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ACADEMICIAN PROFESSOR DIMITRIE D. STANCU
AT HIS 80T BIRTHDAY ANNIVERSARY

PETRU BLAGA AND OCTAVIAN AGRATINI

We are pleased to have the opportunity to celebrate this anniversary of aca-
demician professor Dr. Dimitrie D. Stancu, a distinguish Romanian mathematician.

He is an Emeritus member of American Mathematical Society and a Honorary
member of the Romanian Academy.

He has obtained the scientific title of Doctor Honoris Causa from the Univer-
sity ”Lucian Blaga” from Sibiu and also a similar title from the ”North University”
of Baia Mare.

Professor D.D. Stancu was born on February 11, 1927, in a farmer family,
from the township Calacea, situated not far from Timigoara, the capital of Banat,
a south-west province of Romania. In his shoolage he had many difficulties being
orphan and very poor, but with the help of his mathematics teachers he succeeded
to make progress in studies at the prestigious Liceum ”Moise Nicoara” from the large
city Arad.

In the period 1947-1951 he studied at the Faculty of Mathematics of the
University ”Victor Babesg”, from Cluj, Romania. When he was a student he was
under the influence of professor Tiberiu Popoviciu (1906-1975), a great master of
Numerical Analysis and Approximation Theory. He stimulated him to do research
work.

After his graduation, in 1951, he was named assistant at the Department of
Mathematical Analysis, University of Cluj. He has obtained the Ph.D. in Mathematics
in 1956. His scientific advisor for the doctoral dissertation was professor Tiberiu

Popoviciu.
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In a normal succession he advanced up to the rank of full professor, in 1969.

He was happy to benefit from a fellowship at the University of Wisconsin, at
Madison, Numerical Analysis Department, conducted by the late professor Preston
C. Hammer. He spent at the University of Wisconsin, in Madison, the academic year
1961-1962.

Professor D.D. Stancu has participated in different events in USA. Among
them we mention that he has presented contributed papers at several regional meet-
ings organized by the American Mathematical Society in the cities Milwakee, Chicago
and New York.

After his returning from America, he was named deputy dean at the Faculty of
Mathematics of University of Cluj and head of the Chair of Numerical and Statistical
Calculus.

He hold a continuous academic career at the Cluj University.

He has a nice family. His wife dr. Felicia Stancu was a lecturer of mathematics
at the same University ”Babeg-Bolyai” from Cluj.

They have two wonderful daughters: Angela (1957) and Mirela (1958), both
teaching mathematics at secondary schools in Cluj-Napoca. From them they have
three grandchildren: Alexandru-Mircea Scridon (1983) and George Scridon (1992)
(the sons of Mirela) and Stefana-Toana Muntean (1991), the daughter of Angela.
Their oldest grandson: Alexandru-Mircea Scridon, graduated in 2006 the Romanian-
German section of Informatics at the University ”Babes-Bolyai” from Cluj-Napoca.

Professor D.D. Stancu loved all deeply and warmly.

At the University of Cluj-Napoca professor D.D. Stancu has taught several
courses: Mathematical Analysis, Numerical Analysis, Approximation Theory, Infor-
matics, Probability Theory and Constructive Theory of Functions.

He has used probabilistic, umbral and spline methods in Approximation The-
ory.

He had a large number of doctoral students from Romania, Germany and

Vietnam.
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Besides the United States of America, professor D.D. Stancu has partici-
pated in many scientific events in Germany (Stuttgart, Hannover, Hamburg, Got-
tingen, Dortmund, Miinster, Siegen, Wiirzburg, Berlin, Oberwolfach), Italy (Roma,
Napoli, Potenza, L’Aquila), England (Lancaster, Durham), Hungary (Budapest),
France (Paris), Bulgaria (Sofia, Varna), Czech Republic (Brno).

His publication lists about 160 items (papers and books).

In different research journals there are more than 60 papers containing his
name in their titles.

Since 1961 he is a member of American Mathematical Society and a reviewer
of the international journal "Mathematical Reviews”.

He is also a member of the German Society: ”Gesellschaft fiir Angewandte
Mathematik und Mechanik” and a reviewer of the journal ”Zentralblatt fiir Mathe-
matik”.

At present he is Editor in Chief of the journal published by the Romanian
Academy: ”"Revue d’Analyse Numérique et de Théorie de I’Approximation”. For
many years he is a member of the Editorial Board of the Italian mathematical journal
”Calcolo”, published now by Springer-Verlag, in Berlin.

In 1968 he has obtained one of the Research Awards of the Department of Ed-
ucation in Bucharest for his research work in Numerical Analysis and Approximation
Theory.

In 1995 the University ”Lucian Blaga”, from Sibiu, has accorded him the
scientific title of "Doctor Honoris Causa”. The ”North University” of Baia Mare,
from which he has several doctoral students, has distinguished him with a similar
honorary scientific title.

In 1999 professor D.D. Stancu was elected a Honorary Member of the Roma-
nian Academy.

In the same year he has participated with a lecture at the ” Alexits Memorial
Conference”, held in Budapest.

In May 2000 he was invited to participate at the International Symposium:
"Trends in Approximation Theory”, dedicated to the 60" birthday anniversary of
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Professor Larry L. Schumacker, held in Nashville, TN, where he presented a con-
tributed paper, in collaboration with professor Wanzer Drane, from University of
South Carolina, Columbia, S.C. With this occasion of visiting America, Professor
D.D. Stancu was invited to present colloquium talks at several American Universities:
Ohio State University from Columbus, OH, University of South Carolina, Columbia,
S.C., Vanderbilt University, Nashville, TN, PACE University, Pleasantville, N.Y.

The main contributions of research work of Professor D.D. Stancu fall into
the following list of topics: Interpolation theory, Numerical differentiation, Orthogo-
nal polynomials, Numerical quadratures and cubatures, Taylor-type expansions, Ap-
proximation of functions by means of linear positive operators, Representation of re-
mainders in linear approximation procedures, Probabilistic methods for construction
and investigation of linear positive operators of approximation, spline approxima-
tion, use of Interpolation and Calculus of finite differences in Probability theory and
Mathematical statistics.

In 1996 Professor D.D. Stancu has organized in Cluj-Napoca an ”Interna-
tional Conference on Approximation and Optimization” (ICAOR), in conjunction
with the Second European Congress, held in Budapest. There were participated
around 150 mathematicians from 20 countries around the world. The Proceedings of
ICAOR were published in two volumes having the title: ” Approximation and Opti-
mization”, by Transilvania Press, Cluj-Napoca, Romania, 1997.

In May 9-11, 2002 was organized by the ”"Babes-Bolyai” University, Cluj-
Napoca, an ”International Symposium on Numerical Analysis and Approximation
Theory”, dedicated to the 75" anniversary of Professor D.D. Stancu. The Proceedings
of this symposium were edited by Radu T. Trimbitag and published in 2002 in Cluj-
Napoca by Cluj University Press.

In the period July 5-8, 2006 an ”International Conference on Numerical Anal-
ysis and Approximation Theory” was held at Babeg-Bolyai University. Professor D.D.
Stancu was the honorary chair of this Conference.

This Conference was attended by over 60 mathematicians coming from 12
countries. The programme included 8 invited lectures and over 50 research talks.
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The invited speakers were: Francesco Altomare (Italy), George Anastassiou (USA),
Heiner Gonska (Germany), Bohdan Maslowski (Czech Republic), Giuseppe Mas-
troianni (Italy), Gradimir Milovanovi¢ (Serbia), Jozsef Szabados and Peter Vertesi
(Hungary). The proceedings of this International Conference were published under
the title: ”Numerical Analysis and Approximation Theory”, Cluj-Napoca, Romania,
2006, edited by ”Casa Cartii de Stiinta” (418 pages).

The intensive research work and the important results obtained in Numerical
Analysis and Approximation Theory by Professor D.D. Stancu has brought to him
recognition and appreciation in his country and abroad.

We conclude by wishing him health and happiness on his 80" birthday and

for many years to come.

”BABES-BOLYAI” UNIVERSITY
DEPARTMENT OF MATHEMATICS AND INFORMATICS
PROFESSOR PETRU BLAGA, THE DEAN OF FACULTY

E-mail address: blaga@math.ubbcluj.ro

PROFESSOR OCTAVIAN AGRATINI
CHIEF OF THE CHAIR OF NUMERICAL AND STATISTICAL CALCULUS

E-mail address: agratini@math.ubbcluj.ro
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ON CERTAIN NUMERICAL CUBATURE FORMULAS
FOR A TRIANGULAR DOMAIN

ALINA BEIAN-PUTURA

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The purpose of this article is to discuss certain cubature formu-
las for the approximation of the value of a definite double integral extended
over a triangular domain. We start by using the Biermann’s interpolation
formula [5], [19]. Then we consider also the results obtained by D.V.
Ionescu in the paper [12], devoted to the construction of some cubature
formulas for evaluating definite double integrals over an arbitrary triangu-
lar domain. In the recent papers [6] and [7] there were investigated some
homogeneous cubature formulas for a standard triangle. In the case of
the triangle having the vertices (0,0), (1,0), (0,1) there were constructed
by H. Hillion [11] several cubature formulas by starting from products of
Gauss-Jacobi formulas and using an affine transformation, which can be
seen in the book of A.H. Stroud [22].

1. Use of Biermann’s interpolation formula

1.1. Let us consider a triangular grid of nodes M; ,(x;, yx ), determined by the
intersection of the distinct straight lines © = x;, y = yi. (0 <7+ k < m). We assume
thata=2p <1 < - <Tma<zxmp=bandc=yy<y1 < < Ymn-1 < Ym = d.
We denote by T' = Ty 5 the triangle having the vertices A(a, ¢), B(b,c), C(a,d).

Received by the editors: 11.01.2007.
2000 Mathematics Subject Classification. 41A25, 41A36.

Key words and phrases. numerical cubature formulas, Biermann’s interpolation, Ionescu cubature

formulas, standard triangles.
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It is known that the Biermann’s interpolation formula [5], [19], which uses

the triangular array of base points M; ; can be written in the following form:

Fa) =S S wa@oa@) | T Gy, (L)
i=0 j=0 Yo, Y1,---5 Y5
where
ui—1(z) = (x —xo)(x —x1) ... (x —xi—1), u_1(z) =1, up(z) = u(x)
and

vic1(y) =W —y0) W —v1) - (¥ —yj-1), v-1(y) = 1, vm(y) = v(y),
with the notations

u(z) = (x —xo)(x —x1) ... (x — ),

v(y) =W —v)y—v1) - (Y — Ym)-

The brackets used above represent the symbol for bidimensional divided dif-
ferences. By using a proof similar to the standard methods for obtaining the expres-
sion of the remainder of Taylor’s formula for two variables, Biermann has shown in

[5] that this remainder (r,,f)(x,y) may be expressed under the remarkable form:

m+1
(rmf)(z,y) = ﬁ > (m; l)uk—l(x)vm—k(y)f(k’m“’“)(f,n)

k=0

where (§,7) € T and we have used the notation for the partial derivatives:

(0PT9g)(z,y)

(p,a) _
g (l’,y) - 81’1:?3‘13/‘1

1.2. By using the interpolation formula (1.1) we can construct cubature

formulas for the approximation of the value of the double integral

1= [ /T £ (&, y)dady.

We obtain a cubature formula of the following form:

N Loy L1y w05 T4
T =D Ai o S|+ Bulf), (1.2)
=0 7=0 Yo, Y1,---,Y5
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where the coefficients have the expressions:

Aij ://Fui—l(x)vj—l(y)dxdy- (1.3)

The remainder of the cubature formula (1.2) can be expressed as follows

m—+1

1
R (f) = ];) W1 =) A mer—k fEMTIR (€ ).

Developing the computation in (1.2), (1.3) we can obtain the following form

for our cubature formula:

m+1m+1—i
T =22 D Cigll@iy) + Bn(f). (14)

This formula has, in general, the degree of exactness D = m, but by special
selections of the nodes one can increase this degree of exactness.
A necessary and sufficient condition that the degree of exactness to be m+p

is that

Ks= // 2"y ui—1 (@) vm—i(y)dady, 4,5 =0,m
T
vanishes if r+s=0,1,...,p—1 and to be different from zero if r + s = p. This result

can be established if we take into account the expression of the remainder R, (f).

1.3. For illustration we shall give some examples. First we introduce a

Ip,q://xpyqdﬂcdy?
T

where p and ¢ are nonnegative integers.

notation:

If we take m = 0 then we obtain the interpolation formula

F@y) = faow)+@—=0) | U Fltw-w) | O if
Yo Yo, Y

Imposing the conditions

//T(x — xo)dzdy = 0,
//T(y — yo)dzdy =0
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we deduce that xo = I1,0/10,0, Yo = Lo,1/lo,0 and thus we get a cubature formula of
the form

| | #tedady = 5G) + R,
where G = (z¢, yg) is the barycentre of the triangle T'.

The remainder has an expression of the following form

Ro(f) = A& n) +2BfEY + C O (g, )

with
1
A= 5(1'0,0]2,0 - 112,0)/10,0
1
B = 5(10,011,1 —T0l01) /100
1
€= 5ooloz — 151)/Too

where (£,7) are points from the interior of the triangle T.

1.4. If we take m = 1 and we determine z; and y; by imposing the conditions

//T(x —a)(zx —z1)dzdy =0

//T(y —o)(y —y1)dxdy =0

b d
we can deduce that we must have: z; = a;L LY = c;r .

So we obtain a cubature formula of the form

/ /T F(a, y)dudy

_ (b—a)(d—c) [f<a+b’c>+f<avc—&2—d) +f<a+b c—l—dﬂ L RIS,

6 2 2 72
where the remainder has the expression:

—a)(d—--c —a)?(d—c)?
() = =) o ) =

(b—a)*(d =)’ 1 (b—a)(d—c)* 03
T FEPEm) + A
By starting from this cubature formula we can construct a numerical inte-

gration formula, with five nodes, for a rectangle domain D = [a,b] X [¢, d], namely

//Df(x’y)dxdy: (b—a)6(d—c) [f<a’c;d) +f<a42—bvc>

12
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+of (“;b,cgd> +f(a_2|_b,d> +f(b,cgd>} +R(S).

For the remainder of this formula we are able to obtain the following estima-

tion

h2k3 [h k
M, + - M.
30 {3 1+ 5 2} )

where h =b—a, k =d — ¢ and My = sup |f>?) (x,y)|, My = sup | f ) (z,)].
D D

IR(f)] <

As was indicated by S.E. Mikeladze [13] this formula was obtained earlier by
N.K. Artmeladze in the paper [1].

1.5. Now we establish a cubature formula for the triangle T' = Tj, j . having
the total degree of exactness equal with three. Imposing the conditions that the
remainder vanishes for the monomials e; j(z,y) = 2y’ (0 < i+ j < 3), one finds the

equations

[ [ o= o = s - asay o
//T(x —a)(z — 22)(y — c)dady = 0
//T(x —a)(y — c)(y — y2)dady =0

//T(y —c)(y — y2)(y — d)dzdy = 0

3z42b  3c+2d
5 y Y2 = 5 .

Consequently we obtain a cubature formula with six nodes, having the degree

This system of equations has the solution xo =

of exactness three, namely:

// f (@, y)dudy = % [3f(a,0)+8f(a,d)+8f(b7c)+25f (a, 30;%)
T
o5 f <3a—|—2b’c> 75/ (i’)a—Bi-Qb7 3c—g2d)] R,

where the remainder has the expression:

1

= g TR (€ m) + 208 FED (& m) = 207K S (€ )

R3(f)

+20° k(€ ) — Rk FOD (€, m)).
13
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If we choose m = 3 and we want to obtain a cubature formula of degree of

exactness four, it is necessary and sufficient to be satisfied the conditions:
[ [ e - ate ato — yaziy =0
//T(m —a)(z — 22)(2 — x3)(y — c)dzdy = 0
Q/L“‘“W““ﬁ@—@@—mmmy:o
//T(‘” —a)(y — ) (y — y2)(y — y3)dwdy = 0
//T(y —)(y — y2)(y — y3)(y — d)dedy = 0

This system of equations has the following solution:

Ta + 2b 3a + 5b 3c+d c+2d

9 y L3 = S y Y2 = 4 Ys = 3

ro =
By using it we arrive at the following cubature formula with ten nodes and

degree of exactness four:

//Tf(x,y)dzdy o (b—a)ld—c) {34713]”(@,0) © 838357 <

7a + 2b
4384800 ¢

3¢+ d 3a + 5b Ta+2b 3c+d
+77952f(a,c:)+172032f<a;— ,c>+653184f(a;_ s )

4
3a + 5b c—|—2d)

2d
+147987 f (a, C—g ) + 382801 (b, c) + 516096 f (
Ta+2b c+2d
9 )
Now we present a cubature formula more simple:

// F(a,y)dady = {% — {8[f(a — 2h,b) + fa,b— 2k) + f(a,b)]

+32[f(a — h,b—2k) + f(a —2h,b—k)+ f(a+ h,b—2k) + f(a — 2h,b+ k)

+443961f ( ) + 24360 f(a, d)]

fat hyb = k) + fla—hb+ k)] + 64(f(a — h,b) = fla,b— k) + fla—h,b—k)]}H,
1.6. By using a similar procedure we can construct formulas of global degree

of exactness equal with five. For this purpose we have to resolve the equations:
// (x—a)(x —x2)(x —x3)(x — x4)(x — b)dzdy =0
T

14



//T(sr:—a)(x—ajg)(x—xg)(x—x4)(y—c)d$dy:0
[ [ @ = e =@~ 2a)(y — )y — )dady =0
[ e =t =) - o= - wdedy =0
[ [ == o= m)—w - sy =0
//T(y—C)(y—yz)(y—ys)(y—y4)(y—d)dwdy=0

with six unknown quantities. We mention that only four of these equations are dis-
tinct.

Now we can take advantage of having two degree of liberty and to construct
a cubature formula using 13 nodes and having the degree of exactness equal with five,
but we prefer to establish a cubature formula with 15 nodes represented by rational
numbers.

By using the following solution of the preceding system of equations:

_3a+b _ 5a+2b _ 3a+5b
./L'Q - 2 b x?) - 7 9 ZC4 - 8
3c+d 5c+2d 3¢+ 5d
I, = I; = I =
2 4 ) 3 7 ’ 4 ) 3
we obtain the following cubature formula with 15 nodes:
(b—a)(d—c) 3a+b
dedy 2 —————= | —11571 4
//Tf(x,y) xdy 5872800 571f(a,c) + 493696 f ¢
3c+d 5 20 5c+ 2b
+493696 <a, CI ) 424977 < a;’ ,c> 424977 f <a, C“; )
b d b d
4085760 f <3“4+ , 30; ) 4211456 f <3a 5 ,c> 4211456 f (a, 36;5 )

3¢+ 5d

b 2 3c+d
211456 <&l;_5,6>+211456f (a7 pat2b 3¢t >

)+4609920f( .

3a+b 5¢+2d
+4609920f( “: , CJ;

) + 24472 (b, ¢) + 24472 (a, d)

247206 <3a;—5b7 302—d> | 247296 (3(12—1)’ 30—|8—5d>

9 2
—4789995f<5‘“7r b,50¢ dﬂ.
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2. Use of a method of D.V. Ionescu for numerical evaluation double inte-

grals over an arbitrary triangular domain

2.1. In the paper [12] D.V. Ionescu has given a method for construction cer-
tain cubature formulas for an arbitrary triangular domain D, with vertices A(x1,y1),
B(za,y2), Clxs,ys).

One denotes by L, M and N the barycentres of the masses (o, 1,1), (1,«,1),
(1,1, @) situated in the vertices A, B,C of triangle D. The new triangle LM N is
homotethic with the triangle ABC. Giving to « the real values ag,as,...,q, one
obtains the nodes L;, M;, N; (i = 1,n). In the paper [12] were considered cubature
formulas with the fixed nodes L;, M;, N; of the following form:

/ /D flasg)dedy = 37 Af(L) + M) + F(N). (2.1)

The coefficients A; will be determined so that this cubature formula to have
the degree of exactness equal with n.
It was proved that this problem is possible if and only if n < 5.

One observes that in the special case @« = 1 and n = 1, one obtains the

/ /D f(a, y)dudt = SF(G),

where G is the barycentre of the triangle T', while S is the area of this triangle.

cubature formula

For n =2 and as = 1 we get the cubature formula

4(11

[ [ semasay = 5 O ) 4 som) + o)+ 9 o).

If oy = 0 we obtain the cubature formula:
S
[ [ fdady = Slra)+ 15+ 5(C)
D
where A’, B’, ¢’ are the middles of the sides of the triangle T
In the case n = 3, as = 3 and a3 = 1 we find the cubature formula:

/ / e y)dedy = 2 25(7(L) + FM) + F(N)] ~ 27(C)},

where G is the barycenter of the masses (3,1,1) placed in the vertices of the triangle

D.
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It should be mentioned that the above cubature formulas can be used for the
numerical calculation of an integral extended to a polygonal domain, since it can be
decomposed in triangles and then we can apply these particular cubature formulas.

The above cubature formulas can be extended to three or more dimensions.

We mention that Hortensia Rogcéu [15] has proved that the problem is pos-

sible only for n < 3 in the case when the masses are distinct.

3. Some recent methods for numerical calculation of a double integral over

a triangular domain

3.1. One can make numerical evaluation of a double integral extended over a
triangular domain T, having the vertices (0,0), (0,1) and (1,0) using as basic domain
the square D = [0, 1] x [0, 1].

Let T and D be related to each other by means of the transformations x =
9(u,v), y = h(u,v).

It will be assumed that g and h have continuous partial derivatives and that

the Jacobian J(u,v) does not vanish in D. We have:

1) = [ [ s@wdets= [ [ jlatuo) o) opdute

For g = xu, h = (1 — u) we have J(u,v) = z and the integral I(f) becomes:

I(f)z/o /O f(wu, 2(1 — u))dzdy (3.1)

3.2. Several classes of numerical integration formulas can be obtained by
products of Gauss-Jacobi quadrature formulas based on the transformation (3.1). In
the paper [11] by Hillion Pierre [11] has been described some applications of this
transformation, including one to the solution of a Dirichlet problem using the finite
element method.

3.3. Since for any triangle from the plane zOy there exists an affine trans-

formation which leads to the standard triangle:

Tp={(x,y) €ER* >0, y>0, z+y <h, heRy},
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Gh. Coman has considered and investigated, in the paper [6] (see also the book [7]),
the so called homogeneous cubature formulas of interpolation type for the triangle
Th, characterized by the fact that each term of the remainder has the same order of
approximation.

A simple example of such a cubature formula is represented by

[ [ sasay="15 [3f<o,o> +37(h,0) +3/(0,h)
Th

+8f <Z,o> +8f (;Z) +8f (o, Z) +27f (;Z)

having the degree of exactness equal with three.

+ R3(f)7

The remainder can be evaluated by using the partial derivatives of the func-
tion f of order (4,0), (3,1), (1,3), (0,4) and (2,2).
Some new homogeneous cubature formulas for a triangular domains were

investigated in the recent paper [14] by I. Pop-Purdea.

References

[1] Artmeladze, K., On some formulas of mechanical cubatures (in Russian), Trudy Tbiliss
Mat. Inst. 7(1939), 147-160.

[2] Barnhill, R.E., Birkhoff, G., Gordon, W.J., Smooth interpolation in triangle, J. Approx.
Theory, 8(1973), 124-128.

[3] Beian-Putura, A., Stancu, D.D., Tascu, 1., On a class of generalized Gauss-Christoffel
quadrature formulae, Studia Univ. Babes-Bolyai, Mathematica, 49(1)(2004), 93-99.

[4] Beian-Putura, A., Stancu, D.D., Tascu, 1., Weighted quadrature formulae of Gauss-
Christoffel type, Rev. Anal. Numer. Theorie de I’Approx., 32(2003), 223-234.

[5] Biermann, O., Uber néiherungsweise Cubaturen, Monats. Math. Phys., 14(1903), 211-
225.

[6] Coman, Gh., Homogeneous cubature formulas, Studia Univ. Babes-Bolyai, Mathemat-
ica, 38(1993), 91-104.

[7] Coman, Gh. (ed.), Interpolation operators, Casa Cartii de Stiintad, Cluj-Napoca, 2004.

[8] Coman, Gh., Pop, 1., Trimbitas, R., An adaptive cubature on triangle, Studia Univ.
Babeg-Bolyai, Mathematica, 47(2002), 27-36.

[9] Darris, P.J., Rabinowitz, Numerical integration, Blaisdell, 1967.



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
21]

[22]

ON CERTAIN NUMERICAL CUBATURE FORMULAS FOR A TRIANGULAR DOMAIN

Gauss, C.F., Metodus nova integralium valores per approximationen inveniendi, C.F.
Gauss Werke, Gottingen: Koniglischen Gesllschaft der Wissenschaften, 3(1866), 163-
196.

Hillion, P., Numerical integration on a triangle, Internat. J. for Numerical Methods, in
Engineering 11(1977), 757-815.

Tonescu, D.V., Formules de cubature, le domain d’integration étant un triangle quel-
congque (in Romanian), Acad. R.P. Roméane Bul. Sti. Sect. Sti. Mat. Fiz., 5(1953), 423-
430.

Mikeladze, S.E., Numerical Methods of Numerical Analysis (in Russian), Izdat. Fizmat-
giz, Moscow, 1953.

Pop-Purdea, 1., Homogeneous cubature formulas on triangle, Seminar on Numerical and
Statistical Calculus (Ed. by P. Blaga and Gh. Coman), 111-118, Babes-Bolyai Univ.,
Cluj-Napoca, 2004.

Roscdu, H., Cubature formulas for the calculation of multiple integrals (in Romanian),
Bul. Sti. Inst. Politehn. Cluj, 55-93.

Somogyi, 1., Practical cubature formulas in triangles with error bounds, Seminar on
Numerical and Statistical Calculus (Ed. by P. Blaga and Gh. Coman), Babes-Bolyai
Univ. Cluj-Napoca, 2004, 131-137.

