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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 2, June 2009

THE GLOBAL BEHAVIOR OF THE DIFFERENCE EQUATION

F. BOZKURT, I. OZTURK, AND S. OZEN

Abstract. In this paper, we investigate the global stability and the peri-
odic nature of the positive solutions of the difference equation

Ynt+1 = & + M - Yn
Yn Yn—1

where o > 0 and the initial conditions yo,y—1 are arbitrary positive real

.n=0,1,2,..,

numbers.

1. Introduction

Consider the difference equation

Yn—1 _ Yn
Yn Yn—1

Ynt+1 =+ ,m=0,1,2,... (1.1)

where « > 0 and the initial conditions ygy,y_1 are arbitrary positive real numbers.We
investigate the asymptotic stability and the periodic character of the solutions of Eq.
(1.1).

We prove that the positive equilibrium point of Eq. (1.1) is local asymptotic
stable or a saddle point under specified conditions of the parameter and show that the
solution of the subtraction of two difference equations in [1] and [3], which solutions
are globally asymptotically stable, are also asymptotically stable.

The global asymptotic stability, the boundedness character and the periodic
nature of the positive solutions of the following difference equation

Tp—1
Tn

Tpal = Q@+ ,n=0,1,2,... (1.2)
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was investigated in [1], where a € [0,00) and the initial conditions z_; and xg are
arbitrary positive real numbers. H. M. El- Owaidy et al. [2] studied the global

stability and the periodic character of positive solutions of the difference equation

Tn—k

Tpy1 =+ ,m=0,1,2,... (1.3)

n
where a € [1,00) ,k € {1,2,...} and the initial conditions z_y, ..., xg, x_1 are arbitrary
positive real numbers.
R. M. Abu-Saris and R. De Vault find conditions for the global asymptotic

stability of the unique positive equilibrium
g=A+1

of the equation

Yn
Yn—k
where Ay_k, ..., 40,y—1 € (0,00) and k € {2,3,...} [3].

Tnir = A+ ., n=0,1,2,.. (1.4)

Here, we recall some definitions and results which will be useful in the sequel.
Let I C Rand let f: I x I — I be a continuous function. Consider the

difference equation
Yn+1 :f(yn7yn71)7n:071727'“ (15)

where the initial conditions yg,y_1 € I. We say that 7 is an equilibrium of Eq. (1.5)
if

Yn+1 :f(g7g)7 n:0a1527"' (16)
Let
_of _of
5= 3u(y,y) and t= C%(y,y)

denote the partial derivatives of f (u,v) evaluated at an equilibrium 7 of Eq. (1.5).

Then the equation
Tpi1l = STp +1Tp_1

is called the linearized equation associated with Eq. (1.5) about the equilibrium point

[4].

>~ <l
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The sequence {y,} is said to be periodic with period p if

Yn+p = Yn

forn=0,1,... [5].
Theorem 1.1. [4] (Linearized Stability)

Tpg1 = STy +1Tp-1 (1.7)

is the linearized equation associated with the difference equation
Ynt1 = S (Yn,Yn—1),mn =0,1,2, ... (1.8)
about the equilibrium point . The characteristic equation associated with (1.7) is
A — s\ —t=0. (1.9)

(i) If both roots of the quadratic equation (1.9) lie in the unit disk |A| < 1, then the
equilibrium § of Eq. (1.8) is locally asymptotically stable.

(ii) If at least one of the roots of Eq. (1.9) has absolute value greater than
one, then the equilibrium of Eq. (1.8) is unstable.

(iii) A necessary and sufficient condition for both roots of Eq. (1.9) to lie in
the open unit disk [A| < 1, is

Is|] <1—1t<2.

In this case the locally asymptotically stable equilibrium point ¥ is also called a sink.

(iv) A necessary and sufficient condition for both roots of Eq. (1.9) to have

absolute value greater than one is
[t| > 1 and |s| < |1 —t.

In this case ¢ is called a repeller.

(v) A necessary and sufficient condition for one root of Eq. (1.9) to have
absolute value greater than one and for the other to have absolute value less than one
is

244t >0 and |s| > |1 —t|.

In this case the unstable equilibrium point is called a saddle point.
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Theorem 1.2 [6] Assume that p,q€ R and k € {0,1,...}. Then

Ip| + gl <1

is a sufficient condition for asymptotic stability of the difference equation
Tpi1 — PTp + qTpn—k = 0. (1.10)

Suppose in addition that one of the following two cases holds:

(i) k¥ odd and ¢ < 0

(ii) k even and pq < 0.

Then (1.10) is also a necessary condition for asymptotic stability of Eq.
(1.10).

Theorem 1.3. [7] Consider the difference equation

Yn+1 :f(ynayn—k)an:071727"' (112)

where k € {1,2,...}. Let I=[a,b] be some interval of real numbers, and assume that

f:[a,b]x[a,b]— [a, b] is a continuous function satisfying the following properties:

(i) f(u,v) is non-increasing in each arguments.

(ii) If (m,M)€ [a, b]x[a, ] is a solution of the system
M = f(m,m),m = f(M, M) (1.13)

then m=M. From this, Eq. (1.12) has a unique positive equilibrium point and every

solution of Eq. (1.12) converges to .

2. Linearized stability and period two solutions

In this section, we consider Eq. (1.1) and show that unique positive equilib-
rium point § =« of Eq. (1.1) is asymptotically stable with basin which depends on
certain conditions posed on the coefficient.

The linearized equation associated with Eq. (1.1) about the equilibrium 7 is

2
Tpy1 + —Zp — —Tp—1 =0. (2.1)
o o
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Its characteristic equation is
PRI G (2.2)
Q@ @

By Theorem 1.1. and Theorem 1.2. we have the following results.

Theorem 2.1. (i) The equilibrium point g of Eq. (1.1) is locally asymptot-
ically stable iff a > 4.

(ii) The equilibrium point g of Eq. (1.1) is unstable ( and in fact is a saddle
point ) if 0 < a < 4.

Proof. (i) The inequality (1 10) can be written as

This inequality holds if & > 4. By using Theorem 1.2., we can also see that q:% < 0.

(2.3)

These results give us necessary and sufficient conditions for the asymptotic stability
of Eq. (2.1) .
(ii) From Theorem 1.1./(v) we have,

—2\? 2 ) 2
() —|—4<>>0 and ">‘1— .
(07 (07 [0 «

2
—9 2 4 8
() 4a(2) = 4t
a Q o o

Easy computations give

and
—2 ‘ 2
— > |1 - =
(0% (6%
Then we have the inequality
2> |la—2].

This implies that by Theorem 1.1./(v), the equilibrium point is unstable (and is a
saddle point).

Theorem 2.2. Suppose that {y,}, -, # 2 is a solution of Eq. (1.1). The
following statements are true.

(i) If 0 < o < 4, then Eq. (1.1) has no real period two solutions. Suppose k
is odd.

(ii) If @ > 4, then Eq. (1.1) has real period two solutions.
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Proof. Let
A ¢7 11[}7 gb?w? A

be a period-2 solution of Eq. (1.1). Then,

¢

= - - 2.4
e (2.4)
1/)1014’%*%. (2.5)

Subtracting above two statements, we get

_ 2
= et (2.6)
From (2.6), we have

¢* —2a¢ +4a = 0. (2.7)

We consider (2.7) under two cases, where A indicates the discriminant of (2.7).

(i) Let A = 0. Under this condition we have & = 0 and a = 4.If Eq. (1.1)
has period 2 solutions then it must be A # 0. This implies that if o € (0, 4], then Eq.
(1.1) has no period 2 solutions.

(ii) Let A > 0. In this case we have o > 4. While « > 4, Eq. (1.1) has
period 2 solutions. These solutions are

o1 =a+Vala—4) and ¢ =a— Va(la—4)
and they must be of the form
a—vala—4),a+a(la—4),..

ceny

Theorem 2.3. Suppose o > 4. Let be {y,} - | # 2 be a solution of Eq.
(1.1). If {yn}, - , # 2 is periodic with period-2, then yj is

—(y—1—a)y—1xy—1y/ (y—1 — 04)2 +4
Yo = 5 . (2.8)

Proof. If the solution of Eq. (1.1) is periodic with period- 2, we can write
Eq.(1.1) as

Y_1 :oz—l—E - —.
Yo Y-1
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Computations give
Yo +y-1%0 (y—1 — @) —y2; =0,
and we have A = y2 [(y—l —a)” +4] > 0. So, we obtain

_ —(yoi—a)y_ity_1y/(y_1—a)?+4 ]

Yo = 2
Theorem 2.4. Let {y,} — , be a solution of Eq. (1.1). Then the following

statements are true.
1. Let « = 2v/L —1 and L > 1.
(i) It nlggo Yon = La then nILH;O Yon+1 = \/%
(ii) If lim yo,41 = L, then lim yp, = L=
n—oo n—oo -

2. Let « >2v/L —1and L > 1.
L[ai a2—4(L—1)}

(i) If lim 2, =L, then lim yani1 = Termy
L|laty/a?2—4(L—-1
(ii) If lim yo,41 = L, then lim ys, = — ( )}
n—oo n—oo 2(L 1)

Proof. 1. (i) Let lim y2, = L and lim y2,+1 = 2. By Eq (1.1) we have

+ r L
r=a+—-——
L =z
and so we get
L—-1
<> 2 —az+L=0. (2.9)
L
Since A = a? — 4(L — 1), the discriminant is A = 0. So, (2.9) has only one root,
and that is
. L
TS Yt = U=

(ii) The proof is similar and will be omitted.
2. (i) Let lim yo, = L and lim y9,41 = . While @ > 2v/L — 1, then from
(2.9) we have A > 0. So,

L[aﬁ: a2—4(L—1)}

(ii) The proof follows in the same way.
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3. Analysis of the semi-cycles of eq.(1.1)

In this section, we give some results about the semi-cycles of Eq. (1.1).

Let {yn},—_; be a positive solution of Eq. (1.1). A positive semi-cycle of
{yn},—_, consists of a “string” of terms {yp, Yp+1, .., Ym}, all greater than or equal
to g, with p> —1 and m< oo and such that either p=-1orp > —1 and y,—1 < ¥ and
either m=o0 or m<oo and y,,+1<¥.

A negative semi-cycle of consists of {y,} — | consists of a “string” of terms

{Yqs Yg+1, ---» Y1}, all less than with and and such that either g=-1or g>-1and y,—1 > ¥

and either 1=00 or I<oco and y;41 > 9.

o0
n=

A solution {y,},. ; of Eq. (1.1) is non-oscillatory if there exists N> —1
such that either

yn > ¢ for all n> N or

yn <y forall n> N.

{yn},—_ is called oscillatory if it is not non-oscillatory.

Theorem 3.1. Let {y,} - , be a positive solution of Eq. (1.1) which

consists of a single semi-cycle. Then {y,} - converges monotonically to § = o .

Proof. Suppose 0<y,_1 < « for all n> 0. Note that for all n> 0,

0< o+ Yn—1 - Yn
Yn Yn—1

<«

and so

0<yn-1<yn<a

From this it is clear that the positive solutions converge monotonically to .

Theorem 3.2. Let be {y,},_ ,a positive solution of Eq. (1.1) which

n=
consists at least two semi-cycles. Then {y,} - ,is oscillatory.
Proof. We consider the following two cases.
Case I. Suppose that y_; < a < yg. Then

p=at 2P,

Yo Y—1
10
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and

Y2 = &+ %o _ 9 > a.

Y1 Yo
Case II. Suppose that yg < a < y_;1. Then
Y = o+ g=1 %o >«
Yo Y-1
and

Yo = a0+ Y _ 9 < .

Y1 Yo

Hence the proof is complete.

4. Global asymptotically stability of eq. (1.1)

In this section, we find a global asymptotic stability result for Eq. (1.1).

Lemma 4.1. Let a € (0,00) and f(u,v) = a + 2 — 2. If u,ve (0,00), then
f(u,v) is nonincreasing in each arguments.

Proof. The proof is simple and will be omitted.

Theorem 4.1. Let a > 4. Then the unique positive equilibrium g of Eq.
(1.1) is globally asymptotically stable.

Proof. For u,ve (0,00), set f(u,v) = a+2—=. Then f:IxI— [ is a continuous

"

function and is non-increasing in each arguments. Let (m,M)€ Izl is a solution of

the system

M = f(m,m)
m = f(M,M),

then
M:a—l———E
m m

and
MM
m=a+or— o

Since M-m=0, we get m=M. By using Theorem 1.3, we have which shows
that is globally asymptotically stable equilibrium point of Eq. (1.1).
lim Yn =Y

11
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which shows that § = « is globally asymptotically stable equilibrium point of Eq.
(1.1).

Acknowledgement. The first-named author would like to thank the Sci-
entific and Technical research Council of Turkey (TUBITAK) for financial helps
(code:2211).
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 2, June 2009

A DIFFERENTIAL SANDWICH THEOREM FOR ANALYTIC
FUNCTIONS DEFINED BY THE INTEGRAL OPERATOR

LUMINITA-IOANA COTIRLA

Abstract. Let ¢1 and g2 be univalent in the unit disk U, with ¢1(0) =
g2(0) = 1. We give an application of first order differential subordination

to obtain sufficient condition for normalized analytic functions f € A to

0t < (M) <o)

where I" is an integral operator.

satisfy

1. Introduction
Let H = H(U) denote the class of functions analytic in
U={z€C: |z| <1}.
For n a positive integer and a € C, let
Hla,n]={feH: f(z)=a+anz"+...}.
We also consider the class
A={feH: f(z)=2z+a*+...}.

We denote by @ the set of functions f that are analytic and injective on
U\ E(f), where
E(f)= {C € U : lin}:f(z) = oo}
and are such that f'(¢) # 0 for ¢ € U \ E(f).

Received by the editors: 01.10.2008.
2000 Mathematics Subject Classification. 30C80, 30C45.

Key words and phrases. integral operator, differential superordination, differential subordination.
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Since we use the terms of subordination and superordination, we review here
those definitions.

Let f,F € H. The function f is said to be subordinate to F' or F' is said
to be superordinate to f, if there exists a function w analytic in U, with w(0) = 0
and |w(z)| < 1, and such that f(z) = F(w(z)). In such a case we write f < F
or f(z) < F(z). If F is univalent, then f < F if and only if f(0) = F(0) and
f(U) c F(U).

Since most of the functions considered in this paper and conditions on them
are defined uniformly in the unit disk U, we shall omit the requirement "z € U”.

Let ¢ : C3 x U — C, let h be univalent in U and ¢ € Q. In [3] the authors

considered the problem of determining conditions on admissible function v such that
b(p(2), 20’ (), 20" (2); 2) < h(2) (1.1)

implies p(z) < q(z), for all functions p € H[a, n| that satisfy the differential subordi-
nation (1.1).

Moreover, they found conditions so that the function ¢ is the ”smallest”
function with this property, called the best dominant of the subordination (1.1).

Let ¢ : C* x U — C, let h € H and g € H[a,n]. Recently, in [4] the authors

studied the dual problem and determined conditions on ¢ such that

h(z) < ¢(p(2), 29’ (2), 2°p"(2); 2) (1.2)

implies ¢(z) < p(z), for all functions p € Q that satisfy the above differential super-
ordination.

Moreover, they found conditions so that the function ¢ is the ”largest” func-
tion with this property, called the best subordinant of the superordination (1.2).

For two functions

fz)=2z+ Z apz" and g(z)=z+ Z bn 2",
n=2 n=2

14
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the Hadamard product of f and g is defined by
(fxg)(z) =2+ i anbp2".
n=2
The integral operator I"™ of a function f is defined in [6] by
I°f(2) = f(2),
1) =15G) = [ st
I"f(z) = I(I""'f(2)), zeU.

In this paper we will determine some properties on admissible functions de-

fined with the integral operator.

2. Preliminaries

Theorem 2.1. [3] Let q be univalent in U and let § and ¢ be analytic in a
domain D containing q(U), with ¢(w) # 0, when w € q(U). Set

Q(z) = 2d'(2) - ¢la(2)], h(z) = 0la(2)] + Q(2)

and suppose that either h is convex or Q is starlike. In addition, assume that
zh (z)
Q(z)
If p is analytic in U, with p(0) = ¢(0), p(U) C D and

Re > 0.

0lp(2)] + 2p'(2) - d[p(2)] < Ola(2)] + 2 (2) - dla(2)] = h(2),

then p < q, and q is the best dominant.
By taking 8(w) := w and ¢(w) := 7 in Theorem 2.1, we get
Corollary 2.2. Let q be univalent in U, v € C* and suppose
Re {1 + qu”(z)} > max {0, —Re 1} .
q'(2) gl
If p is analytic in U, with p(0) = ¢(0) and

p(2) + 720 (2) < q(2) + 72 (),
then p < q, and q is the best dominant.

15



LUMINITA-IOANA COTIRLA
Theorem 2.3. ([4]) Let 6 and ¢ be analytic in a domain D and let q be

univalent in U, with ¢(0) = a, q(U) C D. Set

Q(z) = 2¢'(2) - ¢la(2)],  h(z) = 0la(2)] + Q(2)
and suppose that
0'lq(2)]

()R { G} >0 and
(1) Q(z) is starlike.

If pe Hla, 11N Q, p(U) C D and O[p(2)] + zp'(2) - ¢[p(2)] is univalent in U,

then
Olg(2)] + 2p'(2)¢la(2)] < Olp(2)] + 2P (2)e[p(2)] = ¢ =p
and q is the best subordinant.
By taking 8(w) := w and ¢(w) := v in Theorem 2.3, we get
Corollary 2.4. ([2]) Let q be convex in U, q(0) = a and v € C, Re v > 0.
If p € Hla, 1] N Q and p(z) + v2zp'(2) is univalent in U, then

q(2) +724'(2) < p(2) +720'(2) = q=<p

and q is the best subordinant.

3. Main results

Theorem 3.1. Let g be univalent in U with ¢(0) = 1, « € C*, § > 0 and

suppose
Re [1 + = (Z)] > maX{O7 —Re 6}.
7 (2) a
If f € A satisfies the subordination
EN L (IR )
(1-a) ( - ol ) —|—a( . c ) . ]n+1f7zz) (3.1)
< q(z) + <24 (2),
then 5
n+1
(CY Ly

and q is the best dominant.

16
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Proof. We define the function

p(z) = (WY

z

By calculating the logarithmic derivative of p, we obtain

W) (AR
e ‘5( T (z) 1)' (3.2)

Because the integral operator I™ satisfies the identity:

AT () =17 f(2), (3-3)

equation (3.2) becomes

3o = (it )

and, therefore,

() (Iﬂ“zﬂz))‘S (Ii{}z) - 1) .

The subordination (3.1) from the hypothesis becomes
a a
p(e) + 3o/ () < () + 32/ (2)

We apply now Corollary 2.4 with v = % to obtain the conclusion of our
theorem. [J
If we consider n = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let q be univalent in U with ¢(0) =1, a € C*, § > 0 and

2
Re [1+ =4 (2)] > max{O,Re 5}.

q'(2) a
If f € A satisfies the subordination

(1-a) ("f”)(s +a (”f))é S S RTORSCRNCE)

<Ifz(z>>6 <q(z)

suppose

then

and q is the best dominant.

17
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We consider a particular convex function

_1+Az
1+ Bz

q(2)

to give the following application to Theorem 3.1.
Corollary 3.3. Let A,B,a € C, A # B be such that |B| <1, Re a > 0 and
let 6 > 0. If f € A satisfies the subordination

1oy () (MY s

z CIf(2)
- 1+ Az Iy (A—B)z7
1+Bz 6 (14 Bz)?
then 5
It f(2) - 1+ Az
z 1+ Bz
1+ Az ‘
and q(z) = 5B the best dominant.

Theorem 3.4. Let g be convez in U with ¢q(0) =1, a € C, Re a« >0, § > 0.
If f € A such that

<In+1zf(z)>6 e H[1,1]NQ,
o (1) e ()

1s univalent in U and satisfies the superordination

1)+ F2q/(2) < (1 - ) (Inﬂzf(z))& ta (In+1f(z))6 I'7E) (35

2 CInHf(z)
ﬂ@<<ﬂﬂﬂdy

z

then

and q is the best subordinant.

Proof. Let

z

p@%:(pﬂﬂd)é

If we proceed as in the proof of Theorem 3.1, the subordination (3.5) become

a() + 520/ (2) < () + S (2).

The conclusion of this theorem follows by applying the Corollary 2.4. O

18
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If n = 0, then we obtain
Corollary 3.5. Let g be convex in U, with q(0) =1, o € C, with Re o > 0
and § > 0. If f € A such that

(Qf»éeHuqu

-0 (42 e (22 4

is univalent in U and satisfies the superordination

Q(z)—i—%zq’(z) <(1—a) <W)6+Q(W)5.%7

z z

then q(z) < and q is the best subordinant.

If(2)\’
z
Corollary 3.6. Let q be convex in U with ¢(0) = 1, a € C with Re a > 0,
a>0. If f € A such that

(W)é e HL,1NQ,

z

oo (P (P

is univalent in U and satisfies the superordination

I+f<>>‘s o (I”+1f(Z)>5 I"f(2)

o)+ G () < (1) (1 =)

then
" (2) ) '

q(z) < ( .
and q is the best subordinant.
Concluding the results of differential subordination and superordination we
state the following sandwich result.
Theorem 3.7. Let q1,q2 be convex in U with ¢1(0) = ¢2(0) = 1, a € C,
Rea>0,d6>0. If f € A such that
(vawvéeH@HmQ

z
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oo (Y o ()

is univalent in U and satisfies

I+f<>>5 Y (Wﬂz))‘s " f(2)

a(:)+ Gai() < (- o) (£ F2)

«
< () + S2ah(2),

then
n+1 2 g
q1(z) < (I—:‘f()) =< q2(2)

and q1,qs are the best subordinant and the best dominant respectively.
Corollary 3.8. Let q1,q2 be convex in U with ¢1(0) = ¢2(0) = 1, a € C with
Re a >0, >0. If f € A such that

(If(z)>5 e H[L,1]NQ,

z

is univalent in U and satisfies

)+ S < (o (LY (D) S

>

(6%
<)+ S2ah(2),

0(z) < (”“)6 <)

then

z
and q1,qs are the best subordinant and the best dominant respectively.
Corollary 3.9. Let q1,q2 be conver in U with q1(0) = ¢2(0) = 1, o € C,
Rea>0,d6>0. If f € A such that
I"H‘l g
(ﬂz)> e H[L,1]NQ,

z

o (EH (P
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1s univalent in U and satisfies

I*f<>>‘s o (I"+1f(2)>6 1" f(2)

)+ Gadi() < (- o) (£ T8 SR

(07
< q2(2) + gzqé(Z),

0(z) < (ﬁf”)é < al2)

z

then

and q1,qo are the best subordinant and the best dominant respectively.
Similar results was obtained by D. Raducanu and V.O. Nechita in [5] for

differential Sdlagean operator defined in [6].
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ASSOCIATED CLASSES OF MODULES

IULIU CRIVEI AND SEPTIMIU CRIVEI

Abstract. Let C be a non-empty class of modules closed under isomorphic
copies. We consider some classes of modules associated to C. Among them,
we study two important classes in the theory of natural and conatural
classes of modules, namely the class consisting of all modules having no

non-zero submodule in C, as well as its dual.

