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A proof of a covering correspondence

Tiberiu Coconet,

Abstract. We show that the isomorphism between the Clifford extensions of two
Brauer corresponding blocks of normal subgroups induces a defect group pre-
serving bijection which coincides with the Harris-Knorr correspondence between
their covering blocks.

Mathematics Subject Classification (2010): Primary 20C20. Secondary 16W50,
16S35.

Keywords: Group algebras, blocks, G-algebras, Brauer construction, group graded
algebras, defect group.

1. Introduction

Clifford extensions for blocks were introduced by E.C. Dade in [5], where he
proved that two Brauer correspondent blocks b and b; with defect group D of nor-
mal subgroups K and Ng (D) of the finite groups H and Ny (D) respectively, have
isomorphic Clifford extensions.

Dade [5, Section 3] also gives a bijective correspondence between the blocks of a
strongly graded algebra that cover a fixed block b of the identity component and the
conjugacy classes of blocks of the twisted group algebra corresponding to the Clifford
extension of b.

A generalization of Dade’s main result is given in [3], where we prove an isomor-
phism of Clifford extensions for points of identity components of certain H/K-graded
H-interior algebras, without assuming that the ground field is algebraically closed.

The aim of this paper is to establish a link between the above isomorphism of
Clifford extensions and the result of M.E. Harris and R. Knorr [6] which states that
the Brauer correspondence induces a bijection between the blocks of H covering b and
the blocks of Ny (D) covering by. Actually, there is some suggestion in [6] that such
a connection is possible, but no details are given. Note also that a module-theoretic
version of the Harris-Knorr correspondence was given by J. Alperin [1]. Here we prove
that the isomorphism of Clifford extensions induces a defect group preserving bijective
correspondence between the blocks of H covering b and the blocks of Ny (D) covering
b1, which coincides with the Harris-Knorr correspondence.
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We present our general setting in Section 2, while in Section 3 we review the
required results on the defect groups of covering blocks. The details on the correspon-
dence induced by the isomorphism of the Clifford extensions are presented in Section
4, following [3]. The last section is devoted to the proof of our main result, stated in
Theorem 5.1. The reader is referred to [9] and [7] for general facts on block theory.

2. Preliminaries

2.1. Let O be a discrete valuation ring having residual field k& of characteristic p > 0.
Let K be a normal subgroup of the finite group H, denote G = H/K, and consider
the group algebra OH regarded as a strongly G-graded algebra

A:=0H = 0o,
ceG

which is also an H-algebra under the conjugation action of H. We fix a block b of
the identity component A; := OK of A. We denote by D a defect group in K of the
block b.

2.2. If H, denotes the stabilizer of b in H, and G}, is the quotient H,/K, as in [5] we
consider the Gy-graded subalgebra

bC = bCa(Ar) = (VOH,)" = P (b00)* = P bC¥

o€y oEG
of A. We truncate bC' by taking the components indexed by the normal subgroup
Gb) = {0 € Gy | bCK - bCE, =bCf}
of Gy; this yields the strongly G[b]-graded Gj-algebra, and hence an Hy-algebra
cpl:= P vCx.
c€Gb]

The identity component

O = b(OK)X =bZ(0OK)
is a local ring such that the field

k1 =bZ(OK)/J(bZ(OK))
is a finite extension of k.

2.3. Consider also the quotient C[b]/C[b]J(C[b]1), which is the twisted group algebra
of G[b] over the field k;, corresponding to the Clifford extension

1 — kf — hU(C[p]/C[b]J(C[b]1)) — G[b] — 1 (2.1)

of the block b. Where by hU we denoted the homogeneous units of C[b]/C[b]J(C[b]1).
Explicitly, the set of elements that satisfy

a € (C[]/C[b]J(C[b]1))" NbCy/bCyJ(C[b]1),



A proof of a covering correspondence 291

for some g € G[b]. Since bCy = C[b]; is a Hp-algebra, the Hjp-invariance of J(C'[b]1)
implies that the canonical map

Clb] — Clbl/Clb]I(Clbl1)
is a homomorphism of Hj-algebras.
Lemma 2.4. The algebras bCHv and C[b]* have the same primitive idempotents.
Proof. The proof of this statement is based on results of [5, Paragraph 3], which

remain true even if the field k£ in not algebraically closed. One easily checks that in
our setting [5, Lemma 3.3] is valid. So there is a two-sided ideal

I=( P vC,)aCRJICl)
c€Gy\G[b]

of bC that is both Hj-invariant and contained in J(bC'). This gives the equality

bC=Chla( @ bC,)=Cb]+1=Clb+ J(bC);
c€GH\G[b]
showing that every primitive idempotent of bC' belongs to C[b]. So, any block, that
is a primitive idempotent of Z(bC) = bCHe | lies in C[b]He. Conversely, any primitive
idempotent of C[b]#* remains primitive in bC**| since I is contained in J(bC). O

3. Remarks on defect groups

In this section we discuss the connections between the defect groups of blocks
covering the block b of C; and the defect groups of primitive idempotents of C[b]7.
Some of the results have already been proven in [5, Paragraph 6 and 7], but for the
sake of completeness we present them here. As a definition of a defect group of a
block we will use [9, Paragraph 18] or [5, Paragraph 4]. Dade uses the maximal ideal
corresponding to a block in order to define the defect group of that block. Nevertheless,
one easily shows that both treatments lead to the same definition.

3.1. As it is well known, the blocks of H covering b are the primitive idempotents of
Z(sOH), where
s = Trgb (d).

By [5, Proposition 4.9] we have the isomorphism

Z(sOH) ~ Z(bOHb) = Z(bOH,) = bCHe. (3.1)
Using this and the results of Section 2 above, we see that the blocks of H that cover
b are actually the primitive idempotents of C[b]H.
3.2. We denote by B a block that covers b and by B’ the correspondent of B through
the isomorphism (3.1). Then B = Trgb (B’). Let @ denote a defect group in Hy, of B’.
This means that @ is with the properties B’ € bOHbgb and B’ ¢ Ker(Brg), where
Brg denotes the Brauer homomorphism with respect to Q. But then, since B's = B’
we get B € s(’)Hg. For x € H \ Hp we also have bb* = 0. Taking into account that

B’ = bB’' = bB’, then obviously BB’ = B’. This forces B ¢ Ker(Brg). We have
shown that any block that covers b has a defect group in H that is contained in Hp.
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3.3. By [8, Proposition 4.2], the block B’ has a defect group @ (in H,) satisfying
QN K = D. The ending of Paragraph 3.2 assures that @ is also a defect group of B.
We can apply [8, Proposition 4.2] to obtain a defect group L of B in H that satisfies
the same condition as @, that is LN K = D. Thus, there is y € H with LY = @, and
then y € Ny (D).

4. Clifford extensions of blocks

We keep the notations of the preceding sections. For the details on the following
statements the reader is referred to [3].

4.1. The restriction to bC' = b(OHy)X of the Brauer homomorphism
Bri . (OH)P — kCy (D)
gives the epimorphism
Bl 5(OH,) X — BkCy (D)Y <, (i)
where b = Bri (b).
Next let b; denote the Brauer correspondent of b, seen as a block of ONg (D),
also having defect group D. Repeating the construction of Section 2 for Ng (D),
Nk (D) and by in place of H, K and b respectively we easily obtain another Clifford
extension .
1 — ki — hU(C'[b1]/C'[b1]J(C'[b1]1)) — G'[b1] — 1. (4.1)
Here we used the Ny (D)/Ng(D)-graded centralizer
b1C" = Cony(p)(ONKk (D)) = ONg (D)Vx (D),

In extension (4.1) C’[b;] and G'[b;] stand for the analogous notation of C[b] and of
the group GIb] respectively. Moreover, ko is the field given by the quotient

Clb1]1/J(Cba]1) = Z(b1ONk(D))/J (b1ONk (D)).
4.2. There is another epimorphism induced by the Brauer map

By 1 by (ONg (D)) V< P) — bikCy (D)7 <, (i)

where b, = BrgH(D)(bl). As far as b = b; and
Nu (D)o = Nu(D)p, = Nu(D)g,
applied twice, [3, Theorem 4.1] gives the isomorphism
C[bl/ColJ(Clba]1) 2= C'[ba] /C”[b1] T (C”[b1]1). (4.2)

Note that the two quotients above are isomorphic as Ny (D)y/Ng(D) ~ Hy/K-
algebras. In fact we have

(CI/CIII(CTER)™ = (CB/CBIICH) ™ (@43
= (€'l ' J(C i)V PPN = (o) O ) J(C i) VP

Proposition 4.3. There is a bijection between the primitive idempotents of C[b]H and
the primitive idempotents of C'[by]Nu (P,
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Proof. The subalgebra of Hy-fixed elements of C[b] lies in the center of C[b], and the
subalgebra of Ny (D),-fixed elements of C'[b;] lies in the center of C’[b;]. Isomor-
phisms (4.2), (4.3) and [5, Lemma 3.1] give the desired bijection. O

Remark 4.4. Isomorphism (4.2), Proposition 4.3 and Lemma 2.4 give a bijec-
tion between the primitive idempotents of bCH> and the primitive idempotents of
by (CHYNu(Ph Tf 5 = ’I‘r%igggb(bl), isomorphism (3.1) and its analogous isomorphism
give a bijection between the blocks of sOH and the blocks of s'ONg (D). Thus, we
obtained a correspondence between the blocks of H that cover b and the blocks of

Ny (D) that cover by. We call this the Clifford-Dade correspondence.

5. The Harris - Knorr correspondence

With the above results and notations we have:

Theorem 5.1. The isomorphic Clifford extensions of b and of by define a defect group
preserving bijective correspondence between blocks of OH covering b and blocks of
ONg (D) covering by. Moreover the Clifford-Dade correspondence between the blocks
covering b and by coincides with the Brauer correspondence.

Proof. Remark 4.4 already gives a bijection between the blocks of H that cover b and
the blocks of Ny (D) that cover b;. We prove that this bijection preserves the defect
groups.

First of all let us emphasize that isomorphism (4.2) holds because the two Brauer
homomorphisms introduced in (i) and (ii) verify

Bri (C[b]) = Briy” (€' [bu)).

This last equality holds because both C[b] and C’[b;] are crossed products. Taking a
closer look at the proof of [3, Theorem 4.1] we observe that C[b]/C[b]J(C[b]1) as well
as C[b1]/C[b1]J(C’[b1]1) are both isomorphic to the twisted group algebra associated
to the Clifford extension of b = b;. It follows that the correspondence obtained in
Proposition 4.3 connects the central idempotents B’, which is primitive in C[b]",
and B}, which is primitive in C’[b;]V#(P)v | that verify

Bri(B') = Bry"P)(B)). (5.1)

Let B be the block covering b corresponding to B’ through isomorphism (3.1). Note
that it suffices to choose L, a defect group of B in H, such that L N K = D. Then,
according to 3.3 there is y € H such that Q) := LY is a defect group of B and of
B’ that is contained in Hj, and satisfies @ N K = D; moreover y € Ny (D). Mackey
decomposition and the equalities Q N K = D, Hy, = Ny (D), K prove

Brp (bOH,)5") = Bng(D)((b10NH(D)b)gH(D)”) =7,

Indeed, since
Brj} (bOH?) = Briy" P (b ONy (D)),
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if Trgb (a) € (bOHb)gb we have
Brfj (T (@) =B Y TBogu(a)
z€D\H,/Q
=Brp( Y. a")=Tip"7"(Brj(a))
z€D\Nu (D)y/Q

= Ty P (Bry P (d)) = Bry P (1 P (o)),

At this step [2, Proposition 1.5] gives the commutativity of the diagram

H Brg BrgH(D) Ny (D)
(bOH,) 7 (bLONy (D)) P
% J/BYQ'%

Brg p(Z').

This diagram and [9, Proposition 18.5 (d)] prove that there is a unique corre-
spondent block B} € (bjONy(D)y)Nu (P of B’ with the same defect group @ in
Ny (D), as B'. Now we can clearly see, by the commutativity of the above diagram
and equality (5.1), that

Brij(B') = Bry"”(BY) = Bry," ) (B)) # 0.

This means B} = B}, and moreover that B, has defect group L. Hence, the Clifford-
Dade correspondence preserves the defect groups. Furthermore, since the Clifford-
Dade correspondence is given by the Brauer morphisms (i) and (ii) it is quite clear
that it coincides with the Brauer correspondence. O
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Multivariate generalised fractional Polya type
integral inequalities

George A. Anastassiou

Abstract. Here we present a set of multivariate generalised fractional Pélya type
integral inequalities on the ball and shell. We treat both the radial and non-radial
cases in all possibilities. We give also estimates for the related averages.

Mathematics Subject Classification (2010): 26A33, 26D10, 26D15.

Keywords: Multivariate Pélya integral inequality, radial generalised fractional
derivative, ball, shell.

1. Introduction

We mention the following famous Pdlya’s integral inequality, see [9], [10, p. 62],
[11] and [12, p. 83].

Theorem 1.1. Let f (z) be differentiable and not identically a constant on [a,b] with
f(a) = f(b) =0. Then the exists at least one point & € [a,b] such that

b
) > (b_“) / f () d. (1.1)

In [13], Feng Qi presents the following very interesting Pélya type integral in-
equality (1.2), which generalizes (1.1).
Theorem 1.2. Let f (z) be differentiable and not identically constant on [a,b] with
fla)=f®)=0and M = sup |f'(x)|. Then

z€la,b]

/abf(x)da:

(b—a)? . .
where ==~ in (1.2) is the best constant.

U0y

1 , (1.2)
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The above motivate the current paper.

In this article we present multivariate fractional Pélya type integral inequalities
in various cases, similar to (1.2).

For the last we need the following fractional calculus background.

Let @ > 0, m = [a] ([-] is the integral part), 8 =a—-m,0< 8 < 1, f € C([a, b)),
[a,b] C R, x € [a,b]. The gamma function I is given by I' (a) = [;* e~ "t*~ dt. We
define the left Riemann-Liouville integral

(U @) = g [ -0 O (1)
a < 2 < b. We define the subspace Cg, ([a.b]) of C™ ([a,b]):
Car ([a,b]) = { € C™ (fa,b]) : Ji2, £ € C* ([a,b]) } (1.4)

For f € CZ, ([a,b]), we define the left generalized a-fractional derivative of f
over [a, b] as
/!
Dy, f o= (T (1.5)
see [1], p. 24. Canavati first in [5], introduced the above over [0, 1].
Notice that Dy, f € C([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and in
[5] the same over [0, 1] that appeared first.

Theorem 1.3. Let f € C, ([a,b]).
(i) If « > 1, then

o / " (I * a)2 m—1 (:C * a)m—l
f(x)=Ff(a)+ [ (a)(—a)+ f (G)T+~-~+f( )(G)W (1.6)
+ﬁ /w (@— 1)1 (D2, f) () dt, all € [a,b].

(i) If 0 < o < 1, we have
1 * a—1
fz)= F(a)/ (x—1t) (DS f) (t)dt, allx € [a,b]. (1.7)

Furthermore we need:
Let again « > 0, m = [a], 8 = a —m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

1% L L b _ a—1
(5 0) @)1= g [ =" 0 (1.8)
x € [a,b], see also [2], [6], [7], [8], [15]. Define the subspace of functions
Cir(fab]) = {f € C™ ([a,)) : 1,2 £ € € ([a,1]) }. (1.9)

Define the right generalized a-fractional derivative of f over [a,b] as
!
Di_f = (=" (12

(1.10)
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see [2]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [2], we need the following right Taylor fractional formula.

Theorem 1.4. Let f € Cp* ([a,b]), a >0, m := [a]. Then
(i) If « > 1, we get

R ()

f(x)= Z o (z —b)" + (Je-Dg_f) (x), allz € [a,b]. (1.11)
k=0
(11) If 0 < o < 1, we get

1

f(z) =L Dy f(x) = m

We need from [3]

Definition 1.5. Let f € C([a,b]), x € [a,b], « > 0, m := [a]. Assume that
f ey ([“TH’,b]) and f € CZ, ([a, “TH’]) We define the balanced Canavati type
fractional derivative by
apipy .o | Dif(x), forsgt <w<b,
Dof (@) = { Dy f(z), fora<wz< ot (1.13)

In [4] we proved the following fractional Pdlya type integral inequality without any
boundary conditions.

Theorem 1.6. Let 0 < a < 1, f € C([a,b]). Assume f € Cg, ([a, “TH’D and f €
Co ([%5%:0])- Set

/b (t—2)* " (Dg_f) (W) dt, allx€la,b]. (1.12)

M1 (f) = maX{HDgJFfHoo,[a,“T*'b] 5 Db f” a+b ]} . (114)
Then
b
v)da| < / f (@)lde < (1.15)
(198l fo g2 + 128l o) 5= 0 (-
I‘(a+2) ( 2 ) SMl(f)W‘ (1.16)
Inequalities (1.15), (1.16) are sharp, namely they are attained by
_ [e7 a+b
(@) = { EZ;—:?))“ xx:[[m 2b]] } O<a<l (1.17)

Clearly here non zero constant functions f are excluded.
The last result also motivates this work.

Remark 1.7. (see [4]) When o > 1, thus m = [a] > 1, and by assuming that f*) (a) =
f® (b) =0,k =0,1,...,m—1, we can prove the same statements (1.15), (1.16), (1.17)
as in Theorem 1.6. If we set there & = 1 we derive exactly Theorem 1.2. So we have
generalized Theorem 1.2. Again here f(™) cannot be a constant different than zero,
equivalently, f cannot be a non-trivial polynomial of degree m.

We present Pélya type integral inequalities on the ball and shell.
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2. Main results
‘We need

Remark 2.1. We define the ball B (0,R) = {x € RV : [z| < R} CRY, N > 2, R > 0,
and the sphere

SN .= {z e RN : |z| = 1},
where |-| is the Euclidean norm. Let dw be the element of surface measure on SV ~1
and let

N
2

_/ do — 2
A )

For z € R —{0} we can write uniquely z = rw, where r = |z| > 0andw = £ € SN 71,
|w| = 1. Note that fB(o R Ay = "-’NI\?N is the Lebesgue measure of the ball.
Following [14, pp. 149-150, exercise 6] and [16, pp. 87-88, Theorem 5.2.2] we can

write F': B (0, R) — R a Lebesgue integrable function that

/B(Oﬁ)F(T/) dx = /SN_1 (/ORF(Tw) rN_ldr> dw; (2.1)

we use this formula a lot.

Initially the function f : B (0, R) — R is radial; that is, there exists a function g
such that f (z) = g (r), where r = |z|, r € [0, R],V = € B(0, R), @ > 0, m = [«]. Here
we assume that g € C ([0, R]) with g € Cg, ([0, £]) and g € C&_ ([£, R]), such that
g™ (0)=g* (R)=0,k=0,1,...,m—1. In case of 0 < a < 1 then the last boundary
conditions are void.

By assumption here and Theorem 1.3 we have

g(s) = ﬁ / (s — 0" (Dgyg) (1) dr, (2.2)

all s € [0, 4],
also it holds, by assumption and Theorem 1.4, that

R
909 = fy | (=9 (Dhg) (). (23)
all s € [§,R].
By (2.2) we get
96 < i [ =07 (D5e0) (0]
s _ HDQ gHoo, 0,2
<08l oy gy | -0 = e @)

for any s € [O, %] .

That is

a—+1)s , (2.5)
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for any s € [0, g] .
Similarly we obtain

lg (s)| < m

||D%_g||oo [2,R] R 1 HD%—QHOO [£,R]

= T (a) / (t=s)dt=—5nyy (B, (26
for any s € [g,R] .
Le. it holds
XIS g
9 < —Faayy (B9 (27)
for any s € [%,R] .
(2.1)

Next we observe that

Lo @< [ ir@lay ™

fo (foR 7 3N1d3> e (/OR 9(s) 8N1d5> [
R N

(/ 9(5)ls d8>r(g)_

oy b R
il {/ |g<s>|sN-1ds+/ 19 ()] N 1ds
0 R

(a+ N)

>a+N + (2.10)

(a+ N) 2

N-1< N-1 ) (R)’“ Fr(&ilffff_k’? (5)"“”"“] } —

¥ 19649l o, 2) <R
1)




302 George A. Anastassiou

¥Ry [ 1064l o, 51
2N -17 (0) ) (a+ N) T (a +1)

1

N—-1
D%l o 2. 5) V= 1)! LZO KT (a+N+1— k)] } '

We have proved that

/ f(y)dys/ 1 ()l dy <
B(0,R) B(0,R)

2¥ RatN { 19519l [0, 21

204N (8) ) (a+ N)T (a+1)

N—-1 1
(N =DH[D%-9l 2.5 Lz_% MD(a+ N +1- k)] }

Consider now

We have as in [4] that
o0 R
Dg,s*=T(a+1), all s€ 0,—2 ,

and
| Dgy sl

Similarly as in [4] we get
R
DE_(R—s5)“=T(a+1), alse [2,R} ,

and

DR (R —s)"|| (2,7 = I'(a+1).

o0,

That is

1959+l [0, 5) = 1 P9~ —T(a+1).

Consequently we find that

o .7

X pa+N
RIS, (2.12) = & { !

2a+N—-1T" (%) (OZ+N)+

N-1 1

;) KT (a+N+1—k)

(N = )T (a+1)

} |

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Let f. : B(0,R) — R be radial such that f.(x) = g« (s), s = |z|, s € [0,R], V

x € B(0,R).
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Then we have

Lis 2= [ gy
(o
1?7(3;) { [ /, (r S)aleds} _ 2.19)
) e e (8 8) )

oy { RotN

oy { Ro+N

r(§) 2oty (oz—|—N)+
(N1 (R\'T(a+ DI (N —k) (RN
k_o( k >(2> T(a+N+1-k) (2> -
% RotN 1
D (g)2etn {erm
= 1 (2.18)
(N =T (a+1) B S } RH.S. (2.12), (2.21)

proving (2.12) sharp, in fact it is attained.

We have proved the following main result.

Theorem 2.2. Let f : B (0, R) — R be radial; that is, there exists a function g such that
fx)=g9g(s),s=lz|, s€[0,R],Vxe€ B(0,R), a > 0. Assume that g € C ([0, R]),
with g € C§, (0, R]) and g € Cj_ ([%,RD, such that g*) (0) = g™ (R) = 0,

=0,1,...m—1, m=[a]. When 0 < a < 1 the last boundary conditions are void.

Then

/ f(y)dyé/ 1 @)ldy <
B(0,R) B(0,R)

W%ROH'N HDnggHoo,[O,g]
204N=1T (8) ) (a+ N)T (a+1)

N—-1 1
(N = D[ D5-9lloc, 2. L_Ok!r(a+N+1—k)”'

(2.22)
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Inequalities (2.22) are sharp, namely they are attained by a radial function f. such
that f. (x) = g« (s), all s € [0, R], where

« s R
ge (5) —{ fR’ S [O’ 2] 2 (2.23)

‘We continue with

Remark 2.3. (Continuation of Remark 2.1) Here we assume that a > 1. By (2.2) we
get

Sa—l N
lg(s)] < (o) HD0+g||L1([07§]), (2.24)
all s € [0, g] .
Also, by (2.3), we obtain
(R _ S)a—l N
g (s)| < T HDR_QHLl([%’RD : (2.25)
all s € [§,R].
Hence as in (2.8) we get
2% f N-1 _
/B(O,R) If (y)|dy < F(%) </0 lg (s)|s ds) = (2.26)
2% E ~ R ~ (by (2.24), (2.25))
I‘(g){/o g (s)] s™ 1d5+[; lg (s)| ™ 1ds} <
2% 3 _ o
W {(/0 sNta 2d5> HD0+9HL1([0,§])+ (2.27)

R
<L (R- s)“_lsN_1d8> HD%QHLl([g,R])} =

2

(acting the same as before, see (2.9)-(2.11))

¥ patN-1 HD0+9HL1 0.2])

204N=2 (J) ) (a+ N 1) Ff(a) *

(N =Dk, (2.5 )lz T a+N k)]}u;s) (2.28)

MRMN v D%l (o, 2))
g+ v 20 (X) | as N - 1T (a)

(N =1)! ||DagH Li([£.R] [k_o W] } . (2.29)

We have proved
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Theorem 2.4. Here all terms and assumptions as in Theorem 2.2, however with o > 1.

