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Generalized projectors and the saturated
closure of a m-homomorph of finite
m-solvable groups

Rodica Covaci

Abstract. The paper introduces and studies the notion of generalized
projector, which generalizes the well-known notion of projector defined
by W. Gaschiitz in [8] as a generalization of the covering subgroups
introduced by the same author in [7]. Let w be an arbitrary set of primes.
A new definition for the saturated closure of a m-homomorph of finite 7-
solvable groups, equivalent to that in [3], is given. A property connected
with the notion of generalized projector on a class X of finite 7-solvable
groups, called the GP-property, is also introduced. The main results
of the paper are the following: 1) a characterization theorem for the
saturated closure of the m-homomorphs of finite 7-solvable groups with
the GP-property by means of the generalized projectors; 2) a theorem
showing that if X is a m-homomorph of finite 7-solvable groups with
the GP-property and X is its saturated closure, then X is a Schunck
class if and only if X = X. These results prove that theorems similar
to those obtained by J. Weidner in [10] for finite solvable groups can be
also obtained in the more general case of finite w-solvable groups.

Mathematics Subject Classification (2010): 20D10.

Keywords: Schunck class, homomorph, projector, saturated closure of a
homomorph, m-solvable group.

1. Preliminaries

In [3], we generalized in the more general case of finite m-solvable groups the
results established by J. Weidner in [10] for finite solvable groups, obtaining a
characterization of the saturated closure of a homomorph of finite 7-solvable
groups by means of the semicovering subgroups (introduced by J. Weidner in
[10] as a generalization of the covering subgroups defined by W. Gaschiitz in
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[7]). Following the ideas from [10] and [3], the present paper introduces and
studies the notion of generalized projector, which generalizes the well-known
notion of projector defined by W. Gaschiitz in [8] as a generalization of the
covering subgroups. Using the projectors, a new definition for the saturated
closure of a m-homomorph of finite 7-solvable groups, equivalent to that in [3],
is given. We define for a class X of finite m-solvable groups the GP-property,
which is connected with the generalized projectors. A characterization theo-
rem for the saturated closure of the m-homomorphs of finite m-solvable groups
with the GP-property and an important consequence of this characterization
are the main results of the paper.

All groups considered in the paper are finite. Denote by 7 an arbitrary
set of primes and by 7’ the complement to 7 in the set of all primes.

We remind some definitions and theorems which will be useful for our
considerations.

Definition 1.1. a) ([9]) A class X of groups is a homomorph if X is closed
under homomorphisms, i.e. if G € X and N is a normal subgroup of G, then
G/N € X.

b) A group G is said to be primitive if there exists a stabilizer W of G,
i.e. W is a mazimal subgroup of G and coregW = 1, where

coregW =nN{W9 | g € G}.

¢) ([9]) A homomorph X is a Schunck class if X is primitively closed,
i.e. if any group G, all of whose primitive factor groups are in X, is itself in
X.

Definition 1.2. Let X be a class of groups, G a group and H a subgroup of G.
a) ([8]) H is an X -maximal subgroup of G if:
(i) H € X;
(4i) H<H*<G,H*€ X=H=H"
b) ([8])) H is an X-projector of G if for any normal subgroup N of G,
HN/N is X-mazimal in G/N.
¢) ([7]) H is an X -covering subgroup of G if:
(1) He X;
(i) H< K <G, Ky<dK, K/Kype X = K=HKj.

Remark 1.3. a) Let X be a class of groups and G a group. Then: i) G € X
if and only if G is X-mazimal in G ; ii) if G is an X-projector of G, then
GeX.

b) Let X be a homomorph and G a group. Then G is an X -projector of
G if and only if G € X.

Theorem 1.4. ([8]) Let X be a class of groups, G a group and H a subgroup
of G.
a) If H is an X -projector of G and N is a normal subgroup of G, then
HN/N s an X -projector of G/N.
b) H is an X -projector of G if and only if:
(1) H is X-mazimal in G;
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(i1) HM /M is an X-projector of G/M for all minimal normal sub-
groups M of G.

Theorem 1.5. Let X be a class of groups, G a group and H a subgroup of G.
a) If H is an X -covering subgroup or an X -projector of G, then H s
X -mazximal in G.
b) ([4)) If X is a homomorph, then H is an X -covering subgroup of G
if and only if H is an X -projector in any subgroup K with H < K < G. In
particular, any X -covering subgroup of G is an X -projector of G.

Theorem 1.6. ([1]) A solvable minimal normal subgroup of a finite group is
abelian.

Introduced by S.A. Cunihin in [6], the 7-solvable groups are more gen-
eral than the solvable groups.

Definition 1.7. a) ([6]) A group G is w-solvable if every chief factor M/N
of G (i.e. M/N ‘is a minimal normal subgroup of G/N ) is either a solvable
w-group or a 7' -group. In particular, if © is the set of all primes, we obtain
the notion of solvable group.

b) ([2]) A class X of groups is said to be m-closed if

G/On(G) e X=GeX,

where O,/ (GQ) denotes the largest normal 7' -subgroup of G.
¢) We say that X is a m-homomorph (respectively a w-Schunck class) if
X is a w-closed homomorph (respectively X is a m-closed Schunck class).

Theorem 1.8. ([6]) a) If G is a w-solvable group and N is a normal subgroup
of G, then G/N is m-solvable.

b) If G is a group and N is a normal subgroup of G, such that N and
G/N are m-solvable, then G is m-solvable.

Theorem 1.9. ([5]) Let X be a w-homomorph. The following conditions are
equivalent:

(1) X is a Schunck class;

(i) if G is a w-solvable group, G ¢ X and M is a minimal normal
subgroup of G such that G/M € X, then M has a complement in G;

(#i1) any w-solvable group G has X -covering subgroups;

(iv) any w-solvable group G has X -projectors.

2. Generalized projectors

In [10], J. Weidner generalizes the notion of covering subgroup given in Def-
inition 1.2.c) by renouncing to the condition (7). In [3], this generalized cov-
ering subgroup is called semicovering subgroup. Similarly, we will introduce
o notion which generalizes the notion of projector.

Definition 2.1. Let X be a class of groups, G a group and H a subgroup of
G. H is called a generalized X -projector of G if for any normal subgroup N
of G, N#1, HN/N is X-mazimal in G/N.
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It is the aim of this section to prove some properties of the generalized
projectors.

Everywhere in this section we denote by X a class of groups, by G an
arbitrary finite group and by H a subgroup of G.

Remark 2.2. If H is an X -projector of G, then H is a generalized X -projector
of G.

Theorem 2.3. H is an X-projector of G if and only if the following two
conditions hold:

(1) H is X-mazimal in G;

(it) H is a generalized X -projector of G.

Proof. Let H be an X-projector of G. By Definition 1.2.b), for any normal
subgroup N of G we have that HN/N is X-maximal in G/N. In particular,
for N =1 we obtain that H is X-maximal in G, and so condition () holds. If
we take N # 1 a normal subgroup of G, then HN/N is X-maximal in G/N,
and, by Definition 2.1, H is a generalized X-projector of G, which mean that
condition (4¢) also holds.

Conversely, suppose that conditions (i) and (¢¢) hold. From (i) follows
that for N = 1 we have HN/N is X-maximal in G/N. Let now N # 1 be
a normal subgroup of G. By (ii) and Definition 2.1, HN/N is X-maximal
in G/N. So HN/N is X-maximal in G/N for any normal subgroup N of G.
This means by Definition 1.2.b) that H is an X-projector of G. (]

Theorem 2.4. If H is a generalized X -projector of G and N is a normal
subgroup of G, then HN/N s a generalized X -projector of G/N.

Proof. Let H be a generalized X-projector of G and N a normal subgroup
of G. We distinguish two cases:

1° N = 1. Since H is a generalized X-projector of G, we have for N =1
that HN/N is a generalized X-projector of G/N.

2° N # 1. In order to prove that HN/N is a generalized X-projector of
G/N, by Definition 2.1 we have to prove that for any normal subgroup L/N
of G/IN, L/N # 1, (HN/N - L/N)/(L/N) is X-maximal in (G/N)/(L/N).
But

(HN/N - L/N)/(L/N) = (HNL/N)/(L/N) = (HL/N)/(L/N) ~ HL/L
and
(G/N)/(L/N) ~ G/L,
and so we have to prove that
HL/L is X-maximal in G/L.

Indeed, from the hypothesis that H is a generalized X-projector of G, by
using Definition 2.1 for the normal subgroup L of G, where L # 1 (since
1# N < L), we obtain that HL/L is X-maximal in G/L. O

Our last theorem concerning some properties of the generalized projec-
tors is a characterization theorem for the generalized projectors.
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Theorem 2.5. H is a generalized X -projector of G if and only if HM /M is
an X -projector of G/M for any minimal normal subgroup M of G.

Proof. Let H be a generalized X-projector of G and let M be a minimal
normal subgroup of G. In order to prove that HM/M is an X-projector
of G/M, we use Theorem 2.3 and verify conditions (i) and (i¢) from this
theorem.

(1) HM/M is X-maximal in G/M. Indeed, H being a generalized X-
projector of G and M being normal in G with M # 1, Definition 2.1 leads
to the conclusion that HM/M is X-maximal in G/M.

(19) HM /M is a generalized X-projector of G/M. Indeed, from the facts
that H is a generalized X-projector of G and M is a normal subgroup of G,
Theorem 2.4 leads to the conclusion that HM /M is a generalized X-projector
of G/M.

Conversely, suppose that HM/M is an X-projector of G/M for any
minimal normal subgroup M of G. In order to prove that H is a generalized
X-projector of G, we use Definition 2.1. Let N be a normal subgroup of G
such that N # 1. Then there exists a minimal normal subgroup M of G such
that M C N. By our hypothesis, HM /M is an X-projector of G/M. From
this and from N/M < G/M, we obtain by applying Theorem 1.4.a) that
(HM/M - N/M)/(N/M) is an X-projector of (G/M)/(N/M). But

(HM/M-N/M)/(N/M)=(HMN/M)/(N/M)=(HN/M)/(N/M)~HN/N
and
(G/M)/(N/M) ~ G/N,

and so HN/N is an X-projector of G/N, which leads by Theorem 1.5.a) to
the conclusion that HN/N is X-maximal in G/N. This means, by Definition
2.1, that H is a generalized X-projector of G. (]

Finally in this section, two remarks.
From Theorem 1.5.b) and Remark 2.2, we obtain:

Remark 2.6. If X is a homomorph, G is a group and H is a subgroup of G,
then the following implications hold:

H is an X -covering subgroup of G = H is an X -projector of G =

H is a generalized X -projector of G.
This shows that if X is a homomorph, then the notion of generalized projector
generalizes both the projectors and the covering subgroups.

From the Remarks 1.3.b) and 2.2, follows immediately:

Remark 2.7. If X is a homomorph and G is a group, then:
(i) G € X < G is an X -projector of G;
(ii) G € X = G is a generalized X -projector of G.
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3. The saturated closure of a 7-homomorph

Let m be an arbitrary set of primes. From now on, all groups used in our
considerations will be finite m-solvable groups.

Definition 3.1. Let X be a w-homomorph. We call the saturated closure of
X the smallest m-homomorph X of finite m-solvable groups such that the
following two conditions hold:

(i) XCX;

(ii) any finite w-solvable group has X -projectors.

Remark 3.2. a) Theorem 1.9 shows that Definition 3.1 is equivalent with that
given in [3].

b) If X is a m-homomorph and X is its saturated closure, then X is
a m-homomorph and any finite w-solvable group has X -projectors. It follows
by Theorem 1.9 that the saturated closure X is a Schunck class. Since X is
w-closed, we conclude that X is a m-Schunck class.

Notation 3.3. Let X be a class of finite m-solvable groups. We denote by
X* the class of all finite m-solvable groups G such that G is a generalized
X -projector of G.

Let us give some properties of the class X*, which will be used to prove
the main results of the paper. Everywhere X will denote a class of finite
m-solvable groups.

Theorem 3.4. If X is a homomorph, then X C X*.

Proof. Let G € X. By Remark 2.7.(i7), G is a generalized X-projector of G.
It follows that G € X*. O

Theorem 3.5. If X is a class of finite m-solvable groups, then X™* is a homo-
morph.

Proof. Let G € X* and let N be a normal subgroup of G. We show that
G/N € X*. Indeed, from G € X* we have that G is a finite m-solvable group
and G is a generalized X-projector of G. G being a finite w-solvable group
and N being normal in G, it follows by Theorem 1.8.a) that G/N is also a
finite m-solvable group. Furthermore, from the facts that G is a generalized
X-projector of G and N is a normal subgroup of G, Theorem 2.4 leads to
the conclusion that G/N is a generalized X-projector of G/N. It follows that
G/N € X*. O

The property of a class X of finite m-solvable groups we define below
is connected with the generalized projectors introduced in Definition 2.1 and
will be called therefore the GP-property.

Definition 3.6. A class X of finite w-solvable groups is said to have the GP-
property if X satisfies the following two conditions:
(i) every finite w-solvable group has generalized X -projectors;
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(i1) if G is a finite w-solvable group, then for any generalized X -
projector H of G there exists a minimal normal subgroup M of G such that
M C H.

Theorem 3.7. Let X be a class of finite w-solvable groups with the GP-property
and G a finite w-solvable group. The following two conditions are equivalent:
(1) GeX*;
(i) if H is a generalized X -projector of G, then H = G.

Proof. Let X be a class with the GP-property and G a finite m-solvable group.

(1) = (i1) : Let G € X* and H be a generalized X-projector of G. From
G € X* follows that G is a generalized X-projector of GG, which implies by
Theorem 2.5 that G/M is an X-projector of G/M for any minimal normal
subgroup M of G. By Theorem 1.5.a), we deduce that G/M is X-maximal
in G/M, hence G/M € X. On the other side, by applying Theorem 2.5
for the generalized X-projector H of G, we obtain that HM/M is an
X-projector of G/M for any minimal normal subgroup M of G, hence
HM/M is X-maximal in G/M. From this, since G/M € X, we deduce that
HM/M = G/M. It follows that HM = G for any minimal normal subgroup
M of G. But X is a class with the GP-property and so for the generalized
X-projector H of G, there exists a minimal normal subgroup My of G such
that My C H. Then H = HMj. But, as we saw above, H My = G. It follows
that H = G.

(#) = (i) : Let H be an arbitrary generalized X-projector of G. Then,
by (i), H = G. Hence G is its own generalized X-projector and so G €
X*. O

Theorem 3.8. If X is a w-homomorph with the GP-property, then X* is a
w-homomorph.

Proof. Let X be a m-homomorph with the GP-property. By Theorem 3.5,
X* is a homomorph. It remains to prove that X* is w-closed, i.e. that
G/O0.(G) € X* implies G € X*. Let G/O,(G) € X*. We first notice
that from G/O,(G) € X* follows that G/O,/(G) is a finite m-solvable
group. Now, G/O, (G) and O, (G) being m-solvable groups, we deduce
by Theorem 1.8.b) that G is also a m-solvable group. In order to prove that
G € X*, we use Theorem 3.7. Let H be a generalized X-projector of G. Since
O, (G) < G, Theorem 2.4 leads to the conclusion that HO, (G)/O (G) is a
generalized X-projector of G/O,/(G). But the class X has the GP-property
and G/O,(G) € X*. By Theorem 3.7, it follows that

HO(GQ)/Or(G) = G/O (G).
Hence
HO.(G)=G. (3.1)
We consider two cases:
1° On/(G) = 1. In this case, (3.1) gives that H = G. But H being a

generalized X-projector of G, it follows that G is a generalized X-projector
of G. Hence G € X*.
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2° On(G) # 1. Then H being a generalized X-projector of G and
O0.(G) € G, Ox(G) # 1, Definition 2.1 leads to the conclusion that
HO,(G)/Or(G) is X-maximal in G/O, (G), which means by applying
(3.1) that G/On(G) is X-maximal in G/O/(G). Hence G/O,(G) € X.
But the class X being m-closed, it follows that G € X. By Theorem 3.4, the
homomorph X has the property that X C X*. So G € X*. (]

Theorem 3.9. If X is a w-homomorph with the GP-property, then any finite
mw-solvable group has X*-projectors.

Proof. Let X be a m-homomorph with the GP-property. Then, by Theorem
3.8, X* is a m-homomorph. We apply Theorem 1.9 for the m-homomorph X*
and conclude that instead of proving that any finite m-solvable group has X *-
projectors we can prove the equivalent condition (ii) from Theorem 1.9, which
becomes in our case: if G is a m-solvable group, G ¢ X* and M is a minimal
normal subgroup of G such that G/M € X*, then M has a complement in
G. Let G be a m-solvable group, G ¢ X* and M a minimal normal subgroup
of G such that G/M € X*. We first observe that there exists a subgroup
H of G such that H is a generalized X-projector of G and H # (. Indeed,
if we suppose the contrary, then every generalized X-projector H of G is
equal to GG, which means by Theorem 3.7 that G € X*, a contradiction with
the hypothesis G ¢ X*. We complete the proof of the present theorem by
showing that H is a complement of M in G, i.e. HM = G and H "M = 1.
Indeed, since H is a generalized X-projector of G and M is normal in G, we
conclude by Theorem 2.4 that HM /M is a generalized X-projector of G/M.
This and G/M € X* imply by Theorem 3.7 that HM/M = G/M. Hence
HM = G. It remains to prove that H N M = 1. Since M is a minimal
normal subgroup of the 7-solvable group G, M is either a solvable m-group
or a m'-group. Suppose that M is a ’-group. Then M < O,/ (G) and so

G/O0x(G) = (G/M) /(O (G)/M). (3-2)

Since G/M € X* and X* is a homomorph, (3.2) leads to G/O, (G) € X*,
which implies by the m-closure of X* that G € X*, a contradiction with
the hypothesis G ¢ X*. It follows that M is a solvable m-group. Then, by
Theorem 1.6, M is abelian. Let us prove that H N M is normal in G. We
know that H <G and M <G imply HNM < H. Let nowge G=HM
and x € HN M. Then g = hm, with h€ H and m € M, and we have

g tzg = (hm) 'z (hm) = (m A7) & (hm) = m~ (b~ 'z h) m.  (3.3)

From H N M < H, we conclude that h~'z h € H N M. Furthermore, M
being abelian, we can commute in (3.3) the elements h~'x h and m, both
in M, and obtain

g lzg=m Y (h 'z k) m=m~'m (h "'z h) =h 'zh € HN M.

We proved that HN M is normal in G. From this and from HNM C M, by
using that M is a minimal normal subgroup of G, it follows that HNM =1
or HNM=M.But HNM =M leadsto M C H,hence G=HM = H,
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a contradiction with H # G. It follows that H N M = 1, and the theorem is
proved. [l

Theorem 3.10. If X is a w-homomorph with the GP-property, then X* is a
w-Schunck class.

Proof. Since X is a m-homomorph with the GP-property, Theorem 3.8 shows
that X* is a m-homomorph and Theorem 3.9 shows that any finite w-solvable
group has X*-projectors. By applying Theorem 1.9, we conclude that X* is
a m-Schunck class. O

Theorem 3.11. Let X be a w-homomorph with the GP-property. If 'Y is a
w-homomorph satisfying the conditions

(1) XCY;

(ii) any finite w-solvable group has Y -projectors, then X* C Y.

Proof. Let G € X*. Then G is a finite m-solvable group and so, by (ii),
there exists an Y-projector H of G. We will prove that H is a generalized
X-projector of G. For this, we use Theorem 2.5. and prove that HM/M is
an X-projector of G/M for any minimal normal subgroup M of G. Let M
be a minimal normal subgroup of G. From G € X* follows that G is its own
generalized X-projector, and by Theorem 2.5 we have that G/M is an X-
projector of G/M, hence by Theorem 1.5.a) G/M is X-maximal in G/M, and
so G/M € X. But (¢) claims that X C Y. It follows that G/M € Y. Now, H
being an Y-projector of G and M being normal in G, Definition 1.2.b) leads
to the conclusion that HM/M is Y-maximal in G/M. This and G/M € Y
imply HM/M = G/M, hence HM = G. But we saw that G/M is an X-
projector of G/M, which together with HM = G gives that HM /M is an
X-projector of G/M, what we had to prove. It follows that H is a generalized
X-projector of G. But G € X* and the class X has the GP-property. So we
can apply Theorem 3.7 and obtain that H = G. From the choice of H as an
Y-projector of G, we deduce by Theorem 1.5.a) that H is Y-maximal in G,
which implies that H € Y. This and H = G lead to G € Y. The inclusion
X* CY is proved. (I

Theorem 3.12. If X is a w-homomorph with the GP-property and X is its
saturated closure, then

X*CX.
Proof. Let X be a m-homomorph with the GP-property and X its saturated
closure. We can take in Theorem 3.11: Y = X. Indeed, by Definition 3.1, the

saturated closure X satisfies conditions (i) and (ii) claimed in Theorem 3.11.
By applying Theorem 3.11, we conclude that X* C X . (Il

From Theorems 3.4 and 3.12 immediately follows:

Corollary 3.13. If X is a m-homomorph with the GP-property and X is its
saturated closure, then
XCX*CX.
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4. The main results

The main results of this paper, which we prove below, are the following: 1) a
characterization theorem for the saturated closure of the m-homomorphs of
finite m-solvable groups with the GP-property by means of the generalized
projectors; 2) a characterization theorem for Schunck classes of finite 7-
solvable groups by means of the saturated closure of m-homomorphs of finite
m-solvable groups with the GP-property.

Theorem 4.1. If X is a m-homomorph with the GP-property and X is its
saturated closure, then o
X=X

Proof. Let X be a m-homomorph with the GP-property and X its saturated
closure. By applying Theorem 3.12, we obtain that X* C X . In order to
prove that X C X*, we use the Definition 3.1 of the saturated closure of
X. If we show that X* verifies conditions (i) and (i) given in Definition
3.1, then, X being the smallest m-homomorph which verifies (i) and (i7), we
conclude that X C X*. It is easy to see that X* verifies condition (i),
namely X C X* because X is a homomorph and we apply Theorem 3.4.
Furthermore, X* verifies condition (i7), namely any finite m-solvable group
has X*-projectors, as Theorem 3.9 shows. [l

Theorem 4.2. Let X be a m-homomorph with the GP-property and X its
saturated closure. The following two conditions are equivalent:

(1) X is a Schunck class;

(i) X=X .

Proof. Let X be a m-homomorph with the GP-property and X its saturated
closure.

(1) = (4) : Let X be a Schunck class. We first prove that X = X*.
Indeed, X being a homomorph, Theorem 3.4 leads to X C X*. Furthermore,
by applying Theorem 1.9 for the m-homomorph X which is a Schunck class,
we conclude that any finite m-solvable group has X-projectors. Let us take in
Theorem 3.11 Y = X, which is a m-homomorph satisfying the two conditions
claimed in this theorem, namely: X C X and any finite 7-solvable group has
X-projectors. By applying Theorem 3.11, we obtain that X* C X. From
X C X* and X* C X follows that

X =X" (4.1)
On the other side, we are in the hypotheses of Theorem 4.1 and so we conclude
that

X = X" (4.2)
From (4.1) and (4.2) follows that X = X .

(ii) = (i) : Let X = X . By the Definition 3.1 of the saturated closure
X, any m-solvable group G has X-projectors. But X = X. Then any 7-

solvable group G has X-projectors. We can now apply Theorem 1.9 for the
m-homomorph X, and it follows that X is a Schunck class. O
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On the extension and torsion functors of
local cohomology of weakly Laskerian and
Matlis reflexive modules

Kazem Khashyarmanesh and Fahimeh Khosh-Ahang Ghasr

Abstract. Let R be a commutative Noetherian ring with non-zero iden-
tity, a an ideal of R and M, N two R-modules. The main purpose
of this paper is to study the circumstances under which, for fixed
integers j € Np and n € N, the R-modules Ext%(N, HZ(M)) and
Torf (N, H? (M)) are weakly Laskerian or Matlis reflexive. In this way,
we also get to some results about the associated primes, coassociated
primes and Bass numbers of Hy (M).
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1. Introduction

Throughout this paper, we will generally assume that R is a commutative
Noetherian ring with non-zero identity, a be an ideal of R and M, N be two
R-modules. We shall use V' (a) to denote the set of all prime ideals containing
a. Also, we shall use Ny (respectively N) to denote the set of non-negative
(respectively positive) integers.

For a non-negative integer ¢, the i-th local cohomology module of M
with respect to a is defined as:

H(M) = lim Extp(R/a", M).

nENp

This research is supported by a grant from Center of Excellence in Analysis on Algebraic
Structures (CEAAS).
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The reader can refer to [6], for the basic properties of local cohomology.

This paper studies the circumstances under which the R-modules
Ext}, (N, H}(M)) and Torf(N, H!(M)) are weakly Laskerian or Matlis re-
flexive, for fixed integers j and n when M, N are certain R-modules. One
motivation for our work comes from the concept of cofiniteness for local co-
homology modules introduced by Hartshorne in [15]. The local cohomology
module H? (M) is a-cofinite if Ext's(R/a, H?(M)) is finitely generated for all
i € Np. It is a question of Huneke in [16] that when the local cohomology
module H? (M) is a-cofinite. In this regard, there has been a great deal of
work. For instance, we refer the reader to the papers of Huneke and Koh
[17], Delfino [8], Delfino and Marley [9], Yoshida [26] and Chiriacescu [7]. A
question here arises that for fixed integers j and n, if M, N are certain R-
modules, when the R-modules Ext (N, HY(M)) and Torf(N, H(M)) are
finitely generated. There has also been a couple of work regarding to this
question when M is a finitely generated R-module and N = R/b for some
ideal b of R containing a (cf. [11] and [18]). The goal of the present paper is
to obtain similar results as above, but for a larger class of modules.

Let E be the minimal injective cogenerator of the category of R-modules
and D(M) = Hompg(M, E). Recall that, an R-module M is called Matlis re-
flexive if the canonical map M — D(D(M)) is an isomorphism. Moreover,
Divaani-Aazar and Mafi, in [12], introduced and studied another type of mod-
ules called weakly Laskerian. A module M is called weakly Laskerian if the
set of associated primes of any quotient module of M is finite. Note that, the
class of weakly Laskerian modules includes all finitely generated, Artinian,
linearly compact and Matlis reflexive modules. Also, the class of Matlis re-
flexive modules over a complete local ring contains all finitly generated and
Artinian modules. Therefore, for fixed integers j and n, it is desirable to ask
that when the R-modules Ext},(N, H}(M)) and Torf’(N, H(M)) are weakly
Laskerian or Matlis reflexive which is a generalization of mentioned question
“in some sense”.

In the second section of this paper we list some facts about the weakly
Laskerian modules which will be useful in later sections. In the third sec-
tion, at first, we investigate the above mentioned question for the R-module
Ext}, (N, H}(M)). In fact, we show that for fixed integers j € Ny and n € N,
if N is a finitely generated R-module with Suppz(N) C V(a) and M is a
weakly Laskerian R-module such that

i) Ext’ S, HY ™ is weakly Laskerian for all t =1,...,n, an
i) Ext (N, HP Y (M kly Lask for all t = 1 d
(ii) Ext} *~'(N, H*+*(M)) is weakly Laskerian for all s = 1,...,dimM —n,

then Extiz(N ,H(M)) is also weakly Laskerian. Next, we present some gen-
eralizations of [13, Theorem 3.1], [1, Theorem 1.2], [11, Theorem B], [5, The-
orem 2.2] and [19, Theorem B(f)], to some extent.

In the forth section, we use an analogue of the above results for
Torf(N, H}(M)). At last, in the final section, when (R, m) is a complete
local ring with respect to m-adic topology, in a similar way, we study the
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Matlis reflexivity of the R-modules Ext, (N, HZ(M)) and Torf(N, H} (M))
and get to some interesting results.

2. Preliminary results

First of all, we recall the definition of weakly Laskerian modules.

Definition 2.1. (i) (See [12, Definition 2.1].) An R-module M is called

(i)

weakly Laskerian if the set of associated primes of any quotient mod-
ule of M is finite.

(See [13, Definition 2.4].) An R-module M is called a-weakly cofinite
if Suppgr(M) C V(a) and Exty(R/a, M) is weakly Laskerian for all
1 € Np.

In the following lemma, we gather together some basic properties of

weakly Laskerian modules.

Lemma 2.2. (See [12, Lemma 2.3] and [13, Remark 2.7].)

(i)

(v)

Let)0 — L — M — N — 0 be an exact sequence of R-modules and
R-homomorphisms. Then M is weakly Laskerian if and only if L and
N are weakly Laskerian. Hence, if L — M —— N is an exact sequence
such that both end terms are weakly Laskerian R-modules, then M is
also weakly Laskerian.

Let N be a finitely generated R-module and M be a weakly Laskerian
R-module. Then Ext's(N, M) and Tor(N, M) are weakly Laskerian for
all i € Ny.

Suppose that M is a weakly Laskerian R-module with Suppg(M) C
V(a). Then M is a-weakly cofinite.

If0 — L — M — N — 0 is an ezxact sequence and two of modules
in the sequence are a-weakly cofinite, then so is the third one.

The set of associated primes of an a-weakly cofinite module is finite.

Remark 2.3. (i) In the light of [12, Example 2.2], the class of weakly Laske-

(i)

rian R-modules includes all finitely generated, Artinian and linearly
compact R-modules.

Let E be the minimal injective cogenerator of the category of R-modules.
For an R-module M, we let D(M) = Homg(M, E). If the canonical map
M — D(D(M)) is an isomorphism, then M is called Matlis reflexive.
Now, by [3, Theorem 12] and (i), in conjunction with Lemma 2.2(i),
every Matlis reflexive module is weakly Laskerian.

Recall that a sequence zi,...,x, of elements of R is an a-filter

regular sequence on M if z1,...,z, € a and x; ¢ p for all p €
Assp(M/(z1,...,2;—1)M)\ V(a) and for all i = 1,...,n. When i = 1, this
is to be interpreted as

pEAssr(M)\V (a)
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The concept of an a-filter regular sequence on M is a generalization of the
one of a filter regular sequence which has been studied in [21], [23] and has
led to some interesting results. Note that both concepts coincide if a is the
maximal ideal in local ring. Also, note that x1, ..., x, is a weak M-sequence if
and only if it is an R-filter regular sequence on M. The following proposition
enables one to see quickly that, for a weakly Laskerian R-module M, there
exist a-filter regular sequences on it of any length.

Proposition 2.4. Let M be a weakly Laskerian R-module and n be a positive
integer. Assume that x1,...,x, is an a-filter reqular sequence on M. Then
there exists an element x,4+1 € a such that x1,...,Tn,Zpt1 is an a-filter
reqular sequence on M.

Proof. In contrary, suppose that z1,...,z, is an a-filter regular sequence on
M such that
aC U p.

pEAssr(M/(z1,...,.xn)M)\V (a)
Then, since M is weakly Laskerian R-module, Assp(M/(z1,...,2,)M) is a
finite set. So, Prime Avoidance Theorem provides that a C p for some p in
the set Assp(M/(x1,...,2,)M)\ V(a) which is a required contradiction. O

3. Extension functors and local cohomology of weakly
Laskerian modules

The first present author, in [18], by using filter regular sequences, estab-
lished some results about finiteness properties of Extzz(R/ b, H}(M)) and
Torf(R/b, H(M)) for fixed integers j € Ny and n € N when b is an ideal of
R containing a. Now, in view of Lemma 2.2(i)-(ii), in conjunction with Propo-
sition 2.4, by employing the methods of proofs which are similar to those used
in [18], one can establish the following theorem which is generalization of [18,
Theorem 3.3], in some sense.

Theorem 3.1. Fiz j € No, n € N, a finitely generated R-module N with
Suppr(N) C V(a) and a weakly Laskerian R-module M of dimension d.
Assume that
(i) Ext%HH(N, H?=Y(M)) is weakly Laskerian for allt =1,...,n, and
(il) Ext}; *~'(N, H?+*(M)) is weakly Laskerian for all s =1,...,d — n.
Then Extgz(N, H}(M)) is weakly Laskerian.

Proof. In view of Proposition 2.4, let x1,...,2,41 be an a-filter regular se-
quence on M. By means of [18], for each integer ¢ with 1 < < n there exists
an exact sequence
— HY (M) — 0.
(T15eesTit1)

One can break the above exact sequence into two exact sequences
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(1) 0— Hy(M)— H{,, ,,(M)—L;—0 and
(2) 0— Li — (H{,,  ,)(M))s,, — Hfjf,“_,mm)(M) — 0.

On the other hand, it is a fact that, for each R-module N and each ele-
ment x of R, multiplication by = provides an automorphism on N,. In this
regard, since x;’s belong to a and N is a finitely generated R-module with
Suppg(N) C V(a), applying the long exact sequences of Ext},(N, —) on the
exact sequence (2) induces the isomorphism

Ext)(N, L;) = Ext); (N, H! (M)).

(T1,5005Tig1)

Now, several uses of the long exact sequences of Extﬂ%(N ,—) on the exact
sequence (1) and our assumptions of the theorem in conjunction with parts
(i) and (ii) of Lemma 2.2 imply the result. d

Suppose that M is a finitely generated R-module and n is a positive
integer. Marley and Vassilev, in [20, Proposition 2.5], showed that if H:(M)
is a-cofinite for all ¢ with ¢ # n, then HZ (M) is also a-cofinite. By using the
spectral sequence method, Divaani-Aazar and Mafi established the analogue
result for weakly Laskerian modules (see [13, Theorem 3.1]). The following
corollary which is a slight generalization of [13, Theorem 3.1], is an immediate
consequence of Theorem 3.1.

Corollary 3.2. Let M be a weakly Laskerian R-module and N be a finitely
generated R-module with Suppr(N) C V(a). Assume that n is a fived integer
such that the R-module Ext} (N, H:(M)) is weakly Laskerian for all s € N
and all i with i # n. Then Extih (N, HZ(M)) is also weakly Laskerian for all
s € Np.

The following results are consequences of Theorem 3.1 for special choices
of j and n.

Corollary 3.3. Let M be a weakly Laskerian R-module and N be a finitely
generated R-module with Suppr(N) C V (a). Assume that for a fized integer
n, the R-module Exty(N, Hi(M)) is weakly Laskerian for all s € N and all
i with i <n. Then

(i) Hompg(N, H?(M)) is weakly Laskerian and so
Asspr(H7(M)) N Suppr(N)
is finite, and

(i) Exty(N, H*(M)) is weakly Laskerian.

Proof. (i) Applying Theorem 3.1 when j = 0 ensures that the R-module
Homp (N, H}(M)) is weakly Laskerian. The second assertion now follows
from the fact that

Assp(Homp(N, Hy (M))) = Assgp(H (M)) N Suppg(N).
(ii) Apply Theorem 3.1 when j = 1. O
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Note that, by Remarks 2.3(i), the first part of Corollary 3.3 is a gener-
alization of the main results of [5] and [19].

Corollary 3.4. (Compare [1, Theorem 1.2] and [11, Theorem B].) Let M be
a weakly Laskerian R-module and N be a finitely generated R-module with
Suppr(N) C V(a). Let t be a non-negative integer such that

Ext% (N, H (M)

is weakly Laskerian for all s € N and all © with © < t. Then the following
statements are equivalent:

(i) Hompg (N, HLY(M)) is weakly Laskerian.

(ii) Exth(N, Ht(M)) is weakly Laskerian.

Proof. (i)=-(ii) Apply Theorem 3.1 with j =2 and n = t.
(ii)=(i) Apply Theorem 3.1 with j =0 and n =1¢ + 1. O

By using Theorem 3.1, in conjunction with [6, Corollary 3.3.3], we have
the following corollary.

Corollary 3.5. Let M be a weakly Laskerian R-module, N be a finitely gener-
ated R-module and z,y € R such that (x,y) C \/(0:r N). Then, for a fized
integer j, the following statements are equivalent:

(i) Exty(N, H(Qxy)(M)) is weakly Laskerian.

(ii) Ext§%+2(N, H(lL y)(M)) is weakly Laskerian.

4. Torsion functors and local cohomology of weakly Laskerian
modules

In the light of Lemma 2.2(i)-(ii), in conjunction with Proposition 2.4, the
methods of proofs used in [18] may be adapted. So, one can establish the
following theorem which is a generalization of Theorem 4.1 in [18], in some
sense.

Theorem 4.1. Fiz j € Ny, n € N, a finitely generated R-module N with
Suppr(N) C V(a), and a weakly Laskerian R-module M of dimension d.
Assume that
(i) Torf_t_l(N, H?7Y(M)) is weakly Laskerian for allt =1,...,n, and
(i) Torﬁ_s_H(N, H?t5(M)) is weakly Laskerian for all s =1,...,d —n.