1. Introduction

Throughout R is an associative ring with non-zero identity and all modules
are unitary right R-modules. Also, C is a class of modules, always non-empty and
closed under isomorphic copies. For modules A, B, C, we denote by A < B (respec-
tively A < B, A4 B, A << B) the fact that A is a submodule (respectively proper,
essential, superfluous submodule) of B. Also, we denote by A < B a monomorphism
from A to B and by B — C an epimorphism from B to C.

Consider the following classes associated to C:

FC)={A|0#£#B< A= B¢C(C},

TC)={A|B< A= A/B ¢C(},

F'(C) ={B | A submodule of B,M € C,A— M = A =0},

7'(C) = {B | C homomorphic image of B,M € C,M - C = C = 0},

HIC)={A|A¢C, bt 0£B< A= A/BeC}

SC)={A|A¢C, but B< A= Be(C}

H(C)={A|0#£B<A=— A/BeC}

Received by the editors: 28.07.2008.
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S'C)={A|B< A= BeC(}

The first four classes are important bricks in the theory of hereditary and
cohereditary classes and, in particular, in the theory of natural and conatural classes
[7]. The last four ones arise naturally and include various examples, such as simple
modules or almost finitely generated modules [9]. We shall establish some properties

of these classes.

2. Classes related to natural and conatural classes

The terminology of natural classes appeared in the beginning of the 1990s,
allowing unification and simplification of some previous results in ring and module
theory. A natural class is defined as a class of modules closed under isomorphic copies,
submodules, direct sums and injective hulls. They have been studied by J. Dauns [5],
S.S. Page and Y. Zhou [8] in the 1990s. In recent years, in a series of articles further
developed in a recent monograph [7], J. Dauns and Y. Zhou have created a powerful
theory of what is thought to be the new generation of ring and module theory.

Note that since projective covers of modules do not exist in general, the
notion of natural class previously defined cannot be always dualized (this is possible
for instance in the case of modules over perfect rings). The class C is called a conatural

class if the condition
() VM — N # 0,there exist C € C, K #0and N - K « C

implies M € C [1]. In general one only has that, if C is a conatural class, then C is
closed under homomorphic images and superfluous epimorphisms [1, Theorem 24].

Alternatively, natural classes in Mod-R may be seen as the skeleton of the
class of all hereditary classes (closed under submodules) in Mod-R. This point of view
allows one to introduce conatural classes, as the skeleton of the class of all cohereditary
classes (closed under homomorphic images) in Mod-R. This was the approach of A.
Alvarado Garcia, H. Rincén and J. Rios Montes [1].

It is known that natural classes and conatural classes form complete Boolean
lattices. If C is a natural class, then its complement is F(C), whereas if C is a conatural
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class, then its complement is 7 (C) [1]. Moreover, natural classes and conatural classes
are characterized as follows, properties that show the strong relationship between

them and the considered associated classes and motivates the interest in their study.

Theorem 2.1. [8, Proposition 4] A hereditary class C is a natural class if and only

if C = F(F(C)) if and only if F(F(C)) C C.

Theorem 2.2. [1, Theorem 23] A cohereditary class C is a conatural class if and

only if C =T (T(C)) if and only if T(T(C)) CC.

Now we establish several properties of our classes, giving proofs only for the
classes 7'(C) and 7 (C). Note first that if C is hereditary, then F'(C) = F(C) and, if
C is cohereditary, then 7'(C) = 7(C).

Denote C+ = {Y | Homg(C,Y) = 0} and +C = {X | Homg(X,C) = 0}. The
final part of the following result completes [6, Theorem 3.1].

Theorem 2.3. (i) T'(C) is closed under homomorphic images, extensions and su-
perfluous epimorphisms.

(ii) Let B € T'(C) and A < B with A € C. Then A << B.

(ii) If C is hereditary, then -C =T (C) and C C T(C)*.

(iv) If C is hereditary, then T (C) is a torsion class. If C is also closed under
essential extensions, then T (C) is a hereditary torsion class.

(v) Let C be a natural class. Then C cogenerates a hereditary torsion theory,

namely (T(C), F(T(C))), and F(T(C)) is a natural class.

Proof. (i) Clearly, 7'(C) is cohereditary.

Let 0 = A — B — C — 0 be a short exact sequence with A,C' € 7'(C). We
may assume that A < B. Let D’ be a homomorphic image of B, say B/D, and let M €
C and M — D’. Then there exists M - B/D — B/(A+ D) = (B/A)/((A+ D)/A),
the last one being a homomorphic image of C. Since C' € 7'(C), it follows that
B/(A+ D) =0, hence A+ D =B. Now D' 2 B/D = (A+ D)/D =2 A/(AND)
is a homomorphic image of A € 7'(C). Then D’ = 0. Thus 7'(C) is closed under
extensions.
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Let 0 = A — B — C — 0 be a short exact sequence with f(A4) << B and
C € T'(C). We may assume that A < B. Let D’ be a homomorphic image of B,
say B/D, M € C and M — D’. As above, it follows that A+ D = B. But since
A << B, we get D = B, hence D' = 0. Thus B € 7'(C). Hence 7'(C) is closed under
superfluous epimorphisms.

(ii) Let D be such that A+ D = B. Then A/(AND) = (A+D)/D = B/D,
hence there exists A — B/D. Since A € C and B € T'(C), it follows that D = B.
Hence A << B.

(iii) Let A€ T(C), B€ C and 0 # f € Homg(A, B). Since C is closed under
submodules, Im f € C. But since Ker f # A € T(C), we have Im f 2 A/Ker f ¢ C, a
contradiction. Thus Homg(7 (C),C) = 0. Hence we have 7(C) C*+ C and C C T(C)* .

Now let A € C. If A = 0, we are done, so that assume A # 0. Let B < A and
suppose that A/B € C. Then Homg(A, A/B) = 0. But the natural homomorphism
p: A — A/B is non-zero, a contradiction. Hence A/B ¢ C, so that A € T(C).

(iv) The first part follows by (iii). In order to show that 7(C) is hereditary,
let A€ T(C)and B < A. Suppose that B ¢ T(C), hence there exists C € C and a
non-zero homomorphism f : B — C. Taking the injective hull j : C — E of C| it
follows that there is a non-zero homomorphism h : A — E extending jf. But this
contradicts the fact that A € 7(C) and E € C.

(v) By (iii) and (iv), 7 (C) is the torsion class of the torsion theory cogenerated
by C, while F(7(C)) is its torsionfree class. Now F (7 (C)) is a natural class. O

In a dual manner one obtains the following result. Note that in case R is right
perfect we have a characterization of conatural classes as follows: C is a conatural class
if and only if C is closed under homomorphic images, projective covers and direct sums

of simple modules [2, Theorem 17].

Theorem 2.4. (i) F'(C) is closed under submodules, extensions and essential exten-
s10ms.

(ii) Let B € F'(C) and A < B be such that B/A € C. Then A<B.

(iii) If C is cohereditary, then C+ = F(C) and C C+ F(C).
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(iv) If C is cohereditary, then F(C) is a torsionfree class. If R is right perfect
and C is also closed under superfluous epimorphisms, then F(C) is a cohereditary
torsionfree class.

(v) Let R be right perfect and C a conatural class. Then C generates a co-
hereditary torsion theory, namely (T (F(C)),F(C)), and T (F(C)) is a conatural class.

In what follows, let us see other connections between our classes. The second

part of the next result was established for a natural class C in [6, Lemma 3.3].

Theorem 2.5. If either T (C) is hereditary or C is closed under essential extensions,

then
TC)={A|B< A= A/Be F({C)} C F(C).

Proof. Denote A = {A | B < A = A/B € F(C)}. Note that the inclusion
A C T(C) holds for any class C. Indeed, let A € A and B < A. Then A/B € F(C),
hence A/B ¢ C. Thus A € T(C). Now we show the converse inclusion.

(i) Suppose that T (C) is hereditary. Let A € T(C) and B < A. Let us prove
that A/B € F(C). Let 0 # D/B < A/B. By hypothesis, we have D € T(C). Since
B < D, it follows that D/B ¢ C. Thus A/B € F(C), whence A € A.

(ii) Suppose that C is closed under essential extensions. Let A € 7(C) \ A.
Then there exists B < A such that A/B ¢ F(C), whence there exists 0 # D/B < A/B
such that D/B € C. Let D'/ B be a complement of D/Bin A/B. Then D/BND'/B =
0 and D/B + D' /B < A/B. 1t follows that (D/B + D'/B)/(D'/B) < (A/B)/(D'/B),
that is, D/B < A/D’. Since D/B € C, we get A/D’ € C by the hypothesis on C.
Having noted that D’ < A, we have A ¢ T(C), a contradiction. Hence 7(C) C A. O

Dually, one has the following result. Note that if the ring is right perfect,

then every submodule of a module has a supplement.

Theorem 2.6. If either F(C) is cohereditary or R is right perfect and C is closed

under superfluous epimorphisms, then

F(C)={A|0#B<A= BeT(C)} CT(C).
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3. Other associated classes

As before, let C be a class of modules. We have considered in the introduction
the classes H(C), S(C), H'(C) and S’(C). Now we mention some examples covered by

such general associated classes.

Example 3.1. (1) If C = {0}, then H(C) consists of the simple modules.

(2) If C is the torsion class for a hereditary torsion theory 7 in Mod-R, then
H(C) consists of the T-cocritical modules.

(3) If C is the class of commutative perfect rings, then H'(C) consists of the
almost perfect rings [3].

(4) If C = {0}, then S(C) consists of the simple modules.

(5) If C is the class of finitely generated modules, then S(C) consists of the
almost finitely generated (a.f.g.) modules [9].

(6) If C is the class of modules having maximal submodules, then S(C) consists

of the a.m.s. modules [4].

Let us give some properties of these classes. We will give proofs only for the

classes H(C) and H'(C), the other ones being dual.

Theorem 3.2. (i) If 0 € C, then every simple module belongs either to C or to H(C).
(1) H(C) CH'(C). If C is closed under extensions, then H(C) C F(C).
(iii) If C is closed under submodules and extensions, then H(C) is closed under
non-zero submodules and every module in H(C) is uniform.
(i) If C is hereditary, then H'(C) is closed under non-zero submodules.
Let0 = A — B — C — 0 be a short exact sequence of modules and assume
that C is closed under extensions.
(v) If A e H'(C), f(A) < B and every homomorphic image of C belongs to
C, then B € H'(C).
Proof. (i) and (ii) Straightforward.
(iii) Let A € H(C) and 0 # B < A. Suppose that B € C. Since A/B € C and
C is closed under extensions, we have A € C, a contradiction. Hence B ¢ C. Now let
0# D < B. Then B/D < A/D € C, hence B/D € C. Therefore B € H(C).
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Let A € H(C) and suppose that it is not uniform. Then there exist non-zero
submodules B and D of A such that BN D = 0. Since H(C) is closed under non-zero
submodules, we have B, B+ D € H(C). Hence B = (B+ D)/D € C, a contradiction.
Therefore A is uniform.

(iv) See (iii).

(v) We may assume that A is a submodule of B. Let D be a non-zero proper
submodule of B. Then AND # 0, hence (A+D)/D =2 A/(AN D) € C. Consider the
exact sequence of modules 0 — (A + D)/D — B/D — B/(A+ D) — 0. Since C is
closed under extensions, it follows that B/D € C. Therefore B € H'(C). O

Theorem 3.3. (i) If 0 € C, then every simple module belongs either to C or to S(C).

(i) S(C) C S'(C). If C is closed under extensions, then S(C) C T(C).

(11i) If C is closed under homomorphic images and extensions, then S(C) is
closed under proper homomorphic images and every module in S(C) is hollow.

(iv) If C is cohereditary, then S'(C) is closed under proper homomorphic im-
ages.

Let 0 = A — B — C — 0 be a short exact sequence of modules and assume
that C is closed under extensions.

(v) If C € §'(C), f(A) << B and every submodule of A belongs to C, then
BeS'(C).

Theorem 3.4. (i) Let A € H'(C), B € F'(C) and let f : A — B be a non-zero
homomorphism. Then f is a monomorphism.

(i) Let M € H'(C), let N € F(C) be quasi-injective and let S = Endr(N).
Then Hompg (M, N) is a simple left S-module.

Proof. (i) We have Ker f # A. Suppose that Ker f # 0. Then Im f =2 A/Ker f € C,
because A € H'(C). Since Imf — A/Kerf € C and B € F'(C), it follows that
Im f =0, a contradiction. Hence f is a monomorphism.

(ii) Let 0 # f € Hompg(M,N). By (i), f is a monomorphism. Let g €
Homp (M, N). Since N is quasi-injective, there exists h € S such that hf = g. Hence
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g € Sf, so that Homg(M,N) = Sf. Thus Hompg(M, N) is a simple left S-module.
U

Theorem 3.5. (i) Let A € T'(C), B € S'(C) and let f : A — B be a non-zero
homomorphism. Then f is an epimorphism.

(i) Let M € §'(C), let N € T(C) be quasi-projective and let S = Endg(N).
Then Homp (N, M) is a simple left S-module.

In the sequel, let us see some other properties of the class H(C), when C is

closed under submodules and extensions.

Theorem 3.6. Let C be closed under submodules and extensions. Let A be a non-
zero uniform module that has a submodule B € H(C). Then A has a unique maximal

submodule that belongs to H(C).

Proof. Denote by D; the submodules of A that belong to H(C), where 1 < ¢ < w and
w is some ordinal. We show that D =37, D; € H(C) by transfinite induction on w.
icw Di € H(C).
If D, C E, then D = E € H(C). Now suppose that D,, ¢ E. By Theorem 3.2, we
have A € F(C), hence D ¢ C. Let 0 # F < D. Then (E+ F)/F =2 E/(FNE) €,
because F N E # 0. We also have

For w = 1, the result is trivial. Suppose that w > 1 and that F =)

D/(E+F)=(E+F+D,)/(E+F)=D,/(E+F)nD,)€C,

because (E 4+ F) N D,, # 0. By the exactness of the sequence 0 — (E + F)/F —
D/F — D/(E + F) — 0 and the fact that the class C is closed under extensions, it
follows that D/F € C. Hence D € H(C). Clearly, D is the unique maximal submodule
of A that belongs to H(C). O

A module satisfying the hypothesis of the above theorem does exist by the

following result.

Proposition 3.7. Let C be closed under submodules and extensions. Let A be a
noetherian module such that A ¢ C. Then there exists a proper submodule D of A
such that A/D € H(C).
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Proof. Let M be the family of all submodules B of A such that A/B ¢ C. Clearly
M # () since 0 € M. Since A is noetherian, M has a maximal element, say D,
that is a proper submodule of A. Hence A/D ¢ C. Now let D < F' < A. Then
(A/D)/(F/D) = A/F € C by the maximality of D. Therefore A/D € H(C). O

Lemma 3.8. Let C be closed under submodules and extensions. Let B be a uniform
module that contains a submodule A € H(C) such that BJA € F(C). Then A is the
mazximal submodule of B that belongs to H(C).

Proof. Suppose the contrary. Then there exists A < D < B such that D € H(C).
Hence D/A € C, therefore B/A ¢ F(C), a contradiction. O

With the same assumption on C to be closed under submodules and exten-
sions, for A € H(C), let us denote by Mc¢(A) the maximal submodule of the injective
hull E(A) of A that belongs to H(C). Also, denote by M the class consisting of all
modules Mc(A) for A € H(C).

Theorem 3.9. Let C be closed under submodules and extensions. Let A,B € M¢c

and let f: A — B be a non-zero homomorphism. Then f is an isomorphism.

Proof. By Theorem 3.4, f is a monomorphism. There exists a homomorphism g :
E(A) — E(B) that extends jf, where j : B — E(B) is the inclusion homomorphism.
Since A < E(A), g is a monomorphism. But F(B) is indecomposable, hence g is an
isomorphism. Clearly g(A4) C j(B), whence A C g~(B). We also have g~ !(B) €
H(C) and by the maximality of A it follows that A = g=(B). Thus g(A) = B,
whence f(A) = B. Therefore f is an isomorphism. a
Theorem 3.10. Let C be closed under submodules and extensions. Let D € M¢ and
let 0 > AL B % C =0 be an ezact sequence of modules with B € H(C). Then D
18 injective with respect to the above sequence.

Proof. Let u : A — D be a homomorphism. We may assume that u # 0. By
Theorem 3.4, v is a monomorphism, because A € H(C). Let v : D — E(D) be the
inclusion homomorphism. Then there exists a homomorphism w : B — E(D) such
that wf = vu. Since f(A) < B, w is a monomorphism. But w(B) € H(C). By the
maximality of D, it follows that w(B) C D. Now let h : B — D be the homomorphism
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defined by h(b) = w(b) for every b € B. Then hf = u, showing that D is injective

with respect to the above sequence. O

Corollary 3.11. Let C be closed under submodules and extensions. Then every mod-

ule in H(C) is quasi-injective.

References

[1] Alvarado Garcfa, A., Rincén, H., Rios Montes, J., On the lattice of natural and conatural
classes in R-mod, Comm. Algebra, 29(2001), 541-556.

[2] Alvarado Garcia, A., Rincén, H., Rios Montes, J., On some lattices of module classes, J.
Algebra Appl., 5(2006), 105-117.

[3] Bazzoni, S., Salce, L., Almost perfect domains, Colloq. Math., 95(2003), 285-301.

[4] Crivei, 1., On a class of modules having no mazimal submodule, Pure Math. Appl.,

13(2002), 111-116.

Dauns, J., Classes of modules, Forum Math., 3(1991), 327-338.

Dauns, J., Natural classes and torsion theories, J. Algebra Appl., 2(2003), 85-99.

Dauns, J., Zhou, Y., Classes of modules, Chapman and Hall/CRC, Boca Raton, 2006.

Page, S.S., Zhou, Y., On direct sums of injective modules and chain conditions, Canad.

J. Math., 46(1994), 634-647.

[9] Weakley, W.D., Modules whose proper submodules are finitely generated, J. Algebra,
84(1983), 189-219.

DEPARTMENT OF MATHEMATICS
TECHNICAL UNIVERSITY

Str. C. DAIcovicIu 15

400020 Crus-Naproca, ROMANIA

E-mail address: crivei@math.utcluj.ro

FAacuLTY OF MATHEMATICS AND COMPUTER SCIENCE
“BABES-BoLYAT” UNIVERSITY

STR. M. KOGALNICEANU 1

400084 Crus-Naproca, ROMANIA

E-mail address: crivei@math.ubbcluj.ro

32



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 2, June 2009

VARIATIONAL ANALYSIS OF A ELASTIC-VISCOPLASTIC
CONTACT PROBLEM WITH FRICTION AND ADHESION

SALAH DRABLA AND ZHOR LERGUET

Abstract. The aim of this paper is to study the process of frictional con-
tact with adhesion between a body and an obstacle. The material’s be-
havior is assumed to be elastic-viscoplastic, the process is quasistatic, the
contact is modeled by the Signorini condition and the friction is described
by a non local Coulomb law coupled with adhesion. The adhesion process
is modelled by a bonding field on the contact surface. We derive a varia-
tional formulation of the problem, then, under a smallness assumption on
the coefficient of friction, we prove an existence and uniqueness result of
a weak solution for the model. The proof is based on arguments of time-
dependent variational inequalities, differential equations and Banach fixed

point theorem.

1. Introduction

The adhesive contact between deformable bodies, when a glue is added to
prevent relative motion of the surfaces, has received recently increased attention in
the mathematical literature. Basic modelling can be found in [10], [12], [14] and [6].
Analysis of models for adhesive contact can be found in [2]-[4], [13] and in the recent
monographs [17],[18]. An application of the theory of adhesive contact in the medical
field of prosthetic limbs was considered in [15], [16]; there, the importance of the
bonding between the bone-implant and the tissue was outlined, since debonding may
lead to decrease in the persons ability to use the artificial limb or joint.
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Contact problems for elastic and elastic-viscoelastic bodies with adhesion
and friction appear in many applications of solids mechanics such as the fiber-matrix
interface of composite materials. A consistent model coupling unilateral contact,
adhesion and friction is proposed by Raous, Cangémi and Cocu in [14]. Adhesive
problems have been the subject of some recent publications (see for instance [14],
[9], [1], [3], [6]). The novelty in all the above papers is the introduction of a surface
internal variable, the bonding field, denoted in this paper by (; it describes the
pointwise fractional density of active bonds on the contact surface, and sometimes
referred to as the intensity of adhesion. Following [10], [11], the bonding field satisfies
the restrictions 0 < § < 1; when 8 = 1 at a point of the contact surface, the adhesion
is complete and all the bonds are active; when 8 = 0 all the bonds are inactive,
severed, and there is no adhesion; when 0 < 8 < 1 the adhesion is partial and only
a fraction g of the bonds is active. We refer the reader to the extensive bibliography
on the subject in [12], [14], [15]. Such models contain a new internal variable § which
represents the adhesion intensity over the contact surface, it takes values between 0
and 1, and describes the fractional density of active bonds on the contact surface.

