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Power Pompeiu’s type inequalities for absolutely
continuous functions with applications to
Ostrowski’s inequality

S. S. Dragomir

Abstract. In this paper, some power generalizations of Pompeiu’s inequality for
complex-valued absolutely continuous functions are provided. They are applied
to obtain some new Ostrowski type results.

Mathematics Subject Classification (2010): 25D10, 25D10.

Keywords: Ostrowski’s inequality, Pompeiu’s mean value theorem, integral
inequalities, special means.

1. Introduction

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1.1. (Pompeiu, 1946 [6]) For every real valued function f differentiable on
an interval [a,b] not containing 0 and for all pairs x1 # x2 in [a,b], there exists a
point & between x1 and xo such that

z1f (v2) — x2f (71)

€Tl — T2

=f(&)—-¢&1(9). (1.1)

In 1938, A. Ostrowski [4] proved the following result in the estimating the integral
mean:

Theorem 1.2. (Ostrowski, 1938 [4]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with |f' (t)] < M < oo for allt € (a,b). Then for any x € [a,b],
we have the inequality

b
bia/ F(b)dt

o ath
’f(:c)— < i—i—( b—;) M(b—a). (1.2)
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The constant % is best possible in the sense that it cannot be replaced by a smaller
quantity.

In order to provide another approximation of the integral mean, by making use of the
Pompeiu’s mean value theorem, the author proved the following result:

Theorem 1.3. (Dragomir, 2005 [3]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with [a,b] not containing 0. Then for any x € [a,b], we have
the inequality

a+b f(x) 1t
. 7b—a/a f(t)dt (1.3)
b—a |1 x— atb ’ ,

where £ (t) =t, t € [a,b].
The constant % 18 sharp in the sense that it cannot be replaced by a smaller
constant.

In [7], E. C. Popa using a mean value theorem obtained a generalization of (1.3) as
follows:

Theorem 1.4. (Popa, 2007 [7]) Let f : [a,b] — R be continuous on [a,b] and dif-
ferentiable on (a,b). Assume that o ¢ [a,b]. Then for any x € [a,b], we have the

inequality
a+b a—z [P
‘( o) @ =2 [

1 (E—a;b 2 ,
< Z_|_ - (b—a)”f_éaf”oo’

(1.4)

where b, (t) =t —a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar have proved a general estimate with the p-norm,
1 < p < oo which for p = oo give Dragomir’s result.

Theorem 1.5. (Pecari¢ & Ungar, 2006 [5]) Let f : [a,b] = R be continuous on [a,b]
and differentiable on (a,b) with 0 < a < b. Then for 1 < p,q < co with % + % =1 we
have the inequality

atb f(z) 1 [°
2 _b—a/af(t)dt

< PU(z,p) If = £, (1.5)
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for z € [a,b], where

2—q _ .2—q 2—q _ 1+q..1-2¢\ 1/a
PU([L’JD) . :(b—a)%il [((a x +{,C a x >

1-29)(2—-q) (1-29)(1+4q)

. ( p2—4 _ 24 . 220 _ pltagl—2q 1/q
( .

1-2¢)(2—q) (1-29)(1+9q)

In the cases (p,q) = (1,00),(00,1) and (2,2) the quantity PU (x,p) has to be taken
as the limit as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f — £, f’, where
by (t) =t —a, t €a,b] and a ¢ [a,b] see [1] and [2].

In this paper, some power Pompeiu’s type inequalities for complex valued ab-
solutely continuous functions are provided. They are applied to obtain some new
Ostrowski type inequalities.

2. Power Pompeiu’s type inequalities

The following inequality is useful to derive some Ostrowski type inequalities.

Corollary 2.1. (Pompeiu’s Inequality) With the assumptions of Theorem 1.1 and if
1f = 2f'lc = SuPreap |f (8) —tf' (1) < o0 where £(t) =t, t € [a,b], then

tf (2) =2 f O] < If = £f | |2 — ¢] (2.1)
for any t,x € [a,b].

The inequality (2.1) was stated by the author in [3].
We can generalize the above inequality for the power function as follows.

Lemma 2.2. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] with b > a > 0. If r € R, r #£ 0, then for any t,x € [a,b] we have

[#7F (2) — " £ (1) (2.2)
L= vl 17— | if 1€~ 7 € Loc [a,b],

1f¢—=rfll,
t" z"

1
|1_q(7-+1)| |m17q(r+1)—r - tl—q(r+1)—r

forr# -}

IN

X

t"x" |Inx —Int|, forr = _%

if f'f —rf e Lyla,b],

||f/€*7”f||1m
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or, equivalently

f(z) f(t
pllft=rfllelzr = %[ o f0—rf € Loc[ab],
||f/£—7’f|| 1
1
[1— q(r+1)| |x1 I T =D |, forr #£ -
< X
Inz—Int|, forr=—3
ifflf—rfeLp[a’b]7
||f’€—7‘f||1 W,

1,1 _
wherep>1,5+5—1.

Proof. If f is absolutely continuous, then f/(-)" is absolutely continuous on the in-
terval [a, b] and

for any ¢, x € [a,b] with x # ¢.

Since

/j( ) /f’ 5" —7“8" (s ds—/ f'(s ;;rf() ds,

then we get the following identity

£ f () — 2" f / s j;lrf() ds (2.4)

for any t,x € [a, b].
Taking the modulus in (2.4) we have

[t f (x) — " f (2)]

/f’ s—rf()dS’ 25)

57‘+1

| [ st Oy

./,ET

IN

Sr+1
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and utilizing Holder’s integral inequality we deduce
SUPse(t 2w | (8) s = f ()| | [ A ds|,
T T 1 T 1
I < at U;V%@S—Tfﬁwﬂﬂ/ﬂﬂ‘ﬁ%ﬁ%|m’ (2:6)

|[71f (s)s —rf ()| ds| supseps ay(wiy {577 ) >
=7l |3

o

1f'€— TfH
1
< 2"t - q(r+1)| |x1 aCr1) rE =y
- X
lnz —Int|,r = —%,
1f¢=rfl, m»
where p > 1, % + % =1, and the inequality (2.2) is proved. O

3. Some Ostrowski type results

The following new result also holds.

Theorem 3.1. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] withb>a> 0. Ifr e R, r#0, and f'{ —rf € L [a,b], then for any x € [a, ]

we have
b'r+1 _ ar+1 b
_— —x" t)dt 3.1
— ﬂ@waU (3.1)
27‘xr+17$T(a+b7)’—(:1+1)+br+l+ar+l’ ZfT >0
X
™ r+1 r+1 r+1
x (a+b)(7’+1)7i:_$1+ —bp" Tl gt , Zf?’ c (700,0)\{71}.
Also, for r = —1, we have

b
‘ﬂ@mz—i/fﬁmt

x atb _ g
<20+ fllo <ln\/(% + 2x> (32)

for any x € [a,b], provided f'l+ f € Lo [a,b].
The constant 2 in (3.2) is best possible.
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Proof. Utilising the first inequality in (2.2) for r # —1 we have
br+1 —a”

b
1 < [wrw-aroa

1 b
+fw—ﬂ/f@ﬁ

1

b
< Lyre—rr / 7 — 7| dt.

|7

Observe that

b
/ 7 — 7| dt
a

[5 (@ —trydt + [ (¢ —am)dt, if r >0,

[E (@ —arydt + [ (@ —t7)dt, it r € (—o0,0)\ {~1}.

Then for » > 0 we have

/:(wr—t’“)dt—i—/:(t’“—xr)dt

errl _ ar+1 br+1 _ xr+1

r+1 * r+1
prtl o grtl _ oprtl
r+1

B 2ra™ Tt 4 22" — " (a+b) (r + 1) + b7 4 @t — 297 L

B r+1

o 2ra™t g (a+b) (r+ 1)+ 0T e

B r+1
and for r € (—o0,0)\ {—1} we have

T b
/ (7 — 2")dt + / (" — ") dt
2ra™ Tt — 2" (a+b) (r+1) + " + "t

r+1

=z"(x—a)— —z"(b—x)

=22 — 2" (a +b) +

Making use of (3.3) we get (3.1).
Utilizing the inequality (2.2) for r = —1 we have
[ @) =2 O < I+ fll [t7h =2

if f/4+ f € L [a,b].
Integrating this inequality, we have

b b
f(x)lng—xfl/ ft)dt §/ ’tilf(m)—xflf(tﬂdt

b
<les sl [ et -t

(3.4)
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i [ G2 [ (D)

Since

r

ab+ T
a+b
T 9P -
=2(ln—+ ,

then by (3.4) we get the desired inequality (3.2).
Now, assume that (3.2) holds with a constant C' > 0, i.e.

/ €z %H)*x
<C|ft+ In— +
<Nt Fl (I + 2

b
f(x)lng—x_l/ f)dt

for any x € [a,b].
If we take in (3.5) f(t) =1,t € [a,b], then we get

b b—a T f‘”b—x
h-——|<C|lh—
Ya r ‘ (ner x )

for any for any = € [a,b].
Making = = a in (3.5) produces the inequality

b b—a b—a 1 b
< N P
=0 ( 2a 2 n a)
which implies that C' > 2.

In— —
This proves the sharpness of the constant 2 in (3.2).

a a

Remark 3.2. Consider the r-Logarithmic mean
pr+l _ gr+l 1/r
LR [ = =]
defined for € R\ {0, —1} and the Logarithmic mean, defined as
b—a
Inb—Ina’
If A= A(a,b):= %t then from (3.1) we get for = A the inequality

L=1L(a,b):=

L' (b—a)f /f t) dt

br+1 7‘+1) AT+l
r+1

, ifr >0,

2
T

| AT+17A(br+1’ar+l)

e , ifr e (—o0, 00\ {-1},

137
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while from (3.2) we get

LWb—@f@@—u41/$f@dt<2nf€+fﬂlnA (3.8)
: < g .

The following related result holds.

Theorem 3.3. Let f : [a,b] — C be an absolutely continuous function on the interval
[a,b] withb>a> 0. Ifr € R, r # 0, then for any x € [a,b] we have

b
%ﬂf@rﬂ@
Zoloal T L (b ta—22), 7€ (0,00)\ {1}

Qe 20 4 1 (9 g —b), ifr < 0.
Also, for r =1, we have
f (@) /bf(t> : B
Y10 B A it 3.10
‘x b=a)= [ Frd <2 Al I 7+ = Y

for any x € [a,b], provided f'l — f € Lo [a,b].
The constant 2 is best possible in (3.10).

Proof. From the first inequality in (2.3) we have

f(z) f(t) 11
ST 0 - 11
G < rlf el | - 7| (3.11)

for any ¢,x € [a,b], provided f'¢ —rf € Lo [a,b].
Integrating over ¢ € [a, b] we get
b
) —/ I 4l < @) _ SO 4 (3.12)
T " tr

1 1

zr ot

dt

b
l—
|‘Hf H /a

forr e R, r # 0.
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For r € (0,00)\ {1} we have

b
1 1
/———dt
P A
T b1
_ (—)dt—i—/(—)dt
o t’l" T = ,IT t?”
xl—r a1—7 1 1 bl—r _ xl—r
- 1—r —?(ﬂc—a)—i—?(b—x)— 1—r
21.177‘ _ al*'r _ blf'r‘ 1
— (b -2
1—-7r +x’"(+a @)

for any « € [a,b].
For r < 0, we also have

/

for any x € [a,b].

1—r bl—r_2 1—r
dt =2 + i +—(2z—a-0b)
1—r z"

1 1

x” tr

For » = 1 we have

b atb _
/ 1—1‘dt:2<lnx+ 2 x)
a | T t \/(% €T

for any = € [a,b], and the inequality (3.10) is obtained.
The sharpness of the constant 2 follows as in the proof of Theorem 3.1 and the
details are omitted. g

Remark 3.4. If we take x = A in Theorem 3.3, then we we have

f(4) "I

S (b—a) f/a ot (3.13)

2 ATALTT) e (0,00 \ {1
<7 1€ =7fll

A=A e <0,
Also, for r = 1, we have
A br( A
|ff4 Yo—a- [ Ha] <2pe-flom (314)

Remark 3.5. The interested reader may obtain other similar results in terms of the p-
norms || f'¢ —rf||, with p > 1. However, since some calculations are too complicated,
the details are not presented here.
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Semi-y; and strongly log-© convexity

Hira Igbal and Shaheen Nazir

Abstract. In this note, semi-p,-convexity as a generalization of h-convexity and
semi ¢-convexity, and strongly log-¢ convex functions have been introduced and
studied. Some properties of semi-p-convex functions are proved. Also, some new
results of Hemite-Hadamard type inequalities for semi-¢p-convex functions, semi
log- ¢ and strongly log-¢ convex functions are obtained.
Mathematics Subject Classification (2010): 26A51, 26A15.

Keywords: convex functions, semi-yp-convex functions, Hermite-Hadamard in-
equalities, semi quasi-yp-convex functions.

1. Introduction

In 1883, Hermite proved an inequality, rediscovered by Hadamard in 1893, that
for a convex function f on [a,b] € R, also continuous at the endpoints, one has that

f(a;b>S&Abf(x)dng(a);f(b)

This is known as Hermite-Hadamard inequality. In the literature, many modi-
fications, generalizations and extensions of this inequality has been obtained for last
few years.

Let I be an interval in R. A function f: I — R, is said to be convex on I if

[tz + (1 =t)y) <if(x)+ (1 —1)f(y),
for all z,y € I and ¢ € (0,1).
Let I be an interval in R and & : (0,1) — (0,00) be a given function. Then a
function f : I — R is said to be h-convex if

[tz + (1= t)y) <h(@)f(z) +h(1 =) (y),
for all z,y € I and ¢ € (0,1).
If h(t) = t%;s € (0,1), then f is said to be s-convex in second sense [2], if f is

non-negative and h(t) = 1 then f is said to be Godunova-Levin function [6] and if f
is non-negative with h(t) = 1 then f is P-convex function [7].
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In [14], Youness introduced a new class of functions called ¢-convex functions
and he established some results about these sets and functions. Later on, the result
by Youness [14] were improved by Yang [13], Duca et al. [4] and Chen [3]. Throughout
this paper, we assume that ¢ : I — I, where I is a real interval and h : (0,1) — (0, 00)
are given maps.

Definition 1.1. A function f : I — R is said to be p-convex on I if
flto(x) + (1 = t)p(y) < tf(p(x) + (1 — 1) f(p(y),
forallz,y €I andt € (0,1).
In [11], Sarikaya has studied @p- convexity and obtained some new inequalities.

Definition 1.2. Let I be an interval in R. We say that a function f: I — [0,00) is a
pp-convex if

flte(@) + (1= t)p(y)) < h(t)f(p(x)) + h(1 = 1) f(e(y)),
forallt € (0,1) and z,y € I.
Theorem 1.3. (Th. 2, [11]) Let h : (0,1) — (0, 00) be a given function. If f : I — [0, 00)
is Lebesgue integrable on I and pp-convex for continuous function ¢ : [a,b] — [a, b,
with p(a) # ¢(b), then the following inequality holds:

»(b)

1
o(b) — ¢(a) ~/<,a(a)
< f2<go<x>>+f2<w<y>>} / B()A(L — 1)t + 27 ((x)) f (o)) / B2 (1) .

f(@) f(p(d) + p(a) — x)dx

Hu at al [8] studied firstly the notion of semi-p-convexity. Chen in [3] modified
their results and defined the following class of functions.

Definition 1.4. The function f : I — R is semi-p-convex, if for every x,y € I and
t € (0,1) we have
flto(x) + (1 = t)e(y)) < tf(@)+ (1 —1)f(y).
Toader [12] defined the following function:

Definition 1.5. Let be b > 0 and m € (0,1]. A function f :[0,b] — [0,00) is said to be
m-convex if

flte +m(1—t)y) <tf(z)+ (1 -1)f(y),
for all x,y € [0,b], t € [0,1].

In [5], Dragomir and Pedarié¢ showed that the following result holds for m-convex
functions.

Theorem 1.6. (Th. 197, [5]) If f : [0,00) — [0,00) is a m-convex function with
m € (0,1) and Lebesgue integrable on [ma,b] where 0 < a < b and mb # a, then

mb b
s [ ot 2 [ e < L0

m—+1

ma
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The rest of the paper is organized as follows: In section 2, semi-py,-convexity
has been defined and some properties are studied. In section 3, some new results of
Hadamard type inequalities are proved. In the last section, semi log-¢ and strongly
log-¢ convex functions are discussed and some inequalities are obtained.

2. Semi-p,-Convexity
In this section, we define the following function:

Definition 2.1. Let ¢ : [a,b] — [a,b] and I be an interval in R such that [a,b] C I. Let
h:(0,1) = (0,00) be a given function. We say that a function f : I — [0,00) is a
semi-pp-convex if for allt € (0,1) and z,y € I, we have

flto(z) + (1 =t)e(y)) < h(t)f(z) + k(1 —1)f(y).

Remark 2.2. 1. If h(t) = ¢, f is a semi-p-convex function on I.

If h(t) =t%, f is a semi-p,-convex function on I.

If h(t) = ¢, f is a semi-¢p Gudunova-Levin convex function on I.
If h(t) =1, f is a semi-pP-convex function on I.

If p(x) =z, f is a h-convex function on I.

6. If p(x) =« and h(t) =1, f is a convex function on I.

Gl

Example 2.3. [3] Let ¢ : R — R such that

1, 1<zx<4
p(z) =4 14 2arctan(l—z), z<1
24 Jarctan(x —4), x> 4.
and f: R — R

7, r<lorx>4

r—3, 1<x<?2

F@)=9335_, 2<.<3

r—3, 3<z<A4.

Here f is a semi-pp-convex function on R for h(t) = t.
Example 2.4. Let h(t) = 1 for all t € R, p(z) = —22, for all x € R, and
1, >0

f(m):{ 2, <0.

Then f is a semi-p P-convex function on R.
Now we prove some properties of semi-pp-convex functions.

Theorem 2.5. If f,g: I — [0,00) are semi-py-convez functions, where h : (0,1) —
(0,00) is a given function, and o > 0 then f+g and af are semi-@p-convex functions.

Proof. Since f, g are semi-p}, convex functions then for x,y € I and ¢ € (0,1),

(f +9)(te(x) + (1 =t)p(y) = flte(x) + (1 —)p(y) +g(te(z) + (1 —)e(y))
h(t)(f + g)(x) +h(L =)(f + 9)(y),

<
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and

O

Lemma 2.6. If f : I — [0,00) is a semi~p convez function and g is an increasing
h-convex function, where range of f is contained in the domain of g and h: (0,1) —
(0,00), then go f is a semi-pp- convex function.

Proof. Since f is semi-p-convex function then for z,y € I and t € (0, 1),

fltp(x) + (1 = t)e(y) < tf (@) + (1 =) f(y).

Since g is increasing and h-convex we have

(go fllte(z) + (1 =)e(y)) <gtf(z)+ (1 -1)f(y))
< h(t)(go f)(z) +h(1—1t)(go f)y).

This completes the proof. O
Lemma 2.7. If f is semi-p-convex and h(t) >t then f is semi-py,-convez.
Proof.
flto(z) + (1 =t)p(y)) <tf(z) + (1 =) f(y) <h(B)f(x) +h(1-1)f(y).
This completes the proof. O
Lemma 2.8. If f is semi-pp convex and h(t) <t then f is semi-p-conve.
Proof.
flto(z) + (1 =t)e(y)) < h(t)f(z) +h(1 =) f(y) <tf(z)+ (1 -1)f(y)
This completes the proof. O

Lemma 2.9. Let hy,hs : (0,1) = (0,00) such that ha(t) < hy(t). If [ is semi-pp,
convex then f is semi-pp, convex.

Proof. Since f is semi-¢p, convex then for 2,y € I and ¢t € (0,1) we have

flte(@) + (1 =)p(y)) < ha(t)f(@) + ha(l =) f(y) < ha(t) f(x) + ha(1 = 1) f(y).
This completes the proof. O

3. Hermite-Hadamard Type Inequalities

Theorem 3.1. If [a,b] C I, ¢ : [a,b] — [a,b] is a continuous function such that
o(a) # ¢(b) and the function f: I — [0,00) is Lebesgue integrable on I and semi-op

convez, then
m /:j)f (@)dz < (f(a> +f(b)) /0 1 h(t)dt.
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Proof. Since f is semi-p}, convex, we have for ¢ € (0, 1),
f(te(a) + (L= t)p(b)) < h(t)f(a) + h(1 — 1) f(D).
Integrating the above inequality over the interval (0, 1),
1
[ st + (=000 < 1@+ 50) [ oy
0
Substituting @ = te(a) + (1 — t)¢(b) we get the required inequality. O
Corollary 3.2. Under the assumptions of Theorem 3.1 with h(t) =t for all t € (0,1),
we have o
@(b
I\ LY (CL I U}
(p(b) - (p(a) p(a) 2

Corollary 3.3. Under the assumptions of Theorem 3.1 with s € (0,1) and h(t) =
for allt € (0,1), we have

»(b)
- / Fa)dn < LD FFO)
@(b) - (p(@) p(a) s+1
Corollary 3.4. Under the assumptions of Theorem 3.1 with h(t) =1 fort € (0,1), we
have
L [ s < s+ 50)
_ z)dx < f(a)+ f(b).
0~ 2@ Joa AR
Remark 3.5. If h(t) =t for t € (0,1) and p(x ) = z we have
fla) + f(b) + f(o)
b—a / Ut

Theorem 3.6. If [a,b] C I, ¢ : [a,b] — [a,b] is a continuous function such that
o(a) # ¢(b) and the function f: I — [0,00) is Lebesgue integrable on I and semi-op
convezx, then

()
M/f) f(@)f(ola) + p(b) — z)dz
p(a

< (F2(a) + PPO)) / B(OR(1 — t)dt + 2 (a) £ (D) / B2 (t)dr).

Proof. Since f is semi-pp, convex we have for ¢ € (0,1)

flto(a) + (1 = t)e(b)) < h(t)f(a) + h(1 —1)f(b),
and

F((L=1)p(a) + (tp(b)) < h(1 = 1) f(a) + h(t) f(b)-
By multiplying both inequalities, we get

fte(a) + (1= 1)p(0) f((1 = t)p(a) + (D))
< R = )h(t)(f*(a) + () + f(a) f(0)(R?(t) + h*(1 = 1))
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‘We obtain

/ F(tp(a) + (1 — () F(1 — Dp(a) + (tp(b))dt
< (f2(a) + £2(0)) / B(L — t)h(t)dt + 2 (a) £ (D) / B2 (1)t

0
Substituting x = te(a) + (1 — t)(b), we get the required inequality. O

Corollary 3.7. Under the assumptions of Theorem 3.6 with h(t) =t for allt € (0,1),
we have
1 »(b)
M/( : F@)f(e(b) + ¢(a) — x)da
e(a
< fz(a)ng(b) N 2f(a§f(b).

Theorem 3.8. If [a,b] C I, ¢ : [a,b] — [a,b] is a continuous function such that
p(a) # p(b) and the functions f,g : I — [0,00) is Lebesque integrable on I and

Semi—@h COn'Ue.T, then
/Soa
@(

M(a, b)/o h%(t)dt + N(a, b)/ h(t)h(1 — t)dt.

0

where
M(a,b) = f(a)g(a) + f(b)g(b),
N(a,b) = f(a)g(b) + f(b)g(a).
Proof. Since f, g are semi-pp-convex we have for ¢ € (0,1)
ftp(a) + (1 = t)p(b)) < h(t)f(a) + h(1 ) f(b),
and
g(te(a) + (1= t)p(b)) < h(t)g(a) + h(1 —t)g(b).
By multiplying both sides, we get
flto(a) + (1= t)e(b))g(te(a) + (1 — t)p(b))
< h2(t) f(a)g(a) + h*(1 = 1) f(b)g(b) + h(t)h(1 — ) f(a)g(b) + h(t)h(1 —t) f(b)g(a).

Integrating over the interval (0, 1), we obtain

/ F(tp(a) + (1 — B)p(b)g(to(a) + (1 — t)p(b))dt

1
< (f(a)g(a) + f(b)g(b)) ; s (t)dt + (f(a)g(b) +f(b)9(a))/0 h(t)h(1 = t)dL.
Replacing x = tp(a) + (1 — t)p(b), we get the required inequality. O

Definition 3.9. Let be m € (0,1]. A function f :[0,b] = [0,00) is said to be semi-py,-
convez if

flte(@) +m(1 = t)p(y)) < tf(z) +m( —1)f(y),
for all x,y € [0,b], t € [0,1].
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Remark 3.10. If mm = 1, then f is semi-p-convex, and if m = 1,¢(x) = x for all
x € [0,b], then f is convex on [0, b].

Theorem 3.11. If f : [0,00) — [0,00) is a semi- @, -convex function, with m € (0,1)
such that me(b) # ¢(a) and mp(a) # @(b) and f is Lebesgue integrable on [ma,b]
then

1 1 me(b) 1 () f(a)+ f(b)
ot 1mg(5) — o(a) /W e+ (@) /W(a) Jw)da] £ ===

Proof. Since f is semi- ,,-convex we have following inequalities
f(te(a) +m(l —t)p(b) < tf(a) +m(l—1)f(b),
J((1=t)p(a) + mtp(d)) < (1 —1t)f(a) +mtf(b),
fmtp(a) + (1 = t)p(b)) <mtf(a)+ (1—1)f(b),
Fm(1 = t)p(a) +tp(b)) < m(1l—t)f(a) +tf(b).

Adding the above four inequalities, we get
f(te(a) +m(L = t)p(b)) + f((1 = t)p(a) + mtp(d))
+f(mtp(a) + (1 = t)p(d)) + f(m(l — t)p(a) + tp(b))

< (m+1)(f(a) + f(b)).

Now, integrating over the interval (0,1), we have

/ft<p +m(l—t)p dt+/ F((1 =t)p(a) + mtp(b))dt+

/ f(mto(a) + (1 —t)p(d))dt +/ F(m(1l —t)p(a) + tp(d))dt
0

< (m+1)(f(a) + f(b)).
Using the substitution z = tp(a) + (1 — t)p(b), we have

/ftgo )+ m(1—t)p(b))dt = /f ((1 = t)p(a) + mto(b))dt

1 mep(d)
= )~ pla >/W> fle)de,

(a
and using the substitution z = te(a) + (1 — t)¢(b), we have
f(mitp(a) + (1= t)p(b))dt = f(m(1 —t)p(a) + to(b))dt

1 @ (b)
B @(b) - mgp(a) /Tncp(a) f(x)dx

Using the above equations, we get the required inequality. O
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4. Semi-p and strongly log-¢ convexity

Definition 4.1. [3] A function f : I — [0,00) is a semi log-¢ convez if, for allt € (0,1)
and z,y € I, one has

Fto(@) + (1 =)o) < fx) fly)' "
Polyak [9] introduced strongly convex functions which plays an important role
in optimization theory and mathematical economics.
A function f: I — R is said to be strongly convex with modulus ¢ > 0 on [ if
flte+ 1 =t)y) <tf(x) + (1 —t)f(y) +ct(l = t)(z —y)*,
for all z,y € I and ¢ € (0,1).
Sarikaya [11] defined strongly log-convex functions as:

Definition 4.2. A positive function f : I — (0,00) is said to be strongly log-convex
with respect to ¢ > 0 if
fltz+ (1 =t)y) < f(@)' fy)' ™" —et(l = )(z —y)*,
forallz,y eI andt € (0,1).
In this section we relate Hermite Hadamard type inequalities to some special

means. Firstly, let us recall the following means for positive a,b € R:
Arithmetic mean:

A(a7 b) = ot ba
2
Geometric mean:
G(a,b) = Vab,
Logarithmic mean:
b—a
L(a,b) =

~ log(b) — log(a)’
Theorem 4.3. If the positive function f : I — (0,00) is semi log-p convex function
and Lebesgue integrable on I, then

1 ©(b)
T ., Gl o)~ < ). ),
foralla,bel, a<b.
Proof. Since f is semi log-¢ convex, we have

f(te(a) + (1 = 1)p(b) < f(a) f(0)'", Yt € (0,1)
and

(1= Hp(a) + (b)) < F(a) (B, Wt € (0,1).
By multiplying both inequalities, we get

fto(a) + (1 =8)p0) f(1 = t)p(a) + (b)) < f(a)f (D).