Then Torf‘(N, H?(M)) is weakly Laskerian.

Proof. The proof is similar to that used in the proof of Theorem 3.1 by
replacing the functor Torf‘ (N, —) in stead of the functor Ext} (N, —). O

Now, we recall the definition of coassociated prime ideals which is needed
in the sequel.
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Definition 4.2. (See [25].) Let (R, m) be a local ring and K be an R-module. A
prime ideal p of R is said to be a coassociated prime of K if p is an associated
prime of D(K). We denote the set of coassociated primes of K by Coassg(K)
(or simply Coass(K), if there is no ambiguity about the underlying ring).

Note that Coass(K) = ) if and only if K = 0. Also, for a finitely gener-
ated R-module K and arbitrary R-module L, in the light of [24, Theorem 1.22]
or [9, Remark p. 50], we have that Coass(K ®g L) = Suppg (K)NCoassg(L).
Now, we present a dual of Corollary 3.3, in some sense.

Corollary 4.3. Let n be a non-negative integer. Let (R, m) be a local ring, M
a weakly Laskerian R-module and N be a finitely generated R-module with
Suppr(N) C V(a). Suppose that Tor (N, H:(M)) is weakly Laskerian for all
7 € Ng and all © with i > n. Then

(i) N®pg HX(M) is weakly Laskerian and so the set
Suppr(N) N Coassg(Hy (M))

is finite, and
(ii) Torf(N, H?(M)) is weakly Laskerian.

Recall that for an R-module K, the cohomological dimension of K with
respect to a is defined as

cd(a, K) = maz{i € Ny | H:(K) # 0}.
Now, the following corollary is an immediate consequence of Theorem 4.1.

Corollary 4.4. Let M be a weakly Laskerian R-module and N be a finitely
generated R-module with Suppg(N) C V(a). Then for a fized integer n,
(i) if Tor®™(N, Hi(M)) is weakly Laskerian for all i with i # n, then
Torl? (N Hi(M)) is weakly Laskerian for all integers i and s.
(ii) if Tor® (N, Hi(M)) is weakly Laskerian for all i with i < cd(a, M), then
Torl? (N Hi(M)) is weakly Laskerian for all integers i and s.

Applying Theorem 4.1 for special integers j and n yields the following
corollary.

Corollary 4.5. Let n be a positive integer, M a weakly Laskerian R-module
and N a ﬁm’tely generated R-module with Suppg(N) C V(a). Let the R-
module Tor™(N, H.(M)) be weakly Laskerian for all i with i > n and all
s € Np. Then the following statements are equivalent:

(i) N@gr HY Y(M) is weakly Laskerian.

(i) TorX(N, H?(M)) is weakly Laskerian.

The following corollary is an immediate consequence of Theorem 4.1
which is a dual of Corollary 3.5, in some sense.

Corollary 4.6. Let M be a weakly Laskerian R module, N a finitely generated
R-module and z,y € R such that (z,y) (0:r N). Then, for a fized
integer j, the following statements are equwalent
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(i) Torf(]\f7 H(zzy)(M)) is weakly Laskerian.

(i) Torf ,(N, H, ,(M)) is weakly Laskerian.

5. Local cohomology of Matlis reflexive modules

Throughout this section, (R, m,k) will denote a local complete ring with
respect to m-adic topology. For the reminder of this paper, we focus our
attention to Matlis reflexive modules. For basic theory concerning Matlis
reflexive modules, the reader is referred to [22, §3.2] and [6, §10].

Remark 5.1. (i) In view of Matlis duality theorem, the class of Mailis re-
flexive modules over a complete local ring includes all finitely generated
and Artinian modules.

(ii) By [14, Proposition 1.3] or [22, Theorem 3.4.13], M 1is Matlis reflexive
if and only if there is an exact sequence

0—S—M-—A—0

with S finitely generated and A Artinian.

(ili) Let0 — A — B — C' — 0 be an exact sequence of R-modules and
R-homomorphisms. Then B is Maitlis reflexive if and only if A and C
are Matlis reflexive. This follows by mapping the exact sequence into its
double dual and applying the snake lemma.

In view of Remarks 5.1(iii) and Theorem 3 in [2], one can also gain the
following results.

Theorem 5.2. (Compare [18, Theorem 3.3].) Fiz j € Nog, n € N, a Matlis
reflexive R-module N with a C /(0 :g N) and a finitely generated R-module
M of dimension d. Assume that

(1) EXt?;tJrl(N, H?Y(M)) is Matlis reflezive for allt =1,...,n, and

(il) Ext); *~'(N, H2+*(M)) is Matlis reflexive for all s = 1,...,d — n.
Then Ext7,(N, H}(M)) is Matlis reflexive.
Theorem 5.3. (Compare [18, Theorem 4.1].) Fiz j € Ng, n € N, a Matlis

reflexive R-module N with a C /(0 :g N) and a finitely generated R-module
M of dimension d. Assume that

(1) Torf/_t_l(N, HIY(M)) is Matlis reflezive for allt =1,...,n, and
(ii) Torﬁ_sﬂ(N, Hts(M)) is Matlis reflexive for all s =1,...,d —n.
Then Torf‘(N, H}(M)) is Matlis reflexive.
Now, we are ready to present the main results of this section.

Theorem 5.4. Fiz j € Ny and n € N. Let M and N be two Matlis reflexive
R-modules with a C /(0 :g N) such that

(1) Extg'tH(N, H?Y(M)) is Matlis reflexive for allt =1,...,n, and

(ii) Ext); *~'(N, H¥+$(M)) is Matlis reflezive for all s = 1,...,dimM — n.
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Then Ext’, (N, H?(M)) is Matlis reflexive.

Proof. Since M is Matlis reflexive, in the light of Remarks 5.1(i), there exists
an exact sequence

0—S—M-—A—0,
with S finitely generated and A Artinian. So, by applying the local cohomol-
ogy functor H?(—), one can deduce the exact sequence

0 —s HO(S) — HO(M) — A L5 HY(S) — HY (M) — 0 (1)
and the isomorphism
Hy(M) = Hy(S) (2)
for all i > 2. Hence, we have the exact sequence
Exth (N, H(S)) — Ext’, (N, H:(M)) — Ext (N, Tm ). (3)

Since A is Artinian, Imf is also Artinian. Therefore, by [2, Theorem 3],
Extgrl(N ,Imf) is Matlis reflexive. On the other hand, in view of the iso-
morphism (2) and [4, Lemma 1], Theorem 5.2 ensures that the R-module
Ext}, (N, H(S)) is Matlis reflexive. So, by Remarks 5.1(iii), the exact se-
quence (3) proves the theorem when n = 1. It remains to prove the claim
when n > 2. By means of the isomorphism (2), we need to establish the
claim for finitely generated R-module S. Now, in the light of (2), [4, Lemma
1] and Theorem 5.2, we only need to prove that Ext} ™ (N, HL(S)) is Matlis
reflexive. To do this, we use the exact sequence (1) to get the following exact
sequence

Ext? ™ (N, Imf) — Ext’ ™ (N, HL(S)) — Ext};" (N, H}(M)).

Note that Imf is Artinian, so the R-module ExtZ"(N,Tmf) is Matlis
reflexive. Now, since both end terms are Matlis reflexive, the R-module
Ext) " (N, H}(S)) is also Matlis reflexive, as desired. So, the proof is com-
plete. 0

By using Theorem 5.3 together with straightforward modifications to
the arguments in the proof of Theorem 5.4, we can earn the same result for
the R-module Torf(N, HI(M)) as follows.

Theorem 5.5. Fiz j € Ng and n € N. Let M and N be two Matlis reflexive
R-modules with a C \/m such that the following conditions hold:

(i) T01rfit71(J\f7 H?Y(M)) is Matlis reflezive for allt =1,...,n, and

(i) ToerH(N, HIt5(M)) is Matlis reflezive for all s =1,...,dimM —n.
Then Torf(N, H(M)) is Matlis reflezive.
Corollary 5.6. Fizj € Ny andn € N. Let M be a Matlis reflexive R-module of

dimension d and N be a finitely generated R-module with Suppg(N) C V(a)
such that

(1) Extg'tH(N, H?Y(M)) is Matlis reflexive for allt =1,...,n, and
(ii) Ext}; *~'(N, H¥*$(M)) is Matlis reflexive for all s =1,...,d — n.
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Then Torf(N,D(HZ}(M))) is Matlis reflexive.

Proof. By [6, Theorem 10.2.5], F is Artinian and so is Matlis reflexive. Also,
we have the following isomorphism

Torf (N, D(H? (M))) = Homp(Exth (N, H}(M)), E).
This fact together with Theorem 5.4 and [2, Theorem 3] proves the claim. O

We end the paper by the following result about the Bass numbers of
local cohomology module H (M).

Corollary 5.7. Let M be a Matlis reflexive R-module of dimension d and p
be a prime ideal of R. Assume that
(i) Extz;tH(R/mHg}_t(M)) is Matlis reflexive for allt =1,...,n, and
(ii) Extg,%_s_l(R/p,H;”rs(M)) is Matlis reflexive for alls =1,...,d —n.
Then the j-th Bass number of HY (M) with respect to p is finite.

Proof. Ifp 2 a, then p ¢ Suppy(HZ(M)). So, there is nothing to prove in this
case. In other wise, Theorem 5.4 tells us that Ext},(R/p, HZ(M)) is Matlis
reflexive. Now, in the case p = m, since EXt%(R/p, H?(M)) is also a k-vector
space, it must be finitely generated. Also, If p is any non-maximal prime, it
follows from Remarks 5.1(ii) that (Ext%,(R/p, HZ(M))), is finitely generated
over R,. Thus, in either case, the claim is true. O
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Behavior of a rational recursive sequences

Elsayed M. Mohamed Elsayed

Abstract. We obtain in this paper the solutions of the difference equa-

tions
Tn—7

+1+ In—1Tn—-3TLn—-5Ln-7
where the initial conditions are arbitrary nonzero real numbers.
Mathematics Subject Classification (2010): 39A10.

Keywords: Difference equations, recursive sequences, stability, periodic
solution.

Tnt1 = , n=0,1,..,

1. Introduction
In this paper we obtain the solutions of the following recursive sequences

Tn—7
, n=0,1,.. 1.1
+lt+ o, 1Tn—3Tp—5Tn_7 ’ (1

Tnt+1 =

where the initial conditions are arbitrary nonzero real numbers.

Recently there has been a great interest in studying the qualitative
properties of rational difference equations. For the systematical studies of
rational and nonrational difference equations, one can refer to the papers
[1-41] and references therein.

The study of rational difference equations of order greater than one is
quite challenging and rewarding because some prototypes for the development
of the basic theory of the global behavior of nonlinear difference equations of
order greater than one come from the results for rational difference equations.
However, there have not been any effective general methods to deal with the
global behavior of rational difference equations of order greater than one so
far. Therefore, the study of rational difference equations of order greater than
one is worth further consideration.

Alogeili [5] has obtained the solutions of the difference equation

Tn—1

Tpyp = ———.
4 — TpTn—1
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Cinar [7]-[9] investigated the solutions of the following difference equations

Tn—1 x o Tn—1 x o Tnp—1
1— 1= .
’ e n 1 + bxnxn—l

Elabbasy et al. [11]-[12] investigated the global stability, periodicity character
and gave the solution of special case of the following recursive sequences

Tnt+1 =

1+axprn_1 —1+ar,Tp—1 ’

bxn dxn—lxn—k
———, ITpt1=— +ta
CTy — dTp—1 CTyp—s — b

Tn+1 = QTp —
Elabbasy et al. [15] gave the solution of the following difference equations
Tn—7
+1+ Tp—3Ln—7 '

Karatas et al. [26] get the form of the solution of the difference equation

Tnt+1 =

Tpy1 = ——n=8
1+ 2,—2Tn_5
Simsek et al. [33] obtained the solution of the difference equation
Tn—3
1+ ITn—1 ’
Here, we recall some notations and results which will be useful in our inves-
tigation.
Let I be some interval of real numbers and let

[ S

Tn41 =

be a continuously differentiable function. Then for every set of initial condi-
tions x_, T_k+1,..., 20 € I, the difference equation

Tot1 = [(Tns Tn—1,s o, Tn—k), n=0,1,.., (1.2)
has a unique solution {x,}5° . [29].

Definition 1.1. (Equilibrium Point)

A point T € I is called an equilibrium point of Eq. (1.2) if

T =f(T,T,...T).

That is, x, =T for n > 0, is a solution of Eq. (1.2), or equivalently, T is a
fized point of f.
Definition 1.2. (Stability)

(i) The equilibrium point T of Eq. (1.2) is locally stable if for every
€ >0, there exists 6 >0 such that for all x_p,x_k41,...,2-1,x0 € I with

|x—k — |+ |2—p41 — T+ ... + |0 — T| <6,
we have
|z — T <€  forall n>—k.

(ii) The equilibrium point T of Eq. (1.2) is locally asymptotically stable if
T is locally stable solution of Fq. (1.2) and there exists v > 0, such that for
all T_p, X _jy1y ey x—1,20 € I with

|e—k — |+ |2—pt1 — T+ ... + |20 — T| < 7,
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we have

lim xz, =7.
n—o0

(iti) The equilibrium point T of Eq. (1.2) is global attractor if for all
T ks Tftly -y T—1,Z0 € I, we have

lim =z, =7.
n—oo

(iv) The equilibrium point T of Eq. (1.2) is globally asymptotically stable if
T is locally stable, and T is also a global attractor of Eq. (1.2).

(v) The equilibrium point T of Eq. (1.2) is unstable if T is not locally
stable.

The linearized equation of Eq. (1.2) about the equilibrium Z is the linear
difference equation

k
of(z,T,...,T)
Yn4+1 = Z Tyn_i.
i=0 n
Theorem 1.3. [28] Assume that p,q € R and k € {0,1,2,...}. Then
Il +lal <1,
s a sufficient condition for the asymptotic stability of the difference equation

Tn+1 + pTy + qTp—f = 0; n= 0; 17 e

Remark 1.4. Theorem 1.3 can be easily extended to a general linear equations
of the form

Ttk + P1Tntk—1 + . T DxTn =0, n=0,1,.., (1.3)

where p1,p2, ...,k € R and k € {1,2,...}. Then Eq. (1.8) is asymptotically
stable provided that

k
Z|Pi| <L
i=1

Definition 1.5. (Periodicity)
A sequence {x,}5° _, is said to be periodic with period p if Tyyp =
Ty for allm > —k.

LTn—7
14+2p - 1Tn—3Tn—5Tn—7

2. On the Difference Equation z,,,; =

In this section we give a specific form of the solutions of the difference equa-
tion

Tn—7
1+ xn,1$n73$n75$n,7’

Tnt+1 = n=0,1,..., (21)

where the initial conditions are arbitrary nonzero positive real numbers.
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Theorem 2.1. Let {x,}22 _, be a solution of Eq. (2.1). Then for n=0,1, ...

n—1
h T1 (1 + 4ibdfh)
=0

T8n—7 = 1 )

[T (1 + (4i + 1)bdfh)

=0

n—1
g H (1+ 4iaceg)

T8n—6 = n—1 )
IT (1 + (4é + 1)aceg)
=0

n—1
f (14 (4¢ + 1)bdfh)
I8gn—5 = n7—:10 ’
(14 (4 + 2)bdfh)
] (1 + (4i 4 1)aceg)
T8n—a4 = nz_zl() ’
IT (14 (4i + 2)aceg)
=0
where x_7 = h, x_
-1
b, r_og=a, HAi:]-~
i=0

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our

assumption holds for n — 1. That is;

n—2
h T (1+ 4ibdfh)
T8n—15 = n—2o =0 ;

T (1+ (4 + 1)bdfh)
1=0

n—2
g [T (1 + 4iaceg)
Ten—14 = 5 = )

£ (1 + (40 + 1)barh)
=0
n—2

T8n—13 = ;

IT 1+ (41 + 2)bdfh)

:13 T

(1 + (4i + 1)aceg)

)

Il
=]

T8n—12 =

|
)

n

(14 (49 4+ 2)aceg)

s
Il
o

dTT (1 + (4 + 2)bdfh)

=0

T8n—-3 = 1 ’

n

T1 (1 + (4i + 3)bdfh)

=0

céljl (1 + (4i + 2)aceg)

Tgn—2 = ’

nljol (14 (43 + 3)aceg)
b T (1 + (43 + 3)bdfh)
0

=

Tgn—1 =

n—1 ’

1:[ (1+ (49 + 4)bdf h)
n]f[ol (1+ (44 + 3)aceg)
Ign = n:l )

];[0 (1+ (4i + 4)aceg)

<.

6 = 9, x75:fa T4 = €, fE,gZd, T2 =C T-1 =

AT (1 + (4 + 2)bafh)

T8n—11 = ni_:; s
T (1+ (4i + 3)bdfh)
=0
n—2

(14 (43 + 2)aceg)

T8n—10 = nlj; )

(1+ (49 + 3)aceg)
=0
b T (14 (4 + 3)bdfh)
T8n—9 = nl_:20
TT (1 + (4i + 4)bdfh)
i=0
1:[ (14 (47 + 3)aceg)
Tgn—8 = =0

no

n]:[ (1+ (4i +4)aceg) .

1=

[}
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Now, it follows from Eq. (2.1) that

T8n—15

T8n—7 =
1+ 28pn—9T8n—11T8n—13T8n—15

n—2
h T (1+4ibdfh)
=0

71:_[5(1+(4i+1)bdfh)

b T (14 (4i+3)bdfh) d T[ (1+(4i+2)bdfh) £ L (4+(4i+1)bdfh) h TI (1-+4ibdfh)
=0 i=0 =0 =0

1 + n— n— n— n—
H2(1+(4i+4)bdfh) H2(1+(4i+3)bdfh) H2(1+(4i+2)bdfh) H2(1+(4i+1)bdfh)
=0 1=0 =0 1=0

n—2

R T] (1 + 4ibdfh) 1
_ i=0
T (1 + (45 + Dparn) | 1+ S— T (1 + dibarh)
=0 T (1+ (4i + 4)bdfh) =°
=0
n—2

LA dibdrh) 1 (1+ (4n — 4)bdfh)
= bdrh { (11 (4n — 4)bdfh) }

130 (1+ (4i+ 1)bdfh) \ 1+ (1 + (4n — 4)bdfh)

n—2
W LD Aibdrh) ( 1+ (4n — 4)bdfh )
1+

(s (4 s o (4n — 4)bdfh + bdfh
=0

n—2
_ b 1T (1 4ibdfh) (1+(4n—4)bdfh)

anQ (1 + (4i 4 1)bdfh) 1+ (4n — 3)bdfh
=0

Hence, we have
n—1
h TT (14 4ibdfh)
T8n—7 = =0 .

n—1

IT (1 + (49 4+ 1)bdfh)

i=0
Similarly, one can easily obtain the other relations. Thus, the proof is com-
pleted.

Theorem 2.2. Eq. (2.1) has a unique equilibrium point which is the number
zero and this equilibrium point is not locally asymptotically stable.

Proof. For the equilibrium points of Eq. (2.1), we can write
z

T= .
1+ 7
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Then
T4+7° =1,
or
z° = 0.

Thus the equilibrium point of Eq. (2.1) is Z = 0. Let f : (0,00)* — (0, 00)
be a function defined by

u
’ at =7
flw,v,w,t) 1+ wowt
Therefore it follows that
1 —u2wt
U y Uy at = T 9 v y Uy at = T N9
Fulu,v,w,4) (1 + wowt)? folu,v,w:1) (1 + wowt)?
—u2ut —uow
0 s Uy at = T N9 s Uy 7t = T o
Fuolu, v, ) (1 4 wowt)? filw, v, w, ) (1 4+ wvwt)?

we see that
fu(j,f7f,f):1, fv(j,f,f,fx):o, ,fw(jajvaf):oa ff(fajajvf)zo
The proof follows by using Theorem 1.3.

Theorem 2.3. Every positive solution of Eq. (2.1) is bounded and lim x,, = 0.

n—oo

Proof. Tt follows from Eq. (2.1) that

Tp—7
Tp+1 = - S Tn—7-
14+ Tp—1Tp—3Tn—5Tn_7

Then the subsequences {Zgn—7}152 o, {Tsn—6}20, {Tsn—51""0; {Tsn-4}20,
{Zsn—3}52 0, {Tsn—2120, {Z8n-1}2y, {zsn}2, are decreasing and so are
bounded from above by M = max{z_7,2_¢,Z_5,C_4,2_3,T_2,T_1,T0}.

Numerical examples

For confirming the results of this section, we consider numerical examples
which represent different types of solutions to Eq. (2.1).

Example 2.4. Consider x—7 = 2, x—¢ = 7, x—5 = 3, x—4 = 2, x_3 =
6, Tr—o2 = 9, r—1 = 5, o = 14. See Fig. 1.
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plot of x(n+1)= x(n=7)/(1+x(n-1)x(n-3)x(n-5)x(n-7))

14 T T T T T T T T T

12F 1

x(n)

Figure 1.

Example 2.5. See Fig. 2, since x_7 = 7, x—¢ = b, x_5 = 0.3, ©_4 =
0.2, Tr—3 = 4, T—_o = 1, r—1 = 15, o = 2.

plot of x(n+1)= X(N=7)/(L+x(n-1)x(N=3)x(N=5)X(n~7))

7, T T T T T T T T T

o . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
n

Figure 2.

LTn—7
1-zp1Tn—3Tn—5Tn—7

3. On the Difference Equation =, ,; =

In this section we give a specific form of the solutions of the difference equa-
tion
Tn—7

Tnt+1 = n=0,1,..., (31)

)
1- Tn—-1Tn—-3Ln—5Tn-7
where the initial conditions are arbitrary nonzero real numbers.
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Theorem 3.1. Let {x,}2° _, be a solution of Eq. (3.1). Then for n = 0,1,

—1

d'T[ (1 — (4 + 2)bdfh)

n'TT (1 — dibdfh)

Ten—7 = 1 =0 ; Ign—-3 = ni_zl() )
T] (1 — (4i + 1)bdfh) TT (1 — (4i + 3)bdfh)
i=0 i=0

n—1 n—1
g [1 (1 —4iaceg) ¢ [T (1= (4i + 2)aceg)
T8n—6 = n_1 =0 ) T8n—2 = niflo ;
1T (1 — (4é + 1)aceg) 1T (1 — (4i+ 3)aceg)
i=0

=0

b ’fﬁl (1— (47 + 3)bdfh)
nl—zlo ’
II
1=0

f nf[l (1 — (4i + 1)bdfh)

I8n—5 = nl_lo ’ Ign—1 =
TT (1 — (4i + 2)bdfh) (1— (4i + 4)bdfh)
i=0
n—1 n—1
e [T (1 — (4i + 1)aceg) a [T (1 —(4i+ 3)aceg)
T8n—4 = nz:O ) Tgn = nljlo )
IT (1 = (4é 4+ 4)aceg)
i=0

]:[: (1 = (4i + 2)aceg)

where jbdfh # 1, jaceg # 1 for j =1,2,3, ... .

Proof. 1t is similar to the proof of Theorem 2.1 and will be omitted.

Theorem 3.2. Eq. (3.1) has a unique equilibrium point which is the number
zero and this equilibrium point is not locally asymptotically stable.

Numerical examples

Example 3.3. Consider x_7 =7, ©_¢ =5, x5 = 3, x4 = 2, x_3 = 4,
r_o=1,x_1 =11, zg = 2. See Fig. 3.
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plot of x(n+1)= x(n-7)/(1-x(n-1)x(n-3)x(n-5)x(n-7))

Figure 3.

Example 3.4. See Fig. 4, since v—7 = 0.7, z_¢ = 0.5, x_5 = 0.3, x_4 =
0.2, Xr_3 = 04, T_9 = 05, r_1 = 01, o — 1.2.

plot of x(n+1)= x(n=7)/(1-x(n-1)x(n-3)x(n-5)x(n-7))

x(n)

0 10 20 30 40 50 60 70 80 90 100
n

Figure 4.

Tn—17
—14+Tn—1Tn—3Tn—5Tn—7

4. On the Difference Equation z,,; =

In this section we investigate the solutions of the following difference equation
LTn—7
-1+ Tn-1Tn—3Tn—5Tn-7

Tp41 = , n=0,1,.., (4.1)
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where the initial conditions are arbitrary nonzero real numbers with
T_7x_5x_3x_1 # 1, x_gxr_gyx_oxg # 1.

Theorem 4.1. Let {x,}> _- be a solution of Eq. (4.1). Then Eq. (4.1) has
unbounded solutions and for n = 0,1, ...

h d
Ten—7 = m7 T8n—3 = m,
T -9 T - ¢
81767 (21 + aceg)™’ 81727 (21 + aceg)™’

T8n—5 = f (_1 + bdfh)n ’ Tgn-1 =10 (_]— + bdfh)n ’
Tgn—a =€ (=1 +aceg)", rsn = a (=1 +aceg)” .

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1. That is;

h d

Tgp_15 = ————————7, Tgp-11 = ——————T>
B R G B AT
-9 - ¢
Ten—14 = (=1 + aceg)—1’ F8n—10 (=14 aceg)»=1’

Tgn-13 = f (=1 +bdfh)" ™", @gn_o=b(—1+bdfh)" ",
Tgn_12 = € (—1 + aceg)" ", Tgn_g =a(—1+ aceg)"i1 }

Now, it follows from Eq. (4.1) that

T8n—15
Tgn—7 =
1+ 28— 9%8n—11T8n—13T8n—15
S
_ (=1 +bdfh)" "
a ne d n— h
~14b (=1 +bdfh)" ™ ——— e f (~1 + bdf )" —————
(—1+ bdfh) (—1+ bdfh)
_ kR

(=14 bdfR)" !

 —1+bdfh
Hence, we have

o h
T (g bdfn) T
Similarly
T8n—12
T8n—4 =
1+ 25n—628n—8%Tsn—10L8n—12
B e (=1 + aceg)" ™"
B T — (=1 +aceg)" ! S — (=1 + aceg)" "

(=1 + aceg)” (=1 + aceg)n—1!
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e(=1+aceg)" " [—1+aceg
14+ aceg —1+4+aceg)’
(—1 + aceg)

Hence, we have

n

Tgp—4 = e(—1+ aceg)

Similarly, one can easily obtain the other relations. Thus, the proof is com-
pleted.

Theorem 4.2. Eq. ({.1) has three equilibrium points which are 0,4+v/2 and
these equilibrium points are not locally asymptotically stable.

Proof. The proof as in Theorem 2.2.

Theorem 4.3. Eq. (4.1) has a periodic solutions of period eight iff aceg =
bdfh = 2 and will be take the form {h,g, f,e,d,c,b,a,h,g, f,e,d,c,b,a,...}.

Proof. First suppose that there exists a prime period eight solution
h7g7f7e7d7C7b7a7h7g7f7e7d7c7b7a7"'7

of Eq. (4.1), we see from Eq. (4.1) that

L O —
S Cireany” YT T
— 9 — c.
9= (=1 + aceg)™’ ‘= (—1 + aceg)™’
F=f(=14bdf)", b=b(—1+bdfh)",
=e(=1+aceg)”, a=a(—1+aceg)".
or
(=1+bdfh)" =1, (=14 aceg)” = 1.
Then

bdfh =2, aceg = 2.
Second suppose aceg = 2, bdfh = 2. Then we see from Eq. (4.1) that

Tgn—7 =h, Ten—6 =g, Tan-5 = f, Tsn—a=e€, Tgpn—3=4d,

T8n—2 =C, Tgn—1 =0, Tgn = a.

Thus we have a period eight solution and the proof is complete.

Numerical examples

Example 4.4. We consider x_7 =7, v_¢ =8, x_5 =11, x_4y =2, v_3 =
4, x_o =1, x_1 =3, ©g =9. See Fig. 5.



38 Elsayed M. Mohamed Elsayed

X 10° plot of x(n+1)= X(n=7)/(~1+x(n-1)x(N-3)x(n-5)x(N-7))
10 T T T T T T T
ok
ob
A4
ok

s

4
b
b
i+

0 2 4 6 8 10 12 14 16

n
Figure 5.

Example 4.5. See Fig. 6, since v—7 = 7, ©v_¢ = 0.5, x_5 = 10, xz_4 =
12, r—3 = 04, Tr—o = 1/12, r—1 = 1/14, o = 4.

plot of x(n+1)= x(n=7)/(-1+x(n-1)x(n-3)x(n-5)x(n-7))
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x(n)
o

0 10 20 30 40 50 60
n

Figure 6.

Tn—17
—1-ZTn-1Tn—3Tn—5Tn—7

5. On the Difference Equation =, ,; =

In this section we investigate the solutions of the following difference equation
LTn—7

Tn+1 = s n=0,1,..., (51)

—-1- Tn—-1Tn—3Tn—5Tn-7
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where the initial conditions are arbitrary nonzero real numbers with
T_5r_3x_1 # —1, x_4x_oxg # —1.

Theorem 5.1. Let {x,}° - be a solution of Eq. (5.1). Then Eq. (5.1) has
unbounded solutions and for n = 0,1, ...

o ewth (1

8n—7 — (1 -I-bdfh)n’ 8n—3 — (1 I bdfh)na
_ (=D"g _ (="

T8n—6 = (l—l—aceg)”’ T8n—2 = (1—|—aceg)"’

Tsns = f(=1)" (1 +bdfh)",  @sn_1 =b(=1)" (1+bdfh)",
Tsna = e(—1)" (1 +aceq)”,  wgn=a(~1)" (1 + aceg)".

Theorem 5.2. Fq. (5.1) has one equilibrium point which is number zero and
this equilibrium point is not locally asymptotically stable.

Theorem 5.3. Eq. (5.1) has a periodic solutions of period eight iff aceg =
bdfh = —2 and will be take the form {h,g, f,e,d,c,b,a,h,g, f,e,d,c,b,a,...}.

Numerical examples

Example 5.4. Fig. 7 shows the solution when x_7 = =7, x_¢ = 8, x_5 =
11, T—yg = 2, r—3 = —4, T—2 = 1, r—1 = 3, o = -9.

x10° plot of x(n+1)= x(n=7)/(-1-x(n-1)x(n-3)x(n-5)x(n-7))

x(n)
IS

0 2 4 6 8 10 12 14 16 18 20
n

Figure 7.

Example 5.5. See Fig. 8, since x_7 = =7, x_¢ = 10, x_5 = 30, z_4 =
2, x_3=—-04, x_9=0.6, z_1 =—1/42, 20 =—1/6
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plot of x(n+1)= x(n=7)/(-1-x(n-1)x(n-3)x(n-5)x(n-7))
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Figure 8.
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Abstract. In this paper, the space AZ}; (G) consisting of all complex
valued functions f € lip(«,1) whose Fourier transform f belongs to
L (p,q) (@) is investigated.
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1. Introduction

Let G denote a locally compact Abelian group, with dual group G and Haar
measure p and [, respectlvely The Fourier transform of a function f € L! (G)
will be denoted by f which is continuous on G vanishes at infinity and

satisfies the inequality HJ?H < || fll;- It is known that the space
o0

A, (G) = {fe LY@): ferr (é)}
is a Banach algebra for 1 < p < 0o and for 1 < p < 0o, 1 < ¢ < 00, the space

Apg) (@ ={ferl'(@):FeLpa)(C) |
is a Segal Algebra with respect to the usual convolution product and the

norms defined by [1f| = £l + |F|| 171 = 171 + |7 respectively

These spaces are examined by Larsen-Liu-Wang [15], Lai [11-13], Martin-
Yap [16], Yap [23,24] and others.

For the convenience of the reader, we briefly review what we need from
the theory of L (p,q) (G) spaces. Let (G,X, 1) be a positive measure space
and let f be a complex-valued, measurable function on G. For each y > 0 let

Ar(y)=plzeG: |f(2)]>y}.
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The function Ay is called the distribution function of f. The rearrangement
of f on (0,00) is defined by

) =inf{y>0:Ap(y) <t }=sup{y>0:Af(y)>t}, t>0,

where inf ¢ = co. Also, the average function of f is defined by

¢
1

f@t)== 1 f(s)ds, t>0.
!

For p,q € (0,00) we define

Q=

1£115.4 [F* (1)]7¢7 tat

£ 15, =

hSAES

£l 1fllp.g. = [f* () to "t

ESAES

Q=

Also, if 0 < p,q = co we define
Lo L sk
1£1l5,00 = supt® f* (t) and [[f|l, ., = supt® ™ (t).
>0 >0

For 0 < p < oo and 0 < ¢ < oo, Lorentz spaces are denoted by
L (p,q) (G,%, u) (orshortly L (p, q) (G)) is defined to be the vector space of all
(equivalence classes of) measurable functions f on G such that || f ||; g < 0.
We know that, for 1 < p < oo, ||f]l;, = [If[l, and so L, (G) = L (p,p) (G)
where L, (G) is the usual Lebesgue space. It is also known that if 1 < p < oo
and 1 < ¢ < oo then

" p "
1 g = WF g < 57 [1/1lp.q

for each f € L (p,q) () and (L (p.q) (G). |11,

In [4], Chen and Lai showed that there is an approximate identity
{aa}er of Ly (G) such that [las|[; = 1 for each a € I and f * a, — f for
every f € L(p,q) (G), whenever 1 < p < oo, 1 < ¢ < oo. It can be derived
from [2],[3] and [20] that L (p, q) (G) is an essential Banach L; (G) —module
with the usual convolution and the norm ||-[|, ,. Also, in [4], Chen and Lai
showed that (L1 (G), L (p,q) (G)) is isometrically isomorphic to L(p, q) (G)
for 1 < p,q < oo. One can also review [2-5,10,17,20,22] for more properties
of L (p,q) (G) Lorentz spaces.

Throughout the paper G will denote a metrizable locally compact
Abelian group with a translation invariant metric d such that for any y € G,
ly| = d(0,y) and Haar measure p.We assume that there is a decreasing
countable (open) basis {V,},y of the identity e of G such that

p((y+Va) AVL) /Iyl — 0 asy — 0,

) is a Banach space [10].
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where A denotes the symmetric difference, a € (0,1) and y € G. Quek
and Yap showed that the above condition is not unduly restrictive. Example
of groups that have these properties are R*, T* (k > 1), the 0-dimensional
groups, etc.[19]. While x denotes the characteristic function, it is easy to
see that {en},cy is an approximate identity for L' (G) which is defined by

en =l (Vn)_1 xv, - For any f € L' (G) and § > 0, define
wi (f30) =sup {||ryf — fll, : |yl <6},
where 7, f(z) = f(z — y). Following Zygmund [25],Bloom [1] and Quek-Yap
[19], we define
Lip(ey1) = {feL'(G):wi(f;0)=0(8) }
liple, 1) = {f € Lip(e, 1) : w1 (f;0) = 0(6%) }.

These spaces are called as Lipschitz spaces and the function ||-[|, ;) defined
by
Iy f — flly

[ flo.1y = [IF1ly +sup a
(1) ! y#0 |yl

is a norm in both Lipschitz spaces. Quek and Yap in [19],Feichtinger in [6,7]
proved a series of results concerning Lipschitz spaces.

2. The space Al” (G)

Let G be a metrizable locally compact Abelian group, @ € (0,1) and 1 < p <
00, 1 < g < oo. We define the vector space Aiff] (G) by

A (@) = {f elin(a,)(@): FeLpa)(C)}
If one endows it with the norm
lip
1715 = 1wy + ||

where f € Al (G), then it is easy to see that AP (G) = lip (a,1)(G) N
A (p,q) (G) becomes a normed space.

Theorem 2.1. The space (Aifz (@), ||||Z’;) is a Banach space for p = q =

I, p=qgq=0orl<p<ool<qg< 0.

Proof. Assume that {f,},.y is a Cauchy sequence in Ai}fl (G). Clearly,

{fu}pen and {ﬁ} o are also Cauchy sequences in lip(a, 1) (G) and
ne

L(p,q) (@>7 respectively. Since lip (o, 1) (G) and L (p,q) (@) are Banach
spaces, there exist f € lip(a,1)(G) and g € L(p,q) (@) such that
1Fn = Fllazy = 0. llfo = fIl; = 0 and ]

ﬁ -9 — 0. Using Lemma 2.2 in
P.q
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[24], there exists a subsequence {ﬁ;} of {ﬁ} which converges to g
neN neN

almost everywhere. It follows from the inequality
|7 = 7 < 050 = 71 1= oy

;"; — ]?H — 0. Hence it is easly showed that ’

that ‘

f; - ﬂ‘oo — 0. There-

fore f = g, | fu — 2 — 0 and f € AP (G). Thus (Ag;‘}; (@), ||-H§jf;) is a
O

Banach space.