Elastic quasistatic contact problems with Signorini conditions and local
Coulomb friction law were recently studied by Cocu and Rocca in [5]. Other elastic-
viscoplastic contact models with Signorini conditions and non local
Coulomb friction law were variationally analyzed in [7], [8] There exists at least one
solution to such problems if the friction coefficient is sufficiently small.

The aims of this paper is to extend the result when non local Coulomb friction
law coupled with adhesion are taken into account at the interface and the material
behavior is assumed to be elastic-viscoplastic.

The paper is structured as follows. In Section 2 we present the elastic-
viscoplastic contact model with fiction and adhesion and provide comments on the
contact boundary conditions. In Section 3 we list the assumptions on the data, derive
the variational formulation. In Sections 4, we present our main existence and unique-
ness results, Theorems 4.1, which state the unique weak solvability of the Signorini
adhesive contact problem with non local Coulomb friction law conditions.
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2. Problem statement

We consider an elastic-viscoplastic body, which occupies a bounded domain
Q c R? (d = 2,3), with a smooth boundary 9Q = T' divided into three disjoint
measurable parts I'1, 'y and T's such that meas(I'y) > 0. Let [0,7] be the time
interval of interest, where T > 0. The body is clamped on I'; x (0,7) and therefore
the displacement field vanishes there, it is also submitted to the action of volume
forces of density fo in 2 x (0,T") and surface tractions of density fo on I's x (0,7"). On
I's x (0,T), the body is in adhesive contact with friction with an obstacle the so-called
foundation. The friction is modelled by a non local Coulomb law. We denote by v
the outward normal unit vector on I'.

With these assumptions, the classical formulation of the elastic-viscoplastic

contact problem with friction and adhesion is the following.

Problem P. Find a displacement field u : Q x [0,T] — R, a stress field o :
Q% [0,T] — S%, and a bonding field 3 : Q x [0,T] — R such that

& =Ee (i) +G(o,e(u)  inQx(0,7), (2.1)
Divo + fo =0 in Q% (0,7), (2.2)
u=0 on Ty x (0,7), (2.3)
ov=f on Ty x (0,T), (2.4)

u, <0, o, — ,YVﬂQRll(ul/) <0, uV(UV - 'VuﬁZRV(uV)) =0on I'3 x (O’T)7 (25)
o7 + 7782 Rr (ur)| < pup(|R(0,) — 7B Ry (uw)]),

o + 7282 Re (ur)| < pp(|R(00) = 708° Ry (uy)]) = ur =0,

on I's x (0,7),
lor + 7 0°R; (ur) = up(|R(0y) — 1B Ry (uy)|) = 3X >0,
such that o, + v, 8% R, (u;) = —Au,.
(2.6)
B = _<6(7VRV(UV)2 + ’VTHRT(UT)HQ) — €a)+ on I'z x (0,7), (2.7)
u (0) =up, 0(0) =00 in Q, B(0) =0 on I (2.8)
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We now provide some comments on equations and conditions (2.1)-(2.8). The material
is assumed to be elastic-viscoplastic with a constitutive law of the form (2.1), where
€ and G are constitutive functions which will be described below. We denote by e(u)
the linearized strain tensor. The equilibrium equation is given by (2.2), where “Div”
denotes the divergence operator for tensor valued functions. Equations (2.3) and (2.4)
represent the displacement and traction boundary conditions.

Conditions (2.5) represent he Signorini contact condition with adhesion where
u, is the normal displacement o,represents the normal stress, 7, denote a given

adhesion coefficient and R, is the truncation operator define by

L ifs<-—L,
R,(s) = —s if — L <s<0,
0 if s >0,

where L > 0 is the characteristic length of the bond, beyond which it does not offer
any additional traction. The introduction of operator R, , together with the operator
R, defined below , is motivated by the mathematical arguments but it is not restrictive
for physical point of view, since no restriction on the size of the parameter L is made
in what follows. Thus, by choosing L very large, we can assume that R, (u,) = u,

and, therefore, from (2.5) we recover the contact conditions
u, <0, 0, —7,0%, <0, u,(0, —v,8%u,) =0on T3 x (0,T),

It follows from (2.5) that there is no penetration between the body and the foundation,
since u, < 0 during the process.

Conditions (2.6) are a non local Coulomb friction law conditions coupled
with adhesion, where u,, o, denote tangential components of vector u and tensor o

respectively. R is the truncation operator given by

v if || < L,
Lot if ol > L.
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This condition shows that the magnitude of the shear on the contact surface depends
on the bonding field and on the tangential displacement, but as long as it does not
exceed the bond length L.

R will represent a normal regularization operator that is , linear and continues
operator R : H~2(I') — L2(T'). We shall need it to regularize the normal trace of
the stress witch is too rough on I'. p is a non-negative function, the so-called friction
bound, g > 0 is the coefficient of friction. The friction law was used with p (r) = r4.

A new version of Coulomb law consists to take

p(r) =r(l —ar)y,

where « is a small positive coefficient related to the hardness and the wear of the
contact surface and r = max{0,7}.

Also, note that when the bonding field vanishes, then the contact conditions
(2.5) and (2.6) become the classic Signorini contact with a non local Coulomb friction

law conditions were used in ([8]), that is

u, <0, 0, <0, u,o, =0o0n Iy x (0,7T),

lo-| < pp(|R(0v)]),
lor| < up(|R(0,)]) = ur =0, on I's x (0,7),

lo-| = pp(|R(0,)|) = 3IA > 0, such that o, = —Au,.

The evolution of the bonding field is governed by the differential equation (2.7) with
given positive parameters 7,,7, and €,, where r; = max{0,r}. Here and below
in this paper, a dot above a function represents the derivative with respect to the
time variable. We note that the adhesive process is irreversible and, indeed, once
debonding occurs bonding cannot be reestablished, since ﬁ < 0. Finally, (2.8) is the
initial condition in which Gy is a given bonding field.
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3. Variational formulation and preliminaries

In this section, we list the assumptions on the data and derive a variational
formulation for the contact problem. To this end we need to introduce some notation
and preliminary material.

Here and below S? represents the space of second order symmetric tensors on R?. We
recall that the inner products and the corresponding norms on R? and S¢ are given
by

u-v=uv; o] = (v-v)2 Vu,v € RY,

o-T = 04T, Il Z(T-T)% Vo, reS?
Here and everywhere in this paper, 4, j, k, [ run from 1 to d, summation over repeated

indices is applied and the index that follows a comma represents the partial derivative

ou;
3xj :

with respect to the corresponding component of the spatial variable, e.g. u; ; =
Everywhere below, we use the classical notation for LP and Sobolev spaces associated
to  and T'. Moreover, we use the notation L2(Q)?, H'(Q)? and H and H; for the
following spaces :

@) ={v=(v)|ve L)}, HO@'={v=(v)|veH(Q)]}

H = { T = (Tij) ‘ Tij = Tji € LQ(Q) }, Hy = { TEH | Tijj € LQ(Q) }
The spaces L2(Q)4, H'(Q)4, H and H; are real Hilbert spaces endowed with the

canonical inner products given by

(U7'U)L2(Q)d:/U'Udl'7 (u,v)Hl(Q)d:/u-vdm—i—/Vu-Vvdm,
Q o Q

(U,T)H:/O'-le‘, (O’T)Hl:/U'de“‘/DiVU'DiVTd.Z"
Q Q Q

and the associated norms || - || 2y, || g1 ()¢, [| - | and || - [[%,, respectively. Here

and below we use the notation
1 1/0n\d
e(v) = (eij(v),  eij(v) = 5(vig +vjq) Yo H (Q)F,

Divr = (1;,;) V7€ Hi.
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For every element v € H*(Q2)? we also write v for the trace of v on I' and we denote
by v, and v, the normal and tangential components of v on I' given by v, = v - v,
Vr =V — VL.

Let now consider the closed subspace of H'(Q)? defined by
V={veH Q)| v=00nT; }.
Since meas (I'1) > 0, the following Korn’s inequality holds:
le(@)llr = ek [lvll @) YveV, (3.1)

where cx > 0 is a constant which depends only on Q and I';. Over the space V' we

consider the inner product given by

(u,v)v = (e(u),e(v))n (3.2)
and let || - || be the associated norm. It follows from Korn’s inequality (3.1) that
| |1y and || - [[v are equivalent norms on V' and, therefore, (V,|| - [lv) is a real

Hilbert space. Moreover, by the Sobolev trace theorem, (3.1) and (3.2), there exists

a constant c¢o depending only on the domain 2, I'y and I's such that
vl L2 (rgye < collvllv Yv e V. (3.3)

For every real Hilbert space X we use the classical notation for the spaces LP(0,T; X)

and W*P(0,7T; X), 1 <p < oo, k> 1 and we also introduce the set
Q={0ecL>®0,T;L*T3)) | 0<0(t) <1 Vte€[0,T], a.e. on T3 }.

Finally, if X; and X, are two Hilbert spaces endowed with the inner products (-, -)x,
and (-,)x, and the associated norms || - ||x, and || - || x,, respectively, we denote by
X1 x X5 the product space together with the canonical inner product (-, -)x, xx, and
the associated norm || - || x, xx5-
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In the study of the problem P, we consider the following assumptions on the

problem data.

E: QA x8S; — &4 is a symmetric and positive definite tensor :

(a) Eijiu € L% () for every i, j, k,l =1,d; (3.4)
(b) Eo-T7=0-ET for every o, T € Sg; '
(¢) there exists o > 0 such that £o -0 > a|o|® Vo € Sy, a.e. in Q
Q:QXSdXSd—>Sdand
(a) there exists Lg > 0 such that :
G (-,01,61) = G (-, 02,82)| < Lg(loy — 02| + |e1 — €2])
for every o1,09,61,€2 € Sg a.e. in Q; (3.5)
(b) G(-,0,¢) is a measurable function with respect to the Lebesgue
measure on {2 for every e,0 € Sy;
(c) G(0,0) € H.
The friction function p : T's x Ry — R, verifies
(a) there exists M > 0 such that :
Ip(z,m1) —p(z,72)| < M [r1_72] (3.6)
for every r1,79 € Ry, a.e. x € I's;
(b)  — p(x,r) is measurable on I's, for every r € Ry;
(¢) p(x,0) =0, a.e. xze€Tls.
We also suppose that the body forces and surface tractions have the regularity
fo € Wheo(0,T; L2 ()Y,  fo € WH(0,T; L*(T2)?), (3.7)
and we define the function f : [0,7] — V by
(f@),v)y = [ fo(t) - vdz+ | fat) - vda, (3.8)
Q o
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for all u,v € V and t € [0,T], and we note that the condition (3.7) implies that
fewh>0,T;V). (3.9)
For the Signorini problem we use the convex subset of admissible displacements given
by
Uwg={veH, | v=00onTy, v, <0on s} (3.10)
The adhesion coefficients 7, 7, and the limit bound ¢, satisfy the conditions
Yoy vr € LP(T3), € € L*(T3), "y, ¥rs € >0 ae. only (3.11)
while the friction coefficient p is such that
we L>®(T3), plx)>0 ae onls. (3.12)
Finally, we assume that the initial data verifies
By € L?(I's), 0<fy<1 ae. onls. (3.13)

We define the adhesion functional j,q : L®(T'3) x V x V — R by

jad(ﬁa u, ’U) = / ( - ’YVﬁ2Ry<uy)UV + 77ﬁ2R7<u7) . ’U-,—) da, (314)

I's

and the friction functional j, : L>(T's) x H1 x V x V' — R by

Jre(Bro,u,v) = / up(1R(00) = 30 Ry (w)]) - |vs] da, (3.15)

s

The initial conditions ug, og and Sy satisfy
ug € Ugg, 00 € H1, fo€ L*(T3)NQ, (3.16)
and
(00,2(v) = &(u0))n + Jad(Bo, 00, v — uo) + jigr(Bo, 00, €0, v) — jr(Bo, 00, 0, u0) =
> (fo,v —uo)v + (fo, v — uo)p2(ryya Vo € Uga. (3.17)

Let us remark that assumption (3.16) and (3.17) involve regularity conditions of the
initial data ug, og and By and a compatibility condition between ug, oqg, Bo, fo and
f2.
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By a standard procedure based on Green’s formula combined with (2.2)-(2.4)
and (3.8), we can derive the following variational formulation of problem P, in terms
of displacement, stress and bonding fields.

Proof.[Problem PV] Find a displacement field u : [0,T] — V, a stress field o :
[0,T] — Hy and a bonding field 3 :[0,T] — L*(T's) such that

6 =2Ee(4)+G(o,e(u)) in Qx(0,7), (3.18)

u(t) € Uag, (o(t),e(v) = e(u(t))n + Jaa(B(t), u(t), v — u(t))+
Jer(B(8), 0 (t), u(t),v) = js(B(), 0 (t), u(t), u(t)) = (f(t),v —ult))v

Vv € Ugg, t €[0,T], (3.19)

Bt) = — (BO (W Ry (s (10)” + 72 | Re (ur ()[?) — €a) ae. on t € (0.7),

u(0) =ug, 0o(0)=o09, B(0)= /. (3.20)

|

In the rest of this section, we derive some inequalities involving the functionals

Jad, and jy, which will be used in the following sections. Below in this section 3, 31,

B2 denote elements of L?(I'3) such that 0 < 3, 31, B2 < 1 a.e. on I's, uy, us, vy, v,

u and v represent elements of V'; o, 01, 02 denote elements of H; and c is a generic

positive constants which may depend on 2, I'y, I's, p, 7., 7> and L, whose value may

change from place to place. For the sake of simplicity, we suppress in what follows
the explicit dependence on various functions on & € QU I's.

First, we remark that the j,q is linear with respect to the last argument and therefore

jad(ﬂ;uv _U) = _jad(ﬂvuuv)' (321)

Next, using (3.14) and the inequalities |R,(u1,)| < L, ||R-(u.)|| < L, |51] < 1,

|B2] < 1, for the previous inequality, we deduce that

Jad(B1, w1, U2 — 1) + Jad (B2, u2, u1 —u2) < c / |61 — B2l |lur — u2]| da,
s
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then, we combine this inequality with (3.3), to obtain
Jad(B1, u1, uz — u1) + jad(B2, uz, ur —u2) < cl|Br — Ballp2(ry)llur — uzllyv.  (3.22)

Next, we choose 31 = 2 = 3 in (3.22) to find

Jad(Byu1,u2 — ur) + Jaa (B, u2, ur —uz) < 0. (3.23)

Similar manipulations, based on the Lipschitz continuity of operators R,, R, show

that
lJaa (B, ut,v) — jaa(B, u2,v)| < c|lur — us|lv|jv]|v. (3.24)

Also, we take u; = v and uy = 0 in (3.23), then we use the equalities R, (0) = 0,
R;(0) = 0 and (3.22) to obtain

Jad(Bsv,v) > 0. (3.25)

Next, we use (3.15), (3.6)(a), keeping in mind (3.3), propriety of R and the inequalities
|R,(u1,)| < L, ||R-(ur)|| <L, |B1] <1, |B2] <1 we obtain
Jpr (B, o1, ur,u2) = Jpr(Brs o, ur, ur) + jpe(B2, 02, u2, ut) — jrr (B2, 02, u2, uz) <

< GM |l oo oy (182 = Brll2r)y + lloz—ollae, ) Jug — ur v (3.26)

Now, by using (3.6)(a) and (3.12), it follows that the integral in (3.15) is well defined.

Moreover, we have

Jrr(B,0,u,0) < M |lull o oy l(llollre + 181 zaay)ullv lollv- (3.27)

The inequalities (3.22)-(3.27) combined with equalities (3.21) will be used in various

places in the rest of the paper.

4. Existence and uniqueness result

Our main result which states the unique solvability of Problem PV, is the

following.
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Theorem 4.1. Assume that assumptions (3.4)-(3.7) and (3.11)-(3.13) hold. Then,
there exists jio > 0 depending only on 2, T'1, I's, € and p such that, if |1 o (1) < po,

then Problem PV has a unique solution (u, o, 3). Moreover, the solution satisfies

u e WhHe(0,T;V), (4.1)
o€ Wh*(0,T;H,), (4.2)
BeWhee(0,T; L*(T3)) N Q. (4.3)

A triple of functions (u, o, 3) which satisfies (2.1), and (3.19)-(3.20) is called
a weak solution of the frictional adhesive contact Problem P. We conclude by Theorem
4.1. that, under the assumptions (3.4)-(3.7) and (3.11)-(3.13), if || || oo (1) < o, then
there exists a unique weak solution of Problem P which verifies (4.1)-(4.3), that we
present in what follows.

The proof of the Theorem 4.1 will be carried out in several steps. It based
on fixed-point arguments. To this end, we assume in the following that (3.4)-(3.7)and
(3.11)-(3.13) hold; below, ¢ is a generic positive constants which may depend on €2,
Iy, I's, £ and p, v,, v- and L, whose value may change from place to place. For
the sake of simplicity, we suppress in what follows the explicit dependence on various

functions on * € QU T's.

For each n = (n1,12) € L*(0,T; H x L?(I'3)) we introduce the function z, = (2}, 22) €
Wte2(0,T; H x L*(T3)) defined by

t

zp(t) = /n(s)ds + 20 vt € [0,T7, (4.4)

where
20 = (00 — €& (uo) , fo)- (4.5)
In the first step, we consider the following variational problem.
Proof.[Problem P"| Find a displacement field u, : [0,T]— V, a stress field o, :
[0,T] — H1 such that
o () = E=(uy (1)) + 21 (1 (46)
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un(t) € Uaa, (0 () ,€(v) = ey (£)))n + Jaa (25 (8), un (8), v — g () +

+jfr<272;<t)7 On, un(t), v) — jfr(2727<t)a On, un(t), un(t)) > (4.7)

> (f(t),’l) - un(t))V Vv € Uggq.

We have the following result.

Lemma 4.2. There exists pg > 0 which depends on €, I'1, I's, € and p such that,
if ||[llpe(ry) < o, then, Problem P" has a unique solution having the regularity

u, € WH>(0,T,V), o, (t) € W->°(0,T;H1). Moreover,
’U,n(O) = Uog, 0'77(0) = 0o (48)

Proof. Using Riez’s representation theorem we may define the operator A,(t):V —

V' and the element f,(t) € V by

(Ay(t)uy(t), v)v = (Ee(un(t)) e (V)2 + Jaa(z () , un(t), v)

Vitel0,T], Yw, ve U, (4.9)

(fn(t)vv)v = (f(t),?))v - (Zrl; (t> 75(”))7—[
Vitel0,T], Yvé& Ui, (4.10)

Lett € [0,T]. We use the assumption (3.4), the equalities ( 3.21) and the inequalities
(3.23) and (3.24) to prove that A,(t) is a strongly monotone Lipschitz continuous
operator on V. Moreover,by (3.10) we have that U,q is a closed convex non-empty set
of V. Using (8.15), we can easily check that js,(25(t), 00, uy(t),.) is a continuous
seminorm on V' and moreover, it satisfies (3.26) and(3.27). Then by an existence
and uniqueness result on elliptic quasivariational inequalities, drabla it follows that

there exists a unique solution u,(t) such that

un(t) € Ugq-
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(An(t)un(t)vv)\/ Jrjfr(v 272](25), Gnvun(t)a v) — jfT(Zf](t)a Umun(t)»un(t)) >
> (fpt),v—uy(t))y Yo €& Usq.
Taking o, (t)), defined by (4.6) and using (4.4), we deduce that o, € W1>°(0,T;H)

and (4.7). Let us remark, that for v =ug, (t) F¢ Yo €D (Q)%, it comes from (4.6)
and Green’s formula

Dive,(t) + fo(t) = 0. (4.11)
Keeping in mind that fo € W2°(0,T; L2 (Q)%) it follows that oy € WH(0,T; Hy).
Therefore, the existence and uniqueness of (u,(t), oy (t)) € V x Hy solution of problem
Pn is established under smallness assumption. The initial conditions (4.8) follows
from (3.17), (4.4) and (4.5) and the uniqueness of the problem for t = 0.

Let now tq, to € [0,T], Using (3.4), (3.1) and (4.4 )we obtain

[[un (t1) = un(t2)llv < ([ f(t1) = f(t2)llv + Iz (1) = 29 (2) [1x 2 ra) +

Hlloy(t1) = on(t2)l), (4.12)

and from (4.6), (4.11) and (4.12), it result that

lon(t1) — op(t2)llv < c(lf(t1) — Flt2)llv + |z (t1) — 25 (2) [120)- (4.13)
Recall that f € W>°(0,T;V), 2, = (2),27) € Wh>(0,T; H x L*(T3)), it follows
from (4.12) and (4.13) that u, € W4>(0,T;V) and o, € W>°(0,T;Hy). O

We denote by 3, € Wh*(0,T; L?(I'3)) the function defined by

By = 22 (4.14)

7

and consider the mapping F : [0,7] x L?(I'3) — L?(I'3) defined by

F(t, 8y) = = (B (t) (v R (), () + 72 | R ((un) - (D)) — €a)+, (4.15)

for all t € [0,7] and 3, € W>°(0,T; L*(T3))
Using the assumptions (3.4), (3.5), (4.4), and (4.5), we may consider the
operator
An: L0, T;H x L*(T'3))—L>(0,T; H x L*(T'3))

46



A ELASTIC-VISCOPLASTIC CONTACT PROBLEM

define by
A= (G(oy, e (uy)), F(t, 8y)) Vi€ L=(0,T;H x L*(T3)) (4.16)

where (0, uy) is the solution of the variational problem P".

In the last step, we will prove the following result.
Lemma 4.3. There exists a unique element n* = (n},n5) such that An* =n* and
n* € L>(0,T;H x L?(T'3))
Proof. Let n; = (ni,n?) and o = (n3,n3) € L>=(0,T;H x L?(I'3)) and let t € [0,T].

