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The Faber polynomial expansion method and
its application to the general coefficient problem
for some subclasses of bi-univalent functions
associated with a certain g-integral operator

Hari Mohan Srivastava, Shahid Khan, Qazi Zahoor Ahmad, Nazar
Khan and Saqib Hussain

Abstract. In our present investigation, we first introduce several new subclasses
of analytic and bi-univalent functions by using a certain g¢-integral operator in
the open unit disk U = {z : z € Cand |z| < 1}. By applying the Faber polynomial
expansion method as well as the g-analysis, we then determine bounds for the
nth coefficient in the Taylor-Maclaurin series expansion for functions in each of
these newly-defined analytic and bi-univalent function classes subject to a gap
series condition. We also highlight some known consequences of our main results.
Mathematics Subject Classification (2010): 05A30, 30C45, 11B65, 47B38.

Keywords: Analytic functions, univalent functions, Taylor-Maclaurin series rep-
resentation, Faber polynomials, bi-inivalent functions, g-derivative operator, g-
hypergeometric functions, g-integral operators.

1. Introduction and definitions
Let A be the class of all functions f which are analytic in the open unit disk
U={z:2€C and |z <1}
and normalized by
f0)=0=f"(0)—1.
Thus, clearly, the function f € A has the following Taylor-Maclaurin series represen-
tation:

fz)=2z+ Z anz" (€U). (1.1)
n=2

Further, by S C A we shall denote the class of all functions which are univalent in U.
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For two functions f, g € A, the function f is said to be subordinate to the function g
in U, denoted by

f(z)=g(2) (2€U),
if there exists a function

weBy:={w:weA w(0)=0 and |w(2)|<1 (z€U)}

such that
f(z)=g(w(2)) (2 €U).

In the case when the function g is univalent in U, we have the following equivalence:

f(z) <9(z) (z€l) = f(0)=g(0) and  f(U)Cg(U).
Next, for a function f € A given by (1.1) and another function g € A given by

oo
g(2) =2+ bp2"  (z€U),
n=2
the convolution (or the Hadamard product) of the functions f and g is defined by
(f*9)(z) =2+ anbnz" = (g% [)(2). (1.2)
n=2

It is well known that every univalent function f has an inverse f~', defined by

@) =2=f(f7'(») (z€0)

and
) =u (ol <l 2 ).
where

fHw) = w — agw? + (243 — az)w® — (5a3 — bagaz + az)w* + - . (1.3)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. We denote the class of all such functions by X. In recent years, the pioneering
work of Srivastava et al. [22] essentially revived the investigation of various subclasses
of the analytic and bi-univalent function class X. In fact, in a remarkably large number
of sequels to the pioneering work of Srivastava et al. [22], several different subclasses of
the analytic and bi-univalent function class ¥ were introduced and studied analogously
by the many authors (see, for example, [5], [7], [9], [23], [24], [25], [28] and [29]).
However, only non-sharp estimates on the initial coefficients |as| and |as| in the Taylor-
Maclaurin series expansion (1.1) were obtained in these recent papers.

The Faber polynomials introduced by Faber [11] play an important réle in various
areas of mathematical sciences, especially in Geometric Function Theory of Complex
Analysis (see, for details, [27]). Recently, several authors (see, for example, [13] and
[26]; see also [6], [8], [12] and [20]) investigated some interesting and useful properties
for analytic functions by applying the Faber polynomial expansion method. Motivated
by these and other recent works (see, for example, [1], [14] and [30]), here we make
use of the g-analysis in order to define new subclasses of analytic and bi-univalent
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functions in U and (by means of the Faber polynomial expansion method) we deter-
mine estimates for the general coefficient |a,| (n 2 3) in the Taylor-Maclaurin series
expansion (1.1) of functions in each of these subclasses.

We begin by recalling here some basic definitions and other concept details of
the g-calculus (0 < ¢ < 1), which will be used in this paper.

Definition 1.1. Let ¢ € (0,1) and define the g-number [x], by
1—4qg"
l—q

(ke C)

K=y .
F=1+q+¢@+--+¢"* (k=n€N),
k=0
where N denotes the set of positive integers and Ny := NU {0}.
Definition 1.2. Let ¢ € (0,1) and define the g-factorial [n] ! by

1 (n=0)

n € N).
L 1F, ( )

Definition 1.3. (see [15] and [16]) The g¢-derivative (or the g-difference) D,f of a
function f is defined, in a given subset of C, by

f(z) = flq2)
[B-Jaz) )
(Do f)(2) = (1-q)z (1.4)
f(0) (z=0),
provided that f'(0) exists.

‘We note from Definition 1.3 that
lim (qu)(z) = lim M = f'(2)

qg—1— q—1— (]_ — q)z

for a function f which is differentiable in a given subset of C. It is readily deduced
from (1.1) and (1.4) that

(Dof)(2) =1+ Z [n], anz" L.

n=2

Definition 1.4. The ¢-Pochhammer symbol [x],, (k € C; n € Np) is defined as
follows:

1 (n=0)

[Klglr + 1g[k +2]g -+ [k +n — 1] (n €N).
Moreover, the g-gamma function I';(z) is defined by the following recurrence relation:

Ly(z+1) =[2]4 Ty(2) and r,(1)=1.
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Definition 1.5. [17] For f € A, let the Ruscheweyh g¢-derivative operator be defined
as follows:

I,;\f(z):f(z)*fq,AH(z) (z€U; A>-1),

where
/\+n) n — [/\+1]q,n—1 n
Far+1(z _Z+Zn—1 T, +1) =z+nzz:27[n_1]q! z

in terms the Hadamard product (or convolution) given by (1.2).

We next define a certain g-integral operator by using the same technique as that
used by Noor [19].

Definition 1.6. For f € A, let the g-integral operator F, » be defined by
Fone1(2) * Fonea(2) = 2Dy f(2).

Then
) f(2) = f(2) * fq A1 (2)
:erZ\Ifn_l anz" (z€U; A>—-1), (1.5)
n=2
where
‘Fq;\—i-l _Z+Z\Pn 1Z
and

N _ [n]q!rq()‘+ 1) _ [n]q!
R0k N dgmer

Clearly, we have
Igf(z) =zD,f(2) and I;f(z) = f(2).
We note also that, in the limit case when ¢ — 1—, the g-integral operator F, » given
by Definition 1.6 would reduce to the integral operator which was studied by Noor
[18].
The following identity can be easily verified:

2Dy (T2 f(2)) = (1 + [2] >ka( ) — [g]qu*ﬂf(z). (1.6)
When g — 1—, this last identity (1.6) implies that
2 (PH) = A+ NI () - X (),

which is the well-known recurrence relation for the above-mentioned integral operator
which studied by Noor [18].

The above-defined g-calculus provides valuable tools that have been extensively
used in order to examine several subclasses of A. Even though Ismail et al. [14]
were the first to use the g-derivative operator D, in order to study a certain g-
analogue of the class §* of starlike functions in U, yet a rather significant usage of
the g-calculus in the context of Geometric Function Theory of Complex Analysis was
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basically furnished and the basic (or ¢-) hypergeometric functions were first used in
Geometric Function Theory in a book chapter by Srivastava (see, for details, [21, pp.
347 et seq.]; see also [23]).

We now introduce the following subclasses of the analytic and bi-univalent func-
tion class .

Definition 1.7. For a function f € X, we say that
fERG(E,07) (0=a<l;y20)
if and only if

1—aq 11—«
2 — [
‘qu(z)+’yquf(z) - - (z € )
and
1—aq 11—«
2 — [
‘Dqg(w) +ywDg g(w) - - (wel).

Equivalently, by using the principle of subordination between analytic functions, we
can write the above conditions as follows (see, for details, [30]):

1+1—a(l+q)] =
1—gqz

Dyf(z)+ szgf(z) =< (z € )

and
141 —a(l+q)w
1—quw

Dyg(w) +~ywDjg(w) < (we ),

respectively, where g(w) = f~!(w) is given by (1.3).

Definition 1.8. For a function f € X, we say that
fERG(E,0,7,8) (0=a<l;y20; A20)

if and only if

1+[1—a(l+q)z

D I} f (2) +v2D2T) f (2) < T

(z € )

and
1+[1—a(l+q)w
1—quw

DqI;‘g(w) + )\ngl';‘g(w) =< (wel),

where g(w) = f~!(w) is given by (1.3).

2. The Faber polynomial expansion method and its applications

In this section, by using the Faber polynomial expansion of a function f € A of
the form (1.1), we observe that the coefficients of its inverse map g = f~! may be
expressed as follows (see [4]; see also [13] and [26]):

= 1 -n n
g(w):f_l(w):w—’—ZEKn—l (a27a37"' 7an)wl7 (21)
n=2



424 H.M. Srivastava, S. Khan, Q.Z. Ahmad, N. Khan and S. Hussain

where
-n __ (_n)' n71+ (_n)' n73a
T (o DI -2 T @2+ 1) (n =32
+ (=n)! a a
(—2n+3)I(n—4)1" 2 ™
(—n)!

T ) e+ (nt D]

+ a376 [ag + (—2n + 5)asay)

(—2n +5)!(n — 6)!
+3 as V. (2.2)
327
Here, and in what follows, such expressions as (for example) (—n)! occurring in (2.2)
are to be interpreted symbolically by
(—n)!=T1-n):=(-n)(-n—-1)(-n—-2)--- (n € Np)

and V; (7= j £ n)is a homogeneous polynomial in the variables as,as, -+ , an.
In particular, the first three terms of K, ", are given below:

K{?=-2a, K;°=3(2a3— as)

and
K§4 =—4 (5a§ — dasagz + a4) .
In general, an expansion of K is given by (see, for details, [3])

pP—1) o P s p!
K? =pa, + —— E E+- o+ —— E7 e Z),
n=n b T B Bt A a T B (RED)
where Z := {0,+1,£2,---} and
E} = E} (ag,a3,---)
It is clearly seen that
E;,L(alaa/Qa"' 7an) = aq
and -
m!(a2)ﬂl Ce (an)#n—l
EM (ag, - ,an) = m<n
il ) nz::? Py 1! (m=n)
We also have (see [2])
Egzll (a23 e 7a"ﬂ) = a”g_l
and
El(ar,az,- an) = Y _omb N g (m < n)
n 1,42, y Un /Ll',uwn| 1 n = )
where a; = 1 and the sum is taken over all non-negative integers 1, - - - , p,, satisfying

the following conditions:
prFp2+ ot pp =m
and
p1+2p2 + - 0, =n.
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By a similar argument, we note that
Ey(ar, -+ a,) = EY
and that the first and the last polynomials are given by
En

— a7 1 _
= aj and E, =ay,.

We now state and prove our main results. Throughout our discussion, the parameters
L and M are given by

L:=[1-a(l+q)] and M= —q.
Theorem 2.1. For0 S a<1landy 20, let f € Ry (Z, 7). If
am =0 2<msn-1),
then

1 —a+q(1l—a)
Pl o, -1, =Y (2

Proof. For the function f € R, (X, a, ) of the form (1.1), we have

|an| =

Dyf(2) +72D2f(z) =1+ Z ( J,In— 1]q> anz" 1 (2.4)
and, for its inverse map g = f~!, we get
Dyg(w) —|—’wa =1+ Z ( J,n— 1}q) bpw" (2.5)

where .
bn = T K»;jl (a27a37 e 7a7l) .
[n],
Since both the function f and its inverse map g = f~! are in R, (%, a,7), by the
definition of subordination, there exist two Schwarz functions p(z) and g(w) given by

= Z enz" and q(w) = Z dpw" (z,w e U),
n=1 n=1

so that we have
1+ Lp(z
Dyf(2) +2D2 f(z) = - EPC)

1+ Mp(z)

:1_Z(£_M)K;1 (017027"' 7Cn;M)Zn (26)
n=1
and
1+ Lq(w)

Dyg(w) +ywDig(w) = T+ Ma(w)

oo

=1-> (L= MK, (di,dy,-+ ,dp, M) w™. (2.7)

n=1
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In general, for any p € N and n 2 2, we have the following expansion of
KP(ky,kay -+ kn, M) (see [3] and [4]):

Ks(klakQ, e 7]{7”,/\/1)

p' n n—1 p' n—2 n—2
="k ki "k
o M T T iy 1 M
p! n—3 -3
kYT kg M™
R o TR
p' n—4 n—4 p—n+ 3 2
k k —k
* (p—n+3)(n—4)! " M 2 M
p' n—>5 n—>5
k k - 4 ksk
ot gy M M (o ks kaM]
+ Y KX, (2.8)
j26
where X is a homogeneous polynomial of degree j in the variables ki, ka2, - , ky.
For the coefficients of the Schwarz functions p(z) and g(w), we have (see [10])
len| £1 and |d,| £ 1.

Thus, upon comparing with the corresponding coefficients in (2.4) and (2.6), we find
that

([n]q +[n],[n - 1]q) an = —(L— MK L (c1 0, s eno1, M). (2.9)
Similarly, in view of the corresponding coefficients in (2.5) and (2.7), we have
([n]q + [n]q [n - 1]q) bn = _(£ - M)Krjl(dla dg,- - 7de>- (2'10)

We note for
am=0 2=Sm=sn-1) and by, = —ay,

that
([n]q +v[nl, In— 1},1) an = —(L = M)cp_s (2.11)
and
_ ([n]q+’y[n]q n— 1}q) n = —(L— M)d,_1. (2.12)
Taking the moduli in (2.11) and (2.12), we thus obtain
L£L—-M
a £ 5|
[nly +7[nly [ —1],
L—-M
| | |dn71| .

[l Fr I, [ - 1],
Therefore, we have

1 —a+q(1—a) (n>3),

nlg +7lnl, n—1], -

|a”ﬂ| g [

which completes the proof of the assertion (2.3) of Theorem 2.1. O
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If we let ¢ — 1— in Theorem 2.1 above, we obtain the following known result
given by Srivastava et al. [26].
Corollary 2.2. (see [26]) Let f given by (1.1) be in the class
RyT (0Sa<1; v20).

It
G, =0 2=m=n-1),
then
o S e (e N\ (L2

Theorem 2.3. For 0 S a <1 and 0=, let f € Ry (%, ,7). Then

a2<min{la+q(1a) \l2(1+q)1a—|—q(1a)}

2l B2 My g2, (8], + 18], 121,
as| < min I1—a+q(l—a) PLH—a+qO—aH+ 2
0= [ + [, (12, +~02,0,)° Bl tvBlLE,)

2@+mua+m1@|}
(mq + mq) ( [3](1 +7 [3]q [Q]q) 7

(I+g[l—a+q(l—a

jas 121, 3] < 3], + 73], 2],
and
as — [2]q a% < 2\1—044'(](1_0‘)‘ :
(a4 a1 (1 + 11) (18], + 9181, 21,)]

Proof. Upon setting n =2 and n = 3 in (2.9) and (2.10), respectively, we get

(121, +712], 11],) a2 = —(£ = M)ey, (2.13)
(18], + B3], 2], ) as = —(£ = M)YMES — ), (2.14)
— (121, + 712, 1, ) a2 = —(£ = M)dy (2.15)

and

(131, +713],21,) (12,03 — as) = ~(L = MYME —dz).  (2.16)



428 H.M. Srivastava, S. Khan, Q.Z. Ahmad, N. Khan and S. Hussain

From (2.13) and (2.15), we have

ool < = E= ML)
=@l o, 1,
=M
o]+, i,
- a+tqll—a)
=B e, (2.17)
Adding (2.14) and (2.16), we find that
2], ([3]q +713], [2]q) a2 =—(L—M)[M(E+d2) - (ca+do)], (2.18)

which, upon taking the moduli on both sides, yields
2 2[L-M|(M[+1)
|az|” =
2], (13], + 3], 2],)
This last equation can be written as follows:
2(1 1-— 1-—
0] < 1+l —a+qg(l—a)] (2.19)
2, (131, + 7131, 121,)
Now, in order to find |as|, by subtracting (2.16) from (2.14), we obtain
(£ = M) M (dE =) = (c2 — )] 2s

az = + a2 (2.20)
([l + 1) (18, + 7031, 02,) (ot [ta)
Taking the moduli in (2.20) and using the fact that d? = c?, we have
2L — 2
las| < £ = M| + 12 las|” . (2.21)

(1 + [11) (3], + 7B, 21,) Wt [l
Using (2.17) in (2.21), we obtain

lag| < I1—a+q(l—a)
- [”q + [l}q
[2]q|1_0‘+Q(1—a)| 9
(12, + 712, 01),) B, 6,1, (2:22)
Again, by using the equation (2.19) in (2.21), we have
0| < 2@ T2 —ata(l—a) (2.23)

([ + [10) (131, +7 (31, [21,)
We also find from (2.16) that

1+q) 1 —a+q(l—-a)
3], +~ (3], 2],

A

’ag - [2]qa%‘
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From (2.20) and using the fact that d3 = 2, we have
2y o (L= M) (ca —dy)
ag — gy = .
(111, + [11a) (131, +13), [21,)

(g + [t
Finally, by taking the moduli in (2.24), we finally obtain

20l-a+g(l-a)
(111, + 10) (81, + 13, 21, )]

The proof of Theorem 2.3 is thus completed.

as — 7@ <

429

(2.24)

O

In the limit case when ¢ — 1—, Theorem 2.3 yields the following bounds on |as|

and |as| given by Srivastava et al. [26].
Corollary 2.4. (see [26]) Let f given by (1.1) be in the class
RyT (0<a<1;v20).

Then
2(1—a) (Ogagl—i—Qv—?vQ)
31+ 29) =%= T30+ 29)
ag =
1— _ 2
a (1—&-27 2y §a<1>
1+7 3(1+2y) —
and
2(1 — «)

<=
B =31+129)
Theorem 2.5. For 0 S a <1 and 0=, let f € Ry (X, ,7, ). If
Ay =0 2<m<sn-1),

then
—a+q(l—a)|[[A+1gn

(1, + [l I =11, ) [}
Proof. For the function f € R, (X, a,, ) of the form (1.1), we have
DT} f () + =D (2)

=1+ i <[n]q +v[nl, [n - 1]q) U, 1a,2" "

1
an] < | (n23).

Also, for its inverse mapping g = f~!, we have

Dql';\g(w) + vagI(;\g(w)

_1q i (i, + 7 ], o — 1) Wb,

(2.25)

(2.26)

(2.27)
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where 1
bn - WK;fl (a'2va‘37 e )an) -
q

Since, both f and its inverse g = f~' are in the function class Ry (2, a,7v,A), by the
definition of subordination, there exist two Schwarz functions p(z) and ¢(w) given by

p(z) = Z cnz"” and q(w) = Z dpuw” (z,w € U),
n=1 n=1

so that we have
DI} (2) + 72D f (2)
1+ Lp(z)
© 1+ Mp(2)

=1-Y (L~ MK (e, e M) 2" (2.28)
n=1

and
DqI;‘g(w) + ’waEI;‘g(w)
1+ Lg(w)
1+ Mg(w)

=1-> (L= MK, (di,dy,+ ,dp, M) w™. (2.29)
n=1
In general, for any p € N and n = 2, an expansion of
Kﬁ (klka, e akn7M)

is given by (2.8) (see [3] and [4]). Moreover, the coefficients of the Schwarz functions
p(2) and g(w) are constrained by (see [10])

len] £ 1 and |dn| < 1.

Thus, upon comparing the corresponding coefficients in (2.26) and (2.28), we find
that

(nl, +7 [l (1 = 11,) W1
=—(L-MK (c1,e2, ,en_1,M). (2.30)
Similarly, by comparing the corresponding coefficients in (2.27) and (2.29), we have
(nl, + ], I = 11,) Wb
= —(L-MK (dy,dy,-- ,dpn, M). (2.31)
We note also that, for
am=0 2=m<n-1) and b, = —ay,

we have

([n]q +7[nl,In— l]q) Upran = —(L = M)y (2.32)
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and
— ([n]q +[n], [n— l]q) U,_1a, = —(L - M)d,—1

Finally, by taking the moduli in (2.32) and (2.33), we obtain

£ - Mi

lan| = len—1]
(tnd, + ], I = 11,) o
L-M
= ‘ | |dn—1| .
(vl + ], [ = 11,) W
Consequently, we have
lan| < [1—a+q(l—a)|[A+1]gn1 (n=3)

(inl, + [l [0 = 1], ) [l

which completes the proof of the assertion (2.25) of Theorem 2.5.

Theorem 2.6. For0 S a <1 andy 20, let f € Ry(E, 0,7, A). Then

|az| < min { Lol [)\ + 1](1,1
- (121, +~ 121, 01],) 121

2(1 + >u—a+« >u ] |
2], (18], +7 (31, [2],) [

[1q + [ (mgf(mq+vphﬂbf

2[A 4+ 1]42

(131, + 131, 121,) Bl

2m+mua+quanu+uw}
(1] + 1) (13], + 73], 2],) 314!

1+g)[l—atql—a)[[A 10
(18], +13], [21,) I3ls!

as — 2, 03] =

and
211 —a+q(1 —a)| [N+ 142 .
|01l + 1114) (8], + 131, 121, )| 131!

431

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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Proof. Upon setting n = 2 and n = 3 in (2.30) and (2.31), respectively, we have

(121, +712], [1],) W1a2 = ~(£ = M)ey,
(131, + 718, 2], ) Waas = —(£ = MYME — c),

- ([2]q +7(2, [1]q) Uyas = —(L — M)d;
and
(131, + 7131, 121,) w2 (12), 03 - as) = —(£ = MYME — da).
Making use of (2.38) and (2.40), we find that

jaal <« —E=ML
(121, +~ 2, 0,) o
£~ M|
= |d1 ]
(121, +~ 2, 01,) o1
_l—a+g( =)+ 1)y,
T (e, ) 2

Also, by adding (2.39) and (2.41), we have
20, (81, +713], 21, ) Wa3 = (£ — M) [M (S + ) — (c2 + o).
Now, if we take the moduli in both sides of (2.43), we obtain
2| — M| (IM]+1)
2], (131, + 7131, [2],) w2

lag|” =

so that

|CL2‘§ ( +Q)|1—a+CI( )H)‘—i_l]
= [ ( 2q

In order to find |as|, we subtract (2 41 ) from (2.39), We thus obtain

:(/3 M)[M(dQ—cl Jr< >
(111, + [11a) (18], + 7
which, after taking the moduli and using the fact that
di = df,
yields
las| = 21£ = M|

(2.38)
(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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Using (2.42) in (2.46), we have
1—a+q(t—a) [ (A+1Ue)* 2,11 —a+q(l - a)
= 1, +[1 2
o+ 1o (125,% (12, + (21, 11,)

2N+ 14,2
(131, + 7131, 121, ) [3la!

las| =

+

(2.47)

Again, by using (2.44) in (2.46), we get
2(g+2)[1—a+q(l—a) A+ yo
([ + 1) (131, + (3], [2],) 18l

|a3| <

It follows from (2.41) that

(L+a)[1—atgll—a)A+1l:
(131, + 18], 121, ) (31!

A

lag — 12], a3
Using the fact that

in (2.45), we have

as — & a3 = (£ = M) (e2 = o) . 2.48
(mq [l]q) (g 110 (], B, 21,) 2

By taking the moduli on both sides of (2.48), we finally obtain

oo (e Yagl s 2ot ai oD
(B + a1 |l + 1) (131, + 18], 121, ) | 3l
which completes the proof of Theorem 2.6. O

3. Concluding remarks and observations

Here, in our present investigation, we have successfully applied the Faber polyno-
mial expansion method as well as the g-analysis in our study of several new subclasses
of analytic and bi-univalent functions by using a certain g-integral operator in the open
unit disk U. We have derived bounds for the nth coefficient in the Taylor-Maclaurin
series expansion for functions in each of these newly-defined analytic and bi-univalent
function classes subject to a gap series condition. By means of corollaries of our main
theorems, we have also highlighted some known consequences of our main results,
which were given recently by Srivastava et al. [26].
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Goldie absolute direct summand rings and
modules

Truong Cong Quynh and Serap Sahinkaya

Abstract. In the present paper, we introduce and study Goldie ADS modules
and rings, which subsume two generalizations of Goldie extending modules due
to Akalan et al. [3] and ADS-modules due to Alahmadi et al. [7]. A module M
will be called a Goldie ADS module if for every decomposition M = S @ T of
M and every complement 7" of S, there exists a submodule D of M such that
T'8D and M = S @ D. Various properties concerning direct sums of Goldie ADS
modules are established.

Mathematics Subject Classification (2010): 16D40, 16E50, 16N20.
Keywords: Goldie extending modules, ADS modules, CS modules.

1. Introduction

The purpose of the present paper is to introduce and study Goldie ADS modules,
which allow us to give a unified approach of Goldie extending modules and ADS-
modules, introduced by E. Akalan et al. [3] and A. Alahmadi et al. [7], respectively. We
define a Goldie ADS module by the property that for every decomposition M = ST
of M and every complement T” of S, there exists a submodule D of M such that
T'BD and M = S & D. We study these modules, generalizing several results both
on Goldie extending modules and ADS-modules. We show that a non-singular Goldie
ADS module is an ADS module. We emphasize that our properties are of the same type
as those for Goldie extending modules and ADS-modules, sharing similar limitations
in studying certain properties, such as the closure of the respective class of modules
under direct sums. We also analyze when a direct summand of Goldie ADS modules
is a Goldie ADS and also when a direct sum of Goldie ADS module is Goldie ADS,
by using the concepts of relative ejectivity. In the last section, we look at Goldie ADS
property of some ring extensions.
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2. Definitions and notions

In this paper, R will present an associative ring with identity and all modules
over R are unitary right modules. We also write Mg to indicate that M is a right
R-module. We shall denote the fact that a submodule N is essential in a module M
by N <. M. The following generalization of relative injectivity is introduced in [3,
Definition 2.1]. Let N and M be modules. N is called M -ejective if, for each K < M
and each homomorphism f : K — N, there exist a homomorphism f : M — N
and a X <. K such that f(z) = f(x), for all z € X. M and N is called mutually
ejective if M is N-ejective and N is M-ejective. A submodule K of M is called fully
invariant if f(K) C K for every f € Endgr(M). Clearly 0 and M are fully invariant
submodules of M. The right R-module M is called a duo module provided every
submodule of M is fully invariant. The singular submodule of a module M will be
denoted by Z(M) = {m € M : mI = 0 for some I <, Rg}. A module M is called
singular (respectively non-singular) if Z(M) = M (respectively Z(M) = 0).

(CS): Every complement submodule of M is a direct summand of M.

(C2): Every submodule of M that is isomorphic to a direct summand of M is
itself a direct summand of M.

(C3): For any two direct summands A and B of M with AN B = 0, the sum
A+ B is a direct summand of M.

A module M is called is called continuous (respectively, quasi continuous) if M
satisfies (CS) and (C2) (respectively, (CS) and (C3)).

Let M be an R-module and X, Y < M. In [3], the notion of 8 relation on
submodules X,Y of M, denoted by XY, is defined such as XBY if and only if
XNA=0impliessYNA=0and YNB =0 implies XN B =0 for all A,B < M.
A right module M is Goldie extending if for each X < M, there exists a direct
summand D of M such that X3D. M is Goldie extending if and only if for each
closed submodule C' of M there is a direct summand D of M such that C8D.