"D8+g‘|L1([O,§])
(

Then
7% Rat+N—1
(a+N-1)T ()

/| o POl <
N-1 1
(N - 1)! HD%*QHL1([§7R]) [];) k'F(Oé—F]V—k)‘| } . (2.30)

We continue with
1,1 _ ;
>t g = 1, with

Remark 2.5. (Also a continuation of Remark 2.1) Let here p,q > 1:

o> %. By (2.2) we have
960 < g || 607 |(D89) ()] de <

b (/05 (s — )P dt),l, (/OS (089 O dt)é _

I'(a)
1 a-l+y
> (2.31)

I'(a) (p(a—1)+ 1)% |’D(?+gHLq([07§])7

all s € [O, %] .
Similarly by (2.3) we obtain
1 R a—1 o
< [ =9 T (DR ) (0] de <
S

96 < 7

1 R e 3 RO N

T (a) (/ (t — )P 1>dt) (/ |(D%_g) (t)] dt) _
R—s)* '

o : I HD@R*gHLq([g,R])7 (2.32)

I'(@) (p(a—1)+1)7

all s € [%, R] .
Hence it holds
(2.8)
[ 1wl
B(0,R)

2y El R
{ / g ()| sV s + / 19 ()] ¥ 1ds
0 R
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n¥ { (5

1 D& n
L) (§)(pla—1)+1)» (CH—N_ 1) | 0+9||Lq([0,ﬂ)+

(5) ([ o (- 5) )]
1050l 5. | -

: R(e+N—3) )
(a +N— ;) g(a+N-1) HDO*‘gHLq([Oé]) + (2.34)

DN

2

2

Ny <R>kr(a+;)r(1v—k)(R)a+;+zv_k_1]

kN (N —k—1)! F(a—l—%—i—N—k) 2

105 ol, 5. | -

ikl R(+N—%)
F(a)F(%) (p(a—1)+1)% (Oz—|—N—%> o(at+N-1

1\ (R4
— 1! S I L
(N=-DIT <a+p> <2Q+N3} )

N—-1 1 . -
L_O T (a+ % TN k) HDRQHLQ([JJ,RD} =

5 go+N—} 106491, (1o, 2
iR { el o)

) 1D5+91 1, (jo.57) + (2-35)

T()T (X)) (p(a—1)+ 1)7 207N —31

1\ A= 1 .
- (o) [z_: or (a2 +N—k>] ”DR-Q”qusﬁn} (2:36)

We have proved the following

Theorem 2.6. Let p,qg > 1: % + % =1, a> %. All other terms and assumptions as in

Theorem 2.2. Then
[l <
B(0,R)

¥ RN HD8+9||LQ([O,.'])+
D) (§) (pla-)+172 V5 | (o N -1

|

~—| ¥
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1\ [A= 1 .
(N =1 <a * p) kzzo kT (a +14N- k) HDR*QH%([%R]) - (237

Combining Theorems 2.2, 2.4, 2.6 we derive

Theorem 2.7. Let any p,q > 1 : %4—% =1land o > 1. And let f : B(0O,R) — R
be radial; that is, there exists a function g such that f(x) = g(s), s = |z|, s €
[0,R], V x € B(0,R). Assume that g € C ([0, R]), with g € C§, ([0, g}) and g €
Cx_ ([%,R]), such that g® (0) = ¢® (R) =0, k = 0,1,....m — 1, m = [a]. When
0 < a <1 the last boundary conditions are void. Then

/ f(y)dys/ 1 @)ldy <
B(0,R) B(0,R)

7Y RatN 195191l . [0, 21
2o N1 (X) ) (@t MT(a+ D)

min

N-—1 1
(N —1)! HDE’%QHOC,[%,R] L;) ET (a+N+1— k)] } ;

X pa+N-1 HDoaJrQHLl([o,%])
9at+N-2T (%) (a+N-1)T () "

N—-1 1
kZ:O k!r(a+N—k)H’

(N = DDF-gll, 2.m))

¥ ROTN G ||D8+g||Lq([0 )

D@ (5) pla-)+1)72° 5 | (a4 N 1)

N-1
1 1
(N — 1)'F (O[ + ) Da,g x ' (238)
p l;) kIl (a—|—%+N_]g) 1D HLQ([Q,R])
Note 2.8. It holds ..
2m2 R
Vol (B(0,R)) = ———. (2.39)
r(3)N

The corresponding estimate on the average follows
Corollary 2.9. Let all terms and assumptions as in Theorem 2.7. Then
1
TABTTD Sy OV

Nre [ I1P89l o5
2N Y @+ M T (@t 1)

|f (y)ldy <

= Vol (B(0, R) /Bm,m

min
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N-1 1
(N =D![D%-9]l (5.7 LZ% KT (0 + N 41— k)] } ’

NRe—1 { 19891l ([0, 2)) )
(

2a+N—1

N—-1 1
(N =DH[Dk-gll1, ((2.5)) LZ_O k:'l“(oH—N—k)] } ’

NRo-% HD3+9|‘LQ([0, ])Jr
D (a) (pla— 1)+ 1)7 27V

1\ [A= 1
(N =1 <a+p) LZ:;) KT (a+1+N—k)

We continue with Pdlya type inequalities on the ball for non-radial functions.

Theorem 2.10. Let f € C (B (0, R)) that is not necessarily radial, 0 < o < 2. Assume

for any w € SN that f (w) € Cgy (0, %}) and f (w) € C§_ ([%,RD, such that
f(0) = f(Rw) = 0. When 0 < a < 1 the last boundary conditions are void. We
further assume that

|70 et )] ke
ot Moo (reppg) 1 O o el .m)
for every w € SN=1, where K > 0.
Then
(1)
K> ROHN
dy < —————- 2.42
Lo 1 W10 5 (242)

1 N-1

1
{(oz+N)F(a+1)+(N_1)! LZ_O k!F(a+N+1—k)H’

and
(ii)
1
Vol (B (0.R)) /Bm,m fv)dy

KNR* 1 = 1
20+N {(a+N)F(a+1) V-1 LZZO k!P(aJrNJrlk)]}'

|f (y)ldy < (2.43)

= Vol (B(0,R)) /B(O,R)
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Proof. In Remark 2.1, see (2.8), (2.9), (2.10), (2.11), we proved that

R a+N
[ o < ()
O 2

| 0+9H D N1 i 1
(a+N)P(a+1 1Pkl 5.8 V=D SRC (a+N+1-k)| [

(2.44)

In the above (2.44) we plug in g (-) = f (w), for w € SV~ fixed, and we get
R (2.41) R\ N
[ " w ()
0

1 iy 1
{<a+N>r<a+1> =1 L_O k!F(a+N+1k)1}:: A (2.45)

Consequently we obtain

/B(O,R) |f ()| dy = /SN?I (/OR|f(5w)|SN_1ds> o <

)\1/ dw—)\1
SN-—1

proving the claims. 0

N‘Z

(2.46)

—
N\Z
~—

‘We continue with

Theorem 2.11. Let f € C (B (0, R)) that is not necessarily radial, 1 < o < 2. Assume

Jor any w € SN that f (w) € Cgy (0, g}) and f (w) € C§_ ([%,RD, such that
f(0) = f(Rw) =0. We further assume

9 f () ‘ Ot (w) v .
ore Ll([o,g])’ ore L ([£.7]) = (2.47)
for every w € SN~ where M > 0.
Then
(i)
Mrn=z Ra+N 1
/B((),R) [ W)l dy < W (2.48)
1 N-1 )
{(O‘+N—1)F(a) T L_O k'F(omLN—k)]}
and
(ii)

1
Vol (B (0, R)) /B(O’R) If ()l dy < (2.49)
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MNR>? 1 - 1
20+N-1 {(a+N—1)F(a) - LZ_O k'rmN—k)H

Proof. In Remark 2.3, see (2.26), (2.27), (2.28), we proved that

R a+N-—1
[ lat)sas < (R) -
0 2

1269l o 21 =
{<a+N— )T (e I1PA-0ll, (3.0 (V1! LZ k'F(a+N—k)1 - (250)

In the above (2.50) we plug in g (-) = f (w), for w € SV~ fixed, and we derive

R (2.47) atN-1
/\f(SW)IsN”ds = (f) ~

0

1 N-1 1
{(04+N1)F(a)+<N_l)![kZ=0 W]}::AQ. (2.51)

Hence
R
/ |f(y)|dy=/ (/ If (sw)| s™ 1ds> dw <
B(0,R) SN-—-1 0
23

A / dw =\ , 2.52
Vo T 22
proving the claims. 0

We further have

Theorem 2.12. Let p,q > 1 : %—I—% =1, and% <a<?2 Let f e C(B(O,R))

that is not necessarily radial. Assume for any w € SN~ that f(-w) € o ([0, %])
and f (w) € C4_ ([&,R]), such that f(0) = f(Rw) = 0. When % < a <1 the last
boundary condition is void. We further assume

0. f () Ot () o o)
ot Moo 1 Neagm)
for every w € SN, where ® > 0.
Then
(i)

1
dr2 RO G

/B(O’F“ Flldy= T'(a)T (Y) (p(a—1)+ 1) 20N —5-1

{MANU’F <a+;> [J,jZ:k!F(w;N—’“)”’

(2.54)

and
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(ii)
L ONR* 4
TABTT S’ VY Ty TP ET

! +(N-1IT <a+;> Ni !

(a+N—§) kzok!F(a+%+N—k>

Proof. In Remark 2.5, see (2.33), (2.34), (2.35), (2.36), we proved that

R
/ j9()] N ds <
0

e g,
9 I'(a)(pla—1)+1) (O‘JrNié)

(2.55)

=

1\ [= 1
(N =D <a+>
p k;gk!F(O&‘l‘%‘l‘N*k’

In the above (2.56) we plug in g (-) = f (), for w € SV~ fixed, and we find

a+N7%
[ s e () ——
0 2 ') (pa—1)+1)>

! + (N =1)' (a+1) Nz_:l 11 =: Asz.

) 159l (12.7))

T

(a+N—a> p k:ok'F(a+5+N—k)
(2.57)

Thus
R
/ If(y)ldy:/ (/ |f(sw)|sN1ds> dw <
B(0,R) sn-1 \Jo
2%
A / dw =\ , 2.58
e T 2%
proving the claims. g
We make

Remark 2.13. Let the spherical shell A := B(0,R2) — B(0,R1), 0 < R; < Ry,
ACRN N >2 z € A Consider first that f : A — R is radial; that is, there exists ¢
such that f (z) = g (r), r = |z|, 7 € [R1, Ra], V x € A. Here z can be written uniquely
as x = rw, where 7 = |z| > 0 and w = £ € SV, |w| = 1, see ([14], p. 149-150 and
[1], p. 421), furthermore for general F': A — R Lebesgue integrable function we have

that N
/AF(x) da = /SM (/Rle(rw) erdr> do. (2.59)
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Let dw be the element of surface measure on SV~ then

o
WN = dw = . 2.60
v fo e 20
e wy (RY —RYN)  2r% (RY — RY)
Vol (A) = Z’N LA er(ﬁ) L2 (2.61)
2

We assume that g € C([R1,Rz]), and o« > 0, m = [a], such that g €
C% o ([Ry, Bf22]) and g € CF _ ([B352, Ry]), with g™ (Ry) = g™ (Ry) = 0,
k=0,1,...,m —1. When 0 < a < 1 the last boundary conditions are void.

By assumption here and Theorem 1.3 we have

g(s) = ﬁ /R (s — )"~ (D3 1 g) (1) dt, (2.62)

all s € [Ry, fitha]
also it holds, by assumption and Theorem 1.4, that

1 /R2 a—1
g(s) = —— t—s % _g) (t)dt, 2.63
( ) F(O[) i ( ) ( Ro> )( ) ( )
all s € [Brff2 Ryl
By (2.62) we get
1 /S a—1
) < —— s—t D% t)| dt 2.64
lg()l_r(a) Rl( )" [(DR,19) (1) (2.64)
< || D (s = )" 2.65
<| R1+9Hoo,[R1,R1;Rz] Tlatl)’ (2.65)
for any s € [Rl, @] .
Similarly we obtain by (2.63) that
1 fe a—1
96 < g [ (=9 (Dha o) )] (2:66)
« (R2 — S)a
< ||DR2—9||OO)[m7R2] Tlatl) (2.67)
for any s € [@,Rg] .
Next we observe that
2.59
[ rwa|< [ il (268)
A A
Rz R2 x
/ / g (s)] s¥1ds | dw = / g ()] Vs | 21— (2.69)
SN=1 \/ Ry Ry r (7)
Ri+Ro
27_‘_% e N1 R> N1 (by (2.65) and (2.67))
e {/R g st [ ()]s <
2
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Zikd e a N-1
W{”D S A
R>
+ D5yl s g /Wmmw_lds}: -

T3 (N =1)!
I (X)geN—t D719 (R, B1ER2]
2

N-1 k N—k+a
1 (R1+ R2)" (Ry — Ry)
(Z<_1)N+k k!r(zN—lj+a1+1) >+

k=0
N-1 a+N—k
R1+R2 (Ry — Ry)
1Df-0ll o fmizm2 gy [Z TP T ]} (2.71)
k=0
We have proved that
N
w2 (N —1)!
dy| < d _—
y) y’_ Alf( y)l y_F(%)Q(HN -

1%l pof i UESOMC TS S
Rit+9lloo, Ry, Fathz] — ET (N —k+a+1)

N-1 k _ a+N—k
1%, -9l (12 gy [Z (B £ Ro) (B — B) ]} (2.72)
k=0

KT (a+1+ N — k)
Consider now f, : A — R be radial such that f, (z) = g. (s), s = ||, s € [R1, Ra], ¥
x € A, where

_ (S—Rl)a, SE[RMW],
g (s) _{ (Ry—s)", se [ Ryl a>0.

We have, as in [4], that
103,49+, mumay =T (@4 1), and [ D, _gu|  prusm gy =T (a4 1).
(2.74)

(2.73)

Hence Y
F'a+1)7z (N —-1)!
CECE

3 1\ (Ry + Ro)* (Ry — RN F
{kz_% (1+(—1)N+k ) ( k!F(iJfleN_)k) } (2.75)

Furthermore we find

L.H.S. (2.72) (applied on f,) = / fe (y)dy =

fiz N-1 2rz
</Rl g« (8)s ds)I‘(];)_

R.H.S. (2.72) (applied on g.) =
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N R1+R2 R-
i N1 C (Ry-s) sV ldsh = (276
(%) (s—R1)"s s+ RﬁRz( 2 —98)"s sp = (2.76)

N o | N+k: 1 _ N+a—k
T2 (N 1 F Oé + 1 Z (R + RQ) (R2 Rl) n (277)
r (%) 2N+a 1 ET(N+a+1-—k)

Nzl (R1+R2 (Ro — R, )a-i-N—lc B
KT (o +1+N —k) B

=0

¥ (N - DI (ot 1) [N . (Ri + Rp)* (Ry — RV 7"
T () 2N+e-1 {Z ((_1)N+k 1“) k!F(2N+024+11—k) '

k=0
(2.78)
So that we find

R.H.S. (2.72) (applied on g.) = L.H.S. (2.72) (applied on f,), (2.79)
proving sharpness of (2.72).
We have proved the following

Theorem 2.14. Let f : A — R be radial; that is, there exists a function g such
that f(z) = g(s), s =lz|, s € [R1,R2], Vz € A, a > 0, m = [a]. We assume that
g € C([Ry, Ra]), such that g € Cg ([Rl, W}) and g € C, ([W,Rg]),with
g®) (Ry) = g™ (Ry) =0, k = 0,1,....,m — 1. When 0 < o < 1 the last boundary
conditions are void. Then

TF (N -1)!
dy’ /If Idy,r(%)Q(HN1

Do N1 (—1)N+k‘71 (R + Rz>k (Ry — Rl)NJHa 280
1D +9l ey 2y | D FO(N —k+a+1) r e
k=0

N-1 k atN—k
(R1 + Rz) (RQ — R1)
1P%.-9 o R”RZR]<Z ET (a+1+N —k) )}

k=0

Inequalities (2.80) are sharp, namely they are attained by the radial function f, : A—
R such that f. (x) = g« (s), s =|z|, s € [R1, Ra], V x € A, where

[ (s—R)*, s€ Ry, Btle]
g« (s) { (Ro— )%, s € [@72&]. (2.81)

We continue with
Remark 2.15. Here o > 1. By (2.64) we get

_ a—1
o)1 < CS— DR s9l i, 5 252

for any s € [Ry, fatf2] .
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And by (2.66) we derive

(Ry — )"~
lg (s)] < T T(a) HD122 QHL ([B22 R,)) > (2.83)
for any s € [@,Rg] .
Hence
(2.69)
15 @ldy 2
A

]; R1+R2 Rg
N-1 N_1
ds +
(1;]) { |g(8)|8 S Alng |g(s)|s S

(s — R)™! 3N1d3> +  (2.85)

(by (2.82) and (2.83))
< (2.84)

R1+Rgy

oy Qo
e {12l 2z

Ra
a a—1 N-1 _
HDszgHLl([R‘I;RaR?D (/R1+Rz (R = ) 5 ds) } o
2

73 (N —1)!
W{H R1+9HL1 Ry, 1tt2))

= k _ N4a—k—1
(,; (—1)NHhL (R1 + R]jl)l“ ((]ff{ir aRl)k) ) N 2.56)
Q - Ri+ R k Ro — R N+a—k—1
|DR279HL1([@7R2]) (I;J ( ]:')F ((N2+a_1)k) )}

We have proved that
Theorem 2.16. All terms and assumptions here as in Theorem 2.14, but with o > 1

Then
/ w% (N-1)!
]_" (%) 2a+N—-2

1/ (
N

N+a—k—1
)N HR-1 (Ri+ Ro)" (R — Ry)
{HD%HQHM([ ) (Z FD(N +a— k) "
k=0
N Nta—k—1
(R + R2 (Ry — Ry)
HDRQ QHL (21282 g, <Z FO(N + k) . (2.87)
We continue with

Remark 2.17. Let p,g > 1: % + % =1. Let a > 1. By (2.64) we get

5 — a71+%
( Rl) a q([Rhw]) , (288)

for any s € [Ry, fatf2] .
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Similarly by (2.66) we derive

a71+%
lg (s)| < (B2 —5) I

1 Ro—9 Ri+Ry ; (2.89)
D) (pla—1)+1)5 HLq([ 1152 Ryl)
for any s € [f1182 R,].
Hence
[1say =
A
Ry +Ro
orT /f Ry
g s [ g s s | <
F(%) { Ry Rif Ry
oy

I(A)T () (pla—1)+1)5

w
14l o
{”D%ﬁg”wm,wp </R S 1d5> N

1

Rs L
||D%2_g||Lq([w,R2]) </R1+R2 (R2 — 5) I+ 5N 1d5>} — (290)
2

I Ll CUrAY
)T ()( 1)+ 1)r Rt 9l (R, E02]) g

p(
NZ N+k ' (R1 + R2) (Ry — Rl)N7k+a7% N
par R (N+a+i-k)

(N-DIT'(a+ %
HD%2_QHL41([W,R2D ( ( )) .

I'(

vz

(2.91)

1
20+ N—3

= (R1+ RQ)k (Ry — )aJrN*k*% B
(kz;) k'F(a+ +N - k;) )}
(N —1)IT (a-i—;)

r (%) I'(a)(pla—1)+ 1)% 2a+N7§71.

o (—)NE Ry + Ro)® (Ry — Ry)NToFa
{HDRl-&-gHLq([RhIh;rRa]) +

=0 k!F(N+a+%—k)

-1 k N+a—k—1
a (R1+ R2)" (R — ) a
HDRZ—QHLQ([@732D (kz—() e <a+N+l—k) )} (2.92)

We have proved
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L—1,a> % All terms and assumptions as in

|

Theorem 2.18. Let p,qg > 1 : %
Theorem 2.14. Then

¥ (N - 1)IT (a+ L
/If(y)ldyg
A T

N-— 1 N+k71 (Rl +R2)k (R2 . RI)N+a7k7§ .

1)% 2a+N—%—1

—
v|2
S—

I'(a) (pla—1)+

) ,;J BT (N+a+i-k)
N—1 N+a—k—%
(B2 — Ry . (2.93)

R1+R2
D“2_g Ri+Ry
[Pl (2ym2 ) 2) k'F<a+N+*—k)

Combining Theorems 2.14, 2.16, 2.18 we derive
Theorem 2.19. Let any p,q > 1 : % + % = 1. And let f : A — R be radial; that is,
g(s),s=|z|,s€[R,Ra], Vo €A a>1,

there exists a function g such that f (z) =
m = [o]. We assume that g € C([Ry, Ra]), such that g € C% | ([Ri, Batla]) gnd

geCq _ ([BEE2, Ry]), with g™ (Ry) = g®) (Ry) =0, k=0,1,....m — 1. Then

‘/f dy’ /\f |dy<m1n{ ¥ (N - 1)

F()zT
N-1 _ N+k—1 k B Nekia
{HDR1+9|| . R1+R2] < ( 1) (Rl +R2) (RQ Rl) ) 4

kz:% KID(N —k+a+1)

1 (Rl +R2)k (R2 . Rl)a+N—k>}

D%
[P%.-91l- WH](Z% KT (a+1+N —k)

7% (N —1)!
T (%) 2a+N-2

<N1 Niko1 (R + Ro)* (Ry — Rl)NM_k_l) +

{1980l g, 252

> (=D ET (N +a — k)

k=0

Z ET' (N 4+ a—k)

k=0

@ N—-1 Rl +R2 R2 — R )N+a,k71
||-D}«‘1’,2—g||Ll([Rl;rR2 R2)) |
¥ (N -1 (o 1)
L(5)T () (pla—1)+ 1)% ga+N—1-1
NN (R4 Ro)E (Ry — Ry)N TR X
1
RO (N 4ot —k)

||D%1+9HL[,([R1,@]) (kO
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NZI Ry + Ro)* (Ry — RNt

— KD (a +N+1- k) (294

1% -9, (2es82 g

The corresponding estimate on the average follows

Corollary 2.20. Let all terms and assumptions as in Theorem 2.19. Then

1 1 NI
‘VOZ(A)/Af(y)dy‘ < VOZ(A)/AU(y)‘dyS <2a+N (Ré\/R{V)>

mln HDa H ]il )N#’k*l (R + RQ)k (R2 _ Rl)N*k‘+OL
Fatlloo (R, i l2] KT(N —k+a+1)

k=0

N-1 at+N—k
(R + Ro)* (Rs — Ry)
108l iz, (Z 1k.p2a+f+N1 B )}
k=0
N—-1 k N+a—k—1
. (R4 Ro) (Ro — R)
2{HDR1+9HL1([R1,RIQR2]) (Z (—)N+e-1 Uh ];F(N2+a_1k) )
k=0

sz (Ry +R2)k(R2 _R1>N+a7k71
KT (N +a—k) ’

1R ol st (
k=0

1"(044—%)2

(@) (pla—1)+1)7

N-1 N4k—1 k N4a—k-1
o (71) (R1 + RQ) (RQ — Rl) a
DR,+9 BBy +
{H R+ HLq([R17 J2r ]) (;) LT (N—FO(—F%—k‘) )

(R + Ro)" RQ—R yNHa—kog

= kT (a +N+1 k)

1D, -9, mgm2 ) (2.95)

We need
Definition 2.21. (see [1], p. 287) Let o > 0, m = [a], ﬁ =a—m, feCm™(A), and
A is a spherical shell. Assume that there exists R”f E C (A) given by

o f@ 1 o[ 5 O™ f (tw)
Rgra ._F(l_ﬁ)ar</&(r—t)ﬁarmdt), (2.96)

where x € A; that is, * = rw, r € [Ry, Ra], and w € SVN~1L.

We call };;Zf the left radial generalised fractional derivative of f of order c.

‘We also need to introduce
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Definition 2.22. Let « >0, m=[a], B:=a—m, f € C™ (Z), and A is a spherical

shell. Assume that there exists 6’%;5(%) eC (Z), given by

% x 1 Ry oM (e
Ood @) (_yyn- uf_ma‘i(/r (t_rwa;gpdt), .

where x € A; that is, T = rw, 7 € [R1, Ry], and w € SN~1.

of order a.

We present

Theorem 2.23. Let the sperical shells A := B(0,Rs) — B(0,R1), 0 < Ry < Ry, AC

RN, N >2; Ay :== B(0,£1£52) — B(0, Ry), Ay := B(0, Ry) — B (0, f1152) Let f €

C (Z) , not necessarily radial, @ > 0, m = [a]. Assume that % eC (A71), % €

C (/Tg) For each w € SN71, we assume further that f (w) € Cx ([Rl, W])
k k

and f (w) € OF _ ([Btl2 Ry)), with ZLUe) = 80H0) — g p = 0,1,..,m — 1.