We use similar arguments to those used in the proof of (4.10) to deduce that

[ty = uny llv < ell2ny = 2n lmxL2(ra) + lomy = oma lIn), (4.17)
and from (3.4), (3.5) and (4.6), we obtain that
o = onallne < elllun, = unllv + 120, = 2na 20 L2(03))5 (4.18)
from (4.17) and (4.18), it results that
[, =ty [lv < ellzny = 2n |3 22(rs)- (4.19)
On the other hand, it follows from (4.15) that
s (E, Bna) = Foy (8 By )l [ 2(05) <
< 1By, (6) Ro (1, (£))* = B (6) Ro (1t (£))?[| 2 0y +
By (| R (g, ()P = Bpa ()1 R (i () 1 L2 ) -
Using the definition of R, and R, and writing 3,, = 3,, — 3y, + By,, We get
I (E, By,) = F (& Byl L2y < €l18ni (8) = B (Dl L2(0g) + clltim, (8) — un, (D)l L2(rs)-
We now use (4.17), (4.18), (4.14) and (4.5) to deduce
[An2(t) — A (t) | #xL2(ra) < €llzn () = 200 (Dll2x 22 (0a) -
From (3.5), (4.4), (4.16) and the last inequalities, it result that

t
[An2(t) = Amp(8) |3 2(rs) < C/ [12(8) = m ()7 L2(rs) ds- (4.20)
0
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Denoting now by AP the power of the operator A, (4.20) implies by recurrence that

t s q
[An2(t) = A (8)|3x2(ra) < c/ / / 112() = m ()l xL2raydr - ds,
0 JO 0

for all ¢ € [0,T] and p € N. Hence, it follows that

nrrn

C
[APng — APnu|Lee (0,7, 1 x L2(T)) < M2 = M llLes 0,7, x L2 (1)), VP € N. (4.21)

n!

cPT?
and since lim
p—oo Pl

AP 2 L°°(0,T;H x L*(T'3))—L>(0,T;H x L*(I'3)) is a contraction. Then, we con-

= 0, inequality (4.21) shows that for p sufficiently large

clude by using the Banach fixed point theorem that A has a unique fixed point
n* € L>=(0,T;H x L?(T'3)) such that An* = n*. Hence, from (4.16) it results for
all t € [0,7T],

() = ("1 (£), 0" (1)) = (G(on- (£), & (- (1)), (F (L, By (1)) (4.22)

O

Now, we have all the ingredients to provide the proof of Theorem 4.1.

Proof.[Proof of Theorem 4.1.] Ewistence. Let n* € L>(0,T;H x L?(I'3)) be the fixed
point of A and let (uy.,,) € W°(0,T;H; x V) be the solution of Problem P"".
Let also 3,- € Wh°(0,T; L?(T'3)) be the solution of Problem P" for n = n*. We shall
prove that (uy,,o,«, 3,-) is a unique solution of Problem PV .

The regularity expressed in (4.1) follow from Lemma 4.1, Lemma 4.3 and the
fixed point of operators A.

The initial conditions (3.20) follow from (4.5), (4.14) and (4.8) for n = n*.
Moreover, the equalities (3.18) and (3.20) follow from (4.4), (4.6), Lemma 4.4, (4.12)
and (4.16) for n = n* since

Gy (t) = Eeuy- (1) + 25 (1) a.e. t € (0,T)
z%* (t) =n*t(t) = G0y (t),e (uy (1)) a.e. t €(0,T)
Bn* (t) = 2727 (t) =n*2(t) = F(t,B,+(t)) a.e. te(0,T)
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Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of the
fixed point of operators A defined by (4.16). Indeed, let (u,o,3) € WH>(0,T;V x
H; x L?(I'3)) be another solution of Problem PV.

We denote by n € L*>(0,T;H x L*(T'3)) the function defined by

n(t) = (G(o,e (v)), F(t, ), vt € [0, T, (4.23)

and let z, € Wh*°(0,T;H x L*(T'3)) be the function given by (4.4) and (4.5). It
results that (u, o) is a solution to Problem P, and since by Lemma 4.1, this problem

has a unique solution denoted (u,, oy,), we obtain
u = 1u, and o = oy,. (4.24)

Then, we replace (u, ) = (uy, 0y) = (Uns, 0y«) in (3.20) and use the initial condition
(3.20) to see that g is a solution to Problem P,. Since by Lemma 4.2, this last

problem has a unique solution denoted (,, we find
8= By (4.25)

We use now (4.16) and (4.25) to obtain that n = (G(oy,, € (uy)), F, (¢, 8y)), i.e. nisa

fixed point of the operator A. It follows now from Lemma 4.3 that

n=n" (4.26)

The uniqueness part of the theorem is now a consequence of (4.24), (4.25) and (4.26).
g
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A CONSTRUCTION OF ADMISSIBLE STRATEGIES FOR
AMERICAN OPTIONS ASSOCIATED WITH PIECEWISE
CONTINUOUS PROCESSES

BOGDAN IFTIMIE AND MARINELA MARINESCU

Abstract. We provide the construction of some admissible strategies in a
“feedback shape” for American Options, and where the contingent claim
depends on a nontrivial solution of some possibly degenerate elliptic in-

equation.

1. Setting of the problem

Let W (t) be a standard m-dimensional Wiener process over a complete prob-
ability space {Q, F,{Fi}+>0,IP}, {A(t);t > 0} and {y(t);¢ > 0} piecewise constant
adapted processes of dimension n, respectively d defined on the same probability
space. A(t) takes values in some subset S of R™.

We denote pu(t) = (y(t), A(t)), for t > 0 and

plt,w) = pr(w) = (W), A (W), ¢ € [te(w), thi1(w)),

where the sequence {tx;k > 0} is increasing and it’s elements are positive random
variables with tg = 0, t;, — oo, Pa.s., as k — oo and (yx, A\x) are multidimensional
Fi,.-measurable random variables. Then we may assume S = {\;; k > 1}.

We make the assumption that the process W(t) and the sequence
{(tx, px); k > 1} are mutually independent.

Received by the editors: 28.03.2008.
2000 Mathematics Subject Classification. 35B40, 35J70, 60G44, 91B28.

Key words and phrases. American options, admissible strategies, piecewise continuous process, degenerate
elliptic equation.
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Consider a small investor acting in a financial market on which is given a

riskless asset (for instance a bond) whose price evolves in time as
dSo(t) = rSp(t)dt; Sp(0) =1, t >0, (1)

implying that So(t) = " and d risky assets (that we call stocks), for which the vector
S(t,x) collecting the prices of the assets satisfies the SDE

dS(t) = go(S(t); A(t))dt + Zgj(s(t);/\(t))de(t), t € [ths ths1),

2
S(ty) = S_(tg) + yk, for any k > 1, (2)

S(0) =u.

where the vector fields
gz(ya )‘) = az()‘) + AZ(A)ya 1= 17 cee, M, A S S, Yy S Rd, (3)

are assumed continuous and bounded with respect to A. We denoted S_(t) = llTItI; S(t).
x = (x1,%32,...,24) and x; represents the amount of money invested at the initial
time ¢ = 0 in the stock ¢, for ¢ = 1,...,d. x; may be negative and this happens if the
quantity —x; is borrowed at the interest rate r.

The unique solution of the system (2) is a piecewise continuous and {F;}-
adapted process {S(t,x);t > 0}, such that at each jump time ¢z, the jump S(tx,z) —
S_(tg,x) = yx occurs. The linear shape of go(y; A) is not required and we assume that
go(y; \) is global Lipschitz continuous with respect to y € R%.

A portofolio problem for an American Option with maturity T and its ad-

missible strategies can be described by a value function of the following form
V(t,x) = e"0o(t,x) + 0(t,x) - S(t,x), t € [0,T], x € RY, (4)

where 0y (t,x) € R,0(t,z) € RY are some F}-adapted processes, for each fixed » € R?
representing the amount of assets form the bond, respectively the quantities of stocks
possessed by the investor.
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We accept only self-financing portfolios, i.e. portfolios for which the differen-

tial of the value function is given by
dV(t,z) = 0o(t,z)de™ + 0(t,x) - dS(t,x), t € [0,T],
and this formula is understood in the integral sense, i.e.

t t
V(t.) = V(twa) + 7 [ Oolsa)e*ds+ [ 0s.2) - dS(s.)
tr tr
¢
= Oo(tp,z)e™ +0(0,z)-x+7r | Oo(s,x)e" ds

ty

¢ (5)
+ [ 0(s,2) - go(S(s,2); Ak)ds

tr
mo
+ Z/ 0(s, ) - g;(S(s,2); A\ )dW;(s), t € [tk AT, tgyr AT).
j=1"1k

Instead of [ty AT, tk+1 AT), we shall simply write [tg, trr1)-
American options, in contrast with European options may be exercised at
any moment of time between 0 and 7', and thus the value function for an admissible

strategy has to satisfy the constraint
V(t,z) > hy(t,x), 0<t<T, (6)

where h.(t,2) is a positive F;-measurable random variable which stands for the value
of the option at the moment ¢, i.e. the amount of money that the investor has to be
able to provide at time t.

We consider here only functionals of the form

ho(t, @) := €70y (S(t,2), A(1)), (7)

where v is a negative constant and ¢ (y, ) € Pa(y; A), the set consisting of second
degree polynomials with respect to the variables (y1,...,y4) = y, whose coefficients
are continuous and bounded functions of A.

Pa(y) C Pa(y; A) stands for the set of constant coefficients polynomials.

We consider functions ¢, of a particular form, which we shall make precise
later on.
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In order to find such strategies, we need to emphasize those conditions which

allow to get them in a “feedback shape”
9(15793) = evtvy(pv(S(taj); )‘(t))v te [OvT]a T e Rd (8)

and

Oo(tr, z) = eVt (0, \p). (9)
Remark 1. For the sake of simplicity, when computing admissible strategies we shall
include the “feedback shape” (8) and (9) in the definition of such strategies and we
look for appropriate (v,¢~), ¢y € P2(y;X), such that the equations (5) and (6)
are fulfilled. We emphasize that this approach will lead us to an admissible couple
(0o(t,x),0(t,x)) € R, provided

(a) o € Pa(y; \) is a convex function with respect to y € RY;

() (v,94) is a nontrivial solution of the following elliptic inequality
1
Yor (1 A) + Y 5 (050y (U3 A) 9583 X), 9543 ) <0, (3, A) ERT xS, (10)
j=1

The “feedback shape” (8) agrees with the constraints (5) and (6), without
involving the convexity property (a) and the analysis can be reduced to the elliptic

inequality (10).
2. Auxiliary results

Set L : Pa(y; A) — Pa(y; A) the second order linear operator defined as
L) (g5 0) =)

j=1

(079 (y; N g (y; N), g5 (3 A)), for ¢ € Pa(y; A), (11)

N =

where we denoted 351/}@; A) the Hessian matrix of ¢ with respect to y.
Notice that L is a possibly degenerate elliptic operator.

Lemma 1. Let f € Pa(y) such that f(y) > 0, Vy € R? and v a nonzero constant
such that the elliptic equation

L) (y; A) +y0(y: A) + f(y) =0, forany y e R4, A e S (12)

has a nontrivial solution ¢, € Pa(y; A).
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Then the following estimate holds true

hv(tvx)SeXp(’Ytk)QO"/(S(tk,x);)\k)"'/ exp(8) Vo~ (S(s,x); ) - dS(s,x), (13)

23
for any t € [tg,trt1).
Proof. Apply the Ité formula for the process h(t,z) = €', (S(t,z), A(t)) on the
interval [ty, tx41) and get

hy(t, ) == exp(”/tk)%(s(tk,w);kk)Jr/ exp(78)Vyp~ (S(s,2); Ak) - go (S (s, 2); A )ds

tr

+ / exp(15) 1y + F + Lor) (S(s,2); Aw)] ds

23

+ Z_; /tk exp(v5) Vo~ (S(s,2); Ax) - g5(S(s, 2); A )dW;(s)

- / exp(75) F(S(5,2))ds = exp(1tk) o (St 2); M)

ti

+/ exp(78) Vo~ (S(s,2); Ak) - go(S(s, x); Ax)ds

23

+ Zl /tk exp(78) Vo~ (S(s,2); Ak) - g;(S(s, x); Ak )dW;(s)

- / exp(75) F(S (5, 2))ds

tr

— exp(yt) gy (St 2); M) + / exp(18)Vy 0y (S(5,2); ) - dS(s, 2)

tr

- / exp(75) F(S (5, ))ds,

tr
(14)
for any t € [tx, txt1), by virtue of our assumptions.

This leads us to the conclusion of the lemma, since f takes positive values. [

Lemma 2. Let the assumptions of the Lemma 1 be in force and, in addition, we make
the hypothesis that a nontrivial solution ¢~ of the elliptic equation (12) is a convex

function. Define

0(t,x) == "'V, 0, (S(t,x); A1), 0<t < T, z € R? (15)
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and let {0o(t, z);t € [0,T]} be the piecewise continuous process satisfying the integral

equation (5), with

Oo(tr, z) = Tt p (05 \p). (16)
Moreover, we assume that
Oo(t,z) >0, Vt € [0,T], z € R™. (17)
Then (0o(t,x),0(t,x)) € R4 is an admissible strategy (see the formulas (5) and (6))

satisfying the “feedback shape” (8) and (9).

Proof. The value function V' considered at the time ¢; may be written as
V(ty,z) = Oo(te, x)e™ 4+ 7 Vyor (S(th, 2); M) - S(tg, x)

and we require that
V(thx) > eXp('ﬂk)‘PV(S(tkvx);)‘k)’ (18)

where we used the choice (15) for 0(¢, x).
The equation (18) is equivalent with

Oo(t, )e™ + e V0 (S(tk, 2); M) - Stk ) > € (S (tr, ), Ag)- (19)
Since ¢~ is a convex function, its gradient 0, ¢~ (y; A) satisfies
(Vypry(y2;A) — Vypy (Y13 A), Y2 —y1) > 0, for any y1,ys € R? and X € S. (20)

and thus, if 6y (¢x, z) is defined as in (16), we easily get the estimate (19) fulfilled, via
the Lagrange Mean Value Theorem.

0o(t, z) is finally obtained as the unique solution of the integral equation

V(t,z) =e"00(t,z) + "V, 0, (S(t,2); A1) - S(t, x)
(21)

t t
=V(tk,z)+7 [ Oo(s,z)e™ds —|—/ e”tVyapy(S(ux); At)) - dS(s,x),
tr tr
fort € [tk7tk+1)~
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Let ¢ be arbitrary chosen in some interval [t,tr41). Then

t
V(t,z) = e (0; A) + " Vyor (S(tr, ©); M) - S(ti, ) +1 [ Oo(s,x)e"*ds

tr

+/ 75V o4 (S(s,2); A(s)) - dS(s, x)

tg
Z ewtkgpv(o; )\k) + e”t’“ Vysﬁ»y(s(tkv l’), )‘k) ! S(tk7 l’)

+/ eV, (S(s,2); A(s)) - dS(s, x)

ty

Ze’yt’“(pv(S(thx);)\k)-i-/ €7V (S(s,2); A(s)) - dS(s, z)

ty

2 hw(tmc),

where we used the self-financing equation (5), the asumption (17), the convexity
property of ¢ with respect to y and the Lemma 1. The conclusion of the lemma is

now straightforward. O

Remark 2. For a fized f € P2(y), a solution (v, ) of the elliptic equation (12) is

constructed using the following series

1
oy (y; ) = 2

Do LE (s A)] , fory <0, (23)
k=0

1

where L, = HL and L : Pa(y; \) — Pa(y; \) stands for the linear operator defined
Y

in the formula (11).

As far as the linear operator L|,| is acting on Pa(y; A), for the sake of sim-
plicity we shall assume that f(y) = ({(g, y>)27 where ¢ # 0 is a common eigen vector
of the matrices A;(A), such that A7(\)g = p;(A)g and p; : S — R is continuous and

bounded, for any 1 < j < m.

Lemma 3. Let f € Py(y) and gj(y; ) = A;j(N)y +a;(N), j = 1,...,m, be given

as above. Let v < 0 such that % < 1, where p(A\) = Z;ﬂ:l pi(\) and |p|| =
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supycg (). Then the function

<P'y( )—

LY, (f ] (24)
(7

| a() .
v <>{” ] @y T |]’y€R’AES (25)

is a solution of the elliptic equation (12), where b(A) = 2ZJ 1 i (M) {g, a; (X)) and
a(A) =325% ((q:a5(V)?

Proof. By hypothesis, we easily see that

I

Il
-

L) A) =) [A; Ny 4+ a; (V)] q ¢ [A;(Vy + a; (V)] (26)

J

(g, ANy + a;(N))* = (N f(y) + bV (g, 9) + a(A).

M-

Hence
L) = 5310+ 5 v + S, (27)
An induction argument leads us to
k = (EON eV A LIEY)
oy = (") s+ (B5) [F e (25)
PN N e
()[R ez
Denote p(A) = MI(A/AI) and
e kbl
T =3 O =

where p,(A) < 1, for any A € S (see e < < 1). Inserting the formula (28) in (24), we

obtain
1 1 b(A) 1 a(X)
Py (Y A) = TN (Y) + TNy + T
’ Il W Il Bl
and substituting 7'(\) we get the conclusion fulfilled. O

Remark 3. Notice that
a(})

FCIET)

Oo(tr, ) = €07 (0; A) = €7
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Therefore, the assumption that 6y(t,z) > 0, for all t € [0,T], © € R™ is very reason-
able.
Remark 4. The solution of the function ¢~ makes use of a special convex function
fly) = g, y>)2, with ¢ € RY as a common eigen vector of the matrices A;(N),
ij=1...,m.
Assuming that there exist several eigen vectors Q = (q1,...,qs), s < d, such
that
Q" A;(N) = p;(NQ", (A €R, j=1,....m, (29)
then f(y) = (Q*y, Q*y) agrees with the conclusion of the Lemma 3 and the computa-
tion of the convex function v € Pa(y) follows the same procedure.
In addition, for an arbitrarily fized yo € RY, we may consider a conver func-
tion
fy) =(Q"(y — v0), Q" (y — yo)), (30)
where S(t,z) = S(t,z) — yo, t > 0, satisfies the following linear system
dz(t) = ho(z(t); \)dt + ihj(z(t); AN)dW;(t), t >0
=1 (31)
z(0) ==z —wo.
Here hi(z;A) = Ai(N)z +di(A), di(A) = a;(A) + Ai(MNyo, @ =0,1,...,m replaces the
original vector fields g;(y; A of the system (2) and the function f(z) = (Q*z,Q*z)
satisfies (29).

3. Main results

We conclude the above given analysis by the following
Theorem 1. Let g;(y; A) = A;(N)y + a;(N) be given such that the (d x d) matriz
Aj(N\) and the vector a;(\) € R are continuous and bounded with respect to X € S,
forany j = 1,....m and d < n. Consider a continuous vector field go(y; \) € R?
which is globally Lipschitz continuous with respect to y € R%, uniformly in X € S.

Define a convex function f € Py(y) by

fly) =(Q"(y — v0), Q" (¥ — v0)), (32)
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where yo € R? is arbitrarily fized and Q = (q1,...,qs), ¢ € RY, s < d stand for some

common eigen vectors satisfying

Q*AJ()‘) = IU/J(A)Q*? M](A) €eR, j=1,...,m. (33)
Let v < 0 be such that ”‘f;“‘l < 1, where p(\) = Z;nzl 13 (\) and ||l = supgsq ().
Then
1 [ 1
A =— | > L} M| = —0—— 34
Py (y; A) B LX_% 1 () (s )1 ST= a0y (34)
<+ L@ -y + )] v ert A,

is a solution of the elliptic equation (12), where b(\) = 22;”:1 wi(A)Q*d;(N), a(N) =
2o 1Q*d; (VNP di(N) = a;(A) + 4;(N)yo, 5 =1,...,m.
Proof. Using the linear mapping z = y — yo, we rewrite
fly) = f2) = (Q"2.Q")

and the solution {S(t,z);t > 0} satisfying (2) is shifted into S(t,z) = S(t,z) — yo,
which satisfies the system (31). Here hj(z;X) = A;(2;\)z +d;(A), j=1,...,m and
ho(2;A) = go(2 + yo; A)-

The procedure employed in the proof of the Lemma 3 is applicable here and
the convex function ¢, € Pa(y; A) given in (34) satisfies the equation (12). O

Theorem 2. Assume that the assumptions of the previous theorem and also the

estimate (17) stand in force. Define

0(t,x) = Vyior (§(t,2); A1), t € [0,T], = € R (35)
and let {0p(t,x);t > 0} be the piecewise continuous process satisfying the integral
equation (5), where

Oo(tr, ©) = exp(vtr)Vypr (yo; \i), k >0, z € RY. (36)

Then (0o(t,x),0(t,z)) € R is an admissible strategy corresponding to the value
function
V(ta .’L‘) = GO(ta 'T)ert + e(ta .I‘) ' (S(t7 aj) - yO)
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Proof. By hypothesis, the nontrivial solution (f,7,¢) of the equation (12) con-
structed in the Theorem 1 fulfills the conditions assumed in the Lemma 2. The
“feedback shape” recommended by the equations (16) and (15) uses the deterministic
values 0y(ty, ) = exp(vtr)p~(0; Ag), for k > 0, which are not correlated with the
special form that we obtain here for the convex functions f € Pa(y), ¢ € Pa(y; A).
According to the expression of ¢, given in the formula (34), the simplest

values are obtained for y = o € RY, i.e.

1 a()\k)
Ap) = k> 0.
oo ) = Ty T

This is a slight changing in the definition of the “feedback shape” (see the formulas
(8) and (9)) and it agrees with the linear mapping z = y — yo used in the proof of
the Theorem 1, for which z = 0 corresponds to the special “feedback shape” given in
(16) and (15).