Now, taking square root, we get

G(f(tp(a) + (1 =1)p(0), f(1 = t)p(a) + tp(b))) < G(f(a), f(D))-
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By integrating over the interval (0, 1) and replacing = = tp(a) + (1 — t)p(b), we get
the required inequality. O

Theorem 4.4. If the positive function f : I — (0,00) is semi log-p convex function
and Lebesgue integrable on I, then

1 /W’) fa) + f(b)

o(b) — p(a) @ f(x)dz < L(f(b), f(a)) < :
foralla,be I, a<b.

)

Proof. Since f is semi log-¢ convex, we have

f(t(a) + (1 = 1)p(b)) < f(a) f(0)' ™", Yt € (0,1).

Integrating over the interval (0, 1), we get

LAﬂw@HﬂfﬂﬂmﬁSAfWV@“%

= o = ) + 50
= Tog 7(6) "log fla) — LU0 fla)) < ==
Substituting = = t@(a) + (1 — )¢ (b), we get the required result. O

Theorem 4.5. If the functions f,g: I — (0,+00) are semi log-p convex and Lebesque
integrable on I, then

1 »(b)
s L, S < L @90), e
w(a

< i{(f(b) + f(a))L(f(b), f(a)) + (9(a) + g(b)) L(g(b), g(a))},
foralla,bel, a<b.

Proof. Since f, g are semi log- convex, we have
fltp(a) + (1= t)e(b)) < fla)' f(b)' 7", Ve (0,1)
and

g(tp(a) + (1= 1)p(b)) < g(a)'g(b)'~", Yt € (0,1).
Multiplying both inequalities and integrating over the interval (0, 1), we get

/’fw (1= D)p(b)g(te(a) + (1 — )p(b))dt

/jf LF(B) "t g(a) g (b) Mt

(b)g(b) — f(a)g(a)
log( () (b)) —log(f(a)g(a))
L(f(b)g(b), f(a)g(b)).

By Young’s inequality, we have

Aiﬂwvwf4awwwﬂ4ﬁ
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<5 [ + [gla)'g(b) "2}t
S VL O]
i Tog(F(0)) —log(/(@)) " Tor(9(b) — log(a(@)

- i{(f(a) + F(B))L(f(b), f(a)) + (g(a) + g(b))L(g(b), g(a))}. (4.2)

Using (4.1) and (4.2) and substituting = = tp(a)+(1—1t)¢(b), we get the required
result. O

Definition 4.6. Let f : I — (0,00) be a positive function. We say that f is strongly
log-p convex with respect to ¢ > 0 if

Flto(@) + (1= t)p(y) < fle@) flpy)' " = ct(l - t)(p(z) — o(y))?,
forallz,y €I andt € (0,1).

Remark 4.7. From the above inequality, using arithmetic mean- geometric mean, we
have

Flto(@) + (1= t)p(y) < flp@) flpy)' " = ct(l = t)(p(z) — o(y))?
<tf(p(x) + (1 =) f(e(y)) — ct(l = 1) (p(z) = ¢(y))*
< max{f(p(x)), f(p(y)} — ct(l = t)(p(z) — o (y))*.
Example 4.8. Let
90(17):{ ]:1’ mZO

x < 0.

Then for ¢ = % the function

o) = {

is strongly log-¢ convex function with respect to ¢ on R.

0, -I<zx<l
1, otherwise

Theorem 4.9. Let ¢ : [a,b] — [a,b] be a continuous function and f: I — (0,00) be a
positive strongly log-¢ convex function with respect to ¢ > 0, where a,b € I. If f is
Lebesgue integrable on I then

a c w(b)
f(sp();_@(b)>+2(<p(a)—<p(b))2 < m L(a) G(f(2), f(p(a)+p(b) —x))dx
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Proof. Since f is strongly log-¢ convex, we have for t € (0,1)

ﬂww;w@)

< /FlEola) + (1= @) (T — pla) + 0(0)) — 5 (pla) — o(B)2(1 - 2)*
ol + (1= 0p0) | HO= 0 e €y iy oyt

- 2 2
Integrating the above inequality over (0,1) and substituting « = t@(a) + (1 — t)p(b)

H(HA) et

»(b)
S/W G(f(), f(p(a) + p(b) - 2))de (4.3)

we get

©(b)
< [ AU@. S + (b)), (4.4)
»(a)
Using f“oa) f(z f;p(gl)) )+ p(b) — x)dx, (4.3) becomes

f(W) + 2 (pa) — o(1)?

_ W(b)G b d
< x a —x))ax
< @ ., U ol o)~ )

1 @ (b)
< T L T

Again, using strongly log-¢ convexity of f, we get

s@(b)i@/m df”*/ffso (1= D)p(b))dt

1
< / (@) [ (o) "dt / et(1— 1)(pla) — o(b))dt

- 0
_ flp(d)) — f(p(a)) ot ,
= Tog(7 () —log(flp(a)) 670

:LU@@)ﬂﬂwﬁ—%ﬂw—w@f
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Theorem 4.10. Let ¢ : [a,b] — [a,b] be a continuous function, where a,b € I, and let
f:I—(0,00) be a positive strongly log-p convex function with respect to ¢ > 0. If f
18 Lebesgue integrable on I then

©(b)
m /( : (@) f(p(b) + p(a) — x)dx

< flp(@) f((0)) + 35((8) = ¢(a)*

o (ol0) = (@) o)) - .
e o O los (oAU (@), F(o(@) = LU (o), f(pla))]

Proof. Since f is strongly log-¢ convex, we have for ¢t € (0,1)
Ftp(a) + (1 =1)p) < f(e(@) fle®)' ™" = ct(l = t)(p(a) — p(b))%,

and
F((1 = t)p(a) +tp(b)) < fe(a) " flp(b)" — ct(L = t)(p(a) — (b))
Multiplying both inequalities and integrating over (0, 1), we get
/O f(tp(a) + (1 =1)@(b) f(1 —t)p(a) + to(b))dt

< Flp(@) f(p(®) = (¢la) — p(b))? / ct(1 — t){ Flo(b) []}Ei((bm

t 1
+f<so<a>>[f “”“’))] }dt+02(s0(a)—<p(b))4 [ ea-aws)

f(p(a))
Since
! fle(a)]’
| t“‘“[ﬂw(b»] o
2
o0 Qor(F (o)) —os(F(p)2 (PO TP = (0. (“”(“()i)g')
Similarly, .
! fle(a)]
| t(l_t)[f(w(b))] o
2
TR TG A (A0 (60 = 0. (‘”(“)))(4 '

Substituting (4.6) and (4.7) in (4.5) and replacing x = ty(a) + (1 —t)¢(b), we get the
required inequality. O
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Theorem 4.11. Let ¢ : [a,b] — [a,b] be a continuous function, where a,b € I, and let
fog: I — (0,00) be a positive strongly log-p convex functions with respect to ¢ > 0.
If f and g are Lebesgue integrable, then

< L(f(p(®)g(e (b)), F(p(@)g(p(a)) + 35(#(a) = 9(0))" = 2¢(2(b) = p(a))?
( ) (

) —
flea))) | Algle?)),g(¢(a))) — Llg (@(b)),g(w(a)))}
))? (log(g((b))) — log(g((a))))?

02
+55(#(@) = (B)" = 2c(p(b) — ()

o {A(f(so(b)% f(p(a) = L(f(e(0)). f(e(a)) | Alg(e(b)), 9(¢(a))) — L(g(so(b)%g(so(a)))}
(log(f(0(b))) — log(f(#(a))))? (log(g(¢(b))) — log(g(y(a))))?
Proof. The proof is similar to Theorem 4.10 g
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On vector variational-like inequalities and
vector optimization problems in Asplund spaces

Mihaela Miholca

Abstract. In this paper, we consider different kinds of generalized invexity for vec-
tor valued functions and a vector optimization problem. Some relations between
some vector variational-like inequalities and a vector optimization problem are
established using the properties of Mordukhovich limiting subdifferentials under
C — n—strong pseudomonotonicity.
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Keywords: Vector variational-like inequalities, Vector optimization problem, Mor-
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1. Introduction

In 1998, Giannessi [9] first used, so called, Minty type vector variational inequal-
ity (in short, MV'VI) to establish the necessary and sufficient conditions for a point to
be an efficient solution of a vector optimization problem (in short, (VOP)) for differ-
entiable and convex functions. Since then, several researchers have studied (VOP) by
using different kinds of MV VT under different assumptions, see [1, 2, 10, 15, 19] and
the references therein. Consequently, vector variational inequalities have been gener-
alized in various directions, in particular, vector variational-like inequality problems,
see [1, 13, 14, 20, 23, 28] and the references therein. The vector variational-like in-
equalities are closely related to the concept of the invex and preinvex functions which
generalize the notion of the convexity of functions . The concept of the invexity was
first introduced by Hanson [12]. More recently, the characterization and applications
for generalized invexity were studied by many authors, see [11, 13, 19, 21, 24, 25, 27|
and the references therein.

The relation between the vector variational inequality and the smooth vector
optimization problem has been studied by many authors (see, for example, [9, 23, 26]
and the references therein). Yang et al. [26] extended the result of Giannessi [9, 10]
for differentiable but pseudoconvex functions. Yang and Yang [23] gave some relations
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between Minty variational-like inequalities and the vector optimization problems for
differentiable but pseudo-invex vector-valued functions. Yang et al. [25, 26] and Gar-
zon et al. [6, 7] studied the relations between generalized invexity of a differentiable
function and generalized monotonicity of its gradient mapping. Very recently, Rezaie
and Zafarani [20] showed some relations between the vector variational-like inequali-
ties and vector optimization problems for nondifferential functions under generalized
monotonicity. Al-Homidan and Ansari [1] studied the relation among the generalized
Minty vector variational-like inequality, generalized Stampacchia vector variational-
like inequality and vector optimization problems for nondifferential and nonconvex
functions with Clarke’s generalized directional derivative and then, Ansari and Lee
[2] showed that for pseudoconvex functions with upper Dini directional derivative,
similar results holds. Ansari, Rezaie and Zafarani [3] considered generalized Minty
vector variational-like inequality problems, Stampacchia vector variational-like in-
equality problems and nonsmooth vector optimization problems under nonsmooth
pseudo-invexity assumptions. They also considered the weak formulations of gener-
alized Minty vector variational-like inequality problems and generalized Stampacchia
vector variational-like inequality problems in a very general setting and established
the existence results for their solutions. The main results in [1] and [20] were ob-
tained in the setting of Clarke subdifferential. Since the class of Clarke subdifferential
is larger than the class of Mordukhovich subdifferential, it is necessary to study the
vector variational-like inequalities and vector optimization problems in the setting of
Mordukhovich subdifferential (see [5, 16, 17]). Oveisiha and Zafarani [18] established
some properties of pseudo-invex functions and Mordukhovich limiting subdifferen-
tial and relations between vector variational-like inequalities and vector optimization
problems. Chen and Huang [4] considered the Minty vector variational-like inequal-
ity, Stampacchia vector variational-like inequality and the weak formulations of these
inequalities, defined by means of Mordukhovich limiting subdifferentials in Asplund
spaces. They established some relations between the vector variational-like inequali-
ties and vector optimization problems using the properties of Mordukhovich limiting
subdifferential. Farajzadeh et al. [8] considered generalized variational-like inequali-
ties with set-valued mappings in topological spaces, which include as a special case
the strong vector variational-like inequalities. Motivated and inspired by the work
mentioned above, in this paper we consider the Minty vector variational-like inequal-
ity, Stampacchia vector variational-like inequality and the weak formulations of these
inequalities, defined by means of Mordukhovich limiting subdifferentials in Asplund
spaces. Some relations between vector variational-like inequalities and a vector opti-
mization problem (respectively, between Minty vector variational-like inequality and
Stampacchia vector variational-like inequality) are established using the properties of
Mordukhovich limiting subdifferentials under different kinds of generalized invexity
(respectively, C' — n—strong pseudomonotonicity).
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2. Preliminaries

Let X be a Banach space endowed with a norm ||.|| and X* its dual space with a
norm [|.||.. Denote {.,.), [z,y], ]z, y[ the dual pair between X and X*, the line segment
for z,y € X and [z, y]\{z,y}, respectively. Let Q be a nonempty open subset of X.

When functions are not differentiable, we use the concept of subdifferential:
Fréchet subdifferential, Limiting subdifferential and Clarke-Rockafellar subdifferen-
tial.

Definition 2.1. Let X be a Banach space and f : X — RU{oo} a proper Ls.c.
function. We say that f is Fréchet-subdifferentiable and £* is Fréchet-subderivative of
fatx (€ €0pf(x)) if x € dom f and

St h) = flx) — (€ h)

lim inf > 0.
1Al =0 7] -
Definition 2.2. [16] Let x € Q and € > 0. The set of e — normals to Q at x is defined
by
R ) = {a" € X [limsup ) <),

'U/E)J;
If « ¢ Q, we put Zva(x,Q) = @& for all e > 0.

Definition 2.3. [16] Let T € Q2. Then x* € X* is a limiting normal to Q@ at T if there

are sequences € \; 0, T LT and x7 WS T such that xy € ]vg(xk, Q), for all k € N.
The set of such normals
N(Z,) = limsupN(z, Q)

T—T
e\ 0

is the limiting normal cone to Q at T. If T ¢ Q, we put N(Z,Q) = @.
Remark 2.4. Note that the symbol u £ 2 means that u — 2 with u € Q. The symbol
%y stands for convergence in weak* topology.

Definition 2.5. [16] Considering the extended-real-valued function ¢ : X — R =
[—o00, +00] we say that ¢ is proper if p(x) > —oo for all x € X and its domain,
domyp = {z € X : p(x) < oo}, is nonempty. The epigraph of ¢ is defined as

epip = {(z,a) € X x R/p(z) < a}.
Definition 2.6. [16] Considering a point T € X with | ¢(T) |< oo, the set
Opp(T) = {z" € X" | (2", —1) € N((Z, (7)), epi )}

is the limiting subdifferential of ¢ at © and its elements are limiting subdifferentials
of ¢ at this point. If | ¢(T) |= 0o, we put Ipp(T) = @.

Remark 2.7. [16] It is well known that

Or f(z) C OLf(x) C Oc f(z),
where J¢ f is the Clarke subdifferential.
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Definition 2.8. A Banach space X is Asplund, or it has the Asplund property, if every
convex continuous function ¢ : U — R defined on an open convex subset U of X is
Fréchet differentiable on a dense subset of U.

Remark 2.9. One of the most popular Asplund spaces is any reflexive Banach space
[16].

Theorem 2.10. [16] Let X be an Asplund space and ¢ : X — R be proper and Ls.c.
around T € domy, then

ILp(T) = limsupdrp(x).
NG
For more details and applications, see [16].

Definition 2.11. Let n: X x X — X. A subset Q0 of X is said to be invex with respect
to n if for any x,y € Q and X\ € [0, 1], we have y + An(z,y) € Q.

Hereafter, unless otherwise specified, we assume that X is an Asplund space and
Q) C X is a nonempty open invex set with respect to the mapping n: 2 x Q — X.

Definition 2.12. A mapping n : Q x Q — X is said to be skew if for any x,y € Q,
n(z,y) +nly,x) = 0.

Definition 2.13. Let zg € Q. A mapping n: Q x Q — X is said to be skew at xq if for
any x € §, T # xg,

’I’)(Jf, mo) =+ T](l‘o, a:) =0.
Definition 2.14. [21] Let f : Q — R be a function. f is said to be

1. weakly — quasi — invex with respect to n on Q if for any x,y € Q,
f@) < fly) =3 €afy) (€ nlz,y)) <0;
2. quasi — invex with respect to n on Q if for any x,y € €1,

f(x) < fly) =V & €drfly) (€ nz,y)) <0
3. pseudo — tnvex with respect to n on Q if for any x,y € €1,

(€ n(x,y)) 20, 36 €Lf(y) = fx) = fy).

In some results of the paper we need to consider some further assumptions on 7.
These assumptions are known in invexity literature (Jabarootian and Zafarani (2006)
13)).

Condition C. Let n: Q x Q@ — X. Then for any z,y € Q, A € [0,1],

{ Cr:n(x,y + An(z,y)) = (1 = N)n(=, y);
Ca:n(y,y + An(z,y) = —An(x,y).

Remark 2.15. Yang et al. [27] have shown that if n : Q x Q@ — X satisfies condition
C, then for all z,y € Q, X € [0,1],

n(y + n(z,y),y) = Mz, y).
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Definition 2.16. Let n: Q x Q — X, xg € Q. We say that n : Q x Q@ — X satisfies
condition C at zg if for all x € Q, XA € [0, 1],

n(xo + An(z, xo), o) = An(z, zg).

Definition 2.17. Let f = (f1,..., fn) : @ = R"™ be a vector-valued function and xy € Q.
f s said to be

1. pseudo — invex with respect to n on Q if for any z,y € £,
f@) = fy) € ~RI\{0} = (Ouf(y),n(z,y)) € —RI\{0};
2. quasi — invex with respect to n on Q if for any x,y € €,
(€ n(x,y)) € REN{0}, 3€ € arfly) = flz) — f(y) € RE\{0};
3. weakly — quasi — invex with respect to n on S if for any z,y € §,
(Ouf(y)n(z,y)) CRIN{0} = f(z) — f(y) € RE\{0};
4. weakly — quasi — invex at xy with respect to n if for any x € 2,
(OLf(w0),m(x,20)) € REN{0} = f(z) — f(wo) € R}\{0}.

Remark 2.18. Next, we provide an example which shows that a function f =
(f1, .-, fn) it can be pseudo-invex with respect to n on Q and there exists k, 1 < k < n,
such that fi is not pseudo-invex with respect to n on €.

Example 2.19. Let us consider X = R, Q = [~1,1], f = (f1, f2) : Q@ — R? defined as
>
hw={ Y& 12p

x, z <0,

fo(z) ==

and n: Q x 2 — R defined as
n(@,y) =x—y

We have

(551 «>0,

oLf(z) =14 [0,00[x{1}, =0,

(1,1), x < 0.
It is not difficult to see that f is pseudo-invex with respect to 7. Function f7 is
not pseudo-invex with respect to 1 on {2 because for x = —1,y = 0 there exists

£ =0€0rf(y) such that (*,n(z,y)) =0 and f(z) < f(y).

Definition 2.20. [8] A set valued mapping F : Q — 2X" s said to be C — n—strong
pseudomonotone if for any x,y € €,

(Fz,n(z,y)) £ =C(x)\{0} = (Fy,n(y,z)) € =C(y).

Definition 2.21. A set valued mapping F : Q — 25" is said to be (C, K) — n—strong
pseudomonotone if for any x,y € §2,

(Fx,n(z,y)) £ C = (Fy,n(y,r)) C K.



160 Mihaela Miholca

Definition 2.22. A set valued mapping F : Q — 2% is said to be strictly (C, K) —
n—strong pseudomonotone if for any x,y € Q,x # vy,

(Fa,n(z,y)) £ C = (Fy,n(y,r)) C K.

Let f = (f1,.-, fn) : & = R"™ be a vector-valued function, where f; : @ - R
(i =1,...,n) is non-differentiable locally Lipschitz function.
In this paper, we consider the following vector optimization problem:

(VOP) Minimize f(z) = (f1(z), ..., fn(2))

subject to x € Q.

Definition 2.23. A point xo € Q is said to be an efficient (or Pareto) solution (respec-
tively, weak efficient solution) of (VOP) if for all x € Q,

f@) = fxo) = (fi(@) = fi(@0)s o ful@) = fulo)) & ~RI\{0},
(respectively, f(z) = f(z0) = (fi(@) — fi(@0)s oo ful@) = fulo)) & —intRT),

where R is the nonnegative orthant of R™ and 0 is the origin of the nonnegative
orthant.

3. Characterization

We consider the following Minty vector variational-like inequality problems and
Stampacchia vector variational-like inequality problems.
(GGMVVLIP) Find ¢ € Q such that, forallz € Q and all §; € O fi(z) (i =1,...,n),

(€ n(x, 20)) = (&1, n(w, o)), s (€15 (2, 20))) & —REN{0}.
(GMVVLIP) Find o € Q such that, for all € Q there exists & € J, fi(z)
(i=1,..,n),

(€ n(z, z0)) = (&1, n(@, 20)); s (&5 (2, 20))) & —REN{0}.

(WGGMVVLIP) Find xg € Q such that, for all x € 2 and all & € 9y, fi(z)
(i=1,..,n),
<€*a 77(73, $0)> = (<£ik7 77(337 $0)>, (XX} <§7*u 77(3"7 x0)>) ¢ _ZntR1

(WGMVVLIP) Find zg € Q such that, for all z €  there exists & € 91, f;(x)
(i=1,..,n),
<€*a77(ma IO)) = (<£Ta 77(957950»7 sty <§;kz7 77(357530») ¢ _’LntRﬁ

(SVVLIP) Find z( €  such that, for all €  there exists & € I, fi(zo)
(i=1,..,n),
<f*77)($7$0)> = (<§T,77($L‘,I0)>, 3% <§Z7’7($7$0)>) ¢ -RY \{O}

(WSVVLIP) Find zy €  such that, for all x € Q there exists & € Irfi(xo)
(i=1,..,n),

(€ n(z,20)) = (&1, 0@, 20)), -, (&55 (2, 20))) ¢ —intRL.
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Theorem 3.1. If x is a solution of (SVVLIP), Opf is strictly (intR7,intR}) —
n—strong pseudomonotone, 1 is skew at xo and O f(xo),n(xo0,20)) € RY, then xq
is a solution of (GGMVVLIP).

Proof. Suppose that z( is not a solution of (GGMVV LIP). B
Since (Jr f(x0), n(xo,z0)) € R it follows that there exist T € Q,7 # xo, ¢ € I f(T)
such that

<C7 77@7 .’L‘())) € —Ri\{O}

Therefore,
Since 0y, f is strictly (intR’,intR’ ) —n—strong pseudomonotone, by (3.1) we obtain
(Orf(x0),n(xo, ™)) C intRY. (3.2)

Since 7 is skew at xg, by (3.2) it follows that

(O f(w0),n(T,20)) C —intRY,

which contradicts the fact that zq is a solution of (SVV LIP). Therefore, it follows
that z¢ is a solution of (GGMVV LIP). O

Example 3.2. Let us consider X = R, Q = [-1,1], f: Q@ — R defined as
>
fa={ Ve rzh

-z, z<O0.
and 7 : Q x Q — R defined as

n(z,y) =z —y.
We have
ﬁ, z >0,
orf(xr) =< [0,00U{-1}, x =0,
-1, x < 0.

and Jp, f is strictly (intR4,intR) — n—strong pseudomonotone. It is not difficult to
see that o = 0 is a solution of (SVV LIP) and 7 is skew at xg. Therefore, zj is a
solution of (GGMVV LIP).

Corollary 3.3. If xg is a solution of (SVVLIP), Opf is strictly (intRY,intRY}) —
n—strong pseudomonotone and 1 is skew at xo, then xq is a solution of (GMVV LIP).

Corollary 3.4. If xo is a solution of (WSVV LIP), O f is strictly (intR,intR’}) —
n—strong pseudomonotone, 1 is skew at xo and ( O f(xo),n(xo,x0)) € RE\{0}, then
xo is a solution of (GGMVV LIP).

Corollary 3.5. If xg is a solution of (WSVV LIP), Opf is strictly (intR,intR’}) —
n—strong pseudomonotone and n is skew at xg, then xq is a solution of
(WGMVVLIP).

Theorem 3.6. If xg is a solution of (VOP), f is quasi-invex with respect to n on §
and n is skew, then xq is a solution of (GGMVV LIP).
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Proof. Suppose that g is not a solution of (GGMVV LIP). It follows that there exist
T €, ¢ € O f(T) such that we have

(C,n(@, 20)) € —RY\{0}. (3.3)
Since 7 is skew, by (3.3) we obtain

<Za 77(5”07 I» € R:t\{O}

Since f is quasi-invex, it follows that

f(zo) — f(z) € RY\{0},
which contradicts the fact that g is a solution of (VOP). Therefore, xq is a solution

of (GGMVVLIP). O

Remark 3.7. In [4] (Theorem 3.1) the authors obtained this result by assuming that
fi(i =1,...,n) are invex with respect to n on Q. Next, we provide an example which
shows that a function f = (fi,..., fn) it can be quasi-invex with respect to n on
and there exists k,1 < k < n, such that f; is not invex with respect to n on €.

Example 3.8. Let us consider X = R, Q = [f%, %], f=(f1, f2) : @ — R? defined as

22+ 22, x>0,
fl(x) N { -, x S 07
23 —222+z, x>0,

fZ(z){—x <0
and n: Q x 2 — R defined as

n(@,y) =z —y.
We have
(22 +2,322 — 4z + 1), x>0,
of(x) =< (k,t), ke{2,-1},te{l,—1},z=0.

(—1,-1), z < 0.

It is easy to observe that xg = 0 is a solution of (VOP), n is skew and function f is
quasi-invex with respect to n on 2. Function f5 is not invex with respect to n on Q2
because for z = 1,y = 0 we obtain

f2(1) - fZ(O) < <€*7n(1’0)>7
for £* = 1.

Corollary 3.9. If xq is a solution of (VOP), f is quasi-invex with respect to n on 2
and n is skew, then xq is a solution of (GMVV LIP).

Theorem 3.10. If xg is a solution of (VOP), [ is weakly quasi-invez at xo with respect
ton on Q and n is skew at xg, then o is a solution of (GMVV LIP).

Proof. Suppose that zg is not a solution of (GMVV LIP). Therefore, there exists
T € Q such that for all £&* € dy f(Z) we have

(€ (T, z0)) € —RI\{0}. (3.4)
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Hence,

(Opf(),n(F,x0)) € —RI\{0}. (3.5)
Since 7 is skew at xg we obtain

(OLf(@),n(x0,7)) € RY\{0}.

Since f is weakly quasi-invex at xy with respect to n on 2 it follows that

f(wo) = f(7) € RE\{0},
which contradicts the fact that ¢ is a solution of (VOP). Therefore, x( is a solution
of (GMVVLIP). O

Remark 3.11. In [18] (Theorem 13) the authors obtained this result by assuming that
fi(i =1,...,n) are pseudo-invex with respect to n on 2. Next, we provide an example
which shows that a function f = (f1, ..., fn) it can be weakly quasi-invex with respect
to n on 2 and there exists k,1 < k < n, such that fi is not pseudo-invex with respect
to n on Q.

Example 3.12. Let us consider X = R, Q = [~1,1], f = (f1, f2) : @ — R? defined as
>
fl(x):{ \/57 .T_O;

x, x <0,
L/z, >0
— 2 Y - )
fax) = { -z, x<0,
zo=0and n: Q2 x Q2 — R defined as
n(z,y) =z —y.
We obtain that
(57 1) z>0,
Orfi(xr) = ¢ [0,00[x([0,00[U{-1}), z =0,
(1,-1), x <0.

It is not difficult to verify that f is weakly quasi-invex at xy with respect to i, xg =0
is solution of (VOP), n is skew at x¢ and f; is not pseudo-invex with respect to n on
Q because for x = —1,y = 0 there exists £&* =0 € 9r f(y) such that (*,n(x,y)) =0

and f(z) < f(y).
Theorem 3.13. Suppose that xo is a solution of (SVVLIP) and f is pseudo-invex
with respect to n on Q. Then, xo is a solution of (VOP).

