STUDIA UNIVERSITATIS

BABES-BOLYALI

MATHEMATICA

3/2020




STUDIA
UNIVERSITATIS BABES-BOLYAI
MATHEMATICA

3/2020



EDITORIAL BOARD OF
STUDIA UNIVERSITATIS BABES-BOLYAI MATHEMATICA

EDITORS:

Radu Precup, Babes-Bolyai University, Cluj-Napoca, Romania (Editor-in-Chief)
Octavian Agratini, Babes-Bolyai University, Cluj-Napoca, Romania

Simion Breaz, Babes-Bolyai University, Cluj-Napoca, Romania

Csaba Varga, Babes-Bolyai University, Cluj-Napoca, Romania

MEMBERS OF THE BOARD:

Ulrich Albrecht, Auburn University, USA

Francesco Altomare, University of Bari, Italy

Dorin Andrica, Babes-Bolyai University, Cluj-Napoca, Romania
Silvana Bazzoni, University of Padova, Italy

Petru Blaga, Babes-Bolyai University, Cluj-Napoca, Romania
Wolfgang Breckner, Babes-Bolyai University, Cluj-Napoca, Romania
Teodor Bulboacd, Babes-Bolyai University, Cluj-Napoca, Romania
Gheorghe Coman, Babes-Bolyai University, Cluj-Napoca, Romania
Louis Funar, University of Grenoble, France

Toan Gavrea, Technical University, Cluj-Napoca, Romania

Vijay Gupta, Netaji Subhas Institute of Technology, New Delhi, India
Gabor Kassay, Babeg-Bolyai University, Cluj-Napoca, Romania
Mirela Kohr, Babes-Bolyai University, Cluj-Napoca, Romania

Tosif Kolumban, Babes-Bolyai University, Cluj-Napoca, Romania
Alexandru Kristily, Babes-Bolyai University, Cluj-Napoca, Romania
Andrei Marcus, Babeg-Bolyai University, Cluj-Napoca, Romania
Waclaw Marzantowicz, Adam Mickiewicz, Poznan, Poland

Giuseppe Mastroianni, University of Basilicata, Potenza, Italy

Mihail Megan, West University of Timigoara, Romania

Gradimir V. Milovanovi¢, Megatrend University, Belgrade, Serbia
Boris Mordukhovich, Wayne State University, Detroit, USA

Andras Némethi, Rényi Alfréd Institute of Mathematics, Hungary
Rafael Ortega, University of Granada, Spain

Adrian Petrusel, Babes-Bolyai University, Cluj-Napoca, Romania
Cornel Pintea, Babes-Bolyai University, Cluj-Napoca, Romania
Patrizia Pucci, University of Perugia, Italy

Toan Purdea, Babeg-Bolyai University, Cluj-Napoca, Romania

John M. Rassias, National and Capodistrian University of Athens, Greece
Themistocles M. Rassias, National Technical University of Athens, Greece
Toan A. Rus, Babes-Bolyai University, Cluj-Napoca, Romania
Grigore Saldgean, Babes-Bolyai University, Cluj-Napoca, Romania
Mircea Sofonea, University of Perpignan, France

Anna So6s, Babes-Bolyai University, Cluj-Napoca, Romania

Andras Stipsicz, Rényi Alfréd Institute of Mathematics, Hungary
Ferenc Szenkovits, Babes-Bolyai University, Cluj-Napoca, Romania
Michel Théra, University of Limoges, France

BOOK REVIEWS:
Stefan Cobzas, Babes-Bolyai University, Cluj-Napoca, Romania

SECRETARIES OF THE BOARD:

Teodora Citinag, Babes-Bolyai University, Cluj-Napoca, Romania
Hannelore Lisei, Babes-Bolyai University, Cluj-Napoca, Romania

TECHNICAL EDITOR:
Georgeta Bonda, Babes-Bolyai University, Cluj-Napoca, Romania



YEAR (LXV) 2020
MONTH SEPTEMBER
ISSUE 3

STUDIA
UNIVERSITATIS BABES-BOLYAI

MATHEMATICA
3

Redactia: 400084 Cluj-Napoca, str. M. Kogalniceanu nr. 1
Telefon: 0264 405300

CONTENTS
DINESH TRIPATHI, A refinement of an inequality due to Ankeny

and RiVIn .. ..o e 325
GRIGORE CALUGAREANU, Unit exchange elements in rings .................... 333
HUSEYIN IRMAK, Various results in relation with the hypergeometric

equations and the hypergeometric functions in the complex plane ......... 345
RaAHIM KARGAR, Notes on the norm of pre-Schwarzian derivatives of

certain analytic functions ........ ... .. . 357

GRIGORE STEFAN SALAGEAN and AGNES ORSOLYA PALL-SzABO,
On a certain class of harmonic functions and the generalized

Bernardi-Libera-Livingston integral operator ............... .. .. .. .. ... 365
KULDEEP KAUR SHERCILL and SUKHWINDER SINGH BILLING, Meromorphic

close-to-convex functions satisfying a differential inequality ................ 373
BHARTI VISHANDAS NATHWANI, Inequalities involving Mittag-Leffler

type g-Konhauser polynomial ........... ... ... i 379

ABDELKRIM KINA, AzizA BERBACHE and AHMED BENDJEDDOU,

A class of differential systems of even degree with exact

non-algebraic limit cycles ......... ... 403
TATYANA A. KOMLEVA, LiLiYA I. PLOTNIKOVA, NATALIA V. SKRIPNIK

and ANDREJ V. PLOTNIKOV, Some remarks on linear set-valued

differential equations ........... ... 411
MoHAMED MELLAH and ALl HAKEM, Exponential decay of

the viscoelastic wave equation of Kirchhoff type with

a nonlocal dissipation ........ ... 429



ANJU CHAURASIA, YOGESH GUPTA and PRAKASH C. SRIVASTAVA,

A smooth approximation for non-linear second order boundary

value problems using composite non-polynomial spline functions ..........
KHALIDA BENOMAR and ABBES BENAISSA, Optimal decay rates

for the acoustic wave motions with boundary memory damping ...........

Book reviews



Stud. Univ. Babes-Bolyai Math. 65(2020), No. 3, 325-332
DOLI: 10.24193/subbmath.2020.3.01

A refinement of an inequality due to Ankeny
and Rivlin

Dinesh Tripathi

n
Abstract. Let p(z) = Z a,z” be a polynomial of degree n,

v=0

M(p,R) := max |p(z)|, and M(p,1) := M(p).

|z|=R>0
Then by well-known result due to Ankeny and Rivlin [1], we have

R"+1
2

M(p.R) < ( ) M(p), R>1,

In this paper, we sharpen and generalizes the above inequality by using a result
due to Govil [5].

Mathematics Subject Classification (2010): 15A18, 30C10, 30C15, 30A10.

Keywords: Inequalities, polynomials, maximum modulus.

1. Introduction

Let P, = {p(z);p(z) = Za,,z”} be a class of polynomial of degree n. Let
0

lrrllg}é [p(2)] = M(p, R) and M(p,_l) = M (p).Then from maximum modulus principle,

M(p, R) is a strictly increasing function and for 0 < R < oo. Also, it is a simple
deduction from the maximum modulus principle (see [10, p. 158, Problem 269]) that
for R > 1,

M(p,R) < R"M(p). (1.1)

The result is best possible and equality holds if and only if p(z) = Az", where A being
a complex number.

For p € P,, not vanishing in the interior of unit circle, Ankeny and Rivlin [1] sharpened
inequality (1.1), by proving following result.
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Theorem 1.1. If p € P, and p(z) # 0 for |z| < 1, then for R > 1,
R"+1

M(p,R) < ( )M<p>, R>1 (12)

The above inequality is sharp and equality holds for polynomial
p(z) = a+ 82", |al =Bl

Since the equality in (1.2) holds only for p(z) = a + Bz, which satisfy

8= 5M () (13)

therefore it should possible to improve the bound (1.2) for the polynomial not satis-
fying (1.3). Govil [5] solve this problem by proving the following result.

Theorem 1.2. If p € P, and p(z) # 0 for |z| <1, then for R > 1,

R L R e e

- (14 Tt ) (1.4

The result is best possible and the equality holds for p(z) = (A + pz™), A and p being
complex numbers with |A| = |pl.

The other extension and generalization of Theorem 1.1 has been mentioned in
the various article,e.g Aziz [2], Aziz and Mohammad [3], Milovanovié¢, Mitrinovi¢ and
Rassias [8], Govil [6], Govil, Qazi and Rahman [7] and Rahman and Schmeisser [12],
Tripathi [13] etc.

2. Main results

In this paper, we prove the following improved generalization of Theorem 1.2 for
the class of Lacunary type of polynomial

n
p(z) =ao + Z a,z”.
v=p

Theorem 2.1. If p(z) = ag + Z a,z” is a polynomial of degree n and p(z) # 0 for
v=p

la] < k,k > 1, then for R>r > 1,

ey =) (1 W]
eyl < S gy - oo (1- S )

+[{p(re)}l, (2.1)
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where

- (£52)2 B (=2 o () )

k=1
(A B a) (4 ko \" | ROIE) + (14 )
=0 ( M) “)( M) ) ! <r<M<p>>+<1+ku>|an|>
forn>1 and h(0) = 0.

On taking s =0, u =1, r =1 and k = 1, we have the following application of above
Theorem 2.1.

Corollary 2.2. If p € P, and p(z) # 0 for |z| < 1, then for R > 1,

where
= ()« () oo Gl o) (i)

e () () om0 S e
forn > 1 and h(0) = 0.

Remark 2.3. From Lemma 3.7, we get 0 < h(n). Using this in Corollary 2.2, we get
- R™+1) n 2|an| (R"+1)
0y < (7M - =M 1-— hin) < ——2M
[p(Re™)| = — (p) = 5 M(p) M) (n) < — (),

which shows that Corollary 2.2, clearly refines Theorem 1.1 due to Ankeny and
Rivlin [1].

Remark 2.4. From Lemma 3.7, we have h(1) < h(n). Using this inequality in Corollary
2.2, we get,

; (R"+1) n 2|, |
pire) < S ar) - B (1- 25 i)
< WD p) L) (1%'));1@), (2.3
and,
e

Substitute the value of k(1) in (2.3), we get

p(Re)| < (Rn;l) Z(M 4|a |2){§\5<;>1+)A24|2p)|
2)

‘1“(1 M(p >+2|an|>}
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which is Theorem 1.2 due to Govil [5].
By taking 1 = 1 in inequality (2.1), we obtain the following results.
Corollary 2.5. If p € P, and p(z) #0 for |z| < k,k > 1, then for R >r > 1,

|{p(R€w)}s| < (RTLlst;]:m){M(p)}s _ 1ik{M(p)}s (1 — W) h(n)
H{p(re )} 29

e (L E)an] (L+K)lan|\" " (ROL(p)) + (L + k)lan]
+(”< M) *Q( M) ) 1(mwm+u+w%0
forn>1 and h(0) = 0.

Remark 2.6. We also have some other application Theorem 2.1, by taking s = 0,
k=1 and r = 1 respectively.

3. Lemmas

For the proof of theorem, we need the following lemmas. Our first lemma is a
well-known generalization of Schwarz’s lemma (see for example [9, p. 167]).

Lemma 3.1. If f(z) is analytic inside and on the circle |z| = 1, f(0) = a, where
la| < f, then
M(f)|2|+|a>
M . 3.1

Lemma 3.2. If p(z) = Zavz” is a polynomial of degree n, then for |z] = R > 1,
v=0

o)l < (SR O) ayme (3:2)

The proof follows easily on applying Lemma 3.1 to the function T'(z) = 2"p(1/z) and
noting that M (T) = M (p) (for details see [12, Lemma 2]).

From Lemma 3.2, one immediately gets:
Lemma 3.3. If p(z) = Z%ZU is a polynomial of degree n, then for |z| = R > 1,
v=0

)< (1- B0 Rl =Y ary) e (3

The following result is due to Chan and Malik [4].
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Lemma 3.4. If p(z) = ap + Z a,z"” is a polynomial of degree n, and p(z) # 0 for

|z| < k,k > 1, then
n

< M (p). 4
max[p' ()] < 7 M (7) (3.9
Lemma 3.5. If p(z Zav Y is a polynomial of degree n, and let r > 1, then
v=0
— lan -1
re + nja|

is an increasing function of x, for x > 0.

The proof of above lemma is straight forward using derivative test, so we omit the
detail proof.

Lemma 3.6. Let

I N (e V[
h(n) —/T t—l—iadt forn > 1.

Then

h(n) = (R ) ;(Rn fore k) (—1)*(a + 1)a" !
+(=1)"(a+ Da""'In (R+“) .

r+a
Proof. We define the function f(n) = fr &= "t for n > 0. Tt is casy to see that
h(n) = f(n) — f(n—1) for n > 1.

We can obtain

R 4n n—1
Fn) + af(n—1) :/ %dt
R yn—1 n o n.n
:/T t tﬁ:a)dt: R - ! =g(n), (say)
Then
f(n) =g(n) —af(n—1). (3.6)
Solving the recurrence relation (3.6), we get
n—1
fn) =Y g(n—k)(=1)*a" + (=1)"a" f(0) 3.7)
k=0

where
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Now, Substituting the value of f(0) in (3.7), we get

fn) = S (n— k) (=1)Fa* + (=1)"a"In [ Z22) > 0. (3.8)
,;;f’ (r+a>

Using h(n) = f(n) — f(n — 1) and value of g(n), we have Lemma 3.6 forn > 1. O

Lemma 3.7. Let

_ [fa-peh
h(n) —/T H—iadt forn > 1.

Then h(n) is a non-negative increasing function of n for n > 1.

Proof. Let

R n
f(n):/ ! dr for n > 0.

r+a
It is easy to see that h(n) = f(n) — f(n — 1) for n > 1. For n > 1,
R _ n—1 R _ n—2
f0) = =)= [ EENE g PO Dy 1) pa-2)
as r"~1 > r?=2 for r > 1. Therefore,
h(n) = f(n) = fln=1) = f(n = 1) = f(n—2) = h(n - 1).

Therefore, h(n) is an increasing function of n for n > 1.
Also, h(n) = f(n) — f(n—1) >0for n >0 as

[HeEen s,

t+a

for n > 1 and h(0) = 0. Therefore, h(n) > 0 and is an increasing function of n for
n > 0. O

4. Proof of the Theorem
Proof of Theorem 2.1. For each 0, 0 < 0 < 27, we have

R R
(R )) = (plre ) = | [ oty at] < [ sitptoe®)) /e,

R
s{M@r*/QW“%W@%wt

[{p(Re)}* — {p(re”)}’|

r [ e [y (IO e =Y
<y oot {o - BRSO D g, )

by using Lemma 3.3 for the polynomial p’(z), which is of degree n — 1. We can see,
from Lemma 3.5, the integrand in (4.1) is an increasing function of M (p’).
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Now, applying Lemma 3.4 to inequality (4.1), we get for 0 < 6 < 27,
{p(Re™)}* — {p(re”)}|

R 2 M(p) —nlay|)(t —1 .
- {M(p)}#l/r s {1 - (1+1;:an(i) tHvLLABEL) )} T M)t
e —rne n Ry _ n—1
= B M)y - M) (- a) / e Y
by taking a = W_

Using Lemma 3.6 in inequality (4.2), and substituting the value of a, we get

Ryl < T gy - )y (1‘(1+M)W>h<n>

1+ ke I M (p)
+{p(re®))), (4.3)
where
I A S i e WA ey 0 | B VACED 0 7 N
o = (5 e () e (M ) ()
o (R (L+k)an \" " (ROLE) + (L4 k)an|
o 1)( M) “)( M) ) 1<r(M<p>>+<1+ku>|an|>
for n > 1 and h(0) = 0. O

5. Computation

For the polynomial p(z) = (z — 2)?, p(z) # 0 for |2| < 1 and M(p) = 9. Then,
for R = 3, exact value of M(p, R) is 25. Using Theorem 1.2,

M(p,R) <45 —T7Tx%(2—11/91og(29/11)) = 39.29 (5.1)
Using Corollary 2.2 of Theorem 2.1,
M(p,R) <45 —7x(4—22/9+ 22/8110og(29/11)) = 32.26 (5.2)
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Unit exchange elements in rings

Grigore Calugareanu

Abstract. Replacing left principal ideals by cosets in the monoid (R, -) of a unital
ring R, we say that an element a € R is left unit exchange (or suitable) if there is
an idempotent e € R such that e —a € U(R)(a — a®) where U(R) denotes the set
of units. Unit-regular and clean elements are left (and right) unit suitable, and
left (or right) unit suitable elements are exchange (suitable). The paper studies
the multiple facets of this new notion.

Mathematics Subject Classification (2010): 16U99, 16U60, 13G99.

Keywords: Clean element, unit-regular element, exchange (suitable) element, unit
suitable element, matrix rings.

1. Introduction

First recall that an element a in a ring R is clean if it is a sum of an idempotent
and unit and strongly clean if these two commute. For an idempotent e € R we denote
by € = 1 — e the complementary idempotent. The set of units of a (unital) ring R is
denoted by U(R).

An element a in a ring R was defined as (see [5] for this numbering) left suitable
(or exchange) by any of the following equivalent conditions:

(1) there is an idempotent e € R such that e —a € R(a — a?).

(3) there is an idempotent e € R such that e € Ra and Re + R(1 —a) = R.

(4) there is an idempotent e € R such that e € Ra and 1 — e € R(1 — a).
Replacing R by U(R), we introduce (similar to (1)) the following definition.

Definition 1.1. An element a € R is left unit suitable if there exists e2 = e € R such
that e — a € U(R)(a — a®). When we intend to emphasize the idempotent, a will be
called e-left unit suitable.

For an idempotent e and a unit v we consider the equation (called left eu-equation)

Pue(x) =22 — (1+u)xr +eu=0.
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It is readily seen that = € R is a solution of this equation iff
Je?=e€R,IucUR):uteu—z=u""(z—2?).

Therefore the left unit suitable elements in a ring are exactly the solutions of such
eu-equations (more precisely, e — a = u(a — a?) is equivalent t0 P,-1 ye-1(a) = 0).
By computation P, .(u +€) = 0, so

{clean elements} C {left unit suitable elements} C {suitable elements}.

Examples in Section 3 will show that both inclusions may be proper.

However, it is easy to see that the left inclusion is equality in the following cases:

(i) R has no zero divisors;

(ii) R is a clean ring and in particular, is a matrix ring M,,(R) over any clean
ring R;

(iii) R is Abelian and in particular commutative.

(iv) R is Artinian and in particular finite.

Right unit suitable elements are defined symmetrically and similarly clean ele-
ments are right unit suitable and right unit suitable elements are suitable.

As an easy first example (which is largely generalized further), any square-zero
element is trivially left and right unit suitable, since since 0 —a = (—1)(a — a?) holds
whenever a? = 0.

In the first section, we give some useful characterizations for (left) unit suitable
elements, for clean elements and for unit-regular elements, since such elements turn
out to be left (or right) unit suitable. Since eu-equations are of degree two, some hints
are given on the (possible) not clean solution.

The second section is devoted to results on left unit suitable 2 x 2 matrices. We
show that over any commutative domain left unit suitable 2 x 2 matrices are also right
unit suitable, we characterize left unit suitable zero lower row integral 2 X 2 matrices,
trace 1 left (or right) unit suitable integral matrices via Diophantine equations and
diagonal 2 x 2 left unit suitable matrices over any commutative domain. The matrix

{ i _92 ], already used in [1] as nil-clean but not clean, turns out to be suitable

but not left (or right) unit suitable. Finally, a characterization of 2 x 2 unit-suitable
matrices over any commutative domain is given, in connection again with unit-regular
elements.

2. Basic properties

As already mentioned above, (left) suitable elements were defined in [5], by
four equivalent conditions. Our definition corresponds to (1). Here is an equivalent
definition corresponding to (4).

Proposition 2.1. An element a € R is left unit suitable iff there exist € = e € R and
b,c € R such thate=ba, 1 —e=c(1—a) and b—c € U(R).

Proof. If e — a = u(a — a?) with u € U(R) then e = [1 + u(l — a)]la € Ra and
l—-e=(1-ua)(l1—a) € R(1—a)and b—c=14u(l —a)— (1 —ua) = u. Conversely,
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ife=ba,l—e=cl—a)andb—c=uecU(R) then 1 —e = (b—u)(l —a) and so
1-ba = (b—u)(1—a) = b—u—ba+ua gives b = 1+u—ua and e—a = (b—1)a = u(1l—a)a.
Here b=1+u—wua and c =1 — ua. O

A symmetric result holds for right unit suitable elements:

Proposition 2.2. An element a € R is right unit suitable iff there exvist €2 = e € R
and b,c € R such thate=ab€aR, 1 —e=(1—a)c€ (1—a)R andb—c € U(R).

Here b=1+u —au, c =1 — au and again b — ¢ = u.

Corollary 2.3. Left (or right) unit suitable elements have the ”complement property”,
that is, if v is left (or right) unit suitable, so is 1 — a.

In [7], another class of rings, intermediate between clean and suitable rings is
introduced, under the name of weakly clean rings (and elements). Recall that weakly
clean elements do not have the ”complement property” (see Remark 4.7 (ii) in [8]),
so these are different elements compared to left (or right) unit suitable elements (by
the previous corollary).

"For any a,b € R, 1 — ab is a unit iff 1 — ba is a unit” is known as Jacobson’s
lemma for units.

Since this lemma fails for clean elements and for suitable elements but holds for
(unit) regular elements, we could ask whether it holds or fails for left (and/or right)
unit suitable elements. Actually it fails: in [4] an example of clean (and so also left
and right unit suitable) matrix CD € My(Z) is given, for which DC' is not suitable
(and so nor left or right unit suitable). It remains to use the previous corollary.

The set of left unit suitable elements in a ring also includes the unit regular
elements. More, we can prove the following characterization (with above notations)

Proposition 2.4. A left unit suitable element a is unit regular iff, with the notations
in the previous proposition, ¢ = ¢ and ac = 0.

Proof. Suppose a = aua with u € U(R). Then ua and so ¢ = 1 — ua are both
idempotents and ac = 0. Take b = ¢ + u. Then ba — a = u(1l — a)a and baba = ba
shows that a is left unit suitable (one can also check 1 — ba = ¢(1 — a)). Conversely,
assume ¢ = ¢, ac =0, 1 —ba = ¢(1 —a) and b — ¢ = u € U(R). By left multiplication
with a we get a — aba = ac — aca = 0 so aba = a. Hence aua = a(b — ¢)a = aba = a,
as desired. O

A symmetric result holds for right unit suitable elements.

In particular, unit regular elements are left and right unit suitable and so ele-
ments which are both left and right suitable need not be clean (see the example after
Theorem 3.3, in the next section).

An elementary trick, more or less always used in the context of exchange rings,
is the following: for a ring R and elements a,e € R, if e € Ra is an idempotent, an
element b € R can be chosen such that e = ba and bab = b. Note that such an element
b is regular.

Recall (see Introduction) that an element a € R was called left suitable (or
exchange) if there is an idempotent e € R such that e € Ra and 1 —e € R(1 — a).
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Using the previous observation, (regular) elements b,c € R can be chosen such that
e="ba,bab="5b,1—e=c(1—a)and ¢(l —a)c=c.

Coming back to our initial definition, we could consider elements a € R such
that the elements b, ¢ above can be chosen with b — ¢ € U(R).

This restriction is too strong because it is easy to prove the following character-
ization (already noticed in [2])

Proposition 2.5. An element a in a ring R is clean iff there exist b,c € R such that
bab="b, c(l—a)c=c,1—ba=c(l—a) andb—c € U(R).

Notice that if only one from the conditions bab = b, ¢(1 — a)e = ¢ holds, the
statement above is no longer valid. An example is given after Theorem 3.3.

Rephrasing, a left unit suitable element a is clean iff for the reqular elements
b, ¢ emphasized above with bab =b and c(1 —a)c = ¢, b — ¢ is a unit.

Remark 2.6. Since we already noticed that x = u + € is a solution of the eu-equation
P,.(x) = 0, we could wonder when this degree two polynomial factors into two
degree one polynomials. Denoting by a the second solution it is easy to show that
Pe()=2>—(14+uw)zr+eu=(z—u—¢)(z—a) iff (u+€—x)a =e(u—=z). If ue = eu
then a = e is a clean solution.

3. Unit suitable 2 x 2 matrices

Recall that a ring R is Dedekind finite (DF for short) if, for every a,b € R, ab =1
implies ba = 1. A ring R is stably finite if the matrix rings M,,(R) are Dedekind finite
for all natural numbers n.

We first point out some simple but general results.

Proposition 3.1. (a) In any DF ring, the 0-left unit suitable elements are clean.
(b) In any DF ring, the 0-left unit suitable elements are also right unit suitable.
(¢) For any positive integer n, and any stably finite ring k, 0,,-left unit suitable
matrices in M, (k) are clean.
(d) In any DF ring, the 1-left unit suitable elements are units and so clean.
(e) In any DF ring, the 1-left unit suitable elements are also right unit suitable.
(f) For any positive integer n, and any stably finite ring k, I,-left unit suitable
matrices in M, (k) are clean.

Proof. (a) First notice that e —a = u(a — a?) is equivalent to 1 — e = (1 — ua)(1 — a).
Taking e = 0 yields 1 = (1 — ua)(1 — a) and if the ring is DF, 1 — a is a unit. Hence
a is clean.

(b), (c) follow from (a).

(d) We just notice that 1 = a+u(a—a?) is now equivalent to 1 = [1+u(1—a)]a,
SO a is a unit.

(e), () follow from (d). O

If k is a commutative domain, then E € My(k) is an idempotent iff E = 02, £ = I
or det(E) =0 and Tr(A) = 1.
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Theorem 3.2. Left unit suitable 2 X 2 matrices over a commutative domain k are also
right unit suitable.

Proof. Suppose A € My (k) is left unit suitable, i.e. E = A + U(A — A?) with a unit
U and an idempotent E.
If E =05 or E = I, the result follows from Proposition 3.1 (b) and (e), respec-
tively.
In the remaining case, assume det(E) = 0 and Tr(E) = 1. Letting
F=A+(A- A%,
we have
Tr(F) = Tr(A) + Tr((A — A*)U) = Tr(A) + Tr(U(A — A?)) = Tr(E) = 1.
Moreover, det(E) = 0 gives det(Iy + U(l2 — A)) det(A) = 0, hence
det(I; +U(I2 —A)) =0 or det(A)=0.
Notice that for any 2 x 2 matrix M over a commutative ring,
det(Iy + M) = det(M) + Tr(M) + 1.
Therefore,
det[lo + U(ls — A)] =detlU(Iy — A)] + Tr[U(l2 — A)] + 1
=det[(l — A)U] +Tr[(I, — A)U] + 1
= det[Iy + (I, — A)U]
and so det[ls + U(Iz — A)] = 0 iff det[Iz + (I — A)U] = 0. It follows that
det(Is + (I — A)U) =0 or det(A) =0,

hence det(F) = det(Iz + (I — A)U)det(A) = 0. This shows that Tr(F) = 1 and
det(F) = 0, proving that F' is an idempotent. Hence A is right unit suitable (in this
case, with respect to the same unit). O

In contrast with suitable elements, it is unlikely that the set of left unit suitable
rings and the set of right unit suitable coincide. As seen above, the always good source
of examples, My (Z), cannot be used when searching for a left unit suitable element
which is not right unit suitable.

Since Z is not exchange (and so nor clean), in searching for unit suitable elements
which are not clean, it is worth trying with Ms(Z). In searching for left unit suitable
elements which are not clean, or suitable elements which are not left unit suitable we
first prove the following

a b
0 0
1. A is unit-regular or clean in Ms(Z).

2. A is left unit suitable in Mo(Z).

3. A is suitable in My(Z).

4. (a,b) is a unimodular row or a € {0,2}.

Theorem 3.3. For a matrix A = { ] € M3(Z), the following are equivalent:
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Proof. 1 = 2 = 3 follow from earlier results in the paper (and hold for any ring
element).

3 = 4: Suppose that A is suitable and ged(a,b) = n > 1 (i.e. (a,b) is not
unimodular). By the suitable property, ¥ = RA and I — E = S(Is — A) for some
R,S,E € My(Z) with E? = E. Since A € nMy(Z), it follows that E € nMo(Z),
hence E =0 as E = E2.

Hence Iy = S(Io — A) so that I, — A is a unit. The determinant of this matrix
is 1 —a. Hence 1 —a € {1}, i.e. a € {0,2}.

4 = 1: If (a,b) is unimodular then A is clearly unit-regular, and if a € {0,2}
then I, — A is a unit so that A is clean. O

Recall from [3] (Theorem 4.7) that if (a,b) is a reduced unimodular row (i.e.

8 8 is clean iff @ = +1(modb).

Therefore, again according to [3], the reduced unimodular rows (12, 5), (13, 5),
(12, 7), (13, 8), (17, 5), (16, 7), (18, 5), (17, 7) yield not clean unit-regular matrices
which are left unit suitable.

la| > 2]b| and a,b generate the unit ideal),

12 5 19 8 8§ =8
Example3.4.FOIA—[O O]’U_[’? 3]andE—[7 7]onechecks

the eu-equation
X2 (I, + U)X + EU = 0,.
This example also suits as a left unit suitable element with

-35 —15 ]

C(IQ—A)C:C:[ o a0

(that is, regular C) but

—32 32 —32 23
BAB_[ 7 77}75[ 755 }_B

(so not regular B). Here

3 -8
B_C_[—7 19}

is a unit, AU"'A = A and both

—384  —160
BAF[ 924 385 }

(here F — A=U"1(A—- A?)), AB = [ (1) 701 } are idempotents.

Remark 3.5. The nice idempotent obtained in the previous example,

1 -1
as=|y )

is not specific. It is the result for any matrix

=[5 0]
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with coprime a,b. As seen in the previous proof,

U=A—|—{Z Uzz}
Z U292

with auss — bz = 1. Then

U1_{u22 —U22}+{0 —ab]_SJrT

—z z
and indeed

AS—{l _1} and AT = 0,.

0 O
Hence

AB:A+AU-1(12—A):AU—1:A5:[1 _01}.
Obviously AB is idempotent and in general

r s r s 1 -1 r -8 r s
BAB_[m n}AB_[m n}[() 0 ]_[m n]#{m n}_B
unless n = s = 0.

Since unipotent elements (i.e. sums 1 + ¢ with nilpotent ¢) are special units in
rings, we could ask whether (left) unipotent suitable elements are not clean. First
notice (e.g. from the proof of the previous theorem), that in general there is no
uniqueness for the unit in the definition of the (left) unit suitable elements. So a
better rephrased question would be: if for a (left) unit suitable element, the unit can
be chosen as an unipotent, is the element clean? The answer is no as shows the next
example.

Example 3.6. Take the second unimodular row in the list above (from [3]). For the

. 13 5 5 2 -7 7
matrix A = { 0 O}’U { g _3} and F = [ _8 8} one checks the eu-
equation
X2 - (I, + U)X + EU = 0,.

Therefore A is left unipotent suitable but not clean (it is readily checked that unipo-
tents in Mo (Z) are the matrices of trace = 2 and determinant = 1).

