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A simple proof of the fundamental theorem
of calculus for the Lebesgue integral

Rodrigo Loépez Pouso

Abstract. This paper contains a new elementary proof of the Fundamental The-
orem of Calculus for the Lebesgue integral. The hardest part of our proof simply
concerns the convergence in L' of a certain sequence of step functions, and we
prove it using only basic elements from Lebesgue integration theory.

Mathematics Subject Classification (2010): 26A46, 26 A36.

Keywords: Fundamental theorem of calculus, Lebesgue integral, absolute conti-
nuity.

1. Introduction

Let f :[a,b] — R be absolutely continuous on [a, b], i.e., for every € > 0 there
exists § > 0 such that if {(a;,b;)}7_; is a family of pairwise disjoint subintervals of
[a, b] satisfying

Zn:b—a]

j=1
then

Z|f flaj)l <e.

Classical results ensure that f has a finite derivative almost everywhere in I =
[a,b], and that f’ € L1(I), see [3] or [9, Corollary 6.83]. These results, which we shall
use in this paper, are the first steps in the proof of the main connection between
absolute continuity and Lebesgue integration: the Fundamental Theorem of Calculus
for the Lebesgue integral.

Partially supported by FEDER and Ministerio de Educacién y Ciencia, Spain, project MTM2010-
15314.
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Theorem 1.1. If f : I = [a,b] — R is absolutely continuous on I, then

b
f(b) = f(a) = / f'(x)dx in Lebesgue’s sense.

In this note we present a new elementary proof to Theorem 1.1 which seems more
natural and easy than the existing ones. Indeed, our proof can be sketched simply as
follows:

1. We consider a well-known sequence of step functions {h,, },en which tends to f’
almost everywhere in I and, moreover,

/bhn(m)dx:f(b) — f(a) forallneN.

2. We prove, by means of elementary arguments, that

b b
lim b () dm:/ f(z) dz.

n—oo

More precise comparison with the literature on Theorem 1.1 and its several
proofs will be given in Section 3.
In the sequel m stands for the Lebesgue measure in R.

2. Proof of Theorem 1.1

For each n € N we consider the partition of the interval I = [a, b] which divides
it into 2™ subintervals of length (b — a)27™, namely

Tn,0 < Tn,1 < Tn,2 << Ty 2n,

where z,,;, = a+i(b—a)27" for i =0,1,2,...,2™
Now we construct a step function h,, : [a,b) — R as follows: for each z € [a, b)
there is a unique ¢ € {0,1,2,...,2" — 1} such that

HAS [xn,i, Tnitl),

and we define

f@niv1) = flens) 27

hn = = n,i - n,i)l:
() = el 2T T 0) — i)
On the one hand, the construction of {h, }nen implies that

lim h,(z) = f'(z) for a.a. x € [a,b]. (2.1)

To prove (2.1), we fix © € (a,b) such that f’'(z) exists and © # x,,; for all n € N
and all ¢ € {1,2,...,2" — 1}. Now for each n € N we consider the unique index
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1€{0,1,2,...,2" — 1} such that = € (2, ;, 2p,i+1) and we have
(@) — ha(@) = | o) - L@ = I @)+ [@) = J (@)

Tn,i+l — Tni

— T+ T— Ty,

— f/(x) xn,i—i—l

Tn,i+l — Tni
_f(l’n,z‘+1) —f(@) Tpip—w
Tni+l — T Tn,it+l — Tnyi
_f(:c) —f(@ng) T —
T — Tn Tni+1 — Ty

f(@nir1) — f(x)

flx) = f(@n.)

< | _ / e s 5
< |7/e) - Fest gy - o]
which yields (2.1).
On the other hand, for each n € N we compute
2" -1 g 7+1 2m—1
[ iy = > [ @ = i) - S = 10) - 1),
Tn i=0
and therefore it only remains to prove that
lim hn )dx = / 1=
Let us prove that, in fact, we have convergence in L(I), i.e.,
b
lim |h (x) — f'(x)|dz = 0. (2.2)

Let € > 0 be fixed and let 6 > 0 be one of the values corresponding to ¢/4 in the
definition of absolute continuity of f.

Since f’ € L*(I) we can find p > 0 such that for any measurable set E C I we
have

/ |f'(z)] dz < Whenever m(E) < p. (2.3)
E 4

The following lemma will give us fine estimates for the integrals when many of
the |h,,| are "large”. We postpone its proof for better readability.

Lemma 2.1. For each € > 0 there exist k,ni € N such that

k-m({xe] :sup |hn(2)] >I<;}> <e
n>ng

Lemma 2.1 guarantees that there exist k, ny € N such that
k-m({xe[ :osup |hn(z)] >k}> <min{6,%,p}. (2.4)
n>ng

Let us denote

A= {mEI : sup |hp(z)] >k},

nzng
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which, by virtue of (2.4) and (2.3), satisfies the following properties:

m(A) < 6, (2.5)
k-m(A) < Z (2.6)

, g
/Alf (@)l dz < 7. (2.7)

We are now in a position to prove that the integrals in (2.2) are smaller than &
for all sufficiently large values of n € N. We start by noticing that (2.7) guarantees
that for all n € N we have

[ @)= @l = [ nta) = @l o+ [ hate) - 1)l do
na
< / () — f'(2)| dee +/ (@)l do+ 5. (28)
I\A A
The definition of the set A implies that for all n € N, n > n;, we have
|hn(z) — f'(2)] < k+|f'(z)] for almost all x € T\ A,

so the Dominated Convergence Theorem yields

lim |hn(z) — f'(x)|dz = 0. (2.9)
n—oo Jn 4

From (2.8) and (2.9) we deduce that there exists n. € N, n. > ny, such that for
alln € N, n > n., we have

/|h (2)] dz < & +/ I ()| d. (2.10)

Finally, we estimate | 4 || for each fixed n € N, n > n.. First, we decompose
A = BUC, where

B={zxecA: |h(2)]<k} and C=A\B.

We immediately have

/ |hn(x)]de < k-m(B) <k-m(A) < (2.11)
B

N

by (2.6).

Obviously, [ |hn| < e/4 when C'= @. Let us see that this inequality holds true
when C # &. For every ¢ € C = {x € A : |h,(x)| > k} there is a unique index i €
{0,1,2,...,2" — 1} such that @ € [2,,;,Tpn i+1). Since |hy| is constant on @y, ;, Tr i+1)
we deduce that [z, Tni+1) C C. Thus there exist indices ¢; € {0,1,2,...,2" — 1},
withl=1,2,...,pand 4; #i;if | # [, such that

P
C= [$n7iz’zn-,iz+1)'
=1
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Therefore
P

> (@niig1 — Tni) =m(C) <m(A) <6 by (2.5),
1=1
and then the absolute continuity of f finally comes into action:

lnzl«l»l
/|h |dx—Z/ x| da

n,ig

- Z |f(@n,i+1) — f(@na)| < Z.
=1

This inequality, along with (2.10) and (2.11), guarantee that for all n € N,

n > ne, we have
/\h (2)] da < e,

thus proving (2.2) because € was arbitrary. The proof of Theorem 1.1 is complete.

Now we go back to Lemma 2.1. A more general version, which seems interesting
in its own right, will be established instead. We split it into two parts for better
readability.

A first result, elementary but absent from many textbooks, complements Tcheby-
shev’s inequality for integrable functions. It is however an old result which we can
already find in Hobson’s book [6, page 526]. A proof is included for the convenience
of readers.

Proposition 2.2. Let A C R be a measurable set. If g € L*(A) then
klim E-m{zeA:|g(x)>k})=0. (2.12)

Proof. Standard results guarantee that

Snemlaedsn<lg@l<nr<y | lg(a)| da
n=0 n—0 {z:n<|g(z)|<n+1}
-/ 9(2)] da
U2 o {@: n<g(e)|<n+1}

- [ tota)l s

hence the series on the left-hand side is convergent.
For all k € N we have

mred: lg@ > k) =k m{zed:n<lg@)] <nt1))
SZn-m({xeA cn<|g(z)| <n+1}),

n=k
and then (2.12) obtains. O
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Now we proceed with our extended version of Lemma 2.1.

Proposition 2.3. Let A C R be a measurable set with m(A) < oco. Assume that gy, :
A — RU{—00,+00} is measurable for each n € N and

nhﬁn;o gn(z) = g(x) € R for almost all x € A. (2.13)
Then for every k € N we have
jlim m ({x cA: sgp |gn(x)] > k}) =m{ze€d:|g(x) >k}, (2.14)
o n>j
and, if g € LY(A) then
klln;@jlirrolok -m ({x €A Zlg) |gn ()| > k}) =0, (2.15)

which implies the result in Lemma 2.1 for g, = hy, and g = f'.

Proof. Let N C A be a null-measure set such that (2.13) holds for all z € A\ N and
let k£ € N be fixed.
We define a family of measurable sets

Ej:{meA\N sup |gn(z)| > } (j eN).

n>j

Notice that E;41 C E; for every j € N, and m(E;) < m(A) < oo, hence

lim m(E;) =m ﬂEj =m{z €A\ N : |g(z)| > k}),
j—o0
j=1
o (2.14) is proven.
Now (2.14) and (2.12) yield (2.15). O

3. Final remarks

The sequence {h;}nen is used in other proofs of Theorem 1.1, see [1] or [11].
The novelty in this paper is our elementary and self-contained proof of (2.2).

Our proof avoids somewhat technical results often invoked to prove Theorem 1.1.
For instance, we do not use any sophisticated estimate for the measure of image sets
such as [4, Theorem 7.20], [9, Lemma 6.88] or [11, Proposition 1.2], see also [7]. We
do not use the following standard lemma either (usually proven by means of Vitali’s
Covering Theorem): an absolutely continuous function having zero derivative almost
everywhere is constant, see [4, Theorem 7.16] or [9, Lemma 6.89]. It is worth having
a look at [5] for a proof of that lemma using tagged partitions; see also [2] for a proof
based on full covers [10].

Concise proofs of Theorem 1.1 follow from the Radon—Nikodym Theorem, see
[1], [4] or [8], but this is far from being elementary.

Finally, it is interesting to note that (2.2) is an almost trivial consequence of
Lebesgue’s Dominated Convergence Theorem when f is Lipschitz continuous on I.
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Certain subclasses of uniformly harmonic
(-starlike functions of complex order

Basem Aref Frasin and Nanjundan Magesh

Abstract. In this paper, we introduce a family of harmonic parabolic starlike func-
tions of complex order in the unit disc and coefficient bounds, distortion bounds,
extreme points, convolution conditions and convex combination are determined
for functions in this family. Further results on integral transforms are discussed.
Consequently, many of our results are either extensions or new approaches to
those corresponding previously known results.

Mathematics Subject Classification (2010): 30C45.

Keywords: Harmonic functions, univalent functions, starlike functions, convolu-
tion (or Hadamard) product.

1. Introduction and definitions
A continuous complex valued function f = u + iv defined in a simply connected
complex domain D is said to be harmonic in D if both u and v are real harmonic

in D. In any simply connected domain we can write f = h + g, where h and ¢ are
analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary
and sufficient for f to be locally univalent and sense preserving in D is that |h/(2)|
> |¢'(#)] in D.

Let Sy denote the family of functions f = h + g that are harmonic univalent
and sense preserving in the unit disk & ={z : |z| < 1} for which f(0) = f,(0)—1=0.
Then for f = h+ g € Sy, we may express the analytic functions h and g as

hz)=z+Y az®,  glz)=> b, |b] <L (1.1)
k=2 =1

The harmonic function f = h+g for g = 0 reduces to an analytic function f = h.
Also let Sz be the subclass of Sy consisting of functions of the form f = h+g, where
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the analytic functions h and g as

) =z-> lalz*  glz) = |be| 2~ (1.2)
h—2 k=1

In 1984 Clunie and Sheil-Small [3] investigated the class Sy as well as its geo-
metric subclasses and obtained some coefficient bounds. Since then, there has been
several papers related on Sy and its subclasses. Jahangiri [7], Silverman[9], Silver-
man and Silvia [10] studied the harmonic starlike functions. Frasin [5], Frasin and
Murugusundaramoorthy [6] and Dixit et al. [4] extended the results by defining the
subclasses by means convolution (or Hadamard product) also, see [2, 13].

Recently, Yalgin and Oztiirk [12] defined the class S7;(b) consisting of functions
f = h+ g € S5 that satisfy the condition

1 (20 (2) — z9'(2)

Also, they gave necessary and sufficient conditions for the functions to be in Sz(b).

Furthermore, Stephen et al. [11] studied a harmonic parabolic starlike functions
of complex order denoted by Sz (b, ) consisting of functions f = h + g € Sz that
satisfy the condition

Re{l—&-ll) ((1—1—6“)% —(1+e7) - 1)} >a, z€U, (1.4)

where 0 < a < 1,y € Rand b € C\ {0} with |[b] < 1. Also, they gave necessary and
sufficient conditions for the functions to be in Sz (b, a).
Motivated by Frasin and Murugusundaramoorthy [6], Yal¢in and Oztiirk [12] and

Stephen et al. [11], we define a new class of uniformly harmonic S— starlike functions
of complex order Sy (P, ¥;«, 3,b;t), the subclass of Sy consisting of functions f =

h + g € Sy that satisfy the condition

1 i 1(2) * (2) —g(2) * ¥(2) 4y
Re{1+b<(1—|—ﬂe ) () T80 — Be —1>}>a,zeu, (1.5)
where b € C\ {0}, a(O < a < 1), h(z) = (1 —t)z+ th(z), g:(z) = tg(z), 0 <
t<1, ®z) =2+ Z Ap2F and W(z2) = 2z + io: prz® are analytic in U with the

conditions A > 0, ,uk > 0,6 > 0 and v € R The operator “x” stands for the
convolution of two power series. We further let Sz(®, ¥; a, 3, b; t) denote the subclass
of Sy (®,V; o, 3,b;t) consisting of functions f =h+ g € S5

We note that by specializing the functions ®, ¥ and parameters 3, v and t we

obtain the well-known harmonic univalent functions as well as many new ones. For
example,

1 Sz = Z)Q, = Z)z,oz, L, 1;1) = Gxl(a) (Rosy et al. [8])
2. S ((1 7 oo @ B Lit) = Gygle, Bit) - (Ahuja et al. [1])
3. S7(®,V; 0, 3,1;1) = HS(®, ¥;0, ) (Frasin and Murugusundaramoorthy [6])
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(= i o LLbi 1) = Si(b,o) - (Stephen et al [11])

(5 a2 2)2,0 0,b;1) = S7(b)  (Yalgin and Oztiirk [12])

H((17z)2’ 7 0,1;1) = S5(a)  (Jahangiri [7].)

For a = 0 the class S7(a) was studied by Silverman and Silvia [10], for & = 0
and b; = 0 see [9, 10].

I

*

S
R IR,
\i\i\

In this paper, we obtain coefficient bounds, distortion bounds, extreme points,
convolution conditions and convex combination for functions in Sz (®,¥;a, 3, b;t).
Further results on integral transforms are also discussed.

2. Coefficient inequalities

Our first theorem gives a sufficient condition for functions in Sy (®, ¥; «, 8, b; t).

Theorem 2.1. Let f = h+ g be so that h and g are given by (1.1). If

o [ =) (1 +8) + (1 = a)t[b]]
Z 1= o) lax|

k=2

+§: pe +6)(1+6) — (1 O‘)t|b|]|bk|§1, (2.1)

2 1 —a)b]

where 3>0,0<a<1,0<t<1, k(1—-a)b] <[A =81 +8)+ (1 - a)t|b]] and
k(1 —a)|b] < [(ue + )1+ 8) — (1 — «)t|b]] for k > 2 then f € Sy (D, V;a, 3, b;1).

Proof. To prove that f = h+ g € Sy(®,¥;, 3,b;t), we only need to show that if
(2.1) holds, then the required condition (1.5) is satisfied. For (1.5), we can write

1 i (M) $2() 9@ * @) | s .
Re{1+b<(1+6 )( (o)t 0 (2) ) 6] 1)}2.

Using the fact that Rew > « if and only if |1 — o + w| > |1 + a — w|, it suffices to
show that

(2= )b = (B + )] (Re(2) + (2))
T (8 + 1) (R(2) £ @(2) — 9() = 9 () )|
— ‘ [ab + (Be™ +1)] <ht + gi(z )

= (8e +1) (h2) + 0(2) - 9() + U(2) )|
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21— a)lbllz] = Y 2[(A = )(1 + ) + (1 — a)tlpl] |ax||=]"
k=2

=D 2[(u + )1+ B) = (1= )t |b]] by 2"

> 9(1 — )l {1 3 =00 48+ A 0)ibl) e

k=2 (1—a)lb|
R lbk||z|k1}
k=1
> 2(1 - )b {1 - kzﬂ [ — t)(l(;r_ﬂ)a;b(ll —ajtlel]
S A1+ 8) — (1— a)tlb
5 s+ 0010 (1~ ”|bk|} L

which implies that f € Sy (P, ¥;«, 5, b;t). The harmonic function

_ (1= alt
(2) = Z+Z[(Ak—t 1+ﬁ)+(1—a)t|b|]wk

= (1-a)lb] —
*; G + O+ B) — (1= )il

where > |zi|+ Y. |yk| = 1,shows that the coefficient bound given by (2.1) is sharp.
k=2 k=1
O

In the following theorem, it is shown that the bound (2.1) is also necessary for
functions f = h + g, where h and g are of the form (1.2).

Theorem 2.2. Let f = h + g be so that h and g are given by (1.2). Then f €
Sz (®, ¥, 8,b 1) if and only if

[ = 1) (1 + B) + (1 — o) [b]¢] x|
(1 —a)b|

S AR <1 e2)

where 3>0,0<a<1,0<t<1 k(1—-a)b] <[ —-8t)1+08)+ (1—a)b|] and
k(1 = a)[b] < [(px +8)(1+ B) — (1 — a)t|bl] for k > 2.

Proof. The ’if part’ follows from Theorem 2.1 upon noting that the functions h and ¢
in f € Sy(®,¥;a,p,b;t) are of the form (1.2), then f € Sz(®, ¥;a, 3,b;t). For the
‘only if’ part, we wish to show that f ¢ Sz (®, ¥; v, §,b;t) if the condition (2.2) does
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not hold. Note that a necessary and sufficient condition for f = h + g given by (1.2)
be in Sz (®, ¥; o, 3, b;t) is that

[b— (14 Be™)][he(2) + g:(2)]

+(1+ Be)[h(z) *% — g(2) * ¥ (2)]
blhe(2) + 9:(2)]

(1—a)bz — ki[u — )bt + (14 Be) g — B)][ax] 2
= S+ B ome 1) = (1= )bl

b(Z — Z t|ak|zk + Z t|bk|2k)
k=2 k=1

o) . —
(1—a)[b]?2 = S (1 — )bt + (14 Be™) (A — t)]blag|*~?
k=2
=2 311+ Be™) (e + 1) — (1 — a)bt]blbe| 2%
= Re =1
[bP(1 = 32 Hlak|z"=1 + 37 tlbe[z41)
k=2 k=1
> 0.
If we choose z to be real z — 1~ and since Re(—e?) > —|e?| = —1, the above

inequality reduces to

(1— )2 - 22[(1 — )bt + (14 B) (M — 1)]Blag|r
(14 B)(pe +1) — (1 — a)bt]blbg|rF—*
=1 — >0, (2.3)
D2(1 — 37 tlag|rk=1 4 37 t{bprk=1)
k=2 k=1

18

k

If the condition (2.2) does not hold then the numerator in (2.3) is negative for
r sufficiently close to 1. Thus there exists zg = ro in (0,1) for which the quotient in
(2.3) is negative. This contradicts the condition for f € S;7(®, ¥; o, 3,b;t). Hence the
proof is complete. O
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3. Extreme points and distortion bounds

In this section, our first theorem gives the extreme points of the closed convex
hulls of S (®, ¥; o, 3, b3 1).

Theorem 3.1. Let f be given by (1.2). Then f € Sy(®,V;a, 3,b;t) if and only if

= > (Xphi(2) + Yigr(2)), (3.1)
k=1
where hi(z) = z, hi(z) = z — o= t)((ll_i_;)‘nlg‘l S 2 bk =23,..), go(z) = z +
(A=a)[b] =k
T -2 (k= 1,2,3,..), ,;(Xk Y =1 X 20, Y 20 In

particular, the extreme points of Sz(®, V; 07, B,b;t) are {hi} and {gi}.

Proof. For functions f of the form (3.1), we have

fz) = 0 (Xihi(2) + Yige(2))

_ - 1—a)|b| k
= D (XitYi)z Z (s — )1+ 5) + (1—a)|b|t]XkZ

x — )y L
+Z;Wm+ﬂﬂ+ﬁ%%1—®Wﬂnz'

Then
— [\ =D (14 8) + (1 — o)|b]1] (I—a)b]
2 =1 Quk—wu+ﬂru1—mwﬂ>xk
— [(r +8)(1+ 8) — (1 — a)[blt] (1 —a)[b|
+; (1= a)lb| ([(uk+t)(1+ﬁ)—(1—a)|b|t]>yk
:iXk+§:Yk—1—X1<l
k=2 k=1

and so f is in closed convex hulls of S;7(®, ¥; o, 3, b;t). Conversely, suppose that f is
in closed convex hulls of Sz;(®, ¥; a, 3,b;t). Setting

(A =) (1 4+ 8) + (1 — a)[bft]

K= =

lak|, k=2,3,...,

and

[(uk+t)(1+ﬂ)—(1_0‘)|b‘t]\bk| k=1,2,...

Vi = =
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where > (Xj + Y)) = 1. Then note that by Theorem 2.2, 0 < X}, <1 (k=2,3,...)
k=1

and 0 <Y, <1(k=1,2,3,...). Wedefine X; =1— > X;— > ¥} and by Theorem
k=2 k=1

2.2, X1 > 0. Consequently, we obtain f(z) = > (Xxhi(z) + Yegr(2)) .
k=1
Using Theorem 2.2, it is easily seen that S;7(®, ¥; a, 3, b; t) is convex and closed,

so closed convex hulls of S;7(®, V;a, 3,b;t) is S7(P, ¥; v, 8, b t). In other words, the
statement of Theorem 3.1 is really for f € S;7(®, ¥; o, 3,b;t). O

) )

The following theorem gives the distortion bounds for functions in Sy (®, ¥;a, 3, b;t)
which yields a covering result for this class.

Theorem 3.2. Letf € Si(®,V;a, 3,b;t) and A < Mg, A2 < g for k> 2, then

[f(2)] <L+ |bu])r

+< (1—a)b| _Km+ﬂﬂ+ﬂ%%1—®ﬁmb0ﬂ
Qe =)@+ B8) + X —a)tpl] [ —t)A+B) + (L —a)tfp]

and

£ () (1 = |ba])r

- ([()\2 — )1+ 0)+ A —a)tfpl]  [(A2 =t)(1+0) + (1 —a)t[b]]

(1 —a)lt £ 00 E0) = 0 e, ) o
Proof. Let f € S(®,¥;a, 8,b;t). Taking the absolute value of f, we obtain

£ (=)

IN

(L [b1 e+ (] + [br])r*
k=2
(1—a)b|
(A2 =t)(1+ ) + (1 — a)t[b]]

(SiKnc%X1+@%%l—aMW

IN

(1+ |by|)r +

2 (=)l lax
G £ D) — (1= a)ilbll, |\
* -l '”)T

(L+[ba])r
(1—a)o
*(wau+ﬂ>+aamw
_Wu+ﬂﬂ+5%—ﬂ—aﬁﬂhhoﬁ
(e — )1+ )+ (L— o] ‘
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Similarly

@ 2 A=lnDr
N (- )
(G =001+ 5) + (1~ a)ilt]
e e, ) .
[ = )T+ 5) + (1 a)efe]

The upper and lower bounds given in Theorem 3.2 are respectively attained for
the following functions.

f(2) =2+ |baz
(1— o)y
- ([()\2 “H+5) + (1= )]
G+ 8) — (=] M) .
(o — (11 8) + (1 — )]

and
f(z) = (1= b))z
B < (1= )bl
(A2 =) (1 + B) + (1 — a)t[b]]
002 00, ) o
(A2 =) (1 4 8) + (1 — a)t[b]]

O

The following covering result follows from the left hand inequality in Theorem
3.2.

Corollary 3.3. Let f of the form (1.2) be so that f € Sg(®, ¥;a, 8,b;t) and Ay < Ay,
Ao < ug for k> 2. Then

i 1- )b
{“’ N [§ P T Ny e Gy

T )8 — (1]
SR (§ W gy a>t|b|]} ’“}'

4. Convolution and convex combinations

In this section, we show that the class Sy (®,¥;a,3,b;t) is closed under con-

volution and convex combinations. Now we need the following definition of con-
o0 o0

volution of two harmonic functions. For f(z) = z — 3. |ax|z® + 3 |bk|ZF and
k=2 k=1
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[e.°] o0
F(z) =2z — Y |Ap|z® + 3 | Bi|z¥, we define the convolution of two harmonic func-
k=2 k=1

tions f and F' as
(f*F)(z) = f(2) * F(2) = 2= > law|[Axlz" + > [bel| Bilz" (4.1)
k=2 k=1

Using the definition, we show that the class Sz (®, ¥; «, 3, b; ) is closed under convo-
lution.

Theorem 4.1. For 0 < § < a < 1, let f € Sg(®,¥;0,03,b;t) and F €
S7(®,9;6,8,b;t). Then [+ F € Sp(®, V5, 8,b;t) C S(P, V30, 3,b;t).

Proof. Let f(z) = 2z— Z lak|2* + Z |br.|Z* and F(z) = 2 — Z | Ag|2F + Z | B1|Z* be
=1
in Sz(®, V50, 3,b;t). Then the convolutlon f* F is given by (4 1), from the assertion

that f x F' € S(®,V;46,3,b;t). We note that |[Ay| < 1 and |Bg| < 1. In view of
Theorem 2.2 and the inequality 0 < § < a < 1, we have

— [(M — )1+ 3) + (1 — 8)[b]t]

|lak|| Akl

2 - )b

o0
+t)( + —0)|bt

k=1

Si k_t +ﬁ) ( 6)|b|t]|ak|

_|_

— )bl
k=1

)Ibl

“[ukfwu+ﬂ>< — )bl
<2 A=)

|a]

= [(e+ A+ B) — (1= a)lblt]
2 (1—a)b| el

k=1

IN

By the same token, we then conclude that

1,
by Theorem 2.2, f € Sx(®,¥;a t).
S :0,0,b;t). O

.3,
f*FeS(<I>\Ifaﬁbt) ®,

7l

b;t
/8
Next, we show that the class S;(®, V;a, 3,b;t) is closed under convex combi-
nation of its members.

Theorem 4.2. The class Sz(®, ¥; «, 3,b;1) is closed under convex combination.

Proof. Fori=1,2,3,..., let f; € Si(®, ¥;, B, b;t), where f; is given by

oo o0
Z) =z — Z |aik|zk + Z |b2k‘§k
k=2 k=1
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o0
For > t; = 1,0 <t; <1, the convex combination of f; may be written as

Ztifi(z)zz_z (Zt |azk|> 2+ (Ztibik|> zt
i=1 k=2 k=1 \i=1
Since,
o [ =) (1 +8) + (1 — o) b]¢] o
2 =)l lase

N Z (e + t)(1(+ ) )Ib(l — o)l <,

from the above equation we obtain

5 (M =)L+ 8) + (1 — ) [b]t] Zti|aik|

- )l

we +6)(1L+6) — o) |blt] =
+Z 1—0[|b| Zt|bzk|

= [(Ar —1) 1 B) + (1 — )bt

D) uk+t><11+_53y)|b<| a>'b'ﬂ|bik}

=1

IA
e
N

s
Il
-

This is the condition required by (2.2) and so ) t;f; € Sz (®, V; o, 3, b;1). O

i=1

5. Class preserving integral operator

Finally, we consider the closure property of the class Sz (®, V; o, 3,b;t) under
the generalized Bernardi-Libera -Livingston integral operatorL.[f] which is defined
by

() = S

/ €N F(€)dE (> —1).

0

Theorem 5.1. Let f € S (®, Vs o, 3,b;t). Then L.[f] € Sz(®, ¥;a, 3,b;1).
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Proof. From the representation of L.[f], it follows that

clfz) = S / e h(e)de + S / ge-1g(€)de

z¢
0 0

_ C+1/£c l<£ Z|ak€>
+c:cl /56*1 (kz_:l |bk£’“> d
3 =

z— iAka + i Bkzk,
k=2 k=1

where Ay = <L |ai| and By, = <EL |by|. Hence

5 Lttt om (o,
+i e 11+62v>|b(| - (zii'b’“o
53 (i +1) 1;_52)%( — o],

since f € Sz (®,¥;a, 3,b;t), therefore by Theorem 2.2, L.[f] € S (P, V; o, 5, b;1).
O
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On a certain class of analytic functions

Saurabh Porwal and Kaushal Kishore Dixit

Abstract. In this paper, authors introduce a new class R(3, «,n) of Salagean-
type analytic functions. We obtain extreme points of R((3, o, n) and some sharp

n n—1
bounds for Re {%(2)} and Re { fo(z) . Relevant connections of the results

presented here with various known results are briefly indicated.
Mathematics Subject Classification (2010): 30C45.

Keywords: Analytic, Salagean derivative, extreme points.

1. Introduction

Let A denote the class of functions f of the form
f2) =2+ az", (1.1)
k=2

which are analytic in the open unit disc U = {z : |z|] < 1} and normalized by the
condition f(0) = f/(0) —1=0.

Further, let S be the class of functions in A which are univalent in U. For
0<pf<l,a>0andn e Ny=NUO, we let

R(3,a,n) = {f(z) cA- Re{D”f(z) + (D" f(2) —D”f(z))} S8, ze U}7

z

where D™ stands for Salagean derivative operator introduced by Salagean [9].