Stancu, D.D., On numerical integration of functions of two variables (in Romanian),
Acad. R.P. Roméane Fil. Iasi, Stud. Cerc. Sti. Mat. 9(1958), 5-21.

Stancu, D.D., A method for constructing cubature formulas for functions of two variables
(in Romanian), Acad. R.P. Roméane, Fil. Cluj, Stud. Cerc. Mat., 9(1958), 351-369.
Stancu, D.D., The remainder of certain linear approximation formulas in two variables,
SIAM J. Numer. Anal., Ser. B, 1(1964), 137-163.

Steffensen, J.F., Interpolation, Williams-Wilkins, Baltimore, 1927.

Stroud, A.H., Numerical integration formulas of degree two, Math. Comput., 14(1960),
21-26.

Stroud, A.H., Approximate Calculation of Multiple Integrals, Prentice-Hall, Englewood,
Cliffs, N.J., 1971.

COLEGIUL TEHNIC INFOEL
BISTRITA, ROMANIA

FE-mail address: a_putura@yahoo.com

19



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 4, December 2007
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Abstract. Using the connection between optimal approximation of linear
operators and spline interpolation established by I. J. Schoenberg [35], the
-function method of D. V. Ionescu [17], and a more general method given
by A. Ghizzetti and A. Ossicini [14], the one-to-one correspondence be-
tween the monosplines and quadrature formulas given by I. J. Schoenberg
[36, 37], and the minimal norm property of orthogonal polynomials, the
authors study optimal quadrature formulas in the sense of Sard [33] and in
the sense of Nikolski [27], respectively, with respect to the error criterion.

Many examples are given.

1. Introduction

Optimal quadrature rules with respect to some given criterion represent an
important class of quadrature formulas.

The basic optimality criterion is the error criterion. More recently the effi-
ciency criterion has also been used, which is based on the approximation order of the
quadrature rule and its computational complexity.

Next, the error criterion will be used.

Let

A={N|XN:H™?[a,b] >R, i=1,N} (1.1)
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be a set of linear functionals and for f € H™? [a,b], let

AN)y={n(f)]i=1N} (1.2)

be the set of information on f given by the functionals of A.

Remark 1.1. Usually, the information \; (f),i =1, N, are the pointwise evaluations
of f or some of its derivatives at distinct points x; € |a,b], i = 0,n, i.e. the pointwise
information.

For f € H™? [a,b], one considers the quadrature formula

b
[ 0@ 1 @) s =y (1) + Ry (1), (13)

where

N

Qn () =D AN (f),

i=1
Ry (f) is the remainder, w is a weight function and A = (Ay,..., Ay) are the coef-
ficients. If \; (f), ¢ = 1, N, represent pointwise information, then X = (zo,..., )

are the quadrature nodes.

Definition 1.1. The number r € N with the property that Qn (f) = f (or Ry (f) =
0) for all f € P, and that there exists g € P41 such that Qn (g) # g, (or Ry (g) #0)
where Py is the set of polynomial functions of degree at most s, is called the degree
of exactness of the quadrature rule QN (quadrature formula (1.3)) and is denoted by
dex (Qn) (dex (Qn) =T1).

The problem with a quadrature formula is to find the quadrature parameters

(coefficients and nodes) and to evaluate the corresponding remainder (error).

Let
En (f,A,X) =[Rn (f)|
be the quadrature error.

Definition 1.2. If for a given f € H™?[a,b], the parameters A and X are found
from the conditions that En (f, A, X) takes its minimum value, then the quadrature
formula is called locally optimal with respect to the error.
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If A and X are obtained such that

Ey (H™?[a,b],A,X)= sup Ey(f A X)
feEH™2[a,b]

takes its minimum value, the quadrature formula is called globally optimal on the set
H™?2 [a,b], with respect to the error.
Remark 1.2. Some of the quadrature parameters can be fized from the beginning.
Such is the case, for example, with quadrature formulas with uniformly spaced nodes
or with equal coefficients. Also, the quadrature formulas with a prescribed degree of
exactness are frequently considered.

Subsequently we will study the optimality problem for some classes of quad-

rature formulas with pointwise information \; (f), ¢ = 1, N.

2. Optimality in the sense of Sard

Suppose that A is a set of Birkhoff-type functionals

A= Ap = { X | 2 (F) = 9 (21), k=07, j € I

where z, € [a,b], k =0,n, and I}, C {0,1,...,r;}, with rpy € N, rp <m, k =0,n.
For f € H™?[a,b] and for fixed nodes x;, € [a,b], k = 0,n, (for example,
uniformly spaced nodes), consider the quadrature formula
b n
[ F@de =303 Af @) + Ry (7). (21)
a k=0j€l
Definition 2.1. The quadrature formula (2.1) is said to be optimal in the sense of
Sard if
(i) Ry (e;) =0, i=0,m—1, with e;(z)= 2",
(ii) /b K2 (t)dt is minimum,
where K,, is Pea:w’s kernel, i.e.
£yt

=" o™ & (x5 —
<m_+1>1]: T A

k=0j€l} J

K, (t):= Ry
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Such formulas for uniformly spaced nodes (z = a + kh, h = (b —a) /n) and
for Lagrange-type functionals, A\ (f) = f (zx), k = 0, n, were first studied by A. Sard
[32] and L.S. Meyers and A. Sard [24], respectively.

In 1964, I. J. Schoenberg [34, 35] has established a connection between optimal
approximation of linear operators (including definite integral operators) and spline
interpolation operators. For example, if .S is the natural spline interpolation operator

with respect to the set A and
f=Sf+Rf

is the corresponding spline interpolation formula, then the quadrature formula

/abf(x) dx = /ab (Sf) () dx+/ab (Rf) (x) dz (2.2)

is optimal in the sense of Sard.
More specifically, let us suppose that the uniqueness condition of the spline

operator is satisfied and that

(SH) (@) =D > swy (@) f9) (),

k=0j€l,

where si;, k =0,n, j € I, are the cardinal splines and S is the corresponding spline

operator. Then the optimal quadrature formula (2.2) becomes

b n
[ rde =373 Ap, 19 @)+ R (5).

k=0jel;

with

b
zj:/skj(x)dx, k=0,n, jé€l,
a

and
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Example 2.1. Let f € H>?[0,1] and let the set of Birkhoff-type functionals Ap (f) =

{r©),r(3).f (%) (1)} be given. Also, let

($11) (@) = 501 (@) ' (0) + 10 0) ()

+ 520 (2) f (i) + 531 () I (1),

be the corresponding cubic spline interpolation function, where sg1, S10, S20 and s31

are the cardinal splines. For the cardinal splines, we have

+ +
1 2
_Z("If—l)_‘_,
3 3
19 3
slo(x)_w—3(x—0)2++4<x—4> —4<x—4>
+ +
—3(3:—1)1,
3 3
3 1 3
S20($):—1(}+3($—0)2+—4(l‘—4) +4<x—4>
+ +
—1—3(917—1)2+7
3 3
1 1 1 3 )
i) =g g0k (o-3) - (v-7) et

while the remainder is

1
(Raf) (x) = / 2 (1) 17 (1) .

with
o2 (2, 0)=( t>+<i t)+5m () (j t>+320 (2) 531 (2).

It follows that the optimal quadrature formula is given by

1
| 1@ o=@+ aiof (3 ) +anf () 4458 R,

where

1 1 1

AY = ——, Ajg=-, Ay=-, AL =—
20 27 31 967
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and

with

Finally, we have

[N

m | <17 ([ s 0] )

i.e.

Ry ()] < 2 171,
’ ’ 48v/5

3. Optimality in the sense of Nikolski

Suppose now, that all the parameters of the quadrature formula (2.1) (the
coefficients A and the nodes X') are unknown.

The problem is to find the coefficients A* and the nodes X* such that
for local optimality, or

E, (H™?[a,b],A*, X*) =min sup E,(f,A,X
( [ ] ) AvaeHmv2[a,b] n( )

in the global optimality case.

Definition 3.1. The quadrature formula with the parameters A* and X* is called
optimal in the sense of Nikolski and A*, X* are called optimal coefficients and

optimal nodes, respectively.

Remark 3.1. If f € H™? [a,b] and the degree of exactness of the quadrature formula

(2.1) isr —1 (r <m) then by Peano’s theorem, one obtains

b
RMﬂ=/KMMm®% (3.1)
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where
)r j—1

R D) BRIt e

k=0j€l}

From (3.1), one obtains

, (/ab K2 (t) dt) 2 . (3.2)

It follows that the optimal parameters A* and X* are those which minimize

F(A,X):/be(t)dt

There are many ways to find the functional F'.

By (D] < £

the functional

1. One of them is described above and is based on Peano’s theorem.

Remark 3.2. In this case, the quadrature formula is assumed to have degree of

exactness v — 1.

2. Another approach is based on the ¢-function method [17].
Suppose that f € H™?[a,b] and that a = 79 < ... < ,, = b. On each interval

[Tr_1,7k], k = 1,n, consider a function ¢y, k = 1,n,, with the property that

D"y, := cpg) 1, k=1,n. (3.3)

We have

/f dx—Z/x“ f(z)da.

Using the integration by parts formula, one obtains

Tk

Tk—1

b n
/ f (Jj‘) dl‘zz{ |:SO§€T 1) f o\ (r— 2)f ot (_1)7‘—1 @kf(ril):|
“ k=1

e [ ) 10 @ dx}
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and subsequently,

n—1 r

where
@ =L, k=1,n. (3.5)
[Tr—1,7k]
For
(r—j) AOJa ] S IOa
(=1 17 (2x0) =
07 .7 € J07
1 (r—j) Akj7 .7 S Ik7
(=17 (er — 1) () = (3.6)
07 ] S ka
i . Anjv je I’ru
(=1 o) (@) =
0, J € Jn,

with J, = {0, 1,...,7%}\ I, formula (3.4) becomes the quadrature formula (2.1), with

the remainder

It follows that

and
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Remark 3.3. From (3.3), it follows that @y is a polynomial of degree r : ¢y, (x) =
i—: + Pr_1 (x), with Py € Pr_1, k = 1,n, satisfying the conditions of (3.6).

Example 3.1. Let f € H*?[0,1], A(f) = {f (z) | k=0,n}, with 0 = zy < 1 <

e < X1 < xp =1, and let
1 n
/0 f@)de =3 Auf (1) + Ra (f) (3.7)
k=0

be the corresponding quadrature formula. Find the functional F (A, X), where A =
(Ag,..., Ap) and X = (xg,...,Zn) .

Using the p-function method, on each interval [xx_1,x] one considers a
function g, with ¢} = 1.

Formula (3.4) becomes

| 1@as=-s 050+ S (6 — Ponn) (1) £ (20)
k=1
Lol ()£ (1) + g1 (0) f (0)
n—1 (38)
S (o — ) @) () — o (D) £ ()
k=1
+/0 o (@) " (z) da.

Now, for

90/1(0):_‘407 (‘p;f_(p;c—s-l)(zk):Akv k=1,n—-1, @fn(l):ATM

(3.9)

formula (3.8) becomes the quadrature formula of (3.7).

29



PETRU BLAGA AND GHEORGHE COMAN

From the conditions ¢}, =1, k = 1,n, and using (3.9), it follows that

o1 (z) = ?—on,
22
wg(x):?—on—Al(x—m),
22
@n(x):?—on—Al(x—xl) = Apg (@ —xp_q)

F(A,X):/OngQ(x)dx:kZ::l/:k &2 (2) da

or

F(A X) Z/m 1[—962.4 +ZA:C]2

Remark 3.4. A generalization of the @-function method was given in the book of
A. Ghizzetti and A. Ossicini [14], where a more general linear differential operator of

order r is used instead of the differential operator D".

3. A third method was given by I. J. Schoenberg [36, 37, 38] and it uses the one-to-one

correspondence between the set of so called monosplines
x"
B= 0 Y Ao,
s 0j€l

and the set of quadrature formulas of the form (2.1), with degree of exactness r — 1.

The one-to-one correspondence is described by the relations

Agj=(=1)""T MY (20), € Io,

Akj = (_1)] M’Sr_j_l) (Jfk _0) _M’Sr_j_l) (J?k—f—o) ) k= 1, ’I’L-l,j GIk;,

Apy= (=1 M (@), G € I,
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and the remainder is given by

b
Ry (f)= (1" [ M. (x) f") (x)de

a

So
F(APX):Z/bAﬁ(x)¢u

In fact, there is a close relationship between monosplines and -functions.

Remark 3.5. One of the advantages of the @-function method is that the degree of

exactness condition is not necessary, it follows from the remainder representation

b
Ry (f) = (—1)T/ v () o) (z)dx.

3.1. Solutions for the optimality problem. In order to obtain an optimal quad-

rature formula, in the sense of Nikolski, we have to minimize the functional F' (A, X).

1. A two-step procedure

First step. The functional F' (A, X)) is minimized with respect to the coefficients, the
nodes being considered fixed. For this, we use the relationship with spline interpola-
tion.

So let
f=Sf+Rf

be the spline interpolation formula with X = (zo, ..., x,) the interpolation nodes. If

n

(SF) () =D sy (@) f9) (ax)

k=0j€l}

is the interpolation spline function, then

b
Apj = Ay (xo,...,xn):/ skj(x)de, k=0,n, j€l,

are the corresponding optimal (in the sense of Sard) coefficients for the fixed nodes
X and
b
Ry (f) = [ (Bf) @) ds
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is the remainder. So

with

Second step. The functional

F (A X):= /bKi (t) dt

is minimized with respect to the nodes X.

Let X* = (z§,...,2}) be the minimum point of F (A X) , i.e. the optimal

nodes of the quadrature formula. It follows that A;j = Agj (xh,...,x8), k= 0,n,

) n

j € Iy, are the optimal coefficients and that

/K* £ (t) dt,

xk—t)r i-1

K:(t):(b ZZA RSN

k=0j€l}

. (/ab [K: (t)th)é

Example 3.2. For fe€ H?>?[0,1] and Ag={f"(0), f(x1), f'(x1), f (1)}, with z1 €

with

is the optimal error. We also have

Ry (5] < £

(0,1), find the quadrature formula of the type
1
| £ @ do= A0 f O+ Arof () + Anf (o1)+ Aar ' (1)+ B (1)
0
that is optimal in the sense of Nikolski, i.e. find the optimal coefficients
A" = (ASUATO,AL, A%y)

and the optimal nodes X* = (0,27%,1).
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First step. The spline interpolation formula is given by

f (@) =s01 () f/(0) + s10 () f (x1) + 511 () f' (21) + 521 () f' (1)

+ (R4f) (l‘) )
where
oy () = - C(@=07 (-1
ot 2 211 2x,
510 (.Z‘) = 1,
n @-02  (@-z))  (@-12
s11 (7)) = —— + - - )
2 25U1 2.’E1 (1 —$1) 1 — X1
(x — xl)i (x — 1)3_
s91 (7) = B - :
(1—2x1) 2(1—x)
It follows that
2 — 1-2 — 1-
Ao = *ﬁ7 A =1, n=-—z Il, Ay = ( 6I1) ) (3.10)
_ (1—1t)° 1 — 224 o (1—m)°
KQ(t): 5 7($17t)+f 3 ( 17t)+7 6
and
_ L, 1 1
F (A X) :/ K, (t)dt = g—gxl(l—xl) (1 -z +27).
0

Second step. We have to minimize F (Z,X) with respect to x1. From the equation

OF (A, X) 1 ) 2]
Tf—g(lflm) [a:lJr(lf:cl) } =0,

we obtain x1 = - Also, (3.10) implies that

Apy = —i Ajp=1, A}, =0, A3 = 2£4.
Finally, we have
1 2\ 1
Rz (0| < |7 2(/0 E10] dt> - m‘f” ;
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3.2. Minimal norm of orthogonal polynomials. Let P, C P, be the set of
polynomials of degree n with leading coefficient equal to one. If P, € ﬁ" and P, L

Prn—1 on [a,b] with respect to the weight function w, then

1Bl o = min [| 2]
P

n

w,2

where

1Pl 5 = (wa(x)P2@ﬂdx)2.

It follows that the parameters of the functional F' (A, X) can be determined such that
the restriction of the kernel K, to the interval [x;_1, 2] is identical to the orthogonal

polynomial on the same interval with respect to the corresponding weight function.

Example 3.3. Consider the functional of Example 3.1

HAM:Z/ 2 (z) de,

with
2
T
1 () = 5 Aoz,
2 k—1 k—1
wr () = — foAZerZAm, k=2n-1,
i=0 i=1
1—x)?
one)= U2 4

Since for w = 1 the corresponding orthogonal polynomial on [xy_1, zk| is the Legendre

polynomial of degree two

by (x) = :cj B L + (e + xk)Q — (k= xk71)2

and
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from o = lo, k =2,n—1, one obtains

kz_:lzi _ ZTk-1 +J7k’
i=0 2
(3.11)
k_l— (l’k—l + l‘k)Q (a:k — l‘k_l)z -
Aixi = - ) k - 2,7’1 -1
, 8 24
=0
and thus
n—1 Tk ) 1 n—1 .
Z/l ¢ (v) do = 720 Z (zr — Tp-1)" (3.12)
k=2"Tk-1 k=2

Taking into account that ¢1 and ¢, are particular polynomials of second degree to

which the above identities do not apply, from the equations

i/ml 2 (@) de| =0 ‘9/1 2 (1) dz| = 0
8A0 0 gpl v v - ’ aAn Tpn—1 (pn * . N ’

— 3
AO = -, An = g (]. - ‘rnfl) (313)

Tl 12 o 2 1
Y Aoz dz= —2f
/0 ( 2 °x> T 3900

one obtains

and hence

R ) ) (3.14)
—r _ 5
— —A,(1- dr=—(1—2x,1)".
/x [ 2 ( x)] =53 (L~ @)
From (3.12) and (3.14), it follows that
1 1= 1
F(AX)=—z4+ — —zp)’ + — (1 =2y’
(4, X) 320”1+7201;2(”3’c )" F 5o (L= @)
which can be minimized with respect to the nodes X.
First, we have that
0 [~ 5] _ s s 19—,
P2 Z (vi—xi1)” | =5 [(xp — k1) — (@py1 —2x) | =0,
i=2
which implies that
Tp — Tp1 = %, k=2,n-1, (3.15)
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and thus

(In—l - $1)5

_ 1 1
FAX)=—alt ——
’ 320 — o)

720 (n — 2) (3.16)

=+ % (1 — CCn_l)s .

Next, the minimum value of F (Z,X) with respect to x1 and x,_1 is attained for
"'C,I( =1- $;71 = 2:“7

where
1

T4t (n-2)V6
Finally, from (3.15), (3.11), (3.13) and (3.16), one obtains

I

x5 =0; zp= 2—|—(k—1)\/6},u,k:1,n—1; xy =1;

* 3 * 5+2\/6 * 5 9
Aj=Ay =" A=Al =——p Ai=pV6, k=2,n=3;

and

1
F A* X* - 4
(A%, X7) 55~

which is the minimum value of F (A, X).

4. Optimal quadrature formulas generated by

Lagrange interpolation formula

Let A(f) = {f(z;)|i=0,n}, with z; € [a,b], be a set of Lagrange-type
information.

Consider the Lagrange interpolation formula
f=Lof+Ryf, (4.1)
where .
(Lnf) (x) = kZ:O (x_z:%f (k) ,
with u (z) = (x — z0) ... (x — z,) and for f € C""1[a,b],

u(z)

(Ryf) (z) = (n+1)!f(”+1) &), a<&<b.
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If w: [a,b] — R is a weight function, from (4.1) one obtains

b n
/ w(@) f () dr =3 Af (2x) + R (), (4.2)

k=0
where
Ay = /abw(x) mdx (4.3)
and
Ry (f) = ﬁ / (&) u (@) £ () da
We also have
B0 ()] € g [0 [ w @ @ (1.0

Theorem 4.1. Let w: [a,b] — R be a weight function and f € C" "1 [a,b]. Ifu L P,,
then the quadrature formula (4.2), with the coefficients (4.3) and the nodes X =

(zo,...,xy) - the roots of the polynomial u, is optimal with respect to the error.

Proof. From (4.4), we have

G s e@Va@ k@i @)

(n+ 1)
o
ra0] < g )L [ e @ dxﬂ/abwu) o]
So
R (1)) < Gl (4.6)
where
Cha= gy [Vl

If w L Py, on [a,b] with respect to the weight function w, then ||u|,, , is minimum,

i.e. the error |R,, (f)| is minimum. O
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Remark 4.1. Theorem 4.1 implies that the optimal nodes x, k = 0,n, are the roots
of the orthogonal polynomial on [a,b] with respect to the weight function w, say Pp41,

and the optimal coefficients Ay, k = 0,n, are given by

b .

P,

2:/ w (x) *HNEm) —dz, k=0,n.
a (x — ) Py (o)

For the optimal error, we have

LGN

P
nt w,2

4.1. Particular cases. Case 1. [a,b] =[-1,1] and w = 1.

The orthogonal polynomial is the Legendre polynomial

~ . (TL+1)' dn+1 2 n+1
i (@) = s e | @)™

The corresponding optimal quadrature formula has the nodes z}, k = 0,n, and the
coefficients A}, k = 0,n, of the Gauss quadrature rule. For the error, we have

(n+1)12n+2 Hf(nH)H

‘\ (2n+2)'V2n +3

|R: (f)

Case 2. [a,b] = [~1,1] and w (z) = —=2

122

The orthogonal polynomial is the Chebyshev polynomial of the first kind
Tyt (x) = cos[(n + 1) arccos (z)] .

The optimal parameters are

2k +1
‘%2:0087—’_7@ k=0,n,
2(n+1)
Tn+1() ™
dx = , k=0,n,
/ \/17x2(x—xk) n+1(a:k) n+1
and we have
1 (n+1) b e
)< o L (), ) ]
‘ (f) (n+1)' f oo _1V1—22 + w,2

™

V2 (n41)2n
Case 3. [a,b] = [-1,1] and w (x) = V1 — 22.
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The orthogonal polynomial is the Chebyshev polynomial of the second kind

1
Qn+i1 (x) = —=sin[(n + 2) arccos ()] .
1— a2
We have
kE+1
Qf; = COS mﬂ', k= O,n,
L .
p :/ V1—z? Q:H_E/(x) *
-1 (z — 2%) @y ()
1
E— sin? kt ), k=0,n,
n+2 n+2
and
1 (n+1) ' o
B0 < G [P (L V= ) Qo]
‘ n (.f) (n+1)' f o . € £ Q +1 w2
= o= 1)
(n+ 1)!2n+2 oo
4.2. Special cases. [a,b] =[-1,1] and w = 1.

Case 4. From (4.4), we obtain

2

Re (DI < oy

it follows that for u = T},41, the error |R,, (f)| is minimum. So

[Exasl T

Since

Tn—i—l g ||P||oo’ Pe 75n+17

HOO

n+1 = -1 n+1
and
70| < e |9+
" = (n+ 1)12n—1 oo

(4.7)
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Case 5. From (4.4), we also have

[Ra (£)] < 1 il

(n +1)!
In this case the minimum L; [-1, 1]-norm is given by the Chebyshev polynomial of

the second kind Q;,+1. So

*
T} = COS mw, k=0,n,

1 ~
Az :/ QnJrl( ) dx

—1 (7 — %) Qn+1 (z})
4 sin (k+1 ) %] sin [ (2i+1) (§+1) } (4.8)
- S e k=0,
n—+ 2 = 20+ 1
and
1
* | Nann], = e I
’R" (f)’ S (n+1)! Hf @ (n+1)2» / .
4.3. Other cases. Let
b n
[ F@de =3 auf (w0 + R (5) (1.9)
a k=0

be the quadrature formula generated by the Lagrange interpolation formula

= Y —’LL(.’E) xT €T
=Y G ) )@,

with u () = (z — z¢) ... (x — z,,) and

u (z)
(n+1)!

(Rnf) () = SOV, a<e<h.

We have .
. ()] < ﬁ”f(”“)“m / ju (2)] da.

If w is a weight function, then

/ab|u<x>|dx/:ﬁﬁ|u )z < [/11wd(§)}%||unw,g

Finally, we have

[Bn ()] < Crou llully 2
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ol L wwe]

It follows that the quadrature formula (4.9) is optimal when [[u[|,, , is minimum, i.e.

with

Cruw =

u is orthogonal on [a, b] with respect to the weight function w.

Case 6. [a,b] = [-1,1] and w (z) = =2

T—22
We get
2k+1
* —
Xy, COS2(n+1) , k=0,n,
L .
T,
;:/ i@ g k=T, (see (47),
—1 (@ —ap) Ty ()
and hence
)< )| (/ V-2 dx) T
e
(n+ 1)'2”*1 oo

Case 7. [a,b] = [-1,1] and w (x) = V1 — 22.

It follows that

L -

r = / Q*n—%/(m) —dz, k=0n, (see (4.8)),
-1 (z - %) Qn+1 (931@)

and thus

1 1 3,
(/ m“) HQnHHw,Q
o]

0] < o

B \/i(n—i-l 12n+1 H
Remark 4.2. From (4.5), we also have

R ()| < Cf oo Il

with
f

w,oo*(

val.
For particular orthogonal polynomials, we can obtain new upper bounds for the quad-

rature error.
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REMARKS ON COMPUTING THE VALUE OF AN OPTION
WITH BINOMIAL METHODS

IOANA CHIOREAN

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The purpose of this paper is to give a formula for computing

the value of a financial option, using the binomial method.

1. Introduction

Binomial methods for valuing options and other derivative securities arise
from discrete random walk models of the underlying security. This happens because
the movement of asset prices is a random walk. It can be modeled, but any such
model must incorporate a degree of randomness.

In valuating an option, the Black-Scholes formula is mostly used, the solution
being obtained numerically, using the finite difference method, with serial and/or
parallel algorithms (see [1], [2], [4]).

As is stated in [3] and [5], the binomial method is a particular case of the
explicit finite difference method. Using this method, several serial and parallel algo-
rithms are given. In what follows, we give a general formula for computing the value

of an option, starting with discrete values at expiry date and using binomial methods.