Proof. Suppose that x is not a solution of (VOP). Therefore, there exists T €  such
that
f(@) = fzo) € —RY\{0}.
Since f is pseudo-invex with respect to n on €2, it follows that
(Orf(x0),n(T, o)) € —RY\{0},

which contradicts the fact that zg is a solution of (SVV LIP). Therefore, z¢ is a
solution of (VOP).
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Remark 3.14. In [4] (Theorem 3.2) the authors obtained this result by assuming that
fi(i =1,...,n) are invex with respect to n on Q. Next, we provide an example which
shows that a function f = (f1,..., fn) it can be pseudo-invex with respect to n on Q
and there exists k,1 < k < n, such that fi is not invex with respect to n on Q.

Example 3.15. Let us consider X = R, Q = [~1,1], f = (f1, f2) : Q@ — R? defined as
>
fl(l') :{ \/E, .’E_O,

—z, x <0,
fo(z) ==

and 7 : Q x 2 — R defined as

n(x,y) =z —y.
We have

(ﬁv 1)a xr > 07

Opfi(r) = ¢ ([0,00[U{~1}) x {1}, z =0,
(_17 1)7 xr < 0.

It is not difficult to see that xg = 0 is solution of (SVV LIP), f is pseudo-invex with
respect to 1. Function f; is not invex with respect to n on € because for x =1,y =0
we obtain

J(1) = f(0) < (&7, n(1,0)),
for £&* = 2.
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New univalence criteria for some integral
operators

Virgil Pescar

Abstract. In this work we consider some integral operators for analytic functions
in the open unit disk and we obtain new univalence criteria for these integral
operators, using Mocanu’s and Serb’s Lemma, Pascu’s Lemma.
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1. Introduction

Let A be the class of functions of the form
o0
flz)=z+ Z anz",
n=2
normalized by f(0) = f'(0) — 1 = 0, which are analytic in the open unit disk

U={zeC: |z <1}.

We denote S the subclass of A consisting of functions f € A, which are univalent
in U. We consider the integral operators

()= {o [Fw (L) (L) du}i (L)

ne = (o [Co (L) (2 ™ du}i L (12)

u u

for the functions f; € A and the complex numbers v, o, 5,7 # 0,5 = 1,n.
In this work we define a new general integral operator V,, given by

o o ()" )" (1) ()

for f;,g9; € A and the complex numbers «;, 8;,0,0 # 0,5 = 1,n.
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The integral operator V, is the most general integral operator.

Remarks. For different particular cases for parameters 9, «;, 35,
j = 1,n, we obtain the integral operators which have been defined and studied by
Kim-Merkes, Pfaltzgraff, Pascu, Pescar, Owa, D. Breaz and N. Breaz, Frasin, Ovesea.

i1)
2)
i3)
i)

i5)

i6)

i7)

i8)

For n = 1,0 = 1,81 = 0,91(2) = z we obtain the integral operator which was
introduced and studied by Kim-Merkes [4].

For n =1,0 = 1,a; = 0 we have the integral operator that was introduced and
studied by Pfaltzgraff [10].

For n = 1,51 = 0,91(2) = z we obtain the integral operator which was defined
and studied by Pescar and Pascu [8].

For n = 1,1 = 0,91(2) = 2z we have the integral operator, which was defined
and studied by Pescar and Owa [9].

For g;(z2) = 2,i = I,n,0 = vy and B; = --- = 3, = 0 we obtain the integral
operator H,, (1.1), which was defined and studied by D. Breaz and N. Breaz [1],
and this integral operator is a generalization of the integral operator defined by
Pescar and Pascu [8].

For a; = ag = -+ = a, = 0,6 = 7,9:(2) = 2,4 = 1,n we have the integral
operator which was defined and studied by D. Breaz, N. Breaz [2] and this
integral operator is a generalization of the integral operator defined by Pescar
and Owa [9].

For n =1, g1(2) = z we obtain the integral operator which is defined and studied
by Ovesea [6].

For g;(z) = 2,4 = 1,n,8 = v we obtain the integral operator T}, that was defined
and studied by Frasin [3], and this integral operator is a generalization of the
integral operator defined by Ovesea [6].

In this paper we derive certain sufficient conditions of univalence for the integral

operators H,,, T,, V,,, using Mocanu’s and Serb’s Lemma, Pascu’s Lemma.

2. Preliminary results

In order to prove main results we will use the lemmas.

Lemma 2.1. Mocanu and Serb [5]. Let My = 1,5936... the positive solution of equation

(2—M)eM = 2. (2.1)
If fe Aand
f"(2)
Fl < Gew, (22
then
zf'(z) ;
‘f(z) 1‘<1, (z €U). (2.3)

The edge My is sharp.
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Lemma 2.2. Pascu [7]. Let a be a complex number, Re o > 0 and the function f € A.
If

1— |Z|2Re [eY zf”(z)

Re « f(2)

for all z € U, then for any complex number 8, Re 8 > Re «, the function

<1, (2.4)

Fa(z) = [ﬂ / ) uﬁ‘lf’(u)du} ' (2.5)

is reqular and univalent in U.

3. Main results

Theorem 3.1. Let 3,7, ; be complex numbers, j = 1,n, Re B > 0, My the positive
solution of the equation (2.1), My =1,5936... and f; € A,
[i(z) =z+agz* +asjz®+..., j=1,n.

If
Re B> |ag| + -+ + |anl, (3.2)

then for all v be complex numbers, Re v > Re 3, the integral operator H, given by
(1.1) is in the class S.

Proof. Let’s consider the function
z (63} Qn
o (2) = / <fl(“)) <f"(“)) du, (z€l), (3.3)
0 u u
which is regular in & and h,(0) = h/,(0) —1=0.

We have
zhy(2) (Zf{(Z) > (Zf’ (2) >
L= 1)+ +a, 1
() UAG) fa(2)
and hence, we obtain
_ 2Re " _ 2Re 3 M U
1—|z] zh!'(2) 1—|z] Z o] zfj(2) 4] (3.4)
Re 8 h!(2) Re 8 = fi(2)
for all z e U.
From (3.1) and Lemma Mocanu and Serb we obtain
—1l<1, (z€el;j=1,n). (3.5)
fi(2)
By (3.4) and (3.5) we get
1— [0 b (2) | _ loal + - + |aw|
L < . .
Re 8 R (2) Re 8 , (z€l) (3.6)
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From (3.2) and (3.6) we have

1— |z‘2Re B8 Zh"(z)
L <1 Uu). 3.7
o | <1 Gew (37)
(o) = (B (@) i
From (3.3) we get hl,(z) = (7) e (7) and by Lemma Pascu it results
that H, € S. O

Corollary 3.2. Let o, 8 be complex numbers, Re 8 > 0, My the positive solution of
the equation (2.1), My =1,5936... and f; € A,
fi(z)=z+ayz>+...,i=1n.

If
1) P
fJ/(Z) < My, (z€lU;j=1,n), (3.8)
Re[n(a—1)4+1] > Re B >nla—1|, (neN-{0}), (3.9)
then the integral operator G, defined by
Gan={Ia = +11 [" (@) (@) a} T @0

1s in the class S.

Proof. From (3.10) we have

(3.11)
We take y =n(a—1)+1, a1 =as = -+ = o,y = @ — 1 in Theorem 3.1 and we obtain
the Corollary 3.2. 0

Theorem 3.3. Let 6, v, 3; be complex numbers, j = 1,n, Re 6 > 0, M, the positive
solution of the equation (2.1), My =1,5936... and f; € A,
fi(z) =z+agz*+..., j=1,n.

If

fi(2)
fi(z)

‘ <My, (€U, j=1,n), (3.12)

S eyl | (2Re 5+ 1) 5T 120y | S718)]| Re s <
Jj=1 j=1

< (2Re § + 1)"28%+ Re 6, (3.13)

then for all v be compler numbers, Re v > Re 6 > 0 the integral operator T,, given by
(1.2) is in the class S.
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Proof. We consider the function
“(filu “ Jn(u o n
i) = [ () (B T ) ) e @)
0 u u
The function g, is regular in & and we have g,(0) = ¢,,(0) —1 = 0.
From (3.14) we obtain
= Q; -1+ B, 3.15
ne ~ 2956 2 |55 (3:19)
and hence, we get
1 (2R | zg0(2)
Red | g,(2)
e N IEAD #0)
< - ; -1 i 3.16
R€§ - |a]‘ J(Z) +|BJ||Z| f]/(Z) ( )
for all z € U.
From (3.12), Lemma Mocanu and Serb, by (3.16) we have
1 [2f2Re 8 | zg(2)]
Re d g.(z) | —
LR gy Ll
< WZN ol + —F— |MOZ|5J (3.17)
j=1
Since
- 1_|Z|2Re5lz| 2
X - )
sl<1 Red (2Re 6§ + 1)*5re 5
from (3.17) we obtain
1 [£f2Re 8 | zg0(2)
Red | g,(2)
<= 5Z| s ij (3.18)
for all z € U.
From (3.13) and (3 18) we get
— 2 | 2gn(2) | _
1
7 s () 1, (z€el). (3.19)
From (3.14) we have ¢/, (z (f1<z )O” (fn;z)) "G (L () and
by Lemma Pascu we obtain that T, €S. O
Remark 3.4. For 8y = o = --- = 5, = 0,6 = 8, from Theorem 3.3 we obtain the

Theorem 3.1.
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Corollary 3.5. Let 6,a;,[; be complex numbers, j = 1,n, 0 < Re & < 1,M, the
positive solution of the equation (2.1), My = 1,5936... and f; € A,
f[i(z)=z+ayz?+...,j=1,n.

If

i (2)

1) <My, (z€lU,j=1n), (3.20)

(2Re 6 + )2Re5 Z|a]|—|—2Re(5 Z'BJ <

j=1
2Re 5+

< (2Re 0 + 1) 2res "Re 6, (3.21)
then the integral operator I,, defined by

e = (2 (DT ) e e

u u

belongs to the class S.
Proof. We take v =1 in the Theorem 3.3. d

Theorem 3.6. Let v, a;,3; be complex numbers, j = 1,n, Re v > 0, My the positive
solution of the equation (2.1), My =1,5936... and f;,g; € A,
[i(z)=z+az+...,9;(z) =2+byz? +...,j=1,n.

If
']ché/((j)) < M07 (Z € u7 ] = H)a (323)
?;/((2 <My, (z€lU,j=1n), (3.24)

(2Re y+1) 37 3 Jay| +2(Re 7)Mo Y 18] <
J=1 j 1
(2Re v+ 1) 2y Re ~y
— 2 )
then for every complex number § , Re § > Re ~y the integral operator V,, defined by
(1.3) is in the class S.

(3.25)

Proof. We consider the function

o () G) ™ G) G e o
The function p,, is regular in ¢ and p,(0) = p’,(0) — 1 = 0.

n
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We have
2Pp(2) _ ¢ 2fj(z)  zg;(2) 2fj(z) 295 (2)
/ = Z @ j - J + Bj ; - )
m(z) = fiz)  g;(2) fiz) g5(2)
and hence, we get
2pn(2) _
P(2)
n z / z /' z 1" z /./ z
$° o [ (2 0) - ()], (D OV i
2 7 0(2) ORrIE)
for all z € U.
From (3.27) we obtain
Rey | pn(2) '
1_|Z|2Re’y n |: (’zf]’(z ’ ‘zgg(z) D
<——- a; — 1]+ —1]) +
Re vy ; I\ T 9;(2)
2fi(2)] | |29](2)
+ |ﬁjl /7 /J
fi(2) gi(2)
for all z € U.
From (3.23), (3.24) and Lemma Mocanu and Serb we have
2fj(2)
—1] <1, 3.29
7, 529
/
29;() 1‘ <1, (3.30)
9;(2)
for all z € U, 7 = 1,n and hence, we get
1— |27 | zp)(2)
Revy | pp(2)
1—[o2Re IZI
Fe s 2Z| gl + -] 2MOZ|@ (3:31)
Since
_ 2Re v
max ! ‘Z| |Z‘ = 2 2Re y+1 (332)
lzI<t Revwy (2Re y + 1) 2re~
from (3.31) we obtain
|Z|2Re'y Zp AM,
2Re 2R B 3.33
| Zm P — Zu (3:3)
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for all z € U.
From (3.25) and (3.33) we get
1— |Z|2Re’y zp”(z)
n <1, U). 3.34
Rey [ pn(2) |~ (zetd) (334

From (3.26) we obtain

o (28)" - (52)"(5)" (58"

and by Lemma Pascu it results that V,, € S. d

Corollary 3.7. Let v, be complex numbers, j = 1,n, Re v > 0, M, the positive
solution of the equation (2.1), My =1,5936... and f;,g; € A,

fi(z)=2z4ag2*+..., g;(2) =2+byiz* +..., j=1,n.

If
Jg((;) <My, (€U, j=T,n), (3.35)
?;l((j)) <M, (z€U,j=1n), (3.36)
and
- R
> oyl < ;7 (3.37)
=1

then for all complex numbers § , Re & > Re ~y the integral operator K, defined by

- () () )

s in the class S.

Proof. We take 1 = 2 =--- = B, = 0 in Theorem 3.6. O

Corollary 3.8. Let v, a;,[3; be complex numbers, j = 1,n, 0 < Re v < 1, M the
positive solution of the equation (2.1), My =1,5936... and f;,9; € A,

fi(z)=2z4a2*+..., g;(2) =2+byz* +..., j=1,n.

If
Jg((;) < Mo, (2€U,j=1n), (3.39)
‘Z((j)) <M, (€U, j=1n), (3.40)
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and

(2Re v+ ) 2y Z|a]\+2]\/l0 Re ) Z
Jj=1 Jj=1

(2Re v+ 1) 7a - Re 7
- 2
then the integral operator J, defined by
[ ﬁ(u))“{,.(fn(u))a”_(f{(u))’f{,,(fm))ﬁ"
we= [ (20 w@) g ) MO

s in the class S.

(3.41)

Proof. For 6 =1 in Theorem 3.6, we obtain Corollary 3.8. g

Corollary 3.9. Let ~,[; be complex numbers, j = 1,n, Re v > 0,My the positive
solution of the equation (2.1), My =1,5936... and f;,g; € A,
fi(z)=z+az®+...,9;(z) =2+byz? +...,j=1,n.

If
fi'(z) —
< My, (z€lU, j=1,n), 3.43
P | <M ) (3.43)
g (2) L
<My, (z€lU, j=1,n), 3.44
0| S Mo et i=T) (3.4
and
2Re y+1
(2Re v + 1) 2Ren
< .
; 13 _— (3.45)

then for all complex number 6, Re § > Re vy, the integral operator Q,, defined by

= { [ (B ()" } 510

s in the class S.

Proof. For a1 = as = -+ = a,, = 0 in Theorem 3.6, we obtain Corollary 3.9. O

Corollary 3.10. Let v, 3; be complex numbers, j =1,n, 0 < Rey <1, My the positive
solution of the equation (2.1), My =1,5936... and f;,9; € A,
fi(z)=z+4az+..., gij(z) =z2+byz? +..., j=1,n.

If

fi(2)
fi(z)

‘ < Mo, (z€U, j=1n), (3.47)
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g; (2) o
< My, (z€l, 7=1n), 3.48
S| <M ) (3.48)
and

n (2R + 1) 2R§’y+1

6*)/ 2Re 7y
| < 3.49
Dol s = (3.49)

then the integral operator L, defined by
(i @))m (f’ (u))ﬁ"
LnZz/ < R du 3.50
D=0 Giw) \aw (350
s in the class S.

Proof. We take 0 =1 and a; = as =+ = «a,, = 0 in Theorem 3.6. O
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Harmonic uniformly [5—starlike functions
of complex order defined by convolution
and integral convolution

Nanjundan Magesh, Saurabh Porwal and Vasu Prameela

Abstract. In this paper we introduce and study a subclass of harmonic univalent
functions defined by convolution and integral convolution. Coefficient bounds, ex-
treme points, distortion bounds, convolution conditions and convex combinations
are determined for functions in this family. Consequently, many of our results are
either extensions or new approaches to those corresponding to previously known
results.
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1. Introduction

A continuous function f = w + iv is a complex- valued harmonic function in
a complex domain 2 if both v and v are real and harmonic in €. In any simply-
connected domain D C (), we can write f = h + g, where h and g are analytic in D.
We call h the analytic part and g the co-analytic part of f. Moreover,

15 _
h/:fZ:aI26y and g/:f2:8932

of _ ;9f of 4 ;0f

are always analytic functions in D. A necessary and sufficient condition for f to be
locally univalent and orientation-preserving in D is that |h/(2)| > |¢'(2)| in D (see
[13]).

Denote by Sy the family of functions f = h + g which are harmonic, univalent
and orientation-preserving in the open unit disc U = {z € C : |z| < 1} so that f is
normalized by f(0) = h(0) = f.(0) — 1 = 0. Thus, for f = h+ 7 € Sy, the functions
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h and g analytic in U can be expressed in the following forms:

—z—l—Zakz , g(z Zbkz (|61] < 1), (1.1)

and f is then given by

2)=z4 3 a2+ bk (Iby] < 1). (1.2)
k= k=1

We note that the family Sy reduces to the well known class S of normalized
univalent functions if the co-analytic part of f is identically zero (g = 0).

Also, we denote by TSy the subfamily of Sy consisting of harmonic functions
f = h + g such that

2)=z—Y laxlz", g(z) = |bkl2". (1.3)
h=2 k=1

In [3] Clunie and Sheil-Small investigated the class Sy; as well as its geometric
subclasses and their properties. Since then, there have been several studies related
to the class Sy and its subclasses. Following Clunie and Sheil-Small [3], Frasin [7],
Jahangiri [9, 10], Silverman [17], Silverman and Silvia [18], Dixit and Porwal [4], Dixit
et al. [5, 6] and others have investigated various subclasses of Sy and its properties.

Recently, Yalcin and Oztiirk [20] introduced a new class of harmonic starlike
functions of complex order T'Sj,(b) subclass of TSy consisting functions of the form
(1.3) and satisfying the condition

1 (2h'(2) = 2'(2)
Re(l—l—b(h(z)_'_g(z)—1>>>0,zeu, bG(C\{O}

and settled a conjecture. Further, Halim and Janteng [8] extended the study by intro-
ducing a new class S;(b,a), 0 < o < 1 of Sy consisting functions of the form (1.2)
and satisfying the condition

Re<1+i<zhl(z>_zg/(z)—l>> >a,zelU, beC\{0}, 0<ax<l

h(z) +g(2)
and obtained following sufficient condition. If f = h + g is given by (1.2) and if

i<n = M)'"'*Z(nﬂ )l <1

n=2

then f € 85,(b, ). Also, they proved that the coefficient condition

i<n ' ()|b| )bl)| n|+z(n+1 (1;|Lba)|b|>|bn|§1,b1—o

n=2

is necessary for f = h + g is given by (1.3) and belongs to T'Sj; (b, «).
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The convolution of two power series

D(2) —z—i—Z)\kz and U(z —z+Zukz (1.4)
k=2
is defined by
(P xT)(2) = z—&—Z)\kpkzk, (1.5)
k=2

where A > 0 and pg > 0. Also the integral convolution is defined by

(@ o W)(2 +Z kb . (1.6)

Motivated by the works of Yalgin and Oztiirk [20], Halim and Janteng [8], Jan-
teg and Halim [11] and Magesh and Mayilvaganan [14], we consider the subclass
Gy (P, W; B, v,b;t) of functions of the form (1.2) satisfying the condition

1 o D(2) x D(2) — g(z) * U(2) e ;
Re <1+b ((l—i—ﬁe )ht(z)oq)(z)—i—m Be 1)) >, z€eU, (1.7)

where b € C\{0}, 8> 0,0<~v <1, a €R, lu(z) = (1 —1t)z+th(z), g(z) = tg(2),
0<t<1,®and ¥ are of the form (1.4). We further let Gz (®, ¥; 3,~,b;t) denote
the subclass of Gy (®, ¥, 8,7, b; t) consisting of functions f = h+ 7§ € Sy such that h
and g are of the form (1.3).

We note that by specializing the functions ®, ¥ and parameters 3, v and ¢t we
obtain well-known harmonic univalent functions as well as many new ones.

For example,

z z

gﬁ((l —2)27 (1 —2)2

;0,0,0;1) = T'S3,(b)

was introduced by Yalgin and Oztiirk [20] and studied by Halim and Janteng [8],

z z .

was introduced by Stephen et al. [19]. Furthermore,

z 4 22 z + 22 N
g?-l((l —2)3’ (1 )37137,171) _HC(’Y)

was studied by Kim et al. [12] and

(2 + Z Ertizk 24 Z k"R 1,4,1;1) = RS(y)

k=2 k=2
was studied by Yalcin et al. [21]. Also,
z z
= Ly, L) =G
g?—[((l_z)27(1_z)27 y Vs L3 ) H(V)



180 Nanjundan Magesh, Saurabh Porwal and Vasu Prameela

was studied by Rosy et al. [16],
Qq((l _ZZ)Q, a _ZZ)Q;L?,% Lt) = Go(B, ;1)
was considered by Ahuja et al. [1]. Also, the class
G (@, ¥, 8,7, 15t) = Gz(®,¥; 5,7, 1)
was studied by Magesh and Porwal [15],
Gy (®,9;0,7,1;1) = HS(®, ¥39)
was studied by Dixit et al. [5],

T T

Z+Z2 Z+Z2
o a—pp 0 D = K0

510,77, ;1) = S5 (7)

and

were introduced and studied by Jahangiri [10]. For v = 0 the classes S5, (v) and K (v)
were studied by Silverman and Silvia [18], for v = 0 and b; = 0 see [2, 17].

If we set 8 =1 and « = 0 in the above definition we define the unified class of
harmonic starlike functions of complex order satisfying the following analytic criteria:

2 [ h(z)x®(z) —g(z) * V(2)
Re (1 + b (ht(z) o ®(2) + gi(2) 0 ¥(2) - 1)) > 2 €U,

where b € C\{0}, 0 <~y < 1, he(2) = (1 = t)z + th(z), g:(2) = tg(2), 0 <t <1, ® and
U are of the form (1.4).

In this paper we give a sufficient condition for f = h + g given by (1.2) to be in
Gy (P, W; B,v,b;t) and it is shown that this condition is also necessary for functions
to be in gﬁ@, U: 3,7, b;t). We also obtain extreme points, distortion bounds, convo-
lution and convex combination properties. Further, we obtain the closure property of
this class under integral operator. We remark that the results so obtained for these
general families can be viewed as extensions and generalizations for various subclasses
of Sz as listed previously in this section.

2. Coefficient bounds
Our first theorem gives a sufficient condition for functions to be in Gy (P, U; 5,~, b; t).

Theorem 2.1. Let f = h+ g be so that h and g are given by (1.1). If

(k=004 8) + L=t
P k(1 —)]o] *
[(k + )1+ 8) = (1= )bl

+

<1, K21 —7) <[(k—t)(1+ B) + (1 —y)t|b]]\r and

LA T [M]8

where $>0,0<~v<1,0

t
P1—7y) <[(k+8)(1+5) -1
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Proof. To prove that f € Gy (P, V; 8,7, b;t), we only need to show that if (2.1) holds,
then the required condition (1.7) is satisfied. For (1.7), we can write

1 pio h(z) « ®(2) —g(z) * ¥(z) o 1)) = ge AG)
Re<1+b<(1+ﬁ ) o)t o0 1)) " B

Using the fact that Re{w} > v if and only if |1 — v+ w| > |1 + v — w|, it suffices to
show that

>, z€U.

[A(z) + (L =7)B(2)| = [A(z) = (1 +7)B(2)| 20, z € U, (2.2)
where
A(z) = (1+ Be")[h(2) * D(2) — g(2) * U(2)]
+[b— (14 Be)][hi(2) 0 D(2) + gi(2) © U(2)]
and

B(2) = blhu(2) 0 B(2) + 9i(2) 0 U ().
Substituting A and B in (2.2) and making use of (2.1), we obtain
A() + (1= B(2)] — |A(2) — (1+7)B(2)
= |(1+ Be)[h(z) + (2) — 9(2) + U(=)]
b= (14 Be™)[he(2) © @(2) + gu(2) 0 ¥(2)]
(1= (ha(2) 0 @(2) + 0u() 0 9(2))
— |1+ Be)[h(z) + ©(2) — 9(2) * V()]
b= (14 Be)][h(2) 0 @(2) + u(2) 0 U(2)]
~(1 b (he(2) 0 B(2) + () 0 W () )|
> 21— ple| - 32 [ B RO A=,

k=2 k

3 [<k+t><1+/3}1 (1= )t

]uk|bk|z|’€

LS [0 B Q]
e L

Z{Um) 1+ ><1v>t|b|}uk|bk”2|kl}

[(k —t)(1+B) + (1 —9)t[b]
+

E—IT ] Al

)~ (L= )i
e T “’f"”“'} -
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which implies that f € Gy (P, U; 8,7, b; t).

The harmonic function

- k(1 —~)[b| k
f(z)=2z+ T2
&=+ 2 Goi+ A+ -
- k(1 —7)[b| —
+ Ye2",
; [(k 4+ t) (1 + B) = (1= 7)t[b]
where
oo (oo}
Dolal+ Y lwl =1,
k=2 k=1
shows that the coefficient bound given by (2.1) is sharp. O

Next, we will show that the sufficient condition (2.1) is also necessary for func-
tions to be in the class G5 (@, V; 8,7, b; ).

Theorem 2.2. Let f = h+ g be so that h and g are given by (1.3).
Then f € G (®,¥; 3,v,b;t) if and only if

= (k= £)(1+ 8) + (1 = tlbl)A
Z R

— [(k +1)( 1+6) (1 — )t bl
*; oD

by <1, (2.3)

where 3>0,0<v<1,0<t<1, k2(1—7) <[(k—=t)(1+B) + (1 —¥)t|b|]\x and
K21~ ) < [(k+ )1+ 8) — (1 — 2)tlbllue for k > 2.

Proof. Since G (®,V; 3,7,b;t) C Gy (P, ¥;3,7,b;t), we only need to prove the only
if part of the theorem. To this end, for functions f of the form (1.3), we notice that
the condition (1.7) is equivalent to

(1+ Be')[h(2) * @(2) — g(2) * ¥(2)]

H(A = 7)b— (1 + Be')][he(2) © D(2) + g4(2) © ¥(2)]

Re SR S
blhi(z) © ®(2) + gi(2) 0 ¥(2)]

>0, z€U.
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Upon choosing the values of z on the positive real axis where 0 < |z| = r < 1, the
above inequality reduces to

(1= )b — 3 [(k — t) + (1 — 7)bt] 2 fag o~

k=2
1
*

M8

[(k+t) — (1 —~)bt] 4= by |~

Re k

HM8

oo
% |ag|rk—1 + kzl tl};k|bk|’l“k_1:|

S (k= )2 ar* Tt + 30 (k4 ) B by rR
k=1

—Re{ Be' k=2 - - > 0.
b[1- % Betautrit+ £ it
k=2 k=1
Since Re(—e') > —|e'*| = —1, the above inequality reduces to
(1 =9)[bl = };2[(13 = t)(1+8) + (1 = 7)t[bl] 3 lag |+
= 2B+ )1+ B) — (L= )bl 5 by |r*
e R >0 (2.4)
01— 3 Bt + 55
k=2 k=1

If the condition (2.3) does not hold then the numerator in (2.4) is negative for
r sufficiently close to 1. Thus there exists zg = ro in (0, 1) for which the quotient in
(2.4) is negative. This contradicts the condition for f € Gz (®, ¥;3,,b;t), hence the
proof is complete. 0

3. Extreme points and distortion bounds

In this section, our first theorem gives the extreme points of the closed convex
hulls of G (®, ¥; 3,,b; ).
Theorem 3.1. Let f be given by (1.3). Then f € G5 (®,W; 8,7, b;t) if and only if

oo

F(2) =Y (Xhi(2) + Yige(2)), 3.1)

k=1

where

KL=l )
M) =5 ) =2 Gy gy (e 2R
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_ k(1 —~)b| k(.
) =2t @ B - e o BB
Z(Xk +Y) =1, X, >0, Y, >0.
k=1

In particular, the extreme points of Gz (®,¥; 3,v,b;t) are {hy} and {gx}.
Proof. For functions f of the form (3.1), we have

o0

F(2) =Y (Xphi(2) + Yigr(2))

k

Il
_

oo k(1 —7)|b] k
(Xi+Yy)2 22 E—t)(1+8) + ( ’Y)t|bH)‘kaz
k(1 — )bl

kak.
[(k+ 1)1+ B) — (1 = 7)t[bl]pr

+

Me 11

>
Il

1
Then

= [(k = )1+ 8) + (1= )tbl)As k(L= )b
2 R(L— )0 ([(k—t)(lJrﬂ)+(1—7)tble)Xk

+§: [(k+8)(1 +5) = (1 = »)tlbllux ( k(1 —~)[b]

2 R )W) (k+ 01 +5) - (1 —w)ﬂbm) e

o0

:iXk—i—ZYk:l—Xlgl
k=2 k=1

and so f € clco Gz (®,V; 3,7, b;t).
Conversely, suppose that f € clcoG(®, V; 3,7, b;t) and set

[(E—=t)(14+8)+ (1 —)t]b|] e lag], k=2,3,...,

X, =
g k(1 — )]
wnd [k + )1+ 8) — (1 —)b]
+t)(1+5) — (1 —7)t)b||px
Y, — =1,2,...
k k(l—’y)|b| ‘bk|7 k y &y )
where -
Z(Xk +Yi) =1
k=1

Then, by Theorem 2.2, we have 0 < X}, <1 (k=2,3,...) and 0 < Y, <1 (k =

1,2,3,...). We define
R N
k=2 k=1

and use Theorem 2.2 again to get X; > 0. Consequently, we obtain

oo

f(z) =)  (Xkhi(2) + Yigr(2)) -
k=1



Harmonic uniformly S—starlike functions 185

Another application of Theorem 2.2 shows that G5;(®, ¥; 3,7, b; t) is convex and
closed, so clco G (P, ¥; 3,v,b;t) = G5 (®, ¥; 8,7, b;t). In other words, the statement
of Theorem 3.1 holds. O

The following theorem gives the distortion bounds for functions in Gz (®, ¥; 3,7, b; t)
which yields a covering result for this class.