By specializing the parameters in the subclass R(f3, «, n), we obtain the following
known subclasses of S studied earlier by various researchers.
(i) R(B, o, 1) = R(B, a) studied by Gao and Zhou [4].
(ii) R(0,1,1) = R(B) studied by various authors ([2], [3] and [8]), see also ([1], [6],
[11])
(iii) R(B8,0,1) = Rg studied by Hallenbeck [5].
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Now, we introduce Alexander operator I"™ f(z): A — A, n € Ny by
I°f(2) = f(2)
I'f(z) = / @dt
o ¢

Thus

It can be easily seen that

D™(I"f(2)) = f(2) = I"(D" f(2)).
In the present paper, we determine extreme points of R((,,n) and also to
obtain some sharp bounds for Re {%} and Re {%}

2. Main results

Theorem 2.1. A function f(z) is in R(B,a,n), if and only if f(2) can be expressed
as,

f(z) =/|=1 [(2ﬂ—1)z+2(1—ﬁ)xz (z2)*7 du(z), (2.1)

£ (k+ 1) (ko + 1)

where u(x) is the probability measure defined on the X = {x : |x| = 1}. For fized «,
B, n and R(B,a,n) the probability measure p defined on X are one-to-one by the
expression (2.1).

Proof. By the definition of R(S5,a,n), f(2) € R(8,a,n), if and only if

D" f(z)+a(D"*!f(2)=D"f(z)) _ 3
£ € P,
1-p
where P denotes the normalized well-known class of analytic functions which have
positive real part. By the aid of Herglotz expression of functions in P, we have

D"/@+alD =D G g 1+ 22

1-0 lzj=1 1 — x2

du(),
which is equivalent to

D"f(z) + a(D" 1 f(z2) — D" f(2)) :/ 1+ (1-28)xz
|z|=1

z 1—2xz

du(z).

So we have

MRpeCE s CELACHIE [ (Leti-se o

z 1—2zz
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) 2(1 — B)ak—1zk

f(2) +a(zf'(z) = (2)) /Il{ +Z kn }du(x),
that is,

Zlié ’ l / _ é*2
[ iRm0+ @ro- son i

_ l zl—% z B [e’e} xk—l(k %_2 N

_a[rl—l{ /o{<”<1 N2 }c }dm ).
We obtain

k1 k
f(Z)_/|x|1{Z+2 (1-p Mak:—i—l—a)}du(x)’

or equivalently

oo

f(z) = / (26 -Dz+201-0)zTy (o) du(z).
|zl =1 = (k+1)"(ak+1)

This deductive process can be converse, so we have proved the first part of the
theorem. we know that both probability measure p and class P, class P and R(3, a,n)
are one-to-one, so the second part of the theorem is true. Thus the proof of Theorem
2.1 is established. O

Corollary 2.2. The extreme points of the class R(8,a,n) are

oo (Z‘Z)k+1
fo(2) = (28 -1)z+2(1-p8)T z:w+1)@k+n’

=0

| = 1. (2.2)

Proof. Using the notation f,(z) equation (2.1) can be written as

ful2) = /Iw_l Ful2)dpa).
By Theorem 2.1, the map 1 — f,, is one-to-one so the assertion follows (see [5]). O
Corollary 2.3. If f(2) = 24+ > pepanz® € R(B,a,n), then

2(1-p)
—, (k>2).
lax(2)] < k(ak+1—a)’ (k=22)
The results are sharp.
Proof. The coefficient bounds are maximized at an extreme point. Now from (2.2),
fz(2) can be expressed as

klk

fo(2) =z +2(1 anakH ),|x|=1, (2.3)

and the result follows. O
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Corollary 2.4. If f(z) € R(f,a,n), then for |z\ =r<l1
k
r

< 21-p0 —_—
1f) <7+ k”(ozk+1704)

The result follows from (2.3).

Next, we determine the sharp lower bound of Re {%} and Re {u}

for f(z) € R(B,a,n). Since R(8,a,n) is rotationally invariant, we may restrict our
attention to the extreme point of
o0 k

9(2) =z+2(1—5)2m. (2.4)

Theorem 2.5. If f(z) € R(8,a,n), then for |z| <r <1 we have

z k:2a(k71)+1 k=2a(k71)+1
and
D" f(2) o ()t o~ (D!
Red ———= 5 <1+42(1— — < 14+2(1— — . (2.6
AT s o0 S <09 ) it e
These inequalities are both sharp.
Proof. We need only consider g(z) defined by (2.4). We have
D & k 1
% 142(1— Z o (2.7)
k=2
It can be written as
D"g(z) e
~ = ; ta (2.8)
So we have
Re{Dg(Z)} 1420 / {1 }dt. (2.9)
z —tz

Since k(z) = 12

- is convex in U, k(Z) = k(z) and k(z) maps real axis to real axis,
we have

1J7rntr {lt } (2l < 7).

Substituting the last inequalities in (2.9) and expandmg the integrand into the power
series of ¢ and integrating it, we can obtain the inequalities (2.5) and (2.6).
The sharpness can be seen from (2.7). O

Theorem 2.6. D"~ [R(3,a,n)] C S for 3 > By and this result can not be extended to

B < By , where )
(& (R
50_”2(;:2@(1@1)“) '
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Proof. Let f(z) € R(fB, o, m).
Now using (2.5)

D" f(2) =1+201 D 2.10
( f(z) =1+2( *5);m_ . (2.10)

D" 1f(2) € S, that is, if 8 > (o, we have D"! [R(3,,n)] C S . The result can not
be extended to 3 < By because (D"~ f(~1)) = 0at 8 = o . Thus (D"~ f(~r)) =0
for some r = r() < 1 when 3 < fy. O

Theorem 2.7. If f(z) € R(0,a,n), then for|z| <r <1

D) = (o
> k: 1
>1+2(1-7 kZ:Qk _1+1]

The result is sharp.

Proof. According to the same reasoning as in Theorem 2.5, we need only consider
g(z) defined by (2.4). We have

pn—1 & k—1
D9 o Z

z

+1]

1+2(1_ / (/11_m )dt.

Thus
Dn—l 1— 1 1
Re{g(’z)} 142129 m/té(/ vRe{ : }dv)dt
z 0 0 1—tvz
L 1
/ta( )
0 1+ tor
=1+2(1
* Z K[ a(k - 1 )+ 1]
k=2
1+2(1
st Z i a(k Tk
The sharpness can be seen from (2.4). O

Remark 2.8. If we put n = 1 in Theorem 2.1, 2.5 and 2.7 then we obtain the corre-
sponding results due to Gao and Zhou [4].
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Remark 2.9. If we put n = 1, = 1 in Theorem 2.1, 2.5, 2.7 then we obtain the
corresponding results due to Silverman [10].

Remark 2.10. If we put n = 1,a = 0 in Theorem 2.1, 2.5, 2.7 then we obtain the
corresponding results due to Hallenbeck [5].
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The order of convexity for a new integral
operator

Laura Stanciu and Daniel Breaz

Abstract. In  this paper we consider a new integral operator
I(f1,., fn; 91,y 9n) (2) for analytic functions f;(z), g¢i(z) in the open
unit disk #. The main object of the present paper is to study the order of
convexity for this integral operator.
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Keywords: Analytic functions, integral operator, starlike functions, convex func-
tions, general Schwarz lemma.

1. Introduction and preliminaries

Let A denote the class of functions of the form
f2)=2+4) anz",
n=2

which are analytic in the open unit disk
U={zeC:|z] <1}
and satisfy the following usual normalization condition
F(0)=f(0)—1=0.
We denote by S the subclass of A consisting of functions f(z) which are univalent
inU.

Definition 1.1. A function f belonging to S is a starlike function by the order a,
0 <a<1iff satisfies the inequality

Re (if;i?) >a, z€U.

We denote this class by S* («) .
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Definition 1.2. A function f belonging to S is a convex function by the order a,0 <
a < 1if f satisfies the inequality

Re (Z]{/IES) + 1) >, 2 €U.

We denote this class by K(«).
A function f € § is in the class P («) if and only if

Re(f'(z)) > a, z € U.
In [1], Frasin and Jahangiri introduced the class B (u, ) defined as follows.

Definition 1.3. A function f(z) € A is said to be a member of the class B (u, ) if
and only if

£(2) <f(zz))“_1‘ <l-a, (1.1)

zelU;0<a<;u>0.

Note that the condition (1.1) is equivalent to

N
v (1) (55) ) >
for zelU;0<a<1;u>0.

Clearly, B(1,a) = §* (o), B(0,a) = P («) and B(2,«) = B(«) the class which has
been introduced and studied by Frasin and Darus [2] (see also [3]).
Let 85 be the subclass of A consisting of the functions f which satisfy the inequality

2f'(z)
f(z)
and let Sg be the subclass of A consisting of the functions f which satisfy the in-
equality

2 f'(2)

f2(2)
For fi(z), gi(z) € A and ¢;,7s € C, we define the integral operator
Ig (f1, s fni 915 gn) (2) given by

Ig (f1s o0 i g1, s gn) (2) = /0 ﬁ (fl(t))g (egi(t))% dt. (1.4)

! t
=1

-1

<B,0<pB<1;zel (1.2)

—1’<6,0<6§1;zeu. (1.3)

In order to prove our main results, we recall the following lemma.

Lemma 1.4. (General Schwarz Lemma) (see [4]). Let the function f be regular in the
disk Ur = {z € C : |z| < R}, with |f(z)] < M for fized M. If f has one zero with
multiplicity order bigger than m for z =0, then

M
FE) < o 4™, 2 €U
The equality can hold only if

o0 M
f(z) = e =——2™ where 0 is constant.

Rm
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2. The order of convexity for the integral operator
I (flv ceey fn;gh agn)

Theorem 2.1. Let the functions f;,g; € A and suppose that |g;(z)| < M;, M; > 1 for
alli € {1,2,..,n}. If fi € S, 0< B <1 and g; € B(pi, ), pi > 0,0 < <1 then

the integral operator I (f1,..., fn; 91, gn) (2) defined by (1.4) is in K (\), where

n

A=1-— ZH&‘ Bi + il (2 — o) MM

=1

and

> 116 B + il (2 — i) M) < 1, 65,7 € C

i=1
for allie{1,2,...,n}.

Proof. From (1.4) we obtain

I (f1y oo, fri g1, oy Gn) ﬁ( ) ! (egi(z)yﬁ

=1
and

I// (fl, ---afn;gla 7g7l) (Z) =

Zn:{@ <fiiz))6i_l (Zf'(z)z;fz(z)) (egi(z))”} ﬁ <sz(z)>6'“ <egk(z))”’“

i=1

STEON (@Y @ TT (N (o)
[ (2)" s o) e T (A2)” )
After the calculus we obtain that

G S : (5 1) i) e

It follows from (2.1) that

21" (f17 "'7f’n;glv . 7gn
I/(fla'“afn;glv' ,gn i=1

Sl

Since |gi(z)| < M;, z € U applying the General Schwarz Lemma for the functions g;,
we have

zf’

- 1\ Tl |zg;<z>|}

Al

gi(2)

" |z|]. (2.2)

l9:(2)| < Mi 2], z €U
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<3615+

i=1

Mﬁi] . (2.3)

for all i € {1,2,...,n}.
Because f; € S5, 0 < 3 < 1,4 € {1,2,..,n}, we apply in the relation (2.2) the
ZI/, (f]~7"'7fn;gl""’gn) (Z)
r (fl?"‘7fn;gl7"'7gn) (Z)
Z[N (fl7"'7fn;gl7"'7gn) (Z)
I/ (fl""’f’n.;gl""’gn) (z)

inequalities (1.2) and we obtain
I
©(50)
9:(2) 9i(2)
From (2.3) and (1.1), we see that
= )Mi i
o (2) o )]
() (gi(z)

[|6 16 + il (

Msm

< 3685+ il 2= ) |
=1
=1-A\
So, the integral operator I (f1,..., fn;91,-..,gn) (2) defined by (1.4) is in K (\). This
completes the proof. O

Setting n = 1 in Theorem 2.1 we obtain

Corollary 2.2. Let the functions f,g € A and suppose that |g(z)] < M, M > 1. If
fe€850<8<1andgeB(u,a), p>0,0<a<1 then the integral operator

1)) = [ ) (fff)f (e

A=1-1[0]8+ 12— o) M"]

is in K (N\), where

and
(6] B+ v (2—a) M*] <1, §,v€C.

Theorem 2.3. Let the functions f;,g; € A and suppose that |f;(z)| < M;, |g9:(z)| < Ny,
M; > 1, N; > 1 forallie{1,2,...,n}. If fi € Sg,, 0 < B; <1 and g; € B (s, ),
i > 0,0 < a; <1 then the integral operator I (fi,..., fu; 1,y gn) (2) defined by (1.4)
is in IC(\) where
n
A=1=Y 18] ((Bi + 1) Mi + 1) + || (2 — o) Ni#]
i=1

and
n

S U8 ((Bi + 1) M + 1) + i (2 — i) Ni*] < 1, 6;,7; € C
=1

forallie{1,2,...n}.
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Proof. If we make the similar operations to the proof of Theorem 2.1, we have

21 (i fui g1 9) (2) g[é <Zf£<2> _ 1) +Wg;<z>]. (2.4)

I(fh,fnvglavgn) (Z) fz(z)
From the relation (2.4), we obtain that

ZI// (fl, ~~,fn;gla 7971) (Z)
I (fl, ..-,fn;gla 7971) (Z)

2fi(2)
fi(2)
22 fi(2)
f2(2)

#1) + il 262
fi(2)

I

1

gi(2)

-

o
1 i i) (=) |22 el
(2.5)

Since |fi(2)| < M, |gi(2)] < N;, z € U applying the General Schwarz Lemma for the
functions f;, g;, we obtain

|fi(2)| < M;|z|, z €U and |g;(2)| < N;|z|, z€lU
for all i € {1,2,...,n}.
Because f; € Sg,, 0 < 8; < 14 € {1,2,...,n}, we apply in the relation (2.5) the
inequality (1.3) and we obtain

1)+

K2

ceey fn;glv 7971) (Z)

o1 |
‘ " 9i() (gifZ)) |

Sé['& <(‘1 1) Mﬁl) + il

n P i
Z[m e+ 0+ 1)+ bl | (5 )

From (2.6) and (1.1) we obtain
2I" (f1y ooy fni g1y ooy On) (2)

r (fla "'af’n;gla agn) (Z)

0 (55) 1)

Niﬂi:|

Nﬂi] (2.6)

n

< Z{Iéil ((B: 1) Mi + 1) + il (

1

(2

™M=1I

< 3|8+ 1M+ 1) 4 il 2 - 0 8
=1
=1-A\
So, the integral operator I (fi,..., fn;g1,---sgn) (2) defined by (1.4) is in K (A). This
completes the proof. O

Setting n = 1 in Theorem 2.3 we obtain
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Corollary 2.4. Let the functions f,g € A and suppose that |f(z)| < M, |g(z)] < N,
M>1,N>1.IffeS3,0<B8<1landge B(u,a), n>0,0<a <1 then the

integral operator 5
e = [ (52) () a

A=1—[8]((B+1)M+1)+[v[(2—a)N¥]

is in IC (N\) where

and
6] (B+1)M+1)+|v|(2—a)N*] < 1, §,v€C.
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on the class of starlike functions involving
Dziok-Srivastava operator
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Abstract. In this paper, we introduce a new subclasses of univalent functions
defined in the open unit disc involving Dziok-Srivastava Operator. The results on
partial sums, integral means and neighborhood results are discussed.
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1. Introduction

Denote by A the class of functions of the form
f(z) :z+Zanz" (1.1)
n=2

which are analytic in the open unit disc & = {z : z € C and |z| < 1}. Further, by S
we shall denote the class of all functions in A which are normalized by f(0) =0 =
f'(0) — 1 and univalent in . Some of the important and well-investigated subclasses
of the univalent function class S include (for example) the class S*(a) of starlike

functions of order a(0 < o < 1) if R (i{;?) > « and the class K(a) of convex

functions of order a(0 < a < 1) if ® (1 + Z;;;i‘?) > « in U. Tt readily follows that
feK(a) <= zf € S* ().
Denote by 7 the subclass of S consisting of functions of the form

f(2)=2=) anz", 4y >0, z€U (1.2)
n=2

studied extensively by Silverman [11].
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For positive real values of as,...,oq and f1,...,0m (6; # 0,—1,...; j
1,2,...,m) the generalized hypergeometric function ;Fy,(z) is defined by

_ 2 ()n () 2
lFm(Z) :lFm(Oél,Oél,ﬁl,,ﬁ’n“Z) = nz::om ﬁ (13)
(<m+1;limeNy = NU{0};z€U)

where N denotes the set of all positive integers and (\)g is the Pochhammer symbol
defined by

1, n=20
()‘)”_{)\(A+1)()\+2)...()\+n—1), neN. (1.4)
The notation ;F;, is quite useful for representing many well-known functions such as
the exponential, the Binomial, the Bessel, the Laguerre polynomial and others; for

example see [3].
Let H(aa,...a1;01,...,0m) : A — A be a linear operator defined by

H(ar,...a5 81, .., Bm) f(2) = 2 Fplar,ao,...00; 01,82 ..., Bm; 2) * f(2)

= z+ ZF” an 2" (1.5)
n=2

where

(a1)n—1---(@)n-1 1
(B)n-1--Bm)n-1 (n—=1)V
unless otherwise stated and * the Hadamard product (or convolution) of two functions

f,g € A where f(z) of the form (1.1) and g(z) be given by ¢g(z) = z+ >_ b,2™ then

n=2

I, = (1.6)

F2) v g(z) = (Fxg)(z) = 2+ > anbnz™, = €U

n=2

For simplicity, we can use a shorter notation !, [a1] for H(aq, ... B1, ..., Bm)
in the sequel. The linear operator H!, [a1] is called Dziok-Srivastava operator [3] (see
[6, 8]), includes (as its special cases) various other linear operators introduced and
studied by Carlson and Shaffer [2], Ruscheweyh [9] and Owa-Srivastava [7]. Motivated
by earlier works of Aouf et al.,[1] and Dziok and Raina[4] we define the following new
subclass of 7 involving hypergeometric functions.

For 0<A<1,0<fB<1,-1<B<A<1,0<y<Lwelet HF)(a, 3, A, B)
denote the subclass of T consisting of functions f(z) of the form (1.2) satisfying the
analytic condition

z;“;(u)) 1
2 , <B, =zeU (1.7)
zF\ (z) zF, (z)
(B—A)y 725 —o] - B |55 —1]
where
2Fy(2)  ZHf (2) + X2Hf (2) 0< <1 (1.8)

Fx(z) (1 =NHSf(2) + AzHf (2)]
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and
2)==z+ Z ap 'y 2" (1.9)
n=2

where Ty, is given by (1.6)

The main object of the present paper is to investigate (n,d)- neighborhoods of
functions f(z) € H}'ﬁ(a,ﬁ,A, B). Furthermore, we obtain Partial sums fx(z) and
Integral means inequality of functions f(z) in the class H}—/w\ (o, 8, A, B).

We state the following Lemma , due to Vijaya and Deppa [15] which provide the
necessary and sufficient conditions for functions f(z) € H}"AA/ (o, B, A, B).

Lemma 1.1. A function f(z) € T is in the class HF?) (v, 8, A, B) if and only if

Z ng(nv )\7057@77)0% < 1 (110)
n=2
where
S ra gy — (LEMA =0 = D1 = 45) + B(B= A =o)Ly

pr(B—A)1 - a)

2. Neighborhood results

In this section we discuss neighborhood results of the class HF Q(oz, 8, A, B) due
to Goodman [5] and Ruscheweyh [10] . We define the §— neighborhood of function

fz)eT.

Definition 2.1. For f € T of the form (1.2) and § > 0. We define a 6—neighbourhood
of a function f(z) by

Ns(f) = {g geT:g(z —z—icnz and Zn|an—cn<5} (2.1)

In particular, for the identity function e(z) = z, we immediately have

Ns(e) = {g geT:g(z —z—chz and Zn|cn|<6} (2.2)

Theorem 2.2. If § = then HF) (e, 3, A, B) C N;s(e), where

W
A _ A+ M[A—-BB)+ (B~ A)(2—a)l
¢B(2a)‘7a3637)_ ﬁ'y(B—A)(l—oz) .

Proof. For a function f(z) € HF)(a, 3, A, B) of the form (1.2), Lemma 1.1 immedi-
ately yields,

(2.3)

oo

Y (L+nA=N)[(n = 1)(1 = BB) + Sv(B = A)(n — a)Tnan < fy(B - A)(1 - a)

n=2
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(1+ N[ =B+ py(B-A)(2- )Tz Y an < By(B—A)(1-a)

n=2

3 B1(B = A)(1-a) B .
;an SUT NI GBI (B-A)2_a)ls AN dA) (2.4)
On the other hand, we find from (1.10) and (2.4) that

o0

D (1 +nA=N)[(n—1)(1 = BB)+ By(B - A)(n — a)|Tnan < By(B — A)(1 - a).

n=2
That is

Zna By(B—A)(1—-a)l—-BBA+A—X+1)]
"T A+ N[ -BB+py(B-A)(2-a)(1-BB)

Hence
2
na, < ——————— = 9.
Z ¢B(2 )‘ avﬂ? )
O

A function f € 7 is said to be in the class Hfi(p,a,B,A,B) if there exists a
function h € H}';\(p,ogﬁ, A, B) such that

f(z)
h(z)

Now we determine the neighborhood for the class 'H]:ZY\ (p,a, B, A, B).

—1’<1—p, (zeU, 0<p<1). (2.5)

Theorem 2.3. If h € HF;\(p,m& A, B) and

o1 08BN a.8,) 26)

2[¢g(2a)‘7a76a7) - 1]
then Ns(h) C H.?’:f;(ma,ﬂ,A,B) where ¢35 (2, \, o, B,7) is defined in (2.3).

Proof. Suppose that f € Ns(h) we then find from (2.1) that

oo

Zn|an —d,| <4

n=2

which implies that the coefficient inequality

imn —d,| < g

Next, since h € Hfi(a,ﬂ, A, B), we have

1
dy= ——
nZQ ¢32>\0457)
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so that
o0
> lan — dal
n=2
=
1->d,
n=2
é % ¢g(27)‘7aﬁa7)
2 ¢§(27>\70‘5ﬂ77)_1
5¢5(2,), af,7)
- 2(¢§(2a)‘7aﬁ?7) - 1)

E

provided that p is given precisely by (2.6). Thus by definition, f € Hfi (p, 0, B, A, B)
for p given by (2.6), which completes the proof. O

3. Partial sums

Silverman [14] determined the sharp lower bounds on the real part of the quo-
tients between the normalized starlike or convex functions , viz., R{f(2)/fr(2)},

R{fe(2)/f(2)}, R{f'(2)/fi.(2)} and Re {f,i(z)/f/(z)} for their sequences of partial
k

sums fi(2) = 2+ Y. a,2" of the analytic function f(z) = 2+ Y a,2". In the follow-

n=2 n=2
ing theorems we discuss results on partial sums for functions f(z) € H}"j‘(a, 8, A, B).

Theorem 3.1. If f of the form (1.2) satisfies the condition (1.10), then

f(2) } ok +2,\a,8,7) — 1
" {fk(z) .Y P W ) (3.1)
and
fr(2) ¢k +2,\ a, 8,7)
! {f(z> }Z ¢‘§(l€+2,)\7a’ﬁ’ry)+1 (3.2)

where ¢'a(k + 2, \, a, B,7) is given by (1.11). The results are sharp for every k, with
the extremal function given by

1
T oAk +2 N 8,7)

Proof. In order to prove (1.10), it is sufficient to show that

f(Z) _¢g(k+27Aaa7ﬂa’}/)_1 I+2z
fz)  dpk 42, a,0,7) 1—2

f(z)= PR (3.3)

¢g(k’+27/\70¢7ﬁ,7)

(z€elU)
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we can write

oo
1-— Z anz"!
n=2
k
1-— Z 2"t
n=2

_ ¢§(k+27)‘7a7577) - 1
¢§(k+27)‘7a7ﬁ77)

ok +2,\ ,B,7)

k 0o
1-— E anz" "t — g 2"t
n=2

n=k+1 _¢g(k+2,A,O&,/B,’}/)*1
1 —Zk anz”* ¢g(k+27)‘7a7ﬂ7’Y)

n=2

= ¢k +2,\ a,5,7)

1+ w(z)
1—w(z)
Then
B —ngé(k—l—Q,)\,oz,ﬁ,’y) ZZO:,CH anz™!
29 2222 anz" 1 — ¢a(k+2,\ a,3,7) fo:kﬂ a2l

—op(E+2,X,0,87) X0 141 an

Obviously w(0) = 0 and |w(z)| < P SR Y (- Wy 0 S Now,|w(z)| <
1 if and only if
00 k
205 (k +2,\ a, 3,7) Z a, < 2—2Zan
n=k+1 n=2
which is equivalent to
k oo
Zan—l—(bg(k—i—l)\,a,ﬂ,v) Z an, < 1. (3.4)

n=2 n=k+1
In view of (1.10), this is equivalent to showing that
k

D (oA, B.9) = Dan+ Y (65N e, 8,7) — d5(k+ 2.\, 3,7))an > 0.

n=2 n=k+1
To see that the function f given by (3.3) gives the sharp results, we observe for
z=ren that
f(z) 1 n 1
=1-— 2" —=1-—
fk(z) ¢B(k‘+27Aaa7ﬁ77) ¢B(k+27Aaaaﬂ7’Y)

where  — 17. Thus, we have completed the proof of (3.1).
The proof of (3.2) is similar to (3.1) and will be omitted. O

Theorem 3.2. If f(z) of the from (1.2) satisfies (1.10) then

R fl(z) >¢g(k+27Aaaaﬂ7’Y)_k_1
)= onk+2,00a,6,7)
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and

fi(2) dB(k+2,)a,0,7)
" {f’@)} = SRtk +2, N Bry) Tk F 1 (30)

where ¢ (k +2,\, a, 3,7) is given by (1.11). The results are sharp for every k, with
the extremal function given by (3.3).

Proof. In order to prove (3.5) it is sufficient to show that

¢g(k+2>A7aaﬁ77) [f/(z) _ ¢g(k+2>>\aavﬁ7’y)_n_1‘| =< 1+Z (ZGU)

k41 fi(2) o5k +2,Aa,8,7) -z

we can write

ohk+2.70 0,89 [f(2) _ ¢£(k+2,%a,ﬂ,v)—n—1]
k+1 fi(2) oB(k+2,X0,0,7)
_ ¢k +2,Xa,8,7) |1 =37 ynanz"t ¢p(k+2,Na,8,7) — k-1
k+1 ll — > na,zn1 - ok +2,7a,8,7) ]
1+ w(z)
1—w(z)
Then
—¢’§(k + 2,0 0,8,7)(k+1)71 Zzo:kﬂ nay,z" "
w(z) =

2-2 ZZ:Q nanzn71 - (,bé(k + 2, )‘7 «, ﬂv 7)(k + 1)71 Zzo:k+1 nanzn71 -
Obviously w(0) = 0 and

¢1§(k + 2a )‘7 «, ﬁa 7)(" + 1)_1 Z;:O:kprl Nanp
2-2 ZI:LZQ nayp — ¢g(k + 2, )‘a a, 577) (TL + 1)71 Zzozk-&-l nap
Now,|w(z)| < 1 if and only if

w(z)] <

k

da(k+2,\,3,7)

2 Z na, < 2—22nan
(k+1 n=k+1 n=2

which is equivalent to

Ak +2,) a,8,7)
Znan Gt D) ;rlnan <1. (3.7)

In view of (1.10), this is equivalent to showing that

. Ak 42,7
Z((;SB(n/\aﬁ’y n)a, + Z ((an/\aﬁfy) ¢5( ;;2—;1,)2,5,’7))@”20

n=2 n=k+1

which completes the proof of (3.5).
The proof of (3.6) is similar to (3.5) and hence we omit proof . O
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4. Integral means inequality

In 1975, Silverman [13] found that the function fa(z) = z — % is often extremal

over the family 7 and applied this function to resolve his integral means inequality,
conjectured in Silverman [12] that

27

2
/{f(re“’)|”d9§/|f2(re“’)|"d9,
0

0

forall f € 7,n>0and 0 <r < 1. and settled in Silverman (1997), also proved his
conjecture for the subclasses $*(a) and K(a) of 7.

Lemma 4.1. If f(z) and g(z) are analytic in U with f(z) < g(z), then

27 27
| iseenias < [ lareias
0 0
where 1 > 0, z =ret? gnd 0 <r < 1.

Application of Lemma 4.1 to function of f(z) in the class HF)(a, 8, A, B) gives
the following result.

