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Spectral characterization of new classes of
multicone graphs

Seyed Morteza Mirafzal and Ali Zeydi Abdian

Abstract. This paper deals with graphs that are known as multicone graphs.
A multicone graph is a graph obtained from the join of a clique and a regu-
lar graph. Let w, [, m be natural numbers and k£ is a natural number. It is
proved that any connected graph cospectral with multicone graph K., VmECPlk
is determined by its adjacency spectra as well as its Laplacian spectra, where
EC’Plk = ng 3k 3k Also, we show that complements of some of these mul-
ticone graphs arleualé‘zermined by their adjacency spectra. Moreover, we prove that
any connected graph cospectral with these multicone graphs must be perfect. Fi-
nally, we pose two problems for further researches.

Mathematics Subject Classification (2010): 05C50.

Keywords: Adjacency spectrum, Laplacian spectrum, DS graph.

1. Introduction

All graphs considered here are simple and undirected. All notions on graphs that
are not defined here can be found in [4, 5, 10, 12, 19]. Let I" be a graph with n vertices,
V(T') and E(T") be the sets of vertices and edges of T, respectively. The complement
of a graph T, denoted by T, is the graph on the vertices set of I" such that two vertices
of T, are adjacent if and only if they are not adjacent in I'. The union of (disjoint)
graphs I'; and I's is denoted by I'UT's, is the graph whose vertices (respectively, edges
) set is the union of vertices (respectively, edges) set of I'1 and I's. A graph consisting
of k disjoint copies of an arbitrary graph I' will be denoted by kI'. The join of two
vertex disjoint graphs I'y and I's is the graph obtained from I'; UT's by joining each
vertex in Iy with every vertex in I's. It is denoted by I'; 7 I's. Let I' be a graph with
adjacency matrix A(T"). The characteristic polynomial of ' is det(Al — A(T")), and
denoted by Pr(A). The roots of Pr(\) are called the adjaceny eigenvalues of A(T).
The eigenvalues and the spectrum of A(T') are also called the eigenvalues and the
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spectrum of I', respectively. If we consider a matrix L = D — A instead of A, where D
is the diagonal matrix of degree of vertices (in I'), we get the Laplacian eigenvalues
and the Laplacian spectrum, while in the case of matrix SL(G) = D(T')+ A(T"), we get
the signless Laplacian eigenvalues and the signless Laplacian spectrum, respectively.
Since both matrices A(T") and L(I") are real symmetric matrices, their eigenvalues
are all real numbers. Let A\;, Ag, . . . , As be the distinct eigenvalues of I' with
multiplicities my, ma, . . . , mg, respectively. We denote the adjacency spectrum of T’
by Spec(T') = {[A1]™, [A2]™2, ..., [As]™}. Two graphs T and A are called cospectral,
if Spec(I') = Spec(A). A graph T is said to be determined by its spectrum or DS
for short, if Spec(T') = Spec(A), follows that T' = A. About the background of the
guestion ”which graphs are determined by their spectrums?”, we refer to [15]. The
friendship graph F;, consists of n edge-disjoint triangles that all of them meeting in
one vertex, where n is a natural number (see Figure 1). The friendship (or Dutch
windmill or n-fan) graph F, is the graph that can be constructed by coalesencing n
copies of the cycle graph C3 of length 3 with a common vertex. By construction, the
friendship graph F,, is isomorphic to the windmill graph Wd(3,n) [11]. The friendship
theorem of Paul Erdos, Alfred Réyni and Vera T. S6s [12], states that graphs with the
property that every two vertices have exactly one neighbour in common are exactly
the friendship graphs. In [17, 18], it has been proposed that the friendship graph
is DS with respect to its adjacency spectrum. This conjecture studied in [2,8]. It
is claimed in [8] that conjecture is valid. In [7], it is proved that if T' is any graph
cospectral with F,, (n # 16), then I' & F,,. Abdollahi and Janbaz [3] precented a
proof in special case of this topic. They proved that any connected graph cospectral
with F,, is isomorphic to F,. Abdian and Mirafzal [1] characterized new classes of
multicone graphs. In this paper, we present new classes of multicone graphs that
friendship graphs are special classes of them and we show these graphs are DS with
respect to their spectra. The plan of the present paper is as follows. In Section 2,
we review some basic information and preliminaries. In Subsection 3.1, we show that
any connected graph cospectral with multicone graph K, v/ mEC’P/‘c (see Figures 1
and 2, for example) must be regular or bidegreed (Lemma 3.2). In Subsection 3.2,
we prove that any connected graphs cospectral with K,, 57 mECPF is determined by
its adjacency spectra (Theorem 3.4). In Subsection 3.3, we prove that complement
of Ky v mECPlk is DS with respect to their adjacency spectra (Theorem 3.7). In
Subsection 3.4, we show that graphs K, v mEC’Pf are DS with respect to their
Laplacian spectra (Theorem 3.8). In Subsection 3.5, we show that any connected
graph cospectral with multicone graph K, 7 mEC’Pl’C must be perfect. We conclude
with final remarks and open problems in Section 4.

2. Preliminaries

In this section, we give some facts that will be used in the proof of the main
results.
A walk of length m in a graph I'(V, E) is an alternating sequence:

v11102l2V3V, L Vi 41
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of vertices and edges that begins and ends with a vertex and has the added property
that [; is incident with both v; and v;41, where 1 <i<m+land1<j7<m .In
graph I'(V, E') a walk of length m is closed, if v1 = vy, 41.

Lemma 2.1. ([2,14]) Let T be a graph. For the adjacency matriz and Laplacian matriz,
the following can be obtained from the spectrum:
(i) The number of vertices,
(ii) The number of edges.
For the adjacency matriz, the following follows from the spectrum:
(#3i) The number of closed walks of any length.
(iv) Being regular or not and the degree of reqularity.
(v) Being bipartite or not.
For the Laplacian matrix, the following follows from the spectrum.:
(vi) The number of spanning trees.
(vit) The number of components.
(viii) The sum of squares of degrees of vertices.

Theorem 2.2. ([5]) If I'y is ri-reqular with ny vertices, and 'y is ro-regular with ng
vertices, then the characteristic polynomial of the join I'y \y I's is given by:
Pr, (A)Pr,(A)

PFlsz(/\) = m(()\ - 7“1)(/\ - 7“2) — nlng).

Proposition 2.3. ([5]) Let T — j be the graph obtained from T' by deleting the vertex
2

m af.
J and all edges containing j. Then Pr_;(A\) = Pr(A\) > iy “—, where m, oF; and

=1 N7 Mg

Pr(\) are the number of distinct eigenvalues of graph T', the main angle of T and the
characteristic polynomial of T'.

A graph is bidegreed if the set of degrees of its vertices consists of exactly two
distinct elements. Also, the spectral radius o(I") of I' is the largest eigenvalue of its
adjacency matrix A(T).

Theorem 2.4. ([3]) Let T be a simple graph with n vertices and m edges. Let 6 = §(T")
be the minimum degree of vertices of T' and o(T) be the spectral radius of the adjacency
matriz of I'. Then

0—1 d+1)2
o) < 2+\/2mn5+(+4).
FEquality holds if and only if " is either a regular graph or a bidegreed graph in which
each vertex is of degree either 6 orn — 1.

A t-multipartite graph of order n is K, .. p,, where by +...4+b; = n. D. Cvetkovi¢,
Doob and S. Simié [6] defined a generalized cocktail-party graph, denoted by GCP,
as a complete graph with some independent edges removed. A special case of this
graph is the well-known cocktail-party graph C'P(t) obtained from Ks; by removing
t disjoint edges.

Theorem 2.5. ([1]) A graph has exactly one positive eigenvalue if and only if its non-
isolated vertices form a complete multipartite graph.
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Lemma 2.6. ([1]) Let T’ be a connected non-regular graph with three distinct eigenvalues
0g > 61 > 0. Then the following hold:

(1) T has diameter two.

(ii) If 6y is not an integer, then T' is complete bipartite.

(#3i) 61 > 0 with equality if and only if T is complete bipartite.

(iv) Oy < —/2 with equality if and only if T is the path of length 2.

Proposition 2.7. ([12]) For a graph T, the following statements are equivalent:
(0) T is d-regular.
(ii) o(T") = dp, the average vertex degree.
(#ii) G has v = (1,1,...,1)* as an eigenvector for o(T).

Proposition 2.8. ([16]) Let T' be a disconnected graph that is determined by the Lapla-
cian spectrum. Then the cone over I', the graph A; that is, obtained from I' by adding
one vertex that is adjacent to all vertices of T', is also determined by its Laplacian
spectrum.

Lemma 2.9. ([13]) Let " be a graph on n vertices. Then n is Laplacian eigenvalue of
I' if and only if T" is the join of two graphs.

Theorem 2.10. ([13]) Let T' and A be two graphs with Laplacian spectrum Ay > Ay >
o> Apoand g > g > .. > iy, respectively. Then the Laplacian spectra of T and
I'syA aren—X1,n— )2y eeen—Ap—1,0 and n+m, m+ X1, ..., m+An_1,n+H1, ..., n+
Hm—1,0, respectively.

Lemma 2.11. ([12]) Let G # K be connected with Pr(A) = > a; A"~ and A = A\ <
i=0
A2 < ... < A\, = o(T), where Pr(X) is the characteristic polynomial of graph T' and \;
(1 <i<mn) is eigenvalue of T'. The following are equivalent:
(1) G is bipartite.
(ZZ) ag;—1 — 0 fOT all 1 S ) S {gw .
(’LZZ) >\z = —)\n+1,i fO’f' 1 S ) S n.
(i) o(T) = —A.

Moreover, m(\;) = m(—2\;), where m(\;) denote the multiplicities of \;.

3. Main results

In the following, we show that any connected graph cospectral with multicone
graphs K, v/ mECPl’“ are regular or bidegreed.

3.1. Connected bidegreed graph cospectral with multicone graphs K., v mECPF

Proposition 3.1. Let G be a graph cospectral with multicone graphs K, <7 mEC’Plk.
Then

m—1 Im—m - 1 _ — 1
SpeC(G)_{[O]<3kl_l>m7[_1]w_17[3’“1_3’“] 7[_31@] ’|:X+ );2—40:| 7|:X />§2 4@:| }7

where x = w — 1+ 31 — 3% and © = (w — 1)(3*1 — 3¥) — 3k lwm.
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Proof. By Theorem 2.2 and Spec(mECPF) = { (31 — 3k]m, [O]?’klm_lm, [—3k]lm_m}
the proof is completed. O

In the following, we show that any graph cospectral with a multicone graph
Ky, v mEC'Pl’C must be bidegreed.

Lemma 3.2. LetT" be a connected graph cospectral with multicone graph KmeECPlk.
Then T is bidegreed in which any vertex of T is of degree w — 1+ 3FIm or 3¥1 —3F +-w.

Proof. 1t is obvious that I" cannot be regular; since regularity of a graph can be
determined by its spectrum. By contrary, we suppose that the sequence of degrees of
vertices of graph I consists of at least three number. Hence the equality in Theorem 2.4
cannot happen for any d. But, if we put 6 = 3¥1—3* 4w, then the equality in Theorem
2.4 holds. So, I' must be bidegreed. Now, we show that A = A(I') = w — 1 + 3¥Im.
By contrary, we suppose that A < w — 1 + 3*Im. Therefore, the equality in Theorem
2.4 cannot hold for any §. But, if we put 6 = 3¥1 — 3% 4 w, then this equality holds.
This is a contradiction and so A = 3] — 3¥ + w. Now, § = 3*1 — 3¥ + w, since T is
bidegreed and I" has w + 3*Im, A = w — 1 + 3¥Im and
w+3%1Im
w(w — 1+ 3%Im) + 35 m(3%1 - 3F + w) = wA + 35 Im(3F - 3F +w) = > degu.
i=1

This completes the proof. O

3.2. Spectral characterization of connected graphs cospectral with multicone graphs
K1 vy mECPF.
In this subsection, we show that multicone graphs Kj v mEC’PIk are DS.

Lemma 3.3. Any connected graph cospectral with multicone graph K; </ mECPlk 18
isomorphic to Ky 5y mECPF.

Proof. Let I' be a graph cospectral with multicone graph K; v/ mECPl’“. Ifm=1
there is nothing to prove. Hence we suppose that m # 1 . It is obvious that in this
case I' cannot be regular. First we show that I' has one vertex of degree A = 3*Im
and 3¥Im vertices of degree § = 31 — 3¥ + 1. Let G has ¢ vertex of degree A = 3*Im.
Hence
1+3%Im
t35Im + (3¥im + 1 — 1)(3¥1 — 3* +1) = 3Mim + 3" im(3¥ 1 = 3* + 1) = )~ degu;
i=1

and so t = 1. Therefore, I' has one vertex of degree A = 3*Im, say j. It follows from
Proposition 2.3 that

Pr_j(A) = (A — pt3)™2(\ — pg) ™\ — pug) 3 tm—tm=1
x[0djF + a3,G + a3 H + oyl + a3, J],
where
F=(\—p2)(A—pz)(A— pa)(A— ps),
G = (A= )N = i) A = ) A = as),
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H = (A= p1)(A = p2)(A — pa) (A — ps),
I'= (A= pr)(A— p2) (A — pz)(A— ps),
J = (A= p1) (A= p2) (A = p3) (X = pua),

where

3k — 3k 4 \/(3kz — 35)? 4+ 4(2"1m)

M1 = 9 )

3k — 3k — \/(3kl — 35)% 4 4(2"Im)
H2 = 2 ’

ps = 31— 3% py = —3% and ps = 0.
It is clear that Pr_;(\) has 3¥Im roots. So, we have:
a+B+y+38—3" = —[(m —2)uz + (Im —m — 1)y,
a® + B2+ 92 + (371 = 3%)2 = 3FIm(3%1 — 3%) — [(m — 2)p2 + (Im — m — 1) 3],

o + B 497+ (351 = 3%)F = 6m(3%) (5) — [(m — 2)pi5 + (bm —m — 1)pud],

where «, 8 and 7y are the eigenvalues of graph I' — j. If we solve the above equations,
then we will have: « = —3%, 3 = 0 and v = 3*1 — 3. Therefore,

spec(F — ]) = {[31@1 _ 3k]m’ [O}Sklm,—lm,7 [_3]@} lmfm} .

Graph I' — j is regular and degree of its regularity is 3¥1 — 3*. It follows from Theorem
24 that ' — j = mK3k 3k and so G —j = mEC’Plk. Hence I' = K; v mEC’P/“.

ltimes

This follows the result. U

Up to now, we have shown that the multicone graphs K; vaCPlk are DS. The
natural question is; what happen for multicone graphs K,, \/ mEC’Plk? we answer to
this question in the following theorem.

Theorem 3.4. Any connected graph cospectral with multicone graph K,, </ mECPlk 18
isomorphic to K,, 7 mECP}.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to prove. Let
the claim be true for w; that is, if Spec(I'1) = Spec(K,, v mECPF), then Ty & K, 5/
mECPF, where Ty is a graph. We show that, if Spec(T') = Spec(Ky1+1 vV mECPF),
thenI' = K11 vaCPlk, where I' is a graph. By Lemma 3.2, Theorem 2.4, Lemma
2.1 (4#7) and in a similar manner of Lemma 3.3 for T’ — j, where j is a vertex of degree
w + 3¥Im belonging to I', we obtain Spec(I" — j) = Spec(K,, 7 mECP}). Therefore,
the assertion holds. 0

In the following, we give another proof of the above theorem.
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FIGURE 1. Multicone graph Ky 7 2EC P}

Proof. Let I" be a connected graph cospectral with multicone graph K,, v mECPlk.
By Lemma 3.2, T has subgraph L in which degree of any vertex of L is w — 1+ 3*Im.
In other words, I' = K,, v H, where H is a subgraph of I'. Now, we remove the
vertices of K,, and we consider 3*Im another vertices. Consider H consisting of these
3*Im vertices. H is regular and degree of its regularity is 3*1 — 3* and multiplicity of

3F] — 3% is m. By Theorem 2.2, Spec(H) = {[3]% — 3", [O](?’kl*l)m7 [—3] (l_l)m}.

Now, it follows from Theorem 2.5 that Spec(H) = Spec(mECP}). This implies the
result. O

Corollary 3.5. Any connected graph cospectral with multicone graph
Ky, v mECPF = K,, 7 mKs

is DS with respect to their adjacency spectrums.
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FIGURE 2. Multicone graph K v 2ECP}

3.3. Some complements of multicone graphs K, v/ mECPlk are DS with respect to
their spectra.

In this subsection, we show that the complement of multicone graphs K, v mEC P}

are DS with respect to their adjacency spectrum.

Proposition 3.6. Let I' be cospectral with complement of multicone graphs K,, 7
mEC’Plk‘ Then

Spec(T) = {[3klm R gk 1], ()@ D gk g [0]“’} .
Proof. Straightforward. 0

Theorem 3.7. The complement of multicone graph K., 7 ECPF are DS with respect
to their adjacency spectrum.

Proof. The proof of this theorem is the similar of Theorm 5.2 of [1]. Let

Spec(I') = Spec(K,, v ECP}F) = {[—1}(3k_1)l, (3% — l}l, [O]“’} :
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If I = 1, by Lemma 2.1 ((i), (ii) and (iii) ) the proof is clear (Also, by Theorem 2.5
the proof follows). Hence we suppose that [ # 1. It is easy to see that I' cannot be
regular, since regularity of a graph can be determined by its spectrum. By contrary,
we suppose that I' is connected. So, we from Lemma 2.6 and Lemma 2.11 conclude
that £k =1 = 1. This is a contradiction. Hence I' = 'y UT's U ... UT', where I'; is a
connected component of I' and 1 < s < h. Now, we show that I'y cannot have three
distinct eigenvalues. By contrary, we suppose that I'; has three distinct eigenvalues.
In this case, if we also suppose 'y is non-regular, then it follows from Lemma 2.6 that
I's is a complete bipartite graph. Hence | = k = 1. This is a contradiction. Therefore,
if T's has three distinct eigenvalues, then it must be regular. Now, it follows from
Theorem 2.5 that I'y = KL 1.1 > Ksi. This is a contradiction. So, I'y cannot
———

3k times
have three distinct eigenvalues. Therefore, it has one or two eigenvalue(s). Hence,
any connected component of I' is either isolated vertex or a complete graph. Hence
I' 2 wK; UlKjzk. This follows the result. d

3.4. The multicone graphs K,, \y mFE C’Plk are determined by their Laplacian spectra

In this subsection, we show that any graph cospectral with multicone graph
Ky v mEC’PIk is DS with respect to its Laplacian spectrum.

Theorem 3.8. Multicone graphs K,, 7 mECPZk are DS with respect to their Laplacian
spectrum.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to prove.
Let the claim be true for w; that is,

Spec(L(H)) = Spec(L(K,, v mECPF)
- { [35m + w]", )™, [351 = 3% + ] T 3R 4 w] ™ [011}

follows that H = K,, Vv mECPF. We show that the problem is true for w + 1; that
is, we show that

Spec(L(G)) = Spec(L(Kys1 7 mECPF))
k m—im m—m
- {[3kzm+w+1}“*1, w+ 1) [38-3F 4w+ 117 T 3w 1] T, [0}1}
follows that G = K41 7 mECPF. It follows from Lemma 2.9 that H and G are the
join of two graphs. On the other hand,
Spec(L(K, 7 H)) = Spec(L(G)) = spec(L(Kyy1 7 mECPF)).

Therefore, we must have G = K; sy H. Because, G is the join of two graphs and also
according to spectrum of G, must K7 be joined to H and this is only available state.
This completes the proof. O

Corollary 3.9. Multicone graphs K,, 7 mECPF = K, 7 mKsx are DS with respect
to their Laplacian spectrums.



284 Seyed Morteza Mirafzal and Ali Zeydi Abdian

3.5. Some results about multicone graphs K, v/ mECPlk

In this subsection, we show that any graph cospectral with multicone graph K,,s/
mECPlk must be perfect. Also, we prove that any graph cospectral with multicone
graph K, v mECPl’“ with respect to Laplacian spectrum is perfect. In addition, we
show that any graph cospectral with complement of multicone graph K, v mECPl’C
is perfect.

Suppose x(T') and w(T") are chromatic number and clique number of graph G,
respectively. A graph is perfect if x(H) = w(H) for every induced subgraph H of T.
It is proved that a graph G is perfect if and only if I' is Berge; that is, it contains
no odd hole or antihole as induced subgraph, where odd hole and antihole are odd
cycle, Cy, for m > 5, and its complement, respectively. Also, in 1972 Lovész proved
that, a graph is perfect if and only if its complement is perfect (see [22] of [2]). Now,
by Theorem 3.4, Theorem 3.7, Theorem 3.8 and by what was said in the previous
sections we can conclude the following results.

Theorem 3.10. Let graph T be cospectral with multicone graph K, <y mECPF. Then
I' and T are perfect.

Proof. By what was said in the beginning of this section and Theorem 3.4 the proof
is completed. O

Theorem 3.11. Let I' be a graph and Spec(L(T)) = Spec(L(K,, 57 mECPF)). Then T’
and T are perfect.

Proof. The proof is straightforwad. O

Theorem 3.12. Let I be a graph and Spec(T') = Spec(K,, v mECPF). Then T and T
are perfect.

Proof. 1t is obvious. O

In the following, we pose two conjectures.

4. Final remarks and open problems

In this paper, we have shown any connected graph cospectral with multicone
graph K, VmECPlk is DS with respect to its spectra. Also, we have shown in special
cases complement of these graphs are DS. In addition, we have proved any connected
graph cospectral with these graph is perfect. On the other hand, It is obvious that, F;,
are special classes of multicone graphs K,, 7 mEC PF(one can also consider k = 0).
In addition, F),, are DS with respect to:

(7) Their adjaccency spectrum (if n # 16).

(#4) Their Laplacian spectrum.

(ii7) Their signless Laplacian spectrum. Also, F,, are DS with respect to their
adjacency spectrum, where n # 2.

Hence we pose the following conjectures.

Conjecture 4.1. Multicone graphs K, vaCPlk are DS with respect to their signless
Laplacian spectrum.
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Conjecture 4.2. The complement of multicone graphs K,, 7 mEC’Plk are DS with
respect to their adjacency spectrum.
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Uniquely clean 2 x 2 invertible integral matrices

Dorin Andrica and Grigore Calugareanu

Abstract. While units in any unital ring are strongly clean by definition, which
units are uniquely clean, is a far from being simple question, even in particular
rings. In this paper, the question is solved for 2 x 2 integral matrices. It turns

out that uniquely clean invertible matrices are scarce: only the matrices similar

1 . . . o .
to 0 f)l } The study is splitted into three cases: the elliptic, the parabolic
and the hyperbolic cases, according to the discriminant of their characteristic

polynomial. In the first two cases, units are not uniquely clean.
Mathematics Subject Classification (2010): 15B36, 16U99, 11D09, 11D45.

Keywords: Clean, uniquely clean, class number, Diophantine equation, reduced
matrix.

1. Introduction

Let R be a ring with identity. An element r € R is called clean if r = e + u
with idempotent e and unit w. It is called uniquely clean if it has only one clean
decomposition, and strongly clean if the components of the decomposition commute.

Clean elements which use trivial idempotents (hereafter called trivial clean) are
obviously strongly clean. That is, units and sums 1+« with unit u are strongly clean.

However, when are such elements (also) uniquely clean turns out to be a difficult
question even for particular unital rings.

In this paper we give a complete answer to this question for R = My (Z), that is,

we show that only matrices U (with determinant —1 and trace 0) similar to [ (1) _01 }

are uniquely clean invertible 2 x 2 integral matrices.

Since units already have the (strongly) clean 0z-decomposition, a unit U €
M (Z) is uniquely clean iff U is not nontrivial clean and U — I5 is not a unit. Notice
that det(U — Iy) = det U — Tr(U) 4+ 1 and so

Lemma 1.1. Suppose U is a unit. Then
(a) for detU =1, U — I5 is a unit iff Tr(U) € {1,3}, and
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(b) for detU = —1, U — Iy is a unit iff Tr(U) € {£1}.

Any 2x2 integral matrix U has a characteristic polynomial X2—Tr(U)-X +det U,
whose discriminant is A = Tr*(U) — 4 det U.

If U is a unit, then detU € {£1}. In what follows we separately deal with
the elliptic, parabolic and hyperbolic cases according to A < 0, A =0and A >0
respectively.

Definition 1.2. Two 2 x 2 matrices A, B over any unital ring R, are similar (or
conjugate) if there is an invertible matrix U such that B = U~ AU. Since similarity
is obviously an equivalence relation, a partition of Msy(R) corresponds to it. The
subsets in this partition are called similarity classes.

Such classes may consist only in one matrix, for instance, Oy respectively I5. So
is every scalar matrix (since it belongs to the center), and generally, a matrix A forms
a singleton class iff AU = U A for every invertible matrix U.

If A is idempotent (or unit) and B is similar to A then B is also idempotent
(respectively unit). This similarity invariance clearly extends to clean matrices and
it also restricts to uniquely or strongly clean matrices, respectively. Rephrasing, the
notions of clean, uniquely clean and strongly clean are similarity invariants. So is the
clean index.

Further, recall that for R = Z, if f(t) = t"+a1t" "' +...+a,, is irreducible in Q[¢]
and w is a root of f(¢) = 0 then, according to Latimer and MacDuffee theorem (see e.
g. [7]), in the elliptic case, there is a one-to-one correspondence between ideal classes
in the ring of integers of the field Q[w] and Z-similarity classes of n x n matrices A of
integers which satisfy f(A) = 0. The common number is (finite and called) the class
number of Z]w].

The answer to our question above amounts to several results from Number The-
ory related to (positive) quadratic forms. However, it was not necessary to use such
results because of the transfer done directly to similarity classes of integral 2 x 2
matrices done in Behn, Van der Merwe paper (see [4]). From this paper we recall the
following definitions and results.

a b
d
is reduced if |d — a] < ¢ < —b and, d > a if at least one is equality, i.e. |d — a|] = ¢

or ¢ = —b. Notice that if |d — a| < ¢ < —b then [ (Cz Z } and [ Ccl Z ] are different

Definition 1.3. A 2 x 2 integral matrix A = ] with A = Tr(A4)? —4det(A4) < 0

reduced matrices.

An integral matrix A = { @ b ] with A = Tr?(A) — 4det(A) > 0 but not a

c d

square in Z is reduced if ¢ > 0 and ‘\/Z — 2(:‘ <d—a< VA,

If A is a square (e.g. det(A) = 0), that is, the characteristic polynomial of the
matrix factors over the integers, say, f(z) = (z — a)(x — d), where a > d, then, for

a # d the matrix is reduced if 0 < b < a —d, and, for a = d, if b > 0. While

a b
0 d
our results are up to a similarity, in this case it is sufficient to define upper triangular
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reduced matrices because, if f(z) = (z — a)(z — d) (and a > d) then A is similar to a

matrix {8 Z}With0<b<|a—d|,andf0ra:d,withb>0.

For integers =, y and y # 0, r(z,y) will denote the unique integer such that
r=x mod 2y and —|y| < r < |y| if [y| > VA, and VA —2|y| < r < VA if |y| < VA.

Theorem 1.4. ([4], Theorem 3.3) Consider matrices in Mo(Z) with a fixed trace and
determinant and A = Tr*> — 4 det < 0. Then there is precisely one reduced matriz in
each matriz class.

Theorem 1.5. ([4], Theorem 5.2) Let M € Mo(Z), and assume that the characteristic
polynomial of M factors over Z. Then M is equivalent to a reduced matrixz. More-
over, this class representative is unique thus no two different reduced matrices are
equivalent.

Theorem 1.6. ([4], Theorem 4.8) Consider all matrices A in Mqo(Z) with a fized trace
and determinant. If A = Tr*(A) — 4det(A) > 0 is not a square in Z then there is
precisely one cycle of reduced matrices in each matriz class. Thus for each matrix class
there is a matriz Z Z ] in the class and a positive integer n such that P { Z Z }
for 0 < i <n are all the reduced matrices in the class and

nt1la b | | a b
P { c d ] o { ¢ d } ’
where P denotes a reduction operator on the matriz, namely a conjugation with

0 -1 ‘ ) 0 1 . _rla—d,b)+d—a
{1 _n],zf—b>0andwzth[l n},sz>0,wheren— % .

Finally recall the following characterization (partly hidden in [2]).

