STUDIA UNIVERSITATIS

BABES-BOLYALI

MATHEMATICA

3/2014




STUDIA
UNIVERSITATIS BABES-BOLYAI
MATHEMATICA

3/2014



EDITORIAL BOARD OF
STUDIA UNIVERSITATIS BABES-BOLYAI MATHEMATICA

EDITORS:

Radu Precup, Babes-Bolyai University, Cluj-Napoca, Romania (Editor-in-Chief)
Octavian Agratini, Babes-Bolyai University, Cluj-Napoca, Romania

Simion Breaz, Babes-Bolyai University, Cluj-Napoca, Romania

Csaba Varga, Babes-Bolyai University, Cluj-Napoca, Romania

MEMBERS OF THE BOARD:

Ulrich Albrecht, Auburn University, USA

Francesco Altomare, University of Bari, Italy

Dorin Andrica, Babes-Bolyai University, Cluj-Napoca, Romania
Silvana Bazzoni, University of Padova, Italy

Petru Blaga, Babes-Bolyai University, Cluj-Napoca, Romania
Wolfgang Breckner, Babes-Bolyai University, Cluj-Napoca, Romania
Teodor Bulboaci, Babes-Bolyai University, Cluj-Napoca, Romania
Gheorghe Coman, Babeg-Bolyai University, Cluj-Napoca, Romania
Louis Funar, University of Grenoble, France

Ioan Gavrea, Technical University, Cluj-Napoca, Romania

Vijay Gupta, Netaji Subhas Institute of Technology, New Delhi, India
Nicolae Jitdrasu, State University of Moldova, Chisindu, Moldova
Gabor Kassay, Babes-Bolyai University, Cluj-Napoca, Romania
Mirela Kohr, Babes-Bolyai University, Cluj-Napoca, Romania

Tosif Kolumban, Babes-Bolyai University, Cluj-Napoca, Romania
Alexandru Kiristily, Babes-Bolyai University, Cluj-Napoca, Romania
Andrei Marcus, Babeg-Bolyai University, Cluj-Napoca, Romania
Waclaw Marzantowicz, Adam Mickiewicz, Poznan, Poland

Giuseppe Mastroianni, University of Basilicata, Potenza, Italy

Mihail Megan, West University of Timigoara, Romania

Gradimir V. Milovanovi¢, Megatrend University, Belgrade, Serbia
Petru Mocanu, Babeg-Bolyai University, Cluj-Napoca, Romania
Boris Mordukhovich, Wayne State University, Detroit, USA

Andris Némethi, Rényi Alfréd Institute of Mathematics, Hungary
Rafael Ortega, University of Granada, Spain

Adrian Petrugel, Babes-Bolyai University, Cluj-Napoca, Romania
Cornel Pintea, Babes-Bolyai University, Cluj-Napoca, Romania
Patrizia Pucci, University of Perugia, Italy

Toan Purdea, Babeg-Bolyai University, Cluj-Napoca, Romania

John M. Rassias, National and Capodistrian University of Athens, Greece
Themistocles M. Rassias, National Technical University of Athens, Greece
Toan A. Rus, Babes-Bolyai University, Cluj-Napoca, Romania
Grigore Silagean, Babes-Bolyai University, Cluj-Napoca, Romania
Mircea Sofonea, University of Perpignan, France

Anna So6s, Babes-Bolyai University, Cluj-Napoca, Romania
Dimitrie D. Stancu, Babes-Bolyai University, Cluj-Napoca, Romania
Andras Stipsicz, Rényi Alfréd Institute of Mathematics, Hungary
Ferenc Szenkovits, Babes-Bolyai University, Cluj-Napoca, Romania
Michel Théra, University of Limoges, France

BOOK REVIEWS:
Stefan Cobzas, Babes-Bolyai University, Cluj-Napoca, Romania

SECRETARIES OF THE BOARD:

Teodora Citinag, Babes-Bolyai University, Cluj-Napoca, Romania
Hannelore Lisei, Babes-Bolyai University, Cluj-Napoca, Romania

TECHNICAL EDITOR:
Georgeta Bonda, Babes-Bolyai University, Cluj-Napoca, Romania



YEAR (LIX) 2014
MONTH SEPTEMBER
ISSUE 3

STUDIA
UNIVERSITATIS BABES-BOLYAI

MATHEMATICA
3

Redactia: 400084 Cluj-Napoca, str. M. Kogalniceanu nr. 1
Telefon: 0264 405300

CONTENTS
T1BERIU COCONET, Restricting the Clifford extensions of a pointed group ..... 269
TIBERIU TRIF, Asymptotic behavior of intermediate points in certain

mean value theorems. ITI ... ... . 279
M.K. Aour, R.M. EL-AsHWAH and H.M. ZAYED, Subclass of meromorphic

functions with positive coefficients defined by convolution ................. 289
MIHAI-GABRIEL BABUTIA, On a class of dichotomous evolution operators

with strongly continuous families of projections .................... ... ... 303
SEVDA ORHAN, FADIME DIRIK and KAMIL DEMIRCI, Statistical convergence

on probabilistic modular spaces .......... ... i 317
T.A.K. SINHA, P.N. AcrawAL and K.K. SINGH, Inverse theorem for

the iterates of modified Bernstein type polynomials ....................... 331
AvYseGUL ERENGIN and SEVIM BUYUKDURAKOGLU, A modification

of generalized Baskakov-Kantorovich operators ............................ 351
H.C. RHALY JR. and B.E. RHOADES, The weighted mean operator on

(2 with weight sequence w,, = (n + 1)? is hyponormal for p=2 ........... 365
ILDIKO-ILONA MEZEI, ANDREA EVA MOLNAR and ORSOLYA VAS,

Multiple symmetric solutions for some hemivariational inequalities ........ 369

HENGAMEH RAEISI-DEHKORDI and MIRCEA NEAGU, On the geometry

of conformal Hamiltonian of the time-dependent coupled harmonic

0SCIllAtOrS ... 385
BoOK TeVIEWS ...ttt 393






Stud. Univ. Babes-Bolyai Math. 59(2014), No. 3, 269-277

Restricting the Clifford extensions of a pointed
group

Tiberiu Coconet,

Abstract. In this note we give a restriction of the isomorphism constructed in
the main result of [1], which states that the Clifford extensions of two Brauer
correspondent points are isomorphic, by using a defect pointed group instead of an
ordinary defect group and by replacing the Brauer quotient with the multiplicity
algebra of the mentioned pointed group.

Mathematics Subject Classification (2010): Primary 20C20. Secondary 16W50,
16S35.

Keywords: Points, G-algebras, group graded algebras, defect pointed group, mul-
tiplicity algebra.

1. Introduction

Let p be a prime and O a discrete valuation ring such that k is the residue field
of O. We also consider a finite group G and a normal subgroup N of G.
An N-interior G-algebra is an O-algebra A endowed with two group homomor-
phisms
N — A" and G — Autp(A4).

We denote by A* the group of invertible elements of A. Then
Noy—y-1=1.-ye A"
and
G >3z p(x) € Autp(A);
i.e. any x determines an O-algebra automorphism of A. We use standard notation
impling conjugation on the right:
o(x)(a) =:a® and a¥ =y~ ' -a -y,
for any x € G,y € N and a € A.

This work was supported by a grant of the Ministry of National Education, CNCS-UEFISCDI,
project number PN-II-ID-PCE-2012-4-0100.



270 Tiberiu Coconet,

Let H by any subgroup of G. A point o of H on A, denoted H,, is a (A7)*-
conjugacy class of a primitive idempotent i € A¥. Throughout we use notations
as: Hy,)-denoting the stabilizer of «, provided that H acts on the subalgebra of A
that contains the point «; H;-denoting the stabilizer of some idempotent i and also
Ny (K)-the subgroup of H that normalizes the group K and stabilizes the point «.

We use [5, Theorem 8.20] to characterize fusions on an N-interior G-algebra A.
Let a be a point of A and let j € a. Any element 2 € Ng(H) acts by conjugation
on H and determines an automorphism. If this automorphism satisfies gflgf”_1 eN
for any y € H, then it determines an A-fusion from the pointed group H, to itself if
and only if there exists a € A* such that for any y € H we have

aj = ja, a¥ - y*ly””_1 =a.

We have already introduced in [1] the so-called Clifford extensions of points.
Constructing such an extension implies working with an N-interior G-algebra A, a
point 5 of N on A, and with P, a defect group of 3 that is contained in N. Let j
denote the correspondent point of 5 determined by the Brauer morphism. The main
result of [1] states that the extension corresponding to f is isomorphic to the extension
corresponding to 3. This result generalizes the main result of [2, Section 12].

In this paper we construct an analogous isomorphism of extensions by using
a defect pointed group P, of 5 and by replacing the Brauer quotient of AP with
the multiplicity algebra of P,. The first replacement forces a new computation of
the groups that appear in original construction of the Clifford extension of 3. The
second replacement, that is the replacement made with regard to the Brauer quotient,
generates a slightly more complicated situation with respect to the gradings. It seems
that the grading of the new quotient, that contains the multiplicity algebra as the
identity component, depends on the units of a source algebra of the pointed group
Ng.

We use standard notations and we refer the reader to [4] and [6] for details
regarding the theory of G-algebras and pointed groups.

2. Existing constructions and results

2.1. Let us recall the notations and quote the existing results. For more details re-
garding the proofs of the following statements we refer to [1]. Let A be an N-interior
G-algebra, P be a p-subgroup of N, and let 8 € P(AY|P,), that is a point of N on
A with defect pointed group P,. We denote by G the quotient group G/N. Following
[1, Proposition 3.5] we see that the action of G on AY gives rise to the normalizer
Ng(Ng) which satisfies

Ng(Ng) = Na(P)(sN.
2.2. Consider the algebra

A=AenG=PAor,
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where x runs through a set of representatives of the classes of G. The product in A
is given by

(a@z)bey) = ab® ' ® Ty.
Then A is clearly a G-interior algebra via the following morphism of groups

G — A" where g —» 1 ®g.

2.3. If j € B, due to the action of Ng(Ng) on AN, for any € Ng(Ng) we have
§% = aja~?', for some a € (AN)*. This allows the construction of the following two
groups (since the group A* ® G < A* acts by conjugation on /1)
N:=AN):eN
and .
Na(Ng) = ((AY)" @ Ne(Np));-

The exact sequence

1—>N—)Ng(N5)—)NG<N5)—)1 (1)

induces the isomorphism

—

Ng(N3)/N ~ Ng(Ng) = Ne(N3)/N.

Now Ag := jAj is an N-interior Ng(m)—algebra, it is actually N-interior. Next we
see that .
Ag = Ag ®5 Na(Ns)
is an N-interior algebra, thus we consider the set
G[B] = {z € Na(Np) | (Ag @ &)Y - (Ag @2~ H)N = (45)"},

where # is a lifting of Z via (i). This set turns out to be a normal subgroup of Ng(Npg),
see [1, Proposition 2.7].

2.4. Let N4 (Ng) denote the group consisting of elements x € Ng(Ng) such that the
conjugation action of x on /N induces an A-fusion from Ng to itself. We have

G[B] = N& (Np).
Set Ng@), the inverse image of G[A] in NZ(E), and set

R —

A[f] = Ag ®5 N& (Np)-
The algebra
AN = P(As 0 ),

x

where 2 runs through a set of representatives for the classes in G[B], is a crossed

—

product and it is also an Ng(Ng)-algebra, since N and NZ(Ng) are two normal

—

subgroups of Ng(Ng). The quotient

AR = ABN [ T, (A[BIY)
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is the twisted group algebra of k := Ap(Ng) = AéV/J(AZﬁV) with G[B], actually a
crossed product of k with G [8], and it corresponds uniquely to the Clifford extension

of 3

1 — k* — NA(Ng) — G[B] — 1. (1)

We denoted by Jg, the graded Jacobson radical. The qoutient k is a skew field

whose center is an extension of k and Né(Nﬁ) denotes the group of homogeneous
units of A[B]V.

3. The Clifford extension of the multiplicity algebra

3.1. Consider 3 C AN as above, having defect pointed group P,. Since 7 is a point of
AP it corresponds uniquely to the Ng(P,)-invariant maximal ideal m. of AT such
that v € m.,. Consider the multiplicity algebra of P, :

A(Py) := A" Jm.,.
The map
s, AP — A(P)
is an epimorphism of N¢ (P, )-algebras. The restriction
5yt AY = A(Py) N

is still an epimorphism of Ng(P,)-algebras and 3 := s,(3) C A(P,)N~() is the
unique correspondent point of 8 having P as a defect group, see [5, Theorem 6.14].
Set j 1= s5,(j).

3.2. Denote by N&(P,) the subgroup of N (P,) consisting of elements that determine
A-fusions from P, to itself. Then

G[Bl(yy = GBI N NG (Py)

is the subgroup of Ng(Ng) such that any representative of any class determines A-
fusions for both Ng and P,.

Denote by NéA(NB){W} the inverse image of G[f],} via (i). In this case the
algebra flg = A Qg Né(Ng){y} is N-invariant, hence

(A} = (A5 ©5 NA(Ns),,)" = D45 @ 2)",

x

where & lifts a set of representatives of the classes in G[B]{,y, is strongly G[B]{}-
graded, it is actually a crossed-product.

Proposition 3.3. With the above notations
~ A\ P A\ P
My 1= may - (A" = (A})7 -m,

is a two-sided ideal of (AE)P
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Proof. Tt suffices to prove the equality
my - (Ag @ 2)F = (45 @ 2)7 - m,, (*)

for any lifting Z.
The inclusion Py, < Ng provides an idempotent 7 € v such that ji = i = ji.
Thus the inclusion A, C Ag gives the following homomorphism of groups

¢: AL — Af, where Ay Saad i=a+j—i¢cAg.
Then, if # € Ng(Ng){y} determines an A-fusion from P, to itself we get

-1
X

yroo=y
for some a € A% and for any y € P. Clearly a'a”t =i € AP, then we get

a/a—l y=y- a/a—l’
1

1

or equivalently y* = ya/, for any y € P. We obtain (a’)¥ -y~ = d' and for a

lifting & of Z this is equivalent to

Ty~

(d®@2)Y=d®17,
for any y € P, as a homogeneous unit of (/Alg)P . Using all the above we can view
(ANF =P @) Af,
&
where # lifts via extension (i) a set of representatives of the classes of G[3](,y. All
homogeneous units ¢’ ® & of (AE)P satisfy a’ € N4«(P) and a’i = ia’. Hence for
proving (x) it suffices to prove
(d @)t -my-(d @3) =m,.
Since # lifts an element of Ng(P,) the last equality is equivalent to
(@)t my - d =m,.
The maximal ideal (a’)™! - m., - a’ of A can not contain v, because otherwise

’
a

7t =7 Cmy,

which is a contradiction. O
The next proposition follows from the proof of the above proposition.

Proposition 3.4. The group C_?[,B]{W} is isomorphic to the subgroup of N&(Ng) that
consists of elements T such that for any lifting & the module (As ® 2)F contains a
homogeneous unit a’ ® & satisfying a’ € ¢p(A%).

Proof. Indeed, any element x € Ng(P,)(sy that determines A-fusions for both P,
and Ny lifts to & which gives, for any y € P,

2! a a’

Y =y =Yy,

for some a € A% and o’ = a +j —i. O
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3.5. In what follows it is more convenient to replace N with (AN ); ® Nn(P,) and

Ng(Nﬁ) with ((AN)* @ Na(Py)(s});, since the two pairs give isomorphic quotients.
We further denote

Na(Ng) oy = (AY)* @ Na(Py)ay)iis

the subgroup of ((AN)* @ Ng(Py)¢sy); whose elements also fix i. With this setting
we have:

Lemma 3.6. The group Né(Nﬁ){v} is Ng(NB){W}—invariant.

Proof. Let & € N’G“(Nﬁ)h}7 zZe Nm){v} and a’ € ¢(A%) such that

(d®2)Y=d®27,

for any y € P. Then (¢’ ® 2)* = (a’)* ® &% is also a homogeneous unit of (Ag ® #*)%
verifying &% € N&(Ng) and (a')* € ¢(AZ). O

3.7. Using the N-invariance of flg we obtain

the crossed product of k = Az(Ns) with G[fBl{+}, and simultaneously the twisted
group algebra of k with G[ﬂ]{,y} corresponding to the Clifford extension

—

L=k = N&(Np)yy = GlBlyy — 1. (1)
Clearly (17) is a subextension of (1).

3.8. Constructions similar to that of 2.3, making use of the action of Ng(P,) on
A(P,)N~(P) | determine the exact sequence

1= (A(Py) "~ P))2 @ Ny (Py) — (ii)
—= (AP @ Na(Py) )7 = Na(Py) gy — 1.
We set .
Ny (Py) = ((A(P)M ) @ Ny (P,)); and
Na (P, )15y = (AP @ No(Py) )75

where i = s,(i). One easily checks that Nm) is a normal subgroup in N¢(Py) ()

Lemma 3.9. The following statements hold.

a) The groups Ng(Py)(sy and Ng(Py)zy coincide.
b) The groups Ng(Py); and Ng(Py); coincide, hence Ny(Py); = NN(P) s a

normal subgroup of NZ(?){ﬁ} and of Ng(Ng){ } contained in N4 (N@){ﬂ/}
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Proof. The equality from assertion a) follows by using the epimorphism
AN o AP, pN )

of N¢(Py)-algebras and [5, Proposmon 3.23], since /3 corresponds uniquely to 3. For
the proof of b), we note that the proof of the first equality of the statement is similar
to that of a). The second equality is a consequence of the first equality. Next, for any
t € Ny(Py); we have

Af = (Ao t)”.
This implies that any element o’ € ¢((A%)") C (Ag)* verifies
a =di@te(Af)",
where a} is a unit in Ag. Then, for a suitable a € Ai;, we have

/

ay=dt P =at"t+j—ic P(A2).
By our choices of a,a’ and a} we obtain yt_1 = yall = y‘“_l, for all y € P. Propo-

sition 3.4 implies that Ny (P); is contained in Né(Nﬁ){v}’ since any element of N
determines an A-fusion of Ng. We also have

Nn(Py)i = Nn(Py) N NG(Nﬁ){»Y} = Ny(Py)N NG(P"/){[;}'
Since Ny (Py) is normal in Nm) and in ((A(P,)Nv () ® Na(Py)3y);, the state-
ment follows. O

3.10. We denote by C_?[B} {~} the normal subgroup of N¢ (Py)(3; that is isomorphic to

G[Bl{yy and by N A (P“Y){B} the inverse image of G[f](, in the infinite group of
(i4), Le. ((A(Py)NVIP))* @ Na(Py)iay)5-
Remark 3.11. If z lifts an element of G’[ﬁ_]{,y} then, considering in the proof of Propo-

sition 3.3 A in place of Az , we obtain (4 ® 2) - m, = m, - (A ® £)F. Then we
set

APy =P (A2 )" /(my - (A2 2)7)),
where £ lifts a set of representatives of G[3](,y. We denote
A3)F == (Aed)/(m, - (A #)P),
for any lifting &, and, using Lemma 3.9 and Proposition 3.3, we determine the strongly
G[B]{y1-graded Ny (P, )-algebra

A(Py)5 = AP = (A})" /i, = P (As @ &)F.
Lemma 3.12. The map

)5

5 (A7 = AP
® 2)F, is an epimorphism of G[B(,} ~

sending a @ T to a® = a®@T+my- (
G|B]{+y-strongly graded Ny (Py)-algebras.
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Remark 3.13. We obtain the following characterization of G [B]{v}- Explicitly, it con-
sists of elements Z € Ng(P,) 5 such that x determines A-fusion of P, and for any
lifting & we obtain

(@5 @ 5P WP ([ @ 5PV (P) = a(py) V),

Further we construct a morphism of groups between Nm) (4} and Ng(ﬁ,) 3
Explicitly, if n :=n® z € Nm){w}’ where z € Ng(Py)¢sy, then the image of 7

is s4(n) = sy(n) ® z € Ng(ﬁ){ﬁ—}. So that we obtain a well-defined morphism of
groups:

0: NG(NB){W}/NN(PV)i - NG(P'V){B}/NN(PW)}
3.14. By [5, Lemma 6.15], 3.13 and 3.12 and the above remark, the restriction
Syt (AN — APy

is an epimorphism of Nm) {v}/N ~(Py);-algebras, via the restriction determined

by 6. By the definition of the action on (Ag ® )P, this morphism verifies

5((a®2)™) = (3,(a® )™ =@ 2) (a®3)(n®2),
for any 7 in NG(N[f){,Y}/NN(P'y)i~

Corollary 3.15. The group G[B]{W} is invariant under the conjugation action deter-
mined by the elements belonging to the image of 6.

Proof. For any # that lifts an element of G[f], we have
5 (A @ 2)N) = (A5 @ 3)7) ™).,

Using Lemma 3.6, Remark 3.13 and 3.13 the result follows. g
3.16. Denote

; Nn (P, Nn (P,

by = A(Py) 5 (N (Py)g) = A(P) TN La(a(py) T2 ).

The twisted group algebra
2 Ny Ny (P, Nn (P,
AP = A TV [ 1 (AP FY ),

of k1 with G [6]{%, corresponds uniquely to the extension

1 -kt %NA(P)(

PFY){B} — G[B]{q{} — 1. (2)
We call this the Clifford extension of the multiplicity algebra of . Note that ky is
a skew field having the center a finite extension of k. Moreover, we observe that

Apy
strongly G|[f]{,}-graded algebra.

is actually a crossed product of k; with G (8]}, implying that it is a
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4. The restricted isomorphism of Clifford extensions

We summarize all of the above in the main result of the paper and we refer to
[1, Theorem 4.1] for more details regarding the proof.

Theorem 4.1. The following statements hold.
(i) The extensions (1') and (2) are isomorphic.

o —

(ii) The crossed products they correspond to are isomorphic as Ng(N@){,y}/NN(PV)i-
algebras.

Proof. The epimorphism 5, of G[8](,} ~ G[B]{,}-strongly graded algebras determines
the epimorphism

NN(P‘Y)

B )

since 5, (J((A3)"Y)) € J(A(P»Y)ZB—VN(P”)). The map 5, is also a morphism of G[B]{,3-

strongly graded algebras. [5, Proposition 3.23] gives k ~ ki, and the first assertion
follows from [3, Proposition 2.12]. As for the second assertion we use Lemma 3.12,
Remark 3.13 and Corollary 3.15. g

5 (AN = AP)
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Asymptotic behavior of intermediate points
in certain mean value theorems. I11

Tiberiu Trif

Abstract. The paper is devoted to the study of the asymptotic behavior of in-
termediate points in certain mean value theorems of integral and differential
fractional calculus.

Mathematics Subject Classification (2010): 26A33, 26A24, 41A60, 41A80.

Keywords: mean value theorems of fractional calculus, Caputo derivative,
Riemann-Liouville integral, asymptotic approximation.

1. Introduction

Let a,b € R such that a < b, let f : [a,b] — R be a continuous function, and let
g € L'[a,b] such that g does not change its sign in [a,b]. Then, according to the first
mean value theorem of integral calculus (see, for instance, [11, Theorem 85.6], or [6]),
for every = € (a, b] there exists &, € (a,x) such that

| sogae = st [ gtorar

It was proved in [15, Theorem 2.2] that

- 1
lim 220 ¢/ R (1.1)
z—at T —a n+k+1

if, in addition, the functions f and g satisfy the following conditions:

(i) there exists a positive integer n such that f is n times differentiable at a, with
f@(a)=0for1<j<n—1and f(a) #0;

(ii) g € Cla,b] and there exists a nonnegative integer k such that g is k times
differentiable at a with ¢&/)(a) = 0 for 0 < j <k — 1 and ¢*)(a) # 0.

Regarding (ii) we notice that the continuity of g is automatically assured if k > 2, at
least on a small interval [a,a + h] C [a, b] (this clearly suffices when dealing with the
limit (1.1)).
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Further, let n be a positive integer, and let f : [a,b] — R be a function whose
derivative f() exists on [a,b]. Then, according to the Lagrange-Taylor mean value
theorem, for every x € (a,b] there exists some &, € (a,x) such that

(n)
1)~ Taa(fra)w) = L6 oy

where T, (h; a) denotes the mth Taylor polynomial associated with h and a

(m) (g
nﬁmwww=mw+hWMw—@+~~+hmf“f‘@“

provided that h is m times differentiable at a. It was proved by A. G. Azpeitia [4]

that ,
lim 229 (PP (1.2)
T—=a+ T — a P

if, in addition, f satisfies the following conditions:
(i) there exists a positive integer p such that f € C"*P[q, b];
(ii) f™*)(a) =0for 1 <j<p;
(i) £7)(a) # 0.
This result was generalized by U. Abel [1], who derived for &, a complete asymptotic
expansion of the form

fx=a+i%(x—a)k (x = a).
k=1

Azpeitia’s result was generalized also by T. Trif [14], who obtained the asymptotic
behavior of the intermediate point in the Cauchy-Taylor mean value theorem. For
other results concerning the asymptotic behavior of the intermediate points in certain
mean value theorems the reader is referred to [2, 7, 8, 9, 19].

The purpose of our paper is to establish asymptotic formulas, that are similar
to (1.1) and (1.2), but in the framework of fractional calculus.

2. Fractional mean value theorems of integral calculus

K. Diethelm [6, Theorem 2.1] generalized the first mean value theorem of integral
calculus to the framework of fractional calculus. Recall that given a > 0, the Riemann-
Liouville fractional primitive of order « of a function f : [a,b] — R is defined by (see
[12] or [5])

1 T
Sf(w) = —— — )" f(t)dt
T2 fe) = g [ @01
provided the right side is pointwise defined on [a, b].

Theorem 2.1. ([6, Theorem 2.1]) Let o > 0, let f : [a,b] — R be a continuous function,
and let g € L[a,b] be a function which does not change its sign on [a,b]. Then for
almost every x € (a,b] there exists some &, € (a,x) such that

Jo (f9)(@) = f(&2)J5'9(). (2.1)
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Moreover, if a > 1 or g € Cla,b|, then the existence of &, is assured for every
€ (a, b].

In the special case when g(z) = 1, the above mean value theorem takes the
following form.

Corollary 2.2. ([6, Corollary 2.2]) If &« > 0 and f : [a,b] — R is a continuous function,
then for every x € (a,b] there exists some & € (a,x) such that

(x —a)*

Jo f(x) = f(fr)m

(2.2)

We point out that there is a misprint in the statement of [6, Corollary 2.2], where
I'(a) appears instead of T'(a + 1).

In what follows we intend to prove a fractional version of the second mean value
theorem of integral calculus. For reader’s convenience we recall first the second mean
value theorem for Lebesgue integrals, which is usually stated for Riemann integrals
(see, for instance, [3, Theorem 10.2.5] or [18, Theorem 1]).

Theorem 2.3. Let f : [a,b] — [0,00) be a nondecreasing function, and let g € L'[a,b].
Then for every x € (a,b] there exists some &; € [a, x] such that

/ FOg(t)dt = f(~0) [ gty
The fractional version of Theorem 2.3 can be formulated as follows.

