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Coplexes in abelian categories

Flaviu Pop

Abstract. Starting with a pair F : A 2 B : G of additive contravariant functors
which are adjoint on the right, between abelian categories, and with a class U,
we define the notion of (F,U)-coplex. Considering a reflexive object U of A with
F(U) = V projective object in B, we construct a natural duality between the
category of all (F,add(U))-coplexes in A and the subcategory of B consisting in
all objects in B which admit a projective resolution with all terms in the class
add(V).

Mathematics Subject Classification (2010): 16E30, 16D90.

Keywords: Adjoint functors, duality, projective resolution, coplex.

1. Introduction

The study of dualities between subcategories of the module categories, induced
by Hom contravariant functors associated to a given bimodule, is very important in
the Module Theory in order to compare some special classes of modules. Also, is very
useful to generalize such dualities, between module categories, to dualities induced
by a pair of adjoint functors between abelian (or, Grothendieck) categories, because
they could be applied to different pairs of adjoint functors. In [7], Castafio-Iglesias
generalized the notion of costar module, introduced by Colby and Fuller in [8], to
the notion of costar object in Grothedieck categories. In [5], the authors extends the
notion of f-cotilting module (see, for example, [16]) to the notion of f-cotilting pair
of contravariant functors. In [14], it is constructed a natural duality, induced by a
pair of adjoint contravariant functors between abelian categories and, applying this
result to some special classes of objects, the author generalizes some of the results
related to the notion of finitistic n-self cotilting module, introduced by Breaz in [4].
A particular case of finitistic n-self cotilting module is also generalized in [6]. Starting
with a pair of adjoint covariant functors F : A = B : G, between abelian categories, in
[15] it is studied, inspired by some of the results obtained by Fuller in [12] on module
categories, some closure properties of some full subcategories C and D such that the
restrictions F : ¢ & D : G induce an equivalence. In [1] and [2], it is generalized
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the concepts of r-costar module and Co-x"-module to the concepts of r-costar pair
and Co-x"-tuple of contravariant functors between abelian categories. Moreover, in
[3], the author generalizes x*-modules and *"-modules to x*-tuples and *"-tuples of
covariant functors between abelian categories.

In this paper, we extend the notion of G-coplex, introduced by Faticoni in [10]
(see also [11, Chapter 9]) in module categories, to the notion of (F,U)-coplex in
arbitrary abelian categories. More exactly, starting with a pair F : A 2 B : G of
additive contravariant functors, between two arbitrary abelian categories, which are
adjoint on the right and with a class U of objects in A, we define the notion of (F,U)-
coplex, associated to this pair of functors and to the considered class. Then, setting
the class U to be the class add(U), i.e. the class of all direct summands of finite direct
sums of copies of U, for some reflexive object U of A with F(U) = V being projective
object in B, we construct a natural duality between the category of all (F,add(U))-
coplexes in A and the subcategory of B consisting in all objects in B which admit a
projective resolution with all terms in the class add(V').

2. Preliminaries

Throughout this paper, we consider a pair F : A = B : G of additive contravari-
ant functors, between two abelian categories, which are adjoint on the right with the
natural transformations of right adjunction 6 : 14 — GF and (¢ : 15 — FG. We note
that the natural transformations of right adjunction, § and ¢, satisfy the identities
F(dx) o Cr(x) = lp(x) and G(Cy) o dg(y) = lgy) for all X € A and for all Y € B.
Moreover, we mention that the functors F and G are left exact.

The classical example of such a pair of functors is the following (see, for example,
[9, Chapter 4]).

Example 2.1. Let R and S be two unital associative rings and let U be an (S, R)-
bimodule. If we denote by Mod-R (respectively, by S-Mod) the category of all right R-
(respectively, left S-) modules, then the pair of Hom contravariant functors induced
by U,
A = Hompg(—,U) : Mod-R = S-Mod : Homg(—,U) = A/,
is a pair of right adjoint contravariant functors via the adjunction
pxy : Hompg (X, Homg(Y,U)) — Homg(Y, Homg(X,U))
with
pxy () -z = fz)(y)
where X € Mod-R,Y € S-Mod,z € X,y €Y, f € Homp(X, Homg(Y,U)). Associated
to this adjunction, the natural transformations ¢ and ( are in fact the evaluation maps
0x : X - Homg(Homp(X,U),U);dx(z) : f — f(z)
and
¢y : Y = Homg(Homg(Y,U),U); ¢y (y) : g — g(y),
where X € Mod-R,Y € S-Mod, z € X,y €Y, f € Homg(X,U), g € Homg(Y,U). O
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Castano-Iglesias, in [7], gives an example of a pair of right adjoint contravariant
functors between the categories of all G-graded unital right R-modules and of all
G-graded unital left S-modules, where G is a group and R and S are two G-graded
unital rings (see also [13]). Other examples of such pairs of functors could be found
in [14].

An object X in A (respectively, in B) is called d-faithful (respectively, (-faithful)
if 6x (respectively, (x) is a monomorphism and we will denote by Faiths (respectively,
by Faith¢) the class of all o-faithful (respectively, (-faithful) objects. An object X in
A (respectively, in B) is called d-reflexive (respectively, (-reflexive) if dx (respectively,
(x) is an isomorphism and we will denote by Refls (respectively, by Refl¢) the class
of all §-reflexive (respectively, (-reflexive) objects.

We have the following basic results related to the closure properties of the classes
of all faithful objects (see [5] for the proof).

Lemma 2.2. The following statements hold:
(a) F(A) C Faithe and G(B) C Faiths;
(b) The classes Faiths and Faith, are closed with respect to subobjects.

Recall that, for a given object X, add(X) denotes the class of all direct sum-
mands of finite direct sums of copies of X. The following basic results are often used
in this paper.

Lemma 2.3. Let U be a d-reflexive object with F(U) = V. Then:
(a) V is (-reflexive;
(b) add(U) C Refls and add(V') C Refl¢;
(¢) F(add(U)) = add(V) and G(add(V)) = add(U).

We recall that, a complex (C,d) in A is a sequence of objects and morphisms in A

... o o, Mo,

such that d,i1d, = 0, for all n € Z. The morphisms d, are called differenti-
ations. We will shorten the notation (C,d) to C. We mention that the equation
dpt1d, = 0 is equivalent to Im(d,,) C Ker(d,+1). Moreover, the complex C is said to
be bounded below (respectively, bounded above), if C,, = 0, for all n < 0 (respec-
tively, for all n > 0). If C and C’ are two complexes in A, a sequence of morphisms
F=0..,faoz1,fn, fn+1,-..), where f,, € Homy(C,,, C), is called chain map between
complexes C and C' if the following diagram is commutative

dn—1 dn dnt1 dnt2
C:... On—l On Cn+1
frn—1 fn Frnt1
o dp_y , d;, c dryr , drio
e n—1 n n+1

ie. fod, =d,, f, _,, for all integers n € Z. By Comp 4 will be denoted the category of
all complexes in A, defined as follows: the class of objects consist in the class of all
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complexes in A and the set of morphisms between two complexes C and C’ consist in
the set of all chain maps between C and C’.

Iff=(..,fn-1,fns fat1,-..): C — C"is a chain map between complexes C and
C’, then we say that f is null homotopic (or, f is homotopic to zero) if there are, for all
integers n € Z, the morphisms s,, : C,, — C/ _; in A such that f, = spy1dp+1+d.,5n,
for all integers n € Z. The sequence s = (..., 84—1, Sn, Snt1,---) is called a homotopy
of f (or, a homotopy between f and 0). The morphisms are illustrated in the following
diagram

dn_1 dy dnt1 dny2

C Cn—l Cn C’n—i-l
s s v 4
s Ve Ve 7
- / 7 /
S/n—l fn—1 /Sn fn ‘S/"+1 fr+1 S/"+2
- e s s
~ 4 ~ ’ s Jq ~ Jq

C, . dy_y ’ d,, C, dy C/ dp o

e n—1 n n+1

The condition for s to be a homotopy of f says that each vertical morphism is the sum
of the sides of the parallelogram containing it. If f = (..., fn—1, fu, fat1,...) : C = C’
and ¢ = (..., 9n—1,9n,Gn+1,---) : C = C' are two chain maps, then we say that f
and g are homotopic (or, f is homotopic to g), written f ~ g, if

f_g:(~~~7fn71_gnflvfn_gnufnJrl_gn+17'~~):C_>CI

is a null homotopic chain map. A homotopy between f — g and 0 is also called a
homotopy between f and g. The homotopic relation ” ~” is an equivalence relation
on the set of chain maps f : C — C’. We denote by [f] the homotopy (equivalence)
class of f.

For a complex C € Comp 4 and for some integer n € Z, we denote by H,(C) the
n-th homology of C, i.e. H,(C) = Ker(d,+1)/Im(d,,).

Definition 2.4. Let U be a class of objects in A. A bounded below complex C in
Comp 4
01001)01&02&...
is called (F,U)-coplex if the following conditions are satisfied:
(1) Cr €U, for all k > 0;
(2) The induced complex

FC):... 3 r(cy) "% F(ey) " F(0y)
is an exact sequence in .
Now, for a class U of objects in A, we define the category of all (F,U)-coplexes,
denoted by (F,U)-coplex, as follows:

(A) the class of objects consists in the class of all (F,U)-coplexes C;
(B) the set of morphisms between two (F,U)-coplexes C and C’, consists in the set
of all homotopy classes of chain maps f:C — C'.
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For the rest of the paper, we set a d-reflexive object U in A such that V = F(U)
is a projective object in B. Moreover, we suppose that all considered subcategories of
A and B are isomorphically closed.

Let Y and B be two objects in B and let n be a positive integer. A projective
resolution --- — P; — Py =Y — 0 of Y is called finitely-B-generated if P; € add(B)
for all ¢« > 0. We will denote by gen®(B) the class of all objects X € B such that
there exists a finitely- B-generated projective resolution of X. A projective resolution
o= Py > P, —> Py — - —> P> Py —Y — 0of Y is called n-finitely-B-
generated if P; € add(B) for all i = 0,n. We will denote by n-gen®(B) the class of all
objects X € B for which there exists an n-finitely- B-generated projective resolution
of X.

Lemma 2.5. Let C : Cy =5 C1 = Cy =5 ... be a complez in Comp 4, with Cy, €
add(U), for all k > 0. Then C is an (F,add(U))-coplex if and only if F(C) is a
finitely-V -generated projective resolution of Ho(F(C)).

Proof. Suppose that C is an (F,add(U))-coplex. Then, by definition, the induced
sequence

F(C):... Ry " r(er) B F(Cy) 2 Coker(F(o1)) — 0

is an exact sequence in B. Since all Cy € add(U), we have, by Lemma 2.3, that
all F(Cy) € add(V). We also have that all F(Cy) are projective in B, because V
is projective in B. Therefore F(C) is a finitely-V'-generated projective resolution of
Coker(F(a1)).

Conversely, if the induced sequence F(C) is a finitely-V-generated projective
resolution of Coker(F(cy)), then F(C) is an exact sequence in B. From hypothesis,
Cy € add(U), for all k£ > 0. It follows that C is an (F,add(U))-coplex. O

It is well known that, if f,g : C — C’ are two homotopic chain maps between
complexes C and C’, then Ho(F(f)) = Ho(F(g)). Therefore, the functor FU from the
following definition is well-defined.

Definition 2.6. The contravariant functor FU : (F,add(U))-coplex — gen®(V) is de-

fined as follows:

(A) On objects, we set FV(C) = Hy(F(C)), for each C € (F,add(U))-coplex.

(B) On morphisms, we take FY([f]) = Ho(F(f)), for each morphism [f] : C — C’ of
(F,add(U))-coplexes.

Definition 2.7. The contravariant functor GY : gen®*(V) — (F,add(U))-coplex is de-
fined as follows:

(A) On objects. Let Y € gen®(V'). Then Y has a finitely-V-generated projective
resolution

PYV):... 2P 2 p 22y o

We mention that the chosen projective resolution P(Y) is unique up to a homotopy.
Applying the functor G to the projective resolution P(Y’), we obtain the following
complex in A

G(01) G(99)

G(P(Y)) : G(Py) Y a(p) “% a(py) ©

oy
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Since P(Y) is finitely-V-generated, we have P, € add(V), for all k¥ > 0, and, since
¢ : lagavy — FG is a natural isomorphism, the following diagram is commutative
with the vertical maps isomorphisms

D3 PQ 0o P1 o1 Po
Cpy Cpy Cpy
FG(0- FG(0o FG(0
L Pa(P) s FG(P) — 2 FG(Ry)

Since the top row is an exact sequence, it follows that the bottom row is an exact
sequence. By Lemma 2.3, G(Py) € add(U), for all £ > 0. Thus G(P(Y)) is a complex
in A with all G(Py;) € add(U) and the induced sequence FG(P(Y)) is an exact
sequence. Therefore G(P(Y)) is an (F,add(U))-coplex. We set

GY(Y) = G(P(Y)).
(B) On morphisms. Let ¢ € Homgeye(vy(Y,Y”). Then ¢ lifts to a chain map
f = ( . '7f2af17f0) : ?(Y) - p(Y/)

where P(Y) and P(Y”’) are finitely-V-generated projective resolutions associated to
Y and Y, respectively.

O3 02 01

P, P, P, Y 0
| | |
:fz :fl :fo [

’ V / ’ /

o P} o2 é i é Ny 0

Applying the functor G, we get a chain map in A,
G(f) = (G(fo),G(f1), G(f2),...) : G(P(Y")) = G(P(Y))

illustrated in the following diagram

G(3, G(a} G(8}
G(p) — 2L, gy — 2B Gpy) 2
G(fo) G(f1) G(f2)
o O- 0.
G(Py) o) G(P) 6(0) G(P) G0

Since G(P(Y)) and G(P(Y")) are (F,add(U))-coplexes, it follows that the homotopy
class [G(f)] is a morphism in the category (F,add(U))-coplex. We set

GY(¢) = [G(/)]-
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3. Main result
The main result of the paper is the following theorem.
Theorem 3.1. The functors FU and GY induce the following duality
FY : (F,add(U))-coplex = gen®(V) : GY

Proof. First, we show that the composition FU o GV is natural isomorphic to the
identity functor 1gepne(v)-
Let Y € gen®(V). Then Y has a ﬁnitely—V—generated projective resolution

P(Y) PQ‘)P1*>P0 Y — 0.
Applying the functor G, we obtain the following (F,add(U))-coplex
G G
GP(Y)) : G(Py) W 6Py Y% G(py) U

and then GY(Y) = G(P(Y)). Applying the functor F, we have the exact sequence

FG(P(Y)) : ... S pa(py) "% ra(p) P99 FG(Py) 2% Coker(FG(8))) — 0

and then FY(G(P(Y))) = Coker(FG(9;)). Thus (FY o GY)(Y) = Coker(FG(9,)).
Since all P, € add(V') and since ¢ : 1,qq¢vy — FG is a natural isomorphism, the
following diagram is commutative with the vertical maps isomorphisms.

03 o) 01 o

Py P Py Y 0
/N
Cpy Cpy Cpy By : \”YY
Qo a (o N
% pap) 22 pa(p) 22 BG(Py) —% Coker(FG(A))) —— 0

Since (g9 0(p,) 091 = 0 and Y is the cokernel of 9y, there is a unique morphism
By : Y — Coker(FG(9;)) such that egolp, = By 00y. Also, since (600(1301)0FG(01) =
0, there is a unique morphism 7y : Coker(FG(9;)) — Y such that 9y o Cﬁol = Yy 0 £p.
It it easy to see that By o7y = lceker(FG(a,)) and vy o By = ly. Thus By : YV —
(FY o GY)(Y) is an isomorphism.

Let ¢ € Homgene(v)(Y,Y”). Then ¢ lifts to a chain map f : P(Y) — P(Y’),
where P(Y) and P(Y”) are the finitely-V-generated projective resolutions of ¥ and
Y’, respectively, as we see in the following diagram:

PY):... 2 op 2. p Y. p %y 0
| | |
:f‘z :f1 :fo [
/ / / y / ¥ ,
o! o, o, )
PY):... = P} P P, ——=Y"' 0

By definition, we have GU(¢) = [G(f)] : GU(Y") — GU(Y).
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G(91) G(93) G(93)

G(Py) G(P]) — G(Py) ——~ ...

G(fo) G(f1) G(f2)

G(01) G(02) G(03)

G(h) G(P) G(P2)

Since £{ o FG(fo) oFG(d;) = 0, there is a unique morphism « : Coker(FG(9;)) —

Coker(FG(9)) such that &) o FG(fy) = a o gg. Then FU([G(f)]) = «a, and thus
(FV o GY)(9) = a.

92 o1 9o

P Py Py Y 0
¢, l ¢y l e l || By
FG(0: FG(o FG(o
©O3) pa(p) @) pap) O FG(R) 05 Coker(FG(81)) 0
JFG(&) JFG(M JFG(fo) fo a«
G(83) G(93) G(a7) €6 /
FG(P)) FG(P]) FG(P}) Coker(FG(8})) 0
Cpé C}:él CP{ C;{l CP(’) C;(Sl By
o, o} o} 3,
P} P/ P} Y’ 0

From the fact that ¢ : 15 — FG is a natural transformation, we have FG(fy) o
Cp, = Cpy © fo. It follows that we have the following equalities

aofyody=aoeyolp =
€0 °FG(fo) oCp, =g 0Cpy0 fo =
By 0y 0 fo =By o¢odo.

Hence a0 By = By o ¢, because Jy is an epimorphism. Therefore we have the
equality (FY o GY)(¢) o By = By’ o ¢, i.e. the following diagram is commutative

@

Y Y’
By By’
(F70CY)(4)
(FY o GY)(Y) ———(F" 0 G")(Y")

Second, we show that the composition GY o FV is natural isomorphic with the

ldentlty functor 1(F,add(U))—Cople)('
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Let C € (F,add(U))-coplex. Then
C:Co 0L Cy =

is a complex in A, with Cj, € add(U), for all k£ > 0, and the induced sequence

F(C):... Ry " () B F(Cy) 2% Coker(F(o1)) — 0

is a finitely-V-generated projective resolution of Coker(F(o1)). By definition FU( )=
Coker(F(o1)). Moreover, GY (Coker(F(o1))) = GF(C), hence (GY o FY)(C) = GF(C).
Since 6 : 14 — GF is a natural transformation, we have that
¢ = (6cy,0c4,0Cs, - - )
is a chain map between (F,add(U))-coplexes C and GF(C), hence we have [d¢] €
Hom (g add(0/)-copiex (C; GF(C)). On the other hand, since C}, € add(U), the morphisms
dc, : Cr = GF(C%) are isomorphisms, hence
dc' = (0,95, +9c,---)

is a chain map between (F,add(U))-coplexes GF(C) and C and thus we have [;'] €
Hom(F,add(U))-coplex(GF(C)a C) :

F(G‘g F(D’Q)

o1

Co C Cy
5 5o, 50y
o1 o2 GF(o3
GF(Cy) =27, ar(cy) 2592 ap(cy) S5
55, 5o, 50,
CO o1 Cl g2 02 g3
Since 4, O5Ck = ]‘Ck and d¢, 05C = lgr(c,) in A, for all k > 0, we have [d; Yolde] =
[1c] and [5(;] [0c'] = [lar(e)] in (F,add(U))-coplex, hence [d¢] : C — (GY o FY)(C)

is an isomorphism in (F,add(U))-coplex.
Let [f] € Hom(F,add(U))—coplex(CvCI)~ Then

f: (vaflawau) :C—)CI
is a chain map between (F,add(U))-coplexes C and C’, as illustrated below:

o1 o2 o3

Cy Ch Cy
fo f1 f2
o ! o - e o

It follows that
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is a chain map between exact sequences F(C') and F(C)

F (o F(o! F(o! !
) poy) 2 pop) VL o) —% Coker(F (o)) ——= 0
|
F(f2) F(f) F(fo) é
(o2 (o2 o V
M) p(Cy) 2 p(0y) 7 F(C) ——=2 Coker(F(01)) —— 0

Since (g9 o F(fp)) o F(o}) = 0, there is a unique morphism ¢ : Coker(F(c})) —
Coker(F(oy)) in B such that g o F(fy) = ¢ o €jy and then, by definition, FV([f]) = ¢.
Moreover, by definition of GV, we have GY(¢) = [GF(f)]. Thus (GY o FY)([f]) =
[GF(/)].

Since 6 : 14 — GF is a natural transformation, we have GF(fy)odc, = dc; o f,
for all k& > 0, hence [GF(f) o d¢c] = [dcr o f]. Thus [GF(f)] o [dc] = [dc/] o [f] and
therefore (GY o FY)([f]) o [0¢] = [d¢/] o [f]. So, the following diagram is commutative

c [£] o

[dc] [bc/]

(GYeFY)([f])
_—

(GY o FY)(C) (GY o F7)(C)

O
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1. Preliminaries on complex Lie groups

Let G be a complex Lie group of dimension n. Its Lie algebra, g, has as underlying
vector space the holomorphic tangent space T2°G at the identity e € G. As known,
an element A € TG determines a unique left invariant vector field which takes the
value A at e; moreover, these vector fields are the elements of g.

Following the ideas from [1], let {E,}, a = 1,...,n, be a base of the Lie alge-
bra g and x%, a =1,...,n the dual base for the 1-forms of Maurer-Cartan, that is,
X*(Eg) =63, (a,8=1,...,n). It is known ([11], Lemma 1.6) that E, are holomor-
phic vector fields (as they are left-invariant) and also x® are holomorphic left-invariant
1-forms.

A differential form 7 is said to be left-invariant if it is invariant by every left
translation L,, (a € G), that is, if L¥n = n for every a € G, where L} is the
holomorphic cotangent map of L,. It follows that any left invariant form must be
holomorphic. For an element U € g and an element 7 in the dual space g*, n(U) is
constant on G. Since

(U, V) =Un(V) = Vn(U) —n([U,V]),
where d = 9 + 0 is the usual decomposition of the exterior derivative, one obtains

877<U’ V) = —’I]([U, V])> (1'1)
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where U, V are elements of g and 7 is any element of the dual space. By setting
[Eg, E,| = Cg', Ea, (1.2)
the relation (1.1) yields
1
ox® = —§Cﬁ°‘7XB AXT. (1.3)

The complex constants C’ﬁo‘7 are called the constants of structure of g with respect
to the holomorphic base {Ej, ..., E,}. These constants are not arbitrary since they
must satisfy the relations

[Ea, Egl + [Eg, Ea] =0 (1.4)
and
[Eas [Es, E5]] + [Eg, [Ey, Eol] + [Ey, [Ea, Eg]] =0 (1.5)
for all a, 8,7 =1,...,n, that is
Cﬁa,y + C’YQB - O (16)
and
5 5 5
C’apﬁC,Y ot Cﬂvaa ot C,YpaCﬁp =0. (1.7)

Equations (1.3) are called the holomorphic Maurer-Cartan equations.

Equation (1.2) indicates that the structure constants are the components of a
holomorphic tensor on T}G of type (1,2). A new holomorphic tensor on T}°G can
be defined by setting

Cop =CL,CJ (1.8)

with respect to the holomorphic left invariant base {E,} (o = 1,...,n) of g. It is
easily verified that this holomorphic tensor is symmetric. Also, it can be shown that
a necessary and sufficient condition for the complex Lie group G to be semi-simple is
that the complex matrix (Cyg)nxn is invertible.

The holomorphic tensor defined by the equations (1.8) can now be used to raise
and lower indices and, for this purpose, the inverse matrix (CO‘B )nxn Will be consid-
ered.

In terms of a system of local complex coordinates (u®,... ,u”) on G, the holo-

morphic vector fields E,, a = 1,...,n, can be expressed as F, = x!, =——. Since G is

8
complex parallelizable (see [14]), the n x n matrix (x%) has rank n and so, by settin
p 1% > Xa y g
97 = XaxhC?, (1.9)

a positive definite and symmetric matrix (g/),x, is obtained. Hence, a holomorphic
Riemannian metric g on G can be defined by means of the complex quadratic form

ds? = gjpdu’ ® duF, (1.10)

where (g;k)nxn denotes the matrix inverse to (¢7%),,xy, that is, g;x = CQ,YX?XZ.

Moreover, the holomorphic metric tensor g can be also used to raise and lower
indices in the usual manner, and this holomorphic metric is completely determined
by the complex Lie group G.
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In the following, we define n holomorphic covariant vector fields x* (o =
1,...,n) on G, with local components x$(i =1,...,n) given by
X5 = C’O‘ﬁxégij. (1.11)
It easily follows that
Xfo? = 6;- and Xfle = 03. (1.12)
Also, we consider the set of n? linear holomorphic 1-forms w;» =T j?kduk defined locally
by setting

, COXY
Il = xga—ui (1.13)
By virtue of the equations (1.12), the holomorphic coefficients Fjik can also be ex-
pressed as
. aXi
i (1.14)
and they represent the local coefficients of a left invariant holomorphic connection V
on G, that is, V is absolutely parallel with respect to every left-invariant holomorphic
vector field U = U*E,, € g.
It is easily verified that in the overlap UNU’ of two local charts, the holomorphic

1-forms w? change by the rule
k j 2, i
o’ i 8u”w,_C ot
oul KT auk T dulou
The next natural step is to consider the torsion of this connection. As in the
case of real Lie groups (see [1, 13]), the holomorphic torsion tensor will be written as

i1 (O o
ik = 5Xa (auk " ow ) (1.15)
Since the equations (1.2) can be expressed in terms of the local coordinates (u') in
the form

dut.

L0 O

Xo g ~ X gy — C8Xe

(1.16)
by using the holomorphic Maurer-Cartan equations (1.3) it easily follows that

. 1 .
Tji = 505X X3 (1.17)
Also, if we consider the local coefficients of the holomorphic Levi-Civita connection

% with respect to the holomorphic metric g = ds? from (1.10) on G, they can be
expressed as
o _ 1 (9G, o
P oyt (5L 4 Tk 1.18
Lk =3Xe (ka T ow ) (1.18)

I =T )+ T} (1.19)

from which follows that

We have

Lemma 1.1. The elements of the Lie algebra g of G define holomorphic translations
in G.
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Proof. Tt follows in a similar manner to the case of real Lie groups, see [1]. O

2. Laplace operators for holomorphic functions on G

In this section, we introduce the Laplace operator acting on holomorphic func-
tions on the complex Lie group GG, depending on the given holomorphic metric tensor
on G.