When 0 < a < 1 the last boundary conditions are void. Then

(1)
i

(N —1)!
)k

a§1+fH <Nf (DN (Ry 4 Ro)* (Ro —RI)N+a_k> .
00, A1

are Z ET(N+a+1—k)
aa _ N+a—k
‘ Rz—fH Z (R1+R2) (R2 Rl) ’ (298)
o |om\&=  FT(Ntatl—k)

and

(ii)
1 1 N
‘mwﬁf<y>dy‘ < Vol(A)/Alf(y)dys (WN (RéV_Ry)). (2.99)

{‘ a%ﬁ_fH (Nl (_1)N+k71 (Rl + Rz)k (R2 . Rl)NJrak) .
00, A1

are KT(N+a+1—k)
Proof. By (2.69)-(2.71) we get

fiz g 7% (N —1)!
/Rl lg (s)| sV tds < (2;?) (F(g()]\;a“}’)'l> : (2.100)

N1 \Ntk-1 Ry + Ry k Ry — R, Nia—k
{HD%ﬁgILO{RhW] <Z( ) (Ri+ Ra)" ( ) >+

k=0

Op,f (Rl + Rz) (R2 — R1)N+a_k
or«e vl s k!F(N+a+l—k) '

P KT(N+a+1—k)
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N-1 k Nta—k
(R1 + R2)" (Re — Ry)
PR -0l g2 Lz% KID(N +a+1—k) H

For fixed w € S¥~1 f (.w) sets like a radial function on A. Thus plugging f (-w) into

(2.100), we get
810:,32 f Z (Ry + Rz)k (Ry — Rl)N+a_k .
ore || x KT(N+a+1-k) -

k=0

m Y\ (=¥ -1y
/Rl |f (sw)| sV tds < (2&%}) ( (1;,()]\2[(1“}[)_‘1) . (2.101)
i k
k=0

a%1+fH Nzl( DY (B 4 Ry)* (B — R)YTUTMY
00, Ay
Therefore by (2.59) and (2.101) we derive

Ore KT (N +a+1—k)
Jorwia= [ (/R2f<sw>|sN—1ds> do <
I Y
o /SN_1 dwi%l“(%) = (F(g)2a+N_l> (2.102)

O it H (Jvzl (—DN YRy + Ry)Y (Ro — Rl)“”) N
oS} A1

i

ore P ET(N+a+1-k)
‘ O, f Z_l (Ri+ Rp)" (Ry — Ry)™ 7"
o oo m; \ = ET(N+a+1-—k) ’
proving the claims of the theorem. O

We give also
Theorem 2.24. Let f € C’(Z), not necessarily radial, o > 1, m = [a]. For
each w € SN=1 we assume that f(w) € C§1+([R1,R1;R2]) and f(w) €

k k
Cx, ([W,Rz]), with 2 gﬁlw) =2 J;(ﬁ;W) =0,k=0,1,....,m— 1. We further
assume

R R o
" La([Re, 1572]) " La([*572 72
for every w € SN, where ¥y > 0.
Then
(i) o )
< .
/ If W)l dy < (2)2 = (2.104)

N—1 Nik—1 Nta—k—1
(1) (Ri + Ro)* (Ry — Ry)
{(Z KT (N + o — k) )*
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N-1 k N+a—k—1
(R1+ R2)" (Re — Ry)
(et}

k=0
and
(i)
v, N!
2.1
Vol / |/ (y)ldy < Qa+N-—1 (RN RN) (2.105)
3 TR Ry (R, RV
= ET(N +a—k)
(JVE:I (Rl + R2)k) (RQ _ Rl)N+OLk)1> }
poars ET (N 4+ a—k)
Proof. Similar to Theorem 2.23, using (2.84)-(2.86). O

We finish with

Theorem 2.25. Let f € C (Z) , not necessarily radial, o > %, where p,q > 1: %—F%

1, m = [a]. For each w € SN71, we assume that f (-w) € Cq, 4 ([RMWD and
k

f(w)eCg, ([@,RQD, with & f(le) g J;(ﬁ.w) =0,k=0,1,....,m—1. When

% < a <1 the last boundary condztzons is void. We further assume

’ O, f (w) ‘ O, f(w) <0, (2.106)
Ore ey ((ramagra)) N O (et gy ©
for every w € SN=L where Uy > 0.
Then
(i)
Uor¥ (N — )T (a n %)
[1rwlar s — e @07)
A F(;)F(a)(p(a—l)+1)?2 q
= k!F(N+a+I%—k;)
szl (Ri + Ro)" (Ry — RN ™43
—~ k'F(a—&-N—i—f—k) ’
and
(i)

NI (a+ 1) o
— dy <
Vol (A) /A|f(y)‘ = e (RY —RN)T (o) (p(a—1)+1)

(2.108)

=
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_ _ o—k—1
]Vzl (_1)N+k) 1 (Rl +R2)k (R2 _ Rl)N+ k i

+
P k!F(N—Fa—i—%—k)
k

Ni (Ry + Ro)* (Ry — RN 7F73

por k!I‘(a—&—N—i—%—k)

Proof. Similar to Theorem 2.23, using (2.90)-(2.92). O
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On Hermite-Hadamard type integral inequalities
for n-times differentiable preinvex functions with
applications

Muhammad Amer Latif

Abstract. In this paper some new Hermite-Hadamard type inequalities for n-
times differentiable preinvex functions are established. Our established results
generalize some of those results proved in recent papers for differentiable prein-
vex functions and n-times differentiable convex functions. Applications to some
special means of our results are given as well.
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Keywords: Hermite-Hadamard’s inequality, invex set, preinvex function, Hoélder’s
inequality.

1. Introduction

The following definition for convex functions is well known in the mathematical
literature: A function f: I — R, ) # I C R, is said to be convex on I if inequality

[tz + (1 —t)y) <tf(x)+ (1 —1)f(y),

holds for all z,y € I and ¢ € [0, 1].

Many inequalities have been established for convex functions but the most fa-
mous is the Hermite-Hadamard inequality, due to its rich geometrical significance and
applications, which is stated as follows:

Let f: I CR — R be a convex mapping and a,b € I with a < b. Then

1(557) = gt [ s < 1EI0 -y

Both the inequalities hold in reversed direction if f is concave. Since its discovery in
1883, Hermite-Hadamard inequality (see [11]) has been considered the most useful in-
equality in mathematical analysis. Some of the classical inequalities for means can be
derived from (1.1) for particular choices of the function f. A number of papers have
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been written on this inequality providing new proofs, noteworthy extensions, gen-
eralizations, refinements, counterparts and new Hermite-Hadamard-type inequalities
and numerous applications, see [6]-[8], [10, 12], [14]-[16], [23]-[29] and the references
therein.

By using the following result:

Lemma 1.1. [6]Suppose a, b € I C R with a < b and f : I° — R is differentiable. If
f € L(a,b), then

u b —a [t /
f();f(b)_bia/a f(x)dx:bQ -2 f (tas - pb)r

Dragomir and Agarwal [6], established the following results connected with the
right part of (1.1) and applied them for some elementary inequalities for real numbers
and in numerical integration:

Theorem 1.2. [6]Suppose a, b € I CR with a <b and f: I° — R is differentiable. If
f el (a,b) and ‘f/‘ is convex on [a,b], then the following inequality holds:

MO [ o] < 75 ()1 ]+

Theorem 1.3. [6]Suppose a, b € I C R with a < b and f : I° — R is differentiable.

e a2

Iff e L(a,b) and ’f"pj, p > 1, is convex on [a,b], then the following inequality
holds:

‘f(a)2 bfa/f

—1
- =
’ p—1

bea |7 @+ ]F @
L 2

(1.3)

Pearce and Pecarié¢ [21], established the following result that gave an improve-
ment and simplification of the constant in Theorem 1.3 and consolidate this result
with Theorem 1.2 as Theorem 1.4 below. An analogous result, Theorem 1.5, is devel-
oped which relates in the same way to the first inequality in (1.1). Also, they develop
analogous results base on concavity and apply them to special means and to estimates
of the error term in the trapezoidal formula.

Theorem 1.4. [21]Suppose a, b€ I CR witha <b and f : I° — R is differentiable. If

’ q
f € L(a,b) and , ¢ > 1, is convex on [a,b], then the following inequality holds:

|f<a;b> —b_lafabﬂx)da:

f ()

1
’ ‘ q q

_b- ‘f’(a)‘qu
- 4 2

(1.4)
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Theorem 1.5. [21]Suppose a, b € I CR witha < b and f : I° — R is differentiable. If

’ /19
f € L(a,b) and ‘f , q > 1, is convex on [a,b], then the following inequality holds:

1
’ 99 ¢

q
o [ @[+
4 2

’

f ()

<? (1.5)

fl@+fm) 1
| 5 _b—a/a f(x)dx

In a recent paper, Dah-Yang Hwang [12], established new inequalities of Hermite-
Hadamard type for n-times differentiable convex and concave functions and obtained
better estimates of those results established in Theorem 1.4 and Theorem 1.5.

The main result from [12] is pointed out as follows:

Theorem 1.6. [12]Suppose f:I° CR — R, a, b € I° with a < b. If f(™) exists on I°,
f™ e L(a,b) forn €N, n>1 and ’f(”)’q, q > 1, then we have the inequality:

J@+f) 1 " S E-D-a
D) _ba/af(x)dm_I;Q(kJrl)!f(k)(a)‘

1
q

B (n—l)lf% (b—a)" (n? - 2) ‘f/ (a>‘q+n f (b)‘q
B 2(n+1)! n+2 - (16)

The following lemma, which generalize Lemma 1.1, was used to establish the
above result:

Lemma 1.7. [12]Suppose f: I° CR — R, a, b € I° witha < b. If £ exists on I°and
f™ € L(a,b) forn €N, n > 1, then we have the identity:

far/®) 1 [ - - o
2 _ba/af(x)dx—kzﬁwfw)(a)
- @2_75)/0 t" 1 (n = 2t) " (ta + (1 - t) b)dt.

For more recent results for n-times differentiable functions we refer the readers
to the latest research work of Wei-Dong Jiang et. al [15] and Shu-Hong et al. [21]
concerning inequalities for n-times differentiable s-convex and m-convex functions
respectively (see the references in these papers as well).

In recent years, lot of efforts have been made by many mathematicians to extend
and to generalize the classical convexity. These studies include among others the work
of Hanson in [9], Ben-Israel and Mond [5] and Pini [22]. Hanson in [9], introduced
invex functions as a significant generalization of convex functions. Ben-Israel and
Mond [5], gave the concept of preinvex functions . Pini [22], introduced the concept
of prequasiinvex functions as a generalization of invex functions.

Let us recall some known results concerning invexity and preinvexity.
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Let K be a subset in R™ and let f : K — R and : K x K — R" be continuous
functions. Let « € K, then the set K is said to be invex at = with respect to 7 (-, ), if
r+in(y,x) € K,Vz,y € K,t € [0,1].

K is said to be an invex set with respect to 7 if K is invex at each x € K. The
invex set K is also called a n-connected set.

Definition 1.8. [30] The function fon the invex set K is said to be preinvex with respect
ton, if

flu+tn(v,u) < (1 —1) f(u) +tf(v),Yu,v € K,t €[0,1].
The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every preinvex function is convex with respect to the map
n(x,y) =z —y but the converse is not true see for instance [30].

Barani, Ghazanfari and Dragomir in [4], presented the following estimates of the
right-side of a Hermite-Hadamard type inequality in which some preinvex functions
are involved. These results generalize the results given above in Theorem 1.2 and
Theorem 1.3.

Theorem 1.9. [4]Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function .Assume p € R with p > 1. If

s
inequality holds:

a a a a+n(b,a)
ORSICRSTIRE B N

p—1

is preinvex on K then, for every a,b € K with n(b,a) # 0, then the following

2 n(b,a

D pp
’ p—1

RO

na) | @
B 2(1+p)% 2

(1.7)

Theorem 1.10. [4]Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. If ‘f,‘ is preinvex on K then, for
every a,b € K with n(b,a) # 0, then the following inequality holds:

fla)+ flat+n(ba) 1 a7 (b,a)
2 n(b,a) /a f(z)dz

’

fa|+ | ®). s

For more results on Hermite-Hadamard type inequalities for preinvex and log-
preinvex functions, we refer the readers to the latest papers of M. Z. Sarikaya et. al |
[27] and Noor [18]-[20].

The main purpose of the present paper is to establish new Hermite-Hadamard
type inequalities in Section 2 that are connected with the right-side and left-side
of Hermite-Hadamard inequality for preinvex functions but for n-times differentiable

< In(lga)l (




Integral inequalities for n-times differentiable preinvex functions 329

preinvex functions which generalize those results established for differentiable preinvex
functions and n-times differentiable convex functions.

2. Main results
In order to prove our main results, we need the following lemmas:

Lemma 2.1. Let K C R be an open invexr subset with respect ton: K x K — R and
a, b € K with a < n(b,a). Suppose f: K — R is a function such that f™) exists on
K forn € N, n > 1. If f(™ is integrable on [a,a +n(b,a)], then for every a,b € K
with n (b, a) #> 0, the following equality holds:

f(a)+ f(a+n(ba)) 1 a+n(b,a)
. 2 + i [ rwa

- —1) (n(b,a))"
k+1)

F®(a+n(b,a)

M

?ﬁ
||

2n!

where the sum above takes 0 when n =1 and n = 2.

c e _(1b,0)" /ltnl(n2t)f(”)(a+t77(baa))dta (2.1)
0

Proof. The case n =1 is the Lemma 2.1 from [4]. Suppose (2.1) holds for n — 1, i.e.

f(a)+ f (a+n(ba)) 1 a+n(b,a)
. 2 + i [ rwa

+ Z L )

_\n a n—1 1
_ (=D 2(75"_(?)!)) /OtH ((n—1) = 20) "V (a+ ty (b,a))dt. (2.2)

Now integrating by parts and using (2.2), we have

(_l)n—l (n (b, a))n /1 -1 (n—2t) f(n) (a+tn(b,a))dt
0

2n!

n—1 n-l
(-1)""" (n —23 (1 (b, a)) f™ V(@ +n(b,a))

f(a)+ f(a+n(ba) 1 atn(b,a)
) v T

i kj§)< D (610 + 10,0

k=
_ f@+flatn(ba)) 1 a-+7(b,a)
- ; v T
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+§: )

This completes the proof of the lemma. O

Lemma 2.2. Let K C R be an open invexr subset with respect ton: K x K — R and
a, b€ K with a < n(b,a) Suppose f : K — R is a function such that f) exists on
K forn € N, n > 1. If f(" is integrable on [a,a +n(b,a)], then for every a,b € K
with 1 (b,a) # 0, the following equality holds:

ity [(71)’“ + 1} (n (b, a))* ) . ()
,;) 24T (k4 1)! o <a+ 277(1%&)) - Wa)/ f (x) dx

_ (—1)"*! (:7 (b,a)" /1 K, () f™ (a +tn (b,a))dt, (2.3)

n.

t", te[0,3]
K,(t) =

Proof. For n = 1, we have by integration by parts that

where

ba/ Ki(t)f (a+tn(b,a))dt

— 1 (ba) V tF (@ + tn (b, a))dt +A (t—1) f (a+tn (b a))dt]

0 2

a+n(b,a)
:f<a+;n(b,a)>—n(2’a)/a f (z)dx.

which is true. Suppose now that (2.3) is true for n — 1, i.e.

S [(71)]6 + 1} (n (b, a))" 1 1 atn(b,a)
kZ:;) 2k+1 (k+1)! f(k) (a,—|— 277([),&)) _(Ta)/ f(x)dx

n 1
_ D 1 / Ko () f" " D(a+tn(b,a)dt. (2.4)
(n—
Now by integration by parts and using (2.4), we have

(_1)n+1 (:7 (b, a))n /1 Kn(t)f(n) (a +tn (b, a))
0

n:

(=D"" (n(b,a))" " "D (a+ 3n (b, a)) L e, a))"" ' f "V (a+ (b a))
27! onpl

(=1)" (1 (b,a))""" n-1
S /'Kn1>ﬂ Y+t (b,a))dt
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(=" 1] (b, a)™

1
- (n—1) it
e 7" D(a+ 0 (b,a)

n2 (_1)k +1 (77 (b7 a))k 1 1 a+n(b,a)
+Z[ 9k+1 (;Jrl)! f(k) (a+2n(b,a)> —W/u f(x)dac

k=0 )

e LX) A L pese
B avEs T (crgrea) g [ S
This completes the proof of the lemma. O

We are now ready to give our first result.

Theorem 2.3. Let K C R be an open invex subset with respect ton : K x K — R.
Suppose f: K — R is a function such that ™ exists on K and f) is integrable on
[a,a +n(b,a)] forn e N, n>2. If |f(”)| is preinvex on K forn € N, n > 2, then for
every a,b € K with n(b,a) > 0, we have the following inequality:

a a a atn(b,a)
GESTRSTIRD) R N T

2 _n(b,a)
n—1 _ k
_kz_2( 1) (k(k—’_)i)( )) f(k)( +77(b,a))
_ )" (n]f™ (@) + (n* = 2) [F™ ()|
2(n+1) ( n+2 - (25)

Proof. Suppose n > 2. Let a,b € K. Since K is an invex set with respect to 7, for

every t € [0,1] we have a + tn(b,a) € K. By preinvexity of | f()| and Lemma 2.1, we
get that

_fla)+ flat+n(ba)) 1 a+n(b,a)
2 +n(b7a)/a @)da

5 C >§)( D" (0 (0 1 (5,0

k=2

( (n)) /Otn 1(n—2t)’f(")(a-i-t??(baa))‘dt

gi(”(s;ﬁ)) /Oltnl(th)((lt)‘f(”) ’th‘f”) Ddt

_ (’7(’2’70“))71 ()f(n)a))‘/lt" (n—2t)dt + ‘f(")(a)‘/ t"‘l(n—2t)(1—t)dt)-
n! 0 0
(2.6)

Since
n?—2

/0 = 2n)d = s
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and
n

1
n—1 o o _
/Ot (n=20) (1 = )t = e

we have from (2.6) the desired inequality (2.5).
This completes the proof of the theorem O

Theorem 2.4. Let K C R be an open invex subset with respect to n : K x K — R.
Suppose f : K — R is a function such that ) exists on K and f) is integrable on
[a,a+n(b,a)] forneN, n>2. If |f(”)|q, q > 1, is preinvex on K forn € N, n > 2,
then for every a,b € K with n(b,a) > 0, we have the following inequality:

f(a)+ f(a+n(ba)) 1 atn(b,a)
i

5 T (z)dx

k
F¥(a+1 (b, a))

n—1 (71)’6 (k—1)(n(b,a))
—kZ:Q 2(k+1)!

(1(b.0)" (n— D' 4 (22 =2) [F™(@)]" + 0 s @)\
ST ) ( o - 27

Proof. Suppose that n > 2. For ¢ = 1, we get the inequality (2.5). Assume now that

q > 1, then by the preinvexity of | f |q on K, Lemma 2.1 and the Holder’s inequality,
we have

a a a a+n(b,a)
'f( )+ flatnba) 1 )/ f (@) de

2 n(b,a

(=D (k—1) (n(ba
_Z( )" (k= 1) (n(b,a))

k
)] F®a+1(b,a))

1—1

k=2
W (/01 t" 1 (n — 2t) dt) ' (/01 t" 1 (n — 2t) ‘f““(a + tn (b, a))‘th)

§W(/Olt”1(n2t)dt> ’

x(‘f(”)(b)‘ /O " (n—20) dt + | 7(a) /O t"‘l(n—Qt)(l—t)dt> . (28)

1
q

IN

Since . ,
-2
/ " (n—2)dt= — > 2
0 (n+1)(n+2)
1
-1
/ (0 — 2ty dt = "
and

n

/0 t"H(n —2t) (1 —t)dt = CESNCEER
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we have from (2.8) that

a a a atn(b,a)
’f()+f( +n(b,0)) 1/ £ (@) de

2 7 (b, a)

n—1 k
—Z(_l) (k(k—gi)( )) f®(a+nb,a)
k=2

1—1

q (/01 t" 1 (n —2t) ‘f(n)(a +tn (b, a))‘th)

1
q

gW(/Oltnl(n—%)dt)

q a\ 1
< @) (=) (nlfO@[ (02 =2 [FOON
- 2(n+1)! n+2
Hence the proof of the theorem is complete. O

Corollary 2.5. Suppose the assumptions of Theorem 2.4 are satisfied then for n = 2,
we have

a a a a+n(b,a)
‘f( )+ flatnba) 1 )/ f (@) de

2 n(b,a
PN NN
2 + b
Corollary 2.6. If we take ¢ =1 in (2.10), we obtain
a a b,a atn(b,a)
OESIESTOR N Y T

We note that the bound in (2.11) may be better than the bound in (1.8).

Corollary 2.7. If |f(”) |q is preinvex on K with respect to the function n (y,x) = y—x,

q>1,neN, n>2 Then ’f(")’q 1s convex on K, ¢ > 1, n € N, n > 2 and hence
the inequality (2.7) becomes

(@) + S 1<—1>k<k—1> (b a)*
SO e ICESTE A
_(b-a)" (-1 !f(" (@' + (n? = 2) [ @) %. (2.12)
S 2(n+1)! n+2

Now we give some results related to left-side of Hermite-Hadamard’s inequality
for n-times differentiable preinvex functions.
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Theorem 2.8. Let K C R be an open invexr subset with respect to n : K x K — R.
Suppose f : K — R is a function such that f) exists on K and f) is integrable on
[a,a +n(b,a)] forn e N, n>1.If ’f(")| is preinvex on K forn € N, n > 1, then for
every a,b € K with n(b,a) > 0, we have the following inequality:

n1 (=1 + 1] (n (b,a)"
S L <a+;n<b,a>>

1 a+n(b,a) (1 (b,a
- < M\
n(b,a)/a f(@)dz| < 2n+1 n—i—l

Hf“” ‘ + ‘f““(b)H . (2.13)

Proof. Suppose n > 1. By using Lemma 2.2 and the preinvexity of ‘f(”)‘ on K for
n € N, n > 1, we have

— a k atn(ba
Z{ 21@.:1]1:_1(;) ) ) (a+;77(b7a))—77(;’6l)/(1+ ! )f(x)dw

(nba)" | (2.
’ n! [/0 t

(n(ba)" | 2. . .
< oa) V e (=0 |1 @] + e fw)]) ar

IN

J (@t tn (b, )| dt + f (=" |7 @+ tn (b, )| dt]

n!

—i—/l(l—t)" ((1—t)‘f(")(a)‘ +t)f<")<b)‘)dt]

1
2

= (n(ii,a))n Uf(’”(a)‘ (/O;t”(l —t)dt+/11 (1—¢)"*t! dt)
+‘f(”>(b)} (/;t”“dt—k/lt(l —t)" dt)] . (2.14)
0 :

3 1 1
n 1— 1— n+1 - -
/0  ( t)dt—kA( 0" it = i

2

Since

and

3 1 1
"t tl—)"dt= ———
/0 +A (1=1) 2 (1)’

2
we get from (2.14) the desired inequality (2.13). This completes the proof of the
theorem. 0

The following results contains the powers of the absolute values of the n the
derivative of the preinvex function.

Theorem 2.9. Let K C R be an open invex subset with respect to n : K x K — R.
Suppose f: K — R is a function such that ™ exists on K and f) is integrable on
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P
p—1

[a,a 4+ n(b,a)] forn € N,n > 1. If‘f is preinvex on K forn e N,n>1,p € R,
p > 1, then for every a,b € K with n(b,a) > 0, we have the following inequality:

pors 2k+1 (K 4+ 1)! n(b,a)
_ )| (3@ T T
S 2 (np+1)7 ! 8
(n)(g)| 7T (n) (p)|7=1 =
+(’f (a)‘ ";3“ (b)’ ) . (2.15)

Proof. From Lemma 2.2 and the Holder’s integral inequality, we have

”Z‘:l {(fl)k + 1] (n (b,a))kf(k) <a n %n(b, a)) N % /a+n(b,a) o) ds

prs 2k+1 (k4 1)! n (b, a)
(77 (b? a))n 3 np % 3 (n) a a ﬁ %1
Sin! </0 t dt) (/0 ‘f (a+tn(b,a)) dt)
+<[ (l—t)"pdt>p (/ll‘f(")(a—i—tn(b,a)) ppldt) "1 a6

Since |f(™|*~T is preinvex on K for n € N, n > 1, p € R, p > 1, then for every
a,b € K with n(b,a) > 0, we have

D

/0é ‘f(”)(a iy (ba)|” " dt

< |"(a)

e r3
“/tdt
0

’”pl/%(l—t)dt+‘f(")(b)
0

= 2@ w)T @)
and
/Oé 7 at (b))
<@ [T oo [
| = @[ §\f<"<>p (2.19)
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Also
3 1 1
t"Pdt = 1-t)"dt= ———F——. 2.19
/ J, G = ey (219)
Using (2.17), (2.18) and (2.19) in (2.16), we get the required inequality (2.15). This
completes the proof of the theorem. O

Theorem 2.10. Let K C R be an open invex subset with respect to n : K x K — R.
Suppose f : K — R is a function such that f) exists on K and f) is integrable on
[a,a 4+ n(b,a)] forn e N, n>1. If’f(")’q s preinvexr on K forn e N, n>1, p € R,
q > 1, then for every a,b € K with n(b,a) > 0, we have the following inequality:

=t (=1 + 1] (9 (0,0))F 19 (a+ 39 (b,0))
2k (| + 1)!