Theorem 3.2. Let f € G(®,V; 3,7,b;t) and
A
A< (k= t)(1+8)+ (1=t

A< [(k+8)(1+8) = (1=t
for k > 2, where

A= win {12~ (14 8) + (1= 01, (24 01+ 5) = (1= el |

then

)< (@t bl + (1 Ll (1+t)(1+61)4— (1= )tl| |b1|> .2

and

[f ()] = (1= [bu])r -

1—v A+ +8)— (1=t
( A — A |b1|) 7”2.

Proof. Let f € Gz(®,V; 3,7, b;t). Taking the absolute value of f, we obtain

@< o+ (ax] + [bel)r*
k=2

(14 [ba)r + 72 > (law] + [bx])
k=2

IN

oo

1—7 4 A A
L+ [br])r + —=r ];(1_7|ak|+1_7|bk‘)

IN

(1 4+ b + 2202 > (Kk — 1)1 Z(f)_%'lbl DA
[(k+ )1+ 8) — (1 — )t[blli
" k(L) b
11—~ 1 4+8)(1+B) — (1 =)ty ,
(1+|b1|)T+T <1_ 1—7) bl>7“

IN

A

and similarly,

sl = 0= (- A==, ) e

A
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The upper and lower bounds given in Theorem 3.2 are respectively attained by the
following functions:

f(z)=z+|b|z+ (1 ;17 — (1+t)(1+61)4_ a _W|b||b1|> z°
and
flz)=(1- |b1|)z . (1 2’7 _ (1 +t)(1+61)4_ (1 _V)tb||b1|> 22 O

The next covering result follows from the left hand inequality in Theorem 3.2.

Corollary 3.3. Let f of the form (1.3) be so that f € Go(®,W; B,7,b;t) and
A< (k=014 8) + (=i,
A< [(k+8)(1+8) = (1= )tblEE
for k > 2, where
A= win {[(2 = (14 8) + (1= O E (2 401+ 5) - (1 =)o) }.

Then

Atl—vy A—1
{we(C:|w|< +A T A+7|b1|}cf(m.

4. Convolution and convex combinations

In this section we show that the class G (®,V; 3,+,b;t) is closed under convo-
lution and convex combinations. Now we need the following definition of convolution
of two harmonic functions. For

f= )—z—ZIaklz +Z|bklz
and
2)=z— Y |AplF+) |BilFF,
k=2 k=1

we define the convolution of two harmonic functions f and F' as

oo

(f*F)(z) = f(z) * F(2) = 2 = ) law|[Axl=" + ) [bul|Bil=". (4.1)

k=2 k=1
Using the definition, we show that the class G;(®, ¥; 3,7, b; ) is closed under convo-
lution.

Theorem 4.1. For 0 <y <1, let f € Go(®,V; 3,7,b;t) and F € Go(®,V; 3,7, b; ).
Then f x F € G(®,V; 8,7, b;t).
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Proof. Let
z)=z— Z lag| 2" + Z |by[Z"
k=2 k=1
and - -
2)=z— Y |AplF+ Y |BilFF
k=2 k=1

be in G5;(®,¥; 8,7, b;t). Then the convolution f x F' is given by (4.1). We wish to
show that the coefficient of f x F' satisfy the required condition given in Theorem
2.2. For F' € Gg(®,V;3,7,b;t), we note that |Ax| < 1 and |Bg| < 1. Now for the
convolution function f * F, we obtain

(k= )0+ 8) + (L= il
2 KL=l ol
[(k +)( 1+6) (= y)tlbll
Bl
£0)+ 0 b

Z = |ag|
prt 7)[b]

— [(k+1)( 1+ﬂ) (1 — y)t[bl]pr
DI oI

|br|| Br|

+
V HM?B

|b|

k=

—

<1,
since f € Gz (®,V; 3,7, b;t). Therefore f + F € Go(®,¥; 3,7, b;t). O

Next, we show that the class gg(fb, ¥; 8,7, b;t) is closed under convex combina-
tion of its members.

Theorem 4.2. The class Gz (P, V; 3,7, b;t) is closed under convex combination.

Proof. Fori=1,2,3,... let fj(z) € G(®,¥;3,v,b;t), where f; is given by
Z) =z — Z |a¢k|zk + Z |b2k-‘§k
k=2 k=1

o0
For > t; =1,0 <t; <1, the convex combination of f; may be written as

B itifi(z) =z- Z (Zt |azk|> 2 +§: (it bzk|>

k=2 k=1

Since,

P )Ibl

[(k+t)(1+ B) — (1 —7)t[bll
k(1 —7)[ol

Mg

+

>
Il
—



188 Nanjundan Magesh, Saurabh Porwal and Vasu Prameela

from the above equation we obtain

= 1+5) Y)tbl]A
> SR Zt o

k=2

= [k + )( 1+5> (1 =)Dl &
+Z ‘b| Zt|bzk|

= ”)

= Z;ti {Z ) + 6) +)IT£ iy |ai]

U+ 01+ 6) = k(L= 5) bl m}

M8

- R — )]

=
Il
—

IA
I

s
I
—

This is the condition required by (2.3) and so Z tifi(z) € G (®,¥; B,7,b; ). O
i=1

5. Class preserving integral operator

Finally, we consider the closure property of the class G;(®, ¥; 3,7, b;t) under
the generalized Bernardi-Libera-Livingston integral operatorL. which is defined by

c+1

Clf(2)] = / ELf(©)dE (> 1),

0
Theorem 5.1. If f € G3(®,¥; 8,7, b;t), then Lc[f(2)] € Gz(P,¥; 8,7, b;t).

Proof. From the representation of L.[f(z)], it follows that

L) = S / et h(e)de + <t / Gk
0 0
= C“/ec 1(5 Zak|5>d§+c“/ el (Dbuek)d
k=2 k=1

0

= z- ZAkzk + ZBk.zk,
k=2 k=1
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where Ay = £ |ag| and By, = <5 |bg|. Hence
— [(k—t)(1 + B) + (1 — 7)t[b]] s <c+ 1 Iak|>
P k(1 —~)|b] c+k
= [(k+1)( 1+6) (1 — 7)t|b]) (c+1 >
DL
pt 7)]b] c+k
(k= 1)(1 4 5) + (1 —)t[bl] /\k o [(k+ ) (1 +8) = (1= 7)t[bl] s
< |0 |
,; k(1= )b 2 K1 =)o
<1,
since f € G;(®,¥; 3,7, b; ), therefore by Theorem 2.2, L.(f(2)) € Gz(®,V; 8,7, b; t).
O
References

[1] Ahuja, O.P., Aghalary, R., Joshi, S.B., Harmonic univalent functions associated with
K -uniformly starlike functions, Math. Sci. Res. J., 9(2005), no. 1, 9-17.

[2] Avel, Y., Zlotkiewicz, E., On harmonic univalent mappings, Ann. Univ. Mariae Curie-
Sklodowska, Sect. A, 44(1990), 1-7.

[3] Clunie, J., Sheil-Small, T., Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A
I Math., 9(1984), 3-25.

[4] Dixit, K.K., Porwal, S., Some properties of harmonic functions defined by convolution,
Kyungpook Math. J., 49(2009), no. 4, 751-761.

[5] Dixit, K.K., Pathak, A.L., Porwal, S., Agarwal, R., On a subclass of harmonic univalent
functions defined by convolution and integral convolution, Int. J. Pure Appl. Math.,
69(2011), no. 3, 255—264.

[6] Dixit, K.K., Pathak, A.L., Porwal, S., Joshi, S.B., A family of harmonic univalent func-
tions associated with a convolution operator, Mathematica, 53(76)(2011), no. 1, 35-44.

[7] Frasin, B.A., Comprehensive family of harmonic univalent functions, SUT J. Math.,
42(2006), no. 1, 145-155.

[8] Halim, S.A., Janteng, &., Harmonic functions stralike of complex order, Proc. Int. Symp.
on New Development of Geometric Function Theory and its Applications, (2008), 132
140.

[9] Jahangiri, J.M., Coefficient bounds and univalence criteria for harmonic functions with
negative coefficients, Ann. Univ. Mariae Curie-Sklodowska Sect. A, 52(1998), no. 2, 57—
66.

[10] Jahangiri, J.M., Harmonic functions starlike in the unit disk, J. Math. Anal. Appl.,
235(1999), no. 2, 470-477.

[11] Janteng, A., Halim, S.A., Harmonic functions which are starlike of complex order with
respect to symmetric points, Int. J. Math. Anal., 3(2009), no. 5-8, 315-323.

[12] Kim, Y.C., Jahangiri, J.M., Choi, J.H., Certain convex harmonic functions, Int. J. Math.
Math. Sci., 29(2002), no. 8, 459-465.

[13] Lewy, H., On the non-vanishing of the jacobian of a homeomorphism by harmonic gra-
dients, Ann. of Math., 88(2)(1968), 518-529.



190 Nanjundan Magesh, Saurabh Porwal and Vasu Prameela

[14] Magesh, N., Mayilvaganan, S., On a subclass of harmonic convex functions of complex
order, Int. J. Math. Math. Sci., 2012, Art. ID 496731, 13 pp.

[15] Magesh, N., Porwal, S., Harmonic uniformly B-starlike functions defined by convolution
and integral convolution, Acta Univ. Apulensis Math. Inform., 32(2012), 127-139.

[16] Rosy, T., Adolph, S.B., Subramanian, K.G., Jahangiri, J.M., Goodman-Rgnning-type
harmonic univalent functions, Kyungpook Math. J., 41(2001), no. 1, 45-54.

[17] Silverman, H., Harmonic univalent functions with negative coefficients, J. Math. Anal.
Appl., 220(1998), no. 1, 283-289.

[18] Silverman, H., Silvia, E.M., Subclasses of harmonic univalent functions, New Zealand
J. Math., 28(1999), no. 2, 275-284.

[19] Stephen, B.A., Nirmaladevi, P., Murugusundaramoorthy, G., Subramanian, K.G., Har-
monic parabolic starlike functions of complex order, Inter. J. Math. Sci. Engg. Appls.,
3(2009), no. 2, 59-66.

[20] Yalgin, S., Oztiirk, M., Harmonic functions starlike of the complex order, Mat. Vesnik,
58(2006), no. 1-2, 7-11.

[21] Yalgin, S., Oztiirk, M., Yamankaradeniz, M., On the subclass of Salagean-type harmonic
univalent functions, JIPAM. J. Inequal. Pure Appl. Math., 8(2007), no. 2, Article 54, 9
pp-

Nanjundan Magesh

P.G. and Research Department of Mathematics

Govt Arts College (Men), Krishnagiri - 635 001, Tamilnadu, India
e-mail: nmagi_2000@yahoo.co.in

Saurabh Porwal

Department of Mathematics

UIET Campus, CSJM University, Kanpur-208024, (U.P.), India
e-mail: saurabhjcb@rediffmail.com

Vasu Prameela

Department of Mathematics

Adhiyamaan College of Engineering (Autonomous)
Hosur-635109, Tamilnadu, India

e-mail: vasuprameelak@gmail.com



Stud. Univ. Babes-Bolyai Math. 59(2014), No. 2, 191-198

Differential inequalities and criteria for
starlike and convex functions

Sukhwinder Singh Billing

Abstract. We, here, study a differential inequality involving a multiplier transfor-
mation. In particular, we obtain certain new criteria for starlikeness and convexity
of normalized analytic functions. We also show that our results generalize some
known results.

Mathematics Subject Classification (2010): 30C80, 30C45.

Keywords: Multiplier transformation, analytic function, starlike function, convex
function.

1. Introduction

Let A be the class of all functions f which are analytic in the open unit disk
E = {z € C: |z|] < 1} and normalized by the conditions that f(0) = f’(0) — 1 = 0.
Thus, f € A has the Taylor series expansion

flz)=z+ Zakzk.
k=2
Let A, denote the class of functions of the form

(oo}
f(Z):Zp+ Z akzkv pEN:{17273a}7
k=p+1

analytic and multivalent in the open unit disk E. Note that A; = A. For f € A,,
define the multiplier transformation I,(n, A) as

) arz®, (A >0,n € Ng = NU{0}).
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The operator I,(n, A) has been recently studied by Aghalary et al. [1]. I;(n,0) is the
well-known S&ligean [6] derivative operator D", defined for f € A as under:

D"f(z) =2+ Z kagz".
k=2
A function f € A, is said to be p-valent starlike of order o (0 < e < p) in E, if

it satisfies the inequality
/
%(zf (Z)> >a, z € E.

f(2)

Let S;(a) denote the class of all such functions. A function f € A, is said to be
p-valent convex of order « (0 < v < p) in E, if it satisfies the inequality

R(1+ L) 50 scn

f'(z)

We denote by K,(a), the class of all functions f € A, that are p-valent convex of
order o (0 < v < p) in E. Note that $*(a) = S () and K(a) = K1 () are the usual
classes of univalent starlike functions (w.r.t. the origin) of order a (0 < a < 1) and
univalent convex functions of order o (0 < v < 1).

For two analytic functions f and g in the unit disk E, we say that f is subordinate
to g in E and write as f < g if there exists a Schwarz function w analytic in E with
w(0) =0 and |w(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function
¢ is univalent, the above subordination is equivalent to: f(0) = ¢(0) and f(E) C ¢g(E).

Liu [3], studied the differential operator (1 —\) (f(z) ) " +A ZHO) (f(z) ) ’ to
N 2P pf(z) \ 2#
z

make certain estimates on < - where a > 0, A > 0 are some real numbers and
z

f € Ap. As special cases of our main results, we also obtain the differential operators
/ 1
/() 4y, 2
f(2) £(2)

get certain new criteria for starlikeness and convexity of f € A,.

of above nature, but our estimations are on , consequently we

To prove our main result, we shall make use of following lemma of Hallenbeck
and Ruscheweyh [2].

Lemma 1.1. Let G be a convex function in E, with G(0) = a and let v be a complex
number, with R(y) > 0. If F(2) = a + a,2™ + apy12" 1 + -+ | is analytic in E and
F < G, then

1 [~ 1 #
— F(w)w ™ dw < 7/ Gw)w~" dw.
27 0 nz’)’/" 0
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2. Main results

2
Theorem 2.1. Let o, B, § be real numbers such that « > ——, 0 < d <1, >0

1-9
and let
[a+ B+ MN][ad —6) —2]

0 <M= M B 0p) = — o ga 5T

(2.1)

If f € A, satisfies the differential inequality

<Ip<n,x>f<z>>ﬁ {1 Mafp(nﬂ,w(z)} L

& Ip(na )\)f(Z) < M(OL,67 )‘a 57p)7 FAS IE7 (22)

then

L+ 1LNVIE)Y s
%< LN F () >>‘5’ b

Proof. Let us define

B
(Ip(nvz)z‘g)f(z)) — u(z), 2 c E
Differentiate logarithmically, we obtain
2L\ f(2)  zd/(z)
LN P Bule) (2

In view of the equality
2L, (n, A f(2) = (p+ MIp(n + LA f(2) = Mp(n, M) f(2),
(2.3) reduces to
I,(n+1,N)f(z) - 2u/(2)
Ip(n, \)f(2) Ao+ Au(z)
Therefore, in view of (2.2), we have

u(z) + mzu’(z) <14 M-=. (2.4)
The use of Lemma 1.1 (taking v = W) in (2.4) gives
Bp+ ANMz
ulz) <1+ a+Bp+A)
" Blp+ MM
p+
therefore, we obtain
B+ M
()] >1- PP (2.5)

I,(n+1,\)f(2)
Ip(n, \) f(2)
(1= a)u(z) + au(2)[(1 —§w(z) + 6] — 1] < M.

Write =(1—-0)w(z)+46, 0<d <1 and therefore (2.2) reduces to
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We need to show that R(w(z)) > 0, z € E. If possible, suppose that $(w(z)) # 0, z €
E, then there must exist a point zg € E such that w(zg) = iz,z € R. To prove the
required result, it is now sufficient to prove that

[(1 — a)u(zo) + au(zo)[(1 — d)iz + ] — 1| > M. (2.6)
By making use of (2.5), we have
(1 — a)u(zg) + au(zo)[(1 — §)iz + §] — 1

> |1 —a(l =96)+ a(l —d)iz]u(z)] —1
= VI-a(l =02+ a2(1—0)222 |u(z)| -1
> [1—a(l—=d)[|u(z) -1
Blp+ MM \
> |1_a(1_6)<1_a+5(p+)\)) 1> M. (2.7)

Now (2.7) is true in view of (2.1) and therefore, (2.6) holds. Hence R(w(z)) > 0 i.e.

5 (Ip(n + 1, M) f(2)

>0, 0<d<1, z€E.
Ip(n, M) f(2) )

0

Remark 2.2. From Theorem 2.1, it follows, if «, 3, § are real numbers such that
2
a>——-0<0<1, >0andif f e A, satisfies

1-06
(%Wdﬁ@»ﬁ{l_y+%w+LAﬁ@q_l [0+ B+ N][a(1 - 8) —2]
2 a L) ] al T @+ B =0+

then

L+ 1N s
%< @WAV@))>& e

Letting a — oo in above remark, we get the following result.

Theorem 2.3. Let 8, § be real numbers such that >0, 0 < d <1 and let f € A,
satisfy

LN\ (L + L) 1-6
‘( 2 ) ( L,(n, N[ (2) Q’<1+m1®@+Aw

then

I,(n+1,N)f(2) s
%< 1,im N F(2) >>& <

For p = 1 and A = 0 in Theorem 2.1, we get the following result involving
Salagean operator.
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2
Theorem 2.4. If «, B, § are real numbers such that o > T—5 0<do<l >0
and if f € A satisfies the differential inequality

(a+B)la(d —4) 2]

‘(D"f(z))ﬁ{laJram}l T z €E,
- %(DDHZ;J(;()Z)) >4, 2 €L

Select p =1 and A = 0 in Theorem 2.3, we obtain:
Theorem 2.5. If B, § are real numbers such that 5 >0, 0 < d <1 and f € A satisfies

(#22 ()r

14+ 8(1-9)
DL f(2) B
%(an(z) ) >4, z € E.

z€eE,

then

3. Criteria for starlikeness and convexity

Setting A = n = 0 in Theorem 2.1, we obtain the following result.

2
Corollary 3.1. Let o, B, § be real numbers such that a > T—5 0<di<l1, >0
and let f € A, satisfy the differential inequality

(a+pB)la(l —4) - 2]

(1=e) (@?)ﬁ*a?ﬁff (f())ﬁl RS
" %(Z}CESU >pd =7, z€E,

ie. f€S8,(7), 0<y<p.

Writing 8 = 1 in above corollary, we obtain:

2
Corollary 3.2. Suppose that o, § are real numbers such that o > ——, 0 < 4§ < 1

-
and suppose that f € A, satisfies !
f(z) ,  f'(z) (a+p)la(l —6) — 2]
then #2)
zf'(z
9?( ) > >pd=7, z€E,

ie. f€S8,(7), 0<y<p.

Setting n =1 and A = 0 in Theorem 2.1, we obtain the following result.
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2
Corollary 3.3. Let o, 3, & be real numbers such that o > T—5 0<di<l, >0
and let f € A, satisfy the differential inequality

o (E2) ) () -

then

_ (a+pA)la(1=5) -2
o[l+pB—0)]

2f"(z)
f'(z)

§R(l+ >>p5—'y,z€E,

ie. fE€K(v), 0<y<p.

Writing 6 = 1 in above corollary, we obtain:

2
Corollary 3.4. If o, 6 are real numbers such that« > ——, 0<d <1 andif f € A,

1-6
satisfies
f'(z) | o f(2) zf"(z) (o +p)le(l —6) — 2]
(1—04)pzp_1 +Z§zp_1 <1+ ) > 1‘ < altpd=0) z€E,
then

5)?(1—}- ZJ{’(S)) >pd=-, z€E,

ie. fely(y), 0<~v<np.
Writing A = n = 0 in Theorem 2.3, we get:

Corollary 3.5. If 8, § are real numbers such that § >0, 0 < § <1 and if f € A,

satisfies
(99) (29 1)« ity e

R (Z]]:Eij)) >pd =7, z€E,

then

ie. f€S8,(7), 0<y<p.

Note that for 8 = p = 1, the above corollary gives the result of Oros [5].
Setting A = 0 and n = 1 in Theorem 2.3, we obtain:

Corollary 3.6. Assume that 5, & be real numbers such that f > 0, 0 < § < 1 and
assume that f € A, satisfies

(29" [ (4 |« iy -2

P //(z)) B
§R(1+ 702) >pd=-, z€E,

then

ie. fely(y), 0<~v<np.
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Note that for 5 =p =1 and § = 0, the above corollary deduces to the result of
Mocanu [4].

Taking p = 1 in Corollary 3.1, we get:

2
Corollary 3.7. If a, 3, § are real numbers such that o > =5 0<di<l1, >0
and if f € A satisfies

(a+B)la(l —6) —2]

f@Y | )R
(l—a)< > +azﬁ—_1—1< ol + B0 = 0] , z €E,
then 70
8%( e > >0, z€ R,
i.e. f€8*(6).

Setting p = 1 in Corollary 3.3, we get:

2
Corollary 3.8. If a, 3, § are real numbers such that o > =5 0<d<l1, >0
and if f € A satisfies

TR R S
" R (1 + ﬁ;g)) >4, z €E,
i.e. feK(9).

Put A=p=1 and n =0 in Theorem 2.1, we get:

2
Corollary 3.9. Suppose that o, 3, § are real numbers such that o > =& 0<6d<
1, 8> 0 and suppose that f € A satisfies

(1-2) (ﬂz))ﬂ o () L) 1| L (@t 29)a(1 =) =2

E
2) \ 2 2~ A1 all+28(1—¢6)] '~

then

R (i{;i’?) >20—1, z€ .

Put A =p=1and n =0 in Theorem 2.3, we obtain the following result.
Corollary 3.10. If f € A satisfies

(L) (0|« 200 e

R <ZJ{£S)> >20—1, z€R,

where B, § are real numbers such that 5 >0, 0 < 4§ < 1.

then
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Semilinear operator equations and systems
with potential-type nonlinearities

Angela Budescu

Abstract. The recent results of Precup [6] on the variational characterization of
the fixed points of contraction-type operators are applied in this paper to semilin-
ear operator equations and systems with linear parts given by positively defined
operators, and nonlinearities of potential-type. Mihlin’s variational theory is also
involved. Applications are given to elliptic semilinear equations and systems.
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1. Introduction

In this paper, firstly we are concerning with semilinear operator equation of the
type:

Au = J (u), (1.1)
where A is a positively defined linear operator and the nonlinear term is the Fréchet
derivative of a functional J. Secondly we discuss the semilinear operator system

Alu = Jll(u,v)
(1.2)
AQ’U = JQQ(U,’U)7
associated to two positively defined linear operators A;, Ao and to two functionals
J1, Jo where by Ji1(u,v), Jaa(u,v) we mean the Fréchet derivatives of Ji (., v), Ja(u,.),
respectively. Our special interest in such kind of equations and systems is represented
by semilinear elliptic equations of the type

—Au = f(%u), (13)
and correspondingly, by the following elliptic system

—Au = f(z,u,v)
{—Av = g(z,u,v). (1.4)
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Recently in Precup [6], it was shown that the unique fixed point of a contraction T
on a Hilbert space, in case that T has the variational form

Tu=u— FE'(u),

minimizes the functional E. Also, the unique fixed point (u*, v*) of a Perov contraction
(Th (u,v), To(u,v)) with

Tl(u, U) =Uu— Ell(u7 1))
To(u,v) = u — Eoa(u,v),

under some conditions, is a Nash-type equilibrium of the pair of functionals (F1, E2),
that is:

Ei(u*,v*) = minE(u,v)
Es(u*,v*) = minEy(u*,v).

The goal of this paper is to apply the above results to the semilinear equa-
tion (1.1) and to the system (1.2). To this aim, we fully exploit Mihlin’s theory [4],
on linear operator equations. In particular we shall derive variational characteriza-
tions of the weak solutions of the Dirichlet problem for the equation (1.3) and the
system (1.4).

The paper is organized as follows: Section 2 is devoted to preliminaires, and
Section 3 contains the main results. More exactly, in Section 3.1 we discuss the case
of the equation (1.1), while in Section 3.2 we obtain theoretical results for the sys-
tem (1.2). Furthermore, in Section 3.3 we apply our first result to an elliptic equation
of the type (1.3) and in Section 3.4 we apply our second result to the system (1.4).

2. Preliminaries

2.1. Variational theory of linear operator equations

In this section we sketch Mihlin’s variational theory [4] (see also [5]) for linear
equations associated to positively defined operators. Let H be a Hilbert space with
the inner product denoted by (.,.)g and the norm ||.||z. Let A : D(A) — H be a
symmetric, linear and densely defined operator. The operator A is said to be positively
defined, if for some v > 0,

(Au,u)gr > |lullF, (2.1)
for every u € D(A). For such a linear operator, we endow the linear subspace D(A)
of H with the bilinear functional:

(u,v)m, = (Au,v) g,
for every u,v € D(A). One can verify that (.,.)y, is an inner product. Consequently,
D(A) endowed with the inner product (.,.)m, is a pre-hilbertian space. This space
may not be complete. The completion H4 of (D(A),(.,.)m,) is called the energetic
space of A. By the construction, D(A) C H4 C H with dense inclusions. We use the
same symbol (.,.)y, to denote the inner product of H4. The corresponding norm

HU’HHA =V (U,U)HA,
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is called the energetic norm associated to A.
If u € D(A), then ||u| g, = v/ (Au,u)y and in view of (2.1) one has the Poincaré
inequality

1
Julls < ~ s, (2.2)

for every u € D(A). By density the above inequality extends to H4. We use this
inequality in order to identify the elements of H 4 with elements from H.

Let H'; be the dual space of Ha. If we identify H with its dual, then from
Hy C H we have H C H,.