Theorem 4.2. Let o > 0. If f(z) € H}"i‘(a,ﬂ,A,B) is given by (1.2) and fa(z) is
defined by
1 2
2= 2
¢é(2a)\7aaﬁa ,Y)

where ¢'a(2,\, v, B,7) is defined by (2.3).Then for z = re?, 0 < r < 1, we have

f2(z) = (4.1)

/ ) d6 < / [fa(2)[" do. (4.2)
0 0

2

/

0

Proof. For functions f of the form (1.2) is equivalent to proving that
7

00 n 27
1
1-— ) I /I [ [ — R}
z_:f : —/' GA2 N B,7)
n= 0

By Lemma 4.1, it suffices to show that

0
1
1-— E CLnZn_l <1—-—2.
n—2 ¢1§(2a Avavﬂa ’7)

Setting

1

— n—1 __ _
1- ;anz =1 AT B a,ﬁ,’y)w(z)’ (4.3)
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and using (1.10), we obtain

|U}(Z)| = Z ng (’I’L, )‘7 «, 57 PY)a/nzn_l

n=2

< 12> ¢p(n, N o, B,7)an
n=2

< |2l
where ¢4 (n, \, @, 3,7) is given by (1.11 ) which completes the proof. O

Remark 4.3. We observe that for A = 0, if 4 = 0 the various results presented in this
chapter would provide interesting extensions and generalizations of those considered
earlier for simpler and familiar function classes studied in the literature .The details
involved in the derivations of such specializations of the results presented in this
chapter are fairly straight- forward.
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Fekete-Szego problem for a class of analytic
functions

S. Sivaprasad Kumar and Virendra Kumar

Abstract. In the present investigation, by taking ¢(z) as an analytic function,
sharp upper bounds of the Fekete-Szegd functional |as — pa3| for functions be-
longing to the class Mg ), (¢) are obtained. A few applications of our main result
are also discussed.
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1. Introduction

Let A be the class of analytic functions f defined on the unit disk A := {z € C :
|z| < 1} of the form

f(2) :z—f—Zanz". (1.1)
n=2

Let S be the subclass of A consisting of univalent functions. For two functions f
and g analytic in A we say that f is subordinate to g or g is superordinate to f, denoted
by f < g, if there is an analytic function w with |w(z)| < |z| such that f(z) = g(w(2)).
If ¢ is univalent, then f < g if and only if f(0) = ¢g(0) and f(A) C g(A).

A function p(z) = 1+p12+p2z2+.. . is said to be in the class P if Re p(z) > 0. Let
¢ be an analytic univalent function in A with positive real part and ¢(A) be symmetric
with respect to the real axis, starlike with respect to ¢(0) = 1 and ¢’(0) > 0. Ma and
Minda [6] gave a unified presentation of various subclasses of starlike and convex
functions by introducing the classes S*(¢) and C(¢) satisfying zf'(z)/f(z) < &(z)
and 1+ zf"(2)/f'(2) < &(z) respectively, which includes several well-known classes
as special case. For example, when ¢(z) = (1+ Az)/(1+ Bz) (-1 < B < A <1) the
class 8*(¢) reduces to the class S*[A, B] introduced by Janowski [3].
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Ali et al.[1] introduced the class M(a, ¢) of a-convex functions with respect to
¢ consisting of functions f in A, satisfying

LG L (Y
M=oy (“ f'<z>>*¢’( )

The class M(a,¢) includes several known classes namely S*(¢), C(¢) and
M(a, (1 + (1 —2a)2)/(1 — z)) =: M(c). The class M(«) is the class of a-convex
functions, introduced and studied by Miller and Mocanu [7]. Several coefficient prob-
lems for p- valent analytic functions were considered by Ali et al. [2].

In 1933, Fekete and Szego proved that

dp—3 (n=>1),
a3 — pas] < ¢ T+exp(—12;) (0<p<),
3— 4y, (1 <0)

holds for the functions f € S and the result is sharp. The problem of finding the sharp
bounds for the non-linear functional |az — pa3| of any compact family of functions
is popularly known as the Fekete-Szego problem. Keogh and Merkes [4], in 1969,
obtained the sharp upper bound of the Fekete-Szegt functional |a3 — pag| for functions
in some subclasses of S. For many results on Fekete-Szegé problems see [1, 2, 9, 10,
12, 13, 14].

The Hadamard product (or convolution) of f(z), given by (1.1) and g(z) =
Z4 >0 5 gn2™ is defined by

(f*9)(z —z+Zan9n =: (g% f)(2).

Recently, using the Hadamard product Murugusundaramoorthy et al. [8] intro-
duced a new class My ;(¢) of functions f € A satisfying

(f*9)(2)
(f *h)(2)
where g, h € A and are given by

=< (;5(2) (gn >0,hp > 0,9, — hyp > 0)7

z):z+Zgnz" and h(z *Z+th (1.2)
n=2

Motivated by the work of Ma and Minda [6] and others [1, 2, 4, 8], in the present
paper, we introduce a more general class M 1 (@) defined using convolution and sub-
ordination and deduce Fekete-Szego 1nequahty for this class. Certain applications of

our results are also discussed. In fact our results extend several earlier known works
in [4, 6, 8].

Definition 1.1. Let g and h are given by (1.2) with g, > 0,h, > 0 and g, — h,, > 0.
A function f € A given by (1.1) is said to be in the class M}, (¢), if it satisfies

N CIR I (C
M= T Fraye 0@ @20, (1.3)

where ¢ is an analytic function with ¢$(0) =1 and ¢'(0) >0
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Note that in Definition 1.1, we are not assuming ¢(A) to be symmetric with
respect to the real axis and starlike with respect to ¢(0) = 1. In order to prove the
class M), (¢) is non empty, consider the function f(2) = z/(1 — z). Assuming

(f*9)(z) ([ *9)(2)
(f«h)(z) ~ (fxh)(2)

we have ®(z) = 14 (14 a)(g2 —ha)z+--- . Clearly ®(0) = 1 and ®'(0) = (1+)(g2 —
ha) >0, thus f(2) = 2/(1 — 2) € Mg, ().

P(z)=(1-a)

Remark 1.2. For various choices of the functions g, h, ¢ and the real number «, the
class M' 4 (¢) reduces to several known classes, we enlist a few of them below:

1. The class Mgo’h

thy et al. [8].
2. If we set

(¢) =: My n(¢), introduced and studied by Murugusundaramoor-

z z

9(2) = m» h(z) = m

and ¢(z) = (1+2)/(1—2), then the class M} (¢) reduces to the class of a-convex
functions.

3. M%ﬁ(qﬁ) = M(a, ¢).

4. For the functions g and h given by (1.4), M), ((1+ 2)/(1 — 2)) =: M(a) is the
class of a-convex functions.

5 M° . - (¢) = S*(¢) and M! . - (¢) =: C(¢) are the well known

(1—2)2’(1-=2) (1—2)2°(1-2)
classes of ¢-starlike and ¢-convex functions respectively.

(1.4)

The following lemmas are required in order to prove our main results. Lemma 1.3
of Ali et al. [2], is a reformulation of the corresponding result for functions with positive
real part due to Ma and Minda [6].

Let € be the class of analytic functions w, normalized by the condition w(0) = 0,
satisfying |w(z)| < 1.

Lemma 1.3. [2] If w € Q and w(z) := w1z + we2? + -+ (2 € A), then

—t (t<-1),
lwy —tw?| << 1 (=1<t<1),
t (t>1).

Fort < —1 ort > 1, equality holds if and only if w(z) = z or one of its rotations. For
—1 < t < 1, equality holds if and only if w(z) = 2% or one of its rotations. Equality
holds for t = —1 if and only if w(z) = z(A+ 2)/(1 + Az) (0 < X < 1) or one of its
rotations, while fort = 1, equality holds if and only if w(z) = —z(A+2)/(1+Az) (0 <
A< 1) or one of its rotations.

Lemma 1.4. [4] (see also [11]) If w € Q, then, for any complex number t,
lwy — tw?| < max{1;|t|}

and the result is sharp for the functions given by w(z) = 2% or w(z) = z.
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2. Fekete-Szego problem
We begin with the following result:

Theorem 2.1. Let ¢(z) =1+ Biz+ Baz? + . If f(2) given by (1.1) belongs to the
class Mg, (¢), then, for any real number p,

BiA
(HM};W (1 < o),
lag — pa3| < W (01 < p <o), (2.1)
Tzt (2 02),
where
4= B2 [(1430)(h3 — hags) + p(1 +20)(gs — ha)| By
B, (1+ a)?(g2 — ha)? ’
oy e B2 =B+ a)?(g2 — h2)? — (1 4 30) (h3 — hago) BY
(1+2a)(gs — hs) B}
and
- (B2 + B1)(1 + @)?(g2 — h2)? — (1 4 3a)(h3 — haga) B}

(1+2a)(gs — hs) B} ’
and for any complexr number

B
2 — nall < 1 1: |t 2.2
|a‘3 MCL2| = 2(1 + 20()(93 — I’Lg) maX{ 7| |}7 ( )
where
y . [0+ 30)(h3 — hago) + p(1 + 20)(g3 — hy)|BY — Ba(1 + @)*(g2 — ho)*

(1+ a)2(g2 — h2)? B4
Proof. If f € Mj ,,(¢), then there exits an analytic function w(z) = wiz+wez? 4 €

() such that
(f*x9)(z) | (f*9)(2)

C=tmme Ty — e 23)
A computation shows that
leJra( — ho)z + [az(gs — h3) + a3(h3 — hogs)]2® + - - (2.4)
(f*h)(z) 2192 2 3193 3 AU 292 ) .
m = 1+ 2as(go — ha)z + [3as(gs — ha) +4a5(h3 — hago)]2® +--- (2.5)
and
d(w(z)) = 1+ Bywy 2z + (Bywsy + Bow?)22. (2.6)
From (2.3), (2.4), (2.5) and (2.6), we have
(14 a)(g2 — h2)as = Biws (2.7)
and
(1 + 20()(93 — h3)a3 + (1 + 304)(]1% — hggg)ag = Biws + ng%. (28)
A computation using (2.7) and (2.8) give
o = 03] = g oy e — ) (2.9)

14+ 2&)(92 — hg)
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where
B 14+3a)(h2 —h 1+2 3 — hs)|B
po— D2 [(1 4 3a)(h3 292)2+M( + 24)(93 3)|B1 (2.10)
Bl (1 + Oé) (gg — hg)
Now the first inequality (1.3) is established as follows by an application of Lemma 1.3.
If
B + [(1+3a)(h3 — haga) + p(1 +20a)(gs — h3)|Bs <_1
By (1+a)*(g2 — ha)? -
then

< (B2 — B1)(1+ @)?(g2 — ha)® — (1 + 3a)(h — hag2) BY _ -
- (1 +2a)(gs — hs) B} '

and Lemma 1.3, gives

s — ] < B A
PTHR= T 20) (g5 — ha)
For
1< By [(1 + 3e) (h3 — h292)2+M(1 + 23)(93 — h3)| By <1
By (14 a)?(g2 — h2)

we have 01 < pu < 09, where 07 and o are as given in the statement of theorem. Now
an application of Lemma 1.3 yields

a3 — pa] <
bR (1+2a)(gs — h3)
For
By [0+ 30)(1 ~ haga) + (1 + 20)(gs — s)lBy |
By (14 a)*(g2 — he)? 7
we have p > o9 and it follows from Lemma 1.3 that

B A
(1+2a)(hs —g3)

las — pa3| <

Now the second inequality (2.2) fallows by an application of Lemma 1.4 as follows:

By

as — pa?|l = wy — tw?
| 3 2 2| (1+20()(gg—h2)[ 2 1]
B,
< max{1;|t|},
~ (1+2a)(g3 — ha) sy
where ¢ is given by (2.10). O

Remark 2.2. If we set a = 1, g and h are as given by (1.4), then Theorem 2.1 reduces
to the result [6, Theorem 3] of Ma and Minda. When « = 0, Theorem 2.1 reduces to
the result [8, Theorem 2.1], proved by Murugusundaramoorthy et al. Note that there
were few typographical errors in the assertion of the result [8, Theorem 2.1] and it is
rectified in the following corollary:
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Corollary 2.3. [8, Theorem 2.1] Let ¢(z) = 1 + Byz + Boz? + ---. If f(2) given by
(1.1) belongs to the class My 1 (¢), then for any real number p,

By (& _ [(hgfh292)+#(93*h3)]5’1> (1< o1)

gs—hs \ B (g2—h2)?
lag — ,ua%\ < 93131% (01 < p<o9),
h2—h _hs)|B
a1ty ) e
where
o1 = (B2 — B1)(g2 — h2)? — (h3 — hago) B
' (93 - h3)B1
and
oy = (Bz + B1)(g2 — h2)? — (h3 — hag2)B

(93 — h3) B}
Here below, we discuss some applications of Theorem 2.1:

Corollary 2.4. Let ¢(z) =1+ Bz + Byz? +--- . Assume that

n(n+)02-0) , F(n+1)I'(2-9) ,
g(2) —Z+Z Tn—o+1) z _Z+Z n75+1) 2"

If f(2) given by (1.1) belongs to the class M, ($), then for any real number p,

(2-8)(3-6)B1 (@ _ [12u(1+2a)(2—5)—4(3—5)(1+3a)131) (1 < o)

12(1+2a) B 4(3=68)(1+a)2
a3 = pa3| < (271%%22)31 (01 S pu<o2),
—08)(3=98 a)(2—96)— —0 a
(2122§3‘+2a))31 ([12u(1+2 )ﬁg_;)éf&ﬂxus NB1 _ %) (1> 02),
where
e B=0)(B1 = Bs)(1+)? + (1 43a)BY]
e 3(2—-6)(1+2a)B2
and
oo e B=0)(B1+ Bs)(1+)” + (1 +3a) B
2 1= .

32— 0)(1 + 20)B2

Remark 2.5. Taking a = 8/72, By = 16/37% and § = 1 in Corollary 2.4, we have
the result of Ma and Minda [5, Theorem 2]. When « = 0, the above Corollary 2.4
reduces to [8, Corollary 3.2] of Murugusundaramoorthy et al. Note that there were
few typographical errors in the assertion of [8, Corollary 3.2] and the following result
is the corrected one:

Corollary 2.6. [8, Corollary 3.2] Let ¢(z) = 1+ Byz + Boz? + -+ . If f(2) given by
(1.1) belongs to the class My (), then, for any real number p,

2—9)(3—9)B 12p(2—6)—4(3—90)]B
00D, (B2 _ BB AGOB) (<),
jag — pa3| < § CRUE05 (01 < p <o),

—5)(3=6 —5)—4(3—6
= )(132 = ([12y(2 4()3—45()3 15 %) (1> 09),
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where
o = (3—10)[B1 — By + Bj]
e 3(2—0)B2
and
o (3 —0)[By + Bz + B?]
2 1=

3(2—0)B?

Putting ¢(z) = (1 + 2)/(1 — z), g and h are as given by (1.4) in Theorem 2.1,
we deduce the following result:

Corollary 2.7. Let f(z) is given by (1.1) belongs to the class M(«), then, for any real
number L,

(a®+8a+3)—4u(1+2a) (n < ov),

) 1(1—}-04)2(1+201)
laz — pasz] < 5o . (o1 < p <o),
4p(14+2a)—(a”+8a+3)
(I+a)2(1+2a) (k> 02),
2
where o1 := 2(111320;) and oy = %

Note that for o = 0, Corollary 2.7 reduces to a result in [4] (see also [14]). By
taking ¢(z) = (1+2)/(1—2), g and h, given by (1.4) in second result of Theorem 1.3,
we have the following result:

Corollary 2.8. Let f(z) is given by (1.1) belongs to the class M(a), then for any
complex number

|ag — paj| < max{1~’4'u(l+2a)(a2+8a+3)‘}.

’ 1+ a2

Remark 2.9. For a = 1, the above Corollary 2.8 reduces to the result [4, Corollary 1]
of Keogh and Merkes.

1+ 2«
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Compact composition operators on spaces
of Laguerre polynomials kernels

Yusuf Abu Muhanna and El-Bachir Yallaoui

Abstract. We study the action of the composition operator on the analytic func-
tion spaces whose kernels are special cases of Laguerre polynomials. These func-
tion spaces become Banach spaces when the kernels are integrated with respect to
the complex Borel measures of the unit circle. Necessary and sufficient conditions
for the composition operator to be compact are found.

Mathematics Subject Classification (2010): 30E20, 30D99, 47B33, 33C45.

Keywords: Exponential Cauchy transform, Convex space, composition operators,
Laguerre polynomials.

1. Introduction

Let D ={z € C: |z| < 1} be the open unit disc in the complex plane C. For z € D,
t € R and a > —1 the generating function of the associated Laguerre polynomials [7,
Formula 5.1.9] is given by

Gl(a,t,z)=(1—2)""texp (1—_2522) = ZL%Q) (t)z" (1.1)

n=0
where L") (t) is the generalized Laguerre polynomial of degree n given by

n k
LW () =) (Z - Z) (_kt!) . (1.2)

k=0

Formula (1.2) can extended for a < —1 by using the identity in [7, p. 102 , eq. 5.2.1],
F'n—a+1)

' Lff)a (t) for a > 1.
n!

L () = (-1)"
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The first few terms of L (t) (see [3, p. 114]) are given by,

L) =1

L) =—t+a+1 (13)
L(t) =162 — (a + 2t 4 (et2et]) '
Léa)(t) 7%253 + (aJ2r3) t2 B (a+2)2(a+3)t + (a+1)(ag2)(a+3)

and the recurrence relation for the coefficients L{" (z) in [3, p. 114, Eq. 4.5.5] is given
by
(n+ 1)L (t)=@n+a+1—t) L) — (n+a) L, (1). (1.4)
The Laguerre generating function in (1.1) can be written in terms of the classical
Cauchy kernel K (z) = (1 — 2z)~! as follows
Glat,z) = [K (2)]" exp[t — tK (2)] (1.5)
and special cases of the generating function G (a,t, z) give interesting kernels of ana-
lytic functions spaces. For instance we have:
G(0,0,2) =K (2)=(1-2)"1
Gla—1,0,z) =K*(z)=(1-2)"*%a>0 (1.6)
eG(—1,-1,2) =K. (z) =exp[(1—2)7"]
where it is known in the litirature that

K(z)=(1-2)""! is the classical Cauchy kernel,
K*(2)=(1—2)"%a>0 is the fractional Cauchy kernel and (1.7)
K.(z)=exp[(1—2)""] is the exponential Cauchy kernel.

Using (1.1) the corresponding Taylor series of these kernels are:

K (z) = iL%O)(O)Z" = f:z"
n=0
ZL(O‘ Yo ZA (1.8)
n=0 n=0

(o) (o)
z) = eZL%‘l)(—l)z" = eZAnz".
n=0 n=0

The coefficients above have the following properties:

1. A, (@) = (=1)" (;“) _ (”*S - 1)

_ LU | -1
2. A, =L} 1)(— 1)=> Z'(z z) where A9 = A; = 1.
i=0 —

3. (n+1) A1 = (2n+1)Ap — (n—1) Ap_y.

1 1
4. 22 S 1 and 22 51 as n — oo
n n

oo
5. The sequence {Ai} is convex.
" Jn=0

Results (1) is from [3] while (2)-(5) are in [8].
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2. Cauchy type analytic function spaces

Let T = OD be the boundary of D and let H (D) denotes the class of holomor-
phic functions on D. H (D) is a locally convex linear topological space with respect
to the topology given by uniform convergence on compact subsets of D. We denote
by M the set of all complex—valued Borel measures on T and M* the subset of M
consisting of probability measures. An analytic function f is subordinate to g in D,
written f (z) < g(2) , if there exists an analytic self-map ¢ in D with ¢ (0) = 0 and
lo (2)] < 1, satisfying f (z) = g [ (2)]. If in particular g is also univalent in D, then
f (%) < g () is equivalent to f (0) = g (0) and f (D) C g(D).

Let z € D and let k € H (D) be one of the kernels in (1.6). We define X to be
the subspace of H (D) consisting of functions for which there exists a measure y € M
such that

ule) = [ Koz)duta). (2.1)

where x = e € T. The norm on X defined by

Il =t {lell: £ ) = [ (o) duto) | (22)

makes X into a Banach space. If the series expansion of the kernel function & is given

by,
k(z) = Z anz"
n=0

then the series of the function is given by

1) = [ kaydu(o) = 3 auiune" (2.3)
n=0

where
+7
ey, = / z"du (z) = / edp (™).

T -
According to the Lebesgue decomposition theorem M = M, & M,, where M, :=
{tta € M : g < m} where m is the normalized Lebesgue measure on the unit circle,
and M := {us € M : s L m}. Thus any p € M can be written as u = pq + s
where p, € M, , pts € My and ||p|| = ||pall + ||ps]|. Consequently the Banach space
X may be written as X = (X), @ (X),, where (X), is isomorphic to L'/H} the
closed subspace of M of absolutely continuous measures, and (X), is isomorphic to
M, the subspace of M of singular measures. If f € X, then the singular part is null
and the measure u for which the integral in (2.1) holds reduces to du(e') = g(e')dt
where g(e'*) € L' and dt is the Lebesgue measure on T. In this case the functions in
(X), may be then written as,

fulz) = /Tr k (eitz) g(e“)dt

—T

where if g(e'") is nonnegative then || f||x = [|g(e™)]| . -
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If the kernel function in (2.1) is replaced by K(2) = (1—2)71, K%(2) = (1—2)~@
or K.(z) = exp[K(z)] respectively then the corresponding analytic function spaces are
the classical Cauchy transform space K [5], the fractional Cauchy transform spaces
F, [6] and the exponential Cauchy transform space K, introduced in [8], thus using
(2.1) and replacing a,, by the appropriate coefficients from (1.8) in (2.3) we get the
following:

K{quH /szdp Zun }
K, :{f“GH /K“ (z2)dp(z ZA } (2.4)
= {fu ceHD): fu(z) = / Ke(zz)du(z) = ZeAnunz"}
T n=0

where

i—0

<

Clearly K is a special case of K, when a = 1. It is also known that K, C Kz for
0 < a < B. It was also shown in [8] that K C (K¢), and if f € K then | f[[g <
Al 1 || fll where h € L.

The next result gives us examples of elements of K.

a

Lemma 2.1. Suppose that |w| < 1 and let f, (z) = K. (wz) = exp [(1 - wz)fl} for
|z| < 1. Then fy,, (2) € K. and there exists a probability measure p € M* such that

fu(2) = /T K, (e2)dp(e) and | full = lul = 1.

Proof. For |w| <1 and |z| < 1 we have Re {K (wz)} = Re{(l —wz)_l} > 1. The
Riesz-Herglotz formula implies that there exists a probability measure p = p,, € M*
such that

K (wz) = (1 —wz) / K(xz)du(z / (1—x2)"  du(z). (2.6)

The left hand side of the above equation is (1 — wz) ™" = > yw"z" and right hand
is > pnz". Equating coefficients of the power series of both sides of (2.6) we get that
n=0
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w" = p = [pa"dp(x) for n=0,1,2,... and thus

fw (Z) =K, (wz) = GZAn’LU"Z”

n=0

- 5_0;4 ([arauta)

= / eZAn;U"z" du(z)
T n=0
~ [ Koo duto)
T
Hence f,, € K and since p € M*, we have || fullg, = [lull = 1. O
Corollary 2.2. A special case of the previous result is
K. (vz) € K for allz € T and || K, (z2)[lk, = 1.

Lemma 2.3. Suppose {f,,},—, is a sequence of functions in K. such that there is
a constant A for which which || fu, [l < A forn=1,2,.... If fu(2) = lim f, (2)

exists for [2| <1, then f € K¢ and ||f|lg, < A.
Proof. Let z € D suppose f,, € K. for n =1,2, ... then by definition we have,

fun (2) = /T Ko (22) djtn (2) and tn € M, [[fun (). = llinl] < A

The Banach-Alaoglu theorem yields a subsequence {fi,, } for k =1,2,...,||un, ]| < A
and pu € M, ||p]| < A such that u,, — pu € M as k — oo in the weak* topology.
Hence we get,

/ K, (z2) dpin,, () — / K, (zz)dp(z) as k — oo.
T T

Since we also have that f, (z) = klim fiin, (2) then

ful(z) = /TKe (zz)dp (z) € K¢ and || f,.]] < A. O

3. The composition operator on K,

If ¢ is an analytic self map of the unit disc D, we say that ¢ induces a bounded
composition operator C, on X if there exists a positive constant A such that for
all fe X, Co(f)llx = I(fop)llx < Allfllx - A bounded operator C, will be a
compact operator if the image of every bounded set of X is relatively compact (i.e.
has compact closure) in X. Equivalently C,, is a compact operator on X if and only if
for every bounded sequence {f,} of X, {C,,(f»)} has a convergent subsequence in X.

The composition operator C, has been thoroughly studied on the Cauchy space
K such as in [4, 5] and on the fractional Cauchy spaces K, such as in [2, 6]. In
particular it is known that;
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1. If & > 0 and ¢ is conformal automorphism of D, then Cy, (f) = f o ¢ € K, for
every f € K.

2. If @« > 1 and ¢ is an analytic self map of the unit disc D,
then C,, (f) = foy € K, for every f € K,.

3. Let G,, denote the set of functions that are subordinate to K< (2) = (1 —2)™“
in D. If & > 1 then a function f belongs to the closed convex hull of G, if and
only if there is a probability measure y € M* such that f (z) = [ K*(zz)du(z).

4. C, is compact on K if and only if Cy, (K) C (K),, .

5. If @ > 1 then C,, is compact on K, if and only if C,, [K* (zz)] € (K,), for all
|z| = 1.

Results (1)-(3) are in [6], result (4) it is known from [4] and was extended to
result (5) in [2]. The operator C,, is also bounded and Mébius invariant on K. There
is no loss of generality in assuming that ¢ (0) = 0, and we will assume so throughout
the article. Our focus then is only on when the composition operator is compact
on K..

We need the following interesting two results due to Y. Abu Muhanna and D.
Hallenbeck in [1] .

Theorem 3.1. Let A be a bounded convex body, with 0 € A and let H be a covering
function mapping the unit disk onto the exterior of the bounded convex body €2 = cA.

Suppose that log H is univalent and also maps the unit disk onto the compliment of
a convex set. Then any analytic function f subordinate to H can be expressed as

1) = [ (o), (3.1)
T
for some positive Borel measure p on the unit circle with ||u|| = 1.

The previous theorem includes the following special case.

Theorem 3.2. If ¢ is analytic self map of the unit disc D, with (0) = 0 then there
ezist probability measures p,v € M* such that

Cy K. (2)] = Ko(p(2)) = / exp (K (22)) dpu() = exp ( /T K(m)du(ac)).

Then MK, with |A\| =1 are all of the universal coverings of ¢D.
Lemma 3.3. Suppose g, (eit) is a monnegative L*—continuous function of x and let
{pn} be a sequence of nonnegative Borel measures that are weak® convergent to p.
Define
wn(®) = [ 9 () dn (0) and wlt) = [ g (¥) du o
T T

then ||w, —wl|/;. — 0.
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Proof. Suppose g, (e”) is a nonnegative L'continuous function of z and for z € D

let,
9o (2) = /Re (T_re%) ga (") d(t)

wn(2) = / g0 (2) dpn () and
w(z) = / g (2) dp ().

Notice that all functions are positive and harmonic in D and that the radial limits of
wp(2) and w(z) are wy,(t) and w(t) respectively. Then, for |z| < p < 1,

192 (2) =g <>|_1 gz (¢) = 9y (") ]

The continuity condition implies that g, (z) is uniformly continuous in z for all |z| <
p < 1. Weak star convergence, implies that w,(z) — w(z) uniformly on |z| < p < 1
and consequently the convergence is locally uniformly on D. In addition, we have

[[wn(pe™)| 1 = [lw(oe™)]| .-
Hence we conclude that
wn(pe™) — w(pe)]| . — 0 as n — oo.
Now using Fatou’s Lemma we conclude that

[|wn(e™) — w(e“f)HL1 — 0. O

Lemma 3.4. Let g, (e“) be a nonnegative L' continuous function of x such that

l9zll;: < a < oo and g, (e) defines a bounded operator on Hg.
Let f(z) = /Ke (xz) du(x) , and let L be the operator given by
T

z)] = // 9o (") K. (e"2) dtdp(x)

then L is compact operator on K.

Proof. First note that the condition that g,(e'*) defines a bounded operator on H}
implies that the L operator is a well defined function on K,. Let {f,(z)} be a
bounded sequence in K, and let {u,} be the corresponding norm bounded sequence
of measures in M. Since every norm bounded sequence of measures in M has a weak
star convergent subsequence, let {u,} be such subsequence that is convergent to
1 € M. We want to show that {L(f,)} has a convergent subsequence in K,,. First,
let us assume that dpy, (z) >> 0 for all n, and let w,(t) = [ g, (") du, (z) and

t) = [ g» (€") dpu (x) ,then we know from the Lemma 3.3 that w,(¢), w(t) € L' for
all n, and wy, (t) — w(t) in L. Now since g, (e“) is a nonnegative continuous function
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in z and {u,} is weak star convergent to u, then

://Ke (€"2) g» (€") d(t)dpy, (2 /K n(t)dt
/ / K. (c") d(t)du (x) = / K. (¢"2)w () dt

Furthermore because w,, (t) is nonnegative then

L)k, = lwallzs
IL(Pllk, = llwll s

Now since||w, —w||;x — 0 then ||L(fn) — L(f)|lx, — O which shows that {L(f,)}
has a convergent subsequence in K, and thus L is a compact operator for the case
where p is a positive measure.

In the case where p is complex measure we write

dpin () = (dpy, (2) = dp7, () +i(dpy, (2) = dpy (@)
where each dyd, (z) >> 0 and define wi (t) = [ g, (e) dpd, (x) then

wnlt) = [ 92 (¢) din (2) = (wh(®) — (1) + (wh(0) - wh(0).
Using an argument similar to the one above we get that
wl (t),w (t) € L', and ||w£L - ijLl — 0.

Consequently, |wy, —w||;,, — 0, where

w(t) = (wl(t) - w2(t)) +1 (wB(t) — w4(t)) = /gz (e“) du ().

Hence,
I1L(fn) = L) g, < lwn —wllpr — 0.
Finally, we conclude that the operator L is compact. 0

Now we are ready to prove our main theorem which characterizes compact com-
position operators on K.

Theorem 3.5. If ¢ is analytic self map of the unit disc D, with ©(0) = 0 then the
operator Cy, is compact in K. if and only if Cy, [K. (22)] € (K.), for all x such that
|z| = 1.