2. Asset Price Random Walk

The theory of option pricing is based on the assumption that we do not know

tomorrow’s values of asset prices. We may use, anyway, the past history of the asset

Received by the editors: 01.08.2007.
2000 Mathematics Subject Classification. 65C20, 65Y99.
Key words and phrases. stochastic differential equations, computer aspects of numerical algorithms.
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value, which tells us what are the likely jumps in asset price, what are their mean and
variance and, more generally, what is the likely distribution of future asset prices.

It is known that asset prices move randomly. In order to model this move-
ment, for each change in asset price, a return is associated, defined to be the change
in the price divided by the original value (for more details, see [5]).

In order to get the equation which modeled this random walk, we consider
that at time ¢, the asset price is S. In a small subsequence time interval, dt, the
value S changes to S+ dS. The corresponding return, g, will be decomposed in two
parts. One is predictable, deterministic, denoted by pdt, where u is a measure of the
average rate of growth of the asset price.

Note. In simple models, p is taken to be a constant.

The second contribution to % models the random change in the asset price in
response to external effects, such as unexpected news. It is represented by a random
sample drawn from a normal distribution with mean zero and adds a term, odX.
Here, o is a number called the volatility, which measures the standard deviation
of the returns. The quantity dX is the sample from a normal distribution, with the
mean zero and variance, dt.

We all this in mind, we obtain the stochastic differential equation
ds

which is the mathematical representation of our simple recipe for generating asset

prices.

3. Binomial Methods

3.1. Discrete random walks

In order to obtain binomial methods, we started from the idea that the con-
tinuous random walk given by (2.1) may be modeled by a discrete random walk, with
the following properties:
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e the asset price S changes only at the discrete times dt, 26t, 3t,... up to
Mot = T, the expiry date of derivative security. We use dt instead of dt to denote
the small but non-infinitesimal time-steps between movements in asset price.

o if the asset price is S™ at time step mdt then at time (m + 1)t it will take
one of only two possible values; ©S™ > S™ or vS™ > S". It means that the asset
price may move from S up to uS or down to vS. This is equivalent to the fact that
there are only two returns % possible at each time step: u —1 > 0 and v —1 < 0,
and these two returns are the same for all time steps.

e the probability, p, of S moving up to uS is known (as the probability (1—p)
of S moving down to vS).

Starting with a given value of the asset price (for example, to day’s asset
price) the remaining life-time of the derivative security is divided up into M time-
steps of size 6t = (T —t)/M. The asset price S is assumed to move only at times mdt
for m = 1,2,..., M. Then, a tree of all possible asset prices is created. This tree
is constructed by starting with the given value S, generating the two possible asset
prices (uS and vS) at the first time-step, then the three possible asset prices (u%S,
uvS and v29) at the second time-step, and so on, until the expiry time is reached.

Remark. We observe that after m time-steps, there are only m + 1 possible

asset prices.

3.2. Risk-neutral world

Another assumption in getting the binomial methods is a risk-neutral world.
Under this circumstances, we may assume that the investitors are risk-neutral, and
that the return from the underlying is the risk-free interest rate. Then, u from (2.1),
which does not appear into the Black-Scholes equation, is replaced by r, which appears
in it and defined the interest rate.

So, in a risk-neutral world, equation (2.1) is replaced by

g =odX + rdt. (3.1)
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The value of an option is then determined by calculating the present value
of its expected return at expiry with the previous modification to the random walk.
Having this in mind and, in addition, the fact that the present value of any amount at

=(T=1) (for more details,

time T will be that amount discounted by multiplying by e
see [5]), we may write the value V™ of the derivative security at time-step mdt as
the expected value of the security at time-step (m + 1)dt discounted by the risk-free

interest rate r:
vm = E(e—rét . Vm+1) (32)

Remark. Relation (3.2) is another way of interpreting the Black-Scholes

formula.

3.3. How does a binomial method work

In a binomial method, we first build a tree of possible values of asset prices
and their probabilities, given an initial asset price, then use this tree to determine the
possible asset prices at expiry. The possible values of the security at expiry can then
be calculated and, by working back, according with (3.2), the security can be valued.

In order to build up the tree of possible asset prices, we start at the current
time ¢ = 0. We assume that at this time we know the asset price, SJ. Then, at next
time-step, dt, there are two possible asset prices: S = uS) and S} = vSj. At the
following time-step, 24t, there are three possible asset prices: S5 = 4250, S = uv Sy
and S§ = v2S]. At the third time-step, 30t, the possible values are: S5 = u3Sy,
S5 =u?vSy, 53 = uv*SY and S§ = 35Sy, and so on.

At the m-th time-steps, mdt, there are m + 1 possible values of the asset
price,

S,’L”:u”mm*"-sg, n=0,1,...,m (3.3)

Remark. In (3.3), S denotes the n-th possible value S at time-step mdt,
whereas v™ and u™ denote v and u raised to the n-th power.

At the final time-step, M dt, we have M + 1 possible values of the underlying
asset, and we know all of them.
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4. Valuing the Option

In what follows, we suppose that we know the payoff function for our deriva-
tive security and that it depends only on the values of the underlying asset at expiry.
Then, we are able to value the option at expiry, i.e. time-step Mdt. For example, for

a call option, we find that

VM = max(S™ - E,0), n=0,1,...,M (4.1)

n n

where E is the exercise price and V,™ denotes the n-th possible value of the call at
time-step M.

Then, we can find the expected value of the derivative security at the time-
step prior to expiry, (M —1)dt, and for possible asset price SM¥ =1 n=0,1,...,M —1,
since we know the probability of an asset priced at SM~! moving to S,%l during a
time-step is p, and the probability of it moving to S is (1—p). Using the risk-neutral
argument, we can calculate the value of the security at each possible asset price for
the time-step (M — 1). Then, for (M —2), and so on, back to time-step 0. This gives

us the value of our option at the current time.

5. The Case of European Option

Let V7" denotes the value of the option at time-step mdt and asset price S)"
(where 0 < n < m). According with (3.2), we calculate the expected value of the
option at time-step mdt from the values at time-step (m + 1)dt and discount in order

to obtain the present value using the risk-free interest rate, r:

eVt =p - VI 4+ (L= p) - V! (5.1)
which gives:
Vit =e " p Vi + (1= p) - V) (5.2)
for every n =0,1,...,m.
As we know the value of VM n = 0,1,..., M from the payoff function, as
in (4.1), we can, recursively, determine the values V. for each n = 0,1,...,m, for

m < M to arrive at the current value of the option, V.
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As in [5], the computation (5.2) may be permorned step by step, in M steps,
to get the value V). We give another possible computation, based on the following
theorem:

Theorem 1. The value of the option at time-step m, 0 < m < M, V",
for every 0 < n < m can be calculated using only the values at expiry time, V;M,

0 <n <m, according with the formula:
m
e => A, VM,
n=0

for every 0 < m < M, where A,, 0 < n < m are the binomial coefficients of (a+5)™,
where o = e~ and B = e (1 — p).

Proof. Using the notation o and [ for the coefficients in (5.2), we have
Vit = oVt + gyt (5.3)

for fixed m, (m < M) and 0 < n <m, or, in matriceal form:

Vom V1WL+1 V0m+1
Vlm ‘/'2m+1 Vlerl
=« _ +0 ) (5.4)
v Vit vt
Knowing the values VM, n =0,1,..., M, we may compute the value V,M~1:

VM=t =aqvM, + VM n=0,1,....,M - 1.
Then, at the step (M — 2), we get:

VM72:OZQV]\—/{-2+01/6VTL]\—/[&-1+52V11M7 n:()""’M72

n n

and
VM= = 3V M+ o?BVM, + aBPVM + 83V, n=0,...,M -3

and so on, finally:

M
V()O _ Z A’L . ‘/,L_]V[
i=0
where A; are the binomial coefficients of (a + 3)M. O
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6. Conclusions

This method of computing the value of an option is more economical from
time and memory space point of view than a serial computation made step by step,
according with the step-time m. Our result indicates the resemblance of the binomial
method with the finite-differences way of computation. The speed of computation

can also be reduced by parallel calculus.
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BERNSTEIN-STANCU OPERATORS

VOICHITA ADRIANA CLECIU

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The purpose of this paper is to investigate the modifications

operators Cp, : Y — II,

n

C" = n 0777“'77; ) Y7
D@ =3 5 <k>m PP
where the real numbers (mgn)pe, are selected in order to preserve some

important properties of Bernstein operators. For m; , = 5 an € (0,1]
4!

we obtain Bernstein-Stancu operators

— ~ (an)k n 1 k k
n = Y ey s ) Y
(Cwnf) () ; v B (SRl A
and we study some of their properties.

1. Introduction

Let II,, be the linear space of all real polynomials of degree < n and denote
by Y the linear space of all functions [0,1] — R.

Consider the sequence of Bernstein operators B, : Y — II,, where
- k n
B =St @ (3] b = ()00 rey

Because for j€ {0,1,...,n}

; 4 n—7 .
ldj (an) (x) - <7?>];an—j,k (I) {k7 kJrl?"'v kJr];f s

j! dxd nJ n.on n
J J k=0
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the following well-known formula holds
k! (n 1k
B =y — — s f| 2" 1
(B.f) () gnk(k) [o,n, ,n,f]:c o)

Starting with (1), we investigate the following modifications C,, : Y — II,,

" k! (n 1k L
Caf) @)= 32 (i [0 e 1] s €, )
where the real numbers (mk,nﬁio are selected in order to preserve some important

properties of Bernstein operators. Observe that from (2)

Cheg = my p,

Cner = my ye1

€1
Crea = my e + o (my , —my ,eq)
T

(OnQ2,a:) (I) = (mZ,n - 2m1,n + mO,n) z? + E (ml,n - m2,nx) s
where e; (t) =t and Qo , = (¢t — )%, In the following, we shall consider that mg, =
1.

The following problem arises to emphasize numbers my, ,,, £ € N, for which

. . o0 iy
the linear transformations (C,),_, are positive operators and moreover

limm;, =1 and lim my,, = 1.

Denote by Il the set of all real polynomial functions of exact degree s.
Lemma 1. Ifp € II; and m, , # 0, then Cy,p € II;,n > s.
Proof. Use the fact that
1 k 0,k >3
|:057"'7;f:| = ’
e Lk =]
Therefore, if p (z) = apx® + ... + as—17 + as, ap # 0, then from (2) one finds
(Cnp) () = boz® + ... + bs,
with
|
by = (”) m,.,, by # 0. O
ns\ s
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Lemma 2. If C, is a positive operator with mq, =1, then my , € [0,1] and

n
0 S ml,n - mQ,n S 71 (1 - ml,n) .

Proof. For the proof it is enough to observe that
0<er(t)<1,te|0,1]
implies
0 < (Cher) () =my pz <mg, =1,Vz €[0,1],
that is my ,, € [0,1]. Further, from ¢ (1 —¢) > 0,Vt € [0, 1], we have
(Cnel) (m) - (Cne2) (x) >0
for any x from [0, 1], that is my ,x < m; ,. To complete the proof it is sufficient to

use the fact that (C, Q2 ) () must be non-negative on [0, 1]. O
Lemma 3. Suppose that C,, is a positive operator with mg , = 1.

1) Ifmy, =1, thenmy, =1;

2) Ifm;,, =1, then my,, = 1.
Proof. Use Lemma 2. O
Lemma 4. Suppose that f : [0,1] — R is convex on [0,1]. If C,, is a positive operator
with mg ,, = 1, then

f(minz) < (Cnf) (x),Vo € [0,1].

Proof. Tt is known that for a convex function f : [0,1] — R and a linear positive

operator T : Y — Y, we have
F (Tex) (@) < (TF) (), Va € [0,1] ( see [7] and [g]). o
Lemma 5. Suppose that (Cy,) -, are positive operators with mq , = 1. If

lim m; ,, =1,

n—oo
then

lim my,, = 1.

n—oo
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Proof. From 0 <my , —my, < 25 (1 — mj ,), see Lemma 2. O
Further we consider the uniform norm ||g|| := m[ax] lg (t)].
z€[0,1

Lemma 6. Suppose that mg, = 1, Vn € N*. If (C,)."_| is a sequence of positive

operators, then lim my ,, = 1 implies
n—oo ’

2. The Bernstein form of the operator C,

Theorem 7. Suppose that C,, is defined as in (2). Then for f:[0,1] - R

Cnf Z bn k Ck n } ) (4)

with

v=

From (2)

with

e () S0 () ()

Further, using the rule

n n n k
Z Ck ZDk,j - ZZCij’k,
k=0 ji=k

k=0 j=0
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where
k :
_ (n—J)'k!
Cranlf) = ;0 A= )il
Therefore
"k J J v
— ‘ _1yvd L
ol = 2 (3 S0 ()1 () -
- k .7 - v k — J
£ O (o
and we conclude with (4). O

3. Bernstein - Stancu operators: the case m;,, = (a;!)j ,an € (0,1]

Further, for k € N, z € C, let (2), =1 and (2), =2(z+1)...(z+k—1).
Then the operator C,, from (2), denoted further by C,,, becomes

(o) (2) = 3 ol (] ER ?

n
k=0

Lemma 8. Assume that C,, is a positive operator, i.e. a, € (0, 1]. Then

2) (@ :x2+x(1—x)an+l an (% — 2+ ap)) 2? (6)
Cafla) (@) = x(ln_ Jan +2 (1 - a,) 2o ;Z)
Moreover
|(Cuf20) (@) < T2+ (1—an), Vee[o1]. o
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Proof. The above assertions follow using (3):

_ an
(Creo) (z) = ( 0!)0 =
(C’inel) (x) = (af')l e1=apner=apr=x— (1 —a,)x
o (an.)g €1 (an)l (an)2
(Cnez) (@) = = Fea - { 7 = e | =
_a(a2+ )62+ 61(1_a2—|— €1>=
an (an +1) 5  an an +1
L _
2 T 2 "
2
:m(l—x)an+w2 a%+an+an—an _
n 2 2n
:x(l— )an+x2+ o [(an+2)(an—1)  an(l—ap) _
n 2 2n
I Chn) 1—%(@_2 )2
* n " 2 n (2+an))z

and

(CinQQ_’m) (;U) — ((a;!)z _ 2(Cll7z!)1 +1) 22+ % (CLln!)l (a;')2x> _

1 nlan, +1
_ an(an+)_2an+1 248 an_a(a—k)m _
2 n 2
n n - n n 1
— M_i_l x2+a7$ 1_(1 + T
2 n 2
2 2
_ an 9 n | Gp —30n+2  an —ap ) _
STt 2 om
z(lfx) 2 2 Ay (07
- n 1* n o . D
+ % ( a)< 5 2n>

Lemma 9. Assume that C,, is a positive operator, i.e. a, € (0,1]. Then

ol (an)s [ 7 5, 3(an)y [ 1 2, On
(C’neg) (z) = 3 ) x4 3 7+ Rt =
3(n—1) 2—-3n a (an); — 6
3 2 3 n 3 3
v S om? (an)o 2™+ GT(G")?’I + Ex_F 6
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(07n64)(13):(anL4>4 ( Z)x4+6<zz)3 (:)x3+7(22)2 (Z)ﬁ—kzgx_

4, (=1 (n—-2) 3 6n*—1ln+6
= 2"+ ———(an)37 Vi R

1—ay) (a2 + 7a2 + 18a, + 24
(an)z .’L‘2 _ ( )( n 24n ).%‘4

_ an n 4 (e7% n 6 Qn )g n
(C’nQ4,$) (z) = [(n4)4 ( A ) — <n3)3 ( ; ) + (nz) ( ) ) —4an+1] P

7 (an n 4a,, an
(1) ]
n 9 n n

a
(an)y ot + n—gsﬁ—
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_ (an4)4 ( " ) z4+6(az)3 ( " ) 2 4 Ten)2 ( ! ) 2?4 g
n A n 3 n4 9 n

an 70 —1) (n—1)(n—-2) (n—1)(n—2)(n—3)

_ 2 3 4
n3 2n3 (an)2” + n3 (an) 2"+ 24n3 (an)y

4, (n=1)(n-2) 3 6n*—1ln+6 4 Gp T(n—1) 9

=z* 4 3 (an);x” — o (an)yx* + 3% + o5 (an)y

(1 —ay) (¥ + 7a2 + 18a, + 24) A
24 '

We use the fact that

(Crfs) (2) = (Creq) (z) — da (Cres) (z) + 627 (Crez) (z) — 42® (Crer) (z) + 2
to obtain the above assertions. O

Theorem 10. The linear operator C,, from (5) may be written in the Bernstein basis

in the form

nf Z bn k Ck n ] 5 (8)

N o

Proof. Let us find a convenient form of the coefficients Cy ,, [f] from (4). In our case

with

we have |
Cenlf]= 3 (’;) / (i) iz_é<_1>v (k ;J) <?:,+>:;j )

N\ (@), =k + ), (G +an),
) 4! ; G+1), 0!

(an); . .
J) (_),j 2 B (—k+j,j+an;j+ 1;1).
i)

-b
Because o Fy ( —m, b;¢; 1) = (c=b), for m € N*, we have

@
ol =3 ()1 (2) (@n); (1= )iy,

o JtG+ 1)k—j

60



BERNSTEIN-STANCU OPERATORS

in other words
- k I )
Ckm Lﬂ = %Z (])f (7]1) (a’n)j (1 - an)kfj :
j=0

When a,, € (0,1), it is clear that f > 0 on [0,1] implies C ,, [f] > 0, that is C}, is a

linear positive operator. 0
For g : [0,1] — R the Stancu operators Sy : ¢ — Skg, k € N, are defined as
(55> g) (z) = g(0) and for k € {1,2,...} (see [17], [18] and [4]):

k .
b _ 1 k J
(S5779) (2) = 55 ; ;) e);b—ba)yg (%) zelol,
where b € [0,1] is a parameter. Observe that Cof = Co o [f] := f(0) and
1 & [k ik
(570) @) = gy 32 () oy 0y (37 ) h21
j=
Therefore,
Crnlf] = (S5 9747) (an)
with

gnt” ) =f (ti) k> 1

Definition 11. The linear transformations Cy,, : Y — R, k€ {0,1,2,...,n}, n €
N*| are the Stancu functionals. When a,, € (0, 1), the linear positive transformations

C,:Y=1I, , n € N*, are called Bernstein-Stancu operators.
Using the Chu-Vandermonde identity
" /n
Z k (a)k: (b)nfk = (a + b)n
k=0

it is possible to find the images of Stancu functionals 6;67” at some monomials.
Next we use the following proposition
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Lemma 12. (A.Lupas [9], pag. 205). Let n be fizred, 1 < s < n, and ||byx| be
the Bernstein basis. Suppose that A is a linear mapping defined on the algebra of
polynomials such that Is_1 C Ker (A). If

p(x) = Z akbn,k(x)a
k=0

then
Alp) =) A(ths) A%y,
=0
where
D DGl ()
v=0
and
Vs (x) = ( n >$§+jF1( —n+s+j4j+Ls+j+1Lz)=
n * o
= 8< > / (LE - y) ! bn—s.j(y)dy
s/ Jo
Moreover,
1 d° n
ol : %%‘,s (33) = (S>bn—s,j($)-

Using this proposition one can prove:

Theorem 13. Let a, € (0,1) and

Lnjow= [ 77 (1—t)"" b, (at)dt.

(Vi1

Then

g 2 . Tan, n—j .. .
* @) (x):@ e 'WZF’JHWHV;J” T

dxd j) nd T —ln n n
Because the integrals I,, ;,, j € {0,1,2,...,n}, are positive it follows:

Corollary 14. Let j,n € N*, 0 < j < n —2. The operator C,, preserves the convexity

of order j.

The asymptotic behavior of the sequence (C’n)Oo

.1 On a certain subspaces of

C[—1,1] is given in the following proposition:
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Theorem 15. Suppose xg € [0,1] and " (o) exists. If a, € (0,1), lim a, =1 and
n—0oo
L:= lim n(1 —a,) exists, then

n—oo

lim n [f (o) — (Cuf) (w0)] = — “0—2)

n—oo 2

.,1,/.2
f" (o) + |wof’ ($0)—Zof" (zo)| L.

Proof. We apply a version of a general proposition given by R. G. Mamedov (see [7]).
More precisely, let ¢ : N — R, lim ¢ (n) = oo, such that
n—oo

lim ¢ (n) [ex, (x0) = (Crer) (z0)] = 71 (0) ,

n—o0

for k € {1,2}.

In our case

2
30— 2 . (@), — 6
o g 6

=20 )0+ P (0

—alxo N n(l — ay)(a? +4a, + 6)558
"  -D@m-2)

— n —_— J—

n [64 (wo) — (Cn€4) (xo)] = Tz (an)g x%—f—
6n? —11n +6 an, 7(n—1)
—mr (an)4 $é + ﬁxo + “onz (an)z 1:3_
n (1 —ay) (al 4+ 7a2 +18a, +24) ,

Therefore

T1 (1170) = LI(),
L,

ro (o) = —zo(l — o) + 5 x5,
11L

3 (z0) = —323(1 — 20) + ?xg,
25L

ra (zo) = —6x5(1 — xo) + ﬁxé
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4
If Q.= (t—x)", then

n (@Q4,x) (z) =—-n (64 (z) — (C’ine4) (m)) + 4nx (63 (z) — (Cineg) (a:)) —
—6na? (62 (x) — (@62) (x)) + Ana® (el (z) — (Cinq) (x))

=

T}LH;O” (67194,1) (x) = —r4 (z) + dars (z) — 6227y () + 423 (2) = LTx‘l
and
Jim o (n) (Cnfa.z,) (20) =0,
then

lim ¢ (n) [/ (20) — (Cuf) (20)] = f' (20) — 70" (z0)] 1 (z0) + "2 £ (25) (%)

n—oo 2
and from (%) we complete the proof. g
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 4, December 2007

FIRST ORDER ITERATIVE FUNCTIONAL-DIFFERENTIAL
EQUATION WITH PARAMETER

EDITH EGRI AND IOAN A. RUS

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. We consider the following first order iterative functional-
differential equation with parameter

a'(t) = f(t,z(t),z(x(t) + A, t€[a,b];

z(t) = p(t), a1 <t<a,

2(t) = ¥(t), b<t< b

Using the Schauder’s fixed point theorem we first establish an existence
theorem, then by means of the contraction principle state an existence and
uniqueness theorem, and after that a data dependence result. Finally, we

give some examples which illustrate our results.

1. Introduction

Although many works on functional-differential equation exist (see for exam-
ple J. K. Hale and S. Verduyn Lunel [9], V. Kalmanovskii and A. Myshkis [10] and
T. A. Burton [3] and the references therein), there are a few on iterative functional-
differential equations ([2], [4], [5], [8], [12], [13], [16], [17], [19]).

In this paper we consider the following problem:
2'(t) = f(t,z(t),z(z(t)) + A, tE€E][a,b]; (1.1)

gy =0 Tlpp] = ¥ (1.2)

Received by the editors: 01.03.2007.

2000 Mathematics Subject Classification. 4TH10, 34K10, 34K20.
Key words and phrases. iterative functional-differential equations, boundary value problem, contraction

principle, Schauder fixed point theorem, data dependence.
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(C1) a,b,a1,b1 €R, a1 <a <b< by
(CQ) f € O([a’a b] X [alvbl]zvR);
(C3) p e C([alaa]v [alabl]) and 1/] € C([b7 bl}? [alvbl});

The problem is to determine the pair (z, ),

xr e C’([al,bl], [al,bl]) n Cl([a,b}, [al,bl])7 A E R,

which satisfies (1.1)+(1.2).

In this paper, using the Schauder’s fixed point theorem we first establish an

existence theorem, then by means of the contraction principle state an existence and

uniqueness theorem, and after that a data dependence result. Finally, we take an

example to illustrate our results.

2. Existence

We begin our considerations with some remarks.

Let (x,A) be a solution of the problem (1.1)4(1.2). Then this problem is

equivalent with the following fixed point equation

68

p(t), tela,d,
z(t) = 4 ¢(a) +/ f(s,x(s), 2(x(5))) ds + At —a), t € [a,b], (2:3)
P(t), tebb].

From the condition of continuity of z in t = b, we have that

by — b
=t L | 1ot atats) ds (2.4)
Now we consider the operator

A . C’([al,bl], [al,bl]) — C’([al,bl],R),
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where

t—a t—a

b
P0) + (00 = (@) = [ F(ssa(5) ala(s)) dst
—|—/ f(s,2(s),z(x(s)))ds, t€a,b],

W(t), te b b
(2.5)

It is clear that (z,\) is a solution of the problem (1.1)+(1.2) iff z is a fixed
point of the operator A and A is given by (2.4).
So, the problem is to study the fixed point equation

x = A(x).

We have
Theorem 2.1. We suppose that

(i) the conditions (C1) — (C3) are satisfied;
(1)) my € R and My € R are such that my < f(t,u1,u2) < My, ¥Vt € [a,b], u; €

[a1,b1], i = 1,2, and we have:
ar < min (p(a), (b)) — max (0, My (b — a)) + min (0,ms(b - a)),
and
max (¢(a), (b)) — min (0, my¢(b — a)) + max (0, M¢(b—a)) < b;.
Then the problem (1.1) + (1.2) has in C([a1,b1],[a1,b1]) at least a solution.

Proof. In what follow we consider on C([a1, b1],R) the Chebyshev norm, || -||c.
Condition (ii) assures that the set C([a1,b1],[a1,b1]) is an invariant subset

for the operator A, that is, we have

A(C([a1,b1],[a1,b1])) C C(la1, b1, (a1, b1]).
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Indeed, for t € [a1,a] U [b,b1], we have A(x)(t) € [a1,b1]. Furthermore, we we obtain
a1 < A(z)(t) < by, Vit € [a,b],

if and only if

ay < treriilr’i]A(x)(t) (2.6)
and
Jnax, Az)(t) < by (2.7)
hold. Since
in, A(2)() = min (p(a), (b)) — max (0, My (b — a)) + min (0, ms (b = a)),
respectively
max A(a)(t) = ma (p(a), (3)) = min (0,my (b — a)) + maxx (0. My (b — )

the requirements (2.6) and (2.7) are equivalent with the conditions appearing in (ii).