By using the propositions and lemmas proved in [19], one can easly
prove the following propositions.

Proposition 2.2. The space lip (o, 1) (G) is a Banach algebra with usual con-
volution product.

Proposition 2.3. The space lip (a, 1) (G) is strongly translation and character
1mvariant.

Proof. Tt is known that L' (G) is strongly translation invariant, i.e., 7,f €
LY (G) and ||, f|l, = |Ifll, for all z € G, f € L'(G). Let us take any
f €lip(a,1) (G) and = € G. Then for any £ > 0, there exits a . > 0 such
that

o
sup Imyf = £l _
yl<s 0%

whenever 0 < § < §.. For the same ¢ > 0, we have
D = Dl _ i =1
ly|<s o yl<s 0%
whenever 0 < § < d.. Therefore wy (75 f;9) = 0(6%), 7o f € lip (o, 1) (G) and

172 fll a1y = 11l a,):
Strongly character invariance of lip (a, 1) (G) can be seen in a similar
way. (Il

Proposition 2.4. The function © — 7T,f is continuous from G into
lip (o, 1) (G) for every f € lip (a, 1) (G).

Proposition 2.5. The space lip (a, 1) (G) has an approzimate identity {e,}
defined by e, = 1 (Vi) ™" xv, -

Proposition 2.6. The space lip (a, 1) (G) is a homogeneous Banach space.

neN

Proposition 2.7. The space lip (o, 1) (G) is an essential L' (G) —module.

Theorem 2.8. The space (Aiffl (@), ||||;”;) is a Banach module over L' (G)

and lip (o, 1) (G). Hence it is a Banach algebra with respect to the usual
convolution.
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Proof. Let f,g € Al (G) be given. Since the space lip (a,1) (G) is a Ba-
nach algebra under convolution, then f * g € lip(«a, 1) (G). Since f,’g\ €
L(p,q) (@), we have

o) = w{zel: [F@g@] >y}

= wl{re@: KG@I>yf =),
if sup f (z) = K. Therefore we get
reG
(Fa) w=mt{y>0: 00 <t} <K@ ®),
(78) =7 [ (78) @as<x@"
and so i
|F3) < Kl <swP@lal,, < || _ 8,
<

11l M1gll.q -

Thus, we obtain m € L(p,q) (@) and f*g € Agﬁ’] (G). Also, we have

l', —_—
1 #ally = % aliany + [T23]

IN

1711y Nl oy + 73]

11y 19y + 11 11,
li li li

1wy Nl < 7155 Nl

for any f,g € AZZ (G). d

IA

IN

By Proposition 2.3 in [19], Proposition 2.2 and Proposition 2.3, the
following can be easily proved.

Proposition 2.9. The space (Agﬁ’z (@), ||||;”;) is strongly translation invariant

and the function x — T1,f is continuous from G into Aiff; (G) for every
fe Aiff(’l (G).

Proposition 2.10. The space (Aiff(’l (G),HHSZ) is a homogeneous Banach
space.

Proposition 2.11. The space (Agf,’] (@), ||||;ff]) is strongly character invari-

ant.
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Proposition 2.12. The space (Aiff; (G), H||;”;> is a semi-simple Banach al-

gebra.

Proof. Let f € Afjf] (@) be given. It will be sufficient to show that f = 0

whenever H]?H = 0. Since A?f] (G) is a commutative Banach algebra by
Theorem 2.8, it is known that

1
i (1715%)" = 7.,
Moreover, we have
1 1 PN
L IE < 00 < (17 055)
and

% . nlip %
i <tim (1) "

lim || f"

If we set

tim 71 = 7],

71 <Al

!/
Since Hf” =0, then Hf‘ = 0. Also, since L!(G) is semi-simple [14], then
f=0. = 0

then we have the inequality

Theorem 2.13. The space AL? (G) is an essential Banach L'(G)—module.

Proof. In view of Lemma 4.1 in [8], it will be sufficient to show that any
bounded approximate identity {eq},c; of L'(G) which belongs to

AE = {f € LY (G) : supp ]?compact}

is also an approximate identity for AL? (G). Let f € A2 (G) C lip (o, 1) C
L'(G). By the same Lemma, the bounded approximate identity {es},c; C
A¥ is also an approximate identity for L!(G), and so, for any given £ > 0,
we have |leq * f — f||; < e for sufficiently large . For each o € I, [[eq||; =1
implies that sup ||é5 ||, < 1. Hence, for any g € L*(G), the inequality

[e%

9l11 —eal < l7—geallx < llg —g*eall; =0

implies uniformly convergence of {€4},; to 1 over compact sets. Since fe

L(p,q) (@) , we can choose a compact set K C G such that

= rfxg

HA ~

_€
pg 8
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and the local convergence to 1 implies that one can find an agy with

HaXf( - Xf?Hm < _ for all o > «ag.
)7

P.q
Altogether,
£ =], = 7=l 21
P.q P.q
<|[F-TFxe|| [P - Pea| +|Pees - Fea
P.q P.q P.q
<@l |F-Peg| |7 s - Xzl
P.q P.q
<€ n € €
4 4 2
for all a > «g. Also it is known that
€
If = f*ea”(ag) < 5 (2.2)

for any f € lip («, 1) by Proposition 2.4. Finally, by using (2.1) and (2.2), we
obtain

17 =T weallly = 17 =F*eallun + |7 Zeaxt|

€ €
< 5 + 5 =€
for all & > . Therefore it follows that ||f — f * eaHZ’;
Al (@). Consequently, AL? (G) is an essential Banach module by Module

Factorization Theorem in [9]. This means (AL? (G))e = Alir (@). O

— 0 for any f €
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Asymptotic behavior of the solution of
nonlinear parametric variational inequalities
in notched beams

[uliana Marchis

Abstract. In this article we study the asymptotic behavior of the solu-
tion U of a parametric variational inequality governed by a nonlinear
differential operator posed in a notched beam (i.e. a thin cylinder with
small part of it having a diameter much smaller than the rest) which
depends on three positive parameters: €, r., and t.

Mathematics Subject Classification (2010): 35B40, 35B45.
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1. Introduction

The aim of the paper is to study the asymptotic behavior of the solution of
nonlinear variational inequalities in a notched beam (i.e. a thin cylinder with
small part of it having a diameter much smaller than the rest). Mathemati-
cally, this notched beam is given by

Qe={(z1,2') eR®: 1 < 2y < 1,|2/| < € if |21| > te, |2!| < ere if |21| <t}
(1.1)
where €, 7., and t. are positive parameters.

Previous work on domains of this type was done by Hale & Vegas [6],
Jimbo [7, 8], Cabib, Freddi, Morassi, & Percivale [2], Rubinstein, Schatzman
& Sternberg [12], and Casado-Diaz, Luna-Laynez & Murat [3, 4], Kohn &
Slastikov [9].

The most recent results are of Casado-Diaz, Luna-Laynez & Murat [4].
They studied the asymptotic behavior of the solution of a diffusion equation
in the notched beam €2, and obtained at the limit a one-dimensional model.

This research was partially supported by the research grant CNCSIS, PN II, ID 523/2007.
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In the present article the geometrical setting is the same as in [4], but
we consider nonlinear variational inequalities instead of linear variational
equalities.

The paper is organized as follows. In Section 2 the geometrical setting
is described, the studied problem is given, and the assumptions for our re-
sults are formulated. In Section 3 the asymptotic behavior of the solution is
studied. The main results are Theorem 3.6 and Theorem 3.7.

2. Setting the problem

Let € > 0 be a parameter, 7. (r. > 0) and t. (tc > 0) be two sequences of real
numbers, with
re — 0, te — 0, when e — 0.

We assume that

le .

= = i—>1/, with 0 < pu <400, 0<v <400, whene— 0.

T2 Te
Let S € R? be a bounded domain such that 0 € S, which is sufficiently
smooth to apply the Poincaré-Wirtinger inequality.

Define the following subsets of R?:
Qo = (=1, —t) x (69), Q0= [t t] x (ereS), QF = (t,1) x (€9),
Q=0 uQUQf, and Q. =Q7 UQT.

. is a notched beam, the main part of the beam is ! and the notched part

Q0. The plane section of this domain is presented in Figure 1. A point of Q€
is denoted by = = (z1,2") = (21,22, z3).

FIGURE 1. The plane section of the notched beam 2.

Denote by
I'7 ={-1} x (eS) and '} = {1} x (eS)
the two bases of the beam, and let
r.=r_urt

be the union of the two bases.
Denote
V.={VeHQ), V=0onT.}.
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We consider the following problem:
find U, € M, such that, for all V, € M.,

J

+/ [Gsvv(‘/e*Ue)] d$+/ Ge(zaUEa‘/e*Ue) Zoa
Q Qe

€

(4.0, (z,U., B.VU,),V(V. — U.)] dz + / U (z,Ue, VU (V. — U)dz
Qe
(2.1)

€

with A, B, @, V., G, and O, given functions, M. a closed, convex,
nonempty subset of V..

This problem has applications in Physics. Bruno [1] observed that when
a ferromagnet has a thin neck, this will be preferred location for the domain
wall. He also notice that if the geometry of the neck varies rapidly enough,
it can influence and even dominate the structure of the wall.

We impose the following assumptions:

(B1) The matrix A, has the following form

Aw) = xmp @ (20,2 ) xop()a” (2,2

€
where A, A% € L>=((—1,1) x §)3*3.

(B2) The matrix B, has the following form

z’ 2
Be(z) = xo1 (z) B = B —,—
(ZL‘) XQe (.1') (xla E ) +Xﬂg(x) (te ’ 67"5) y
where B!, B® € L*°((—1,1) x §)3*3.

(B3) The functions @, : Q. x R x R® - R3 and ¥, : Q. x R x R® = R
are Carathédory mappings having the following form

1 ! 1 !
(be(xvnaf):XQi(x)q)e 3017?,77’3 xla? 5
oz 2 po (T2 L,
+XQ?(‘T)¢6 (te ) 6T67n7B (te ) 67"66) 5) )
x! 2
\115(1'77735) = XQ% (x)\:[ji <.’£1, 67”;5) + XQQ(x)\IJS <17 6’/“’77’€> 5
for a.e. x € Q,, for all n € R, and ¢ € R3;
for all U, € HY(Q,), ®L(-,U.(-), BL()VU.()),8(-, U.(-), B
L2((_17 1) X S>3; \I’i('»UE(')7VUE('))7\IJS('7U6(')7VUe('>) € 2((_ 71)

(B4) Coercivity conditions
There exist C1,Co > 0 and k; € L>(£,) such that for all £ € R3, n € R

[Ac(2)@c (2, m, Be(2)€), |+ Ve (w,m,€)n = C1{[&]]*+Caln|® ki (z) ae. z € Q,

for some 1 < ¢ < 2, for each € > 0.
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(B5) Growth conditions
There exist C' > 0 and o € L>°(Q,) such that for all £ € R®, n € R

[Ac(2)@e(z,m, )| < CllEl+ Clnl + alz)  ae z e, (2.3)

for each € > 0.
There exist C > 0 and 3 € L>(£,) such that for all ¢ € R?, n € R

We(z,n,8)| < Cligll + Clnl + B(z)  ae. z €, (2.4)
for each € > 0.
(B6) Monotonicity condition For all £,7 € R", n € R,
[Aﬁ(x)¢6(xan736(x)£) - Aﬁ(x)¢6(x7an€(x)T)7§ - T] 2 0; a.e xre Qev

for each € > 0.

(B7) The function G. € L?((—1,1) x S)? has the following form

Ge(z) = xar (v (xh i) + xqo (@ (27 j;) a.e. x € e,
where G}, G? € L*((—1,1) x
(B8) There exists C' > 0 such that
612/9 |G (@) dz < C, (2.5)

for each € > 0.

(B9) O, : Qe xRx R — R, O.(z,-,-) is upper semi-continuous for
almost all x € Q; O.(+,y, z) is measurable for all y, z € R; O is sublinear in
its second variable, for each e.

(B10) There exists g1, g2 € L>(¢) nonnegative functions such that

©c(z,y,2)| < g1(2) + g2(x) 2] (2.6)
for almost all x € €, for all z € R, for each € > 0.

Remark 2.1. From Theorem 3.4 in [10] it follows that, for all € > 0, the
variational inequality (2.1) has at least one solution.

3. Asymptotic behavior of the solution
To study the asymptotic behavior we use the change of variables y = y.(x)
given by
/ xl
Y1=21 Y = " (3.1)

which transforms the beam (except the notch) in a cylinder of fixed diameter.
This change of variable is classical in the study of asymptotic behavior of
variational equalities in thin cylinders or beams (see [5], [11], [13]). We denote



Asymptotic behavior of the solution 55

by V.7, Y2, Y5, Y., and Y! the images of Q_, Q% QF, Q., and Q! by the
change of variables y = y.(x), i.e.
YT = (-1t x S, ¥ = [~te,t x (reS), Y = (te,1) x S,
Y.=Y uYluYr' Y!=Y uYr.
Denote by Y=, Y, and Y the "limits”of Y., Y.©, and Y, i.e.
Y~ =(-1,0)xS, Yt =(0,1)xS, Y=y -uYy"t.
Note that Y! is contained in its limit Y!.

€

The two bases of the beam I', and ' are transformed to A~ and AT,
respectively, where

A~ ={-1} xS and AT ={1} x S.

I'. transforms to A = A~ U AT, which doesn’t depend on e.
Let U, € M. be the solution of the variational inequality (2.1). Define
ue € K¢ by
uc(y) = Ucly: ' (y)) ae yeYe, (3:2)
K. being the image of M.. K. is a closed, convex, nonempty cone in D, with
D.={ve H (Y,)|v=0o0n A}. We need the following two assumptions

(B11) There exists a nonempty, convex cone K in H'(Y!) such that
(i) KNH'((=1,00U(0,1)) # 0
(i) € — 0, ue, € K,, u € HY((—=1,0)U(0,1)), ue, — u (weakly)
in H'(Y")
imply u € K.
(B12) There exists a nonempty, convex cone L in L?((—1,1); H'(S))

such that ¢; — 0, w,, € K.,, w € L*((—1,1); H(S)), we, — w (weakly) in
L?((—1,1); H'(S)) imply w € L.

By change of variables y = y.(x) the operator V transforms to
0- 10 10
AVARES <, - > (3.3)
dy1’ € Dy’ € Oy3

Using the change of variables y = y.(z), given by (3.1), the inequality
(2.1) transforms to

y [A. De(y- (), ue (W), Be(yZ (1)) Veue(y)), V(ve(y) — ue(y))] dy
4 /Y U (57 (), e (), Vorue (9)) (0 (9) — e (9)) dy (3.4)
+ /Y | 1),V (vely) — ue(w))] dy

+ [ 0 0w vey) ~ ) dy =0

for all v. € K., where v.(y) = Vo(y-*(y)) a.e.y €Y.
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Lemma 3.1. Assume that (B4) holds, U, € M., and ue € K, is given by (3.2).
Then there exist C1,Cs > 0 and C3 € R such that

/ [Ac(y W)@y (), ue(y), Be(y (1)) Veue(y)), Veue(y)] dy

€

4 / W (57 (), e (), Vouue () te (3) dy (3.5)
Y.

€

> Cil|Veuel|Za(y,) — Calluel o,y — Cs

Proof. Putting n = U(x) and § = VU (z) in coercivity condition (2.2),
integrating on {2, we get

/Q (A (), (2, Un(z), Bo(2) VUL(2)), VU, ()] dx

+/ U (z,Uc(z), VUc(2))U(z) da
Q

€

> 0 / IVU(2)]? dz — Cs / Ue(@)| da — 92]][E |-
Q. Qe

Multiplying by 6% and using the change of variables y = y.(x), given by (3.1),
we obtain

/Y [Ac (- () Py (1), ue(y), Be(ys ' (1)) Veue(y)), Veue(y)] dy

+ / W (57 (), we(y), Vue(y) ue(y) dy
Y.

€

e /Y IVeuo ()2 dy — Cs /Y e (4)[ dy — T
> C1IVeucl 2y — Callte ey — i,

as q1 < 2. (I

Lemma 3.2. Assume that (B5) holds and let v, € K., (ve)e bounded in H'(Yy).
Then the following properties hold
a) There exist ki, ko, and ks constants such that

/[Ae(ye‘l(y))‘be(ye‘l(y),ue(y%Be(yZl(y))VEue(y))aVeve(y)] dy (3.6)

< kil Vuell 2 vy + kalluel L2 (v, + ka-

b) There exists kq, ks, and kg such that

/ ey (1), ue(y), Voue(y))ve(y) dy < kallVouel|L2(v,) + kslluel 2y, + Fe-
Ye
(3.7)
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Proof. a) Applying the Cauchy-Schwarz inequality and then the growth con-
dition (2.3) for x = y-!(y) we get

/Y (A )Py (4), wew), By ) Vue()), Veue(y)] dy
S/Y Ay ()P (u (1), ue (), Be(y (1)) Vue )| Vve ()] dy

S/ (ClIV ) + Cluem)l + @y ())) [Veve(y)] dy

€

(by Cauchy-Schwarz inequality)
< (ClIVeuellrzvey + Clluellzz vy + @) [Vvell 2vy,

as (ve), is bounded.
b) Using the growth condition (2.4) for z = y_!(y) and the Cauchy-
Schwarz inequality, we get

/Y U, (57 (), we(y), Vue(y))ve(y) dy

S/ (ClIVuc)ll + Clue(y)l + By ))) lve(y)] dy

€

< (ClIVuellray.y + Clluellzy.y + B) llvell 2y,
as (ve)e is bounded. O

Lemma 3.3. If assumption (B10) is satisfied, U, V. € M., u. and ve are given
by (3.2), then there exist g1,g2 € R such that

/ Oc(ue(y),ve(y) — ue(y)) dy < g1 + gallve — uellL2(v,)-
Ye

Proof. Putting y = Uc(z) and z = V (x) — Uc(x) in (2.6), multiplying by E%,
then integrating over 2., we obtain

Elz/ﬂgee(Ue(x),Ve(x) —Uc(w)) dz < ;/@F@E(Ue(ag),v;(x) — Uc(x))| dz

<3 [ 0@+ R@IV@) - Ula)) dr

o] 1
St [ IVile) - Uula) do,
€ € Q.

<q

where g1 = ||g1]|cc and Go = ||g2||co- Using the change of variable y., the
result follows. O

Lemma 3.4. Let U, € M, be the solution of the variational inequality (2.1)
and u, € K, defined by
ue(y) = Uely: () ae yeYe

If assumptions (B1)-(B10) are verified then the following statements hold
2) (ue)e is bounded in H(Y,);
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1) (%‘352)6 and (%gZS)e are bounded in L*(Y,);
3) (0c)e is bounded in L*(Y,)3, where
oe(y) = Ac(ye ' W))Pe(ye (1), ue(y), Be(ys ' (¥)Veue(y)) ae. yeYe.

Proof. Suppose that (v.). is bounded in H!(Y,). From coercivity condition
(B4) by Lemma 3.1, then inequality (3.4), we obtain

ClVouclZeyy = Calluel Zagy,) — Cs

< / [Ac(y ' W)@y (), ue(y), By (1)) Vue(y)), Veue(y)] dy

€

+ / ey (), e (9), Voo () ue(y) dy
Y.

€

4 / Gy~ (1)), Vve(y) — Veue(y)] dy
Y.

4 / 0. (= (1), e (1), ve(y) — uey)) dy <
Y.

(using Lemma 3.2 for the first two terms, the Cauchy-Schwarz inequality and
then assumption (2.5) for the third term, assumption (2.6) for the fourth
term)

< killVeuellz2 (v + kalluell2(v.)
+ C'Hve'u6 — V€u€||L2(yE) + Cll ||U6 - u6||L2(Y€) +k
< al|Vuel g2 v,y + co,

using the Poincaré inequality , where ¢; and ¢y are constants. On the other
hand

CLlIV U3y — Collucl 2y, — C
> &3l VouclBay,) — el Vuel| g — s,
by the Poincaré inequality , where c3, ¢4, and c5 are constants. Thus
C3HV€U6H%2(YE) S cleeueHLz(Ye) + C4||V6u€||qu2(Y5) + Cg,

where cg is a constant, ¢1 < 2, and c3 > 0.
It follows that, for € < 1, ||[Vuc||12(y,) is bounded.

Then (%%) and (%gzg) are bounded in L?(Y,). Using

IVuellL2 vy < IVuellL2 vy,
we get that (uc)e is bounded in H(Y,), so 2) is true.
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To prove 3), we take the square of the first inequality of (B5) and we
obtain

[Ac(2)@e (2, Ue(x), Be(2)VU(2)|* < C|VU(2)||* + C|Ue(2)[* + |au(z)]?

for a.e. € Q.
Multiplying by 6% and integrating on €. we get

%/ [Ac(2)®e (2, Ue(x), Be(2)VU(2))[|* dz
€ Q.

c 2 c 2 1 2
62/9 IVU(2)]| da:JrEQ/Qe |Ue ()] d:z:+€2/96 la]® dx

Q

e|d
e

IN

IA

C C

S L ivv@p a5 [ P a
€ Q. € Q.

where @ is a constant. Using the change of variables y = y.(x), we get

/Y Ay ()2 (0 @), (). Bely () Voue )| dy

<¢ [ IV ul® dy+C [ fulw)l dy+a.
YE Y€
which can be written as

[Ac(ye () Pe(ye () ey Be(ye () Veu) |72y,
< ClIVuelZey + Clue@Wlzz,) +a < C,

as || Vucl|z2(y,) and |lucl|z2(y,) are bounded. It follows that (o) is bounded
in L2(Y,). O

Corollary 3.5. Let U. € M, be the solution of the inequality (2.1) and u. € K,

given by (3.2). If assumptions (B1) - (B10) are verified then the sequence U,
satisfies

1
U. € M., —/ VU, |*dz < C. (3.8)
2] Ja,

Proof. By Lemma 3.4 we get that (Vu.). is bounded in L?(Y;), i.e. there
exists C' > 0 such that

[ 17wl ay < c.
Ye
Using the change of variables x = y-1(y), we get
1
5 [ V@) <c,
€ Q.

from where the statement of the corollary follows, as

Q] = 27|SPE( — te + ter?).
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Theorem 3.6. Let U, be the solution of the variational inequality (2.1) and
ue € K, defined by

ue(y) = Ue(y:'(y)) aeyeYe

If assumptions (B1)-(B12) are verified, then there exist three functions u, w,
and o* with

uwe HY((-1,00)U(0,1))NK, u(-1)=u(l)=0,
weL, o'elL?Y)3

such that up to extraction of a subsequence

Xyile = u in LA(Y'h); (3.9)
Ou Ju
-~ — in L*Y7);
XYe ayl 5;1/1 ( )
Oue |, Ou 2y,

. gu

XY‘ 8y1 8y1
1

Xy =Vyu. = Vyw in L*(Yh?
‘€

and
Xvioe =o' in L*(Y')?.

Proof. From Lemma 3.4 it follows that there exist three functions u €
HY((-1,0) U (0,1)), w € L3((—1,1); H(S)), and o' € L%*(Y')3, which
satisfy the statement of the lemma. From assumption (B11l) we get that
u € HY((-=1,0)U(0,1)) N K, and from (B12) we obtain that w € L. O

Theorem 3.7. Let U, be the solution of the variational inequality (2.1) and
u € HY((-=1,0)U(0,1))NK given in Theorem 3.6. If assumptions (B1)-(B11)
are verified, then there exists a subsequence of solutions U, also denoted by
U, such that

. 1

lim

lim |QE|/Q€|U€(m)—u(x1)| dz =0, (3.10)

Proof. Let u. € K, given by (3.2). From Theorem 3.6 follows that there exists
u with

uwe HY((-1,0)U(0,1))NK, u(-1)=u(1) =0,
such that up to extraction of a subsequence
Xyile —u in LA(Yh),
which is equivalent with

/ lue(y) — U(y1)\2 dy = 0.

Ye

Using the change of variables z = y_1(y), we get (3.10). O
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Abstract. In this paper we introduce generalized semi normed difference
of double gai sequence spaces defined by a modulus function. We study
their different properties and obtain some inclusion relations involving
these semi normed difference double gai sequence spaces.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively.

We write w? for the set of all complex sequences (Tm,n), where m,n € N,
the set of positive integers. Then, w? is a linear space under the coordinate
wise addition and scalar multiplication.

Some initial works on double sequence spaces were found in Bromwich
[5]. Later on, they were investigated by Hardy [16], Moricz [24], Moricz
and Rhoades [25], Basarir and Solankan [3], Tripathy [42], Colak and Turk-
menoglu [8], Turkmenoglu [44], and many others.

Let us define the following sets of double sequences

tmn 00}7

M, (t) == {(xmn) e w?: SUD,, ne N [

Cp(t) = {(mmn) € w? i p—liMpm nooo [Tmn — l\t’"'” =1 for some [ € (C} ,

tmyn _ 1} ’

Cop (t) == {(xmn) € w?:p—limy, oo |[Tmon
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Lo (t) = {(mmm) cw?: X % rp | < 00}7
Cp (1) :==Cp (t) M, (t) and Cobp (t) = Cop () Y M (1),

where t = (¢, 5,) is the sequence of strictly positive reals ¢,, ,, for all m,n € N
and p — lim,, ,—so0 denotes the limit in the Pringsheim’s sense. In the case
tmn = 1forallm,n € Ny M, (t),Cp, (t),Cop (1), Lo (t) , Cop (t) and Copp (t) re-
duce to the sets M,,,Cp, Cop, L, Cp and Copp, respectively. Now, we may sum-
marize the knowledge given in some document related to the double sequence
spaces. Gokhan and Colak [14,15] have proved that M,, (t) and C, (t) , Cyp (%)
are complete paranormed spaces of double sequences and gave the a—, 5—, v—
duals of the spaces M,, (t) and Cp, (t) . Quite recently, in her PhD thesis, Zel-
ter [46] has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Mursaleen and
Edely [27] have recently introduced the statistical convergence and Cauchy
for double sequences and given the relation between statistical convergent and
strongly Cesaro summable double sequences. Nextly, Mursaleen [28] and Mur-
saleen and Edely [29] have defined the almost strong regularity of matrices for
double sequences and applied these matrices to establish a core theorem and
introduced the M —core for double sequences and determined those four di-
mensional matrices transforming every bounded double sequences z = (z; 1)
into one whose core is a subset of the M —core of x. More recently, Altay and
Basar [2] have defined the spaces BS, BS (t),CS,,CSy,CS, and BY of dou-
ble sequences consisting of all double series whose sequence of partial sums
are in the spaces My, M, (t),Cp,Cpp,C, and L,, respectively, and also have
examined some properties of those sequence spaces and determined the a—
duals of the spaces BS,BYV,CS;, and the § () — duals of the spaces CSy,
and CS, of double series. Quite recently Basar and Sever [7] have introduced
the Banach space £, of double sequences corresponding to the well-known
space ¢, of single sequences and have examined some properties of the space
L,. Quite recently Subramanian and Misra [36,40] have studied the space
X3/ (p,q,u) and the generalized gai of double sequences and have given some
inclusion relations.
We need the following inequality in the sequel of the paper. For a,b > 0
and 0 < p < 1, we have
(a+b)P <aP + P, (1.1)
The double series E:no,n:1 ZTm,n is called convergent if and only if the

. m,n
double sequence (s;,n) is convergent, where sm,, = > ;70 @i 5(m,n € N)

(see[1]).
A sequence x = () is said to be double analytic if

1/(m+n)

SUP || < 0.

m,n

The vector space of all double analytic sequences will be denoted by AZ2.
A sequence x = (x,.,) is called double entire sequence if |xm7n\1/(m+n) =0
as m,n — o0o. The double entire sequences will be denoted by I'?. A sequence
@ = (Tm.n) is called double gai sequence if ((m + n)! [zm..|)" ™™ = 0 as
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m,n — oo. The double gai sequences will be denoted by x2. Let ¢ denote
the set of all finite sequences.

Consider a double sequence z = (z; ;). The (m,n)!" section zl™" of
the sequence is defined by zl™" = il Yy for all mon € N, where
3, denotes the double sequence whose only non zero term is a m in the
(i,j)th place for each i,7 € N.

An FK-space (or a metric space) X is said to have AK property if (Sn)
is a Schauder basis for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete
metrizable locally convex topology under which the coordinate mappings
z = (zx) = (Tm,n) (m,n € N) are also continuous.

Orlicz [32] used the idea of Orlicz function to construct the space (L) .
Lindenstrauss and Tzafriri [21] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence space fj; contains a
subspace isomorphic to £, (1 < p < 00) . subsequently, different classes of se-
quence spaces were defined by Parashar and Choudhary [33], Mursaleen et
al. [26], Bektas and Altin [4], Tripathy et al. [43], Rao and Subramanian [9],
and many others. The Orlicz sequence spaces are the special cases of Orlicz
spaces studied in [17].

Recalling [32] and [17], an Orlicz function is a function M : [0,00) —
[0,00) which is continuous, non-decreasing, and convex with M (0) =
0, M (z) >0, for x > 0 and M (x) — oo as * — oo. If convexity of Or-
licz function M is replaced by subadditivity of M, then this function is called
modulus function, defined by Nakano [31] and further discussed by Ruckle
[34] and Maddox [23], and many others.

An Orlicz function M is said to satisfy the As— condition for all values
of w if there exists a constant K > 0 such that M (2u) < KM (u) (u > 0).
The As— condition is equivalent to M (¢u) < K¢M (u), for all values of u
and for ¢ > 1.

Lindenstrauss and Tzafriri [21] used the idea of Orlicz function to con-
struct Orlicz sequence space

Ly = {x cw:y o M (%) < 0o, for somep > O}.

The space £j; with the norm

lall = inf {p>0: 552, () <1}

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < o0), the spaces £5; coincide with the classical sequence space £,,.

If X is a sequence space, we give the following definitions
(i) X'= the continuous dual of X;
(ii) X« = {a = (@m.n) 1 D pmn=1|@mnTm | < 0o, for each z € X} :
(iii) X# = {a = (amn) Z%"m:lammxm,n is convergent, for each x € X} ;
(

iv) X7 = {a = (am,pn) :sup>1 ZM’N CynnTom,n| <00, for each z € X} ;

m,n=1
m,n
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(v) let X be an FK-space D ¢; then X/ = {f(%mn) fe Xl};

(vi) X0 = {a = (Am,n) : SUP \am,nxmyn\l/(mﬁw < 00, for each x € X} :

m,n

X, X8 X7 are called a- (or Kéthe-Toeplitz) dual of X, - (or generalized-
Kothe-Toeplitz) dual of X, 7-dual of X, ¢ - dual of X respectively. X is
defined by Gupta and Kamptan [18]. It is clear that z* C X” and X C X7,
but X% C X7 does not hold, since the sequence of partial sums of a double
convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was in-
troduced by Kizmaz [19] as follows

Z(A)={x=(zr) ew: (Axg) € Z}
for Z = ¢, ¢, and £, where Az, = x, — xx41 for all k € N. Here w, ¢, ¢, and

{+ denote the classes of all, convergent,null and bounded scalar valued single
sequences respectively. The above spaces are Banach spaces normed by

2]l = |1] + supy>y |Azy].

The notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z(A) = {a: = (Tmn) €W (Azpy) € Z}
where Z = A%, T2 and x? respectively.

Axm,n - (xm,n - xm,n-{-l) - (xm-‘rl,n - x'm—i—l,n-‘rl)

=ZTm,n — Tmn+l — Tm+ln + Tmtlntl
for all m,n € N.
Let » € N be fixed, then

Z(A") ={(zmn) : (A2 n) € Z} for Z = x*,T? and A*
where A"y, = A" 2, — AT i — AT g+ AT g

Now we introduced a generalized difference double operator as follows.
Let r,v € N be fixed. Then

Z (Af{) = {(xmn) : (Afyxmm) € Z} forZ = x?,T2andA?,

where ALz, , = Ag_lxm,n - A;_lxm,m_l - Af/_la:m_Hm + Az_lxm+17n+1
and Af)yxmm = T, for all m,n € N.

The notion of a modulus function was introduced by Nakano [31]. We
recall that a modulus f is a function from [0, c0) — [0,00), such that

(1) f(z) =0if and only if z =0

(2) flz+y) < fx)+ f(y), forallz >0,y >0,

(3) f is increasing,

(4) f is right-continuous at = = 0.

Since |f () — f ()| < f(Jz —y]|), it follows from condition (4) that f
is continuous on [0, 00) .

Also from condition (2), we have f(nz) < nf(z) for all n € N and
n~lf(z) < f(zn7?), for all n € N.
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2. Remark

If f is a modulus function, then the composition f* = f- f--- f (stimes) is
also a modulus function, where s is a positive integer.

Let p = (pm,n) be a sequence of positive real numbers. We have the
following well known inequality, which will be used throughout this paper

|azm,n + bm7n|p7n,n S D (|am7n|pm,n + |bm7n pmm,) , (2.1)

where a,, , and by, , are complex numbers, D = max {1,2H’1} and H =
SUD,;, 5, Pryn < OO

Spaces of strongly summable sequences were studied at the initial stage
by Kuttner [20], Maddox [30] and others. The class of sequences those are
strongly Cesaro summable with respect to a modulus was introduced by
Maddox [23] as an extension of the definition of strongly Cesaro summa-
ble sequences. Cannor [10] further extended this definition to a definition of
strongly A— summability with respect to a modulus when A is non-negative
regular matrix.

Let n = (\;) be a non-decreasing sequence of positive real numbers
tending to infinity and A = 1 and A\;11 < Aj41 + 1, for all ¢ € N.

The generalized de la Vallee-Poussin means is defined by t; (z) =
P > ker, Tky Where I; = [i—X\; +1,7]. A sequence z = (z) is said to
be (V,\) — summable to a number L if ¢; () — L, as i — oo (see [22]).

3. Definitions and preliminaries

Let w? denote the set of all complex double sequences. A sequence x = (T, )
is said to be double analytic ifsup,, ,, |xm7n|1/(m+n) < oo. The vector space of
all prime sense double analytic sequences will be denoted by A2. A sequence
& = (Tym,n) is called prime sense double entire sequence if |xm,n|1/(m+”) —0
asm,n — 0o. The double entire sequences will be denoted by I'2. The spaces
A?andT'? are metric spaces with the metric

d(z,y) = sup {|xmn — Ymon Vmtn) i 1,2,3, } , (3.1)
for allz = () andy = (Ym.n) in 2
A sequence x = () is called prime sense double gai sequence if

((m +n)! |xm7n|)1/(m+n) — 0 as m,n — oo. The double gai sequences will
be denoted by x2. The space x? is a metric space with the metric

d(,y) = sup { (m+ 1) [z =y imn i 1,23, F 0 (3:2)
for allz = (2y,.) andy = (Ym.n) in x>

Throughout the article E will represent a semi normed space, semi
normed by q. We define w? (E) to be the vector space of all E— valued
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sequences. Let f be a modulus function p = (pm ») be any sequence of posi-

tive real numbers. Let A = (a{nkn) be four dimensional infinite regular matrix

oo ik
al>

of non-negative complex numbers such that sup, . > " _; a7’

We define the following sets of sequences

[VAE7A7 A»Tya fap]

< o0.

X2

= {xe w?(E): lim A Z alk [F(q((m+n)IAT 2, )V 07 )P :0}
Pramee m,n€l, q
uniformly in m, n,

[V)\Ev A7 Afyv f7 p] T2
— 2 T -1 j K 1/(m+n)\iPm,n —
={rewt® o 3 b e <o)

uniformly in m, n,

[V)\Ev A? Afyv fvp]Az

= {x € wz(E) : sup sup /\;ql Z agrfn[f(Q(Azxm,n)l/(WLJrn))]pmm < OO}

3k Pa m,n€l, 4

For v = 1, these spaces are denoted by [V)\E7A, AT7f7p]Z, for Z7 =
x?, I'? and A? respectively. We define
I:V)\E7 A7 A'T;M f7 p]

X2

—{eew®): lm Al 3T [Fla((m+ )AL e < 0},
’ m,ne€l, 4

Similarly [VAE, AL, f, p] I and [V)\E, AL, f, p] A2 Can be defined.

