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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 1, March 2010

STATISTICAL APPROXIMATION BY DOUBLE PICARD
SINGULAR INTEGRAL OPERATORS

GEORGE A. ANASTASSIOU AND OKTAY DUMAN

Abstract. We first construct a sequence of double smooth Picard singular
integral operators which do not have to be positive in general. After giving
some useful estimates, we mainly show that it is possible to approximate
a function by these operators in statistical sense even though they do not

obey the positivity condition of the statistical Korovkin theory.

1. Introduction

In the classical Korovkin theory, the positivity condition of linear opera-
tors and the validity of their (ordinary) limits are crucial points in approximating a
function by these operators (see [1, 22]). However, there are many approximation
operators that do not have to be positive, such as Picard, Poisson-Cauchy and Gauss-
Weierstrass singular integral operators (see, e.g., [2, 3, 4, 8, 9, 10, 19]). Furthermore,
using the concept of statistical convergence from the summability theory which is a
weaker method than the usual convergence, it is possible to approximate (in statisti-
cal sense) a function by means of a sequence of positive linear operators although the

limit of the sequence fails (see, e.g., [5, 6, 11, 12, 13, 14, 15, 16, 23, 24]).
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GEORGE A. ANASTASSIOU AND OKTAY DUMAN

The aim of the present paper is to construct a sequence of linear operators
that are not necessarily positive and to investigate its statistical approximation prop-
erties. Hence, we demonstrate that it is possible to find some statistical approximation
operators that are not in general positive.

This paper is organized as follows. In the first section we recall some def-
initions and set the main notation used in the paper, while, in the second section,
we construct the double smooth Picard singular integral operators which do not have
to be positive. In the third section, we give some useful estimates on these opera-
tors. In the forth section, we obtain some statistical approximation theorems for our
operators. The last section of the paper is devoted to the concluding remarks and
discussion.

Let A := [a;,], j,n = 1,2, ..., be an infinite summability matrix and assume

that, for a given sequence z = (z,,) the series Y | a;jnx, converges for every

neN>
j € N. Then, by the A-transform of z, we mean the sequence Az = ((Az););y such

that, for every j € N,
o0
(Ax); = Za]—nxn.
n=1

A summability matrix A is said to be regular (see [20]) if for every = (zn),cy
for which lim, oz, = L we get lim;_. (Ax)j = L. Now, fix a non-negative reg-
ular summability matrix A. In [18] Freedman and Sember introduced a convergence
method, the so-called A-statistical convergence, as in the following way. A given
sequence = = (Z,,)nen is said to be A-statistically convergent to L if, for every € > 0,
lim anj = 0.
Rt |§L|>e "
This limit is denoted by st4 — lim,, z,, = L.

Observe that if A = Cy = [¢j,], the Cesdro matrix of order one defined to
be ¢j, = 1/jif 1 < n < j, and ¢j,, = 0 otherwise, then C;-statistical convergence
coincides with the concept of statistical convergence, which was first introduced by
Fast [17]. In this case, we use the notation st —lim instead of stc, —lim (see Section 5

for this situation). Notice that every convergent sequence is A-statistically convergent
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STATISTICAL APPROXIMATION BY DOUBLE PICARD OPERATORS

to the same value for any non-negative regular matrix A, however, its converse is not
always true. Actually, Kolk [21] proved that A-statistical convergence is stronger than
(usual) convergence if A = [a,,] is any nonnegative regular summability matrix sat-
isfying the condition lim; max,{a;,} = 0. Not all properties of convergent sequences
hold true for A-statistical convergence (or statistical convergence). For instance, al-
though it is well-known that a subsequence of a convergent sequence is convergent,
this is not always true for A-statistical convergence. Another example is that every
convergent sequence must be bounded, however it does not need to be bounded of
an A-statistically convergent sequence. Of course, with these properties, the usage of

A-statistical convergence in the approximation theory provides us many advantages.

2. Construction of the operators

Throughout the paper, for r € N and m € Ny := NU {0}, we use

(_1)T7j <T)jm lfj = 172v'~-a7',
“E‘Tnl = .V [ (2.1)
1— > (=1)rJ ( ,)jm if j =0.
i=1 J
and
s
o= "alMik k=12,.,meN. (2.2)
j=1

Then observe that

T

Sl =1 (2.3)

Jj=0

and
r—i (T rfT
e (D) = () (2.4)
- J 0
Jj=1
We now define the double smooth Picard singular integral operators as fol-
lows:

- 1 r N co oo . s
Pl (fiw,y) = WZaE-,J / /f(x+89,y+tj)e (VSR dsat |, (2.5)
n =0

— OO — OO
where (z,y) € R?, n,r € N, m € Ny, f: R? — R is a Lebesgue measurable function,

and also (&, )nen is a bounded sequence of positive real numbers.
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Remark 2.1. The operators P,[TZ] are not in general positive. For example, consider
the function ¢(u,v) = u? 4+ v? and also take r = 2, m = 3, # = y = 0. Observe that

p > 0, however

Pl (¢:0,0) = 2W§2 ij 8 // 52 4 12) e~ (VSTHD n sy

—0o0 —O0

2
n

2 Vv
= a[13]2+4a[3])// s +t2 ~ (V) En gs it

7\'/20@
= — 7/7/571, 3
7r§2( )0/0/6 p°dpdf
= —9¢2 <.

Lemma 2.1. The operators P,ETL} given by (2.5) preserve the constant functions in
two variables.
Proof. Let f(z,y) = C, where C is any real constant. By (2.1) and (2.3), we get,

for every r,n € N and m € Ny, that

C <~
Pl Ciay) = =) o ol // e (I e dsdt
nj_o — 00 — 00

= ¢ / / e~ (V282 & qodt
o2

—00 —O0

- // (Vs +12)/&n g5 dt
71'52
0

/2 0o

20 _
= = / / e~P/&n pdpdh
"0 0

C/ _

— e P/gnpdp
2

§n0

= C’7

which completes the proof. O
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STATISTICAL APPROXIMATION BY DOUBLE PICARD OPERATORS

Lemma 2.2. Let k € Ny. Then, it holds, for each ¢ =0,1,....k and for everyn € N,

that
/ / SF gl o~ (VD) [En go s — 0 if k is odd
oo —oo 2B (%,%) 2+ 1) ifk is even

where B(a,b) denotes the Beta function.

Proof. It is clear that if k is odd, then the integrand is a odd function with respect
to s and t; and hence the above integral is zero. Also, if k is even, then the integrand

is an even function with respect to s and ¢. So, we may write that

/ /sk_ztze_(vs2+t2)/5"'dsdt :4//5’“_22526_“52+t2)/5"d8dt
0

—00 —00 0
/2 oo
=4 / (cos )" (sin )" o /pk“e*p/g"dp
0 0
k—0+1 £+1
— 28 (*, *) -2 (k4 1)1
2 2
whence the result. Il

3. Estimates for the operators (2.5)

Let f € Cg(R?), the space of all bounded and continuous functions on R2.

Then, the rth (double) modulus of smoothness of f is given by (see, e.g., [7])

wel(fih) = sup AL (A < o0 B0, (3.1)
Vu2+v2<h
where ||-]| is the sup-norm and

T

AL (Flag)) = (1) (;)ﬂx T juyy + o). (3.2)

§=0
Let m € N. By ¢("™ (R2) we mean the space of functions having m times
continuous partial derivatives with respect to the variables z and y. Assume now that

a function f € C(™ (R?) satisfies the condition
H a"lf(W ) 6Tnf(m7y)

=ty H T eyyire | 0 Lzdly

’ < o0 (3.3)
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for every £ = 0,1,...,m. Then, we consider the function

i ) o
0

[ m |0 f(x+jsw,y + jtw)
X {Z (m B g) ‘ e iadly ‘}dw (3.4)

£=0

for m € Nand (z,y), (s,t) € R% Notice that the condition (3.3) implies that GL%](S, t)
is well-defined for each fixed m € N.

We first estimate the case of m € N in (2.5).

Theorem 3.1. Let m € N and f € C(™) (R?) for which (3.3) holds. Then, for the
[m]

operators Pr’n , we have
- 1 [m/2] -
PIMI(f: — - = 2i 4 1)65,.6%
n(f7aj?y) f(x,y) T Z( 1+ ) 21,r§n

i=1

2% . ; .
2i \ 0% f(z,y) 20—-0+1 041
x {g (2i - e) 2 tzaty D ( 2 2 )

< 2 52 / / [m] (s,t)(|s|™ + |t|™)e~ V=" F) /en g, (3.5)
T oy

— 00 —O0

The sums in the left hand side of (3.5) collapse when m = 1.

Proof. Let (z,y) € R? be fixed. By Taylor’s formula, we may write that

1 .k

QTR 0 f(x,y)
_ J k—tpe 9 T\ Y)
fla+js,y+jt) = K ;(k 5) OE—Lzdly

m fua {5, o

" f(x + jsw,y + jtw)
X gm0ty dw,

+
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which implies that

m k
fla+js,y+it) — flzy) = Z‘L,Z

- m m—t,0 90" f(2,y)
X{ZX% <m—€>8 t 787”_25(}6[]/ dw

O™ f(x + jsw,y + jtw)
X am—tzaty dw.

Now multiplying both sides of the above equality by ay’:ﬁ] and summing up from 0 to

k Sk*ftfw
k—¢ Ok—txdly

r we obtain

r m k
;‘)aﬁi’ﬂ (Flatds,y+3t) = fle,y) = D=5

where
[m (m] ;m m m—t,0 0" f(x + jsw,y + jtw)
S017?! w; S, t ZOZ {% (m_£> t om— éxaé
L N (™ ) gy 07 (@)
DY (m _ g) 5 oty

£=0

We first estimate gogzl](w; s,t). Using (2.1), (2.2) and (2.4), we have

) (15, ) = N (PN S m Y 0O (@ Gsw,y + jtw)

=0
- i T - m mer.0 0" f(z,y)
I '(5) {;(m_»s tw}
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Sy () (S5 (7 e Lt )

£=0

() ()t

_ i(_l)m‘ (;) {g% (m”i z) o f(x;nyjzai/ﬂtw) } .

=0

In this case, we see that

[m] ) m e [T w m O™ f(x + jsw,y + jtw)
§=0 £=0
(3.6)

After integration and some simple calculations, and also using Lemma 2.1, we obtain,

for every n € N, that

R / / Za F @t 5y 4 1)~ F,9)

— 00 —O0

xe~ (Vs +t2)/&n gy
_ 1 ’”6@’““)8%( y)

2r&2 k! k—10) 0k—tz0ty
k=1 £=0
o0 o0
/ /skfeteef(vszﬂz)/{"dsdt
+R (2, y)

where

oo 00 1

R(z,y) = 27r§2 — 1)1 / / /(1_ )" ol (ws s, t)dw | e VI S dst,

—00 —00 0

By (3.4) and (3.6), it is clear that

’Rm] T,y ‘ <5 §2 / / GIMl(s,t) (|s|™ + [¢|™) e= V=T /En dsat.

Then, combining these results with Lemma 2.2, we immediately get (3.5). The proof
is completed. O
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The next estimate answers the case of m =0 in (2.5).

Theorem 3.2. Let f € Cp (R2) . Then, we have

POL(f2,y) — f(z, s—//wr [V ) e VIR e asar. (3.7)
0

Proof. Taking m = 0 in (2.1) we observe that

27752 / / {Za“” x+sj,y+tj>—f<x,y>>}

—0o0 —O0

PO (f;z,y) — fla,y)

x e~ (V) /&n g gt

_ D) (F @ siy 1) = floy)
27r€ //{ (J) }

— 00 —O0

x e~ (VsH )/ En ggdt

27752 // (;)f($+3j7y+tj)

+ —Z(—l)r_j(T) flx,y) p e V) e ggar.
: J
j=1

Now using (2.4) we have

PEfie) ~ o) = 5 / /{ () s

oo —oo le

+(-1)" (g) fx,y) }e‘(V S/ gt

- ] T[S Qrerann

70000

xe~ (V') /&n ggdy,

and hence, by (3.2),

POL(fiz,y) — f(z,y) =5 52 / /A e~ V) 6 st

—0o0 —0O0

11
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Therefore, we obtain from (3.1) that

/ / ’A;t (f(z, y))’ e~ VS & st

0 .
Pi,v]l(fv%y) — f(z,y)| < ome?
1 o0 o0 ; ]

< o2 / / Wy (f; V82 +t2) e~ V) En gt
@ n

= i//w (f \/82+t2) e—(\/32+t2)/§nd8dt
71'5% I b

00
which completes the proof. Il

4. Statistical approximation by the operators (2.5)

We first get the following statistical approximation theorem for the operators

(2.5) in case of m € N.

Theorem 4.1. Let A = [a;,] be a non-negative reqular summability matriz, and let

(&€n)nen be a bounded sequence of positive real numbers for which
stqg —limé&, =0 (4.1)

holds. Then, for each fized m € N and for all f € C(™) (RQ) satisfying (3.3), we have

sta — lim ’ pm(f) - fH ~0. (4.2)

Proof. Let m € N be fixed. Then, we obtain from the hypothesis and (3.5) that

|

[m/2]
P~ | = > @i nKele
i=1

1=

[Sole o]
: m m my _—(v/s
+@/ /HG[ J(s,t)H(|s| ™) VI En gy,

z,y

— 00 —O0

where

2i , ;
1 21 821.](('7 )
K= T Z (22’ — E) H@Qi%azy

2 —(+1 (+1
()

12
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fori=1,..., [%] . By (3.4) we get that

1
27. m
[m] - )™ 1
et o] < m—1) (Z (m e) Ham Tty D/ dw
=0 s
B r M m amf(.7 )
B E; (m Z) Hamfxafy ‘ ’
thus we obtain
[m/ ]
ri-1] < e
or+1 m amf )
+7rm!§721 (; (m ﬂ) H@m Exdly ’
X / (s™ 4 t™)e” VD En gt
00
Then, we have
[m/2] ‘
[Py -] < 3 @i+ Ese
i=1

[e.olNe o)
+Lm// (s™ 4 t™)e~ (VI En gy
0 0

[m/2]
= 3 @i+ K

i=1
/2 0o

+Lm, / /(cosm 0 + sin™ 0)p™Le™P S dpdo,

where

2 (& m [ )
Lm = mmlg2 <£X_; (m — €> H om—txdty

After some simple calculations, we see that

[m/2]

W) =] D0 @+ DRBELED + L2 m o+ 1)U,
i=1

13
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where
/2
11
Un = /(cosm 0 +sin™ 0)d0 = B (m;—7 2) ,
0
which yields
m/2
[P — 1 < s d e 3 et (43)
i=1

where

Sp = (m+ D)WpLm +  max {(Qi + 1)Ki5m«} :

i=1,2,...,[m/2]

Now for a given € > 0, define the following sets:

D : :{neN;’P}j;ﬁ(f)—fH 25}7
. £ m
D, : = eEN:g¥ > ,':1,...7[*}7
{" Ty [m/21)sm} ’ 2
D o= N:gm+2> ¢ L
14+[m/2] {n € gn = (1 + [m/?]) Sm
Then, the inequality (4.3) gives that
14+[m/2]
i=1
and hence, for every j € N,
1+[m/2]
Z ajn < Z Z Ajn -
neD i=1 nebD;

Now taking limit as j — oo in the both sides of the above inequality and using the
hypothesis (4.1), we obtain that

lim > ajn =0,

neD
which implies (4.2). So, the proof is completed. O
Finally, we investigate the statistical approximation properties of the opera-
tors (2.5) when m = 0. We need the following result.

14
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Lemma 4.1. Let A = [a;j,] be a non-negative regular summability matriz, and let
(&n)nen be a bounded sequence of positive real numbers for which (4.1) holds. Then,

for every f € Cp (RQ) , we have

sta — liTILl'le (f;6,) =0. (4.4)

Proof. By the right-continuity of w, (f;-) at zero, we may write that, for a given
€ > 0, there exists a § > 0 such that w, (f;h) < ¢ whenever 0 < h < §. Hence,

wy (f; h) > € implies that h > §. Now replacing h by &,, for every € > 0, we see that

{n:w (i) 2 et S{n: & =0},

which guarantees that, for each j € N,

Z ajng Z Qjn-

niwr(fifn)2e n:fn>8

Also, by (4.1), we get
lim Z ajn =0,
T oniga>s
which implies
lijm Z ajn, = 0.
nwr(fi€n)>e

So, the proof is completed. O

Theorem 4.2. Let A = [a;,] be a non-negative regular summability matriz, and let
(&n)nen be a bounded sequence of positive real numbers for which (4.1) holds. Then,

forall f € Cp (R2) , we have

PEL(f) - fH =0. (4.5)

sta — lim‘
n

Proof. By (3.7), we can write

PEL(f) - fH < % /oo/wwr (f; Vs + t2) e~ (VSTFD [én g it

0 0
15
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Now using the fact that wr(f Au) < (T4+N)"w,- (f5u), A,u >0, we get

N
‘P[O] —fH < 5 <f7£n G >6_(V32+t2)/5"dsdt
& n
< 2wy ffn // 1+ X2 Y 52+t2 _(m)/f”dsdt
< 7T52
0 0
2, (1) [ ] '
_ Wy n 14 —p/n
= 14+ = P
7r§2 //( —|—§n) pe dpdf
0 0
= (&) [ () e
0
< w(fig) [0 e
0
r+1
= (Z(T“) )wr(f@»,
k
k=0
and hence
‘ T]L f” <K7"WT f gn)a (4'6)
where
r+1
r+1
K, ;Z( i )k!.
k=0

Then, from (4.6), for a given £ > 0, we observe that

{nEN ‘

n-t]zehe{nemun ez}
which implies that

Z Ajn S Z Qjn (47)
ns| PEL(H) — £ 22 niwr (fidn)ze/Kr

holds for every j € N. Now, taking limit as j — oo in the both sides of inequality
(4.7) and also using (4.4), we obtain that

li]m Z ajn = 0,
ni| PEL (P~ £ 22

16
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which means (4.5). Hence, the proof is completed. O

5. Concluding remarks

In this section, we give some special cases of our results obtained in the
previous sections.
Taking A = (4, the Cesdro matrix of order one, and also combining Theorems

4.1 and 4.2, we immediately get the following result.

Corollary 5.1. Let (&,)nen be a bounded sequence of positive real numbers for which
st —1limé&, =0

holds. Then, for each fized m € Ny and for all f € C(™) (R?) satisfying (3.3), we

have

Pl - 1| =o.

Furthermore, choosing A = I, the identity matrix, in Theorems 4.1 and 4.2,

st—lim‘
n

we have the next approximation theorems with the usual convergence.

Corollary 5.2. Let (&,)nen be a bounded sequence of positive real numbers for which
lim¢, =0
holds. Then, for each fired m € Ny and for all f € C™) (RQ) satisfying (3.3), the

sequence {Pyﬂ(f)} is uniformly convergent to f on R?.

Now we define a special sequence (&, )nen as follows:

1, ifn=k2 k=12,..
&n = (5.1)

L1 otherwise.
n

Then, observe that st — lim,, £, = 0. In this case, taking A = C7, we obtain from

Corollary 5.1 (or, Theorems 4.1 and 4.2) that

P~ 1] =0

st — lim ‘

holds for each m € Ny and for all f € C(™) (RQ) satisfying (3.3). However, since the

sequence (&,)nen given by (5.1) is non-convergent, the classical approximation to a
function f by the operators PT[TZ} (f) is impossible.

17
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Notice that Theorems 4.1, 4.2 and Corollary 5.1 are also valid when lim&,, = 0
because every convergent sequence is A-statistically convergent, and so statistically
convergent. But, as in the above example, our theorems still work although (&, )nen is
non-convergent. Therefore, this non-trivial example clearly demonstrates the power
of our statistical approximation method in Theorems 4.1 and 4.2 with respect to

Corollary 5.2.

In the end, we should remark that, so far, almost all statistical approximation
results have dealt with positive linear operators. Of course, in this case, one has the

following natural problem:

e Can we use the concept of A-statistical convergence in the approximation

by non-positive approximation operators?

The same question was also asked as an open problem by Duman et. al. in [13]. With
this paper we find affirmative answers to this problem by using the double smooth
Picard singular integral operators given by (2.5). However, some similar arguments
may be valid for other non-positive operators. Thus, in the future studies, it would

be very interesting to improve such structures.
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SOME APPLICATIONS OF SALAGEAN INTEGRAL OPERATOR

M. K. AOUF

Abstract. In this paper we introduce and study some new subclasses
of starlike, convex, close-to-convex and quasi-convex functions defined by
Salagean integral operator. Inclusion relations are established and integral

operator L.(f)(c € N ={1,2,...}) is also discussed for these subclasses.

1. Introduction

Let A denote the class of functions of the form:
f(2) :z—f—Zakzk (1.1)
k=2

which are analytic in the unit disc U = {z : |z] < 1}. Also let S denote the subclass
of A consisting of univalent functions in U. A function f(z) € S is called starlike of
order v,0 <~ < 1, if and only if
2f (2)
Re >~ (z€U). 1.2
{ e } (ze V) (12)
We denote by S*(y) the class of all functions in S which are starlike of order v in U.

A function f(z) € S is called convex of order 7,0 < v < 1, in U if and only if

2f"(2)
Re {1+ 70 }>’y(z€U). (1.3)

We denote by C(v) the class of all functions in S which are convex of order v in U.

It follows from (1.2) and (1.3) that:
f(z)eC(y) ifandonlyif  zf (z) € S*(y) . (1.4)

Received by the editors: 18.11.2008.
2000 Mathematics Subject Classification. 30C45.
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The classes S*(y) and C(v) was introduced by Robertson [12].
Let f(z) € A, and g(z) € S*(v). Then f(z) € K(3,~) if and only if

f(2)
Re{ o) }>ﬂ(zEU), (1.5)

where 0 < 8 < 1 and 0 < < 1. Such functions are called close-to-convex functions
of order 8 and type 7. The class K(,~) was introduced by Libera [4].

A function f(z) € A is called quasi-convex of order B and type ~ if there
exists a function g(z) € C(y) such that

(=f (2)) .
Re{ 72 }>ﬁ( el), (1.6)

where 0 < f < 1and 0 <+ < 1. We denote this class by K*(8,v). The class K*(83,~)
was introduced by Noor [10].
It follows from (1.5) and (1.6) that:

f(z) e K*(8,7) if and only if 2f (2) € K(B,7) . (1.7)

For a function f(z) € A, we define the integral operator I" f(z),n € Ny =
N U {0}, where N = {1,2,...}, by

I°f(2) = f(2) (1.8)
') =15 = [ 1o ar (19)
0

and

I"f(z) = (" f(2)) (1.10)
It is easy to see that:
I"f(z)=z+ZZ—’;zk (n € No), (1.11)
k=2

and

A () = () (1.12)

The integral operator I" f(z) (f € A) was introduced by Salagean [13] and studied
by Aouf et al. [1]. We call the operator I™ by Salagean integral operator.
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Using the operator I™, we now introduce the following classes:

Sp(v)={feA:I"feS(v)},

Co(y)={feA: I"feCy)},

and
K,(B,7)={feA:I"f € K*(B,7)} .

In this paper, we shall establish inclusion relation for these classes and integral
operator L.(f)(c € N) is also discussed for these classes. In [11], Noor introduced and
studied some classes defined by Ruscheweyh derivatives and in [6] Liu studied some

classes defined by the one-parameter family of integral operator I f(z)(c > 0, f € A).

2. Inclusion relations

We shall need the following lemma.
Lemma 2.1. [8], [9] Let ¢(u,v) be a complex function, ¢ : D — C,D C C x C, and
let w = uy + iug,v = v1 + ive. Suppose that (u,v) satisfies the following conditions:
(i) ¢(u,v) is continuous in D;
(ii) (1,0) € D and Re{¢(1,0)} > 0;
(iii) Re {¢(iuz, v1)} < 0 for all (iug,v1) € D and such that vy < —1(1+u3).
Let h(z) = 1+ ¢12 4 222 + ... be analytic in U, such that (h(z),zh'(z)) € D for all
zeU. If Re{p(h(z),zh (2))} > 0(z € U), then Re {h(z)} > 0 for z € U.
Theorem 2.1. S} (y) C S} 1(7)(0< v < 1,n e Ny).
Proof. Let f(z) € S} (vy) and set

21 (2)
= 1— 1
where h(z) = 1+ hyz + hez? + .... Using the identity (1.12), we have

L(Z) =5+ (1 —=7)h(z). (2.2)
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Differentiating (2.2) with respect to z logarithmically, we obtain

AE) _AIE) | (=) ()
" f(2) If(z) v+ (L= )h(z)
(1—9)2h (2)

= =)+

or
21" f(2) (1 =)zl (2)
mf(2) v+ @ =h(z)
Taking h(z) = u = uy + iup and zh'(z) = v = vy + iva, we define the function ¢(u,v)

by:

-7y =0=h(z)+ (2.3)

(1=

Tra-u (2.4)

plu,v) = (1 =7)u+
Then it follows from (2.4) that
(i) ¢(u,v) is continuous in D = (C — { . }) x C;

(ii) (1,0) € D and Re{p(1,0)} =1—~ ;0;

(iii) for all (iug,v1) € D such that v; < —2(1 +u3),

. 1—7)n
Re{p(iuz,v1)} = Re {M}
(1 = u
72+ (1= 7)%u3
(1 =) (1 +ud)

- <0,
2[y? + (1 = 7)?u3]

for 0 <« < 1. Therefore, the function ¢(u,v) satisfies the conditions in Lemma. It
follows from the fact that if Re {¢(h(z), zh (2))} > 0,2 € U, then Re {h(z)} > 0 for
z € U, that is, if f(z) € S;(v) then f(z) € Sy (7). This completes the proof of
Theorem 2.1. 0
We next prove:

Theorem 2.2. C, () C Cri1(7)(0 <y < 1,n € Ny).

Proof. f e C,(y) & I"feCH) e 2(I"f) € §*(y) & I"(2f ) € S*(7) & 2f €
Si(0) = 2 € Sin(n) & IMH=) € 57(7) & 2" ) € §7(7) & I €
Cv) & felunly)

This completes the proof of Theorem 2.2. O
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Theorem 2.3. K,(8,7) C K,11(8,7)(0<y<1,0< < 1,n€ Np).

Proof. Let f(z) € K,,(8,7). Then there exists a function k(z) € S*(y) such that

Re {z(f“f(z»’

Taking the function g(z) which satisfies I"g(z) = k(z), we have g(z) € S (v) and

}>6(zeU).

