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BERNSTEIN-TYPE OPERATORS ON TETRAHEDRONS

PETRU BLAGA, TEODORA CATINAS, AND GHEORGHE COMAN

Abstract. The aim of the paper is to construct Bernstein-type operators
on tetrahedron with all straight edges and on tetrahedron with three curved
edges defined by some given functions. We study the interpolation prop-
erties, the approximation accuracy (degree of exactness, precision set) and
the remainder of the corresponding approximation formulas. The accuracy

is also illustrated by numerical examples.

1. Introduction

In some previous papers were constructed and applied some interpolation
operators on triangle with one curved edge respectively on tetrahedron with straight
edges ([1, 6, 7, 8, 9, 12]), as well as Bernstein-type operators on triangle with all
straight edges, respectively on triangle with one curved edge ([4, 5]). There were
studied the interpolation properties and the accuracy of these operators respectively
the remainders of the corresponding approximation formulas.

The order of an approximation operator P is given by the degree of exactness
(dex(P)) and by the precision set (pres(P)). Remind that dex (P) = r if Pf = f
for all f € P and there exists g € P, such that Pg # g, where P’ denotes the
space of polynomials in n variables of global degree at most r. The precision set of
an approximation operator is the set of all monomials for which the approximation is

exact [2].
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The goal of this paper is to study Bernstein-type operators on tetrahedrons

with straight edges respectively with three curved edges given by functions.

2. Bernstein-type operators on tetrahedrons with straight edges

By affine invariance it is sufficient to consider only the standard tetrahedron
75, with vertices Vo = (0,0,0), V4 = (h,0,0), Vo = (0,k,0) and V5 = (0,0, h), with
three edges 71, T2, 73 along the coordinate axes and with the edges I'1, I'», I's (opposite
to the vertex V). Also, one denotes by co12, 0013, 0o23 and o123 the tetrahedron faces
from the planes Vo V1 Vs, VoVi Vs, VoVaVs and V1V, Vs respectively (see the left side of
Figure 1).

(x,h—x,0) (h-y.y,0)

FiGURE 1. Tetrahedron with straight edges

Let II;, ¢ = 1, 2, 3, be the parallel planes to the tetrahedron faces that intersect
the tetrahedron edges in three points and T;, ¢ = 1,2, 3, be the triangles in which the
planes II;, i = 1,2,3, intersect the tetrahedron faces respectively (see the right side

of Figure 1).

2.1. Univariate operators. On each triangle one defines two Bernstein-type oper-

ators.
Remark 1. We shall study, in detail, only the Bernstein-type operators on the tri-
angle Ty. For the triangles Ts and T3 there are obtained analogous results.
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Let us consider the triangle T} (see Figure 2).

(0,h-z2,2)

(x,h—x-z,2)

Oy2)g - - - = c1o - - = = (h-y-z,y.2)

(0,0,2) (x,0,2) (h-2,0,2)

FIGURE 2. Triangle T}
For the uniform partitions

A;_{(ﬂ;ﬁ;ﬁwﬁ) L_ja}

m

A%:{(xjjwwz) ‘ij,n},
n

of the intervals [(0,y,2), (h —y — 2,9, 2)] [(z,0, 2), (x,h — x — z, 2)] respectively, one

and

considers the Bernstein-type operators BY and BJ* defined by

n h—y—=z
(BfnyF) (l’,y,Z) = me,l (x7yuz)F (z+uy72)
=0

with
m T 7 x m—i
mi (L, Y,2) = | . — 11— —
Pt (7,4 %) (Z)(h—y—Z> ( h—y—Z>
and
(BEF) (2,5, = > oy (22 2) F (:mh‘—‘ )
— ’ n
J:
with
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J n—j
n Y Y
n,j 3 ) = . 5T _ 1_7 3
1 (797) <J> <h_$_2> ( h—x—z)

where F' is a real-valued function defined on 7;,.
Theorem 2.1. If F': 7, — R then:
(i) BEYF = F on og23 U 0123,
BY*F = F on gp13 U 0123;
(ii) dex(BZY) =dex(BY*) =1;
(iii) pres(ByY) = {:viyjzk ‘ 1=0,1;4,k € N},
pres (BJ®) = {xiyjzk ‘ ji=0,1;i,k € N};

hea—1 — .
(v) (Bifes) (@.y.9) = o2 4 TEZEVZ 2o
m
h—x—y— .
weiok) (T,y,2) = + roy=2) #2F, i j keN.
B}, y y? b ~ j
Proof. The relations
1, fori=0,
Pm,i (07 Y, Z) =
0, fori>0;

1, fori=m,
Pm,i(h—y—2zy,2) =
0, fori<m,;

respectively
1, forj=0,
4n,j (‘Ta 0, Z) =
0, forj>0;
1, for j =n,
qnj (@, h—x—2,2)=
0, forj < mn;
imply that

(BoF)(0,y,2) = F(0,y,2),

(B;yF)(h_y_Zvyaz):F(h’_y_zvyaz)’
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and

(By°F) (2,0,y) = F (2,0, 2),

(BY*F)(z,h—x —z,2) = F(z,h—x —z,2),

i.e., the interpolation properties (i). Regarding the approximation accuracy, we have

(ByYeooo) (x,y, 2 E pmi (%,y,2) =1,

" /m T ‘ T me i(h—y—2)
B=Y — E 1— —_—
( meloo) (I,y,Z) - <Z>(h_ —Z) < h_y—z) m

Y
_:I:ml m—1 2 A . T m—l—i_w
N pard h—y—=z h—y—=z -
()
) <1_ v\ QM
h—y—=z m

(h y=2)_», alh-a—y—2)

(B»,mnyewk) (,T,y,Z):y‘]Z (Bfnyeioo) (xuyaz)u 1= 07 17 27 ju k S N7

3

respectively

(B%meooo T, Y,z ang x,Y,z) = 17

(BY%eo10) (2,9, 2) = v,

h— oy —
(BYeon) (e,,2) =y + LIV 22,

(B%Ieijk) (xu Y, Z) = 'zt (B%%OJ‘O) (‘Tv Y, 2)7 J=0,1,2, i,k eN,

that are proved in the same way, which imply (ii)-(iv). O
Let
F=B}JF+RJF

be the approximation formula generated by the operator B}Y.
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Theorem 2.2. If F (.,y,2z) € C[0,h —y — z] then

(B F) (,y,2)

h
< — WY, 2); < h,
\<1+26\/m>w(F(,y,Z),5), y+z<h

where w (F (s,y,2);0) is the modulus of continuity of the function F with regard to
the variable x.

Moreover, if 6 = 1/\/m then

r) ) < (145 ) (Pl o). ®)

Proof. We have

(R F) (@,9.2) € P (2,9, 2)
=0

h—vy—
F(xuyaz)_F<Z#7yuz>‘

m

<[+ 5(Lrmitrn (o =Y M i

< [HN“h‘x‘y‘z)]ww(.,y,z);a).

m

m
- 1 h—y—=z
<me,z(xuy72) (5 x_zé +1 W(F(-,y,Z),(S)
i=0

Since,
h2
max[z(h—x—y—z)}gz, z€[0,h], (4)

T

we have

|(R2VF) (2.y.2)

h
< (1+ m) W(F('vyaz)aa)
respectively (for 6 = 1/y/m)

(B3 F) (2,0, 2)| < (1+g)w(F(.,y,z);%>. 0
We also have
‘(R%’LIF) (:v,y,z)‘ < (1 + g) w (F (2,0,2) %) . (5)

Theorem 2.3. If F (.,y,2) € C?[0,h] then

zh—z—y—

(REVE) (2,9, 2) = — 2) P00 (e y 2.

2m
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for0<E<h—y—2zy,z€[0,h], and

h2
(RLVF) (‘Tuyaz)’ < =Moo F), (6)

8m
where
Miij = H%?'X‘F(i)j7k) ($7y7 Z)’
h

Proof. Since dex (BXY) = 1, by Peano’s kernel theorem, follows that

h—y—z
(Rfr’;uF) (LL', Y, Z) = / K200 (LL', Y,z 8) F(2)070) (87 Y, Z) dS,
0

where the kernel
h h—y—z
Kao0 (2,9, 23 8) = (x — 5) me Ty, % -
Jr

does not change the sign (Kao0 (2,9,2;5) <0, s € [0,h —y—z]). By mean value

theorem, one obtains

h—y—=z
(BVF) (0,5,2) = FO00) (€92) [ Koo (0.9,235)ds
0

h— g —y—
:_ﬂ;—mF(2)070) (gayvz)a Ogggh_y—z

Now, the inequality of (4) implies (6). O
Remark 2. On the same way it is proved the evaluations of the remainder in the

formula

F =BY"F + RV°F

i.e., for F(x,.,2) € C[0,h —x — 2]

(B2 F) (2,0, 2)| < (1 + g) w (F (@0, 2): %) (1)

respectively, for F (z,.,z) € C?[0,h]

2

h
(R F) (2,9, )] < oMo ®)

on Ty,
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2.2. Product operators. Let P, = BZYBY* and Q.,, = BY*B%Y be the products

of the operators BY and BY”.

We have
1 _h—y—z
(P :Ey, ZZszx?J, dn,j {1 Y, 2 | X
1=0 j=0
XF(ih—y—ZJ(m—z)(h—Z)Hy,Z),
m mn
respectively
1 h—z—z
(@) 0.2 = 305 o (257272 2 ) g (0, 2) ¢
1=0 j=0
mn n

Theorem 2.4. If F is a real-valued function defined on 7}, then
PLF=F (9)
and
L F=F (10)
on 73 U oq23.
Proof. Taking into account (1) and (2), one obtains
(PynF) (0,0,2) = F (0,0, 2),
(PonF) (h—y —2zy,2) = F (h—y - 2,y,2),
respectively
(QnmF) (0,0,2) = F(0,0,2),
(QumF) (h=y—zy,2) =F(h—y—2y,z),

for all y,z € [0, h). O

For the approximation error of the operators P}, and Q! ., we have the

nm?

following theorem.

10
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Theorem 2.5. If F (s,.,z) € C ([0, h] x [0, h]) then

1 11
‘(F—PmnF) (x,y,z)‘ <Q+hw (F(.,.,z), N \/ﬁ> (11)
and
‘(F—Q}LmF) (x,y,z)‘ <(1+hw <F (.’.’Z);Lm’in) (12)
on Ty,

Proof. We have

1 m n h—y—

i=0 j=0
X :zr—zh_y_z
m
h —z
+ = Zzpmz z, Y,z Qn,y(L,yaz)X
=0 j=0
m—1)(h—2)+1
Xy_j( ) ( ) +iy
mn
h -z
+Zzpmz 953/, Qn,j(Luyaz)}w(F('u'uz);51762)
1=0 j=0
1 Jz(h—z—y—2z 1 h—x—y—=z
< (a\/%+g\/%+1)W(F(-7-72)§51752)'
As,
2
x(h—x—y—z)gw on [0,h—y—2z],
2
y(h—x—y—z)gw on [0,h—2—2],

one obtains

1 h—y— z 1h r—z _
51 2\/_ 2 2\/_ 1) (F(.,.,Z),61,52)

1 h 1 h
<=L = 1) w(F (e 2):61,82).
(512m+522ﬁ+ >“’( (414,2)501,02)
Now, for §; = 1/y/m and §3 = 1/4/n, one obtains (11). The inequality (12) is proved

in the same way. O

(F = PLF) (24, 2)] < (

11
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2.3. Boolean sum operators. Let

Shn = Byl @ BY = BiY + By = BVBY (13)
and
T}, = BY" & BIY = BY + BIY — BB (14)

be the Boolean sums of the operators BjY and BY".

Theorem 2.6. If F' is a real-valued function defined on Ty, then
St F=F and T. F=F

on oo13 U gg23 U 0123

Proof. We have:
(BEVF) (0,5,2) = F(0,3,2),  (PhaF) (0,9,2) = (BYF) (0, 2)

which imply that

Sl F=F on ogs;

(BY"F) (2,0,2) = F (2,0,2), (PnnF) (2,0,2) = (BF) (2,0, z2)

which imply that

S,l,mF =F on opi3;
and

BYWF=F, BY*F=F, P, F=F on o3

which imply that

S,lrmF =F on oq23.
Analogously, it is proved that TﬁmF = F on 0g13 U 0g23 U 0123. ]
Theorem 2.7. If F € C(7,) then

|(F = SpnF) (2,9, 2)| < (1 - g) w <F(.,y,z);i) +

\/ﬁ

+ (H%%(F@,.,@;%) —l—(l—i—h)w(F(.,.,z);%,%)

on Ty,

12
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Proof. From the identity
F— Sy F=(F—BIYF)+ (F—BYF)— (F-P),,F)
one obtains
|(F = SpnF) (2,,2)| < [(RIYF) (2,9, 2)| + [(RY"F) (2,9, 2))|
+ ’(F— PﬁmF) (x,y,z)’

and from (3), (5), (11), the proof follows. O

Remark 3. The same inequality is obtained for the error (F—TﬁmF) (z,y, 2) using
instead of (11) the inequality (12).

3. Bernstein-type operators on tetrahedrons with three curved edges

One considers, also, the standard tetrahedron 7;, with vertices V5 = (0,0, 0),
Vi = (h,0,0), Vo = (0,h,0) and V3 = (0,0, k), with three straight edges 71, 72, 73
along the coordinate axes and with three curved edges 1, 72, 73 (opposite to the
vertex V), defined, respectively, by the one-to-one functions f; and g;, where g; is
the inverse of the function f;, i = 1,2,3. Also, one denotes by sp12, So13, So23 and the
tetrahedron faces from the planes VoViVa, VpVi Vs, Voo Vs and Vi VL Vs respectively,
by $123 the curved faced (opposite to the vertex V) (see the left side of Figure 3) and
by t;, i = 1,2, 3, the triangles with one curved edge in which the planes IT;, i = 1,2, 3,
intersect the faces of the tetrahedron 7y, respectively (see left side of Figure 3).

Next, one considers the particular case when the face s123 is on the sphere
22 +y?+ 22 = k2 ie, fi(u) = VA2 —u? and g; (v) = VA2 — 02, i = 1,2,3 (see right
side of Figure 3)

3.1. Univariate operators. One each triangle ¢;, ¢« = 1,2,3, one defines two
Bernstein-type operators.

We discuss here only on the triangle ¢; (Figure 4).

‘We have
m 2 — 2 — 22
(BrxnyF) (I,y,Z) = me,i (Iayvz)F(Z+7yaZ>
i=0

13
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(0,(h*-2)"22)

©y.(P-¥)")

v, (x.(hP=x3)12,0) ((h*-y*)2y.0)

FiGURE 3. Tetrahedron with three curved edges

(0,(hz*Z2)1/2,Z)

(x'(hZ_x2_22)1/2yz)

Oyz) $---—=--—=dc____ ((W*-y*-2)"y.2)

T

0,0,2) (x,0, 12

o

((h*-2%2,0,2)

FIGURE 4. Triangle t;

and
- " VhZ — 32— 22
(Bz F) (,T,y,Z) = an,j (.’L’,y,Z)F((E,]—,Z)
=0

with

| - m . i , z m—1
P (2,y,2) = { N N ’

14
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respectively

qnyj(x’%z)_ j h2 — 2 — 2 _m ,

where F' is a real-valued function defined on 7;,.
Following the way used in the Section 2 one can prove the corresponding
theorems:
Theorem 3.1. If F': T, — R then:
(i) BXYF =F on sga3 U s123,
BY*F =F on so13 U S123;
(i") dex(BfY) =dex(BY*) =1
(iii") pres(BZY) = {a'y/2" | i=0,1;j,k € N},
pres (BY*) = {xiyjzk ‘ i=0,1;i,k € N};

x(\/h2—y2—z2—x)] ik

(V) (Byleasn) (z,y,2) = |a* + -

y(VIE =22 —y)

n

(Bgmeﬁk) (xvya Z) = y2 +

]xizk, 1,7,k € N.
Let
F=BYF+ RYVF
be the approximation formula generated by the operator BXY.

Theorem 3.2. If F (.,y,z) € C [0, h? —y? — 22} then

(R2VF) (2.9.2)

h
g 1 o5 /— F " d ; 9 g h7
(14 g ) & (Pl 2)i0) e
respectively
‘(R%UF) (:v,y,z)‘ < (1 + g) w (F(.,y,z);

Theorem 3.3. If F (.,y,2) € C?[0,h] then

x(V@?:z?tzﬁ_x)

2m

)

FEOO (¢,y,2),

|(R2VF) (2.9,2)| = =

for0< &< /2 —y?2— 22, y,2€[0,h], and
2

h
}(R%JF) (z,y,2)| < %MmoF-

15
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Remark 4. Analogous results take place for the remainder in the approzimation

formula
F =BYF+ RY'F.

3.2. Product operators. Let P, = BLYBY* and Qpny = BY*BY be the products

of the operators BlY and BY", i.e.,

/h?_yQ_ZQ
(PmnF z, Y,z Zzpmz z, Y,z QHJ<—7yaZ>X

m
1=0 j=0

72 — 2 — 22 — ) (hZ — 22) + 242
F(i\/ 773 Z,j\/(m i) ( )+zy’2>’

mn
respectively
222
(Qan) (:E Yy,z)= Zzpm z(w j >Qn,j (xuyaz) X
=0 j=0
\/(nQ ) (2 =22 + j222 V/hZ — 22 — 22

X F|1i ,J 2 -

mn n

Theorem 3.4. If F': T;, — R then
PonF=F and QumnF =F on 73U si03.
Theorem 3.5. If F (.., z) € C ([0, h] x [0, h]), then
1 1
‘(F—PmnF)(x,y,z)‘<(1+h)w(F(.,.,z);— )
and
|(F = QumF) (z,y,2)| <(L+h)w [ F (.. z)L = :
r) )" 7\/E7\/ﬁ

3.3. Boolean sum operators. If S,,, = B:Y & BY* and T),,,, = BY* ® B}Y are the

Boolean sums of the operators B Y and BY*, then we have:

Theorem 3.6. If F': T;, — R then

SonF =F and T,nF=F on 5913USp23U S123.

16
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Theorem 3.7. If F € C(7},) then

and a similar inequality holds for the error F — T, F.
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SUBORDINATION CHAINS AND QUASICONFORMAL
EXTENSIONS OF HOLOMORPHIC MAPPINGS IN C"

PAULA CURT

Abstract. Let B be the unit ball in C" with respect to the Euclidean
norm. In this paper, by using the method of subordination chains, we
obtain a sufficient condition for a normalized quasiregular mapping f to

be extended to a quasiconformal homeomorphism of R*™ onto itself.

1. Introduction and preliminaries

J.A. Pfaltzgraff [12] proved that if 0 < ¢ < 1 and f € H(B) is a quasiregular

mapping, which satisfies the condition
=[PP D*f(2) (2 ) < g, =€ B,

then f is biholomorphic on B and extends to a quasiconformal homeomorphism of
R2™ onto itself.

The problem of quasiconformal extensions for quasiregular holomorphic map-
pings on the unit ball in C™ has been studied by H. Hamada and G. Kohr [11], P.
Curt [5], P. Curt and G. Kohr [7], [8], [9].

In this paper we shall generalize the results due to J.A. Pfaltzgraff [12], P.
Curt [5].

Let C™ denote the space of n-complex variables z = (z1,...,2,) with the
usual inner product (z,w) = iziwi and Euclidean norm ||z|| = (z,2)/2. Let B
denote the open unit ball in (C’ll:almd let U be the unit disc in C.

Received by the editors: 11.10.2008.
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Let H(2) be the set of holomorphic mappings from a domain © in C" into
Cr. If f € H(B), let Jy(z) = det Df(z) be the complex jacobian determinant of f at
z. Also let £(C™) be the space of continuous linear mappings from C™ into C™ with

the standard operator norm
[All = sup{[|Az[| - [|z]| = 1},

and let I be the identity in £(C™). A mapping f € H(B) is said to be normalized if
f(0)=0and Df(0) =1I.
We say that a mapping f € H(B) is K-quasiregular, K > 1, if

IDF)|I" < K|det Df()], =€ B.

A mapping f € H(B) is called quasiregular if f is K-quasiregular for some
K > 1. Tt is well known that quasiregular holomorphic mappings are locally biholo-
morphic.
Definition 1.1. Let G and G’ be domains in R™. A homeomorphism [ : G — G’
is said to be K-quasiconformal if it is differentiable a.e., ACL (absolutely continuous
on lines) and

IDf()|™ < K|det Df(z)| a.e. x € G,

where D f(x) denotes the real Jacobian matrix of f and K is a constant.

Note that a K-quasiregular biholomorphic mapping is K?-quasiconformal.

If f,g € H(B), we say that f is subordinate to g (and write f < g) if there
exists a Schwarz mapping v (i.e. v € H(B) and ||v(z)| < ||z||, z € B) such that
f(z) = g(v(2)), 2 € B.
Definition 1.2. A mapping L : B x [0,00) — C" is called a subordination chain if
the following conditions hold:

(i) L(0,t) = 0 and L(-,t) € H(B) for t > 0;

(if) L(-,s) < L(-,t) for 0 < s <t < o0.

If L(z,t) is a subordination chain such that L(-,t) is biholomorphic on B for
t € [0,00), then we say that L(z,t) is a univalent subordination chain (or a Loewner
chain).
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If L(z,t) is a univalent subordination chain such that DL(0,t) = e'I, we say
that L(z,t) is a normalized Loewner chain.
An important role in our discussion is played by the n-dimensional version of

the class of holomorphic functions on the unit disc with positive real part
N ={heH(B): h(0)=0, Re (h(z),z) >0, z€ B\ {0}}

M ={heN, Dh0) =TI}

The authors ([10, Theorem 1.10]) and [6, Theorem 2.3]) proved that nor-
malized univalent subordination chains satisfy the generalized Loewner differential
equation. Using an elementary change of variable, it is not difficult to reformulate the
mentioned result in the case of normalized subordination chains L(z,t) = a(t)z+.. .,
where a : [0,00) — C, a € C1([0,00)), a(0) = 1, and a(t) — oo as t — oc.

Theorem 1.1. Let L(z,t) : B x [0,00) — C™ be a Loewner chain such that L(z,t) =
a(t)z + ..., where a € C1([0,0)), a(0) = 1, and nleréo la(t)] = co. Then there exists
a mapping h = h(z,t) : B x [0,00) — C" such that h(-,t) € N fort > 0, h(z,-) is
measurable on [0,00) for z € B, and
87[/
0z
Recently P. Curt and G. Kohr [9] proved the following result.

(2,t) = DL(z,t)h(z,t), a.e. t >0, z € B.

Theorem 1.2. Let L(z,t) : B x [0,00) — C", L(z,t) = a(t)z + ..., be a Loewner
chain such that a(-) € C'[0,00), a(0) = 1 and tllr{;\a(t)| = oo. Assume that the
following conditions hold:
(i) There exists K > 0 such that L(-,t) is K-quasiregular for each t > 0.
(ii) There exist some constants M > 0 and « € [0,1) such that
IDL(z, 1) < m 2B, te[0,00).

(iii) There exists a sequence {tmy, }men, tm >0, lim t,, = oo, and a mapping
m—0o0
F € H(B) such that

lim Lz tm)
m— oo a(tm)

= F(z)
locally uniformly on B.
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Further, assume that the mapping h(z,t) defined by Theorem 2 satisfies the
following conditions:

(iv) There exists a constant C > 0 such that
Cllz||*> < R(h(2,t),2), z€B, tec(0,00).
(v) There exists a constant C1 > 0 such that
|h(z,0)|| < C1, z€ B, te]0,00).

Then f = L(-,0) extends to a quasiconformal homeomorphism of R?" onto
itself.

In this paper we obtain a sufficient condition for a normalized quasiregu-
lar holomorphic mapping on B, which can be embedded as the first element of a
nonnormalized univalent subordination chain, to be extended to a quasiconformal

homeomorphism of R?" onto itself.

2. Main results
Theorem 2.1. Let f,g € H(B) be such that f(0) = g(0) =0, Df(0) = Dg(0) =1
2
and g is quasiregular in B. Also let a > 2. If there is ¢ € [0,1) such that 1 — — <
e
2
q<—,
«a
2 1 o
= |y Ds(2) - 51| < q < 1 (2.1)
and

2419z D1 (2) ~ 1) (2:2)
+(1 = 2)Dg) T D)) + (1= 5 ) I <a <1, ze B,

then f extends to a quasiconformal homeomorphism of R?™ onto itself.
Proof. We shall show that the conditions (2.1) and (2.2) enable us to embed f as
the initial element f(z) = L(z,0) of a suitable subordination chain.

We define

L(z,t) = fle7'2) + (e* = 1)e ' Df(ze7")(2), t €[0,00), z € B. (2.3)
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In [4] the authors proved that the mapping L defined by (2.3) is a subordi-

nation chain. In the same paper the authors showed that the subordination chain

defined by (2.3) satisfies the generalized Loewner equation where the mapping h is

defined by:

h(z,t) = [I — BE(z,t)]"*[I + E(z,1)](2), ¢ € B, t € [0,00)

and the mapping E : B x [0,00) — L(C™) is defined by

Bz, 1) = == {[Dy(ze )] ' Df (e ™) — 1}

2= Dy D e et -1 (21

Further, we shall show that ||E(z,t)|| < g for all (z,t) € B x [0, 00).

We have

1B 0)l = 2 [ IDge) D) - S1 <a <1, zeB.

(2.4)

(2.5)

by the condition (2.1). Next, fix t € (0,00). In view of the maximum principle for

holomorphic mappings into complex Banach spaces, we obtain that

1ECz, 1) < [max [E(w, )]

lw=1

~ 2 hax H||we‘t|\a[Dg(we_t)]_1[Df(we_t) 1]

Q fJwll=1

+(1 = lwe™"[|*)[Dg(we ™))" D?g(we ™) (we™", ) + 1 (1 - %)

Hence, we deduce from the condition (2.2) that
|E(z,t)|| <q¢<1, zeB"
Therefore
IE(zt)| <q¢<1, z€B, te0,00)

and hence I — E(z,t) is an invertible linear operator.

Further calculations show that

OLED _ 8 om0t py(aeti + Bz 0)(2)

= DL(2,t)[I — E(z,t)] Y[ + E(2,1)](2)
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= DL(z,t)h(z,t), t€]0,0), z € B.

On the other hand, taking into account the conditions (i) and (ii) in the

hypothesis, we deduce that

(1= 12 [Dg(2)] " D2g(=) (=, ) (2.7)
« « «
< qg.-— a _ ay (Z
<q- Sl at (-2 (5 -1)
af @« a o«
= Izl (q2 2+1)+q2+2 !
« (e « «
< ———+1 —+——1
—Jél[%,’i}{x(qz 2t )+q2+2 }

:max{q%+%— l,qa} =qa =20, z€B,
where 3 = % < 1. Since @ > 2, we deduce from the above relation that

(1= [l2I*)I[Dg ()]~ Dg(2)(z, ) <28, B<|lz] < 1.

From (2.6), by using a similar argument with that used in the proof of The-
orem 2.1 [9] we obtain that there exists M > 0 such that

M

| det Dg(2)] < ———75
(1 ==l

z € B, (2.8)

and hence
L

(1 —1lz[)?"
It remains to prove that the mappings L(-,t), t > 0 are quasiregular. For the

1Dg(2)l < (2.9)

subordination chain defined by (2.3) we have
DL(z,t) = e<a*1>t%Dg(ze*t)[I —E(z,t)], z€B,t>0

where L = VML.
Since g is a quasiregular holomorphic mapping and the following inequality
holds
1—q<|I-E(zt)<14q z€B, t>0

we easily obtain

IDLGz, 1)) < Se D (1 4q) (2.10)

L
(1= 1=1)7
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L*a(t)
= e z € B, t €0,00).

On the other hand, we have
a\"” _ _ " "
IDLG )" < (5) @[ Dg(ze™)" (1 +q) (2.11)

< (5) e VK] det Dg(ze)I(1 + )"

1 n
< <1+q> K|det DL(z,t)|, z€ B, t>0.
—q

Since the conditions of Theorem 1.2 are satisfied we obtain that the function

f(z) = L(z,-) admits a quasiconformal extension defined on R?".

Observe that:
a) if f = g and o = 2 we obtain Theorem 3.1 of [12],
b) if & = 2 we obtain Theorem 2.1 of [5].
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 4, December 2009

ON APPLICATIONS OF THE REPRODUCING KERNEL METHOD
FOR CONSTRUCTION OF CUBATURE FORMULAS

EMIL A. DANCIU

Abstract. In this paper we use the method of Reproducing Kernel and
Gegenbauer polynomials for constructing cubature formulas on the unit
ball B¢, and on the standard simplex. Also we study the relation between
interpolation polynomials based on the zeros of quasi-orthogonal Cheby-

shev polynomials and the nodes of near minimal degree cubature formulas.

1. Introduction

1) The Reproducing Kernel of a Hilbert space of functions

One calls reproducing Kernel of the Hilbert space H of functions defined on
D, real valued (D C R%), a function K = K(z,y) : D x D — R, which verifies the
following conditions

i) K(-,y) € H, for any fixed y € D,

i) < f,K(,y)>=[f(y), Vf € H.

It is known that in the Hilbert space H are stated the following results.
Theorem 1.1. If the Hilbert space H has a Reproducing Kernel, then this kernel is
unique and symmetric with respect to its arguments.

Theorem 1.2. If L is a linear and bounded functional defined on the Hilbert space
H, which has a Reproducing Kernel, then the representation function corresponding

to L is g(z) = Ly[K(z,y)].