Denote by w = x'A---Ax"™, where x%,i = 1,...,n are the elements of the base of
holomorphic 1-forms defined in Section 1. Then w is a nowhere vanishing holomorphic
left-invariant n-form, called the holomorphic volume element, and it can be used to
define the divergence of a holomorphic vector field U = U*E,, by setting

div(U)w = d(ipw). (2.1)

Note that the divergence can also be defined by means of the Lie derivative Ly
with respect with a left invariant holomorphic vector field U:

div(U)w = Lyw, (2.2)
where
L _ i ( t )*

for an arbitrary holomorphic tensor 7. The equivalence between definitions (2.1) and
(2.2) is due to Cartan’s formula Lyn = 0(iyn) + iydn for n = w. The first definition
is more convenient for computations, though. Another property of the divergence is

div(fU)=Uf+ fdivU

for a holomorphic vector field U and a holomorphic function f defined on G.
Also, for a given holomorphic vector field U = U*FE, on G, we have

divU = E,(U%). (2.3)

Let G be a semi-simple complex Lie group with the holomorphic Riemannian
metric
9= gidu’ @du’, gij = CapXix}. (2.4)

A simple computation gives g(Eq, Eg) = Cyp and the holomorphic metric tensor
g will now be used to define the gradient of a holomorphic function f on G. If grad f =
V8 Ej is a holomorphic vector field defined in a local chart, then the classical definition

g(U,grad f) = U f
for U = UYE,, yields V# = C?%(E,f), hence
grad f = CP*(E,f)E;. (2.5)
A Laplace operator for holomorphic functions on G can now be introduced by

Af = (divograd)f = CP*Eg(E.f). (2.6)
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In local coordinates, this reads

) - of
Af =CBeyi, = (i 2L
f C Xﬂ ’Z,L’L(X&auj)

0
COxl, Of 0% f
= Py e 2L oBaying L
B out ou + Bre uioui
But 9vi
i X(])z i j
Xp oul = —ngﬁflﬁi,

, 50X . . . . :
where I'j} = —x; Sk are the coefficients of the holomorphic connection written in
the form (1.14), such that

i O°f of
Af=¢g¥| ——-TE—=). 2.7
f=9 <8u15‘u7 ”311’“) 27)
Since 5 of
Tk .V,
outous Tt Quk ViVil,

where Vj, is the covariant derivative with respect to the left invariant holomorphic
connection V defined in the previous section, this leads to the following formula for
the Laplace operator of holomorphic functions on G:

Af =g ViV, f. (2.8)

Remark 2.1. If G is not semi-simple then a holomorphic Riemannian metric on G can
be defined by setting

h=hijjdu' @duw, h;; = 5046)(?)(?» (2.9)

and similar computations as above lead to the following local expression of the Lapla-
cian:

Af=E%f=h"V,V,f. (2.10)
Let us compute the local expression of the Laplacian in two particular cases.

Example 2.2. Consider the standard 4-dimensional complex manifold C* with the

holomorphic coordinates (z1, 22, 2%, 2*) and the following multiplication rule:

(24,22, 23 2N -(wh, w? v, w?) = (2.11)
:(Z1e>\w3 + wl,z2e’)‘w3 +w?, 2wl ot wt — /\Zl’w26}\w3),

where \ is a nonzero complex parameter. The above multiplication rule endows C*
with a non-abelian complex Lie structure. For A = 0, we obtain the usual abelian Lie
group C*, therefore we will consider here A # 0. We denote by G the non-abelian
complex Lie group C* endowed with the multiplication rule (2.11).

It is easy to see that the following left-invariant holomorphic vector fields given
by
5 0 0

) ) )
7y = — ZQ:ﬁ—M@, Z3 =Xt — — A2 — +

0
9.1 02 tas YT ga

(2.12)
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form a basis of the holomorphic Lie algebra g of G. If we compute the Lie brackets of
these holomorphic vector fields, we obtain

(21, Zs) = —A\Zy, [Z1,Z3) = NZ1, [Za,Z3) = —AZs,
[Zla Z4] - [ZQa Z4] - [Z37Z4] - 07

therefore, the components of the Lie brackets are constant. Hence, they are the struc-
ture constants of g with respect to the basis {71, Z5, Z3, Z4}. We have C wg = 0,

a, 8,7 = 1,4 with the following exceptions:
Ch=-\  Ch=)X  Ci=-\

The tensor field introduced by (1.8) will consequently vanish, i.e., Cos = 0 for all
a, 3 = 1,4, which means that G is not semi-simple. Then, according to (2.10), the
Laplace operator A acting on holomorphic functions f € Hol(C?) is

Af=N Z2f=Z3f+Z3f + Z3f + Z3f.

Now, a basic computation using (2.12) gives

2 2 2
_ 2 o°f 2 o f o°f
Af*(lJr)‘(z))a(zl) + (1+X(z ))6(22)2+8(23)2
0% f 0% f 0% f
2 1\2 _ 2.1_.2 1
+ (1+X%(2Y) >73(z4)2 2\ 2z z 571552 +2Xz 521058
o2 f 0% f of of
_ 2 _ 1 2.1 2.2
2N s PN g TAF g T e

Example 2.3. Let G = C* x C with the multiplication
1
(z',2%) o (w',w?) = (2'w!, iwzlw2 + 2% (w")?)

0 0 0
and consider the vector fields Z; = 2187 + 222 9.2 , Ty =2t 7.2 Then, (G,0) is a

complex Lie group with the holomorphic Lie algebra g = span{Z;, Zo}. Moreover, G
is not semi-simple, as it can be easily shown by computating the tensor Cyg, as in the
previous example. We therefore have Af = Z2 f + Z2 f, which yields the Laplacian in
the form
0% f 0% f
Af = (2129 1\2 4 g(52)2
£ = (g + (P +AE) 55
*f A 9f 2 Of
4z
521022 7 021 T ¥
We will use this example later for illustrating another property of the Laplace oper-
ator.

+ 42122

A straightforward computation gives an interesting property of the Laplacian
introduced above in the general case.
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Proposition 2.4. The following identity holds:
-~ o 92
A, E,] = 2(hxE — Bk NI —— 2.13
[ ’ } ( Xa Xa) jk 8u18ul7 ( )
where b = 50‘5)(2)(% and Fjlk are the local coefficients of the holomorphic connection

V.
Let us check the result in the case of the Lie group G = C* x C from Example 2.3.

Example 2.5. First, we compute
0% f _
9(z2)?’
2 2
OF a2 00
021022 0(22)2

(A, Z1]f =2(2")?

(2.14)

[A, Zo]f = —2(2")*
.0
Then, from Z, = Xga— we get
Z’L
xi=z xi=22% x3=0, x3=2,

such that, using (1.13), we can compute the coefficients ka:

1
I‘111 = _;7 l—‘112 = I‘211 = 1—‘212 =0,
222 2 1
2 2 2 2
sz, F12:_;7 F21:_ZT7 I3 =0.

We also need h¥ = (Wﬁxflxé, that is,
BT = (212, pIZ = B2l = 22022 B2 = ()2 4 4(:2)2

Hence, replacing the nonzero terms in the left-hand side of the first identity (2.14)
and doing a straightforward computation yields

g 0 0?

o ij .k ik l
[A, 2] f =201 = W)L g5

11,2 121 2 12,1 11,2 2 an

= 2[(h'1xG — IBATE + (W2 — WD) 5
02 f
2 = W + (W~ T 5
02 f
—o1y2 9
(") d(22)2’

since the first term vanishes. The second identity from (2.14) follows analogously.

We shall also illustrate the property from Proposition 2.4 in the case of the
complex Lie group GL(n,C).

Example 2.6. As dim(GL(n,C)) = n?, all the indices from the general case will be

replaced by pairs of indices, for instance a becomes (g), i becomes (,,), etc. As a
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convention, these pairs will be rewritten in a manner that should be clear from the
text below.

First, let w € GL(n,C) be a complex matrix with elements {A$}, such that a
left-invariant holomorphic vector field will be denoted by

(m) O . i O

EP = F.\ = — = _
T HE) T X(E) aulh) e g,
where Y3 S 51 AP (see [7] for more details). The holomorphic Riemannian
U,
metric is

p) () = pid = 5“551,#)(2’,”)(%’;
(the group GL(n,C) is not semi-simple). The local coefficients of the holomorphic
connection defined in Section 1 are

l
(fz) . Flnp_ en XE‘II-I

Py () = Tk =0

These yield
Inp 82 f

_ ke ki
[A7 Ev}f - Q(h:rjlnx’yp - h}ﬂpxgyn)rjkq out Oul
mUq
I
wnOXeq  O°f
I Quk Qut,oul,

= —2(0% 8o X XX — 0% X X X% ) X
T

) . 0A
_ o T AV k pose gnl
_ —2<5 70,180, Ay 85 AlLG AT 05 AZSL =
p
a

) . 0A 0% f
_ sapB i Av Sk ARSI AT 5€ An Sl oy
3905, 0L Av, 85 AL 5T A7 6 AT 6L 5t ) 5 ol
DAL . aAg> 9% f

=2(d,,Ar AS—L —§,, A" A —.
( FEmEP Quk HEmEP gk ) ul, 0ul,

o
Remark 2.7. Denoting by V the covariant derivative with respect to the Levi-Civita
connection, the substitution of (1.19) in (2.7) yields

. 82f o af af
A = g¥ - - — ki — k —_—
f=9 <8u’8u1 jl(‘)u’“) T Quk
o o of
— 4t k
—gJ ViVj f—Tjiwa
such that a harmonic holomorphic function f on G must satisfy the identity
of o oo
Tﬁw =g" ViV; f. (2.15)

Note that T;k is the holomorphic torsion tensor of the holomorphic connection from
(1.13).
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3. Holomorphic last multipliers for holomorphic vector fields on GG

The holomorphic volume element w on G defined in Section 2 will now be used
to introduce the notion of holomorphic last multipliers. The computations are similar
to the case of smooth manifolds, [2, 3, 4, 5], or complex manifolds [6]. More precisely,

consider a holomorphic vector field of the form U = U* 0 = iyw and let

out’
du’
dt
be a complex ODE system on G defined by the holomorphic vector field U. The
classical definition of a last multiplier function for a vector field on smooth manifolds,
[2, 3], can now be applied to the case of the complex Lie group G.

=U'(u(t),...,u"(t)), 1<i<n, teR

Definition 3.1. A holomorphic function y on G is called a holomorphic last multiplier
of the complex ODE system generated by U (or holomorphic last multiplier for U) if

O(pd) :=0u N0+ p-060=0. (3.1)
Note that for every holomorphic function p on G, duAw = 0, such that for every
holomorphic vector field U on G we have
0=iy(OuAw) = (igdp) - w—0uA (iyw)
or, equivalently,
U(p) - w=0uA (igw) =0uNb.
Now, definitions (2.1) and (3.1) yield the following result.

Proposition 3.2. A holomorphic function u on G is a holomorphic last multiplier for
the holomorphic vector field U if and only if

U(p) + p-divU = 0. (3.2)

Remark 3.3. Relation (3.2) indicates that if v is a holomorphic non-zero function on
G which satisfies the equation
Ly(v):=U(v)=(divU) v, (3.3)

then 1/v is a holomorphic last multiplier for U and the holomorphic function v which
satisfies (3.3) will be called an inverse holomorphic multiplier for U.

Proposition 3.4. Let u be a holomorphic function on G. The set of holomorphic vector
fields for which p is a holomorphic last multiplier is a Lie subalgebra in the algebra
of holomorphic vector fields on G.

Proof. The proof follows as in [6]. O

It is now interesting to search for a holomorphic last multiplier for a holomorphic
vector field U of divergence type, that is, up = div V' for some holomorphic vector field
V on G. From (3.2),

U(divV)+divV -divU = 0. (3.4)
Multiplying (3.4) by w gives

Ly(divV) - w+divV - Lyw =0
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or, equivalently,
LU(diVV . w) = LULVw =0.
Hence, we have

Proposition 3.5. If V is a holomorphic vector field which satisfies Ly Lyw = 0, then
w=divV is a holomorphic last multiplier for the holomorphic vector field U.

The next step is to study holomorphic last multipliers for holomorphic gradient
vector fields on the complex Lie group G endowed with a holomorphic Riemannian
metric (for instance g or h from Section 2). Such a metric g defines a holomorphic
metric volume form wg (see [10]), as a holomorphic n-form on G such that

wy(Un,...,Up) = £1,

where {U;}, i = 1,...,n, is an orthonormal holomorphic frame on (G, g), that is,
g(U;,Ug) = 0k, j,k = 1,...,n. As a complex manifold, if (G,g) admits such a
volume element, it admits precisely two of them.

If f is a holomorphic function on G, U = grad f is the gradient vector field of f
defined in Section 2 and « is a holomorphic last multiplier for U, then relation (3.2)
becomes

g(grad f,grad p) + pAf = 0. (3.5)
A straightforward computation in local complex coordinates on G yields a similar
identity to the case of holomorphic Riemannian manifolds, [6]:

g(grad f,grad p) = 5 (A(fi) — fAu — psf). (3.6)

Hence,
A(fa) + pAf = fAa, (3.7)
which leads to the following result.

Proposition 3.6. Let G be a complex Lie group endowed with a holomorphic metric g.
If f,u are holomorphic functions on G such that f is a holomorphic last multiplier
for grad p and p is a holomorphic last multiplier for grad f, then fa is a holomorphic
harmonic function on G.

Corollary 3.7. If G is a complex Lie group endowed with a holomorphic metric g
and f is a holomorphic function on G, then u is a holomorphic last multiplier for
U = grad it if and only if u? is a holomorphic harmonic function on G.

Corollary 3.8. If G is a complex Lie group endowed with a holomorphic metric g and
f is a holomorphic function on G, then u? is a holomorphic harmonic function on G
if and only if

uAp + g(grad p, grad u) = 0.
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Existence and Ulam stability for nonlinear
implicit fractional differential equations with
Hadamard derivative
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Abstract. The purpose of this paper is to establish some types of Ulam stabil-
ity: Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias
stability and generalized Ulam-Hyers-Rassias stability for a class of implicit
Hadamard fractional-order differential equation.
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1. Introduction

The concept of fractional calculus is a generalization of the ordinary differen-
tiation and integration to arbitrary non-integer order. See, for example, the books
[1, 2, 3, 5, 17, 34] and references therein. Fractional differential equations arise natu-
rally in various fields such as viscoelastic materials, polymer science, fractals, chaotic
dynamics, nonlinear control, signal processing, bioengineering and chemical engineer-
ing, etc. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. We refer the
reader, for example, to the books such as [6, 18, 20, 22, 30|, and references therein.

On the other hand, the stability problem of functional equations (of group homo-
morphisms) was formulated in 1940 by Ulam, in a talk given at Wisconsin University
[31, 32]. In 1941, Hyers [13] gave the partial answer to the question of Ulam (for
the approximately additive mappings) in the case Banach spaces. Hyers’s theorem
was generalized by Aoki [4] (for additive mappings). Between 1978 and 1998, Th.
M. Rassias established the Hyers-Ulam stability of linear and nonlinear mappings
[21, 23, 24]. In 1997, Obloza is the first author who has investigated the Hyers-Ulam
stability of linear differential equations [19]. During the last two decades, many papers
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[7, 12, 14, 15, 16, 33] and books [11, 25, 26, 27] on this subject have been published in
order to generalize the results of Hyers in many directions. Recently in [8, 9, 10] Ben-
chohra and Lazreg considered some existence and Ulam stability results for various
classes of implicit differential equations involving the Caputo fractional derivative.

The purpose of this paper is to establish existence, uniqueness and stability
results of solutions for the following initial value problem for implicit fractional-order
differential equation

Hpeyt) = f(t,y(t), D¥(t)), for each t € J, 0 < a < 1, (1.1)

y(1) =y, (1.2)
where D is the Hadamard fractional derivative, f : J x R x R — R is a given
function space, y; € R and J = [1,T], T > 1.

The paper is organized as follows. In Section 2 we introduce some definitions,
notations, and lemmas which are used throughout the paper. In Section 3, we will
prove an existence and uniqueness results concerning the problem (1.1)-(1.2). Section
4 is devoted to Ulam-Hyers stabilities for the problem (1.1)-(1.2). Finally, in the last
section, we give two examples to illustrate our main results.

This paper initiates the existence and Ulam stability of implicit differential equa-
tions involving the Hadamard fractional derivative.

2. Preliminaries

Definition 2.1. ([17]) The Hadamard fractional integral of order a for a continuous
function g : [1,00) — R is defined as

1 t AN g(s)
gty = — [ (10gl) £y
H g() F(a)/1 <0g8) S S, OZ>0,

where T is the Euler gamma function defined by I'(«) = / t*te7tdt, a > 0.
0

Definition 2.2. ([17]) The Hadamard derivative of fractional order « for a continuous
function g : [1,00) — R is defined as

1 d\n t t n—a—lg(s)
H (e — =
D g(t)—i( )(t t) /1 (10g8> 5 ds, n—1l<a<n,n=la]+1,

where [a] denotes the integer part of the real number o and log(-) = log,(+).

Definition 2.3. ([17]) The Mittag-Leffler function is defined by

e k
z
Ea(z) = kE:O m, o€ C, %(Q) > 0.

The general Mittag-LefHler function is defined by
o0 k

Eaplz) =Y =

2 m, 067,8 S (C, %(Oé) > 0, %(ﬁ) > 0.
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Thus,
Ey(z) = Eq1(2),
El(z) = E171(Z) = ez,
Ey(z) = cosh/z,
e —1
E =
1,2(2) p,
and
sinh v/z
E272(Z) = 7[

N

We state the following generalization of Gronwall’s inequality.

Lemma 2.4. ([29]) For any t € [1,T],
mﬂga@y+mﬂz'c%z>__“fhg

where all the functions are not negative and continuous. The constant o > 0, b is a
bounded and monotonic increasing function on [1,T], then,

o~ GOD@)" ("
Z I'(na) <10g 5) a(s)

n=1

@, tell,T).
S

mmgaw+zt

We adopt the definitions in Rus [28]: Ulam-Hyers stability, generalized Ulam-
Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias sta-
bility for the equation, for the implicit fractional-order differential equation (1.1).

Definition 2.5. The equation (1.1) is Ulam-Hyers stable if there exists a real number
cg > 0 such that for each € > 0 and for each solution z € C*(J,R) of the inequality

FD2(t) — f(t,2(t)," D*2(t))| <e, t € J, (2.1)
there exists a solution y € C*(J,R) of equation (1.1) with
[2(0) — y(1)] < cpe, tE .

Definition 2.6. The equation (1.1) is generalized Ulam-Hyers stable if there exists
Yp € C(Ry,Ry), ¥(0) = 0, such that for each solution z € C1(J,R) of the inequality
(2.1) there exists a solution y € C*(J,R) of the equation (1.1) with

|2(t) —y(t)| < vyle), t € J.

Definition 2.7. The equation (1.1) is Ulam-Hyers-Rassias stable with respect to ¢ €
C(J,R4) if there exists a real number ¢; > 0 such that for each € > 0 and for each
solution z € C1(J,R) of the inequality

1TD2(t) — f(t, 2(t)," D2(t))| < ep(t), t € J, (2.2)
there exists a solution y € C1(J,R) of equation (1.1) with
|2(t) — y(t)| < crep(t), t e J.
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Definition 2.8. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with re-
spect to ¢ € C(J, Ry ) if there exists a real number ¢y, > 0 such that for each solution
z € C1(J,R) of the inequality

[ DY2(t) — f(t,2(8)," D2(t))| < o(t), t € J, (2.3)
there exists a solution y € C1(J,R) of equation (1.1) with
2(t) —y(t)] < crpp(t), t€J.

Remark 2.9. A function z € C'(J,R) is a solution of of the inequality (2.1) if and
only if there exists a function g € C'(J,R) (which depend on y) such that

() lg(t)] <e VteJ.
(ii) TDz(t) = f(t, 2(t), D¥2(t)) + g(t), t € J.

Remark 2.10. Clearly,

(i) Definition 2.5 = Definition 2.6.
(ii) Definition 2.7 = Definition 2.8.

Remark 2.11. A solution of the implicit differential inequality (2.1) is called an frac-
tional e-solution of the implicit fractional differential equation (1.1).

So, the Ulam stabilities of the implicit differential equations with fractional or-
der are some special types of data dependence of the solutions of fractional implicit
differential equations.

3. Existence and uniqueness of solutions

By a solution of the problem (1.1) — (1.2) we mean a function u € C*(J,R)
satisfying equation (1.1) on J and condition (1.2).

Lemma 3.1. Let a function f(t,u,v) : JXRXR — R be continuous. Then the problem
(1.1) — (1.2) is equivalent to the problem

y(t) = y1 +u Ig(1), 3.1
where g € C(J,R) satisfies the functional equation
g(t) = f(t,y1 +m I%g(t), 9(1)).
Proof. If HDy(t) = g(t) then yI® T D>y(t) =5 I%g(t). So we obtain
y(t) = y1 +m 1°g(t).

Theorem 3.2. Assume

(H1) The function f:J x R x R — R is continuous.
(H2) There exist constants k > 0 and [ > 0 such that

|f(t,u,v) — f(t,a,0)| < klu—a| + v — 0] for any u,v, 4,5 €ER and t € J.
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If
k(log T)

Ia+1)
then there exists a unique solution for the IVP (1.1) — (1.2) on J.

Proof. Define the operator N : C(J,R) — C(J,R) by:

N = f (t,yl + F(la) /1 <10g z) ) z(s)dj,z(t)> , for each ¢ € J

+1<1,

Let u,w € C(J,R). Then for t € J, we have

E oot a1
(Nu)(t) — (Nw)(t)] < r@o/:(bg) fu(s) — w(s) 2

Hlu(t) —w(?)]

< (i [ gt 1) - il

<M +l> [l = w]loo-

Then
k(logT)>

Nu— N <
W= Nl < (FES

+l> [lu — w|]oo-
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(3.2)

(3.3)

(3.4)

By (3.2), the operator N is a contraction. Hence, by Banach’s contraction principle,

N has a unique fixed point z € C(J,R), i.e z = N(z).
Therefore

a—1
z(t)=f <t,y1 + F(la) /lt (log Z) z(s)?,z(t)) , for each t € J

y(t) = + ﬁ /lt (1Og Z)al z(s)%.

This implies that # D%y(t) = z(t) and hence
Hpey(t) = f(t,y(t),r D*y(t)), for each t € J.

Set

4. Ulam-Hyers stability

Theorem 4.1. Assume that the assumptions (H1), (H2) and (3.2) hold. Then the

equation (1.1) is Ulam-Hyers stable.
Proof. Let z € C(J,R) be a solution of the inequality (2.1), i.e.
[HD2(t) — f(t,2(t),”T D2(t))| <€, t € J.
Let us denote by y € C(J,R) the unique solution of the Cauchy problem
Apey(t) = f(t,y(t)," D%(t)), foreacht € J, 0 < a <1,

(4.1)
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By using Lemma 3.1, we have

o0 = =0+ s [ () 0%,

where g, € C(J,R) satisfies the functional equation

9y(t) = f{t,y(1) +1 179y (1), 9y (1))-
By integration of (4.1) we obtain

2(t) — 2(1) — ﬁ /j <log Dalgz(s)dj e(log )™

INa+1)
e(logT)“
Ma+1)’

IN

where g, € C(J,R) satisfies the functional equation

9:(t) = f(t,2(1) +u 1%g=(1), 9:(1)).
On the other hand, we have, for each t € J

A0 -0 - s [ t (lgt) 0u(5)%

(0= =0) = g5y | t (1gt) 0-(5%

l2(t) —y(®)] =

1t AN ds
+ m/l (10gs) (gz(S)—gy(s))?
1t £\ ds
< lz(t) —2(1) — @/1 (log s) gz(s)?
1t £\ ds
A CH R
where
gy(t) = f(t,y(t),gy(t)),
and

By (H2), we have, for each t € .J

l9:(t) = gy (D] = [F(£,2(), g=(1)) = F (£, 4(2), gy (2))]
< Klz() —y(O] + g2 (t) — g4 (@)]-

Then

(4.2)

(4.3)
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Thus, by (4.2), (4.3), (4.4), and Lemma 2.4 we get

e(log T)® k t AN ds
030l = FE s [ () e v S

€(log T

= I'a+1)

& k "o " e(log 7)™ | ds

+/1 ;<(1_1)) T(na) <1°gs> Tlatl)| s
eogT) [ S/ k \" 1 (logT)"e

= MNa+1) _1+;<1—1) I'(na) na

_elog) [ Nk \" (logT)me

- mm_”§<1_z) NSy

_ €(logT)" [ > (%(bgT)a)

= T |V Tma

_ €(logT)" k o

- r(a+1)Ea(1 zﬂOgT))

Then, for each t € J
12(6) — ()] ;éfﬂ) Ea (1 b (g T)Q) — e (45)

So, the equation (1.1) is Ulam-Hyers stable. This completes the proof. By putting
¥(€e) = ce, ¥(0) = 0 yields that the equation (1.1) is generalized Ulam-Hyers stable.
O

5. Ulam-Hyers-Rassias stability

Theorem 5.1. Assume (H1), (H2), (3.2) and

(H3) The function ¢ € C(J,Ry) is increasing and there exists A, > 0 such that, for
each t € J, we have

HI%p(t) < App(t).
Then the equation (1.1) is Ulam-Hyers-Rassias stable with respect to .

Proof. Let z € C(J,R) be a solution of the inequality (2.2), i.e.
ED2(t) — f(t,2(t)," D*2(t))| < ep(t), t € J, € > 0. (5.1)
Let us denote by y € C(J,R) the unique solution of the Cauchy problem
Hpegy(t) = f(t,y(t),” D(t)), for each, t€ J, 0 < a <1,

y(1) = 2(1).
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By using Lemma 3.1, we have

o)==+ 5 [ (1o t) 9u(9)

where g, € C(J,R) satisfies the functional equation

gy(t) = f(t,y(1) +u I%gy(t), gy (1)).

By integration of (5.1) and from (H3), we obtain
1 ¢ AN ds
t)—2(1) — =— log — 2(8)—
z(t) = 2(1) F(a>/1<0g8) 9:(s)~
S 6)\§0S0(t)7

where g, € C(J,R) satisfies the functional equation

gz(t) = f(ta Z(]-) + Iagz(t)a gz(t))'
On the other hand, we have, for each t € J

2(t) — 2(1) — ﬁ /j (log Dal 9y(s)

2(t) — 2(1) — ﬁ /lt (1og Z)al 9:(s)

1 t ! ds
T / (1ogs (9:(5) — gy() =

S

2(t) — 2(1) — ﬁ /j (log Da_l 9:(s)

bt [ (sd) o) -

gy(t) = f(t7y(t)7gy(t))a

|2(t) = y ()]

IN

where

and
gz(t) = f(t,Z(t),gz(t)).
Then, by (4.4), (5.2), and (5.3)

-1

A

k ‘ £\
030l < A0+ gpp [ (e3) B0 -l

(1=10

eApp(t) + m /j <log z>a1 %

k[l = ylloo (logT)*
1-DMNe) «

IA

IA

eXpp(t) +

ds
s

ds
s

ds
S

ﬁ /j <10g z)al ©(s)

S
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Thus,

k(logT)~
I~ 1= G

We obtain, by (3.2)

]geaw»

eXpip(t)
Hz_y”oo S |:1_ o(log T)= i|
=D (a+1)
Then, for each t € J
k(logT)« -1
0 -u0 < 1o ipE ] et = Ga)
So, the equation (1.1) is Ulam-Hyers-Rassias stable. O

6. Examples
Example 6.1. Consider the following Cauchy problem

HD3y(t) = 2(1)0 (tsiny(t) — y(t) cos(t)) + ﬁ sin "Dz y(t), for each ¢ € [1,¢], (6.1)
y(1)=1. (6.2)
Set
ft,u,v) = ! —(tsinu — u cos(t ))—I—Lsmv tel,e], u,veR.

200 100
Clearly, the function f is jointly continuous.

