined by (1.4). Tt gives

Coyn) = Ag + A1e, + Age? + Age + -+, (2.4)
where
Ay = c9, Ay =3c3— 20%, Ay = 4c§ — 9c3cy + 6y,
Az = —8ch+ 24c3ck — 16¢4c0 — 9c3 + 10cs,
Ay = 16¢5 — 60czcs + 40cqch + 5(9c5 — 5es)ea + 15(cs — 2¢3¢4),
As = —32c5 + 144csch — 96¢4¢3 4 (60cs — 162¢2)ca + 36(4cscy — cg)ca
+3(9¢3 — 15¢5c3 — 8¢ + Teq),
Ag = 64ch — 336c3c) + 224cqch + 28(18¢2 — 5es)es — 84(6ezeq — cg)ca
—7(27¢3 — 30csc3 — 16¢5 + Ter)ea + T(18cach — ez — 10csc5 + 4eg),
ete.
Now, for the Halley method
)/ (yn
S R — e AU 25)
we have
~ ~ ~ ~ f Yn
€n = q)H(yn) —Q=€n—Ggn (1 + CQ(yn)gn + [02<yn)gn]2 +- ) y  Gn = ,( )
Using (2.1), in this case, we get
bn = (3 —c3)e3 —3(ch —2czca + c4)et 4+ 6(ch — 3each + 2c4co + 3 — c5)En,

—[9¢5 — 37czch + 29cack + 4(7¢ — 5es)ea — 19¢3cq + 10¢6]€8 + O(E).

(2.6)
In our analysis we also need an expansion of f(z,)/f’(yn) in terms of €, (=

Yn — @), where z, — a = é, is given by (2.6). Thus, we have

Fn) | Entcald ezl -
F'yn) ~ 1+2c28, +3c38% + -+

Up =
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ie.,
v = (¢ —c3)ed — (55 — 8czca + 3cq)en
+(16¢5 — 37cacs + 18cqca + 9c3 — 6es)er,
—(40¢5 — 124c3c3 + 69c4c3 — (32¢5 — 69¢3)ca — 32¢3c4 + 10c6)ed
+0(e},). (2.7)

In the case when y,, = ®x(z,) and

— oy — (Tn = yn) f(Yn) (2.8)

T ) — 2f (gn)

we are interested in

ie.,

2 3
(& Co € C3 €
Uy = 22T BT (2.10)
Gt 282+ 3l + e

enteoel +cged 4+

_ _1—1—2(}26n+3036%+'--
14228, +3c382 +---

1+ 2c28, +3cze2 +---]

tn , and s,

where e, = x, — a, €, = Yy, — a, and &, = z, — .

Here, €, = €, — (en, — €,)/(un — 2). According to (2.3) and (2.10) we get
€n = coc3 —c3)et —2(2¢5 — 4csch + cuco + c3)ed

+[10¢5 — 30cscs + 12¢4¢3 + 3e2(6¢5 — c5) — Tezealed

+0(e!). (2.11)

n
For t,, and s,, we obtain

2 3 4 4 2 5
tn, = en+ el + e, + cue, — (2¢5 — 2e3¢5 — c5)el,

+(6¢5 — 1dcscy + degcs + dcien + co)el + O(el) (2.12)
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and
Sn = 14 2cqe, + 3cze? +deged — (265 — 2c3¢3 — 565)6;11
+(4ch — 12¢3¢5 + 4degcl + Aciey + 6cg)ed
—[4c5 — 22¢3¢5 + 16c4¢s — (6cs — 22¢3)c3 — 14czeqcy — Ter)el
+0(ep), (2.13)
respectively.

3. Main results
We consider now the third-step iterative formula given by (2.2), (2.5), and
(1.5), i.e.,

Yn = PN (Zn), 2n=Pu(Yn), ent1=5SWn,2n), n=0,1,..., (3.1)

for finding a simple zero x = « of the equation (1.1).

Theorem 3.1. For a sufficiently differentiable function f in U () and xq sufficiently
close to «, the third-step method (3.1) has tenth order of convergence, i.e.,

ens1 = 3ches(cs — c2)el? +30c5(c2 — ¢3)%ezell + O(el?) (3.2)

where e, = x, — @ and ¢ are given in (1.4).

Proof. According to (3.1) (and (1.5)) we have

o G

entl = Tnt1 — & = S(Yn, 2) — =
where €, = Y — @, én = 2n — o, and Ca(yn) = " (yn)/(2f (yn)). Replacing Ca(y,)
and v, = f(2zn)/f (yn) by the corresponding expressions (2.4) and (2.7), we obtain

~5

ent1 = 3cz(c3 — c2)Ed + (5 + Tezcy — 8cacs — 17c2ca + 1Tczeq)eS + O(E7).

Finally, using (2.3) we get (3.2). O

142



A NOTE ON THREE-STEP ITERATIVE METHODS FOR NONLINEAR EQUATIONS

In [1] the authors also considered the following three-step method

_ - f(zn)
U= I R
z = — w
' ") = 2f () (3.3)
T+l = Rn — f(Zn)f/(Zn) ’
Pl =S {2 T 2]

with five function evaluations per iteration: f(z,), f(yn), f(zn), f'(zn), and f'(z,).
Their Theorem 3 states that this method has seventh order of convergence for any
value of A. However, the order of convergence is bigger than seven. Namely, we have

the following result:

Theorem 3.2. For a sufficiently differentiable function f in U () and xq sufficiently
close to «, the third-step method (3.3) has eighth order of convergence for any A # 1/2,

except for A = 1/2 when the convergence is of the order nine. Then,

20 2 2.9
ent1 = —2c3c5(c5 —c3)’e,

+ea(c2 — c3)(16c3¢5 — 3cacy — 32¢3c2 + 1legezey + 8c3)el?

+0(elh), (3.4)

where e, = x, — a and ¢k are given in (1.4).
Proof. Using the expansion (2.1) for the Newton correction f(z,)/f (x,) =:
h(ey), we have f(z,)/f'(zn) = h(€,), where €, is given by (2.11). According to (2.9),
for the third formula in (3.3) we get
_ h(en)
€nt+l1 = En — —\ )
1_2)\{h(en) th  Sn }

(3.5)

(en - €n)2 €n — €n
where the expansions for ¢,, and s,, are given by (2.12) and (2.13), respectively. This

gives
ent1 = (L=2XN)c3(c5 — c3)%e} +4c3(c5 — e3) [2(2A — 1)c§ + (4 — 9N)esc3

+(2X = 1)caco + (BA — 1)c3]ed + -
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For A = 1/2 it reduces to (3.4). O
Thus, the computational efficiency of the method (3.3), for A = 1/2, is EFF=

91/5 ~ 1.55185. With the same function evaluations we can get a slightly simpler

method of order nine with the same efficiency.