We attach to the operator A the following problem:

Au=f, u € Hpy, (2.3)
where f € H',. By a weak solution of (2.3) we mean an element u € H, with:
(w, V)i, = (f;0) (2.4)

for every v € H,4, where the notation (f,v) stands for the value of the functional f
on the element v. In case that f € H, then (f,v) = (f,v)g. Notice that if u € D(A),
then (2.4) becomes (Au,v)g = (f,v).

Theorem 2.1. For every f € H/, there exists a unique weak solution u € Ha of the
problem (2.3).

Proof. Consider the functional F' : Hy — R given by F(v) = (f,v), for v € Ha.
Obviously, F' is linear. Also

)] =10l < 1 llag ol -

Hence, F' is a linear and continuous functional. By Riesz’s theorem, there exists a
unique u € Hx such that F(v) = (u,v)y, for all v € Ha. Clearly, u is the unique
weak solution of (2.3). O

This result allows us to define the solution operator A~! associated to operator
A. Thus
AL qu —Hy,
AT =, (2.5)
where u is the unique weak solution of problem (2.3). The operator A~! is well defined
by the above theorem and one has

(Ailfav)HA - (fav) (26)

for all v € Hy and f € HY.
The operator A~1 is an isometry between H', and H,, i.e:

1Al = 11 £ 1l (2.7)

for all f € H),. Indeed, in order to show that the inequality |A~" f||z, < ||f]|z, holds,
we replace v with A= f in (2.6), to obtain (A=Lf, A= f)y, = (f, A~Lf). Therefore

1A I, = (£ A7) < 1l AT Fll -
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Hence, |A~" fllz, < |[f]l#z,- On the other hand, we have that

(o)l _ o A )

[z, = su =
4 vEHA HU”HA vEH A HUHHA
v#0 v#0
A—l
S sup || f”HAHU”HA — ||A_1f||HA~
vEH A ||UHHA
v#0

From the above inequalities, (2.7) follows.
We also mention Poincaré’s inequality for the inclusion H C HY,

1
lullm, < Zlulla,  we H. (2.8)
This can be proved as follows:
Hu||H/ = sup 7|(U’U)H| < M
4 veHa [VllEs T vena  vllH4
v#0 v#0

Now, using (2.2) we have:

Therefore (2.8) holds.
Using (2.7) and (2.8) we see that if f € H, then

1
1A fllaza = 1 fllar, < §||f|\H- (2.9)

For a fixed f € H/;, one considers the functional:
E:Hjy— R,
1
Bw) = gl (f,u).
The functional F is Fréchet differentiable and for any u,v € H 4, we have:

(E'(u),v) = lim Blu+tv) = B(w)

t—0 t

= (u,0)m, — (f,0) = (u— A_1f7v)HA' (2.10)

Now (2.10) shows that u € Hy is a weak solution of (2.3) if and only if u is a critical
point of E, i.e E'(u) = 0.

2.2. Variational properties for contraction-type operators

In this section and in the next one, we summarize the abstract results from the
paper Precup [6], concerning the variational characterization of the fixed points of
contraction-type operators. The first result refers to usual contractions on a Hilbert
space.
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Theorem 2.2. ([6]) Let X be a Hilbert space and T : X — X be a contraction with
the unique fized point u* (quaranteed by Banach contraction theorem). If there exists
a C! functional E bounded from below such that

E'(u) = u—T(u) (2.11)
for alluw € X, then u* minimizes the functional E, i.e
E(u*) = 151(f E.

2.3. Nash-type equilibrium for Perov contractions

The next result from [6] is about systems of the type

{u =T (u,v)

v = Ty(u, v), (2.12)

where u € X1, v € X5. In this case, instead of Lipschitz constants in the definition of
contractions, we use matrices.

A square matrix M € M,, ., (R™) with nonnegative entries is said to be conver-
gent to zero if

MF =0, as k — oo.

There are known the following characterizations of the convergent to zero ma-
trices (see, e.g [7], [2]).

The following statements are equivalents:

(i) M is a matrix that is convergent to zero;

(ii) I — M is nonsingular and (I — M)™! = I+ M + M? + ... (where I stands for the
unit matrix of the same order as M);

(iii) the eigenvalues of M are located inside the unit disc of the complex plane;

(iv) I — M is nonsingular and (I — M)~! has nonnegative entries.

Refering to the system (2.12), we assume that (X;,|.|;), ¢ = 1,2, are Hilbert
spaces identified to their duals and we denote by X = X; x X5. Also, assume that
each equation of the system has a variational form, i.e. that there exist the continuous
functionals E7,FEy : X — R such that Fi(.,v) is Fréchet differentiable for every
v € Xo, Es(u,.) is Fréchet differentiable for every u € X5, and

{Eu(um) =u—T(u,v)

Ess(u,v) = v —Ta(u,v). (2.13)

Here E11(.,v), E2a(u,.) are the Fréchet derivatives of Fi(.,v) and FEs(u,.), respec-
tively.

We say that the operator T': X — X, T'(u,v) = (T1(u,v),Ta(u,v)) is a Perov
contraction if there exists a matrix M = [m;;] € Mz (R4) which is convergent to
zero such that the following matricial Lipschitz condition is satisfied

|: |T1(’LL,'U)—T1(§7?)‘1 :| §M|: |U—§|1 :| (214)
| T2 (u, v) — T (@, D)2 [v—]a
for every u,u € X; and v,7 € Xs.

The next theorem gives us a variational characterization of the unique fixed

point of a Perov contraction.
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Theorem 2.3. ( [6]) Assume that the above conditions are satisfied. In addition
assume that E1(.,v) and Es(u,.) are bounded from below for every u € X1, v € Xo,
and that there are R, ¢ > 0 such that one of the following conditions holds:

Ei(u,v) > i)r{lel(.,v)—i—c for |uls > R and v € Xo, (2.15)
1

Es(u,v) > i}(leg(u, J+4c for|vla > R and u € X;.
2
Then the unique fized point (u*,v*) of T (guaranteed by Perov’s fized point theorem,)
is a Nash-type equilibrium of the pair of functionals (E1, Fs), i.e.
Ei(u*,v*) = i)r(1fE1(.,v*)
Ey(u*,v*) = inf Ej(u”,.).
X2

3. Main results

The main results of the paper are concerning with variational properties of the
solutions of semilinear equations having the form

Au = J'(u),
with a positively defined linear operator A, and of semilinear systems of the type:

Alu = Jn(u,v)
AQ’U == JQQ(U,U).

We shall benefit of Mihlin’s variational theory for linear operator equations and we
shall apply the general results presented in Sections 2.2 and 2.3.

3.1. Semilinear operator equations with potential-type nonlinearities

First we consider the case of semilinear equations.

Let A be a symmetric, linear and densely defined operator as in Section 2.1 and
let J: H— R be a C1(H) functional. We look for weak solutions u € H4 for the
semilinear equation

Au = J (u). (3.1)
This equation is equivalent to
u= AT (u), (3.2)
this is, to the fixed point equation:
u="T(u), (3.3)

where T := A~1J’. We associate to the equation (3.1) the functional
1
E:Hy —R, E(u)= §||u||2HA — J(u). (3.4)

The main result of this section is the following theorem.
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Theorem 3.1. Under the above conditions on A and J, if in addition
J': H — H satisfies the following conditions:

17" () = J' ()| < allu—v|n (35)
for allu,v € H, and
J(u) <allul?y, +b, (3.6)
1
for allu € Hy, some o < 72, a < 3 and b > 0, then there is a unique weak solution
u* € Hy of equation (3.1) such that

E(w*)=inf E.
Ha
Proof. We apply Theorem 2.2 to X = H 4, to the operator T : Hy — Hy, T := AL’
and to the functional given by (3.4). Since J is of class C! on H, it follows that E is
of class C' on Hy. Indeed,

(E'(u),v) = lim E(u+tv) — E(u)

t—0 t
= (u, )i, — (J'(u),)
=(u— AT (w),v)m,.
Therefore, if we identify H, to Ha, we have

E'(u) =u—T(u).
1
Hence the assumption (2.11) holds. Using (3.6) and a < 50 we obtain

1 1
Bw) = ylully, ~ 70 = (5= o) lulPy, b2 ~b> -

for all w € Hy4. Thus, F is bounded from below. It remains to show that T is a
contraction on H,4. Using the hypothesis (3.5) and the Poincaré’s inequality (2.2),
for every u,v € H 4, we have

1 (w) = ' ()| < alu = olla
!
< Sl = vl
Since A is an isometry between H', and H 4, we then deduce that
IT(w) = ()]s = A7 (T () = T ()| 1
=17 (w) = J' ()],
1
< ;IIJ'(U) —J'()llu

o
< gl = vl

This shows that T is a contraction on Hy4, since o was assumed less than 2.
Thus Theorem 2.2 applies and the result follows. O
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3.2. Semilinear operator systems with potential-type nonlinearities
This subsection is devoted to the study of systems of the type:
{Alu = Jll(u, ’U)

AQU = JQQ(U,U), (37)

where Ay, Ay are symmetric, linear and densely defined operators on two Hilbert
spaces Hy, Hy. Denote H = Hj x Hy. Also, Jy,Jo : H — R are two C''(H) functionals
and by Ji1(u, v) we mean the partial derivative of J; with respect to u and by Jas (u, v)
the partial derivative of J, with respect to v. We express the above system as a fixed
point equation of the type

w=T(w) (3.8)
for the nonlinear operator T' = (11, T53), where w = (u,v), Ty : Ha, X Ha, — Ha,,

Ty (u,v) = AT Jyy and Ty : Ha, X Ha, — Ha,, To(u,v) = Ay Joy. Hence (3.8) can
be rewritten explicitly as follows

(3.9)

This vectorial structure of (3.8) allows the two terms T} and T3 to behave differently
one from another and also with respect to the two variables. Also, this requires the
use of matrices instead of constants, when Lipschitz conditions are imposed to 77 and
T,. Each component equation of (3.9) has a variational form. We associate to the
equations of (3.9) the functionals F4, Ey : Ha, X Ha, — R defined by

1
Ei(u,v) = §||u||§“1 — J1(u,v) (3.10)
1
Es(u,v) = §HU||?1A2 = Ja(u, ).
One has

Eii(u,v) = uw—Ti(u,v) (3.11)
Ex(u,v) = v—Ts(u,v),
where F11(.,v), Eaa(u,.) are the Fréchet derivatives of Ei(.,v) and FEs(u,.), respec-

tively.
The main result of this subsection is the following theorem.

Theorem 3.2. Let the above conditions on Ay, As and Ji, Jo hold. In addition assume
that Ji1 : Hy x Hy — Hy and Jos : Hy X Hy — Hs satisfy the following conditions:
(i) there exist m;; € Ry (4,5 = 1,2) such that

[J11(u, v) = J11(@, 0) ||y < manllu —allg, + mazfv —0f|m, (3.12)

| Ja2 (w, v) = Jo2(, ) |, < marllu — @llm, + mazllv — 9| @,
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for allu,u € Hy and v,v € Hy, and the matriz

mi1 Mi2
2 2
M = T;lgl %%2 (3.13)
i
18 convergent to zero;
(ii)
J1(u,v) < a1||u|\%IA1 + b (3.14)

Jo(u,v) < asllolF,, + b

1
forallu e Hy,, ve Ha, and some a1, a2 < — and by, ba > 0;
(iii) there are R, ¢ > 0 such that one of the following conditions holds:
Ey(u,v) > Ii{nf Ey(,v)+c for|lullm, >R andv € Ha,, (3.15)
41
Ey(u,v) > Ii{nf Es(u,.) +c for |v||m,, > R and u € Hay,.
Az

Then there is a unique solution (u*,v*) € Ha, x Ha, of the system (3.7) which is a
Nash-type equilibrium of the pair of functionals (Ey, Es), i.e:

Ey(u*,v*) = inf Ei(.,0v%) (3.16)
Ha,

Ey(u*,v*) = inf Es(u”,.).
Ha,

Proof. We apply the Theorem 2.3 to X; = Hy,, and Xo = Hy,. Using (3.12) we
show that T is a Perov contraction. Indeed, for (u,v) € X we have

1Ty (u,v) = Ta(@,0) |74, = 1AT (Jra(u,0) = J11(@,9)) |11,
= [ (u, 0) = Jua (@, 0) | 1,

1
< %HJH(% v) — Ji1 (@, 9)| m,

mi1

_ mi2 _
< lu—allm, + —= v =0l m,
71

mii _ mi2 _
< —|lu—ullg,, +—1|Vv—0||H4.-
el + e =,

1
A similar inequality holds for T5. Using (3.14) and a;,as < 5 we deduce that

1 1
Ey(u,v) = §||u||qu1 — Ji(u,v) > (2 - a1> ||u||2HA1 — by > —b; > —o0.

Thus, F; is bounded from below. Analogously, F> is bounded from below. Thus
Theorem 2.3 is applicable and the result yields. O
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3.3. Application to elliptic equations

In this subsection we present an application of Theorem 3.1 to elliptic equations.
More exactly, we deal with the Dirichlet problem:

{—Au:f(x,u) in Q

u=0 on 0N . (3.17)

Here 2 is a bounded open subset of R™, f :  x R — R and A is the Laplacian.
In this specific case H = L*(Q) and A = —A with D(A) = H?(Q) N H(Q). Also,
Ha = H}(Q) with the inner product

(u,v) :/QVqudz

ol g = ( / Vu|2dx) .
Q

The functional J : L?(Q) — R is given by
J(u) = / F(z,u(x))dz,
Q

and the norm

t
where F(z,t) = / f(x,s)ds. Also v = /A1, where A; is the first eigenvalue of the

0
Dirichlet problem for —A (see, e.g [8], [1], [3]). Hence the energy functional associated
to (3.17) is the following one:

E:H}(Q) =R,
1
E(u) = / (2|Vu|2 . F(x,u(x))) dez,
Q
Problem (3.17) is equivalent to the fixed point equation:
w= (~A)" Ny (u), (3.18)
where Ny is the Nemytskii superposition operator assumed to act from L?(Q) to itself,
Ny¢(u)(z) = f(x,u(x)) ( see, e.g [8], [9]). Notice that the functional J is C on L?(12),
J' = Ny and
E'(u) =u— (=A)"'Ns(u).
Theorem 3.3. Assume that the folllowing conditions are satisfied:
(i) f satisfies the Carathéodory conditions, i.e
f(,y) : Q = R is measurable for each y € R and f(z,.): R — R is
continuous for a.e x € Q;
(ii) f(.,0) =0 on §;
(i) exists o € [0, A1) such that
F(u) — £, )| < alu
for all u,u € R and a.e x € Q.
Then (3.17) has a unique weak solution u* € H () and

E(u*)= inf E.
Hy(Q)
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Proof. We shall apply Theorem 3.1. From (i7i) we deduce that
[Ny(u) = Ny(0)l|z> < aflu— vl
for u,v € L*(Q). Hence (3.5) holds. Also, since
[f(z, )| = |f(z,1) = f(z,0)] < alt],
for u € H}(Q), one has

u(x)

|J(u)\S/Q|F(:E,u(;zc))|dgcS/Q /f(x,s)ds dz
0

S/Q 0/)|f(x,s)ds dacg/Q / als|ds| dx

0

(07

(6%
=5 [ utafdo = Gl < 55 lull.

Therefore (3.6) holds with a =

and the result follows.
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and b = 0. Thus Theorem 3.1 can be applied

O

Let © be a bounded open subset of R™ and f, g : Q x R? — R. We consider the

following system:
—Au = f(x,u,v) in Q
—Av =g(x,u,v) in
u=0 on Of)
v=20 on 0N .

This problem is equivalent to the system:

{U = (—A)_lf(.,u, U)
v=(=A)"tg(.,u,v).

Also a pair (u,v) € H}(Q) x H}(Q) is a solution of (3.19) if and only if

Ell(u, ’U) = 0
Egg(u, U) = 0,

where Fy, Ey : Hi (Q) x H}(Q) — R are defined by

Bi(we) = llully — [ Flau(o),of)ds

Q
Esy(u,v) = %HUH?{& —/G(Jc,u(x),v(x))dx,
Q

(3.19)

(3.20)

(3.21)
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and
S

t
F(z,t,s) /f x,7,8)dr, G(z,t,8) = /g(x,t,T)dT. (3.22)
0

0

The functionals F;(.,v) and Es(u,.) are C! for any fixed u and v,
respectively, and

En(u,v) = u— (A7 (L u,v) (3.23)
E22(U7'U) = U—= (7A)7lg(.,u,v).

Here again F1; (.,v), E22 (u,.) are the Fréchet derivatives of Ej (.,v) and Fs (u,.),
respectively.

We shall say that a function H :  x R — R is of coercive type if the functional
®: HI} D) =R,

B(0) = 5lloly — | Hleo@)da (3.24)

is coercive, i.e ®(v) — 400 as [|v|[z — oco.
The main result of this subsection is the following theorem.

Theorem 3.4. Let f,g : Q x R? = R, f = f(x,9,2), g = g(x,y,2) satisfy the
Carathédory conditions, i.e f(.,y, 2), g(.,y,2) are measurable for each (y,z) € R? and
f(z,.), g(z,.) are continuous for a.e x € Q. Assume that f(.,0,0), g(.,0,0) € L*(Q)
and that the following conditions hold:

(i) there exist m;; € Ry (i,j = 1,2) with:

|f(x,u,v)—f(m,a,@)| §m11|u—ﬂ|+m12|v—@\ (3 25)
|g(m,u,v)—g(m,a,ﬁ)|§m21|u—ﬂ|—|—m22|v—17\, .
for all u,u,v,v € R and a.e x € §);
(ii) there exist HyHy : ) x R — R with
Hi(z,v) < G(z,u,v) < H(z,v), (3.26)
for all u,v € R and a.e. x € Q, where H and Hy are of coercive type.
If the matriz
1 mi1  Mi2
M=— 3.27
A1 [ ma1  M22 ( )

is convergent to zero, then (3.19) has a unique solution (u*,v*) € H} () x HL(Q)
which is a Nash-type equilibrium of the pair of energy functionals (E1, E9) associated
to the problem (3.19).

Proof. We shall apply Theorem 3.2. Here H, = Hy = L?(Q), A; = Ay = —A and
Ji,Jo : H — R are given by

Jl(u,v):/QF(ar,u(ac),v(x))dx, Jg(u,v)z/QG(x,u(x),v(x))dx.
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Also 71 = 72 = VA1. Using (3.25), in the same way as for a single equation, we have
that E1(.,v) and Fs(u,.) are bounded from below for any fixed v and v. In addition,
we use the second inequality from (3.26) to obtain:

Es(u,v) = 1||11||z,1 - /G z,u(z),v(x))ds

1
§||v||H1 —/H z,v( =: ®(v).
Since H is of coercive type, ® is bounded from below. Hence
Es(u,v) > ®(v) > ¢ > —o0,

for all u,v € H}(Q), that is Ea(.,v) is bounded from below uniformly with respect to
v. Denote

®1(0) = 5lloliy — [ Fi(eo@)da

Since @ is coercive, for each A > 0, there is Ry such that ®(v) > A for [jv[|z; > Ra.
Take ¢ > 0 and A = inf @1 + ¢. Then for [|v[|gz > Ry and any u € H} () we have

Es(u,v) > ®(v) > inf &1 + c.
From the first inequality of (3.26), we have ®;(v) > Es(u,v). It follows that
Es(u,v) > inf Es(u,.) + ¢

for [[v]|gz > Ry and all u € H}(9). This shows that Ey satisfies the condition (3.15).
Furthermore,

[ J11(w, v) = Ju1 (@, 0) |2 = | £ u,v) = £, 1, 0)[| L2

< mullu — al[z, + mazllv — ]|,
and similarly

| Joz (u, v) = Joz (@, 0)|| 2 = [lg(., u,v) — g(., @, D)| 12
< mai|lu—allr, + maalv — 0| L,.

Therefore the hypothesis of Theorem 3.2 are fulfilled and the result follows. O
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Greediness of higher rank Haar wavelet bases in
LP (R) spaces

Ekaterine Kapanadze

Abstract. We prove that higher rank Haar wavelet systems are greedy in
LE(R), 1 < p < oo if and only if w € A).

Mathematics Subject Classification (2010): 41A17, 42C40.

Keywords: Greedy algorithm, non-linear approximation.

1. Introduction

Let X = {z, : n € N} be a semi-normalized basis in a Banach space X. This
means that {x, },en is a Schauder basis and is semi-normalized i.e. 0 < inf,en ||| <
SUP,en [|Zn]] < co. For an element € X we define the error of the best m—term
approximation as follows

Om(x, X) = inf{|lx — Z any| },

neA

where the inf is taken over all subset A C N of cardinality at most m and all possible
scalars a,,. The main question in approximation theory concerns the construction of
efficient algorithms for m-term approximation. A computationally efficient method to
produce m-term approximations, which has been widely investigated in recent years,
is the so called greedy algorithm. For z € X with x = 270;1 anr, and m € N|
consider a subset G(m, z) C N of cardinality m such that

min  |ay| >  max |ap).

neG(m,z) neN\G(m,z)

There is some ambiguity in the choice of the set G(m,x), but our considerations do
not depend on the particular choice. Then the m-th greedy approximation of z with
respect to the basis X is defined as

gm(x;X) = Z Ap L -

neG(m,x)
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Clearly, o, (2, X) < ||z —Gm(x, X)||. The basis X is called greedy if there is a constant
C > 0, independent of m, such that for each m € N and = € X,

|2 = Gm(z, X)|| < Cop(x, X).

Wavelet systems are well known examples of greedy bases for many function and
distribution spaces. Indeed, V. N. Temlyakov showed in [13] that the classical dyadic
Haar system (and any wavelet system LP—equivalent to it) is greedy in the Lebesgye
spaces LP(R") for 1 < p < 0.

When wavelets have sufficient smoothness and decay, they are also greedy bases
for the more general Sobolev and Tribel-Lizorkin classes (see [3],[5]). Some example
of greedy bases are given in [13], [14]. In most cases these bases are greedy simply
because they are symmetric (e.g. Riesz bases for a Hilbert space), or because they are
equivalent to the dyadic Haar basis or to a subsequence of the Haar basis (see [7]). S.
V. Konyagin and V. N. Temlyakov [8] gave a very useful abstract characterization of
greedy bases in a Banach spaces X as those which are unconditional and democratic,
the last meaning that for some constant C' > 0

et 29| 2 e
holds for all finite sets of indices A, A’ C N with the same cardinality.

The purpose of this paper is to study the efficiency of greedy algorithms with
respect higher rank Haar wavelet system in the spaces LP (R). We recall that, as M.
Izuki proved in [6], that the dyadic Haar wavelet system (N = 2) is greedy in L?(R™)
for 1 < p < oo if and only if w € Af). Characterization of almost greedy uniformly
bounded orthonormal bases in rearrangement invariant Banach function spaces are
given [2].

By an N-adic (N € N, N > 2) lattice D we mean the collection of all N-adic
intervals, i. e. the collection of all intervals of the form [jN % (j + 1)N~F), j &k € Z.
If I is an interval, we denote by |I| its length, and by x; its characteristic function.
If I is an N-adic interval [jN=F, (j 4 1)N~*) then we denote by IY) the ”children”
intervals of I : [jN—* +IN~*+D sN=F £ (14 1)N-F+D) 1 =0,1,---,N — 1.

We denote by L?(R) the Hilbert space of square integrable (with respect to the
Lebesgue measure) complex-valued functions on R. We consider also L2 (R) (1 < p <

o) spaces, where w € L} (R) is a positive function called a weight. The norm of a
function f : R — C from the space LZ (R) is

e = ([ |f<x>|Pw<x>dx)l/p.

Given a function f, we denote by (f); its average over the interval I,

1
D= / f(@)dz

We are concerned with a special class of weights, called AIJDV . We say that w € Az],V
1<p<oxif

Ay = sup<w>1<w*1/(p*1)>f71 < 00.
IeD
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We say that an N x N matrix is a Haar wavelet matrix of rank N if it is
unitary and the elements of the first row are all equal to 1/ V/N. Many classical
examples of matrices used in mathematics and signal processing are Haar matrices
of specific types. These include the discrete Fourier transform matrices, the discrete
cosine transform matrices, Hadamard and Walsh matrices, Radmacher matrices, and
Chebyshev matrices (see [12]).

Let H = (gki)kN’i;lo be a N x N Haar matrix and ¢ = x[o,1). Define the functions

P®) (x fz gue(Nz —1) k=1,--- N —1. (1.1)

=0

The collection of functions
S8 NN ) e, kN1

form an orthonormal basis of L?(R) (see [15]. Bellow we adopt the shorter notation
o) = 4, where I = [nN, (n + 1)N ). The system X = {¢{"), I € D, k =
1,---,N — 1}, where the functions ¢*), k = 1,---,N — 1 are defined by (1.1), is
called the Haar wavelet system of rank N (corresponding to Haar matrix H). An
important example of a higher rank Haar wavelet system is the system obtained by
wavelet functions
N 1
(k) 2T RUN (N —1), k=1,--- N —1, (1.2)
1=0
where ¢ is characteristic function of the interval [0, 1).

Note that the wavelet system constructed by functions (1.2) became of interest
in connection with some problems of p-adic (non-Archimedean) mathematical physics
(see [10-11]).

For a Haar wavelet system X and f € L, (R), we define the Littlewood-Paley
operator by

N-1 1/2
=<ZZ|<f, §’“>>|2||I-1><z<x>> :

k=1 I€D

< f) s /R f

The characterization of the spaces L (R) (w € A,,1 < p < oo) using higher
rank Haar wavelet system X was given in [9].

where

Theorem 1.1. ([9]) Let X be a Haar wavelet system of rank N and 1 < p < co. The
following conditions are equivalent: 1) The system X is unconditional basis of space
LP(R); 2) There exist positive constants ¢ and C such that c | fl|ze, < [|P(f)|lpz, <
Cllfllpe, for all f € LE(R); 8) w e Aév.

The purpose of this paper is to prove following theorem.



216 Ekaterine Kapanadze

Theorem 1.2. Let X = {1/J§k); IeD,k=1,---,N — 1} be a Haar wavelet system of

rank N. Suppose w € A (1 < p < 00). Then the system {wgk)/\\wgk)np; IeD k=
1,- -+, N — 1} forms a greedy basis in the space LP (R).

2. Proof of Theorem 1.2

For simplicity we shall denote the normalized characteristic function of a set of
indices T" C {1,2,---,N — 1} x D by

Pk
1r = .
r= 2 151

(k,J)eT

Observe that X' is democratic in LP (R) if and only if there exists a function
h: N — R* for which

1
ol h(Card(T")) < |[1p| e, < Ch(Card(T)), VI C {1,2,---,N —1} x D (2.1)
for some C > 1.

Observe that from Theorem 1.1 for a single element 1%

k - w(I)/

where w(I) = [, w(z)dz and the constants involved in =< are independent of ¢}. Thus,

using again the expression of the norm || - || it follows that
1/2 1/2
- XTI - XTI
H]-F‘ L{j, - Z w(])z/p - Z?,U(I)Q/p ) (22)
(k,I)er » Iel p
L%, Ly

where T' = {I : (k,I) € I'}. Note that Card(T') < Card(T).
Given a finite set of intervals I' C D, we shall denote

w@
Sr(x):<zw&)2/p> :

Ier

We "linearize” the square function Sr(z). Note that this lineralization procedure has
been used by other authors in the context of m—term approximation (see e.g. [3-5]).
For every x € Ujerl, we define I, as the smallest (hence unique) interval in T’
containing x. It is clear that
xr, ()
Sr(z) > =2~ Vx &€ Urerl. 2.3
F( ) e 'U}(Iz)l/p Ier ( )
We now show that the reverse inequality holds with some universal constant.
Note that if w € A;,V, then there exist Cy, Co > 0 and § > 0 such that

CrLlAI/IT1) < w(A)/w(I) < Ca(|Al/1I])° (2.4)
for all I € D and all subsets A C I (see [1]).
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If we enlarge the sum to include all N—adic intervals containing I, we have

B xr(x) 1

I1€D, D1,

If I, C I and |I| = N7|I,,|, then by (2.4) we have, w(I) > Cy 'w(I,)N~7°. Thus,

2 x(m)
Sr(z)? < OW'

This and (2.3) show that Sp(z) < uﬁigf;r’

Observe that Sp(z) =< Srmin(x), where T'}ip
intervals in I', that is, T';;, = {I. : @ € UrerI}. Note that the intervals in I'
not necessarily pairwise disjoint.