Another notion generalizing extending property, ADS (Absolute Direct Sum-
mand) modules, was recently considered in [7]. It was introduced by Fuchs [10] for
abelian groups and for general modules by Alahmadi, Jain and Leroy [7]. As the au-
thors pointed out in [7], if R is commutative then every cyclic R-module is ADS. Also
every right quasi-continuous module is ADS, but the converse is not true. However,
a right ADS module which is also CS is quasi-continuous. Also in [14], Quynh and
Kosan proved that every ADS module satisfies (C3). Hence, this is a class of modules
between quasi-continuous modules and modules satisfying the (C3) condition. Quynh
and Kosan gave also different characterizations of ADS modules and showed how to
characterize semisimple modules and semisimple artinian rings using the ADS. The
SC and SI rings were also characterized by the ADS notion in [14].

3. Goldie absolute direct summand modules

A module M is called Goldie absolute direct summand (Goldie ADS) if, for
every decomposition M = S @ T of M and every complement T” of S, there exists a
submodule D of M such that 78D and M = S & D.
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A ring R right Goldie ADS if the (right) R-module R is Goldie ADS. We know
that extending modules are Goldie extending, but need not be ADS. Similarly, Goldie
extending modules do not necessarily satisfy Goldie ADS. Hence, the notions extend-
ing, Goldie extending, ADS and the property Goldie ADS are not directly related.

Example 3.1. Let R = Zs[x1, 22, ...], where x; are commuting indeterminants satisfy-
ing the relations: 27 = 0 for all 4, z;z; = 0 for all i # j, and 2?7 = xf for all ¢ and j.
Then R is a commutative, semiprimary ring with simple essential socle. But R is not a
self-injective ring (see [13, Example 5.45]). On the other hand, Ry is soc-Rg-injective
by [8, Example 5.7]. It follows that Rp is soc-(Rgr ® Rg)-injective by [8, Theorem
2.2(4)]. We have Soc(Rr@® RRr) = Soc(RRr)® Soc(Rpg) is finitely generated. Therefore
Rr & Rp is soc-(Rgr @ Rpg)-injective by [8, Theorem 2.10]. Since Soc(Rr ® Rpg) is
essential in R ® R, then Rr ® Ry, is self-ejective by [3, Corollary 2.5(iii)]. It follows
that for each decomposition Rr @& Rg = A ® B, A and B are mutually ejective by
Lemma 3.11(2). It shows that Rr @ Rp is Goldie ADS by Lemma 3.6. On the other
hand, Rr ® Rg is not ADS. Indeed, if Rr @ Rr is ADS, then R must be self-injective,
a contradiction.

Example 3.2. Let R be a triangle matrix ring over a field K. Then Rp is CS. Note
that Rp is non-singular. Since Rp is not a C3-module, Rp is not ADS. It follows that
Rp is not Goldie ADS by Corollary 3.7.

Example 3.3 ([14, Example 2.10]). Let K be a field and let R = K[z, y]/{x?, vy, y?).
Assume that S is any simple injective R-module. Let M = R ® S. Then M is not a
CS-module (since R is indecomposable and not uniform). On the other hand, R, S are

relatively injective, and any two decompositions of M are isomorphic (since R and
End(S) are local rings). Hence M is an ADS module.

Let us mention the following equivalent conditions for Goldie ADS modules.

Lemma 3.4. The following conditions are equivalent for a module M.

1. M is Goldie ADS.

2. For every decomposition M = S&T of M and every complement T' of S, there
exists a submodule D of M and X of M such that X <, T', X <., D and
M=S&D.

Proof. (1) = (2). Assume that M is Goldie ADS and M has a decomposition M =
S@®T. Let T" be a complement of S. Then there exists a submodule D of M such
that 78D and M = S® D. Let X =T'ND. Hence X <. 1", X <. D.

(2) = (1) is obvious. O

It is well-known that in general the class of extending modules is not closed under
direct sums, and this behavior is also carried on by Goldie extending modules and
ADS-modules. Finding necessary and sufficient conditions for ensuring the closure of
such classes under direct sums has been one of the most important open problems in
the theory of extending modules and their generalizations. In the next parts of our
work, we shall deal with such a problem for Goldie ADS modules.
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In order to obtain when a direct sum of two Goldie ADS modules has the same
property, the following concept generalizing relative injectivity will be useful.

Lemma 3.5 ([3, Theorem 2.7]). Let My and My be modules such that M = My & Ms.
Then M, is Ms-ejective if and only if for every K < M such that K "M, = 0, there
exists Ms < M such that M = My & M3 and K N M3 <, K.

In [7, Lemma 3.1], it is shown that an R-module M is ADS if and only if for
each decomposition M = A @ B, A and B are mutually injective.

Lemma 3.6. An R-module M is Goldie ADS if and only if for each decomposition
M =A® B, A and B are mutually ejective.

Proof. Suppose M = A® B is Goldie ADS. We will show that A is B-ejective. Let K
be a submodule of M such that K N A = 0. So K is contained in a complement, say
C, of A. Then, by hypothesis, there exists D < M such that CSD and M = A& D.
It is easy to see that K N D <., K. Thus, we have A is B-ejective by Lemma 3.5.
Conversely, suppose for each decomposition M = A® B, A and B are mutually
ejective. Let C' be a complement of A. By Lemma 3.5, there exists and D < M such
that M = A®@ D and CND <. C.So, A®(CND) <¢ M. It follows that CND <. D.
So we are done by Lemma 3.4. O

Let M; and Ms be modules with Z(M;) = 0 and M = M; & M. In [3, Corollary
2.8], it is shown that M is Ms-injective if and only if M; is Ms-ejective. As the authors
pointed out in [3], if Z(M) = 0 and M is R-ejective, then M is injective (because of
the Baer criterion).

Corollary 3.7. A non-singular Goldie ADS module is ADS.
Proof. By Lemma 3.6 and [3, Corollary 2.8]. O

We collect, in the following theorem, some fundamental properties of Goldie ADS
modules.

Theorem 3.8. Assume that M is Goldie ADS. Then the following statements hold.

1. Every direct summand of M is Goldie ADS.
2. M satisfies (C3) condition on fully invariant summands.
3. For any decomposition M = A® B and any b € B, A is bR-ejective.

Proof. (1) Assume that A is a direct summand of M, i.e., M = A @& B for some
B < M. Let A= A; & Ay and K be a complement of A; in A. Then we have
M = A, & (A2 @ B). First we show that K @ B is a complement of A; in M. Let
C < M such that K@B < Cand CNA; =0. Then K < CNAand (CNA)NA; =0.
Since K is a complement of A; in A, we can obtain that K = C' N A. It follows that

K®B=(CNA)@®B=Cn(A®B)=C.

Since M is Goldie ADS, there exists a submodule D of M such that (K & B)SD and
M =A,®D. Hence A= A; & (DN A). It is easy to see that KG(D N A).

(2) Let A and B be fully invariant direct summands of M such that ANB = 0. We
shall show that A® B is a direct summand of M. Write M = A A’ and M = B& B’
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for some submodules A’, B’ of M. By Lemma 3.6, A is A’-ejective. Hence there exists
M’ < M such that M = M’ ® A and BN M’ <. B by Lemma 3.5. Inasmuch as B is
a fully invariant submodule of M, B = (M'NB)&® (AN B) = M'N B. It follows that
B<M.Then M'=B@®(M'NB’)andso M =A@ Bd (M NB).

(3) Suppose M has a decomposition M = A @ B. By Lemma 3.6, the module
A is B-ejective. Let K = A® bR and X be a submodule of K such that X N A = 0.
Since A is B-ejective, there exists C' < M such that M = A@® C and X NC <, X by
Lemma 3.5. Note that K = A® (CNK). It follows that (CNK)NX =XNC <, X.
Now A is bR-ejective for any b € B by Lemma 3.5. O

A module Mg is called Goldie quasi continuous if M is Goldie extending and
satisfies (C3) (see [3]).

Proposition 3.9. Every Goldie quasi continuous module is Goldie ADS.

Proof. Assume that M has a decomposition M = S@ T and T is a complement of S
in M. Since M is Goldie extending, there exists a direct summand D of M such that
T'BD. Since T"'NS = 0 we have DN S = 0 by the equivalence relation 3. We have
S @ (T"N D) < M and obtain that S @ D <°¢ M. So, by (C3) property, we obtain
that M = S @ D. O

In [11], Kuratomi defined the GQC (generalized quasi continuous) modules by
using Goldie extending modules. M is said to be GQC' if for every submodule X;
and X, of M with X; N X5 = 0 there exists an essential submodules Y; <. X; and
a decomposition M = Ay ® Ay such that Y; is a submodule of A; for i = 1,2. Let
{M; : i € I'} be a family of modules. The direct sum decomposition M = &M, is said
to be exchangeable if, for any direct summand X of M, there exists M; < M; (i € I)
such that M = X @ (&;M;). A module M is said to have the finite internal exchange
property (FIEF) if, any finite direct sum decomposition M = My & My @ - -- & M, is
exchangeable.

Corollary 3.10. The following statements are equivalent for a duo module M :

1. M is Goldie extending and Goldie ADS.
2. M is Goldie quasi continuous.
3. M is GQC with FIEP.

Proof. By Theorem 3.8, Proposition 3.9 and [11, Theorem 3.4]. O

We have the following direct sum decomposition theorem for Goldie extending
submodules.

Lemma 3.11 ([11, Proposition 2.1]). Let M, N, M; and N; be modules.

1. If N is M-ejective and Ms-ejective, then N is My & Ms-ejective.

2. Let My be a direct summand of M and Ny a direct summand of N. If M is
N-ejective, then My is Ni-ejective.

3. If My and My are N-ejective modules then so is My & M.

The proof of the following proposition uses the similar argument as in [14].
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Proposition 3.12. Let M = @ M; be direct sum of fully invariant submodules M;’s .

i=1
Then M is Goldie ADS if and only if each M; is Goldie ADS and M; is M;-ejective
foralli,j=1,2,...,n and i # j.

Proof. =>: By Theorem 3.8 (1), M;’s are Goldie ADS. Again by Theorem 3.8 (2),
M; @ M;, which is a direct summand of M for i # j, is Goldie ADS. But by Lemma
3.6, M; is Mj-ejective for ¢ # j.

<—: Let M = A @ B. We claim that A is B-ejective. Since each M; is fully
invariant, we can obtain that M; = (AﬂM) (BNM;) foralli =1,2,...,n by [2]. Tt
follows that A = @(AQM) and B = @(BQM) Since M; is Goldie ADS, (AN M;)

=1
is (B N M;)-ejective. Since M; is M; eJectlve then (AN M;) is (B N M;)-ejective for

all i,j = 1,2,...,n by Lemma 3. 11( ). It follows that A N M; is B-ejective for all
1=1,2,...,n by Lemma 3.11(1). Thus A is B-ejective by Lemma 3.11(3). O

E(—) denotes the injective hull for a module.

Theorem 3.13. The following conditions are equivalent for a module M :

1. M is Goldie ADS.
2. For every decomposition M = A® B, for all f € Hom(E(B), E(A)), there exists
D < M such that M = A® D and DBX, where X = {b+ f(b)| b € B, f(b) € A}.

Proof. (1) = (2) We show that X = {b+ f(b)|b € B, f(b) € A} is a complement of
A in M. First, we note that that AN X = 0. Let L be a submodule of M such that
LNA=0and X < L. Consider the the natural projections 74 and 7w of M onto A
and B, respectively.

Claim: m4(x) = frp(z) for all x € L. Assume that there exists z € L such that (m4 —
frp)(x) # 0. Since A <. E(A), there exists r € R such that 0 # (74 — frp)(zr) € A.
But ma(xr) — frp(ar) = ar — (mp(ar)+ frp(ar)) € ANL = 0, a contradiction. Thus
ma(x) = frp(x) for all x € L.

Now, let x € L. Hence x = a + b, where a € A and b € B. Then 74(x) = a. By
the claim, we can obtain w4 (z) = a = frp(x) for all x € L. Therefore, xt = a+b =
frp(x)+b € X. It follows that L = X. The rest is clear from the definition of Goldie
ADS.

(2) = (1) Let M = A® B, and T be a complement of A in M.
Then T = {k+ f(k)| k € K} for some K < B and f € Hom(E(B), E(A)). In fact, let

: A® B — B be the canonical projection. There exists f : F(B) — E(A) such that
f7rB( )=t—mp(t) forallt € T. Thus T = {k+ f(k)| k € mp(T)}. By (2), there exists
D < M such that M = A® D and DX, where X = {b+ f(b)| b € B, f(b) € A}.
Note that f(rp(T)) < Aand so DNT <. T. Now we show that TN D <, D. Let
de D, d#0. Assume TNdR = 0. If (T®dR)N A # 0, write a = ¢+ dr # 0 for
some a € A,c € T and r € R. We have ¢ # 0 and obtain that there exists ' € R
such that ¢’ € TN D and er’ # 0. Therefore ar’ = ¢’ + drr’ € AN D = 0, which
implies ¢r’ + drr’ = 0. It follows that ¢r’ = —drr’ € TN dR = 0 hence ¢r’ = 0, a
contradiction. Thus (T @ dR) N A = 0 and then T = T @& dR by the maximality of
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T. Tt follows that d = 0, again a contradiction. Thus we get T'NdR # 0. Hence there
exists y € Rsuch that dy e TN D and dy #0. So DNT <. D. g

4. Goldie ADS rings

A ring R is called a right Goldie ADS ring if Rg is a Goldie ADS module.
We start this section with the following ring extension.

Theorem 4.1. Let M be a S — R-bimodule. Assume that

S M
(0 %)
is right Goldie ADS. Then
1. R is right Goldie ADS
2. Mpg is Goldie ADS.

Proof. (1) Let R =A® B, I < Aand f:I— B an R-homomorphism. Let

- (0 0y 5 (0 O = (0 O
(80 5 (8 waro (00,

It is easy to see that A @ B is a direct summand of Tr. We define 6 : I — B via

(7))@ sin)

Then 6 is a T-homomorphism. By the hypothesis, there exists a 7T-homomorphism
¢:A— Band J <. I such that ¢(j) = 0(j) for every j € J, where

J:(g 3)

It is clear that ¢ is an R-homomorphism. Let +: A — A via

=3 Y
(6 3) =

Then ¢ and 7 are R-homomorphisms. Since J <, I then J <, I. Let say f := m¢t. So

= -eo(§ 9)-((§ D) ( )10

for every j € J so we are done by Lemma 3.6.
(2) Assume that that Mrp = M; ® My, N < M; and f : N — My is an R-
homomorphism. Let

(S M\ . (0 M - (0 N
M1—<O 0>7M2_(0 R)andN—(O O).

and 7 : B — B via
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It is easy to see that T = My @ M,. We define 8 : N — M, via

(G 5) =6 )

Then 0 is a T-homomorphism. By the hypothesis, there exists a T-homomorphism
¢+ My — My and J <. N such that #(3) = 0(j) for all j € J. Then ¢ is an
R-homomorphism. Let ¢ : M7 — M, via

= (3 %)
(8 7))

Then ¢ and 7 are R-homomorphisms. Since J <, N then J <, N. Say f := m¢u so

fG) =10). 0

We recall the following useful lemma proved in [5, Lemma 5].

and 7 : My — M, via

Lemma 4.2. Let M be a right R-module, and let L be a submodule of M, where
R = ReR for some €2 =e € R and S = eRe. Then:

1. L is essential in M if and only if Le is essential in (Me)g;
2. L is a complement in M if and only if Le is a complement in (Me)g;
3. L is a direct summand of M if and only if Le is a direct summand of (Me)g.

Proposition 4.3. Let M be a right R-module, where R = ReR for some ¢?> = e € R
and S = eRe. Then:

1. (Me)s is a Goldie ADS module if and only if Mg is a Goldie ADS module.
2. (Re)s is a Goldie ADS if and only if Rr is Goldie ADS.

Proof. (1) Assume that (Me)s is a Goldie ADS module. Let Mp = X @Y and Z
be a submodule of M with ZN X = 0. Then Me = Xe & Ye and, by Lemma 4.2,
ZeN Xe = 0. Since (Me)g is a Goldie ADS module, there exists a submodule D of
Me such that Ze N D is essential in Ze and Me = Xe @ D. Hence Mr = X ® DR
and Z N DR is essential in Z. They imply that X is Y-ejective by Lemma 3.5, and
hence Mp is a Goldie ADS module by Lemma 3.6.

Assume that Mg is a Goldie ADS module. Let Me = D @& T and K be a
submodule of (Me)g with K N D = 0. Then M = DR @& TR and, by Lemma 4.2,
KRN DR = 0. Since Mg is a Goldie ADS module, there exists a submodule X of M
such that KRN X is essential in KR and M = DR @ X. Hence Me = (DR)e ® XS
and (KR)eN XeR < XS. Now DRe = DeRe = D and KRe = KeRe = K. This
implies that Me = D & XS and K N XS is essential in K. Thus D is T-ejective by
Lemma 3.5, and hence (Me)g is a Goldie ADS module by Lemma 3.6.

(2) It is a direct consequence of (1). O

Theorem 4.4. M, (R) is Goldie ADS if and only if (®}_R;)r is Goldie ADS, where
each R; = R.
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Proof. 1t is easy to obtain that M, (R) = M, (R)eM,(R), where e is the matrix unit
with 1 in the (1,1)th position and zero elsewhere. The rest is follows by Proposition
4.3. O
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Existence and stability results for nonlocal initial
value problems for differential equations with
Hilfer fractional derivative

Mouffak Benchohra, Soufyane Bouriah and Juan J. Nieto

Abstract. In this paper, we establish sufficient conditions for the existence and
stability of solutions for a class of nonlocal initial value problems for differential
equations with Hilfer’s fractional derivative, The arguments are based upon the
Banach contraction principle. Two examples are included to show the applicabil-
ity of our results.
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1. Introduction

In our paper, we study the following nonlocal initial value problem
DEPy(t) = F(ty(t), DS y(t), for every t € (0,T),T >0, (1.1)

m

0+ Ty(0 Z/\ly 1), 7 € (0,7, (1.2)

where 0 < o < 1, 0<ﬁ<1,7—a+ﬁ aﬁ F:(0,TIxRXxR — R, 7,i=1,2,...,m
are pre-fixed points satisfying 0 < 7, < --- <7, < T, \; are real numbers and

Y oA T ET(y),
=1

Dgﬂ;ﬁ denotes the generalized Riemann-Liouville derivative operator introduced by
Hilfer in [7].

In the recent years, fractional calculus has gained much interest mainly thanks
to the increasing presence of research works in the applied sciences considering models
based on fractional operators see for example [1, 2, 6,9, 12, 16, 17, 21]. Beside that, the
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mathematical study of fractional calculus has proceeded, leading to intersections with
other mathematical fields such as probability and the study of stochastic processes.
In the literature, several different definitions of fractional integrals and derivatives
are present. Some of them such as the Riemann-Liouville integral, the Caputo and
the Riemann-Liouville derivatives are thoroughly studied and actually used in applied
models. Hilfer has introduced a generalized form of the Riemann-Liouville fractional
derivative [7]. In short, Hilfer fractional derivative Dg‘;ﬁ is an interpolation between
the Riemann-Liouville and Caputo fractional derivatives, see [10, 13, 17, 19]. It has
many applications in fractional evolutions equations [8], and physical problems [15].
Also in the theoretical simulation of dielectric relaxation in glass forming materials.
In [4], Furati et al. considered an initial value problem for a class of nonlinear frac-
tional differential equations involving Hilfer fractional derivative. In [3], the authors
consider the Ulam stability for nonlinear implicit fractional differential equations with
Hadamard derivative. In [18], the solution of a fractional diffusion equation with a
Hilfer time fractional derivative was obtained in terms of Mittag-Leffler functions
and Fox’s H-function. To the best of our knowledge, there has no results about the
stability of differential equations with Hilfer fractional derivative.

Motivated by the works [3, 19], we prove in this paper the existence, uniqueness
and stability for the non-linear nonlocal problem (1.1)-(1.2) in a weighted space of
continuous functions. The present work is organized as follows. In Section 2, some
notations are introduced and we recall some concepts of preliminaries about fractional
calculus and auxiliary results. The proof for the main results is presented in Section
3 by applying the Banach fixed point theorem. In Section 4, the Ulam stability of our
problem will be study. Finally, in the last section, we give two examples to illustrate
the applicability of our main results.

2. Preliminaries

In this section, we recall some basic definitions and results concerning the frac-
tional calculus, that we will use in the next sections .

Let J := [0,T]. By C(J),AC(J) and C™(J) we denote the spaces of contin-
uous, absolutely continuous and n times continuously differentiable functions on J,
respectively. We denote by LP(J),p > 0, the space of Lebesgue integrable functions
on J.

We consider the weighted spaces of continuous functions

Cy(J)={y: (0,T] = R:t"y(t) e C(J)}, 0<~y <1,
cr()={yeC" 1 (J):y™ e C,())}, neN,

with the norms

1Ylle, = 117y(@)lleo = sup [¢7y(¢)]
teJ
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and
n—1

o = Ny + ly™ e,
k=0
These spaces satisfy the following properties.
o CI(J) C AC™(J).
b C’Yl(J) c C’YQ(J)7 0<1n<m<l

lyl

Definition 2.1. ([10, 13]). The fractional (arbitrary) order integral of the function
h € LY([0,T],R) of order a € R, called the left-sided Riemann-Liouville integral of
the function h is defined by

1

I5)(0) = gy | (0= hs)s,

(oo}
where T is the Euler gamma function defined by I'(«) = / t*te7tdt, a > 0.
0

The following lemmas provide some mapping properties of I§,. The proofs can be
found in [11].

Lemma 2.2. For a > 0, I§, maps C(J) into C(J).
Lemma 2.3. Let o >0 and 0 <y < 1. Then, I§; is bounded from C,(J) into C(J)

Lemma 2.4. Let o >0 and 0 <y < 1. If v < a, then I, is bounded from C.(J) into
c(J).

Lemma 2.5. [4] Let 0 <y <1 and y € C(J). Then
Igyy(0) :== lim I y(t) =0, 0<y<a.
t—0t+

Definition 2.6. [5] The Riemann-Liouville left-sided fractional derivative D¢, of order
« is defined by

i d
(D2.y)(t) = DU y) (1), (t 20, 0<a<1, D= dt) ,

that is

(D)) = ey g1 [, (= 9" w(s)ds.

when a = 1 we have (D, y) = Dy. In particular, when o = 0, (D8+y) =y.

Lemma 2.7. [4] Fort > 0, we have

1309700 = (st a2 0,50

Dyt () =0, 0<a<l.

The following lemmas follows by direct calculations using Dirichlet formula
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Lemma 2.8. Let o> 0,3 >0 and y € L*(J). Then
g‘+Ig+y(t) = Ig‘jﬁy(t), ae. teJ.

In particular, if y € C,(J) ory € C(J), then equality holds at every t € (0,T] or
t € [0,T1], respectively.

Lemma 2.9. Let o > 0,0 <y <1 andy € Cy(J). Then
(?Jrlgiry(t) = y(t)a fO’f’ all te (OaT]
Lemma 2.10. [17] Let 0 < o < 1,0 <y < 1. Ify € Cy(J) and I}; “y € C1(J), then
I[%‘:ay<0) ta—l
I(a)

Let a € (0,1),8 € [0,1] and y € L*(J,R™). We say that the function y possesses

the left-sided generalized Riemann-Liouville derivative (so called Hilfer derivative)
(1—a)(1-5)
1

o+

o+ Do y(t) = y(t) — , forall te(0,T].

Dgﬂ;ﬁ of order o and type 3, if the function y is absolutely continuous on

J and then
(DSPy)(t) == (Igﬁ—@pfgi‘a)“—ﬁ)y) (t), ae. te (2.1)

The operator Dgﬁ;ﬁ y, given by (2.1), was introduced by Hilfer in [7].
Remark 2.11. [4]

1. The Hilfer derivative Dg‘;ﬂ y can be written as

(D) (1) 1= (I DIGy) () = (1 D y) (1) = (17D )(1)

for a.e. t € J, where y = a + 5 — af.
2. The Dg‘;ﬂ y derivative is considered as an interpolator between the Riemann-
Liouville and Caputo derivative since

a Df Y, ﬂ =0
Dy = {0t O (2.2)
D0+y7 ﬂ =1.
3. The parameter v satisfies
0<y<1, v>a, 7>, 1-v<1-p1-a).

We introduce the spaces

CP () = {y € Cry (1), D’y € Cry (D)},
and

7, (7) = {y € Coy (), DYy € Cry ().
Since Dg‘;ﬁy = Igfl_a)D(ﬂ)@y, it follows from Lemma 2.3 that

Cl,(J) € G () € Crs (V)

The following lemma follows directly from semigroup property in Lemma 2.8.
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Lemma 2.12. Let 0 <a<1,0< B <1, andy=a+f—af. Ify € C]__ (J), then

13+D3+y= 8“+Dgiﬁy,
and

o 11—«

D3+ o+Y = Dgi )y-
For the proof of the following lemmas, we can see [4].
Lemma 2.13. Lety € L'(J). If Dgffa)y exists and in L'(J) then

Dy Iy = 191 DIy,

Lemma 2.14. Let 0 < a < 1,0< B <1, andy=a+ S —apf. Ify € Ci_(J) and
Ié:ﬁ(lfa)y € Cl_,(J) then D(O)‘;’Bféﬂry exists in (0,T] and

Dyl 15 y(t) = y(t), te€(0,T).

Lemma 2.15. ([20]) Let v : [0,T] — [0,+00) be a real function and w(-) is a non-
negative, locally integrable function on [0,T]. Assume that there are constants a > 0
and 0 < o <1 such that

v(t) <w(t) + a/o (t —s)"“wv(s)ds,

then, there exists a constant K = K («a) such that

u(t) <w(t) + Ka/o (t — s)"“w(s)ds, for everyt € [0,T].

For the implicit fractional-order differential equation (1.1), we adopt the definition
in Rus ([14]) for Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias stability.

Definition 2.16. The equation (1.1) is Ulam-Hyers stable if there exists a real number
cf > 0 such that for each € > 0 and for each solution z € C’ly(J ), of the inequality

D5 2(t) = f(t,2(1), Dy =(t)| < e, ¢ € (0,T],
there exists a solution y € Cy__(J) of equation (1.1) with
|2(t) —y(t)] < cge, t € (0,T1.

Definition 2.17. The equation (1.1) is generalized Ulam-Hyers stable if there exists
Yy € C(Ry,Ry), 1y (0) = 0, such that for each solution z € C}__(J) of the inequality

D5 2(t) = (&, 2(1), Dy 2(t)| < e, t € (0,T),
there exists a solution y € C{__(J) of the equation (1.1) with
|2(t) = y(B)] < ¥g(e), t € (0,T].
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Definition 2.18. The equation (1.1) is Ulam-Hyers-Rassias stable with respect to ¢ €
C(J,R4) if there exists a real number ¢y > 0 such that for each € > 0 and for each
solution z € C7__(J) of the inequality

D32 (t) = £ (8 2(8), DG =(0)] < ep(t), t € (0,T],
there exists a solution y € C{__(J) of equation (1.1) with
[2(t) = y(t)] < cpep(t), t € (0,T].