Received by the editors: 05.01.2009.
2000 Mathematics Subject Classification. 41A25, 41A36, 65D32.

Key words and phrases. Reproducing Kernel, cubature formulas, Gegenbauer polynomials on simplex,

on ball.
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We consider now, H = P¢ the space of all polynomials of degree at most n,
and D C R
It is known that dimP%(D) = (”ji'd), if and only if int(D) # 0.

Let f € P be a polynomial of degree exact n, and we denote

p=p(d,n) = (n:;d> = %
It was shown that the number of terms in the representation of the polynomial f
is equal to pu(d,n) and this number represents the number of the monomials in the
expression of f = f(x).

Let W =W(z): D — R, (D C R?), be a weight function.
Theorem 1.3. For a given region (domain) D, D C R? and a given weight function
W = W(x) : D — RJ, exists and are unique r(d,n) = u(d,n — 1) = %&‘2!
orthogonal polynomials of degree n, which are linearly independent.

Let now, {e;(2)}5°,, be the monomials which are ordered increasing, and for
the same degree for certain terms, we use the lexicographic order.

So, the set {e;(x)}, i = 1, u(d,n) represents all the monomials of degree at
most n.

By applying the Gram-Schmidt orthonormalization process, we can obtain

an orthonormalized set with respect to the scalar product

(fa)=1I(f g) = /D f(@)g(@)W (z)da. (1.1)

2) The Gegenbauer (ultraspherical) orthogonal polynomials

We present now, some of the properties of Gegenbauer polynomials, which
play an important role in the applications of the cubature formulas theory by using
the Reproducing Kernel method.

The Gegenbauer polynomials are usually defined by the following generating

function:

(1—2tz+2%) =Y CM(B)2", (1.2)
n=0

where |z] <1, [t/ <1, A>0.
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The coefficients C’T(LA) (t) are algebraic polynomials of degree n which are called
the Gegenbauer polynomials associated with A. One can prove that the family of poly-
nomials {C’,(ﬁ)}f;ozo is a complete orthogonal system for the weighted space Lo(I, W),
I=[-1,1], W(t) = Wa(t) :== (1 —2)*~2, and we have

07 m;«én

7 /2(20), T (A +1/2)

| evmed o -
(-1.1] A= Tmranliy 2 M=

where we use (a)y, the Pockhammer symbol,

0, (a)p:=ala+1)...(a+n—-1)=T(a+n)/T(a).

Also we have,

@\n
|

M (=t) = (=1)"CM@), cMa)= and C\M = 1. (1.3)

The Gegenbauer polynomials can also be defined by the well known Ro-
drigues’s formula (see [7] Szegd)
1 d'ﬂ 1
CV(0) = (1) an (1 — )3 (1 = 2rrod)
where,
I O
Conl2n(A+ 1),

It is known that there exists the following identity which relates Gegenbauer

Qp A

polynomials with different weights

k
d” o

ZEOV (1) = (N CMF k=1,2,.. . (1.4)

For A = 1/2, we can obtain the Legendre polynomial

Cyr

Polt) = 50 g

[(1 )" = C/2(2)

and for A = 1 we obtain the Chebyshev polynomial of second kind U,,,

sin[(n + 1)arccost]
Ji-2

Also, we can obtain the Chebyshev polynomial of the first kind

U, = = oW (1).

T, (t) := cos(narccost) = CV),
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by considering O\ associated with the weight function Wo(t) = (1 —t2)~1/2,
We can also consider the Gegenbauer polynomials C’ff‘), for A\ <0, A e Z~
namely,

n

d
CM@E) = a1l — tQ)—“%% [(1—#)"=3], A <0
where « is an constant independent of ¢ and we can write the identity

dk
L o)
dtk o

where ¢ is independent of t.
3) The relation between Cubature Formulas and the Reproducing Kernels

The Reproducing Kernel method was first used by I.PMysovskikh ([3]) and
later studied by Maller (]2]).

Let a given weight function W = W (z) be defined on a subset D C R¢. Then,
a cubature formula is a linear combination of function values on some points, that
approximates [, f(z)W (z)dz.

Let I[f] = [, f(x)W(z)dz, f € C(D), D C R? for which the moments
I92%], a € N? exists and W=W|(x) is nonnegative.

We say that the cubature formula has the degree of exactness m, if it yields
d

the exact value of the integrals for any function f € P9, , which is a polynomials of
degree at most m.
We denote the space of polynomials of degree at most n by P4,

Let

{P:1<k<r(dn)}, 0<n< o0,

(where r(d,n) = p(d,n—1) = (d“;*l)), denote a sequence of orthonormal polynomi-
als of degree n with respect to the inner product (1.1), which are linearly independent,
where the superscript n means that P € P4 and let denote by P, = (P, ... ,Pf(d’n)),
the vector of all these polynomials.
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The n — th Reproducing Kernel K, (z,y) of the Hilbert space H = P¢ is
defined by:

r(d,k)

Ko(z,y) =Y PL(@)Pr(y) =Y > PHx)Pf(y), Yo,y RY. (15
k=0 k=0 j=

—

The method of Reproducing Kernel requires to choose d points: a(P), ...,
a® € R4, such that the hypersurfaces Hy, ... Hg, where H; is the surface defined by
H; = {z e R?: K, (x,a)) = 0}, intersect at n? points. The points a(V), ..., a(? are
chosen as follows.
For ¢V we choose any point that is not a common zero of the polynolmial
—
set P,,. If the points a(!), ..., a("=1 have been chosen, then we choose a(") € ﬂ H;,
and a(") may be any point of this set, which is not a common zero of P,,. -

We assume that the infinity is not a common point of Hy, ..., Hy.
We present now the following results.
a) The Method of Reproducing Kernel
If Hy,...,H; defined by a®, ... a® intersect at n? distinct points:

{x(i), i = 1,n%}, then there is a cubature formula of degree 2n,

Qu(f) =Y Nif(a +Zuf U)), vf e P, (1.6)
Jj=1

where \; = 1/K,(a®,a®).

If the weight function W = W (x) is centrally symmetric, that is, W = W (x)
and its support set D satisfy Vo € D = —x € D, W(—z) = W(x), then there is a
modified method of Reproducing Kernel due to Maller ([2]).

Let I?; denote:

!

~
3

—~

&

k)

=Y > Pf(«)Pf(y), Ya,y € RY, (1.7)
k=0 g

I\
<

where Z/ means that the summation is taken over those j so that the corresponding
PJIC has the same parity as n. We choose the points a(® as before except that we
replace H; by the hypersurface H; defined by H; = {x e RY: K, (z,a”) =0} and
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we suppose that the infinity is not a common point of E cee I’{vd. Then we have, if
W = W(z) is centrally symmetric on D C R¢.
b) The Modified method of Reproducing Kernel

If th cee f]vd defined by a™, ..., a® intersect at n? distinct points: {2,

i = 1,n4}, then there is a cubature formula of degree 2n + 1,

d n?
Qu(f) =Y _Nlf(@)+ f(=aD)]/24> pif(aD)), Vf € PGy, (18)
i=1 j=1

where \; = 1/?(71(@“),@“)).

If d = 2, then the method requires to choose two points a(!) and a® so that
the polynomial surface If(\;(x, a™) and I’('vn(ac7 a®) have n? common zeros.

In the paper [12] Y. Xu was presented a compact formula of the Reproducing
Kernel for the Jacobi type weight functions on the unit ball and on the standard
simplex.

The method of Reproducing Kernel yields cubature formulas of degree 2n+ 1

or 2n with n? + dn or n? + dn — 1 nodes, which is greater than the theoretic lower

bound for the number of nodes.

2. Cubature formulas on the unit ball using the reproducing kernel method

Let 2,y € R? and we use the following notations:

< x,y >=1x1y1 + - + Tqyq, the usual Euclidian inner product,

|z|? =|| = ||* =< @,z >, the Euclidian norm.

We consider cubature formulas on the unit ball B¢ = {z € R?: || z ||< 1},

with respect to the normalized weight function
Wa(z) =w,(1— | 2 [}, p >0, z € BY, (2.1)

where w, is a constant chosen so that the integral [, W, (z)dz = 1, and we have

w2 T+ T+ o)
"waa (et pI(§)  TPT(u+g)

where wq_; = 2792 /T(d/2) is the surface area of the unit sphere in R?.
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Let K,(.,.) be the n—th Reproducing Kernel with respect to weight function
W,. In [12] is presented the following compact formula for the representation of this
kernel.

Kn(Wyiay) = e / 1 [C“”

d+1)

(<z,y>+V1- [z PVi-lly P+ (22)

Cr(f“; 3 )(< 2y > +V/1— |z [PVI- [y 2 9| - 2 tdt,

where ¢, = 1/];11(1 — t2)#=1dt and CY is the Gegenbauer polynomial of degree n
defined by the generating function (1.2), which have the property

OV (1) = (=1)"CV ().

If we take in consideration the expressions: K, (W,;z,y)+ K, (W,;z,—y) for n being
even and odd, respectively then it follows from the formula (1.5) and (1.7) that the
modified Reproducing Kernel function I?R(VV“; ...) is given by the formula

— 1 d+1
Kn(Wyz,y) = Cﬂ/ YT (< ay > +V/I- T VI Ty 2 00— )t
—1
(2.3)
For p— 0, in (2.2) and (2.3), one can use the limit
1 -1
hm Cu/ f@) yldt = % (2.4)
In the case u = 3, we have: Wy )s(z) = d/wy_1.
If = 0 we have: Wy(x) = wo(1— || « ||)~'/? and we obtain:
~ 1
RoWoi) = 3 [P <y > 1V Ta VIS T+ (25)
+CPA (< 2y > V1= e [PVI- 1Ty [P)[-
If we consider || a ||= 1, we have
IA(;(WM;JU, a) = CPHEFD/D (< g g ). (2.6)
In this case, if || @ ||= 1 then a is not a common zero of the polynomial set

P,., because that P,, has no common zeros if n is even, and it has only origin as
common zero if n is odd.
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2.1 The construction of a family of cubature formulas on B? by using the
Gegenbauer polynomials

One can use the properties of the Gegenbauer polynomial C’fl)‘) t), A\=p+
(d+1)/2, that all its zeros are inside (—1, 1), and we denote these zeros by:

—1<tip<ton<- - <tpn <1, where A=p+ (d+1)/2.

It is known that these zeros are symmetric with respect to the origin, that
is, they satisfy the relation t;, = —t,_(i_1)n. So, in [12] was given the following
strategy to choose the points a(?), ..., a(® as follows.

Let n be fixed and let t, , be a fixed zero of Cr(l“+(d+1)/2) (t), and let define:

&(1) = (1a05"'a0)7 a’(k) = (b17 abk'—la\/1_b%_“'_bi7170""70)’

0 < k < d, where the components by,...,b;_1 are determined inductively by the

conditions: < a® a*F+1) > = t«n, which is equivalent with

b§+-.-+b§_1+\/171;%7--.71;%_1 by =ten, k=1,d—1,

from which are obtained:

by = tem, by = (tem — b2)/y/1— b2, ..., and we have by, < \/1—b§—-~-—b§71,

because t,, < 1, hence a**1) is well defined. It follows that

k
ﬂ H,={x¢€ R% < x,a(l) >=tin,. < x,a(k) >=1tin, 1 <ip,...,0 <n}
i=1

for k = 2,d. If we assume that a'¥) € H; M- Hk-1, and we require that alkth) ¢

ﬂle H;, one observe that a® = (t, ,,,/1—12,,0,...,0) € Hy.

*,M)

Inductively, if we assume that a(*) € ﬂf:_ll H;, that is
<aPa® >=1¢,, 1<i<k-1

Since a(**1) satisfies < a®), a**+1) >=1¢, it follows that:

< a(i),a(lﬁ'l) >=tyn, =1k,

that is a*+1) € Hy -+ H.
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One can observe that Hj()---() Hg contains n¢ distinct points, which are

given by the relations:
<zaW > =ty 0 oo, <xa D > =t 1<iy,...,ig <n. (2.7)

Theorem 2.1. Let a(V,... a® be defined as above and let Hj be the surface
defined by Hj), = {z € R%: I?;(WM; z,a®)) = 0}. Then the modified method of the
Reproducing Kernel yields, a cubature formula of degree 2n+1, based on a( ... a(®

and the n? distinct points determined by (2.7) and have the form

d
Qn(f)zz)\z[f(a(l))+f( Z) /2+ZM f (J v.ICGHD21’L—|-17 (28)
i=1
where \; = 1/E(a(i),a(i)).
We obtain by using (2.6) that

N = R (W0, a) = 1/cps @) =y ("FED) )

For fixed d and n, the others weights p1; in (2.8) can be determined by solving a linear
system of equations.

From the fact that in definition of a(®), if we use the condition

(k=1)

<a ,a(k) >= 1ty n,

we remark that one can choose ¢, , to be any zero of the polynomial C(”+(d+1)/2)( t)

and we can get many different formulas from this method.
Remark 2.1. When n is an odd integer, then C’,S“Hdﬂ)/m is an odd polynomial,
and it follows that ¢ = 0 is a zero of this polynomial.

If we take t,, = 0 in the definition of a®) in the above construction, then
we obtain: a¥) =eq,...,al? = ¢4, where {e;, i = m} is the standard basis of R?,
that is, e; = (1,0,...,0), e2 =(0,1,0,...,0),...,e4=(0,...,0,1).

But from (2.6) it follows that

K,(Wysz,e) = CYT@D2 (4,) k=T1,d
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and we observe that the n? intersection points of Hy()---() Hg, namely {2V, i =
1,n%}, are the tensor product of the zeros obtained from (2.7).
Let n be an odd integer and let t1 », ..., ¢, be the zeros of C’,(L“Hdﬂ)/m(t).

Then there is a cubature of degree 2n + 1 on B? of the form:

1 > {f(ek) + f(_ek)} /2+ (2.10)

f@Wu(z)de = ———
B n+2p+d\ k=1

n

k=1 kg=1
The weights £; in the formula (2.10) can be computed by solving a linear
system equations for a given n and d.
In the case d = 2, we can consider the polynomials [, ,, defined by:
n C7(lu+(d+1)/2)(t)

lk,n = H - ti’n =

itk e Tlin (Qu4d 4 DI (4 N — )

which are the fundamental interpolation polynomials based on the zeros of
clptdrn/2) (t) which satisfies the interpolation conditions: Iy ,,(tjn) = 0k ;, by using
(1.4).

One observe that the polynomial Iy, ,,(21)lk, n(22)(1 — 23 — 23) is of degree
2(n — 1) 4+ 2 = 2n, then it will be integrated exactly by the cubature formula (2.10),

and from the interpolation property of [, we will obtain the values of the weights

are
My ko = /32 Uiy o (21) ey (w2) (1 — 27 — 23)W, (31, 22)dz1 ds.
The formula (2.10) uses the tensor product of nodes of an one variable quad-
rature rule. The points {t1 p,...,%nn} are nodes of a Gaussian quadrature formula of

degree 2n—1 on [—1, 1] for the measure: W (z) = (1—22)*+%/2dz on [~1, 1]. Moreover,
{1, t1n,...,tnn, 1} form the nodes of a Gauss — Lobatto type quadrature formula

of degree 2n + 1,

1 n
[ F@ = a2 s = AF1) Y N tr) + AF(D), € By (211)
-1 k=1
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The tensor product of {—1,¢1 5, ..., tn.n, 1}, can be used as nodes in the fol-

lowing product formula of degree 2n + 1 for the product weight function:
d
W(z) =[]0 =) *¥2 on [-1,1]%,
k=1

n+1 n+1

d
/[ 0] I(ENEEETED DR DRV W (AP SN AL
—1,1}¢ k=1

k1=0  k4=0
for Vf € Pgnﬂ, where to,, = =1, tpy1, =1 and Ao = A1 = A

It was showed that some nodes of the cubature formulas constructed above
can lie outside of the unit ball B¢, But we can choose different values a(®) in order
to construct formulas with all nodes inside of B.

2.2 Samples of cubature formulas of lower degree with nodes inside B¢

We use the modified method of the Reproducing Kernel to construct cubature
formulas of lower degree with nodes inside B?.

a. Formulas of degree 5

We choose a*) = (0,0,...,0) the origin of R? and we define a(*t1, 1 < k <

d—1 by

1 1 d+3—-k
A — (o \/ 0...,0 2.13
“ ( 2u+d+3"" "NV 2u+d+3"\ 2u+d+3’ '0) (2.13)

which has d — k zero components.

From the properties of the Gegenbauer polynomials [7], we have:
CV(t) = AR+ 12 — 1], for n =2,
where A = u+ (d 4+ 1)/2, and follows that

Ko(Wyiz,y) = M (2u+d+3) <,y >2 +2u+d+3)(1—|z[*)(1—|y|?)/(2u+1) —1].
(2.14)

If we take, a™) = (0,...,0), it follows from the formula of RQ(WM; x,y) that

Hy = {z: Ko(x,aM) = 0} = {x : |2|? = (d +2)/(2u + d + 3)} and we require that

the chosen point a**1) from (2.13), belongs to Hy, and we obtain:
~ 1
Ko(Wyw,a"™) = (u+ =) |af + -+ af_y + (d+3 = k)ag — [l=]?],
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k
from which we obtain ot € ﬂ H; and

d
1 1 3
Hi={(t——=, ., % ,+ 2.15
Q { 2u+d+3 \/2u+d+3 \/2ﬂ+d+3)} ( )

Thus, m H; has the 2¢ intersection points obtained from (2.15).
i=1
Now we can apply the modified Reproducing Kernel method, from which one

results that the nodes of the cubature formula are {a(”, i = 1,d} from (2.13) and
(), j =1,2%) from (2.15) and these nodes generates a cubature formula of degree
5 on B? of the form (2.8). Using the formula of Ko(W,,;x,y) one get the coefficients

of the formula for this choice of the nodes a**1) | if we consider n = 2

_ 202 +1)
A = 1/Ky(W,:0,0) = 2.16
1= 1/K5(W,30,0) u+d+1)(d+2) (2.16)
~ 22u+d+3
Nes1 = 1/ Ko (Wi e, apar) = (2p ) k=24

Cu+d+1)(d+2—-k)(d+3—k)’
Then there exists the weights p¢ such that the following cubature formula is

of degree 5 for W, on B [12].

B 2(2u + 1)
Bd H@)Wy(z)de = Cu+d+1)(d+2) 1(0)

2+ d+3 2 flatktD) + f(—alk+D)
utd+14 (d+2-k)(d+3— k)

1 1 3
> M€f<£1\/E""’gd_l\/2u+d+3’§d\/2u+d+3>' (2.17)

ge{-11}

In this formula the weights ¢, & = (&1,...,&q) € {—1,1}% can be determined
by the condition that the formula must be exact for polynomials of degree 5.

In the case of d = 2, we have the explicit formula

22+ 1)
4(2p+3)

F(-2/ /2 5,0)] + 1225153 S F(1/ 20+ B, £V3/ /3 + 5)

2u+5

f( Wy (z)de = 20201 3)

f(0)+ [f(2/\/2p+5,0) (2.18)
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The formula on B? uses N = 2¢ + 2d — 1 nodes. According with Mdller’s
lower bound [2], the cubature formula of degree 5 must have at least N* > d(d+1)+1
nodes, then the formula (2.18) which have N =22 + 2.2 — 1 = 7 is minimal.

For d = 3, the cubature formula on B3, which was constructed by using (2.10)
n [12], have N = 13 nodes and is minimal; for d =5, N =2%+2-5—1 = 41 nodes
which is more that the lower bound of N* =5(5+1) + 1 = 31.

Finally we obtain the formula (2.17). To determine the other coefficients, one
can require that the formula be exact for the polynomials of degree at most 5.

For d = 3, we can choose f(x) to be the test functions xi, zixs, x%, T12T2T3.

For the case of d > 3, it is useful the following formula for the nonzero
moments of the weight function W, = W, (z) ([12])

/ Sk 2kayy (x)dle“(u+(d+1)/2) Lk +1/2)... T(ka+1/2)
ga bTTd TR 720 (pn+ (d+1)/24 k1 + - + ka)

3. Cubature formulas on the triangle using the reproducing kernel method

We consider now, cubature formulas on the triangle using the compact for-
mula in [12], for a family of weight functions on a d-dimensional simplex.We use the fol-
lowing notations: x € R?, |z|; = |z1|+---+]|xq|, the I norm of x, |a|; = ay+--+ay,

the length of multiindex o € N and the standard simplex:
T¢={zecR?: 2;,>0,...,24>0, 1—|z|; > 0}.

We remark that, for d = 2 we have T2 which is the triangle with vertices
(0,0), (1,0) and (0, 1).
In [12] was found the compact formula for the Reproducing Kernel with

respect to the weight function:
We(x) = woéar?l_l/2 . .zg‘i_l/?(l — |z])@e V2 q >0, (3.1)

where w,, is the normalization constant such that de Wy (z)dz = 1, namely,

L(lals + (d+1)/2)
F(a1 + 1/2) . ..F(Ozd_;,_l + 1/2).

Weo =
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Then the reproducing Kernel K, (W) given in terms of Gegenbauer polyno-
mials, has the expression [12]:
Ky (Wasiz,y) Z/ ) ORIV (g b+ -+ TarGar tar)- (3.2)
[-1,1]4+1

d+1

T con (0= £)

i=1

where
2y € T wapn =1~ [a]1, yarr =1 [yh,
and we use limit (2.4) in the case when have one a; = 0.

If we take y = e¢; = (0,...0,1,0,...0), the i-th element of the standard basis,

with the i-th component =1, of R%, 1 < i < d, then we have the following explicit

formula:

K,(Wy;z,e;) = Aa7iP7(L|a\1+d/27ai,ai71/2)(Qxi .y
where

Agi = Cély?‘l‘f‘(d-‘rl)/m (0)/ Pllelitd/2—aiai=1/2)(_q)
(see [12]).

This formula was derived in [14] from (3.2) using a product formula for Jacobi
polynomials.

We observe that, e; is not a common zero of P,. This follows from the
expression of PL(z)P,(y) = Y, PP (z) PP (y).

Let d = 2 and ay = a2 = a3 = 1/2. Then the weight function W, becomes
a multiple of unit weight function, denoted by W /5, and we have: W 5(x) = 2.

In this case, the Reproducing Kernel takes the form:

3
1 _
Kn(Wiyasw,y) = 7T3/[ " CE) (Varyit + V/Tauats + /Taysts) H(l — )7 2dt
-1, i=1

For a = 0, we have Wy(x) = (z1z023) /2 /27.
In [11] was shown that any cubature formula for W, with all nodes inside
T? corresponds to a cubature formula on a sphere S2. In this case, the Reproducing
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Kernel can be represented in the following simple form:

1 ,
K, (Wosz,y) = 1 Zcéi/z)(\/%yl + V@2y2 £ /x3y3),

where the sum is over all possible sign changes, and this formula follows from (3.2)
by taking limits (2.4).
Samples of cubature formulas on the triangle

For n = 2, we have the following explicit formula for K, (W ,2;2,y)
Ko(Wy)9;2,y) = 6(1 — 10(z1y1 + 2292 + 23y3) + 60(212291Y2 + T123Y1Y3+
+aasyays) + 15(2Ty} + 23y + 23y3)).
If we take a(!) = (1,0), one obtain that K5(Wi2,2,(1,0)) has two zeros,
2 = (5—V10)/15, 25 = (54 V/10)/15.

From this fact, it follows that Ko(W /2,2, (1,0)) and Ka(Wy/9, 2, (21,0)) have 4 dis-

tinct common zeros:

<(5 —/10)/15, (70 — 7v/10 + \/10(233 - 62\@)/90)

((5 +1/10)/15, (30 — 3v10 + 1/3(110 — 20\/@/90) .

4. The construction of cubature formulas by using the Chebyshev

orthogonal polynomials and the reproducing kernel method

Let us consider, the Chebyshev polynomial of degree n,
Tr(x) = cosnb, x = cosb,

that is
Tr(x) = cos(narcosx).

_ (2k—-1)m
- 2n

the Chebyshev weight function wy(z) = (1 — 22)~*/2 on [~1,1].

The zeros of T) are xy, , k =1,n, and T are orthogonal with respect to
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The zeros of T} can be selected as the nodes of the Gaussian quadrature
formula with respect to w(xz) and these zeros can be used to construct a compact
interpolation formula. Let we denote the classical Chebyshev weight of the first kind

wy(x) = 11 z e (-1,1)

T1— 22’
Then the orthonormal polynomials with respect to w, are

1
To(z) =1, Ti(z) = V2coskf, k> 1, x = cosd and / wy (z)dx = 1.

-1

Next, we can consider the product Chebyshev weight function on [—1,1]? defined by

1 1 1
aC) _ _ L —1,11% 4.1
(‘ray) wl(‘r)wl(y) 2 m 1_y27 (Iay) € [ ) ] ( )
One can verify that the polynomials defined by
Pk:n(x7 y) = Tnfk(‘r)Tk(y% k= 07 n, ne N07 (42)

where P} is of degree exactly n are orthogonal with respect to W(z)(x, Y).
In [10] was established the following relations. If we denote P, =
(Pp,....,PMT n € Ny, the vector of the polynomials of degree exactly n in (4.2)

and the matrices,

10 0 .. 0 0 V2 0 .0
) 110 1 0 ... 0 4 110 o0 1 ... 0
n,1—§ ) n,2—§ A )

0 0 V2 0 0 0 U |

it can be verified that product Chebyshev polynomials satisfy the three-term relation
2iPn(z) = Ay i Pria(z) + AL Po_i(2), i=1,2,0 = (z1,22) or = (z,y) (4.3)

For z,y € R?, the Reproducing Kernel of the product Chebyshev polynomials is
defined by

n—1 k n—1
Kn(,y) =Y > Pf(@)Pf(y) =Y PL(x)Py(y)
k=0 j=0 k=0

and PZ;(CC)PTL(ZU) = Kn(z,y) — Kn-1(z,9).
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If one consider x = (cosby,cosbs), y = (cosp1,cosps), then we have the

compact formula [10].
Ky (z,y) = Dy (61 + 1,02 + p2) + Dn(01 + 1,02 — 92) + Dy (61 — 1,02 + 2)

+Dn(91 — ¥1, 02 - 902)5

where the function D,, has the form

1 01 _ 1 02
Do (61.05) = 1cos(n — 3)01cos — cos(n — 3)02c08 '
2 cosfi — cosbs

One can use these formulas in order to obtain a compact formula for the Lagrange
interpolation, which will be used to construct a cubature formula of degree 2n — 1

with respect to W) (z,y) of the form

L= [ Han) WO e pdedy = Qul1), (4.4
[-1,1]2
N
where Q,(f) = Z)\kf(xk), A > 0, x, € R?, so that we have
k=0

[,(P) = Qu(P), VP € Pj,,_;.

According to a general result of Méller for centrally symmetric weight func-
tions, for example one can consider W3 (x, y) = w1 (z)w: (y), the number of nodes in

the cubature formula satisfies
. +1
N > dimP?_, + [n/2] = <” ) > +[n/2].

Let consider zj be the points 2 = 2, = coskn—“, k=0,n.
In [10] was stated, based on the three-term recurrence relation (4.3), that a
cubature formula exists when the following matrix equations in the variable V are

solvable

Ap 2(VVT — I)AZ_L2 =Ap_12(VVT — I)AZ_M (4.5)
and VTAL | A, 1oV =VTAL | ;A0 11V,

where V is a matrix of size (n+ 1) X 0, 0 = [n/2] or 0 = [n/2] + 1.
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If n = 2m in [10] was showed that a solution of (4.5) is
T (o—1) (@) Tr-1(y) = Tim1(2) T -1y (y), 1 £k < /2 + 1, (4.6)
which corresponds to (A), and if n = 2m — 1, a solution of (4.5) is
T =) (@) Ti—1(y) — To1(2) T 1) (y), 1<k < (n+1)/2, (4.7)

corresponds to (B).

If a cubature formula exists, we can consider the Lagrange interpolation prob-
lem based on the nodes of the cubature formula which consists in construction of a
unique polynomial which is the solution of the problem to determining P = P(z) so
that P(zy) = f(x1), k=1, N.

In [8], was proved that one can consider the subspace
V2=p2 | U span{V*TP,},

where V7T is the unique Moore-Penrose generalized inverse of V, and in our case we
have V with full rank and we have VF* = (VIV)=1V7T.
For (x,y) € R?, was used the following expression of the Reproducing Kernel

K (2,y) = Kn(z,y) + [V P, (2)] " VIP,(y). (4.8)

Using a modified Christoffel-Darbous formula, was showed in [10] that K} (xg, z;) =0
for k # j and K (x,xr) # 0.
Finally, it follows that

=3 BT g (4.9)
and we have
N
/[ (D)@ Wale)d = 37 NS ) = ).
1,12 k=1

From the condition on Pf and the definition of KX(-,-) it follows that the
coefficients in the cubature formula are given by the expression A\, = 1/ K} (zk, zx)

If n = 2m, the interpolation nodes are

Toi 241 = (22i,22j41), 1=0,m, j=0,m—1 (4.10)
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Toit1,2j = (22i41,225), 1=0,m—1, j=0,m.

From (4.7) and the expression of K/ (z,y) one can obtain
* 1 1 k
Ko (@, 2k) = 5K (@, 2r) + Kn—(@, 200)] = 5(=1)"[Tn (@) = Tu(y)]-
Finally, one can obtain
K (20,2541, %0.2j41) = n*, K (225,2j41, T2i 2j41) = n°/2,

2 2 . ,
K (%2i41,0,T2i41,0) = n°, K (T2i41,25, T2iq1,25) =n°/2, 1> 0,5 > 0.