Theorem 3.3. For a sufficiently differentiable function f in U () and xq sufficiently
close to a, the third-step method

L fw
Yn = n f’(l’n)?
" " flan) = 2f(yn)’ (3.6)
Toi1 = zn— f(Zn)f/(/Zn) : 7
et = 5 Sl PRI L)

has ninth order of convergence, i.e.,

3
202 2,9
€nt1 = _50302(02_03) €n

+2¢5(c5 — ¢3)(6c3c3 — 12¢5¢3 + 3¢ — ey + deacsey)er?

where e, = x, — a and ¢x are given in (1.4).

Proof. Similarly as in the proof of the previous theorem, we have now

_ h(en
€n+l = €n — ( )1 — s,

h(en)—

€n — €En

1-—

N |

instead of (3.5). This gives (3.7). O
The number of function evaluations in (3.6) can be reduced to four if we take

an approximation of f’(z,) in the form

f/(zn) ~ fN/(Zn) = pnf(mn) + an(yn) + Tnf(zn) + wnfl(mn)v
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obtained by the Hermite interpolation (cf. [3, pp. 51-58]), where

p o (yn - Zn)(zn + 2yn - 3In) q . (In - Zn)2
" (mn - yn)z(xn - Zn) ’ " (mn - yn)2(yn - Zn),
_ 32n — 2Yn — Tn _ Yn — %2n
™ = Wy =

(:L‘n _Zn)(yn _Zn)’ Tn _yn.

For a such modified three-step method, in notation (3.6*), the following result holds:
Theorem 3.4. For a sufficiently differentiable function f in U:(a) and xo sufficiently
close to «, the third-step method (3.6™) has eight order of convergence, i.e.,

1
ent1 = (c3—c3)cacaes — 3 [362(@03 + 4ey) — 2¢5(3¢2 + 2¢5)

+c3(3¢3 + deses + 4c3) + 8cpezea(cs — 303)] ed +0(el?),

where e, = x, — a and ¢x are given in (1.4).

The corresponding computational efficiency is now much better, EFF=

81/4 ~ 1.68179.
Example 3.1. Consider the equation
f(z) = ze” —sin®z +3cosz+5 =0,
with a simple zero
o = —1.20764782713091892700941675835608409776023581894953881520592 . ..

In order to show the behavior of three-step methods (1.3), (3.1), (3.3), (3.6)
and (3.6M) we need a multi-precision arithmetics. Starting with zp = —1, we use
MATHEMATICA with 10000 significant digits. The errors e,, = z,, — « are given in Ta-
ble 3.1. Numbers in parentheses indicate decimal exponents. Besides the convergence

order (r) we give also the corresponding computational efficiency (EFF).
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TABLE 3.1. The errors e, =z, —, n =0,1,2, 3,4, in three-step methods

method (1.3) (3.1) (3.3) (3.6) (3.6M)
order r=2_8 r =10 r=9 r=9 r=28

EFF 1.41421 1.46780 1.55185 1.55185 1.68179
n=0 | 2.08(—1) [2.08(—1) 2.08(—1) 2.08(—1) 2.08(—1)
n=1 |—1.05(=5) |3.70(—6) —1.19(=7)  |—9.24(—8) —2.25(—6)
n=2 |—2.87(—40) |5.66(—54) 2.74(—63) 2.15(—64) | —8.57(—46)
n=3 |—8.87(—317) |3.93(=532) || —5.05(—564) |—4.26(—574) |—3.77(—361)
n=4 |—7.48(—2529)[1.02(=5313) | 1.26(—5070)| 2.204(—5161)|—5.32(—2884)
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PICARD OPERATORS AND WELL-POSEDNESS
OF FIXED POINT PROBLEMS
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Dedicated to Professor Petru Blaga at his 60th anniversary

Abstract. In this paper we study the following problems:
e For which Picard operators the fixed point problem is well-posed?
e For which operators from those which appear in continuation principles,

with a unique fixed point, the fixed point problem is well-posed?

1. Introduction

The notion of well-posedness of fixed point problem for an operator was in-
troduced in [3] and studied by S. Reich and A.J. Zaslavski [8] and E. Matouskova, S.
Reich and A.J. Zaslavski [6]. In this paper we shall study the following problems:

Question 1.1. For which Picard operators the fixed point problem is well-
posed?

Question 1.2. For which operators from those which appear in continuation
principles, with a unique fixed point, the fixed point problem is well-posed?

Throughout this paper we follow the terminologies and the notations in [11]

and [12]. For the convenience of the reader we shall recall some of them.

2. Picard operators

Let (X,d) a metric space and A : X — X an operator. We shall use the

following notations and definitions:

Received by the editors: 01.04.2007.
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Key words and phrases. fixed point, well-posedness, Picard operator, generalized contraction, asymptotic

regularity, continuation principle, weakly Picard operator.
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P(X) = {Y € X| Y £0)

Fy:={x € X| A(zx) = z};

1(4) = {Y € P(X)] A(Y) € V;

AV =1y, Al:= A, A" :=A0A" neN.

Definition 2.1. ([11], [12]). An operator A : X — X is weakly Picard
operator (WPO) if the sequence (A™(x))nen converges, for all x € X, and the limit
(which may depend on x) is a fixed point of A.

Definition 2.2. ([11], [12]). If an operator A is WPO and F4 = {z*}, then
by definition the operator A is Picard operator (PO).

Definition 2.3. ([11], [12]). If A : X — X is WPO, then we define the

operator

A*®: X - X, A®(z):= lim A"(z).

n—oo

Definition 2.4. ([11], [12]). Let ¢ > 0. An WPO A : X — X is by definition
a c-WPO iff

d(x, A®(x)) < cd(z, A(z)), V z € X.

For some examples and properties of POs and WPOs see [11] and [12]. See
also [10] and [13].

3. Well-posedness of fixed point problems

Let (X,d) be a metric space and A : X — X an operator. Let (X,d) be a
metric space and A : X — X an operator.

Definition 3.1. ([7]) The fixed point problem for an operator A is well posed
iff

(a) Fa = {o*);

(b) if z, € X, n € N and d(z,, A(z,)) — 0 as n — oo, then d(z,,2z*) — 0 as

This paper is motivated by a recent result of S. Reich and A.J. Zaslavski
[8] who proved that if the iterates of a uniformly continuous self-operator A of X
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converge to its unique fixed point uniformly on X (a bounded and complete metric
space), then the fixed point problem for A is well posed.

We begin our considerations with some remarks and examples.

Lemma 3.1. Let X be a nonempty set and d, p two metrics on X, metrically
equivalent. Let A : x — X be an operator. If the fixed point problem for A is well
posed w.r.t. the metric d then it is well posed also w.r.t. the metric p.

Proof. Let ¢; > 0, ¢ > 0 such that
d(z,y) < e1p(x,y) and p(z,y) < cad(z,y), ¥ 2,y € X.