Definition 2.19. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ € C(J,Ry) if there exists a real number c¢, > 0 such that for each
solution z € C7__ (J) of the inequality

|D52() = f(t,2(t), D 2(0)] < (0), t € (0, T,
there exists a solution y € C{__(J) of equation (1.1) with
[2(t) =y(O)] < crep(t), t € (0,T].
Remark 2.20. A function z € C]__ (/) is a solution of the inequality
D5 2(t) = f(t,2(1), Dy =(t)| < e, ¢ € (0,T),
if and only if there exists a function ¢ € C{__(J) (which depends on solution y) such
that
D). [6(t)] < e, t € (0,T).
if). D§2(1) = f(t, 2(), DG =(t)) + (t). ¢ € (0, T].
Remark 2.21. Clearly,
i). Definition (2.6) = Definition (2.7)
ii). Definition (2.8) = Definition (2.9).
Remark 2.22. A solution of the implicit differential inequality
D5 2(t) = f(t, (1), Dy =(t)| < e, ¢ € (0,T],

with fractional order is called an fractional e— solution of the implicit fractional
differential equation (1.1).

3. Existence of solutions

Lety=a+p8—afwhere 0 <a<land0<g8<1let f:(0,T]xRxR—=R
be a function such that f(-,y(-),u(-)) € Ci—(J) for any y,u € C1_(J) and let the
operator N : C1—(J) = C1_~(J) defined by

where
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and g : (0,7] — R be a function satisfies the functional equation
g9(t) = f(t,y(t), 9(1)).
Clearly, w € Ci_,(J) and g € C1_(J). Also, by Lemma 2.3, Ny € C1_(J).

Theorem 3.1. Ify € C7__ (J), then y satisfies the problem (1.1) — (1.2) if and only if
y 1s the fized point of operator N.

Proof. First, we prove the necessity. Let y € C;LV(J ) be a solution of problem (1.1) —
(1.2). We want to prove that y is a fixed point of N. By the definition of Cl»y(‘]),
Lemma 2.4 and Definition 2.6, we have

Iy 'y € C(J) and Dy.y = D(Iy"y) € Cry(J).
Thus, we have
Il+ Ty € Cl 'y( )-
Now, applying Lemma 2.10 to obtain

Fy(0r)
I3, Dy (t) = y(t)—or(‘f))ﬂl

Since DJ,y € C1—~(J), Lemma 2.12 yields

(13- Do) (0) = (15 D5y (1) =I5 g(t), ¢ € (0.7 (3.3)
From (3.2) and (3.3), we obtain

, te(0,T]. (3.2)

y(t) = Mﬁ_l + L /t(t —5)*g(s)ds, te€(0,T]. (3.4)
L'(y) () Jo
Next, we substitute t = 7; into the above equation
Ly(0t) o 1 T .
y(r) = S+ —/ (i —8)* g(s)ds, te(0,T], (3.5)
INGD) () Jo
by multiplying A; to both sides of (3.5), we can write
Il ’Yy(o ) )\ Ti
Ny(r) = 2ot I )y oyt i / ool (g)ds.
Zy(TZ) F('}/) 17-7, + F(a) 0 (Tl S) g(S) S

Thus, we have

5 Ty(0t) = Z iy ()

RO, 1
= T 2N e X

which implies

Iy y(0%) = F(W)m Z Ai /Ti (1i — 5)* " g(s)ds. (3.6)
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Submitting (3.6) to (3.4), we get for each t € (0,7

y(t) = w(t) + ﬁ / (t— 52 Tg(s)ds, (3.7)

which is the fixed point of N. Now, we prove the sufficiency. Let y € C]__(J) the

fixed point of operator N, which can be written as (3.7). Applying the operator Dg i
to both sides of (3.7), it follows from Lemmas 2.12 and 2.7 that

Dy = DIy, (38)
From (3.8), Definition 2.6 and D],y € C1_-(J), we have
D10 g = DI g e ¢y (). (3.9)
Also, since g € C1_(J), by Lemma 2.4, we have
17P0 g e o). (3.10)
It follows from (3.9), (3.10) that
L, Vg e ot ().

Thus, g and I&:B(ka)g satisfy the conditions of Lemma 2.10.

Now, applying Iﬂl*a) to both sides of (3.8) and using Remark 2.11 and Lemma 2.10,
we can write

1670 (0)
L(B(1—a))
Since 1 — v < 1 — 3(1 — a), Lemma 2.5 implies that

(16774 g] (0) = 0.

oy(t) = g(t) - Pt (3.11)

Hence, the relation (3.11) reduces to
D(Q):—By(t) = g(t)ﬂ te (OaT]

Now, we show that the initial condition (1.2) also holds.
We apply IS:"Y to both sides of (3.7), we have

. It i i ) -
Iy() = _ Son [ gt + 1 o),
. 0
Ma) (rm B A)
=1

using the Lemmas 2.10 and 2.11,

Iy Ty(t) =
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Since 1 — v <1 — B(1 — a), Lemma 2.5 can be used when taking the limit as ¢t — 0,

L77y(0) = ( F(W)m ) Z)\ / 7 —8)* 1g(s)ds. (3.12)

Z)\T'yl =1

Substituting ¢ = 7; into (3.7), we have
T~ !

y(m) =

™ PR /OT (ri — )" g(s)ds
I'(a) (F(v) -2 Am“) =

1 /” 1
+ = (1: —5)* g(s)ds.
I(a) Jo
Then, we derive

ZMZJ(TO

m

— Z i /Ti (15 — 8)* " tg(s)ds i Nt
— Z /\ﬂ]_1> i=1 0 i=1
i=1

I(a)

Thus

Z}\iy(Ti) = F(V)m ) Z)\ / 7 —8)* tg(s)ds.  (3.13)

It follows (3.12) and (3.13) that
= Z Aiy(7i).- O
i=1
Theorem 3.2. Let the hypotheses
(H1). The function f: (0,T] x R x R — R such that
Feu(),0()) € CY5 for any u,v € Cry ()

(H2). There exist constants K > 0 and 0 < K <1 such that
|f(t,u,v) — f(t,w,0)| < K|lu—71| + Klv—1| for any u,v,u,7 € R andt € (0,T).
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If

Z)\ a-‘r'y 1
— Z)\ﬂ'ﬁil
i=1

then, there exists a unique solution for the Cauchy-type problem (1.1) — (1.2) in the
space C7__ (J).

KI'(v)
(1—K)[(a+7)

+T| <1, (3.14)

Proof. The proof will be given in two steps.
Step 1. We show that the operator N defined in (3.1) has a unique fixed point y* in
Ci—~(J). Let y,u € C1—(J) and t € (0,77, then, we have

!

INy(t) — Nu(t)] < _ S / 7 — )2 g(s) — h(s)|ds
Z)\ = 1f =1
1 ¢ a—1
+ / (1~ ) lg(s) — h(s)lds,

where g, h € C1_(J) such that

By (H2), we have

lg(t) —h(®)] = [f(ty(@),9()) — f(t,u(t),h(t))]
< Kly(t) —u(®)| + Klg(t) — h(t)]
Then X
9(0) = B(t)| < ——==ly(®) — ult)
Therefore, for each ¢ € (0,7
INy(6) - Nu(t)| < GLAN Son [ ) -uto)las
(1= F)r(@) [T = > x| =
K ! a—1 _
R ) — e
v—1 m T
= Kt — Z)\i/o (1i — 8)* 17 s 7V [y(s) — u(s)] |ds
(1 =F)r(@) [0 =Y x| =
K t =Ly =Y [y(s) — u(s)] |ds
T € ) — (e
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< Kt’y_luy_u”CH ~y Z)\ KHy uHCI 'yIa (t'y 1)
1-K ZW 1] = oK
By Lemma 2.7, we have
1 m

=1

I'a+7)(1 -
KT(y)t* !

zw

hence
i)\iTiOtJrV 1
_ KP(’Y) = «
TN V)| < e | 0| lly = ulle,,
L(vy) - Z A
L 1=1
r m
Z/\ﬂ__a—i-’y—l
KF(IY) = ' «
T (1-K)T(a+7) — +T lly —ullo,_,,
D(y) =Y Nr
L =1

which implies that

m
a+y—1
Z >\i7—¢
i=1
m

T(y) =Y

=1

KI'(v)

Ny—-N < —
INy = Nule,, < g

+T% lly —ulle,_,

By (3.14), the operator N is a contraction. Hence, by Banach’s contraction principle,
N has a unique fixed point y* € C1_~(J).

Step 2. We show that such a fixed point y* € Cy—,(J) is actually in Cy__(J).

Since y* is the unique fixed point of operator N in Ci_.(J), then, for each ¢t € (0,77,
we have

OISO 108 S
_ o S [ =9 (). 0(6))ds
I() (rw) - Zw*) -

+OI F(t (1), g(1).
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Applying Dg + to both sides and by Lemma 2.7, we have
Dm—y t) = Dg+ [I(?‘Ff(t?y*(t)?g(t))]
= Dy f(ty (1), 9())
= DTty (), 9(0)-

Since v > a, by (H1), the right hand side is in Cy_(J) and thus D, y* € C1_(J)
which implies that y* € C?_W(J ). As a consequence of Step 1 and 2 together with

Theorem 3.1, we can conclude that the problem (1.1)-(1.2) has a unique solution in
(). O

4. Ulam-Hyers-Rassias stability

Theorem 4.1. Assume that (H1),(H2) and (3.14) are satisfied, then the problem (1.1)-
(1.2) is Ulam-Hyers stable.

Proof. Let € > 0 and let z € CIL (J) be a function which satisfies the inequality:
|D0+ 2(t) — f(t, 2(t), D0+ 2(t))] <€ foranyt e (0,T) (4.1)
and let y € C]_ ( ) be the unique solution of the following Cauchy problem

D y(t) = f(ty(t), Dgy(t)), for every ¢ € (0,7],T >0,

I&:"’y(o*') = Ié:"yz(0+) = Z)\iy(ri).
Using Theorem 3.1, we obtain

I, "y(0") 1

y(t) = =2 0+ / (t—s)"lg(s)ds, te€(0,T],
I'(7) () Jo

where g : (0,7] — R be a function satisfies the functional equation

g9(t) = f(t,y(t), 9(t)).

Now, applying 1§, to both sides of the inequality (4.1), we obtain

o a-1 et” ere
o Do (t) - m/O(t—s) M| S Fre ) S et D)

where h : (0,T] — R be a function satisfies the functional equation

h(t) = f(t, 2(t), h(t)).
By the definition of C7__ (J), Lemma 2.4 and Definition 2.6, we have

(4.2)

1,7z € C(J) and D}, z = D(I;;"2) € Ci_(J).
Thus, we have
Iz € C1_(J).
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Now, applying Lemma 2.10 to obtain

17')/2 +
17, DY, 2(t) = 2(t) — Wﬂ_l’ t € (0,7).

Since D, z € C1—+(J), Lemma 2.12 yields

(I2. DY, ) (t) = (Igmg‘fz) (t), te(0,T).
From (4.3) and (4.4), we get

C7z(0F
Lo =(07) )t’*—l, t e (0,7]

(16 D72 (1) = () - )

By replacing (4.5) in (4.2), we have

2(0t t T
2(t) — IOJrl_‘(Py()O )ﬂl—l_‘(la)/o(t—s)o‘lh(s)ds < T

“I(a+1)
We have for any ¢ € (0, 7]

1—v +
20 —y(®) = z<t>10*r(yjf ) -1 e

IA
I
—~
o~
~—

1

— t — 5) L n(s) — g(s)|ds.
e [ =9 ) gl

ere 1

459

00 =900 < So gy + Ty, (= 9" ) —g(ellds, 1€ (O.T) (46)

By (H2), we have for each ¢ € (0,7

h(e) = g0 = 1f(t 0. b(6) — (8. 5(0).9(0))
< KJ(0) — y(0)] + KIh(0) - g(0)].
Then
h(0) = 9(0)] < ——=I=(0) — (0)

Using (4.6) and (4.7), we obtain

(4.7)

e K t “L2(s) — y(s)|ds
0 =900 € 5o+ T, 9 ) —wlds. v .71

(a+1)  (1-K)I(x)
By Lemma 2.15, we have
er~ KT
20 900 < gy |1+ I—K)T(a+ 1>} e
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where 0 = §(«) a constant, which completes the proof of the theorem. Moreover, if
we set P(e) = ce;1p(0) = 0, then the problem (1.1)-(1.2) is generalized Ulam-Hyers
stable. g

Theorem 4.2. Assume that (H1), (H2), (3.14) and
(H3) there exists an increasing function ¢ € C(J,Ry) and there exists A, > 0 such
that for any t € (0,7

Igrp(t) < Appp(t)
are satisfied, then, the problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable.

Proof. Let z € C]__(J) be a function which satisfies the inequality:
DS 2(t) — [t 2(6), DI 2(0)] < eplt) foramy te€ (0,T), €>0  (48)

and let y € Cl_ﬂ{(,] ) be the unique solution of the following Cauchy problem

“Py(t) = f(ty(t), DY y(t)), for every t € (0,T],T >0,

L77y(0%) = 1077 2(01) = S Ay ().
Using Theorem 3.1, we obtain

N y(0h) 1t

o) =2 Lt L [ s igs)ds, te (0.7)
I'(v) I(a) Jo

where ¢ : (0,7] — R be a function satisfies the functional equation

g(t) = f(t,y(t), 9(t))-

Now, applying I, to both sides of the inequality (4.8), we obtain

€

< i [ -9 et

where h : (0,7] — R be a function satisfies the functional equation

h(t) = f(t, 2(t), h(t)).
Using (H3), we have for each ¢t € (0,7

o DB (1) - ﬁ/o(t—s)o‘_lh(s)ds

o DR (1) - L/O (t = )% h(s)ds| < A(t).

')

From the proof of Theorem 4.1, we obtain

1—
17 72(07) 1

‘0= " T

< 6/\¢<,O(t)-

| /0 (t — 5)°~1h(s)ds
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We have for any ¢ € (0,T]

1—v +
20— y(0)] = |z<t>l°}f§()0 o )

1

@ / (t— )2 [h(s) — g(s)] ds

_Mv—l_i ' _ ) L1h(s)ds
ROyt T J, (e
1

—_— t — 5) L n(s) — g(s)|ds.
e [ =9 ) gl

< ‘z(t)

Thus
1 ! a—1
266) ~ ¥ < Ao (8) + 5 / (t— )" h(s) — g(s)lds, te(0,T).  (4.9)

By (H2), we have for each t € (0,7

h(e) = 9] = 1620, 0(0) = (6,30, 90)

< KJa(t)  y(0)| + KIh(t) - g(t)]
then

h(0) ~ g(6)] < —=12(0) = y(0). (1.10)
Using (4.9) and (4.10), we have
K ! a—1
£(0) = Y1) € Apt) 4 s [ (=9 et -y, 1€ 0.7
By Lemma 2.15, we obtain
516K\, k o
() = 1) < A + 2T [ o ete)ds

where 0; = d1() is constant, and by (Hs), we have

516K X2 (t) 51K\
t) —y(t)] < edpp(t) + ———=——>= (1 <
400 = (0] £ Applt) + S0 = (14 2

> eXpp(t).
Then, for any ¢ € (0,7

51K\,
1-K

=0 - w0 < [ (1+ 255 ) 3, evtt) = cest

which completes the proof of Theorem 4.2. O
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5. Examples

Example 5.1. Consider the following problem of non-linear implicit fractional differ-
ential equations

1 1 1
D y(t) = +op foreach t€(01]  (5)

10612 (1+ |y(0)] + | Dy (1))

2 + 1 1
Set ) )

t,u,v) = —, € (0,1], u,veR.
Jw) = ey v SO
We have

P ((0,1)) = €([0,1)) = {h (0,1 = R: t2h e ([0, 1})} ,

1
with y =a = B and B = 0. Clearly, the function f € C%([O, 1)).
Hence condition (H1) is satisfied.
For each u, u,v,7 € R and t € (0, 1], we have

o) - f(La,)] < —(u—a|+[v— ).

10e
1

Hence condition (H2) is satisfied with K = K = 0"
e

The condition
2
Z At
1

KT'(v) i=1

1-K)'(a+7 2
(1-F)1( >F St
=1

1 1
is satisfied with Ay =3, Ao =2, 14 = 3’ Ty = 3 and T = 1. It follows from Theorem 3.2

+ 7| ~0.122 < 1,

that the problem (5.1)—(5.2) has a unique solution in the space C%([Q 1]). Moreover,
2
Theorem 4.1, implies that the problem (5.1)—(5.2) is Ulam-Hyers stable.

Example 5.2. Consider the following initial value problem

o N IV 2 TG B2
DZy(t) = - ; 1€ (0,1] (5:3)
0+ -
9t et |1+ [yt 1+|D0+ y(t)] vi
A 1
2 y(0%) = 2y (2> . (5.4)
Set
1 U v t+]—
t a t 1 |
ftwv) =g = [1+u 14”,} v € (0,1], u,v € [0, +00)
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We have
o7 (0,1]) = 0 (0. 1)) = {h :(0,1] = R:t2h € C([0, 1})} :

1=y

1
with y =a = 5 and B = 0. Clearly, the function f € C%([O, 1]).

Hence condition (H1) is satisfied.
For each u,4,v,7 € R and t € (0,1] :

1
|f(t7uav)7f(taﬂa@)| < m(|ufﬂ|+|1}*'ﬁ‘)
1 _ _
< g (el 4 o).
— 1
Hence condition (H2) is satisfied with K = K = =
e

The condition
KI'(v) A
(1 =EK)T(@+7) | |0(y) = Ay ™!

+T*| ~0.6077 < 1,

1
is satisfied with A\ = 2,74 = 3 and T = 1. It follows from Theorem 3.2 that the

1

problem (5.3)-(5.4) has a unique solution in the space C'2([0,1]), and by Theorem
2

4.1, the problem (5.3)-(5.4) is Ulam-Hyers stable.
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Ostrowski-type fractional integral inequalities
for mappings whose derivatives are h-convex
via Katugampola fractional integrals

Ghulam Farid, Udita N. Katugampola and Muhammad Usman

Abstract. In this paper we generalize some Riemann-Liouville fractional integral
inequalities of Ostrowski-type for h-convex functions via Katugampola fractional
integrals, generalizations of the Riemann-Liouville and the Hadamard fractional
integrals. Also we deduce some known results by using p-functions, convex func-
tions and s-convex functions.

Mathematics Subject Classification (2010): 26A33, 26A51, 26D07, 26D10, 26D15.
Keywords: Ostrowski inequality, fractional integrals, convex functions, h-Convex
functions.

1. Introduction

The following inequality is known as Ostrowski inequality [17] (see also, [16,
page 468]) which gives an upper bound for approximation of the integral average by
the value f(z) at a point x € [a, b]. It is proved by Ostrowski in 1938.

Theorem 1.1. Let f : I — R, where I is an interval in R, be a differentiable mapping
in I°, the interior of I and a,b € I°, a < b. If ‘f’(t)| < M for all t € [a,b], then we

have ,
‘ S Gl Wi 2)](b—a)M

47 (b-a)p?

Ostrowski and Ostrowski-type inequalities have great importance in numerical
analysis as they provide the bounds of different quadrature rules [1]. Over the years
researchers are working to obtain Ostrowski-type inequalities for different kinds of
functions. Recently Ostrowski-type inequalities via Riemann-Liouville fractional in-
tegrals are in focus (see [3, 4, 5, 6, 14, 15] and references therein).

‘f(w)

where © € [a, b].
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Definition 1.2. A function f is called convex function on the interval [a,b] if for any
two points x,y € [a,b] and any ¢, where 0 <t <1,

fltz+ (1 —t)y) <tf(x)+ 1 —-1)f(y).

Definition 1.3. [2] A non-negative function f : I — R is said to be p-function, if for
any two points z,y € I and ¢ € [0, 1],

fltr+ (1 —t)y) < f(z)+ fy).

Definition 1.4. [7] A function f : I — R is said to be Godunova-Levin function, if for
any two points z,y € I and ¢ € (0,1),
x
flz+ (1 -ty < erM
s-convex functions in the second sense have been introduced by Hudzik and Ma-
ligranda in [10] as follows.

—_
~

Definition 1.5. [10] A function f : [0,00) — R is called s—convex in the second sense
on the interval [0, 00) if for any two points x,y € [0,00) and any ¢ where 0 < t < 1
and for some fixed s € (0, 1],

flz+ (1 =t)y) <t°f(x) + (1 -1)°f(y).

Definition 1.6. [19] Let J C R be an interval containing (0,1) and let h: J — R be a
positive function. We say f : I — R is a h-convex function, if f is non-negative and

[tz + (1 =t)y) < h(t)f(x) + h(1 —1)f(y) (1.1)
forallz,y € T and t € (0, 1). If above inequality is reversed, then f is called h-concave.

It is easy to see that
i) If h(t) =t, then (1.1) gives non-negative convex function.

(
(ii) If h(t) =
(

(iv) If h(t) = t* where s € (0,1), then (1.1) gives s-convex function in the second
sense.

In a paper by Sonin in 1869 [18], he used the Cauchy’s integral formula as a starting
point to reach the differentiation with arbitrary index. Letnikov [13] extended the
idea of Sonin a short time later in 1872. Both tried to define fractional derivatives
by utilizing a closed contour. Finally, Laurent in [12] used a contour given as an
open circuit instead of a closed circuit, led to the definition of the Riemann-Liouville
fractional integral, which is due to a little known paper published by Holmgren in
1865 [9].

Definition 1.7. [12] Let f € Li[a,b]. The Riemann-Liouville fractional integrals Jg, f
and Ji* f of order o > 0 with a > 0 are defined by

I f@) = gy [ @07 e > a
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and

b
T fe) = g [ =2 0t <o

where -
Do) = / e “u tdu
0
is the integral representation of Euler gamma function. Here
Jap f(@) = Jy_f(z) = f(2).

In case of @ = 1, the Riemann-Liouville fractional integrals reduces to the classical
integral.

Definition 1.8. J. Hadamard introduced the Hadamard fractional integral in [8], and

is given by X N - .
@) = g [ (100%)" 1)

for Re(a) >0, x > a > 0.

Recently Katugampola generalized Riemann-Liouville and Hadamard fractional
integrals into a unique form as follows.

Definition 1.9. [11] Let [a, b] be a finite interval in R. Then the Katugampola fractional
integrals of order v > 0 for a real valued function f are defined by

I @) = g [ e e
and e
@ = [ e =T

with a < x < band p > 0, if the integrals exist, where I' (@) is the Euler gamma func-
tion. For p = 1, Katugampola fractional integrals give Riemann-Liouville fractional
integrals, while p — 0% produces the Hadamard fractional integral. For its proof one
can refer [11].

We organize the paper as follows:

In this paper we prove some Ostrowski-type inequalities for mappings whose
derivatives are h-convex via Katugampola fractional integrals. We deduce some known
results by using p-functions, convex functions and s-convex functions. In particular
we find Ostrowski-type inequalities for Riemann-Liouville fractional integrals.

2. Ostrowski-type fractional inequalities for i-convex functions via
Katugampola fractional integral
In this section we present some Ostrowski-type inequalities for A-convex func-

tions via Katugampola fractional integrals. The following lemma is very useful to
obtain our results.
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Lemma 2.1. Let f : [a?,b’] — R be a differentiable mapping on (a?,b?) with a < b
such that f' € Lq[a,b]. Then we have the following equality

f@@_mwwhhﬂw[ﬂﬁﬂﬂ) PIo, ()

pl—a 2(xP —ar)>  2(bP — aP)™
P _ P 1
_ ol o >/ 10001 f (1000 4 (1 — tP)aP)dt
0
bP — P 1
- (279:)/ toP Pl f1(P P 4 (1 — tP)bP)dt; x € (a,b), (2.1)
0

with o, p > 0.
Proof. 1t is easy to see that

1
/ toP TPl f1(1P P 1 (1 — tP)aP)dt
0

et (0P (1 —tP)af) |

pt?=1 (2P — ar)

0
ap+p—1 [* 1
-+t = - &P tP P 1 — tP)aP)\dt
el R (I AT)
_ f@)  apt+p-—1 /m y—a?\ Ty )
B p(gjp — aP) p(gjp — aP) o TP — aP xrP — af Yy
@) I f(a)apt p— D) 0
T e |
and
1
/ toePrP= L f1(P P (1 — tP)bP)dt
0
B tortr=Lf(tPaP 4 (1 — tP)bP) 1
h ptP=1(zP — bP) 0
_ap+p—1 1ap—1 PP _4P\}P
s /0 1201 f (12?4 (1 — 2)0°)dt
_ —f@)  aptp-1 /b y =Ny W)
~opbe —ar) T p(bp —xP) J, \ P —bP o o Y
L f@) IS f()(ap+ p— DT(a) 0
A T |
P _ qP P — P
Multiplying (2.2) by M and (2.3) by M, then adding resulting equa-
tions we get (2.1). O

Theorem 2.2. Let f : [a”,b”] C [0,00) — R be a differentiable mapping on (a,b”)
with a < b such that " € Lyi[a,b]. If |f" is h-convex on [a?,b"] and |f’(a:")| < M,
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x € [a, b, then the following inequality for Katugampola fractional integrals holds

o (ap+p—1C(a) [ P12 fla”) = PIZ f(V°)
f(z?) pla {Q(xﬂ —arf)®  2(br — fp)a}
Mo =) [ ooty o e @h), (2
2 0
with o, p > 0.

Proof. Using Lemma 2.1, h-convexity of | 1!

, and upper bound of ’f’(m”)‘ we have

b (aptp—1D() [ PI f(a) IS ()
1) = L e e
< p(.’I}p2_ ap) /01 tap+p_1’fl(tp$p + (1 _ tp)ap)’dt
+ p(bp;xp) /1 tap+p71|f/(tpxp + (1 - tp)bp)|dt
0
1
< M/ teprtpr—1 [h(tp)}f’(xpﬂ + h(l _ tp)’f’(ap)H dt
0
+mwgw@%fwﬁ¢4M@ﬂﬁ%ﬁﬂ+hﬂ—#ﬂf@ﬂﬂﬁ
= % /0 toPHPL () + h(1 — t7)] dt
Ml =) /0 ot () 4 h(1 - 1) dt
This completes the proof. O

Corollary 2.3. In Theorem 2.2, if we take h(t) = 1, which means that |f" is p-function,
then (2.4) becomes the following inequality

Sy~ @2+ P = DL() [ I @) | I f() } ’

pl—a 2(xP —ar)>  2(bP — xP)™

M(b° —a”)
< —_— 7 .
a1 ;7 € [a, 0], (2.5)

with o, p > 0.

Remark 2.4. (i) If we put p =1 in (2.4) we get [15, Theorem 1].
a+b

(i) fweput p=1,a=1and z = in (2.4) we get [15, Corollary 3].

(iii) If we put p = 1 and h(t) = ¢, which means that |f’| is convex function in (2.4),
then we get [15, Corollary 1].
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(iv) If we put p = 1 and h(t) = ¢*, which means that |f’| is h-convex function in
(2.4), then we get [15, Corollary 2].

Theorem 2.5. Let f : [a?,b?] C [0,00) — R be a differentiable mapping on (a”,b?) with
a < b such that f’ € Li[a,b]. If ‘f’{q,q > 1, is h-convez on [a”,b°] and |f'(z*)| < M,
x € [a,b], then the following inequality for Katugampola fractional integrals holds

mp+p—mrm>{wgfww pa;ﬂw>]
pl—e 2(xP —ar)>  2(bP — zr)>

-

Mt = o) 1hp (1 —t*)]d éa: a,b 2.6
< ootV ([ e e ra-ena) e @, o

witha,p>0and%+%:1.