For E = C, the set of complex numbers, ¢(z) = |z|; f(z) =
gt/ (m+n). DPmn = 1, for all myn € N. For r = 0,7 = 0 the spaces
(VE,ALLf, p]Z, represent the spaces [V, ], for Z = x?,I'? and A?. These
spaces are called as A— strongly gai to zero, A— strongly entire to zero and
A— strongly analytic by the de la Vallée-Poussin method. In the special case,
where A\,q = pg, for all p,¢g=1,2,3,--- the sets [V, )\]X2 [V, Az and [V, A] 2

reduce to the sets wig, w%g and wig.

4. Main results

Theorem 4.1. Let the sequence p = (pm,n) be bounded. Then the set
[VAE,A, Ag,f,p}z is linear space over the complex field C, for Z = x? and
A2,

The proof is easy, consequently we omit it.

Theorem 4.2. Let f be a modulus function. One has [VAE,A, Az,f,p} e C
I:V)\Ev Aa A'T;n f7p} A2
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Proof. Let x = (zpm,n) € [V/\E,A7Afr,f, p] e will represent a semi normed

space, semi normed by ¢. Here there exists a positive integer M; such that
q < Mj. Then we have

Mg D @i [f (q N <m+n>)]pmmr

m,ne€ly

<D S ak [f (a(tmn)iaga, ) )]

m,n€lyg

m,n€lpq

Thus z € [VAE, A AL S, p} Az - This completes the proof. O

Pm,n

Theorem 4.3. Let p = (pm.n) € X2, then [V/\E, A AL, p] e is a paranormed
space with
g9(x) = o
- j r 1/(m+n)\ 1P\
supp,q (AI),(ll Zm,nelpyq agr’zl?n |:f (q ((m + n)'A»Yxm,n) ):| ) 5

where H = max (1, supm,npm’n).
Proof. From Theorem 4.1, for each =z € [V)\E,A,Af{,f,p] e g (x) exists.

Clearly g(—z) = g(z). It is trivial that ((m+n)!A§xm7n)l/(m+n) =40
for x = 0. Hence, we get g (5) = 0. By Minkowski inequality, we have
g(@+y) <g(z)+g(y). Now we show that the scalar multiplication is con-
tinuous. Let a be any fixed complex number. By definition of f, we deduce
that  — 6 implies g () — 0. Similarly, we have z fixed and o — 0 implies
g (ax) — 0. Finally  — 6 and o — 0 implies g (cx) — 0. This completes
the proof. O

Theorem 4.4. If r > 1, then the inclusion
[V)\E7A3A»T;lilafap] - [V)\EaA’Aryafap]

X2 X2

1s strict. In general
[V)\Ev A7 A’Jw fvp} X2 C [V/\Eu Av Ar/? f?p] X2
forj=0,1,2,---7 —1 and the inclusions are strict.

Proof. The result follows from the following inequality

Ao Z alty [f (q ((m+ n)!A;xmm)l/ <m+n>)rvnm

m,n€lpq

< D/\I;ql Z aZ;fn [f (q ((m + n)!xm,n)l/(m"'"))]pm‘”

m,n€lyq

j Pm,n
+D A D Al [f (q((m+n+ 1)!xm,n+1)1/(m+”+1))}

m,nel, 4
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) m )\ ] Pmn
—I—D)\;ql Z a{;fn [f (q (m+1 +n)!zm+1,n)1/( e ))]

m,nely 4

’ Pm.n
DXy D all [f (q ((m+n+ 2)!xm+17n+1)1/(m+"+2)>] .

m,n€ly 4

Proceeding inductively, we have

[V)\E7A7Azpfap] c [V)\E7A,A;,f,p}x2 fOI‘j:O71,2,---T—1.

X2
The inclusion is strict follows from the following example.

Let E = C,q(z) = |z|; A\pg = 1 for all p,q € N, pp,, = 2 for all
m,n € N. Let f (z) =z, for all z € [0, 00) ; a{;{fn =m 2n"2forallm,n,j k €
N;v = 1,r > 1. Consider the sequence z = (%, ,) defined by z,,, =
m (mn)r(m+n) for all m,n € N. Hence (z,,,) € [VC, A, A", f,p] > but

("I"m’n) ¢ [V/\C,A7AT_1,f,p}X2, [l
Theorem 4.5. Let f be a modulus function and s be a positive integer. Then,

I:V)\E7Aa A;7 f7 q]Az C [V)\E,Aa A;a fap] A2

Proof. Let € > 0 be given and choose ¢ with 0 < ¢ < 1 such that f (¢) < € for
0 <t < 9. Write Y p = fsi1 (q (A;xm,n)l/(ern) — M) and consider

Yo At [ Gmal = Y i [ )"

m,nel,. mNEl, Ym n <

+ D0 [f W)

m,nel,

Since f is continuous, we have

D L 7 e W A C )

m,n€l., Ym, n<0 m,n€lr, Ym,n<0

and for ym,, > 0, we use the fact that, y,, , < 23" < 1+ %% and so, by
the definition of f, we have for y,, , > 6,

f(ymn) < 2f (1) 5=

Hence
1 ,
- Z ag’h]j’n [f (ym,n)]pmh”

A
P4 mm€l, Ym.n <5

<max (L)) =Y bt (2)
Pa mn€ly, Ym,n <0
From (4.1) and (4.2) we obtain [VAE, A AL S, q]AZ - [V)\E, A AT, f,p} I
This completes the proof. (I
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Vanishing viscosity method for quasilinear
variational inequalities

Tlinde Zsuzsanna Szasz

Abstract. In this paper we first define the notion of viscosity solution
for the following partial differential quasilinear variational inequalities
involving a subdifferential operator:

Ou(t, )
ot
te[0,7],z € R?, where ¢ is the subdifferential operator of the proper
convex lower semicontinuous function ¢ : R* — (—o00,4-00]. We prove
the existence of a viscosity solution u : @ — R"™, where O an open set

in [0,7] x R™.
Mathematics Subject Classification (2010): 49125, 49J40, 35R35.

Keywords: Viscosity solution, variational inequalities.

+ F(t,z,u(t,z)) - Du(t,z) + f(t,z,u(t,z)) € dp(u(t,z)) in O

1. Introduction

The viscosity solution was first introduced by M.G. Crandall and P.L. Lions
[3] in 1983. These generalized solutions need not be differentiable anywhere,
as the only regularity required in the definition is continuity (for example see
[4]). M.G. Crandall, L.C. Evans, P.L. Lions in [2] give the existence theorem
to use the vanishing viscosity method for the nonlinear scalar partial differen-
tial equation of the form F'(y, u(y), Du(y)) = 0 for y € O, where O is an open
set from R™, F': O x R x R" — R is continuous. The name viscosity comes
from a traditional engineering application where a nonlinear first order PDE
is approximated by quasilinear first order equations which are obtained from
the initial PDE by adding a regularizing eAu, term, which is called a ’vis-
cosity term’, and these approximate equations can be solved by classical or
numerical methods and the limit of their solution hopefully solves the initial
equation.
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L. Maticiuc, E. Pardoux, A. Ragcanu, A. Zalinescu in [6] studied the ex-
istence of a viscosity solution of a system of parabolic variational inequalities
involving a subdifferential operator. The authors use a stochastic approach
in order to prove the existence result (see in [6] pg.6).

The aim of this paper is to give an existence for a viscosity solution
u: O — R", where O is an open set in [0, T] x R¢, by the classical vanishing
viscosity method for the following partial differential quasilinear variational
inequalities involving a subdifferential operator:

Ou(t
Q) | P2t ) Dult, ) + (2, u(t,2)) € dg(u(t,x) in O
(1.1)
t € [0,T],2 € RY, where dp is the subdifferential operator of the proper
convex lower semicontinuous function ¢ : R? — (—o00,+o0]. This method

can be used just in the quasilinear case .

2. Main results

Throughout this paper O is an open set in [0, 7] x R, where T is a positive
number.
We make the following assumptions:

(A.1) the functions
F:[0,T] xR xR® = R? f:[0,T] x RYx R — R"
are continuous.
(A.2) The functions ¢ : R? — (—o0,+00] is proper (i.e. ¢ # +00), convex,
lower semicontinuous.
We recall that the subdifferential Oy is defined by
do(u) = {u* € R": (u*,v —u) < p(v) —p(u),Yv € R"}.
It is a common practice to regard sometimes Jp as a subset of R™ x R" by
writing (u, u*) € dp(u) instead of u* € dp(u).
We denote by
Dom(p) = {u € R": p(u) < o0}
Dom(9¢) = {u € R" : dp(u) # 0}
We recall some definitions and results which will be used in the following

(see [1] for more details).

Theorem 2.1. Let ¢ : R? — (—o00,+00] be a convex function. Then, for all
u € Dom(yp) and z € R™, there exist

90;(“5 z) := lim plu+t2) — p(u) = sup p(u+tz) —p(u)
t,0 t oh ;

<p/+(u; z) := lim p(u+tz) — p(u) _ it o(u+tz) — gp(u)-
t\.0 t 20 ;
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Moreover, the following hold:

(a) ¢_(u;2) < <p/+(u; z), Yu € Dom(yp) and z € R™,

) @ (u;—2) = —gpl_s_(u; 2), Yu € Dom(p) and z € R™,
(c) o (u,-) is superlinear and <pl+(u, z) is sublinear,

) if u and z are such that there exists § > 0 such that u + tz € Dom(yp),
Vi € (=6, +6), then ¢ (u, z), go;(u, z) € R.

If we take d = 1, then we know that, in every point u € Dom(y),
dp(u) = RN [¢(u), ¢ (w)] (2.2)

where ¢’ (u) and <pl+(u) are respectively, the left and the right derivative of
o at the point u.

The following proposition generalizes the above characterization to the
case of d > 1:

Proposition 2.2. Let ¢ : R? — (—o0,+0oc] be a proper, conver function and
u € Dom(y). The following statements are equivalent:

(i) u* € dp(u);

(ii) (u*,2) > ¢ (u;z),¥z € R

(iii) (u*,z) < <p,+(u; z),Vz € R™.

Let us define, for u € Dom(y) and z € R™,

<p;(u; z) = lim inf <pl_(v;z), © M (usz) = lim sup gog_(v;z)
T eDom oy U eDomay)

For u € R™, let (with the usual convention inf ) = 4+00)

0lo(u) = inf |G (u)].
If w € Dom(9¢p), then there is a unique u* € R™, denoted (0¢)o(u) such that
Dl (u) = [(@)o ().
Let u,v € R The notation u - v denotes the euclidean inner product
(also known as the dot product) on R?. We denote by Du the gradient of u,
and Awu the Laplace operator of u:

ouq Oun,
Oxq et o1
ouq Oun,
81?2 e 81‘2
Du(xy,...,zq) = i i
ouq Oun,
Brd T BZL’d

d 92 d
Au(xla"'axd) = (Au1,Au2,...7Aun) = ( 9 U1 0 un)

727 ce ey 2
purllis = o
We may now define the concept of viscosity solution of (1.1):

Definition 2.3. Let u : O — R"™ be a continuous function. We say the function
w is a viscosity solution of (1.1), if:

u(t,z) € Dom(dy), Y(t,z) € O
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and for all U : [0,T] x R — R continuous function, and z € R",
if u-z — U attains a local mazimum at (to,zo) € O, then

we have
0V (to, x0)
ot
+ f(thxﬂvu(t(be)) cz2 < <p"*(u(t0,xo); Z) (2'3)

+ F(to,zo, u(to, o)) - DY (to, xo) +

Remark 2.4. Observe that the Definition 2.3 is the particular case of the
definition given in ([6]) for the quasilinear case.

The main result is the following:

Theorem 2.5. Let € >0, and F, : [0,T] x R x R* — R, f, : [0,T] x R% x
R™ — R™ be a family of continuous functions such that F.(t,z,p), fe(t,z,p)
converges uniformly on compact subsets of O xR"™ to some function F(t,z,p)
and f(t,x,p), as € tends to 0. Finally, suppose that for all € > 0 u. € C%(O)
s a solution of

Ou(t,x)
T — GAUE(t, .’I})

+F(t,z,uc(t,x)) - Due(t,x) + fe(t,x,uc(t, z)) € Op(uc(t,x)) in O. (2.4)

Then if u. converge uniformly on compact subsets of O to some u €
C(0), we have

w is a viscosity solution of (1.1).

Remark 2.6. By the Proposition 2.2 the inequation (2.4) can be written in
the form

(u,/ . z) (t,z) —eAuc(t,z) - z+ Fc(t,z,uc(t,z))  Duc(t,z) z+

++ fe(t,z,ue(t,x)) -z < ga;(ue(t,x);z) in O, forall zeR" (2.5)
Proof. Let us check (2.3) first for ¥ € C%(0). We assume that Vz € R" ,

u -z — ¥ has a local maximum point at (tg,z¢) € O .
Choose £ € C*°(0), such that

0<¢&< 1, if () # (to,z0), and &(tg,x0) = 1.

Obviously, u-z— (¥ —£) has a strict local minimum point at (o, zg) € O,
and thus for € small enough, u - z — (¥ — £) has a local maximum point at
some (te,z¢) € O, and (te,z.) — (to,x0) as € — 0.

But at the point (¢, x.) = (to, x0), we have

D(ue -z — (¥ — §))(te;xze) =0

(ur, -2) (v = Witewd) = &ltez) (2.6)

(Dgue - 2) (te,e) = DV (te,xe) — Di&(te, ze) (2.7)
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By taking (2.6) and (2.7) in (2.4) we have
Uy(te, ) — & lte,we) — eAuclte,ae) - 2
HFc(te, Te, ue(te, we)) - (DeV(te, we) — Da&(te, we))
+fe(te, T, ue(te,xe)) -2 < @;(ue(te,xe);z) in O, forall zeR" (2.8)
Since, as € — 0
ue(tmxe) - u(t07$0)7
D (ue-z)(te,xe) =D (U — &) (te,xe) = D (¥ — &) (toxo) = DY (toxo)
€AU(te, Ze) - 2 < eA (T — &) (te,xe) — 0
and F, f are continuous functions, ¢ is lower semicontinuous, we have
0¥ (to, o)
ot
+ f(to, o, ulto, o)) - 2 < " (ulto, 20); 2) (2.9)
However, we have to show this for test functions from C*(0O). Let ¥ €
C1(0), and assume that Vz € R" , u -z — ¥ has a local maximum point at
(to,l‘o) €0.
We have to show that
9 (to, xo)
ot

-+ F(to,l’mu(to,l'o)) . D\I/(to, $0)+

+ F(to,wo,u(to, o)) - DY (to,z0) + f(to,z0,u(to,z0)) - 2

< " (ulto, x9); 2)
Let ¥,, € C1(O) such that ¥,, — ¥ in C*(O) and, as before, choose
& € C*°(0) such that

0< g < 1a if (t,JC) 7é (tO,CUO), and g(thxO) =1

For n large enough, u. - z — (¥,, — &) has a local maximum point at
some (tn,2,) € O, and (tn,z,) — (to, o) as n — oo.
It follows
(Du - 2) (tn,xn) = DU, (tn, xn) — DE(tn,xn) (2.10)

Then as shown above, for each n we have

OV (tn,xn)  O&(tn,xn)
ot ot

+f(tn, zn, ultn,x,)) -2 < gpl_i_(u(tn,xn);z) in O, forall zeR" (2.11)

Since, as n — o

+ F(tnvxnau(tn,wn))'(Dm\Pn(tnaxn) - Dmg(tnvxn))

u(ty, z,) — u(to,zo),
D (u-2) (tn,zn) = D (¥y — &) (tn,zn) = D (¥ — &) (tozo) = D¥(toxo)
and F, f are continuous functions, ¢ lower semicontinuous, we have
oV (tg,x
% + F(to, zo,u(to, o)) - D¥(to, z0) + f(to, o, ulto, o)) 2
< @ (u(to, 20); 2)
Therefore u is a viscosity solution of (1.1). O
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Metric relations on mountain slopes

I1dik6-Ilona Mezei

Abstract. It is well-known that the Ceva and Menelaus theorems are de-
ducible from each other in the Euclidean case. In this paper we show that
Ceva’s theorem holds whereas Menelaus’ theorem fails on Matsumoto’s
mountain slope geometry.
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1. Introduction

It is well-known that in Euclidean geometry, Ceva’s and Menelaus’ theorems
are dual results, i.e., they are deducible from each other. In the Euclidean
context, several extensions of these theorems can be found, see Green [2],
Landy [4], Lipman [5], Wernicke [8]. Moreover, Masal’tsev [6] generalized
Ceva’s theorem to geodesic triangles on Riemannian surfaces of constant
curvature (hyperbolic plane, sphere).

A natural question arises in the validity of these two theorems on non-
Riemannian surfaces, even with constant curvature. Our aim is to prove that
on the Matsumoto’s mountain slope - which is one of the simplest non-
Riemannian Finsler surface whose flag curvature is identically 0 - Ceva’s
theorem holds whereas Menelaus’ theorem fails except the case when the
slope becomes the horizontal plane.

2. Results

First, we recall the Matsumoto’s mountain slope metric, see Matsumoto [7] or
Kozma-Taméssy [3]. Let us consider an inclined plane (slope) with an angle
a € [0,7/2) to the horizontal plane, denoted by (S, ). If a man moves with a
constant speed v [m/s] on a horizontal plane, he goes l; = vt + %tz sin a cos 6

Both authors were supported by Grant PN IT IDEI_527 by CNCSIS.
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meters in ¢ seconds on (S, ), where 6 is the angle between the straight road
and the direct downhill road (6 is measured in clockwise direction). The point
here is that the travel speed depends heavily on both the slope of the terrain
and the direction of travel, due to the presence of the gravity. The precise law
of the above phenomenon - by using the so-called Okubo’s technique - can
be described relatively to the horizontal plane by the parameterized function

yi +y5 2
Fo(y1,y2) = ———"——,  (y1,92) € R\ {(0,0)}.
VY] Y5+ 5yisina
Here, g ~ 9.81 [m/s?] and we assume gsina < v.
For every a € (0,7/2), (R?, F,) is a typical non-Riemannian, Finsler
surface. A classification of Finsler manifolds shows that (R? F,) is a locally
Minkowski space with the following additional properties:

(a) its flag curvature is identically 0, see Bao-Chern-Shen [1, p. 384];

(b) its geodesics are straight lines, see also Bao-Chern-Shen [1, p. 384];

(c) every two points in (R?, F,,) determine a unique geodesic which lies
them, due to Cartan-Hadamard’s and Hopf-Rinow’s theorems.

On account of (a)-(c), there is a strong similarity between (R2 F,) and
the standard two-dimensional Fuclidean space. However, differences appear
once we start to measure distances on these spaces. Exploiting the shape of
geodesics on (R?, F,), the distance (measuring actually the physical time to
arrive) from P = (P!, P?) to Q = (Q',Q?) on (R% F,) is

doc(PaQ) :Fa(Ql _P17Q2_P2)'

Note that usually d, (P, Q) # do(Q, P).
Since geodesics are straight lines on (R? F,), see (b) from above, we
may introduce the following two notions:
o [PQ] ={t(Q—P)+ P :t € [0,1]} is the geodesic segment lying the
points P,Q € R2, and
o [PQ[= {t(Q — P)+ P : t > 1} is the geodesic semi-line defined by
P,.QcR%
Let A, B,C be three arbitrarily fixed points in (R?, F,), and let M, N, P
points on the geodesic segments [BC], [C'A], [AB], respectively. We consider
the following two statements:

. da(AP)  do(B,M) do(C,N) _ 4.
(CT): do(P,B) " do(M,C) " do(N,A) — L

(C3): The geodesic segments [AM], [BN], [C'P] are concurrent.

Theorem 2.1. For every a € [0,7/2), we have (C¢) < (Cy).

Thus, Ceva’s theorem holds on the mountain slope (R?, F,,) for every
a€[0,m/2).

Now, let A, B, C be fixed points in (R2, F,,), and fix the points N, P on
the geodesic segments [C'A], [AB], while M on the geodesic semi-line [BC|.
We formulate the following two statements (the first being formally the same

as (C7)):
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ay. da(AP)  da(B,M)  da(C,N) _ 1.
(M7): do(P,B) " do(M,C) "~ do(N,A) — 1

(Ms): The points M, N, P are on the same geodesic (straight line).
Theorem 2.2. The equivalence (M) < (M) holds if and only if o = 0.

Consequently, Menelaus’ theorem holds on mountain slopes for every geodesic
triangle if and only if the ’slope’ becomes the horizontal plane (i.e., a = 0),
which corresponds exactly to the Euclidean case.

3. Proofs

In the sequel, we denote by dg the usual two-dimensional Euclidean metric.
Proof of Theorem 2.1. Since P = de(P.B) 4 4 de(4, P)B we have

de(A,B) du(A,B)
P—-A=—"""2(B-A).
Since F,, is positively homogeneous of degree 1, one has
dg(A, P)
(A P)=F (Pt — A', P2 — A%y = =" p (B! — A' B2 — A?).
da(A, P) = Fa(P' - A", )= o) B A )

A similar calculation for d, (P, B) implies that
da(AaP) _ dE(AaP)
da(PaB) B dE(P7B)

Repeating this argument for the other two sides of the triangle, (C¢) is
equivalent to

dE(Av P) dE(BvM) dE(Oa N)

But, in the Euclidean case, the latter relation is equivalent to the fact that
the segments [AM], [BN], [CP] are concurrent, thus the proof is done.
Proof of Theorem 2.2. If a = 0, the equivalence (M{') & (M) is just the
well-known Menelaus’ theorem in the Euclidean case.

Now, we assume the equivalence (M7*) < (Ms) holds for every points
A, B,C as well as M, N, P in (R?, F,,) specified above. We prove that a = 0.
To see this, we consider the following specific constellation of points: B =
(0,0), C = (1,0), M = (2,0), A is arbitrary, while P and N are situated on
[AB] and [AC] such that M belongs to the unique geodesic lying them, see
(c) from above. Thus, (M3) holds. Since (Ms) < (Mf), we have

do(A, P) . do (B, M) . do(C,N)
4o(P,B)  do(M,C) " (N, A)
On the other hand, (M) also implies for the Euclidean metric that
dg(A, P) ' dr(B, M) . drg(C,N)

=1.

=1. (3.1)

=1. (3.2)
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As in the proof of Theorem 2.1, by using the positive homogeneity of F,,, we

deduce
da(Avp) _ dE(Aa‘P) da(caN) _dE'(CvN)

da(PvB) _dE(PvB) dOé(NaA) _dE(NaA)
Combining (3.1) and (3.2) with the above relations, we obtain
do(B,M) dgp(B,M)
do(M,C) — dg(M,C)’

F,(2,0)
F,(-1,0)
shows that the latter equation holds only in the case when gsina = 0, i.e.,
« = 0. This concludes our proof.

Acknowledgment. Research for this article was supported by the Grant PN
I1, ID_527/2007.

and

After substitutions, we obtain = 2. An elementary calculation
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Jet geometrical objects produced by linear
ODEs systems and superior order ODEs

Mircea Neagu

Abstract. The aim of this paper is to construct a Riemann-Lagrange
geometry on 1-jet spaces, in the sense of d-connections, d-torsions, d-
curvatures, electromagnetic d-field and geometric electromagnetic Yang-
Mills energy, starting from a given linear ODEs system or a given supe-
rior order ODE. The case of a non-homogenous linear ODE of superior
order is discussed.
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1. Introduction

According to Olver’s opinion expressed in [7] and in private discussions, we
point out that the 1-jet spaces are main mathematical models necessary for
the study of classical or quantum field theories. In such a context, the con-
travariant differential geometry of the 1-jet spaces was intensively studied by
authors like Asanov [1] or Saunders [9].

Situated in the direction initiated by Asanov [1], it has been recently
developed the Riemann-Lagrange geometry of 1-jet spaces [2], [4], which is a
geometrical theory on 1-jet spaces analogous with the well known Lagrange
geometry of the tangent bundle developed by Miron and Anastasiei [3].

It is important to note that the Riemann-Lagrange geometry of the 1-jet
spaces allows the regarding of the solutions of a given ODEs (respectively,
PDEs) system as geodesics [10] (respectively, generalized harmonic maps [6]
or potential maps [11]) in a convenient Riemann-Lagrange geometrical struc-
ture on 1-jet spaces. In this way, it was given a final solution for an open
problem suggested by Poincaré [8] (find the geometric structure which trans-
forms the field lines of a given vector field into geodesics) and generalized by
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Udrigte [10] (find the geometrical structure which converts the solutions of a
given first order PDEs system into harmonic maps).

In this context, using the Riemann-Lagrange geometrical methods, it
was constructed an entire contravariant differential geometry on 1-jet spaces,
in the sense of d-connections, d-torsions, d-curvatures, electromagnetic d-
field and geometric electromagnetic Yang-Mills energy, starting only with a
given ODEs [5] (respectively, PDEs [6]) system of order one and a pair of
Riemannian metrics.

2. Jet Riemann-Lagrange geometry produced by a non-linear
ODEs system of order one and a pair of Riemannian metrics

In this Section we present the main jet Riemann-Lagrange geometrical ideas
used for the geometrical study of a given non-linear first order ODEs system.
For more details, the reader is invited to consult the works [4], [5] and [11].

Let T' = [a,b] C R be a compact interval of the set of real numbers and
let us consider the jet fibre bundle of order one

JYT,R") - T xR", n > 2,

whose local coordinates (¢, 2%, x%), i = 1,n, transform by the rules

R
S Oxidr Y

Remark 2.1. From a physical point of view, in the 1-jet space of physical
events the coordinate t has the physical meaning of relativistic time, the co-
ordinates (x'),_1; represent spatial coordinates and the coordinates ()
have the physical meaning of relativistic velocities.

i=1,n

Let X = (X ((g(t,xk)) be an arbitrary given d-tensor field on the first
order jet space J!(T,R™), which produces the jet non-linear ODEs system of
order one (jet dynamical system)

i _ oy (d)
T = X(1)

where c(t) = (2%(t)) is an unknown curve on R™ and we use the notations

(t,z%(t)), Vi=T,n, (2.1)

: o dxt
_fL‘7i ’I’L:Otj)z = E’ VZ: 1,n.

Suppose now that we fixed a priori two Riemannian structures (7', hq1(¢)) and
(R, p;(z)), where x = (%) k=T together with their attached Christoffel

symbols Hj,(t) and v}, (z). Automatically, the jet non-linear ODEs system
of order one (2.1), together with the pair of Riemannian metrics

P = (h11(t), i5(x)),
produce the jet least squares Lagrangian function

JLSIPEs . JYT,R") — Ry,
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expressed by

TLSPP (1,0t ah) = W1 (1) (o) [} = X(J)(t.2)] [o] = X(0.0)]

It is obvious that the global minimum points of the jet least squares
energy action

ERPF(c(t)) = / " TSP, a¥(6) (1) s ()

a

are exactly the solutions of class C? of the jet non-linear ODEs system of
order one (2.1). In other words, we have

Theorem 2.2. The solutions of class C? of the first order ODEs system (2.1)
verify the second order Euler-Lagrange equations produced by the jet least

squares Lagrangian function J LSgD Es namely (jet geometric dinamics)
0 [JLSZPEs d [ 0]JLSYPEs
[7”** M =0, Vi=T1,n. (2.2)
oxt dt ozt

Remark 2.3. Conversely, the above statement does not hold good because there
exist solutions for the second order Euler-Lagrange ODEs system (2.2) which
are not global minimum points for the jet least squares energy action EgDES,
that is which are not solutions for the jet first order ODEs system (2.1).

As a conclusion, we believe that we may regard J LS%DES as a natural
geometrical substitute on J! (T, R™) for the jet first order ODEs system (2.1).

But, we point out that a Riemann-Lagrange geometry on J! (7', R™) pro-
duced by the jet least squares Lagrangian function J LS%DES7 via its second
order Euler-Lagrange equations (2.2), geometry in the sense of non-linear con-
nection, generalized Cartan connection, d-torsions and d-curvatures, is now
completely done in the papers [4], [5] and [6]. Moreover, a distinguished jet
electromagnetic 2-form, characterized by some natural generalized Maxwell
equations and a geometric jet Yang-Mills energy [5], is constructed from the
jet least squares Lagrangian function JLS3PEs.

Definition 2.4. Any geometrical object on J'(T,R™), which is produced by
the jet least squares Lagrangian function JLSgDES, via the Fuler-Lagrange
equations (2.2), is called geometrical object produced by the jet first order

ODEs system (2.1) and the pair of Riemannian metrics P.

In this context, we give the following jet Riemann-Lagrange geometrical
result, which is proved in [5] and, for the multi-time general case, in [6]. For
more details, the reader is invited to consult the book [4].

Theorem 2.5. (i) The canonical non-linear connection on J! (7, R™) produced
by the jet first order ODEs system (2.1) and the pair of Riemannian metrics
P is

ODEs __ (2) (1)
Ip™ = (Mu)vN(l)j) )
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whose local components are given by

M

170 ir 3-(s)
(= —Hhal and N, = Mkt = 5 [ Xy — @ Xu)nr%}’

where
(@)
X@ OX0) | xm
ES11F] oI (1) Tmj:
(i) The canonical generalized Cartan connection CF%D Bs produced by
the jet first order ODEs system (2.1) and the pair of Riemannian metrics P
has the adapted components

CFgDES = (Hllla 0, V;ka 0)

(iii) The effective adapted components of the torsion d-tensor TYPF
of the canonical generalized Cartan connection CI‘%DES produced by the jet
first order ODEs system (2.1) and the pair of Riemannian metrics P are

1
W1~ 9 [ Mlli//x— (llr//1Psi

iT’X(S) :|
and

O LG ir 3 (s) _
Rt = TjemT = 5 [Xu)umf@ X(l)l\rl\k‘psj]’

where r”k(x) are the components of the curvature tensor of the Riemannian
metric @;;(z) and

. ox®
@ _ 90w _ 0
Xowiin = g~ X
x .
(i Wl 5 m) @ m
Xowse = ~ggh T X Ymk = X jm -

(iv) The effective adapted components of the curvature d-tensor RYPF

of the canonical generalized Cartan connection CFODES produced by the jet
first order ODEs system (2.1) and the pair of Riemannian metrics P are only
Ri]k ijk

(v) The geometric electromagnetic distinguished 2-form produced by
the jet first order ODEs system (2.1) and the pair of Riemannian metrics P

has the expression

s 1 % j
ERPEs — F((Z.))jéxl A da?,

where
dat = drt + M((gldt + N((gkdxk
and, if h't = 1/hq1, then
11
W _h 7 y(m)
(i = 5 |PimX )l — %mX(l)ni} :
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(vi) The adapted components of the electromagnetic d-form FgDES pro-
duced by the jet first order ODEs system (2.1) and the pair of Riemannian
metrics P verify the generalized Maxwell equations

W L g, [xm ey ,
Fayin = 7Miay {h Pim [Xu)nj//l 4 X(l)ur//l‘/’w”
o _
2550 Fosie =0
where Ay; ;) represents an alternate sum, Z{M’k} means a cyclic sum and

€] 1)

oFY), oFY).
o _ %6 o) W _%Fwi ) om0 m
Fayjin = —5¢ T FayHn and Fyy = —5 = Foy ik = Fioym Vi

have the geometrical meaning of the horizontal local covariant derivatives
717 and” " produced by the Berwald linear connection Bl'g on JHT,R™).
For more details, please consult [4].

(vii) The geometric jet Yang-Mills energy produced by the jet first
order ODEs system (2.1) and the pair of Riemannian metrics P is defined
by the formula

n—1 n
EYME P (1) =3 3" {F((j)g.r
i=1 j=i+1

Now, let us consider on T' x R™ the particular pair of Euclidian metrics
A = (hi1(t) = 1,045(x) = di5),

where §;; are the Kronecker symbols. Then we obtain the particular jet least
squares Lagrangian function

JLSPEs . JYT,R") — Ry,

defined by
JLSXDES(t,xk,xlf) = 0y [le — X((g (t,a:)] [le — X(({)) (t,z)| =
n 4 : 9
- ¥ {xg - X(g;(t,x)}
i=1

In this new context, we introduce the following concept:

Definition 2.6. Any geometrical object on J*(T,R™), which is produced by the
jet least squares Lagrangian function JLS{PES, via its attached second order
Euler-Lagrange equations, is called geometrical object produced by the jet

first order ODEs system (2.1).

As a consequence, particularizing the Theorem 2.5 for the pair of Eu-
clidian metrics P = A and taking into account that we have H{,(t) = 0 and
ij (z) = 0, we immediately get the following jet geometrical result:

Corollary 2.7. (i) The canonical non-linear connection on J!(7,R") pro-
duced by the jet first order ODEs system (2.1) has the local components

ODEs _ (7171 75(9)
I's —(Mu)vN(l)j)v
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where

(0 )
9D — 0 ang 00 — 1[0 9%

Vi, j=T1n.

(i) All adapted components of the canonical generalized Cartan con-
nection CTXDES produced by the jet first order ODEs system (2.1) vanish.

(iii) The effective adapted components of the torsion d-tensor TXDES
of the canonical generalized Cartan connection CI‘XDES produced by the jet
first order ODEs system (2.1) are

2 v (4) 2 v (4)
1 BXU 8X(1)

s _ 1 ) .
RBoni =5 | Biow — otow |0 " W00
and
@ g2xl)
_; 1| 9*°X 0°X
S —— W Wy gk =Ton.

(D)gk 2 | OxkOxd  Oxkoxt
(iv) All adapted components of the curvature d-tensor RLPES of the
canonical generalized Cartan connection CTXDES produced by the jet first
order DEs system (2.1) vanish.
(v) The geometric electromagnetic distinguished 2-form produced by
the jet first order ODEs system (2.1) has the form

s (1 7 j
FRPEs = FlJ).62% A da,

where
Sxt = dat + N((Bkdxk, Vi=1,n,
and
(1) (4)
_qy 1 0X 0X

€] €]

F(i)j =5 | 9w i | Vij=1n.

(vi) The adapted components F'((Z.l)j of the electromagnetic d-form FAODES

produced by the jet first order ODEs system (2.1) verify the generalized
Maxwell equations
2 v (4) 2 v (7) 2 v (4) 2 v (7)
FO 1 PR PRXg | 1| Xy X
O3/ g Biogd T otoxt | 2 | Otdad Ot

)
2ogigky Flopgie =0
where Ay; ;) represents an alternate sum, Z{ij,k} means a cyclic sum and
oS =(1)

oF;\. OF Y.
GO N OF (1) (4); .
F(i)j//l =3 and F(i)juk = o Vi,5,k=1,n.
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(vii) The geometric jet Yang-Mills energy produced by the jet first
order ODEs system (2.1) has the expression

n—1 n 2 1 n—1 n 6X(Z) 6X(J)
ODEs _ 2 : nICON 2 : 2 : 1) (1)
EY M7t x) = [F(i)j] T4 dxi i
i=1 j=i+1 i=1 j=i+1

Remark 2.8. If we use the matriz notations

aX(i)
o J (X(l)) = am(j) - the Jacobian matrix,
i,j=1,n
o N 1 = (N ((fgj) ___ - the non-linear connection matrix,
ij=T,n

L] R(l)l = (R(’L)

(1)1j) ___, - the temporal torsion matrix,
i,j=T,n

. R(l)k = (Rﬁ))jk>ij:1 > V k =1,n, - the spatial torsion matrices,

o F(1) = (F((il))j) __ - the electromagnetic matrix,
ij=T,n

then the following matriz geometrical relations attached to the jet first order
ODEs system (2.1) hold good:

: 1
L Noy =—5 [V (Xw) = "7 (Xw)];

_ 9 .
2. Rap = —5; [Nw);

_ o .-
3. R(l)k = W [N(l)} s Vk= l,n;

4. F(l) = —N(l);

1 _ _
5. EY MQPBs(t, x) = §-Trace [FO) . TEWM] | that is the jet electromag-

netic Yang-Mills energy coincides with the square of the norm of the skew-
symmetric electromagnetic matriz F(Y) in the Lie algebra o(n) = L(O(n)).

Remark 2.9. Note that the spatial torsion matriz R(l)k does not coincide for
k =1 with the temporal torsion matriz Ry1. We have only an overlap of
notations.

3. Jet Riemann-Lagrange geometry produced by a
non-homogenous linear ODEs system of order one

In this Section we apply the preceding jet Riemann-Lagrange geometrical
results for a non-homogenous linear ODEs system of order one. In this way,
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let us consider the following non-homogenous linear first order ODEs sys-
tem locally described, in a convenient chart on J!(7,R™), by the differential
equations

Za t)x +f(1)() Vi=T1,n, (3.1)

where the local components a% )k and f transform after the tensorial rules

O ox' dt ;)

(1) @@%1(1)]6, Vk:Ln,
and _
(0 _ 0a'dt )
o=z z o

Remark 3.1. We suppose that the product manifold T x R™ C JY(T,R") is
endowed a priori with the pair of Euclidian metrics A = (1,0;;), with respect
to the coordinates (t,z").