As mentioned above, the same matrix satisfies the eu-equation with U = { 158 ; }
6
5

Similar results (on zero upper row, or columns) may be obtained using conjuga-

and F = { :g ] where U is no more unipotent.

tion by { (1) (1) } or transposes.

The ring M3 (Z) contains many suitable elements that are not left unit suitable.
Matrices with trace 1 are definitely one example, but there are also other classes that
are easier to characterize. One of those classes are the diagonal matrices. Below is
given a characterization of suitable and left unit suitable diagonal matrices.
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Lemma 3.7. Let A = { 8 2 } be a 2 X 2 diagonal matrixz over a commutative domain
k and let d € k. The following are equivalent:

1. There exists X € Ma(k) with det(X) = d such that E = A+ X(A— A?) isa
nontrivial idempotent (i.e. E # 02,13).

2. There exists t € k such that t(a — b) — d(a — a®) = 1.

Proof. 1 = 2: Suppose that E = A + X(A — A2) is a nontrivial idempotent and

det(X) =d. Write a =a —a?, B =b—b% and X = [ z g} ] Then
o a+ xa ypB
za b+ wp
and since F is nontrivial Tr(F) = 1, hence
a+b+zat+wl=1 (3.1)

If b = 0 then this equation gives a + za = 1, whence a € U(k). Hence, taking
t=(1+da)a! we get

tla—b) —da=ta—da=(14+da)—da=1,
which proves the claim. Similarly if b = 1 then (3.1) gives a + za = 0.
Hence 1+z(1—a)a = 0 which implies 1—a € U(k). Hence taking ¢t = (1+da)(a—1)"1
we get t(a —b) —da =t(a — 1) — da = (1 + da) — da = 1, as desired. Thus we may
assume b # 0,1 and so 8 # 0.
The determinant condition det(E) = 0 gives

ab+ awpf + bra+ afd = 0. (3.2)
Now (3.1) and (3.2) together give
b=bla+b+za+ws) — (ab+ awp + bza + afd) = b> + (b — a)wf — afd,

hence 8 = (b—a)wp — afd. Cancelling § we obtain 1 = (b—a)w —ad and so t = —w
fulfills the desired condition.
2 = 1: Take t with t(a — b) — d(a — a?) = 1. Letting

[ t+da+b-1) -1
X_[t(tnLd(aera)) t}

it is easy to see that det(X) = d and E = A + X(A — A?) satisfies Tr(E) = 1 and
det(E) = 0, which proves the claim. O

o

Theorem 3.8. For a 2 x 2 matriz A = [ 2 } over a commutative domain k, the

following are equivalent:

1. A is suitable.

2. Either A is a unit or Iy — A is a unit or t(a — b) + s(a — a®) = 1 for some
t,s €k.
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Proof. 1 = 2: Let E = A+ X (A — A?) with idempotent E and X € Ma(k). If E = I,
then A is a unit, and if E' = 0y then I — A = X A(Is — A)+ I, so that Io — A is a unit.
Therefore we may assume that F is a nontrivial idempotent. By the previous lemma
we obtain t € k such that t(a — b) — det(X)(a — a?) = 1. Hence t and s = — det(X)
satisfy the required condition.

2 = 1: If A or I — A is invertible then there is nothing to prove. Thus let
t(a—b)+s(a—a?) =1 with ¢, s € k. Using again the previous lemma we get a matrix
X with det(X) = —s such that E = A + X (A4 — A?) is a nontrivial idempotent, as
desired. O

Theorem 3.9. For a 2 X 2 matriz A = [ 8 2 } over a commutative domain k, the

following are equivalent:

1. A is left unit suitable.

2. A is clean.

3. Either A is a unit or Iy — A is a unit or t(a —b) + s(a — a®) = 1 for some
tekandseU(k).

Proof. 2 = 1 is clear

1 = 3: Suppose A is left unit suitable, i.e. E = A+ U (A — A?) with idempotent
E and unit U. As before, if E = I, then A is a unit, and if £ = 0y then I, — A is
a unit. Therefore we may assume F is nontrivial. Hence by Lemma 3.7 there exists
t € k with t(a—b) —det(U)(a—a?) = 1, so that t and s = — det(U) satisfy the desired
condition.

3 = 2: If A or I — A is invertible there is nothing to prove. Thus let

tla—b)+s(a—a?)=1

for some t € k and s € U(k). We can check directly that

o a—s % 1+tla+b—1-s"1t)

- 51 l—a+s7 1t

is an idempotent (with Tr(F) = 1 and det(E) = 0) and U = A — E is a unit (with
det(U) = s71). O
Example 3.10. Let a = 2 and b = —3. Then, taking t = 1 and s = 2 we get

tla—b)+s(a—a*)=1-5+2-(-2) =1,

so that A = { g _03 ] is suitable in M3(Z) by Theorem 3.8. However, the equation
t-5+s-(—2) =1 clearly has no solution in Z if s € U(Z), hence A is not left unit

suitable in M2 (Z) by Theorem 3.9.

Next we prove another result which connects unit-suitable 2 x 2 matrices with
unit-regular ones.

Theorem 3.11. For a 2 X 2 matriz A over a commutative domain k, the following are
equivalent:
1. A is unit-suitable.



342 Grigore Calugareanu

2. Either A is unit-reqular or Iy — A is unit-reqular or there exists a unit U such
that the pairs (Tr(U),det(UA)) and (Tr(UA) — 1,det(U)(Tr(A) — 1)) have the same
sum and the same product.

Proof. For any 2 x 2 matrix, Cayley-Hamilton’s theorem gives
A — A% =det(A)I, — (Tr(A) — 1)A.
Hence, a matrix A is (left) unit-suitable iff there is a unit U such that
E=I+U(l;—A)A=A+det(A)U — (Tr(4) —1)UA (3.3)

is an idempotent.

As mentioned in the proof of Theorem 3.2, if £ = 0y then Iy — A is a unit and
if £ = I, then A is a unit (and units are unit-regular). In the remaining case, assume
Tr(E) =1 and det(E) = 0.

Notice that equivalently det(FE) = 0 gives det(Iz + U (I — A)) det(A) = 0, hence

det(I; +U(I2 —A)) =0 or det(A)=
By (3.3), Tr(E) = 1 is equivalent to det(A)Tr(U) = (Tr ( ) 1)(Tx(UA) —1).
Case 1. If det(A) = 0 then Tr(A4) =1 or Tr(UA) = 1 and since
det(UA) = det(U) det(A) =0,

A or UA is a (nontrivial) idempotent. As well-known, in both cases A is unit-regular.
Case 2. If det(A) # 0 then det(lo + U(I2 — A)) = 0. Notice that for any 2 x 2 matrix
B

det(Iy + B) =14 Tr(B) + det(B),

so the previous condition amounts to 1+ Tr(U(ly — A)) + det(U(Is — A)) = 0.
Equivalently,

1+ Tr(U) — Tr(UA) + det(U)[1 — Tr(A) + det(A)] =0
or

1+ Tr(U) + det(UA) = Tr(UA) + det(U)(Tr(A) — 1).
Multiplying det(A)Tr(U) = (Tr(A) — 1)(Tr(UA) — 1) by det(U) shows that the pairs
(Tr(U),det(UA)) and (Tr(UA) — 1,det(U)(Tr(A) — 1)) have the same sum and the
same product. O

Corollary 3.12. Let A be a 2x2 matriz over a commutative domain k, and det(A) = 0.
Then A is unit-suitable iff either A is unit-reqular or Iy — A is unit-reqular.

Proof. One way follows from the previous proof, and the converse follows from Corol-
lary 2.3, since unit-regular elements are unit-suitable. O

For integral matrices we can say more.

Corollary 3.13. Let A be an integral 2 X 2 matriz. Then A is unit-suitable iff either
A is unit-reqular or Iy — A is unit-regular or there exists a unit U such that

Tr(UA) = 1+ det(UA), Tr(U) = det(U)(Tr(A) — 1).
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Proof. Indeed, since the pairs in the previous theorem are roots of the same degree
two (solvable) equation we have

{Te(U),det(UA)} = {Tr(UA) — 1,det(U)(Tr(A) — 1)}.
Therefore

Tr(UA) =1+ det(UA), Tr(U)=det(U)(Tr(A) — 1),

Tr(UA) =1+ Tre(U), det(UA) =det(U)(Tr(A) —1).

In the second case, we can show that I — A is a unit-regular element.
Recall that we are working in the hypothesis of Case 2 (the proof of the previous
theorem), that is,

det(Io + U(Iy — A)) = 0.
Since
Tr(lo +U(ls — A)) =2+ Tr(U) — Tr(UA) =1
it follows that E := I, + U(Is — A) is an idempotent. Hence
Iy—A=-UYI,-E)
is unit-regular (indeed, an element b € R is unit-regular iff there are a unit u and an

idempotent e such that b = ue). O

Trace 1 left (or right) unit suitable integral matrices can be characterized via
Diophantine equations. We just mention the following

Proposition 3.14. (i) A trace 1, 2 x 2 integral matriz A = { a—i— 1 _ba ] with b # 0
is (left or right) unit suitable iff

br? — (2a + D)oy — cy® + (1 + det(A)y+b=0 (1)

and
b divides 1 + det(A) — (2a+ 1)z —cy (2)
or else
ba® — (2a + V)xy —cy? + (1 —det(A)y—b=0 (3)
and

b divides 1 —det(A) — (2a+ D)z —cy  (4)
3 9
-7 -2
not left nor right unit suitable in Ms(Z).

(i) The matriz C = [ is a 2 X 2 suitable (exchange) matriz which is

Remark 3.15. This shows that C, our example in [1], can be used to improve its initial
purpose: this is a nil-clean matriz which is not unit suitable (not only not clean). As
for now, the problem of finding an example of nil-clean element which is not suitable
(exchange) remains open.
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1. Introduction, definitions and motivation

In this section, we first introduce the (Gauss) hypergeometric function, the
(Gauss) hypergeometric differential equation and certain well-known relationship be-
tween them. We then focus on revealing some possible interesting results associating
with certain novel and extensive relationships between them. In the light of the al-
leged results, we also remark that there are a number of important implications of our
results between various (differential) equations and special functions in the complex
plane.

The well-known hypergeometric functions (and also the hypergeometric differ-
ential equations) with complex (or real) variable have been attracting much more
attention in the literature. This interest is due to its importance as solutions (or
applications) of many applied problems in mathematics given by the references in
[1]-[3], [8], [7], [12], [13], [14], [18], [30], [38], [39], [44]-[45] and [49], in Statistics and
Probability given by [2], [11], [14], [21], [33] and [38], in physics [2], [3], [7], [11], [19],
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[25] and [38], and also in the majority of engineering sciences given by [2], [5], [7], [9],
[14], [17), [22], [24], [25], [33], [34], [38], [40], [43], [48], [50] and [51].

As is known, the hypergeometric functions (and also the functions being the so-
lutions of hypergeometric differential equations) constitute a wide and important class
of special functions with complex (or real) variable. In particularly, a great number of
special functions of mathematical physics turn out to be hypergeometric function. In
addition, multivariate hypergeometric functions can be introduced as solutions to cer-
tain overdetermined systems of linear partial differential equations with polynomial
coefficients. In general, such systems of equations are of substantial independent in-
terest and appear in several applications. The simplest ordinary differential equation
of this kind is the Gauss hypergeometric equation in the literature. Any second-order
linear differential equation with three regular singularities in the Riemann sphere can
be also reduced to the Gauss equation by the help of a suitable change of the vari-
ables. For their details, it can be also checked the works given in [2], [5]-[6], [9], [10],
[16], [17], [20], [23], [31], [32], [38]-[37], [41], [43]-[48], [50] and [51].

Since our main purpose in this scientific work is to reveal certain novel and/or
non-linear relationships between the (Gauss, Gaussian or ordinary) hypergeometric
functions and certain special functions in the complex plane, primarily, we have to
remember certain basic information about the functions and the (differential) equa-
tions which are related to the mentioned topics and the related ones. In mathematics,
we note that the hypergeometric function is a special function represented by series
(or integral), which includes many other special functions as specific or limiting cases.
This function is a solution of a second-order linear ordinary differential equation that
every second-order linear ordinary differential equation with three singular points can
be transformed into the related differential equation. For their details, let us now start
by recalling (or introducing) the following information.

First of them, here and throughout this present work, firstly, we note that the
well-known notations:

N y/ , R C and U

denote the set of natural numbers, the set of negative integers, the set of real numbers,
the set of complex numbers and the open unit disk in the compler plane, respectively.

The first important topic is related to the function set by the series, so let me
know about it now. For this, the following functional series in the complex variable z,
called the (Gauss, Gausian or ordinary) hypergeometric function, is denoted by any
one of the notations: o F (o, 8;7; 2), F(a, B;7; 2) and F(a, 8;7; z) and also defined by

B ala+1)B(B+1) 22

N ala+1)(@+2)BB+1)(B+2)2*
Yy + 1)y +2) 3!

n

o (@)n(B)n 2
_yo ! zvgn) = (1.1)

n=0



The hypergeometric equations and the hypergeometric functions 347

wherea e C—-Zy, € C—-2Zy,v€C—Z, and z € C, and, in terms of the Gamma
function I'(z), the (rising) Pochhammer symbol, i.e., the symbol (v),, is also defined

by
(v) 1 (n = O)
v =
" viv+1)---(v+n-1) (neN)
I'(v+n)
= 1.2
O (12)
where n € Ny := NU {0} and v € C - Z,..

We here note that, as certain characteristic properties of the series in (1.1)
together with (1.2), it is absolutely and uniformly convergent in the disk U. The
convergence also extends over the unit circle when Re (a + 56— 'y) < 0, it converges
at all the points of the unit circle except the point z =1 when 0 < Re (a—i—ﬁ—fy) < 1.
Nevertheless, there exists an analytic continuation of the hypergeometric function in
(1.1) to the exterior |z| > 1 of the unit disk with the slit (1, c0). The function defined
by the series in (1.1), namely, F(a,S;7;2) is an univalent-analytic function in the
complex plane with slit (1,00). When « or 3 are zero or negative integers, the series
given (1.1) terminates after a finite number terms and the hypergeometric function is
a polynomial in z. Further, when n € Z;, the function given by (1.1) is not defined
but the limit can be considered there.

It follows from (1.1) that

F(a,B;7;2) = F(B,057: 2), (1.3)
and, in the light of the identity (1.2), it is easily shown that
d af
a(F(Oﬁﬁfﬁz)) _TF(a7ﬁ7’772)7 (14)
and, more generally,
dn (@)n(B)n
L (Fla,Biy;2)) = 2 p Y+ 1.
o (Flepim ) = S0 (akn iy + i) (15)

for all n € Ny. In particular, we note that the properties relating to the derivative
given in (1.4) (or (1.5) will be useful in the simpler expression of complex statements
for equations (or inequalities) stated by derivative(s).

The second important issue is associated with a homogenous differential equation
in the complex plane. So, there is a need to present about it. For this, the function,
given by the series in the form (1.1), is a solution of the following homogeneous
differential equation given by:

2
z(l—z)%—l—[’y—(a—i—ﬂ—i—l)z]%—aﬁw(z)zo, (1.6)
wherea € C—-Zy, € C—-Zy,y€C—Z; and z € C—[1,00).

The differential equation just above is also known as the (Euler’s) hypergeometric
differential equation in the literature. By a simple focusing, it can be easy seen that,
for the equation in (1.6), there have three singular points, which are 0, 1 and co.
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Because of the important relation between the function given by (1.1) and the
equation (1.6), there are a large number of the possible special functions specified
by the function given (1.1) and, naturally, they will also include many significant
relations with the differential equation in (1.6). We can now continue to determine
those relations (or properties) in the second section.

2. Main result, comment and recommendations

As is known, the proof technique used in the proof of the theories is very impor-
tant in the theoretical studies. A few examples given as in [27]-[29] are some of the
proofs used in the complex functions theory, which is appropriate for the purpose of
this study. As a different proof method will be used in this paper, in order to prove
our main result, initially, we need to recall the following-well-known assertion (see
[35] and [36]).

Lemma 2.1. Let a function p(z) in the form:
p(z) =1+e,2" + en12" T 0™ 4 (2.1)
be analytic in the open set:
U={z:2€Cand|z| <1},

where n € N and e,, € C.

If the function p(z) is not with positive real part in U, then there is a point zg € U
such that

=4, (2.2)

where
14+ A2

AeR—-{0} , pneR and p<-n (neN). (2.3)

Let us now introduce a third-order differential equations with (complex) variable
coefficients in the complex plane, which will play an important role in our main result,
as in the following form:

dS d2
(1—Z)ZQT;; + Z[1+7—(3+a+ﬁ)z]T;;
~(1tath): 9 —apa(), (2:4)

where z € U, a € C-Z,, p € C—-Z; and v € C - Z, . In special, note that, since
the differential equation in (2.4) is the derivative of both sides of the equation in
(1.6), clearly, both the function w := F(a,8;7;2) is the solution for the (complex)
differential equation in (2.4) and the (complex) function ®(z) is analytic in U.

Theorem 2.2. Let the functions w := w(z) and ®(z) be in the forms defined by (1.1)
and (2.4), respectively. For any z € U and for some a € C—Z, and § € C—Zq, if
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any one of the cases of the following inequality:

_Re(af) e(a
%e(aﬁ@(z)){ ~ 2 J Re(af) 20 , (2.5)

<—w if %e(aﬁ)g()

1s satisfied, then
Re (w(z)) >0 (z€D) (2.6)
s also satisfied

Proof. Since the function w = w(z) has the form given by (1.1), it is a particular
solution for the differential equation given by (1.6). By taking into account this fact,
let us take p(2) as

p(z) =w(2) (= F(a, B;7;2)) (2.7)
to show that Re(p(z)) > 0 for all z € U.

It is clear that the function w(z) both has the series form given by (1.6) and is
analytic in the open set U of the complex plane. Therefore, the function p(z) is also
satisfies the conditions p(0) = 1 and n = 1, accentuated in Lemma 2.1.

It easily follows from (2.7) that

d dw
- = 2.
dz (p(z)) dz (28)
and in consideration of the equation determined in (2.4), the following relationships:
d3w d*w
2
—(1+a+ﬁ)zd—j =af 2 (2) (2.9)

=af®(z) (say)
is easily identified, where z € U, a € C —Z; and 8 € C - Z; .
Suppose now that the related function p(z) is not with positive real part in the
domain U. In the circumstances, under the conditions (2.2) and (2.3) of Lemma 2.1,
there is a point zg € U such that

p(z)|z=z0 =p(20) =i\ and z% [p(2)]

=W,
Z=Zz0
where

142
n=1, AeR—{0} , peR and u<— +2 .

Then, under favour of the assumptions above, from (2.9), it follows that

< _Re(ah) if Re(af) >0
Re(aB ®(z) ) = uR _ned <
e(aﬂ (2’0)> H 6(0‘6){ 2_% if Re(aB) <0
where

1+ A2

aeC—-2, , peC—-2Z; and p<-— (AeR-{0}).
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But, these cases above are contradictions, respectively, with the cases of the inequality,
given in (2.5). Therefore, the function p(z), defined by (2.7), immediately yields the
the inequality given by (2.6). So, this completes the proof of Theorem 2.1. O

As we indicated in the first section, the function F'(«, 3;7;z) defined by (1.1)
plays very important roles in mathematical analysis and its applications. Specially, it
also enables us to solve many important and interesting problems, such as conformal
mapping of triangular domains bounded by line segments or circular arcs and various
problems of quantum mechanics. Most of the functions that occur during analysis (or
searches) can be expressed with nearly special forms of the hypergeometric functions.

In order to emphasize the importance of our main result, we here think useful
to provide some information again. Especially, the series representation in (1.1) gives
researchers much more motivations for their investigations; that is, the fact that the
elementary functions and several other important functions in mathematics can be
stated in terms of hypergeometric functions. Moreover, hypergeometric functions can
be described as solutions of special second order linear differential equations that
we pointed out as the hypergeometric differential equations given as in (1.6). After-
wards, Riemann was the first to raise this idea and introduce a special symbol to
classify hypergeometric functions by singularities and exponents of differential equa-
tions. As we have also noted in the section 1, the hypergeometric function is a solution
of the hypergeometric differential equation given in (1.6). The generalization of this
equation to three arbitrary regular singular points is given by Riemanns differential
equation. Any second order differential equation with three regular singular points
can be transformed to the hypergeometric differential equation by changing of its
variable. For more information, see the works given by the references in [2], [5]-]6],
[9], [10], [16], [17], [20], [23], [31], [32], [38]-[41] and [43]-[51]. Therefore, as a require-
ment of the above explanations, in view of the above those relationships between the
function given in (1.1) and the equation given in (1.6) will be important for our novel
investigation. For this reason, our main result and their implications have various
novel and/or nonlinear relations between them. Moreover, the desired research can
be further expanded, taking into consideration the derivatives mentioned in (1.4) (or
(1.5) for all the possible results that can be obtained. Accordingly, to determine all
those results will be determined by the related elementary and also special functions,
we need first recall some extra information in relation with the related definitions in
(1.1) and (1.6), which are in the following forms.

(i) Some of Elementary Functions:

(1+2)"=F(-n,1;1;—2) (2€C), (2.10)
i:F(l,l;l;z) (zeC—{0}), (2.11)
cos(z) = F(1/2,—1/2;1/1;sin*2) (2 € C), (2.12)
In(l1+2) =2F(1,1;2;—2) (2€C—{-1}), (2.13)

ln<1i—i> =22F(1/2,1;3/2;2%) (2 € C—{£1}), (2.14)
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exp(z) = 6131;0 F(l,ﬁ; 1;2/6) (z € (C) ,

arcsin(z) = 2F(1/2,1/2;3/2;2%) (z € C)

and
arctan(z) = 2F(1/2,1;3/2; —2%) (2 €C).
(ii) The Complete Elliptic Integrals of the First and Second Kinds:
K(z) = S F(1/2,1/2;,—7%) (: €C)
and

B(z)= 5 F(-1/2,1/%1-2%) (z€C).
(iii) The Adjoint Legendre Functions:
(z 4 1)"/? 1
(z—1)m/2T7(1 —n
(—n,meNo;z € C)

P(z) =

1—
F(—n,n—kl;l—m;iZ).
) 2

(iv) The Chebyshev Polynomials:
11—z

T.(z) = F(—n,n7§,T

) (nENO;ze(C).

(v) The Legendre Polynomials:

Pn(z):F<—n7n+1;1;1_Tz) (nENO;ze(C).

(vi) The Gegenbauer (Ultraspherical) Polynomials:

(1+a), 1 1-=2
(z) = 71:’(, ,n+ 20y +7;7)
Ci(z) CE) m,n+ 2050+ o5 —

(nGNO;aEZa;ZE(C).

(vii) The Jacobi Polynomials:
1+ a) 1—=2
pod(zy = L "F(— 1 ~ 1-7).
WG = ol n et fat =

(neNO;ana;ﬂEZO_;zE(C).
(viii) The Confluent Hypergeometric Function | F («; 5; 2):

1F1(a; B;2) = lim F(a,’y;ﬁ; E) (a,ﬁ,’y €Zy;z € (C).
y—00 vy

(ix) The Error Functions:
2z

erf(z) = Tr

1F1(1/2;3/2;—2%) (2 €C)

351

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



352 Hiiseyin Irmak

and

erfe(z) = e Fy (1/2;1/2;2%) (2 €C) (2.27)

1
Wz
and so on. For the details of those functions (or series representations), one may refer
to the works given by the references in [2], [5], [15], [6], [12], [18], [20], [34], [38], [40]
and [43]-[51].

As certain special implications of our main result, when considering the impor-
tant relationships signified by (2.10)-(2.27), it is naturally easy to determine a number
of special results, which are related to the main result, namely, Theorem 2.2. In order
to determine both appropriate sampling and possible special results, we would like
to leave the researchers with detailed research and emphasize only two of them, as
examples.

As one of the special implications, we would like to point out a comprehensive
result in relation with the confluent hypergeometric function that we mentioned as
in (2.25). For this, we would like to remind researchers of some detailed information
about this particular results again.

The following functional series with the complex variable z:

o ala+1) 22

1F1(04;B;z) :1+BZ+7B(B+1)§

_ i (a)y 2~ (2.28)
= (B)k k! '

(€ U;aeC-Zy;B€ C—1Zy),

where () and (8)x are the Pochhammer symbols defined by (1.2), in generally, is
called as the confluent hypergeometric function in the literature. Clearly, it defines
an analytic function for all finite z, is closely connected the hypergeometric function
given by (1.1), and is then obtained as a limit of F'(«, 3;7;2/8) when 8 tends to oo
as it was indicated in (2.25). It is clear that the confluent hypergeometric function
is a degenerate form of the hypergeometric function o F} (a; B;7; z) which arises as a
solution of the confluent hypergeometric differential equation given by above.

Since the confluent hypergeometric function is any of the solutions of the follow-
ing second-order ordinary linear differential equation:

dPw

dw
zﬁ—l—(a—z)a—ﬁsz (2.29)

(€ CaeC—Zy;8eC—1Zy),

this differential equation is also called as the confluent hypergeometric differential
equation in the literature.

The first special implication of our main result is contained in the following
proposition below.
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Proposition 2.3. Let the function w = w(z) be in the form given as (2.28) and also
let any one of the cases of the following inequality:

dBw dPw dw

%e{szZS—i—[l—&—(a—z)}zM—zdz}
> BB ip Re(B) >0
~RelB)if Re(B) <0

2

(2.30)
<

be provided for any z € U and for some o € C—7Zy and 8 € C—Zg . In the present
case,

%e(w(z)) >0 (2€U) (2.31)
18 also provided.

Proof. By means of the information presented as in (2.28) and (2.29), and also in
consideration of the proof of Theorem 2.2, if one takes the function p(z), defined as
in (2.7), namely, define it in the form:

p) = () (=15 (0s:2)

(€ U;aeC-Zy;8€ C—1Zy),

and then the related steps used (in the proof of Theorem 2.2) are again followed, the
desired proof can be easily obtained. Here, its details are left to the researchers.

Through the instrument of the relation between the hypergeometric function
and the complex error function in (2.26) together with (2.27), as second implication
of our main result, certain special results can be also obtained between the various
inequalities associated with error functions in the complex plane. For those, in (2.26),
(2.28) and (2.29), respectively, by choosing the suitable values of the parameters «
and [, one can derive some of them. For example, by setting

1 3
o= 3 and f:= 3
in (2.26), the following results:
f
1F1(1/2:3/2;-2%) = g erz(z) (2.32)
(zeD:=U-{0}),
3/9. v (=2)"
Py (1/2:3/22) =2 o (2€0) (2.33)
k=0
and )
d*w dw
QZ@Jr(l—Qz)%—?)w—O (z € D) (2.34)

are easily obtained.
So, as we have informed above, the following-special function:

1F1(1/2;3/2;-2%) (2 €U),
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which is given by (2.32) (or (2.33)), is a solution for the second-order linear differential
equation given by (2.34). After these explanations, the following proposition, i.e.,
Proposition 2.4 below, can be easily proved within the scope of the rationale of the
main result (or Proposition 2.3). The detail of the related proof has been left to the
researchers again.

Proposition 2.4. For any z € D (or, z € U), if the inequality:

Re {2z2d‘i (e”jz)> + 2+ (1- 22)]26?—222 <e”;(z)> - 22% (er’;(z)>} > —%

is ensured, then
Re (erf(z)) >0

z
s also ensured.
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Abstract. In this paper, we obtain sharp bounds for the norm of pre-Schwarzian
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1. Introduction

Let A = {z € C: |z| < 1} be the open unit disc on the complex plane C. Let
H be the family of all analytic functions and A C H be the family of all normalized
functions in A. We denote by U the class of all univalent functions in A and denote
by LU C H the class of all locally univalent functions in A. For a f € LU, we consider
the following norm
f"(2)

AT = jgg(l — 12 02)

where the quantity f”/f is often referred to as pre-Schwarzian derivative of f such
that in the theory of Teichmiiller spaces is considered as element of complex Banach
spaces. We remark that || f|| < oo if, and only if, f is uniformly locally univalent in A.
We also notice that, ||f]| < 6 if f is univalent in A and, conversely, f is univalent in
A if ||f| < 1. Both of these bounds are sharp, see [1]. For more geometric properties
of the function f relating the norm, see [2, 4, 9] and the references therein.

We say that a function f is subordinate to g, written by f(z) < g(z) or f < g
where f and g belonging to the class A, if there exists a Schwarz function w(z) is
analytic in A with

)

w(0)=0 and |w(z)|<1 (z€A),
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such that f(z) = g(w(z)) for all z € A.

Here are two certain subclasses of analytic and normalized functions A functions
defined. First, we say that a function f € A belongs to the class S(a, ) if it satisfies
the following two-sided inequality

zf'(2)
72) }<6 zed)

where 0 < o < 1 and 8 > 1. The class S(«, 8) was introduced by Kuroki and Owa (cf.
[7]) and generalized by Kargar et al. [6]. We also say that a function f € A belongs
to the class V(«, f) if

a< Re{<f(zz)>2f’(z)} <B (z€A).

The class V(«, 8) was first introduced by Kargar et al., see [5].
Since the convex univalent function

a<Re{

P,s(z) =1+ (8 ;a)i log (1 I—_ezjz) (z € A), (1.1)
where 2n(1 )
¢ = 76 — (1.2)

maps A onto the domain = {w : o < Re{w} < S} conformally, thus we have.
Lemma 1.1. ([7, Lemma 1.3]) Let a« € [0,1) and 8 € (1,00). Then f € S(a, B) if, and

o f'(z) (B— ) 0

zf'(z —a)i 1—e?z

) <14 - log< T ) (z € A),
where ¢ is defined in (1.2).

Lemma 1.2. ([5, Lemma 1.1]) Let a € [0,1) and 8 € (1,00). Then f € V(a, B) if, and

only if, 2 | |
(77) #1001+ P (27) e

where ¢ is defined in (1.2).

Rahmatan, Najafzadeh and Ebadian (see [10]) estimated the norm of pre-
Schwarzian derivatives of the function f where f belongs to the classes S(a, §) and
V(a, 8). Both their estimates and proofs are incorrect. Indeed, the results that were
wrongly proven by them are as follows:

Theorem A. For 0 < a <1< g, if f € S(a, B), then

2 ﬂ_a PR =1
1< 2029 (4 i)
Theorem B. For 0 < a <1< 8, if f € V(a, ), then
3 ,8—04 mii=e
1< 2029 (4 i)

We first note that both the above bounds are complex numbers!
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In this paper we give the best estimate for || f|| when f € S(«, ) and disprove the
Theorem B. However, we show that ||f|| < co when f € V(«, 5).