Proof. Using Lemma 2.1 and Holder’s inequality we have

(ap+p—DI(a) [ P12 f(a)  PIS J(b")
far) - LI | e o
< P(x"); a”) /01 tap+p—1|f/(tpxp +(1- tp)ap)|dt

+ p(b? 2— z”) /01 tap+p—1’f/(tpxp +(1- tﬂ)bﬂ)\dt

P _ P 1 » 1 a
< pa’ —ab) 5 i) </ tWP*Pl)dt) </ |f(t°a” + (1 tf’)ap)|th>
0 0

P _ P 1 » 1 7
+ p(b" = 27) 5 ) (/ t““”ﬂ‘”dt) (/ |/ (tPa? + (1 —tp)af’)\th>
0 0

Since ’f”q is h-convex and |f'(z*)| < M, x € [a,b], therefore we have for x € (a,b)

mp+p—nrm>[w3fmw Pq;ﬂw>}
pt=« 2(xP —ar)>  2(bP —ar)”

-

< M (/01 tp(af’+p—1)dt>; (/01 [ F @) + b1 = )| £ (a")]"] dt>é

p(v? - a¥) ;

2 (/01 tp(apﬂl)dt) % (/01 [h()| £ ()" + h(1 = )| £/ (67)|"] dt) '

Mp(xp_ap) 1 , » %
- 2p(ap+p—1)+1)7 (/0 [A(t”) + h(1 ¢ )]dt)

Mp(bp_xp) 1 , » é
+2(p(ap+p_1)+1)% (/0 [h(t") + h(1 t)]dt>

+
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_ _ Mp(tr —a”) L) 4 (1 — ) d %.
2(plap+p—1)+1)7 (/0 A=) t>

This completes the proof. O

Corollary 2.6. In Theorem 2.5, if we take h(t) = 1, which means that ’f"q is p-
function, then (2.6) becomes the following inequality

far) - (ptr = V() [ 1o fa) | PI () } |

pl—a 2(xP —ar)>  2(bP — xP)™
_ (@7 Mp(br — o)

— 1
(plap+p—1)+1)7
witha,p>0and%+%:l.

i 2 € [a, ], (2.7)

Remark 2.7. (i) If we put p =1 in (2.6) we get [15, Theorem 2].
b
ot in (2.6) we get [15, Corollary 6].

(iii) If we put p = 1 and h(t) = ¢ in (2.6), which means that |f’| is convex function,
then we get [15, Corollary 4].

(iv) If we put p = 1 and h(t) = t*, which means that |f’| is h-convex function in
(2.6), then we get [15, Corollary 5].

(i) f weput p=1, a=1and z =

Theorem 2.8. Let f : [a”,b”] C [0,00) — R be a differentiable mapping on (a”,bP) such
that f' € Lyla,b], where a < b. If | f’ g > 1 is h-convez on [a”,b] and |f/(zP)| < M,
x € [a,b], then the following inequality for Katugampola fractional integrals holds for
x € (a,b)

|f(xp) (eptp—DI(a) [ PIO f(a?) | PI% (W) ] ’

pl—a 2(xP —ar)>  2(bP — xP)™

< Mp(b;_ a’) (p(ai 1))1_‘1’ (/01 1001 [l (1) 4 h(1 — 7] dt)i, (2.8)

with a, p > 0.

Proof. Using Lemma 2.1 and power mean inequality we have

(ap+p—DI(e) [ 1o faf) | PIS (D) } ’

@) = plo 2 —ar) | 2(b0 — 29)®

P _ P 1
Ll —a) > a )/ (oL (PP + (1 — t9)a?)|dt
0

L PP —af)

1
5 / PP (PP + (1 — tP)b°) |dt
0

1—1

1
P _ gP 1 q 1 q
< Pt —at) 5 a”) (/ tap+p_1dt> (t”‘p+”_1/ \f’(tpxp+(1—tp)ap)\th>
0 0
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1

1 1
P — xP 1 K 1 q
i) 5 ") (/ t“p+p_1dt> (/ PP f1 (P + (1 —tp)a”)!th)
0 0

Since |f’|q is h-convex and |f/(2°)| < M, x € [a,b], there for we have for z € (a,b)

(ap+p—DI(a) [ 7L f(a?) P12 f(b9)

p(x”; - <p(a1+ 1))1_3 )
(/01 2Pt [R(t) | £ (2)]" + h(1 — )| £/ (a”)|] dt) a
: bp;”fp) < (a1+ 1))1; x
(/01 et I | £ ()| + h(1 — )| £/ (07)]"] dt>

: Mp(x; = (p(alJr 1))1_; (/01 tPHPTHR(E) + (1 — t7)] dt)é

+ Mp(b;_xp) ( ( 1 ))lé (/01 PP R(tP) + h(1 — tP)] dt>;

‘f(x”)—

IN

1
q

pla+1
1 1
Mp(b? — a® 1 \'a/t 2
_ Mp(® —a”) / Pt LB () + h(1 — tP)] dt ) .
2 pla+1) 0
This completes the proof. O

Remark 2.9. (i) If we put p =1 in (2.8) we get [15, Theorem 3].
b
a—2|— in (2.8), we get [15, Corollary 9.

(iii) If we put p =1 and h(t) =t in (2.8) which means that |f’| is convex function,
then we get [15, Corollary 7].

(iv) If we put p = 1 and h(t) = ¢°, which means that ‘f’} is h-convex function in
(2.8), then we get [15, Corollary 8].

(ii)) f weput p=1, a=1and z =

Corollary 2.10. In Theorem 2.8, if we take h(t) = 1, which means that |f’|q is p-
function, then (2.8) becomes the following inequality

(ap+p—1(a) [ PIS f(a?) PIS f(b7) }
pl-a 2(xP —ar)>  2(bP — xP)™

f=P) =

1

_ @ M —a)
B pla+1)

i 2 € (a,b), (2.9)

with o, p > 0.
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Conclusion. Due to the fact that the Katugampola fractional integrals are the general-
izations of both the Riemann-Liouville fractional integrals and Hadamard fractional
integrals, so in our paper by taking p = 1 we have deduced the known results for
Riemann-Liouville fractional integrals. All results proved in this research paper can
also be deduced for the Hadamard fractional integrals by taking limits when param-
eter p — 0.
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Differential subordinations obtained by using
a fractional operator

Eszter Szatmari

Abstract. We investigate several differential subordinations using the fractional
operator D" : A — A, for —oo < A < 2,v > —1,n € Ng = {0,1,2,...},
introduced in [7].

Mathematics Subject Classification (2010): 30C45.

Keywords: Differential subordination, analytic function, fractional operator, con-
vex function.

1. Introduction
Let H(U) denote the class of functions which are analytic in the open unit disk
U={zeC:|z| <1}
Forae Cand k e N={1,2,...}, let
Hla, k] = {f € HU) : f(2) = a+ apz® + ap1 28T+,

and
A={feHU): f(z) =2+ axz* +azz* +...,2 € U}.

In [3], the fractional integral operator D, * of order u, > 0, for the function f € A,
is defined by

I S A (0
D] f(z)_f‘(,u)/(z—t)lfﬂdt’ZEU’
0

where the multiplicity of (z —#)*~! is removed by requiring log(z —t) to be real when
z—t>0.
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Also, the fractional derivative operator D) of order A\, A > 0, for the function
f € A, is defined by

d I
D)\f(z): F(ll)\ E‘Of (z— t))’\dt 0<A<l1

dz"

77’LEN0,

(2), n<iA<n+l1

where the multiplicity of (z — t)’ is understood in a similar way.
In [4] is defined the fractional differintegral operator Q2 : A — A, —00 < A < 2,
by
02f(z) =T(2 - N2*D2f(2),2 € U,
where D2 f(z) is the fractional integral of order\, —co < A < 0, and a fractional
derivative of order A\,0 < \ < 2.
In [6], the Salagean operator D™ of order n, n € Ny, for f € A, is defined by

Df(2) = f(2)
D'f(z) =Df(z) = 2f'(2)
D" f(2) = D(D" " f(2)),n € N.
In [5], the Ruscheweyh operator R* : A — A for A > —1 is defined by
A _ z
R f(z) = m*f(z),ze U,
where ” x” is the Hadamard product or convolution.
For A\ € Ny this operator is defined by

»

R N (2) = M,z eU.

In (7], the fractional operator DY : A — A for —oo < A < 2,v > —1,n € Ny, is
defined as a composition of fractional differintegral operator, the Saldgean operator
and the Ruscheweyh operator:

DY" f(z) = RVD™Q f(2).
The series expression of DY" f(z) for f € A of the form f(2) =z + > app12"!
k=1
is given by
vin g (v + 1 n+1 k1
DY z+ Z k‘ + )" ag127,

—00 < A< 2,v>—-1,n¢€ No,z € U, where the symbol (v); denotes the usual
Pochhammer symbol, for v € C, defined by

_JLE=0 Ty +k) _
(7)’“_{7(y+1)...(y+k—1),keN =TI G\

Remark 1.1. [7] The fractional operator DS’O is precisely the Ruscheweyh derivative
operator R” of order v,v > —1, and ]D)g’o is the fractional differintegral operator Q)
of order \,—co < A < 2, while Dg’n = D" and Dif)"” = D"l are the Saligean
operators, respectively, of order n and n+1, n € Nj.
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Remark 1.2. [7] The operator D" satisfies the following identity:

DK+1,nf(Z) _ v ID)V’nf(Z) —+ %Z(Di7nf(z))/7

A +1
where —oo < A < 2,v > —1,n € Ny.

Remark 1.3. [8] The operator DY satisfies the following identities:

DY A(2) = (D572
where —oco < A < 2,v > —1,n € Ny, and
v,n A v,n 1 v,n
Dy f(z) = _ﬁD* f(z) + ﬁZ(D,\ f(2)),
where —oo < A < 1,v > —1,n € Ny.

477

(1.1)

(1.2)

(1.3)

Definition 1.4. [1, p. 4] Let f, F € H(U). The function f is said to be subordinate to
F, written f < F, or f(z) < F(2), if there exists a function w € H(U), with w(0) =0

and |w(z)| <1,z € U, such that f(z) = F[w(z)],z € U.
In order to prove our results we shall need the following lemma.

Lemma 1.5. [2] Let q be a convex function in U and let

h(z) = q(2) + nazq'(2),
where a > 0 and n is a positive integer. If

p(z) = q(0) + pnz" + ... € H[q(0), n]

and

p(2) + azp'(z) < h(z)
then

p(z) < q(2),

and this result is sharp.

2. Main results

Theorem 2.1. Let g be a convex function, g(0) = 1 and let h be a function such that

h(z) = g(z) + "(2),v > —1.

v+1 .
If f € A verifies the differential subordination
(D" £(2)) < h(z)
then
(D" £(2)" < g(2)-
The result is sharp.

(2.1)
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Proof. If we denote by

!’

p(2) = (D" f(2)),
where p(z) € HI[1,1], then, by (1.1), we get

(]D)f\ﬂ’"f(z))/ =p(z) + ” —1k 1zp’(z)7 zeU. (2.2)

From (2.1) and (2.2) we obtain
P+ () < 9(2) + 720/ (2) = h(2)
Applying Lemma 1, we get
p(z) < 9(2)
or
(D" f(2)" =< 9(2).

This result is sharp. O

Theorem 2.2. Let g be a convex function, g(0) = 1 and let h be a function such that

M) = gz) + 7529/ (2) o0 <A <L
If f € A verifies the differential subordination
(DY f(2)) < h(z) (2.3)
then
(D" f(2)" < g(2)-

The result is sharp.

Proof. If we denote by
v,n /
p(z) = (DY"f(2)),
where p(z) € H[1,1], then, by (1.3), we get
1
1—-A

(Di’flf(z))/ =p(z) + zp'(z),z € U. (2.4)

From (2.3) and (2.4) we obtain

p(z) + 2p'(z) < g(z) +

1—2A
Applying Lemma 1, we get
p(z) < 9(2)
or
(D" F(2))" < a(2).
This result is sharp. O
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Theorem 2.3. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(2) + z¢'(2),n € Ny.
If f € A verifies the differential subordination
(D™ F(2)) < h(z) (2.5)
then

(D™ £(2))" < g(2).
The result is sharp.

Proof. If we denote by
v,n !
p(z) = (DY"f(2))
where p(z) € HI[1, 1], then, by (1.2), we get
(DX f(2))" = p(2) + 20/ (2), 2 € U. (2.6)
From (2.5) and (2.6) we obtain
p(z) + 2p'(2) = g(2) + 29'(2) = h(2).
Applying Lemma 1, we get
p(z) < 9(2)
or
v /
(D" f(2)) < g(2).

This result is sharp. O
Theorem 2.4. Let g be a convex function, g(0) =1 and let h be a function such that
h(z) =g(2) + 2¢'(z),z € U.

If f € A verifies the differential subordination

(DY f(2)) < h(z),z €U (2.7)
then
D) g1
The result is sharp.
Proof. Let
p(z) = ]D)K’”Zf(z) ,zeU

Differentiating we obtain

We get,
v,n 4
(DX f(2)) = p(2) + 2/ (2).
The subordination (2.7) becomes

p(2) + 2p'(2) < g(2) + 24'(2).
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Applying Lemma 1, we get

p(z) < 9(2)
or »
DY (2
= <g(2)
This result is sharp. O

Theorem 2.5. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(2) + 24’ (2),z € U.
If f € A verifies the differential subordination

zD"H’"f(z) !
then o
DY " f(2)
W < g(z), ze U
The result is sharp.
Proof. Let
_ DYTA(e)
e
We obtain - )
DY)\ ,

The subordination (2.8) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

p(z) < g(2)
or =
DY f(2)
T =9g(2),z € U.
Dy f(z) (=)
This result is sharp. O

Theorem 2.6. Let g be a convex function, g(0) =1 and let h be a function such that
h(z) =g(z) + 24'(2),2 € U.
If f € A verifies the differential subordination

(W) < h(z),z€eU,—co <A< 1, (2.9)
then YT ()
a1 (2

The result is sharp.
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Proof. Let
p(z) = )
DY f(2)
(z]D)Kflf(z) )’
DY"f(2)

The subordination (2.9) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

We obtain
=p(z) + 2p'(2).

p(z) < 9(z)
> DY f(2)
A1) (2
——— < g(2),z € U.
D5 a9
This result is sharp. O

Theorem 2.7. Let g be a convez function, g(0) = 1 and let h be a function such that
h(z) = g(z) + 24’ (2),z € U.
If f € A verifies the differential subordination

zID)K’"Hf(z))'
—5——— | <h(2),z€U, 2.10
(Bt ) <2 (210)
then "
DY f(2)
2o 2 g(z),z € U.
D7) 9
The result is sharp.
Proof. Let
Dy7n+1 p
ple) = 2 S,
DY f(2)
We obtain o .
ZDY" f(Z)) /
—Sm | =pz)t+zp(z).
() —vor+ =)

The subordination (2.10) becomes

p(2) +2p'(2) < g(2) + 24/ (2).
Applying Lemma 1, we get

p(z) < g9(2)
or o
DY f(2)
D7) 9
This result is sharp. 0
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Sufficient conditions of boundedness of L-index
and analog of Hayman’s Theorem for analytic
functions in a ball

Andriy Bandura and Oleh Skaskiv

Abstract. We generalize some criteria of boundedness of L-index in joint variables
for analytic in an unit ball functions. Our propositions give an estimate maximum
modulus of the analytic function on a skeleton in polydisc with the larger radii
by maximum modulus on a skeleton in the polydisc with the lesser radii. An
analog of Hayman’s Theorem for the functions is obtained. Also we established
a connection between class of analytic in ball functions of bounded l;-index in
every direction 1;, j € {1,...,n} and class of analytic in ball of functions of
bounded L-index in joint variables, where L(z) = (I1(2),...,In(2)), l; : B® = Ry
is continuous function, 1; = (0,...,0, 1 ,0,...,0) e R}, z € C™.
~~
j—th place
Mathematics Subject Classification (2010): 32A05, 32A10, 32A30, 32A40, 30H99.

Keywords: Analytic function, unit ball, bounded L-index in joint variables, max-
imum modulus, partial derivative, bounded L-index in direction.

1. Introduction

Recently, there was introduced a concept of analytic function in a ball in C"
of bounded L-index in joint variables [8]. We also obtained criterion of boundedness
of L-index in joint variables which describes a local behavior of partial derivatives
on a skeleton in the polydisc and established other important properties of analytic
functions in a ball of bounded L-index in joint variables. Those investigations used
an idea of exhaustion of a ball in C™ by polydiscs.

The presented paper is a continuation of our investigations from [8]. We set the
goal to prove new analogues of criteria of boundedness of L-index in joint variables for
analytic in a ball functions. Particular, we prove an estimate of maximum modulus on
a greater polydisc by maximum modulus on a lesser polydisc (Theorems 3.1, 3.2) and
obtain an analog of Hayman’s Theorem for analytic functions in a ball of bounded
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L-index in joint variables (Theorems 4.1 and 4.2). For entire functions similar propo-
sitions were obtained by A. I. Bandura, M. T. Bordulyak, O. B. Skaskiv [4, 5] in a case
L(z) = (I1(2),...,ln(2)), z € C™. Also A. I. Bandura, N.V. Petrechko, O. B. Skaskiv
[6, 7] deduced same results for analytic in a polydisc functions. Hayman’s Theorem and
its generalizations for different classes of analytic functions [1, 3, 5, 7, 12, 15, 20, 21]
are very important in theory of functions of bounded index. The criterion is helpful
[1, 9] to investigate boundedness of index of entire solutions of ordinary or partial
differential equations.

Note that the corresponding theorems for entire functions of bounded [-index
and of bounded L-index in direction were also applied to investigate infinite products
(see bibliography in [21, 1]). Thus, those generalizations for analytic in a ball functions
are necessary to study L-index in joint variables of analytic solutions of PDE’s, its
systems and multidimensional counterparts of Blaschke products. At the end of the
paper, we present a scheme of application of Hayman’s Theorem to study properties
of analytic solutions in the unit ball.

2. Main definitions and notations

We need some standard notations. Denote
Ry =(0,400), 0=(0,...,0), 1 =(1,...,1),
1, =(0,...,0, 1 ,0,...,0) e RY,
j—th place
R=(r1,...,tn) €ERY, 2= (21,...,2,) €C", 2| = ,/Z;lzl |22

For A = (a1,...,a,) € R", B = (by,...,b,) € R" we will use formal notations
without violation of the existence of these expressions
AB = (Clel, o ,anbn), A/B = (al/bl, e ,an/bn),

AB =ababz . calr A = a1 4+ an,
and the notation A < B means that a; < b;, j € {1,...,n}; the relation A < B
is defined similarly. For K = (ki,...,k,) € Z' denote K! = k;i!-...-k,!. The

polydisc {z € C": |z; — 29| <, j=1,...,n} is denoted by D"(2°, R), its skeleton
{zeC: [z =29 =75 j=1,...,n} is denoted by T"(2%, R), and the closed
polydisc {z € C" : |z; — 2j| < rj, j = 1,...,n} is denoted by D"[z% R]. The
open ball {z € C": |z — 2% < r} is denoted by B"(2°,7), its boundary is a sphere
S"(2%r) = {z € C": |2 —2° =}, the closed ball {z € C" : |z —2° < r} is denoted
by B[z, r], B* =B"(0,1),D=B! = {z € C: |2| < 1}.

For K = (ki,...,k,) € Z and the partial derivatives of an analytic in B"

function F(z) = F(z1,...,2,) we use the notation
151l kit dkn
F(K)(z)za - :8k —.
0z 0z ... 0z
Let L(z) = (l1(2),...,l.(2)), where [;(z) : B® — R, is a continuous function such
that

(V2 €B"): 1;(2) > B/(1—|2]), j €{1,...,n}, (2.1)
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where 8 > /n is a some constant. For a polydisc A.I. Bandura, N.V. Petrechko and
O.B. Skaskiv [6, 7] imposed the restriction (Vz € D™(0,1)): 1;(z) > B/(1—|zl),
j€{1l,...,n}. A similar condition is used in one-dimensional case by S.N. Strochyk,
M.M. Sheremeta, V.O. Kushnir [22, 14, 21].
Note that if R € R?, |R| < 8, 2° € B" and 2z € D"[2°, R/L(2°)] then z € B"
(see Remark 1 in [8]).
An analytic function F': B* — C is said to be of bounded L-index (in joint
variables), if there exists ng € Z such that for all z € B" and for all J € Z7}
FO(z FE) (4
|J!LJ((Z))| < max { |K!LK((Z)) s KelZl, |K|| < no} . (2.2)
The least such integer ng is called the L-index in joint variables of the function F
and is denoted by N(F,L,B") (see [8]). Entire and analytic in polydisc functions of
bounded L-index in joint variables are considered in [4, 5, 6, 7, 10, 13, 19, 18, 16, 17].
By Q(B™) we denote the class of functions L, which satisfy (2.1) and the following
condition

(VReRY,|R| < B, je{l,...,n}): 0<A;(R) < A j(R) < o0, (2.3)
where A1 j(R) = inf inf {I;(2)/1;(=") : 2 € D" [*, R/L(=")] }.
A2 ;(R) = j‘éﬁ.?n sup {1;(2)/1;(2%) : z € D" [2°, R/L(z°)] } .
A(R)=(A11(R), ..., Ain(R)), A2(R) = (A21(R), ..., A2 n(R)).

We need the following results.

Theorem 2.1 ([8]). Let L € Q(B™). An analytic in B" function F has bounded L-index
in joint variables if and only if for each R € R}, |R| < B3, there exist ng € Zy, po > 0
such that for every z° € B" there exists K° € 27, |K°| < ng, and

|F(K)(z)\. "o 0 |F(K°)(zO)|
max{mmzylf(léno, 2 €D [ R/LED] ¢ < po g oy

(2.4)
Denote L(z) = (I3(2), . .., 1n(2)). The notation L =< L means that there exist
91 = (Ql,j, ey Ql’n) S Ri, 92 = (927j, e 792,n) S Ri
such that Vz € B™ 917jl~j(z) <lj(z) < 92,jl~j(z) for each j € {1,...,n}.

Theorem 2.2 ([8]). Let L € Q(B"), L < L, 3|01| > \/n. An analytic in B™ function F

has bounded L-index in joint variables if and only if F' has bounded L-index in joint
variables.

3. Local behaviour of maximum modulus of analytic in ball function

For an analytic in B™ function F' we put

M(r,2°, F) = max{|F(2)|: z € T"(2°,7)},
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where 2° € B", r € R?. Then M(R,2° F) = max{|F(z)|: z € D"[2°, R]}, because
the maximum modulus for an analytic function in a closed polydisc is attained on its
skeleton.

The following proposition uses an idea about the possibility of replacing universal
quantifier by existential quantifier in sufficient conditions of index boundedness [2]. To
prove an analog of Hayman’s Theorem we need this theorem which has an independent
interest.

Theorem 3.1. Let L € Q™, F : B® — C be analytic function. If there exist R/,
R"eRY, R < R",|R"| < and p; = p1(R', R") > 1 such that for every z° € C"

M(LZ/) 20 F) <M (IJ(}ZO),ZO,F> (3.1)

then F' is of bounded L-index in joint variables.

Proof. At first, we assume that 0 < R’ <1 < R".
Let z° € B™ be an arbitrary point. We expand a function F in power series

z) = Z br(z — zO)K = Z bry .k (21 — Z?)kl o (2n — Zg,)k"a (3.2)

K=>0 k1, kn 20

() (0
where b = by, ..k, = K$ )'

Let (R, 2", F) = max{|bg|RX: K > 0} be a maximal term of power series (3.2)
and

v(R) =v(R,2°,F) = (W(R),...,v2(R))
be a set of indices such that

(R, 2%, F) = |b, )[RV,

R =" v;(R) = max{|K||: K > 0, [bxe| RS = p(R, 2, F)}.

In view of inequality (3.8) we obtain for any |R| < 1 — [2°],
w(R,2°, F) < M(R,2°, F).

Then for given R’ and R” with 0 < |R'| < 1 < |R"| < 8 we conclude

M(R'R,2°,F) <> |be[(R'R)* <> u(R,2°, F)(R)*
k>0 k>0
= u(R,2°, F) Y (R = uw(R, 2%, F).

L1
k>0 j=1
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Besides,

1% 124 1
In (R, 2", F) = In{|b,(r)|R (B} = hl{bu(R)KRR") (R)(R,,),,(R)}

. 1
= bl (RE Y 10 { |

<Inu(R"R,2°,F) — |[v(R)|In min 7/

1<j<n

This implies that

< 1" 0 _ 0
B < o (b (B R F) — (R, 20, )

(1—-7})M(R'R,2°, F))

1

<—r——— | InM(R'R,2°, F) — In(
Inmini<;<p 77 ;

=.

1

1 " In(1 -7
<————— (WM(R"R,2°,F)~In M(R'R,2°, F)) — Z]‘l—(ﬁ)
lnmlnlgjgn T’j ming <;<n Tj
1 G M@ERRF) e (- 7) (3.3)
Cominigi<, ) M(R'R2%F)  mingi<nry '

Put R = ﬁ Now let N(F, 2% L) be the L-index of the function F in joint variables
at point z° i. e. it is the least integer for which inequality (2.2) holds at point 2°.

Clearly that

N(F,2°,L) <v < ,zO,F) =v(R,2°, F). (3.4)

1
L(z%)
But

M (R"/L(2°),2°, F) < p1(R',R")M (R'/L(z°),2°, F) . (3.5)
Therefore, from (3.3), (3.4), (3.5) we obtain that Vz° € B®

—Yo_ n(1—=7})  py (R, R")

N(F,2°,L) < _ . :
(F.25 1) < In min{ry{,rY In min{r{, Y

This means that I’ has bounded L-index in joint variables, if 0 < R’ < 1 < R”,
|R"| < .

Now we will prove the theorem for any 0 < R’ < R”, |R"| < f. From (3.1) with
0 < R; < Rs it follows that

1/ / 1
max{|F(z)|:z€T”<zo 2R R+ R )}

"R+ R 2L(29)
2R R+ R’
"R+ R" 2L(20)

< Py max {|F(z)| rzeT" <zo
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2L(z)
R'+R'

max{F(z)| rzeT" (zo, 2R//~> }
(R'+ R")L(z°)

< Py max {|F(z)| tze T (ZO, 2R”~> } )
(R + RL()

<1l< R, - R,,. Taking into account the first part of the proof, we

Denoting L(z) = we obtain

where 0 < R, 5 R,,

conclude that the function F has bounded L-index in joint variables. By Theorem
2.2, the function F' is of bounded L-index in joint variables. O

Also the corresponding necessary conditions are valid.

Theorem 3.2. Let L € Q(B"). If an analytic in B™ function F' has bounded L-index
in joint variables then for any R', R" € R", R’ < R", |R"| < j3, there exists a number
p1 = p1(R', R") > 1 such that for every z° € B" inequality (3.1) holds.

Proof. Let N(F,L) = N < +oc0. Suppose that inequality (3.1) does not hold i.e. there
exist R, R”, 0 < |R'| < |R"| < 3, such that for each p, > 1 and for some 2° = 2%(p,.)