1 a+n(b,a)
(b a)/ /(@) de

(1 (b, )" <<n+3>|f<")<a>!q+<n+1>\f<">(b>!q)‘1*

k=0

<
= 2t (n 4 1)! 2(n+2)

(n+ 1) |/ (@) + (0 +3) O @) ?
+< CE) . (2.20)

Proof. The case ¢ =1 is the Theorem 2.8. Suppose ¢ > 1, then from Lemma 2.2 and
the power-mean integral inequality, we have

=t (=1 + 1] (9 (0,0))F 19 (a+ 39 (b, 0))
2K (4 1)!

,n(bl’a / et f(z) da
é(/oét”
/ll(l—t)"dt>; (/11

- ~—
]

q

£ (a+ tn (b, a))’q dt>

f(n)(a—ktn(b,a))‘th)q . (2.21)
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Since |f(”)|q is preinvex on K forn e Nyn > 1, p € R, ¢ > 1, then for every a,b € K
with 7 (b, a) > 0, we have

1
2
/ r
0

q
F™ (a4t (b,a))‘ dt
1 1
q 2 2
)a)‘ / t”(lft)dtJr‘f(”)(b) "t
0 0

(n+3)|f™ (@) + (n+1) | 0)|"

2.22
272 (p4+1)(n+2) (2.22)
and
z q
/ (=" [£a+ tn (b)) dt
0
‘f(”) ‘ / — )"t + ‘f“” ‘ / t(1—t)"dt
_ D@+ 3OO,
N 2n+2 (n 4 1) (n + 2) B
Also
3 1 1
t"dt = 1-t)"dt = ————. 2.24
A usage of (2.22), (2.23) and (2.24) in (2.21) gives us the required inequality (2.20).
This completes the proof of the theorem. O

Remark 2.11. If we take n = 1 in Theorem 2.8, Theorem 2.9 and Theorem 2.10, we
obtain those results proved in [27] for differentiable preinvex functions.

Corollary 2.12. Under the assumptions of Theorem 2.9, if f is preinvex on K with

p=1
respect to the function n(y,z) =y—x,q¢>1,n €N, n>1. Then ‘f(")‘ P 4s convex
on K, p>1,peR, neN, n>1 and hence we have the following inequality:

=1 (=DF+ 1| (b—a)F a
Z{ 2k+1<k]+1>! () —a/f

k=0

(b—a)" 3l @ T+ w7
T ooty (np+1)rn 8

":H»—A

17 (@)| 7T+ 3] m@)7T T

- 8

(2.25)
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Corollary 2.13. Under the assumptions of Theorem 2.10, if f is preinvexr on K with
respect to the function n(y,z) =y —x,¢q>1,n €N, n>1. Then ‘f(")‘q 18 conver
on K, q>1,neN, n>1 and hence we have the following inequality:

=1 (=D + 1] (9 (b,a))” a
z;){ 2k+1(]];+771)! f(k)( —i—b> 7@/ f(x

k=

(b— a)n ((n+3) !f(n)(a)rl + (n+ 1) ‘f(n)(b)’q>é
- 2ntl (n 4 1)! 2(n+2)

(n+ 1) | F (@) + (0 +3) [FO @)\ 7
+< ) . (2.26)

Corollary 2.14. If we take g =1 in (2.26), we get the following inequality:

[0 1] k)t g
Z{ 2k+1<f]c+nl>! (45 fa/f

k=0

_(b-a)" [\ﬂ”) (a)] + £ (b)
- 2npl 2(n+1)

W . (2.27)

Corollary 2.15. If the conditions of Theorem 2.8, Theorem 2.9 and Theorem 2.10 are
satisfied then for n = 2, we have the following inequalities respectively:

|f <a+ %77 (b, a)> - @ /aa+n(b,a) f(z)dz| < (77([2;))2 {f”(a)‘ . f”(b)H |
(2.28)
|f <a " %"(b’ a)) N 77(1)1, a) / o f () dz
_ b | (3@ o\
T 82 (2t 1) <
@ 8| ;
! ,p>1. (2.29)
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a+n(b,a)
k<a+;n@ﬂoll (@) da

1 (b, a)
_ (b))’ [<5f/'<a>|Q+3f"<b>|Q>i
- 48 8

. <3|f”(a)|q;5|f”(b)|q>q1 G>1 (230

Remark 2.16. It may be noted that the inequalities (2.28), (2.29) and (2.30) may give
better bounds than those proved in [27].

3. Applications to special means

In the following we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 3.1. [2]A4 function M : R2 — Ry, is called a Mean function if it has the
following properties:
1. Homogeneity: M (az,ay) = aM (x,y), for all a > 0,
Symmetry : M(x,y) = M(y,x),
Reflexivity : M (z,z) = x,
Monotonicity: If & <z andy <y, then M(z,y) < M(z',y'),
Internality: min{x,y} < M(z,y) < max{z,y}.

Gl o

We consider some means for arbitrary positive real numbers «, 5 (see for instance [2]).

1. The arithmetic mean:
_a+p

A= Afa,f) = 5

2. The geometric mean:
G:=G(o,08) =+ap

3. The harmonic mean:

2
H:=H(a,3) = +—
at3s
4. The power mean:
P =P, (a >—<‘” o )T,rzl
5. The identric mean:
1 ﬁ)
rerg =] (&) o#p
a, a=0
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6. The logarithmic mean:

._ __ -6

7. The generalized log-mean:

grtl — qptl

Lp::Lp(a,ﬁ)Z{( ],ayéﬁ,peR\{—LO}-

p+1)(B—a)

It is well known that L,, is monotonic nondecreasing over p € R, with L_; := L
and Lo := I. In particular, we have the following inequality H < G < L < < A.

Now, let a and b be positive real numbers such that a < b. Consider the function
M = M(a,b) : [a,a + n(b,a)] x [a,a + n(b,a)] — RT, which is one of the above
mentioned means, therefore one can obtained variant inequalities for these means as
follows:

Setting n(b,a) = M(b,a) in (2.11), one can obtain the following interesting
inequalities involving means:

f(a) + f(a+ M (b,a)) 1 atM(b,a)
' 2 M (b,a) /a f(z)dz

< QIO (|7 )| |1 1)

‘f <a + %M o, a)) - m /CLMM@’G) f(2) dz

2
< CE @]+ of)- 62
a+M (b,a)
‘f <G+;M(b’a)>M(§w)/a o
_rway |(BF@ T e T
82 (2p 1) 3
@ sl T
' 8 L p>1. (3.3)
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‘f <a + %M (b, a)> - m /aﬁM(b’a) f () de

(M (b.a)? l<5|f“<a>|Q+3|f”<b>Q)3
48 8

. (3|f”<a)|q +5|f”<b>|q)Q] a1 (34)

8

Letting M = A, G, H, P, I, L, L, in (3.1), (3.2), (3.3) and (3.4), we get the
inequalities involving means, and the details are left to the interested reader.
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Certain subclasses of analytic univalent functions
generated by harmonic univalent functions

Santosh Joshi and Girish Shelake

Abstract. In this paper we define and investigate subclasses of analytic univalent
functions generated by harmonic univalent and sense-preserving mappings.We
obtain some inclusion theorems and convolution characterizations for above sub-
classes of univalent functions.
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metric functions, subordination.

1. Introduction

A continuous complex-valued function f = u + iv defined in a simply connected
domain D is said to be harmonic in D if both u and v are real harmonic in D. In any
simply connected domain we write

f=h+g (1.1)
where h and g are analytic in D. We call h the analytic part and ¢ the
co-analytic part of f. A necessary and sufficient condition for f to be locally
univalent and sense-preserving in D is that |h/(z)] > |¢'(z)] for all z in D,
see [6].

Every harmonic function f = h + g is uniquely determined by the coefficients of
power series expansions in the unit disk U = {z : |z| < 1} given by

h(z) =2+ An2", g(z)=)Y Bn2", z€U|Bi|<1, (1.2)
n=2 n=1

where A, € C forn =2,3,4,... and B, € C for n =1,2,3,.... For further informa-
tion about these mappings, one may refer to [4, 6, 7].

In 1984, Clunie and Sheil-Small [6] studied the family Sy of all univalent sense-
preserving harmonic functions f of the form (1.1) in U, such that h and g are rep-
resented by (1.2). Note that Sy reduces to the well-known family S, the class of all
normalized analytic univalent functions h given in (1.2), whenever the co-analytic
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part g of f is zero. Let K and Ky be the subclasses of S and Sy respectively such
that images of f(U) are convex.

In last two decades, several researchers have defined various subclasses of S using
subordination. For the functions h and F analytic in U, we say h is subordinate to
F (h < F), if there exists an analytic function w in the unit disk U, with w(0) = 0 and
|w(z)| < 1 such that h(z) = F(w(z)) for all z in U. Using subordination, we define
two subclasses of S as follows:

S*[A,B,a,'y]:{fES: 2f'(2) 1+7[B+(A—B)(1—a)]«z’z€U},

f(2) 1+vBz
Kt D)= {fes: CLEY 1o r-Bo=al: o)

where 0 <a<1,0<y<1,-1<B<y(B+(A-B)(1—a)) < A < 1. Note that the
condition | B| < 1 implies that the function [1+~(B+ (A — B)(1—a))z|[1+~vBz]~! is
convex and univalent in U. For different values of parameters A, B, « and 7 one can
obtain several subclasses of S. For v = 1 we get the subclasses defined by S. Joshi
et.al[8].

Note that the convex domains are those domains that are convex in every di-
rection. The following lemma will motivate us to construct certain analytic univalent
function associated with f € Sg.

Lemma 1.1 ([5, 6]). A harmonic function f = h+g locally univalent in U is a univalent
mapping of U and f € Ky if and only if h — g is an analytic univalent mapping of U
onto a domain conver in the direction of the real azxis.

For f = h+ g in Sy, where h and g are given by (1.2), Lemma 1.1 led us to
construct the function ¢ with suitable normalization, given by

h(z) — =~ A, — B,
=2

Since f € Sy is sense-preserving, it follows that | B;| < 1. Hence the function ¢ belongs
to S. This observation has prompted us to define the following classes:
SulA,B,a,v|:={f=h+geSu:teS'A B, a,"|},

Ky[A,B,a,7y]:={f=h+g€ Sy :te K[A, B,a,v]}.

In [2], Ahuja O.P connected hypergeometric functions with harmonic mappings
f = h+ g by defining the convolution operator 2 by

Q(f) := fx(p1 + d2) = hx g1 + g * do,
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where * denotes the convolution product of two power series and ¢1, ¢o are defined
by

¢1(z):zF(a1,b1;cl, 724»2 )n llzn,
= ; 3 ( ” 1 n
$2(2) = 2F (a2, bo; 23 2 Z W2)n-1192)n-1

( )n—l

Here F(a,b;c; 2) is a well-known hypergeometric function and a’s, b’s, ¢’s are complex
parameters with ¢ # 0, —1,—2,.... Corresponding to any function f = h+ g given by
(1.2), we have Q(f) = H + G, where

fz+z nlAz and

> (a (b2)
Z 2)n—1(b2)n—1

(e2)n - )” 1 Bn2", [By] < 1.
n—1 n

We will frequently use the Gauss summation formula

&= (@a(d)n  T(e—a—bI(c)
F(a,b;c;1) = ;::0 O~ Tle—a)Te—p) Rec—a— >0.

In the present paper, we study certain connections of the mappings f = h+ g
in Sy with the corresponding analytic functions in the classes S*[A, B, «,~] and
K[A, B,«,7]. More precisely, we obtain some inclusion theorems and convolution
characterization theorems for the classes Sy[A, B, a,~] and Kg[A, B, a, 7).

2. Lemmas

Lemma 2.1. A function h defined by the first equation in (1.2) is in
S*[A’ B’ a’fy] Zf

Y =11 +7IB]) +7(A = B)(1 - a)}|Au| < (A= B)(1 - o).

Proof. In view of definition of S*[A, B, «, 7], it follows that h € S*[A, B, a, ] if and
only if there exists an analytic function w such that

zh'(z2)  14+9[B+(A—B)(1—a)lw(z)
h(z) 1+ yBw(z) ’
with w(0) = 0 and |w(z)| < |z|. Since |w(z)| < 1, the above equation is equivalent to

()
o L

h
VB + (A= B)(1 - a)] - yBHE

<1, zeUl.
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On the other hand, on |z| = 1 we have
|20/ (2) = (2)| = [[B + (A = B)(1 — a)]h(z) — B2l (2)|y

= Z(n —1)A,2"
n=2
—y[(A=B)1-a)z=> [(n—1)B— (A= B)(1-a)]4,2"
n=2
<Y (=11 +7[B]) + (A = B)(1 - a)]|An| = (A = B)(1 - a)y
n=2
<0,
provided the given condition holds. Hence from the maximum modulus Theorem it
follows that h € S*[A, B, a,7]. O
Lemma 2.2. A function h defined by the first equation in (1.2) is in
K[A7 B7 a? ’Y] lf
Y n{(n =11 +9B) +7(A = B)(1 - a)}[Aa| < (A= B)(1 - a)y.
n=2

Proof. From the definition of K[A, B, «,], it follows that h € K[A, B,«a,~] if and
only if there exists an analytic function w such that
(2h(2))" _ 1+47[B+(A—-B)(1—a)jw(z)
R (2) 1+ yBw(z) ’
with w(0) = 0 and |w(2)| < |z| < 1. This equality is equivalent to

W)
O

V(B +(A-B)(1—a)] - yBELEY

<1, zeU

The remaining steps of the proof are similar to the proof of Lemma 2.1.

Lemma 2.3 ([2]). Let f = h+ g where h and g are analytic functions of the form
(1.2). If aj,b; € C\{0},¢; € R are such that ¢; > |aj| + |bj| + 1 for j = 1,2 and the
following inequalities

@) Y Anl + D 1Bal < 1 |Bi| < 1,
n=2 n=1

2
- oy
(ii) E ( 53] —|—1> F(lajl, bjl;¢;1) <2

=\ —lagl = bl =1

are satisfied, then Q(f) is sense-preserving harmonic and univalent in U; and so
Q(f) € Sy.
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Lemma 2.4 ([2]). Ifa,b,c > 0, then

— (@)n—1(b)n—1 _ ab o :
(i) Z(”_l)(c)n 0o 5 Flabcl)ife>atb+l,

S Jn=1(b)n-1 _ (a)2(b)2 ab -
Z n_l n 1(1)n71 B <(C_a—b—2)2 +C—a—b_1)F(a”b’C71)

>a+b+2

3. Main results

Theorem 3.1. Let f = h+ g be of the form (1.2), and for j = 1,2, suppose a;j,b; €
C\{0},¢; € R are such that ¢; > |aj| + |bj| + 1 and Q(f) € Su. If the coefficient
conditions

i) Z |An| + Z |Bn| <1
n=2 n=1

2
) (1B b, s
6 3 (A= B e =T 1) Flsh e

Jj=1

§(2+|1—B1|)<4
are satisfied, then Q(f) € Su[A, B, a,7].

Proof. In order to prove that Q(f) € Sp[A4, B,a,7], it suffices to prove that the
function

T(z) := H('lz)__BCj(Z) .
_, a)n-1(b1)n-1 ,  (a2)n-1(b2)n— LI '
—er Z { (€1)n-1(1)n-1 An (c2)n-1(1)n—1 Bn] 1 =B

is in S*[A, B, a,]. Note that |4,| < 1 and |B,| < 1, by the condition (i). As an
application of the Lemma 2.1, the function T' € S*[A, B, «, 7] provided that Q; < 1,
where

& (- )1 4B 1A B)(1 - )
@ 'Z[ A-B)(1-a) }

N@)n-1(bi)n—1 An  (az)n-1(b2)n-1 Bn
(c1)n-1(1)n—1 1—B1 (c2)n-1(1)p—1 1 — B
(

> [(n— 1)(1+~|B]) + (A — B0
<Z[ V(A - B)(1-a)1- Bi] }

(la1))n—1(b1)n-1  (la2))n—1(lb2])n-1
1Dt (e2nt (D >
_ (1+~[B)
|1 = Bi|(A-B)(1-a)y
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— (la1))n—1(61)n-1 _ (la2))n—1(lb2])n-1
’;f””< e )
1 ((a)n-1(biDn-1 | (laz])n—1(|b2])n—
+1—Bl|nz( D1t e2)ut (D )
_ (1++[B)) ( |a1b1\
1= Bi|(A - B)(1—a)y = lag| = |bs| =1

F(layl, [b1]; c151)

|azbs|

F(lasl, |b2|;02;1)>

c2 — |ag| — [ba| —
1
+ a5 (F(la], [b1]; e1;1) + F(|az, [b2]; c2; 1) — 2)
|1 — By

by Lemma 2.3. Therefore, it follows that T € S*[A, B, a,~] if the inequality

(1+1B]) |a;b;| )
+1
1—B1|Z<A B)(1 = a)ycj — laj| — [bj| = 1

2
F(lajl,bjl;¢551) — m <1

holds. But this inequality is true because of given condition (ii). O

Theorem 3.2. Let f = h+ g given by (1.2) be in Sg. If the inequality

Y A= 1)(1+9IB) + (A= B)(1 — a)7}|Au|

n=2

+ > {(n =D)AL +9B]) + (A= B)(1 = a)7}|Ba| < (A= B)(1 - a)y|1 - By

n=1

is satisfied, then f € Sg[A, B, «a,7].

Proof. From the definition of Sy[A, B, «,], it suffices to prove that the function ¢
given by (1.3) is in the class S*[A, B, «,v]. As an application of Lemma 2.1, we only
need to show that @3 < 1, where

o~ (n—=1)(L+9|B|) + (A - B)(1 —a)y | A, — By,
Q=2 (A-B)(1-a) 1-B
n=2 7 1
But
14+~B) + (A - B)(1 —a)y [|A,| + |B,
Q2<Z VBl + ( ) )7[| |+ q
(A=B)(1-a)y 11— B
and thus Q2 <1 holds because of the given condition. O

Theorem 3.3. Let f = h+ g be of the form (1.2) and for j = 1,2, suppose aj,b; €
C\{0},¢; € R such that c; > |a;|+|bj|+2 and Q(f) € Sy. If the coefficient conditions

D) YA+ Bl <1,
n=2 n=1
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2
Z{ 1+VB) (laj[)2(1b51)2 +( 2(1++|BJ) +1)
= JA =)y (¢ —laj| = [bjl =2)2 ~ \(A-B)(1-a)y
|a]b]\ }
+1p F(lajl|,|bjl;¢51) <2+ |1—By| <4
—|aj\—|bj|—1 ]| |]| J ) | 1|

are satisfied, then Q(f) € Ky[A, B, a,7].

Proof. In view of the definition of Ky[A, B,«,~] and the fact that Q(f) € Sy, it
suffices to prove that the function T given by (3.1) is in K[A, B, a,7]. Note that by
the condition (i) we have |A,| < 1 and |B,| < 1. In the view of Lemma (2.2), the
function T' € K[A, B, o, 7] provided that Q3 < 1, where

& [0+ B) £ (A~ B)(1 o)
Q=2 { @ B)(1 o) }

) (al)nfl(bl)nfl Ay B (a2)n71(b2)n71 By,
(c)n-1(Dn-1 1=B1  (e2)n-1()n-1 1= By

— [(n=1)1+~|B))+ (A - B)(1-a)y
Z”[ (A= B)(1—anll- B ]

n=2
UarDn-1(b1)n-1 | (la2))n—1([b2])n—1
|: (Cl)n 1( )n—l * (CQ)TL—l(l)n—l :|
_ 1+7|B| = )
= T BIA B o) ;[(n — 1)+ (n—1)](D1 + D)
1 o0
|1_BI|Z D1+D2)+m;(D1+D2)
1++|B| = ) 7
(A—B)(l _a),y nz:;(n 1) (Dl +D2)
1 1+ ~|B] > .
=2 | (e at ey +1) - 02 |
+> (D1 + Dy)
n=2 J

jl)n— b n— .
where D; = (2 [)n-1(1b5)n-1 for j =1,2.
(€j)n-1(1)n-1
Using Lemma 2.4, we find that

1+V|B|) (la;)2(1b51)2 2(1+918J)
Qs = [1—Bi] Bl\ Z{ (= a)y (¢ — laj| = [bs] = 2)2 +<(A - B)(1-a)y H)

2
I 1}F(|aj|, b5l ¢51) = 11— Bi|’

|a;b;|
= laj| = [bj| —1
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and this proves that Q3 < 1, if the condition (ii) holds. O

The proof of the next theorem is similar to the proof of Theorem 3.2 and hence
it is omitted.

Theorem 3.4. Let f = h+ g given by (1.2) be in Sg. If the inequality

oo

Y n{n=1)((1 +91B) + (A= B)(1 - a)y}| A

n=2

+ > n{(n=1)(1+7|B|) + (A = B)(1 - a)}[Bu| < (A= B)(1 - a)y

n=1

is satisfied, then f € Ky[A, B, a,7].

The next two Theorems give characterizations of functions in Sg[A, B, o, ] and
KH[Aa Ba afY]'

Theorem 3.5. If f(z) = h(z) + g(z) € Sy then f € Sy[A, B,«,7] if and only if

1
1(h(2) = g(2)) « Fi(2)] # 0
for all z in U and all £, such that || = 1, where
E-(B+(A-B)(1-a))7 ) .2
() = 2+ (S -
e (122
Proof. By definition of Sy [A, B, «, 7], it is obvious that f € Sg[A, B, «,~] if and only
if ¢(z) given by (1.3) belongs to S*[4, B, a,]. But, t € S*[A, B, a, 7] if and only if
zt'(2) - 1+(B+(A—B)(1—a))yz
t(2) 1+~Bz ’

that is
2t'(z) , 1+ (B+(A—-B)(1—a))ys

t(z) 1+vBg
for z € U and |¢| = 1, which is equivalent to

YA ABe)e — (14 (B + (A~ B)(1— a))3s)f] £0.
Since / . -
zt :t*m, t:t*lfz,

the above inequality is equivalent to
i [FHAZ B e LB (4 B0 e
1_

z z)?
+ (2EgpOe)

(A= B)(1—a)s ) *
= (- B)- (h(z) = g(2)) * (1—2)2 #0

)

where | — 1/¢| = [¢] = 1, and the result follows. O
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Corollary 3.6. If f(z) = h(2) + g(2) € Su, then f € Ky[A, B,a,v] if and only if

)
L(h(z) - 9(2)) = Ba(2)] #0,

z
for all z in U and all &, such that €] = 1, where

2+ (25—(234:(A—€)()El—a))7) 52
Fy(z) i (A-B)(-a)

(1—2)?
Proof. Note that t € K[A, B, «a,~] if and only zt'(z) € Sg[4, B, a,v]. If we let
2+ (5—(B+(A—B)(1—a))w> 2

- (A-B)(1-a)y
p(z> - (1 o 2)2 )

we note that

26—2By—(A-B)(1-a)7) 2
, at ( (A-B)(1-a)y ) z
zp'(z) = TE

Using the identity zt’' * p =t * zp’, the result follows from Theorem 3.5. O
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Some sufficient conditions for starlike and convex
functions

Sukhwinder Singh Billing

Abstract. Using the technique of differential subordination, in particular, a
lemma due to Miller and Mocanu [1], we study a certain differential operator
to obtain some sufficient conditions for starlike, convex, strongly starlike and

/ Y
strongly convex functions. In particular, we prove that if f € A,, (Z;:(S)> #0,
z € E satisfies

2F"(2)  2F(2) 2n(1 — a)z N ;
(55 -5 ) Tt oy DS e < b R

then

(FG) <t sen

where F(z) = (1 = X)f(2) + Azf'(2), 0 <A < 1is univalent and + is a non-zero
complex number.

Mathematics Subject Classification (2010): 30C80, 30C45.

Keywords: Differential subordination, analytic function, starlike function, convex
function.

1. Introduction

Let H be the class of functions analytic in the open unit disk E = {z : |z| < 1}.
For n a positive integer and a € C, let

H[aan] = {f eEH: f(z) = a_|_anzn +an+1zn+1 + }
The class A, of normalized analytic functions is defined as
.An = {f ceH: f(Z) = Z+an+12n+l +an+22n+2 +}

Let ¢ : C2 xE — C and let h be univalent in E. If p is analytic in E and satisfies
the differential subordination

¢(p(2), 2p'(2); 2) < h(z), ¢(p(0),0;0) = h(0), (1.1)
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then p is called a solution of the first order differential subordination (1.1). The
univalent function ¢ is called a dominant of the differential subordination (1.1) if
p < ¢ for all p satisfying (1.1). A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢
of (1.1), is said to be the best dominant of (1.1).

In what follows, only principal values of complex powers are considered.