Theorem 2.4. Let o > 0, let [ : [a,b] — [0,00) be a nondecreasing function, and let
g € L'[a,b]. Then for almost every x € (a,b] there exists some &, € [a,z] such that

Jo (f9)(x) = f(x = 0)Jg g(). (2.3)

Moreover, if « > 1 or g € Cla,b|, then the existence of &, is assured for every
€ (a,b].

Proof. Let x € (a,b]. Under the assumptions of the theorem we have

T = s [ o= 0 g = [ sone

where h : (a,z) — R is the function defined by h(t) := (x — t)* 1g(t)/T(a).
If « > 1or g € Cla,b], then h € L'[a,z]. By Theorem 2.3 it follows that there
exists &, € [a,z] such that

T
sEfae) = [ e = 1o - 0) [ ntat = sz - 0). o).
If 0 < @ < 1 and g is supposed only Lebesgue integrable, then the above argument
still works, but the integrability of h holds only for almost all x € (a,b] (see [17,
Theorem 4.2 (d)]). O
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3. Asymptotic behavior of intermediate points in fractional mean
value theorems of integral calculus

The purpose of this section is to investigate the asymptotic behavior of the point
& in (2.1) and (2.2) as the interval [a, x] shrinks to zero. More precisely, we prove that

—a .
exists and
z—a+ I —

a
we find its value. In the proof of the main result of this section we need the following

under certain additional assumptions on f and g, the limit lim

Lemma 3.1. Let a > 0, let p be a nonnegative integer, and let w : [a,b] — R be a
continuous function such that w(x) — 0 as x — a+. Then

/$(ac — )"t — a)Pw(t)dt = o((x — a)’T*) (z = a+).
Proof. Indeed, for every = € (a,b] we have
[ =0t = eyt = @) (wg) o)

where g : [a,b] — [0, 00) is defined by g(t) := (t—a)?. According to Theorem 2.1 there
exists &, € (a,z) such that

S = w(E)ale) =5 [0 - apar
= w B(p+1,a) x_aera
whence .
/ (x —t)* 1t — a)Pw(t)dt = w(&)B(p +1,0)(z — a)P ™.
Since w(z) — 0 as ¢ — a+, we obtain the conclusion. O

Theorem 3.2. Let a be a positive real number and let f,g : [a,b] — R be functions
satisfying the following conditions:
(i) f € Cla,b] and there is a positive integer n such that f is n times differentiable
at a with f9(a) =0 for 1 <j<n—1 and f"(a) #0;
(ii) g € Cla,b], g does not change its sign in some interval [a,a+ h] C [a,b], and
there is a monnegative integer k such that g is k times differentiable at a with
g9 (a) =0 for 0<j<k—1 and g*¥(a) #0.
Then the point &, in (2.1) satisfies

fe—a (k+1)(kE+2)---(k+n)
(a+k+1)(a+k+2) - (a+k+n)

lim =
T—=at T —a

Proof. Without loosing the generality we may assume that f(a) = 0. Indeed, other-
wise we replace f by the function ¢ € [a,b] — f(t) — f(a). Note that if &, satisfies
(2.1), then &, satisfies also

T2 ((F = £@)g) (@) = (f(&) - F(@) T g(a).
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We notice also that (2.1) is equivalent to

/ “@— 0 f(@)g0)dt = f(E) / " — gt (3.1)
By the Taylor expansions of f and g we have
) (g
0 = TGy wni -
o) = G- ap

where w and e are continuous functions on [a, b] satisfying w(t) — 0 and £(¢) — 0 as
t — a+. Therefore we have

™ (g)a® (g
@@ty = TEDIT W peorg gy

+a =17t = a)" (),

where « is continuous on [a,b] and v(t) — 0 as t — a+. By applying Lemma 3.1 we
deduce that

/ “@— 0 f (1) g(0)dt (3.2)
_ ["a)gM(a)
n! k!

as ¢ — a+. On the other hand, since

(k) (q
=9 kf V@ — 21t — ) + (2 — 0" (¢ — a)be(t),

Blayn+k+1)(x —a)trte 4 o((z — a)"+k+°‘)

(= 1)*""g(t)
by Lemma 3.1 we get

z *) (g
/a (x —t)* g(t)dt = J k:'( ) B(a,k +1)(z — )" + o((z — a)*™)

as x — a+. Taking into account that

") (a

(e —a)" +w(&) (& —a)"

and that 0 < §, — a < x — a, we obtain

&) [ o= 0 g0 (3.3)

™ (g)0® (g
= LT ok 1) - 0 (e - 0

_’_0((3j _ a)n+k+a)
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as x — a+. By (3.1), (3.2) and (3.3) we conclude that

f™(a)g™ (a)
n! k!

™ (a)g™ (a)
- nl k!

as © — a+. Multiplying both sides by n!k!(z — a) "%~/ (f(™(a)g™ (a)) we get

<§T—a)n _ Blayntk+1)

B,k +1)(& — a)"(x — a)k T

Bla,n+k+1)(z—a)"tF 4 o((x — a)" )

+o(1)

T —a B(a,k+1)
k+1)(k+2)---(k+n)
- +o(1)
(a+k+1)(a+k+2)---(a+k+n)
as x — a+, whence the conclusion. O

Corollary 3.3. Let o > 0, and let [ : [a,b] — R be a function satisfying the condition
(i) in Theorem 3.2. Then the point &; in (2.2) satisfies

. e —a n!
voer T—a (a+1)(a+2)---(a+n)’

In the special case when o = 1, then Theorem 3.2 and Corollary 3.3 coincide
with earlier results obtained by T. Trif [15, Theorem 2.2] and B. Zhang [20, Theorem
4], respectively.

Unfortunately, we were not able to prove a result similar to those stated in
Theorem 3.2 and Corollary 3.3, but concerning the asymptotic behavior of the point
&, in formula (2.3).

4. Fractional mean value theorems of differential calculus

K. Diethelm [6] and P. Guo, C. P. Li, and G. R. Chen [10] extended recently also
the classical Lagrange and Lagrange-Taylor mean value theorems to the framework of
fractional calculus. Let « > 0, and let f : [a,b] — R be a given function. The Caputo
fractional derivative of order « of f is defined by

D%, = D3 (f = Tray 1 (f:0))

where [-] denotes the ceiling function that rounds up to the nearest integer, while D%
is the Riemann-Liouville differential operator, defined by

Dgf = Dleljlel=ey,

In the above formula D™ denotes the classical differential operator of order m, and

JOf = f.
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Theorem 4.1. ([6, Theorem 2. 3] [10, Theorem 3]) Let o > 0, and let f € C*1=1[a, b]
be a function such that DS, Cla,b]. Then for every x € (a,b] there exists some
& € (a,x) such that
f(@) = Tiay-1(f;0)(2) 1 a
g = D2 f(6e): (4.1)
x—a) MNa+1)
In the special case when 0 < a < 1, then T741-1(f;a)(z) = f(a), and Theorem

4.1 takes the following form.

Corollary 4.2. ([6, Corollary 2.4]) Let 0 < a < 1, and let f € Cla,b] be a function
such that D¢, f € Cla,b]. Then for every x € (a,b] there exists some &, € (a,x) such

that f@) - f@) 1
z)— f(a
= D¢ z)- 4.2
D) s D) (1.2
Theorem 4.3. ([10, Theorem 4]) Let o > 0, and let f,g € C'*1=Ya,b] be functions
such that DS, f, D% g € Cla,b]. Then for every x € (a,b] there exists some &, € (a,x)
such that

D2,f(6)(9(2) = Trar-1(g:0)(@)) = D2g(&) (F(@) = Trar 1 (Fra)(@)).  (43)

Corollary 4.4. ([10, Corollary 3.6]) Let 0 < oo < 1, and let f,g € Cla,b] be functions
such that DS, f, D% g € Cla,b]. Then for every x € (a,b] there exists some &, € (a, x)
such that

D2 f(&:)(9(x) — gla)) = Diag(&:) (f(z) — f(a)). (4.4)

Remark 4.5. Let o > 0, and let f € Cl*1=1[a,b] such that D2, f € C[a,b]. Further,

let g : [a,b] — R be the function defined by g(t) := (¢t — a)*. If n := [a], then

n—1<a<n,and T14-1(g;a)(x) = Th—1(g;a)(z) = 0. On the other hand, for every
€ (a,b) one has

DEaly) = T (0 Tinalos) ) = 5 20
= Da+1).

Therefore, in this case (4.3) reduces to (4.1), while (4.4) reduces to (4.2). In other
words, Theorem 4.3 coincides with Theorem 4.1, while Corollary 4.4 coincides with
Corollary 4.2 in the special case when g(t) := (t — a)®.

It should be mentioned that similar fractional mean value theorems, but in-
volving the Riemann-Liouville fractional derivative instead of the Caputo fractional
derivative have been obtained by other authors (see, for instance, [10], [13], [16]).

5. Asymptotic behavior of intermediate points in fractional mean
value theorems of differential calculus

Theorem 5.1. Let o > 0 be a non-integer number, let n:= [«], and let f : [a,b] = R
be a function satisfying the following conditions:

(i) there exists a monnegative integer p such that f € C"*P[a,b];
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(ii) fO*+9)(a) =0 for 0 <j<p;
(i) f+)(a) £0.
Then the point &, in (4.1) satisfies

e ma (n+p—a)Bla+1,n+p—a)) =,

lim
r—=at+ T —a

Proof. We note first that since f € C™*P[a, b], the derivative (=1 must be absolutely
continuous on [a,b]. By [5, Theorem 3.1] it follows that

De,f = T D, (5.1)
Due to (ii), by the Taylor expansion of f we have

B f(TH-P) (a)

F@) = Tua(Fra)(a) = 0 (@ =) Fwl@)a — )7, (52)

where w is continuous on [a, b] and satisfies w(x) — 0 as x — a+. On the other hand,
by the Taylor expansion of f(™ we have

0t (a)

Fm0 =—;

(t—a)? +e@)(t—a)P, (5.3)
where ¢ is continuous on [a, b] and satisfies e(t) — 0 as t — a+.

Taking into account (5.1), equality (4.1) can be rewritten as

(x —a)*
(a+1)T'(n—«

13
£(#) = Taa(Fi0)@) = G (LT AR

v (5.3) and Lemma 3.1 we find that

1
/ (6 — 1)L FO) (1)dt

_ f(n—i—p) (a) & _ p\n—a—=1/p  _\p
-E M et arar
&
[T - - arear
I'(n—a)

- F(n +p+1-— a) f(n+p)(a)(£x - a)”ﬂ’*a + 0((€;c _ a)nij*O‘)’

whence

(fE — a)a s n—a— n
e ot @0 (5.5)
_ ()@ = a)? (& —a) e
FNa+1)I'(n+p+1—a)

+ 0((3: - a)"“’)
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as * — a+, because 0 < £, — a < & — a. Taking now into account (5.2), (5.4), and
(5.5), we find that
Fr P (a)(x — )t P @) — a)* (& — a) TP

F'n+p+1) MNa+1)I'(n+p+1—q)

+o((z — a)"*?)
as ¢ — a+. Multiplying both sides by
Dla+DE(n+p+1—a)(@—a)™"P/f")(a)

we get
<§x—a>n+p—a _ MNa+1)I'(n+p+1—a) +o(1)
xT—a Fn+p+1)
= (n+p—a)Bla+1,n+p—a)+o(l) (x = a+),
whence the conclusion. g

Corollary 5.2. Let 0 < a < 1, and let [ : [a,b] — R be a function satisfying the
following conditions:

(i) there exists a positive integer p such that f € CPla,b|;

(i) fU(a) =0 for1<j<p;

(i) £®) (@) £0.
Then the point &, in (4.2) satisfies

lim e —a = ((p—a)B(a-i—l,p—a))ﬁ.

r—=at+ T —aQ
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Subclass of meromorphic functions with positive
coefficients defined by convolution

M.K. Aouf, R.M. EL-Ashwah and H.M. Zayed

Abstract. In this paper we introduce and study new class of meromorphic func-
tions defined by convolution. We obtain coefficients inequalities, distortion theo-
rems, extreme points, closure theorems and some other results for the modified
Hadamard products. Finally, we obtain application involving an integral operator.

Mathematics Subject Classification (2010): 30C80, 30C45.

Keywords: Meromorphic, starlike and convex functions, Hadamard product.

1. Introduction

Let X denote the class of meromorphic functions of the form:

f(z) =§+Zakz’2 (1.1)
k=1

which are analytic in the punctured unit disc U* = {z: 2 € Cand 0 < |z| < 1} =
U\{0}. Let g € X, be given by

z) = 1 + 3 brz", 1.2
9(2) = - ; s (1.2)
then the Hadamard product (or convolution) of f and g is given by
1 [ee]
(fxg)(z) = ;"’Zakbkzk = (9 f)(2). (1.3)
k=1

A function f € ¥ is meromorphic starlike of order 5 (0 < 8 < 1) if

~Re { ZJJ:(;)} > B (2 €U), (1.4)
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and the class of all such functions is denoted by ¥*(5). A function f € ¥ is meromor-
phic convex of order § (0 < 5 < 1) if

zf"(2)
—Re{1+ o) }>6(zeU), (1.5)

and the class of such functions is denoted by X7 (/). The classes ¥*(5) and X} (f) are
introduced and studied by Pommerenke [11], Miller [9], Mogra et al. [10], Cho [4],
Cho et al. [5] and Aouf ([1] and [2]).

Fora>0,0<8<1, 0< A< 3 and g is given by (1.2), with b, > 0 (k > 1),
we denote by M(f,g;a, [, \) the subclass of ¥ consisting of functions of the form
(1.1) and satisfying the analytic criterion:

no A0 (@) £ AR 20 ()

R‘{< —Axf*gxz»+xdf*gyw>+5}
2+ 9) () £ A2(f *9)(2)
(=X (f *9)(2) + Az(f *xg)'(2)

We note that for suitable choices of g , o and A, we obtain the following subclasses:

M. 050 = X(9) (0 4 < )

+1|(z € U). (1.6)

and
M(f,

(see Pommerenke [11]).
Also, we note that

(1) M(f,g;,8,0) = N(f,g;, )

ﬁ;o,ﬁ;l) =Ti(8) (0<B8<1)

~{rezime (WW)N e | eenfs
(2) Putting g(2) = i+z<£ +‘”‘:)m ), then the class
+§:<e+6k> Fra B.N)

k=1
reduces to the class

. _ . S (5,01 () A (™ (5.0 ()
Myelmse 8,0) = { £ € 2 —Re { G S n ity + 8} 2 o

A=NUI™ (6,0 f(2))+A=(I™(8,0) f(2))
where the operator

e e ] 1‘ (6>0; £>0; meNo; zeU)},

I o= [+ E\™
Im(o,¢ =- — k 1.7
3.0() Z+g;(€ ) (1.7
was introduced and studied by El-Ashwah [6, with p = 1] (see also Bulboacd et al.
[3], El-Ashwah [7, with p = 1] and El-Ashwah et al. [8, with p = 1]).
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2. Coefficient estimates

Unless otherwise mentioned, we assume throughout this paper that
1
a>0,0<p6<1, OS/\<§, g is given by (1.2) with by > 0 and by, > by

(k>1).
Theorem 2.1. Let the function f defined by (1.1). Then f € M(f,g;a, B, ) if and
only if

oo

S+ AE = D] k(1 +a) + (a+ B)] axbr < (1= B)(1 —2)). (2.1)
k=1

Proof. Let the condition (2.1) holds true and using the fact that

—Re(w) > a|w + 1| + A if and only if — Re{(1 + ce’)w + ae'®} > 3,

we have
nof A0/ () A+ 0)(2)
" {(1—A)(f*g)(Z)JrAZ(f*g)’(Z) *5}
2(f g (2) + A2(f *9)"(2)
= ‘ =N *9)(2) + A x9)(2) T 1"
Hence

2(f x9)'(2) + A2 (f * 9)" ()
(=X *9)(z) + Az(f * 9)'(

—Re {(1 + ae') 3 + ae”} > B,

or, equivalently,

(Ltae™®)[2(f2g) () 4222 (Fg)” ()] +ae?® [(1-A)(F+g) (=) +A=(f*0)’ ()]
—Re { TN ) ()= *9)(2) 2 B,

where —m < 6 < 7. Suppose that

G(z) = —(1+ae”) [2(f % 9)'(2) + X2*(f % 9)"(2)]

—ae [(1=N)(f *9)(2) + A=z(f * 9)'(2)],
H(z) = (1= N(f*9)(2) + A2(f x 9)' (2),
and using the fact that
Re(w) > B if and only if |w — (1 + B)| < |w + (1 — B)| where w = —(u + iv),
we need to prove that
G(2) + (1= B)H(2)| > |G(2) = (1 + B)H(2)| for 0 < < 1.

Then
|G(2) + (1= B)H(z)| — |G(2) — (1 + B)H(2)|
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= [(2-6)(1-2)) [k — (1 =)+ Ak —1)]arbpz® — e,

1
z

NE

>
Il
—

.i(k + D1+ Mk — D)]apbpz®| —

k=

1 oo
‘ B =20~ = [k+(1+p)]
k=1

—
N

14+ AE = 1D)]agbpz® — ae' i(k + D)1 4+ Ak — 1)]arbyz*

k=1
> (2-B)( 1—2)\% Sk — (1 B+ Ak — Dlaghe 2" — o
k=1

é(k + )1+ Ak — Dlagby |2 — B(1 - 2A)ﬁ g:l ot (14 9)].

14 Ak — 1)]agby |2 — ai(k + )[1+ Mk — D]arbg |2|"
= 21-p8)(1- 2§: (k+ B)[1 4 A(k — 1)]agby |2 — 2a.

P
.i(k + 1)[1+ Mk — D]agbg |2 > 0.
k=1

On simplification we easily arrive at the inequality (2.1).
Conversely, suppose that f is in the class M (f, g; o, 8, A). Then

(140 ) [2( )’ ()4 A22(Fxg)" (2)] +ae® [(1-N)(Fxg) ()4 A=(Fg)' ()]
—Re { TN 9) ()= (F>9)(2) 2 B,

Hence
(1-20)(1-p)L - f {k +ae®(k+1) + B}1 + Ak — 1)]axby2*

Re k=1 = >0,
(1=2)N)2 4+ Y 1+ Ak — 1)]agby2”
k=1

If we now choose z to be real and z — 17, we write

[e.9]

D [+ AE= D] k(L + @) + (a+ B)] arby < (1= B)(1 —2)),
k=1
which completes the proof of Theorem 2.1.
Corollary 2.2. Let the function f defined by (1.1) be in the class M (f, g;«, 8,\). Then

(1-B)(1-2)) 09)
LT+ Ak—=1D]k1+a)+ (a+8)] by '
The result is sharp for the function

fe) =+

a <

(1—-8)(1—2)\)
[T+ XKk — D] [k(1+ )+ (a+ B)] by - (23)
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3. Distortion theorems

Theorem 3.1. Let the function f defined by (1.1) be in the class M(f,g;«, B, \), then
for 0 < |z| =r < 1, we have
1 (1-p1-=2)
lz|  Qa+p+1)b
The result is sharp for the function f given by

lz] < |f(2)] < 1.,.%

EREC e IS

1 1-pa-2y
Proof. 1t is easy to see from Theorem 2.1 that
2o+ B+ 1)b Y ar <Y [1+Ak— D] k(1 +a) + (a + 8)] axbr
k=1 k=1
<(1-B)1 -2\,
Then
- —B)(1 —=2X)
kz:: S (2a+ B+ 1)by (33)
Making use of (3.3), we have
EE ﬁ SET
k=1
1 1-=-/0-=2x
S E RN E o)
and
1G] € Y w
k=1
< 1 %| l, (3.5)

Izl 7 (2a+ B+ 1)y

which proves the assertion (3.1), and this completes the proof of Theorem 3.1.
Theorem 3.2. Let the function [ defined by (1.1) be in the class M(f,g;a, 8, ), then
for 0 <|z| =r <1, we have

L (1=p)-2) (L-B)(1—2)

— <|f(»)| < — . 3.6
22 (2a+B+1)b sIF @)= 1z (2a+B+1)b (36)
The result is sharp for the function f given by (3.2).
Proof. From Theorem 2.1 and (3.3), we have
1—2)\
Zkak < L (3.7)

(2a+ 4+ 1)by

Since the remaining part of the proof is similar to the proof of Theorem 3.1, we omit
the details.
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4. Closure theorems

Let the functions f; be defined, for j =1,2,...,m, by
1 k
== g ; ;i >0). 4.1
> + — ak,jz" (ak,; > 0) (4.1)

Theorem 4.1. Let the functions f; (j = 1,2,...,m) defined by (4.1) be in the class
M(f,g;a,8,\). Then the function h defined by

SR X

Z+Z< Z )z (4.2)
j=1

also belongs to the class M(f, g;a, B, A).

Proof. Since f; (j =1,2,...,m) are in the class M(f, g; o, 5, A), it follows from Theo-

rem 2.1, that

o0

D LA+ AE = D] k(1 +a) + (@ + B)] ax,bx < (1= B)(1 -2,

k=1
for every j = 1,2, ..., m. Hence

oo

1+ Ak —D][E(1+a) + (a+ B)]b Za,w

k=1

*Z (Z L+ Ak = D][F(1+a)+ (a+B)] ak,jbk>
k=1

< alp-2n.

From Theorem 2.1, it follows that h € M(f, g; «, 8, A). This completes the proof of
Theorem 4.1.
Theorem 4.2. The class M(f, g;a, B, \) is closed under convex linear combinations.

Proof. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(f,g;a,8,A\). Then it is sufficient to show that the function
h(z) = nf1(z) + (L = n)f2(2) (0<n < 1), (4.3)
is in the class M(f, g; a, B, \). Since for 0 < n <1,
1 o0
h(z) = ~ + ;[Uflk,l +(1- n)ak,g]zk, (4.4)
with the aid of Theorem 2.1, we have
S I+ Ak = D] k(L + ) + (a+ B)] belnak 1 + (1 —n)a 2]
k=1

< 1= =2+ 0= -1 -2}
1=/ —=2x),
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which implies that h € M(f, g;a, 5, ).
Theorem 4.3. Let o > 0, then

M(f,g;a,8,\) € N(f,g;0,0),

where
20 -8 =201+ «)
Qa+p8+1)+(1-B)(1-2))
Proof. If f € M(f,g;, 3, )), then

oc=1-

14+ Ak = D] [EQ +a) + (a+ B8)] by
2 (1-08)(1—2))

We need to find the value of o such that

ap < 1.
k=1

o0

Z [k(1+a)+ (a+0)]| b

<1
1-0) ag =

k=1
Thus it is sufficient to show that

El+a)+(a+o0)] _ [1T+AE=D]EQ1L+a)+ (a+P0)]

-0y~ (-5 —2)
Then
oc<1-— (k+1)(1-=6)1-20)1+a)
T D+ AME-D] k(1 + )+ (a+B)] 4+ (1—B)(1—2))°
Since
D(k)=1— (k+1)(1-B)(1—2))(1 +a)

is an increasing function of k (k > 1), we obtain

B 2(1 = B)(1 —2))(1 + )
s P =l- G a2y

1
Theorem 4.4. Let fo(z) = — and
z

k
TG DRt o) T @ T A Y

LT+ AMk—D][kQ+a)+ (a+B)]+ (1 —5)1—2\)

295

(4.6)

(4.8)

Then f is in the class M(f, g; o, B, A) if and only if can be expressed in the form

F) = mfil(2),
k=0

where py, > 0 and Zuk = 1.
k=0

(4.9)
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Proof. Assume that

F2) = > mfe()
k=0

LY (1- )1 —2) .
= z+; TG DR+ @rgn/s 410
Then it follows that
S (L4 AG = DIk +a) + (0t B b (1-8)(1 -2
2 (1—-B)(1—2N T+ AE-DIFI+a)+ (@t B) b ™

o0
ZZMk-Zl—MOSL
k=1
which implies that f € M(f,g;a, 8, A).
Conversely, assume that the function f defined by (1.1) be in the class M (f, g;
a, B, A). Then

o < (1-8)(1-2))
S AE— DA+ a)+ (a+ B8)] b
Setting
_B4AE- DIk + o) + (ot B)be
& (1-B)(L—2%) b
where

o0
#ozl—Zuk,
k=1

we can see that f can be expressed in the form (4.9).

Corollary 4.5. The extreme points of the class M (f, g; v, B, A) are the functions fo(z) =
1

2 and
(1-8)(1—=2))
L+ Ak—=D]E(1+a)+ (a+5)] b

fe(2) = % + 2 (k> 1). (4.11)

5. Modified Hadamard products

Let the functions f; (j = 1,2) defined by (4.1). The modified Hadamard product
of f1 and f5 is defined by

(fi* f2)(2) = % +) arpar2?® = (fax f1)(2). (5.1)
k=1
Theorem 5.1. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(fvg;avﬁv)‘)' Then fl *f? S M(fag;a,% )‘)7 ’LUh€’f‘€
2(1—B)%2(1 -2))(1 + )

ool (2a+ B+ 1)2by + (1 — B)2(1 —2))° (5.2)
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The result is sharp for the functions f; (j = 1,2) given by
1 a=p0-2N
fi(z) = z + (2a+ 8+ 1)b

Proof. Employing the technique used earlier by Schild and Silverman [12], we need to
find the largest real parameter ¢ such that

[ AE = D] [EQ+ )+ (a4 )] by
2 1- o)1 -2
Since f; € M(f,g;a,8,)) (j =1,2), we readily see that

z(j=12). (5.3)

ag10k2 < 1. (5.4)

1 HMNE—=D][F(1+a)+ (a+B)] bk
;;1 DY ar1 <1, (5.5)
and
N1+ Ak — D] [E(L + @) + (o + )] by,
kzz:l (1—ﬁ>(1—2)\) ak,2§1. (56)
By the Cauchy-Schwarz inequality we have
[+ ME=D]EA+a)+ (a+B)]b
2 Ty e < 1 57
Thus it is sufficient to show that
[T+ Ak — 1] k(14 @) + (a+ ¢)] by <
1-p)1-2) e =
[14+ (k= D] [k(1+ @) + (a+ B)]b
(-1 -2 A 58
or equivalently, that
k(14 0)+(a+B)](1-¢)
VIR S (R (T a) + (o o) (L= 9) )
Hence, in light of the inequality (5.7), it is sufficient to prove that
(1)1 -2 R R ) [T

L+ Ak =D]EQ+a)+(a+B)bx ~ [k(1+a)+ (a+e)](1-5)
It follows from (5.10) that

<1 (1—-758)2(1-2)N)(1 +2a)(k+1) . (5.11)
1+ Ak — D] [E(L+ @) + (a+ B8)]* b + (1 — B)2(1 — 2))
Now defining the function E(k) by

B =1 (1—08)%(1—2))(1 —|—2a)(k+1) C 612)
(14 Ak = D[R+ @) + (a+ B)]  bi + (1 — B)2(1 — 2))
We see that E(k) is an increasing function of k£ (k > 1). Therefore, we conclude that
2(1—B)2(1 —20)(1 + )
2+ B+ 1)20; + (1 = B)3(1 = 2))’

p<EQ1)=1- (5.13)
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which evidently completes the proof of Theorem 5.1.