Proof. Assume that C,, is compact on K. and let { f; (z)}]oi1 be the bounded sequence
of functions defined as

fi(2) = K. (pjrz) = exp ( ) = exp [K (pjz2)],

where 0 < p; < 1 and limj_. p; = 1. Clearly, f; € H* N K. and there exist
probability measures p; € M* such that

9 = [ Ko@) duy(a)

1
1—pjzz
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where ||f;llg. = [l = 1. Since C, is compact on K., then C, (f;) € K¢ and
1Co (DI < NColl 1 fillk, = [ICy| for all j. Furthermore Cy, (f;) € H* NK. C (Ke),
for every j and thus there exists a nonnegative L' function g; (z) such that du;(z) =

gj (z)dt and
)] = /Ke (xzz) gj (x) dt.
T

Since the operator C, is compact then the sequence {C,, ( fj)};’il has a convergent
subsequence that converges to C, [K. (z)] € (K.), because of Lemma 2.3 and the
fact that (K.), is a closed subspace of K.

For the converse let f € K. then there exists a measure in M such that

2) = / K. (22) dyi ()

Then

(fop)(2) =Colf(2)] = /Ke [z (2)] dp () = /Qa [Ke (22)] dp ()

T T

where by assumption C,, [K,. (zz)] € (K.), and thus can be written as

Cy [Ke (z2)] = /gm (e") K. (e"2) dt
T

where g, (e'*) is a positive L' —continuous function of z. Hence

/C’ (x2)] dp (x)

_ / / g (€) K, (¢'2) dtdp ()
T T

which was proven to be compact in K, in the the previous Lemma 3.4. g

Corollary 3.6. We have the following.

1. The operator C,, is compact in K. if and only if C, (K¢) C (K.)
2. Let p € H(D), with ||¢||, < 1. Then C, is compact on K..

a*

Proof. C, [K.(2z)] = Ke[zp (2)] € H* NK, C (K)
hence

and is subordinate to K, (2)

a

(22)] /K €"2)g, (") dt € (Ke),

where g, (') is a nonnegative L' function. O
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Maximum principles for elliptic systems and
the problem of the minimum matrix norm
of a characteristic matrix, revisited

Ioan A. Rus

Abstract. In 1968, the existence of a maximum principle for some systems of
partial differential equations led us to the following problem (see I.A. Rus, Studia
Univ. Babes-Bolyai, 15(1968), No. 1, 19-26 and Glasnik Matematicki, 5(1970),
No. 2, 356): Let A € R™*™ be a matrix and ||-||2 the spectral norm on R"*". The
problem is to determine, I;lég”A — zI||2. In this paper we study the evolution of
this interesting relation between the theory of partial differential equations and
the matrix theory. An application of an elliptic partial differential equation with
complex valued coefficients is presented. New maximum principles are given and
the case of infinite systems is also studied. Some open problems are formulated.

Mathematics Subject Classification (2010): 35B50, 15A60, 40C05, 35J47, 35K40,
15F60, 65F35, 65J05.

Keywords: strongly elliptic system, maximum principle, matrix norm, spectral
matrix norm, equation with complex valued coefficients, infinite matrix, infinite
system.

1. Introduction

Some time ago, studying maximum principle for elliptic systems of second order
we was conducted to the following problem (see [37]-[41]):

Let ||-||2 be the spectral norm on R™*™ and A € R™ "™ be a matriz. The problem
is to determine, Imnel]EHA —z1||s.

In 1971, E. Deutsch informed me that H. Heinrich (see [15] and [16]) studied
a similar problem in the case of Frobenius norm, ||-||F, column sum norm, |-||;, and
row sum norm, ||-||co. The problem corresponding to the spectral norm was studied
by A.S. Muresan ([29]) and by I.C. Chifu ([5] and [6]). In 1975, S. Friedland studied
the following problem (see [11]):
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Let A, B € C™ ™ be nonzero matrices such that A # xB for any © € R. Let
d:= mi}g”A — xBl||2. The problem is to study the solution set of the equation:
TE

|A - aBlly=d

The aim of the present paper is to revisit the ”abstract model” in [37], to give
new maximum principles in terms of spectral norms and to consider the case of elliptic
equations with complex valued coefficients and the case of an infinite system of elliptic
equations. Some open problems are also formulated.

2. Preliminaries

2.1. Vector norms and matrix norms
Z1

Let us denote by K, Ror C. If x € K", then, x = | : | and 2* = (21,...,2,).

In
We consider on K™ the following norms:

oo = miax ||

and
n 1
P
fell = (Lhas) s forp = 1.
k=1

If, ||-||, is a norm on K™ then we denote by the same symbol the operatorial
norm (subordonate norm, or natural norm) on K®*" corresponding to the norm, |||,
on K".

So, we have [[ Al = mas (Zu) 14l = max. (Zm]) and || Al =
j:

(p(A*A))% - the spectral norm of A.
We also consider on K™*™ the Frobenius (or Euclidean) norm defined by

1Al = ( ) |ak]|2)

k.j=1

This norm is not induced by any norm on K", but is a matrix norm, i.e.,
|A-Bllr < |[Allr - |Bllr, v A, B €K™

For an operator norm on K™*"_ ||-||, we have that
|Az|| < || A|l||z], VA€ K"™" and z € K".

We also have that, |42 < ||AllF, V A € K"*". For the minimum norm problem
we mention the following result
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Heinrich’s Theorem. Let A € C"*™. Then,

1
1 3
in||A— zI|p = [ ||A||% — =|trA]? | .
min||A — 21| p (II Iz — —~ltrA]
From this theorem we have

Theorem 2.1. Let A € R"*"™, Then,

1

1 2

inf|A—allp = (|A|% - =|trA]?) .
min||A — z1||F (II I nl?“l)

For more considerations of the above notions and results see: [17] (especially
Chapter 37 by R. Byers and B.N. Dalta), [1], [35], [2], [15], [16], [36], [42], [3], ...

2.2. Elliptic systems of second order

Let Q C R™ be an open subset. Let us consider the following second order system
of partial differential equations:

& 0u ou ou

k=1j=1

where Ap; : Q@ — R™*™ F: Q x R™ x R" — R™.

There are many points of view in classifying systems of partial differential equa-
tions (see for example, [27], [10], [8], [20], [4], [13], [23], [31], [34], ...).

In this paper we need the following notions.

Definition 2.2. The system (2.1) is called elliptic on Q if

det <zn: zn: A (x))\k)\j> £0

k=1 j=1
for all x € Q and all A € R™ \ {0}.
Definition 2.3. The system (2.1) is called strongly elliptic on , if

Z Z (T*Akj(l‘)T))\k)\j >0, forallz € Q,

k=1 j=1
for all T € R™\ {0} and all A € R™\ {0}.
Definition 2.4. The system (2.1) satisfies Somigliana’s condition on 2, if

Z ZT,:Akj(x)Tj >0, forallxz €9,

k=1j=1

for all 7, € R™, k =1, n with ZHTk” # 0.
k=1
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3. Basic idea and examples

The basic idea of the paper [37] may be presented as follows.
For a subset 2 C R™ we denote

FOLR™) :=={u|u: Q—>R™}.
Let D CRP, 1 <p<mnand X C F(Q,R™) be a linear subspace. By definition
(,): X xX — F(D,R)
is a generalized inner product on X if the following axioms are satisfied:
(1) (u,v) = (v,u), Vu,v € X;
i

(i4) <)\u v)—)\<u v), Vu,ve X, VIER,
(71) (u1 + ug,v) = (u1,v) + (u2,v), ¥ uy, uz,v € X;
() (u,u) >0,¥Vue X and (u,u) =0<u=0.

Let (-,-) be a generalized inner product on X, L : X — F(Q,R™) be a linear
operator and Y C F(D,R) be a linear subspace. In which conditions for each v € X,
there exists a linear operator Ty, : Y — F(D,R) such that

(u, L(w)) (2) = [l () Tu([lul)) (),

for all x € D, with |Ju||(z) # 0.
Let us consider the equations

L(u)=0 (3.1)
and
Tu(v) =0. (3.2)

If the pair L, T, is a solution of the above problem and u is a solution of (3.1)
and iff all solution of (3.2) has a property (p), then the norm, ||u||, of w has the

property (p).
Example 3.1. Let Q0 C R” be an open set, X := C?(Q,R™), D :=Q, Y := C*({,R)

and
m
v) 1= E UV
k=1

As L, let us take the following operator

where By, C € F(Q,R™*™).
Let u € C?(2,R™) and = € Q be such that |lu(z) # 0. Then
u(z) = [[ull(z)e(z), with (e, e)(x) = 1.
So, in all point x € Q, where ||lu||(z) # 0, we have

Oe ﬁ Oe 0%e

S >+<6a37]%> =0

:O,k:Lm, and <8$ ,%
k k
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This relations imply that

(u, L(w)) = [[ul|(e, L([[ulle)) = [lu] Tu(l[ul])

where

Av—!—z 6Bke> (e, Leyv

From a well known maximum principle for an elliptic differential equation we
have (see [12], [34], [33])

Theorem 3.2. Let L be such that
(e, Le)(x) <0 (3.3)

for all e € C?(,R™), with ||| =1 and all x € Q.
Then the norm of each solution u € C?(Q,R) of (3.1) has no positive local
mazimums in 1.

Remark 3.3. For the case when  is open and bounded and u € C?(2, R™)NC(Q2, R™)
see [37] and [38].

Remark 3.4. The problem is in which conditions on By and C we have the condition
(3.3) 7
First of all we have that

(e, Le) Z( Oc > z”: (e, Bk +(e,Ce) <0 (3.4)

axk 8.1‘k

(a function u < 0 < u(x) <0,VzeQ).
On the other hand we remark that

Oe Oe
B By — bpl)—
(0Bl ) = (e, (B~ bel) ),
for all by € F(Q,R).
So, we have the condition
(e, Le Zbk1ﬁ> <0 (3.5)

and we have that, (3.4) < (3.5).

Now, let us suppose that

ZZC;W AkA; < —c(@) Y |l (3.6)
k=1

k=1 j=1

for all A € R™ \ {0}, with ¢(z) € R}, V z € Q.
Since

e (B = ) 2 (@) < 1B~ bl o) e

v Q
aka’ re

from Theorem 3.2 it follows
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Theorem 3.5. We suppose that in Theorem 3.2 we put instead the condition (3.3) the
following:

(1) the matriz C satisfies condition (3.6) with ¢ = Z ci;
k=1
(i9) there exist by, € F(Q,R) such that

| Bx — brll2 < 2ck, k=1,n.

Then we have the conclusions in Theorem 3.2.

Remark 3.6. Since ||-||2 < ||-||r, by Theorem 2.1 we can take in Theorem 3.5,
1 1 1
C = §(||Bk||% — E|ter|2) 2,

Remark 3.7. In a similar way we have

Theorem 3.8 (see [37], [38]). Let us consider the following second order system

n n

ZZ k38$8 +ZBk +Cu—0 (3.7)

k=1 j=1
We suppose that:

(1) Q C R™ is an open subset and Ay;, By, C : Q@ — R™*™ qare arbitrary matriceal
functions;
(ii) the system (3.7) is strongly elliptic;
(iii) (e, Le) <0, for all e € C*(Q,R™) such that |le|]| = 1.
In these conditions the norm of each solution, u € C?(2,R™), of (3.7) has no positive
local mazimums.

Remark 3.9. For the maximum principles for elliptic equations and systems see [27],
[13], [34], [12], [21], [23], [33], [43], [44], [5], [6], [29], [30], ...

Example 3.10. Let Q = 2 x5 C R” be an open subset, where ; C RP, )y C R*" 7P,
1 < p < n, are domains with smooth boundary. If z € Q, then = = (2/,2") with
= (z1,...,2p) € U, 2" = (Tpy1,...,2n) € Qa.

Let X := C*(Q,R™), D :=Q, Y := C*(Q,R) and

e [ (S

2

For x € 2 such that |Ju||(z) # 0 we have

w(z) = |lull(x1, ..., zp)e(x), with (e,e) = 1;
and
Oe de Oe 0%e
(e g =0 k=T (g 50+ gy ) = O
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Let us take
- ou
L(u) := Au+k§::lBk(x1,...7 )%—1—0(@,... zp)u =0 (3.8)

82 \ull = Oull de | <~ Ollull

So,
P P
0%v ov
= Z 8—%% + Z (e, Bke>a—xk + (e, Le)v.
k=1 k=1

From the above considerations, we have
Theorem 3.11. Let L be such that
(e, Le)(x') <0, V' €y, and

for all e € C?(Q,R™) with ||e| = 1.
Then the norm of each solution uw € C*(Q,R™) of, L(u) = 0, has no positive
local mazimums in Q.

Remark 3.12. As in the case of condition (3.3), the problem is in which conditions
we have

(e, Le)(z") < 0 (3.9)
for all e € C2(Q,R™) with |le|| = 1 and all 2’ € €.
First of all we have that

<e,Le>=/é( ia )dm/zieﬁeﬂw

0O, k=pi=1

+z/ze] PREPEDS /z g
k=p+1 g J=1

+ chjekejdf”.

KZ

From this relation and for a well known maximum principle for an elliptic equa-
tion, we have

Theorem 3.13. Let us suppose that

p p n
(i) => (mm)e+ > 0, (Be = D) 7i)e + Y (0, Bemi)e + (n,en)e < 0 for all
j=1 k=1 k=p+1

1,7 € R™\ {0}, and for some by € F(Q,R), k =1,p;
(i1) u € C%(Q,R™) is a solution of (3.9) such that, u’91><892 = 0.
Then the norm of u has no positive local mazimums in §2.

Here, {-,-)g denotes the Fuclidean inner product.
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Remark 3.14. For the case of p = 1 see [21].

Remark 3.15. For the case of a class of systems which satisfy Somiglian’s condition
see [41].

Remark 3.16. It is clear that, in all of above cases, a solution for the minimum norm
problem is very important.

4. An application to an elliptic equation with complex valued
coefficients

Let us consider the following elliptic equation
ou
A — =0 4.1
U+;pkaxk+qu (4.1)

where pg,q : 0 — C with  C R™ an open subset.

By a solution of (4.1) we understand a function u € C?(£2, C) which satisfies the
equation (4.1).

The equation (4.1) is equivalent with the following system of elliptic equations

Reu " (Rep, — Impy, 0 (Reu
A (Imu) + ; (Imp;€ Repr ) Oz, \Imu
Req — Img Reu)
+ (Imq Req) ' (Imu) =0
If in Theorem 3.5 we take by := Repy, we have from this theorem the following

result.

Theorem 4.1. Let us consider the equation (4.1). We suppose that
Reg(x Z Imp;C , Vae.

Ifu e C*(Q,C) is a solution of (4.1), then, |u| has no positive local mazimums in Q.

Remark 4.2. For a similar results, see [28].

5. Infinite elliptic systems of partial differential equations

We start this section with some words on infinite matrices.
Let A € KN *N" be an infinite matrix which is row-column-finite. This matrix
induces the linear operator
A:l(K) - KV,
By definition the matrix A is 2-bounded if:
(i) A(I2(K)) C Io(K);
(#4) the operator A : [3(K) — I2(K) is a bounded operator.



Maximum principles for elliptic systems 207

By definition, the 2-norm of A is the norm of A4, i.e.,
14]l2 = sup { | Az]}2 | = € l2(K) with ||zl = 1}.
It is clear that we have
[Azl2 < [[Allzll2 ]2,
for all x € I3(K) and all 2-bounded matrices A.

Example 5.1. Let 2 C R™ be an open subset. We consider

X = {u - ZQ(R) ’ = CQ(Q,ZQ(R)), % c Cl(Q,ZQ(R))
371,{ € C(Q,2(R)},

and

and
oo
(u,v) = Z UR V-
k=1

Now, let us consider the following infinite system
L(u)-—AwiB U L cu=o0 (5.1)

where By, C : Q — RY XN are row-column-finite matrices. We have

Theorem 5.2. We suppose that:
(7) the matrices B (z), C(x) are 2-bounded for all x € Q;
(i)
(e,Le) <0, ¥V eec X with (e,e) = 1. (5.2)

Ifu € X is a solution of (5.1), then ||ull2 has no positive local mazimums in Q.
The proof is similar with that of Theorem 3.2.

Remark 5.3. Asin the case of Theorem 3.2, the problem is to study in which conditions
on By and C we have (5.2). We have

Theorem 5.4. We suppose that:
(i) the matrices By(z), C(z) are 2-bounded for all x € Q;
(i9) there exist c, by, € F(Q,R), k=1, m such that:
() 1IBe = bill2 < 2c, k=1,m;

(b) (&,C(2)8) <= i, ¥ & € o(R), with (€,€) = 1.
k=1

If u € X, with |jul|2, ||,9aTl;||2 and ||2273H2, k = 1,m, uniformly convergent on each
k

compact in ), is a solution of (5.1), then ||u|2 has no positive local mazimums in .

Remark 5.5. For more informations on infinite matrices see: [35], [7], [14], [25], [18],
[19], [22], [24], [26], ...
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6. Research directions and open problems
The above considerations give rise to the following questions.

Problem 6.1. Use the above technique to study some maximum principles for the
following elliptic system in an open subset 2 C R™:

ou
ZZ ’”ax 8;10 +ZBka—+Cu_o

k=1j=1

where Ay, By, C : Q — C™*™ and u € C*(Q,C").
References: [28], [27], [31], [10], ...

Problem 6.2. Let 2 C R™ be an open subset. Use the above technique to study
maximum principles for the following parabolic system:

ou ou
ZZAijta amj—l—;kata —l—C(x,t)u—E—O

k=1 j—1 Lk
for (x,t) € 2x]0,T[. Here Ayj, By, C : Q2x]0,T[— R™*™,
A similar problem holds for the case of complex valued matrices Ay;, By and C.
References: [37], [38], [6], ...

Problem 6.3. Use the maximum principles in this paper to study the uniqueness of
the solution of Dirichlet problem for elliptic systems.

For example, let us consider the following uniformly elliptic operator in an open
and bounded 2 C R”

L= L0+C ZZ j&xkax ];bk(l‘)+0$

k=1j5=1
with smooth coefficients and smooth boundary T' of Q (u € C%(Q) N C(Q))
L(u)=f (6.1)

u|F =g (6.2)
The following result is given in [32]:

Theorem of equivalent statements. We suppose that we have uniqueness for the
problem (6.1) 4+ (6.2). Then the following statements are equivalent:

(i) there exists v € C*(Q) N C(Q) such that v(z) >0 for z € Q and L(v) > 0 in Q;
(i4) for all smooth ¢y > ¢ we have uniqueness for Ly = Lo + ¢1 and §;
(#i1) for all smooth open Q1 C Q we have uniqueness for L and Q4 ;
() f>0in, g=0 onT imply u >0 in ;
(iv') the corresponding Green function for L and Q, G(z,y) > 0 for all z,y € Q;
(v) f=00nQ,g>0o0nT implyu>0inQ;
)

(v aG(I v) >0 for allz € Q and y € I', where v, is the inner conormal at y € I'.

The problem is to give a similar result for a strongly elliptic system of second
order.
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Problem 6.4. Let A € R™*". Determine some upper estimations for

min||A — z1||s.
z€R

A similar problem for A € RN >N,
References: [1], [5], [6], [17], [7], [14], [22], [24], [26], ...

Problem 6.5. Let A € C"*". Determine some upper estimations for
min||A — z1||2.
min|| 2

A similar problem for A € CN"*N",

References: [1], [7], [14], [15], [16], [24],
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Strong and A-statistical comparisons
for double sequences and multipliers

Sevda Orhan and Fadime Dirik

Abstract. In this work, we obtain strong and A-statistical comparisons for double
sequences. Also, we study multipliers for bounded A-statistically convergent and
bounded A-statistically null double sequences. Finally, we prove a Steinhaus type
result.
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1. Introduction

Strong and A-statistical comparisons for sequences have been studied in [3].
Demirci, Khan and Orhan [4] have studied multipliers for bounded A-statistically
convergent and bounded A-statistically null sequences. Also, Connor, Demirci and
Orhan [1] have studied multipliers and factorizations for bounded statistically con-
vergent sequences. Yardimer [16] has extended the results in [1] using the concept of
ideal convergence. Diindar and Altay [6] have obtained analogous results in [16] for
bounded ideal convergent double sequences.

In this paper we show that the double sequence yn2, which is the character-
istic function of N? = N x N, is a multiplier from W (T, p, q) N 15°, the space of all
bounded strongly T-summable double sequences with index p, ¢ > 0, into the bounded
summability domain ¢ (b), when T and A two nonnegative RH-regular summability
matrices. Also A-statistical comparisons for both bounded as well as arbitrary double
sequences have been characterized.

We first recall the concept of A-statistical convergence for double sequences.

A double sequence z = (z,,,) is said to be convergent in the Pringsheim’s
sense if for every € > 0 there exists NV € N, the set of all natural numbers, such that
|€m.n — L| < e whenever m,n > N. L is called the Pringsheim limit of z and denoted
by P —limz = L (see [14]). We shall such an x more briefly as “P—convergent”.
By a bounded double sequence we mean there exists a positive number K such that
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|Tm.n| < K for all (m,n) € N2 two-dimensional set of all positive integers. For
bounded double sequences, we use the notation

< 0.

||x||2,oo = SUp |Zp,n
m,n
Note that in contrast to the case for single sequences, a convergent double sequence
is not necessarily bounded. Let A = (aj,k}m’n) be a four-dimensional summability
method. For a given double sequence = = (), the A—transform of z, denoted by
Az := ((Az); k), is given by
00,00

(Ax)jk = Y GjkmnTmn

m,n=1,1

provided the double series converges in the Pringsheim’s sense for (m,n) € N2,

A two dimensional matrix transformation is said to be regular if it maps every
convergent sequence in to a convergent sequence with the same limit. The well-known
characterization for two dimensional matrix transformations is known as Silverman-
Toeplitz conditions ([8]). In 1926 Robison [15] presented a four dimensional analog of
regularity for double sequences in which he added an additional assumption of bound-
edness. This assumption was made because a double sequence which is P—convergent
is not necessarily bounded. The definition and the characterization of regularity
for four dimensional matrices is known as Robison-Hamilton conditions, or briefly,
RH —regularity ([7], [15]).

Recall that a four dimensional matrix A = (a; k,m,») is said to be RH—regular
if it maps every bounded P—convergent sequence into a P—convergent sequence with
the same P—limit. The Robison- Hamilton conditions state that a four dimensional
matrix A = (a; g m.n) is RH—regular if and only if

(i) P —lim;x aj kmn = 0 for each (m,n) € N?,
00,00
(43) P—1limj > @jkmn =1,

m,n=1,1

[e.°]
(t99) P —lim; x > |ajkmn| =0 for each n € N,
m=1

(o)
(iv) P —1lim;x > |ajkmmn| =0 for each m € N,
n=1

00,00

(v) Zl ) |@j k,m,n| is P—convergent for every (j, k) € N2,
m,n=1,
(vi) There exits finite positive integers A and B such that Y |ajkmn| < A
m,n>B

holds for every (j,k) € N2,
Now let A = (aj k,m,n) be a nonnegative RH—regular summability matrix, and
let K C N2, Then A—density of K is given by

64 (K) =P — hrlxcl Z Qjk.mon
(m,n)eK

provided that the limit on the right-hand side exists in the Pringsheim sense. A real
double sequence © = () is said to be A—statistically convergent to L if, for every
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e >0,
§5({(m,n) e N*: |y, ,, — L| > €}) = 0.

In this case, we write st% )~ limz = L. Clearly, a P—convergent double sequence is
A—statistically convergent to the same value but its converse it is not always true.
Also, note that an A—statistically convergent double sequence need not be bounded.
For example, consider the double sequence z = () given by

o J mn, if m and n are squares,
mn 1, otherwise.

We should note that if we take A = C(1,1),which is double Ceséro matrix, then
C(1, 1)-statistical convergence coincides with the notion of statistical convergence for
double sequence, which was introduced in ([12], [13]).

By sty, st3’, st3 (b), st3° (D), ¢, ¢ (b),l5° we denote the set of all A-
statistically convergent double sequences, the set of all A-statistically null double
sequences, the set of all bounded A-statistically convergent double sequences, the set
of all bounded A-statistically null double sequences, the set of all convergent dou-
ble sequences, the set of all bounded convergent double sequences and the set of all
bounded double sequences, respectively. From now on the summability field of matrix
A will be denoted by 2, i.e.,

A= {:E : P —lim (Az), . exists} ,
ik g,

and % (b) := ¢4 NIL.
Let p,q positive real numbers and let A = (a;k,m,n) be a nonnegative RH-
regular infinite matrix. Write

W(A,p,q) := {x = (Tmn): P— lirchg)kmm |Zm.n — L|P? = 0 for some L} ;

)
m,n

we say that x is strongly A-summable with p,q > 0.

Definition 1.1. Let E and F' be two double sequence spaces. A multiplier from E into
F is a sequence & = (U, ) such that

UL = (U nTm,n) € F

whenever £ = (Tm,n) € E. The linear space of all such multipliers will be denoted by
m (E, F). Bounded multipliers will be denoted by M (E, F). Hence

M(E,F) =1 nm(E,F).

If E = F, then we write m (E) instead of m (E, E). Hence the inclusion X CY may
be interpreted as saying that the sequence xnz is a multiplier from X to Y.
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2. Strong and A-statistical comparisons for double sequences

In this section, we demonstrate equivalent forms of yn2 € m (W (T,p,q) NI, 4 (b))
that compares bounded strong summability field of the nonnegative RH-regular
summability matrices A and T. Also we will show that these characterize the A-
statistical comparisons for both bounded as well as arbitrary double sequences.

Theorem 2.1. Let A = (ajxmn) and T = (tjkmmn) be nonnegative RH-reqular
summability matrices. Then the followings are equivalent:

(1) xnz €M (W (T,p,q) N5, 4 (b)) ,

(i4) W (T,p,q) (IE C & (b),

(iii) Ae (W (T,p,q)NIL,c?),

(iv) For any subset K C N, 62 (K) = 0 implies that 6% (K) =0,

(v) Ae (W(T,p,q) NI, c*) and A preserves the strong limits of T.

Proof. Tt is obvious that the first three parts are equivalent. To show that (iii) im-
plies (iv), suppose that (7iz) holds. Assume the contrary and let K be a subset of
nonnegative integers with 6% (K) =0 but

hmsup Z aj kmn > 0. (2.1)
(mn)GK

So, K must be an infinitive set since A is RH-regular and P — lim;  a; k,m,n = 0 for
each (m,n) € N2. (Since 6% (K) = 0, and T is RH-regular, it must be that N x N — K
must also be infinitive). Now take a sequence x which is the indicator of the set K .
Note that for any p,q > 0, we have

P—ljir]£12|tj’k,myn| |Tmn — 0P = P—hmthkmnxmn
) -
= - hm Z j k,m,n
gik (m,n)eK

Hence, x € W (T,p,q) NI°. By A € (W (T, p,q) NI, 02), it must be that (Ax)j’k is
convergent. Combining this with (2.1) we obtain that the density 0% (K) exists and
so P —lim; . (Az), , = 8% (K) > 0. Consider the matrix D that keeps all the columns
of A whose positions correspond with the set K and fills the rest of the columns
with zero matrices. Because of P —lim;;, (Dz),, = P —lim;x (Az),, > 0, a straight
forward extension of an argument of Maddox provides a contradiction. Suppose now
(iv) holds, and let x € W (T, p,q) N15°, so that

P lji_’r]glztj,k,m,n |xm,n - L‘pq =0
for some number L. So x is T-statistically convergent. Then for any € > 0, define the
set K = {(m,n) : |zmn — L| > ¢} . And we have 6% (K) = 0. Then by assumption, it
must be that 6% (K) = 0. Since z is bounded, let |z, ,| < C for all m,n. So, for any
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p,q > 0, we have

pq _ pq
Y ikmanlTma =L = Y Gjkmnl@ma = LM+
m,n (m,n)eEK
prq
E aj,k,m,n |xm,n - L‘
(m,n)eKe
Pq
< (QC) E a5 k.m,n + P4 E jkm,n
(m,n)eK (m,n)EK*
rq
< (20) E Qj.kmmn T gl E Ajk,m,n-
(m,n)eK (m,n)eKe

Letting j,k — oo , we obtain

P—hm Z aj komn | Tmn — LMY =

PR o)

So that, (Az);, — L and A preserves the strong limit of 7", which gives (v). Observe
that (v) tr1v1a11y implies(#ii) . O

The following proposition collects the last result’s various equivalent forms. For
this purpose we introduce the notation

L .
" (T7p’ q> - {x e 111,r1£1ztj,k,m,n |$m,n - L|pq = O} .