As a consequence, (0y(t,2),0(t,z)) € R¥! defined in (35) and (36) is an

admissible strategy corresponding to the value function
V(t,x) = O(t,x)e™ +0(t,x) - (S(t,x) — o), t >0, x € R?

and S(t,x) = S(t,x) — yo, t > 0, is the solution of the system (31). O
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 2, June 2009

ON SUBCLASSES OF PRESTARLIKE FUNCTIONS
WITH NEGATIVE COEFFICIENTS

SANTOSH B. JOSHI

Abstract. The present paper is aim at defining new subclasses of prestar-
like functions with negative coefficients in unit disc U and study there
basic properties such as coefficient estimates, closure properties. Further
distortion theorem involving generalized fractional calculus operator for

functions f(z) belonging to these subclasses are also established.

1. Introduction

Let A denote the class of analytic functions of the form
f(2) :z—i—Zanz" (1.1)
n=2

in the unit disc U = {z:]z] <1} and let S denote the subclass of A, consisting
functions of the type (1.1) which are normalized and univalent in U. A function f € S,
is said to be starlike of order (0 < p < 1) in U if and only if
Zf'(Z))
Re > W 1.2
(75 -2
We denote by S*(u), the class of all functions in S, which are starlike of order y in U.

It is well-known that
§%(w) € 57(0) = 57
The class S*(u) was first introduced by Robertson [7] and further it was
rather extensively studied by Schild [8], MacGregor [2].

Received by the editors: 05.01.2009.
2000 Mathematics Subject Classification. 30C45.

Key words and phrases. Prestarlike function, distortion theorem, closure properties, extremal function,

fractional calculus.
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Also
Su(z) = —— 13
u(z) = m (1.3)
is the familiar extremal function for class S*(u). Setting
ok —2
Clp,n) = W,HGN\{H,N—{LZ&---}- (1.4)
The function S,(z) can be written in the form
Su(z) =z+ZC(u,n) 2", (1.5)
n=2
We note that C(u,n) is decreasing function in g and that
00, u<1/2
lim C(u,n) =1 1, p=1 (1.6)
0, u> 1.

We say that f € S, is in the class S*(«, 3,7) if and only if it satisfies the following
condition
2f(2)
[
2f'(z)
B

where 0 < a<1,0<<1,0<y < 1.

<P, (1.7)

+1—-(1+9)a

Furthermore, a function f is said to be in the class K(«, 3,7) if and only if
2f'(z) € 8*(e, 8,7).
Let f(z) be given by (1.1) and g(z) be given by
g(z2) =2+ Y bnz", (1.8)
then the Hadamard product(or convolution) of (1.1) and (1.8) is given by

(f*9)(z) =2+ anbnz". (1.9)

66



ON SUBCLASSES OF PRESTARLIKE FUNCTIONS WITH NEGATIVE COEFFICIENTS

Let R, (c, 3,7) be the subclass of A consisting functions f(z) such that

zh (z) .
hz) <B (1.10)
zh'(2) -
e T —(1+9)a
where,
h(z) = (f*S.(2)),0 <p <1 (1.11)

Also, let Cy(a, 3,7) be the subclass of A consisting functions f(z), which

satisfy the condition
zf'(z) € Ru(a, 3,7).

We note that R,(a,1,1) = R, () is the class functions introduced by Sheil-
Small et al [9]and such type of classes were studied by Ahuja and Silverman(1].

Finally, let T" denote the subclass of S consisting of functions of the form
oo
fz)=2=) anz",an > 0. (1.12)
n=2

We denote by T*(a,f3,7), C*(o,f,7), Rule,B,7]and Cyla,B,7] the
classes obtained by taking the intersection of the classes S*(a,3,7), K(«a,S3,7),
R, (o, 8,7) and C,(a, §,7) with the class T. In the present paper we aim at finding
various interesting properties and characterization of aforementioned general classes
R,[a,3,~] and C,la, 8,7]. Further we note that such classes were studied by Owa
and Uralegaddi [6], Silverman and Silvia [10] and Owa and Ahuja [4].

2. Basic Characterization
Theorem 1. A function f(z) defined by (1.12) is in the class R,[c, 5,7] if and only
if
S Clu, m{n—1)+ flm+1— (1+7alban <BO+7(1—a).  (21)
n=2

The result (2.1) is sharp and is given by
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— pA+y)1A —a) -
f(z) = Com =D Bl syal” € N\{1}. (2.2)

Proof. The proof of Theorem 1 is straightforward and hence details are omitted. [J

Theorem 2. Let f(z) € T, then f(z) is in the class C,la, 3,7] if and only if
Sl mn{(n— 1)+ Bln+1— (L+alban < B1+)(1—a).  (23)
n=2

The result (2.3) is sharp for the function f(z) given by

Bl+9)(1—a)
Cp,n)n{(n —1)+ lyn+1— (1 +7)al}

Proof. Since f(z) € Cyla, 3,7] if and only if zf'(z) € R,[a, 3,7], we have Theorem

fe) =~

2", n e N\{1}. (2.4)

2, by replacing a,, by na,, in Theorem 1. O
Corollary 1. Let f(z) € T, be in the class R, [c, 3,7] then

< Bl+)(1 —a)
"7 Cp,n){(n—1)+ Blyn+1—(1+7)al}

Equality holds true for the function f(z) given by (2.2).

,n e N\{1}. (2.5)

Corollary 2. Let f(z) € T, be in the class C, [, 3,7] then

. B+~ a)
"= Clp,n)n{(n—1)+ Bhn+1— (1+7)a]}

Equality in (2.6) holds true for the function f(z) given by (2.4).

,n e N\{1}. (2.6)

3. Closure Properties

Theorem 3. The class R, [, 3,7] is closed under convex linear combination.
Proof. Let, each of the functions f;(z) and f2(z) be given by

fi(2)=2= an;2" an; >0,j=1,2 (3.1)

n=2

be in the class R, [, §,7] .It is sufficient to show that the function h(z) defined by

h(z) = Af1(2) + (1= N fa(2),0 < A < 1 (3.2)
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is also in the class R, [a, 3,7]. Since, for 0 < X <1,

o0

h(z)=z— ZP‘G’HJ + (1= Napz]2" (3.3)

n=2

by using Theorem 1,we have

D Clu,n){(n=1)+ Blyn+1 = (1+7)al} Aan + (1= Nans] < B(1+7)(1 - )

(3.4)
which proves that h(z) € R, [, 8,7] .

Similarly we have O
Theorem 4. The class Cy|a, 3,7] is closed under convex linear combination.
Theorem 5. Let,

fi(z) == (3.5)
and,
Fu(z) = 2 — A = a)(1+7) . (3.6)

Clu,n) {(n=1)+ Blyn+1—(1+7)al}
Then f(z) is in the class Ry, 3,7] if and only if it can be expressed as

n=1

where, A\, > 0 and 220:1 A = 1.
Proof. Let,

F(2) =) Anfal?)
n=2

:Z_i Bl —a)(1+7)
= Cp,n){(n—1)+ Blyn+1—(1+7)al}

An2™. (3.8)

Then it follows that

oo

3 Bl —a)(1+7) . Cln){(n—1) + By +1 - (1 +7)e]}
— C(p,n) {(n—1)+plyn+1—-1+~)a}™" Bl —a)(1+7)
=Y M=l-M<L (3.9)
n=2

Therefore by Theorem 1, f(z) € R, [, 3,7] .
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Conversely, assume that the function f(z) defined by (1.12) belongs to the

class R, [o, 3,7], and then we have

o B+~ a)
" O(n) {(n—1)+ By +1— (1+7)al}

,n € N\{1}. (3.10)
Setting

_ o G {(n -1+ fhn+1-(1+9)a}
An = an a0t meN{1}, (311

and
A=1- i Ans (3.12)
n=2
we see that f(z) can be expressed in the form(3.7).This completes the proof of The-
orem 5.
In the same manner we can prove, O

Theorem 6. Let,
fi(z) == (3.13)
and

B(l—a)(l+7)
Clp,n)n{(n —1) + By +1— (1 +7)al}

Then f(z) is in the class Cylo, B,7] if and only it can be expressed as

fal2) =2 — 2", n e N\{1}. (3.14)

F) =D Anfal?) (3.15)
n=1

where, A\, > 0 and Z A, = 1.

n=1
4. Generalized Fractional Integral Operator

Various operators of fractional calculus, that is fractional derivative operator,
fractional integral operator have been studied in the literature rather extensively for
e.g. [3, 5, 11, 12]. In the present section we shall make use of generalized fractional
,6,m
z

integral operator 16\7 given by Srivastava et al [13].
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Definition. For real numbers A > 0,d and n the generalized fractional integral
operator 16\7’26 " is defined as
=26

2" = Ty

/ N LRO S o - ) f@d ()
0

where f(z) is an analytic function in a simply connected region of the z-plane con-

taining origin with order

f(2) =0(|2])%, ( — 0,& > max[0,6—n] — 1) (4.2)
oFi(a,b,c;2) = i L)” (®),, 2 (4.3)
n=0 (C)” n

and (v),, is the Pochhammer symbol defined by

=Tt 3 (4.9
viv+1)..v+n+1),reN
an the multiplicity of (z — #)*~! is removed by requiring log(z — t) to be real when
(z—1t)>0.
In order to prove the results for generalized fractional integral operator I{)\, ’Z‘S o
we recall here the following lemma due to Srivastava et al [13].
Lemma 1 (Srivastava et al [13]). If A > 0and k > 6—n—1 then
Mok L+ DP(k—d0+n+1) 5 (4.5)

0z T Tk —o+ )Tkt A+n+1)
Theorem 7. Let A > 0,6 <2, A+n>—20—n<2and §(A+7n) <3\. If f(z) T
is in the class R, [, 3, 7] with0§u§1/2,0<5§1,0§a<1and 0<~<1 then

L2 —d+n) { B (2= 6+ )1 -a)(1+7) M}
F'2-0)T2+X+n) 1+48{7v2-a)+1—-a}1—p)(2-0)(2+A+n)

< |25 2)

r(2—6+n)z""° {1+ (2—0+n)B(1 —a)(1+7) |Z|}
r2-6r@2+i+mn) 1+8{(y2—-a)+1—a}1—pw)(2-8)2+X+n) ’

<

when
Uod<1
Uy = (4.7)
U\{1},0 > 1.
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Equality in (4.6) is attended for the function given by
Bl-a)ity)

=z — 4.8
IO = s e -+ 1= a) )
Proof. By making use of Lemma 1, we have
) Fn+1)I(n—38+n+1) _
I)\,é,n _ ( " n—a
0= 1 &) = ra Tt A ” Fn—é—i—l)F(n—l—A—i—n—i—l)az
(4.9)
Letting,
CTR—=OTR2+A+n) 5200
H(z) = T2 -0+ 22157,
=z— Z P(n)ayz" (4.10)
n=2
where,
2—9 1
by = —C=04m My oy, (4.11)

(2= 0)n-12+A+n)’

We can see that 9(n) is non -increasing for integers n,n € N\{1}, and we

have
22-6+m)
0< ,n € N\{1}. 4.12
vln) (2 = G 5o €N (112)
Now in view of Theorem 1 and (4.12), we have
[H(2)| > |2l =9 (2) 21" ) an
n=2
2-6+n)B1—-a)1+7) 2
> |z — 4.13
=g 1+8[y2—a)+1—a](1—p)(2—=8)(2+X+1n) 12 (4.13)
and
[H(2)] < |2] +(2)]2]? Zan
(2—5+n)5(1—a)(1+7) 2
> |z + . 4.14
e 1+8y2—a)+1—a]l—pw)(2-90)(2+A+n) 12 (4.14)
This completes the proof of Theorem 7.
Now, by applying Theorem 2 to the functions f(z) belonging to the class
Cyle, B,7], we can derive |
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Theorem 8. Let A > 0,6 <2, A+n>—-20—-n<2and §(A+n) <3\ .If f(z) €T
is in the class Cyla, 3,7] with0§u§1/2,0<ﬁ§1,0§04<1and0§7§1
then

r@2-6+mn)z'"’ (2-38+mB(1L—a)1+7)

P2 =02+ A+n) { 21+ B(2-a)+1-al ]I - w2 -0)2+ A+ n)(4|Z1|5})

< [Rins)| <

rE—s+nls"’ {F (2—0+mp(1 —a)(1+7) |4}
F2-0)I'2+A+n) 20+ B{v(2-a) +1—a}](1—p)(2-0)(2+ A+n)
(4.16)

where Uy is defined by (4.7). Equality in (4.6) is attended for the function given by

Bl-a)i+ty)

f(z)zz_2{1+5[7(2—a)+1—a]}
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FUGLEDE-PUTNAM THEOREM FOR logc-HYPONORMAL
OR CLASS Y OPERATORS

SALAH MECHERI AND AISSA NASLI BAKIR

Abstract. The equation AX = X B implies A*X = XB* when A and
B are normal is known as the familiar Fuglede-Putnam’s theorem. In
this paper we will extend Fuglede-Putnam’s theorem to a more general
class of operators. We show that if A is log-hyponormal and B™ is a class
Y operator, then A, B satisfy Fuglede-Putnam’s theorem. Other related

results are also given.

1. Introduction

Let H,K be complex Hilbert spaces and B(H), B(K) the algebras of all
bounded linear operators on H,XC. The familiar Fuglede-Putnam’s theorem is as

follows:

Theorem 1.1. (Fuglede-Putnam) Let A € B(H), B € B(K) be normal operators. If
AX = XB for some X € B(K,H), then A*X = XB*.

Many authors have extented this theorem for several classes of operators, for
example (see [7, 10, 11, 22, 24]). We say that A, B satisfy Fuglede-Putnam’s theorem
if AX = XB implies A*X = XB*. In [22] A. Uchiyama proved that if A, B* are
class ) operators, then A, B satisfy Fuglede-Putnam’s theorem. In [10] the authors
showed that Fuglede-Putnam’s theorem holds when A is p-hyponormal and B* is a
class A operator. The aim of this paper is to show that if A is log-hyponormal and

B* is a class Y operator, then A, B satisfy Fuglede-Putnam’s theorem.

Received by the editors: 28.03.2008.
2000 Mathematics Subject Classification. Primary 47B47, 47A30, 47B20, Secondary 47B10.

Key words and phrases. Fuglede-Putnam’s theorem, log-hyponormal operator, class ) operator.
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For any operator A € B(H) set, as usual, |A| = (A*A) and [A*, A] = A*A —
AA* = |A]? — |A*|? (the self commutator of A), and consider the following standard
definitions: A is normal if A*A = AA*, hyponormal if A*A — AA* > 0. A is said to
be a class Y, operator for a > 1 (or A € ), ) if there exists a positive number k,

such that
|[AA* — A*A|* < ki(A —A)*(A— )N forallx € C.

It is known that YV, C Vg if 1 <a < . Let Y = |—|1Sa V.. We remark that a class

V1 operator A is M-hyponormal, i.e., there exists a positive number M such that
(A=A (A= X)* < M*(A—XI)*(A— M) for all\ € C,

and M-hyponormal operators are class Vs operators (see [22]). A is said to be domi-

nant if for any A € C there exists a positive number M, such that
(A=A (A=X)* < MZ(A—X)*(A—\).

It is obvious that dominant operators are M-hyponormal. But it is known that there
exists a dominant operator which is not a class ) operator, and also there exists a class
Y operator which is not dominant. In this paper we will extend Fuglede-Putnam’s
theorem for log-hyponormal operators and class ) operators.
A is said to be log-hyponormal if A is invertible and satisfies the following
equality
log(A*A) > log(AA").

It is known that invertible p-hyponormal operators are log-hyponormal operators
but the converse is not true [18]. However it is very interesting that we may re-
gard log-hyponormal operators are 0-hyponormal operators [18, 19]. The idea of log-
hyponormal operator is due to Ando [3] and the first paper in which log-hyponormality
appeared is [6].

2. Results

We will recall some known results which will be used in the sequel.
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Lemma 2.1. [16] Let A € B(H) and B € B(K). Then the following assertions are
equivalent

(i) The pair (A, B) satisfies Fuglede-Putnam’s theorem;

(ii) if AC = CB for some C € B(K,H), then ran(C) reduces A, (ker C)*
reduces B and A|m and B|er ¢yr are normal operators.
Lemma 2.2. (Stampfli and Wadhwa[15]) Let A € B(H) be a dominant operator and

M C H invariant under A. If A|pr is normal, then M reduces A.

Lemma 2.3. [22] Let A € B(H) be a class Y operator and M C 'H invariant under
A. If Ay is normal, then M reduces A.

Lemma 2.4. (Stampfli and Wadhwa[15]) Let A € B(H) be dominant. Let § C C be
closed. If there exists a bounded function f: C\ 6 — H such that (A—N)f(A) =z #0
for some x € H, then there exists an analytic function g : C\ 6 — H such that
(A—=XNg(A\) ==z.

Lemma 2.5. [22] Let A € B(H) be a class Y operator and M C 'H invariant under
A. Then Alp is a class Y operator.

Lemma 2.6. [20] Let A € B(H) be log-hyponormal and M C H invariant under A.

Then Ay is log-hyponormal.

Theorem 2.1. Let A € B(H) be log-hyponormal and B* € B(K) be class Y. If
AC = CB for some operator C € B(K,H), then A*C = CB*. Moreover the closure
ranC of the range of C reduces A, (ker C)* reduces B and Alfane Blker oy are

unitary equivalent normal operators.

Proof. Since B* is class ), there exist positive numbers o and k, such that
|BB* — B*B|* < k2(B — \)(B — \)*, for all A € C.
Hence for 2 € |BB* — B*B|2 K there exists a bounded function f : C +— K such that
(B=XNf(A) =z, forallheC

by [4]. Let A = U|A| be the polar decomposition of A and define its Aluthge transform
y A=|A|2U|A|z. Let A= V|A|, and define the second Aluthge transform of A by
7
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Y
I

|A|%V\/~l|%. Then A is hyponormal [7]. Therefore

(A= ADFN) = A2 (A - A)CF(N)

= |A]2C(B - A f(A\) = |A|2Cxz, for all A € C.

We claim that |A|2Cz = 0. Because if |A|2Cz # 0, there exists a bounded entire
analytic function g : C — M such that (A — \)g(\) = |A|2Cz by Lemma 2.4. Since

g(A\) = (A - N)"A|7Cz — 0as A — oo,

we have g()\) = 0 by Liouville’s theorem, and hence |A|2 Cz: = 0. This is a contradic-
tion. Thus |A|2C|BB* — B*B|*"~'K = {0} and hence

C|BB* — B*B|*K = {0}. (1)

It follows from AC = CB that ranC and (ker C')* are invariant subspaces of A and

B* respectively. Then A and B can be written

A S

A= on H =ranC @ ranC
0 A
B, 0 .
B= on K = (kerC)~ @ ker C
S B
C; 0 N -
C= : (ker C)~ @ ker C — ranC @ ranC'™ .
0 0

Hence C is injective, with dense range and

A0y = C1A;. (2)
We have
B, 0 Br S* Br S* B, 0
BB*-BB=| ' ! | !
S By 0 B} 0 B3 S By

BB} — B{By — S*S B1S* — S*Bs
(B, 5* — S*By)* SS* + ByBi — BiBsy
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BBy — BB, - S*S L

EY Fy
Thus
(B1Bf — BiB; — S*S)? + E1Ef E»
E; £y

|BB* — B*B|* =

Since C|BB* — B*B|*(ker C)* = {0} by (1), we have
C|B1B} — B{B, — S*S)? + E\E;] =0

and since C is injective, (ByBf — B B; — S*S)?+ E1Ef = 0. Hence B Bf — B{ By —
§*S = 0, that is, B} is hyponormal. Multiply the two members of (2) by |A|z and

since the polar decomposition of A = V|A|, we get
Ay(|A]7C) = (J41]2C1) By

Since the second Aluthge transform A = |A|2V|A|z is hyponormal and B} is hy-

ponormal, we have Al, B satisfy Fuglede-Putnam’s theorem. Thus
A (142 Cy) = (A2 0 BT

Hence Al| are normal operators by Lemma 2.1. Since

———and By ot
ran(|A|2)c, ‘ker(\AIQCl)L

|A1|7 and C are injective, |A;|2C) is also injective. Hence
[ker(|A|2C1)]" = 0" = (ker Cy)* = (ker C)*.
By the same arguments as above, we have
ran([A[2)Ch = Ciker(JA|F)* = 0- = TanC; = tanC.

Hence A; is normal. This implies that A; is normal by [20]. Hence ranC reduces A; by
Lemma 2.5 and (ker C;)* reduces Bj by [24]. Since A; is normal, B is hyponormal
and A,Cy = C1 By, we obtain A7Cy, = C1 B by the Fuglede-Putnam’s theorem, and
so A*C = CB*. The rest follows from Lemma 2.1. |
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Corollary 2.1. Let A € B(H) be log-hyponormal and B* € B(K) be class Y. If
AC = CB for some operator C € B(K,H), then A*C = CB*. Moreover the closure
ranC of the range of C reduces A, (ker C)* reduces B and Alsanie Blker oy are
unitary equivalent normal operators.

Proof. Since AC = CB, we have B*C* = C"*A*. Hence BC* = B*™*C* = C*A™ =
C*A by the previous theorem. Hence A*C = CB*. The rest follows from Lemma
2.1. ]

Corollary 2.2. Let A € B(H). Then A is normal if and only if A is log-hyponormal
and A* is class ).

The following version of the Fuglede-Putnam’s theorem for log-hyponormal

operators is immediate from Theorem 2.1 and [9, Theorem 4].

Corollary 2.3. Let A € B(H) be log-hyponormal and B* € B(K) be class Y. If
AX,— X, B — 0 for a bounded sequence {X,}, X,, : K — H, then A*X,,—X,,B* — 0.

Corollary 2.4. Let A € B(H) and B* € B(K) be such that AX = XB. If either
A is pure log-hyponormal and B* is class Y, or A is log-hyponormal and B* is pure

class Y, then X = 0.

Proof. The hypotheses imply that AX = XB and A*X = XB* similtaneously
by Theorem 2.1. Therefore Al and B|er x)- are unitarily equivalent normal
operators, which contradicts the hypotheses that A or B* is pure. Hence we must

have X = 0. O
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DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATIONS
FOR ANALYTIC FUNCTIONS DEFINED BY CONVOLUTION
STRUCTURE

G. MURUGUSUNDARAMOORTHY AND N. MAGESH

Abstract. In the present investigation, we obtain some subordination and
superordination results involving Hadamard product for certain normalized
analytic functions in the open unit disk. Relevant connections of the re-
sults, which are presented in this paper, with various other known results

also pointed out.