It is obvious that the non-homogenous linear ODEs system (3.1) is a
particular case of the jet first order non-linear ODEs system (2.1) for

1)t:c Za x+f ()Vi:1,n. (3.2)

In order to expose the main jet Riemann-Lagrange geometrical objects
that characterize the non-homogenous linear ODEs system (3.1), we use the

matrix notation
_ ()
A(l) = (a(l)j(t)>

In this context, applying our preceding jet geometrical Riemann-
Lagrange theory to the non-homogenous linear ODEs system (3.1) and the
pair of Euclidian metrics A = (1,4;5), we get:

i,j=1,n

Theorem 3.2. (i) The canonical non-linear connection on J! (T, R™) produced

by the non-homogenous linear ODEs system (3.1) has the local components
f (4)
= (0.85),)

where N(lg are the entries of the matriz

. 1
Nay = (Nu; >m:17 = -5 Ao - "]

(i) All adapted components of the canonical generalized Cartan connec-
tion CT produced by the non-homogenous linear ODEs system (3.1) vanish.

1i1) The effective adapted components R of the torsion d-tensor
(1)1

T of the canonical generalized Cartan connection CT produced by the non-
homogenous linear ODEs system (3.1) are the entries of the matrices

R(l)l - (Rg))lj)i,j:ﬁ - % [A(l) B TA(I)} ’
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where J
Agy = 2 [Am ]

(iv) All adapted components of the curvature d-tensor R of the canoni-
cal generalized Cartan connection Ccr produced by the non-homogenous lin-
ear ODEs system (3.1) vanish.

(v) The geometric electromagnetic distinguished 2-form produced by
the non-homogenous linear ODEs system (3.1) is given by

P = F{)0xi A da,

where

)

) are the entries of the matrix

| )
oxy xy —3 [ Ay — (1)1} dz®, v i=T1,n,
and the adapted components ((

(1) _ [ £(1) — _N _1 _ T
F —@mxjﬁ— Noy =5 [Aa) = TAm)],
that is )
G B O)) (4)
ﬂm—zhmj m}
(vi) The jet Yang-Mills energy produced by the non-homogenous linear
ODEs system (3.1) is given by the formula

EY MNHLODES 1) i Z { (3) _agjl”

1=1 j=1+1

Proof. Using the relations (3.2), we easily deduce that we have the Jacobian
matrix
J(Xw) = Aw):
Consequently, applying the Corollary 2.7 to the non-homogenous linear
ODEs system (3.1), together with the Remark 2.8, we obtain the required
results. (]

Remark 3.3. The entire jet Riemann-Lagrange geometry produced by the
non-homogenous linear ODEs system (3.1) does not depend on the non-

homogeneity terms f((g (t).

Remark 3.4. The jet Yang-Mills energy produced by the mon-homogenous
linear ODEs system (3.1) vanishes if and only if the matriz Ay is a sym-
metric one. In this case, the entire jet Riemann-Lagrange geometry produced
by the non-homogenous linear ODEs system (3.1) vanish, so it does not offer
geometrical informations about the system (3.1). However, it is important to
note that in this particular situation we have the symetry of the matriz A,
which implies that the matriz A1) is diagonalizable.

Remark 3.5. All torsion adapted components of a mon-homogenous linear

ODEs system with constant coefficients ag?)j are zero.
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4. Jet Riemann-Lagrange geometry produced by a superior
order ODE

Let us consider the superior order ODE expressed by

y ™ () = F(ty(0),y' (1), .y (0), n > 2, (4.1)

where y(t) is an unknown function, 3 (¢) is the derivative of order k of the
unknown function y(¢) for each k € {0,1,...,n} and f is a given differentiable
function depending on the distinct variables ¢, y(t), ¥/ (t), ..., y =1 (t).

It is well known the fact that, using the notations

'1:1 = y’ x2 = y/7 R zn = y(n71)7

the superior order ODE (4.1) is equivalent with the non-linear ODEs system

of order one

dz!
dt
dax?
dt

dxnfl

dt
dx™
dt
But, the first order non-linear ODEs system (4.2) can be regarded, in a
convenient local chart, as a particular case of the jet non-linear ODEs system

of order one (2.1), taking

1 2
X((l))(t7$) =22 X((l))(t,x) =23,

X((IL)_l)(t,x) =", X((;L))(t,x) = f(t,zt, 2% ..., 2"),
(4.3)
where we suppose that the geometrical object X = (X ((8 (t, x)) behaves like
a d-tensor on J(T,R™).

n

=z

= f(t,zt, 22, ..., 2").

Remark 4.1. We assume that the product manifold T x R™ C JY(T,R") is
endowed a priori with the pair of Euclidian metrics A = (1,6;;), with respect
to the coordinates (t,z").

Definition 4.2. Any geometrical object on J'(T,R™), which is produced by
the first order non-linear ODEs system (4.2) is called geometrical object
produced by the superior order ODE (4.1).

In this context, the Riemann-Lagrange geometrical behavior on the 1-jet
space J1(T,R™) of the superior order ODE (4.1) is described in the following
result:
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Theorem 4.3. (i) The canonical non-linear connection on J! (7, R™) produced

by the superior order ODE (4.1) has the local components

T= (0’N<(1i§j)’

where N((lzgj are the entries of the matriz N(l) = (N((li;j)m:Ln =
of
1 _
0 0 0 0 £y
of
-1 1 _Z
0 0 0 92
of
1 _Z
0 0 0 0 93
__1
2
of
1 _
0 0 0 0 S 2
of
. -1 1—
0 0 0 0 S
of o of of . _9f 0
Ozt  0x2  Oad Oxn—2 Oxn—1

(i) All adapted components of the canonical generalized Cartan con-

nection CT' produced by the superior order ODE (4.1) vanish.

(iii) The effective adapted components of the torsion d-tensor T of the
canonical generalized Cartan connection CT' produced by the superior order

ODE (4.1) are the entries of the matrices

9% f
0 0  Otoal

9% f
0 0  Otdx2

R(m—*

9% f
0 0 0 T Otozn1
o%f  9%f o2 f 0

otdx!  Otdx2  Otdzn!
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and
0% f
0 0 0  Oxkoxt
0% f
0 0 0  OxkOx?
. 1
R(l)k - _5 )
0% f
0 0 S 0  OxkOxn—1
0%f 0% f o 0% f 0
Ozkoxl  OxkOz2 Oxkogn—1

where k € {1,2,...,n}.

(iv) All adapted components of the curvature d-tensor R of the canon-
ical generalized Cartan connection CT' produced by the superior order ODE
(4.1) vanish.

(v) The geometric electromagnetic distinguished 2-form produced by
the superior order ODE (4.1) has the form

P = F{)00i A da,
where
5zt = dat + N((lgkdx Vi=Tn,

and the adapted components F((,))j are the entries of the matriz

S(1) _ (1)) Y
O = (F) =Ny,

(vi) The jet geometric Yang-Mills energy produced by the superior
order ODE (4.1) is given by the formula

1
EY MSOPE(t g) = 1ln—1-

2 9 1+Z<8xﬂ>

Proof. By partial derivatives, the relations (4.3) lead to the Jacobian matrix

0 1 0 - 0 0

0 0 1 - 0 0
T (Xw) =

0 0 0 - 0 1

o or or o5 o

Oxt  0x% Ox® dxn—1  Oxm

In conclusion, the Corollary 2.7, together with the Remark 2.8, applied
to first order non-linear ODEs system (4.2), give what we were looking for.
O
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5. Riemann-Lagrange geometry produced by a
non-homogenous linear ODE of superior order

If we consider the non-homogenous linear ODE of order n € N, n > 2,
expressed by

ao(t)y(") + al(t)y("_l) + ot a1 ()Y +an(t)y = b(t), (5.1)

where b(t) and a;(t), V i = 0,n, are given differentiable real functions and
agp(t) # 0,V t € [a,b], then we recover the superior order ODE (4.1) for the
particular function

b(t) _an(®) 1 ana() at) .

flt,x) = a0 ao(d) cx— a0 (0) - T e -~z (5.2)

where we recall that we have

y = xl,y’ _ .%‘2, “.7y(n—1) — ",

Consequently, we can derive the jet Riemann-Lagrange geometry at-
tached to the non-homogenous linear superior order ODE (5.1).

Corollary 5.1. (i) The canonical non-linear connection on J'(7,R") pro-
duced by the non-homogenous linear superior order ODE (5.1) has the local
components

= (0 )
I'= (07N<1>j)’

where N((gj are the entries of the matriz

< () _
Nay = (N(l)j>i’j:L—n -
0 1 0 0 0 an
ao
1 0 1 0 0 dn—1
ao
0 1 0 0 0 n—2
ao
B
)
0 0 0O - - 0 1 a3
agp
0 0 o - . -1 0 1+2
ao
_fn _On-1 On—2  _G8  , G2 0
aop ago ag ao ag

(i) All adapted components of the canonical generalized Cartan connec-
tion CT produced by the non-homogenous linear superior order ODE (5.1)
vanish.
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(#ii) All adapted components of the torsion d-tensor T of the canonical
generalized Cartan connection CT' produced by the non-homogenous linear
superior order ODE (5.1) are zero, except the temporal components

R(%) R(n) o a;zfiakla() - an7i+1a6’ v

(in = 11 — Qa% t=1n-1,

where we denoted by ” ' 7 the derivatives of the functions ay(t).

(iv) All adapted components of the curvature d-tensor R of the canoni-
cal generalized Cartan connection CT' produced by the non-homogenous lin-
ear superior order ODE (5.1) vanish.

(v) The geometric electromagnetic distinguished 2-form produced by
the non-homogenous linear superior order ODE (5.1) has the expression

F= F ) (5331 Ada?,
where A ‘
dul = dat + N da, ¥ i =Tm,

and the adapted components F((Z.l)). are the entries of the matrix

A1) D) Y
PO — (ij)i,j:rn — Ny

(vi) The jet geometric Yang-Mills electromagnetic energy produced by
the non-homogenous linear superior order ODE (5.1) has the form

1 - af
EY MNMHSOPE(t) = 2 In — 1+ 2— + Z —;
ap

Proof. We apply the Theorem 4.3 for the particular function (5.2) and we
use the relations

3f _ an_j+1
oxJ ao

d

Remark 5.2. The entire jet Riemann-Lagrange geometry produced by the non-
homogenous linear superior order ODE (5.1) is independent by the term of
non-homogeneity b(t). In author’s opinion, this fact emphasizes that the most
important role in the study of the ODE (5.1) is played by its attached homoge-
nous linear superior order ODE.

Example 5.3. The law of motion without friction (harmonic oscillator) of a
material point of mass m > 0, which is placed on a spring having the constant
of elasticity k > 0, is given by the homogenous linear ODE of order two

y=0, (5.3)
where the coordinate y measures the distance from the mass’s equlibrium point

and w? = k/m. It follows that we have
n=2, ap(t) =1, ai(t) =0 and as(t) = w?,
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that is the harmonic oscillator second order ODE (5.3) provides the jet geo-
metric Yang-Mills electromagnetic energy

EYMHarmonic Oscillator _ i (1 + w2)2 )

Open problem. There exists a real physical interpretation for the previous
jet geometric Yang-Mills electromagnetic energy attached to the harmonic
oscillator?
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1. Introduction

Hyperbolic geometry appeared in the first half of the 19*" century as an at-
tempt to understand Euclid’s axiomatic basis for geometry. It is also known
as a type of non-Euclidean geometry, being in many respects similar to Eu-
clidean geometry. Hyperbolic geometry includes such concepts as: distance,
angle and both of them have many theorems in common. There are known
many main models for hyperbolic geometry, such as: Poincaré disc model,
Poincaré half-plane, Klein model, Einstein relativistic velocity model, etc.
The hyperbolic geometry is a non-Euclidian geometry. Here, in this study,
we present a proof of Pappus’s harmonic theorem in the Einstein relativis-
tic velocity model of hyperbolic geometry. Pappus’s harmonic theorem states
that if A’B’C’ is the cevian triangle of point M with respect to the triangle
ABC such that the lines B'C” and BC' meet at A”, then % = ﬁig [4].
Let D denote the complex unit disc in complex z - plane, i.e.

D={zeC:|z| <1}
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The most general Mobius transformation of D is
it 20+ 2
1+ 7%z
which induces the Mobius addition & in D, allowing the M&bius transforma-
tion of the disc to be viewed as a Mobius left gyrotranslation
20+ 2
1+Zzz
followed by a rotation. Here # € R is a real number, z, 29 € D, and Zj is the
complex conjugate of zg. Let Aut(D,®) be the automorphism group of the
grupoid (D, ®). If we define

=e¥(2 ® 2),

z2—= 20Dz =

a@b_ 1+ ab
bda 1+ab

gyr : D x D — Aut(D, ®), gyr|a,b] =

then is true gyrocommutative law
a®b=gyrla,b](b® a).

A gyrovector space (G, ®,®) is a gyrocommutative gyrogroup (G, ®)
that obeys the following axioms:

(1) gyr[u,v]a: gyrju,vlb =a-b for all points a,b,u,v €G.

(2) G admits a scalar multiplication, ®, possessing the following prop-
erties. For all real numbers r, 71,72 € R and all points a €G:

(Gl)1@a=a

(G2) (ri+m)®a=r®adrs®a

(G3) (rry)®a=r;® (r; ®a)

(G4) Trar = To1

(G5) gyr[u, v](r ® a) =r ® gyr[u, v]a

(G6) gyr|ri @ v,r1 @ v] =1

(3) Real vector space structure (|G|, ®,®) for the set |G| of onedi-
mensional ”vectors”

1G]l ={+lall :ac G} CR

with vector addition @ and scalar multiplication ®, such that for all r € R
and a,b € G,

(G7) |r@all = [r[© |all

(G8) |la®b| < [laf| & [b]

Theorem 1.1. (The Hyperbolic Theorem of Ceva in Einstein Gyrovector
Space). Let aj,aq, and a3 be three non-gyrocollinear points in an Finstein
gyrovector space (Vs,®,®). Furthermore, let ajaz be a point in their gyro-
plane, which is off the gyrolines ajas, asas, and aza;. If ajajos meets azag
at ass, etc., then

Yoaidais ||6a1 D 312” Yoasdass Hea? D aQ3H Yoaszdais H@a3 D al3H —
Yoardaiz ”@aQ @ a12|| Yoasdazs H@a?) D a23H Yoa:dais H@al D a13H

(here v, = ﬁ is the gamma factor).
—Iv®

s
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(see [6, p. 461])

Theorem 1.2. (The Hyperbolic Theorem of Menelaus in Einstein Gyrovector
Space). Let ay, as, and ag be three non-gyrocollinear points in an Einstein gy-
rovector space (Vs, ®,®). If a gyroline meets the sides of gyrotriangle ajasas
at points ai2, a3, a3, then

Yoaidais ”@al @ a12|| Veazdazs H@iiQ @ a23H Veasdais H@a3 @ a13H _
Yoazmars S22 ® a12|| Yoassas, O3 © a2 Yoa,0ars [[Oa1 & as||

(see [6, p. 463])

Theorem 1.3. (The Gyrotriangle Bisector Theorem). Let ABC' be a gyrotri-
angle in an Einstein gyrovector space (Vy, ®, ®), and let P be a point lying on
side BC of the gyrotriangle such that AP is a bisector of gyroangle £ BAC.
Then,

YBp|IBP| 7| |AB]

YpcIPCl 7ac| |AC|

(see [7, p. 150])
For further details we refer to the recent book of A.Ungar [6].

Definition 1.4. The symmetric of the median with respect to the internal
bisector issued from the same vertex is called symmedian.

Theorem 1.5. If the gyroline AP is a symmedian of a gyrotriangle ABC, and
the point P is on the gyroside BC, then

Ner [CP] ('YCA |C A )2
YIBP| |BP| VBA| |BA| .

(See [3])

Definition 1.6. We call antibisector of a triangle, the izotomic of a internal
bisector of a triangle interior angle.

2. Main results

In this section, we present a proof of Pappus’s harmonic theorem in the
Einstein relativistic velocity model of hyperbolic geometry.

Theorem 2.1. (Pappus’s harmonic theorem for hyperbolic gyrotriangle). If
A'B'C" is the cevian gyrotriangle of gyropoint M with respect to the gyrotri-
angle ABC' such that the gyrolines B'C’ and BC meet at A", then

Vars||ABl V) arp||A” B

Narc|lACL V| ane)lA7C|

Proof. If we use Theorem 1.1 in the gyrotriangle ABC (see Figure 1), we
have
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Figure 1

V) ar5|1AB| '7|B’O“B,C‘ ' VcrallC Al _1q 21)
VarclACL Vipra)lB'Al Vo) 1C Bl
If we use Theorem 1.2 in the gyrotriangle ABC, cut by the gyroline A’A”,
we get
7|A”B||A”B| -7|BICHB'C\ . 7|C'AHC'A\ _

(2.2)
7|A”C||A”C| Tpra|lB AL Vjorp) 0B

’YlA,B||AlB| _ ’YlA,,B||A“B|

From the relations (2.1) and (2.2) we have O

|arc| |arc| ’

Bt
|arc| |arc|
Corollary 2.2. If A’B'C’ is the cevian gyrotriangle of gyropoint M with respect
to the gyrotriangle ABC such that the gyrolines B'C’ and BC meet at A",

and AA’ is a bisector of gyroangle £ BAC, then

7|A”B||A”B‘ _ ’Y\AB\‘AB|

'Y‘A,,C||A”C\ Y ac||AC]
Proof. If we use Theorem 1.3 in the triangle ABC', we get

VNars||ABl Y, 4p/AB|

. (2.3)
7‘A'c||A'C| ’Y\AC\‘AC‘
If we use Theorem 2.1 in the triangle ABC', we get
Tars| 4Bl Tjang) A7 Bl (2.4)
Narc|lACL V| anc)lA7C|
Y Py A'B
From the relations (2.3) and (2.4) we have - L Diapl 451 O
lavc|l4”cl Nac|l4cl

Corollary 2.3. If A’B'C’ is the cevian gyrotriangle of gyropoint M with respect
to the gyrotriangle ABC' such that the gyrolines B'C’ and BC meet at A", and
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AA' is a bisector of gyroangle L BAC, and AA;1 is a antibisector of gyroangle

ABAC, then
-1
’Y|A”B‘|A”B| [ Vay1A1B]
V‘A//O“ANC‘ 7\A10\|AIC|

Proof. Because the gyroline AA; is a isotomic line of the bisector AA’, then

Y4, 5/|A1B] _ fY\A’CllAlc| _ Tac|lAC|

(2.5)
Y 4,c)1A1C| 7|A/B||A’B\ Y ap||AB|
If we use Corollary 2.2, we have
Va5 1A B _ ’Y‘AB‘\ABl. (2.6)

fY‘A//c||A”C‘ ’Y\AC\‘AC‘
From the relations (2.5) and (2.6), we have

—1
7|A”B\|A,,B| _ <7A13|A13> . (27)

Y arrc|A”C Y4 0114:1C|

O

Corollary 2.4. If A’B'C’ is the cevian gyrotriangle of gyropoint M with respect
to the gyrotriangle ABC' such that the gyrolines B'C’ and BC meet at A",
and AA" is a symmedian of gyroangle L BAC, and the point A’ is on the

gyroside BC', then
Vanp||AVBl (’YAB|AB|>2
Y arc)|ACl - Yac||AC| '
Proof. If we use Theorem 1.5, we have

2
’Y‘A/B\\A'BI _ <'7ABAB|> . (2.8)

Y arc|lACl Yiac||AC|

If we use Theorem 2.1, we have

Y|4 5| |A” B| Y\ ar 1A' B|
el T e (2.9)
7|A,,C‘\A”C| ’Y‘A,CllA’C|

, 2

From the relations (2.8) and (2.9), we get Jars|27EL <7ABAB> .0
|arc|l4” €l Tjac|lAC]
Theorem 2.5. If A’B’C" is the cevian gyrotriangle of gyropoint M with respect
to the gyrotriangle ABC such that the gyrolines B'C’ and BC meet at A",
and AA’ is a bisector of gyroangle £ BAC, the gyrolines A’C" and BB’ meet
at D, A’B’ and CC'" meet at E, AD and BC meet at D', and AE and BC
meet in E', then

PY\A”BHA“B‘ ’Y|D’BHD,B| 7‘E1A1||E’A’\

7|A,,C||A'/C| 7|D/A/‘\D’A’| 7|E,C||EIC|
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Proof. Tf we use Theorem 1.1 in the gyrotriangle ABA’ (see Figure 2),

Figure 2

we have

’Y|D’B||D,B| ’Y‘C’A||C,A| ’Y‘JMA,”MA"
: : = (2.10)
Vpran DAL Vjerp|ICBl - Vina|MA|

If we use Theorem 1.2 in the gyrotriangle ABA’, cut by the gyroline CC’,
we get

YieratlCrAl Y /| MA’|
Y\cn/ICB| eral Marar -1 (2.11)
NearflCA'L Viorp)IC'Bl - Viara | MA
From the relations (2.10) and (2.11), we have
’Y‘D/B“D/Bl _ ’Y‘CB‘|CB| ) (212)
'Y‘D,AlllD’A’| 'YlCA,‘\CA’\
Similarly, we obtain that
IY|EICHE’C‘ _ ’Y\BCHBC‘ . (213)
’Y‘E’A’HE/A/‘ ’Y\BA’HBAll

If ratios the equations (2.12) and (2.13) among themselves, respectively, then

’Y‘D/B”D’B\ 7|E/A/‘\E'A’| ’Y\BA’HBAll

. (2.14)
’Y‘D,A,”D'A'\ 'Y‘E,C‘\E’C\ 'YlCA,HCA’\

If we use Theorem 1.3 and the Corollary 2.2 in the triangle ABC, we get

Vars|lABl Y ap1aB|  Vjarp|lA”B

’y|A/c||A/c| ’Y\Ac\lAcl ’Y‘Aﬂc“A”C‘

(2.15)
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From the relations (2.14) and (2.15), we get
Vps|ID' Bl Vigran|B'AY Y 4 |A B

Vo ar|D'A'l Vi) |1 BC Y arc|lA”C
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The Salagean integral operator and strongly
starlike functions
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Abstract. Let A denote the class of analytic functions f(z)defined
in the unit disc U = {z : |z| < 1}and satisfying the conditions
F(0) = f'(0) — 1 = 0. We introduce some new subclasses of strongly
starlike functions defined by the Sdlagean integral operator and study
their properties.
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1. Introduction

Let A denote the class of functions of the form:
f(2) :Z+Z apz” (1.1)
k=2

which are analytic in the open unit disc U = {z : |z| < 1}. A function
f(z) € A issaid to be starlike of order ~ if it satisfies

2f (2)
Re{ ) } >y (z€U) (1.2)

for some v (0 <~ < 1). We denote by S*(7) the subclass of A consisting of
functions which are starlike of order v in U. Also, a function f(z) € A is
said to be convex of order + if it satisfies

2 (2)
Red 1+ —; >v (z€eU 1.3
{ e } (zeU) (13)
for some v (0 <y < 1). We denote by C(v) the subclass of A consisting of
all functions which are convex of order «y in U.
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It follows from (1.2) and (1.3) that
f(z) € C(v) <= 2f'(z) € "(7), (1.4)

the classes S*(y) and C(vy) were introduced by Robertcen [8].
If f(z) € Asatisfies

RS

for some v (0 <y < 1) and B(0 < B < 1), then f(z) is said to be strongly
starlike of order 8 and type v in U. We denote this by f(z) € S*(5,7) .

If f(z) € A satisfies

- 7)’ < gﬁ (2 € U) (1.5)

"

)
RO

for some v(0 <y < 1)and [(0 < 8 < 1),then we say that f(z) is strongly
convex of order § and type « in U. We denote by C(3,7) the class of all
such functions (see also Liu [3] and Nurokawa et al. [7]). In particular, the
classes S*(3,0) and C(3,0) have been extensively studied by Mocanu [5] and
Nunokawa [6].

It follows from (1.5) and (1.6) that

f(z) € C(B,7) <= 2f'(2) € S7(B,7). (1.7)

Also, we note that S*(1,v) = S*(v) and C(1,v) = C(y).
For a function f(z) € A, we define the integral operator I" f(z), n €
No = N U {0}, where N = {1,2,....}, by

arg(l + < gﬂ (zeU) (1.6)

1°f(2) = f(2), (1.8)
') = 156) = [ foe . (1.9)
0
and (in general)
I"f(z) = I(I"7' f(2)). (1.10)
It is easy to see that:
(9) Irfz) ==+ Z%zk (n € Np), (1.11)
k=2
and
(i) AIMf(2)) = I f(2). (1.12)

The integral operator I" f(z) (f € A) was introduced by Séldgean [9] and
studied by Aouf et al. [1]. We call the operator I"™ by Salagean integral oper-
ator. The relation (1.12) plays an important and significant role in obtaining
our results.
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Using the Salagean integral operator, we introduce and study the prop-
erties of some new classes of analytic functions, defined as follows:

smav>={ﬂ@eA:fmﬂaes%@w,“ﬂﬁj’¢vﬂwwzev}
and
Co(B,7) = {f(z) € A: I"f(2) € C(B,7), 1 + m £ for all 2 € U}.
Clearly,

7(2) € Calfn) = 21'(2) € S35, (1.13)

We note that:
(1) SH(B,y) = S*(B,y) and Cg(B,v) = C(B,7);

and

(1) S5(1,7)

5*(y) and Cg(1,7) = C(7).

2. Main Results

In order to give our results, we need the following lemma, which is due to
Nunokawa, [6].

Lemma 2.1. Let a function p(z) = 1+ c1z +c222 + ... be analytic in U and
p(2) #0 (2 €U). If there exists a point zg € U such that

larg £(2)] < gﬁ, (2] < |20]) and |arg p(z0)| = gﬁ 0 <B<1),

then we have 2Po(?) = ikf3, where

p(20)

k> % (a + é) (when  arg p(zg) = gﬁ),

k< %1 (a + é) (when  arg p(zog) = %ﬂ-ﬁ),
and (p(zo))% = =ia (a > 0).
Theorem 2.2. S} (3,v) C Sy 1(8,7) for each n € Ny.
Proof. Let f(z) € S%(8,7).Then we put
In+1 /
Lk = v+ 1= (2.)

where p(2) = 1+c12+c222+ ... is analytic in U and p(z) # 0 for all z € U.
Using (1.12) and (2.1), we have

;ﬂﬁ;::v+u—wma. (2.2)
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Differentiating (2.2) with respect to z logarithmically, we obtain
Z(IMf(2) _ zI"Hf(2) L (= 9)=p'(2)

Inf(z)  I"tlf(z) v+ (1—=7)p(z)

_ (s (I —7)2p'(2)
= v+ A =)p(2)+ Pogy o)

)

or
2(I" f(2)) (I —7)zp'(2)
——— — y=1—-9)plr)+ ————————.
e R e
Suppose that there exists a point zg € U such that
7r s
larg f(2)] < 56 (l2] <lz0l) and larg p(z0)| = 55.
Then, applying Lemma 2.1, we can write that
zop (20)
p(20)

Therefore, if arg p(zg) = fgﬂ, then

n / zp’(20)
ZO(I f(ZO)) — 5= (1 —’Y)p(Zo) [1 + P(20) ]

= ikf and (p(zo))flj == ia (a > 0).

I" f (o) v+ (1 =7)p(20)

ilB

=(1—-7)ale 2 |1+

g

7+ (1= y)afe s

ikp ]
This implies that
ZQ(Inf(Zo)), } s ’Lk/B
arg § —— -~ — Y =~ 5 B+arg ¢1+ i
{ 1" f(20) 2 v+ (1= y)afe=3"

—T
e

- BBy + (1= 7)a cos (26)
72 +27(1 = 7)af cos (58) + (1 = 7)%a® — kB(1 — v)a? sin(55)
< %ﬂﬁ (where k < %(a—i— %) < -1),

which contradicts the condition f(z) € S;(5,7).
Similarly, if arg p(zg) = %ﬁ, then we obtain that

zo(I" f(z0)) T
— > —
arg { 7} (o) Yol 2 2@
which also contradicts the hypothesis that f(z) € SX(3,7).

Thus the function p(z) has to satisfy |arg p(z)| < 4 8 (z € U). This shows

e (1)
z (I z
w0
or f(z) € S;1(B,7)- This completes the proof of Theorem 2.2.

s
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Theorem 2.3. C,,(8,v) C Cny1(8,7v) for eachn € Ny.

Proof. f(2) € Cy(B,7) <= I" () € C(5,7) <= =(I"(2))' € §°(5,7)
= I"(=f (2)) € 5 (p,7) = =f () € 53(8,7)
— 2'(2) € Sp41(B,7) == I (=f (2)) € §*(5,)
= A(I(R) € §°(B.7) <= I (2) € O (5,7)

= f(2) € Cpya(B,7).
This completes the proof of Theorem 2.3.

For ¢ > —1 and f(z) € A, we define the integral operator L.(f) as

1 z
L.f(z) = % / e F()dt. (2.4)
0
The operator L.(f) when ¢ € N was studied by Bernardi [2]. For ¢ = 1,

Ly (f) was introduced by Libera [4].
Theorem 2.4. Let ¢ > —y and0 < v < 1.1If f(z) € Si(B8,7) with

W #~ for allz € U, then we have L.(f) € Sk(3,7).

Proof. Set

W =7+ (1 =) n(2), 29

where p(z) is analytic in U, p(0) =1, and p(z) # 0(z € U). From (2.4), we
have

2(I"Lof(2)) = (c+ 1) I"f(z) — eI" Lo f(2). (2.6)
Using (2.5) and (2.6), we have
e+ Dl et (1= 2)nle) (2.7)

Differentiating both sides of (2.7) with respect to z logarithmically, we obtain

) SRR ke ) A )
Dy = (1 —)p( )+c+7+(1—7)p(2)'

I"f(z)

Suppose that there exists a point zy € U such that

jarg p(=)| < 28 (2] < |z0l) and [axg p(z0)| = 3 5.

Then, applying Lemma 2.1, we can write that

2op (20) 3 o (a
) tkB and (p(z0))? = %ia (a > 0).
If arg p(20) = %6, then
/ zop (20)
U f(0) s p(20)
ifleg) 0 TP Ge0)
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ik
1+ b — | -
ct+vy+(1—7)aPe=

= (1-7)a’e?

This shows that

o [ ) s

ik
c+ v+ (1 —ate s

1+

IT
5B

+tan™

. { kBlc+y + (1 — 7)a” cos(')] }
(c+7)2 + 2(c+7)(1 — 7)a? cos(X2) + (1 — 7)2a28 + kB(1 — v)aP sin(2)

™ 1 1
> — h > — —)>1
26 (w erek_z(a+a)_ ),

which contradicts the condition f(z) € S*(3,7).
Similarly, we can prove the case arg p(zg) = —%ﬂ. Thus we conclude
that the function p(z) has to satisfy |arg p(z)| < 48 forall = € U. This

gives that
Z(I"Lef(2))
s (e
or L.f(z) € S;:(6,7). This completes the proof of Theorem 2.4.

< gﬁ (z€U),

Theorem 2.5. Let ¢ > —y and 0 <~y < 1. If f(z) € Cr(B,7v) and

2(I"Lef(2))"
T Lof () 7

for all z € U, then we have L.f(z) € Cpn(B,7).

Proof. f(z) € Cn(f, 7) — zf'(z) € SiB,y) = Lczf'(2) €
Sn(B,7) <= 2(Lef(2)) € 55(8,7) <= Lef(2) € Cu(B,7)-

This completes the proof of Theorem 2.5.
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Abstract. In this paper, we generalize certain integral operators given
by Pescar [8] and determine conditions for univalence of these general
integral operators.
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1. Introduction

Let A denote the class of functions of the form
o0
f) =2+ a",
k=2

which are analytic in the open unit disk
U={ze€C:|z| <1}
and satisfy the following usual normalization condition

f(0) = f'(0) = 1=0.
We denote by S the subclass of A consisting of functions which are also
univalent in U.
In [6] and [7], Pescar gave the following univalence conditions for the
functions f € A.

Theorem 1.1. [6] Let « be a complex number, i («) > 0, and ¢ be a complex
number, |c| <1, ¢# —1 and f(z) =z+ -+ a regular function in U. If

clef® + (1= o) 222

<1,
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for all z € U, then the function

Folz) = (a/o to‘_lf’(t)dt>; a4

1s reqular and univalent in U.

Theorem 1.2. [7] Let o be a complex number, R («) > 0, and ¢ be a complex
number, |c| <1, ¢# —1 and f € A. If

L= oM | 24" (2)
R (a) f'(2)
for all z € U, then for any complex number 3, R () > R («), the function

Fy(z) = (ﬂ / ) tﬂlf’(t)dt)}’

On the other hand, for the functions f € A, Ozaki and Nunokawa [5]
proved another univalence condition asserted by Theorem 1.3.

S1_|C|;

is in the class S.

Theorem 1.3. [5] Let f € A satisfy the condition

2 f'(2)
(f(2))*

Then f is univalent in U.

-1

<1 (zeD). (1.1)

Furthermore in [8], Pescar determined necessary conditions for univa-
lence of some integral operators.

Theorem 1.4. [8] Let the function g € A satisfy (1.1), M be a positive real
number fized and ¢ be a complex number. If

2M+1 2M +1

2M +2° 2M ’

-1
le] <1-— a

’(2M+1), c# -1

and
lg(z)| < M

for all z € U, then the function

Q=

Gate) = (o [ a0y ) (12)

s in the class S.
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Theorem 1.5. [8] Let g € A, « be a real number, a > 1, and ¢ be a complex
number, |c| < L, c# —1. If

9"(z)
9'(2)

<1 (z€0U),

then the function

Ho(z) = (a/o (tg’(t))aldt> : (1.3)
s in the class S.

Theorem 1.6. [8] Let g € A satisfies (1.1), « be a complex number, M > 1
fized, R () > 0 and ¢ be a complex number, |c| < 1. If

lg(z)| < M
for all z € U, then for any complex number 3
2M +1
R(B) >R >
Br= R = oy

the function 1
Hi(z) = (5 /O -1 (9?)> : dt) ’ (1.4)

Finally, Breaz and Breaz [1] considered the following family of integral
operators and proved that the function G,, o defined by

is in the class S.

1
n(a—1)+1

Gral2) = [ In(a = 1) / H(gju))a‘ldt (91,190 € A)

(1.5)
is univalent in U. For some recent investigations of the integral operator Gy, 4,
see the works by Breaz et al. [2] and [3].
Now we introduce two new general integral operators as follows:

n e
Hpo(z) = [n(a—1)+1}/0 ‘H(tg;(t))afldt (g1,---,9n €A,
. (1.6)

n % G
e T (G (01, nEA).
. (1.7)

Remark 1.7. Forn =1, the integral operators in (1.5), (1.6) and (1.7) would
reduce to the integral operators in (1.2), (1.3) and (1.4), respectively.
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In this paper, we investigate univalence conditions involving the general
family of integral operators defined by (1.5), (1.6) and (1.7). For this purpose,
we need the following result.

General Schwarz Lemma. [4] Let the function f be reqular in the disk
Ur = {2 € C: |z| < R}, with |f(2)| < M for fized M. If f has one zero
with multiplicity order bigger than m for z = 0, then

FE < o™ (2 € Up).

The equality can hold only if

where 0 is constant.

2. Main Results

Theorem 2.1. Let M > 0 and the functions g; € A (j € {1,...,n}) satisfies
the inequality (1.1). Also let

aek (O‘E{(25\24]\1;17311’(25\24%;27—11D and e € C.

If
a—1

<1 |2
el < nla—1)+1

‘(2M+1)n, c# -1 (2.1)

and
l9;(2)| <M (z€U; je{l,....n}),
then the function Gy, o defined by (1.5) is in the class S.

()

Jj=1

Proof. Define a function

Then we obtain

_ ﬁ (9](2

j=1

Also, a simple computation yields

o e LG )




The extensions for the univalence conditions 121

which readily shows that

2[n(a—1)+1] _ |, 2la-n+1 zh'(2)
C|Z| * +(1 ‘ | * ) [n(afl)Jrl]h’(Z)
< ld+ 1 zh'"(2)
- [n(a—1)+1] | A'(z)
< Icl+’ ) Z0,C) | 19:()] |y
nla—1)+1 =~ (gj(z))2 2 .