So, in the above conditions we have a selfmapping operator
A C([ay,b1], [a1,b1]) — C([a1, b1], [a1, b1]).

It is clear that A is completely continuous and the set C([aq,b1],[a1,b1]) C
C([a1,b1],R) is a bounded convex closed subset of the Banach space
(C([a1,b1],R), || - |le)- By Schauder’s fixed point theorem the operator A has at
least a fixed point. O

3. Existence and uniqueness
Let L > 0, and introduce the following notation:
Cr(la1,b1], a1, b1]) == {z € C([a1, b1}, [ar, ba])| [x(t1) — x(t2)] < Lit1 — t2f,

V t1,t2 € [a1,b1]}.
Remark that C7,([a1,b1],[a1,b1]) C (C([a1,b1],R),||]lc) is a complete metric
space.
We have
Theorem 3.1. We suppose that
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(i) the conditions (Cy) — (C3) are satisfied;
(ii) there exists Ly > 0 such that:

|f(t,ur,u) — f(t,v1,v2)] < Ly (lug —v1] + |ug —va),

for all t € [a,b], u;,v; € [a1,b1], i =1,2;
(iii) ¢ € Cr([a1,al, [a1,b1]), ¥ € CL([b, b1], [a1,b1]);
(iv) mg, My € R are such that my < f(t,u1,u2) < My, V't € [a,b], u; €

[a1,b1], i = 1,2, and we have:
ar < min (p(a), (b)) — max (0, My (b — a)) + min (0,m (b — a)),
and
max (¢(a), (b)) — min (0, m(b — a)) + max (0, M;(b — a)) < by;

P(b) — v(a
() 2l 31} + | <

(vi) 2L (L +2)(b—a) < 1.
Then the problem (1.1)4(1.2) has in Cr([a1,b1], [a1,b1]) a unique solution. Moreover,
if we denote by (z*,\*) the unique solution of the Cauchy problem, then it can be

determined by

¥ = lim A"(z), for allx € X,

n—oo

and

a = YR8 fb_a/aﬂs,x(s),x(x (s)) ds.

Proof. Consider the operator A : Cr([a1,b1], [a1,01]) — C([a1,b1],R) given by (2.5).
Conditions (iii) and (iv) imply that Cr([a1, b1], [a1, b1]) is an invariant subset

for A. Indeed, from the Theorem 2.1 we have
ay S A(x)(t) S bl, $(t) € [al,bl]

for all ¢ € [ay,b1].

Now, consider t1,t2 € [a1,a]. Then,

[A(z)(t) — A(z)(t2)| = l@(t1) — p(t2)| < Llts — ta,
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as ¢ € Cr([a1,al,[a1,b1]), due to (iii).

Similarly, for ¢1,t2 € [b, b1]

|A(2)(t1) — A(2)(t2)] = [¢(t1) — P (t2)] < Llt1 — tal,

that follows from (iii), too.

On the other hand, if ¢1,ts € [a, ], we have,

|A(z)(t1) — A(z)(t2)| =

tl—CL

t—a
)+ 00— )~ o [ 6,29, 2wl

tg—a

+ / ' F(s,a(s),a(2(5))) ds — ¢(a) -

: w/ f(s,2(s), 2(x(s))) ds — zf(S,x(S),:v(a:(s)))ds
t1 —t t — ¢t ta
=5, e —¢ [1)75/ flsoa(s),x(x(s)ds — [ fls,a(s), x(a(s))) ds

t1

<t Hw(b;jf g

T 2max{|my], |Mf|}} <Ll tal.

Therefore, due to (v), the operator A is L-Lipschitz and, consequently, it is an invari-

ant operator on the space Cf([a1,b1], [a1,D1])-

From the condition (v) it follows that A is an L 4-contraction with

Ly = 2Lf(L =+ 2)(b — CL).

Indeed, for all ¢ € [a1,a] U [b,b1], we have |A(x1)(t) — A(x2)(t)] = 0.
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Moreover, for ¢ € [a,b] we get

[A(z1)(2) — Alz2) (1)) <

t—a
<

b
= |b—a /a [f(s,l'l(S),Il(l’l(S))) - f(S,I’Q(S),IQ(xQ(s)))] ds| +

<

+ / [f (s, 21(s), 21(21(5))) = (s, 22(s), w2(22(s)))] ds

o Ly [ (ln(s) = s+ (o (5) = aa(aa(o)) s

< max
te(a,b]

4Ly [ ((5) = (o) + 1 (w1(5) = (o)) ds <

<Ly [ —a)l|z1 *$2||C+/ lz1(21(8)) — 21(22(8)) + T1(22(8)) — T2(W2(8))[ds | +

+Lg | (t—a)l|z —9C2||c+/ |21 (21(5)) — z1(22(5)) + 21(22(8)) — T2(22(8 ))ds} <

<2Ls(b—a) ([|z1 — 2allo + Ll[z1 — 2flo + |lo1 — 22llc) =

=2Lf(L + 2)(b — a)||331 — .’1?2”0.

By the contraction principle the operator A has a unique fixed point, that is
the problem (1.1) + (1.2) has in Cr([a1,b1], [a1,b1]) a unique solution (z*, A*).

Obviously, * can be determined by

z* = lim A"(z), for all z € X,

n—oo

and, from (2.4) we get
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4. Data dependence
Consider the following two problems

'(t) = fr(t,z(t), z(z(t)) + M, t € [a,b]

z(t) = ¢1(t), t€lar,d (4.8)
x(t) = 1(t), te|bbi]
and
' (t) = falt,z(t),z(z(t)) + A2, t € [a,b
z(t) = p2(t), telal,a (4.9)
x(t) =1p2(t), te€[bb]
Let f;,¢; and v;, © = 1,2 be as in the Theorem 3.1.
Consider the operators Ay, As : Cr([a1,b1],[a1,01]) — Cr([a1,b1],[a1,b1])
given by
wi(t), t€la1,al,
t—a t—a (b
Aoty e 4 PO T g 060 = (0 = [ s als) ot st
+ tfz(s,x(s)w(m(s))) ds, t€la,b,
»i(t), teb b,
(4.10)
i=1,2.
Thus, these operators are contractions. Denote by z7, x4 their unique fixed
points.

We have
Theorem 4.1. Suppose we are in the conditions of the Theorem 3.1, and, moreover

(i) there exists m1 such that

|901(t)7502(t)‘ Snla vt € [alva]a

and

[P1(t) — 2(t)] < m,  VE € [bba];
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(i) there exists ny > 0 such that
|f1(t,ur,ue) — fo(t,ur,u2)| < mo, Vi€ la,b], Vu; €la,b], i=1,2.
Then

3m + 2(b—a)na
—2Ls(L+2)(b—a)’

It — 73l < <

and

* * 2771
X -l

+7727

where Ly = max(Ly,,Ly,), and (xz}, ), ¢ = 1,2 are the solutions of the corresponding

17 K2

problems (4.8), (4.9).
Proof. 1t is easy to see that for t € [a1,a] U [b, b1] we have
[A1(z) — Az(2)[lc < m.
On the other hand, for ¢ € [a, b], we obtain

t—a

P1() ~ p2(@) +

[Ax(2)(t) = Az(2) ()] =

—a

t—a
b—a

+/ [f1(s,2(s), 2(x(5))) — fals, x(s), x(x(s)))] ds| <

/ [f1(s,2(s), x(2(s))) — fa(s, 2(s), x(x(s)))] ds+

t—a
b—a

< |p1(a) — wa(a)| + [111(0) — P2(b)] + |1 (a) — p2(a)l] +

_|_

o [ (29 wla(5) ~ fols.als) a(ols))] ds

+/ |f1(s,2(s), x(2(s))) — fa(s, 2(s), z(x(s)))] ds <

—a

t
< N 2 b— . t— =
S max s [2m1 + m2(b — a)] + n2 fél[aafé]( a)
=3 +2(b—a)ne

So, we have

[A1(2) = A2(2)[lc < 3m +2(b—a)nz, V x € Cr([a1, b1], [a1, b1]).

[101(b) = ¥2(b) — (¢1(a) — p2(a))] —
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Consequently, from the data dependence theorem we obtain

3m +2(b—a)ne
“2L;(L+2)(b—a)

I - a3lle < -
Moreover, we get
AT = X5l =

— a b — a
- [ L st atateas - 2O =220

—a

<

1 b
+ m/a fa(s,2(s), x(x(s))) ds

< 5 [0 = ) + @) - al@l+

s [ (s n(s) ates)) —f2<s,w<s>,w<x<s>>>|ds] <
1

<

2
[m +m +mn2(b—a)] = biha + 2,

(=

—a

and the proof is complete.

5. Examples

Consider the following problem:

o' (t) = pa(x(t)) + X tel0,1], peRy, XeR

zli_po =05 2| =1, heRY

with « € C([=h, 1+ k], [~h, 1+ k]) N CY([0,1],[~h, 1 + R]).

We have

Proposition 5.1. We suppose that

< .
H=179n

(5.11)

(5.12)

Then the problem (5.11) has in C([—h, 1+ h],[—h,1+ h]) at least a solution.

Proof. First of all notice that accordingly to the Theorem 2.1 we have a =0, b =1,

P(b) =1,p(a) =0 and f(t,u1,u2) = pug. Moreover, a3 = —h and by = 1+ h can be
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taken. Therefore, from the relation
my < f(t,ui,us) < My, Vt €[0,1],Vui,us € [—h,1+h],

we can choose my = —hp and My = (1+ h)p.
For these data it can be easily verified that the conditions (ii) from the The-

orem 2.1 are equivalent with the relation

h
1+2n’

H<
consequently we have the proof. O

Let L > 0 and consider the complete metric space Cr([—h, h+1],[—h, h+1])
with the Chebyshev norm || - ||¢.

Another result reads as follows.

Proposition 5.2. Consider the problem (5.11). We suppose that

h
N ‘
@) 1= 5

(i) 20 +h)u+1<L
(iii) 2u(L +2) <1
Then the problem (5.11) has in CL([—h,h + 1],[=h,h + 1]) a unique solution.

Proof. Observe that the Lipschitz constant for the function f(¢,ui,us) = pus is
Lf = W.
By a common check in the conditions of Theorem 3.1 we can make sure that

2max{|my|, [Ms|} + ‘w(bZ:;o(a)’ <L=21+hp+1<1L,

and

2Ly(L+2)(b—a)<1l<=2u(L+2) < 1.

Therefore, by Theorem 3.1 we have the proof. O
Now take the following problems
2 (t) = ma(z(t) + X te€[0,1], pp eRY, AeR (5.13)
Tl—ho) = @15 Tlpaen =1, heRY (5.14)
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z'(t) = pox(x(t)) + X, tel0,1], ppeRL, XeR (5.15)

x|[,h,0] = ©9; $|[1_’1+h] =1y, he Ri. (5.16)

Suppose that we have satisfied the following assumptions

(H1) ¢; € CL([=h,0],[=h,1 4+ h]), ¥; € CL([1,1+ h],[—h,1+ h]), such that
wi(0)=0,¢;(1)=1,i=1,2;

(Hz) we are in the conditions of Proposition 5.2 for both of the problems (5.13)
and (5.15).

Let (xf,\) be the unique solution of the problem (5.13) and (x5, \5) the
unique solution of the problem (5.15). We are looking for an estimation for ||z} —z3||c.
Then, build upon Theorem 4.1, by a common substitution one can make sure

that we have

Proposition 5.3. Consider the problems (5.13), (5.15) and suppose the requirements
Hy, — Hs hold. Additionally,

(i) there exists n1 such that

l1(t) —p2(t)| <m, Vte[-h,0],

1 (t) = 2 ()l <my, VEE[1, 1+ R];
(ii) there exists n2 > 0 such that
lp1 — pal - lug) < mne2, VEte€0,1], VY us € [—h,1+h)]

Then

3+ 22
L +2)-max{ui,p2}’

* *
— <
|21 — 23lle < 1— 2
and

AT = A3 <21 + 1.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 4, December 2007

ON BERNSTEIN-STANCU TYPE OPERATORS

I. GAVREA

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. D.D. Stancu defined in [5] a class of approximation operators
depending of two non-negative parameters a« and §, 0 < a < . We

consider here another class of Bernstein-Stancu type operators.

1. Introduction

Let f be a continuous functions, f : [0,1] — R. For every natural number n

we denote by B, f Bernstein’s polynomial of degree n,

(Buf) (o) = ki;pn,k<x>f (%),

where

Pnk(T) = <Z)xk(1 —z)" % k=01,...n

In 1968 D.D. Stancu introduced in [5] a linear positive operator depending
on two non-negative parameters o and [ satisfying the condition 0 < a < .

For every continuous function f and for every n € N the polynomial PY(LO"B ) f
defined in [5] is given by

POD @) = pune)f (2.
kZ:Op * <n+ﬁ>

Note that for « = 8 = 0 the Bernstein-Stancu operators become the classical

Bernstein operators B,. In [2] were introduced the following linear operators A, :

Received by the editors: 01.05.2007.
2000 Mathematics Subject Classification. 41A20, 41A25, 41A35.

Key words and phrases. Bernstein-Stancu operators, uniform convergence, convex function.
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C[0,1] — I, defined as

l‘) = an,k(x)Tn,kf (1.1)
k=0

where T, : C[0,1] — R are positive linear functionals with the property that
Toreo=1for k=0,1,...,n and e;(t) = t, i € N.

k
So, for T, 1 f = f ) we obtain Bernstein’s polynomial of degree n and for
n

k+ «
Tn,kf:f<nj:ﬁ>

where 0 < o < (3 the operator A,, becomes Bernstein-Stancu operator P,(L

aB).

In [4] C. Mortici and I. Oancea defined a new class of operators of Bernstein-
Stancu type operators. They considered the non-nonegative real numbers o, &, On i

so that
Qn & < ﬁn,kﬁ
They define an approximation operator denoted by

PAE) - 0,1 — C[0,1]

with the formula
(PA5) f) (a zpk Bt O
" m+ ﬂn k

In [4] the following theorem was proved:

Theorem 1.1. Given the infinite dimensional lower triangular matrices

a0 0

ayg air 0O
A:

oo o1 a0
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and

Bio P O
Boo P21 B2z O

with the following properties:

a) 0 < o i < Bni for every non-negative integers n and k <n

b) ani € [a,b], Bni € [c,d] for every non-negative integers n and k, k < n
and for some non-negative real numbers 0 < a < b and 0 < ¢ < d. Then for every

continuous function f € C[0,1], we have

lim Pé""ﬁ)f = f, uniformly on [0, 1].

In the following, by the definition, an operator of the form (1.1), where
Tn,kf = f(mk,n)a k S n, kan eN

is an operator of the Bernstein-Stancu type.

2. Main results

First we characterize the Bernstein-Stancu operators which transform the
polynomial of degree one into the polynomials of degree one.

Theorem 2.1. Let A, : C[0,1] — C[0,1] an operator of the Bernstein-
Stancu type.

Then

k
xk,n:anﬁ +Bn, k<n

where oy, Bn are positive numbers such that

ap + B < 1.
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Proof. By the definition of the operator A,, of the Bernstein-Stancu type we

have
n
An(eo)(@) =Y pop(z) = 1.
k=0
Let us suppose that
Ap(e1) () = anx + Bn.
From the equality
- k
an,k(f)ﬁ =z
k=0
we get

an,k(m)xk,n = an,k(x) <anfl + ﬁn) . (2.1)
k=0 k=0

Because the set {pn k}refo,1,...,n} forms a basis in II,, we get

Tk = Qn— + 671
n
By the condition z, € [0,1], 0 < k <mn, k,n € N we obtain
ap, Bn > 0 and o, + B, < 1.

Remark. There exist operators of the Bernstein-Stancu type which don’t
transform polynomials of degree one into the polynomials of the same degree.
An interesting operator of Bernstein-Stancu type, which maps es into ey is

the following:

" E(k—1)
B! = n — ], eN, n>1. 2.2
") =3 ,kf< n(n_1)> neN n (22)
For the operator B} verifies the following relations:
By, (e0) = e
32(62) = €2
nr—1 1

=1 ,Pna(@) < Balen)(z) <z

The following result describes the fact that (A4, ),en given by (1.1) is a positive

linear approximation process.
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Theorem 2.2. Let (Ap)nen be defined as in (1.1) and f € C[0,1]. Then

Tim [ = Aufllo = 0 (23)
if and only if
lim [| Al =0 (2.4)

where

)= gpn,k(‘r)Tn,k ( = 712)2 (2.5)

Proof. ( = ): For the validity of (2.4) it is sufficient to verify the assumption

of Popoviciu-Bohman-Korovkin theorem. We first notice that

z(1—x)
= ke () T i (€2) — 2 n, T, e 2.6
z)| = ZP k(%) Tk (€2) ZP k(@ k(er) + a7+ —— (2.6)

and if for all f € C[0,1]
i |~ Ay fll =0,
we get

lim_ ank Toilez) = lim Ay(es)(x) = 2

and

e k
nll;»rgo {an k n k 61) xz} = nlggo an,k(x)ﬁ{Tn,k(el) - 1:}
k=0

Now, we can estimate

< an,k:(x)Tn,k(|el - $|) <v An( - 1,)2(:5)

k=0
From this and (2.6) it follows that

0 AT, aer) — )

z(1 —z)

[An(2)] < [An(e2)(2) — 2% + 20/ An(1 — )?(x) +
and therefore one obtains
lim [|An]le = 0.
( < ): Suppose now that (2.4) holds with the following two estimates

[An(e)(x) =z < V/An(z)
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and

|[An(e2)(x) — 2| =

<22pnk <‘

and finishes the proof of this theorem.
Remarks. 1. Theorem 2.2 can be find in [2].

2. Theorem 1.1 ([4]) follows from the following estimate:
Z k+ang k)
Pn, k n+ ﬁn . n

= TLOénk kﬁn k)2
Z n2 n+6 )

k=
" b+d) (bt a)?
Z n+a) (n+a)?

k=0

Theorem 2.3. Let A,, be an operator of the form (1.1) such that
Aner = aner + fBn.

We denote by L,, the operator of Bernstein-Stancu type given by

= an,k(z)f (ank +5n> .
k=0

Then, for all x € [0,1] and for all convex functions f we have

Moreover, if f is a strict convex function and L, (f)(xo) = An(f(z0)) for
some xg € (0,1), if and only if L, =

Proof. Because (pyi)k=0,n is a basis in II,, by the condition

Anel = ane; + /Bn
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we obtain that
k
Tn,kel = O‘nﬁ + Bn-

Let f be a convex function. From Jensen’s inequality we have

Tn,k(.f) > f(Tn,k(el)) = f (anz + 6n> (27)
By (2.7) we get

k=0 k=0

An(f)(@) = (Lnf)(2) = flanz + Bn).

Let us suppose that

Ln(f)(z0) = An(f)(0). (2.8)

The equality (2.8) can be written as:

kiopn,k(mo) (Tn,k(f) —f (an: + ﬁn>> = 0.

Because
Pni(To) >0, k=0,1,....,n
follows that
Tn,k(f)—f<anz+ﬁn> =0, k=01,...,n. (2.9)
It is known the following result [3]:

Let A be a linear positive functional, A : C[0,1] — R. Then, there exists the
distinct points &1, &, € [0, 1] such that

A - fla) =103 - ] e 52 i f (210)
where a; = A(e;), i € N.
By (2.9) and (2.10) we obtain
(Taw(e2)) = T3 (e1) =0, k=0,1,....n. (2.11)
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From (2.11) we get

Tkl$) = FToale) = F (@ +6,)  k=01m

for every continuous function f.

This finished the proof.

Remark. This extremal relation for the Bernstein-Stancu operators was

considered in [1] in particular case when f = es.
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MEAN CONVERGENCE OF FOURIER SUMS
ON UNBOUNDED INTERVALS

G. MASTROIANNI AND D. OCCORSIO

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. In this paper we consider the approximation of functions by
suitable ”truncated” Fourier Sums in the generalized Freud and Laguerre
systems. We prove necessary and sufficient conditions for the uniform

boundedness in L, weighted spaces.

1. Introduction

Let be W, g(z) =: Wy (z) = |x\°‘e*|x|ﬁ,$ € R,a > —1,8 > 1 a generalized
Freud weight and denote by {p,,(Wa)}m the corresponding sequence of orthonormal
polynomials with positive leading coefficients, i.e.

Pn(Wa, ) = Y (Wa)ax™ + ..., vm(Wy) >0, m=0,1,....

These polynomials introduced and studied in [3](see also [4], [5]) are a generalization
of Sonin-Markov polynomials. Let be S,,(W,, f) the m—th partial Fourier sum of a

measurable function f in the system {p,,(Wa)}m, i.e.
Sm(Wa7 f> .’L‘) = Z Ckpk(Wou m), Cr = /]R f(t)pk(Waa t)Wa (t)dt'
k=0

For a = 0, the boundedness in weighted L, spaces of S, (W, f,x) holds only for a

”small” range of p (see [2]). To be more precise, in [2] the authors proved the bound

1Sm (Wo (@), £:)v/Wollp < CILF v/ Wollp (1)

Received by the editors: 18.04.2007.
2000 Mathematics Subject Classification. 41A10, 42C10.
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for % <p<4and (B =2,4,6..., while for p > 4 and p < % estimate of kind (1) cannot
always hold. In the same paper [2] the authors, in order to extend the range of p,
modify the weight in the norm obtaining, under suitable assumptions on b, B, 3, not

homogenous estimates of the kind

15 (Wo(@), )V Wo(L+ [z])ll, < CILFVWo(L+[2])Pllp, 1<p<oo.  (2)

In the case @« = 0 and 3 = 2 (Hermite polynomials) estimates of types (1) and (2)
were already proved in [12] (see also [1]).

Let be U, (x) = \xﬁe*#,x ceR,y > —%. Denote by am, = am(W,) the Mhaskar-
Rahmanov-Saff number (M-R-S number) with respect to W, and by A,, ¢ the char-
acteristic function of the segment A,, = [—0a,, 0a,,], with 0 < § < 1. In this paper,

we will prove inequalities of kind
[Sm (Wa, fBm.0)UyAmollp < CllFUyAm.pllp, (3)

with 1 < p < 0o, under certain conditions on « and v which are necessary and suffi-
cient. Since we prove also that, for m — oo, the norm [|[f — Ay, Sm (Wa, Ao f)IU5|1p
converges to zero essentially like the error of the best approximation in L@W, then in
order to approximate a function f € L”U7 (see (7) for the definition) the sequence
{A.0Sm(Wa, fAm.6)}m is simpler and more convenient than the ordinary Fourier
sum.

An inequality of type (3) has been proved in [12], in the special case of
the Hermite weight. The proof in [12] requires a precise estimate of the difference
|Pm+1(z) — pm—1(z)| where p,,(z) is the m—th Hermite polynomial. This estimate
for weights W, is not available in the literature and, on the other hand, it isn’t
required in our proof. The case p = 1 is also considered when the functions are in the
Calderon-Zygmund spaces.

As consequence of estimate (3) we derive the analogous one for Fourier sums
in the system of orthogonal polynomials w.r.t generalized Laguerre weights w,(z) =
:E"e_c”ﬁm7 z>0,aa>—-1,0> %
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The plan of the paper is the following: next section contains some basic facts
necessary to introduce the main results given in section 3. Section 4 contains all the

proofs.

2. Preliminary

In the sequel C denotes a positive constant which can be different in different
formulas. Moreover we write C # C(a,b,..) when the constant C is independent of
a,b,..

8

Let be Uy(x) = |x|76_%,*y > —;ﬁ > 1 and denote by @y, = Gy, (U;) the

M-R-S number w.r.t. U,. The following ”infinite-finite range inequality” holds (3]

”PmU'y”Lp(]R) < C”PmU"/||Lp(|x\§am(1—6m*2/3)~

We remark that @,, = @, (U,) can be expressed as [7]
@y = m?C(5,7). (4)

where the positive constant C(3,~) will not be used in the sequel (analogously for

U, = am (Wy,)). Moreover we recall the following inequalities [7]:

IPmUy L, (028 (148)) < C1e™ ™ | PruUy L,y (<G ) (5)
and
||PmU'y||Lp(]R) §C||PmU'y||Lp(%§|m\gam)a (6)

where 0 > 0 is fixed and the constants C,Cy,Cs are independent of m and P,,.

For 1 < p < oo define the space

L&={ﬁ(/2uwwwmwﬁé<m} @

En(Hvyp =1 I(f = P)Us Iy (8)

pPelr,,

and denote by

the error of the best approximation in ng'
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For a fixed real 6§ with 0 < 8 < 1 we shall denote by Zm)g the characteristic
function of Dy, = (—6Gm, 0Gm), @m = am(Uy). Next Proposition is useful for our

goals.

Proposition 2.1. Let f € LI&w and 1 < p < oo. For m sufficiently large (say

m > mg) we have

1F (1 = Bmo)Usllp < Co (Ba(f)u,p + e FUS ) (9)

where M = [m (ﬁ%)ﬁ} L and the constants C,Cy,Cy are independent on m and f.
By (9) we get

1f Uy < C(Ene(£uyp + 1 FAmoUs ) - (10)
Then, by virtue of Proposition 2.1 we will go to consider the behaviour of the sequence
{An.0Sm (Wa, Am.of)}m instead of { Sy, (Wa, f) }im, where here and in the sequel A, o

is the characteristic function of [—0a,, fa.,], with a,, = anm(Wa) < @ (Us).

3. Main results

Now we are able to state the next two Theorems.
Theorem 3.1. Let be U, (x) = |x|76_‘”|ﬁ/2,7 > —%,ﬁ >1,1<p<oand f € L’[}W.