For any u,v,4,7 € R and ¢ € [1,€] :

lf (¢, u,v) — f(t,@,0)] < 200|t||s.1nu —sina| + 200|cost||u — 1|
100|smv — sin 7|
1
< & _ .
< gl 200| —ult qgglv =
e+1 _ 1
= o0 " gl
Hence condition (H2) is satisfied with k = £ and | = 15;.
Thus condition
a e+1
k(log T) _ 230 — e+ 1 < 1’

(1-D(a+1) (1-)T(E) 997

is satisfied. It follows from Theorem 3.2 that the problem (6.1)-(6.2) as a unique
solution, and from Theorem 4.1 the equation (6.1) is Ulam-Hyers stable.
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Example 6.2. Consider the following Cauchy problem

H i
HD%y(t) = 2+ ly(®)| + | Dzy(t)1| , for each ¢ € [1,¢], (6.3)
120e*H10(1 + [y ()| + [ D2y(t)])
y(1) = 1. (6.4)
Set
f(t7u7v)_ 2+|U‘+|U| 5 t€[17€], ’U,,’UER.

©120et (1 + Ju| + |v))
Clearly, the function f is jointly continuous.
For any u,v, 4,7 € R and t € [1, €]

o 1
|f(t,u,v)—f(t,u,v)| < m

Hence condition (H2) is satisfied with K = L = w55
Let ¢(t) = (log t)%. We have

1
1 t t\2 7! 1 d
ao(t) — / <1og) (logt)* %
1 S

(lu = af + Jv—1]).

T (3)
1t t\2 " ds
< vy ), (sl)
o 2w(t)
- 20
Thus 9
nl*e(t) < - (log1)? == Aup(t).

N

Thus condition (H3) is satisfied with ¢(t) = (logt)
Theorem 3.2 that the problem (6.3)-(6.4) as a unique solution on J, and from Theorem
5.1 the equation (6.3) is Ulam-Hyers-Rassias stable.

and A, = % It follows from
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Abstract. We present here very general self adjoint operator harmonic
Chebyshev-Griiss inequalities with applications.
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1. Motivation
Here we mention the following inspiring and motivating result.

Theorem 1.1. (Cebyéev 1882, [3]) Let f, g : [a,b] — R absolutely continuous functions.
If f',9' € Lo ([a,b]), then

_a/f dx<b_/f )( a/abg(x)dx>‘ (1.1)

1

<5 0= 1l 19l

Also we mention

Theorem 1.2. (Griiss, 1935, [9]) Let f, g integrable functions from [a,b] into R, such
that m < f(x) <M, p<g(z , for all x € [a,b], where m, M, p,o € R. Then

)< o
bia/a f(@)g (e ( da:) (bia/abg(x)dx>
<

m) (o —p).
Next we follow [1], pp. 132-152.
We make

(1.2)

b—
Lou
1!
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m

are continuous on [] [as,

Brief Assumption 1.3. Let f : [] [ai, b;] — R with

George A. Anastassiou

i=1

gl{ forl=0,1,....,n;i=1,...,m,
T,
b;] .
i=1
Definition 1.4. We put
N S; — Q4 1st€ [ai,xi],
4 (i 8i) = { s; — by, if s; € (25,04,
x; € [ai,bi], =1 m.
Let (Pn),en

Py=1.

associated with fy
We set

X lng (=) Py () /al:l /b

b1 bi—1 gk—1
[ [

be a harmonic sequence of polynomials, that is P’
Let functions f), A=1

(1.3)

Pnfla ne N7
r € N— {1}, as in Brief Assumption 1.3, and ny € N

and

b1 i—1 AQk—1
_ Pk: a; / / 0 f/\ S1y .-

ni—l
Ai)\ (xi,...,:cm) = i1 A
I1 (b —ay)
7j=1
-t 6kf,\ (51 ey Si—1, TGy e Im)
S o dsy...dsi— 14
625,’5 1 i—1 ( )
ny— 1
n)\—k)
+
Z ,, —
317~~ Si— 1;b27x2+17 m)ds dS
1...48;-1
drk=1 '
cy Si— 1;a27x2+17“'7$m)d8 dS
1..A8i—1| |,
5‘xl_ ’
ni—l
L) 1= 2

[T (bj —a;)
j=1
by b; -
X [/al /al Pn,\*l (51) (mi78i) f)x (817 :

(1.5)

Si, Ii-l—l)

ey &
DN

foralli=1,...m; A=1,
We also set
(H (bj — aj)) ,
j=1
A1 = 3

T

m) dSl...dSi] 5

H 1F6ll

p#/\

m
o0, H [ajvbj]
j=1

(1.6)
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- i— O™ fa
< 37— a)ni 1Pl s | 5| :
= 02 Moo, 11 (o) 001
.1 1 _
(letp,q>1.p+q—1)
1
T m T i—1 q
A= > I/ 1Bl /o [Mei-an] . 1
A=11i=1 ||p=1 Lq (]:1 a; bJ]) j=1

P#A Lp(ﬁ [%‘JM‘])

j=1

and

1< : N i~
Agi=5 92 1T/ [Z[(bi—ann;l (18)
_ =1
PFEX Ly ( ﬁl[aj»bj]>

i=

O™ fa

X AP tlloo o0 || Gn
K2

o0, ‘17j1 [aj 7b.i]
We finally set

W= r/l_[ o (H f (x)) da (1.9)

j=1 p=1

1 s s
e Sap /m 17 @ | d /m fx (s) ds
jl;[l (b — aj) r=1 jl;[l[aw%'] z;}\ jl;[l[ajabj]

We mention
Theorem 1.5. ([1], p. 151-152) It holds
|W‘ S min{Al,A27A3}. (110)

2. Background

Let A be a selfadjoint linear operator on a complex Hilbert space (H; (-, -)). The
Gelfand map establishes a *—isometrically isomorphism ® between the set C' (Sp (A))



42 George A. Anastassiou

of all continuous functions defined on the spectrum of A, denoted Sp (A), and the C*-
algebra C* (A) generated by A and the identity operator 1y on H as follows (see e.g.
8, p- 3]):
v F0]1)r any f,g € C(Sp(A)) and any «, 8 € C we have

(i) @ (aof + Bg) = a® (f) + B (9);

(ii)) @ (fg) = ©(f) ® (g) (the operation composition is on the right) and
(@)
(iii) [ (NI = [IfI:== sup [f ()]

teSp(A)
(iv) @ (fo) = 1y and @ (f1) = A, where fo(t) =1 and f, (t) =t, for t € Sp(A).
With this notation we define

J(A) =@ (f), for all f € C(Sp(A)),

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp (A) then f (t) > 0 for any t € Sp (A) implies that f (A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp(A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A), implies that f(A) > g (A) in the operator
order of B (H).

Equivalently, we use (see [6], pp. 7-8):

Let U be a selfadjoint operator on the complex Hilbert space (H, (-,-)) with the
spectrum Sp (U) included in the interval [m, M| for some real numbers m < M and
{E\}, be its spectral family.

Then for any continuous function f : [m, M] — C, it is well known that we have
the following spectral representation in terms of the Riemann-Stieljes integral:

M

(f(U)z,y) = 70f(A)d(<Ew7y>), (2.1

m

® (/)

for any z,y € H. The function g, , (\) := (Exz,y) is of bounded variation on the
interval [m, M], and

Iy (m—0)=0 and Jzy (M) = (z,y),
for any =,y € H. Furthermore, it is known that g, (A) := (E\x, ) is increasing and

right continuous on [m, M].
An important formula used a lot here is

M
<f(U)x,x>:/ Of(/\)d(<E>\x,x>), VaxeH. (2.2)
As a symbol we can write
M
f ()= B f (N dE,. (2.3)

Above,
m=min{AX € Sp(U)} :=minSp (U), M = max {M\\ € Sp(U)} := maxSp (U).
The projections {Ex}, g, are called the spectral family of A, with the properties:
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(a) E)\ § E)\/ for \ S )\/;
(b) Ey—o = 0 (zero operator), Ey = 1y (identity operator) and Exig = Ey
for all A € R.
Furthermore
Ey:=¢x(U), YXER, (2.4)
is a projection which reduces U, with

(s) = 1, for —oo <5 <A,
A "1 0, for A < s < +oo.

The spectral family {E\}, p determines uniquely the self-adjoint operator U and vice
versa.

For more on the topic see [10], pp. 256-266, and for more detalis see there pp.
157-266. See also [5].

Some more basics are given (we follow [6], pp. 1-5):

Let (H;(-,-)) be a Hilbert space over C. A bounded linear operator A defined
on H is selfjoint, i.e., A= A* iff (Az,2) e R,V x € H, and if A is selfadjoint, then

[All= sup [(Az,z)|. (2.5)
z€H:||z||=1

Let A, B be selfadjoint operators on H. Then A < B iff (Ax,z) < (Bx,x),V x € H.

In particular, A is called positive if A > 0.

Denote by

P = {np(s) = aps*n >0, akEC,ngSn}. (2.6)
k=0

If A € B(H) (the Banach algebra of all bounded linear operators defined on H, i.e.

from H into itself) is selfadjoint, and ¢ (s) € P has real coeflicients, then ¢ (A) is

selfadjoint, and

le (Al = max {|e (A)], A € Sp(A)}. (2.7)
If ¢ is any function defined on R we define
lell 4 := sup {le ()], A € Sp(A)}. (2.8)

If A is selfadjoint operator on Hilbert space H and ¢ is continuous and given that
@ (A) is selfadjoint, then ||p (4)| = ||¢|| ,- And if ¢ is a continuous real valued function
so it is |¢|, then ¢ (A) and |p| (A) = |¢ (A)| are selfadjoint operators (by [6], p. 4,

Theorem 7).
Hence it holds
e (DI = lllelll 4 = sup {[le (M. A € Sp(A)}
=sup{le(N)], A € Sp(A)} = llella = lle (DI,
that is

e (AN = lle (Al (2.9)
For a selfadjoint operator A € B(H) which is positive, there exists a unique

2
positive selfadjoint operator B := v/A € B (H) such that B% = A, that is (\/Z) = A.
We call B the square root of A.
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Let A € B(H), then A*A is selfadjoint and positive. Define the ”operator abso-
lute value” |A| := VA*A. If A= A*, then |[A] = VA2
For a continuous real valued function ¢ we observe the following;:

M
| (A)] (the functional absolute value) = / lo (N)| dE

m—0

M
= / Y (p (N)?dEx = 1/ (¢ (A))* = |¢ (A)| (operator absolute value),

where A is a selfadjoint operator.
That is we have

| (A)] (functional absolute value) = |p(A)| (operator absolute value).  (2.10)

Let A, B € B(H), then
IAB| < [lA[HB]l (2.11)

by Banach algebra property.

3. Main results

Let (P,),cn be a harmonic sequence of polynomials, that is P}, = P,,_1, n € N,
Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that h("~1 is
absolutely continuous function for some n € N.
We set
[ t—a, iftela,],
q(axt)-{ t—b, ift € (2,b], x € [a,b]. (3.1)

By [4], and [1], p. 133, we get the generalized Fink type representation formula

h(z) = ) (=) P (@) h®) (@)

ES
I

n—1 k
k=1
b n+1 b
+bila/a h(t)d“r(_bl_)a/a Po1 () q (2, t) b (t) dt,

YV x € [a,b], n € N, when n = 1 the above sums are zero.

For the harmonic sequence of polynomials Py, () = (t_kf)k, k € Z,, (3.2) reduces
to Fink formula, see [7].

Next we present very general harmonic Chebyshev-Griiss operator inequalities
based on (3.2). Then we specialize them for n = 1.

We give
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Theorem 3.1. Letn € N and f,g € C™ ([a,b]) with [m, M] C (a,b), m < M. Here A is
a selfadjoint linear bounded operator on the Hilbert space H with spectrum Sp(A) C
[m, M]. We consider any = € H : ||z|]| = 1.

Then

(A1, 9) (A) z,z) = [(f (A) g (A) ;) = (f (A) 2, 2) (g (A) x, z)

Z DR @ (970 @)+ 7 (gD (@) )] (33)
() S (A ) by ()2, ) + (P ()9 (A) ) ( () )] ]|

< [l CONNF sy + 1 AN
- 2(M —m)

vt [0 7 -]

—K

Proof. Here {E)}, g is the spectral family of A. Set
t—m, m<t<

k(/\,t)::{t_jw7 N<t< M. (3.4)
where A € [m, M].
Hence by (3.2) we obtain
FO) =3 (<D B ) £ () (3.5)
k=1
n—1 k
+ 30 E B () 100 (01— P () 14 ()]
k=1
n M _q\yntl M
b [ rwas S [ h 0k 10 @
and .
g =3 (DR () g™ () (3.6)
k=1
n—1 k
+ 3 C B (40 600 (1) = P () g0 ()
k=1
i [ o0 G [ rsoko.000 0
YA€ [m,M]. " "

By applying the spectral representation theorem on (3.5), (3.6), i.e. integrating
against E over [m, M|, see (2.3), (ii), we obtain:

f(A) = ni: (=) P (4) 9 (4) (3.7)
k=1
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n— k
+ (Z % [Pk (M) fE=D (M) = Py, (m) f*Y (m)D lH

k=1
M ntl M M
+ ( el IR0 dt) e ( JRERCLEY R0 dt) dE,
and
n—1
g(A) =Y (=) Py (4)g*) (4) (3.8)
k=1
n—1 k
+ (Z %_nn;k) [Pk (M) g~V (M) = Py (m) gV (m)D 1y
k=1

n M n+1 M (n)
t)ydt |1 P, k(A t) g\ dt | dE.
- M-m m g() H+ M—-m m—0 / 1 g () A

We notice that

g(A) f(A)=f(A)g(4) (3.9)
to be used next.
Then it holds
n—1
g(A) f(A) = (D" g(A) P (4) FF) (4) (3.10)
k=1
n—1 k
" <k=1 U =B [ (ary 00 (1) — P ) 6 <m>}> ey
M
+ (M’jm/ f(t)dt> g(4)
n+1 M M
+(Mlimg(A)/O (/ Pact (k1) £ (1 )dEA,
and
n—1
F(A)g(A) = (D" f(A) P (4) g™ (4) (3.11)
k=1

_|_
<|L
3| 1
K,’
=
T
I =
o
VR
=

Py () k(M) g™ (0) dt) dE.
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Here from now on we consider x € H : ||z|| = 1; immediately we get

M
/ d{(E\z,x) = 1.
m—0

Then it holds (see (2.2))

(S (Aw,a) = (D) (P(A) f (A)z,z) (3.12)

(g (A)z,2) = 3 ()" (P (4) g™ (4)2,2) (3.13)

M
/ £ () dt) (g (4)z,2)

m—
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_ynl vz (M M
) M<i”§;1) ) >/m0 (/m Po_1 (1) k (M 1) g™ (t)dt)d(E,\x,x>.

Furthermore we obtain

and
n—1
(S (A) g (A)w,w) 2 ST )M (4) P(4) g (4) ) (3.17)
k=1
n—1 k
n (Z CL ) [y (00) 60 (1) — Py (m) g (m>]> (f (4) 2, 2)
k=1

_ < : : :
A (o L2 ([ oo rorm) )

M M
—(g(A)z,z) / ( / P 1 (t) k(A1) f(")(t)dt>d<EAx,x>],

m—0

and by (3.15) and (3.17) we derive
E:=(f(A)g(A)z,x) = (f(A)z,x) (g (A) z, ) (3.19)

Z e K )Pk(A)g(k)(A)x,x>—<Pk(A)g(k)(A):z:,x>(f(A)x,x>}

k=1
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n+1 M M
i K (f @/ ( | Pk @ dt) d@) m>

M M
= (f (A)x,x>/70 (/ P 1 (1) k(N 1) g™ (0) dt) d<E,\x,x>].

Consequently, we get that

n—1

28 =3 (1" {[{g(4) P (4) 1® (4) x,x> + <f (4) P (4) g™ (A) .7 )]
1

M M
+ (f(A)z,z) / _0< Po_1 (t) k(N 1) g™ (1) dt> d(E,wv,x)]}. (3.20)

_ (- M M o »
- 2(M—m){ <<9(A)/m_0 (/m Pooy () k(AN fU (1) dt | dEy | =,
+ <<f (4) /]: (/M Py () k(A1) g™ (1) dt) dEA> xm>]
M

M M
+ (f(A)z, ) / _0< Po_1 () k(M) g™ (1) dt) d(Exz, )

Therefore it holds

1
2(M —m)

} =R (321)

M
( / Poii ( " (1) dt) dE,

R <
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+ 1 f (A / (/ Py () k(M) g™ (¢ )dt) dE\ ] (3.22)
+ [llg (A / » < / k() £ (t) dt) dEy,
+ [If (A / ) g™ (t )dt) dE) }

[ e
- = {ng /m (/ Pyt Atf<”<>>dEA

M
17 (A)] /(/ Pact (61E V) <><>dt>dEA

We notice the following:

/0</mMPn1 k(A t) £ () dt )dEA
/M()(/MMPM kD) £ (1) dt >d<EA:c,w>

} — (). (323)

= sup

zeH:||z||=1|/m
M
< sup ( < 1Py ()] ]k (N, 2) ()‘dt) d(E,\z,:z:>> (3.24)
z€H [|z||=1 -0
(n
< (Pn oo [ o)
M
sup ( </ |k (At |dt> (Exz, :v}) =: (&).
€ H:||z[|=1

(Notice that

/ Ik (A, 1)| dt = /(—m)dt+/M(M—t)dt:(/\_m)2+(M_)\)2.) (3.25)
A

2
Hence it holds

||Pn 1“ 7n f( ) m,
(52) (3:25) ( M]2|| [ [m, M]

X sup [<(M1H—A)2x,x>+<(A—m1H)2x,x>}

zeH:||z||=1

(”Pn 1H [m,M] ||f
<
- 2

We have proved that

) sy -] -0

(3.27)

M M
/ ( / Poy (8) k(A 8) £ (2) dt) dEy
m—0 m
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S(M%ﬂwmwﬂﬂw&WMQHmﬂH_mW+WA—mmfm'

Similarly, it holds

M M
/ (/ P%JUM%xwgmMoﬁ>dEx
m—0 m

S(M%mmeﬂwwmeQHWﬂHmw+WAmmfm. (3.28)

Next we apply (3.27), (3.28) into (3.23), we get

P il im i
@nsﬂgim{wmm<' )

x| @rts = 07| + 4 - mim?|]) + 15 )]

X(P%NwmwmwwwWMgHWﬂH—mﬂ+WA—mMVM}

2
— s { @] 1@ e )]
1Pl moary [[| 100 = 4| + [|ca = || ]} (3.30)

We have proved that

(g CONF e poary 1 9 ary)
2(M —m)

|R| <

1Pl g [[| (300 = 477 + ][4 = m1)?]] (3.31)
The theorem is proved. O
It follows the case n = 1.

Corollary 3.2. (to Theorem 3.1) Let f,g € C* ([a,b]) with [m, M] C (a,b), m < M.
Here A is a selfadjoint bounded linear operator on the Hilbert space H with spectrum
Sp (A) C [m, M]. We consider any x € H : ||z]| = 1.

Then
[(f(A)g(A)z,z) — (f(A)z,7) (9 (A) 2, 7)] (3.32)
(19 CNN s gy + 15 CNG o o]
= 2(M —m)

[eare =]+ e = mn?]]

‘We continue with
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”Pn 1H
(M —m) (B+1)

Theorem 3.3. All as in Theorem 3.1. Let o, 3,y > 1: % %+%:1. Then
m,M]

(A(f;9) (A)z,z) <

R\»—A

A f™) Al |lg™ 3.33
Hocan o) +isnfe] (3.33)
[[[ca=mum 5| + | — a5

Proof. As in (3.24) we have
/ (/ Pt (0K (1) £ (1) )dEA
—0
M M
/ (/ P 1 (t) k(A1) £ (1) dt) d((Exx,z))| =: 1. (3.34)
JEH H‘LH m—0 m
Here o, 8,7 > 1: 1 + % + 5 = L. By Hélder’s inequality for three functions we get

M
< [ st | ol

m

M
/ Po_q (t) k(M) f™) (8) dt

m

1

M B
</ |k(A,t)|ﬁdt>
)7</A(tm)ﬁdtJr//\N[(Mt)Bdt)B (3.35)

[(/\m)ﬁﬂ " (M)\)5+1‘| 5

< 1Patll || S

= |Pa-1llq || £

= 1Pu=illo || S

g+1

1P 1||o¢||f( |, {)\_m)’%l +(M—)\)%}-
(B+1)7

L.e. it holds

et (8 k(X 0) F) (¢) dt

”Pn lHa Hf
(B+1)%

Therefore we get

N 16H Hln 1/m /m B9 S (0)dt

M ) )
sup / m)'tF + (M — /\)H_ﬂ d(Exx,x)
z€H:||z||=1Jm—0

I, [(A—m)lﬂ% +(M—A)1+%], Y A€ [m, M]. (3.36)

t|d(Exz,x)
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1Pl sy 1F N
(5+1)‘*

P,
(5+ 1)

- s

+ H(MlH _A)E

}.
(/ Py () k(M) f™) () d >dEAH (3.38)

||Pn Ul o, a1 Hf Hv,[m,M] {H(

(6+1)
Similarly, it holds

We have proved that

A— mlH)H_%

v H(MlH —A)tE

M M
( / Poa (0 k(A1) g™ (1) dt) dE)
-0 m

Pocillapm g [m 1 5
H 1|| ,M] H H ,M] [H mlH)Hﬁ H T H(MlH —A)HB ] (3.39)
(B+1)7
Using (3.23) we derive
1 ||P7l*1||a,[m,M] Hf(n)ny,[m,M]
RS G {IIg(A)I T (3.40)
[ea = mam |+ arns - 4]

(1 Pr=1ll 1) Hg(n)Hv,[m,M]

B+1)7

N —)

+If (A

[

~ G ot

TN

] 1Pac o g
wiman] (54 1)

]

proving the claim. O

o T A o (3.41)

The case n = 1 follows.



54 George A. Anastassiou

Corollary 3.4. (to Theorem 3.3) All as in Theorem 3.3. It holds

[(f(A)g(A)z,z) = (f (A)z,x) (g (A) z, )]

1 !
< TG E LIS L + 1 AN ] (342

[|ca—muy+s

n H(MlH _ A

We also give
Theorem 3.5. All as in Theorem 3.1. It holds
(A(f,9) (A)z,z) < ||Pr-illo J[m, M]
e = :
[ng( T Tl A AT ) (3.43)

Proof. We have that

M
</ [Py (O] 1k O, 01 £ (1)] e

m

w1 (B) k(A1) f)(2) dt

M
< 1Pl O =) [ |7 0]

= 1Pl gy (M =) [ £ (3.44)

[m, M]
So that

nl )‘t)f(n)()

< (M =) | Pa-ill e nar) [ £
M M
[ ([ e
m—0 m

M M

[ e
m—0 m

< (M = 1) |Pa-ll |7

1,[m,M]
Hence

k(A t) £ (t) dt) dE»

= sup (3.45)

z€H:||z||=1

k(A t) £ (¢) dt) d(Exz, x)

1,[m,M] ’

M M
/ < / Puct (0 k(A1) g™ (1) dt) N
m—0 m

< O =m) |1Pact a0
Using (3.23) we obtain

ﬁ {||g<A>| (M =) | Pt |1

and similarly,

(3.46)

IR| <
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- (n)
1 O = m) [Pl o [ HHWM&

Pl [l U+ irnfe] ] ean
proving the claim. O
The case n =1 follows.
Corollary 3.6. (to Theorem 3.5) It holds
[(f (A) g(A)z,z) = (f (A)z,z) (g (A) z, )]
< g (OIS nay + 1 (DI |1,[m,M]}‘ (3.48)

Comment 3.7. The case of harmonic sequence of polynomials Py, (t) = (t_kf)k JkeZy,
was completely studied in [2], and this work generalizes it.

Another harmonic sequence of polynomials related to this work is

1 M\"
Pk(t)]d(tm”; ) , keZs, (3.49)

see also [4].
The Bernoulli polynomials B, (t) can be defined by the formula (see [4])

xel® = B, (t) ,
ew—1:§ el ol <2m teR. (3.50)

They satisfy the relation
B! (t)=nB,_1(t), neN.
The sequence

1
~Ba (), neZy, (3.51)

is a harmonic sequence of polynomials, ¢ € R.
The Euler polynomials are defined by the formula (see [4])

Pn<t):

2¢et” = E,(t)
e“rl:;::o ol sl <m, teR. (3.52)

They satisfy
E/ (t)=nE,_1(t), neN.

The sequence

1
Pu(t)= —Ea(t), n€ls, tER, (3.53)

is a harmonic sequence of polynomials.
Finally:

Comment 3.8. One can apply (3.3), (3.33) and (3.43), for the harmonic sequences of
polynomials defined by (3.49), (3.51) and (3.53).
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In particular, when (see (3.49))

1 M n
Pu(t) = — (t - ”“;) . nez., (3.54)
we get
1 M—m\"!
[ Pr—1ll oo jm, a1 = (n—1)! ( 5 > , (3.55)
and
1 (M . )a(n—l)—i-l
||Pn—1||a7[m7M] = T 9a(n—1) ) (356)
(n—D!an—-1)+1)=
Wherea,5,7>1:§+%+%:1.
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1. Introduction

A function f: I CR — R, I is an interval, is said to be a convex function on I if

flte+ (1 —t)y) <tf(z)+ (1 —1)f(y) (L.1)
holds for all 2,y € I and ¢ € [0, 1]. If the reversed inequality in (1.1) holds, then f is

said to be concave. Let f : I C R — R be a convex function defined on the interval I
and a,b € I with a < b. Then the following double inequality holds:

f<a+b>/ dx</ f(z x < f(a);_f(b)/abp(m)dx, (1.2)

where p : [a,b] — R is non-negative, integrable, and symmetric about x = “T'H’. This
inequality is known as the Fejér inequality for convex functions (see [2, 3, 16, 17]).

Theory of convexity plays an important role in different fields of pure and applied
sciences. Due to its importance in recent years several new generalizations of classical
convexity have been proposed in the literature. Breckner [1] introduced the notion of
s-convex function, as

Definition 1.1 ([1]). Let s € (0,1]. A function f : [0,00) — [0, 00) is said to be s-convex
in the second sense if

flz+ (1 =t)y) <t°f(x)+ (1 -1)°f(y) (1.3)
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for all z,y € [0,00) and t € [0, 1]. This class of s-convex functions is usually denoted
by K2.

For more information on s-convex functions, see [4].