Re {Z(;v:gf((j))) } >p (z€U) . (2.5)
Now put

(I (2 4

W = B=(1=P)h(z), (2.6)

where h(z) =1+ c12 + c22% + ... Using (1.12) we have

2IMf(z) M= (2) 2T ()

Ing(2) Ing(z) 2(I"thg(z))
2= f (2)
- m. (2.7)
I"t1g(z)
Since g(z) € S;(v) and S3(v) C S5741(7), we let W =7+ 1 =7H(2),

where Re H(z) > 0(z € U). Thus (2.7) can be written as
2" (=S (2)

2Umf(z)) _ Itig(z
Ing(2) Y+ (1 =)H(2)

Consider
AT (2)) = I Pg(2)[B+ (1= B)h(2)] - (2.9)
Differentiating both sides of (2.9), we have

W = (1=B)zh'(2) + [B+ (L= BA(2)] - [y + (L= H(2)].  (2.10)
Using (2.10) and (2.8), we have

2(I"f(z2)
Img(z)

(1-p)zh'(2)
v+ A —yH(z)

—B=(1=ph(z)+ (2.11)
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Taking u = h(z) = uy + iug,v = zh'(2) = vy + vy in (2.11), we form the function

U(u,v) as follows:

(=g
U(u,v) = (1-0) -&—7

ST EG) TEIOR (2.12)

It is clear that the function ¥ (u,v) defined in D = C' x C by (2.12) satisfies conditions

(i) and (ii) of Lemma easily. To verify condition (iii), we proceed as follows:

(1= B)vily + (1 = y)hi(z,y)]
[v+ (1 =y)hi(z,9)]? + [(1 = y)ha(z, y)]?

where H(z) = hy(z,y) + iha(z,y), hi(x,y) and hs(z,y) being the functions of z and

Re U (iug,v1) =

y and Re H(z) = hyi(z,y) > 0. By putting v; < —3(1 + u3), we obtain

(1=8)A+u3)ly+ (A —=hi(z,y)]
2{[y + (L =hi(z,y)|* + [(1 = Vha(z,9)]*}

Hence Reh(z) > 0(z € U) and f(z) € K,41(8,7). The proof of Theorem 2.3 is

Re \I/(iUQ,Ul) < — <0.

complete. n
Using the same method as in Theorem 2.3 with the fact that f(z) €
Kx(B,v) & 2f (z) € K,,(B,7), we can deduce from Theorem 2.3 the following:

Theorem 2.4. K;(ﬂv'y) - K:L+1(/857)(0 S ﬂ7’Y < 1,’/7, € NO)

3. Integral operator

For ¢ > —1 and f(z) € A, we recall here the generalized Bernardi-Libera-
Livingston integral operator as:

z

Lo(f) = <1 /tC*lf(t)dt . (3.1)

2C
0

The operator L.(f) when ¢ € N was studied by Bernardi [2]. For ¢ = 1, L1(f) was
investigated ealier by Libera [5] and Livingston [7].

The following theorems deal with the generalized Bernardi-Libera-Livingston
integral operator L.(f) defined by (3.1).
Theorem 3.1. Let ¢ > —v. If f(z) € Si(7), then L.(f) € Sk (7).

26



SOME APPLICATIONS OF SALAGEAN INTEGRAL OPERATOR

Proof. From (3.1), we have

SIPLf)) = e+ DI f(2) — eI"Lo(f) - (3.2)
Set )
Z(I"Le(f)) 1+ (1 =27)w(z)
I"Le(f) l-w(z) 7
where w(z) is analytic or meromorphic in U, w(0) = 0. Using (3.2) and (3.3) we get
I"f(z)  c¢+14+(1—c—2y)w(z)

(3.3)

FLG) - R D0 -w() 4
Differentiating (3.4) with respect to z logarithmically, we obtain
APSE) 10l | ') | (—emdew'l)
Inf(z) 1—w(z) 1—w(z) 14c+(1—c—27)w(z)
Now we claim that |w(z)| < 1(z € U). Otherwise, there exists a point zg € U such
that |1|n<a‘x lw(z)] = |w(z0)| = 1. Then by Jack’s lemma [3], we have zow (z) =

kw(zo)(k > 1).

Putting z = 2z and w(zg) = €' in (3.5), we have

Re{lJr(lzww(ZO)}—Re {(1—7)1+w(20)+7}—%

1 —w(zp) 1 —w(zo)

W G0) g 2(1 - 7)ke?
Re{ 17§ (z0) ”}‘R {(1ei9)[1+6+(1027)e"9}}

(e —1)[L+c+(1—c—2y)e ] }

and

1 —cos®) [(1—1—6)2 21+ ¢)(1 —c—29)cosf + (1 — ¢ — 2v)?]

B —2k(1 = 7)(c+7)
(14+¢)242(14+c¢)(1 —c—2y)cosf+ (1 —c—2v)?

which contradicts the hypothesis that f(z) € S;i(v). Hence |w(z)| < 1 for z € U, and

it follows from (3.3) that L.(f) € S} (y). The proof of Theorem 3.1 is complete. O

= 2k(1 —v)Re {2(

Soa

Theorem 3.2. Let ¢ > —v. If f(z) € Cn(7), then L.(f) € Cn(7).

Proof. f € Cu(7) & 2f € Si(y) = Le(2f') € Si(y) & 2(Lef) € Si(y) &
Lo(f) € Ca(). O
Theorem 3.3. Let ¢ > —v. If f(2) € K,.(B,7), then L.(f) € K.(B,7).
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Proof. Let f(z) € K,(08,7). Then, by definition, there exists a function g(z) €

S¥() such that

21" f(2))
Re{ Trg(2) }>6(ZEU).

Put
2I"L(f))
W*ﬁ* (L =P)h(z),
where h(z) =1+ ¢12 + c222 + ... From (3.2), we have

IMf(2) I”(Zf( )

Ing(z) "g(2)
(I”L (2f)) +el"Le(2f)
z(I"Lc(g)) + cl™Le(g)

Z(I”Lc(zf )) n cI™L c(zf )
)

_ I"L.(g) I"L.(g
A Lle))
'Ly
Since g(z) € S} (), then from Theorem 3.1, we have L.(g) € S;(7). Let
AR 1),
where Re H(z) > 0(z € U). Using (3.7), we have
A LE ) L
) Ty O
Trg(2) Vet (L= () |

Also, (3.6) can be written as

2(I"Le(f)) = I"Le(9)[B + (1 — B)h(2)] -

Differentiating both sides of (3.9), we have

L)'} = 2T Lel9)) 18+ (1= ARG + (1= B)2h ()" Lelg) |

or

z{Z(I"Lc(f)),}/ 2(I"Le(2f))

I"Le(g) - I'Le(g)
= (1—B)2h (2) + [B+ (1 — B)h(2)] [y + (1 — ) H(2)] .

28

(3.9)



SOME APPLICATIONS OF SALAGEAN INTEGRAL OPERATOR
From (3.8), we have

2" f(2) (1-PB)zh'(2)

Tigle) = A T ) (3.10)
We form the function W (u,v) by taking u = h(z) and v = zh'(2) in (3.10) as:
W, v) = (1 — Bu+ — L =B (3.11)

YHet+(I-7H(z)
It is clear that the function ¥(u,v) defined by (3.11) satisfies the conditions (i), (ii)
and (iii) of Lemma 2.1. Thus we have I,,(f(2)) € K,(8,7). The proof of Theorem
3.3 is complete. O

Similarly, we can prove:
Theorem 3.4. Let ¢ > —. If f(z) € K} (B,7), then I,(f(2)) € KX (8,7).

Acknowledgements. The author is thankful to the referee for his comments and

suggestions.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 1, March 2010

A SPECIAL DIFFERENTIAL SUPERORDINATION
IN THE COMPLEX PLANE

CAMELIA MADALINA BALAETI

Abstract. In this paper some differential superordinations, by applying

the integral operator, are introduced.

1. Introduction and preliminaries
Denote by U the unit disc of the complex plane:
U={zeC|z|< 1},

for 0 <r <1, we let

U-={z€C:|z| <r},

and
U=U\{0}.
Let H(U) be the space of holomorphic functions in U.
For a € C and n € N* we let:
Hla,n] ={f e H(U), f(z) =a+apnz"+..., z€ U}
and
A, = {fe’H(U), fR)=z4an12" +..., z€ U}

Let f and F' be members of H(U). The function f is said to be subordinate

to F, or F is said to be superordinate to f, if there exists a function w analytic in

Received by the editors: 30.10.2008.
2000 Mathematics Subject Classification. 30C45.

Key words and phrases. differential subordination, differential superordination, integral operator.
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U, with w(0) =0 and |w (2)| < 1, and such that f (z) = F (w(z)); in such a case we
write f (z) < F (z). If F is univalent, then f(z) < F (z) if and only if f (0) = F (0)
and f(U) Cc F(U).

Let € be any set in the complex plane C, let p be analytic in the unit disk U
and let ¥(v,s,t;2) : C3 x U — C.

In a series of articles the S.S. Miller and P.T. Mocanu, D.J. Hallenbeck and
S. Ruscheweyh have determined properties of functions p that satisfy the differential

subordination
{(p(2), 20’ (2),2%p"(2); 2)] z € U} C Q.

In this article we consider the dual problem of determining properties of

functions p that satisfy the differential superordination

Q C {v(p(2), 20’ (2),2°p"(2); 2)| 2 € U}.

The following definitions, comments and lemmas have been presented in [5].

Definition 1.1. Let ¢ : C2 x U — C and let h be analytic in U. If p and
o(p(2), 2p'(2); 2) are univalent in U and satisfy the (first-order) differential super-

ordination
h(z) < ¢(p(2), 20’ (2); 2) (1.1)

then p is called a solution of the differential superordination. An analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply a subordinant if ¢ < p for all p satisfying (1.1). A univalent subordinant q that
satisfies q¢ < q for all subordinants q of (1.1) is said to be the best subordinant.

Note that the best subordinant is unique up to a rotation of U.
For Q a set in C, with ¢ and p as given in Definition 1.1, suppose (1.1) is
replaced by

Q C{o(p(2),2p'(2);2)| z € U}. (1.2)
32



A SPECIAL DIFFERENTIAL SUPERORDINATION IN THE COMPLEX PLANE

Although this more general situation is a “differential containment”, the con-
dition in (1.2) will also be referred to as a differential superordination, and the defi-
nitions of solution, subordinant and best dominant as given above can be extend to
this generalization.

Before obtaining some of the main results we need to introduce a class of

univalent functions defined on the unit disc that have some nice boundary properties.

Definition 1.2. We denote by Q the set of functions f that are analytic and injective
on U\ E(f), where

E(f)-{(eaU: lirréf(z)—oo}
and are such that f'(¢) # 0 for ( € OU \ E(f).
The subclass of @ for which f(0) = a is denoted by Q(a).

Definition 1.3. Let Q be a set in C and ¢ € H[a,n] with ¢'(z) # 0. The class of
admissible functions ®,[S2, q|, consist of those functions ¢ : C2 x U — C that satisfy

the admissibility condition

;c) €Q (1.3)

where z € U, ( € OU and m >n > 1.
In order to prove the new results we shall use the following lemmas:

Lemma 1.4. [5] Let h be convezx in U, with h(0) = a, v # 0 and Rey > 0. If

pEHla,n]NQ and p(z)+ zp'v(z) is univalent in U with
n) <p()+ 28
Y
then
q(z) <p(2)
where

q(z) = —1 /O W)+ Ldt

nzmn

The function q is convex and is the best subordinant.
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Lemma 1.5. [5] Let g be convex in U and let h be defined by

h(z) = q(z) + , z€U,
Y
. zp’ (2

withy#0, Rey>0. Ifpe Hla,n|NQ, p(z) + is univalent in U, and

/ /

a2+ LD g+ T ey

0 0

then
q(z) < p(2),

where

nzw
The function q is the best subordinant.

Definition 1.6. [6] For f € A, and m > 0, m € N, the operator I"™ f is defined by
I°f(2) = f(2)
I'f(2)=1f(z / f)ttat

I"f(z) =T [I""'f(z)],z €U.

Remark 1.7. If we denote I (2) = —log (1 — z), then

I"f(z) =[x lx -+ 1) «f](2), f € H(U), f(0) =0

n—times
By 7«7 we denote the Hadamard product or convolution (i.e. if f(z) =
Z;io a;jz?, g(z) = Zio bjz? then (fxg)(2) = Z?io ajbjz?).
Remark 1.8. [ f(z) = [ [ ... [3* AU gt dty ... dt,,

0 tits...ty,
Remark 1.9. D™I™f (2) =I"D™f (2) = f(2), f € H({U), f(0) =0, where D™ f
is the Salagean differential operator.
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2. Main results

Theorem 2.1. Let h € H (U) be a convex function in U, with h (0) =1 and f € A,,

n € N*.
Assume that [I™f (2)]" is univalent with [I™+!f (z)]/ e H[l,n]NQ.
If
h(z) < [I"f(2)],2€U (2.1)
then
q(z) < I" () 2 €U (2.2)
where

1 z
a(z) = —7/ h (1)t Ldt.
nz= Jo
The function q is convexr and is the best subordinant.
Proof. Let f € A,. By using the properties of the integral operator we have

I"f(2) =2 [I"f(2)], ze U (2.3)

Differentiating (2.3), we obtain
I f(2)] = [I™T f(2)]) + 2[I™T f(2)])", ze€U. (2.4)

If we denote p(z) = [I™T1f(2)]’, z € U, then (2.4) becomes

I f(2)] =p(z) +2p' (), z€U.
By using Lemma 1.4 for v = 1 we deduce that

q(z) < p(z) = [[" T f(2)]

where

1 # 1
a(z) = - / h(t)EEdt.
0

nzw
Moreover the function ¢ is the best subordinant. O
As a corollary of Theorem 2.1, we have the next corollary.
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Corollary 2.2. Let h € H(U) be a convex function in U, with h(0) =1 and f € A.
Assume that [I™ f(2)] is univalent with [I™T1f(2)] € H[1,1] N Q.

h(z) < [I"f(2)), 2€U (2.5)
then
q(2) < [I" T f(2)), 2 €U (2.6)
where
1 z
q(z) = ;/0 h(t)dt

The function q is convex and is the best subordinant.

Theorem 2.3. Let h € H(U) a convex function in U, with h(0) =1 and f € A,.
Assume that [I™ f(z)]" is univalent with % € H[l,n]NQ.

If
h(z) < [(I™f(2)], z €U (2.7)
then
q(z) < Im];(z), zeU (2.8)
where

1 # 1,
nzn= Jo
The function q is convex and is the best subordinant.

Proof. If we denote
_I"f(2)

z

p(2) (2.9)

then
I f(z) = zp(2). (2.10)
Differentiating (2.10) we obtain
[T f(2)]" = p(2) + 2p'(2).
By using Lemma 1.4 we have

q(z) < p(2)
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where
1 4
a(z) = - / h(t) th—1dt,
nz» Jo
Also, the function ¢ is the best subordinant. O

For n = 1 we have the following corollary.

Corollary 2.4. Let h € H(U) a convex function in U, with h(0) =1 and f € A.
Assume that [I™ f(z)]" is univalent with % € H[1,1]1NQ.

if
h(z) < [I"f(2)], z €U (2.11)
then
q(z) =< Imi(z), el (2.12)
where .
o) =1 [ o

The function q is convexr and is the best subordinant.

Theorem 2.5. Let q be a convex function in U and h defined by
h(z) = q(z) + 2¢'(2), z € U.
If f € Ay, [I™TY s undvalent in U, [I™ 1 f(2)] € H[1,n]NQ and
h(z) < (I f(2)) (2.13)

then
q(z) < [T f(2)) (2.14)

where

1
nzn

1 z
a(z) = / h(t)tE—1dt,
0
The function q is the best subordinant.

Proof. Let f € A,. By using the properties of integral operator we have
[ f(2)) = ")) + 2L f(2)]", 2 € UL (2.15)

If we denote
p(z) = I (=)
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in (2.15) we obtain
(I f(2)]" = p(2) + 2p'(2), 2 € U. (2.16)

By using Lemma 1.5 we obtain:

q(z) < (1" ()]

where
1 (7.
q(z) = — h(t)t= " dt.
nzn Jo
Moreover this is the best subordinant. O

For n = 1, we have the following corollary.

Corollary 2.6. Let g convex in U and h defined by
h(z) =q(z) + 2¢'(2), z € U.
If f € A, [T f(2)) is univalent in U, [I™T1f(2)] € H[1,1]NQ and
h(z) = q(z) + 2¢'(2) < [I" f(2)) (2.17)
then
q(z) < I f(2)] (2.18)
where

a(z) = = /O " h(t)dt.

z

Theorem 2.7. Let q a convex function in U and h defined by
h(z) = q(2) + 24 (2).

If f €A, [I™f(2)]) is univalent in U, %(z) e H[1,n]NQ and

h(z) < [I™f(2)] (2.19)
then
q(z) < ImJ;(Z) (2.20)
where
a(2) = n; /0 T ht .

The function q is convex and is the best subordinant.
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Proof. If
_IMf(2)

z

p(2)
then
[T f(2)) = p(2) + 2p'(2)
From relation (2.19), we have
q(2) + 2¢'(2) < p(2) + 20/ ().

By using Lemma 1.5 we obtain

I f(z
z
where
1 z 1
q(2) = — / h(t)t='dt
nzn Jo

and it is the best subordinant.

As a corollary of this theorem, we have:

Corollary 2.8. Let q a convex function in U and h defined by
h(z) = q(2) + 2¢ ().
If f € A, with [I™ f(2)] univalent in U, "L € 1[1,1]n Q and
h(z) = [I"f(2)]
then

1" f(2)

z

q(2) <
where
1 z
g(z) =+ / h(t)dt.
% Jo
The function q is the best subordinant.

Remark 2.9. For the special case of the function

1+ (2a—1)z2

h(z) 142

this results were obtained in [1].

(2.21)

(2.22)
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ON THE §(¢)-STABLE OF COMPOSED RANDOM VARIABLES

NGUYEN HUU BAO

Abstract. Let £ be a random variable (r.v.) with the characteristic func-
tion ¢(t) and v be ar.v. with the generating function a(z), v is independent
of . It is known (see [1]) that the composed r.v. n of £ and v (denote by
n =< v,§ >) is the r.v. having the characteristic function ¥ (t) = a[p(t)].
The r.v. v is called to be the first component of  and £ is called to be
the second component of 7. In this paper, we shall investigate the changes
of the distribution function of the composed r.v. 7 if we have the small
changes of the distribution function of the first component v or the second

component & of 7.

1. Introduction

Let £ be a random variable (r.v.) with the characteristic function ¢(¢) and the
distribution function F(z). Let v be a r.v. independent of £ and has the generating
function a(z) with the distribution function A(z). It is known (see [1]) that the

composed r.v. of v and £ is denote by
n=<uv,€§> (1.1)
and has the characteristic function
P(t) = alp(t)]- (1.2)

The r.v. v is called to be the first component and the r.v. £ is called to be the second

component of the r.v. .

Received by the editors: 30.10.2008.
2000 Mathematics Subject Classification. 62E10.

Key words and phrases. Characterization, stability of characterization.
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Example 1.1. Let us consider the integer valued nonegative r.v.:

= & (1.3)
k=1

where &1, &o, ... are i.i.d random variables have the same the distribution function with
r.v. & v is a positive value r.v., independent of all & (k =1,2,...),7n is composed r.v.
of v and £ and n =< v, £ >.

In many practical problems, we always meet this composed random variable
(special in queuing theory - see [7]) where v is assumed having Poisson law and £ has
the Exponential law. But, in practice, we also know best that v has only a distribution
function which arrives at Poisson law or £ has a distribution function which arrives
at Exponential law. Our question is the following: If we have the small changes of
the distribution function of v or £, whether the distribution function of n =< v, >
shall has the small changes or not?

The composed r.v. n is called to be stable if the small changes in the dis-
tribution function of v or £ lead to the small changes in the distribution function of
7.

More detail we have the following definitions:

Definition 1.1. Suppose that ¥U(x) and 1 (t) are the distribution function and charac-
teristic function of 7 , A.(x) and a.(z) are the distribution function and the generating
function of v, such that
p(A; A.) = sup|A(z) — Ac(z)| < ¢
z€R
(for some sufficiently small positive number ¢).

Put Wl(z) be the distribution of the composed r.v. < v.;¢ >. The composed
r.v. n is called to be d;(g)-stable on the first component with metric p(.,.) if and only
if

p(U; L) < 5y(e) (61(e) = 0 when & —0).

Definition 1.2. Suppose that F.(z) and ¢.(t) are the distribution function and
the characteristic function of & such that p(F.; F) < e (for some sufficiently small
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positive number ¢) and W2(z) is distribution function with the characteristic function
12(t) of the composed 1.v. < v;&. >.

The composed r.v. 7 is called to be d2(e)-stable on the second component
with metric p(.,.) if and only if p(¥; ¥2) < da(e) (02(e) = 0 when & —0).
Remark 1.1. In some following stability theorems, metric p(.,.) may be changed by
metric Ag(.,.) (See [6])

Mo(W; W) = suply(t) — ¢2(t)].
teR

2. Stability Theorems

Theorem 2.1. If the first component of the composed r.v. n has the generating

function a(z) which satisfies the following condition:
la(z1) — a(z2)| < K|z2 — 2], (2.1)

for all complex numbers z1, z2,|21] < 1,]22] < 1 and K is a constant, then n shall be
Ke-stable on the second component with metric Ao(.,.).

Proof. According to the hypothesis A\o(F, F;) < e,

lo(t) — () <&, ¥t
so that
[(t) = V2(t)] = lalp(t)] - alp-(t)]] < Klp(t) — ¢=(t)] < Ke

for all £. That means

Ao (U; 92) < Ke. (2.2)
Example 2.1. If v is the r.v. having the Poisson law with parameter A > 0 and ¢ (¢)
is the characteristic function of the r.v. £ having exponential law with parameter 6 > 0
then the composed r.v. n =< v;£ > shall be e**e-stable on the second component

with metric \g(.,.) (where e*?

¢ is a constant).

Example 2.2. If v is r.v. having the binomial distribution function with the param-
eters p,n and & has the exponential distribution function with parameter 6 > 0 then
n =< v;& > shall be np(1 + 2p)"~le-stable on the second component with metric
Xo(.,.) (where np(1 + 2p)"~1e is a constant).
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Example 2.3. If v is r.v. having the geometric distribution function with the
parameters p (p = 1 — ¢) and £ has the exponential distribution function then n =<
v; € > shall be 9 _stable on the second component with metric Ag(.,.) (where Ieisa
constant). g g

All above examples are immediate from Theorem 2.1 since the corresponding
generating functions clearly satisfy the condition (2.1). Indeed, for instance, to show

Example 2.3, let az(z) be the generating function of geometric law, i.e.:

az(z) = p[l —g¢2] .

For any complex numbers z1, 2o satisfying |z1]| < 1,|22| < 1; we have the following
estimation:

PP __ pia— )|
1—qz1 1—qz  |1—qzl|]l—qz

laz(z1) — az(22)| = |

Notice that

1—qz|>1—qlal|>21—q, for all |z]<1

1—qz|2[1—qlnll21-q, for all [»|<1

It follows that

pqlz1 — 2|
as(z1) —az(#2)| < .
ae1) = an()| < H—
Thus a3(z) satisfies the condition (2.1) with the constant K = %
—q

Theorem 2.2. (See [2]) Suppose n =< v,& >, v has the distribution function A(zx)
such that

+oo
p%:/ 2%dA(z) < 400, VYa:0<a<l1
0

and & has the stable law with the characteristic function:

t
Ew(ltléa))}, (2.3)

p(t) = exp{ipt — c[t|*(1 +if |
where ¢, p, o, B are real numbers, ¢ > 0,|6] < 1 and

l<ar<a<2 w(tha)=tg5 (2.4)
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For every e— sufficiently small positive number is given, such that

s

e < (3=)%e1 = (e +[Blltg =5~ + ) (2.5)

3¢y
n shall be K,e'/5-stable on the first component with metric ().

Theorem 2.3. Assume that v has any distribution function A(z) which has mo-
ment g = fooo zdA(z) < 400, & has the stable law with the characteristic function
satisfying condition (2.3), (2.4). Then, the composed r.v. n =< v, > shall be
Ko(e)Y/8-stable on the second component with metric p(.,.) for some € is sufficiently
small number satisfying condition (2.5).

Lemma 2.1. Let a be a complex number, a = pe??, such that

0 < -,0<p< 1. (2.6)

il

3

Then we always have following estimation
V14tla — 1

|at — ]_| < m for every t> 0, t € R. (27)

Proof. Since a = p(cosf + isind), it follows that
la® — 1) = (p'costh — 1)* + (p'sinth)>. (2.8)

We also have (p'cost — 1) = (p' — 1)costd + (costf — 1).

Notice that |1 — cosz| < |z] for all z € R, thus
|ptcostd — 1| < |pt — 1| + |td).
On the other hand, since |sinu| < |u| for all ue R, from (2.8) we shall have
la® — 12 < 2[p" — 112 + 2626 + p*'(t0)2. (2.9)
We can see |a — 1|2 = (pcos — 1)? + p?sin?6. It follows that
|psinf| < |a — 1]. (2.10)

Further more
lla| =1 <la—1=|p—1| < |a—1].
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Hence
lp=12—-la=1=p>1—]a—1] (2.11)
-1 -1
From (2.10) we obtain |sinf| < jo — 1| < . a| ik
“la—
0
For every 0, 0| < g, we always have inequality: |sind| > % So, from (2.)
2la -1
0] < M.
1—la—1]
From (2.9) and (2.11)
8t2|a — 1|2 p*tt2a — 1)?
P12t -1 4 . 2.12
R (e s A T A
For all t > 0, the following inequality holds
p
Notice |1 — p| = |1 — |a|| < |a — 1]. We have
tla—1
[Py (2.13)
14t2|a — 1
Hence by (2.12) and (2.13), we shall get: |a’ — 1]> < (1||al||)2'
“la—

Proof of theorem 2.3. At first, we shall estimate |p(t) — ¢ (t)| for all ¢, |t| < T(¢g)
where T'(¢) — oo when € — 0. At last, using Esseen’s inequality (see [4]) we shall
have the conclusion. Throughout the proof, we shall denote by ¢, cs, .., c14, C15 are

constants independent of €. At first, we have:

+oo
¥ (t) = P ()] = lale(t)] — alp(O)]] = | /0 [*(t) = PZ(D)]dA(2)]

+00 1
< / [0 (t) — 92 (]dA(2)]| + | / 07(t) — GE(O)dA() = Ty + o (2.14)

Consider Jy: Using the Lagrange-formula of the function [p(¢)]* (for |z]| > 1), we get

0% (1) — 2] = 2lB(O)F o (t) — @ (t)], (2.15)
where ¢(t) is a complex number satisfying the condition |@(¢)] < max{|p(t)|; |v(¢)|}.
Notice that:

()P~ < |@(t)] <1 for all z:2<z< +00
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and

Ot < et =1 for all z:1<2<2,
e, |p@)FTP<1 for all z:1<z< +oo. (2.16)

We shall have

+oo
o(t) — oet)] = | / ¢ d[F(z) — Ful(@)]].

For some N = N(e) (it also be chosen later), we also have the following estimation:

+N Foo
o(t) — pe(t)] = | / edP(@) < Fuo)| +2 /N d[F(z) + Fi(z)]

N ) “+o0 T
<IF(@) - E-@)]||Vy + | / F@) =~ @) +2 /N |2 AP () + Fu()]

N
<25+/ |t|de + 2. MET HE:
-N N(e)

(where pup = _4-;5 |z|dF () < 400 and pup. = fj;: |z|dFe(z) < 4+00). Now, for all ¢,

[t| < T'(e) (where T'(¢) — oo when € — 0, T'(¢) will be chosen later) we always have

UE + UE,

lo(t) — pe(t)| < 26 4+ 2N (e)T(e)e + 2. NG

(2.17)

Now, consider J;. Using the Lagrange-formula of the function [p(¢)]* for all z,0 <
z < 1 at o (t), we get

z
WVP@) —@e(t)]. (2.18)

For every e- satisfying condition (2.5) we shall choose T'(¢) such that

lp*(t) — pZ(t)] =

min{|o(t)]; [pe (1)} = cac/? = [@(t) — @e(t)] for all ¢, |t] < T(e),

(where ¢4 is a constant independent of ¢).
Because ¢(t) is the characteristic function of stable law satisfying condition

(2.3), so we have the following estimations:
a - Ul a o
o (t)] < [pllt] + 6] (e + el Blltg =) < Iullt] + caft] < T7(e).