Given a fixed I' C D, for any I € T we define the set S(I) as the union of all
intervals from T strictly contained in I. We define also the set L(I) = I\S(I). It is
clear that I € I'y;,, if and only if L(I) # (), and moreover Urerl = U[epminL(I),

where the sets in the last union are pairwise disjoint. Therefore we can write

Sr(@) = 3 Xe(n (@) (2.5)

w([)l/P
Telmj

denotes the family of minimal

min are

n

where in the last sum there is a most one non-zero term.

Denote by I's the collection of all intervals I from T' with property: |S(I)| >
(1 = 1/N)|I|. Denote by I'j, the collection of all intervals I from I" with property:
|L(I)| > |I|/N. Observe that I'y, C I'jy);,- We have

(1 -1/N)Card(T") < Card(I') < Card(T’ < Card(I"), VI C D. (2.6)

Clearly Card(I'z) < Card(T'},;,) < Card(I'). Thus, we need to prove only the in-
equality from the left hand side of (2.6). Given I € D, we write I*), k =1,--- N for
the N-adic intervals contained in I of size N~!|I|. For ] € I's and k = 1,- -+, N let

I(()k) be the biggest interval from I' with Iék) C I®). Note that the intervals Iék) exist
for every I € T'g; otherwise, if for some kg € {1,---, N} there is no interval from I"
contained in 7*0) we have Ik0) C L(I) and then

1S(D)] < [IN*)] = (1= 1/N)|1],
contradicting the definition of I'g.

We claim that if I, R € I's and I # R, then we necessarily have Iék) =+ Rél) for
all 1 < k,I < N. This is trivially true if I N R = (. Without loss of generality we
may assume I C R and also I ¢ R, Tt follows that Iék) #* R(()l) foralk=1,---\N
and all [ = 2,---, N. Moreover, as R(()l) is the biggest interval in T' contained in R()
and I C R' we have that I C Rél) c RM. Hence, for all k = 1, - -, N we have

I(()k) clc R(()l) and thus I(gk) # Rél). In short, to each I € I's we have assigned N
different intervals in I' and these are not associated to any other interval in I'g. We
conclude that NCard(I's) < Card(T"). Consequently we have

Card(I'y) = Card(T'y,) — Card(I's) > Card(I") — Card(I")/N = (1 — 1/N)Card(T).

min)
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Note that |I|/N < |L(I)| < |I| and by (2.4) we have || x|l Lz, = |Ix1]
this estimate we can write

Ly, Using

Xz ()
STl e =< Z W = (Card(I‘min))l/p = (Card(T))/P. (2.7)
1€l min e
From (2.2), (2.7) one obtains the estimates (2.1), with h(n) = n'/P. O
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Existence and localization of positive solutions
to first order differential systems with nonlocal
conditions

Diana-Raluca Herlea

Abstract. The purpose of the present work is to study the existence and the
localization of positive solutions to nonlocal boundary value problems for first
order differential systems. The localization is established by the vector version of
Krasnosel’skii’s fixed point theorem in cones.
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1. Introduction

Nonlocal problems for different classes of differential equations and systems have
been intensively studied in the literature (see, for example, [1], [2], [3], [9] for multi-
point nonlocal conditions, and [13], [14] for nonlocal conditions given by Stieltjes
integrals). One of the most common technique for the existence and localization of
positive solutions to integral and differential equations is based on Krasnosel’skii’s
fixed point theorem in cones (see, e.g. [4], [7], [8], [11] and [12]).

Motivated by the article of Li and Sun [6], in this paper, we study systems of first
order equations with integral boundary conditions, using the vector version of Kras-
nosel’skii’s fixed point theorem in cones given by Precup [10]. This vectorial method
allows the nonlinear terms of a system to have different behaviors both in compo-
nents and variables. More exactly, in this paper we consider the following first order
differential system with nonlocal boundary conditions given by linear functionals:

uy = fi(t, ui, u2)
uy = fa(t, u1, uz) .
u1(0) — ayui (1) = g1fui] (1)

u2(0) — aguz (1) = go[us]
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where f1, f € C([0,1] x R, Ry); g1,92 : C[0,1] — R are two linear functionals given
by
1
gilu] = / u(s) di(s), (1.2)
0

with g;[1] < 1; v; € C1[0, 1] increasing and 0 < a; < 1 — g;[1] (i = 1,2).
We seek nonnegative solutions (u1,us), u1 > 0, ug > 0 on [0, 1].

1.1. The integral form of the nonlocal problem

In order to put (1.1) in an operator form, let us first consider the scalar problem:

{Uu:w:h@, 0<t<1

u(0) — au(1) = glu] (13)

where h € C[0,1]; g : C[0,1] — R is a linear functional given by

olu] = / u(s) dy(s), (1.4)

with g[1] < 1; v € C*[0,1] increasing; 0 < a < 1 — g[1]. We shall obtain the integral
equation equivalent to the problem (1.3). To this end, we start with the differential
equation, which by integration gives

u(t) = u(0) + /Ot h(s) ds. (1.5)
Apply g to (1.5) and use its linearity to obtain
ot = w0t} + o | [ hts) s
Notice that by ¢ { /0 t h(s) ds] we mean the value of functional g on the function

t
t— / h(s)ds. This together with the boundary condition in (1.3) yields
0

w(0) — au(1) = u(0)g[1] + g [ / “h(s) ds] ,
and then )

w(0) —u(0)g[l] = au(l) + g {/0 h(s) ds] .
On the other hand,

1
w(l) =u(0)+ [ h(s)ds.
0
Therefore
1

u(0) — u(0)g[1] = au(0) + a / h(s)ds + g [ /0 t h(s) ds} .

0
Hence
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1
If we denote ¢ := =g —a and we substitute into (1.5), we obtain
—g[l—a

u(t) = cg [/Ot h(s) ds] +ca /01 h(s)ds + /Ot h(s)ds.

Next using the expresion (1.4) of g, we find

u(t)—c/1</sh()dr) d’y()+ca/1h()ds+/th()ds
_ / /h drds—i—ca/ h(s d5+/h
:/O (C’Y()/O h(r)dr + h(s )> ds—|—c/t 7(3)/0 h(r) dr ds

+ca /0 h(s) ds.

Integration by parts gives

ult) = ex(s >/
_/tl / ds+ca/01h(s)ds

cwfl)/o h(s )ds—/o1 cy(s)h(s )dst—i— /Ot h(s) ds+ca/()1 h(s)ds
| et =@ +an s+ [ heas

/ ds+c7()/osh(r)drl

t

= /0 [e(v(1) —v(s) + a) + 1]h(s)ds + /t c(y(1) = y(s) + a)h(s) ds.

223

(1.6)

If now, to the nonlocal condition u(0) —au(l) = g[u|, we associate the Green function

~)ey(1) =A(s) +al +1 for 0<s<t <1
Glt.s) = {c[y(l) —(s) + a for 0<t<s<1,

then (1.6) can be written as

1
u(t) = /0 G(t,s)h(s)ds.

Thus we have obtained the inverse of the operator L, L~! : C[0,1] — C[0, 1],

1
(L h)(t) = /O G(t, s)h(s) ds.

(1.7)

Based on this, the problem of nonnegative solutions of (1.1) is equivalent to the

integral system:
) = / G (£, 5) (s, ua (5), ua(s)) ds
1= /O Golt, 5) fa(s, u(s), us(s)) ds,

(1.8)
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where Gy (t, s) and Ga(t, s) are the Green functions corresponding to the two nonlocal
conditions,

i(s)+a]+1 for 0<s<t<1
cilvi(1) = 7i(s) + aj] for 0<t<s<1,

@
=
\‘@F
»
S~—
Il
/_/H
3
&
i)
3
—
—
=
|
)
3
—

where ¢; = ——— (i =1,2).
(4 _ gl[l] _ ai ( )
The following properties are essential for the applicability of Krasnosel’skii’s
technique:

1) Gi(t,s) < Hy(s), for all ,s € [0, 1], where
Hi(s) = ci[yi(1) —7i(s) +a;] +1 (1 =1,2)
2) 0;H;(s) < G4(t,s) for all ¢, s € [0,1], where
5, = min ci[yi(1) —7i(s) + ag]
s€(0,1] ¢;[vi(1) — vi(s) + @] + 1

Let N : C([0,1],R%) — C([0,1],R%), N = (Ny, N2) be defined by

N;(u1,us2)(t) :/0 Gi(t, 8) fi(s,u1(s),uz(s))ds (i=1,2).

The above properties of the Green functions imply that for any ¢,¢* € [0, 1], one has:

1
Ni(ur, uz)(t) = /0 Gi(t, 8) fi(s, u(s), us(s)) ds

(i=1,2).

Zéi/o H;(s)fi(s,u1(s),uz(s))ds

1
Z 62 / Gz(t*, S)fi(S, ul(s), UQ(S)) ds = 5iNi(U17 Ug)(t*)
0
This yields the estimation from below
Ni(ul,u2)(t) > (5i|Ni(u1,u2)|oo for all t e [O, 1] (7, = 1,2) (19)
and any nonnegative functions uy,us € C[0,1].
Based on these estimations we define the cones:

K; = {’U,z S C[O, 1] : ui(t) > (5i\ui|oo,for all t € [07 1]}(2 = 1,2), (1.10)
and the product cone K := K; x Kj in C([0,1],R?). Due to (1.9) we have the
invariance property

N(K)CK.
Therefore, the problem of nonnegative solutions of (1.1) is equivalent to the fixed
point problem
u=Nu,ue K,
for the self-mapping N of K. Note that the continuity of fi, fo implies the complete
continuity of N.

Notice that (1.9) represents a weak Harnack type inequality for the nonnegative
super solutions of the problem (1.1) (see [5]).



Existence and localization of positive solutions 225

1.2. The vector version of Krasnosel’skii’s fixed point theorem in cones
The main tool of our paper is the following vector version of Krasnosel’skii’s fixed
point theorem in cones given by Precup [10].

Theorem 1.1. Let (X,|-|) be a normed linear space; K1, Ko C X two cones; K :=
K, x Ky; "R ¢ Ri, r = (r,r:), R=(R1,R) with0 <r < RifO0<r <Ry
and 0 < ry < Ro; (Ki)r,.r, = {ws € K; 1 r; < |wi| < R;}, fori =1,2; K, p =
(K1)r Ry X (K2)rymy, and N : K, p — K, N = (N1, N2) a compact map. Assume
that for each i € {1,2}, one of the following conditions is satisfied in K g:

(a) Ni(ul,uQ) f (173 Zf |u1| =T, and Ni(Ul,UQ) z Uy Zf |uz| = Ri;
(b) N,;(ul,'uQ) {)é U; Zf ‘Uz‘ =Ty, and Ni(ul,UQ) ﬁ (173 ’Lf |U7| = R

Then N has a fized point u = (u1,u2) in K with r; < |u;| < Ry, fori € {1,2}.
Notice that the condition (a) means compression, while (b) means expansion.

Therefore, in Theorem 1.1, the operators Ny, Ny are both compressing, both expand-
ing, or one compressing and the other one expanding.

2. Main results

2.1. Existence and localization

Using the notations from Section 1.1, we can state the main result of this paper.

Theorem 2.1. Assume that there exist «;, B; > 0 with o; # B, i = 1,2, such that
A1d1 > 1, BiAy < fi, 2.1)
Ag)dg > g,  BaAg < B, .

where

Ai:/ G;i(t*, s) ds, for a chosen point t* € [0, 1],

B; = max / Gi(
0<t<1
At =min{fi(t,ur,uz) : 0 <t <1, b1y <up < g, d2rp < up < Rp},
=min{fo(t,ur,uz) : 0 <t <1, 617 <uqg < Ry, daag <ug < an},
Ay =max{fi(t,ur,uz) : 0 <t <1, 6181 <uyp < P, d2r2 < up < Rol,
Ay = max{ fa(t,ur,uz) : 0 <t <1, 611 <wp < Ry, 6282 < up < fa,
and r; = min{ay, 5;}, R; = max{ay, 8;} (i = 1,2). Then (1.1) has at least one positive
solution v = (uy,ug) with r; < |us| o < R; (1 =1,2).
Proof. We shall apply Theorem 1.1, with X = C[0,1], |u| = Jax |u(t)| and K1, K>
given by (1.10). o
If w; € (K;)p, R;» then m; < |ui]oo < Ry (1 =1,2). It follows from the definitions
of K; that

>
]
|

for all ¢ € [0,1]. Also, if we know for example that |u1|e = a1, then
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drar <ui(t) < og.

We claim that for any w; € (K;),, r, and i € {1,2}, the following properties
hold:
|uiloo = i implies N;(ui,u2) € u;, 0o
|uilo = B; implies N;(uq,u2) # u;. (2:2)
Indeed, if |u1|eoc = a1 and we would have Np(ug,u2) < uq, then for the chosen
point t* we obtain using (2.1):

1
ar > uy(t*) > Ni(ug, ug)(t) :/0 G1(t", ) f1(s,u1(s), ua(s)) ds
> A1) > oy.

This yields the contradiction oy > ay. Now, if |u1|e = 1 and Ny(ug,u2) > uq, then
for some t' € [0,1] with |u1]|ec = u1(t") we have

1
B1 =ui(t') < Ni(up,u2)(t') = /o G1(t, 8) f1(s,u1(s),uz(s)) ds
<BiAL < By

whence we deduce that 51 < 1, a contradiction. Hence (2.2) holds for i = 1. Simi-
lary, (2.2) is true for ¢ = 2. O

In particular, if f; and fo do not depend on t, i.e., fi = fi(u1,us) and fo =
fa(u1,uz), and f1, fo have some monotonicity properties in u; and wus, then we can
specify the numbers A1, A2, A1, Ay and the conditions (2.1) are expressed by values
of f1, fo on only four points. Here are five cases from all the sixteen possible:

Case 1) If f1, fo are nondecreasing in u; and usg, then

A1 = fi(b1a1,02r2), A1 = f1(B1, R2), A2 = fa(0171, b20x2), Ag = fa(Ry, B2),
and (2.1) becomes

f1(01aq1,00m2) 1 fi(B1, Re) 1

> R - 5 D

aq Al Bl Bl
f2(d171, 0200) b f2(R1, B2) <L
(6) A27 ﬂQ BZ.

Case 2) If f1 is nondecreasing in u; and uz, while f5 is nondecreasing in u; and
nonincreasing in ug, then

A1 = fi(ra1,02r2), A1 = f1(B1, R2), A2 = fa(0171, 2), Ao = fo(R1,02/32),
and (2.1) reduces to
fi1(d101, bar2) 1 f1(B1, Ra) 1

>—, —— < =,
a1 Al ﬁl By

f2(0171, a2) > 1 f2(Ry,6202) < 1
B Ay’ P2 By’

Case 3) If f; is nondecreasing in u; and nonincreasing in wus, while fy is nonin-
creasing in u; and nondecreasing in us, then

A = fi(0ra1, Rp), Ay = f1(B1,0272), A2 = fa(Ry,0202), Ao = fo(d171, B2),
and (2.1) reads as
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f1(01a1, R2) o 1 J1(B1, 0212) < 1

a1 Ay B1 By’
f2(Ry, d2ce2) < 1 fab1re, B2) < 1
Q2 A27 52 B2.

Case 4) If f; and f are nondecreasing in w; and nonincreasing in us, then

A = fi(0ra1, Re), A = f1(B1,0272), A2 = fa(0171, 2), Ao = fo(Ry,0252),

and (2.1) becomes

fi(d1a1, R) b f1(B1, 02r2) oL

a; Ay’ B1 By’
f2(d17m1, a2) o b f2(R1,0202) P
(%) Az’ B2 Bz'

Case 5) If f is nondecreasing in uy and ug, while f5 is nonincreasing in u; and
ug, then

A = fi(0ra1,02m2), Av = fi(B1, R2), A2 = fa(Ry,a2), Ay = fa(0171,0252),
and (2.1) reduces to
f1(6101,69m2) 1 fi(Bi,Re) 1

>—, =L —
a1 Al ﬁl By
fo(Ry, a2) S 1 f2(0171,022) < 1
) Ay’ P2 By’

2.2. Multiplicity

Theorem 2.1 guarantees the existence of solutions in an annular set. Clearly, if the
assumptions of Theorem 2.1 are satisfied for several disjoint annular sets, then multiple
solutions are obtained (see [11]).

Theorem 2.2. (A) Let (r7)1<j<k, (R?)1<j<k (k < 00) be increasing finite or infinite
sequence in Ri, with 0 < 17 < RV and R? < ri*Y for all j. If the assumptions of
Theorem 2.1 are satisfied for each couple (r7, R?), then (1.1) has k (respectively, when
k = oo, an infinite sequence of ) distinct positive solutions.

(B) Let (1)1, (R?)j>1 be decreasing infinite sequence with 0 < r? < RJ and
R < vI+L for all j. If the assumptions of Theorem 2.1 are satisfied for each couple
(r7, R7), then (1.1) has an infinite sequence of distinct positive solutions.

Proof. 1t is sufficient to see that
K,j pi NKpjt1 giv1 = (0 for all j.
To prove this, let us consider two cases. First, if we assume that the sequences (r7),

(R7) are increasing, then K,; g C {u € K : |u| < R/*'}. Similary, if the sequences
(r7), (R?) are decreasing, one has K,j+1 gi+1 C {u € K : |u| < r}. O
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2.3. Examples
We conclude by two examples illustrating Theorem 2.1 in the Cases 1) and 5).

Example 2.3. Let

1
filur,uz) = Em fori=1,2,

1 3 1 1
7 (t) = it,'yg(t) = Zt’ a =7 and ag = g Then (1.1) becomes

1
= L arTe T
= L Te T
1 1/t (2.3)
ui(0) — ur(1) = /ul(t)dt

or equivalently

1
15

us(t) = 1—15/0 Go(t, s)\/u1(s) + ua(s) + 1ds,

ul(t)

1
/ Gl(t,s)\/ul(s) +7,L2(S) =+ 1ds
0 (2.4)

where G1(t, s) and Gy(t, s) are the Green functions

Gi(t,s) = 6—4sfor0<s<t<1
DR 5—4dsfor0 <t <s<1,

Golt, ) 10-8sfor0<s<t<1
yS) =
2 9—-8s for0<t<s<1.

In this case, the constants 1,02 > 0 are the following ones:

1
61:(522522(5.

Now we have to determine A; and B; for i € {1,2}. We have

1 ¢ 1
A1:/ Gl(t*,s)ds:/ (6—4s)ds—|—/ (5—4s)ds =1t + 3.
0 0 t

*

If we choose t* = 0, then A; = 3. Also

1 ¢ 1
Ag:/ Gg(t*,s)ds:/ (10—85)ds+/ (9 —8s)ds =t* + 5,
0 0 t

*

and if we choose t* = 0, then A, = 5. In addition
1

1
B; = max Gi(t,s)ds =4, By = max / Gs(t,s)ds = 6.
0<t<1 J, 0<t<1
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In this case fi(u1,us) and fo(u1,us) are both nondecreasing in u; and wug for uq,ug €
Ry, so we are in Case 1). We choose a1 = oy =: a, 1 = B2 =: 3, with a < 8, then
T = T2 =« Rl = R2 = 6 and )‘1 = fl((;Oé,(SOé)7 Al = f1(676)7 )‘2 = f2(§(1,(50{),
Ao = f5(8, ). The values of a and 8 will be precised in what follows. Since
lim M:o and limM:oo,

T—00 xX x—0 €T
we may find « small enough and 8 large enough such that the conditions

filba,60) 1 fi(B,B) 1

—_ — =1,2

50 54 g <@ U=L2

are satisfied. For instance, we can choose a = 0,2 and =0, 7.

Hence the following result holds.

Proposition 2.4. The system (2.3) has at least one positive solution v = (u1,uz) with
0,2 < |ui|, <0,7 (1 =1,2).

1 1
Example 2.5. Let up) = —vur Fus 1, ) = —
xample et f1(uy,uz) TE up +us + 1, foluy,us) Cra)aTd)
1 3 1 1
7 (t) = it,'yg(t) = Zt’ a =7 and ag = g Then (1.1) becomes
uy = i\/u +ug+1
1 — 15 1 2
, 1
Uy = 2 2
(2 4+ ui)(4 + uz)
() - ur(1) = / (td .
U1 — —Up = — U1 t)dt
4 2 /s
(0) = us(1) = 3/1 (1) dt
U g2y =7 | U )

or equivalently

1
ui(t) = %/0 G1(t,8)\/u1(s) + ua(s) + 1ds
1

1

usg(t) = /0 Ga(t, s) RO (TNOD ds
The Green functions G;(t, s) and the values of §;, A;, B; (i = 1,2) are the same from
the Example 2.3. In this case f1(u1, u2) is nondecreasing in u; and wus, while fo(uq,us)
is nonincreasing in u; and ug, for uy,us € Ry, so now we are in Case 5). We choose
ay = ag =: «, 1 = By =: B, with « < 8. Then ry = r9 = a, Ry = Ry = 8 and
)\1 = f1(50¢,50¢), A1 = fl(ﬁ,ﬁ), /\2 = fg(,@,a), AQ = fg(éoz,(w), where o and B will

be precised in what follows. Since

lim L(y’y) =0 and lim 7f2(x,y)

uniformly in « > 0, we may find § > 0 large enough such that
J1(B,B) < L f2(0c,08) < 1
B By’ e 6By’

(2.6)

=0,
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And since

limmzoo and limMZO,
z—0 xT z—0 xT

with g fixed as above, we choose « small enough such that

fildaudo) 1 falfa) 1

S A’ o Ay’
For example, we can choose 8 =0,9 and o = 0, 2.

Hence the following result holds.

Proposition 2.6. The system (2.5) has at least one positive solution v = (u1,uz) with
0,2 < ||, < 0,9 (i =1,2).

Acknowledgement. This paper was supported by the grant POSDRU/159/1.5/
S/137750.
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Abstract. The purpose of this paper is to review some fixed point and strict
fixed point results for Ciri¢ type operators. The data dependence of the fixed
point set, the well-posedness of the fixed point problem, the limit shadowing
property, as well as, the fractal operator theory associated with these operators
are also considered.
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1. Preliminaries

Fixed points and strict fixed points (also called end-points) are important tools
for the study of equilibrium problems in Mathematical Economics and Game The-
ory. Fixed points and the strict fixed points represent optimal preferences in some
economical models and respectively different Nash type equilibrium points for some
abstract games, see, for example, [1] and [23]. As a consequence, it is important aim
to obtain fixed and strict fixed point theorems for multivalued operators in different
contexts.

We shall begin by presenting some notions and notations that will be used
throughout the paper.
Let us consider the following families of subsets of a metric space (X, d):

PX)={Y eP(X)|Y #0}; P(X):={Y € P(X)| Y is bounded },
Py(X)={Y € P(X)| Y is closed} ; P, (X) := {Y € P(X)| Y is compact}

Let us define the gap functional between the sets A and B in the metric space
(X,d) as:

D:P(X)x P(X)— Ry, D(A,B) =inf{d(a,b) | a € A, b e B}
and the (generalized) Pompeiu-Hausdorff functional as:

H:P(X)x P(X)— Ry U{+o0},
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H(A, B) = max{supD(a, B),supD(A4,b)}.
a€A beB

The generalized diameter functional is denoted by ¢ : P(X)x P(X) — R U{oc},
and defined by
d(A, B) = sup{d(a,b) | a € A, b€ B}.
Denote by diam(A) := §(A, A) the diameter of the set A.
Let T : X — P(X) be a multivalued operator and
Graphic(T) := {(z,y)|ly € T(x)}
the graphic of T. An element z € X is called a fized point for T if and only if x € T'(z)
and it is called a strict fized point if and only if {z} = T'(z).

The set Fiz(T) := {z € X| € T(x)} is called the fixed point set of T', while
SFix(T) = {z € X| {z} =T (z)} is called the strict fixed point set of T'. Notice that
SFiz(T) C Fiz(T).

We will also denote by

O(z0,n) := {0, t(x0), t*(20), - -+ ,t"(x0)}

the orbit of order n of the operator ¢t corresponding to g € X, while

O(lf()) = {£C07 t($0)7 tQ(xO)v e 7tn(x0)v e }
is the orbit of f corresponding to xg € X.

In this paper we will survey some fixed point and strict fixed point theorems for
singlevalued and multivalued operators satisfying contractive conditions of Ciri¢ type.
We will also present some new results for general classes of Ciri¢ type operators.

2. A survey of known results

The basic metric fixed point theorems for singlevalued, respectively multivalued
operators are Banach’s contraction principle (1922), respectively Nadler’s contrac-
tion principle (1969). A lot of efforts were done to extend these results for so called
generalized contractions.

Let (X, d) be a metric space and f : X — X be a singlevalued operator. Then,
by definition (see I.A. Rus [22]), f is called a weakly Picard operator if:
(i) Fy # 0;
(ii) for all x € X, the sequence (f™(z))neny — z*(x) € Fy as n — oo.
In particular, if Fy = {«*}, then f is called a Picard operator.
Moreover, if f is a weakly Picard operator and there exists ¢ > 0 such that
d(z,z*(x)) < éd(z, f(x)), for all z € X,

then f is called a ¢-weakly Picard operator. Similarly, a Picard operator for which
there exists ¢ > 0 such that

d(z,z*) < éd(x, f(x)), for all z € X,

is called a ¢-Picard operator.
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A nice extension of Banach’s contraction principle was given by Cirié, Reich and
Rus (independently one to the others) in 1971-1972.

More precisely, if (X, d) is a complete metric space and f : X — X is an operator
for which there exist a,b,c € Ry with a + b+ ¢ < 1 such that

d(f(x), f(y)) < ad(x,y) + bd(x, f(x)) + cd(y, f(y)), for all z,y € X,

a+b a+tc
1—-¢’ lfb} <1

then f is a ¢-Picard operator, with ¢ := where 8 := min{

1
-8
An extension of this result was proved in a paper from 1973 by Hardy and
Rogers. The result, in Picard operators language, is as follows.
If (X,d) is a complete metric space and f : X — X is an operator for which
there exist a,b,c,e, f € Ry with a+b+c+ e+ f <1 such that

d(f(x), f(y)) < ad(z,y) + bd(z, f () + cd(y, f(y)) + ed(z, f(y)) + fd(y, f(x)),
for all z,y € X, then f is a ¢-Picard operator, with ¢ := ﬁ, where

a+b+e at+c+ f
l—c—e'1-b—Ff

B := min{ } < 1.
The idea of the proof in the above results is to prove that f is a contraction on
the graphic of the operator. i.e.,

d(f(x), f2(z)) < Bd(z, f(x)), for all z € X.

Then in 1974, Ciri¢ proved the following very general result.
If (X,d) is a complete metric space and if f : X — X is an operator for which
there exists ¢ € (0, 1) such that, for all z,y € X, we have

d(f(z), f(y)) < gmax{d(z,y), d(z, f(z)),d(y, f(y)),d(z, f(y)). d(y, f(2))}, (2.1)
then f is a ¢-Picard operator, with ¢ := ﬁ.
In this last case, the proof is based on some arguments involving the orbit of
order n and the orbit of the operator f.

Remark 2.1. Notice that any Ciri¢-Reich-Rus type operator is a Hardy-Rogers type
operator and any Hardy-Rogers type operator is a Ciri¢ type operator. The reverse
implications do not hold, as we can see from several examples given in [10], [21], [22].

There are also other generalizations of the above theorems. One of the most
general one, was proved by I.A. Rus in 1979.