Theorem 1.7. A 2 x 2 integral matriz A = [ Ccl d ] is nontrivial clean iff the system
P +rt+yz=0 (1.1)
(a —d)x +cy+bz+det(4) —d=+£1 (1.2)

with unknowns x,y, z, has at least one solution over Z. If b # 0 and (1.2) holds, then
(1.1) is equivalent to

be? — (a — d)zy — cy® +bx + (d — det(A) £ 1)y = 0. (1.3)

The equation (1.3) is a quadratic Diophantine equation in z an y, and its type
(elliptic, parabolic, or hyperbolic) is defined by its discriminant ([3, p.119-120]). In
our case we have A = (a — d)? 4 4bc = Tr*(A) — 4 det(A).
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2. The elliptic case

Theorem 2.1. Units in the elliptic case are not uniquely clean.

Proof. First notice that in this case, Tr*(U) — 4detU < 0. This happens only if
detU = 1 and Tr*(U) < 4.

Hence units U in the elliptic case have detU =1 and Tr(U) € {—1,0,1}. Com-
paring with Lemma 1.1, for detU = 1 only Tr(U) € {—1,0} are suitable. Therefore
we go into 2 cases.

(i) If Tr(U) = —1, the characteristic polynomial for such matrices is X2+ X + 1.

Such matrices are of form
—a—1

U[Z b } (2.1)

with a(a + 1) + be = —1. The discriminant A = Tr*(U) — 4det(U) = —3 which has
class number 1 (see e.g. [5], p. 229).
To find the reduced matrix it suffices to reduce any representative of this simi-

larity class, say [ g :g } . All matrices of type (2.1) are (not) uniquely clean iff the
reduced representative is so. This is (see [4], p. 7) _11 _01 and it is readily seen

that this matrix is not uniquely clean. It has 3 nontrivial clean decompositions:

1 o], [—2 1] _[oo0] [-1 -1]_To0 —1] [-1 0
0 0 1 0 111 0 —-1] |0 1 1 =11
Hence the matrices of type (2.1) are not uniquely clean.
(ii) If Tr(U) = 0, by Cayley-Hamilton theorem, U2 + Iy = 0y, i.e. U? = —I and

SO
a b

for integers a, b with b a nonzero divisor of a? + 1.
Again, the discriminant A = Tr*(U) — 4det(U) = —4 which has (also) class
number 1, and we argue as in the previous case. The reduced representative of this

1 0
Alternatively, it suffices to notice that matrices with b € {£1} in this class, are
not uniquely clean:

a == O 1 0 n a—1 +1
F@®+1) —a | | Fa 0 Ta’l+aFl —a
| 0 0 n a +1
T +a 1 Fl@*+a+1) —a—1 |

This includes the reduced representative above. O

similarity class is [ 0 -1 }
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3. The parabolic case

A unit u is called unipotent if v = 1 + ¢ with nilpotent ¢. The units, in the
parabolic case, are precisely the unipotents (including I5) and negatives of unipotents.

Indeed, in this case we have detU = 1 and Tr(U) € {—2,2}. The characteristic
polynomial is now X2 £2X + 1 = (X +1)? and so by Cayley-Hamilton theorem, we
have to consider two cases: either (U — I3)? = 0g, i.e., U = Iy + T is unipotent (with
nilpotent T'), or else (U + I5)? = 0y, i.e., —U = I, — T is unipotent.

Since we intend to prove that units in the parabolic case are not uniquely clean,
in the proof of the next theorem, we deal with the first case, i.e. det = 1 and Tr(U) =

—2. Matrices in this case are of form [ Z _ab_ 9 ] with a(a + 2) + bc = —1, i.e.

be = —(a + 1)2. The discriminant is now A = Tr?*(U) — 4det(U) = 0. The proof in
the second case is analogous.

Theorem 3.1. Units in the parabolic case are not uniquely clean.

Proof. The proof follows the same lines as the proof of Theorem 2.1. The characteristic
polynomial for such matrices is (X — 1)2, so factors over Z and it suffices to deal with

. o -1 1 . .
the reduced representative, which is now V = [ 0 —1 } (we just use the algorithm

1

described by [4], in the proof of Theorem 1.5, for example for [ 1 9

).t

V =

n+1 n?+n i -n—2 —n?2-n+1
-1 -n 1 n—1

for every integer n (infinite clean index) is not uniquely clean, and nor are all units
in the parabolic case. O

4. The hyperbolic case
Theorem 4.1. The only units in the hyperbolic case which are uniquely clean are the

. o 1 0
matrices similar to [ 0 —1 }
Proof. We have to distinguish two cases.

1. For a unit U we have det(U) = —1.

Here also we go into 2 subcases.

(i) Tr(U) = 0. In this subcase A = 22 is a square, the characteristic polynomial
factors over Z (i.e. X2 —1 = (X — 1)(X + 1)) and the proof follows the same lines

as in the parabolic case. Again it suffices to deal with the reduced representatives

. 1 0 1 1
which are now S = { 0 -1 } and T = { 0 1
Theorem 1.7) are 2z = £1, with no integer solutions, this unit has no nontrivial clean
decomposition. Since S — I is not a unit, we deduce that S is indeed a uniquely clean

matrix. So are all matrices similar to S.

} . Since for S, equations (1.2) (see
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Hence all units (with det(U) = —1 and Tr(U) = 0) similar to [ (1) _01 } are

uniquely clean.

Notice that not all units U with det(U) = —1 and Tr(U) = 0 are uniquely clean.
Indeed, the matrices similar to 7" have nontrivial clean decompositions and so, are
not uniquely clean. An example:

R PRI |

is a nontrivial clean decomposition. 4).

(ii) Tr(U) # 0. In this subcase A = Tr?(U) — 4 det(U) = Tr?*(U) 4+ 4 > 0 is never
a square over Z (otherwise 2 would be component of a Pythagorean triple) and we
use Theorem 1.6. In doing so, notice that it suffices to show that any reduced matrix
(from the cycle) in any given similarity class is not uniquely clean. Denote Tr(U) = t.
If ¢ > 0 then a reduced representative is

0 1
Wt - |: 1 t :| ’
which is not uniquely clean since
1t -1 1-—t
Wi = |: 0 0 ] + |: 1 ¢ ] .
If t < 0, a reduced representative is

t 1
also not uniquely clean, having a symmetric nontrivial clean decomposition.
2. For a unit U we have det(U) =1 and |Tr(U)| > 2.

Here A = Tr*(U) —4 det(U) = Tr*(U)—4 > 0 is never a square over Z (otherwise
2 would be component of a Pythagorean triple) and we use Theorem 1.6. We argue

-1 ],ift>2

as in the previous subcase: now a reduced representative is [ 1 t—9

t+2 -1
and { 1 0
decomposition for the first is

1 t—4 “1 —t+3
[0 0 ]*[1 t—Q}’

} , if t < —2. Both are not uniquely clean. Indeed, a nontrivial clean

and is

for the second. O

Therefore, the final conclusion of our paper is
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Theorem 4.2. An invertible 2 x 2 integral matriz U is uniquely clean iff it is similar

to [ L0 }, i.e., there exists a unit K such that

0 -1
10
KU_[O 1}1{.

Acknowledgement. Thanks are due to the referee whose careful reading and sugges-
tions improved this paper.
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Finite valuated groups as modules over their
endomorphism ring

Ulrich Albrecht

Abstract. This paper discusses the structure of a finite valuated p-group when
viewed as a module over its endomorphism ring. A category equivalence between
full subcategories of the category of valuated p-groups and the category of right
modules over the endomorphism ring of A is used to investigate the interac-
tion between this module structure and homological properties of the underlying
group. Examples are given throughout the paper.

Mathematics Subject Classification (2010): 20K30, 20K40, 20K 10.

Keywords: Valuated p-group, endomorphism ring, Ulmer’s theorem, projective
module.

1. Introduction

Consider a prime p and a p-local Abelian group G. A wvaluation v on G assigns
a value v(g) to each g € G which is either an ordinal or co subject to the rules

i) v(pz) > v(z) for all z € G where co > oo,

ii) v(xz +y) > min{v(x),v(y)} for all z,y € G, and

iii) v(nz) = v(x) whenever n and p are relatively prime [11].
The third condition is redundant whenever G is a p-group. The valuated p-local
groups are the objects of the category V, studied extensively by Hunter, Richman
and Walker (e.g. see [7], [8] and [11]). A group homomorphism « : (G,v) — (H,w) is
a Vp-morphism if w(a(z)) > v(x) for all z € G, and we write a € Mor(G, H) in this
case. The category V), is pre-Abelian, i.e. all maps have kernels and cokernels. While
the kernel and cokernel of a V,-map G — H are its kernel and cokernel in the category
Ab of Abelian groups, their valuations are induced by those on G and H respectively.
Consequently, monomorphisms and epimorphisms need not be kernels and cokernels;
and V), is not Abelian. Finally, the forgetful functor 7 : V, — Ab strips a valuated
group (G, v) of its valuation.
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In this paper, all valuated groups are assumed to be finite valuated p-groups.
Although the group structure of a finite valuated p-group is well understood, the
addition of a valuation directly impacts its homological properties. In addition, Arnold
discovered a surprising connection between finite valuated p-groups and torsion-free
Abelian groups of finite rank in [3] by demonstrating that representation theory can
be used to investigate finite rank Butler groups as well as finite valuated p-groups.
Moreover, both classes of groups are equally difficult to describe.

This paper follows Arnold’s approach by investigating valuated p-groups using
tools which have traditionally been used in the discussion of torsion-free groups of
finite rank. For instance, homological properties of Abelian groups A of finite torsion-
free rank have been successfully studied by viewing A as a left module over its endo-
morphism ring. This paper extends this approach to finite valuated p-groups by con-
sidering such a group A as a module over its V,-endomorphism ring R = Mor(4, A)
and by studying how this module structure affects the homological properties of A.
Section 2 focuses on the case that A is projective as an R-module, while Section 3
considers the case that R has specific ring-theoretic properties.

2. Valuated p-Groups Projective as R-modules

A finite valuated p-group A-free if it is isomorphic to A" for some n < w, and
A-projective if it is a Vp-direct summand of an A-free group. Since A is a left R-
module, H4 = Mor(A, —) can be viewed as a functor from V, to the category Mg
of right R-modules, with the property that H(P) is free (projective) if P is A-free
(A-projective).

We begin our discussion with a few technical results. If « is a kernel in V,,, then
a = ker(coker(a)) [12]; and a similar result holds for cokernels. However, composition
of kernels (cokernels) in V, need not be kernels (cokernels) [10]. Therefore, the usual
homological constructions may not carry over from Abelian categories. Nevertheless, it
is still possible to develop a homological algebra for pre-Abelian categories as Yakovlev
showed in [14].

Lemma 2.1. Let A, B and C be valuated p-groups. If o € Mor (A, B) is an epimorphism
and 5 € Mor(B,C) such that Ba is a cokernel of a V,-map §, then B is a cokernel
for aé.

Proof. Suppose that ¢ satisfies pad = 0. Since PBa is a cokernel for d, there is a
map v such that ¥fa = ¢a. Because « is an epimorphism, ¢ = 3. Since 3 is an
epimorphism, v is unique with this property. U

A sequence A 5 B 2 © of valuated p-groups is is left-exact if « is a kernel for
B, and right-exact if 3 is a cokernel for a. It is ezact in V, if a is a kernel for 5 and
B is a cokernel for « [11]. The functor H4 : V, — Mp is left-exact since

Ha(a)

0= Ha(U) "2 Hu(B) "D Ha(0) (v)
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is an exact sequence of right R-modules whenever
0-U-%B-2C

is a left-exact sequence of valuated p-groups.
Consider the functor t4 : Mr — Ab defined by t4 = — ®g A for all M € Mp.
If F is a free right R-module with basis {x; | ¢ € I}, then

v(Bierx; ® a;) = min{v(a;) | i € I}

defines a valuation on t4(F'), and the resulting valuated group is denoted by T4 (F)
[1]. To define a valuation on ¢4 (M) for an arbitrary right R-module M, we choose a
free resolution

- m 2o
of M. Applying t 4 induces an exact sequence

Ta(Fy) 2 14(Fy) 2B t4(M) = 0
where t4(a) is a V,-map, which we denote as T4 (), by [1]. Since V, is pre-Abelian,
there is a unique valuation v on t4(M) such that t4(8) becomes the V,-cokernel of
Ta(a) [11]. We define T4 (M) = (ta(M),v), and observe t4 = FT4. The next result
summarizes the basic properties of T4 which were established in [2, Section 2J:

Theorem 2.2. [2] Let A be a finite valuated p-group.

a) Ta: Mpr —V, is a right exact functor.

b) The evaluation map g : TAHA(G) — G defined by 0g(a ® a) = ala) is a
natural Vp-map for all valuated p-groups G such that 0p is an isomorphism for
all A-projective groups P.

c) The natural map ®pr : M — Hom(A,Ta(M)) defined by [Pp(z)](a) = 2 @ a
is a natural transformation such that Op, vnTa(®nr) = 1,y for all right R-
modules M. Moreover, ®p is an isomorphism for all finitely generated projective
right R-modules P.

An epimorphism G — H of valuated p-groups is A-balanced if the induced map
Ha(a) : HA(G) — Ha(H) is onto. A valuated p-group G is weakly A-generated if we
can find an A-balanced epimorphism

oA a0

for some index-set I. It is A-generated if 8 can be chosen to be a cokernel in V.
Although there is no need to distinguish between A-generated and weakly A-generated
objects in an Abelian category, it is necessary to do this in the pre-Abelian case as
was shown in [2].

A valuated p-group G is A-presented if there is an exact sequence

0—-U—-F—-G—=0

of valuated p-groups such that F' is A-free and U is weakly A-generated. If this
sequence can be chosen to be A-balanced, then G is called A-solvable. A valuated
p-group G is A-presented if and only if G = T4 (M) for some right R-module M.
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Moreover, it is A-solvable if and only if 6 is an isomorphism [2]. In particular, every
A-projective group is A-solvable.

In a pre-Abelian category like V,, neither the 5-Lemma nor the Snake-Lemma
need to hold [11]. The next result is frequently used in this paper as a substitute for
the 5-Lemma throughout this paper:

Lemma 2.3. Let A be a finite valuated p-groups. If 0 — U = H LG5 0isa
Vp-ezact sequence such that Oy is an isomorphism, then there exists a commutative
Vp-diagram

TAHA(U) 222290 gy 22228 o) —— 0

. o I
0 U e, H 2, ¢ ——0

with Vp-exzact rows in which M = imH(8) C Ha(G) and 0 : Tao(M) — G is the
evaluation map. Moreover, 0 is a cokernel, and 6 = 0cTA(t) where v : M — Hx(G)
is the inclusion map.

Proof. Since H 4 is left-exact, every exact sequence

0-U-5HL5650

of valuated groups induces an exact sequence

0 — Ha(U) ™2 1y (1) 29 M o 0

of right R-modules where M = im(H(p)) is a submodule of H(G). By Part a) of
Theorem 2.2, the induced sequence

TaHAU) Y 1y 1, (1) Ta(M) =0
is right exact. Part b) of same result yields that 6y and 6g are V,-maps, and the
commutativity of the diagram follows directly. Since T'4(¢) is a V,-map by another
application of Theorem 2.2, the same holds for § = T'4(¢)f¢. Using the fact that 6y
is a V,-isomorphism, we obtain 8[T4(3)05'] = 8. Because T4 (f) is a cokernel, 6 is a
cokernel by Lemma 2.1. O

TAE)(ﬁ)

Ulmer described the objects of an Abelian Groethendick category which are flat
over their endomorphism ring [13]. When discussing the validity of Ulmer’s result in
Vp, one immediately realizes that his original arguments need to be modified exten-
sively because this category is only pre-Abelian. In particular, we want to remind
the reader that a finite valuated p-group is flat as an R-module if and only if it is
projective.

Theorem 2.4. The following conditions are equivalent for a finite valuated p-group A:

a) A is projective as a left R-module.

b) Whenever ¢ € Mor(A™, A) for some n < w, then ker ¢ is weakly A-generated.

c) Whenever ¢ € Mor(G, H) for A-solvable valuated p-groups G and H, then ker ¢
is weakly A-generated.
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Proof. a) = ¢): For K = ker ¢, consider the exact sequence

0— Ha(K) — Ha(G) -2 M =0

of right R-modules in which M = im(H4(¢)) is a submodule of H4(H). Let ¢ denote
embedding M C H4(H). By Proposition 2.3, we obtain a commutative diagram

0 — s TaHA(K) —— TaHA(G) 2229 1oy —— 0

s zle@,c le

0 —— K — G . H
of V,-maps whose top-row is right exact in V,. Moreover, it is exact in .Ab since A
is projective as a left R-module. Using the projectivity of A once more yields that
T4(¢) is a monomorphism, and the same holds for § = 05T 4(¢) since H is A-solvable.
Thus, 0 is an isomorphism of Abelian groups. Because the 3-Lemma is valid in Ab,
we obtain that 6 is an epimorphism in .Ab, and hence in V.

Since ¢) = b) is obvious, it remains to show b) = a):

It suffices to establish that the inclusion map ¢ : I — R induces a monomorphism
ta(t) i ta(I) — ta(R) of Abelian groups for all right ideals I of R. Since R is finite,
I={ry,...,r,}. We define a map ¢, : F = R™ — I by ¢1(e;) = r; where {eq,...,e,}
is an R-basis of F. Set ¢ = 11 : FF — R. By b), the kernel K of the V,-map
Ta(p) : Ta(F) — Ta(R) is weakly A-generated. Since A is finite, we can select a
finite A-projective group P and an A-balanced epimorphism A : P — K. Because

0= K — Ta(F) 29 7,(R)
is Vp-exact, the induced sequence
HaTa(9)
O—)HA(K)*)HATA(F) — HATA(R)

is exact. Combining this sequence with H4(\) yields that the top-row of the commu-
tative diagram

Ha(P) a4l HTa(F) HaTa @), HAT4(R)
ZTq)F ITq)R
F LN R

of right R-modules is exact. In view of ¢(F) = I, the diagram gives us the exact
sequence

—1
(B) Ha(P) ™D Haa(F) 25 150

of right R-modules. Since 07, n)Ta(Pr) = 1r, ) for all right R-modules M, we

obtain 7, (x) = TA(<I>;(1) for all finitely generated projective right R-modules X.
Hence,

Ta(9)0r,(ry = Ta(¢p@5") = Ta(@R" HaTa(¢)) = 01, (my TaHaTa(9).

Because of this and Theorem 2.2, an application of T4 yields the commutative diagram
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TaHA(N) TaHATA(
IR

TAHA(P) TAHATA(F) Dy TyHATA(R)

ll@p llgTA(F) ZJVGTA(R)

P A TR Tal0), TA(R)

of Abelian groups. Since it suffices to show that ¢4(¢) is a monomorphism of Abelian
groups, our computations are done from this point only in Ab instead of in V,. In
particular, we use the fact that the Vp-kernel of a map is its kernel in Ab with a
valuation added. The symbols t 4 and T'4 can be used interchangeably when computing
in Ab.

Observe that the bottom row of the last diagram is exact at T4 (F') as a sequence
of Abelian groups by the choice of P and . Since the vertical maps are isomorphisms,
the top-row is exact at T4 HaT4(F'). Moreover, (F) induces the exact sequence

TaHA(P) AN 1y 1T (F)

of Abelian groups. Therefore, the map TA(qSlq);l) is a cokernel in Ab for the left
top-map TAH4(X). On the other hand, the projection
T TA(F) -G = TA(F)/K

is a cokernel of A in Ab. Hence, there is an isomorphism o : Ty(I) = t4(I) — G of
Abelian groups such that 707, p) = 0Ta(¢1®5"). Since the bottom row of the last
diagram is exact at T4 (F'), there is a map 7 : G — T4 (R) with 77 = T4 (¢) using
the exactness of the bottom row of the last diagram once more. For g € ker 7, select
x € Ty(F) with w(z) = ¢g. Then 0 = 7n(z) = Ta(¢)(z) yields x = A(y) for some
y € P. Hence, g = mA(y) = 0, and 7 is a monomorphism.
Because HAT A(¢1)Pr = P11, we have
07, (R)TAHATA()TA(®1)Ta(d1) = b1, (R)TAHATA()TAHATA(d1)Ta(PF)
= Or,R)TaHATA()TA(PF)
= Ta(9)0r, () Ta(PF)
= T’/TQTA(F)TA((I)F)
= 70TaA(1®5")Ta(®PF)
= 710Ta(¢1).

Since T'4(¢1) is an epimorphism, we obtain that

9TA(R)TAHATA(L)TA(‘I)[) =T0

—1
S (1) = 0

is a monomorphism since the maps on the right are monomorphisms, and the same
holds for

TA(CI)R)tA(L) = TAHATA(L)TA((I)I)
using the fact that T4 (R) = A. Because T4 (Pg) is an isomorphism, ¢ 4(¢) is one-to-one
as desired. O

For a finite p-group G, let e(A) denote the smallest n < w such that p"G = 0.
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Corollary 2.5. Every finite valuated p-group A is a direct summand of a finite valuated
p-group B such that e(A) = e(B) and B is flat as a module over its endomorphism
7ing.

Proof. Choose n < w minimal with the property that pA = 0, and consider the
group B = Z/p"Z ® A where Z/p™ carries the height valuation h. Since h is the
smallest valuation on Z/p"Z, and every B-generated group is bounded by p", the
kernel of every map between any two B-generated groups is a V,-epimorphic image
of (Z/p"Z,h). By Theorem 2.4, B is projective over its endomorphism ring. d

We continue our discussion by looking at simply presented groups. A (p-)valuated
tree is a set X, on which a partial multiplication by p is defined, together with a
function v assigning a value v(x) to each € X which is either an ordinal or co
subject to the rules

i) If p"a = z for some 0 < n < w, then pr = x, and there is exactly one element

in X with this property, called the root of X.

ii) v(pz) > v(z) whenever px is defined.
Moreover, if X1, ..., X, are rooted valuated trees, then the co-product U}_; X; in the
category of valuated p-tree is the tree that is obtained by joining X, ..., X, at their
roots.

Associated with any rooted tree X is a simply presented valuated p-group S(X)
defined as Fx/Rx where Fx is a free Z,-module with basis {(z)|z € X} and Ry is
generated by the elements p(x) — (px). If we set T = (z) + Rx, then every g € S(X)
has a unique presentation g = X;exn,Z with 0 < n, < p, and the valuation on S(X)
is defined by

vl(g) = min{v(x) | n. # 0}.
Finally, a valuated cyclic p-group G of order p™ is of the form G = S(X) for a valuated
p-tree X = {xq,...,zp_1} such that G = (xo) and x; = px;_1 fori =1,...,n.

A map ¢ : X — Y between valuated trees is a tree map if ¥ (px) = py(x) if px
exists and v(1(z)) > v(x). A tree map r : X — X is a retraction if r?> = r. Hunter,
Richman and Walker showed that there is an order preserving retraction from S(X)
onto X for all valuated trees [7]. Moreover, every tree map ¢ : X — Y induces a
V,-map ¢ : S(X) — S(Y).

Corollary 2.6. The following conditions are equivalent for a finite valuated p-group A:
a) A is a cyclic group.
b) A is an indecomposable simply presented group which is projective as an R-
module.

Proof. 1t remains to show that an indecomposable simply presented group A is cyclic
if it is projective as an R-module. Since A is indecomposable, R is a local ring.
Therefore, all projective R-modules are free. Consequently, we can find a € A such
that A = Ra, and ra # 0 for all non-zero r € R.

Write A = S(X) for some valuated tree X. Since A is indecomposable, X is
irretractable and has a unique element y of order p. Let x1,...,x, be the elements
of maximal order of X, and select rq,...,7, € R such that z; = r;a fori =1,...,n.
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Ifry,...,rn € J(R), then A = J(R)A because z1,...,x, generate A as an Abelian
group, which is impossible by Nakayama’s Lemma. Therefore, we may, without loss
of generality, assume ry ¢ J(R). Thus, r; is a unit in R, and

A = Ra = Rria = Rx.
Moreover, if sz; = 0, then
-1
0=sxzy =sri(r] x1)=sria

from which we obtain sr; = 0. Then s = 0 since 7 is a unit of R. Therefore, ¢(x1) # 0
for all non-zero ¢ € R.

Suppose that n > 1, and define a map r : X — X by r(z) = 0 if  # x5 and
r(z2) = y. Observe that v(zs) < v(y) by the choice of x5 and y. For x # xa, pr # x4
because x2 is an element of maximal order. Thus, r(pz) = 0. On the other hand
pr(z2) = py = 0 while r(pz3) = 0 since pxs # 5. Therefore, r is a map of valuated
trees, and induces an endomorphism « of the valuated group A with a(z;) = 0 and
a(x) =y # 0, a contradiction. Consequently, X has only one element x; of maximal
order, and A = (x1). O

However, Corollary 2.5 shows that a simply presented group which is flat as a
module over its endomorphism ring need not be a direct sum of cyclic groups. More-
over, there are infinitely many isomorphism classes of indecomposable finite valuated
p-groups G such that p?G = 0 and v(g) < 9 for all 0 # g € G [3, Example 8.2.5].
Furthermore, the category of indecomposable finite valuated p-groups G such that
p°G = 0 and v(g) < 11 for all 0 # g € G has wild representation type [3, Example
8.2.6].

Example 2.7. Let A; = {(a;), A2 = {az) and Az = {a3) be cyclic groups of order p?,
and define a valuation on A; by v(a;) = 1, v(pa;) = 4 and v(p?a;) = 5 and on Ay by
v(az) = 2, v(paz) = 3 and v(p?az) = 5. Finally, set v(az) = co.
To see that A = Ay @ Ay @ Az is not flat as an R-module, consider the map
0 : Ay @ Ay — As defined by d((nai,mas)) = (n — m)as. It is easy to see that
K =ker § =< (a1, a2) > and v(ai, az) = 1, v(pay,pas) = 3, and v(p3a1, p?as) = 5.
If ¢ € Mor(Ay, K), then ¢(ay) € pK for otherwise

4 =v(pa1) < v(d(pa1)) = v(pay, paz) = 3.
Similarly, if 1» € Mor(As, K), then ¢ (as) € pK since otherwise
2 =wv(az) < v(YP(az)) = v(ai,az) = 1.

Since Mor(A3, A1 ® As) = 0, we have im 0 C pK, and K is not weakly A-generated.
By Theorem 2.4, A is not projective as an R-module.

Example 2.8. If A = (z) is a cyclic group of order p? with the height valuation, then
A is free as a module over its endomorphism ring F = Z/p?Z. Moreover, v(pr) = 1.
On the other hand, M = Z/pZ is a left E-module which fits into the exact sequence

E“SEs M0

where a(1 + p?Z) = p + p?Z and B(1 + p?Z) = 1 + pZ. Then Ta(M) = Z/pZ and
setting v(1 + pZ) = 0 yields the cokernel valuation on T4(M). On the other hand,
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the map v : M — E defined by (1 + pZ) = p + p*Z induces a monomorphism
Ta(y) : Ta(M) — A such that im(Ta(y)) = (pz). Since

0=uv(l+pZ) < v(px) =1,

the map T4 (y) does not preserve valuations. If we consider the sequence

0-M -2 E 2 Mo,
then Ta(7y) : Ta(M) — Ta(FE) is not a kernel for T4(3).

Therefore, the class of A-solvable groups may behave quite different from the
case that A is either a torsion-free or mixed Abelian group even if A is a finite valuated
p-group which is projective over its endomorphism ring. For instance, the kernel of
a map between two A-solvable groups need not be A-solvable, nor is a weakly A-
generated subgroup U of an A-solvable group necessarily A-solvable.

Corollary 2.9. Let A be a finite valuated p-group which is projective as an R-module.
An A-generated subgroup U of an A-solvable group G is A-solvable.

Proof. By Proposition 2.3, it remains to show that 6y is an isomorphism in V,. Since
A is projective as an R-module, one can argue as in the case of torsion-free groups that
Oy is an isomorphism of Abelian groups. Select an A-free group F' and an A-balanced

exact sequence 0 — V -2 F 2. U = 0. It induces the commutative diagram

TAHA(F) 2229 1 og(U) —— 0
Ilgp J/GU
0 g F LN U —o.