We denote by z* the unique fixed point of A. Let z,, € X, n € N, be such

that p(zy, A(zy)) — 0 as n — co. We have
d(xn, A(x,)) < c1p(xn, A(z,)) — 0 as n — oo.

From this it follows that z,, 4 2* asn — co. But p(Tn, x*) < cod(xp,2*) — 0
as n — oo.

In a similar way we prove

Lemma 3.2. Let X be a nonempty set, d, p two metric on X and A: X — X
an operator. We suppose that:

(i) d and p are topologically equivalent;

(i) there exists ¢ > 0: d < cp;

(i) the fized point problem is well posed for S w.r.t. the metric d.

Then the fized point problem is well posed for A w.r.t. the metric p.

Lemma 3.3. Let (X,d) be a metric space and A : X — X a uniformly
continuous operator. If there exists k € N* such that the fized point problem is well
posed for AF, then the fized point problem is well posed for the operator A.

Proof. Let z, € X, n € N, such that d(z,, A(z,)) — 0 as n — oco. Then
from the uniform continuity of A it follows that d(A*(x,,), A*T*(z,)) — 0 as n — oo,

for s=1,2,...,k — 1. We have

d(zp, A¥(2,)) < d(xp, A(z)) + d(A(z,), A%(2,)) + -+
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+d(AF Y (zy), AR (x,)).

Hence

d(z,,, A¥(2,)) — 0 as n — oo.

So, x,, — x* as n — oo.
Example 3.1. Let (X,d) be a complete metric space and A : X — X an
a-contraction. Then the fixed point problem is well posed for the operator A.

Indeed, Fy = {2*} and let z,, € X, n € N, be such that d(x,, A(x,)) — 0 as

n — 0o. We have

d(xp, ") < d(xn, Alxy)) + d(A(zy), 2¥)

< d(zn, Alz,)) + ad(z,, z").

So,

1
d(xp,x*) < md(xn,A(xn)) — 0 as n — oo.

Example 3.2. Let (X,d) be a compact metric space and A : X — X a
continuous operator such that F4 = {#*}. Then the fixed point problem for A is well
posed.

Indeed, let z, € X, n € N, be such that d(z,,A(x,)) — 0 as n — oo.
Let (z,,)ien be a convergent subsequence of (z,)nen. If x,, — y* as i — oo, then
A(z,,) — A(y*) as i — oco. From d(x,,, A(x,,)) — 0 as i — oo, it follows that
y* ="

From this property and from the compactness of x it follows that x,, — z*
as n — oo.

Example 3.3. Let (X, d) a compact metric space and A : X — X a contrac-
tive operator, i.e., d(A(x), A(y)) < d(z,y), ¥V x,y € X, x # y. Then the fixed point
problem is well posed for the operator A.

This follows from the Example 3.2.

Example 3.4. Let X be a nonempty set and A : X — X a Bessaga operator
(), i

Fa=Fyn ={2"}, VneN
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Then there exists a metric d on X such that the fixed point problem is well
posed for the operator A w.r.t. the metric d.

Indeed, from the Bessaga theorem (see [9], p.31) there exists a complete
metric d on X such that A : (X,d) — (X, d) is a contraction.

Now we are in the conditions of Example 3.1.

Remark 3.1. There exists an operator which isn’t a Bessaga operator but

for which the fixed point problem is well posed. For example,
A:[-1,1] - [-1,1], A(z)=-—=.

For this function the fixed point problem is well posed but Fa2 = [-1,1].

The above considerations give rise to the following problem.

Question 3.1. For which generalized contractions the fixed point problem
is well posed?

For some results for this problem see [6] and [8]. Other results shall be given
in the following sections.

For the generalized contractions see B.E. Rhoades [9], I.A. Rus [10] E. De
Pascale and P.P. Zabreiko [4].

4. ¢-Picard operators

Let (X,d) be a metric space, A : X — X a WPO and ¢ : Ry — R, an
increasing function which is continuous in 0 and #(0) = 0.

Definition 4.1. The operator A is »-WPO iff d(x, A®(x)) <
Y(d(z, A(x))),V z € X.

If ¢(t) = ct, with ¢ > 0, then we say that A is ¢ — WPO. For ¢ — Pos and
¢ —WPOs see [12].

Example 4.1. ([12]) Let (X, d) be a complete metric space, A : X — X an
operator. We suppose that

(i) A is continuous;

(ii) there exists o € (0,1) such that

d(A%(z), A(z)) < ad(z, A(z)), V€ X.
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— WPO.

1
Then S is T

Example 4.2. Let (X,d) be a complete metric space and A : X — X a

Ciric-Reich-Rus operator, i.e., there exist a,b,c € Ry, a + b+ ¢, 1, such that

d(A(x), A(y)) < ad(z,y) + bd(x, A(x)) + cd(y, A(y)), V z,y € X.

Then A is L—PO.
l—-a—-b-c

Indeed, from a theorem by Ciric-Reich-Rus (see [1], [2]) the operator A is PO

and

d(A%(z), A(z)) < ;H— bd(:mA(w)), VoelX.

—c
Example 4.3. Let ¢ : Ry — Ry a strict comparison function (see [10],
pp-41-42; 69), i.e.,
(a) ¢ is increasing;
(b) ¢™(t) — 0 as n — oo, for all t € Ry;
(¢) t —p(t) — 400 as t — +o0.
Let 9, : Ry — R be defined by

Yy(n) :=sup{t € Ry| t — o(t) < n}.

Let (X, d) be a complete metric space and A : X — X a strict p-contraction

(see [10], p. 50), i.e., ¢ is a strict comparison function and

d(f(x), f(y)) < e(d(z,y)), ¥V z,y € X.

Then A is a 9, — PO.
Indeed, by Theorem 4.3.1 in [10], the operator A is PO. Let Fy = {z*}.
Then
d(z,z*) < d(z, A(z)) + d(A(z), z*) < d(z, A(x)) + @(d(x, z™)).

Hence

So,
d(z,z") < Y, (d(z, A(z))), Vo e X,
i.e., the operator A4 is ¢, — PO.
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We have

Theorem 4.1. Let (X,d) be a metric space and A : X — X a 1-Picard
operator. Then the fixzed point problem is well posed for A.

Proof. Let * be the unique fixed point of A. Let x,, € X, n € N, be such
that d(z,, A(z,)) — 0 as n — co. We have

d(xp, ") < P(d(zp, A(zy))) — 0 as n — oo.

Theorem 4.2. Let X be a nonempty set and A : X — X an operator such
that
FA:FAn#@, V n e N*.

Then there exists a partition of X, X = U X; such that
i€l

(i1) for each i € I there exists a complete metric d; on X; such that the fized
point problem for Alx, : X; — X, is well posed for all i € 1.