2. Main results
The correct version of Theorem A is as follows.

Theorem 2.1. Let o € [0,1) and 5 € (1,00). If a function f belongs to the class
S(a, B), then

£l < 2 \/45111 (6/2) + 272 — — 250D (2.1)

4sin?(¢/2) + 272

where ¢ is defined in (1.2). The result is sharp.
Proof. Let that « € [0,1), 8 € (1,00) and ¢ be given by (1.2). If f € S(«, 8), by

Lemma 1.1, then we have
z2f'(2) (8 — )i 1— ez
1 1 A). 2.2
) <1+ - og| 7, (z € A) (2.2)
The above subordination relation (2.2) implies that
zf'(z) (8 —a)i o 1 —ePw(z)
f(2) ™ S\1- w(z)

) Gea,

or equivalently

log { ZJJ:ES) } = log {1 + (8 ;a)i log (1 — eww ) } (z € A), (2.3)

where w(z) is the well-known Schwarz function. From 2 3), differentiating on both
sides, after simplification, we obtain

f"(2) (B—a)il 1 — euw(z)
B oY)
(1- ew)w’(z)
(w1 eou(e)) (1 ool g () | Y

It is well-known that |w(z)| < |z| (cf. [3]) and also by the Schwarz-Pick lemma, for a
Schwarz function the following inequality

W s TR e, (25)

holds (see [8]). We also know that if log is the principal branch of the complex loga-
rithm, then we have

f'(2) u

+

logz=In|z|+iargz (2 € A\{0},—7 <argz <m). (2.6)
Therefore, by the above equation (2.6), it is well-known that if |z| > 1, then

[log z| < +/|z — 1|2 + 72, (2.7)
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while for 0 < |z| < 1, we have

2
+ 72 (2.8)

—1
og1 < |

Thus, it is natural to distinguish the following cases.

Case 1. ‘i’()z) > 1.

By (2.7), we have

1Og(ll—ewﬁw \/‘1—6“%} 1

_ VL= ePPw(z)? + 721 — w(z)?

2
+ 72

- ()
AR P )
=)
PRVARI O < D -

for all z € A. We note that the above inequality is well defined also for z = 0. Thus
from (2.4), (2.5) and (2.9), we get

z
[ ()

(1 e)w'(2)
(1= w(z) (1 — eou(z)) (1+ Zo log ()

)

™
e
1= w1 - eu(z)| (1- 22

+

+

(115733?2%”)\)]
(B-a) [ 1 [ /4sin®(@/2Iel? + 72(1 +12P?)

e =]

25in(¢/2) ey
_ 2
1— 2] — L= fasin®(6/2) = + w21+ [=2) 117

_|_




Notes on the norm of pre-Schwarzian derivatives 361

However, we obtain

L] G
Il = s o) | 222
< sup { = el s (o2l + w21+ o)
N 2sin(¢/2)(1 + |2|)

L fa] = 2 asin® (o/2)|212 + n2(1 + |2f2)
4sin(¢/2)
4sin?(p/2) + 2m2

_ Q(B;Q)\/4Sin2(¢/2)+zﬂ2_

concluding the inequality (2.1).

Case 2. |10

By (2.8), we have

. 1—etPw(z)

1 —ew(z) w1
e S I P _Amwls) 2
log( 1—w(z) )’ e | 7

1—w(z)

V=P w(z)? + 721 — eifw(z)[?
B 11— ew(z)]

\/4sm (¢/2)|w(2)|? + 72(1 + |w(2)|?)
1 — |w(z)|

\/4sm (6/2)|2]2 + 72(1 + |2]2)
1— |z '

(le] = 1)

Since in both cases 1 and 2 we have the equal estimates for

()

therefore, in this case also, the desired result will be achieved. For the sharpness,
consider the function f, g(z) as follows

ety =z {8 e (555 )
ma

)

=2+ 1—ei¢)22+---,

where ¢ is defined in (1.2), 0 < o< 1 and 8 > 1. A simple calculation, gives us

2fop(2) (B — a)i 1— ez
7faﬂ(z) =1+ - 10g< - ) (z € A)
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and thus f, 5(z) € S(a, 8). With the same proof as above we get the desired result.
The result also is sharp for a rotation of the function f, g(z) as follows:

(B —a)i /Zl 1 —e?¢
=  E— =1 —_— .
fa,8(2) = zexp { - | £08 |\ T dg
This is the end of proof. U

Remark 2.2. In Theorem B, the authors of [10] estimated the norm ||f|| when f €
V(a, 8). But in the proof of this theorem [10, p. 160], wrongly, they used from the
following equation

2f'(2)

f(Z) = Paw@(w(z))7

where P, g is defined in (1.1). This means that f, simultaneously, belonging to the
class S(a, 8) and V(a, B3).
Next, we show that the best estimate for ||f|| when f € V(a, 8) does not exist.

Theorem 2.3. Let o € [0,1) and B8 € (1,00). If a function f belongs to the class
V(a, B), then ||fl] < oo.

Proof. Let o € [0,1) and 8 € (1,00) and f € V(«, ). Then by Lemma 1.2 and by
use of definition of subordination, we have

(f()) F2) = Pastul@) =1+ L iog (120} - g

where w is Schwarz function and ¢ is defined in (1.2). Taking logarithm on both sides
of (2.10) and differentiating, we get

") _, (f’(Z) 1) L B-a) (2.11)

f(2) fz) = m

(1 ) (2)
(1= w()(1 - ew(z)) (1+ 22 log (1)) )
With a simple calculation, (2.10) implies that
(L)1) 1) (Poslete) ). 1)
Combining (2.11) and (2.12), give us

-2 ()

X

(8 — a)i (1 —e?)u'(z)
. —a)i —eiPw(z
T - w1 - eue) (1+ g (L))
It was proved in ([5, Theorem 2.2]) that if f € V(«, 8) where 0 < o <1/2 and 8 > 1,

then
1—;<Re{f(z)}<oo (z € A).

+

z
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Since Re{z} < |z|, the last two-sided inequality means that |f(z)/z| < oo when
f € V(a, ). Thus from the above we deduce that

f"(=)
f'(2)
concluding the proof. O

<oo (z€A4A)
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On a certain class of harmonic functions and the
generalized Bernardi-Libera-Livingston integral
operator

Grigore Stefan Salagean and Agnes Orsolya Pall-Szabd

Abstract. In this paper we examine the closure properties of the class Vy (F';7)
under the generalized Bernardi-Libera-Livingston integral operator L.(f),
(¢ > —1) which is defined by L.(f) = Lc(h) + Lc(g), f = h+g, hand g
are analytic functions, where

z z

ﬁc(h)(z):%l/(tc_lh(t)dt and ﬁc(g)(z)zcjicl/(tcﬂg(t)dt.
0 0

The obtained results are sharp and they improve known results.

Mathematics Subject Classification (2010): 30C45, 30C50.

Keywords: Harmonic univalent functions, extreme points, varying arguments,
Hadamard product, integral operator.

1. Preliminaries

A continuous function f = u + iv is a complex-valued harmonic function in a
complex domain G if both v and v are real and harmonic in G. In any simply-connected
domain D C G, we can write f = h + g, where h and g are analytic in D. We call h
the analytic part and g the co-analytic part of f. A necessary and sufficient condition
for f to be locally univalent and orientation preserving in D is that |h' (2)| > |¢’ (2)]
in D (see [3]).

Denote by H the family of functions

f=h+g (1.1)

which are harmonic, univalent and orientation preserving in the open unit disc
U = {z:]z| < 1} so that f is normalized by f(0) = h(0) = f.(0) — 1 = 0. Thus,
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for f = h+ g € H, the functions h and g analytic in U can be expressed in the
following forms:

h(z) =z+ Z amz™, g(z) = Z brz™ (0<b <1),
m=2 m=1

and f(z) is then given by

FE) =2+ amz™+ Y bpzm (0< by <1). (1.2)
m=2 m=1
For functions f € H given by (1.2) and F' € H given by
F(z)=H(z)+GE) =2+ Y Anz™+ Y Buz™, (0< By < 1), (1.3)
m=2 m=1

we recall the Hadamard product (or convolution) of f and F' by

(f*F)(2) =2+ > amAmz™+ Y bpBnz™ (2 €U). (1.4)

m=2 m=1

In terms of the Hadamard product (or convolution), we choose F' as a fixed function
in ‘H such that (f % F')(z) exists for any f € H, and for various choices of F' we get
different linear operators which have been studied in recent past.
In [8] a subclass of H denoted by Sy (F;7), for 0 <y < 1, is defined and studied and
it consists of functions of the form (1.1) satisfying the inequality:

o arg[(F+ P > 7 (15)

0 <6 < 27 and z = re?’. Equivalently
r 2R HE 26 ECE) wo)
h(z)xH(2)+g(2) *xG(2)
where z € U. We also let Vi (F;v) = Sy (F;v) () Vx where V3 is the class of har-
monic functions with varying arguments introduced by Jahangiri and Silverman [6],

consisting of functions f of the form (1.1) in H for which there exists a real number
¢ such that

Nm + (m—1)¢ =7 (mod 27), b+ (M+1)p=0(mod 27), m>2, (1.7)

where 1, = arg (a,,) and 6, = arg (by,).

Some of the function classes emerge from the function class Sy (F';~y) defined above.
Indeed, if we specialize the function F(z) we can obtain, respectively, (see [8]) the class
of functions defined using: the Wright’s generalized operator on harmonic functions
([9], [13]), the Dziok-Srivastava operator on harmonic functions ([1]), the Carlson-
Shaffer operator ([2]), the Ruscheweyh derivative operator on harmonic functions
([5], [7], [10]) , the Srivastava-Owa fractional derivative operator ([12]), the Silagean
derivative operator for harmonic functions ([4], [11]).
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In the following we suppose that F(z) is of the form

F(z) = H(z)+ G(z —z+z+ZC’ m 4 Zm, (1.8)

where C,;, > 0(m > 2).
In [8] the following characterization theorem is proved

Theorem 1.1. Let f = h+ g be given by (1.2) with restrictions (1.7) and 0 < by <

1—
11+ . ,0<~vy < 1. Then f € Vy(F;~) if and only if the inequality

N m —|— ¥ 147

Z < 1— | m| + |bm|) Cm S 1- 1 bl (1'9)

m=2 -7
holds true.

-7 -
Theorem 1.2. [8] Set A\, = ———— and py, = ————— Then for by fized,
. m—)C = e, e Sor b S

1—
0<b < Hi’y the extreme points for Vy(F;v), 0 <y <1 are
v

{z + Apxz™ —|—sz} U {z +biz+ umaczm}

1
where m > 2 and x =1 — 1+7b1.
-

2. Main result

Now, we will examine the closure properties of the class Vg (F;v) under the
generalized Bernardi-Libera-Livingston integral operator L.(f), (¢ > —1) which is
defined by L.(f) = L.(h) + Lc(g) where

c+1 c+1

Lo(h)(2) = / (t h(t)dt and Lo(g)(z) = / (1 g ().

z¢ z¢
0 0

Theorem 2.1. Let f € Vy(F;v). Then L.(f) € Vu(F;6 (7)) where

5(y) = 2+ (+2)A=b)—2(+D[1-7) = (1+7)bi]
VTR et ) A b))+ e+ DT —7) — (1 +7)b]

The result is sharp.

Proof. Since f € Vy(F;v) we have

> m — m +
> (5= ol + 552 bl €
m=2 <1

1+7 <1. (2.1)
by
11—~

1-—
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We know from Theorem 1.1 that L.(f) € Vy(F;0 (7)) if and only if

. -4 1 5 1
Z(m () e+ | + TF (7) e+ Ibm>0m
‘= \1=6(7) c+m 1-6(y) c+m - -

L 1—&—6(7) - (2:2)

We note that the inequalities

N /m—=056(y) c+1 m+d(y) e+1
2 (1—5(v) ctm 9l 1—=6(v) ot m oml ) Om

m=2

0o m -+
Z (5=l + 52 ) €
=2

< T (2.3)
1- b1
I—v
imply (2.2). It is sufficient to determine ¢ () such that
m—6(y) c+1 m—vy
1-6(7) c+m 1—7
< .
1-48(y) " 1=
and
m+6(y) c+1 m+ 7
1-46(y) c+m 11—+
<
| Lt00), S, LTy, (2.5)
1—3(y) 1-
holds true. (2.4) is equivalent to
m—4(7) c+1 < m— -y
1=6(y) =bi=d(brctm = (L=v) = (1+7)bh
5(y) < (m—7y)(ctm)(A=b)) —m(c+1)[A-7v) - (A+7)bi] (2.6)
(m—=7)(ctm)(1+b1) = (c+1)[(1 =) = (1+7)b]
Relation (2.5) is equivalent to
m+6(7y) c+1 < m+y
1=0(y)=b1—6(Mbic+m =~ (1—=7v) =1 +7v)b
(m+7)(ctm)(A=b) —m(c+1)[(1=7)=(1+7)b]
6(v) < (2.7)

(m+y)(ct+m)(L+b)+(c+D)[(1—7)—A+7)b]
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From (2.6) and (2.7) we choose the smaller one:

(m—=7)(c+m)A—=b)—m(c+1)[(1—=7) = (1 +7)b]
(m—=7)(c+m)(1+b1) = (c+1)[(1 =) = (1+7)b]
(m+7)(0+m)(1—b1)— e+ DA =7 -0 +7)bi]
(m+7)(c+m)(L+b1)+(c+1)[(1=7) =1 +7)bi]

or equivalently
2(c+ 1)A%m(m — 1)

[(m—")(c+m)(1+b1)—(c+DA][(m+7)(c+m)(1+b1)+ (c+1)4] >0,
where A = [(1 — ) — (14 7) b1] > 0 which is true. So
5(y) < (m+7)(ct+m)(A—b))—m(c+1)[1—7)—(1+7)bi] (2.8)

(m+y)(ct+m)(L+b)+(c+)[(1=7)—A+7)b]
Let us consider the function F : [2;00) — R

@4y (cta)(T=b)—z(c+D[1=7)-0+7)b]
(x+7) (c+a)(L+b)+(c+D[L=7) = 1Q+)b] "
then its derivative is:

(c+1)[(1=7) = (1+7)ba] [(L+bi)a? +20(1 = b)) +2y+ by — 1]
{z+)(cta)(T+b)+(c+D)[(1-7) = (1+7)b]}?

E(z) is an increasing function. In our case we need ¢ () < E (m),¥m > 2 and for
this reason we choose

5(y) = E(2) =

E(z) =

E'(z) = > 0.

2+7)(+2)A—=b)—2(c+1)[1—-7) =1 +7)b]
2+ (e+2)(A+b)+(c+ D[ =)= (1+7)b]
We must check § () > « that is equivalent to
(=) -(0+Nn]2+7)[(c+2)—(c+1)]
2+7)(c+2)A+b)+(c+1)[1=7)—A+7)b]
which is true.
The result is sharp, because if

1—7 1+~
— b — (1= b
fe)=z+ 1Z+(2+7)C2< 1—71>

>0

then

1—7 14+ ,c+1

L(f)(2)=2+bz+ 510 (1 1_71)1)2 poe)
1-6(v) 1+6(v) )
TG (- Toaa")?

1=y c+11-7=-0+9)b  1-0(7) 1-0(y) =1+t
(24+7)c+2 1—vy (24+0(7) 1—=46(v)
@5(7):(2+7)(0+2)(1—b1)—2(0+1)[(1—7)—(1+7)b1]
247)(c+2)1+b1) +(c+1)[(1—7) = (1+7)bi]
this is the (2.7) inequality. O

=z+biz+
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Meromorphic close-to-convex functions satisfying
a differential inequality

Kuldeep Kaur Shergill and Sukhwinder Singh Billing

Abstract. In the present paper, we study the differential inequality
L) >:em

f'(2) ’

where f € ¥ and notice that the members of class ¥ which satisfy the above
inequality are meromorphic close-to-convex.

Mathematics Subject Classification (2010): 30C45, 30C80.

Keywords: Meromorphic function, meromorphic starlike function, meromorphic
close-to-convex function.

R |1 - )2’ (2) + (1 +

1. Introduction

Let X denote the class of meromorphic functions of the form
1 oo
f(Z) = ; + Zlanzn7
n=

which are analytic in the punctured open unit disc Eg = E \ {0}, where
E={zeC: |z <1}.

A function f € ¥ is said to be meromorphic starlike of order « if and only if

(1) rniecn

for some real @ (0 < a < 1). The class of such functions is denoted by MS*(a).
Write MS* = M&*(0), the class of meromorphic starlike functions i.e. meromorphic
functions which satisfy the condition

—R <2JJ:ES)> >0,(z € E).
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A function f € X is said to be meromorphic close-to-convex of order « if there exists
a meromorphic starlike function g € MS* such that

!

—R <Zf (2)> > a, (2 € E).
9(2)

The class of such functions is denoted by MC(«a). Write MC = MC(0), the class of

meromorphic close-to-convex functions i.e. meromorphic functions which satisfy the

condition )
_%< 9(z)

) >0,(z€E) (1.1)

where g € MS™.
1
A little calculation yields that the function g(z) = — is a member of class MS*.
z
Therefore, the condition (1.1) reduces to the following condition
—R(Z2f'(2)) > 0,(z € E).
Therefore, f € MC if —R(22f/(z)) > 0.
In the literature of meromorphic functions, many authors obtained the conditions for
meromorphic close-to-convex functions. Some of the results from literature are given

below:
Jing and Li [4] have proved the following results:

Theorem 1.1. For any f € X, suppose that for arbitrary «, f satisfies —22f'(2) # «
and the following inequalities:
(i) For the case 0 < v <

2 (7)) <wa

(ii) For the case 3 < a <1

)5

then f € MC(a).
Theorem 1.2. Let f € X, suppose that for arbitrary «, f satisfies —22f'(2) # o and

the following inequality:
zf"(2) 3a—2
1 >
(5 3) > ey

then f € MC(a).
Goyal and Prajapat [1] proved the following results:

Theorem 1.3. If f € ¥ satisfies the following inequality
2f"(2) (1-a)3—-a)
f'(2) 2-«

then f € MC(a).

—zzf’(z)+1‘< (0<a<),
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Theorem 1.4. If f € X satisfies the following inequality

Zfll(z)_ 2 p1 §
70 22 f'(z2) + 1] < 5

then f € MC.

Theorem 1.5. If f € X satisfies the following inequality

RIS ()1 () = 1) = 2 ()] > =5,

then f € MC.
Recently Wang and Guo [3] proved the following results:

Theorem 1.6. Let f € X and suppose that there exists a meromorphic starlike function
g such that
2f'(2) ( 2f"(2) Zg’(Z))} 1 :
R { 1+ - >— |1+ )
9(2) 'z 9 2

then f € MC.
Theorem 1.7. Let f € ¥ and suppose that there ezists a meromorphic starlike function
g such that

2

)

2f'(z 2f"(z 29 (z 1
e (T ) <l+
then f € MC(3).
Theorem 1.8. For f € X, suppose that there exists a meromorphic starlike function g
such that

YECYEECIE(C ) IO P

9(2)  f(2) g(2) 2
then f € MC(a).

zf'(2)
9(2)

zf'(2)
9(2)

2. Preliminaries

We shall need the following lemma of Miller and Mocanu [2] to prove our main result.

Lemma 2.1. Let D be a subset of C x C (C is the complex plane) and let ¢ : D — C
be a complex function. For u = uy + iug, v = vy + vy (u1,us, vy, vy are reals), let ¢
satisfy the following conditions:
(i) ¢(u,v) is continuous in D;
(i) (1,0) € D and Ré(1,0) > 0; and
(iii) R {p(iug,v1)} <0 for all (iug,v1) € D such that vy < —(1 + u3)/2.
Let p(z) = 1+p1z+p2z2+... be regular in the unit disc E such that (p(z), 2p'(2)) € D
forall z € E. If

Rlo(p(2), 2p'(2))] > 0,z € E,
then % p(z) >0, z € E.
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3. Main theorem

Theorem 3.1. Let « and 3 be real numbers such that a < 8 < 1. If f € X satisfies

1

—R [(1—a)z2f'(z)+a (1+ Z}C,((j))] >3,z € E, (3.1)
z

then —R(2%2f"(2)) > 0 in E. So, f is meromorphic close-to-convex in E. The result

is sharp in the sense that the constant 8 on the right hand side of (3.1) cannot be

replaced by a real number smaller than a.

Proof. Define a function p by p(z) = —2z2f/(z) where p is analytic in E. Then,

- [(1 — )22 f(2) + a (1 + Zf”(z)ﬂ

f'(z)
= {(1 —a)(—p(2)) + « <1 + Z;);S))] (3.2)
Thus, condition (3.1) is equivalent to
1—a a zp(z) a-p
%[l_ﬂp(z)—l_ﬁ o) +1_6]>0,26E. (3.3)
If D= (C\ {0}) x C, define ¢(u,v) : D — C as under:
-« a v a-—p
o(u,v) = l—ﬁu_ 1—BE+ 5

Then ¢(u,v) is continuous in D, (1,0) € D and R(4(1,0)) = 1 > 0. Further, in view
of (3.3),
Rlo(p(2), 20 (2))] > 0, 2 € E.

Let u = uy 4 iug, v = vy +iva(uq, ug, v1, vy are real numbers). Then, for (iug,v1) € D,

1+u
with v; < — +2 2,We have

1—aw2_ Q@ '1171_'_04—5 :a—ﬂ <0.
1-4 1—Bius  1-7 1-p
In view of Lemma 2.1, proof now follows.
To show that the constant 8 on the right side of (3.1) cannot be replaced by a real
number smaller than «, we consider the function
—z —2log(1— 2)
fo(Z) = 22
which belongs to the class ¥. A simple calculation gives

~ |0 - )25 +a (1+ f(<)>>] |
- (-a) [—z +3z Jj(ll_—zz)) log(1 — z)]

—23 41022 — 72 — 8(1 — 2)%log(1 — 2)
—
23— 4224+ 324+ 4(1 — z)2log(1l — 2)

3?[([5(2@@7 Ul)} = 8?

)
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Using Mathematica 7.0, we plot in Figure 3.1, the image of the unit disc E under the
operator

-Ja- @z +a (14258

taking @ = —1.

Figure 3.1

From Figure 3.1, we observe that minimum real part of

1= @)22f) + (1 + zfé&(;)))] for o = —1

is smaller than —1 (the chosen value of «).
In Figure 3.2, we plot the image of unit disc E under the function —z2f}(z).

It is obvious that —R(22f}(2)) # 0 for all z in E.
Moreover, the point z = 0.9 is an interior point of E, but at this point

—R(22f}(2)) = —10.766... < 0.
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10 T T

~10 -3 [
Figure 3.2

This justifies our claim.
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Inequalities involving Mittag-Lefller type
g-Konhauser polynomial

Bharti Vishandas Nathwani

Abstract. In the present work, we propose generalized structure of the g¢-
Konhauser polynomial suggested by a generalized g-Mittag-Leffler function. For
this polynomial, we obtain its difference equation and several other properties
involving inequalities are also derived which yield as the particular cases, g-
analogues of the generating function relations and finite summation formulas.
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Keywords: ¢g-Mittag-Leffler function, g-Konhauser polynomial, series inequalities,
difference equation, generating function relation, series inequality relations.

1. Introduction

In 1903, Mittag-Leffler [20] proposed a function F,(z) defined by

Eo(z) = ; Tlan 1)’

where z is a complex variable and o € C, R(«) > 0. Later on this function was referred
to as Mittag-Leffler function. The Mittag-Leffler function is direct generalization of
the exponential function to which it reduces for a = 1. This function has some inter-
esting properties which later became essential for the description of many problems
arising in applications. Nowadays the Mittag-Leffler function and its numerous gener-
alizations have acquired a new life. The recent notable increased interest in the study
of their relevant properties is due to the close connection to the Fractional Calculus
and its application to the study of Differential and Integral Equations. Many modern
models of fractional type have recently been proposed in Probability Theory, Mechan-
ics, Mathematical Physics, Chemistry, Biology, Mathematical Economics, Engineering
and Applied Sciences etc. There are many applications of Mittag-Leffler function and
its generalizations in Astrophysics problems (see [17]). One application of Mittag-
Leffler function is described below.
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In a reaction-diffusion process if N(t) is the number density at a time ¢ and if the
production rate is proportional to original number, then

d
%N(t) = AN(t), A>0 (1.1)
where A is the rate of production. If the consumption or destruction rate is also

proportional to the original number then

d
EN() = —uN@), p>0 (1.2)
where p is the destruction rate. Then the residual part is given by
d
dtN( ) = —eN({), c=p—A (1.3)
If ¢ is free of ¢t then the solution is exponential model
N(t) = Noe , No=N(t)att=tg (1.4)

where 1 is the starting time. Instead of total derivative in (1.1) to (1.3) if the fractional
derivative or fractional nature of reactions is considered, that is, an equation of the
form

N(t) =Ny = —coD;" N(t) (1.5)

is considered where ¢D; " is the standard Riemann-Liouville fractional integral oper-
ator, then the solution

c vk
NOZ CUE B, (16)

involves E,(.) which is nothing but the Mittag-Leffler function.
The well known Mittag-Leffler function [20]

oo n

Eo(2) :;_:Ol“(oz:z—i—l)’ (1.7)

where z is a complex variable and a € C, $(«) > 0 was generalized by Wiman [37]
in 1905 in the form:

oo n
(2) = HZ:% m, R(a, B) > 0, (1.8)
which is known as Wiman’s function or generalized Mittag-Leffler function.
Note 1.1. E, 1(z) = Eqo ().
In 1971, Prabhakar [25] introduced its extension:

Z’I’L

EV -
Zfarm-ﬁ) nl’

(1.9)

wherein R(«, 5,v) > 0
Note 1.2. Eéﬁ(z) = E, 5(2).
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In 2007, Shukla and Prajapati [34] introduced the function:

q - (Vgn 2"

in which a, 8,7 € C; R(,3,7) >0 and ¢ € (0,1) UN.
Note 1.3. E)';(2) = E] 4(2).

As a continuation of these studies, Nathwani, Dave and Prajapati [27, 28, 29, 23, 22,
24] introduced the following function:

Definition 1.4. For o, 5,7, A € C, R(«, 8,7,A) > 0, ,u > 0, r € {—1,0}UN, s €
Nu {0}

B on’ n, 1.11
aﬁ)\uzsr ZI‘om—f—ﬁ (A)n]” .Z ( )

Note 1.5. E)'% , (21,0) = E]%(2).

The objective of constructing this function is to
(i) include certain existing generalizations of Mittag-Leffler function,
(ii) also include the functions such as Bessel Maitland function, Dotsenko function,
Bessel function, generalized Bessel Maitland function, Lommel function etc. especially
by means of parameters r,v, A (Table-1 below)
(iii) obtain inverse inequality relations and some other inequalities by means of the
integer ’s’
Since the time of Wiman (1905), many researchers have proposed and studied various
generalizations of the Mittag-Leffler function [20] (see [38], [25], [34], [14], [15], [18],
21], [27), [29], [32], [33], [10]).
The g-analogue of the above generalized Mittag-Leffler function (1.11) is given by
Nathwani and Dave [22, 24]:

oo

Z )7 gD Dy (v + om))°
o q,BJrom Lo+ pn)]" (G @)n

where «, 8,7, A € C with R(«, 8,7, ) >0,0,u>0re{-1,00UN, s € NU{0},
p=a?+ru?—s6% +1 with R(p) >
The aim of the present work is to extend the well known ¢g-Konhauser Polynomial [6]

0
E; 5 u(238:7]q) (1.12)

[qﬁ—l—l]km m qkn(kn—l)/2+kn(m+ﬁ+1)(q—mk. kn

aqk)n xz
(@%:¢%)m "0 (4P kn (4F54%)n 7

and hence the generalized g-Laguerre polynomial [30]:

Z8 (x;klq) =

n

[q[ﬂ+1]m m qn(n+1)/2+n(m+ﬁ)(q—m.;q)n T
(@ D)m = [¢° ] (43 9)n

where () > —1 suggested by the generalized g-Mittag-Leffler function (1.12).
The following definitions and formulas will be used in this work.

L (xlg) = : (1.13)
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For a € C, and 0 < |g| < 1, the g¢-shifted factorial is defined by [13, Eq.(1.2.15), p.3
and Eq.(1.2.30), p.6]

1 if n=0
- — oo (1 = g™ 1 ;
(a;q)n = (1(q. ;))(1 ag):--(L—aq"™) if neN (1.14)
21 4/00 if necC,
(ag™; @)oo
where
oo
(@ @)oo = [[(1—ad®), ol <1,
k=0
A well-known extension of the g-shifted factorial is given by [12]
[t — laln = (t = a)(t — aq)(t — ag®) -+~ (t — ag"™"). (1.15)
A finite series-product identity [12]
> gt m o =T+ g, (1.16)
k=0 k=1
The g-derivative of a function f(z) is defined by [13, Ex.1.12, p.22]
f(x) = f(zq)
D,f(z) = —F——— 1.17
Definition 1.6. A ¢-Gamma function is defined as ([16], [35]):
. 1— l-«
Ty(a) = 2= U-0) (1.18)

(4°39)oo
where  # 0,—1,—2,...,and 0 < ¢ < 1.

The g¢-analogue of Stirling’s asymptotic formula [19, Eq.(2.25), p.482] for the ¢-
Gamma function is

1
Lo~ (1) T (5 ) (=) o), (119)
where p (x):97q” 0<0<1.
! 1—q—q’
A ¢-Beta function B,(z,y) is expressible in different ways [13].
1
B,(z,y) = /t"c_l(tq)y,l dqt, (1.20)
0
(1 — q) (Q)oo (qw+y)oo
B,(z,y) = , 1.21
and
[ s (150
—1 (443 9)oo
B,(z,y :/tl R LA A I 1.22
oY) (tq¥; q)os * (1-22)
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in which y # 0,—1,-2,..., R(z) > 0.
The ¢-Euler (Beta) transform is [13]:

BU/() 0, ) = [0/ 0D ) g (1.23)
0

The g-Laplace transform.
Hahn [16] defined the g-analogues of the well known classical Laplace transform:

F(S) = 6(8) = [ (o) e
0
by means of the following two integral equations.
s-1

CAF(D) = ﬁ | Edtaso 50 ae (1.24)
0
and
LSO} = o [ eal=50 £0) dit (1.25)
0

where R(S) > 0.
The ¢-analogue of Riemann-Liouville fractional integral operator ([4], [39], [31]) is
given by

x

/ (& — @)oo F(y) gy, (1.26)

a

q15+f($) = thu)

where p is an arbitrary order of integration with ®(u) > 0.
In particular, for f(x) = 2”71, the equation (1.26) reduces to

_ Ly(v) _
IF f(a)a" ™) = ot 1.27
JE S = s (1.27)
The fractional ¢-differential operator of arbitrary order «, is defined as ([5], [31]):
1 xT
DS f) (x :7/:5— . doy, 1.28
(¢D5Lf) () F‘Z(_a)o( [q)—a1 f(y) dgy (1.28)

in which R(a) <0, 0 < |¢| < 1.
It is to be noted that ( ¢Dg, f)(x) = DZ , f(x). In this context, we have

(oDay f) (@) = (dci(;) (oLa57f) (). (1.29)
If f(z) =21, then (1.28) reduces to

D8 2471 = mxﬂ—a—l. (1.30)
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The generalized Konhauser polynomial due to Prajapati, Ajudia and Agarwal is given
by [26]:

Fkn+a+1) n!’

LED (k) = 29 (01 k) = (1.31)

We propose here generalization of ¢g-Konhauser polynomial.

Definition 1.7. For a, 3,A >0, m,0,u,k,s € N, r € NU{0}, m* =[], the integral
part of &, define

ks 7“|Q) = q yq)am i q5k5"(m+(5nk71)/2) qén(a(ﬁJrl)Jrr#)\)
[(0%; %) m]* (P D an (@5 0) un]”

X[(q‘m’“,Q) ] . (1.32)

(q%; ¢")n

B(a*n@;)vﬂ)(

The polynomial in (1.32) will be referred to as ¢-GKP.