Since 0y is an isomorphism of Abelian groups, T4 H 4 (6)9;104 = 0. There is a V,-map
A:U — TaHA(U) such that TAHA(B)<9;1 = A3 because 3 is a cokernel of « in V.
Then

OuNB = OuTaHA(B)0," = B
yields 0y = 1y. Thus, My = 17,m, @) since Oy is an isomorphism of Abelian
groups. Hence
v(z) = v(My(z)) = v(0u(x)) = v(z)
for all x € TAHA(U). Thus, 0y is a Vp-isomorphism. O

Corollary 2.10. The following conditions are equivalent for a finite valuated p-group
A:

a) A is a progenerator for pM.
b) i) Whenever ¢ € Mor(G, H) for A-solvable valuated p-groups G and H, then
ker ¢ is weakly A-generated.
il) Whenever ¢ € Mor(G, H) is an epimorphism of A-solvable valuated p-
groups G and H, then H4(¢) is an epimorphism.
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Proof. a) = b): It remains to show that ii) holds. For this, consider the submodule
M = im Ha(¢) of Hy(H), and denote the inclusion map M — H(H) by ¢. The
evaluation map 0 : T4 (M) — H is a V,-map since it satisfies § = 05 T4(¢). Moreover,
it is one-to-one since A is a projective as a right R-module guarantees that T4(¢) is a
monomorphism of Abelian groups and 0y is an isomorphism. On the other hand, it
also fits into the commutative diagram

TAHAG) 9% 70(M) —— 0

o Jo
G s H —o.

Hence, 6 is an isomorphism of Abelian groups, and the same holds for T4 (¢). However,
the latter fits into the exact sequence

Ta(M) ™Y Ty H A (H) — Ha(H)/M — 0.
Therefore, Ty (Ha(H)/M) = 0. Since A is a projective generator, M = H4(H).

b) = a): By [9, Proposition 2.4], every faithful projective module is a generator.
Since A is a projective left R-module by Theorem 2.4, it remains to show that it is
faithful. Let M be a right R-module with ¢4 (M) = 0, and consider an exact sequence
P —- F —- M — 0 in which P and F' are projective module. By Theorem 2.2, we
obtain a right exact sequence Ty (P) — T4(F) — 0 of valuated p-groups. By ii), the
top sequence in the diagram

HATA(P) e HATA(F) — 0
ZT‘PP ZTQF

P F M 0
is exact. Thus, M = 0. O

3. Hereditary and Quasi-Frobenius Endomorphism Rings

We conclude our discussion by considering finite valuated p-groups A whose
endomorphism ring has specific ring-theoretic properties. We focus particularly on
the cases that R is either hereditary or self-injective. We want to remind the reader
that there is no need to deal with right/left conditions since R is finite [4].

A finite valuated p-group G is A-torsion-less if there is a monomorphism G — A*
for some ¢ < w. We say that an exact sequence of valuated groups is A-cobalanced if
A is injective with respect to it.

Theorem 3.1. Let R be a finite valuated p-group A:

a) R is hereditary if and only if A is a direct sum of cyclic groups of order p.
b) R is (semi-)simple Artinian if and only if A= B™ where B is a cyclic group of
order p.
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¢) If R is a quasi-Frobenius ring, then every exact sequence 0 — U — G in which
U is weakly A-generated and G is A-solvable is A-cobalanced. If A is a projective
R-module, then the converse holds, and every A-presented group is A-torsion-
less.

Proof. a) If R is hereditary, then so is eRe for any idempotent e of R [4]. If B is an
indecomposable summand of A, then there is a primitive idempotent e of R such that
eRe is the V,-endomorphism ring of B. Since eRe is a hereditary local ring, all right
ideals of eRe are free eRe-modules. However, this means that eRe is a field since it
is finite. Because, pE(B) is a proper ideal of E(B), we have pB = 0. By [8], B is a
cyclic group. Hence, A is a direct sum of cyclic groups of order p.

Conversely, if A has the described form, then A = A1 @...® A,, where A; & Bf
and each B; is a cyclic group of order p. If B; = (b;), then no generality is lost if we
assume v(b;) < v(b;) for ¢ < j and v(b;) # oo for i < n. Then Mor(B;, B;) = Z/pZ
if i < j, and Mor(B;, B;) = 0 otherwise. Therefore, R is Morita-equivalent to a lower
triangular matrix ring over Z/pZ. By [5], R is hereditary.

b) We continue using the notation from a). f A= A1 @®...® A, and n > 1, then
Mor(A;, A;) = 0 for ¢ > j, but Mor(A4;, A;) # 0 for ¢ < j. In particular, N(R) # 0.
b) now follows immediately.

¢) If R is quasi-Frobenius, then we consider an exact sequence 0 — U % Gin
which U is an epimorphic image of an A-projective group and G is A-solvable. For
¢ € Mor(U, A), we can find a map ¢ : Ha(G) — R such that v Ha(«) = ¢. Since
both, o and ¢, fit into the commutative diagram

TuHAU) 2225 7 1,(6)
JQU ZJVGG
U e G,

we obtain
Ta()05" aby = 04Ta(Y)TaHa(e) = 04TaHa(9) = ¢0y.
Because 6 is a V,-epimorphism, TA(w)Hala = ¢.
Conversely, let
0—-I-%R
be an exact sequence and ¢ € Hompg(I, R). Because A is a flat R-module,

0= Ta(D) 2% T4 (R)

is a Vy-exact sequence. Since T4(I) is an image of an A-projective group, there is a
map ¥ € Mor(Ta(R),Ta(R)) such that ¥ Ta(a) = Ta(¢). We consider commutative
diagrams of the form

0 — s HaTa() 2229 g 70 (R)

T Jox

0 —— 1 —_— R
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to obtain
PR HA()Pra = PR HA(W)HATA()®;
DR HaTA(0)®;
= ORp'Prop=¢.
Finally, if G is an A-presented group, then G = T (M) for some finitely gen-
erated right R-module M by [2] as mentioned before. Let FE be an injective hull of
M. Since R is quasi-Frobenius, E is projective. Thus, M can be embedded into a

free R-module F', which can be chosen to be finite since M is finite. Then T4 (M) is
isomorphic to a submodule of T4 (F) since A is projective. O

Corollary 3.2. Let A be a finite valuated p-group whose endomorphism ring is self-
jective. Fvery exact sequence

0—+P-5G
such that P is A-projective and G is A-solvable splits.

O
We conclude with two examples that show that the endomorphism ring of a
direct sum of cyclic valuated p-groups may or may not be quasi-Frobenius:

Example 3.3. a) Let A; be a cyclic group of order p™, and Ay a cyclic valuated
group of order p™ whose generator x satisfies v(p"~1z) > n. Then, the endo-
morphism ring of A = A; @ A is the lower triangular matrix ring over Z/p"Z,
which is not self-injective.

b) By [6, Example 1], the ring
_| z/p°’z pZ/p’L
T pZ/p*L L[pPL
is quasi-Frobenius. Consider two cyclic valuated groups Ay = ({(x1),v1) and Az =
({w3),v2) of order p® such that vy(z1) = 1, v1(px1) = 4, vo(T2) = 2, v2(px2) = 3
and vy (p?x1) = va(p?x2) > 5. In view of the fact that Mor(4;, A;) = Z/p*Z for
i # j, we obtain that A = A; ® A, has R as its Vp-endomorphism ring.
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1. Introduction

One of the most famous inequality for convex functions is so called Hermite-
Hadamard inequality as follows: Let f: I CR — R be a convex function and a,b € T

with a < b, then
b b b
f (a;— > < bia-/a f(z)dz < w (1.1)

This famous inequality discovered by C. Hermite and J. Hadamard is important in
the literature. For more studies via Hermite Hadamard type inequalities see [13] in
the references.

Definition 1.1. Let f: 1 CR — R be a function and a,b € I with a < b, the function
f:I CR — R is said to be convex if the inequality

fllz+(1-t)y) <tf(x)+(1—1)f(y)
holds for all z,y € I and ¢ € [0,1].
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Definition 1.2. [7, 15] A function f : Ry — R is said to be s-convex in the second
sense if

flaz+ By) < o®f(x) + B°f(y)
for all z,y € R} and all o, 8 > 0 with o+ 8 = 1.

We denote this by K?2. It is obvious that the s-convexity means just the convexity
when s = 1.

In [12] Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequal-
ity which holds for s-convex functions in the second sense.

Theorem 1.3. Suppose that f : [0,00) — [0,00) is an s-convex function in the second
sense, where s € (0,1] and let a,b € [0,00),a < b. If f € L'[a,b], then the following
inequality hold:

- +b I f(a) + f (b)
gs=1f (2 < / de < LY TT0) 1.2
H(*57) =52 [ r@ar < KO (12)
The constant k = —s}rl is the best possible in the second inequality in (1.2). For

more study related to s-convexity in the second sense, see, e.g, (for example) ([3], [5],
[11]).

Theory of convex functions has great importance in various fields of pure and
applied sciences. It is known that theory of convex functions is closely related to
theory of inequalities. Many interesting convex functions inequalities established via
Riemann-Liouville fractional integrals. Now, lets us give some necessary definition
and mathematical preliminaries of fractional calculus theory as follows, which are
used lots of study. For more details, one can consult ([8]-[10], [14], [16]-[23], [28]).

Definition 1.4. Let f € Ly[a,b]. The Riemann-Liouville integrals Jg, f and Jg* f of
order a > 0 with a > 0 are defined by

I d@) = [ e 0e @ o>
and
b
T f(z) = ﬁ/ (t—2)° ' f(H)dt, w<b

respectively. Here T'(t) is the Gamma function and its definition is

F(t):/ e a1 da.
0

It is to be noted that JO, f(z) = Jp_f(z) = f(x) and in the case of & = 1, the
fractional integral reduces to the classical integral.

The beta function defined as follows:
L'(a)'(b)

Blab) = Fath)

1
:/ 1=t tat,  a,b>0,
0
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where I' () is Gamma function. The incomplete beta function is defined by
B, (a,b) = / 71 =)t 0< < 1.
0

For = = 1, the incomplete beta function coincides with the complete beta function.
For easy understanding the computation in our theorems, let us give some properties
of beta and incompleted beta function:

B(a,b) = Bi(a,b) + B1_¢(b,a), i.e B(a,b) = B
aB,(a,b) — (2)%(1 — z)°

((l, b) + B% (bv a)

1
2

B’I‘(a’+]‘7b): a/+b
a _ b
Bo(ab+1) = bB.(a,b) :imb) (1—-x)

B(a,b+1) + B(a+ 1,b) = B(a,b)

In [21] Sarikaya et al. gave a remarkable integral inequality of Hermite-Hadamard
type involving Riemann-Liouville fractional integrals as follows:

Theorem 1.5. Let f : [a,b] — R be a positive function with 0 < a < b and f € L'[a,b].
If f is convex function on [a,b], then the following inequality for fractional integrals
hold:

ARSIV

f (a;b> = gr((bafa;i (T2 £)(B) + (J& f)(a)] <

It is obviously seen that, if we take &« = 1 in Theorem 1.5, then the inequality
(1.3) reduces to well known Hermite-Hadamard inequality as (1.1).

Hermite-Hadamard type inequalities for s-convex functions via Riemann-
Liouville fractional integral is given in [22] as follows:

Theorem 1.6. Let f : [a,b] — R be a positive function with 0 < a < b and f € Lq[a,b).
If f is s-convex mapping in the second sense on [a,b], then the following inequality
for fractional integral with a > 0 and s € (0,1] hold:

2 (150 < U DO + U D) (1.4
< aais—i—B(a,s—i—l)]M

where B(a,b) is Euler beta function.

Sarikaya et al. established an identity which we will generalize for conformable
fractional integral in section 3 for differentiable convex mappings via Riemann-
Liouville fractional integral. Then they gave some results by using this identity.
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Lemma 1.7. [21] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f" € Lla,b], then the following equality for fractional integrals holds:
fla)+f(b) Tla+1) o
T S 1)+ S (1)
b—a

== /O [(1 =) —t*] f'(ta+ (1 —t)b)dt.

Theorem 1.8. [21] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If f' € Lla,b], then the following inequality for fractional integrals holds:

f@)+ ) T+ ., )
2 ~2(b—a)® [Ja+ f(0) + Iy f(a)] (1.6)
< (- g @+ 1)

Recently, some authors started to study on conformable fractional integral. In
[18], Khalil et al. defined the fractional integral of order 0 < o < 1 only. In [1],
Abdeljawad gave the definition of left and right conformable fractional integrals of
any order a > 0.

Definition 1.9. Let « € (n,n+1] and set 3 = a—n then the left conformable fractional
integral starting at a if order « is defined by
a 1 i n _
(12D = [ (= o"(a - ) fa)do

Analogously, the right conformable fractional integral is defined by
1 b
CLpO) = [ &= 10- 0" )
s
Notice that if a =n+1then f=a—-n=n+1—-n=1 where n =0,1,2,3...

and hence (I2£)(t) = (J& ().
In [24] Set et.al. gave Hermite-Hadamard inequality for conformable fractional
integral as follows:

Theorem 1.10. Let f : [a,b] — R be a function with0 < a <b and f € Li[a,b]. If f is
a convex function on [a,b], then the following inequalities for conformable fractional
integrals hold:

a+b INa+1) a
1("57) = g = 00 + (@] <

with o € (n,n + 1], where T is Euler Gamma function.

fla)+f(b)
2

(1.7)

For some studies on conformable fractional integral, see ([1], [2], [4], [6]). In
papers ([25]-[27]), Set et.al obtained some Hermite-Hadamard, Ostrowski, Chebyshev,
Fejer type inequalities by using conformable fractional integrals for various classes of
functions. The aim of this study is to establish new Hermite-Hadamard inequalities
related to other fractional integral inequalities for conformable fractional integral.
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2. Hermite-Hadamard’s inequalities for conformable fractional
integrals

In this section, using the given properties of conformable fractional integrals,
we will establish a generalization of Hermite-Hadamard type inequalities for s-convex
functions. We will also noticed the relation with fractional and classical Hermite-
Hadamard type integral inequalities.

Theorem 2.1. Let f : [a,b] — R be a function with 0 < a < b, s € (0,1] and
f € Li[a,b]. If f is an s-convex function on [a,b], then the following inequalities for
conformable fractional integrals hold:

MNa—n),(a+d
F(a+l)f< 2 ) (2.1)
< Gl DO + (L)
[B(nJrerl,ozn)JrB(nJrl,oszrs)]f(a)Jrf(b)
- n! 23

with « € (n,n+ 1], n=0,1,2,... where T is Euler Gamma function and B(a,b) is a
beta function.

Proof. Let x,y € [a,b]. If fis a s-convex function on [a,b],

F(5) < (3) 10+ (3) 1w

if we change the variables with z = ta + (1 — t)b, y = (1 — t)a + b,

2° f (‘“2”’> < flta+ (1—t)b) + F((1 — t)a + tb). (2.2)

Multiplying both sides of above inequality with %t”(l —t)*~"~! and integrating the
resulting inequality with respect to t over [0, 1], we get

29 a+b ! —n—1
“ n(] — $)e—n
o (137) [ oo

1
< l' t"(1 — )" f(ta + (1 — t)b)dt
n. 0
1
+i, t"(1 =) " (1 = t)a + th)dt
n: 0

1 P /b—a\"(z—a\* ! dx
T onl, (b—a) (b—a) f(x)b—a
1 b y—a n b—y a—n—1 dy
+H a (ba) (ba) f(y)bfa
1

= —[I3 b a).
- (b_a)a[laf(b)+ Iaf( )]
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Note that

a—+ b P(OZ + 1) a b a
F(*5) < st 180+ L (o) (2:)

where

which means that the left side of (2.1) is proved. Since f is s-convex in the second
sense, to prove the right side of (2.1) we have the following inequalities:

flta+(1-t)b) < t°f(a) +(1—1)°f(b)
f(A=ta+tb) < (1—1)"f(a)+t°f(b).
Adding these two inequalities, we get
flta+ (1 =1)b) + f((1 —t)a +1tb) < [t° + (1 = ¢)°][f(a) + f(D)].

Multiplying both sides of the resulting inequality with %t”(l —1)*~"~1 and integrat-
ing with respect to t over [0, 1], we have

1 a b a
(b_a)a[faf(b)+ 1o f(a)] (2.4)
< o[ a0 - 0@ + s

— %[B(n—&—s—i—1,a—n)+B(n+170‘_n+8)}[f(a)+f(b)].

Combining (2.3) and (2.4) completes the proof. O

Remark 2.2. If we choose s = 1 in Theorem (2.1), by using relation between I" and
B functions, the inequality (2.1) reduced to inequality (1.7).

Remark 2.3. If we choose « = n + 1 in Theorem 2.1, the inequality (2.2) reduced to
inequality (1.4). And also if we choose a, s = 1 in the inequality (2.2), then we get
well-known Hermite-Hadamard inequality as (1.2).

3. Some new Hermite Hadamard type inequalities via conformable
integration

In order to achieve our aim, we will give an important identity for differentiable
functions involving conformable fractional integrals as follows:

Lemma 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following inequality for conformable fractional integrals holds:

f(a) + f(b)> o

2 206 —a)e 167 (6) +° Lo f(a)] (3.1)

B(n+1,a—n)<

(b—a)

=" {/01 [Bl_t(n—l—l,oz—n)—Bt(n—i-1,a—n)]f’(ta+(l—t)b)dt}
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where B(a,b), Bi(a,b) is Euler beta and incompleted beta functions respectively and
a€(n,n+1,n=0,1,2,....

Proof. Let
1
I= / [Bi—t(n+1,a —n) — By(n+ 1, — n)] f'(ta + (1 — t)b)dt.
0
Then, integrating by parts and changing variables with « = ta+ (1 —t)b, we can write

L= /1Bl_t(n+1,a—n)f’(ta+(1—t)b)dt (3.2)
0

/01 </ol_txn(1 - x)“‘”‘ldx> f(ta+ (1 —t)b)dt
(/1_t " (1 — x)a—n—ldx) Fta+ (1 —t)b)dt|"
0

a—2b

0
dt

+ /01(1 — )"t f(ta + (1 — t)b)m

([ =aymras) {0
e [ ()

f(b) n!

= B(n—i—l,a—n)b_a - (b—a)“‘*‘l(bjaf)(a)

1
I, = / Bi(n+1,a —n)f'(ta+ (1 —t)b)dt (3.3)
0

flta+ 1 —=0)b)|"

= Bin+1l,a—n) p—

0
1
—/0 (1= )= f(ta + (1 — t)b)%

f(a) 1 brb—a\" [z —a\* ! dz
- —B(n—i—l,a—n)b_a—km/a (b—a) (b—a) f(x)b—a

f(a) n! a
b—a + (b 7 a)a+1 (Iaf)(b)

= —Bn+1,a—n)

a

It means that I = I; — I>. Thus, by multiplying both sides by b% ie
b—a b—a b—a
I= I — I
2 2 1y P

we have desired result. U

Remark 3.2. If we choose @ = n + 1 in Lemma 3.1, the equality (3.1) becomes the
equality (1.5).
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Now, using the obtained identity, we will establish some inequalities connected
with the left part of the inequality (2.1)

Theorem 3.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f" € Lla,b] and |f'| is s-convex in the second sence with s € (0,1], then the following
inequality for conformable fractional integrals holds:

[16£(0) +° Lo f(a)]

‘Bm+Lam< (3.4)

< b;a [If’(a)sillf’(b)l}

) L0
2 2(b—a)>

{Bé(a—n—l—s—l—l,n—i—l)—B n+l,a—n+s+1)

N|=

+Bi(n+s+2,a—n)—B (a—n,n+s+2)+B(n+1,a—n)}

1 1
2 2

where B(a,b), Bi(a,b) is Euler beta and incompleted beta functions respectively and
a€(nn+l,n=0,1,2,....

Proof. Taking modulus on Lemma 3.1 and using s-convexity of |f/| we get:

I5f(0) +° Lo f(a)]] (3-5)

|Bm+La_m<ﬂ®+f@>_ l

2 2(b—a)a[
b—a
2
b—a
2

= bia/E [Bl—t(nwLl,ozfn)*Bt(”JFl:O‘*”)”f/(er(1*t)b)|dt
0

/1 [Bi_i(n+1,a —n) — Bi(n+1,a —n)] f'(ta+ (1 — t)b)dt
0

1
/0 |[Bi—t(n+ 1,00 —=n) — By(n+ 1,a — n)] || f(ta + (1 — t)b)|dt

2

+A [Bi(n+1,a—n) — Bi_¢(n+ 1, —n)]|f'(ta+ (1 — t)b)|dt

2

IN

bSG{ [ Brstns o= mElr @)+ - 001w

—/ Bu(n+ 1,a —n) (£°)f/(a)] + (1 — £)°] £/ (b))t

+ / Bi(n+ 1,0 —n)(£°]f/(a)| + (1 — £)°|f/ (b))t

—A Bioi(n+1,a =n) (] f ()| + (1 - t)slf'(b)I)dt}
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- = a{f’(a)l /O [Bi-e(n+1,a—n) = Bi(n+1,a —n)]t*dt

2
Hf@ﬂAEwkdn+La—n%Jim+La—nﬂﬂ—ﬂ%t
HI'@] [ [Buln+ L= m) = Bu(n + Lo —n)]#)ds

—|—|f’(b)|/l [Bi(n+ 1,00 —n) — Bi_¢(n+1,a —n)| (1 —t)*dt.

On the other hand, using the properties of incompleted beta function we have:

Bi_i(n+1,a—n)— Bi(n+1,a—n) (3.6)

1-t ¢
/ z"(1—x)* " ldo — / z"(1—z)* " da
0 0

1—t
= / z"(1—2)* " Ydx, where 0 <t <
t

N | =

and
Bi(n+1l,a—n)— Bi_¢+(n+1,a—n) (3.7)
t 1—t
= / z"(1 —z)* " ldx — / z"(1—z)* " lda
0 0

t
1
= / 2"(1 —x)* " tdz, where 5 <t<1
1—t

Using (3.6), (3.7) and Newton Leibnitz formula and integrating by parts we can write
the following computation:

i 1—t
¢, = / </ z"(1 z)o‘"ld:r)tsdt (3.8)
0 t
1—t ts-‘,—l
</ xn(l _ x)a—n—ldx>
¢ s+1

_/5 (_ (1 _ t)nta—n—l _ tn(]. _ t)a—n—l)
0

1
2

0

ts+1

s+1

dt

1

1

; !
- e (1 — ¢ "dt+/ st —¢ O"”’ldt]
—=[ [ era—gras [Terria—y
1

= s—l—l[B (a—nm+s+1,n+1)+B

(n+s+2,a-n),

1 1
2 2
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By = /0 (/t” (1 — x)“"lda:> (1 t)dt (3.9)
- l(/tl_tx"(l - x)a_n_ldx> _(15_4-?8+1] ‘;

1— t)erl

2 npo—n— n a—n— 7(
7/0 (—(1—t)"t T—tm(1-1¢) ) o

1 ! n a—n—1
= 2" (1 —x) dx
s+1 Jg

N

dt

1 1

1 2 ) 2

_ [/ toe—n—l(l _ t>7L+s+1dt + / tn(l _ t)a—n—&-sdt}
S+ 1 0 0

1

—B%(n—i-l,a—n—&—s—kl)},

1 t
Py = / (/ z™(1 — o:)“"ld:c)tsdt (3.10)
1 1t
t ts+1 1
= </ z"(1— x)anldx)
1-t s+1

(a—n,n+s+2)

1
2

1 1
_5+1[ (tn(l t)oz—n 1+to¢ n 1(1 t) )ts+1dt
1 1
= /:c"(lfx)o‘*"*ldx
s+1 J,
1

1 1
pors . |:/ tn+s+1(1 _ t)a—n—ldt +/ ta—n+s(1 _ t)ndt:|

1
= S+1{B(n—|—1,a—n)—B

fB%(nJrl,afnJrerl)}

Nl

(e —n,n+s+2)

1
2

and

1 t
oy, = / / (1 — )" 1dx>(1—t)sdt (3.11)
i 1—t
1

2
1
2

t (1 _ $\s+1
(/ " _ a nld1,> (]‘ t)
1—t s + 1
1_t)s+1

1
oznl a—n—1 (
— t 1-—-t¢
+/ * ( )) s+1

dt
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1 1
|:/ tn(l _ t)a—n+sdt + / ta—n—l(l _ t)"+s+1dt:|
1 4
1
s+1

(cx—n—i—s—&-l,n—i—1)—|—B%(n—&—s—|—2,a—n)}7

1
2

Using the fact that B(a,b) = By(a,b) + B1(b,a) and combining (3.8), (3.9), (3.10),

(3.11) with (3.5) completes the proof. O

Corollary 3.4. Taking s = 1 in Theorem 3.3 i.e |f’| is convex, we get the following
result:

[16£(0) +° Lo f(a)]

‘B(n+ La—n) (f(“);f(b)) - T_"a)a

b - a (f’(a)l -QF If’(b)|>

<

(3.12)

(n+1l,a—n+2)

1
2

X{Bé(a—n—i—?,n—i—l)—B

+Bi(n+3,aa—n)—B

Nl=

1
2

(a—n,n+3)+B(n+1,a—n)}

Remark 3.5. Taking o = n+1 in Corollary 3.4, the inequality (3.12) reduces to (1.6).

Theorem 3.6. Let f : [a,b] — R be a differentiable mapping on (a,b), a < b and p > 1
with % + % = 1. If f/ € Lla,b] and |f'|? is s-convex in the second sense, then the
following inequality for conformable fractional integrals holds:

I3 f(b) +° Lo f(a)]

’B(n+ 1o —n) (f(a) +f(b)) ol

2 2(b— a)a[

b—ay: [If@I+1f®)] "
<= qf{ o ] . (3.13)

where B(a,b) is Euler beta function, a € (n,n+1],n=0,1,2,... and

- /0 (/tltx”(l—x)o‘"ldx>p

[N
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Proof. Taking modulus and using Hélder inequality with a function of | f/|9 convexity
we get inequalities as follow:

L)+ Laf(@)]  (3.14)

|B(n+1,a—n) <f<a> +f(b)> !

2 _2(bfa)a[

1
- b_a/[31t(n+1,a—n)—Bt(n+170f—”)]f/(m+(1_t)b)dt‘
2 0
1
< =0 Bt o) - B+ Lm0 - 09
2 Jo
. 1 s
< ! a[/o [Bioi(n+ 1,0 =n) = Bi(n+ 1,0 - n)["dt)”

2

Q=

x{/ol |f’(ta+(1—t)b)]"dt} .

It follows that:

1
U / Bl_t(nJrl,ozfn)th(n+1,a—n)|pdt (3.15)
0

1
2

P
/ <Bl_t(n—|— l,a—n)—Bi(n+1,a— n)) dt
0

1 P
+/ <Bt(n—|—1,a—n)—Bl_t(n+1,a—n)> dt

1

2
1

1 1—t P
= / (/ x"(l—x)“‘"‘%lm) dt
0 ¢
1 t P
</ x"(l—x)("_"_ldx) dt
1—t
1 1—t p
= 2/ (/ x"(l—x)“‘”_ld:ﬁ) dt
0 ¢

_|_
wp—\

and
1 1 1
[ 15t a-onfa<ip@p [ ea o [ - o
0 0 0
1 ! !
= r@e 1o (316)
which completes the proof. O

Corollary 3.7. If we take s = 1 in Theorem 3.6, the inequality (3.13) reduces to
following inequality:

f(a) + f<b>> "1 p(0) + I f(a)

B(n+1,a—n)( > _2(b—a)a[
b—a 1c[f'(a)?+[f(b)[
< v 5 ]

. (3.17)
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where B(a,b) is Euler beta function and

1 1-t P
U= 2/ (/ a™(1— x)o‘_"—ldx) .
0 t

Corollary 3.8. If we take a = n+ 1 in corollary 3.7, the inequality (3.17) reduces to
following inequality:

Jar F(0) + Ji f(a)]

fla) + f(b) I'(a)
) -3 [ (3.18)

‘B(a,l)( : —
< by {If’(a)l“+|f’(b)lq]37

- 2 2

1
3 1 —¢)® — o p
where W1 :2/2 <()> dt.
0 (0%

Remark 3.9. If we take @ = 1 in Corollary 3.8, the inequality (3.18) reduces to

following inequality:
fla) + f(b) /
‘ 2 (b—a) flw)de

. b;a(pil) Pf Iq-;lf()l]l,

which is the same as Theorem 2.3 in [12].

(3.19)

Remark 3.10. If we take a € (0, 1] in Corollary 3.8, then the inequality (3.18) reduces
to special case of Corollary 1 for s = 1 in [19], which is the same as

fla)+f(b)\  T(a+1)
Jg 3.20
(L) - S e o)+ g5 fra) (3.20)
1 1
_b-a g [LECIESTION
-2 ap+1
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A new proof of Ackermann’s formula from control
theory

Marius Costandin, Petru Dobra and Bogdan Gavrea

Abstract. This paper presents a novel proof for the well known Ackermann’s
formula, related to pole placement in linear time invariant systems. The proof
uses a lemma [3], concerning rank one updates for matrices, often used to effi-
ciently compute the determinants. The proof is given in great detail, but it can
be summarised to few lines.
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1. Introduction

Given a matrix A € R™ " and a vector B € R"*! it is known, see [1] that
if the marix Co(A,B) = [B|A - B|...|A""! . B] is invertible then there exists a
unique K € R™! such that A = A+ B - K7 has any desired set of eigenvalues
S = {\},..., A%}, closed under complex conjugation, that is if A € S then A € S.
Algorithms for finding K are well known in literature among which the algorithm of
Bass-Gura (see [2]) and Ackerman (see [1]) are mentioned.