If (X,d) is a complete metric space and f : X — X is an operator for which
there exists a generalized strict comparison function ¢ : R} — R (which means that
( is increasing in each variable and the function ® : Ry, — R defined by

B(t) == o(t,t,1,1,1)

satisfy the conditions that ®"(¢t) — 0 as n — 400, for all t > 0 and ¢t — ®(¢) — +o0
as t — 4o00) such that

d(f(z), f(y)) < eld(z,y),d(z, f(2)),d(y, f(y)),d(z, f(y)),d(y, f(x))), for all z,y€ X,
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then f is a ®-Picard operator (i.e., f is a Picard operator and d(z, z*) < ®(d(z, f(z)),
for all x € X).
Notice that if, in particular

@(t1,ta, t3,t, ts5) := aty + bty + cts + ety + fis,

(with a,b,c,e, f € Ry and a+ b+ c+ e+ f < 1), then we obtain the Hardy-Rogers
condition on f. Also, if we consider

@(t1,t2,t3,ts,t5) := qmax{ty, ta, t3, 14,5},
then we get the Ciri¢ type condition on f.

Finally, let us recall another nice generalization given, for the case of nonself
operators, by Ciri¢ in 2006.

More precisely, if (X,d) is a complete metric space and f : X — X is an
operator for which there exist five strict comparison functions ¢; : Ry — Ry (i.e., ¢;
is increasing, ¢ (t) — 0 as n — 400, for all ¢ > 0 and ¢t — ;(t) = +o0 as t = +0oo
for each i € {1,2,3,4,5}) such that, for all z,y € X one have that

d(f(z), f(y)) <
< max{p1 (d(z,y)), p2(d(z, f(2))), p3(d(y, (), pald(z, f(y))), s(d(y, f(x)))},

then f is a Picard operator.
Notice that, in particular if we define @;(t) := gt (where ¢ < 1) for i € {1,2,3,4,5},
then we obtain again the classical condition of Ciri¢.

Passing to the multivalued case, let (X, d) be a metric space and let T : X — P,(X)
be a multivalued operator with nonempty and bounded values. We will be interested
in the study of strict fixed points of multivalued operators satisfying some contractive
type conditions with respect to the functional 9.

In 1972, S. Reich proved the following very interesting strict fixed point theorem
for multivalued operators.

If (X,d) is a complete metric space and if T : X — P,(X) is a multivalued
operator for which there exist a,b,c € Ry with a + b+ ¢ < 1 such that

(T (x), T(y)) < ad(z,y) +bd(x, T(x)) + cd(y,T(y)), for all x,y € X,

then the following conclusions hold:

(i) Fr = (SF)r = {z"};

(ii) for each z¢ € X there exists a sequence of successive approximations for T
starting from 2 (which means that x,11 € T'(z,), for each n € N) convergent to x*;

(iii) d(zp,z*) < %d(xo,ml), for n € N* (where 3 := min{4+2, ote} < 1),

An important extension of the above result is the following theorem of Ciri¢,
given in 1972.

Let (X, d) be a complete metric space and let T : X — P,(X) be a multivalued
operator for which there exists ¢ € Ry with ¢ < 1 such that, for all z,y € X the
following condition holds

(T (x), T(y)) < gmax{d(z,y),0(z,T(x)),(y, T'(y)), D(x,T(y)), D(y, T'(x))}.
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Then the following conclusions hold:
(i) Fr = (SF)r ={z"};
(ii) for each zy € X there exists a sequence of successive approximations for T

starting from x( convergent to x*;
(1—a)n

(ili) d(zn,z") < {—==d(xo,21), for n € N* (where a € (0,1) is an arbitrary
real number).

In the above two results, the approach is based on the construction of a selection
t: X — X of T which satisfies the corresponding fixed point theorem (given by Reich
and respectively by Ciri¢) for singlevalued operators.

A relevant generalization of the above theorems was given by I.A. Rus in 1982,
as follows.

Let (X, d) be a complete metric space and let T : X — P,(X) be a multivalued
operator. Suppose that there exists an increasing function ¢ : Ri — Ry for which
there exists p > 1 such that the function ¥ : ]R5+ — R, defined by

w(tlat25t3;t47t5) = @(tl,ptg,ptg,t4,t5)

is a generalized strict comparison function. If, for all z,y € X the following assumption
takes place:

6(T(x), T(y)) < e(d(z,y),6(x, T(x)),0(y, T(y)), D(x, T(y)), D(y, T(x))),

then the following conclusions hold:

(i) Fr = (SF)r = {z"};

(ii) for each zy € X there exists a sequence of successive approximations for T
starting from xy convergent to x*.

Remark 2.2. In none of the above cases, we cannot obtain (without additional as-
sumptions) the conclusion that T is a multivalued Picard operator. Recall that, by
definition, T : X — P(X) is called a multivalued Picard operator (see [15]) if and
only if:

(i) (SF)r = Fr = {z*};

(ii) T"(x) H {z*} as n — oo, for each z € X.

For example, if, in the case of Reich’ strict fixed point theorem, we additionally

impose the condition that
) { a+b a+ c}
min <1,

1-b"1-c¢c
then we can prove that T is a multivalued Picard operator, see [14].

Remark 2.3. It is an open question if we can get similar results if we replace, in Ciri¢’
result (or more generally in Rus’ theorem) the values D(z,T(y)) and D(y,T(x)) with
0(z,T(y)) and, respectively o(y, T(x)).
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3. Strict fixed point theorems in metric spaces endowed with a graph

A new research direction in fixed point theory was recently considered by J.
Jachymski (see [11]) in the context of a metric space endowed with a graph.

Let (X, d) be a metric space and A be the diagonal of X x X. Let G be a directed
graph such that the set V(G) of its vertices coincides with X and A C E(G), E(G)
being the set of the edges of the graph. Assuming that G has no parallel edges, we
will suppose that G can be identified with the pair (V(G), E(G)).

If x and y are vertices of G, then a path in G from z to y of length k£ € N is a finite
sequence (Tn)ne{0,1,2,..- .k} Of vertices such that x¢g = x, v, = y and (z;_1,2;) € E(G),
for i € {1,2,--- ,k}.

Let us denote by G the undirected graph obtained from G by ignoring the
direction of edges. Notice that a graph G is connected if there is a path between any
two vertices and it is weakly connected if G is connected.

We will write that E(G) € I(T x T) if and only if z,y € X with (z,y) € E(G)
implies T'(z) x T(y) C E(G).

For the particular case of a singlevalued operator ¢t : X — X the above notations
should be considered accordingly. In particular, the condition E(G) € I(t x t) means
that the operator ¢ is edge preserving (in the sense of the Jachymski’s definition of a
Banach contraction, see [11]), i.e., for each z,y € X with (z,y) € E(G) we have that
(t(x), H(y)) € E(G).

One of the main result of the paper [2] is a fixed point theorem for a singlevalued
operator of Ciri¢ type in metric spaces endowed with a graph. An extended version
of that theorem is the following.

Theorem 3.1. Let (X,d) be a complete metric space and G be a directed graph such
that the triple (X,d, G) satisfies the following property:
(P) for any sequence (xp)neny C X Tn — x as n — o0, there exists a subsequence
(@, Jnen Of (Tn)nen such that (zy,,x) € E(G).
Lett: X — X be a singlevalued operator. Suppose the following assertions hold:

(i) there exists a € [0, 1] such that

d(t(ﬂ?), t(y)) <a- max{d(a:, y)7 d(xv t(.%‘)), d(ya t(y))7 d(l‘, t(y))v d(?/v t(l‘)},
for all (z,y) € E(G).
(i) there exists xo € X such that (zo,t(zo)) € E(G);
(i) E(G) e I(t x t);
(iv) if (z,y) € E(GQ) and (y,z) € E(G), then (z,z) € E(G).
In these conditions we have:
(a) (existence) Fix(t) # 0.
(b) (uniqueness) If, in addition, the following implication holds
x*,y* € Fiz(t) = («%,y") € E(G),
then Fix(t) = {x*}.
Moreover, the sequence (t"(xo))nen converges to x* in (X, d)

Recall now two important stability concepts for the case of fixed point inclusions.
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Definition 3.2. Let (X,d) be a metric space and T : X — Py(X) be a multivalued
operator. By definition, the fized point problem is well-posed for T with respect to H

if:
(i) SFizT = {z*};
(i) If (zn)nen is a sequence in X such that H(xy,,T(z,)) — 0, as n — oo, then

d
T, — ¥, as n — oo.

Definition 3.3. Let (X,d) be a metric space and T : X — P(X) be a multivalued
operator. By definition T has the limit shadowing property if for any sequence (Yn)nen
from X such that D (ynt1,T (yn)) = 0, as n — oo, there exists (Tn)nen @ Sequence
of successive approximation of T, such that d (xn,yn) — 0, as n — oo.

Another main result in [2] concerns with the case of multivalued operators sat-
isfying a Ciri¢ type condition with respect to the functional §. An extended version
of that result is the following theorem.

Theorem 3.4. Let (X,d) be a complete metric space and G be a directed graph such

that the triple (X, d, G) satisfies the following property:

(P) for any sequence (z,)neny C X T, — T as n — oo, there exists a subsequence
(@, Jnen Of (Tn)nen such that (zy,,x) € E(G).

Let T : X — Py(X) be a multivalued operator. Suppose the following assertions hold:

(i) there exists a € [0, 1] such that

8(T(x), T(y)) < a- maz{d(x,y),0(x, T(x)),8(y, T(y)), D(x, T(y)), D(y,T(x))},

for all (z,y) € E(G).
(ii) there exists xg € X such that, for all y € T(xo) we have (xg,y) € E(G);
(ili) E(G) € I(T x T);
(iv) if (z,y) € E(G) and (y,2) € E(G), then (z,2) € E(G).

In these conditions we have:
(a) Fix(T) = SFix(T) # 0.
(b) If, in addition, the following implication holds

¥ y* € Fia(T) = (z%,y") € E(G),

then Fix(T) = SFix(T) = {x*}. Moreover, there exists a selection t : X — X
of T satisfying the condition (2.1) on E(G), such that the sequence x* is a fized
point for t and (t"(xg))nen converges to r* as n — +o00.

(¢) If T has closed graphic and if, for any sequence (x,)nen in X for which

H(zp,T(zn)) = 0 as n — oo,

we have that
(Tn,2*) € E(G) for alln € N,
then the fized point problem is well-posed for T with respect to H.
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(d) Ifa< % and if, for all sequences (yp)nen in X for which

D (Yn+1,T (yn)) = 0 as n — oo,
it follows that
(Yn,x*) € E(G) for alln € N,
then T has the limit shadowing property.

A data dependence result for the fixed point of a multivalued operator satisfying
a Ciri¢ type condition with respect to the functional § is the following.

Theorem 3.5. Let (X,d) be a complete metric space and G be a directed graph such

that the triple (X,d, G) satisfies the following property:

(P) for any sequence (Tn)nen C X with x, — x as n — oo, there exists a subsequence
(@, JneN Of (Tn)nen such that (zy,,x) € E(G).

Let T,S : X — Py(X) be two multivalued operators. Suppose the following assertions

hold:

(i) there exists a € [0, 1] such that

8(T(x), T(y)) < a- max{d(z,y),5(x, T(2)),0(y, T(y)), D(x,T(y)), D(y, T(x))},
for all (z,y) € E(G).

) there exists xop € X such that, for all y € T(xo) we have (z9,y) € E(G);

) E(G)e I(T xT);

) if (x,y) € E(Q) and (y,z) € E(G), then (z,2) € E(G).

v) if *,y* € Fiz(T) then (x*,y*) € E(G).

) Fixz(S) # 0.
) if * € Fix(T), then (x*,y) € E(G), for each y € Fix(95).
) there exists n > 0 such that §(T(x), S(x)) <n, for allx € X.

Then

* s n
0 Fix(S)) <
(o, Fiz(S) < .
where x* is the unique fixed point of T.
Proof. By Theorem 3.4 the operator T has a unique fixed point, i.e.,
Fiz(T) = SFiz(T) = {z*}.

Let y € Fixz(S) be arbitrary. Denote by ¢ the selection of T which exists as in the
text of Theorem 3.4. Then, we have

d(z”,y) < d(z”,t(y)) + d(t(y),y)) < d(t(z"),t(y)) + (T (y), S(y))
< a-max{d(z",y),d(z", {(x")), d(y, t(y)), d(z", t(y)), d(y, t(z")) } +n
), d(y, t(y )) d(z”,t(y))} +n
< a-max{d(z",y),0(5(y), T(y)), d(z",t(y))} +n < a- maX{d( s y),m, d(z", 1(y)) -+
We have the following cases:
1) If the above maximum is d(z*,y), then we obtain that

=a- max{d(x )

* 77
< :
d(z”,y) < 7
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2) If the above maximum is 7, then we obtain that
d(z*,y) <n(l+a).
3) If the above maximum is d(z*,¢(y)), then
d(z%,y) < ad(@”, 1(y)) +n = ad(t(z"), (y)) + 1 < ad(z”,y) + 1.

Hence

* Ui

d < .

(@ y) < 7

As a conclusion, from the above cases we get that
- Ui
o(z*, Fiz(9)) < . 0
(", Fin(s)) < 1

For other results in the context of metric spaces endowed with a graph or the
case of ordered metric spaces we refer to [2], [3], [8], [9], [13], [12], [16], [19], etc.

4. A fractal operator theory for Ciric'-type operators

We will present now an existence and uniqueness result for the multivalued
fractal operator generated by a multivalued operator of Ciri¢ type.

Let (X,d) be a metric space and F : X — P (X) be a multivalued operator.
The multi-fractal operator generated by F is denoted by F' : P, (X)— P, (X) and
is defined by Y — F(Y)

FY):= U F(x), foreach Y € P, (X)
€Y

A fixed point for F' is a fixed set for F, i.e., a nonempty compact set A* with
the property F'(A*) = A*.

Concerning the above problem, we have the following result.

Theorem 4.1. Let (X,d) be a complete metric space and let F : X — Py(X) be an
upper semicontinuous multivalued operator. Suppose that there exists a continuous
and increasing (in each wvariable) function ¢ : ]R§r — Ry such that the function
U : Ry — R, defined by
U(t) := @(t,t,t)

satisisfies the following properties:

(i) O™ (t) = 0 as n — 400, for allt > 0;

(1i) t — W(t) = 400 ast — +o00.

Suppose also that

H(F(x), F(y)) < ¢(d(z,y), D(x, F(y)), D(y, F(x))), for all z,y € X.

Then the multi-fractal F : P, (X) — P.p (X) generated by F has a unique fized point,
i.e., there exists a unique A* € P.,(X) such that

F(A*) = A*.
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Proof. We will prove that F satisfies the assumptions of Rus’ Theorem for singlevalued
operators, i.e.,

H(F(A),F(B)) < (H(A, B), H(A, F(B)), H(B, F(A))), for all A,B € P.,(X).
Indeed we have:

p(F(A), F(B)) = jtelgp(F(a% F(B)) = igg(ggg p(F(a), F(b))) <

(#(d(a,b), D(a, F(b)), D(b, F(a)))))

- . . .
< sup ¢(inf d(a,b), inf D(a, F(b)), inf D(b, F(a)))

= ilelggo(D(CLB),D(G,F(B))7D(F(a),B))

= p(sup D(a, B), sup D(a, F(B)),sup D(F(a), B))
acA a€A acA

= ¢(p(A, B), p(A, F(B)), p(F(A), B)) < p(H(A, B), H(A, F(B)), H(B, F(A))).
By the above inequality and the similar one for p(F(A), F(B)), we obtain that
H(F(A), F(B)) < ¢(H(A, B), H(A, F(B)), H(B, F(A))).

< sup(inf H(F(a), F(b))) < 21613(

inf
awcA bEB beB

As a consequence, by Rus’ theorem applied for F, we get that F has a unique fixed
point in P.,(X), i.e., there exists a unique A* € P,,(X) such that F'(A4*) = A*. O

Moreover, if (X,d) is a metric space and Fi,...,F,, : X — P (X) are multivalued
operators, then the system F' = (Fy, ..., F,,;) is called an iterated multifunction system
(IMS).

If the system F = (F1,..., Fy,) is such that, for each ¢ € {1,2,---m}, the mul-
tivalued operators F; : X — P, (X) are upper semicontinuos, then the operator Tp
defined as

Tp (V)= | )JF;(Y), foreach Y € P, (X)

—:

1=1
has the property that Tx : P, (X) — P, (X) and it is called the multi-fractal
operator generated by the IMS F' = (Fi,..., Fy,) .

A nonempty compact subset A* C X is said to be a multivalued fractals with
respect to the iterated multifunction system F = (Fi,..., Fy,) if and only if it is a
fixed point for the associated multifractal operator, i.e., T (A*) = A*.

In particular, if F; are singlevalued continuous operators from X to X, then
f=(f1,--, fm) is called an iterated function system (briefly IFS) and the operator
Ty : Py (X) = Pop (X) given by

Ty (Y) = 0 fi(Y), foreach Y € P, (X)
i=1

is called the fractal operator generated by the IFS f. A fixed point of T} is called a
fractal generated by the IFS f.

An existence and uniqueness result for the multivalued fractal is the following.
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Theorem 4.2. Let (X,d) be a complete metric space and let F; : X — P.,(X)
(i € {1,2,---,m}) be upper semicontinuous multivalued operators. Suppose that
there exists continuous and increasing (in each wvariable) functions ¢; : Ri —- Ry
(i €{1,2,--- ,m}) such that the functions ¥; : Ry — R defined by
U, (t) := pi(t, 1, 1), (1 € {1,2,--- ,m})

satisfy, for each i € {1,2,--- ,m}, the following properties:

(i) U2 (t) = 0 as n — +o0, for all t > 0;

(i1) t — U,;(t) - +o0 ast — +oo.

Suppose also that, for each i € {1,2,--- ,m}, we have that

H(FZ([‘U)’ Fl(y)) < tpz(d(m,y), D(va(y))a D(y7 F(JI))), fOT’ all T,y € X.

Then the multi-fractal Tg : P, (X) — Pep (X) generated by IMS F := (F4, ..., Fy,) has
a unique fized point, i.e., there exists a unique A* € P,,(X) such that Tp (A*) = A*.

Proof. For A, B € P,.,(X) and using the proof of the previous theorem, we have
H(Tp(A), Te(B) = H({J F: (4), | F: (B)) < eax H(Fi(A), Fi(B))
i=1 i=1 o

< max (Pi(H(A7B)7H(AaFi(B))aH(BaFi(A)))

i€{1,2, ,m}
< . {fgax }(pz(H(AvB>7H(TF(B)aA)7H<TF<A)7B))
1€11,2,---,m

= @(H(AaB)7H(TF(B)7A)7H(TF(A)aB))7
where @(t1,t2,t3) 1= {1n%ax }gpi(tl,tg,tg). The conclusion follows again by Rus’s
i€{1,2,+,m
Theorem applied for Tp. O

It is an open question to prove a similar result to Theorem 4.1 or Theorem 4.2
for the multifractal operator T generated by an IMS F' = (Fy, ..., F;;) of multivalued
operators of Ciri¢ type.
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Hammerstein-type operator equations in
Hilbert scales

loannis K. Argyros, Santhosh George and M. Kunhanandan

Abstract. In this paper we report on a method for regularizing a nonlinear Ham-
merstein type operator equation in Hilbert scales. The proposed method is a com-
bination of Lavrentieve regularization method and a Modified Newton’s method
in Hilbert scales . Under the assumptions that the operator F is continuously
differentiable with a Lipschitz-continuous first derivative and that the solution
of (1.1) fulfills a general source condition, we give an optimal order convergence
rate result with respect to the general source function.

Mathematics Subject Classification (2010): 65J20, 65J10, 65R30, 47A52.
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1. Introduction

Let X and Y be Hilbert spaces. In this study we are concerned with the problem
of approximately solving the operator equation

KF(z) =y, (L.1)

where K : X — Y is a bounded linear operator with its range R(K') not closed in ¥
and F : D(F) C X — X is a nonlinear monotone operator (i.e., (F(u)—F(v),u—v) >
0, Yu,v € D). We shall use the notations (., .)x, {.,.)y and ||.||x, |.|ly for the inner
product and the corresponding norm in the Hilbert spaces X,Y, respectively. The
equation (1.1) is, in general, ill-posed, in the sense that a unique solution that depends
continuously on the data does not exist.

A typical example of a Hammerstein type operator is the nonlinear integral
operator

(KF(@))(t) = /0 k(s, 6)f (s, 2(s))ds
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where k(s,t) € L?([0,1] x [0,1]), = € L?[0,1] and ¢ € [0,1]. Here K : L?[0,1] —
L2[0,1] is a linear integral operator with kernel k(t, s) : defined as

Ka(t) /0 k(t, 5)2(s)ds

and F : D(F) C L?[0,1] — L?[0,1] is a nonlinear superposition operator (cf. [16])
defined as

Fx(s) = f(s,z(s)). (1.2)

In [14], George and Nair studied a Modified NLR method for obtaining an ap-

proximation for the zo-minimum norm solution (z¢-MNS) of the equation (1.1). Recall
that a solution & € D(F) of (1.1) is called an xo-MNS of (1.1), if
|1F(2) = F(xo)llx = min{||[F(z) — F(zo)||x : AF(z) =y, x € D(F)}. (1.3)
In the following, we always assume the existence of an xy-MNS for exact data
y, i.e.,
KF(z)=y.
Note that, due to the nonlinearity of F, the above solution need not be unique. The
element xo € X in (1.3) plays the role of a selection criterion.
Further we assume throughout that X is a real Hilbert space, y° € Y are the
available noisy data with
ly =’y <6 (1.4)
and ||F'(z)||x—»x < M for all z € D.
Since (1.1) is ill-posed, regularization methods are to be employed for obtaining
a stable approximate solution for (1.1). See, for example [18], [24], [7], [9], [10] for
various regularization methods for ill-posed operator equations.
In [6], we considered the sequence {a?, ,, } defined iteratively by
x’(rsLJrl,Oék = xi,ak - Rﬁ(xo)_l[F(mflak> - Zik + ak(xfl,oék - .'I;O)] (15)
where zgﬁak = xo is an initial guess and Rg(xo) = F'(xo) + BI, with § > oy, for
obtaining an approximation of &. Here zgk = (K*K+ap]) "' K*(y° = KF(x0))+F(20)
and ¢y is the regularization parameter chosen appropriately depending on the inexact
data y° and the error level § satisfying (1.4). For this we used the adaptive parameter
selection procedure suggested by Pereverzev and Schock [20]. In order to improve the
error estimate available in [14], in this paper we consider the Hilbert scale variant of
(1.5).
Let L : D(L) C X — X, be a linear, unbounded, self-adjoint, densely defined
and strictly positive operator on X. We consider the Hilbert scale (X, )qen (see [12],
[13], [17] and [18]) generated by L for our analysis. Recall (c.f.[12])that the space X
is the completion of D := N3 D(L*) with respect to the norm ||z||;, induced by the
inner product
(u,v)¢ := (L'u, L'v), w,v € D. (1.6)
Moreover, if 8 <+, then the embedding X, < Xz is continuous, and therefore the
norm |.||s is also defined in X, and there is a constant cg  such that

lalls < eanllzlly. = € X,
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In this paper we consider the sequence {x‘fmk} in order to obtain stable approx-

imate solution to (1.1), defined iteratively by
‘/I:frsz+1,ak,s = fo,ak,s - Rﬂ(xo)_l[F(xi,ak,s) - Zik,s + akLS/Q(xéL,ak,s - .’IJQ)], (17)

where xg,am := w0 is an initial guess and Rg(wo) := F'(xo) + SL*/2, with 8 > ay, for
obtaining an approximation for &. Here zik’s be as in (2.2) with a = a and «y is
the regularization parameter chosen appropriately depending on the inexact data y°
and the error level § satisfying (1.4). For this we use the adaptive parameter selection
procedure suggested by Pereverzev and Schock [20].

This paper is organized as follows. Preparatory results are given in section 2 and
section 3 comprises the proposed iterative method. Numerical examples are given in
section 4. Finally the paper ends with a conclusion in section 5.

2. Preliminaries

We assume that the ill-posed nature of the operator K is related to the Hilbert
scale {X;}er according to the relation

allefl-a < [[Kzlly < collz]-a; € X,
for some real numbers a, ¢1, and cs.
Observe that from the relation (Kz,y)y = (z, K*y)x = (v, L °K*y), for all
z € X and y € Y, we conclude that L™*K™* : Y — X is the adjoint of the operator K
in X. Consequently L™*K*K : X — X is self-adjoint. Further we note that
(A*A, + a2 = L2(L*K*K 4 o)™
where Ay = KL™5/2.
One of the crucial results for proving the results in this paper is the following
proposition, where f and g are defined by
f(t) =min{c}, 3}, g(t) =maz{cy,ch}, teR <1
Proposition 2.1. (See [23], Proposition 2.1) For s > 0 and |v| < 1,
f(”)”xnfu(era) < ||(A:AS)V/2*T||X < g(l/)‘|x||,,,(s+a), x € H.
We make use of the relation
[(As +al)LAP||x <aP™' p>0, 0<p<1, (2.1)

which follows from the spectral properties of the positive self-adjoint operator A,
s> 0.
In this section we consider Tikhonov regularized solution zgys defined by

2 = (L °K*K +al) 'L °K*(y° — KF(x0)) + F(x) (2.2)

a,s

and obtain an a priori and an a posteriori error estimate for || F(Z) — sz |lx. The fol-
lowing assumption on source condition is based on a source function ¢ and a property
of the source function ¢. We will be using this assumption to obtain an error estimate
for || F (%) — 23, llx-
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Assumption 2.2. There exists a continuous, strictly monotonically increasing function
v : (0, ||A%As]l] = (0,00) such that the following conditions hold:

. lim w(A) =0,
o sup MCJ < p(a), YA€ (0,[|AzA]l] and
. ;f\;ere ezists v € X with ||v|]| < E, E >0 such that
(A A0 T L2 (F (&) — F(xo)) = @(AS A v,
Remark 2.3. Note that if F(&) — F(zg) € X; e, ||F(Z) — F(z)|: < E, for some
0 <t < 2s+ a, then the above assumption is satisfied. This can be seen as follows.
(A2A,) 705 L2 (F(&) — F(x0)) = (A7 A) 705 (AL A,) 5550 L/2(F(#) — F(x),
= p(AAs)v

where ¢(\) = AT and v = (A A )<2é+2a> L3/2(F(2) — F(x0)).
Further note that

s—t R
lvllx < g(m)llLs/2(F(ff) — F(z0))l|¢—s
s—1 R
< 9 NE@) = Fwo))lle
< E
where E = g(Ha)E
Theorem 2.4. ([22, Theorem 2.4]) Suppose that Assumption 2.2 holds and let zq s 1=
0179 Then
1. i
122, — 2asllx < W(s)aT s, (2.3)
2.
[F(2) = za,sllx < ¢(s)p(a), (24)
3.
[1F(w0) = Za,sllx < ¥1(s)|[F (&) — F(xo) | x, (25)
1 _ E _9()
where P(s) = fje==t o(s) = ) and (s) = Ty

2.1. Error bounds and parameter choice in Hilbert scales
Let Cs = max{(s),v(s)}, then by (2.3), (2.4) and triangle inequality, we have

IF@)— 25 Ix < Cslp(a)+a@a4). (2.6)

The error estimate (o) + a9 § in (2.6) attains minimum for the choice
a = «afd, s,a) which satisfies p(a) = a®+ 0 5. Clearly a8, s,a) = @ (Y7 a(0)),
where
Yaa(N) = A T, 0 <A< A2 (2.7)
and in this case
IF (@) = 20, llx < 20554(8),
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which has at least optimal order with respect to ¢, s and a (cf. [20]).

2.2. Adaptive scheme and stopping rule
In this paper we consider the adaptive scheme suggested by Pereverzev and
Schock in [20] modified suitably, for choosing the parameter o which does not involve
even the regularization method in an explicit manner.
Leti € {0,1,2,--- ,N} and oy = pleyg where p = 7>1+/9) 5 > 1 and ag = §2(1+5/9),
Let .
:=mazx{i:p(;) <a; T} < N (2.8)
and »
ki=maz{i:||z), — 20 [x <4a;°776,j=0,1,2,--- i}, (2.9)
Analogous to the proof of Theorem 4.3 in [11], we have the following Theorem.