Then, there exists a constant C # C(m, f) such that

[1Sm (W, fAm.0) Uy A ollp < ClLFUy Amollp, (11)
if and only if
1 a 1 P
i<y =< o, == 12
STy 175 (12)

Moreover, if (12) holds, it results also
||[f - Am,QSnL(Wa7 Am,Qf)]U’Y”p S C (EM(f)UA,,P + 67C1meU’Y||P) (13)

with C # C(m, f), C1 # C1(m, f).
Setting

log™ f(x) = log (max(1, f(x))),
we prove

1la] denotes the largest integer smaller than or equal to a € RT
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Theorem 3.2. Let be U,(x) = \x|767|“"6/2,7 > —1,06> 1, and let be f such that
JR|f (@)U, (z)|log™ | f(x)|dx < co. If it results

1<y — % <0 (14)
then

IS0 (Wor £ )V sl <+ [ F@U, @] [1+Tog* 1)+ 1og* o] da
(15)
where C # C(m, f).
Theorem 3.2 can be useful to prove the convergence of some product integration rules.
We state now some inequalities that can be useful in different contests. Assuming (12)

true with p belonging to the right hand mentioned intervals, the following inequalities

hold

1S (Wa, YU Aglly < LU, 1< p<d (16)
ISm(Was SO0}Vl < CIFT, Amallp, 2> 5 (1)
[Sm(Wa, YUl < IOy 5 <p <4 (18)

150 (¥ N0 1y < Crd 701w (13) U o) (19)

with C # C(m, f).

For = 2 Theorem 3.1 and inequalities (16)-(19) were proved in [6]. Estimates of
E.(f)u,.p can be found in [7] and [8].

Now we want to show an useful consequence of the previous results. Let w,(z) =
a:“e_“ﬁ,x >0,a>—1,6> % be a generalized Laguerre weight and let {p,, (wq)}m
be the corresponding sequence of orthonormal polynomials with positive leading co-
efficients. With u,(z) = :ﬂe*mﬁ/z,y > f%,ﬂ > %, let LT , 1 <p < oo, be the set of

measurable functions with norm

el = ([ If(z)uv(w)lpdx); < oo

and denote by Sy, (wa, f) the m—th Fourier sum of f € L7, ie.

St f2) = 3o cxpnln ). ex= [ IOpelwas wa(t)dr
k=0 0
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The theorems that we are going to establish are a direct consequence of Theorems
3.1-3.2. To introduce these results, let a,, = a,,(ws) the M-R-S number with respect
to w, and for 6 € (0,1) let be xm o the characteristic function of [0, fa,,]. We have
Theorem 3.3. Let u,(z) = aﬂe_“ﬂ/Q,V > —%,ﬁ > %; fell andl <p < oo
Then there exists a constant C # C(m, f) such that

[ S (Wars fXm.0)Uy Xm.0llp < Cll friy Xm0 llps (20)
if and only if

V0.1 i J2L 01 21

Wep(,)an ?176 4(0,1), (21)

where % + % =1,v" =z", and p(z) = /x.
Moreover, if (21) holds, it results also

”[f - Xm,GSm(wm Xm,af)]upr <C (EM(f)uw,p + eiclm”fu"/np) (22)

with C # C(m, f), C1 # C1(m, f).
Theorem 3.4. Let u,(z) = aﬂe’wﬁ/z,v >—1,8> 1, and let be

2
I 1 f (@)uy ()| log™ | f(2)|dx < co. If it results

v Vo
Jos €LY S e L0, (23)

then

S (Was From)t X ll1 < € +C / |F@)uy (@) [1 +log* |f(x)] +log* 2] da,

(24)
where C # C(m, f), v" = 2", and p(x) = /x.
The case =1 in the Theorem 3.3 was proved in [9].
The following inequalities
[Sm (wa, fluyxmollp < Cllfuyllp, 1<p<4 (25)
4
15m (was fxm,0)uqllp < Cllfuy xmollp: P> 5 (26)
4
[Sm(was fuyllp < Cll fuyllp, 3 <p<4 (27)
1 4
15m (wa, fusllp < Cm3 [ fusllp,  p € (1,00\(3,4) (28)
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are true with C # C(m, f), and assuming (21) true with p belonging to the indicated
intervals.

The case § = 1 in Theorem 3.3 and in the inequalities (25)-(28) was just proved in
[9].

4. Proofs

4.1. Proof of Proposition 2.1. We have:

||f(1*Zm,9)U'pr = ||fU’y||Lp(\ac|206m)

< M = ParlUsllp + [1ParUs ||, (212 0m,0)

= |n(i5)

where P); is the best approximation polynomial of f € ng' Since (5)

)

IA

1£ (X = Bmo)Us llp En(f)u,p+ Ce™ M| PaUy |l

< CEM(fu,p+e MU, ),
i.e. the Proposition is proved. [J

In the sequel we need some inequalities about the polynomials p,,(W,).

In [3, Th. 1.8, p. 16] the authors proved

P Wa )|V Wa @) < ¢ LI <) <y
Vam /|1 = O "
from which, for a fixed 0, with 0 < 8 < 1, we can deduce
1 m
o (0, D)V al®) <€y T < ol < O (29)

Denote by x4 a zero of p,, (W,,) closest to x, by I, 4 the d—th fundamental Lagrange
polynomial based on the zeros of p,,(W,,), and recall the following Erdés-Turdn esti-
mate [4]

l?md(x)Wa(x) lrzn,d+1(m)W&($)
Wa(xd) Wa(:vd)

> 1. (30)
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Denoted by A, (W, x) the m-th Christoffel function m =1,2,...,

m—1 -1
A Woux [Z pk Waax‘| )

in [3] the authors proved

1 Am(Wa, )
Sem(r) < Z < Copm(x), (31)
C (|=| + m) e=lzl?
where
A, 1
om(x) = m ;2 < am.
‘1 - (llim‘ +m~3
Combining (30) and (31) we deduce
Bl Wale) )
Wa(xd) '

Since from [3, p.16-17], for |x4| < Oam,,

1
W ()P (Wa, 2a) ~ Atz |Azg| = |T441 — 4],
we deduce
am,
[pm (Wa, 2) [V Wa(z)V/am ~ | ————|, — < |z| <0a,,. O (33)
Td — Td+1 m

The following proposition will be useful in the sequel.

Proposition 4.1. Let be Wy(z) = va(x)e_mﬁ, v¥(z) = |z|* and Uy(xz) =
28
fup(x)e’%, vP(x) = |z|P. For a fized 0 < 6 < 1,1 <p <ocoandp— 5 > f%,
we have
C v
1Pm Wa)Upll L, [~6an 0a,m] = , (34)
- ! Vam (| VUl Lp(—1,1)

where C is independent of m.

Proof. Let 6 > 0 be ”"small”. Define § = %Awk = %($k+1 —xi), and I, =

U ([xk — Ok, zk + 0]). To prove (34), set CI,, = [—1,1]\I,. By (33) we get
1<k<m

il
1P (Wa, 2)|Uy(2) > C*———=, z € Clp,
Nz

m
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and consequently

[P (Walol > = |
m a)O||LP[—a a - T
p L [ 77197 7719] m \/ﬁ
Since the measure of I,,, is bounded by 4, for a suitable ¢, we conclude

C vP

Vam || VU
In order to prove next theorem, we recall the following expression for S,,(W,, f)

S(Warfo) = 22 (W) H(F A s (W) Wai) (39

+ pm—l(Wa; x)H(fAm,Hpm(Wa)Wa§ l‘)} y

Lr(ClI,,)

O

Hpm(Wa)UpHLP[—am(-),ame] > .
LP([_171])

where

x—t

H(g,t) = /]R Mdav

is the Hilbert transform of g in IR, and [3]
'Ym—l(Wa)

”Ym(Wa)
4.2. Proof of Theorem 3.1. By (6) we have

~ am(Wy). (36)

H‘S’m(Waa fAm,O)UWAm,OHp S C”Sm(Waa fAmﬁ)U'yAm,G

L,(Cm)>s
Cp = {z: C@ <|z| < fban},
m
Taking into account (35) and (36)

[1Sm (Wa, fAm,0) Uy A pllp

-

< am ( / s (W ) H (P (We) Wi f A U (1) dt) ’

m

[

P

+anm, (/C 1Pm—1(We, ) H(Dm(Wa)Wa f A o; ) UL ()P dt) =B +B, (37

Using (29)
N
dt)
By the changes of variables x = a,,y, t = a2, we get

3 -%+1 & m— « ATYL @ m r %
Bl Scafn+7 2+p (/ |Z|’Y—§ /: (p 1(W )f ,QW )(Cl y)dy‘ dZ)
Cm

Cm y—=z

dx

B1 S C\/(lm (/ |t|77%

m

/ Pm—1(Wa, ) f(2) A o (2) Wa ()
Cm

xr—t
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where

o = [-1,1]\ {_C,C}

m m

Under the assumptions (12), |2|7~2 is an A, weight and therefore, recalling a result in
[13] (see also [11, p.57 and 313-314]) about the boundedness of the Hilbert transform

n [—1,1], we have

1

@ 1 1 o
B < CazJFA{ BN </ |7~ 2 |(pm_l(Wa)fAm,QWa)(amZﬂp dZ)
—1

So, by the change of variable a,,z = x, we have

=

B < Cab ([ 1ol sV ) 0) )W)

Am

Bl<C(/ 1z U, (x )|de);. (38)

By similar arguments used to bound B;, we get

and using again (29)

D=

me<e( [ @A, @) (39)

Combining (38),(39) with (37), (11) follows.
Now we prove (11) implies (12). Let be

C,, = {:B : C% <zl < eam}, Cm—1 = {JU : Cayzﬁzl <z < Qam,l},

and let A,, 9, A,—1,9 the corresponding characteristic functions. Setting f =

fAm_1,, we have
[Sm(Waa JEAm,Q) - Sm—l(Wou fAm,G)]U’YAm,GHP

|
= )/]R f(x)Amﬂ(l')pm(WmI)Wa(z)dx ||Am70pm(Wa)U'pr'

In view of (11) for 1 < p < o0

‘/]R f(x)Amﬂ(gj)pm(WmI)Wa(z)dx ”Am,@pm(Wa)U'pr < 2HfU’y||:D'

Then

||Am,9pm(W U ”p sup
[|h]lq=1

/ h(x (2)pm(Wa, x)
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and also

Wo —oe.

||Am,0pm(Wa)Uva ) ||Am,9pm(Wa)7a||q >
¥

Using then Proposition 4.1

1/ a PO
i (/ |x(72)17dx) (/ $|(2V)qdl‘> < QC,
Qm —1 —1

by which conditions in (12) follow.
B
Now we prove (13). Let P € Py, with M = [m (i) ], the polynomial of best

Q=

1+6
approximation of f in L@W. By

If = Ao Sm(Wa, fAm 0)IU5 1
<N = Amo) fULNlp + I = Sn(Wa, fAm,0)]Uy Aol
<N = Amo) UL + I(f = P)AmoUs I (40)
FSm(Wa, (f = P)Am.o) Am.oUylp
F{Sm (Wa, P(1 = A o) Am o Uy [l
=L +1L+ I3+ 14 (41)
Using Proposition 2.1,
L+ I <C (Ex(fu,p + e ™ 1FUL )

and by (11)
I3 < C”(f - P)Am,GU’y”p < CEM(f)UW,Ir

To estimate Iy we use (19)
I3 < Cm3|P(1 = Ay g)Us I,
and by (5), we have
Iy < Cmse O™ | PAyoU, [
Therefore
If = A0 Sm(Wa, fAm,0)lUsllp < CLEM(Hu,p+ e[ £U ),

that is (13) follows. O
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4.3. Proof of Theorem 3.2. Using (6)
1Sm(Wa, fAm,0)UyAmolls < ClISm(Wa, fAm o) UyAm oLy )

Cp ={z: C%n < |z < fban}, (42)

and setting g = sgn(Sm (Wa, fAm.0)),

||Sm(Wou fAm,Q)U'yAm,OHl < C/ Sm(Wa7 fAm,Gv x)g(a:)U,y(x)dx (43)

m

By (35) and (36)
HSm(WOM fAm,H)UAmﬁ”l

<cC [am/c |Dm Wa @) H (f A oPm—1(Wa)Wa; 2)| U,y (x)d

+ am,/ |pm—1(Wom x)H(fAnL,Gpm(Wa)Wa; :L')| U’y(x)dx:|
Cm

=: Al + AQ. (44)

First we bound A;. By (29)
A, < c,ﬁam/ 25 [H(F A oo (W) Wes 2)]| da <c/ e[~ | H(Gos )| dar

where G, = /O fAm 0Pm (Wa)We. Here we recall the following inequality due to
Muckenhoupt in [12, Lemma 9, p.440]:
9()

/]R (H|i]5| I)T(HM)S RZ—Y

x
< C+C/ lg(x <1+: ) (1+\x|)5(1+log+|g(x)|+log+|x|)dx

dy|dx

under the assumptions r > —1,5s < 0,R < 0,8 > —1,7 > R,s < S and flog® f € L.
Using previous result with r = R = v — § = s = S, under the assumption

0 <~ — % <1 and taking into account |Gy, (z)| < C|f(2)|/Wa(z), we have
A1<C+C/ |f(2)Uy(2)| {1 +1og" | f(z)| +log™ |z|} da. (45)
Similarly we obtain
A2<C+C/ £ @)Uy (@)] {1+ log* |£(z)] +log™ ||} du. (46)

Combining (45), (46) with (44), the Theorem follows. OJ
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To prove Theorems 3.3 and 3.4 we need some relations between generalized
Freud and generalized Laguerre polynomials and then we apply the previous estimates
about Fourier Sums with respect to generalized Freud weights.
Setting Wy () = |z|2*+le~1=1"" and U, (z) = |z|***Fe~121", for the orthogo-
nal polynomials we have
Pom(Wa, ) = pm(wa, %) (47)
Moreover, assuming F' be an even extension in R of f defined on (0, 00), the following

relation holds

SQm(WavFax) = Sm(wowfaxz)' (48)

Denoted by Xom,e the characteristic function of Com = [—9agm(V~Va)2,9(12771(I/T/&)2]7
from (48) easily follows

||S2m(Waa FX2m,0)A2m,GU’y”p - ||Sm(wa7 me,G)u"/Xm,GHP (49)

4.4. Proof of Theorem 3.3. Let F' be an even extension in IR of f defined on

(0,00). Using Theorem 3.1 we have

||S27n(WouFAQm,O)A%n,GU’y”p S C||FU'yA2m,9||P7 (50)
if and only if
_g+1<1 and _g_1>_1
TRy T Ta T Ty

which are equivalent to (21).
By (49), and using ||FU, A ollp = || f1yAmollp, With @, (wa) = a3,,(Wa, the first
part of the Theorem follows.
To prove (22), we premit a Proposition which is the equivalent in R+ of the Proposition

2.1.

Proposition 4.2. Let f € LY and 1 < p < co. For m sufficiently large (say

m > myg) we have

£ = Xm.0)tsllp < Co (Bar(Fuyp + e~ " fusllp) (51)
B
where M = [m (ﬁ%) } and the constants C,C1, Cy are independent on m and f.
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B
Now we prove (22). Let P € Py, with M = [m (%9) } , the polynomial of

best approximation of f in L7 . By

IS

- Xm,GSm(wom fXWLﬂ)}u"/“P <|(1- Xm,a)fuva +IIf = Sm(wa, me,Q)}u’YXm,GHP

SN = Xm,0) fuyllp + [[(F = P)xm. oty llp
+ Hsm(wav (f - P)Xm,@)Xm,G“y”p
+ Hsm(wcw P(l - Xm,@)Xm,Gu'pr

=+ I+ I+ I.

Estimate (22) follows using Proposition 4.2,(20) and (28).0

We omit the proof of Theorem 3.4 since it follows by arguments similar to those used

in the proof of Theorem 3.3.
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POLYNOMIAL APPROXIMATION ON THE REAL SEMIAXIS
WITH GENERALIZED LAGUERRE WEIGHTS

G. MASTROIANNI AND J. SZABADOS

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. We present a complete collection of results dealing with the

polynomial approximation of functions on (0, 4+00).

1. Introduction

This paper is dedicated to the approximation of functions which are defined
on (0,4+00), have singularities in the origin and increase exponentially for x — +o0.

Therefore, it is natural to consider weighted approximation with the generalized La-

G

guerre weight w,(z) = z% We first prove the main polynomial inequalities:
“infinite-finite” range inequalities, Remez-type inequalities, Markov-Bernstein and
Nikolski inequalities. In Section 2 we introduce a new modulus of continuity, the
equivalent K —functional and some function spaces. With these tools we prove the
Jackson theorem, the Stechkin inequality and estimate the derivatives of the polyno-
mial of best approximation (or “near best approximant” polynomial). We will also
prove an embedding theorem between functional spaces. In Section 5, generalizing
analogous results proved in [10], we will study the behaviour of Fourier sums and La-

grange polynomials. This paper can be considered as a survey on the topic. However,

all the results are new and cover the ones available in the literature.
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2000 Mathematics Subject Classification. 41A10, 41A17.
Key words and phrases. Laguerre weight, Markov-Bernstein inequalities, Nikolski inequalities, polynomial

of best approximation, Fourier sums.
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2. Polynomial inequalities

In this context the main idea is to prove polynomial inequalities with expo-
nential weights on unbounded intervals by using well known polynomial inequalities
(eventually with weight) on bounded intervals. To this end the main gradients are
the “infinite-finite range inequality” and the approximation of weight by polynomials
on a finite interval.

In our case, the weight wq(r) = wag(r) = zoe~’

is related, by a quadratic trans-
formation, to the generalized Freud weight u(x) = |;1c|20‘+1e_”2ﬁ.
The Mhaskar-Rakhmanov-Saff number @,, (u), related to the weight w, is [9]: @ (u) ~

“

mY/26 where the constant in “~” depends on « and 3 and does not depend on m.

Then for the weight w, we have
(W) = diggm (1)? ~ m'/? (2.1)

and, for an arbitrary polynomial P,,, the following inequalities easily follow:

(/Om IPm(x)waﬁ(x)Pdg;y/p <C (/ Pm(x)waﬁ(x”pdx)l/p’ (2.9)

m

( /:OO Pmu)waﬁ(xﬂpdz)l/pzcwm ( /0+°°|Pm<x>wag<x>|pdx)l/p (23)

m (146)
where T, = [0, an (1 — k/m?/®)] (k =const), p € (0,+00], B> L, a > —% if p < 400
and a > 0 if p = 400; the constants A and C' are independent of m and p and A
depend on § > 0. Then, as a consequence of some results in [5], [11], with = € [0, Aa,,],
A > 1 fixed, there exist polynomials @,, such that Q,(z) ~ e and

Vim Q@) < Ce (2.4)

m

»

where C' and the constants in “~” are independent of x. Therefore, by using (2.2)
and (2.4) and a linear transformation in [0, 1), polynomial inequalities of Bernstein-
type, Remez and Shur can be deduced by analogous inequalities in [0, 1] with Jacobi
weights x®.

The next theorems can be proved by using the previous considerations.
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With A >00<t; <...<t, <ap fixed, we put

o= (- ) (O -0

i=1

where m is sufficiently large (m > myg), r > 0. Let us specify that if » = 0 then
A = (438,00 (1= 42)]
Theorem 2.1. Let A,tq,...,t. be as in the previous definition and 0 < p < +o00.

Then, for each polynomial P,,, there exists a constant C = C(A), independent of m,

p and P,,, such that

( /O - (meaﬂ)(:zj”pdx) e ( / (meaﬂ)(x”pdx) T s

Theorem 2.2. For each polynomial P, and 0 < p < +00 we have

1/p 1/p

([ iranmusora) <o ([ imemare) e

am

and

([ remnere) <o () ([ iraemaere) o)

with C' # C(m,p, Pp).

As in the Markoff-Bernstein inequalities, we have two versions of Nikolski

inequality.

Theorem 2.3. Let P,, € IP,, be an arbitrary polynomial and 1 < ¢ < p < 4o00.
Then there exists a constant K, independent of m,p,q and P,, such that, for o« > 0
if p=+4o0 and a > —% if p < 400, we have

1_ 1
l m q P
|Prwapot lp < K ( ) | Ptwas]la (2.8)

2_2
m q P
| Prvaslly < K ( ) 1 Prutwas]la (2.9)

where p(x) = /x.
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Proof. We first suppose o > 0 and prove (2.8) with p = 400 and 1 < g < +0o0.
Set I, =[x,z + A (x)], where > 0, A, (x) = @\/5

From the relation
/ P, (t)dt = Py (2)A, () +/ P (1) (z+ Ay (z) —t) dt,

(by using Hélder inequality for ¢ > 1) we get for ¢ > 1:

|Ram¢mﬁ|s(vgm)UqK[JRAﬂwﬁ)U{+ff”([Jauwwﬂvﬁ)uj.

(2.10)

Since wag(x) ~ wap(t) for t € I, a > 0 it also holds

a7n

+ W%(Ayawﬂmmeﬁfﬂ~

Pa(@uas()e(@)] < c(m fMKijmmwaﬁfm@1n

m
By extending the integrals to (0,400) and by using Bernstein inequality we deduce:

m 1/4q
_<K (a> 1 Pmwagll, - (2.12)

m

[t

Moreover, using (2.5) with » = 0 and A = 1, one has

T
< (i) ],
Then from (2.12) it follows
o \ 2/
Pl < K (=) 1Pl (213)
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Then (2.8) and (2.9) are true with o > 0, p = 400, 1 < ¢ < +00.
When a > 0 and 1 < g < p < 400, then to prove (2.9), we write

|Powaslll = [||Pmtwasl”™ | Prewasl?||
+o0
SHWMK% Prwapl® (@)da <
m \ P07 B
SKT%WM) Pt~ | Prtvas |

from which
m \2373)
Pl < & (=) 7 1Pl

i.e. (2.9) with @ > 0. In an analogous way we can prove(2.8).

Let us suppose now 1 < ¢ < p < 400 and —% < a < 0. From Theorem 2.1 we get

||mea6|‘p ~ ||meaﬁ||Lp(j7:g )

Gm

In the interval [mz,am] we can construct a polynomial @, (with [ a fixed integer)

for which it holds Qy, ~ z* (see [8] in [—1,1]) and

[ Bmwopll,, ~ || (P Qum)wos|| Lo ) < Cll(PnQun)wosll,, -

=% an
Then we can use (2.9) with a = 0, P,,,Qy,, instead of P, and, finally, Theorem 2.1 to
replace @y, by z¢.

Relation (2.8) can be proved in a similar way and the proof is complete. O

3. Function spaces, modulus of continuity and K-functionals

With wap(z) = 2" and 1 < p < 400 we denote by L, , the set of all

measurable functions such that

—+o0
1
| fwaslly = / | fwagl? (z)de < +00, «a > s
0

If p = 400 we define

LY ={feC(0,+0)]: lim (fwas)(z) =0}, a>0

s z—0,2—+00
and
Ly = {f € C°[[0,400)] : wli)rfw(fwaﬁ)(x) =0},
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where CY(A) is the set of all continuous functions in A C [0, +00).

For more regular functions we introduce the Sobolev-type space
WP =W (wap) = {f € L%, : 7D € AC((0,+00)) and || /)¢ wagll, < +o0}

where r > 1, 1 < p < 400, p(z) = v/ and AC(A) is the set of absolutely continuous
functions in A C [0, +00).

In order to define in L%, 5 2 modulus of smoothness, for every h > 0 we introduce the
quantity h* = ——, 8 > 1 and the segment I,;, = [8r2h% ARh*] where A is a fixed

h2B-1 ’
positive constant.

Then, following [3] (see also [1]), we define
QL(f Dwapp = sup [[(AhpfwapllLe,m) (3.1)

0<h<t
as the main part of the modulus of continuity, where r > 1, 1 < p < 400, A}“Wf(x) =

Z(—l)k ]: f(z+(r—k)hy/z). The complete modulus of continuity w, is defined

by
W;(fv t)waﬁ’p = inf H(f - P)waﬁ||LP([0,8r2t2]) + Q:,(f, t)wa;s,p + (3-2)
Pe]Prfl
+ inf ||(f = P)wagllLe(ate,00)-
pPel,._,

Connected with the modulus of continuity wg, is the K-functional

KU Vospn = 0 1 = 9l + €190} (33)

where r > 1and 1 <p<+4o00,0<t<1.

In some contexts it is useful to define the main part of the previous K- functional

K(fit ) wusp = sup  inf {[(f = 9)wapllLe,) + 11197 wasll o} (3:4)
0<h<t geEWr

In fact the following theorem holds

Theorem 3.1. Let f € L’U’)aﬁ and 1 < p < +4o0o0. Then, ast — 0, we have

w;(fa t)waﬁul’ ~ K(f’ tr)waﬁvp (3'5)
and

Q;(f, t)wag,p ~ K(ﬁ tr)waﬁ’p (3~6)
110



POLYNOMIAL APPROXIMATION ON THE REAL SEMIAXIS

I3

where the constants in “~7 are independent of f and t.

The proof of this theorem is similar to the proof in [1] and later we will prove
some crucial steps.

Tt is useful to observe that, by (3.6) and (3.4) with g = f, it follows

Q:o(.ﬂ t)waﬁ,P <C Oirilzfgt hrHf(r)(prwaﬁHLp(Im);

this last relation allows us to evaluate the main part of the modulus of continu-
ity of differentiable functions in (0,+00). For example, for f(z) = |logz| we have
U ~ 12420,

Now, as in the case of periodic functions or of functions defined on finite intervals,
we can define the Besov-type spaces ng(waﬁ) by means of modulus of continuity. To

this end, with 1 < p < 400, we introduce the seminorms

1/q
Uk [ wk(f,8) a
%] Y Wa 3P
k

1fllp.g.s = 7.0) (3.7)
w
sup —~ el waﬁ’p, q =+, k>s
>0 [2d
and define
B, = By(wap) ={f € Li,, : |fllp.q.s <+oo}
equipped with the norm [|f| gz, (w.s) = [[fwasllp + [|fllp.qs- Here we cannot study

these spaces in details. In the next section we will prove some embedding theorems

and will characterize the Besov spaces by the error of the best approximation.