Since
lg;(2)| <M (€ U; je{l1,...,n}),
by using the inequality (1.1) and the general Schwarz lemma, we obtain

2fn(a—1)+1] | (1 _ |, 2ln(a—1)+1] zh'"(2)
el +(1-1e ) (e —1) + 10 (2)
o —
< — 1 (2M +1
<+ oy | @M+ D
which, by (2.1), yields
2n(a—1)+1] | (1 _1,2n(a—1)+1] zh'"(2) <1
cl2] + ( 12 ) ma—D+une| St ¢l

Applying Theorem 1.1, we conclude that the function Gy, defined by (1.5)
is in the class S. O

Remark 2.2. Setting n =1 in Theorem 2.1, we have Theorem 1.4.

Theorem 2.3. Let g; € A (j € {1,...,n}), a be a real number, o > 1, and ¢
be a complex number with

1
e < na—D+1’ c# —1. (2.2)
If
e - )
g;(z) <1 (z€U; je{l,...,n}), (2.3)

then the function H, , defined by (1.6) is in the class S.

Proof. Define a function

Then we obtain

Also, a simple computation yields

zh"(z) " 29} (2)
v — @A
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which readily shows that

2n(a-1)+1] | (] _ |, 2n(a—1D+1] zh"(2)
+(1-1 ) (e —1) + 1 (2)
< ld+ 1 zh/'(2)
- nla—1)4+1]| b (z)
a—1 | 297 (2)
< - @@
< o+ (zam71) 2|50
By (2.2) and (2.3), we obtain
2[n(a—1)+1] 1 — [52In(e=D+1] zh' (2) <1 U
+< 12 ) (o —1)+ 1] ' (2)| — (z€ ).

Applying Theorem 1.1, we conclude that the function H, , defined by (1.6)
is in the class S. O

Remark 2.4. Setting n = 1 in Theorem 2.3, we have Theorem 1.5.

Theorem 2.5. Let M > 0 and the functions g; € A (j € {1,...,n}) satisfies
the inequality (1.1). Also let « be a complex number, R (a) > 0, and ¢ be a
complex number, |c| < 1. If

l9; ()| < M (2 €U; je{L,...,n}),
then for any complex number 3 with
(2M +1)n
[ (1 =e])’
the function H, g defined by (1.7) is in the class S.

R(n(B—1)+1) > R(a) > (2.4)

Proof. Define a function

Then we obtain

Also, a simple computation yields
h 1 n z / z
z (Z):*Z g]()_l ’
h(z)  «a 9;(2)
which readily shows that

2R () Zh”(z)
W (z)

1 -2

R (a)

Since
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by using the inequality (1.1) and the general Schwarz lemma, we obtain
2R(a)

1—|z| zh" (2) 1
2M + 1
Ria) | WG | = el GO
which, by (2.4), yields
1— 2?2 207 (2)
<1- 0).
Rl | Wi | St EED)
Applying Theorem 1.2, we conclude that the function H,, g defined by (1.7)
is in the class S. U

Remark 2.6. Setting n =1 in Theorem 2.5, we have Theorem 1.6.
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Abstract. In this article we define a differential operator for multiva-
lent functions in the unit disk. Further, we introduce some classes of
functions defined by this operator. Partial sums are also considered.

Mathematics Subject Classification (2010): 30C45.

Keywords: Differential operator, multivalent functions, partial sums.

1. Introduction

Let T'(p) denote the class of functions f of the form
f(z) =2+ Zanz”ﬂ’, (peN, z €l). (1.1)
n=1

which are analytic and p-valent (multivalent) in the open unit disk
U={z:2€Cand |z < 1}.
Let be given two functions f,g € T(p),

oo
— P n+p
- n
flz)=2"+ ZQ z
n=1

and

(o)
g(z) = 2P + Z bp2".
n=p+1
Then their convolution or Hadamard product f(z) * g(z) is defined by

f(z)xg(z) =2 + ianbnz”ﬂ’, (z €U).
n=1
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Define a function ¢,(a,c; z) as follows
QD(CLCZ _ZP+Z "7l+p7 07&07_1)_27

where (a), is the Pochhammer symbol defined by

_Tla+n) [ 1, n=0
(a)n = W - { ala+1)...(a+n—-1), n={12,..}.

Assume that a = k+p > 0 and ¢ = 1 where £ = 0,1,2, ... in ¢,(a, c; z) so we
obtain the function

op(k +p,1;2) :z”+z(k(41_)p)nz"“’. (1.2)

Next we define the following differential operator Df\}p : T(p) — T(p) by

n=1

DOF(2) = f(2) = 7+ 3 an
n=1

Dy pf(2) = 1+ M) f(2) = Az f'(2) = Z (1= An)a,z"*P
= (1.3)

Dipf(z) =P+ Z(l —M)*a, 2", (2 € U),

n=1
where
1
(p eEN, £k eNp, 0 <A< —, neN).
n

Again by applying convolution product on (1.2) and (1.3) we have the fol-
lowing operator

DY f(2) =

= P4 Z M(l — An)Fa, 2" P (1.4)

=22+ > Cn,k)(1 - In)Fa,z"*P, (2 €U),

n=1

where C(n, k) := (k('f)p)".
Remark 1.1. The symbol D’)\“,pf(z), when A = 0, p = 1, was introduced by
Ruscheweyh [1] and when A = 0 by Goel and Sohi [2].

A function f € T(p) is said to be p-valent starlike of order u,0 < p < p if

3?{ ZJ{;S)} >p, (2€U).
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The class of p-valent starlike functions of order y is denoted by S (u). A
function f € T'(p) is said to be p-valent convex of order p,0 < p < p if

21"(2)
f'(z)
The class of p-valent convex functions of order y is denoted by Cp, ().

A function f € T(p) is said to be in the class S;(u1,\) of order p, where
0<u<pif

§R{1+ }>u, (z €U).

NELHC
DX ,f(2)
A function f € T(p) is said to be in the class Cp(p, A) of order p, where
0<pu<pif

}>u, (z€U).

2[Df,,f(2)]"

For 0 < a <pand 8 >0, let S;(a,3, ) be the subclass of T'(p) consisting
of functions of the form (1.1) satisfying the analytic criterion
§R{Z[Dﬁ,pf(Z)]’ B a} - 2[Df (=)
D}, () DX, f(2)

Also, for 0 < a < p and § > 0, let Cp(e,3,A) be the subclass of T'(p)
satisfying the analytic criterion

pl, (z€U). (1.5)

2[DY f(2)]" z[D
%{IJF [ g,pf( )], } ﬂ‘ )\pf )]/ w1l
(DX (2)] f(2)]
The main goal of this work is to determlne sufficient conditions for the ana-
lytic functions to belong to these general classes. Sharp results involving par-

tial sums fy,4,(2) of functions f(z) in the classes Sy (a, 3, ) and Cp(a, 8, A)
are obtained.

(zeU). (16)

2. The classes S;(, 3, ) and Cy(a, 3, )

In this section we obtain sufficient conditions for functions f(z) to be in the
classes Sy (a, 3,A) and Cp(a, 3, ).
Theorem 2.1. A sufficient condition for a function f(z) of the form (1.1) to
be in Sy (a, 3,A) is
Z[(l +8)n+ (p — a)|C(n, k)1 — An)¥|a,| <p—a, (z€U), (2.1)
n=1
f0r0§a<p,ﬂ20and0§)\<%, n € N.
Proof. 1t suffices to show that

e e B ot V)
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We have
D3, ) D3, ) D3, )
W —p’ _%{m —p} < (1+ﬁ)‘m -D

(1+8) Y02, nC(n, k) (1 = An)¥|a,[| 2|7
1= Cny k) (1 = dn)F|ay ||z tP

n=1
(L+8) > ey nC(n k)1 — An)*|ay|

1 - Z;.zo:p+1 C(n7 k)(l - )‘n)k‘an‘ .

This last expression is bounded above by (p — «) if

<

(oo}
Z[(l + B+ (p — a)]C(n, k) (1 — An)kla,| < p— a,
n=1
and the proof is complete.
By setting § = A = 0 (Goel-Sohi operator [2]) in Theorem 2.1, we obtain the
following result:
Corollary 2.2. Let f be given by (1.1) and satisfying
(oo}
St p—a)ClRlan <p-a. (0<a<pzel)
n=2
then f € Sy (a) (p-valent starlike).
By letting 5 = A = 0 and p = 1 (Ruscheweyh operator [1]) in Theorem 2.1,
we obtain the following result:
Corollary 2.3. Let f be given by (1.1) and satisfying
d (n+1-a)C(nk)an| <1-a, (0<a<lzel)
n=2
then f € S*(«) (starlike).
In the same manner we can obtain the next result.
Theorem 2.4. A sufficient condition for a function f of the form (1.1) to be
in Cp(a, B, N) is
> (n+p)[n(1+8)+ (p—a)|C(n, k)1 = n)¥|an| < p(p—a), (PN, z€U),
n=1
(2.2)
for 0 <a<pand g >0.
Proof. Tt suffices to show that

’ 2[D5,f(2)]”
(D, f(2))

2[D ,f(2)]"
D}, ()
(peN, 0<a<p, >0, z€U).

- (- 1)|-»{ ~p-1}<p-a,

Then we have
ﬂ’ 2[DY , f(2))"

ADE )
D} F)) -1}

- =0 - {2y
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(D, f(2)]"
D, f(2))

(L+ ) 3oney n(n + p)C(n, k) (1 — An)*ay |27~
= plalPTt = 3000 (4 p)Cn, B) (1A An)Flan] |2t
- B Y2 n(n+p)Cn, k) (1 + An)*lan|
T p= s (A p)Cn, k)(1 = An)*an]
This last expression is bounded above by (p — «) if

<(1+8) —(p-1)

o0

> (n+p)n(l+8) + (p — @)]C(n, k) (1 = In)¥lan| < plp —a), (peN).

n=1

This completes the proof.

3. Partial sums

In this section, applying methods used by Silverman [3] and Silvia [4], we will
investigate the ratio of a function f(z) of the form (1.1) to its sequence of
partial sums

fnap(z) =22 + Z a, 2" (2 €U) (3.1)
n=1

when the coefficients are small enough in order to satisfy either condition
(2.1) or (2.2). More precisely, we will determine sharp lower bounds for

2 (2 (2 Frntp(2)
%{fffp@}»“{fﬁzi o) e w{Te )

m+p
In the sequel, we will make use of the fact that

(ERTCIN
M) >0 D)

if and only if w(z) = Y 7 | ¢,2" satisfies the inequality |w(z)| < |z|.

n=1

Theorem 3.1. Let f given by (1.1) and satisfies (2.1). Then

f(2) _ p—o
{fm+p(Z)} > 1~ O DT s TR A e e (3:2)

1
(z elU, p>am=0,1,2,..., 0<A< 7)
m+p+1
The result is sharp for every m with the extremal function

o — m—+p+1
F(2) = 2"+ T el T A - (3:3)

(z €U, m>0, p>a).
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Proof. Assume that f € T(p) satisfies (2.1). By setting

w(z) = [(1+,3)(M+p+1)+(pfa)]C(_m+p+1’k)(1*A(m+P+1))k{ f(2)
p—«o fmtp(2)
_ _ P~
(1 [(1+8) (m+p+1)+(p—)]C(m+p+1,k) (1-A(m+p+1))* ) }
=1+ Hinp1 2z i1 @n2"
. 14300 an2” ’
where
H . [4+8) (mAp+1)+(p—a)]C(mAp+1,k) (1= A(m+p+1))*
m+p+1 - P—a .
Thus we find that
‘w(z) - 1‘ < Higpta fo:mﬂ |an|
w(z)+ 117 2~ 22?:1 lan| = Hitpt1 fo’:mﬂ |an|
<1, (z€U)
if and only if
2Hmp1 Z |an] <2 -2 Z |an]
n=m-+1 n=1
which is equivalent to
S an] + Hugppr Y. an] < 1. (3.4)
n=1 n=m-+1
In order to see that
Zm+p+1
fe)=2"+———, (2€U)
Hipgpta

gives a sharp result, we observe that for
2 =remis, (z€U)

that
m-+p 1
&:1_‘_27_)1_7 as z—17.
fmp(2) Hipgpta Hypipia
This completes the proof.

Theorem 3.2. Let f given by (1.1) satisfying (2.1). Then

%{ fm+p(z)} > [(14+8) (m+p+1)+(p—a)]C (m+p+1,k) 1 —=A(m+p+1))* (3.5)
f(2) (p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m-+p+1))*> ’

(z ceU, p>a, m=0,1,2,..., O§/\<7).
m-+p+1

The result is sharp for every m with an extremal function given by (3.3).
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Proof. Assume that f € T(p) and satisfies (2.1). Write

w(z) = (1+ [(1+8) (m+p+1)+(p— a)]f}'(?Zer«H k) (A=X(m+p+1))* ){fmf+(§§z)

_ [(148) (m+p+1)+(p—)]C (m+p+1,k) 1—A(m+p+1))*
(p—a)F[(A+B) (m+pF1)+(p—)]C(m+p+1,k)(I—A(m+p+1))F

(1 + Hm+p+1) Z':O:m-i,-l anzn
L+ apz”
where H,, 11 is defined in Theorem 3.1. This yields that

”w -1 < (1+ Hygp1) Znoozm.H |an|
() +11 7 2~ 2221:;;4.1 lan| — (1 + Himgpy1) fo:mﬂ |an|

=1-

<1, (z€U)
if and only if
2[(1 + Hm+p+1> Z lan|] <2 -2 Z |an|
n=m-+1 n=2
or
S anl+ (14 Hpgp) Y lan] <1, (3.6)
n=p+1 n=m-+1

which gives (3.5). The bound in (3.5) is sharp for all m € N with the extremal
function given by (3.3). This completes the proof.
Theorem 3.3. Let f given by (1.1) satisfies (2.1). Then

I'(z) (m+p+1)(p—a)
%{ mﬂ(z)} 2 1 ~ (B e DTl C it p LR AR (3:7)

1
(z elU, p>a, m:0,1,2,...,0§)\<7).
m-+p+1

Proof. Assume that f € T'(p) satisfies (2.1). Write

[(1+ﬁ)(m+p+1)+(p7a)}C(m+p+1’k)(1*A(m+P+1))k{ f'(2)
p—o

w(z) = e

_ (1 _ (mtp+1)(p—a) )}
[(1+5) (m+p+ D)+ (p—a)]Clm-+p+ 1R T=A(mFpF1))F

Hopm, (o9} [oe]
1 + tel Zn:m-i-l n;*panzn + Z — Lﬂ)anz”

(m+p+1)
1+3m L‘H’anzn

wl+p+1 n+p
(m+p+1) > 1 p dnZ

I+5m, ";p A 2™

n
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where H,, 11 is defined in Theorem 3.1. This implies
Hpypt1 g0 n+p|a |
) 1 m+p+1 n=m+1 n

— H,
(2) +1 2_2221:1 %ﬂlanl—%Zimﬂ nTTp|an|

’ U)

<1, (z€U)
if and only if

Hm+p+1 -

n:m+1 n= p+1
i.e.
m+p n )28 [e’e) n
+p+1
D Slanl+ S Y Clan| <1
n=1 p p n=m-+1 p

We therefore obtain (3.7). The result is sharp with functions given by (3.3).
The proof of the Theorem 3.3 is completed.
Theorem 3.4. Let f given by (1.1) satisfying (2.1). Then

%{ 1 (2) } [(148) (mAp+1)+(p—a)]C(m+p+1,k) (1=A(m+p+1)"
') f = (mAp+1)(p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*”
(3.8)
1
(z €U, p>a, m=0,1,2,..., 0<A< 7)
m+p+1

Proof. Assume that f € T(p) satisfies (2.1). Consider

_ [(A+8) (mA+p+1)+(p—a)]C(m+p+1,k) A=A(m+p+1)* \ [ f7,(2)
w(z) =((m+p+1)+ o W55

_ [(14+8) (m+p+1)+(p—a)]C(m+p+1,k) 1=A(m+p+1))* }
(m+p+1)(p—a)+[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*

(1 4 Lmtpsrygooo ntpg on

—1_ m+p+1 n=m+1 p
= T
1 + Zn 2 ppanzn

This implies that

’w(z)fl < (1+ﬁﬁf)2f m+1 nTTp|an|
w(z) #1172 -2 | P, | - (14 JuE) Yo L B2 g,
<1, (z€U)

if and only if

H = n+p " n+p
2[(1 4 —tptl an|] <2-2 an |,
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i.e.

1+ p Hpypa — n+p
anl+ (14— an| < 1.
> " Py 4 Hmirny 55 Ry,

n=1 n=m-+1

We therefore obtain (3.8). The result is sharp with functions given by (3.3).
The proof of Theorem 3.4 is complete.
In the same manner as the proof of Theorems 3.1-3.4, we can show the fol-
lowing results:
Theorem 3.5. Let f given by (1.1) satisfying (2.2). Then
{ f(z) } >1— p(p—a) )
fntp(2) (m+p+1)[(1+ﬂ)(m+p+1)+(p*a)]C(m+P+1’k)(1*/\(ererl)z; )

The result is sharp for every m with the extremal function
ﬂoJrl7

(3.10)

_ p(p—a) m
F(2) = 2 + DA e T T ) O T s TR AT o FI)F 2

1
(z elU, p>a, m=0,1,2, ..., O§A<7).
m-+p+1

Theorem 3.6. Let f given by (1.1) satisfies (2.2). Then

%{f'm,+p(2)}> ( (mAp+ D[(148) (mtpt 1) +(p=)]C (m+p+1,k) (1= A(m-+p+1))*
p

f(z) p—a)+(m+p+1)[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))*>
(3.11)
1
(z elU, p>a, m=0,1,2,..., 0<)A< 7)
m-+p+1

The result is sharp for every m with the extremal function given by (3.10).
Theorem 3.7. Let f given by (1.1) satisfies (2.2). Then

§R{ £(2) } >1_ p(m+p+1)(p—a)
map(2) [ = (m4p+1)[(1+8) (m+p+1)+(p—a)]C(m+p+1,k) (1-A(m+p+1))k >
(3.12)
1
(zEMp>aﬂn:QLZM 0§A<————ﬂ.
m+p+1

Theorem 3.8. Let f given by (1.1) satisfies (2.2). Then

/

5 { fnj(Z)}
f'(2)

> (m+p+1)[(148) (mp+ 1) +(p=a)]C (mtp+1,k) 1 =A(mtp+1))*
= p(m+p+1)(pfa)+(m+p+1)[(1+6)(m+p+1)+(pfa)]0(m+p+1,k)(17/\(m+p+12)3’“ 3)
1

where

1
(z elU, p>a, m=0,1,2, ..., 0§A<7).
m-+p+1
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On the stability of the bivariate geometric
composed distribution’s characterization

Nguyen Huu Bao

Abstract. Let (X;,Y;),7 = 1,2... be nonnegative i.i.d random vectors
and (N1, N2) be independent of (X;,Y;), j = 1,2,... with Bivariate
Geometric Distribution. The vector (Z1 = Zj\gl X3 Zy = Z;le Y;) is
called the Bivariate Geometric Composed vector. In [3], a characteri-
zation for distribution function of this vector was showed and in this
paper we shall consider the stability of this characterization.

Mathematics Subject Classification (2010): 60E10, 62E10.

Keywords: Characterization, stability of characterization, composed ran-
dom variables, geometric summation.

1. Introduction

At first, we recall a well-known characterization of the univariate geometric
composed distribution. Let X7, X»,... be nonegative i.i.d random variables

(r.v’s) P(X; > x) = F(x), EX; =1(j = 1,2,..) and let N be independent of
X,,(j =1,2,...) with the Geometric distribution, i.e.

P(N=k)=p(l-p)*t (k=12,.)

The random variable Z = Zjvzl X is called the Geometric Composed ran-

dom variable. We denote G,(z) = P{pZ > z}. In [1], Renyi has given char-
acteristics of this Geometric Composed Distribution. In [2], some stabilities
of this Renyi’s characteristic theorem was considered by two Vietnamese au-
thors. In [3] (1985), A. Kovat (Hungarian) expanded this Renyi’s character-
istic theorem for the case of two dimensions.

We consider the Bivariate Geometric Composed distribution as the fol-
lowing definition (See [3]).
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Let Ay, Ay be arbitrary events and p = (p1, p2,p12), means the proba-
bilities
P(A1As) = p1; P(A1Ay) = po; P(A1A2) = p1a (1.1)

and q = 1—p1 — P2 — P12 = 1—P(A1UA2)

Let N1, N3 be the serial numbers of necessary trials for occuring at first
of the event A, Ay resp. occur at first. Then we will say that the random
vector (N7, Na) has bivariate geometric distribution and we can obtain the
following distribution of (N7, Na):

q"2 7 pa(1 — p1 — pra)fr 7R (py - pra if k1> ke

P{Ny=k1; No=ko} =4 ¢"* " 1pio if k1 =ko
7 pr (1= p2 — pr2) T (py +pra if k< ke
(1.2)

Let (X;,Y;),j =1,2,... be nonegative i.i.d. random vectors, P{X; > z;Y; >
y} = F(z,y), o(t1,t2) = E{eXiti2YiL EX, = 1, EY; = 1(j = 1,2,..)

Let (N1, N2) be independent of (X;,Y;) (j=1,2,...) and (Ny, N3) has
Bivariate geometric distribution. The random vector (Z; = Zj\lel X Zy =

Z;Vil Y;) is called the Bivariate Geometric Composed random vector.
Put

Gp(z,y) = P{(p1 + p12)Z1 > ; (p2 + p12) Z2 > y}. (1.3)

The following characteristic theorem was showed in [3].
Theorem 1.1 G,(z,y) = F(z,y) if and only if

oo oo
ot ty) = [L—ity — ity + Y Y (=1)" Fa, xt7t5] ", (1.4)
r=1k=1
where
p1 + P2
ai,1

C pL+p2tpi2— (p1 + p12) (P2 + p12)’

_ _p2— a1,1(p2 + pi2)(1 —p1 — p12)
p1+ P2 + p12 — (1 + p12) (P2 + p12)?’

s

 pr—ay1(pr +pi2)(1 —p2 — pi2)
a1 = —— 5 , (1.5)
p1 =p2 +pi2 — (1 + p12)2(P2 + p12)

ank = [p1 + P2 + P12 — (P1 + p12)" (P2 +p12)k]_1

Aan—1,5-1[(p1 + p12)" " (p2 +p12)k_1 — pi2]
+ an k—1[(p1 + p12)" (P2 + p12)k71 — p2 — p12]
+ an—1k[(p1 + p12)" " (P2 + p12)* — p1 — p12]}

Now, we shall consider the stability of this characteristic theorem.
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2. Stability theorems

Suppose that X and Y are two n-dimensional random vectors with the char-
acteristic functions ¢x (t) and @y (t) respectively. In [4], the metric A\(X;Y")
was defined as follows

AXSY) = Mexior) = sup{maro(X.VsTh 5} (21)
where )
WX,V T) = gmar{lox () — ey (1] < T} (22)

and px(t) = Ee'“X) where (.,.) denotes the scalar product in the space R™

and |[t|| = /(% 1) with t € R™.

Theorem 2.1. Let us consider the 2-dimensional characteristic function

polty,ta) = [1—ity — ity + > (=1)" Fay k7157, (2.3)
n=1k=1
where an, ;. was given in (1.5).
If Xj and Y; (with j = 1,..,n) has the same e-exponential distribution,
i.e. 3T1(e) > 0,Ta(e) > 0 (such that Ty (e) — oo and Ta(e) — oo whene — 0)
and such that

| <e Vi, |t <Ti(e), Vi, (2.4)

1
(1) —
lox; (t1) T—it,' =

3 | S € \v/t27 |t2| S T2(€)7 VJ, (25)
1-— Ztg

then, for every characteristic function ¢(t1,t2) of the random vector (X;,Y;),
we always have the estimation

oy, (t2) —

1
Ags; po) = Alp(tr, t2); po(te, t2)] < max(Cre; T*i(e))’ (2.6)
where T*(e) = min[T1(e); Tz(€)] and C is a constant independent of e.
Proof of the Theorem 2.1. From the proof of Theorem 2 in [3] or see [5], we
have

o(t1,t2) = pl(pi2+p1)te; (Pr2+p2)t2][P12+p19(0,t2) +p2p(t1,0) +qp(ti, t2)]
and
el(p12 + p1)t1, (P12 + p2)ta]pi2 + p19(0,t2) + pap(t1,0)]

t1,ts) = (27
Pt ) 1 — qp[(p12 + p1)t1, (P12 + p2)to] 27)
Thus, we shall have the estimation
lo(t1,t2) — @olt, t2)]
_ |90[(P12 + p1)t1, (P12 + p2)ta][p12 + P19(0, t2) + pagp(t,0)] ot t)]
1 — qo[(p12 + p1)t1, (P12 + p2)to] ’ 28)
2.8

But from (2.4) and (2.5), 3 T*(e) = min{T1(€); T>(¢)] such that

@(Oa t2) =

1=t —I-Tg(tg) where ‘7“2(t2)| <e, Vi, |t2‘ < T*(E) (29)
— itg
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1
Qﬁ(thO) = 1 it +7’1(t1) where |T‘1(t1)| S €, th, |t1| S T*(E) (210)
— vl

On the other hand, from formula (2.8) of the proof of the Theorem 2 in [3],
we obtain also the following equality
@ol(p12 + p1)t1, (P12 + p2)ta][p12 + n P2

1 —ity +17it2]

t1,ts) = 2.11
poltr, ) = gpollprz ¥ PV, (prz £ P2)1] @1
Taking into account (2.8), (2.9), (2.10) and (2.11) we get
wol(p12 + p1)t1, (P12 + p2)ta) "
t1,t2) — o(t1,t2)| = 7 (t1,t2)l,
|<,0( ' 2) 900( ! 2)| |1 - qﬁﬁo[(plz +p1)t1, (plz +p2)t2} H ( ! 2()| )
2.12

where 7*(t1,t2) = p171(t1) + pera2(t2) and from (2.9) and (2.10) we notice
that

[r*(t1, t2)| = [p1r1(t1) + para(t2)] < Ce,
for all |t1‘ < T1 (6), |t2| < TQ(E).
On the other hand, we always have the inequalities:
1—qz| =1 —qlzl]|=1—¢ (2.13)
for all complex number z, |z| < 1.
So, we have
T*(tl,tg) < Ce
1-q ~—1-—g¢q

lp(ti,t2) — @olt1,t2)| < = Cie, (2.14)
where (1 is a constant of €. The proof Theorem 2.1 is completed.
Let us denote the characteristic function corresponding to Gp(x,y) by
¥p(t1,12). Now, we consider the second stability theorem.
Theorem 2.2. If both X; and Y; have e-exponential distribution (j = 1,2,...,n)
as described in Theorem 2.1, then we have the inequality
1

A(ps w0) = Alhp(ta, t2); wo(t, t2)] < maz{Cye; m} (2.15)

Proof of Theorem 2.2. At first, denoting by 1 (t1,t2) the characteristic func-
tion of (Z1, Zs), then

Pp(ti, t2) = Y[(p12 + p1)t1; (12 + p2)ta].

But, in the proof of Theorem 1 in [3], we have
Y[(p12 + p1)ts; (P12 + p2)ta

- @l(p12 + p1)t; (P12 + p2)ta][pr2 + p19(0,22) + patp(t1,0)] (2.16)

L — ¢[(p12 + p1)t1; (P12 + p2)ta]
in [2], we have already proved that if X is e-exponentially distributed then
€ 1

| = |ri(t1)] < max\tllng(e){§% T(E)} Vtr, |t < Ti(e)
(2.17)

‘w(tho) - 1— ’Ltl
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and, more, if Y; is e-exponentially distributed then

€ 1
[9(0,82) = 1— it2| = Ira(t2)| < mazypy <y (915 m} Vta,  |t2] < T(e),
(2.18)
and from (2.16), (2.17) and (2.18) it follows that
»[(p12 + p1)t1; (P12 + p2)t2]
D1 D2
t1; t
_ [(p12 + p1)t1; (12 + p2)ta][p12 + i, + T itg]
1 — qp[(p12 + p1)t1; (P12 + p2)t2]
©[(p12 + p1)t1; (P12 + p2)ta][piri(t) + para(ta)]
n (2.19)
1 —gp[(pi2 + p1)ti; (P12 + p2)ta]
Therefore
[Vp(t1,t2) — @olte,t2)
b1 b2
@[(p12 + p1)t1; (P12 + p2)ta][pi2 + T g + T & ]
<|| ! 2 — po(t1, t2)|

1= qpl(p12 + p1)t1; (P12 + p2)t2]
| @l(p12 + p1)t1; (P12 + p2)ts]

1= gpl(p1z + p1)ts; (P12 + p2)te]

Taking into account (2.9), (2.10) and (2.13), we get

l[pir1(t1) + para(ta)| = J1 + Jo. (2.20)

1
Ja < max{Cse; m} (2.21)
where T*(¢) = min{T}(¢); T2(e)} and Cs is a constant of e.
According to the proof of Theorem 2 in [3], we have
©[(p12 + p1)t: (P12 + p2)ta) (P12 + 1 p1. + pQ. ]
— Ztl 1-— ZtQ
@o(t1,t2) = 1 . (2.22)
= qpl(pr2 + p1)ta, (pr2 + p2)ta]
Thus, J; = 0 and we have:
1
J1+ Jo2 < max{Cse; m} (2.23)
where Cs is a constant independent of e. Therefore it follows that
1
. < . .
A(Wp; o) < max{Cse; T (6)} (2.24)

References

[1] Renyi, A., A characterization of the Poisson Process (Hungarian), Magyar Tud.
Akad. Math. Kut. Int. Ky, 1(1976), 519-527.

[2] Tran Kim Thanh, Nguyen Huu Bao, On the geometric composed variable and
the estimate of the stable degree of the Renny’s characteristis theorem, ACTA
Matematica Vietnamica, 21(1996), 1996, no. 2, 269-277.

[3] Kovat, A., On Bivariate Geometric Compouding, Prov. of the 5'" Pannonian
Sym. on Math, Stat., Visegrad, Hungary 1985.



140 Nguyen Huu Bao

[4] Klebanov, L., Yanushkerichius, R., On the e-independence of statisties X1+ X2
and X1 — X2, (Russian), Lecturos Matematikor Rikinys, 3(1985), no. 3, 1985

[5] Galambos, Kotz, J., Characterizations of Probability Distribution, Lecture
Notes in Mathematics, 675, Springer Verlag.

Nguyen Huu Bao

The Computer Science and Engineering Faculty
Water Resources University

175 Tayson-Dongda-Hanoi

Vietnam

e-mail: nhuubao@yahoo.com



Stud. Univ. Babeg-Bolyai Math.
Volume LVI, Number 1
March 2011, pp. 141-155

Fractional stochastic differential equations:
A semimartingale approach

Nguyen Tien Dung

Abstract. The aim of this paper is to study some class of fractional
stochastic equations from the approach given in [2]. The existence and
uniqueness for equations with deterministic volatility are proved. The
explicit solutions of some important equations are found and the ruin
probability in the asset liability management (ALM) model is investi-
gated as well.

Mathematics Subject Classification (2010): 65C30, 26A33.

Keywords: Fractional Brownian motion, stochastic differential equation,
semimartingale approach, ruin probability.

1. Introduction

The first problem in the study of fractional stochastic equations is how to
define in some sense the fractional stochastic integration. For this, many at-
tempts have been made by various authors. And there are definitions obtained
from some kinds of approximation approach as those of D. Nualart and al.[1],
Tran Hung Thao and Christine Thomas-Agnan [12, 11] and P. Carmona, L.
Coutin and G. Montseny [2, 4]. This paper is based on the results given by
the last mentioned authors.

By definition, a fractional Brownian motion (fBm) W is a centered
Gaussian process with the covariance function given by

1
Rig(t,s) i= BIWHWH) = J(P1 + 21 — |t — 51,

In [2], the authors proved that W} can be approximated by semimartingales
WtH,E

t
WH = /K(t,s)dBS , t>0
0
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t
wHe = /K(t+5,s)st,
0

where B is a standard Brownian montion and the kernel K (¢, s) is given by

1 t 3

t7 T2 H_1 1 w2

K(t,s>:cH[3Hé<t—s> -y [ Y
S

(u— s)H_%du .

Under suitable conditions on the function f, they proved that the integral

¢
[ fsdWH< converges in L?(€2) as e — 0, and then the fractional stochastic
0

R t
integral [ f,dW [ is defined as a limit of [ fdW <.
0 0

In this paper we are interested in a class of fractional stochastic differ-
ential equations with deterministic volatility of the following form

dX; = a(t,X;)dt + o(t) dAWH
(1.1)
Xt|t:0 = XO 5 t e [O,T] .

The existence and uniqueness of the solution of (1.1) are established via a
study of its corresponding approximation equation.

The organization of the paper is as follows: Section 2 contains some basic
results on the semimartingale approach given in [2, 4]. In Section 3, we prove
the existence, uniqueness and Lipschitzian continuity of the solution of the
approximation equations, one of main results of this paper is formulated in
Theorem 3.5. In Section 4, the explicit solutions for the equation of Ornstein-
Uhlenbeck type and for the fractional stochastic differential equation with
polynomial drift are found. Finally, in Section 5 we study the ruin probability
in the ALM model.

2. Preliminaries

For the sake of convenience, we recall some important results from [2, 4]
which will be the basis of this paper.

Theorem 2.1. For every ¢ > 0, WtH’E is a Fy-semimartingale with the follow-
ing decomposition
t t
wHe = /K(s +¢e,5)dB; +/gp§ds, (2.1)
0 0
where (F;,0 <t <T) is the natural filtration associated to B or W gnd

o 2/81K(s+5,u)dBu,
0
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o:

IK(t,s) tH—2

Kt s) = 5 =Cpy e 1(t—s)H 2.

Hypothesis (H): Assume that f is an adapted process belonging to the space
Dy’ (L*([0,T),R,du)) and that there exists B fulfilling 8 + H > 1/2 and
p > 1/H such that

T
B[(fu—f)*+ (DB fu—DP fo)?dr]

9, P~ it
(ii) sup fs belongs to LP(2).
0<s<T

Remark 2.2. The space D}B’Q (LQ([O,T],R,du)) is defined as follows:

For h € L?([0,T],R), we denote by B(h) the Wiener integral
T
B(h) = /h(t)dBt.
0

Let S denote the dense subset of L?(Q, F, P) consisting of those classes of
random variables of the form

F = f(B(h1), ..., B(h,)), (2.2)

where n € N, f € Cg°(R™, L*([0,T],R)), ha, ..., h,, € L%([0,T],R). If F has
the form (2.2), we define its derivative as the process DPF := {DPF,t €
[0,T]} given by

DPF = Z axk )y ooy B(h)) i (2).

We shall denote by D}B’Q (L2([O,T],R,du)) the closure of S with respect to
the norm

T 1
1 2
|F|l12 := [E|F|?]? +E[/|DEF|2du}

Definition 2.3. For a process f fulfilling Hypothesis (H). The fractional sto-
chastic integral of f with respect to W is defined by

/ fsdWH = / f<K(t,s)dB, + / / — ) 01K (u, s)dud B,

/du/D fuO1 K (u,s)ds, (2.3)

0

where the second integral in the right-hand side is a Skorohod integral (we
refer to [10] for more details about the Skorohod integral).
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Remark 2.4. Suppose that f be an adapted process belonging to the space
D}?(L*(0,T), R, du)), then

/fsdT/VHE /fs (t+¢,s)dBs +// — fs) 1K (u+ ¢, s)dud B,

+/du/DS fuOi K(u+¢,s)ds
0

0
¢ ¢
and under the Hypothesis (H), [ f, dW e — [ fodWH in L*(Q) as e — 0.
0 0

Remark 2.5. If f is a deterministic function such that

t
/fSZK2(t,s)ds < o0,
0

then

/fs awl = /fs (t,s)dB, +// — ) O K (u, s)dudB,.

3. The main result

In this section we study the existence and uniqueness of the solution of (1.1)
by considering its corresponding approximation equation which is defined
immediately below.

Definition 3.1. The stochastic differential equation

dX§ = a(t, Xg) dt + o(t) dWe
(3.1)
Xili=o = Xo , t€[0,T]

is called the approximation equation corresponding to the fractional stochastic
differential equation (1.1).