In the following a new demonstration to Ackermann’s result is given, using a well
known lemma often used for computing the determinant of a certain invertible matrix,
see [3]. This lemma relates the determinant of a rank-one update to the determinant
of the initial matrix. For an elegant proof of this result we point the reader to [3].

Lemma 1.1 (Matrix determinant lemma, [3]). Suppose that A is an invertible square
matriz and uw and v are column vectors. Then:

det(A +uww”) = (1+ 0" A7 u) det(A) (1.1)
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2. The novel proof for Ackermann’s formula

Theorem 2.1 (Ackermann). Let X = A-X + B-u be a linear time invariant dynamical
system, with X, B € R™ and A € R"*". If Co(A,B) = [B|A- B|...|A""!. B] is in-
vertible, then the matriz A = A—B-KT has the user-defined eigenvalues {)\}, ..., At
with algebraic multiplicities q1, ..., qp, where

0
P T 0
K, = (H(A - A;*I)‘“) -Co(A,B)"T . |,
i=1 :
1

0

0

=P (AT .Co(A,B)"T |,

1

p ~
Proof. Let P*(\) = H()\ — )% = det(AI — A) denote the characteristic polynomial
i=1

of A and P(X) = det(AI — A) the characteristic polynomial of A. Suppose, for start,
that the desired eigenvalues are not already eigenvalues for the system matrix, A.
Therefore det(AfI — A) # 0 for all s € {1,...,p}. Then, from Lemma 1.1:

P*(\) = det(\ — A)
= det(\ — (A — BKT))
= det((\] — A) + BKT)
= (1+ KI'(AI — A)7'B) det(\ — A)
=(1+K (A —A)'B)-P(\) (2.1)

We are interested in finding K, such that Equation (2.1) holds. Equation (2.1)
is a monic polynomial equality, so it is enough to hold for the roots. Let A = A} in
Equation (2.1).

Because A} has multiplicity g¢;, then the folowing relations are obtained:

KT . (\T—A)"'.B=—-1

KT . (\fI—A)"2.B=0
_ Vie{l,...,p} (2.2)

KT . (\fT—A)"%.B=0

T
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Hence
[ BT . (X1 — AT)=17 [—1T
BT . (\T — AT)=2 0
BT . (XI — AT)—a 0
: K,=1|: (2.3)
BT. Ayl — AT)—1 -1
BT. Ayl — ATY—2 0
(BT - (AT — AT)~ ] L 0]
Denote
C= [()\TIfA)*1~B| o T —=A) . B }
and .
N:[—l 0O ... 0 ... =1 0 ... O]
then
T K,=N
Looking closely at C' one can see:
P
[TNT - A= [P{A}A) - Bl ... [P {A}(A)-Bl ...]
i=1
=C (2.4)

where P;{\1}(A) = ( PN — A)‘h‘> (\T—A)%~J with k € T,pand j € T, gz.
If seen as a polynomial over R, then it’s roots are {A7,.. .7A,*€,...7)\;‘)}, with the
multiplicity ¢1,...,qx — J, ..., qp. The order of the polynomial is n — j. Stacking the
polynomial’s coefficients in a vector, with the coefficient of the smallest power in the
first position, and leaving the same name for the vector, one has:

C=[B A-B| .| A"'.B].
PN e Pu{NH ] P ] PN
=Co(A,B)-P (2.5)
Of course, P is invertible, since it has linearly independent columns. Indeed let
o - P{A[} 4. 4ol P{N 4+ ... =0

be a null linear combination of the columns of P. Suppose the polynomial’s variable
is X. Let k € 1,p and let af be the the coefficient of the polynomial having A} as a
root with the smallest multiplicity m. Differentiating the above linear combination,
my, times, with respect to X, then replacing X with Aj;, will yield a’;k = 0. Repeating
the process will conclude that the polynomials are linear independent. Hence:

P T
cT= (H()\;‘I —~ A)%) -Co(A,B)~T.p~T (2.6)

i=1
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therefore
p T
K, = <H(A — /\;‘I)%) -Co(A,B)"T.(-1)"-PT.N
P

(AT . Co4,B)y T (-1 P T.N (2.7)

Denote V = (—=1)" - P~T . N therefore (—1)" - PT .V = N. Because P is invertible,
V' is unique.

[P} [—1]
P{AT}T 0
Pth {/\T}T U1 0
(=) : A (28)
P]_{)\;;}T Un —1
Py{xs}T 0
[ Po, A3 L 0]

Because P;{\;} has the order n — j, and the coefficient of the smallest power is on
the first position in vector, that is the coefficient of the greatest power is on the last
position, follows:

[ (=)™ 1] [—17
0 0
0 (%1 0
(=" : =1 (2.9)
(—1)n-t Un, -1
0 0
- 0 - - 0 -
It is easy to see that V = [0,...,0,1]7 is a solution. Therefore
K, =P (AT .Co(A,B)"T.V (2.10)

If \f = )\, for some i € 1,p, then take \}(¢) = € + A} to obtain
det(M — (A — B - K,(e)T)) = P*{e}(\).

Letting e — 0, one has det(Al — (A — B- KL)) = P*()\). O



A new proof of Ackermann’s formula from control theory 329

3. Conclusions

A new proof for the well known Akermann’s formula was presented. The proof
uses a matrix lemma, giving an in depth look at the mechanics of eigenvalues change
using rank one updates. The state feedback matrix K, is shown to be the unique
solution to a system of equations, obtained using a well known matrix lemma. The
proof can be summarised as follows:

1. Use Equation (2.1) to obtaing Equation (2.3)

2. Use Equations (2.4) and (2.5) to obtain Equation (2.6) regardind the resolvent
matrix

3. Use Equation (2.8) and (2.9) in Equation (2.7) to obtain K,
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bounded turning function has a positive real
part of order alpha
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Abstract. The objective of this paper is to obtain an upper bound to the third
Hankel determinant denoted by |Hs(1)| for certain subclass of univalent functions,
using Toeplitz determinants.
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1. Introduction

Let A denote the class of all functions f(z) of the form
f(z) :z+Zanz" (1.1)
n=2

in the open unit disc £ = {z : |z| < 1}. Let S be the subclass of A consisting of
univalent functions. For a univalent function in the class A, it is well known that the
n" coefficient is bounded by n. The bounds for the coefficients give information about
the geometric properties of these functions In particular, the growth and distortion
properties of a normalized univalent function are determined by the bound of its
second coefficient. The Hankel determinant of f for ¢ > 1 and n > 1 was defined by
Pommerenke [12] as

an An 41 e an+q—1

(n41 Qp42 - [
Hy(n) =

Upt+q—1 Gptq - QAn42g—2
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This determinant has been considered by many authors in the literature. For example,
Noor [10] determined the rate of growth of H,(n) as n — oo for the functions in S
with bounded boundary. Ehrenborg [4] studied the Hankel determinant of exponential
polynomials. The Hankel transform of an integer sequence and some of its properties
were discussed by Layman in [7]. In the recent years several authors have investigated
bounds for the Hankel determinant of functions belonging to various subclasses of
univalent and multivalent analytic functions. In particular for, g =2, n =1, a1 =1
and ¢ =2, n =2, a; = 1, the Hankel determinant simplifies respectively to

ayp asz
az a3

az as

Hy(1) = a5 ay

= a3 — a2, and Hy(2) = = azay — a3

For our discussion in this paper, we consider the Hankel determinant in the case of
g =3 and n = 1, denoted by H3(1), given by

ayp az as
Hg(].): as a3 Qa4 |. (12)
asz Q4 Qs

For f € A, a; =1, so that, we have
H3(1) = az(azas — a3) — as(as — azaz) + as(az — a3)
and by applying triangle inequality, we obtain
|H3(1)| < |as||azas — a3| + |aal|azaz — as| + |as|las — a3]. (1.3)

The sharp upper bound to the second Hankel functional |H3(2)| for the subclass
RT of S, consisting of functions whose derivative has a positive real part, studied
by Mac Gregor [9] was obtained by Janteng [6]. It was known that if f € RT then
lak| < %, for k € {2,3,....}. Further, the best possible sharp upper bound for the
functional |asas — a4| and |as — a3| was obtained by Babalola [2] and hence the sharp
inequality for |Hs(1)|, for the class RT. For f € RT(«), the sharp upper bound to
second Hankel [14] and |H3(1)| were obtained by Vamshee Krishna et al.[15]. The
sharp upper bound to Hs(1) for the subclass of RT of S consisting of a function
whose reciprocal derivative has a positive real part was obtained by Venkateswarlu
[16].

Motivated by the result obtained by Babalola [2], we obtain an upper bound
to the functional second Hankel determinant, |asas — a4| and hence |Hs(1)|, for the

function f given in (1.1), when it belongs to the class RT(«), defined as follows.

Definition 1.1. A function f(z) € A is said to be function whose reciprocal derivative
has a positive real part of order «, (also called reciprocal of bounded turning function

of order «), denoted by f € R\f(a) (0 <a < 1), if and only if

Re(ﬁ) >a,Vz € E. (1.4)

Observe that for a = 0, we obtain ET(O) = RT. Some preliminary lemmas required
for proving our results are as follows:
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2. Preliminary results

Let & denote the class of functions consisting of p, such that

1+ cnz”] : (2.1)
n=1

which are regular in the open unit disc £ and satisfy Re{p(z)} > 0 for any z € E.
Here p(z) is called the Caratheodory function [3].

p(z) =1+ crz+c2® 4323+ ... =

Lemma 2.1. [11, 13] If p € 2, then |ck| < 2, for each k > 1 and the inequality is
sharp for the function 7 1+z

Lemma 2.2. [5] The power series for p(z) =1+ Z cn2™ given in (2.1) converges in
the open unit disc E to a function in & if and only if the Toeplitz determinants

2 C1 C2 e Cn
C_1 2 C1 tee Cn—1
D, =|¢2 ¢ 2 G2 | =1,2,3,.
C—n Copt1 Cpi2 - 2

and c_y, = ¢k, are all non-negative. They are strictly positive except for

Z) = Zpkp(](eitk Z)
k=1

pr > 0, ty real and ty # t;, for k # j, where po(z) = %J_ri ;in this case D, > 0 for
n < (m—1) and D, =0 for n > m.

This necessary and sufficient condition found in [5] is due to Caratheodory and
Toeplitz. We may assume without restriction that ¢; > 0. On using Lemma 2.2, for
n = 2, we have

2 1 ¢
Di=|@ 2 o |=[B+2Re{der} ~2 | ca P~ desf?] 2 0
Cy ¢1 2

which is equivalent to
2 = 34 a(4—c?), for some z, |z| < 1. (2.2)

For n = 3,
2 c1 C2 C3
1 2 ¢ c
Dy—=|C * A
Cay C1 2 C1
C3 Cy ¢1 2
and is equivalent to

|(des — deyen + ci’)(4 — cl) +c1(2¢0 — cl) | <2(4-— c%)2 —2|(2¢9 — c%)|2. (2.3)
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From the relations (2.2) and (2.3), after simplifying, we get
des =3 4+20c1(4—A)x—c1(4— A2 +2(4 — ) (1 — |z)?)z, (2.4)

for some z, with |z] < 1.
To obtain our result, we refer to the classical method initiated by Libera and
Zlotkiewicz [8] and used by several authors in the literature.

3. Main result

Theorem 3.1. If f(z) € ﬁf(a) (0<a< 12) then

S

2 2
| azas — aj| < {7}
3(a—1)

and the inequality is sharp.

Proof. For

flz)=2z+ Zanz” € RT (o),

n=2
there exists an analytic function p € & in the open unit disc E with p(0) = 1 and
Re{p(2)} > 0 such that

1—af'(2)
(1=a)f'(z)

Replacing f’(z) and p(z) with their equivalent series expressions in (3.1) , we have

1— a(l + i nanz"_l) = (1-a) (1 + i nanz"> (1 + i cnz">.
n=2 n=2 n=1

Upon simplification, we obtain

=p(z) & 1-af'(z) = (1-a)f (p2). (3.1)

(1 —a) - 20azz — 3aazz® — 4aayz® —5a52* — - = (1—-a)
+2(1 — @)[2a + 1] + 22 (1 — a)[ez + 2asc; + 3az) + 23 (1 — a)

[c3 + 2agca + 3azcr + 4dag] + 24 (1 — @)[cy + 2azc3 + 3azca + 4age; + Sas) + -+ - .
(3.2)

Equating the coefficients of like powers of z, 22, 23 and z* respectively on both sides
of (3.2), after simplifying, we get

1—a l-«o
2 = ———5—C1; a3 = ———|cz2 — (1- a)fﬂ;
17
a1 =——2 e =21~ a)eres + (1 - )]s
17
ag = ——2 [04 —2(1 - a)eres +3(1 — a)’cler — (1 — @) — (1 - a)%ﬂ . (33)
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Substituting the values of ag, az and a4 from (3.3) in the functional
lazay — a?| for the function f € RT (), upon simplification, we obtain

1— 2
| agay — a3| = % |9c1c3 — 2(1 — a)cies — 8¢5 + (1 — ) |
which is equivalent to
2 (1-a) 2 2 4
| agay — az| = ey |d101€3 + docica + dscs + d4cl| , (3.4)
where d; = 9; do = —2(1 — a); d3 = —8; dy = (1 — a)?. (3.5)

Substituting the values of ¢ and c3 given in (2.2) and (2.4) respectively from Lemma
2.2 on the right-hand side of (3.4), we have

dic
|dicies + dgC%CQ + dgcg + d4cil| = %{c‘;’ +2¢1(4 — c%)x —c1(4— C%)J;Z

d 2
A e -}

d
+ Z?’{cf (4 — )} + dyct|. (3.6)

+2(4 = ) (1 = |2*)z} +

Using triangle inequality and the fact that |z| < 1, we get
4| dicics + docicy + dscs 4 dyct | < ‘(dl + 2dy + d3 + 4dy)c] + 2dici (4 — c3)
+2(dy + dy + d3)cF (4 — i) ||
— {(dy + d3)c3 + 2dyey — Ads} (4 — cf)\xﬂ. (3.7)
From (3.5), we can now write

di + 2dy + ds + 4dy = 402 — 4a + 1; 2(d1 +dy + dg) (1 — 20() (38)
(dl —+ d3)c1 —+ 2d161 — 4d3 = Cl + 1861 + 32 = (Cl + 16)(01 + 2) (39)

Since ¢1 € [0, 2], using the result (¢; + a)(c1 +b) > (c1 — a)(c1 — b), where a,b > 0 in
(3.9), we can have

—{(dy + d3)c? + 2d1c1 — 4ds} < —(c2 — 18¢; + 32). (3.10)

Substituting the calculated values from (3.8) and (3.10) on the right-hand side of
(3.7), we have

4ldycres + docicg + dzcd 4 dyct) < |(4a? — 4a + 1)c} 4 18¢, (4 — ¢2)

—2(1 —2a)c (4 — cD)|z| — (3 — 18¢; +32)(4 — D) |z|?|.  (3.11)
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Choosing ¢; = ¢ € [0,2], applying triangle inequality and replacing |z| by u on the
right-hand side of the above inequality, we get

4 |dicies + docicy + dsca + dyct| < |(4a? — 4o+ 1)t 4+ 18¢(4 — ¢?)

+2(1 - 20)c(4 — A+ (¢ —18c + 32)(4 — cz),ﬁ]
=Fe,p), 0<p=|z[<land 0<c<2 (3.12)

We next maximize the function F'(c, ) on the closed region [0, 2] x [0, 1].
Differentiating F(c, pt) given in (3.12) partially with respect to p, we obtain
oF

i 2[(1 — 2a)c? + (c* — 18¢ + 32) ) (4 — ¢2). (3.13)

For 0 < g1 < 1 and for fixed ¢ with 0 < ¢ < 2, from (3.13), we observe that g—i > 0.
Therefore, F(c, 1) becomes an increasing function of p and hence it cannot have a
maximum value at any point in the interior of the closed region [0, 2] x [0, 1]. Moreover,
for a fixed ¢ € [0, 2], we have

max F(c,p) = F(e,1) = G(c).

0<p<1
Therefore, replacing p by 1 in F(c, i), upon simplification, we obtain
G(c) = 2{ ~ M1 - 202) — 2% (da + 5) + 64)]. (3.14)
G'(c) = —8¢ [c2(1 —202) + (da + 5)} . (3.15)

From (3.15), we observe that G'(c) < 0, for every ¢ € [0,2]. Therefore, G(c) is a
decreasing function of ¢ in the interval [0, 2], whose maximum value occurs at ¢ = 0
only. From (3.14), the maximum value of G(c) at ¢ = 0 is given by

Grmas = G(0) = 128. (3.16)
Simplifying the expressions (3.12) and (3.16), we get
|d10163 + dQC%CQ + dgc% + d40411| < 32. (317)

From the relations (3.4) and (3.17), upon simplification, we obtain
2 2
| asaq — a2 < [5(1 - a)} . (3.18)

By setting ¢; = ¢ = 0 and selecting z = 1 in the expressions (2.2) and (2.4), we find
that co = 2 and ¢3 = 0 respectively. Substituting these values in (3.17) together with
the values in (3.4), we observe that equality is attained, which shows that our result
is sharp. The extremal function in this case is given by

1—af'(2) _ 2 4, _
W—l—i—% + 22" + = 1-=

This completes the proof of our Theorem. O
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Remark 3.2. It is observed that the sharp upper bound to the second Hankel deter-
minant of a function whose derivative has a positive real part of order «, obtained by
Vamshee Krishna et al. [14] and a function whose reciprocal derivative has a positive
real part of order « is the same. Further, for the choice of a = 0, we get ET(O) = Ef,
for which from (3.18), we obtain |azas — a3| < %. This inequality is sharp and this
result coincides with that of Janteng et al. [6] and Venkateswarlu et al. [16]. From
this we conclude that the sharp upper bound to the second Hankel determinant of
a function whose derivative has a positive real part of order o and a function whose
reciprocal derivative has a positive real part of order « is the same.

3

Theorem 3.3. If f(z) € RNT(oz) (0<a <) then | azasz — as] < %{%} ‘)

Proof. Substituting the values of ag, a3 and a4 from (3.3) in the determinant

| azas — a4 | for the function f € RT(«), after simplifying, we get

(1-a)
12

Substituting the values of ¢y and c3 from (2.2) and (2.4) respectively from Lemma
2.2 on the right-hand side of (3.19), and using the fact that |z| < 1, we have

| agas — aq| = ‘303 —4(1 —a)egea + (1 — 04)2(:‘;". (3.19)

4|3cs — 4(1 — @)crer + (1 — @)?c}] < ‘ — (1 —4a?) +6(4—c2)
—2¢1(4 — A)|x|(1 — 4a) — 3(4 — )|z (c1 +2)|.

Since ¢; = ¢ € [0, 2], using the result (¢;+a) > (¢1 —a), where a > 0, applying triangle
inequality and replacing |z| by p on the right-hand side of the above inequality, we
have

413c3 — 4ciep + 63| < | (1 —4a?) +6(4 — ¢?)
+2(1 — a)c(d — )+ 3(c — 2)(4 — &) p?
= Fle,u), 0<pu=lz/|<land 0<c<2. (3.20)

Next, we maximize the function F(c, u) on the closed square [0, 2] x [0, 1].
Differentiating F'(c, u) given in(3.20) partially with respect to u, we get

oF
o =24 —cA)|[(1 - 4a)c+3(c —2)u] > 0. (3.21)
As described in Theorem 3.1, further we obtain
G(c) = —4c*(1 —a)* +4(5 — 8a)c. (3.22)
G'(c) = —12¢%(1 — @) +4(5 — 8a)c. (3.23)
G"(c) = —24c(1 —a)?. (3.24)
For optimum value of G(c), consider G’'(¢) = 0, From (3.23), we get
5 — 8a 5
2= —— for0< =,
c 3(1—a)2’ or _a<8
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Using the obtained value of ¢ = ,/% € [0,2] in (3.24). In which simplifies to

give
5—28 )
G"(c) = —24 4/ Sa(l—a)<0, for0§a<§.

Therefore, by the second derivative test, G(¢) has maximum value at ¢ = , /%.

Substituting the value of ¢ in the expression (3.22), upon simplification, we obtain
the maximum value of G(c) at ¢, as

8 5—8a7s
Gonan = [ | 3.25
l-«a 3 ( )
From the expressions (3.20) and (3.25), after simplifying, we get
2 5—8a7}
13c3 —4(1 — a)ciea + (1 — a)?c}| < [ a] ‘) (3.26)
l-a 3
Simplifying the relations (3.19) and (3.26), upon simplification, we obtain
175—8a73
— < - . .
lazas — as| < ¢ ] (3.27)
This completes the proof of our Theorem. O

Remark 3.4. For the choice of o = 0, from (3.27), we obtain |agag — a4| < é(g)%
This inequality is sharp and this result coincides with that of obtained by Babalola
[2] and Venkateswarlu et al. [16]. From this we conclude that for o = 0, the sharp
upper bound to the |asaz — a4 of a function whose derivative has a positive real part
of order alpha and a function whose reciprocal derivative has a positive real part or
order alpha is the same.

The following theorem is a straight forward verification on applying the same
procedure as described in Theorems 3.1 and 3.3 and the result is sharp for the values
c1 =0,c0=2and z = 1.

Theorem 3.5. If f € RT(a) (0 < o < 1) then |az — a3| < 2[1 — a].

Using the fact that |¢,| <2,n€ N ={1, 2, 3, ---}, with the help of ¢ and c3
values given in (2.2) and (2.4) respectively together with the values in (3.3), we obtain
lag] < 2(1 = a)(1 —2a)k=2, for k € {2, 3, 4, 5, -+ }.

Substituting the results of Theorems 3.1, 3.3, 3.5 and |ax| <
2(1 - a)(1 —2a)*2, for k € {2, 3, 4, 5, ---}, for the function f € RT() in the
inequality (1.3), upon simplification, we obtain the following corollary.

Corollary 3.6. If f(z) € Ef(a) (0<a<-L) then

V2
— — 2z — a27 6 — 20 — S %
Ha(1)] < (1 );1 20) [4(1 )(3645 460 +19) , (1 42 )(5 38 ) |

(3:28)
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Remark 3.7. We choose a = 0, from the expressions (3.28), we obtain |H3(1)| <
0.742. These inequalities are sharp and coincide with the results of Babalola [2] and
Venkateswarlu et al. [16]. From this we conclude that for @ = 0, the sharp upper
bound to the third Hankel determinant of a function whose derivative has a positive
real part or order alpha and a function whose reciprocal derivative has a positive real
part of order alpha is the same.

References

[1] Ali, R.M., Coefficients of the inverse of strongly starlike functions, Bull. Malays. Math.
Sci. Soc., (second series), 26(2003), no. 1, 63-71.

[2] Babalola, K.O., On H3(1) Hankel determinant for some classes of univalent functions,
Inequ. Theory and Appl., 6(2010), 1-7.

[3] Duren, P.L., Univalent Functions, vol. 259, Grundlehren der Mathematischen Wis-
senschaften, Springer, New York, USA, 1983.

[4] Ehrenborg, R., The Hankel determinant of exponential polynomials, Amer. Math.
Monthly, 107(2000), no. 6, 557-560.

[5] Grenander, U., Szegd, G., Toeplitz Forms and Their Applications, Second Edition,
Chelsea Publishing Co., New York, 1984.

[6] Janteng, A., Halim, S.A., Darus, M., Coefficient inequality for a function whose deriv-
ative has a positive real part, J. Inequal. Pure Appl. Math., 7(2006), no. 2, 1-5.

[7] Layman, J.W., The Hankel transform and some of its properties, J. Integer Seq., 4(2001),
no. 1, 1-11.

[8] Libera, R.J., Zlotkiewicz, E.J., Coefficient bounds for the inverse of a function with
derivative in &, Proc. Amer. Math. Soc., 87(1983), no. 2, 251-257.

[9] Mac Gregor, T.H., Functions whose derivative have a positive real part, Trans. Amer.
Math. Soc., 104(1962), no. 3, 532 - 537.

[10] Noor, K.I., Hankel determinant problem for the class of functions with bounded boundary
rotation, Rev. Roumaine Math. Pures Appl., 28(1983), no. 8, 731-739.

[11] Pommerenke, Ch., Univalent Functions, Vandenhoeck and Ruprecht, Gottingen, 1975.

[12] Pommerenke, Ch., On the coefficients and Hankel determinants of univalent functions,
J. Lond. Math. Soc., 41(1966), 111-122.

[13] Simon, B., Orthogonal polynomials on the unit circle, Part 1, Classical theory, Amer.
Math. Soc. Colloqg. Publ., 54, Part 1, 2005.

[14] Vamshee Krishna, D., RamReddy, T., Coefficient inequality for a function whose deriv-
ative has a positive real part of order o, Math. Bohem., 140(2015), 43-52.

[15] Vamshee Krishna, D., Venkateswarlu, B., RamReddy, T., Third Hankel determinant for
bounded turning functions of order alpha, J. Nigerian Math. Soc., 34(2015), 121-127.

[16] Venkateswarlu, B., Vamshee Krishna, D., Rani, N., RamReddy, T., Third Hankel deter-
minant for reciprocal of bounded turning functions (Communicated).

Bolineni Venkateswarlu

Department of Mathematics, GIT, GITAM University
Visakhapatnam, 530045, A.P., India

e-mail: bvlmaths@gmail.com



340 Bolineni Venkateswarlu and Nekkanti Rani

Nekkanti Rani

Department of Sciences and Humanities

Praveenya Institute of Marine Engineering and Maritime studies
Modavalasa, 534 002, Visakhapatnam, A.P.; India

e-mail: raninekkantil1110gmail.com



Stud. Univ. Babes-Bolyai Math. 62(2017), No. 3, 341-352
DOI: 10.24193/subbmath.2017.3.07

A study of the inextensible flows of tube-like
surfaces associated with focal curves in Galilean
3-space G3
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Abstract. In this paper, we study inextensible flows of focal curves associated
with tube-like surfaces in Galilean 3-space G3. We give some characterizations
for curvature and torsion of focal curves associated with tube-like surfaces in
Galilean 3-space (Gs. Furthermore, we show that if flow of this tube-like surface is
inextensible then this surface is not developable as well as not minimal. Finally
an example of tube-like surface is used to demonstrate our theoretical results and
graphed.

Mathematics Subject Classification (2010): 31B30, 58E20.
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1. Introduction

Curve design using splines is one of the most fundamental topics in CAGD.
Inextensible flows of curves possess a beautiful shape preserving connection to their
control polygon. They allow us the formulation of algorithms for processing, especially
subdivision algorithms. Moreover, at least the curves of odd degree and maximal
smoothness also arise as solutions of variational problems.

In the past two decades, for the need to explain certain physical phenomena
and to solve practical problems, geometers and geometric analysis have begun to
deal with curves and surfaces which are subject to various forces and which flow or
evolve with time in response to those forces so that the metrics are changing. Now,
various geometric flows have become one of the central topics in geometric analysis.
Many authors have studied geometric flow problems. In [9, 10] Kwon et al. studied
inextensible flows of curves and developable surface in R3.

Korpinar et al. [8] studied inextensible flows of developable surfaces associated
focal curve of helices in Euclidean 3-space E®. Differential geometry of the Galilean
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space G3 has been largely developed in Kamenarovic [6], Ogrenmis et al. [13, 14] and
Roschel [17].

In this work, we study inextensible flows of focal curves associated with tube-
like surfaces in Galilean 3-space G3. We give some characterizations for curvature
and torsion of focal curves associated with tube-like surfaces in Galilean 3-space Gs.
Finally, we show that if the flow of a tube-like surface associated to a focal curve is
inextensible, then the surface is not developable as well as not minimal for an arbitrary
focal curve. We used some idea from Korpinar et al. [8] in this paper.

2. Preliminaries

The geometry of the Galilean space GG3 has been treated in detail in O. Roschl’s
habilitation in 1984 [17]. More about Galilean space and Pseudo-Galilean space may
be found in [20, 1, 3, 7, 11, 12, 21]. The Galilean space G5 is a Cayley-Klein space
equipped with the projective metric of signature (0,0, 4+, +), as in [21].