4. Polynomial approximation

For each function f € LE, with 1 <p < +o0, 8> %, a > — if p < 400

’aﬁ
and a > 0 if p = +00, we define, as usual,the error of best approximation

EM(f)wuﬁJl = inf (f- P)waﬁ”P'
Pe]Pnl—l

In this section we will estimate E,,(f)w,,,» Dy means of the modulus of continuity
and will characterize the classes functions defined in the previous section.
In order to establish a Jakson theorem it is necessary the following
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Proposition 4.1. For each function f € Wi (wag), 1 < p < +00, we have
F
En(Hwasp < CF—If"owapllp, (4.1)
where o(x) = /x, C # C(m, f) and a,, ~ ml/ﬁ.

Proof. We first prove that the condition

( /O o | f’(:r)e_g”ﬁ|pdx)l/p < 400 (4.2)

implies the estimate

+oo
() p < OV ( /

m

1
atz

o o+ 22)"

) w3

, 9(x) = f(2?), z € R and pay,
the best approximation of g. By using Theorem 2.1 in [9] we have

4 = ( / () - pzmm))u(x)wx)l/p <

—00

a2m
< C—
- 2m <

1

where g, = g, (u) ~ m?2?8 is the M-R-S number related to the weight v and as we
first observed Ggm ~ \/@m(weg). Then a change of variables in A and B leads to
(4.3).

Now we suppose f € W} (wag) and we introduce the function

To this end, let 1 < p < 400, u(z) = |z[22+1/rea™

1 P
Gom \ 2015 28
Ix\ + 5 e

2m

fm(x) =

Obviously the condition ||f,’ne_””ﬁ |lp < +o0 is satisfied, (4.3) can be used and we easily

deduce
Vam
En(fm)wasp < C_ = pwapll ([ ony oc))- (4.4)

Then, since Ey,(f)wos.p < 1(f = fr)Wasllp + Em(fim)was,p, We have to estimate only
the Lﬂaﬁ—norm of f— fin.

QAm

To this end, we put zg = e

and get

1/p

1 = sl = ([ 11760 = Flenuwns(opc )
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_ (/Om /OIO(t )0 f (B wap(2)dt pdx>1/p
< [Tl ([T e-oe,e) "

- [Mwror( [ t uty (o)) "

Zo 1/q a
< Cllf'owasllLr(.00) ( / t“””””dt) ~ | w0, 2 )

which, with (4.4), proves (4.1) when 1 < p < 4+00. The case p = 400 is similar and

xo 1
dt ~ / 1@t re " dt <
0

(4.1) is proved.
By iterating (4.1) we have, for each g € WP (wag), the estimate

am " ), T
En@nas < € (L22) 1o waall, € # Clm ),

from which, by using the K-functional and its equivalence with w,, the Jackson

theorem follows. O

Theorem 4.2. For all f € Lﬁaw 1 <p< 400 and r < m we have

Enfuy <0 (FL2) 02 C(fim) (4.)
Was,P

By using the K-functional and the Bernstein inequality, in a usual way we

obtain the Stechkin inequality formulated in the following theorem

Theorem 4.3. For each f € Lﬁjw, 1 < p < 400, and an arbitrary integer r > 1 we

N Var\" S (L8 BilDues
w(0)., 200 B 0e) T o

have:

with C = C(r) independent of m and f.
By proceeding as in [1], Lemma 3.5 (see also [3], p. 94-95) it is not difficult
to show that, setting

B Py = 0 1 = Pl oy o) 1S5S 50,
if t71Q0(f, )wapp € L', it results

Bon(fuup < OO (f, \/T:m) . (47)

Wap,P
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From this last result the next theorem easily follows.

Theorem 4.4. For each function f € LP 1 < p < 400, we have

Wag?

Vam

m QF 7 t)w

Em(f)wasp < C/ Mdt (4.8)
0

where C # C(m, f) and k < m.

Recall that the main part of the modulus fo, is smaller than w:f; and generally

the two moduli are not equivalent. Moreover if, for some p, QF(f, t)w.sp ~ 17,

A
0 < A <k, then by (4.8), we have Ep(f)was.p ~ (—%’“) and, by using (4.6), also
wf,( f ) wasp ~ t*. Then for these classes of functions the two moduli are equivalent.
By using Jackson and Stechkin inequalities we can represent the seminorms of the
Besov spaces in (3.7) by means of the error of best approximation (see, for instance,

. In fact, for 1 < p < +o0, the following equivalences hold:
[3]). In f for1<p he following equival hold
+o0 1/q
1 lpgs ~ (Zk“zﬁ)sqlEk(f)zm,,,) , 1<q< oo
k=1

_ 1)
”f”pqs ~ Sup m(l QB)SEm(f)wag,pv q = +oo.
m>1
The next theorem is useful in more contexts.

Theorem 4.5. For each f € LP |1 <p <400, we have

Wag?
r a . a " T
() it {10 = Pheasll + (Y22 1P sl b (49)
wag,p PEP. m

[

where the constants in “~7 are independent of m and f.

A consequence of formula (4.9) is the useful inequality

(\/@)T ”Pé:)gﬁwaﬁHp < Cw:; <f7 T)ww’p, (4.10)

m

being P,, the polynomial of quasi best approximation, i.e.

1(f = P) waﬁ”p < CEn(f)wap.p-

For the proof of Theorem 4.5 the reader can use the same tool in [1] with some small
changes.

Now we will show some embedding theorems which connect different function norms

114



POLYNOMIAL APPROXIMATION ON THE REAL SEMIAXIS

and moduli of smoothness. For different classes of functions the reader can consult
(2].
In the sequel, to simplify the notations, we will set w = wqg with a > 0.

Theorem 4.6. Let f € LP, 1 <p < 400 and let us assume that the condition

PO (f Hw
@\J > P

is satisfied. Then [ is a continuous function in any interval [a,+0), a > 0.

Moreover, if, with w = w/@'/?, and

LU (f e
%] ? w,p
then we have
En (w00 LE O (f )
- < C/ R gy (4.13)
op (1) J=Ch T
and
~ ! Q7 (fv t)ﬂ),
ol < € (Wl + [ 2250 2ar) (1.14)

Finally (4.12) implies (4.13) and (4.14) with w in place of W and ]2; in place of %.

Here the positive constants C' are independent of m, t and f.

Proof. In virtue of (4.8), (4.11) implies, for 1 < p < 400, lim, Ep,(f)w,p = 0. There-
fore, if P,, denotes the polynomial of best approximation (or quasi best approxima-
tion) in L2, the equality

—+oo

w(f = Pm) =Y (Porsiyy — Paryy) w (4.15)
k=0

is true a.e. in (0,400). If we prove that the series uniformly converges on each
half-line [a,400), a > 0, then the equality holds everywhere in [a,+00) and f is
continuous.

Now, by using (2.8), with p = +00 and g = p, one has

1
(Pokt1y, — Pokp,) wo?

1
Port1, — Por ) W] oo (1g 100y < @ 27
(P 2m) Wl oe (o, +00) L ((a,+50))

) ok+1 1/p
<a 2K () | (Pakt1,m — Porpn) wllp
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o 2k+1m 1/p
S a KC <W> H(‘P2k+1m P2k )w”Lp(Imk)

having used (2.5) in the last inequality and setting I, = [@,fiiﬁm)z, Qok+1,y, |- Conse-

quently one has, for (4.7),

2km Vp
[Pt — Po) oo sy < C( ) By (P

k p .
c o(zm) (9
ok 28m, wp
and
+o0 1/11
\/a‘2km>
Por m_Pkm W 1,00 (1a. 400 >~ C fa
;)H( 2k+1 2 ) ||L ([ .+ )) kZ:O (m) ( wp
T QL ()
< C Mdt<+oo.

0 7fl#»l/;n

Then the series in (4.15) absolutely and uniformly converges and the equality in (4.15)
is true everywhere in [a, +00).

To prove the first relation of (4.13) we use (2.8) in an equivalent form and with the
previous notations we obtain

ok+1,, /P
[Py — Pr)ull. < K () (Pyssim — Paim) )07

\ Aok+14,
ok+1p, \ VP _
(2 B,

p

<

B \/QAok+1,,
k+1 1/p

< oG (1)
Aok+1yy, 2Fm W,p

It follows
k
I(f = Pr)wllee < Hm[[(Pyrsi = Porp) wil = lim Z (Pois = Paipn) w
S W (f,
< Z [(Pai+tm — Paim) w0 < 0/0 — iyt
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To prove the second estimate in (4.13) we observe that, with P, as the polynomial

of best approximation in LY | we have

o (1 00) < o= rauls () el ]
- c Em(f)woo+<F> Hp(r)@Mp(\/%)l/P].

Now for the first term let us use the first estimate of (4.13). The second term, by
proceeding as in [3], p.99-100 (see also [1]) is dominated by

m \"7 Qg (f7 ap QG (f e
() [ lh ey o [ D,

ti+1/p
Then the second estimate in (4.13) follows.

Vam

Finally to prove (4.14) we write

[fwllee < NI(f = Powlloo + [[Prwljoo

with P; as best approximation in L? . Since

[Prwllee < KPywll, < 2K|| fwll,

for the first term we use the first estimate of (4.13) with m = 1.
To show the last part of the theorem we proceed as in the proof of (4.13), using
inequality (2.9) in place of (2.8). O

5. Fourier Sum and Lagrange Polynomial

The approximation of functions by means of their Fourier sums in the system

{pm<wa)}ma where pm(waam) = 'mem + - s Ym > 07 and

“+o0
/ pm(wayx)pn<waam>wa(x)dx = 6mn;
0

is useful in different contexts. Moreover, the weighted Lagrange interpolation based on
the zeros of p,, (wa, ) is useful in numerous problems of numerical analysis, too. We
will consider these two approximation processes in the space LP, where u(x) = :ﬂe*%ﬁ
and 1 < p < +o0.
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5.1. Fourier Sums. For f € L?, the m-th Fourier sum S,,(wq, f) is defined as

follows
m—1
waa f Z Ckpk wa
k=0

where
+oo
o= [ HOPwa Oa (i
0

Analogously to the cases of Laguerre, Hermite and Freud polynomials (see [10]) the
uniform boundedness of Sy,(ws) in L% holds true for p € (3,4) and then for a
restricted class of functions. This fact leads to modify the polynomial S, (wq, f)
following a procedure used in [7][6][10] that we will briefly illustrate. Let @y, 1= am (u)

be the M-R-S number related to the weight uw. Let 6 € (0,1), M = ll"jr%J ~ m and

let Ag,, be the characteristic function of the segment [0, fa,,]. Then, using (2.3) with

u in place of wug, for every f € LY, we get

1F (1 = Bgm)ully < C (Bar(fup +e 4™ fullp) (5.1)

and
I full, < C (Il fAomullp + Ent(fup) - (5.2)

where 1 < p < +oo and Ep(f)u,p is the error of best approximation of f in IPyy.
Therefore, by (5.2), it is sufficient to approximate the function f in the more re-
stricted interval [0, 8a,,] or, equivalently, to replace {S,,(wq, f)}m with the sequence
{9 Sm(Wa, fAgm) }m, Where ay, = apm(wy) and Ay, is the characteristic function
of [0,0a,,] with 8 € (0,1) arbitrary. The theorems that follow show that this proce-

dure is convenient.

Theorem 5.1. Let u € LP with 1 < p < +o0. Then, for every f € L there exists a
constant C # C(m, f) such that

HSm(wou Aémf)AGmUHp < CHfAQmUHp (53)

if and only if

VY ve 1
€ LP(0,1) and —— e L90,1 5.4
T €170 and ([T e 110,0) (5.)
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where v°(x) = 2, 0(x) = /T and p~' + ¢~ = 1. Moreover, under the conditions

(5.4), (5.3) is equivalent to

11 = Dom Sm(was Dom flully < C (Bar(flup + e | fullp), (5.5)

where A and C are positive constant independent of m and f.

As an example, if f € WP(u),r > 1, and (5.4) holds true, we have

am \ "
I = BamSn s Bl < € (L ) g

i.e. the error of best approximation of functions belonging to WP (u). If w,(z) =
e~ and u(z) = 27e~% (Laguerre case), then Theorem 5.1 is equivalent to Theorem
2.2 in [10]. Moreover, as in the Laguerre case, if (5.4) holds true with 1 < p < 4 then

we get the estimate
[Sm (wai, Bgm f) Aomullp < Cllf Agmullp (5.6)

and if (5.4) holds true with p > 3 then it results

S (tes £)Agmlly < Cllfull (5.7)
Moreover, we have
o e Fully < Cllfully, (5.8)
m# | full,
S (e, Full, < € (5.9)
I fu(l+ 2,

if (5.4) is satisfied with p € (%, 4) orp € (1,400)\ [%, 4] respectively. The cases p =1
or p = +oo are considered in the following theorems.

Theorem 5.2. Let f be such that

“+o0
/O | @)u()|log* | F(z)] < +oo,

with
if |z <1
log* |z| = .
log|z| if 2> 1.
If
VY 1 v 1 oo
€L and ——cL>®, v(x)=2a", )=z, (5.10)

VA" p VY
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then we have
+oo
HSm(wm Agmf)uAgmHl <C [1 + / |fu\(at)(1 + logJr |f(m)| + logJr :L')d.’L' s
0

with C # C(m, f).

8
Theorem 5.3. Let f € L u(z) =aYe”2,8>4,7>0. If S+ <v< 943,
then we have

||Sm(waa A@mf)UABmHoo < C”fAOmu”oo(lOg m)a

where C # C(m, f).

Theorems 5.1 and 5.2 and estimates (5.6)-(5.9) have been proved in [10].
Theorem 5.3 has been proved in [6].

5.2. Lagrange interpolation. If f is a continuous function in (0,+o0) then the
Lagrange polynomial interpolating f on the zeros z1 < a9 < -+ < 2, of P (wy) is

defined as

m

Lo, f2) = 3 @) f @), 1) = Lm0 ®)

gt P (was k) (@ — zp)”

In the sequel we will consider the behaviour of L,,(w, f) in LP. with u(z) = e 7

Analogously to the Fourier sums, the behaviour of L,,(w,, f) in L? is “poor”, i.e. it
can be used with good results only for a restricted class of functions. For example, if
p = +oo and f € Lg° with v > 0, then for every choice of a and 7,
[ L (wa)| :== | Sll‘lp | L (was flufleo > Cm?,
fulleo=1

with p > 0 and C # C(f, m). Then, as for the Fourier sums, we modify the Lagrange

polynomial. To this end, we introduce the following notations. Let

zj = min {xp : zr > ban},
k=1,....m

where 0 € (0,1) and a,, = am(w,), m sufficiently large. With

0 ifx<0 .
U(x) = B and V,(z) =V (a:x]> ,

1 ifz>1 Lj—Ti-1

120



POLYNOMIAL APPROXIMATION ON THE REAL SEMIAXIS

define the truncated function f; := ®; f, where ®; = 1 — ¥;. By definition, we deduce
that f; has the same smoothness as f and

f@) ifwe0,m]

fi(x) =

0 if z € [2j41,+00).
Now, letting 6; € (0,1) and denoting by Ag, := Ay, the characteristic function of
[0, 816, we consider the behaviour of the sequence {Ag, Ly, (wq, f)}m in LY, u(z) =
27e” 7,1 < p < +o0.
Theorem 5.4. If the parameters a and v of the weights w, and u satisfy

a+1< <a+5 >0
9 Ty=T=9 Ty 70

then
186, L (wa, fj)ulloo < Cl[fjullo (logm),
with C # C(m, f).
The following lemma will be useful in the sequel, but it can be used in more
contexts too.
Lemma 5.5. Let 0 <0 <01 <1,1 <p < +o00 and Axy, = 241 — . Then, for an
arbitrary polynomial P € Py (1 fized integer), we have

O1am

J
> Awg|Pul?(xy) gc/ | PulP (z)dz,

k=1 T1
with C # C(m, p, P).
In order to simplify the notations, from now on we let v”(z) = z*.

Theorem 5.6. Let 1 < p < +o0o and assume that

7 Ve D
P vve q _ __b
\/WGL and = €LY o(z) =, 9= (5.11)
Then, for every f € C°(0,+00), we have
J
| L (wa, f)uldg, [l < €D Ay ful? (), (5.12)

k=1
with C # C(m, f).
The following lemma estimates the right-hand side of (5.12) in terms of the
main part of the modulus of smoothness.
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Lemma 5.7. For every function f belonging to C°(0,400) we have

i » LT
(Z Asck|fu|p(a:k)> <cC l||fu||,;p(0,z].) + (M) / mdt] ,

1
k=1 m 0 tHts

=

with r < m and C # C(m, f).
Now we can state the following

Theorem 5.8. Under the assumptions of Theorem 5.6, for every continuous function

in (0, 400), we have

T\ P QL(f )
II[f—Aole(wa,fj)}UIIpSCK\/:T )/ “fﬂf’pdwe“mnfw],

where the constants A and C are independent of m and f.

As an example, for every f € WP(u), we have

I = Ao Lo, Ml <€ (L22) 1l

that is the error of best approximation in W2 (u).

6. Proofs

We first state two propositions whose proofs are easy.
Proposition 6.1. Let = € [(2rh)?,h*], with h* = —%—. 3 > %, and y € [xv —
h2B8—1
rhy/z,x + rhy/z]. Then it results:

Wap(T) ~ wap(y),
[13 ”

where the constant in “ ~ 7 are independent of x and h.

Proposition 6.2. Let z > 0 be such that weg(x) = x“e‘xﬁ,ﬁ > L is a non-decreasing
B 2

function in [z,4+00]. Then, for every f € WP(wag), withr > 1 and 1 < p < +o0,

(/;OO ‘waﬁ(x) /:(:r — )" ) (w)du

with C # C(f, z,p).

p P C -
dx < ———\f"" 0 wasllp,
> - (2675)7’ ||f ,3”17

Proof of Theorem 3.1. We first point out the main steps of the proof. In order to

prove (3.6), constructing a suitable function Gj € WP(w,g), we state the inequality

K(ft ) wasp < COLfo ) wapp- (6.13)
122



POLYNOMIAL APPROXIMATION ON THE REAL SEMIAXIS

Let tg < 8r2h2 <t <ty < --- < t; < h* <tjr1,h > 0, be a system of knots such
that t;41 — t; ~ h/t;,1 =0,...,j. With ¥ € C*°(IR) a non-decreasing function such
that

0 ifz<0
\I/(JJ):
1 ifx>1,

and with vy, = %, define the functions Ui(x) = ¥ (tm_zi" ), where k =
k+1—Yk
1,2,...,5 and ¥o(z) = 0 = ¥4 (z). With

£ () :rr/: /0 (;H)ZH (?)f(:v—i—lr(ul +-~-+ur))> duy ... du,

and

2
Fu@) = 3 [ hfrat @)

2

we introduce the function
ZFM YW1 (2)(1 — Ug(x)). (6.14)

After that, in order to prove the inequalities

I(f = Gr)wagsllLr(8r2n2 > —
ri ) g ) o ) éC”waﬁAh@fHLP(&Qh?,Ah*)v
RUIG e waﬁ”LT’(8r2h27h*)

for some constant A, it is sufficient to repeat word for word [3], p. 194-197, with some
simplifications due to the forward difference ZW appearing in the definition of the
modulus QF,. Thus (3.6) follows. In order to prove the inverse inequality of (3.6), we
now prove that for every g € W2 (wqz)

=
lwas Ane fllLe (sr2h2,he)

<C {H(f — 9)wagl Lr(sr2n2, an+) + hr”g(T)SDTwaﬂ||LP(87-2h2,Ah*)} ;

with A =1+ = fact, we have

s () B ) <Z()|f 91z + (r = K hv/E) e (2) + e (@) (B ) (@)
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Now, z and z + (1 — k)h+/ belong to [872h%, Ah*] and |z — (v + (r — k)h/T)| < rhy/T.

Thus, by Proposition 6.1, wag(z) < Cwag(z + (1 — k)hy/z) and

— r r
s Bngl = Doy < €3 ()16 = hanlc + (= DAV oo
k=0

< C27||(f — g)wapllLr(sr2nz, Anv),

making the change of variable v = = + (r — k)h+/z and using |%| < 2. Moreover,

since

1 ,t1 tr_1
Nrg(z) = r!h’“/ / / 9@+t 4+ t))dty . dt
o Jo 0
=: r!h’”/ ¢ (x + hr)dT,,
T,
with 7=t + -+t <rand T, =[0,1] x [0,¢1] x - -+ x [0,¢,], we can write
won(@)Bip9() = i) [ 9@+ hrvE)uaa(o)d;.

r
1
P p

T

/ g(r)(as+h7\/5)wa3(x)dTT
B
CrinT / /
T, 8r2h?2

e RN
Ch" / 9" wap| (u)du |
8r2h2

being fT, dr, = % Then the equivalence (3.6) easily follows. Now we prove equiva-

Consequently, by Proposition 6.1, we have

— h*
||wa,8Az<p9||Lp(8r2h2,h*) < Crlh" /
8

r2h2

IN

v
g(T)Sﬁrwaﬁ ’p (x+ h’rﬁ)d.’ﬂ) T,

IN

lence (3.5), i.e.

w;(fv t)w,w,p ~ K(f7 tr)waﬁ,p'

In order to prove

w;(fﬂ t)w{w,p S CK(f7 tT)waﬁ,pv

since
Q&(f’ t)waﬁ,p S CK(f7 tT)waﬁ,pa 1 S p S +OO,
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holds true, it remains to prove that the first and third terms in the definition of wy

are dominated by the K —functional. About the first term, in [1], p. 200, we proved

—T

that, with u, = x%e™7,

inf ||(f = ¢ )uallLrsrze) < CI(F — 9)tallLroosrze) + 71197 0 ua o o,8r202)
qr€

and then, since e™% ~ e ~1forze [0, (2rh)?], we can replace u, with w,s in the

above norms. About the third term, we have

inf  [[(f — ¢r—1)wagllLrt 4 00) < I(f — 9WapllLr (it +00)
QTflelprfl
+1[(g = Tr—1)wapll Lr(t* 4005

where g € WP(wyg) is arbitrary and T,_; is the Taylor polynomial of g with initial

P ¥
d:r) .

Then, using Proposition 6.2 with z = t* and f = g, the right-hand side of the above

point t*. Consequently

+oo x
(g — Tr—1)wapllLr(t,100) = (/ ‘waﬁ(x)/t (z —u)" gD (u)du
" )

g(r)(prwa,BHLP(t*,+00)- By definition t* = t2L31271 )

equality is dominated by ﬁ
(™%

1
28—1

()%

i.e.

]7- =", and the inequality

w:;(fv t)wa/a,P S CK(f, t*)wa,g,p

follows. In order to prove the inverse inequality, recall that for two suitable polyno-

mials p; and ps belonging to IP,._q,

I1(f = pO)wasll Losrizy + 11D 0" wagll rsrey < WL Dwapp

1(f = P2)wasll Lo —1,400) + 1 1PS 0" M Wapll o —1400) € WH(fs g

as previously proved. Moreover, for the function G¢(x) defined in (6.14), the inequality

[(f — G)wagllLrsr2ez ey + tr||G1£T)‘Prwaﬁ||LP(8r2t2,h*) < CU(f, ) wasp

< Cwip(fs Dwap,p
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holds. Now, with x; = 4r2t2, 29 = 82t2, x5 = t* — 1, x4 = t*, consider the function
) (v (5= e
Ty — T3

Do (222

(1_\D<x—x1
To — X1

Ft(l‘) =
T—zx
+ v ( > )pg(x).
Ty — T3
Obviously I'y € WP and it is not difficult to verify the inequality
(f = T)waglly + |8 6" wasl Loqsrez ney < COl(Fr s
O

Thus the proof of the theorem is complete
In order to prove the theorems on interpolation, we recall some basic facts on

2
3

the orthonormal polynomials {p,, (wea ) }m- The zeros of p,, (w,) are located as follows
_ C)
— )

C <z1<~'~<xm§am(l

1

1
3

Moreover,
Vam
Azp = Tpy1 — T ~ NET
m 1 — X +
Am m3

where a,, = am(wy) and C is a positive constant independent of m. The following

C
)
1
Pl
3

m

1— 2
Am

| <

Yamx i

estimates are useful
Wa ()

[P (Wa, )

where C4% <z < Ca,,(1 +m~3) and C # C(m, z), and

1
1=y 2 k=1,
m3

1
~ \4/:ckamAzk
Am
are independent of m and k. The above estimates can

P (Wars 1)/ wa ()|
R

“
~

where the constants in
be found in [5] or can be directly obtained by [4]
)(@i)

Proof of Theorem 5.4. Since
J
w(x) Ly (Wa, fj, ) Zu
i=1
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la(z)

~ 1, for z € [0,z;].

and, denoting by x4 a knot closest to x, it results ‘u(m)

u(za)
Then we have
L u(x)
|w(2) L (wa, £, )] < Cllfull o o.ey | 1+ () L ()] | - (6.15)
i=1 g

i#d

Using the previous estimates and a Remez-type inequality, we get

Rttt ,
|u(:17)pm(wa,x)| <c (:c) Ax;

|z — 24

|pr (Wa, i) u(z;) Zi
where i = 1,2,...,5,i#d, and = € [%,xj] . Then, under the assumptions of o and
7, the sum in (6.15) is dominated by log m and the theorem follows. O

Here we omit the proofs of Lemmas 5.5 and 5.7 and the proofs of Theorems 5.6
and 5.8, being completely similar to the proofs of Lemmas 2.5 and 2.7 and Theorems

2.6 and 2.8 in [10] respectively.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LII, Number 4, December 2007

THE ORTHOGONAL PRINCIPLE
AND CONDITIONAL DENSITIES

ION MIHOC AND CRISTINA IOANA FATU

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. Let X,Y € L?(Q, K, P) be a pair of random variables, where
L?*(Q, K, P) is the space of random variables with finite second moments.
If we suppose that X is an observable random variable but Y is not, than
we wish to estimate the unobservable component Y from the knowledge of
observations of X. Thus, if ¢ = g(z) is a Borel function and if the random
variable g(X) is an estimator of Y, then e = E{[Y — g(X)]?} is the mean
-square error of this estimator. Also, if g(X) is an optimal estimator (in
the mean-square sense) of Y, then we have the following relation emin =
e(Y,3(X)) = E{[Y — g(X))?} = infE{[Y — g(X)]?}, where inf is taken
over all Borel functions g = g(m).gIn this paper we shall present some
results relative to the mean-square estimation, conditional expectations

and conditional densities.