Thus , lp(t)]| = e B > e~ ne®)] > g=e2T"(e),
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If we choose:

1
T(e) = [é ngl%]* (T(2) = 0o when & — 0). (2.19)
Then cT%(g) < lné% (for all a > 1) and |p(t)| > e=2T"() > /8, Now we shall
choose N(g) = e~/2 (N(g) — +o00) when & — 0. Thus
2¢T(e)N(e) < c;/o‘ In 61%.51/2 < e5e’/®, (2.20)
Put
co() = 2 + 2eT(e)N(e) + 2 (%)
We shall have the estimation
co(e) < 26 4 ¢3%/® + 2(up + pp, )et/? < cuet/?. (2.21)
That means, the condition:
cae'? 2 Jp(t) — p: (1)) (2.22)

shall be satisfied for every ¢, [¢t| < T'(¢).

Notice that, from |p(t) — @.(t)| < cac'/? we always have

)] = lp=DII < lp(t) = we(B)]  (Seel5]).

So
()] = lpe(®)] < o(t) = e (t)] < cac'/?
and

lpe(t)] > |p(t)] — cae/? > eM/8 — c4el/? > c5el/B.

That also means, the estimation min{|o(¢)[; |- (t)|} > csc'/? shall be satisfied.
On the other hand, for every complex number z3 which belong to the interval
joining z; and 22 we have only two cases:

1) |23 = min{|z1; |22[}

|21 — 22/

2) |zs| 2 \fmax{|zi %[22} — ——

Therefore
G(t) > min{|(t)]; o= (£)]} > c5e’/
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or
2/4

B(0)] > errs - A > el
i.e., |@(t)] > cee'/® in both above cases. Besides that, we always have,
|G(t)|'=* > |@(t)|  for all complex number 2,0 < |z| < 1. (2.23)
Taking into account (2.18), (2.20), (2.23) we shall get
Jy = |/ % (t (t)|dA(z) / 2] |“” ( [ =00l y40) < 5. (2.20)
Combine (2.14), (2.16), (2.17), (2.24) we can see that
J1 4 Jo < paco(e) + 738 < cge®/B. (2.25)
Thus, for all ¢, |t| < T'(¢) (which is chosen from (2.19)) we always have the estimation

[(t) = 9= (8)] < ese™®. (2.26)

Now we shall choose § = §() be a positive number (§(¢) — 0 when € — 0) such that

max{|arglp(D]]; | arglpc (O} < 5. VA, It] < 6e). (2:27)
We always have
() 5(e)
¢(t) - we (t) 1/J(t) — % (t> ?ﬁ(t) - we (t)
2 P dt <€ RAVAN SRR 2 T at.
/—T(e>| b s /—6<a>| ¢ e /6(e><|t<T(e>| b “
Consider [1)(t) — . (t)| on |t| < d(g), we have
+00 Foo
p) - vl < [ O -G + [ 0 - ldAG). (229)
0 0

In [t| < d(g), with §(e) is chosen from the condition (2.27), the condition (2.6) of
Lemma 2.1 shall be satisfied (with a = ¢(t)), we shall use Lemma 2.1 and we have

the following estimations

o VTl — 1
OIS Tem -1

and,
_ \/ﬁzhos(t)*”
e =S Tl — 1)

for all complex numbers z.

(2.29)
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Notice that, for all t:

' tx
e — 1] = |(cos tx — 1)? + sin? tx|—2sm§ < [t[].

In |t| < d(e) with §(¢) — 0 when € — 0, so we always have

1

) =11<35, lee) =11 <

1
2’

and therefore, from (2.7)

+00 +oo
[ et -t < [ O ) <

(-3

Similarly,
“+ o0
| ez = 114 < call
That means
5 (t) — et
/ o ledt < 611(5(6).
—d(e
Now, if we choose
_ 1 /4 1
i(e) = p In — s (6(e) = 0 when € — 0
2
with e satisfying (2.5) , then we have
o) ah(t) — et 1
/ |M|dt <ende) < ClleMﬁ < cpqel/B.
—d(e)
On the other hand, from (2.19) and (2.26)
t) — e (t T T
/ |Z/J( ) — ¥e( )|dt < 0853/8/ Jdt = cse¥/1n (5)’
()<IHI<T () t s t é(e)

and notice that

IHE<C 3/81nT (€)<c S/BL:C@’:‘

3/8
() = °° 3(e) @ an

cge 1/8.

With T'(¢) and d(e) chosen from conditions (2.19) and (2.32), we shall have:

— . T
/ |1/J(t) (2 (t)|dt < cse¥31n (e) < cgel/®,
5()<H<T(e) t (e)
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By using Esseen’s inequality (see [4]) and combine (2.33) with (2.36) we can conclude

that

p(;0,) < c14e'/® + cge'/® < ngl/g,

where K5 is a constant independent of €. This completes the proof of Theorem 2.3.

References

1]

[4]
[5]

[6]

Tran Kim Thanh and Nguyen Huu Bao, On the geometric composed variable and the es-
timate of the stable degree of the Renyi’s characteristic theorem, ACTA Math. Vietnam.
21 (1996), no. 2, 260-277.

Nguyen Huu Bao, On the stability of the distribution functions of the composed random
variables by their index-random variable, Journal of Sciences, National University Hanoi,
2007.

Feller, W., An introduction to probability theory and its application, New York - London
- Sydney.

Esseen, C. G., Fourier analysis of distribution function, Acta. Math, 77 (1945), 125.
Word Brown, J., Churchill, R. V., Complex variables and applications, McGraw-Hill,
Inc, 1996.

Zingeris, A., Klefanovas, L. and Januskencius, R., Lietuvos Matematikos Rinkings, 27
(1987), no. 3, 481-487.

Buchman, B. and Grubel, R., Decompounding: an estimation problem for Poisson ran-

dom sums, Technisch Universitat Munchen and Universitat Hanover.

THE COMPUTER SCIENCE AND ENGINEERING FACULTY,
WATER RESOURCES UNIVERSITY (WRU)
175 TAYSON-DONGDA-HANOI-VIETNAM

E-mail address: nhuubao@yahoo.com; nghbao@wru.edu.vn

51



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 1, March 2010

SINGULARITY OF A BOUNDARY VALUE PROBLEM
OF THE ELASTICITY EQUATIONS IN A POLYHEDRON

BENABDERRAHMANE BENYATTOU

Abstract. In this work we study the regularity of a boundary value prob-
lem governed by the Lamé equations in a cylindrical domain. By studying
the longitudinal displacement singularity along an edge and the perpen-
dicular displacement singularity to the same edge, we arrive to describe

the behavior singular of solutions of the Lamé equations in a polyhedron.

1. Introduction

Let Q be homogeneous, elastic and isotropic medium occupying a bounded
domain in R2, limited by straight polygonal boundary I' which is supposed to be
regular, I’ = G I;,T;NT; = @,Vi # j, where I'; =]S;, S;41[, and S; are the different
corners of Q.juzui-, 0 <w;j <2m,j=0,...,N represent the opening of the angle that
makes I'; and I'j 1 toward the interior of €,  and 77 represent the unit outward
normal vector and the tangent vector on I';, respectively.

L is the Lamé operator defined by:
Lu = pAu+ (A + p) V.divu,

where u, f represent the displacement vector, and external forces density respec-
tively. X(u) is the stress tensor given by Hook’s law using Lamé coeflicients A and

(A>0and A+ p > 0)
Y(u) = (045(u))ij, where o;;(u) = 2ue;j(u) + Atr(e(u))ds;,

Received by the editors: 13.05.2008.
2000 Mathematics Subject Classification. 35Jxx.

Key words and phrases. Edge, Fourier transform, Lamé System, singular behavior, singular function,

transcendent equation.
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where d;; is the Kronecker symbol and e;;(u) = 1(8;z;+0;x;) is the linearized tensor
of deformation. We will suppose vy = ﬁ, where v designates the Poisson coefficient
suchasO<1/<%.

In the case of a polyhedron, we consider a domain Q of R?, limited by straight
polyhedral boundary X. It is considered a particular edge, denoted A, of X. It is
assumed to fix ideas that A is carried by the axis z/Oz, the adjacent faces I'y and T',
are carried by the plans {y = 0} and {y = ax}, respectively. The dihedral so definite
has for measure w toward the interior of Q).

It is indispensable to signal that the results that will be demonstrated in
this work are not verified to the corners neighborhood. That’s why, we fix an opened
interval I, whose closure is interior to A. Besides we fix a neighborhood U of the origin
O in QN {z=0},such as U x I doesn’t have any corners of Q. n = (m, 772,773)t =
(n,m3)" and 7 = (71,72, 73)" = (7,73)" represent the unit outward normal vector and
the tangent vector on X respectively.

We consider the corresponding cylinder Q = 2 x R which has an edge along
2 Oz

For f € L? (Q)?’, the problem considered here consists of finding the displace-
ment field u : © — R3, if possible in H2 (Q)*, satisfying:

Lu+ f=0in @

(P) (u.n/, (Z(u).nI) .T,) =0, on &

Or equivalent variational form:

Find v € V such as

(Pv)
a(u,v) = £(v), forallv eV
where
3 3
a(u,v) = Z/aij(u)sij(v)dw, l(v) = Z/fividx,
j=1"g =1
V = {veHl(Q)g; un =0, in Z}
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It is assumed that u, therefore as f, is to bounded support in the direction
of z.
To describe the behavior of u along an edge, it is necessary to introduce, as

in P. Grisvard [5], the following three convolution kernels, in z :

rv1+v

K r\T, = P
Aawr (72) T2+ (1+v) 22
r
KA,,L,e (7"72) = m’
rv1+v
Kypu.(rz) =

AR

1.1. Singular solutions. In B. Benabderrahmane [1] and P. Grisvard [8], there was
found that the solutions of the problem (P), (in the case f = 0) are characterized by

the following transcendent equation (1.1) :
sin? aw = sinw, o #0,# +1 (1.1)

where Rea €10, 1].
It is easy to verify that the solutions of the transcendent equation (1.1) are
given by
ag:ﬁrj:L { e N*.
w
Besides they are simple if w %’T, k € Z*, else they are double. By the
simple calculations we find that:

*Ifw<g7thenu€H2(Q)2;

™
9
3

* If w =37, then o = % is a double root.

x If w=Z, m, it was a simple poles a = 0, +1;

In the other cases, there is only one simple real root when w € ]7r, —[ U
]37777271'[; and no solution when w € ]g,w[.

It is known in B. Benabderrahmane [2] that there are linearly independent
functions S, and S,, € V, such as S,, S, ¢ H2(Q)* and LS, LS., € L* () and as
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the Lamé operator is an isomorphism of
Sp (H2 (Q)?, Sa. s;) AV on L?(Q)?,

where the Sp symbol designates the vector space generated by elements that are
contained in parentheses that follow. These functions are given explicitly, in B. Ben-

abderrahmane [2], by S, (r,0) = r*¥,, (0) such as

[(po — p1)sin (a4 1) w — 2p; sin(a — 1)w] cos af+
., (0) = (po + p1) sin (o + 1) wcos (o — 2) 0, (1.2)
[(—p1 + po)sin (¢ + 1) w — 2p; sin(a — 1)w] sin af

—(po + p1)sin (a+ 1) wsin (e —2) 0

where po =vp(a—1) =2, po =1vp (¢ + 1) + 2.

2. Singularity in a polyhedron

The behavior of the singular solutions of Lamé equations in a polyhedron is

described by the following theorem:

Theorem 2.1. Letw < 2w, u € V. For f € L? (Q)S, there are functions Cl, C(;, C,
and C’;/ such as Cy,C., € H'=* (R), Ca/,C(;/ e ' (R) wverifying

Up — > (KA,H,T (r,2) x Cy) [ P (0) —
a, 0<Rea<l1 / € H* (U x R) (1.3)
— T (B ()« O ) o (0)
a, 0<Rea<1
Uy — > (K0 (1,2) xCo) 7% 9 () —
a, 0<Rea<1 ) c H? (U X R) (14)
S (Ko (r2)# CL) ra g (0)
a, 0<Rea<1
uz — Z (K)\;IJ;Z (’f’, Z) * Ca/)ra\:[jo/ (6) -
o, 0<Rea’<1 , € H? (U x R) (1.5)

> (KA,M (r, 2) * Ca,) o, ()

o', 0<Rea’ <1

where the functions

Vo (0) = (\Da,r (0) Wayo (9))
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are given by (1.2) and

09, (0) 9
P, = Do = logr¥, (0) + E\Pa 0)] .

The functions ¥, , (8), ¥y (0) represents the radial part, angular part of
U, (0), respectively. The functions ¥ . (6) are the first singular functions of the
Laplace operator in a polygon.

The first sums in (1.3) and (1.4) are extended to all a;Rea € ]0,1[ simple
roots of the equation (1.1), while the second sums are extended to all the double roots
of the same equation. In (1.5), the first sums are extended to all o simple roots of
the corresponding transcendent equation to the Laplace operator with the boundary
conditions associated and the second sums are extended to all &' double roots of the
same equation.

The symbol * represents the convolution in relation to z. The Indices r,0
and z in the relations (1.3),(1.4) and (1.5) are, respectively, the radial component,
angular and longitudinal vector by using cylindrical coordinates.

For more details, we are given the similar of the Theorem 2.1, in the following

cases:

e (Case of simple roots such as 0 < Rea < 1;
e Case of double roots such as 0 < Rea < 1;

e Case of the fissure (w = 27).

Theorem 2.2. We assume that w € ]7r, 37” [U]?’%,Qﬂ[. Let uw € V' be a variational
solution, is to bounded support in the direction of z. For all f € L? (Q)B, there are

functions C and C, such as
CeH"R),C, € H ™ (R) and

ur— Y, (Kapur(r,2) xCo)r¥, . (0) € H? (U x R)

a, 0<a<l
ug— Y (Ko (1,2) «Co)r*W4s 4 (0) € H* (U x R)
a, 0<a<l
ug — (K- (r,2) *C)re cos (26) € H* (U x R)

where o = %r + 1, ¢ € N* are the simple roots of the equation (1.1).
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For w = 37”, a = % is a double root of the equation (1.1). Therefore, it is

necessary to modify the result of the Theorem 2.2 as follows: there are two constants
C and C such as
C e H3(R),C € H5 (R) and
Uy — (K (1,2) % C) 15D 1.(0) € H? (U x R)
g — (K i (r,2) x C)r3®@y 4 () € H2 (U x R)
uz — (KAW (r, 2) * 0’) r cos( %) ¢ H? (U x R)
In the case w = 27, we obtain the existence of the functions C' and C’ of H= (R) such

as
wy — (Koo (r,2) # C) /i@y, (6) € H (U x R)

ug — (Kx 0 (r,2) * C) \/77<I)1 (0) € H? (U x R)
u3 — (KA%Z (r,2) * C”) reos(4) € H* (U x R).
The demonstration is essentially based on the study of the following points:
e Decompose every problem in plane part, u and ug, and in longitudinal
part, us.
e Study of the longitudinal displacement singularity along an edge.

e Study of the perpendicular displacement singularity along an edge.

1. Problem decomposition. We start by studying the Lamé solutions in the
tridimensional domain @ = Q2 X R, who present an edge along 2 0z.

For f € L2(Q)*, let u € V be a variational solution of (P), then we have

a(u,v) = £(v), where

3 3
Z /O’U w)e;j(v)dridrades, (v) = Z/fividxldxgdxg.
Q =g

i,j=1
The invariance of the problems in relation to z implies the following partial
regularity result:
Lemma 2.1. We have
u  0%u 0%u

Il el 2 3
9007 902 " gz € L@
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Let’s decompose the fields v and f to the plane components and longitudinal

component by posing:
u=(v,u3)" and f = (g, fs)",
where v and g are vector fields of dimension 2 (also depend of z).
We will use the following notations:

e A,: Laplace in dimension 2, (variables 1, z2).
e /2 : Gradient in dimension 2, .(variables x1, z3).

e Divy : Divergence in dimension 2, (variables x1, x2).

Using these notations the Lamé equations in dimension 3 become

0? . 0
Jz (sz + a;;> + (A +p) Ve (Dwzv + ;;’) =g
0%us 0 ‘ Ous
12 (A2U3 + 8zQ> + ()\ —+ ’[L) % <D’LU2U + az> = fg.

Thanks to Lemma 2.1, it can see that

0%v . Ous 9 /3
plDov+ o5 |+ A+ p) V2 Divov =g — A+ p) V2 | - ) € L°(Q)
0z , z (1.6)

2
us 8 us 6 . 3
A - _— = — —_— D L2 .
(Bova+ G2 )+ 0 ) G2 = fa - ) 5 (Dine) € 17.(@)
This formulation has the advantage to decouple v and uz. The left member

in the first equations in (1.6) concerns the plane components of w, while the right

member concerns the longitudinal component.

2.2. Study of the boundary conditions. It is assumed that

’

n = (771,772,773)t = (77a773)t and 7 = (71,T2773)t = (Tst)t-
The condition u.n/ = 0 becomes uznz = —v.n. As 3 =0 and 73 = 1 then
un =0< vy =0 (no condition on us)

Concerning the condition on (Z (u) .17/) , we set u = (v,0)+ (0,0, u3) . Using
the relations oy; (u) = 2ue;; (u) + Mtr (e (w)) di5, 1,5 = 1,2, 3, it results

_ Ouy , ,Ouz _ _ (O O
011 (v,0) = (A + ) o +/\3y’ 0’12(070)—021(%0)—/1(831 + (%)7
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0 0
715 (0,0) = 031 (1,0) = %, 723 (1,0) = 032 (0,0) = 5 %
o 8’&2 8u1 - 6’(1,1 8u2
722 (0.0) = (1t 1) G2+ AGE a(0.0) = (G2 4 52).

ou
011 (0,0,u3) = 022 (0,0, u3) = )\8723’ 012 (0,0, u3) = 021 (0,0,u3) =0,

Ju: Ju
013 (0707u3) = 031 (07 07u3) = Aai;a 023 (Oa 07”3) = 032 (0,0711,3) = AT;’
033 (0,0,u3) = (A + )%
33 (Y, U, u3) — 2 D2 .

Using the fact that n3 = 0 and 73 = 1, these last relations involve

(0 (0,0) 1) .7 = (0 (v).0) .7+ pgs (uznz) = (0 (v) ) .7
(0(0,0,u3).m).T = )\a—n.
Therefore, we have the conditions that must be verified by each components

of u = (v, u3) for the considered boundary conditions :

u.n/ =0 & v.n =0 and no condition on ug

(Z (u) ~77,> T =0s (Z(v) .n) T=— 8671:73 - 0.

2.3. Study of the longitudinal displacement along an edge. In (1.6) the second

equation is none other than the Laplace equation in @), using a change of scale in z.

By posing
= u !
A42p
we obtain
) . Oug Pus
A A+2u)— (D — ) =pA =\ us.
Dy uz + (A + m&z( 100 + 82) iz 2U3+Ma(z/)2 JIANUES

This result attached to the results of the preceding paragraph permits us, for

the longitudinal displacement part, to deduce the following problem:

Auz = f3in Q
P
(1) %:honE,
on

where h € H=2 (U x R), thanks to Lemma 2.1.
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The study of this problem is already made by P. Grisvard [10]. The applica-
tion of results of P. Grisvard [9], concerning the Laplace equations, gives after change

of scale in z the following decomposition of w3 :

us— Y (Kapuz(r,2)«C)r*¥, (0) € H*(Q),

a, 0<Re a<l1

where C € H'~%(R) and the functions ¥, () are the first singular functions of
the problem (P;), which are given, see P.Grisvard [8], by ¥, () = cosad where
K - (r,z) represents the kernel of the Laplace operator. This establishes the part

of the Theorem 2.2 that concerns the longitudinal part us.

2.4. Study of the perpendicular displacement singularity along an edge.
We analyze the behavior of v from the first equation of (1.6) :

0%v . ou
1 <A2U+8zz) + A+ p) V2 Divgv =g — (A + p) V2 (323> € L2(Q)3.

To simplify we note h the second member of this equation. Using the par-
tial Fourier transformation in z, we see that the previous equation amounts to the

following problem which is governed by the Lamé system resolving:
Lo — uC%% = h.

Concerning the boundary conditions, as we can see that the conditions remain
unaltered, we will be able to have the same conditions but non homogeneous. However
by subtracting v to a field u € H? (Q)2 verifying the same conditions to limits that
v, consequently the field w = v — u verifies the homogeneous conditions. To simplify
the notations, we will note this field again by v.

The uniqueness of the variational solution implies that ¥ € D, where
Dy = {u € sp (H2 Q)2 Sa,S;) ; (u.n’, (Z(u).n/> .7'/) =0, on Z}.

Therefore

U =7p + E CoSo
a, 0<Rea<1
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where g € H? (Q)2 and C, € R, for all { € R. Moreover, according B. Benabder-

rahmane [2], we have the following inequalities:

¢ 9nl 2 + ¢ 15l @y + 1Rl gy < C A
> |G <c|i

a, 0O<Rea<1

L2(Q)?

L2(Q)?
From where it comes that 7 € H2(Q)® and C, € H'~*(R). Besides the
following decomposition:
U= AR + Z aa %aa
a, 0<Rea<1
which is equivalent by proceeding the inverse Fourier transformation, taking into

account the fact that f/;k\g = fﬁ, to

vr = (VR), + > (K (1,2) % Ca) (Sa),
a, 0<Rea<1

vg=(vr)g+ > (Kxpue(r,2)*Ca)(Sa)g
a, 0<Rea<1

because

—r|¢|
T

K)\,,u,r (Tv C) = eV and K)\,;L,G (7‘, C) = ef’r\C\

and by definition

(Sa), = eVi* (Sa), and (Sa), = e (S4), -

This establishes the first inequality of the Theorem 2.2.
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SIMPSON, NEWTON AND GAUSS TYPE INEQUALITIES

MIHALY BENCZE

Abstract. In this paper using the Simpson’s quadrature formula, the
Newton quadrature formula and the Gauss quadrature formula, we present

new inequalities between means.

1. Introduction

This papers deals with the comparison of means. If s and ¢ are two real
parameters and a and b are positive numbers, then we may consider the following two
families of means:

- the Gini means,

e\ /D) _

Gorla,b) = (555) ) ifs7t

s,t\Ys - N s ’
exp (7“ loga‘jié’s logb) , ifs=t

- the Stolarski means,

e\ 1/(5=t)
(=) if (s—t)st £0, a#b
exp (14 Clomab B} g =t 20, 04 b
1/s
. = a’—b° .
Ss.¢(a,b) (W) , ifs#0,t=0, a#b
av, fs=t=

ﬁ if 0
a, lfa:b

Some particular cases are important in themselves.

Received by the editors: 01.10.2008.
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Gs,0(a,b) coincides with the Hélder mean of order s > 0,

1/s
54 ps 1/s b
As (a,b) = (a _2‘_ ) = (bssas/ x23_1daz>
a

(41 (a,b) is precisely the arithmetic mean of a and b, also denoted A (a,b)).

Goo(a,b) coincides with the geometric mean,

1 [ e
G(G;,b):\/;: (b—a/a xzdl‘> ;

S1.0(a,b) coincides with the logarithmic mean,

—1
b—a 1 b da
L(ab) = Inb—1Ina (b—a/a x)

while 51,1 (a,b) coincides with the identric mean,

N = b
I(a,b) = é (Z“) = exp (b—la/ lnxda:) .

We will be concerned with the problem of comparing the different means. Our

approach is based on certain inequalities satisfied by the 4-convex functions. Recall
that in the differentiable case these are precisely those 4-time differentiable functions

f such that f®*)(z) > 0 for all z.

Lemma 1.1. If f € C*([a,b]) and f* >0, then the mean value of f,

b
M) =5 [ F@)ds,

does not exceed any of the following three sums:
i) § [f (@) +4f (“F2) + f(0)] 5
ii) 5 [f(a) +3f (355) +3F (“52) + £ (0] ;
i) [f (452 = 25ev3) + f (550 + 52 VE) ]

Proof. According to Simpson’s quadrature formula,

1

[t @ (50) s ro)] - Gl e,

for some & € (a,b), whence 7). The cases i) and i) are motivated by the Newton
quadrature formula,
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o [ r@ar= s (2570 var (52 4 1 0)

3 3
(b—a)

_ W07 a) L
648 f (52) 9

and respectively by the Gauss quadrature formula

bia/abf(x)dx;{f(a;bbga\/g>+f<a;rb+bga\/§)}

where & and &3 are suitable points in (a, b). O

2. Applications

Theorem 2.1. If a,b > 0 then holds the following inequality

6a2b (a + b)*
(a2 + b2) (a + b)* + 16022

G* (a,b) >
or, in an equivalent form,
A (a®,b%) A% (a,b) + 2G* (a,b) > 3G? (a,b) A (a,b).

Proof. In Lemma 1.1, we take f (z) = 5, from which f@ (x) =129 > 0, therefore

6

S U VRS ¥ W
G?(a,b) b—a am2x_6 a®>  (a+b)? )

After calculus we obtain:

6a2b? (a + b)>

G?(a,b) > 7 :
(a® 4+ b%) (a +b)” + 16a2b?

that is,

A (a®,b%) A? (a,b) + 2G* (a,b) > 3G? (a,b) A? (a,b).

67



MIHALY BENCZE

Theorem 2.2. If a,b,t > 0 then the following inequality holds
(0" — a*) (ab(a+ b))

Gf a,b) >
fot) = t(b—a) ((at“ +b0+1) (a+ ) 4 2048 <ab>”1)

or, in an equivalent form,

3(bt —at) G?**2(a,b)
tb—a) G2 (ab)

A (a' 1 5H) AT (0 4 b) + 2G22 (a,b) > CAM (ab) .

Proof. In Lemma 1.1, we take f(z) = —4+, from which f® (z) > 0 and so the

proof follows easily. O

Theorem 2.3. If a,b > 0 then the following inequality holds

4
1% (a,b) > ab (a—;—b)

or, in an equivalent form,
I(a,b) > GY3 (a,b) A%> (a,b).

Proof. In Lemma 1.1, we take f(z) = Inz for which f* () < 0, therefore
I(a,b) = exp (ﬁ fab lnxdx>

Zexp%(lna+4ln(a7+b)+1nb):€/@- D

Exercise 2.1. Ifa,b > 0 then

Al(a,b) 2
> z
M

Ala,b)
G(a,b)’

Proof. From the definitions of identric and logarithmic mean, we have

a

Inl(a,b)=———+Inb—1
nl(ah)= p g +n
and
In!(a b)*iqtlnafl
" La,b) '
After addition, we obtain:
a+b
Inab—2=2In1(a,b
(D) +1Ina nl(a,b)
or, equivalently,
A(a,b)
1 b)—1=1InI(a,b). 2.1
L(a,b)+ nG (a,b) nl(a,b) (2.1)
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Using the statement of the Theorem 2.3 we obtain:

A(a,b 1
LEZ:bi +InG(a,b) — 1 >1n(G?(a,b) A* (a,b))‘13 .
O
Theorem 2.4. If a,b > 0 then the following inequality holds:
(a + b)* + 8ab
L >
(a,0) 2 6ab (a + b)
or, in an equivalent form,
Ala,b) 2
3L (a,b) > . .
(@82 ez eyt A
Proof. In Lemma 1.1 we take f (z) = 1 for which f*) (z) > 0, therefore
L1 e _1f1 8 1
L(a,b) b—aj, = ~6\a a+b b
or, equivalently,
L(ab)> 6ab(a2+b) -
(a+b)" + 8ab
U

Theorem 2.5. Ifa,b >0 andt € (foo, %] U [1, %] U[2,400), then

t(b—a) (22t—1 (a2t 4 p2-1) +4(a+b)2t—1)

i <
At (au b) — 3 K 2225 (bt _ at)

or, in an equivalent form,

A (a,p) < LE=)

< o ) 424 ).