2. Generalized ¢g-Konhauser polynomial

If a=keN,s=1r=0 then (1.32) reduces to g-analogue of another general-
ization of the Konhauser polynomial (1.31) in the form considered by [26]:

BB ,\,u)( K1,0lq) = (0P Q) o gFOn(RIn=1)/2+6nm gonk(5+1)
m ] (qk.qk) — (q,@—i-l Q)an
X (q mk qk)én kn
(¢%;q%)n

A g-analogue of the classical Konhauser polynomial (1.13) is obtained from (2.1) by
taking 6 = 1, that is

(q5+ q)km m qkn(kn—l)/2+kn(m+3+l)(q—mk;qk)n xk:n
(@ 54" m = (@ Qen (0%6)n
= Zp(a;klg). (2.2)

B (a1, 00) =

Further, with £ =1,
(qﬁ+1;q)m m qn(n+1)/2+n(m+5) (q—m;q)n n
(G D)m = (@ Dn (@3 Dn
= LY (alq) (2.3)

BiAA (231,01q) =

is a g-analogue of the generalized Laguerre polynomial.
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Theorem 2.1. Let

(@Y Qam m” o (Ron(kon—1)/2+kénm) oSn(a(B+1)+rud)

BS;B’A’”) sl =
( | ) [(q q )m] 0 (qﬁ+l;Q)an [(qA;Q)un]r
—mk. k s .kn
(@*;¢*)n
Then as limit m — oo, B,(,?;ﬁ A “)( 1 8,7|q) approaches to the entire function
YRR Vet N G il ottt
> [(¢"; 4%)oo)® = (@5 @)an [(@750) )"
on(a(B4+1)+ruX) .kn
g . (2.5)
(4% ¢")n

m any bounded domain.

Proof. Tt will be shown first that the series in (2.5) has an infinite radius of conver-
gence.
Taking

(_1)s§n qs(kén(kénf1)/2+k6n(5n71)/2) q5n(a(ﬂ+1)+rp,)\)
(@ @)an [(0*30) un]” (4% ¢")n
(_1)8671 s(kdn(kén— 1)/2+k6n(5n71)/2) qﬁn(a(5+1)+ru/\)
("5 @)oo [(4%5@)oc]”
(”H_'B—H; Q)oo [(qun-l-)\’ q)oo]r )
(¢%:¢")n
Then using D’Albert’s Ratio test, the radius of convergence R is given by

. la

R = lim Un

n—oo

Un+1
(_1)s6n qs(kén(kénf1)/2+k5n(5n71)/2) qén(a(ﬁJrl)Jrr,u)\)

(@5 0)o0 (@ 0)00]” (dF54F)n

(@0 (50" (@) (6 @) ]
(_l)sé(n—l-l) q(9k5(n+1)(6(n+1)—1)/2+(k6(n+1)—1)/2

= lim
n— o0

X

(qk; qk)n+1

PG (et DTEH ) (gD ) ]

qsk§75k262 (1 _ q(n+1)k)

= lim qns9 (kA1) gd(a(B+1)+rud)

n—oo

(L= g™ PH) (1 —qomt042) . (1 — g Hie)
1— pun+A+1 1— pun+A+2 (1= pun+A+p\]—r
(1-q ) q ) q

= OQ.
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Here it suffices to show that for m sufficiently large,

m qs(k§n(k5n—1)/2+k6nm) qén(a(B-‘rl)-‘rTu/\) [(q—mk; qk)én]s zkn (2 6)
v (@ @an (€% Q)pn]” (¢*;4%)n
tends to
00 (_1)s§n qs(k5n(k5n—1)/2+k6n(5n—1)/2) q5n(a(B+1)+ruA) rkn (2 7)
— (@ @an (0730 un]" (a*:6")n '
In fact,

i (_1)55n qs(kén(k(;nfl)/2+k§n((5n71)/2) qén(a(5+1)+ruk) Lk
= (@ @an (0% 0)n]” (¢*;4")n

- m qs(kJn(kén—l)/Q—&-kénm) qén(a(ﬁ+1)+r,u)\) [(q—mk;qk)én]s zkn
— (@ @)an (0% 0)un]” (¢*;%)n
_ Z {qskén(én—l)/2 o [(q—mk; qk)gn]s qskénm (_1)3671}
n=0
qukén(kén—l)/Q qén(a(5+1)+7’u)\) (_1)8571 zkn
(@5 @)an (0% QDunl™ (0% 6%)n
m*
_ Z {qskﬁn(én—l)/Z _ [(1 —qTTR) (1 — gmERY (1 = gTmR2R)
n=0
X(]_ o q—mk+(5n—1)k):| qskénm (_1)55n}
qukén(k(Sn—l)/Q qén(a(ﬁ-‘rl)-&-ry)\) (_1)5677, Lk
(@ @an (@%@ pn]” (€%56%)n
— Z {qskﬁn(énl)/Z _ [(quk _ 1) (quk+k _ 1) (quk+2k _ 1) o
n=0

X(q—mk+(6vz—1)k _ 1)} qskénm}

skon(kén—1)/2 qén(a(B+1)+r/_L)\) (_1)5577, kn

q x
(qBJrl;‘I)an [(q/\W);m}r (quQk)n

X
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IN

*

m

n=0

X(l - quf(énfl)k):ls qsk(?nm qskén(énl)/Zsk&’Lm}

qsk6n(k6n—1)/2 qén(a(,@—l-l)-i-ru)\) (_1)3671 rkn

X
(@t @)an (6% @) un]™ (@F56%)n
Z qskén(én—l)/Q _ {(1 _ qu) (1 _ qu—k) (1 _ qu—Qk) o
n=0
X(l _ qu—(én—l)k)]s qskén(én—l)/2

skon(kon—1)/2 gon(a(8+1)+rud) || P
(P Qan (@D un]™ (0% ¢%)n

q

The absolute difference may be simplified with the aid of the inequality

to get

IN

IN

q

X

q

k
(l—z)>1-> @, 0<a;<1, j=12,.. .k

k
=1 j=1

J

qskén(én—l)/Q _ [(1 _ qu) (1 _ qu—k) (1 _ qu—2k) o

X(l _ q’mk—(én—l)k):| 8 qskén(&z—l)/Q
skdn(dn—1)/2
1— |:(1 _ qu) (1 _ qu—k) (1 _ qu—2k) o (1 _ qu—(én—l)k):|

s
on

qskén(énfl)/Z 1 — H(l _ qufjk%»k)

j=1

S

on
skén(dn—1)/2 1- 1= quk—jk+k
j=1

s
on

kén(dn—1)/2 mk—jk+k
q° > g

Jj=1

Z {qskén(én—l)/Q _ {(1 _ qu) (1- qu—k) 1- qu—Qk) o

387

(2.8)
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S

on
_ kén(én—1)/2 mk—jk+k
g > g

Jj=1
s
on—1
. skén(dn—1)/2+skm —7k
= gq ( )/ E g
Jj=0

-6
qskén(5n—1)/2+skm (1 —4q nk)s

(1—g7)
— qskz?n(énf1)/2fsk5n+smk+sk (1 — qénk)s
(1—g")>

skén(dn—1)/2—skdn+smk+sk
(1—q*)s ’

< q

because dn < m. Therefore,

qskén(5n—l)/2 _ [(1 _ qu) (1 _ qu—k) (1 _ qu—Qk) o

(1 — qu—(én—l)k)} oRon(en=1)/2

skon(dn—1)/2—snék+smk+sk
(1—q*)

This last inequality is valid for all non negative values of dn. Substituting this into

(2.8), one gets

q

< (2.9)

i (_1)86n qs(kén(k5n—1)/2+k5n(§n—1)/2) qén(a(ﬂ-i-l)-i-ru)\) zhn
—~ (@ @)an (073 0) un]” (¢*;4")n

m* s(kén(kén—1)/2+kénm) qdn(a(ﬁ+l)+r,u>\) [(quk;qk)én]s rkn

q
v (@ @an [(6%; @) pun]” (¢";4%)n

qsmk+sk 0 qskSn((Snf1)/27sn5kqsk5n(k5n71)/2 qdn(a(BJrl)Jrr,u)\) |1.|kn

= U=y — (@ @an (6% Qpn]” (0% ¢F)n

Thus the last series (2.10) has an infinite radius of convergence and is therefore
bounded in every bounded domain. It follows that the left hand side in (2.8) — 0
as n — oo uniformly in any bounded domain. Hence the series (2.6) converges to
(2.7) uniformly on any bounded domain. O

(2.10)

3. Difference equations

The operators considered in this section are listed below.

Agf(z) = f(z) = flzq™"), Of(z) = f(z) — f(zq),
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D, f(x)=(1—¢q) Dyf(x) :=(1—q) f(z) — f(zq) _ f(x) —f(xq)7

T —xq x

a—1la—1
{TL Mo+ cvat-vrore -]
— Plab,em)

u=0v=0

a—la—1
{ H H [c—uql—(b—i-v)/a]m}
u=0v=0

a—la—1
{ H H [@ + Cfuq(bJrv)/a _ l]m}

u=0v=0

and

(abcm)

a—1 a—1 - Fu,v
{ H H [c—uq—(b+v)/a]m}
u=0 v=0

In the notations of these operators, the difference equation satisfied by the polynomial

B,(T?JB”\’“) (z%; 5,7|q) is derived in the following theorem.

Theorem 3.1. Let o, B, X\, m, 0, p, k, s € N, r € NU{0}, m* = [§] then
B(a757>\’#)($k

N ;8,7]q) satisfies the equation

(D(“’ 5T <I>( 7ﬂ+1 o;1) @] R (z%; 5,7q)
s — skom Sk,—mk,x;s a,B,A, s

gk q (k6 (k6 1)/2)+ kS ‘I’gz X )B,(n*ﬁ u)( k s(kd)? :s,7]q) = 0, (3.1)

where x is (6k)" root of unity, n is ut" root of unity, o is o' root of unity.

Proof. The coefficient of z"* in (1.32) will be first expressed in g-factorial notation
with the aid of the formulas [13, Appendix I]:

(a;@)kn = (a,aq,...,aq" ;¢"),,

(a*;¢")n = (a,awp, ... awf Y g8, swp = el

(A ¢k = (AY™ Q) (AY"w; @)k - . (AW ) g, W™ =1,

27i) [k

and
5—1
(@50 = (@% Q0 (@ .. (@ )0 = [[ (@05 )y &° =1.
1=0
Now if

n/8] [ 6k—1 6k—1 p—1p—1 -1
Z H H X q—mk+z)/(5k {HH n q>\+n /[L )]r}

n=0 =0 =0 =0 k=0

s(kén(kdn—1)/24+kénm) ,on(a(B+1)+ruX) nk
x 1 a L=y (3.2)

a—1a— k; k n ’
l_I1 [1 (o q#+9/e;q),, (5547)
=0 g=0
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ok—1 0k—1

H H X q —mk+i)/( 5k
a—1a— 12
I II" ¢+ q)n = Cu, g
h=0 g=0

then (3.2) will assume the elegant form:
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p—1p—1

Hm H H ! ()\+k /# )n]r = BTL)

£=0 k=0

s(kén(kén—1)/2+kdénm) 5n(a(ﬁ+l)+7“p)\) -G

[n/9]
Hrn Gn %
Y= —x”
nz:;) By Cn (¢%:¢")n
Now
n/é n/s
0y = [/]H”—g” nk _ [/]H gn xnk
— Bn Cn (¢%:¢%)n — By Cn (05 0")n1
Next operating by @ﬁ;ﬂ’ml), one gets
a—1la—1
[n/9] G 1 I1(© + o hg=(Bra/e _1)
(a,B8,031) Hn Gn h=0 g=0
q)h,,g @y Z B

a—1la—1

X{ I I e" a7
h=0 g=0

n(k; k)n—l -
d*;q {T_I

a—1a—1

11 (g*hqlf(ﬁJrg)/a) }

h=0 g=0

—1
q)n} z"k

a—1la—1
(n/5] [T II(1—ohgntTEra/e)
Z Hn gn h=0 g=0 :L,nk
B ) a—la—1
[T II (c"qBta)/e;q),
h=0 g=0
n/é
[i] ", gn -
By, Cot (4% %)y

Finally,

(s A,m5m) 5 (@0, B,031)
P <I>h(fg ey

s AL

[n/é)

- X

||:l\

(@ +n—ﬁq1 M r)/p _ 1)] }

SRe

—1p—1

it

¢=0 k=0

s

ﬁ (n—tqt—Or) /] }

H H ¢ ()\Jrn /[L ) ,]T 2"k
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[n/d]

g {:lj:ul:[ (=g +n7eq1 (>\+n)/p)]r}
— Z C n n

) -1 p—1lp—1
{ I1 II [(n—fql—““)/“)]’"}
£=0 k=0

1p—1 -1

{HH ' g+, w} 2"t
=0 k=0

[n/d]

Hgn n

n—1

Thus,

[n/d]
q)gfi’;)\v”l;r)(bzoféﬂ,o;l)@y _ Hn+1 gn+1 l,nkJrk'

k. 4k
Further,
GOl gUaB ) (ks k07 pg)

Sk—1 Sk— . ‘
[n/d] H,) G s(k6)2n { =0 11;[ [(@+X_]q_(_mk+l)/(5k) _ 1)]5}

k: .
) B, Cp (q 34 )n 61ﬁ1 Sk—1 }

l,nk:

H [(X*jq*(*mk+i)/(5k))]5
j=0 =0

[n/9]

g qs(k(g 0k—1 o0k—1
_ n ( mk-+i)/(5k).
- Y et {1 o o]
6k—1 0k—1
X{ H H [(1 _ qun—&-(—mk—i-i)/(&k))]s}xnk
j=0 =0

and hence

kg3 (kS(k6=1)/2)+skom %i&—mhx;s) B,Sf;B’A’“) (mkqs(ké)z;sﬂq)

[n/3]
_ Hn+1 gn+1 Ink+k (3 4)
—0 B Cy (a%;6%)n ' '

The equation (3.1) now follows by comparing (3.3) and (3.4). O

4. Generating function inequality

With the motivation of work done by ([36], [9], [7], [8], [1], [2], [3]) on inequalities,
in this section certain inequalities containing ¢-GKP are obtained.



392 Bharti Vishandas Nathwani

Theorem 4.1. If a, B, A > 0, m,0,u, k,s € N, r € NU{0}, 0 < st < 1 then the
following series inequality holds.

e B(({:ﬁv)‘»l‘) s k. k o s
- B+1(m 511D e < (eqe (1)) [(qﬁ-"rqli) |
w0 (@Thdam (@t @)oo
xBég"ﬁ’)"”) (2% t%%; s,7|q). (4.1)
Proof. From left hand side of (4.1),
B(QBA#)(:C ar s
= @ hd)am
_ i 1 (¢ ,q)am
A= (@M @)am (6% dF)m]®

skon(m+(dnk—1)/2) q5n(a(ﬁ+1)+rp)\) [(quk q )&J kn
ms

(@5 Qan (@ 0)un]™ (655 ¢%)n

0
_ i WZ qsk'én(m-l—(&nk—l)/Z) qén(a(ﬁ+1)+m¢)\) xkn
— [(@*:¢")m]* (@5 @)an [(0*50)n]” (0% ¢F)n
_1)55n qsk6n(5n—1)/2—skm5n [(

qk;qk)m]s tms
[(q"%; 4%) (m—sm))®
1)8671 qskrén(ktén—1)/2+sk5n(5n—1)/2 q6n(a(6+1)+7‘u)\) zkn

B co m* (_
- 7,;7;) (@t @)an [0 @) un]™ (0556%)n

th

>< B,
[(qk; qk)(m—tsn)}s

i tms i (71)5671 qskén(kénf1)/2+sk6n(5n71)/2 qﬁn(a(ﬁJrl)Jrr,u)\)
A (O O et (@ @)an (4% @)pnl”
ts6n xkn
Xi
(q":")n

Here the inner sum is obtained by making limit m — oo in

B(O"ﬁ)‘“)(x tsé S 7,|q)

qskﬁn(m+(5nk71)/2) qén(a(ﬁ+1)+m¢)\) [(quk;qk)én}sxkn

("5 q)
[(¢%;4%)m]* RZ:% (@ @)an (010 un]" (0% ¢%)n ’

and since 0 <t < 1,

>

m=0

tszin

ms

B(aﬂz\u)(x :5,7|q) tms—i
(" @) am

m:O

(4" 6")o0)® L a 55
S (P g)m BB (28 99 5, 7]q)

S
B(a,ﬁ /\,u)( t‘;é s r|q)
B+1
(m 0 q q m (q
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= (e (t))s M B(aﬁw\,u)(xk‘ % 5,7)q) 0
B (@) P
4.1. Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 4.1 will yield the generating
function relation. Their various specializations are deduced here.
(i) Taking « =k € N, r =0 in (4.1) leads to

S e = ) (G 1
Further the Z;:sz 6 =1, gives
S e = 0 (R s
Finally, for £ = 1 this reduces to (cf. [30, Eq. (1), p. 201])
:0 Ll iy 0= @y

4.2. Special cases-Inequalities
If « =k € Nin (4.1) then
e B”(‘f;/@QMN) (

>

m=0

z*;s,7]q)
(qﬁ+1; Q)km

This will be used in the next section.
Further for § = 1,7 = 0, this reduces to

B (xF s k; k K
2 M £ < (eqe (1) M Z8, (2" % o).

m=0

k. k s
- O (t))s [((;Iﬁﬁ,zlzi

BESMD (199 5, r]g).

Consequently, the generalized Laguerre polynomial case k = 1, is

imtms < (e (LD 10 (o)

B+1. = B+1.
= (@ O (@ 0)s
Here
28 (mk|q) _ (q6+1;q)km i qs(kn(kn—l)/2+knm) qn(k(ﬁ-i-l))
ms ()] 2= @ Q)
(g5 q")n]® 2"
< L R(B) > 1, (4.2)
(¢*;%)n
is g-extended Konhauser polynomial. And
L (xlg) = 23, ().

is g-extended Laguerre polynomial.
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5. Finite ¢-series inequality

In this section, the inequality below involves finite g-series and ¢-GKP.

Theorem 5.1. If B, A >0, m,d, u, k,s € N, r € NU{0}, then

B 2\ 7 G (—1)F gkilG—1)/2
Br(r]f*ﬁ # (Jﬁk; s,7lq) < (QB+1§Q)km () Z %
y) = (dhdh);

(k8,2 1)

B (yFs s, rlq
% (<y> qk( j— S+1)7(] ) (m—j) ( | )
J

x ("5 QD(m—s)

Proof. From the inequality (4.2), one gets

oo B(’fﬁ/\u)(x :s,7|q)

(q5+1 Qkm

m=0
k.
With ¢ = (£)* w, it gives

o By (a5, rlg) () e
- w
k
)

(qﬂ+1 ; Q)km

m=0

Y\ ’ [(¢%; ¢")oe)® (k,8,\um) [ (TY .
< Z st ool gkBaam) (22 29, .
< (eqk <<k) w)) (P g B ( i ) w*; s,7|q

Hence,

B(k’B)"“)(x $,7|q) ( )
(qB-‘rl

cq‘3
/\
/N
/N
ElRS
N—
5l

g
N———
~_
,

km

m=0
[(@":0")c)” pkson, (
By 2 ( ) ;8,7|q
[ |
Now interchanging the role of « and y in (5.2), it yields

B () e (o ()

m=0

m BB (( ) s 7°|q> .

Here from (5.2) and (5.3), either

> B(kﬂvh,u)(

Z (P,

m=0
) kﬁ)\p,)(

Z ﬂ+1

5
ms
w eqk (

E NS
N
g

g

> ()

q)km

2 )7 o e (7)

=
|
I3

w
i

Yy

k.
q)
k.
D

(5.1)

k. k s
im < (6 . (t))s [(q 7q.)oo] B(()loc,ﬁ,)\,,u)( ts& s ’I”|q)
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or

i BEAM (ks r]q) (g)%” ™ (e (5)%10 -
(qﬁJrlaq)km k a* k
o kSR (4,

S Sl (1) e (2)0))

IN

Now rewriting the inequality (5.4) in the form

km

o k,B,A,

Z B( B u)( ko s,rlq) (g)T W™

m=0 (qﬂ+1aq km k
B(kﬁ)\ﬂ)(

& B O (e (7))
(o (7))

IN
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and using the easily verifiable identities and inequalities (sz, sy € (0,1), s € N), ([11],

[13]):
eq(x)Ey(—x) = 1,
(By(—2))® < Ey(—a*),
(14 ) Eq(qz) Eq(x),
€q—1(x) = Eq(—xq),
(1—x)eq(x) = eq4(qr),
(eg1(=2¢™)) " < eglatq™),
(eg(—2))" < eq(—2%),
(eg1(=2a™"))" < eq(=a*q™?),

the above inequality can easily be written as

s B(kﬁ/\ﬂ)(

z”; s,7q) (y)s o
(@5 @Q)km

0o pkBA\u) (k. km "N s
< 3 i) (0 F e (5, (< (7))
x( (7))
o0 kl”\) . km k
< 3 Bl (4 e (< (7))

X

w (-(0)")
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IN
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( ) km :
5 P ()T v (- ()

(o) (e (4 ()

(kﬂk ) km
S B (5 g ((2)

(o) (o (")
B(kﬁku)( k.

o (7))

k.8, ‘
B( By i) (y s,7]q) ( ) .
m=0 (q,B+1 q) km k *

Xegk (q_Sk (%)§ ws>

e B(k;ﬁ)\vﬂ)( k

Y

ol
g
w
~

o
g
@
N———

ﬂm
=
=2
S
Pl
~—
@‘3
3
»
&
=]

Ead
/I\\
—~
> 8
~—

ol
g
w
N————

=}
/I\
~
> 8
~—
o
g
»
N~~~

01‘§

Yy s,7r|q) (7) wmsi (=1)7 gkii=1)/2 <E>%wsj
@+ @ km k = (@), k

m=0

00 B(k,ﬁ,hu)( k k /f(J i)(j—i—1)/2

m o J
s Y8 rlq) (x)T mszz
- w
(q6+1;Q)km k

m=0 j=01i=0 q 4 )J_’L
(.I‘ k(jé—i) ws s(g—1) (g)% —ski sz
X —
k (q"; %)
i kﬁ)"”) (y*:5,7|q) (x)kT (—1)7 gFiG=1/2 4% (m)%
(@ @)km k = (g% %), k
J y %
gFii=1/2 (7) (1—j—s8)ki
<3 Hk AN
B(k75a>\7u)( k. s,7q) (:C)Tm msi (,l)j qkj(j71)/2 wsI (x)%
it w il
= (" )km k = (q";4%); k

0= () )
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(k, 8,2, 1)

i i iy (y*s s, 7lq) (x)i’““’”{” ey 870D/ %0 (x)u
= Z w S
m=0 j=0 (qﬁ+1; Q)k(m—j) k (qk; qk)j k
J y k
1— (7> k(i—j)
I ( 'y
m kB o -
Z $- ((mﬂj 1 (y*;s,7lg) ghiG-1/2 (x)% <(y)’s Kg-atD), ) s
_ - Z) g w™?.

= @S ke (@464); Nk z i

Now comparing the coefficients of w™* both the sides, one arrives at (5.1). g

5.1. Special cases

(i) From (5.1), one gets finite summation formulas for s = 1:

km

oo kJ(J 1)/2
kBN, °
BEAMIGR 1 rlg) = (¢h0) () >

=0 J
(k.,B, A,M)(

L By (s Lrlg)
Y\o  —kj. k (m—j)
X (7) q J;q) 5.4
(x i (P Dk (54)

From (5.4), with » = 0, the following summation formula involving the generalized
Laguerre polynomial (1.31) occurs.

k

B (L) giG-1)/2 £
L@kl = (@) () Z((i)éq"”;qk)
=0 J

J

k,
L2 (")

(@ QDr(m—g)
Further, § =1 in (5.5) provides
km m gFiti=1)/2 k
x .
Zn(xikla) = (@™ 0)km (> Z —— <<y) q’”;q”“>
Yy iz )j z J
24y (i Kla) .
(P @k (m—y)
The Laguerre polynomial case follows immediately with £ = 1 in the form:

B = @ () SR (L) g0i).

Yy j=0

Ly (wla)

(qﬁJr 7q)(m—j) .
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6. Mixed relation

Theorem 6.1. For S, A > 0, m,d,pu,k,s € N, r € NU {0} there hold the mized
relations:

(1—¢%) BEPA (% s,00q) + (1 - q) ¢° & DB (2% 5, rq)
m k7 - 7>‘11‘
= (1 ¢PHEmBUITIM (wgd )R s v g), (6.1)

where

_ f(@) — f(zq)

T —xq

Proof. Here

Lhs. = (1—¢%) B2 (b5 rlg) + (1 q) ¢ @ DaBYP M (s s,7]g)
. s(kon(kdn—1)/24+kénm) on(k(B+1)+rur)
= (1 - qﬁ) k ’k s* Z d B+1 /\q T
; i (@ Dren (@73 0) an]
—mk kn B+1.
I ,q) n]® @ F-g) ¢ o q(qlc ,kq)am
(4" 4")n [(¢%; ¢*)m]®
qs(k5n(k5n71)/2+k6nm) q6n(0¢(ﬁ+1)+7‘/_t)\) [(quk;qk)én]s T
2 T T g (@ DT @54

m*

X

kn

_ (1 B qﬂ) (q,8+1; Q)km WZ qs(kén(kén—l)/2+k6nm) qén(k(ﬁ+1)+ru)\)
il 22 @ g (@l

[(q*mk,q) n® @k (@Y @) am

(4% ¢%)n N ) ml?
y Z qs(kén(kénfl)/2+k:5nm) qén(a(ﬁJrl)Jr’ru)\) [(quk’qk)(;n] D (xkn)
s (@Y Q)kn (0% 0) ] (@*: g5 1

+(1-q) ¢’

( ﬁ) Z qs(kén(k5n—1)/2+kénm) qén(k(ﬁ+1)+rp>\)
= 1 — q !
E Nl 2 (@ Q) (@ Dl
—mk kn 5+1
% [(q 3 q ) ] €z 4 (1 o q) qﬁ (q )ow’r;,
U [(a%; ¢%)m]’
qs(kén(kén—l)/2+k5nm) qén(oc(,@+1)+7"u)\) [(q—mk;qk)én]s (1 _ qkn)

— (@ @k [(0%50)un]” (@*5%)n  2(1-q)
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(q6+1§q)km m” qs(kén(kén—l)/Q—i-kénm) q(5n(k(ﬂ+1)+ru)\)

( ) [(qk; qk)m]s n—0 (qﬁ+1; q)kn [(q)\; Q)un]r
~ [(quk; qk)én]s zkn + ( B kn+[3> (q5+1; Q)ocm
(q";:¢%)n [(q%; g*)m]®
m” qs(k5n(k5n71)/2+k5nm) qﬁn(a(6+1)+rp)\) [(quk:;qk:)&n]s
X
v (@@ [(@75 @) un]” (¢*;4%)n
(1 _ qB—Hcm)(qB’ q)km iﬁ: qs(k6n(k6n—1)/2+k5nm) qz;n(k(ﬁ—o—l)—o—r,u)\)
[(qk§qk)m]s "0 [qﬁ]kn [(qA;Q)MH]T
N O O I
(4*:¢")n
= (A= BRTT M (2g) s, vlg)
r.h.s.

O
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A class of differential systems of even degree
with exact non-algebraic limit cycles

Abdelkrim Kina, Aziza Berbache and Ahmed Bendjeddou

Abstract. Up until now all the polynomial differential systems for which non-
algebraic limit cycles are known explicitly have degree odd. Here we show that
that there are polynomial systems of even degree with explicit no-algebraic limit
cycles. To our knowledge, there are no such type of examples in the literature.
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1. Introduction and statement of the main results

We consider a polynomial differential system of the form

& = P(z,y),
{ QZQ(x,y), (1.1)

where P and @ are real polynomials in the variables x and y. The degree of the system
(1.1) is the maximum of the degrees of the polynomials P and ). As usual the dot
denotes derivative with respect to the independent variable t.

A limit cycle of system (1.1) is an isolated periodic solution in the set of all
periodic solutions of system (1.1). If a limit cycle is contained in the zero level set
of a polynomial function, see for example, [[1], [4], [5], [9], [11]], then we say that it
is algebraic, otherwise it is called non-algebraic see for example ([2], [4], [8], [10]).
The topic of limit cycles is interesting both in mathematics and in science and many
models from physics, engineering, chemistry, biology, economics,..., were displayed as
differential systems with limit cycles.

An important problem of the qualitative theory of differential equations is to
determine the limit cycles of a system of form (1.1). We usually only ask for the number
of such limit cycles, but their location as orbits of the system is also an interesting
problem. And an even more difficult problem is to give an explicit expression of them.
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In the chronological order the first examples where explicit non-algebraic limit
cycles appeared are those of A. Gasull and all [8] and J. Gine and M. Grau [10] and by
Al-Dosary, Khalil I. T.[2] for n = 5. In [6], an example of an explicit limit cycle which
is not algebraic is given for n = 3. Bendjeddou in [3] provide a class of polynomial
differential system of degree odd with explicit limit cycle non-algebraic.

In this paper, we consider the family of the polynomial differential system of the
form

& =a(l+wz+vy)" +n(va? - vy? - 2y - 2way) (2 +y?)"

+a (U4 wa +vy) (a(2® +y°) +2¢ (a? = y?) — dbay) (2* +y°)"
§=y(+wz+vy)"" +n(we? —wy?® + 2z + 2vzy) (22 + )"

n—1

+y (4 wz+vy) (a(2® +y?) + 2¢ (22 — y?) — dbay) (2* + y?) ,

-1
(1.2)

where a,b, c,w,v,n and [ are real constants, n is strictly positive integer (n € N*).
We prove that these systems are Liouville integrable. Moreover, we determine suf-
ficient conditions for a polynomial differential system (1.2) to possess an explicit
non-algebraic limit cycle.

It remains the open question to determine if the polynomial differential systems
of degree 2 can exhibit explicit non-algebraic limit cycles (this question is due to
Benterki and Llibre [6]).

Thus, our main result is the following one.

Theorem 1.1. Consider a multi-parameter polynomial differential system (1.2). Then
the following statements hold.
(a) System (1.2) is Darboux integrable with the Liouvillian first integral

2,2 \" _
Hzy) = (29 o (afmetan)i=timmns)
wr + vy + |

arctan £
_ / e—as—bcost—csm2s ds.
0

(b) If a < 0, w > 0,1 > 0 and 2am + b # 0 then system (1.2) has an explicit non
algebraic limit cycles, given in polar coordinates (r,0) by

1 1 1

r0=3 (“’ (0) " ()7 + \/(g @) (0)F) + a1y (e>i> ,
where
g(6) =wcosf + vsinb,

6
f (0) _ / e—as—bcos2s—csin25 dS,
0

* a cos csin 627mf (271—
pr(0) = el oo 0resingg <1 ,ezm) +f(9)> .