Proposition 2.2. Let A = (ajkmn) and T = (tjkmn) be nonnegative RH-reqular
summability matrices. The following statements are equivalent:

(i) st7 (b) C st (b),

(i4) W(T P, q )mgo C W (A,s,t)NI° for some p,q,s,t >0,

(ii1) A € (W (T,p,q) N l§°,c2) and A preserves the strong limits of T. That is,
WE(T,p,q) NI CWE (A, s,t)NIL for every L,

(iv) For any subset K C N2, 62 (K) = 0 implies that 5% (K) = 0,

(v) 52 (b) C st (1),
(vi) stz (b) C st% (b) and A preserves the T-statistical limits,

i) WL (T,p,q ) 12 C WE (A, s,t)NIS° for some p,q,s,t > 0 and some real

z) W (T, p, q) N1° C & (b) for some p,q >0,
st2. C sty and A preserves the T-statistical limits,
(z) stk C st2

—~
=
5
N

Proof. At fist we give the following notation:
sth(b) := {x € 15° : 2 is T — statistically convergent to L} .
Note that
sty (b) = W5 (T,p,q) N15°
for any p,q > 0. Because of this, taking union over all L gives that (i) and (i¢) are
equivalent. By theorem, we know that (ii¢) and (iv) are equivalent. Taking union over
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L shows that (ii7) implies (i¢) . To show that (¢7) implies (ii7) , clearly (i7) implies that
W (T,p,q) N15° C % (b). Hence, A € (W (T,p,q) NI5°,c*) . Therefore, by theorem,
(iv) holds. Therefore, (i7i) holds. Also theorem implies that (iv) and (viii) are equiv-
alent. While (vii) holds some L, if z € WM (T, p, q) N13° then define a new squence
Ymn = Tmn — M + L. Since y € WE (T, p,q) N15°, we have y € WE (A, s,t) NIL.
This implies that

> ik Emn =M™ = 05k mn [ymn — LI — 0.
m,n

So that, y € WM (A, s,t) N15°. That is,
WM (T, p,q) NI CWE (A, s5,t)NIP

for every M. If supremum over all M takes then (ii) holds. Now (ii) implies (i4i)
and clearly (ii¢) implies (vii). Hence (i) and (4i%) together imply (vi). Trivially (vi)
implies (%) .Also, (vi) implies (v). Conversely (v) implies (vii) with L = 0. Hence, (i)
through (viii) are all equivalent. So far all arguments were for bounded sequences.
Now (iz) implies (), and (x) implies (i). To show that (i) implies (iz), let = € st2.
with T-statistical limit L. For € > 0, define hy, , =0 if |2, p, — L] < € and Ay, =1
otherwise. Hence, any such h € st%’o (b) C sti{o (b) by (v). This implies that = € st
with L being the A-statistical limit, the proof is complete. O

3. Multipliers

In this section, we introduce multipliers on above some different spaces. Firstly,
we give some notations.

Definition 3.1. ([5]) Let A = (ajk,mn) be a non-negative RH-reqular summability
matriz and let () be a positive non-increasing double sequence. A double sequence
T = (Tm,n) i A-statistically convergent to a number L with the rate of o(auy, ) if for
every € > 0,

1
P— j,ilinoo or > tikma =0,
(m,n)€K (e)
where
K(e) == {(m,n) EN*: |z, — L| > £} .
In this case, we write
Tmn — L = st% —0(Qm,n) as m,n — oo.

Definition 3.2. ([5]) Let A = (ajxmmn) and (amn) be the same as in Definition
3.1. Then, a double sequence = = (T, n) is A-statistically bounded with the rate of
O(tm,n) if for every e > 0,

1
sup—- E aj.k,mmn < OO,
gk Xk
(m,n)eL(e)

where
L(e) == {(m,n) EN*: |zpn| > € }.
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In this case, we write
2
Tmn = StA - O(am,n) as m,n — oQ.

Now, we define the subspaces of A-statistically convergent double sequences as
follows:

sthe ¢ ={@:Tmn—L=st% —0(mn), as m,n — oo, for some L},
sS40 ¢ = 1% Tmn— L =st%h — O (mn), as m,n — oo, for some L},
3% ¢ = {r e = st 0 (), asmn = 00}
tho@ =1 Tma = sth = O (ama), as myn — oo},
515?4,11 b : = St?él,a nie,
sthow B) 1 =sth o NS,
sty (b)) =sthy NI,
Lilow 0) + = sl N

For each Z C N?, we let ¢ denote the set of double sequences which convergence
along Z and c¢% (b) bounded members of ¢%. Note that c¢% is the convergence domain
of a nonnegative RH —regular summability method. It is also easy to verify that
m(cg) =c% ; M (c%) =c% (b), and st (b) =U{c% (b) : 63 (2) = 1}.

Theorem 3.3. m (stiﬂ (b)) = st% , (b), and m (Sti\,o(a) (b)) = 3t,24,0(a) ().

Proof. Let u € m (st} , (b)) . Then ux € st} , (b) for all 2 € st% , (b). Especially,
r = xn € st%,(b), hence u € st , (b), which shows m (st% , (b)) C st% , (D).
Conversely, suppose that u € st% , (b) and take x € st , (b) . Then, by the discussion
preceding Section 2 we get ux € st , (b), by this u € m (st3 , (b)), ie., st , (b) C
m (st , (b)) . The same argument, works for the second part of the theorem. O

One may now expect that m (sti(zl (b)) = sti’f)a (b). However , as the next
example shows, it is not the case.
Example 3.4. Take o = xn2 and A = C (1,1). Then sti’?a (b) = st?Y (b), the set of all

bounded statistically null double sequences. Now define a double bounded sequence
U= (Um,n) by

1, m,n are odds,
U n = —1 , m,n are evens,
0o otherwise.

Then uz € st*° (b) for every x € st*° (b). Hence u € m (st*° (b)) , but u ¢ st* (b).
So, the next result characterizes the multipliers from sti’?a (b) into itself.

Theorem 3.5. m (sti’f)a (b)) =13.
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Proof. f u € m (575,247,0(1 (b)) , then uzx € sti’oa (b) C I3 for all x € sti’?a (b) .To show
that this implies that u € IS°, first observe that ¢ C st2  (b); and from this case
uEm (sti’oa( )) if and only if the matrix Tu = (tj,k,m,n) = (uJ 6F) ) maps

(m;n)

sti’o (b) into itself, where 6% is the Kronecker delta. Hence, it also maps c¢ into

(m n)

(4,k)
(m,n)

15°, which implies that sup > [t km.n| = supz

J.k m,n J.k m,n

w10 = sup |u; x| < oo. Con-
Jik

versely, suppose v € I3° and let z € stA)a (b), then

5
: > - _
{(m,n) : Jum 2 n| > €} € {<m,n> lzmanl = TR, }
Thus, since 2y, n, = 5t3—0 (am.n) , We obtain wp, pnTm n = $t3—0 (am.n) - Also it is clear

that uz is bounded, and hence I3° € m (sti’?a (b)) , and the proof is complete. 0
Theorem 3.6. m (st (b)) = U{M (%) : 6% (Z) =1}.

Proof. m (st (b)) = st% (b) =U{c% (b): 6% (2) =1} = U{M (%) :6%(Z)=1}.
Before proving the following theorem, we observe that, in general,
g Cm(sth (b),c?) C .
The first inclusion follows from noting uz € ¢ C st% (b) for any u € ¢ and z €
15°. The second inclusion follows from ynz € st (b). Note that if st3 (b) = ¢?, then
m (sti (b) ,02) = ¢?. The next theorem shows that this the only situation for which
m (st% (b),c?) = 2 O

Theorem 3.7. m (st (b),c?) = & and m (¢, st% (b)) = st? (b).

Proof. First we show that m (st3 (b),c?) = ¢. All we need to establish is that 1f
u € ¢® and limu = 1 # 0, then u ¢ m (st% (b),c?). Let z € st% (b), z ¢ ¢, and,
without loss of generality, suppose z is A—statistically convergent to 1. Then there
is an ¢ > 0 such that K = {(m,n) : |znn — 1| > ¢} is an infinite set. Note that
5% (K) = 0.

Define = by &, = Xxe (m,n) and observe that x is convergent in A—density
to 1, hence z € st% (b). Also note zu converges to [ # 0 along K¢ and to 0 along K,
hence zu ¢ ¢* and thus u ¢ m (st (b),c?).

Now we show that m (c?,st% (b)) = st (b). As xn2 € 2, m (%, st% (b))
st% (b) . The reserve inclusion follows from noting that if u € st (b) and z € ¢?
st% (b), then uzx is A—statistically convergent.

aininN

Theorem 3.8. (i) m (C%, st%° (b)) =
(i) m (Sti{o (b) ,C(Q)) ={u €l :uxg € ¢ for all E such that 6% (E) =0 }.
Proof. The proof of (i) follows from noting

15°=m(cf,c§) Cm (co,stA (b)) C .
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Next we prove (ii) . First note that if 6% (E) = 0, then xz € st%" (b) and thus, if
ueEm (sti’o (b) ,cg) , uxE € c3, or u goes 0 along E.

Hence,
m (sti’o (b), c%) C {u €5 1 uxg € ¢ for all E such that 6% (E) =0 }.

Now suppose that u is a bounded sequence such that u tends to 0 along every
A—null set and suppose x is bounded and convergent to 0 in A—density. Then there
is an K C N? such that, xxxe € 3, 0% (K) = 0. As ux = uzrxge + urxx and both
terms of the right hand side are null double sequences , uz € 3.

Now suppose = € stio (b) . Then there is a sequence (xj ok ) , each z7* convergent
in A—density to 0, such that 7% converges to x in I5°. Now uz?* — uz in I3°, and
as ux?® € 2 for all j, k and c2 is closed, ux € 2. Thus

{u €l :uxp € ¢ for all E such that 63 (E) =0} Cm (sti’o (b), c%)

and hence the theorem.
Note that m sti’o (), 0(2)) can be a variety of spaces. In particular m (cg, cg) =

[3° and, if 0(2)’ - denotes the sequences that converge to 0 along Z, then

m (C(z),z (b), Cg) = Cg,z (b). O

4. A Steinhaus-type result

The well known Theorem of Steinhaus knows that if 7" is a regular matrix then
XN is not a multipler from {* into ¢p := {z : Tx € ¢}. It may be true if regularity
condition on A is replaced by coregularity. Maddox [10] proved that xy is not a
multipler from [*° into fr := {x:Tx € f} either, where f denotes the space of all
almost convergent sequences [9]. It is known that almost convergence and statistical
convergence are not compatible summability methods [11]. So there seems some hope
that xn might be a multiplier from I* into (sta), = {z : Tz € sta}. However, it has
been shown in [1] that it is not the case. Of course xy is not a multipler from [* into
the space (sta,q)p :={x : Tx € st} either. Furthermore Demirci, Khan and Orhan
gave an alternate proof of it. What we offer in this study is to prove the theorem
which is characterized xye is not a multiplier from I5° into (st% ,),.-

Definition 4.1. Let A = (aj k.m,n) be ¢ non-negative RH -reqular summability matriz.
The characteristic x defined by

X (A) = ljl’r]glz Qjkommn — Z ljl,rl? aj.km,n-
If x (A) = 0 then we say A is co-null, if x (A) # 0 then we say A is co-reqular.
K§ = {A:x(4)=0},
K? = {A:x(A)#0}.

Now, we give the following lemma before the proof of theorem:;
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Lemma 4.2. ([2]) A € (13°,¢2 (b)) if and only if the condition Y |a; kmn| < C < 00
ok
holds and
(i) im; . @j k.mn = Qm.n for each (m,n) € N2,

k
(1) im; ;. > |aj k,m,n| exists for each m € N and
n=1

J
(160) Uim; i > |aj g m.n| exists for each n € N,
m=1
(1) > 16 kmn| converges,
j,k

s
(1)) limjyk Z Z |aj,k,m,n - Oém,n| =0.
m n

Theorem 4.3. Let A and B be conservative matrices and suppose that A € (15°, ¢%(b)).
Then

(i) BA € K2,

(i) If B € K? then A € K2.

Proof. (i) Because of A € (I3, ¢% (b)) we have B (Az) € ¢ (b) for all z € I5°. Now A
and B conservative implies B (Ax) = (BA) x for all 2 € [$°, therefore (BA) z € ¢ (b)
for all z € I3°, so that BA € (I3°,¢* (b)) C K3 from Lemma 4.2.

(#) By (7) and the fact that x is a scalar homomorphism we have x (B) x (4) =0,
whence the result. O

Theorem 4.4. Let A be a nonnegative RH -regular summability method. If T' is a co-
reqular summabillty matriz, then xn2 is not a multiplier from 13° into (sti a) =

T
{:1: Tx € St?‘!,a}‘

Proof. Suppose xnz € m (150, (sti,a)T) , then I5° C (stQA,a)T. Hence Tz € I3° and

Tx € sty , C st for all z € 15°. Then we have Tz € . So T : 13° — ¢%. Since A is
RH-regular, it follows from Theorem 4.3 that T is co-null double matrix which is a
contradiction. 0
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On a generalization of Szasz-Durrmeyer
operators with some orthogonal polynomials

Serhan Varma and Fatma Tasdelen

Abstract. In this paper, we construct a form of linear positive operators with
Brenke type polynomials as a generalization of Szasz-Durrmeyer operators. We
obtain convergence properties of our operators with the help of the universal
Korovkin-type property and calculate the order of approximation by using classi-
cal modulus of continuity. Explicit examples of our operators involving some or-
thonogal and d-orthogonal polynomials such as the Hermite polynomials H ,gl') (z)
of variance v and Gould-Hopper polynomials are given.

Mathematics Subject Classification (2010): 41A25, 41A36, 33C45.

Keywords: Szasz-Durrmeyer operator, modulus of continuity, Brenke type poly-
nomials, Gould-Hopper polynomials, Hermite polynomials.

1. Introduction

Several integral modifications of Szasz operators [10] take part in approximation
theory. One of them is the Durrmeyer type integral modification i.e. Szasz-Durrmeyer
operators discovered by Mazhar and Totik [8]

(Spf) () =n)y e

k=0

F(t)dt (1.1)

where £ > 0 and f € C[0,00). Note that the operators (1.1) are linear positive
operators.

On the other hand, Jakimovski and Leviatan [6] gave a generalization for Szasz
operators by using Appell polynomials. Later, Ciupa [3] investigated the properties
of the following operators as a Durrmeyer type integral modification of the operators
given in [6]

o0

/e‘”ttka t)dt (1.2)

0

—nx X )\+k+1

g() & TA+k+1)
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where A > 0, g (1) # 0 and py, (z) are the Appell polynomials. The Appell polynomials
are defined with the help of the following generating relation

)e'® = Zpk (z) u” (1.3)
k=0

where g (u) = 3 axu® (ag # 0) is an analytic function in the disc |u| < R (R > 1).

For ensuring the positivity of the operators (1.2), Ciupa considered the assumptions
g?i) > 0, k = 0,1,.... Notice that for the special case A = 0 and g (u) = 1, the
operators (1.2) return to the Szasz-Durrmeyer operators given by (1.1).

Recently, Varma et al. [12] constructed linear positive operators including Brenke

type polynomials. Brenke type polynomials [2] have generating relation of the form

=> pr(z)th (1.4)
k=0

where A and B are analytic functions

At) = D at",  ag#0, (1.5)
=0

B(t) = f:brtﬁ by #0 (r>0) (1.6)
r=0

and have the following explicit expression

k
2) =Y ak_,ba’, k=012, . (1.7)
r=0

Using the following restrictions

(i) AQ1)#0, %=xbr >0 0<r<k, k=0,1,2, ..,

A(D)
(i1) B :[0,00) — (0,00), (1.8)
(#4i)  (1.4) and the power series (1.5) and (1.6) converge for
[t|] <R (R>1),

Varma et al. introduced the following linear positive operators involving the Brenke
type polynomials

(1) = 57y 2o 00 () (1.9

where x > 0 and n € N.

In this paper, by using the same restrictions given by (1.8), our aim is to con-
struct the Durrmeyer type integral modification of the operators (1.9) as a general-
ization of Szasz-Durrmeyer operators (1.1) with

oo
1 > )\+k+1
Ly (fiz) = ————— itk 1.10
25 = 2P 09 7 [emerma @)

TA+k+1)
0
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where z > 0, A > 0 and n € N.

Remark 1.1. Let B (t) = e'. The operators (1.10) (resp. (1.4)) return to the operators
given by (1.2) (resp. (1.3)).

Remark 1.2. Let A =0, A(t) =1 and B (t) = e'. The operators (1.10) reduce to the
well-known Szasz-Durrmeyer operators given by (1.1).

The paper is divided into three sections. In the next section, convergence of the
operators (1.10) is investigated with the help of the universal Korovkin-type property
[1]. The order of approximation is calculated by means of classical modulus of con-
tinuity. In section 3, we design the bridge with the notion of approximation theory
and orthogonal polynomials. Namely, we give some illustrations with the help of the
Hermite polynomials H ,gy) (z) of variance v and Gould-Hopper polynomials for the
operators (1.10).

2. Approximation properties of L’ operators

In this section, we state our main theorem with the help of the universal
Korovkin-type property [1] and calculate the order of approximation by classical mod-
ulus of continuity. First of all, we give some definitions and lemmas used in the sequel.

Definition 2.1. Let f € C [0,00) and 6 > 0. The modulus of continuity w (f;0) of the
function f is defined by

w(f;0) = sup |[f(z)—f(y)
z,y€[0,00)
|z—y|<4

where C [0,00) is the space of uniformly continuous functions on [0, 00).

Lemma 2.2. (Varma et al. [12]) For the operators L, given by the equality (1.9), it
holds

L, (1;z)

I
—

(2.1)

L,(t;z) = x+ (2.2)

. [A( )+ 24" ( )} " (nz)
L) = s WA Ba)
A () +4 )
n2A (1)

forz € 1]0,00).
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Lemma 2.3. For the operators L}, we have
L (Lz) = 1 (2.4)
L* (tz) = i((gf))x + % (A +1+ ig;) (2.5)
e B(na), 2 (A+2) A1)+ 4" (1)] B (na)
L) = Fom © t nA (1) B (nz) g
LA (1)+2()\+2)A'(2+(>\+1)()\+2)A(1) (26)
n?A(1)
forz € ]0,00).

Proof. For f (t) = 1, by using the definition of gamma function, we get from (1.10)

AL ® -
Lk (1; " dt
() T ) i
0

Zpk (nx) (1;2)
(nx)

In view of the equality (2.1), we easﬂy get the equality (2.4).
For f (t) = t, we obtain from (1.10)

1 > pAth+L T tA k41
L* (t: - — nty dt
n () A(1)B(m)2p’“(m TOA+k+1) /‘2
- 0
A+1 1 b
a n A(l (nx) Zpk (nx) B (nx) Zpk na) (n)
A+1
= L, (t x)+iLn(1 ).

Taking into account the equalities (2.1)-(2.2), we have the equality (2.5).
For f(t) = t2, by virtue of the equalities (2.1) — (2.3), using similar technique
leads us to the equality (2.6). O

Let us define the class of E as follows

E = {f cx € 1]0,00), /(@) is convergent as x — oo}.

1+ 22
Theorem 2.4. Let f € C'[0,00) N E and assume that
B’ (y) B (y)
h =1 and lim =1. 2.7
Bly By 27
Then,

lim Ly, (f;x) = f(x)

n—oo

uniformly on each compact subset of [0, 00).
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Proof. According to the Lemma 2.3 and taking into account the assumptions (2.7),
we find

lim L} (t;2) =2', i=0,1,2.

n—oo

Above mentioned convergences are satisfied uniformly in each compact subset of
[0,00) . By applying the universal Korovkin-type property (vi) of Theorem 4.1.4 [1],
we get the desired result. 0

Theorem 2.5. Let f € C [0,00) N E. L} operators satisfy the following inequality

L5 (f52) = £ @) < 20 (5370 ()

1"

B" (nz) — 2B’ (nz) + B (nx) 2

@) = L (t-2)2) =

B (nx)
2 H(/\ F2)A1)+ A (1)} B' (nz) — [A’ M+ A+1)A (1)} B (nx)}
* nA (1) B (nz) ?
AW +20+20A4 W)+ O+ (A +2) A1)
+ w24 (1)

Proof. From (2.4) and the property of modulus of continuity, we deduce

L5 ()~ (@)
~ Y ik .
< T o ) T T O - @)
)is o
1 1 oo )\+k:+1 o
< 1+ -——r—— AR g dt ;0).
< +5A(1)B(m);)pk<n A+,€+10/ 6~ aldt g w(f:0)

By using the Cauchy-Schwarz inequality for the integral, we have

Ly, (f; ) = £ (2)]

- 1/2
1 1 oo n)\—‘,-k-i-l
< 1 - e —nttk—i-kdt
= +5A(1)B(nx)kZ_()pk(nx)F(A+k+1) /e
= 0
oo 1/2
X /e—”tt“k‘ (t — ) dt w(f;6). (2.8)
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By applying the Cauchy-Schwarz inequality for the sum, (2.8) leads to
|Ly, (fs2) — f (2)]

o 1/2
1 1 © pATh+1
< 1+ —mr—— nt Atk
=3\ A(DBUM)Z;%““ TOrkrD) /e e
= 0
. 1/2
1 > n)\+k+1 —ntiA\+k 2
= 0
_ Lo W2 (s 2, 1/2 :
= {5 (0 0ie) e o)
In view of Lemma 2.3, we get the desired result for § = §, = \/7n (2). O

Remark 2.6. Note that in Theorem 2.5, when n — o0, v, (z) tends to zero under the
assumptions (2.7).

3. Examples

Example 3.1. The Hermite polynomials H ,gy) (x) of variance v [9] have the following
generating functions of the form

o rr(v)
vt2 H
e*Tﬁ’It E kk'(x)tk (31)
k=0 ’

and the explicit representations
H(V) [ ] v\’ k! k—2r
k(@)= <2> lh =2

r=0

[N

where, as usual, [.] denotes the integer part. It is obvious that the Hermite polynomials
H liu) (x) of variance v are Brenke type polynomials for

vt?
At)y=e 2 and B(t)=¢

Under the assumption v < 0; the restrictions (1.8) and assumptions (2.7) for the
operators L} given by (1.10) are satisfied. With the help of generating functions
(3.1), we get the explicit form of LY operators involving the Hermite polynomials
H,g”) (z) of variance v by
L gWw (nz) n Tkl 7
H (fiz)=emots Y —k /e AR £ (f) (3.2)

|
& K TO+E+D)

where x € [0, 00).
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Example 3.2. Gould-Hopper polynomials [5] have the generating functions of the type

o0 k
d+1 t
M exp (at) = E gt (2, h) o (3.3)
k=0 ’

and the explicit representations

#l

: hs k—(d+1)s
sk—(d+Ds) "

g (k) =

[}

Gould-Hopper polynomials gZH (z,h) are d-orthogonal polynomial set of Hermite
type [4]. Van Iseghem [11] and Maroni [7] discovered the notion of d-orthogonality.
Gould-Hopper polynomials are Brenke type polynomials with

A(t) = M and B (t) = €

Under the assumption h > 0; the restrictions (1.8) and assumptions (2.7) for the
operators LY given by (1.10) are satisfied. With the help of generating functions (3.3),
we obtain the explicit form of L} operators including Gould-Hopper polynomials by
AR+

T(A+k+1)

0o dt1 x
N na— nx, h n
G (fiw)=e o hy 2 ](d ) /e HAHR (1) dt (3.4)
k=0 ’ 0

where z € [0, 00).

Remark 3.3. It is worthy to note that for h = 0 and v = 0, respectively, we obtain
that

gt (na,0) = (nz)® and H,(CO) (nz) = (na)".

Substituting ngo) (nz) = (nz)" for v = 0 in the operators (3.2) and similarly
gt (nx,0) = (nz)" for h = 0 in the operators (3.4), with the special case A = 0,
we get the well-known Szasz-Durrmeyer operators given by (1.1). By the help of
H» and G7, operators, we introduce an interesting generalization of Szasz-Durrmeyer
operators with the Hermite polynomials H ,iy) (z) of variance v and Gould-Hopper

polynomials.
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On Cheney and Sharma type operators
reproducing linear functions
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Abstract. With the help of generating functions, we present general conditions to
construct positive linear operators which reproduce linear functions. The results
are used to present a modification of the Cheney and Sharma operators and the
rate of convergence is studied.
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1. Introduction

For an interval I, let C'(I) (Cp(I)) be the space of the real (bounded) continuous
functions defined on I. As usual, we denote ey (z) = z*, for k € Ny.

In [5] Cheney and Sharma introduced a modification of Meyer-Kénig and Zeller
operators by defining, for a fixed t <0, f € C[0,1] and z € [0,1)

t_:vw> Zf(a:n,k)Lén)(t)xk, (1.1)
k=0

Lus(fia) = (1= oxp (4

where
k
x = )
Ay

and the functions L,(Cn) (t) are the Laguerre polynomials. It is known that (see [12], p.
101, eq. 5.1.6))

k j
=3 (Z " ";) (=t)' (1.2)

1
i=0 I

Hence L,(Cn) (t) > 0 (for t < 0) and the operators (1.1) are positive. On the other hand,
it follows from the properties of Laguerre polynomials that L., ¢(eog) = eg (see [12], p.
101, eq. 5.1.9)). It can be proved that L, ¢(e1) = ey if and only if ¢ = 0 (see [1]). This
property was asserted in [5], but the proof given there is not correct. When ¢ = 0,
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we obtain what are usually called the (slight modification of the) Meyer-Konig and
Zeller operators (see [11]).

The Meyer-Konig and Zeller operators have been intensively studied and several
modifications have been proposed (for instance, see [1], [6], [9], [10], [13] and the
references therein).

In Section 3 of this paper we show that the nodes x,, ; in (1.1) can be selected
in such a way that the new operators reproduce linear functions, and we also give
an estimate of the rate of convergence (in terms of the so called Ditzian-Totik mod-
uli). First, in Section 2, we analyze the problem for general positive linear operators
constructed by means of generating functions. Finally, in the last section we provide
another example to show that the general approach of Section 2 can be used to modify
other known operators.

2. Generating functions
Let us begin with a general approach to construct positive linear operators.

Theorem 2.1. Fiz a > 0 and sequence {ay} of positive real numbers such that

A1
lllzrisip (k') =- (2.1)
and set
o ar k
o) =S %k Jzi<a (22
k=0

Let {yx}32, be any increasing sequence of points satisfying yi € [0,a).
(i) If f:]0,a) — R is a bounded function and x € [0,a), then the series

L(f. Z - f (), (2.3)

defines a function that is continuous on [O, a).
(ii) The map L defines a positive linear operator in Cp[0,a) which reproduces
the constant functions.
(iii) One has L(e1) = ey if (and only if) yo =0 and
Yht1 = M’ for all k£>0. (2.4)
A+1
(iv) Suppose that yr, — a and g(x) — oo as x — a. If f € C[0,a] and we set

L(f,a) = f(a), then L(f) € C[0,al.

Proof. (i) It follows from (2.1) that g is an analytic function in the domain | z |< a.
If | f(z) |< C(f) for © € [0,a), then | L(f,z) |< C(f)g(z) and the series converges
uniformly on the compact subsets of [0, a).

(ii) It is clear that L(f) is well defined for each f € Cg[0,1] and L is a positive
linear operator on this space. The assertion L(eg) = e follows from (2.2).

(iii) If L(e1) = e1, then L(e,0) = ape1(yo) = €1(0) = 0. Since ap > 0, we obtain

= 0. On the other hand, if yg = 0, then L(e;,0) = 0 = e;(0).



On Cheney and Sharma type operators 235

For0 <z <a,

T e=a T =ap a Y
k k—1 k k+1Yk+1
Lieva)= 5> qroed =5 o

g(x) = g(@) &= k! ap(k+1)
T~ ak (k1 Yen k
=rx+——» —|——"—=—1]2".
s (s )
Thus, L(e1,x) = « if and only if
Ak+1 Yk+1
— == =1, for all k>0,
ar(k+1) -

and this is equivalent to (2.4).

(iv) Fix € > 0 and ¢ > 0 such that | f(x) — f(a) |< /2, whenever | z —a |< 1.
Since y — a, there exists a natural m such that | y, —a |< ¢, for all £ > m. Set

— - Ok zk
C = sup k'
z€[0,a] k=0
On the other hand, there exists § > 0 such that, if 0 < a —x < 4, then
1 5

o@) ~ACa+f)

where we consider the sup norm on [0, a]. Therefore, if 0 < a — 2 < J, then

1 o= ak k
L(f,z) = fz) |= o flw) = fla) )z
| L(f,2) - () g()kzk(u) (@)
2| fIl x~ ax ko 1 o~ k
< R iy 2 [ F ) = fla) |2
@ =R T
JASC e 1S
g9(z) "2 g(z) Z::
This proves the assertion. O
Notice that, in order to use condition (2.4), we also need the inequality
Q41
k>
ak<ak_~_17 (k>0),

which follows from the conditions y; € [0, a).
In the next result we consider the case a = 1.

Theorem 2.2. Suppose that the analytic function h has the expansion

[ee)
2) =Y btf, [z]<,
k=0

with 0 < bg_1 < by, for all k € N. Then the equation

oo

L(f,z) = h(lw) Z K f (bk - > a®, zel0,1), (2.5)

k=
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where b_y = 0, defines a positive linear operator, L : Cg[0,1) — Cg[0,1) such that
L(eg) = ep and L(er) = e;.
Moreover, if
br—1

lim h(z) = oo, lim

z—1— k—oo by

and we set L(f,1) = f(1), then L : C[0,1] — C[0,1].

=1 (2.6)

Proof. With the notation given above, one has klby = a; and a > 1. Thus, in this
case, equation (2.4) can be written as
(k + 1Dag _ by,

= <1, for all k£>0. O
Q41 br+1

Ye+1 =

3. A variation of Cheney and Sharma operators

Theorem 3.1. Fiz t < 0 and let the numbers L,(gn)(t) (n € N, k> 0) be defined by
(1.2) and set L(_nl) = 0. Then the equation

Sni(fix) = (1—z)" exp <1t_x> ;OLEﬁ ) f < LG;((:)) > z, (3.1)

where L(jll) (t) =0 and x € [0,1), defines a positive linear operator on Cg[0,1) such

that
Sn,t(607x) = 1a Sn,t(ela'r) =T (32)

and
22(1 — 2)(1 — tx)?

0 < Sp (e, z) — 22 < 2?4 " (3.3)
Moreover, if for f € C[0,1] we set S, +(f,1) = f(1), then S, : C[0,1] — C[0,1].
Proof. Since t will be fixed, in order to simplify, we write L,(JL) instead of Lgl)(t).
It is known that (see [12], p. 102, Eq. (5.1.14) and (5.1.13))
L k+1 t Lty
= * @ (34)
Ly, n+k+1 n+k+1 Ly,
and . (1)
L L'
b =1- ’“(js . (3.5)
Ly Lyt

From the last equation we know that L,(C") < L,(gjr)l. Thus the operators (3.1) are
well defined and it follows from the first part of Theorem 2.2 that (3.2) holds.