1. Convergence in the mean-square

Let (Q, K, P) be a probability space and F(2, K, P) the family of all random
variables defined on (€2, K, P). Let

P =LP(Q,K,P)={X € F(O,K,P) | E(|X") < 00},p € N* (1.1)
be the set of random variables with finite moments of order p, that is

8, = BXP) = [ laf dF(@) < so.p € " (12

Received by the editors: 13.03.2007.
2000 Mathematics Subject Classification. 62H10, 62H12.

Key words and phrases. estimation, mean-square estimation, conditional means, orthogonality principle,

conditional densities.
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where
F(z)=P(X <z),zeR (1.3)

is the distribution function of the random variable X.

This set LP(£2, K, P) represent a linear space. An important role among the
spaces LP = LP(Q, K, P),p > 1, is played by the space L? = L?(, K, P), the space
of random variables with finite second moments.

Definition 1.1. If X,Y € L?(Q, K, P), then the distance in mean square
between X and Y, denoted by da(X,Y), is defined by the equality

da(X,Y) = | X = Y| = [B(X - Y[))]V/2 (1.4)

Remark 1.1. It is easy to verify that do(X,Y") represents a semi-metric on
the linear space L2.

Definition 1.2. If (X, X,,,n > 1) C L?(Q, K, P), then about the sequence
(X)) nen- is said to converge to X in mean square (converge in L?) if

lim do(X,, X) = lim BE(| X, — X|*)"/? =

n—oo n—oo

lim E(|X,, — X|*) = 0. (1.5)

n—oo

We write l.i.m. X,, = X or X, e X,n — oo, and call X the limit in the
mean (or mean square limit) of X,,.

Remark 1.2. If X € L?(Q, K, P), then
Var(X) = E[(X —m)®’] = E[|X —m[’] = | X —m]|* = d3(X,m),

where m = E(X).

Consider two random variables X and Y. Suppose that only X can be ob-
served. If X and Y are correlated, we may expect that knowing the value of X allows
us to make some inference about the value of the unobserved variable Y. In this case
an interesting problem, namely that of estimating one random variable with another
or one random vector with another. If we consider any function X = g(X) on X,
then that is called an estimator for Y.

130



THE ORTHOGONAL PRINCIPLE AND CONDITIONAL DENSITIES

Definition 1.3. We say that a function X* = ¢g*(X) on X is best estimator
in the mean-square sense if
B{[Y = X"’} = B{[Y — g"(X)]"} = inf B{[Y — g(X)]"}. (1.6)

If X € L?(Q2, K, P) then a very simple but basic problem consists in: find
a constant a (i.e. the constant random variable a,a € L?(Q, K, P)) such that the

mean-square error

e=e(X;a) = E[(X —a)?] = /R(x —a)?dF(z) =

IX — al|* = d3(X, a) (1.7)

is minimum.
Evidently, the solution of a such problem is the following: if a = E(X) then

the mean-square error is minimum and we have

ZLGZD”{{LE[(X —a)?] = Var(X).

Theorem 1.1. ([1]) (The orthogonality principle) Let X,Y be two ran-
dom variables such that E(X) = 0, E(Y) = 0 and X a new random variable,
Xe L3(Q, K, P), defined as

X = g(X) = apX, ap € R. (1.8)

The real constant ag that minimize the mean-square error

E[(Y = X)?] = E[(Y — a0 X)?] (1.9)
is such that the random variable Y — a¢ X is orthogonal to X; that is,

E[(Y — apX)X] =0 (1.10)

and the minimum mean-square error is given by

emin(Y, X) = emin = E[(Y — agX)Y], (1.11)
where
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2. General mean-square estimation

Let us now remove the constraints of linear estimator and consider the more
general problem of estimating Y with a (possibly nonlinear) function of X. For this,
we recall the notion of inner (scalar) product.

Thus, if X and Y € L? (Q, K, P), we put
(X,Y) = B(XY). (2.1)

It is clear that if X,Y, Z € L? (Q, K, P) then

(X +bY,2) = a(X,Z)+b(Y,Z), a,beR,
(X, X) > 0, (2.2)
(X,X) = 0<= X =0,as.

Consequently (X,Y) is a scalar product. The space L? (2, K, P) is complete

with respect to the norm
I X 1= (X, X)"/? (2.3)

induced by this scalar product. In accordance with the terminology of functional
analysis, a space with the scalar product (2.1) is a Hilbert space.

Hibert space methods are extensively used in the probability theory to study
proprieties that depend only on the first two moments of random variables.

In the next, we want to estimate the random variable Y by a suitable function

g(X) of X so that the mean-square estimation error
e = e(¥,g(0) = E{(Y = 900} = [ [ly = g(a)P fwy)dady  (24)
R2

is minimum.
Theorem 2.1. ([3]) Let X be a random variable defined as a nonlinear

function of X, namely

£ = g(X) (2.5)
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where g(z) represents the value of this random variable g(X) in the point z, x € D, =

{z € R| f(x) > 0}.Then, the minimum value of the mean-square error, namely,
emin = emin(Y, X) = E{[(Y — E(Y | X)]?} (2.6)

is obtained if
9(X)=E(Y | X), (2.7)

where

EY | X=2)=EY |z)=

- / yf(y | 2)dy (2.8)

— 00

is the random variable defined by the conditional expectation of Y with respect to
X.

Definition 2.1.We say that the estimator (the nonlinear function)
£ = g(X) = B(Y | X) (2.9)
is best (optimal) in the mean-square sense for the unknown random variable Y if

emin(¥, X) = minB {[(V ~ g(X)"} =

=E{[(Y -E(Y | X)*}. (2.10)
Lemma 2.1. ([1]) If X and Y are two independent random variable, then
EY | X)=E(®). (2.11)

Corollary 2.1. If XY are two independent random variables then the best
mean-square estimator of Y in terms of X is E(Y). Thus knowledge of X does not
help in the estimation of Y.
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3. Conditional expectation and conditional densities

We assume that the random vector (X,Y’) have the bivariate normal distri-

bution with the probability density function

1wty e (]
2mo109V1 — 12

[z, y) = ;B0

where:

my = E(X) €ER,my = E(Y) €ER,0} =Var(X) > 0,05 =Var(Y) >0, (3.1a)

XY
(X, y) = Yy, (3.2)
0109

r being the correlation coefficient between X and Y.

First, we will recall some very important definitions and proprieties for a such
normal distribution.

Lemma 3.1. If two jointly normal random variable X and Y are uncorre-

lated, that is, cov(X,Y) = 0 = r(z,y), then they are independent and we have

flz,y) = f(zyma, 03) f(y;ma, 02), (3.3)

where

1 _1(=z=m1)? 1 _ifvma\’
f(x;ml,gf):?/ﬂg e 2( o1 ) , f(y;mQ,o'g): Nor s e 2(7@ ) (3.3a)
1 2

are the marginal probability density functions for the components X and Y of the
normal random vector (X,Y).

Lemma 3.2. If (X,Y) is a random vector with the bivariate normal prob-
ability density function (3.1), then for the conditional random variable (Y | X), for
example, the probability density function, denoted by f(y | z), has the form

a9 2

f(y | .’,U) — ;67 2:7%(11—7‘2) [yf(szr”‘;(ﬂifml))] , (3'4)
V2m(1 —1r2)oy
This conditional probability density function (3.4) may be obtained using the

well-bred method which have in view the following relations

flylz)=

() >0, f(2) = flzsmy,0?) = / F(z,y)dy. (3.5)
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In the next, we shall recover this conditional probability density function
using the orthogonality principle.
Theorem 3.1. Let (X,Y) be a normal random vector which is characterized

by the relations (3.1), (3.1a) and (3.2). If

o o

X =X-m,Y =Y —ma, (3.6)

are the deviation random variables and U is a new random variable which is defined

as
o

U=Y - co)o(, where ¢y € R — {0}, (3.7)

then the orthogonality principle implies the conditional density function (3.4), which
o o
corresponds to the conditional random variable (Y | X), and more we have the fol-

lowing relation
flylz) = f(u), (3.8)
where f(u) is the probability density function that corresponds to U.

Proof. Indeed, because
EX)=my =0, Var(X)=02 =Var(X) =02
0 ’ o (3.9)
=0, Var(Y)=02 =Var(Y) =03,
Y

and

cou(X,YV) = B(XY) = B[(X = m1)(Y —ms)] = coo(X,Y) = roroa,  (3.10)
then we obtain
EU) =my =0. (3.11)
Also, for the variance of the random variable U, we obtain
Var(U) = o, = E{[U - E(U))*} = E(U?) =

= B{[Y — coX]?} =

=02 — 2cocov(X,Y) + cggf —

= 05 — 2cqro109 + cgaf,
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The value of the constant ¢y will be determined using the orthogonality prin-
ciple, namely: the random variables U and X to be orthogonal. This condition implies
the following relation

o ] o o
E(UX)=E {(Y —cpX) | X)} =0, (3.12)
and, more, the constant ¢y must to minimize the mean-square error

e = E|(Y — coX)?, (3.13)

that is,
o

€min = E[(Y - COX)Y} (314)
Indeed, using (1.12) we obtain the following value

B(XY
CO = 7( > ) = 7"97 (3.15)
B(x?) %
if we have in view the relations (3.9) and (3.10).
Also, from (3.12), we obtain

o o o

cov(U, X)=E{UX)=0,p(U,X) =0, (3.16)

o
where p(U, X) represents the correlation coefficient between the random variables U

and X.
Because the random variables U and X are normal distributed with p(U, X) =
0 then, using the Lemma 3.1, it follows that these random variables are independent

and their joint probability density function, denoted by f (3%, u), has the form

F(Eu) = f(2)f(u), (3.17)
where f (:%) is the probability density function for the random variable X, that is,
o 1 *%{ aom} 1 _;(w)z
T) = e e = e 2\ 7 =
J(@) vV 2#0; V2moq
= f(z;mi07), = € R, (3.18)

if we have in view the relations (3.6) and (3.9).
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Also, for the probability density function f(u), we obtain the following forms

f(u) = 67%["7@]2 =

1 _ 2
1 _QUg(l—rz)(y My|a)

=———c ) (3.19)

o94/2m(1 —r?)

if we have in view the relations (3.6) and (3.11) as well as the fact that the values of
the random variable U = }O/ - co)% can be express as

u:f/—c()% :y—[mg—i-rg—j(m—ml)] =Y — My (3.20)

Therefore, the form (3.1a) of the probability density function f(u), together

with the relation (3.4), give us just the relation (3.8), that is, we obtain the following

equality
1

o924/ 2m(1 — r?)

Utilizing the forms (3.18) and (3.21) of the probability density functions f(z)

1 (y= 2
20;(177‘2)(1’ Myla) .

fu)=flylz) = (3.21)

and f(u), from the relation (3.17), we obtain the following expressions
F(@,u) = f(@)f(u) = fle;mi09) f(y | 2) = (3.22)

N e T Ul
\/%0'1 g2 2”(1_T2)

(z—m1)2 —m z—mq ]2
_ 1 6_% a%l ;6_2(1ir2)[y622_r “11] =
V2o o9/ 2m(1 — r?)

2
1 1 [<w~31>2 _gplE=mD=ms) | (r=m3)?

_ 6_ 2(1—12) o7 o102 o3 ] — T
2mwo 09 f( ’y>’

and, hence, it follows the equality

flxy) = f(2)f(y | z). (3.23)
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In the next, we must to prove that the minimum of the mean-square error,
specified in the relation (3.14), can be obtained if the constant ¢y has the value
(3.15).

But, in the beginning, we recall some definitions and some properties of the
conditional means.

Lemma 3.3. ([1]) The conditional mean E(. | X) is a linear operator, that
is,

E(cY +dZ | X)=cE(Y | X)+dE(Z| X),c,d € R. (3.24)

Definition 3.1. If (X,Y) is a bivariate random vector with the probability
density function f(z,y) and Z = g(X,Y’) is a new random variable which is a function
of the random variables X and Y, then the conditional mean of the random variable

Z =g(X,Y), given X = z, is defined as

(oo}

Elg(X,Y) | X =] = / g(e.9)f(y | X = 2)dy, (3.25)

— 00

for any v € D, = {z € R| f(z) > 0}.
Lemma 3.4. ([1]) If the random variable Z has the form

Z=g9(X,Y) = g1(X)g2(Y), (3.26)
then we have the following relation
Elg1(X)g2(Y) | X] = 91(X) E[ga(Y) | X]. (3.27)
Lemma 3.5. ([1]) If X is a random variable and c¢ is a real constant, then
Elc| X]=c. (3.28)

Now, we can return to the our problem, namely to prove that the minimum
of the mean-square error, specified in the relation (3.14), can be obtained if the
constant ¢y has the value (3.15).
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0 0 0
Thus, because the random variables U = Y — ¢p X and X are independent,

then from (3.12) and Lemma 2.1, we obtain

0 0 0 0
E({UX)=E[(Y —coX) | X] =

— B[(Y — coX)] =

0 0
= E(Y) - ¢E(X) =0,

that is, we have the following equality
o o
E(UX)=EY)—-cE(X)=0. (3.29)
On the other hand, in accordance with the Lemma 3.4, (respectively, in ac-
cordance with the relation (3.26)) and the Lemma 3.5, where ¢1(X) = ¢pX and
92(Y) = 1, we obtain
EleoX | X =& = coXE[1| X =] = ¢o X, (3.30)
—_——
=1
for anygj:a:—ml,a:ER
This last relation, together with the Lemma 3.3 give us the possibility to
o o o o
rewritten the conditional mean E(UX) = E[(Y — ¢y X) | X] in an useful form

o

E(UX) = E[(Y — ¢X) | X] =
— BE(Y | X) - E(coX | X) =
— E(Y | X) - coX,
that is,
o o o o
E(UX)=E(Y | X) - coX. (3.31)

From (3.29) and (3.31), we obtain the random variable

E(Y | X) = coX =rZ2X, (3.32)
01
which has the real values of the form
E(}O/|)O(:9%):r%§:, for any # =2 —my,x € R. (3.32a)

01
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o o
The conditional variance of the random variable (Y | X) can be express as

Var(Y | X) =02 , =
VX

— B{[Y - B(V | X)]2| X} =

o

— E[(Y — ¢oX)?| X], (3.33)

and, evidently, it is a random variable which has the real values of the form

o

Var()o’ | X = 1) =E[Y — co)o()2 | X = z], for any® =z —my,z €R.  (3.33a)

Because the random variables U = Y — ¢pX and X are independent then,
evidently, it follows that and the random variable U? = (Y — ¢y X)? and X are

independent. Then, from (3.36), we obtain

o o

Var(Y | X) = B[(Y — coX)? | X] = (3.34)

— B[(Y — coX)?] =

o

= B[(Y — coX)Y + oY — coX)X] =
= B[(Y — coX)Y] + o B[(Y — coX)X] =
—_——
=0 (see, (3.14))

o o
— E[(Y — cgX)Y] =
—_——
(see, (3.16))

= €min = emin()gvg() =
= B(Y?) — 2¢0E(Y X) + 2E(X?) =

=05 — T@TOjO'Q =o5(1 —1?). (3.34a)
o

o
Therefore, the conditional variance of the deviation random variable Y, given

o
X, represents just the minimum mean-square error.
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LOGARITHMIC MODIFICATION
OF THE JACOBI WEIGHT FUNCTION

GRADIMIR V. MILOVANOVIC¢ AND ALEKSANDAR S. CVETKOVIC

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. In this paper we are interested in a logarithmic modification of
the Jacobi weight function, i.e., we study the following moment functional
£8P (p) = filp(x)(l —2)*(1+ )" log(1 — x?) dz, p € P, where o, f > —1
and P is the space of all algebraic polynomials. We give the recurrence
relations for the modified moments pur = £a’ﬁ(qk), k € Np, in the cases
when ¢y, is a sequence of monic Chebyshev polynomials of the first and sec-
ond kind. In particular, when a = 8 = £ — 1/2, £ € Ny, we derive explicit
formulae for the modified moments. As an application of these modified
moments, the numerical construction of coefficients in the three-term re-
currence relation for polynomials orthogonal with respect the functional

£ and the corresponding Gaussian quadratures are presented.

1. Introduction

We consider the moment functional
1
L8 (p) = / p(z)(1 —2)*(1 +x)?log(1 — 2?) dz, o, 3> —1, (1.1)
-1
on the space of all algebraic polynomials P. In (1.1) we recognize the Jacobi weight
function w®?(z) = (1 — z)*(1 + z)?. Recently, in [1], there appeared an interest in
a construction of numerical methods for integration of an integral which appears in

the moment functional £+1/2:£1/2,

Received by the editors: 01.09.2007.
2000 Mathematics Subject Classification. 65D30, 65Q05.

Key words and phrases. moment functional, weight function, Jacobi weight, modified moments,
Chebyshev polynomials, recurrence relation, modified Chebyshev method of moments,

Gaussian quadrature.
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In this paper we give a stable numerical procedure which can be used for
the construction of polynomials orthogonal with respect to the moment functional
L8 as well as a stable numerical method for the corresponding quadrature rules for
computing the mentioned integrals (Section 3).

These procedures are enabled by finding the recurrence relations for modified
moments £*?(qy), k € Ny, with respect to the polynomial sequences g, = T} and
qx = Uk, where Ty, and Uy are the monic Chebyshev polynomials of the first and
second kind, respectively (Section 2). In the case when a = 8 = ¢ —1/2, £ € N,
we derive explicit formulae for these modified moments. The procedure for finding

modified moments are loosely connected with an earlier work of Piessens (see [8]).

2. Modified moments

First we introduce the modified moments of the Jacobi weight function with
respect to the monic Chebyshev polynomials T}, and U,, n € Ny, of the first and the
second kind, respectively. We use the following notation

1
meP = / 1 w*P (2) T, (2) dx (2.2)

and
1
etf = / w*P (2)U, (z) d. (2.3)
~1
We have the following lemma.

Lemma 2.1. Modified moments of the Jacobi weight, given in (2.2) and (2.3), satisfy

the following recurrence relations

«B 08—« o,B 1n—a—ﬁ—21 5 o8
= ——m;’ - n— , eN,
mn—i—l n+a+ﬁ+2mn 4’!’L+C¥+ﬁ+2( + 170)mn—1 n
and
ap __ B—a 5 1 nm—a—-fF .54
= ¢ - , e N.
T et G127 dntatfr2v "
In both cases initial conditions are the same
meP = ea’ﬁ—QaH}HB(l—i-oz 1+0)
0 = € = ) )
aB . aB _ gatp+l p—a
m = e =2 ——— Bl +a,1+4+0).
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Proof. We are going to need the following identity (see [2, p. 142])

k(1 + dk-1,0)

(1= 2*)Tj(x) = —kTpa (z) + 1

kal(x), keN,

satisfied by the monic Chebyshev polynomials of the first kind. Here, dy ., is the
Kronecker’s delta. Integrating this identity with respect to the Jacobi weight, and
using an integration by parts, we have

N k(1 + 0 N 1
_kmkfl + ( 4]C I’O)mkfl :/1(1_5”2)1”&’6(33)1112(%)6@

- - / (—o(at B+2)+f — a)u™P(@)Ty(x)dz

-1

o o 1""_5167 S o
—(B - a)mk’ﬁ +(a+8+2) <mkf1 + 410mk’—ﬁ1> )

where we used the three-term recurrence relation for the monic Chebyshev polyno-
mials of the first kind

1+ 6k—1,0

Tietr(2) = 2Ti(2) — ——

Tk_l(.’li).

Similarly, for the monic Chebyshev polynomials of the second kind we have

the following identity (see [2, p. 144])

k42
(1= 2?)Ul(2) = —kUpsr (2) + I Up1(z), keN.

Integrating this identity with respect to the Jacobi weight we get

o k41 4 !
fkekfl + 0 ek’_ﬁl:/l(lfxz)wa”g(z)Ulg(x)dx

= —/ (—z(a+ B +2)+ 6 — a)w*?(2)Uy(z)dz

-1

1
—(8 - a)eg’g +(a+8+2) <€Zf1 + 4@2"[31) ,
where we used the three-term recurrence relation for the monic Chebyshev polyno-
mials of the second kind
1

Unt1(7) = 2Up () — 1 n—1(z).

Regarding the initial conditions, mg’ﬁ and m‘f"ﬂ are first two moments of the

Jacobi weight function. O
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Now, for the functional £%# given by (1.1), we introduce the modified mo-

ments with respect to the monic Chebyshev polynomials in the following forms

1
plh = / w*P(x)log(1 — 2*)T,,(x)dx, n € N, (2.4)

-1

and

1
0 = [ @) log(1 - U (@)do, n € N (2.5)

—1

where T,, and U,, n € N, are sequences of the monic Chebyshev polynomials of the

first and second kind, respectively.

Theorem 2.1. The sequences of the modified moments u&* and n®%, n € N, satisfy

the following recurrence relations

a,3 B—Oé 1+5n71,0n_a_5_2 a,B

B _ a,B
Hnt1 ntatpftehn * 1 ntatptzint
2 14 6,
o, n—1,0  «,B

S — i M T 2.6

n+a+6+2(m"+l+ 4 m"—1>’ (2:6)
@ 5705 [e% 2 @
ph = B B

at 8+2M atB+2

and

o8 00—« o In—a—-pg-2 o8
77n4’~1 = M’ n Mn—1
n+a+0+2 dn+a+pF+2
2
a,B a,
- 2.7
n+a+6+2<€"+1+4e”—1)’ (27)
@ ﬂfa [e% 2 @
nof = s 8
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Proof. Using the same identities as in the proof of Lemma 2.1, we have

N k(1 + 65— N ! N
chpfy o+ M= [ ) gt - )Ty da

1
= — [1[—x(a +08+2)+ 06— a]wa,ﬂ(z) log(1 — $2)Tk(x) dr

+2/ w*P (2)xTy(x) d

-1
« 1 + 6k—1,0 [e% @
= (s 2) (it ) < -

1+ 6k
o, k—1,0 «o,3
+2 <mk+1 + 1 mkl) .

Similarly, for the monic Chebyshev polynomials of the second kind we have

o k+2 ! o
—knP o SE 2 —/ (1 — 22)w™?(z) log(1 — 22U, () dz

ko1 =
4 1

_ / 2o+ B+2) + 8 — a]u®? (@) log(1 — 22)Us(x) dz

-1

1
+2/ w*P (x)2Uy, (x) da
-1

(% 1 « (o] «, 1 [o'N
= (a+8+2) <’7k:1ﬁ + 477;3’—&1) —(B—amp? +2 <€l~cf1 + 461@—[}1> )

which gives (2.7).

have

For the first moment and the Chebyshev polynomials of the first kind, we

(B )i’ — (a+B+2us” = / (B — o — (o + B+ 2))w? (z) log(1 — 2*)da

—1
1 1
= / (WL (2)) log(1 — 2?)dax = 2/ w*? (z)zdr = 2mSP
-1 Lo

-1

and the proof transfers verbatim to the case of the Chebyshev polynomials of the

second kind. [
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Especially for « = 8 = —1/2, it was shown (see [1], [3]) that

—2mlog2, n=0,

i Ty (x)dx = - o (2.8)

S on—1p’

Actually, the explicit expressions can be given in the case « = §=¢—1/2, ¢ € Ny.

u71/2,71/2 _ ' log(1 — z*)

Theorem 2.2. Ifa=03=/¢—-1/2, £ € Ny, then

gl-n-2¢ [ 20\ [ 1+ dn o
ez o _1)tk 1 020-k)4n0 —1/2.-1/2
Hn 1+ 6n0 LZ( D) (k)( ol—2(—k)—n H2(t—k)+n
KON [

1+ 02(e-k)-nl,0 ~1/2,-172 20\ 14600 1731/
o1—12(t—k)—n| H2(t~k)—n]| ¢ ) 9in Hn )

and if £ € N we have

-1
0—1/2,0—-1/2 _ 1 _1)£+k—1 201 1L+ Ojn—2(6—k)+2],0 —1/2,-1/2
n = gnt2i—1 k ol—In—2(t—k)+2| Hln—2(e~k)+2|

L+ 0nt20-k),0 —1/2,-1/2
T Tot-n—20t-k) Hnt20-k)

forn € Ny.