Theorem 2.5. ([22, Theorem 2.5]) Let | be as in (2.8), k be as in (2.9), 15, be as in
(2.7) and 25, , be as in (2.2) with @ = og. Then | < k; and
R 4n _
| F(2) — ng,sHX <Cs(2+ ﬁ)’?%,é@)
where Cs is as in (2.6).

3. The method and convergence analysis

In the earlier papers [11, 15] the authors used the following Assumption:

Assumption 3.1. (cf. [21], Assumption 3 (A3)) There exists a constant K > 0 such
that for every x,u € D(F) and v € X there exists an element ®(x,u,v) € X such
that [F'(z) — F'(u)lv = F'(w)®(z, u,v), | 2(2,u,v)||x < K|vllx]lz —ulx-

Assumption 3.2. For each © € By(xg) there exists a bounded linear operator G such
that

F'(z) = F'(20)G(z, 7o)
with ||G(z, z0)|| < k where k is a constant.

One of the advantages of the proposed method is that we do not need the above
assumption.

The hypotheses of Assumption 3.1 may not hold or may be very expensive or
impossible to verify in general (see the numerical examples). In particular, as it is the
case for well-posed nonlinear equations the computation of the Lipschitz constant K
even if this constant exists is very difficult. Moreover, there are classes of operators
for which Assumption 3.1 is not satisfied but the iterative method converges.

In the present paper, we expand the applicability of the method in [6] under
less computational cost. We achieve this goal by introducing the following weaker
Assumption.

Assumption 3.3. There ezists a constant kg > 0 such that for every x € D(F) and
v € X there exists an element ®(x,xo,v) € X such that

[F" () — F'(20)Jv = F'(20)®(x, 20, v), [ (2, 20, v)l|x < kollvllx |z — zol x-
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Note that
holds in general and k—li can be arbitrary large (see Example 4.3). The advantages of
the new approach are:

(1) Assumption 3.3 is weaker than Assumption 3.1. Notice that there are classes of
operators that satisfy Assumption 3.3 but do not satisfy Assumption 3.1 (see
the numerical examples);

(2) The computational cost of finding the constant kg is less than that of constant
K, even when K = kg;

(3) The sufficient convergence criteria are weaker;

(4) The computable error bounds on the distances involved (including kg) are less
costly and more precise than the old ones (including K);

(5) The information on the location of the solution is more precise;

(6) The convergence domain of the iterative method is larger.

These advantages are also very important in computational mathematics since
they provide under less computational cost a wider choice of initial guesses for iterative
method and the computation of fewer iterates to achieve a desired error tolerance.
Numerical examples for (1)-(6) are presented in Section 4.

In this section, we consider the method defined as (1.7) with ay in place of «

. . 6 .
for approximating the zero z7,, , of the equation,

F(z) + ap L3 ?(x — 20) = 20

a8

(3.1)

and then we show that m‘fms is an approximation to the solution Z of (1.1).

Let F'(zp) € L(X) be a bounded positive self-adjoint operator on X and
B, := L™5/*F'(xo)L~°/*. Usually, for the analysis of regularization methods in Hilbert
scales, an assumption of the form (cf.[8], [19])
IF @)zl x ~ zll-b, v€X (32)
on the degree of ill-posedness is used. In this paper instead of (3.2) we require only a
weaker assumption;
diflzll-p < [|F'(z0)z]|x < daflzll-b, @€ D(F), (3.3)
for some reals b, dy, and ds.
Note that (3.3) is simpler than that of (3.2). Next, we define f; and g; by

fi(t) =min{d:, d5},  g1(t) = max{d.,di}, teER, |t|<1.
One of the crucial result for proving the results in this paper is the following Propo-
sition.
Proposition 3.4. (See. [12], Proposition 3.1) For s > 0 and |v| < 1,

N/l cveen < 1B 22lx < 91(v/2)|12] cupin, « € H.

2

Let iha(s) := L2Em) oy . 9laerm)

A C == A
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Lemma 3.5. Let Proposition 3.4 hold. Then for all h € X, the following hold:
(a) |(F'(wo) + BL*/?) " F'(wo) || x < a(s)|IPlx
(b) | (F"(wo) + BL*/2) 7 L?hlx < P[] x

(¢) I(F"(xo) + BL*/?)~"hl|x

< y(5) BT || x

Proof. Observe that by Proposition 3.4,

I(E" (o) + BL*2) "V F (o) Rl x

This proves (a). To prove (b) and
(B (@) + L2 L/2h

and

I(E” (z0) + BL*/) " hl|x

IN

IN

IN

IN

IN

||L78/4(L78/4FI(IO)L75/4 4 51)71L75/4

F'(2o)L /4L *h]x

1 e L
S = )IIB;‘““) (Bs + BI) ' B.L*/*h||x
2(s+b)
1
< ————|(Bs + B B|||| BT L/ x
fi( )
2(s+b)
< gl(g(sjb))||Ls/4hH_g/2
f1(2(3+b))
91(5=73)
< 2 hllx
f1(2(5+b))
(¢) we observe that
< ||L_S/4(L_S/4F/($0)L_s/4+ﬂ[)_1L‘9/4h||X
1 i .
S W”B;(aﬂ) (Bé+,61) 1L /4h||X
2(s+b)
L I
S gy (B + DT BT L
2(s
< gl(2s+b) B1|hx
f1(2(s+b )
< a(s)B7 hllx (3.4)

||L_s/4(L_S/4F/(a?0) _s/4+ﬂ1)_1[/_s/4h”x

|BE (B, + 217 L) x

(B, + BI)~ BI B L=/}
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Let
G(z) = & — Ry(xo) "' [F(z) — 2}

Note that with the above notation G(x?
First we prove that x?

os + L (x — o). (3.6)
Ly NeAN] ) = xfrsH»l,ak,s‘

converges to the zero xik’s of

F(z) + o L% (x — ) = 20 (3.7)

a,s

n,a,s

and then we prove that z? _ is an approximation for .

(677981
Hereafter we assume that ||# — zg||x < p where

1 [ BT = a(s) ()2 5o
b1 (s)M dkodn(s) w(s)a;

p<

b -
B+ [1—wz<s><‘3*;k>12a2<:£a> Lot
kot (s)ha(s) 0

o 1= U (5) BT [y (5) Mp + (5)0d" " b).

with §p <

and we define

0 =BGk + 25, e (rara) (39)
where
(1= 0a(9)(252)] = /11 = Ba(5) (5579 — dkotia ()7,
" 2koiha(s)
and

. min{l(lc)%() 1L ey

kota(s) ko s (s) p
1= Da()(2522)] + /11 = Do) (222 )2 —4kow2<sm}

2koto(s)

where 0 < ¢ < ap < 1 is a constant.
Remark 3.6. Note that for r € (1,72) we have ¢ < 1 and v, < 7" <r.

Theorem 3.7. Let r € (r1,r2) and Assumption 3.3 be satisfied. Then the sequence
(9 T o.s) defined in (1.7) is well defined and x? € B,.(xg) for all n > 0. Further

(acfla s) is Cauchy sequence in B,(xo) and hence converges to x‘;k,s € B,(xg) and
F( a;‘ S) + akLS/?( Oék S xo) = zgék'
Moreover, the following estimate holds for all n > 0,

n,o,s

n
||zfl,o¢,s - zik,s”X < % (39)
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Proof. Let G be as in (3.6). Then for u,v € B, (o),

G(u) —G(v) = u—v—Rg(xo) '[Flu)— 25, + o L2 (u — x)]
+Rg(w0) M [F(v) — 25, o + arL®’*(v — x0)]

= Rg(wo) "' [Rs(0)(u —v) — (F(u) — F(v))]
+apRg(z0) L2 (v — u)
= Rp(xo) ' [F'(wo)(u — v) = (F(u) = F(v)) + BL**(u — v)]
+apRa (o) L2 (v — u)
= Ro) [ (wo) (u — v) — (F(u) — F(0)) + (8 — o) I¥/*(u
—  Ry(wo)! / [/ (20) — F'(v+ t(u — 0)]dt(u — v)
0
+Rg(20) (B — ar) L *(u = v)].
Thus by Assumption 3.3 and Lemma 3.5 we have
1G(u) = G(v)llx < qllu—v]x.

Now we shall prove that € B,(xzg), for all n > 0. Note that

n,xg,s

129 s = @ollx I(F" (o) + BL?) M (F(wo) — 22,4 llx

< LML (o) L 4 BT L
(F(z0) — 20, o)lIx

S e 1B (B, S
6 e)) ¢
(F(x0) — 22, )l x

< B+ BD) T BET BT
f1(2(s+b))
L4 (F(z0) — 20, )l x
gl(%) _=b

< T2 BT || F(x) — 20, Lllx
Hsz5)

_=b_
< ha(s)BEFI[|F(20) — Zay,sllx

Hll2aws = 20 sllx]
Now using (2.3) and (2.5) in (3.5), one can see that

o (8)BT [ () | F(#) — Flzo) | x + $(s)aTm

()BT [1h1 (5) M p + 1(3)ad™ ™ 8o] = 7.

IA

”m(]s.,ak,s _onX

IA

255

—v)]

(3.10)

(3.11)
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Assume that xi’ak,s € B, (zg), for some k. Then

) 1 1 1 1
||‘Tk+1,o¢k,s - ‘TOHX - ”xk—i-l,ak,s — Tk,ap,s + Tkoar,s ~ Lh—1,ak,s

et x(ls,ak,s - xOHX

< 2Rt as — Thapsllx 2R a0 = 210 sllx
+o 2] g, s Tollx
< (@ )y,
< prosr
So Ii-&—l,ak,s € By(z0) and hence, by induction zf, , , € By(z0), Vn > 0. Next we

shall prove that (3324_1’%73) is a Cauchy sequence in B, (z).

m

||x?1+m,o¢k,s - ‘rfl,ak,s”X < Z foLJriJrl,Oék,S - x?ﬂ»i,ak,sHX (312)
=0
m
< Z qn+i7p
=0
qn
< . 3.13
- 1- q’YP ( )

Thus (29, ,, ) is a Cauchy sequence in B, (zo) and hence converges to some z?, . €
B, (zg). Now by n — oo in (1.7) we obtain F(Igms) + akLS/z(xims —x0) =25, -
This completes the proof of the Theorem.

In addition to the Assumption 2.2, we use the following assumption to obtain
the error estimate for ||& — x

e |
aE,si

Assumption 3.8. There exists a continuous, strictly monotonically increasing function
1 :(0,||Bsl]] = (0,00) such that the following conditions hold:

e lim p;(A) =0,
A—0
o supxo0 53 < 1) YA€ (0,|B,|) and
o there exists w € X with ||w||x < Ea, such that

B L3/ (2 — &) = p1(By)w

Remark 3.9. If o — & € X, i.e., ||xg — Z||s, < E; for some positive constant E; and
0 < t; < s+b. Then as in Remark 2.3, we have B L*/4(xq — &) = ¢1(B,)w where

s—2tq

p1(A) = A/ G40y = BIET L3/ (3 — o) and [|w]| < g1(5535) Er = B,

Hereafter we assume that o1 (ag) < p(ag).

Theorem 3.10. Suppose xik
hold. Then

is the solution of (3.1) and Assumptions 3.3 and 3.8

yS

||§: - xik,s

[x = 0(™(9)).
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Proof. Note that (F(x?

Ctk S)

Ozk 5) + akLS/Q(

(F'(w0) + 2 L/?)(ah, . — &) = (F'(wo) + L) (]

s — 1) =0, s0

Otk, _‘%)
_(F(xik,s) - Zik,s) - akLS/z(xik,S - xo)
a s - s ~
= () = )L (a0, — &) + ax L (o — )

FF'(a0)(@d, .~ ) -

(%5 = ) L*2(ah, s — &) + onl (@0 — &) = (F(&) - 22, )

+F' (20) (2, s — &) — [F(x0, 5) — F(2)].
Thus

a8y s = #lx < I(5F = @) (F'(wo + “EL/) Ll — )]
Hlew (F' (o + == L) 7 L 2(wo — &) x + | (F (o) + %’“Ls/?)*

(F(@) = 20, s)llx + I(F"(x0) + %LS/Q)_l[F’(wo)(wik,s - )

~(F(al, ) = F@)lx
< I(EE = @) (F' (w0 + <2 L)' L2, — )l

Hlaw(F (wo) + “E L) L (@o - )| x

b (s)( 22 ) HIF(E) —
where T := ||(F'(zo) + O‘TkLS/Q)*l

Zopkllx +T (3.14)

Jo[F' (o) = F'(@ + (0, s = D)2, — D)t x.
Note that
(67 (&7 o
15 = an)(F (o + =~ L/ L2 (a3, — 2) ¢
(€7

Op——— 5 N
< CTwQ(s)”xak,s - x”X

< (L=e)de()lar, . — lx, (3.15)
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and by Assumption 3.8, we obtain
«a 1rs R
lan(F (o) + == L*/2) 71 L2 (g — 2)|x

s (07 3N .
= L™ (By + =5) 7ML o - 2)]|x

1 s
< —llaw(By + ZE) 1 BT Lo/ (g — )| x
f1(2(s+b) ¢
1 arp1(A)
S s sup N
N (555 Aeo(Fr(z0)) A+ &
A
< sup arp1(N)
Ao (F/(z0)) A+ Qk
< (o) (3.16)

and by Assumption 3.3, and Lemma 3.5 we obtain
1
Lo )+ EL [ ) - F e+ e~ )
C 0 ?

(xik7s - jj)dt”X

Va(s)kor ||z, o — &l x (3.17)
and hence by (3.15), (3.16), (3.17) and (3.14) we have
p1(ar) + Cstha(5)(2 + 725 )4 (6)
1= (1= c)iha(s) — va(s)kor
= Ot4(9)-

This completes the proof of the Theorem.
The following Theorem is a consequence of Theorem 3.7 and Theorem 3.10.

IN

||xgék,8 _‘%HX —

Theorem 3.11. Let 2 be as in (1.7) with & = oy, and § € (0, do], assumptions in

n,og,s

Theorem 3.7 and Theorem 3.10 hold. Then

A 7, n —
||.13 - xfz,ak,s| x < quq + O(¢s,;(5))
Theorem 3.12. Let x5, . be as in (1.7) with o = ay, and § € (0,00], and assumptions

in Theorem 3.11 hold. Let
ng = min{n : §" < oz,j(;ra) 5}

Then
12— 20, sllx = O(WIH(5)).

4. Numerical examples

In the next two cases, we present examples for nonlinear equations where
Assumption 3.3 is satisfied but not Assumption 3.1.
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Example 4.1. Let X =Y =R, D = [0,00), 29 = 1 and define function F on D by

o1+t
1 + 1z + ca, (4.1)

K3

Fx) =

where ¢, cy are real parameters and i > 2 an integer. Then F'(x) = x'/" + ¢ is
not Lipschitz on D. Hence, Assumption 3.1 is not satisfied. However central Lipschitz
condition Assumption 3.3 holds for kg = 1.

Indeed, we have

i 1/%
IF'(z) — F'(z0)|| = 2" — 2"
|z — @0

i1 i—1

QUOT+"'+I 7

SO
| F'(x) = F' (o) < kolx — zol.

Example 4.2. We consider the integral equations
b
u(s) = £(s) + A / Gls, tyu(t)F/mdt, n e N. (4.2)

Here, f is a given continuous function satisfying f(s) > 0, s € [a, ], A is a real number,
and the kernel G is continuous and positive in [a,b] X [a, b].

For example, when G(s,t) is the Green kernel, the corresponding integral equa-
tion is equivalent to the boundary value problem

- )\u1+1/n
u(a) = f(a),u(b) = f(b).

These type of problems have been considered in [1]- [5].
Equation of the form (4.2) generalize equations of the form

b
u(s) = / G(s,t)u(t)"dt (4.3)
studied in [1]-[5]. Instead of (4.2) we can try to solve the equation F'(u) = 0 where
F:QCCla,b] = Cla,b],Q ={u € Cla,b] : u(s) >0, s € [a,b]},
and
b
F(u)(s) = u(s) — f(s) — A/ G(s, t)u(t) T/ dt.

The norm we consider is the max-norm.
The derivative F' is given by

b
F'(u)v(s) =v(s) — M1+ %)/ G(s, t)u(t) /™ u(t)dt, ve Q.
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First of all, we notice that I’ does not satisfy a Lipschitz-type condition in €. Let us
consider, for instance, [a,b] = [0,1],G(s,t) = 1 and y(¢) = 0. Then F’(y)v(s) = v(s)
and

I N
I1F' () — F'(y)|| = [AI(1 + 5)/ w(t)M/"dt.
If F’ were a Lipschitz function, then
I1F(z) = F'(y)|| < Lallz — yl|,
or, equivalently, the inequality
1
/ z(t)Y/"dt < Ly max z(s), (4.4)
0 z€[0,1]
would hold for all z € Q and for a constant Ls. But this is not true. Consider, for
example, the functions
t
zi(t)=~, j>1, te0,1].
J
If these are substituted into (4.4)
1 Lo
< Z ot <141 > 1.
J/n(+1/n) = J 2(1+1/n), Vj
This inequality is not true When j — oo.
Therefore, condition (4.4) is not satisfied in this case. Hence Assumption 3.1 is

not satisfied. However, condition Assumption 3.3 holds. To show this, let z(t) = f(t)
and v = minge, ) f(5), @ > 0 Then for v € Q,

I () = F' (o)]0]|

[A](1 + max |/ G(s, t)(x ()™ — ()Y ™)v(t)dt|

n s€la,b]

[Al(1 4+ 1) max G (s,t)

<
o N’ s€la,b]
_ G(s,t)|z(t)—f(t
Where Gn(syt) - m(t)(n_1)/n+w(t)(EL_2))|/"(f)(t)1§n)_|~_...+f(t)("_1)/" HU”
Hence,
Al(1+1
1170) ~ el = PO e [ s, e

A

kio”l‘—l‘o”,

where kg = WN and N = max,eq,p) f; G(s,t)dt. Then Assumption 3.3 holds
for sufficiently small A.

In the last example, we show that k% can be arbitrarily large in certain nonlinear
equation.

Example 4.3. Let X = D(F) =R, z¢ = 0, and define function F on D(F') by
F(x) = dox + dy + dysine®®, (4.5)

where d;,i = 0,1,2,3 are given parameters Then, it can easily be seen that for ds
sufficiently large and ds sufficiently small, + can be arbitrarily large.
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5. Conclusion

In this paper we present an iterative regularization method for obtaining an
approximate solution of an ill-posed Hammerstein type operator equation K F'(z) =y
in the Hilbert scale setting where K is a bounded linear operator and F' is a nonlinear
monotone operator. It is assumed that the available data is 3 in place of exact data
y. We considered the Hilbert space (X;):er generated by L for the analysis where
L : D(L) — X is a linear, unbounded, self-adjoint, densely defined and strictly
positive operator on X. For choosing the regularization parameter o we used the
adaptive scheme of Pereverzev and Schock (2005).
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Book reviews

Lukasz Piasecki, Classification of Lipschitz Mappings, CRC Press, Taylor & Francis
Group, Boca Raton 2014, x + 224 pp, ISBN: 13: 978-1-4665-9521-7.

The book is concerned with the study of Lipschitz mappings on metric spaces in
connection to fixed point theory. One denotes by L(k) the class of Lipschitz mappings
with constant & > 0 on a metric space (M, p), that is mappings T: M — M satisfying
the condition p(Tz, Ty) < kp(z,y) for all z,y € M. The smallest Lipschitz constant
of the mapping 7" is denoted by k(T') (or by k,(T), if necessary). The mapping T is
called uniformly Lipschitz if there exists k > 0 such that p(T"z, T"y) < kp(z,y) for
all z,y € M and all n € N. This class is characterized by the condition ks (T) :=
limsup,,_,. Y E(T") < cc.

It follows that k(T™*T™) < k(T™)k(T™) so that one can define the characteristic
ko(T) = limy 0o V/k(T™) = inf{ {/kE(T™) : n € N} — the analog of the spectral radius
of a continuous linear operator on a Banach space. It turns up that kqo(7") = inf 4 kq(T),
where the infimum is taken over all metrics d on M that are Lipschitz equivalent to
p- An important class of Lipschitz mappings is formed by the nonexpansive ones, i.e.
Lipschitz mappings with k& = 1. The fixed point theory for this class of mappings
acting on a Banach space X is tightly connected with the geometric properties of the
underlying Banach space X (uniform rotundity, superreflexivity, uniform nonsquare-
ness) as well as with those of the convex set C C X on which they act (having normal
structure, for instance). Some basic results along with some recent ones in this domain
are presented in the seventh chapter of the book.

The main class studied by the author is that of mean Lipschitz functions. A
multi-index is an n-tuple & = (o, ..., ) with @y, > 0,0, > 0and > 1, oy = 1. A
mapping 7' : M — M is called a-Lipschitzian with constant & if Y ., a;p(iz, Tly) <
kp(z,y) for all x,y € M. The class of these mappings is denoted by L(«, k). Any
a-Lipschitz mapping is Lipschitz and k(T) < k(«a,T)/o;. Uniformly k-Lipchitzian
mappings are (a, k)-Lipschitz for any multi-index «. Another class is that of the
mappings satisfying, for p > 1 and some k > 0, the condition

n 1/p
(Z aip("w,T"y)”> <kp(z,y), Ve,yeM,
=1

called (a, p)-Lipschitz mappings with constant k.
The bulk of the book is formed by the chapters 4. On Lipschitz constants for it-
erates of mean lipschitzian mappings, 5. Subclasses determined by p-averages, 6. Mean
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contractions, 8. Mean nonexpansive mappings, and 9. Mean lipschitzian mappings with
k > 1. These chapters are concerned with the behavior of the quantities ko(T"), k(T™)
and koo (T"), including some numerical experiments, for mappings 7" in these classes of
mean-Lipschitz mappings, and are essentially based on results obtained by the author
alone or in cooperation with Victor Pérez Garcia.

The first two chapters 1. The Lipschitz condition and 2. Basic facts on Banach
spaces, contain some preliminary notions and results.

The book is well written and contains new interesting results along with some
classical ones in metric fixed point theory. The prerequisites are modest — some basic
results in topology and functional analysis — so it can be used by advanced undergrad-
uate and graduate students for an introduction to this domain and by researchers as
a reference text. Experts in other areas, as differential equations, dynamical systems,
will find it useful as well.

S. Cobzag

TIoannis M. Roussos, Improper Riemann Integrals, CRC Press, Taylor & Francis
Group, Boca Raton 2014, xiv + 675 pp, ISBN: 978-1-4665-8807-3.

The book contains a detailed presentation of the main improper Riemann inte-
grals (with or without parameter) at the master level for students in mathematics,
statistics, applied sciences and engineering. As it is well known, the improper Riemann
integrals are important tools in various areas of mathematics (differential equations,
probability theory) as well as in its applications to physics, mechanics, engineering.
New classes of functions (e.g. Euler’ Beta and Gamma functions) are introduced as
improper Riemann integrals depending on a parameter as well as the integral trans-
forms of Fourier and Laplace.

The presentation is restricted to Riemann integral (including double Riemann
integral) and in order to make the book self-contained the principal theorems used
in the calculations are included, some with proofs other without. In some cases these
results are presented under some restricted conditions, accessible to the undergraduate
but sufficient for applications.

The book is divided into two main parts 2. Real analysis techniques, and 3.
Complex analysis techniques. An introductory chapter contains the definition of an
improper integral, convergence criteria and some motivating examples.

Chapter 2 contains a detailed study of the properties of improper Riemann
integrals depending on a parameter — continuity, differentiability, integrability. The
treatment is based on a version of Lebesgue dominated convergence theorem for the
Riemann integral. Applications are given to Frullani integrals, the functions Beta and
Gamma, and to the Laplace transform.

For reader’s convenience Chapter 3 contains a quick introduction to complex
analysis with emphasis on the elementary holomorphic functions - the exponential,
the trigonometric functions, and the multivalued holomorphic functions - the com-
plex logarithm log z, the power function z* = e®1°8#, Here the powerful and relatively
simple method of residues is applied to the calculation of some improper Riemann in-
tegrals, including a relatively complete treatment of the Fourier transform — definition,
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Riemann-Lebesgue Lemma, calculus rules, the inversion formula — and a reconsider-
ation of the Laplace transform in the complex case.

The last chapter of the book is 4. List of non-elementary integrals and sums in
text, contains a record of the most important integrals and sum calculated in the text,
with exact reference to the places where they appear.

By collecting a lot of important improper integrals and sums used in various
domains, and presenting their calculation in an accessible but rigorous way, the book
will be of great use to students in mathematics and related areas and for applied
scientists (statisticians, engineers, physicists) as well. A small personal objection —
the presentation of some examples is too detailed, and so the abundance of these
details hide to some extent the ideas behind.

T. Trif

Miroslav Pavlovi¢, Function Classes on the Unit Disc, Studies in Mathematics, Vol.
52, xiii + 449 pp, Walter de Gruyter, Berlin - New York, 2014, ISBN: 978-3-11-
028123-1, e-ISBN: 978-3-11-028190-3, ISSN: 0179-0986.

The book is concerned with spaces of harmonic and of analytic functions in the
unit disc D — Hardy, Bergman, Besov, Lipschitz, Bloch, Hardy-Sobolev, BMO, etc.
The approach proposed by the author differs from those contained in the classical
books of Zygmund, Duren, Koosis, Garnett, allowing him to present new results and
to give simpler and clearer proofs to some known facts (e.g. Fefferman-Stein theorem
on subharmonic functions, theorems on conjugate harmonic functions, etc).

The first three chapters, 1. The Poisson integral and Hardy spaces, 2. Subhar-
monic functions and Hardy spaces, and 3. Subharmonic behavior and mized norm
spaces, are devoted to the spaces h(ID) and H (D) of harmonic, respectively analytic,
functions in the unit disc D.

In Chapter 4. Taylor coefficients with applications, the approach to the mixed-
norm Bergman spaces is based on a class of functions, called quasi-nearly subhar-
monic, introduced by the author. Besov spaces are studied in Chapter 5, while the
sixth chapter, The dual of H' and some related spaces, is concerned with the dual-
ity between H' and BMO spaces. Chapter 7. Littlewood-Paley theory, contains some
deep characterizations of HP, p > 0, spaces as well as of hyperbolic Hardy classes.

The Lipschitz classes AP, of analytic functions are studied in chapters 8. Lips-
chitz spaces of first order, and 9. Lipschitz spaces of higher order, defined by ordinary
moduli of continuity, respectively by higher order moduli of smoothness. Chapter
10. One-to-one mappings, is devoted to the problem of membership of univalent and
quasiconformal harmonic mappings in some classical spaces, while Chapter 11. Co-
efficients multipliers, some multiplier results are presented following some ideas of
Kalton and of the author, including compact multipliers and multipliers on spaces
with non-normal weight.

Chapter 12. Toward a theory of vector-valued spaces, presents some results on
spaces of harmonic and analytic functions with values in a Banach or a quasi-Banach
space X.
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Author’s booklet, Introduction to the Function Spaces on the Disk, Matematic¢ki
Institut SANU, Special Publications, vol. 20, Belgrade 2004, contains some material
included in the present book, although, as the author mentions in the Preface, this
new book can not be considered as an expanded version of the former one — they have
only nonempty intersection.

The reading of the book assumes familiarity with real, complex and functional
analysis (at the level of Rudin’s Real and Complex Analysis). For reader’s convenience,
two appendices, A. Quasi-Banach spaces, and B. Interpolation and mazimal functions,
are added to the main text. Sixteen research problems are included, and each chapter
ends with a section of historical notes and references to further results.

The book is well written and contains a lot of deep and interesting results,
including personal contributions of the author. It can be recommended to specialists
as a reference text and to post-graduate students for study.

Gabriela Kohr
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