In 2007, Varosanec [15] introduced the notion of h-convex functions, which not
only generalizes the class of convex functions but also some other classes of convex
functions, see [15]. Thus it was noticed that the class of h-convex functions is quite
unifying one. This class is defined as:

Definition 1.2 ([15]). Let h: J C R — R be a positive function and [0, 1] C J. We say
that f: I CR — R is h-convex function, or that f belong to the class SX(h,I), if f
is nonnegative and for all z,y € I and ¢ € (0,1) we have

[tz + (1 —1t)y) < h(t)f(x) +h(1 —)f(y). (1.4)

If inequality (1.4) is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Obviously, if h(t) = t, then all nonnegative convex functions belong to SX (h,I) and
all nonnegative concave functions belong to SV (h, I);and if h(t) = t°, where s € (0, 1),
then SX (h,I) D K2.

n [13], G. H. Toader defined the concept of m-convexity as the following:

Definition 1.3. The function f : [0,b] — R is said to be m-convex, where m € [0, 1], if
for every z,y € [0,b] and ¢ € [0, 1] we have:

fltz +m(1—t)y) <tf(x) +m(l—1)f(y). (1.5)
Denote by K,,(b) the set of the m-convex functions on [0, b].
In [6], V. G. Mihesgan introduced the class of (s, m)-convex functions as the following:
Definition 1.4. The function f : [0,b] — R is said to be (s, m)-convex, where (s,m) €
(0,1]?, if for every z,y € [0,b] and ¢ € [0, 1] we have
Ft 4+ m(1 — 1)) < £ F(@) + m(1 - ) F (). (16)

Denote by KZ,(b) the set of the (s, m)-convex functions on [0, b].
In [17], Yang and Tseng established the following theorem

Theorem 1.5 (see [17], Remark 6). Let f : [a,b] — R be a conver function and
p: [a,b] = R be a nonnegative, integrable and symmetric about x = QTH’ If H and F
are defined on [0,1] by

b
H(t):/ f(tx+(1—t)a+b) p(x)de,
and
PI[, (14t 11—t z+a L+t —t z+b
Fy=[ =|f(tar 22
o [ el (e ) (550) e (e 5o (07 oo
then H, F are convex and increasing on [0,1] and for all t € [0,1]

f(“;b)/a pla)ds = H(0) < H(1) /f
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and

b a b
[ s = o) < Py < £y = LD pgan,

In [12] , M. Z. Sarikaya, E. Set and M. E. Ozdemir established the following inequality:

Theorem 1.6. Let f € SX(h,I), a,b€ I witha <b, f € Li([a,b]) and p : [a,b] = R
is nonnegative, integrable and symmetric about a—"‘b. Then, for h(%) # 0, we have

gy (50) e d“/ &
"

_ fla) + f(b)
- 2

b
(h(t) + h(1 — t))/ p(z)dz. (1.7)

In [14], the following inequalities of Fejér type via s-convex function was derived:

Theorem 1.7. Let f € K2, a,b € [0,00[ with a < b and p : [a,b] — R is nonnegative,
integrable and symmetric about “—H’. Then

(51 [ 1o
b (e (28 o

(1.8)

Again, in [14], the authors proved the following theorems:

Theorem 1.8 ([14]). Let f : [0,00[— R be an m-convex function with m €]0, 1].
If0<a<b< oo and f € L1]0,b], then

/ f(z)p(x)dz < min { J(a) +m] (%) fo) +mf (%) } /bp(x)da:.

2 2

Theorem 1.9 ([14]). Let f : [0,00[— R be an m-convex function with m €]0, 1].
If0<a<b< oo and f € L1]0,b], then

f (a ;r b) /abp(x)dx < /ab wp(l")dz
< (@ s om(r(2) + 1(2)) ome(1() + (1)) [ plorae

The aim of this work is to establish the g-analogue of Fejér inequalities for some
convex type functions. For this we recall some basic concepts of quantum calculus.
Let 0 < g < 1, the ¢g-Jackson integral from 0 to b is defined by [5] as

/0 F@)dgz = (1— )b f(ba™)g" (1.9)

provided the sum converge absolutely.
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The g-Jackson integral in a generic interval [a, ] is given by [5]

/f d:cf/f dx—/f (1.10)

n [10], the authors presented a Riemann-type g-integral by:
(oo}
Ry(fia,b) = (b—a)(1—q) Y fla+ (b—a)d")q". (1.11)
k=0

We can get another definition from the Riemman-type g-integral:

=R
—(lq);<f<a;b+q’“ <b2a)>+f<a;bqk<b2a>)>q’“

From the ¢-Jackson integral we can write:

b
bfa/ f(x)dqu—/lf<1;t +1+tb)d
:/ f(l—;t +1b>d (1.12)
—1

Contrary to the g-Jackson integral, if
f(z) <g(z), x€la,]

then

b b
/f(x)dfxg/ g(x)dfm. (1.13)

In [11], the authors established the g-analogue of Hermite-Hadamard inequalities
for convex function

Theorem 1.10. Let f : [a,b] — R be a convex function. Then one has the inequalities:

(o) < _ @+ 1)

2
For some recent studies on quantum integral inequalities, see [7, 8, 9].

2. Main results

In this section, we discuss main results of the paper. For this we need the fol-
lowing Lemma:

Lemma 2.1. If f : [a,b] — R is a convex function. Then the following inequality holds
for all s,t,u,v € [0,1] withs <t<u<vandt+u=s+v

@)+ f(u) < f(s) + f(v) (2.1)
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Proof. Since f is convex function, for all s,¢,u,v € [0,1] with s < ¢ < u < v and
t 4+ u = s + v, we obtain

F)— fu)  Flw) — 7(5) _ f0) —f(s) _ 1)~ £(s)
V—Uu - u—t - t—s V—Uu
then, we have
f) = fu) = f(t) = f(s).
The proof is completed. O

Theorem 2.2. Let f : [a,b] — R be a convex function and p : [a,b] — R be a non-
negative, integrable and symmetric about r = %“’. If H and F are defined on [0,1]

by

H(t) = /abf (m e b) p(z)dz,

and

b
o= (L5 () (L (3

then H, F are convex and increasing on [0,1] and for all t € [0,1]
a+b\ [°
f ( 5 ) /a p(z)dffz = H(0) < H(t / f(z (2.2)

b
/ fa Fo) < Fo) < F) = ZOHIO [opare. 2

Proof. For all t1, ta2, A € [0,1] and = € [a,b], by convexity of f , we have

(004 0= e+ (1= 0+ (1= 22 50

:f</\ <t1x+(l—t1)a;—b> (1= (t2x+(1—t2)a-2i-b>>
a+b

an

gAf(tlir(ltl) >+(1)\)f<t2;z:+(1t2)a;b). (2.4)

Utilizing the inequality (1.13) and by p(-) a nonnegative function, we get
H (Mt + (1= MNtz)

b
= / f ((/\tl + (1= Nta)z 4+ (1 — (A1 4+ (1 = N)ta)) a —21_ b) p(z)diz
< )\/bf <t1:v +(1 tl)a;b) p(x)dfx

b
ca-n [ (t2m+<1—t2>”§”)p<x>d§x
= AH() + (1 - N (L),
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which shows that H is convex on [0, 1].
Now, let 0 < s <t <1 and w € [0, 1], we have

1- 1
t(a+b—( 2w ++wb)>+(1—t)a;b

1-— 1
a+b—( 2w ++wb)) (1—3)“;”

2

(1—11) 14w a+b
2

a—i—Tb +(1—-s)

1—w 1+ a+b

t<2a+b>+(1—t) 5

1-— w 1+ a+b
—) 1-—

( . )+< )

for all w € [—1, 1], we get
(s(a+b— > a
1—w 1+w
(( 5 5 b)—l—(l—s
1—w 14w a+b
(t<2a+>+(1t) 5 )
1- 1 b
+<t(a+b—< 2 ++wb>)+(1—t)‘”r >
2 2
By Lemma 2.1, we have

f(s(a+b— (1_2wa+1;wb>)+(1—s)a;b)
+ s
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Then,

sz+ (11— s)a ;_ b) p(x)dffx

b— ! 1— 1 b
gt (s (e ) o -a3)

1- 1
X D <2wa + —;wb> dqw

b— ! 1— 1 b
g [ (s (e ) o -a3?)

1- 1
X D (zwa + —;wb> dqw

b—a (! 1—w 14+w a+b
+— /1f<s<2a+2b>+(1—s) 2)

1- 1
X p (2wa + —;wb> dqw.

=
©
|
>
—~
7N

Since p(-) is nonnegative, integrable and symmetric about = = %2, we get

b—a [! 1—w 1+w a+b
1 /_1f<s(2 ot —5— b>+(1—s) 5 )
1-— 1

><p<2wa+—;wb>dqw
b—a [! 1—w 1+w a+b

= _— —b 1-—

7 [ (e ) ra-0t)

1
Xp(a+b—(2a+ wa)> dqw

b—a [! 1—w 1+w a+b
= /1f<s<2 a+72 b>+(1—s) 5 )
b—a [! 1+w 1—w a+b
= - = -~ 7 1—
7 [ (o (e ) a0t
1

63
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then, we obtain

H(s)b4a/11f<s (a+b (121”a+1+2wb>>+(15)a;b)

Thus, H is increasing on [0, 1] and the inequality (2.2) holds for all ¢ € [0, 1].
For all 1, to, A € [0,1] and x € [a, b], by convexity of f , we get

f(1+At1+(1—A)t2 N l—Atl—(l—A)t2x>

2 “ 2
o (A t) (=N (T +t) AL =)+ (1= M) (1 —1)
f( 5 a—+ 5 x>
o (e B3 ) va-wr (B52ar B52a) . ey

Similarly, we have

; <1 + A\t +2(1 — Ntz 1= —2(1 N x)

<Af <(1+2t1)b+ a 2“)3;) +(1=Nf ((1+2t2)b+ u 2@)33) ; (2.6)
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then, using (2.5), (2.6), (1.13) and the fact that p(-) is nonnegative function, we obtain

F(At1 + (1 — A)te)
1+t1 17t1 era R
</\/ < 5 x)p( > )dq:c
1 1-—
+(1—)\)/f< —;ha—&- 2t2x)p(m;—a>dfx
b1+t 1-t T4+b\ g
+>\/af( 5 b+ 5 :c)p( 5 )dqx

—s—(l—)\)/abf(l—;tgb-l-1;t2$)p(x;b)d§x
= AF(t1) + (1 = N\ F(ts).

Thus, F is convex on [0, 1].

For all w € [-1,1], and 0 < s <t < 0, we have

Lt 1t (1w 1tw,

2 4Ty 9 T
1+s 1—s/1—w 1+w
=" 2 ( 7 ‘T b)

IA
_
_|_
V)
S
—
I
V)
7~
S
_|_
>
I
R
—_
|
g
—_
_|_
g
S
~
~

where
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Using Lemma 2.1, and the fact that p(-) is nonnegative function, we have

1+s l—-s/1—w 1+w
f<2a+2<2a+ 2b>)

Integrating with respect to w on [—1,1], we have

1
1+s l—-s/1—w 1+w
b
[ (et (e )
1 1—w 1+w
2<a+2(l+2b>)dqw
1
1+s 1—s 1—w 1+w
b b— | —— —b
(e (- (e )
X 1 +1_7w +1+7wb d
Plg\¢T 227 ¥
1
1+¢ 1—t/1—w 14w
< b
< [ (e (e 1)
o 1 +17w +1+wb d
Plg\*T 94T ¥
1
1+t 1-—t 1—w 14w
—b+ —— b— | —— —b
[ (St (e (e )

1 1-— 1
xpl=|a+ wa—&—ﬂb dqw,
2 2 2 a

xXp
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where, using the fact that p(-) is nonnegative, integrable and symmetric about

__ a+b
T="3

, we get
1
1+s 1—s5 1—w 14w
f( b+ (a+b—<a+b))>
/_1 2 2 2 2
1 1—- 1+
xp(Q(a+2wa+2wb>>dqw
1
1+s 1—s5 1—w 14+w
= f( b+ (a+b—<a+b>)>
/_1 2 2 2 2
1 1-— 1
xp<a+b—2<a+2wa+—;wb)>dqw
1
1+s l—s /14w 1—w
b b
[ (o (e )
1 14 1-
xp(Q(b—i—Qan—i—Qzub))dqw
b

1+s, 1-s b+2\ r
af( 5 b+ 5 x)p( 5 )dqx.

Similarly, we have

then,

1+s 1-s b+x\ g
5 b+ 5 x)p( 5 )dqx

1+t 1—t b+z\ »
> b+ 5 $>p( 5 >dqx

Thus, F' is increasing on [0, 1] and the inequality (2.3) holds for all ¢ € [0, 1].



68 Kamel Brahim, Latifa Riahi and Muhammad Uzair Awan

Theorem 2.3. Let f : [a,b] — R be a h-convex function and p : [a,b] — R be positive,
integrable, and symmetric about r = %"b. Then the following inequalities hold:

i (52) [ o
b
< [ i)t
<1 [0 (=2) sraza s 10 [ (20 s

Proof. Since f is h-convex function, we have

r(55) =n(3) v@+ s, (2.1

for all z,y € [a,b].
In (2.7), if we choose z = :5%a + H2p and y = 2 + 152b, w € [-1,1] and by p
is positive, we get

a+b 1—w 14+w
1(45)r (e )

g 1 1—w +1+wb +1 1+w +17wb 1—w +1+wb
EEAVAUC 2\ 2 4T Pl %7
1 1—w 1+w 1—w 1+w
< -
_h<2)f( 5 a+ 5 b)p 5 a+ 5 b)
1 1+w 1—w 1—w 1+w
+h(2>f< 5 a+ 5 b)p( 2 a+ 2 b)

Integrating with respect w over [—1, 1], we obtain

a+b ! 1—w 14+w
—5—b)d
1(557) [ (e )

N [t l-w 14w l-w 14w
<h|= b bld
<n(3) [ (e ) (e e

N\ [ L1+ w  1-w l—w 14w
+h<2>/_1f< 5 a+ 5 b)p( 5 a+ 5 b)dqw,

2£b we have

Then, by p is symmetric function about
a+b 2 b R
f( 5 )b /p(w)dqx
2 b a+b a-+bd
R _ R
<)b—a/f d:c—l—h( )b_a/f(z)p< 5 + 5 x)dqx
R 2 ’ R
=0 (3) 52 [ s (3) 20 [ @,

the first inequality is proved.
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The proof of second inequality is given as

Sf(a)h<12w)p<12wa+1J;wb>

14w 1—w 1+w
+f(b)h< : )p( SR b)

we integrate w on [—1, 1], we obtain

! 1+w 1—w 1+w
/1f 5 +b) <2 @t —— b>dqw
1
< fron (5o (5
1 2

2
1
1 1
—|2—w> ( wa+ —;wb> dqw.

+ f(b)h
-1
Then
2 b R 2 b b—x R
<
bfa/a f(m)p(x)dqa?_f(a)bia/a (b )p(x)dqﬂc
b
x—a =
ot [0 (50 ) e
The proof is complete. O

Remark 2.4. If we choose p(x) = 1 and h(t) = t, then Theorem(2.3) reduces to
Theorem(1.10).

Corollary 2.5. Let f € K2, a,b € [0,00[ with a < b and p : [a,b] — R is nonnegative,
integrable and symmetric about a—+b, Then

251f<“+b>/ de</ It
<iw [ (3=2) swag 500 [ (ﬁ‘j)sp(x)dfx

Remark 2.6. If we choose s = 1, h(t) =t and p(z) = 1, then Corollary (2.5) reduces
to Theorem(1.10).

Theorem 2.7. Let f : [0,00[— R be an m-convex function with m €]0,1]. If 0 < a <
b < oo and f € L1]0,b], then

/ £ (@)p(a)de < min { / " Lo, bple)d%a, / "L a)p(g;)dffx} .

with Ly(a,b) = (f(a) (22) +mr(2) (£2)).
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Proof. Since f is m~convex and for all w € [—1, 1], we have
1-—w 14w 1—w 14w
f( 5 a+m o b)p( 5 —|—b)
1—w 1—w 1+w
<[ _= - =
(55 (e 5

(5

f 1—wb+m1+wa 1—wb+1+wa
2 om ¢ )P\ 2 2
1—w 1—w 14w
<[ _= - -z
< (150) row (500 )
1+w a 1—w 14+w
—|—m<2 )f(m)p<2 b+ 5 a).
Then, by integrating both sides with respect w on [—1, 1], we have
2 s < s [ (20
b—a b—a ), \b—a PAr)Gg
b 2 bl —a
- ar
+7”’Lf<m>b—a/a (5=2) ot

2 semteitta < sy 2 [ (G55 ) et
+mf (%) bga /ab (2 — Z) p(z)dliz.

and

and

This completes the proof.

Theorem 2.8. Let f : [0,00[— R be a m-convex function with m €]0,1] and p : [a,b] —

R s nonnegative, integrable and symmetric about aT'"b. Then

2f(““’)/a pntte < [ () +ms () piara
< (s mr (9)) [ (1= )

+<mf(m)+m2f(£z)> (Z_Z)
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Proof. According to the definition of m-convex function, for all ¢t € [—1, 1], we have
f(a;b)p(lgta—l- 1;Ltb>
G5 50 (e 3
;f<12 t ot I;tb>p<1;ta+ l—zktb)
T;f<+ :1121))?(1;“* 1—2|—tb>.
Integrating with respect to ¢t on [—1, 1], we have
/11f (a;rb>p<12ta+ 142rtb> dot
gé/llf(lz_taJrl;ﬂfb)p(l;t +1+tb>dqt
+/_117;f(1+ta;; b)p(lgta+1;tb)dqt.

Since p(-) is symmetric function, so, we have

b b
1("57) 72 | g

|
~

IN

2 b om "
<7 R, _ R
< s [ S+ 7 platb—a)dla
/f dRsc—l— mn f i YRz,
bfa m dq

Then

f(“”’) / de</f de+m/ z)dz.

the first inequality is proved.
Now the proof of second inequality is given by

1-1 1+1¢ 1-1¢ 1+1¢
f<2 a—i—me b)p( 2 +72 b)

§f(a)1_tp(1_ta+ 1+tb)

2 2 2

1+1¢ 1-—1t 1+1¢
-t %
gt () (e )
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and

mf 1_ta+1+tmb 1_ta+1+tb
om T am2 )P\ T2 2
1-—1t 1—1¢ 1+1¢
<
mf(m) 2 p( 7 ‘T b)
,1 _
m +tf< ) (1 ta 1+tb>
2
Integrating both sides with respect to ¢ on [—1, 1], we obtain
2 b R 2 bz R
<
b—a/a f(ac)p(m)dqx_f(a)b_a/a (b_a)p(x)dqx
b\ 2m [P[z-a R
+f<m>b—a/a <b_a>p($)dqxa

and
L (e <o ()55 [ ot
"y a “ m r=m b—a J, b_al %"
b 2 br—a
2 R
+mf(m2>b—a/a b_ap(x)dq:z:.
Then, the proof of Theorem (2.8) is completed. O

Theorem 2.9. Let f : [0,00[— R be an (s, m)-convex function with (s,m) €]0,1]> and
p: [a,b] — R is nonnegative, integrable and symmetric about ‘%"b. Then

2 f<“+b>/ de</ F(@)p(x)dRe + m(2® 1)/abf(;;)p(x)dfx
< (f(a) sm(@ - f (£)) / b (ij )5p<x>d§x
(2 - (2t
Proof. Since f is (s, m)-convex function on [, ], we can write
f (; (12ta+12+tb) - (1;% ”b)) (12ta+ 1;%)
SO N
n(1-(3) )7 (i (e 570)) (e 5)
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Integrating with respect to ¢ on [—1, 1], we get

() [ (2) 2 [ o
(1— (;) )bia/abf<;)p(a+b—x)df‘x.

Since p(+) is symmetric function, so, we have

sefath R R b R
Qf( )/ dx</f 2)dPe +m(2* - 1)/Gf(a)p(x)dqx.
Also, we have
1—¢ 14t 1—¢ 14+t
f(2a+2b)p(2a+2b>
1—-t m 1—t 1—¢ 14t
(e i (- () ) (T )
1—¢\° 1—t 1+t
< L S
_( . ) f(a)p( o 12 b)
b 1—t +1+tb
m)P\ 24T )
1ta+1+b)

2 2
1-

AN >3 RERE

and

>

Integrating both sides with respect to ¢t on [—1, 1], we get

o s
<t [ (i_j)smwmf ()52 [ (- (%) ) i

<t () [ (=a) vtoeos ()2 [ (- (55) s

The proof of Theorem (2.9) is completed. 0




74 Kamel Brahim, Latifa Riahi and Muhammad Uzair Awan

References

[1] Breckner, W.W., Stetigkeitsaussagen fiir eine Klasse verallgemeinerter konvexer funk-
tionen in topologischen linearen Raumen, Publ. Inst. Math., 23(1978), 13-20.

[2] Féjer, L., Uber die Fourierreihen II, (in Hungarian), Math. Naturwiss. Anz Ungar. Akad.
Wiss., 24(1906), 369-390.

[3] Dragomir, S.S., Two mappings in connection to Hadamard’s inequalities, J. Math. Anal.
Appl., 167(1992), 49-56.

[4] Hudzik, H., Maligranda, L., Some remarks on s-convex functions, Aequationes Math.,
48(1994), 100-111.

[5] Jackson, F.H., On a g-definite integrals, Quarterly J. Pure Appl. Math., 41(1910) 193-
203.

[6] Mihesan, V.G., A generalizations of the convezity, Seminar on Functional Equations,
Approximation and Convexity, Cluj-Napoca, Romania, 1993.

[7] Noor, M.A., Noor, K.I., Awan, M.U., Some Quantum estimates for Hermite-Hadamard
inequalities, Appl. Math. Comput., 251(2015), 675-679.

[8] Noor, M.A., Noor, K.I., Awan, M.U., Some quantum integral inequalities via preinvex
functions, Appl. Math. Comput., 269(2015), 242-251.

[9] Noor, M.A., Noor, K.I., Awan, M.U., Quantum analogues of Hermite-Hadamard type
inequalities for generalized convezity, in: N. Daras and M.T. Rassias (Ed.), Computation,
Cryptography and Network Security, 2015.

[10] Rajkovié, P.M., Stankovi¢, M.S., Marinkovié¢, S.D., The zeros of polynomials orthogo-
nal with respect to q-integral on several intervals in the complex plane, Proceedings of
The Fifth International Conference on Geometry, Integrability and Quantization, 2003,
Varna, Bulgaria (ed. .M. Mladenov, A.C. Hirsshfeld), 178-188.

[11] Taf, S., Brahim, K., Riahi, L., Some results for Hadamard-type inequalities in quantum
calculs, Le Matematiche, 69(2014), no. 2, 243-258.

[12] Sarikaya, M.Z., On some new inequalities of Hadamard type involving h-convez func-
tions, Acta Math. Univ. Comenianae, 79(2010), no. 2, 265-272.

[13] Toader, G.H., Some generalisations of the convexity, Proc. Colloq. Approx. Optim,
(1984), 329-338.

[14] Tseng, K.L., Hwang, S.R., Dragomir, S.S., On some new inequalities of Hermite-
Hadamard-Fejér type involving convex functions, Demonstratio Math., 40(2007), no.
1, 51-64.

[15] Varosanec, S., On h-convezity, J. Math. Anal. Appl., 326(2007), no. 1, 303-311.

[16] Yang, G.S., Tseng, K.L., A note On Hadamard’s inequality, Tamkang. J. Math.,
28(1997) 33-37.

[17] Yang, G.S., Tseng, K.L., On certain integral inequalities related to Hermite-Hadamard
inequalites, J. Math. Anal. Appll, 239(1999), 180-187.

Kamel Brahim

Nabeul Preparatory Engineering Institute
Mrezgua, 8000 Nabeul, Tunisia

e-mail: Kamel.Brahim@ipeit.rnu.tn



Quantum Fejér type inequalities

Latifa Riahi
Faculty of Science Mathematic, Physic and Naturelle of Tunis
e-mail: riahilatifa2013@gmail.com

Muhammad Uzair Awan

Department of Mathematic

Government College University, Faisalabad
e-mail: awan.uzair@gmail.com

75






Stud. Univ. Babes-Bolyai Math. 62(2017), No. 1, 77-87
DOLI: 10.24193/subbmath.2017.0006

Starlikeness and related properties of certain
integral operator for multivalent functions

Ram Narayan Mohapatra and Trailokya Panigrahi

Abstract. In this paper, the authors introduce a new general integral opera-
tor for multivalent functions. The new sufficient conditions for the operator
Jp‘fg’ﬁgﬁ"/( fis f2y .y fn) when v = 1 is determined for the class of p-valently star-
like, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly
starlike of order § (0 < & < 1) in U. Our results generalize the results of Frasin

[7].
Mathematics Subject Classification (2010): 30C45.

Keywords: p-valent starlike, convex and close-to-convex functions, strongly star-
like function, convolution, integral operator.

1. Introduction and definitions

Let A(p,n) denote the class of functions of the form:
)=+ ap 2" (p,neN:={1,2,3}) (1.1)
k=n

which are analytic in the open unit disk U = {z : z € C and |2| < 1}. We write
Ap, 1) = A, and 4; = A.

A function f € A, is said to be p-valently starlike of order § (0 < § < p), denoted
by the class S;(6) if and only if

R (Z;(S)) >3 (z€U). (1.2)

Also, we say that a function f € A, is said to be p-valently convex of order &
(0 < 6 < p) and belong to the class IC,,(¢) if and only if

2f"(2)
R (1 + 70 ) >0 (zel). (1.3)
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Further, a function f € A, is said to be p-valently close-to-convex of order &
(0 <6 < p), denoted by C,(6) if and only if

%(i;@) >0 (z€l). (1.4)

We note that

£(2) € Ky (0) = 2L ;(Z) € S:(6).

Furthermore, S;(0) = S, K,(0) = K, and C,(0) = C, are respectively denote the
class of p-valently starlike, p-valently convex and p-valently close-to-convex functions
in U. Also, §7 = §*, K1 = K and C; = C are respectively the usual classes of starlike,
convex and close-to-convex functions in U.
A function f € A, is said to be in the class UC,(8) of uniformly p-valent close-
to-convex functions of order 5 (0 < 8 < p) in U if and only if
R(LO_5) 5[
9(2) 9(2)
for some g(z) € US,(B) where US,(B) is the class of uniformly p-valent starlike
functions of order 8 (=1 < 8 < p) in U that satisfies
R(L )5 [H
1) 1)
The uniformly p-valent starlike functions were first introduced in [9].
For functions f given by (1.1) and g belong to the class A, given by

—p| (2€0) (1.5)

(z €U).

g(z) = 2P + Z bripz™ P (2 € 1),

k=n

the Hadamard product (or convolution) of f and g denoted by f * g is given by

o0
(F*9)(=) =2+ 3 aripbiry?™? (2 €T). (1.6)
k=n
Note that for g(z) = %, fxg=171.
Analogous to the integral operator defined by Goswami and Bulut [10] on p-
valent meromorphic functions, we now define the following general integral operator
on the space of p-valent analytic functions in the class A,,.

Definition 1.1. Let n € N, oy, 8; € R U {0} for all i = 1,2,3,...,n, v € C with

R(y) > 0 and o = (o1, 2, ..., ), B = (B1, 52, ..., 6n). For fi, g€ A, (1 <i<n),
we introduce a new general integral operator Jpojizyvﬁg t Ay — Ay by

TPy o )(2) = [ [t T (V@) (Lo 0y dt] B

(1.7)
Here and throughout in the sequel every many-valued function is taken with the
principal branch.
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Note that, the integral operator jpcfi:%% (f1, f2, 5.y fn)(2) generalizes several pre-
viously studied operators as follows:

e Forp=1, g(z) = we obtain the integral operator

127

z;w»ﬂi(fl,fg,...,fn)(z):{/0 - 1]‘[ (f’”) dt}i (18)

introduced and studied by Frasin [8].
e Forp=1, g(z) = and a = (0,0, ...,0), we obtain the integral operator

1—2

_ : ot Ak
Iv(fl,fg,...,fn)(z)—{/o ot 1j[1<t> dt} (1.9)

introduced and studied by Breaz and Breaz [3].
e Forp =1, g(z) = %, B8 = (0,0,...,0) and v = 1, we obtain the integral
operator Fa, as,....a, (2) Where

Fosran) = [ TLGH0)" at (1.10)
i=1
introduced and studied by Breaz et al. [4].

eforp=1,n=1, g(2) =%, a1 =«a, f1 =B, fi = f and v = 1, we obtain
the integral operator

Fa, p(2) = /0 (f'@)" (@)ﬁ dt (1.11)

=, =0, 81 =8, fi = f and v = 1, we obtain

studied in [5].
eforp=1,n=1, gz) = =

the integral operator
z B
t
Fp(z) = / (fg)> dt (1.12)
0
studied in [11]. In particular, for 8 = 1, the above operator reduces to

) = /OZ @dt (1.13)

known as Alexander integral operator (see [1]).
efForp=1,n=1, g(2) = %5, /1 =0, a1 =, f1 = f and v = 1, we obtain the
integral operator

6u2) = [ ()" e (1.14)

studied in [15] (also see [16]).
e For g(z) = 1Z_p a = (0,0,...,0) and v = 1, we obtain the integral operator

Fplz) = /Oz ptplf[l <f;§f)

)ﬁi dt (1.15)
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introduced and studied by Frasin [7].

e For g(z) = %, B8 = (0,0,...,0) for i = 1,2,3,..,n and v = 1, we obtain the

integral operator

> dt

o0 [T (40

introduced and studied by Frasin [7].