Ift e (%, 1) U (%, 2), then the reverse inequality holds.

Proof. In Lemma 1.1 we take f (z) = 22'~! for which
FO (z) = (2t — 1) (2t — 2) (2t — 3) (2t — 4) 2272,
Ift € (o0, 4] U1, 2] U[2,400), then

f@(x)>0
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and
t b t(b—a) _ a+b\*"" _
t _ 2t—1 2t—1 2t—1
At(a,b)—bt_at/ax deG(bt—at)<a +4< 2 ) +b
and the proof continues in an easy manner. O

3. Newton Type Inequalities
Theorem 3.1. If a,b > 0 then the following inequality holds

8a2b® (2a 4 b)* (a + 2b)°
(a2 + b2) (2a + b)* (a + 2b)° + 274202 (5a2 + 8ab + 5b2)

G? (a,b) >

or, in an equivalent form,

16A (az, b2) A (2a,b) A(a,2b) 4+ 27G* (a, b) (5A (az, b2) +4G* (a, b))

> 64G? (a,b) A (2a,b) A (a,20).

Proof. In Lemma 1.1 we take f (z) = % for which f® (z) > 0, therefore

b
1 /dj<1 LR S S
G2 (a,b) b—a ) 22 = 8\ a? (2a+b)?  (a+20)7 )

Theorem 3.2. If a,b,t > 0 then G? (a,b) is greater or equal to

8 (b" —a') (@)™ (2a + )" (a4 2b)"T!
t(b—a) ((at+! +bt+1) (2a + b)) (a4 20) ! + 342 (ab) ' (2a + b)) + (a +20)")

Proof. In Lemma 1.1 ii) we take f (z) = —& for which f*) (2) >0 and so on. O

Theorem 3.3. If a,b > 0 then the following inequality holds

3 3
1% (a,b) 2ab<2a3+b) (a+2b) .

3

Proof. In Lemma 1.1 ii), we take f (z) = Inx for where f(*) (z) < 0, therefore
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b
I(a,b) =exp (bl/ 1nxdx>
—al,

1 2 b 2b
>exp<8<lna+31n a;— —|—31na—; +lnb>)

1
2a+b\? fa+2b\*\°
= ab .
3 3
Exercise 3.1. Ifa,b > 0 then

Ala,b) 2\° A% (2a,b) A% (a,2b)
L(a7b)21+ln<<3) G (a,b) )

e

Proof. Using (2.1) and the Theorem 3.3 we obtain

A0 a1z (20 (252}

and the proof follows easily.

Theorem 3.4. If a,b > 0 then the following inequality holds:

4ab (2a + b) (a + 2b)

> .
L (aab) = (a+ b) ((12 + 16ab+ b2)

Proof. In Lemma 1.1 ii) we take f (z) = 1 for which f* (z) > 0, therefore

L _ L1199 1
L(a,b) b—a), = ~8\a 2a+b a+2b b

and so on.

Theorem 3.5. Ifa,b> 0 and t € (—oo, %] U1, %] U[2,400), then

A]tt (a, b) S 8. 32t—1 (bt _ at)

Ift e (%, 1) U (%, 2) , then the reverse inequality holds true.

t(b—a) (32t—1 (a2t—1 n b2t—1> +3(2a+ b)2t71 +3(a+t 2b)2t71)
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Proof. In Lemma 1.1 ii) we take f (z) = 22~ for which f@® (z) > 0, for t €
(—oo 1] U [17 %} U [2,+00), therefore

2

t b
M) = gty [l

t(b—a) 91 2a+ b\ a+20\*""" L,
< — - -
< S e (a +3( = +3( +b

and the proof follows. O

4. Gauss Type Inequalities

Theorem 4.1. If a,b > 0 then

2 4 dab + b?)°
G? (a,b) < (o +ab+b%)
12 (a? + ab+1?)

Proof. In Lemma 1.1 iii) we take f (z) = & for which f*) (z) > 0, therefore

11 /bdx
G?(a,b) b—a ), x?

1 1 1

+
2 (a+b_w)2 (a+b+w)2
2 6 2 6

_ 12(a® 4 ab + b?)
(a2 +4ab+b2)*

Theorem 4.2. If a,b,t > 0 then G? (a,b) does not exceeds

2(b" — a') (a* + 4ab + b2)t+1

to-a) ((B+ VB a+ G-V + (BB a+ (+vEYT)

Proof. In Lemma 1.1 iii) we take f (z) = —A+ for which f®*) (z) > 0, therefore

b

1 _ t / dzx
G? (a,b) T pt—at ) pttl

>t(ba)6t+1< 1 . 1 )
S 20 (@ vBar 3-va))T (B VB)at (VBT

and the proof just follows. O
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Theorem 4.3. If a,b > 0 then

2 4 2
72 (a,b) < m_
6
Proof. In Lemma 1.1 iii) we take f (z) = Inz for which f* (z) < 0, therefore

1 b
/ In xdx)
a a

s () ()
_\/m
A

I(a,b) =exp <b

U
Exercise 4.1. Ifa,b > 0 then
Al(a,b) 1 1 2A%(a,b)
<l4-ln|{-+4+-——7=].
L@p = 2™ (3 362 (a0)
Proof. Using (2.1) and Theorem 4.3 we obtain the desired result. O
Theorem 4.4. If a,b > 0 then
2 (a* 4 4ab + b%)
L (a,b) <
(a,8) 3(a+0b)
Proof. In Lemma 1.1 iii) we take f (z) = 1 for which f® (z) > 0, therefore
b
11 /di:
L(a,b) b—a) =x
S 1 1 n 1
T2\ b _ (maVE T g | (-3
2 6 2 6
_ 3(a+0b)
~ 2(a? +4ab+b?)’
O

Theorem 4.5. If a,b> 0 and t € (—oo, %] U1, %] U[2,400), then

s (o @) (- v8)) " (1= ) (190"

2. 6201 (bt — at)
does not exceeds Al (a,b).
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Ift e (%, 1) U (%, 2) , then the reverse inequality holds true.
Proof. In Lemma 1.1 iii) we take f(z) = x*~! for which f@® (z) > 0, if t €

(—o00, 2] U [1,3] U[2,+00), therefore

t b
Azts (aab): bt—at/ th 1d$

t(b— a) ((3+\/§)a+(3—\/§)b>2t+1+ <(3—\/§)a+(3+\/§)b>2t+1

= 2(bt — at) 6 6
O
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DUALITIES INDUCED BY RIGHT ADJOINT CONTRAVARIANT
FUNCTORS

SIMION BREAZ AND FLAVIU POP

Abstract. We characterize some dualities which are induced by pairs of

contravariant functors which are adjoint on the right.

1. Introduction

Let A and B be abelian categories and F : A = B : G a pair of contravariant

functors which are adjoint on the right. Then the natural transformation
nx.y : Homu (X, G(Y)) — Homp (Y, F(X)),
which corresponds to this duality, induces two natural transformations
§: 14— GF, 0x = 0y x)(lrx)) and ¢ : 15 = FG, G =150y y (Lay))-

An object X is called d(respectively ()-reflexive if dx (respectively (x) is an iso-
morphism. We will denote by Refls (respectively Refls) the classes of F-reflexive
(respectively G-reflexive) objects. A main topic is the study of dualities induced by
F and G between some full subcategories of A and B. The restrictions of F and G to
the classes of reflexive objects induce a duality F : Refls <= Reflc : G. Moreover, if
F:C S D:Gis a duality then C C Refls and D C Refle (see [11]).

We also fix an d-reflexive object @, and, following ideas from [4], we will call
the triple ® = (Q,F,G) a pointed pair of right adjoint contravariant functors. Let
V = F(Q). Then add(Q) C Refls and add(V) C Refl; (recall that add(X) denotes
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the class of all summands of finite direct sums of copies of X). We will denote by
Faiths (Faith¢) the classes of all objects X € A (X € B) such that dx ((x) is a
monomorphism, and we will call they §-faithful (respectively (-faithful) objects. We

recall that the natural transformations § and ( satisfy the identities
F(dx) o Crx) = lpx) forall X € A

and
G(Cy) o §G(Y) = lg(y) forall Y € B,

hence F(A) C Faith, and G(B) C Faiths.

Example 1.1. The typical example of such functors is the following: Let R and
S be unital rings and @ an S-R-bimodule. Then the contravariant functors A =
Homp(—, @) : Mod-R — S-Mod and A’ = Homg(—, @) : S-Mod — Mod-R are right
adjoint. If S is the endomorphism ring of @ then (Q, A, A’) is a pointed pair of right

adjoint contravariant functors.

The study of dualities induced by this pair of functors is an important topic
in Module Theory. The starting point was the papers [8] and [1]. During the time
this topic developed important concepts as (f)-cotilting and costar module (see [6]
and [10] for complete surveys on the subjects).

Another important example was exhibited by Castanio-Iglesias in [3].

Example 1.2. Let G be a group. If R = @, R: and S = @, .S are two
G-graded unital rings, we will denote by Modg,-R (respectively, by S-Mod,,) the
category of all G-graded unital right R- (respectively, left S-) modules (see [9]).

If Q,M € Modg,-R we consider the G-graded abelian group HOMg (M, Q)

whose homogeneous component in z is
+HOMR(M, Q) = {f € Homg(M, Q) | f(M,) C Quy, for all y € G}.

We note that HOMg(Q, Q) = ENDg(Q) has a canonical structure of G-graded unital
ring. If M,N € S-Mod,, we consider the G-graded abelian group HOMg (M, Q)
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whose homogeneous component in x is

HOMs(M, Q), = {f € Homp(M,Q) | f(,M) C,u Q, for all y € G}.
Then we have a pair of contravariant functors

H% = HOMg(—, Qr) : Modg,-R S S-Mod,, : HOMg(—, sQ) = sH'.

If @ € Modg,-R and S = ENDg(Q), then (Q,H%, sH8") is a pointed pair of

right adjoint contravariant functors.

In this note we continue a approach initiated by Castagno in [3]. In this
paper the author generalizes the notion of costar module introduced by Colby and
Fuller in [5] to Grothendieck categories. We continue this kind of study, generalizing

a duality exhibited in [2, Theorem 2.8] to abelian categories.

2. Right pointed pairs of contravariant functors

In the following ® will denote a pointed pair of right adjoint contravariant

functors (@, F, G) between the abelian categories A and B.

Lemma 2.1. Let © be a pointed pair of right adjoint contravariant functors. If
Ho-xLyLz-o

is an exact sequence in A then the unique homomorphism «, for which the diagram

with exact rows

0 —— X L,y .z )
| o | o2
GF(g)

0 —— G(Im(F(f)) —— GF(Y) —— GF(2)
is commutative, is given by the formula a = G(j) o 0x, where j : Im(F(f)) — F(X)
1s the inclusion map.

Proof. The existence of a comes from the universal property of the kernel. More-

over, « is unique.

T



SIMION BREAZ AND FLAVIU POP

Let F(f) = jop be the canonical decomposition of F(f). Since (§) is an exact

sequence, the sequence

is exact, hence the sequence

G(p) GF(9)
— —

0 — G(Im(F(f))) GF(Y) GF(Z)

is also exact.

If we denote G(j) 0 dx by a we have: G(p)oa = G(p)oG(j)odx = G(jop)o
d0x = GF(f) o 6x = dy o f hence the following diagram is commutative with exact
rOwWs

0 —— X Y —— Z —F 0
L el
0 —— GImF() =21 ary) 9 qr(z)
O

The following result is a version for [3, Lemma 2.2] and [3, Proposition 2.3].
Lemma 2.2. Let ® be a pointed pair of right adjoint contravariant functors.

a) An object X € A is §-faithful and F(X) € gen(V) if and only if there
exists a monomorphism f: X — Q™ such that F(f) is an epimorphism.
b) F is exact with respect an exact sequence 0 — Y Lx %z 0 with

X € Refls and Z € Faiths if and only if Im(F(f)) € Refl¢.

Proof. a) Suppose that X € Faiths and there exists an epimorphism V" EN F(X)—
0. Applying the functor G we obtain an monomorphism G(p) : GF(X) — G(V™) &
Q". Let f = G(p) odx. Then F(f) = F(dx) o FG(p). Then

F(f)olvn =F(dx) o FG(p) o (v = p,

hence F(f) is an epimorphism.
The converse implication is obvious.
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b)Let 0 - Y Lx%gz. 0 be an exact sequence in A such that X € Refls
and Z € Faiths. Let F(f) = j o p be the canonical factorization of F(f). Since ¢ is a
natural transformation we have the identity (p(yy o j = FG(j) 0 Cim(r(s))-

By Lemma 2.1, the following diagram is commutative with exact rows

| S

0 —— GIm(F()) —L arx) Y9 ar(z)

where o = G(j) o dy.

Since X is F-reflexive and Z is d-faithful it follows, from Snake Lemma, that
« is an isomorphism hence F(a) is an isomorphism.

We have j = lpyy oj = F(dy) o (rry) 0 j = F(dy) o FG(j) © Gmr(s)) =
F(a) o (i (s))-

Since j is a monomorphism, j = F(a) o (imr(f)) and F(a) is an isomorphism

we conclude that F(f) is an epimorphism if and only if Im(F(f)) € Refl¢. O
Theorem 2.3. The following are equivalent for a pair O:

a) F:cog(Q) = pres(V) NFaithe : G is a duality;
b) i) cog(Q) = cop(Q);
ii) F is exact with respect exact sequences 0 — X — Q" — Y — 0 with

Y € cog(Q).

Proof.

a)=b) Let X € cog(Q). From a) we have F(X) € pres(V) and X € Refls.
Then there exists an exact sequence V"™ — V"™ — F(X) — 0 and hence the sequence
0 — GF(X) — G(V") — G(V™) is exact. It follows that 0 — X — Q" — Q™ is
exact which shows that X € cop(Q), hence cog(Q) = cop(Q).

Let 0 — X L Q" 2% Y — 0 be an exact sequence with Y e cog(Q).
Since F(Y') € pres(V) and 0 — F(Y) ) F(Q™) 7P Im(F(f)) — 0 is exact we
obtain that Im(F(f)) € pres(V'). But Im(F(f)) € Faith, because F(X) € Faith.. So
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Im(F(f)) € pres(V) N Faithe C Refl;. By Lemma 2.2, the sequence

F(g)

0—-FY) = F(Q") Fg)

F(X)—0

is exact.
b)=-a) Let X € cog(Q). There exists an exact sequence 0 — x4 =M 23 5
Q™2 hence the sequence 0 — X £ Q™M P2y 0 s exact with Y € cog(Q), where

Y is Imfy. By ii) we obtain that the diagram

o x B, ogm AL,y
o| el
0 —— GF(X) SEY qrgmy SEY2), qp(y)

is commutative with exact sequences. Moreover, all vertical arrows are monomor-
phisms and dgm: is an isomorphism. From the Snake Lemma we obtain dx is an
isomorphism, hence X € Refls. Therefore cog(Q) C Refls.

Since Y € cog(Q) = cop(Q) there exists an exact sequence
0-Y B Qm B Q-

hence the sequence 0 — Y & Q" £ Z — 0 is exact with Z € cog(Q®), where 7 is

Imgs. The sequences

0 —— F(v) — Fem) H2L F(X) —— 0
and
are exact. Then the sequence
ym B0y FUD ey g

is exact, hence F(X) € pres(V). But F(X) € Faith¢, so F(X) € pres(V) N Faith,.
Therefore F : cog(Q) — pres(V') N Faith, is well-defined.

Let A € pres(V) N Faith¢. There is an exact sequence V" Lyndoa 0,
and applying G we obtain that the sequence 0 — G(A) — Q™ — Q™ is exact. Then
G(A) € cog(Q). Therefore G is well defined.
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Since the sequence V™ L, ym % A S 0is exact we have that the sequence

is exact with Im(G(f)) € cog(Q). From b)ii) we have that the sequence

0 — FIm(G(f)) " ravm™) P49 pa(a) — 0
is exact.

In the commutative diagram

v L RG(VT)

o l |Fow

A —4 ., FG(A)
FG(g) and (y» are epimorphisms, so (4 is an epimorphisms. Since (4 is a monomor-
phism (A € Faith.) we obtain that A € Refl. Therefore pres(V') N Faithe C Refl¢.
O
Suppose that © = (Q, A, A’) is the (classical) pointed pair of right adjoint
contravariant functors from Example 1.1. By [2, Theorem 3.4] it satisfies the equiva-

lent conditions from Theorem 2.3 if and only if the conditions:

i) A is exact with respect exact sequences 0 — X — Q™ — Y — 0 if and
only if Y € cog(Q),

ii) F(cog(Q)) € gen(V).
are satisfied. In the proof of this result it is used the fact that, in this particular
setting, the class Pres(V') N Faith¢ is closed with respect kernels of epimorphisms.

The property i) and the closure with respect kernels of epimorphisms are not
valid for the general case, as it is showed in the next example.
Example 2.4. Let p be a prime integer, J, the ring of p-adic integers and Z(p>) =
Zy|Z, where Ly = { It | m,k € Z, k > 0} < Q. Observe that J, is the endomorphism
ring of the Z-module Z(p>). Moreover Z(p>) is injective as a Z-module, and also as
a J,-module (see [7]).
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We consider the functors

F = Homy, (-, Z(p>)) : Jp-Mod = Mod-Z : Homgz(—, Z(p*)) = G.

If @ =1J, then V =F(Q) = Z(p>), and it is not hard to see that Q is F-reflexive.

If K € cog(Q) then it is a finitely generated torsion-free J,-module, hence it

is free. Then cog(Q) = {J}; | n € N} = cop(Q). Moreover, the J,-module Z(p>) is
injective, hence (@, F, G) satisfies the condition b) in Theorem 2.3.

However,

1. there exists an exact sequence
() 0= plp = Jp —= Jp/plp — 0

such that F is exact with respect (x), but J,/pl, ¢ cog(Q).

2. since we have an exact
0 — Z(p) — Z(p™) — Z(p™) — 0,

the class Pres(V) N Faith, is not closed with respect kernels of epimor-

phisms.
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ON THE STABILITY OF DISTRIBUTIONS OF THE COMPOSED
RANDOM VARIABLE BASED ON THE STABILITY OF THE
SOLUTION OF THE DIFFERENTIAL EQUATIONS FOR
CHARACTERISTIC FUNCTIONS

PHAM VAN CHUNG

Abstract. In this paper we give some conditions for the stability of the
distribution functions of composed random variables by considering the
stability of the solutions of differential equations for characteristic func-

tions.

1. Introduction

We consider a random variable (r.v.)

n=>_ &, (L.1)
k=1

where £1,&5, ... are i.i.d. random variables possessing the same distribution function

F(z) with the corresponding characteristic function ¢(t), v is a positive valued r.v.

independent of all & (k=1,2,...) and has the moment generating function a(z).
The r.v. 7 is called the composed random variable of §;, n has the character-

istic function defined by

In [2], [3] and [4], we obtained the following results.

1. Suppose that v follows the Poisson law with the parameter A and £ follows
the exponential law with the parameter 0. If the statistic 77 is zero-regression w.r.t
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the statistic A; (77 and A; were showed in [2]), then the characteristic function 1 (¢)

of 7 satisfies the following equation
3wy (P03 (1) — 20, (1) (0 (1) — [y (8)* =0 (1.2)

where 11 (0) = 0;¢,(0) = iA0; 9] (0) = —X62(2 + A).

2. Assume that v follows the Poisson law with the parameter A, £ follows the
negative binomial distribution function with the parameters p and . If the statistic
T is zero-regression with the statistic A\; (T2 and A\; were showed in [2]) then the
characteristic function 1(t) of 7 satisfies the following equation

11

[Da ()] + 2 (o ()03 (1) — By (8)*05(8) — da()¥3(H) =0, (L3)

’ . 12 )\2 2 2)\ 2

where (0) = 15245(0) =iAT54 (0) = ~ =3 — =5
3. If v follows the Poisson law with the paramater A, £ follows the Normal

law N(0,1) and if the statistic T3 is zero-regression with the statistic Ay (73 and A;
were showed in [2]) then the characteristic function s(t) of n satisfies the following
equation

11

WS ()3 (0)0A() — 50 () [s (1) 23 (E) + 2058w (s (£)E5(1)
—3[w3 (1)]2P3(t) + 65 (£) [t ()23 (t) + 61 (£) [15(£)] 3 (t)

1"

+205 (t) + 2[5 (0205 (1) — [W5 (O] 3 (8) — [y (1)]203(t)
— 205 ()5 ()4 (L) = 0,

where

11

¥3(0) = 1;45(0) = 0:¢05 (0) = —X;4i5 (0) = 0. (14)

4. If v follows the binomial law with the parameters p and ¢, £ follows the
exponential law with the parameter 6, and if the statistic T, is zero-regression with
the statistic Ay (T4 and A; were showed in [2]) then the characteristic function 4(t)

of 7 satisfies the following equation

"

3n2[yy ()23 (t) — 200y () (W3(t) — (n® — D[y (t)]* =0, (1.5)

where 14(0) = 1545(0) = inpf; b (0) = —n262p? — nf?p?.
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5. If v follows the negative binomial law with the parameters p and g, £ follows
the exponential law with the parameter 8, and if the statistic Ty is zero-regression
with the statistic Ay (T5 and Ay were showed in [2]) then the characteristic function

¥5(t) of n satisfies the following equation

1"

3 (8)]* = 205(1)¢5 (1) = 0, (1.6)
whene¢%<0)::1;w;«»::ieg;w§«n =-—2ﬁ2q-

6. If v follows geometric law with the parameters o and 3, £ follows the
exponential law with the parameter # and if the statistic Ty is zero-regression with
the statistic Ay (Ts and Ay were showed in [4]) then the characteristic function g(t)

of n satisfies the following equation

1"

B[ (1)]” — 2u5(t)eg () =0, (1.7)

/ 0 0
where (0) = 13145(0) = i % (0) = ~2(> ).

7. If v follows the Geometric law with the parameters a and 3, £ follows the
negative binomial law with the parameters p and ¢, and if the statistic 77 is zero-
regression with the statistic Ay (77 and A; were showed in [4]) then the characteristic

function ¥7(t) of n satisfies the equation

{[w7 (O] = wr ()b ()37 (1) + 2t (D] (£)ebr (1) — 2[b (B)]* = 0, (1.8)

’ ) " 1_
wmmwﬂmzhwﬁm:;§w7=—“£§+”.

In [2] and [4] we have considered also the stability of the composed random
variables and we showed that if the condition that the statistics T; (i = 1,5,6,7) are
zero-regression with the statistic Ay (7; and A; were showed in [2], [4]) is replaced by
the condition that T;(i = 1,5,6,7) are e-zero regression with the statistic A; (for some
small enough number €) then the characteristic functions ;(t) of 1 have to satisfy
the differential equations which have the same left sides of the differential equations
(1.2), (1.3),...,(1.8) but their right sides are functions r;(¢) which are small enough for
all ¢.
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Let us consider the following differential equations

’ "

F(w(t)ﬂﬁ (t)ﬂﬁ (t)w"v’(/}(n)(t)) =0 (19)

and

’ "

F(p(t),9 (1),4 (t), ..., (1) = r(t), (1.10)

where r(t) = r(t),7(0) = 0,|r(t)] < € (for some small enough number €). If the

function F' in equations (1.9) and (1.10) satisfies the condition % # 0 then from
(1.9) we can represent () in the form
() = [l(8), ¢ (), -, "D ()], (1.11)

where the solution v¢(t) of equation (1.10) can be represented in the form

P (t) = fe(t), b (t), s "D (B)] + alt), (1.12)

where |a(t)] < e.

A problem arisen is that under which condition imposing on the function
f(x1, 29, ..., x,), the solution of the differential equation (1.9), is stable in the following
sense: there exist T' = T'(¢) such that T'(¢) — oo when € — 0, and § = d(¢), such that
d(e) — 0 when € — 0 such that

[We(t) = (t)] < Cd(e), for all ¢, [t] < T(e),

where C' is a constant independent of e.

2. Stability theorem of the solution of the differential equations

Let us consider the differential equations (1.9) and (1.10) with solutions sat-

isfying the equations (1.11) and (1.12).

Theorem 2.1. If the function f(x1,2a,...,2y) is continuous, differentiable in vari-

ables and satisfies the Lipschitz’s condition, that means there exists a positive constant

N, such that

n
‘f(xlax27 ,.’En) - f(ylay27 7yn)| < NZ |wz - y'L|
i=1
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for all (x1,x9,...,x,) € R™ and (y1,Y2,...,yn) € R™ and if ¥(t) is a bounded function

and satisfies the conditions:
IM e RY,0 < M < +oo, [0 ¥ (1) < M, for all k=1,2,....,n; for all t,

then, for every small enough positive number €, there exists a positive number T =

T(€), T(e) — oo when € — 0 and a positive number §,0 < § < 1, such that
We(t) — v (t)| < Ce' ™2, for all t,[t| < T(e),

where C' is a constant independent of €.

Lemma 2.1. Suppose that all eigenvalues of a constant matriz A have negative real

parts, then there exist constants a > 0 and 8 > 0, such that

|le]] < Be™ . (2.1)
, . At _ oo (AD
where ||-|| denotes the norm in the space of the square matrics and e** ="~ o

Lemma 2.2. Suppose that u(t) and f(t) are integrable nonegative real functions on
[to,to + T] and K (t,s) is a nonegative real function, bounded on [to,to + T).
If the following inequality holds:

then

u(t) < h(t), forall t, to <t<to+7T, (2.3)

where h(t) is the solution of the equation

ht) = f(t)+ | K(t s)h(s)ds. (2.4)

to

Proof of the theorem 2.1. At first, we consider ¢ > 0, (the case t < 0 is carried
out similarly).

89



PHAM VAN CHUNG

Putting z1 = 1 (t), zo = ¥ (t),...,xn = ™ 1 (¢t), then the differential equa-

tion (1.11) can be written in the form

dry _

ar

dl‘g r

2 gy

dt (2.6)
dx,

W = f(.’I}]_,.fL'g, ,l‘n)

Let us denote X = (x1, xo, -~-a37n)T eR™

-n 1 1 1
1 -n 1 1
A =

1 1 1 -n

+nry —x3 i )

—x1 + nao =y

G(X) =
—x1 — X2 e+ NTp_q
| —Ti— @y = n —|—n:cn—|—f(:c1,x2,...,xn)_

Then the differential equation (2.6) reduces to the equation:

dx
= AX +G(X). (2.7)

By a similar way, the differential equation (1.10) can be rewritten as follows

% = AY + G(Y) + a(t), (2.8)

where Y = (y1,y2, ., yn)? € R™, 41 = ¥c(t), o, yn = E"_l)(t) and a(t) is given in
(1.12).
Since f(x1,x2,...,2y) is continuous and differentiable function in variables

and satisfies the Lipshitz condition, there exists a positive constant [, such that

|G(X) - G(Y)|| <I||X = Y]| forall X,Y €R" (2.9)
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On the other hand, we have
det(A—AE) = A+ 1A +n+1)""1 (2.10)
so, the eigenvalues of matrix A are
AM=—-LXl=—-n+1)=XA3=...=\,.