Moreover, this limit cycle is hyperbolic.
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2. Proof of Theorem 1.1

Firstly, we have
xy — yi = n (2l + wr + vy) (:I:2 + y2)n+1

thus, the equilibrium points of system (1.2) are present in the equation curve’s

)

(z® + yz)n+1 2l +wx +vy) =0, (2.1)

we deduce that the origin is an equilibrium point, and any other, if exists must lies
on the straight line

(A): (21 + wx +vy) = 0.
Let (x0,%0) # (0,0) be such a point. Then form the remark above, xg and yo must
satisfy

zo(=1)"" 1 + n(v = waoyo) (5 + ¥3) + zo(=1)(alaf + y3)

+2c(z¢ — y3) — 4ba:0y0) =0,
yo(—1)" T + n(vzoyo — wys) (g + y3) + yo(=1)(a(zf + y3)
+2¢(x3 — y3) — 4bxoyo) = 0,

vy0+wx0+2l—0

{ (=)™ 4 n (vag—wiyo) (@2 +43) + (=) (a (23 + vd) + 2¢ (z3—y3) —4bzoyo) = 0,
Yo = —% (2l + ’U)Io) s
this system can be written as

-1 (av3 + 2cv® — 6nw? + avw? + 4bvcw — 2cvw? — 6m}2w) 1:(2)

—41? (2bv2 — nv? — 3nw? + avw — 2cvw) To+n (v2 + w2)2 x3 (2.2)
- (4@[31) — (=)™ = 8elBv — 813nw> =0,

then, the equilibrium points of system (1.2) are {(0,0), (o, f% (2l + wxp)) } , where
Zg is a real root of the equation (2.2).

Note that, the origin of coordinates which is an unstable node because its eigenvalues
are ["*1 > 0 with multiplicity two, for more details see for instance [[7], Theorem
2.15].

Proof of statement (a).

To prove our results (a) and (b) we write the polynomial differential system (1.2) in
polar coordinates (r,8), defined by = r cos and y = rsin§. Then the system (1.2)
become

i =1 (I +wrcosf + vrsin®)" T + 1 (a + 2¢cos 20 — 2bsin 26) r2n+1
+ (n (veos — wsin ) + (wcos § + vsinf) (a + 2ccos 20 — 2bsin 20)) r27+2
0 = 2inr?™ + n (vsin @ + w cos §) r2n 1L,
Taking 6 as an independent variable, we obtain the equation
dr (I +wrcosf + vrsin 0)" " r + 1 (a+ 2ccos 26 — 2bsin 260) 201
g 2lnr?™ +n (vsin @ + w cos ) r2n+1

n (n(vcos® —wsin ) + (wcos® + vsinf) (a + 2ccos 20 — 2bsin 20)) r27+2
2Inr2™ + n (vsin 6 + w cos @) r2nt1 '

(2.3)
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Via the change of variables

T2n

" (weosf+vsind)r + 1)’

the equation (2.3) is transformed into the linear differential equation

d
d—z = (a4 2ccos260 — 2bsin20) p + 1. (2.4)
The general solution of linear equation (2.4) is
0
p (9’ k’) _ eae+bcos 20+csin 26 <l€ + / 67asfb005257csin 28d8> , (25)
0

where k € R. Going back through the changes of variables we obtain the first integral
of the statement (a) of Theorem 1. Since this first integral is a function that can be
expressed by quadratures of elementary functions, it is a Liouvillian function, and
consequently system (1.2) is Darboux integrable.

Proof of statement (b) of Theorem 1.
In (2.5) let 6 — p(0, k*) be the solution taking the value of k* € R for § = 0. To
be a periodic solution, it must satisfy at first the condition

p(0,5%) = p(2m, k),
providing the value of k* is

627raf (271.)
Er=———-—"=>0
1 — e2ma > Y,
0 .
because a < 0 and f (0) = / eas—beos2s=esin2s gg () for all € R.

0
After the substitution of the value k* into p (0, k) we obtain
0
p(97k*) _ p* (0) _ ea0+bcos29+csin29 (k* +/ e—as—bcost—csin23d8> ) (26)
0

Note that, since
0
f (0) _ / efasfbcos 2s—csin ZSdS >0
0

for all € R and k* > 0, consequently,p* (§) > 0 for all § € R.

Note that, since p* (6) > 0 for all § € R, from the expression of the change of variable
that transform (2.3) into (2.4), one gets a unique 7* (6) > 0 for all § € R and it has
the expression

)=y <g (6) " (6)" + J (900 (0)F)" +a1pr <0>i> . @)

Moreover, since | > 0 and p* (0) > 0 for all # € R, then r* (#) > 0, one can see that
it is 2w —periodic, since g and p* are 2m— periodic.
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In order to prove that the periodic orbit is hyperbolic limit cycles, we consider (2.6),
and introduce the Poincaré return map

A= T27,A) =p(60,N).
Therefore, a limit cycle of system (1.2) is hyperbolic if and only if

dp(2m, \)

1.
dX 7

A=k*

An easy computation shows that:
dp(2m, A)

dp” (0) 2wa+b
= ——2 =7 1.
) c 7

e dEF

Therefore the limit cycle of the differential equation (2.4) is hyperbolic, for more
details see [12]. Consequently 2.7 is hyperbolic limit cycle of the differential equation
(2.3).

Clearly the curve (r(6) cos,7(0)siné) in the (z,y) plane with

r2n __af+bcos20+csin 20 27mf 27)
e ) 4 FaC)] (2.8)

(g(O)r+0)" e
2ma
is not algebraic, due to the expression %z(ff) ab+beos20+csin20 ©\[ore precisely, in
Cartesian coordinates r2 = z2 +y?2, § = arctan 4 the curve defined by this limit cycle
is
F (1’ y) o M " o ea(arctan %)Jr%
’ wr + vy + 1

2ma £ (2 arctan £
e f(2m " —as—bcos2s—csin 2s
> L2 _,’_/ e—as—bcos2s—csin2s 7. |
0

If the limit cycle is algebraic this curve must be given by a polynomial, but a polyno-
mial F(x,y) in the variables = and y satisfies that there is a positive integer n such

that 8(;:”F = 0, and this is not the case because in the derivative

- n—1
(wx2 + 2uzy + 2z — wy2) (M)

d l+vy+wz
d7F (‘T7y) = 3
z (14 vy + wz)
2 .-
y 14+ am2+ay2+221272cy2—4bmy ea(arctan %)Jr%
___Z z2+y2
x2 + y2 ( 27m£23:') + farctanf —as—bcos2s—csin 2s dS) ’

it appears again the expression
a(arctana)+w 27 f(27) arctan £ —a5—bcos 26—c 8in 2
e x 5,:2_'_:‘}2 17627”1 + e as COS zS8—cC s1n Sds ,
0

which already appears in F'(z,y), and this expression will appear in the partial de-
rivative at any order. This completes the proof of theorem.
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3. Example
If we take b = %,c =0,a=—1,v=w =1=1, then system (1.2) reads
d=z(l+ao+y)"" +n(e® —y? -2 - 2ay) (a* +4?)"
+a(l+a+y) (- (22 +y?) + —2zy) (@2 + 42" (3.1)
J=y(+z+y)"" +n(e? —y?+ 22+ 2uy) (a2 +¢?)" '
+y(l+z+y) (- (22 +y?) + —2zy) (2® + yz)nfl 7

has a non-algebraic limit cycle whose expression in polar coordinates (r, 8) is

r*(0) = % ((cos@ + sin ) p* (9)% + \/(cos@ + sin ) p* (9)% + 4lp* (G)i) ,

where
on 0
p* (0) _ 679+%cos29 (% + f(g)) and f(e) — / 657%c0523 ds.
0

For n = 1: The system (3.1) is a quartic system and that has a non algebraic limit
cycle whose expression in polar coordinates (r,6) is

r*(0) = 1 ((cos@ +siné) p* (0) + \/(COSH +sin0)? p* (0)* + 4lp* (6)) .

2

FIGURE 1. Limit cycle of system (3.1) for n =1

For n = 2: The system (3.1) is of degree 6 and that has a non algebraic limit cycle
whose expression in polar coordinates (r,0) is

(0) = % ((cose +sind) p* (6) + \/((coso +sin0) p* (0)%)2 + Alpr (9)%) .
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FIGURE 2. Limit cycle of system (3.1) for n =2
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Some remarks on linear set-valued differential
equations

Tatyana A. Komleva, Liliya I. Plotnikova,
Natalia V. Skripnik and Andrej V. Plotnikov

Abstract. The article discusses various definitions of the derivative of a set-valued
mapping and their properties. Also, a linear set-valued differential equation is con-
sidered and the existence of solutions for this equation with Hukuhara derivative,
Plotnikov-Skripnik derivative and Bede-Gal derivative is investigated.

Mathematics Subject Classification (2010): 34A60, 34A07, 49J53, 54C60.

Keywords: Linear differential equation, set-valued mapping, Hukuhara difference,
derivative.

1. Introduction

The set-valued differential, integral and discrete-time equations and inclusions
are an important part of the theory of set-valued analysis, and they are high-valued
for the control theory and its applications, as well as for fuzzy differential equations.
They were first studied in 1969 by F.S. de Blasi and F. Iervolino [5]. Later, set-valued
differential equations have been studied by many scientists due to their applications
in many areas. A lot of results on the theory of set-valued differential, integral and
discrete-time equations and inclusions can be found in the following books and articles
[6, 10, 12, 13, 14, 15, 16, 17, 22, 23, 24, 25, 26, 27, 31, 36, 30, 38, 41, 42, 44] and
references therein.

In this article first we consider some definitions of the derivative of a set-valued
mapping (Hukuhara derivative [11], Plotnikov-Skripnik derivative [32] and Bede-Gal
derivative [1, 19, 20, 46, 47]) and some of their properties. Next, we consider a linear
set-valued differential equation with different derivatives that were previously dis-
cussed and study the existence of solutions for these equations.



412 T.A. Komleva, L.I. Plotnikova, N.V. Skripnik and A.V. Plotnikov

2. Preliminaries

Let R be the set of real numbers and let R™ denote the n-dimensional Euclidean
space (n > 2). We denote by comp(R™) and conv(R™) the set of nonempty compact
subsets of R™ and the set of nonempty convex and compact subsets of R™, respectively.
For two given sets X,Y € comp(R™) and A € R, the Minkowski sum and scalar
multiple are defined by

X+Y={z+ylzeX,yecY} and X ={ z|zec X}
We consider the Hausdorff distance h : comp(R™) x comp(R"™) — R, |J{0} given by
MX,Y)=min{r >0|X CY + B-(0),Y C X + B,(0)},

where B.(0) = {x € R"|||z|| < r} is the closed ball with radius r centered at the
origin ( ||z|| denotes the Euclidean norm).

Lemma 2.1. [39, 40] The following properties hold:
1) (conv(R™), h) is a complete metric space,
2) h(A+C,B+C)=nh(A,B),
3) h(AA,AB) = |Alh(A, B) for all A,B,C € conv(R") and A € R.

However, comp(R™) and conv(R™) are not linear spaces since they do not contain
inverse elements for the addition, and therefore difference is not well defined, i.e. if
A € comp(R™) and A # {a}, then A+ (—1)A # {0}. As a consequence, alternative
formulations for difference have been suggested [7, 11, 28, 39]. One of these alternatives
is the Hukuhara difference [11].

Definition 2.2. [11] Let X,Y € conv(R™). A set Z € conv(R™) such that X =Y + Z
is called a Hukuhara difference (H-difference) of the sets X and Y and is denoted by
XLy

In this case X £ X = {0} and also (A + B)XLB = A for any A, B € conv(R").
Also, we note that X £Y #£ X + (—1)Y.

Remark 2.3. Let A, B € conv(R"™). Then the following statements are true:
1) if the H-difference AL B exists, then diam(A) > diam(B);
2) if n = 1 and diam(A) > diam(B), then the H-difference AL B exists;
3) if n > 2 and diam(A) > diam(B), then the H-difference AL B may not exist.
For example, if A = {a € R"||a;| <2,i=1,n} and B = {b € R"||b| < 1},
then AL B does not exist.

The properties of this difference are studied in detail in [11, 15, 16, 22, 31, 30, 39].

M. Hukuhara introduced the concept of H-differentiability [11] for set-valued
functions by using the H-difference.

Let X : [0,T] — conv(R™) be a set-valued mapping; (to — A,to + A) C [0,T] be
a A- neighborhood of a point tg € [0,T]; A > 0.

For any t € (to — A,to + A) consider the following Hukuhara differences
X(t) 2 X(tg), t > to, and X (to) L X (t), t > to if these differences exist.
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Definition 2.4. [11] We say that the mapping X : [0,T] — conv(R™) has Hukuhara
derivative (H-derivative) Dy X (to) at a point to € [0,77], if there exists an element
Dy X (tg) € conv(R™) such that the limits

1 h 1 h

lim ;——(X(1) =X (1)) and lim —— (X (o) =X (1) (2.1)

exist in the topology of conv(R™) and are equal to Dy X (to).

The properties of Hukuhara derivative are studied in detail in [8, 11, 15, 22, 31,
30, 39]. Here, we mention some of them.

Theorem 2.5. [11] If the mapping X : [0,T] — conv(R") is H-differentiable on [0,T],
then

X(t) = X(0) + / Dy X (s)ds,
0

where the integral is understood in the sense of [11].

Corollary 2.6. If the mapping X (-) is H-differentiable on [0,T], then diam(X (")) is a
non-decreasing function on [0,T].

Remark 2.7. The inverse statement is not true. For, example. Let X(-) : [0,1] —
9 B _( cos(t) —sin(t) \ .
conv(R?) be such that X (¢t) = A(t)C(t), where A(t) = ( sin(t)  cos(t) is
a rotation matrix, C(t) = {z € R?||z;| < t,i = 1,2} is square. Obviously,
diam(X (t)) = v/2t. However, the mapping X (-) is not H-differentiable on [0, 1].

Corollary 2.8. If the function diam(X(+)) is a decreasing function on [0,T], then the
mapping X (+) is not H-differentiable on [0,T].

In order to overcome these shortcomings of this approach, other types of deriva-
tives for set-valued functions have been explored.

The first alternative of the derivative for set-valued mappings have been intro-
duced by H.T. Banks, M.Q. Jacobs [7] and J.N.Tyurin [45]. According to the Rad-
stroms embedding theorem [40] there is a real normed linear space B and an isometric
mapping 7 : conv(R"™) — B. B is a space of equivalence classes (see [7, 39, 40]). Then,
taking advantage of this embedding theorem, a set-valued mapping X (-) is said to
be m-differentiable at ¢y if m o X(-) is differentiable at ty. Some properties of this
derivative and its connection with other derivatives for set-valued mappings can be
found in [7, 9, 18, 21, 37, 39]. However, the w-derivative of a set-valued mapping X (-)
may be an element of the space B, which does not have a comparable set in the space
conv(R™) (examples, see [15, 22, 31, 30]).

In [28, 31, 30] the definition of the T-derivative that generalizes the H-derivative
and reminds outwardly the 7 - derivative was introduced. However, its use had diffi-
culty when writing the corresponding set-valued differential equation.

Later, A.V. Plotnikov and N.V. Skripnik took advantage of some approaches
that were used in [28] and introduced a new definition of a derivative.
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Definition 2.9. [32] Let X : [0,7] — conv(R") and ¢ € [0,T]. We say that X(-) has
a Plotnikov-Skripnik derivative (PS-derivative) Dps X (t) € conv(R™) at t € (0,T), if
for all A > 0 that are sufficiently close to 0, the H-differences and the limits exist in
at least one of the following expressions:

(i) lim A=Y X (t+ A) L X(t)) = lim AN (X ()L X (t— A)) = Dps X (t)

or A—0 A—0

(i) lim A=N(X (62X (¢ 4 A))=lim A~HX (= A)ELX (8) = Dpe X (1)

(();i) giLnOAfl(X(t +A)ELX (1) = iiLnOAfl(X(t — AL X (1) = Dps X (2)

(iv)iiino A Y X ()X (t + A)):iigo A HX ) EX(t — A)=D,ps X ().

The properties of this derivative were obtained in [32, 33, 34, 35]. Here, we
mention some of them.

Remark 2.10. If the set-valued mapping X(-) is H-differentiable then it is PS-
differentiable and Dy X (t) = Dy X(t).

Remark 2.11. If the set-valued mapping X () is PS-differentiable on I and diamX (-)
is a non-decreasing function on [0,7] then the set-valued mapping X(-) is H-
differentiable and Dy X (t) = Dg X (t).

Remark 2.12. There exist set-valued mappings that are PS-differentiable but not
H-differentiable.

Example 2.13. The set-valued mapping X () = Bj;(0) is PS-differentiable on R and
its PS-derivative D,; X (t) = B1(0). It is obvious that the given set-valued mapping is
H-differentiable only on the interval (0,+o00) and Dy X (t) = B1(0). On the interval
(—00,0) it is not H-differentiable as its diameter on this interval decreases.

Theorem 2.14. [32] If the mapping X : [0,T] — conv(R™) is PS-differentiable on
[0,T], then for allt € [0,T)
(i) if function diam(X(t)) is a non-decreasing function on [0,T], then

X(t)=X(0)+ /Dst(s)ds;
(i) if function diam(X(t)) is a decreasing function on [0,T], then
o t
X(t) = X(0)— /DPSX(s)ds.
0

Later, M.T. Malinowski [19, 20], H. Vu and L.S. Dong [46], H. Vu and N. Van
Hoa [47] and S.E. Amrahov, A. Khastan, N. Gasilov and A.G. Fatullayev [1] adapted
the concept of the Bede-Gal derivative [3, 4, 10, 43] for interval-valued mappings
on set-valued mappings, that is, such that X : [0,7] — conv(R™), and studied its
properties [47].
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Definition 2.15. [1, 46] Let X : [0,7] — conv(R™) and ¢ € [0,T]. We say that X(-)
has a Bede-Gal derivative (BG-derivative) Dy, X (t) € conv(R") at t € (0,T), if for
all A > 0 that are sufficiently close to 0, the H-differences and the limits exist in at
least one of the following expressions:

(i) lim ATHX(t+A)EX (1) = lim AN X () EX(t — A)) = Dy X (1)

or A—0 A—0

(i)  lm (=A)"YXH)ZLX(t+ A)=lim (-A) "1 (X (t — A) L X () =Dy, X (t)

or A—0 A—0
(iii) giLnOAfl(X(t +A) X (1) = iiino(—A)*l(X(t — AL X () = Dy X (1)

(v)  Jim (~A) (X)X (1 + A))=lim AN (X (1)L X (1 — A)) =Dy, X(0).

Remark 2.16. In the article [19, 20] M.T. Malinowski considered set-valued mappings
that satisfy condition (ii) and called this derivative a second type Hukuhara derivative.

Remark 2.17. If the set-valued mapping X (-) is H-differentiable on [0, 7] it is BG-
differentiable on [0,T] and Dy X (t) = Dy X ().
Remark 2.18. If the set-valued mapping X(-) is BG-differentiable on [0,7] and

diamX (-) is a non-decreasing function on [0,7] then the set-valued mapping X (-)
is H-differentiable and Dy, X (t) = Dy X ().

Remark 2.19. There exist set-valued mappings that are BG-differentiable but not
H-differentiable.

Example 2.20. [1] The set-valued mapping X(t) = By (0) is BG-differentiable on
R and its BG-derivative Dy, X (t) = B1(0). It is obvious that the given set-valued
mapping is H-differentiable only on the interval (0, +00) and Dy X (t) = B1(0). On
the interval (—o0, 0) it is not H-differentiable as its diameter on this interval decreases.

Theorem 2.21. [1] If the mapping X : [0,T] — conv(R"™) is BG-differentiable on [0,T],
then for all t € [0,T)
(i) if function diam (X (t)) is a non-decreasing function on [0,T), then

¢
X(t)=X(0)+ /Dng(s)ds;
0
(i) if function diam(X (t)) is a decreasing function on [0,T], then
¢
X(t) = X(O)E(—l)/Dng(s)ds.
0

Remark 2.22. By Remarks 2.10 and 2.17, if the set-valued mapping X (-) is H-
differentiable on [0, 7] then it is BG-differentiable on [0,7] and PS-differentiable on
[0,T] as well as Dy X (t) = Dps X (t) = Dy X (2).

Remark 2.23. By Remarks 2.13 and 2.20, we see that the set-valued mapping X (t) =
By4(0) is BG-differentiable on R and PS-differentiable on R as well as Dy, X (t) =
D, X (t) = B1(0) for all t € R.
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Remark 2.24. There exist set-valued mappings X (-) such that Dya X (t) # DpsX(t)
for any t.

Example 2.25. Let X : [0,2] — conv(R?) and X (t) = Byj_y(g(t)), where g(t) =
(t+1,t+1)7 (see Figure 1).
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Figure 1: X (t), t € [0, 2]

The set-valued mapping X (-) is BG-differentiable on (0, 2) and its BG-derivative
DyyX(t) = Bi(a), where a = (1,1)”. However, the set-valued mapping X () is PS-
differentiable on (0,1) and its PS-derivative D,sX(t) = B1(b) # Dy, X (t), where
b= (—1,-1)T. Also, the set-valued mapping X(-) is PS-differentiable on (1,2) and
its PS-derivative D,s X (t) = Bi(a) = DpyX(t), where a = (1,1)7. As well as the
PS-derivative D, X (t) at the point ¢ = 1 does not exist (see Figure 2 and Figure 3).

D T 2
T
1

15 22

Figure 2: Dy, X (t), t € [0, 2] Figure 3: D, X (¢), t € [0, 2]

Example 2.26. Let X : [0,2] — conv(R?) such that

Tl {zeR? |2+ a3 <2t 29 >0}, te (1,2

(see Figure 4).
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Figure 4: X (t), t € [0, 2]

417

The set-valued mapping X (-) is PS-differentiable on (0,2) and its PS-derivative
Dy X(t) = {z € R?| 2% 4+ 23 < 1,25 > 0}. However, the set-valued mapping X (-) is
BG-differentiable on (0, 1) and its BG-derivative Dy, X (t) = D, X (t). Also, the set-
valued mapping X (-) is BG-differentiable on (1,2) and its BG-derivative Dy, X (t) =
(—1)Dps X (t). As well as the BG-derivative Dy, X (t) at the point ¢ = 1 does not exist

(see Figure 5 and Figure 6).

Figure 5: D,s X (t), t € [0, 2]

3. Linear set-valued differential equations

In this section, we consider linear set-valued differential equations
DX(t) =aX(t), X(0)= X,

Figure 6: Dy, X (t), t € [0, 2]

(3.1)
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where a € R, X : [0,T] — conv(R™) is a set-valued mapping, DX (t) is one of the pre-
viously considered derivatives (DX (t), Dps X (t), Dpg(t)) of the set-valued mapping
X(t).

Definition 3.1. A set-valued mapping X (-) is called a solution of (3.1) if it is contin-
uously differentiable and satisfies system (3.1) everywhere on [0, T.

As known, linear Hukuhara differential equation
DuX(t) = aX(t), X(0) = Xo, (3.2)

has a unique solution on the interval [0,7] [22, 31]. It’s also obvious that function
diam(X (t)) is a non-decreasing function on [0, T].

Remark 3.2. [5, 22, 31] If @ > 0 then X (t) = e** X for all ¢ € [0,T).

Remark 3.3. [38] System (3.2) may not be equivalent to the following system of
interval-valued differential equations with the Hukuhara derivative

DHXl(t):aXl(t), Xl(o):X()l;
.. . (3.3)
DpX,(t) =aX,(t), Xn(0)= Xon,

where X; : [0,T] — conv(R) is a interval-valued mapping, Xo; is the projection of the
set Xy on the axis 0z;, ¢ = 1, n.

If X(-) is a solution of (3.2) and X;(-), ¢ = 1,n are solutions of (3.3), then
X(t) C Xq(t) x ... x Xp(t) for all t € [0,T].

If Xo = Xo1 X ... X Xp, then system (3.2) is equivalent to system (3.3).

We demonstrate this by the following example.
Example 3.4. Let
Dy X(t) = X(t), X(0) = B1(0), t € [0,1], (3.4)
and

{%x@:xw,&®=%ﬁ+%m (3.5)

Dy Xs(t) = Xo(t), X2(0) = Xo2 = [-1,1],
where X : [0,1] — conv(R?) is a set-valued mapping, X; : [0,1] — conv(R) is an
interval-valued mapping, X, is the projection of the set Xy on the axis Ox;, i = 1, 2.

The set-valued mapping X (¢t) = Be:(0) is a solution of Hukuhara differential
equation (3.4). The interval-valued mappings X;(t) = [—¢€’, €], i = 1,2 are solutions of
the system of Hukuhara differential equations (3.5). It’s obvious that X (t) C X1 (t) x
Xo(t) for all t € [0,1] (see Figure 7). However, if X(0) = {z € R*||x;| < 1,i=1,2}
is a square, then Xy = X¢1 X Xo2 and X (¢) = X1(t) x Xao(¢) for all t € [0,1] (see
Figure 8).

Now, we consider linear differential equation (3.1) with PS-derivative and BG-
derivative. By [1, 32, 33, 34, 35], this set-valued differential equation (3.1) has at
least one solution. Moreover, one of these solutions (the one whose diameter is a
non-decreasing function) coincides with the solution of the corresponding differential
equation (3.2).

We will show it by the following example.
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—

Figure 7: Figure 8:
X(t) C X1(t) x Xa(t), t €[0,1] X(t) = X1(t) x Xa(t), t €10,1]

Example 3.5. Let
DX(t) = X(t), X(0) = B1(0), t € [0,1], (3.6)
where X : [0,1] — conv(R?) is a set-valued mapping, DX (¢) is one of the previously
considered derivatives (DX (t), Dps X (t), Dpg(t)) of the set-valued mapping X (¢).
The set-valued mapping X (¢) = B.:(0) is a solution of Hukuhara differential
equation (3.6) (see Figure 9).

. "c"' s "'0 ""’"
P «!«s!:. uf“o‘.‘ ‘ ‘W“

Figure 9: X (t), t € [0,1]

Set-valued mappings X (t) = Be:(0) and X5(t) = B,-+(0) are solutions of differential
equation (3.6) with PS-derivative and BG-derivative (see Figure 10 and Figure 11).
In this case, solutions of differential equations with PS-derivative will be solutions
of the differential equation with BG-derivative and vice versa. For the first solution
X1(-) the function diam(X;(t)) is an increasing function on [0, 1]. For the second
solution Xs(-) the function diam(Xs(t)) is a decreasing function on [0, 1]. Also, the
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Figure 10: X;(t), t € [0, 1] Figure 11: X5(t), t € [0,1]

first solution X;(+) is the solution of the Hukuhara differential equation, i.e. X (t) =
X1 (t) for all ¢t € [0, 1].
Solutions X;(-) and X3(-) will be called basic solutions.
We also note that set-valued mappings
[ B.(0), te][0,0.5] [ B,«(0), te][0,0.5]
ni() = { B (0), tel05,1] 2O=V BL0), te0s ]
are the solutions of differential equation (3.6) with PS-derivative and BG-derivative
(see Figure 12 and Figure 13).

‘ 'f’a }Wi'f
0

{
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2l ///2
0 OTTT?\"/Z ’
Figure 12: Y1 (¢), t € [0,1] Figure 13: Y3(t), t € [0, 1]

It is obvious that in this example such solutions can be built infinitely many.
These solutions will be called mixed solutions. For these mixed solutions Y'(-), the
diameter function diam (Y (+)) is not increasing or decreasing over the entire interval.
We also note that the shape of the cross section of solutions corresponds to the shape
of the initial set.

Later in this article we will consider only the basic solutions.
The question arises: Do such equations always have two basic solutions?
Consider the following examples when a =1 (a > 0).



Some remarks on linear set-valued differential equations 421

Example 3.6. Let

D, X(t) =X(t), X(0) =K, t€]0,1], (3.7)
where X : [0,1] — conv(R?) is a set-valued mapping,

K={reR*lz}+23<1, 29 >0}
This differential equation with PS-derivative has two basic solutions X7 () and Xz(-)
(see Figure 14 and Figure 15).

e Oe\w/@/"/ 2
Figure 14: X1 (t), t € [0,1] Figure 15: X5(t), ¢ € [0,1]
Example 3.7. Let
Dy, X(t) = X(t), X(0) = K, t €[0,1]. (3.8)

This differential equation with BG-derivative has only one basic solution, which
coincides with the solution of the Hukuhara differential equation and the first basic
solution X (-) of the differential equation with the PS-derivative (see Figure 14).

There will be no second solution because there is no set-valued mapping that sat-
isfies the corresponding integral equation (since the set K is not a centrally symmetric
set, the Hukuhara difference does not exist)

H / H /
X(t)=K—(-1) | DygX(s)ds =K—(—1) [ X(s)ds.
/ /

Now, we consider the same examples when a = —1 (a < 0).
Example 3.8. Let
Dy, X (t) = (-1)X(¢), X(0) = K, t € [0,1], (3.9)
where X : [0,1] — conv(R?) is a set-valued mapping,
K={zecR*|z}+25<1, 29 >0}

This differential equation with BG-derivative has two basic solutions X (-) and Xa(+)
(see Figure 16 and Figure 17).
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Figure 16: X;(t), t € [0, 1] Figure 17: X5(t), t € [0,1]

Example 3.9. Let
D, X(t) =(-1)X(t), X(0) = K, t € [0,1]. (3.10)

This differential equation with PS-derivative has only one basic solution, which
coincides with the solution of the Hukuhara differential equation and the first basic
solution X (-) of the differential equation with the BG-derivative.

There will be no second basic solution because there is no set-valued mapping
that satisfies the corresponding integral equation (the Hukuhara difference does not

exist) X (t) = KL OftDpSX(s)ds = K2 (-1) OftX(s)ds.

Next, we consider the same examples when X, is such that H-difference
XoL(—1)X exists (Xp is centrally symmetric set [7]).

Example 3.10. Let
Dy X () = X(t), X(0) = P, t € [0,1], (3.11)
D, X(t) = X(t), X(0) =P, t €[0,1], (3.12)
where X : [0,1] — conv(R?) is set-valued mapping, P = {xr € R?|0 <21 -2<4,1<
z9 —2 < 3}
Each differential equation will have two basic solutions X27(-), X59(-) and XP*(.),
X%°(+) (see Figures 18,19 and Figures 20,21).

Example 3.11. Let
Dy X (1) = (~1)X (), X(0) = P, t € [0, 1], (3.13)
Dps X (t) = (-1)X(t), X(0) =P, t € [0,1]. (3.14)
Also, each differential equation will have two basic solutions X?9(-), X29(-) and X*(-),
X2%(+) (see Figures 22, 23 and Figures 24, 25).
Remark 3.12. It’s obvious that the basic solution X5?(-) of differential equation (3.12)

coincides with the basic solution X59(-) of differential equation (3.13). Also, the basic
solution X29(-) of differential equation (3.11) coincides with the basic solution X2*(-)
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Figure 19: X29(t), t € [0, 1]

Figure 22: XY9(t), t € [0, 1] Figure 23: XY9(t), t € [0,1]

of differential equation (3.14). This is confirmed by integral equations that correspond
to differential equations (3.11), (3.12), (3.13) and (3.14):

xtog) = p (1) / Xb9(5)ds, (3.15)
0
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H
XP(t) = P— [ XE°(s)ds, (3.16)
/
xtoy = P 1) [(—0)xto(s)as = PE [ xb9(s)as, (3.17)
/ /
xr(p) = pAL /(—1)X§s(s)d3 - Pﬂ(_n/ng(s)ds. (3.18)
0 0

Remark 3.13. If the differential equation with the PS-derivative (BG-derivative) has
two basic solutions and we write the corresponding system of interval-valued differen-
tial equations the PS-derivative (BG-derivative) similar to (3.3), then Remark 3.3 will
be satisfied. However, we note that this system will always have two basic solutions
(even when the original equation has only one basic solution).