(1.16)

Various sufficient conditions for convexity and starlikeness of multivalent functions
corresponding to different integral operators have been obtained by various authors.
Motivated by the aforementioned work, in this paper the authors derive various suffi-
cient conditions for the operator defined in (1.7) when v = 1 to be p-valently starlike,
p-valently close-to-convex, uniformly close-to-convex and strongly starlike of order

5(0<d<1)inU.

2. Preliminaries

In order to derive our main results, we need the following lemmas.

Lemma 2.1. (see [12]) If f € A, satisfies

SN 1
wlie g <rey e,

then f is p-valently starlike in U.

Lemma 2.2. (see [2]) If f € A, satisfies

2f"(2) 1.,
3%(1+ f,(z>)<p+3 (z € U),

then f is uniformly p-valent close-to-convex in U.

Lemma 2.3. (see [17]) If f € A, satisfies

z2f"(z) a+b B
e d <t sy GeO

where a >0, b >0 and a+ 2b < 1, then f is p-valently close-to-convex in U.

Lemma 2.4. (see [14]) If f € A, satisfies

8‘%{1+ zf,/;g)} > g ~1 (zel),

then

(2.3)
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Lemma 2.5. (see [13]) If f € A, satisfies

SO N
3‘%{1+ f(z)}>p 5 (z € 1), (2.6)
then
arng(g) < gé (0<0<1;z€l), (2.7)

or [ is strongly starlike of order ¢ in U.
Lemma 2.6. (see [6]) If f € A, satisfies

/l( )
'(2)

then f is p-valently starlike in U.

+1- ‘<p+1 (z € U), (2.8)

3. Main results

In this section, we investigate sufficient conditions for the integral operator

pof‘:gﬁl(f17f2,. - fn)(2) to be in the class S;. For the sake of simplicity, we shall

write Jp, ¢(2) instead of J.'}’ BL(fla foy s [n)(2).

Theorem 3.1. Let oy, ; € Ry U{0} foralli=1,2,3,...,n, a = (a1, a9, ...,a,) and
/8 = (617527"'7571)' Iff27 g€ Ap (1 <i< TL) Satisﬁes

z(fix9)" (2) z(fixg) (2) 1
Mot P ) < W Det it g GeU, ()
then the general integral operator Jp 4(2) € S,;.
Proof. From (1.7), it is easy to see that
xg) (2)\ ™ x9)(2)\ "
oy (e (e
Y 7% * Bn

Differentiating (3.2) logarithmically with respect to z and multiply by z, we obtain
2Jpg(2) < (fix9)" (2) ) ( (fix9) ()
el )+ — - —ptl)+ ) Bl - —P),
Tp.4(2) Z (fixg)'(2) Z "\ (fixg)(2)

which implies

ST S (o0 02U ) S e
L TS = (o S ) £ o e sl

(3.3)
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Taking real part on both sides of (3.3), we get

27" (Z) n
R{1+ M) =p- —1Day; +pBi| +
( 7. ) P ; [(p — D)o + pBi]
- 2(fixg)"(z) | 5 2lfix g)’(2)>
R oy + 5 . 3.4
2 (s 8 s 34
Using (3.1) in (3.4) yields
27" (Z) 1
R 1+p*9>< +- (z€0). 3.5
(1+5255) <v+g ev) (35)
Hence by Lemma 2.1, 7, 4(2) is p-valently starlike in U which implies J, 4(2) € S;.
This complete the proof of Theorem 3.1. g

Taking o = (0,0, ...,0) and g(z) = 1ij (z € U) in Theorem 3.1, we get the
following result.

Corollary 3.2. ([7], Theorem 2.1) Let B; > 0 be real numbers for all i =1,2,3,...,n.
If fie Ay foralli=1,2,3,..,n satisfies

*(50) <7 iz

then F, is p-valently starlike in U.

Remark 3.3. Iff weset n=p=1, 8, =3, fi = f in Corollary 3.2, then we have ([7],
Corollary 2.2).

(z e )

ZI’

Further, taking # = (0,0, ...,0) g(z) = 7= in Theorem 3.1 we get the following result.

Corollary 3.4. ([7], Theorem 3.1) Let a; > 0 be real numbers for all i =1,2,3,...,n.
If fie Ay foralli=1,2,3,...,n satisfies
2fi'(2)

1
i) <t isne GV
then G, is p-valently starlike in U.

” (14

Remark 3.5. Letting n = p =1, a3 = o and f; = f in Corollary 3.4 we get the
following result due to Frasin ([7], Corollary 3.2).

z
1—=z

Furthermore, takingp =1, n=1, oy =, f1 =8, fr = f and g(») = in

Theorem 3.1, we have the following:
Corollary 3.6. Let f € A and o, > 0. If
21" (2) Zf’(Z)} I
R {oz + 5 <pB+- (€U
e e 1 e
then the integral operator F. g(z) defined in (1.11) belong to starlike function class
Sk,
P

The next theorem gives another sufficient condition for the integral operator
Jp,g to be p-valently starlike functions in U.
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Theorem 3.7. Let «;, 5; € Ry U{0} for alli =1,2,...n, a = (a1,a9,...,a,) and
B = (p1,B2, ... Bn)- If fi, g € Ay for all i =1,2,...,n satisfies the relation

W)@ g (ir ') N el
EDIE +ﬁ<(fi*g)(2) p) <= ~@P-Da (z€U) (36

where Y a; > 1, then J, 4 is p-valently starlike in U.

Proof. From (3.3) and applications of triangle’s inequalities give
2Jpg(?) - ( 2(fixg)"(2) | 5 2(fix g)’(Z)) B
e 2\ T Gt

" <O[z 2(fi *g ) L5 (Z(ﬁ x9)'(2) p>) B

; R o))
R V@), (e ) e
% Z : '<z> <<fl*g><> p)’“p D2

1+ —-pl=

1=

i=1
(3.7)
Making use of (3.6) in (3.7)we get
Zj// (Z)
14 R — ‘ <p+1 3.8
‘ 7@ Y (3.8)
Therefore, the result follows by application of Lemma 2.6. The proof of Theorem 3.7
is completed. O

Remark 3.8. Putting g(z) = 1sz7 a = (0,0,...,0) in Theorem 3.7 we get the result of
Frasin ([7], Theorem 2.3).

Remark 3.9. Putting g(z) = %, B8 =1(0,0,...,0) in Theorem 3.7 we get the result of
Frasin ([7], Theorem 3.3).

Remark 3.10. Puttingn =1, p=1, a1 =0, fi=f, B1 =8> 0, g(2) = 1
Theorem 3.7 we get the result of Frasin ([7],Corollary 2.4).

Remark 3.11. Lettingn =1, p=1, a1 =a >0, f1 = f, 8 =(0,0,...,0), g(z) = =
in Theorem 3.7 we get the result of Frasin ([7],Corollary 3.4).

4. Close-to-convex function

The following theorem gives sufficient conditions for the integral operator J, 4
to be p-valently close-to-convex in U.

Theorem 4.1. Let f;, g € Ay, oy, ;i € Ry U{0} for alli = 1,2,3,....,n, a =
(1,2, ...;an) and B = (B1, B2, ..., Bn). For z € U, if
R iz(fi*g)"(Z) iZ(fi*g)'(Z)} Dy 4+ pB, a+b
(o By < 0 Dt

where a >0, b >0 and a+2b < 1, then Jpﬁg(z) 1s p-valently close-to-convez function
m U.

L (@)
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Proof. Making use of (4.1) in (3.3), we get

2Tp(2) a+b
%O*'z@u>)<p+<1+@aw'

Hence by Lemma 2.3 we conclude that 7, 4 € Cp(9). O

Remark 4.2. Putting g(z) = #-, a = (0,0,0,...,0) and §; > 0 in Theorem 4.1, we

1—27

get the result due to Frasin ([7], Theorem 2.5).

Remark 4.3. Putting g(z) = %, 8 =1(0,0,0,...,0) and a; > 0 in Theorem 4.1, we
get the result due to Frasin ([7], Theorem 3.5).

Remark 4.4. Lettingn = p = 1,a; =0, 1 = 8> 0,f1 = f and g(z) = 1% in
Theorem 4.1 we get the result due to Frasin ([7], Corollary 2.6).

Remark 4.5. Lettingn =p = 1,81 = 0,04 = o, fi = f and g(z) = % in Theorem
4.1 we get the result due to Frasin ([7], Corollary 3.6).

5. Uniformly close-to-convex function

In this section we give sufficient conditions for the generalize integral operator
Jp.¢(2) to be uniformly close-to-convex in U.

Theorem 5.1. Let f;, g € Ap,a;, B; € R U{0} for alli =1,2,3,..,n and a =
(a17a27“‘>an) and 5 = (ﬁhﬂ?w'wﬁn)' ]f

(i)' () 2 (hire) ()
%<Z<ﬂ*m%@ (ﬁ*mw>)

then Jp 4(%) is uniformly p-valent close-to-convex in U.

<(p—1Do; +ppi + L (zeU), (5.1)

+ B 3

Proof. Making using (5.1) in (3.3) and an application of Lemma 2.2 give the result.
The proof of Theorem 5.1 is thus completed. 0

Remark 5.2. Putting g(z) = %, Bi; > 0 and a = (0,0, ...,0) in Theorem 5.1 we get
the frasin ([7], Theorem 2.7).

Remark 5.3. Letting g(z) = 2 8= (0,0,..,0) and o; > 0 for ¢ = 1,2,3,..,n in

1-2?

Theorem 5.1 we get the result of Frasin ([7], Theorem 3.7).

Remark 5.4. Taking n = p = 1,8, = 8 and f; = f in Remark 5.2 we have ([7],
Corollary 2.8).

Remark 5.5. Taking n = p = 1,y = a and f; = f in Remark 5.3 we have ([7],

Corollary 3.8).
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6. Strong starlikeness of the operators 7, ,

The following theorem gives sufficient conditions for the operator [J,, to be
strongly starlike of order § in U.

Theorem 6.1. Let o;, ; € Ry U{0} foralli=1,2,3,...,n, a = (a1, g, ...,a,) and
B=(p1,B2,...Bn). If fi,g € Ap for alli =1,2,3,...,n satisfies

o200l

" (fixg)(2) (fi*xg)(z)

then Jp 4 is strongly starlike of order § (0 < <1) in U.

+ B

}>(p—1)ai+pﬁi—2(; (z€eU), (6.1)

Proof. In view of (3.3) and (6.1) and by using Lemma 2.5, we deduce that 7, 4 is
strongly starlike of order §. O

Putting g(z) = 2=, a = (0,0, ...,0) in Theorem 6.1, we get the following result:

1-2?

Corollary 6.2. ([7],Theorem 4.1) Let B; > 0 be real numbers for all i =1,2,3,..,n. If
fie Ay for alli=1,2,3,..,n satisfies

*(56) > s

then F, is strongly starlike of order § (0 <d <1) in U.

(z € ), (6.2)

Remark 6.3. Puttingn=p=1, 8 = S and f; = f in the Corollary 6.2 , we get the
result of Frasin ([7],Corollary 4.2).

P
1—27

Further, letting g(z) =
ing result.

B8 =(0,0,0,...,0) in Theorem 6.1 we get the follow-

Corollary 6.4. (7], Theorem 4.3) Let c; > 0 be the real numbers for alli = 1,2,3, ..., n.
If fi € Ay fori=1,2,3,..,n satisfies

2fi'() I
%(H Fi(2) ) >P- gy el (6.3)

then G, is strongly starlike of order § 0 <6 <1 in U.

Remark 6.5. Lettingn =p=1, a3 = a > 0 and f; = f in the above Corollary, we
get the result (see [7], Corollary 4.4).

Theorem 6.6. Let o;, 5; € Ry U{0} foralli=1,2,3,...,n, a = (a1, g, ...,a,) and
B =(B1,P2, -, 0n)- If fi, g € Ay for alli=1,2,3,...,n satisfies

U)o
wlofaae e | > e e T e, o
then

s M>@. (6.5)

jp,g(z) 2
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Proof. Using (6.4) in (3.4), we have

T\ p
%<1+”>>—1. (6.6)
Tp.g(2) 4
The result follows in view of Lemma 2.4. O

P

Remark 6.7. Putting g(z) = 7=,
result of Frasin ([7],Theorem 2.9)

Remark 6.8. Puttingn =p=1, g1 =1and f; = f, a = (0,0,...,0) and g(z) = 1=
in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 2.10).

a = (0,0,...,0) in the Theorem 6.6 , we get the

Remark 6.9. Taking 8 = (0,0,...,0) and g(z) = lz_pz in the Theorem 6.6 , we get the
result of Frasin ([7],Theorem 3.9).

Remark 6.10. Lettingn =p=1, oy =1l and f; = f, 8= (0,0,...,0) and g(2) = 1=
in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 3.10).

z

Acknowledgement. The authors thank the reviewer for many useful suggestions for
revision which improved the content of the manuscript.

References

[1] Alexander, W., Functions which map the interior of the unit circle upon simple regions,
Ann. Math., 17(1915), no. 1, 12-22.

[2] Al-Kharsani, H.A., Al-Hajiry, S.S., A note on certain inequalities for p-valent functions,
J. Inequal. Pure Appl. Math., 9(2008), no. 3.

[3] Breaz, D., Breaz, N., Two integral operators, Stud. Univ. Babes-Bolyai Math., Cluj-
Napoca, 3(2002), 13-19.

[4] Breaz, D., Owa, S., Breaz, N., A new integral univalent operator, Acta Univ. Apul.,
16(2008), 11-16.

[5] Dorf, M., Szynal, J., Linear invariance and integral operators of univalent functions,
Demonstratio Math., 38(2005), no. 1, 47-57.

[6] Dziok, J., Applications of the Jack lemma, Acta Math. Hungar., 105(2004), no. 1-2,
93-102.

[7] Frasin, B.A., New general integral operators of p-valent functions, J. Inequal. Pure Appl.
Math., 10(2009), no. 4.

[8] Frasin, B.A., Order of convezity and univalency of general integral operator, J. Franklin
Institute, 348(2011), 1013-1019.

[9] Goodman, A.W., On uniformly starlike functions, J. Math. Anal. Appl., 55(1991), 364-
370.

[10] Goswami, P., Bulut, S., Starlikeness of general integral operator for meromorphic mul-
tivalent functions, J. Complex Anal., Vol. 2013, Art. ID 690584.

[11] Miller, S.S., Mocanu, P.T., Reade, M.O., Starlike integral operators, Pacific J. Math.,
79(1978), no. 1, 157-168.

[12] Nunokawa, M., On the multivalent functions, Indian J. Pure Appl. Math., 20(1989),
577-582.



Starlikeness and related properties of certain integral operator 87

[13] Nunokawa, M., Owa, S., Ikeda, A., On the strongly starlikeness of multivalently convex
functions of order o, IIMMS, 28(2001), no. 1, 51-55.

[14] Owa, S., On the Nunokawa’s conjecture for multivalent functions, Bull. Austral. Math.
Soc., 41(1990), 301-305.

[15] Pascu, N., Pescar, V., On the integral operators of Kim-Merkis and Pfaltzgraff, Mathe-
matica, 32(1990), no. 55, 185-192.

[16] Pfaltzgraff, J.A., Univalence of the integral of ]"(,z)>‘7 Bull. London Math. Soc., 7(1975),
no. 3, 254-256.

[17] Raina, R.K., Bapna, 1.B., Inequalities defining certain subclasses of analytic functions
involving fractional calculus operators, J. Inequal. Pure Appl. Math., 5(2004), no. 2.

Ram Narayan Mohapatra
Department of Mathematics
University of Central Florida
Orlando, FL. 32816, USA

e-mail: ram.mohapatra@ucf.edu

Trailokya Panigrahi

Department of Mathematics

School of Applied Sciences, KIIT University
Bhubaneswar-751024, Orissa, India

e-mail: trailokyap6@gmail.com






Stud. Univ. Babes-Bolyai Math. 62(2017), No. 1, 89-99
DOLI: 10.24193/subbmath.2017.0007

On sandwich theorems for some subclasses
defined by generalized hypergeometric functions

Ekram Elsayed Ali, Rabha Mohamed El-Ashwah and Mohamed Kamal
Aouf

Abstract. In this paper we derive some subordination and superordination results
for certain normalized analytic functions in the open unit disc, which are acted
upon by a class of generalized hypergeometric function Hy s(aq).
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1. Introduction

Let H be the class of analytic functions in the open unit disc U = {z € C: |z| < 1}
and let H[a, n] denotes the subclass of the functions f € H of the form

f(z)=a+apz" +ap12"+... (a€C), (1.1)
and we let
Ap={f€H f(2) =2+ ami12™ ™ + amy22™"2 +...}.
Also, let A; = A be the subclass of the functions f € H of the form
f(2)=z+ax2* +... (1.2)

For f,g € H, we say that the function f is subordinate to g, written symbolically as
follows:

f=g or [f(z)<g(2),
if there exists a Schwarz function w, which (by definition) is analytic in U with
w(0) = 0 and |w(z)| < 1, (2 € U), such that f(z) = g(w(z)) for all z € U. In
particular, if the function ¢(z) is univalent in U, then we have the following equivalence
(cf., e.g., [15]; see also [16, p.4]):

f(z) =g (2) & f(0) < g(0) and [f(U) C g(U).



90 Ekram Elsayed Ali, Rabha Mohamed El-Ashwah and Mohamed Kamal Aouf

Supposing that p and h are two analytic functions in U, let

o(r,s,t;2) : C¥ xU — C.

If p and @(p(2), zp'(2), 22p"(2); 2) are univalent functions in U and if p satisfies the

second-order superordination
h(z) < p(p(2), 20/ (2), 2°p" (2); 2), (1.3)
then p is called to be a solution of the differential superordination (1.3). (If f is
subordinate to F, then F is superordination to f). An analytic function ¢ is called a
subordinant of (1.3), if ¢(z) < p(z) for all the functions p satisfying (1.3). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all of the subordinants ¢ of (1.3), is called the
best subordinant (cf., e.g.,[15], see also [16]).
Recently, Miller and Mocanu [17] obtained sufficient conditions on the functions
h, g and ¢ for which the following implication holds:
k(2) < o(p(2), 2p'(2), 22p" (2); 2) = q(2) < p(2). (1.4)
Using the results Miller and Mocanu [17], Bulboaca [5] considered certain classes of
first-order differential superordinations as well as superordination preserving integral
operators [4]. Ali et al. [1], have used the results of Bulboaca [5] and obtained sufficient
conditions for certain normalized analytic functions f to satisfy

2f'(2)

f(z)
where ¢; and g2 are given univalent functions in U with ¢; (0) = 1. Shanmugam et al.
[23] obtained sufficient conditions for normalized analytic functions f to satisfy

1) < 2k <),

q1(z) < =< g2(2), (1.5)

and
NEC
T TE

where g1 and g9 are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1, while
FION

Obradovic and Owa [20] obtained subordination results with the quantity ( -
A detailed investigation of starlike functions of complex order and convex functions
of complex order using Briot—-Bouquet differential subordination technique has been
studied very recently by Srivastava and Lashin [26] (see also [27], [2] and [19]).

For complex parameters
a1,...,0q and Br,...,8s (B ¢Zy ={0,-1,-2,...};5=1,2,...,5),

we now define the generalized hypergeometric function ¢Fy(aq,...,aq; 01, .., Bs; %)
by (see, for example, [25, p.19])

. oS (k- (o) 2
qu(oq,...,aq,ﬁh...ﬁs,z)—kz:%(61)]6.”(/83%%!

(g<s+1;¢q,5€ Ng=NU{0},N={1,2,...};z€U),
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where (), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

0 _TO+v) [ 1 (v=0;0 € C*=C\{0}),
©). = —rg _{9(9—1)...(9+u—1) (vEN:§€C).

Corresponding to the function h(as,...,aq;051,. .., Bs; 2), defined by
hoa,....aq; B, ..., Bs;2) = 2gFs(oa, ..., aq; 81, ..., Bs; 2),
Dziok and Srivastava [9] ( see also [10]) considered a linear operator
H(ai,...,aqP1,...,8s2) 1 A— A,
which is defined by the following Hadamard product (or convolution):
H(on,...,aqB1,...,8s2)f(2) = hloa, ..., aq; B, ..., Bs; 2) * f(2). (1.6)

We observe that, for a function f(z) € A,,, we have

(a a
H(al“"’aq;ﬂl,"-aﬁs *Z+ Z 1)k 1- ( ‘I3

k= m+1

For m = 1, we have (see [9])

H(on,...,00B1,...,B)f(z) =2+ (Oél)lk.—.l....(ozqz

For convenience, we write

Hq,s(al) = H(Oél, ey O[q; 517 e ,ﬁs).
It is easily follows from (1.7) that (see [9])

2 (Hys(a1)f(2)) = arHys(a1 + 1) f(2) = (a1 = 1) Hys(a1) f(2). (1.8)
It should be remarked that the linear operator Hy, s(c) is a generalization of many
other linear operators considered earlier. In particular for f € A we have the following
observation:

(i) Hai(a,b;c)f(z) = I2Pf(2) (a,b € C;c & Zy ), where the linear operator [2?
was investigated by Hohlov [12];

(ii) Ho1(0+1,1;1)f(2) = D2 f(2)(6 > —1), where D° is the Ruscheweyh deriv-
ative of f(z) (see [22]);

(i) Hoa i+ 1,13 o+ 2)1(2) = Fu(£)(2) = £52 [Z 401 f(8)dt (> —1), where
F, is the Libera 1ntegral operator (see [13] [14] and [3]);

(iv) Ha1(a,1;¢)f(2) = L(a,c)f(2)(a € R;c € R\Zy ), where L(a,c) is the
Carlson-Shaffer operator (see [6]);

(v) Hyi(A+1,¢50) f(2) = IMa, ) f(2)(a,c € R\Zy ; A > —1), where I*(a, ) f (2)
is the Cho—Kwon-Srivastava operator (see [7 ])

(vi) Hoa(p, LA+ 1)f(2) = Ly uf(z)(A > —1;u > 0), where I ,f(z) is the
Choi—Saigo—Srivastava operator [8] which is closely related to the Carlson—Shaffer [6]
operator L(u, A+ 1)f(2);

(vii) Ho1(1,1;n 4+ 1) f(2) = L, f(2)(n € Ny), where I, f(z) is the Noor operator
of n — th order (see [18]);

zl"
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(vill) H21(2,1;2 — p) f(2) = Q¥ f(2) (1 # 2,3,4,...), where Q¥ is the fractional
derivative operator (see Owa and Srivastava [21]).

2. Preliminaries

In order to prove our subordination and superordination results, we make use of
the following known definition and lemmas.
Definition 2.1. [17] Denote by @ the set of all functions f(z) that are analytic and
injective on U \ E(f), where

E(f)={¢:¢€dU and Zl;néf(z) = o0}, (2.1)

and are such that f'(¢) # 0 for ¢ € U \ E(f).
Lemma 2.2. [16] Let the function q(z) be univalent in the unit disc U, and let 0 and
¢ be analytic in a domain D containing q(U), with ¢(w) # 0 when w € ¢(U). Set

Q(2) = 2q'(2)p(q(2)), h(z) = 0(q(2)) + Q(2) and suppose that
(i) Q is a starlike function in U,

3 zh'(2)
(ii) Re( Q0 ) >0 for zeU.
If p is analytic in U with p(0) = q(0), p(U) C D and

0(p(2)) + 20" (2)p(p(2)) < 0(q(2)) + 2¢'(2)p(q(2)), (2.2)

then p(z) < q(z), and q is the best dominant.
Lemma 2.3. [16] Let g be a convex function in U and let

h(z) = g(2) + mazg'(2),
where o > 0 and m is a positive integer. If

p(z) =g(0) + prz™ + .. ..

18 analytic in U and
p(z) +azp'(z) < h(z),
then
p(z) < g(2),
and this result is sharp.
Lemma 2.4. [11] Let h be a convex function with h(0) = a and let v € C with Re(y) >
0. If p € H with p(0) = a and

p(z) + %zp%z) < h(2),

then
p(2) < q(2) < h(2),
where

__ 0 (v/n)—1
o) = / Mg (2 e ).
0

The function q is convex and is the best dominant.
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Lemma 2.5. [4] Let q(z) be a conver univalent function in the unit disc U and let ¥
and ¢ be analytic in a domain D containing q(U). Suppose that

(i) Re {ﬁ( (Z))}>OforzeU;

(q(2))
(i4) 2q'(2)p(q
M

(2)) is starlike in U.
If p € H[g(0),1] N Q with p(U) C D, and ¥(p(2)) + 20/ (2)p(p(2)) is univalent in U,
and

Va(2)) + 24’ (2)p(a(z)) < Hp(2)) + 20" (2)(p(2)),
then q(z) < p(z), and q is the best subordinant.

3. Subordination results for analytic functions

Unless otherwise mentioned we shall assume throughout the paper that ¢ <
s+1;q,s € Nog,u, 8 € C*,n,a,6,€ € C,z € U and the powers understood as principle
values.

Theorem 3.1. Let the function q be analytic and univalent in U, with q(z) # 0 (z €

= U\{0}). Suppose that Z;IES) is starlike univalent in U. Let

3 20 s 2¢'(2) Zq”(Z)}
Re {1 + 5q(z) + 3 (q(2)) 02) + 70 >0 (z€U). (3.1)
If f € A, and q satisfies the following subordination:

(o0, 0,8,6 Bupnm) < 0+ a(2) + 8(g(2))? + 5L (32)

q(z)

S hn) =ave (% (il)f(Z)Y ( qs<alz+ 1)f(z))n

z s(lag +1 f (2)
qS(O‘1+2 Z)]
g.s(a1+1)f(2)

Hys(0n)f(2) )" z
(2 () <o
and q is the best dominant of (3.2).

where

(3.3)

+Bn(ay +1) {1 —
then

Proof. Define the function p by

o= (PO (L2 e e

Then the function p(z) is analytic in U and p(0) = 1. Differentiating (3.4) logarith-
mically with respect to z, we have

W) [2(Hpelo)f(2) 2 (Hylon + Df(2))’
o(2) ‘“[ Hy () /() 1]*”[1 Hy (o1 +1)/(2) }
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By using the identity (1.8) in the resulting equation, we have

2p'(2) _ [oaHgs(on +1)f(2) N N (a1 +1)Hgs(a1 +2) f(2)
et e v e R (R R e
By setting

O(w) = a + Ew(z) + dw?(2) and o(w) = g,

it can be easily observed that 6 is analytic in C, ¢ is analytic in C* and that ¢(w) #
0(w € C*). Also, by letting

=2q(z z)) = 20 (2)
Q(z) = 2¢'(2)¢(q(2)) = 8 e (3.5)
and /
) = Bla2)) + Q) = a-+ €ale) + dla()? + 5L, (36)

we find that @ is starlike univalent in U and that
2 (= )) { § 26 2 2q(2) | 24"(2) }
Re Re<d1+ = + —(q(2))” — + >0
(% g1 U e T
The assertion (3.5) of Theorem 3.1 now follows by an application of Lemma 2.2.
Putting ¢(z) = 142 (—1 < B < A < 1) in Theorem 3.1, we obtain the following

1+Bz?’
corollary.
Corollary 3.2. Suppose that
€ (1+Az\ 20 (14 A4z\° (A—B)z 2Bz
1+ = — — — .
Re{+ﬁ +5:) T 5 \i5B:) Grana+Br) 1+ms( €Y

If f € A, satisfies the subordination

1+ Az 1+ 4z2\° B(A-B)z
U(f o1, 0,6,, B, p,m) <a+£<1+Bz> +5<1+Bz> + (1+ A2)(1 + Bz)’

where U(f,aq,,0,&, B, u,n) is given by (3.8), then

(B2 () <155

1s the best dominant.