R// R/
M JF M2 F). :
(2= ) = r-0 (g F) (30
By Theorem 2.1, there exists a number py = po(R"”) > 1 such that for every 20 € B"
and some K" € Z", |[K°|| < N, (i.e. ng = N, see proof of necessity of Theorem 2.1
in [8]) one has
R 0 0
M, 2% FED ) < po| FED(20)]. 3.7
(i F7) < mlF S0 (37)
We put

n N . N
e N —j)! rirl .ol
by = po ||A§Yj(R”) (NhHnt § ((,, _) ( 12 ,) ,
i ..

bz—ﬁo(HA (R") ) N!)"—Q(.

o
M=
L
—
==
S~—
T,
=
~_
7N\
3|3
SRS
=
ER RS
~__
Z
—
—
—
»—j\
S~— =
Z
—

N . " N\ N
— N (pt (N —j)! "n-1"n 1
bue1 =P (RONY| D5 (4%) maX{le ’

j:l n—1 1 n
N . N
(N = ) r! 1
b, = o (e L
o E CATEN ANV SRR

and
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Let 2% = 29(p,) be a point for which inequality (3.6) holds and K° be such that (3.7)
holds and

,r,I/

/
M= 0 F) = |F(). M —— 20 FD ) = | p(D)
(g F) =W M (g FO )
for every J € Z, ||J|| < N. We apply Cauchy’s inequality

PO < 71 (ng) (") (33)

for estimate the difference

|F(J)(Z},lv 232’ ] Zj',n) - F(I)(Z(lJv 2327 ) Z},n)|

25 Sl
/ (€ 22 25 )dE

Jitlg Jo Jn
o 02" 027 ... 0%

ollI+1 g . !
- 32{”’18252 .0z Z(lerl’jz""’j")) li(29) (3.9)
Taking into account (29, Zh9ys2y,) €D7 20, LZ;)], forall k € {1,...,n},
0 T 0 11 0
|Z},k - Zkl = M7 lk(zhz}% .- '7Z§,n) < )‘2,k<R )lk(z )
and (3.8) with J = K°, by Theorem 2.1 we have
|F(J) (Z?a Z§,2a R Z?},n)|
< JU (21, Zyor-- Z;n) HZ=2 I (29, Zyor-- Zjn) FE®) (,0
< L ol P )
n j 0
< J!LJ(ZO) [Tz )‘%]fk(RH) K01 L(z2%) K iy
= KOILKY(20) pofCH = ) IFGED
o'W () TTiop M (RY)
- S22 P ), (3.10)
()
From inequalities (3.9) and (3.10) it follows that
ollI+1 g

*
82{1+18252 az%n Z(j1+17j27~»-»jn,))

ll(zo) * * *
T {IF(J)(ZJ)| - ‘F(J)(Z?’ZJ,% e '7ZJ,n)|}

1
l JILG1+Ld2,000n) (50 no \E (R
> B ) - 2 ) it MR oy,
™ r{(R’)
Then
11(2°) allKOHflf

— 1!
St

*

V4

6219971821@3 azkg( (k?*l’kg,m,k%))
1 52 ...0zn
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po(kf — DURSL. . KOILK" (O [T, M5 (RY)
T/1/<R/>KO | (Z )l

B0 | o2y
> 0 0 (Z 0 Y 0 )
()2 |9M129.k8 | g kT Rek)

. kg!LK° (=9) Ty A5 (R

CIRCIL e
polk — DKL KL GO T, A500)
- T’I'(R’)KO |F(2")]
I (0) | Q11K g
= 1\ k9 ( (o, kg"“’k?z))
(rf)* 8z22...8zn
Do 7 0 O o (k? —J1)!
(R’)KO H)‘QZ R") | ky!.. 2317(7"’1’)3'1 |[F(z9)]...
J1=

NUACDYSED

= 0 )

T2

ONE =Ky —ks £

é)zkg 8zk$‘ (Z?O,O,kg,...,k%))
3% ... 0z
k9 0 n k9 .
17 (2°)po LOAS- ok ) "y ) k2 0 (k3 — j2)!
AP lR kg!. . k! == F(2Y)]
(r ”)ko(R’ H 2, 3 v = (riy)3z
(0]
Po k0 oy [TT AR o ) 101 01 o (kY — 1) «
7(R,)K0L (Z ) HAQ,i(R ) k2....k". (,rlll)jl |F(Z )|
i=2

j1=1

> (B2D) 1r el - PG L

(3.11)
where in view of the inequalities Ay ;(R"”) > 1 and R”

by =

k9 0o
L (HAﬁ")’fS' g ys Bt

L(ZO) e R K - K 0 0 _.71
= R R’ Po HAQTi(R ) | Kt k! Z
=2

L)\
// ]1 R bl’
J1=1

(R,) (HAQZ R”) (H)kﬁmz (kg—jg)g(L(zO))Kob%

by =

2 )
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7 Po KO/ _0yy ko 7 k?z'
bp_1 = L A (R
1 (R/)KO (Z ) Z,n( )(Ti/)k(ll o (r;{—2)k272 X
k’?L*l . K°
(kgfl _Jnfl)! L(ZO)
<2 e <URr) e
n—1—

K . KO
~ Po 0 1 “ k,ol — Jn)! L(z°
bn = oy LK (20) —— = Z( b (,,) by

(R") (PR ()R = (r1)an R

Thus, (3.11) implies that

. ZO K° Z* n
|F(K)(z}o)|Z(LJ(%,,)> |F(2*)] IF( °)|—ij

But in view of (3.6) and a choice of p, we have

AEE *>Zb

Thus, (3.7) and (3.8) imply

0
LZO K . n
| (2 |2( 1(%// ) F(2)| 4 pe— D> b
j=1

0

J 0 KO
R” = KOIT, ( )
( N L ><zKo>|
(nt)™
Hence, we have p, < po( /“ r, )N "+ Z -, b;, but this contradicts the choice of
P O

4. Analogue of Theorem of Hayman for analytic in a ball function of
bounded L-index in joint variables

Theorem 4.1. Let L € Q(B™). An analytic function F in B™ has bounded L-index in
joint variables if and only if there exist p € Z4 and ¢ € Ry such that for each z € B™

(1) (5 (K) (4
mac [ B =pa <eoma [ BN g <p) )

Proof. Let N = N(F,L,B") < +o00o. The definition of the boundedness of L-index in
joint variables yields the necessity with p = N and ¢ = ((N + 1)1)".
We prove the sufficiency. For F' = 0 theorem is obvious. Thus, we suppose that

F#£0. DenoteﬂZ(%,---7%)~
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Assume that (4.1) holds, 20 € B", z € D"[2%, 2] Forall J € Z2, || J|| < p+1,

L(29)
one has
[FD G| _ gy FP )] J [FUO)]
T MO gy 3o MO St 1K <)
F(K)
< ¢ AJ(B) max {AIK(2)M K< p} < BG(z), (4.2)
where B = ¢- max{A¥(B): |K| =p+ 1} max{A;75(8): ||K| < p}, and
F(E)
G(z) = max{|LK(Z(OZ)) - IK| <p}.
We choose L
(1) —(,M (1) ne0 L+
2 =(z",.. ., 2,))eT(2 ’25\/HL(ZO))
and
22 = (z%z)7 2P e (20, L(Izo))
such that F(z(M) # 0 and
2)y] — B o
|[F(z"9)| = M (L(zo)’z ,F> # 0. (4.3)

These points exist, otherwise if F'(z) = 0 on skeleton

™ (2 ) T (o)

then by the uniqueness theorem F = 0 in B". We connect the points z(!) and 2z(?
with plane

29 = koz1 + g,
23 = k3z1 + c3,

o=
Zn = knz1 + ¢,
where
. Zi(z) _ 21(1) . Zz'(l)ZEQ) _ 22(2)251) y .
TP T T e T

It is easy to check that 2V € o and 2@ € a. Let G(21) = G(z)|a be a restriction of
the function G onto a.

For every K € Z% the function F (K) (z)‘a is analytic function of variable z;
and é(zgl)) = G(z(l))‘a # 0 because F(z(1)) # 0. Hence, all zeros of the function
FE)(z) |a are isolated as zeros of a function of one variable. Thus, zeros of the function

G(z1) are isolated too. Therefore, we can choose piecewise analytic curve v onto « as
following

z2=2(t) = (21(t), kaz1(t) + c2, ..., knz1(t) + ¢cp), t € [0, 1],
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which connect the points (1), 2(2) and such that G(z(t)) # 0 and

o 26
| o < s

1)

For a construction of the curve we connect z,"’ and z; (2) by a line

A0 =7 2+ 4", teo 1],
The curve « can cross points z; at which the function G (21) = 0. The number of such
points m = m(z(M), 2(?)) is finite. Let (27 ) be a sequence of these points in ascending

order of the value |z§1) =27l k€ {1,2,...,m}. We choose

282 -1
S/ ()
Now we construct circles with centers at the points 27, and corresponding radii
r;c < g7 such that é(zl) # 0 for all z; on the circles. It is possible, because F' # 0.
Every such circle is divided onto two semicircles by the line 2§ (¢). The required

piecewise-analytic curve consists with arcs of the constructed semicircles and segments
of line 23 (t), which connect the arcs in series between themselves or with the points

zil), zi ). The length of 2z1(t) in C (but not z(¢) in C™!) is lesser than

Bivn 1 28
h(z%)  2v/nph(2°) ~ Vil (2%)

| — 2" 28
t =
/‘Z )Id |k|/|zl Nt < 2@ _ 0| Vol (20)

S 28+1 2vmBL(2) 28 2B(28°+1)
T 2nPls(2°) 282 -1 Vnli(2°) T (282 - 1)v/nls(2°)’

Hence,
2B(28% +1)y/n
dt < ——————~—=285. 4.4
/ (1) s (44)
Since the function z = z(t) is piece-wise analytic on [0, 1], then for arbitrary K € Z7,
JeZ, |K| < p, either

(1 2
r< 1<]£nm {2tk = 21kl 1211 — )| |21,m — 21 )|7

Then

s€{2,...,n}.

FUO ()] _ [PU)ED)
L) -~ L) (42

or the equality

[FES )] _ [FYD(=(t)
LE(20) —  L7(29)
holds only for a finite set of points ¢ € [0;1].

(4.6)

(2
Then for function G(z(t)) as maximum of such expressions % by all
I|.7]] < p two cases are possible:
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In some interval of analyticity of the curve 7 the function G(z(t)) identically
equals simultaneously to some derivatives, that is (4.5) holds. It means that
G(z(t)) = w(&%?)l for some J, ||.J|| < p. Clearly, the function F(/)(2(t)) is
analytic. Then |F()(z(t))| is continuously differentiable function on the in-
terval of analyticity except points where this partial derivative equals zero
|F1:92) (21 (t), 22())| = 0. However, there are not the points, because in the
opposite case G(z(t)) = 0. But it contradicts the construction of the curve ~.

In some interval of analyticity of the curve v the function G(z(t)) equals si-
multaneously to some derivatives at a finite number of points ¢z, that is (4.6)
holds. Then the points ¢ divide interval of analyticity onto a finite number of
segments, in which of them G(z(t)) equals to one from the partial derivatives,

i.e G(z(t) = W&%ﬁ”‘ for some J, ||J|| < p. As above, in each from these
segments the functions |F(/)(z(t))|, and G(z(t)) are continuously differentiable
except the points ty.

The inequality

o= |0

holds for complex-valued functions of real argument outside a countable set of points.
In view of this fact and (4.2) we have

GEC0) < max { o | TPO )] 191 <)

oV E 24(1)
= maX{Z‘azm 0 oa (2(1)) Li(20) - 7] Sp}

ol F 15 (2%) |2 (1)) ,
= max{z‘azh FERENr T (Z(t))’zﬁ( 0 ()

o).
171 < v} < (}:z 240 max { L <)

Therefore, (4.4) yields

@) !
‘ln%‘:‘/oe(zl@)) dt’<B/ "($)|dt < S - B.

Using (4.3), we deduce
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Since z(M) € T (29, W), the Cauchy inequality holds

F) (5D 1
|L‘]((ZO))| < J1(28vn)l7 I (W,ZO,F> :

for all J € Z'; . Therefore, for ||J|| < p we obtain

Gl) < ()" 0VAPM (5 2 F).

B 0 5B 1 0
M F)< N™(2 PM| ———— F.
(L(zo)vz s =€ (p) ( /B\/ﬁ) 25\/5:[‘(20),2 s
Hence, by Theorem 3.1 the function F' has bounded L-index in joint variables. 0

The following result was also obtained for other classes of holomorphic functions
in [21, 11, 7).

Theorem 4.2. Let L € Q(B™). An analytic function F in B™ has bounded L-index in
joint variables if and only if there exist ¢ € (0;+00) and N € N such that for each
z € B™ the inequality

N

FE) (4 s FK) (4
2 K'LK(())|Z > e (@7
[ K]|=0 |K||=N+1

Proof. Let é <6, <1, je{l,....n}, © = (01,...,60,). If the function F has
bounded L-index in joint variables then by Theorem 2.2 F' has bounded L-index
in joint variables, where L = (I(2),...,ln(2)), | i(z) = 0;li(2), j € {1,...,n}. Let
N = N(F,L,B"). Therefore,

P (3)| OIFIE)| |

o { o) ||K||<N} K,LK() ||K||<N}
- F)(2) e SEDE g FO)
1;[ {K'LK() } 1;[ iVJ'LJ 5:1_[195 JIL7(z)

for all J > 0 and
— [FY(z)| |F(K)( )\ = N
[lJI=N+1 \|J\|71\7+1
Os \ () | |F5)(2)
< <
2o { gy 0l = M) < [T 2% P

K =0

Hence, we obtain (4.7) with N = N and

n 95
:H1—95'

i=1
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On the contrary, inequality (4.7) implies

HMXPFUN@LHJ|N+1}§ 53 FS) ()] _ 1 §:|an@|

1L/ 1K = IT,K
JILY(2) K=+ KILK(z) ~— ¢ 12 KILE(2)
[FH )]
Z i 1maX{K'LK( ) K SN
and by Theorem 4.1 F' is of bounded L-index in joint variables. 0

5. Some application for PDE: a scheme

Here we present a scheme of application of Hayman’s Theorem to PDE. This is
also appilcable in a more general situation.
Let us consider the following system of partial differential equations:

F20)(21, 20) = 272y tan(mzy 20) F10) (21, 25),
FO2)(21, 25) = 272 tan(mz120) FO (21, 29).

Differentiate in variables z; and 25 we deduce

FGO (2, 29) = %F(l’o)(m, 29) + 2m2g tan(mzy 22) F(30) (21, 25),

F(271)(z1, ) = 27rtan(7rzlzg)F(1’0)(21, ) + 2722 25 F(l,O)(zl’ 29)+

cos?(mwz122)

+27 29 tan(ﬁzlzg)F(l’l) (21, 22),

F12) (21,22) = 27Ttan(7T2122)F(0’1)(21, z9) + _2m’zz0  po(1, 0)(21, z9)+

cos?(rz122)

(5.1)

4272y tan(mzy 20) FWY (21, 20),

F(O’g)(zl, 29) = %F(LO)(Q, z9) + 272z tan(wzlzg)F(2’0)(zl, 22),

cos?(mz122)

Let

L(21, 22) = (l1(21, 22), l2(21, 22)) = <(

|Z2| +1 ‘Zl| +1 >
1—[z)|3 = z1z2]” (1 = [2])]5 — 2122
where z = (21, 22), |2| = V/|#1]? + |22|%. Now we will estimate all third order partial

derivatives of the funct1on F(z1, z2) by its first and second order partial derivatives.
From the first equation of system (5.1) we have for all z € B? :

[FCO(1,29)| 2|20 (21, 22)

| [F20) (21, 20)]
I3(21,22) — |cos?(mz122)|3 (21, 22)

1§(21, 22)
< ( i 27r2|22|z N 27|29 tan(wzlzg)|) - |F(j"0)(zl,22)|
| cos?(mz122) |17 (21, 22) (21, 22) je{1,2} 1 (21, 22)

<<%xrﬁaﬂ;—a@2 )

| cos?(mz122)]

+ 27|29 tan(mzy 22)

1
+ 27| tan(mwz1 22) (1 — |2]) ’2 — 2129
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(:0)
xmax{w je {1,2}}
1

1 21,2'2)

1— 2?2 — wz122)? . T2122
(USSRl a1 ey B
|sin”(§ — m2122)] |sin(F — mz120))|

(4,0
><rnax{|F‘(21’22)| s {1,2}}<Cmax{|F(zl’Z2)| 1j€ {1,2}}.

l{(zlv 22) l{('zlv ZQ)
Similarly, the second equation of system (5.1) yields
|F2D (21, 20)] < ( 27| tan(mzq29)] 212 |21 22| )
l%(21,22)12(21722) - ll(Zl,Zg)lg(Zl,ZQ) |COS2(’/T2122)|11(21,22)12(2’1,22)
|FLO0) (21, 20)|  2m|zatan(mzy20)|  |[FOD (21, 22)]

l1(21, 22) li(z1, 22) (21, 22)l2(21, 22)
< 2m|sin(mz122)|(1 — [2])2|% — 2122/
- | cos(mzy22)]
2m2(1 — |2])?|5 — 2’122|2 2m|sin(mz122)|(1 — |2])|3 — 2122]
| cos?(mz122)] | cos(mz122)]

li(z1, 22) 13 (21, 22)

FOa(
xmax{ | 21’22” :jG{O,l}}
2

2))%|5 — 2122 | 2(1— |2

2
< ( 7| sin(7z1 22

I —
|sin(%

— 72122)| | sin?(

+2\ sin(7rzlz.2)|5T — 2|5 — 7r2122|) max{ |F(1J)(z.1,z2)| e, 1}}
[sin(3 — rz172)] (o1, o) (21, 22)
F(1.5)
<Cmax{ | (Zjl’zzﬂ jE{O,l}}.
l1(z1, 22) 3 (21, 22)

By analogy, we can prove similar estimates for the third and the fourth equation of
system (5.1). Combining all estimates, one has

F(k,37k)
max{ k' 321’22)' :ke{0,1,2,3}}
17 (21, 22) 157" (21, 22)

\F(M)(Zh 2

lk(zl, Zg)l (2:1, 22)

<Cmax{ :O<k—|—j<2}.

Hence, by Theorem 4.1 every analytic solution in B? of system (5.1) has bounded
L-index in joint variables with

|Z2|—|—1 |21|+1
LZlsz - < 9
Cr2) =\ T = sl A= oDk = 2172
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Particularly, the function F'(z1,22) = tan(mz;22) has the bounded L-index in joint
variables. Indeed, it is easy to see that the function F is analytic solution in B2 of
system (5.1).

6. Boundedness of /;-index in every direction 1,

This section shows another application of Theorem 3.1. The boundedness of ;-
index of a function F' in every variable z;, generally speaking, does not imply the
boundedness of L-index in joint variables (see example in [4]). But, if F' has bounded
lj-index in every direction 1;, j € {1,...,n}, then F is a function of bounded L-index
in joint variables.

Let b = (b1,...,b,) € C"\ {0} be a given direction, L : B" — Ry be a
continuous function such that for all z € B" L(z) > l[il—tl’z“, 8>1

For n € [0, 5], z € B™, we define

)\b(z n, L) =inf{L(z+tb)/L(z) : |t| < ﬁ},

AP(n, L) = inf{A\P(z,n,L) : » € B"},
A3 (z,m, L) = sup{L(z + tb)/L(2) : |t| < 755},
Ab(n, L)=sup{A\b(z,n, L) : = € B"}.
By Qb,g (IB") we denote the class of all functions L satisfying Vn € [0, 3],

0 < AP(n, L) < A3(n, L) < +oo0.

Analytic in B™ function F(z) is called a function of bounded L-index in the
direction b, if there exists mg € Z4 that for every m € Z, and for every z € B" the
following inequality is valid

1 O™F(z) 1 OFF(2)
< 0<k < .
miLm(z) | apm | =1 { RIFG) | bk | 0Sksmoy, (6.1)
where
8F(z) ak F(z) 0 (9 1F(z)
— _— > 2.
e = Fe)” g az] by B i = g (g ) K22

The least such integer myg is called the L-indezx in the direction b of the analytic

function F' and is denoted by Ny, (F,L) = mg. Inthecasen=1,b=1and L =1 we

obtain a definition of analytic in an unit disc function of bounded I-index [22, 21].
We need the following theorem.

Theorem 6.1 ([3]). Let 8 > 1, L € Qug(B"). Analytic in B" function F(z) is of
bounded L-indez in the direction b € C™ if and only if for any r1 and any ro with
0 <r <rg <P, there exists number Py = Py(r1,72) > 1 such that for each 20 B

max{|F(zO+tb)\:|t|: gleax{|F(zo+tb)|: It = L } (6.2)

79 }
L(z9) L(z)
It is easy to see that if L(z) = (I1(2),...,l,(2)) and L € Q(B"™), then
lj € Qlj,ﬂ/\/ﬁ(Bn)a JE {1a s 7n}'
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Theorem 6.2. Let L(z) = (I1(2),...,l,(2)), L € Q(B™). If an analytic in B™ function
F has bounded lj-index in the direction 1; for every j € {1,...,n}, then F is of
bounded L-index in joint variables.

Proof. Let F' be an analytic in B" function of bounded [/;-index in every direction 1;.
Then by Theorem 6.1 for every j € {1,...,n} and arbitrary 0 <77 <1 <7/ < %
there exists a number p; = p;(r’,7”) such that for every

(Zl,...,Zj_l,Z?,Zj+1,...,Zn)EB”,
max } |[F(2)]: |z; —ZO| = 7“9/ < p; (7’/ T”)
J J lj(Zl,...,ijl,Z?,Zj+1,...,Zn) IR A
r
x max { |[F(2)|: |z — 2] = - . (6.3)
7 Li(21, -+ 2521529, Zjg15 -+ 5 2n)

Obviously, if for every j € {1,...,n} [, € Q1j7ﬁ/\/ﬁ(Bn) then L € Q(B"). Let 2° be
an arbitrary point in B", and a point z* € T"(z°, %) is such that

M(LZ/) 20 F> = |F(2")].

We choose R” and R’ such that 1 < R” < (%,,%) and R' < A;(R"). Then

inequality (6.3) implies that

R// 0 k% * 0 rl
M , 20, F ) <max<q|F(z1,25,25,...,25)]|: |zl—z|:l

L(29) 1(20
=max {|F(21, P | F P2 o = e Z;{ g 11(2’?7;’%;6.). L 20) }
< max {|F(zl,z§, ) = 20 = ll(;élz;(f?)zn)}
<o DR [P, 2 ) o = ) = )
= p1(r1, 77 A2,1(R"))

X max{|F(zl,z§‘,...,sz)|: |21 — 29| = llz,iO) ll(z?’l;;f).)',zz)}

/
< / //)\ R// F , o). _ 0 = 7'—1
7p1(7'17’)"1 271( ))max{| (Zl 29, azn)| |Zl Zl' AI,I(RH) 1(20)

l
= p1(r, Ao L (RO)IF (217, 23, -, 20) ] < pa(rh, ri Azn (R7)

7,//
><max{|F(zf*,22,z§,...,z:)|: |2y — 29| = lz(io)} =p1(r}, " A2,1(R"))

TIQI ZQ(ZT*728,...7Z:)
)

xmax{w(zl, e oo = 2l = -

oy, 29, ..., 2%) lo(20
1" 7
oo (R")
< "\ (R F(** _ 0 T2 A2,
_p1(7“177°1 2,1( ))max{l (21 ) 225 ) n)l |22 Z2| ZQ(ZT*,Z87~-~,/Z;§)
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2
< [T pi(r. i ra i (R")
j=1

7,,/
F — zy| = ’
xmax{| (2%, 22, 2| |22 — 23] = lz(ZT*,Zgy-~-aZ:§)}
2 0 T/Q
, 1 ). =
H (rj,ri A2 (R ))maux{|F(z1 22,20 |Z2_Z2|_>\1,2(H’)l2(20)}

2 n
H (5, X g (RV) | F (27,257 25, 20| < gH (rh, 7 X2 5(R"))

r _
xmax{|F(zl,22,...,zn): |ZJ - Z?| = W}])l(zo),j S {17,71,}}
»J J

/ /! R/
:Hpj J’ J)\ZJ(R )M (Al(R”)L(ZO)’ZO’F>'

Hence, by Theorem 3.1 the function F is of bounded L-index in joint variables. [
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Existence and topological structure of solution
sets for -Laplacian impulsive stochastic
differential systems

Tayeb Blouhi and Mohamed Ferhat

Abstract. In this article, we present results on the existence and the topological
structure of the solution set for initial-value problems relating to the first-order
impulsive differential equation with infinite Brownian motions are proved. The
approach is based on nonlinear alternative Leray-Schauder type theorem in gen-
eralized Banach spaces.
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1. Introduction

Differential equations with impulses were considered for the first time by Milman
and Myshkis [18] and then followed by a period of active research which culminated
with the monograph by Halanay and Wexler [13]. Many phenomena and evolution
processes in physics, chemical technology, population dynamics, and natural sciences
may change state abruptly or be subject to short-term perturbations. These perturba-
tions may be seen as impulses. Impulsive problems arise also in various applications in
communications, mechanics (jump discontinuities in velocity), electrical engineering,
medicine and biology fields. A comprehensive introduction to the basic theory is well
developed in the monographs by Benchohra et al [3], Graef et al [11], Laskshmikan-
tham et al. [1], Samoilenko and Perestyuk [26].For instance, in the periodic treatment
of some diseases, impulses correspond to the administration of a drug treatment or a
missing product.In environmental sciences, impulses correspond to seasonal changes
of the water level of artificial reservoirs.

Random differential and integral equations play an important role in characterizing
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many social, physical, biological and engineering problems; see for instance the mono-
graph of Da Prato and Zabczyk [7], Gard [9], Gikhman and Skorokhod [10], Sobzyk
[27] and Tsokos and Padgett [28]. For example, a stochastic model for drug distri-
bution in a biological system was described by Tsokos and Padgett [28] to a closed
system with a simplified heat, one organ or capillary bed, and re-circulation of a blood
with a constant rate of flow, where the heart is considered as a mixing chamber of
constant volume. For the basic theory concerning stochastic differential equations see
the monographs of Wu et al [30], Bharucha-Reid [4], Mao[16], @ksendal, [20], Tsokos
and Padgett [28], Da Prato and Zabczyk [7].

In this paper, we study the existence theory for initial-value problems with impulse
effects.

(o(«' (1)) Lt (), y(t))dt

Ull(t7x(t)7y(t))dwl(t)a le [OvTLt 7é tk,

|
~

n
NE

(1, (), (1)) dt

of(t,x(t), y()dW(t), t € [0,T],t # ty,

~—
<-
~

<
~
—~
-
S~—
S~—"
S~—
<

Il
~

_l’_
M8

Az(t) e (e(te), AT = D (1), =ty E=1,2,...m, (LD
Ayt)  =Telyt), AY (1) =To(y/ (t), t=th, k=1,2,...,m,

x(0) = 4o, y(0) = By,

#/(0) =41 y(0) =By,

where 0 = tg < t; < ... <ty <tmi1 =T, J:=[0,T]. fL,f2:JxR* > Risa
given function, o}, 07 : J x R? — R is a given function and W' is an infinite sequence
of independent standard Brownian motions, [ = 1,2,... and ¢ : R — R is a suitable

monotone homeomorphism, Iéj,iji,],f € C(R,R), (k=1,2,...,m)and A;,B; €R
for each j = 0,1, Azli—y, = x(tf) — 2(ty), Aylize, = y(t1) — y(t,) and Ax'|i—y, =
() =2/ (t;), Ay |e=t, = ¥'(t{) — ¥/ (t;,). The notations y(t;) = hlim+ y(ty +h) and
—0
y(t,) = hhm+ y(ty — h) stand for the right and the left limits of the function y at
—0
t = t, respectively. Set

fi('7$>y) = (ff(.,x,y%f%(.w,y), - ')7

i)l = (S ) 2

N

where i = 1,2, fi(.,z,y) €?forallz € R .