1. Introduction

Let H be the class of analytic functions in U := {z : |z| < 1} and H(a,n) be

the subclass of H consisting of functions of the form
f(2)=a+anz" +an2" 4.
Let A be the subclass of H consisting of functions of the form
f(2)=z+a2* +....

Let p,h € H and let ¢(r,s,t;2) : C3 xU — C.
If p and ¢(p(2), 2p’(2), 22p"(2); 2) are univalent and if p satisfies the second

order superordination

h(z) < ¢(p(2), 2p'(2), 2°D" (2); 2), (1.1)

Received by the editors: 15.01.2009.
2000 Mathematics Subject Classification. Primary 30C45, Secondary 30C80.

Key words and phrases. Univalent functions, starlike functions, convex functions, differential
subordination, differential superordination, Hadamard product (convolution), Dziok-Srivastava linear

operator.
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then p is a solution of the differential superordination (1.1). (If f is subordinate to
F, then F is superordinate to f.) An analytic function ¢ is called a subordinant if
q < p for all p satisfying (1.1). A univalent subordinant ¢ that satisfies ¢ < ¢ for
all subordinants ¢ of (1.1) is said to be the best subordinant. Recently Miller and
Mocanu [12] obtained conditions on h, ¢ and ¢ for which the following implication

holds:
h(z) < (p(2), 2p'(2), 22" (2); 2) = q(2) < p(2).

For two functions f(z) = 24+ >..-,a,2" and g(z) = 2+ Y .o, b,2", the
Hadamard product (or convolution) of f and g is defined by

(f*9)(2) =2+ ) anbu2" =: (g% ) (2).
n=2

For aj € C (j = 1,2,...,0) and B; € C\{0,-1,-2,...} (j = 1,2,...m), the
generalized hypergeometric function |Fp,(aq,..., o101, .., 0m;2) is defined by the

infinite series

> (@)n - (@)n
Fo(ar,...,a;01,...,0m; 2) == -—
l (al (67 ﬁl 6 Z) 7;) (ﬁl)n(ﬁm)n

(I<m+1;l,meNy:={0,1,2,...}),

Z’ﬂ
nl

where (a), is the Pochhammer symbol defined by

(@) ::F(aJrn): L, (n=0);
" T(a) ala+1)(a+2)...(a+n—1), (meN:={1,2,3...}).

Corresponding to the function
h(ah'"aal;ﬁla"wﬁm;z) =z lFm(ala' "7041;517"' aﬁm;z)a

the Dziok-Srivastava operator [6] (see also [7, 22]) H. (cv,...,qu;B1,- .., Bm) is de-
fined by the Hadamard product

an(ozl,...,al;ﬁl,...,ﬂm)f(z) =h(an,...,q; 81, Bm; 2) * f(2)

=2z = (al)n—l...(al)n_l anz
- *7; Bt Bz (n— 1) (1.2)
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For brevity, we write

H) ] f(2) = H} (a1, ...,00 81, Bm) f(2).

It is easy to verify from (1.2) that
2(Hylaalf(2)) = axHy,fon + 1] f(2) = (a1 = D) Hj, [ea] f(2). (1.3)

Special cases of the Dziok-Srivastava linear operator includes the Hohlov lin-
ear operator [8], the Carlson-Shaffer linear operator L(a,c) [5], the Ruscheweyh de-
rivative operator D™ [17], the generalized Bernardi-Libera-Livingston linear integral
operator (c¢f. [2], [9], [10]) and the Srivastava-Owa fractional derivative operators (cf.
[15], [16]).

Using the results of Miller and Mocanu [12], Bulboaci [4] considered certain
classes of first order differential superordinations as well as superordination-preserving
integral operators (see [3]). Further, using the results of Mocanu [12] and Bulboaca [4]
many researchers [1, 18, 19, 20, 21] have obtained sufficient conditions on normalized
analytic functions f by means of differential subordinations and superordinations.

Recently, Murugusundaramoorthy and Magesh [13, 14] obtained sufficient
conditions for a normalized analytic functions f to satisfy

Hy,[en] f(2) (f * ®)(2)

(2) f#0)(z)

)

) < al2), @) < < aa(2)

q1(z) < (
and
Hlon +1](f * @) (2)

Hi ] (f * ¥)(2)
where ¢1, g2 are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.

q1(z) < =< q2(2)
The main object of the present paper is to find sufficient condition for certain
normalized analytic functions f(z) in U such that (f * ¥)(z) # 0 and f to satisfy

H}[aa](f * ®)(2)
H Joq +1](f * ¥)(2)

q(z) < =< q2(2),

o0
where ¢1, g2 are given univalent functions in U and ®(z) = z + > \p2", ¥(z) =
n=2

o0

z4+ > pnpz™ are analytic functions in U with A, > 0, u, > 0 and A, > p,. Also, we
n=2

obtain the number of known results as their special cases.
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2. Subordination and Superordination results

For our present investigation, we shall need the following:

Definition 2.1. [12] Denote by @, the set of all functions f that are analytic and
injective on U — E(f), where

B(f) = {¢ € ou : lim f(2) = o)

and are such that f/'(¢) # 0 for ¢ € U — E(f).

Lemma 2.2. [11] Let g be univalent in the unit disk U and 6 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

P(z) = 2q¢'(2)p(q(2)) and  h(2) :=0(q(2)) +9(2).
Suppose that

1. ¥(2) is starlike univalent in U and

2. Re{i’;((;))} >0 forzel.

If p is analytic with p(0) = ¢(0), p(U) C D and

0(p(2)) + 20 (2)8(p(2)) < 0(a(2)) + 2¢' (2)b(a(2)), (2.1)
then
p(z) <q(2)
and q is the best dominant.
Lemma 2.3. [4] Let g be convex univalent in the unit disk U and ¥ and ¢ be analytic
in a domain D containing q(U). Suppose that
1. Re{¥(q(2))/¢(q(2))} >0 for z €U and
2. Y(2) = z2¢'(2)(q(z)) is starlike univalent in U.
If p(2) € H[q(0),1] N Q, with p(U) C D, and F(p(z)) + 2zp' (2)e(p(2)) is univalent in
U and
9(q(2)) + 24 (2)¢(a(2)) < 9(p(2)) + 2p'(2)p(p(2)), (2.2)
then q(z) < p(z) and q is the best subordinant.

Using Lemma 2.2, we first prove the following theorem.
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Theorem 2.4. Let &,V € A, v4 # 0, 71, V2, 3 be the complex numbers and q be
convex univalent in U with q(0) = 1. Further assume that

Re{?yi + 22004 (1 + Zq”(z))} >0 (2el). (2.3)

Ya q'(2)

If f € A satisfies

Y(f, @, 9, 1,72, 73 74) < M+ 7207 (2) + 130(2) + 722d (2), (2.4)
where
T(fa (I)v \Pa Y1572, 73, 74)
H [on](f®)(2) [a1](f*P)(2)
RAE (Hin,[alJlrl](f*‘P)(Z)) T vE [aliu(fwxz)
— w1+ (f*®) (2) H, [on +2](fx¥)(2)
=1+ (o S — (e + D S + 1) (2:5)
% ( HL [on](f*®)(2) )
HI lai +1](F*V)(2)
then
H} [on +1](f * 0)(2)
and q is the best dominant.
Proof. Define the function p by
H! P
Bl D) (26)

z) =
PO H o + 10 ) (3)
Then the function p is analytic in & and p(0) = 1. Therefore, by making use of (2.6),

we obtain

Hiyloa](f + ®)(2) >2+ Hjyloa](f + ®)(2)
H o0 +1](f * ¥)(2) SHfor + (7 + )()

Yo+ 1]+ B)(2) L fos +2)(f < 9)()
”4(1 HE o ](f + ) (2) Hiyfor + 1)(f = ) (2) 1)

HY [on](f * ) (2)
- (an[al +1](f*‘1/)(2))

=1 +720%(2) + 13p(2) + 122’ (2). (2.7)

71-1—’72(

— (a1 +1)

By using (2.7) in (2.4), we have

Y1+ 7207 (2) + v3p(2) + 112D (2) < M1+ 7207 (2) + 130(2) + Yazd (2). (2.8)
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By setting
O(w) ==y, + 7w (2) + 3w and  G(w) := 4,
it can be easily observed that 6(w) and ¢(w) are analytic in C—{0} and that ¢(w) # 0.
Hence the result now follows by an application of Lemma 2.2. O

Whenl =2, m=1, a; =a, ag =1 and ; = ¢ in Theorem 2.4, we state the

following corollary.

Corollary 2.5. Let &,V € A. Let v4 # 0, 1, 2, v3 be the complex numbers and q
be convex univalent in U with q(0) = 1 and (2.3) holds true. If f € A satisfies

Ti(f, @, 9, v1,72,73,74) <71 +720%(2) + 13q(2) + 1124 (2)

where
Ti(fy @0, v1,72,93,7) = 4+ (a% (a +1)%“)
* (TS ) 9
2.9

then

L(a, c)(f * ®)(2)
Lla+1,0)(f *¥)(2)

=< q(2)

and q is the best dominant.

By fixing ®(z) = (2) = 1%

corollary.

Corollary 2.6. Let v4 # 0, 71, 2, 73 be the complex numbers and q be convex
univalent in U with ¢(0) = 1 and (2.3) holds true. If f € A satisfies
2
mla]f(2) > H;,[en] f(2)
el e B N
" 72(H5[1+Hf@) P HL o+ 1)

H! [a1+ 11/(2) H. [0 +2)f(2) H. [on]f(2)
”“( H 1] (2) Hin[041+1}f(2)+1) (Hma1+11f<z>>

<M+ 7120%(2) + 739(2) + Ya2d (2),

— (a1 +1)
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then
H}[a1]f(2)
AL fon + /() 1)

and q is the best dominant.

By takingl =2, m=1, a1 =1, as =1 and 5; = 1 in Theorem 2.4, we state
the following corollary.
Corollary 2.7. Let &,V € A. Let v4 # 0, 1, 2, 73 be the complex numbers and q
be convez univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies

(F+0)(2) \*, (F+D)(2) Af0)(x) A 0)(2)
e (Z(f*\l/)’(2>> e

Fuy) | W R SE T e
<71+ 7203 (2) +739(2) + 112¢' (2),

then

and q is the best dominant.
By fixing ®(z) = ¥(z) in Corollary 2.7, we obtain the following corollary.

Corollary 2.8. Let ® € A. Let v4 # 0, v1, Y2, v3 be the complex numbers and q be
convex univalent in U with ¢(0) =1 and (2.3) holds true. If f € A satisfies

(f x @)(2) >2+ (f x ®)(2) 2fx2)(2) _ 74Z(f * ®)"(2)
(fx@)(2))  2(fx@)(z (f +®)(2) (f+®)(2)

=<7+ 7207 (2) +739(2) + 7124 (2),

Y1+72 (z ) (73 —74) + 74

then

and q is the best dominant.

By fixing ®(2) = 1% in Corollary 2.8, we obtain the following corollary.

Corollary 2.9. Let v4 # 0, 71, 72, 73 be the complex numbers and q be convex
univalent in U with ¢(0) = 1 and (2.3) holds true. If f € A satisfies
)\ ) 2f'(z) _ z2f"(2)
@) T T T
<71+ 7262 (2) +734(2) + 7a2d (),

71 +’Yz(
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then
f(2)
zf'(2)

< q(2)
and q is the best dominant.

Remark 2.10. For the choices of 71 = v2 = 0 and 3 = 1 in Corollary 2.9, we get the
result obtained by Shanmugam et.al [19].

By taking ¢(z) = iigi (-1 < B < A <1)in Theorem 2.4, we have the

following corollary.

Corollary 2.11. Assume that (2.3) holds. If f € A and

1+ Az 1+ Az (A—B)z
Y(f, ®, U 2
(fs @, %, y1,72,73,74) <M +72(1+Bz) tBT g, +74(1+BZ)2,
then
H [on](f * ®)(2) 14+ Az
H! [ap +1](f x¥)(z) 1+ Bz
and iigz is the best dominant.

Now, by applying Lemma 2.3, we prove the following theorem.

Theorem 2.12. Let &,V € A. Let 71, v2, 73 and v4 # 0 be the complex numbers.

Let g be convex univalent in U with q(0) = 1. Assume that

2
Re {73 n ”q(z)} > 0. (2.10)
V4 Y4

Ll * z .
Let f € A, % € Hlg(0),1]NnQ. Let Y(f, ®, U, v1,72,73,74) be univalent
iU and

71 + ’Yzq2(2) + 73Q(z) + ’}/4qu(2) < T(fa (I)7 \117 71a72773a,y4)7 (211)

where Y(f, ®, U, v1,7v2,v3,74) s given by (2.5), then

H,,aa](f * ®)(2)
Hi[on +1](f * ¥)(2)

q(z) <
and q is the best subordinant.

Proof. Define the function p by

! a1 * z
o(o) i fenllf = 2)(2)

= or - 0 0) (3 (2.12)
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Simple computation from (2.12), we get,

Y(f, @, 9, v1,72,73,74) = 71 + 720 (2) + Y3p(2) + Y42’ (2),

then

Y1+ 72@?(2) + 739(2) + Y22 (2) < 71 + Y2p?(2) + Y3p(2) + 722D (2).

By setting ¥(w) = v1 + Yow? + 3w and ¢(w) = 74, it is easily observed that
Y(w) is analytic in C. Also, ¢(w) is analytic in C — {0} and that ¢(w) # 0.
Since ¢(z) is convex univalent function, it follows that
ﬁ’(Q(Z))} {73 272 }
Re{ =R—=+—¢q(2)p, >0, z€U.
Ha(2)) 7t 31
Now Theorem 2.12 follows by applying Lemma 2.3. ]

When ! =2, m =1, a1 =a, as =1 and 5y = ¢ in Theorem 2.12, we state
the following corollary.
Corollary 2.13. Let &,V € A. Let 1, v2, 73 and 4 # 0 be the complex numbers.
Let q be convex univalent in U with ¢(0) = 1 and (2.10) holds true. If f € A
Lﬁz(i)lc,)c()}z;f\)ll()z()z) € H[q(o)? 1] N Q Let Tl(f’ (bv \I’a 71772)73774) be univalent in U and
M+ 720%(2) +730(2) + 1a2¢' (2) < T1(f, D, 8, 1,792,793, 74),
where Y1 (f, ©, W, v1,72,73,74) is given by (2.9), then

L(a,c)(f = ®)(2)
Lia+1,0)(f *¥)(z)

q(z) <
and q is the best subordinant.
Whenl =2 m=1,a; =1, a; =1 and f; = 1 in Theorem 2.12, we derive
the following corollary.
Corollary 2.14. Let &,V € A. Let v1, v2, v3 and 4 # 0 be the complex numbers.
Let q be conver univalent in U with ¢(0) = 1 and (2.10) holds true. If f € A,

*®P)(z
% € H[q(0),1]N Q. Let

(f*®)(2) \*, (f*D)(2)
e (z(fwwz)) NEIEEIIE

. A )() A (2)
p 08 TN E Sy T )
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be univalent in U and

Y1+ 720%(2) + 139(2) + 1124 (2)

G2\, (Fx®)() [ AP A 0)()
<t (z(f \I')’(Z)>+Z(f*‘l/)’(z) {”3 WENTEE ) )
then

(f  9)(2)
1) =2 o)

and q s the best subordinant.
By fixing ®(z) = ¥(2) in Corollary 2.14, we obtain the following corollary.

Corollary 2.15. Let ® € A. Let v1, 72, v3 and v4 # 0 be the complex numbers.
Let q be conver univalent in U with q¢(0) = 1 and (2.10) holds true. If f € A,
L € Hg(0),1]N Q. Let

(F*2)(2) \*, (=) [~ d(f*2)(x)  2(f*D)"(2)
i (Srans) Hairer e e

be univalent in U and

Y1+ 7126°(2) + 13q(2) + 742 (2)

«0)(2) \?, (f=®)(2) [ Af+0)(2)  2(fxD)(2)
A <Z(f*¢>)’(Z)> o)) [”3 WAN TR (f*é)’(Z)}’
then
CRF T

and q is the best subordinant.

By fixing ®(z) = % in Corollary 2.15, we obtain the following corollary.

Corollary 2.16. Let v1, 72, v3 and 4 # 0 be the complex numbers. Let q be convex

univalent in U with ¢(0) =1 and (2.10) holds true. If f € A, Z’}Ef;) € H[q(0),1] N Q.
f(=)

2 ! "
Let v1 + 72 (ZJ}(@)) + zfg(z) [(73 — Y1) + Y4 Z}C(S) — Y4 ZJ{,((Z;)} be univalent in U and

Y1+ 726 (2) + 13q(2) +va2d (2) <

f N\, f2) - 2f'(2)  z2f"(2)
Zf’(Z)> T [”3 WUy T f’(Z)]’

it +72<
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then

and q is the best subordinant.

By taking ¢(z) = (1 + Az)/(1+ Bz) (-1 < B < A <1) in Theorem 2.12, we

obtain the following corollary.

Corollary 2.17. Assume that (2.10) holds true. If f € A, % €

H[q(0),1]1NQ. Let Y(f, ®,9, v1,72,73,74) be univalent in U and

1+ Az
1+ Bz

1+A42  (A-B)z

2
) Jrfygl—&-BzJr%(l—i—Bz)Q

71 +72( <rr(fa (I)y\pa ’71772373774%

then
L4 As B o](f + 9)(2)
1+ Bz  H.[ag +1)(f *U)(2)

1+Az

B 1s the best subordinant.

and

3. Sandwich results

We conclude this paper by stating the following sandwich results.

Theorem 3.1. Let q1 and g2 be convexr univalent in U, v1, Y2, v3 and 4 # 0 be
the complex numbers. Suppose qo satisfies (2.3) and q, satisfies (2.10). Let ®,¥ €

1
A. Moreover suppose % € H[L,1NQ and Y(f, ®, T, v1,72,73,74) s

univalent in U. If f € A satisfies

Y1+ 7201 (2) + v3q1(2) + 72201 (2) < Y(f, @, Y1,72,73,74)

<M + 7205 (2) + V302(2) + 425 (2),
where T(f, ®,T, v1,72,73,74) @s given by (2.5), then

H,,loa](f * @) ()
HiJon +1](f * ¥)(2)

q1(z) < < q2(2)

and q1, qo are respectively the best subordinant and best dominant.
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By taking

1+ Az
=——(-1<B; <A <1
q1(2) 1+B1z( < B 1<1)

and

1+AQZ
=——"="(-1<B Ay <1
q2(2) 1+Bgz( < By <Ay <1)

in Theorem 3.1 we obtain the following result.
Corollary 3.2. Let ®,V € A. If f € A,
(f*2)(z)

2(f =) (2)

and Y(f, ®,9, v1,7v2,73,7v4) s univalent in U. Further

14+ Az (A1 — By)z
73 V4 5

e H[L1NQ

1+A12’
14+ Bz

71+ 72( )2+
= T(fa (I)vl:[la 717723’73774)
1 + AQZ 2 1 + AQZ (A2 - BQ)Z
1+BQZ) +’731+B22+’Y4(1+B22:)2
where Y (f, ®, U, y1,7v2,v3,74) s given by (2.5), then
1+Alz< (f x®)(2) <1+A22
1+ Bz z2(f*U)(2) 1+ Baz

<71+ 72

1+A1z 14+Asz
1+B1z’ 14+Bsz

and are respectively the best subordinant and best dominant.

We remark that Theorem 3.1 can easily restated, for the different choices of

(I)(Z)a \II('Z)a lvm7 ag, Qg,...00, 617627 s /6m and for V1,725,735 V4-
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A PIEZOELECTRIC FRICTIONLESS CONTACT PROBLEM
WITH ADHESION

MOHAMED SELMANI

Abstract. We consider a quasistatic frictionless contact problem for a
piezoelectric body. The contact is modelled with normal compliance. The
adhesion of the contact surfaces is taken into account and modelled by a
surface variable, the bonding field. We provide variational formulation for
the mechanical problem and prove the existence of a unique weak solution
to the problem. The proofs are based on arguments of time-dependent

variational inequalities, differential equations and fixed point.

1. Introduction

A deformable material which undergoes piezoelectric effects is called a piezo-
electric material. However, there are very few mathematical results concerning con-
tact problems involving piezoelectric materials and therefore there is a need to extend
the results on models for contact with deformable bodies which include coupling be-
tween mechanical and electrical properties. General models for elastic materials with
piezoelectric effects can be found in [8,9, 10,18, 19] and more recently in [1,17]. The
importance of this paper is to make the coupling of the piezoelectric problem and a
frictionless contact problem with adhesion. The adhesive contact between deformable
bodies, when a glue is added to prevent relative motion of the surfaces, has received
recently increased attention in the mathematical literature. Analysis of models for

adhesive contact can be found in [3,4,6, 7,12, 13, 14] and recently in the monographs

Received by the editors: 12.06.2007.
2000 Mathematics Subject Classification. TAM15, T4F99, 74M99.

Key words and phrases. Quasistatic process, frictionless contact, normal compliance, adhesion,

piezoelectric material, existence and uniqueness, monotone operator, fixed point, weak solution.
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[15,16] . The novelty in all these papers is the introduction of a surface internal vari-
able, the bonding field, denoted in this paper by «;, it describes the pointwise fractional
density of adhesion of active bonds on the contact surface, and sometimes referred to
as the intensity of adhesion. Following [6, 7], the bonding field satisfies the restriction
0 < a <1, when a =1 at a point of the contact surface, the adhesion is complete and
all the bonds are active, when o = 0 all the bonds are inactive, severed, and there
is no adhesion, when 0 < a < 1 the adhesion is partial and only a fraction « of the
bonds is active.

In this paper we describe a model of frictionless, adhesive contact between
a piezoelectric body and a foundation. We provide a variational formulation of the
model and, using arguments of evolutionary equations in Banach spaces, we prove
that the model has a unique weak solution.