1+Az
1+Bz

v
Putting ¢(z) = (}fi) (0 < v < 1) in Theorem 3.1, we obtain the following

corollary.
Corollary 3.3. Suppose that

E(1+2\" 26 (1+2\" 2vz 2z(v 4+ z)
Re{1+ﬁ<1—z> +ﬁ(l—z) _1—z2+(1—z)(1—|—z) >0 (z€U).

If f € A, satisfies the subordination
+2\” 142\ 2
\I/(f,a170[7(5,€,57ﬂ, )‘<O[—|—£< Z) —I—(S( Z) + '752

and

1—2 1—2 1— 22’
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where U(f, a1, ,6,&, B, u,n) is given by (3.3), then

<Hq’5(c?)f(2))u (Hq,smli 1)f(2))n B (1 - )

¥
and (ﬂ'j) s the best dominant.

Putting q(z) = e*4%, with |uA| < 7 in Theorem 3.1, we obtain the following
corollary.
Corollary 3.4. Suppose that

Re{l + %e#“ + %SeMZ} >0 (zeU).

If f(z) € Ay, satisfies the subordination
\I}(f7 ag, Q, 57 ga 57 /1‘) <a+ é‘eMAz + 5€2MAZ + ﬁMAZa
where U(f, a1, ,8,&, B, u,1n) is given by (3.3), then

(Hq,s(c?)f(z))“(Hq’s(alil)f(z)yﬁw

and e*4% s the best dominant.

Remark 3.5. (i) Putting ¢ =2, s =1, a1 =as =6 =1, m=1,d=&=n=0,
8= i and g¢(z) = e#4*, with |uA| < 7 in Theorem 3.1, we obtain the result obtained
by Obradovic and Owa [20];

(ii) Putting ¢(z) = ﬁ beC)q=2,s=l,a1=as=06=1,m=1,
d=¢(=n=0,pu=a=1and = % in Theorem 3.1, we obtain the result obtained
by Srivastava and Lashin [26];

(iii) Putting ¢(z) = W (a,beC*),q=2,s=1L, a1 =ay =0 =1, m=1,

d=¢f=n=0,p=a=1and g = ﬁ in Theorem 3.1, we obtain the result obtained
by Obradovic et al.[19];

(iv) Putting ¢(z) = (1+ B2)MA=B)/B (e C*, -1<B<A<1),q=2,5s=1,
a1:agzﬂl:1,m:1,5:%,a:1and6:§:n:OinTheorem3.1,we
obtain the result obtained by Obradovic and Owa [20];

(v) Putting ¢(z) = (1 — 2)72%> ™™ (q,be C*, |\ < I), = 25~ g =2,
s=l,ar=ae=0%=1,m=1,=¢(=n=0and 4 = o =1 in Theorem 3.1, we
obtain the result obtained by Aouf et al. [2, Theorem 1].

Theorem 3.6. Let h € H,h(0) = 1,h/(0) # 0 which satisfy

Zh/l

(2)

If f(z) € Ay, satisfies the differential subordination:

Hq,s(al + k)f(z)

h'(2)} > 1 (z €U). (3.7)

Re{l + 5

< h(z) (k€ ZT;2eU"),

then
HQ,S(al + k- 1)f(z)

z

<g(z)  (keZ"),
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where

_ (aa+k—1) <<a1+k 1)/m)—1 n
g(z) = e /h dt (kez™).

The function g is convex and is the best dominant.

Proof. Let the function p(z) be defined by

p(z) _ Hq7s(a1 +Zk - l)f(z>

Then the function p is analytic in U and p(0) = 1. Differentiating (3.8) logarithmically
with respect to z, we have

(k € Z+). (3.8)

' (2) _ [2(Hys(lon +k=1)f(2)) +
o e Y wenn
By using the identity (1.8), we have
w(2) _ [laatk—DHys(an +k)f(z) B
p(z) [ H,(on +k—1)f(2) (o0 +k 1)]

and hence () H M)

Zp(z g slan + z
p(z)+a1—|—k—l_ z

The assertion of Theorem 3.6 now follows by applying Lemma 2.4.

Putting £ = 1 in Theorem 3.6, we get.

Corollary 3.7. If f € A,, satisfies the differential subordination:

Hq,s(al + ]_)f(Z)

(keZ™).

. =< h(z),
then I
q,s(cil)f(z) < g(Z),
where

9(2) = 70‘1/ /h(t)t”“”“dt (z € U).
mz®1/m
0

The function g(z) is convezx and is the best dominant.
By using Lemma 2.3 we can prove the following theorem.
Theorem 3.8. Let g be convex function with g(0) = 1. Let h be a function, such that

m /
h(z) < gz) + 520/ (2)
If f € A,, satisfies the subordination:
H, s k
wl@ TRIE) ey ez, (3.9)

z
then
HQ,s(al + k— 1>f(z)

z

<g(z)  (keZ"),

and is the best dominant.
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Proof. The proof of Theorem 3.8 is much akin to the proof of Theorem 3.6 and hence
we omit the details involved.

Next, by appealing to Lemma 2.5, we prove Theorem 3.9.
Theorem 3.9. Let q be analytic and convex univalent in U, such that q(z) # 0 and

Z;JES) be starlike univalent in U. Further, let us assume that
20 2, €
Re{ﬁ(q(z)) + Bq(z)} >0 (z€U). (3.10)

If £ € Am, 0 (Haslelf OV (e )" € Hlg(0),1], W(f, 00,0,6,€, B, m)
is univalent in U, where ¥(f, a1, «,d,&, B, 1) is given by (3.3), and

2 2q'(z)
(0% + fCI(Z) + 5(61(2’)) + BW < \Il(fa aq, Q, 6a§767/’(" 77)7 (311)

1) = (HQ’S(C?)MY (7w s 1)f(2)>n (3.12)

and q is the best subordinant of (3.11).

then

Proof. By setting

9z) =a+tw+ow? and o(w) = 52,
w
it is easily observed that ¢ is analytic in C. Also, ¢ is analytic in C* and that p(w) #

0 (weCr).
Since ¢ is convex (univalent) function it follows that,
V"(q(2)) } { 20 2, § }
Re =Res —(q(2))"+ =q(2) p >0 (z€U).
tece) gl 5y =0 (=€t
The assertion (3.12) of Theorem 3.9 follows by an application of Lemma 2.5.

4. Sandwich result

Combining Theorem 3.1 and Theorem 3.9, we get the following sandwich theorem.
Theorem 4.1. Let ¢ be convex univalent and gz be univalent in U such that ¢1(z) # 0
and q2(z) # 0. Suppose ¢ satisfies (3.10) and g2 satisfies (3.1). If f € A,

« 2\ * z n . .
0 (Heef OO (o zn ) € Hg(0),1], ond W(f,a1,0,6,€, 8, 1,1) is uni-
valent in U and satisfies

ot éar(2) + @) + 82 L w(f an,0,6,6, 8, m)
q1(2)

S+ Eqgo(z) + 0(ga(2)? + 52‘15(2), (4.1)
Q2(Z)

where U(f,aq,,0,&, B, ,m) is given by (3.3), then

a(e) < (Hq’S(azl)f(Z)y (Hq,smli 1)f(Z)>n =< al)
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and q1 and qo are, respectively, the best subordinant and best dominant.
Remark 4.2. (i) Putting ¢ =2,s=1, a1 =a (¢ >0), ag =1 and f; = ¢ (¢ > 0) in
our results we will improve all results obtained by Shanmugam et al. [24];

(ii) By specializing the parameters g, s, a; (a1, ..., q) and B;(51,...,Bs) in our
results, we obtain the corresponding results due to various operators mentioned in
the introduction.

Acknowledgments. The authors thanks the referee for their valuable suggestions which
led to improvement of this study.
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An existence theorem for a non-autonomous
second order nonlocal multivalued problem

Tiziana Cardinali and Serena Gentili

Abstract. In this paper we prove the existence of mild solutions for a nonlocal
problem governed by an abstract semilinear non-autonomous second order differ-
ential inclusion, where the non-linear part is an upper-Caratheodory semicontin-
uous multimap. Our existence theorem is obtained thanks to the introduction of
a fundamental Cauchy operator. Finally we apply our main result to provide the
controllability of a problem involving a non-autonomous wave equation.
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ential inclusion, fundamental Cauchy operator, fundamental system.

1. Introduction

Recently in [8] H.R. Henriquez, V. Poblete, J.C. Pozo have studied the existence
of mild solutions for a nonlocal problem governed by the following non-autonomous
wave equation

Pw(t, &)  9*w(t,€) dw(t, §)
oz~ e 05

Starting from this paper, we are interested to study the following control problem
8%w(t, 82%w(t, ow(t,

Gt = TEGE 4 b(6) 2 + (8, w(t,€), ult,€)), t € T
w(t,0) = w(t, 2m), t € J,

Ow(t,0) _ Ow(t, 2m)
o6 — o o ted

W(O,f) = Z:il 22:1‘7 5 G Ra
Qw8 — Y 2 CER,
u(t,&) € U(t, w(t,§))

where 0 < ) < ... <t < . <tp <aand 0 < & < ... <& < ... < & < 2m,
b:J—=R, f:JxRxR—RandU:Jx R— P(R).

+ f(t, w(t, &), te J=]0,q], (1.1)
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By using the classical arguments (see, for example [15]) the controllability of (5.1) is
brought back to the existence of mild solutions for a problem described by the non-
autonomous semilinear second order differential inclusion with nonlocal conditions

2" (t) € A(D)z(t) + F(t,z(t), t€ J

x(0) = g(x) (1.3)
z'(0) = h(x)
where J = [0,q] is an interval of the real line, {A(¢)}1es is a family of bounded,

linear operators defined in a subspace D(A(t)) = D(A) dense in a real Banach space
X generating a ” fundamental system”, and g, h are two operators defined on the
trajectories and assuming values in X.

Recently the existence of nonlocal mild solutions in Banach space has been investi-
gated for semilinear non-autonomous second order differential equations in [9], in [7]
and in [8], while there exists an extensive literature for the autonomous case (see, for
example, [6], [11], [12] , [13] and [14]).

The note is organized in the following way. We start by introducing the fundamental
Cauchy operator and by characterizing some of its properties, which play a key role
to prove the existence of mild nonlocal solutions for problem (1.3) in the case that the
nonlinear part of the semilinear second order differential inclusion is given by an upper-
Caratheodory semicontinuous multimap. In order to obtain our main existence result
we use the powerful tools introduced in [9], [7] and a fixed point theorem for condensing
multimaps. Our existence theorem extends in a broad sense all the existence results
above mentioned. In the last section we apply our existence proposition for (1.3) in
order to establish the controllability of (1.2).

2. Preliminaries

Let X,Y be topological spaces and P(Y') be the family of all nonempty subsets
of Y. We recall that a map F : X — P(Y) is said to be upper semicontinuous
(lower semicontinuous) if Ft*(V) = {z € X : F(z) Cc V} (F (V) = {z € X :
F(z) NV # (0}) is an open subset of X, for every open V C Y; the multimap F is
said to have closed graph if the set graphF = {(z,y) € X xY :y € F(x)} is closed
in X xY (see [5]).

In this paper X is a real Banach space endowed with a norm ||.||, and we will use the
following notations:
Py(X) ={H € P(X) : H bounded}
P.(X)={H € P(X) : H convex};
Py(X)={H € P(X) : H closed};
Pr(X)={H € P(X) : H compact};
Pre(X) =Pr(X)NPAX)... (2.5
Further, let J = [0, a] be an interval of the real line endowed with the usual Lebesgue
measure .
A function f : J — X is said to be strongly measurable if there is a sequence of
simple functions (s,), which converges to f almost everywhere.
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Moreover, we denote by C(J; X) the space consisting of all continuous functions from
J into X provided with the norm ||.||o of uniform convergence, by L!(.J, X) the space
of all X-valued Bochner integrable functions on J with norm [|ufly = [, [[u(t)||d¢ and
LY(J)={f € L*(JR): f(t) >0, for ae. te J}.

A countable set {f,}, C L(J,X) is said to be semicompact if: (i) {fn}n is
integrably bounded, i.e. there exists w € L} (J) such that ||f,(t)]] < w(t), for a.e.
t € J and for every n € N; (ii) the set {f,(f)}, is relatively compact in X, for a.e.
teJ.

Now let us consider the following nonlocal problem governed by a non-autonomous
abstract semilinear second order differential inclusion

z'(t) € A(t)x(t) + F(t,z(t), te J

z(0) = g(z) (2.6)

2'(0) = h(x).
In this problem F'is an X-valued multimap defined on J x X, g,h: C(J; X) — X are
functions; {A(t)}1es is a family, generating a ” fundamental system” {S(t, s)}r,ses
of bounded linear operators A(t) : D(A) — X (where D(A) is a dense subspace of
X) such that, for each x € D(A), the function ¢ — A(t)z is continuous in J .

First we recall the concept of the ”fundamental system”, introduced by Kozak in [9]
and recently used by H.R. Henriquez, V. Poblete, J.C. Pozo in [8].

Definition 2.1. A family {S(, s) }+,ses of bounded linear operators

S(t,s) : X = X is called fundamental system generated by the family {A(¢)}+cs if

(S1) for each z € X, the function S(.,.)z : J x J — X is of class C'! and

(a) foreach t € J, S(t,t)r =0,Vzr € X ;

(b) for each t,s € J and for each z € X, ZS(t,5) ;=5 * = 2 and
%S(t, 8) |t=s x = —x5

(S2) for all ¢,s € J, if x € D(A), then S(t,s)x € D(A), the map S(.,.)x: JxJ = X
1s of class C? and

a) 2 oz S(t,s)x = A(t)S(t, s)x, Y(t,s) € J x J, Vo € D(A);

b) 88 S(t,s)x = S(t,s)A(s)x, V(t,s) € J x J, Vo € D(A);

c) 22 33915(t,8) |t=s © =0, Vs € J, Vo € D(A);

S3) for all s,t € J, if x € D(A), then 88 S(t,s)x € D(A). Moreover, there exist
%S(f s)z and af?ats(t s)z and

(a) %?(?85(15,5):17 = A(t) 8SS(t,s)x, V(t,s) € J x J, Vo € D(A);

(b) 5%5;S(t, s)x = & S(t, s)A(s)z, V(t, s) € J x J, Vx € D(A);

and for all z € D(A) the function (¢, s) — A(t) 2 S(t, s)z is continuous in J x J.

(
(
(
(

Moreover, as in [8], amap S : J x J — L(X), where £(X) denote the space of all
bounded linear operators in X with the norm .| z(x), is said to be a ” fundamental
operator” if {S(t, s)}1,ses is a fundamental system. Moreover, as in [8], we introduce,
for each (t,s) € J x J the operator

C(t,s) = —%S(t,s) X = X (2.7)
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By using the Banach-Steinhaus Theorem it is possible to prove that the fundamental
system {S(t, ) }+,scs satisfies the following properties:

there exists two constants K, K*, K1 > 0 such that

(p1) [|C(t, s)le(x) < K, V(t,s) € J x J;

(02) [[S(t8)llex)y S K [t—s], Vt,s€J

(p3) [|1S(t, 8)llz(x) < Ka, Vt,s € J

(p4) ||S(t278) — S(t178)||£(X) < K* | to — 11 ‘ Vi1, ta,s € J

(p5) dK; >0 : ||%S(t2,s) (tl, )Hﬁ(X < K, | to —t1 | Viti1,ta,8 € J.

Now we recall the definition of a mild solutions for the nonlocal problem (2.6)

Definition 2.2. A continuous function v : J — X is a mild solution for (2.6) if

0s
where f € S},(”u(.)) ={feLYJ;X): f(t) € F(t,u(t)) ae. t € J}.

u(t) = —QS(t,s) ls=0 g(u) + S(t,0)h / S(t, &) f(&)dg, vte J

In the sequel let us denote by 0,, the zero-element of R™ and by < the partial
ordering given by the standard positive cone Ry , := (RO )*, i.e. x < y if and only if
y —z € Ry 5 clearly, < y means that » < y and x # y.

Definition 2.3. A function 8 : Py(X) — R{, is said to be a "measure of
noncompactness” (MNC, for short) in the Banach space X if, for every Q € Py(X),
the following properties are satisfied:

(B1) B(Q) = 0,, if and only if Q is compact;

(B2) Blo(®) = BQ).

Further, a MNC 3 : Pp(X) — Rf , is said to be:
monotone if Q1, Qs € Pp(X) : Q1 C Oy implies 5(21) < £(N2);
nonsingular if ({z} UQ) = B(NQ), for every z € X, Q € Pp(X);
invariant under closure if 3(Q) = B(Q), Q € Pp(X);
invariant with respect to the union with compact set if (U C) = B(Q), for every
relatively compact set C' C X and Q € Pp(X).
In this setting we provide the following definitions (see [2]).

Definition 2.4. If D is a nonempty subset of X, a map ¢ : D — P(X) is said to be
”condensing” with respect to a MNC 3 : P,(X) — R{ | (shortly, ” S-condensing ”) if
(I) ¢(D) is bounded

and

(II) B(©2) < B(¢(2)) implies 5(Q2) = 0,,, 2 € Py(D)

or equivalently

(1)’ 0,, < B(82) implies B(Q2) £ B(P(2)), Q € Pp(D) (i.e. B(d(2)) < B() is true or
B(¢(R2)) and B(2) are not Comparable)

We can now recall the following Sadowskii type fixed point theorem for multimaps
condensing with respect to a vectorial measure of noncompactness (see [2], Theorem
2.2).
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Theorem 2.5. Let 3 : Py(X) — Ry, be a nonsingular MNC, D be a closed convex
subset of a Banach space X and ¢ : D — Py.(D) be a map such that

(¢1) & has weakly closed graph in D x X, i.e. for every sequence (x,)n in D, x, — x,
x € D, and for every sequence (Yn)n, Yn € O(n), Yn — y, then S(x,y) N ¢(z) # 0,
where S(z,y) = {x + Ay —x) : A € [0,1]};

(92) ¢ is B-condensing.

Then there exists © € D with x € ¢(x).

Next, we consider the set Rf | = R{ xRy endowed with the partial ordering < before
introduced. Fixed a constant L > 0 we can introduce the function vy, : Pp(C(J; X)) —
R, defined by

vr(Q) = {wrjl}é}iQ(T({wn}n), A({wn}n)), Y€ Po(C(J; X)), (2.8)
being
T({wn}tn) = Sup e n({wa(t)}n); (2.9)
and
/\({wn}n) = mOdC({wn}n) (2.10)

where 7 is the Hausdorff MNC in the Banach space X and mod¢ is the modulus of
continuity in C(J; X) (see [3]).

3. The fundamental Cauchy operator

To study the problem (2.6) we introduce the following operator, which will play
a key role in our next existence result.

Definition 3.1. Let {S(¢, s)}+ secs be the fundamental system generated by the family
{A(t) }+es of bounded linear operators in the Banach space X, presented in (2.6). We
will call the operator Gg : L'(J; X) — C(J; X) defined by

t
Gsf(t) = [ St.9)f(s)ds. 1€ =l0.al, fe LX) (3.)
0
the fundamental Cauchy operator.

First we present the following result, which is analogous to the one proved in
[10] or in [4], respectively for the Cauchy operator and for the generalized Cauchy
operator.

Theorem 3.2. The fundamental Cauchy operator G s satisfies the following properties:
(Gs1) |Gsf(t) = Gsg()]l < Ka [y [If(s) — g(s)llds, t € J, f,9 € L'(J; X);

where Ka is the constant presented in (p3);

(Gs2) for any compact H C X and sequence (fu)n, fn € LY(J;X), such that
{fn(®)}n C H for a.e. t € J, the weak convergence f, — fo implies the convergence

Gan — GSfO-
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Proof. Let t € J and f,g € L'(J; X) be fixed. Thanks to the definition of the funda-
mental Cauchy operator and to the property (p3) we have:

1Gs(t) - Gsg(®)] = | / S(t,5)(/(5) — g(s))ds]| < Ka / 1£(s) — g(s)lds  (3.2)

Therefore we can deduce that Gg satisfies (Ggl).

Let us prove the property (Gs2).

Fix a compact set H C X and t € J, let us consider the set Q; C X defined as
folllows:

U s s)H. (3.3)

Now we show that ); is compact. Let us fix the map qg : J x J x H — X defined by
qu(t,s,x) = S(t,s)x, (t,s,x) € J x J x H. Then, for each € > 0, there exist finitely
many zi,..., &, € X such that:

15
H C Ule(xl- + @31(0)),

where B;(0) is the open unit ball in X.
Now, by the strongly continuity of S, there exists ng(e) > 0 such that for every
(t1,81), (to, s2) € A with max{|t; — 2|, |s1 — s2|} < nu(e) we have

1S (t1, s1)xs — S(te, s2)xi]| < Z , foreveryi=1,...,p. (34)

Put 75 (e) = min{ny(¢), 15 }, for arbitrary (t1,s1, 21), (t2, s2,22) € J x J x H such
that max{|t1 —ta|, |s1 — sz, |21 — 22|} < N (e), since there exists j € {1,...,p} such
that ||z1 — 2| < ;7, by (p3) and (3.4) we get
lgm (t1, 51, 21) — qu (b2, s2, 22) | = [[S(t1, 81)21 — S(t2, s2) 2]

< ||S(t1,81)21 — S(t1, s1)xj]| + ||S(t1, s1)x; — S(ta, s2)z;]|

+ 15 (b2, s2)z; — S(t2, s2) 21| + [|S(t2, s2)21 — S(t2, 52) 22|

SIS, s1) (21 — )| + [[[S (81, 51) — S(ta, s2); |

+ 15 (b2, s2) (25 — )H + 115 (t2, 52) (21 — 22) |

< Kallz1 — ;|| + 1 —|—Ka||xj — 21|+ Kallz1 — 22| < e.

Therefore the map g is uniformly continuous. Hence, being true that
=qu({t} x [0,t] x H) ,

we can say that @); is compact.

Now, we show that, for every sequence (fn)n, fn € L'(J;X), such that
{fn(®)}n € H ae.t € J we have that the set {Ggfn(t)}, is relatively compact
in X, for every t € J. To this end, fixed ¢t € J, it is enough to prove that

{Gsfn(t)}n C tco(Qr). (3.5)
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Let us associate to (f,)> a sequence (f,)}> such that f,(t) € H for every t € J

n=1

and f, = f, a.e. in J. By applying [5, Corollary 3.10.19], we obtain
t
Gsfn(t) = / S(t,s)fn(s)ds € tco {S(t,s)fu(s):5€[0,t]} CteoQy, YneN .
0

Next, let us show now that {Gsf,} > € C(J;X) is (uniformly) equicontinuous in
J. To see this, fixed € > 0, we can choose §(¢) = m, where the constants K
and K* are respectively that from properties (pl) and (p4) in Section 2, while K5 is
a constant such that

Ifn®)] < Kz, ae.t€J, ¥YneN.
Then, for every t1,ts € J, [t2 —t1| < d(e), and w.l.o.g. t3 > t1, we have (see (p3) and
(p4) in Section 2):

|Gs fu(ta) — Gsfalt)|] < /O 1 1S (t2, s) — S(t1, $)]fnls)|ds
+/t 2 1tz ) 20y || (5) s

t1
S/ [S(t2,8) — S(t1, s) | cx)ll fu(s)|lds + KoKa(ts —t1)
0

a
< / K*(ty — t1)Kads + Ko Ka(ty — t1) < d(e)aKa(K + K*) =¢.
0

Hence we have the equicontinuity in J of the set {Ggs fp }n.

Furthermore, the condition (Ggl) implies that the linear operator Gg is bounded,
hence Gg is weakly continuous, i.e. if f,, — fo then Gsf, = Ggsfy. Now, by applying
a generalized version of the Ascoli-Arzela criterion obtained by Ambrosetti in [1], we
get the relative compactness of the set {Gg fn}n.

The relative compactness of {Gg fn};ﬁ? provides that the last convergence is in the
norm of the space C(J; X). So also (Gg2) is stated.

Remark 3.3. Condition (Gg1) obviously implies the Lipschitz condition
(Gs1)' ||Gsf — Gsglleo < Kal|f —g|l1, forall f,g € L'(J;X).

4. Existence results

Thanks to the properties of the fundamental Cauchy operator we are able to
prove our main existence result.

Theorem 4.1. Let J = [0,a], X a Banach space and {A(t) }1ey a family which satisfies
the property:

(A) {A(t) }res is a family of bounded linear operators, defined in a subspace D(A)
dense in X and taking values in X, generating a fundamental system {S(t,s)} 1 s)crxJ
such that, for each x € D(A), the function t — A(t)x is continuous in J.

Let F: J x X — Pro(X) a multimap which satisfies the following hypothesis:
(F1) for every x € X, F(.,z) admits a B-measurable selector;

(F2) for a.e. t € J, F(t,.) is upper semicontinuous;
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(F3) there ezists a function o € LY (J) such that
[E( 2l = sup |[lz]] < a(@)(1+ [[z]])

zeF(t,x
for a.e. t € J and for allxz € X.
(F4) there exists a function m € L% (J) such that

n(F(t, B)) < m(t)n(B)
for a.e. t € J and for every B € Py(X) (where n is the Hausdorff MNC in X ).

Let g,h: C(J; X) — X be two functions which satisfy the following properties:
(gh1) g, h are compact, i.e. they are continuous and map bounded sets into relatively
compact sets;

(gh2) there exists Q > 0: ||g(u)|| < Q , |h(u)|| < Q for every u € C(J; X).

Then there exists at least one mild solution for the nonlocal problem (2.6).