Proof. By the Theorem 4.1 in [11], there exists a partition of X, X = U X;,

iel

such that A(X;) C X;, V¢ € I and for each i € I there exists a complete metric d;
on X; such that the operator A|x, : X; — X, is a contraction. So, the fixed point

problem is well posed for A|x,, for all i € I.

5. Asymptotically regular operators

Let (X,d) be a metric space. By definition an operator A : X — X is

asymptotically regular iff
d(A"(z), A" (2)) = 0asn — oo, V€ X.

We have
Theorem 5.1. Let (X,d) be a metric space and A : X — X an operator.
We suppose that:
(i) A is asymptotically reqular;
(ii) the fized point problem for the operator A is well posed.
Then the operator A is a PO.
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Proof. From (ii) we have that Fu = {z*}.

Let z € X and z,, := A"(z). From (i), d(x,, A(x,)) — 0 as n — oco. From
(ii), it follows that A™(x) — z* as n — oo, for all z € X. So, A is PO.

Theorem 5.2. Let X be a Banach space, Y C X a bounded closed convex
subset and A :'Y — Y an affine nonexpansive operator. Let A € (0,1) and Ay :=
My + (1 = N A. If the fized point problem for A is well posed, then the operator Ay
is PO, for all X € (0,1).

Proof. We have that

[z = Ax(2)| = 1 = N[z = A(@)], V2 €Y.

This implies that the fixed point problem is well posed for A if and only if is
well posed for Aj.

On the other hand by Ishikawa’s theorem (see [9], p.105) the operator Ay is
asymptotically regular.

Now the proof follows from Theorem 5.1.

6. Non self-operators

In this section we shall make some remarks on Question 1.2.

Let (X, d) be a metric space and Y C X a nonempty subset.

Definition 6.1. The fixed point problem is well posed for an operator A :
Y — X iff:

(i) Fa =A{z"}
and

(ii) if z, € Y, n € N, and d(z,, A(zn)) — 0 as n — oo, then z, — z* as
n — 00.

As in the case of self-operators (see section 3) we have

Lemma 6.1. Let X be a nonempty set and d, p two metrics on X, metrically
equivalent. Let Y C X and A:Y — X be an operator. If the fixed point problem for
A is well posed w.r.t. the metric d, then it is well posed, also, w.r.t. the metric p.
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Lemma 6.2. Let d,p be two metrics on X, Y C X and A :Y — X an
operator. We suppose that:

(i) d and p are topologically equivalent;

(ii) there exists ¢ > 0: p < cd;

(i41) the fized point problem is well posed for A w.r.t. the metric p.

Then the fixed point problem is well posed for A w.r.t. the metric d.

Let v : Ry — Ry an increasing function which is continuous in 0 and (0) =
0. The corresponding result of the Theorem 4.1 is the following

Theorem 6.1. Let (X,d) be a metric space, Y C X and A:Y — X an
operator. We suppose that:

(1) Fa={a"};

(i) d(z,z*) < (d(z, A(z))), Vz € X.

Then the fized point problem is well posed for A.

Proof. Let z,, € X, n € N, such that

d(xpn, A(zy)) — 0 as n — 0.

From (ii), we have

d(xp, ") < P(d(zp, A(zy))) — 0 as n — oo.

From the Theorem 6.1 we have

Theorem 6.2. Let (X,d) a metric space, Y € P(X) and A:Y — X. We
suppose that

(i) Fa = {a*};

(ii) the operator A is a strict @-contraction.

Then the fixed point problem is well posed for A.

Theorem 6.3. The fized point problem for the strict p-contractions which
appear in continuation principles ([5], [7],...) is well posed.

Proof. From the continuation principle we have that F4y = {z*}. So, we are
in the conditions of the Theorem 6.2.
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STATISTICAL APPROXIMATION BY AN INTEGRAL TYPE
OF POSITIVE LINEAR OPERATORS

RODICA SOBOLU

Dedicated to Professor Petru Blaga at his 6oth anniversary

Abstract. In this paper we will construct an integral type generalization
of operators defined and investigated by M.A. Ozarslan, O. Duman, O.
Dogru in [7]. We also present a statistical approximation result for these

operators.

1. Introduction

In [7] the following positive linear operators defined on C[0,b],0 < b < 1,

v

W) R = ey s () 0w sl

have been introduced, where u,, > 0, z € [0,b], t € (—00,0]. In the above {F,(z,t)}
is the set of generating functions for the sequence of functions {C,g") (t)}ven, in the

form
(1.2) Fo(w,t) =Y CM(t)z"
v=0

and C5™ (t) > 0 for t € (—o0,0]. This general sequence includes many well-known
operators in approximation theory.

In the present paper we construct an integral type generalization of oper-
ators defined by (1.1) and we present a Korovkin type approximation theorem via
A-statistical convergence.

At first we recall some notation on A-statistical convergence.
Received by the editors: 01.09.2007.
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Let A := (ajn), j,n =1,2,..., be an infinite summability matrix. For a given

sequence = = (), the A-transform of z, denoted by Ax := ((Ax);), is given by

(Az); = Z Ajnn,
n=1

provided that the series converges for each j € N.
We say that A is regular if lim(Az); = L whenever limz; = L. Assume
J J
that A is a non-negative regular summability matrix. A sequence x = (x,,) is called

A-statistically convergent to L if for every € > 0,

lim Z ajn, = 0.

n:len,—L|>e

We denote this limit by st4 —limz = L (see [2]).

Observe that, if A is the identity matrix, then I-statistical convergence reduces
to ordinary convergence.

It is not hard to see that every convergent sequence is A-statistically conver-
gent. E. Kolk [2] proved that A-statistical convergence is stronger than convergence

when A = (a;,,) is a regular summability matrix such that

limlim |a;,| = 0.
j n

2. Auxiliary results

In this section we define an integral type generalization of operators defined
by (1.1) and present a statistical approximation result for these operators.

We introduce the sequence of operators {7} as follows

£

an(v)

o v+Cn v
) (p) = —om (n) ()27 ’ n
@) G = gy oo [ r(55) e nen

xz € [0,b], where f is an integrable function on the interval (0,1) and (¢, ) is a

sequence such that

(2.2) 0<cpy <1, (n,v)eNxN,
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Up > 0 for any n € N and
(2.3) stq —limu, = 1.
n

The set {F,(z,t)}, t € (—00,0], is described as in (1.2).

Assume that the next conditions hold

(i) Fry1(z,t) = p(x)Fu(x,t), p(z) < M < oo, x € (0,1),

(ii) BtC™ V(1) = a,(0)C™, (1) — vC{ (1), B € [0,a], CS(t) = 0 for v €
Z-:={...,-3,-2,—-1},

(iii) max{v,n} < an,(v) < anp(v +1).

In what follows we prove inequalities for the operators 7, given by (2.1).

We set ej, ej(z) =27, j > 0.