Irmak and San [2] introduced two differential operators V[, A; f](z) and
Wy, A; f](2) defined as under:

Vv, A fl(z) = (ZJZS)) (1.2)
and
it =55 (F) =21+ 9 9) s

where F(z) = (1 — \)f(2) + A\2f'(2), f € An, 0 < XA < 1 is univalent and v is a
non-zero complex number and they proved the following results:

Theorem 1.1. If f € A, satisfies the condition
Wh A fl(2) < B, 0<B <1, z€R,
then
jarg V[, X f1(2)}] < 56,
where Vv, \; f1(2) and W[y, ; f](2) are given by (1.2) and (1.3) respectively.
Theorem 1.2. If f € A, satisfies

nM
%{W[’}/,A,f](,%’)} < m,M Z 1, S E,
then
|V[’y,)\,f](2) - 1| < M7

where Vv, \; f1(2) and W[y, ; f](2) are given by (1.2) and (1.3) respectively.

The main objective of this paper is to determine some sufficient conditions for
starlike, convex, strongly starlike and strongly convex functions in terms of the opera-
tor defined above in (1.3). We claim that our results improve the above stated results
of Irmak and San [2] and their consequences.

To prove our main result, we shall use the following lemma of Miller and Mocanu

(1, pp. 76].
Lemma 1.3. Let h be starlike in E, with h(0) =0 and a # 0. If p € Hla,n] satisfies

zp'(2)

p(2) < 4(z) = aexp [1 s dt] |

and q is the best (a,n) dominant.

then



Some sufficient conditions for starlike and convex functions 357

2. Main result and applications

Theorem 2.1. Let h be starlike in E, with h(0) = 0. Let f € A, be such that
VI[v, A f](2) #0, z € E and satisfy
Wy, A; fl(2) < h(z), z € E,

hen
| VB SIG) < ate) =exp 1 [ M o]

t

and q is the best dominant. Here 0 < X\ < 1, v is a non-zero complex number and
V[, A f1(z) and Wy, A; f1(2) are given by (1.2) and (1.3) respectively.

Proof. Write p(z) = V[v, A; f](2), then a little calculation yields
zp'(2)

= W[y, A; fl(2).
= Wha 1)
Now the proof follows from Lemma 1.3. g
2n(z . .
Select h(z) = T2 0 < B <1, z € E in the above theorem, we obtain the
—z

following result.
Theorem 2.2. Let v be a non-zero complex number and 0 < X\ < 1. Let f € A, be
such that Vv, ; f](2) # 0, z € E and satisfy
2
Wh X 1)(2) < 2205 = h(e), 0< B 1,

where h(E) = C\ {w € C: R(w) =0, |S(w)| > npb}, then

1—=2

1 B
VBl < (12) e,
here V[y, A; f1(z) and W, A; fl(2) are given by (1.2) and (1.3) respectively.

Remark 2.3. Note that the differential operator W[y, A; f](z) takes values in an ex-
tended region of the complex plane than the result of Irmak and San [2] stated in
Theorem 1.1 to get the same conclusion.

Taking y —1 = A =0and v = X = 1 in Theorem 2.2, we, respectively, obtain
the following results.

Corollary 2.4. (i) If f € A, ZJ{;S) # 0, satisfies the inequality
2f"(z)  2f'(2)
e T e M

then

2f'(2) . <1+z

B
<1 E, i.e.
) 1—2) ,0<pB8<1, z€E, ic
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f is strongly starlike of order 8 where h(E) = C\ {w € C: R(w) =0, |S(w)| > np}.

) 2f"(2)
(i) If f € An, 1+ e
CPEY PN
1+Z<@f@w zf@))*h<*

# 0, satisfies the inequality

then
1+

zf"(2) - 14z

f'(z) -2
f s strongly convex of order § where h(E) = C\ {w € C: R(w) =0, |S(w)| > nf}.
Remark 2.5. Note that the results in above corollary extend the corresponding results
of Irmak and San [2] (Corollary 2.1) in the sense that the differential operators

ZHCIE (PO (G ROy

B
) ,0<pB<1, z€E, ie.

1+

'z ) (zf"(z))" 2f'(2)
now take values in largely extended region of the complex plane as compared to their
results.

When h(z) in Theorem 2.1 is taken as h(z) =

have the following result.

noz
1+ az

,0<a<l, z€eE, we

Theorem 2.6. For non-zero compler v and 0 < A <1, 0 < a < 1, if f € A, with
V[V, A fl(z) # 0, z € E, satisfies

Wy, As fl(z) <

then
Vv, X fl(z) — 1| < a, z €E,
where Vv, \; f1(z) and W[y, X; f](2) are given by (1.2) and (1.3) respectively.
Selecting vy —1 =A=0and vy = XA =1 in Theorem 2.6, we, respectively, obtain:

2f'(2)

Corollary 2.7. (i) If f € Ay, o) # 0, satisfies the inequality
f'(z)  f(2) (n—1)a-—1
%{Z<f’(z)f(z)>}< 1+ a ,0<a<l, z€E,

then )

2f'(z

) — 1‘ < a.
(i) If f € Ap, 1+ Z]{’/;S) # 0, satisfies the inequality

(2f'(2))"  (2f'(2)) (n—1a—1
”{Z<@ﬂuw"zﬂ@>>}<1+a/’°<a<1»ZGE
then
Zf//(z)

f'(z)
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2n(1 —a)z

Write h(z) = (1—2)(1+(1-2a)z)’

0<a<l1, z€Ein Theorem 2.1 to get

the following result.

Theorem 2.8. Let f € A, be such that V[, \; fl(z) # 0, z € E and satisfy

‘ 2n(1 — a)z
WA G = G a s a—2a)2)

0<ax<l, z€E,

then
1+ (1—-2a)z
VX f)(z) < L2
for 0 < X <1, v a non-zero complex number and V[, X; f](z) and W[y, X; f](z) are
given by (1.2) and (1.3) respectively.

, 2z € E,

Note that above theorem, in turn, gives the following result of Irmak and San [2].

Corollary 2.9. Let 0 < a <1, 0 < A <1 and v be a non-zero complex number. Let
Vv, A; f1(2) and W[y, X; f](2) be given by (1.2) and (1.3) respectively. If f € A, with
V[V, A fl(z) #0, z € E, satisfies

Ty 0<a<1/2

ROy, A; f](Z)}>{ n(a—1)

J1/2<a<1

then
ROV, A fl(2)} > a, z €E.

Setting vy — 1 =X =0 and v = A = 1 in above corollary, we obtain, respectively, the
following results which offer a correct version of Corollary 2.3 of Irmak and San [2].

2f'(2)
=)

" { (f”(Z) _ f’(Z))} J [ Gest 0<as12
f'(z) f(2) Zazn /9 <a<1
R (zf’(z)> > «, i.e. fis starlike of order a.

/@)
(ii) Let 0 < a < 1 and let f € Ay, 1+ ZJ{,(S)

(n—2)a+2
L(EE) G R Ta-n 0 0Sasl/2
(e~ )}>{ @2en <0<

Corollary 2.10. (i) Let 0 < a <1 and let f € A, # 0, satisfy the inequality

then

# 0, satisfy the inequality

)

then

R (1 + zf”(z)) >, i.e. fis convex of order a.
f'(2)
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Settingy—1=XA=0, y= A =1and a = 0 in the Theorem 2.8, we, respectively,
obtain the following results.

Corollary 2.11. (i) Suppose [ € Ay, ZJJ:ES) £ 0, satisfies the condition
P (fc((j)) - J;((j))) < G(z), where G(E) = C\ {w € C: R(w) = —1,|S(w)| > n},
then P 1t
) =< 11— z € E, i.e. f is starlike in E.

2f"(2)
f'(2)
G EION g,
(Groy - ) <o
zf"(z) 1+z
fm) "1z
where G(E) = C\ {w € C: R(w) = -1, |S(w)| > n}.

(ii) Suppose f € A,, 1+ £ 0, satisfies the condition

then

1+ , 2z €E, i.e. f is convex in E,
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On a generalization of Szasz operators by
multiple Appell polynomials
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Abstract. In this paper, we define a form of positive linear operators by means of
multiple Appell polynomials. Also, Kantorovich type generalization and simulta-
neous approximation of these operators are given. Convergence properties of our
operators are verified with the help of the universal Korovkin-type property and
the order of approximation is calculated by using classical modulus of continuity.
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1. Introduction

Szdsz [8] introduced the well-known operators in 1950 by

o (pony e ()" -,
k=0

where z € [0,00) and f € C'[0,00). It may be mentioned that these operators are also
the examples of positive approximation processes discovered by Korovkin [6]. Many
authors deal with the generalizations of Szdsz operators.

Jakimovski and Leviatan [5] gave a generalization of Szdsz operators involving
the Appell polynomials. The Appell polynomials py (x) have the following generating
relation

g(u)e"” = Zpk (z)u® | (1.2)
k=0

k

where g(u) = Y apu® is an analytic function in the disc |u| < R, (R > 1) and

k=0
g (1) # 0. Under the assumptions py (z) > 0 for = € [0, 00), they proposed the linear
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positive operators as

P (f; %ipk (nz) ( > . (1.3)

For the special case g (u) = 1, from the generating functions (1.2) one can easily

find pi (z) = %T and from this fact (1.3) reduces Szdsz operators (1.1). The detailed
approximation properties of the operators (1.3) were given by Wood ([9],[10]) and
Ciupa ([2]-[4]).

In this paper, we construct an operator by the help of multiple Appell polyno-
mials. First of all, we need the following results from the paper of Lee [7].

Definition 1.1. Multiple polynomial system(multiple PS for short) means a set of poly-
nomials {Pr, ks (x)}z’;kFo with deg (pr, k,) = k1 + ko for ki, ko > 0.

Definition 1.2. A multiple PS {py, k, ()}, 1,—o is called multiple Appell if it has a
generating function of the form

oo o0

Alty ) et = 57 7 Pk lThbg (14)
ki=0ko=0 1

where A has a series expansion

a K
At = 30 > Mk i

k1=0k2=0

with A (0,0) = Qo,0 # 0.

Theorem 1.3. Let {pg, &, (x)}z_h:o be a multiple PS. Then the following statements
are all equivalent.
(a) {Pky ks (x)}Zj_h:O is a set of multiple Appell polynomials.

(b) There exists a sequence {ag, r, with ago # 0 such that

}Zo ,ko=0

k
- ks k2 T1+T2
pk17k2 Z Z o Oy —r1,ky—ra T

T1= 0’[‘2 0
(¢) For every ki + ko > 1, we have
Pry ko (.73) = klpkl—Lkz (JU) =+ k2pk1,k2—1 (x) .

In view of these results, let us restrict the multiple Appell polynomials satisfying
(i) A(1,1) # 0 and 3 > 0 for ki, ks €N,

(i) (1.4) and (1.5) converge for |t1| < Ry, |t2] < Ry (R1,R2 >1).

Under the above restrictions, we introduce the following positive linear operators

for x € [0, 00)
Pk, k‘2 5 k1 + ko
: 1.6
2=0 klle ( n ) ( )

whenever the right-hand side of (1. ) exists.

K. (f;z)
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Remark 1.4. We have to note the following special cases.

Case 1. For t; = 0, the generating functions given by (1.4) reduce to the gen-
erating functions for the Appell polynomials given by (1.2). By the help of Appell
polynomials, Jakimovski and Leviatan constructed the operators (1.3) and gave the
approximation properties in [5].

Case 2. For to = 0 and A (t1,0) = 1, from the generating functions given by
(1.4) we easily find py (z) = z*. From this fact, one can obtain Szdsz operators (1.1).

The outline of the paper is as follows. In the following section, we obtain the uni-
form convergence of the operators (1.6) by using the universal Korovkin-type property
and the order of approximation by virtue of classical modulus of continuity. Also, si-
multaneous approximation of the operators (1.6) is derived. In section 3, Kantorovich
type generalization of our operators and the approximation properties are given.

2. Approximation properties of K, operators

In this section, we state our main theorem with the help of the universal
Korovkin-type property and calculate the order of approximation by modulus of con-
tinuity. We note that throughout the paper we use the following abbreviations for the
partial derivatives

0A 0%A .
87151' = Ati and M - Atit]- )= 172 .
Lemma 2.1. The operators given by (1.6) satisfy the following equalities
K, (L;z) = 1 (2.1)
A (1,1) + Ay, (1,1)
K . — 1 2 2.2
n (85) nA () (2:2)
2(Ag (1,1) 4+ Ay, (1,1))
K 2. — 2 E 1 1 ) 2 )
n (8% 2) x +n< + A1)
1
er {4 (1,1) + A, (1, 1)
+At1t1 (17 1) + 2At1t2 (1u 1) + Atztz (17 1)}

where x > 0.

Proof. For f(s) =1, we get from (1.6)

v €T N Pk ()
Kn(fiz) = 707 > ksl
k1:0k52:0

nx

By taking t; = 1, t = 1 and replacing x by % in the generating function (1.4), one

can easily get (2.1).
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For f (s) = s, we obtain from (1.6)

777,ZE

o (k1 A+ ko) ) Pky ko (%)
nA 1 1 Z Z: ]ﬁ'kﬁg ’

K, (s;z) =

Taking the partial derivatives of the generating function (1 4) with respect to ¢; and

to and later by taking ¢; = 1, o = 1 and replacing « by %, one can get (2.2).
Taking into account the second order partial derlvatlveb of the generating func-

tion (1.4) with respect to ¢; and ta, one can get (2.3) by using similar technique. O

Let us define the class of E as follows

E = {f:;ve[O,oo), 1f—£a;)2

is convergent as v — oo} .

Theorem 2.2. Let f € C'[0,00) NE. Then
N K, (fi2) = f (1),
the convergence being uniform in each compact subset of [0, 00).
Proof. According to (2.1)-(2.3), we have
lim K, (s x) =z', i=0,1,2.

n—oo

Since the above convergences are verified uniformly in each compact subset of [0, oo)
we obtain the desired result by applying the universal Korovkin-type property (vi) o
Theorem 4.1.4 in [1]. D

Let us recall the following definition.

Definition 2.3. Let f € C'[0,00) and § > 0. The modulus of continuity w (f;6) of the
function f is defined by

w(f;6) == sup |[f(z)—f(y)
z,y€[0,00)
lo—y|<é
where C'[0,00) is the space of uniformly continuous functions on [0, 0c).

Next, for the order of approximation we express the following.

Theorem 2.4. Let f € C [0,00)NE. We have the following inequality for the operators
(1.6)

(K (f;2) = f ()]

< dig4 ) *T sy (An (L1) + Ay, (1,1) + Ay, (1,1)
- +2At1t2 (17 1) + Atztz (1’ 1)}

Xw <f; \/15) . (2.4)
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Proof. According to (2.1) and the property of modulus of continuity, the left-hand
side of (2.4) leads to

Ko (f52) = f ()]

pl,zf ki+k
SRR )

1 Pk, k2 o) k1 + ke
< - — :0) .
- { J0A 7 Z Z kl'kQ n $‘}w(f’§)
kl 0 ko=
(2.5)
By applying the Cauchy-Schwarz inequality for each sums, (2.5) becomes
Ko (f52) = f ()]
(n 1/2
< {145 < pklk’“'jk>
k 0 e 1:k2
1/2
pkl,k2 2 k1+k2—l‘ ? w(f5)
=0 kl'kg n '
1+ = (K, (1;2)) (K 2.,))" 5 2.6
= 2K (150)) ( w(s=a)s2)) " bw(fio) (2.6)
In view of Lemma 2.1, (2.6) gives (2.4) by taking § = d,, = ﬁ O

In the end of this section, we will give the following theorem for the simultaneous
approximation. Let C" [0, 00) be the space of r-times differentiable function such that
£ is uniformly continuous on [0, o).

Theorem 2.5. Let f € C” [0,00) N E. We have the following inequality for the deriva-
tives of the operators (1.6)

+ At (L,1) + 2444, (1,1) + Ay, (1, 1)}

m, LT . T
><w<f ’\/ﬁ+n)+w(f ’n>' (2.7)

Proof. By virtue of the result (¢) from Theorem 1.3, we deduce that

KO (fia) = 10 )] < {1# vt e (11 A (1) }

—nx e nx ki + k
K(T) L) =mn ¢ pkl’kzi()AT <12> 28
(f ) A(l,l) klZZOIQZ:O ko lko! 1/nf n ( )
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where A7 /n f (%) is the difference of order r of f with the step % Taking into

account the relation between finite difference and divided difference, (2.8) leads to

kitk
pkl,kz L A;/nf( l’I’L 2)

K (fiz) =
n ’ 1\7"
)i alk! (%)
_ o~ Pk (5)
= Y Z ™
A 1,1) kl—Okz 0 kqlko!
1+/€2 k‘1+k‘2+1 k’1+k’2+7’.f:|
bR n b)

pklkz M kl"’kQ '
= ’ =rlK, (h;
T 2 3 el () - i s

1, klok

where h (t) = [t,t + %, et T f] By using the inequality (2.4), we have
D (f52) = 0 (@)

< K (hia) = h(@)] + [rih (@) = £ (@)
z + 1) {Atl (1 1) + At2 (1 1)
= {1 * \/ +At1t1 ( ) i 2At1t2 (1 1) + At2t2 (1 1)} }

Xw (h; \}ﬁ> + )r!h () — @ (x)‘ (2.9)

From the property of the modulus of continuity, we get
[h (t+0) = h(t)]
1 r 1 r
= Ht+5,t+§+,...,t+5+;f} — {t7t+7...,t+;fH
n n n n
1 T r
= —|fn - _ (" z
‘f (t+6—|— 91) f <t+n92)‘
o (F064 L6y~ 00))
—w (f(”);5+f)
7l n

IN

IN

where 61, 05 € (0,1). For 6 = ﬁ, we obtain

w (h; \}ﬁ) < % (f(”; % + ;) . (2.10)
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Otherwise,
1
rlh(x) — f(?“) (x)‘ = |r! |:;z:733 + =, .+ Z; f] _ f(v") (z)
n n
- (r) r ) ‘
£ (4 neg) £ (@)
. I . T
< w195 L0) <w (5055 (2.11)
where 03 € (0,1). Combining (2.10) and (2.11) with (2.9), we reach the desired result.
O

3. Kantorovich type generalization of K,, operators

In this section, we give a Kantorovich type generalization of the operators K,
(1.6) with same restrictions

ki+ko+1
K= 2 S S el [ e e
1, k‘1'k2
k‘l 0k 2= =0 ki+ko

Now, let us give the following lemma which is used in the sequel.

Lemma 3.1. The operators given by (3.1) satisfy the following equalities

K (L;z) = 1 (3.2)
. -~ Ay, (1,1 + Ay, (1,1) 1
K (s;2) = z+ WA L) +% (3.3)
% Ay, (1,1) + Ay, (1,1) 1
* 2, _ 2 i t1 ’ to )
Ko(she) = 2+ (H AL TEAn

o { 2(Ay, (1L,1) + A, (1,1) + Ay, (1,1)) } 4 L

+At1t1 (1? 1) + Atztz (17 1) 377/2
(3.4)
Proof. Above equalities (3.2)-(3.4) follow from Lemma 2.1 immediately. O

Next, we derive the following two theorems for the uniform convergence and the
order of approximation.

Theorem 3.2. Let f € C'[0,00) N E. Then
lim K (f;z) = f(x),
n—oo
the convergence being uniform in each compact subset of [0, 00).

Proof. From (3.2)-(3.4), we get
lim K (si;x) =z', i=0,1,2.

n—oo
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The proof is completed by virtue of the above uniform convergences in each compact
subset of [0,00) and the universal Korovkin-type property (vi) of Theorem 4.1.4 in
[1]. d

Theorem 3.3. Let f € C [0,00)NE. We have the following inequality for the operators
(3.1)

K5 (fs ) = f (@)
1 Z(Ah (171)+At2 (171)+At1t2 (151)) 1
= {1 * \/x * nA (1, 1) { +At1t1 (17 1) + At2t2 (1’ 1) } * 3”}

w ( f; %) . (3.5)

Proof. From (3.2) and the property of modulus of continuity, the left-hand side of
(3.5) becomes

K (f32) = f ()]

ki+tko+1
Z Zp’“”” 2 / 1 (5) — £ (a)|ds
7 kl'kQ
kl 0k k1+ko
ki+ko+1
1 Pkl,ka ()
DD 3 R T T
a 1-~h2-
k1 0 ka=0 by ks

By using the Cauchy-Schwarz inequality for the integral, we have

K5 (f5 @) = f (o)

kq+ko+1 1/2
1 —7L.L pkl ka % 2 )
< t57 I Z Z klle n / (s —x)"ds w(f;9) . (3.6)
k1 0 k2=0 oy Lk

By applying the Cauchy-Schwarz inequality for each sums, (3.6) leads to
K5 (f @) = f (@)

1/2
Pk, k2 5
< {ied ( > 3 st
|
(1,1) k1 W kilko!
kytkotl 1/2
Z Z pkl’kz 2 / (s—m)2ds w(f;0)
a kl'kQ
kl 0k ky kg

n

{1 . % o 1) (16 (6= 12)) o (3.7)
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Taking into account Lemma 2.1 and Lemma 3.1 in (3.7), we get the inequality
(3.5) for 6 =6, = ﬁ O
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Abstract. In this paper we give some approximation theorems for a general class
of discrete type operators. We discuss the linear and nonlinear cases.
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1. Introduction

The creation of the basics of approximation theory can be attributed to the
Russian mathematician Chebyshev, who formulated and examined the existence of
polynomials furnishing best approximations from a particular function over 150 years
ago. One of the first problems in the area was to find the polynomial that best ap-
proximated the function f(xz) = z™ in the interval [—1,1] in the class of algebraic
polynomials having the degree n — 1. Solving that problem, Chebyshev defined poly-
nomials T}, (z) = cos(narccosz), which are now called Chebyshev polynomials and
which have been widely used in uniform function approximation. The origin of func-
tion approximation theory are also connected with K. Weierstrass, S. N. Bernstein,
L. Fejer and D. Jackson. It was at the turn of the 20th century that basic problems of
continuous function approximation were formulated. The authors proved that, among
other things, each continuous function on the closed and bounded interval could be ap-
proximated by an algebraic (trigonometric) polynomial with any predetermined order
of accuracy. Another important issue was to efficiently obtain operators approximat-
ing a particular function with a predetermined accuracy. In addition, research was
centred around estimating the rate of convergence of a series of polynomials to a
particular function approximated by the polynomials.

Research on function approximation was justified by it being used in other math-
ematical fields (especially mathematical analysis, functional analysis and the theory of
differential equations) and the progress in that field was influenced by other branches
of science. I would like to mention that the Fourier series is used in physics and
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technology and examining many limit problems comes down to studying approxima-
tion issues. The merging of function approximation and other branches of science is
now particularly visible thanks to numerical analysis and problems, e.g. Bernstein
polynomials are widely used in e.g. computer graphics.

The development and directions of research on function approximation by linear
operators have been defined in numerous publications and dissertations.

Our research has aimed at generalizing the aforementioned results concerning
approximation of functions by positive linear operators. Such research usually needs
to be carried out using more subtle proving methods, and results obtained in this way
make it possible to come up with additional conclusions.

In the sections more important definitions and theorems are designated by con-
secutive figures. Definitions and certain properties of the polynomial weighted space
and some other designations are denoted as in M. Becker [1].

Similarly to [1], let p € Ny :={0,1,2,...}, and let

wo(z) =1, wy(w):=1+22)"t if p>1 (1.1)
Denote by Cp, p € Ny, the set of all real-valued functions f, continuous on
Rp := [0,00) and such that wp,f is uniformly continuous and bounded on Ry. The
norm on C), is defined by the formula
1fllp = 1 C) Mlp = sup wp(x) | f ()] (1.2)
z€Ro

In the paper [12] it was constructed for any real function f on the interval Ry a
sequence of positive linear operators S,, defined by

S.(fi0) = L emwaf (F21). mgen=2o. 03
k=0

nx)k — J
where anx(z;q) = m and g(0;q) = %, 9(tiq) = & (et — Z:é 3—,) These

operators possess many remarkable properties. We present a few of them. It is
known [12] that for f € Cp, p € Ny

lim S,(f;2z) = f(z), (1.4)
n—oo
uniformly on every interval [x1,x2], 2 > 1 > 0. In [12] it was proved that
. x
lim n(S,(f:7) — £(2)) = =@ (15)
n—oo

for all f € C’g.
The operators (1.3) are related to the well-known Szdsz-Mirakyan operators

Batsie)m e S 0 (),

k=0

r € Ry, n €N.

In many papers various modification of B,, were introduced and examined. They
have been studied intensively. We refer the reader to A. Ciupa [2]- [4], L. Rempulska,
A. Thiel [9]- [10]. Many publications on the topic allude to the research of V.Gupta [5]
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and V. Gupta, P. Maheshwari [6], V. Gupta, R. Yadav [7] and V. Gupta, D. K.
Verma [8]. Their results improve other related results in the literature.