Proof. We consider the integral multioperator T' : C(J; X) — P.(C(J; X)) defined as
I(u) = {y € C(J; X) : y(t) = C(t,0)g(u) + S(¢,0)h(u)

+/o S(t,E)f(E)dE, t € J, f € Speuiyt (41)

for all u € C(J; X).
Note that, for all u € C(J; X), since Sp(.uc)) # 0 (see [10], Lemma 5.1.1) we have
I'(u) # 0 . Moreover I takes convex values thanks the convexity of the values of F.
From now on we proceed by steps.
Step 1: There exists a set which is invariant under the action of the operator I'.
Step la: We put
n(t—s)

= I?Ea}({/ Kae™ a(s)ds} (4.2)
for all n € N, where K, a are respectively from (pl) and (F'3) and a is the size of J .
Let us show that

inf ¢, = 0. (4.3)
neN
From definition of maximum, for all n € N, there exists ¢, € J such that
1 tn a
gn — — < Kae "= q(s)ds = / n(s)ds (4.4)
n 0 0

being v, : J — R the function defined as follows
Pn(s) = Kae_”(t"_s))([o’tn] (s)a(s), for all s € J,

where X[o,+,] is the characteristic function of the interval [0, ¢,,]. Eventually passing to
a subsequence, the sequence (¢,), is such that

ILm Yn(s) =0, foralls e J
| Pn(s) |< Kaa(s) =:a*(s), Vs € J, Vn € N,

where o* € L! (J). So the Dominated Convergence Theorem implies that

lim 1/)n( )ds = 0.

n—roo
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Since ¢, > 0, by (4.4) we obtain lim,,_,+ ¢, = 0. Hence (4.3) is proved.
Therefore, there exists N € N such that

gy < 1. (4.5)
Now, let us consider the norm ||.||5 : C(J; X) — R{ defined by:
llul|n = I{leau}(e_l\“||u(t)||7 Vu e C(J; X), (4.6)

which is equivalent to the usual norm ||.|| in C(J; X) (cfr. [10], (5.2.7)).

Let us fix
K(Q+aQ + aflef)
1—gqn
where K is the constant in (pl), a is the size of the interval J, @) and g are respectively
from (gh2) and (4.5).
Step 1b: Now, we consider (see (4.7))
Hp = {u e O(; X) : |lullx < R}, (48)

the closed ball in (C(J; X), ||.||~)-
We show that

R>

(4.7)

F(HR) C Hg. (49)
Fixed u € Hi and y € T'(u), for every t € J, we have

e My < e MC(E, 0)g(w)l| + e~ NS (¢, 0)h(u)|+

re [Cs. sl
Then by using (pl), (p2), (F'3), (gh2) and (4.6) we have
e My < 10 0l eex)lg(w)ll + 1S, 0)ll2cx) 17 (u) |+

t
eV / 1S( )l oo | F(©)l1de <
0
t
K(Q+aQ +allaly) + e V'Ka / o (©)[u(é) 1 dé =
t
= K(Q +aQ + allally) + e N Ka / eNEa(€)e N u() | de <
0

t
< K(Q + aQ + allafl1) + Hu||NKa/ e N0 (g)de.
0
So, recalling that u € Hg, by (4.8), (4.7) and ((4.2) for n=N) we obtain

t
Ny < K(Q +aQ + allaly) + R / Ka e N-9a(e)dg <
0

< K(Q+aQ +afalli) + Rgy < R.
Now, by (4.6), we have
lylln <R,

hence y € Hg. Therefore (4.9) is true.
Step 2: In order to prove the existence of a mild solution for (2.6) it is enough to have
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the existence of a fixed point for the restriction I',, (shortly I'r), i.e. (see (4.9)) for
the map

FRZHR%PC(HR). (410)
To this aim, we will show that I'p satisfies all the hypotheses of Theorem 2.5, where
the Banach space considered is (C(J;X), ||.||co) (shortly C(J; X)). Obviously Hg,
which is a closed ball in the space (C(J; X),||.||~), is a closed and convex subset of
C(J; X).
Step 2a: The integral multioperator I'z has closed graph.
Let (un)n be a sequence in Hp such that uw,, — @ and let (2,), be a sequence such
that z, € ['(uy,), Vn € N, and z, — Z in C(J; X).
Moreover, let (f), be a sequence such that, for every n € N, f,, € S}?("u L) and

n

zn(t) = C(t,0)g(un) + S(t,0)h(uy) +/0 S(t, &) fn(&)dE, for allt e J (4.11)

Now, let us note that the set {f,}, is integrably bounded. This follows from the
boundness of the set {uy}, in C(J, X) and from (F3).

Furthermore, let us show that the set {f,(¢)}, is relatively compact in X for a.e.
t € J. Indeed, by using (F'4) and the monotonicity of the Hausdorfl MNC, for a.e.
t € J, being {un(t)}n € Po(X), we can write the extimate

N{fn(@)}n) < n(E @ {un(t)}n)) < mE)n({un(t)}n)- (4.12)

Next, since the set {u,(t)}, is relatively compact in X, from (4.12), we have
n({fn(®)}n) =0, ie. the set {f(¢)}, is relatively compact.

Now, we can use [[10], Proposition 4.2.1] to conclude that the set {f,}, is weakly
compact in L'(J; X), so w.l.o.g. we can assume f,, — f in L*(J; X).

Then, in virtue of Theorem 3.2 and Remark 3.3 we can say that the fundamental
Cauchy operator satisfies (Gg1)’ and (Gg2). Therefore, since the set {f,,}, is semi-
compact we can apply [[10], Theorem 5.1.1] and deduce

Gsfn — Gsf in C(J; X). (4.13)

Moreover, fixed ¢ € J, since C(t,0),S(¢,0) € £L(X) and g, h are continuous in C(J; X)
(see hypothesis (ghl)), we have:

C(t,0)g(un) — C(t,0)g(u), per n — oo (4.14)
S(t,0)h(u,) — S(t,0)h(a), per n — oo (4.15)
Hence, by passing to the limit in (4.11), from (4.13), (4.14)), (4.15) we have
nh_)ngo zn(t) = nli_)rr;o[C(t,O)g(un) + S(t,0)h(upn) + Gs fn(t)] =
= C(t,0)g(u) + S(t,0)h(a) + Gs f(t)

Now, the uniqueness of the limit algorithm guarantees that (see (3.1)):

=(t) = C(t, 0)g(a) + S(t, 0)h(a) + /0 S(t ) ()de, for every t € J
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By [[10], Lemma 5.1.1], we have that f € S},(. a())’ hence we can conclude that

z € T'r(u). Therefore, I'r has closed graph.
Step 2b: For every [ € N we can consider the real number

t
pp = max/ 2Kae ') m(s)ds (4.16)
ted Jo

where K, a, m are respectively from (pl), (2.6) and (F'4). By means of similar argu-
ments as the ones used to prove (4.5), we can choose | = L large enough so that

pL < 1. (4.17)

In correspondence to such an L we consider the vectorial MNC vz, on C(J; X) defined
in (2.8).

Next, we prove that the integral multioperator I'g is vy -condensing.

First, by (4.9) the equivalence of the norms ||.||oc and ||.||; implies the boundness of
the set I'r(Hpg) in (C(J; X), ||.||lcc) Therefore, condition (I) of v-consensivity holds.
Now we show that condition (II) is satisfied too. So let Q@ C Hpr be a bounded set
such that

v (Q) K v (Tr(Q)), (4.18)

we will prove that v (Q) = 0s.

Recalling that v, (T'g(Q2)) is a maximum (see (2.8)), we consider the countable set
{Yn}n C T'r(Q) which achieves that maximum. Let now {u, }, C Q be a set such that
Yn € Tr(uy), n € N. Moreover, for every n € N, by (4.1), (4.10), (3.1) there exists
fn € Szl«“(.,un(.)) such that

yn(t) = C(£,0)g(un) + S, 0)h(un) + Gsfu(t), t € J. (4.19)
Of course, since (4.18) holds, we have (see (2.8)
(T{un}tn), A{untn)) S vo(Q) S vL(TR(Q) = (T({yntn) Ayntn)). (420
First of all, from the above relation we have the inequality
T({untn) < 7{ynln)- (4.21)
Let us estimate (cf. (2.9))
({yatn) = sup e n({ya(t)}n). (4.22)

Fixed t € J, by using (4.19), (pl) and (p2) of the fundamental system and the
properties of 1, we have

N{yn(®)}n) < n({C(# 0)g(un)n) +n({S(E 0)h(un)}n) + 1({Gs fult)}n) <

< Kn(g({unin)) + Kan(h({un}tn)) + 1({Gs fu(t)}n). (4.23)
)

Being {uy, }rn a bounded set, from hypothesis (ghl) we can deduce that n(g({u,})n) =
0 and n(h({un})n) = 0. Therefore, by (4.23) we have

N{yn(t)}n) < n{Gsfu(t)}n)- (4.24)
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In order to apply Theorem 4.2.2 of [10], we first note that the boundness of {uy}, in
C(J; X) and (F3) imply that the set { f,, }, is integrably bounded. Moreover by (F'4),
for a.e. s € J, we have

n{fn(8)}n) < n(F (s, {un(s)}n)) < mls)n({un(s)}tn) <
< e"*m(s) sup e " n({un (&) }n) = e m(s)T({un}n) =: v(s) (4.25)
fed
where obviously v € L (J).
On the other hand, by using Theorem 3.2 we know that the fundamental Cauchy

operator Gg satisfies (Ggl) and (Gs2). Now we are in the position to apply Theorem
4.2.2 of [10], so we get (cf. (4.25)):

N{Gsfn(t)}n) < 2Ka/0 v(s)ds = 2Ka7({un}n)/0 e m(s)ds, Vt € J,  (4.26)

hence, by (4.24) and (4.26) we have

0({yn(8)}n) < 2Kar({un}n) /0 eLom(s)ds, Vi € J.

From this last inequality, remembering (2.9) and (4.16) with [ = L, we obtain

T({yn}n) < sup [2KGT({un}n)/ e M m(s)ds] < pr7({un}n) (4.27)
teJ 0
Therefore (4.21) and (4.27) imply
T({un}n) < T({yn}n) < pLT({un}n), (428)
and so, since py, < 1 (4.17), we achieve
T({tun}n) = 0. (4.29)

By (4.28) we also deduce
T({yn}n) = 0. (4.30)
Now we show that (cf. (2.10))

A{yn}n) = modc({yn}n) =0 (4.31)

To this aim, we prove that modc ({yn}n) = 0. Indeed, from (4.28) and (2.9), we have
that
n({un(t)}n) =0, Vt € J.

Moreover, the set {f,}, is semicompact since it is integrably bounded and
n{fn(t)}n) = 0, for ae. t € J (see (4.25) and (4.29)). Therefore, recalling again
that Gg satisfies properties (Ggl) and (Gs2), we can apply Theorem 5.1.1 of [10]
so that the set {Ggfn}n is relatively compact in C(J;X). Clearly, if a subset of
C(J; X) is relatively compact, then its elements constitute an equicontinuous fam-
ily on J. Hence, fixed ¢ > 0, there exists d1(¢) = d1(5) > 0 such that for every
t1,ta € J, | t1 —to |< (51(5) we have

[Gsfn(t2) — Gsfaltr)] < 27 Vn € N. (4.32)
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In addition, put dz2(e) =: Tomar(R Ky We have (see (p4), (p5), (2.7) and (gh2))
€
”C(t270)g(un) - C(tla O)g(un)H <Q max{K*a K1}|t2 - t1| < ga (433)

15 (t2, 0)Aun) = S(t1, 0)h(un)|| < @ maz{ K™, K1 }|ts — t1] < g, (4.34)

for all ty,ts € J, | to —t1 |< (52(6), Vn € N.
Now, fixed d(g) = min{d1(¢),02()} > 0, by (4.32), (4.33) and (4.34) we can deduce
that, for every t1,t2 € J such that | t; — t3 |< d(€) we can say

[yn (t2) = yn(t1)]] < [[C(t2,0)g(un) — C(t1,0)g(un)||+
+[15 (2, 0)h(un) = S(t1, 0)h(un)[| + |Gs fu(tz) = Gsfu(tr)] <e,

for all n € N, i.e., the set {yn}, is equicontinuous on J. So we conclude (see (2.10)):

From (4.20), by using (4.30) and (4.35) we deduce v (€2) = 0s.
Hence, condition (I1) of vi-condensity is verified too, therefore I'g is v-condensing.
Step 3: Finally we are in the position to apply Theorem 2.5. Hence the multioperator
I'r has a fixed point in Hg, i.e. there exists x € Hg such that

z(t) = C(t,0)g(z) + S(t,0)h /Sts s)ds, t e J

where f € S}p('@(.)). Of course, x is a mild solution for (2.6).

5. An application

Now we apply the result established in the preceding section to study the con-
trollability of the following non-autonomous wave equation with initial conditions

Pulld) = D) | () 2L 4 f(t, w(t,€),u(t,€)), t € J

w(t,0) = w(t, 27r), telJ,

Ow(t,0) _ dw(t, 2m)
e o€ teJ,

w(0,8) =321, 22” §eR,
Ow(0, m
PR =YL T EER
u(t, &) e U(t, w(t,§)), teJ, £€R
where 0 < ) < ... <t < . <tp <aand 0 < & < ... <& < ... < & < 2m,
FiJxCxC—oR,b:J—RandU:J xR — P(R).

First, we fix the Banach space X = L%(T,C), where T is the quotient group
T = R/27Z of all 2r—periodic 2—integrable functions. As in [8], we will use the

identification between the functions defined on T and the 27w —periodic functions from
R to C. Next, put the Sobolev space

H*(T,C) = {X,: T — C: X,([¢]) = x(£), ©: R — C is 21 — periodic :
L*([0,27],C)},

(5.1)

! 1!
3 @021 T10,27) €
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provided by the norm

| Xzl 20r,0) = 12|l 22 ([0,27),0) + HJ’JHLQ([O72TF],C) + ||$H||L2([0,27r],(C)7 (5.2)
we consider the operator Ag : D(Ag) = H*(T,C) — L?(T,C) so defined
2
Ao X, = 3—530, X, € H*(T,C)

which is the infinitesimal generator of a strongly continuous cosine family {Co(¢) }+er,
where Cy(t) : L?(T,C) — L?(T,C), for every t € R (see [8]). Moreover, we fix the
function P : J — L(H(T,C), L*(T,C)) defined in this way
dX,
Pt)X, = b(t)d—g, telJ, X,e HYT,C).

where we assume that the function b: J — R of (5.1) is C! on J. Now we are in the
position to define the family {A(t) : t € J}, where, for every t € J, A(t) : H*(T,C) —
L?(T,C), is an operator so defined

A(t) = Ao+ P(t), ted (5.3)
In [7] Henriquez has proved that this family generates a fundamental system

{S(t, $)}+,se.s, which is compact (see [8], Lemma 4.1).
On the function f we assume that f : J x H?(T,C) x L?(T,C) — H?(T, C) so defined

ft, z, u) (&) = f(t, z(€), u(®)), t e J, x € H*(T,C), u € L*T,C), [¢] €T,
(5.4)
satisfies the following properties: y
(f1) for every x € I{Q(T, C), wu€ L*(T,C), f(.,z,u) is B-measurable;
(f2) for a.e. t € J, f(t,.,.) is continuous;
(f3) there exists k € L (J):

It 21, u) = f(t, 22, 0|2 (0.2n,0) < E(E)||21 — 22|12 ((0,20],0)
for a.e. t € J, 1,22 € H*(T,C), u € LQQ']I‘,(C) ;
Moreover we require that the multimap U : J x H?(T,C) — P(L*(T,C)) so defined
U(t, w)([g) = Ut, 2(€)), t€J, € HA(T,C), [{] €T, (5:5)
satisfies the conditions B
(U0) for every t € J, z € H*(T,C), U(t,z) is compact;
(U1) for every z € H?(T,C), U(.,z) is measurable;
(U2) for a.e. t € J, U(t,.) is upper semicontinuous;
(U3) U is superpositionally measurable, i.e. for every measurable multimap V' :
H*(T,C) — Py(L*(T,C)) the multimap U(.,V(.)) is measurable;
(U4) f(t, =, U(t,z)) is convex, t € J, x € H*(T,C);
(U5) there exists v € L} (J) such that

1f(t,2, Ut 2) |2 o2n.c) < @)L+ 2]l a2 (o.2x.0)):
for a.e. t € J, for all z € H?(T, C);
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(U6) for every t € J, x € H?(T,C) and for any bounded Q@ C H?(T,C), the set
f(t, =, U(t,Q)) is compact in H%(T,C);
Now we introduce the map F : J x H?(T,C) — P(H?*(T,C)) so defined
F(t, z)= f(t, z, U(t,x)), teJ, zc H*T,C), (5.6)

and the maps g : C(J; H*(T,C)) — H*(T,C) and h : C(J; H*(T,C)) — H*(T,C)
respectively defined in the following way

Z 2T el e T, @ € C(J: H(T, C)): (5.7)

Z x € C(J; H*(T,C)). (5.8)
i=0 i
The previous arguments lead to revise a function w : J x R — C such that

w(t,.) 2m — periodic, teJ
w(t,.) lp2x€ L*([0,27]),C), teJ
as x: J — L*(T, C) so defined

z@)([§) = w(t,€), ted, [eT. (5.9)

)=
Hence we can rewrite problem (5.1) in the form
a"(t) € le@)]" + b(O)[x(®)) + F(t,2(1)), t € J
2(t)([0]) = z(@)([2x]), [@))'((0)) = [=(®))([27]), te ]

2(0) = g(x)
2'(0) = h(x)

First, we note that the conditions (U4) and (U6) imply respectively that the
multimap F' (see (5.6)) takes convex and compact values. Moreover, by (U1) we can
say that, for every z € H?(T,C), the multimap Q, : J — P(H?*(T,C) x L?*(T,C))
defined as Q,(t) = {z} x U(t,z), t € J is measurable. Hence from conditions (f1),
(f2) we have that F(.,z) = f(., Q.(.)) is measurable. Now by using the classical
Kuratowski Ryll-Nardzewski measurable selection theorem we can conclude that the
hypothesis (£'1) is fulfilled. On the other hand, from (U2) we have that, for a.e. t € J,
the multimap V; : H(T,C) — P(H?(T,C) x L*(T,C)), Vi(z) = {z} x U(t,x), = €
H?(T, C), is upper semicontinuous and so, taking into account of (f2), Theorem 1.2.8
of [10] implies that (F'2) holds. Moreover, by using (U5) we deduce that F' has the
property (F'3).

Next we prove that the multimap F' satisfies the condition (F'4). Fixed t € J such
that the property expressed in (f3) holds, we consider the multimap B; : H?(T, C) x
H?(T,C) — P(H*(T,C)) defined as By(x,y) = f(t y, U(t,x)), x,y € H*(T,C).
Then, we fix , y1, y2 € H?(T,C) and let b; = f(t y1, u) and by = f(t, Yo, u) €
By(z,y2), where u € U(t,z). From (f3) there exists k € L} (J):
u)

(5.10)

b2 — billg2(o2n.c) = |FE Y2 u) — F(t,y1, 0] m2(0.24.0)

< k®)lly2 — villzz(0,271.0)
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by which we can deduce that the multimap By(z,.) is k(t)-Lipsichitz with respect to
the Haudorff metric. Moreover we also can note that (U6) allows to say that, for every
bounded subset Q of H2(T,C), the set B,(Q x {y}) = f(t, v, U(t, Q)) is compact
in H?(T,C). Therefore all hypotheses of Proposition 2.2.2 of [10] are satisfied, hence
we have

n(E(t, Q) =n(f(t, @ x Ut,Q) =n(Bi(2 x Q) < k(t)n(Q)

where 7 is the Hausdorff MNC in H?(T,C).

Then we can conclude that (F'4) holds.

Finally, obviously the maps g and h have the properties (ghl) and (gh2) required
in our existence theorem. Then from Theorem 4.1 we can deduce that there exists a
continuous function & : J — H?(T,C) that is a mild solution for (5.10), i.e.

0

() = =52 5(t5) Lo glu) + S0 + [ S a(de, te s (511)

where g € S};(V@(_)) ={pe L' (J;X):p(t) € F(t,2(t)) a.e. t € J}.

Now, since U is superpositionally B-measurable (see (U3)), the multimap @ : J —
P(H?(T,C) x L*(T,C)) so defined Q(t) = {(&(t), U(t,&(t))}, t € J, having com-
pact values (see (U0)), is strongly measurable. Moreover, we recall that the mul-
timap F takes compact values in H?(T,C) and that it has the properties (F'1)
and (F2). Hence, we are in the position to apply the Filippov implicit function
lemma in the version furnished in ([15], Corollary 1.15). Then we can say that
there exists a Bochner-measurable selection @ : J — L?(T,C) of the multimap
F(,Q() = f(., &(.), U(t,&(.))). At this point, by considering the following func-
tions w:J xR — Cand u:J xR — C so defined

w(tag) = j"(t)([f])a ted, £€R
u(t, &) =a(t)([¢]), ted, R,

we can conclude that {w,u} is an admissible mild-pair for the problem (5.1).
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1. Results

Consider the complex n-dimensional space C™ endowed with the indefinite inner
product
[v,9]ls =y"Jz, x,y€C",
where J = I,. ® —I,,_,, and corresponding J-norm
R A 2 Sl S o Ly Y L F e
In the sequel we shall assume that 0 < r < n, except where otherwise stated.
The J-adjoint of A € C™*" is defined and denoted as
[A*z, x] = [z, Ax]
or, equivalently, A% := JA*J, [4]. The matrix A is said to be J-Hermitian if A% = A,
and is J-positive definite (semi-definite) if JA is positive definite (semi-definite). This
kind of matrices appears on Quantum Physics and in Symplectic Geometry [10]. An
arbitrary matrix A € C™*" may be uniquely written in the form
A =Re’A+iIm’ A,
where
Re’A = (A + A%")/2, Tm” A = (A — A%)/(2i)
are J-Hermitian. This is the so-called J-Cartesian decomposition of A. J-Hermitian

matrices share properties with Hermitian matrices, but they also have important
differences. For instance, they have real and complex eigenvalues, these occurring in
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conjugate pairs. Nevertheless, the eigenvalues of a J-positive matrix are all real, being
r positive and n — r negative, according to the J-norm of the associated eigenvectors
being positive or negative. A matrix A is said to be J-accretive (resp. J-dissipative)
if JRe” A (resp. JIm” A) is positive definite. If both matrices JRe” A and JIm” A are
positive definite the matrix is said to be J-accretive dissipative. We are interested in
obtaining determinantal inequalities for J-accretive dissipative matrices. Determinan-
tal inequalities have deserved the attention of researchers, [2], [3], [5]-[9], [11].

Throughout, we shall be concerned with the set

D7 (A,C) = {det(A+VCV#): V cU(r,n —1)},

where A,C € C"*" are J-unitarily diagonalizable with prescribed eigenvalues and
U(r,n —r) is the group of J-unitary transformations in C* (V is J-unitary if VV# =
I), [12]. The so-called J-unitary group is connected, nevertheless it is not compact. As
a consequence, D7 (A, C) is connected. This set is invariant under the transformation
C — UCU# for every J-unitary matrix U, and, for short, D/(A,C) is said to be
J-unitarily invariant.

In the sequel we use the following notation. By S, we denote the symmetric
group of degree n, and we shall also consider

—{UGS o(j)=4, j=r+1,...,n}, (1.1)

*{UGSHC ()*]ajfl } (12)
Let o, v; € C, j = 1,...,n denote the eigenvalues of A and C, respectively. The
rl(n — r)! points

2o = 2er = [ (a5 + %) [ (@5 +70)s §€ 85, T8 (1.3)
j=1 Jj=r+1

belong to D7 (A, C).
The purpose of this note, which is in the continuation of [1], is to establish the
following results.

Theorem 1.1. Let J = I, &—1,,_,, and A and C be J- positive matrices with prescribed
real eigenvalues

a1 > .. 2a>0> 001> > a, (1.4)
and

Mz Z2m>0>%400 200 2 T, (1.5)
respectively. Then

| det(A +iC)| > (a2 +12) ... (a2 +2)) 2.

Corollary 1.2. Let J =I1,&—1, ., and B be a J-accretive dissipative matriz. Assume
that the eigenvalues of Re’ B and Im”’ B satisfy (1.4) and (1.5), respectively. Then,

| det(B)] > (a3 +72)... (a2 +42))"/*.
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Example 1.3. In order to illustrate the necessity of A and C to be J-positive matrices
in Theorem 1.1, let A = diag(ay,aq), C = diag(v1,72), with aq =11 =1, an = 3/2,
v2 = =2, and J = diag(1,—1). We find (a? + ~3)(a3 + 73) = 27/2. However, the
minimum of | det(A + iV BV#|2, for V ranging over the J-unitary group , is 49/4.

Theorem 1.4. Let J =1, ®—1I,_,, and A and C be J-unitary matrices with prescribed
etgenvalues
Oy eeny Oy Qg 1y ey Oy
and
VL ooy Vs Yrbds e - Yn
respectively. Assume moreover that

&_U-S&<O<%SH~S& (1.6)
2(1 +Ray) 2(1 + Rov) 2(1 + Roy41) 2(1 + Rawy)
and
x x X x
S o % Swn oo S gy
2(1 = Rm) 2(1 = Ryy) 2(1 = Ryr41) 2(1 = Rym)
Then
D7(A,C) = (a1 + 1) ... (an +70)[1, +00] .
We shall present the proofs of the above results in the next section.
2. Proofs

Lemma 2.1. Let g : U(r,n —r) — R be the real valued function defined by
g(U) = det(I + Ay ' UCoJU* JAG ' UC,JU* ),

where Ag = diag(aq, . .., an), Co = diag(y1, ..., vn) and oy, 7y, satisfy (1.4) and (1.5).
Then the set
{UelU(r,n—r):9(U) <a}l,

n ’72
> 1+ 2|,

j=1 J

where

18 compact.
Proof. Notice that JAg > 0, JCy > 0, so we may write
g(U) =det(I + WW*WW™),
where
W = (JAo)~Y2U(JCoy)'2.

The condition g(U) < a implies that W is bounded, and is satisfied if we require that
WW* < kI, for k > 0 such that (1 + k?)" < a. Thus, also U is bounded. The result
follows by Heine-Borel Theorem. O
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Proof of Theorem 1.1

Under the hypothesis, A is nonsingular. Since the determinant is J-unitarily
invariant and C' is J-unitarily diagonalizable, we may consider C' = diag(y1,...,Vn)-
We observe that

|det(A+iC)|? = det ((A +iC)(A —iC)) <Ha> det (I +iA™'C)(I —iA™'C))

Clearly,
det (I +iA7'C)I —iA'C)) = det(I + A~'CAT'O).

The set of values attained by |det(A+iC)|? is an unbounded connected subset of the
positive real line. In order to prove the unboundedness, let us consider the J-unitary
matrix V obtained from the identity matrix I through the replacement of the entries
(r,r), (r+1,7+1) by cosh w, and the replacement of the entries (r,7+1), (r+1,r)
by sinh u, u € R. We may assume that Ay = diag(ay, ..., ay,). A simple computation
shows that

|det(Ag + iVOV#)|? H 7))
j=

- 2(aT - aTJrl)( 7T+1)(ar+1'7r + ar’}’r+1)(Sinh u)2

+ (ar = @ 11)* (3 — Y1) (sinh w)*.
Thus, the set of values attained by |det(Ay +iVCV#)] is given by

[(of +97)' 2. (g +97)"/?, +ool
As a consequence of Lemma 2.1, the set of values attained by |det(A+iC)|? is closed
and a half-ray in the positive real line. So, there exist matrices A,C such that the
endpoint of the half-ray is given by | det(A+iC)|?. Let us assume that the endpoint of
this half-ray is attained at | det(A+iC')|%. We prove that A commutes with C. Indeed,
for € € R and an arbitrary J-Hermitian X, let us consider the J-unitary matrix given
as

62
X —i+4ieX — 5X2+
We obtain by some computations
f(e) := det(I + A" te X CeleX A=te 71X CeicX)
=det(I + AT'CA™IC —ie(A71[X,ClATIC + ATICATYX, C)) + O(€?)
=det(I + A~'CAIC)
x det (I —ie(I+A'CAT'C) (AT [X,CIA™'C + AT'CAT[X,C])) + O(e?)
=det(I + A~'CAIC)
x exp (—ietr(I+ A 'CAT'C) (AT X, ClA™'C + AT'CAT[X, C]))) +O(€%),
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where [X,Y] = XY — Y X denotes the commutator of the matrices X and Y. The
function f(€) attains its minimum at det(I + A=*CA~1C), if

daf

=0.
de .,

Then we must have
tr(I+A'CAT'C) " (AT X,ClA™'C+ AT CATY[X,C])) =0,
for every J-Hermitian X. That is
[C,(A7'C(I+ A7'cA o) T A+ (T + ATcA o)t AT oA = o,
and so, performing some computations, we find
[C,(A"'C(I+ A7 tcA~ o)yt A e+ (T + A fcA™ o) tAtcA1O)

A-lcA-tc I
=2 {C’ I+A—1CA—1C} =2 {C’ =t a7caic
o I B 2r s I B
=2 [C’ I+A10AlC] T I+ (A10)2 (G, (a7ey] I+ (A-1C)2 =0
Thus
[C.(A7'C)’] = 0.

