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Group graded Morita equivalences
for wreath products

Virgilius-Aurelian Minuta

Abstract. Starting with group graded Morita equivalences, we obtain Morita
equivalences for tensor products and wreath products.
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1. Introduction

In this article, we continue the study done in [2], [3] and [4], and we obtain group
graded Morita equivalences for tensor products (Proposition 3.3) and wreath products
(Theorem 5.3). The main motivation for such constructions in the representation
theory of finite groups is given by the fact that in order to prove most reduction
theorems, recent results of Britta Spéth, surveyed in [5], [6] and [7], show that a new
character triple can be constructed via a wreath product construction of character
triples ([7, Theorem 2.21]). There is a link between character triples and group graded
Morita equivalences, presented in [3], so we want to prove that a similar wreath
product construction can also be made for the corresponding group graded Morita
equivalences.

More precisely, in Theorem 6.7 of [3], it is proved that certain character triples
relations utilized by Britta Spéth: the first-order relation ([7, Definition 2.1]) and the
central-order relation ([7, Definition 2.7]), are consequences of a special type of group
graded Morita equivalences induced by a graded bimodule over a G-graded G-acted
algebra (usually denoted by C as in Section 2.3), where G is a finite group. More
details about group graded Morita theory over C can be found in [4].

Another motivation comes from the fact that it is already known by [1, Theorem
5.1.21] that Morita equivalences can be extended to wreath products.
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This paper is organized as follows: In Section 2, we introduce the general no-
tations and we recall from [3] the definitions of a G-graded G-acted algebra, of a
G-graded algebra over C, of a G-graded bimodule over C and the notion of a G-
graded Morita equivalence over C. In Section 3, we prove that the previously recalled
algebraic constructions are compatible with tensor products and the main proposition
in this section, Proposition 3.3, proves that the tensor products of some group graded
Morita equivalent algebras over some group graded group acted algebras remain group
graded Morita equivalent over a group graded group acted algebra. In Section 4, we
prove that the previously enumerated algebra types are also compatible with wreath
products. Finally, in Section 5, our main result, Theorem 5.3, proves that the wreath
product between a G-graded bimodule over C and S,, (the symmetric group of order
n) is also a group graded bimodule over C®", and moreover, if this bimodule induces
a G-graded Morita equivalence over C, then its wreath product with S, will induce a
group graded Morita equivalence over C®™.

2. Preliminaries

2.1. All rings in this paper are associative with identity 1 # 0 and all modules are
left (unless otherwise specified) unital and finitely generated. Throughout this article
n will represent an arbitrary nonzero natural number, and O is a commutative ring.

2.2. Let G be a finite group and N a normal subgroup of G. We denote by G := G/N.

Note that most results in this paper will utilize “G-gradings”, although this is
not essential: one may consider instead the gradings to be given directly by G. The
reasoning behind this particular choice is to match our notations previously used in
articles [2] and [3], given that our main application for the results of this project is
the strongly G-graded algebra A = bOG, where b is a G-invariant block of ON.

2.3. We recall from [3] the following definitions:

Definition 2.4. An algebra C is a G-graded G-acted algebra if
(1) q is G-graded, and we write C = DjecCa
(2) G acts on C (always on the left in this article);
(3) for all g,h € G and for all ¢ € C; we have 9c € Cyy,.

Definition 2.5. Let C be a G—graded _@—acted algebra. We say the A is a G-graded
algebra over C if there is a G-graded G-acted algebra homomorphism

(:C—>Cy (B),
where B := A; and C4(B) is the centralizer of B in A, i.e. for any h € G and ¢ € Cj,,
we have ((c) € Ca(B);j, and for every g € G, ((9¢) = 9¢(c).

Definition 2.6. Let A and A’ be two G-graded crossed products over a G-graded
G-acted algebra C, with structure maps ¢ and ¢’, respectively.
a) We say that M is a G-graded (A4, A’)-bimodule over C if:

(1) M is an (A, A’)-bimodule;
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(2) M hils aidecomposition M = Djca Mj such that A;MEA% - ng,;, for all
9,%,h € G; N _

(3) mge = Jemg, for all ¢ € C, mg € My, g € G, where cm = ((c)m and
me =m('(c), for all c€ C, m € M.
b) G-graded (A, A')-bimodules over C form a category, where the morphisms

between G-graded (A, A’)-bimodules over C are just homomorphisms between G-
graded (A, A")-bimodules.