The Galilean space is a three dimensional complex projective space P3 in which
the absolute figure {w, f, 1,12} consists of a real plane w (the absolute plane), a
real line f C w (the absolute line) and two complex conjugate points I1, s € f (the
absolute points) [6]. We shall take, as a real model of the space G, a real projective
space P; with the absolute {w, f} consisting of a real plane w C G5 and a real line
f € w on which an elliptic involution € has been defined. In homogeneous coordinates

(2.1)

W...To = 0, fxo =T ZO,
€:(0:0:22:23) = (0:0: 23 : —x2),

while in the nonhomogeneous coordinates, the similarity group Hg has the form

T = a1 + a2, (2.2)

Y = ag1 + agT + asz( ycos[é] + zsin[g] ),
Z = a31 + as2x — ags(ysin[¢] — zcos[¢] ),

where a;; and ¢ are real numbers. For a12 = ag3 = 1, we have the subgroup Bg which
is the group of Galilean motions:

r=a+w,
¥ = b+ cx + ycos[¢| + zsin[d],
Z =d+ ex — ysin[d] + z cos[g).

It is worth noting that [16]: in G5 there are four classes of lines:

a): (proper) nonisotropic lines: they do not meet the absolute line f.

b): (proper) isotropic lines: lines that do not belong to the plane w but meet the
absolute line f.

c): (unproper) nonisotropic lines: all lines of w but f.

d): the absolute line f.

Planes « =constant are Euclidean and so is the plane w. Other planes are
isotropic. In what follows, the coefficients a12 and as3 will play a special role.
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In particular, for a;o = ass = 1, (2.2) defines the group Bg C Hs of isometries of the
Galilean space Gs.

In affine coordinates, the Galilean scalar product between two vectors a =
(a1,az2,a3) and b = (by, be, b3) is defined by [15]

o albl, ifa1 #OOI‘ bl #O,
(<a’ b>)G3 o { a2b2 + a3b3, if ay = 0 and bl =0. (23)
The Galilean cross product is defined by

0 €y €3
a1 az ag |, ifa; #0or by #0,
b1 by b3

(a A b)g, = (2.4
€1 €y €3
a1 as ag |, if ag =0 and b; = 0.
b1 by b3

The unit Galilean sphere is defined by [5]
S ={a €G3 (a,a)g, = Fri}.
Let M : ® = ®(u,v) be a surface in Galilean 3-space is given by the parametrization
D(u,v) = (2(u,0),y(w,0), 2(u,0) ), w0 ER,

where z(u,v), y(u,v), z(u,v) € C3. The isotropic unit normal vector U of the surface
M is defined by

o, NP, 0P 0P
= — q)u = = q)v = a3 2
Ulwv) = 15 23, Bu o (2:5)
or equivalently

(O, LyZy — Tyly, TulYv — zvyu)

U(u,v) =

\/(mvzu - xuzv)Q + (‘Tuyv - xvyu>2 ’

where z,, = am&’v), Ty = % Using (2.1) and W = || @, AP, ||, we get the isotropic

unit vector d(u,v) in the tangent plane of the surface as [4]

(Oa TolYu — Tulv, ToZuy — ZL'uzv)
5(u,v) = - , (2.6)

where

<6? 6> =1, <U7 6> =0,
by means of Galilean geometry. Observe that a straightforward computation shows
that § can be expressed by

(2.7)
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The first fundamental form ds? of a surface M in G5 is given by

I = ds?

= (q1du + g2dv)? + e(h11du® + 2hidudv + hoodv?) (28)
where
g1 = Ty, 92 = Ty, Gij = 9i9;,
(2.9)
hi1 = (Py, Py), hi2 = (Py, Py), hop = (o, D),
and

. 0, if direction du : dv is non-isotropic,
~ ]| 1, if direction du : dv is isotropic.

The coefficients of the second fundamental form can be determined from

(I)ij[IJu — mijéu <I>ijxv — xij(bv

Lij = U) =

Ly Ly

U,

where ®;; denotes the second order partial differentials of M and the indices ¢, j belong
to the parameters w,v respectively. Under this parametrization of the surface M,
the Gaussian curvature K and the mean curvature H have the classical expressions,
respectively [11]

_ det(Lij) o L11L22 — L%2

K - , 2.10
w2 hi1hog — h%Q ( )

14 hi1Lags + hoo L1 — 2hi2 L1
H==hiL, — 2.11
2 7 2(h11h22 — h%Q) ( )

3. Inextensible flows of tube-like surfaces associated with focal curves
in G3

The aim of this section, we will obtain the tube-like surface from the tube surface.
Since the tube surfaces are special kinds of the canal surfaces in Galilean 3-space.

If we find the canal surface with taking variable radius r(u) as constant, then
the tube surface can be found, since the canal surface is a general case of the tube
surface. An envelope of a 1-parameter family of surfaces is constructed in the same
way that we constructed a 1-parameter family of curves. The family is described by
a differentiable function F(z,y,z,\) = 0, where X is a parameter. When A can be
eliminated from the equations

F(xﬂy>z7 )‘) = 07
and
aF(x7y7 Z’ )\)
1))

we get the envelope, which is a surface described implicitly as G(z,y,2) = 0. For
example, for a 1-parameter family of planes we get a developable surface [18].

=0,
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Definition 3.1. The envelope of a 1-parameter family u — S3 of the spheres in G
is called a canal surface in Galilean 3-space. The curve formed by the centers of the
Galilean spheres is called center curve of the canal surface.The radius of the canal
surface is the function r such that r(u) is the radius of the Galilean sphere S%. Then,
the canal surface can be parametrized as follows

C(u,v) = a(u) + r(u)(cos[v]N(u) + sin[v]B(u)). (3.1)

Definition 3.2. Let « : (a,b) — G3 be a unit speed curve whose curvature does not
vanish. Consider a tube of radius r around «. Since the normal N and binormal B are
perpendicular to «, the Galilean circle is perpendicular @ and «(u). As this Galilean
circle moves along «, it traces out a surface about o which will be the tube about «,
provided r is not too large. If the radius function r(u) = r is a constant, then, the
canal surface is called a tube (pipe) surface and it parametrized as

Tube(u,v) = a(u) + r(cos[v}N(u) + sin[v]B(u)). (3.2)

Theorem 3.3. Let o : I — G3 be a curve in Galilean 3-space. Assume the center
curve of a tube-like surface is a unit speed curve a with nonzero curvature. Then, the
tube-like surface can be expressed as follows

X (u,v) = a(v) + r(cos[u]N(v) - sin[u]B(v)), (3.3)
where T, N and B are the tangent, principal normal and binormal of «.

Proof. Suppose X is a patch that parametrizes the envelope of the Galilean spheres
defining tube-like surface. Where the curvature of a(v) is nonzero, the Frenet frame
of it is well defined, and we can write

X (u,v) — a(v) = p(u,v)T(v) + q(u, v)N (v) — w(u,v)B(v), (3.4)
where p, ¢ and w are differentiable on the interval on which « is defined. We have

p* =r*if p(u,v) #0,
(X (u,v) — a(v), X (u,v) — a(v))g, = (3.5)
¢+ w? = r? if p(u,v) = 0.

The equation (3.5) expresses analytically the geometric fact that X (u,v) lies on a
Galilean sphere S3 (v) of radius r centrered at a(v). Furthermore, X (u,v) — a(v) is a
normal vector to the tube-like surface; this fact implies that
(X (u,v) = a(v), Xu)a, =0, (3.6)
(X (u,v) — a(v), Xy)as = 0. (3.7)

Equations (3.5), (3.6) and (3.7) say that the vectors X, and X, are tangents to
5% (v). Calculating the partial derivative of (3.4) with respect to u and v respectively,
we obtain

Xy =p T+ quN —w, B, (38)
Xy =1+ p,)T+ (ps + g + wr)N + (¢7 — wy)B. (3.9)
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Case 1. If p(u,v) # 0, from (3.4) and (3.5), we have

{ If; _ 7«02.’ (3.10)
Equations (3.5), (3.7), (3.9) and (3.10) imply
(1+py,)p=0. (3.11)
From (3.10) and (3.11), we get
r=0. (3.12)

Hence, the equation (3.4) is not surface
Case 2. If p(u,v) = 0. From (3.4) and (3.5), we have the following

2 2 2
{ ZQU++wwwv ; 6 erzconstant). (3.13)
Then, Egs. (3.6), (3.8) and (3.13) imply that
qqu + ww,, = 0 (r=constant). (3.14)
From (3.13) and (3.14), we obtain
{0 2 ot (3.15)

Thus, (3.4) becomes
X (u,v) = a(v) + T(cos[u]N(v) - sin[u]B(v)).
From the above theorem, one can formulate the following definition:

Definition 3.4. Given a space curve a(v) = (a:(v),y(v),z(v))7 at each point, there
are three directions associated with it, the tangent, normal and binormal directions.

The unit tangent vector is denoted by T, i.e., T'(v) = HZ:%, the unit normal vector

is denoted by N, ie., N(v) = %, the unit binormal vector is denoted by B, i.e.,
B(v) = T(v) A N(v) (cross product). With a(v), T'(v), N(v) and B(v), a tube-like
surface can be expressed as follows [19]

M : X(u,v) = a(v) + r(cos[u]N(v) — sin[u]B(v))7 (3.16)

where 7 is a parameter corresponding to the radius of the rotation (In general r can
be a function of v). For fixed v, when u runs from 0 to 27, we have a circle around the
point a(v) in the T, N plane. As we change v, this circle moves along the space curve
a, and we will generate a tube-like surface along « (a special kind of tube surfaces
defined by (3.16)).

Let a: I C R — G35, be an unit speed curve in Galilean space 3 given by

aw) = (v,y(v), 2(v)), (3.17)
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where v is a Galilean invariant parameter (the arc-length on «). The orthonormal
frame in the sense of Galilean space Gj is defined by

T(v) = o'(v) = (LY (), #(v)),

N(v) =2 = ﬁ(o,y”(v),z”(v)), (3.18)

Bw) = (T@) AN®)) = 5 (0,—2"(0).y" ().

where £(v) = ||’ (v)| = /(y"(v))2 + (2 (v))? is the curvature and

1
7(v) = pET) det [a'(v), o/’(v%a’”(v)}
is the torsion. The vectors T'(v), N(v) and B(v) in (3.18) are called of the tangent
vector, the principal normal vector and the binormal vector of a(v), respectively. They
satisfy the following Frenet equations [13]

T (v) 0 k(v) 0 T(v)
N@w) |=1]0 0 7(v) N) |, (3.19)
B'(v) 0 —7(v) O B(v)

where the prime denotes the differentiation with respect to v and we denote by k, T
the curvature and the torsion of the curve a. We can know that T, N, B are mutually
orthogonal vector fields satisfying equations

(T'T)e =(N,N)e =(B,B)g =1,
(T,N)g =(T,B)g = (N,B)c =0,

det(T,N,B)g = 1.
Using the equations (3.16), (3.17) and (3.18), we have

X(u,v) = (0,5(0),20)) + = [(0.9/ (), 2" (0)) cosfu] = (0, =="(v), y"(v) ) sinfu -
(3.20)
From now on, For a unit speed curve a = a(v) : I — G, the curve consisting of the
centers of the osculating spheres of « is called the parametrized focal curve of a. The
hyperplanes normal to « at a point consist of the set of centers of all spheres tangent
to « at that point. Hence the center of the osculating spheres at that point lies in
such a normal plane. Therefore, denoting the focal curve by C,,, we can write [2]

Co(v) = (a +c N+ CQB) (v), (3.21)

where the coefficients ¢y, co are smooth functions of the parameter of the curve «,
called the first and second focal curvatures of «, respectively. Further, the focal cur-
vatures ci, co are defined by

1 /
==, =2 kA0, THO. (3.22)
K T
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Lemma 3.5. Let a: I — G5 be a unit speed heliz and C,, its focal curve on Gs. Then,
1

¢1 = — = constant and co = 0. (3.23)
K

On the other hand, the fundamental quantities h;;, L;; and its evolution of tube-
like surface (3.16) are obtained, respectively. Thus the Gaussian, mean curvatures
and its evolution of such surface are given. For this purpose, let a tube-like surface
generated by sweeping a space curve along another central space curve, moving in
3-dimensional Galilean space G3, be given at time ¢t by the parametrization

X (u,v,t) = Calv,t) + r(cos[u, t|N (v, 1) — sin[u,t]B(v,t)),
where X (u,v,0) = X (u,v), Cyo(v,0) = Cy(v), coslu,0] = cosu], (3.24)

N(v,0) = N(v), sin[u,0] = sin[u] and B(v,0) = B(v).
Definition 3.6. A smooth surface X (u, v) is called a developable surface if its Gaussian
curvature K vanishes everywhere on the surface.

Definition 3.7. [10] A surface evolution X (u,v,t) and its flow % are said to be

inextensible if its coefficients first fundamental form {h11, h12, hoo} satisfies

Ohy _ Ohay _ O _, (3.25)
ot ot ot
This definition states that the surface X (u,v,t) is, for all time ¢, the isometric
image of the original surface X (u,v,t,) defined at some initial time ¢y. For a tube-like
surface, X (u,v,t) can be physically pictured as the parametrization of a waving flag.
For a given surface that is rigid, there exists no nontrivial inextensible evolution.

Theorem 3.8. Let X be the tube-like surface associated with focal curve in Gs. % s
inextensible, then
0X
ot
Proof. Suppose that X (u,v,t) be a tube-like surface. We show that X is inextensible.

0. (3.26)

X, = —r[sin[u,t]N + coslu, t]B},

(3.27)
X, =T+ rrsinfu, t|N + [017' + ¢ + r7 cos|u, tﬂ B.

Equations (2.9) and (3.27) lead to the coefficients of the first fundamental form ob-
tained by

h11 = 7“2, h12 = 0, h22 =1. (328)
Under the previous calculations, we have
Oh1y Oh1a Ohao
=0 =0 =0.
ot ot ot

If % is inextensible, then we have (3.26).
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Theorem 3.9. Let X (u,v,t) be the tube-like surface associated with focal curve in Gs.
If flow of this tube-like surface is inextensible then this surface is not developable as
well as not minimal.

Proof. Assume that X be a tube-like surface parametrized by (3.24). The vector cross
product of X, and X, is given by

XuANX,=—r {cos[u,t]N — sinfu, t]B] (3.29)

Hence, one can get

[ XuA Xyl = (3.30)
Using equations (3.29) and (3.30), we obtain the isotropic normal vector of tube-like
surface as

X, AX,

U=———— = —coslu, {|N + sinu, t| B. (3.31)
1 Xu A Xl
The second order partial differentials of X are found
Xyuw = 7 [ — cos[u, t]|N + sin[u, t]B],
Xy = 77T {cos[u, t|N — sin[u, t]B],
_ (3.32)
Xow = |:/€ + 7' sinfu, t] — 172 — chT — r7% cos|u, t]} N+
[7“72 sinfu,t] + 47+ a1’ + ¢ + r7’ cos|u, t]} B.

From the equations (3.31) and (3.32), one can compute the coefficients of the second
fundamental form for the surface (3.24) as the following

Ly =

Ly = -—rr,
(3.33)

~

[3v]

[V
Il

{ — K+ + 0'27} coslu, t]+

{0’17 +o1 + 0’2’] sin[u, t] + r72.
Based on the above calculations, the Gaussian curvature K and the mean curvature
H of (3.24) are given by, respectively

1
K== ( [ — k4t + 0’27} cos[u, t] + [0/17' +a1 + 0’2’] sin[u, t]), (3.34)
r

1 1
H = 5({— K41’ + 0’27} cos|u, t] + {0'17' +o7 + 0’2'} sinfu, t] + 7'72) + o (3.35)
r

By the use of (3.22) and above equations the proof is complete.
Here, we compute in special case the curvatures of the surface (3.24) as well as
the curvatures associated to the focal curve of helix on this surface as follows:
At k = 1,7 =1, the surface (3.24) has the following
r2+1
2r
Making use of the data described above, one can formulate the following theorem:

K=0, H=



350 Adel H. Sorour

Theorem 3.10. Let X (u,v,t) be a tube-like surface associated with focal curve of helix
in Gs. If flow of this surface is inextensible then this surface is developable as well as
not minimal.

4. Applications

In this section, we consider an example to illustrate the main results that we
have presented in our paper.
Example 4.1. Let us consider a surface

X(u,v,t) = Cov,t) + T(cos[u,t]N(v,t) - sin[u,t]B(v,t)), (4.1)
where a(v) is a helix
a(v) = (v, cos[v], sin[v]),
it is easy to see that the Frenet’s frame is
T(v) = (1, —sin[v], cos[v]),

N(v) = (0, — cos[v], — sin[v]),

B(v) = (0,sin[v], — cos[v]).

Since kK = 1 is the curvature and 7 = 1 is the torsion of the curve a. Then, the focal
curve of helix takes the form

Cyo = (v,0,0).
Thus, the surface (4.1) takes the following form

X(u,v,t) = (v, —r cos|u, t] cos[v, t] — rsinfu, ] sin[v, t], r sin[u, t] cos[v, t] — r cos[u, t] sin[v, t]) .
(4.2)
Calculating the partial derivative of (4.2) with respect to u and v respectively, we get

Xu= (O,rsin[u, t] cos[v, t] — r cos[u, t] sin[v, ], r cos[u, t] cos[v, t] 4+ r sin|u, t] sin[v,t]),

X, = (1,rcos[u,t] sin[v, t] —r sin[u, t] cos|v, t], —r sin[u, t] sin[v, t] —r cos[u, t] cos[ut}).
The components of the first and second fundamental forms of the surface (4.2) are
given by, respectively

hir=71% h1a=0, hypy=1, Lyuy=r, Lip=-r, Lnp=r

The unit normal vector of the surface (4.2) takes the form
U= (O,sin[unﬁ] sin[v, t]+cos|u, t] cos[v, t], — sin[u, t] cos[v, t] + cos[u, ] sin[ut]). (4.3)

For this surface, the Gaussian curvature K and the mean curvature H are defined by,
respectively
K =0, (4.4)
r2+1

H="—. (4.5)
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Then, the surface (4.2) is a developable and not minimal. One can see the graph of
X (u,v,t) in Figure 1.

Figure 1. Some tube-like surfaces associated with focal curve
of helices with r = 1, t = 0, Left: u € [0,x],v € [0, %W],
Middle: u € [0, 137],v € [0,27] and Right: u € [0, 27],v € [0, 2].
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Integral characterizations for the (h, k)-splitting
of skew-evolution semiflows

Claudia Luminita Mihit and Mihail Megan

Abstract. The main aim of this paper is to give integral characterizations for a
general concept of (h, k)-splitting for skew-evolution semiflows in Banach spaces.
As consequences, criteria for the properties of (h, k)-dichotomy, nonuniform ex-
ponential splitting and exponential splitting are obtained.
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1. Introduction

The study of the asymptotic behaviours for dynamical systems represents a
research area of large interest, with an impressive development in the last years.

An important starting point for the stability theory is due to E. A Barbashin

and R. Datko, who establish integral characterizations for the property of uniform
exponential stability in [2], respectively [8].
Recently, P.V. Hai ([10]) obtains discrete and continuous characterizations for the
concept of (uniform) exponential stability in terms of Banach sequence (function)
spaces. Also, in [20] and [25] are proved generalizations of the results obtained by E.
A. Barbashin and R. Datko.

Significant results in the field of exponential dichotomy of skew-product flows are

obtained in [7], [11], [13], [14], [22] and for the case of nonlinear differential equations,
we emphasize the contributions of S. Elaydi and O. Hajek ([9]).
In [18], respectively [24], the authors give necessary and sufficient conditions for ex-
ponential dichotomy with input-output techniques, using spaces of continuous and
bounded functions, respectively Lebesgue spaces. Also, the property of (uniform) ex-
ponential dichotomy is studied in [23] through the Banach function spaces.

Different concepts of dichotomy of exponential type or more general, with differ-
ent growth rates, are treated in [4], [5], [6], [12], [16], [19] and the references therein.
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As application, we mention the robustness property studied by L. Barreira, J. Chu,
C. Valls in [3] and by M. Lizana in [15].

The notion of exponential splitting is a extension of the exponential dichotomy
and it is studied for difference equations in [1] and [17]. Important characterizations
for various concepts of splitting with growth rates are given in [21].

In this paper we approach the concept of (h,k)-splitting as generalization of
(h, k)-dichotomy for skew-evolution semiflows in Banach spaces. Integral conditions
of Datko and Barbashin type are given, considering invariant and strongly invariant
families of projectors.

Also, we emphasize the results for (h, k)-dichotomy, nonuniform exponential splitting
and exponential splitting.

2. Preliminaries

We denote by X a metric space, V' a Banach space and B(V') the Banach algebra
of all bounded linear operators on V. The norms on V, respectively B(V) will be
denoted || - ||.

Also, we consider the sets

A = {(t,to) € R : t > to},

T ={(t s to) ERY :t>s>to}
and Y = X x V.

Definition 2.1. A continuous map ¢ : A x X — X is said to be evolution semiflow on
X if it satisfies the following relations:

(es1) (s, s,x) =z, for all (s,z) € Ry x X;

(es2) p(t, s,0(s,to,x)) = @(t,tg, ), for all (¢t,s,t9,z) € T x X.
Definition 2.2. We say that ® : A x X — B(V) is an evolution cocycle over the
evolution semiflow ¢ if

(ec1) ®(s,s,x) = I (the identity operator on V), for all (s,z) € Ry x X;

(eca) D(t,s, (s, to, x))P(s,to,x) = P(t,to, ), for all (¢,s,t0,2) € T x X;

(ecs) (t,s,x) — ®(t,s,x)v is continuous for every v € V.

Definition 2.3. If ¢ is an evolution semiflow on X and ® is an evolution cocycle over
©, then the pair C = (D, ¢) is called skew-evolution semiflow.

Example 2.4. Let X be a compact metric space, V' a Banach space, ¢ an evolution
semiflow on X and A : X — B(V) a continuous map. If ®(¢, s, z)v is the solution of
the equation

0(t) = A(p(t, s,x))v(t), t>s>0,

then C = (¥, ) is a skew-evolution semiflow.
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Definition 2.5. We say that a continuous map P : Ry x X — B(V) is a family of
projectors on V if

P(s,z)? = P(s,z), forall (s,z) € Ry x X.
Remark 2.6. If P : Ry x X — B(V) is a family of projectors for C = (®, ), then
Q Ry xX —=B(V), Qt,z) =1— P(t,z) is also a family of projectors for C, called
the complementary family of projectors of P.

Definition 2.7. A family of projectors P : R x X — B(V) is called
(#) invariant for the skew-evolution semiflow C = (®, ¢) if

P(t,o(t,s,2))P(t, s,z) = ®(t,s,2)P(s,x), forall (¢,s,2) € AxXX;

(i1) strongly invariant for the skew-evolution semiflow C' = (®,¢) if it is invariant
for C' and for all (t,s,2) € A x X, the map ®(¢,s,x) is an isomorphism from
Range Q(s,x) to Range Q(t, ¢(t, s, )).

Remark 2.8. An example of an invariant family of projectors for a skew-evolution
semiflow which is not strongly invariant is given in [21].

Proposition 2.9. If P : Ry x X — B(V) is a strongly invariant family of projec-
tors for C = (®,p), then there exists an isomorphism ¥ : A x X — B(V) from
Range Q(t,(t, s, x)) to Range Q(s,x), such that:

(1) @(t,s,2)¥(t,5,2)Q( ¢(t, 5,7)) = Q¢ ¢(t, 5, 2));

( ) \Ij(tws 1') (t S l’) (S,‘T) = Q(va);

(U3) W(t,s,2)Qt ot s,2)) = Q(s, )V (L, 5,2)Q(t, o1, 5,7));

( ) \P(t to, ) (t (p(t,to,:b‘)) = \I/(S,to,x)\lf(t,s,(p(S,to,x))Q(t7(p(t,t0,$)),

for all (t,s,tg,z) € T x X.

Proof. See [21], Proposition 2. O

Throughout this paper, we will consider two nondecreasing functions
h,k: R4y — [1,400) with t—lg—noo h(t) = t_l}inook(t) = 400 (growth rates).

Let C = (?,¢) be a skew-evolution semiflow and P : Ry x X — B(V) an
invariant family of projectors for C.

Definition 2.10. The pair (C, P) admits a (h, k)-splitting if there exist two constants
a,B € R, @ < 8 and a nondecreasing map N : Ry — [1,+00) such that

(hs1) h(s)*||®(t, o, z0) P(to, xo)vol| < N(s)h(t)*[|D(s, to, x0) P (to, xo)vol[;

(ks1) k(6)P|®(s, to, 0)Q(to, zo)vol| < N()k(s)?||®(t, to, 20)Q(to, zo)vol,

for all (¢, s,t0,x0,v0) € T X Y, where @ is the complementary family of projectors of
P.

The constants « and (§ are called splitting constants.
As particular cases, we have:
(7) if the map N is constant, then we have the property of uniform (h, k)-splitting;
(i) if & < 0 < S8, then we obtain the notion of (h, k)-dichotomy;
(ii7) if h(t) = k(t) = €', t > 0, then we recover the concept of nonuniform exponential
splitting;
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(iv) if h(t) = k(t) = €' and N(t) = Se®t, with ¢ > 0, S > 1 and € > 0, then we obtain
the concept of exponential splitting.

Remark 2.11. The pair (C, P) is (h, k)-dichotomic if and only if there are a,b > 0
and a nondecreasing mapping N : Ry — [1,+00) with
(hdy) h(t)*||®(t, to, z0)P(to, To)vo|| < N(s)h(s)*||®(s, Lo, z0)P(to, zo)voll;
(kd1) K(6)*||®(s, to, 20)Q(to, zo)vo|| < N (t)k(s)°||®(t, Lo, 20)Q(to, zo)voll;
for all (¢, s,t0, z0,v0) € T X Y.
Example 2.12. Let P: Ry x X — B(V) be a constant family of projectors on V' and
Q=I1I-P
Let h,k : Ry — [1,4+00) be two growth rates and let & < /3 be two real constants.
For every two nondecreasing functions u,v : Ry — [1,400) with

supu(t) =« and supwv(t) =7
>0 >0

we define ® : A x X — B(V) by
uls) (h(t))" o(t) (k)
D(t =—=|—+%)] P — | —=
(1) = 2 () (s, + 20 () s,
which is an evolution cocycle over every evolution semiflow on X with

O(t,s,x1) = P(t,s,22), forall (¢ s,21),(ts,22) €A XX,

(I)(t,to,xo)P(to,xo) = u(to) ( h(t) ) P(to,xo), for all (t,to,l‘o) S A x )(7

u(t) \ h(to)
B
‘I’(t,to,l‘o)@(to,.ﬁo) = UU((ti))) (:((ti)))) Q(to,])o), for all (t,to,l‘o) S A x X.

Moreover,

()1 [B(, to, 20 ) P, 20)v0]| = 10 (h(s) )ah(t)(XIIP(towo)vol <

< u(s)h(t)*]|®(s, to, xo) P(to, xo)vol| < N(s)h(t)*||®(s,to, zo)P(to,xo)vol|

and
k(t)?||®(s, to, 70)Q(to, To)vo|| = z((i))k(S)ﬁH@(t,750,$0)Q(t0,9€o)vo|| <
< w(t)k(s)?||@(t, to, 20)Q(to, zo)vol| < N (£)k(s)?||®(t, to, 20)Q(to, xo)vol|,

for all (¢, s,to,x0,v0) € T X Y, where N(t) = u(t) + v(t), for every ¢ > 0.

Finally, we obtain that (C, P) has a (h, k)-splitting, with the splitting constants
«a and B.

If we suppose that (C, P) is (h, k)-dichotomic, then it results that there exist
~ > 0 and a nondecreasing function N : R, — [1,400) such that

h(@)7||@(t, to, w0) P(to, xo)vol| < N(s)h(s)7[|®(s, L0, z0) P(to, zo)voll;
for all (t,s,t9) € T and all (zg,vg) € Y.
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From here, for s =ty = 0 we deduce
u(O)h(t)C”“7 < N(O)h(O)‘”"’u(t) < aN(O)h(O)‘:“'M
and for t — +o0 we obtain a contradiction.

Remark 2.13. The previous example shows that for every two growth rates h, & and
all two real constants o < 3 there is a skew-evolution semiflow which admits a (h, k)-
splitting with the splitting constants «, § and which is not (h, k)-dichotomic.

Remark 2.14. The pair (C, P) has a (h, k)-splitting if and only if there exist «, 8 € R,
a < (B and nondecreasing map N : Ry — [1,+00) such that

(hs1) h(to)*||®(t, o, zo) P(to, zo)vo|| < N(to)h(t)*||P(to, zo)voll;

(ks1) k(£)°[|Q(to, zo)vol| < N(t)k(to)[|® (¢, to, 20)Q(to, xo)vol|,

for all (t,tq,z0,v0) € A X Y.