If n = 2m — 1, the interpolation nodes are

Z9i25 = (%2i,225), 4,j=0,m—1

Toit1,2j+1 = (22i41, 22j41), &J=0,m—1,

from which, was derived

K3 @) = 3K m0) + Kooa,2,0] = 3 (-DHTa0) + Ty,

from which was obtained

n?/2, if0<i,j<m-—1
K (22125, T2i,25) = { n2, ifi=0o0rj=0,i4+45>0

m?,  ifi=j=0,

n%/2, f0<ij<m-—1

K;($2i+1,2j+17$2i+1,2j+1) = n2, ifi=m—-lorj=m-—1,i+j<2m—2

m?,  ifi=j=m-—1.
In [14] was proved the mean convergence of Lagrange interpolation formula corre-
sponding to the weight function W (z,7) and by integrating this formula one can
arrive to the following cubature formulas
Based on the nodes (z;,x;), we obtain the cubature formulas:

45



EMIL A. DANCIU

(A) 7r2/ / f(z dedy :% ‘ f(z2i, 22541)+

VI =221 42
V1I—22/1—y e —
o 813"
+ﬁ f(221+1722]) Vfe Pzn 1
i=0 j=0

B) For n =2m — 1,

n—1 n—1

L dxdy 9 Il
) ﬂ/_l/_lf(x’y)m\/@ =520 flaimy)t

i=0 j=0

% Z Z (2Zn—2i> Zn—2j),Vf € P3n_1,
—0 j=0

where ¥’ means that the first term in summation is halved.
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OPTIMIZATION PROBLEMS AND n-APPROXIMATED
OPTIMIZATION PROBLEMS

DOREL I. DUCA AND EUGENIA DUCA

Abstract. In this paper, a so-called n-approximated optimization problem
(Ref. [1] and [3]) associated to an optimization problem is considered.
The equivalence between the saddle points of the lagrangian of the n-
approxiated optimization problem and optimal solutions of the original

optimization problem is established.

1. Introduction

We consider the optimization problem

min f(x)
st. re X (P)
g () £0, ie{l,..,m},

where X is a subset of R” and f, g1, ...,gm : X — R are functions.

Let
FP)={zeX: g(x)£0,ie{l,...,m}}

denote the set of all feasible solutions of Problem (P).

For solving optimization problem (P), there are various manners to approach.
One of these manners is that for Problem (P) one attaches another optimization
problem, problem whose solutions give us the (information about) optimal solutions

of the initial problem (P).

Received by the editors: 01.09.2009.
2000 Mathematics Subject Classification. 90C26, 90C30, 90C46.

Key words and phrases. saddle points, invex functions, pseudoinvex functions, n—approximation.

49



DOREL I. DUCA AND EUGENIA DUCA

Assuming that X is open, and that f and g are differentiable on X, Man-
gasarian (Ref. [11]) attached to Problem (P) and the point 2° € X, the problem

min f (xo) + <u, Vf (x0)>
s.t. ueR"?
g(2%) + [Vg (2°)] (v) £ 0.

He took the dual of this linear optimization problem and then considered z° to be a
variable in X. This last problem is precisely the classical dual of the nonlinear opti-
mization problem, introduced in a different way by Wolfe (Ref. [13]) and investigated
extensively (see, for example Ref. [10]). Connections between optimal solutions of
the dual and the primal are known (see, for example Ref. [10]).

The above process is repeated but taking nonlinear instead of linear approx-
imation of f and g around some fixed z° € X and taking the dual of the resulting
optimization problem. One takes the dual of this nonlinear optimization problem and
then one considers x° be a variable in X. One obtains the so called higher-order
dual problem of Problem (P). In Ref. [11], there are given connections between the
optimal solutions of higher-order dual and initial problem (P). D.I. Duca (Ref. [7])
used this idea for optimization problems in complex space.

Another idea came from Antczak (Ref. [3], [2], [1]), who attached to Problem
(P) and the point 2° € X, the following problem

min f (2°) + (V[ (2°),n(2))
st. rEeX (Py (%))
9(=°) + [Vg (2°)] (n(2)) =0,
where n = 1,0 : X — X is a function. He studied the connections between the saddle
points of Problem (P,7 (xo)) and optimal solutions of Problem (P).

We attach to Problem (P), the Lagrange function (or the lagrangian) L :
X x R? — R defined by

L(x,v) = f(z)+ (v,g9(x)), forall (z,v) € X xR,

where g = (g1,..., gm) -
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Definition 1. We say that (xo,vo) € X x R* is a saddle point of the lagrangian L
(or of Problem (P)) if

L (mo,v) <L (mo,vo) <L (x,vo) , for all (z,v) € X x RY.

The saddle points of the lagrangian L of Problem (P) have been studied by
many authors (see for example Ref. [10], [4] and others). A fundamental result of
optimization theory is that, in certain conditions, the point 20 is an optimal solution
of Problem (P) if and only if there exists a point v° € R’ such that (aco,vo) is a
saddle point of its lagrangian.

More precisely, we have the following results, results which play an important

role in optimization theory and economics.

Theorem 2. If (a:o,vo) € X x R is a saddle point of the lagrangian L of Problem
(P) then x° is an optimal solution of Problem (P).

Proof. See, for example, Ref. [10]. O

Theorem 3. Let 2° be an optimal solution of Problem (P). Assume that f, g1, ..., gm
are convex at x° and a suitable constraint qualification (CQ, Ref. [10]) is satisfied
at z°. Then there exists a point v° € R’ such that (xo,vo) s a saddle point of the
lagrangian of Problem (P).
Proof. See, for example, Ref. [10]. O
In the last few years, attempts have been made to weaken the convexity
hypotheses and thus to explore the existence of optimality conditions applicability.
Various classes of generalized convex functions have been suggested for the purpose
of weakening the convexity limitation in this result. Among these, the concept of an
invex function proposed by Hanson (Ref. [9]) has received more attention. The name

of invex (invariant convex) function was given by Craven (Ref. [6])

Definition 4. Let X be a subset of R, 2° be an interior point of X, f : X — R be
a differentiable function at 2° and n = 1,0 : X — R"™ be a function. We say that f is

invex at £° with respect to n if

f@)—=f(2°) 2(Vf(2°).,n(x)), foralzeX. (1)
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Hanson defined invex functions which allow the use of the Kuhn-Tucker con-
ditions as sufficient conditions for optimality in constrained optimization problems.
Later, Martin (Ref. [12]) proved that invexity hypotheses are not only sufficient but
also necessary when using the Kuhn-Tucker optimality conditions for unconstrained
optimization problems.

After the works of Hanson and Craven, other types of differentiable functions
have appeared with the intent of generalizing invex function from different points of
view.

Ben-Israel and Mond (Ref. [5]) defined the so-called pseudoinvex functions,
generalizing pseudoconvex functions in the same way that invex functions generalize

convex functions.

Definition 5. Let X be a subset of R™, 20 be an interior point of X, n =g : X —
R”, and f : X — R be a differentiable function at 2°. We say that f is pseudoinvex

at ° with respect to n if, for each x € X with the property that

(Vf (2% n(x)) 20,
we have
flx)z f(a°).
Definition 6. Let X be a subset of R", 20 be an interior point of X, n = ngo0 : X —

R”, and f: X — R be a differentiable function at x°. We say that f is quasiinvexr at
20 with respect to n if, for each x € X with the property that

fla) < f (%),
we have
(Vf (:co) () 0.
Remark 7. Note that, in general, there exists no unique function n such that the

function f is invex, respectively pseudoinvex and quasiinvex at the point z° € X.

Indeed, the function f: R — R defined by

f(z) =expx, foralzeR,
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is invex at 2% = 0 with respect to the function n: R — R defined by
n(x) =z —x9 =2z, for allxz € R.

Also, the function f is invex at x° = 0 with respect to the functionn: R — R

defined by
2 3

n(m):x—ﬁ—?—ﬁ—%, for all z € R.

And also, the function f is invex at 29 with respect to the function n: R — R

defined by

n(x) =z —2, for all z € R.

In this paper, in more general hypotheses that in Ref. [3], the equivalence be-
tween the saddle points of the lagrangian of the n-approximated optimization problem

and optimal solutions of the original optimization problem is established.

2. n—approximated optimization problem

0 is an interior point of X, and f and g are differentiable

In what follows x

at xv.

For the function n = 7, : X — R™ we attach to Problem (P) the
optimization problem (P77 (a:o)) , called n-approximated at ° of Problem (P).

Remark 8. If X =R" and n(x) = & — g, for all v € X, then Problem (P, (z°)) is

linear.

F(Py(2%) :={z e X: g (z°) + (Vgi (2°) ,n(2)) £0, i € {1,...,m}},

denote the set of all feasible solutions of Problem (P,, (xo)) .
The lagrangian of Problem (P,7 (xo)) will be denoted by L,, i.e. L, : X x
R" — R is defined by

Ly (@,v) = f (2°) + (Vf (@) 1 (2)) + (0,9 () + (v, [Vg (2°) ] (0 (@))) .

for all (z,v) € X x R
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Example 9. Let us consider the optimization problem

min f () = expx
st. re X =R (P)

g1(z)=2*>—-2=0.

We have that 3(?) = [0,1] and 2° = 0 is the unique optimal solution of Problem
(P)-
The functions f and g1 are inver at 2% = 0 with respect to the function

N =" : R — R defined by
n(z) ==z, for allz € R.

Then the n-approximated optimization problem is

min (1 + )
st. reX =R (ﬁn (CEO))
-0,

which has the optimal solution 2° = 0.

On the other hand, the lagrangian L, of Problem (Pn (xo)) is defined by
L, (z,v) =1+ —vx, forall (r,v) € R xR,.

Obviously, (xomo) = (0,1) is a saddle point of the lagrangian L,,.
In this section we show the equivalence between saddle points of the la-
grangian L, , of Problem (R7 (mo)) , and optimal solutions of Problem (P77 (:L‘O)) .
By Theorem 2, the following saddle point theorem follows:
Theorem 10. If (1:0, UO) € X xR is a saddle point of the lagrangian L, of Problem
(R7 (:BO)) , then x° is an optimal solution of Problem (Pn (3:0)) .
Remark 11. We established Theorem 10, without any assumption about the functions
involved in Problem (P77 (mo)) .
In order to prove that if 20 € X is an optimal solution of Problem (P77 (xo)),
then there exists a point v° € R’ such that (mo, vo) is a saddle point of the lagrangian
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of Problem (P, (2°)), let us denote by F,G1, ..., Gy, : X — R the functions defined
by
F(x):= f (2°) + (V[ (2°) ,n(2)),
Gi(z) = gi (2°) + (Vi (2°) ,n(2)), i € {1,...,m},
for all z € X.

Obviously, Problem (P77 (xo)) can be written as

min F' (z)
st. zeX
G;(x) =0, ie{l,..,m}.
Now, we can state the converse theorem of Theorem 10.

Theorem 12. Let 2° € X be an optimal solution of Problem (Pn (a:o)), W= [hgo :
X — R" be a function. Assume thatn: X — R" is differentiable at z°, the functions
F,Gy,...,Gp : X — R are invex at 2° with respect to p and a suitable constraint
qualification (CQ, Ref [10]) is satisfied at 2°. Then there exists a point v° € R such
that (xo,vo) s a saddle point of Problem (Pn (xo)) .
Proof. Let G = (Gy,...,Gp,) . In view of Karush-Kuhn-Tucker theorem, there exists

a point v¥ € R’ such that

V(2% + (0 [Vg (2%)] (V1 () =0,
(v°,9 (2°) + [Vg ()] (n (2"))) = 0.
The functions F, Gy, ..., G, are invex at 2° with respect to p, then, for each
x € X, we have
F(z)—F (2°) 2 (VF (2°),u(2)), (4)
Gi(z) — G (2°) 2 (VG; (2°) ,p(2)), i € {1,....,m}. (5)
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Since v* € R, by (5), we obtain
(1%, G (2)) — (1%, G (%)) 2 (°, [VG (2°)] (u (x))), for all z € X.
Then, for each z € X,

Ly (z,0%) = L, (2°,0°) =
=F(z)+ (°,G (2)) — F (2°) — (°,G (2°)) = (by (4), and (6))
2 (VF (2°),p(2)) + (0°, [VG (2)] (1 (2))) =
= (VF () + [VG ()] " (+°) () = (by (2))

=0.

(6)

Consequently, the second inequality in the definition of saddle point is satis-

In order to prove the first inequality of the definition of saddle point, let
v € R, Then

because G (z°) <0

O

3. Equivalence between saddle points of n-approximated problem and of

the original problem

In this section we will prove the equivalence between the original op-

timization problem (P) and its associated n-approximated optimization problem

(P, (z")) . We establish the results where one assumes that the function 7 = 7,0

satisfies only the condition n (:co) =0.
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Theorem 13. Let 2° be a feasible solution of Problem (P). We assume that f and
g are invex at ° on F (P) with respect to 1 = ng0 : X — R™ satisfying the condition
n (:EO) =0.If (zo, vo) € § (P) xR is a saddle point of the n-approximated optimiza-
tion problem (P,, (xo)) , then z° is an optimal solution of the original optimization

problem (P).

This theorem is true in more general hypotheses.

If 20 is a feasible solution of Problem (P), then
I(2°)={ie{l,..,m}: g; (") =0}

denote the indices of the active restrictions at x°.

The following statement is true
Theorem 14. Let 2° € X, n = ngo : X — R™ such that n(mo) =0,f: X =R be
pseudoinvezr at x0 with respect to n and gi,...,gm : X — R such that g;, i € I (zo)
are quasiinvex at x° with respect to 1.

If (x07v0) € X x R is a saddle point of the lagrangian L, of Problem
(P77 (3;0)) , then x° is an optimal solution of the original problem (P).
Proof. The point (mo, vo) € X xR is a saddle point of the lagrangian L,, of Problem
(P, (z%)) ; then

L, (aso,v) <L, (xo,vo) , for all v € R,

ie.

(v—1%) g (2°) L0, for all v € R, (7)

because 7 (z°) = 0.
Let i € {1,....,m}, and € = (0,...,1,...,0) € R™ be the i-th unit vector of

R™. Then, for v = €' 4+ v° € R7, relation (7) becomes g; (370) < 0. Hence
gi (xo) <0, forallie{1,..,m}.

Consequently,
' e F(P).
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If follows that

(v°,9(a")) =0, (8)
because v* € RT. But, from (7) we deduce
(1% (2%)) 2 0, (9)
because v = 0 € R'".
Thus, by (8) and (9)
(1%, (2%)) = 0. (10)
From (10) it follows that
v) =0, for all i € {1,...,m}\I (xo) . (11)

On the other hand, from
L, (2°,0°) £ L, (z,2°), for all z € X,
we deduce that
(V£ (@) (@) + (v, [V (2°)] (n (2))) Z 0, for all z € X. (12)

In order to prove that 2° is an optimal solution of Problem (P), let z € § (P) .

Then
gi () £0, forall i € {1,...,m}.

Letie ] (J:O) . Since
9i () — gi (2°) = gi (x) £ 0,

and g; is quasiinvex at z° with respect to 1, we have

hence

because v{ = 0. Then
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because v) = 0, for all i € {1,...,m}\I (2°).
From (12) and (13) it follows that

(Vf(2),n(2) = —(°%[Vg(2°)] (n(x))) = 0. (14)

But, the function f is pseudoinvex at #° with respect to 1, and then, by (14),

we deduce that
flx) = f(2°).

Consequently, 2° is an optimal solution of the original problem (P). The theorem is

proved. O

Remark 15. If the functions f,g1,...,gm are inver at x° with respect to n, then
the hypotheses that f is pseudoinvezr at x° with respect to n and g;, i € I (:EO) are

quasiinver at x° with respect to n are satisfied.

Remark 16. The assumption that the function n satisfies the condition 7 (xo) =01s
essential in order to have the equivalence between the saddle points of the lagrangian
Ly, of Problem (P, (2°)), and the optimal solutions of the original problem (P). (see
Ezample 3.4 from Ref. [1])

Now, we show that, if 20 is an optimal solution of the original problem (P),
then under certain conditions, there exists a point v° € R’ such that (xo,vo) is a
saddle point of the n-approximated problem (P,, (xo)) .

More exactly, the following statement is true:
Theorem 17. Let 2° € X be an optimal solution of the original problem (P) and

assume that a suitable constraint qualification is satisfied at z° (CQ in Ref. [10]). If
the function n = 1z : X — R™ satisfies:

() (V5 () n(a)) < 0
(i) 9 () + [Vg ()] (1 (=) S0 (i.e. a° € (P, (+7))).

then there exists a point v° € R such that (xo, ’UO) s a saddle point of the lagrangian
L,, of the n-approzimated problem (R7 (xo)) .
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Proof. Since z° is an optimal solution of Problem (P), and some suitable constraint
qualification at z° is satisfied, by Karush-Kuhn-Tucker’ Theorem, there exists a point

W0 € R’ such that

Vi (2°) + [V ()] (+°) =0, (15)

(199 () =0. (16)

Let z € X. Then, from (15), we have
Ly (@,0°) = Ly (2%,0°) = (V£ (2°) + [Vg (2)] " (+°) .1 (")) = 0.

Consequently, the second inequality from the saddle point definition is true.

In order to prove the first inequality from the saddle point definition, let
v € R, Then

L, (JJO,UO) - L, (xo,v) =

= (%9 () = (0,9 (")) + (v, [Vg (2")] (n (2"))) = (v, [Vg (2")] (n (="))) =

Consequently, (2°,0%) is a saddle point of the lagrangian of Problem
(P, (+9)). 0
Remark 18. If n(2°) = 0, then the hypotheses (i) and (ii) from Theorem 17 are
satisfied.
Remark 19. If f, g1, ..., gm are invex at 2° with respect to n, then the hypotheses (i)

and (i7) from Theorem 17 are satisfied.
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Remark 20. The hypothesis that the original problem (P) satisfies a suitable con-
straint qualification at z° is essential. Indeed, for the problem
min f (z) = 29
st. reX =R? ~
2 (P)
g1 () =x1+25 20,

92 (2) = —x1 + 23 0,

we have the set of all feasible solutions § (ﬁ) = {(0,0)}, and hence z° = (0,0) is
the unique optimal solution. Let us remark that Problem (ﬁ) s convex, and then the

functions f, g1, g2 are invezx at 2° = (0,0) with respect to n: R? — R? defined by
n(x) =z, for all x € R%

In this case, the n-approzimated optimization problem is

min xg
s.t. (z1,79) € R? ~
(P (2°))
— 1 é 07
1 § 0.

Thus, En :R? x Rf_ — R is defined by
En (z,v) = 29 — v171 + Vo1, for all (z,v) = ((v1,22), (v1,v2)) € R? x RY,
and (mo,vo), where 10 = (v?,vg) > 0, is not a saddle point of the lagrangian of
Problem (ﬁn (1:0)) .
4. Conclusions

In this paper one shows that the invexity hypotheses from paper [3] can be

weaker.
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THERMAL STRESSES IN A THIN POROUS PLATE

REMUS D. ENE AND ADARA M. BLAGA

Abstract. The thermal stresses that appear in a thin porous plate are

analized and numerical results are obtained with FreeFem++.

1. Introduction

The porous plates have been recently studied, in particular, the silicon thin
porous plates which are component parts of electronic engines (integrate circuits,
transistors) and are often used in nanotechnology.

An existence and uniqueness result for the problem with initial data and
boundary conditions was established by Birsan [1], using the logarithmic convexity
method. Kumar and Rani [6] determined an analytical solution for the equilibrium
equations for the generalized thermoelastic half-space with voids using the Laplace
and Fourier transforms.

In what follows, based on the representation theory, we shall establish an exis-
tence and uniqueness theorem, using the theory of semigroups [8]. In order to obtain
numerical results modeled with FreeFem++, it is necessary to give the variational
formulation of the limit problem (1.1).

We are interested to study the thermal effect on a thin porous plate (de-
formation and thermal stresses), not taking into account the chemical and physical
phenomena that appear under the action of the thermal field. In order to do that, we

need a representation theorem of the solution of the limit problem (1.1).
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Consider a porous media having the form of a rectangular plate that fulfills a
domain B C R3. The geometry of the plate is described with respect to an orthonor-
mal positively oriented frame Oxyxox3, having the axis Ox; and Oxy in the median
plane ¥ of the plate.

We shall reduce the study of the system to the 2-dimensional case (in the
median plane), using the micropolar theory of thermoelastic media introduced by
Eringen [3].

Following Lord and Shulman [7], Green and Lindsay [4] and Iegan [5], the field
equations and constitutive relations in a generalized thermoelastic solid with voids,

without body forces, heat sources and extrinsic equilibrated body force are:

-+ 1) g2 (v ) + pulas + bg—ji — 855 + pof; = poiis, i=1.3
aAp — b(div @) — Ep 4+ mb + pol* = poxd , (L1
To[B(div @) + m¢ + ab] = kA + pS*

on B x(0,tg), where by @ we denoted the displacement field, 6 stands for the variation

of the absolute temperature, ® is the change in volume fraction field, pg is the density

of the medium, A, p are the Lame’s constants, k is the thermal conduction coefficient
and a, b, m, «, B, £ are the constitutive coefficients.
Denote by f; = pof; the density of the body forces. Assume that f €

C%(B x (0,t0)) and f € C>1(B x (0,t)). Then

f=grad @ + rot~,
where @,y € C*1(B x (0,tp)) and divy = 0. Assume that 3 # 0. Put

= grad ® + rot 1. (1.2)

The first equation of the system (1.1) becomes

5% ~

o

< pA(grad ® +rot¢)) + (A + p) grad(div(grad ® + rot ) + bgrad ¢p—
2

—pPgradf — po%(grad ® +roty) = —(grad @ + rot )

uAG + (A4 p) grad(diva) + bgrad ¢ — Bgrad 6 — pg
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= grad[(A + 2u)AD — po® + bo — 860 + Q] + rot[uAd — pot) + 7] = 0.
The first equation of the system (1.1) is satisfied if we take

po  0*® 1
Ad — — = 0 — boh —
A+ 24 02 /\+2M(6 0-Q)

B-2 20— _(5-16-Q) (13)
Aot A+2u ’ '
where ¢; = 4/ %, and respectively,
_ w1
w o>
1 9? 1
(A - %@W =
where ¢y = ,/%.
We obtain
R RTINS A S
B a el ot? ’
and respectively,
1 1 9?
=—-[-A+2u)(A - 5—=—)P+ b8 — Q.
P b[ (A +2p)( C%8t2) + Q]
Replacing @ and 6 in the last equation of the system (1.1) we get
T, [52 div(grad ® + rot 1) + ma) + gﬁ((/\+2 (6 — —8—2)@+b¢+62)] =
TR 3ot WO 2 0 -
= EA(()\ +2u)(6 — la—z)rb + b9+ Q) + poS*
- 6 H C% 8t2 Po .
o . . 3 .
Multiplying this relation by a2 it becomes
k d 1 92 BTy O k o bk
A Y A- =2 )20 A= —(ZA - )0 — A
[(a 8t)( ci ot? apocs Ot ] (a 8t)Q A+ 2,u[a
mIy3, 0 Bro s
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Replacing @ and ¢ in the second equation of the system (1.1) we get
1 02 ¢ 1 92

(6%
—A[-A+2p)(A— = =)D+ 0 — Q] —bAD — 2[—(A+2u) (A — = = )P+ 56 —
5 [—(A+2p)( c‘;’atz’) + 36— Q)] b[ (A+2p)( thz) + 80— QJ+
+m®—Ma—2[—(A+2 )(A———2)<I>+59—Q]—— "
b ot H 2 ot -
Multiplying this relation by m, it becomes
? o« 1 07 b2 — (N +2p) € 02 1 ok
e ANA- ) (— LTINS e = -
Katz PoX I cfatQ) ( PoX +x8t2>] /\+2u(ﬁat2
af 1 0? o 3 b
——A+ —bm))+ —[-— + —A - —=—]|Q — —I". 1.5
PoX (€0 ) /\+2u[ ot pox pox]Q X(A +2p) (15)

Therefore, it holds a Deresiewicz [2] - Zorski [9] theorem:
Theorem 1.1. Let @i = grad ¢ + oty and 6 = %[()\ +2u)(A — ég—;)fb + 0y + QJ,
where ® € C*4(B x (0,t0)) and 1 € C32(B x (0,t0)) satisfy the relations (1.3), (1.4),
(1.5). Then 4,0 and v satisfy the system (1.1).

2. Existence and uniqueness

According to the micropolar theory of thermoelasticity for elastic media with

voids introduced by Eringen [3], we shall assume
4V = (z3v1, T302, W)
u?® = grad(z3®)
¢ =z3, 0=ua3T

where the functions vy, ve, w, ®,9, T depend on x1,xa,t [(x1,22) € X, t € T].
Using the representation theorem 1.1, the equilibrium equations can be re-

duced to the following systems:

vy _ _

azt2 — %A’Ul =0

5@;;2 — feAvy =0 (2.1)
Pw _ p _

W 00 A’LU =0
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and
? B Po 5
)= mAw 6 ¢;_ . (2.2)
- B mTy
T= OCl poa AT PoCl Aq) PoCL Q/J

The last one can be decomposed into

b = ¢
A —l— 2,u Jé]
C = AD + p01/1 — %T
= (2.3)
. _ _ é
F To m mdig
T= Pocz pocr AT — poCqu) PoCL ¢
which is equivalent to
d=¢
: /\
¢ - by D
1/) =T . (24)
— _i
poXAz/J + ﬁA(I) ¢;‘
__k_ _mig
T Pocz AT + PoCi TAD = PoCr ¢

Write the system (2.2) as an evolution system of order 1 associated to a
strongly elliptic operator A on a Hilbert space.

Define D(A) := (H?(X) x HY(X)) x (H?(X) x H(X)) x H*(X) =: V() and
for W = (®,¢, v, 7,T)t € D(A), let

AW == MAW,
0 0 0 0 O
Po
where M = 0 0 0 0 O
b @
~70 g pox 0 2
0 “pa 00 poci
Denote by ||| - [|| the norm || - [|y(s) in the product space V().
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The system (2.4) is an evolution system associated to the operator —A [8]

and can be written in the operatorial form:

ow _
W —AW:F(t,Il,I’Q,W), (25)
01 0 0 0
b _B
- 00 Po 0 Po
for F(t,x1,22, W) := NW, where N=|0 0 0 1 0
_£ m
00 Po 0 Po
00 o -2
Consider the initial data W (0, z1,22) = Wy(x1,22) on ¥ and the boundary

condition W (¢, z1,z2) = 0 for (z1,22) € 0. Following Pazy [8] (chapters 7, 8), we

can state:

Proposition 2.1. Let ¥ be a domain in R? with smooth boundary and F =
(F1, Fy, F3, Fy, F5, Fg) with every component continuous locally Lipschitz function of
all its arguments. Assume that there is some continuous functions n; : RxR — Ry,

1 <i <5, such that
[Fi(t, z1, 20, W)l <t [[[W]]), 1<i<5
and
|Fi(t, 1, 2, W) = Fi(t, w1, w2, Wa)| < nit, [[[Wall| + [[[Well]), 1<i<5.
For every Wy € (H*(X) x H}(X)) X ... x (H*(X) x H3(X)), the initial value problem

%ItM—AW:F(t,Il,IQ,W)
W(0,x1,22) = Wy(z1,22) on X

i): has a unique solution W = (®,(, v, 7, T)t € (H*(X) x L3(X)) x (H?(X) x
L3(%)) x H2(X), if F; € C°(X) for every 1 < i < 5;

ii): has a unique solution W = (®,(,,7,T) € V(X), if F € (HY(X) x
L2(%)) x (HY(Z) x L3(%)) x HY(Z).
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3. Numerical results

We shall give a numerical modeling and simulation for the thermal stress of
an elastic, thin, porous plate made up of magnesium, using FreeFem-++-.

Assume that the heat transport is realized by conduction as long as there
exists an internal thermic source whose temperature is constant.

Consider the following initial conditions:
So = 998 K - thermal source
Ty = 298 K - initial temperature of plate
O(z1,22,0) =0
Y(x1,22,0) = 1,0011507 - porosity

The physical constants of the material and the parameters of voids can be
found in [6].

We shall model the case when the body forces are uniformly distributed
orthogonal to the median plane of the plate.

The dependence on temperature of the deformations, of the stresses and of
the change in volume fraction field are further showed.

One can notice that after a number of iterations, the plate reached a thermal
equilibrium state.

The numerical results are presented in the nearby graphics.
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hange in volume fracton fsd:teraton 1 at mament 0.001 change in volume fracion feld:eraton 9 at momen 0.000
\\\\\\\\\\\\\\

\\\\\\\\\\\\\\

vertical displacement: iteration 1 vertical displacement: iteration 9

Final remarks
As the absolute temperature inside the plate is growing, the plate is deforming

more and more until it reaches the thermal equilibrium state.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 4, December 2009

NEW ESTIMATE FOR THE NUMERICAL RADIUS OF A GIVEN
MATRIX AND BOUNDS FOR THE ZEROS OF POLYNOMIALS

MOHAMMAD AL-HAWARI

Abstract. In this paper we find new estimate for the numerical radius
of a given matrix, and we prove that, this estimate is better than any
estimate for the numerical radius. We present also new bounds for the
zero of polynomials by using new estimate for the numerical radius of a

companion matrix of a given polynomial and matrix inequalities.

1. Introduction

Numerical radii estimate of companion matrices have been invoked by Linden

(1999) [7] and Kittaneh [6]. Also, Kittaneh (2003) found that
1 1
w(d) < (4]l + [14%]12).