Let us verify (3.3). Since S,,_; is a positive linear operator, from (3.2) we know
that 0 < S, ;((e1 — z)?,2) = Sy t(e2, ) — 22

From (1.2) we know that

k . .
k+1—j(n+k+1\ (-t k+1

L =N e L. 3.6

k Zn—l—l-i—j k+1—35) 3! S 1k (3.6)
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and from (3.4) and (3.5) we obtain (recall that ¢ < 0)
(n) (n)

m L _ oo pm-n Ly
k L(n) k k41 L(n)
k+1 k+1

(n+1)
_ L(n) L(n 1) k+1 " t Lk
k \ntk+l o nt k41 )

<L(n)— (n—1) k+1 _ (n—1) t(k‘—i—l) .
-k ML ptk+1 H e Dn+k+1)

Let us set g,(z) = (1 — )" Tlexp (tz/(1 — 2)). From the last estimate, taking
into account that L(_nl) (t) =0, for n > 2 and x € (0,1) we obtain

Sn,t(627 = gn ZL -1 = San Z L(n x
k=1

k k=0 k+1
> s o n+l4t k+1 _—
ng"(x)Z<L’(“)_ n+1 n+k+1L§“+1 )>zk
k=0
(n+14+1) = E+1 (o1
= - ——(n, 7[1
. nt+1 Y (x)kzzo n—+k41 k1 @
(n+1+1) > (n—-1) k k
= - ———(n, L
v n+1 g (x)kzzo k n+k .

(n+1+41) > (n—1) k 1 k
= - ——(n, 1—
v n+1 g(x)z Ly n—1+k n+k v

k=0
=z — nt 17j‘+t)1(1 - x)Lnfl,t(ehx)
+ %11“%(96) kijo (L'(“nl) (n—1 Jjﬂ)(” + k)> "
+ gn () g (Lgcnl) (n—1 +lj<:)(n + k)) .
+ %gn(w) g:l (LI(an)Wz—g-l-k) o

tex(l —x tx(l —x 11—z
=z% - %(Ln—l,t(elam) —.T) - 7(14_ 1 ) + n L"l—lat(el’x)'
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Since (see Theorem 1 of [1])

tx
n—+1

Ln,t(ehx) <z-

)

one has

Spilez,z) < a® +

(tx)?(1 —2) tz(l—2) n 11—z tx
- x
(n+1)2 n+1 n
z(1—2z) 2tz(l—2)(2-tx)
n n '
For the last assertion, first notice that, since ¢ < 0,

I 1 —tx \
T,—lgl— (1 — J})n+1 =P 1—=x -

In order to finish, we only need to verify the second equality in (2.6). But it is a known
result (for instance, see [3]). O

< zi+

Theorem 3.2. Fiz « € (0,1/2] and set o(z) = (x(1 a:)) Fort <0, let the operators
Sp.¢ be defined as in Theorem 3.1. For f € CI0,1], , and n > 2 one has

T E
|f(33)_Sn,t(f,.T,)‘§ <3+31—t1: 2>w (f, 171;)1 2a>’

where

WE(f,h) = sup sup A2 )/ (@)
0<s<h zxsp(zx)el0,1]

and A7) (@) = f(z = sp(2))) = 2f(x) + f(z + sp(2)).
Proof. The result follows from (3.3) and Theorem 11 of [4]. O

4. Another example

Fix r € Z and, for n € N, consider the identity

1_Zn+r ankz |Z‘<1’
where
b n+r+k—1
n,k — k .

We also set b, 1 = 0. Notice that, for & > 1,
bn,k—l k

bor  ntr+k—1°

Thus we have all the conditions of Theorem 2.2.



On Cheney and Sharma type operators 239

Theorem 4.1. Fizr € N. Forn e N, f € C[0,1] and x € [0,1) set

> k—1 k
My (fo2) = (1= 2)"" Y (” i >=’E’“f <n+—|—k—1) ’

k=0

and
M, r(f7 1) = f( )
(i) For each n € N, M, , : C[0,1] — C[0,1] is a positive linear operator such
that
Mnm(emx) =1, M, r(eh ) =T
and, formn > 2
2 2
m < My, (es,0) — 22 < % (4.1)

(ii) Fiz o« € (0,1/2] and set p(z) = (z(1 —z)?)®. For f € C[0,1], = € [0,1], and

n > 2 one has
M, < 3w? 71 (@)
|f(-'17)_ n,T(fax)| R f’ +T*2

Proof. We only need to verify (4.1). With the notation given above, one has

> by fo
My p(e2,2) — 2% = (1= 2)""" > by s ﬁxk - z?

- bnk—1 j_
=z | 1=z bn - kalfx
x(1—x)" i < — bn’k_1> xF
nk+1

e bn,k
k+1 k
=2(l -2 n+T k
o <n+r+k r+n+k—1>x
_ gy b n+r—1 &
a: Z nk(n—i—r—i—k Jr+n+k—1) v
1
_ 1— n+r by, k
2 Z 1k<n+r+k)x
k=0
1—x"+ri n+r+k—2)(n+r—|—k—3)!< 1 >xk
pors (n+r—2)kl(n+r—3)! n+r+k
(1 —z)"" & n+r+k—2\ ,
S Ny, (AR g
n+r—2 = n+r+k
Therefore, for n > 2,
(1 —x2)? " o
_ o n r bn
20n+r—2) Z Moan+r—2) r—2)
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<x(1—x)”+’“ Oobn_zk n+r+k—2 o
n+r—2 = ' n+r+k

= M, .(e3,x) — 22

(1 —x)?

L z(1—z)?
< ) T basea” =
k=0

n+r—2"

Remark 4.2. In [8] (p.17), Gotz introduced the operators

M::,r(f,x)=<1_m>n+ri(n+r:k—1)xkf( L)

= n+k

They are similar to the Meyer-Konig and Zeller operators, but they do not reproduce
linear functions (see also [2], p. 126).
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Abstract. We present general estimates with optimal constants of the degree of
approximation by Kirov - Popova operators using weighted K-functionals of first
order.
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1. Introduction

In [2] Kirov and Popova associated to each positive linear operator L : Cla,b] —
Cla,b] a new operator L,(f,z) = L(Ty.(x),z),r € N (a generalization of r-th
order), where T, ¢, (z) is the Taylor polynomial of degree r for the function f at
y. This operator is linear but not necessarily positive. In [7], using same ideea as
in [1] we gave a quantitative estimate for the remainder in Taylor’s formula us-
ing K-functional K7° and weighted K-functional K77, and we obtained estimates
for the operator of r-th order. In this paper we extend the results for the general-
ization of r-th order of a positive linear operator L : C(S) — C(S) defined by

r1 . .
Li(f,x) = L(Ty.(x),x), 7 € N, with T, s y(x) = > ﬁd(])f(Y)(X —y)?, where
j=0J!
S = {x: (21, -+ ,2q) ERYwy, - ,2g >0, 21+ + 124 < 1} is the simplex in R?,
deN.

Starting from the weight function used in [5], we consider the function
p(x) =[(w1+- - +aa) (I —a1) - (1 —za)]”, @ €(0,1).
We denote by

Cots) = {1 € €5\ {vir i =0.01) G Jim )0 € i = 0o

X—Vi
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and

of
8(Ei

ch¢(5)={fGC(S) ec¢<S>,z‘=1,d}

where vy, i = 0, d are simplex vertices. We consider the K-functional
K75, (f,8) = K (£,1:C(8), WE,(9)) , > 0,

defined for the Banach space (C(5),]|-||) and the semi-Banach subspace

of
(W, ()., )+ g, = 191 = mas |27 | oy

gGEWL _(S)

We use the notation eg for the function eg : S € R4 — R, eo(x) =1 and e for
the function e; : § C R? — RY, q(x) = x.

2. Estimates with weighted A" - functionals K7,

Lemma 2.1. If f € C*(S),re N, x€ S\ {Vl', i :W} andy € S then (V)t > 0 for
the remainder in Taylor’s formula of order r we have the following estimate

e @1
_ r _ r+1 I
B N M max K55 (oLt
7! Tﬁl(kﬁ — a)tp(x) ritetrg=r 0¥\ Jayt - Oz’
k=1

Proof. Let f € C*(S) and x € S\ {VZ', i= W} , Yy €85, x#y. We consider (u) =
(1 —wx+uy, uel0,1] and h(u) = f (¥(u)).
Step 1. We prove that

1

2
Regy ()] = [Rena (O] < | 5+ 5
L (k= a)te(x)

Koy (B51) . (22)

Let g € Wg;tw [0, 1]. Let us now make use of the fact that the function

1—
w —— % we (0,1)

@ ((u))=
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is decreasing [5]. Using the integral form of the remainder we have

0
RegaO)] = | [ D@0 - 0y du
1 / (r u”
F/ ‘ +1)(u)’ (gpow)(u)du
0
[(eo)g™ ™| | 1
= [)”<¢owxm<1—ufd”

_ |\(¢°¢)9(T+1>|\/1 Y g
B rlo(x) (1—u)”

(r+1) (r-+1)
_ H(soilzi(g) I 5 Blrill—a)= L«powg |
(k—a) - p(x)
k=1
where B is Euler beta function.
We have
" (h—g)P)
[Brpngr (O] = |(h=9)(0) = ) ———— (1)
k=0 ’
h—g)"(1

= |Rr-1,h-g1(0) — (ii),() (-1)"

(h —g) (T) h() — g(™)
¢ rsas+ L0000 =)
Then
[Rrn,1(0)] < [Rrn—g,1(0)] + [Rrg,1(0)]
(r+1)
0 _ o] o M2 ov)g" V]
<o oo+ L
g( 0) - 9(x)
2 1
<|a+m mas { A0 — g}
r!
T (k= o) - o)

Since g is arbitrary this implies (2.2).
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Step 2. From (2.2) it results

2 ||y_XH1 [e'e) r t
|Rr,f,y(x)| S ﬁ + r+1 Kl,gpolj) h’( )7 ||y _ X||1 . (23)
k—a)- tp(x
T1(k - ) to(x

Let € > 0. We choose gy, ... », € C1(S), 7, e NU{0},i=1,d: r1++--+74=r, such

that
o f
K* | ——————,t
1,0 (8%? "'(91'20“ > + e

> 77” —
max S
= ax?lﬁ - ax:ld Gri,eera

We consider the function

,t|¢v9mwwmnm}.

d

7! m

how) = 30 g (W) [T w0
ritetra=r i=1

We have

t
K h(r),> SmaX{Hh(”—h
1@¢( Iy —xI, °

t
,— o hlo .
T w>|}

Since

[ ) = ho(w)| = 1" () (v = %)" = ho(w)]

7l o f .
Z rileery (ax’l”l .. ade —Gry,-- J’d) (w(u)) H (yi - 1'1) ‘

Titedra=r i=1
d
< j: T! a"‘f —g H|y—l‘|7l
- lo..op,l T, L. Td T1,75Td % i
ritetrg=r e Td: 81'1 awd i1

hold for u arbitrary this implies

Z 7l

Hh(r) B hOH =

- rile-rg!
ritetrg=r

a"f

—YGry,e
ozt - - Ozl Lt

Ti

d
i=1
Also since

o (o)) i ()]
d
2 1wizm¢WW”@nwmAww»W—xHI@ﬁ—%YW

ri4-Frg=r 1 i=1

d
7l
Z gl 16V Gry o rall oo - Iy =y - 11;[1 yi —

ritetra=r

T4

IA
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hold for u arbitrary this implies
r! d
L D oA T S WY M M | (7R
rit-trg=r =1

Then

t t
Ko (n, 1) < Hh(” —h H _ B
1,01 ( ly X”l) = max{ ol Iy — I, [(¢ 0 ) hs||

rl d
< Z 7H|yi_5€i|”'
rileorgl -
=1

riderg=r

o f
- max 8:5’"1 . &r” —Gri, g 7t ||50v9r17“‘ 7Td||oo
1 d

< ¥ Ti’ﬁw._x,p e (9 ) 4.
o Tl!n.rd!i:l t ‘ Ly 8‘rq1...ax2d’ .

ritetrg=r

Since ¢ is arbitrary this implies

t
K*® pr)
ey ( ly - X||1>

< Z Tilﬁkg _x,|’“i K> arif t
- 7”1!"'7%1!1,:1 g g Ly &TT---&T;M

r1+-+rg=r
orf
< — x| max K& |——""——,t].
< fly =l ribeetra=r P (8337{1 e 0xyt

Finally, with (2.3) result (2.1). O

Theorem 2.2. Letr € N, L : C(S) — C(S) a positive linear operator and f € C*(S).
Then (V)x € S\ {v;, i =0,d}, (V)t > 0 we have

|Lr(f,%) = f(X)| < [f(x)] - |L (€0, x) — 1] (2.4)

L (Jlex = xeol T %)
r+1

[1 (k- a)te(x)

k=1

of
. max KOO _—t
r1+--trg=r L <5)qu s a.’IJZd ’

2
| S ler = xeoll], %) +
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Conversely, if (3)A, B, C > 0 such that
1L (f,%) = F()| < A= [f(X)] - L (€0, %) — 1 (2.5)

<||61 — xeoHr'|r1 ,x)

+ | B-L(|le1 —xeo|},x)+C -
(H Hl t(p(X)

o"
-7'1"1‘1','1‘1'%?5(1:7' Kfip (M7 t)
holds for all positive linear operator L : C(S) — C(S), any f € C*(5), any x € S
andanyt>0thenA21,B2% andC’z%.
i

Proof. From Lemma 2.1 we have

1Lr(f;x) = fO)] = |[L(Tr 5, (x),%) = f(x)]
IL(f(x)e0 = Br.,.(x),%) = f(x)]

< [fx)-[L(eosx) — 1|+ |L (Ryz,.(x),%)|
< [f&x)|-[L(eo,x) —1f
L (|le; —xe H;H ,X
+ =L (|ler — xeo|l] ,x) + (r+1 0 )
I

a"f
. K | =—————.,t ).
T1+¥-1jar§d:7“ Ly (6%?1 s 8:1?2’1 ’ )
which is (2.4).
We prove now the converse part. If we choose L(h,x) = 0 and f = ey and replace
n (2.5) we obtain A > 1.

To show that B > 3 we choose L(h,x) = h(0) and f(x) = 2(z1 + -+ zq)" T

with a > 0. Forg—(r—|—a) (r+a—1)---(a+1)eg we have
o or
5, (gapmamp ) = oo -

_ ‘ o
oz - Oz
From (2.5) we obtain

2(«771 ot xd)r-&-a

g ’ ,t IIsngll}

o =40 0ramy e,

(x1+._.+xd)T+1
te(x)

2
Passing to the limit ¢t — oo, a — 0 we obtain B > _
r!

S(B(xl—k---—i—xd)r—&—C )(r+a)-(r+a—1)-~-(a—|—1).
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1
To show that C' > P choose

L(h,x) = h(0) and f(x) = (1 + -+ x4)" *TL.

- 8Tf ar-‘,—lf
w2 (e t) < e

From (2.5) we obtain

We have
r+1

—tH (k — a).

r+1
(1 4 Fxg) M < By + - Fxg)"t H(k —a)
k=1
r+1
(14 -+ xq)" ! +
+C . k—a
o) Ltk=a)
Passing to the limit ¢ — 0 we obtain
o 1
C>[A=mz) A=)
[[(k—a)
k=1
. o . 1
and passing to the limit x — 0 we obtain C' > —_— O

T
II(k=a)
k=1

References

[1] Gonska, H.H., Pitul, P., Raga, I., On Peano’s form of the Taylor remainder, Voro-
novskaja’s theorem and the commutator of positive linear operators, Numerical Analysis
and Approximation Theory (Proc. Int. Conf. Cluj-Napoca 2006, ed. by O. Agratini and
P. Blaga), 55-80.

[2] Kirov, G.H., Popova, L., A generalization of the linear positive operators, Math. Balkan-
ica (N. S.) 7(1993), 149-162.

[3] Paltanea, R., Optimal estimates with moduli of continuity, Result. Math., 32(1997),
318-331.

[4] Paltanea, R., Approzimation theory using positive linear operators, Birkhauser, 2004.

[5] Paltinea, R., A second order weighted modulus on a simplez, Results in Mathematics,
53(3-4)(2009), 361-369.

[6] Peetre, J., On the connection between the theory of interpolation spaces and approzima-
tion theory, Proc. Conf. Const. Theory of Functions, Budapest, Eds. G. Alexits and S.
B. Stechkin, Akadémiai Kiadé, Budapest, 1969, 351-363.

[7] Talpau Dimitriu, M., Estimates with optimal constants for the operator of r-th order,
Bulletin of the Transilvania University of Bragov, Vol 3(52) - 2010 Series I1I: Mathe-
matics, Informatics, Physics, 143-154.



250 Maria Talpau Dimitriu

[8] Talpdu Dimitriu, M., Estimates with optimal constants using Peetre’s K -functionals on
simplex, Bulletin of the Transilvania University of Bragov Vol 4(53) - 2011 Series III:
Mathematics, Informatics, Physics, 99-106.

Maria Talpau Dimitriu

“Transilvania” University of Bragov

Department of Mathematics

Eroilor 29,

500 036 Bragov, Romania

e-mail: mdimitriu@unitbv.ro, marias_td@yahoo.com



Stud. Univ. Babes-Bolyai Math. 58(2013), No. 2, 251-262

On some vertical cohomologies of complex
Finsler manifolds

Cristian Ida

Abstract. In this paper we study some vertical cohomologies of complex Finsler
manifolds as vertical cohomology attached to a function and vertical Lichnerowicz
cohomology. We also study a relative vertical cohomology attached to a function
associated to a holomorphic Finsler subspace.
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Introduction

The study of vertical cohomology of complex Finsler manifolds was initiated by
Pitis and Munteanu in [13]. The main goal of this paper is to study some other vertical
cohomologies for forms of type (p, ¢, 7, s) on complex Finsler manifolds as cohomology
attached to a function defined in [12] and Lichnerowicz cohomology studied by many
authors, e.g. [3, 8, 16]. In this sense, in the first section following [1, 2, 9] and [13],
we briefly recall some preliminaries notions about complex Finsler manifolds and v-
cohomology groups. In the second section, we define a vertical cohomology attached
to a function for forms of type (p,q,r,s) on a compex Finsler manifold (M, F') and
we explain how this cohomology depends on the function. In particular, we show
that if the function does not vanish, then our cohomology is isomorphic with the
vertical cohomology of (M, F)). In the third section we define and we study a vertical
Lichnerowicz cohomology for forms of type (p, g, r,s) on a complex Finsler manifold
(M, F) and in the last section, we construct a relative vertical cohomology attached
to a function associated to a holomorphic Finsler subspace. The methods used here
are closely related to those used by [4], [12] and [16].
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1. Preliminaries

1.1. Complex Finsler manifolds

Let m : T"9M — M be the holomorphic tangent bundle of a n-dimensional
complex manifold M. Denote by (7= 1(U), (2*,1*)), k = 1,...,n the induced complex
coordinates on TH0 M, where (U, (z¥)) is a local chart domain of M. At local change
charts on T™9M, the transformation rules of these coordinates are given by

’ ’ / azlk
k_ 'k k_
2% =2z"(z), 57" 7, (1.1)
where z'* are holomorphic functions and det( %ZZ ) #0.
It is well known that T1°M has a natural structure of 2n-dimensional complex
manifold, because the transition functions %ZZ f are holomorphic.

Denote by M = TYOM — {0}, where o is the zero section of T1°M, and we
consider Tc M = THOM @ T M the complexified tangent bundle of the real tangent

bundle TRM, where T1OM and TO'M = T1OM are the holomorphic and antiholo-
morphic tangent bundles of M , respectively.

Let V1OM = kerm, be the holomorphic vertical bundle over M and V:0(M)
the module of its sections, called vector ﬁelds of v-type.

A given supplementary subbundle H' OM of VIOM in TV 0M ie.

TYOM = H'OM & V'OM (1.2)

defines a complex nonlinear connection on M, briefly c.n.c. and we denote by HLO(M)
the module of its sections, called wvector fields of h-type.
By conjugation over all, we get a decomposition of the complexified tangent
bundle, namely TcM = H OM S VIONM @ HOIM & VOLM.
The elements of the conjugates are called vector fields of h-type and T-type,
respectively.
If N,z (z,m) are the local coefficients of the c.n.c. then the following set of complex
vector fields
) 0 ;0 0 ) 0
{5zk_82k_N’“8ni}’{8n’€}’{*k_az kan} {ﬁk} (1'3)
are called the local adapted bases of HO(M), V1O(M), HOL(M) and VO (M), re-
spectively. The dual adapted bases are given by

(A}, {onF = doff + NFdT}, {d2¥), (o = di* + NEa). (L4)
Throughout this paper, we consider the abreviate notations Ok = 3% , OK= a%k , 0 =

o=
8nk )
Let us consider M be a strongly pseudoconvex complex Finsler manifold [1], i.e.
M is endowed with a complex Finsler metric F': THOM — R, U {0} satisfying:
(1) F2 is smooth on M;
(2) F(z,m) >0 for all (z,n7) € M and F(z,nm) = 0 if and only if = 0;

5% and its conjugates O = % , 0=
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(3) F(z,An) = |A|F(z,n) for all (z,1) € T*M and A € C* = C — {0};

(4) the complex hessian (G ;z) = (9,05 (F?)) is positive definite on M.

Let (G™) be the inverse of (Gjm). According to [1] and [9], a cn.c. on (M, F)
depending only on the complex Finsler metric F' is the Chern-Finsler c.n.c., locally
given by

CF o
Ni= G™ 0y, 0w (F?) (1.5)
and it has an important property, namely
CcF CF CF
Rj;=0r Nj —=d; Ny=0. (1.6)

In the sequel we will consider the adapted frames and coframes with respect to the
Chern-Finsler c.n.c. and the hermitian metric structure G on M given by the Sasaki
type lift of the fundamental tensor G i locally given by

G = Gd? @ dz" + G gon’ © 67", (1.7)

1.2. Vertical cohomology

According to [13], the set A(M) of complex valued differential forms on M is
given by the direct sum

AM)= @ Arem (M), (1.8)
p,q,7,s=0

where AP35 (M) or simply AP%™* is the set of all (p+ ¢+ r + s)-forms which can be
non zero only when these act on p vector fields of h-type, on ¢ vector fields of h-type,
on r vector fields of v-type, and on s vector fields of T-type. The elements of AP-?7"$
are called (p, g, r, s)-forms on M.

With respect to the adapted coframes {dz"*,dz", én*, 67"} of TC*M a form ¢ €
AP475 g Jocally given by

p= ﬁ‘%@mmdﬁ A dzTa A opEr A ortts (1.9)
where I, denotes the ordered p-tuple (i1 ...%,), J, the ordered g-tuple (j1...Jq), Kr
the ordered r-tuple (ki ...k,), H, the ordered s-tuple (hq...hs) and dz'r = dz* A
L AdZ L dETe = dEAL L ANdF ) o = SRt AL AOnFr and 67 = 0T AL AT,
respectively.

We notice that these forms are the (p + r,q + s) complez type and according to
[13] if (M, F) is a complex Finsler manifold endowed with the Chern-Finsler c.n.c.,
then by (1.6) the exterior differential d admits the decomposition

dAPTTS Ap-&-l,q,f’,s D Ap7q+1ms D _Ap,q,r+1,s D Ap7qms+1@

pArtLatlr—1s o Aptlar—1s+l o Ap+latlrs—1 o gApgt+lr+ls—1 (1.10)
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which allows us to define eight morphisms of complex vector spaces if we consider the
different components, namely

AP _, APtLarss . 8, 1 APDTS — APOTtLs
; :

o

O 1 APTTS — APatlirs : Oy 1 APDTS _y AP ST

) APOTS _, pptLatlr=ls. g . gp.ars _, gp+lar—ls+l
; :

Oy : APDTS — AptLatlrs—1. Oy 1 APTTS — APatLrtls—1
: ; :

We remark that these operators and the classical operators @ and 9 that appear
in the decomposition d = 9 + 0 of the differential on a complex manifold are related
by6:8h+8v+83+84 and5:6g+3§+31 + Os.

The conjugated vertical differential operator 0y is locally given by

Oop =Y O (o1, 77,7000 A dz"r ndz?n ™ n o', (1.11)
k

where the sum is after the indices iy < ... <y, 51 < ... < jg, ki < ... <k, and
hy < ... < hg, respectively. Also it satisfies

O(o A1) = Dsip A + (—1)1°8 P A Ot

for any ¢ € AP2™% and ¢ € AP s

This operator has the property 92 = 0 and in [13], a classical theory of de Rham
cohomology is developed for the conjugated vertical differential 95, see also [9] pag.
89. Namely, the sequence

0 — dPar L, Fpar0 9o, pparl % ppgr2 % O

is a fine resolution for the sheaf ®P'%" of germs of dz-closed (p, g, r,0)-forms on M,
where FP:¢™* are the sheaves of germs of (p, ¢, r, s)-forms. It is also given a de Rham
type theorem for the T-cohomology groups HP*¢"5(M) = ZP2"5(M)/BP @™ (M) of
the complex Finsler manifold:

HS(M, PP Hznq,r,S(M),

where ZP@"5(M) is the space of dz-closed (p,q,r,s)-forms and BP9™*(M) is the

space of dz-exact (p, q,r, s)-forms globally defined on M.

2. Vertical cohomology attached to a function

In this section, we consider a new v-cohomology attached to a function on the
complex Finsler manifold (M, F). This new cohomology is also defined in terms of
forms of type (p, g, r, s) on M. More precisely, if (M, F) is a complex Finsler manifold
and f is a function on M, we define the coboundary operator

B g o APETS — APOTSEL Gy 0 = O — (p+ g+ 1+ 8)Fsf Ao, (2.1)

It is easy to check that 8%,]0 = 0 and denote by H}'*"*(M) the cohomology groups of

the differential complex (.Ap*qm’(ﬂ),(%,f), called the vertical de Rham cohomology
groups attached to the function f of complex Finsler manifold (M, F).
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More generally, for any integer k, we define the coboundary operator
gt APDTS 5 APOTSTL g o= fOrp— (D q+T+s—K)Osf Ap. (2.2)
We still have 8%71% = 0 and we denote by H}’V’g’r’s(]\?) the C?Elomology of this complex.
We shall restrict our attention to the cohomology H{**"(M) but most results readily
generalize to the cohomology H?’E’T’S(M).
Using (2.1), by direct calculus we obtain

Proposition 2.1. If f,g € .7:(J\7) then
(i) O 19 =055+ 0oy, Ou0=0, 055 =—05y;
(ii) 95,59 = [O5,g + 9055 — f905, 51 = 05, Oy =

(iii) Fp.r(p AY) = Bppo A+ (—1)IBLp A Bg .

Dependence on the function

(fO5,1 + $055), and

N|—
\\»—‘
Ns\»—t

A natural question to ask about the cohomology H ?’q’T’S(JT/f ) is how it depends
on the function f. Similar with the Proposition 3.2. from [12], we explain this fact for
our vertical cohomology. We have

Proposition 2.2. If h € f(M) does not wvanish, then the cohomology groups
Hy " (M) and HE P (M) are isomorphic.

Proof. For each p,q,r,s € N, consider the linear isomorphism

e s A (3T) — APTS(W) o) = B (2)

Ifpe A’”q’r’s(ﬂ)7 one checks easily that
PO (D, np) = O (A7 (), (2.4)
so ¢P%¢"¢ induces an isomorphism between the cohomologies H ;"’q’r’s(]\A/f ) and
HP4 (). 0

Corollary 2.3. If the function f does not vanish, then H?’q’r’S(M) is isomorphic to
the vertical de Rham cohomology Hp’q’r*s(ﬁ),

Proof. We take h = % in the above proposition. (|

3. Vertical Lichnerowicz cohomology

In this section we define a vertical Lichnerowicz cohomology for (p, g, r, s)-forms
on a complex Finsler manifold (M, F') following the classical definition, e.g. [3, 8, 16].

Let w € A%00L(AT) be a dy-closed (0,0,0,1)-form on M and the map
%,w :AP,Q,T,S(M) — Ap,q,r,erl(M) , %M =0 —wA. (3'1)
Since Ozw = 0, we easily obtain that 83 = 0. The differential complex

0 — APSTO(N]) Z5 AL (B 2L S AP () — 0 (32)
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is called T-Lichnerowicz complex of complex Finsler manifold (M, F'); its cohomol-
ogy groups Hg’q”’*s(M ) are called v-Lichnerowicz cohomology groups of the complex
Finsler manifold (M, F).

This is a version adapted to our study of the classical Lichnerowicz cohomology,
motivated by Lichnerowicz’s work [8] or Lichnerowicz-Jacobi cohomology on Jacobi
and locally conformal symplectic geometry manifolds, see [3, 7]. We also notice that
Vaisman in [16] studied it under the name of ”adapted cohomology” on locally con-
formal Kéhler (LCK) manifolds.

We notice that, locally, the v-Lichnerowicz complex becames the v-complex after
a change ¢ — ef with f a function which satisfies 05 f = w, namely Jy , is the unique
differential in Ap’q”"vs(],\\f ) which makes the multiplication by the smooth function ef
an isomorphism of cochain T-complexes e/ : (Ap’q’r’°(l\7), Op.0) — (Apvq’r"(M), Op).

Proposition 3.1. The v-Lichnerowicz cohomology depends only on the v-class of w. In
fact, we have HY"3 % (M) ~ HE O™ (M).