We see that the eigenvalues of matrix A have negative real parts.

According to the Lemma 2.1, there exists constants «, 3 > 0, such that

[[eAt]] < Be . (2.11)
From (2.7) and (2.8) we get
X(t) = eMX(0) + /t A G[X (s))ds (2.12)
0
= At teA(t_s) s)|ds teA(t_s)a s)ds. .
Y (t) Y(0) +/O G[Y (s)ld +/0 (s)d (2.13)

Since X (0) = Y(0),
¢ ¢
HXw—Y®H<AHJWﬂWWW@H—QY@m%+AH&WMMMﬂﬁ-
Using the estimations (2.9), (2.11) and by (1.12) we have

t t
1X() — Y ()l < B / 1e°7]|X (s) — Y (5)]|ds + Be e / €%ds,

0

Hence
t t
[|X(t) — Y(t)||e‘” < 56/ e“’ds +/ Bl X (s) — Y(s)|le**ds. (2.14)
0 0

If we put || X(¢) — Y (t)||e® = u(t), f(t) = Be fot e**ds, K(s,t) = I and to = 0, and

by the lemma 2.2, we have the following estimation
t
u(t) < f(t) —|—/ Blu(s)ds. (2.15)
0
It follows from the Lemma 2.2 that

u(t) < 9(t),
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where 9 (t) is the solution of equation

Y(t) = f(t) + /O Blap(s)ds.

Therefore we have
~t t, "8
lt) = eld (5 (0) 4 [ f (e i s
0

t
:eﬁlt/ 6€€asfﬁlsd8
0

_ ﬁe (eat _ eﬁlt>.

So we obtain

B
a— Bl

If o — B1 > 0 then || X (¢) = Y (t)|| <
If a — Bl < 0, then

1X() = Y(B)]]  —2— (1 — ef=ot), (2.16)

p
a— 0l

e for all ¢t.

g Blt—at B -
1— e < 2 (Bl oz)t.
ozfﬂle( e ) |ozf,6’l|6€

1 1
In(=)°, where 0 < 6 < 1, then

Now if we choose T'(¢) = i a
- €

T(e) — oo, when e — 0.

So, for all t, 0 < t < T'(e) we get the estimation:

g

IX () - Y ()l < e

1-6 _ C«€1—67

where C'is a constant independent of e.

3. Stability theorems for the distribution of the composed random variable

Let us consider the composed random variable 1 in (1.1)

n=> &.
k=1

Suppose that (X7, Xo, ..., X;,) is n independent observations on 1 and that the absolute
moments E(|n|¥) for k = 1,2, 3,4 are finite.
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We put
e = En:Xf‘ (k=1,2,3,4).
=1

o Ty = Aj g + 3B1)\3 + 201 M A3 + 629202 — X%, where

Ay =n(5—n);B; =n? —5n+ 5,01 = (n? — 5n + 10) (3.1)
o Ty = ApAy +3B2)3 — Codi Az + 60003 — A+ (n — 2)(n — 3)(\2 — \2)

Ay =n(5—n); By =n? —5n+5,Cy =n* —5n+ 10 (3.2)
o T3 = A3)g + B3dgA1 + C3Mg Ao + E3hy + F3ds + Gahidads + 2)8

+(n —4)(n — 5)[MaAs + N3Adg + P3A? + A da — Af]

+H3A3)\? + K3\ + L3\,

where

Az = —4n(n — 1)(n — 2); B3 = 24(n* — 3n + 2)
Cs = n* —6n° — 5n? — 60n — 120
D3 = —n® +6n? — 65n + 1; F3 = 3(—n® + 10n? — 35n + 40)
B3 = —n* +12n% — 35n + 20; G5 = 5(n® — 3n +5), Ly = —6n
M3 =n(5—n); Ny = 2(—n? + 5n — 13); P3 = 3(n® —5n 4+ 7) (3.3)

o Ty = Asds + 3B4)\§ + 2C4 A1 A3 + 6)\2)\% - )\‘117 where

—n*+5n% -6 n* —5n3 +5n? +1 —n* +5n3 — 10n? + 4
A= T2 70 p Oy = .
4 n2_1 y D4 TL2—1 aC4 n2_1 (34)
[ ] T5 = 3)\% - 2)\1)\3 - )\4 (35)
[ ] T6 = 3)\% — 2)\1)\3 - )\4 (36)

o T7 = Az X3\ + B7)\% + 07)\%)\2 + Ho g + 2)\‘11, where
A7 =n*—n+10;B; = —n’>+ T —6;C; = —2(n+ 3); H; = —4n (3.7)

(notice that the statistics 73,75 are considered in [2] and the statistics Tg,T7 are
considered in [4]).
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Definition 3.1. Let X and Y be two random variables with EY < 0o. Y is said to

be e- zero regression with respect to X if
B(Y/X)| <. (3.8)

Definition 3.2. The composed r.v. 1 with the distribution U (x)) is called r.v. with
the e— approzimate distribution function Wo(t) if AN(Ue; o) < €, where metric A(.;.)
is defined as follows

L 1

(te(t) — o () =1 (3.9)

AP Po) = ¥;n0 max{max T

[t|<T 2
where o (t), ¥ (t) are the characteristic functions corresponding to the distributions
Uo(x), Ue(x) respectively.

Now we obtain the following stability theorems:

Theorem 3.1. If the statistic T;(i = 1,2,3,4,5,6,7) is e-zero regression with respect
to the Ay then the v;.(i = 1,2,3,4,5,6,7) satisfies the following differential equations
with the same left sides as in (1.2),(1.3),(1.4),(1.5),(1.6), (1.7) but their right sides

are the following functions:

i(n — 1)(7:(—t)2)(n gy Jor12) (3.10)

where 7(0) = 0,r(t) = r(=1),|r(t)| <e ¥,
i*(n — 1)(7:(?2)@ Y. for(1.3) (3.11)

where r(0) = 0,7(t) = r(=1), Ir()] <€ V1,
) . for(14) (3.12)

= for(1.5) (3.13)

, for(1.6) (3.14)
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where r(0) = 0,7(t) = r(—t), |r(t)| <e Vi,

=m0 (3.15)
ahere 1(0) = 0.r(1) = FCTLIr] < ¢ ¥,
i*n(n — 1)Znt)— 2)(n —3)’ for(1.8) (3.16)

where (0) = 0,r(t) = r(—t),|r(t)| <e Vt.

Theorem 3.2. Let V;(x)(i = 1,2,4,5,6,7) be distribution functions with respect to
the characteristic functions 1;(t) of the composed ramdom variable where 1;(t) satisfy
the differential equation (1.2),(1.3),(1.5), (1.6), (1.7), (1.8).

Suppose that ;. (z) is distribution of the composed random wvariable corre-
sponding to the characteristic function ;.(t), which is the solution of the equation
with the same left side of the equation (1.2), (1.3), (1.5), (1.6), (1.7), (1.8), respec-
tively, but with the right side defined by (3.10), (3.11), (3.13), (3.14), (3.15), (3.16),

respectively, then the distribution function of composed random variable V;.(x) is

C(€)-approzimate W;(x) respectively, where v(¢) = max{e' 9, } for € is small

dIn(-)

enough positive number and C is a constant independent of €, (0 <% <1).

The proof of the theorem 3.1 is carried out similarly as in proof of the theorem
in [4] by using definition 3.1.

The conclusion of the theorem 3.2 follows directly from the above definition
3.2 and Theorem 2.1 and with notice that f(z1,z2,...,zy,) in (1.11) and (1.12) to be
continuous and piecewise smooth on its domain, therefore it satisfies the Lipschitz’s
condition.

Notice that the differential equation with the left side (1.4) and right side
(3.12) does not satisfy the condition (1.19), therefore the theorem 3.2 is not valid for

this case.
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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 1, March 2010

COVERING SUBGROUPS IN FINITE PRIMITIVE
m-SOLVABLE GROUPS

RODICA COVACI

Abstract. Let m be an arbitrary set of primes and let X be a w-closed
Schunck class. The paper deals with the study of X-covering subgroups
in finite primitive 7-solvable groups, connecting them with complements,
stabilizers and X-maximal subgroups. Some characterization theorems
for X-covering subgroups in finite primitive w-solvable groups by means
of complements of appropriate minimal normal subgroups, by means of

stabilizers and by means of some X-maximal subgroups are given.

1. Preliminaries

All groups considered in this paper are finite. Let 7 be a set of primes and
7’ the complement to 7 in the set of all primes.

We first remind some definitions and theorems which will be useful for our
considerations.
Definition 1.1. a) Let G be a group, M and N two normal subgroups of G such
that N C M. The factor M/N is called a chief factor of G if M/N is a minimal
normal subgroup of G/N.

b) A group G is said to be w-solvable if every chief factor of G is either a
solvable m-group or a 7w’-group. In particular, for w the set of all primes we obtain
the notion of solvable group.

Definition 1.2. a) Let G be a group and W a subgroup of G. We define
coregW =n{W?9 | g € G},

Received by the editors: 01.12.2008.
2000 Mathematics Subject Classification. 20D10.

Key words and phrases. Schunck class, covering subgroup, primitive group, mw-solvable group.

97



RODICA COVACI

where W9 = g7 1Wy.
b) W is a stabilizer of G if W is a maximal subgroup of G and coregW = 1.
c) A group G is said to be primitive if there exists a stabilizer W of G.

In the formation theory are well-known the following notions:

Definition 1.3. a) A class X of groups is a homomorph if X is closed under homo-
morphisms, i.e. if G € X and N is a normal subgroup of G, then G/N € X.
b) A homomorph X is a Schunck class if X is primitively closed, i.e. if any

group G, all of whose primitive factor groups are in X, is itself in X.
Definition 1.4. a) A class X of groups is called 7-closed if
G/O.(G)e X = GeX,

where O,/ (G) denotes the largest normal 7’-subgroup of G.
b) We shall call w-homomorph, respectively m-Schunck class, a m-closed ho-

momorph, respectively a m-closed Schunck class.

Definition 1.5. Let X be a class of groups, G a group and H a subgroup of G.
a) H is an X -mazimal subgroup of G if:
(i) H € X;
(i) H<H*<G, H*€¢ X = H=H*"
b) H is an X -covering subgroup of G if:
(i) H € X;
(i) H<K <G, K<dK, K/Khe X = K =HK,.

Remark 1.6. If X is a class of groups, G is a group and H is an X -covering subgroup
of GG, then H is X-maximal in G.

The following results will be used in the paper:
Theorem 1.7. ([1]) A solvable minimal normal subgroup of a finite group is abelian.

Theorem 1.8. ([2], [3]) Let G be a primitive w-solvable group. If G has a minimal
normal subgroup which is a solvable w-group, then G has one and only one minimal
normal subgroup.
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Theorem 1.9. ([3]) If G is a primitive w-solvable group, V. < G, such that there
exists a minimal normal subgroup M of G which is a solvable w-group and MV = G,

then V is a stabilizer of G.

Theorem 1.10. ([5]) Let X be a m-homomorph. The following conditions are equiv-
alent:

(1) X is a Schunck class;

(2) if G is a w-solvable group, G &€ X and N is a minimal normal subgroup
of G such that G/N € X, then N has a complement in G;

(8) any w-solvable group G has X -covering subgroups.

Theorem 1.11. ([5]) Let X be a w-Schunck class, G a w-solvable group, G & X, N
a minimal normal subgroup of G such that G/N € X and H an X -covering subgroup
of G. Then H is a complement of N in G, i.e. G=HN and HNN = 1.

Theorem 1.12. ([5]) If X is a w-Schunck class, G is a w-solvable group, G ¢ X and
N is a minimal normal subgroup of G such that G/N € X, then:

a) N has a complement H in G;

b) H is X -mazimal in G;

¢) H is conjugate to any X -mazimal subgroup S of G with NS = G.

2. On stabilizers in finite primitive m-solvable groups

Lemma 2.1. If G is a group and W a stabilizer of G, then:

a) for any normal subgroup K # 1 of G, we have KW = G;

b) for any minimal normal subgroup M of G, we have MW = G.
Proof. a) Let K # 1 be a normal subgroup of G. Since W is maximal in G and
W< KW <G, we have KW =W or KW = G. Suppose that KW = W. It follows
that K < W and so K9 < W9 for any g € G. But K being normal in G, K9 = K
for any g € G. Then K < WY for any g € G, hence K < coregW =1. So K =1, in
contradiction to our hypothesis. So KW = G.

b) Follows immediately from a). O
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Theorem 2.2. Let G be a m-solvable group, W a stabilizer of G and M a minimal
normal subgroup of G such that M is a solvable w-group. Then W is a complement
of M inG, i.e. MW =G and MNW = 1.

Proof. MW = @G follows from Lemma 2.1. Let us now prove that M N W = 1.
Since M is normal in G and W < G, we have that M N W is normal in W. By 1.7,
M is abelian. In order to prove that M N W is normal in G, consider ¢ € G and
m e M NW. Since G = MW, we have g = nw, where n € M and w € W. So

1 1 1 1

1 n_oCmnw=w n_

g 'mg = (nw)!

m(nw) = w~ nmw =w 'mw € MNW,

where we used that M is abelian and that M N W < W. It follows that M N W is
normal in G. From this and from the fact that M is a minimal normal subgroup of
G, we deduce that M NW =1or MNW =M. But M NW = M leads to M C W,
hence G = MW = W, in contradiction with the hypothesis that W is a stabilizer of
G.SoMnNW =1. O
Theorem 2.3. Let G be a primitive w-solvable group such that there exists a minimal
normal subgroup M of G, M solvable w-group. Let W < G. The following two
conditions are equivalent:

(1) W is a stabilizer of G;

(2) MW =G.
Proof. By 1.8, M is the unique minimal normal subgroup of G.

(1) = (2): Let W be a stabilizer of G. Applying 2.2, we obtain that
MW =G.

(2) = (1): Let MW = G. Then, by 1.9, W is a stabilizer of G. O

3. Covering subgroups and complements in finite primitive w-solvable

groups

In preparation for the main result of this section, we first prove a lemma.
Lemma 3.1. Let X be a w-homomorph, G a w-solvable group, G ¢ X and N a
minimal normal subgroup of G such that G/N € X. Then:

a) N is a solvable w-group;
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b) N is abelian.
Proof. a) Since G is a m-solvable group and N is a minimal normal subgroup of G,
we conclude that N is either a solvable m-group or a 7’-group. Suppose that N is a

7’-group. Then N < O,/ (G) < G, hence
G/Ox(G) = (G/N)/(Ox (G)/N).

But G/N € X. Then by the above isomorphism and X being a homomorph,
G/O.(G) € X. Tt follows by the m-closure of X that G € X, a contradiction.
This shows that IV is a solvable m-group.

b) We apply 1.7 and a) and obtain that N is abelian. O
Theorem 3.2. Let X be a w-Schunck class, G a finite primitive mw-solvable group,
G ¢ X, N a minimal normal subgroup of G such that G/N € X and let H < G. The
following two conditions are equivalent:

(1) H is an X -covering subgroup of G;

(2) H is a complement of N in G, i.e. HN =G and HN N = 1.

Proof. (1) = (2): Let H be an X-covering subgroup of G. By applying 1.11, H is
a complement of N in G.

(2) = (1): Let H be a complement of N in G (according to 1.10, H exists),
i.e. we have HN = G and H NN = 1. By lemma 3.1, N is a solvable w-group, hence
N is abelian. We will prove that H is an X-covering subgroup of G by verifying
conditions (i) and (ii) from 1.5.b).

(i) H € X. Indeed, we have:

H~H/l=H/HNN ~HN/N =G/N € X.

(ii) Let H < K < G, Ko <K, K/Ky € X. We prove that K = HK,. For
this, we first prove that H is a maximal subgroup of G. Indeed, H # G (since H € X
and G ¢ X) and let now H < H* < G. In order to show that H = H*, suppose
H < H*. Then there exists an element h* € H*\ H C G = HN and so

h* =hn, withhe H ne N
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hence
n=h"th* € H*NN.
Let us show that H* N N = 1. For this, we notice that from N <G and H* < G

follows that H* N N < H*. Furthermore, H* N N < G, since for any g € G and any
n € H* N N, we have that g~'ng € H* N N, as we show below:

geEG=HN=H*N=NH" = g=mh*, me N, h* € H*
= g~ lng = (mh*)"tn(mh*) = (h*)"'m~nmh*
= (W) 'm~tmnh* = (R*)"'nh* € H* NN,
where we used that N is abelian and that H* NN < H*. So H* NN < G. But N
is a minimal normal subgroup of G, hence H* NN =1 or H* NN = N. Suppose

H*NN =N. Then N C H*, hence G = H*N = H*, a contradiction. It follows that
H*N N =1. Then

n=h"'""eH*"NN=1=n=1= h'h*=1= h=h"c H*'\H,

in contradiction with h € H. It follows that H is a maximal subgroup of G. Hence
from H < K < G, we have only two possibilities: K = H or K = G.

If K = H, the hypotheses of (ii) become H < H < G, Ko < H, H/Ky € X
and clearly K = H = HK.

If K = G, the hypotheses of (ii) become H < G < G, Ky <G, G/K;, € X.
We have to prove that G = HKj. Observe that Ky # 1. Indeed, supposing that
Ky =1, we have G ~ G/1 = G/K, € X, a contradiction with G ¢ X. Furthermore,
by 1.8, N is the unique minimal normal subgroup of G. Hence for Ky < G, Ky # 1
follows that N C Kg. So G = HN C HK, which leads to K = G = HK,. O

Theorems 1.12 and 3.2 have the following consequence:
Corollary 3.3. Let X be a w-Schunck class, G a finite primitive m-solvable group,
G ¢ X and N a minimal normal subgroup of G such that G/N € X. Then:

a) N has a complement H in G;

b) H is an X -covering subgroup of G;

c) H is X-mazimal in G;
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d) H is conjugate to any X-mazimal subgroup S of G with SN = G;

e) conditions a) and b) are equivalent.

4. Covering subgroups and stabilizers in finite primitive m-solvable groups

In this section we will establish a connection between covering subgroups and
stabilizers in finite primitive w-solvable groups.

Theorem 4.1. Let X be a w-Schunck class, G a finite primitive m-solvable group,
G ¢ X, N a minimal normal subgroup of G such that G/N € X and let H < G. The
following two conditions are equivalent:

(1) H is an X -covering subgroup of G;

(2) H is a stabilizer of G.

Proof. By lemma 3.1, N is a solvable m-group.

(1) = (2): Let H be an X-covering subgroup of G. Then H € X. This
implies H # G, since G € X. Applying Theorem 3.2, we obtain that HN = G. This
and H < G show that we are in the hypotheses of Theorem 1.9. It follows that H is
a stabilizer of G.

(2) = (1): Let H be a stabilizer of G. Then, by 2.2, H is a complement
of N in G. Now by applying Theorem 3.2, we conclude that H is an X-covering
subgroup of G. O

Theorems 3.2 and 4.1 have the following corollary:

Corollary 4.2. Let X be a w-Schunck class, G a finite primitive m-solvable group,
G ¢ X, N a minimal normal subgroup of G such that G/N € X and let H < G. The
following three conditions are equivalent:

(1) H is an X -covering subgroup of G;

(2) H is a complement of N in G;

(3) H is a stabilizer of G.

5. X-maximal subgroups and complements in finite m-solvable groups

In this last section of the paper, we show that there is a connection between
some particular X-maximal subgroups and the complements of some special minimal
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normal subgroups in finite 7-solvable groups. This connection allows us to characterize
the X-covering subgroups in finite primitive m-solvable groups by means of these
particular X-maximal subgroups.

Theorem 5.1. Let X be a w-Schunck class, G a finite w-solvable group, G ¢ X and
let N be a minimal normal subgroup of G such that G/N € X. Then:

a) N has a complement H in G; furthermore, H is X -mazimal in G and H
s conjugate to any X-mazimal subgroup S of G with SN = G;

b) the following two conditions on H < G are equivalent:

(i) H is an X-mazimal subgroup of G such that HN = G;
(i) H is a complement of N in G;

¢) any two complements Hy and Hy of N in G are conjugate in G.
Proof. a) Immediately follows from Theorem 1.12.

b) (i) = (ii): Let H be X-maximal in G such that HN = G. We have to
prove that H N N = 1. Observe first that H # G, since H € X and G ¢ X. From
H < G and N <G follows that H N N < H. Lemma 3.1 implies that N is abelian.
Let us now prove that H N N is normal in G. Let g € G and n € H N N. Then:

ge G=HN=NH = g=mh, where me N, he€ H,

hence

g 'ng = (mh)"'n(mh) = h"'m ™ nmh

=h'm~lmnh =h7'nh € HNN,

where we used that H N N < H. In order to prove that H N N = 1, we consider the
normal subgroup H N N of G and observe that H N N C N, where N is a minimal
normal subgroup of G. It follows that HNN =1 or HNN = N. If we suppose that
HNN =N, we obtain N C H, hence G = HN = H, in contradiction with H # G.
So HNN =1.

(i) = (i): Let H be a complement of N in G. Hence, by 1.12, H is
X-maximal in G. Obviously HN = G, H being a complement of N in G.
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c) Let H; and Hy be two complements of N in G. Applying b) to Hs, we
obtain that Hs is X-maximal in G and Ho N = G. But H; is a complement of N in
G. Now applying Theorem 1.12.c) it follows that Hj is conjugate with Hs in G. O

From Theorem 5.1.b) and Corollary 4.2 follows:

Corollary 5.2. Let X be a w-Schunck class, G a finite primitive m-solvable group,
G ¢ X, N a minimal normal subgroup of G such that G/N € X and let H < G. The
following four conditions are equivalent:

(1) H is a complement of N in G;

(2) H is X-mazimal in G and HN = G;

(8) H is an X -covering subgroup of G;

(4) H is a stabilizer of G.
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SET-VALUED APPROXIMATION OF MULTIFUNCTIONS

MARIAN MURESAN

Abstract. This survey paper introduces several results on approximation
of multifunctions with convex and non-convex values. We consider multi-
functions having at least nonempty and compact values in R™. The convex
case (when the multifunctions have convex values) is closer to the point-to-
point case. The non-convex case (the values of the multifunctions are not
longer assumed to be convex) is more challenging. In the convex case we
present results on the Bernstein approximation, the Stone-Weierstrass ap-
proximation theorem, and the Korovkin-type approximation. In the non-
convex case we present results on linear operators on multifunctions based
on a metric linear combination of ordered sets, metric piecewise linear ap-
proximations of multifunctions, and approximation by metric Bernstein,
Schoenberg, and interpolation operators. The present survey paper was
introduced at University of Duisburg-Essen located in Duisburg while the
author was a visiting scientist under a grant of “Center of Excellence for
Applications of Mathematics” supported by DAAD. The author expresses
his gratitude to Prof. H. Gonska for his invitation and warm hospital-
ity in Duisburg. The author also appreciates the valuable comments and

remarks of Mr. Michael Wozniczka from the same University.

1. Introduction

The aim of the paper is to introduce some older and newer results on approxi-

mation of multifunctions with convex and non-convex values.
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Key words and phrases. compact sets, Minkowski linear combination, metric average, set-valued
functions, piecewise linear set-valued functions, linear approximation operators, metric Bernstein

approximation, metric Schoenberg approximation, metric polynomial interpolation.
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Let X,Y be nonempty sets and P(Y) = P(Y) \ {0} be the collection of
nonempty subsets (parts) of Y. A multifunction, set-valued function, or correspon-
dence is an ordinary map F : X — P(Y) (sometimes denoted as F : X =3 Y ), see
2], [19).

Suppose that Y is a real vector space. The so-called “convex case” refers
to the case when the images F(x) are convex, for all € X. Otherwise we say
that the “non-convex case” is in force. We just mention that in the cases connected
to mathematical economics (Arrow-Debreau economical equilibrium, etc.) for some
multifunctions the empty set belongs to the range of F.

We will immediately see why convexity plays such a crucial role here.

The tentative plan consists

e of substituting numbers by sets (which seems to be all right, although the
point corresponding to a real number is at least convex and compact);

e and consequently of substituting the operations on numbers by some op-
erations on sets.

The Minkowski sum of two non-empty sets (in R™ or in a vector space) is

defined by

K+L={z+y|leeK, yelL}

Nice property: if K and L are singletons, their Minkowski sum is exactly
the usual addition of numbers or vectors. Although {0} is the identity for addition
of sets, i.e., K+ {0} = K, generally no additive inverse exists (K +X = {0} cannot

be solved for X unless K is reduced to a point). Moreover,
K+X=K+Y+= X=Y.
Multiplication of a set by a scalar is defined by
aK ={az|x € K}.

For K = {0,1}, we have K + K = {0,1,2} whereas 2K = {0,2}. It is hard to
accept that K + K # 2K. Thus the distributive law aK 4+ 8K = («+()K generally
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fails to hold. However, if K is convex, then
aK + K = (a+ pf)K, for a,3 > 0. (1.1)

A generalization of (1.1) can be proved by induction, namely, a set K is said to be

convex if and only if
al,...,an >0, N>2 = K+ -+ayK=(ags+ - +an)K. (1.2)

Equality (1.1) suggests that the class of convex-valued multifunctions might be an
appropriate setting in which we might begin considering set-valued approximation
problems.

Subtraction is not well defined and is generally impossible.

X1+ -+ Xn generally "gets bigger” as IN increases.

Let K be the collection of nonempty and compact subsets of R™.

We begin by posing the question: Is it possible to approzimate a multifunction
F :[0,1] = R™ by a “simpler” one? More concrete, by a linear approximant of the

form
N
> 9K =@oKo+ -+ onKn,
i=0

where the K ’s are fixed elements in K and the ¢, ’s are scalar-valued maps defined
on [0,1].
Recall that
e the Bernstein operator for f € C[0,1] is

N
By (f,x) = pni(x)f (k/N), (1.3)
k=0
where
pnk(x) = <]Z)xk(1 —2)Nk oz elo,1], (1.4)
e the Lagrange interpolation formula for f:[a,b] — R is
N
a=xzog<x <--<ay_1<zy=b, Ly(x)= Zlk(x)f(:ck),
k=0
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where

(x —x)...(x —xp—1)(x — Tpz1) ... (x — N)
(xk — LC()) . (ﬁk‘ — l'kfl)(l'k — {Ek+1) N (xk — .’EN)

lk(x) =

: (1.5)

o the Hermite-Fejér polynomial Hy(f,x) of a function f:[-1,1] — R,
based on the zeros

2k —1
Tk :x,(CN) :cos%7 k=1,2,...,N, (1.6)

of the Chebyshev polynomial Tx(z) = cos(N arccosz), is

T (x 2 N
@)= (5 Ty ) 00, Hx(e) = S @S, w11

e and a (univariate, polynomial) spline S : [a,b] — R is a piecewise
polynomial function, that is, it consists of polynomial pieces P; : [x;, zit1[— R,
where a =xg<z1 <---<axy=b, i=0,1,...,N —1, such that
S(z) = Py(x), x € [xg,21],

S(z) = Pi(x), x € [z, 22,

S(z) =Pn-1(z), z € [xn_1,ZN],

and at x; the two pieces P;_; and P; share common derivative values.