Definition 2.15. We say that (C, P) has a (h, k)-growth if there exist two constants
w1,wz > 0 and nondecreasing map M : Ry — [1,+00) such that

(hg1) h(s)**[|®(t, o, x0) P(to, zo)vol| < M (to)h(t)* ||®(s, to, x0) P(to, zo)voll;

(kg1) k(s)2[|®(s,to, x0)Q(to, zo)vol| < M (£)k(t)*2[[®(t, Lo, 20)Q(to, To)voll,

for all (t, S,t0,$07’l)0) eT xY.

In particular,
(neg) for h(t) = k(t) = €', t > 0, we have the property of nonuniform exponential
growth;
(eg) for h(t) = k(t) = e’ and M(t) = Ge*, t > 0, G > 1 and v > 0, we obtain the
notion of exponential growth.

Proposition 2.16. Let P : Ry x X — B(V) be a strongly invariant family of projectors
for C = (®,¢). Then (C, P) admits a (h, k)-splitting if and only if there exist two real
constants o < 8 and a nondecreasing mapping N : Ry — [1,400) such that
(hs1) h(s)*[|®(¢, to, zo) P(to, zo)vol| < N(s)h(t)¥||®(s, o, z0) P(to, zo)vol;
(kst) k(s)°[[T(t, to, 20)Q(t, p(t, to, o))vo|| <
< N(8)k(to)?|| ¥ (t, 5, ¢(s, to, 70))Q(t, p(t, to, To))voll,
for all (¢, s,t9,z0,v0) €T X Y.

Proof. See [21], Proposition 3. O
Similarly, we obtain

Remark 2.17. Let P : Ry x X — B(V) be a strongly invariant family of projectors
for C = (@, ). Then (C, P) has a (h, k)-growth if and only if there exist wy,wy > 0
and nondecreasing function M : Ry — [1, +00) with
(hg1) h(s)“H||®(, to, x0) P(to, xo)vol| < M(to)h(t)|[®(s, to, x0) P(to, zo)voll;
(kg1) K(to)=2[|W(t,to, 10)Q(L, (2, to, z0))vol| <
< M(S)k(s)w2 ||\I}(t7 S, 90(‘97 lo, xO))Q(t7 (p(t7 to, ‘TO))’U0H7
for all (¢, s,tg,xo,v0) €T X Y.



358 Claudia Luminita Mihit and Mihail Megan

3. The main results

In this section we will denote with #H; the set of the growth rates h: Ry — [1, 4+00)

with
+oo

/ h(s)°ds < 400, forall ¢ < 0.
0
Also, K; represents the set of the growth rates k : Ry — [1,+00), with the property
that there exists a constant X > 1 such that
t
/k(s)”ds < Kk(t)¢, foralle>0,t>0.
0
By H we denote the set of the growth rates h : Ry — [1, +00) with the property that
there exists H > 1 such that
h(t) < Hh(s)¢, forall (t,s) €A, t<s+1, ceR.
Remark 3.1. If we denote by e(t) = ef, t > 0, then e € H; N K1 NH.

We counsider C' = (®,¢) a skew-evolution semiflow, P : Ry x X — B(V) an
invariant family of projectors for C.
A first characterization for the (h, k)-splitting property is given by

Theorem 3.2. Let (C, P) be a pair with (h, k)-growth, where h € H1NH and k € K1NH.
Then (C, P) admits a (h, k)-splitting if and only if there exist d1,ds € R, d1 < do and
a nondecreasing mapping D : R, — [1,400) such that the following assertions hold:

+oo
O(7,ty, xo)P(tg, xo)v D(s
(Dhs1) / I2(r. o ho(z—)d(lo ) OHdTS h(s()d)l

||(I)(S,t0,.’Iio)P(to,.’EQ)UoH,

for all (s,tg,x0,v0) € A XY

(Dksy) /tH(I)(T’tO’xO)Q(to,l“o)Uo|d < D(t)

k(r)d T= (t) [|®(t, to, x0)Q(to, zo)vol|,

for all (¢,t9,x0,v0) € A X Y.
Proof. Necessity. It is a simple verification for a < dy < d2 < 8 and
D(s) = N(s)[K + Hh(s)" ],
“+o0
where H = [ h(r)* %dr.
0

Sufficiency. We show that the relations from Definition 2.10 are verified.
(hsy) Case 1: Let t > s+ 1, (s,t0) € A and (xg,v9) € Y. Then

h(s)™ || ®(t, to, 20) P(to, zo)vol| <

< (s)" M(to) / (35

) ||‘I)(7',to,l‘o)P(to,l‘o)Uo”dT:
t
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t

wl—dl
M (to)h(s) h(t) / h(t) 127, to, 0) P(to, zo)voll , -
(1) h(T)dh

t—1

< HM(s)h(s)" h(t) / RS TtO»xo (t07$0)00||d <

< N(s)h(ﬁ)dlH<I>(s,to,aco)P(lfo,Jco)UOH7 forallt > s+ 1, s> tg, (zg,v0) €Y,
where N(s) = HM(s)D(s), s > 0.
Case 2: Let t € [s,s+ 1], s > tg and (z0,v9) € Y. We obtain
h(s)™||@(t, to, 20) P(to, xo)vo|| <

MO
<) (113) O 1900 Plto, sl <
< N()h(t)"[| (s, to, 20) P(to, xo)vol |,
for all t € [s,s+ 1], s > to, (wo,v0) € Y.
Then, we obtain that (hsy) is verified for all (¢, s, to, xg,v9) € T X Y.
(ks1) Case 1: We consider (t,s,t0) € T, t > s+ 1, (xg,v0) € Y. Then,
s+1

/%wwwwmmwaWWMS

s+1 ws
sum{/Mvwﬁg)nﬂﬂmmm%JWMMS

S

k(r)d dr <

s wa+d2
< M(t)k(t)?k(s)" / <;;((3> T 1B (7, o, 10)Q(to, 20) V0|

< HM(t)k(S)dzk(t)dz/ ||(I)(T7tO?i?l?d(ZtvaO)UOHdT <

< N(£)k(s)®[|®(t, to, 20)Q(to, T0)vol|.
We obtain
k()| @ (s, to, 20)Q(to, xo)vol| < N()k(s)®||®(t, to, 20)Q(to, xo)vol|,

forallt > s+1, s >ty, (xg,v0) €Y.
Case 2: Let t € [s,s+ 1], s >ty and (z9,v0) € Y. We deduce the following:

k(t)%]|®(s, to, 20)Q(to, xo)vo|| <
(k(t ) ()% | (¢, to, 20)Q(to, To)vo|| =

k(s)
wa+d2
Mm((v B(s)% |8, to, 20)Q(to, 20)v0 | <
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< N(t)k(s)®|®(t, o, 20)Q(to, T0)voll.
Thus, the condition (ks;) holds for all (¢, s, tg, xo,v9) € T X Y.

In conclusion, the pair (C, P) has a (h, k)-splitting. O

As consequences, we obtain

Corollary 3.3. Let (C, P) be a pair with (h,k)-growth, where h € Hi NH and k €
K1 NH. Then (C, P) is (h, k)-dichotomic if and only if then there exist di < 0 < ds
and a nondecreasing function D : Ry — [1,4+00) such that:

+oo
|| @ (7, to, 20) P(to, o) vol| D(s
(Dhdy) / 2 h(zr)dlo 2 dr < h(s)dl||<I>(S,to,$0)P(t07x0)v0||,
for all (s,tg,zg,v9) € A XY

/ (7,9, to, o)V D(t
(Dkdy) /|| (7, to ktzz_c)?d(zo 0) 0||dT§ k(t()rjz

|[®(t, 0, 20)Q(to, To)vol|,

for all (¢,tg,z9,v0) € A X Y.

Corollary 3.4. We consider (C, P) a pair with nonuniform exponential growth. Then
(C, P) has a nonuniform exponential splitting if and only if there are two constants
dy,ds € R, dy < dy and a nondecreasing map D : Ry — [1,4+00) with:

+oo

(Dnesy) / =7 ||B(7, Lo, 30) P(to, 20)vo||dr <
< D(s)edelH(I)(s,to,xO)P(tO,xO)UOH,
for all (s,tg,x0,v0) € A XY

t

(Dness) / =72 |B(7, 1o, 20)Q (o, 20)vo||dr <
to
< D(t)e "2 | (t, to, 20)Q(to, xo)vol,
for all (t,t0,x0,v0) € A X Y.

Corollary 3.5. If (C, P) is a pair with exponential growth, then it admits an exponential
splitting if and only if there exists some real constants di < do, D > 1 and § > 0 such
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that:
+oo
(Desy) / =7 || (7 to, 0) P(to, z0)vo||dr <
< Del® %[ (s, to, 20) P(to, zo)vo| |,
for all (s,to,x0,v9) € A XY
t

(Dess) /6_7d2||<1>(7, to, x0)Q(to, xo)vo||dT <
to
< De (@ (t, t, 20) Q(to, o) v,
for all (¢,tg,x0,v0) € A X Y.

Remark 3.6. The results given by Theorem 3.2, Corollary 3.3, Corollary 3.4 and
Corollary 3.5 are characterizations of Datko-type for the splitting concepts studied in
this paper.

Further, C' = (®, ) represents a skew-evolution semiflow and P : Ry x X —
B(V) a strongly invariant family of projectors for C.
In this context, we obtain the following characterization for (h, k)-splitting:

Theorem 3.7. Let (C, P) be a pair with (h, k)-growth,where h € HiNH and k € K1NH.
Then (C, P) admits a (h, k)-splitting if and only if there exist d1,ds € R, d1 < da and a
nondecreasing map D : Ry — [1,400) such that the following inequalities are verified:

+oo
|| ®(7, to, x0)P(to, zo)vol|
(Dhs) / h(r)d:

D(s)
h(s)®

dr S ||(I)(87tvaO)P(t07x0)U0||7

for all (s,tg,x0,v0) € A XY

(Dk‘s’l) / [V (t, 7, 0(T, tvak?()iglEtv@(tvtOva))UoHdT <
to

= kl()s(;‘i)z 19 (2, 5,0(s, to, 20))Q(E, (¢, to, xo) Jvol],

for all (¢,s,to,x0,v0) €T X Y.

Proof. Necessity. It results from Proposition 2.16, for a < d; < do < 8 and
D(s) = N(s)[K + Hh(s)" ],

+o0
where H = [ h(r)*~%dr.
0
Sufficiency. We prove that the inequalities (hs;) and (ks{) from Proposition
2.16 hold.

In a similar manner with the proof of Theorem 3.2 we obtain

h(S)dl | |@<t7 to, a?())P(to, 370)’()()” S N(S)h(t)dl | |‘I>(S, t(), ,To)P(tQ, .’130)1}0”,
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for all (¢, s,t0, zo,v0) € T x Y, where N(s) = HM(s)D(s), s > 0.
Thus, we consider (t,s,ty) € T, s > to + 1, (z0,v9) € Y and it results that

k(s)d2 ‘ |\Il(t7 t07 JIQ)Q(t, sp(ta t07 1‘0)1)0” =

to+1
:k(s)dz / ||\I/(T,t0,$0)\I/(t77'7@(T7t0,x0))Q(t,(p(t7t0,$0))’l)0||d7'S

to

to+1

<k(6)® [ 21 () 1007007 10 200l 007 <

to

dr <

k() >* 10 (¢, 7, (7, to, 20)) Q(t, @(t, to, x0))vol|
k(7)dz

< HM (s)k(s)%k(to)®

dr <

||\D(t? T, 90(7-7 t07 .%‘0)) (t7 (p(ta t07 .’I,‘Q))UQH
k(T)d=
0

t
< N(S)k(t())d2 ||\Il(t7 S, 90(87 tOv xO))Q(tv <p(t> t07 xO))”OH'
For t > s, s € [to,to + 1), (z0,v0) € Y we have
k(s)dzH\P(t?tO,mO)Q(ta@(tathZO))UOH <

k(s)
k(to)

< k(s) = M(s) ( ) I, 5, (5, 0, 20)) QL 9l tos 20) ol <

wa+d2
< M(s)k(to)™ (,f((t))) (1, 5, (5. 0, 20)) QU ol o, 20) ol <

< N(s)k(to) ([ (t, s, (s, to, ©0))Q(t, ¢(t, to, x0) Jvo|.
We deduce that (ksY) is verified, for all (¢, s,to) € T, (zo,v0) € Y.
Using Proposition 2.16, it follows that (C, P) admits a (h, k)-splitting. O

In particular, we emphasize the following consequences:

Corollary 3.8. Let (C, P) be a pair with (h, k)-growth,where h € H1iNH and k € KiNH.
Then (C, P) is (h, k)-dichotomic if and only if there exist two constants d; < 0 < da
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and a nondecreasing map D : Ry — [1,+00) with:

+oo
(thl) / ||(I)(T,t0,$0)P(t0,$0)1)0||d7_ S D(S

h(r)d 1(s)% [|® (s, 0, x0) P(to, zo)voll,

for all (s,tg,zg,v9) € A XY

(Dkdll) / ||\I/(t77-790(7—a t(),.’Iio))Q(t,(P(t,to,xo))UOHdT <
to

k(T)d2

< kl()ifj W (t, 5, 05, to, 20))Q(E, ¢ (t to, z0) Jvol|,

for all (¢,s,t,x0,v0) €T X Y.

Corollary 3.9. Let (C, P) be with nonuniform exponential growth. Then (C, P) has a
nonuniform exponential splitting if and only if exist two real constants d1 < da and a
nondecreasing function D : Ry — [1,400) such that:

—+o0
(Dnesy) /67Td1||<I)(T,t0,$0)P(t0,IQ)U()HdT <
S D(S)e_Sdl ||(I)(S, to, LL‘())P(to, l‘o)’l)()| |,
for all (s,tg,xo,v0) € A X Y
(Dnesé) / B_Td2 ‘ |\IJ(t7 T, @(Ta th .’L'()))Q(t, (p(t7 t07 .’L‘Q))Uo| ‘dT <
to
< D(S)6_5d2 ||\I/(t7 S, @(Sa th xO))Q(ta QD(t, tOv .1?0))'[10| |7
for all (¢, s,to, o, v0) €T X Y.
Corollary 3.10. If (C, P) has an exponential growth, then it admits an exponential
splitting if and only if there exist di,ds € R, d1 < do, D > 1 and § > 0 such that:
“+o0
(Desy) /677d1||<1)('r,t0,xO)P(to,zO)voHdT <
< De((s_dl)SH‘I)(S, to, l‘Q)P(to, l‘o)UQH,
for all (s,tg,x0,v0) € A XY
S
(Desi) [ €Tt 7ol t0,20)) QU st )T <
to
< De(é_d2)s| |\P(t» S, 90(57 lo, xU))Q(tv (p(ﬂ lo, xo))v0||,
for all (t, S,t0,$07’l)0) eT xY.

Remark 3.11. Theorem 3.7, Corollary 3.8, Corollary 3.9 and Corollary 3.10 are char-
acterizations of Barbashin-type for the splitting concepts considered in this paper.
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Characterization of ¢g-Cesaro convergence for
double sequences

Emre Tag and Cihan Orhan

Abstract. In the present paper we examine the Buck-Pollard property of 4-
dimensional g-Cesaro matrices. Indeed we discuss some questions related to the
g-Cesaro summability of subsequences of a given double sequence. The main re-
sult states that “ a bounded double sequence is g-Cesaro summable to L if and
only if almost all of its subsequences are ¢-Cesaro summable to 2' 7L,

Mathematics Subject Classification (2010): 40B05, 40C05, 28A12.

Keywords: Double sequences, Pringsheim convergence, the Buck-Pollard property,
g-Cesaro matrices.

1. Introduction

Buck and Pollard [2] proved that a bounded sequence (s,,) is (C, 1) summable
if and only if almost all of its subsequences is (C,1) summable. Since this idea has
been introduced by Buck and Pollard, the property is to be called “Buck-Pollard
property”. The Buck-Pollard property is related to the convergence or summability of
subsequences of a given sequence. Taking into consideration ¢-Cesaro matrix instead of
(C, 1) matrix, similar results have been investigated in [7]. Recently the Buck-Pollard
property for (C,1,1) summability method has been examined and also provided a
new characterization of (C,1,1) summability for double sequences with respect to its
subsequences [10].

In the present paper we consider similar problems for four dimensional ¢-Cesaro
matrix on double sequences. We first introduce the notions of our interest related to
double sequences.

A double sequence s = (s;i) is said to be Pringsheim convergent (i.e., it is
convergent in Pringsheim’s sense) to L if for every € > 0 there exists an N € N such
that |sjr — L| < € whenever j,k > N ([9]). In this case L is called the Pringsheim
limit of s and the space of such sequences is denoted by ¢(2). A double sequence s is
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bounded if there exists a positive number H such that |s;i| < H for all j and k, i.e.,

51l (00,2) = sup || < o0
7.k

We will denote the set of all bounded double sequences by lg)). Note that in contrast
to the case for single sequences, a convergent double sequence need not to be bounded.

Throughout the paper when there is no confusion, ”convergence” means the
Pringsheim convergence.

Four dimensional ¢-Cesaro matrix (C,,1,1) = (cﬂ") is defined by

ﬁ ) 1§]§nand1§]g§m
ct =
7k
0 ) otherwise

where 0 < ¢ < oco. Observe that the case ¢ = 1 reduces to (C,1,1), 4-dimensional
Cesaro matrix. Also if ¢ # 1, g-Cesaro matrices (Cy, 1,1) cannot be RH regular, i.e.,
it cannot sum every bounded convergent sequence to the same limit.

There exist several versions of the concept of subsequences for double sequences
(3], 18], [12]). We adopt Definition 2 of [3] on subsequences of double sequences
throughout the paper.

Let X denote the set of all double sequences of 0’s and 1’s, that is

X ={z = (xjx) : xjx € {0,1} for each j,k € N}.
Let R be the smallest o-algebra of subsets of the set X which contains all sets of the
form
{{L‘ = (-Tjk) e X: Tjiky = A1y ey Tk, = an}

where each a; € {0,1} and the pairs {(j;k;)},_, are pairwise distinct.

There exists a unique probability measure P on the set R, such that
1
27’L
for all choices of n and all pairwise disjoint pairs {(j;k;)}.,, and all choices of ay, ..., a,
(see, [3]).

Let s = (s;x) be a double sequence and = = (z;;) € X. Following [3] we define
a subsequence of the sequence s by

sjk(:c):{ Sik o if Tjp =1

P({zx=(zju) € X Tjyky =01,y Tk, = An}) =

* , ifxjp=0

Mapping = — s (x) is a bijection from the set X to the set of all the subsequences of
the sequence s = (s;) [3].
An element z of X is said to be normal ([3]) if for each € > 0 there is a natural

number N, such that for n,m > N, we have ﬁ Z: Tk — % < e. Let 1 denote the
=n
E<m

set of all elements z in X that are normal. This implies that normal elements are

(C,1,1)-summable to 1. It is also known ([3]) that P () = 1.
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2. Subsequence Characterization of g-Cesaro Summability

In this section we characterize (Cy,1,1) summability of a double sequence. In
particular we study conditions under which (Cy,1,1) summability of a double se-
quence carry over to that of its subsequences, and conversely, whether these proper-
ties for suitable subsequences imply them for the sequence itself. We begin with the
following theorem which is analog to that of Buck and Pollard [2] for single sequences.

Theorem 2.1. If almost all subsequences of s = (s;i) are (Cq,1,1)-summable to a
value L then the sequence s = (s;i) is (Cy, 1,1)-summable to 2' =7 L.

Proof. If almost all subsequences of (s;i) are (Cy, 1,1)-summable to a value L then
the set G = {z € X : s(z) is (Cy,1,1)-summable to L} has probability measure 1.
We use the technique given in [3]. Now given a sequence z = (z;;) € X we define a
sequence T = (Z;x) by

- 0 ; Zf Tk = 1

xﬂ’“{ 1, ifa,=0
Let Y =GNnand Y = {(Z;) : x;; € Y}. Therefore we have Y = G N7 where G is
defined in the obvious way. Since the mapping (z,z) — (Z,x) preserves the measure
P, we get P (7) = 1 and hence P (Y ﬂ?) = 1. So Y NY is a non-empty set. If
r=(zj;) €EYNY, then we have x € G, x € p and & € G , T € 1. Hence we obtain

s(z) = L(Cy,1,1)
and

s(z) = L(Cy, 1,1)
with x,Z € . That is

n,m n,m
‘kzl Sk Tk ,kzl Sk Tk
. J.k=1, . J.k=1,
lim —-—"————% =Land lim —S———— =L
,Mm—00 n,m ,1M—>00 ,Mm
> Tjk > Tk
k=11 k=11
Also since x, T € n, we have
lim — Zjp=-and lim — Tjp = -.
n,Mm—>00 nmj7k:171 2 m,Mm—>00 nmmk:l’l 2

On the other hand, the (Cy, 1, 1)-summability of the sequence (s,) is equivalent
to the existence of the limit of the following expression

n,m n,m e n,m n,m 4 n,m
> Sk > Tk > SikTik > Tik S sikEk

j,k=1,1 J,k=1,1 j,k=1,1 J,k=1,1 4,k=1,1

- + )
ndmd ndmd n,m a ndmd n,m a
> Tjk Tjk
GE=1,1 JE=1,1
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So we get that

> sk
. G k=1,1 _ £ £  ol-g
A T T
which implies that the sequence (sjx) is (Cy, 1, 1)-summable to 2! 77L. O

In order to get the converse of Theorem 2.1, we need the following two lemmas
presented in [10]. The first lemma is an analog of the Khintchine inequality for double
sequences.

Lemma 2.2. Let

tam () = > SuTjk (%), Bapm= > S?k-
Gk=1,1 4,k=1,1
Then the following inequality
2r)!
E(tnm 2r)<( Bnmr
(tam)™") < ‘o (Bun)

1s fulfilled, where v is a positive integer.

The next result is an analog of the Marcinkiewicz-Zygmund inequality for double
sequences.

Lemma 2.3. Let

n,m n,m 9
tam () = > sjTjk (%), Bam= > Sik
Jk=1,1 Jk=1,1
and t},, (v) = max |t;i], where Kpm = {(j,k) :1<j<n,1<k<m}

(j7k)eK”L"YL
Then for a > 0 the following inequality

2 Bnm

E (eatim(”) < 320077

holds.
Now we are ready to provide the converse of Theorem 2.1.

Theorem 2.4. If the sequence (s;i) is (Cq,1,1)-summable to a value L and

n,m 5 anqu
Y=o

k=11 log log n9m4
then almost all subsequences of (s;1) are (Cy,1,1)-summable to 2971 L.

Proof. The (Cy, 1,1)-summability of almost all subsequences of (s;x) is equivalent to
the convergence of the following expression

n,m

> SikTjk
7,k=1,1

n q
Tk
7,k=1,1

for almost all z.
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We can rewrite the above expression as follows for almost all

n,m 1 +7r " (x) n,m n,m
Z Sjk ( % 2n‘11m‘1 Z sjk + 2n‘11m‘1 Z sjkrjk ((E)
J,k=1,1 J:k=1,1 J.k=1,1

{ 3l (W)}qz nqlmq{ 3o <1+r2jk(x)>}q (2.1)
co Jk=11

where ;i () = 22, — 1 . Recall that the functions 7 are the Rademacher functions

(see [3]). Since P (n) = 1, observe that the denumerator of (2.1) converges to - for

24q
almost all z. To complete the proof, it suffices to establish that

1 n,m
nama > 8Tk (x) = 0, (as n,m — oo) for almost all z.
J,k=1,1
Let € > 0 and define
M= {w tthere is (n,m) with 2971 <n <27, 2871 <m < 2% such that [tnm (z)] > nqmqa}
and let
Gjr = {a: D ts on (x) > QQ(j—l)Qq(k—l)E} .

Notice that M;;, C Gjx. The proof will be completed if we prove that for every ¢ > 0,

00,00
Z P(G]k) < Q.
jk=1,1
Now using Lemma 2.3 we have
P (Gjp,) e 12 e < /eat;jﬂ’“(x)dp (z)=FE <6at;j’2k(w)) < 3260
X
Hence
P(Gj) < 32eazB§j2k —a200~1ga(k~De
k) < .
. (-1 ga(k—1)
Taking a = %7 we have
27 2k

£2924(j—1)92q(k—1)
P(Gj) <32  2Box (2.2)
e (2)™ (24)™
_ 396 2169By,

On the other hand it follows from the hypothesis that

szzk —0 1
(29)%7 (26)2¢ 7 \ log log 27924
which yields
BQij- 52
(27)29 (2k)?9 ~ 2.167 log log 27924
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Then (2.2) yields that
€2 6.16%log log 2792k4
P (Gjy) < 32e 2.167 g2
_ 3267310g10g 27agka
B 32
[(j + k) log 2]

0,00 .
jk; | TRtz < (see [1]),

Since

00,00

00,00 1
P(Gjp) < 32 S
j,;,l ’ 2 (G + k) log 29

jok=1,1
Hence we obtain lim P (Gj;) =0 and also lim P (M) = 0. This completes the
j,k—o00 j,k—o00

proof. O

A criterion for (Cy,1,1) summability of bounded double sequences is provided
in the next corollary.

Corollary 2.5. A bounded double sequence (sji) is (Cq,1,1)-summable if and only if
the almost all subsequences are (Cy, 1,1)-summable.

Theorem 2.6. If

. 1
lim
n,m—oo nImd

Z sierik () =0, for almost all x (2.3)
jik=1,1

then we have

1 n,m
im0 Y % =0.
n,m—00 n2a4m24 J
J,k=1,1

Proof. Let N[u,z] ={(j,k):u<j<morz<k<m}and

Tuemm (£) = D> sirje (@)

(4,k)ENu,z]
Hence
Tg,z,n,m (‘r) = Z S?k +2 Z Sj1k1Sj2kaTj1k: ((E) Tjaks (‘T) .
(4,k)EN[u,z] (J1,k1),(j2,k2) EN[u,z]

J1#j2 or ki#ka

Because of the Egoroff theorem there exists a set D C X with positive measure such
that the limit in (2.3) exists uniformly on D. Therefore,

/ T} .pm(@)dP(z)=P(D) Y s +K, (2.4)

D (4,k)EN[u,2]
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K=2 Z Sjrk1Sjaks /lekl (@) Tk, (x) dP ().
(jlvkl),(j2,/€2) EN[U,Z} D
J1 # jo or ki # ko

By the Holder inequality we have

1 1
2 2
|K| S 2 Z 8?11618?2162 Z UﬂzlklekQ
(jlvkl) ’ (j2>k2) € N[“’ Z} (jlvkl) ) (j27k2) €N [ur Z]
J1 # j2 or k1 # ko J1 # Jj2 or k1 # ko
(2.5)

where vj, iy joks = [ Tjrky () Tjoks () dP (x). We know that the functions rj i, (x)
D

and rj,, (z) are orthogonal on X (see [3]). So by the Bessel inequality [13] for double
sequences we get

> ok < / (xp (£))2dP (z) = P(D).
1<j1<je <0 X
1<k <k <o0

For sufficiently large v and z, we have

Nl=

P (D)
2
Z vj1k1j2k2 < 4 .
(j1, k1), (42, k2) € N [u, 2]
j1 # jo or ki # ko

It follows from (2.5) that

3

P(D) _P(D)
2 2 9
|K| S Z SjlklstkQ 2 S 2 Z Sjlkl'
(jlakl)a(j27k2) S N[U,Z] (j1,k1)EN[u,z]

jl#jg Orkl#kg
Combining this with (2.4) we get

[T @ aP@=PD) Y Rtk

D (4,k)EN[u,z]

ZP(QD) T e

(4,k)ENu,z]
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By (2.3) we have that

1
n, }rllrgoo n2am?24a Z Jk =0 and n, }q}bgoo n2qm2q Z S
(4,k)EN[u,z] Jok=1,1
Hence the result follows. O

In the next examples we present a sequence so that it is (Cy, 1,1) summable but
almost none of its subsequences are (Cy, 1,1) summable.