Proof. Since 0y, (efp) = ef&w o, it results that the map [p] — [ef¢] is an
isomorphism between HJ5"% (M M) and HP9™s(M). O
Example 3.2. Let us consider w := 7 to be the conjugated vertical Liouville 1-form
(the dual of the conjugated vertical Liouville vector field T = 7* aak) Then, by the
homogeneity conditions of complex Finsler metric, it is locally given by

Gﬁﬁj . 1 OF?

22 7* ﬁa—af = Oy(log F?). (3.3)

7:

Then 7 is a dg-closed (0,0,0,1)-form on M and we can consider the associated o-
Lichnerowicz cohomology groups Hg’q’T’S(M ).

As in the classical case, using the definition of dy ., we easily obtain
O5w(p N ) = Bsp A+ (1) 2o A O 1.
Also, if wy and ws are two dz-closed (0,0, 0, 1)-forms on M then

&v,w1+w2 (90 A 1/}) = 6%#0190 A 1/} + (71)degtp¢ A 617,&121/}5
which says that the wedge product induces the map
A H£;IQ»7‘751(M) x Hg;qmsQ(M) _, fParssitse (M)

w1tw2
Corollary 3.3. The wedge product induces the following homomorphism
A s HPOTS (M) x HPED™S (M) — HP9™25 (M),

Now, using an argument inspired from [16], we prove that the T-Lichnerowicz
cohomology spaces Hg’q“(ﬁ ) can also be obtained as the T-cohomology spaces of
M with the coefficients in the sheaf oP:97 of germs of d5 o-closed (p, g, , 0)-forms.

Firstly, we notice that 05, satisfies a Dolbeault type Lemma for (p, ¢, r, s)-forms

on M. Indeed, let ¢ be a local (p,q,r,s)-form such that 95, = 0. Since dyw = 0
and the lemma has to be local, we may suppose w = —(95«)/«, where « is a nonzero
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smooth function on M. Then, 05, = 0 means Jy(ap) = 0, whence by Dolbeault
type lemma for the operator Oy, see [13], we have ¢ = 0y, (/) for some local
(p,q,r,s — 1)-form v. This is exactly the requested result.

Then, we see that

0 — @nor s AprrO(0T) 28 grara (A7) 2 (3.4)

is a fine resolution of ®»>¢" which leads to
Proposition 3.4. For every Oz-closed (0,0,0,1)-form w, one has the isomorphisms
H*(M,®7%7) ~ HPO™(M).

For every w as above, let us consider now the auxiliary vertical operator

5 _ptgtr+s

where (p, g, , s) is the type of the form acted on. We notice that 5L is an antiderivation
of differential forms and it is easy to see that 8% = —§w/\85. Then 85 defines a twisted

v-cohomology, [17], of (p, q,r, s)-forms on ]T/f, which is given by

Hrare (i) = — Jerdn (3.6)
O Im 05 N Ker 05

and is isomorphic to the cohomology of the v-complex (AP '(M ), 8) consisting of
the (p, g, r, s)-forms p € AP-TT g(M) satisfying 82@ = —wAdp =0.

The B-complex AP-%* (M ) admits a T-subcomplex AP%" '(M ), namely, the ideal
generated by w. On this subcomplex, Oy = Oz, which means that it is a v-subcomplex
of the usual v-de Rham complex of M. Hence, one has the homomorphisms

a: HY (AP (M)) — HES™S (M), b: H (A% (M) — HP*™*(M,C).  (3.7)
Now, we can easily construct a homomorphism

- ngmS(M) - Hp,qms+1<M’(C)_ (3.8)

Indeed, if [¢] € Hp’q’r $(M), where ¢ is dy-closed (p, g, 7, s)-form, then we put ¢([¢]) =

[wA ], and this produces the homomorphism from (3.8). We notice that the existence
of ¢ gives some relation between dy and the v- -cohomology of M with values in C.

Remark 3.5. From (2.1) and (3.5) one gets

1 +q+r+s =
?%J:%_EJL——f( g A = 9y, with w = d5(log f2). (3.9)
Then, if f does not vanish, we have the homomorphisms
a: H?’Q’T’S(M) — Hg;q’r’s(M). (3.10)

In particular, we can choose f = F to be the complex Finsler function, and so %65 F=
Oy with w =%
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4. A relative vertical cohomology attached to a function

The relative de Rham cohomology was first defined in [4] p. 78. In this subsec-
tion we construct a similar version for our vertical cohomology of complex Finsler
manifolds.

For the begining we need some basic notions about holomorphic Finsler sub-
spaces. For more details see [9, 10, 11].

4.1. Holomorphic Finsler subspaces

Let (M, F) be a complex Finsler space, (z*,7%), k = 1,...,n complex coordi-
nates in a local chart, and i : M — M a holomorphic immersion of an m-dimensional
complex manifold M into M, locally given by zF = 2*(¢!,... £™). Everywhere the
indices 4, §, k, ... run from 1 to n and «, 3,7, ... run from 1 to m < n. Let T"°M and
TH9M be the corresponding holomorphic tangent bundles. By i, ¢ : T2°M — THOM
we denote the inclusion map between the manifolds T°M and T%°M (the com-
plexiﬁed tangent inclusion map), that is i.c(€,0) = (2(€),n(£,0)), where £ = (£2),
0 =02 5ear = nk 82 . Then 4, ¢ has the following local representation [9]:

m o 02k
=R €™, " = 0°BY(€) where B} (€) = e (4.1)
The holomorphic immersion assumption implies that BE = 5 ga =0 and B} k 8?: =

0. In a point of the complexified tangent space Tc(T1° M), the local frame {85& , aeu }

is coupled to {8%, %} as follows:

) Y T T L0
- 4+ B~ =DRBF 4.2
aga @9y k;+ Ooca Kk BIE aank7 ( )

where BE = %?g 8. Tts dual basis satisfies the conditions

dz* = B¥de®, dn* = BE de™ + B ap> (4.3)
and their conjugates.

In view of (4.1) the complex Finsler function F, with the metric tensor
G =905 (F?), induces a complex Finsler function F : T'OM — Ry U {0}
given by F(£,0) = F(2(¢),n(&,0)) = F(25(£),0°B%(¢)) with the metric tensor
G.5 = BaBngk Here G5 =0a03 (F2) and o= %, 5= %. By these con-
51derat10ns the pair (M, F) is said to be a holomorphic subspace of the complex
Finsler space (M, F).

From (4.2) it is deduced that the distribution V1M, spanned locally by
{a%}, a=1,...,m, is a subdistribution of the vertical distribution V1'°M spanned
in any point (2(£),n(&,0)) by {%}, k=1,...,n. We consider V10t M an orthogonal
complement, namely VIOM = VIO M e V1.0 M, spanned in any point by the set of
normal vectors {N, = Bg%}, a=1,...,n—m, which we may assume orthonormal.
Therefore, the functions Bk(¢,0) (and their conjugates) will satisfy the conditions
G]E(Z(g)vn(gae))BéBg =0 and GJE(Z(§)777(§79))BéBg = 5&5'
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Let us now consider the moving frame R = {B%(£)B%(¢,0)} along the complex
Finsler subspace (M, F) and let R™! = (B{B{)" be the inverse matrix associated to
the moving frame R. Evidently, B}’ and B} are functions of £, and

BBl =63, ByBY =0, B{By =6, BB} + ByB} = 6). (4.4)
Let N = (Nﬁ (€,0)) be a c.n.c. on TH9M and consider its adapted basis {d, : 56” =
3? — NP 55, 8ai= 59= } and {65, 9z} as well as its dual {d€*,50° = d§~ — N§d¢P}
and {d€”, 60" = d§” —./\/%dﬁ }.

The cn.c. N on TH°M is said to be induced by the cn.c. N on THOM if
60> = Bgén®. This condition implies [9], N§ = By (Bgz + N’“BJ)

Proposition 4.1. (]9, 10]). The adapted bases are tied by
b0 = BEok + BYHS i, da= B O,
dzF = BFde~, onk = B*50~ + B¥Hde>
with H2 = B%(Bj,, + N{B).

By above proposition we easily deduce that d, = BX6; + HEN, and = By N
+BJ!N,. A notable result in [9] asserts that the induced c.n.c. by the Chern-Finsler
c.n.c. coincides with the intrinsic Chern-Finsler c.n.c. of the holomorphic subspace
(M, F).

4.2. Relative vertical cohomology

Now we return to the construction of a relative vertical cohomology attached to

a function of complex Finsler manifolds. Let us denote by
JCi =i ,C-

By Proposition 4.1. we easily deduce that if ¢ € AP9™*(M ) is locally given by (1.9)
then

(Joi)'p e APOT*(Mye P ApHhathrhakpg), (4.5)

h=1,r;k=1,s

Thus, (Joi)* does not preserves the (p,q,r,s) type components of a form ¢ €
AP35 (M), but we can eliminate this inconvenient if we take p = ¢ = m = dim¢ M.
Then, we easily obtain

Proposition 4.2. If p € Am’m’T’S(JT/f) then (Joi)*@ € Am’m’7"s(ﬂ).
Proposition 4.3. If ¢ € A™"™ "5 (M M) then
O5(Jci) o = (Joi)* Oze. (4.6)

Proof. Let o = ¢; 51 7 dzTm AdzTm N onEr Asptts € Amemis (M ) By Proposition
4.1. we have

N —Bm —D;
(Joi)'e = v, 5o 0)deA™ NdET™ NSO A 6O

where

P, Bro, 0o (6 0) = Bt BIBE Bleg, oo 5-(2(8), m(6, 0)) (4.7)




260 Cristian Ida

and B = Bl (2(€))-...- Bim (2(€)) ete. Applying 95 from (1.11) it results
O(Joi) o= O (¢ a. 5o, 5 )00 AdEM AdET™ NGOC AGE". (48)

(e

Similarly, we have
(Jei) Orp =
05 (1, 71, 77) BEOO" A Bl de n BLedg”™ £ B 66 A BE=5p "
and by (4.2) and (4.7) one gets
(Joi) Orp = B (pa, 5, p)00" AdEM NdE"™ NSOC ASE T (4.9)

which completes the proof. O
Now, if f € F(M) then by (4.6) one gets
05, (Jei)-f(Jci) o = (Joi) O s, for any ¢ € Am’m’r’s(ﬂ). (4.10)

Indeed, for ¢ € Am’m’r’s(l\? ) by direct calculus we have
(Joi) )

,(Jcl) (

= (Jci)" fO5((Jci) ) — (2m + 1+ 5)05((Joi)" f) A (Jei) o
= (Jei)" f(Jci) (Ozp) — 2m + 1+ 5)(Jci)" (05f) A (Jei) ¢
= (Jei)" (fO5p) — (Joi)" ((2m + 1 + )05 f A p)

= (Joi) (95.5)-
We define the differential complex
é%

i% &f

fAmmrs(Jcl) fAmmrs+1(J ’L)v—>

where A™™ 5 (Joi) = AT (M ) @ AmHTTS 1(J\/l) and

.1 (0. 0) = (.50, (Joi)" @ — D5 ey 1) (4.11)
Taking into account 92 = =02 (eiys =0 and (4.10) we easily verify that 5%f = 0.
Denote the cohomology groups of this complex by H"""*(Jci).

Now, if we regraduate the complex A™™" 5(/\/1) as
Avm,m,r,s(ﬂ) _ Am,m,r,s—l(ﬂ),

then we obtain an exact sequence of differential complexes
0 — AT (M) <2 AT (i) s AT (M) —— 0 (4.12)

with the obvious mappings o and ( given by a(¢)) = (0,%) and (¢, %) = ¢, respec-
tively. From (4.12) we have an exact sequence in cohomologies

r,s—1 o ,m,r,s Nk BT m,rs—1 77 0
e T ) e (Jeiy) L e (0T

5" m,m,r,s g\ @
— H3o (M) —
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It is easily seen that 6* = (Jgi)*. Here p* denotes the corresponding map be-
tween cohomology groups. Let ¢ € Am’m”"’s(]/\\j) be a 05 s-closed form, and (yp,1)) €
A3 (Jog). Then 5%7f(<p, Y) = (0, (Jei)* — O5,(s0i)- f¥) and by the definition of
the operator * we have

5[] = [(Jci)" ¢ — Op (sciy- s ¥] = [(Jci) 9] = (Joi)"[¢].
Hence we finally get a long exact sequence

m,m,r,s— a” m,m,r,s Nxy BT m,m,r,s—1 /73 1 (Joi)*
s HS T (M) 5 H ((Joi)*) == Hj L) s
(Jci) m,m,r,s o
— H00 (M) 25 ..

Finally, similar to [14], we have

Corollary 4.4. If (M, F) is an m-dimensional holomorphic Finsler subspace of an
n-dimensional complex Finsler space (M, F), then

(i) B*: H;vn’m’r’mH(JCi) — Hm’m’r’mﬂ(ﬂ) is an epimorphism;

(i) o« H0 "(./\/l) — H{™ " (Jod) is an epimorphism;
(i) g*: Hy""™"*(Joi) — }” TSN s an isomorphism for s > m + 1;
(iv) a*: Z'}CT)T;(M) — H{™ TSt (Jad) ds an isomorphism for s > n;
(v) H™"(Jei) =0 for s > max{m + 1,n}.
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Analysis of a viscoelastic unilateral and
frictional contact problem with adhesion

Arezki Touzaline

Abstract. We consider a mathematical model which describes the quasistatic fric-
tional contact between a viscoelastic body with long memory and a foundation.
The contact is modelled with a normal compliance condition in such a way that
the penetration is limited and restricted to unilateral constraint and associated
to the nonlocal friction law with adhesion, where the coefficient of friction is
solution-independent. The bonding field is described by a first order differential
equation. We derive a variational formulation written as the coupling between
a variational inequality and a differential equation. The existence and unique-
ness result of the weak solution under a smallness assumption on the coefficient
of friction is established. The proof is based on arguments of time-dependent
variational inequalities, differential equations and Banach fixed point theorem.

Mathematics Subject Classification (2010): 54AXX.

Keywords: Viscoelastic, normal compliance, adhesion, friction, variational in-
equality, weak solution.

1. Introduction

Contact problems involving deformable bodies are quite frequent in the industry as
well as in daily life and play an important role in structural and mechanical systems.
Contact processes involve complicated surface phenomena, and are modelled by highly
nonlinear initial boundary value problems. Taking into account various contact condi-
tions associated with more and more complex behavior laws lead to the introduction
of new and non standard models, expressed by the aid of evolution variational inequal-
ities. An early attempt to study frictional contact problems within the framework of
variational inequalities was made in [10]. The mathematical, mechanical and numeri-
cal state of the art can be found in [23]. In this reference we find a detailed analysis and
numerical studies of the adhesive contact problems. Recently a new book [25] intro-
duces to the reader the theory of variational inequalities with emphasis on the study
of contact mechanics and, more specifically, on antiplane frictional contact problems.
Also, recently existence results were established in [1, 5,6, 8, 11, 20, 26, 29, 30, 31] in the
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study of unilateral and frictional contact problems with or without adhesion. In [31]
a quasistatic viscoelastic unilateral contact problem with adhesion and friction was
studied and an existence and uniqueness result was proved for a coefficient of friction
sufficiently small. Also in [7] a dynamic contact problem with nonlocal friction and ad-
hesion between two viscoelastic bodies of Kelvin-Voigt type was studied. An existence
result was proved without condition on the coefficient of friction. Here as in [16] we
study a mathematical model which describes a frictional and adhesive contact prob-
lem between a viscoelastic body with long memory and a foundation. The contact is
modelled with a normal compliance condition associated to unilateral constraint and
the nonlocal friction law with adhesion. Recall that models for dynamic or quasistatic
processes of frictionless adhesive contact between a deformable body and a foundation
have been studied in [2,3,4,5,7,8,12,19,21, 23, 24,27, 28]. Following [13, 14] we use
the bonding field as an additional state variable (3, defined on the contact surface of
the boundary. The variable satisfies the restrictions 0 < g < 1. At a point on the
boundary contact surface, when § = 1 the adhesion is complete and all the bonds
are active; when = 0 all the bonds are inactive, severed, and there is no adhesion;
when 0 < # < 1 the adhesion is partial and only a fraction § of the bonds is active.
However, according to [17], the method presented here considers a compliance model
in which the compliance term does not represent necessarily a compact perturbation
of the original problem without contact. This leads us to study such models, where
a strictly limited penetration is permitted with the limit procedure to the Signorini
contact problem. In this work as in [31] we derive a variational formulation of the
mechanical problem written as the coupling between a variational inequality and a
differential equation. We prove the existence of a unique weak solution if the coef-
ficient of friction is sufficiently small, and obtain a partial regularity result for the
solution.

The paper is structured as follows. In section 2 we present some notations and pre-
liminaries. In section 3 we state the mechanical problem and give a variational for-
mulation. In section 4 we establish the proof of our main existence and uniqueness
result, Theorem 4.1.

2. Notations and preliminaries

Everywhere in this paper we denote by S¢ the space of second order symmetric tensors
on R (d = 2,3) while |.| represents the Euclidean norm on R% and S?. Thus, for every
u,v € R, ww = wv;, v = (v.v)?, and for every o,7 € S, 0.7 = 0735, |7 = (T.T)% )
Here and below, the indices ¢ and j run between 1 and d and the summation convention
over repeated indices is adopted. Let © C R? be a bounded domain with a Lipschitz
boundary I' and let v denote the unit outer normal on I'. We shall use the notation:

d

H = (L2 (Q))d7 H1 = (Hl (Q)) R Q = {0’ = (Uij) 1045 = 044 c L2 (Q)},

Q1 ={0€Q:divc e H}.
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Note that H and @ are real Hilbert spaces endowed with the respective canonical
inner products

(u,v)g = / uvidr,  (0,T)g = / 04 Tijde.
Q Q
The strain tensor is

1
e (u) = (g3 (w) = 5 (uiy +uja);
dive = (04j;) is the divergence of o. For every v € H; we also use the notation v for
the trace of v on I and we denote by v, and v, the normal and tangential components

of v on the boundary T', given by
Uy =0V, Up =0 — UL

We define, similarly, by o, and o, the normal and the tangential traces of a function
0 € @1, and when o is a regular function then

o, =(ov).w, o, =o0v—o0,V,

and the following Green’s formula holds:

(0,6 (v))g + (divo,v)y = / ov.vda Yv € Hy,
r

where da is the surface measure element. Let 7" > 0. For every real Hilbert space X we
employ the usual notation for the spaces LP (0,T; X), 1 < p < oo, and W1 (0, T; X).
Recall that the norm on the space W (0,T; X) is given by

||UHW1,<><>(07T;X) = ||u||Loo(o,T;X) + ||u||Loo(o,T;X) )
where @ denotes the first derivative of u with respect to time. Finally, we denote by
C ([0,7T]; X) the space of continuous functions from [0, 7] to X, with the norm

= t .
||$||c([o,T];X) te[(‘;i:)l("] () x

Moreover, for a real number r, we use r; to represent its positive part, that is r, =
max {r,0} .

3. Problem statement and variational formulation

We consider the following physical setting. A viscoelastic body with long memory
occupies a bounded domain Q@ C R? (d = 2,3) with a regular boundary I' that is
partitioned into three disjoint measurable parts I'y, 'y, T's such that meas (I'y) > 0.
The body is acted upon by a volume force of density ¢; on €2 and a surface traction
of density @2 on I's. The body is in unilateral contact with adhesion following the
nonlocal friction law with a foundation, over the potential contact surface I's.

Thus, the classical formulation of the mechanical problem is written as follows.

Problem P;. Find a displacement u : 2 x [0, T] — RY, a stress field o : Q2 x [0, T] — S?¢
and a bonding field 5 : I's x [0,T] — [0, 1] such that for all ¢ € [0, 7],

o (t) = Fe (u (t))+/0 F(t—s)e(u(s)ds in €, (3.1)
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divo (t) + 1 (t) =01in Q, (3.2)
u(t)=0 on Iy,
o(t)v=¢a(t) onTy,
wy (8) < g, 00 (8) + p (1 (1)) — €8 (8) Ry (uy (1)) < 0

on I's, (3.5)
(UV (t) +p(u, (1)) _Cuﬁ2 )) )=0
jor (1) + 082 (8) Ry (ur (8 >>| < uum (ut >>\
o7 (1) + 082 () By (ur (§)] < 1| Ror (u (@) = ur(8) = 0
on I's, (3.6)
o7 (8) + 082 () B (ur (6)] = pa | Ry (u (1)) =
X >0 st ur(t) = =X (o7 (8) + 82 (t) Ry (ur (1))
Bt) = [B(1) (e (Ry (wy (0))° + o7 | Ry (ur (0)F) ~2a]  onTa,  (37)
ﬁ (O) = ﬁo on Fg. (38)

Equation (3.1) represents the viscoelastic constitutive law with long memory of the
material; F' is the elasticity operator and fot F (t—s)e(u(s))ds is the memory term
in which F denotes the tensor of relaxation; the stress o (t) at current instant ¢
depends on the whole history of strains up to this moment of time. Equation (3.2)
represents the equilibrium equation while (3.3) and (3.4) are the displacement and
traction boundary conditions, respectively, in which ov represents the Cauchy stress
vector. The conditions (3.5) represent the unilateral contact with adhesion in which
¢, is a given adhesion coefficient which may dependent on x € I's and R,, R, are
truncation operators defined by

L ifs<—L v if v <L,
Ry(s)=q —sif —L<s<0 , R-(v)=9{ 1Y i |y > L.
0if 5> 0 [v]

Here L > 0 is the characteristic length of the bond, beyond which the latter has no
additional traction (see [23]) and p is a normal compliance function which satisfies the
assumption (3.19); g denotes the maximum value of the penetration which satisfies
g > 0. When u,, < 01i.e. when there is separation between the body and the foundation
then the condition (3.5) combined with hypothese (3.19) and definition of R, shows
that o, = ¢,3?R,, (u,) and does not exeed the value L llevll oo (ry)- When g > 0, the
body may interpenetrate into the foundation, but the penetration is limited that is
u, < g. In this case of penetration (i.e. u, > 0), when 0 < u, < g then —0, =
p (u,) which means that the reaction of the foundation is uniquely determined by the
normal displacement and o, < 0. Since p is an increasing function then the reaction
is increasing with the penetration. When w, = g then —o, > p(g) and o, is not
uniquely determined. When g > 0 and p = 0, conditions (3.5) become the Signorini’s
contact conditions with a gap and adhesion

Uy, < g, 0y — CVB2RV (ul,) <0, (U,, - CVﬁQRV (UV))(UV —g)=0.
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When g = 0, the conditions (3.5) combined with hypothese (3.19) lead to the Signorini
contact conditions with adhesion, with zero gap, given by

u, <0, 0, —c, %R, (u,) <0, (0, — e, 5*R, (uy))u, = 0.

These contact conditions were used in [26, 29]. It follows from (3.5) that there is no
penetration between the body and the foundation, since u,, < 0 during the process.
Also, note that when the bonding field vanishes, then the contact conditions (3.5)
become the classical Signorini contact conditions with zero gap, that is,

u, <0, 0, <0, o u, =0.

Conditions (3.6) represent Coulomb’s law of dry friction with adhesion where p de-
notes the coefficient of friction. Equation (3.7) represents the ordinary differential
equation which describes the evolution of the bonding field and it was already used
in [26]. Since B<0onl;3x (0,T), once debonding occurs bonding cannot be reestab-
lished and, indeed, the adhesive process is irreversible. Also from [18] it must be
pointed out clearly that condition (3.7) does not allow for complete debonding in
finite time.

We turn now to the variational formulation of Problem P;. We denote by V' the closed
subspace of H; defined by

V={veH :v=00nT4},
and let the convex subset of admissible displacements given by
K={veV:v,<g ae only}.
Since meas (I'1) > 0, the following Korn’s inequality holds [10],
le @)l = callvlly, YveV, (3.9)

where cq > 0 is a constant which depends only on € and I'y. We equip V' with the
inner product

(u,0)y = (e (u) 2 (v)q
and |[|.||,, is the associated norm. It follows from Korn’s inequality (3.9) that the norms
[l 7, and ||.|ly, are equivalent on V. Then (V; ||.||;,) is a real Hilbert space. Moreover

by Sobolev’s trace theorem, there exists dg > 0 which only depends on the domain
Q, I'y and I's such that

loll 2oy < da lloll, Vo€ V. (3.10)
We suppose that the body forces and surface tractions have the regularity
d
o1 € C([0,T];H), ¢seC ([O,T] (L2 (Ty)) ) . (3.11)
We define the function f :[0,7] — V by

(f (t)m)V:/anl ) .vd:c—i—/F s (£)vda Yo €V, te0,T], (3.12)

2

and we note that (3.11) and (3.12) imply
fec(o,1];V).
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In the study of the mechanical problem P; we assume that the elasticity operator F
satisfies

(a) F:Qx 8% — 84

(b) there exists M > 0 such that
|F (I,{:‘l) — F(I,€2)| < M|€1 — €2| V€1,€2 S Sd,

a.e.x €€
(¢) there exists m > 0 such that
2 (3.13)
(F(z,e1) = F'(z,2)) . (1 —€2) 2 mer — e2]7,
Veqi,60 € Sd, a.e. x €8
(d) the mapping x — F'(x,¢) is Lebesgue measurable on
for any e € S¢;
(e) the mapping * — F' (z,0) € Q.
We also need to introduce the space of the tensors of fourth order defined by
Qoo ={€ =(Eijrt) : Eijit = Ejir = Eriij € L= (Q), 1 < i, 5, k, 1 < d},
which is the real Banach space with the norm
I€lo. =, _max_ €kl (o) -
We assume that the tensor of relaxation F satisfies
Fel(0,T];Qx)- (3.14)
The adhesion coefficients ¢,, ¢, and g, satisfy
cv cr € L®(T3), e, € L2 (I's) and ¢, ¢y, €4 > 0 a.e. on T, (3.15)

and we assume that the initial bonding field satisfies
Bo€ L*(T'3);0 < By <1ae. onTs. (3.16)
Next, we consider the subset W of H; defined as
W ={v € H; : divo (v) € H}
and let j.: V xV =R, j; : (VNW) x V — R be the functionals given by
je (u,v) = [r, p(w)vpda V(u,0) €V <V,

Jr (u,v) = [, p|Roy (w)] |vr|da ¥(u,v) € (VAW) <V,
where
R:H % (') — L?(T's) is a lincar and continuous mapping (see [9]). (3.17)
The coefficient of friction p is assumed to satisfy

p€ L (T3) and > 0 a.e. on I's. (3.18)
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Next we let
J=Je+ s
We also define the functional
h:L*T3)xVxV =R
by

h(B,u,v) = /F (—cuB* Ry (uy)vy + ¢ 2Ry (ur) w7 )da, ¥ (B,u,v) € L* (T3) x V x V,

where the normal compliance function p satisfies:

(a) p: T3 xR —Ry;

(b) there exists L, > 0 such that
lp(z,m1) —p(z,72)[ < Lp[r1 — 12|
Vri, ro € R, a.e. x € T'g;

(¢) (p(x,71) —p(x,72)) (r1 —72) >0 (3.19)
Vry, ro € R, a.e. x € I's;

(d) the mapping  — p(x,r) is Lebesgue measurable on I's,
for any r € R;

(e) p(x,r)=0V¥r <0, a.e. x €.
Finally, we need to introduce the following set of the bonding field:
B={0:[0,T] —» L*>(I'3): 0< 6 (t) <1,Vt €[0,T], a.e. on T3} .

By a standard procedure based on Green’s formula we derive the following variational
formulation of Problem P, in terms of displacement and bonding field.

Problem P,. Find a displacement field v € C ([0,7];V) and a bonding field 8 €
Wt (0,75 L* (T'3)) N B such that

u(t)e KNW, (Fe(u(t)),e(v) —e(u(t)))q

+{Jo Flt—s)e(u(s) ds,= (v) == (u(®)))
+h(B (1), u(t),v—u(t)) +7(u(t),v) = j(ut),ud)

> (f(t),v—u(t), YvekK, tel0,T],

Q (3.20)

B(t) == {B(t) (co (Ry (w (1)) + er [Ry (ur (8)7) = €aL ae. te(0,T), (321)

B (0) = Bo. (3.22)
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4. Existence and uniqueness of solution

Our main result in this section is the following theorem.
Theorem 4.1. Let (3.11),(3.13), (3.14), (3.15), (3.16), (3.17), (3.18) and (3.19) hold.

Then, there exists a constant pg > 0 such that Problem P, has a unique solution if

[14ll oo (ry) < H0-

The proof of Theorem 4.1 is carried out in several steps. In the first step, we consider
the closed subset Z of the space C ([0,7]; L? (I's)) defined as

Z={6e€C(0,T];L*T3)NB:6(0)=7p},
where the Banach space C ([0,7]; L? (T'3)) is endowed with the norm

181 = e [exp (kD) 15 (D)l zaqry ] &> 0

Next for a given g € Z, we consider the following variational problem.
Problem P 3. Find ug € C ([0,T]; V) such that

ug (t) € KNW, (Fe (up (1)) € (v) — € (up (1))

(o F =) (up () ds, (0) = (g (1)) -
I (B(E) s (£), 0 — s (1)) + (s (£),0) — F (up (1), ug (1)

> (f(t),v—ug(t), YvekK, tel0T].

We have the following result.
Theorem 4.2. There exists a constant p1 > 0 such that Problem Pig has a unique
solution if

il o gy < 11

To prove this theorem, for n € C ([0,T]; Q) we consider the following intermediate
problem.

Problem P, g,. Find ug, € C ([0,7];V) such that

upy (1) € KNW, (Fe (ugy (1)) & (v —ugy (£))) g + (0 (1) & (v = ugy ())g
+h (B(t) upy () ;0 —upy (t) + 5 (upy () ,v) = J (upy (t) , upy (t)) (4.2)

>(f(t),v—ugy(t), YwekK, tel0,T].