Proof. In order to prove these formulas we interpret the equation (2.8) into

the following form

1 s
—1/2,-1/2 - 2(—1/2)+1 . .
e /2,=1/ 2”2(15n,())/0 sin?("1/2+1 g log sin ¢ cos ng do

1 s
= — log sin ¢ cos ng do,
27=2(1 + b,0) /0 gsin g cosng g
which can be obtained from the previous using the substitution z = cos ¢. With the

same substitution, we get

22777, ™
/24172 / sin?“" /2% g log sin ¢ cos ng d¢p
1+ 0n0 Jo
92-n 1 1 el 2n 2n
= = | logsi 9 | 2.2 !
o /71 ogsmd)coanﬁQ% ,;) <k>COSV¢+<n> ¢
‘—
g [ Lt 8imo 12
1+ 000 k:(, g e
1400 —1/2-1/2 N 20\1+40n0 _1/2-1/2
21—|v—n| [v—n| Y4 21—n Hn ’
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and also

1 ™
(=1/2,6-1/2 o1 / sin?(“=1/2) glogsin ¢ sin(n + 1)¢ do
0

-1

> (P sing - 1)4 s

J4
k=0

1 T
= m/ logsin¢sin(n+ 1)(]5
0

-1
1 erh—1(20—1 1+ djn—v+21,0 —1/2,-1/2
= on-+20—1 Z(_l) k 1—|n—v+2] Pin—v2|
k=0

14+ 0ntv0 —1/2,-1/2
~ imnmy My )

where v = 2(¢ — k). In the previous derivations we used identities

sin(n + 1)¢

2" (1 4 8,,0) T (cos ¢) = cosng,  2"Up(cos ¢) = sin ¢

, neNy

(see [2, pp. 140-145]). O

3. Numerical construction

The monic polynomials 7 (x), k € Ny, orthogonal with respect to the func-

tional £*# given by (1.1), satisfy the three-term recurrence relation

mer1(x) = (2 —ap)mr(z) — Breme—1(z), k=0,1,..., (3.9)

molx) = 1, 7w_1(z)=0,

with ap € R and By > 0. Let ux = £L%8(2%), k € Ny, be the corresponding moments.
The first 2n moments pug, f41,-- ., 2n—1 uniquely determine the first n recurrence
coefficients oy, = a3, (LY?) and By = Be(L>P), k =0,1,...,n — 1, in (3.9). However,

the corresponding map

(o p1 po - pan—1) — [ao Bo a1 B« ap—1 Bn-1]”

is severely ill-conditioned when n is large. Namely, this map is very sensitive with
respect to small perturbations in moment information (the first 2n moments). An
analysis of such maps in details can be found in the recent book of Gautschi [4,

Chapter 2].
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For the numerical construction of the coefficients o and [y in (3.9), for
k < n—1, we use the modified Chebyshev algorithm (see [6], [2, pp. 112-115], [4, pp. 76-
78]). In fact, it is a generalization from ordinary to modified moments of an algorithm
due to Chebyshev. Thus, instead of ordinary moments uy, k =0,1,...,2n—1, we use
the so-called modified moments My = L*P(qy), where {qi(z)}ren, (degqr(z) = k)
is a given system of polynomials chosen to be close in some sense to the desired

orthogonal polynomials {7 }ren,. Then, the corresponding map
[Mo My My ... Map_1]" g Bo o1 Br .. a1 Bua]”,

can become remarkably well-conditioned, especially for measures supported on a finite
interval as is our case.
We suppose that the polynomials ¢ are also monic and satisfy a three-term

recurrence relation
Ger1(x) = (* — ag)qr(v) — brqr—1(x), k=0,1,...,

where ¢_1(z) = 0 and go(z) = 1, with given coefficients a,, € R and b, > 0. In the
case ap = by = 0, we have the monomials qx(z) = 2*, and m;, reduce to the ordinary
moments py (k € Np).

Following Gautschi [4, pp. 76-78], we introduce the “mixed moments”
opi = L (mp(x)qi(x)), ki > —1. (3.10)

Here, 09; = M;, o_1,; = 0 and, because of orthogonality, o ; = 0 for k > 4. Also, we
take 00,0 = MO = 50.
Starting with

My
= e =
ag = ag + My’ Bo = Mo,

the mixed moments (3.10) and the recursive coefficients oy, and §j can be generated,

fork=1,...,n—1, by

Okyi = Ok—1,i+1 — (Qh—1 — ;) 0k—1,; — Be—10k—2, + biok—1,i—1, i =k,....,2n—k—1,
and
Ok, k+1 Ok—1,k Ok.k
ap = ay + - y P =
Ok ke Ok—1,k—1 Ok—1,k—1
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Using Theorem 2.1 and Lemma 2.1, we calculate the modified moments of
the functionals £*?. Using an implementation of the modified Chebyshev algorithm
given in [7] we can construct the three-term recurrence coeflicients of the monic poly-
nomials 7, orthogonal with respect to £*7. In Table 3.1 we present the coefficients
By, for k < 39 for polynomials orthogonal with respect the functionals £=1/%71/2 (sec-
ond column) and £'/21/2 (third column). Numbers in parenthesis indicate decimal
exponents. Note that ap = 0, k € Ny, due to the symmetry of the weights. Also,
we give the coefficients ay and S, k < 39 (columns four and five in the same table),
for polynomials orthogonal with respect to the linear functional £'/%~/2. For the
computation of the integral 1 # which is needed to start the computation according
to recurrence relations given in Theorem 2.1, we refer to [5].

We report that computations are completely numerically stable, i.e., using
this algorithm the precision of results are practically the same as the precision of the
input data.

Finally, we are in the position to give an example. We consider the compu-

tation of the integral

1
1—=x 4
I = —1 1—23d 11
[1\/1+x1+4$2 og(1 - 22) dx (3.11)

= —4.15464458276047008962153413668307918164 . .. .

The construction of Gaussian quadrature rules for the linear functional £/2~1/2 can
be performed numerically stable using @-algorithm (see [9]) with three-term recur-
rence coefficients given in Table 3.1. Table 3.2 holds relative errors of the application
of Gaussian quadrature rules with 10, 20, 30 and 40 points, as we inspect the conver-

gence is evident.

n 10 20 30 40

rel. err. | 1(—=5) | 5(—10) | 3(—14) | m.p.
TABLE 3.2. Relative error in the computation of the integral (3.11),

using Gaussian quadrature rules with n nodes
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A-SUMMABILITY AND APPROXIMATION
OF CONTINUOUS PERIODIC FUNCTIONS

CRISTINA RADU

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The aim of this paper is to present a generalization of the
classical Korovkin approximation theorem by using a matrix summability
method, for sequences of positive linear operators defined on the space
of all real-valued continuous and 27-periodic functions. This approach is

motivated by the works of O. Duman [4] and C. Orhan, O.G. Atlihan [1].

1. Introduction

One of the most recently studied subject in approximation theory is the
approximation of continuous function by linear positive operators using A-statistical
convergence or a matrix summability method ([1], [3], [5], [7])-

In this paper, following [1], we will give a Korovkin type approximation the-
orem for a sequence of positive linear operators defined on the space of all real-valued
continuous and 2m-periodic functions via A-summability. Particular cases are also
punctuated.

First of all, we recall some notation and definitions used in this paper.

Let A := (A")n>1, A" = (a;)k,jen be a sequence of infinite non-negative
real matrices.

For a sequence of real numbers, = (), en, the double sequence
Az = {(Ax)} : k,n € N}

Received by the editors: 01.01.2007.

2000 Mathematics Subject Classification. 41A36, 47B38.
Key words and phrases. matrix summability, sequence of positive linear operators, Korovkin type

theorem, periodic function.
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defined by (Axz)} := iazjxj is called the A-transform of x whenever the series
converges for all k andj :nl A sequence zx is said to be A-summable to a real number
L if Ax converges to L as k tends to infinity uniformly in n (see [2]).

We denote by Ca,(R) the space of all 27-periodic and continuous functions

on R. Endowed with the norm | - |2, this space is a Banach space, where

[fllox == sup[f(#)], [ € Con(R).
teR

We also have to recall the classical Bohman-Korovkin theorem.

Theorem A. If {L;} is a sequence of positive linear operators acting from

Cor(R) into Car(R) such that

where f1(t) =1, fa(t) = cost, f3(t) =sint for all t € R, then, for all f € Cor(R) we

have

Recently, the statistical analog of Theorem A has been studied by O. Duman
[4]. Tt will be read as follows.

Theorem B. Let A = (ay;) be a non-negative regular summability matriz,
and let {L;} be a sequence of positive linear operators mapping Caor(R) into Cor(R).

Then, for all f € Car(R),
sta — I [IL;f = flle =0
if and only if
StA — hm HL]fz — fi”gﬂr =0 (Z = 1,2,3),
j—o0

where f1(t) =1, fo(t) = cost, f3(t) =sint for all t € R.
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2. A Korovkin type theorem

Theorem 2.1. Let A= (A"),>1 be a sequence of infinite non-negative real

matrices such that
supZaZj < oo (2.1)

and let {L;} be a sequence of positive linear operators mapping Car(R) into Cor(R).

Then, for all f € Car(R) we have
Jim. ;aﬁjl\Ljf = fll2x =0, (2:2)
=
uniformly in n if and only if
(oo}
khjgo Z;a;;j”l’jfi — fillzz =0 (i=1,2,3), (2.3)
j:

uniformly in n, where fi1(t) =1, fa(t) = cost, f3(t) =sint for allt € R.

Proof. Since f; (i = 1,2, 3) belong to Ca,(R), the implication (2.2) = (2.3)
is obvious.

Now, assume that (2.3) holds. Let f € Cs,(R) and let I be a closed subin-
terval of length 27 of R. Fix x € I. By the continuity of f at z, it follows that for

any ¢ > ( there exists a number d > 0 such that
|f(t) — f(x)] < € for all ¢ satisfying |t — x| < d. (2.4)
By the boundedness of f follows
£ (&) = f(@)] <2||fll2 for all t € R. (2.5)

Further on, we consider the subinterval (x — 6,27 + 2 — 4] of length 27. We
show that
2 f 2
/1] ca

sin? =
2

lf(t) — f(z)] <e+ (t) holds for all ¢t € (x — §, 27 + x — 4], (2.6)

t —
where 1)(t) := sin® ( 5 x)
To prove (2.6) we examine two cases.
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Case 1. Let t € (x — §,2+ ). In this case we get |t — x| < § and the relation
(2.6) follows by (2.4).
Case 2. Let t € [t + 6,27 4+« — 4]. In this case we have d <t —x <27 —§

and d§ € (0,7]. We get

sinZé < sin? <H> < sin? (7r - 5> , (2.7)
2 2 2

for all 6 € (0,n] and ¢ € [z + 6,27 + x — J].
Then, from (2.5) and (2.7) we obtain

[f@) — f(z)] < QHf”z(Sﬂw(t) for all t € [z + 6,27 + 2 — 4]
.2

5280

2

Since the function f € Ca,(R) is 2m-periodic, the inequality (2.6) holds for

all t € R.
Now, applying the operator L;, we get

\Lj(f;2) = f(@)] < Li(lf = f(@);2) + | (@)L (fr;2) = fi(2)]

< et Aem o | el f150) — o)

Sin2 *2
2 T -
||fH26 lj(d);l‘)‘i’ ||f||27r‘Lj(f1;z) fl(x”

sin? —

2

=eL;j(fi1;x) +

< et (et Iy (rsa) — fu(o)| + 2L L,

sin? =

Since

Lj(;x) < %{ILj(fl;x)*fl(w)lﬂCoswl\Lj(fz;w)*fz(x)HlSinwl\Lj(fs;w)*fs(x)l},
(2.8)
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(see [8], Theorem 4) we obtain

Ly(Fia) - F@)] < e 4 | e 1 lar+ 022 (1L (f120) — oo

sin? =
+ 1L (F2i2) = fola)| + |Ly (i) — fola) | |

e+ K{|Ljf1 — fillar + 1Lj f2 — fallox + [|Lj f3 — f3ll2x }

where
K = e+ | fllor + 10020,
sin” 5
Taking supremum over z, for all j € N we obtain
IL;f = fllar < e+ K{||L; f1 — fillax + I1Ljf2 — follox + |1 Ljf3 — f3ll2x }-
Consequently, we get
Yo ailLif = fllze <€ aiy + KD afllLif1 — fillzs
j=1 j=1 j=1
(oo} oo
+E > api|Lif2 = follor + K Y aisl|Lsfs = fsllan
j=1 j=1
By taking limit as & — oo and by using (2.1), (2.3) we obtain the desired
result. [

Using the concept of A-statistical convergence, O. Duman and E. Erkus [6]
obtained a Korovkin type approximation theorem by positive linear operators defined
on Ca,(R™), the space of all real-valued continuous and 27-periodic functions on R™
(m € N) endowed with the norm || - ||z, of the uniform convergence. The same result
stands for A-summability.

Theorem 2.2. Let A= (A")p,>1 be a sequence of infinite non-negative real

matrices such that

and let {L;} be a sequence of positive linear operators mapping Cor(R™) into
Con(R™).
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Then, for all f € Con(R™) we have
Jdim > a1 Ly f = fllan =0,
j=1
uniformly in n, if and only if
lim ST a1y~ fyllan =0 (0 =1,2.0..,(2m+ 1)),

j=1
uniformly in n, where fi(ti,ta,.. ., tm) = 1, fp(ti,te,...,tm) = cost,_1 (p =
2,3,...,m+1), fo(ti,ta, ..., ty) =sintg_m_1 (=m+2,...,2m+1).
3. Particular cases

Taking A™ = I, I being the identity matrix, Theorem 2.1 reduces to Theo-
rem A.

If A" = A, for some matrix A, then A-summability is the ordinary matrix
summability by A.

Note that statistical convergence is a regular summability method. Consid-
ering Theorem B and our Theorem 2.1 we obtain the next result.

Corollary 3.1. Let A = (A")nen be a sequence of non-negative regular
summability matrices and let {L;} be a sequence of positive linear operators mapping
Car(R) into Car(R).

Then, for all f € Car(R) we have

sta, — lim ||L;f — fllar =0, uniformly in n
j—o0
if and only if
sta, — lim ||L;fi — fill2= =0 (i =1,2,3), uniformly in n,
j—o0

where fi(t) =1, fa(t) = cost, f3(t) =sint for all t € R.
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BOOK REVIEWS

Function Spaces, Krzysztof Jarosz (Editor), Contemporary Mathematics, Vol.
435, v+394 pp, American Mathematical Society, Providence, Rhode Island 2007,
(ISSN: 0271-4132; v. 435), ISBN: 978-0-8218-4061-0.

Starting with 1990 a Conference on Function Spaces was held each fourth
year at the Southern Illinois University Edwardsville. The volumes of the first two
conferences were published with Marcel Dekker in Lecture Notes in Pure and Applied
Mathematics, while the Proceedings of the last three conferences were published by
AMS in the series Contemporary Mathematics, as volumes 232, 328 and 435 (the
present one).

The Fifth Conference which took place from May 16 to May 20, 2006, was
attended by 120 participants from 25 countries. The lectures covered a broad range
of topics related to the general notion of ”function space” - Banach algebras, C*-
algebras, spaces and algebras of continuous, differentiable or analytic functions (scalar
and vector as well), geometry of Banach spaces. The main purpose of the Conference
was to bring together mathematicians, working in the same domains or in related
ones, to share opinions and ideas about the topics they are interested in. For this
reason, the lectures have a general informal character, being addressed to non-experts,
the survey papers and the papers containing new results as well.

The present volume contains 33 papers covering topics as Young-Fenchel
transform and some characteristics of Banach spaces (Ya. I. Alber), Hardy spaces
and operators acting on them (O. Balsco, D. P. Blecher, L. E. Labushagne, N. Ar-
cozzi, R. Rochberg, E. Sawyer), spaces of bad (e.g., nowhere differentiable) functions
(R. M. Aron et al), cohomology of Banach algebras and the geometry of Banach
spaces (A. Blanco, N. Grobnaek), the Kadison-Singer theorem (P. G. Casazza, D.
Edidin), strongly proximinal subspaces (S. Dutta, D. Narayana), uniform algebras
(G. Bulancea, J. F. Feinstein, M. J. Heath, S. Lambert, A, Luttman, T. Tonev),
various questions on Orlicz spaces (A. Kaminska, Y. Raynaud, A. Yu. Karlovich,
M. Gonzales, B. Sari, M. Wojtowicz), the moment problem (D. Atanasiu, F. H.
Szafraniec), algebras of continuous functions - Stone-Wierstrass type theorems, sur-
jections which preserve spectrum (D. Honma, J. Kauppi), composition operators on
spaces of analytic functions ((J. S. Manhas), quasi-similar operators with the same
essential spectrum (T. L. Miller, V. G. Miller, M. M. Neumann), joint spectrum (A.
Soltysiak), spectral isometries (M. Mathieu, C. Ruddy), complex Banach manifolds
(I. Patyi), algebraic equations in C*-algebras (T. Miura, D. Honma), Takesaki duality
( (K. Watanabe), algebras of analytic functions and polynomials on Banach spaces
(A. Zagorodnyuk).
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Surveying or presenting new results in various areas of analysis related to
function spaces, the present volume appeals to a large audience, first of all people
working in this domain, but also researchers in related areas who want to be informed
about results and methods in this field.

S. Cobzas

Peter M. Gruber, Convex and Discrete Geometry, Springer-Verlag, Berlin-
Heidelberg, 2007, Grundlehren der mathematischen Wissenschaften, Volume 336,
xiii+578 pp, ISBN 978-3-540-71132-2.

The aim of the present book is to give an overview of basic methods and
results of convex analysis and discrete geometry and their applications. The general
idea of the book is that there are a plenty of beautiful and deep classical results and
challenging problems in the domain, which are still in the focus of current research.
Some of the problems as, for instance, the isoperimetric problems, the Platonic solids,
the volumes of pyramids, have their roots in antiquity, while the modern research in
convex geometry concerns local theory of Banach spaces, best and random approxi-
mation, surfaces and curvature measures, tilings and packings. Their solution requires
tools and methods from various fields of mathematics, as Fourier analysis, probability
theory, combinatorics, topology, and, in turn, the results from convex and discrete
geometry are very useful in many domain of mathematics.

The book is divided into four parts: Conver Functions, Convexr Bodies,
Convexr Polytopes and Geometry of Numbers.

The first part presents the basic properties of convex functions of one variable
(Chapter 1) and of several variables (Chapter 2): continuity properties and differen-
tiability properties, the highlight being the proof of Alexandrov’s theorem on a.e.
second-order differentiability of convex functions. Among applications we mention:
the use of convex functions in proving various inequalities, the characterization of
gamma function by Bohr and Mollerup, and a sufficient condition in the calculus of
variation due to Courant and Hilbert.

The second part is devoted to the study of convex bodies, simple to define,
but ”which possess a surprisingly rich structure”, according to a quotation from Ball’s
book on convex geometry, Cambridge U.P., 1997. The author present the basic prop-
erties of convex bodies in the Euclidean space E? - combinatorial properties (the
theorems of Cardtheodory, Helly and Radon), boundary structure, extremal points
(including Krein-Milman theorem), mixed volumes and Brun-Minkowski inequality,
symmetrization, intrinsic metrics, approximation of convex bodies, simplices and Cho-
quet’s theorem, Baire category methods in convexity (many, in the sense of Baire
category, convex bodies have good rotundity and smoothness properties). Some nice
applications to this results are included - Hartogs’ theorem on power series in C¢,
Lyapunov’s convexity theorem, Pontryagin’s maximum principle, Birkhoff’s theorem
on doubly stochastic matrices.
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Although convex polytopes, as particular case of convex bodies, are freely
used in the second part, their systematic study is done in the third part. Here, after
the formal definitions and some elementary properties, one studies the combinato-
rial theory of polytopes (Euler’s formula or, more correctly, Descartes-Euler - ”the
first important event in algebraic topology”, according to a quotation from the fun-
damental treatise on topology by Alexandrov and Hopf), volumes of polytopes and
Hilbert’s third problem, the theorems of Alexandrov, Minkowski and Lindelof, lattice
polytopes, Newton polytopes. This part ends with an introduction to linear opti-
mization, including simplex algorithm and a presentation of Khachiyan’s polynomial
ellipsoid algorithm. Applications are given to irreducibility criteria for polynomials
and the Minding-Bernstein theorem on the number of zeros of systems of polynomial
equations.

The last part of the book, Geometry of Numbers, is concerned with the inter-
play between the group theoretic notion of lattice in £% and the geometric concept
of convex set - the lattices represent periodicity, while the convex sets the geometry.
This field was baptized ” Geometry of numbers” by Hermann Minkowski who made
breakthrough contributions to the area, some of of them being included in the book,
as Minkowski’s fundamental theorem and Minkowski-Hlawka theorem giving upper,
respectively lower, bounds for the density of lattice packings. There are strong con-
nections with the geometric theory of positive quadratic forms. Among the topics
included in this part we do mention: the study of the density of tiling and packing
with convex bodies, including the solution by Hales (Annals of Mathematics, 2005)
of Kepler’s famous conjecture on ball packing, optimum quantization, Koebe’s repre-
sentation theorem for planar graphs. The applications deal with Diophantine approx-
imation, error correcting codes, numerical integration, and an algorithmic approach
to Riemann mapping theorem.

There a lot of historical detours in the book as well as pertinent comments of
the author about various questions. Some results are given two or three proofs, each
shedding a new light on the problem and having its own beauty and originality. A
large bibliography of 1052 titles, each of them being referred to in the text, tries to
cover all the facets of the subject, from its origins to the present day state.

The author is a well-known specialist in the area with important contribu-
tions. Beside numerous research papers, he is the co-editor of two outstanding volumes
- Convezity and its Applications, Birkhauser 1983, and Handbook of Convexr Geome-
try, A,B, North-Holland 1993, (both with J. M. Wills), as well as the co-author of a
book, Geometry of Numbers, North-Holland, 1987 (with C. G. Lekkerkerker).

Since the problems in convex and discrete geometry are easy to formulate
(and understand) but hardly to solve, the included material and the clear and pleasant
style of presentation, make the book accessible to a large audience, including graduate
students, teachers and researchers in various areas of mathematics.

S. Cobzas
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J. Kollar, Lectures on Resolution of Singularities, Princeton University
Press (Annals of Mathematics Studies, 166), 2007, Paperback, 208 pages, ISBN-10:
0-691-12923-1, ISBN-13: 978-0-12923-5.

Resolution of singularities is one of the most venerable topics in algebraic
geometry. We may say that it was, in a way, born before the algebraic geometry, as
we know it today, existed.

The essence of the theory is easy to explain. If we consider an arbitrary
algebraic variety, it usually has singular points and the variety is difficult to study
because of these points. It is, however, possible to parameterize any variety by a
smooth variety (without singular points) and many properties of the parameterizing
variety ar similar to the original one. The process of finding a parameterizing smooth
variety of an arbitrary variety is called the resolution of singularities for the given
variety.

The first resolution was given by Newton, for curves in the complex plane.
The resolution of algebraic surfaces was given at the beginning of the twentieth cen-
tury, by different authors, while Zariski, in 1944, solved the problem for 3-folds. It
was only in 1964 that Hironaka, in a 218 pages paper, managed to settled the general
case (for varieties over a field of characteristic zero).

As one can readily guess, the proof of Hironaka is extremely complicated and,
until recently, there wasn’t any manageable proof available. In the last decade, how-
ever, it was given a new, different and much easier proof, accessible even for graduate
students. It is the aim of the book, written by one of the most respected experts in
algebraic geometry, and based on a course given in 2004/2005 at the Princeton Uni-
versity, to provide an introduction to the resolution of singularities and, in particular,
to expose this new proof.

The first chapter of the book is devoted to the resolution of curves and there
are given as many as thirteen (!) different proofs of the existence of resolutions.
Many of the proof, as the author himself emphasize, are so elementary that they can
be given in a first course of algebraic geometry.

The second chapter is concerned with the resolution of surfaces. More elabo-
rate methods are needed here and, again, most of them are specific to this particular
case and cannot be easily extended to the general case.

The third (and last) chapter deals with the general case. The new proof is
presented and then there are discusses a lot of examples. It is to be noticed that this
new proof is given on thirty pages. It is not short, of course, but if we compare it to
the original one, we can appreciate the improvement.

The book is written in a very pedagogical manner, with many examples.
Many proofs are given in an algorithmic manner. It is, probably, the first really
comprehensive textbook in the resolution of singularities, one of the most important
topics of algebraic geometry, as mentioned earlier. Of course, many advanced topics
are not touched and the proofs refer only to the characteristic zero case, but this make
the proof even more useful for graduate students, which are, usually, ont prepared
to attack directly the general case. Otherwise, I think it provides a fairly complete

166



BOOK REVIEWS

picture of resolutions for varieties. Beside the proof of the general theorem, I partic-
ularly liked the discussion of the low dimensional cases, many of them of importance
for the early history of algebraic geometry.

The prerequisites for this book include, in my opinion, a first course in alge-
braic geometry and in algebra. As I mentioned earlier, some of the proofs can be even
discussed within a first course in algebraic geometry. The book will be an invaluable
tool not only for graduate student, but also for algebraic geometers. Mathematicians
working in different fields will also enjoy the clarity of the exposition and the wealth
of ideas included. This will become, I'm sure, as it happened to most books in this
series, one of the classics of modern mathematics.

Paul Blaga

Mathematical aspects of Nonlinear Dispersive FEquations, Jean Bourgain,
Carlos E. Kenig & S. Klainerman (Editors), Annals of Mathematics Studies No. 163,
Princeton University Press, Princeton and Oxford 2007, vii + 300 pp., ISBN 13:
978-0-691-12955-6 and 10: 0-691-12955-X.

These are the written versions of a number of lectures delivered at the
CMI/TAS Workshop on mathematical aspects of nonlinear PDEs, in the spring of
2004 at the Institute for Advanced Study in Princeton. The workshop is a conclusion
of a year-long program at IAS about this topic, leading to significant progress and to
the broadening of the subject. At least two important breakthroughs were obtained
- the first one is the understanding of the blowup mechanism for critical focusing
Schrédinger equation, and the other is a proof of global existence and scattering for
the 3D quintic equation for general smooth data. In both cases, hard analysis, in ad-
dition to the more geometric approach, turned to play a key role in energy estimates.

The volume contains 12 papers (called chapters), some of them of expository
nature (as, e.g., that by W. Schlag on dispersive estimates for Schrodinger operators),
describing the state of the art and research directions, while the others are contributed
papers, both kinds being fully original accounts. The papers concentrate on new
developments on Scrodinger operators, nonlinear Scgrodinger and wave equations,
hyperbolic conservation laws, Fuler and Navier-Stokes equations.

Among the contributors we mention Jean Bourgain (two papers, one with W.-
M. Wang), A. Bressan, H. K. Jensen, H. Brezis, M. Marcus, P. Gérard, N. Tzvetkov,
P. Constantin, A. D. Ionescu, B. Nikolaenko, Terence Tao.

The volume contains valuable contributions to the area of nonlinear PDEs,
making it indispensable for all researchers interested in partial differential equations
and their applications.

Radu Precup
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