“Polynomials are wonderful even after they are cut into pieces, but the cutting
must be done with care. One way of doing the cutting leads to the so-called spline
functions.” Isaac Jacob Schoenberg (Galatzi 1903 - Madison, W1, 1990) penned these
prophetic words in 1964.

Along this paper by [0 we denote the end of a proof and by A the end of a
remark or an example. We mention some notations that appear along our paper. B
denotes the closed unit ball in R™, K the family of nonempty and compact subsets
in R”, K. the collection of elements of K that are also convex, H the Hausdorfi-
Pompeiu metric on K, (-,-) is the inner product on R™, S is the unit sphere in R™,
o(-,-) the support function, C[K] and C[K.] the spaces of continuous functions on
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[0,1] into K and K., respectively, B, the Banach space of continuous functions
defined on the unit sphere in R™, and By(-,-) the Bernstein operator.

Some results of R. Vitale in [28] are introduced in the sequel.

The Hausdorff-Pompeiu metric can be introduced on K in several ways, one

of these being as follows
H(Ky,K>) =min{e > 0| K1 C Kx +¢B, Ky C K; +¢B} (1.7)
where B is the closed unit ball in R™. We note that
H(K;, K3) < 400, VK, Ky €K (1.8)
Thus (K,H) is a complete, separable, and locally compact metric space. Define
1K = H({0}, K),

the “norm” of K € K.

Proposition 1.1. Let A,B € K and « be a real number. Then
H(aA,aB) = |a|H(A, B). (1.9)

Proof. If a =0, we have H(aA,aB) = H({0}, {0}) =0=0-H(A,B). If a >0,

we successively have

H(aA,aB) =min{e > 0| A C aB + B, aB C aA + B}
=min{e >0| AC B+ (¢/a)B, BC A+ (¢/a)B}

=a min{e/a >0]|AC B+ (¢/a)B, BC A+ (¢/a)B} = a H(A4, B).
If a <0, then consider § = —a and it follows

H(aA,aB) =min{e >0 | —fAC —B +¢eB, —B C —A+ B}

= min{e > 0 |3A C BB + B, BB C BA + B} = BH(A, B) = |o| H(A, B).
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2. The convex case

2.1. K.. We denote by K. the collection of elements of K which are also convex.
Then K. is closed under

e Minkowski addition,

e Minkowski multiplication with scalars,

e the distributive property (1.1),

e K. inherits its metric from K as a closed, separable and locally compact
subspace.

Given an element K € K, we often form its convex hull denoted as convK,

which obviously lies in K.. The map
K> K +— convK € K,
is continuous in respect to the Hausdorff-Pompeiu metric since
H(convA, convB) < H(A,B), VA BekK, (2.1)
and additionally satisfies conv(aK;+8K3) = aconvK;+ [ convKs, forall o, > 0.
2.1.1. Support function. To each K € K we associate its support function given by
o(p,K) =max{(p,k) | k€ K}, peS, (2.2)

where (-,-) is the inner product on R™ and S is the unit sphere in R™.
A set K € K. and a point not in K can always be separated by some

hyperplane and this leads to the useful equivalence

K CKy<—=o0(p, K1) <o(p,Ks,), Vp (2.3)
and the consequent uniqueness of support functions, namely

K=Ky << o0(p, K1) =0(p,K3), Vp.

Proposition 2.1. As a function of p, the support function is Lipschitz (and thus

continuous), that is

lo(p1, K) — o(p2, K)| < [lp1 — pa2| [ K]]-
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Obviously, we may use and we will do so, the map
K.>Kw—o(,K)

to embed K. in the Banach space B, of continuous functions defined on the unit
sphere in R™.

Proposition 2.2. ([17]) The following properties hold:

o(p,B) =1, VpeS, (2.4)
o(-,aK) = ao( K), a>0, (2.5)
o( Ky + Ko) = (-, K1) + 0 (-, K3), (2.6)
H(K1, K2) = ||loy — 0|, (uniform norm), (2.7)
K[l = llo (-, K)I, (2.8)

where at (2.7) we mean o1 = o01(-, K1) and o2 = o3(-, K3).
Proof. The support function of the closed unit ball B is identically 1 since by
the Cauchy inequality we have that (p,b) <1, for all p€ S, and b€ B and on the
other hand each p € R™ with |p|| =1 also belongs to B, so (p,p) = 1. Thus (2.4)
follows.

Let us see how (2.7) comes about. Since the support function of the closed
unit ball B is identically 1, so that (2.5) and (2.6) imply o(p, Ko+¢B) = o(p, Ka2)+e¢.
Together with (2.3) this yields, for all p,

Ky CKy+eB <= o(p, K1) <o(p,Ks) +e <= o(p, K1) —o(p,K2) <e.
Similarly, for all p,
Ky C K1 +eB <= o(p,K3) <o(p,Ki1)+e <= 0o(p,K2) —o(p, K1) <e.
For both inclusions to hold, we have to have
o(p, K1) —o(p, Ka)| <&, Vp. (2.9)

The infimum of all € > 0 satisfying (2.9) is at once H(K7, K3) and |lo; — o2f. In
particular, K = {0} implies ||K| = |o(-, K)|. O
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Corollary 2.3. For any p1,p2 €S and Ky, Ks € K, we have that
lo(p1, K1) — o(p2, K2)| < |lp1 — p2|l [ K1 || + H(K1, Ka2).

C[K] and C[K.] denote the spaces of continuous functions on [0,1] into K
and K., respectively. Given a map F € C[K], we denote its norm by
H(F) = sup {|[F(z)|}
z€]0,1]
and define the related metric by
H(F,G) = sup {H(F(z),G(x))}. (2.10)
xz€[0,1]
2.2. Bernstein approximation. Given a multifunction F defined on [0,1], we

define the Nth Bernstein approximant to be

N
BN(FV%) :ZPN,k(x)F(k/N)v (211)
k=0

where the pn x(-) polynomials are given by (1.4). The addition and multiplication in
the right-hand of (2.11) are understood in the Minkowski sense. It is clear that this
map necessarily lies in C[K] and, indeed, in C[K,.] if F' € C[K,].

Theorem 2.4. Let F € C[K.]. Then By (F,-) converges uniformly to F, i. e.,

H(F,By(F,-)) LOO) 0, where —~—  denotes the uniform convergence.

N—

Proof. We use the Banach space embedding

BN(Fa ) L F
H(,)

l I

The above diagram has to be read as follows. We ask if the sequence (By(F,-))n
converges uniformly to F' in respect to the Hausdorff-Pompeiu metric. The answer is
given by embedding the sequence (By(F,-))n into the Banach space of continuous
functions on S by the support function, then checking the uniform convergence of
the sequence (o(By(F,-)))n toward o(-, F'), and then returning to F.
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Then F € C[K,] is equivalent to the continuity of the map from [0, 1] into
B,, given by x +— o(-, F(x)).
A Bernstein approximant of F' corresponds to the map

N
0,1] 52— > prs@)o(, F(k/N)).

k=0
Hence it is enough to show the uniform convergence (in B, ) of the latter

maps to « — o(-, F(z)). Indeed

2.10
H(F(), By (F,)) “2” sup {(H(F(2), By (F,2)}
z€[0,1]
(2.7)
= sup {HU('?F(‘T))_O—("BN(FPT))H}
z€[0,1]
(2.5) uniformly in x
=" sup {Jlo(- F(x)) =Byo(, F@))l} ——— 0,
z€(0,1] —e
by a result of T. Popoviciu, [6, pp. 109-111], or [20, pp. 155-160]. O

We turn to the case when F € C[K] does not necessarily have convex values.

This does not preclude forming By (F,-).

Remark 2.5. If K ={0,1}, then convK = [0, 1],
N
(1/N)S" K = (1/N)(K + K +---+ K) = {0,1/N,2/N, ..., 1}
k=0

and
N

H((1/N)) K, convK) — 0 as N — oo,
k=
since if K; = {0, 1/N,2/N,...,1§ and Ky = convK, then
H(K1, Ks) =min{e > 0| K1 C Ko +¢[-1,1], Ky C K; +¢[-1,1]}
=min{e > 0| Ky C K; +¢[-1,1]} =1/(2N). A
An uncomfortable situation is revealed by the following result and its conse-

quences.

Theorem 2.6. (Shapley-Folkman-Starr, [25]) If K1,...,Ky € K, then
HKi+-+ Ky, conv(K; + -+ Ky)) < \/ﬁlr<neg§v | K| (2.12)
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The special case K1 =---= Ky = K leads to
Corollary 2.7. If K1 =Ky =---=Ky =K €K, then
(2.12)
HK+ -+ K,conv(K +---+ K)) < +/n|K]|. (2.13)

Corollary 2.8.

H(K+---+ K)/N, (1/N)conv(K + -+ K)) (1§9) (Vn/N)|K|| ~== 0.

N—o0

It comes another uncomfortable case.

Proposition 2.9. A set K € K is infinitely divisible for Minkowski sums, i. e.,

admits the following representation
K=Ly+- -+ Ly, foral N >2, (2.14)

if and only if K is convex.

Proof. Sufficiency. Suppose that K is a convex set. Then a representation of the
form (2.14) exists by taking Ly = (1/N)K and applying (1.2).

Necessity. From (2.14) it follows that ||Ly]|| < ||K]|/N. Then Corollary 2.7 and the

previous inequality imply that
H(K,convK) < v/n||Ly| < v/n|K|/N.

O
A more exact variant of the Shapley-Folkman-Starr theorem is valid. For a
set K € K, define its diameter respectively, radius by diam K = max, yex ||z — ¥l

and rad K = (1/2)diam K.

Theorem 2.10. (Shapley-Folkman-Starr, [18, p. 407]) If K1,..., Ky are compact
subsets of R™, then

H(K; + -+ Ky, conv(K; + -+ Ky)) < \/ﬁlr<nva<>§vradKi.

Another result of the same sort is mentioned below.
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Lemma 2.11. (Shapley-Folkman-Starr, [18, p. 407]) If Ki,...,Kn are compact
subsets of R™, then

N
H(Ki 4+ Ky, conv(Ky + - + Ky))? Z (rad K;)

Theorem 2.12. Let F € C[K]. Then in any interval [e,1 —¢], 0 < e < 1/2,

Bn(F,-) converges uniformly to convF (here (convF)(t) = convF(t), t € [0,1]).

Proof. With
Zka F(k/N),
we identify Kj = pni(z)F(k/N) in (2.12). Now
1Kkl < 1F(k/N)| lpnk(z)] < H(F) sup{pyr(z) | ez <1—-¢, k=0,1,...,N}.

The indicated supremum is shown to be O(N -1/ 2) 1 so by the Shapley-Folkman-

Starr theorem one has that
H(Bn (F, ), By (convF,z)) < H(F) O(N~/2)n!/2,
Theorem 2.4 and the triangle inequality yields

H(convF, By (F,-)) < H(By(F,-),By(convF,-))

+H(By(convF,-),convF) NTuoo) 0.

Remark 2.13. The result cannot be extended to the full interval since
e at each endpoint x =0, 1, By(F,z) = F(z) independent of N;
e the O(N~'/2) bound breaks down at the endpoints. A
Below there are some properties which follow directly from the support func-

tion embedding and properties of Bernstein approximant in the real-valued case.

Proposition 2.14. Given F :[0,1] — K. a set-valued mapping.

11t follows from the limit limpy_ o0 v/ No(1 — z) maxg< < N PN,k = 1/V27m, [13, Secs. 11, 12]
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(a) Suppose Ki,Ks € K.. Then
Ky C F(z) C Kq, forall z = K; C By(F,z) C Ko, for all x.

In particular, NyejoF (t) C By (F,x) C conv(Uiepo11F(t)), for all x.
(b) F(s) C (2)F(t), for all s,t with 0 < s <t <1 = Bn(F,s) C
(2)Bn(F,t), for all s,t with 0 <s<t<1.
(c) F((s+1t)/2) C (D)(1/2)(F(s)+ F(t)), for all s,t, implies that

By (F,(s+1)/2) C (2) (1/2)(By(F,s) + By(F,t)), for all s,t.

(d) Let G:[0,1] — K, be a set-valued mapping. Suppose that F(z)NG(x) =
0, for all x. Then, for N sufficiently large,

By (F,z) "By (G, z) =0, for all .
Proof. (a) For the first claim we successively have
Kl C F(iL’) - KQ) Vo = J(pa Kl) < U(paF(Z)) < 0(paK2)7 Vp,x
— o(p, K1) < o(p, F(k/N)) <o(p,K2), Vp.k

— (Z) 2 (1 — 2)N ko (p, K1) < @f)x’“(l —2)N"Fo(p, F(k/N))

N

N

Z5 o(p, Ki)<o(p Y (z;z)xk(l —2)NFR(k/N)) < o(p, K2), Vp,z
= K; CBy(F,z) C Ky, Vz€l0,1].
For the second claim we successively have
F(k/N) = F(k/n)=F(k/N)
= Niepo,yF'(t) C F(k/N) C UseoF(t) C conv (U F (1))
= Miepo)F(t) C Bn(F,x) C conv (Ute[o,uF(t)) , Yz el0,1].
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(d) Choose an arbitrary but fixed = € [0,1]. Since F' and G are of compact values,
there exists an ¢ so that
0<3e= ueF(;l)r{ivnec(x) luw — vl

Denote A =cl(F(xz)+¢eB) and B = cl(G(z)+eB), where ¢l stands for the closure
of a set. We have that ANB = (. Since By (F,z) and By (G, ) converge uniformly
to F(x), respectively G(z), from a given rank Ny we have that By (F,z) C A and
Bn(G,z) C B, for all N > Ny. Therefore By (F,z) and By (G, ) are disjoint sets
for all N > Ny. O

Remark 2.15. (a), (b), and (c) in Proposition 2.14 can be obtained from a more gen-

eral result introduced in [31]. These considerations are presented in the sequel. A

Definition 2.16. Let L be an operator defined on the linear space RO (of real-
valued functions defined on [0,1] with the usual operations) having values in RO
An operator L defined on the set KO (of functions defined on [0,1] with values

in K. ) having values in KLO’” and satisfying

L(o(p, F(-)),x) = o(p, L(F, x)) (2.15)

forall F € KO ,  €[0,1], and p € S, where S denotes the unit sphere in R™,

is said to be a set-valued equivalent of L .
Example 2.17. Let L: RO — RO be an operator of the form
N
L:ROY s £y Zf(&)a,— e RIOY (2.16)
i=0

with abscissae &; € [0, 1] and fundamental functions «; € R[;bl] such that Zfio o
1. By definition, L is discretely defined, positive, linear, and exact for constant

functions. The operator L : K[co’l] — K[CO’H , specified by

N
LK s F e Y F(E)as € KO, (2.17)
i=0
is a set-valued equivalent of L reproducing constant functions in KE‘“] . A
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Definition 2.18. Let L : R - RO e ROY  and ki, ky € R. The operator

L is said to preserve

(a) lower bounds if k1 < f = ki < Lf, i.e., for all x € [0,1], k1 < f(x) implies
k1 < L(f,x), where ki is independent of x,

(b) upper bounds if f <ko = Lf <ky,

(¢) bounds if it preserves lower and upper bounds,

(d) monotonicity if f(z) < f(y), for all 0 <z <y <1, implies
L(f,x) < L(f,y), VO<z<y<l,

and

(e) midconvexity if for all z,y € [0,1] f((z+y)/2) < (f(z)+ f(y))/2 implies

L(f,(x+y)/2) < (L(f,2) + L(f,y))/2-

Similarly, we agree upon
Definition 2.19. Let £ : KO — KO F e KO and K\, Ky € K.. The
operator L is said to preserve
(a) lower bounds if K1 C F = K; C LF, i.e., for all z € [0,1], K; C F(z) =
Ky C L(F,x), where K; is independent of x,

F((z+y)/2) € (F(x) + F(y))/2 = L(F,(x +y)/2) C (L(F,x) + L(F,y))/2.

Proposition 2.20. (Inheritance, [31]) 4 set-valued equivalent L : KoY - g of
an operator L : RO — RO preserves

(a) (lower, upper) bounds,

(b) monotonicity, and

(c) midconvezity,

respectively, if L possesses the corresponding property.

120



SET-VALUED APPROXIMATION OF MULTIFUNCTIONS
0,1
Proof. Let F,G ¢ K and K; € K..

(a) If L preserves lower bounds, for all p € S, = € [0,1], we successively have

Ky C F(z) = o(p, K1) < o(p, F(z)) = o(p, K1) < L(o(p, F(-)), z)

= o(p, K1) <o(p,L(F,z)) = K; C L(F,z).

The preservation of upper bounds by £ follows analogously if L preserves upper

bounds.

(b) If L is monotonicity preserving, for all p€ S, 0 <z <y <1, it holds

F(x) C F(y) = o(p, F'(x)) < o(p, F(y)) = L(o(p, F(")),x) < L(o(p, F(*)),y)

— o(p, L(F,z)) < o(p, L(F,y)) = L(F,z) € L(F,y)1.

(c¢) For midconvex L and for all p €S, z,y € [0,1] we successively have

F(x;y) - F(x);F(y) :NT(p’F(l’;y)) SU(va(w);rF(y)>

:a< (x+y>) p.F —;a@,F(y))

:w( (p,Fo),“y)g Llolp.F()a)+ oty F(O).)

a(p, L(F,z)) + o(p, L(F,y))
2
L(F,z) + L(F,y)
) <o (p EEEEED)
) c L(F,z)+ L(F, y)

d

Remark 2.21. For bounds preserving operators L : K[co’l] — K[Co’l} and arbitrary
F e K[Co’l], we have

ﬂ F(t) C LF C conv U F(t)

te[0,1] t€[0,1]
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since

ﬂ F(t)CFC U F(t) C conv U Fit)]. A
t€[0,1] te(0,1] t€[0,1]
Example 2.22. The the Nth Bernstein operator By : KLO’” — KLO’I] as given in

(2.11) preserves bounds, monotonicity, and convexity. A

2.3. Stone-Weierstrass approximation theorem. The approximation theorem

as originally discovered by K. Weierstrass is as follows:

Theorem 2.23. (Weierstrass) Suppose [ is a continuous complez-valued function
defined on the real interval [a,b]. For every e > 0, there exists a polynomial function
p over C such that for all x € [a,b], we have |f(z) —p(z)| < e, or equivalently, the

supremum norm || f —pll <e.

If f is real-valued, the polynomial function can be taken over R.

A constructive proof of this theorem for f real-valued using Bernstein poly-
nomials can be found in many books, see [6], [20].

An associative algebra A over a field F' is defined to be a vector space A
over F' together with an F'-bilinear multiplication A x A — A (where the image of
(x,y) is written as xy ) such that the associative law holds:

o (zy)z=u2x(yz) for all z,y and z € A.

The bilinearity of the multiplication is expressed as

o (x+y)z=zz+yz forall z,y and z € A,

o z(y+z2)=ay+az foral z,y and z € A,

o a(zy) = (ax)y = z(ay) for all z,y € A and «a € F.

The set Cfa,b] of continuous real-valued functions on [a,b], together with
the supremum norm || f|| = sup,c(, 4 |f(2)], is a Banach algebra, (i. e., an associative
algebra and a Banach space such that | fg|| < ||f|l - |lg]| for all f,g, [24, Chapter
I]). The set of all polynomial functions forms a subalgebra of Cl[a,b] (i. e., a vector
subspace of C[a,b] that is closed under multiplication of functions), and the content
of the Weierstrass approximation theorem is that this subalgebra is dense in Cla,b].
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Theorem 2.24. (Stone-Weierstrass, the R version) Suppose X is a compact Haus-
dorff space and A is a subalgebra of C(X,R) which contains a non-zero constant

function. Then A is dense in C(X,R) if and only if it separates points.

The Stone-Weierstrass Theorem 2.24 implies the Weierstrass Theorem 2.23
since the polynomials on [a,b] form a subalgebra of C[a,b] which contains the con-

stants and separates points.

2.4. Korovkin-type approximation results. Recall that C[K] and C[K,.] denote

the spaces of continuous functions on [0,1] into K and K., respectively.

Proposition 2.25. For F and G multifunctions defined on [0,1] with values in

K., we have
FcG (F(z)cG(x), Vo) = Bn(F,:) C By(G,").

Proof. Successively we have

F(k/N) € Gk/N) &2 o(p, F(k/N)) < o(p, G(k/N)), ¥peS

2 (b, pa () F(k/N)) < o(p, pa i ()G (k/N)),

Vpes, xe€l0,1], k=0,1,...,N,

CY 5 (p,By(F,2)) < o(p,Bx(G,z)), YpeS, ze0,1],

Y By (F,z) C By(G,z), Vzel0,1].
A map T :C[K.] — C[K.] is said to be K. -linear if
T(aF + 8G) = aTF + BTG, Va,8>0, F,G € C[K.,
and K. -positive (monotone) if
FCG = TFCTG, VFGeCK,.

Remark 2.26. The Bernstein polynomial By(:,-) is an example of such a map

(operator) T. A
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Theorem 2.27. Let (T,), be a sequence of K. -linear and K. -positive maps. In

order to have

T,F — F for each F € C[K.],

it is necessary and sufficient that

(a) T,F® — FO  §=0,1,2 where F(z) = 2'B,

(b) sup{H(T,F, F) | F(z) = K, |[K|| =1} — 0.
Proof.  Necessity. (a) is obvious. Suppose that (b) does not hold. Then there
exists an € > 0 and a subsequence (K,,j) of (K,) such that H(Tl,jKl,j,K,,j) > e
(Fy;(x) = K,;). Local compactness of K. and the uniform normalization |K, | =
1 assure the existence of a convergent subsequence of the (Kyj). Without loss of
generality denote this new subsequence again as (K,) and suppose that K, — K.

Then by the triangle inequality
HT,K,,K,) <HT,K,, T, Ks) + H(T, Koo, K»o) + H( K, K,).

Now ¢, = H(K, K,) — 0. The twin inclusions K, C K. +¢,B and K. C
K, 4+ ¢,B together with the properties of T,,, imply

T,K, C T,Ke +e,T,B, T,Ky CT,K,+¢c,T,B,

so that H(T, K,, T, K~ ) < ¢, H(T,B) — 0. Hence limH(T, K, K+ ) > €, but this
violates our assumption.

Sufficiency. Tt is rather long in [28]. An easier path is supplied by Theorem
2.32 that follows. ]

Remark 2.28. Theorem 2.27 and Remark 2.26 imply Theorem 2.4. A

Now we introduce a result in [15] that

e generalizes Theorem 2.27,

e allows transferring a Korovkin system from the single-valued to the mul-
tivalued case.

Mathematically the growth function is modeled by a multifunction F as-
sociating a compact convex subset of R™ for every value = € [0,1]. We need a
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couple of special functions: for a given K € K., K will denote the constant func-
tion F(z) = K, while 2B and 2?B denote the multifunctions F(z) = B and
F(x) = 2°B, respectively.

Let X and Y be metric spaces and F a family of functions from X into
Y. The family F is said to be equicontinuous at a point xg € X, if for every € > 0
there exists a ¢ > 0 such that p(f(zo), f(x)) < e forall fe F and x € X such
that p(zg,z) < 0.

Let X be a compact Hausdorff space, C(X) the Banach space of real-valued
continuous functions on X. We consider a set M C C(X) of “test functions”, and
we denote by span(M) the linear subspace of C(X) spanned by M. The Korovkin
closure K(M) is the set of all functions f € C(X) which satisfies the following

property:
For every equicontinuous net (T,,) of positive linear operators on C(X) one

has:

If T,(g) — g for all g € M, then T,(f)— f.
One says that M is a Korovkin system for C(X) if K(M) = C(X).

Remark 2.29. (a) If the constant function 1 belongs to M, the hypothesis of

equicontinuity is superfluous. Indeed,

T (f) = Ta(9)| = | fTa(1) = gTo ()| = [f — g - Ta(1) — |f — gl-

(b) For compact metric spaces X, the net (T,) is equivalent to a sequence
(Th).
(¢) On the unit interval X = [0,1], the polynomials py = 1, p; = z, and

po = 22 form a Korovkin system. A

Let X and Y be compact Hausdorff spaces. There are natural embeddings
of C(X) and C(Y) into C(X xY). Indeed, every function f : X — R may be
considered as a function from X x Y into R not depending on the second variable

and, likewise, for functions on Y.
Lemma 2.30. If My is a Korovkin system for C(X) and My is a Korovkin system
for C(Y), then M = My U My is a Korovkin system for C(X xY).
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For an arbitrary compact Hausdorff space X we denote
C=C(X,K.)

the set of all continuous multifunctions F' defined on X with values F(z) in the set
K. of nonempty convex, and compact subsets of R™.

An operator T : C — C is called linear if
T(F+G)=TF+TG, T(aF)=aTF, YF,GeC, a>0.
It is said to be monotone if
FCG = TFCTG.

As in the real case, we say that a set M C C of test functions is a Korovkin

closure for C if
For every equicontinuous net (7,) of monotone linear operators on C one

has:

If T,(G) — G for all G € M, then T,(F) — F for all F € K(M).

One says that M is a Korovkin system for C if K(M) =C.
Remark 2.31. (a) If the constant function B belongs to M, the hypothesis of
equicontinuity of the net (7,) is superfluous since it follows from T, (B) — B.

(b) For compact metric spaces X, the net (T,) is equivalent to a sequence
(T,). A

Theorem 2.32. Let X be a compact Hausdorff space, and B the unit ball for an
arbitrary norm in R™. If M is a Korovkin system of nonnegative functions for C(X),

then
M={z f(x)B| f e M}U/{all constant functions}
is a Korovkin system for C.

Proof. Let Y be the dual unit sphere of B = {x € R™ | ||z|| < 1}, that is, the set

of linear functionals y on R™ such that

lyll = sup{y(z) | = € B} = 1.
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Topologically Y is homeomorphic to the Euclidean sphere S.

With every K € K. we associate the support function
o(+K):Y =R, o(p,K)=max{(p,z) |z € K}.

We summarize several properties of the support function.

(a) Since o(-, K) is sublinear on R"™, it is continuous, Proposition 2.1.

(b) o(y,B) =1 for all y €Y, this is (2.4).

(¢) oK1+ K2) =0(-, K1) +0(-,K2), o(;aK)=ao(-,K), a>0, these
equalities are (2.6) and (2.5), respectively.

(d) sup{o(-,K1),0(-,K2)} = o(-,K), where K = conv{K; U K>}.

(e) K1 C Ky+eB < o(-,K;) <o(-,K3) +e. In particular K C Ky <=
o(-, K1) <o(-,Ks). See (2.3).

(f) Equality (2.7) takes place, i. e., H(K7, K5) = |01 —o2||, (uniform norm).