The paper pays special attention to defining various classes of operators and
examining their certain approximation properties. Because of properties of examined
operators, classical (and widely used) methods of proving approximation theorems
were employed, in which traditional mathematical problems were subject to subtle
and sometimes difficult analytical techniques.

We shall use the modulus of continuity of f € C,,

wi(f;Cpit) == sup [|Anf()llp, >0,
0<h<t
and the modulus of smoothness of f € C),

wa(f; Cpit) = Sup 1AZF()lp, >0,

where

Arf(a) = fle+h) = f(), ALf(2) = f(x) = 2/ (2 + ) + f(x +2h).

In this paper we shall denote by My («, ),k = 1,2, ..., suitable positive constants
depending only on indicated parameters «, 3.
Similarly as in the paper [14] we introduce the following class of operators in C,,.

Definition 1.1. We define the class of operators S, by the formula

Sn(f;Fn,r;x) = Zank(l';q>Fn,r <f <nq)> 5 f € Cpa pE NOa qc Na (16)
k=0

where (F,,)5°, is a sequence of continuous functions on R := (—oo,+00) such that

sup,er Wr(|2]) | Frr(x) — 2| < Mgfr) , (bn)3° is an increasing sequence of positive num-

bers with the property lim,,_, . b, = co.

2. Preliminary results

In this section we shall give some results, which we shall apply to the proofs of
the main theorems.
First we give some properties of the operators 5, .

Lemma 2.1. ([12]) Let p € Ny and g € N be fized numbers. Then there exists Maz(p, q)
such that

[15n (1/wp)llp < Ma(p, q)- (2.1)
Moreover for every f € C, we have
15 ()lp < Ma(p, @) flp- (22)

The formula (2.2) shows that S, (f) is a positive linear operators on Cp.

Now we shall give approximation theorems for .S,.
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Theorem 2.2. ([12]) Let p € Ny be a fivzed number. Then there exists Ms(p,q) such
that for every f € C, and n € N we have

wp(@)|Sa(f5) = F(2)| < Mo(p. q)en (f;cp; % T) rERy  (23)

Now we shall give some properties of the operators (1.6).

Lemma 2.3. Let (F,, ,)$°, n,7 € N, be a sequence of continuous functions on R such

that sup,ep wr(|2]) |Frr(z) — 2| < Mgrf ) where (b,)$° is an increasing sequence of
positive numbers and lim,_, . b, = co. For every p € Ny we have

||Sn(f7 Fn,r)”pr < M4(p,q77"a bl)a fe Cp~
The above inequality shows that Sy, (f; Fy.») is well-defined on the space Cp,.

e (1(5)]

Proof. For f € C, and p,q,r € N we have

wPT(x)ISn(f;Fn,ra | < wp’r Zank x; q

S wpr(x) Z ank(x; Q)
k=0

(e (o (522)) - (£9) - (<29) )

From (1.3) by our assumption we get

Wor ()| S (f; Frps )] < wpr(2) Y ank(w; )

AR ) i Rl
< M5 (1, q,b1)wpr(2) {1+ S (If (O] 52) + Sn (If ()] :2)}
Observe that

wpr(2)Sn (If (O3 2) < Mo (D, @, 1) [ f lprwpr () S (1/wpr (8); 2) < Mz(p, 7). (2.4)

From this we immediately obtain
||Sn(f;Fn,r)HPr SMS(pa(Lrabl)a fecpa pGN
The proof is similar for p = 0. Thus the proof is completed. O

Theorem 2.4. If the assumptions of Lemma 2.8 are satisfied then there exists
Mo(p, q,r) such that for every f € Cp and p € Ny we have

Wy ()| S0 (fs Fnry ) — f(2)| < Mo(p, q,7) {bﬁl +wi <f;Cp; \/ T) } . (2.5)
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Proof. By (1.6) and (1.3) we get

Wy (2) (S (f3 Fri ) — f(2)) = wpr(2) Y ann(;q)

=0

Al (e (5) = (5)) (£20) s0))
= @)Y ot (£ (1(57) ) -1 ()

+wpr () (Sn(f(); ) — f()).

From Theorem 2.2 we have

3

+
—

T

Wpr (2)[Sn (f () 2) — f(2)| < M3(p, q,7)wn (f;Cp; - ) .
re(1(50) - (50)
)

=, (1 + wpr (@) Sn (If (B3 2)) -

Applying (2.4) we obtain (2.5). O

By our assumptions we get

Wyr (@) ) ank(34)
k=0

< 200000 ot (14 (1)

My (r)

3. Main results

In this section we shall use the same method to obtain a general class of opera-
tors.

Similarly as in the paper [14] let Q be the set of all infinite matrices A =
[ank(x)}neN’keNO, of functions a,; € Cy having the following properties:

(a) ank(r) >0 for z € Ry, n € N, k € Ny,

(b) >t ank(z) =1for z € Ry, n €N,

(¢) Dopeo kPank(z), z € R, n € N, p € N, is uniformly convergent on Ry and its
sum is a function belonging to the space C),

(d) for given p € N there exists a positive constant Mio(p, A) dependent on p
and A such that the function

T p(A;x) = Zank(x) ( — x) , re€Ry, meN, (3.1)
k=0 n
satisfies the conditions
1 T.2p (A5 )ll2p < Mig(p, A)n™",  neN, (3.2)

and
T,1(A;z) = 0. (3.3)
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We introduce the following class of operators in C),.

Definition 3.1. Let A € Q and let r € N be a fired number. We define the class of
operators Sy, and S, , by the formulas

(f FnrvA {E Zank ( (z)), fecp, p € Ny, (34)

x € Ry, where (F, )1, is a sequence of continuous functions on R := (—o0, 400)

such that supyeg wr(|z|) [For(z) — 2| < Mg(r), (b,)$° is an increasing sequence of
positive numbers with the property lim,_, . b, = oo.

In this section we shall give some results, which we shall apply to the proofs of
the main theorems.

Definition 3.2. Let the matriz A € Q and let C}, for a given space with p € No. For
f € C, we define the operators

K, (f; A;x) : Zank ( ), neN, xR, (3.5)

First we shall give some properties of the operators K,,.
Lemma 3.3. Let A € Q and p € Ny. Then there exists My1(p, A) such that
[ (1/wp; A)llp < Maa(p; A). (3.6)
Moreover for every f € Cp we have

IEKn(f; Dllp < Max(p, D) fllp- 3.7)
The formulas (3.6) and (3.7) show that K, (f;A) is a positive linear operators on Cp.

Proof. If p = 0, then by (1.1), (1.2) and the property (b) we have || K, (1/wo)|lo = 1.
Let p € N. By (3.5), 1.1), (3.1), the property (b) and the Holder inequality we
get
wp(2) K (1/wp(1); As ) = wp(2)(1 + Kn (875 A; 7))
= wp(z)(1 + Ky (2” It = 2l +2P); A; )
= wy(x)(1+ 2P 2P + 2771 K, (|t — 2|P; As 2))
< Mz (p) + 27wy ()T 2 (As 2)) /2
< M12(p) + 2p_1(w2p(x)Tn,2p(A§ {E))l/2
From this and by (3.2) we can write
1K (1 /13 Al < Mio(p) (1 + [T 25(A)[13,7) < M (p, A).
The formulas (3.5) and (1.1) yield
[ (f5 A)llp < 1S o1 (1/wps A) I
for f € Cp,. Applying (3.6) we obtain (3.7). O

Now we shall give approximation theorems for K,.
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Theorem 3.4. Let p € Ny be a fired number. Then there exists a positive constant
Mi3(p, A) such that for every f € Cg we have

" 2
wp () s Ar) — F(@)] < Moo ) IELEDT ey w e (as)

Proof. For a fixed z € Ry and f € C’g we have

ft) = f(x) + f'(2)(t — ) +/ /S f"(u)duds, t € Ry,

which yields
t

F(t) = F(2)+ F(@)(t — ) + / (t—u)f"(u)du, <Ry,

T

From this and by (3.5) we deduce that
t

KalJ(05 i) = F(0) + 100K (0~ 53 ) 4 K |
for n € N. By (1.1) and (1.2) we can write
1 1

/ (= w) ()] < 1771, (w(t) " w()) (t ).

Applying the above inequality, the Holder inequality (1.1), (3.1), (3.3) and (3.5), we
derive from (3.9)

(t —u) f" (u)du; A; x) (3.9)

wp(z) [Kn (f; As ) — f(z)]

" p S wp(a (t— o) ;T ;T
< 1 {uorien (oD ais ) + T (i)} <
< Mua(p, A IS lp(Ta (A5 2)) V2 {(wp (@) Ko (1/wp(8); As2))'/2 + 1}
< Mg (0, AL (T (A5 2)) 2 (w3 () (L0 (1): As ) 1)
for n € N. Using (1.1), (1.2), (3.2) and (3.6), we obtain the desired estimate (3.8). O

Theorem 3.5. Let p € Ny be a fized number. Then there exists Myg(p, A) such that
for every f € C, and n € N we have

wp ()| K (f; A; ) — f2)] < Mig(p, A)ws (f; Ch; f;;) , & € Ry. (3.10)

Proof. Let € Ry. Similarly as in [1] we apply the Stieklov function of f € C),

ul) = %/07 /Oé[f(x—i—s—kt)  f(a+ 2(s + 1)) dsdt (3.11)
for x € Ry, h > 0. From (3.11) we get
_ % /Oj[SAh/gf(x + ) — 28, f(x + 29)]ds,

H) = o [88725() ~ A3 ().

(@)
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Consequently
||fh_f||p§w2 (vap;ha)7 (312)
1f7 0, < 9h™2ws (f,Cpih) (3.13)

for h > 0. We see that f;, € C’f, if f € C}p. Hence, for x € Ry and n € N, we can write
wp () [Kn(f; A ) = f(2)] < wp(@) {[Kn (f = fa; A;2)|
B (s As2) — (@) + 1 fa(2) = @)} = Z1 + 2 + 7,
y (3.7) and (3.12) we have
Zy < Mizr(ps A) | f = full, < Maz(ps A)wa (f,Cpih),  Zz <wa (f,Cpih).
Applying Theorem 3.4 and (3.13), we get

N L L
n
9(1 + )2
< Mis(p, A)%M (f, Cpih).
Combining these and setting h = %, for fixed n € N, we obtain the inequality
(3.10). O

Now we shall give some properties of the operators (3.4).

Lemma 3.6. Let (F,, ,)$°, n,7 € N, be a sequence of continuous functions on R such
that sup,cp wy(|z]) [For(z) — 2| < M}f;(T), where (b,)$° is an increasing sequence of
positive numbers with the property lim, . b, = 0o. For every A € Q and p € Ny we
have

||Sn(f7 Fn,r§ A)”PT < MQO(p7 T, A7 b1)7 f € CP'
The above inequality show that Sy (f; Fn.r; A) is well-defined on the space Cp,.

Proof. For f € C, and p,r € N we have

oo

w;m“( )‘S (f FnraA x |<wpr Zank

< wpr(l')ki:()ank(x){ For (f (i)) -/ (fz)‘ * ’f (flﬂ}

From (3.5) by our assumption we get

wpr(w)|Sn(fa Fn,r§ A,.’E)|

< wpr(x)liank(x) {ng) <1 \ (S) T> - ‘f (i) ‘}

< Moy (r, A, by )wpr (o) {14+ K (If (O] 5 As2) + Ko (I (8)] 5 A5 2)}
Observe that

wpr (2) K (If (£)]" 5 A; )
< Mo (p, 7y A) | llprwpr () Ko (1/wpr (8); A; ) < Maa(p, r, A) (3.14)
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From this we immediately obtain
||Sn(f§Fn,7“;A)Hpr < M23(p7 T, A, bl)a f € Cpa p e N.

The proof is similar for p = 0. Thus the proof is completed. O

Theorem 3.7. If assumptions of Lemma 3.6 are satisfied then there exists May(p,r, A)
such that for every f € C, and p € Ng we have

wpr(x)|5n(f§ Fn,r? A,CL’) - f($)| < M24(p, T, A) {b’r_l,l +ws (f» Cp? :21—’;21> } . (315)

Proof. By (3.4) and (3.5) we get
Wy () (Sn(f5 Fror; Ay ) —

ot () () )1
irgan(- 1810

+4Upr($)(lf f@); Ayz) — f(o)
From Theorem 3.5 we have

(0 450) — @) < Mas(pr A)ea 1.6 ).

By our assumptions we get
k
(GG
_ Ml( )

Wy () Zank(x) F,
k
At o )
b, (1 + wpr(z)Kn (| f (1) )5 Asx)
Applying (3.14) we obtain (3.15). O

Now we shall give one example of operators of the S, (f; Fy, r;A) type. The
Baskakov operators

— (n—1+k\ 4 i (K
Va(f;z) = 1 " -, € Ry, n €N,
e M ) € T
for f € Gy, are generated by the matrix A* = [a},, ()], oy pen, With

—1+k
a’(x) = (n k;+ )xk(1+x)”k, T € Ry,

ie. Vo (fiz) = Kn(f; A% 2). If F, . (2) = x for n € N and = € R, then the operators
Sn(f; Fnr; A*) and V,,(f) are identical.

It is worth remarking that the introduced definitions also cover the case of nonlin-
ear operators. To the best of the author’s knowledge, there are not many publications
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on this topic. Another benefit from the definitions that we have proposed is the ability
to use the research method to modify other positive linear operators known in liter-
ature. We would like to stress that the approximation theorems found in this paper
covered results presented in many other papers.

Acknowledgment. The author is extremely thankful to the referee for making valuable
suggestions, leading to the better presentation of the paper.
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An existence result for nonlinear
hemivariational-like inequality systems

Andrea Eva Molnér and Orsolya Vas

Abstract. In this paper, we introduce and study a system of nonlinear
hemivariational-like inequality system in reflexive Banach spaces. The novelty
of our approach is that we prove the existence of at least one solution for our
system without imposing any monotonicity assumptions or using nonsmooth crit-
ical point theory. The main tool is a fixed theorem due to T.C. Lin [Bull. Aust.
Math. Soc. 34 (1986), 107-117.] Two applications are also given: the first one
prove the existence of Nash generalized derivative points, while the second one
the existence of at least one solution of a Schrédinger-type problem.

Mathematics Subject Classification (2010): 47J20, 54C60, 47H10.

Keywords: Fixed point theory, hemivariational inequality system, locally Lips-
chitz functional, set-valued operator.

1. Introduction

Hemivariational inequalities were introduced by Panagiotopoulos in the early
eighties of the 20" century (see Panagiotopoulos [20],[21]) as a generalization of vari-
ational inequalities. Actually, they are more than simple generalizations, since a hemi-
variational inequality is not equivalent to a minimum problem. The hemivariational
inequality problem simplifies to a variational inequality problem, if we restrict the in-
volved functionals to be convex (see for instance: Fichera [5]; Lions and Stampacchia
[11]; Hartman and Stampacchia [6]).

A useful tool to study the hemivariational inequalities is the critical point theory
for locally Lipschitz functions, which study was started by K. Chang in his pioneering
work [3]. These types of inequalities have created a new field in nonsmooth analy-
sis, because they are based on the concept of the Clarke’s generalized gradient of
locally Lipschitz functions. Since its appearance, the theory of hemivariational in-
equalities has given important results both in pure and applied mathematics and it
is very useful to understand several problems of mechanics and engineering for non-
convex, nonsmooth energy functionals. For a better understanding of the theory of
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hemivariational inequalities and other types of inequalities of hemivariational type
(variational-hemivariational, quasi-hemivariational, etc.) as well as for various appli-
cations to Nonsmooth Mechanics, Economics, Engineering and Geometry, the reader
is reffered to the monographs of Naniewicz and Panagiotopoulos [17], Motreanu and
Panagiotopoulos [15], Motreanu and Radulescu [16], Kristdly, Radulescu and Varga
[9] and their references.

In this paper we introduce a new type of inequality systems, which we call non-
linear hemivariational—like inequality system. In the aforementioned works, the solv-
ability of the hemivariational inequality systems was studied via critical point theory
for locally Lipschitz functions. The main goal of this paper is to study inequality prob-
lems in a general and unified framework (as nonlinear hemivariational-like inequalities
can be reduced to variational-like inequalities of standard hemivariational inequali-
ties) and establish an existence result without employing the nonsmooth critical point
theory or imposing any monotonicity assumptions.

Concerning the applicability of our abstract result, in the last section of this
paper, we present two possible applications: the first is related to the existence of
Nash generalized derivative points, while the second deals with a Schrédinger-type
problem. The notion of Nash generalized derivative point can be found in the paper
of Kristdly [8] who studied the existence of such points in the case of Riemannian
manifolds. One year later, Repovs and Varga generalized this notion for systems of
hemivariational inequalities (see Varga, Repovs [22]). We point out the fact that, in
paper [22], the authors established two different proofs for the existence result, in the
first proof using Ky Fan’s version of Knaster-Kuratowsky-Mazurkiewicz fixed point
theorem, while in the second one using Tarafdar’s fixed point theorem. Our approach
is slightly different, as we use a fixed point theorem due to Lin to prove our main
result.

The paper is structured as follows. In Section 2, we recall some definitions and
properties of locally Lipschitz functions and generalized gradients. Also we present
Lin’s fixed point theorem for set-valued mappings which will play an essential role
in the proof of the main result. In Section 3, we describe the abstract framework in
which we work, we formulate the system of nonlinear hemivariational-like inequalities
and prove the main result. The last section is dedicated to some applications as we
already mentioned above.

2. Preliminaries

Let Ey, Es, ... E, be Banach spaces for i € {1,...,n}. Throughout the paper
we denote by E the topological dual space of the Banach space E;, while || - ||; and
(+,-): denote the norm in F; and the duality pairing between E} and E;, respectively
for every i € {1,...,n}.

In the following, we recall some basic definitions and properties from the theory
developed by Clarke [4].
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Definition 2.1. Let E be a Banach space and f : E — R be a functional. f is called
locally Lipschitz if every point v € E possesses a neighborhood V' such that
|f(z) = f(w)| < Kyllz —wll, Yw,z€V,
for a constant K,, > 0 which depends on V.
Definition 2.2. Let E be a Banach space, E* be its topological dual space and f :
E — R be a functional. The generalized derivative of a locally Lipschitz functional
f:E — R at the point v € E along the direction w € E is denoted by f°(v;w), i.e.
t —
fO(v; w) = limsup iz +tw) f(z)

P t

N0
As follows, we recall here a result for locally Lipschitz functions (for the proof
of this result see Clarke [4]).

Proposition 2.1. If we consider a function f: E — R on a Banach space E, which is
locally Lipschitz of rank K,, near the point w € E, then

(a) the function w ~ fO(v;w) is finite, subadditive, positively homogeneous and

satisfies
Fvsw)| < Ky lwl;

(b) fO(v;w) is upper semicontinuous as a function of (v,w).
Definition 2.3. The generalized gradient of f at the point v € E, which is a subset of
E*, is defined by

of(v) = {y* € B*: (y*,w) < fO(v;w), for each w € E}.

Remark 2.1. Using the Hahn-Banach theorem (see, for example Brezis [2]), it is easy
to see that the set Of(v) is nonempty for every v € E.

Similarly, we can define the partial generalized derivative and the partial gener-
alized gradient of a locally Lipschitz functional in the i*" variable.

Definition 2.4. Consider the function f: Fq X ... X E; X ... X E, — R which is locally

Lipschitz in the i*" variable. The partial generalized derivative of f(vi,...,vi, ..., vp)
at the point v; € E; in the direction w; € E;, denoted by fg(vl, N S T T

ffi(vl,- v omiw:) = lim sup Fv1, e ozi + twy,e . on) — F(V1,-« 244« Un)

)
z; v, t

t\.0
while the partial generalized gradient of the mapping v; ~ f(v1,... V4. .. vy), denoted
by O;if(v1, ...,V . ) , 08
Oif (V1,0 04y yU,) = {y;‘ eEE: f_g(vl,. o Vige e o Uns wi) 2 (Yl wid gy, Yw; GEZ-} .
Definition 2.5. Let E be a Banach space and f : E — R be a locally Lipschitz func-
tional. [ is regular at the point w € E, if for each w € E there exists the usual

one-sided directional derivative f'(v;w) and it coincides with the generalized direc-
tional derivative, i.e.

flvsw) = fO(v;w).

f is called reqular if the above condition holds at every point v € E.
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We recall the following elementary lemma due to Clarke [4].

Lemma 2.1. Let f:Y; x...xY, — R be a regular, locally Lipschitz functional. Then
the following assertions are satisfied:

(1) Of (U1ye e oy Uiye v oy tp) TOLS(Uye v oy Ujye ooy U)X oo X O f (U v oy Wiy e oy U

(1) oMUy ey Uiy e ey U VT, ey Vi ey Up) <

ol

Il
-

f?i(ul?"' ,Ui,...,un;vi);
i

(iii) fO(ur, . Uiy un3 0,05, 0) < fH(u

At the end of this section we present Lin’s fixed point theorem for set-valued
mappings (see Lin [10]), which we shall use later to prove our main result.

[y

7"'7ui7"~7un;vi)'

Theorem 2.1. Let E be a Hausdorff topological vector space and D C E be a nonempty
convex set. Let U C D x D be a subset such that
(a) (u,u) €U for each u € D;
(b) for each v € D the set V(v) ={w € D: (v,w) € U} is closed in D;
(c) for each w € D the set W(w) ={v € D: (v,w) €U} is either convex or empty;
(d) D has a nonempty compact conver subset Dy such that the set M is compact,
where M is defined as follows:

M={weD: (v,w) €U for eachv € Dy}.
Then there exists a point wg € M such that D x {wq} is a subset of U.

3. Formulation of the problem

Let us consider the reflexive Banach spaces Xi,...,X,, the Banach spaces
Y1,...,Y, and the bounded, closed, convex sets D; C X; for ¢ € {1,...,n}, where
n € Z,. We suppose that for ¢ € {1,...,n} there exist linear compact operators

A; + X; — Y;, the single-valued functions 7; : X; x X; — X; and the nonlinear func-
tionals ¢; : X1 X...x X;x...xX,; xX; — R. We also assume that J : Y1 x...xY,, - R
is a regular locally Lipschitz functional. We introduce the following notations:
X=Xix..xX,, Y=Y x...xY,and D =Dy X ... X Dy;
w; = Ai(ug), 7;(ug, v;) = Ai(ni(ug,v;)), for each ¢ = 1,n;
u=(uy,...,up) and @ = (Uy,...,Un);
U(Uav) = (771(1117111)7- . -777n(unavn)) and
ﬁ(uav) = (ﬁl(ulvvl)ﬂ' . 'aﬁn(umfn));
e D X XX SR, Pu,v) = di(Ury. Uiy, Un,ni(ui,v;)).

i=1

We are now in the position to formulate our problem. As we mentioned in the
Introduction we will call this nonlinear hemivariational-like inequality system:

(NHLIS) Find (uq,...,u,) € D1 X ... x D, such that
¢1(U1,...7Un7771(U17U1))+Jg(ﬂl,...7ﬂn;ﬁ1(u1,ﬂl)) ZO
¢n(u17~ .- 7un7nn(unvvn)) + J,qn(ﬂlw .- 7ﬂn§ﬁn(unavn)) >0

for all (vy,...,v,) € Dy X ... %X D,.
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In order to obtain our result, we need the following assertions:

o (H) For each i € {1,...,n} the mapping n;(-,-) : X; x X; — X, satisfies the
following conditions:
(i) 7i(us,ui) =0, for all u; € X;;
(ii) 7;(u;,-) is linear operator, for each u; € Xj;
(iii) for each v; € Xy, m;(ul™, v;) — n(u;,v;), whenever ul™ — u;.
e (®) Forevery i € {1,...,n}, the functional ¢; : X1 x...xX; x...x X, xX; > R
satisfies
(1) di(ur, ... ugy. .. u,,0) =0, for all u; € Xy;
(ii) for all v; € X;, the mapping (u1,...,un) ~ &;(ug, ..., un;ni(us,v;)) is
weakly upper semicontinuous;

n
(iii) the mapping v; ~ Z¢i(u1,...7un;ni(ui,vi)) is convex, for each
i=1

(ul,...,un) c X1 x...xX,.
Remark 3.1. Because J(uy, ..., un;v;) is convex and 1;(us,-) is linear for each i €

{1,...,n} and for each (u1,...,u,) € X1 X ... x X, it follows that the mapping
v~ Jg(ul, ooy U i (ug, ;) is conve.

Example 3.1. 1. For i € {1,...,n} let us choose the function n; : X; x X; — X; as
follows:
i (Ui, v;) = v; — uy, for all u;,v; € X

In this case, n;(u;,v;) satisfies the assumptions (i), (i) from (H). Notice that, with
this choice we get back the problem formulated in Varga and Repovs’s paper [22].