Using arguments similar to those in the proof of Theorem 5.1, we obtain the following
theorem:

Theorem 5.2. Let the function fi1 defined by (4.1) be in the class
M(f,g;a,8,\). Suppose also that the function fo defined by (4.1) be in the
class M(f,g;c,p, N). Then f1 % fo € M(f,g;a,(,\) where

21— B)(1 = p)(L = 20)(1 + )

c=h- 2a+B+1)2a+p+1)by + (1= B)(1—p)(1 —2))° (5.14)
The result is sharp for the functions f; (j =1,2) given by
fl(z) = é + w (5.15)

2o+ B+ )by
and
1 1-— 1—-2X\
o) = L4 =)0 =24
z (a+p+1)b
Theorem 5.3. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(f,g;a,B,\). Then the function

(5.16)

oo
+Z ak1+a‘k2 (517)
k=1

belong to the class M(f,g;a, e, ), where

_ 41— B)2(1 —2))(1 + a)
oo (20 + B+ 1)2b; +2(1 — B)2(1 —2)\) (5.18)

The result is sharp for the functions f; (j =1,2) defined by (5.3).
Proof. By using Theorem 2.1, we obtain

o~ [ AE = DIk + o) + (a4 )b *
2{ }

2 (- B —2) o
and 2
[+ ME =D k(L +a)+ (a+B)]bx |~
ST f oo
- 2
(e e
k=1

It follows from (5.19) and (5.20) that

1 (1 + Ak =D [k(Q+a)+ (a+B8)] b’
22{ 00— k} (

k=1

arq +apy) < 1. (5.21)
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Therefore, we need to find the largest € such that
1+ Ak—1)]k1+ o)+ (a+e)] bk

(1—e)(1-2))
§2{ (1-8)(1—2)) k} ;
that is
e<1-— 2(1 - B)2(1 —2X) (1 + a)(k + 1)
T AR D[R+ o)+ (o B)) b+ 201 = 8)2(1 - 2))
Since
G(k)=1— 2(1—B)2(1 -2 (14 a)(k+1)

14+ Ak —

is an increasing function of k

J k(1 +
(k

e<G(l)=1-

1+
> 1), we obtain
4(1—B)%2(1 =20 (1 + )
(2a + 6+ 1)2b1 + 2(1 — ﬂ)Q(l — 2)\)7

and hence the proof of Theorem 5.3 is completed.

6. Integral operators

@)+ (a+ B)] b +2(1 = B)2(1 = 2))

299

(5.22)

(5.23)

(5.24)

(5.25)

Theorem 6.1. Let the functions f given by (1.1) be in the class M (f, g; o, B, \). Then

the integral operator
1
c/ucfuz Ydu (0 <u < 1; ¢>0),
0

is in the class M(f, g;a, &, \), where
2c(1-B)(1+a)
(c+2)2a+p+1)+c(1-75)

The result is sharp for the function f given by (3.2).
Proof. Let f € M(f,g;c,,)), then

£=1-

1
F(z) = c/uc fuz)du
0
1 > c k
B §+;k+c+1akz
Thus it is sufficient to show that

1+ Ak —=D][EQ+a)+ (a+8&)] by

k+c+1)( —6(1-2N a < 1.

M

(6.4)
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Since f € M(f,g;a, (8, ), then

1+ Ak — D)) [k(1+ @) + (a+ B)] by
;; Y ar < 1. (6.5)

From (6.4) and (6.5), we have
ckQ+a)+ (@t 9] _ [k +a)+(atf)

(k+0+1)(1—§) - (1_5)
Then
£<1— c1-B)(k+1)(1+a)
= (ctk+DkQ+a)+(@+B)]+c(l-8)
Since
Y(k)=1- c(1=p)k+1)(1+a)

(c+k+1D)k(l+a)+ (a+B)]+c(l-p5)
is an increasing function of k (k > 1), we obtain

2c(1-B)1+ o)
(c+2)2a+B+1)+c(1—-p5)’
and hence the proof of Theorem 6.1 is completed.
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On a class of dichotomous evolution operators
with strongly continuous families of projections

Mihai-Gabriel Babutia

Abstract. The aim of this paper is to present a concept of nonuniform exponential
dichotomy through a certain class of strongly continuous evolution operators
defined with the aid of a particular family of projections acting on the state space.
This class easily emphasizes the fact that, in the case of uniform exponential
dichotomy, the uniform exponential growth is essential in order to prove the
boundedness of the dichotomic family of projections. The main result of the
paper is the extension of the boundedness result in the nonuniform setting.
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Keywords: nonuniform exponential dichotomy, strongly continuous families of
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1. Introduction

The exponential dichotomy property for linear dynamical systems has gained
prominence since the appearance of two fundamental monographs of J. L. Massera
and J. J. Schéffer [12], J. L. Daleckii and M. G. Krein [10]. These were followed by
the important books of C. Chicone and Y. Latushkin [9] and L. Barreira and C. Valls
[5].

Concerning the stability, unstability and dichotomy properties, it is worth to note
that their study had an impressive development and several results were obtained,
which characterizes these properties, connect them and study their preservations un-
der small perturbations, which were successfully materialized in [2], [14], [17], [11],
[16], [22], [19] and the references therein.

The study of concepts of nonuniform exponential dichotomies materialized in a
large number of interesting research papers, from where we point out: [6], [7], [8], [13],
18], [21], [17):

In this paper we present a particular family of projections on the Banach space
[°(N*,R), which satisfies a vast variety of properties, useful in constructing counterex-
amples (see for example [3] in discrete time). Attached to this family of projections,
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we give a particular type of evolution operator which will serve as an example to
the importance of the growth property assumed in order to prove the existence of a
constant upper-bound for the dichotomic family of projections.

In the final part of this paper we took a step forward in this direction: under the
hypotheses of exponential growth and nonuniform exponential dichotomy, the family
of projections is, by conclusion, exponentially bounded.

Several results in the uniform setting were obtained in this sense, and we point
out the works [15], [20], [23], [1].

A first approach in the nonuniform case (under the assumption of nonuniform
exponential growth and uniform asymptotic behavior) was successfully accomplished
in [2] in discrete-time, from where the particular cases of exponential and polynomial
upper-bounds of the projections were obtained. By using different methods and a
stronger concept than the exponential dichotomy (the notion of admissibility), an
exponential upper-bound - in terms of an auxiliary norm constructed on the state
space - of the family of projections was obtained in [4].

2. Preliminaries

Let X be a real or complex Banach space, and B(X) the algebra of bounded
linear operators acting on X. We denote by || - || the norm on X and on B(X), and
let A be the set of all pairs of real nonnegative numbers (¢, s) satisfying t > s.

Definition 2.1. A map U : A — B(X) is called an evolution operator on X if the
following conditions hold:

(e1) U(t,t) =1, for allt > 0 (I denoting the identity operator on X ).

(e2) U(t,s)U(s,to) = Ul(t,to), for all (t,s), (s, to) € A.

Moreover, if

(e3) for allt >0 and for all x € X the maps [0,t] 57— U(t,7)x € X and
[t,00) D 7 = U(r,t)x € X are continuous

then we say that U : A — B(X) is a strongly continuous evolution operator.

Definition 2.2. Let U : A — B(X) be an evolution operator. We say that U : A —
B(X) has an exponential growth if there exist M,w > 0, ¢ > 0 such that

Ut 9)z]| < Me* ezl V(t,s) € A,V € X.

In the particular case in which ¢ = 0, we say that U has a uniform exponential
growth.

Remark 2.3. If an evolution operator U : A — B(X) has a uniform exponential
growth then it obviously has a nonuniform exponential growth.

Example 2.4. Let f: Ry — (0,00) be a continuous function. For (¢,s) € A we define
Ut,s): X - X by
ft)
Ult,s)r == -z, VrelX.
2= 76

We have that U is a strongly continuous evolution operator.
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1. If f(t) = €', for al t > 0, it is easy to see that U : A — B(X) has a uniform
exponential growth.

2. If f(t) = t-cost, for all t > 0, one can see that U : A — B(X) has an exponential
growth, which is not uniform.

Below, we will see that Definition 2.2 is not redundant.

Example 2.5. Let X =R and A: R, — Ry, A(t) = ¢'. Consider the Cauchy problem

{a'c(t) = A(t)z(t), t>0
z(0) =e

The above stated problem has the solution z(t) = eet, the corresponding evolution
operator being U : A — B(R),
U(t,s)x = R R () s,x) € A xR.
Assuming that there exist M > 1, ¢ > 0 and w > 0 such that
|U(t, s)|| < MeS2e=9) V(t,s) € A,
choosing in the above inequality s = 0, we obtain the contradiction
e < Me*t, Vt>0.

The example from above shows us that even in the particular context of evolution
operators arising from Cauchy problems, the exponential growth is not assured.
Definition 2.6. A map P : Ry — B(X) is called a family of projections on X if

P(t)* = P(t), for everyt > 0.
In addition,
(i) if there are M > 1 and v > 0 such that
IPt)|| < M, forallt >0

then we say that the family P : Ry — B(X) is exponentially bounded. In the
particular case when v =0, P is called bounded;
(ii) if for allt > 0 and for all x € X, the map

Ry3t— Ptz e X

is continuous then we say that the family P : R, — B(X) is strongly continuous.

Remark 2.7. If P: R, — B(X) is a family of projections on X then
Q : Ry — B(X) defined by Q(t) =1 — P(t)
is also a family of projections on X, which is called the complementary family of
projections of P.
Definition 2.8. Let U : A — B(X) be an evolution operator and P : Ry — B(X) a
family of projections. We say that P : Ry — B(X) is:
(i) invariant for the evolution operator U : A — B(X) if for all (t,s) € A
U(t,s)P(s) = P(t)U(t,s);
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(ii) strongly invariant for the evolution operator U : A — B(X) if it is invariant for
U and for all (t,s) € A the restriction

Ul(t,s) : KerP(s) — KerP(t)
is an isomorphism.

In what follows, if P is invariant for U, then we say that (U, P) is a dichotomy pair.

3. Nonuniform exponential dichotomies
Let (U, P) be a dichotomy pair.

Definition 3.1. We say that (U, P) is exponentially dichotomic (e.d) if there exist
constants N > 1,8 > 0, a > 0 such that for all (t,s,z) € A x X the following hold:
(edr) |U(t,5)P(s)z|| < Ne**e =] P(s)a| ;

(eda) Ne*||U(t,9)Q(s)x| = e? =) [|Q(s)z]|.

If a = 0 then we say that (U, P) is uniformly exponentially dichotomic (u.e.d).

Remark 3.2. If a dichotomy pair (U, P) is (u.e.d) then it is also (e.d). The converse
is not generally true, as we can see in the below example.

Example 3.3. Let X =R?, f: R, — R,
t
f)=———, t>0
0= 12
where by {t} we denoted the fractional part of the real number ¢. For the above
defined function we have the following estimation:

1
F&) = f(s) 2 5(t—s) - g V(t,s) € A.
We define U : A — B(R?) by
Ult,s)(x1,29) = (ef(S)ff(t)’ef(t)ff(s)) . (ts,21,72) € A X R

Defining P : Ry — B(X), by P(t)(x1,22) = (21,0) for t > 0 and (z1,72) € R?, we
have that (U, P) is a dichotomy pair and a straightforward estimation shows us that
for all (t,s) € A, and for all = (z1,22) € R?

U (t,s)P(s)z|| < e2%e™ 29| P(s)z|
e2*|U(t, $)Q(s)z]| = 22| Q(s)a].

Hence conditions (ed;) and (ed;) follow from above, from where (U, P) is e.d, but
the dichotomy cannot be uniform since, by assuming the contrary, for n € N setting
th, =n+ % and s, = n+ 1, with N, 8 given by Definition 3.1, we would obtain the
contradiction

n _B
e3s < Ne 2, VnéeN.
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Remark 3.4. In [15] it is proven that if U : A — B(X) has uniform exponential growth
then the uniform exponential dichotomy of U : A — B(X) implies that

sup | P(t)]| < +oo.
t>0

We will show that the uniform exponential growth of the dichotomic evolution
operator U : A — B(X) is essential for the conclusion in the preceding remark to
hold.

In what follows, we will present a family of projections which is strongly con-
tinuous and, by choosing an appropriate evolution operator, it will give a dichotomy
pair with interesting properties.

Example 3.5. Let X = [°°(N* R) the Banach space of bounded real-valued sequences,
endowed wit the sup-norm

|z]|oc = sup |z,|, for z = (z,)n>1 € I*°(N*,R).
n>1

The norm on B(X) will be denoted as usual by || - ||.
For every t € Ry we define P(t) : I°(N*,R) — [*°(N*R), for x =
(3;‘1,.132, ey Ty e ) S ZOO(N*,R), by
Pt)x = (z1+ (e —1)za, 0, a5+ (e" =Dz, 0, ...).
We denote by Q(t) =1 — P(¢), for all t € R,

The properties of the family of operators P : Ry — B(I°*°(N* ,R)) are pointed
out by the following result.

Proposition 3.6. For all t,s € Ry and for all x = (z,,)n>1 € [°(N*,R), the following
assertions hold:
(i) P(t) is correctly defined, P(t) € B(I>°(N*,R)) and ||P(t)|| = €';
(ii) P(t) is a projection on [°°(N* R);
(1ii) Qt)r = (1 —e)ag, xo, (1—€)wy, x4, ...) and
Q)] = max {1,e" —1};
(iv)

RangeP(t) = RangeP(s)
= {(yn)n21 S ZOO(N*,R) D Yo = O,Vn S N*} =: H;
(v)
RangeQ(t) = {(zn) € I®(N*,R) : @21 + (' —1) 23, = 0,¥n € N*}
=: K(t);

(vi) the decomposition [*°(N*,R) = H @ K(t) holds;
(vii) P(t)P(s) = P(s);
(viii) Q(t)Q(s) = Q(t);

(iz) Q(t)P(s) =0.
Proof. Let t,s € Ry and © = (2,)n>1 € (N, R).
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(i) Obviously P(t) is a linear operator, and from

|1P(t)z||oo = st;pl) |Zon—1+ (" = 1) z2n| < (1 + |€" = 1]) |2loc = €"[|%[ o0,

we have that P(t) is correctly defined, and P(t) € B(X) with |[P(¢)]] < €.
Choosing = = (1,1,1,...) € [*°(N*,R) we have that ||z||cc = 1 and from

P)e=(1+(e"—=1)-1,0, 1+ (e"=1)-1,0,...)=(c",0,¢,0,...),
we have that
[Pzl =€ = e'[]oo,
from which it follows that ||P(t)|| = et.
(i) Let y = P(t)x. Then we have that for all n € N*, y3,, 1 = x2,_1 + (! — 1) 22,
and yo, = 0. It follows from here that

P(t)zf_P(t)y_(y1+(€t—1)y2,0» ys+ (&' —1)ya, 0, >

= (yla 07y37 07 . ) = P(t)l’
(iii) The expression defining Q(¢) follows from a straightforward computation. Let
y = Q(t)z. It follows that for n € N*, 4o, 1 = (1 — €') 2, and y2,, = Z2,. This
implies that

1Q(#)|oo

sup |yn| = maXx {Sup |y2n—1|a sup |y2n|}
n>1 n>1 n>1

max { (e" — 1) sup |2, ], sup |$2n|}
n>1 n>1
=max {1,e' — 1} - sup |z9,,| < max {1, e’ — 1} - ||z .
n>1

Choosing =g = (0,1,0,1,...) € I°(N*,R) having ||z¢||c = 1, from
Qt)ro=(1—¢€",1,1—¢",1,..)
we obtain that ||Q(t)xo]|e = max {1,e! — 1} ||2¢|ls0, from which the validity of
the assertion follows.
(iv) Let y € RangeP(t). Then there exists z € °°(N*,R) with y = P(t)z, from which
we deduce that ys, = 0, for all n € N*.
Conversely, let y € [*°(N* R) be a bounded sequence having ys,, = 0, for all n €
N*. A straightforward calculation shows us that P(t)y =y, so y € RangeP(t).
(v) From the equivalence P(t)z = 0 < xo,—1 + (¢! — 1) x2, = 0, for all n € N*, it
follows that the assertion is true.
(vi) The decomposition takes place, provided by the fact that P(t) € B(I*°(N*,R)).
(vii) From P(s)x € H = RangeP(t), P(t) acting as the identity operator on its range,
we deduce that P(¢t)P(s)x = P(s)z.
(viii) The desired relation follows from
Qt)Q(s)x=(I - P(t))(I — P(s))x =z — P(s)x — P(t)x + P(t)P(s)x
=1z — P(s)x — P(t)x + P(s)x =z — P(t)x = Q(t)x.

(ix) From P(s)x € H = RangeP(t), we have that Q(¢)P(s)x = 0. O
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Another property of the above defined family of projections is given by:

Proposition 3.7. The family of projections P : Ry — B(1°°(N*,R)) defined in Example
3.5 s strongly continuous.

Proof. Let x € [*°(N*R) and 79 € Ry. A simple computation gives us that
P(r)x — P(mo)x = ((e" —€™)z3, 0, (" —e™)ay, 0, ...),
hence

1P(r)e = P(ro)tlloc = [7 — ™ |suplazn| < [e7 = €™ [2]loc —— 0.
n>1 T—T0

From this it easily follows that
1Q(T)z — Q(10)2[loc = llz — P(T)z — 2+ P(70)2]l0c = [[P(70)z — P(7)]|cc ——0

T—T0

hence its complementary is also strongly continuous. 0

For (t,s) € A, we define Up(t,s) : [*°(N*R) — [>°(N*,R) by
Up(t,s)r =" 'P(s)x + " *Q(t)x, VY €1 (N*R).

The following result will point out the basic properties that the above defined
two-parameter family of bounded linear operators verifies.

Proposition 3.8. Up is a strongly continuous evolution operator on 1*°(N* R).
Proof. (e1) We have that Up(t,t)z = e?P(t)z + e°Q(t)z = z, for all (¢,s,2) € A x
[°°(N*,R).
(e2) Let (t,9),(s,tg) € A and z € [*°(N*,R).
Up(t,s)Up(s,to)x = e "P(s)U(s,to)x + " *Q(t)U(s,to)x
=" 'P(s) (" P(to)x + e " Q(s)x) + ' °Q(t) (e P(to)x + e " Q(s)x)
= et P(s)P(tg)x + e et T P(5)Q(s)x + et 5 T Q(t) P(ty)x + Q1) Q(s)x
="' P(tg)r + e Q(t)x = Up(t, to)x.
(e3) Let t > 0 and z € [°°(N*,R). The continuity of the map [0,t] > 7 +— U(t,7)z €
[°°(N*,R) follows from the below estimations:
1Up(t,7) — Up(t, )2
< |le" " P(r)z + €TQ(t)x — €™ P 7o)z — et*TOQ(t)xHOO
< |le" " P(r)z — €TO_tP(T0).’E||OO + |l Q) x — et_TOQ(t)gvHoo
< HeT_tP )T — eT_tP(TO)xHOO + HeT_tP(To).’E - eT"_tP(TO)xHOO +
et — e QB <
< [P = P(r)alloe + |7 = ! [P(ro)e|oc + ¢! e — e [Q(t)a]
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To prove that the map [t,00) > 7 +— U(r,t)z € [*°(N* R) is continuous, we will
proceed as above:

[Up(7, 1)z — Up(7o,t)x[

= [|e""TP(t)x + ¢ 'Q(1)x — ' P(t)x — eTU*tQ(TO):EHOO

< e 7T =T | P()a]|oo + e THQT)Z — Q(r0)2 0 + |7 — €™ [|Q(70) 2 o
the right-hand side tending to zero as 7 — 7p, provided by the fact that the map

7+ ¢t is bounded on the interval [t, 7 + 1]. -

Regarding the growth of the above defined evolution operator, we state the
following two results.

Proposition 3.9. The evolution operator Up : A — B(I°°(N*R)) has an exponential
growth.

Proof. Let (t,s) € A and z € [*°(N*,R). Setting M = w = 2 and € = 1, and having
in mind that

1UPp(t,s)zlloc = [[e*™" P(s)z + e *Q(t)z| . < e > (IP(s)[| + [1Q@) |z]loc =
=el™" (es + max{1, et — 1}) |z|loo < 2¢etel~ Nzl =
= 2e52(t- G)HJ?H

we obtain the desired conclusion. O

Proposition 3.10. The evolution operator Up does not admit a uniform exponential
growth.

Proof. Assume by a contradiction that there exist M,w > 0 such that
[Up(t, 8)z]lc0 < Me“ ™9 |2]|l00, V(t,s,2) € A x I®(N*,R).

Let, in the above inequality, ¢ > 3, s =t — 1 and = = (0,1,0,1,...) € I*(N*,R),
having ||z||ec = 1. This implies that

|Up(t,t — 1)z]|oo < Me®. (3.1)
We have that
1 1 1
“Pt—1z=(e"?-=0e"2--0,... 3.2
SP(e- e = (@72 - L0 - o, (3.2
eQ(t)x = (e —ettl e e—eltl e, .. ) ) (3.3)

From (3.2) and (3.3) it follows that
1 1
Up(t,t — 1)z = (et2 —etlpe—Z e el et fe— e, .. ) ,
e e
from which we deduce that

Up(t,t = 1)z = max{ e T

! ,e}. (3.4)
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By Lagrange’s mean value theorem applied to the exponential function on the interval
[t —2,t4 1] C [1,00), there exists & € (¢t — 2,t + 1) such that

et —et72 = 3e8 > 3¢ 72 > 3e. (3.5)
Hence
t—2 _ _t41 1 ¢ 1 1
e —e M te——=-3e+e—-< -2e—-<-2e<—-e<0. (3.6)
e e e
By (3.4) and (3.6), we have that
1
|Up(t,t — 1)x|oo = T —et™2 4+ = —e. (3.7)
e

Finally, using (3.7), (3.5) and (3.1), we obtain the contradicting inequality
1 1
3et_2+f—e§et+1—et_2+f—e§Me‘”, Vvt > 3. O
e e

Proposition 3.11. (Up, P) is a dichotomy pair.
Proof. Let (t,s) € A and © € {°°(N*,R). The conclusion easily follows from
Up(t,s)P(s)x = e* 'P(s)P(s)z + e *Q(t)P(s)x
= 51 P(s)m;
P(t)Up(t,s)z = P(t) (e’ "P(s)x + €' *Q(t)x)
=eSTTP(t)P(s)x + e P(t)Q(t)x

O

Corollary 3.12. From the above proposition, we can state that for all (t,s) € A we
have:

(1) Up(t, s)Q(s) = Q(t)Up(t, s);

(i) Up(t,s)H C H;
(iii) Up(t,s)K(s) C K(t).
Proposition 3.13. For all (t,5) € A the restriction Up(t,s)| : K(s) — K(t) is an
isomorphism.

Proof. Let (t,s) € A. To prove the injectivity of Up(t,s)|, let y € K(s) satisfying
Up(t,s)|y = 0. Using the definition of K(s), we have that there exists x € [*°(N*,R)
with y = Q(s)x. It follows that
Up(t,s)y = Up(t,s)Q(s)z = et‘sw)x
which implies Q(¢t)z = 0, so P(t)x = x. Hence y = Q(s)x = Q(s)P(t)z = 0.
To prove the surjectivity of the operator, let z € KC(t). It follows that there exists
y € [°(N*R) with z = Q(t)y. Let x = e~ 'Q(s)y € K(s). Then
Up(t,s)jz = e *Q(t)z ="' Q(1)Q(s)y = Qt)y = 2. O

For ¢ > 0 we will refer to H and IC(t) as to the stable and unstable subspaces at

time ¢ respectively.
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Proposition 3.14. There exist constants N, > 0 such that
|Up(t,5)P(s)z]loe < Ne P9 ||P(8)2||l0o, V(,s,2) € A xI®(N* R).
Proof. Choose N = 8 = 1. By Proposition 3.11 we have that for (¢,s,2) € A x
[°(N*, R),
1Up(t, 5)P(s)a]loo = € || P(s)2]loo = Ne 79| P(5)2] - O

Before stating the next result, we will need the following lemma, which gives us
the sup-norm induced on K(¢), ¢ > 0.
Lemma 3.15. For every t € Ry and for every x € [*°(N*R), we have that

|Q(t)x]| 0o = max{1, et — 1} - sup |zay|.
n>1

Proof. Tt follows from Proposition 3.6, (iii). O
Proposition 3.16. There exist N, 3 > 0 such that
1Up(t, )Q(s)zlloo = NP9 Q(s)2]|oc,  V(t, 5, 2) € A X I®(N",R).
Proof. Choose N = =1. Let (t,8) € A and x € [°°(N*,R). We have that
1UP(t,9)Q(s)7]| 0 = € Q(t)7]|

= ¢! *max{l, e’ — 1} sup |r2,]
n>1

> e'*max{l,e* — 1} sup |z,
n>1

=¢"°1Q(s)2] -
0

By synthesizing all of the above, we can state the following result which empha-
sizes the key properties of the evolution operator constructed in this section.

Theorem 3.17. The following assertions hold:

(i) Up : A — B(I*°(N*,R)) is a strongly continuous evolution operator on
[>°(N*,R);
(i) Up : A — B(I*°(N*,R)) has an exponential growth and does not have a uniform
exponential growth;
(iii) (Up, P) is exponentially dichotomic.
(i) sup[[P()]| = +oo.

Conclusion. In terms of Theorem 3.17, although the evolution operator U verifies all
the conditions that makes it uniformly exponentially dichotomic, the property

sup || P(t)] < +oo
>0

fails, provided by the fact that the evolution operator does not admit a uniform
exponential growth.

In the final part of this section, we will give a boundedness result of the di-
chotomic family of projections in the nonuniform case.
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Theorem 3.18. Let (U, P) be a dichotomy pair which is (e.d). If U : A — B(X) has
an ezxponential growth then the family of projections P : Ry — B(X) is exponentially
bounded.

Proof. Let M,w > 0 and € > 0 given by the exponential growth and N, «, 8 given by
the (e.d) property. Let s > 0, € X and t > s. It follows that

oBt—s)

(IPs)e] = o)) Froas = Ne*e | P(s)e]
B(t—s)

< e Q)| - Newte P P(s)a|

< Ut 9)Q(s)x| = |U(t, s)P(s)z|| < |U(t, 5)x]| < Me=*e= ) |||
from where
efaseﬂ(tfs)

N~ Newe || P(s)al| < Mt g (3.8)
Consider
t—s+gs+M+l>8
B g o
Then we have that
%e‘“eﬁ(t_s) = %e_o‘sNeBe“ = (3.9)
1
Neasefﬁ(tfs) — Neasﬁe*ﬁefas = 675 (310)
pwtB)(t=s) _ s (B (1) (3.11)
By denoting
MetB) (5 +1) alw+ B)
L - 1 = —
el —e P S B e

from (3.9), (3.10), (3.11) and (3.8) we obtain that
[1P(s)x]| < Le|z]|
which shows us that P : Ry — B(X) is exponentially bounded. O

As it was expected, the result from [15] can be obtained using the above theorem,
which is pointed out below.

Corollary 3.19. Let (U, P) be a dichotomy pair which is (u.e.d). IfU : A — B(X) has a
uniform exponential growth then the family of projections P : Ry — B(X) is bounded.