Lemma 2.1. Let T;F be the positive linear operator given by (2.1). Then, for

each x € [0,0], t € (—00,0] and n € N we have
un un
ITner = erllcpp < 5+ abMt|=—= + blun — 1],
n n

where e1(x) = x and M, a are given as in (i) and (i) respectively.

Proof. Using (2.1), (2.2), (2.3), (2.4), (i), (ii) and (iil) respectively we get

m o vt+Cpn v é‘
T == (n) (¢ ”/ d
( nel)(x) Fn(ﬂf,t) ;)Cv ( )ZL’ ) an(U) 5
oo 2
__Un () (g0 L |
Fn(x,t)UZ:OC” W2y 2,
e & o b e
- F(x,t) — an(v) 2+ v
Un CU (t) v Un (n) v v
t -
= 2Fn(x,t)vzzo an(®) " +Fn(x,t);00” O en)®

It follows that

(Trer)(z) —xz < Z—Z + U —x +
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St Ff(t;%n f_o:l D) ()01
=St 1wkn2335§;cﬁﬂMwﬂ
et |2 )
;L" +a(u, —1) + Btiu"p(l‘)‘ :

Consequently, we have

(Ten)e) — < 32 4 aluy — 1) + [ 22

p(x)‘ :

Hence, by taking the supremum over z € [0, b] on both sides of the above inequality,
the proof is completed.

* un un
ITer —eillcpo < o + abM|t|— + blu, — 1].
n n

Lemma 2.2. For each x € [0,b], t € (—0,0] and n € N we have

Un, Uy  Unp
e — eallcron < 575 + abMt|—5 + —=b(abM]t] + aM|t] +2) + b2 u, — 1,

where ez(z) = 2% and M are as in Lemma 2.1.

Proof. We have from (2.1) that

00 v+c 2
e)(x) = _Un (n) () v [

- i OO enn + i SR
+HQW:WWW%&W@U
<Rt SO O o e OO

2 (a0
160



STATISTICAL APPROXIMATION BY AN INTEGRAL TYPE OF POSITIVE LINEAR OPERATORS

Up, = (n) xv
MR e ;C’) O @r

Using the recurrence formula (ii) twice, we may write

(2:5) e = Wc&m - O

1 (n) B Btv (n+1)
+an<v) Ov—l(t) [an(v)]gcv—l (t)

Taking into account (2.5) we get respectively

* Un, - an(v B 1) (n) v 2
(26) (Tn€2)(x) - €2(.’I}) < <Fn(x,t) ’UZZQ (ln(’U) Cv—Q(t)x - )

Btu, > 1 (n+1)
Ov 2 ( )1‘
Fo(x,t) = an(v)

2/‘ v
le

+

+

BtUn > v (n+1)
Fo(z,t) Z [an(v)]QCvﬂ (t)

v=1

nky, (x t) ch)

v=0

oo

Unp, (v) v 1
3F(x.1) 4 > G e

- (an(0))?

By using the requirement (111) we have

+

v+1 1 1 1 1 1
S ) S 2N é ) a”n(v_l) San(u)'
[an(v+1D]2 ~n” ap(v+2) " n afv+1) " n

Considering (2.2), (i), (ii), (iii) and the above relations results

Btu" i o (#)a

v:l

Blt|zu, < v+1
<
T Fa(z,t) = lan(v + 1))

< altfep(a) =

o0

alt|z?uy, 1
T Fu(zt) = an(v +2)

C(n+1)( t)x’

< (”+1) — 2Un
- nFn(x t) ZC ()" = altlp(z)a® n
Unp, > 1 (n) TUp,
< —
Fp(z,t) ; an(v)c (") < n’

01()”+1) (t)xv
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The above inequalities and (2.6) imply
Up Tl Un
(Trea)(x) —a? < a®(up — 1) + a$2|t|P(w); t—F a“@?(@;
+o= + altlp(a)a g + 2
x— +altlp(x)x— + —
n b n?  3n?
Consequently, we have
Un Unp bun
HT;:@Q — 62”0[07})] § W + abM|t|ﬁ =+ T(abM|t| + (lM|t| + 2] + b2‘un — 1|

3. Statistical approximation

In this section, we provide a Korovkin type theorem via A-statistical conver-
gence for the sequence of positive linear operators defined by (2.1).

Lemma 3.1. Let A = (a;,,) be a non-negative reqular summability matric.
Then we have

sta—lim [T e —erlcpom =0,

where T is defined by (2.1).

Proof. We conclude from Lemma 2.1 that

U U
2.7 Tre; — <UL BoMHY 4+ blu, — 1
(2.7) ITher —eillcpop < o+ |t] —+ lu |

= U £ BBM|t]) + bluy — 1| < By (“—" ¥y — 1\) ,
n 2n
where B; = max{(1 + 2bBM|t|), b}.

We can conclude according to (2.3) that

sta —1im% =0.
n 2n

Now, for a given € > 0, define

Uy, €
U = T — n—1> =5,
{n 2n+‘u |_Bl}

Uy, € €
U, .= = > — Uy = Clug — 1 > — .
! {” m = 231}’ 2 {” fun =11 = 231}

We see that U C U; U Us.
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The inequality (2.7) yields

Z Ajn < Z Gjn, < Z Qjn + Z Qjn,

n:||Trer—er]|>e nelU neU; neUs

and taking 7 — oo the result follows.

Lemma 3.2. Let A = (ajn) be a non-negative reqular summability matric.

Then we have
sta —lim ||[Tres —es] =0,
n

where T is defined by (2.1).

Proof. It follows from Lemma 2.2 that

* Un
IT5e2 = ezl < 55 (1 + 30BM|t))

LU W2 BMIt| + bBMIt] + 2) + b |up — 1.
n

Hence, we get
Un,

U
28 T* - < B (7 — n 1 > 9
(2.8) T e2 — ez2llcpop < B2 32 + " + |u |

where
By = max{(1 + 3bBM]|t|), (B> BM|t| + bBM|t| + 2),b%}.

By (2.3) we have

sta—limu, =1, stq—lim— =0 and st4 — lim—% =0.
n n n n 3n2

For a given € > 0 we define

Up Un 9
U:= : — n— 1> =5,
{n 3n2+n+|u _BQ}

Uy, € Uy, €
Uy = ==, Uy:= T — > — 5,
! {" 3n2 = 332} 2 {" n - 332}

€
Uz .= g =1 > — .
3 {n lu |_3B2}

Then we have U C U; U Uy U Us.

By using (2.8) we can write successively

Z ajnézajnézajnJrZajnJrzajn.

nelU nelU; neUs neUs

n:||Tpez—ez|cpo,b =€
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Taking limit as j — oo the proof is complete.

We recall the following important result established by A.P. Gadjiev and C.
Orhan.