Based on all above stated, we can make the following proposition.

Proposition 3.14. For system (3.1) the following statements are true:

1) if H-difference Xo(—1)Xo eaists, then differential equation (3.1) with
PS(BG)-derivative has two basic solutions;

2) if H-difference Xo-(—1)X, does not ewist, then

a) if a > 0, then differential equation (3.1) with PS-derivative has two basic
solutions and differential equation (3.1) with BG-derivative has one basic solution;

a) if a < 0, then differential equation (3.1) with BG-derivative has two basic
solutions and differential equation (3.1) with PS-derivative has one basic solution.

4. Conclusion

In the article it is shown that linear set-valued differential equations have sig-
nificant differences from ordinary and interval-valued linear differential equations. In
these equations, the number of solutions may depend on the form (shape) of the initial
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set, the considered derivative and the coefficient in the right-hand side. We also note
that in articles [32, 33, 34, 35, 42], the authors considered a new type of differential
equations with PS-derivative, in which no more than one solution can exist.
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Exponential decay of the viscoelastic wave
equation of Kirchhoff type with a nonlocal
dissipation

Mohamed Mellah and Ali Hakem

Abstract. The following viscoelastic wave equation of Kirchhoff type with non-
linear and nonlocal damping

Utt — P (HVu”i) Au — aAus + /Ot g(t — T)Au(r)dr + M (HVuHi) ut = f(u),

where M(r) is a C'([0,00)) -function satisfying M(r) > mq > 0 for r > 0, is
considered in a bounded domain Q of RY. The existence of global solutions and
decay rates of the energy are proved.

Mathematics Subject Classification (2010): 35L05, 35L70, 93D15.

Keywords: Kirchhoff equation, nonlocal damping, global solution, energy decay,
relaxation function.

1. Introduction

In this paper, we shall consider the initial boundary value problem for the fol-
lowing integro-differential problem

¢
Ut — P (HVqu) Au — aAuy + / g(t — 7)Au(r)dr
0

M (||vu|y§) w = f(u), in Qx(0,T), (1.1)
u(z,0) = up(z), wue(z,0) =ui(z), =€,
u(z,t) =0, x€d, t>0,

where Q is a bounded domain in RY (N > 1) with smooth boundary 9 so that
the divergence theorem can be applied. 1 (r) is a positive locally Lipschitz function
satisfying ¥(r) > mg > 0, for r > 0 like ¥(r) = mo + br?, b > 0 and v > 1. M(r)
is a C1]0, 00) -function satisfying M(r) > my > 0 for r > 0, the scalar function g(s)
(so-called relaxation kernel) is assumed to satisfy (2.1) and f is a non-linear function
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as similar to |u|P~2u, p > 2. Here a > 0. The motivation for this problem comes from
the following original equation ,

0%u ou Eh [* [ou 0%u
where 0 < 2 < L, t > 0 and u = u(x,t) is the lateral displacement at the space
coordinate x and the time ¢, p the mass density, h the cross-section area, L the
length, F the Youngs modulus, pg the initial axial tension, § the resistance modulus
and f the external force. When 6 = f = 0, the equation (1.2) was first introduced by
Kirchhoff [2].

In the absence of the term M(HVuH;)uf Wu and Tsai [7] studied (1.1) with o = 1.

The authors established the global existence and energy decay under the assumption
g (t) < —rg(t), ¥Vt > 0 for some r > 0. Recently, this decay estimate of the energy
function was improved by Wu in [6] under a weaker condition on g i.e. ¢'(t) < 0,
vt > 0.

If we consider (1.1) with [) = 1, f = a = 0] and the bi-harmonic instead of Laplace
operator one we get the model

t
U + A%u — / g(t — 7)A%u(r)dr + M (HVUHE) up = 0. (1.3)
0

Cavalcanti et al. [1] investigated the global existence, uniqueness and stabilization of
energy. By taking a bounded or unbounded open set €2, the authors showed that the
energy goes to zero exponentially provided that g goes to zero at the same form.

The main interest of the present paper is to examine whether there exists a global solu-
tion w to (1.3) under the presence of the nonlinear and nonlocal dissipation represented

by M (/ |Vu(x,t)|2d$c) us and the real-value function M : [0,+00) — [mq, +00),
Q

where m; > 0 will be considered of class C!.
This kind of damping effect was firstly introduced by H. Lange and G. Perla Menzala
[3] for the beam equation where the following model was considered

ugs + A%u+ M (/ |Vu(x,t)|2dx) uy=0 in RY xRT. (1.4)
0

The nonlocal nonlinearity M < / |Vu(z,t) 2da7> uy is indeed a damping term. It mod-

els a frictional mechanism acting on the body that depends on the average of u itself.
Moreover, if such u does exist, we intend to investigate its asymptotic behavior as
t — o0.

In this paper we show that under some conditions the solution is global in time and
the energy decays exponentially. We first use Faedo-Galerkin method to study the ex-
istence of the simpler problem (3.1). Then, we obtain the local existence Theorem 3.2
by using contraction mapping principle. We obtain global existence of the solutions
of (1.1) given in Theorem 4.4. Our technique of proof is similar to the one in [7] with
some necessary modifications due to the nature of the problem treated here. Moreover,
the asymptotic behavior of global solutions is investigated under some assumptions
on the initial data.



Exponential decay of the viscoelastic wave equation 431

2. Preliminaries

In this section we present some assumptions, notations and Lemmas. We first
make the following hypotheses.
(A1) g : RT — R* is a bounded C! function satisfying

/ g(r)dr =1, >0, g¢g(0)— Kl/ g(r)dr =1 > 0,
0 0

—Kig(t) < ¢'(t) < —Kag(t),

here K, and K> are positive constants.
(A2) f(0) = 0 and there is a positive constant K3 such that

|f(u) = f(v)] < Ks|lu—v| (|u‘p_2 + Mp_Q) for wu,veR, (2.2)
and
2<p<oo if N=1,2 and 2<p§% if N>3 (23
(A3) The function M (r) for r > 0 belongs to the class C'1[0, 00) and satisfies
M(r)>my >0 for r>0. (2.4)

For functions u(z,t), v(x,t) defined on €, we introduce

(u,v) = / wvdz, |lull2 = (/ |u|2dx) , lullee = esssup |u(x)|,
Q Q

€N

2

pr—<lﬂuﬂm>, lallzm = | > ID7II3

[B]<m
Lemma 2.1. (Sobolev-Poincaré inequality [5]) If 2 < p < 22 then

[ullpy < Bil|Vull2, (2.5)
for uw € H} () holds with some constant By.

3. Local existence of solution

In this section, we shall discuss the local existence of solutions for (1.1) by using
contraction mapping principle. An important step in the proof of local existence
Theorem 3.2 below is the study of the following simpler problem:

t
ugr — p(t)Au — aAuy + / g(t — 7)Au(r)dr

x(Ou = file,t), i Qx (0,7), (3.1)
u(z,0) =up(x), wu(x,0)=ui(x), zx€Q,
u(z,t) =0, x€09Q, t>0.
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Here, T > 0, « > 1, f1 is a fixed forcing term in Q x (0,7T), u(t) is a positive locally
Lipschitz function on [0, 00) with u(t) > mg > 0 for t > 0 and x(¢) is C*-function on
[0, 00) such that x(¢) > 0 for ¢ > 0.

Lemma 3.1. Suppose that (A1) holds, and that ug € H?(Q) N HL(Q), uy € HY(Q) and
f1 € L*([0,T); L*(Q)) be given. Then the problem (3.1) admits a unique solution u
such that

we C([0,T]; H*(Q) N Hy(Q)), w € C([0,T]; L*(2)) N L*([0, T; Hy (),
uy € L2([0,T]; L*(Q)).

Proof. Let (wy)nen be a basis in H2(Q) N H(2) and V™ be the space generated by
W1y ey Wy, 1= 1,2, --. Let us consider

u™(t) = Zdﬁ(t)wk,
k=1
be the weak solution of the following approximate problem corresponding to (3.1)
ugy (Hwdx + p(t) / Vu'(t) - Vwdz

_Q /O tg(t—T) /Q Vu"sz)'dexdT—l—a /Q Vul(t) - Vwdz (3.2)

—|—X(t)/ u?(t)wdxz/fl(z,t)wdx for we V™,
Q Q

with initial conditions

(0 =up =3 / wowpdzwy — up in H2(Q) N HL(Q), (3.3)
k=17
ug (0) = ulf = / uywpdrwy, — uy in H(Q). (3.4)
k=17

By standard methods in differential equations, we prove the existence of solutions to
(3.2) — (3.4) on some interval [0,t,), 0 < ¢, < T. In order to extend the solution of
(3.2) — (3.4) to the whole interval [0, T, we need the following a priori estimate.
Step 1. (The first priori estimate) Replacing w by 2u}(¢) in (3.2), we have

i [t @13 + IV @3] + 200 Ve O + 2x(@)luf (D)3

=/ (t)||Vur(t)]]3 + 2/0 gt —71) /Q Vu' (1) - Vuy (t)dzdr

12 / fr(@s up (Hda < i @Vun (1)|2 + [ Tup (0)]12

t
+llgllLs /O g(t = DIV (7)lI3dr + [l £ 113 + llug (B)]I5.

(3.5)
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Then, integrating (3.5) from 0 to ¢, we get
t

[uf (D113 + n@®)Vur @©)]3 + (20 - 1)/0 IVuZ(r)ll3dr < 1

¢ 1 / 2 n 2 n 2
- [1 4 (W + ng)] () + () [Var (7)]2] dr

(3.6)

where ,
e = g2 + u(0)|Vug |3 + / 12t

Taking into account (3.3) and (3.4), we obtain from Gronwall’s Lemma the first priori
estimate

t
luf ()13 + u()IVu" ()13 +/0 IVug (r)l3dr < L, 3.7)

for all ¢ € [0, T]. Here L, is a positive constant independent of n € N and ¢ € [0, T].
Step 2. (The second priori estimate) Replacing w by w},(¢) in (3.2), we have

) [ Vo) Ve + SIvao + 52 o

Hup ()15 = w'(1) /Q Vu' (t) - Vui (t)da + p(t)]| Vi (¢)]]3

—&-&Hu?(t)ﬂg % (/0 gt —71) A Vu(7) - Vuf(t)da:ch‘) (3.8)
/wL vwmm+4ﬁ@mwmm

; "t — 7’)/ Vu' (1) - Vui (t)dzdr.

v (A1), Holder’s inequality and Young’s inequality, one has than we have

1
/ (t—71) / Vu" (1) - Vui (t)dedr < iHVU?(t)Hg

(3.9
&gl / o(t — ) |[Vu" () 3
Since p(t) > mg and from (3.7) we obtain
~0) | v Ve < GIvoIE+ Sl
< 319 (0)13 + “Sanl-
Since x(t) is C'-function on [0, 00) and using (3.7) we infer that
X/(t) Al n Al
lu @113 < —-luy (O3 < =L (3.11)
2 2 2
Moreover,
(0) [ T () Vg ()d| < §IVar @)1 + HENT0 013 512)
n M?L '
< 5lIVur @13 + Zc
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where M; = sup {|u'(t)|} and A; = O%zszﬂx’(tﬂ}. Then, by using (3.9) — (3.12),

we obtain from

Tt / V() Vupds + SOl + Xl 1]

RO < o+ Dt [ - v olar
+4 /t gt — T)/ Vu" (1) - Vuf(t)dxdr)
(35 0) [T 013

where ¢y = (W) Li+4]1 /113 and My = OEI;ET{W@)H. Thus, integrating

(3.13) over (0,t), we obtain
t
SV @1+ 3 [ e+ X1 ol
/Vu” -Vuy (t)dz /Vug -Vuldx
+(My+ 3 / [Vl (7)|3dT —|—/ (t—r / Vu"(7) - Vui (t)dzdr,
0

where (c3 = ¢z + §1||g|| L) T+ 2| Vup|3 + X(O) |u]|3. We note that using the in-
equality ab < 7 a + nb?, where n > 0 is a1rb1t1ra1ry7 it follows that

< ez + p(t) + 1(0) (3.14)

t
/ gt —7) [ Vur(r) - Vup(t)dedr < |V (1)]2
0 Q

t

2 llgll 22 0,00 1911 2= (0,00) / IV (7)[3dr < 0|V (t))12 (3.15)
||g||L1 Ooo)”gHL (0, oo)L T
4dnmy
and
v -V < Vul ()| M"? Vu 2
u uf(t)dz| < nl|Vug @)z + || "3
M
< (IO 1 —— T S 1
< 77||Vut()||2+477mO 1 (3.16)

By plugging (3.15) and (3.16) into (3.14) with 0 < n < £, we obtain from x(t) > 0
that

(5 —2n) Vup(®)]3 +2/ u (7)]|3dt < ¢4

(3.17)
+ () [ IVl
where
M2 oo
e = 5+ n0) [V ol Vs + o Lw”“’”j ol ;7. (3.18)
mo nmo
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Taking into account (3.3) — (3.4), we obtain from Gronwall’s Lemma the second priori
estimate

IV ()2 + / lur (7)|3dr < Lo, (3.19)

for all ¢ € [0, T]. Here Ly is a positive constant independent of n € N and ¢ € [0, T].
Step 3. (The third priori estimate) Replacing w by —Aw™(¢) in (3.2), we have

4 [- [uroaro+ Slac o+ X v ol
—[[Vup ()|I5 + pult )||AU @13
= X0 7yn(t)|2 + / (t—7) /Au () dadr (3.20)
/ fi(z, 1) (—Au™(t))dz < *||VU )3 + 2nllAau™(1)]3

t
loll A L
s [y - s oldr + 1Al

where 0 < 7 < 2 is some positive constant. From pu(t) > mg > 0, we deduce by
integration

$l18w (1)1} +(mo—277)/ 8w (olr + X2 [9ur o)
< [ Ivurega+ 3 [ v+
2w Ods| + & [ 115 .21

+a llgllZs
S5+ 2V g+ L2 [ o) ar

[ wtawr o] + 2 [ suropan
Q
where

o = o Augll + G183 15 + 1= [ 111dr+ XV + (S22 + 12 T

ut( JAuU" (t)da

+/ut
Q

<ecs+

We note that using the inequality ab < iaQ + b2, it follows that

n n 1 n n
/Q up (A" (1) < 8" (O3 + uf ()] (3.22)
Plugging (3.22) into (3.21), we obtain from x(t) > my > 0 that
(2 — 1) JAun()|3 + (mo — 20) / | Au”(r) | 3dr
| H (3.23)
X0 un ()3 < e+ 1200 / | Ay, ()2,

where
cg =c5+ L.
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Taking into account (3.3) — (3.4), we obtain from Gronwall’s Lemma the third priori
estimate,

t
1Au™ ()13 +/ |Aw" ()|[3dT < L, (3.24)
0

for all ¢ € [0, T] and Lg is a positive constant independent of n € N and ¢t € [0, T].
Step 4. Let p > n be two natural numbers, and consider 2™ = uP —u”™. Then, applying
the same way as in the estimate step 1 and step 3 and observing that {uj} and {u]}
are Cauchy sequence in H{(Q) N H?(Q) and Hg (), respectively, we deduce for all
te[0,T]

t
Iz ()13 + u@®IV"@)]13 + / IV22(r)[3dr — 0, (3.25)
and . ’
182" (0)]2 +/ 1A (7Y [2dr — 0, as n - oo. (3.26)
Therefore, (3.7), (3.19), (3.24), (03.25) and (3.26), we see that
u™ — u strongly in  C(0,T; Hy(Q)), (3.27)
uf — u; strongly in - C(0,T; L*(Q)). (3.28)
ul — u; strongly in - L?(0,T; Hy(Q)), (3.29)
ul — uge weakly in - L?(0,T; L*(Q)). (3.30)

Then (3.27) — (3.30) are sufficient to pass the limit in (3.2) to obtain in
12(0,7: H-\(2)

ugy — p(t)Au + /0 g(t — T)Au(r)dT — alAuy + x(H)ur = fi(x,t). (3.31)

Next, we want to show the uniqueness of (3.1). Let ™ and ©® be two solutions of
(3.1). Then y = u") — u?) satisfies for w € H}(Q)

wu(t) /Q Vy(t) - Vwdx — /Ot g(t — T)/ y(7) - Vwdzdr

+/ ytt(t)wdx—I—oz/ Vye(t) - Vwdx + x(t /yt t)wdx = 0, (3.32)
Q

Q Q
y(IE,O)ZO, yt(x,O)ZQ z €,
y(z,t) =0, ze€0Q, t>0.

Setting w = 2y;(t) in (3.32), then as in deriving (3.7), we see that
t

(O + m(OIVyO)13 + (20— 1) [ 1997 3dr )

t
1
S/O [1 Les) (I (m)| + ||9||2L1)} [y (D13 + w(n)[Vy(r)I3] dr
Thus employing Gronwall’s Lemma, we conclude that
lye@)ll2 = IVy(t)|l2 =0 forall te€ 0,77 (3.34)
Therefore, we have the uniqueness. This finishes the proof of Lemma 3.1. O

Now, let us prove the local existence of the problem (1.1).
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Theorem 3.2. Assume that (Al), (A2) and (A3) are fulfilled. Suppose that uy €
H2(Q) N HI(Q), up € HF(Q) be given. Then there exists a unique solution u of (1.1)
satisfying u € C([0,T]; H*(2) N H(Q)) and u, € C([0,T]; L*(Q)) N L0, T; HA(2)),
and at least one of the following statements is valid:

(i) T=os,

. 3.35
(i) e(u(t)) = [|ue@®)3 + [|[Au@®)]|3 - 00 as t—T". (3.35)
Proof. Define the following two-parameter space:
v e C([0,T]; HE (2) N H2(Q))
Xrr, =9 v € C([0,T]; L*(R)) N L*(0,T; Hy()) : ;
e(v(t)) <RE t€[0,T], with v(0)=up, v(0)=1uy
for T'> 0, Ry > 0. Then X1 g, is a complete metric space with the distance
1
d(y,z) = sup e(y(t) — (1)), (3.36)

0<t<T

where y, 2z € X1 g,. Given v € Xr g,, we consider the following problem

Uy — (HV’UH;) Au — alAu + / g(t — 7)Au(r)dr
0

+M (|[Vo]3) w = f0), in @ x (0,7), (3.37)
u(z,0) =uo(z), w(z,0)=ui(z), =€,
u(z,t) =0, x€0Q, t>0.

By (A2), we see that f(v) € L?*(0,T;L?(Q)). Thus, by Lemma 3.1, we derive that
problem (3.37) admits a unique solution u € C([0,T]; H*(Q) N HL(Q)) and u; €
C([0,T); L?(Q)) N L(0,T; H} (). Then, we define the nonlinear mapping Sv = u,
and we would like to show that there exist T" > 0 and Ry > 0 such that S is a
contraction mapping from Xt g, into itself. For this, we multiply the first equation
of (3.37) by 2u; and integrate it over {2 to get

4 [(w(15013) = [ atrvar) Ivuto3 + (g vy 0]

+2 [l (®)113] + 20 Fue(®)3 + 20 (| Vo3 e (8) 3 (3.38)
(g 0 Vu) (1) + g (0] Vu(t) 3

(
2
= (@0 (Ivol)) IvuoI3 +2 | f@uda.
The equality in (3.38) is obtained, because
t
—2/ / g(t — 7)Vu(r) - Vu(t)dzdr = — (g’ o Vu)(t)
0o Ja

t (3.39)
o(t) | Vult) |3+ £ [(go Vu) () / g<r>||w<t>|§df] ,

where

(goVu)(t):/ (t—7) /|vu u(t)|?dzdr.
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Next, multiplying the first equation of (3.37) by —2Au, and integrating it over 2, we
have

4 [a”Au(t)%2/QutAudx+M(||VUH )IIVU )3}
+20 (|| Voll3) 1Au®l - 20| Vud ()3 10
- (EM<HVUH2)> V() —2/f ) Audz 40

+2/0 g(t — 7)Au(r) - Au(t)dzdr.

Multiplying (3.40) by €, 0 < € < 1, adding (3.38) together and taking into account
(A1) and (A3), we obtain

L et (u(t)) + 2(a — )| Vue (B)]|2 + 261/)(HV1)|| )||Au OIZ< L+ +15, (341)

dt
where .
e* (u(®)) = Jue (I3 + (w(ww%) -/ g(T)dT> IVu(li
0
+(g 0 Vu) (t) + ea| Au(t) |3 — 26/ ur Audz (3.42)

e (|| Vol[3) IFu()l3.

L = 2/ f()(uy — eAu)da,
Q
L= (jtw(nwug) " eth(nwn;)) IV,

I3 = 26/0 g(t — 7)Au(r) - Au(t)dzdr.

Estimate for Iy = 2 [, f(v)(u; — eAu)dz. From (A2) and making use of Holder’s
inequality and Lemma 2.1, we have

and

I :2/Qf(v)(utfeAu)d:c

§2/ ‘f(v)ut‘dx—l—%/ ‘f(v)Au‘dac

Q Q

§2K3/ |vyp-1|ut\dx+zef<3/ o] ™" | A de (3.43)
Q Q

< 28387 Avll§™ luelo + 26K BTV Av ] Al

< 2K B TVRE e (u(t)) + 2eKa BTV RE e(u(t))

= 2K;5(1 + ) B2V RE e (u(t))?.

Estimate for Iy = (E¢(||v”||2> + 6%M(HV’UHZ)> |[Vu(t)||3. First of all, we observe
that

ae(Ivel) =20 (19l [ vo- Vv o
< 2Ms||Av]s[|ve ][> < 2Ms Rg,
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where M3 = sup {|¢’(s)]; 0 < s < B{R3}, and

Ay (|[vef2) = 2eh(|[v0f) / Vo Vouda
Q
S 26A2||A’U||2HU¢||2 S 2€A2R%,
where Ay = max {|M’(s)|; 0 < s < BfR3}. Then, from (3.44) ,(3.45) and using (3.35)

we arrive at

(3.45)

I, <2BIR (M3 + eAs)e(u(t)). (3.46)
Estimate for I3 = 2¢ fot g(t—7)Au(71)-Au(t)dzdr. Using the inequality ab < ﬁaQ—H]bQ,
where n > 0 is arbitrary, we get

L =2 /0 Calt— ) / Au(r) - Aut)dzdr

) (3.47)
< 2en|Aut) | + 14 | gt~ )l Au(r)ar.
0
Combining these inequalities with 0 < n < lg HLl , we get
e (u®) +2(a = )| VurI + 2¢ (v (IVell3) = n) 1 Au(®) I3
< 2B2R3(Ms + eAy)e(u(t)) + 2K3(1 + €) BiP "V RE e (u(t)) (3.48)
t
vl [ gt =) (o) ar
When we take € = 0 in (3.48), we see that
t
&1 (o(1ve1g) = [ atrar) I9uol + (g 7))
0 (3.49)

+ i [l (D13] + 20| Vue (8) 13 1
< 2B2R2Mye(u(t)) + 2K3B; "V RE e (u(t))®.
By Young’s inequality, we get
26/ wAudzr < 2€||ug|2 + §||Au(t)||§.
Q

Hence

e*(u(t)) > (1 —2¢) w3 + ¢ (a — 3) HAu(tt)H%—i-(govu)(t)
e (|| Vo) IVu(e)]3 + (w(wwg) - g(T)dT> IVu(t)|2. (3.50)

0
Choosing € = 2 and taking into account (A1) and (A3), we have
e (u(t) > ze(u(t). (3.51)
and
(o) < (14 26)ur 3 + € (o + ) 1A 3 + ¢ (IVwol13) Vol
+eM(HvuoH§) IVuol3 < 2[ur]3 + (e + 3) [[Auol3 (3.52)

2 *
0 (190 13) IV ol + M (|| o 13 7003 = ¢
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Integrating (3.48) over (0,t), we get
) t
e (u) + & (mo —n— 245 ) [ ()]s
¢ 0 ) (3.53)
<e* (uo) +/ [C’le* (u(T)) + Cye* (U(T))E] dr,
0

where Cy = 10BR3(Ms + 2A;) and C; = %Kle(pfl)Rg_l. Taking n = % in
(3.53), then from (A1), we deduce

e (u(t)) < * (ug) + /0 t [Cre* (u(r) + Coe* (u(r)) ] ar

: ) (3.54)
<c* +/ [Cle* (u()) + Cae* (u(r)) 2} dr.
0
Hence, by Gronwall’s inequality, we have
C 2
e*(u(t)) < <\/c7+ ;T> e, (3.55)
Then, by (3.51), we obtain
C 2
e(u(t)) <5 (ﬁ + ;T) et (3.56)
for any ¢ € (0,T]. Therefore, we see that for the parameters T and Ry satisfy
c 2
5 <\/c7+ ;T> AT < R2. (3.57)

That means S maps Xt g, into itself. Moreover, by Lemma 3.1,
w e CO(0,T); HA () N HE(Q) N CH(0,T]; L2(2)).
On the other hand, it follows from (3.49) and (3.56) that
ug € L*(0,T; HY ().

Next, we shall verify that S is a contraction mapping with respect to the metric d(-, -).
We take vq,v2 € X7 R,, and denote uM = Sv; and u® = Sv,. Hereafter we suppose
that (3.57) is valid, thus u),u® € X7 g,. Putting w(t) = (uV) —u?) (¢), then w

satisfies
t

Wiy — P (||VU1||%) Aw + / g(t — 7)Aw(T)dT — aAw;

M ([Vor]3) we = fl0n) — F(2)
+ [0 (IVor]3) — ¢ (IVo2]j2)] Au® (3.58)
+ [M ([ Vuall3) — M ([Vol|3)] wf®,

w(0) =0, w(0)=0,

w(z,t) =0, z€dQ, t>0.
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We multiply the first equation of (3.58) by 2w; and integrate it over Q to get

t

4| (o(1ventz) = [ owrar) w15 + @0 vu)e) .
4 [wn()18) + 20 Vur ()3 < L+ Is + I + In.

We now estimate I4-I7 (defined as below), respectively.

I = (iw (Vm%)) IVw(®)|3 < 2Ms B} Rie(w(t)), (3.60)

I5 = 2/Q [f(vl) — f(vg)}wtdx

< 2K (v p_2+vp_2)v—v wydx
3/Q|1\ 02777 )01 — v wy (3.61)
< 2K llor |5 a ) + lelBea [ lor = w2l sl

< 4K3BiP YR e (v — vz)%e(w(t))%’

To =2 [¢ (IVor[2) — v (I Vea]12)] / Au®w,ds

é 2L<||V1)1||2 + ||va||2) ||Vv1 — V'UQHQ HAU(Q)HQ Hth2 (362)
< 4LBQR%e(v1 — vg)%e(w(t))%,
where L = L(R) is the Lipschitz constant of ¢(s) in [0, Ro].
Estimate for I7 = 2 [M ([[Vv2|3) — M ([[Vv13)] [, uiz)wtdx. Assumption (A3) gives
) ) Vv2ll3 ,
M (Tesld) = M (9] = |
v1l3
Voallz
< [, W@l < C. IVl — [9nl (3:65)
[[Vv1]3
C. (IVerllz + [ Fo1ll2 ) V03 = Voulle,
where C is a positive constant. From (3.63) and (3.35), we have
b =2 [M (I902]B) = M (I90alB)] [ afPuwndo
Q
< 2. (IVonllz + Vil )11V (w2 = o)l ™| el (3.64)
< 2C.BiR3e(v) —v2)? 2 e(w(t))%.
Inserting (3.60) — (3.64) in (3.59), we get
4 [( o(1vul) - [ otrar ) 1wl + oo v
(3.65)

& [lwe(t) 3]+2a\|th I3

S C3€( ) —|—046(’Ul —1}2)26(11}(75))%,

-
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where Cy = 2M3B2R2 and Cy = 4K3B?P" Y RE™2 4 41 B2R? + 2C, B2R2.
On the other hand, multiplying the first equation in (3.58) by —2Aw, and integrating
it over ), we get

% {a”Aw(t)% — 2/thAwdx + M(HVleZ) |Vw(t)||§} (3.66)
+20([|[Vor[3) I1Aw(®) I3 = 2/ Vwnll§ = Is + Iy + ho + Tt + Tz

We now estimate Is-I7; (defined as below), respectively.
Applying the similar arguments as in estimating I;, i = 2, 3,5, 6,7, we observe that

= (M (V) ) IVeIf < 24053 B2 (w10), (3.67)
Iy = —2/Q [f(vl) - f(%)} AU’dT (3.68)
< 4K BTV RE e (v — v) e (w(t))?,
_ B Vo u? Awdz
o =2 [0 (1901 18) = (17w )] [, Al s 3.69)
< ALBIRZe(vy — v) e (w(t))?,
L =2 [M ([Ves|3) - (\Wlu ]1/ Au® Awdr (3.70)
< 2C.B}R3e(vy —v2)? 6(10(15))5
and
Iy = 2/ gt —7) | Aw(r) - Aw(t)dzdr
0 Q (3.71)

¢
< 21| Aw(t)[3 + Lol / g(t — )| Aw(r)||3dr,
0
where 77 > 0 is arbitrary. Combining these inequalities with 0 < n < %, we get
2
al|Aw(t)||3 - 2/thAwdx + M(HV@lH2) Vw(t)||§}
2
2 (w<HVv1H2) — 277) |Aw(t)||3 < C4e(v1 — 1)2) e(w(t))
¢
il [ g - )| Aw(r) [ + 2wl + Cre(w(t).
0

Nl
D=

(3.72)

where C5 = 245 BZ R?. Multiplying (3.72) by €, 0 < € < 1, and adding (3.65) together,

we obtain
) = 20) 8wl
1
2

e(w(t)* (3.73)

e (w(t)) +2( a—e)||th||2+2e( (}Vm“i
<(Cs+ 66225)6( w(t)) + (1 + €)Cye(vy — v2)
vl [ g - r)|Au(r) ar

0
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where
e wit) = 13+ (0(19013) - [ o(rar ) 170
+(g o Vw)(t) + eal| Aw(t)||3 — 26/ wiAwdz (3.74)
)
e ([[Vor ;) IV ()3

By using Young’s inequality on the fifth term of right hand side of (3.74), we get
e (w(t) > (1 - 26)Hw15(i)||§ +e(a—3)|Aw)3
+(w(1ventz) - [ owar) 19wt (3.75)
(g0 Vw)(t) + eM(HVmHz) IVw(t)|2.
Choosing € = 2 and by (2.1), (2.4), we have

1
e (w(t)) > ge(w(t)). (3.76)
Then, applying the some way as in obtained (3.53) and taking n = H92”nL1 , we deduce
i 2
e** (w(t)) < / |:5 (03 + 505) et* (w(t))
0 (3.77)

+ 15 Che(vr — vo) 2 e (w(t)) ﬂ dr + e** (w(0)).