Proof. Tt results from Theorem 3.18, by observing that if « = =0 then y=0. O
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Statistical convergence on probabilistic modular
spaces

Sevda Orhan, Fadime Dirik and Kamil Demirci

Abstract. In this work, we introduce the concepts of statistical convergence and
statistical Cauchy sequence on probabilistic modular spaces. After giving some
useful characterizations for statistically convergent sequences, we display an ex-
ample such that our method of convergence works but its classical case does not
work. Also we define statistical limit points, statistical cluster points on proba-
bilistic modular spaces. Finally, we give the relations between these notions and
limit points of sequences on probabilistic modular spaces.
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1. Introduction

The theory of modular spaces was firstly presented by Nakano [13] and subse-
quently generalized by Musielak and Orlicz [10]. Later many researchers have investi-
gated these spaces in [7, 8]. Also, Menger [9] has introduced the concept of probabilistic
metric space which is an interesting and important generalization of the notion of a
metric space. The probabilistic generalization of metric space appears when there is
an uncertainty about the distance between the points and we know only the prob-
abilities of possible values this distance can take. According to this work instead of
associating a number—the distance d (z,y) —to every pair (z,y), one should associate
a distribution function N, and for any positive real number ¢, interpret N, , (¢) as
the probability that the distance from x to y is less than ¢. An important family
of probabilistic metric spaces are probabilistic normed spaces. For more details, the
reader is referred to [1, 15]. After Menger’s work, Fallahi and Nourouzi [3] have intro-
duced probabilistic modular spaces in the probabilistic sense which are more general
than probabilistic normed spaces and they investigated some basic properties of these
spaces.
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The concept of statistical convergence for sequences of real numbers was intro-
duced by Fast [6]. Later on some generalizations and applications of this notion have
been investigated by many authors [2, 4, 5, 11, 12]. Karakug studied the concept of
statistical convergence in probabilistic normed spaces [14]. In this paper we study
the properties of the sequences which are statistically convergent in a probabilistic
modular space. Also we define statistical limit points and statistical cluster points in
a probabilistic modular space and prove some interesting results.

We recall some notations and basic definitions used in this paper:

A functional p : X — [0, +00] is said to be a modular on a real linear space X
provided that the following conditions hold:

(i) p(x) =0 iff = is the null vector 0,
(ii) p(2) = p(~2),
(#71) p(ax + By) < p(x)+p (y) for every z,y € X and for any o, § > 0 with a4+ = 1.

Then the vector subspace X, = {z € X : p(ax) = 0 as a — 0} of X is called a
modular space.

If A is a subset of N, the set of natural numbers, then the natural density of A
denoted by d (A), is defined by

5(A) = lim= [{k <n:ke A}
n n

whenever the limit exists, where |A| denotes the cardinality of the set A. The natural
density may not exist for each set A. But the upper density ¢ always exists for each
set A identified as follows:

§(A) = limsupl Hk <n:keA}.
non

A sequence x = {x} of numbers is statistically convergent to L if
SH{keN: |z — L >e})=0
for every € > 0. In this case we write st — limx = L.
Note that every convergent sequence is statistically convergent to the same value.
If x is statistically convergent, then x needs not to be convergent. It is also not
necessarily bounded. For example, let © = {x;} be defined as
Vk, if k is a square
Tk ‘= .
1, otherwise.

It is easy to see that st —lima = 1. But « is neither convergent nor bounded.

Definition 1.1. A function f : R — RS‘ is called a distribution function if it is non-
decreasing and left-continuous with inficr f (t) = 0, and sup,cp f (t) = L.

We will denote the set of all distribution functions by D.

Definition 1.2. A triangular norm, briefly called t-norm, is a binary operation on [0, 1]
which is continuous, commutative, associative, non-decreasing and has 1 as a neutral
element, i.e., it is a continuous mapping A : [0,1] x [0,1] — [0,1] such that for all
a,b,ce [0,1] :

1. anl=a,
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2. aANb=DbAa,
3.cANd>aANbifc>a andd> Db,
4. (aAb)Ac=aNn(bAc).

Definition 1.3. A pair (X, u) is called a probabilistic modular space (P—modular space)
if X is a real vector space, u is a mapping from X into D (for x € X, the function
w(x) is denoted by p,., and py (t) is the value p, at t € R) satisfying the following
conditions:

1. pe (0) =0,

2. pyp(t)=1 forallt >0 iffz =0,

3. p—a (1) = pa (1),

4 Popipy (8+1) > e (8) Ay (t) for all z,y € X, and o, B,5,t € RY, a+ B = 1.

We say

(s+1
(X,

w) is f—homogeneous, where § € (0,1] if,

Mo (t) = Mz <|atﬁ> s

for every z € X, ¢t >0, and o € R\ {0} .

Example 1.4. Suppose that X is a real vector space and p is a modular on X. Define

" { 0,  t<o0,
Mz — t
w0 120

for all z € X. Then (X, ) is a P—modular space.

We recall that the concept of convergence and Cauchy sequence in a probabilistic
modular space are studied in [3].

Definition 1.5. Let (X, ) be a P—modular space.

o A sequence {x} in X is said to be p—convergent to a point L € X and denoted
by o 5 L or p—lima = L, if for every € > 0 and \ € (0,1), there exists a
positive integer ko such that p., —1, () > 1— A, for all k > ko.

o A sequence {xy} in X is called a p—Cauchy sequence if for every e > 0 and
A € (0,1), there exists a positive integer ko such that iy, —, (€) > 1= A, for all
k1> kg.

o A subset F of X is said to be u—bounded if for every A € (0,1), there exists
t > 0 such that p; (t) > 1— X for all x € F.

o Forxe X,e>0 and 0 < X\ <1, the ball centered at x with radius X is defined
by

B(z,\e)={y € X : pa—y(e) >1—A}.

Remark 1.6. Let (X, u) be a P—modular space, and p, (t) = m7

and ¢ > 0. Then it can be easily seen that x, = z if and only if z,, % x.

where x € X
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2. Statistical convergence on P—modular spaces

In this work we deal with the statistical convergence on probabilistic modular
spaces. Now, we may obtain our main results.

Definition 2.1. Let (X, ) be a P—modular space.

o We say that a sequence x = {xy} is statistically convergent to L € X with
respect to the probabilistic modular p (or briefly st,—convergent) provided that
for every e >0 and X € (0,1)

SUkEN: pgy_1(€) 1 —A}) =0, (2.1)

or equivalently,
1
lm—{k<n:py, () <1-=A}=0
n n

and denoted by st, —limx = L.

o We say that a sequence x = {x} is a statistical Cauchy sequence with respect
to the probabilistic modular p (or briefly st,—Cauchy) provided that for every
e >0 and A €(0,1), there is a positive integer N = N (€) such that

6({k€N::U‘rk—IN (5) < 17}‘}):07

or equivalently,
1
lim— |{k SN ey —ay (6) <1- )‘}| =0.
nn
By using (2.1) and well-known density properties, we have the following lemma.

Lemma 2.2. Let (X, u) be a P—modular space. Then, for every e > 0 and A € (0,1),
the following statements are equivalent:

(1) st, —limz =L,

(”) 6({k eN: Hz—L (6) <1- )‘}) =0,
(15) d({k € N: pg,—1 (e) > 1= A}) =1,
() st —limpy, 1 () = 1.

Theorem 2.3. Let (X,u) be a P—modular space. If a sequence x = {xp} is
st,,—convergent, then the st,—limit is unique.

Proof. Assume that st, — lima = L, st, — lima = Ly and A € (0,1). Choose
n € (0,1) such that (1 —n)A(1 —n) > 1—A. Then, for any € > 0, define the following
sets:

Tuai(ne) @ ={keN:p, 1, () <1-n},
Tu2(ne) « ={keN:py _r,() <1-n}.

Since st, —lima = L1, § (Ty1 (n,€)) = 0 for all € > 0. Also because of st, —limx =
Lo, we get 6 (T2 (n,e)) = 0 for all € > 0. Let T, (n,e) = Tp1(n,e) N Ty (n,€).
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Then it can be easily seen that ¢ (T, (n,e)) = 0 which implies 6 (N/T), (n,¢)) = 1. If
ke N/T, (n,e), then we get

H’%(Ll_lq) (6) = M%(wk_L1)+%(L2—$k) (E)

9 3
> ot (3) M (3)

> (A=mAl=n).
Because of (1 —n) A (1 —mn)>1— ), it follows that

KL, —Lo (6) >1-\ (2.2)
Since A > 0 is arbitrary, by (2.2) we have pur,_r, (¢) = 1 for all € > 0. This implies
that L1 = LQ. O

Theorem 2.4. Let (X,u) be a B—homogeneous P—modular space. If {zy} is a
st,,— Cauchy sequence, possessing a subsequence which is st,,—convergent, then {x}}
is st,—convergent to the same limit.

Proof. For a given A > 0 choose n € (0,1) such that (1—-n) A (1—7n) > 1 — A
Because of {x}} is a st,—Cauchy sequence , there exists t; € N, a positive integer
N = N(e) and subset A; of density 1 such that pg,—oy (57577) > 1 —7n holds
for all e > 0, k € Ajand k > t;. Let {x),} be a subsequence of {zy} which is
st,—convergent to L € X, then there exists t € N and subset Ay of density 1
such that Py, —L (25%) > 1 — 1 holds for all € > 0, k; € As and k; > to. Take
to = max{tl,ig} and A = A;N Ay , then §(A) = 1 and for all e > 0, k € A and
k > to we have

€ g
Mz —L (6) > /-lg(xkkai) (5) /\/'LQ(xkifL) (5)
g g
= Hap—zy, (W) /\'uxki_L (W)

I-mA@Q-n)>1-A\
That is st, — limx = L. O

V

Theorem 2.5. Let (X,u) be a B—homogeneous P—modular space. Then every
st,—convergent sequence is also a st,— Cauchy sequence.

Proof. Suppose that {z} is a st,—convergent to L € X. Let A € (0,1) and choose
n € (0,1) such that (1 —n) A (1 —7n) > 1 — A. There exists kg € N and subset A of
density 1 such that gz, 1, (2,3%) > 1—mnholds for alle > 0, k € A and k > ko. If
N = N(e) is a positive integer,

9 3
Hazp—zn (6) 2 H2(zn—L) (5) A H2(z)—L) (5)

€ €
et (g7 ) M=t (577)
> QI-mA(d-n)>1-A7
for every € > 0, k € A and k > ko. That is {1} is a st,—Cauchy sequence. O
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Theorem 2.6. Let (X,u) be a P—modular space. If x = {xr} is a p—convergent
sequence, then x is also a st,—convergent sequence.

Proof. Since x is u—convergent, for every € > 0 and A € (0,1), there is a number
ko € N such that p,,—r > 1—Aforall k > ko. So the set {k € N: puy, 1 (6) <1— A}
has at most finitely many terms. Because every finite subset of the natural numbers
has density zero, we can easily see that § ({k € N: py, 1 () <1—A}) = 0, which
completes the proof. O

Example 2.7. Define p: R — R by
() = 0, z=0
PREI=N 1, 2 #0
t

for all z € R. Then (R, p) is a modular space. Let a A b = ab and p, (t) = ToE
where x € X and t > 0. Observe that (R, i) is a 8—homogeneous P—modular space.

Now we define the sequence z = {z}} whose terms are given by

1, ifk=m? (meN),

k= { 0, otherwise. (2:3)

Then for any € > 0 and for every A € (0,1), let
Ty(Ne)={k<n:pg, (e) <1-A}.

Since
€
T,.(Ne) = k<n:———<1-2A\
209 = {rsns iy <io)
Ae
= {k<n:z,=1}
= {kgn:k:mQandmeN},
we get
1 1 NG
—|T, (N e)| < = {k <n:k=m?and NM < Y=
n|u(78)|_n’{ <n m” and m € H_n
that is

1
lim= [T, (A, )| = 0.

n n
So, we have st, — limz = 0. But, because x = {z} given by (2.3) is not convergent
in the space (R, p), by Remark 1.6, we also see that x is not convergent with respect
to the probabilistic modular pu.

Theorem 2.8. Let (X, ) be a P—modular space. Let st,, —limax = L if and only if
there exists an increasing index sequence T = {kn}, oy of natural numbers such that
0(T)=1 and p — lirr%xn =1L, i.e, p—limzy, = L.

ne n
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Proof. Necessity: First suppose that st, —limx = L. Then, for every ¢ > 0 and j € N,
let
1
1G9 = {neN: 10> 1- 1}
Observe that, for e > 0 and j € N,

T(j+1,e) T (j,¢). (2.4)
Because st, — limx = L, we can write
0(T(4,e))=1, (¢>0andjeN). (2.5)

Let 71 be an arbitrary number of T (1,£). Then, by (2.5), there is a number ry €
T(2,¢), (ro > r1), such that, for all n > ro,

1 1 1
— 9 k<n: g — 1—-- —.

Further, by (2.5), there is a number r3 € T'(3,¢), (r3 > r3), such that, for all n > rs,

1 2
{kgn:uka(€)>1—3} 3’

and so on. Hence, by induction we can construct an increasing index sequence {r;}

>

jEN
of natural numbers such that r; € T'(j, ¢) and such that the following statement holds
foralln>r; (jeN):

1 1 ji—1
He<n i1 25 2.6
Now we set the increasing index sequence T' as follows:
T:={neN:l<n<r}u U{nGT(j,e):rj§n<rj+1} . (2.7)

jEN
Then by (2.4), (2.6) and (2.7) we conclude, for all n, (r; <n <r,41), that

1 1
{kgn:uxk_,;(e)>1—j}

>1-—-.
J

Therefore it follows that § (T') = 1. Now choose a number j € N and let € > 0 such

that % < ¢&. Suppose that n > v; and n € 1. Then, from the definition of T, there

exists a number m > j such that v,, <n < v,,41 and n € T (j,¢) . Hence, we get, for

every € > 0,

1 1
— <n: TY > —
n|{k_n ke }|_n

1
Po,—L(e)>1—=>1—¢
J
for all n > v; and n € T, which implies

— limx,, = L.
p— limg

This completes the proof of necessity.
Sufficiency: Assume that there exists an increasing index sequence T' = {k, }, o
such that 6 (T) =1 and p — hII%In = L. Now, for any ¢ > 0 and A € (0,1), there is
ne
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a number ng such that for each n > ng the inequality p,, 1 (¢) > 1 — A holds. Now
define S (\,e) :={n € N: u,, 1 (¢) <1—A}. Then we have

S ()\,5) CN-— {kn07kno+1; kn0+2, } .

Since §(T) = 1, we get 0 (N — {kny, kng+1s kng+2s--}) = 0, which yields that
§5(S(\e))=0.

Hence, we get st, —limxz = L. O

By a similar technique as in the above theorem one can get the following result
at once.

Theorem 2.9. Let (X, ) be a P—modular space and © = {xy} is a sequence in X.
The following statements are equivalent:

(a) x is a st,— Cauchy sequence.
(b) There exists an increasing index sequence T = {k,} of natural numbers such
that 0 (T) = 1 and the subsequence {xy, },cy 95 a p—Cauchy sequence.

Remark 2.10. If st, — limxz,, = L, then there exists a sequence y = {y,} such that
p—limy, =Land 6 {neN:z, =y,}) =1

Now, we show that statistical convergence on a P—modular space has some
properties similar to the properties of the usual convergence on R.

Lemma 2.11. Let (X, u) be a f—homogeneous P—modular space.
1. If st, —limx = L; and st, —limy = Lo,
then st,, —lim (x +y) = L1 + Lo.
2. Ifst, —limz = L and o € R, then st, —limox = ol.
3. If st, —limx = Ly and st, —limy = Lo,
then st, —lim (v —y) = L1 — Lo.

Proof. (1) Let st,—limx = Ly , st,,—limy = Ly and A € (0,1) . There exists € (0,1)
such that (1 —n) A (1 —n) > 1 — A There exists k; € N and subset A; of density 1
such that pg, —1, (2[;%) > 1—1n holds for all e > 0, k € A; and k > k;. Also, there
exists k2 € N and subset Aj of density 1 such that p,, —r., (zﬁ%) > 1 —n holds for all
e >0, k € Ay and k > ko. Take ko = Inax{kl,kQ} and A = AN Ay s then 5(A) =1
and for every € > 0, k € A and k > ky we have

9 9
Hap—La)+wn—L2) () 2 Ma@e—Ly) (5) A 2y~ Lo) <§>
13 g
= Hay—L, <W) A Py —Lo (W)
> (I=mAl-n)>1-A

That is st, —lim (v +y) = L1 + Lo.
(2) Let st, —lima = L, ¢ > 0, A > 0. We may assume that o = 0. In this case

foxy—oL (€) = po (€) =1 >1 -\

So we get u — limx, = 0. Then from Theorem 2.5 we have st,, — limzj, = 0.
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Now we consider the case of a € R(a # 0). Since st, — limz = L, if we define
the set

T,(Ne)={keN:py () <1-A}

then we can say ¢ (T, (A, €)) = 0 for all € > 0 which implies ¢ (N/T), (\,¢)) = 1. If
ke N/T, (X ¢€), then we get

13
Nowk—aL(g) = Mzp—L ()

|al
e
> Pap—L (€) Ao o] ¢

= Hzp-L (E) A1
= Mz,-L (E) >1-=A

for o € R(a # 0) . That is
6({k € N : /f«azkfaL (5) é 1-— )\}) = 0

So st, —limoax = aL.
(3) The proof is clear from (1) and (2). O

Theorem 2.12. Let (X, p) be a P—modular space and S} (X) the space of bounded
statistically convergent sequences on the P—modular space. Then the set S} (X) is a
closed linear subspace of the set It (X).

Proof. Tt is clear that S} (X) C Si' (X). Now we show that S}’ (X) C S (X).Lety €
Si* (X)), then because of B (y, \,e) NS} (X) # @, there is an z € B (y, X\, ) NS} (X).

Let e > 0 and for a given n > 0 choose A € (0,1) such that (1 —X) A (1—X) >
1 —mn. Since z € B (y, A, e) NS} (X), there is a set T C N with ¢ (T") = 1 such that

3

Hyn—an (2) >1—Xand pig, (i

2)>1—)\

for all n € T. Then we have

luyn (E) = lu’ynfzn+zn (5)

(3) Amen (5)
Ky —zp B Haz,, B

1777;

\Y]

V

for all n € T. Therefore

S(fneT:p, (€)>1-n)) =1

and so y € S} (X). O
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3. Statistical limit points and statistical cluster points on P —modular
spaces

The concepts of statistical limit points and statistical cluster points of real num-
ber sequences were given by Fridy in 1993 [5]. Also, he gives relations between them
and the set of ordinary limit points. In this section we study the analogues of these
notions on probabilistic modular spaces.

Definition 3.1. Let (X, 1) be a P—modular space. Thenl € X is called a limit point of
the sequence © = {x} with respect to the probabilistic modular p (or p—1limit point) if
there is a subsequence of x that converges to | with respect to the probabilistic modular
w. The set of all limit points of the sequence x is denoted by L, (x).

Definition 3.2. Let (X,u) be a P—modular space. If {xk(j)} is a subsequence of
z = {xx} and K := {k(j) € N: j € N} then we abbreviate {xy;)} by {a}, in this
case § (K) = 0. {z}j is called a thin subsequence or subsequence of density zero.
Additionally, {x} is a nonthin subsequence of x if K does not have density zero.

Definition 3.3. Let (X, ) be a P—modular space. L € X is called a statistical limit
point of the sequence x = {1} with respect to the probabilistic modular p (or st,,—limit
point) if there is a nonthin subsequence of x that converges to L with respect to the
probabilistic modular p and we say L is a st,—limit point of the sequence x = {xy}.
The set of all st,—limit points of the sequence x is denoted by A, (x).

Definition 3.4. Let (X, i) be a P—modular space. Then v € X is called a statistical
cluster point of the sequence x = {xy} with respect to the probabilistic modular u (or
st,,—cluster point) if for alle >0 and A € (0,1)

S({keN: g (6) >1—A}) > 0.

In this case we say that v is a st,—cluster point of the sequence v = {x1}. The set
of all st,—cluster points of the sequence x is denoted by '), (x).

Theorem 3.5. Let (X, ) be a P—modular space. For any sequence x € X it holds
Ay (z)CTy(x).

Proof. Assume L € A, (x), then there is a nonthin subsequence {xy;)} of # = {z)}
that is st,—convergent to L, i.e. for all e > 0 and A € (0,1)

§({k(j) €N:pgy,,-L(e) >1=A}) =d>0.
So
{k €N py—1 () > 1 =M} D{k()) €Nt pgy -1 () > 1= A},
we have
{keN:puy, _r(e)>1-A} DO {k(j)eN:jeN}
\{k(j) €EN: gy, - (e) 1= A}.

Since {xk(j)} is st,—convergent to L, the set

{k() €Nt gy p () S1-A)
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is finite for every € > 0. Hence,
d({k €Nt pig () >1-A}) = d({k(j) EN:jeN})
-6 ({k (j) eN: Py —L (e)<1-— )\}) .
Therefore
({keN:py () >1-2})>0
thatis Le T, (z). O

Theorem 3.6. Let (X, u) be a P—modular space. For any sequence x € X it holds
Ly (x) € Ly ().
Proof. Suppose v € I';, (), then
S({keN: g _~()>1—-A}) >0

for any € > 0 and X € (0,1). Set {z}, a nonthin subsequence of x such that

K:={k(j) €N: g, -~ () >1-A}
for every € > 0 and  (K) # 0. Since there are infinitely many elements in K, v €
L,(x). O
Theorem 3.7. Let (X, p) be a P—modular space. For a sequence x = {x}} with st, —
limaz = L it follows that A, (x) =T, (x) = {L}.

Proof. First we show that A, (z) = {L}. Assume that A, () = {L,N} (L# N).
Then we can write that there exist nonthin subsequences {zy(;)} and {z;;)} of
x = {x} that are st,—convergent to L and N , respectively. Because of {xl(j)}
is st,,—convergent to N for every e > 0 and A € (0,1)

K :={l(i) €N: pg,, -~ (e) <1—=A}
is a finite set, so § (K) = 0. Then we observe that
{l(i)eN:ieN} = {I(i) eN: g, -n()>1-A}
U{l(1) €N: pigy -~ (e) <1 =2}
which implies that
6 ({1(i) €N pig, -~ (€) > 1= A}) #0. (3.1)

Since st, —limz = L,

SR EN oy 1(e) S1-A}) =0 (3.2)
for every € > 0. Hence, we get

O({keN:pg—1(e) >1—=A}) #£0.
For every L # N

{1(1)) eN: gy -n(€) >1=A}N{k €Ny () >1-A} = 2.

So
{1(5) €N pg, - (€) > 1-A} C{keN: g _r(e) <1—A}.
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Therefore

0({l(i)eN: gy —n (€) > 1= M) <6({keN:py_1(e) <1-A}) =0.
This contradicts (3.1). Hence A, (x) = {L}.

Now suppose that '), (z) = {L, M} (L # M) . Then

S({k €N: g _ar(e) >1—A}) #0. (3.3)
Since
{kENZka_L(E) > 1—)\}ﬂ{k€N:,qu_M(5) > 1—)\}:®
for every L # M, so
{keN:py () <1=AD{keN:py—pm(e)>1—A}.

Hence

S(H{keN: g 1(6)<1—=AN>6({kEN: pg_nr(6) >1—=2}). (3.4)
From (3.3), the right hand-side of (3.4) is greater than zero and from (3.2), the left
hand-side of (3.4) equals to zero. This is a contradiction. So I',, () = {L}. O

Theorem 3.8. Let (X, u) be a P—modular space. Then the set T, is closed in X for
each sequence x = {xy} of elements of X.

Proof. Let y € T, (x). Take ¢ > 0 and 0 < A < 1. There exists v € T';, (z) N B (y, A, €)
such that

B(y,Ae)={r € X :py_(e) >1—A}.
Choose ¢ > 0 such that B (v,(,e) C B(y, A, e). We get
{keN:puy_s, () >1=A}D{kEN: py_y, () >1-(}
SO
SUREN: fy 4y (£) > 1= A} #£0
and y € T'. d
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Inverse theorem for the iterates of modified
Bernstein type polynomials

T.A.K. Sinha, P.N. Agrawal and K.K. Singh

Abstract. Gupta and Maheshwari [12] introduced a new sequence of Durrmeyer
type linear positive operators P, to approximate p!* Lebesgue integrable func-
tions on [0, 1]. It is observed that these operators are saturated with O(n™'). In
order to improve this slow rate of convergence, following Agrawal et al [2], we
[3] applied the technique of an iterative combination to the above operators P,
and estimated the error in the L,— approximation in terms of the higher order
integral modulus of smoothness using some properties of the Steklov mean. The
present paper is in continuation of this work. Here we have discussed the corre-
sponding inverse result for the above iterative combination T}, i of the operators
P,.

Mathematics Subject Classification (2010): 41A25, 41A27, 41A36.

Keywords: Linear positive operators, iterative combination, integral modulus of
smoothness, Steklov mean, inverse theorem.

1. Introduction

Motivated by the definition of Phillips operators (cf. [1] and [15]), Gupta and
Maheshwari [12] proposed modified Bernstein type polynomials P, to approximate
functions in L,[0, 1] as follows:

For f € L,[0,1],1 < p < oo,

Po(fiz) = / W, 0)f(t) dt, € [0,1],
0

where W, (z,t) = nzpn,l/(x)pn—l,u—l(t) + (1 —2)"0(t),

v=1

n

Pnu(t) = ( )t”(l —H)", 0<t <1,

v
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and J(t) being the Dirac-delta function, is the kernel of the operators P,.

Since the order of approximation by the operators P, is, at best, O(n~!), however
smooth the function may be, following [3], the iterative combination T;, i, : L,[0,1] —
C°°[0, 1] of these operators is defined as

m

k

Talfia) = (1= (1= P (i) = S -0 (M) e, ke
m=1
where P = [ and P = P, (P 1) for m € N.

In order to improve the rate of convergence, Micchelli [16] introduced an itera-
tive combination for Bernstein polynomials and obtained some direct and saturation
results. Gonska and Zhou [11] showed that the iterative combinations can be regarded
as iterated Boolean sums and obtained global direct and inverse results in the sup-
norm. The iterated Boolean sums have also been studied by several other authors
(e.g. [4],[8],[17],[18] and [21]) wherein they have obtained direct and saturation re-
sults. Ding and Cao [7] discussed direct and inverse theorems in the sup- norm for
iterated Boolean sums of the multivariate Bernstein polynomials using the technique
of K-functionals. Sinha et al [19] proved an inverse theorem in the L,— norm for the
Micchelli combination of Bernstein-Durrmeyer polynomials.

Gonska and Zhou [11] obtained the results in the sup- norm using the Ditzian
Totik modulus of smoothness and K — functional. Ding and Cao [7] also obtained
the results in sup- norm using K— functional. Sevy ([17] and [18] ) considered the
limits of the linear combinations of iterates of Bernstein and Durrmeyer polynomials
in the sup- norm by keeping the degree n of the approximants as a constant while the
order of iteration becomes infinite and showed that they converge to the Lagrange
interpolation polynomial and the least square approximating polynomial on [0, 1]
respectively. The more general results have been obtained in [21].