This paper is organized as follows: In Section 2, we introduce all the back- ground
material used in this paper such as stochastic calculus. In Section 3, to provide some
existence results and to establish the compactness of solution sets to the above prob-
lems are quoted.
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2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper.
Let (2, F,P) be a complete probability space with a filtration (F = F):>0 satistying
the usual conditions (i.e. right continuous and F; containing all P-null sets). Assume
W (t) is an infinite sequence of independent standard Brownian motions, defined on
(Q,F,P) that is, W(t) = (W'(t), W2(t),...)T. An R-valued random variable is an
F-measurable function z(t) : @ — R and the collection of random variables

S={z(t,w): Q> R|t e J}
is called a stochastic process. Generally, we write x(t) instead of z(¢,w).

Definition 2.1. An F-adapted process X on [0,7] x 2 is elementary processes if for
a partition ¢ = {t =0 < t; < ... <t, =T} and (F,)-measurable random variables
(Xt,)i<n, X satisfies

n—1

Xi(w) = ZXi(W)X[ti7ti+l)(t)7 for 0<t<T, we.
=0
The It6 integral of the simple process X is defined as
T n—1
| X@awi(s) = 3 Xt (7 tn) - W), 21)
i=0

whenever X, € L*(F,,) for all i < n.

The following result is one of the elementary properties of square-integrable
stochastic processes [20, 16].

Lemma 2.2. (Ité Isometry for Elementary Processes) Let (X;)ien be a sequences of
elementary processes. Assume that

T
/ E|X(s)|?ds < o0,
0

where | X|? = (i Xf) Then
=1
- 4 l ’ - T 2
E (;/O X;(s)dW (5)) —FE <;/O X; (s)ds). (2.2)

Remark 2.3. For a square integrable stochastic process X on [0, T}, its Itd integral is

defined by
T

T
/0 X(s)dW(s) = lim [ Xu(s)dW(s),

n— oo 0

taking the limit in L2, with X,, is defined in definition 2.1. Then the It6 isometry
holds for all It6-integrable X.
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The next result is known as the Burholder-Davis-Gundy inequalities. It was
first proved for discrete martingales and p > 0 by Burkholder [5] in 1966. In 1968,
Millar [17] extended the result to continuous martingales. In 1970, Davis [8] extended
the result for discrete martingales to p = 1. The extension to p > 0 was obtained
independently by Burkholder and Gundy [6] in 1970 and Novikov [19] in 1971.

Theorem 2.4. [23] For each p > 0 there exist constants c,, Cp € (0,00), such that for

any progressive process x with the property that for somet € [0, oo),fot X2ds < o0 a.s,
we have

t t 5
cpE (/ des> <E<Sup / X, dW (s > < C,E (/ des> . (2.3)
0 s€[0,t] 0

2.1. Some results on fixed point theorems and set-valued analysis

The classical Banach contraction principle was extended for contractive maps
on spaces endowed with vector-valued metric space by Perov [21] in 1964 and Precup
[22].

For z,y € R™ = (x1,...,%n), ¥ = (Y1,---,Yn), by © < y we mean x; < y; for all
t=1,...,n

Also |z| = (|z1, ..., |zn|) and max(z,y) = max(max(z1,y1), ..., max(Ty, Yn))-

If ce R, then x < ¢ means x; < cforeachi=1,...,n.

Definition 2.5. Let X be a nonempty set. A vector-valued metric on X is a map
d: X x X — R" with the following properties:
(i) d(u,v) >0 for all u,v € X; if d(u,v) = 0 then u = v;
(ii) d(u,v) =d(v,u) for all u,v € X;
(iil) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
The pair (X, d) is said to be a generalized metric space.
For r = (ry,...,m,) € R%, we will denote by
B(zg,r) ={z € X : d(xg,x) <},
the open ball centered in zg with radius r and
B(zo,7) ={zx € X : d(z9,z) < r}

the closed ball centered in xg with radius ». We mention that for generalized metric
space, the notation of open subset, closed set, convergence, Cauchy sequence and
completeness are similar to those in usual metric spaces.

Definition 2.6. A generalized metric space (X, d), where

dl (.’E, y)
d(x7 y) = e )
dn(z,y)
is complete if (X, d;) is a complete metric space for every i = 1,...,n.

Definition 2.7. The map f : J x X — X is said to be L?-Caratheodory if
i) t— f(t,u) is measurable for each u € X;
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ii) u+ f(t,u) is continuous for almost all t € J;
iii) For each g > 0, there exists oy € L'(J,RT) such that

E|f(t,u)|% < aq ,for all u € X such that Elul}% < qand for ae. teJ.

Lemma 2.8 (Gronwall-Bihari [2]). Let I = [0,b] and let u,g : I — R be positive con-
tinuous functions. Assume there ezist ¢ > 0 and a continuous nondecreasing function
h:[0,00) = (0,+00) such that

u(t) < c+g(s)h(u(s))ds, Vtel.
Then

u(t) SHl(/tg(s)ds>, vVt eI,

[t [ st

where H=1 refers to inverse of the function H(u) = fcu % foru>c.

provided

In the paper [14], the case of a single system of differential equations was analyzed
based on the technique of applying the nonlinear alternative of Leray-Schauder type.
In the present paper we extend these results to the more general case of coupled
stochastic differential systems with infinite Brownian motions, and we will apply a
different technique to obtain our results.

Next, we quote the version of nonlinear alternative Leary-Schauder type theorem in
generalized Banach space[29].

Theorem 2.9. Let C C E be a closed convex subset and U C C' a bounded open neigh-
borhood of zero (with respect to topology of C). If N : U — E is compact continuous
then

i) Either N has a fived point in U, or
il) There exists © € OU such that x = AN (x) for some X € (0,1).

3. Main results

Let Jyp = (tg,tk+1], £ = 1,2,...,m. In order to define a solution for Problem
(1.1), consider the following space of piece-wise continuous functions.
Let us introduce the spaces

Hy([0,T); L*(Q,R)) = {z : J = L*(LR) ,z | 1€ C((t tisa], L2 (Q,R)),

trotk+1
k=1,2,..,m and there exist z(¢}) for k =1,2,..,m},
and

Hé([O’T};L%QvR)) = {CC A Lz(QaR) y L |(tk,tk+1]€ Cl((tkatk+1]aL2(Q’R))a

k=1,2,..,m and there exist z(t}) for k =1,2,..,m}.
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It is clear that Hs([0,T]; L?(Q2,R)) endowed with the norm

1
)|, = sup (Elz(s,.)[*)?.
s€1[0,T]

It is easy to see that Hy is a Banach space with the norm ||z||z; = ||z, + [|2'|| &,
Finally, let the space

PC ={x:[0,T] — L*(Q,R) andx |;€ Hj such that

sup Elz(t,.)|* < oo almost surely},
t€[0,T)

endowed with the norm

|z|pc = sup (Ela(s,.)?)?.
s€[0,T]

It is not difficult to check that PC' is a Banach space with norm || - || pc.

Let us now prove the existence and uniqueness of solutions to our problem which
will be obtained by applying the Leary-Schauder fixed point theorem. To this end we
first need to introduce the following hypotheses:

(H1) f*,0":[0,T] x R x R — R is an Carathéodory function and
E\¢*1(X)|2 < ¢71(E|X\27) with X € R, I, I, € C(R,R).
(H2) There exist constants a;, b;,c; € RT such that each

‘fl(t,ﬂl‘,y)|2 < ai|x|2 +Bl‘y|2 +oe, i = 172

for all z,y € R, and a.e. t € J. B
(H3) There exist constants @; € RT and 3;,¢; € R such that

o (t 2, I < @l + Bylyl* +, i=1,2
for all z,y € R, and a.e. t € J.

Theorem 3.1. Assume that (H1)-(H3) hold. Then, problem (1.1) has at least one
solution and the solution set

Se ={(z,y) € PC x PC : (z,y) is a solution of (1.1)}

18 compact.

Proof. The proof involves several steps.
Step 1. Consider the problem

(@' (1) =f'(ta dt+ZUz (t (1)), y(£)dW'(2), t € [0,t],

G'®)) =f(ta dt+zaz (t,2(1), y(£))dW' (), t € [0,t1],  (3.1)

Let
1o = {2 [0,t1] = L*(Q,R) o€ CH[0,t1], L*(Q,R)), k=1,2,..,m
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and there exists
z(tf) for k=1,2,..,m},
with
o ={z:[0,t1] = L*(Q,R)  andz |4,€ C,, such that

sup FElx(t,.)]* < oo almost surely},
te[0,t1]

Consider the operator
PY: Gy, x Cyy — Cy, x Ct,
defined by
POz,y) = (P(z,y), P} (2,y)), (z,y) € Cyy x Cy

where
P)(z,y) = A0+/ o(Ar) + / oz (r), y(r))dr+
+Z/ o (r,x(r), y(r)dW' (r ))ds, t €10,t1], a.e. w € Q.

P(x,y) = Bo+/ #(By) /f v 2(r), y(r))dr+

+Z/ o2 (r,z(r),y(r)dWw(r )) t€[0,t1], a.e. we .
(3.2)

Clearly, the fixed points of P? = (P}, PY) are solutions of the problem (3.1).

To apply the nonlinear alternative of Leray-Schauder type, we first show that PY is
completely continuous. The proof will be given in several steps.

Claim 1. PY sends bounded sets into bounded sets in Cy, x Cy,. Indeed, it is enough
to show that for any ¢ > 0, there exists a positive constant x such that for each

(z,y) € By = {(x,y) € Ct, x Ct, : sup Elx(t,-)|* <gq, sup Elx(t,-)|* <q},
t€[0,t1] t€[0,t1]

we have
1P (z,9)|| < K = (K1, k2)-

Then for each t € [0, 1], we have
E|P)(z,y)]* < 2E|A0|2+2/ E‘(b P(Ar) + / S, a(r),y(r))dr

+Z/ o (ryz(r), y(r)dW'(r ))ds‘ .
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From Lemma 2.4, we obtain
Eloa) + [ ratr)pmar+ > |ttt ptenawo)|
< 3)¢(Ay)% + 3t / (@2 ()% + Baly(r)? + e1)dr
0
130, / @) + Byly(r)? +2)dr,
0
it follows that
s (o) s 2 .
E’Q{)(Al) + / fl(rv I(T)a y(T’))dT + Z/ Ull (Tv I(T)’ y(T))dW(T) S B(Oa ll)7

0 = Jo
where

I = 3E6(A[ + 3t / (@ E|2(r)2 + BiEly(r)? + e1)dr

0

430 [ @El(r)? + B Ely(r)? + e
0

Since ¢! is continuous,

sup ot (m)| < oc.

meB(0,l1)
Thus
E|P(z,y)]* <2E|Aof* +2t:  sup |67 (m)] = 1.
m€B(0,l1)
Similarly,
E|PY(x,y)]> < 2BE|Bo]* +2t;  sup  [¢7" (n2)] == k2,
n2€B(0,l2)
where

lo = 3E|¢(By)|* + 3t / (@ E|z(r)* + ba Ely(r)|* + c2)dr
0

+302/ (@ B2 ()2 + By Ely(r)|? + 2)dr.
0

Since ¢! is continuous,

sup  |¢~ " (m)] < oo
m€B(0,l1)
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Claim 2. P° maps bounded sets into equicontinuous sets. Let Iy,ly € [0,t1], I1 < lo

and By be a bounded set of Cy, x Cy, as in Claim 1. Let (z,y) € By. Then

BP0 = B0~ (6040) + [ 716206 u(o)ar
‘ 2

+Z/qsx (s)dW'(s)) = &~ (9(41)
<E‘¢ o(Ar) + /f (s,2(s),y(s))dr
“3 [ o s pans >>\ ol

< sup o '(m)| + E|AL| =1,
mEB(0,l1)

Using the mean value theorem, we obtain

B|(P(z,y))(l2) = (P (z,9))(l)] = BI(P{(z,9))' (€, €)(l2 — )| < 7”'[l2 = L]

As I, — [y the right-hand side of the above inequality tends to zero.
Similarly,

BP0 = Blo™ (60 + [ 12050060006

2

+Z/@sx ()W () = 67 (6(B1))
<o (om0 /fzsrf (5))dr
#3= [ ot + o

< sup ¢ )|+ [Bi] ==
n2€B(0,l2)

Using the mean value theorem, we obtain

B|(P3(z,))(l2) = (P} (z,9)) ()] = E|(P3 (2, 9))"(§,€)(l2 — )| < 7’|l = 1.

As Iy — 13 the right-hand side of the above inequality tends to zero.
Claim 3. P is continuous. Let (2,,¥n)nen be a sequence such that (z,,y,)
in C, x Cy,. Then there is an integer ¢ such that

sup El|z,(t,-)|> <q, sup Elyn(t,-)? <g<gqforallneN
t€[0,t1] te(0,t1

and

sup Elz(t,)]> <q, sup Ely(t,)|* <q, (xn,yn) € By and (z,y) € By.
te[0,t1] te[0,t1]

= (z,y)
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Then for each t € [0,¢1], we have
BIP ) - Pl < [ Bl (o / 7 2(r) y(r) e

+Z/ ok (r,a(r ))dW())

Using the dominated convergence theorem, we have

Eoa) + [ 1), vulr)ar + > (1), g ()W),

° 1
~oldv) = [ firatr) d”Z/ )W 50 asn o,
since ¢! is continuous. Then using the dominated convergence theorem, we have

sup ElPl (T, Yn) — Pl()(x’y)|2
te[0,t1]

/E|¢ /f Py T U dr+2/ P (1) g () AW (1)
/f rxydr—&-Z/ o (r,z(r), y(r)dW (r))?ds — 0,

as n — oo. Thus Py is continuous.

Similarly,
sup E|PY (2, yn) — Ps(z,y)|*
tE[O t1]
< E|¢ / f Ty T, Yn dr+Z/ Jl T, xn yn( ))dWl( )]
0

—|—/0 f2(r,x,y)dr+§/0 af(r,z(r), y(r))dW (r)]|*ds — 0,

as n — oo. Thus Py is continuous.
Claim 4. Apriori estimate. Now we show that there exists a constant My such that

sup El|x(t,-)|% < My where (x,y) is a solution of the problem (3.1). Let (z,) a
te(0,t1]
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solution of (3.1):
z(t) = Ay +/ o(Ar) + / i z(r), y(r))dr+

+Z/ O'll (r,2(r), y(r)dW'(r ))ds, t €10,t1], a.e. we .
(3.3)
y(t) = Bo +/ ¢(B1) + / P2 2(r), y(r))dr+

—i—Z/ of (r,x(r),y(r)dW' (r ))ds, t €10,t1], a.e. w € Q.

From Lemma 2.4, we obtain
Bla())? < B|Aof? + /E\¢> A+ [ £ yr)ar
+Z/ (r, z(r ))dW())‘ds

<2E[|Aol* +2t1 sup [¢ (m)] = Mo

meB(0,l1)
where
I, = 3E|¢(AD)|]> + 3t1/ (@ Elx(r)% + 01 Ely(r)]? + c1)dr
0
+3C2/ (@ E|z(r)|? + B, Ely(r)|* + ¢1)dr.
0
Thus,
sup Elz(t)]* < My,
te[0,t1]
and
Bl < BIBf? + / Eﬂas o8+ [ 72000,y
+Z/ (r, 2(r), y(r)dW(r ))‘ ds
<2E|Bo|* +2t1  sup ¢~ (m2)] =t My
n2€B(0,l2)
where

I = 3E|¢(Ay)|? +3t1/ (@Ele(r)? + BBy + ¢1)dr
0

+302/ (@ Ele(r)? + BLEly(r)? + &1 )dr.
0
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Thus,

sup Ely(t)|? < M.
te[O,tl]

Set

U={yecC(0,t;],R): sup Elz(t)]*> < My+1, sup Ely(t)|> < Mo+ 1}.
te(0,t1] t€[0,t1]

As a consequence of Claims 1-4 and the Ascoli-Arzela theorem, we can conclude that
the map PY: U — Cy, x Cy, is compact. From the choice of U there is no (z,y) € U
such that (x,y) = AP°(x,y) for any A € (0,1). And from the consequence of the
nonlinear alternative of Leray-Schauder we deduce that PY has a fixed point denoted
by (z0,¥0) € U which is solution of the problem (3.1).

Step 2. Now consider the problem

(' (1) =t dt+Zal (t, (1), y(£)dW (1), t € (tr, ta],
(By'(1) = 2t z(t),y(1)) dt+§jalm y(£)dW (t), t € (t1,ta],  (34)
z(t}) =xo(t1)+gl<xo<t;>> 2 (1) = @b (t7) + I (wo(ty),

y(t}) —oltr) + Talwo(r)) oy () = vh(e) + Toaoltr))

Let
Cyy = {x: (t1,t2] = L* (L R), @ |1, 1€ C((t1, t2], L*(Q,R)), k=1,2,..,m
and there exists

x(ty) for k=1,2,..,m},

9 ) )

with
Dy, ={x: (ty,t) = L* (U R)  and x(t) |4, 4, € C,, such that
sup Flz(t,.)]* < co almost surely}.
te(t1,ta]
Set

01 - Cto n Dtl-

Consider the operator P! : C; x C; — C; x C; defined by

Pl(x7y) = (P11<xay)’P21($7y))’ (QT,y) € 01 x (.
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It is clear that all solutions of (3.4) are fixed points of the multi-valued operator
Pl:Cy x Cy — C4, for each i = 1,2 defined by

Pl(z,y) = A3+/t (b_l((b( )+ f(r z(r),y(r))dr+
vy [ao <>>dw<>) Ve (bt ae.w e

Pi(z,y) = B3+/t¢ (¢B4 /f%x( ), y(r))dr+

D R R ) DT T
(3.5)

and
Ay =w1(ty) + Li(zi(ty)),  As=21(t )+11(~”61( 1))

Bs=ui(ty) + i1 (1)), Ba=wi(ty) + T (i (t7)).
As in Step 1, we can prove that P! has at least one fixed point which is a solution to
(3.4).
Step 3. We continue this process taking into account that

(@msym) = @, 2129 ,,71)

is a solution to the problem

(@(='(1) = St a(t),y(0)de + Y o} (t, (b)), y(£)dW' (1), t € (tm, T,
1=1

(@' (1)) = F2(t2(t),y(0)dt + Y of (t, (1), y(6)dW' (t), t € ((tm, T, 3.6)
=1 .

x(tnt) = $m—1(t;1) + I,,L(.Z‘o(t;L_l)),

' (t) = 21 (t) + I (@m—1 (1)),

y(tr) = Ym—1(ty) + Igt(xo(t;m—l))a

y'(th) = U1 (tn) + L (Ym -1 (t5))

A solution (z,y) of problem (3.6) is ultimately defined by

(zo(t),yo(t), ift€(0,t1],

((t), y(t)) = (z1(t),y1 (1), ift € (t1,ta),

(zm (), ym(t)), ift e (tm,T].
Step 4. Now we show that the set
S. ={(x,y) € PC x PC : (x,y) is a solution of (1.1)}

is compact. Let (2, Yn)nen be a sequence in S.. We put

B = {(zn,yn) : n € N} C PC x PC.
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Then from earlier parts of the proof of this theorem, we conclude that B is bounded
and equicontinuous and from the Ascoli-Arzela theorem, we can also conclude that B
is compact.

Recall that Jo = [0,¢1] and Ji, = (g, tg41], K =1,..., m. Hence:

e (Z1,Yn)|J, has a subsequence
(T s Y JmeN C Sey = {(2,y) € Cry X Cyy : (2, y) is a solution of (3.1)}

such that (z,,,,yn,, ) converges to (x,y). Let

wt) = Aot [0 (¢<A1> [ 7).+

+Z/ (r,x(r), y(r))dW'(r ))ds, t €10,t1], a.e. w € Q.
" (3.7)
Zo(t) = BO+/ ot <¢(31)+/0 A z(r), y(r))dr+

+Z/ (r, (1), y(r)dW'(r )) te€0,t], a.e. we Q.

E

Ty, (t) —Zo(t)‘i / E‘d) d(Ay) + / £,z (1), yn, (r))dr
+; / o1 (1., (1) Yo (r))dWl(r))
—¢ / fHrz(r), y(r))dr+

8

+Z o (), y(r) AW >)\1ds,

1=170
and
Elun, () =00 < [ B0 (6080 + [ 100, 0 ()0

o0

T /08all(nxnm<r>,ynm<r>>dwl<’“>>



Existence and topological structure of solution sets 517
As gy, — 400, (@n,,, Yn,,) = (20(t),Z0(t)), then

£(t) = Ay + / 6 (6(A1) + / P () y(r)dr

—I—Z/ oi (ryz(r), y(r)dW(r ))ds,

and

v = 5o+ | o (6B + / P a(r).y(r)dr
+Z/ o (r,2(r),y() AW () ) ds.

® (Zn,Yn)|s, has a subsequence relabeled as (@, ,yn,,) C S, converging to (z,y) in
(1 x C1 where

Se, = {(x,y) € C1 x C1 : (x,y) is a solution of (3.4)}.

Let
TE A3+[f¢—1(¢< D+ [ 1) o
+2/ ET— ))ds.
and
20 =Bt [ o7 (o + / " P2 {ralr), y(r)dr
+Z/ oF (1. 2(r) y(r) AW (r) ) ds.
Then
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and

Eynm(t)—zl(t)‘ / £lo~(o(B.) / Pz (1), o (r))dr
+Z / P, ()., <>>dwl<r>)

d(Ag) + / frx( ))dr+

IZ_:/ (r,z(r), y(r)dW'(r ))‘ ds.

As ny, — 400, (x4, (1), Yn,, (t)) — (21(t),Z1(t)), and then

s =gt [ o7 (¢<A4> + [ et
—|—Z/ o (ryz(r )dWl( ))ds,

and

o) =Ba+ [ o7 (0B + [Pt

3 [ Pt e o)) as.

=1

e We continue this process, and we conclude that {(z,,y») | n € N} has a subsequence
converging to

Zm<t) = A2 +/t ¢_1 ¢(Am+3) + /ts fl(T,l‘(T) y(T))dT

+Z/ ot (ryz(r), y(r)dW'(r ))ds7
and

Z0(t) = By + / 6 ($(Bsa) + [ Feat)sar
+Z/ o? (r, (), y(r))dW'(r) ) ds.

Hence S, is compact. O

Next we replace (H2) and (H3) in Theorem 3.1 by
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(H3)" Then there exist a function p; € L*(J,R") and a continuous nondecreasing
function #; : [0,00) — [0, 00)for each ¢ = 1,2 such that

E|f'(t,z,y)* < pi(t)es(E(|2]* + [y[*)),
and

Bllo*(t, 2, 9)II* < pi®)ti(B(|2]* + [y]))-

Theorem 3.2. Under assumption (H3)', problem (1.1) has at least one solution and
the solution set is compact.

Proof. As in the proof of Theorem 3.1 we can show that (1.1) has at least one solution
by applying the nonlinear alternative of Leray-Schauder. We show only the estimation
of a solution (z,y) of (1.1).

e For t € [0,11], we have

z(t) = A0+/ d(Ar) + /f r,x(r),y(r))dr+

+Z/ oi (r,(r), y(r))dWw' (r ))dS, t€10,t1], a.e. we .
(3.8)
y(t) = Bo+/ #(B1) + / 20, z(r), y(r))dr+

+Z/ of (r,a(r), y(r))dW(r ))ds, te€[0,t1], a.e. we Q.

Then
Elz(t)[? <2E|A0|2+2/ E‘qﬁ S(A1) + / FYr,2(r), y(r))dr
+Z/ of (ryz(r ))dW())’ds

Consider functions u, i defined on t € [0,¢1] by

w(t) = sup{Elz(s)]? : 0 < s < t}, 7i(t) = sup{Ely(s)|* : 0 < s < t}.

From Lemma 2.4, we obtain
E‘qS(Al)—i—/Osfl(r,x(r dr—i—Z/ oL (r, (), y(r)dW' ()|
< 3E|(A1)|% + 3/08 p1(r)or(E(Je(r)[? + [y(r)|*)dr
+3Cs /Ospl(T)¢1(E(|x(7")§< + ly(r)|*)dr

< 3B|¢(A)[* + 11pl| L 9hn (u(s) + 7ls)),
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where ||p||rr = (3t1 + 3C2)||p1||L1, and, consequently,
ult) < 2B|Aof* + / CBu(s) 7)), e 0.t
where ¢1 = (¢~ 0 1) and ¢, (u) = 3E[¢(A1)|? + ||| 2191 (u). and similarly
fi(t) < 2B|Bo|* + /0 CBalu(s) + s, e [0,

where ¥y = (¢~ 0 9hs) and ¥ (u) = 3E|¢(B1)[2 + ||pa]|r1%1 (1), combining u(t) and
A(t),

u(t) + T(t) < 2| Aof? + 2E|Byf* + / Br(u(s) + 7(s))ds

t
+ [ Batuts) + m)ds, e oot
0
Using the nonlinear Gronwall-Bihari inequality (Lemma 2.8), we infer the bound
pu(t) +(t) < H'(t) < M.
Consequently, there exists a constant M7 which only depends on t¢1,ts such that

sup Elz(t)? < My, and sup Ely(t)|]> < My,
te[0,t1] te(0,t1]

where H(t) = /t dr
~ amiaoprasimly (6710 () + 67 o d(r)

e For t € (t1,t2], we have
ot) = A3+/ (A4 + / FL (), y(r))dr+
+Z/ o (1, (1), y(r) )W (r ))ds, tel0,h].

(3.9)
y(t) = Bg+/ ¢—1(¢>( )+ f (ry 2(r), y(r))dr+

+Z/ oF (r,x(r i ))ds. te0.n].

Then

Elz(t)[? <2E|A3|2+2/ E‘qﬁ $(A4) + / FY 2 (r), y(r))dr

+Z/ ot (ryz(r),y(r)dW' (r ))’de.

Consider functions u, i defined on t € (t1,t2] by
p(t) =sup{Ela(s)] 1ty <s <t},  a(t) =sup{Bly(s)* :t1 < s <t
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E’¢A4 /fr:c dT+Z/JlT1’ ), y(r ))dW()
<3El0(AP +3 [ o (B () ? + Jy(r) ) dr

3, / o (B2 + y(r)[2)dr

t1
< 3E|(Aa)” + [[Pl] 21901 (1(s) + Tils)),
where |[p||pr = (3t2 + 3C2)||p1||1, and, consequently,

t o~
() < 2B] A3l + / Dulu(s) T A(s), € (b, tal,
t1
where 9, = (6" o §1) and ¢, (u) = 3E|$(A5)[% + [Py ||z141 (). and similarly
t
i(t) < 2E|Bol% + / Dalu(s) + Tils))ds, t € (t1, 1),
t1

where ¢ = (¢~ o 1[2) and Jg(u) = 3E|¢(B1)|% + ||p2||lr1v1(u). Now, taking into
account all the previous estimates we can write

t o~
[(t) + At) < 2E|As|* + 2E(Bs|* + | 1(u(s) + i(s))ds
ty

QZQ(M(S) +ﬁ<s))d8’ te (tl’tQ]’

ty

By the nonlinear Gronwall-Bihari inequality (Lemma 2.8), we infer the bound
p(t) +a(t) < H'(t) < M.