Also, we know that

1
S 141 < w(4) < Al
In this paper, we find that
1 1 1
w(4) < [ A4%)% < 5 (114 + 11421 < 4],

whenever, A?does not converge to the zero matrix.

Also, if A% = [0],,xn, then w(A) = 1|4, and from the new estimate and

matrix inequalities we find new bounds for the zeros of polynomials.
In this work, let M, (C) denote the algebra of all n x n complex matrices.
Definition 1.1 If A € M, (C), then

Received by the editors: 23.03.2009.
2000 Mathematics Subject Classification. 47TA12, 47A30, 15A48.

Key words and phrases. Companion matrix, numerical radius, spectral norm, unitary matrix and zeros

of polynomials.
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(i) The spectral norm (or the operator norm) is defined by

| Az]]
[l

[A[l = max {[|Az[| : [|z[| = 1} = maX{ el # 0}~

(i1) The numerical radius of A is defined by

w(A) = max {|(Az,z)| : x € C",||z|| = 1}.
(iii) The spectral radius of A is defined by

r(A) = max {|A] : X is an eigenvalue of A}.

Now, we list some known results as a background and reminder for the reader.
Theorem 1.1

(i) If A€ M,(C), then §|A|| <w(A) < [|A] ( see e.g.[2]).

(ii) If A€ My(C), then w(A) < L(|A] + [ A%|}) (see e.g.[6]).

(iii) If A € M, (C), then there exists a unitary matriz U € M, (C) such that
A =U|A|, where |A] = (A*A)2.

(iv) Let A = [a;;] € M, (C) be written in partitioned form as

A T
A:
5 anpn

where z € C"! and A € M,,_,(C), then
det(A) = apndet(A) — z*(adjA)z,

where adjA is the classical adjoint of A.(see e.gl4] ).
(v) Let A = [a;j] € M, (C) be partitioned as

A A
Axy Az

A:

)

where A;j is an n; X nj matriz for 1,5 = 1,2, with n1 +ny = n.
If
i [Aul  [[Az]|
[A21]] [[Az22]l
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then

1A < 1A],7(4) < r(A), and w(A) < w(A).

2. Main results

In the following theorem, we find a new estimate for the numerical radius of

a given matrix.

Theorem 2.1 Let A € M,,(C), then
(i) w(A) < ||A2||z,if A2does not converge to the zero matrix.
(it) w(A) = || Allif AZ%is the zero matriz

Proof. (i) Let A = u|A], for some unitary matrix u € M, (C).

Now,

w(A) = max {|(Az,z)| : x € C",||z|| = 1}.
So

(Az,z) = (u|A|z,z) = (JA] z,u"x)

< (|4, 2)* (|A|w'z,uz)?

N

< (|A|z,2)% (u]A|u*z,2)*

N

(1472, 2)>

IN

(1A]z, )

(¢* |A za* |A%] 2)?

IN

(z" |A][A™] )

IA

(1Al A"z, x)>

IN

< llAran’®,
since
St (|A]]A"]) = 57 (47),
where S? (AQ) denotes the largest singular value of A% and

S1(A%) =142
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So we get
I1A]|A%(|[* = || 42| and [[|A]|A%]]| = [|4?],

hence

w(A) < | A%%.
(ii) We know that

SA] < w(a),
since A% =[0],,.,,, SO

w(4) < SO+ 14205 < Z)Al.

From (1) and (2) we get the result.

(2)

O

In Theorem 2.1, the estimate of the numerical radius is a uniform estimate,

because
w(A) < [|4%)|* < (|4l
also, since
1477 < || Al
we have

1 1 1
w(A) < |14%)1% < 5 (114l + 14%)%).

Corollary 2.1 Since r(A) < w(A), we get that,

r(A) < \|A2||%,if A%does not converge to the zero matriz.

Also,
1
r(A) < §||A||,if A%is the zero matrix.
Corollary 2.2 If A € M,(C) is a normal matriz, then

r(A) = w(A) = || 42]|7 = || A].
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3. New bounds for the zeros of polynomials
In this section, we find new bounds for the zeros of the monic polynomials
p(z)=2"+ anz" Tt a, 12" 2+ taz+a (3)

with complex coefficients a1, as, as, ..., a, where, a; # 0 and n > 3 by using numerical

radius, and matrix inequalities of the companion matrix

—an —0p—-1 - —az —ai
1 0 0 0
cCp)=1| 0 1 - 0 0 |. (4)
00 10 |

In [6] Kittaneh found ||C?(p)|,where

[ 62— a1 Qa1 —ny Gnln_z—an_3 - apay |
—Qn —Qn—-1 —Anp—2 e 0
) 1 0 0 e 0
C*(p) = 0 . 0 0 (5)
i 0 0 0 -ee1 0 ]

And hence by using Theorem 2.1, we find new bounds for zeros of polynomials as in

the following theorem.

Theorem 3.1 If z is a zero of p(z) as in (3), then

ol < ix/(a + 1) [(0+1)2 +48)°
— 2 3

where

5= [(@+8)+ ((a+8)7+4hP) ],

N | =

and
n n
o= Z'aj|2’5:Z|Lj|2>
j=1 j=1
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n
Y= E Ljaj, Lj = anaj — (lj,1
j=1

for 3 =1,2,...,n with ap = 0,and

1

§ = 5 {(O/ +6/) + \/(a/ “"6/)2 +4|’7/|2} ,

where
o = Z |aj|2 B = Z |Lj|2 and 7/ = —ZLjaj.

j=3 j=3 j=3

Proof. Let C(p) be the companion matrix of p(z).Since C%(p) # 0] ,we have
nxn
1
wC(p) < [|C?(p)[|* -

Kittaneh found ||C?(p)|| in [6], and hence we get the result. O

Now since
Il < 5 (Iow)+ o))
Therefore, the bound in Theorem 3.1, is better than Kittaneh bound in [6].
Kittaneh found new bound for the zeros of a polynomial p(z) by using matrix

inequality as in the following theorem.

Theorem 3.2 (seef5] ) If z is a zero of p(z) as in (3), then

N|=

n—1

L+ lan)) + | A+ lan)? +4 [ D lagl?
j=1

2| <

N =

In the following theorem, we find new bounds for the zeros of p(z) by using
matrix inequalities.

Theorem 3.3. If z is any zero of p(z) as in (3), then

el < 5[5+ VT ATar]],

where

2 2 2 2| ”
(1 o o) 4 (Spa el 1) + s

A= 2
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Proof. Let C'(p) be the companion matrix of p(z) as in (4). Then

Cii Ci2
C(p) = :
Cao1 Ca
where
[ —ap —0Qp—-1 —0ap-2 —az ]
1 0 0 0
0 1 0 ‘e 0
C]l = ’
0 0 1 e 0
i 0 0 0 1 0 ]
t
Cuz[_aloo o},
Co = { 0 0 O 1 } )
Cop = [ 0 ]
Known,
a
rC(p) <r g lail
1 0

By using (iv) in Theorem 1.2, we get

1
2

2
(1 S o) +yf (Siea sl ~1) 4 4ol
5= ICul - :

That is, the desired result.

Acknowledgment. The author would like to thank the referee’s comments.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 4, December 2009

FUNCTIONALS ON NORMED SEQUENCE SPACES AND UNIFORM
EXPONENTIAL INSTABILITY OF EVOLUTION OPERATORS

MIHAIL MEGAN AND LARISA BIRIS

Abstract. In this paper, we present necessary and sufficient conditions
for uniform exponential instability of evolution operators in Banach spaces.
Variants for uniform exponential instability of some well-known results due
to Datko, Neerven and Zabczyk are given. As consequences, some results

proved in [6] are obtained.

1. Introduction

One of the most remarkable result in stability theory of evolution operators
in Banach spaces has been obtained by Datko in [3]. An important generalization of
Datko’s result was proved by Rolewicz in [12]. A new and interesting idea has been
presented by Neerven in [9], where an unified treatment of the preceding results is
given and the exponential stability of Cp-semigroups has been characterized in terms
of functionals on Banach function spaces. Some generalizations of these results for
the case of linear evolution operators have been presented in [1], [5] and [6].

In this paper, we shall present characterizations for exponential instability of linear
evolution operators in the spirit of Neerven’s approach. Thus we obtain the versions
of the theorems due to Datko, Zabczyck and Neerven for the case of exponential

instability. As consequences, we obtain some results presented in [6].

Received by the editors: 01.09.2009.
2000 Mathematics Subject Classification. 34D05, 34D20.

Key words and phrases. Exponential instability, evolution operator, functionals on function spaces.
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2. Linear evolution operators

Let X be a Banach space. The norm on X and on the space B(X) of all
bounded linear operators from X into itself will be denoted by |.||.

Let T be the set defined by
T = {(t,to) € R : tn < t}.

Definition 2.1. An application F : T — B(X) is called evolution operator on X if
it satisfies the following conditions :
(i) E(t,t) = I (the identity operator on X);
(ii) E(t,s)E(s,to) = E(t,to), for all (¢,s) € T and (s,tg) € T}
(iii) there exist M,w > 0 such that

|E(t, to)|| < Me*=t)  forall (t,to) € T.

Particular classes of evolution operators are given by:
Definition 2.2. An evolution operator F is said to be
(i) strongly measurable, if for every (to,x) € Ry x X the mapping E(-, )z is
measurable;
(ii) injective, if for every (t,to) € R% the linear operator E(t,to) is injective.

(iii) wniformly exponentially instable, if there are N, v > 0 such that
|E(t,to)x| > Ne*®t)|z||, forall (ttg,x) €T x X.

A characterization of the exponential instability property is given by:

Proposition 2.1. An evolution operator E is uniformly exponentially instable if and

only if there exists a nondecreasing sequence f : N — R% = (0,00) with lim f(n) =
n—oo

oo and

|E(n +to, to)z|| > f(n)|lz], forall mneN and zeX.

Proof. Necessity is trivial.

Sufficiency. Let (t,t9) € T and n € N such that n <t — 1ty < n + 1. Then for every
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x € X with ||z|| = 1, we have that
[E@ to)xll = [|E(t o +n)E(to +n,to)z]| = f(E = to = n)[|E(to + n, lo)z|

SOV WIE(o + (n—1),to)al| = --- > fO)f(1)"|z]

FO)e|lz]| > Ne"" D lz]| > Nev =)«

Y

where v = Inf(1) > 0 and N = f(0)/f(1) > 0, which shows that E is uniformly

exponentially instable. ]

3. Main results

Let 8(R) the set of all real sequences. By 8*(R) we denote the set of all
s € §(R) with s(n) > 0, for all n € N.
Let F be the set of all functions F' : §$*(R) — [0, 0o] with the properties:
(f1) if s1, so € 8T(R) with s; < sy then F(s1) < F(s2);
(f2) there exists a > 0 such that F'(cx(n}) > ac, for all ¢ >0 and n € N;
(f3) there exists f € 8T (R;) with nler;O f(n) = oo such that
F(cxqo,...ny) = f(n), for all ¢ > 0 and n € N.

Here x4 denotes the characteristic function of the set A.
For every injective evolution operator E and every x € X with ||z| = 1, we
associate the following sequences:
eg'0(n) = e (m+n), v (n) =

1 esto (n
eo(n)= ———-—, e . i ﬂi”?
[ E(n +to, to)x|| et (m)

for all m,n € N.

Remark 3.1. If the evolution operator F is uniformly exponentially instable then

there exists F' € F with the properties:

(i) sup F(elo) < oo;
llzl|=1
to>0

(ii) there exists N > 0 such that F(e™%) < Nelo(m), for all m € N, t5 > 0
and x € X with ||z]| = 1;

(iii) sup  F(e™) < oo;
()R
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(iv) sup F(vmio) < .
[|z]=1
(m7tox)6NXR+

Indeed, if we consider the function F : §T(R) — [0, oo] defined by

F(s)=7_ s(n)

n=0
then it is easy to verify that the uniformly exponentially instability property of E
implies the conditions (i), (i¢), (#¢) and (iv).
The main result of this paper is :

Proposition 3.1. An injective evolution operator E is uniformly exponentially in-

stable if and only if there is F' € F such that

sup F(e) < cc.
llzl|=1
to>

Proof. Necessity. It results from Remark 3.1.

Sufficiency. We observe that
elo = "el (k)xqry = D e (k)X iy = € (n)x(n}-
k=0 k=0

Let M = sup F(el*) < co. Using the hypothesis, we obtain that
[lz]=1

M > F(el*) > F(el(n)x{n}) > - € (n),

and hence el (n) < M/a, for all ty > 0,n € N and x € X with ||z| = 1.

The last inequality becomes
o
IE(n +to. to)zll = 77,

for all n € N,tp > 0 and all ||z]| = 1.

This implies that
|E(n +to, k + to) E(k + to, to) x| > %lell, forall =€ X with |z] =1,
and hence

IE(n + to, to)z|| > %HE(lﬂ +to,to)z], forall kneN, k<n, to>0
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and x € X with ||z]| = L.
We have that

[e.e] n
(0%
elo = el (k)xpy = Y e (k)X ry > e () X{0,....n}
k=0 k=0
It follows that
M > F(elf) > <€t (n) f(n)

and hence

IE(n + to, to)z| > %f(n), forall z€X with [zf =1
By Proposition 2.1 it results that E is uniformly exponentially instable. |
Corollary 3.1. An injective evolution operator E is uniformly exponentially instable
if and only if there exist N > 0 and F' € F such that
F(en") < Neg (m),

forallmeN, tg >0 and x € X with ||z| = 1.
Proof. Necessity. It results from Remark 3.1.
Sufficiency. We observe that

sup F(efo) = sup F(e2%) < Nel(0) = N < 0o

llzl|=1 llzl|=1
t0>0 t0>0
and by Proposition 3.1 it follows that E is uniformly exponentially instable. O

Corollary 3.2. An injective evolution operator E is uniformly exponentially instable
if and only if there is F' € F such that
sup F(e™") < o0.
llzll=1
(m,to)ENXR,

Proof. Necessity. It results from Remark 3.1.

Sufficiency. It results from Proposition 3.1 taking into account that

sup F(el*) = sup F(elf0) < sup F(e™") < o0.
ll]|=1 lll|=1 llzll=1

to>0 to>0 (m,to)ENXR+
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Similarly, we obtain:

Corollary 3.3. An injective evolution operator E is uniformly exponentially instable
if and only if there is F' € F such that
sup F(v0) < oo.
llzll=1
(m,to)eNXR4
Remark 3.2. The preceding results are discrete versions of a Neerven’s theorem ([9])

for the case of instability property.

We shall denote by ® the set of all nondecreasing functions ¢ : Ry — R4
with ¢(0) = 0 and ¢(t) > 0, for every t > 0.

Corollary 3.4. An injective evolution operator E is uniformly exponentially instable

if and only if there exists o € ® such that

sup Y p(elr(n) < oo
z||l=1
Ito‘ o n=0

Proof. Necessity. It is trivial for p(t) = t.
Sufficiency. It results from Proposition 3.1 for

F(s) = e(s(n)).

n=0

|
Remark 3.3. The preceding corollary extends a Zabczyk’s theorem ([13]) for the
case of exponential instability.
For the particular case p(t) = tP, we obtain:

Corollary 3.5. An injective evolution operator E is uniformly exponentially instable

if and only if there exists p € [1,00) such that

Remark 3.4. Corollary 3.5 is a discrete version of Datko’s theorem ([3]) for the case
of exponential instability. It can be also considered as a variant for the exponential
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instability of a theorem proved by Przyluski and Rolewicz in [11] for the case of
exponential stability.
Let B(N) be the set of all normed sequence spaces B ([8]) with the properties:
(i) X{o,...n} € B, for all n € N;

(ii) nhjgo |X{0,...,n}|B = 0OQ;

(iii) there exists o > 0 such that |x{n}|p > «, for all n € N.

Corollary 3.6. An injective evolution operator E is uniformly exponentially instable
if and only if there exists a normed sequence space B € B(N) such that for every

r € X with ||z|| = 1, we have that el € B and

Proof. Necessity. It is immediate for B = ['.

Sufficiency. Let F : 8T (R) — [0, 0c] be the function defined by
F(s) =sup|s- xyo,..n}B-
neN
It is easy to see that F' € F and

e;‘)x{ow’n} <elo, forall neN, t, >0 and z€ X with |z =1

Then
sup F(elr) < sup |el|p < o0.
llz)|=1 llz)|=1
t0>0 to>0
By Proposition 3.1 it results that E is uniformly exponentially instable. O

Remark 3.5. The Corollary 3.6 is a discrete variant for exponential instability of

Theorem 3.1.5 from [8].

As a particular case, for the Banach sequence space
B={sc8"(R):3sclP}

we obtain:
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Corollary 3.7. An injective evolution operator E is uniformly exponentially instable

if and only if there are p € [1,00) and 3 € $T(R) with 8 >0 and Y. B(n) = oo such
n=0

that

s > 87 (n)[elr (n)]P < o
TI=4 n=0
to>

Remark 3.6. The preceding corollary is an extension of Corollary 3.1.6. from [8].

References

[1] Buse, C., Dragomir, S.S., A theorem of Rolewicz type in solid function spaces, Glasgow
Math. J., 44(2002), 125-135.
[2] Chicone, C, Latushkin, Y., Evolution Semigroups in Dynamical Systems and Differential
Equations, Math. Surveys Monogr., 70(1999).
[3] Datko, R., Eztending a theorem of Liapunov to Hilbert spaces, J. Math. Anal. Appl.,
32(1970), 610-616.
[4] Datko, R., Uniform asimptotic stability of evolutionary processes in Banach spaces,
SIAM J. Math. Anal., 3(1972), 428-445.
[5] Megan, M., Sasu, B., Sasu, A.L., On uniform exponential stability of evolution families,
Rev. Mat. Univ. Parma, 4(2001), 27-43.
[6] Megan, M., Sasu, B., Sasu, A.L., Banach functions spaces and exponential instability of
evolution families, Archivum Mathematicum (Brno), 39(2003), 277-286.
[7] Van Neerven, J.M.A.M., Ezponential stability of operators and operator semigroups,
Journal Funct. Anal., 130(1995), 293-309.
[8] Van Neerven, JM.A.M., The Asymptotic Behaviour of Semigroups of Linear Operators,
Theory, Advances and Applications, 88(1996), Birkhauser.
[9] Van Neerven, J.M.A.M., Lower semicontinuity and the theorem of Datko and Pazy,
Integral Equation and Operatory Theory, 42(2002), 482-492.
[10] Pazy, A., Semigroups of linear operators and applications to partial differential equa-
tions, Springer-Verlag 1983.
[11] Przyluski, K.M., Rolewicz, S., On stability of linear time-varying infinite dimensional
discrete systems, Systems and Control Lett., 4(1984), 307-315.
[12] Rolewicz, S., On uniform N -equstability, J. Math. Anal. Appl., 115(1986), 434-441.
[13] Zabczyk, J., Remarks on the control of discrete time distributed parameter systems,

SIAM J. Control, 12(1974), 721-735.
88



FUNCTIONALS ON NORMED SEQUENCE SPACES

DEPARTMENT OF MATHEMATICS

FAacuLTY OF MATHEMATICS AND COMPUTER SCIENCE
WEST UNIVERSITY OF TIMISOARA

BuL. V. PARVAN NR. 4, 300223 TIMISOARA, ROMANIA

E-mail address: mmegan@rectorat.uvt.ro

DEPARTMENT OF MATHEMATICS

FAcuLTY OF MATHEMATICS AND COMPUTER SCIENCE
WEST UNIVERSITY OF TIMISOARA

BuL. V. PARVAN NR. 4, 300223 TIMISOARA, ROMANIA

FE-mail address: larisa.biris@math.uvt.ro

89






STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LIV, Number 4, December 2009

ON A GENERAL CLASS OF BETA APPROXIMATING OPERATORS
OF SECOND KIND

VASILE MIHESAN

Abstract. We shall define a general linear transform, from which we ob-
tain as special case the beta second kind transform. We obtain several
positive linear operators as a special case of this beta second kind trans-
form. We apply the beta second kind transform to Baskakov’s operator

B,, and we obtain different generalization of it.

1. Introduction

In this paper we continue our earlier investigations [5], [6], [7], [8], [9], [10]
concerning to use FEuler’s beta function for constructing linear positive operators.
Euler’s beta function is defined for p,q > 0 by the following formula

B(p,q) = /OOO (Ldu (1.1)

1+u)pte

The beta second kind transform of the function f is defined by the following

formula

1 o ypt
Tpof = B /0 s u)p+qf(u)du. (1.2)

We shall define a more general linear transform from which we obtain as
special case the beta second kind transform.
Let us denote by M]0,00) the linear space of functions defined for ¢t > 0,

bounded and Lebesgue measurable in each interval [c, d], where 0 < ¢ < d < 0.

Received by the editors: 22.02.2008.
2000 Mathematics Subject Classification. 41A36.

Key words and phrases. Euler’s beta function, the beta second kind transform, positive linear operators.
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For a,b € R we define the (a, b)-beta transform of a function f (see [5])

(ab) ¢ 1 o uP~L u®
Sl At (<1+u>a+b)d“’ (13)

where B(:,-) is the beta function (1.1) and f € M]0, c0) such that ’Z;,(,Z’b)|f| < 00.

If we consider in (1.3) @ +b = 0 we obtain the second kind transform of

function f € MJ0, c0)

(@) _ T(a,—a) L B i ayg
T =T B )y T O )

such that T,Sff}| f| < oo. Clearly T,S,aq) is a positive linear functional.
We shall consider here only the special case a = 1.
2. The beta second kind transform. Case a =1

If we put in (1.4) a = 1 we obtain the beta second kind transform

1 o gupl
Toal =T340 = 5og /0 e/ @ (2.1)

for f € M[0,00) such that T}, 4| f| < oo considered by D.D. Stancu [13] (see also [7]).
Remark. If a = —1 we obtain ng;ll)f = T,Elq)f =T, qf (see [7]).
Theorem 2.1. [13] The moment of order k (1 < k < q) of the functional T, , has

the following value

plp+1)...(p+k—1)

Ty ek = , 1<k<aq. 2.2
P =TT ) 22
Consequently we obtain
p p(p+1)
Toeer=——, Tpee2=-—""—""%, q>2. 2.3
e R T 23
p p p

We impose that T}, ;e1 = e1, that is

=z,orp=—x,q=1+—,2>0,
1 « «

a, 8 > 0 and we obtain the following linear positive operators

B_1

(TP f)(x) = 3 ! 6) /OOO( o f(u)du. (2.4)

1+ 8 (z+1
B<x,1+ L+ u)traterd
o o
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Corollary 2.2. One has

TEOD((t—a)%a) = 7o—a(l+a), B>a>0. (25)

—

=2

Proof. It is obtained from (2.3) for p = gx, qg=1+ g, p+qg=1+ g(l + x).

(0.) _ Pafrta) _ P tax o\ _ .. alz+a?)
(T er)(x) = 30 —a) —x2+< —a 22) =22 + o

and

Q

Special cases

1. Let ’Tl(a) be the beta second kind operator defined by

1 & ya~l
() () = / () (2.
« o

The operator (2.6) has been considered by Stancu [13] (see also [1], [2], [7],
[11]) and it is obtained by (2.4) if we choose in (2.4) 8 =1 and « € (0, 1).

Corollary 2.3. [7] One has

«

T (¢~ 2)%50) =
—

z(1+z), ae€(0,1). (2.7)

1
For oo = — we obtain
n

T - s = T,

1

2. Another beta second kind operator it is obtained by (2.4) for 5 = T
x

)

1
B>a,x€ (0,a—l>7a€(0,1)

(@) £y(3) — 1 e
(T ) = A m— AT IO
a(l+z) " ol +x)

where f € M0, 00) such that 7'2(a)|f\ < 00, considered by J. Adell [2] (see also [7]).
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Corollary 2.4. [7] One has

1+ )2 1
T (1 — 2)?2) = 22EH D" LY
(o) = e a <
For a =1/n, n € N we obtain

1/n z(1+ x)?

LYt -2)%e) = S, w<n- L.

3. Let ’Zé(a) be the operator defined by

7. - L *__ue! dt, 2.9
(T 1)(@) B(1;1+1>/0 rEEtiOL 29)
(0% axr

1
x € (O,), a € (0,1).
a

1
The operator (2.9) is obtained by (2.4) if we choose in (2.4) 8= —.
x
Corollary 2.5. One has

21+2) 1
T ((t = o)) = 20T D) -
5 ((t—x)%52) I —ar ' x<a
For a =1/n, n € N we obtain
2
n 1
7 >(<t—m>2;x>=ix,§_+f), r<n.

4. For 8 = H—Lx >, x € (1fa,oo), a € (0,1) we obtain by (2.4) the

following operator

2

(7L 1)) = 1 [T e @)
s 2w o GewE U
a(l +x)’ a(l+ )
Corollary 2.6. One has
@) (¢ — 22 0) = 2D o
7:L ((t m)7x)_z_a(1+x)7 x>1—06'
For a =1/n, n € N we obtain
W) oy gy = A2 1
(e x)’x)_(nfl)xfl’ S
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5. Let 7’5(“) be the operator

+1 1+u)
a | azx

(@) £y (1) — 1 * ww!
(75 f)(x)_B(Hx T )/0 ( %Hf(u)du (2.11)

1
a € (0,1), a > 0. The operator (2.11) is obtained by (2.4) if we put in (2.4) § = — =

Corollary 2.7. One has

xT

2
(@) /(s 22 ax®(l+x)
T2 ((t z)’x)iil—i—(l—a)m’ x> 0.
Fora=1/n,n €N,
T(l/")((t—x)z'z):;.
> ’ n(l+z)—=x

6. For 8 =z, z € (a,00), a € (0,1) we obtain by (2.4) the following operator

-2

o) ’U,Iail
TON@ = —r— | T (12
o(G3)

(07

Corollary 2.8. One has

%(a)((t—z)Z;x) 7ax(1+x)7 T > a.

T r-a
For a =1/n, n € N we obtain

1 1
T (- = D s

ne—1" n’

7. Let ’]'7(0‘) be the beta operator defined by
x<1a+z) 1

(T f) () = ! T T e (213)
7 B(x(1+w) 1+1+$)/o (1+u) s+

a o

a € (0,1), x > 0. The operator (2.13) is obtained by (2.4) if we put in (2.4) 5 = 1+=.
Corollary 2.9. One has

7—7(a)((t _ o)) = ax(l+x)

= , x>0.
l—a+zx
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For a =1/n we obtain

z(l+x)

T - a)se) =

1
8. Another beta second kind operator is obtained for § = it > q,
x
Vi+4d/a—-1
ze <o,+2/0‘>, a e (0,1)
7 ! QLY 2.14
(T D)) = —— 1 ATt (LAY
B , +1
a(l+z) ax(l+z)

Corollary 2.10. One has

2 2 _
%(a)((tiw)%m)_ ox (1+£C) x<\/1+4/oz 1'

S l-ax(l+a)’ 2
For a =1/n, n € N we obtain

n 22(1 + z)?
7;;(1/ )((t _ a’:)Z;l‘) — n_(x(H_)x)7 x(l +x) <n.

VvV1i4+4da—1

9. Forﬂo:(1+x)>oz,:c€( 5

,oo), a € (0,1) we obtain by
(2.4) the following operator

2
z2(1+x)
[e3 1

1 /°°
B<x2(1+x) z(1+ ) +1> o (1+U)M+1
«

)
«

(T3 f)(x) = Fu)du.  (2.15)

1
Corollary 2.11. T, ((t — )% z) = m, z(l+z) > a.

For a = 1/n, n € N we obtain

z(1+x)

LYV - %) = ST

nx(l+z) > 1.
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: (P,q) p _
3. The functional B,”" f =T, ,(B,f)

Now let us apply the transform (2.1) to the Baskakov operator B, defined

by [3]
/n+k—1 z* k
B, = —f( = . 1
e =3 (") e () (3.)
Theorem 3.1. [7] The 7, , transform of B,f can be expressed by the following
formula
(nt k=1 k@ (K
BPOf =T, (B.f) = (" ) z 3.2
S =ToalBnd) kZ:O k (p+Q)n+kf n (3.2)
where (a)m =ala+1)...(a+m—1).
Theorem 3.2. [7] One has
) 1 ppt+qg—1)
B#de, — P pag, . PPF = . ¢>2 (33
e = -0a-2 T a-ne-y 7 6

B

:xvorngmaq:]-—’_aa

We impose that Br(Lp’Q)el = e1, that is

x> 0; a,8 >0, a < 8 and we obtain from Theorem 3.1 and Theorem 3.2 the
following results.
Corollary 3.3. One has
N = (n+k—1\ (o, k
e =3 (" e () (3.)
k=0

where

b@m@%:&M%+a%~wx+%AiMXﬁ+®W+2®~-W+n®
.k (BA+2)+a) (Bl +z)+2a)...(B(1+2)+ (n+k)a)

Corollary 3.4. One has

an+p z(1+x)
00—« n
an+p z(1+x)

B ((t — 2)%z) = —a — f>a (3.5)

(BePe)@) =z, (B Pen)(w) = o +
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Special cases
1. If we put in (3.4) 8 =1, a € (0,1), we obtain the operator considered by
D.D. Stancu [13] (see also [1], [7])
N S (n+k—1\ (@ k
cen@ =3 (" dnwr (£) (36)
k=0

o) zz+a)...(z+(k—-1Da)(1+a)...(1+na)
ke = lI+z+a)(l+z+2a)...14+z+ (n+k)a)
Corollary 3.5. One has

1+an z(l+zx)
-« n

Ci((t— )% 2) =
For a=1/n, n € N, we obtain

O (1~ %) =

2. Another operator it is obtained by (3.4) for § =

1
¢ (0.5-1)
o

1
— 1
7z @O

(D) f) (= fj(”““ ) di)(x)f (fj) (38)

k=0
(2) = zz+a(l+a)...(c+(k-1Dall+2)1+a(l+2z)...(1+na(l+2x))
n.k 1+a)(1+2a)...1+ (n+k)a)(1 + x)ntk
Corollary 3.6. One has

o oy 1+na(l+42) z(1+x) 1
D@ ((t —2)%z) = —a(lt 1) e xG(O,al).