Motivated by the work of Sinha et al [19], Agrawal et al [3] considered the
Micchelli combinations for the operator proposed by Gupta and Maheshwari [12] and
obtained some direct results in L,— norm. In the present paper, we continue the work
done in [19] by proving a corresponding local inverse theorem in the L,— norm.

The iterates are defined as

1

PPH(fia) = [ Wala ) PR(fi0)dt o € (0.1,
0
At every stage it uses the entire previous operator value. The analysis in L,— case,
therefore, differs from the study of operators in [10] and linear combinations of oper-
ators in [8]. The proof of the theorem is carried out by using the properties of Steklov
means. Due to the presence of the Dirac- delta term in the kernel of these operators,
the analysis of the proof is quite different. It uses the multinomial theorem, Holder’s
inequality and the Fubini’s theorem repeatedly.

Throughout the present paper, we assume that I = [0,1], I; = [a;,b;],7 = 1,2,
where 0 < a1 < az < by < by < 1 and by C' we mean a positive constant not
necessarily the same at each occurrence.

In [3], we obtained the following direct theorem:
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Theorem 1.1. Let f € L,(I),p > 1. Then, for sufficiently large values of n there holds

ITos(fi2) = F@layiny < € (o (F o) 0.
where C' is a constant independent of f and n.

Remark 1.2. From the above theorem, it follows that if wor(f, 7, p, 1) = O(7%), as
7 — 0 then ||, x (f;2) — f(2)l|L, (1) = O(n=/?), as n — 0o, where 0 < o < 2k.

The aim of this paper is to characterize the class of functions for which
1T w(f;2) — f(x)||Lp(12) = O(?fo‘/z)7 as n — 0o, where 0 < a < 2k.
Thus, we prove the following theorem (inverse theorem):

Theorem 1.3. Let f € L,(I),p > 1. Let 0 < o < 2k and
| T (f32) — f(2)|lL, 1) = O(n~%?), as n — oco.

Then, wor(f,7,p,I2) = O(1%), as 7 — 0.

Remark 1.4. We observe that without any loss of generality we may assume that
£(0) = 0. To prove it, let f1(t) = f(¢t) — f(0). By definition,

k
T (fr52) Z m+1( )PTT(fl;ff)~

=1

Further, using linearity,
P (fiiz) = B (fi2) — FO P (L 2) = P (f; @) — f(0).
This implies that T}, x(f1;2) = Tn x(f;z) — f(0). This entails that
Tk (fr;2) = fr(z) = Tok(f32) — f(2),
where f1(0) = 0.

Since f(0) = 0 (in view of the above remark), it follows that P,f(0) = 0.
Consequently, P f(0) = 0,Vm € N.

2. Preliminaries

In this section, we mention some definitions and prove auxiliary results which we need
in establishing our main theorem.

Lemma 2.1. Let r > 0 and v be an integer such that 0 < v < n. Then for every v

there holds
1
v r 1
/pn,u(t)lﬁft‘ dtO(n;‘“)’ as n — Q.
0
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Proof. Let i be an integer such that 2i > r. An application of Hélder’s inequality in
integral gives
1

v T
n(t)|— — 1t dt

0 o

o
1 27 27

1
21
< /pn,y(t)‘%ft dt /pmu(t)dt . (2.1)
0

0

It follows that

v+ 1)w+2)..(v+37)
(m+1)(n+2)...(n+5+1)

1
/tjpn,u(t) dt = <Z>B(u +i+ln—v+1)=
0

Hence, by binomial expansion
1

/p,w(t) (% _ t>2i dt

n n+1(n+2)...(n+j+1)

7=0

_%(?>V%—%V+1XV+2)(L+2)_I(L+2)_1

2i+1 .
ot WD+ 2) v+ 20) T (14 %) }

s=2
Now,
j+1 . . . .
S
[I(1+2) P 1C RN L) 1) N, (2.3)
e n n n n

where p1(j) is a second degree polynomial in j, pa(j) is a fourth degree polynomial
in j and so on.

Similarly,
V+ D) +2)..(v+j)=v + () + () 2+ ..+ 4, (2.4)

where ¢ () is a second degree polynomial in j, ¢2(j) is a fourth degree polynomial in
J and so on.

Thus from (2.2)- (2.4), we have
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~ : () r 02 + i + w2 +
(122t 20, )
=0 (nil> , as n — oo. (2.5)

This holds for every v, where 0 < v < n and in view of the following identity:
i(—l)j 20y m _ [0, m=0,1,..,2t -1

- )7 T @), m=2i

J:

1
Now, on combining (2.1), (2.5) and in view of [ p, . (t)dt = —1=, we obtain
0

_
1
v
t)|——1
[t |2
0

r 1 \¥/ 1 \'# 1
< = I
o) () o) o

For m € N, the m*" order moment for P, is defined as

pnm () = Py ((t —2)™52) .

Lemma 2.2. [2]The elementary moments are fino(z) = 1, pn1(z) =
m > 1 there holds the recurrence relation

and for

(ntm+1) i1 (@) = 2(1=2) {41}, 1 (%) + 2 pr i1 (2) } + (M1 = 22) = 2) i, ().

Consequently,

(1) pin,m(x) is a polynomial in x of degree m;

(i) pnm(z) = O (n~M+D/2)) a5 n — oo, uniformly in « € I, where (] is the
integer part of 3.
Corollary 2.3. There holds for r > 0

P,(t—z|";2) =0 (n_T/Z) , as n — oo, uniformly inx € I.
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Proof. Let s be an even integer > r. An application of Holder’s inequality in integral
and Lemma 2.2 in the next step gives

1
P, (|t — x|z /antt—x|rdt
0
1 -z
< /Wn(;l:,t)|t —z|®dt /Wn(;c,t) dt <Cm *2)y/s =cn"/2. O

0

Lemma 2.4. [3]There holds forl € N
xl(l - x)lDl (pn,u(x)) = Z ni(’/ - nx)jqi,j,l(i)pn,u(m)v

2i4j<1
,§>0

where D = % and g; j1(x) are certain polynomials in = independent of n and v.

Lemma 2.5. [3] There holds for k,l € N

Tk ((t— z)lix) = 0(n™"), as n — oo, uniformly inz € I.

Lemma 2.6. Let r > 0 and V,(z,t) = annl, Z)pn—1,0-1(t), then
v=1

1
/Vn (z,t)|z — t|" de = O(n™"/?), as n — oo,
0

uniformly for all t in [0, 1].

1
Proof. Let J =: [V, (x,t)|z —t|" dz and s be an even integer > r. Then, proceeding

0
along the lines of the proof of the Corollary 2.3 and in view of

1

1
/pnw(x)dx = il
0

we have

We may write

jVn(x,t)(x—t)sdm = (—1)s.ni( )té ‘ an 10-1( /pn,,,( Yot da.
0
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Since

1 ; B (1/+ 1)(I/+Z)
O/QDn,v(m)m dz = (n+1)..(n+i+1)

itl follows that

/Vn(ac,t)(x —t)°dx
0

n—1 .
1/—|—2)...(1/—|—z+1)

[ Z =1, - . 2.6
nZ() Zp ! n+1)...(n+z+1) (2:6)
Now, (v+2)...(v+i+1) = vi+pi (i)'~ 1+p2( )2+ ..., where p;(i) is a polynomial
in ¢ of degree 2j. Moreover,

V=o' + (v + g ()2 + L+ g ()W, (2.7)
where go (i) = ¢;—1(¢) = 1, ) = viv—1)(v—-2)...(v—35+1),j=0,1,2...,% and ¢;(3)
is a polynomial in i of degree 2j.

Utilizing (2.7) in (2.6) and using the properties of binomial coefficients, we get
the required order. O

Definition 2.7. Let f € L,(I), p > 1. Then for sufficiently small n > 0, the Steklov
mean fym of m*" order is defined as follows:

n/2  n/2
fom(t)=n"" / : / (f(t)+ (—1)m‘1A§:n:,1tif(t)) dty...dtm,
-n/2 —n/2

where t € Iy and A} is mt" order forward difference operator of step length h.

Lemma 2.8. The function f, ., satisfies the following properties

(a) fn.m has derivatives up to order m over I, (m D¢ AC(L) and fr(ﬂ? exists
a.e. and belongs to Ly(Iy) ;

(b) ||f7(177)n||Lp(12) < CT n_er(f’?%pa 11),T = 1a2a ey MM
(C) ||f - f”],’mHLp(Iz) S Cm-i—l w'rn(f:”ap7 Il)z'
(@) [l fomllr, ) < Cms2ll fllz, )

(¢) 15|y < Conea i "1 1)
where Cls are certain constants that depend on i but are independent of f and 7.

The proof follows from Theorem 18.17 ([13]) and (]20], Exercise 3.12, pp.165-166).
Lemma 2.9. Let f € L,(I), p>1 and r,m € N. Then there holds

1P ()t =) 52)ll, 1y < "2 f Il
Proof. Using Remark 1.4

1
P (f)(t—2)";2) z//.../vn(x,tl)vn(tl,tg)...vn(tm,l,tm)(tm—a:)rf(tm)dtm...dtl.
00 0
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1
A repeated use of Holder’s inequality and in view of [V, (z,t)dt = O(1) makes
0

[P (f()(t =) 2)
1 1 1
< /.../Vn(x,tl)vn(tl,tQ)...vn(tm,l,tm)um 2P | F ()P bty
0 0 0

We now consider integration on both sides. On the right side by virtue of Fubini’s
theorem, the integration is done with respect to = followed by t1, ts, ..., t,, respectively.
Thus

/1|P,T(f( t—x)x)P dm</ / / (z,t1)|tm — z|"Pdz | x (2.8)
0

Vn(tl,tg)...vn(m Ltm) |f(tm)|P dty...dtp,

Let s > rp be an integer. Then, using Hélder’s inequality and in view of

1
1
n,v dr =
[ pstorts = —
0

we have
1 1 = L
n s
Vi(x, t1) [ty — x|"P dx < Vio(x, t1)|[tm — x|°d . 2.9
Jvate.tltn —atrde < | [Vatotitn —alas | () (2.9)
0 0

By multinomial expansion
[tm — z|° < (Jtm — tm—1| + [tm-1 — tm—2| + ... + [t1 — 2|)°

S
< tm — tm1 |t — x| 2.10
o Z <T17T2?"7T’m>| " " 1| | ! | ( )

ri+rot...trm=s,
7 >0,V1<k<m

Now we combine (2.8)-(2.10), resort Lemma 2.6 m times and Holder’s inequality
(m — 1) times to reach

/|Pm )t —2)"2)| do

ri+rot...trm=s,
rp>0,V1<k<m

rp
e 1
S ritrot...+rm
<C IR to)|P dt
< > () [ 156 dt
0

_rp
<Cn~ 2 mTpr”IL)p(])

using bound of multinomial coefficients. Taking p** root on both sides we complete
the proof of lemma. O
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Lemma 2.10. Let m,s € N and f € L,(I), p > 1 have a compact support in [a,b] C
(0,1). Then there holds

Proof. An application of Lemma 2.4 enables us to express

P (f;)

< Cn®| fllz, a0

dx?* Lp[a,b]

d2s . .
gz o (fi2) = x%/W’va Y(f;v) dv

. =Yg (@)
- anll Z (ZL’(]. 71»))25 X (211)

2i45<2s
i,7>0

1
/ Prtw1 (V)P (f50) do
0

When p > 1, applying Holder’s inequality twice, first for summation and then for
integration, we obtain

n

1
S =P pus ) [ a2 (fr0) do
0

v=1
n - 1
<Yl naf o) n [ parea@) [P S do(212)
v=1 0

The above inequality is true for p = 1, as well. Now, we integrate both sides of (2.12)
with respect to x and take help of Lemma 2.1 in next step to obtain

b . 1 P
[ X =m0y ps@n [ prsus0)Pr (o) do| do
a v=1 0
1
<Z / pras@ly =l dz | [ pacsoa0) [P (F0)
0
C'nir/2
< ! /(an 1v— 1 ) ‘Pm 1(f ’U)|
Sclnjp/2||PZLn 1( ;.)HLP(I). (2.13)

Let C; =: sup sup 7|qi’j’s(x)|2 .
w€lab] 2t (z(1 —x))*
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We now combine (2.11) and (2.13) and conclude that

d** m 1/ i j/2 m—1
| i) Loy S are| 3w IR )
Pl s
< Cn’|flle,y = CnlIfllL,(ab)-
Hence, the required result follows. O

Lemma 2.11. Let m,s € N and f € Lp[0,1], p > 1 have a compact support in [a,b] C
(0,1). Moreover, let f*5=1) € AC[a,b] and f?*) € L,[a,b], then

| P < Uy
dx29 Lplab] — pl@;

Proof. Since P} maps polynomials into polynomials of the same degree, using Lemma
2.4 we have

1
d25 " 1
gz ie) = (25—1)!/"'
0
Wi (tm—1,tm) / (trm — w) >~ (w) dw diy,...dt

_ )i dig.si ) Gij,s()
T @s—! Z Z’j*m‘" z(1— 1))

S
3

N

o\ —
—

3
3
L
N
—
‘=
=
=
-
—
“Ok
no
SN~—
—
~
3
-
v@k
X

/ (bt — w) 2712 (w) duw dty,...dt

Let us define W,,(z,t) = 0,t ¢ [0, 1]. Now, we break the interval of integration in ¢,,
in the following way:

There exists for each n an integer r(n) such that

r+1

N

< max{l —a,b} <

§
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Let C = sup sup M(x)ts Then
w€lab] 2ii=2e (z(1 —x))

d25

PR <C > n Z|V—m”| P ()X
27+7<2e
i,j>0

/ /npn 1,v—1 tl Wn(tlatQ)---Wn(tm—Qatm—l)x

tm

341

(2.14)

{/Wn(tml,tm)ﬁm — x>t /|f(23)(w)|dw dtm}dtml...dtl.
0 x

The expression inside the curly bracket in (2.14), however is bounded by

z+ 2 L+lfﬁ1

<Z{ / Wttt =250 [ 1709 w)ldw e

x

x

+ / Wi (w1, tm)|[tm — 2]*71 / |f(25)(w)dwdtm}

l+1 _lf1
T— =

+1 +1
S S

x

Ifi
x

/ W b 17 )‘ _x|28+3 / |f(2s)(ﬂ))dU)dtm}

mfﬁ zfﬁ
Using (2.15) in (2.14)
d25
d$2s <cC Z Z‘V_nxl pnu( )

2i4j<2s
i,j>0

o.\H
o'\H

n2 S S
gZ{H / Wi (b1, tan) |t — 22573 / £ 29 (w)|dw dt.,
=1

npnfl,ufl(tl)Wn(tlu t2)---Wn(tm727 tmfl) X

(2.15)
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342
s 2 IJFZ‘;% z+lj%
n . .
{ <l4 / W (tm— 1 tm)[tm — 2?3 / | £ (w)|dw dt,,
=1 I+# J
/ W m 13 )| - 1'|2S+3 / |f(2s) (’LU)|d’LU dtm>
~ o141
Vn
w+ﬁ Tt =
+ / W (tm—1, tm)|tm — 2[>*! / £ (w)|dw dt,p, } dty,
1 L’D—ﬁ

=J1 + J2 + J3, say.

In order to estimate Ji, Jy and J3, we use multinomial expansion

; 2 3
[t — 228 < Z ( 5+ ) "
T1,7T2, 0 Tm

ri+rod. . .trm=25+3,
rp>0,V1<k<m
|t7n — tm_1|rm ‘tm—l — tm_2|7‘m71 |t1 — 1‘|T1.

Thus
7 n s i
VRS DY T / £ w)ldw | [ D v = nal pn(@)x
2i4+j<2s =1 e v=1

i,§20

1 1
2543
Z ( )/ /npn 1,v—1 tl)Wn(tlut2)-~-Wn(tm717tm)x
1,725, Tm
0 0

r4ToF AT =2543,
r;>0,V1<i<m

|tm — tm_1|rm ‘tm—l — tm_2|rm_1 ...‘tl — 1‘|T1 dty, dty,—1...dt.

A repeated application of Corollary 2.3 makes

N ES Y
T 2 \/7
7 n s
ne 3w | S| [ e | |« (2.16)
2i+j<2s =1 o

4§20

1

n
) 25+ 3
—rld -
Swnabp@{ X ()

v=1 ri4rot...+rm=25+3,
rp>0,V1<k<m

1
/npn—l,u—l(tl)\tl — x| dty
0
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In order to obtain a bound for J; in (2.16) we require an estimate of

1
/npn_l,y_1<t1>|t1 iy,
0

This is accomplished with the help of Lemma 2.1 and moments of Bernstein polyno-
mials ([14], Theorem 1.5.1).

1 1 T1
/n (t1)|ty — 2| dt </np (t1) PRt N A
Pn—1,0—1(01)|01 1S ; n—1,0—1(01 1 n_1 n_1 1
0
1 )
2\ | (v —nz) — (1 —2) v—1]|""
= Z . NPp—1.-1(t1) [t1 — dty
: 1 n—1 n—1
’Ll:O 0

Therefore,

r 2
nee Y o (X0 [ e w >z )
=1

2i+4+5<2s ridrod. A rm=2s+3, 71,725 -5 m

i,j>0 T rE>0,V1<k<m
n T1 i1
T 1\ g2 |(v—nz)—(1-1x) 1
{ z_:l lv —nxl!pp () (Z:O (h)n o1 n(25+3)/2
S +lj71
2s5+3 n (25)
<Cm* P Z T / | £ (w)|dw | . (2.17)

We now take p norm in z in above. Let p, ¢ be the conjugate exponents such that

1 1
,_|_,:1
P q

and 9;(x,.) denote the characteristic function of the interval [z, z + l+1] By using
Holder’s inequality and Fubini’s theorem
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l

-

St

1 p P

b Vn b vn
[ [ r=wi| a < (‘*nl) y / 129 (w)Pdw dx
I+1 p/q b1 @
— L s p
(%) /O/w,wnf ()P da
I+1 p/q 1 b 28)
_ - - S P
- (\/ﬁ) / b, w) de | |FO ()P du
I+ 1\"9 (1+1 (29),
: (ﬁ) <\/ﬁ)/|f )l dw
1+1\7?
= (52) 150,
Hence,
S
/ 1 £2) (w)|dw g(l}l)lf@s’u -

x

This implies by (2.17), that
11l 2, 0 < Cm2 T3 FC 1L, oy = Cm® T3] fCD|| 0y

In order to find estimates J, and J3 we proceed in a similar manner and obtain

the required order. Combining the estimates of Jy, Jy and J3, we complete the proof.
O

3. Proof of Inverse Theorem

Proof. We choose numbers x; and y;,7 = 1,2, 3 that satisfy 0 < a; < 1 < 2 < 23 <
a2<b2<y3<y2<y1<b1<1.

We choose a function g € C2* such that suppg C (v2,y2) with g(z) = 1 on
[x3,y3] and f = fg.

Now, for all values of v < 7 we have

A2k f(2) < | AF(F@) = Tuw(F 2D,y I Tk (B, o
= 3+ 3o, say. (3.1)

Let f;2r(z) denote the Steklov mean for the function f(z). Then, Lemmas 2.10
and 2.11 entail



Iterates of modified Bernstein type polynomials 345

Ly[z1,y1] }

1 _
< ch (nk + n) wor(Fom s [22, 93], (3.2)

22 = ||A2 n,k f7 ||L plz2,y2]

< 72’“{ HTf;f)(f— fn,gk;x)‘ 5

|

T (Froni )|

plr1,y1]

2k‘
< 07 Lot 1 = Fuaelten + 1 e

for sufficiently small values of v and 7.
It follows from the hypothesis that a component of 3; is bounded as

17(@) = Tur (5 2)| 1, g
< Nlg(@)(f (@) = Tap (£ 2D L 2y o) T 1T () (9(E) = 9(2)); ) 1y 1)

< f/z H Tk (FO) () = 9()): ) 1 11 - (3.3)

We now establish that
1Tk (90 = g@)): ), o, = O2). (3.4)

This is a major point in the proof of our theorem. Assuming (3.4)to be true, it follows
from (3.1)-(3.4) that

1 _
A2 @)y < Co{ s 0% (o o3 ) omFonp ozl | (35)

We choose 7 = n~1/2 and take sup, <, in (3.5) to obtain

2k
ka‘(f) D [3:2’ yQ]) <C {77& + (;) w2k(f7nap7 [x27y2])} .

Now, making use of the Lemma ([6], p.696), we get

w2k(f7 T, D, [zQayQ]) < cr®

and therefore
w2k(fa Ly 2 IZ) = O(TQ), asT — 0.

The proof of (3.4) is accomplished by induction on «. When « < 1, by mean value
theorem and Lemma 2.9

1T () — 9@ 2) oy = 1Tk FOE = 2)g €)1

C
n1/2 ||fHLp(I)7

where £ lies between ¢ and x. This proves (3.4) when o < 1.
We next assume that (3.4) is true when « lies in [r — 1,7) and prove that it is
true for a € [r,7 4+ 1). Let f, 21(t) denote the Steklov mean. We express
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F®)(g(t) = 9(x))

={(f() - fn, 2k (1)) + (fn 2k (t) — fm?k:(x)) + fn 2k () }(g(t) — g(=))
= (f(t) = fa2e()(9(t) — 9(@)) + (fn,26(t) — fo.2n(x))(g(t) —

+ fo.2k(2)(9(t) — g(x))
= 23+E4+E5, say. (36)

=
CQ
—
S
N
=

Let 1(t) denote the characteristic function of [z — do, y2 + dg]. This entails that
1P ((F () = f2k (@) (9(t) = 9(@)); )L (101

<P ) = Fok)(E = 2)g (V) 0 1, 2 4o
HIP(F () = 2k ®)(E = 2)g ()1 = P02 1 0 4

< g/l IPEF(E) = Faan®IE— 20 21y, g 1

+1l9'londe @ PRALE) = Fran®lE = 2P Q= 0@ )], Gy
<Cn Y2 = Foz) ()L, (wae) + CnFIF = Fozelln, )

S Cn71/2w2k(f7 n, fapv [xlv yl])
+ C’n*k”fHLp([) (in view of Lemmas 2.9 and 2.8). (3.7)

Therefore,

wnk&,n—nij() 1P (82|

< Cn™ 1/2 w2k(f7nafapa [xbyl]) + Cn_ka”Lp(I)- (38)

To obtain an estimate of X5, we note that g(¢) is a very smooth function and hence

2l 0 (2
Toalo0) =gl ) = 3 LT - i)
=1
+ji§ﬂm@mW®@—@%w% (3.9)

where £ lies between ¢ and .

Now, applying Lemmas 2.5 and 2.9 on the right hand side of (3.9) respectively,
we have

||Tn,k<25;x)||Lp[xz,yz] < Cn_kan,?kHLp[xz,yz] < Cn_kaHLp(I)- (3.10)
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Since, by virtue of Lemma 2.8, f, o5 is 2k times differentiable, there follows

2k—1 t

= {3 o+ ey e o e
i=1 p
2k—2
t—2) G (t—a)*! (2k—1)

g 9@+ g Q)
2k—12k—2 (t—a)t
-2 Z o 1, @)
i=1 j=
g1 (g) 2k—1 (t — z)2kti=1

N (2k — 1)! il fn2k( x)

=1
= 6+E7+287 say, (311)

where £ lies between ¢t and .
By Lemma 2.5 and Theorem 3.1 ([9], p.5)

2k—1
1Tk (X5 2) | 2, [ ] < <Z 150 (@)l [mz,:g2]>

<.

k—
e (TP PRSE Fae sl Co] PRS) B (3.12)
Similarly,
HTn,k(Eﬂx)HLp[xz,yz]
k—
< On™* (ol by tosnsat + 15 @) s ) - (3.13)

We now examine a typical term of T}, ,(3s; ) expressed as
t

o - / (t — w)? £ (w)du;

x
t

—pr (- ay / (t — w)?*~ £C8) (w)ep (w) s

I T / (t — w)21 £ () (1 — b w))dw; 2

== 29 + 210, say. (314)
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We may write
11

15| < /.../Wn(x,tl)Wn(thtz)...Wn(tm,l,tmﬂtm—:c\%“_lx (3.15)
0 0

tm
AL I e —rs
Now, proceeding along the lines of the proof of Lemma 2.11, we obtain

C
10l 2, [w2,y2) < Wﬂf,(, ol (ma—b.50 3 (3.16)

The presence of (1 — ¢ (w)) in o implies that |w — x| > dg. Therefore

1
|210| </ /Wn X tl tl,tg) Wn(tm_l,tm)x (317)
0

|t — x| 2RHE— 12k 6‘2’“/|f o (W)[(1 = (w))dw| dbmdtp 1 ...dbsdty

Proceeding along the lines of the proof of Lemma 2.11 again yields

C
1Z10 2, [23,92] < Wﬂfn oz, (3.18)

Combining (3.14), (3.16) and (3.18), we get
1T (X85 2) | L 2 ]

1 2%) 1
gC{n(%H‘)ﬂ” ( HL [x2—30, y2+50]+m“fn2k”L (1)} (3.19)

Utilizing (3.6)-(3.19), we are led to
1T (f () (9(t) = 9(2)); 2) |, [2,2]

1 1
<C{Ww2k<f,n,p,[xl,yﬂ> ety + e (12t

(2k—1) (2k 1
U et ) + s S e -soans0 + e B -

This is further simplified by Lemma 2.8 by taking n = n~/2 for large values of n as
1Tk (f(E)(9() — 9(2)); ) 1 [25,30]

1 —1/2 1
< c{me,n 2, o) + e Il

1 _
+ nl/2w2k—1(fan 1/2apa [$17y1])}' (320)

The induction hypothesis implies that for [e,d] C (a1,b1)
war(f,n V2, p, [e,d]) = O(n™*/?), n — oo (3.21)
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This induces, by (Theorem 6.1.2, [20]),
wak—1(f,n Y2 p, e, d]) = O(n~*?), n = occ. (3.22)
Incorporating (3.21) and (3.22) in (3.20), we obtain

1T () (9(t) = 9(2)); 2| ) = O™ @ FD2) 10— o0,
This proves (3.4) and hence the proof of the theorem follows. O
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A modification of generalized
Baskakov-Kantorovich operators

Aysegiil Erengin and Sevim Biiytikdurakoglu

Abstract. In this paper, we give some direct results and weighted approximation
properties for a modification of generalized Baskakov-Kantorovich operators.

Mathematics Subject Classification (2010): 41A25, 41A36.

Keywords: Kantorovich operator, direct result, weighted approximation.