Theorem 3.1. ([4], Theorem 1) If the sequence of positive linear operators
L, : Cpla,b] — Bla,b] satisfies the conditions

(1) st —lim||L,eq — eo||z =0

(2) st —lim||L,e; —e1||p =0

(8) st —lim || Lpes —ea||p =0
then for any function f € Cyrla,b] we have

(4) st =lim||Lnf — fll5 =0,
where Cyrla,b] = {f : R = R, f continuous on [a,b] and bounded on the whole real
azis} and ||f||p := sup |f(z)].

a<z<b

We mention that the above Theorem is given for statistical convergence, but
the proof also works for A-statistical convergence.

Now we provide a Korovkin type approximation theorem for the operators
T via A-statistical convergence.

Theorem 3.2. Let A = (a;,) be a non-negative reqular summability matric.

Then, for all f € C[0,b], we have

sta — 1171111 |Tnf = fllciop =0.

Proof. By (T ep)(z) < up, Lemmas 3.1 and 3.2 we get
StA — lim ||T;:61 - ei”C[O,b] = 0, i = O, 1, 2.

The result follows from Theorem 1 in [4].
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A COUNTER-EXAMPLE CONCERNING STARLIKE FUNCTIONS

ROBERT SZASZ

Oth

Dedicated to Professor Petru Blaga at his 6 anniversary

Abstract. Let A denote the Alexander integral operator, let C' and S*
denote the class of close-to-convex functions and the class of starlike func-
tions, respectively. In the paper it is proved that the inclusion A(C) C S*
does not hold.

1. Introduction

Let A be the class of analytic functions defined in the unit disk
U={ze€C:|z| <1}

and having the form f(2) = 2z + a2 + az2® + ...
The analytic description of the class S* and C' are given by

2f'(2)
f(2)

S*:{feA|Re >O,zeU}

and
zf'(2)
9(z)

In this article we discuss a relation between these two classes which involve the integral

C:{feAﬂgeS*:Re >0,zeU}.

operator of Alexander defined by
z
f
AN = [ Ha
0
In [2] pp. 310 and [3] pp. 361 the authors have proved the following theorem:

Received by the editors: 09.11.2006.
2000 Mathematics Subject Classification. 30C45.

Key words and phrases. the operator of Alexander, starlike functions, close-to-convex functions.
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Theorem 1. Let g € A be a function which has the property:

Re 29(2) > ’ Im <z(zg’(z))’> zeU.
9(z) — 9(z) ’ '
If fe Aand
Re 2f'2) >0, z€eU
9(z)
or
Re 2f'(2) >0, zeU
g'(2)

then F = A(f) € S*.

This Theorem rises the question, if the following better results can be valid:
A(C) c s*

2. Preliminaries

To prove the main result, we need the Lemma
Lemma 1. [1] pp. 18 (2.8)
The functions

z— 3(z+y)z?

0= ey

szl =1yl =1
belong to class C.
These functions are the extreme points of class C' if x # y.
3. The Main Result
Theorem 2.
A(C) ¢ S*.

Proof. We shall prove that there are two complex numbers x,y € OU, x # y so that

A(f) 57

where
_z— Lz +y)2?
A
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and

1 12 z 1 142 log(l—yz)'
2 y) l-yz 2 Y y

The branch of log(1 — yz) is chosen so that Im (log(1 — y(2)) € [—7, 7.
Let F be the function defined by the equality:

Pl - AN G 2 (142) e

A(f)(2) (1 — %) (1—yz)— (1 + %) (1- yz)2log(1*y2)

Yyz

If A(f) € S* then Re F(z) > 0, z € U and from the continuity it follows that
Re F(z) > 0 for every z € QU for which F(z) is defined. (1)

We will prove that the assertion (1) is not valid.

If we introduce the notations

=cosu+ tsinu

< |8

Yz = cos + i sin

we get that

1—itg 2 —cosa —isina
F(Z) = . . 2 ) . =
—itg §(1 —cosa —isina) + 4sin” § log(1 — cosa — isin o)

1—cosa—i(tg %—&—sina)
2 «a

4sin2%1n (28111%) — tg §sina — 2isin” § (7T*Oz+ tg %)

Re F(z) =
(1 -cosa) (—tg %sina+4sin2%ln (25111%)) + (tg 5 —|—sina) 2sin2% (tg 5 +7r—a)

(— tg §sina + 4 sin? S In (QSin %))2 + 4sin* g (tg 5+T— a)2
The numerator of Re F(z) is a polinomial of degree two with respect to tg 3.

The discriminant of the polinomial is

A(a) = 4sin* % [(w —a)? —4(r — a)sina — 16sin? %ln (2 sin %)} .
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Because
A(a)

lim — = = 47°

a—0 sin

R

there are « € (—m, ), for which A(a) > 0.

The inequality A(a) > 0 for some a € (—m, ), means that there are two

points z,y € U, x # y and z € QU so that Re F(z) < 0, which contradicts (1). O
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BOOK REVIEWS

Barry Simon, Orthogonal Polynomials on the Unit Circle,

Part 1: Classical Theory, xxv+pages 1-466 (ISBN:0-8218-3446-0),

Part 2: Spectral Theory, xxi+pages 467-1044 (ISBN:0-8218-3675-7),

American Mathematical Society, Colloquium Publications, Volume 54, Providence,
Rhode Island 2005, ISBN:0-8218-3757-5 (set).

This monumental two volume treatise contains a comprehensive study of or-
thogonal polynomials on the unit circle (OPUC) corresponding to nontrivial (i.e.,
with infinite support) probability measures on the unit circle 9D, in the complex
plane, where D = {z € C : |2| < 1} is the unit disk. This is viewed as a counterpart
of the well established theory of orthogonal polynomials on the real line (OPRL) as
presented, for instance, in the classical treatises of G. Szego (first edition, AMS 1939)
and G. Freud (Pergamon Press 1971). At the same time, OPUC theory supplies the
study of OPRLs with new tools and methods. If p is a nontrivial probability measure
on dD, then 1,z,2% ... are linearly independent in the Hilbert space L?(9D, p), so
that the Gram-Schmidt orthogonal procedure produces an orthogonal system {®,}
given by ®, = P,[z"], where P, denotes the projection onto {1,z,...2""1}+. By
normalization one obtains the orthonormal system ¢, = ®,/||®,||. The orthogo-
nal polynomials ®,, satisfy Szegé’s recurrence ®,,41(z) = 2®,(2) — @, P} (2), where
O*(z) = 2"®,(1/2) is the reversed polynomials of ®,. The parameters ag,aq, ...,
called Verblunsky coefficients, all belong to I (i.e., |oj| < 1). These were considered
by S. Verblunsky in two remarkable papers published in 1934 and 1935 in Proceed-
ings of the London Mathematical Society, where he proved, among other things, that
there is a bijective correspondence between the nontrivial probability measures on 9D
and the sequences {a;}52, in D. The author gives four proofs for this result. The
irony is that the results of Verblunsky were largely overlooked by the mathematical
community, some of them being rediscovered later.