For a=1/n, n € N, we obtain

/) (¢ — 2)2: ) = _
Dn ((t .’E) 7x) n—1—ux 5 (O,TL ]_)
3. Let E,(f“) be the operator defined by
N Z/n+k—1\ (a k
Een@ =3 (" )dnws (5) (59)

k=0
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I+a)(1+2a)...014+ (k- 1)1+ ax)...(1+nax) gk
lI+z+az)..l+z+ (n+k)ax)

a € (0,1), z € (0,1/a). This operator is obtained by (3.4) for 8 = 1/z.

Corollary 3.7. One has

en'f,l (z) =

1 1 1
E@((t -2 = 2ot olde) o 1
1—ax n «

For a =1/n, n € N, we obtain

1 2
EY((t—2)? 1) = e+ , xT<n.
n—ux
4. For 8 = 1-1-%7 a € (0,1), z > % we obtain by (3.4) the following
operator
(oo}
o n+k—1\ . k
on@ =3 (" e () (3.10)
k=0

f(a)(x) _ 22(22+a(l1+2)) ... (22 + (k- Da(l+2))(x + a(l +2))... (z+na(l+z))
ok (z+a)(z+2a)...(z+ (n+ k)a)(1 + )"tk
Corollary 3.8. One has

an(l+z)+x a

FM((t—2)%2) = it

1—a’

1
For a = —, n € N, we obtain
n

)y a2,y T+ 2)(1+22) 1
EVM((t—x)?2) = RS r>—
5. Let G be the operator
Nt k — o k
@en@ =3 (" dnws (5) (3.11)
k=0
95112(55) _ (1—|—a:)(1+:c—|—o¢)...(1+x+(k:—l)a)(l—l—x—i—a:n)...(l—i—x—i—na:r)-xk.

(1+2)2+ax)(1+2)2+2az)...((1+2)2 + (n+ k)ax)

1
The operator (3.11) is obtained by (3.4) if we put in (3.4) 5 = * w’
x

a€(0,1), z>0.
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Corollary 3.9. One has

ant+1+z z(l+x)
l+z—ax n

G ((t—x)w) =
For a =1/n, n € N, we obtain

» w1+ a)(+ 20)
G/ ((t —2)?z) = n+(n—1)z

6. For 8=z, a € (0,1), z € (o, 00) we obtain by (3.4) the following operator
N (n+k—1 k
@ =Y (" s (5) (3.12)
k=0

h oz)(m) _ 22(2? +a)... (22 + (k— Da)(z + a)(z +2a) ... (v + na)
nk (zl+2)+a)...(z(1+2)+ (n+ k)a)

Corollary 3.10. One has

1
HO (= gy ) = 2b T 2042)
r — n

For a =1/n, n € N, we obtain

1+ x)? 1
HQO (- )2y = TEFT) 1
n((t—2)% @) w1
7. Let K\ be the operator
o n4k—1\ (o k
=3 ("7 R (5) (3.13)

k=0

_z(l4x)(z(l+2)+a)... (z(l+2)+(k—Da)(l+z+a)...(1+2+na)
B (1+2z2)24+a)(1+2)2+2a)...(1+2)2+ (n+k)a)
The operator K™ is obtained by (3.4) if we put in (3.4) f =1+z, a € (0,1),

z € (0,00).
Corollary 3.11. One has

an+x+1 z(1+x)

K ((t —2)%2) =
wo (- a)he) =T -

For a =1/n, n € N, we obtain
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1
. F = — 1 1 1 i 4) th
8. For m(1+x),a€(0, ), ax(l +z) < 1 we obtain by (3.4) the
following operator
N S (n+k—1\ (a k
@ =3 ("7 inwr (£) (3.14)

k=0

1) (2) = i A+a(l+z))...0+ (k—Da(l+z)(1+az(l +))...(1+ naz(l + z))z*

par 1+ az)(1+2az)...(14+ (n+ k)ax)(1 + z)»tk

Corollary 3.12. One has

anz(l+z)+1 z(1+x)

Lt —x)% ) = 1 1.
(e - aPs0) = TEADEL HED - au14a) <
For a =1/n, n € N, we obtain
1 1 1
LOM (= 2y = SO r2Q b D) =y o

n—xz(l+x)

9. Another operator it is obtained for § = z(1+x), a € (0,1), z(1+z) > o

N = (n+k—1\ (@ k
o =3 (" ) miier (7) .15
m @ (z) = 2?(1+z)(2®(1+2)+a) ... (22 (1 4+ z) + (k — Da)(z(1+z) + ) ... (:c(lJr:r)Jrna).
ok (z(1+2)?+a)...(z1+2)>+ (n+ k)a)

Corollary 3.13. One has

an+z(l4+2z) z(l1+42x)

(@) (4 — )2 2) = )
MY ((t —x)%x) (it 0)—a — z(1+2) > a.
For a=1/n, n € N, we obtain
1 1 1

ne(l+x)—1
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ON THE CONVERGENCE RATES OF PICARD, MANN AND
ISHIKAWA ITERATIONS OF GENERALIZED CONTRACTIVE
OPERATORS

JOHNSON O. OLALERU

Abstract. The convergence rates of Picard, Mann and Ishikawa iterations
have been compared by several authors for a class of quasi-contractive
maps defined on an arbitrary closed convex subset of a Banach space (e.g.
[1], [3] and [10]). In this paper, a comparison of the convergence rates of
those iterations are studied for a more general class of operators called the

generalized contractive operators.

1. Introduction

Let X be a real Banach space, and C' a nonempty convex subset of X. Let

T be a self map of C, and let p,, zo, Yo, 2o € C. The Picard iteration is defined by
Pnt1 = Tpn. (1)
The Mann iteration (see [7]) is defined by
Tpy1 = (1 — an)xy + anTay. (2)
The Ishikawa iteration (see [6]) is defined by
Ynt1 = (1= an)yn + anTzy 3)
zn = (1= Bn)yn + BnTyn (4)
where {a,,} C (0,1), {8,} C[0,1).

Received by the editors: 01.10.2008.
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Definition 1. [18]. Let (X,d) be a metric space. T : X — X will be called a
Zamfirescu operator if there exist the real numbers a, b, ¢ satisfying 0 < a < 1, 0 <
b, ¢ < 1/2 such that for each pair z,y € C, at least one of the following is true:

(i) d(Tz, Ty) < ad(z,y);

(ii) d(Tz, Ty) < bld(x, Tx) + d(y, Ty)];

(iii) d(Tx, Ty) < cld(z, Ty) + d(y, Tz)].
Definition 2. [4]. Let T' be a mapping of a metric space (X, d) into itself. A mapping

T is called a quasi — contraction if for some 0 < k < 1 and all z,y € X,
d(Tz,Ty) < kemaz{d(z,y);d(z, Tx);d(y, Ty); d(z, Ty); d(y, Tx)}. (5)

Clearly a Zamfirescu operator is a quasi-contraction map. Quasi-contraction
map is one of the most general contractive maps. For results on quasi-contraction
maps see [4-5],[14-15] and [17].

Definition 3. [8]. Let T be a mapping of a metric space (X,d) into itself. A
mapping 7" will be called a generalized contractive operator if for some 0 < k < 1 and

all z,y € X,
d(Tz,Ty) < k.maz{d(z,y); d(x,Tx);d(y, Ty); d(x, Ty) + d(y, Tx)}. (6)

A generalized contractive operator is more general than a quasi-contraction
as can be seen from the following example.
Example. [8]. Let X = R with the usual metric. Define T': X — X by Tz = x.
Clearly T is a generalized contractive operator. In fact, d(z, Ty)+d(y, Tx) = 2d(z,y),
d(Tz,Ty) = d(z,y). Let k = 3. Then d(Tz,Ty) < k{d(z,Ty) + d(y, Tz)}. However
T is not a quasicontraction.

The Ishikawa iteration and the Mann iteration converge to a fixed point of
T when T is a Zamfirescu operator defined on a closed convex set of a Banach space
(see [2], [9]). The Picard iteration converges faster than the Mann iteration [3] while
the Mann iteration converges faster than the Ishikawa iteration [1] when dealing
with the same class of Zamfirescu operators defined on a closed convex subset of a
Banach space. In [5] it was shown that the Ishikawa iteration converges to the fixed
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point of T" when T is a quasi-contraction map defined on a closed convex set of a
Banach space. Also the Picard iteration converges faster to the fixed point of T' than
the Mann iteration [10] while the Mann iteration converges faster than the Ishikawa
iteration [11] when T is a quasi-contraction. That answers the question posed in [3].
In this paper, we investigate the convergence rate of the Picard, Mann and Ishikawa
iteration when dealing with a more general class of operators called the generalized
contractive operators (6). It was proved that the Picard iteration converges to the
fixed point of T' faster than the Mann iteration and the Mann iteration converges
faster than the Ishikawa iteration when T is a generalized contractive operator. It
should be noted that the Picard iteration converges to the fixed point of 7" when T is
a generalized contractive operator [13] while both the Ishikawa and consequently the
Mann iterations of this class of maps also converges to the fixed point of T' [12].

The definitions and the methodology of Berinde [3], also used in [1] and [10],
will be adopted .
Definition 4. [3]. Let {a,}"=5° and {b,, }7=5° be two sequences of real numbers that
converge to a and b respectively, and assume there exists

. lan—a
= nh_)rr;o ||be||

If I = 0, then we say that {a, }"=5° converges faster to a than {b,}7=5° to b.
Definition 5. [3]. Let {u, }'=5° and {v, }I=5° be two fixed point iteration procedures
that converge to the same fixed point p on a normed space X such that the error

estimates

lun —p|| < an, n=0,1,2,.... (7)
and

lvn —pll < bp, n=0,1,2,.... (8)

are available, where {a,}"=5° and {b,}'=5° are two sequences of positive numbers
(converging to zero). If {a,}n=5° converges faster than {b,}7=5°, then we say that
{un }"=5° converges faster to p than {v, }"=5°.
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2. The main results

Theorem 1. Let K be a nonempty closed convex subset of a Banach space X and let
T: K — K be a generalized contractive operator (6). Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+a,Ta,, n=1,2,...
such that Y a, = 00, converges strongly to p for any z, € K;

4) The Picard iteration converges to p faster than Mann iteration.
Proof. For the proofs of 1) and 2) see ([13]). The Ishikawa iteration of T' converges
to p [12]. By setting 3, = 0 for all n, it is clear that the Mann iteration converges
too.

We now proof (4). Since T is a generalized contractive operator (6), then,

1Ty = Tzl| < kmaz{|ly — x|, [z — T, [ly — Tyl
lz =Tyl + lly = T[]}

If [Ty = Tz| < klly — Tyl|, then
1Ty = Tl| < k{lly — =l + |z = Tl + | Tz — Tyl }

and so,
k
1Ty = Tall < 7= Ally — 2]l + [lo = T]}. (9)

If|Ty — Tx| < k{||lz — Tyl + [ly — Tz|]}, then,
1Ty = Tx|| < k{llz — Tl| + | Tz = Tyl + [ly — 2| + [l — Tz}

which, after computing, gives

k
1T =Tyl < 7= Ally — «ll + 2]z — Tf]}. (10)
Denote § = max{k, 1%} = 2. Then in view of (9) and (10), inequality (6) gives
1Ty — Tx| < &{lly — || + 2|z — Tz} (11)
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Suppose p is a fixed point of T, then, if z = p and y = p,,, from (11) we obtain
ITpn = pll < éllpn —pl- (12)

If we assume Picard approximation technique in (11) by assuming that Tp, = pn41

for all n, we obtain
||pn+1 - p” < 6||pn - p”
which inductively gives
[Pnt1 —pll < 6"[lp1 —pll, n>0. (13)
Following the same procedure in proving (10), it can be shown that

|72 — Ty|| < iz =yl + 20|}y — Ta] (14)

for all x,y € K where § = %
Let {x,}n=5° be the Mann iteration as defined in the Theorem and z, € K

arbitrary. Then

[Zne1r —pll = [[(1 = an)zn + anTe, — (1= ay + an)p)
= H(l —ap)(Tn —p) + O‘n(Txn _p)H
< (I —=ap)llzn —pll + anl| T2y — p). (*)

If x =pand y =z, in (14) we obtain
[Tzn = pll < Ollzn = pl| + 20|[zn — pll = 35|20 — pl|
and therefore by (*) we obtain
|Tnt1 — pll < [1 = an + 3dan]||zn — p|| < [1 4 3da, + 0]||lzn —p|l, n=0,1,2,..
which implies that

|znt1 — ol < H[[l + 30ay + 0]||z1 — p||, n=0,1,2,... . (15)
k=1

In order to compare {p, } and {x,} we must compare 6" and [],_,[1 + 3das, + 4].
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We first note that § < 1 + 3day, + 9§ for each k. Therefore m < 1 for

each k. Hence

6’n
[Th [+ 36auy + 0]

— 0.

1iMy— oo

This shows that the Picard iteration converges faster than the Mann iteration.
Corollary 1. [10]. Let K be a nonempty closed convex subset of a Banach space X
and let T : K — K be a quasi-contraction map (5). Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+ e, T2y, n=1,2,...
such that Y a, = 00, converges strongly to p for any z, € K;

4) The Picard iteration converges to p faster than Mann iteration.
Corollary 2. [3, Theorem 4]. Let X be a Banach space, K a closed convex subset of
X, and T : K — K a Zamfirescu operator. Then

1) T has a unique fized point p in X ;

2) The Picard iteration {p,} defined by Tp, = pnp+1 converges to p for any
Do € K;

3) The Mann iteration {x,}, defined by 11 = (1—ap)zp+anTa,, n=1,2,...
such that Y a,, = 00, converges strongly to p for any z, € K ;

4) Picard iteration converges faster than Mann iteration.

Observe that Corollary 1 is more general than Corollary 2 which is the main

result in [3].
Theorem 2. Let K be a nonempty closed convex subset of a Banach space X and let
T : K — K be a generalized contraction map (6). Let {z,} and {yn} be the Mann
and Ishikawa iterations respectively defined by (2) and (3)-(4) for xo, yo € K with
{an} and {B,} real sequences such that 0 < ay,, Bp, <1 and > o, = 0. Then {x,}
and {yn} converge strongly to the unique fixed point of T, and moreover, the Mann
iteration converges to the fixed point of T faster than the Ishikawa iteration.
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Proof. The Ishikawa iteration (3)-(4) converges strongly to the unique fixed point
of T (e.g. see [12]). Consequently, if 3, = 0 for all n, the Mann iteration converges
strongly to the unique fixed point of T'. Since the fixed point of T is unique [13], then
both iterations must converge to the same fixed point which we denote by p.
It is not difficult to see that the quasi-contraction map satisfies the following
inequalities
Tz = Tyl < {2 =yl + 2}z — T} (16)
1Tz — Tyl < 6{llx — yll + 2lly — T'=[|} (17)

for all 2,y € K where § = max{k, 12} = .
Let {x,} be the Mann iteration associated with T, then, in view of (2), we

have
[#nt1 =pll < (A = an)lzn = pl + an| Tz, = pll. (18)
Suppose z = p and y = x,, (16) becomes
T2 = pll < 6llan = pl- (19)
In view of (18) and (19), we have
[€nt1 = pll < (1= an)llzn = pll + andllzn = pl = [1 = an(l = )flzn —pll.  (20)
Hence
lzner —pll < TI1 = ar(@ = Ol llzr —pll, n=0, 1, 2,.... (21)
k=1

It is clear that

1—ap(l—6)>0Vk=0,1,2,.. (22)
Similarly, let {y,} be the Ishikawa iteration defined in (3)-(4), then, we have
[Ynt1 = pll < (1= an)llyn = pll + an|[Tzn = pl- (23)
If x =pand y =z, in (17), we have

T2, — pll < 6l[2n — pll + 20[|2n — pl| = 302 — p- (24)
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If x =pand y =y, in (17), we have
I Tyn — pll < 6llyn — pll + 26/|lyn — pll = 36]yn — pl.
We know by (4) that
l[2n = pll < (1= Bu)llyn — Pl + BullTyn — pl|-

In view of (23)-(26), we have

lyn+1 —pll < (1= an)llyn — pll + 30|20 — pl|
< (1= an)llyn — pll + 36an[(1 = Ba)llyn — pll
+ 5n||Tyn _pll]

(1 = an)llyn — pll + 360n (1 = Ba)lyn — pll

3dan Bpl[Tyn — pl|

= [(1—an) +36an(1 = B,) + 90, ,0%] lyn — 1l
[1— an(1 =30+ 36,0 — 96,6°)].lyn — pl|

= [1—an(l—30)(1+3B,0)]lyn — pll ()

Since (1 —38)(1 + 383,0) < 1 —96% < 1, it is clear that

+

1—on(1—26)(1428,0)>0¥n=0,1,2, ..

We consider the following two cases.

Case (1). Let ¢ € (0,1/3]. Hence
1— an(1—38)(1+38,0) <1V n=0,1,2,..

(**) then becomes

[Yn+1 =Pl < [lyn —pll V 0
and hence

Yn+1 —pll < llyr —pll V n.

If we compare the coefficients of (21) and (30), and using Definition 5 so that

n

ap, = H[l —ag(l1—=9)] and b, =1,

k=1
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we have limy,_, o0 (an/by) =0

Case (ii). Let 6 > 1/3. In this case we have

1 —an(1—36)(1+383.0) <1—a,(1—957) (32)
and so (**) becomes

lym1 = pll < 11— an(1 = 96%)]llyn — pIl ¥ n. (33)
Hence .

[Yn+1 —pll < H [1 - ar(1 =98]y - pll. (34)

Comparing (21) and (34) and using Deﬁmtlon 5, we have

an = H[l —ap(l—9)] and b, = H[l — ag(1 —96%)). (35)
k=1 k=1
Clearly, a,, > 0 and b, > 0V n and = =[],_, 11;:’271192% Also

min|[l — ak(l —6),k=1,2..n
max[l — ag(l —99),k = 1.2..n]

1—ap(1-9) min[l—ay(1-6), k=1,2....n] \n . Qn
Since [[j—; 1= an(1-952) < (mam[kak(kg&), =i my) then limy, o052 = 0.

<1

Therefore in both cases {a,,} converges faster than {b,,} and hence the Mann
iteration converges faster than the Ishikawa iteration to the fixed point p of T

In view of Theorems 1 and 2, we have the following results.

Corollary 3. Let K be a nonempty closed convexr subset of a Banach space X and
let T: K — K be a generalized contractive map (6). Then

1) T has a unique fized point p in X ;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration (2); and the Mann iteration converges faster than the Ishikawa iteration
(3)-(4)-

Corollary 4. Let K be a nonempty closed convexr subset of a Banach space X and
let T: K — K be a quasi-contraction (5). Then

1) T has a unique fized point p in X;
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2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Do € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration (2); and the Mann iteration converges faster than the Ishikawa iteration
(3)-(4)-

Corollary 5. ([1],[3]). Let K be a nonempty closed convex subset of a Banach space
X and let T : K — K be a Zamfirescu operator. Then

1) T has a unique fized point p in X;

2) The Picard iteration {p,} defined by Tp, = pny1 converges to p for any
Po € K;

3) The Picard iteration converges faster to the fized point of T than Mann
iteration; and the Mann iteration converges faster than the Ishikawa iteration (3)-(4).
Remarks. 1. The technique of our proofs is due to [3] and has been used by several
authors, e.g. see [16].

2. Ishikawa iteration has two parameters, {«, } and {8, }; the Mann iteration has only
one parameters {a,} while the Picard iteration has none. It appears that the more
the parameters for an iteration process, the slower the rate of convergence. At least
this is true in the case of Picard, Mann and the Ishikawa iterations when applied to
generalized contraction maps. It is therefore an open problem whether this conjecture
is true for other known iteration procedures and for a more general class of operators.

3. A generalized contraction map (see [14-15]) is a map satisfying the inequality
[Tz —Ty|| < QM (x,y)), (36)

where @ is a real-valued function satisfying
(a) 0 < Q(s) < s for each s > 0 and Q(0) =0,
(b) @ is non-decreasing on (0, c0),

(c) g(s) = s/(s — Q(s) is non-increasing on (0, o),

M(z,y) = maz{|lz —yll, [« = Tzl |y = Tyll, [l = Ty, lly = T} (37)
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The Mann and the Ishikawa iterations are equivalent when dealing with
generalized contraction maps [15] i.e. if the Mann iteration converges to the fixed
point of T, then the Ishikawa iteration converges to the fixed point of T and if
the Ishikawa iteration converges, then the Mann iteration converges to the fixed
point of T. It is still an open problem as to which of the iterations converges
faster when T is a generalized contraction map. Suppose (37) is replaced with
M(z,y) = maz{|le - yll, llz — Tall,ly — Ty, = — Tyll + |y — Te|}, will the Mann
and the Ishikawa iterations still be equivalent? Will the Mann iteration still converge

faster than the Ishikawa iteration to the unique fixed point of 17
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ERROR BOUND FOR THE SOLUTION OF A POLYLOCAL
PROBLEM WITH A COMBINED METHOD

DANIEL N. POP

Abstract. Consider the problem:

=" () +at)y(t) =r(t),  tElab]

y(d) =g, ¢, d € (a,b).

The aim of this paper is to give an error bound for the solution of this
problem using a collocation with B-spline method combined with a Runge-

Kutta method. A numerical example is also given.

1. Introduction

Consider the problem:

—y"(t) +q)y(t) =r(t),  teab] (1)
y(d) =« (2)
y(e) = B, d,e € (a,b),d < e. (3)

where ¢, € Cla, b], a, 8 € R. This is not a two-point boundary value problem (BVP),

since d, e € (a,b).

Received by the editors: 16.02.2009.
2000 Mathematics Subject Classification. 65L10.
Key words and phrases. Collocation method, Runge-Kutta method, B-spline.
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If the solution of the two-point boundary value problem

=y () +qW)y(t) =r(t), te(de)

exists and it is unique, then the requirement y € C?[a,b] assures the existence and
the uniqueness of (1)+(2)+(3).

We have two initial value problems on [a,d] and [e, b], respectively, and the
existence and the uniqueness for (4) assure existence and uniqueness of these problems.
It is possible to solve this problem by dividing it into the three above-mentioned
problems and to solve each of these problem separately.

This decomposition strategy allows us to solve the problem using a new com-

bined method (collocation + Runge-Kutta) and to give an error estimation.

2. Principles of the method

We decompose our problem into a two-point BVP:

=y () +qW)y(t) =r(t), te(de) ()
y(d) = o (6)
y(e) =B, (7)

=" () +a®yt) =r(t),  teElad (8)
y(d) = a 9)
y'(d) = o (10)
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and

=y (t) +q(t)y(t) =r(t),  tEleb] (11)
yle) =4 (12)
y'(e)=4" (13)

The values of the differential 4’ at d and e required for the solution of problems
(8)+(9)+(10) and (11)+(12)+(13) are approximated during the solution of the prob-
lem (5)+(6)+(7).

For the first problem we use a collocation method with nonuniform B-splines
of order k + 2, k € N* [1, 10, 3]. For properties of B-spline and basic algorithms see
[5].

Consider the mesh (see [2, 3])

Aid=$1<$2<'-'<$N<!EN+1:6, (14)

and the step sizes

hi:::EiJrl_:Eia ’L:L,N

The multiplicity of e and d is k + 2 and the inner points have the multiplicity k.

Within each subinterval we consider k£ points

&.j = x4 + hipj, 7=1,...k, i=1,...,N,
where
0<p1 <pa<---<pgp <1,

are the roots of the kth Legendre’s orthogonal polynomial on [0, 1] [7, 8]. We add the
points d and e to the set of collocation points.
We shall choose the basis such that the following conditions hold:
(C1) the solution verifies the differential equation (1) at &; ;;
(C2) the solution verifies the conditions (2), (3).
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We need a basis having n = Nk + 2 cubic B-spline functions.
One renumbers the collocation points (&), such that the first point is d and
the last is e.

The form of solution is
ya(t) = eBi(t), (15)
i=1

where B;(t) is the k 4+ 2 order B-spline with knots z;, ..., @jyk.
The conditions (C1) +(C2) yield a linear system Ac = +, with n equations
and n unknowns (the coefficients ¢;, i = 1,...,n).
Its matrix is
A=laili oy
where
=B (&) +q(&i)B;(&), fori=2,..,n—1
a;j = B;(d), fori=1 (16)
Bj(e), for i = n.
The system matrix is banded with at most k + 2 nonzero elements on each line (k + 2
nonzero splines at each inner collocation point and only one four at d and e), since a
k+2 order B-splines is nonzero only on k42 consecutive subintervals. The right-hand
side of the system is
y= o (&), r(En), BT
The paper [9] gives a Maple implementation based on a different B-spline
basis.
For the solution of problems (8)+(9)+(10) and (11)+(12)+(13) we consider
a Runge-Kutta method with sufficiently high order. For the left IVP we consider
negative steps. The values o and (' are obtained by differentiating the B-spline

solution of the BVP at points d and e, respectively.

3. Main result

Our estimation is inspired from [3, Chapter 5]. If the mesh is sufficiently
fine, the condition number of matrix A given by (16) is not too high and the order of
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Runge-Kutta method is sufficiently high we can obtain an acceptable upper bound of

error.

Theorem 1. Suppose there exists a p > k > 2 such that

()

The linear problem (5) with boundary conditions (6)+(7) is well-posed,

that s, the equivalent problem

' 0 1 0
Vol v,
y’ q(z) 0 Yy —r(z)

has a condition number kj = cond(A) of moderate size, q, r € CP[a,b] ;

The linear problem (5) with boundary conditions (6)+(7) has a unique

solution;
The collocation points p1, ..., px satisfy the orthogonality condition
1 k
/ o) [J(t—po)dt =0,  ® Py, (p<2k)
0 =1

where P,_y, is a set of polynomials at most degree p — k.
Then, for h = max;=1,... ~ hi sufficiently small, our method (col-
location+two Runge-Kutta) is stable with constant kN and leads to a

unique solution ya(x). Furthermore, at mesh points x; it holds

©)

’y(j)(xi) — @) =0y, j=01,i=1,...N+1, (17)
while, on the other hands, for i =1,...,N, x € [x;, ;1]
‘y(j)(x) - y(Aj)(:v)‘ = Oy O(h?),  j=0,... k+1. (18)

Remark 2. The condition (c) means that (pe) are the roots of kth Legendre polyno-

mial.

Proof. Using a result from [3, Theorem 5.140, page 253] we obtain the estimations

(17)+(18) for the BVP (5)+(6)+(7). The error obtained by approximating o’ and
B with yA(d) and yA(e) is O(h?), then, we use [7, Theorem 5.4.1, page 293]. If we

choose an embedded pair of Runge-Kutta method of order at least (p,p + 1), the

conditions in the hypothesis of theorem are fulfilled and the final error is O(h?). So,
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if the mesh is sufficiently fine, the embedded pair of Runge-Kutta methods does not

increase the order of error. O

Remark 3. The condition number may grow rapidly when h is small. The paper (2,
page 129] gives the following estimation
N Tit1
KA R K;h;z j_max /Il |G(x;,t)| dt,

where K is a generic constant and G is the Green’s function for the BVP problem.

4. Numerical examples

Our implementation is based on ideas from [5, 4]. We implement the method
in MATLAB!, using the Spline Toolbox™ 3 [6]. If d = a and e = b, our problem
becomes a classical BVP. If d = a or e = b, our problem is decomposed into a BVP

and one IVP. As a numerical example, we chose a problem with oscillatory solution:

-y (x) — 243y(x) = z, x €[0,1] (19)

y(l) 1% 1

T 243 sin9y3 972

4
3\ 1 sin (—274{5) 1

Y\1) T 243 ginov3 324

If we chose k = 3, the order of spline will be 5, and p = 4. For the initial value

problems we choose the solver ode45 (order 4). The exact solution is

1 sin9v3z 1

T 243 sinov3 243"

We plot the exact solution and approximate solution and the error in a semi-

y(z)

logarithmic scale for n = 2 and k£ = 3 in Figures 1 and 2, respectively.

IMATLAB is a trademark of the MathWorks, Inc.
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0.04

0.03

0.02

0.01

y(x)

-0.01

-0.02

-0.03

-0.04

— — —exact

O points

approximate

0.8

FIGURE 1. Exact and approximate solution of (19)

The collocation matrix for the BVP is

1.000
—301.782
—63.187
—2.477

0

0
0
0

and its condition number is ka

0
187.397
—60.750
—34.757
0

0
0
0

0
—91.380
4.875
—91.380

o o O

0

0

—35.996 —1.239
—92.343  —31.593

36.506 —150.891

—150.891 36.506

—31.593  —92.343

—-1.239  —-35.996

0

=2.5422e+003.