Thus the mapping

K.>K — o(,K)

is a linear isometric order embedding of K. into C(Y"). The linear subspace
L={o(,K1)—o(,Kz) | K1, K2 € K}

is a vector lattice by (d), containing 1 by (b). As clearly L separates the points, L
is dense in C(Y") by the Stone-Weierstrass theorem.
The embedding o : K. — C(Y) yields a linear isometric order embedding

i:C(=C(X,K.)) — C(X,C(Y))

given by i(F)(z) = o(-,F(x)) for all F € C and z € X. Combining with the
isomorphism

j:C(X,CY)) - C(X xY)
given by j(f)(z,y) = (f(x))(y) for all f e C(X,C(Y)) and all (z,y) € X xY, we

obtain a linear order embedding

k:C—C(X xY).
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The image of x generates a dense vector sublattice of C'(X x Y) and contains the
constant function 1. Thus, every monotone linear operator 7' on C extends uniquely
to a positive linear operator T on C(X x Y). For an equicontinuous family (7,,) of
monotone linear operators on C, the family (T,) of extensions is equicontinuous on
C(X xY).

It remains to prove that k(M) is a Korovkin system for C(X x Y). One

easily checks that under &

z — f(z)B goes to (z,y) — f(),
the constant function

x — K goes to (x,y) — o(y, K).

As M is a Korovkin system for X and the functions o(-,C) for C € K. generate
a dense linear subspace of C(Y'), Lemma 2.30 allows one to conclude that (M) is
a Korovkin system for C'(X xY). O
Theorem 2.33. Let X be a compact Hausdorff space, and B the unit ball for an

arbitrary norm in R™. If M is a Korovkin system of nonnegative functions for C(X),

then
M={z— f(x)B| fe M}U{B,e1,...,en},
where {e1,...,en} is the canonical basis in R™, is a Korovkin system for C =
C(X,K,).
We recall just [11] and [23] (the latter is not new but useful) for the convex
case.

It seems that the work with Minkowski operations on sets pushes us consider-
ing only convex sets in order to get substantial results. Naturally arises the question:
what is happening in the non-convex case, i. e., do exist methods allowing us to
get satisfactory deep results in the non-convex case? We will see that the answer is
positive.

Hereafter we review some results on the non-convex case, mainly in [10] but
also [9] and [11].
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3. The non-convex case

3.1. Preliminaries. Recall that K is the collection of all compact nonempty subsets
of R™. This section follows [10].

We introduce the following notions.

e The linear Minkowski combination of two nonempty sets A and B in
R™ is defined (as we already saw) as AA + uB = {da+ ub | a € A, b € B}, with
ApeR.

e The Euclidean distance from a point a € R™ to a set B € K is defined as
d(a,B) = 1nf la — b i mm lla — bl
beB

where || - || is the Euclidean norm in R™.
e The Hausdorff(-Pompeiu) distance between two sets A, B € K is defined
by

H(A, B) = max {max d(a, B), max d(b, A)}
A beB

ac

max{max min ||a — bl max m1n|a—b||} (3.1)
a€A beB

D min{fe >0|AC B+eB, BCA+eB).

We already saw that ||A|| = H({0}, A).
e The set of all projections of a € R™ into a set B € K is

Ilg(a) ={be B | ||a —b|| =d(a,B)}.

e For A,B €K and 0 <t <1, the one sided t -weighted metric average of
A and B (in this is order) is

M(A,t,B) = | J{ta+ (1 - t)II(4, B)} (3.2)
a€A

and the t -weighted metric average of A and B is

A®: B ={ta+(1—1t)b| (a,b) € II(A, B)} (3.3)
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with

II(A,B) ={(a,b) e Ax B|a€lls(b) or bellg(a)}.

Proposition 3.1. The graph of the mapping [0,1] 3t — C(t) = A®: B is the union

of the graphs of (1 —t)a+tb for (a,b) € II(A, B).

Proposition 3.2. The one sided metric average and the metric average, for all

A, B €K and 0<s,t <1, have the following metric properties:

A® B=M(At,B)UM(B,1—t,A),
M(M(A,t,B),s, B) = M(A,ts, B),

M(ANB,t,B)=ANB C M(B,s, A),

A®B=(ANB)UM(A\ B,t, B)UM(B\ A,1—t, A),

Aer B =0C(1) = A,

A@gB=C(0) =B,

A@;B=C(t) ek,

A®:B=B®_{ A,

Agi A=A,

ANBCA® BC tA+ (1 —t)B C conv(AU B),
H(A@: B, A®, B) =H(C(t),C(s)) = |t — s|H(A4, B),
HAa, B, A) = (1-t)H(A, B),

H(A@: B, B) =t-H(A, B),

if B is a conver superset of A, then for 0 <t <s<1,

ACAp, BC Ad BC B.

Proof. Let us see where these relations come from.
Equality (3.4) follows from (3.2) and (3.3).
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From

M(M(A,t,B),s,B)={s(ta+ (1—-t)b)+(1—s)b|ac A, bellg(a)}

= {(ts)a+ (1 — (ts))b|ac A, bellg(s)} = M(A,ts, B),

(3.5) follows.
Equalities (3.6) and (3.7) follow from the definitions (3.2) and (3.3).

Since
A®1B={1-a+0:b|(a,b) eI(A,B)} ={a|bellg(a), a € A},

(3.8) follows.

Equality (3.9) follows similarly.

For A,B €K, A®; B is nonempty and compact, that is (3.10).

Equalities (3.11) and (3.12) are obvious.

Inclusions in (3.13) immediately follow.

We follow [1] and consider an arbitrary element = = ta+(1—t)b € C(t) with
a € II4(b) or b € IIg(a), then y = sa+(1—s)b € C(s). Since ||[z—y| = |[t—s]|-]la—D],
we have that H(C(t),C(s)) < |t —s|H(A, B). To prove the reverse inequality without

loss of generality we admit that 0 < s <t < 1. Then

H(A, B) = H(C(0),C(1)) < H(C(0),C(s)) + H(C(s), C(t)) + H(C(¥), C(1))
< sH(A, B) + (t — s)H(A, B) + (1 — t)H(A, B) = H(A, B).

Now we conclude that equality (3.14) is true.
We have

(1-0H(A,B) “2V H(A @, B, Ae, B) ¥ HA @, B, 4)

and (3.15) follows.
In order to get (3.16) we have

t-H(A,B) “2V (A @, B, Aey B) Y H(A e, B, B).
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We recall the proof of (3.17) in [8]. Obviously, we have that since A C B,
A=ANBC B. By (34),

M(A,t,B) = M(ANB,t,B) C M(B,1—t,A)
and therefore A®; B = M(B,1—1t,A). Hence, by (3.13) and the convexity of B,
A=ANBC M(B,1—-t,A)=A&; B C conv(AUB) = B.

it remains to prove that M(B,1 —s, A) C M(B,1 —t, A). By the convexity of B,
for each b € B and a € II4(b), the whole segment [a,ta + (1 — t)b] is a subset of
M(B,1—t,A). Since, for s >t, [a,sa+ (1—8)b] C [a,ta+ (1 —t)b], the conclusion
follows. ]

e The modulus of continuity of f :[a,b] — X with images in a metric space

(X,p) is
wia,b)(f,0) = sup{p(f(2). f()) | |z —yl <0, z,y € [a, 8]}, &> 0. (3.18)

Hereafter X is either R™ or K, and p is either the Euclidean distance or

the Hausdorff-Pompeiu distance, respectively. A property of the modulus is

Wla,b] (f, )‘5) < D‘] Wia,b) (fa 5)a (319)

[5, Problem 6. II, p. 38], where [-] is the ceiling function.

e By Lip([a,b], L) we denote the set of all Lipschitz functions f : [a,b] — X
satisfying p(f(x), f(y)) < Llx—y|, x,y € [a,b], where L is a constant independent
of x and y.

e The variation of a function f :[a,b] — X on a partition xy = {a = ¢ <

< ay=b|x € ab,i=0,...,N} is defined by V(f,x) = Sy p(f(z),
f(zk—1)). The total variation of f on [a,b] is f{(f) = sup, V(f,x). It is said that

b
f is of bounded variation if V(f) < co. In this case we define the function
vi(z) =V(f), € lab). (3.20)

Obviously, vs is nondecreasing. If f is also continuous, then v; is continuous as
well. For the sake of completeness we recall the next statement.
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Proposition 3.3. A function f:[a,b] — X is continuous and of bounded variation
on [a,b] if and only if vy is a continuous function on [a,b).

It holds

p(f(x), f(y)) <V(f) = vi(y) —vs(z), for z <y. (3.21)

RS

From (3.21) it follows that

w[a7b](f7 6) < Wa,b) (Ufza)' (322)

e By CBV]a,b] is denoted the set of all functions which are continuous and
of bounded variation on [a, b].

e For a multifunction F : [a,b] — K any single-valued function f : [a,b] —
R™ with f(z) € F(x), for all x € [a,b] is said to be a selection of F, e. g. [29], [14],
[30], [19, Chapter 2], and [21, Chapter 2].

A set of selections of F, let it be {f* | a € A}, is said to be a representation
of F if F(z) ={f*()|a€ A}, Vaz € [a,b]. This is expressed by writing F =
{f* | a € A}. Note that such a representation always exists thanks to the axiom of
choice.

A concrete motivation for the study of metric average is the reconstruction of a
3D object from a set of its 2D cross-section, [26], with applications in tomography,
microscopy, and computer vision. An algorithm for the computation of the metric

average of two simple polygons is introduced in [16].

3.2. Linear operators on multifunctions based on a metric linear combi-
nation of ordered sets. A new operation on a finite number of ordered sets is
introduced. Using this operation a new adaptation of linear operators to multifunc-

tions is presented.

Definition 3.4. Let (Ao, A1,...,AN) be a finite sequence of nonempty compact
sets. A vector (ag,ay,...,an) with a; € A;;, 1 =0,...,N, for which there exists j,

0<j <N such that

ai—y €I, (a;), 1<i<j and aj1 €Uy, (a;), j<i<N-—-1
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is called a metric chain of (Ay,...,An).
Thus each element of each set A;, i = 0,...,N generates at least one
metric chain. The collection of all metric chains of (Ag,...,An) is denoted by

CH(Aq,...,An). The set CH(Ay,...,An) depends on the order of the sets A;,
i=0,...,N.

Definition 3.5. A metric linear combination of a sequence of sets Ag,..., AN

with coefficients Ag,...,An € R, is

N N
@AkAk = {Z ALQg | (ao,...,aN) S CH(A(),...,AN)} . (3.23)
k=0 k=0

Since for two sets CH(A, B) = II(A, B), in the special case N = 1 and
Ao, A1 €[0,1], Ag + A1 =1, the metric linear combination is the metric average, [1].

Proposition 3.6. Several properties of the metric linear combinations are introduced

below.

(i) @2]:0 A Ay = EBLLO AN—kAN_k,
(i) Do A = (0o ) A,
(i) Dpo e = A (D1 Ak,
(iv) For Xo,...,An such that ngvzo A =1, @2’:0 A = A.
(

Proof. (i) We remark that

(ao,...,aN) EOH(A(),...,AN) <~ (aN,...,(ZQ) EOH(AN,...,A()).

Then
N N
EBAkAk = {Z)\kak | (ao,...,an) € CH(A07-~-,AN)}
k=0 k=0

N N
= {Z AN_—EAN—k | (aN,...7a0) < CH(AN,...7A())} = @)\kaANflw
k=0

k=0
(ii) Since CH(A,...,A) = A, the property follows.
(iii) is obvious.
(iv) follows from (ii). O
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Remarks 3.7. e Now we can define the metric sum of two sets by
Ay @ Ay = Dp_ol - Ay

This operation is commutative by property (i) in Proposition 3.6 and it is not asso-
ciative.

e Similarly we can define metric subtraction between two sets by
Ap © A1 = ®j_o Ak
with A\g =1 and A; = —1. Then from (ii) in Proposition 3.6 it follows that
Ao A={0}. (3.24)

In spite of the previous result, the operation AS B does not have the usual properties

of subtraction as follows from the example
A=10,1, B={0,1} = AeB=BcA={-1,0,1}.

e With the operation defined by (3.23), the class of sample based linear

operators for real-valued functions, namely such defined by

N
Ay(fox) = enl) f(xx) (3.25)
k=0

can be adapted to set-valued functions. A

Definition 3.8. Let F : [a,b] — K, {a = z9,71,...,zy = b} C [a,b] and let
{F(zx), k = 0,...,N} be samples of F at x. For A, of the form (3.25) it is
defined a metric linear operator Ail on F by

N
(AMF)(z) = AY(F.2) = @D k() F (). (3.26)
k=0

This operator is said to be the metric analogue of (3.25).
Remark 3.9. Due to property (ii) in Proposition 3.6, the metric analogue of a linear
operator which preserves constants, preserves constant multifunctions, too. Indeed,
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for a nonzero constant ¢ we have
N N

N
c= cp(x)e = ch(x)zl (%)K:@ck(z)f(.
k=0 k=0 k=0

The analogue of (ii) in Proposition 3.6 does not hold for Minkowski linear combina-
tions with some negative coeflicients, even for convex sets. This is one reason why
only positive operators, based on Minkowski sum, were applied to multifunctions,

23. A

The analysis of the approximation properties of AQ/[ F' is based on properties
of the metric piecewise linear approximation operator. These are studied in the next

subsection.

3.3. Metric piecewise linear approximations of multifunctions. From now on
e F:lab] =K, {F,= F(xk)}{cv:o, where a =29 <11 < - <any =0
and x = (zg,...,zy) denotes a partition of [a,b],
e CH=CH(Fy,...,Fn), 6k =xp41 — 2k, k=0,...,N —1,
® Omar =max{d; |0 < k<N -1}, dpin =min{d; |0 <k < N -1}
In case of a uniform partition, we have ez = Omin = h = (b —a)/N and
denote such a partition by xn.
Definition 3.10. The metric piecewise linear approximation to a multifunction

F at a partition x 1is

S)J(M(F,a?) = {)\k(l')fk =+ (1 — )\k(-T))karl | (f07 .. .,fN) S CH}, T € [:L‘k,a?kJrl],

where
Ak(@) = (Trt1 — @)/ (Tpg1 — Tp)- (3.27)
Ar(+) in (3.27) was proposed in [1].
By construction, the set valued function SQ/[ F' has a representation in terms

of selections

S’iV[F ={s(x,¢) | p € CH(Fy,...,Fn)}, (3.28)

where s(x,y) is a piecewise linear single-valued function interpolating the data
(:Ek,fk), kiO,...,N with <P:(f07---7fN)~
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Recall the piecewise linear interpolant based on metric average, introduced in

[1], is
SYA(F, 2) = Fi, ®x,(2) Frog1, @ € [0, Tpq1]

with Ag(z) defined by (3.27).

Lemma 3.11. For a multifunction F : [a,b] — K the metric piecewise linear ap-
proximation and the piecewise linear interpolant based on the metric average coincide,

that is

MA 1n _ oM
Sx F = Sx F (3.29)
and

H(F(z), SiVIA(F, 7)) < 2wia ) (F, 0maz), 2 € [a,b]. (3.30)

Proof.  To prove (3.29) we first show that (SiWA F)(z) c (S} F)(x) for any
x € [a,b], and then show the reverse inclusion.

For a fixed x € [zg,2541] and any y € SMA(F, z), one has y = Ap(x)fi +
(1= Ag(x)) fre41 for some (fr, frr1) € I(Fk, Fr+1). Thus there exists a metric chain
o=fo, s fxs frex1,---,fN), @ € CH, such that y = s(x,¥)(x).

We now show the reverse inclusion, namely (S} F)(z) C (SY4 F)(x). It is
obvious that, for any z € [a,b] and any ¢ € CH, s(x,¢)(x) € (S¥4 F)(x).

To prove (3.30) we use (3.29), (3.15), and the triangle inequality for the

Hausdorff-Pompeiu metric, and obtain for = € [zg, 511],

(3.20)

H(F(x),5) (F,x)) H(F(z), 5y (F, x))

<H(F(x), F(ax)) + H(F (zx), YA (F,2)) = H(F(2), F(2)) + H(Fr, F ©x,(2) Frs1)

(3.15)
=" H(F(z), F(zr)) + (1 = A)H(Fr, Fi1) < 2000, (F, 6r)-
O
Next we show that Si‘/[ F and its piecewise linear selections (3.28) “inherit”
some continuity properties of a continuous multifunction F.
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Lemma 3.12. Let F € Lip([a,b]),L) and let x be a partition of [a,b]. Then the

metric piecewise linear approximation satisfies
M .
SV F € Lip([a,b], £).

Proof. Since by (3.29) we have that Si‘/m F= Siw F, we use the piecewise linear
interpolant based on metric average instead of the metric piecewise linear approxima-
tion.

Suppose that z,y € [z, xx+1]. Then

H(SYA(F,z), SYA(F,y) = H(F, @, 2) Frt1, Fr Sxi(y) Frt1)

CLY | (@) = M) H(Fr, Fipr) < (@) — M) Llangs — o) = L]z —y).

Now let x € [z;,2;41] and y € [, Tg41], where 0 < j <k < N —1. Using
the triangle inequality, (3.14), and the Lipschitz continuity of F, we get

Tjp1— T
H(SYA(F,x), SYA(F,y)) < ﬁH(FJijH) + H(Fj 41, Fi)
J J

Y — Tk
+7H(Fk,Fk+1) < E(Ij+1 — T+ Ty —Tj1+Y— SCk) < £|y - :E|
T+1 — Tk

d

Corollary 3.13. Under the conditions of Lemma 3.12 and for any s(x, ) in (3.28),

s(x, ) € Lip([a, 0], L).

Proof. The proof of this corollary is similar to the proof of the previous lemma and

uses the observation that

ls(x, ©)(@k) = s(x, ©)(@r+1)] (3.31)

<H(SY(F,ax), Y (F,2p41)), k=0,...,N—1.

O
Now we consider the case when F' is a general continuous multifunction. It
follows a statement concerning the so-called “global smoothness preservation”.
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Lemma 3.14. Let F : [a,b] — K be a continuous multifunction. Then for any parti-
tion x of [a,b] the modulus of continuity to the metric piecewise linear approximation
satisfies

Wia,b) (SETF, 6) < dwiyy)(F, ). (3.32)

Proof. By definition, for any ¢ > 0,

w[a,b](S)IC\/IF7 6) = SU-p{H(S)ICVI(F7 x)aS)JC\/I(F7 y)) | |l‘ - y‘ < 67 z,y € [a’ b]}
C2Y 0 (SMAF, §) = sup{H(SMA(F, z), SMA(F, y))| o — y| <6, 2,y € a,0]}.

In this case z,y € [zj,zj4+1], |z —y| <4, the claim of the lemma is obtained using

(3.14) and (3.19). Indeed
H(SY A (F2), Sy (Fy)) = H(F) 5, ) Fj By ©,) Fj)
= (lz = yl/3;)H(F}, Fj1) < (lo — y1)/0;)wia,p (F, 65) (3.33)
< (|l =y /) (1 + 0 /0)wiay (F,6) < ((lz = y1)/0; + (| — y1)/0) wia,py (F, 9),

which implies (3.32).
Now, let = € [zj,2j41], y € [zh,2p41], 0<j <k < N-—1, and |z—y| < 0.

By the triangle inequality,
H(Sy A (F,2), Sy (FLy)) < H(SYA(F, 2), Sy (F, 2541)) (3.34)
FH(SYA(F @), SYTA(F ) + H(SYA(F 2n), SYTA(FLy)),
while by the interpolation property of S’i\/f AF and since |z, — zjr1| <6, we have
H(SYA(F,xj41), SEA(F, 21)) < wia b (F,0). (3.35)
Applying (3.33) and (3.35) to (3.34) we obtain
H(SYA(F,x), SYA(F,y)) (3.36)
= ((zj1 —2)/6; + (vjy1 —2) /6 + 1+ (y — 21) /Ok + (Y — Tk)/0) Wa ) (F),9)
< B+ (@ —x+y — 1) /0;) wia ) (F,0) < dwiq ) (F, 9).

Hence we also have (3.32) in the second situation. O
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Corollary 3.15. For any s(x,¢) in (3.28) and any x,y € [z, zj+1], 0<j < N—-1,

[z -yl <9,
lsOG @) (@) —s06P) W) < (lz = yl/6; + |z — yl/0) wiay (F)6). (3.37)
For |z —y| <0 <6min and z,y € [x;,z42], 7=0,...,N =2,
Wia,0) ($(X; ©), 0) < (2/0)|x — Y| wiap) (F} 0) < 2wiq ) (F, ). (3.38)

Proof. One has

s ) () — s(x. ) ()| < H(SY(F,z), SM(F,y))

(3.33)
< (lz—yl/dj + v —yl/0) wia ) (F,5)

and so (3.37) follows.
We establish inequality (3.38). Then

w[a,b](s(Xv@)a(s)
= sup{[(s(x, ¢), ) = (0¥ Y| | |2 —y| <6 < dmin, 2,y € [15,7542]}
< sup{H(S™(F,z), S"(F,y)) | |z — y| £ 6 < min, 2,y € [75,Tj42]}

< 2w[a7b] (F, 5)

Lemma 3.16. Let F € CBV([a,b]). Then for any s(x,¢) in (3.28),
Wia,b) ($(X; ©); 0) < Bwiap) (F}, ) + wia b (VF, 6) < dwia ) (vF, ).

Proof. Denote s = s(x,y). For a given § >0, let z € [z, z,41], Y € [Tk, Thy1],
0<j<k<N-—1, such that |x —y| <é. Then

k—1

|s() = s(y)] < Is(@) = s(xje)| + D Is(@rrr) = s(z)] + Is(y) — s(ar)].
I=j+1
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By (3.37), (3.28), (3.31), and by the definition of S;(WF, we get
s(z) = s()| < (w41 — ) /65 + (xj31 — 2)/6) Wi,y (F, 0)
k—1
+ Y H(F(2141), F(21)) + ((y — @) /0 + (y — 21) /) wia,p) (F, 6).
I=j+1

Since (zj41 —)/d + (y — zx)/6 < 1, by the definition of the bounded variation of
F and by (3.22), we obtain

|s(z) = s(y)| < Bwiqp(F,0) + Y (F) < 3wiq,5)(F,0) 4+ wiq 5 (vr, 6) < dwiq 3 (F, 0).

Tjt1

Taking the supremum over |z —y| < ¢, the proof ends. O

3.4. Approximation by metric linear operators. We will use the metric piece-
wise approximation to obtain error estimates for metric linear operators.

Let AY'F be defined by (3.26), namely
N
AV F(x) = AY (P, ) = € ck(a) F(xx)

k=0

and SQ/[ F' be a metric piecewise linear approximation as defined in Subsection 3.3.

By Definition 3.10, namely by

SY(F, ) = (@) fe + (1= Xe(@)) fosr | (fo, -, fn) € CH}, @ € [wg, T,
we get that
AYF = AY(SYF). (3.39)
Moreover, by (3.25), (3.26), and (3.28),
AV (SYF) ={As(x,¢) | ¢ € CH(Fy,...,Fx)}. (3.40)

The metric analogues of linear operators of the form (3.25), approximate
certain classes of set-valued functions. By (3.39) and (3.40) the approximation results

depend on the way A, approximates piecewise linear real-valued functions.
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Theorem 3.17. Let A, be of the form (3.25). Then for a continuous multifunction
F :[a,b] — K one has

H(AQ/I(F, :L')v F(QE)) < 2w[a,b] (Fa 5max) + gaSEuCPH |AX(S(X7 90)7 1') - S(Xa SD)(I')‘ (341)

Proof. By the triangle inequality and by (3.39),
H(AY (F,x), F(2)) < H(AY (SY'F,2), S (F,2)) + H(SY (F2), F(x)),
while by (3.40)

H(AY (S (F,2)), 8y (F,@)) < S, [Ax (50 #), ) = 50, @) (2)].

This inequality together with (3.30), that is,
H(F(m),SiMA(F, 7)) < 20 p) (F, 0max), € [a,b],

completes the proof. O

Assume that g : [a,b] x [0,00[ — [0,00] is a continuous real-valued function,
nondecreasing in the second argument, satisfying g(x,0) =0, and S, denotes the set
of piecewise linear continuous single-valued functions, with values in R™ and knots
at x.

Corollary 3.18. Let F € Lip([a,b],L) and let A, be of the form (3.25), satisfying
|Ay(s,2) —s(z)| < C-L-g(x,0max), s € Sy N Lip([a,b],L).
Then
H(AY (F,2), F(2)) < 2LOmax + C - L - g(2, bmax)- (3.42)
Corollary 3.19. Let F € CBVia,b] and let A, be of the form (3.25), satisfying
[Ay(s,7) = 5(7)| < Cwiap (8, 9(T, 0max)), 5 € Sy. (3.43)
Then

H(Ai‘f(F,xL F(x)) < 2wig 5 (F, 6max) +4Cwiq 3 (VF, 9(, Omax))- (3.44)

For continuous set-valued functions which are not of bounded variation there
are some limited results only for uniform partitions, see [10].
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Corollary 3.20. Let F : [a,b] — K(R™) be continuous, and let Ay be a linear

operator of the form (3.25) defined on a uniform partition xn with h = (b —a)/N,

satisfying
|[An (s, x) = s(z)| < Cg(z,wiep(s,h), s €Sy (3.45)
Then
H(AY(F,z), F(x)) < 2w(p)(F, h) + Cg(x, 2wiq 4 (F, h)). (3.46)

3.5. Examples.

3.5.1. Metric Bernstein operators. We recall the Bernstein operator By(f,z) in
(1.3). It is known [7, Chapter 10] that there is a constant C' independent of f
such that

|f(z) =By (f,2)| < C - wio,u(f, Va(l —2)/N). (3.47)
The classical Bernstein operator for F : [0,1] — K with sums of numbers replaced
by Minkowski sums of sets is given by (2.11). We have shown by Theorem 2.12 that
for x €]0,1[ the limit of By(F)(z) when N — oo is convF(x), therefore these

operators cannot approximate multifunctions with general images.

Definition 3.21. For F :[0,1] — K the metric Bernstein operator is

ro=@(})sta-orr ()

>
= Z( ) (1—a)N~ kfk|(f0>~--,fN)€CH}
k=0
where CH = CH(F(0), F(1/N),...,F(1)).

Corollary 3.22. Let F € Lip([0,1], L), then

H(BY (F,z), F(z)) < 2L/N + CL\/z(1 — z)/N.

Proof. Apply Corollary 3.18 with A (F) = B} (F) and (3.47) and the conclusion
follows. 0

Corollary 3.23. Let F € CBV|0,1], then
H(BJI\\/,I(F7 x), F(z)) < 2wjo,1)(F,1/N) 4+ 4Cwio 11 (vr, vV 2(1 — ) /N ).
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Proof. Apply Corollary 3.19 with AY (F) = BY/(F) and (3.47). O
Since (3.45) does not hold for these operators, Corollary 3.20 cannot be ap-
plied.

3.5.2. Metric Schoenberg operators. For a uniform partition xy, the “classical” set-

valued analogues of the Schoenberg spline operators for F : [0,1] — K is
S n(F, ) = ZF E/N)by(Nz — k), (3.48)

where b, (x) is the (normalized) B-spline of order m (degree m — 1) with integer
knots and support [0,m], and where the linear combination is in Minkowski sense.
In [28] by an example it is shown that operators (3.48) with m = 2 and N — oo

cannot approximate F with general compact images in any point of [0,1] \ xn-

Definition 3.24. The metric Schoenberg operator of order m for a multifunction

F:[0,1] = K and a uniform partition xn is defined by

M (Foz) = @b (Nz —k)F(k/N) = {Zb (Nz — )fk|(f0,...,fN)eCH},

k=0
where CH = CH(F(0), F(1/N),...,F(1)).
The estimate below for the single valued case may be found in [5, p. 167]

[Sm.nf = f1 < (m+1)/2] w1y (f,1/N) on [(m —1)/N 1] (3.49)

where || is the floor function.