The paper is structured as follows. In section 2 we present notations and some
preliminaries. The model is described in section 3 where the variational formulation
is given. In section 4, we present our main result stated in Theorem 4.1 and its proof
which is based on the construction of mappings between appropriate Banach spaces

and a fixed point arguments.

2. Notation and preliminaries

In this short section, we present the notation we shall use and some prelimi-
nary material. For more details, we refer the reader to [2,5,11]. We denote by S? the
space of second order symmetric tensors on R? (d = 2,3), while ”.” and | . | represent
the inner product and the Euclidean norm on S¢ and R?, respectively. Let ¢ R? be

a bounded domain with a regular boundary I' and let v denote the unit outer normal

on I'. We shall use the notation
H=L*Q)"={u=(w) /u € L*) },
H Q) ={u= () /u € H(Q) },
H= {0’ = (O'ij) / Oij = 0j; € LZ(Q) },

Hi={oc€eH /DivwoeH},
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where ¢ : H'(2)¢ — H and Div : Hy — H are the deformation and divergence

operators, respectively, defined by

e(u) = (gij(u)), €ij(u) = %(ui,j +uji), Dive = (04j,;).

Here and below, the indices ¢ and j run between 1 to d, the summation convention
over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable.
The spaces H, H'(Q)?, H and H; are real Hilbert spaces endowed with the canonical

inner products given by

(u,v)H:/u.vdx Yu,v € H,
Q

(u,v)Hl(Q)d:/u.vdx—i—/Vu.Vv dx Yu,v e HY(Q)?,
where " ’
Vv = (v ;) Vv € H(Q)%,
(U,T)Hz/QU.de Vo,me™H,
(o,7)1y = (0,7)n + (Div o, Div )y ¥ 0,7 € H;.

The associated norms on the spaces H, H'(Q)?, H and H; are denoted by | . |g,
| . i@y | - [ and | . |5, respectively. Let Hp = H2(I)? and let v : H'(Q)? —
Hr be the trace map. For every element v € H'(Q)? we also use the notation v
to denote the trace yv of v on I' and we denote by v, and v, the normal and the

tangential components of v on the boundary I' given by
Vy =V .U, Vi =V — Uyl (2.1)

Similarly, for a regular (say C') tensor field o : Q — S? we define its normal and

tangential components by
o, =(ov) . v, 0, =0V —o0o,V, (2.2)
and we recall that the following Green’s formulas hold:
(0,e(v))n + (Div o,v)g = / ov.vda Vv e H'(Q) (2.3)

r
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(D, Vo)u + (div D, @) r20) = / D.vyda Yo e HY(Q). (2.4)
r
Finally, for any real Hilbert space X, we use the classical notation for the spaces
LP(0,T;X) and W*P(0,T; X), where 1 < p < 400 and k > 1. We denote by
C(0,7;X) and C'(0,T; X) the space of continuous and continuously differentiable
functions from [0, 7] to X, respectively, with the norms

f )= f(t
| |C(0,T,X) tg%&?” ()|X7

£ o107 0= f f
| £ ]c10,7:x) tgﬁ;]I () |x +tr€rfg>;]| () |x,

respectively. Moreover, we use the dot above to indicate the derivative with respect
to the time variable and, for a real number r, we use r to represent its positive part,
that is r4 = max{0,r}. For the convenience of the reader, we recall the following

version of the classical theorem of Cauchy-Lipschitz (see, e.g., [20]).

Theorem 2.1. Assume that (X, | . |x) is a real Banach space andT > 0. Let F(t,.) :

X — X be an operator defined a.e. on (0,T) satisfying the following conditions:

1- There exists a constant L > 0 such that
| F(t,z) — F(t,y) |x<Lp|z—y|x Vz,y € X, ae. t € (0,T).

2- There exists p > 1 such that ¢t — F(¢t,z) € LP(0,T;X) Va € X.
Then for any zo € X, there exists a unique function x € W P(0, T; X) such
that

z(t) = F(t,z(t)) a.e. t€(0,7),

z(0) = zo.

Theorem 2.1 will be used in section 4 to prove the unique solvability of the
intermediate problem involving the bonding field.

Moreover, if X; and X5 are real Hilbert spaces then X; x X5 denotes the
product Hilbert space endowed with the canonical inner product (.,.)x, xx,-
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3. Mechanical and variational formulations

We describe the model for the process, we present its variational formulation.
The physical setting is the following. An electro-elastic body occupies a bounded
domain 2 ¢ R? (d = 2,3) with outer Lipschitz surface I'. The body is submitted to
the action of body forces of density fy and volume electric charges of density qg. It is
also submitted to mechanical and electric constraint on the boundary. We consider a
partition of I' into three disjoint measurable parts I'y, 'y and I'3, on one hand, and
on two measurable parts ', and T'y, on the other hand, such that meas (T';) > 0 and
meas (I'g) > 0. Let T > 0 and let [0, T] be the time interval of interest. The body is
clamped on I'; x (0,7, so the displacement field vanishes there. A surface tractions
of density fy act on I's x (0,7") and a body force of density fy acts in 2 x (0,7 . We
also assume that the electrical potential vanishes on I', x (0,T) and a surface electric
charge of density go is prescribed on I'y x (0, 7). The body is in adhesive contact with
an obstacle, or foundation, over the contact surface I's. We suppose that the body
forces and tractions vary slowly in time, and therefore, the accelerations in the system
may be neglected. Neglecting the inertial terms in the equation of motion leads to
a quasistatic approach of the process. We denote by u the displacement field, by o
the stress tensor field and by ¢(u) the linearized strain tensor. We use a piezoelectric
constitutive law given by

o = A(e(u)) - E"E(p),
D =&¢(u) + BE(p),

these relations represent the electro-viscoelastic constitutive law of the material which
A is a given nonlinear function, E(¢) = —V is the electric field, £ = (e;;x) represents
the third order piezoelectric tensor, £* is its transposed and is given by £* = (e;‘jk)7
where e, = exi; and B denotes the electric permitivitty tensor.

To simplify the notation, we do not indicate explicitely the dependence of
various functions on the variables x € QUT and t € [0,7]. Then, the classical
formulation of the mechanical problem of piezoelectric material, frictionless, adhesive
contact may be stated as follows.
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Problem P. Find a displacement field u : Q x [0,T] — R? and a stress field
o Qx[0,T] — S¢, an electric potential field p : Q x [0,T] — R, an electric
displacement field D : Q x [0,T] — R¢ and a bonding field o : T's x [0,T] — R such
that

o = Ale(u) + & Vg in Q x (0,7), (3.1)

D =E&(u) — B Vg in Q x (0,T), (3.2)
Divo+f,=0 inQx(0,T), (3.3)

divD =gy in Qx (0,T), (3.4)

u=0 onlyx(0,T), (3.5)

ov =f, on Tyx (0,T), (3.6)

0y, =pu(w) =na’Ry(w,) onTyx(0,T), (3.7)
~0r = p-(a)R-(u;) on T x (0,T), (3.8)

&= —(a(nw(Ru(w))* +7- | R-(ur) [ ) = a)y on T5x (0,7), (3.9)
a(0) = ag on T, (3.10)

p=0 onT,x(0,T), (3.11)

D.v=g onTyx(0,T). (3.12)

First, (3.1) and (3.2) represent the electro-elastic constitutive law described
above. Equations (3.3) and (3.4) represent the equilibrium equations for the stress
and electric-displacement fields while (3.5) and (3.6) are the displacement and traction
boundary condition, respectively. Condition (3.7) represents the normal compliance
conditions with adhesion where v, is a given adhesion coefficient and p, is a given
positive function which will be described below. In this condition the interpenetra-
bility between the body and the foundation is allowed, that is u, can be positive on
I's. The contribution of the adhesive to the normal traction is represented by the
term 7,0%R ,(u, ), the adhesive traction is tensile and is proportional, with propor-
tionality coefficient 7,, to the square of the intensity of adhesion and to the normal
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displacement, but as long as it does not exceed the bond length L. The maximal

tensile traction is v, L. R, is the truncation operator defined by

L ifs<—L,
R,(s)=4q —s if —L<s<0,
0 if s > 0.

Here L > 0 is the characteristic length of the bond, beyond which it does
not offer any additional traction. The introduction of the operator R, , together with
the operator R, defined below, is motivated by mathematical arguments but it is not
restrictive for physical point of view, since no restriction on the size of the parameter
L is made in what follows. Condition (3.8) represents the adhesive contact condition
on the tangential plane, in which p; is a given function and R, is the truncation

operator given by

v if |v|<L,

LY if |v|>L.

vl

This condition shows that the shear on the contact surface depends on the
bonding field and on the tangential displacement, but as long as it does not exceed
the bond length L. The frictional tangential traction is assumed to be much smaller
than the adhesive one and, therefore, omitted.

Next, the equation (3.9) represents the ordinary differential equation which
describes the evolution of the bonding field and it was already used in [3], see also
[15,16] for more details. Here, besides 7, two new adhesion coefficients are involved,
v, and €,. Notice that in this model once debonding occurs bonding cannot be
reestablished since, as it follows from (3.9), & < 0. Finally, (3.10) represents the initial
condition in which oy is the given initial bonding field, (3.11) and (3.12) represent the
electric boundary conditions. To obtain the variational formulation of the problem

(3.1)-(3.12), we introduce for the bonding field the set

Z={0eL>*{Ts)/0<6<1ae onls},
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and for the displacement field we need the closed subspace of H'(Q)? defined by
V:{VEHl(Q)d/VzoonFl}.

Since meas (I'1) > 0, Korn’s inequality holds and there exists a constant Cj > 0,

that depends only on 2 and I'y, such that
| e(v) [H= Ck | v [miye YV EV.

A proof of Korn’s inequality may be found in [11, p.79]. On the space V we consider

the inner product and the associated norm given by
(w,v)y = (e(u),e(vV)n, |viv=le(v)|n VuveV. (3.13)

It follows that | . [g1(qye and | . |y are equivalent norms on V' and therefore
(V,| . |v) is a real Hilbert space. Moreover, by the Sobolev trace theorem and (3.13),

there exists a constant Cy > 0, depending only on §2, 'y and I's such that

|V |2 e< Co | V v Vv eV. (3.14)
We also introduce the spaces

W={peH(Q)/¢p=00nT,},

W ={D = (D;) /| D; € L*(Q), div D € L*(Q)},

where div D = (D, ;). The spaces W and W are real Hilbert spaces with the inner

products
(.o = [ VoVo o
(D,E)yy = / D.E dz +/ div D.div E dx.
Q Q
The associated norms will be denoted by | . |y and | . |y, respectively. Notice also

that, since meas(I',) > 0, the following Friedrichs-Poincaré inequality holds:
| Vo |r2)e> Cr | & [y Vo €W, (3.15)

where Cr > 0 is a constant which depends only on Q and I',.
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In the study of the mechanical problem (3.1)-(3.12), we assume that the

constitutive function A : Q x S% — S9 satisfies

a) There exists a constant L4 > 0 Such that
A(x,e1) — A(X,e2) |< La |61 —e2 | Ver,e0 € 9, ae. x € Q.

b) There exists a constant m 4 > 0 Such that

¢) The mapping x — A(x, ) is Lebesgue measurable on €2 for any ¢ € S%.

(
|
(
(A(x,e1) — A(x,22)).(61 —€2) > mu | e1 — &2 |* Ver,e0 € 8%, ae. x € Q.
(
(

d) The mapping x — A(x, 0) belongs to H.
(3.16)
The operator B = (B;;): Q x RY — R? satisfies

(a) B(x,E) = (b;;(x)E;) VE = (E;) € RY, a.e.x € Q.
(b) ij = bjl) bzg € LOO(Q)v 1<i4,j< d.
(¢) There exists a constant mp > 0 such that BE.E > mp | E |?

VE = (E;) € RY, a.e. in Q.
(3.17)
The operator € :  x S — R? satisfies

(a) € =(eijr),eijr € L), 1< 14,4,k <d.
(b) E(x)o.T =0. EX(x)T  Vo,7 €S%, ae. in Q.
(3.18)

The normal compliance function p, : I's x R — R satisfies

(a) There exists a constant L, > 0 such that

| po(x,71) —pu(x,72) |< Ly |71 — 12| Vri,r2 €R, ae. x € T.

() (po(x,71) — pu(x,72))(r1 —1r2) > 0 Vry,ro €R, ae. x €5, (3.19)
¢) The mapping x — p,(x,r) is measurable on I's, for any r € R.

d) p,(x,7) =0 for all r <0, a.e. x€Ts.

(
(

105



MOHAMED SELMANI

The tangential contact function p, : I's x R — R satisfies

(a) There exists a constant L, > 0 such that

| pr(x,dy) — pr(x,d2) |[< L: | dy —do | Vdyi,d2 € R, ae. x € Ts.

(b) There exists M, > 0 such that | p,(x,d) |< M, Vd € R,a.e. x € I's.
(¢) The mapping x — p,(X,d) is measurable on I's, for any d € R.

(d) The mapping x — p,(x,0) € L*(T'3).

(3.20)

We also suppose that the body forces and surface tractions have the regularity
fo € WH(0,T; L2(Q)9), £, € WH>(0,T; L*(T2)?), (3.21)
q € WH(0,T; L*(Q)), g2 € WH™(0,T; L*(Ty)). (3.22)
The adhesion coefficients satisfy
Yos Yrs€a € L(T3), Y, Yry€q = 0 a.e. on Ts. (3.23)

The initial bonding field satisfies

agp € 7. (324)

Next, we denote by f :[0,7] — V the function defined by

(£(0),v)v = /

fo(t) . vdx + / fo(t) . vda YvevV, tel0,T], (3.25)
Q s

and we denote by ¢: [0,T] — W the function defined by

(q(t),fﬁ)W:/qu(t).Mx - / () . dda Ve W, te[0.T].  (3.26)

Iy

Next, we denote by jaq : L®(T'3) x V x V — R the adhesion functional defined by
Jad(a,u,v) = / (=7, ? R, (u,) v, + pr ()R, (u,) .v,) da. (3.27)
s
In addition to the functional (3.27), we need the normal compliance functional

Jne(a, v) :/r pu(uy)v, da. (3.28)
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Keeping in mind (3.19)-(3.20), we observe that the integrals (3.27) and (3.28) are well
defined and we note that conditions (3.21)-(3.22) imply

f e Wh(0,T;V), ¢ Whe(0,T;W). (3.29)

Using standard arguments we obtain the variational formulation of the mechanical
problem (3.1)-(3.12).
Problem PV. Find a displacement field u : [0,T] — V, an electric potential
field ¢ : [0,T] = W and a bonding field o : [0,T] — L (T's) such that
(Ae(u(t)),e(v))n + (E7Ve(t), e(v))n + Jaala(t), u(t), v)
Fine(u(t),v) = (£(t),v)v Vv e Vit € (0,T), (3.30)
(B (), Vo) 2 s — (E2(u(t)), Vo) p2aps = (alt), D)w Vo € Wt € (0,T), (3.31)
a(t) = —(a(t) (W (Ru(uy(t))? + 7 | R-(ur(t) 7 ) —€a)4 ae. t € (0,7), (3.32)
a(0) = ap. (3.33)
The existence of the unique solution of problem PV is stated and proved in the next
section.
Remark 3.1. We note that, in problem P and in problem PV, we do not need to
impose explicitly the restriction 0 < o < 1. Indeed, equation (3.32) guarantees that
a(x,t) < ap(x) and, therefore, assumption (3.24) shows that a(x,t) < 1 fort > 0,
a.e. x € I's. On the other hand, if a(x,tg) = 0 at time tg, then it follows from (3.32)
that a(x,t) = 0 for all t > to and therefore, a(x,t) = 0 for all t > tg, a.e. x € T'.
We conclude that 0 < a(x,t) <1 for allt € [0,T], a.e. x € T'3.
Below in this section «,aj,as denote elements of L?(I'3) such that 0 <
a,a1,ap < 1 ae x € I's, up,us and v represent elements of V and C' > 0 rep-
resents generic constants which may depend on 2,13, '3, pu, pr, Vv, V- and L.

First, we note that the functional j,q and j,. are linear with respect to the

last argument and, therefore,

jad(a7 u, _V) = _jad(av uvv)7 jm:(uv _V) = _an(uaV)' (3‘34)
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Next, using (3.27), the properties of the truncation operators R, and R, as well as

assumption (3.20) on the function p,, after some calculus we find
jad(a17 ui, u2_u1)+jad(a27 uz, ul_u2)
<C oy — g || ug — g | da,

T3
and, by (3.14), we obtain

Jaa(ar, ur, Uy—uy)+jaa(az, uz, u; —uy)

< Clan —az [r2ry)| w1 —uz |v . (3.35)

Similar computations, based on the Lipschitz continuity of R,, R, and p, show that

the following inequality also holds
| jad(a,ur, v)—jad(a,ue,v) | < C|lug —us |v| vy . (3.36)
We take now a3 = az = a in (3.35) to deduce
Jad(, 1, Uy —1u1)+jaa (e, ug, u;—uz) <O0. (3.37)

Also, we take u; = v and ups = 0 in (3.36) then we use the equalities R, (0) = 0,

R, (0) = 0 and (3.34) to obtain
Jad(a, v,v) >0 (3.38)

Now, we use (3.28) to see that

| oW1, ¥)—jne(uz, v) | < / | o (1) — pulu) || v, | da,
s

and therefore (3.19) (a) and (3.14) imply
| Jne(W1, V) =jne(ug,v) [ < Clu —ug |v| v |y . (3.39)

We use again (3.28) to see that

Jne(Ur, Uy—uq ) +Jpnc(ug, uy —uy) < / (P (u1p) — po(u2w)) (U2 — u1y)da,
I's

and therefore (3.19) (b) implies

Jne(ur, ug—ug)+jpe(uz, u;—ug) < 0. (3.40)
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We take u; = v and uy = 0 in the previous inequality and use (3.19) (d) and (3.40)
to obtain

j’I'LC(V7 V) >0. (341)
Inequalities (3.35)-(3.41) and equality (3.34) will be used in various places in the rest
of the paper.

4. An existence and uniqueness result

Now, we propose our existence and uniqueness result.

Theorem 4.1. Assume that (3.16)-(3.24) hold. Then there exists a unique solution

{u,p, a} to problem PV. Moreover, the solution satisfies

uec wh>(0,T;V), (4.1)
@ € Wh=(0,T; W), (4.2)
a € Wh*(0,T; L (T3)). (4.3)

The functions u,p, o, D and o which satisfy (3.1)-(3.2) and (3.30)-(3.33) are
called a weak solution of the contact problem P.

We conclude that, under the assumptions (3.16)-(3.24), the mechanical prob-
lem (3.1)-(3.12) has a unique weak solution satisfying (4.1)-(4.3). The regularity of

the weak solution is given by (4.1)-(4.3) and, in term of stresses,
o€ W (0,T;Hy), (4.4)

D € Wh*>(0,T;W). (4.5)

Indeed, it follows from (3.30) and (3.31) that Div o(t) +f,(t) = 0, div D =
qo(t) for all t € [0,T] and therefore the regularity (4.1) and (4.2) of u and ¢, combined
with (3.16)-(3.22) implies (4.4) and (4.5).

The proof of Theorem 4.1 is carried out in several steps that we prove in
what follows, everywhere in this section we suppose that assumptions of Theorem
4.1 hold, and we consider that C is a generic positive constant which depends on
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Q. T1,T3,p0,Pr, 7,7 and L and may change from place to place. Let Z denote the
closed subset of C'(0,7T; L?(T'3)) defined by

Z={0eC(0,T;L*(T3)) / 0(t) € ZVt € [0,T],0(0) =} . (4.6)

Let a € Z be given. In the first step we consider the following variational problem.
Problem PV . Find a displacement field u,, : [0,T] — V, an electric potential
field ¢, : [0,T] = W such that

(Ae(ua(t)),e(V))n + (E7Veal(t),e(v)) 1 + Jaa((l), wa(t), v)

Fine(ua(t),v) = (£(t), v)y Vv eV, tel0,T], (4.7)
(BVSOa (t), ng))Lz(Q)d - (Se(ua (t)), v¢)L2(Q)d

We have the following result for the problem.
Lemma 4.2. There exists a unique solution to problem PV,. The solution satisfies
(Ua, 0a) € C(0,T;V)x C(0,T;W).
Proof. Let t € [0,7] we consider the product space X = V x W with the inner
product:

(1, y)x = (WVv)v +(p,d)w Vo= (u9), y=(v,¢) € X, (4.9)
and the associated norm | . |x . Let A; : X — X be the operator given by
(A, y)x = (Ae(w),e(vV))n + (BV@, Vo) L2(0)e + (E7Vip, (V)
—(&e(u), Vo) r2(q)t + Jne(w, v) + jaa(a(t), u,v)
Vo = (u,¢), y=(v,¢) € X. (4.10)
We consider the element F' € X given by
F=(fq) €X. (4.11)

We consider the following equivalence result the couple z, = (uq, pa) is a solution
to problem PV if and only if
(Arza(t),y)x = (F(t),y)x, Yye X, t€[0,T]. (4.12)
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Indeed, let z,(t) = (ua(t), pa(t)) € X be a solution to problem PV, and let y =
(v,9) € X. We add the equality (4.7) to (4.8) and we use (4.9)-(4.11) to obtain
(4.12). Conversely, let z4(t) = (un(t), pa(t)) € X be asolution to the quasivariational
inequality (4.12). We take y = (v,0) € X in (4.12) where v is an arbitrary element
of V and obtain (4.7), then we take y = (0,¢) in (4.12), where ¢ is an arbitrary
element of W, as a result we obtain (4.8). We use (3.13), (3.15), (3.16)-(3.18), (3.36)
and (3.39) to see that the operator A; is strongly monotone and Lipschitz continuous,
it follows by standard results on elliptic variational inequalities that there exists a
unique element (uy(t), pa(t)) € X which solves (4.7)-(4.8).