0

0
0
0
0

—91.380
4.875
—91.380
0

0
0
0
0

—34.757
—60.750
187.397
0

0
0
0
0

—2.4779
—63.1875
—301.782

1.000
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Error plot

107 T

L
&

In 1y(9=y, (9l

=
O\

10° I I I I I I I

FIGURE 2. Error plot for Example (19)

5. Conclusions

The error estimation does not depend on the number of collocation points.
Nevertheless, the Runge-Kutta method requires an order greater or equal to the order
of error for the derivatives at d and e. We can conclude collocation combined with
Runge-Kutta is an effective method for polylocal problem.
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comments during the elaboration of this paper.
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ULAM STABILITY OF ORDINARY DIFFERENTIAL EQUATIONS

IOAN A. RUS

Abstract. In this paper we present four types of Ulam stability for
ordinary differential equations: Ulam-Hyers stability, generalized Ulam-
Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-

Rassias stability. Some examples and counterexamples are given.

1. Introduction

The basic statements of data dependence in the theory of ordinary differential
equations are the following (see for example [2], [5], [6], [8], [17], [20], [23], [24]):
monotony w.r.t. data, continuity w.r.t. data, differentiability w.r.t. parameters,
Liapunov stability, asymptotic behavior, structural stability, analiticity of solutions,
regularity of solutions, G-convergences. On the other hand, in the theory of functional
equations, there are some special kind of data dependence (see [9], [10], [4], [7], [3],
[18], [19]). There are some results of this type for some differential equations ([8],
[11], [12], [14]-[16]) and some integral equations ([13], [21] and [22]).

With these results in mind we shall present, in this paper, four types of Ulam
stability for ordinary differential equations: Ulam-Hyers stability, generalized Ulam-
Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias sta-

bility. Some examples and some counterexamples are given.

Received by the editors: 20.02.2009.

2000 Mathematics Subject Classification. 34G20, 34A40, 45N05, 47H10.
Key words and phrases. Differential equation, Ulam-Hyers stability, Ulam-Hyers-Rassias stability,

differential inequation, integral inequation, Gronwall lemma, Cauchy problem, boundary value problem.
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2. General definitions and remarks

Let (B, |-|) be a (real or complex) Banach space, a € R, b € R, a < b < 400, ¢
a positive real number, f : [a,b) xB — B be a continuous operator and ¢ : [a,b) — R

be a continuous function. We consider the following differential equation
2 (t) = f(t,z(t), YVt € |a,b) (2.1)

and the following differential inequations

ly'(t) = f(t,y()| <&, Vt€lab) (2:2)
/(1) = f(t,y()] < (t), ¥Vt € [a,b) (2.3)

and
W' () = f(t,y(D)] < ep(t), t€la,b). (2.4)

Definition 2.1. The equation (2.1) is Ulam-Hyers stable if there exists a real number
cs > 0 such that for each € > 0 and for each solution y € C'([a,b),B) of (2.2) there
exists a solution x € C'([a,b),B) of (2.1) with

ly(t) — z(t)| < cse, YVt € [a,b).

Definition 2.2. The equation (2.1) is generalized Ulam-Hyers stable if there exists
0y € C(R4,Ry), 64(0) = 0, such that for each solution y € C'([a,b),B) of the
inequation (2.2) there exists a solution x € C*([a,b),B) of the equation (2.1) with

ly(t) —2(t)] < 05(c), V t € [a,b).

Definition 2.3. The equation (2.1) is Ulam-Hyers-Rassias stable with respect to ¢
if there exists cf, > 0 such that for each € > 0 and for each solution y € C*([a, b), B)
of (2.4) there exists a solution = € C*([a,b),B) of (2.1) with

[y(t) = z(t)] < crpep(t), VT € [a,b).

Definition 2.4. The equation (2.1) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ if there exists cf, > 0 such that for each solution y € C'([a,b),B) of
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(2.3) there exists a solution x € C([a,b),B) of (2.1) with

y(t) = z(t)] < crpp(t), Vi€ [a,b).

Remark 2.1. A function y € C'([a,b),B) is a solution of (2.2) if and only if there
exists a function g € C([a,b),B) (which depend on y) such that
(i) lg®) <e, V€ lab)
(i) 4/(t) = £(ty() + 9(t), ¥ t € [a,b).
We have similar remarks for the inequations (2.3) and (2.4).
So, the Ulam stabilities of the differential equations are some special types of
data dependence of the solutions of differential equations.
Remark 2.2. If y € C'([a,b),B) is a solution of the inequation (2.2), then y is a

solution of the following integral inequation

\ym @)~ [ s uleds| < 1= a)e, ¥t € [ab),

Indeed, by Remark 2.1 we have that
y'(t) = ftyt) +9(t), telab)
This implies that
t t
o0) =v(@)+ [ Fsu(sDds+ [ g(s)ds, b€ fab).
From this it follows that

<

/ gls)ds

< / l9(s)lds < e(t - a).

61— - [ " floy(s)ds

We have similar remarks for the solutions of the inequations (2.3) and (2.4).
Remark 2.3. A solution of the inequation (2.2) is called an e-solution of the equation
(2.1) (see for example [2], p. 94-95; [8], p. 14-18; [24], p. 233).

Remark 2.4. The case b < +0c0 and the case b = +o0 are two distinct cases as the
following example shows.
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Example 2.1. We consider in the case B := R the equation
2'(t)=0, tE€]la,b) (2.5)
and the inequation
lv'(t)] <e, tela,b). (2.6)

Let y € Cla,b) be a solution of (2.6). Then there exists g € C[a,b] such
that:
(i) lg@)| <&, t € [a,b)

(ii) '(t) = g(t), t € [a,b).
We have, for all c € R,

wm—d<mm—deW@wS
< y(0) — | +£(t — a), t € [a,b).
If we take ¢ := y(0), then
y(®) — yO) < e(t—a), ¢ o)
If b < +00, then
ly(t) —y(0)] < (b—a)e.

So, the equation (2.5) is Ulam-Hyers stable.
Let b = 4o00. The function y(t) = et is a solution of the inequation (2.6) and

ly(t) — c| = |et — ¢| — +o0 as t — +o0.

So, the equation (2.5) is not Ulam-Hyers stable on the interval [a, +00).

Let us consider the inequation
Y (8)] < o(t), tE€a,+o0). (2.7)

Let y be a solution of (2.7) and z(t) = y(0), t € [a, +00) a solution of (2.5).
We have that

() = 2] = 1u(®) - y(O)| < [ elo)ds. € la+00).
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If there exists ¢, € Ry such that

/ w(s)ds < cpp(t), tea,+o0)

then the equation (2.5) is generalized Ulam-Hyers-Rassias stable on [a, +00) with
respect to ¢.

Remark 2.5. For the Ulam-Hyers-Rassias stability of the differential equation
Yy —dy=0
in a Banach space see [16]. For other results see [1], [11], [12], [14] and [15].

3. Generalized Ulam-Hyers-Rassias stability

Let us consider the equation (2.1) and the inequation (2.3) in the case b = co.
We suppose that:

(i) f € C([a,+o0) x B,B) and ¢ € C([a,+00), R} ) be an increasing function;

(ii) there exists I; € L'[a,4+o0) such that

|f(tau) - f(t,U)| S lf(t)|U*’U‘, v u,v € Bv Vite [aa +OO)7

(iil) there exists A, > 0 such that

/t o(s)ds < A\pp(t), YVt €[0,a+ 00).

We have
Theorem 3.1. In the conditions (i), (i), (iii) the equation (2.1) (b = +o0) is
generalized Ulam-Hyers-Rassias stable.
Proof. Let y € C'([a,+c0),B) be a solution of the inequation (2.3) (b = +o0).
Denote by x the unique solution of the Cauchy problem

Z'(t) = f(t,z(t)), t € [a,+00)

We have that

z(t) = y(a) —|—/ f(s,z(s))ds, te€[a,+o0)
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and

IWPw@—/f@MW%S/w@MSMwm € [a, +00).

From these relation it follows

mw—xuns]mw—ym>—/‘ﬂayw»w

+/Wﬂ&mawwww@mw

s%ﬂw+/JAMM$—ﬂﬂw.

a

By a Gronwall lemma (see [22], [23], [5]) we have that

ly(t) — 2(t)] < App(t)els s

+oo s)ds
< e T (t) = e (L), € [a,+00),

i.e. the equation (2.1) (b = 400) is generalized Ulam-Hyers-Rassias stable.
Remark 3.1. For the case B := C see [13], [15].
Remark 3.2. If we take B a Banach space of sequences in K = R VvV C
(C(K), Cy(K),IP(K),...) then we have some results for an infinite system of differen-
tial equations.
Remark 3.3. For the Ulam stability of some integral equations see [13] and [21].
Remark 3.4. If we have a differential equation of n-order in a Banach space B then
we reduce it to a differential equation of first order in the Banach space B™. If the
order n is even we can use the Green function technique as the following example
shows.

For simplicity we shall consider the following second order differential equa-

tion
—2(t) = f(t,a(t), t€ b (3.1)

where a < b < +oo and f € C([a,b] x R).
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Let us denote by G the Green function of the following boundary value prob-

lem (see [6], [17], [20], [23])

The function G : [a,b] X [a,b] — R is defined by
za)b-t _ba)(b =t i s<t,

— —a
Glts) =93 (t—a)b—s)

T if s>t.
We have

Theorem 3.2. We suppose that:
(1) f € C([a,b] x R);
(1) there exists Ly > 0 such that

|f(t,u) — f(t,v)| < Lflu—v|, Vteab], VuveR,

A2
fiii) £, 4a)
Then the equation (3.1) is Ulam-Hyers stable.

<1

Proof. Let y € C?[a,b] be a solution of the inequation
| —y" = fty(t)| < e, Ve lab].

First of all we remark that y is a solution of the following inequation

)~ 5—oy(®) e~ [ Gt F (s ulo)ds

2 a+b, ab
<el|=-— — .
_5{2 5 t+2}, t € a,b]

Now we take 2 the solution of the following boundary value problem ([8], p.

186; [20], p. 99)
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It is clear that

_t—a b

ot) = oy + §—v(@ + [ Gt f(sa(s)ds. € (ol

and we estimate |y(t) — x(¢)| in a similar way as in the proof of Theorem 3.1.
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COMPLETE SUBMANIFOLDS IN A HYPERBOLIC SPACE

SHICHANG SHU

Abstract. In this paper, we study n-dimensional (n > 3) complete sub-
manifolds M™ in a hyperbolic space H""?(—1) with the scalar curvature
n(n — 1)R and the mean curvature H being linearly related. Suppose
that the normalized mean curvature vector field is parallel and the mean
curvature is positive and obtains its maximum on M™. We prove that if
the squared norm ||h||?> of the second fundamental form of M™ satisfies
|h|]> < nH? + (Bx)?, (p < 2), and ||h||*> < nH?+ (Bg)?, (p > 3), then M™
is totally umbilical, or M™ is isometric to S™~!(r) x H'(—1/(r? 4 1)) for
some r > 0, where By and By are denoted by (1.1) and (1.2), respectively.

1. Introduction

Let M}*P(c) be a (n+p)-dimensional space form of constant curvature ¢, M"
be an n-dimensional submanifold in M"*P(c) with parallel mean curvature vector. If
¢ = 0, Cheng and Nonaka [3] obtained some intrinsic rigidity theorems of complete
submanifolds with parallel mean vector in Euclidean space R"*P. If ¢ > 0, Xu
[16] obtained the intrinsic rigidity theorems of these kind of submanifolds in a sphere
S™tP(¢)(c =1). If ¢ < 0, Yu [18] and Hu [10] proved some intrinsic rigidity theorems of
complete hypersurfaces with constant mean curvature in a hyperbolic space H"*1(c)

Let M™ be an n-dimensional complete submanifold with constant normal-

ized scalar curvature in M"*P(c). If ¢ = 0, for hypersurfaces (p = 1), Cheng and

Received by the editors: 13.05.2008.
2000 Mathematics Subject Classification. 53C40, 53C42.

Key words and phrases. Submanifold, scalar curvature, mean curvature, hyperbolic space.
Project supported by NSF of Shaanxi Province (SJ08A31) and NSF of Shaanxi Educational Committee

(2008JK484).
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Yau [6] obtained an intrinsic rigidity theorem of these kind of hypersurfaces in Eu-
clidean space R"*!, and for submanifolds (p > 1), Cheng [4] studied the problem
and obtained a rigidity and classification theorem. If ¢ > 0, Li [10] proved a rigidity
and classification theorem of compact hypersurfaces with constant normalized scalar
curvature in a sphere S"*!(c)(c = 1). As a generalization, Cheng [4] obtained a
rigidity and classification theorem of higher codimension compact submanifolds in
S™*P(¢)(c = 1). If ¢ < 0, the authors [15] studied the submanifolds with constant
normalized scalar curvature in hyperbolic space H"P(c)(¢ = —1) and obtained some
rigidity and classification theorems.

It is well-know that the investigation on hypersurfaces with the scalar curva-
ture n(n—1)R and the mean curvature H being linearly related is also important and
interesting. Fox example, Cheng [5] and Li [11] obtained some characteristic theorems
of such space-like hypersurfaces in a de Sitter space and such compact hypersurfaces
in a unit sphere in terms of sectional curvature, respectively. It is natural and very
important to study n-dimensional submanifolds with the scalar curvature n(n — 1)R
and the mean curvature H being linearly related and with higher codimension in a
space form M™P(c). But there are few results about it. In this paper, we shall in-
vestigate n-dimensional complete submanifolds in a hyperbolic space H"*P(—1) with
the scalar curvature and the mean curvature being linearly related. We shall prove
the following:

Main Theorem. Let M™ be a n-dimensional (n > 3) complete submanifold
with n(n — 1)R = K'H, (H*> > 1) in a hyperbolic space H"P(—1), where k' is a
positive constant. Suppose that the normalized mean curvature vector field is parallel
and the mean curvature H is positive and obtains its mazximum on M™. If the norm

square ||h||? of the second fundamental form of M™ satisfies
8l < nH? + (Bf)?, (p < 2),

and

|a]? < nH? + (Bf)?, (p > 3),
136



COMPLETE SUBMANIFOLDS IN A HYPERBOLIC SPACE

then M™ is totally umbilical, or M™ is isometric to S"~1(r) x H*(=1/(r?> + 1)) for

some r > 0, where B}; and E}S are denoted by

3H2
Bf=—-(n-2 ,/ H—|— n =1 —n, (1.1)
B n—21/ H \/

2. Preliminaries

(n2 +2n — 2)H? — 6n. (1.2)

Let M™ be a n-dimensional complete submanifold in a hyperbolic space

H™P(—1), we choose a local field of orthonormal frames e, -+ ,€,4, in H"TP(—1)
such that at each point of M™ ey, - - ,e, span the tangent space of M™. Let
Wi, ywn4p be the dual frame field, then the structure equations of H"*?(—1) are
given by
n+p
de:—ZwAB ANwp, wap+wpa =0, (2.1)
B=1
n+p n—+p
dwap = — Z wac Awes + 5 Z Kapcpwe Nwp, (2.2)
c=1 C,D=1
Kapop = —(6acdBp — 64DdBC)- (2.3)

Restricting these form to M™, we have

we =0, a=n+1,---,n+p. (2.4)
= hfw;,  h =h, (2.5)
j=1
dw; = — szj ANwj, wij +wji =0, (2.6)
j=1
n 1 n
dwij = — Zwik Nwrj + 5 Z Rijriwr A wi, (2.7)
k=1 ki=1
n+p
Rijii = —(0ir0ji — 0udjx) + Z (hkhG — hithGy)- (2.8)
a=n+1
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The normal curvature tensor R,g;; and Ricci curvature are

n

Rapij = Y _(hGh), — hSihy)), (2.9)
=1
n+p n n
Rjp=—(n=18+ > O_hEh$ — > hihS), (2.10)
a=n+1 i=1 =1
n(n—1)(R+1) =n*H? — ||h|?, (2.11)

where R is the normalized scalar curvature, H is the mean curvature of M™, ||h||? is
the squared norm of the second fundamental form of M™. Define the first and second

covariant derivatives of h{; by

n n n n+p
> hwr = dhS =Y hw; — > hSwki — > hwga, (2.12)
k=1 k=1 k=1 B=n+1
n n n n n—+p
> hSwr = dhgy = hiwn — > hwy — Y bk — Y hwse. (2.13)
=1 1=1 1=1 1=1 B=n+1
The Codazzi equation and Ricci identities are
h%‘k = h?kj = ?ika (2~14)
n n n+p
W = h& = > b Bonire + > he Rojer + Y hii Rgant. (2.15)
m=1 m=1 B=n+1

The Laplacian of h{; is defined by Ahg; = >° hiy,. From (2.14) and (2.15), we get
k=1

n n n n n+p
ARG = higs+ > b Rmigr+ > b Bmgi + Y Y hiRgajk. (2.16)
k=1 k,m=1 k,m=1 k=1 p=n+1

Denote by £ the mean curvature vector field. When £ # 0, since we suppose H > 0,

ent1 = % is the normal vector field on M™. We define S; and S5 by

n n—+p n
Sp= Y (W5 = H6;)?, Se= > Y (hg)* (2.17)
3,7=1 a=n+21i,j=1
Obviously, we have
|h||> = nH? + S + So. (2.18)
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By the definition of the mean curvature vector &, we have
nH:ihZ+17 ih%zo,n+2§a§n+p. (2.19)
From (2.11), (2.17) and (2.18), we get
A(n*H?) = Al[h||* + n(n — 1)AR = A(trH2 ) + AS> +n(n — 1)AR. (2.20)

Hence, from (2.8), (2.9) and (2.16), by a direct and simple calculation we conclude

n

1
§A(trH§H)= > () Z i AR (2.21)
i,5,k=1 i,j=1
=30 B Y A Y - (Y ()
1,5,k=1 1,j=1 i,j=1 i,5=1
n+p n
+nH X:hmﬂﬂﬂmﬁl n?H? — Y > (R = Hoy)h)?
i,j,k=1 B=n+2 1,5=1
n+p

+ > Z R R — (R ()2

B=n+2 i,5,k=1

n+p n n—+p n

1
D M SN TR Sl SFTIVE 22
a=n+21,j,k=1 a=n+21,j=1
n+p n n+p n n+p
=2 2 (P =m > D ()P 4nH Y te(HagaH7)
a=n+214,j,k=1 a=n+21i,j=1 a=n+2
n+p n+p
= > [tr(Hop1Ho)? = Y N(HoHg— HgH,)
a=n+2 a,B=n+2
n+p n+p n+p
S [ HH)P Y w(HenHa)? — Y w(H2 H).
a,B=n+2 a=n+2 a=n+2

We need the following lemmas:
Lemma 2.1 ([12], [1]). Let p;, i = 1,--- ,n be real numbers, with > p; = 0 and
Su?=p3%>0. Then
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and equality holds if and only if either (n — 1) of the numbers p; are equal to
B/\/n(n —1) or (n—1) of the numbers u; are equal to —B/+/n(n —1).

Lemma 2.2 ([14]). Let A, B be symmetric n X n matrices satisfying AB = BA,
and trA =trB =0. Then

n —

trA2B| < )(uA?)(trB?)%. (2.24)

n(n—1
Lemma 2.3 ([4]). Let ai, - ,an,bi;(i,7 = 1,2,--- ,n) be real numbers satisfying
Z?:l a; = 0, Z?:l b” = 0, ZZj:l b,?] =b and bij = bﬂ(’é,] = 1,2, cee ,n). Then

n

—(zn: biiai)2 + zn: b?jaiaj — Z b?]af > — zn:afb (2.25)
=1 =1

ij=1 ij=1
Lemma 2.4 ([9]). Let A1, Ag,--- , A, be (nxn) symmetric matrices (p > 2). Denote
Sap = trAaAf, Sa = Saa = N(As),S = S1+ -+ Sp. Then

n p
2 3 2
— < - .
QBE:1N(AQAI3 AgAa)-i-a;:lSaﬂ < 25 , (2.26)

and the equality holds if and only if one of the following conditions hold: (1) A; =
Ay =--- = A, =0; (2) Only two of A1,---, A, are different from zero. Assuming
Ay # 0,45 #0,A3 = --- = Ay = 0. Then S11 = S, and there exists (n x n)

orthogonal matrix T such that

1 0 0 -~ 0 01 0 0
0 -1 0 - 0 100 0
TAT = % 0 0 0 -+ 0|, 74,7 = % 0 0 0 0
0 0 0 -- 000 -~ 0

In order to represent our theorems, we need some notations, for details see
Lawson [8] and Ryan [13]. First we give a description of the real hyperbolic space
H"1(c) of constant curvature ¢(< 0).

For any two vectors = and y in R"*2, we set

9(x,y) = 2191 + - + T 1Ynt1 — Tnt2Ynt2,
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(R"*2 g) is the so-called Minkowski space-time. Denote p = \/—1/c. We define
H" M c) = {x € R""? | g(x,2) = —p*, wpy2 > 0},

Then H"1(c) is a simply-connected hypersurface of R"2. Hence, we obtain a model
of a real hyperbolic space.

We define

My ={z € H" ' (c) | x; = 0},

My ={x € H" ' (¢c) | z1 = r > 0},

My ={z € H"*'(¢) | 2p42 = Tnt1 + p},

My={x e H""'(c) |2} + -+ a2, =1> > 0},

Ms ={z € H" " (¢) |2} + -+ 2}, =17 >0,
Pt —al, = —p® — 12}

My,--- ,Ms are often called the standard examples of complete hypersurfaces in
H"1(c) with at most two distinct constant principal curvatures. It is obvious that
My, -+, My are totally umbilical. In the sense of Chen [2], they are called the hyper-
spheres of H""1(c). M3 is called the horosphere and My the geodesic distance sphere
of H""1(c). Ryan [13] obtained the following:
Lemma 2.5 ([13]).  Let M™ be a complete hypersurface in H"'(c). Suppose
that, under a suitable choice of a local orthonormal tangent frame field of TM™, the
shape operator over TM™ is expressed as a matriz A. If M™ has at most two distinct
constant principal curvatures, then it is congruent to one of the following:

(1) My. In this case, A = 0, and M, is totally geodesic. Hence My is
isometric to H™(c);

(2) My. In this case, A = \/J/Zip%mfm where I,, denotes the identity matrix
of degree n, and My is isometric to H™(—=1/(r* + p?));

(3) M3. In this case, A = %In, and Ms is isometric to a Fuclidean space R";

(4) My. In this case, A = \/mfm My is isometric to a round sphere
S™(r) of radius r;
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(5) Ms. In this case, A = M @& plp_k, where A = /1/p?2+1/r2, and

- 1/p? - : k n—k(_ 2 2
,u—ix/m,Mg; is isometric to S*(r) x H* *(—=1/(r* + p?)).

3. Proof of main theorem

For a C?*-function f defined on M™, we defined its gradient and Hessian (fi;)
by

df =Y fiwi, Y fijw; =dfi+ Y fijwji. (3.1)
i=1 j=1 =1
Let T = )" T;jw; ® wj be a symmetric tensor on M" defined by
Tij = 7’7,H5U - h;l;—l. (32)

Follow Cheng-Yau [6], we introduce operator [J associated to T acting on f by
af = Z Tijfij = Z (nHoi; — b5 fij.- (3.3)
i,j=1 ij=1
By a simple calculation and from (2.20), we obtained

n

OnH) =Y (nHé; — hiiH ) (nH)y; (3.4)
i,j=1
1 L
:iA(nzHQ) —n?|VH|? = Y hi (nH)y;
i,j=1

1 1 1 o
=5n(n—1)AR+ §A(trﬂg+1) + A8, - n?|VH|? = Y bt (nH)s;.
i,=1
By making use of the similar method in [5], we prove the following:
Proposition 3.1. Let M™ be an n-dimensional submanifold in a hyperbolic space

H"P(=1) with n(n — 1)R = K'H(kK' = const. > 0). If the mean curvature H > 0,

then the operator

L=0-(k/2n)A

18 elliptic.
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Proof. For a fixed a, we choose a orthonormal frame field {e;} at each point in M"

so that hg; = A{*d;;. From (2.19), we have, for any i,

(RH=XT1— K J2n) =) " Anth — \pt

J

(D Y09 4 22 1))/
> Z )\;H—l - /\;L+1

- (1/2)[—2 xph? Z)\”H n(n —1)]/(nH)
:[(Z /\;}4-1)2 _ )\;H-l(z )\;_H-l)

= (1/2) Y AN 4 (1/2)n(n — D) (nH) !
I#j
:[Z(W1>2 (1/2) YA A+
I#j

— AT Z/\"“ (1/2)n(n — 1)](nH) ™!

=D+ (1/2) >0 AN 4 (1/2)n(n — 1)) (nH) !

7 L
=1/ A2+ QA2 4l - 1)](nH) ™' > 0.
JFi j#i

Thus, L is an elliptic operator. This completes the proof of Proposition 3.1.
Proposition 3.2. Let M"™ be a n-dimensional submanifold in a hyperbolic space
H"*P(=1) with n(n — 1)R = k'H, (k' = const. > 0). If the mean curvature H > 0,
then

IVR* = n?||VH]?.

Proof. Since H > 0, we have ||h||? # 0. In fact, if ||2> = D2 (A$)? = 0 at a point of
M™, then A\$ = 0 for all ¢ and « at this point. This implies that H = 0 at this point.
This is impossible.
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From (2.11) and n(n — 1)R = k'H, we have

K'ViH =2n"HV;H -2 hi;hi

kji»
J,k,«
1 /
(3% - =D Wi
7.k,
1 o a
(k' —nHPIVH|? = (3 highte* < Y0602 30 (0> = [nIPIvh)?.
i gk« i,7,0 i,7,k,a

Therefore, we have

/

k
IVA|* = n?[[VH|? >[(5 = n*H)* = o? | AP VH|* g
2 IIhH

_ ()2 +n?(n—1)]|VH|?

= > 0.
[4

||h||2 -

This completes the proof of Proposition 3.2.

Proof of Main Theorem. By making use of the similar method in [4], we choose a
local orthonornmal frame field {ej,- - , e, } such that h”Jr1 = \id;j. Let p; = A\; — H.
Then il wi =0, anlluf = f:l)\f —nH? =trH2, , —nH? = S;. By Lemma 2.1, we

get

nH > hEPRIERE =nH Y A = 3nH?S) + n*H* + nH Yy (3.5)

i,5,k=1 i=1 i=1
-2
30 i28, +n2it — =2 g3,
n(n—1)
From Lemma 2.3, we obtain
n+p n n—+p n
Yo = HophGY + > LY (AR (RGP (3.6)
B=n+2 ,j=1 B=n+2 i,5,k=1
n—+p n n+p n
YD Y LY = A ()%
B=n+2 i=1 B=n+2 ik=1
n+p n
= > {- Zul 2057 (i — 1))
B=n+2 i=1 i,k=1
n—+p
Z {- Z#z Z = —515.
,8 n+2 i=1 i,7=1
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Hence from (2.21), (3.5), (3.6) we have

n n

1
5A(trH3l+1) > > (hrh? Z hiH (nH); nZA2 Oox? (37
i,j.k=1 i,j=1 i=1
-2
+ TL2H2 + 3TLH251 +n2H4 — M (Sl)% — 5152
n(n —1)
= > (hih? Z hi (nH);
i,7,k=1 2,j=1
+ Sl{—n+nH2 n H\/ Sl
n(n -1)

Let M™ be complete connect submanifold in H"™P(—1) with positive mean
curvature. Suppose that the normalized mean curvature vector % is parallel in
T+M™. If we choose e, 41 = %, then want1 = 0, for all a. Consequently Rany1jk = 0.

From (2.9) we have
Zhg;hf,jl Zh htt (3.8)
Hence, we obtain
H.H, 41 =Hp11H,. (3.9)

Weset B = Hy1—HI, (I is the unit matrix) then trB = 0, since trH, = 0(a > n+1).
By (3.9) we get for a« >n+ 1, H,B = BH,. By virtue of Lemma 2.2, we see that

-2
te(H2B)| < —~— 2 6 H2V0B?, a>n+ L. (3.10)
n(n —1)
Since
tr(H2B) = tr(H2H,41) — HtrH2, a>n+ 1, (3.11)
trB? = trH.,, —nH? = S;. (3.12)

By (3.10), (3.11) and (3.12), we have
—2
tr(H2H, 1) < (H + ——e\/S)teH2, (0> n+ 1). (3.13)
n(n—1)
From Lemma 2.4 and definition of S5

n+p n+p 3
— Y N(HoHp— HgHy)— > [tr(HoHpg)* > —553. (3.14)
a,B=n+2 a,Bf=n+2
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When p = 2, we have

n-+p n+p
> N(HoHp— HgHo) — Y [tr(HaHpg)]* = —S3. (3.15)
a,B=n+2 a,B=n+2

For a fixed a,n + 2 < a < n + p, we choose a local orthonormal frame field

{e1, -+ ,en} such that hg; = Afd;;. Thus, we have Z A =0 and trH2 = Z()\f‘)2

i=1 i=1
Let B=H,+; —HI = (b”) We have bij = bﬂ(l,j =1,2,--- ,71)7 Z b;i = 0 and
=1

21 b2 = S1. Since A, b;;(i,j =1,2,--- ,n) satisfy Lemma 2.3, from Lemma 2.3, we
0.

get

n-+p n-+p n+p

= Y [r(Hpr Ho)P + Y tr(HppHo)? = Y tr(HZ, H2) (3.16)
a=n+2 a=n+2 a=n+2
n+p

= Y {~[tr((Hpsr — HDHL) + tr[(Hpyy — HI)H,)? — tr[(Hpq — HI)?H2]}
a=n+2
n+p

= Y {~[te(BH.)]* + tr(BH,)* — tr(B*H2)}
a=n+2
n—+p

= > {- Zb“)\a +Zb ;)Q—bej(x )2}

a=n+2 i=1

n+p n n n+p
> D XY= =81 ) teHE =515,
a=n+2 =1 i,5=1 a=n-+2

Therefore, by (2.22), (3.13), (3.14) and (3.16), when p > 3, we get

n+p n (

%Aszz S0 (W) +So{-n+nH?—

H\F 51—752 b (3.17)
a=n+21i,5,k=1 % (

When p = 2, from (2.22), (3.13), (3.15), (3.16), we have

n+p n

585> S S ()P4 Safn 4 -

H\F 51— S5}, (3.18)
a=n+21,j,k=1 \% (
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Case 1. If p =1, we have Sy = 0,51 = ||h]|?> — nH?2. Therefore, by (3.4), (3.7) and

Proposition 3.2, we have
1
O(nH) =§n(n— DAR+ | Vh|? —n?||VH|]? (3.19)

—|—Sl{—n—|—nH— n(n_2) H+/S; —Sl}

Vn(n —1)

Z%n(n —DAR+ ||g||*{—n +nH? - n=2)

n(n—1)

where ||g|? is a non-negative C?-function on M™ defined by ||g||? = ||h||* — nH?.