2. Let B; : X; — X; be a linear compact operator, c; > 0,0; € X;,i € {1,...,n}
and define a function f: X; — X; by fi(x) = a;Bi(x) + B;. If we take the function
7; : X; X X; — X, as follows:

ni(ui, vi) = fi(vi) = fi(uq), for all u;,v; € Xy,i € {1,...,n},
then it is clear that the conditions (H) (i)-(iii) hold for n;(u;,v;).

Now we present the main result of this paper. We deal with the case when the
sets D; are nonempty, bounded, closed and convex.

Theorem 3.1. Let us consider the nonempty, bounded, closed and conver sets D; C X;
for each i € {1,...,n}. If the conditions (H) and (®) are fulfilled, then the system of
nonlinear hemivariational-like inequalities (NHLIS) admits at least one solution.

Next let us formulate the following hemivariational inequality:
(VHI) Find u € D such that for all v € D we have

®(u,v) + JO(@;7(u,v)) > 0.

Proposition 3.1. If u’ = (uY,...,u0) € Dy x ... x D,, is a solution of the inequality
(VHI) and the assumptions (H)-(i) and (®)-(i) hold, then u° is also a solution of the
system (NHLIS).
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Proof. First of all, we fix a point v; € D;, for each 7 € {1,...,n} and we assume
that v; = u?,j # i. Let us suppose that u® solves (VHI). Then, from Lemma 2.1 (ii),
(H)-(i) and (®)-(i) we obtain

0 < @’ v)+ J°@; 7’ v))

n

n
< Zgbj(u?,. . .,ug,. . .,u%,nj(ug,vj)) + Z Jf)j (ﬂ?,. . .,ﬂg;ﬁj(ug, vj))
j=1 i=1

G, i, i (u,v)) + TG T T (0, 00), Vi =T
Hence, it follows that (u,...,u0) € Dy x...x D,, is a solution of our system (NHLIS)
too. O

Proof of Theorem 3.1. If we take into consideration the Proposition 3.1, it is
enough to prove that problem (VHI) has at least one solution. Toward this, let us
introduce the set

U= {(v,u) € DxD:®u,v)+ J°@;7(u,v)) >0} C D x D.

We will show that U satisfies all the conditions of Lin’s theorem for the weak topology
of the space X.

At first, we can observe that (u,u) € U,Vu € D. Indeed, if we fix a point u € D,
then from (H)-(i) and (®)-(i) we deduce that

®(u,u) + JO(u; 7(u, u)) ey Uiy ey Uy 1 (U, 1)) F JO(w; 0)

I
i
e
E

= Y iur,.. . uis. . u, 0) =0,

that is, (u,u) € U.

Let us consider now the set V(v) = {u € D : (v,u) € U}. The next step is to
justify that this set is weakly closed in D.
It suffices to prove that for a fixed point v € D the function

F:D —R,F(u) = ®(u,v) + J°(@;7(u,v))

is weakly upper semicontinuous, which is equivalent with the fact that the mappings
®(u,v) and JO(u;7(u,v)) are both weakly upper semicontinuous for the fixed v € D.
Let {u™} C D be a sequence which converges weakly to some u € D. Then, for every
i€ {l,...,n}, ul™ converges weakly to u;, when m — +oo. From (H)-(iii), it follows
that for all ¢ € {1,...,n}, n;(ul", v;) converges weakly to n;(u;,v;), when m — +o0.
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Taking this fact into account and (®)-(ii), we observe:

n

limsup ®(u™,v) = limsup Z di(ul, o urt s (ult ;)

m— oo m—oo
i=1

m—00

n
< Zlimsup Gi(uy”s . ug' i mi(ug”s vi)
i=1

n
< Z¢1(U1,-~-7un;m(ui,w))
im1

- (P(uvv)a

which means that the mapping u — ®(u, v) is weakly upper semicontinuous. On the
other hand, we assumed that A; is a compact operator, for each i € {1,...,n}. Hence,
we obtain that @™ converges strongly to some u € D and for each i € {1,...,n} and
v; € Dy, Mi(ul*, v;) converges strongly to 7;(u;, v;), so T(u™, v) converges strongly to
7(u,v), for each v € D. Applying this fact, together with Proposition 2.1 (b), we
derive that
lim sup JO(@™; 7(u™, v)) < JO(@; 7(u, v)).
m— 00
Therefore, the function F' is weakly upper semicontinuous. Hence, the set {u € D :
F(u) > a} is weakly closed, for every a € R. If we choose oo = 0, then we obtain that
the set V(v) is weakly closed, which is exactly what we wanted to prove.
In the following, we consider the set W(u) = {v € D : (v,u) € U}, for all u € D,
and we will establish that this set is either convex or empty.
We suppose that W(u) # 0 for a fixed v € D and we shall demonstrate that this
set is convex. In order to obtain this fact, let us choose v/, v” € W(u), A €]0,1[ and let
v* be their convex combination, i.e. v} = (1 — A\)v’ + A\v”. Applying (®)-(iii), we get

n

@(U,UA) = Z¢z (ulauwunvni(uiavi)\))

=1
= Z(bl (ula"'aunani(ui7(17)‘)1)1{4»)‘1}2/))
=1
n n
S (1 - A)quz (ula- < Un, nz(uu U;))+)\Z¢l (ulr - Un, ni(uia 'U;/))
=1 i=1

= (1-=XN)®(u,v") +A0(u,v")}, VX €]0,1].

Hence, v ~» ®(u,v) is convex. On the other hand, from Remark 3.1 we deduce that
the mapping v ~ JO(w; n;(w,)) is convex. Therefore, the set W(u) is convex for the
fixed u € D.

It remains to justify that the set M = {u € D : (v,u) € U,Yv € D} is weakly
compact. Obviously, we can give the set M in the following form:

M = ﬂ V(v).

veED
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Since D is bounded, closed and convex subset of the reflexive space X, it follows that
D also is a weakly compact subset of X. Taking into consideration that the set V
is weakly closed in D, it follows that the set M is an intersection of weakly closed
subsets of D. Therefore, the set M is weakly compact.

We proved that the set U satisfies the assumptions (1)-(4) of Lin’s theorem. Using
this theorem, we conclude that there exists u’ € M C D such that K x {u’} C U,
which means that

®(u’,v) + J°@;7(u’, v)) > 0,Vv € D.

Therefore u” is a solution of (VHI), which — applying Proposition 3.1 — is also a
solution of (NHLIS). This completes the proof. O

Remark 3.2. It is known that the solutions of hemivariational inequality systems on
unbounded domains exist if we extend the assumptions for the bounded domains with a
coercivity condition. Taking this into account, if we impose some coercivity conditions,
it will ensure that Theorem 3.1 will also hold when the sets D; are unbounded (for
details, see Repovs, Varga [22], Remark 3.3).

4. Applications

In this section we give some concrete applications of our main result. First, we
give a generalization of Theorem 4.1 from Varga and Repov§’s paper [22], then in
particular case, we present an existence result for a Schrédinger-type problem.

4.1. Nash generalized derivative points

Let us consider the Banach spaces Ei,...,E, for each i € {1,...,n} and the
nonempty set D; C E;. Let g; : D1 X ...x D; x...x D,, — R be given functionals for
i € {1,...,n}. In the following we define some useful notions reffered to Nash-type
equilibrium problems which will be used throughout this subsection. Firstly, we recall
the well-known notion introduced by Nash (see e.g. Nash [18, 19]):

Definition 4.1. We say that an element (uy, ..., U, ..., Up) € D1 X ... X D; X ...X Dy
is a Nash equilibrium point for the functionals g;,i € {1,...,n}, if

Gty oy Un) < gi(Ug, .oy Uy ey Up),
forallie{l,...,n} and for all (v1,...,0s...,0n) € D1 X ... X D; X ... X Dy.

Let D} C E; be an open set such that for each ¢ € {1,...,n} we have that
D; C D}. We impose a condition on the functional g;: Dy x...xD;x x...x D, =R
for all i € {1,...,n}: the mapping u; ~ g;(u1,...,u;,...,u,) must be continuous
and locally Lipschitz. Under these conditions we can give the definition of the Nash
generalized derivative point. This notion was introduced by Kristély in [8] for functions
defined in Riemannian manifolds. We give a little bit different form of this definition:

Definition 4.2. A point (u1,...,u;, ..., up) € D1 X ... X D X ... X D, is said to
be a Nash generalized derivative point for the functionals g1,...,9i,--.,gn if for all
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1 €{1,...,n} and all (v1,...,v;,...,0,) € D1 X ... X D; x ... x Dy, the following
inequality holds:
g?’i(uh...,ui,...,un;vi—ui)20.

Remark 4.1. 1. We notice, that every Nash equilibrium point also is a Nash gen-
eralized derivative point.

2. In the paper 7], Kassay, Kolumbdn and Pdles introduced the notion of Nash
stationary point. We can show easily that if for every i € {1,...,n} the func-
tionals g; are differentiable with respect to the i'" variable, the notions of Nash
generalized derivative point and Nash stationary point coincide.

An application of the main theorem yields the existence result for a type of Nash
generalized derivative points. Thus, if we take in Theorem 3.1 the following choices

(bi(ul’ sy Ugy e aunani(ui’vi)) = gio,i(ulﬂ sy Ugy e 7un§77i(ui,”i))
for i € {1,...,n} and set J = 0, and we suppose that the function
(Upy ey Uiy ey U U5) ~ Gii (UL, ey Uy ooy U 15 (g, ;)

is weakly upper semicontinuous for each v; € D;, i = 1, n, then we obtain the theorem
below:

Theorem 4.1. For each i € {1,...,n} let D; C X, be a nonempty, bounded, closed
and convez set and let us assume that conditions (H) and (®) hold true. In these
conditions, there exists a point (ul,....ul,... ul) € Dy x...x D, such that for all

(u1y...,up) € Dy X -+ x Dy, and i € {1,...,n} we have
ga(ul, o, g, vi)) > 0.

In order to highlight the importance of the previous result, we make the following
remark:

Remark 4.2. If we choose n(u?,v;) = v; —u? fori € {1,...,n}, then we give back the
existence result for Nash generalized derivative points from Repovs and Varga’s paper
[22].

As a second application, we state an existence result for a general hemivariational
inequalities system. In order to establish this theorem, in Theorem 2.1 we need to
require that the functionals ¢; : Y7 x---xY; x---xY,, xY; — R be differentiable in the
ith variable for i € {1,...,n} and their derivatives ¢} : Y1 x---xY; x---x ¥, x¥; = R
be continuous for ¢ € {1,...,n}.

Corollary 4.1. Let us consider the regular, locally Lipschitz function J : Y1 XYy X+ -+ X
Y; x---xY, — R and the nonlinear functionals ¢; : Y1 X -+ xXY; x---xY, xY; > R
with their continuous derivatives ¢} : Y1 x -+ XYy x -+ x Y, xY;, - R fori €
{1,...,n}. Let also D; C X; be bounded, closed and convex sets for i € {1,...,n}
and let us assume that conditions (H) and (®) hold true. Then, there exists a point
u® = (ul,...,ud) € Dy x --- x D,, such that

(@, 75 (ug, ) + I (@57 (g wi)) > 0,
for each uw = (uy,...,up) € Dy X -+ X Dy and i € {1,...,n}.
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4.2. Schrodinger-type systems

Let aj,as : R” — R (n > 2) be two continuous functions such that the following
assumptions hold:

. in]Rf ai(x) >0,i=1,2;
zeR™
e meas({x € R" : a;(z) < M;}) < oo, for every M; > 0,i=1,2.

For i = 1,2, let us consider the Hilbert-spaces
X = {u € WH3(R") - /]R |Vu(z)|* + a;(2)u?(z)de < oo} ,
which are equipped with the inner products
(u, v) x; :/ [Vu(z)Vo(z) 4+ a;(z)u(x)v(z)] d.

It is known that for ¢ € [2,2*], the space W?(R") — L9(R") is continuous,
therefore X7 x X9 — L*(R™) x L"(R™) is continuous for s,r € [2,2*]. If 5,7 € [2,2%),
then X; x X5 — L*(R™) x L"(R™) is compact (for the proof of the latter result see
Bartsch, Wang [1]).

Let G : R? — R be a regular, locally Lipschitz-function, for which we assume
the following:

(G1) There exist ¢ > 0 and r € (2,2*),s € (2,2*) such that

[wal < e(ful + o] + [ul"™"),

wy| < c(lo] + [ul + [o]*7),

for all (u,v) € R%,w, € 01G(u,v),w, € G(u,v),i = 1,2, where 9,G(u,v) and
02G(u,v) denote the (partial) generalized gradient of G(-,v) at the point u and v,
respectively, while 2* = %, N > 2 is the Sobolev critical exponent.

Let K1 C X1,K; C Xs be two nonempty, convex, closed and bounded sub-
sets. In the following let us denote by GY(u(x),v(x);wi(z)) and G9(u(z),v(x); wa(x))
the directional derivatives of G in the first and the second variable along the direc-
tion wy and, respectively ws. Now, we are in the position to formulate the following
Schrodinger-type problem:

(Sch-S) Find (u1,us) € K1 x Ko such that for every (vy,v2) € K1 x Ko

<u717ﬁ1(u1a ’1}1)> + on G?(m($>7m<m)am(ul(x)7vl(x)))dx > 07vv1 € Kl;

<u727ﬁ2(u2a v2)> + . Gg(UQ(m)vv2<x)’7772(u72(x)772(x)))dx > O,va € K.

At the end of this section, as an application of the main result we show the
existence of at least one solution of the previous problem.

Corollary 4.2. If K1 C X; and Ky C X3 are two nonempty, convex, closed and
bounded subsets and n1,m2 satisfy the conditions (H) and G satisfies (G1), then the
problem (Sch-S) has at least one solution.
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The equiform differential geometry of curves
in 4-dimensional galilean space (4

M. Evren Aydin and Mahmut Ergiit

Abstract. In this paper, we establish equiform differential geometry of curves in 4-
dimensional Galilean space G4. We obtain the angle between the equiform Frenet
vectors and their derivatives in G4. Also, we characterize generalized helices with
respect to their equiform curvatures.

Mathematics Subject Classification (2010): 53A35.

Keywords: Equiform geometry, generalized helices.

1. Introduction

Differential geometry of the Galilean space G3 has been largely developed in O.
Roschel’s paper [12]. The Frenet formulas of a curve in 4-dimensional Galilean space
G4 are given by [13]. The helices in G3 are characterized by [8]. The equiform differen-
tial geometry of isotropic spaces and Galilean-pseudo Galilean spaces are represented
by [9, 4, 5]. In this paper, we construct equiform differential geometry of curves in
Gy.

The Galilean space is three dimensional complex projective space, P3, in which
absolute figure {w, f,I1, >} consist of a real plane w (absolute plane), a real line
f C w (absolute line) and two complex conjugate points, I1, Is € f (absolute points)
[7].

The equiform geometry of Cayley - Klein space is defined by requesting that
similarity group of the space preserves angles between planes and lines, respectively.
Cayley-Klein geometries are studied for many years. However, they recently have
become interesting again since their importance for other fields, like soliton theory
[11], have been rediscovered. The positive aspect of this paper is the equiform Frenet
formulas and equiform curvatures of G3 to generalize these of Gy.
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2. Preliminaries

Four-dimensional Galilean geometry can be described as the study of properties
of four-dimensional space with coordinates that are invariant under general Galilean
transformations

' = (cosfBcosa — cosysinfsina)z + (sin Bcosa — cosysinfsina)y

+ (sinysina) z 4+ (vcosdy) t + a,

y' = —(cosBsina+ cosysinBcosa)z + (—sinfBsina — cosvycos Fcosa)y
+ (sinycos ) z + (vcosda) t + b,

' = (sinysinf)z — (sinycos )y + (cosy)z + (vcosds)t + c,

t = t+d,

where cos? 61 + cos? §5 + cos? 63 = 1.

Given two vectors @ and B) with the coordinates (o, s, a3, ag) and (01, B2, B3, Ba),
respectively, then the Galilean scalar product g between the vectors is defined as
follows

— _ 06161, if a17é0 or 61%0,
9(#7) _{ Qo + sy + cafh, if a1=0 and g =0. D)

For the vectors o, E), 7~ with the coordinates (v, oo, a3, ), (B1, B2, B3, B4)
(71,72,73,74) , the cross product of G4 given by

— — —
0 € 9

€3 €4

— — — aq [65) Qa3 Qg
a X X = , 2.2
6 B xe 7 Br B2 B3 B (2:2)

71 V2 V3 Y4

N .
where €’; are the standard basis vectors.

Let C : I C R — G4 be a curve, parametrized by the invariant parameter
s = x, is given in the coordinate form

C (s) = (s,c1(8),c2(8),c3(s)),
the Frenet vector fields of the curve C defined by
Vi =(1,¢é1,¢2,¢3),

1 S,
‘/2 = 7 (0701702763)7

k1
%:é 07d(i61>,d(i52),d(i63) | 0

Vi=V1 xg Vo xg V3,
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where ki, ko, ks are the first, second and third curvature functions, respectively,
defined by

ky = ((51)2 + () + (@)2)% :
ko = [g (V%Vz)}% , (2.4)
ks3=g (V37 V4) ,

where the derivative with respect to s denote by a dot. Thus, the Frenet equations of
G4 given by as follows ([13])

Vi = ks,
Vo = koVs,
Vs = —koVo+ksVi,
Vi = —ksVs.

3. Frenet formulas in equiform geometry of G,

Let C : I C R — G4 be a curve parametrized by arclength s. The equiform
parameter of the curve C (s) defined by
d
o= | 2, (3.1)
p
where p = k—ll is radius of curvature of the curve. Considering the equation (3.1), it
is written that

ds

— =p. 3.2

il (3.2)
Suppose that h is a homothety with the center in the origin and the coefficient

. If we take C' = h(C'), then it can easily be seen that
§=Xs and p=)\p, (3.3)

where § is the arc-length parameter of C' and j the radius of curvature of this curve.
Hence o is an equiform invariant parameter of C.

Remark 3.1. Denote by ki, ko, k3 the curvature functions of the curve C. Then, the
curvatures ki, ko, k3 are not invariants of the homothety group, because from (2.4),
it follows that

Fo= Shy, B = ko, by =~k
L= R, e = e, B3 = 1R
Now, if we get
ac

T do’

Vi (3.4)

then using (2.1), we have
Vl = le. (35)
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Also, we define the vectors Vo, V3, Vy by
Vo =pVa, V3 =pV3, Vy=pV, (3.6)

Thus, {V1,V3,V;5,V,} is an equiform invariant tetrahedron of the curve C.
Now, we will find the derivatives of these vectors with respect to ¢ using by
(3.2), (3.4) and (3.6) . For this purpose, it can be written that

d .
Vll = o (Vl) = pV; 4+ Vs

Similarly, we obtain

dVsy ) )
!
= — 7V
VQ do PVZ + kl 3
dvs 2 . ks
/ et —_— — _—
V; = o k Vo + pV3 + o Vi,
dV4 k‘3 .
! = —_———
Vy = o " Vs + pVy,

where the derivatives of the vectors Vi,V,, V3, V4 with respect to o are denoted by
a dash (') .
Definition 3.2. The function K; : I — R (i = 1,2, 3) is defined by
Ki=p, K2:%, Ksi%

is called i.th equiform curvature of the curve C. It is easy to prove that K; is differential
invariant of the group of equiform transformations.

Thus the formulas analogous to famous the Frenet formulas in the equiform
geometry of the Galilean 4—space G4 have the following form:

Vi =KiVi + Vs,

2 =K1V + KV,

5= —KoVy + K V3 + K3Vy, (3.8)
V) = —K3V3 + K;Vy,

where the functions Ky, Ko, K3 is the equiform curvatures of this curve.
These formulas can be written in matrix form as follows:

(3.7)

Vil K 1 0 0] [V
v |0 K Ko 0|V
\A 0 Ky Ki Ksf |Vs
A 0 0 Ky K ||V,

Because of the equiform Frenet formulas (3.8), the below equalities regarding
equiform curvatures can be given

1

EQ(V;7VJ)7 (j:17273a4)5 fori:la ( )
K; = 1 1 3.9
?9 (Vi,Vig1) = —?g (Vi, Vi), fori=2,3,
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where p = k% is radius of curvature of C.

Theorem 3.3. Let C : I C R — Gy be a curve parametrized by arclength s,
{V1,V3,V3,Vy} be the equiform invariant tetrahedron and the function K; : I — R
(i = 1,2,3) be i.th equiform curvature of the curve C. Then for 1 < i < 4, the angle
between the vectors V; and V' is given as follows

oV K3 — 2K; + 2 fori=1,
arccos ( Ky ) , fori=2,
£(Vi, Vi) = arccos | ———l

Ky .
arccos (\/m , fori=14
Proof. For i = 1, let 6; be the angle between the vectors Vi and V. Since these
vectors are non-isotropic, it is obtained as follows

fori3, (3.10)

01 = [g(Vi =V, VvV, -V))?

= p/K2 2K, +2.

For i = 2, denote by 6, the angle between the vectors Vo and V). The vectors
Vo and V), are isotropic and we have

g (V% V/Q)
1 1
[9 (V2,V2)]2 [g (V5,V3)]2
Ky

The others are obtained in a similar way.

cosfy, =

4. The characterizations of the curves

The equiform curvatures K; (i = 1,2, 3) in G4 have important geometric inter-
pretation. For example,
(i) The equiform curvatures of a curve have following form

Ky = const., K3 = const., (4.1)

if and only if the curve is generalized helix. Here, we do not set condition on Kj.
(ii) If (4.1) holds and K; is identically zero, then the curve is a W—curve.
Now, we present a few characterizations regarding a curve in G4 with respect to
the its equiform curvatures.
Theorem 4.1. Let C' be a curve in Gy with the equiform invariant tetrahedron
{V1,V2,V3,Vy} and with equiform curvatures Ky # 0. Then C has Ky = 0 if and
only if C lies fully in a 2-dimensional subspace of Gy.
Theorem 4.2. Let C be a curve in Gy with the equiform invariant tetrahedron
{V1,V5,V3,V4} and with equiform curvatures Ky, Ko # 0. Then C has K3 = 0 if
and only if C lies fully in a hyperplane of Gy.
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Proof. If C has K3 = 0, then from (3.8), we have

O/ = Vlv
C” = K]_Vl + V27
o (PKl + K%) V14 2KV, + Ky Vs,

d (pK1 + K%)

c@
do

+ (PKl + K%) K| Vy

+ (pKl +3K2 + 29K, — Kg) V,
+ (3K1K2 + ,()KQ) Vg.
Hence, by using Mclauren expansion for C', given by

0.3
—+

C (o) =C(0)+C" (0) o+ C” (0) % + 0" (0) Frob

we obtain that C' lies fully in a hyperplane of G4 by spanned
{C"(0),C"(0),C"(0)} -
Conversely, we suppose that C' lies fully in a hyperplane I' of G4. Then, there
exist the points p, ¢ € G4 such that C satisfies the equation of I' given by
9(C (o) =p.q) =0, (42)
where ¢ € Tt Differentiating (4.2) with respect to o, we can write
9(C"q)=9(C",q) =g(C",q) = 0.
Since
C'=V; and C" =KV, + Vs,
it follows that
9(V1,9) =g(V2,q) =0. (4.3)
Similarly, we have
9(Vs,q) =0. (4.4)
Again, differentiating (4.4)
0 =g (_KQVQ + Ki1V3 4+ K3Vy, q)
0 = Ksg(Va,q),
because V, is the only vector perpendicular to {Vy,Va, V3}, we obtain
K3 =0,

this completes the proof. O
Last, we give a characterization for a generalized helix in G4 with respect to the

curvatures in equiform geometry.

Theorem 4.3. Let C' be a curve with equiform invariant vector Vs in the equiform

geometry of Gy is a generalized helixz if and only if

Vi + 01V = aVa + 93Vy, (4.5)
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where 1 = K% + K% — K% — pKl, o = —2K Ky and p3 = 2K, Ks.
Proof. Suppose that the curve C' is a generalized helix. Thus, we have

Ko = const. and K3 = const. (4.6)

From (3.8) and (4.6) , it is easy to prove that the equation (4.5) is satisfied.
Conversely, we assume that the equation (4.5) holds. Then from (3.8), it follows
that

Vi = —KoVy + K Vs + K3V, (4.7)
and differentiating (4.7) with respect to o

Vg = (—ng — 2K1K2) V2
+ (o + K} — K3 - K3) Vs
+ (PK% + 2K1K3) Vy,

S0, we obtain
Ko=0 and K3=0
which completes the proof. O
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Abstract. In this paper, to the semi-infinite optimization problem (P), we attach
the approximated semi-infinite optimization problems (Pi,0), (FPo,1) and (Pi,1)
and some connections between the optimal solutions of the problems (P), (Pi,0),
(Po,1) and (P1,1) are given.
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1. Introduction

We consider the optimization problem:

min f(x)

such that:
reX (P)
gi(x) <0,teT
hs(x) =0,s€ S

where X is a subset of R™, T and S are nonempty sets, and f: X - R, g, : X —» R,
teT and hy : X — R, s € S are functions.
Let

FP)={zeX: g(z) <0, (teT), he(x)=0, (s€ )},

denote the set of all feasible solutions of Problem (P).