Noting that (3.1) is a stochastic differential equation driven by a semi-
martingale, the conditions for uniqueness and existence of the solution of it
is well known. For more details, from (2.1) we can rewrite the equation (3.1)
as follows

dX; = (a(t, X7) + g(t)goi) dt + K(t +¢,t)o(t)dBy . (3.2)

The stochastic process o(t)p$ is not bounded. However, we can establish the
existence and uniqueness of the solution of equation (3.2) by considering the
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sequence of stopped times
t
o = inf{t € [0,7] : / (¢%)2ds > MY AT, (3.3)
0
and consider the sequence of corresponding stopped equations. The existence
and uniqueness of the solution of the stopped equations is well known (see, for

instance, [7, 8]). Then by taking limit when M — oo, we have the following
theorem

Theorem 3.2. Assume that the functions a : [0,T| xR — R, :[0,7] — R
are measurable with respect to all their arguments and the following conditions
hold:

(A1) There exists a constant K > 0 such that for x,y € R and t € [0,T)

la(t,z) —a(t,y)| < K|z —y| , [a(t, 2)] < K(1+[z]). (34)
(A2) For allt € [0,T]
/asz(t, s)ds < o0, (3.5)
0

(A3) The initial value Xy is square-integrable random variable and it is in-
dependent of W.

Then equation (3.1) has unique solution o(W,,0 < s < t)-adapted X§
on [0,T). Moreover, in the case H > 1/2

sup E|X?<C, (3.6)
0<t<T

where C' is some positive constant not depending on €.

Proposition 3.3. Assume that conditions for the existence and uniqueness
of the solutions of both fractional stochastic differential equation (1.1) and
approximation equation (3.1) hold. Then the sequence of solutions of the ap-
prozimation equation (3.1) converges in L*(Q) to the solution of (1.1) as
e—0.

Proof. We have

t

E|Xf - X,* < 2E|/ (s, X¢ )ds—/a(s X,)ds|?

t
+ 2E\/ ) daw e — /U(s) dWH|2 (3.7)
0
According to Remark 2.4 we can see that
t
E|/ dWHf—/ (8)dWH|? .= C(t,e) =0 as ¢ — 0.
0
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Now, using the Lipschitz continuity assumption (3.4) we get
t t
/E|a(s,X§) —a(s, X,)|?ds < K2/E|X§ — Xy|%ds.
0 0
Thus, the conclusion of this proposition is easily achieved by applying Gron-

wall’s lemma. O

Due to the above Proposition, the solution of equation (1.1) can be
considered as the limit in L?(Q) of the solutions of the equations (3.1), and
so, if this limit exists then the equation (1.1) has an unique solution.

Let e = % ,n > 1, we recall from Remark 2.4 and Remark 2.5 that

t t t ot
1 1 1

/05 den = /USK(t—i— ﬁ,s) dB, +//(0’u —05) W K(u+ E,S)dust

0 0 0 s

Let us now consider a sequence of approximation equations

dXP = a(t, XI) dt + o(t) dW," "
(3.8)
Xm0 = Xo , t € [0,7]

or

t t
1
X?:X0+/a(s7Xg‘)ds+/asK(t+g,s)dBS
0 0
t

N / j (0w — 03) WK (u + % s)dudB,. (3.9)

0 s

Theorem 3.4. Let H € (%, 1) and the coefficients of equation (3.8) satisfy the
assumptions (A1), (A2), (A3) from Theorem 3.1. Then
I. The solution of (3.8) is Lipschitz continuous in L*(Q), i.e

E|X! — X'? <Ot — s|. (3.10)

II. For everyt € [0, T, the sequence { X}*},,>1 of the solutions of the equations
(3.8) is a fundamental sequence in L?(2).

Proof. 1. We consider E|X}, . — X[ for 0<t <t+7<T:
t+7
n n|2 n 2
E|X] - X'|? <3E( / a(s, X7)ds)
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4T b+
+3E(a / / [o(u) —o(s)]L K (u+ %, s)dudB,
0 s

t ot
2
fa//[a(u) —o(8)]01 K (u+ %, s)dudBS) =311 + 315 + 315.
0 s

First, it follows from (3.4), (3.6) that
t+1
I, <K? / E(14+ X™)?ds <2K*(1+ O)r. (3.11)
i

Next, we can estimate I as

I, < 2E(/ta(s)[K(t+T+ %,s) — K(t+ %,s)] st>2
0

+ 2E< 70(3)}((7: 4 % s) st) i (3.12)

1
<200l BIW, 2 — Wi P +2 / (KA (t+ 7+, 5)ds
t
t+7 1
=227 42 / o?(s)K2(t+ 7+ E’S) ds < Cy7
t

where ||o||oc = sup |o(s)|, C is a positive finite constant depending on o.
0<s<T

Similarly, for }3 we have

t t+7

I <2E(/ /[g(u)—a(s)]81K(U+TllaS)dust>2+
0 t

49 E( 7 77[0@) oKt s)dust>2

t s
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t t+71 2
= o\u) —ols 1 u l,s u S
—20/</[<> GO (s 5 ) d
thr thT )
+2/ /[a(u)—a(s)]@lK(u—i—n,s)du) ds

1 1
<8all [IK@E++ 5,0~ K+ 30 ds
0

t+1
1 1
+8|lo 1% /[K(t T4~ s) = K(s + —.)]"ds

t

t+1
1 1
= 8||g||§072H _|_8HU||30 /[K(t—|—7' + E,s) —K(s+ E’S)]st'
t

Hence,
Ig S CQT .

Finally, (3.10) follows from the inequalities (3.11)-(3.13).

(3.13)

I1. We now are ready to prove the rest of the theorem. Consider F| X' —X"|? :

t
E|X] — XP'P <3 / Ela(s, XT) — a(s, X™)]? ds
0

m

+ SE(][U(S)K(t + % s) —o(s)K(t+ i, s)] st>2

0
+ 3E< / / {lo(w) ~ o)oK (ut 5)
0 s

2
—[o(u) — o(s)]1 K (u + %, 5)}dust>
=3(J1+J2+ J3).

Ji < Kz/E\XQ — X™%ds.

0

(3.14)

(3.15)
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t

Jo = /[a(s)K(t + %, s)—o(s)K(t+ %, s)]2 ds
’ T
<ol [1(e+ )~ Kt s ds
0

1 1 1 1 1 1
= |lo|2{R(t+ =t + — t4+ —,t+—)—2R(t+ —,t + —
oS {RE+ — t+ ) + Rt + — ¢+ —) = 2R(t+ —,t 4+ —)}

1 1
< Cg|ﬁ — E|2H*1 =c1(m,n), (3.16)

where Cj3 is a finite positive constant depending on o, and R(t,s) = %(tQH +
s2H |t — 5|2H) is the covariance function of the fBm W# . We have

Jy = /t (j[a(u) ~ ()| K (u+ % $) — K (u+ % s)]du>2ds
0

S

(3.17)
t 2
<slol [ (K o)~ Kt 30)) as
0
/ 1 1\’
+ 8||U||io/ (K(s + 5,8) — K(s+ m,s)) ds < 16¢1(m,n).
0
Put g(t) = E| X — X[*|?, then combining (3.14)-(3.17) yields
t
g(t) < 3K? /g(s)ds + c(m,n), (3.18)

0

where ¢(m,n) = 3(c1(m,n) 4+ 16¢1(m,n)) — 0 as m — oco,n — 00.
From (3.18) and by applying Gronwall’s lemma we get

g(t) < e(m,n) K7

or
B|IX" — X"|? < ¢(m,n) BSK*t
And, as a consequence, the solutions {X;*,0 <t < T'},,>1 of equations (3.8)

form a fundamental sequence in L?(f2). O

Now we can state the following theorem
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Theorem 3.5. Suppose that H € (%, 1). Consider the fractional stochastic
differential equation

dXt = a(t, Xt) dt + O'(t) dBt
(3.19)
Xt|t:0 = XO ) te [OvT]v

where o(t) is a deterministic function. If the coefficients a(t,x) ,o(t) satisfy
the assumptions (A1), (A2) from Theorem 3.1, then (3.19) has a unique
solution. Moreover, this solution is Lipschitz continuous in L*(Q), i.e

B|IX,— X? <CJt—s]|.

Remark 3.6. If a(t,x) is Lipschitzian with respect to x and under assump-
tion (A2) then the existence of the solution (3.19) can be proved by applying
the fixed point theorem in some Banach space after constructing an appropri-
ate contraction operator in this space. For the uniqueness, it suffices to use
Gronwall’s lemma.

4. Explicit solution for some important classes of stochastic
differential equations

From practical point of view, it is important to find the explicit expression
for the solution of each specific model. In the rest of this paper, we will see
that the semimatingale approach has more advantages for this.
4.1. The Ornstein-Uhlenbeck type equations

The fractional Ornstein-Uhlenbeck processes are studied in [3]. Let us
use semimartingale approach to find the solution for a class of Ornstein-
Uhlenbeck type equations of following form:

dX: = (a(t) Xy + B(t)) dt + o(t) AW

(4.1)
Xt|t=0 = XO ) te [OaT]a
where «a(t), 5(t), o(t) are deterministic functions.
The approximation equation corresponding to (4.1) is
dXg = () X: + B(t) dt + o(t) AW | e>0
Xm0 =Xo , t€[0,T]
or equivalently,
dX§ = (a(t) X7 + B(t) + o(t)f)dt + K(t + ¢,t)o(t) dB;
(4.2)

Xflimo = Xo , t€[0,T].
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This is a semilinear stochastic differential equation.Therefore, its solution is
given by

t t s i s
a(u)du — [ a(u)du — [ a(u)du
Xe(t) = eg (Xo + /ﬂ(s) e ! ds + /U(S)Lpi e o ds
0 0

s

¢
— [ a(u)du
+/K(S+€,S)U(s)e 0 dBs ).
0

Using (2.1) we can rewrite the solution X¢(¢) into the following form

t t s
J a(u)du — [ a(u)du
Xe(t) = eg (Xo + /ﬂ(s)e ! ds
0

t s
— [ a(u)du
-I-/U(s)e ! deﬂ). (4.3)
0

By taking limit when € — 0 we get the following theorem.

Theorem 4.1. Suppose that Xy is a square-integrable random variable inde-
pendent of WH. Then the solution of (4.1) is unique and given by

t t

t s
[ a(u)du — [ a(u)du -
Xt:eC{ (X0+/ﬁ(s)e g ds+a/e

0 0

a(u)

O —y

",

4.2. Fractional stochastic differential equations with polynomial drift
Let us consider the fractional stochastic differential equation in a com-
plete probability space (2, F, P)

dX; = (a X +bXy) dt + c X, dWH
(4.4)
Xili=o = Xo.

The initial value Xy is a measurable random variable independent of
{B::0<t<T}.

This equation is a generalization of many important equations such
as the Black-Sholes model in mathematical finance (a = 0), the Ginzburg-
Landau equation in the theoretical physics (n = 3), the Verlhust equation in
population study (n = 2).

We consider now a corresponding approximation equation with the same
initial condition X{|;=9 = Xo

dX; = (a(X§)" +bX{) dt + c X5 dW/* | £ > 0. (4.5)
Using (2.1) again we get
dX; = (a(X{)" +bX; +cpf X5)dt+c X; dB;. (4.6)
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In order to find the explicit expression for the solution of the equation (4.5)

we will carry out several steps.
t

Step 1. Put Y = e Yt Uy = [cK(s+¢,s)ds. According to the Ité formula
0

we have:

dYf = %chQKQ(t +e,t)dt — YicK(t+¢,t)dB; . (4.7)
Step 2. We consider Z; = X[Y;° and then the integration-by-part formula
gives us
dZ; = X;dYF + Y dX; — d[ X, Y¢),
or

(n—1) f cK (s+e,s)ds
0

1
dzs = { [—§c2K2(t+e, t)+b+cpi| Zi+ae (Zf)”}dt- (4.8)

For every fixed w € Q, the equation (4.8) is an ordinary Bernoulli equation
of the form:

(Zf) = P)(Z))" + Q1) Z;
and the solution Z; is given by

t

Q(u)du (n—1) SQ(u)du =
7z = eg (Zé” + /(1 —n)P(s)e { ds)

(nfl)fth(ers,s)ds 1 9379
where P(t) = ae  © LQ(t) = —3APK2(t +e,t) + b+ cyf, the

initial condition Z5 = X§Y; = Xo .

Finally, the solution X| = 32, (4.5) is given by

t
bt—1 f 52K2(5+6,s)ds+c wHe
X: *o '
= e
t

1

(n— 1) bs—3 K2 (ute,u)dutcWHe T-n
X<Xé” 1fna/e H e )ds) . (4.9)

0

Noting that the solution of (4.4) is a limit in L?(2) of the solution of
(4.5). Hence, by taking limit when ¢ — 0 we get the following theorem.

Theorem 4.2. Suppose that X is a random variable independent of WH such
that E[XZ] < co.Then the solution of (4.4) exists and is unique and given by

1
1—-n

¢
X, = ebtrew <X&_" +(1- n)a/e(”*l) (bse Wf)ds)
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5. The ruin probability in the Asset Liability Management
model

In this section, we consider the asset X; and the liability Y; satisfing the
following stochastic differential equations

dX; = p Xdt + oy Xpd W,
dY, = poYidt + o2 Y,dW, 2, (5.1)
Xlt=0 = Xo , Y]i=0 = Yo < Xo,

where p1, 2,01, 02 are non-negative parameters,

¢ ¢
Wt(l) = fK(t,s)dBt(l) 7Wt(2) = fK(t,s)dBIEQ) are two fractional Brownian
0 0

motions with correlation coefficient |p| < 1.
It follows from Theorem 4.2 that

Xt — Xoe,ult"rlﬁwt(l) , )/t _ YOe/LQt—&-a'th(Q)
and X X
?t = 70 exp ((u1 — po)t + 01Wt(1) — Uth(z)) .
t 0
Noting that B | B?) have correlation coefficient p, because W, W) have
correlation coefficient p. Hence

O'QBt(2) — 0’13151)

is equivalent in distribution to the process o B;, where B; is a standard Brow-
nian motion and

o= \/ of + 03 —2p010, (5:2)
We obtain
t
oW — e, = /K(Ls)d(alBél) —5,B()
0
t
= —O'/K(tvs)dBS = _UWtH
0
and

X Xo

SR exp(ut —oWH) | (5.3)

where p = p11 — po, W is a fractional Brownian motion with index H .
We now can study the lifetime 7 of a bank or of an insurance company

that is naturally defined as the first value of ¢ such that X; < Y; :
X
T:inf{tzlnf < 0}.
and the ruin probability on a finite time horizon [0, ¢] is defined as

Xs
o(Xo,Yp,t) :=P(r <t)= P(ln7 < 0 for some s < 1),

S
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and on an infinite time horizon,

(X0, ¥o) = lim o(Xo, Yo, ).
By the relation (5.3) we obtain

X

»(Xo,Yy) = P(In 7f < 0 for some t > 0)

t
= P(—ut + oW > u for some t > 0)

= P(sup(fut + oW/ > u),

where u = ln . In order to estimate ¢(Xy, Yy) we use the following result
of Debicki [5, Corollary 4.1]:

Proposition 5.1. For 1 5 <HZ1

1
uhﬁngo —am InP(AWH, c) >u) =—h (5.4)

where AW ¢) = sup{WH —ct: t >0} and
1 \2-20
2H
h= 2(H) (1 - H)
Now we can state the following theorem

Theorem 5.2. If 11 > o, then the ruin probability for the ALM model (5.1)
satisfies the following relation:

. Ine(Xo,Y) w2t H |2-21
Jm == = e g) (5:5)
where = 1 — p2,0 = \/a% + 03 — 2poi02 and u zln)}%’.
Proof. We have
u
¢(Xo,Yo) = P(sup(W{" — Mf) =)
t>0 g
from Proposition 5.1. The theorem is completed. (Il
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1. Introduction

In 1967 E. A. Barbashin [1, Th. 5.1] obtained a stability result for exponen-
tially bounded evolution families generated by differential systems in Banach
spaces, a result that remains true in the case of evolution families with expo-
nential growth. In 1970 R. Datko [4] proved that the Cy-semigroup {7}}¢>0
is exponentially stable if and only if its trajectories (T'(-)x) are in L? for all
x in X. This result was generalized by A. Pazy [12], who proved that the
exponential stability property is equivalent with T'(-)z € LP , for 1 < p < o0
and for all  in X, where X is a Banach space.

Later, a well-known Datko result from 1972 [5] states that an exponen-
tially bounded, strongly continuous evolution family U = {U(t,to) }+>t0>0
with exponential growth is exponentially stable if and only if there exist
k,p > 0 such that

00 1
(/ \|U(T7t)x||pdr)p < kl||x||, for all t > 0, and z € X.
¢

This result was extended by J.L. Daleckij and M.G. Krein [3] for evolutionary
processes generated by differential systems in Banach spaces and instead of
R. Datko’s method, it has been used a characterization theorem for the ex-
ponential stability of differential systems [3, Th. 6.1, pg 132]. S. Rolewicz [13]
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noticed that the theorem used by J.L. Daleckij and M.G. Krein in [3] remains
true in the case of evolutionary processes with exponential growth (without
stating the proof, though). This theorem, along with the Baire Cathegory
Principle allowed S. Rolewicz [13] to extend Datko’s result from 1972 to the
fact that {U(t,t0)}+>¢,>0 is exponentially stable if and only if there exists
N : (0,00) x (0,00) — R with the property that N(a,u) is continuous and
increasing for all «, and N(«,u) is increasing for all u, N(«,0) = 0 for all
a >0, N(a,u) >0 for all w > 0 and for all z € X there exists a(z) > 0 such
that

sup [ Nlafa), U (r.0))dr < .
t>0 Jt

Another extension of the result due to Datko [4] and Pazy [12] was obtained
by W. Littman [7] in 1989. V. Pata [11] came with a new proof and a gen-
eralization of the result due to Datko [5] for the case of strongly continuous
semigroups of bounded linear operators.

The classical ideas of J. L. Massera and J. J. Schaffer ([8],[9]) on expo-
nential stability and other asymptotic properties of the solutions of differen-
tial equations have also been developed in the last years. Other results for the
stability of nonlinear evolution families were obtained by A. Ichikawa [6] and
in 2007, a strong variant of a result due to E. A. Barbashin [1] was obtained
by C. Buse, M. Megan, M. S. Prajea and P. Preda [2] on the dual space of the
Banach space X. Some Datko [5] type results for the asymptotic behavior of
skew-evolution semiflows in Banach spaces were given by M. Megan and C.
Stoica [10] in 2008.

The purpose of the present paper is to give a characterization for the
exponential stability of a special class of evolution families, called the back-
wards evolution families, and thus to reformulate the result due to E. A.
Barbashin [1].

2. Preliminaries

Let us consider X a Banach space, B(X) the Banach algebra of all linear and
bounded operators acting on X and A = {(t,tp) € R? : t > t5 > 0}. We
denote the norm of vectors on X and operators on B(X) by || - ||.

Definition 2.1. A family of linear and bounded operators
® = {D(t,to) }i>to>0 : A — B(X)

18 called a backwards evolutionary process if the following properties hold:

i) ®(t,t) =1, for allt > 0;

i) ®(1,tg) ®(t,7) = (L, to), for allt > 7 >ty > 0;

i) ®(-,to)x : [to, 00) — X is continuous for all to >0 and x € X
O(t, )z : [0,t] = X is continuous for allt > 0 and x € X;
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iv) there exist M > 1 and w € R such that:
D (¢, to)|| < Mewl=ro),
forallt >ty > 0.

Example 2.2. Take X = R and the equation:

(4) z(t) = A(t)x(t), t > 0.
We consider the Cauchy problem associated:
U(t) = A(t)U(t)
(B) { U(0) = 1.

where A € M(2,R) and M(2,R) denotes the set of all 2-by-2 real matrices
and t > 0.

The unique solution of the Cauchy problem (B) will be denoted by U(t)
and ®(t,tg) = U*L(to)U*(t) represents the backwards evolutionary process
generated by the equation (A).

Example 2.3. Let X = R. Then
sint + 1
sintg + 1

defines a backwards evolutionary process.

Example 2.4. Let X = R. Then

(I)(t’ tO) =

O(t,t0) =

defines a backwards evolutionary process.

Definition 2.5. Let ® = {®(¢,t0)}i>t,>0 be a backwards evolutionary process.
® is called uniformly exponentially stable if there exist N,v > 0 such that:

|| ®(t, t0)|| < Ne7VE=t0)  for all t >ty > 0.

3. The main result

In order to establish sufficient conditions for the uniform exponential stabil-
ity of the backwards evolutionary process, we will use a result due to J. L.
Massera and J. J. Schiffer [8]:

Lemma 3.1. Take f,g: Ry — R, g continuous, such that

i) f(t) < g(t—to)f(to), for allt >ty > 0;
it) infy>0 g(t) < 1.
Then there exist N,v > 0 such that

f(t) < Ne7Vtt0) f£(10), for all t > tg > 0.

The following theorem is a strong variant of a result due to E. A. Bar-
bashin [1], for the case of backwards evolutionary processes:
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Theorem 3.2. Let ® be a backwards evolutionary process. ® is uniformly
exponentially stable if and only if there exist p,k > 0 such that:
t 1

([ e )alar)” < Klal,

to
forallz € X andt > ty.

Proof. The necessity is immediate, and for the sufficiency let ¢t >ty 4+ 1 and
r(t) = Me*t, where

|®B(t, to)z|| < Me*=10)||z||, for all t > to.

Then
t t
1B, to)z] / P (r — to)dr < / 19 (r, to) |7 | B(t, )zl [P (7 — to)dr
to tO
t
< / 1B (t, 7)e|[Pdr < kP[]
to
But

/t (7 — to)dr = /HO r(s)ds > /1 rP(s)ds.

to 0 0
We denote by

1
/ r P(s)ds =a > 0.
0

For sup|,=; it implies that

k
[|@(¢,t0)|| < —, for all t > to + 1.

P
Ifte [to,to + 1] then
1D(t, t0)|| < Me®

and therefore

k
|| ®(t,t0)|| < max{Me“, —} =L, forallt >t (3.1)

ar
Take now ¢ >t > 0 and 7 € [to, ]. It follows that

1D(¢, to)z|| = [|®(7, o) D(t, 7)a|| < L||D(¢, 7)x]].
Thus,

t
(t —to)[|D(t, to)x[|” < Lp/ 1D (¢, 7)a|[Pdr < LPEP||2|]".
to
For sup)|, =1 in the above inequality we obtain that
(t —t0)? [ ®(t, to)]] < L. (32)
Adding the inequalities (3.1) and (3.2) it results that

(1+k)L

|2, t0)]| <
14 (t—to)>

, for all t > tg.
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Therefore, we have obtained that
(1+ k)L

192, )| < [18( to)]| || 8(t,7)]] < (o)l
1+ (t—1)r
By denoting
F(t) = [[8(t )| and g(t — 1) = —LERL
1+({t—1)r

from Lemma 3.1 it follows that there exist N, v > 0 such that
19(t, to)|| < Ne™* =)@ (7, 10)] -
Taking 7 = tg we obtain that
||B(t, to)]| < Ne (%) for all t > t,. O

Remark 3.3. We give now another proof for the sufficiency of Theorem 3.2,
with a direct method:
Lett > to+1 and 7 € [to,to + 1]. Then

@(t, to)x|| < (| (7, to)[| [[@(F, 7)2|| < Me®[|@(E, T)x]].
For sup)|,|=1 we obtain that

1@(t, to)|| < Me®[|@(t, 7).

Thus,
ot to)ll < Me=(fr(|agt,7)Pdr)
< (ft [|®(t, T \pd7'>
< Mek.

It follows that
[|@(t,to)]| < Me“ max{1,k}, for allt >ty >0.

Denoting L' = Me* max{1,k} we obtain the condition (3.1) from the Theo-
rem 3.2.
The next steps in the proof of the sufficiency are as in Theorem 3.2.

The discrete correspondent of Theorem 3.2 is given:

Theorem 3.4. Let ® be a backwards evolutionary process. ® is uniformly
exponentially stable if and only if there exist p,l > 0 such that:

(Z ||<I>(n,k:)x\|p); <I||z||, for alln > ngy, and x € X.

k='fL0

Proof. The necessity is immediate.
Sufficiency. From the hypothesis we have that

[|®(n,no)z|| <I||z||, for all n > ng, and x € X.
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For k € {ng,np +1,--- ,n} it follows that

Yk 1B(,n0)2[” < g, 10 (K, no)l” [|@(n, K)a]|?
1P e [|@ (1K) | [P
12|z,

INIA

for all n > ng and = € X. Thus,

(n —no + 1)[[®@(n, no)x||” < 127 x]].
For sup)|, =1 we have that

(n —no + 1)||@(n, no)||P < 1?7,
which implies that
l2

(n—ng + 1)% -
Therefore, it follows that there exists my € N* such that

[|@(n, no)|| <

1
[|®(no + mo,no)|| < 3 for all ng € N.

For n > nq it results that there exist ¢ € N and r € {0,1,--- ,mo — 1} such
that:

[[®(n,n0)|| no + gmo +7,m0)||

||2(

[1®(no + gmo, no)l| [|®(n0 + gmo + 1, no + gmo)|
L($)?
L(e*Vmo)q
Lefu(m0q+r) evr
LeVTe—V(Tl—TLQ)
Leymoe—u(n—no)

2 Le—v(n—no)

A IA

IAl

Denoting v = m%) In2 and N = 2L, it follows that:
||®(n,n0)|| < Ne7?("=m0) | for all n > ny.

Let now t > to + 1,n = [t],ng = [to]. Thus n > ng + 1 and we obtain that:

1 D(t, 20| || (no + 1,t0) ®(n,no +1) O(t, n)|
M?2e%%||®(n,ng + 1)||
MZeQwNe—u(n—no—l)
M262wNe—u(t—to)eu(t—tg—n+no+1)
M2€2wN621/e—l/(t—t0)
M2N62w+211671/(t7t0)7

IA 1IN A

forall t >ty + 1.
For tg <t <tg+ 1 it results that

|| ®(t,to)|| < Me¥e’e v (10),
Denoting N = max{Me“*” N, 1} we obtain that:
|®B(t, t0)]] < Nev(%) for all t > to > 0. 0
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Abstract. In this paper, an algorithm based on He’s variational iteration
method (shortly, VIM) is developed to approximate the solution of a
non-linear mathematical model of HIV dynamics. Using a system of
ordinary differential equations, the model describes the viral dynamics
of HIV-1. Some plots of the solution are depicted and used to investigate
the influence of certain key parameters on the spread of the disease. The
results shows that the VIM has the advantages of being more concise
for numerical purposes. Furthermore, this work opens a new direction
of research whereby He’s VIM applications might offer more insight into
the modeling of dynamical systems in life sciences.
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1. Introduction

Mathematical modeling of many biological or physical systems leads to non-
linear ordinary differential equations. An effective method is required to ana-
lyze the mathematical model which provides solutions conforming to physical
reality. Therefore, we must be able to solve nonlinear ordinary differential
equations. Common analytic procedures linearize the system or assume that
nonlinearities are relatively insignificant. Such procedures change the actual
problem to make it tractable by the conventional methods. In short, the
physical problem is transformed to a purely mathematical one, for which the
solution is readily available. This changes, sometimes seriously, the solution,
which means that the problem being solved is no longer a proper represen-
tation of the physical problem whose solution is desired. However, in spite
of the extensive development in the mathematical and statistical techniques
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applied to modeling infectious diseases, little has been done to apply approxi-
mate methods to solve epidemic models. We try to obtain some analytical re-
sults to the deterministic model posed in this paper. In particular, we discuss
mathematical and statistical ideas representing HIV internal virus dynamics.
Simulation results from initial attempts in the areas of applied mathematics
and statistics will be presented.

The human immuno-deficiency virus (HIV) infection which can lead
to acquired immuno-deficiency syndrome (AIDS), has become an important
infectious disease in both developed and developing nations. Mathemati-
cal models have been used extensively in research into the epidemiology of
HIV/AIDS, to help improve our understanding of the major contributing
factors in a given epidemic.

The key markers of the disease progression due to HIV and ADIS are
the CD4+ T—cell and viral levels in the plasma. Modeling the interaction
between HIV-1 virus and CD4 cells has been a major area of research for
many years [17, 3, 18]. In recent years, a few studies of HIV dynamics have
been conducted to describe the effects of various epidemiological factors [1,
5, 15, 2, 19, 16]. In particular, in [1], the authors present an overview of some
concepts and methodologies that are useful on modeling HIV pathogenesis.
A dynamical system modeling the HIV infection was used in [5] to show the
impact of the viral diversity on the immune response and disease dynamics.
In [15], the authors considered a non-linear mathematical model for HIV
epidemic that spreads in a variable size population through both horizontal
and vertical transmission. Using stability theory and computer simulation,
they showed that by controlling the rate of vertical transmission, the spread
of the disease can be reduced significantly. In [4], the author introduce a novel
class of HIV models that incorporates mutation, the mutation is modeled by
an integral operator whose kernel describes the transition probability between
different strains. Numerical aspects of computer simulations are discussed.

Instead of finding a small parameter for solving nonlinear problems
through perturbation method, a new analytical method called He’s varia-
tional iteration method will be used in this paper to solve the epidemic model
problem. The VIM is useful to obtain exact and approximate solutions for lin-
ear and nonlinear differential equations. It has been used to solve effectively,
easily and accurately a large class of nonlinear problems with approximations.

The organization of the paper is as follows: In section 2, we describe
a 3—dimensional model for internal HIV dynamics. In section 3, we review
the procedure of VIM. To show the efficiency of the method, in section 4,
we apply the method on the model system appeared in section 2. Simulation
results are presented in section 5.

2. HIV Model System

Mathematical models have come to play an important part in biological sys-
tems. Mathematics makes it possible to make predictions about the behavior



Simulated results for deterministic model of HIV dynamics 167

’ Symbol \ Description

x(t) | concentration of uninfected cells.

y(t) | concentration of infected cells.

z(t) | concentration of virus particles.
(1 —~) | reverse transcriptase inhibitor drug effects.
(1 —mn) | protease inhibitor drug effect.

A total rate of production of healthy cells per unit time.

K per capita death rate of healthy cells.

I6] transmission coefficient between uninfected cells and the
infective virus particles.

N average number of infective virus particles produced by

an infected cell in the absence of HAART during
its entire infectious lifetime.
U per capita death rate of infective virus particles.
a death rate of infected cells.

TABLE 1. Variables and parameters in system (2.1)

of the system. Following [14], we introduce a 3—dimensional model to describe
the viral dynamics in the presence of HIV-1 infection and Highly Active An-
tiretrovital Treatment (HAART). The equations of the model represents the
variation rate of uninfected cells, infected cells, and virus particles. The model
is thus described by the following

L = X — ke(t) = (1 - 7)Ba(t)(1)

W — (1 —)Ba(t)(t) — ay(t) (2.1)

0 — (1 —n)Nay(t) — uz(t) — (1 —7)Bx(t)=(t)

with suitable initial conditions. The variables z(¢), y(t) and z(¢) are functions
of time ¢ € [0,00). We summarize in Table 1 the biological meaning of the
variables and parameters occurring in this model. This model captures math-
ematically the viral dynamics of HIV-1 virus interacting with CD4 cells. It
can be seen that a model of such a simple nature is able to adequately reflect
the disease progression from the initial infection to an asymptomatic stage
where the set-point is reached.

We assume that the cells and the virus are uniformly distributed on the
organism. Note that when a single infective virus particle infects a single un-
infected cell the virus particle is absorbed into the infected cell and effectively
dies. Hence, the term (1 — )8z (t)z(t) appears in all the three equations. In
system (2.1), the first equation represents the dynamics of the concentration
of healthy cells z(t); A represents the rate (assumed to be constant) at which



168 Marwan Taiseer Alquran, Kamel Al-Khaled and Ameen Alawneh

new z(t) cells are generated. In the case of active HIV infection, the concentra-
tion of healthy cells decreases proportionally to the product (1 —7)8z(t)z(¢),
where 3 represents a coefficient that depends on various factors, including the
velocity of penetration of virus into cells, and the frequency of encounters be-
tween uninfected cells and free virus. The second equation in system (2.1)
describes the dynamics of the concentration of infected cells y(t); (1 — )0
is the rate of infections; a is the death rate of infected cells. Therefore, the
average lifetime of an infected cell is 1/a. The third equation describes the
concentration of free virion z(t), which are produced by the infected cells at
a rate (1 —n)Na, and w is the death rate of the virion. The parameters of
the model and their values are defined in Tables 1 and 2. Regarding equilib-
rium points and stability for system (2.1), a qualitative investigation [14] of
the system described by equations (2.1) reveals that the model system has a
unique disease-free equilibrium given by (A/k,0,0).

A value for Ry, the basic reproduction number, is also useful to study
further behavior of the system. This number tells us how many secondary
infective virus particle will result from the introduction of one infected cell
which was infected by the original infective virus particle. Hence

(1 —7)BAN(L —n)
Ku~+ BA(1 — )

Ry can also be interpreted as the expected number of secondary infected
particles caused by a single infected virus particle entering the disease-free
population at equilibrium (A/k,0,0). Ryp = 1, means that each infected cell
will infect one uninfected cell. Usually, Ry < 1 implies that an epidemic will
not result from the introduction of one infected cell, whereas Rg > 1 implies
that an epidemic will occur, and Ry = 1 requires further investigation. How-
ever, as will be seen, the model (2.1) may imply something further, namely
that the threshold value of Ry must be brought far below one in order to
avoid an epidemic, and if this does not happen, an endemic equilibrium may
be established. Ry is also useful for establishing the existence of equilibrium
points, and in performing stability analysis for the system. To discuss the
local behavior of the system around the equilibrium point, we introduce the
following theorem

Ry =

Theorem 2.1. The solution of the model system (2.1) is asymptotically stable
at the equilibrium point (A\/k,0,0) provided that Ry < 1.

Proof. The Jacobian of the system (2.1) is

—r — (1 —=7)Bz(t) 0 —(1—7)Bx(t)
J(z,y,2) = | (1—=7)8z2(t) —a (1 —7)Bx(t)
—(1=7)B=(t) (I-mNa —u—(1-7)Bz()
Substituting the equilibrium point (A/x,0,0), the Jacobian matrix becomes
—K 0 —(1—=7)BN/k
J(A/k,0,0)= 1| 0 —a (1 =79)BNk

0 (I-nNa —u—(1-7)B\&
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The eigenvalues of this matrix are \; = —«,
N, = AR BA+ BYA — ku+ /M —das(—B(—1 + )AL + (=1 +n)N) + ru)
: 2K
and,

_ak + A = ByA + ku + /M — dak(=B(=1 + 1A + (=1 + n)N) + ru)
2K

where M = (ax + B(\ —Y\) + ku)?. \; is clearly real and negative. Also, as

(L= )PN(-n) _

ku~+ BA(1 —7) ’
then (1 —~)BAN (1 —mn) is less than ku+ A(1 —+)BA, and so A2, A3 meets the
necessary criteria. The system (2.1) shows local asymptotic stability at the
equilibrium point (A/k, 0, 0).

To examine the sensitivity of Ry to the parameters, say IV and u, the

normalized forward sensitivity index [6] with respect to the parameters N, u
are calculated as

Az =

Ry =

_ R _NOR N (1-9)pA1-n)
MV =N T Ry ON T Ry R '
Thus, Ry and N are directly proportional. Also,
aRo
u ORg —KU
=157 = <1

_ 1 R
'”““‘i; Ro ou ' 'mu+ A1 —7)

Therefore, Ry is most sensitive to changes in V. So, in section 5, we choose
to focus on changing the parameters N and u.

3. Basic Idea of VIM

In 1978, Inokuti et al [8] proposed a general Lagrange multiplier method to
solve nonlinear problems. Ji-Huan He has modified the method of Inokuti,
and propose the variational iteration method (VIM) [9, 12]. This method has
been employed to solve a large variety of linear and nonlinear problems with
approximations converging rapidly to accurate solutions. Some advantages of
this technique are

1. The initial condition can be chosen freely with some unknown parame-
ters.

2. The unknown parameters in the initial condition can be easily identified.

3. The calculation is simple and straightforward.

This approach is successfully and effectively applied to various equations, see
for example [9, 12, 13], and the reference therein.

The idea of this method is constructing a correction functional by a
general Lagrange multiplier. The multiplier in the functional should be cho-
sen such that its correction solution is superior to its initial approximation,
called trial function, and is the best within the flexibility of trial function,
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accordingly we can identify the multiplier by the variational theory [9, 12].
A complete review of the VIM is available in [10].