Assume that C, which is in diagonal form, has distinct eigenvalues. Then (A~1C)? is
a diagonal matrix as well as ((JA)~'JC)?2. Furthermore, ((JC)/2(JA)~1(JC)/?)?
is diagonal. Since (JC)/2(JA)~1(JC)/? is positive definite, it is also diagonal, and
so are (JA)~1JC and A~'C . Henceforth, A is also a diagonal matrix and commutes
with C. (If C has multiple eigenvalues we can apply a perturbative technique and use
a continuity argument).

For o € S, such that o(1),...,0(r) <r, we have

(@ +750) - (@f +920) = (@ +77) - (e + 7).

Thus, the result follows. O
In the proof of Theorem 1.4, the following lemma is used (cf. [1, Theorem 1.1]).

Lemma 2.2. Let B, D be J-positive matrices with eigenvalues satisfying

512-~~2ﬂr>0>ﬂr+12~->ﬂna
and
01>2...26,>0>0,31>...> 0y
Then
D?(B,D) ={(B1 +01)...(Bn +8,) t:t>1}.

Proof of Theorem 1.4
Since, by hypothesis, A,C, are J-unitary matrices, considering convenient
Mobius transformations, it follows that
1A—1T 1C+1T1

B=savr P=30-1 2.1)
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are J-Hermitian matrices. Since
B+D=—i(A+1)"C+ A)(C—-1)""

we obtain "
det(B + D) = in . detld+0)

1" =% .
Hj:l(l + a;)(1 =)
Assume that the eigenvalues of B and D are
U(B) = {515 <. ’671}3 O(D) = {51a - 76n}a

respectively. From (2.1) we get,

ﬂ‘ _ %O[j 5= — %’YJ
= T Ray) YT a0y
From (1.6) and (1.7) we conclude that

512«~~Zﬁr>0>ﬂr+12~~>ﬂna
and
0 >...>0, >O>5T+1> . > 0p,
so that the matrices B and D are J-positive. From Lemma 2.2 it follows that

D’(B,D) = (B1 +61) ... (Bn + 8n)[1, +0] .
Thus, D7(A, C) is a half-line with endpoint at
(al + 71) e (an + ’Vn)a

or, more precisely,

DJ(A,C):{(al +71) (o + ) tit > 1} O
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Ball convergence of a stable fourth-order
family for solving nonlinear systems under
weak conditions

Ioannis K. Argyros, Munish Kansal and Vinay Kanwar

Abstract. We present a local convergence analysis of fourth-order methods in
order to approximate a locally unique solution of a nonlinear equation in Banach
space setting. Earlier studies have shown convergence using Taylor expansions and
hypotheses reaching up to the fifth derivative although only the first derivative
appears in these methods. We only show convergence using hypotheses on the
first derivative. We also provide computable: error bounds, radii of convergence
as well as uniqueness of the solution with results based on Lipschitz constants not
given in earlier studies. The computational order of convergence is also used to
determine the order of convergence. Finally, numerical examples are also provided
to show that our results apply to solve equations in cases where earlier studies
cannot apply.

Mathematics Subject Classification (2010): 65D10, 65D99.

Keywords: Local convergence, nonlinear equation, Lipschitz condition, Fréchet
derivative.

1. Introduction

Let By, By be Banach spaces and D be a convex subset of B;. Let also L(By, Bs)
denote the space of bounded linear operators from B; into Bs.

In the present paper, we deal with the problem of approximating a locally unique
solution xz* of the equation

F(x)=0, (1.1)
where F': D C By — By is a Fréchet-differentiable operator.

Numerous problems can be written in the form of (1.1) using Mathematical
Modelling [3, 5, 8, 9, 12, 13, 18, 19, 22, 26, 28, 29, 30]. Analytical methods for solving
such problems are almost non-existent and therefore, it is only possible to obtain
approximate solutions by relying on numerical methods based on iterative procedure
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[1-24]. In particular, we present the local convergence of the methods studied in [14]
and defined for each n =0,1,2,3,... by

Yn = Tn — F/(xn)_lF(mn)7

on = Y — %F’@@*lF(yn), (12)

zn+1 = Zn — F/(:CTL)71 (OéF(yn) + 6F(Zn))v

Wherea:2f%fﬂ, £ € R\{0} and o € R.

Method (1.2) has fourth-order of convergence, except for 8 = 1/5. For this partic-
ular value, method attains fifth-order of convergence. The fourth order of convergence
was based on Taylor expansions and hypotheses reaching up to the fifth derivative of
function F' although only the first derivative appears in these methods. Moreover, no
computable error bounds on the distances ||z,, — z*|| or uniqueness results or com-
puatble radius of convergence were given. These problems reduce the applicability of
these methods.

As a motivational example, define function F on D = [}, 5] by

F(z) =

23 Ina? + 25 — 24, x #£0,
0, xz=0.

Choose z* = 1. We have that
F'(z) = 32° Inz? + 5% — 42 + 227,
F"(z) = 6zlnz? + 202 — 1222 4 10z,
F"(z) = 6Inx? + 602% — 24z + 22.

Then, the results in [14] cannot be used to solve the equation F'(z) = 0, since function
F"" is unbounded on D.

In the present study, we only use hypotheses on the first derivative and find
error bounds, radii of convergence and uniqueness results based on Lipschitz con-
stants. Moreover, since we avoid derivatives of order higher than one, we compute the
computational order of convergence which does not require the knowledge of z* or
the existence of high order derivatives. This way we expand the applicability of these
methods.

The rest of the paper is organized as follows: The local convergence of both meth-
ods is given in Section 2, whereas numerical examples are provided in the concluding
Section 3.

2. Local convergence

We present the local convergence analysis of method (1.2) in this section.
The local convergence analysis is based on some scalar functions and parameters.
Let Ly >0, L >0, M > 1, 8 € R\{0} and « € R be given parameters. Define function
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91,92, ha, g3 and hg on the interval [0, Lio) by

Lt
g1(t) :m7

M
g2 t) :<1 + m)gl(t)v

(
ha(t) =ga(t) — 1,
(
(

M alon0) + Blaa(0),

and parameter r4 by

2
2L+ L’
We have that gi1(ra) =1 and 0 < g1(¢) < 1 for each ¢t € [0,74).
We also get that h2(0) = hs(t) = —1 < 0 and ha(t) = +oo, hs(t) = 400 as
-
TO'
zeros in the interval (0, L%) Denote by 72 and r3 the smallest such zeros.
Define the convergence radius r by

rA

t — It follows from intermediate value theorem that functions ho and hs have

r=min{ra,ro,r3}. (2.1)
Then, we have that
0<r<ry (2.2)
and
0<gi(t) <1, i=1,2,3. (2.3)

Let U(v, p) and U(v, p) stand, respectively for the open and closed balls in B; with
center v € By and of radius p > 0. Next, we present the local convergence analysis of
method (1.2) using the preceding notation.

Theorem 2.1. Let F : D C By — By be a Fréchet-differentiable operator. Suppose
that there exist x* € D and Lo > 0 such that for each x € D

F(z*) =0, F'(z*)"! € L(Ba, By), (2.4)
and
[F" (@)~ (F' (2) = F'(a"))|| < Lol|lz — ™. (2.5)
Moreover, suppose that there exist constants L > 0 and M > 1 such that for each
z,y € Dy ::DﬂU(x*,LLO)

[F' ()" (F' (2) = F'(y))]| < Lllz = yll, (2.6)
|F' ()" F ()| < M (2.7)

and
U(z*,r) C D, (2.8)

where the radius of convergence r is defined by (2.1). Then, the sequence {z,} gener-
ated for xg € U(a*,r)-{a*} by method (1.2) is well defined, remains in U(x*,r) and
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converges to the solution x* of equation F(x) = 0. Moreover, the following estimates
hold

lyn — 2"l < g1(llzn — 2" Dllzn — 2™ < lon — 27| <, (2.9)
20 — 27| < g2(l|lzn — 2*|)lan — 27| < [lon — 27| (2.10)

and
[znt1 — 2" < gs([|on — 2"z — 27| < [z — 27, (2.11)

where the “g” functions are defined previously. Furthermore, for T € [r, L%)’ the limit
point x* is the only solution of F(x) =0 in Dy :=U(x*,T)N D.

Proof. We shall show estimates (2.9)—(2.11) using mathematical induction. By hy-
pothesis xg € U(z*,r)-{z*}, (2.1), (2.4) and (2.5), we have that

| E'(x*) " (F'(z0) — F'(2*))|| < Lollwo — 2*|| < Lor < 1. (2.12)
It follows from (2.12) and the Banach lemma on invertible functions [7, 26, 28, 30]
that F/((E(])il S L(BQ,Bl) and

1
F'(zo) ' F'(2")|| € ———
1E (o) F @O < 3o

Hence, yo, 20, x1 are well defined by method (1.2) for n = 0. We can have that
Yo — % = xg — x* — F'(x0) "' F(x0). (2.14)
Using (2.1), (2.2), (2.3) (for i = 1), (2.6), (2.13) and (2.14), we obtain in turn that
lyo — 2™ = llzo — 2 = F'(w0) ™" F(xo) | < |F"(20) ™ F' (")

1/ P (P Ol — 2°) — F(a) ) (a0 — )]

(2.13)

(2.15)
_ Ll —a|?
= 2(1 = Lollzo — z*|)
= 91([lwo — 2" |Dzo — ™| < flwo — 27| <1,
which shows (2.9) for n = 0 and yo € U(x*,r). We also have that
1
Fla) = Flz) — F(z*) = / F'(@* + (o — %)) (z0 — 2)d6. (2.16)
0

Notice that ||z* 4+ 0(xg — z*) — a*|| = 0||zo — 2*|| <7, so x* + 0(zo — x*) € U(x*, 7).
Then, by (2.7) and (2.16), we get that

1F" (&)~ F (wo) || < Mlzo — 7. (2.17)

In view of (2.1), (2.2), (2.3) (for i = 2), (2.13), (2.15) and (2.17) (for 2o = o), we get
that
Mlyo — x*||
18](1 = Lo||zg — z*|))
M
<(1+ oo — 2 M) e — 2
< |6|(1*L0H$ofx*||))gl(H 0 N llzo I

= g2(llwo — 2™ |) o — 27| < [lzo — 27| <7,

lz0 — 2" < llyo — 2™l +

(2.18)
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which shows (2.10) for n = 0 and 2z € U(z*,r). By (2.1), (2.2), (2.3) (for i = 3),
(2.13), (2.15) and (2.17) (for xo = yo), we get that

M
Lo([lzo — =]
M
< xo — x"||) +
< [oeleo ") + T o=
+ 1819210 — 2 1)) ] llzo — 27|

= g3([lwo — 2™ |lxo — 27| < llwo — 27| <1,

21 =27 < ll2o — 27| + 5 ) (Iellyo — "1l + 1Blll20 — 2" [))

(Jelgr (lzo — z*|]) (2.19)

which shows (2.11) for n = 0 and x; € U(z*,r). By simply replacing xo,yo,z1 by
Zny Yn, Tnt1 0 the preceding estimates, we complete the induction for estimates (2.9)—
(2.11). Then, in view of the estimate
[#n41 — 2" < cllzn — 2™ <7, c=gs(llzo —27[) €0,1),
we deduce that lim z, = z* and 2,41 € U(z*,r). Finally, to show the uniqueness
n—oo
part, let y* € Dy with F(y*) = 0. Define

Q= / “+0(y" —x")db.
Using (2.5), we get that
L L
IF'@) @ = F'@)ll < Flla” =y < FT<1. (2.20)

Hence, Q! € L(Bsy, B1). Then, by the identity 0 = F(y*) — F(2*) = Q(y* — z*), we
conclude that x* = y*. O

Remark 2.2. 1. The condition (2.7) can be dropped, since this condition follows
from (2.5), if we set
M(t) =1+ Lot

or

since ¢ € [0, ).

2. The results obtained here can also be used for operators F' satisfying autonomous
differential equations [5, 7] of the form:

F'(z) = P(F(x)),
where P is a continuous operator. Then, since F'(z*) = P(F(z*)) = P(0),

*

we can apply the results without actually knowing z*. For example, let
F(z) = e* — 1. Then, we can choose P(z) = = + 1.

3. The radius 74 = STorLT +
Newton’s method [5]

Tpy1 = Ty — F'(2,) ' F(z,,), for eachn =0,1,2,... (2.21)

77 was shown by us to be the convergence radius of
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provided the conditions (2.4)-(2.6) hold on D. Let Ly be the corresponding to
L constant. It follows from the definition of r that the convergence radius r of
the method (1.2) cannot be larger than the convergence radius 14 of the second
order Newton’s method (3.3). As already noted in [5], 74 is at least as large as
the convergence ball given by Rheinboldt [28]

2
rrR = E
In particular, for Ly < Ly, we have that
rp <T1
and r 1 L
é — 3 as L—[l) — 0.

That is our convergence ball 14 is atmost three times larger than Rheinboldt’s.
The same value of rg was given by Traub [30]. Notice that L < Ly, since Dy C D.
Therefore, 1y < ry4.

4. Tt is worth noticing that method (1.2) is not changing when we use the conditions
of Theorem 2.1 instead of stronger conditions used in [14]. Moreover, we can
compute the computational order of convergence (COC) defined by

hl ( ”wn+17$* H )
é—* = sup H$n_$*”
tn (plz==l)’

n—1—a~]
or the approximate computational order of convergence (ACOC) defined by
ln ( ”zn+1793n” )
. lzn—2n—1]]
& =sup .
11’1 ( H-Tn_l'n—ll‘ )

lon—1—2n—2l

This way we obtain in practice the order of convergence in a way that avoids
the bounds involving estimates using estimates higher than the first Fréchet
derivative of operator F. Notice also that the computation of £ does not require
knowledge of x*.

3. Numerical examples

We present numerical examples in this section.
Example 3.1. Let X =Y =R3, D = U(0,1), 2* = (0,0,0)7. Define function F on
D for w = (z,y, 2)T by

-1
F(w) = (e =1, 5=y +4.2)".

Then, the Fréchet derivative is given by
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We have that Lo = e — 1, L = eTo = 1.789572397, M = eTo = 1.7896 and L, = e.
The parameters using method (1.2) are:

ra = 0.382692, ro = 0.145318, r3 = 0.0826175, r = 0.0826175, r4 = 0.324947.

Example 3.2. Let By = By = ([0, 1], the space of continuous functions defined on
[0,1] and be equipped with the max norm. Let D = U(0,1) and B(z) = F"(x) for
each x € D. Define function F' on D by

F(é)(a) = o(e) =5 | ato(6)'as (3.1)
We have that

1
F'(¢(€))(x) = &(x) — 15/0 x9¢(0)2§(0)d0, for each £ € D. (3.2)

Then, we get that z* = 0, Ly = 7.5,L; = 15, L = 15, M = 2. The parameters using
method (1.2) are:

r4 = 0.0666667, ro = 0.0198959, r3 = 0.0101189, r = 0.0101189, r4 = 0.0666667.
Example 3.3. Let B; = B, =R, D = U(0,1). Define F on D by
F(z)=¢€" - 1.

Then, F'(z) = e” and £ = 0. We get that Lo =e—1 < L = eTo < Ly =eand M =2.
Then, for method (1.2) the parameters are:

ra = 0.382692, ro = 0.13708, r3 = 0.0742433,
r =0.0742433, ra = 0.324947, & = 3.8732.
Example 3.4. Let By = By = R and define function F on D = R by
F(z) = Bz —ysin(x) — 4, (3.3)

where 3, =, 0 are given real numbers. Suppose that there exists a solution & of
F(z) = 0 with F’(£) # 0. Then, we have

el vl + 18]
_ M= ———
|3 —vcosé|’ |3 — v cosé]

Then one can find the convergence radii for different values of 3, v and d. As a specific
example, let us consider Kepler’s equation (3.3) with 5 =1,0<y<land 0< 4§ <.
A numerical study was presented in [15] for different values of v and d. Let us take
v =0.9 and 6 = 0.1. Then the solution is given by z* = 0.6308435.

Hence, for method (1.2) the parameters are:

Li=Ly=L=

ra = 0.202387, ro = 0.032669, r3 = 0.00804637,

r = 0.00804637, 74 = 0.202387, ¢ = 4.0398.
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Example 3.5. Returning back to the motivational example at the introduction of this
paper, we have that L = Ly = 146.6629073, M = 2, L; = L. The parameters using
method (1.2) are:

74 = 0.00689682, ro = 0.0033639187, r3 = 0.00230533728667086,
r = 0.00230533728667086, 14 = 0.00689682 and & = 3.4324.

References

[1] Adomian, G., Solving Frontier problem of physics: The decomposition method, Kluwer
Academic Publishers, Dordrechet, 1994.

[2] Amat, S., Busquier, S., Guttiérrez, J.M., Geometric constructions of iterative functions
to solve nonlinear equations, J. Comput. Appl. Math., 157(2003), 197-205.

[3] Amat, S., Busquier, S., Plaza, S., Dynamics of the King’s and Jarratt iterations, Ae-
quationes. Math., 69(2005), 212-213.

[4] Amat, S., Herndndez, M.A., Romero, N., A modified Chebyshev’s iterative method with
at least sizth order of convergence, Appl. Math. Comput., 206(1)(2008), 164-174.

[5] Argyros, LK., Convergence and Applications of Newton-type Iterations, Springer, 2008.

[6] Argyros, I.LK., Chen D., Quian, Q., The Jarratt method in Banach space setting, J.
Comput. Appl. Math., 51(1994), 103-106.

[7] Argyros, LK., Hilout S., Computational Methods in Nonlinear Analysis, World Scientific
Publ. Comp. New Jersey, 2013.

[8] Argyros, I.LK., Magrefidn, A.A., Ball convergence theorems and the convergence planes
of an iterative method for nonlinear equations, SeMA, 71(1)(2015), 39-55.

[9] Argyros, LK., George, S., Local convergence of some high-order Newton-like method with
frozen derivatives, SeMA. doi: 10.1007/s40324-015-00398-8.

[10] Babolian, E., Biazar, J., Vahidi, A.R., Solution of a system of nonlinear equations by
Adomian decomposition method, Appl. Math. Comput., 150(2004), 847-854.

[11] Cordero, A., Torregrosa, J.R., Variants of Newton’s method using fifth-order quadrature
formulas, Appl. Math. Comput., 190(2007), 686—698.

[12] Cordero, A., Torregrosa, J.R., Variants of Newton’s method for functions of several
variables, Appl. Math. Comput., 183(2006), 199-208.

[13] Cordero, A., Torregrosa, J.R., Vassileva, M.P., Increasing the order of convergence of
iterative schemes for solving nonlinear systems, J. Comput. Appl. Math., 252(2012),
86-94.

[14] Cordero, A., Gutiérrez, J.M., Magrenan, A.A., Torregrosa, J.R., Stability analysis of a
parametric family of iterative methods for solving nonlinear models, Appl. Math. Com-
put. (to appear).

[15] Danby, J.M.A., Burkardt, T.M., The solution of Kepler’s equation, I. Celest. Mech.,
31(1983), 95-107.

[16] Darvishi, M.T., Barati, A., A third-order Newton-type method to solve systems of non-
linear equations, Appl. Math. Comput., 187(2007), 630-635.

[17] Darvishi, M.T., Barati, A., Super cubic iterative methods to solve systems of nonlinear
equations, Appl. Math. Comput., 188(2007), 1678-1685.



Ball convergence of a stable fourth-order family 135

[18] Ezquerro, J.A., Herndndez, M.A., New iterations of R-order four with reduced compu-
tational cost, BIT Numer Math., 49(2009), 325-342.

[19] Ezquerro, J.A., Herndndez, M.A., A uniparametric halley type iteration with free second
derivative, Int. J. Pure and Appl. Math., 6(1)(2003), 99-110.

[20] Golbabai, A., Javidi, M., A new family of iterative methods for solving system of non-
linear algebraic equations, Appl. Math. Comput., 190(2007), 1717-1722.

[21] Gutiérrez, J.M., Herndndez, M.A., Recurrence relations for the super-Halley method,
Comput. Math. Appl., 36(1998), 1-8.

[22] Kou, J., A third-order modification of Newton method for systems of nonlinear equations,
Appl. Math. Comput., 191(2007), 117-121.

[23] Montazeri, H., Soleymani, F., Shateyi, S., Motsa, S.S., On a new method for computing
the numerical solution of systems of nonlinear equations, J. Appl. Math. 2012, Article
ID 751975.

[24] Noor, M.A., Waseem M., Some iterative methods for solving a system of nonlinear equa-
tions, Comput. Math. Appl., 57(2009), 101-106.

[25] Petkovié, M.S., Neta, B., Petkovi¢, L.D., Dzunié, J., Multipoint Methods for Solving
Nonlinear Equations, Elsevier, Amsterdam, 2013.

[26] Potra, F.A., Ptdk, V., Nondiscrete introduction and iterative processes, Research Notes
in Mathematics, Pitman, Boston, MA, 103(1984).

[27] Qifang, Su., A unified model for solving a system of nonlinear equations, Appl. Math.
Comput. (to appear).

[28] Rheinboldt, W.C., An adaptive continuation process for solving systems of nonlinear
equations, Mathematical Models and Numerical Methods (A.N. Tikhonov et al. eds.),
Banach Center, Warsaw, Poland, 3(19), 129-142.

[29] Sharma, J.R., Guha, R.K., Sharma, R., An efficient fourth-order weighted-Newton
method for systems of nonlinear equations, Numer. Algor., 62(2013), 307-323.

[30] Traub, J.F., Iterative Methods for the Solution of Equations, Prentice-Hall, New Jersey,
1964.

Toannis K. Argyros

Department of Mathematical Sciences
Cameron University, Lawton, OK 73505, USA
e-mail: iargyros@cameron.edu

Munish Kansal

(Corresponding author)

University Institute of Engineering and Technology
Panjab University, Chandigarh-160-014, India
e-mail: mkmaths@gmail.com

Vinay Kanwar
University Institute of Engineering and Technology
Panjab University, Chandigarh-160-014, India






Stud. Univ. Babes-Bolyai Math. 62(2017), No. 1, 137-138

Book reviews

Aram V. Arutyunov and Valeri Obukhovskii; Convex and set-valued analysis. Selected
topics, De Gruyter Graduate, De Gruyter, Berlin 2017, viii+201 p., ISBN: 978-3-11-
046028-5/pbk; 978-3-11-046030-8 /ebook.

The book, consisting of two relatively independent parts, is based on courses
taught by the first author at the Moscow State University and by the second one at
the Voronezh University. A preliminary Russian version, written by the first author,
was published in 2014 with Fizmatlit Editors, Moscow, but the present book contains
many additions and extensions.

The first part of the book is devoted to convex analysis - convex sets, separation
of convex sets, convex functions, continuity and differentiability properties of convex
functions, the Young-Fenchel conjugate, convex cones. Although, for more clarity and
accessibility, the presentation is done, in general, in the finite dimensional Euclidean
case, some topics are treated in a more general context - the separation of convex
sets in a normed space, the existence of some positive functionals on normed spaces
ordered by closed convex cones, and the Young-Fenchel conjugate in a Hilbert space.

The second part is devoted to set-valued analysis. After a detailed introduction
to Hausdorff metric and its essential properties, one passes to the study of continu-
ity (upper and lower) of set-valued maps. Measurable set-valued maps and measur-
able selections, with applications to set-valued superposition operators (satisfying a
Carathéodori-type condition), are included as well. An important part of the book is
devoted to fixed point and coincidence point theorems for set-valued maps (mainly),
with applications to differential inclusions. Several nice results of the authors, involv-
ing metric regularity and covering maps theory, are presented. A proof of the Brouwer
fixed point theorem based on the degree theory for single-valued maps is given, while
the degree theory for set-valued maps is applied to fixed point results for this kind of
maps.

Numerous examples and exercises complete the main text. The prerequisites are
minimal: basic topology, some linear algebra and rudiments of functional analysis.

Written by two experts in these areas and based on their teaching experience, the
book contains a clear and accessible introduction to convex and set-valued analysis.
It can be used for courses on these topics or for self-study.

Adrian Petrugel
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Vidyadhar S. Mandrekar; Weak convergence of stochastic processes. With applica-
tions to statistical limit theorems, De Gruyter Graduate, De Gruyter, Berlin 2016,
vi4141 p., ISBN: 978-3-11-047542-5/pbk; 978-3-11-047631-6/ebook).

The book is devoted to a detailed study of weak convergence in probability
theory with applications to Brownian motion, inference in statistics and convergence
in martingale theory.

As the first chapter contains only the Introduction, the effective presentation
starts in Ch. 2, Weak convergence in metric spaces, with the introduction of cylin-
drical measures as a tool for the study of Brownian motion. Sections 2.10 and 2.11
of this chapter are concerned with the weak convergence of probability measures on
complete separable metric spaces (Polish spaces) - Portmanteau Theorem, tightness
and Prokhorov’s compactness criterium. It is worth to mention that extensions of
these results to non-separable metric spaces are given in Ch. 6, Empirical processes,
where, with a suitable definition of the weak convergence of nets of random variables,
one obtains analogs of the results from the separable case - Portmanteau Theorem,
tightness, asymptotic tightness and compactness.

Ch. 3, Weak convergence on C[0,1] and DI[0,1], is dealing with the distribu-
tional counterpart of weak convergence. The techniques developed in Sections 2.10
and 2.11 are applied to the space C[0, 1], one introduces the Skorokhod topology and
the Skorokhod metric on the spaces D[0,7] and D[0,00) of functions having only
discontinuities of the first kind. Compact sets in C[0, 1] and D]0, 1] are characterized
- Arzela-Ascoli in the first case and in terms of tightness in the second one. The
chapter ends with Aldous’ tightness criterium, characterizing compactness in terms
of stopping times.

Chapters 4. Central limit theorem for semi-martingales and applications, and 5.
Central limit theorems for dependent variables, are devoted to applications, as, e.g.,
statistical limit theorems for censored data that arise in clinical trials.

Written by an expert in probability theory and stochastic processes, the book
succeeds to present, in a relatively small number of pages, some fundamental results
on weak convergence in probability theory and stochastic process and applications.

Hannelore Lisei
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