Depending on the sets T and S, we can have the following problems: if the sets
T and S are finite, then the Problem (P) is a classic optimization problem, other-
wise, the Problem (P) is a semi-infinite optimization problem with infinite number of
constraints.

The field of semi-infinite programming appeared in 1924, but the name was
coined in 1962 by Kortanek, Cooper and Charnes in the papers [3, 4]. Optimization
problems in this area are characterized with a finite number of variables and an
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infinite number of constraints, or an infinite number of variables and a finite number of
constraints. This class of optimization problems contains both convex and nonconvex
optimization problems.

In recent years, in this domain over 10 books and 1000 articles have been pub-
lished, treating both theoretical and practical issues, e.g., Hettich and Kortanek in
[9].

We can find, in the literature, many semi-infinite optimization models from me-
chanical stress of materials, robot trajectory planning, economics [13], optimal signal
sets, production planning, digital filter design, time minimal heating or cooling of a
ball [11], air pollution control, minimal norm problem in the space of polynomial,
robust optimization, system and control [8], reverse Chebyshev approximation [10].
The stability analysis in semi-infinite optimization (SIO) became an important issue,
e.g., [2, 6, 7]. Authors who have treated (SIO) problem would be: Riickmann and
Shapiro [16], Dinh The Luc [14], Polak [15], Still [17], Krabs [12].

Among the assumptions of necessary, respectively sufficient conditions for the
solutions of semi-infinite optimization problem, appears the compactness of the sets
T and S. The results obtained in this paper do not require that the sets 7' and S to
be compact. The idea is to replace the Problem (P) with another simple problem and
to establish the implications between the optimal solutions of the two problems.

Let n:X x X — X be a function, 2° be an interior point of X. Assume that
the functions f: X - R, g4 : X - R, t €T and hs; : X — R, s € S are differentiable
at zV.

In this paper, we propose to attach to Problem (P), the following three approx-
imated problems:

The first problem is:

min f(@®) + [VF(0)] (n(z, 2))

such that:
reX (P1,0)
g:(x) <0,teT
hs(x) =0,s€ S

called (1,0)-n approximated optimization problem.

The second problem is:

min f(x)
such that:
€X (Po,1)

called (0, 1)-n approximated optimization problem.



Semi-infinite optimization problems and their approximations 403

The third problem is
min £+ V5] (1(,0)
such that:
reX (P1,1)

91(2°) + [[Vgt(:co)] (n(z,29)) <0 te T
hs(20) + [Vhs(20)] (n(x 2%)) =0,5€ 8

called (1, 1)-n approximated optimization problem.

In the case where T and S are finite, the idea of approximating the Problem (P)
appeared in several papers, e.g. [1, 5].

After presenting some definitions, in paragraph 3 some connections between the
optimal solutions of the four problems: (P), (P1,), (Po,1) and (P11) are given.

2. Definitions and preliminary results

Definition 2.1. Let X be a nonempty subset of R™, z° be an interior point of X, f :
X — R be a differentiable function at z° and n: X x X — X be a function. We say
that:

a) the function f is invex at 0 with respect to (w.r.t. i
n

f@) = f(2%) = [V f(2°))(n(x,2°)), for all x € X,

(b) the function f is incave at z° with respect to (w.r.t.) n if (—f) is invezx at 2° w.r.t.

n,
(c) the function f is avex at x° with respect to (w.r.t.) n if f is both invex and incave
at 0 w.r.t. n,

(d) the function f is pseudoinvex at x° with respect to (w.r.t.) n if
(V£ (@)](n(z,2) = 0= f(2) — (%) 20, for all z € X,
(€) the function f is quasi-incave at z° with respect to (w.r.t.) n if

f(@) = f(2°) > 0= [Vf(=")](n(z,2°) >0, forallz € X.

In the following two theorems establish connections between the sets of feasible
solutions of the problem (P) and the problems (Py1), (P1,1).

Theorem 2.2. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, g1, hs: X = R, t €T, s € S. Assume that:

(a) for each t € T, the function g; is differentiable at 2° and invex at 2° w.r.t. n,
(b) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. 7.

If
L={zeX: g(:cOJr[Vgt ](n(m, O)SO,tGTand
hs(2%) + [Vhs(2%)] (n(2,2%)) =0, s € S},
then
F(P)C L.
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Proof. Let x € F(P). This is equivalent with
gi(x) <0,teT,

and
hs(z)=0,s€S.
From (a) and (b) we have

gi(x) — ge(z¥) > [Vgt(;vo)] (n(;v,xo)) ,teT,

and
hs(z) — he(2?) = [Vhs(xo)] (n(x,zo)) , S ES.
But
gi(x) <0,teT,
and
hs(z) =0,s €5,
91(2°) + [Vge(«)] (n(z,2")) <0,t €T
hs(2%) + [Vhs(xo)] (n(z,2°)) =0,s€ S
Consequently,

x € L. O

Theorem 2.3. Let X be a subset of R™, x° be an interior point of X, n: X x X — X
and f, g1, hs : X >R, t €T, s €S. Assume that:
(a) for each t € T, the function g, is differentiable at 2° and incave at z° w.r.t. n,
(b) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. 7.
If
L={zeX: g(xO—I—[Vgt ](n(m,o)gO,teTand
0 ) _

hs(2%) + [Vhs(2)] (n(z,2%)) =0, s € S},
then
L C F(P).
Proof. Let x € L. This is equivalent with
[Vgt(:co)] (n(x 3:0)) +g:(2°) <0, teT, (2.1)
[Vhs(2%)] (n(z,2°)) + hs(z°) = 0, s € S. (2.2)

From the hypotheses (a) and (b) we have
gi(x) — gi(2°) < [Vgi(a®)] (n(x,2°)) , t €T,

and
hs(z) — hs(2°) = [Vhy(2%)] (n(z,2%)),s € S.
Now, from (2.1) and (2.2), we obtain
gt(r) <0,teT,

and
hs(z)=0,s€S.
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Hence,
xz € F(P). O

3. Main results

In this paragraph we present some connections between the optimal solutions of
semi-infinite optimization problems (P) and (Py,0), (Po,1) and (P 1).

3.1. Approximate problem (P, o)
For (1,0)-n approximated type we have the following results:

Theorem 3.1. Let X be a subset of R", 20 be an interior point of X, n: X x X — X
and f, gi, hs : X - R, t €T, s € S. Assume that:
(a) the function f is differentiable at x° and pseudoinvex at z° w.r.t. n,
(b) (xS, 29) = 0.

If 2° is an optimal solution for Problem (P o), then
for Problem (P).

Proof. Obviously F(P) = F(Py). On the other hand, the point z° is an optimal
solution for (P ), then 2° € F(P; o) and

£ + HVf(mo)] (n(2%,2%)) < (3.1)
< J@®) + [VF(")] (n(e,2%), for all « € F(Py). |

From (b) and (3.1) we obtain:
V()] (n(z,2°) >0, for all z € F(Py ) = F(P). (3.2)
Now from (a) and (3.2) it follows:
(%) < f(z), for all x € F(P).

is an optimal solution for Problem (P). O

0 is an optimal solution

Hence z°

Theorem 3.2. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, g1, hs : X >R, t €T, s €S. Assume that:
(a) the function f is differentiable at 2° and quasi-incave at z° w.r.t. 0,
(b) n(2°,2%) = 0.

If 29 is an optimal solution for Problem (P), then z° is an optimal solution for
Problem (P ).

Proof. Obviously F(P) = F(Py). On the other hand, the point z° is an optimal
solution for (P), then z° € F(P) and

f(z%) < f(x), for all z € F(P). (3.3)

Suppose that 0 is not the optimal solution for Problem (P; ), which implies that
there exists x! € F(Py ) such that

F@®) + [VF@E)] (n(z', %) < f(@°) + [Vf(2°)] (n(z°,2°)) . (3-4)
From (3.4) and (b) it follows:
[(Vf(z")] (n(z',2%) <o0.
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From (a) we obtain
fah) < fa),

which contradicts the optimality of z° for Problem (P).
Hence z° is an optimal solution for Problem (P ). O

3.2. Approximate problem (P )
For (0,1)-n approximated type we have the following results:

Theorem 3.3. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, gi, hs : X - R, t €T, s € S. Assume that:
(a) for each t € T, the function g, is differentiable at z° and invez at 2° w.r.t. n,
(b) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. n,
(c) xt € F(P).

If 21 is an optimal solution for Problem (Py1), then z' is an optimal solution
for Problem (P).

Proof. The point z! is an optimal solution for (P 1), we have
f(z') < f(x), for all z € F(Py ). (3.5)
By Theorem 2.2, we have
F(P) C F(FPou). (3.6)
From (c), (3.5) and (3.6) we obtain

f(zh) < f(x),for all z € F(P).

1

Hence, 2! is an optimal solution for Problem (P). O

Theorem 3.4. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, gt, hs : X =R, t €T, s € S. Assume that:
(a) for each t € T, the function g; is differentiable at 2° and incave at z° w.r.t. 0,
(b) for each s € S, the function hy is differentiable at x° and avex at 2° w.r.t. 0,
(C) zt e f(PO’l).

If xtis an optimal solution for Problem (P), then x

Problem (Po1).

L is an optimal solution for

Proof. The point x! is an optimal solution for (P), we have
f(zh) < f(x), for all z € F(P). (3.7)
By Theorem 2.3, we have
F(Po1) € F(P). (3.8)
From (c), (3.7) and (3.8) we obtain

f(z') < f(x),for all z € F(Py ).

1

Hence, ' is an optimal solution for Problem (P 1). O
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3.3. Approximate problem (P, ;)
For (1,1)-n approximated type we have the following results:

Theorem 3.5. Let X be a subset of R™, x° be an interior point of X, n: X x X — X
and f, g1, hs: X >R, teT, seS. Assume that:
(a) the function f is differentiable at 2° and pseudoinvem at 20 w.r.t. n,
) for each t € T, the function g; is differentiable at 2° and invex at x w.r.t. n,
) for each s € S, the function hy is differentiable at 2° and aver at x° w.r.t. n,
) z* € f( )
) a0, = 0.
Ifx is an optimal solution for Problem (P 1), then xz° is an optimal solution
for Problem (P).

(b
(c
(d
(

e

Proof. The point z° is an optimal solution for (P; 1), we have

f(z%) + [Vf( )]( (2°,2%)) < (3.9)
< f(2%) + [V£(2?)] (n(z,20)), for all 2 € F(Py 7). '
By Theorem 2.2, we have
F(P) C F(Pr1y1)-

From (e) and (3.9) we obtain:

[VF(@")] (n(z,2°)) >0, for all z € F(Pr ). (3.10)
Now from (a) and (3.10) it follows:

f(2°) < f(z), for all z € F(P1 ),

then, from (d),
f(z°) < f(x), for all z € F(P).

0 is an optimal solution for Problem (P). O

Hence z

Theorem 3.6. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, gi, hs : X >R, t€T,seS. Assume that:
(a) the function f is differentiable at x° and quasi- incave at 20 w.r.t. n,
(b) for each t € T, the function g; is differentiable at ° and incave at 1’ w.r.t. n,
(¢) for each s € S, the function hg is differentiable at 2° and aver at 2° w.r.t. n,
(d) «° € F (P1 1),
(e) n(a% 2%) = 0.
Ifx is an optimal solution for Problem (P), then x° is an optimal solution for

Problem (P 1).

€

Proof. The point x° is an optimal solution for (P), we have
(%) < f(z), for all x € F(P). (3.11)

By Theorem 2.3, we have
F(P11) CF(P).
From (3.11) and (a) it follows:

V()] (n(z,2°)) >0, for all z € F(P),
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hence
V()] (n(z,2°) >0, for all z € F(Py ;).
Consequently,
F@%) + [Vf(@)] (n(a,2°)) <
< f(2%) + [VF(2?)] (n(z,2°)) ,for all z € F(Py ).
Hence z° is an optimal solution for Problem (P 7). O

Theorem 3.7. Let X be a subset of R™, x° be an interior point of X, n: X x X — X
and f, gi, hs : X - R, t €T, s € S. Assume that:
(a) the function f is differentiable at x° and quasi-incave at z° w.r.t. n,
(b) for each t € T, the function g; is differentiable at x°,
(c) for each s € S, the function hs is differentiable at 2°,
(d) n(a®,2°) = 0.
If Y is an optimal solution for Problem (Py1), then z° is an optimal solution
for Problem (P 1).

Proof. Obviously F(Py 1) = F(P;1). On the other hand, the point z° is an optimal
solution for (Pp 1), then

f(2°) < f(z), for all 2 € F(Py ). (3.12)
From (3.12) and (a) it follows:
V()] (n(z,2")) >0, for all z € F(Po1). (3.13)

Now from (d) and (3.13) it follows

F@) + [V ()] (n(z°,2%) < f(2°) + [VF(@°)] (n(a,2%)),

for all z € F(Py1) = F(Pi1).
Hence z° is an optimal solution for Problem (P 7). O

Theorem 3.8. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, gi, hs : X - R, t €T, s € S. Assume that:
(a) the function f is differentiable at x° and pseudoinvex at z° w.r.t. n,
(b) for each t € T, the function g; is differentiable at x°,
(c) for each s € S, the function hs is differentiable at 2°,
(d) n(a®,2°) = 0.
If Y is an optimal solution for Problem (Py1), then z¥ is an optimal solution
for Problem (P 1).

Proof. Obviously F(Py 1) = F(P;1). On the other hand, the point z° is an optimal
solution for (P 1), then

F@®) + [Vf()] (n(®2%) < fa°) + [V ()] (n(z,2°), forallz e f(P(1,1)~ )
3.14
From (3.14) and (d) it follows:

[Vf(xo)] (n(m,xo)) >0, for all z € F(P ).
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Now from (a) and (3.14) it follows
f(2%) < f(x), for all x € F(Py1) = F(Pp1).

0 is an optimal solution for Problem (P ). O

Hence =

Theorem 3.9. Let X be a subset of R™, 20 be an interior point of X, n: X x X — X
and f, g1, hs : X = R, t €T, s € S. Assume that:
(a) the function f is differentiable at x°,
(b) for each t € T, the function g; is differentiable at 2°, and invex at 2° w.r.t. n,
(¢) for each s € S, the function hg is differentiable at 2°, and avex at 2° w.r.t. n,
(d) z* € F(P1yp).

If 2 is an optimal solution for Problem (Py 1), then z' is an optimal solution
for Problem (P ).

Proof. By Theorem 2.2, we have F(P; o) C F(P;1). Now (d) implies that z! is an
optimal solution for (P o). O

Theorem 3.10. Let X be a subset of R™, x° be an interior point of X, n: X x X — X
and f, g1, hs : X >R, t €T, s €S. Assume that:
(a) the function f is differentiable at x°,
(b) for each t € T, the function g; is differentiable at 2°, and incave at z° w.r.t. n,
(c) for each s € S, the function hg is differentiable at 2°, and avex at 2° w.r.t. 7.
(d) e F(Plﬁl).

If 21 is an optimal solution for Problem (Py,), then z' is an optimal solution
for Problem (P 1)

Proof. By Theorem 2.3, we have F(P; 1) C F(Pi ). Now (d) implies that z! is an
optimal solution for (P 1). O

Theorem 3.11. Let X be a subset of R™, 2V be an interior point of X, n: X x X — X
and f, gi, hs : X =R, teT, seS. Assume that:
(a) the function f is differentiable at x° and pseudoinveaﬁ at 20 w.r.t. n,
(b) for each t € T, the function g; is differentiable at 2°, and incave at z° w.r.t. 0,
(c) for each s € S, the function hg is differentiable at 2°, and avex at 2° w.r.t. n,
(d) «° < ]:(Po 1),
(e) n(a2%) = 0.

Ifx is an optimal solution for Problem (Pip), then z° is an optimal solution
for Problem (Py1).

Proof. By Theorem 2.3, we have F(Py1) C F(Pio). The point z° is an optimal
solution for (P o), then

%)+ [Vf(xo)] (n(gco,xo)) < f(2%) + [Vf(xo)] (n(x,xo)) , for all z € }-(P1(,o)- |
3.15

e

From (3.15) and (e) it follows:
V()] (n(z,2")) >0, for all z € F(Py). (3.16)
Now from (a) and (3.16) it follows
f(2°) < f(x), for all z € F(Py ).
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0

Hence z” is an optimal solution for Problem (Fp1). O

Theorem 3.12. Let X be a subset of R™, 2¥ be an interior point of X, n: X x X — X
and f, gi, hs : X =R, t €T, s € S. Assume that:
(a) the function f is differentiable at x° and quasi-incave at z° w.r.t. 0,
(b) for each t € T, the function g; is differentiable at 2° and invex at z° w.r.t. n,
(¢) for each s € S, the function hg is differentiable at 2° and avez at 2° w.r.t. n,
(d) .130 S ]:(PI,O);
(e) n(z°,2%) = 0.
If Y is an optimal solution for Problem (Py1), then z° is an optimal solution
for Problem (Py,0)

Proof. By Theorem 2.2, we have F(P; o) C F(Py1). The point z° is an optimal
solution for (Pp 1), then

f(2°) < f(x), for all z € F(Py ). (3.17)

Assume that 20 € F(Py) is not the optimal solution for (P ), then there exists
x! € F(Py) such that

F@®) + V()] (n(@®2%) > f(2°) + [Vf ()] (n(a',2?)) (3.18)
From (3.18) and (e) it follows:

[(Vf(")] (n(z',2%) <o0. (3.19)
Now from (a) it follows
flah) < f(2).
which contradicts the optimality of 2° for Problem (P ;). O

4. Conclusions

In this paper, three problems (Pi), (P,1) and (P;1) are presented, whose
solutions give us information about the solutions of semi-infinite optimization problem
(P).
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Retraction notice to: "The Riemann hypothesis” [Stud. Univ. Babeg-
Bolyai Math. 57 (2012), No. 2, 195-208]

Dorin Ghisa
York University, Glendon College, 2275 Bayview Avenue, Toronto, Canada

Update of Dorin Ghisa
RETRACTED: The Riemann hypothesis
Stud. Univ. Babesg-Bolyai Math. 57 (2012), No. 2, 195-208.

This article has been retracted at the request of the Editors.

As a result of negative feedback from a number of readers, the editors asked the
opinion of several specialists. The conclusion has been that at certain points, insuf-
ficient argumentation was provided in order to sustain the final major conclusion of
the paper.

Apologies are offered to the readers of the journal that this was not noticed during
the peer review process.
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Book reviews

Smail Djebali, Lech Gérniewicz and Abdelghani Ouahab, Solution sets for differential
equations and inclusions, Series in Nonlinear Analysis and Applications, Vol. 18, xix
+ 453 pp, Walter de Gruyter, Berlin - New York, 2013, ISBN: 978-3-11-029344-9,
e-ISBN: 978-3-11-029356-2, ISSN: 0941-813X.

The book is concerned with the topological structure of the solution sets of
differential equations and inclusions. with the aim to offer a comprehensive exposition
of classical and recent results in this area. This direction of research was initiated by
G. Peano in 1890 who proved that the set S of solutions to the Cauchy problem (1)
2'(t) = f(t,z(t)), t € [to,al, z(to) = =z, where f : [0,a] x R — R is a continuous
function, has the property that the sections S(t) = {x(t) : * € S} are nonempty,
compact and connected for every ¢ in a neighborhood of ¢y. The result was successively
extended, first by Kneser in 1923 to n dimensions, and then to various settings by
other mathematicians — Hukuhara (1928), Aronszajn (1942). A turning point in this
study was represented by a paper from 1969 by F. Browder and C. Gupta, a result
that appears recurrently, in various hypostases, throughout the book.

The topological properties of the solution sets considered by the authors are
acyclicity, the AR (absolute retract) property, being an Rs-set (i.e., the intersection
of a decreasing sequence of compact absolute retracts). The study is done in the first
chapter, Topological structure of fixed point sets, in the more general context of fixed
point sets for various kinds of mappings or of operator equations. This chapter contains
also the proofs of some fundamental fixed point theorems for single-valued mappings
(Banach, Brouwer, Schauder), as well as for set-valued mappings. The second chapter,
Ezistence theory for differential equations and inclusions, contains the fundamental
theorems of Picard-Lindelof, Peano and Carathéodori, as well as Nagumo’s results on
the existence of solutions of differential equations on non-compact intervals and of
differential inclusions.

The core of the book is formed by the chapters 3, Solution sets for differential
equations and inclusions, and 4, Impulsive differential inclusions and solution sets,
where the authors systematically examine the topological behavior of the solutions
sets in various situations.

In order to make the book self-contained, the authors have included some auxil-

iary material from algebraic topology in Chapter 5, Preliminary notions of topology,
and set-valued analysis in Chapter 6, Background in multi-valued analysis, completed
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in Appendix with other results on compactness and weak compactness in function
spaces, the Bochner integral, Cy-semigroups.

The book ends with a rich bibliography, counting 506 items and including lots
by the authors.

Written by experts and including many of their results and of their co-workers,
and presenting in a unitary way a lot of results, both classical and recent, scattered to
various publications, this research monograph will become an indispensable tool for
the researchers in nonlinear ordinary and partial differential equations and inclusions,
applied topology and topological fixed point theory. The self-contained style of expo-
sition adopted by the authors, with a careful presentation of the needed background
material, makes the book of great help for those desiring to start research in this field,
too.

Radu Precup

Carlos Boss and Charles Schwartz, Functional Calculi, World Scientific, London -
Singapore, 2013, x+215 pp, ISBN 978-981-4415-97-2.

The book is devoted to an exposition of functional calculi for various classes of
linear operators, including the background material needed for the presentation. By
a functional calculus one understands a construction which associates to an operator,
or to a family of commuting operators, a homomorphism from a function space into
a subspace of continuous linear operators. The simplest case is that of a polynomial
p(z) =Y 10 arz® and an operator A on a Banach space X, to which one associates
the operator p(A) = >°;'_,arA". The so defined correspondence, p — p(4), is a
homomorphism from the algebra P of polynomials into the algebra L(X) of continuous
linear operators on X, and any functional calculus should be an extension of this
homomorphism. The most familiar example is that of a continuous self adjoint linear
operator A on a complex Hilbert space H, in which case there exists a projection
valued measure E defined on the o-algebra of Borel subsets of the spectrum o(A) of
A, such that A = fU(A) zdE(z). This case is treated in Chapter 2, Functions of a self
adjoint operator, with the extension to several commuting self adjoint operators given
in Chapter 3. The fourth chapter is concerned with the spectral theorem for normal
operators. The background material is developed in Chapter 1, Vector and operator
valued measures, which presents the integration of scalar functions with respect to
vector measures, with a stretch on operator valued measures and, in particular, on
projection valued measures. The integration of vector functions with respect to scalar
measures is treated in Chapter 5. The sixth chapter, An abstract operational calculus,
is concerned with an axiomatic approach to operational calculus. The Riesz functional
calculus, based on the theory of analytic vector functions, in particular on Cauchy’s
formula for such functions, is developed in the seventh chapter. The preamble of this
chapter contains a brief but thorough presentation of basic results on vector analytic
functions, including a proof, due to S. Grabiner (1976), of Runge’s approximation
theorem.

The last chapter of the book, Chapter 8, Weyl’s functional calculus, is concerned
with a functional calculus devised by H. Weyl and having its origins in quantum
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mechanics. The key tool is the so called Weyl transform (the authors use a slight
modification of the original one), based on the Fourier transform of vector tempered
distributions.

The basic text is completed by five appendices: A. The Orlicz-Pettis theorem (on
unconditionally convergent series in Banach spaces), B. The spectrum of an operator,
C. Self adjoint, normal and unitary operators, D. Sesquilinear functionals, and E.
Tempered distributions and the Fourier transform. The most consistent of these is
the last one (30 pages) which contains a quick presentation (with proofs) of the basic
results in this area — the spaces S(R™) and S’'(R"™), the Fourier transform of functions
and of tempered distributions, the Paley-Wiener theorem.

The bibliography contains 47 items, mainly textbooks, but some fundamental
papers in spectral theory, or containing simpler proofs of known results, are included
as well.

The book presents, in an accessible, self-contained way and in a relatively small
number of pages, some basic results in the spectral theory of linear operators on
Banach or on Hilbert space. Of great help is the auxiliary material which prevent
the reader to lose time by looking through various treatises on functional analysis or
measure theory. The book can be used for courses on functional analysis and operator
theory, or for self-study, as an introduction to the subject.

Tiberiu Trif
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