Hlgll - llglI*},

Therefore, from (3.19), we have

nLH =n|[0H — (k' /2n)AH] (3.20)
=0(nH) — (1/2)n(n — 1)AR
n(n — 2)

>[9P {(—n + nH? Hlgll — llal*)
n(n —1)
=|lglI*Pu(lgl).
where
nin — 2
Pallgl) = —n + ni® — =D gy~ gl (3.21)
n(n —1)

Since H? > 1, we know that Py has two real roots B}, and B}, given by
g H H

1 n n3H?2
BE= -2,/ —H+ |- 3.22
n=—3n =20 in—1 " (3:22)

Therefore, we know that

Pr(llgl) = (lgll = B)(=llgll + By).

Clearly, we know that ||g|| — By > 0. From the assumption of Main Theorem, we
infer that Pg(|lg|]) > 0 on M™. This implies that the right-hand side of (3.20) is
non-negative. From Proposition 3.1, we know that L is elliptic. Since H obtains its
maximum on M™, from (3.20), we have H = const. on M™. From (3.20) again, we
get |lgl|?Pu(|lgl]) = 0. Therefore, we have [|g||> = 0 and M™ is totally umbilical, or
Py (Jlgll) = 0. In the latter case, we infer that the equalities hold in (3.20), (3.19)
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and (2.23) of Lemma 2.1. Therefore, we know that (n — 1) of the numbers \; — H
are equal to ||g||/y/n(n — 1). This implies that M™ has (n — 1) principal curvatures
equal and constant. As H is constant, the other principal curvature is constant as
well. Therefore we know that M™ is isoparametric. From the result of Lemma 2.5,
M™ is isometric to S~ 1(r) x HY(—1/(r? 4+ 1)) for some r > 0.

Case 2. If p =2, from (2.18), we have

Sy < ||h|)* —nH?. (3.23)

From (3.4), (3.7), (3.18), (3.23), Proposition 3.2 and (2.18) we have

1 n(n
O(nH) >=n(n — 1)AR+ (S1 + S2){-n+nH?> - ——==H\/5; — (51 + 52)
(TL )_277,(71 ) ( 1 2){ nTn \/’II(T 1 2
(3.24)
1 n(n — 2)
>-n(n—1)AR+ ||g||>{—n +nH?> — ——=—H]||g|| — |l9|I*},
> Jnln — DAR+ gl s ol = ol
where [jg|* = [hl|? — nH?2.
Therefore, from (3.22), we have
nLH =0(nH) — (1/2)n(n — 1)AR (3.25)

n(n — 2)

vn(n—1)

>[lgl*{-n +nH?* - Hlgll —llgl*}

=lgll* P llgl)),

where Py (||g||) is denoted by (3.21). Py (||g||) has two real roots B}, and Bj; denoted
by (3.22). Therefore, we know that

Pu(llgll) = (lgll = Bp)(=llgll + Bj)-

Since ||g||—-Bg > 0, from the assumption of Main Theorem, we infer that Py (||g||) > 0
on M™. This implies that the right-hand side of (3.25) is non-negative. By making use
of the same method in Case 1, we can obtain | g||?Pg(||g||) = 0. Therefore, we have
llgl]> = 0 and M™ is totally umbilical, or Py (||g||) = 0. If Py (||g||) = 0, we infer that
the equalities hold in (3.25), (3.24), (3.23) and (2.23) of Lemma 2.1. If the equality
holds in (3.23), we have S; = ||h||> —nH?. This implies S = 0. Since e,, 41 is parallel
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on the normal bundle T+ (M™) of M™, using the method of Yau [17], we know that
M™ lies in a totally geodesic submanifold H"*1(—1) of H"*P(—1). If the equality

holds in Lemma 2.1, by making use of the same assertion as in the proof of Case 1, we

infer that M™ has two distinct principal curvatures and is isoparametric. Therefore,

from Lemma 2.5, we know that M™ is isometric to S"~1(r) x H'(—=1/(r? + 1)) for

some 7 > 0.

Case 3. If p > 3, from (3.4),(3.7),(3.17),(3.23) and Proposition 3.2, we have

O(nH) Z%n(n - 1)AR + (81 + S2){—n +nH?

1
H\/ 51 +SQ 55%

n(n —
\/n(n—

1
Zin(n —~1AR+ (S; + So){—n + nH?

n(n — 2)
———H\/S1 — (S1+S2)} — = S’ +S
\/n(n——l LS} - 5 (5 )
1
Zin(n —~1)AR+ (S; + So){—n + nH?

-2 3
- 20D g TRl - 28+ )
Vvn(n —1) 2
1 n(n —2)
=—n(n—1)AR+ ||g|*{-n +nH?* - ————H||g| -
3= DAR+ gl 2l
where |gl[? = [[2]* — nH?.
Therefore, we have
nLH =0(nH) — (1/2)n(n — 1)AR
n(n — 2 3
> gl {—n + ni? - 22D gg) - g1y
Vvn(n—1) 2
_ 3 nep2 2 _ 2 n(n-2) TPt
=59l {5 (nH" —n) — 5 NZCED) Hlgll — [lglI"}
3
=§||9||2QH(||9||),
where
2 2 n(n—2)
= ZmH? —n)— =222 myigll — gl

3 2
Slgl?},

(3.26)

(3.27)
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Since H? > 1, we know that Q(||g]|) has two real roots EE and E}} given by

~ 1 1

Therefore, we know that

Qu(lgl) = (llgl = Bi)(~llgll + Bf;)-

Clearly, we know that ||g|| — Eff > 0. From the assumption of Main Theorem, we
infer that Qg (|lg|l) > 0 on M™. This implies that the right-hand side of (3.27) is
non-negative. From Proposition 3.1, we know that L is elliptic. Since H obtains its
maximum on M™", from (3.27), we have H = const. on M™. From (3.27) again, we
get ||l9I?Qu(|lg|]) = 0. Therefore, we have ||g||> = 0 and M™ is totally umbilical, or
Qu(llgll) =0. If Qu(|lg]]) = 0, we infer that the equalities hold in (3.27), (3.26) and
(3.23). Therefore, we know that

S1 = ||h||2 — TLH2, Sy =51+ Ss.

From (2.18), this implies that S = 0 and S; = 0. Therefore, we have ||g||* =
|h||> = nH? = 0 on M™ and M™ is totally umbilical. This completes the proof of

Main Theorem.
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INVERSE THEOREM FOR AN ITERATIVE COMBINATION
OF BERNSTEIN-DURRMEYER POLYNOMIALS

T. A. K. SINHA, VIJAY GUPTA, P. N. AGRAWAL, AND ASHA RAM GAIROLA

Abstract. The Bernstein-Durrmeyer polynomial
1

Ma(fit) = (1 + 1Y pus(®) / P () £ (1) d,
k=0

0

where pp k(t) = t*(1 —t)""* ¢ €[0,1] defined on Lz[0,1], the space

n
k
of bounded and integrable functions on [0, 1] were introduced by Durrmeyer
[5] and extensively studied by Derriennic [3] and other researchers (see
[1]-[3], [5], [6], [8])- It turns out that the order of approximation by these
operators is, at best, O(nil) however smooth the function may be. In order
to improve the rate of approximation we consider an iterative combination
Tn.x(f;t) of the operators M, (f;t). This technique was given by Micchelli
[9] who first used it to improve the order of approximation by Bernstein
polynomials B, (f;t). In the paper [1] some direct theorems in ordinary
and simultaneous approximation for the operators T), 1 (f; t) in the uniform
norm, have been established. The paper [10] is a study of some direct
results in the L,— approximation by the operators Ty x(f;t). The object
of the present paper is to study the corresponding inverse theorem in L,—

approximation by the operators T, i (f;t).

1. Introduction

For f € L,[0,1],1 < p < oo the operators M,, can be expressed as
1
Ma(F38) = [ Walu0)f(0)du
0

Received by the editors: 22.05.2008.
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n
where W, (u,t) = (n+ 1) an,k(t)pn,k(u) is the kernel of the operators.
k=0
For m € N° (the set of non-negative integers), the mth order moment for the

operators M, is defined as
fon,m (t) = My (uw—1)"5t)

The iterative combination T, i, : L,[0,1] — C'*°[0, 1] of the operators is defined as

k

Tl i) = (1= 1= 3009 (£30) = S0 () sy, ke,

r=1
where M? = I and M" = M, (M!~1) for r € N.
Throughout the present paper we assume that I = [0,1] and I; = [a;, b;],
i=1,230<a; <az <az <by <by <b <1andby C we mean the positive
constant not necessarily the same at each occurrence.

In [10], we obtained following direct theorem:

Theorem 1. Ifp > 1, f € L,[0,1]. Then for all n sufficiently large there holds

1
Tk (f52) = fllz, (1) < Ck (wzk <f7 ﬁapa I1~) +n_k||pr[o,1]> ; (1.1)

where Cy, is a constant independent of f and n.
Remark 1. From above theorem it follows that if wor(f,7,p,I2) = O(T%) as 7 — 0
then | Tn x(f,.) = fllo, () = O(n=%/?) as n — oo, where 0 < a < 2k.

The aim of this paper is to establish a corresponding local inverse theorem
for the operators T}, x(f,%) in the L,—norm i.e. the characterization of the class of
functions for which || T,x(f,.) = fllz, () = O(n=*/2) as n — oo, where 0 < o < 2k.

Thus we prove the following theorem (inverse theorem):

Theorem 2. Let f € L,[0,1],1 < p < o0, 0 < a <2k and | T x(f,.) — fllz, 1) =
O(n=/2) as n — oco. Then, wor(f,7,p, I2) = O(7®) as T — 0.

2. Preliminaries

In this section we give some results which are useful in establishing our main
theorem.
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Lemma 1. [1] For the function pn, m(t), we have

(1—2t)

fino(t) =1, g1 (t) = o)

and for m = 1 there holds the recurrence relation
(n 4 m + 2)pnmi1 () = (1 =) { gt () + 2mpin -1 (8) } + (m+ 1)(1 — 2) pi i (2).

Consequently,

(1) tn,m(t) is a polynomial in t of degree m;

(ii) for every t € [0, 1], tnm(t) = O (nlm+1/2) “where 8] is the integer part
of B.
Lemma 2. [8]For the function py, (t), there holds the result

(L=t D" (pi(t) = Y n'(k—nt) g (t)pnk(t),
2i+j<m
4,4>0

where D = < and q; ,,(t) are certain polynomials in t independent of n and k.

Lemma 3. [1] For k,l € N, there holds T, 1 ((u —t)';t) = O(n™").

Lemma 4. If f € L,[0,1] then there holds the estimate

where [c,d] is any closed interval contained in (0,1).

dm

dtm <O £l 00,

Ly[e,d]

(T (f; @)

Proof. We have

1
dm m

G QI 0) = S [ Wl )M )
0

1

Tl+ anll Z nl(yzt( %,jm x/pnu Mk 1 f7 ) U, (21)

21+j<m 0
1,720

Using Holder’s inequality for summation, we obtain

1

dm

e (Mk(f t)) ‘ Cn+1) Z Z Py ()0 |y — nt) /p,w(u)du
0

=0 2i+j<m
i,j 20
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1

1/p
X(/pn,u( )| MY (fiu Ide>

0

<C(n+1)1—1/q Z ni(ipn7y(t)\u—nt|qj)l/q

2i+j<m v=0
4,520

n 1 1/p
x(an,,,(t)/pw ) METL(f50) | du)

v=0 0

<C(n+1)YP Z n'.n?/?

2itj<m
1,70
n 1 1/17
X(an,u(t)/pnv )| MY (fru |de>
v=0

0
Therefore, applying Fubini’s theorem, we get

< C(n+1)YPpm/2x
Ly[e,d]

d n 1 1/p
(/ > pault / M %“)lppn,u(u)dudt>
v=0

d

<Cln+ 1>1/pnm/2{ )y ( [ pustt dt) x

v=0

1 1/p
(ot e
0

T, 1/p
< Cnm/Q{/an’y(u)|Ms_1(f;u)|pdu}

<Cnm/2||Mk Y(fiu) ), o[0,1] Cnm/2||f||Lp[o,1]-

(ME(f:t )’

[t

Since T}, are linear combinations of the iterates M,,, and the r.h.s.

independent of k, the lemma follows from (2.3).

(2.2)

(2.3)

in (2.3) is

Lemma 5. If f € L,[0, 1] is such that f(™=1) € AC(I) and f(™ € L,(I), then

nk fa ))H <]\4||f(7n)||Lp[0,1]7

H dtm Lyle,d]
where [c,d] C (0,1).
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Proof. It is sufficient to find the estimate for ;;:L (MF(f;e)). Thus, we have

dm . - dm
(Mn(fv.)) = dtim[
m—1 (,L)t am

_ o

il dtm

dtm My, (M (frun ) w); )]

(Mo (M (g = )5 0);1))]
=0

I TS —"

The term inside the summation is polynomial of degree (m — 1) and hence vanish.
In order to estimate the second term we break the integral as follows. There exists a

non-negative integer r = r(n) such that r/y/n < max|uy —t| < (r +1)/4/n. Hence,

we get
1 Uk
I = /Wn(uk,uk,1)|uk—t|m_1 /‘f(m)(wﬂdw duy,
0 t
i t ’% t+%
< { Wi (g, wpe—1)|ug, — ™ / ff(m)(w)|dwduk
=0\, .7 f

Vn t
+ /Wn(uk,uk,l)mk—ﬂm—l / |f<m>(w)\dwduk} (2.4)

gL L
Ve Ve

Now, |ux — t| > 1/4/n and

m—+3

3 X X
|Uk _ t|m+3 < Z (m: )|Uk _ 'Uzk—1|7”+3_é|ukfl _ tla
s=0

Hence a typical term of (2.4) is estimated as

I+1
-+
m—+3 v

< Z / W (g, wge—1) | g — wp—1|™ 2" ug—y — ¢|”

1

(") [ )

t
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m+3 ng 1 v e
- (m)
S z_:o ¢ 4 p(m+3—r)/2 / ’ (w)] dw

Proceeding recursively we reach

n 1
= (TL+ 1) Z Zniqi,j,m(t)(y - TLt pn 1/ (/pn,u ul |U1 - t| dul)
0

2i+j<m p=0
n? 1 m
X lji’n(m+377ﬂ)/2 ( / |f( )(w)| d’lU>

1,720
Using Holder’s inequality and moment estimates for M,,, we obtain

PENES]

NG
1 m
dtm[/W ur, O =17 <m+3>/< / f )(w)dw> dm]

t

1+1

J2—s/2 g
C’Z nm+“ ( / !f(m)(w)ldw>

t
This implies
- 1 m m

<0 ZZH‘le( )HL »[0,1] CHf( )HL »[0,1]
Lp[z3,y5] 1=0

H A (i)

dtm

This completes the proof of the lemma. |

3. Proof of the main theorem

Proof. We prove the theorem by induction on k.
When k = 1 the operator 75, , becomes the well known Bernstein Durrmeyer

operator M, for which we prove the inverse result. Thus, we prove that

IMa(F1) = FO)ly ) = O (n77%) = wa (£ 1) = 0 (%) ;0 < a < 2
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Let g € Cg° be such that suppg € (az,by) with g(t) = 1 on I3. Further, let f = fg.
Now,
18270,y < JA2FE) = MalF: )1+ ATV, ) = Db (1)

In Il

(fg)(t) — My (f(u)(g(t) + (u—t)g'(t) + ...); 1)
=g(t) (f(t) = Mn(f;1)) — g'(t) M, (f (w)(u —t);8) + ... (3.2)

By hypothesis,

IMa(f58) = FB) g, 1y = O (n772) (3.3)

and by dual moment estimate,

1Mo (f ()= 05D, 1) = N1/, (3.4)

Now

_ d?
I = ||AZM, (f;t 2 @(

)HLp(h) < Mn(fat))

Ly(I1)

d2

d? _
a2 (Mn(fmt))

2 ﬁ (Mn(f__ f?wt))

2

+ 7
Lp(I1)

<rT

Lp(ll)

<7 (mealn ) + o wa(o. ) (3.5)

en(n) < 47 (nd 2 et )
 wi(r f) = O (v |In 7)) (3.6)
We use (3.6) in (3.2) and (3.3). Now,
My, (f(u)(u—1t);t)) = My ((f(u) = f()(u—1);1))
+  JO)Mp((u—1t);t)
< M, (Ju—t lnju— ] ;) + O (i)

< Mn(|u—t|2€;t)+0<i>:0< ! )

nl—e
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From,(3.1),(3.2) and (3.3)

= wy(1, f) =0 (72_6) .

Hence theorem is proved for k = 1.

Now, suppose it is true for a certain k i.e.

war(f, 7,p, I2) = O(%) (3.7)
Let
1T k1 (fs2) = fllo, ) = O(n~(+2)/2) (3.8)
We will show that
wort2(f, 7 p, o) = O(1°7?)

Let a1 < 21 <22 <23 < a2 <by <yzs <y2 <y <by and g € C§° be such that

supp g € (z2,12) with g(t) = 1 on [x3,ys3]. Further, let f = fg. Then we have

[AF 2T kir (Pt ey < AT 2@ = Tk a (5O

2k+2 ﬁ T FF -t
T dt2k+2( k1 (f = fo2kt2:t))
Lyp[xh,y5)
2k+2 ﬁ T r . 39
+ 7 di2k+2 ( n,k+1(fn,2k+2a )) ( . )
Lp[af/myé]

where xf, = 259 and y}, = yo + (2k + 2)7.

For the first term, we have the estimate

|\A3k+2(f(t) - Tn,k+1(f§ t))HL,J[mg,m] <C Hf(t) - Tn,kJrl(]F; t))HLp[zg,y;]

<C

< () '
F®)g(t) = Tt (f(u) [Z gt (u— t)z} ; t)

il

Lp[w5,y5]

< Ollgll i taat 15O = T (Dl g

'Lty 1 Tnpr (F () (w = ) gy + - (3.10)
Using smoothness of f in second term of (3.10), we get
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T (F@) @ =038, g

2k—1 ;
f(z)(t) . 1
< —=T, —t)5t) + oy
; g Dok (=050 + oy,
X Tpis1 ((u . t)zle—l /(f(2k—1)(w) _ f(2k—1)(t)) dw ;t)
t Lyp[zh,ys5)
k
2k—1
O(rn) +0 3 farg (=
/‘f(Qk 1) f(2k—1)(t)‘dw ;t)
Lplx,y5]
1
O( =) + | (Ju— 12"
X / ‘ FER=D () — f(zk’l)(t)’dw;t) (3.11)
t Lyp[z5,y5]
Now, we have
p

u — t|2h

!

/u \f@’“*l)(w) - f(z’“’”(t)’ dw|;
t

//\

‘f(2k 1) w) — k= 1)( )‘dw

1 1
1/p
/Wnutdu (/Wnut

0 0

1 u
< /Wn(u t)
0

p/q
/dw
1
/Wn u t |u—t|(2k Dp+p/a
0

B

u p
f(2k71)(w) o f(2k:71)(t)‘ dw

t

du (3.12)

/ | £ (w) — O+ (1)) duw

Now, in order to estimate the quantity in the right, we divide the integral once
again as in Lemma 5 and use the moment estimates given in Lemma 1. Thus, from
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(3.12) we get the following

t+ 4L

T v 2
n _
I < Z{ / T4|u7t|4+(2k 1)p+p/an(u,t)
1=0 e
1
P
% / ’f(Qkfl)(w)_f(Zkfl)(t) dw du

t
o ] e - s )
=T
t+%
< r an 1 (2k—1) k1) |7 4
h Z 14 p2+(2k=1)p/2+p/2q f (w) — f (t)| dw
1=0 J
t
p
+ / ‘f(Zk—l)(w) — peRD (g dw) (3.13)
Now,
vy T
/ / ‘f(Qk—l)(w) _f(%_l)(t)‘pdwdt _ //‘f(Qk—l)(x_'_t) B f(%_l)(t) pdmdt
w’z t s w’z
Yz 1 1
= //‘f(Qk_l)(aj—‘rt) _f(Qk_l)(t)‘pX(I) dodt < /l'apX(,fE) dx
w/z 0 r
(where y is the characteristic function of [0, (I + 1)/ \/ﬁ])
H P (1 +1)Po+1
= // ‘f@k—l)(l' +1)— f(2k—1)(t)’ x(z)dtdr < C——F75—, (where0 < 0 < 1).
n 2
0 x

(3.14)
Combining (3.12),(3.13) and (3.14), we get
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;t)

< ol 1 i+ 1o
= lzljn2+(2k*1)p/2+p/2q n(Po+1)/2
=0

< C(n~(kH0/2) (3.15)

Mn(lu 2k /u ‘f(Qk—l)(w) _ f(2k—1)(t)‘ dw

Lplas,ys]

Similarly the rest terms in (3.10) give the required order.

By (3.8), (3.11) and (3.15) we obtain the estimate

_ _ 1 1
2k+2 . _
IAZ*2F ) = Tapsr (FO)| e < € {nk+l+w}

1
CW. (3.16)

Combining (3.9), (3.16), Lemma 4 and Lemma 5 and in view of properties of the

Steklov means we get

7 1 1 _
||A3k+2f(t)”Lp[x27y2] < Cinkw/z 4 p2h+2 <nk+1 + W>w2k+2(f,77, [z2,Ya])
Taking 7 < r
w2k+2(fa T, [an y?]) = O(r2k+9) (317)

This implies that f(*%) exists and belongs to Lip 6. This is reiterated into second
term of (3.10) as

2k (1) ) u
f) =Y - 04 gy [ 0 (7O w) - 00 du
2 y
Thus we get

C
Tk (F) @ =831 oy oy S 72707

This implies wo 2(f, 7, p, [T2,y2]) = O(r?*+179) which further implies
wakr2(f,7,p, I2) = O(T*F1H9),

Thus the theorem is completed by induction. O
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ON THE USE OF ABEL-JENSEN TYPE COMBINATORIAL
FORMULAS FOR CONSTRUCTION AND INVESTIGATION OF
SOME ALGEBRAIC POLYNOMIAL OPERATORS OF
APPROXIMATION

DIMITRIE D. STANCU AND ELENA IULIA STOICA

Abstract. The aim of this paper is to present some Abel-Jensen type
combinatorial formulas useful for construction and investigation of some
algebraic polynomial linear positive operators of approximation of univari-
ate functions from the space C10, 1].

In the first part of the paper we present the Abel generalization
(1.1) of the classical binomial formula. Then we mention the two Abel
type formulas (1.2) and (1.3), as well as the Vandermonde-Jensen formula
(1.5).

In the second section one extends to factorial powers the preceding
formulas. Then we establish the combinatorial identities (2.2)-(2.5), which
are used to give the basic polynomials, depending on two non-negative
parameters o and (3.

In the third section we use these polynomials for construction
several linear positive operators, depending on four parameters, associated
to function f € C]0,1]. Some particular cases of these operators were
investigated by several authors mentioned at the end of the paper. Finally,
we want to mention that in the paper [10] of Cheney and Sharma was
proved that the operator @), reproduces only the constant functions.

In the fourth section are investigated the approximation proper-
ties of the operator Q%”?, defined at (3.3). In the last section are given

evaluations of the remainder term of the approximation formula (5.1).
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1. Introduction

We start with the celebraten generalization of the Newton binomial formula,
given in 1826, by the outstanding mathematical genius represented by the Norwegian
Niels Henrik Abel [1], namely

(wtov)" =Y (Z)u(u kB (v + kB)"F, (1.1)

k=0
where (3 is a non-negative parameter.

We mention also the Abel type formulas

(u+v+np)" = Z (Z)u(u + k3w + (n—k)B)"F, (1.2)
k=0

(u+v+np)" = Z (Z) (u+ kB)*v(v+ (n — k)g)" "+ (1.3)
k=0

Jensen [29] has obtained a new symmetrical identity of Abel

n

(u+v(u+v+nB)"! = Z (Z) u(u+ kB To(v + (n — k)B)" L (1.4)

k=0
In the paper [18] the American mathematician H.-W. Gould gave the following

generalization of the Vandermonde formula
u+v+nps _Xn: u+kB\ (v+ (n—k)3 v
n _k:O k n—k v+ (n—k)g’

which can be written, by using the factorial powers, under the form

n

(u+v+ nﬁ)[n] — Z (Z) (u+ kﬂ)[’“]v(v + (n — k)ﬂ)[n—k—l].

k=0
The factorial power of a non-negative order n and increment h of u is defined

by the formula
ul™M = wu—hn).. (u—(n—1)h), ulh =1,

When h = 1 we write ul™ = ¢,
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We shall also consider the generalized Vandermonde-Jensen formula

u+wv utv+nf\ < u u+ kG v v+ (n—k)pg
u+v+nﬁ< n >kz_0u+k:6( k >v+(n—k)6( n—k >
(1.5)

Jensen [29] has made the remark that formula (1.5) and the following formula
U+ v " U u+kB\ (v— kG

_ 1.6

() -Zmm )0 (0

have been given earlier by I.G. Hagen [6] in 1891, but without demonstration.

These two formulas are particular cases of the more general formula

a(u+v—np)+bnu (u+wv ~ a+ bk u+kB\ (v— kB
v () S x ) ()

k:O

given by Hagen [6] without any proof.

Jensen [29] has given also the new and elegant identity

z”: (u + kﬁ) <vn—_kkﬂ> Z (u:ﬁ >57€ o

k=0

which can be seen in the book: ”Combinatorial Identities” [23] of H.-W. Gould.

In order to prove the identity (1.7) we introduce first the following notation

G, 0.m) = zn: (u —;kﬁ) (vn—_kk:ﬁ)

k=0

It is easy to see that we can write successively

= (u+ kB (v —kB U k
G(u,vm)—’;)( k ><n_k>{u+kﬂ+6u+kﬁ}

_ i u u+kB\ (v—kB

_Zu+kﬂ< k >(n—k>

v ﬁZ ( 0

By using an identity (1.6) given in the paper of HW. Gould ([18], pag. 71),

as well as the Vandermonde-type convolution (1.10) from the same paper, we are able
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to write the equality:
zn: U (u—l—kﬁ)(v—kﬂ)_(u—&—v)
= u+ kG k n—=k n
so that we can obtain the relation
_ (u+tw 1+ﬁ+kzﬁ v—[FB—kB
G(u,v,n)—(n )—i—ﬁZ( )(nlk .

Consequently we can write the Jensen recurrence formula

n

G(u,v,n)—ﬂG(u—1+6,v—ﬂ,n—1)_(u+v>. (1.8)

By using this we are able to write
9 u+v-—1
ﬁG(u—l—i—ﬁw—ﬂ,n—l)—ﬁG(u—2+25,v—26,n—2)=6 1
n—
and by successive application of (1.8) and summing the resulting relations we ulti-

mately obtain
r—1 w4 v—
Gu,v,n) = p"Glu—r+rp,v—rBn—r)= ZO( n_ & >Bk
Letting » = n 4+ 1 we find the relation (1.7), which we intended to prove.
Now we want to point out that the identity (1.7) is a counterpart for the

Abel-type series:

zn: u—i—kﬁ _ (v—kB)"F :zn:(u—l-v)k.ﬂn_k.

pors (n—k)! k!

k=0

One way to prove this is to develop a recurrence relation, or to carry through
a limiting process, as was noted in the paper of Gould [18].

Ending this section we mention, with Gian-Carlo Rota and Ronald Mullin

([49], pag. 168 and 195), that the Abel polynomials

pa(@) = a(z — an)"!

are the basic polynomials of the Abel operator E*D (here D is the differentiation
operator and E® is the shift operator or the translation operator).
We have DE* = E°D : z(z — na)" ! — nz(z — (n — 1)a)" 2.
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Finally, I consider that it is important to mention a generating relation from

the monograph of Boas and Buck ([6], pag. 34) for the general difference polynomials

emt — p”;f;r) [(et _ 1)eﬁt]n’

n=0
where 3 is a real parameter.
For 8 = 0 we get the Newton binomial polynomials

pn(T) = <x) =z(z—1)...(x—n+1)/n!,

n

1
while for § = —5 we obtain the Stirling interpolation polynomials.