1. Introduction

The Baskakov operators, defined by V.A. Baskakov [7], and their Kantorovich
type modification ([11], p.115) are given by

k=0

and
o0 N k kjl»l
Vn(f;x)Z(n+k 1>(x / ft)ydt, =>0,n¢cN,

n
P k 1+ m)n-&-k %

respectively. In the literature there are many studies which include Baskakov op-
erators, Baskakov-Kantorovich operators and their generalizations. Some of them
are [1], [3]- [8], [10]- [13] and [16]- [27]. We now deal only with the works which
are necessary for this paper. In the identity

e k
(1= = 3 Pele,a) .
k=0 ’

where a > 0 is any constant and
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with (z)o =1, (z); =z(x+1)---(x+i—1) for i > 1 by setting v = n and t = {7,
Mihesan [18] constructed the generalized Baskakov operators

k
Bi(f;x) Zf< )Pkn!a)(1+$w)n+k7 r>0,neN

for every f € C[0,00). He showed that these operators converge uniformly on [0, b]
for functions having exponential growth on positive x-axis and obtained the order of
approximation with the help of the usual modulus of continuity. After that in [25], by
proposing integral type modification of the operators B2 in the sense of Kantorovich
as follows:

k41

_az x= Pi(n,a) ok "
Vi (frw) = ne” 15y =1 T f(t)dt, =>0,neN
k=0

Wafi and Khatoon proved a Voronovskaya type theorem in polynomial weight spaces
for these operators. Note that for a = 0 the operators By and V¢ reduce to the oper-
ators By, and V,,, respectively. In 2010, Erencin and Bagcanbaz-Tunca [12] presented
the following generalization of the operators BZ(f;x)

k

Ly(f;z)=¢" = Zf( ) Py Tl'an) a +-Tx)n+k, z>0,n€N, (1.1)

where (a,,) are (b,) are two sequences of positive numbers such that

lim & =1, lim 2% =0, lim — =0,

n—oo n n— oo n n—oo n
and investigated approximation properties of such operators by means of the weighted
Korovkin type theorem given in [14, 15] and also introduced an application to func-
tional differential equations which gives a recurrence relation for the monomials of
that operators.

Very recently, Altomare, Montano and Leonessa [2] presented the modification

of Szasz-Mirakyan-Kantorovich operators defined by

e o= (na)* n o
Calir) = ey ) [bn_an/w ftt|, w>0men,

k=0

where (a,,) and (b,) are sequences of real numbers such that 0 < a,, < b,, < 1. They
introduced some approximation properties of these operators on continuous function
spaces, weighted continuous function spaces and Lebesgue spaces and also obtained
some estimates for the rate of convergence.

Inspired by that work, we consider the following Kantorovich type operators

50 ktdn
bn, bn
= E Sn.a, (k,x) / f@®)dt, x>0,n€eN, (1.2)
dp — Cp JEten
k=0 b
where
anz Pg(n,ap) x*

Sn.a,(k,x) =e 1o

k' (1+z)ntk
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and (an), (bn), (¢n) and (d,,) are sequences of real numbers having the properties:
by, > 1,

(i) an, > 0, > 0<e,<d, <1
(i) im — =1, lim -® =0.
n—o0 n n—oo n

We remark that for a,, = a, b, = n, ¢, =0 and d,, = 1 the operators K, (f;z) turn
out to be the operators V,*(f; x).

In the present paper, we first give some direct results. Next, we prove a weighted
Korovkin type theorem and compute the order of approximation with the help of the
weighted modulus of continuity for these operators.

2. Auxiliary results

By [12], we have

L,(1;z)=1 (2.1)
n an T
Lo(tz)= gt in 2 2.2
(o) = ot 1 (2.2)
n(n+1) 2a,n  2° a?  2? n an T
L, (t%2) = 2 4 Zn In Dot T (23
(t%2) p e i tear 2t e @Y

where L, (f;x) is defined by (1.1).
In the sequel, we shall need to following lemmas.

Lemma 2.1. The following equalities hold:

Lo (#:2) :n(n +1)(n+2) 3 3a,n(n+1) z* 3a2n  2?
] B 1tz b (1+a)?
N @ 3 3n(n + 1)x2 6a,n x? 3a2 a2
b3 (14 )3 b3 b3 14z b3 (1 + x)?
n an T
+ EI + gm
and
4 nn+1)(n+2)(n+3) , da,nn+1)(n+2) 2*
L,(t%z) = m "+ o Tz
6aZn(n+1) a* . 4ain a4 n @ xt
b (+x) by (L+2)* by (1+2)!
n 6n(n+1)(n+2) i 18a,n(n+1) a3 18a2n 23
b b 1tz b (1+a)?
n % 3 n n(n + 1)952 lda,n x2 % x?
ESE b B 1tz b (1+a)?

n n n an T
— Xt .
bt bil4x

It can be proved in a similar way that of the proof of Lemma 2.1 in [18] or by
using the recurrence relation given in [12].
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Lemma 2.2. For the operators K, (f;x) defined by (1.2), we have

K,(l;z)= 1,
an I mo(n)

Kn t; 7

(t2) = bn SN T

+1) 2a,n x2 a2 22 nma(n)

K, (t3; n(n 2 n -

)= == Tt e Ay T,

n apmi(n) =z ma(n)

+ :
B2 1+x 302

nn+1)(n+2) 5 3aynn+1) 23 3a2n 23

b3 T TR 1t 8 (Qtap
N @ x3 3n(n + 1)mg(n) 22 3apnms(n) 2
b3 (1+z)3 2b3 b3 1+
3a2ms(n)  a? nmy(n) apmy(n) x ms(n)

% (1+ax)2 | 208 ' 23 1+ | 4B

K, (t%2) =

+

and

nn+1)(n+2)(n+3) , da,nn+1)(n+2) 2*
T+
b3 b 1+2

6aZn(n+1) a* dain a4 at ot

Kn(t4;x) =

b (+a2 b (ltap b (1ta)
2n(n+1)(n+2)me(n) 5  6a,n(n+ 1)me(n) 3
b Tt b 1tz
6aZnmg(n) a3 N 2a3mg(n) a3 N n(n+ 1)mz(n) 22
b (14 )2 bt (1+az)3 bd
2a,nmz(n) x? a?my(n) 22 n nmg(n)x n apmg(n)
b 1+ bt (14 x)? b bt 14z
my(n)
564 7

+

mo(n) =cp +dn, mi(n) =cp+d,+1, ma(n)=c2+cpd, +d?,

)=
ma(n) = cn +dy +2, ma(n) =2(c2 +cpdy +d2) +3(c,, +dp) +2
ms(n) =c +c2d, +cpd? +d3, mg(n) =cp +d, + 3,
mr(n) = 2(c2 + cpdy +d2) +6(cp, +dn) + 7
mg(n) =3 + 2d, + cpd? + d3 +2(c2 + cpdy, +d2) +2(cy, +dy) +1 and
mo(n) = ct +c3d, + 2d? + c,d3 + d.

By using the definition of K, the equalities (2.1)- (2.3) and Lemma 2.1, it can
be proved easily. So, we omit them.

Now in terms of the linearity of the operators K, and Lemma 2.2 we can state
the following lemma.
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Lemma 2.3. For the operators K, (f;x) defined by (1.2), we have

+1) 2n 2a,, [(n x?
K, ((t—x)2 ) = n(n+1) 2n 1) 2 2% (v
(t - 2)% ) ( o) g B (1)

a? 2 nmi(n)  mo(n)
*b%(ux)?*( R )x 24
apmi(n) ma(n)

b2 1+ 3b2
and

Kn((t ) x)
n(n n—|—2)(n—|—3) dn(n+1)(n+2) ©6nn+1) 4n
< - 03 + 02 - —+ 1) zt

n n

4a,, (n+1)(n+2) 3n(n+1) 3n z?
e ! ‘1>

b3 R E +x
6a2 (n(n+1) _2£+1 74
b2 b2 by (14 )2 ) 1 + z)
+ﬁ x4 Lo n(n+1)(n+ 2)mg(n ) 3n n+1) 3(n) Snml( )
b (1 + )t b B2
~ mp(n) B4 6a, (n(n+1)me(n)  2nms(n) ml(n) z3 (25)
n % nmg(n)  ms(n) x> n 2a3me(n) a3
b2 b2 b (1+2)? b (1+2z)3
n(n+ Dmz(n)  2nmg(n)  2ma(n)\ o
- (M B )
2a, (nmz(n)  ma(n) x? aimq(n) 22
bn b, b,
nmg(n) B ms(n) apmg(n) =« mg(n)
+< o N A R BT

n

where mg(n),m1(n), ma(n), ms(n), my(n),ms(n), mg(n), mz(n), ms(n) and mg(n)
are given as in Lemma 2.2.

Lemma 2.4. For the operators K, (f;x) defined by (1.2), we have
Ko((t—2)*z) <12m7(n)A(n)(z* 4+ 2° + 2% + 2 + 1),
where my(n) given as in Lemma 2.2 and A(n) = max{A4;(n), Az(n)} with

nn+1)(n+2)(n+3) 4dn(n+1)(n+2) 6n(n+l) 4n
b 5 T b,

+“”<”("+1)(”+2)+ ">+2(n(n+1)+1)+ai<n+a"),

+1

A1 (n) =

by b b b2 b2
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nin+1)(n+2 n a n+1 2 /n
AQ(n): ( 7)( )+b2+b£<(bn)+1)+b3<bn+b:).

4
bn n n

Proof. From (2.5) we may write

Kn((t - x)45 )

nn+1)(n+2)(n+3) 4dnn+1)(n+2) 6n(n+1) 4n 4
( i - B S )

<

n

+_ggﬁ (n(n—%l)@z%—2)+_3n).f4 6a%<n(n—%l)_%1) : x?

bn b3 b, ) 1+z b2 b2 1+ x)2
N dain ot N aiL rt 5 n(n +1)(n + 2)mg(n) N 3nmi(n) 3
bt (I42x)2 b (1+x)4 bd b2
N 6a, (n(n+1)meg(n) = mi(n) a3 a?nme(n)
bn b by J1+w b (1+a)2
n 2a3mg(n) a3 N n(n + 1)mz(n) n 2ma(n) 24 2a,nmy(n) a2
b (1+2)3 b 02 o 1+a
a?lmq(n) 22 n nmg(n) apmg(n) mg(n)
x
bl (14 x)? b b 14z 503
nn+1)n+2)(n+3) 4dnn+1)(n+2) 6n(n+1) 4n
<12 — - — 41z
= { b ] T b
L (nntDn+2) 0 ﬁgﬁiﬂ+14ﬁi
b ] b + b2 B2 1+ a2
+ a?ll zt . ﬁ n + Q)mﬁ( ) + nmi (’I’L) 23
bt (1+x)3 b2 ( 1 + )t b2
L n(n + 1)m6(n 3 L@ nmg( ) ad
b ] Ttz 3 (1P
admg(n) 23 n(n + 1)mz(n ) mo(n) 24 annmz(n) x?
bt (1+4x)3 fL b2 b 1+z
a’lmq(n) 22 n nmg(n)x apmg(n) « mg(n)
bt (14 x)? bd b 1+z vioo[”

Since (117)1 <zfforallz > 0,1 <s (I,s =1,2,3,4) and my(n), ma(n), me(n),

mg(n), mg(n) < mr(n) for all n € N one gets
Ko((t—2)%2) < 12{A (m)a* + mz(n) [As(n)a® + Ag(n)a® + Ay(n)z + As(n)] }

where

nn+1 1 an [N an 1 n an, 1
,Mm:(%>+%+@<%+%)Mm:@<%+%)&wzm.
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Finally, since As(n) < A4(n) < As(n) < Az(n) for all n € N we can write
Ku((t—z)%z) < 12{A1(n)x4 +mr(n)As(n) (2® +2° + 2 +1) }
< 12m7(n){A1 (n)z* + Az(n) (2° +2° + 2 +1) }

which gives the desired result. g

3. Direct results

Let Cg[0, 00) denote the space of real valued continuous and bounded functions
f on the interval [0, 00), endowed with the norm

Ifll = sup [f(z)].

0<z<o0

For any 6 > 0, Peetre’s K-functional is defined by

Ko(f;0)= inf  {[lf =gl +alg"[I},
g€C%[0,00)

where C%[0,00) = {g € Cp[0,00) : ¢’,g" € Cp[0,00)}. By DeVore and Lorentz ( [9],
p.177, Theorem 2.4) there exists an absolute constant C' > 0 such that

Ky(f36) < Cuws(f;5V5), (3.1)
where the second order modulus of smoothness of f € Cg[0,00) is defined as

wa(f;6) = sup sup |f(z+2h) —2f(z+h)+ f(z)].
0<h<d 0<z <00

Also usual modulus of continuity of f € Cp[0,00) is defined by
w(f;0) = sup sup |f(z+h)— f(z).

0<h<6 0<z <00
Now consider the following operator

x mo(n)

Ro(fsw) = Knlfix) — f (b”w+ et 5 ) + ().

where mg(n) given as in Lemma 2.2.

Lemma 3.1. Let g € C%[0,00). Then we have

|Bolgi) = 9(@)| < 8ul@)lg"

where

an, mo(n)]?

6n(z) = Kn((t — )% 2) + K - 1> T+ by l+zx 2b,,
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Proof. By the definition of the operators IA(n and Lemma 2.2 we get

I?n(t—l';fb):Kn(t—x,x)_ (n1'+an :E +m0(n) —I)

:Kn(t,m)—xKn(l,x)—(nx—i—a" z +m0(”)—x>

Let g € C%[0,00) and z € [0, 00). By Taylor’s formula of g

t

g(t) —g(x) = (t — z)g'(x) +/ (t = u)g” (u)du, € [0,00)

x

one may write

~

K,(g;z) — g(z)

<
i ([ = @)

— —r+ — + —u | ¢ (u)du.
(bn boltz ' 2b, )g( )

Now using the following inequalities

x

t
l/@gum%mmts@fxfww
xT
and
/b’;x+‘;;§ o+ T (n a, =« mo(n)
_ + _
xr

>
3

8
>

n 1+

o 7
2%, u) 9" (u)du

x

n an T mo(n) 2
< no Gn "
= [(bn 1>x+bn1+x+ 2%, } 9"

<LK ((t—2)%2) + [(n - 1) T+ Z—:lix + n?b(:)]Q} lg”|
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Theorem 3.2. Let f € Cp[0,00). Then for all x € [0,00) there exists a constant A > 0
such that

(i) = (o)) < A (£ /6@) 0 (1|

where 6, (x) defined as in Lemma 3.1.

x mo(n)
‘ b1+z+ %n>’

Proof. By means of the definitions of the operators I?n and K, we have

Kn(fi2) = (@) < |Ralf = g:0)| + 1/ = 9)(@)] + |Ralgi ) - g(a)|
<b +F&i +T$?)_ﬂ@’

[Ra(f50)| < Kalf)| + 201 < 171K (L) + 20111 = 31

Thus we may conclude that

Kl f52) = f@)] <41f = gl + |Balgi2) - 9()|

‘f< blix+ﬁi?)ﬂ@w

In the light of Lemma 3.1 one gets
K (fy2) — f(@)] <Allf — gl + dn ()]l 9"

I

Therefore taking the infimum over all g € C%[0,00) on the right-hand side of the last
inequality and considering (3.1), we find that

+

and

x mo(n)
4o + :
bn, ‘ bn 1+=x 2b,, )

(i) = £ < ARalfidnla)) +o (£i] 7 =1 o 52 0 Tl
< i (/@) s (11 1 o o 7))

:A“JQ(f;\/W)er(f; bn—l‘x+an a mo(”)>

+
which completes the proof. 0

' an T Jrmo(n))

b, 1+x 2b,

Theorem 3.3. Let 0 < v < 1 and f € Cg[0,00). Then if f € Lipp (), that is, the
inequality

[f(t) = f@) < Mt —a|", a,t€0,00)
holds, then for each x € [0,00) we have

(K (f52) = f(z)| < 63 (2),
where 6, (x) = K, ((t — x)%z) and M > 0 is a constant.
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Proof. Let f € Cgl0,00) N Lipas(y). By the linearity and monotonicity of the opera-
tors K,, we get

Ko (fi2) = fz)| < Ko (|f(t) = f2)];2)
<MK, (|t —z|" ;)

k+dp

o] bn e 3
_Mzsn’an(k,x)m/c+cn |t_$| dt.
k=0 bn
Now applying the Holder inequality two times successively with p = %, q= %, we
obtain
00 b k-lt—dn %
. _ n " _ )2
Kn(f32) = f(@)] <MY S, (k) { pa— /7 (t— =) dt}
k=0 o
<MK, ((t- x)Q;x)%
= M67 (2).
This completes the proof. O

4. Weighted approximation properties

Now we introduce convergence properties of the operators K, via the weighted
Korovkin type theorem given by Gadjiev in [14, 15]. For this purpose we recall some
definitions and notations.

Let p(z) = 1+2? and B,[0, 00) be the space of all functions having the property

[f(2)] < Mgp(z),

where z € [0,00) and My is a positive constant depending only on f. B,[0,00) is
equipped with the norm
|f ()]
= sup -———.
I, = s 5%
[0,00) denotes the space of all continuous functions belonging to B,[0,00). By
[0,00) we denote the subspace of all functions f € C,[0, 00) for which
|/ ()]

lim —— < o
a0 p(z)

Gy
o

Theorem A [14, 15]: Let {A,} be a sequence of positive linear operators acting
from C,[0,00) to B,[0,00) and satisfying the conditions

li_)m [|An(t";2) —2"||, =0, v=0,1,2.
Then for any function f € C’S[O, 00),
Tim (|4, (f:2) - F(@)], = 0.
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Note that a sequence of linear positive operators A,, acts from C,[0, c0) to B,[0, c0)
if and only if

[ An (p; 2)||, < Mp,

where Mp is positive constant. This fact is a simple result of the necessary and
sufficient condition that

An(p; ) < Mp(x)
given in [14, 15].

Theorem 4.1. Let {K,,} be the sequence of linear positive operators defined by (1.2).
Then for each f €CP[0,00), we have

T [[Ku(f:2) — f(@)], = 0.
Proof. Using Lemma 2.2, we may write

| K (p; )] nn+1) 2a,n a2  nmi(n)  apmi(n)  ma(n)
——=<1 _n
N AT

1
Since lim —- = 1 we have lim b= 0. Thus under the conditions (¢) and (i7), there
n—oo n n— oo n

exists a positive constant M* such that

nn+1) 2a,n a2 nmi(n)  aymi(n)  ma(n)

52 e e T

< M*

for each n. Hence we get
1K (ps )], < 1+ M

which shows that {K,} is a sequence of positive linear operators acting from C,[0, co)
to B,[0, 00).

In order to complete the proof, it is enough to prove that the conditions of
Theorem A

nh_)n;O || Kn(t";2) —a”|[, =0, v=0,1,2
are satisfied. It is clear that
Tim (|, (1) — 1], = 0.

By Lemma 2.2, we have

n x an, x mo(n) 1
K,(t;x) — = ——1 T
(8 2) — ]|, = sup ‘(bn ) 1+z2+bn (1+x)(1+12)+ 20, 1+ 22

0<z <00

n an ~ mo(n)
< |2 _q 48
= |bn ’*bn b

Thus taking into consideration the conditions (i) and (i) we can conclude that

Jim || K (82) — 2|, = 0.
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Similarly, one gets

[ Kn (2 )—IZHp

n(n —|— 1) x? 2a,n x? 2 22
= Sup 1+ 22 T2 o T 7 2 2
0<z<oo +x 2 1+x)(1+22) b2 (14 2)%(1+2?)
L (n) = apmi(n) x mo(n) 1
b2 1+ a? 2 (1+z)(1+2?) 362 (14 a?)
n(n+1) 2a,n a2  nmi(n)  apmi(n)  ma(n)
<At g A
S ‘ et T B2
which leads to
. 2.0 _ 22| _
Jim ([ K (855 2) — 27|, = 0
Thus the proof is completed. 0

Now we compute the order of approximation of the operators K, in terms of
the weighted modulus of continuity Qa(f,d) (see[17]) defined by

_ _ |f(z+h) — flz)]
QQ(fv 5) - xZOS,(glfhgé - 1+ (33 + h)2 ’ f € CS[O’ OO)

and has the following properties:

(a) Q2(f,d) is monotone increasing function of 4,
(b) lims o+ 22(f,9) =0,

(c) for each A € RT, Qa(f, A6) < (A + 1)Qa(f,9).

Theorem 4.2. Let {K,} be the sequence of linear positive operators defined by (1.2).
Then for each f € C’g [0,00), we have

0<ete  (L+22)

< €0y (. [mr(m)Am))¥) |

where C' 1is positive constant and my(n) and A(n) defined as in Lemma 2.2 and Lemma
2.4, respectively.

Proof. For x > 0 and t > 0, by the definition of Qs(f,d) and the property (c), we
may write
10~ @] < (e al)?) (145 ) aur,0)

n

21+2%) (1+ (t —=)?) (1 + 1 gf') Qa(f,6n).

By using the monotonicity of K, and the following inequality (see [16])

(1+(t—2)?) <1+ 't;x|> <21+ 62) <1+ t ;;)4)

n
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one gets
t —
Kolfio) = Fo) <20+ 2208, (04 0= a?) (14525 ) o) 0a(r6)
t — 4
<1+ 2)1+ A (14 5 ) a0,
1
4148042 [14 K- 0)'52)]| (7,5,)
1

< QUL+ [ 5 al(0 - 2)%0)] 07,8,)

With the help of the Lemma 2.4 this inequality leads to
A

Kolfi0) = S| < 12611427 |1+ PTG 4o a? )| a(£.0,)
which gives the required result. O

We observe that in Theorem 4.1 we have showed that K, converges to f in
the weighted space Cp[0,00). But in Theorem 4.2 we have computed the rate of
convergence for these operators in the weighted space Cp®[0, co).
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The weighted mean operator on /> with weight
sequence w, = (n + 1) is hyponormal for p = 2

H.C. Rhaly Jr. and B.E. Rhoades

Abstract. Posinormality is used to demonstrate that the weighted mean matrix
whose weight sequence is the sequence of squares of positive integers is a hy-
ponormal operator on £2.

Mathematics Subject Classification (2010): 47B20.

Keywords: hyponormal operator, posinormal operator, factorable matrix,
weighted mean matrix.

1. Introduction

In this paper, attention will be focused on an example of a weighted mean matrix
that does not satisfy the sufficient conditions for hyponormality given in [4]. Nor does
it satisfy the key lemma used in [5], so a somewhat different approach will be required
here. The computations here are much more complex than those in [5], and, because
of that, the computer software package SAGE [6] has been used as an aid.

If B(H) denotes the set of all bounded linear operators on a Hilbert space H, then
A € B(H) is said to be is posinormal (see [1], [2]) if AA* = A*PA for some positive
operator P € B(H), called the interrupter, and A is hyponormal if A*A — AA* > 0.
Hyponormal operators are necessarily posinormal.

A lower triangular infinite matrix M = [m,;], acting through multiplication to
give a bounded linear operator on ¢2, is factorable if its entries are of the form

o a;Cj Zf j § )

Mg _{ 0 if j>i

where a; depends only on 7 and c¢; depends only on j; the matrix M is terraced if
¢; = 1 for all j. A weighted mean matriz is a lower triangular matrix with entries
w; /Wi, where {w;} is a nonnegative sequence with wo > 0, and W; = Z;’:o w;. A
weighted mean matrix is factorable, with a; = 1/W; and ¢; = wj for all i,j.
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2. Main result

Under consideration here will be the weighted mean matrix M associated with
the weight sequence w,, = (n+1)2. As was also the case for w,, = n + 1, this example
is not easily seen to be hyponormal directly from the definition and fails to satisfy
the sufficent conditions for hyponormality given in [4, Corollary 1], but it survives the
necessary condition given in [4, Corollary 2]. Encouraged by the latter, we set out to
prove that M is hyponormal. The next theorem will provide us our main tool — an
expression for the interrupter P associated with the matrix M.

Theorem 2.1. Suppose M = [a;c;] is a lower triangular factorable matriz that acts as
a bounded operator on £2 and that the following conditions are satisfied:

(a) both {an} and {an/c,} are positive decreasing sequences that converge to 0, and
(b) the matriz B defined by B = [b;;] by

G-t i i<
by = ¢ — b if =+
0 if i>j+1.
is a bounded operator on (2.
Then M is posinormal with interrupter P = B*B. The entries of P = [p;;] are given

by

2 2 2 J 2 2
565410541+ ( k-0 k) (cit105—cia541) e
c2.c2.+1a2. Zf 1= ]7

J7 J.
ji+1 2 j 2
pij = (i1 —cir1a:)[e; (TIEG eR)aj41—cjp1 (Thg )ay] if Q>
CiCit1CjC141ai0; S, ’
(ciajv1—cirra;)lei G0l cp)aivi—cit1 (35— ck)asl if i<
CiCi+1CjCj+4+1Q:a; .
Proof. See [3]. O

We are now ready for the main result. The induction step in the proof below
was aided by explicit computations using the computer software package SAGE [6].

Theorem 2.2. The weighted mean matriz M associated with the weight sequence w,, =
(n+1)? is hyponormal.

Proof. One easily verifies that the weighed mean matrix M associated with w, =
(n + 1)2 satisfies the hypotheses of Theorem 2.1. For M to be hyponormal, we must
have

(MM — MM®)f, f) = (M*M — M*PM)f, f) = (I — P)Mf,Mf) > 0

for all f in ¢2. Consequently, we can conclude that M will be hyponormal when
Q@ :=1 — P > 0; we note that the range of M contains all the e,,’s from the standard
orthonormal basis for ¢2.
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Using the given weight sequence, we determine that the entries of Q = [gmn] are
given by

60n"4+600n°42488n°+5476n*+6795n° +4650n> 4158414207
30(n+1)3(n+2)3(n+3)(2n+5)

if m=mn;

_ 1 10m>+52m>+93m+57 _ (3n°+7Tn+3)(2n+3) .
Gmn = 30~ (m+1)2(m+2)2(m+3)(2m+5) T 1) (n+2) if m>n;
1 10n®4+52n2493n+57 (3m>4+7m+3)(2m+3) if m<n

30  (n+1)%2(n+2)%(n+3)(2n+5) (m4+1)(m+2) .