Now let us show that (ua, pa) € C(0,T;V)x C(0,T; W). We let t1,t2 € [0,T]
and use the notation u,(t;) = w;, a(t;) = i, pa(ti) = @i, £(t;) = £, ¢(t;) = ¢; and
ZTo(t;) = (ua(ti), pa(t;)) = x; for i = 1,2. We use standard arguments in (4.7) and
(4.8) to find

(Ae(ur —uz),e(wr —uz))y + (E°V(p1 — p2),e(m1 — uz))n

= (fi — fo, w1 — w2)v + jne(ur, ug — u1) + jne(uz, uy — 1)
+jad(a1,u1, 02 — Uy) + jad(ag, ug, u; — uz), (4.13)
(BV(p1 = 92), V(e1 — ¥2))2()e — (Ee(ur —u2), V(o1 — ¥2))r2(0)a
= (1 — @2, 1 — p2)w, (4.14)

and, by using the assumption (3.16)-(3.18) on A, B and &, the properties (3.35)
and (3.39) on the functional j,q and j,. respectively and (3.14)-(3.15), we obtain

lw —w [vy<C(|fi—f v + a1 — @ |lw + | a1 — a2 [r2ry))- (4.15)

o1 =2 lw< Clm —uz v + [ 1 — g2 [w). (4.16)

The inequality (4.15) and the regularity of the functions f, ¢ and a show that u, €
C(0,T;V). We use (4.16) and the regularity of the functions u,, ¢ to show that
Yo € C(0,T;W). Thus we conclude the existence part in lemma 4.2 and we note that
the uniqueness of the solution follows from the unique solvability of (4.7) and (4.8)
at any t € [0,77]. O
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In the next step, we use the displacement field u, obtained in lemma 4.2 and
we consider the following initial-value problem.

Problem PVy. Find the adhesion field 0, : [0,T] — L>*(I's) such that for
a.e. t€(0,T)

éa(t) = *(0a(t)(7v(Ru(uau(t)))2 + 7 | Rr(uar(1)) |2 ) = €a)+s (4.17)

00(0) = . (4.18)
We have the following result.

Lemma 4.3. There exists a unique solution 0, € W1 (0,T; L>(I'3)) to problem
PVy. Moreover, 0,(t) € Z for all t € [0,T].
Proof. For the simplicity we suppress the dependence of various functions on I's,

and note that the equalities and inequalities below are valid a.e. on I's. Consider the

mapping F, : [0,T] x L>®(T'3) — L>(T'3) defined by
Fa(t,0) = = (007 (R (tan(t)))® + 97 | Rr(Uar () [* ) = €a)+, (4.19)

for all t € [0, T] and 0 € L>°(T'3). It follows from the properties of the truncation op-
erator R, and R, that F,, is Lipschitz continuous with respect to the second variable,
uniformly in time. Moreover, for all § € L>°(I'3), the mapping t — F,(t,0) belongs
to L>=(0,T;L>°(T'3)). Thus using a version of Cauchy-Lipschitz theorem given in
Theorem 2.1 we deduce that there exists a unique function 6, € W1°°(0, T; L>=(T'3))
solution to the problem PVy. Also, the arguments used in Remark 3.1 show that
0 <60,(t) <1foralltel0,T], ae. onIs. Therefore, from the definition of the set
Z, we find that 6, (t) € Z, which concludes the proof of the lemma. O

It follows from lemma 4.3 that for all & € Z the solution 6, of problem PV

belongs to Z. Therefore, we may consider the operator A : Z — Z given by
Aa=14,. (4.20)

We have the following result.

Lemma 4.4. There exists a unique element o* € Z such that Aa™ = o*.
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Proof. We show that, for a positive integer m, the mapping A™ is a contraction

on Z. To this end, we suppose that a; and as are two functions in Z and denote

u,, = u;, and 0,, = 0; the functions obtained in lemmas 4.4 and 4.5, respectively,

for o = a;, i = 1,2. Let t € [0,T]. We use (4.7) and (4.8) and arguments similar to

those used in the proof of (4.15) to deduce that
| wi(t) —uz(t) [v< Clai(t) — aa(t) [L2(ry),
which implies
t t
/|m@—@@W%§C/|m@—@@hw@w

0 0

On the other hand, from the Cauchy problem (4.17)-(4.18) we can write
t
0i(t) = ao —/0 (0:(5) (9 (Ro (uin (5)))* + 77 | R (wir(5)) ) = €a)+ ds,

and then
| 01(t) — 02(1) |z2(rs)

t
< C/ | 01(s)(Ry (u1,(5)))? = O2(s) (Ro (w2, ()))? [ L2(rs) ds
0
t
< C/O | 61(s) | Rr(uir(s)) > —0a(s) | Ry (uar(5)) [*|2(ry) ds.
Using the definition of R, and R, and writing 61 = 6, — 65 + 65, we get
| 61(t) — 02(1) |L2(rs)

t t
schm@—%@uwgw+/\m@—w@uwmwy
0 0

Next, we apply Gronwall’s inequality to deduce
|mw—wﬂmmﬁcéﬂm@—m@uwww.

The relation (4.20), the estimate (4.25) and the relation (3.14) lead to
|Am@—mmwmmgclnm@—@@mm&

We now combine (4.22) and (4.26) and see that

t
Mmm—mmwmmgc/|m@—%@uw@w
0

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

113



MOHAMED SELMANI

and reiterating this inequality m times we obtain
cmrm

[ A" a1 = A"z |orrara) S ——— | a1 = az oz ws)) - (4.28)
Recall that Z is a nonempty closed set in the Banach space C(0,7;L*(T3)) and
note that (4.28) shows that for m sufficiently large the operator A™ : Z — Z is a
contraction. Then by the Banach fixed point theorem (see [16]) it follows that A has
a fixed point a* € Z. ]

Now, we have all the ingredients to prove Theorem 4.1.
Proof. Existence. Let a* € Z be the fixed point of A and let (u*, ¢*) be the solution
of problem PV, for a = a*, i.e. u* = uy+, p* = Yu+. Arguments similar to those

used in the proof of (4.15) lead to
[ u(t1) —u"(t2) [v< C(| q(t) — q(t2) lw

+ [ £(t1) = £(t2) [v + [ " (t1) — " (t2) [L2(ra)); (4.29)

| @™ (t1) = @™ (t2) [w< C(| u*(t1) —u™(t2) [v + | q(t1) — q(t2) [w), (4.30)
for all t1,t5 € [0,7]. Since a* = 04+ it follows from lemma 4.3 that o* €
Whee(0, T; L>=(T'3)), the regularity of f and ¢ given by (3.29) and the estimate (4.29)
imply that u* € W1°°(0,T; V) and (4.30) implies that o* € W>°(0,T; W). We con-
clude by (4.7), (4.8), (4.17) and (4.18) that (u*, p*,a*) is a solution of problem PV
and it satisfies (4.1)-(4.3).

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness
of the fixed point of the operator A defined by (4.20).

Let (u, ¢, ) be a solution of problem PV which satisfies (4.1)-(4.3). Using
arguments in remark 3.1 we deduce that « € Z, moreover, it follows from (3.30)-(3.31)
that (u, ) is a solution to problem PV, and since by lemma 4.2 this problem has a

unique solution denoted (u,, ¢s), we obtain
u=u, and ¢ = @,. (4.31)

We replace u by u, in (3.32) and use the initial condition (3.33) to see that « is a
solution to problem PVy. Since by Lemma 4.3 this last problem has a unique solution
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denoted 0., we find

o = b, (4.32)

We use now (4.20) and (4.32) to see that Aa = «, i.e. « is a fixed point of

the operator A. It follows now from lemma 4.4 that
a=a". (4.33)

The uniqueness part of the theorem is now a consequence of equalities (4.31),

(4.32) and (4.33). O

References

[1] Batra, R.C., Yang, J.S., Saint Venant’s principle in linear piezoelectricity, Journal of
Elasticity, 38(1995), 209-218.

[2] Brézis, H., Fquations et inequations non linéaires dans les espaces vectoriels en dualité,
Ann. Inst. Fourier, 18(1968), 115-175.

[3] Chau, O., Fernandez, J.R., Shillor, M., Sofonea, M., Variational and numerical analysis
of a quasistatic viscoelastic contact problem with adhesion, Journal of Computational
and Applied Mathematics, 159(2003), 431-465.

[4] Chau, O., Shillor, M., Sofonea, M., Dynamic frictionless contact with adhesion, Journal
of Applied Mathematics and Physics (ZAMP), 55(2004), 32-47.

[5] Duvaut, G., Lions, J.L., Les Inéquations en Mécanique et en Physique, Springer-Verlag,
Berlin, 1976.

[6] Frémond, M., Equilibre des structures qui adhérent & leur support, C. R. Acad. Sci.
Paris, 295, Série 11 (1982), 913-916.

[7] Frémond, M., Adhérence des solides, J. Mécanique Théorique et Appliquée, 6(3)(1987),
383-407.

[8] Mindlin, R.D., Polarisation gradient in elastic dielectrics, Int. J. Solids Structures,
4(1968), 637-663.

[9] Mindlin, R.D., Continuum and lattice theories of influence of electromechanical coupling
on capacitance of thin dielectric films, Int. J. Solids, 4(1969), 1197-1213.

[10] Mindlin, R.D., Elasticity, Piezoelectricity and Cristal lattice dynamics, J. of Elasticity,
4(1972), 217-280.
[11] Necas, J., Hlavacek, 1., Mathematical Theory of Elastic and Elastoplastic Bodies: An

Introduction, Elsevier, Amsterdam, 1981.

115



[12]

[13]

[14]

[15]

[16]

[17]
18]

[19]
[20]

116

MOHAMED SELMANI

Raous, M., Cangémi, L., Cocu, M., A consistent model coupling adhesion, friction, and
unilateral contact, Comput. Meth. Appl. Mech. Engng., 177(1999), 383-399.

Rojek, J., Telega, J.J., Contact problems with friction, adhesion and wear in or-
thopaedic biomechanics. I: General developments, J. Theoretical and Applied Mechanics,
39(2001).

Rojek, J., Telega, J.J., Stupkiewicz, S., Contact problems with friction, adherence and
wear in orthopaedic biomechanics. 11: Numerical implementation and application to im-
planted knee joints, J. Theoretical and Applied Mechanics, 39(2001).

Shillor, M., Sofonea, M., Telega, J.J., Models and Variational Analysis of Quasistatic
Contact, Lect. Notes Phys. 655, Springer, Berlin Heidelberg, 2004.

Sofonea, M., Han, W., Shillor, M., Analysis and Approzimation of Contact Problems
with Adhesion or Damage, Pure and Applied Mathematics 276, Chapman-Hall / CRC
Press, New york, 2006.

Tengiz, B., Tengiz, G., Some Dynamic of the Theory of Electroelasticity, Memoirs on
Differential Equations and Mathematical Physics, 10(1997), 1-53.

Toupin, R.A., The elastic dielectrics, J. Rat. Mech. Analysis, 5(1956), 849-915.
Toupin, R.A., A dynamical theory of elastic dielectrics, Int. J. Engrg. Sci., 1(1963).
Suquet, P., Plasticité et homogénéisation, These de doctorat d’Etat, Université Pierre

et Marie Curie, Paris 6 1982.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF SETIF
19000 SETIF ALGERIA

E-mail address: s_elmanih@yahoo.fr



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 2, June 2009

ON THE STANCU TYPE LINEAR POSITIVE OPERATORS OF
APPROXIMATION CONSTRUCTED BY USING THE BETA AND
THE GAMMA FUNCTIONS

ELENA IULIA STOICA-LAZE

Abstract. The objective of this paper is to present some extensions of
several classes of Stancu type linear positive operators of approximation
by using the beta and the gamma functions.

Section 1 is devoted to consideration of the Stancu-Bernstein type
operator Sy, introduced in 1968 by D.D. Stancu in the paper [28] starting
from the Markov-Polya probability distribution.

In section 2 is considered the Stancu-Baskakov operator V.5, de-
fined at (2.1) and (2.2). If @ = 0 then we obtain the Baskakov operator
defined at (2.3).

Section 3 is devoted to the operator W, of Stancu, Meyer-Konig
and Zeller operator defined at (3.1) and (3.2) introduced ~ in [22] by these
authors starting from the Pascal probability distribution.

In section 4 is presented and discussed the Stancu beta operators
of second-kind L,,, defined at (4.2), which was obtained by using Karl

Pearson type VI, b, 4, with positive parameters p and gq.

1. The Stancu-Bernstein operator Sy,

In the previous papers [32], [33], [34], professor D.D. Stancu has considered
probabilistic methods for construction and investigation of some linear positive oper-
ators useful in approximation theory of functions.

First we mention that in 1968 he has introduced and investigated in [28] a

new parameter-dependent linear polynomial operator S5, of Bernstein type associated
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to a function f € C0, 1], defined by the formula

m

k

s =S @ (5. (1)
k=0

where « is a non negative parameter and wy;, , is a polynomial which can be expressed

by means of the factorial power u("*) of the non-negative order n and increment h,

given by the formula
u™ = u(u—h)... (u—(n—1)h),

namely
Pslo) = Ty (1 )2 (- ) (1.2
If @ = 0 then this operator reduces to the classical operator B,,, introduced by
Bernstein in 1912 in the paper [7] by starting from the binomial Bernoulli distribution.
By using the Markov-Pdlya probability distribution (introduced by A. Markov
[19] in 1917 and encountered in 1930 by G. Pélya [25] studying the contageous diseases.
We mention that at this distribution we can arrive by using the following urn model.
An urn contains a white balls and b black balls. One ball is drawn at random from
this urn and then it is returned together with a constant number of ¢ identical balls
of the same color. This process is repeated m times. Denoting by Z; the one-zero
random variable, according as the j-th trial results in white or black, the probability
that the total number of white balls Z; + - -+ + Z,,, be equal with k£ (0 < k < m) is

given by

Pk m, a,b, ¢) = (m) ala+c)...(a+ (k—=1)c)b(b+c¢)...(b+ (m—k—1)c)

k (a+b)(a+b+c)...(a+b+ (m—1)c)
If we adopt the notations: = = a/(a +b), o = ¢/(a + b), and we hold

«a a constant, allowing x to vary, we obtain the discrete probability distribution of

Markov-Pélya. We can see that the probability to have

1 k
Yon=—(Z1+-+2Zn)=—
m m

is given just by the formula

N m x(k,fa) 1—12 (m—k,—a)
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If we assume that « > 0, then the operator S, can be represented by means

of the formula

<s::lf><x>B<1) / L0 (B (0, (1.3)

r 1l—=x
b

« «

where B is the Euler (1707-1783) Beta function of the first kind, where

B(z,y) = /0 "t =)t (z,y > 0).

This is a function of two variables x and y from R.
Putting « = t/(1 + t) we obtain
< hdt
B = —_.
The Beta function can be expressed by the Euler Gamma function I'(u),

where u > 0 and
I(u) = / tvlemudt.
0
Now let us make the remarks that
11 1
B(m,n)=(m—-Dl(n—-1)!/(m+n-1)!, B (2, 2) =x, T () =/,

as can be seen in the books [9], [13].

Concerning the remainder of the approximation formula of the function f
by the operator of D.D. Stancu (1.3), we should mention that it can be represented

under the form

(B f)(x) = (By,e2)(2) (D5, f) (),

where
1+am z(l-—2x)

R® = .

(Roea)(a) = - B
and

m—1

o o k k+1
(Dmf)(x) = ];)p77L—1,k(x+a71 7I+O‘) |:z7m7m;f:| )

the brackets representing the symbol for divided differences.
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2. The Stancu-Baskakov operator V2

If one uses the generalization given by D.D. Stancu in the paper [29] for the
Fisher probability distribution

(2.1)

pece=ation = ("}

k (14 x)ntk’

namely

1 T
m+k_1>3<a+m’a+’“>

ey
o

where a and x are positive numbers and B is the Euler beta function, then we obtain

P(X=k)=<

the generalized Baskakov operator V¢ considered by D.D. Stancu [29], defined by the

formula
m

(Vaf) ) = gvz;,k(x)f ( ¢ ) |

where z € [0, 00) and

oo ()= m+k—1\(1+a)(1+2a)...(1+ (m—1a)(z(x+a))...(xz+ (k—1)a)
Mk T k I+z2)l4+z+a)...l+z+(m+Ek—-1)a) '
(2.2)
Since vﬁl70(0) =1 and v%’k(O) =0 if k£ > 1 one observes that we always have

(Vin £)(0) = f(0).

We notice that the fundamental polynomials vy, , can be expressed in a more
compact form by means of the notion of factorial powers, namely

o (@) = (m k- 1) AT
: k (1 + z)(mtk,—a)

The operator V% includes as a special case the Baskakov operator Q,,, defined

by the following formula
= (m+k—1 ok k
(@ f)(z) = kz:% ( +k )Wf (m) ) (2.3)

which can be constructed if one uses the form considered by Fisher [10] for the negative
binomial distribution.
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We further note that if & > 0 and = > 0 then one verifies directly that the

fundamental polynomials vy, , can also be represented in the following form

1 T
m+k—1 B<a+m’a+k>
v = i (2.4)

m,o B<1’x>
o «

3. The Stancu Meyer-Konig and Zeller operator W

in terms of the Euler beta function B.

If we use a generalization given by D.D. Stancu [29] for the Pascal probability
distribution, then we can obtain the following general linear operator W, defined for

a function f bounded on the interval [0, 1] namely

k

(Wa @) =) wpp@f | — > (3.1)
kZ:O o <m+k>

where for 0 < z < 1 we have

o _(m+k\ a® (1 — g)(mtl—e)
(:E) k 1(m+k+1,—a)

_ (m—i—k)x(w—i—a)...(m—l—(k—l)a)(l—x)(l—x+a)...(1—x+ma)
k 1+a)(1+2a)...(1+ (m+k)a) ’
One observes that if = 0 then W5

m

f(0) = f(0), while if x = 1 it is convenient
to take

(Wi f) (Wi f)(@) = f(1).

= lim
z 1
It is obvious to see that W includes as a special case (o« = 0) the operator

of Meyer-Konig and Zeller [22] defined by

(M f) @) = 3 () (’“) , (3.2)
k=0

m+k

where

Wi,k (2) = (m; k) 2 (1 — gyt

obtained by these authors by using the negative binomial probability distribution of
Pascal.
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In the paper [29] D.D. Stancu has given an integral representation of W f
by using the Beta transformation of the operator M,, defined at (3.2), which is valid
for a > 0 and 0 < = < 1 namely,

r l—=x
Z =

a 1 ! z _ 1-=

(W) () = [ Eta-o T annpwa. @)
B 0

(%)

Concerning this operator we want to mention that the paper [37] J. Swetits
and B. Wood referring to a probabilistic method in connection with the Markov-
Polya urn scheme, used by D.D. Stancu in [28] for constructing the operator S2,
have presented a variation of the Pascal urn scheme.

It permits to give a probabilistic interpretation of the operator M.

By using the notation

N B m+k u(k,—a)v(m+1,—a)
Wy (U, v) = k (u + v)(mH1+k—a)

and the second order divided differences of the function f, D.D. Stancu has evaluated

in the paper [33] the remainder term in the approximation formula of the function f:

flx) = (Mp f)(x) + (B, f)(x) (3.4)
by means of M f, namely

k k+1
m+k' m+1+k

(Bouf) (@) = —a(l=2) Y (mA1+k) " wh g (e+a, ata) |z, i fls

k=0

where the brackets represent the symbol for divided differences.

4. The Stancu beta operators of second kind

By starting from the beta distribution of second kind b, , (with positive pa-
rameters), which belongs to Karl Pearson’s Type VI, one defines the beta second kind
transformation T}, , of a function g : [0,00) — R bounded and Lebesgue measurable
in every interval [a,b], where 0 < a < b < oo such that T, 4]g| < co. The moment of

order r (1 <r < ¢) of the functional T}, , has the following value

P e
) = Tt = (g 2) )

(4.1)
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If one applies this transformation to the image of a function f : [a,00) — R

by the operator defined at (2.3) then we obtain the functional

Fl(p,q) = Tpg(Qmf),

given explicitly under the following form

FTJ:L(pa q) = TP»‘I(me)

:Em: (m—i—k—1)p(p+1)...(p+q—1)q(q+1)...(q+m—l)f (k)
= k P+ap+a+l)...(p+a+m+k—1) m)
1
If we select p = L and ¢ = —, where o > 0 then the preceding formulas
@ @
leads us to the parameter dependent operator S% introduced in 1970 in the paper of
D.D. Stancu [29] (sec also the paper [31] of the same author) as a generalization of
the Baskakov operator [6]. By using the factorial powers, with the step h = —a, it
can be expressed under the following compact form
= (m4k—1\ xlF—elilm—al k
LO( = _— —_ .
(L f)(z) kz::o ( k ) (1 +1.)[m+k,fa]f m
It should be noticed that the operator 7= 1+ =T was used in the paper [5]
for obtaining the operator L, by Adell and De la Cal.
Professor D.D. Stancu has introduced the new beta second kind approxima-

tion operator, defined by the formula

(Ln)@) = Enmir§e) = gy [ IO s (42

Because
(Lmeo)(x) = / bz m+1(t)dt =1
0

it follows that the operator L., reproduces the linear functions.

It is easily seen that this operator is of Feller’s type but it is not an averaging
operator.

If we use an inequality established by D.D. Stancu in [35], one can find an
inequality given the order of approximation of the function f by means of L,,f,
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namely
(@) = (L f)(@)] < (1+ Vala+ D)y ( 7 w%) 7
respectively
(@) ~ L £)(@)] < (L4 2(z+ 1))y ( : ml_l)

where wy(f,d) represents the modulus of continuity of order k (kK = 1,2) of the
function f.

According to the Bohman-Korovkin convergence criterion we can deduce that
the sequence (L, f) converges uniformly in [a,b] to the function f when m tends to
infinity.

In the paper [29] D.D. Stancu has established an inequality of Lorentz type
and an asymptotic formula of Voronovskaja type.

Ending this paper we mention that the operator of beta type of second kind
of D.D. Stancu is distinct from other beta operators considered earlier by Miilbach

[24], Lupas [22], Upreti [38], Khan [14] and Adell [3].
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