Corollary 3.25. Let F be a continuous multifunction defined on [0,1]. Then
H(Sh N (Foa), F(x)) < 2(1+ [(m+1)/2)) w1y (F, 1/N), @ € [(m — 1)/N,1].
Proof. By Corollary 3.20 and by (3.49) we have
H(Spn (F, @), F(2)) < 200, (F,1/N) + [(m +1)/2] wo (£, 1/N)

(3.37)
< 201+ [(m+1)/2))wp(F,1/N), =€ [(m—1)/N,1].
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If a function f is Lipschitz on [0,1] of rank £, then from (3.49) it follows
|Sm.nf = fI < [(m+1)/2] L/N. (3.50)
Corollary 3.26. For F € Lip([0,1], L),

z €[(m—1)/N,1].

Sk

H(S)! v (F,x), F(z)) < (24 [(m+1)/2))

Proof. By Corollary 3.18 and by (3.50) one has
H(Sh n (F,2), F(z)) < 2L/N + [(m +1)/2| L/N,

from where the conclusion follows. O

3.5.3. Metric Polynomial Interpolants.

Definition 3.27. (i) Let (xy, Ar) be given, where xo < 1 < --- < N are real
numbers and A € K, k=0,...,N are sets. The metric polynomial inter-

polant of these data is

N
B 1 Ax.
k=0

with 1, defined by (1.5).
(ii) For F :[a,b] — K, the metric polynomial interpolation operator at the

partition x of [a,b], is given by

PY(F,z) = @zk {sz f07f1,...,fN)eC’H(Fo,...7FN)},

with F, = F(zg), k=0,...,N.

Let the interpolation points x be the roots of the Chebyshev polynomial of
degree N +1 on [—1,1]. It is known that (see, e.g., [22]) Zg:0|lk(w)| < CInN.
Here and below C stands for a generic constant.

For a real-valued function f,

N

N
1f =D (@) fla) < (14> [k(@))E
k=0

k=0
145



MARIAN MURESAN

with En(f) the error of the best approximation by polynomials of degree N on
[-1,1]. Since En(f) < Cwi_11(f,1/N), [7, (1.3) in Chap. 7], we obtain for a
Lipschitz function f

f=Eilo @) f(ay)| < ClnN/N S22, (3.51)

When adapting these interpolation operators to Lipschitz multifunctions, by

Theorem 3.17 we get

Corollary 3.28. For F € Lip([0,1],L£), and let the points x be the roots of the

Chebyshev polynomial of degree N + 1 on this interval, then
H(PM(F,z),F(2)) € 2L6max + CInN/N = O (InN/N).

The last equality follows from the fact that dpmax < 7/N for N large enough.

Remark 3.29. In [3] and [4] the family of nonempty convex and compact subsets in

R™ is used for similar goals but in a different framework. A
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A MULTI-STEP ITERATIVE METHOD FOR APPROXIMATING
COMMON FIXED POINTS OF PRESIC-RUS TYPE OPERATORS
ON METRIC SPACES

MADALINA PACURAR

Abstract. The existence of coincidence points and common fixed points
for mappings satisfying a Presi¢ type condition in metric spaces is proved.
A multi-step iterative method for constructing the common fixed points
and its rate of convergence are also provided. This is a generalization of

several fixed point and common fixed point results in literature.

1. Introduction

One of the most important results in fixed point theory is the contraction
mapping principle of Banach, not only for its applications but also due to its position
as a central point for a remarkable number of generalizations that appeared along the
time, on various and sometimes very different directions (see for example [8], [11]).
The present paper deals with two of these directions, aiming to establish a new general
result at their point of intersection.

One direction, the first under our attention, was opened in 1965 by S. Presi¢
[7] who proved the existence and uniqueness of fixed points for operators satisfying
a special type of contraction condition, also providing a so-called multi-step iteration
method for approximating the fixed points. In the sequel we shall consider (X,d) a

metric space. Presi¢’ condition generalizes Banach’s contraction condition, namely

d(f(z), f(y)) < ad(z,,y),

Received by the editors: 05.01.2009.
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for any z,y € X, where f : X — X an operator and € [0,1) a constant, by

considering instead

d(f($07.'151,--.,xk;f]_),f(iﬂl,l‘g,..., xl 17‘7;1)

||Ma~

for any xg,z1,...,zx € X, where k a positive integer, f : X* — X an operator and
a1,...,0 € Ry constants such that Zal < 1.

Several general Presi¢ type results followed in literature, see for example the
papers due to M.R. Taskovic [13], M. Serban [12], our paper [6] and I.A. Rus [10, 9],
in the latter of which the following result is proved:
Theorem 1.1 (I.A. Rus [9], 1981). Let (X, d) be a complete metric space, k a positive
integer, ¢ : Ri — Ry with the properties:

8) @(r) < ¢(s), forr,s € RE, 1 <s;

=3

o(ryr,...,r) <r, forr € Ry, r>0;

o

o

Zw()

(7“ 0,. O)—|—(p(0,7‘,0,...,0)—|—...+<p(0,...,0,7’) <(r,r...,r), for any

)
) (p continuous;
)
e)

T€R+,

and f : X¥ — X an operator such that:
d(f($07 e 71'16*1)7 f(xlv cee 7xk)) < QD(d(on,.’El), d(xl,:EQ), ceey d(xkflaxk))a

for any xg,x1,...,x1 € X.

Then:

L) there exists a unique x* € X solution of the equation

T = f(xa z, ux)a
w) the sequence {xp}, <o, with o, 21,..., 241 € X and
T = f(@nek, Tnektls -y Tno1), forn >k,

converges to x*;
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wt) the rate of convergence for {xy}, . is given by

d(zn,a*) < kY @l “F(do, ..., do),
i=0
where dg = max{d(xg,z1),d(x1,x2),...,d(xx_1,Tk)}.

A generalization of the contraction mapping principle on a different direction
was given in 1976 by G. Jungck [4], regarding common fixed points of commuting
mappings. A recent result on the existence of common fixed points has been proved

by M. Abbas and G. Jungck [1] in a cone metric space setting,.

Theorem 1.2 (M. Abbas, G. Jungck [1], 2008). Let (X,d) be a cone metric space,

P a normal cone with normal constant K and f,g: X — X two operators satisfying

d(f(z), f(y)) < kd(g(z),9(y)), for all x,y € X, (1.1)

where k € [0,1) is a constant. If the range of g contains the range of f and g(X) is
a complete subspace of X, then f and g have a unique coincidence point in X. If in
addition f and g are weakly compatible, then they have a unique common fized point
in X.

Remark 1.1. For the condition (1.1) see also K. Goebel [3].

Remark 1.2. In practical situations, the condition ” g(X') complete metric subspace”
is too restrictive. It suffices to make sure there exists a complete metric subspace
Y C X such that f(X) CY C g(X), which also implies f(X) C ¢g(X). This is what

we shall require in this paper.

The main aim of this paper is to establish new common fixed point results
situated at the intersection of the two aforementioned directions, thus generalizing

Theorems 1.1, 1.2 and several other subsequent results.

2. Preliminaries

We begin by recalling some concepts used in [4, 5, 1] and several related
papers.
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Definition 2.1 ([4]). Let X be nonempty set and f,g: X — X two operators.
If

for some p € X, then p is called a coincidence point of f and g, while s = f(p) =

g(p) is a coincidence value for them.

If

for some p € X, then p is called a common fixed point of f and g.

Remark 2.1. We shall denote by

C(f,9) ={pe X|f(p) =9}

the set of all coincidence points of f and g.
Obviously, the following hold:
a) FyNF, CO(f,9);
b) FyNC(f.9) = F, N C(f.9) = Fy N F,.
Definition 2.2 ([5]). Let X be a nonempty set and f,g: X — X. The operators f

and g are said to be weakly compatible if they commute at their coincidence points,

namely if

for any p a coincidence point of f and g.

Lemma 2.1. Let X be a nonempty set and f,g : X — X. If f and g are weakly

compatible, then
C(f,9) € I(f)N1(g),
i.e., C(f,g) is an invariant set for both f and g.
Proof. Let p € C(f,g). We shall prove that f(p),g(p) € C(f,g), as well.
By definition,

flp)=9(p) =qe X. (2.1)
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As f and g are weakly compatible, we have:

which by (2.1) yields

soq= f(p) =g(p) € C(f,g). Thus C(f,g) € I(f) N 1(g)- O

Using this Lemma, the proof of the following Lemma is immediate.

Lemma 2.2 ([1]). Let X be a nonempty set and f,g: X — X two weakly compatible
operators.
If they have a unique coincidence value z* = f(p) = g(p), for some p € X,

then x* is their unique common fized point.

Remark 2.2. For any operator f: X™ — X, n a positive integer, we can define its

associate operator F': X — X by
F(z) = f(z,...,x),x € X.

Obviously, x € X is a fixed point of f: X¥ — X, ie., x = f(x,...,7), if and only if
it is a fixed point of its associate operator F', in the sense of the classical definition.

For details see for example [10].

Based on this remark, we can extend the previous definitions for the case
f:X* - X, k a positive integer.
Definition 2.3. Let X be a nonempty set, k a positive integer and f : X* — X,
g: X — X two operators.

An element p € X is called a coincidence point of f and g if it is a
coincidence point for F and g.

Similarly, s € X is a coincidence value of f and g if it is a coincidence
value for F and g.

An element p € X is a common fixed point of f and g if it is a common
fized point of F' and g.
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Definition 2.4. Let X be a nonempty set, k a positive integer and f : X* — X,
g: X — X. The operators f and g are said to be weakly compatible if F and g are

weakly compatible.

The following result is a generalization of Lemma 1.4 in [1], included above

as Lemma 2.2.

Lemma 2.3. Let X be a nonempty set, k a positive integer and f : X¥ — X, g :
X — X two weakly compatible operators.
If f and g have a unique coincidence value z* = f(p,...,p) = g(p), then z*

is the unique common fized point of f and g.

Proof. As f and g are weakly compatible, F' and ¢ are also weakly compatible.

The proof follows by Lemma 2.2. O

3. The main result

The main result of the paper is the following theorem which unifies two
generalizations of the contraction mapping principle of Banach, namely the Presié
type result due to I.A. Rus [9] and the common fixed point result due to M. Abbas
and G. Jungck [1], in metric spaces. It also provides a multi-step iteration method for
effectively determining the coincidence values/common fixed points of the operators

referred.

Theorem 3.1. Let (X, d) be a metric space, k a positive integer, ¢ : R’j_ — Ry with
the properties a) — e) in Theorem 1.1 and f : X* — X, g: X — X two operators for
which there exists a complete subspace Y C X such that f(X*) CY C g(X) and

d(f(zo,-- - 2r-1), f(21,. ., 28)) < (cPR)

< ¢(d(g(xo), g(x1)), - -, d(g(xr-1), 9(1))),

for any xg,...,x € X.

Then:

1) f and g have a unique coincidence value, say x*, in X;
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2) the sequence {g(xn)}n>0 defined by xg,...,x5_1 € X and

9(@n) = f(@n—k, ..o Tao1),m > K, (3.1)

converges to x*, with a rate estimated by
d(g(za),2*) < kS e F(do, ..., dy), (3.2)
i=0

where dy = max{d(g(zo), g(z1)), ..., d(g(zr-1), g(zK))}:
3) if in addition f and g are weakly compatible, then x* is their unique com-

mon fixed point.

Proof. Let zg,2z1,...,25_1 € X.

Then f(zo,...,2x-1) € f(X*) C g(X), so there exists x;, € X such that
fzo,...,zp—1) = g(zk).
Further on, f(z1,...,21) € f(X*) C g(X), so there exists 2341 € X such that
flxy, ... zp) = g(Tpy1)-
In this manner we construct the sequence {g(x,)}n>0 such that
9(@n) = f(Tn-ty ey Tn-1),n > k. (3.3)

We should remark now that, due to construction,

{9(@n)}nz0 C F(X*) CY C g(X). (34)
We denote
do = max{d(g(zo),g(x1)), .., d(g(zk-1), 9(wr))} (3.5)
and this is positive, assuming g(zo),...,g(zx) are not all equal (otherwise one can
easily choose another convenient initial point z;, j € {0,...,k —1}).
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The following estimations hold then, by hypothesis:

d(g(x), g(zh41)) = d(f (2o, - 2e—1), f(21, .-, 20)) <
< o(d(g(wo), g(1)), - -, d(g(xr-1), 9(w))) <
< p(dy,...,do) < do

d(g(k+1), 9(@h+2)) = d(f (@1, an), f@2, . Tg1)) <
< @(d(g(z1), 9(x2)), - -, d(g(zk), g(xR11))) <

S @(dOa'"ad07<p(d07"'7d0)) S@(dOP"adO) <d0

d(g(xak—-1), 9(x2r)) = d(f (Tp—1,- .., T2k—2), f(Ths -, T2k—1)) <

< (d(g(@r-1), 9(xk)), - - -, dg(T20—2), 9(w20-1))) <

< p(do, p(do,...,do),-..,(do,-..,do)) < p(do,...,do) <do
d(g(w2r), 9(wart1)) = d(f (@r, - T2p-1), f(@hp1s - T2k)) <

< @(d(g(zk), 9(xp11)), - - dg(2n-1), 9(228))) <

< p(p(do,-..,do),p(do,...,do),-..,(do,...,do)) =

= ¢*(do,...,do) < ¢
d(g(zar11), g(w2642)) < -+ < 9*(do, - .- do, p(do, - .-, do)) <

< wz(do, .., do) < dg
and so on
d(g(xn), g(wn+1)) < @Fl(do, ..., do),n > k. (3.6)

Thus, for some integer p > 1, we obtain:

nt+p—1

d(g(xn), 9(2nip)) < ol El(do,. . do) + -+l F N (do, ... do),n > 0. (3.7)

By denoting

= [%} and m = [nﬂ)_l},

k
156



A MULTI-STEP ITERATIVE METHOD FOR APPROXIMATING COMMON FIXED POINTS...

we have that m > [. Besides, the above relation (3.7) implies further estimation

d(g(wn), 9(Tnip)) < @l(dm cooydo) + e+ ‘Pl(doy cooydo) +
k times
+ " (do, ... do) + -+ @ (do, . . ., do) +
k times
+- +9™(do, ..., do) + -+ " (do, ..., dp),

k times

SO

d(g(zn), 9(Tntp)) < ngpi(do, .ooydp)yn >0,p > 1. (3.9)

i=l

Denoting S, = Y. ¢*(do,...,dy) we have that
=0

K2

m

Zsﬁi(dOa"'adO) = Sm - Sl—17m > l.

i=l

o .
As, for s € RY | 3" ¢i(s) < +oo from assumption d) upon ¢, there exists

i=0
S = lim S,.
Considering (3.8) it follows that
ZE%OZQD (do,...,do) =S —S =0,

=l

and, in view of (3.9), d(g(z,), 9(n4p)) — 0, as n — co. This means that {g(zy)}n>0
is a Cauchy sequence contained, by (3.4), in the complete metric subspace Y, so there

exists * € g(X) such that

¥ = lim g(z,).

n—oo

Consequently, since by (3.4) Y C g(X), there exists r» € X such that

g(r) =2 = lim g(z,). (3.10)

n—oo
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Next we shall prove that f(r,...,r) = 2* as well. In this respect we estimate

d(g(@nt1), f(ry- 7)) = d(f(@npprs s n), f(r,007) <
< A(f(@nbtis-- > Tn)s F(@nki2s e s @nyT) +
Fd(f (Tnottas s Ty )y F (Tt ds -y Ty 7 7)) +
bt

+d(f(xn,ry...yr), flry... 7)),
which by (cPR) becomes

d(g(znt1), f(r,...,7)) < (3.11)
< o(d(g(Tn—r+1), 9(Tn—112))s -, d(g(zn), g(r))) +
+o(d(g(Tn—k+2), 9(Tn—k+3)), -, d(g(xn), 9(r)), d(g(r), 9(r))) +

+ -+ p(d(g(zn), g(r)), dg(r), g(r)), ..., d(g(r), g(r))).
Now by assumption d) on ¢ and (3.6), it follows that
d(g(xn), g(xnt1)) — 0 as n — oo,
while, by the continuity of the distance and (3.10),
d(g(xn), g(r)) = d(g(zn), %) — 0 as n — oo.

Using the previous results, by letting n — oo in (3.11), we get that d(f(r,...,r),z*) <

0, i.e.,

So, in view of (3.10,) f(r,...,r) = a* = g(r) holds, i.e., r is a coincidence point of f
and g, while z* is a coincidence value for them.

In order to prove the uniqueness of x*, we suppose there would be ¢ € X such that

g, q) = glq) # 2"
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Then

Supposing g(r) # g(q), by hypothesis e) on ¢ it would follow that

d(g(r), 9(q)) < d(g(r),9(q)), (3.12)

which is obviously a contradiction. This proves the uniqueness of the coincidence
value z*. In case f and g are also weakly compatible, by Lemma 2.3 this guaran-
tees the existence and uniqueness of their common fixed point, which is actually the
coincidence value here denoted by x*.

The estimation (3.2) follows immediately from (3.7), by letting p — co. O

Remark 3.1. 1) Theorem 3.1 above reduces to the result due to I.A. Rus [9] for

g = 1)(.
k
2) For g = 1x and ¢ : RE — Ry, o(r1,...,7%) = > ayr;, with constants
i=1
k
aq,...,05 € Ry and > a; < 1, the result due to S. Presié [7] is obtained.
i=1

3) For k = { and ¢ : Ry — Ry, ¢(r) = r, the result of M. Abbas and
G. Jungck [1] in metric spaces is obtained, in a slightly more general version, as we
replaced the condition ”¢(X) a complete metric subspace” by the less restrictive and
more practical one ”there exists a complete subspace Y C X such that f(X*) CY C
g(X)".
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4. An extension of the main result

While the great majority of the common fixed point results in literature
deal with the case when both f and g are self-operators on X, the above result offers
information about coincidence and common fixed points of two operators, one of them
defined on the Cartesian product X*, f: X* — X, where k is a positive integer, and
the second one a self-operator on X, g: X — X.

Our aim in this section is to establish common fixed point theorems for f :
X* — X and g : X! — X, with k and [ positive integers. In this respect it is necessary
to start with some definitions, which extend the corresponding ones in the previous

section.

Definition 4.1. Let X be a metric space, k,l positive integers and f : X* — X,
g: X" — X two operators.

An element p € X is called a coincidence point of f and g if it is a
coincidence point of F and G, where F,G : X — X are their associate operators, see
Remark 2.2.

An element s € X is a coincidence value of f and g if it is a coincidence
value of F' and G.

An element p € X is a common fized point of f and g if it is a common
fized point of F and G.

Definition 4.2. Let (X,d) be a metric space, k,1 positive integers and f : X* — X,
g: X! — X. The operators f and g are said to be weakly compatible if F and G
are weakly compatible.

In these terms we state now the following result, which extends Theorem 3.1.
Theorem 4.1. Let (X,d) be a metric space, k and | positive integers, ¢ : Ri — Ry
with the properties a) — €) in Theorem 1.1 and f : X* — X, g : X! — X two
operators such that f and G satisfy the conditions in Theorem 3.1, where G is the
operator associated to g.

Then:

1) f and g have a unique coincidence value, say x*, in X;
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2) the sequence {G(zn)}n>0 defined by zo € X and
G(zn) = f(zZn—1,-- - 2n-1),n > 1, (4.1)

converges to x*;

3) the sequence {G(xy,)}n>0 defined by xg,...,xx—1 € X and
Gxn) = f(@n—ky .y Tn-1),n >k, (4.2)
converges to x* as well, with a rate estimated by
d(G(zy), z%) < ki@[%“](po, ..., Dy), (4.3)
i=0

where Dy = max{d(G(xo),G(x1)),...,d(G(zr-1),G(xk))};
4) if in addition f and g are weakly compatible, then x* is their unique com-

mon fixed point.

Proof. Considering the definitions given in the current section of this paper, all the

conclusions follow by applying Theorem 3.1 for f : X*¥ — X and G: X — X. O
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HEAT TRANSFER IN AXISYMMETRIC STAGNATION FLOW
ON THIN CYLINDERS

CORNELIA REVNIC, TEODOR GROSAN, AND IOAN POP

Abstract. The Navier-Stokes and energy equations for the steady laminar
incompressible flow past a row of circular cylinders at constant temperature
are solved numerically. Prime attention was focused on how heat transfer
characteristics are affected by variation of Reynolds number. The study
was limited to Reynolds number ranging from 1 to 100 and the Prandtl
number has been fixed to a value equal to 1. For different values of above
parameters streamlines, isotherms and the local Nusselt number has been

determined and are shown on several graphs.

1. Introduction

Heat transfer from bodies of different geometries is one of the important
problems that has received much attention due to its engineering applications, such
as: heat transfer from rotating machinery, spinning projectiles, cooling of electronic
devices, design of heat exchangers, theory of hot wire anemometer. According to the
literature, the available information in these areas is limited to a few special cases. A
general method for solving such problems is not easy available, not only due to the
mathematical difficulties involved, but also due to the wide range of body shapes as
well as the different characteristics of the velocity and thermal fields.

References related to this topic can be found in the books by: Bejan (1995),
Postelnicu and Pop (1999), Pop and Ingham (2001), Khor and Pop (2005), White
(2008). On the other hand the problem of the heat transfer between a circular cylinder
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and its surrounding stream of a viscous fluid is of great interest. A large number of
experimental papers on this problem are available in the literature, see Jain and
Goel (1976). It is well known that numerical solution of Navier-Stokes equations
for fluid flow problems may give reliable information in a case when experimental
measurements are difficult. This view is well supported by the numerical studies
made by Collins and Dennis (1973), Ingham (1984), Nam (1990), etc. To our best
knowledge, flow and the heat transfer through an array of cylinders has not been to
much study. However, the natural convective heat transfer from a pair of horizontal
cylinder of the same temperature placed one above the other in a vertical plane has
been theoretically studied by Yuncu and Batta (1994).

In the present paper the problem of cooling by forced convection of a row of
circular cylinders is numerically studied. Namely, flow and heat transfer characteris-
tics are determined for different values of the Reynolds number, keeping the Prandtl
number constant (Pr = 1). The value of the Reynolds number is consider to be in

the range 1 < Re < 100 and the viscous dissipation is negligible small.

2. Basic Equations

Consider the steady two-dimensional forced convection flow over a circular
cylinders’ row of radius R placed in a viscous fluid of ambient temperature T, and
velocity Us (see Figure 1). It is assumed that the distance between the cylinders
is 2R and that the temperature of the cylinders is constant Ty, (T > Tw). The

mathematical model is given by continuity, Navier-Stokes and energy equations:

%+§—Z:o (2.1)
U%Jrvg—zz—%%Jru(%Jr%) (2.2)
10 (2 0 as)
per (22 1 28) <1 (22 2T) ”
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FIGURE 1. Geometry of the problem and the co-ordinate system

where z and y are the Cartesian co-ordinate along the horizontal and vertical direction,

respectively, u and v are the velocity components along x and y -axes, p is the pressure,

T is the temperature, k is the thermal diffusivity of the viscous fluid, p is the fluid

density and ¢, is the specific heat at constant pressure.

Further we use the following dimensionless variables for co-ordinate, velocity

components and pressure:

Y U
X:— Y:— = —
R’ R’ v Uso’

Using (2.5) in Eqgs.(2.1)-(2.4) we obtain:

U oV _
0X = oY

0

(2.5)
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FIGURE 2. Domain of integration and boundary condition type

oU oU opP 1 (0°U 09U
Ua—xwa—ya—ﬁ@(ap*m) 27)
oV oV oP 1 [0V 9%V
Ua?”a?a?*ﬁ(axa*ﬁ) (28)
oT oT 1 02T 02T
(Ua_X * Va_Y> ~ RePr (axz * 3Y2> (29)

where Re = U R/v is the Reynolds number and Pr = v/« is the Prandtl number.
Due to the software used to solve the model the temperature is mentained in the
dimensional form. Due to the symmetry of the problem we consider a small domain
to integrate equations (2.7)-(2.9), see Figure 2. The boundary conditions for the new

domain can be expressed as:

—inlet : Uso = 1,T = T (2.10)

—wall :U =0,V =0,T=1T, (2.11)
—symmetry : g—g = ,g—)‘i =0, g—}j; =0 (2.12)
—out flow : g—¥ =0 (2.13)

A quantity of interest is the local Nusselt number which express the ratio of
the convective and conductive heat transfer. Using the energetic balance on the plate
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we deduce the convection heat transfer coefficient, h:

—k [g—z} - = h(Tw — Ttivid) (2.14)
and using the definition of the local Nusselt number, Nu,, = %, one obtain:
Nuy, = m (2.15)

where n is the outer normal vector to the cylindrical wall and T4 is the temperature

of the fluid in the vicinity of the wall.

3. Results and Discussions

The full Navier-Stokes and energy equations (2.6) - (2.9), with the correspond-
ing boundary conditions (2.10) - (2.13) were numerically solved using FLUENT. The
model is solved for T,, = 281 K and T,, = 400 K. We use the following discretiza-
tion: standard for pressure, SIMPLE for pressure-velocity coupling and power-law for
momentum and energy equations.The stop residual were le — 4 for continuity and
velocity while for energy the value le — 6 was used. Also the underrelaxation method
has been used, the underrelaxation factor was 0.3 for the pressure and 0.7 for the
momentum equation.

To examine the effect of the Reynolds number the streamlines, isotherms and
local Nusselt number are presented in Figures 3 to 11. It is noticed that for larger
values of the Reynolds number the vortex region increases, see Figures 3, 5 7 and 9.
Further we notice that the maximum value of the streamline function increases with
the increase of the Reynolds number.

On the other hand Figures 4, 6, 8 and 10 display the distribution of the
temperature field for different values of the Reynolds number. These figures indicate
that the temperature decrease with the increasing of the Reynolds number. Therefore,
the cooling of the cylinders is more efficient for large values of the Reynolds number.

The variation of the local Nusselt number around the cylinder is shown in
Figure 11 for several values of the Reynolds number. In this figure 8 = 0° correspond
to the region of the forward stagnation point of the cylinder while § = 180° correspond
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&

FIGURE 3. Streamlines for Re = 1, ¥4, = 2.000003

[

FIGURE 4. Isotherms for Re =1

&

FIGURE 5. Streamlines for Re = 10, 4. = 2.029994

to the region of the rear stagnation point, respectively. It can be seen that the local
Nusselt number sharply increases as the value of the Reynolds number increases, and
then gradually decreases with the increases of the angle 6. In addition we notice that
for Re = 50 and Re = 100 the graphs of the local Nusselt numbers change their
shapes due to recirculation of the fluid.

Acknowledgements.The work was supported from UEFISCSU - CNCSIS
Grant PN-II-ID-PCE-2007-1/525.
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FIGURE 6. Isotherms for Re = 10

FIGURE 7. Streamlines for Re = 50, 4. = 2.122836

FIGURE 8. Isotherms for Re = 50

FIGURE 9. Streamlines for Re = 100, ¥4 = 2.155566

FIGURE 10. Isotherms for Re = 100
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FIGURE 11. Variation of the local Nusselt number, Nu, for different

values of the Reynold number Re
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