Consequently, there exists a constant M; which only depends on ¢1,ts such that

sup FElz(t)*> < M, and sup Ely(t)]* < M.
te(ty,tz] te(t1,t2]

t
where H(t) :/ ~ dr —.

25| A3[2+2E|Bs[2 (¢! o hy(T) + ¢~ 0 9ha(T)
e For t € (t,, T], we have

o(t) = Amsa + / 6 (0 Ausa) + [ £ (). ()

tm

Z/ o (ryz(r), y(r)dW(r ))ds,
and

t
y<t>:Bm+2+/t 6 (6(Buss) /fm: (r))dr

m

+Z/ y(r)dW(r ))ds.
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As in the pattern shown above, there exists M,, > 0 such that
p(t) + () < H ' (t) < My,
Consequently, there exists a constant M; which only depends on t,,,T such that

sup Elz(t)]>? < My, and sup Ely(t)]* < M,,.

te(tm,T) tE(tm,T)
t
d
where H(t) = / _ T .
2E|Am2|% +2E|Bmi2% (¢t otpr(7) + ¢~ L oaha(T)

Hence

||$||pc SIH&X(Mlia"'aMm):M»
and

Hy||pc < maX(Mo, .2\417 ey Mm) = M.
The proof is complete. O
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On Lupas-Jain operators

Giilen Bagcanbaz-Tunca, Murat Bodur and Dilek Soylemez

Abstract. In this paper, linear positive Lupas-Jain operators are constructed and
a recurrence formula for the moments is given. For the sequence of these oper-
ators; the weighted uniform approximation, also, monotonicity under convexity
are obtained. Moreover, a preservation property of each Lupag-Jain operator is
presented.

Mathematics Subject Classification (2010): 41A36, 41A25.

Keywords: Lupag operator, Jain operator, convexity, weighted uniform approxi-
mation, modulus of continuity function.

1. Introduction

In [13], Jain generalized the well known Szdzs-Mirakjan operators by construct-
ing the linear positive operators given by

00 k-1
SE(f) @)=Y Mef(nwﬂcﬁ)f <k) , (1.1)

k! n
k=0
where f : [0,00) > R, n € N, 2 > 0 and 0 < 8 < 1, with 8 may depend only on
n. For some interesting works related to Jain’s operators we refer to [2], [1], [5], [8],
[17], [18] and references cited therein.

In [3], Agratini studied some approximation properties of the following linear
positive operators

=, (nx) k
_ o—nx k n
L@ =23 Gk () (12
for n € N, > 0 and some suitable f : [0,00) — R that the operator L,, (f) makes
sense. These operators are special form of the well-known operators defined by Lupag
in [15] and resemble the familiar Szdzs-Mirakjan operators. In the paper [3], the
author obtained some estimates for the order of approximation on a finite interval
as well as proved a Voronovskaya type theorem. Moreover, Agratini also considered
the Kantorovich extension of L, (f) for f belonging to the class of local integrable
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functions on [0, 00) and studied the degree of approximation [4]. Some approximation
results and basic history concerning Lupag operators can be found in [9], [10], [7].
Recently, Patel and Mishra extended the Lupag operators given by (1.2) as

L) =30 P g (£) (1.3

pre 2k ! n
for real valued functions f on [0, 00), where they assumed that
(nx+kB)y =1, (nx+kB), =nx
and
(nz +kB), =nx(nx+kB) (ne+kB+1)...(ne+kB+k—-1), k>2

[19]. Here, the authors studied direct approximation results and gave Kantorovich
and Durrmeyer types modifications of (1.3).

In this work, we also construct a generalization of the Lupas operators L,, in the
sense of Jain in [13]. Here, we point out that our expression is different from L2 given
by (1.3) in such a way that in the construction, we take the negative subscript “—1”"
of the Pochhammer symbol into consideration, in which case the calculations become
simpler in a remarkable degree. By using analogous Abel and Jensen combinatorial
formulas for factorial powers (see, e.g., [20]), we show the monotonicity property of
these operators for n under the convexity of f. We investigate that the Lupas-Jain
operator can retain the properties of the modulus of continuity function. Moreover, we
study the weighted uniform approximation of functions from the polynomial weighted
space given in [11].

In what follows, let @ and § be real parameters such that 0 < a < co and 0 <
B < 1. Then, as in [13], Taking into account of the Lagrange inversion formula

b (2 )+ Z ]il [j;k 11 &) (Z)} 2=0 (f?@)k

for
6(2) = and (z) = — . |2 <1
(1_Z)oz (1_2:)57 )
we obtain
ala+1+ kﬂ) A
(1_2 ~ Z koL k(1 = 2) (1.4)
where
(a). = a(a+1)...(a+n—1) neN
n 1 n=0, a#0,
is the well-known Pochhammer symbol, from which we have

@ = 1 1 (="
7 (a—1)(a=2)..(a=n) (a—n), (1-a)

n
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for negative subscripts when a # 1,2, ...,n (see, e.g., p.5 of [12]). Hence, we immedi-

ately get that (o +1)_; = (al) = i Now, we have

oo
=y
k=

ala+1+Ekp), o
2kK!

1
a+kp) (1.5)
0
for 0 < a < oo and 0 < 8 < 1. So, denoting

L0009 =3 Sy (1.6)

k=0
it readily follows from (1.5) that

aL(0,a,0) = 1. (1.7)
Hence, we present the following recurrence formula.
Lemma 1.1. Let0 < a < oo, 0< <1, reN and

o~ (@ + T+ k),

L(r,a,p)=> ] g~ (atkB), (1.8)
k=0 ’

Then we have

0o 6+1 k
L(r,a,ﬁ)zz<2) (a+r—14+kB)L(r—1,a+kB,5).
k

=0
Proof. Taking the fact
(a+1+kB)py 1 =(a+14+kB),, o(a+r—1+k(B+1))

into consideration, then one finds

LironB)= (ot r =D Lir—Laf)+ T Lnat5.0).

Recursive application of the last formula gives the result. O

For the calculation of moments of the operators, we can use the well-known
property of the geometric series given below (see, e.g., [21]).

Remark 1.2. ([21]) Consider the geometric series
hn(x):zz:k”x’C —-1l<z<l1l neN
k=0

and

1 — k
ho (z) zzl—x:Zx . (1.9)
k=0
Term-wise differentiation gives that
(@) = Dok,

k=1
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which satisfies the following

o0
zh! (z) = E K"t lah = by (2).
k=1
From this recurrence, one has

T o0
() = —m—=) kz*, (1.10)
(1-x)* kz_:l
22+ =
hy (z) = =) k% (1.11)
(1—-2)° ;
Lemma 1.3. For the auziliary function L (r,«, 8) defined by (1.8), one has
2
L (17 aaﬁ) - 1 _ /87
22 1) 22 1
L@ag = 2@F) 20D

1-p°* @-87°

Proof. Since 0 < 8 < 1, then (1.9), (1.10) and (1.11), with z = %, give that
0 k
,;0 (6;1) T ’ B’
o0 k 9 1
,;k(6;1> - <1(ﬂ+ﬁ>2)’
> F 2(B2+48+3
;k2<5;1> _ (5(;_;; )

Combining these results with (1.6), (1.7) and (1.8), it readily follows that

00 k
ras) = 3 (550) @rro)L.a+ks5)

k=0
_ 13 . (1.12)
Also, L (2, a, () is obtained as

e’} B‘i’l k
k=0

2+ ) & B+1\" 28 & /B+1)"

T 1-p ];( 2 > +1—5];)k<2)

_ 4(a+1)+4ﬂ(5+1). (1.13)

1-8?2 @1-5°
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2. Construction of the operators

Taking a = nz, n € N, > 0 in (1.5), we consider the following linear positive
operators

Lﬁ () (@) = i nx (nx —1-2:]:'— kB)y_1 27(nx+k5)f <z) , xe(0,00) (2.1)
k=0 ’

and L2 (f)(0) = f(0) for real valued bounded functions f on [0,00), where 0 <
B < 1, depending only on n. We call the operators L as Lupas-Jain. Obviously,
Lupag-Jain operators reduce to Lupag operators in [3] when 8 = 0.

Lemma 2.1. Let e; (t) :=t', i =0,1,2. For the Lupas-Jain operators, one has

LY (eo) (1) = 1.
Lien@) = =5

T 2x
Q87 n@-pF

Proof. Tt is clear from (1.5) that L2 (eg) (x) = 1. By taking f = e; in (2.1) and using
(1.12) in the result, we easily get

o0

L) = Y ety e (1)

2kE! n

xi (nz +B+1+kB), o~ (nz+B+kp)
- 2k+1L|

By taking f = ey and using (1.12) and (1.13) we find

oo 2

2k k! n

x oo (nx+/8—|—1+k5)k —(na+B+kB)
= 52 SFFIT 2 (k+1)

_ z{ZL(27nx+2ﬁ,ﬁ)+ ;L(Lnx—i—ﬂ,ﬂ)}

2

o (nr+1+28) B(B+1) 1

Tl a-s? a-p i ﬁ}
x2 2x

G YT
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3. Weighted approximation

In this section, we deal with the weighted uniform approximation result of the
sequence of the Lupas-Jain operators L? by using Gadjiev’s theorem in [11], for which
we have the following settings:

We take ¢ () = 1+ 22 as the suitable weight function and, for simplicity, denote
R* := [0, 0). Related to ¢, we take the space

B,(RT) ={ f:RT = R|[f(2)] < Msp(z), z € R* },
where M is a constant depending on f. B,(R™) is a normed space with the norm

L @)
I£1, = sup 2

zeRT
Moreover, we denote, as usual, by C,(R"), C’];(R*) the following subspaces of
B, (RY)
Co(RT) :+ {f € B,(R"): fis continuous},
lim &) :kf},

respectively, where k is a constant depending on f. We have the following two results
due to Gadjiev in [11]:

CERY) = {fe@(ﬂ@)

Lemma 3.1. The linear positive operators T,,, n € N, act from C,(R") to B,(R") if
and only if

T () ()] < Kp(),

where K is a positive constant.

Theorem 3.2. Let {Tn}neN be a sequence of linear positive operators mapping
Cy,(RT) into B,(R™) and satisfying the conditions

nlglgo HTH (61) - ei”gp =0, fO’/‘i =0,1,2.
Then for any f € CE(RT) one has
Tim 1T, () fIl, = 0.

Now, we treat weighted uniform approximation for Lupag-Jain operators
L? acting on C,(R™). In order to get an approximation result, as in [13], we need
to make an adjustment to the parameter 8 by taking it as a sequence such that
B = Bn, 0§6n<1andnll{réoﬁn:0

Theorem 3.3. Let {f,},, oy be a sequence such that 0 < 8, <1 and lim B, = 0. Then
n—oo

Jor each f € CE(RT) we have

lim [|L3" (f) = f]|, = 0.

n—oo
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Proof. According to Lemmas 2.1 and 3.1 we get that the operators L2» act from
Cy(RT) to B,(RT). Now, it only remains to show the sufficient conditions of the
Theorem 3.2 for L. Using Lemma 2.1 and the hypothesis on j3,,, we obtain that

lim |5 (eo) — eof|, =0

and that

|2 e = el < 25
which gives
lim ||Lﬁ" (e1) — 61Hw =0.

n—oo

Finally, since 2z < 1+ 22, we get
| Ly (e2) — es]

Bn _
HLn (e2) — 62||<,p - SGHRH 14+ 22
1 x? N 2z 9
= sup = —T
ser+ |[1+22 \ (1= 5,02 n(l-p,)°
2 2B, — B2 2x 1
= s | 5+t 3
zer+ |1 +2% (1 - 6,) I+2%n(1-2,)
25n 71872L 1

7 T 3
(1—58n) n(l—pBy)
which clearly gives that
lim HLQ" (e2) — egHw = 0.

n—oo

This completes the proof. O

4. The monotonicity of the sequence of Lupasg-Jain operators

Recall that a continuous function f is said to be convex in D C R, if

n n

f (Z Om%) <> aif (t)

i=1 ;

for every ti,ta,...,t, € D and for every nonnegative numbers i, as, ...,y such that
a1 t+ag+ ... +a, =1.

For the proof of the main result of this section, we need the corresponding
definition of the well-known Jensen and Abel combinatorial formulas for factorial
powers. Below, we reproduce these formulas from the work of Stancu and Occorsio
(pp.175-176 of [20]) for the increment —1, respectively.

(u+v)(u+v+1+mp),,

— Z(TZ)“(“JrlJrkﬁ)k_lv(WflJr(mk)ﬂ)m_k_l (4.1)

k=0
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and
m

m
(u+v+mp),, = Z <k> (ut+kB)vw+14+m—Fk)B),, - (4.2)
k=0
Note that the monotonicity of Szazs-Mirakjan operators of convex function was
proved by Cheney and Sharma [6]. On the other hand, the same result for the Lupas
operators was obtained by Erengin et al. [7]. Now, we present the monotonicity of
each Lupas-Jain operator LZ (f) for n, when f is a convex function.

Theorem 4.1. Let f be a convex function defined on [0,00). Then, for alln, L2 (f) is
non-increasing in n.

Proof. For x = 0, the result is obvious. So, for z > 0, we can write

N z(x+1+kB), kg
2= ok k! 2
k=0

by (1.5) with a = z. Using this formula we can write
L (1) @) = Ly () (@)
_ e i nx (nCL‘ + 1+ kﬁ)k71 2_[(n+1)x+kﬁ]f E
n

2k k!
k=0
=+ Da(n+ i) »”'U T14+kB) o-[(n+1)a+ks] 1 < k )
P 2K k! n+1
(@ +1+18), 1 5=z (ne+1+kB), [t D)a+ks] [ K
- ; 2l Z 2k k! 2 / <”>
_i (n+ l)x((n+1)x+1+k5)k—1 9—l(n+D)e+kp) ¢ ko
2k ! n+1
k=0
_ i$($+1+lﬁ)l 1618
21!
1=0
y f: nx(nx+1+(k—=1)8),__4 o-l(n+D)a+(k-0)8] ¢ k—1
2 21 (] — 1) n
- i (- Da(m+ Do+ 14k 1y (orvernary (_F Y
o 2k k! n+1

Changing the order of the above summations, we obtain that

LE(f) () = L 1y (f) (@)

R (@+1+108),_yne(nx+ 1+ k=08 o1 (nrnyesns o (¥ =1
=> > | % (k — )] i f(ﬂ)

i n+a((n+)ae+1+k8),_, 9= l(n+D)a+kB] ¢ L
> 2k | ntl

k=0 1=0

k=0



On Lupag-Jain operators 533

> (Eneme+1+18),_x@+1+k=0B)y.[1
:ZZ l — klf<>

%

k=0 \1=0 g 28 (k= 1) "
(m+Da((n+1l)z+1+kB), k —[(n+1)z+kB]

B 2k k! f(n+1>}2 (4.3)

Now, denote

o = (k) ne(ne+1+18), 2 (@+ 14Kk -1)65)
=1y m+Daz((n+1l)ac+1+k6),_,

>0

and

Taking u = nz, v =z and m = k in (4.1) one has

n+Daz((n+)z+1+k8),_,
k

— Z (I;> na(ne +14+18),_yz(@+1+ k=1 5)p__y,

=0

which clearly gives that

k
Z a;=1.
=0

On the other hand, taking u = nx+ f+ 1, v =2 and m =k — 1 in (4.2), it follows
that
(n+Dz+1+kB),_4

= (me+B+1+az+(k—-1)5),_,
k—1

- Z(k;1> (nz+B+1+1F)z(@+1+(k=1-0)8),_ ;-

=0

Taking into account of the above fact, it follows that

. lzf:l (’;)nx (nz+1+18),_z(x+1+(k—-08)_,_, (%)
;altl = (n+Da((n+)a+1+k3), ,

£ (Tne(na+ B4+ 14 18) 0 @+ 1+ (k=1 - D) B),
=0

nn+Dz((n+1)z+1+kB),_,

k—1
) l;) Yz +B+1+18)x(@+14+(k—-1-01)B) s
T ont1 (n+ Dz +1+kB),_,
k

n+1
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Hence, making use of the convexity of f, (4.3) gives that

Ly (f) (x) = Ly oy (f) ()
for all n € N, which completes the proof. O

5. A preservation property
We recall the following definition for the subsequent result.

Definition 5.1. A continuous, and non-negative function w defined on [0, 00) is called
a function of modulus of continuity, if each of the following conditions is satisfied:

) wu+v) <w(u) 4+ w(v) for u,v € [0,00), i.e., w is subadditive,

i) w(u) > w(v) for u > v, i.e., w is non-decreasing,

i) lim, - w(u) = w(0) = 0 ([16]).

In [14], Li noticed a new preservation property that the Bernstein polynomials
B, n € N satisfy. Li proved that if w(z) is a modulus of continuity function, then
for each n € N, By, (w; x) is also a modulus of continuity function. The same result for
the Lupag operators was obtained in [7]. Below, we show that this result is satisfied
by the Lupag-Jain operators as well.

Theorem 5.2. Let w be a modulus of continuity function. Then, for all n, LZ (w) is
also a modulus of continuity function.

Proof. Let x,y € [0,00) and x < y. Then from the definition of L?, we have

n?

Ly (w) (y) = Z ny (ny L RB)x1 ks, (k) .

2k k! n
k=0

Taking na and n (y — ) in place of u and v, respectively in (4.1), we obtain

ny (ny +14+mpB),, (5.1)
k

= Z <];>nx (nx+1+iB),_ny—z)(n(y—z)+1+(k—149)5), .,
i=0
which implies

L (w

oo k .

ZZW< ) < )nx(nx—l—1+z/8)i12_(7Ly+kﬁ)
2k k!

=0
xn(y—=z)(nly—x)+1+(k-0)p),

Interchanging the order of the above summations gives that

LB( )(y)
—(ny+kp)
=0 k=1

n(y—fﬂ)(n(y—x)+1+(k—i)ﬁ)k,,i,l~
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Taking k —i =, (5.2) reduces to

Lﬁ () (y)
) 9—(ny+(i+1)8)
=0 1=0
xn(y—=z)(n(y *$)+1+ZB)H
On the other hand, L? (w) (z) can be written as
> ; —(nxz+iB)
B — K i3). 27 4
LY (w) (z) iz:;w (n) nx (nx +141i8),_, 5071 (5.4)
© ; 9—(ny+iB)on(y—x)
= Zw(z> nx (ne+14+1i6), —
pre n 2¢4!
Since
00 9—18
211(2/—1) = Zn (y — .13) (n (y - ],‘) + 1+ Z/B)lfl W
1=0

then, one may write
e 1 9~ (ny+(i+1)B)
L8 (w Z w ( > nx (nx +141if),_ T T T (5.5)
i=0

=
n(y—x)(n(y —z) +1+15), 4

OM%%

X

Subtracting (5.5) from (5.3)

L) ) = 1) (@) 69

Xn(y —z)(n(y—z)+1+18),_,

and using the hypothesis that w is a modulus of continuity function, one obtains

2*(”y+(i+l)5)
1=0 =0
xn(y—=z)(n(y—x)+1+18),_,
0o ‘ Q*Zﬁ
= ZOTLZL’(HI+1+’L,8)I_IQT'

s l 9—(ny+1p)
S () nt=a) 0ty - )+ 1400),, T
1=0 ’

= l o—(n(y—x)+1p)
= So(s) - Dm0+, gy
0 |

n
=

= Lj(w)(y—2). (5.7)
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This shows that L? (w) satisfies the subadditivity property. Since w is non-decreasing,
then (5.6) provides that L? (w) (y) > L? (w) (¥) when y > z, namely, L2 (w) is non-
decreasing. From the definition of L? it is obvious that lim, o L? (w;z) = L? (w;0) =
w(0) = 0. Therefore, L? (w) is a function of modulus of continuity. O
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Abstract. In the introduction of the article we given an overview of the results
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discrete-time systems with a small parameter.
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1. Introduction

As it is well known, there are two main types of dynamical systems: differential
equations and discrete-time equations. Differential equation describes the continuous
time evaluation of the system, whereas discrete-time equation describes the discrete
time evaluation of the system. The theory of discrete dynamical systems and difference
equations developed greatly during the last decades (see [8, 18, 34] and references cited
there).

In 1969, F.S. de Blasi and F. Iervolino [5] begun studying of set-valued differential
equations in semilinear metric spaces. Later, the development of calculus in metric
spaces became an object of attention of many researchers (see [7, 19, 20, 22, 30,
31, 27, 32, 40] and the references therein) and transformed into the theory of set-
valued equations as an independent discipline. Set-valued equations are useful in other
areas of mathematics. For example, set-valued differential equations are used as an
auxiliary tool to prove the existence results for differential inclusions [19, 22, 27, 40].
Also, one can employ set-valued differential equations in the investigation of fuzzy
differential equations [20, 30]. Moreover, set-valued differential equations are a natural
generalization of usual ordinary differential equations in finite (or infinite) dimensional
Banach spaces [40]. Clearly, in many cases, when modeling real-world phenomena,
information about the behavior of a dynamical system is uncertain and one has to
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consider these uncertainties to gain better understanding of the full models. The set-
valued equations can be used to model dynamical systems subjected to uncertainties.

This article deals with discrete set-valued dynamical systems, where time is
measured by the number of iterations carried out, the dynamics are not continuous and
values at each iteration is a set. In applications this would imply that the solutions are
observed at discrete time intervals and also under uncertainty or interference effects
[9, 13, 24, 35, 36, 38, 41]. Recurrence relations can be used to construct mathematical
models of discrete systems under uncertainty. They are also used extensively to solve
many differential equations with set-valued right-hand side which do not have an
analytic solution; the set-valued differential equations are represented by recurrence
relations (or difference equations) that can be solved numerically on a computer [1,
4,24, 41].

Averaging theory for ordinary differential equations has a rich history, dating to
back to the work of N.M. Krylov and N.N. Bogoliubov [17]. Also is well known, the
averaging methods combined with the asymptotic representations began to be applied
as the basic constructive tool for solving the complicated problems of analytical dy-
namics described by the differential equations [3, 27, 37] and the references therein.
The possibility of using some averaging schemes for set-valued equations was studied
in [11, 12, 14, 15, 16, 22, 23, 25, 30, 26, 29, 27, 39]. Throughout the years, many
authors have published papers on averaging methods for different kinds of differential
systems and discrete-time system [2, 21, 28]. The bulk of this article is concerned with
the averaging method for nonlinear discrete-time set-valued systems.

2. Preliminaries

Let conv(R™) be a space of all nonempty convex compact subsets of R™ with
the Hausdorff metric

h(A,B) = r7n>1](f)1{B C Sp(A), AcCS.(B)}

where A, B € conv(R"™), Sr(A) be a r-neighborhood of the set A.
The usual set operations, i.e., well-known as Minkowski addition and scalar
multiplication, are defined as follows

A+B={a+b:a€A beB} and M={la:a€ A )€ R}

Lemma 2.1. [32] The following properties hold:
1. (conv(R™),h) is a complete metric space,
2. (A+C,B+C)=h(A,B),
3. h(AA,AB) = |\|h(A, B) for all A,B,C € conv(R™) and \ € R.

For any A € conv(R"), it can be seen A + (—1)A # {0} in general, thus the
opposite of A is not the inverse of A with respect to the Minkowski addition unless
A = {a} is a singleton. To partially overcome this situation, the Hukuhara difference
has been introduced [10].

Definition 2.2. [10] Let X,Y € conv(R™). A set Z € conv(R") such that X =Y + Z
is called a Hukuhara difference of the sets X and Y and is denoted by X Y.
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An important property of Hukuhara difference is that A2A = {0},VA €
conv(R"™) and (A + B)2B = A,V A, B € conv(R"); Hukuhara difference is unique,
but a necessary condition for A%B to exist is that A contains a translate {c} + B of
b Now consider the non-autonomous set-valued discrete-time equations

Xiy1=Xi + F(i, Xu), (2.1)
and
Xig1 = XiﬁF(i,Xi), (2.2)

where ¢ € T = {0,1,...,N}, X; € conv(R"), F : I x conv(R™) — conv(R"). If
one starts with an initial value, say, Xy, then iteration of (2.1) (or (2.2)) leads to a
sequence of the form

{XZ' 1= OtON} = {XQ,Xl, ...,XN}.
Definition 2.3. A solution to the set-valued discrete-time equation (2.1) (or (2.2)) is a

discrete-time set-valued trajectory, {X;}X ., that satisfies this equation at any point
1€l

Remark 2.4. It is obvious that the solution of (2.1) exists for any Xy € conv(R™) and
1.

Remark 2.5. Obviously, the differences in (2.2) may not always exist. For example,
1) letn>1 Xo={aec R" : |la| <1}, F(i,X;) = (i +2) X;, i.e. F(0,Xo)={be
R™ : ||b]| < 2}. In this case, the difference in (2.2) does not exist for i = 0;
2) letn=2,Xg={a€ R?: |ax| <1, k=1,2},

N _ [ cos(i+1) sin(i+1)
K(i) = ( —sin(i+1) cos(i+1) > ’

F(i, X;) = K(i) X;. Also, the difference in (2.2) does not exist for i = 0.

Let CC(R™) (n > 2) be a space of all nonempty strictly convex closed sets of
R™ and all elements of R™ [33].

Remark 2.6. If A, B € CC(R™) and A+ C' = B then C' € CC(R"™) [33].

Remark 2.7. If A, B € CC(R™) and there exists ¢ € R" such that A+ ¢ C B, then
there exists C' € CC(R™) such that A+ C = B, i.e. C = B2 A [33].

Then the following theorem holds.

Theorem 2.8. Let the following conditions hold:
1) F(i,X) € CC(R™) for anyi €I and X € CC(R™);
2) the following inequality

holds for all p € R™ (||| =1), i €I and X € CC(R™), where
C(A¢) = rgleaj((alzbl + ...+ ayh,), A€ CC(R"™).

Then the solution of (2.2) exists for any Xy € CC(R™) and I.
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Proof. We put any set Xo € CC(R"™). By condition 1) of the theorem, we have
F(0,Xo) € CC(R™). By condition 2) of the theorem, we obtain

for all v € R™, ||¢)|| = 1. Then, there exists ¢ € R™ such that F(0,X,) + ¢ C Xo
[33]. By remark 2.7, we have the set C € CC(R™) such that F(0,X,) + C = Xj.
Therefore, X; = C = Xo2F(0, Xp) and X; € CC(R™). Further, applying the method
of mathematical induction, we obtain X;,; = X;2F(i, X;) and X;4, € CC(R") for
all ¢ € I. The theorem is proved. O

3. The method of averaging

Now consider the non-autonomous set-valued discrete-time equations with a small
parameter

Xiv1i =X, + EF(i,Xi), (31)
and h

Xiv1 = X;—eF(i, X;), (3:2)
where £ > 0 be a small parameter, L > 0 is any real number, N = [Le~!], [] is floor
function.