One of the central topic of the book, and of the whole theory of OPUC, is how
the properties of the measure u correspond to properties of the Verblunsky coefficients,
and viceversa. The major result in this respect is Szegé Theorem asserting that

H;‘;O(l —|aj|?) = exp (f027r log(w(ﬁ))%) , where w(6)d# is the absolutely continuous

part of y. In particular, 3, loj|? < oc if and only if [logw(#)df > —oco. Four proofs
of this remarkable result are given. An extension of this result is the so called Strong
Szegé Theorem, which can be rephrased as an assertion about the asymptotics of
Toeplitz determinants. Verblunsky coefficients are related also with other important
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quantities in the theory of OPUC as, for instance, with Fourier coefficients fi,, of the
measure p: ), |a;| < oo if and only if °,[f;] < oo (Baxter’s Theorem (1961)).

Another important tools, relating OPUC with the theory of analytic functions
are the Carathéodori functions defined by F(z) = [[e? + 2][e? + 2]~ 'du(6) and the
associated Schur functions f given by the relation F(z) = [1 + zf(2)][1 + 2f(2)] "%
Section 1.3 contains an overview of their properties. Schur proved that Schur functions
admit continued fraction expansion with coefficients |y;| < 1, called Schur parameters.
A remarkable result proved by Ya. L. Geronimus in the fifties of the last century
asserts that Schur parameters agree with Verblunsky coefficients: v; = «;, j € N.
Again five proofs of this result are included in the book. The method of Schur
functions and some real variable methods were used by S. Kruschev in a series of
papers published between 1993 and 2005 to obtain some important results on OPUC.

The book is very well organized and covers a lot of important results. In fact,
the aim of the inclusion of several proofs for some important results is to emphasize
that different approaches shed new light on the subject and, at the same time, allow
to systematize and organize the study of OPUCs. For the convenience of the reader,
beside the section on Carathéodori and Schur functions we did yet mention, a section
containing a survey of principal results and methods from OPRL theory, as well as
one on spectral theory of operators on Hilbert space are included. At the end of
the second volume there are four very useful appendices: A. Reader’s Guide: Topics
and Formulae; B. Perspective (OPRL vs OPUC); C. Twelve Great Theorems; D.
Congectures and Open Questions. Concerning the ”twelve great theorems”, the author
quote a nice remark of his father who said once that ”to pick ten people from twenty
for some positive reasons, you don’t make ten friends but ten enemies”. Apparently,
the only way to make ten friends from twenty people is to pick ten for some negative
reasons.

The bibliography counts 1119 items with references to the pages where each of
them is quoted. The remarks and the historical notes following each section present
the evolution of the subject, putting in evidence some corner points and seminal
papers.

Undoubtedly that, as Szeg6’s book, published first in 1939 as the volume 23
in the same prestigious series, this book will become a standard reference in the field
tracing the way for future investigations on orthogonal polynomials and their appli-
cations. Combining methods from various areas of analysis (calculus, real analysis,
functional analysis, complex analysis) as well as by the importance of the orthogonal
polynomials in applications, the book will have a large audience including researchers
in mathematics, physics, engineering.

S. Cobzasg
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Athanase Papadopoulos, Metric spaces, convexity and nonpositive curva-
ture, IRMA Lectures in Mathematics and Theoretical Physics, Vol. 6, European
Mathematical Society, Ziirich 2005, xi+287 pp, ISBN: 3-03719-010-8.

Geodesic metric spaces form a class of metric spaces in which convexity of
subsets can be defined as well as other related analytic concepts. Buseman spaces
are geodesic metric spaces whose length function satisfies a convexity condition. Be-
side their intrinsic geometric interest, geodesic metric spaces are important for their
applications to complex analysis and nonlinear analysis - fixed point theory for nonex-
pansive mappings, generalized differentiability and optimization. Classical examples
of geodesic metrics are the Riemannian metric, the Poincaré metric on the hyper-
bolic ball H"™, the Carathéodori and the Kobayashi distances for complex manifolds,
Thusrston’s metric on complex projective surfaces, the Teichmiiller metric and Te-
ichmiiller spaces. The book starts with a short historical overview emphasizing some
corner points in its development - the pioneering work of J. Hadamard, the contribu-
tions of K. Menger, A. Wald, H. Busemann and A. D. Alexandrov.

In order to make the book self-contained the author systematically develop
in the first two chapters 1. Lengths of paths in metric spaces, 2. Length spaces
and geodesic spaces, the basic construction and the properties of length spaces and
geodesic spaces, including convexity - geodesic convexity and Menger convexity, this
last being defined through the betweeness relation. Chapter 3. Maps between metric
spaces, is concerned with Lipschitz maps and fixed points for contractive and for
nonexpansive mappings on geodesic spaces. The analog of Hausdorff distance for
subsets of a geodesic metric space, called the Busemann-Hausdorff distance, with
applications to limits of subsets is considered in Chapter 4. Distances.

Chapters 5. Convezity in vector spaces, 6. Convez functions, and 7. Strictly
convex normed spaces, are concerned with convexity in vector and normed spaces,
emphasizing connections with geodesic metric spaces and the geometry of Minkowski
space (finite dimensional normed spaces).

The rest of the book, chapters 8. Busemann spaces, 9. Locally convex spaces
(meaning geodesic metric spaces such that every point has a neighborhood which is a
Busemann space), 10. Asymptotic rays and the visual boundary, 11. Isometries, 12.
Busemann functions, co-rays and horospheres, is devoted to the theory of Busemann
spaces. Again convexity is the main topic and the unifying idea of the development
of Busemann spaces.

Written in a clear and pleasant style, with numerous examples from geometry
and analysis, the book is accessible to graduate students interested in this topic of in-
tense current research due to its intrinsic importance and to its numerous applications
as well.

S. Cobzas
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The essential of John Nash, Edited by Harold W. Kuhn and Sylvia Nasar,
Princeton University Press, 2007, ISBN-13: 978-0-691-09610-0, ISBN-10: 0-691-
09610-4.

The brilliant mathematician John Forbes Nash was born in 1928 in Bluefield,
West Wirginia. After finishing high school in Bluefield he went to Carnegie Tech in
Pittsburgh with major chemical engineering, but he eventually switched to mathe-
matics. After graduation he was offered fellowship at either Harvard or Princeton,
and he choose the more generous Princeton fellowship, which was also nearer to his
hometown. At Princeton he wrote in 1950 a 27 pages Ph.D. thesis on Non-cooperative
games which initiated a new era in game theory with applications to economics, so-
cial behavior, war questions, etc. The basic idea was that which is called now the
Nash equilibrium, which finally led to a Nobel Prize in Economics attributed to him
in 1994, shared with John Harsanyi and Reinhard Selten. As it is mentioned in the
motivation of the Nobel committee the Nash equilibrium has become ”the analytical
structure for studying all situations of conflict and cooperation”.