Since Riesz’s representation theorem implies that there exists an element f, €
C ([0,7];V) such that

(fo (1), 0)y = (f (), 0)y = (n (), (v))g

then Problem P g, is equivalent to the following problem.
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Problem Psg,,. Find ug, € C([0,T];V) such that
ugy (t) € KNW, (Fe (ugy (1)), e (v —ugy (t))>Q +h(B(t) ugy (t) v —ugy (1))

+Jj (uﬁn (t) 77}) —J (uﬁn (t) » Upn (t)) > (fn (t) y U — Upnp (t))v Vwe K, te [O’T] .
(4.3)
We now show the proposition below.
Proposition 4.3. There exists a constant 1 > 0 such that Problem Pag, has a unique
solution if

1£4ll oo gy < B

We shall prove Proposition 4.3 in several steps by using arguments on Banach fixed
point theorem. Indeed, let ¢ € Cy where C is a non-empty closed subset of L? (I'3)
defined as

Cy={sec L*(I'3); s >0 a.e. on I3}

and let the functional j, : V' — R given by

o) = [ ualos|dave v
I's

We consider the following auxiliary problem.
Problem Psg,,. Find ug,, € C ([0,7];V) such that

Upnq (t) € K, (Fe (ugyq (1)) € (v — ugnq (t)»Q +h(B(t), ugnq (t) ;v — tpng (1))

+Je (Upng (t) ;v = ugnq (t) + Jg (v) = Jq (upng () = (fy (1) ;v — upyq (t))v )
Yoe K, tel0,T].

We have the following lemma.
Lemma 4.4. Problem P»g,q has a unique solution.

Proof. Let t € [0,T] and let Agqy : V — V be the operator defined by
(Aﬁ(t)u,v)v = <F5 (u) 75(v)>Q +h (ﬂ (t) ) 'LL,’U) + jc (’LL, U) VU,U eV

As in [28], using (3.13) (b), (3.13) (¢), (3.15), (3.19) (b), (3.19) (¢) and the properties
of R, and R,, we see that the operator Ag(; is Lipschitz continuous and strongly
monotone. On the other hand the functional j, : V' — R is a continuous seminorm;
using standard arguments on elliptic variational inequalties (see [25]), it follows that
there exists a unique element ug,, (t) € K which satisfies the inequality (4.4).

Now, for each t € [0,T], we define the map ¥; : Cy — C by

Vi (q) = [Row (upng ()] -

We show the following lemma.
Lemma 4.5. There exists a constant py > 0 such that the mapping V; has a unique
fized point q* and ugyq- (t) is a unique solution of the inequality (4.3) if

[l4ll oo (rgy < 1
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Proof. Let ¢q1, g2 € Cy. Using (3.17), it follows that there exists a constant ¢y > 0
such that

19 (1) = We (92)ll 12 ry) < o llow (Wana (1)) = 0w (wonge () -4 1) - (4.5)
Moreover using (3.13) (b) yields
low (upng, (t)) — o (Ugsq, (t>)||H7%(F) < M |lugng, () — ugng, )y - (4.6)

We also use (3.10), (3.13) (¢), (3.19) (¢) and the properties of R, and R, to find after
some calculus algebra that

[|4ll Loe rs) o
lagn (8) = wsnas (Ol < =0 g1 = o ey - (4.7)
Hence, taking into account (3.18), we combine (4.5), (4.6) and (4.7) to deduce that

COMdQ

10 (q1) — Wy ((J2)HL2(F3) < H/«L“Loo(rs) — - q2||L2(F3) :

Take p1 = m/coMdg, then this inequality shows that if [|pf|pe ) < p1, ¥ is a
contraction; thus it has a unique fixed point ¢* and ug,q- (t) is a unique solution of
(4.3).

Denote ugpg« = ugy,. We now shall see that ug, € C ([0,7];V). Indeed, let ¢, to €
[0,T]. Take v = ugy (t2) in (4.3) written for ¢t = ¢; and then v = ug, (1) in the same
inequality written for ¢t = 5. Using (3.13) (¢), (3.17), (3.19) (¢) and the properties
of R, and R,, and adding the resulting inequalities, it follows that there exists a
constant ¢; > 0 such that

[ugy (t2) = ugy (Tl <
C1
to) — B(2 to) — n(t to) — f(2 .
p— ||MHL°°(F3)COMCZQ(”/8( 2) = Bt) |l 2(ry) + [In(t2) = n(t)lle + [1f(t2) = f(t1)llv)
Then, as 8 € C ([0,T];L*(T3)), n € C([0,T];Q) and f € C([0,T];V), we immedi-
ately conclude. We also have that ug,, (t) € W, Vt € [0,T]. Indeed, for each ¢ € [0, 77,
denote o (ugy, (t)) = Fe (ugy, (t)) +n(t), take v = ugy, (t) £ ¢ in inequality (4.3) where
¢ € (C5°(Q))4 and use Green’s formula with the regularity ¢; (t) € H leads to
divo (ugy (t)) € H and then ug, (t) € W. O
Now we introduce the operator

Ag:C([0,T];Q) — C([0,T];Q)

defined by

Aon(t) = [ Flt=s)e(u, (@) ds meCLT:Q) . e 0.7 (@8)

We have the lemma below.
Lemma 4.6. The operator Ag has a unique fized point ng.
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Proof. Let n1, no € C([0,7];Q). Using (4.3), (4.8) and (3.14) we obtain for
l14ll oo (p,y < pa that

IAgm () — Mg (Dl < c2 / I (3) = 12 (5) 1 ds vt € [0, 7],

where ¢y > 0. Reiterating this inequality n times, yields
(c2T)"
n!

[ABm — AgnQHC([O,T};Q) < I = n2llo(o,r150) -

eI

As lim (c2T)
n—-+oo n!

a contraction; then, by using the Banach fixed point theorem, it has a unique fixed

point 773 which is also a unique fixed point of Ag i.e.,
Agngp (t) = s (t) Vte€[0,T]. (4.9)

Then by (4.3) and (4.9) we conclude that ug,, is the unique solution of Problem P3.
O
Next denote ug = ug,,. In the second step we state the following problem.

Problem P,;. Find 3* : [0,T] — L? (I'3) such that

= 0, it follows that for a positive integer n sufficiently large, Ag is

B () = = |8 (1) (v (R (ugen (1)) + 5 | Rr (g7 (9))[*) — €0 , e te(0T),
(4.10)
B (0) = fo. (4.11)

We obtain the following result.

Proposition 4.7. Problem P,; has a unique solution (3* which satisfies
B* e Wb (0,T;L* (I's)) N B.
Proof. Let t € [0,T] and consider the mapping ® : Z — Z defined by

G (t) = Po — /0 (8 (s) (v (Ry (upy (5)))* + er [Rr (ugr (9))]%) = a] 4 ds,

where ug is the solution of Problem Pig. For 81, f2 € Z, there exists a constant
co > 0 such that

@51 (8) = @2 (8| L2y

ds

’
L2(T3)

<2 o || () (Bo (0 90))* = 2 (5) (o (1,0 (5))

ds.
L2(T'3)

en Jy |1 (5) | Re (s () = B () | R (e (5))]
As in [31] we deduce
||(I)/81 (t) - @/62 (t)||L2(F3) S

2 ’

(4.12)
es(fo 181 () = Ba (8)l| gy ds + [y g, (5) — ug, ()|l ds),
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for some constant ¢z > 0. Now to continue the proof we have needed to prove the
following lemma.

Lemma 4.8. There exists a constant pg > 0 such that
llug, (t) —ug, @)y, < cllBr(t) = B2 (D)l p2r,y VE€[0,T],
if
4]l oo (ry) < H0-

Proof. Let t € [0,T]. Take ug, (t) in (4.1) satisfied by ug, (¢), then take ug, (t) in the
same inequality satisfied by ug, (t); by adding the resulting inequalities we obtain

(Fe (up, (1)) = Fe (up, () & (up, () — & (up, ()))q

< (o 7 (1 = ) (e (s, (3)) = = (g, () ds, = (g, (1) = < (s, (1))

+h (01 () up, (8) ,up, () —up, () +h (B2 (8) ,up, (1), up, () — up, (1))

+Jj (uﬂ1 (t) > UBy (t)) —J (uﬁ1 (t) >y UBy (t)) +J (u52 (t) > UB,y (t)) -7 (uﬂ'z (t) > UB,y (t)) :

Using (3.13) (b) this inequality implies

2
mlug, (t) = ug, (Bl <

(I3 F (6= 5) e (wp, () = & (up, () ds & (s, (1)) = = (g, (1))

Q
+h (81 (1) up, (8),up, (t) = up, () +h (B2 (t) s up, (1), up, (t) = up, (1))

+Jj (U',31 (t) » UBy (t)) -7 (uﬁ1 (t) > UBy (t)) +J (uﬁz (t) > UBy (t)) -7 (’u’ﬁz (t) > UBy (t)) .

(4.13)
We have
(Ui 7 (= 5) (= s, (3)) = = g (5))) . (s, () = s ()
< (J1F @ = 9l llus, (5) — us, (5)]y ds) s, (1) = us, (1),
< s (U hup, (5) = us (3)ly ds) llus, (2) = g, O]y
for some positive constant ¢4. Using Young’s inequality, we find
(o 7 (1= ) (< (s, () = (g () s (g (1) — s, (1))
(4.14)

< T (s () = () )+ s 1) = s, O
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Using the properties of R, and R, (see [28] ), we have
h(Br(t) s up, (£) s up, () = ug, (8)) + h (B2 () s ug, (1) up, () = ug, (1))

< es (161 (8) = B2 W)l L2y lluy () —ug, Dl
where ¢5 > 0. Using also (3.10), (3.17) and (3.19) (¢) yields
J (uﬁl (t) ) UBy (t)) -7 (uﬁl (t) ) UBy (t)) +J (uﬁ2 (t) ) UBy (t)) —J (U‘ﬁ2 (t) ) UBy (t))

2
< coMda [|ptl| oo (ry) llus, (8) = s, (O] -

(4.15)
We now combine inequalities (4.13), (4.14) and (4.15) to deduce
mlug, (1) = ug, ()5 < coMdg |pll oy llug, (8) = us, (I3,

2o 2. m 2 (4.16)
([ ot () — s (Ml ds) 42 g, (1) — s, ()] ~
+5 (161 (1) = B2 () 2 (py 1y (8) = ws, D], -

Using Young’s inequality we get
¢ (181 (8) = B2 (8)| 2 ry) gy () = s, D)y
(4.17)

m

< e 181 (8) = Bo (Dl xqryy + T g, () = us, DI}

for some constant cg > 0. Then (4.16) and (4.17) imply that

m 2
Z Huﬁ1 (t) — Up, (t)”v <

2 2
2 C t
coMdgy |1 e oy g (6) = s O} + 5= (fo s () = s (3)]y )

2
+c6 |81 (t) = B2 (Dl 2(ry) -
Let now
o = pi1/4.
Then if

[14ll oo (ry) < K03
we deduce that there exists a constant ¢; > 0 such that

t
2 2 2
lug, () —up, )]y < e (/0 [ug, (s) —ug, (s)lly, ds + |81 () — B2 (t)lle(rg)) :
Then using Gronwall’s argument, it follows that there exists a constant ¢ > 0 such
that
s, (6) = us, ®)ly < 181 () = Ba ()]l aqry) - (4.18)
O
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Now to end the proof of Proposition 4.7 we use (4.12) and (4.18) to deduce
¢
1961 (t) = @B2 (t)ll L2y < s Jy 181 (8) = B2 ()l L2,y ds VE € [0,T7,

where cg > 0, and then we obtain
c
261 — @B, < f 181 = Bally, -

This inequality shows that for k > cg, ® is a contraction. Then it has a unique
fixed point 8* which satisfies (4.10) and (4.11). We now have all ingredients to prove
Theorem 4.1.

Proof of Theorem 4.1. Ezistence. Let 8 = 3* and let ug~ the solution of Problem
Pyg. We conclude by (4.1), (4.10) and (4.11) that (ug-,5*) is a solution to Problem
py.

Uniqueness. Suppose that (u, ) is a solution of Problem P, which satisfies (3.20),
(3.21) and (3.22). It follows from (3.20) that u is a solution to Problem P g, and from
Theorem 4.2 that u = ug. Take u = ug in (3.20) and use the initial condition (3.22),
we deduce that (3 is a solution to Problem P,4. Therefore, we obtain from Proposition
4.7 that 8 = 8* and then we conclude that (ug-, 5*) is a unique solution to Problem
P,. O
Let now ¢* be the function defined by (3.1) which corresponds to the function ugs.
Then, it results from (3.13) and (3.14) that o* € C'([0,7]; Q). Using also a standard
argument, it follows from the inequality (3.20) that

diva™ (t) +¢1 (¢) =0in Q, for all t € [0,77].

Therefore, using the regularity ¢; € C([0,7];H), we deduce that dive* €
C ([0,T]; H) which implies that o* € C ([0,7];Q1). The triple (ug+,c*,3*) which
satisfies (3.1) and (3.20) — (3.22) is called a weak solution of Problem P;. We con-
clude that under the stated assumptions, the problem P; has a unique weak solution
(ug+,0*, 5*). Moreover, the regularity of the weak solution is ug« € C([0,T];V),
c* € C([0,T];Q1), B* € Wt (0,T; L* (T'3)) N B.
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Book reviews

Francis Clarke, Functional Analysis, Calculus of Variations and Optimal Control,
Graduate Texts in Mathematics 264, Springer, London - Heidelberg - New York -
Dordrecht, 2013, ISBN 978-1-4471-4819-7; ISBN 978-1-4471-4820-3 (eBook); DOI
10.1007/978-1-4471-4820-3, xiv+591 pp.

The book consists of four parts: 1. Functional Analysis, II. Optimization and
Nonsmooth Analysis, 111. Calculus of Variations, and IV. Optimal Control. Treating
apparently disparate topics, these parts are, in fact, strongly interconnected, each
topic being treated in a way that makes it of use for the remaining, and making use
of the preceding ones.

The first part can be considered as an introduction to some topics in functional
analysis (although some familiarity with basic functional analysis and real analy-
sis is assumed), mainly those useful in the next three parts. To this end, besides
some standard material on normed spaces, continuous linear functionals and oper-
ators, some topics useful in optimization and calculus of variations, as derivatives,
tangents and normals, convex functions and convex analysis, perturbed minimization
principles (Ekeland’s variational principle) and regularity, are included. Besides this,
some proofs are given using optimization methods. For instance, the open mapping
theorem is proven via a Decrease Principle, which, in its turn, is a consequence of
Ekeland Variational Principle. Some regularity problems are discussed as well, in-
cluding Graves-Lyusternik theorem. As application, the direct method of the calculus
of variations is illustrated by a result on the existence of minima of convex lIsc func-
tions defined on convex subsets of reflexive Banach spaces. The direct method will be
systematically exploited in the next chapters to prove the existence of solutions in cal-
culus of variations and optimal control problems. Lebesgue spaces LP (),  C R"™, are
treated in detail - duality and reflexivity (via uniform rotundity in the case 1 < p < o0
and directly for p = 1), weak compactness. Measurable multifunctions, measurable se-
lections and semicontinuity properties of integral functionals, and some weak closure
results in L' related to differential inclusions are considered as well. This part ends
with a short introduction to Hilbert spaces, including a smooth minimization princi-
ple and proximal subdifferentials, with applications to dense Fréchet differentiability
of convex functions and to Moreau-Yosida approximation.

The second part starts with a discussion, motivated by examples, on the main
problems in optimization theory and on various techniques used for their solving
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((mainly in the convex case) - deductive and inductive methods, multipliers and La-
grange type results, Kuhn-Tucker theorem. All this discussion leads to the conclusion
of the need for a nonsmooth calculus whose development starts in Chapter 10 with
the study of generalized gradients for locally Lipschitz functions defined on Banach
spaces, the corresponding subdifferentials and the calculus rules. The notion of gener-
alized gradient was introduced by the author and exposed in the book, F. H. Clarke,
Optimization and Nonsmooth Analysis, Wiley-Interscience, New York, 1983 (repub-
lished as vol. 5 of Classics in Applied Mathematics, STAM, 1990), a breakthrough
in the study of optimization problems. For further developments, see F. H. Clarke,
Yu. S. Ledyaev, R. J. Stern, and P. R.Wolenski, Nonsmooth Analysis and Control
Theory, GMT vol. 178, Springer-Verlag, New York, 1998. This study continues in the
next chapter with the consideration of proximal subgradients and proximal calculus,
Dini and viscosity subdifferentials. For both of these two types of subdifferentials
one proves multiplier rules. The second part ends with a chapter, Ch. 12, Invariance
and monotonicity, dealing with flow invariance for differential inclusions of the form
2'(t) € F(x(t)), a.e. t € [a,b], where x : [a,b] — R™ is absolutely continuous and F
is a multifunction from R™ to R™.

The third part is devoted to the calculus of variations, modeled on the study

of the minimization of the functional J(x) = fab A(t,z(t),v(t))dt over a convenable
class of functions. In the first chapter of this part, Ch. 14, The classical theory, one
supposes that A : R?* — R is twice differentiable and z € C?[a, b]. The first chapter of
this part (Ch. 14, The classical theory) is concerned mainly with necessary conditions,
a subject that is over than three hundred years old which is presented in historical
perspective, emphasizing the contributions of some great mathematicians - Euler,
Lagrange, Legendre, Jacobi, Tonelli, and others. The theory is extended in the next
chapter to the class of Lipschitz functions, and to absolutely continuous functions (the
natural framework to study the problem) in Chapter 16. A general multiplier rule is
proved in Chapter 17 with application to the isoperimetric problem. One considers
also nonsmooth Lagrangians and Hamilton-Jacobi methods. In the last chapter of
this part, Ch. 20, Multiple integrals, the interval [a, b] is replaced by a nonempty open
bounded subset €2 of R", and the solutions are discussed first in the classical context
(that is for z € C2(12)), and then one considers Lipschitz solutions and solutions in
Sobolev space.

The last part of the book is devoted to optimal control, a natural generalization
of the calculus of variations, having as a central topic Pontryagin’s maximum principle.
This very important result is presented gradually and from different angles, starting
with the classical Maximum Principle proved by Pontryagin a.o. around 1960. The
author presents several variants and extensions of this principle, culminating with a
very general one involving differential inclusions, from which one deduces all previous
principles, but which has an intrinsic interest too. No easy proof of this principle is
known. Although, not easy too, this new approach gives a full, more streamlined, more
unified and self contained treatment of this difficult matter. Existence and regularity
and the use of inductive methods to check presumably solutions of control problems
are discussed as well.
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There are a lot of exercises spread throughout the book, completing the main
text with further results and examples. Besides these, each part ends with a set of
additional, more demanding exercises (most of them original). Full, partial, or hints
only solutions for some of them are given in the endnotes.

Each of the four parts the book, or selections of chapters, can be used for courses
on different topics. Some variants, experienced by the author himself, are suggested
in the Preface.

Written by an expert in the field, with outstanding contributions to nonsmooth
analysis, calculus of variations and optimal control, the present book, written in a live
but rigorous style, will help the interested people to a smooth approach and a better
understanding of this difficult subject in mathematics, both pure and applied, which
is optimal control.

S. Cobzas

Mikhail Popov and Beata Randrianantoanina, Narrow Operators on Function Spaces
and Vector Lattices, Studies in Mathematics, Vol. 45, xiii + 319 pp, Walter de
Gruyter, Berlin - New York, 2013, ISBN: 978-3-11-026303-9, e-ISBN: 978-3-11-
026334-3, ISSN: 0179-0986.

By an F-space one understands a complete metric linear space. For an atomless
finite measure space (€2, 2, i) one denotes by Lo(u) the space of equivalence classes of
real- or complex-valued p-measurable functions and let ¥+ = {4 € ¥ : u(A) > 0}. A
Kothe F-space is a subspace E of Lo(u) such that (K;) y € Eand |z| <|y| = y€ E
and ||z|| < ||lyll, and (K;;) 1lg € E. If further E is Banach and (K;;) E C Lqi(p),
then F is called a Kothe-Banach space. A sign is a measurable function on 2 taking
only the values 0, £1. A sign z is called mean zero if fQ xdp = 0. If supp (z) = A € X,
then z is called a sign on A. A continuous linear operator T' form a Koéthe F-space
E to an F-space X is called narrow if for every A € ¥ and every € > 0 there
exists a sign = of mean 0 on A such that | Tz| < e. Although narrow operators were
considered and used under different names by J. Bourgain (1981) and H. P. Rosenthal
(1981-1984), they were formally defined and systematically studied by A. Plichko and
M. Popov in Dissertationes Mathematicae vol. 306 (1990). Narrow operators turned
to be a very important class of continuous linear operators with applications to the
study of Banach and quasi-Banach spaces and non-locally convex spaces. The aim
of the present book is to give a comprehensive presentation of the modern theory
of narrow operators, including very recent results (some available only as preprints,
or published for the first time), defined on function spaces and vector lattices. The
authors with their collaborators have important contributions to the domain which
are included in the book.

The book is divided into twelve chapters. The first one contains preliminary
results on F-spaces, Kothe function spaces, vector lattices, measure theory (Maharam
theorem), the definition of narrow operators and their initial properties. The term
“small” used in Chapter 2, Fach "small” operator is narrow, refers to compact or
AM-operators (send order bounded sets to compact ones), Dunford-Pettis operators,
strictly singular operators (an operator T' € L(F, X) is called Z-strictly singular if it
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does not preserve an isomorphic copy of any subspace X of F isomorphic to Z). Every
narrow operator is strictly singular, but a still open problem, posed by Plichko and
Popov in the mentioned paper, is whether or not is every strictly singular operator
narrow. Chapter 3 contains some applications of narrow operators to operators on
non-locally convex spaces (as e.g., the isomorphic classification of a class of Kothe F-
spaces, quotients of L,(u), 0 < p < 1). In Chapter 4, Noncompact narrow operators,
it is shown that there exists spaces with non compact narrow operators and one gives
a characterization on narrow expectation operators. In Chapter 5 spectral properties
and numerical radii for narrow operators are studied, as well as some ideal properties
of them - ST is narrow if T is but it could be not narrow if only S is narrow, so the
narrow operators form only a left ideal. Chapter 6 is concerned with Daugavet-type
properties of narrow operators T (i.e. the equality || + T|| = 1 + ||T||) acting on
Lebesgue or Lorentz spaces. Plichko and Popov, loc cit, have shown that any narrow
operator has the Daugavet property. Here one gives an extension of this result.

Chpater 7, Strict singularity versus narrowness, is concerned with the problem
mentioned above of narrowness of strictly singular operators. This chapter contains
some very deep results on the narrowness of some classes of strictly singular operators:
01~ as well L;-strictly singular operators on L; (Bourgain and Rosenthal, (1983) and
Rosenthal (1984)), L,-strictly singular operators on L,, 1 < p < 2, (Johnson, Maurey,
Schechtman, and Tzafriri, Memoirs AMS, 1979).

In Chapter 8, Weak embeddings of L1, one discusses several types of embeddings
— semi-embeddings, Gs-embeddings and sign-embeddings. The important result of
Talagrand, giving a negative answer to the three-space problem for isomorphic em-
beddings of L, which asserts that there exists a subspace Z of L; such that neither
Z nor L1 /Z contains an isomorph of Ly, is included.

Chapter 9, Spaces X for which every operator T' € L(L,, X) is narrow, contains
characterizations of these spaces (for instance, in terms of ranges of vector measures)
and some particular spaces for which this is true are emphasized as, for instance,
L(E,co(I)), L(Lp,Ly) for 1 < p < 2 and p < 7 < oo. In Section 9.5 one gives
a partial answer to the problem concerning strictly singular operators — every fs-
strictly singular operator from L£(L,, X) with 1 < p < oo and X Banach with an
unconditional basis is narrow.

Chapter 10, Narrow operators on vector lattices, is concerned with an extension
of narrowness to vector lattices as given in a paper by Maslyuchenko, Mykhaylyuk and
Popov, Positivity (2009). In Chapter 11, some variants of the notion of narrowness are
briefly discussed. Among them, one used by V. Kadets, R. Shvidkoy and D. Werner
in the study of Daugavet property.

There are 28 research problems spread through the book. For the convenience
of the reader these are collected in the last chapter, Chapter 12, with references to
the places where they occurred and bibliographical references. The book ends with a
complete bibliography of 142 titles, a Name Index and a Subject Index.

The book is clearly written with full proofs, most of which, in spite of the fact
that some have been simplified by the authors or by colleagues of them, still remain
long and involved. The book includes topics which are of great interest for researchers
in functional analysis, mainly in Banach and quasi-Banach spaces and operator theory,
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making available for the first time in book form many results scattered through various
publications. Undoubtedly it will become a standard reference in the area.

S. Cobzasg

Glen Van Brummelen, The Mathematics of the Heavens and the Earth - The
Early History of Trigonometry, Princeton University Press, Princeton and Oxford,
2009, xvii+329 pp, Hardbound, ISBN 978-0-691-12973-0.

The book under review is written by a well known expert in the field of history
of mathematics. It is - as its subtitle emphasizes - a concise history of the early plane
and spherical trigonometry from the dawn of civilization to the Middle Ages (1550).

In the first chapter Precursors, the author enumerates the earliest trigonometric
results from Egypt, Babylon and Ancient Greece, like finding the slope of a pyramid,
arc measurement and the 360° circle or Aristarchus and Archimedes reasoning for
determining the shape of Earth, Moon and Sun and the ratio of the distances to the
Moon and to the Sun.

In the second chapter Alexandrian Greece, the author follows the development of
trigonometry in the major works of Hipparchus, Theodosius from Bithynia, Menelaus
and Claudius Ptolemy. Their results were meant to explain the observed motion of the
Sun, to solve other problems from Astronomy - like motion of the planets, timekeeping,
or from Geography - like construction of the latitude arcs on a map.

In the following chapter India, the author describes how the first trigonomet-
ric results arose in this part of the world. The chord function used by the Greek
scholars is transformed in a function proportional to the today sine function. The
tables of this function were computed with increased accuracy using higher degree
interpolation schemes for its approximation. This tables were used to solve spherical
astronomy problems - like finding the right ascension of a point on the ecliptic, or
other astronomical issues - like planetary equation.

The next chapter Islam trails the development of spherical and plane trigonom-
etry in the area occupied by the Islamic world stretching from the borders of India
through middle East across northern Africa and Spain. In this new world born in
early 7" century we find traces of Indian learning, but the Muslin scholars developed
their own techniques to solve astronomical problems. For their religious practice they
needed ¢ibla - the direction in which they have to be oriented to face Mecca during
their daily prayers. Moreover, they used trigonometry to design astronomical instru-
ments like horary quadrants, which let them find the time of the day by the altitude
of the Sun.

The last chapter The West to 1550 is devoted to the application of trigonometry
in navigation over seas. During Middle Ages and Renaissance in Europe flourished
this new activity which benefited from trigonometry results. In the mean time, plane
trigonometry was developed by scholars like Regiomontanus, Werner, Copernic, Rheti-
cus, Otho and Pitiscus. The author emphasized their struggle to build precise tables
of trigonometric functions (mainly sine and cosine), from 0° to 90°, with increments
smaller than one degree.

The book includes a number of excerpts of translation from the original texts
written by the scholars mentioned above. These are meant to give the reader of today
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the opportunity to experience directly what the ancient authors wrote and judge their
reasoning. These old writings could be obscure for the today reader, the reason why
the author provides after each text an explanation which allows a better understanding
of the content.

After few Concluding Remarks, the book ends with an extensive bibliography
which contains almost all important works for the history of trigonometry. The ref-
erence sources used to write this book are cited in Preface. Beside the excerpts from
the old texts, the book contains reproductions from old printed works.

Being devoted to the history of mathematics, the book could be used by the
teachers who want to make their lessons more attractive. Most of the excerpts from the
ancient texts stand on their own and are ready to be used to illustrate trigonometric
and astronomical concepts by providing historical context.

I highly recommend the book to all those interested in the way in which the
ancient people solve their practical problems and hope that the next volume of this
interesting history of spherical and plane trigonometry will appear soon.

Cristina Blaga

Bernard Dacorogna and Chiara Tanteri, Mathematical Analysis for Engineers,
x+359 pp, Imperial College Press, World Scientific, Singapore, 2012, ISBN: 13
978-1-84816-912-8, ISBN: 10 1-84816-912-4.

This is the translation of the third French edition of a successful book destined
to engineering students at I’Ecole Polythechnique Fédérale de Lausanne, but it can
be also profitably used by students in mathematics and physics. The prerequisites are
a basic course in analysis - differential and integral calculus.

The book is concerned with three main topics: 1. Vector analysis, 11. Complex
analysis, an II1. Fourier analysis. The first part contains exercises on the differential
operators of mathematical physics (divergence, gradient, curl, Laplace operator), line
integrals and gradient vector fields, surface integrals and Stokes theorem.

The second part is devoted to basic results in complex analysis: holomorphic
functions and Cauchy-Riemann equations, complex integration, residues and their
applications, conformal mappings.

The third part is concerned with Fourier series and Fourier transform, Laplace
transform, and applications to ordinary and to partial differential equations.

What makes the book particularly useful are the theoretical results (definitions,
basic theorems and formulae) and the examples preceding each section. These results
are stated with mathematical rigor, without comments or proofs, but with references
to precise pages of some books from the bibliography. Also an appendix to the first
part contains some complementary results on topology, function spaces, curves and
surfaces (with examples of some important curves and surfaces). The majority of the
exercises help the students to master the concepts and techniques of the field, but
there are several, marked by *, which present some further theoretical developments.
The detailed solutions to exercises are given in the fourth part of the book.

This very well organized book will be useful to students in engineering, but
also to those in mathematics and physics, as a complementary material to courses in
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analysis (real and complex), Fourier analysis and differential equations (both ordinary
and partial).
Damian Trif
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