Example 2.7. Consider the double sequence s, = (—1) (-=1)* /jvk. Then

oo 1 7 > oo 1 7 1
Z M = Z u is convergent in the ordinary sense for ¢ > —

1 )
P =1 2
and
'S k 00 k
(D" VE (-7 1
,; 1 = ];1 e is convergent in the ordinary sense for g > ok

On the other hand the double series Z
G k=1,1
90). Also since

= (=1 (1)
E ~——3——— is convergent in the ordinary sense for k = 1,2, ...
2

j:l jq_ﬁkq
and
[e'e] _] 1)k}
Z 1 ~——5———— is convergent in the ordinary sense for j = 1,2, ...
=1 ]q k93
ISl
then the double series Z ~—————— is convergent in the restricted sense by
sk JUT PR

Theorem 1 of [5]. Since the double series Z (=)’ ()" Vivk

is convergent in

jaka
Jk=1,1 J1k
n,m ]
the restricted sense, we get that the sequence ﬁ Z (—1)’ (fl)k \/}\/E con-
k=11

verges to zero in the Pringsheim sense [6]. Hence the sequence ((—l)j (—1)* /G \/E)
is (Cy, 1, 1)-summable to zero. On the other hand, for the case of ¢ =

lwo

4

n,m

1 2| 1 nn+l)ym(m+1)
n2a4m2q ; kz::l 1‘7k - <n2qm2q 2 2
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the double sequence does not converge to zero. Hence we have, by Theorem 2.6, that

n,m

lim—— 3" (=1) (~1)* /vy () £ 0

n,m ndm4a
k=11

So almost none of its subsequences are (Cy, 1, 1)-summable to zero.
Example 2.8. Consider the double sequence s;; = (—1) (=1)" jk. Then

> &

q
- Y j=1

(=1
= Z 1 is convergent in the ordinary sense for g > 1,
J

<.

and

M8

o (—=1)" . . :
= Z a1 is convergent in the ordinary sense for ¢ > 1.
k=1

=~
Il
—

N G e
On the other hand, the double series Z — T
4,k=1,1 gk

is convergent (see [1], page

90). Also since

oo j k

Z j’l 1k(1 1) is convergent in the ordinary sense for k = 1,2, ...
j=1

and
= (-1 (-1)*
Z gy is convergent in the ordinary sense for j =1,2, ...
J
k=1

R Vi

then the double series Z is convergent in the restricted sense by

) jq—l ka—1
7,k=1,1
00,00 j k
Theorem 1 of [5]. Since the series Z % is convergent in the restricted
gk=1,1 J
n,m
sense, we get that the sequence { —1— Z (=1)? (=1)* jk % converges to 0 in the
jk=1,1

Pringsheim sense [6]. Hence the sequence ((—1)j (—1)kjk) is (Cy, 1, 1)-summable to
0. On the other hand, for the case of ¢ = %,

1 R B 1 nn+1)2n+1)m@m+1)(2m+1)
22 ) = G )

jk=1,1 n2m2
3k=1,

the double sequence does not converge to zero. Therefore, Theorem 2.6 implies almost
none of its subsequences are (Cy, 1, 1)-summable to zero.
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Geometric properties and neighborhood results
for a subclass of analytic functions involving
Komatu integral

Ritu Agarwal, Gauri Shankar Paliwal and Hari S. Parihar

Abstract. In this paper, a subclass of analytic function is defined using Komatu
integral. Coefficient inequalities, Fekete-Szegd inequality, extreme points, radii
of starlikeness and convexity and integral means inequality for this class are
obtained. Distortion theorem for the generalized fractional integration introduced
by Saigo are also obtained. The inclusion relations associated with the (n,u)-
neighborhood also have been found for this class.

Mathematics Subject Classification (2010): 47A15, 46A32, 47D20.

Keywords: Analytic function, Komatu integral, coefficient inequality, Fekete-
Szeg6 inequality, extreme points, radii of starlikeness and convexity, neighbor-
hood results.

1. Introduction

Let H denote the class of analytic function in the unit disk
A={z:zeC |z <1}

on the complex plane C. Let A denote the subclass of H consisting of functions f(z)
of the form

f) =24 anz", (1.1)
n=2
which are analytic in the open unit disk A = {z: z € C, |z| < 1}.
Also let S be the subclass of A consisting of all univalent functions in A nor-
malized by f(0) = f/(0) — 1 =0.
Denote by T' the subclass of S consisting of functions of the form

fz)=2-> anz", a, >0, z€A. (1.2)
n=2
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studied extensively by Silverman [15].

Let f and g are analytic functions defined in A. The function f is said to be
subordinate to g if there exists a Schwarz function w, analytic in A with w(0) = 0,
|w(z)| < 1, z € A such that

f(2) = g(w(2)), (z € A). (1.3)
We denote this subordination by f < g or f(2) < g(2), (z € A).
In particular, if the function g is univalent in A, the above subordination is
equivalent to f(0) = g(0) and f(A) C g(A), (z € A).
The convolution or Hadamard product of two functions f(z) given by (1.1) and

g(z) =z+ Z bnzn (14)
n=2
is defined as
(fx9)(z) = z—l—Zanbnz”. (1.5)
n=2

A function f(z) in A is said to be in class S*(«) of starlike functions of order

/
a (0 <a<l1)in A if Re{z}t((?} > «a for z € A. Let K(a) denote the class
z
of all functions f € A that are convex functions of order a (0 < a < 1) in A, if
2f"(2)

Req 1+

{ f"(z)
starlike functions and class K («) reduces to the class of convex functions K. Further,
f is convex if and only if zf'(2) is starlike.

Let ¢(z) be an analytic function in A with

#(0) =1, ¢'(0) >0 and Re(¢(z)) >0, (2 €A) (1.6)
which maps the open unit disk A onto a region starlike with respect to 1 and is
symmetric with respect to real axis. Then S*(¢) and K(¢), respectively, be the sub-

classes of the normalized analytic functions f in class A, which satisfy the following
subordination relations:

} > « for z € A. If @ = 0, the class S*(«) reduces to the class S* of

z2f'(2) 2f"(z)
< ¢(2),(z € A) and 1+ <¢(2),(z€ A
These classes are introduced by Ma and Minda [8]. In their particular case when
14+(1-2
¢(2)2% (e 0<a<l), (1.7)

these function classes would reduce, respectively, to the well known classes S*(«)
(0 < a < 1) of starlike function of order o in A and K(«)(0 < a < 1) of convex
functions of order « in A.

Definition 1.1. [4] The generalized Komatu integral operator K2 : A — A is defined
for 6 >0 and ¢ > —1 as

c [ z 2\ 0—
(K2F) (2) = (F(Jg)lz)c /O et (1og;)(s lf(t)dt (1.8)
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and
K2 f(2) = f(2).
For f € A, it can be easily verified that

(K2f) —z+z<zii) apz”. (1.9)

Based on the earlier works by the authors [1], we introduce the following class.

Definition 1.2. Let 0 <y <1, 0<p<1,7€ C\{0},6>0and ¢ > —1. A function
f € Sis in the class R} , .(¢) if

L L (UEIFGY 412K —p) < 0(2), €A, (1.10)
where ¢(z) is analytic function in A with
#(0) =1, ¢'(0) > 0 and Re(¢(z)) > 0. (1.11)

If we set ¢(2) = 13752, (-1 < B<A<1,z€A), in (1.10), we get

. 1+ Az
0,%,0,C (1 +BZ) 6’ypc(A B)

Lrea, PR +12{KEf () ~ o
Yol Sty ey <1

which is again a new class.

(1.12)

Some particular cases of this class discussed in the literature as:

(1) For § = 0, p = 1, the above class reduce to the class R] (A, B) introduced by
Bansal [3].

(2) For 6 = 0,p = 1, the class R7(1-23,-1) = RI(B) for 0 < g < 1,7 = C'\ {0}
was discussed recently by Swaminathan [20].

(3) RG1..(1 —283,—1) with 7 = €" cosn where —7/2 < < 7/2 is considered
n [11] (see also [10]).

(4) The class Rj; ; .(0,—1) with 7 = ¢ cosn was considered in [5] with refer-
ence to the univalency of partial sums.

We denote by P(¢) the class of normalized functions defined as

P@)={feH:f(0)=1,f<¢cA}.

The problem on subordination and convolution were studied by Ruscheweyh in [12]
and have found many applications in various fields. One of them is the following
theorem due to Ruscheweyh and Stankiewicz [13] which will be useful in this paper.

Theorem 1.3. Let F,G € A be any convex univalent functions in A. If f < F and
g =G, then f+xg<F G in A.

Observe that, in Theorem 1.3, nothing is said about the normalization of F' and G.
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2. Main results

Theorem 2.1. If f € P(¢) NS, n € N then (K2)"f(z) < (K2)"¢(2), where K¢ is
Komatu integral operator.

Proof. If f € P(¢) NS, then f(z) < ¢(z) where ¢(z) is convex univalent function.
It is well known that the function

0o §
hl(z)z+z<zii) 2", (6> 0), (2.1)

belongs to the class K of convex univalent and normalized function and for f € A

4 4
i) =zt e (CH) 2 ra () 4

c+3
c 5 z 2\ 06—
= (F(Jg)lz)c /o et <log ;)6 1f(t)dt
= K2f(2).

Therefore the function ha(z) =1+ h1(2) (2 € A) is convex univalent in A and for

p(z) =14+ p1z +paz? +p3zd + .

5 5
c+1 c+1
(p*he)(z) =14 pi1z+ po () 22 4 pg (C+3) 24

c+2
B c+1\°  (c+ 1) [T(6)2¢  p1z°tIT(8)  pazct2D(5)
‘“( ) r(é)zc{ o T e T vy T

S () G [ o)

Thus, f < ¢. Applying Theorem 1.3, we obtain
f * hQ < ¢ * h2

O G B Wl (5 e

5
c+1 (c+1)° [* .4 2\ 01
<1 ( - ) * To /Ot (logt) (1) dt
=Kf < K5¢, 6>0.

Hence, the theorem is true for n = 1.
Again by Theorem 1.3,

KSfshy < K2¢*hsy
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5
c+1 (c+1)° /Z 1 Z\o-1 s
=1- 7t (log2) KL f(t)t
(S58) + S5 [ (on?) " w2r)

& z
<1- (Ct 1) + (;a;)lz)j /0 o1 <log %)HKqu(t)dt
=KQ(KJf) < KJ(KQ)é
(KOS < (KL)%,
Thus, the theorem is true for n = 2.
Further, let the theorem is true for n = m i.e.

(K™ f < (K™
which on application of Theorem 1.3 gives

(K2)™ f  ho(2) < (K2)™ ¢ * ho(2)
6 —1
<Ct1> n CH tc 1(10g§)5 (K3Y™ £(4)dt
) _
<1- (Cil) C“ e (1og§)6 (KDY et)dt
=K (K™ f](= <K6[(K6)m¢]( )

f
= (K™ f(2) < (K™ (2).
The theorem follows by the principle of Mathematical induction. O

Corollary 2.2. Let ¢’ € P(¢), 0 < 1. If we take ¢(z) = %, n=1 and

= 2
= n A).
;n+lz,(z€ )

Then
1 [?g(t
f/ @dt<Q(z), (z € A),
z 0 t
where , X
z z z
Q(z) =14+2(1 - 2a) {22+32+42+...

s convex univalent function.

This particular result is given by Janusz Sokol [18].

3. Coeflicient inequality
Theorem 3.1. Let f € R7(A, B) [3]. Then f is in the class R}, , . if and only if

c+1
c+k

0o 4
SO (1+ B)k{p + A (k 1>}< ) ak < [r(A— B)|. (3.1)
k=2
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The result is sharp for the function f(z) given by the following form

Proof. For |z| =1, we have

K f(2)Y + 72K f(2)} — )
- 14~ B) = BRI+ =]

1
1+Zk(c+ ) a2kt (
c—l—k;
—|—sz -1 ctl azf—
Y etk k P
[c+1 c+1
sz(wrk) kak+’yz< ) k—1)ar —|7(A - B)|
k=2
- ct+1 L1 ct+1 k—2
-1)
p?k( +k) —|—’ysz < k) agz
+1
<3 k<+k:) akﬂzk 1) ( k) ak — |r(A - B)|
=2

() e Eran (1)

k=2
5 00 §
c+1 c+1
<(1+B)p2k(c+k) ak+(1+B)vzk(k—1)(c+k) ax — |7(A— B)|
k=2
<0. (By hypothesis)

+7z

7(A—B) -

+B

k=2

Thus, by maximum modulus theorem, f € Rg’%p)c(A, B).
Conversely, assume that

PAELf(2)}Y + A K2 f ()} —p
7(A = B) = B{p{K2f(2)} +v2{K2f(2)}" = p}

<

5 5
ok (28) et R k= 1) () et

) )
7(A—B)—-B {pZﬁQ k (51,1) apzF=t+ 30 L k(k—1) (ﬁ'—i) akzkl}

<1.
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Since |Re(2)| < |z|,

é
Sita ko b — 1} (25) ash!

(A= B)| - BY, ko + (k- 1) () apeh

By choosing the value of z on the real axis so that K f(z) is real. Let z — 1~ through
real values. So we can write as

Re <1.

> c+1\° > c+1\°
> ko= () o< B =B Koot} ()
<Ir(A - B)
U
Corollary 3.2. Let f(z) € R}, , .(A, B), then
(A~ B)

a <

(1+ B)k{o+ 0k~ 1)} ()

4. Fekete-Szego inequality
We recall the following lemma to prove our results:

Lemma 4.1. [6] If p1(2) = 1+c1z+caz? +c32® +...(2 € A) is a function with positive
real part, then for any complexr number ¢,

les — ec?| < 2 max{1, |2 — 1|}

and the result is sharp for the functions given by

1+ 22 1+2
p1(z) = T—z2 o pi(z) = T
Theorem 4.2. Let
¢(2) =1+ B1z + Baz® + B3z® + ... (4.1)

where ¢(z) € A with ¢'(0) > 0.
If f(2) given by (1.1) belongs to R} . | (¢) (v,p € [0,1); 7 € C\{0}; 6 > 0; c> —1),
z € A, then for any complexr number v

} . (4.2)

|7] By <c+3>5 { By  3uBiT(p+27)(c+2)%

max == -
c+1

Proof. If f(2) € R}, , .(¢), then there exists a Schwarz function w analytic in A with

w(0) =0 and |w(z)| <1, (z € A) such that

"IBr (p+7)%(c+3)%(c+1)°
L+ (IR + v KL ()~ p) = b(w(2)) (43)

2
az —rvas| <
las 2l < 3(p+27)

1422 142z

The result is sharp for the functions {72 or =.
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Define the function p;(z) by

1+ w(z)
1—w(z)

Since w(z) is a Schwarz function, we see that Re(p1(z)) > 0and p;(0) = 1.

Define the function p(z) by

p1(2) =14ciz+coz? +e32® + ... (4.4)

p(z) =1+ %[p{Kgf(z)}’ + 92K f(2)} = pl =1+ brz+boz® +b32® +...  (4.5)

In view of (4.3), (4.4), (4.5)

pi(z) —1 1z + o2 + 323 + ...
p(2) = & 1(2) _ ¢ 1 2233
pi(z) +1 2+ c1z+ 22 + 323 + ...
_elar L) e
o5 r5(a-5) 2
From equation (4.1)
Biciz B c? Byc?

Now, from (1.9)

5 5
1 1
Kff(z) =z+ (212> asz® + (213> azz® + ...,

4 0
+1 +1
@Y =142 () w3 (E) w

) )
{Kff(Z)}”=2<c+1> a2+6(‘3“) gzt

c+2 c+3

and

From equation (4.5)

6 é
c+1 c+1
2 2
{p<c+2> @ 7(c+2> GQ}Z
1

1
p(z) =1+ =
=

Thus from (4.6) and (4.7)

Bic :2(p+’y) <c+1)6a2 S gy Bieit (c+2)5

2 T c+2 4(p+v) \c+1
By . _ﬁ +BQC% ~ 3Baz(p+2y) (c+1 o
2\ 2 4 T c+3

5
T c+3 By c? Bac?
= Q3 = — — =
%7 30+ 29) (c—|—1> [2 (02 2) "1
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Therefore, we have

9 T c+3\’ [B c? Byc? B22r? [c+2\%
ag —vay; = — |Cco——= )+ —v
3(p+2y) \c+1 2 2 4 4(p+7)? \c+1

Simplifying, we get

§
az — vai = 6(pr12/y) (Z 1 i) (cy —ec?),
where
o 1{ By 3VB1T(p+27)(C+2)26}
2 By (p+)?(c+3)(c+1)° )
Thus

5
lag — va3| = 715 cts3 lco — eci]
2 6(p+2y) \et+1 !

By application of the Lemma (4.1), we obtain

S
2|7|B c+3
las — va2| < 6(;”17) (c+ 1) max{1, |2 — 1|}

a5 — va| < |7|B1 (c+3) max{l By 3uB17(p + 27)(c 4 2)* }
2= 3(p+2y) \e+1 1B (p+7)*(c+3)(c+1)
Equality in (4.2) is obtained when
1+22 1+2
pl( ) 1_72:2 or pl(Z): 1_Z O
For class R , .(A,B)
14 Az

0(2) =15, =1+ (A-B)z— (AB - B*2* + ...

Thus writing By = A — B and By = —B(A — B) in the Theorem 3.1, we get the

following corollary:
Corollary 4.3. If f(z) given by (1.1) belongs to R} . , (A, B), then

A-B 3 - B 2 2)20

vy < FA=) (<23 f [ A= Dtp e 2

Saigo’s fractional calculus operator I @B g (2) of f(z) € A is defined by Srivas-

tava et al. [19] (see also, Saigo [14]) as follows:

B —

~ 3(p+2vy) \c+1 (p+7)2%(c+3)0(c+1)°

5. Distortion theorem

Definition 5.1. For real numbers o« > 0,8 and n , the fractional integral operator
ffif’"f(z) of f(z) is defined by

—a—ﬁ 2
[ G-0mam ot piomast = | s@ac,

526 =Ty ),
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where f(z) is an analytic function in a simply-connected region of the z-plane con-
taining the origin with the order f(z) = O(|z]¢) (¢ — 0), ¢ > max{0,8 — n} — 1,
and the multiplicity of (z — ¢)®~! is removed by requiring log(z — ¢) to be real when
z—(¢>0.

In order to derive the inequalities involving Saigo’s fractional operators, we need
the following lemma due to Srivastava, Saigo and Owa [19].
Lemma 5.2. Let « > 0,8 and 7 be real. Then, for k > max{0,5 —n} —1,

Ia,ﬁnk Pk+DI(k-B+n+1) k=B
Nk—-p+1)l(k+a+n+1) '

Theorem 5.3. Let f € R}, (A, B), then

(2~ B+ n)lr(A— B)||2]
(2-B)2+a+n)1+B)p+7) (£

L2 —B+n)lz'"

2-8Tr2+a+mn) b

150 <
o2 "R < ¢

—~
ot
~—

and

L2-B+n)l'"

> (2—-B+n)|r(A-B)||
“TE2-8Tr2+a+mn)

5
(2-A)@+a+n+B)p+7) () |
(5.3)

The equalities in (5.2) and (5.3) are attained for the function f(z) given by (3.2)

5274()

Proof. The generalized Saigo [19] fractional integration of f € A for real numbers
a >0, f and 7, is given by

Nk+1)I(k-B8+n+1) _
a,B,m k—B _
I f(z ;I‘k EESI (k+a+n+1)az . (e =1)
L'2-p)r2+a+mn) LB B,
= ISP f(z) =2+ ) BYP1(k
L@2-p8+n) 0 f(z) =2 Z k)agz"
where
pedn(y = LEF DOk~ B4+ n+ DI@ - AL +a+n)
Tk—B+1DI(k+a+n+1)I(2—-8+n)
Therefore,

BBy (k—-B+1)(k+a+n+1) 1+(3§%7)
Befa(k+1) (k+1)(k—=B+n+1) 1 (k_g+1)'

Now, (o +mn) > n and k+1 =T ﬁ+1 for 5 < 0. Therefore,
o+ Ui

k+1 >/<;—,B—|—1’

and hence
BYP(k) > BP0 (k4 1)
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Therefore, B*#"(k), 3 < 0 is decreasing for k, Then

a,B,n a,,Bn (2754’77)
BERk) < BE2) = 2-B)2+a+n)

By using Theorem 3.1, we have

Sac— MABL
201+ B)(p+7) (£3)

Thus
P2 - BL2+a+1n) 4a8 B, =
‘ Te—f+n - 0F "f(z)| <zl + B "(2)IZ|QZ“’“
N ‘ L2-8+n)z""" (2—B+n)r(A- B)||
TTE-BrQ2+atn) | 2-B2+a+n)1+B)(p+)() ]

Following the snmlar steps as above, we obtain

B, L2—B+n)z'"’
L 2 5 =BT+ as )

B (2—-B+n)r(A— Bz
2=B)2+a+n+B)p+7)(5s) |

O
6. Extreme points
Theorem 6.1. Let f1(z) =z and
A—B
s (4~ B) L
k(1+ B){p+(k— 1)} (£4)

Then f € R, , (A, B) if and only if f(z) can be expressed in the form

f(z) =XMfi(z +Z)\kfk (6.1)

where

M+ =1, (A =0, A\ >0).

Proof. Let f(z) is given by (6.1). Then

f(Z) :)\1Z+Z)\k2+ |T( )‘ 5)\ka :z—l—Ztkzk,
=2 R+ B){p (k- D} () =
where
IT(A— B)| A&

t, =

K1+ B){p (k- 1) (1)
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Now,

o k(1+ B){p+y(k— 1)} (£
7(A=B)|

5
)th)\klA1<1.
k=2 k=2

Therefore, f € R (A, B).

g,’y,p,c
Conversely, suppose that, f € Rgmp,c(A, B), then by (3.1)
[7(A—B)|

s, k>2.
K(1+ B){p+(k— 1)} (£3)

ap <

So, if we set

o
kL+B){p+v(k— 1)} (<F) ax
( ”‘) <1, k>2

A\ =
* r(A - B)|
and M =1-=372, A, then,
f(Z)=Z+ZGka:Z+Z |T(A_B)| 52k7
= =2 k(14 B){p+ (k= 1)} (£)
= f(2) = Mfi(z) + Y Mefiu(z)
k=2
which leads to (6.1). O

From the Theorem 6.1, it follows that:

Corollary 6.2. The extreme points of the class R
and fk(z)a (k > 2)

5~.p.c(A, B) are the functions fi(z)

7. Radii of starlikeness and convexity

Theorem 7.1. Let f € R
|z| < r1 where

5~.p.c(AB). Then f(z) is starlike of order a (0 < o < 1)in

1

[G_QW“+B“p+%k—nxﬂbjkq.

r; = inf

k (k—a)|T(A— B)|

Proof. For 0 < a < 1, we require to show that

2f'(2)
f(2)

—1’<1—a,
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o0
that is, for f(z) =z + Zakzk,
k=2

o0

> aklk— 1)z
k=2 _ 1w
1— Zak|2|k71
k=2
i N k—a k—1 . .
or, alternatively Z ay 2| < 1, which holds if
i 11—«
_ (1—a)k(14+ B){p+v(k — 1)}(<EL)?
2|t < c+k
k=)A= D)
1= a)k(1 4+ B){p + 7(k — 1)}(£L)s] 7
=7, = inf ( k( N+ &) O
k (k= a)|T(A - B)]

Noting the fact that f(z) is convex iff zf/(2) is starlike, we have

Theorem 7.2. Let f € Rf_ , .(A,B). Then f is convex of order o (0 < a < 1)in
|z] < ro where

vy — it | L0 Bk~ DIER) =
N (k- a)|7(A - B)| :

8. Neighborhood results

Definition 8.1. For f € A of the form (1.1) and g > 0. We define a (n, u)—neigh-
borhood of a function f by

Nn,u(f):{g:geA,g(z):z—l— Z brz" and Z kak—bk<u}. (8.1)

k=n+1 k=n-+1

In particular, for the identity function e(z) = z, we immediately have

Nyule) = {g cg€Agz) =2+ Z brz"and Z klb| < ,u} (8.2)

k=n+1 k=n+1
where n € N\ {1}.

Theorem 8.2. If
[7(A— B)|

(14 B)(p+n) (%)

/‘L:

then,
g,'y,p,c(A7 B) - Nn’#(e)
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Proof. For a function f € Rgmp’c(A,B) of the form (1.1), Theorem 3.1 immediately

yields,

oo )
3 (1+B>k{p+w<k—1)}(c“) a < |r(A—B)|

k=n+1 ¢+ k

where, n € N\ {1}.

§ oo
= (14 B)(p+nv) (C“> > kax < |7(A- B)

c+n—+1 e
> A—-B
- Z kay, < |7( ) —
e (14 B) ) ()

A function, f € A is said to be in the class R;’Y (A, B), if there exists a function

T 6,’)/,p,c
g€ Rts,'y,p,c(Aa B)7 such that

‘—1’<1—a, (zeU, 0<a<l).
Now, we determine the neighborhood for the class Ry (A, B).

8,7,p5C

Theorem 8.3. If g € R A, B) and

gmp’c(

p(1+ B)(p+nv) (JIL)é

a=1-— 5 .
n(1+ B)(p+m) (754 ) = |7(A - B)|

Then,

Nn,u(g) C Rg:'(yx,p}c(A’ B)'

Proof. Suppose that, f € N,(g) we then find from the definition (8.1) that,

> Klar byl < g,

k=n-+1

which implies that the coefficient inequality:

oo

i
— bl < —— N).
> ’“'*n+1 (n€N)

k=n-+1

Next since, g € Rf_ , .(A, B), we have

3

S < (A~ B)

W e D B+ ) ()

(8.3)
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so that,

‘f(z) . 1‘ < ZZO:n-‘rl ‘ak - bk‘

9(2) Tl bk
< o
1= |T(A—B)|
(n+1) { (n+1)(14B) (p+n7) (215 )°
5
p(l+ B)(p+m) (55
< - <l-a (8.5)

(n+ 1)1+ B)p+m7) () ~ |74~ B)|
provided that « is given precisely by (8.4). Thus by definition f € Rg”fi p’c(A, B) for
a given by (8.4). This completes the proof. O

9. Integral means inequality

In 1975, Silverman[15] (see, e.g., [17]) found that the function fa(z) = z — é

is often extremal over the family 7" and applied this function to resolve his integral
means inequality, conjectured in [16] that

2 ) 2 )
/ F(re®)|nde < / [Fa(re®)|ndb, (9.1)
0 0

forall feT,n>0 and 0 <7 <1 and settled in 1997. He also proved his conjecture
for the subclasses S*(«) and K(«) of T.

Lemma 9.1. [7] If f(z) and g(z) are analytic in A with f(z) < g(z), then

2m 2m
| isetyas < [ lgtre s, 0:2)
0 0

n>0, z=re? and 0<r<1.

Application of Lemma (9.1) to function of f in the class R,
following result.

Theorem 9.2. Let 7> 0. If f € R}, (A, B) is given by (1.1) and f2(2) is defined
by

(A, B), gives the

-
3,7,p,C

|T(A7B)| 522 (93)
21+ B)(p+7) (25

1 2
= Z+ z
d5(2,0,7,p,c, T)

f2(2) = 2 +

where,

21+ B)(p+) (22)
L

A
2 =
¢B( ?6a’YapanT) |T(A—B)
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then, for z =re® 0 <r < 1, we have

2 2
/ F()de < / |fa(2)|"do. (9.4)
0 0

Proof. For function f of the form (1.1) is equivalent to proving that
o0

27 n 27
/ 1+Zakzk_1 do < /
0 2 0

By Lemma (9.1), it suffices to show that

1 n
14+ z| db
A (2,8,7,p,¢,7)

1
82,07, pe7)

1 +Zakzk_1 <1+
k=2

Setting
1

A (2,6,7,p,¢,7)

oo
1+ Zakzkfl =1+ w(z)
k=2

and using Theorem 3.1, we obtain

w(z)] < D> 652,07, p,¢,m)art T < (2 Y 652,67, p, 0, )k < |z
k=2 k=2

which completes the proof. O

10. Conclusion

We conclude this paper in view of the function class Rf ’, .(¢) defined by the
subordination relation involving arbitrary coefficients and Komatu integral operator
K?: A — A defined for § > 0 and ¢ > —1. The classes defined earlier by Bansal [3],
Swaminathan [20], Ponnusamy [11] (see also [10]) and Li [5] follow as special cases
of this class defined by the authors. The main result gives sufficient condition for
coefficient inequalities. Some particular results in this paper leads to the results given
earlier by Sokol [18]. A few geometric properties are obtained for this class.
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Abstract. The aim of this paper is to present some best proximity results for
multivalued cyclic operators satisfying a Ciri¢ type condition. Our results extend
to the multivalued case some recent results in the literature.
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1. Introduction and preliminaries

The standard notations and terminologies in nonlinear analysis will be used
throughout this paper.
Let (X, d) be a metric space. We denote:
P(X):={Y Cc X |Y is nonempty}; P,(X) :={Y € P(X) | Y is bounded};
Py(X):={Ye€P(X)|Y is closed}; P.,(X):={Y€P(X)|Y is convex};
P, (X):={YeP(X)|Y is compact}; P co(X) := Pu(X) N Py(X).
IfT:Y C X — P(X) is a multivalued operator, then

Graph(T) :=={(z,y) e Y x X |y € T(x)}

denotes the graph of T.
Let us define the following (generalized) functionals used in this paper:
e the diameter functional

§:P(X)x P(X)— Ry, §(A,B) =sup{d(a,b) |a € A, b€ B};

~— —

e the gap functional

D:P(X)x P(X) =Ry, D(A,B) =inf{d(a,b) |a € A, be B};
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e the generalized excess functional
p: P(X)x P(X)— Ry U{+o0}, p(4,B) =sup{D(a,B) | a € A};
e the generalized Pompeiu-Hausdorff functional
H:P(X)x P(X)— Ry U{+o0}, H(A, B) = max{p(A, B),p(B, A)}.