Other important contributions of John Nash concern the imbedding of Rie-
mannian manifolds in the Euclidean space, the Nash implicit function theorem, real
algebraic varieties, and parabolic partial differential equations.

But after these astonishing and deep contributions J. Nash suffered at the age
of thirty one of mental illness, being diagnosed as paranoid schizophrenia, so he had
to retire from MIT where he was affiliated. After a long period of absence (30 years)
he recovered himself, due in good part to the recognition of his achievements by the
Nobel prize committee, started to travel and to work again. The illness prevented him
to obtain a Fields medal which he fully deserved for his outstanding results on elliptic
and parabolic partial differential equations. Because in 1958 these results were still
unpublished, the Fields Committee postponed Nash as a virtual winner of the 1962
Medal, but the mental illness destroyed his career for a long period of time.

His situation is known to the general public due to the book A beautiful mind
by Sylvia Nasar (one of the editors of the present volume) and by the movie with the
same name with Russell Crowe starring as John Nash.

While the biography by Sylvia Nasar was concerned mainly with the life of J.
Nash, the present volume deals with his scientific work. It contains contributions by
Harold W. Kuhn (the other editor of the book), a Princeton fellow of J. Nash and a
life friend, an introduction by Sylvia Nasar, the press release of the Swedish Academy
on Nobel prize and an autobiography written by J. Nash with this occasion, a nice
collection of photos, a short note by John Milnor on the Hex game (known also as the
Nash game), the facsimile of the Ph.D. thesis of J. Nash and several of his seminal
papers.

The book is written in a pleasant and informal style, being addressed to a
large audience. It’s nice that Princeton University Press released this cheeper paper-
back version making the book accessible to a large public.

P. T. Mocanu
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J. Baik, T. Kriecherbauer, K.T.-R. McLaughlin, P.D. Miller, Discrete
Orthogonal Polynomials. Asymptotics and Applications, Annals of Math-
ematics Studies, Number 164, Princeton University Press, 2007, 170 pp. ISBN-13:
978-0-691-12734-7, ISBN-10: 0-691-12734-4.

As the title of the book suggests, the main aim of this monograph is to present
asymptotic properties of polynomials that are orthogonal with respect to pure point
measures supported on finite sets of nodes. Further on, the authors use these results to
establish various statistical properties of discrete orthogonal polynomial ensembles. In
particular, the authors apply their results to the problem of computing asymptotic of
statistics for random rhombus tilings of a large hexagon. They also obtain new results
for the continuum limit of the Toda lattice. Working with a general class of weights
that contains Krawtchouk and Hahn weights as special cases, the authors compute
the asymptotic of the associated discrete orthogonal polynomials for all values of the
variable in the complex plane.

The starting point is the following basic interpolation problem: given a natu-
ral number N, a set X of nodes and a set of corresponding weights {wy ,, }, consider
the possibility of finding a 2 x 2 matrix P(z; N, k), k € Z, with certain properties.
After a comprehensive introduction providing the reader with a thorough mathemat-
ical background, the main results for the discrete orthogonal polynomials and for
corresponding applications are presented in Chapter 2 and Chapter 3, respectively.
Chapters 4 and 5 contain the complete asymptotic analysis of the matrix P(z; N, k) in
the limit IV tends to infinity. In the last two chapters the authors prove the theorems
stated in Chapters 2 and 3.

The contents of the book is enriched with 3 Appendices. I mention the first of
them summarizes construction of the solution of a limiting Riemann-Hilbert problem
by means of hyperelliptic function theory and the second of them gives a proof of the
determination of the equilibrium measure of the Hahn weight. At the same time good
references are inserted.

The authors’ style is pleasant offering detailed and clear explanations of every
concept and method.

The book includes the authors’ own research results developed over the last
years. Their approach and proofs are straightforward constructive making this mono-
graph accessible and valuable to undergraduate and graduate students, PhD students
and researchers involved in the asymptotic analysis of systems of discrete orthogonal
polynomials.

Octavian Agratini
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David L. Applegate, Robert E. Bixby, Vasek Chvtal and William J.
Cook The Traveling Salesman Problem:A Computational Study, Princeton
University Press, 2007, 606 pp., ISBN13: 978-0-691-12993-8.

The present book contains an exhaustive and interesting presentation of var-
ious questions related to the famous Travelling Salesman Problem (TSP). Its goal is
to set down the techniques that have led to the solution of a number of large instances
of the TSP, including the full set of examples from TSPLIB challenge collection.

The first and the second chapters of the book cover history and applications
of the TSP. This part is very interesting and accessible to a wide audience. A short
definition of the TSP is the following: given a set of cities along with the cost of
travel between each part of them, the travelling salesman problem is to find the way
of visiting all the cities and returning to the start point with minimal cost. The
origins of the study of the TSP as a mathematical problem are somewhat obscure.
M. Flood said that the TSP was posed, in 1934, by Hassler Whitney in a seminar talk
at Princeton University. Therefore as father of the TSP can be considered Hassler
Whitney. The third chapter is dedicated to present the work of Danzig, Fulkerson and
Johnson for solving the 49-city problem and, indirectly, to make a short presentation of
the cutting plane method. The fourth chapter contents a history of TSP computation.
It includes, among other things, the bases of the branch-and-bound method, the
Gomory’s cuts, the TSP’s cuts, the Lin-Kernighan’s heuristic, the Crowder-Padberg’s
code, the dynamic programming etc. It is mentioned that the dynamic programming
algorithm can solve any n-city TSP instance in time that is at most proportional to
n?. 2",

Chapters 5 - 10 describe (some) methods for finding cutting planes for the
TSP. In the chapter 11 it is presented a separation method that disdains all under-
standing of the TSP polytope and bashes on regardless of all prescribed templates.

The twelfth chapter presents machinery to handle the flow of cuts and edges
into and out of the linear programming relaxations, as well as methods used for
interacting with a linear programming solver. The actual solution of the linear pro-
gramming problems is described in the chapter 13.

The branch-and-cut algorithm embeds the cutting-plane method within a
branch-and-bound search. Its specialization to TSP is described in the chapter 14.
There is a growing literature devoted to the study of heuristic algorithms for the TSP
and to their various aspects. The fifteenth chapter includes some of them.

The algorithmic components described in this book are brought together in
the Concorde computer code for the TSP. Concorde is described in the chapter 16.
Also, in this chapter a report on computational studies learning to the solution of the
full set of TSPLIB instances is given.

Chapter 17 contents a short survey of recent work dedicated to the TSP by
various research group.

The book includes a bibliography of 561 titles.

Liana Lupsa
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