In order to show that @ is positive, it suffices to show that Qx, the N** finite section
of @ (involving rows m = 0,1,2,..., N and columns n = 0,1,2,..., N), has positive
determinant for each positive integer N. For columns n = 0,1, ..., N — 1, we multiply
the (n + 1)t column of @y by

(n 4 3)(2n + 3)(3n® + Tn + 3)
(n+1)(2n + 5)(3n% + 13n + 13)

n =

and subtract from the n'* column. Call the new matrix Q. Then we work with the
rows of Q. For m = 0,1, ..., N — 1, we multiply the (m + 1)% row of Q’y by 2, and
subtract from the m** row. This leads to the tridiagonal form

do S0 0 ce 0 0
S0 dl S1 e 0 0
0 S1 d2 . 0
YN = . . . . . . )
0 0 dN-1 SN-1

0 0 0 ... SN-—1 dN
where
dn = Gnn — Znqnn+1 — Zn(Qn+1,n - ZnQn+1,n+1) -

dnn — 2ZnQn,n+1 + er%qn+1,n+1 -
144n'143192n1°94312161n°+177540n%4651210n7 +1613062n°
(n+1)3(n+3)(n+4)(2n+5)2(2n+7)(3n2+13n+13)2
+ 2743061n°43186210n* +2460693n>+1192988n°4323673n+37086
(n+1)3(n+3)(n+4)(2n+5)2(2n+7)(3n2+13n+13)2
_ _ (n+3)(2n+3)(2n%+10n+11)(3n%+7n+3)
and sy = Gni1n — Zndntlntl = T Rt 2)(ntd) @nt5) @t GrP T 1an 1y when 0 <
n <N —1; and
d~n — SONT+600N°+2488N°+5476 N1 +6795N° +4650 N2+ 1584 N +207
N = 30(N+1)3(N+2)3(N+3)(2N+5) :
Note that det Yy = det Q' = det Q. Next we transform Yy into a triangular matrix
with the same determinant, and we find that the new matrix has diagonal entries d,,
which are given by the recursion formula: dg = do, 6, = dp, —$2_1 /31 (1 <n < N).
An induction argument shows that
30(n+3)%(2n+3)2(2n%+10n+11)2(3n>+7n+3)>
Oon 2> )2 (0 D) (2n 15) 2 @nt ) (B T 13 13) 29 (m) > s Where
g(n) = 60n” + 1020n° + 7348n° + 29016n* + 67679n> + 93031n> + 69633n + 21860
for 0 < n < N —1; note that g(n) is the numerator obtained in dn when N is replaced
by n+1. Since d departs from the pattern set by the earlier d,,’s, § y must be handled

separately:
FIES 60N7+600N°4+2488N°4+5476 N4 +6795 N> +4650 N2 41584 N 4207 >0
N = 30(N+1)3(N+2)4(N+3)(2N+5) :

Therefore det Qn = H;V:O d; > 0, and the proof is complete. g
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For the induction step in the proof above, the initial estimate for ¢,, came from

2
computing 53’;1 and then replacing N by n + 1. From there, an adjustment was

needed.
The verification of the induction step reduces to showing that a 19*" degree
polynomial is positive for all n > 1. Below is the command that was given to SAGE

to execute.

n = var ('n')

expand((30 % (n 4+ 2)"4 % (144 * n"11 + 3192 * n"10 4+ 31216 * n"9 + 177540 * "8 + 651210 * n"7 +
1613062 %n" 6+ 2743061 *xn"5+ 3186210 n"4+ 2460693 xn" 3+ 1192988 xn" 2+ 323673 xn + 37086) —
(n+1)x(n+4)*(2%xn+5)*(2xn+7)*(3*n"24+13*n+13) 2% (60*(n—1)"74+1020* (n —1)"6+
7348+ (n—1)"54+29016x (n— 1) "4+ 67679 (n—1)"3 493031 % (n—1)"2+4 69633 (n — 1) + 21860)) *
(60%n"74 1020 %« n"6 4 7348 *x n"5 4 29016 * n"4 + 67679 x n"3 + 93031 * n"2 + 69633 * n + 21860) —
900 (n+1)*(n+2)"4*x(n+3)"7T*(2xn+3) 2% (2*n"24+10xn+11)"2% (3*n"2+7xn+3)"2)
And this is the resulting SAGE worksheet output, which we denote by f(n).

f(n) = 220320 * n"19 + 8325216 * n"18 4 147344112 * n"17 + 1621610588 * n"16 + 12423804832 =
n"15 + 70274637076 * n"14 + 303640886360 * n"13 + 1022365685883 * n"12 + 2710505167956 *
n"11 4 5672704072899 * n"10 4 9319440019836 * n"9 + 11820506702133 * n"8 + 11159132582690 *
n"7 + 7175130478741 * n"6 4 2225790478822 * n"5 — 894429232807 * n"4 — 1475079085458 * n"3 —
812545969449 x n"2 — 226952537400 * n — 26586925200

£(0) = —26586925200

f(1) = 48058098267150

f(2) = 29447930357308764

f(3) = 2740303120043884194

f(4) =100611201083636165760
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Multiple symmetric solutions for some
hemivariational inequalities

[ldiké-Tlona Mezei, Andrea Eva Molnar and Orsolya Vas

Abstract. In the present paper we prove some multiplicity results for hemivaria-
tional inequalities defined on the unit ball or on the whole space. By variational
methods, we demonstrate that the solutions of these inequalities are invariant
by spherical cap symmetrization, the main tools being the symmetric version of
Ekeland’s variational principle proved by M. Squassina [11] and a nonsmooth
version of the symmetric minimax principle due to J. Van Schaftingen [13].

Mathematics Subject Classification (2010): 47J20, 54C60, 47H10.
Keywords: hemivariational inequality, locally Lipschitz functional, symmetriza-

tion, spherical cap symmetrization, Ekeland’s variational principle, minimax prin-
ciple, Palais-Smale condition.

1. Introduction and main results
In this paper we are treating two different problems, which will be detailed below.

1.1. The first problem
Consider the following semi-linear elliptic differential inclusion problem, coupled
with the homogeneous Dirichlet boundary condition:
—Apu+ [ulP72u € NOF(z,u(z)) in Q, (P}
u=20 on 09, A

where X is a positive parameter, 1 < p < N, Q C R¥ is the unit ball, A,(u) =
div(|Vul[P~2Vu) is the p-Laplacian operator, and OF(z, s) stands for the generalized
gradient of the locally Lipschitz function F : Q x R — R at the point s € R with
respect to the second variable (see for details Section 2). Here and in the sequel | - |
denotes the Euclidean norm in RY.

Such problems arise mostly in mathematical physics, where solutions of elliptic
problems correspond to certain equilibrium state of the physical system. This is the
reason why problems of this type were intensively studied by several authors in the
last years.
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In the study of PDE-s are often used different symmetrization techniques. We
can find many papers where the solutions are for e.g. radially symmetric functions
(see Squassina [12]), axially symmetric functions (Kristdly, Mezei in [7]) or has some
symmetry properties with respect to certain group actions (Farkas, Mezei in [5]).
Recently was applied the spherical cap and Schwarz symmetrization for such problems.
Van Schaftingen in [13] and Squassina in [11] developed an abstract framework for the
symmetrizations. Using their results, Filipucci, Pucci, Varga in [9] obtained existence
results of some eigenvalue problems and Farkas, Varga in [6] proved multiplicity results
for a model quasi-linear elliptic system in case of C' functionals.

The purpose of our paper is to extend these results for locally Lipschitz functions.
We ensure the existence of multiple spherical cap symmetric solutions for the problem
(P}), where the natural functional space is the Sobolev space W, *(£2), endowed with

its standard norm
1/p
Jull = ( [iwuwr+ [ |u<x>|p) .
Q Q

In order to obtain our result, we need the following assumptions on the function F:

max{[{|: & € OF (z,s)}

Fi) i —0;

(F1) ‘STTO |s|p—1 ’

(Fz)  lim max{[¢{] : £ € OF (x,8)} 0:
2 Jslo+oo |s[p=1 -

(F3) There exists an ug € Wy (Q), up # 0 such that
/F(amuo(x))dm > 0.
Q

(Fa) F(x,s) = F(y,s) for a.e. z,y € Q, with |z| = |y| and all s € R;
(F5) F(z,s) < F(x,—s) for a.e. z € Q and all s € R™.

The first main result of the paper is the following:

Theorem 1.1. Assume that1 < p < N. Let Q C RY be the unit ball and F : QxR — R
be a locally Lipschitz function with F(x,0) = 0, satisfying (F1)-(Fs). Then,

(a) there exists a A\ such that, for every 0 < X < \p the problem (P}) has only the
trivial solution;

(b) there exists a A1 such that, for every X > A; the problem (Pi) has at least
two weak solutions in Wol’p(Q), invariants by spherical cap symmetrization (for
details, see Section 2).

Remark 1.1. Choosing p = 3, the function F : Q x R — R defined by

{|w|<s4—52>, ifls| <1

F(z,s) =
(@.5) || In 52, if |s| > 1.

(1.1)

fulfills the hypotheses (F1)-(Fs5).
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1.2. The second problem

Let © = RY. Consider a real, separable, reflexive Banach space (X, || - ||x) and
its topological dual (X™*,| - |x+). Let F : Q@ x R — R a locally Lipschitz function.

In addition, let p be such that 2 < p < N, while p* = Np_ denotes the Sobolev

N—p
critical exponent.
Our second problem is formulated as follows:
Find u € X such that
(Au,v) —|—/ F)(z;u(z); —v(x))dz > 0, Yo € X, (P%)
RN

where Fg denotes the generalized directional derivative of F' in the second variable.
In order to derive our second existence result, we need to impose the following
hypotheses:
(CT) Suppose that for r € [p,p*], the inclusion X < L"(RY) is continuous with the
embedding constant C,.
(CP) Assume that for r € (p, p*), the embedding X < L"(RY) is compact.
Notice that (-,-) denotes the duality pairing between X* and X and || -||, is the norm
of L"(RN).
Let A: X — X* be a potential operator with the potential a : X — R, that is,
a is Gateaux differentiable and for every u,v € X we have
lim alu+tv) —a(u) _ (A(u), v).
t—0 t
For a potential we always assume that a(0) = 0. In addition, we suppose that A :
X — X* satisfies the following properties:
(A1) A ishemicontinuous, i.e. A is continuous on line segments in X and X* equipped
with the weak topology.
(Az) A is homogeneous of degree p — 1, i.e. for every u € X and ¢t > 0 we have
A(tu) = tP~ L A(u).
(A3) A: X — X* is a strongly monotone operator, i.e. there exists a continuous
function 7 : [0,00) — [0,00) which is strictly positive on (0,00), 7(0) = 0,
tlggo 7(t) = 0o and

(A(u) = A(v),u = v) = 7([|u = vl|x)[[u = v[[x,

for all u,v € X.

(A4) a(u) > cllul/%, for all u € X, where ¢ is a positive constant.

(As) a(ufl) < a(u), for all u € X, where u'! denotes the polarization of u (for details,
see Section 2.).

Remark 1.2. By conditions (A1) and (Az), we have a(u) = %(A(u),m

Furthermore, we suppose that the following additional condition holds: there
exists ¢ > 0 and r € (p,p*) such that

(F) €] < c(|s]P~t +|s|"71),Vs € R, £ € F(z,s) and a.e. z € RV,
Moreover, instead of (Fg), we assume that:
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(F%) there exists ¢ € (0,p), v € (p,p*), o € L7 (RN), 8 € L*(RY) such that
F(z,5) < a(z)]s|" + B(2)
for all s € R and a.e. z € RV,
Remark 1.3. When Q is the unit ball, by conditions (F1) and (Fg), we can deduce

the assumption (F). But in the case of this second problem when we assume that
Q =RY, we really need the condition (F}).

Now we can state our second main result:

Theorem 1.2. Assume that 2 < p < N and let Q = RY. Let F : QxR — R be a
locally Lipschitz function, A : X — X* be a potential operator such that the conditions
(A1) —(As) and (CT), (CP), (F1), (F}), (F3), (F4), (F5) are fulfilled. Then, there
exists Ao > 0 such that for every A > Ay the problem (7)/%) has two nontrivial solutions,
which are invariants by spherical cap symmetrization.

The energy functional related to the problem (P%) is defined as follows:
() = a(u) = AF(u),
where F : X — R is a function defined by F(u) = / F(z,u(x))dx.
RN

Remark 1.4. We observe that, using Proposition 5.1.2. from Cs. Varga and A. Kristdly
[8], due to condition (F}), we have that

FOluzv) < o Fg(x,u(x);v(a:))dx. (1.2)

Therefore, it follows that the critical points of the energy functional <7\ are the (weak)
solutions of the problem (P%).

2. Preliminaries and abstract framework

In this section we give a brief overview on some preparatory results used in the
sequel.

2.1. Locally Lipschitz functions

In the following, we recall some basic definitions and properties from the theory
developed by F. Clarke [4].

Let E be a Banach space, E* be its topological dual space, V' be an open subset
of E and f:V — R be a functional.

Definition 2.1. The functional f : V. — R is called locally Lipschitz if every point
v € V possesses a neighborhood V such that

1f(2) = f(w)| < Kollz —wllp, Yw,z€eV,
for a constant K,, > 0 which depends on V.
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Definition 2.2. The generalized derivative of a locally Lipschitz functional f :V — R
at the point v € V along the direction w € E is denoted by f°(v;w), i.e.

() = sy LC )= 1)

£\,0

We recall here some useful properties of the generalized directional derivative
for locally Lipschitz functions (see F. Clarke [4]).

Definition 2.3. Let E be a Banach space. A locally Lipschitz functional h: E — R is
said to satisfy the non-smooth Palais-Smale condition at level ¢ € R (for brevity we
shall use the notation (PS).-condition) if any sequence {u,} C E which satisfies

(1) h(uy) = c;

(ii) there exists {en} C R, €, | 0 such that h®(un; v — uy) + €n)|v — uplle > 0, for all

veFE and alln e N

admits a convergent subsequence. If this is true for every ¢ € R, we say that h satisfies
the non-smooth (PS)-condition.

Remark 2.1. If we use the notation Ap(u) = |lw||g+ (see K.-C. Chang [3]) and

inf

wedh(u)
we replace the condition (it) from the above definition with the following one:
(ii)7 /\h(un) — O,
we obtain an equivalent definition with the Definition 2.3.
Definition 2.4. The generalized gradient of f : V :— R at the point v € V' is a subset
of E*, defined by

of(v) ={y* € B*: (y*,w) < fO(v;w), for eachw € E}. (2.1)
Remark 2.2. Using the Hahn-Banach theorem (see, for example H. Brezis [2]), it is
easy to see that the set 0f(v) is nonempty for every v € E.

The next result will be crucial in the proofs of our main result.

Theorem 2.1. (Lebourg’s Mean Value Theorem, F. Clarke [4]) Let U be an open
subset of a Banach space E, let x,y be two points of U such that the line segment
[z,y] ={(1 —t)x +ty: 0 <t < 1} is contained in U and let f : U — R be a locally
Lipschitz function. Then there exists u € [z, y)\{z, y} such that

fy) = f(x) = (2, y — ),
for some z € Of (u).

2.2. Abstract framework of symmetrization

Now we recall the definition of spherical cap symmetrization and polarization.

Definition 2.5 (Spherical cap symmetrization). Let P € 9B(0,1) N"RY. The spherical
cap symmetrization of the set A with respect to P is the unique set A* such that

A*N {0} = AN {0} and for any r > 0,
A*NOB(0,r) = By(rP,p) NOB(0,r) for some p > 0,
HN (AN aB(0,r)) = HN "1 (ANdB(0,r)),
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where HN =1 is the outer Hausdorff (N — 1)-dimensional measure and B,(rP, p) de-
notes the geodeisc ball on the sphere 0B(0,1) of center rP and radius p. By definition
By(rP,0) = 0.

Definition 2.6. The spherical cap symmetrization of a function f : Q — R is the
unique function u* : ¥ — R such that, for all c € R,

{u* >c}={u>c}".
Definition 2.7 (Polarization). A subset H of RY is called a polarizer if it is a closed
affine half-space of R, namely the set of points x which satisfy o - x < B for some
a € RY and B € R with |a| = 1. Given z in RN and a polarizer H the reflection of

x with respect to the boundary of H is denoted by xg. The polarization of a function
w: RN = Rt by a polarizer H is the function uf : RN — Rt defined by

uwf(2) = max{u(z),u(ry)}, ifreH
€] {min{u(x),u(m)}, ifz € RN\ H. (2.2)

The polarization CH C RN of a set C C RY is defined as the unique set which satisfies
Xcr = (xc)™, where x denotes the characteristic function. The polarization u' of
a positive function u defined on C C RY is the restriction to CH of the polarization
of the extension 7 : RN — RT of u by zero outside C. The polarization of a function
which may change sign is defined by u* := |u|f, for any given polarizer H.

Following J. Van Schaftingen [13], consider the abstract framework below:

Let X, V and W be three real Banach spaces, with X C V C W and let S C X.
For the clarity, we present some crucial abstract symmetrization and polarization
results of J. Van Schaftingen [13] and of M. Squassina [11]. Let us first introduce the
following main assumption.

Definition 2.8. Let H, be a pathconnected topological space and denote by h : SXH, —
S, (u, H) — ufl, the polarization map. Let x : S — V,u + u*, be any symmetrization
map. Assume that the following properties hold.

1) The embeddings X — V and V. — W are continuous;

2) h is continuous;

3) (u)H = (uf) =u* and (W) =uf for allu € S and H € H,;

4) for allw € S there exists a sequence (H),, C H, such that uf-Hm — 4* in V;
5) |Juff — vy < |lu—v||v for allu, v € S and H € H,.

Since there exists amap O : (X, ||-|[v) = (S, ||-]lv) which is Lipschitz continuous, with
Lipschitz constant Cg > 0, and such that ©|s = Id|g, both maps h : S x H, — S
and x : S — V can be extended to h : X x H, — S and x : X — V by setting
u=(0(u))f and u* = (O(u))* for every u € X and H € H,.

The previous properties, in particular 4) and 5), and the definition of © easily
yield that

lu' = o™y < Collu—vllv,  u* = v*[lv < Collu—vllv (2.3)

for all u, v € X and for all H € H,.
Some known examples of spherical cap symmetrization with Dirichlet boundary
and of Schwarz symmetrization are given by J. Van Schaftingen in [13].
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2.3. Variational framework

We recall three results which will play an essential role in what follows.

Proposition 2.1. (Proposition 3.3. of R. Filippucci et al. [9]) Let G : RN x R — R be
a Carathéodory function, satisfying property (F4), that is G(x,u) = G(y,u) for a.e.
x, y € RN, with |x| = |y|, and all u € R. Then, for all H € H,

X, u\x xr = fZ?'lLHx X .
|, Glutands = [ Gl @) (24)

RN
along any u : RN — RE, with G(-,u(-)) € LY(RN).

Remark 2.3. The statement of the above proposition remains valid if we choose Q0 =
O C R instead of the whole space RN (see J. Van Schaftingen [13, Proposition 2.19]).

In the paper of Cs. Varga and V. Varga [14] a quantitative deformation lemma is
proved for locally Lipschitz functions. J. Van Schaftingen in [13], proves a symmetric
version of this variational principle (see Theorem 3.5) for C! functionals. Using the
mentioned results with slight modifications, we can prove the following symmetric
variational principle for locally Lipschitz functionals.

Theorem 2.2. Let (X,V,x, Hy,S) satisfy the assumptions of Definition 2.8. Denote
by k > 0 any constant with the property ||ullv < k|lullx for allu € X. Let e € X\ {0}
be fized and

['={y:C([0,1], X) : 7(0) = 0,7(1) = e}.
Consider also the locally Lipschitz functional ® : X — R, which satisfies:
1) co > c:=inf sup ®(vy(t)) > a := max{P(0), P(e)},
Y€l tel0,1]
2) ®(ufl) < ®(u), for allu € S and H € H,.

Then for every 0 < e < 5%, 6 > 0 and v € ', with the properties

i) sup ®(y(t)) <c+e;
te[0,1]

i) v([0,1]) € S;

iii) {v(0),7(1)}"° = {¥(0),7(1)} for some Ho € H.,
there erists u. € X such that

a) ¢c—2e < Pu.) < c+2;

b) [[us — ully < 2(2x +1)d;

c) Ao(u) <8/6.

3. Proof of Theorem 1.1

Definition 3.1. We say that u € W, *(Q) is a weak solution to problem (PL) if there
exists Ep € OF (z,u(x)) for a.e. x € Q such that for all v € Wy (Q) we have

/(|Vu|p_2Vqu + u|P"2uv)dx = )\/ Epv(x)de. (3.1)
Q Q
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We consider the functionals I, F : WP (Q) — R defined by
1
I(u)=- / (IVul? + |ul?)dz, F(u) = / F(z,u(z))dx.
pJa Q
Now, we can define the energy functional associated to the problem (P}) b

Ex(u) = I(u) — AF(u).
Remark 3.1. If Q is bounded, using [10, Theorem 1.3], we have

/[“)qu

Hence, the critical points of the energy functional &, are exactly the (weak) solutions
of the problem (P3). So, instead of seeking for the solutions of the problem (P3), it is
enough to look for the critical points of the energy functional &).

Before proving our main result, we prove that the functional &) is coercive and
it satisfies the non-smooth Palais-Smale condition on W, ().

Lemma 3.1. The functional &) : Wol’p(Q) — R is coercive for every A > 0, that is,
Ex(u) — 0o as |[u]| — oo, for all u € Wi P().

Proof. Let us fix a A > 0. In particular, from (F1), there exists a ¢; > 0 such that

1 1 1
< Z.Zeop
|£|72 pcp 1+ A

where ¢, is the best Sobolev constant in the embedding Wol’p(Q) — L1(Q)(q €
[1,p7))).

Due to (F2), it follows that for every € > 0 there exists d3 = d2(g) > 0, such
that

S|P |s| < o1, (3.2)

max{[¢] 'EG OF (z,5)} < els[’™", |s| > 6.

Moreover, if & = 1 - ;c;p 1+/\’ then for every £ € OF (x, s) one, has
1 1
P p—1 ) 3.3
<5 Lol sl > 6 (33

Since the set-valued mapping OF is upper-semicontinuous, then there exists
Cr = sup{0F (z, [02,1]) }, thus

1 1
€] < ]gc;pm|s|p_1 + Cp, for all s € R. (3.4)

Now we can use Lebourg’s mean value theorem (see Theorem 2.1), obtaining
that:
|F(z,s)| = |F(x,s) — F(z,0)| < |&s| for some & € OF (z,0s),0 € (0,1).

Combining this inequality with the relation (3.4), we get

1 _
Pz, 8)l < 2"

+CF|S|.
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Moreover,
1 1 A [lw|?
& > —|ul]f — =—— L) - \C .
W2 Sl - 22 (Y2) - ace
Therefore,
1 1 A
A(u) > —||u||P— - ul|? = A Chflu
Au) = pll | ler)\ll | 1 [ul]
1 A
= 2 (1 135 Il = Al o0
as ||u]] = oo,where C} is a constant, which concludes our proof. O

Lemma 3.2. For every A > 0, &\ satisfies the non-smooth Palais-Smale condition.

Proof. Let A > 0 be fixed. We consider a Palais-Smale sequence {u,} C WO1 P(Q) for
&\, i.e., for some g, — 07, we have

EX (Un;u — Up) = —&p|lu — up| (3.5)

and {&(un)} is bounded in I/VO1 P(Q). Since & is coercive, the sequence {u,} is
bounded. Therefore taking a subsequence if necessary, we may assume that u, — u
weakly in W, P(Q) and u, — u strongly in LP (note that Wy*(Q) < LP(Q) is
compact, see H. Brezis [2]). One clearly has,

(I'(up),u —uy) = /Q (IVun[P7?Vu,) (Vu — Vu,) + /Q [ [P 2 (0 — ),
and
(I'(u), up, — u) = /Q (IVulP~?Vu) (Vu, — Vu) + /Q [ulP~2u(uy, — u).

Adding these two relations and from the fact that [v — w|P < (Jv|P~2v —
|w|P~2w)(v — w), one can conclude that

(I'(up),u —up) + (I'(u), up — u) =

/ (|Vun [P*Vu, — [VuP*Vu) (Vu — Vu,) + / (Jun P2y — [ulP~2u) (u — uy,)
Q Q

< / (=|Vuy, — VulP = |uy, — ul?) = —||uy, — ul|P. (3.6)
On the other har?d, by the relations
EY (unyu —uy) = (I'(Un);u — Up) + AF® (U up — u),
EY (usupn —u) = (I'(w);up — u) + AF°(usu — uy),
and the inequalities (3.5) and (3.6), we have
[tn — ul|” < enllu —unll — & (u; un —u)+

FNFC (un; un — u) + FO(us; 0 — up)) (3.7)



378 Ildik6-Tlona Mezei, Andrea Eva Molndr and Orsolya Vas

Since the sequence {u,} is bounded in Wy"*(Q2), we clearly have
nh—>néo Enllu — un|| = 0. (3.8)
Now fix w* € 0é)(u). In particular, by the definition (2.1), we have (w*;u, — u) <
E2(u; Uy — u). Since u, — u weakly in W, (), we obtain
lim inf &Y (u; u, — u) > 0. (3.9)
n—oo

Now, for the remaining two terms in the estimation (3.7), we use the fact that

FO(uyv) < /QFO(ac?u(x);v(x))dx,Vu,v e WP (Q).

Therefore,

Fo(up;up —u) < /QFO(x,un(x),un(x) —u(x))dz
- /Q max{€ (un(2) — u(x)) : € € OF (2, un(x))}dz

S |un(2) — u(z)] - max{[¢| : € € OF (z, un (z)) }da.

From the upper semi-continuity property of OF', one has
sup {|¢] : £ € OF (x,un(x)} < 0.
neN
z€eQ

Proceeding in the same way for F°(u;u — u,) and adding the outcomes, we
obtain

Fo(up;un —u) + FP(usu—up) < K / |un(x) —w(z)] = K||lup —ul|rr, (3.10)
Q

where K is a constant. Since u,, — u strongly in L'(£2), we have that

lim sup(F° (tn; tn, — u) + F(u;u —uy)) < 0. (3.11)
n— oo
Now, combining the inequalities (3.8), (3.9) and (3.11), we obtain

lim sup ||u — u,||P <0,
n— oo

which means that u,, — u strongly in Wy (). O

From the symmetric Ekeland’s variational principle, given by M. Squassina in
[11] (see Theorem 2.8), we can state the following corollary for locally Lipschitz func-
tions.

Lemma 3.3. Let (X,V,*, Hy, S) satisfy the assumptions given in Definition 2.8, with
V =LP(Q), X = WyP(Q) and with the further property that if (uy)n C WyP(Q) such
that w, — u in LP(Q), then uf — u* in LP(Q). Assume that ® : Wy () - R is a
locally Lipschitz functional bounded from below such that

d(u) < ®(u) forallue S and H € H,. (3.12)

and for all u € Wy P(Q) there exists € € S, with ®(€) < ®(u).
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If ® satisfies the (PS)ima condition, then there exists v € WP (Q), such that
®(v) =inf & and v = v* in LP(Q).

Proof. Put inf ® = d. For the minimizing sequence (), we consider the following
sequence:
O(un) —d, if ®(up)—d>0
En=11 .
- if ®(up)—d=0.
Then ®(u,) < d+ ¢, and €, — 0 as n — 0. By [11, Theorem 2.8], there exists a
sequence (vy), C WyP(Q) such that:
a) ®(vn) < P(un);
b) Ae(un) — 0;
¢) l[vn —villp = 0;
Since @ satisfies the (PS)4 condition, there exists v € Wy (Q) such that v, — v in
WP (2). Hence v, — v in LP(Q) (because W, ?(Q) is compactly embedded in L?(£2))
and so v} — v* in LP()) by assumption. In particular,

lo =™y < o =vallp + l[on = v3llp +[log = ™[l = 0.

Therefore v = v* in LP(2), as stated. O

Lemma 3.4. One has,

Proof. One has that ||[Vuf |, = ||Vul,, and |[u*?|, < |lu|l, (see Van Schaftingen
[13]). On the other hand, due to Proposition 2.1, one has

/QF(x,u(x))dx:/QF(x,uH

@@)\(UH) < @@)\(u)

therefore

0

Now we can prove our main result.
Proof of Theorem 1.1: (a) Suppose that u € W, () is a weak solution of (P}). Now,
if we put v = u as the test function in the relation (3.1), we obtain

[|lullP = /Q(\Vu|p + |ulP)dz = )\/Qgpudm < )\CF/Q|u\pdm < Acrch|[ull?,

: F
where cp = m>a(>)< max{[¢] iia (. 5)} > 0. Therefore, if A < - p, then v = 0.
S S

(b) By Lemma 3.3 there exists the global minimum vy = v} of the energy functional
E.