In 2003, Kirk, Srinivasan and Veeramani generalized Banach’s contraction prin-
ciple introducing the concept of cyclic contraction.

Theorem 1.1. [3] Let A and B be non-empty closed subsets of a complete metric space
(X, d). Suppose that T : AU B — AU B is an operator satisfying:

(i) T(A) C B, T(B) C 4

(i) there exists k € (0,1) such that for any x € A and y € B,

d(T(z), T(y)) < kd(z,y).
Then, T has a unique fized point in AN B.

The best proximity problem for a cyclic multivalued operator is as follows:

If (X,d) is a metric space, A,B € P(X), T: AUB — P(X) is a multivalued
operator satisfying the cyclic condition T(A) C B,T(B) C A, then we are interested
to find

x* € AU B such that D(z*,Tz") = D(A, B). (1.1)
is said to be a best proximity point of T'.

Eldred and Veeramani proved in 2006 a theorem (see [1]) which ensures the
existence of a best proximity point of cyclic contractions in the framework of uniformly
convex Banach spaces.

In 2009, Suzuki, Kikkawa and Vetro introduced the property UC and extended
Eldred and Veeramani theorem to metric spaces with the property UC.

x*

Theorem 1.2. [12] Let (X, d) be a metric space and let A and B be nonempty subsets
of X such that (A, B) satisfies the property UC. Assume that A is complete. Let
T:AUB — X be a cyclic mapping, that is T(A) C B and T'(B) C A. Assume that
there exists k € (0,1) such that

d(T(l‘),T(y)) < kmax {d(.%‘,y), d(, T(‘T))a d(yaT(y))} +(1— k)‘D(Av B)

for allx € A and y € B. Then the following hold:

(i) T has a unique best proximity point z € A.

(ii) z is a unique fized point of T%in A.

(iti) (T*"(z)) converges to z for every x € A.

(iv) T has at least one best proximity point in B.

(v) If (B, A) satisfies the property UC, then T(z) is a unique best proximity point
in B and (TQ”(y)) converges to T(z) for everyy € B.

The purpose of this paper is to extend Suzuki, Kikkawa and Vetro theorem to
multivalued Ciri¢ type cyclic operator in the framework of metric spaces with the
property UC.

We recall now the following notions and results.
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Lemma 1.3. Let (X,d) be a metric space, A, B € P(X). Then for any € > 0 and for
any a € A there exists b € B such that

d(a,b) < H(A,B) +e.
Definition 1.4. Let (X, d) be a metric space, Y € P(X). We denote
Py (z) ={y €Y |d(z,y) = D(z,Y)} forz € X.

The set Y is called proximinal if for any x € X, Py (x) is nonempty. If for any = € X,
Py (z) is singleton, then Y is called Chebyshev set.

Obviously, any Chebysev set is proximinal.
We denote Pyrop(X) ={Y € P(X) | Y is proximinal}.

Remark 1.5. Let (X, d) be a metric space. Then
P.,(X) C Pyrox(X) C Py(X).

Remark 1.6. [2] Every closed convex subset of a uniformly convex Banach space is a
Chebyshev set.

For details concerning the above notions see [7], [9] and [11].
Several types of comparison functions have been considered in literature. In this
paper we shall refer only to the following one:

Definition 1.7. [10] A function ¢ : Ry — R, is called a comparison function if it
satisfies:
(i) o is increasing;
(ii) (©™(t))nen converges to 0 as n — oo, for all t € R..
If the condition (ii) is replaced by:
(o)

(iii) Z ©"(t) < oo, for any t > 0,
k=0
then ¢ is called a strong comparison function.

It is evident that a strong comparison function is comparison function.

Lemma 1.8. [9] If ¢ : Ry — Ry is a comparison function, then ¢(t) < t, for any
t >0, p(0) =0 and ¢ is continuous at 0.

Example 1.9. The following functions ¢ : R — Ry are comparison functions:
(1) p(t) = at, where a € [0, 1[.

@) o(t) = %t, for ¢t € [0, 1]

1
t—l ok fort>1
(3) ¢(t) = at + §[t]’ where a €]0, 3.

@ o) = .

The first three examples are strong comparison functions, and the forth example
is a comparison function which is not a strong comparison function. For more examples
and considerations on comparison functions see [8], [9].
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Definition 1.10. [12]. Let A and B be nonempty subsets of a metric space (X, d). Then
(A, B) is said to satisfy the property UC if for (z,,)nen and (z,)nen sequences in A
and (yn)nen asequence in B such that d(z,,, yn) = D(A, B) and d(z,, yn) — D(A4, B)
as n — oo, then d(z,, z,) = 0 as n — 0.

The following are examples of pairs of nonempty subsets of a metric space sat-
isfying the property UC.

Proposition 1.11. Any pair of nonempty subsets (A, B) of a metric space (X, d) with
D(A, B) =0 enjoy the property UC.

Proposition 1.12. [1]. Any pair of nonempty subsets (A, B) of a uniformly convex
Banach space with A convex enjoy the property UC.

2. Main results

We start this section by presenting the concept of multivalued Ciri¢ type cyclic
operator.

Definition 2.1. Let (X, d) be a metric space, A,B € P(X),and T: AUB — P(X) a
multivalued operator. If:
(i) T(A) C B,T(B) C 4;
(ii) there exists a comparison function ¢ : Ry — Ry such that for any = € A,
y € B,
H(T(x),T(y)) < ¢(M(z,y) — D(A, B)) + D(4, B),

where
M (z,y) = max {d(% y), D(z,T(x)), D(y, T(y)), %[D(% T(y)) + D(y, T(w))}} ,

then 7 is called a multivalued Ciri¢ type cyclic operator.

Example 2.2. The following operators are multivalued Ciri¢ type cyclic operators:
(1) A multivalued cyclic contraction (see [5]) i.e. a multivalued cyclic operator
T: AU B — P(X) satisfying the condition:
there exists k €]0, 1[ such that for any z € A, y € B,

H(T(z),T(y)) < kd(z,y) + (1 — k)D(A, B).
(2) A multivalued cyclic operator T': AU B — P(X) satisfying a Chatterjea

type condition:
there exists k €0, %[ such that for any z € A, y € B,

H(T(z),T(y)) < k(D(z,T(y)) + D(y, T(2))) + (1 = 2k) D(A, B).

(3) A multivalued cyclic operator T : AU B — P(X) satisfying a Reich type
condition:
there exists a,b,c € Ry, s =a+ b+ c < 1, such that for any x € A, y € B,

H(T(x), T(y)) < ad(x,y) +bD(z,T(x)) + cD(y,T(y)) + (1 — s)D(A, B).
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Our first main result extends the following theorem to the case of multivalued
Ciri¢ type cyclic operator in the setting of proximinal values.

Theorem 2.3. [5] Let A and B be nonempty subsets of a metric space (X,d) such
that (A, B) satisfies the property UC and A is complete. Let T : AUB — P(X) be a
multivalued cyclic contraction with closed bounded valued. Then T has a best proximity
point in A.

The following lemma will be used in the proof of our results.

Lemma 2.4. [5]. Let be (A, B) a pair of nonempty subsets of a metric space (X,d),
satisfying the property UC, and let be a sequence (xn)neN in A. If there exists a
sequence (Yn)neN in B such that d(z,,y,) — D(A, B) and d(xn+1,yn) — D(A, B),
then (,)nen s a Cauchy sequence.

The first main result of this paper is the following

Theorem 2.5. (X,d) be a complete metric space, A € Py(X),B € P(X), such that
(A, B) satisfies the property UC. If T : AUB — Pproz(X) is a multivalued Ciri¢ type
cyclic operator, then the following statements hold:

(i) T has a best prozimity point z¥ € A;

(i) there exists a sequence (Tp)nen with xg € A and xp11 € T(xy,), such that
(Ton)neN converges to x’.

Proof. (1)+(ii) We construct a sequence of successive approximations of T' starting
from an arbitrary « € A in the following way:

g =1x € A;

Znt1 € T(x,) such that d(zy, Tpi1) = D(xy, T(zy)), for n >0,

the existence of z,41 being assured by the proximinality of T'(z,,).
Then, forn > 1,

d(Tn, Tpt1) = D(@n, T(2,)) < H(T(2n-1), T (25))
< pM(xp_1,2,) — D(A,B)) + D(A, B), (2.1)
where
M(zp—1,2,) = max {d(:vn,hxn), D(xp—1,T(xn-1)), D(xn, T (zn)),
%[D(xn_l, T(wn)) + D, T(zn-1))]}).
Notice that
D(xp—1,T(xp-1)) = d(xpn-1,2,) and D(x,, T(xm—1)) = 0.
Using the triangle inequality,
D(zp-1,T(xy)) < d(@n-1,2n) + D(zpn, T(zn))
=d(Tn-1,%n) + d(Tpn,Tpy1), n > 1.
So

[D(@n-1,T(2n)) + D(@n, T(2n-1))] £ 5[d(@n-1,2n) + d(Tn, Tns1)],

N —
DN =
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and

M(xnfh wn) S max{d(mn,l, xn)a d((En, xn+1)}7 n Z ]-
Denoting z, = d(xy, Tnt+1) — D(A, B) and using the monotonicity of ¢, (2.1) becomes

zn < p(max{zn—1,2n}), for n > 1.
Because ¢(t) < t, for any ¢t > 0, we get
zn < p(2p—1), for any n > 1.
Thus
2y < 9" H(21) = 0, s0 d(2y, Tny1) — D(A, B) when n — oc.

Since

(xZn)neN C A7 (w2n+2)nEN C A7 and (x2n+1)n€N C B7
by Lemma 2.4, (z2,)nen is a Cauchy sequence in the complete metric space X.
Hence, the Cauchy sequence (2, )nen converges to a point % which lies in A because

(Tan)n>0 C A and A is closed.
For n > 1, we have

D(A, B) < d(z%,xon-1) < d(z%, 22n) + d(z2n, T2n—1),
so d(z%, x2n—1) = D(A, B) when n — oo.
D(A,B) < D(w2n, T(x7))
< H(T(x9n-1), T(x7))
< @(M(z2n-1,2%) — D(A, B)) + D(4, B)
< M(zap-1,2%)
= max {d(xzn,l, 2%), D(@an—1, T(xan—1)), D(x2n, T(x2n)),
1

5 [D(@2n-1, T(@20)) + Dlan, T(20-1))]}

Each term from maximum’s expression tends to D(A, B):
d(al‘gn 1,$*A) — l)(A7 B);
($2n—17 xZn) - D(A7 B);

D(332n—1, (l‘zn 1))
) d(x2n7m2n+l) — D(Aa B)a
) =

D(xZna (xQn)
D<$2n7 (x2n 1)
)

S D201, Tw20))] <

M\»—AO

[ (172n—1ax2n) + D(xZnaT(fEQn))] — D(A,B)
Thus
D(z2,, T(x%)) — D(A, B).
Then we have
D(A, B) < D(x, T(2%)) < d(2, v2n) + D (w20, T(x%)) — D(A, B).

Therefore
D(z%y,T(z%)) = D(A, B).
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Remark 2.6. If in Theorem 2.5 D(A, B) = 0, then we obtain a fixed point result, see
Theorem 2.7 in [4].

Theorem 2.7. Let (X,d) be a complete metric space, A, B € P.y(X), such that the
pairs (A, B) and (B, A) satisfy the property UC. Let T : AU B — Pprop(X) be a
multivalued operator. Then the following statements hold:

(i) If T is a multivalued Ciri¢ type cyclic operator, then T' has at least one best
prozimity point in A and at least one best proximity point in B;

(i) If T satisfies the following stronger condition:

foranyx € A, y € B,

§(T'(2), T(y)) < p(M(z,y) — D(A, B)) + D(A, B),
then there exist a best prozimity x% € A and a best proximity point x; € B such that:
d(al,zg) <sup{t>0]|t—p(t) <3D(A,B)}.
Proof. (i) It is a consequence of Theorem 2.5.
(i) d(zy, 2) < D(ay, T(2})) + 0(T(x%), T(xp)) + D2}, T(ap))
— 2D(4, B) + 8(T(x), T(xh) <
< 2D(A, B) + (max{d(zy, xp), D(x}, T(2})), D(zp, T(2p)),
[D(zy, T(2B)) + D(xp, T'(24))lt — D(A, B)) + D(A, B)
D(A, B) + p(max{d(z, zp), D(A, B), D(4, B),

IN
— W o=

5ld(z4, 25) + D(A, B) +d(zg,2%4) + D(A, B)}} — D(4, B))
= 3D(A,B) + ¢(d(z}y, z))
Thus, d(z%,z%) — ¢(d(z%, z5)) < 3D(A, B).
Corollary 2.8. Let X be a uniformly conver Banach space,
A,B € Py c(X), T: AUB — Py co(X)

be a multivalued operator. Then the following statements hold:

(i) If T is a multivalued Ciri¢ type cyclic operator, then T' has at least one best
prozimity point in A and at least one best proximity point in B;

(i) If T satisfies the following stronger condition:

foranyx € A, y € B,

then there exist a best proximity x% € A and a best proxzimity point 3, € B such that:
4 — 2l < sup{t = 0|t —p(t) <3D(A, B)}.

Proof. (i) By Remark 1.6, any closed and convex set is proximinal.

Since A and B are convex, by Proposition 1.12, the pairs (A4, B) and (B, A)
satisfy the property UC.

Applying Theorem 2.7 we get the existence of a best proximity point z% € A
and a best proximity point 3 € B.

(ii) It is an immediate consequence of Theorem 2.7.
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If, in Theorem 2.7, ¢ is a subadditive strong comparison function, then the
condition that the multivalued operator takes proximinal values can be removed.
More precisely, we obtain the second main result, as follows.

Theorem 2.9. Let (X,d) be a complete metric space, A, B € P, (X), such that (A, B)
satisfies the property UC. If T : AUB — P(X) is a multivalued Cirié type cyclic oper-
ator, with a subadditive strong comparison function o, then the following statements
hold:

(1) T has a best prozimity point z¥ € A;

(i) there exists a sequence (Tp)neN With Tny1 € T(xy) starting from an arbitrary
(x0,21) € Graph(T), such that (xan)nen converges to x¥.

Proof. (1)4(ii) Let (z,y) € Graph(T) be arbitrary. We construct a sequence of suc-
cessive approximations of T starting from (z,y) in the following way:

zo=x€Aandzy =yeT(zr) CT(A) CB.

If d(zg,z1) > D(A, B) then ¢ (29) < z9, where z¢ := d(xo,z1) — D(A, B).
For €1 €]0, z0 — ¢ (20) | there exists x5 € T(x1) C T(B) C A such that

d(fl?l,IEg) S H(T($0),T(JZ1)) +é€1.

If d(x1,22) > D(A, B) then ¢ (z1) < z1, where 2z := d(z1,22) — D(A, B).
For €5 €]0, min{e1,2z1 — ¢ (21)} | there exists x3 € T'(x2) C T(A) C B such that

d((EQ,.’Eg) S H(T(.’El),T((EQ)) + 9.

Following this procedure in the case z,_1 := d(zp—1,2,) — D(A,B) > 0,n > 2, we
choose

en €]0,min{e,—1,2n—1 — @ (2n-1)}[, for n > 2. (2.2)
There exists ©,+1 € T'(x,,) such that

d(@n, Tn1) < H(T(2p-1),T(2n)) +En,n > 1,

the existence of x,,41 being assured by Lemma 1.3.

Since T is a multivalued Cirié type cyclic operator, using the same reasoning as in
Theorem 2.5, we have

zn < p(max{z,_1,2n}) + €n, for n > 1. (2.3)
Using (2.2), we obtain
zn < @(max{zn_1,2n}) + 2n-1 — ©(2n-1), for n > 1. (2.4)
We suppose that z,_1 < z,. Using the subadditivity of ¢ and Lemma 1.8,
@(zn) = @(2n — Zn-1 + 2n-1) < @(2n — 2n-1) + ©(2n-1) < 20 — 2Zn—1 + ©(2n-1),

S0 zn > @(2n) + 2n—1 — ©(2n—1) which contradicts (2.4).
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We have z,, < z,—1 and (2.3) becomes
Zn S So(zn—l) + En

< @(p(zn—2) +en-1)) ten

< @H(zn-2) + @ (En-1) +en
n—1

< "z0)+ Y (En—r)
k=0
n—1

< ¢"(20) + Z ©*(e1) = 0, when n — oo.
k=0

Then
d(xp, pn+1) = D (A, B) when n — oo.
Applying Lemma 2.4 for the sequences
(T2n)neN C A, (Tant2)nen C A, and (T2n41)nen C B,

results that (22, )nen is a Cauchy sequence. Because the metric space X is complete
and A is closed, the sequence (22, )n>0 C A converges to a point % € A. Using the
same reasoning as in Theorem 2.5,

D(zxo,,T(x%)) — D(A, B), when n — co.
Then we have
D(A, B) < D(, T(x%)) < d(&'h, 720) + D(wan, T(x})) — D(A, B),
Therefore
D(z%,T(x%)) = D(A, B).
If in the above construction, there exists k > 1 such that d(zp_1,zr) = D(A, B), then
D(A,B) < D(zp—1,T(xk-1)) < d(xp—1,2r) = D(A, B)

SO Tp_1 is a best proximity point of T.
We will show that, in this situation, xj is also a best proximity point of T.

D(wy, T(wx)) < H(T(wy1), T(x)) < o(M(zx_1,24) — D(A, B)) + D(A, B).

where

M(!’,Ck,l,l‘k) = max{d(mk,l,xk),D(mk,l,T(mk,l)),D(xk,T(xk)),
S DGk, () + Dl Tl 1))}
< max{D(A,B),D(xk,T(xk)),
%[d(l‘k—h zy) + D(z, T(ﬂﬁk))]})
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Thus D(zk, T(x)) — D(A, B) < o(D(zy, T(zx)) — D(A, B)), which means
D(zx, T(xx)) = D(A, B).

There exists xy+1 € T'(xy) such that

d(xg, xp+1) = D(zx, T'(zx)) = D(A, B),
From now on, following this procedure we construct the terms of our sequence (z,,)neN
with ©,41 € T(z,) such that

d(xp, Tpt1) = D(xp, T(x,)) = D(A, B), for any n > k.

From this point, the proof runs in the same manner as in the case

Ay, Tnt1) > D(A, B), for any n > 1.
Hereinafter we define and study the generalized Ulam-Hyers stability of the best

proximity problem (1.1) for a cyclic multivalued operator.

Definition 2.10. Let (X, d) be a complete metric space, A, B € P(X).Let T : AUB —
P(X) be a multivalued operator satisfying the cyclic condition T (A) C B,T(B) C A.
The best proximity problem (1.1) is called generalized Ulam-Hyers stable if there
exists ¢ : Ry — R increasing, continuous at 0, with ¢(0) = 0 and there exists ¢ > 0
such that for any € > 0 and = € B with
D(2.T(x)) < = + D(A, B),
there exists a solution z% € A of (1.1) such that
d(z,z%) <¢(e)+c- D(A, B).
Our stability result is the following.

Theorem 2.11. Let (X,d) be a complete metric space, A € Py(X),B € P(X), such
that (A, B) satisfies the property UC and ¢ be a comparison function. Let T : AUB —
Pprow(X) be a multivalued operator. Assume that:

(i) T(A) C B,T(B) C A;

(ii) for any x € A, y € B,

§(T'(x),T(y)) < p(max{D(z, T(x)), D(y,T(y))} — D(A, B)) + D(A, B)
Then the best proximity problem (1.1) is generalized Ulam-Hyers stable.

Proof. T is a multivalued Ciri¢ type cyclic operator, so the best proximity problem
has at least one solution z7% € A.

dl@,z) < D(z,T(x))+0(T(x), T(z}4)) + D(x, T(2}))
< e+ D(A,B) + ¢(max{D(z, T(x)), D(x%,T(x%))}
—D(A, B)) + 2D(A, B)
< e+ o(max{e+ D(A,B),D(A,B)} — D(A,B)) +3D(A, B).

In conclusion,
d(z,2%) < e+ p(e) +3D(A, B),
proving that the best proximity problem (1.1) is generalized Ulam-Hyers stable.
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Boris Zacharowitsch Wulich, Geometrie der Kegel in normierten Raumen,
(Herausgegeben von Martin R. Weber) De Gruyter Studium, De Gruyter Berlin,
2017, xvi4+223 p., ISBN: 978-3-11-047884-6/pbk; 978-3-11-047888-4/ebook

Boris Zakharovich Vulikh (1913-1978) was a distinguished Russian mathemati-
cian with outstanding contributions to various domains of functional analysis, mainly
to the theory of ordered vector spaces. For almost thirty years he was the head of
Chairs of Mathematical Analysis at Leningrad Higher Educational Institutions, from
1957 to 1963 at the Leningrad A.I. Herzen Pedagogical Institute (now A.I. Herzen
State Pedagogical University of Russia, Sankt Peterburg) and from 1963 to 1978 at the
Mathematics and Mechanics Faculty of the Leningrad State University (now Sankt
Peterburg State University).

Besides the research papers, he wrote several well known books on analysis and
functional analysis, including two on ordered vector spaces - one in 1950, jointly with
L. V. Kantorovich and A. G. Pinsker, and one alone, Introduction to the theory of
partially ordered spaces (in Russian), Leningrad 1961, an English translation being
published with Wolters-Noordhoff in 1967. Less known are two booklets, The geome-
try of cones in normed spaces (72 p.), and Special questions of the geometry of cones
in normed spaces (73 p.), published at the Kalinin (now Tver) State University in
1976 and 1977, respectively. These two booklets contain, in a condensed but complete
and clear form, the basic results on cones in normed spaces, in particular, duality
properties of a cone and its dual cone, and properties of the cone of positive operators
between ordered normed spaces as well. Prof. Martin Weber from the Technical Uni-
versity of Dresden took the charge to translate into German and update them, being
published as Chapters I and II in this book named The geometry of cones in normed
spaces. This was not a simple translation, a lot of edifying footnotes are included in
the text of translation. Also some interesting examples and counterexamples going
back to LI. Chuchaev (N.P. Ogarev Mordovia State University, Russia) and being
only announced in the original text are included in detail into the German issue.
Besides these, a consistent chapter, Some afterthoughts by the editor of the German
edition, accompanied by a list of updated references, presents some developments in
the theory of ordered vector spaces and their applications done since the publications
of the Russian edition of the booklets.

It is worth to mention that Prof. Weber studied at the Leningrad State Uni-
versity (1963-1968) and earned a Ph.D. (Kandidat physiko-matematicheskih nauk -
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Candidate in physical-mathematical sciences) in 1974 at the same University (with
Prof. B. M. Makarov as supervisor). He was and remained in contact with the strong
group of researchers in ordered vector spaces from Leningrad-St Petersburg Univer-
sity, so we have the privilege of a first hand information on the topics, people and
events.

In spite of the years passed since their publication, these books by B. Z. Vulikh
are still a valuable source of information for mathematicians, professionals and stu-
dents as well, interested in the theory of ordered normed spaces and its applications.
By translating and updating this masterpiece of mathematical exposition Prof. Mar-
tin Weber has done a wonderful (and hard) job and, at the same time, rendered a
great service to the mathematical community.

S. Cobzasg

René L. Schilling; Wahrscheinlichkeit — Eine Einfiihrung fiir Bachelor-Studenten.
De Gruyter Studium, Walter de Gruyter GmbH, Berlin/Boston 2017, x4232 p.,
ISBN: 978-3-11-035065-4. Language: German; translated title: Probability — An
Introduction for Bachelor Students.

Professor René L. Schilling from the Technical University in Dresden (Germany)
is a well-known expert in the field of stochastic processes. This book continues the
course of the author about measure and integration theory (Maf und Integral, pub-
lished in 2015 with De Gruyter, Berlin). It is addressed to students of mathematics,
natural sciences (especially physics), economics, and engineering, but also to any re-
searcher interested in the field of probability theory and its applications.

This textbook provides a modern access to the most important results of mathe-
matical probability theory. Prerequisites for understanding the present book are basic
notions of measure and integration theory. The main topics of this book are: mod-
els of probability theory, elementary combinatorics, conditional probabilities, random
variables and their independence, characteristic functions, classic limit theorems, con-
vergence of random variables. These topics are then supplemented by the study of
sums of independent random variables, laws of large numbers, zero-one laws, random
walks, the central limit theorem. Conditional expectations, applications of character-
istic functions, and an introduction to the theory of infinitely divisible distributions
and large deviations round off the book. Lastly, the author has included an appen-
dix at the end of the book containing a summary of the main results that are used
throughout the present book, as well as, a list of discrete and continuous distributions.

The material in this book consists of definitions, properties (with proofs or with
references to the literature, where the proof can be found), many examples and coun-
terexamples, exercises, explanatory comments and helpful hints, tables and suggestive
figures.

The book is clearly written and well structured. It brings together theory, prac-
tice and research topics, and can be recommended as a German textbook for proba-
bility theory courses and seminars.

Hannelore Lisei
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Palle Jorgensen and Feng Tian, Non-commutative Analysis. World Scientific 2017,
xxviii+533 p., ISBN: 978-981-3202-11-5 (hardcover); 978-981-3202-12-2 (softcover);
978-981-3202-14-6 (ebook)

As the authors mention in the Preface, the central themes of the book are: (i) Op-
erators in Hilbert space; (ii) Multivariable spectral theory; (iii) Non-commutative anal-
ysis; (iv) Probability theory; (v) Unitary representations. The term ”non-commutative
analysis” is interpreted as including representations of non-Abelian groups, and non-
Abelian algebras, with emphasis on Lie groups and operator algebras (C* algebras
and von Neumann algebras).

The book is oriented to applications, mainly in physics (quantum mechanics),
from where the main motivation for the development of non-commutative analysis
comes. According to a quotation from S. Doplicher and R. Longo (page viii), the
novelty of physics of the XX century can be characterized with “a single magic word
- non-commutativity”. These applications are treated in two steps - in outline first
and then, after developing the theoretic tools, with full details. The book is devoted
to students with different backgrounds in mathematics, some of them coming from
neighboring fields, so the authors tries to keep the prerequisites at a minimum. The
general framework is that on Hilbert spaces, operators acting on them (with emphasis
on unbounded operators) and spectral theory.

The book is divided into five parts: I. Introduction and motivation; II. Topics
form functional analysis and operators in Hilbert space; I11. Applications; IV. Exten-
sion of operators; V. Appendiz.

The applications concern C* algebras and their representations, completely pos-
itive maps, Brownian motion, Lie groups and their unitary representations. One dis-
cusses also the famous Kadison-Singer problem - Does every pure state on the von
Neumann algebra of bounded diagonal operators on ¢2 have a unique extension to a
(pure) state on the algebra B(¢?) of all bounded linear operators on £2? The authors
present only in outline this problem (dating from 1959), its recent difficult solution, by
N. Srivastava, A. Marcus, and D. Spielman (2013, published in Annals of Mathemat-
ics, 2015) requiring a separate book (good presentations of Kadison-Singer problem
are given in the papers by P. G. Casazza et al., arXiv:math/0510024, D. Timotin,
arXiv:1501.00464, M. Bownik, arXiv:1702.04578).

The book is very well written and organized. All the notions and results are mo-
tivated by examples, the Appendix contains a list of significant books in functional
analysis (with telegraphic reviews) and short biographies of some relevant mathemati-
cians and physicists who essentially contributed to the field. A lot of suggestive (and
amazing) quotations are spread throughout the book.

Based on two-semester courses on functional analysis taught over the years by the
first-named author, the book is highly recommended to teachers in applied functional
analysis, for students in mathematics and related areas, as well as for self-study by
students needing a quick access to some top research tools in mathematics and physics,
paving the way to more advanced and specialized texts on non-commutative analysis,
non-commutative geometry and applications.

S. Cobzag
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