Thus, applying Gronwall’s Lemma and noting that e** (w(O)) =0, we have

e (w(t)) < g6‘42’17265(03%C5)T sup e(vy — v2). (3.78)
20 0<t<T
By (3.36) and (3.76), we have
d(uV,u®) < C(T, Ro) 2 d(v1,v2), (3.79)
where
C(T, R)? = %oﬁ#é(cﬁ%%)? (3.80)

Hence, under inequality (3.57), S is a contraction mapping if C(T, Rg) < 1. Indeed,
we choose Ry sufficient large and T sufficient small so that (3.57) and (3.79) are sat-
isfied at the same time. By applying Banach fixed point theorem, we obtain the local
existence result.

The second statement of the theorem is proved by a standard continuation argu-
ment. Indeed, let [0,7) be a maximal existence interval on which the solution of
(1.1) exists. Suppose that T' < oo and tlirjr} (Jlue()]13 + |Au(t)||3) < oo. Then, there

T

are a sequence {t,} and a constant K > 0 such that ¢, — T~ as n — oo and
llue(tn)||3 + |Au(t,) |3 < K, n = 1,2,... Since for all n € N, there exists a unique
solution of (1.1) with initial data (u(t,), u:(tn)) on [tn,tnyp], p > 0 depending on K
and independent of n € N. Thus, we can get T < t,, + p for n € N large enough. It
contradicts to the maximality of T. The proof of Theorem 3.2 is now completed. [
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4. Global existence and energy decay

In this section, we consider the global existence and energy decay of solutions
for a kind of the problem (1.1):

t
Uy — (HVuHZ) Au — aluy + / g(t — 7)Au(r)dr
0

+M (HVUH;) up = |ulP~2u, xe€Q, t>0, (4.1)
u(z,0) = uo(x), w(x,0)=ui(z), z=€Q,
u(z,t) =0, x€d, t>0,

Wher62<p§%,0421andw(r)zl—kbﬂ,bZO,yZ1andr20.

To obtain the results of this section, we now define some functionals as follows:

I(t) = I (u(t)) = (1 —/0 g(T)dT> IVu)ll3 + (g0 Vu)() = [lu®)ll},  (4.2)

Iy(t) = I (u(t)) = L (t) + b Vu(t) 57, (4.3)
t
50 =30 =5 (1= [ atnar) T+ d@o v
+aei g IVe® 157 = Lu) 2.
We define the energy of the solution w of (4.1) by
B(t) = B(u(t) = 3llue(Dl3 + 7 (u(t)) = 5]lua(t)]3
T (1 -/ g(f)df) [Fu(®)3 + (g0 Vu)(t (45)
0
+ ot V@) = Lju(h)|z.
Lemma 4.1. E(t) is a non-increasing function for t > 0, that is
B(0) < = (015 + 2T u0)]3 + 5 (50 V) 1)
(4.6)

+ég(t)||Vu(t)||%] <0, forall t>0.

Proof. Multiplying the differential equation in (4.1) by w;, integrating by parts over
Q and using (A3), we obtain

& [l (13 + SIVu®I3 + 522 IVu@ 130 = L)
— —al|Vuy(t)[3 ~ M ([ Zullf) lus (1) I3

+/0 /Qg(t —7)Vu(r) - Vut(tt)dxdT
< —a|[ V(D)3 — ma e (8)[3 + / /Q ot - 7)Vu(r) - Vg (t)dadr.

Exploiting (3.39) on the third term on the right hand side of the above inequality and
using (A1), we have the result. O
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Lemma 4.2. Let u be the solution of (4.1). Assume the conditions of Theorem 3.2
hold. If I,(0) > 0 and

p—2

_BI(_ 2 7
o= L (ll(p—Q)E(0)> <1, (4.7)

then Iy(t) > 0, for allt > 0.
Proof. Since I1(0) > 0, it follows from the continuity of u(t) that
Li(t) >0, (4.8)

for some interval near ¢t = 0. Let ¢4, > 0 be a maximal time (possibly tmae = T),
when (4.8) holds on [0,¢,,4,). From (4.2) and (4.4), we have

502 3 (1= [ oar ) V0l + oo Vo) - Hlul
2 [(1- [ o) Ivulg+ govae] < bney @

0
t
(1 [ atrar) 19ulg > (552 nvuls

%
|

%
i

Using (4.9), (4.5) and E(t) is non-increasing by (4.6), we get

2p 2p
mE(t) < mE(O) (4.10)

Exploiting Lemma 2.1 and (4.7), we obtain from (4.10) on [0, t;n4z)
—2
lellp < BYIIVully = BY[IVulls™ | Vull3

p—

< E (5Z5EO) T LlVul} = ol Vul3

2p
Vaul2 < = <
WVl < S50 <

=T \Lh(-2)

<<(1—1Atmfﬁh)HVuﬁ.

Thus on [0, tyaz), we have

¢
L(t) = <1 —/ g(T)dT) IVu@®)l3 + (g0 Vu) () = [u@®)]; > 0. (4.11)
0
This implies that we can take tp,q,; = T But, from (4.2) and (4.3), we see that
L(t) > L(t) >0, te[0,T]. (4.12)

Therefore, we have I(t) > 0, t € [0, 7).
Next, we want to show that 7' = co. Multiplying the first equation in (4.1) by —2Au,
and integrating it over €2, we get

% {a||Au||§ -2 /Q w Audx + M(HVqu) ||Vu||§}

+(2¢(||vu||j) —2n) |Au|2 < 2[| V|2 —2/Q|u|p_2uAudx (4.13)

t
H HLI d 2
#le [ = rldu(r) e+ (e (194l) ) 19l
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where 0 < n < %. On the other hand, multiplying the first equation in (4.1) by
2us, and integrating it over 2, we get

i QE(1) + 20| V|3 = (9" 0 Vu) (t) = ()| Vu(t) |13

4.14
2 (|| 2) 3 1

Multiplying (4.13) by €, 0 < € < 1, and adding (4.14) together, we obtain
« 2
LB () +2(a— Va3 + 2 (w([[Vuly) - 20) | Aul
d 2
< —26/ u|*2uludr + € (M Vu ) | Vul|3
! S ([[vully) ) vl (4.15)

s2ele gt — m)laur)

E*(t) =2E(t) — 26/ us Audz + earl| Aul3 + eM(HVqu) | Vul|3. (4.16)
Q

By young’s inequality, we get

2¢ / ui Audzx
Q

Hence, choosing € = % and by (4.11), we see that

€
< 2efusl} + S| Aul. (417)

E*(t) 2 < (uell3 + [ Aull3) - (4.18)

| =

Let us estimate I3 = (%M(HVUH
and (4.18) we infer that

nis = ($M([[Val3) ) 1903
= 2M’(y|vu||§) </ Vu~Vutdx> V2 (4.19)
Q
< 245 | Aulla e 2| Vul3 < 1045 (255 ) BO)E*(t) = crE* (1),

NN

)) |Vul|3. Since M € C* ([0, 00), using (4.10)

where ¢; = 10A3(ll(§7’i2))E(0) and Az = max{M'(r), 0 <r < (ll(f%m)E(O)} More-
over, we note that

2 ‘/ |u|p_2uAud$c’ <2(p-— 1)/ |ulP~2|Vu|*dz
Q Q

-2
< 2(p— D)lull?; %5, 1Vuly,.

where é+é = 1, so that, we put §; = 1 and 0 = 0o, if N = 1; 8 = 1+ ¢ (for
arbitrary small ¢, > 0), if N = 2; and 0y = %, if N > 3. Then, by Lemma 2.1,
(4.10) and (4.18), we have

(4.20)

2 ’/ luP~2uludz| < 2B (p — 1)||Vully 2| Aul|2 < s E*(t), (4.21)
)
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p—2

where ¢s = 1087 (p—1) (lléig)E(O)) ® " Inserting (4.19) and (4.21) into (4.15), and

then integrating it over (0,t), we obtain

B(t) +4 (mo—n - 120ix) / | Au(r) [Bar
(4.22)
< E*(0) +/ coE*()dr
0
where cg = c7 + cg. Taking n = % in (4.22), and by Gronwall’s Lemma, we deduce
E*(t) < E*(0)e", (4.23)
for any t > 0. Therefore by Theorem 3.2, we have T = oc. g

Lemma 4.3. If u satisfies the assumptions of Lemma 4.2, then there exists B > 0 such
that
lullr < BE(t). (1.24)

Proof. Using Lemma 2.1 and (4.10), we have
lullp < BY(IVulf = BY[Vull5~?|[Vull3

p—2

By 2p =
o B l - .
Tk (Zl(p—Q) (O)> 1|Vullz = ol1|[Vull3
2p
s O <p — 2) (t)
Let B=o (pzp ) then we have (4.24). .

Theorem 4.4. (Global existence and Energy decay) Suppose that (A1) and (A3) hold.
Assume I1(ug) > 0 and (4.7) holds, then the problem (4.1) admits a global solution
w if ug € H*(Q) N HY(Q) and uy € HE(). Moreover, we have the following decay
estimates

E(t)<ce "™ Vt>0 and < (0,¢],

where ¢, Kk and €1 are positive constants.

Proof. Defining the perturbed energy by
Ed(t) = B(t) + ep(t), (4.25)
where

o) = [ ultyu(t)ds, (4.26)

we can show that for e small enough, there exist two positive constants 5; and S5
such that

BLE(t) < Ed(t) < B E(1). (4.27)
In fact
BE(t) + §lluell3 + luld < (1+ ) E@) + §BF|Vul3

< )
< (14 QB0 + 5B (17 ) E(1) < BoE(D) (429)
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and
€ €
Ec(t) 2 B(t) = fsllwll3 — edllull3 > B(t) = = lulz — cdBY|[Vull3. (4.29)
By choosing § small enough, we have
€ 1 €
B0 2 B0) - 5wl = Jw0) + (5 - 5 ) lulk (4.30)
Once ¢ is chosen, we take € so small that
B(0) 2 7(u(t) + 2l > 515, (4.31)

where % < 1 — 4. Now taking the derivative of ¢(t) defined in (4.26) and substituting

t
Uy = 1/)<HVu||§)Vu + alAus — / g(t — 7)Au(r)dr
0

2 (4.32)
—M (||Vully)ue + 2,
in the obtained expression, it results that
2(y+1
@(1) = uell3 — 1Vl — b Vull37
+/ g(t—1) / Vu(r) - Vu(t)dzdr — a(Vug, Vu) (4.33)
0 Q

~M (|[Vull3) (wr, w) + .

Adding and subtracting 2E(t), and taking (4.5) into account, from (4.33) we infer

o) =280 + 2wy - ( [ tg(r)df) Vu(t)2
(g0 Vu) () = b (1= ) IVul57 Y
+ (lt— %) ullp — a(Vug, Vu) — M(HVuH;) (g, w)

+/0 g(t — T)/QVU(T) - Vu(t)dxdr.

(4.34)

Estimate for J; = oz(Vut, Vu). Considering Cauchy-Schwartz inequality, we have
o’ 2 1 2
| 1] < 7||Vut(t)||2 + §||Vu(t)||2. (4.35)

Let us estimate Jo = M(HVuHZ) (uy,u). Noting that | Vu(t)|3 < ll(?%Q)E(O) = [
for all t > 0, we have that

M(|vuly) <& wezo, (4.36)

where £ = max {M(r); r € [0, B3]}. From (4.36) we conclude that

& 1 & 1
ol < S @l + 5l 3 < Sl @I + 5B V@3 (437
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t
Estimate J3 = / g(t— T)/ Vu(r) - Vu(t)dzdr. From assumption (A1) and making

use of the Cauchy-Schwarz inequality, we have
t
J3 / (t—1) / Vu(r) - Vu(t)dzdr

/ (t—7) / u(r) — Va(t) + Vu(t)]  Vu(t)dwdr
/

¢
gt—1) ’Vu u(T)HVu(t)’dxdT
0

([ stna ) I7u(o)I3 "

<|v ()Hz/ g(t = 7)IVu(t) — Vu(r)|3dr

+(/Og i) 19913

< 5lIVu®)3 + 519l 0,00 (9 0 Vo) () + (/O g(T)dT>||Vu(t)||§

t
Va0l + oo Tu) e+ [ atryir ) Ivutolz
Utilizing Lemma 4.3 and inserting (4.35), (4.38) and (4.37) in (4.34), we have
dt) < (5 +2) lulg+ (1+50) Ivul3
+[(1-2) B-2] B@) - b (1- ) Va3 (4.39)
+ 5 Vs (8)]3+ 3 (9.0 V) (-

Then, from (4.6), (4.25), (4.26) and (4.39) we arrive at

IN

_|_

IA

BU(t) = E'(t) + e () < —(m1 = Aae) Juellf + doel| V3

— (5% -39 (9o vu) () - (a = 5e) Va3 (4.40)
—e(=20) E(t) — be (1= 551 ) [Vl 37D = Lg(0)Vu(t) 3,
where
A1 £—2+2>0 Ay = 37%+1>0
and

D p) \p—2

On the other hand, since

/O ¢ (r)dr = g(t) — 9(0),
then

—g)IVu®)3 = —g0)IVu(®)lz - (/0 g'(T)dT> IVu(t)lf3.
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From (A1) the last inequality yields

—SIDIVuO)B < ~ Lo IVu)3 + S Mgl 0o V@3 (@)
Combining (4.40) and (4.41) we conclude that
E(t) < —(m1 = ue) el = (52 = 3¢) (90 Vu) ()
(o= Fe) IVu@®IB —be (1= ) Va0 — (-2 Bty (442)
1 [90) = Kallgllza 0.00) — 2ae] [ Vu(t)3
From (2.1) we have Iy = g(0) — K1||g||£1(0,00) > 0. Defining

. mi KQ 2 lQ
_ o122 2 4.4
€1 mln{)\l, 370172)\2}7 ( 3)
we conclude by taking € € (0,¢1] in (4.42) that
EL(t) < —e(—Xs)E(h). (4.44)
Thus, we see that V¢t > 0 and € € (0, €]
—A
El(t) < —e(—X3)E(t) < —B—?’eEe(t). (4.45)
2
By the Gronwall inequality, we see that
E.(t) < E(0)e™ " Vt>0 and €€ (0,¢], (4.46)
where k = _ﬁ’\; Combining with (4.27), we obtain
BE(@) <E(t) <E(0)e ", Vvt>0 and €€ (0,¢], (4.47)
and
E@t) <ce ™, Vt>0 and €€ (0,¢], (4.48)
where ¢ = E;a(lo). Thus, the proof of the theorem is completed. O
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Abstract. A different amalgamation of non-polynomial splines is used to find the
approximate solution of linear and non-linear second order boundary value prob-
lems. Cubic spline functions are assembled with exponential and trigonometric
functions to develop the different orders of numerical schemes. Free parameter k
of the non-polynomial part is also used to form a new scheme, which elevates the
accuracy of the solution. Numerical illustrations are given to validate the appli-
cability and feasibility of the present methods and also depicted in the graphs.
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1. Introduction

To demonstrate the basic concept and idea of our technique, we consider the
following general non-linear second order two point boundary value problems (BVPs),
which arise in a wide variety of engineering applications

u?(z) = f(z,u), —co<a<zr<b< oo (1.1)
with the boundary conditions (BCs)
u(a) = Ay, u(b) = A,, (1.2)

where A;, i=1, 2 are arbitrary finite real constants and —oco < u < oco. The function
f(z,u(z)) is a continuous function of two variables with f, > 0 on [a,b]. DE (1.1)
with BC (1.2) has a unique solution, whose existence and uniqueness can be studied
n [24]. For the linear case, f(z,u) = p(x)u + g(z) with p(z) and g(z) continuous
functions on the interval [a, b].
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It is well acknowledged that numerous real-life phenomena in physics and engi-
neering sciences often convert to boundary value problems for second order differential
equations such as in heat transfer, optimal control, deflection in cables and plates,
vibration of springs, electric circuits and in a number of other scientific applications
[19]. Most of the BVPs are essentially solved using numerical approaches as those
are not explained enough using existing analytical approaches. Consequently, some
useful numerical schemes were being promoted, most notably spline-based’ schemes.
Spline functions were applied by many authors to establish the accurate and efficient
numerical schemes for the solution of boundary value problems [4]. An exploration
of the literature on a number of polynomial and non-polynomial spline techniques to
solve the second order BVPs can be comprehended as quadratic spline method [8, 26,
32, 42, 49], cubic spline method [2-3, 5, 9-12, 15, 20-23, 27-28, 30-34, 36-38, 40-41, 50],
quartic spline method [6, 13-14, 29, 47], quintic spline method [7, 16, 43, 48] and oth-
ers [39, 46]. Voluminous research work have been contributed to this field but we are
mainly concerned on those papers which have implemented non-polynomial splines
for the solution of second order BVPs with various types of boundary conditions.

For instance, Rashidinia et al. [40] built up a technique based on cubic non-
polynomial spline functions of the form

T, = Span{l,z,sin(rz), cos(tx)}, (1.3)

They applied their scheme to acquire the numerical solution of the following form of
second order two point BVPs

L [pmjﬂ = g(x): u(a) = u(b) = 0. (14)

Here, authors employed direct method to simplify the obtained system and facilitated
the smooth approximations to linear second order BVPs. Similar approach was ex-
ercised by Islam and Tirmizi [27] to find the approximate solution of the system of
two-point second order BVPs with Dirichlet BCs (1.2). They established the consis-
tency equations to attain the desired results and solved linear second order equations
to show the feasibility of their method. Khan and Aziz [34] proposed the parametric
cubic spline functions with a parameter for attaining approximations to the solutions
of the system of BVP. They presented improved results while comparing with some
existing methods. Former approach [35] was yet again instituted by Khan in [33] to
solve the following second order linear BVPs

Yy (@) = f@)y(a) + g(a); a<z <b (1.5)

with Dirichlet BCs (1.2). Here, the author developed the method of order four for

specific values of parameters, or else his method was of order two. Over again, Zahra

et al. [50] used cubic non-polynomial spline function space (1.3) to compute approx-

imation to the solution of above linear BVPs (1.5) but with Neumann BCs. Kalyani

and Rao [31] also adopted similar approach demonstrated by [27, 40, 50] to solve the
following BVP of second order
d du

i [ ] + ot =gt @) = 0. (1.6
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They solved many linear and non-linear examples to study the performance of their
method. Cubic non-polynomial spline scheme was once more deliberated by Justine
and Sulaiman [30] to solve the general linear second order BVPs subject to Dirich-
let BCs. To solve the obtained linear system, they used successive over relaxation
in conjunction with Gauss-Seidel method. However, to establish the result, here au-
thors considered the total number of iterations, execution times along with maximum
absolute error (MAE).

Above, we have summarized numerous contributions that are made to deal with
the solution of various types of second order BVPs choosing non-polynomial splines.
The present research could contribute remarkably to this field as it includes some
novel methods to solve non-linear second order BVPs with significant results. Our
method is based on distinctive exponential and trigonometric spline function space
given as

T = Span{l,x, ekr,sin(lm)}

= Span{l,x, (%) (" — kz —1), (%) (kx — sin(kx))}, (1.7)

where k is the frequency of trigonometric and exponential part of the spline func-
tion, which can be real or pure imaginary. It follows that if & — 0, T35 reduces to
Span(1,z,z% 2%). In this paper, we have developed different order methods along
with a modified k-dependent method based on the angular frequency of the non-
polynomial part for smooth approximation of the second order linear and non-linear
BVPs. We have solved several examples using our developed methods and also shown
comparisons of our results with some known methods like collocation, finite difference,
Galerkin, Adomian decomposition and other spline methods. Our spline method solu-
tion and comparisons demonstrate that our algorithm performs comparatively better
with more precise results.

Now, the paper is organized as follows: section 2 shows the formulation of our
schemes and section 3 describes the solution of BVPs using the developed scheme.
Section 4 deliberates the convergence of the schemes, while in section 5 some examples
are solved using our developed spline methods. Paper is concluded in section 6.

2. Derivation of the method

In this section, we develop a numerical method to approximate the solution of
second order BVP (1.1)-(1.2). To do that, we first set a framework of N + 1 equally
spaced points x; of an interval [a, b] and divide them into N equal sections such that
r; =a+1th,i=0,1,2,...,N where zg = a,xy = b and h = U’_T“). Then, our spline
function P;(z) holds the following structure in every section of the interval

Pi(z) = a;sink(x — x;) + bie" ™) 4 ¢j(x — ;) + ds; i =0,1,2... N, (2.1)

where a;,b;,c; and d; are constants and k is free parameter, which can be real or
purely imaginary and will be used to raise the accuracy of the method. The function
P;(z), which interpolates S(z) at the mesh points z; and reduces to cubic spline as
k — 0, where S(x) is the approximate solution of (1.1). Let u(z) be the exact solution
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and S; be an approximation to u; = u(z;) obtained by the segment P;(x) of the spline
function passing through the points (z;,S;) and (;4+1,Si+1). Then the mixed spline
defined by the function S(z) = P;(x).

Now, we assume

Pi(z:) = 8, Pizit1) = Siv1, PP(x) =M, PP (2i41) = Migr,

3
to get the following value of coefficients
1

4
i=————e’M; — M;11], b; = —=[M;],
“Z 2 sin(0) le +1] k2 [M]
Si+1 — Sl Mi+1 —+ Mz QGGMZ' 1
i = - ) d’L - Sl ) MZ )
¢ TS k2h g2 (Ml

whereby 8§ = kh and i =0,1,2,....., N.

Next, use the continuity condition of the first derivative and substitute the value
of coefficients a;, b;, ¢; and d;. After some algebraic manipulations, we can obtain the
following main relation

Si 1 —28; 4+ Siy1 = B2 [aM;_1 + BM; +yMyq); i =1,2,..N — 1, (2.2)

where,
e {sin(6) + cos(#)} +sin(#)(1 — 2¢°)
o =
62 sin(0) ’
~ 2¢%sin(0) — Oe’ — 6 {sin(0) + cos(6)}
b= 62 sin(0) ’
0 —sin(0)
T e sin(6)
and M; = S®(z;) = f(z,u), by discretizing the considered DE (1.1) at the nodal
point x;. As k — 0, « = 1/6,8 = 4/6 and v = 1/6, our scheme (2.2) reduces to
ordinary cubic spline scheme [5] and then, it is evidently second order convergent.
Accordingly, equation (2.2) provides a system of N — 1 non-linear algebraic
equations in the N — 1 unknowns S;,7 = 1,2,..., N — 1, which by discretizing can be
written as

(Sic1 — ah® f(wi—1, Si—1)) — (28 + BRI f (24, 8:)) + (Siv1 — YA f (@it1, Siv1)) +ti = 0.
(2.3)

Then, the local truncation error ¢;, : = 1,2,...., N — 1, can be written as

1 1
ti={1—-(a+p+v)} hzul(.z) + (o — ’y)hgug?’) + {12 - 5(04 + 7)} h4ul(»4)

(2.4)
o us,e J L 1 6, (6) 7
+6(a v)hou; +{360 24(a+7)}h u;’ + O(h").

Thus, our schemes (2.2) and (2.4) give rise to a family of methods of different orders
as follows:
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2.1. Different order of methods
Case (i). First order method
For a + f+~v =1, a # ~. Here,
ti= (a = Dh*u” + O(h"),

1T = I(a = 7)|h*Ms, M3 = maz|u®(2)].
Case (ii). Second order method
Fora+8+~vy=1, azvanda—i—w;ﬁ%. Here,

_J1r 1 4, (@) 5
tl_{m 2(a+’y)}hui + O(’),

1 1
171 =35 —3le+ 7)‘ WMy, My = mazlu®(2).
Case (iii). Fourth order method
Fora+pf+vy=1,a=vand a+vy= % Here,

_Jr 1 6, (6) 7
tz_{36o 24(a—|—7)}hui +O(h"),

1 1
1Tl = 360 ﬂ(a —|—’y)‘ hS Mg, Mg = maz|u® (z)|.
where || - || represents the co norm in matrix vector.

2.2. Modified k-dependent method

In this section, we will use the parameter k to raise the order of accuracy of the
obtained scheme (2.2). To do this, we first rearrange the terms in equation (2.4) in

the following manner

t =ht (1 (69 —1)(1 — cos(9)) + sin(0) (1 + 60):| (k‘2’u,l(-2) _ u§4))

|62 + 03 sin(0)

M0 (e 0
5 [’ (sin(@) +cos(9)) —1 | 2(1—¢€")] .2 (3
+h 6% sin(0) AT

(1 14 €%(sin(d) + cos(6)) N (1+e9>] 12y @

6
th | 1262 203 sin(0) 0+

[ (sin(0) + cos(0)) + 1 + e?(sin(0) — cos(h) — 1)} JENC
i 65 sin(9) :

s[[ 1 | —€’(sin(0) +cos(0)) (27 —1)) (o 1 1
h _{%’L 240 sin(0) HYTE }“ (m) + {2492 ~ 240sin(0)

M0 (e 0
7 [€”(sin(@) +cos(§) —1) , (1—¢€")] ,2 (5
+h 668 sin(0) AT K

+hS

Equating the coefficient of the leading term in the above equation to zero, we can

get the equation in k; as
PR D)
! u(2) f(xu ul)

(2
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For the linear case, f(x;,u;) = p;u; + g;. Then,

@:@%ﬂﬂw+%M+mm+%
Diu; + gi

Thus, from above we see that calculation of k; requires the approximations for u; and

u}. Approximation for u; can be obtained by means of our developed scheme (2.2) for

k =0 and for u}, following steps can be adapted:

(i) Differentiating equation (2.1) at = x;, to get

(2.9)

1 . o
Pi(z) = Tesin(6) {(sin(0) + €”)M; — M;11}
(S —S) | 1 )
+ = A - +m{(1—2€ )M; + My},
(ii) If the limit k& going to zero in the above equation, we obtain
h h Sit1 —95i) .
Pl(x) = —— f(@iq1, uit1) — 5[ (x5, u;) + (Hi); i=0,1,.....,N. (2.10)

6 3 h

3. Composite non-polynomial spline solution

To develop the approximation to the solution of BVP (1.1)-(1.2) based on our
developed spline method, we write our scheme (2.2) in the following standard matrix
form:

ApSW — p2B M) (5(1)) = oW, (3.1)
where Ag and B are three-band square matrices of order N — 1, given by
o g -
1 -2 1
1 -2 1
Ay =
1 -2 1
L 1 _2_
T -
a B9
a B
B = e
a B
L o B

Matrix: fM(SM) = f(z;,8M), SO =[Sy, S5, ..., Sy_1]t and

—A; + h2af(l'07A1), =1,
cW = 0, i=2,3,..N—2,
_A2 + h27f($N7A2)a N -1
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Likewise,

AU —p2BfMwWy = c® 47O (3.2)
where the vector U?) = u(z;) is the exact solution with truncation error T = (£{")),
fori=1,2,...,N —1.

From (3.1) and (3.2), we have

(Ao — B2BQIEW =11 (3.3)
where
BW = g _ g0 — [V D 7
and

(oMY
Q = diag t ,i1=1,2....,N—1
8u§1)
My,

is the diagonal matrix of order N — 1, whereas for the linear case, Q =diag(f;
Thus, the equations (3.1)-(3.3) demonstrate our scheme, using which one can
obtain the approximate solution of non-linear DE (1.1) with the BC (1.2). We shall
use Newton’s method to obtain the solution of the non-linear system (2.2), which
converge to the solution of (1.1)-(1.2) for all sufficiently small values of h [24, 46].

4. Convergence analysis
Now, we will derive a bound on ||E(1) |- From equation (3.3), we get
AED — T(l)7
where, A =[Ag — h?BQ) is a tri-diagonal matrix. The elements of A are given by

_2_h2ﬁfu(xiaui)a Z:Ja
1_h2afu(xi7u’i)7 Z_]:la
l_hzvfu(xiaui% J_Z: 1a

0, i—j| > 1.

aij =

From above, we have
o<t}
(See [24]) [|A7!]| < (b—a)?/8h? and so, we can infer the following convergent schemes:

Case 4.1. First order convergent method
For (a, 8,7) =(75/1920,1755/1920,90/1920),
Then from equation (2.5), we get

T = 128" Ms.
‘@mHgngomU (4.1)

This relation (4.1) shows that the method is first order convergent.

Case 4.2. Second order convergent method

Fora=vy= 2 and 8= 22, T(l)Hoo = 1 h* My
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Then it follows from (2.6) that
HE<1>H < K>h? = O(h?). (4.2)
The relation (4.2) confirms second order convergence of the method.

Case 4.3. Fourth order convergent method
For a =~ = % and 8 = %, T(l)HOO = ﬁhﬁMg.
Then from equation (2.7), we have

HE“)H < K3h' = O(hY). (4.3)

which confirms fourth order convergence of the method.

5. Numerical illustration

To illuminate the use of our developed methods, we have considered several
linear and non-linear examples of second order BVPs and also compared our results
with other existing methods.

Problem 5.1. Consider the linear BVP
2 1

u? (z) = Su—— 2<a <3 u(2)=u(3)=0. (5.1)
The theoretical (exact) solution of (5.1) is
1, 36
= —(— 1 - ). 2
u(@) = g5(=52" +192 — —) (5:2)
Comparing the given equation (5.1) with (1.1) at = z;, we have
2 1

Table 1. Absolute error for the solution of Problem 5.1 at different value of x

for N =8
T Our method for £k =0 Our k-based method Value of &k
17/8 2.36x107° 4.28%x10~6 1.0674
18/8 3.66x107° 6.31x106 0.9581
19/8 4.16x107° 6.86x 106 0.8623
20/8 4.07x107° 6.45x107° 0.7781
21/8 3.52x107° 5.38x 1076 0.7040
22/8 2.61x107° 3.87x10~6 0.6387
23/8 1.42x1075 2.05x1076 0.5809

For the linear case, f(x,u) = p(z)u + g(x), so p; = p(x;) = 2/22;9; = g(x;) = —1/x;
and equation(3.1) is changed to AS = C, where A = Ay — h2BQ; Q = diag(f;).
By substituting these values, we get system of linear equations for Problem 5.1 that
can be solved using any suitable method. Absolute errors at different point of x are
summarized in Table 1 for k = 0, i.e. (o, 8,7v) = (1/6, 4/6, 1/6) and k-based method,
when h = 1/8. Results indicate that the modified k-dependent method provides better
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results than the method for £ = 0. The value of parameter k at different value of x is
also listed in Table 1 (col. IV).

Table 2 reports the MAE at different value of N for second order schemes to-
gether with k-based technique. Table indicates that k-based method is a third order
convergent method. Comparison of numerical results with other existing methods is
also included in this table. Fourth order method solution when (o, 3,7) = (1/12,
10/12, 1/12) of Problem 5.1 for N=10 is presented in Table 3, along with comparison
with Galerkin method.