We now turn to establish the existence of the second nontrivial solution of (Pj).
From the assumption (F3), one has

1
(o) = lluol” = / F(z, uo(x))dz = A — \B,
Q
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where A = %HUOHP > 0, and B = [, F(x,uo(z))dz > 0. Consequently, there exists
Ao > 0 such that for every A > Ao, we have that h()\) = A — AB < 0, therefore

1
E\(ug) = —|Juo||? — )\/ F(z,up(z))dr < 0.
p Q
In fact, we may choose,

Ao = linf{”u”p L€ WyP(Q), F(u) > o} :
p F(u)

Now, fix A > Ag. From (F;) it follows that for fixed ﬁ > ¢ > 0, there exists

d =d(g) > 0, such that
max{|¢|: & € OF (z,5)} <els|P~1,|s] < 6,
therefore for every £ € OF(x, s), |s| < & one has,
el < Jsr . (3.13)
Using the Lebourg’s mean value theorem (see Theorem 2.1), we obtain:
|F(z,s)| = |F(x,s) — F(z,0)| < |€s]| for some & € OF(z,0s),0 € (0,1),
which means that using the (3.13) iequality, we have
F(2,5) <e- |sP”,

whenever |s| < 6.

)
Thus, if u € W, *(2) with ||ju|| = p < min {, [lwoll }, then
p

8x(u) = %Hullp —AF(u)

1
= Sl = eAcgfjul”

1
=|ullP | = —5)\01’)
Il (5 - ercp
1
=pP ( — 5)\c§> > 0.
p
Since &) satisfies the Palais-Smale condition and
| iIH1f Ex(u) > 0= &(0) > & (uo),
ull=p

we are in the position to apply the Mountain Pass theorem, which means that ¢ =

in% sup &x(y(t)) is a critical value of &), therefore there exists a critical point u such
7€l ¢eclo,1]
that &\(u) = c.

From the definition of ¢, we have

1
sup E\(1() < ¢+ —.
t€[0,1] n
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From the above inequality and from the fact that we can choose v(0) = 0 and

(1) = u = uf| we can apply Theorem 2.2 for & = %7 and § = % Thus, there exists
u, € Wy'(Q) such that

(2) |6a(un) — | <

(b) [lun —upll, <2026 +1)5;
(¢) Agy(un) < 8

<.
Since &) satisfies the Palais-Smale condition, up to a subsequence u,, converges to u
in Wy (), with & (u) = ¢, Mg, (u) = 0 and u = u*. This means that u is a critical
point for the energy functional &y, different from the critical point obtained in (a)
and it is invariant by spherical cap symmetrization as well. [

4. Proof of Theorem 1.2

Similarly to the previous section, we start this paragraph with the proofs of two
properties of the energy functional .27y, namely that o7y is coercive and it satisfies the
Palais-Smale condition for every A > 0.

Lemma 4.1. Let the conditions (Fy) and (A4) be satisfied. Then the functional ) :
X — R is coercive for each A > 0, that is, @\ (u) — o0 as ||ul|x — oo, for allu € X.

Proof. Due to (F%), for all u € X we have:
Fz,u(z)) < a()lu(@)|” + B(z).
Hence, by using Hélder’s inequality, it follows that

/]RN F(z,u(z))dz < /RN afx)|u(x)|9dx + /RN B(x)dx
< [[Law=] ([ ] s [ s
< el - HlullE + 11811 (4.1)

Since X < LY(R™), when v € [p,p*], one can find a number C,, > 0 such that
Jull}, < CElull%- (42)
Combining the relations (4.1) and (4.2), we obtain that for all A > 0, we have

A [ Fzu(e))de > =Aal| - Collully = AllBlh-

RN v

Therefore, from the definition of the energy functional ) and using the condition
(As), we get

,527)\(11,)

Y

a(u) = Mlall = - Collulls — AllBlh

v—q

cllull” = Alla| j=; - Collull’ — Al

Taking into account (Fg)’ and the fact that ¢ € (0,p), it follows that o7 (u) — +oo,
whenever ||ul|x — +o0o. This completes the proof. O

Y
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Lemma 4.2. If the conditions hold then for every X\ > 0 the functional <7y : X — R
satisfies the Palais-Smale condition.

Proof. The proof of this lemma is similar to the proofs of the Lemma 3.2 and of [8,
Theorem 5.1.1]. O

Lemma 4.3. Assume that (F4) — (F5) and (As) are satisfied. Then, for all H € H,,
we have

JZ%)\(’LLH) < JZ{)\(U),VU e X.

Proof. From (Ag), we have that a(u) < a(u). Therefore, using (F4) — (F5) and
taking inspiration from the proof of Lemma 4.6. in M. Squassina [11], we obtain

F(x,u(x))dx < F(z,u (z))dz.

RN RN
Hence, by the definition of 7, we have that for all A > 0:
1 1
h(u) = —a(u) — A F(x,u(z))dz > —a(ufl) — A F(z,uf (z))dz = @ (uf).
p RN p RN

O

Proof of Theorem 1.2: The proof is similar to the proof of Theorem 1.1 so it is
left to the reader.

4.1. Particular case

Let V : RN — R a function such that:
(V1) Vp:= inf V(z) > 0;

z€RN

(V2) For every M > 0, we have meas({z € RY : b(z) < M}) < oc;
(V3) For z,y € RN if |z| < |y| then V(z) < V(y).

The space H = {u € HY(R") : / (|Vu|?* + V(z)u?dr < oo}, equipped with

RN

the inner product

(u,v)g = /RN (VuVo + V(z)uv)dz

is a Hilbert space. It is known that H is compactly embedded into L*(R™) for s €
[2,2%) (see T. Bartsch, Z.-Q. Wang [1]).

A particular case of the problem (P?) can be formulated as follows: Find a
positive u € H such that for each v € H we have

/ (VuVu + V(z)uv)dz + / F)(z,u(z) — v(x))dx > 0. (PY).
RN RN

Similarly to the proof of Theorem 1.2, we can prove the next result:
Lemma 4.4. If f : RN x R — R satisfies the conditions (F1), (F5), (F4), (Fs) and

(V1) — (V3), then there exists two nontrivial solutions of the problem (P%), which
are invariants by the spherical cap symmetrization.
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Proof. Theorem 1.2 can be applied since the conditions (A1) — (A5) are fulfilled.

1
Indeed, the assumptions (A1) — (A5) follow from the fact that a(u) = §<u,u> On

the other hand, the condition (V3), implies (A5). Then, by Theorem 1.2, it follows
that problem (P%) has two nontrivial solutions, which are invariants by the spherical
cap symmetrization. O
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On the geometry of conformal Hamiltonian of
the time-dependent coupled harmonic oscillators

Hengameh Raeisi-Dehkordi and Mircea Neagu

Abstract. In this paper we construct the distinguished (d-) geometry (in the
sense of d-connections, d-torsions, d-curvatures, momentum geometrical gravita-
tional and electromagnetic theories) for the conformal Hamiltonian of the time-
dependent coupled oscillators on the dual 1-jet space J** (R, RQ).

Mathematics Subject Classification (2010): 70505, 53C07, 53C80.
Keywords: Conformal Hamiltonian of time-dependent coupled harmonic oscilla-

tors, Cartan canonical connection, d-torsions, d-curvatures, geometrical Einstein-
like equations.

We dedicate this paper to the memory of Professor Gheorghe Atanasiu (1939-2014).

1. Introduction

The model of time-dependent coupled oscillators is used to investigate the dy-
namics of charged particle motion in the presence of time-varying magnetic fields. At
the same time, the model of coupled harmonic oscillator has also been widely used to
study the quantum effects in mesoscopic coupled electric circuits. For more details,
please see [2].

If m; (i=1,2), w; (i =1,2), and k(¢) are the time-dependent mass, frequency,
and the coupling parameter, respectively, then the conformal Hamiltonian of the time-
dependent coupled harmonic oscillators is given on the dual 1-jet space J'* (R, IRQ)
by [2]

H(t,z,p) = hy1(t)e?™ l(p%) + (p2) + F(t,z) = (1.1)

mi (t) mo (t)

i
= hy1(D)e” @ __plyl tx) =
11(t)e P + F(t, z)

= hi1(t)g"” (t, x)pip) + F(t,z),
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where o : R2 — R is a smooth conformal function on R?, hy; is a Riemannian metric
on R, (t,x,p) = (t,2', 2% p}, pl) are the coordinates of the space J*(R, R?), and

(OO | ma()ed(t)ad | k() (w2 — 21)”

t.x) =
Ft.2) . . d
The jet coordinates (t,x,p) transform by the rules:
- , A 0x7 dt
_ =i = S 1
t=1(t), i = #(«7), pr = 57 30 (1.2)

where 4,7 = 1,2, rank (03°/0x7) = 2 and dt/dt # 0.

2. The canonical nonlinear connection

The fundamental metrical d-tensor induced by the conformal Hamiltonian metric
(1.1) is defined by (see [1] and [3])

17 hll aQH 5ij o(x —o(x
9200) = g = e ® ) 9kt ) = gm0 (21)

If we use the notations R
1 th

I R TR
kU Ogi Qg 0gi; 1 m;(t)
Fk déf gi gl? gl? . ig \ _ 1 7516 o 5k 45 j 99
K 2 \ow "o o 2 105 = 00 Ty (t) Tk ) (2.2)

where h'! = 1/h;; > 0 and o; = do /02", then we have the following geometrical
result:

Proposition 2.1. For the conformal Hamiltonian metric (1.1) the canonical nonlinear
connection on the dual 1-jet space J**(R,R?) has the following components:

1 1
N = (]}[51;1 = Kilpz‘lv ];[El))J = _Fi‘cjpllc> . (2'3)

In other words, we have
1 m;(t)
N(Al).zf 21 1_52 J 1 )
2 i — g \ 7P T 5P T (t) TkPk

Proof. The canonical nonlinear connection produced by H on the dual 1-jet space
J(R,R?) has the following components:

N = Ki1p;

MO
and
b B0, 0B 09, 0H | PH__ PH
207 4 | oxk Opl  Opi OxF Jik OxI Op;. gjkaziap}c '

So, by direct computations, we obtain (2.3). O
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3. N-linear Cartan canonical connection. d-Torsions and d-curvatures

The nonlinear connection N produces the following dual adapted bases of d-
vector fields and d-covector fields:

{5 9 3} Cx (I (RE2), {dtdet,dpl) C X (I (REY)),  (3.1)

6t’ ozt Op}
where 5 5 5 5 5
(1) 1,1
—=—-N;/ — = — — —_— .2
5t ot Mengpl T g “uPrgpn (3:2)
b6 0 1 O 0 s pl 0 (3.3)

St - % - 2 (r)zaipl = % + rzpsap%7

Spl = dp! + Ngj; dt + NE 1 da
The naturalness of the geometrical adapted bases (3.1) is coming from the fact that,
via a transformation of coordinates (1.2), their elements transform as the classical
tensors. Therefore, the description of all subsequent geometrical objects on the dual
1-jet space J'*(R,RR?) (e.g., the Cartan canonical N-linear connection, its torsion
and curvature, etc.) will be done in local adapted components. As a result, by direct
computations, we obtain the following geometrical result:

Proposition 3.1. The Cartan canonical N-linear connection produced by the conformal
Hamiltonian metric (1.1) has the following adapted local components:

0y
CI(N) = (Kh, J1 = 5 (t)’ jk = gk:? Of((lk) = 0> (3.4)

Proof. The adapted components of Cartan canonical connection are given by the
formulas 4
ldgl g dglj N 5; dmj i m;(t)

2 0t 2 dt 2my(t) dt T 2my(t)’

i 9" (bgir  bgkr Ok
i, =9 r_ —r
gk (5:6’“ 5w S gk’

ir (097 | OgF  Dgi*
ol — I + - =0.
w 2 ( opi, O Opg

Using the derivative operators (3.2) and (3.3), the direct calculations lead us to the
desired results. O

i
Ay =

Proposition 3.2. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has four effective d-torsions:

T{ A" (1) () _ AJ

J 71 S (r)1(1) rl»
W _ o
(r)lj at ps?
(1) ko1
Ripyis = = PrijPrs
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where

l
ol ori;  ark,

_ s 1l s 1l
ijk — oxk Oxi +Fijrsk _Fikrsj'

Proof. The Cartan canonical connection on the dual 1-jet space J*(R,R?) gener-
ally has six effective local d-tensors of torsion. For our particular Cartan canonical
connection (3.4) these reduce only to four (the others are zero) [1]:
T Ar r(@) _ @) _
Ti; = =Aj, Py = Cyy =0,
(1)

1) (i 1 (m)1 . . .
P((r))1((f§ - Op} + Ay, = 0lxgy = A
J

(1)

, i

P(l)_ (G _ _2 +TV. =0

r)i(1 1 T ’
()it = gyt i

1) 1 (1) ,
R Nen Wi o _ o,
M7 bad ot ot ot Tv
5N§1§. 5N51§.
1 2 ()t _ 2 \1)J _ k,, 1
(r)ij — oxJ St - mrz]pk' O

Proposition 3.3. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has two effective d-curvatures:

oAl oty
Rl = 8xk1 - 8tk + AT, — T AL,
Réjk = méjk'

Proof. A Cartan canonical connection on the dual 1-jet space J1* (R, R) generally has
five local d-tensors of curvature. For our particular Cartan canonical connection (3.4)
these reduce only to two (the others are zero). So, we have [1]:

6Aé 5F§ , - 8A§ aré ” ,
Rl = &Ckl - 5tk + Aj T, —Th AL = 8a:k1 - 8tk + AT, — T AL,
) AP ort.  art
l _ ] ik r i r 27 k r i rpl ol
ik = Sk 5pi + 500, — Iy, = ok Bxlj + 500 — Tl = R,
l, art. -
LRy 0AL L) _ 9Ny 1G)(k) _
(1) = 0, Pyy) =21+ =0 Siym =0 -

apL — 0 T T gyl
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4. From the conformal Hamiltonian of the time-dependent coupled
oscillators to field-like geometrical models

4.1. Momentum gravitational-like geometrical model

The conformal Hamiltonian metric (1.1) produces on the momentum phase space
J'(R,R?) the adapted metrical d-tensor (momentum gravitational potential)

G = h1dt @ dt + gijda:i ® dx? + hngijlspz1 & 529;’

where g;;, and g/ are given by (2.1). We postulate that the momentum gravitational
potential G is governed by the geometrical Einstein equations

S¢(CT(N)) .
G =KT, (4.1)

Ric(CT(N)) —

where:

e Ric(CT(NV)) is the Ricci d-tensor associated with the Cartan canonical linear
connection (3.4);

e Sc(CT(N)) is the scalar curvature;

e [ is the Einstein constant and T in an intrinsic momentum stress-energy d-
tensor of matter.

Therefore, using the adapted basis of vector fields, we can locally describe the

global geometrical Einstein equations (4.1). Consequently, some direct computations
lead to:

Proposition 4.1. The Ricci tensor of the Cartan canonical connection of the conformal
Hamiltonian metric (1.1) has the following two effective Ricci d-tensors:

R11 ::KH:O, R:Rhl:O
Ry = R;llr’ R R;]r = m;jv :_mij7

G p ) pr ) _ o @ pi ()
R} =-P) =-F,d) =0, R}, =Py, =~P) =0,

G) _ pll) _
Ry = —Piin =0,

()0 ) )
RO = =508 = -Sm =0,

o @) _  pi () _
Ry = —Pay; = —Fay =0

Corollary 4.2. The scalar curvature of the Cartan canonical connection of the confor-
mal Hamiltonian metric (1.1) is given by the following formula:

Sc(CT(N))=¢" R;; = g"Ry; == R.
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Corollary 4.3. The geometrical momentum Finstein-like equations produced by the
conformal Hamiltonian metric (1.1) are locally described by

R
—5h11 =KTn
R
Rij — Egij = KT;;

R em®0)
—5hug? = KT,
0="Ti, Rin=KTn

) ()
0=T, 0=Tg,

6 g
0=Ta 0=Ta;

The geometrical momentum conservation-like laws produced by the conformal
Hamiltonian metric (1.1) are postulated by the following formulas (for more details,

please see [1]):
" )
:| = R1|r
/1

2

PR
mg—Qag} =0

(R 1o
_25£:| |(1) =0,

where 7 /17, 7,.” and ” |gg” are the local covariant derivatives induced by the Cartan

canonical connection CT'(N), and we have

R =g""Rq1, R, =g""Ry;.

4.2. Geometrical momentum electromagnetic-like 2-form

On the momentum phase space J*(R,R?), the distinguished geometrical elec-
tromagnetic 2-form is defined by

F= F(<f§j5p} Ada?,

where
(1) 't gk ar(1) ik Ar(1) Gk ikpr 1
F(l)j =5 |9 Zg(k)i -9 ]y(k)i + (¢ Tk — g ij)pr :

By a direct calculation, the conformal Hamiltonian metric (1.1) produces the
null momentum electromagnetic components

0 _
Fay; =0
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Book reviews

The Best Writing on Mathematics 2014, Edited by Mircea Pitici, Princeton Univer-
sity Press 2014, 376 pp., ISBN: 9780691164175, ISBN: 9781400865307 (eBook).

Mircea Pitici does, in the foreword of his book, a very good characterization
of the relationship between mathematics and ”everything”. ”When we talk about
mathematics, or when we teach it, or when we write about it, many of us feign
detachment. It is almost a cultural universal to pretend that mathematics is ”out
there,” independent of our whims and oddities. But doing mathematics and taking or
writing about it are activities neither neutral nor innocent; we can only do them if we
are engaged, and the engagement marks not only us (as thinkers and experimenters)
but also those who watch us, listen to us, and think with us. Thus mathematics always
requires full participation; without genuine involvement, there is no mathematics”.
This may actually serve as the mission statement of any honest mathematician. Since
Middle Ages, Mathematics has been thought as the fabric of this world, and the
fundamental mathematical principles have been accepted as the principles all the
living beings naturally obey. An accurate understanding of mathematics is essential
for the educated person in order to be able to start asking questions and getting
answers about the environment.

This volume, the fifth in a series edited by M. Pitici and published with PUP
(2010, 2011, 2012, 2013), is a work of this fundamental nature. This is a collection of
20 previously published essays introducing to the general audience various topics of
mathematics through applications and applicative and experimental fields of science.

A simple coverage of the titles show quite a nice variety of concerns:

The Prospects for Mathematics in a Multimedia Civilization (Philip J. Davies);
Fearful Symmetry (Ian Stewart); E pluribus unum: From Complexity, Universality
(Terence Tao); Degrees of Separation (Gregory Goth); Randomness (Charles Seife);
Randomness in Music (Donald E. Knuth); Playing the Odds (Soren Johnson), Ma-
chines of the Infinite (John Pavlus); Bridges, String Art, and Bezier Curves (Renan
Gross); Slicing a Cone for Art and Science (Daniel S. Silver); High Fashion Meets
Higher Mathematics (Kelly Delp); The Jordan Curve Theorem is Nontrivial (Fionna
Ross and William T. Ross); Why Mathematics? What Mathematics? (Anna Sfard);
Math Anziety: Who Has It, Why It Helps, and How to Guard against It; (Erin A.
Maloney and Sian L. Beilock); How Old Are the Platonic Solids? (David R. Lloyd);
Early Modern Mathematical Instruments (Jim Bennett); A Revolution in Mathemat-
ics? What Really Happened a Century Ago and Why It Matters Today (Frank Quinn);
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Errors of Probability in Historical Context (Prakash Gorroochurn); The End of Prob-
ability (Ellie Ayache); An abc Proof Too Tough Even for Mathematicians (Kevin
Hartnett).

This volume is compulsory reading for any person involved with, or interested
in mathematics and its positioning in the nature as we know it.

Horia F. Pop

Hongyu Guo , Modern Mathematics and Applications in Computer Graphics and
Vison, World Scientific, London-Singapore-Hong Kong 2014, xxiii + 408 pp, ISBN:
978-981-4449-32-8.

In contrast to many areas of Computer Science where discrete mathematics is
mostly applied, computer graphics and vision utilize many domains of continuous
mathematics. Unfortunately, many students in this area lack a sufficient knowledge of
the needed results from this part of mathematics and the reading of books dedicated
to specified topics is discouraging. The intention of the author of the present book is
to supply them with an easy to handle and understand record of some results in these
abstract areas of mathematics.

In order to make the book easy to read the author omitted all the proofs. This
does not mean that, at the same time, the rigor is sacrificed — the book contains
rigorous definitions (put in boxes with headings) and the formal enounces of theorems
(highlighted with gray shades). Instead presenting the proofs, the author prefers to
carefully explain and motivate the notions and the results with emphasis on the
intuition, with many examples and historical and philosophical insights.

The book has four parts: I. Algebra; II. Geometry; III. Topology and more; IV.
Applications. A preliminary chapter, Chapter 0, Mathematical structures, contains
an essay on mathematics in historical perspective, its role in society, the relations
between mathematics and reality (are the mathematical results reflecting some real
things or a creation of the human mind).

The first part deals with linear algebra, tensor algebra, exterior algebra and
geometric algebra. The part on geometry is concerned with projective geometry, dif-
ferential geometry and elements of non-Euclidean geometry. The third part includes
general topology, manifolds, Hilbert spaces and elements of measure theory and prob-
ability theory. In the last part of the book, based in part on some articles by the
author, one shows how the elaborated machinery can be put to solve problems in
computer vision and computer graphics and includes: color spaces, perspective anal-
ysis of images, quaternions and 3-D rotations, manifold learning in machine learning.
Written in a pleasant and alive style, with suggestive quotations and witty comments
of the author (also many photos illustrating the text are made by the author), the
book will be of great help for students in computer science specializing in computer
vision and computer graphics. Other students who use mathematics in their disci-
plines (physics, chemistry, biology, economics) will find the book as a good source of
rapid and reliable information.

Dana Cobzag
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H. Scott Dumas, THE KAM STORY - A Friendly Introduction to the Content,
History, and Significance of Classical Kolmogorov-Arnold-Moser Theory, World
Scientific, London-Singapore-Hong Kong 2014, xv + 361 pp, ISBN: 978-981-4556-58-3.

The book tells the story of the discovery of the Kolmogorov-Arnold-Moser theory
(KAM in short) as well as of the results and controversies preceding it. The story starts
in 1954 at the International Congress of Mathematicians when A. N. Kolmogorvov
presented an astonishing result with a sketch of the proof. The details, with comple-
tions and extensions, were supplied by Kolmogorov’s student Vladimir Arnold and by
the German-American-Suisse mathematician Jiirgen Moser (Kolmogorov considered
the analytic case while Moser treated the smooth one, with order of smoothness 333,
currently reduced at 3). The theory has its origin in the paper published in 1890 by
H. Poincaré in Acta Mathematica (a whole volume of 270 pages) who received for
it the prize offered by Oscar II, King of Norway and Sweden, the results being then
expanded in his three volume book Les méthodes nouvelles de la mécanique céleste,
Paris, 1892, 1893 and 1899. This was turning point in the development of mathemat-
ics and mechanics that led also to a new domain - dynamical systems and chaos. As
the jury heaps praise on the paper ”it will change the course of astronomical dynam-
ics for ever” - and it did indeed, even much more. Roughly speaking, Kolmogorov
proved the existence of invariant tori of perturbed Hamiltonian systems of the form
H9,1,e) =h(I)+ef(0,1,c), where (0, I) are the action-angles variables and h(I) is a
smooth (or even analytic) completely integrable Hamiltonian system. The problem is
related to the n-body problem, the stability of the solar system and Boltzman ergodic
hypothesis (invalidated by this theory), and in this extended form its origins can be
traced back to Kepler, Newton, Lagrange, Hamilton, and others.

The book presents in an informal way the basics of classical KAM theory in a
broader context, with emphasis on the evolution of ideas in historical perspective.
Subsequent developments are discussed in Chapter 6, Other results in Hamiltonian
Perturbation Theory (HPT) (the work of Chirikov and Nekhoroshev), and physical
applications in Chapter 7. The author appeals as possible to original sources, correct-
ing errors in attributing some results. Besides the mathematical problems the author
discusses some general questions as the Russian, European and American ways of do-
ing mathematics (a long time in mutual isolation, leading to some priority discussions)
as well as some philosophical aspects - "the last laugh of Hegel”. There are a lot of
footnotes which make part of the text, completing it with comments of the author or
from persons involved in these events. The main body of the book is completed by 6
very useful appendices: A. Kolmogorov’s 1954 paper; B. Overview of low-dimensional
small divisors problem; C. East meets West—Russians, Furopeans, Americans; D.
Guide for further reading, E. Selected quotations, and F. Glossary (80 pages, ex-
plaining the main notions used in the text—a welcome addition). Written in a live
and accessible style, the book is addressed to a large audience, first of all to math-
ematicians and physicists of various specialties, as it does not require a background
in dynamical systems. Some part of it can be read with benefit and enchantment by
anybody interested in the evolution of scientific ideas.

Paul Blaga
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Qamrul Hasan Ansari (Editor), Nonlinear Analysis—Approximation Theory, Opti-
mization and Applications, Springer India, New Delhi, Heidelberg, 2014, xv + 352
pp, ISBN 978-81-322-1882-1; ISBN 978-81-322-1883-8 (eBook).

This is a collection of survey papers on some topics in nonlinear functional
analysis—best approximation, optimization, fixed point theory, monotone operators
and variational inequalities, equilibrium problems. The papers included in this volume
emphasize the tight connections existing between these domains and show how results
and methods from one area help to solve problems in another ones.

The papers on best approximation concern various continuity properties of the
metric projection in Banach spaces (P. Veeramani and S. Rajesh), the use of various
kinds of convergence of slices in the study of the geometry of Banach spaces in con-
nection with applications to best approximation (P. Shunmugaraj). Two papers, Best
proximity points (P. Veeramani and S. Rajesh) and Best approzimation in nonlinear
functional analysis (S. P. Singh and M. R. Singh), wheels around the famous result of
Ky Fan on the existence of best proximity points and its relevance for various ques-
tions in fixed point theory, optimization and variational inequalities. The paper by
J. Banas, Measures of noncompactness and well-posed minimization problems, shows
how some geometric properties of Banach spaces, as nearly strict convexity, nearly
uniform convexity, nearly uniform smoothness, defined through various measures of
noncompactness can be used to prove the well-posedness of some generalized min-
imization problems. Well posedness is also the subject of the paper by D. V. Pai,
Well-posedness, reqularization, and viscosity solutions of minimization problems. Tt-
erative methods for finding fixed points and zeros of monotone operators, and for
solving variational inequalities are presented in the papers Hierarchical minimization
problems and applications (D. R. Sahu and Q. H. Ansari), Triple hierarchical varia-
tional inequalities (Q. H. Ansari, L.-C. Ceng and H. Gupta) and Split feasibility and
fized point problems (Q. H. Ansari and A. Rehan). Isotone projection cones in Hilbert
spaces with applications to complementarity problems are discussed in the paper by
M. Abbas and S. Z. Németh, Isotone projection cones and nonlinear complementarity
problems.

Containing well written survey papers by renown experts, the volume will pro-
vide researchers in nonlinear analysis and related domains to a quick introduction
and, at the same time, with a state-of-the-art in several very active area of current
investigation.

S. Cobzasg
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