3.1. Case (3.1).

In the beginning we consider the equation (3.1). We associate with the equation
(3.1) the following averaged set-valued discrete-time equation with a small parameter

XiJrl = Xl + €F(i, Xi), (33)
where F(i, X) such that

n—1 n—1

1 1 _
li h|— F(i, X — F(i,X)| =0. 4
i, (n > F6.X), TG >> 0 (3.4)

The main theorem of this subsection is on averaging for set-valued discrete-time
equation with a small parameter. It establishes nearness of solutions of (3.1) and (3.3),
and reads as follows.

Theorem 3.1. Let in the domain @ = {(i,X) : i € [,X C B C R"} the following
conditions hold:

1) mappings F(i,X) and F(i,X) satisfy a Lipschitz condition, i.c. there is a
constant A > 0 such that

h(F(i,X'),F(i,X”)) < M(X',X7), h(F(i,X"),F(i,X")) < A(X', X7),

whenever (i, X'), (i, X7) € Q;

3) there exists v > 0 such that h(F(i,X),{0}) < v, h(F(i, X),{0}) < v for
every (i,X) € Q;

4) limit (3.4) exists uniformly with respect to X in the domain B;

5) the solution of the problem (3.3) together with a p—mneighborhood belong to the
domain B for € € (0, &].
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Then for any n € (0,p] and L > 0 there exists eo(n, L) € (0,&] such that for all
€ € (0,e0] and i € I the following inequality holds

where { X}V, {X;}Y, are the solutions of initial and averaged problems.

Proof. We write the equations (3.1) and (3.3) in the form

X,‘+1 :X0+EZF(j7Xj), (36)
7=0

— v — —

Xip1=Xo+eY F(j,X,). (3.7)
7=0

By (3.6) and (3.7), we have

W(Xip1, Xip) =h (e F(,X;),e> F(,X;)

=0 =0

where

Now we will estimate ¢ on I. Divide the interval I into partial intervals by the points
t, = kl(e), k=0,m, t,,_1 < Le~! <t,,, where [(¢) is integer and

lim I(e) = 0o, limel(e) = 0. (3.9)
e—0

e—0

Let kl(e) < i < (k4 1)i(e). Then we have

¢ =ch ZF(@',YQ, F(j,X;)
=0

j=0
k=1 ((CHDie-1 G-
<ed h| D> FGX), Y, F(,Xy)
¢=0 J=U(e)¢ J=U(e)¢

+eh | Y FGXp), Y FGLX)

J=kl(e) J=kl(e)
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-1 [CHDIE-1 GHDiE-1
€ Zh Z F(]7XJ)’ Z F(.77XCZ(8)>
(=0 \ j=l(e)¢+1 j=l(e)¢+1
Bl f@HDie-1 -1
+eY h > FG.Xae) >, FGXae)
¢=0 J=U(e)¢ J=l(e)¢
pm1 (@HIE-1 -1
—|—EZh Z F(jaXCl(E))v Z F(]7X])
¢=0 j=hC+1 J=le)¢+1
+e Y hWF(GX;), F(j,X;). (3.10)
j=kl(e)
Now we will estimate terms in (3.10)
(C+1D)i(e)—1  (eHDie)—1 -
sh| Y. FGX), Y, FU.Xae)
J=l(e)¢+1 J=l(e)¢+1
(C+Di(e)—1 (C+Di(e)-1
<e > WFGX;), FOG.Xae) <A Y, WX Xae)
J=l(e)¢+1 J=l(e)¢+1
(C+Di(e)-1 j-1
<X Y D FEE)| < 2Mie)?)2. (3.11)

j=l(e)¢+1 r=k(
Also, we obtain

C+Dle)-1 (D)1
ch Y FGX)), Y. FGXae) | < E2Mi)?/2 (3.12)
J=U(e)¢ J=Ue)¢
Obviously,
€ Z S(F(J, X ko)), F(4, Xne))) < 2e7l(e). (3.13)
Jj=kl(e)

From the condition 4) of the theorem there exists an increasing function p(l), such
that
1) li =0;
) Jim pu(t) = 0;

e 1O N (o | S S
2)e > h F(, Xae), > FU,Xae)
=0 “1)¢ J=Ue)¢
< mel(e)u(l(e)) < L p(l(e))- (3.14)
Combining (3.10) — (3.14), we obtain
¢ <elle)y(AL +2) + Lu(l(e)). (3.15)

By (3.9), we take €° € (0, p] such that
Mlel(e)y(AL +2) + Lo(I(2))] < n (3.16)
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for all € € (0,€Y].
From (3.8), (3.15), (3.16) we obtain (3.5). The theorem is proved. O

Remark 3.2. If F(i,X;) = A - G(to + iA,X;), G : R X conv(R™) — conv(R"™),
X; = X(to + iA), discrete-time equation (2.1) is a Euler polygonal curve for the
differential equation with Hukuhara derivative [6]

DpX(t) = G(t, X (1)),  X(to) = Xo,

where X : R — conv(R") is set-valued mapping, DX () is Hukuhara derivative
[6, 10]. Thus, Theorem 3.1 is a discrete analogue of the first Bogolyubov theorem for
a differential equation with derivative Hukuhara [15, 16, 25, 30, 27].

3.2. Case (3.2).

We associate with the equation (3.2) the following averaged set-valued discrete-
time equation with a small parameter

ho_
Xi+1 = Xifé'F(Z‘,Xi), (317)

where F (i, X) such that limit (3.4) exists.

Theorem 3.3. Let in the domain Q = {(i,X) : i € I, X € CC(R"), X C BC R"}
the following conditions holfd:

1) mappings F(i,X), F(i,X) € CC(R"™) for any (i,X) € Q;
2) the inequality

[C(X,9) + C(X, =9)| = |C(eF (i, X), ¢) + C(eF (i, X), =¢)],

are true for all p € R™ (||| =1), e € (0,¢], i € I and X C B;

3) mappings F(i,X) and F(i,X) satisfy a Lipschitz condition

h(F(i,X"), F(i, X)) < M(X', X7),  W(F(i,X'),F(i,X")) < A(X', X7),
with a Lipschitz constant X\ > 0;

4) there exists v > 0 such that h(F(i, X),{0}) < =, h(F(i,X),{0}) < v for
every (i,X) € Q;

5) limit (3.4) exists uniformly with respect to X in the domain B;

6) the solution of the problem (3.17) together with a p—neighborhood belong to
the domain B for ¢ € (0, &].

Then for any n € (0,p] and L > 0 there exists o(n, L) € (0,&] such that for all
e € (0,e0] and i € I the inequality (3.5) holds.

Proof. We write the equations (3.2) and (3.17) in the form

h — R N
Xi+l :XofefZF(],Xj), and Xi-l—l :X()*EZF(],XJ‘). (318)
=0 j=0
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By (3.18), we have

h(Xi-I-la Xl—‘rl ZFja EZF.Ja

Further, Theorem 3.3 is proved similarly to Theorem 3.1. This concludes the proof. O
Remark 3.4. If F(i,X) = F(X), i.e.

JL%’%( ZF’X %if )

then the validity of the full averaging scheme for (3.1) and (3.2) follows from the
theorems 3.1 and 3.3.
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Abstract. In this article we study approximation methods for solving bi-criteria
optimization problems. Initial problem is approximated by a new one consisting
of the second order approximation of feasible set and components of objective
function might be initial function, first or second approximation of it. Conditions
such that efficient solution of the approximate problem will remain efficient for
initial problem and reciprocally are studied. Numerical examples are developed
to emphasize the importance of these conditions.
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1. Introduction

Bi-criteria optimization problems are quite often used to solve theoretical and
practical problems from areas as portfolio theory [4], energy field [5], data analysis
[3], logistics [6].

”Scalarization” methods [2] (weighting problem, k" objective Lagrangian problem,
k*h objective ¢ - constrained problem) are common methods for solving this type of
problems. Highly complex mathematical models are reducing the efficiency of ”scalar-
ization” methods and approximation might represent a good alternative.

This article is analyzing conditions such that efficient solution of a certain approximate
problem will remain efficient for the initial problem and reciprocally. Approximate
problem consists of replacing components of objective function and also constraints
with their approximate functions.
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2. Basic concepts

Let X be a set in R™, xy an interior point of X, n: X x X — X and f: X - R
functions. If f is differentiable at z¢ then we denote:

F' (z) = f (z0) + V.f (x0) 1 (x, x0)

and call it first n—approximation of f
and if f is twice differentiable at xy then we denote:

F2 (2) = [ (w0) + Vf ()1 (2, 20) + 30 (2,20) T (o) 1 (2, 20).

and call it second n—approximation of f.

Definition 2.1. Let X be a nonempty set of R™, x an interior point of X, f: X — R
a function differentiable at xg and n: X x X — X. Then function f is:
invex at xy with respect to 7 if for all z € X we have:
f (@) = f(z0) = V[ (o) n(x,20)
or equivalently:
f(z) = F' (2);
incave at zy with respect to 7 if for all x € X we have:

[ (@) = f(z0) < Vf(z0)n(2,20)
or equivalently
f@) < F'(2);
avex at zo with respect to 7 if it is both invex and incave at zg w.r.t. 7.

1

If function f is invex, respectively incave or avex we denote invex", respectively

incave! or avex!.

Definition 2.2. Let X be a nonempty set of R™, ¢ an interior point of X, f: X — R
a function twice differentiable at z¢ and 1 : X x X — X. Then function f is:
second order invex at xy with respect to n if for all x € X we have:

£ ) = f (@) 2V (w) 0 es0) + 31 (2, 0)T V2 ()1 (2, 20)

or equivalently:
f@) > F? (2);

second order incave at xg with respect to 7 if for all x € X we have:

() = f (o) < VF (o)1 (2,20) + 571 (2,20)" V2 (20) 1 (2, 20)

or equivalently:

f(z) < F?(x);
second order avex at xg with respect to 7 if it is both second order invex and second
order incave at xg w.r.t. n.
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If function f is second order invex, respectively second order incave or second

order avex we denote invex?, respectively incave? or avex2.

Let X be a nonempty set of R™, zy an interior point of X, 7 : X x X — X, T and
S index sets, f = (f1,f2) : X - R? and g¢;, hs: X = R, (t €T, s € S) functions.

We consider the bi-criteria optimization problem (Pg ’0), defined as:

mlﬂ(f1,f2)()
(33171’2,. )EX
gt (x) <0, te€T
h (x)=0, ses.

Assuming that functions f, fo, are differentiable of order i, j € {1, 2} and
functions g, (t € T), hs, (s € S) are second order differentiable, we will approximate
original problem (Pg ’0) by problems (Pzi’j ):

min (Fl‘,FQJ) (z)
x = (x1,22,..0,) € X
G?(z)<0,teT
H}(x)=0,s€S
where (4,7) € {(1,0), (1,1), (2,0), (2,1), (2,2)} and FY = f1, FY = fo. We denote
by
={z€eX: Gi(x)<0,teT, HF (x)=0, se S}, ke{0,1,2}

the set of feasible solutions for bi-criteria optimization problem (P,i’j ), where (i, j) €
{(1,0), (1,1), (2,0), (2,1), (2,2)} and k € {0,1,2}.

3. Approximate problems and relation to initial problem

In this section we will study the conditions such that efficient solution of ap-
proximated problems (P;’O), (P22,0)7 (P22’1) and (P22’2) will remain efficient also

for original problem (POO ’O> and reciprocally.

Case (le ’1) was studied in [1], where also conditions such that F° C F? and

F? C FY were analyzed. We will use them in our work, so we will briefly present the
Theorems stating these inclusions.

Theorem 3.1 (Boncea and Duca [1]). Let X be a nonempty set of R™, xq an interior
point of X,n: X x X = X, and g¢, hs: X =2 R, (t €T, s€ ).
Assume that:

a. for eacht € T, the function g, is twice differentiable at xo and inver® at o with
respect to 1,

b. for each s € S, the function h, is twice differentiable at zo and avezr® at xo with
respect to n,
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then
FoC
Theorem 3.2 (Boncea and Duca [1]). Let X be a nonempty set of R™, x¢ an interior
point of X,n: X x X = X, and g;, hs: X =2 R, (t €T, s€S5).
Assume that
a. for each t € T, the function g; is twice differentiable at xo and incave® at x
with respect to n,
b. for each s € S, the function h is twice differentiable at xo and aver® at xo with
respect to n,
then
FPCF.
Theorem 3.3. Let X be a nonempty set of R™, xy an interior point of X,n: X x X —
X, T and S index sets, f = (fi1,f2) : X - R? and g;, hs : X - R, (t€T, s€8)
functions.
Assume that:
a. Irg € .FO,
b. for eacht € T, the function g, is twice differentiable at xo and invex® at xo with
respect to n,
c. for each s € S, the function h, is twice differentiable at xo and avex® at xo with
respect to n,
d. fi is twice differentiable at xo and inver® at xo with respect to 1,
e. fo is differentiable at xo and invex' at xo with respect to 1,
f. n(zo, o) =0.

If xg is an efficient solution for (Pg’l), then xo is an efficient solution for (Pg’o).
Proof. xo being an efficient solution for (P22 ’1>, implies that

Br e F? st (FP (), F) (z) < (FE(20), Fy (20)).
Conditions b) and ¢) imply that
FOCF?
and thus
Br e FO st (FY (), Fy (2)) < (FF (o), Fy (20)) - (3.1)

Let’s assume that z¢ is not an efficient solution for (Pg ’O). Then

Jy e F st (fi(v). f2(¥) < (f1(x0), fo (20))
which implies that 3y € F0 s.t.

f1(y) < f1(20)
{ f2(y) = fo (zg) (3.2)

) f1(y) = f1(20)
{ le(y) < f;(xoo). (3.3)
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Because f; is invex? at zo with respect to n we get F? (y) < f1 (y), Vy € F°.
Because f, is invex! at o with respect to n we get Fy (y) < f2 (y) vy € FO.
Because 1 (zg ) = 0 we get fi (z9) = F{ (z0) and f2 (z0) = Fy (o).

Thus from (3.2) we get that Jy € FO s.t.

{ Fi (y) < FY (o)
Fy (y) £ Fy ()

which contradicts (3.1) and from (3.3) we get that 3y € FY s.t.
{ FY (y) < FY (x0)
Fy (y) < Fy (wo)
which contradicts (3.1).

. . . . 0,0
In conclusion zq is an efficient solution for (PO’ ) O

Theorem 3.4. Let X be a nonempty set of R™, xy an interior point of X,n: X x X —
X, T and S index sets, f = (f1,f2) : X - R? and ¢, hs : X - R,(t€T, s€9)
functions.
Assume that:
a. zg € F?,
b. for each t € T, the function g; is twice differentiable at xo and incave? at xg
with respect to n,
c. for each s € S, the function hy is twice differentiable at xo and aver® at xo with
respect to n,
d. fy is twice differentiable at x¢ and incave at xo with respect to n,
e. fo is differentiable at xo and incave' at xo with respect to 1,
f. n(xo, wo) = 0.

If xq is an efficient solution for (Pé]’o>, then xo is an efficient solution for (P22’1>.

Proof. xy being an efficient solution for (P(gJ ’0>, implies that

fo e FO st (fi(x), f2(2)) < (fi (20), fo (20)) -
Conditions b) and ¢) imply that
FPCF°
and thus
fe e F2 st (fi(x), f2 (2)) < (fi (20), fo (20)). (34)

Let’s assume that xg is not an efficient solution for (P22 ’1). Then

Jy e F2 st (Ff (y), Fy (y) < (FF (20), Fy (20))
which implies that 3y € F? s.t.

2 2
{Hom .
: FE(y) < FE ()
{ lel (y) < F211 (xoo). (3.6)
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Because f; is incave? at zo with respect to n we get fi (y) < )
Because f, is incave! at x¢ with respect to n we get fo (y) < F3 (y)
Because 1 (g zg) = 0 we get f1 (9) = F (z0) and fa (79) =

Thus from (3.5) we get that Jy € F? s.t.

{ J1(y) < f1 (o)
J2(y) = f2 (w0)

which contradicts (3.4) and from (3.6) we get that Jy € F? s.t.

{ f1 () £ f1(20)
f2 (y) < f2 (o)

which contradicts (3.4).

. . . . 2,1
In conclusion xy is an efficient solution for (Pz’ ) O

Theorem 3.5. Let X be a nonempty set of R™, xy an interior point of X,n: X x X —
X, T and S index sets, f = (f1,f2) : X = R? and g;, hs : X - R, (t€T, s€8)
functions.

Assume that:

a. xg € FO,
b. for eacht € T, the function g, is twice differentiable at xo and invex® at xo with
respect to n,

c. for each s € S, the function hy is twice differentiable at xo and aver® at xo with
respect to 1,

d. fi is differentiable at xo and invex' at xy with respect to n,
e. 1 (xo, z9) =0.

If zq is an efficient solution for (P21’0>, then xg is an efficient solution for (Pg’o).
Proof. Proof is similar with Theorem 3.3. 0

Theorem 3.6. Let X be a nonempty set of R, xy an interior point of X,n: X x X —
X, T and S index sets, f = (fi,f2) : X - R? and g;, hs : X - R, (t €T, s€8)
functions.

Assume that:

a. g € F?,
b. for each t € T, the function g; is twice differentiable at xo and incave? at xg
with respect to n,

c. for each s € S, the function hy is twice differentiable at xo and aver® at xo with
respect to n,

d. fi is differentiable at xo and incave' at xowith respect to n,
e. n(xo, x9) =0.

If zq is an efficient solution for (P(?’O), then xq is an efficient solution for (Pgl’o).

Proof. Proof is similar with Theorem 3.4. O
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Theorem 3.7. Let X be a nonempty set of R, xy an interior point of X,n: X x X —
X, T and S index sets, f = (fi,f2) : X = R%? and g;, hs : X - R, (t €T, s€8)
functions.
Assume that:
a. xg € FO,
b. for eacht € T, the function g, is twice differentiable at xo and invex® at xo with
respect to n,
c. for each s € S, the function hy is twice differentiable at xo and aver? at xq with
respect to 1,
d. f1 is twice differentiable at xo and invex® at xo with respect to n,
e. 1 (xo, z9) =0.

If xq is an efficient solution for (P22’0>, then xo is an efficient solution for (P(())’O>.
Proof. Proof is similar with Theorem 3.3. O

Theorem 3.8. Let X be a nonempty set of R™, xy an interior point of X,n: X x X —
X, T and S index sets, f = (f1,f2) : X - R? and g;, hs : X - R, (t €T, s€8)
functions.
Assume that:
a. Irg € .F2,
b. for each t € T, the function g, is twice differentiable at xy and incave® at xg
with respect to n,
c. for each s € S, the function h, is twice differentiable at xo and avex® at xo with
respect to n,
d. fi is twice differentiable at xo and incave® at xo with respect to 1,
e. 1 (zo, z9) =0.

If zq is an efficient solution for (Pg’()), then xg is an efficient solution for (PQQ’O).
Proof. Proof is similar with Theorem 3.4. O

Theorem 3.9. Let X be a nonempty set of R™, xg an interior point of X,n: X x X —
X, T and S index sets, f = (f1,f2) : X = R? and ¢, hs : X - R,(t€T, s€9)
functions.
Assume that:
a. xg € FO,
b. for eacht € T, the function g; is twice differentiable at xo and invex® at xo with
respect to n,
c. for each s € S, the function hy is twice differentiable at xo and aver® at xo with
respect to n,
d. fi is twice differentiable at xo and inver? at xo with respect to 1,
e. fo is twice differentiable at xo and inver® at xo with respect to 1,
f. n(zo, o) =0.

If xq is an efficient solution for (P22’2>, then xq is an efficient solution for (Péw).

Proof. Proof is similar with Theorem 3.3. O
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Theorem 3.10. Let X be a nonempty set of R™, xg an interior point of X, n: X x X —
X, T and S index sets, f = (fi,f2) : X = R%? and g;, hs : X - R, (t €T, s€8)
functions.
Assume that:
a. zg € F2,
b. for each t € T, the function g; is twice differentiable at xo and incave? at g
with respect to n,
c. for each s € S, the function h, is twice differentiable at xo and avex® at xo with
respect to 1,
d. fi is twice differentiable at xo and incave® at xo with respect to 1,
e. fo is twice differentiable at xo and incave® at xo with respect to 1,
f. n(xo, ) =0.

If xq is an efficient solution for (Pg’()), then xo is an efficient solution for (PQQ’Q).

Proof. Proof is similar with Theorem 3.4. g

4. Numerical examples

In the above theorems, conditions referring to invexity, incavity or avexity of
functions are essential to ensure that efficient solution of the initial problem remains
efficient for the approximate problem and reciprocally. If those conditions are not
fulfill it is possible either that efficient solution of initial problem remains efficient for
the approximate problem (and reciprocally) or it does not remain efficient.

Example 4.1. Let the initial bi-criteria optimization problem (POO ’0> be:

. 2 2
min (— (ml—%’r) — (ng%”—l) ;*1'14’1172)
—x1 —sinx; +x2 <0
xr1 — 57‘” § 0
r1529 20
An efficient solution of problem (Pg’o) iszg= (5, 1+3%)eF.

Second order approximate functions for the constraints are:
1
G? (.’E) = 0t (370) + vgt (.’L'()) n ({)3'7 .’170) + 57] ('T7 xO)T Vggtn ((E, {L'O) 7t S {17 23 37 4}
Considering 7 (z, zg) = x — x9 we get:

1 2
G%(x):—xl—kmg—ki(xl—g) -1,

sm
2

Gg (x) = 21, GZ () = xa.

G2 (z) =21 —
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Consequently, the approximate problem (PQO ’0) is:

min( (xl—%’r)z (xg—%”— )2;—x1+x2)

—z1 + a2+ % (xl—g) —-1<0
LL’l—f<0
13w 20

Calculating the values of objective function for problem (PQO ’O) in

(T T e P anda= (2T T e
mo—(2,1+2>6}' andx—(4, 4—|—1 32>6}'
we obtain:
3nm 37w w2 5872 1473 gt 2
fl— —+1——=|={- + — 11— =
47 4 32 400 640 32 32
and

GeD)- ()

Because (— 55&) + %Io - g—;; 1- g%) < (—g—;, 1) it follows that xo = (5, 1+

not an efficient solution for approximate problem (P20 70).

) is

N

Example 4.2. Let’s consider the same initial problem as in Example 4.1. First order
approximations for the components of the objective function are

Fz} (x):fp($0)+vfp($0)77(337330)7 p€{172}
Considering 1 (z,z9) = & — ¢ we get:
T 9n? &

T
Fi(e)=—gn—gmt o5+

and
Fy () = —x1 + x2.
Approximate functions for the constrains are the same computed at Example 4.1.

Consequently the approximate problem <P21 ’1) is:

: s ™ 9?2 s
min (—3:51 - 5T2 + W + 55 —x1+ :EQ)

—T1+ T2+ 3 (xl—f) -1<0
x1_7<0
1‘1733220

Calculating the values for the objective function of problem (P21 ’1) in

m T 3r 3w w2
= (5. 1+5) e Panda= (5 S +1- 2
Zo (2 —|—2 € F7and x (4 4—|— 32>€.7-'
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we get that
3rm 37w 72 s ™
J o (LI Fl(f 1 f)
(4’ 4 + 32) 2’ +2

which proves that 2o = (3, 1+ %) is not an efficient solution for problem (P21 ’1>.

Example 4.3. Let’s consider the same initial problem as in Fzample 4.1. Second order
approximations for the components of the objective function are

F2 (2) = fy (20) + Y fy (20) 1 (,20) + 3 (,0)" 92y (@) (2, 70) , p € {1,2}.

Considering 1 (z,z9) = & — o we get:

2 2 2
-5 (-3 (1) e B
and

F22 (l’) = —I1 + T2.
Approximate functions for the constrains are the same computed at Ezxample 4.1.

Consequently the approximate problem <P22 ’2> is:

. 2 2 2 2

win (= (1= 5)° = 52 (02— 1-5) g~ Fua B + 5 v )
2

—r1+a22+5 (1 —%5) —1<0

ml—%go

z1322 20

Calculating the values for the objective function of problem <P22 ’2> in

s s 3r 37w 2
=(=,1 7) ande=(>; —+1—-— 2
Zg (2 —|—2 € F°and x (4 1 + 32>€f

we get that

3m 37w 72 ™ s
Jcl NI R F2<f 1 f)
(4’ 4 + 32) 2’ +2

which proves that 2o = (3, 1+ %) is not an efficient solution for problem <P22 ’2>.
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Book reviews

Boris S. Mordukhovich; Variational Analysis and Applications,
Springer Monographs in Mathematics. Springer, Cham, 2018. xix+622 p.
ISBN: 978-3-319-92773-2/hbk; 978-3-319-92775-6 /ebook.

Although variational principles in mathematical physics and mechanics were
known since the 18th century, variational analysis, in its current acceptance, is a
relatively new discipline. Its aim is to treat optimization and control problems via
perturbations, approximations and generalized differentiation of nonsmooth or set-
valued maps. As the author mentions in Preface, the first monograph dedicated to
variational analysis in finite dimensions is that by R. T. Rockafellar and R. J.B.
Wets, Springer 1998, where this very name was coined. The infinite-dimensional case
is treated at large in the impressive two-volume monograph of the author, Variational
analysis and generalized differentiation. 1: Basic theory (579 p), II: Applications (610
p), Springer 2006 (a review of these volumes is published in vol. 52 (2007), no. 1, of
the present journal).

The present book can be viewed as a companion to the two-volume monograph
mentioned above. The first 6 chapters of the book are dedicated to a presentation
of variational analysis in finite-dimensional spaces. This restriction allows to present
simplified proofs (ad usum Delphini) of the main results, being accessible to graduate
students in mathematics as well as to those in applied sciences and engineering. Each
chapter is completed by a consistent section of exercises containing further results,
including infinite dimensional ones. The most difficult of them are accompanied by
hints or references.

The contents of this part is well illustrated by the headings of its chapters:
1. Constructions of generalized differentiation; 2. Fundamental principles of varia-
tional analysis; 3. Well-posedness and coderivative calculus; 4. First-order subdiffer-
ential calculus; 5. Coderivatives of mazimal monotone operators; 6. Nondifferentiable
and bilevel optimization.

The second part of the book, Chapters 7 to 10, is dedicated to applications
of variational analysis to optimization and economics (in Ch. 10. Set-valued opti-
mization and economics), and to other domains. Here the topics are treated in full
infinite-dimensional generality, being addressed to researchers, graduate students and
practitioners. As the author mention in Preface:
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The results obtained demonstrate the strength of variational analysis
and dual-space constructions in solving concrete problems that may
not even be of a variational nature.

Again, each chapter ends with a large number of exercises. As the author men-
tions, the exercise sections (containing some open problems and conjectures as well)
play a crucial role in the organization of the book, providing the reader with a handy
reference source to the enormous material available in first-order variational analysis,
as well as with ideas for further research and developments.

Besides exercises, each chapter ends with a consistent section of Commentaries,
containing references for the results included in the chapter or to other related results.

The book is very well organized — besides the Subject Indez, it contains a List of
Statements and a Glossary of Notations and Acronyms. The rich bibliography counts
790 items.

In conclusion, written by an expert in the areas of variational analysis and op-
timization and based on his didactic experience, this is an excellent textbook. By the
wealth of information contained in the second part of the book and in exercises, it can
be also used by researchers in optimization theory and its applications as a reference
text.

S. Cobzasg
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