Table 2. Comparison of maximum absolute errors for Problem 5.1

Our method N=4 N=28 N =16
Our second order methods
(v =~ =3/38,8 =32/38) 5.94x107%  2.00x107¢  5.37x1077
(a=v=1/13,8 =11/13) 9.88x107%  3.01x107%  7.90x1077
Our method for k = 0 1.65x107*  4.16x107°  1.04x107°
Our k-based Method 5.06x1075  6.86x107%  8.61x10~7
Quadratic spline [9] 1.60x10~*  2.66x107°  5.58x107°
Centered Difference method [10] 2.79x107*  5.42x107°  1.19x107°
Quadratic spline [42] 7.93x1075  2.06x1075  5.20x107°
Cubic spline [10] 5.49x107°%  1.87x107%  5.07x10°°
Cubic non-poly. spline [33] 2.05x107°  5.74x107¢  1.47x107°
Discrete cubic spline [21] 1.77x107°  5.00x107%  1.29x107°
=10”
a8 ' ; " #  Numerical : j j ' —&—N=10
cosst (@) Exact B ) ——N=20
—$—N=30
004}
ol
0.035F
g st
- 003F E
&;, 0.025F E 4t
vozf _:% st
0.015F
ol
001f
0.005} 1
g 22 24 26 28 if 22 24 286 28 4
X X

Figure 1. (a) Comparison of approximate and exact values for Problem 5.1.
(b) Error graph for Problem 5.1 at different values of N (Table 3).
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Table 3. Comparison of MAE for the solution of Problem 5.1

(Fourth order method)

z 2.1 2.2 2.3 2.4
Our method 3.73x1078  5.89x 1078 6.92x10~8 7.15x10-8 6.78x10~8
Galerkin method [25]  2.52x 10~7 1.15x107%  6.73 x10~7 6.90 x10~7 1.24x 10~

z 2.6 2.7 2.8 2.9
Our method 596x 1078 4.81x1078 3.39x10~8  1.77x10~8

Galerkin method [25] 4.51x10~7  7.90x10~7 9.70x 107 3.17x10~7

+  Mumerical
Exact

Absolute Error

0 0.2 04 06 0.8 1
X X

Figure 2. (a) Comparison of approximate and exact values for Problem 5.2.
(b) Error graph for Problem 5.2 at different values of N (Table 4).

Problem 5.2. Consider the linear BVP
u?(z) =100u; 0<z<1;  u(0)=u(l)=1.
The theoretical solution of (5.3) is
cosh(10z — 5)
u(w) = cosh 5
Problem 5.3. Consider the linear BVP

uP(z) =u+cos(z), 0<z<1l;  w0)=ul)=1.

The theoretical solution of (5.5) is
u(z) = —3cosh(1) + 3s.1nh(1) + cos(1) + 261,
4 sinh(1)
+3cosh(1) + 3sinh(1) — cos(1) — 26_35 cos(x)
Asinh(1) 2

(5.6)
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Table 4. Comparison of maximum absolute errors for Problem 5.2

Our method N=16 N=32 N=2  N=40

a =~ =3/38,3=32/38 1.95x107*  7.15x107° 1.54x107* 4.75x107°
a=~y=1/13,=11/13 3.37x107%  1.07x107* 247x107* 7.08x107°
Our method for k =0 6.10x107%  1.50x1073 3.90x107% 9.65x1074
Our k-based method 1.16x1072  1.11x107% 5.40x1073 5.57x10~*
Our fourth-order method — 1.12x107% 7.28x1076% 4.75x10™° 2.99x10~6
Cubic non-poly. spline [33] 7.22x107% 2.06x10"% 5.00x10~% 1.34x10~4
Discrete cubic spline [21]  6.18x107%  1.80x10™* 4.32x10™% 1.17x1074
Quadratic spline [42] 3.06x1073  7.58x1074 — —

Collocation method [32] — — 1.80x1073  4.70x10~*
Cubic spline [10] 227x1072  6.84x107* 1.57x1073 4.53x10~*

Maximum absolute errors at the different values of IV are tabulated in Table 4
for Problem 5.2 and in Table 5 for Problem 5.3. Fourth order method solution and
error graphs at different values of N are also given in Figures 1-3 respectively for
Problems 5.1-5.3.

Table 5. Comparison of maximum absolute errors for the solution of Problem 5.3

Our Our Our Standard Perturbed
T method k-based fourth Tau- Tau- EADM EFM

for k=0  method order method method [17] [44]

method [45] [45]

1/8 524x107* 7.13x1076 8.97x107% 1.00x10™% 2.10x10™* 4.37x10~7 6.88x10~°
2/8 9.69x10~% 1.17x107% 1.50x10~7 0 1.10x10~* 8.07x10~7 4.93x107°
3/8 1.26x1073 1.43x107° 1.84x10~7 1.00x10~% 7.51x107% 1.05x1076 3.21x107°
4/8 1.37x1073 1.50x107% 1.93x10~7 1.00x10~% 6.25x107% 1.14x1076 2.63x107°
5/8 1.26x1073 1.39x107° 1.79x10~7 2.00x10~% 4.31x107% 1.05x1076 2.16x10~°
6/8 9.69x10™% 1.11x107°% 1.42x1077 2.00x10~% 243x107% 8.07x10~7 1.09x107°
7/8 5.24x107% 6.56x107% 8.32x1078 2.00x10™% 1.13x107% 4.37x10~7 1.01x107°

Abbreviations: EADM: Extended Adomian Decomposition Method; EFM: Exponential fitting
method

x10”

@

095

u(x)

Absolute Error

(&

o 01 02 03 04 056 06 07 OB 09 1

b

01 02 03 04 05 06 07 08 09

x

Figure 3. (a) Comparison of approximate and exact values for Problem 5.3.
(b) Error graph for Problem 5.3 at different values of N (Table 5).
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Problem 5.4. Consider the non-linear BVP
u?(z) = 2(u(x))®, —-1<z<0;  u(-1)=1/2,u(0)=1/3. (5.7)

The theoretical solution of equation (5.7) is

u(z) = (5.8)

To solve non-linear BVP (Problem 5.4), compare the equation (5.7) with equation
(1.1) at = ; and we have

f@iyui) = 2(u(x:))?;

Using equation (3.1), we obtain a system of non-linear equations that have been solved
using Newton’s method. Results are verified with MATLAB builtin solver(fsolve)
command. Tables 6 and 7 show the maximum absolute errors, in case of k=0, modified
k-dependent method and fourth order method solution. Tables clearly indicate that
our developed methods produce the better accuracy than some other specified me-
thods. We have also listed the value of parameter k at different value of x in Table 8.

Table 6. Comparison of MAE at N=10 for the solution of Problem 5.4

Our Our Our fourth Quintic Cubic Quartic
method k-based order spline [7] spline[20]  spline [6]
for k=0 method method

2.65x107° 8.08x107%  3.23x1077 8.82x107% 1.68x107° 4.67x106

Table 7. Maximum absolute errors at different value of N for Problem 5.4

Our method N=4 N=38 N =16
Our method for k =0 1.63x10™*  4.13x107°  1.03x107°
Our k-based method 1.28x10~* 1.53x1075 6.83x10°6

Our fourth-order method 2.56x107%  1.64x10~7 1.08x108

Table 8. The value of k at different value of x for the solution of Problem 5.4

z -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1
k 1.6499 1.5748 1.5062 1.4433 1.3855 1.3321 1.2827 1.2368 1.1941
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Figure 4. (a) Comparison of approximate values and exact values for Problem 5.4.
(b) Error graph for Problem 5.4 at different values of N (Table 7).
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Figure 5. (a) Comparison of approximate values and exact values for Problem 5.5.
(b) Error graph for Problem 5.5 at different values of N (Table 9, col. III).
Problem 5.5. Consider the non-linear BVP (Bratu Problem)
uP(z) +2e"" =0, 0<z<1;  w(0)=u(l)=0. (5.9)
The theoretical solution of (5.9) is
u(z) = —21n(cosh(1.17878 (z — 0.5)))/ cosh (0.589388). (5.10)
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Table 9. Comparison of MAE for the solution of Problem 5.5 at N = 10
Our method for Our k-based Ourfourthor- LGSM [1] Quintic

k=0 method der method spline [7]
8.83x10~* 3.56x10~° 3.64x10°° 5.7x10~° 6.22x10~°
B-Spline Quartic spline Cubic LADM [35] ADM [22]
method [18] method [6] spline[20]

5.29x107° 1.10x10~* 6.26x1074 1.24x1072 1.52x1072

Abbreviations: ADM: Adomian Decomposition Method;
LGSM: Lie-group shooting method;
LADM: Laplace Adomian Decomposition Method

Problem 5.6. Consider the non-linear BVP

1
u? (z) = 5(1—|—x+u)3, O<z<l; u(0) = u(1) = 0. (5.11)
The theoretical solution of (5.11) is
2

The other non-linear BVPs mentioned in Problems 5.5 and 5.6, are also solved just
like Problem 5.4 using Newton’s method. Obtained results show the efficiency and
accuracy of our proposed methods. Maximum absolute errors at the nodal points
with a comparison with other methods are summarized in Table 9 for Problem 5.5
and in Table 10 for Problem 5.6, respectively. Figures 4-6 demonstrate the fourth
order method solution and error graphs for nonlinear Problems 5.4-5.6 respectively
with comparison of errors at the nodal points.

Table 10. Comparison of MAE for Problem 5.6 with Approaching spline method
at N =25
0.2 0.4 0.6 0.8
1.30x107% 2.40x107% 3.10x107% 2.80x1073
2.70x107° 5.25%x107° 7.19x107° 6.49x107°

3.80x107° 7.26x107° 9.92x107° 9.96x107°
1.40x107* 2.60x107% 3.20x10™* 2.70x107*

x values
Our method for £k =0
Our k-based method
Our fourth order method
Approaching spline [31]

o O O oo
O O OO
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Figure 6. (a) Comparison of approximate values and exact values for Problem 5.6.
(b) Error graph for Problem 5.6 at different values of N (Table 10).

6. Conclusion

A unique approach based on a different combination of non-polynomial cubic
splines is used to develop various orders methods for solving linear and non-linear
second order BVPs. We have also developed a parameter k-based method for smooth
approximation of these BVPs. The convergence of the developed method is also es-
tablished. Competence of the demonstrated technique can also be weighed through
comparisons with the literature given in tables, which show that our results are com-
paratively better with more precise result. Graphs are plotted at different values of
N for all the problems, which clearly show that absolute errors decrease rapidly as
step size N increases.
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Optimal decay rates for the acoustic wave
motions with boundary memory damping

Khalida Benomar and Abbes Benaissa

Abstract. A linear wave equation with acoustic boundary conditions (ABC) on
a portion of the boundary and Dirichlet conditions on the rest of the boundary
is considered. The (ABC) contain a memory damping with respect to the normal
displacement of the boundary point. In this paper, we establish polynomial energy
decay rates for the wave equation by using resolvent estimates.
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1. Introduction

In this paper we investigate the existence and decay properties of solutions for
the initial boundary value problem of the wave equation of the type

Yy (2, t) — Yoz (2,8) =0 in (0,L) x (0, +00),

y(0,£) =0 (O +00),

yz(L7t) = Zt(t) (0 +OO) (P)
yr(Lyt) + mz(t) + 70" 2(t) = 0 n (0, 400),

y(x,0) =yo(z), wi(x,0)=y1(z) in (0,L),

where (z,t) € (0,L) x (0,+00),m > 0,7 > 0,7 > 0 and the initial data are taken
in suitable spaces. The notation 9;"" stands for the generalized Caputo’s fractional
derivative of order o, 0 < a < 1, with respect to the time variable (see Choi and
MacCamy [9]). It is defined as follows

1 t
,n _ a,—n(t—s)
o Mw(t) = 71"(1—04)/0 (t—s)"“e o —(s)ds, n>0.

The problem (P) describes sound wave propagation in a domain which is full of some
kind of medium and with a portion of boundary made of light-weight viscoelastic
material.
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Acoustic model was proposed by Morse and Ingard [15], and improved in a
rigorous mathematical way by Beale and Rosencrans [5]. Under the assumption that
each local-reacting boundary point acts as a spring, the author analyzed the model
in both bounded and exterior domains in [3], [4]. Uniform energy decay rates were
studied in [7], [16] for acoustic wave systems with both internal and boundary memory
damping terms. To our knowledge, there has been few work about the decay rates
of acoustic wave energies when only one memory damping acting on the acoustic
boundary.

Recently, In [11], the authors considered the following initial boundary value
problem with memory type acoustic boundary conditions,

yee(x,t) — Ay(z,t) =0 in  x (0, 400),
y(z,t) =0 in Ty x (0, +00),
gg (ac t) = z(x,t) in Ty x (0, +00), (P)
ye(z,t) + mz(z,t) + 700 2(x,t) =0 in Ty x (0, +00),

( ) = yO( )7 yt(xvo) = yl(x) in (OvL)

They proved well-posedness and strong stability of the system (P) without giving
an energy decay rate. Very Recently, in [12] the authors proved that the energy is
polynomially stable but without obtaining the precise exponent.

The aim of the present paper is to obtain more precise rates of decay. This can
be achieved via some theorems about operator semigroups. We provide a standard
method of going from resolvent estimates for a suitable PDE to rates of decay of
classical (strong) solutions.

We should mention here that the approach in [11] and [12], which is based on
Laplace transform is different from ours. By redescribing the fractional derivative term
by means of a suitable diffusion equation as in [14], the original model is transformed
into an augmented system which can be more easily tackled by the energy method.

2. Augmented model

This section is concerned with the reformulation of the model (P) into an aug-
mented system. For that, we need the following claims.

Theorem 2.1 (see [14]). Let p be the function:
u(€) = €| V/2 0 _so < €< 400, 0<a< 1. (2.1)
Then the relationship between the “input’ U and the ’output’ O of the system
Bed(€,1) + (€ +me(&, ) —Ut)u(§) =0, —00 <€ < +00,7>0,t>0, (22)

$(£,0) =0, (2.3)
“+oo
O(t) = ()" sin(am) / W(E)S(E, 1) d (2.4)

s given by
O = I'"*"U = D", (2.5)
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where . .
0 = g [ =t () ar
Lemma 2.2 (see [1]). If A € D, = C\] — oo, —n] then

R (3) . a1
/700 )\+n+§2d§_sina7r()\+n) ’

We are now in a position to reformulate system (P). Indeed, by using Theorem 2.1,
system (P) may be recast into the augmented model:

ytt(l’, t) - ywm(l‘vt) =0 (07 ) ( +OO)

(1) + (&2 +m)p(E,t) — 2z (t)pu(€) =0 n (—oo +00) (0, +00),

y(0,t) =0 n (0, +00),

yx(L, t) = Zt (t) o ( ) (P')
w(L) £ ma)+¢ [ u(©ol€.0d =0 i (0,450)

y(x,O) :yo(fﬁ), yt(xao) :yl(x) ( )

6(¢.0) = 0 n (<00, +00).

We define the energy associated to the solution of the problem (P’) by the following
formula:

1 1 +oe
B = 5lnl} + 5wl + Fl0F + 5 [ o€ ord (20

Lemma 2.3. Let (y,$) be a solution of the problem (P'). Then, the energy functional
defined by (2.6) satisfies

+oo
0 =—¢ [ (@ +nlolenPds <o 2)

Proof. Multiplying the first equation in (P’) by 7,, integrating over (0, L) and using
integration by parts, we get

sl = [ yeuitz =o.

Then

c(lit( lyell + IIymllz)Hﬁzt()(mz +</+Oo ¢(£,t)d§> =0.  (28)

Multiplying the second equation in (P’) by (¢, and integrating over (—oo,+00), to

obtain
+o0

+oo _
SaloB+¢ [ @ mlotrde-Rat) [ uodende=o. @9

—00

From (2.6), (2.8) and (2.9) we get

+oo
() = —¢ / (€ + m)lo(e, )2 de.

This completes the proof of the lemma. O
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3. Well-posedness

The energy space associated to system (P) is
H = Hi(0,L) x L*(0, L) x L*(—o00,+00) x C, H}(0,L) = {y € H*(0,L), y(0) =0}
equipped with the inner product

~ — p— p— er =
< U U >y= / (m?—!—yxgjx) dx—|—mz§+§/ PPdE,

Q

where U = (y,v,¢,2)7, U= (gj,z}é,é)T € H.
Let U = (y,y:, ¢, 2)T and rewrite (P') as

U = AU,
’ 3.1
{U(O) = (Y0, Y1, %0, 20), (3.1)
where the operator A is defined by
Y v

A v Yzx 3.9
6| = | —@+mot uDue (3.2)

z Yo (L)

with domain

(y,v,6,2)T in H:y € H>(0,L)N HL(0, L),

ve H(0,L),z €C,

_(£2 2(_

o) +me+¢ [ (ol de =0,

€l¢ € L?(—00, +00)
Now, we will give well-posedness results for problem (P) using semigroup theory. We
show that the operator A generates a Cy- semigroup in H. We prove that A is a

maximal dissipative operator (see [8]). For this purpose we need the following two
lemmas.

Lemma 3.1. The operator A is dissipative and satisfies, for any U € D(A),

+oo
RV Uy = ¢ [ (€ + lole) de. (3.4)
Proof. For any U = (y,v, ¢, 2)T € D(A), Using (3.1) and the fact that
1y ye, 6, 2) 13 = 1V 13, (3.5)
estimate (3.4) easily follows. O

Lemma 3.2. The operator AI — A is surjective for all X > 0.
Proof. We need to show that for all F' = (fi, f2, f3, f4)T € H, there exists
U= (y,u,¢,v)" € D(A)

such that
AU — AU = F, (3.6)
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that is
)‘y —v= fla
Av — Yzz = f27 (37)
A+ (&2 +m)d — yu(L)p(€) = [,
Az — yw(L) = fa
Suppose that we have found y. Therefore, the first equation in (3.7) gives
v=Ay— f1. (3.8)
It is clear that u € H} (0, L). Furthermore, by (3.7) we can find ¢ as
f3(&) + 1(§)ya (L
E+n+A
By using (3.7) and (3.8) the function y satisfying the following system
Ny = Yoo = fo + M1 (3.10)
Solving system (3.10) is equivalent to finding y € H? N H} (0, L) such that
L L
/ (N2YW — ypo) do = / (fo+ Afi)wde, (3.11)
0 0

for all w € H} (0, L). By using (3.11) and (3.9) the function y satisfying the following
system

t 2, _ A2 o
| o VI T e )
:/0 (fo+ Afi)wde + +ﬁy)\(>\+n)a71()\f1(L) (3.12)

— w(L).
o [T G ae - min
Consequently, problem (3.12) is equivalent to the problem

a(y, w) = L(w), (3.13)
where the sesquilinear form a : H}(0,L) x H}(0,L) — C and the antilinear form
L: H}(0,L) — C are defined by

L )\2
alyew) = [ Oy ) do+ By (L)
and .
Lw) = [ (2 + Afywda + +7/\(>1\ A ()

o [T G ac - mian),

It is easy to verify that a is continuous and coercive, and L is continuous. So applying
the Lax-Milgram theorem, we deduce that for all w € H} (0, L) problem (3.13) admits
a unique solution y € H}(0,L). Applying the classical elliptic regularity, it follows
from (3.12) that y € H?(0, L). Therefore, the operator A\I — A is surjective for any
A>0. O
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Consequently, using Hille-Yosida Theorem, we have the following well-posedness
result:
Theorem 3.3 (Existence and uniqueness).
(1) If Uy € D(A), then system (3.1) has a unique strong solution
UecC'R,,D(A))NCHRL,H).
(1) If Uy € H, then system (3.1) has a unique weak solution
UeCl R, H).

4. Lack of exponential stability

In order to state and prove our stability results, we need the following well known
theorems.

Theorem 4.1 ([17]-[10]). Let S(t) = et be a Cy-semigroup of contractions on Hilbert
space H. Then S(t) is exponentially stable if and only if
p(A) D {if: B R} =R
and
(i8I — A) " oy < oo

lim ||
|8 =00
Theorem 4.2 ([6]). Let S(t) = et be a Cy-semigroup on a Hilbert space H. If

. L. -
iR C p(A) and sup —||(iBI — A) " |z <M
5121

for some § > 0, then there exist ¢ such that

C
le* Uoll* < = 1UolIBay-
ts

Theorem 4.3 ([2]-[13]). Let A be the generator of a uniformly bounded Cy- semigroup
{S(t)}+>0 on a Hilbert space H. If:

(i) A does not have eigenvalues on iR.

(ii) The intersection of the spectrum o(A) with iR is at most a countable set,
then the semigroup {S(t)}i>0 is asymptotically stable, i.e, ||S(t)z|]ly — 0 as t = o0
for any z € H.

Our main first result is
Theorem 4.4. The semigroup generated by the operator A is not exponentially stable.

Proof. We will examine two cases.

e Case 1. 7 = 0: We shall show that :A = 0 is not in the resolvent set of the operator
A. Indeed, noting that (0,0,0,cos L)T € H, and denoting by (y, v, ¢, 2)T the image of
(0,0,0,cos L)T by A1, we see that ¢(¢) = |¢|*% cos L. But, then ¢ & L?(—o0, +00),
since v €]0, 1[. Hence (y,v, ¢, 2)T ¢ D(A).

e Case 2. 17 # 0: We aim to show that an infinite number of eigenvalues of A approach
the imaginary axis which prevents the wave system (P) from being exponentially
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stable. Indeed we first compute the characteristic equation that gives the eigenvalues
of A. Let A be an eigenvalue of A with associated eigenvector U = (y, v, ¢, z)T. Then
AU = MU is equivalent to

)\y — vV = 07

Av — Yoz = 07

A+ (€% + )¢ — yu (L)pu(§) = 0, (4.1)

Az — yI(L) =0, .
+oo

o) +me+ ¢ [ o) =o

From (4.1); — (4.1)2 for such A, we find
Ny = Yo = 0. (4.2)
Since v = Ay(L), using (4.1)3 and (4.1)4, we get
{ng) =0, B (4.3)
ASY(L) + (m 4y AN +1)* )y (L) = 0.
The solution y is given by

2
y(a) =Y e, (4.4)
=1

where
t1(N) = A, ta(N) = -\

Thus the boundary conditions may be written as the following system:

MO = (e ament) () = () (45)

where we have set
h(r) = (m+~3AA+0)*"Hr + A%
Hence a non-trivial solution y exists if and only if the determinant of M (\) vanishes.
Set f(A) = detM(X), thus the characteristic equation is f(\) = 0.
Our purpose is to prove, thanks to Rouché’s Theorem, that there is a subsequence
of eigenvalues for which their real part tends to 0. g

In the sequel, since A is dissipative, we study the asymptotic behavior of the
large eigenvalues A of A in the strip —ap < R(\) < 0, for some «p > 0 large enough
and for such A\, we remark that e'i,i = 1,2 remains bounded.

Lemma 4.5. There exists N € N such that

{Aetreze k=N C o(A) (4.6)

where

km a 15} 1 .
)\k:zf—i— o + i a +0(k1a> k> N,aciR,8eR,[ <0,

A = A_g if k< —N.

Moreover for all |k| > N, the eigenvalues N\, are simple.
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Proof. Step 1.
FO) = ehits) — e hiny)
= (A ) ) (2

A= (mAA(A+ n)a1)>
A+ (m 4y A +n)e—1)
m+ A+ )
m+ A+ N +n)e-1)”

= e A ) 4 8) (- 12

(4.7)

We set,
- _ oo m+ YA\ +n)*t
fA) = e 1+2m—|—)\—|—7)\(/\—|—77)°‘—1 (4.8)
= fo) + £ + 0 (55=)

where

fo(A) = e —1, (4.9)

fi(A) = 2. (4.10)

Note that fy and f; remain bounded in the strip —ag < R(A) < 0.
Step 2. We look at the roots of fy. From (4.9), fo has one familie of roots that we
denote A.

fo) =0 M =1,

Hence
2A\L = i2kw, k€ Z,
ie.,
ikm
N="" keZ
k L ) E

Now with the help of Rouché’s Theorem, we will show that the roots of f are close
to those of fy. Changing in (4.8) the unknown A by u = 2AL then (4.8) becomes

Fw) = (" —1)+0 <i) — folu) + O (i) .

The roots of fy are ug = %77, k € Z, and setting u = uy +re', t € [0,27], we can easily
check that there exists a constant C' > 0 independent of k such that |e* — 1| > Cr for
7 small enough. This allows to apply Rouché’s Theorem. Consequently, there exists
a subsequence of roots of f which tends to the roots uy of fy. Equivalently, it means
that there exists N € N and a subsequence {Ag} x>y of roots of f()), such that
M = A) 4 0(1) which tends to the roots “x of fo. Finally for |k| > N, Ay is simple
since Y is.

Step 3. From Step 2, we can write

1
N = iphm + e (4.11)

Using (4.11), we get
ML — 14 2Ley, + 2L%7 + o(e}). (4.12)
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Substituting (4.12) into (4.8), using that f(\x) = 0, we get:

1 2
f) = 2Lep + k—'y +o(ex) +o(1/k)
(B + 0=
2 ) (4.13)
= 2L€k+(kzrz)(1_o‘)+o<k>:0
and hence
gl 1 T m 1
Ep = I (Cos(l - 04)5 —isin(1 — a)i) +o (klO‘) for k > 0.

From (4.13) we have in that case |k|'"*R\; ~ 3, with

07 ™
8= s cos(1 — a)?

The operator A has a non exponential decaying branch of eigenvalues. Thus the proof

is complete. O

5. Polynomial stability and optimality (for n # 0)

In the previous section,we have shown that the transmission wave system is not
exponentially stable. In this section, we prove that it is polynomially stable with an
optimal rate of decay when n > 0. To achieve this, we use a recent result by Borichev
and Tomilov [6]. Accordingly, if we consider a bounded Cy-semigroup S(t) = e“** on
a Hilbert space. If

iR C p(A) and mw‘_)oo (Zﬂ[ — A)ilng(j{) < o0

1
@ll
for some § > 0, then there exist ¢ such that

c
leAUp|* < g”UOHQD(A)'

Our main result is as follows.

Theorem 5.1. The semigroup SA(t)tZO s polynomially stable and

1
_ 2 2
E(t) =[Sa®)Usl3 < WHUOHD(A)'
Moreover, the rate of energy decay t=2/(1=®) s optimal for any initial data in D(A).
Proof. We will need to study the resolvent equation (iA—A)U = F, for A € R, namely

Ay —v = f1,

i/\vfyxx:f% (5 1)
i+ (6% + ) — v (L)u(§) = fs, '
Az —y. (L) = fa

with the boundary condition

+oo
o(L) +mz +¢ [ H(©)H(€) de = 0. (5.2)
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We divide the proof into three steps, as follows:
Step 1. Inserting (5.1); into (5.1)2, we get

)‘Qy + Yz = —(f2 +iAf1).
As y(0) = 0, then

y(x) = ¢y sin \x — 1 / (f2(o) +irfi(o))sin AN(x — o) do, (5.3)
and hence
Yo (@) = 1\ cos A — / (fa(0) + iM1 () cos Az — o) do, (5.4)
0
Step 2. With the third equation of (5.1), we get
_ Y (L)p() + f5(8)
?(&) = Dty (5.5)
Inserting (5.5) in the boundary condition (5.2), we easy to check that
+oo
SX(L) + (490N + 1) () = () = mfa - in [ OB g
(5.6)

Using (5.3) and (5.4), we can rewrite (5.6) as an equation in the unknown ¢,
c1(=A%sin AL + A(m + yiA(iX + 1) 1) cos AL)
T u(©)f3(8)

L
=iA1(L) —mfy — CM/_DO et dg — )\/0 (f2(o) +irfi(o))sin \(L — o) do
L
F(m + YiAGA + 7)) / (Fa(0) + M1 () cos AL — o) dor (5.7)
0
Step 3. We set
g(\) = =Asin AL + (m + viA(iA + 7)) cos AL. (5.8)
As f1 € H}(0,L) and fo € L*(0, L), we have

L

; (f2(0) +iAf1(0)) sin A(L — o) do| < c(|| f2llL2(0,) + |l f1llz10,))-

L
; (f2(0) +iAfi(0)) cos A(L — o) do| < c(|| fallL2(0,) + | f1llHr(0.1))-

As g(M\) # 0 for all A (if n = 0 then for all X £ 0) , then ¢; is uniqueley determined by
(5.7). Hence the operator i\ — A is surjective for all A (if n = 0 then for all A # 0).
Moreover, taking account of Lemma 4.5, the operator iA — A is injective for all A.
Then iR C p(A) (if n = 0 then iR* C p(A)).

Moreover, we can easily prove that

lg(A\)| > ¢|A|” for A large.

Hence
ler| < e|A|7 for A large.
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Then, we deduce that
9zl L2(0,0) < c|A'™* for A large.

[vllz2(0,2) < c[A]'™* for X large.
|z] < ¢|]A|7* for A large.
Moreover from (3.4), we have
+oo

Hdﬁnﬂmm>§/m (€% +m)|e(€)1* d€ < cllU I3l Fll3e.

— 00

Thus, we conclude that
|GAT — A) 7 3 < e|A*™ as [A] = oo. (5.9)

The conclusion then follows by applying the Theorem 4.2. Besides, we prove that
the decay rate is optimal. Indeed, the decay rate is consistent with the asymptotic
expansion of eigenvalues which show a behavior of the real part like &=~ O

Remark 5.2. The method developed in this paper is direct and very flexible; it can
be applied to various dissipative problems. In particular, we will consider in the fu-
ture more general acoustic wave motions and also multidimensional cases under some
geometric control conditions.
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Book reviews

Tom Richmond, General topology. An introduction, de Gruyter, 2020,
ISBN 978-3-11-068656-2/pbk; 978-3-11-068657-9/ebook, xi + 314 pages.

The specific feature of this introductory text on general topology is the insistence
on the relations between topology and order, with emphasis on the so called asymmet-
ric topologies, meaning topologies in the non 7 setting. Since the only T} topology
on a finite set is the discrete one, studies in computer science, where one works with
finite sets of points (pixels), require the use of non 77 topologies. The specialization
order on a topological space (X, 7) is defined by x <, y if € cl{y}. Since in a T
space it becomes the equality relation, it is relevant only in non T} setting. Actually,
there exists a bijective correspondence between quasi-orders (reflexive and transitive
relations) and topologies, done through the Alexandroff topologies, meaning topolo-
gies for which the intersection of an arbitrary family of open sets is open. All these are
presented in the second part of the book, Chapters 8 to 10. In Ch. 11 one discusses
some typical examples of asymmetric topologies given by extended distances — pseu-
dometrics, quasi-metrics (the symmetry of the distance is broken), partial-metrics (it
is possible that d(x,x) > 0 for some x). Uniform spaces are discussed in Chapter
12, including a brief presentation of quasi-uniform spaces, the asymmetric analogs
of uniform spaces, where the opposite U~! of an entourage U is not necessarily an
entourage. The last chapter of the book, Chapter 13. Continuous deformation of sets
and curves, contains a quick introduction to some topics in algebraic topology, laying
the groundwork for further study in this area.

The first chapter, Chapter 0. Preliminaries, contains some notions and results
from set theory, logic and ordered sets. Chapters 1 to 7 provide an introduction to
classical general topology, culminating with connectedness, separation axioms and
compactness (Tychonoff theorem), the presentation being based on motivation by
examples and intuition. For instance, the quotient topology is exemplified on the
circle obtained by the identification of the endpoints of a segment, the cylinder and
the Mobius strip obtained in a similar way from a rectangle and the torus from a
cylinder.

Another specific of the book is the rich supply of exercises (over than 740) spread
through the book, completing the main text with further examples and applications
as well as suggesting areas for continued investigation.

This is a well written introductory course on general topology. The numerous
examples (illustrated by figures) and the intuitive approach adopted by the author
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makes it appealing to students in mathematics and related areas. Students in com-
puter science will find a carefully motivated presentation of some topics in asymmetric
topology (tightly connected with discrete mathematics) they may encounter in their
study.

S. Cobzasg
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