2. Extensions to factorial powers of the Abel-Jensen combinatorial

formulas

[n,h]

As we have mentioned above, we denote by u the factorial power of order

n (n > 0) and increment h of u, that is
ul"M = u(u—h).. (u—(n—1)h), wOM =1, =yl

By extension to factorial powers the Abel combinatorial formula (1.1) we

obtain
(u+ )M = kZ:O (Z) u(u — k)P (v 4 k) InRh] (2.1)

where 3 is a non-negative parameter.
If we replace here h = —a, where « is a non-negative parameter, we get the

identity

n

(utv)mmel=%" (Z) u(u = kG)FH (w4 k)Rl

k=0

Now we select © = x and v = 1 — x and we obtain the important identity
" /n
> (k)“”(”f — k@)t el(1 — g 4 k) Rmel < gnmel]
k=0

=11+ a)(1+2a)...(1+ (n—1)a). (2.2)
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By using the Abel-Jensen combinatorial formula (1.4) we are able to write

n

Z (:) z(x+ k)P 1 )1 =z + (n—k)3) = (1 +np)n—tod, (2.3)

k=0
According to the combinatorial formula (1.2), we get the identity

n

> (Z)x(m + kgLl — 2 4 (n— k)B)m Rl = (1 4 ng)lm (2.4)

k=0

while from (1.4) we obtain
> ( ) T+ (1 — 2)(1 — 2+ (n— BHIPFe) = (1 ng)mme) (25)
=0

By using the combinatorial identities (2.2), (2.3), (2.4) and (2.5) we can

introduce the basic polynomials

Sk () = Wﬂ Z( ) — kIt =z k)l

qm’i( ) = (1+mﬁ o —" Z( > (z+kB)E- 1= (1—z) (1—a+(n—k)B)m—F ol
k=0
Pmﬂk( ) m Z ( ) T+ kﬁ)[k 1, —a]( -+ (m _ k)/@)[m—k,—a]
rg{i(ﬂC) = W Z (ZL) (ﬂf—f—kﬁ)[k’_a](l—;E)(l—:E—i—(m—k)ﬁ)[’”_k_l’_a]_
k=0
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3. Linear positive operators constructed by means of the basic polynomials

considered in the preceding section

For any function f € C|0, 1] we construct linear positive operators, depending

on four parameters:

(5570 f) () = g%s:;;fi(x)f ( £ i}) :

(@377 1) (x) = léq::i(x)f (2£2). »
e =S (115, |
(5573 ) () = i) ( - Té) ,

where 0 < v < 4.

In the case 8 =y = 0 = 0 these operators reduce to the Stancu operator S2,,

introduced and investigated in the paper [55]:

(Sa0) ) = 3 sn(a) (£).

m
k=0

where

[k,—a](l _ )[m—k,—oz]
o m\ x x
Sm,k:(x) = (k) 1lm,—a] ’

This operator was further investigated and applied by several authors. B.
Della Vecchia [12], A. Di Lorenzo - M.R. Occorsio [13], F. Frentiu [17], I. Horova and
Budikova [27], G. Mastroianni and G. Occorsio [40], [41], I.A. Rus [50], S. Toader [61]
and others.

If we select &« = v = § = 0 then we arrive at the operators of Cheney and
Sharma [10] P, and Q..

For v = § = 0 the operator (3.1) becomes

Q1)) = ¢ () f (’“) , (3.2)

k=0
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where

<7Z>g;(x + kﬂ)[k_l’_a](l _ a?)(l — x4+ (m _ k,)ﬁ)[m—k—l,—a]
N (14 mpB)m—1—a] :

When a = 0 this operator will be the second operator of Cheney-Sharma

[10], defined by the formula

(me €T ﬁ Zka Z; ﬂ < )

where

o [(m z(x+ kB 1 —2)(1 — 2+ (m—k)g)m—1=F
Qm,k(l‘vﬁ) - (/C) (1 _'_mﬂ)mfl :

It will be easy to prove that this operator is similar with the Bernstein oper-

ator B,,, and preserves the linear functions.

4. Convergence properties of the sequence (Qﬁ;ﬁ )

For the convergence of the sequence of operators Q%”, defined at (3.3), we
shall use the classical theorem of Bohman-Korovkin [7], [33], which can be stated as
follows:

If we have a sequence of linear positive operators L, : C|a,b] — C[a, b] and we
have (L,,sx) converges uniformly to s on [a,b] for k = 0,1 and 2, where s;.(z) = =¥,
then the sequence (L,,f) converges uniformly to f on [a,b] for each f € Cla,b]. In
our case [a,b] = [0,1] and we have the operators @, defined at (3.3).

According to Abel-Jensen combinatorial formula (2.3) we can see that
QPey = eo.

In the case of the next test function e; we have

1
(1+ a + mg)lm—1,-a

(Qn7er)(x) = (ZnPer) () (4.1)

where

m
(Za ﬁel = Z

k=1

( ) J;+a+kﬂ) a](1_x)(l_x+a+(m_k)ﬂ)[m—k71,fa]

3\#
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=2 (7:_ ) )xu +a kA1 = 2) (1 -2 ot (m - R)Fm TR
k=1

By changing the index of summation k — 1 = j, we get

(ZPer)(@) =« Z ( ) (z+a+B+58)V " (1—2)(1—2+(m—1—7)8)Im =7,
= (4.2)

Now we shall use an extension to factorial powers of the Abel combinatorial

formula
(utv+ng)mr =3 < ) + kB) Py (v + (n — k)Bh)m—k=1h, (4.3)
k=0

We have to replace here n=m -1, h=—-a,u=rz+a+ [, v=1—x and

we arrive at the following identity
(1 + o+ mg)m—1t—el
m—1 m—1
=D ( b )W +at B+bA)N1—a) (1~ o+ (m— k —1)8)m 2R,
k=0
According to (3.4), (3.5) and (3.6) we can write:

Q%’Bel =e;.

Consequently, our operator reproduces the linear functions.

Going on to the next test function es we find that

m

N 1 ko k(=17
Q% es)(z) = m ; [m + m] qmi(aj)
- %(Qi‘fﬁel)(ﬂcﬂi kzﬂ (Z _ ;> p(z+at+kB) M (1—z) (1-z+at (m—k)g)" 1
r m-1%2/m—2 - \+1,—a] o\ [m—3—j,—a]
=+ - (@+at28+58)Y T TN (- +at (m—2—5)p) Pl
m m =0 J

Now if we use again the extension to factorial powers of the Abel combina-
torial formula, we can see that Q% e, tends uniformly to ey on [0, 1], when m tends

to infinity.
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By applying the Bohman-Korovkin [7], [3]] convergence criterion we can state
the following result: if f € C[0,1] and the parameters « and [ are non-negative and
depend on m such that o = a(m) — 0 and mgB(m) — 0, when m tends to infinity,

then the sequence (Q%” f) converges uniformly to f on [0, 1].

5. Evaluations of the remainder term

Because the operator Q%;” reproduces the linear functions, we can state that

the approximation formula

flx) = (Q () + (B f) (@) (5.1)

has the degree of exactness N = 1.
Assuming that the function f has a continuous second derivative on the
interval [0, 1], we can represent the remainder of this formula under the following

integral form

(B2 f)(x) = / o (8 x) " (b)dt, (5.2)
where
G (60) = (R0) (0, alt) = (o — 1)y = T

understanding that R%? operates on ¢, as a function of x.

The above integral representation of the remainder can be obtained if we
make use of the well-known theorem of Peano.

For the Peano kernel, associated to our operator, we have

Gl (ta) = (2 —1)s = 3 %) (’“ - t) | (5.3)
+

m
k=0

s—1 s
In order to find an explicit expression of this kernel, we assume that z € { , ]

and we can write

G (tia) =2 — 1= S aiie) (£~ 1) (5.4)

o
fort e {],]},Wherel<j<s—1.
m 'm
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-1
If we consider that ¢t € {S ,
m

G ti) =a -t - o) (£ 1), (55)

k>s

x} , then we obtain

while for t € [1’, i} we get
m

Gol(te) == qui(@) (TIZ - t) :

k>s
) J—1 ,
In the case t € |=——, |, where j > s, we have
m ' m
a,B (. _ a,B k
Gm (t7m)*7zqu( ) Eft .

k>j
Because the degree of exactness of the formula (5.1) is one, by replacing
f(z) = x — t, the corresponding remainder vanishes and we obtain

x—t—qun;i<>(,i—t)

k=0

St (2 Eoa 2

Therefore we can write

m

o-t=3 i (£ 1) :—gq;‘:ﬁ(x) (a-2).

k=j

Consequently, the representation (5.4) can be replaced by
a,3 k
Gm t JL‘ Z q t— E )

1
ifte [], ‘]} and 1 < j < s — 1, while (5.5) can be replaced by
m 'm

GoB(tx) = Zq < Z),

-1
when t € {8 74.
m
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Because on the interval [0, 1] we have G%;%(t; x) < 0, we can apply the mean
value theorem to the integral and we obtain
1
(R i) = 16) [ Galaiar, €€ 0.0), (56)
under the hypothesis that f € C?[0,1].

If in the approximation formula

f(2) = QPP () + £1(6) / G2 (t; o)t

2

we replace f(z) = ea(x) = a%, we get

1
1 1
| ertaa = S0 — (@ e @) = 5 en) o)

Consequently, we can see that the remainder of the approximation formula
(5.1) can be expressed under the following form

(Re” F)(x) = 5 (RaxPea) () £(0), (57)

where 0 < £ < 1.

Therefore we can state the following result:

If we have the function f € C?[0,1], then the remainder of the approzimation
formula (5.1) can be represented under the integral form (5.6).

We mention that in the particular case a = § = 0, when Q,, = B,,, the
corresponding approximation formula was established by D.D. Stancu in 1963 in the
paper [54].

Now we want to make the remark that because Q%, f is interpolatory at both
sides of the basic interval [0, 1], it is clear that (R%e2)(z) had to contain the factor
x(x—1).

Since R, f # 0, if 8 = 0, for any convex function f of the first order, we can
apply a criterion of T. Popoviciu [46] and we can find that the remainder R% f is of
a simple form. Therefore we can state the following result:

If the second-order divided differences of the function f are bounded on the
interval [0, 1], then there exist three distinct points ty 1, tm,2, tm,3 in the interval [0, 1],
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which might depend on f, such that the remainder of the approximation formula (5.1)

can be represented under the following form

(anf)(fﬂ) = (R%GQ)(x)[tm,ly tm,27 tm,S; f]a

where the nodes are certain distinct points of the interval [0,1].

It is clear that if f € C?[0,1] and we apply the mean-value theorem of divided
differences, then we can obtain formula (5.7).

In the case @ = 0 we can see that we have

z(x —1)
2m

(B f) () = £

which represents the remainder in the case of the Bernstein approximation operator
B,,.
This result was obtained by D.D. Stancu in 1963 in the paper [54].
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BOOK REVIEWS

Charles Chidume, Geometric Properties of Banach Spaces and Nonlinear
Iterations, Lectures Notes in Mathematics, Vol. 1965, Springer-Verlag London
Limited, 2009, xvii+326 pp; ISBN: 978-1-84882-189-7, e-ISBN: 978-1-84882-190-3,
DOI: 10.1007/978-1-84882-190-3.

The classical Banach Contraction Principle asserts that every contraction
T on a complete metric space (X, p) has a unique fixed point Z and the Picard
iteration x,4+1 = Tx,, n > 0, converges to Z, for every x¢p € X. This result is no
longer true for nonexpansive mappings (i.e., such that p(Tz, Ty) < p(x,y), x,y € X),
even when X is a weakly compact subset of a Banach space E. The study of fixed
points for nonexpansive mappings defined on convex subsets of Banach spaces has
put in evidence strong connections to the geometric properties of the underlying
Banach space - normal structure, rotundity and smoothness properties characterized
in terms of various constants and moduli. Also, even if T has a fixed point, the Picard
iteration could not converge to the fixed point of T'. By a clever modification of Picard
iteration, namely z,, 41 = % (2, +T2,), n > 0, Krasnoselki (1955) succeeded to obtain
convergence to the fixed point in some cases. Later extensions to Kransnoselski’s idea
were given by Mann (1953): z,41 = (1 — ap)zn + apTx,, n > 0, (called also the
Krasnoselski-Mann iteration), and Ishikawa (1974): y, = (1—8)Tn+ BT Tn, Tni1 =
(1= ap)zy + apTyn, n > 0. The hypotheses on («,) in Mann iteration are: (i) a, €
(0,1), lim,, = 0, and (ii) > .2 a, = oo, with some similar conditions in
Ishikawa’s method.

The aim of the present book is to give an introduction to this very active area
of investigation. The basic results from the geometry of Banach spaces are presented
in the first five chapters of the book: 1. Some geometric properties of Banach spaces,
2. Smooth spaces, 3. Duality map in Banach spaces, 4. Inequalities in uniformly
convex spaces, and 5. Inequalities in uniformly smooth spaces.

The study of iterative procedures starts in Chapter 6. Iterative methods for
fized points of nonexpansive mappings, and continues along the rest of the chapters
(there are 23) with topics as: descent methods for variational inequalities (in Ch. 7),
iterative procedures for zeros of generalized accretive operators (Chapters 8 and 9),
iterations for pseudo-contractive mappings (Chapters 10 to 12), iterative methods for
generalized nonexpansive mappings (Ch. 14), for families of nonexpansive mappings
(Chapters 15 to 17), for asymptotically nonexpansive mappings (Chapters 20 and
21) and for nonexpansive semigroups (Ch. 22). Chapter 13 is concerned with appli-
cations to Hammerstein integral equations while the last chapter, 23. Single-valued
accretive operators; Applications; Some open questions, is concerned with continuity
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conditions implying the single-valuedness of set-valued accretive operators with ap-
plications to differential inclusions. This chapter contains also some open problems
and recommendations for further reading.

Based on a rich bibliography (561 items) and including many original con-
tributions of the author, the book is of great help for graduate and postgraduate
students, as well as for researchers interested in fixed point theory, geometry of Ba-
nach spaces and numerical solution of various kinds of equations - operator differential
equations, differential inclusions,variational inequalities.

A good companion in reading it could be the recent book by V. Berinde,
Iterative Approximation of Fized Points, LNM 1912, Springer, Berlin 2007, dealing
with similar topics, with emphasis on the Hilbert space setting. Together, these two
books cover a lot of the research work done in the last 20 years in the field of iterative
procedures for fixed points.

S. Cobzasg

Leon A. Takhtajan, Quantum mechanics for mathematicians, Graduate
Studies in Mathematics, Vol. 95, American Mathematical Society, Providence,
Rhode Island 2008,x+278 pp, ISBN:978-0-8218-4630-8

From the ancient times, the development of physics stimulated the research
in mathematics, leading to the discovery of new areas in mathematics. In this sense,
the most known is the creation by L. Schwartz and S. L. Sobolev of distribution
theory, as a response to some curious manipulation (at least for mathematicians) of
some strange functions, the best known being the Dirac delta function. Up to the
early 20th century classical physics, especially classical mechanics, was an integral
part of curricula for students in mathematics. The situation is totally different with
quantum physics, which uses very advanced mathematical tools, but has never been
a part of the curriculum of graduate students in mathematics. In trying to fill this
gap the author taught, for more that 14 years, a course on quantum mechanics for
students in mathematics at Stony Brook University. In fact, mathematics and physics
are strongly interconnected, some topics as, for instance, string theory being chapters
of mathematics and physics as well.

The inspiration for this course came for a similar one taught by L. D. Fad-
deev at Leningrad (now Sankt Petersburg) State University. The AMS published a
course by L. D. Faddeev, Elementary introduction to quantum field theory. Quantum
fields and strings: a course for mathematicians, AMS 1999, and the translation of an
another one: L. D. Faddeev and O. A. Yakubovskii, Lectures on Quantum Mechanics
for Mathematics Students with an appendix by Leon Takhtajan, AMS, 2009, orig-
inally published in Russian with Leningrad University Publishers, Leningard 1980.
The first part of the book is based mainly on these course, but using more advanced
mathematical tools, complete rigorous proofs and going beyond the topics presented
there.

The book is divided into two parts: 1. Foundations, and 2. Functional meth-
ods and supersymmetry. The first part starts with a chapter, 1. Classical mechanics,
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where the exposition follows the traditional line, starting with the Lagrangian formal-
ism and introducing the Hamiltonian through the Legendre transform as, for instance,
in the classical treatise by V. I. Arnold.

The study of quantum mechanics starts in Chapter 2. Basic principles of
quantum mechanics, based on the Dirac-von Neumann axioms: an infinite dimensional
separable complex Hilbert space H, called the space of states, the family of observables
formed of the space of self-adjoint operators on H, and the states S which are the
positive trace class operators M on H with Tr M = 1. Pure states are the projection
operators onto the one-dimensional spaces, all of the other states being called mixed
states.

The first part continues with Chapters 3. Schrddinger equation, and 4. Spin
and identical particles.

The second part contains the chapters 5. Path integral formulation of quan-
tum mechanics (the Feynman approach to quantum mechanics), 6. Integration in
function spaces (Wiener integration theory, the Feynman-Kac formula), 7. Fermion
systems (anticommutativity relations, Grassmann algebra), and 8. Supersymmetry.

There are a lot of problems spread throughout the book. Some of these
require to fill in some proofs, only sketched in the main text, while others refer
to supplementary topics, not treated in the main text. For these last ones, exact
references are given.

Each chapter ends with a section of Notes and references, containing biblio-
graphical references and recommendations for further reading.

The bibliography contains a list of carefully chosen monographs, both classi-
cal and modern, on mathematics and physics, survey papers and some fundamental
research papers, all being referred in the Notes section of the chapters.

By a cleaver selection of the material and the clear way of exposing it, the
book is recommended for graduate students in mathematics looking for applications
in physics, as well as for student in physics desiring to be acquainted, in a rigorous
but, at the same time, quick and accessible manner, with the basic mathematical tools
used in quantum mathematics. The devoted readers can follow the paths indicated
by the author in problems and notes, to acquire a master introduction to the area.

Radu Precup

Stephen  Lynch, Dynamical Systems with Applications wusing
MATHEMATICA®, xvi+484 pp, Birkhiuser, Boston -Basel - Berlin, 2007,
ISBN-13: 978-0-8176-4482-6

The book is a good introduction to dynamical systems theory. In the first
part, after a short introduction to MATHEMATICA®, differential equations and dy-
namical systems are considered, with examples taken from mechanical systems, chem-
ical kinetics, electric circuits, interacting species and economics. The second part is
devoted to discrete dynamical systems, with many advanced examples from electro-
magnetic waves, optical resonators, chaos, fractals, neurodynamics.This book presents
an original, cheap and powerful solution to the problem of analysis of large data sets.
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The theory and applications are presented with the aid of the MATHEMATICA®
package. Throughout the book, MATHEMATICA® is viewed as a tool for solving
systems or producing exciting graphics. Each chapter contains a subsection with
”"Mathematica Commands in Text Format”. The author suggests that the reader
should save the relevant example programs. These programs can then be edited ac-
cordingly when attempting to solve the exercises at the end of each chapter. The
solution combines C language, data base query and management, statistics and data
visualization. The text is aimed at graduate students and working scientists in vari-
ous branches of applied mathematics, natural sciences and engineering. The material
is intelligible to readers with a general mathematical background. Fine details and
theorems with proof are kept at a minimum. This book is informed by the research
interests of the author which are nonlinear ordinary differential equations, nonlin-
ear optics and fractals. Some chapters include recently published research articles
and provide a useful resource for open problems in nonlinear dynamical systems.The
book intends to be an alternative to classical statistical books: it does not separate
descriptive and inferential An efficient tutorial guide to MATHEMATICA® is in-
cluded. The knowledge of a computer language would be beneficial but not essential.
The MATHEMATICA® programs are kept as simple as possible and the author’s
experience has shown that this method of teaching using MATHEMATICA® works
well with computer laboratory class of small sizes.statistics, simple models are com-
bined into more complex model in a hierarchical way and it is computer oriented.
recommend ”Dynamical Systems with Applications using MATHEMATICA®” as a
good handbook for a diverse readership, for graduates and professionals in mathe-
matics, physics, science and engineering. This book could be considered as a new and
extended version of the following books, also written by the same author:

Dynamical Systems with Applications using MATLAB®, ISBN 978-0-8176-
4321-8, and Dynamical Systems with Applications using MAPLE, ISBN 978-0-8176-
4150-4.

Damian Trif

Dean Corbae, Maxwell B. Stinchcombe and Juraj Zeman, An Introduc-
tion to Mathematical Analysis for Economic Theory and Econometrics,
Princeton University Press, Princeton and Oxford 2009, xxi+671 pp; ISBN: 978-0-
691-11867-3,

The book covers a broad spectrum of topics from analysis, functional anal-
ysis and measure theory, needed for economic theory and econometrics. Its aim is
to bridge the gap existing between the basic mathematical economics tools (calculus,
linear algebra, constrained optimization) and the advanced economics texts, as, for
instance, N. L. Stokey and R. E. Lucas, Recursive Methods in Economic Dynam-
ics, Harvard University Press, 1989, which assume a working knowledge of functional
analysis, measure theory and probability. In fact, one of the motivations to write
such a textbook comes from the difficulties encountered by the students of the one of
the authors to understand the above mentioned book. The present book contains a

186



BOOK REVIEWS

choice of topics from various areas of mathematics, as lattices, convex analysis, func-
tional analysis, measure theory, probability, that are widely used in economics and
econometrics. The book is self-contained in what concerns the mathematical part
- almost any theorem used in proving some result is itself proved as well. Another
feature of the book is the wealth of examples from economic theory and economics
(whose understanding requires an undergraduate basic ground in economics), provid-
ing intuition and motivation for grasping the difficult mathematical ideas developed
in the book.

The first part of this book (Chapters 1 to 6) was taught in the first-semester
Ph.D. core sequence at the University of Pittsburgh and the University of Texas. The
second part (Chapters 7 to 11) was taught as a graduate mathematical economics
class. Chapters 1 to 6 cover basic mathematics for economics: 1. Logic, 2. Set
theory (including lattices and Tarski’s fixed point theorem with application to stable
matchings), 3. The space of real numbers, 4. The finite-dimensional metric space of
real vectors, 5. Finite-dimensional convexr analysis (dealing with finite dimensional
normed spaces, Kuhn-Tucker theorem, Lagrange multipliers, etc), and 6. Metric
spaces (with applications to the space of probabilistic distribution functions on R
equipped with Levy’s metric). The set of real numbers is introduced via equivalence
classes of Cauchy sequences of rational numbers. This construction as well as the
notion of completeness (with different meanings in different contexts) form the red
thread of the presentation along the book. The logic properties and set operations
are presented in parallel, as paradigms of the same idea.

The second part of the book contains the chapters: 7. Measure spaces and
probability (including convergence in distribution and Skorohod theorem), 8. The
LP(Q, F,P) and P spaces, p € [1,00] (with applications to regression analysis), 9.
Probabilities on metric spaces (Polish metric spaces, Polish measure spaces, stochas-
tic processes, a proof of the central limit theorem), 10. Infinite-dimensional convex
analysis (containing an introduction to topological vector spaces and locally con-
vex spaces, including compactness, Alaoglu-Bourbaki theorem, separation and Krein-
Milman theorem, Schauder fixed point theorem), and 11. Ezpanded spaces (dealing
with the basic constructions of nonstandard analysis).

Each chapter ends with a set of exercises and recommendation for further
reading. These refer mainly to books where the topics of the corresponding chapter
are treated at large.

By exposing in a self-contained, rigorous but accessible manner a lot of es-
sential results from analysis, functional analysis, measure theory and probability used
in economic theory and econometrics, the book is a very useful tool for students spe-
cializing in these disciplines. Even students in mathematics and researchers will find
the results collected by the authors very useful as well.

S. Cobzas
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Wassim M. Haddad and Vijay Sekhar Chellaboina, Nonlinear Dynamical
Systems and Control, A Lyapunov-Based Approach Princeton University
Press, Princeton and Oxford 2008, xvi+948 pp; ISBN: |

The book under review is a graduate-level textbook which presents and de-
velop an extensive treatment of stability analysis and control design of nonlinear
dynamical systems using the Lyapunov methods.

The book is structured in 14 chapters. The authors introduce the defini-
tion of dynamical systems and present a systematic development of the theory of
nonlinear differential equations. There are presented the qualitative theory of exis-
tence, uniqueness, continuous dependence of solutions on the initial conditions for
nonlinear differential equations, the stability theory for nonlinear dynamical systems
generated by these nonlinear differential equations, Lyapunov stability theorems for
time-invariant nonlinear dynamical systems, invariant set stability theorems, converse
Lyapunov theorems and Lyapunov instability theorems. A chapter in advanced sta-
bility theory is also included. There are described the partial stability, stability theory
for time-varying systems, Lagrange stability, boundedness and ultimate boundedness,
input-to-state stability, finite-time stability, semistability and stability theorems via
vector Lyapunov functions. The book continues with a chapter regarding the dissipa-
tive theory for nonlinear dynamical systems and a chapter regarding the stability and
optimality of feedback dynamical systems. The input -output technique for dynami-
cal systems is a tool used in the study of infinite-dimensional systems. The authors
present the concept of input-output stability and then establish connections between
input-output stability and Lyapunov stability. The nonlinear optimal control problem
and the stability and optimality results for backstepping control problems are given
in the next chapter. Extension to disturbance rejection and robust control of nonlin-
ear dynamical systems are presented. The last two chapters contain the discrete-time
extension of the aforementioned topics.

This book is an excellent textbook addressed to graduate students of applied
mathematics, control theorists and engineers studying the stability theory of dynam-
ical systems and controls. It is a rich source of materials for researchers interested in
systems theory.

Marcel-Adrian Serban

Alexander H.W. Schmitt, Geometric Invariant Theory and Decorated
Principal Bundles, Furopean Mathematical Society, 2008, 389 pp, ISBN 978-3-
03719-065-4.

Classifying the objects of a category is a fundamental mathematical problem
which allows, whenever it is solved, the control and the manipulation of the objects of
that category easily in various purposes. This type of problems is equally important
and difficult, in most of the important categories being obtained just partial results.
For instance the finitely generated Abelian groups, the one and two dimensional
compact manifolds are completely classified, all these results being now classical. For
topological categories, this problem might be even more difficult than it is for algebraic
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categories, due to some properties of objects and morphisms of algebraic nature, which
are rather absent in the case of the objects and morphisms of topological nature.
However, one can expect advances in the case of the topological categories, thanks
to Homotopy Theory and Algebraic Topology, whenever the classification problem
advances in the case of some algebraic categories.

The classification of algebraic varieties up to an isomorphism has two faces,
one of them consists in classifying the smooth or mildly singular complex projective
varieties up to an isomorphism and the second one consists in classifying all closed
subvarieties of a certain complex projective space up to projective equivalences. These
classification problems are either treated by means of various numerical invariants,
such as the Hilbert polynomial of polarized varieties or by means of moduli spaces (i.e.
algebraic varieties whose points are in natural one-to-one correspondence to the set
of isomorphism classes of objects with fixed numerical invariants), which generated
Mumford’s Geometric Invariant Theory as a tool to construct such moduli spaces.

In this book the author constructs more general moduli spaces for semistable
projective g-bumps of a given topological type as well as moduli spaces for semistable
affine pairs with prescribed topological type for the first component.

The book is structured in two large chapters with the following content:

The first chapter deals with Geometric Invariant Theory as developed by
Mumford and starts with actions of reductive linear groups on vector spaces or projec-
tive spaces. The reductivity of the groups GL,,(C), SL,(C), GL,,(C)x---xGLy,(C)
is shown at the end of the first section. Next, one parameterizes the space of orbits of
an algebraic group action by affine algebraic varieties and formulate the basic proper-
ties of such quotients. In section 1.3 one studies the classification of projective hyper-
surfaces of degree d in the projective space P,,_1 up to projective equivalences, while
section 1.4 is devoted to the fundamental concepts of Geometric Invariant Theory,
which starts by studying good and geometric quotients and continues with lineariza-
tions of group actions. Finally, the last two sections of this first chapter deal with
the Hilbert-Mumford criterion and a certain refinement of it, on the existence of one
parameter subgroups A\ : C* — G of some reductive group G, linearly represented,
such that lim, .. A(2) - v = 0, for some special v € V. Another problem is the exis-
tence of such a one parameter subgroup with fastest possible convergence as well as
the uniqueness of such a subgroup.

The second chapter starts with an overview on principal bundles which is nec-
essary to state the classification problem developed within the rest of the chapter and
continues with a review on vector bundles on complex algebraic curves. The classifica-
tion of topological vector bundles on smooth projective curves and the Riemann-Roch
theorem for coherent sheaves are presented alongside a discussion on bounded families
of vector bundles. The classification problem is stated in terms of projective and affine
o-bumps/swamps, but is shown how the g-swamp describes a family of hypersurfaces
of degree d and an isomorphism is a relative version of projective equivalence, for
a particular choice of the representation, namely the general classification problem
specializes to the classification of some algebraic varieties. In section 2.4 one obtains,
by using decorated bundles, the moduli space of semistable principal G-bundles with

189



BOOK REVIEWS

connected reductive group structure. In section 2.5 one deals with the structure group
G :=GL,,(C)x---xGL,,(C) by choosing a faithfull representation x : G — GL(W)
which allows to reduce the problem of constructing moduli spaces to the case of dec-
orated bundles. One also study the asymptotic behavior of the semistability concept
and specialize the abstract obtained results to some concrete situations which allows
to see a generalization of a well-known result by King on moduli spaces of quiver
representations. Therefore some steps towards the classification problems of prin-
cipal G bundles with arbitrary reductive group structure have been done and this
classification is finalized within the last section 2.7. The itinerary for this purpose
is similar to that exposed in previous sections for the classification problem of more
particular reductive structure groups, but developed at a superior level in which the
role of decorated bundles, for instance, is played by decorated pseudo-G-bundles.

The book is very well written and uses the powerful modern mathematical
languages of representations, bundles and schemes to treat a very important classi-
fication problem with serious implications to the classification problem of algebraic
varieties.

Cornel Pintea
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