The initial approximation can be freely chosen with possible unknowns,
which can be determined by imposing the boundary/initial conditions. To
illustrate the procedure of this approach, we consider the following general
differential equation

Lu(t) + Nu(t) = f(t). (3.1)
where L is a linear operator, N is a nonlinear operator, and f(¢) is an inho-
mogeneous term. According to the variational iteration method [9, 12], the
terms of a sequence {u,} are constructed such that this sequence converges
to the exact solution, u,,’s are calculated by a correction functional as follows:

1 (£) = un(t) + / A(r) (L (r) + N(@)(r) — f(D)}dr  (3.2)

where A is general Lagrangian multipliers, which can be identified optimally
via the variational theory [9], the subscript n denotes the nth order approx-
imation. The second term, involving the integral, on the right-hand side of
equation (3.2) is called the correction. Under suitable restricted variational
assumption (i.e.,u, is considered as a restricted variation), we can assume
that the above correctional functional are stationary (i.e., 0@, = 0). The
successive approximations w,1(t),n > 0 of the solution wu(t) will be readily
obtained upon using Lagrange multipliers, and by using the selective function
ug. The initial condition u(0) is usually used for selecting the zeroth approx-
imation ug. With A determined, then several approximations w,(t),n > 0,
follow immediately, the exact solution may be obtained by using

u(t) = nh_)rr;o U (t).

For linear problems, its exact solution can be obtained by only one iteration
step, this is due to the fact that the Lagrange multipliers can be exactly iden-
tified, see [9]. He’s technique provides a sequence of functions which converges
to the exact solution of the problem [12].

In fact, the solution of the differential equation (3.1) is considered as
the fixed point of the functional (3.2) under suitable choice of the initial
approximation. For the convergence proof of (3.2), we state the following
known result that is useful to support the convergence of our iteration.

Theorem 3.1. [7] For a Banach space X, suppose the nonlinear mapping
A: X — X satisfy

| Alu] — Ala] |[<v[Ju—ul, w,ueX

for some constant v < 1. Then A has a unique fixed point. Furthermore, the
sequence up41 = Aluy,] with arbitrary choice of ug € X, converges to the fixed
point of A, and

k—2
lue = ([ —uo | D A"
t=j-1
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According to this Theorem, for the nonlinear mapping

Alu] = u(t) + /0 t [Lu(r) + N(u(r)) — f(T)]dT.

A sufficient condition for the convergence of the VIM is strictly contraction
of A. Furthermore, the sequence (3.2) converges to the fixed point of A,
which is also the solution of the differential equation in Equation (3.1). In
what follows, we will apply the VIM to solve the epidemic model (2.1), to
illustrate the strength of the method and to establish approximations of high
accuracy for these models.

4. Applications

To show the efficiency of the method described in the previous section, in this
section, we apply the VIM to solve the system of nonlinear ordinary differen-
tial equations (2.1). According to the VIM, we can construct the correction
functionals as follows:

T (t) = 2a(t) + / M@ (1) = A haa(r) + (1= 7)Bea(r)2(7) b7

0

e (®) =0+ [ A {ph(7) = (1= 1BE(r)20 () +ap() far
ZnJrl(t) = z,(t)

+ / No(7){2(7) = (L =1) Nagia(7) +wza(7)+ (1 =7)Bin (7) 2 (7) b (4.1)

where A1, A2 and A3 are the general Lagrange multipliers, and Z,, 3, and Z,
denote restricted variations, i.e., 0%, = 6y, = 0z, = 0. Making the above
correction functional stationary

Sxni1(t) = 5xn(t)+5/0t Al(T){x;(T)—A + Rk (T) + (1 — 7)6xn(7)2n(7)}d7
= dz,(t) + 5/: )\1(7'){‘%;1(7') + Hwn(T)}dT

= G (t) + M(r)daa(r)]_ + /0 (K1 — N ()6 (7)dr = 0,

T=
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also,

Sunsa(0) = 8on(0) +5 | Ma(PH{uhr) = (=090 ()20 (r) + el b
= dyn(t) + (5/0 )\2(7'){3/;(7) + ayn(T)}dT

= 0Yn(t) + A2(7)dyn(T)

T=

, + /0 (ara — X)) (T)dyn(T)dT = 0,

and,
02n41(t) = 0z, (t)

#8 [ M40~ (= NG r) +uzalr) + (1 = )33 (r)on() it
=z, (t) + 6/; )\3(7'){2';(7') + uzn(T)}dT

=0z, (t) + A3(7)dz (1)

Lt / (s — Ng) ()0 (r)dr = 0,

yield the following stationary conditions

M(T) = kM (T) =0, 14 X (7) = 0
My(T) —ada(7) =0, 1+ Xo(7) = 0 (4.2)
A (1) —ud3(m) =0, 14 A3(7) = 0

The general Lagrange multipliers can be identified by solving the system of
equations in (4.2), to obtain Ay (1) = —e®(77 N\y(7) = =D N\3(7) =
—e¥(7=1) Substituting these values back into the correction functional Equa-
tion (4.1) results into the following iteration formula:

Tpp1(t) = xn(t) — / e”(T_t){x;L(T) — A+ Kx,(r)+ (1 — ’y)ﬁxn(T)Zn(T)}dT

0
ha(®) = ()~ | Ly (1) — (L= )Boa(r)on(r) + ay(r) Jr
Zn41(t) = 2n(t)
- /O t ewfﬂ{z;(f)_(1_n)Nayn(r)+uzn(T)+(1—y)ﬁzn(7)zn(7)}dT. (4.3)
We start with initial approximations zo(t) = N1, yo(t) = Na, zo(t) = N3.

We can use z,,41(t) obtained in the first equation of (4.3) into the second
equation of (4.3), and so on for other variables, this increases the convergence
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rate. By the above iteration formula (4.3), we can obtain a few first terms
being calculated.

1 (1) = 9.999995 x 107 — 9.989995 x 106 ¢~0-1¢

— —0.5¢
y1(t) = 1. + 9999¢ (4.4)

21 (t) = 49999.9 — 39999.9¢

While,
zo(t) =1 x 107 + 399.6e 1 — 408.162¢ 5" — 9.99 x 10501

— 24994.9¢ 36082231071 _ o —0.1t(_95003 5 _ 2497.5¢)
yo(t) = 4999.99—434.347e 511 4-444.443e 75 +11233.7¢ 797 — 6243.73¢ 701
25(t) = —494.9 + 19979.9¢ 721 — 39999.9¢ 75 + 55550e -5 + 509.693¢ 01
— e75%(25544.7 — 1999.9¢t)

Continuing in this manner, the rest of components of the iteration formulas
can be obtained using symbolic packages such as Mathematica. In our case,
only three terms from the iteration formula are used to obtain the approxi-
mation for our solutions.

5. Simulation Results and Discussion

To illustrate the use of the VIM, we describe some numerical experiments
made to get a better understanding of the solutions behavior for the model
system (2.1). The parameter values used here have all been taken from a pub-
lished paper [14] and the reference therein, which are quoted here as in Table
2. The computer simulations were performed using the first three iterations
(z3(t), ys(t), z3(t)) for each variable, with the parameters values appeared in
Table 2. Simulation results for the model, are displayed in Figures 1 — 6. As
can be clearly seen, Figure 1 shows the uninfected cells, it is found that un-
infected cells first increases with time, and then after almost 40 days reaches
it equilibrium position, which is A/k = 1 x 107. As seen from Figure 2 that
infected cells decreases exponentially as all infectives will develop AIDS and
will die out. Figure 3, show the virus particles, we observe that immediately
after infection, the amount of virus particles rises dramatically. After a few
days (usually six to eight days), the virus concentration falls to the virus par-
ticles. Our further graphs 4 — 6 dealing mainly with the existence of steady
state for some values of Ry < 1.

It should be pointed out that the parameters in the model are inde-
pendent of each other, since each of them plays an independent role. These
parameters have definite meaning, so the results of simulation can hardly
coincide with the actual situation of the epidemic if the parameters cannot
be adjusted to proper values.
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Parameter \ Values in Simulation ‘
10° day—! dm?
0.1 day—!
5 day~!
0.5 day !
0.5
1 x 1078 day~! dm?
100 per cell
0.5
N1 = Ny = N3 10000
TABLE 2. Parameters in system (2.1) with their values

QL 2w 22 3 >

Uninfected cells
2.0x107

1.5x 107

1.0x 107

5.0x10°F

L L L L L Il L L L Il L L L Il L
0 20 40 60 80 100 120 140

days

FIGURE 1. Simulated behavior of uninfected cells with parame-
ter values given in Table 2, Ry = 0.49, the steady state (A/k, 0, 0)
is asymptotically stable.
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for the classical solution of the boundary value problem which describes
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and in the presence of N > 2 voids.
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1. Introduction

The problem of viscous incompressible fluid flow through porous media has
various chemical, biotechnology, and geological applications, concerning: the
treatment of transport and chemical reaction within catalyst particles in fixed
and fluidized beds, the modeling of polymer molecules as porous particles,
immobilization of cells or enzymes and perfusion chromatography for purify-
ing proteins and other bio-molecules, the flow of various kinds of fluids past
porous rocks embedded in porous soil. In [2] Kohr and Sekhar have used
the potential theory, as well as the Brinkman model, in order to obtain the
existence and uniqueness result of the classical solution to a boundary value
problem which describes the flow of an unbounded viscous incompressible
fluid in the presence of a porous body embedded in another porous medium.
Also, in [3] the authors obtained an indirect boundary integral formulation
for the three-dimensional viscous flow problem in a granular material with
one void. The method of matched asymptotic expansions and the method
of boundary integral equations have been used in [4] in order to study the
two-dimensional steady flow of a viscous incompressible fluid at low Reynolds
number past a porous body of arbitrary shape. In this paper we show the
existence and uniqueness result for the classical solution of a boundary value
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problem that describes the two-dimensional flow of an incompressible New-
tonian fluid in a porous medium and in the presence of N > 2 voids by using
the Brinkman model for the external flow, as well as the Stokes model for
the internal flow. We use a boundary integral method that reduces the flow
problem to a system of Fredholm integral equations of the second kind that
has a unique solution in some Banach spaces.

2. The mathematical formulation of the problem

Let us consider an otherwise unbounded homogeneous granular material in
which N > 2 fluid obstacles (voids) are given. The k-th void occupies the
bounded domain Dj;, C R? whose boundary I';, is a closed Lypaunov curve
in the class CY®, o € (0,1], k = 1,...,N. Let us denote by Dy the set
given by Dy = U,Icvlek. We denote by D, the unbounded domain with the
boundary I'' = Ui\[:ll“k, and assume that at great distances, i.e., far from the
voids, the fluid flow is uniform with velocity and pressure fields U, and peo,
respectively.

Let us now assume that the flow in the unbounded domain D, is de-
scribed by the Brinkman model, i.e., the Brinkman and continuity equations.
Thus, the non-dimensional volume averaged velocity and pressure fields v®
and p€ satisfy in D, the following equations:

~Vp° + (V2 = x*)v® =0 in D,, (2.1)

V-v¢®=0 in D,, (2.2)

where x > 0 is the constant having the expression xy = ﬁ M‘:—;f, ais a
characteristic length (connected to the sizes of the curves I'y, k =1,...,N)

and k is the permeability of the porous medium. Note that if uf = peys, then
X becomes x = a/+/k.

The flow inside each void is assumed to be described by the Stokes
system, i.e., by the Stokes and continuity equations:

~Vp' +V2vi =0 in Dy, (2.3)

V-vi=0 in Dy. (2.4)

Also, we assume that the velocity and boundary traction fields are con-
tinuous across each curve I'y, k =1,..., N, i.e.,

vi=ve t'=tonTy. (2.5)

Note that t¢ is the boundary traction corresponding to the external fields v®
and p°, and t* is the boundary traction due to the internal fields v and p'.

At large distances, the fields vP = v¢ — U* and pP = p® — P vanish
such that

(IVPIIVVP)(x) = o(lx| 1), (IVPlIpP)(x) = o(|x|7") as [x] — o0, (26)

where U* and P*° are the non-dimensional undisturbed velocity and pres-
sure fields.
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Therefore, the considered flow problem reduces to the boundary value
problem consisting of the system of equations (2.1)-(2.4) subject to the trans-
mission and far field conditions (2.5)-(2.6) and having as unknowns the fields
v¢, p®, v® and p’. We show that this problem has a unique classical solution
((v,p%), (v!,p)) € ((C2(D.) N COD,)) x CL(D.)) x ((C2(Do) N C(Dy))
Cl (D(])), where DO = Uivlek.

3. Uniqueness of the solution
First, we show the following uniqueness result:

Theorem 3.1. The boundary value problem (2.1)-(2.6) has at most one classi-
cal solution ((v¢,p°), (v*,p")) € ((C*(D.)NC?(D.)) x C*(D.)) x ((C*(Dg) N
C°(Dy)) x C'(Dy)).
Proof. Let us assume that the boundary value problem (2.1)-(2.6) has two
classical solutions and let ((v§,p§), (v, ph)) be their difference. Therefore,
the pairs (v§, p§) and (vi, p) satisfy the following equations, boundary and
far field conditions:
—~Vph +V?vi =0 and V-vj =0 in Dy,
~Vpi+ (V2= x*)vE =0 and V-v§i=0 in D,
vi=vi and t) =t§ onTy, k=1,...,N,
(Iv6lIVviD () = o(lx7h),  (IVllp§)(x) = o(x|™!) as [x| — oco.
In addition, the fields v§ and p§ satisfy the energy identity (see e.g. [1],
p.24)

(3.
(3.
(3.
(3.

N
9 / By (vE) By (vi)dx = — 3 / VE Ty, (3.5)
D. = Jry

. 1 /0v5, Ov§.,
Ey;(vg) = 5 <6x7» + 8;5,;])
J

and t§ = (2§ 1,15 2) is the boundary traction due to the fields v§ = (v 1, v§ o)
and pg, i.e.,

where

t6,; = Tin(vo)ne = (=pgdjn + 2E;1(v())n.- (3.6)
In the relations (3.5) and (3.6) and in what follows we use Einstein’s
repeated-index summation convention. Also we denote by n = (ni,n2) the
outward unit normal to I'.
Now, making use of the fact that the fields v{ and pj satisfy the equa-
tions (3.2), we get the identity (see e.g. [1], p.15):

| 0PN+ 2B (6D B vix = [ ¥ tdl k=1 N, (3D
Dy Tk

, 1 [(ov:. Ou
E(vo) = 5 ( T a;k>
J

where
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and t{ = (t{ 1,t{ ) is the boundary traction due to the fields v = (v{ 1, v o)
and p)), defined as in (3.6).

Taking into account the boundary conditions (3.3), as well as the iden-
tities (3.5) and (3.7), we obtain the equality

2 [ (v = - Z [, I+ 2B Bt (83)
Dy,

where the left-hand side is non-negative and the right-hand side is less than
or equal to zero. Thus, we obtain that

| EathEatix =0,
D.

/D OCIVE? + 2Bk (VH) Ejr(v))dx =0, k=1,...,N.
Therefore, we kﬁnd that
vi=0 inDy, k=1,...,N (3.9)
and, due to (3.4),
v =0 in D,. (3.10)

In view of (3.1) and (3.10) it follows that p§ = c. € R in D,. The decay
condition of p§ at infinity yields that ¢, = 0, i.e., p§f = 0 in D.. Hence we
have

v =0 and pj=0in D,. (3.11)
Using similar arguments, we obtain
vi=0 and p,=cx €R in Dy, k=1,...,N. (3.12)
On the other hand, the properties (3.11) yield that
te=0onTy, k=1,...,N, (3.13)
and, in view of the second of the conditions (3.3), it follows that t} = —cxn =

Oon Ty, k=1,...,N. Therefore, we get ¢, =0, k =1,..., N. Consequently,
we have

vp =0, ph=0in Dy. (3.14)
The relations (3.11) and (3.14) yield the desired uniqueness result. This
completes the proof of Theorem 3.1. O

4. Potential theory for the Brinkman and Stokes equations

In this section we will present the fundemental solution for the Brimkman
and Stokes equations and the main properties of the potential theory for
the Brinkman system of equations (2.1)-(2.2) and respectively for the Stokes
system (2.3)-(2.4).
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4.1. The fundamental solutions of the Brinkman and Stokes equations

The components of the fundamental Brinkman tensor GX* and those of its
associated pressure vector HX2, which determine the fundamental solution
(QX2, HXQ) of the Brinkman system in R?, are given by (see e.g. [1, p. 81]):

n (zj —yj) @k — yk)A2

Y (x —y) = S A (xIx — y]) ‘ (xIx—y]) and

x—yl?
T (x=y) Yy
(4.1)
where
Ai(2) = 2{Ko(z) + 27 ' Ki(2) — 272}, (4.2)

Ag(2) = 2{—Ko(z) — 227 Ky (2) + 2272},

and and K, is the modified Bessel function of the second kind and order v.

The corresponding stress and pressure tensors S¥* and AX* have the
following components (see e.g. [1, p. 82, 196]):

9GY (x —y) L 995 (x=y)

2

Sixjk(x -y)= —H;( (x —y)dir +

Ti —Yj Ti — Yi Tk — Yk
-2 {&k I—LDi(xIx —yl) + (5kj Y[ + 0ij )Dz(X|X—Y|)

x -yl Ix —y|?
T — Yi)(Tj — Y )\ Tp —
im0 = vy yk>D3(X|X_y|)}, (4.3)
lx -yl
’ 51 i Yi — Yk
A (- y) =22 (2 y R - y| - 2) + g U )

x -yl
(4.4)
where
Di(2) = 2Ka(2) +1 — 4272,
Do(2) = 2K5(2) + 2K (2) — 4272, (4.5)
D3(z) = —8Ks(z) — 22K1(2) + 16272
The components of the fundamental tensor G and those of its associated
pressure vector II, which determine the fundamental solution (G,II) of the
Stokes system in R?, are given by (see e.g. [1, p. 38])

(zj — )Tk — yr) T~y

Gir(x—y)=—bpIn|x—y|+ , ILix—y)=2 ,
J( ) J ‘ | |X—y‘2 ]( ) |x—y\2
(4.6)

and the stress and pressure tensors S and A have the components (see e.g.

[1, p. 39, 132])

(@i —yi) (@5 — y;) @k — yx)
x —yl|*

_ 0w (i) (@ — k)
x =yl x—yl* '

Sijk(x—y) =—4

9

(4.7)

Aie(x—y) 24(
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4.2. Boundary potentials for the Brinkman and Stokes equations

Let C € R? be a closed Lypaunov curve in the class C%, « € (0,1]. The
single- and double-layer potentials, V,2(-,g) and W,z (-, h), associated with
the Brinkman system and having the densities g and h, respectively, are
given by

Vf@@»=£;ﬁg”w—ng@maw for xeR2\C  (4.8)

2

(sz)k(x,h) = % /c SNy = x)ne(y)h;(y)dC(y) for x € R?\ C, (4.9)

and the corresponding pressure functions P?,(-,g) and P;2(~,h) have the
expressions

PP (x,8) = L /HX (x —y)g;(y)dC(y) for x e R*\C (4.10)

An

P;lz (x,h) = 4i / A?; (x —y)n(y)h;(y)dC(y) for x e R*\C. (4.11)
T Je

The pairs (V,2(-,8), P{=(+,g)) and (sz(-,h),P)‘?Q(-,h)) satisfy the

Brinkman system in both domains Dy and D., respectively.
The single- and double-layer potentials, V(-,g) and W (-, h), for the
Stokes system and with the densities g and h, respectively, can be obtained

as in (4.8) and (4.9), but with G and S;x, instead of GX* and S;‘l;. Similarly,
the pressure terms P*(-,g) and P%(-,h) can be obtained as in (4.10) and
(4.11), but with II; and Aj, instead of HjX2 and A;Cj.

Let us denote by H,2(-,g) the normal stress due to the single-layer
potential V2 (-, g) and defined in a neighborhood U C R? of C by the relation

(H,2), (x,8) = Te(Vy2(g)) (x)ne(X), x€U\C,

where x is the orthogonal projection of x € U onto C. On the components,
we have

(), (08 = - [ S x - Yini(igs(0)dcy), x€U\C b=1.2

(4.12)
The stress field due to the single-layer potential V (-, g) is defined in U by
the relation:

t;(V(g)(x) = T;e(V(g)) (x)ne(x), xe€U\C, j=1,2. (4.13)

Let KX (y,x) be the kernel of the double-layer potential W, (-, h),

whose components are given by K (y7 X) = S;.‘,:Z(y —x)ne(y). Similarly, the
components of the kernel of the double layer potential W (-, h) are denoted
by K;i(y,x), and are given by the relation K;x(y,x) = Sjre(y — x)ne(y).
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Let us now consider the following decomposition of the tensors ¥ and
2

Sx:

GY (x —y) = Gry(x —y) + G, (x — y),

2 (4.14)
S;(ké(y = x)ne(y) = Sjre(y — x)ne(y) + Sjc'kf(y —x)ne(y),

where the matrix kernel G¢ with the components Gj; ¢ and the matrix kernel
S°n with the components S5, ,n; are continuous. Thus, one obtains the fol-
lowing result which shows the continuity behaviour and the jump formulas
for the single- and double-layer potentials associated to the Brinkman system
(for e.g. [4]):

Theorem 4.1. a) Let C be a closed Lyapunov curve in R?, ie., C € CH,
a € (0,1], and let densities g € C°(C) and h € C°(C) be given. Also let
V,2(-,8), Wy2(-,h) and H,2(-,g) be the boundary potentials given by (4.8),
(4.9) and (4.12). Then on C we have:

(VX2)+("g) = (VXQ)i('ag) = VXQ('vg)v (415)
(W 2)+("h) - (WXQ)*('vh) = %h = (WX2)*('7h) - (sz)i('vh)a (4'16)

*

(Hye) (hg) — (He) (g) = —%gZ (Hy2) (g) — (Hye) (hg). (4.17)

In addition, if h € CYA(C), B € (0,a), then there exist the limiting
values of the boundary traction due to the double-layer potential W,z (-, h)
on both sides of C, TT(W,2(h)) and T~ (W,2(h)), and they are equal, i.e.,

T (W ,2(h)) = T~ (W,2(h)) = T(W,2(h)) onC. (4.18)

The superscript + (—) is used for the limiting value of a field evaluated
from the external side (the internal side) of C, and the symbol * refers to
the principal value of a double-layer integral on C. The relations (4.15)-(4.18)
also hold for the boundary potentials associated with the Stokes system.

The functions V2 (-, g), W,2(-, h), P;Q(-7 g), P)‘(iQ(-7 h) satisfy the rela-
tions

V,2(x,8) = O(|x|72), W,:2(x,h) = O(x|™Y) as |x| — oo, (4.19)

P2 (x,g) = O(]x|™"), Pg(x,h) =O(n[x|) as [x| — oo, (4.20)
and in the case y = 0, we have:

V(x,g) =0(In|x|), P’(x,h)= O(\x|_1) as |x| — oo, (4.21)

W(x,h) =O(|x|™), P%x,h)=0(x|"?) as|x| — occ. (4.22)
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4.3. Complementary integral operators

For A € (0,a), let V2 : C*(C) — C**(C) and K, : C1*(C) — C1(C) be

the single- and double-layer integral operators for the Brinkman system, i.e.,
Veg=V,(,g), Kpeh=W:(,h), VgeC*C), hel"(C),

Similarly, V : C*(C) — C**(C) and K : C**(C) — C**(C) are the corre-
sponding integral operators for the Stokes system.
Also, let D2 : C1A(C) — C*(C) be the operator given in (4.18), i.e.,

(Dy2h) ,(x) = p.f. /c DY, (x, y)he(y)dC(y), (4.23)

where , )
DY, (x,y) = —AR, (x — y)ru(y)n; (x)

o o |
+<871‘j5hk(y - X) + %ngk(y - X))nl(x)nk(y).

i
The corresponding operator for the Stokes system is denoted by Dg. The
operators D,» and Dg belong to the class of hypersingular operators.
Let us introduce the notations

2 2
Ajp(x—y) = A (x—y) —An(x—y), Kj(y.x) = Kj (v, %) — Kjx(y,x),
(4.24)
in view of which we are now able to define the complementary integral oper-
ators for the Stokes-Brinkman-coupled system.

The complementary single- and double-layer operators V,z g : crNC) —

CPA(C) and K2 o : C*(C) — C1*(C) are given by
Vizo=Vy2 =V, Ky2g=K,2 -K, (4.25)

and the adjoint of the complementary double-layer operator K;(z 0" CAMNC) —
C*(C) has the expression K;(Z 0= K;(z - K', where K;(z is the adjoint oper-
ators of K,z.
In addition, the complementary hypersingular operator
D2 : CHC) — C*(C)

is given by D,2 ¢ = D,2 — Dy.
We have following compactness result whose proof can be consulted in
[4]:

Theorem 4.2. IfC is a closed Lyapunov curve in R?, i.e., C € C*, o € (0, 1],
and X € (0,a), then the complementary boundary integral operators
V2 : CHC) — CPMC), K,yz:CHNC) — CHA(0),
K/, : C}C) = CMC), Dyzo:CMC) — CHC)
are compact.

In addition, if h € CYA(C), then TH(W,z2(h)) and T~ (W,2o(h))
exist everywhere on C and they are equal.
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5. The boundary integral formulation of the problem

In order to prove that the boundary value problem (2.1)-(2.6) has a unique
classical solution, we consider the following boundary integral representa-
tions:

1 & 2
000 = U + 13 [ K5 5 x)6,0)dn)
=1 l

o3 [ oy (h)
=1 L
1
i hj(z)dFl(z)>dFl(y), x € D, (5.1)
1 Y >
Pr) = PX(x)+ = > | A= Y (3)05 ()T ()
=1 l
1 N 2
+47m_21/n 11 (e~ y) (1 ()
1
w7 - hj(z)dl"l(z))dl"l(y), x € D,, (5.2)

and

_ 1 &
0= = [ Kalyxo @)
1=1 711

o >, Gutx=»(hts)
1
) hj(z)dI‘l(z))dFl(y)
— /F hi(y)dT'w(y), x€D,,m=1,...,N (5.3)

, 1 X
P = 130 [ A= ¥me()6;(5)dn )
=1 l

+ ;Té/rl Hj(xfy)(hj(Y)

1

5, @) )dr(y). X € D, (5.4)

where ® = (¢1,¢2) € CYMNT) and h = (hy,hy) € C*(I) are unknown
densities, A € (1, ), and || = ka dl'y, is the length of Ty, k =1,..., N.
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Let us observe that the boundary integral representations (5.1)-(5.4)
satisfy the system of equations (2.1)-(2.4), as well as far field conditions
(2.5)-(2.6).

Now, imposing the transmission condition (2.5), we obtain the equations

1 N
outxo) + 323 [ Kty o) (9)0)

+ ﬁ > Giixo—y) (hj (y) - |F—1|/ h; (y)drm(y)) dT(y)
=1 I m T
+/ hi(y)dlm(y) = —Ug®, xo € Ty, m=1,...,N. (5.5)

m

Taking into account the second of the boundary conditions (2.5), we
obtain the boundary integral equations

1 & 1
~hi(x0) + =D /F K,gj(xo,y)(hj(y) -7 hj(z)dFl(z))dFl(y)
=1 ! i

+ T3 (WE(P))(x0)n;(x0) = —t7°(%0), X0 €'y, m=1,...,N,
(5.6)

where t7° are the components of the stress field associated to the velocity
field U™ | i.e.,

ti (%) = p=nk(x).

We mention that the integrals on I',, who appears in (5.5) and (5.6) are
understood in the sense of principal value.

Therefore, the boundary value problem (2.1)-(2.6) reduces to the system
of boundary integral equations (5.5) and (5.6). In view of Theorem 4.2 it
follows that all operators that appear in the boundary integral equations
(5.5) and (5.6) are compact, as mappings into one of the spaces C1*(T),
CA(T). Thus, these equations are Fredholm integral equations of the second
kind with the unknowns (®,h) € C**(T) x C*(T).

We have the following existence and uniqueness result (see also [2]):

Theorem 5.1. Let T, be closed Lyapunov curves of class CH* in R?, o € (0, 1],
k=1,...,N ,T=UN_ T\, and let A € (0,c). Then the system of Fredholm
integral equations of the second kind (5.5) and (5.6) has a unique solution
(®,h) € CYMT) x CNT). In addition, the boundary integral representations
(5.1)-(5.4), obtained with the densities ® and h, determine the unique classi-
cal solution ((v¢,p°), (v¢,p*)) € ((C%*(D.)NCY(D,)) x (C*(D.)NC°(D,))) x
((C%(Do)NCY(Dy)) x (CY(Do)NC°(Dy))) to the boundary value problem con-
sisting of the equations (2.1)-(2.4) and the boundary and far field conditions
(2.5)-(2.6).
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Proof. Let us consider the following homogeneous system of integral equa-
tions

m+—2/Kym 0(y)dT(y)

1 . 1
» ; | Gt =) (1560 - i [ ibemaria) i)

+/ h)(y)dlpm(y) =0, xg € Ty m=1,...,N, (5.7)
T
1
(o) + /MMmh% -1 [ E@ar@) )
Tl Jr,
+Tk3(w (®°))(x0)n;(x0) =0, x9 €Ty, m=1,...,N. (5.8)

Also let (®° h%) € CYMT) x CM(I') be an arbitrary solution to this system,
and let (u® ¢°) and (u’,q¢') be the fields given by the following boundary
integral representations:

ug,(x) 47T / y)dli(y) + 72 gkj Y)(h(;(}’)
W hO( )dTy(z ))dn(y), xR\ Tym=1,....,N (5.9)
1 & o
=33 [ Bl mdmany)
1 & 2
+ = ¥ (x —y) (h(y)
47 ;/n y ( y
ﬁ Fh‘;(z)dfl(z)>dFl(y), xR\ Tp,m=1,...,N (5.10)

B (2)dT (2) )T (y)

0 2 _
—/F hi(y)dlm(y), x€R*\Ip,m=1,...,N (5.11)



190 Elena-Maria Ului

_ 1 &
000 = 13 [ il y)m ) )dr(y)
1=1"/T
N
+ ﬁ l—zl/rl I (x — y) (RS(y)
L ho-(z)dl“l(z))dl“l(y), x €R?\Tp,m=1,...,N. (5.12)
Tl e,

Because the pairs (V,2(-, g), P2 (-, 8)) and (WX2(~,h),P;l2(-,h)) satisfy the
Brinkman system in both domains Dy and D., respectively, and the pairs
(V(-,g), P5(-,g)) and (W(-,h), P4(-,h)) satisfy the Stokes system in both
domains Dy and D., respectively, we obtain that:

V-u=0, —V¢+(V?—xHu®=0inR?\T, (5.13)
V-u' =0, —-V¢+V?u®=0inR?\T. (5.14)
Taking into account the relations (4.21) we have that:
(lu[Vuc])(x) = of|x|7"),  (lullg*))(x) = o(|x| ") as x| — co.  (5.15)
Therefore, the fields u® and ¢° satisfy the identity

/D () () Z / u®) () (x),

(5.16)
where ¢ (u®) = Tkij(ue)nj, and

1 /0us  Qus
Tij(u®) = —q°0k; + 2Ex;(u’), Ej(u) = 2 <<9x2 + 8xk) '
J

Similarly, the fields u’ and ¢’ satisfy the identity (see e.g. [1], p. 15)

2 [ BB dx—Z/uk Xt (W)X (x), (5.17)

where 7 (u’) = T,fj(u )n;, and

Tioj (') = =¢"0j + 2B5(0’),  Ejpe(u’) = 5 <8x;]€ + 6xk> .
J

Now, taking into account the formulas (4.15)-(4.17), we obtain the properties
uit =l tH(u) =t (u)onTl=1...,N (5.18)
which yield the equality

Z/F x)dl; = Z/ ul” (%)t (u')(x)dly. (5.19)

From the properties (5.16), (5.17) and (5.19) we deduce that

/ (2Bj(u®) Eji (u®) + x*|uc] )dx——Q/ Ej(u')Ej(u')dx,  (5.20)
D.
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and hence
u®=0in D,, (5.21)
Ej(u")=0in Dy, 5,k =1,2, m=1,...,N. (5.22)
Using Killing’s theorem, we deduce that there exists some real constants a’g
and bf such that
u' =af' +b' xxin D,,, m=1,...,N. (5.23)
But,
0=ut =u"
thus we obtain that

ag' =by' =
Then , we have:
uw=0in D,,m=1,...,N. (5.24)

In addition, in view of the second of equations (5.13) and from the fact that
the pressure field ¢ vanishes at infinity, we obtain

¢“=01in D.. (5.25)

Similarly, we deduce that ¢* = 2 € R in D,,. On the other hand, from the
relations (5.18), (5.21) and (5.25) we get

ty(u)=tf(u)=0o0n I, m=1,....N (5.26)
and hence the constant ¢?, must be equal to zero, i.e.,
u'=0, ¢ =0in Dy. (5.27)

Now, using the jump formula
ut—u"=®onrl,,, m=1,...,N

(see the properties (4.15) and (4.16)) as well as the result (5.21), we deduce
that

w =-®"onl,,, m=1,...,N. (5.28)
Similarly, from the jump formula
ut—uw=®"onl,,, m=1,...,N
as well as the result (5.27), we find that
ut=®"onl,,, m=1,...,N. (5.29)

On the other hand, from the relations (4.17) we deduce that the bound-
ary traction due to the fields u® and ¢¢ has a jump across every curve 'y
given by the formula

1
t+H(u) -t~ (u°) = —(ho - hOdFm) only,, m=1,...N.
|Fm| T
(5.30)
But t*(u®) = 0 on 'y and hence
1
t~(u®) = h° h%r,, onT,,, m=1,...,N. (5.31)

Tl Jr,,
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With similar kind of arguments as before, we get the relation
t+(u) = —(hO — / hodFm) onT,,, m=1,...N. (5.32)
L
In addition, the fields (u®, ¢°) satisfy the identity
N
[ BBty Plx = Y [ a0t (w) (00 (5.33)
Do =171

and, in view of the properties (5.28) and (5 31), this identity takes the form

2F 1 (u®) B (u®) +x?|u® / hof— hOdr; )dr;.
/Do<j<>1<> 2 ZF ) [ o)
(5.34)
Since )
/ (ho—— hOdFl)dFl:O, (5.35)
Iy} Iy Iy
we deduce that
1
V(x n' - hOdFl) = O(x|™1) as x| — oo, (5.36)
IT4| Jr,

the fields u’ and ¢* behave at infinity as follows (see also the relations (4.21)):
Viu'(x) = O(Ix|71 %), ¢'(x) = O(]x|™") as [x| — 00, s =0,1,  (5.37)

and hence they satisfy the far field conditions (2.6). Consequently, we get the
following identity:

/ By (u)dx = — Z / W) (Al (x),  (5.38)

which, in view of the properties (5.29) and (5.32), becomes

N
2/ Ej(u')Ej(u)dx =) /F<1>0. ho—lr—l| hOdFl>dFl. (5.39)
=1 i

e

Therefore, from the identities (5.34) and (5.39) we obtain that
u®=0in D(] (540)
and '
u' =0 in D,. (5.41)
The property (5.41), the equation —V¢' + (V2 — x*)u’ = 0 in D,, and
the fact that the pressure field ¢* vanishes at infinity lead to the additional
result 4
¢ =0 in D,. (5.42)
From the relation (5.40), we get that
uw =0on Iy, I=1,...,N.
Using the above relation and (5.28), we obtain that:
®=0on Iy, I=1,...,N. (5.43)
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In addition, according to the relations (5.32), (5.41) and (5.42) we find that

tT(u')=0 on Iy, I=1,...,N, (5.44)
ie.,
1
h=— [ hdl,:=c,eR?> on I}, I=1,...,N. (5.45)
T4 Jr,
So, we obtain that
0=u'= —/ hdl'yinD;, 1=1,...,N (5.46)
r,
and hence
/ hdl', =0, [=1,...,N. (5.47)
Iy

Finally, from the relations(5.45) and (5.46) we find that
h*=0 on Iy, I=1,...,N. (5.48)

The relations (5.43) and (5.48) shows that the homogeneous system of
equations (5.7) and (5.8) has only the trivial solution in the space C'*(T) x
CM(T). Consequently, in view of Fedholm’s alternative [5] we deduce that the
non-homogeneous system of Fredholm integral equations of the second kind
(5.5) and (5.6) has a unique solution(®, h) € CYMT) x CNT), as desired. [0
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