Definition 2.7. Let A and A’ be two G-graded crossed products over a G-graded
G-acted algebra C, and let M be a G-graded (A, A’)-bimodule over C. Clearly, the
A-dual M* = Hom 4 (M, A) of M is a G-graded (A’, A)-bimodule over C. We say that
M induces a G-graded Morita equivalence over C between A and A’, if M@ M* ~ A
as G-graded (A, A)-bimodules over C and if M* @4 M ~ A’ as G-graded (A’, A’)-
bimodules over C.

3. Tensor products

3.1. Consider G; to be a finite group, N; to be a normal subgroup of G; and denote
by G; = G;/N;, for alli € {1,...,n}. We denote by

Lemma 3.2. Let A; be G;-graded algebras and C; be G;-graded Gi-acted algebras, for
alli € {1,...,n}. The following affirmations hold:

(1) The tensor product A := Ay ® ... ® A, is a G-graded algebra;

(2) If A; are Gy-graded crossed products, for alli € {1,...,n}, then A is a G-graded
crossed product;

(3) The tensor product C :=C; ® ... ® C, is a G-graded G-acted algebra;

(4) If A; are Gi-graded algebras over C;, for alli € {1,...,n}, then A is a G-graded
algebra over C.

Proof. (1) It is clear that A is a G-graded algebra, with the (g1,...,g,)-component
A(gln-.,gn) =A19, Q... ® Ang,,

where A; 4, is the g;-component of A;, for all g; € G, and for all i.
(2) Choose invertible homogeneou_s elements u; 4 in each A; 4, for all g € G; and
for all 4. Thus, for each (g1,...,9,) € G the homogeneous element

Ugy,..gn) = Ulgy ® ... QUng, € Agy,. g,)

is clearly invertible.
(3) The G-grading of C is a given by (1). The action of G on C is defined by

@19y @ ... ® ay) = Ta; ® ... ® Ia,,
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for all (g1,...,9.) € G and a1 ® ... ® a, € C. It is easy too see that for all
(91,---+9n),(h1,...,hy) € Gand for all a1 ® ... ® an € Cp,,... p,) We have
G19n) () @ ... @ an) € Clorca) (hr )

(4) By part (1), the identity component of A is B = B; ® ...® B,,, where B; is
the identity component of A4;, for all 7. ~
By the assumptions, we have the G;-graded G;-acted structure homomorphisms

Ci:Ci — Ca,(By),
for all i. We define ¢ : C — Ca(B) by
(a1 ®...Qan) =C(1(a1) @ ... (ulan),
forall a; ®...®a, € C. It is easy to prove that ¢ verifies the conditions of Definition
2.5. O

Proposition 3.3. Assume that C; are G;-graded G;-acted algebras and that A; and Al
are G;-graded crossed products over C;, for alli € {1,...,n}. If A; and A’ are G;-
graded Morita equivalent over C;, and if M; is a G;-graded (A;, A})-bimodule over C;,
that induces the said equivalence, for all i, then:
(1) M:=M ®...® M, is a G-graded (A, A')-bimodule over C, where
A=4®..04, A =41®...04, andC :=C1 ®...®Cyp;
(2) M induces a G-graded Morita equivalence over C between A and A’.

Proof. (1) By Lemma 3.2, A and A’ are G-graded crossed products over C.
Obviously, M is a G-graded (A, A’)-bimodule with the (g1, ..., g,)-component

Mg, ,....g0) = Mig ®...Q My ,,,

where Mi)gi is the g;-component of Mi, for all g; € G; and for all 4. It is also clear
that

(Mg, ® ... @1itng, )1 ®...0c) =(1®... @ cn) (Mg, @ ... @1 g,),

for all My 4, ®...®Mpyq, € M(gl,“.’gn) and ¢; ® ... ® ¢, € C and for all

9=1(91,--..90) € G.
(2) It remains to prove that

M ®a: (M)* ~ A as G-graded (A, A)-bimodules over C,
and that
(M)* ©a M ~ A’ as G-graded (A’, A’)-bimodules over C.
We will only check the first isomorphism:
M®a (M)* = (My®...®@M,)@a (M; ®...® M,)*

~ (My®...0M,)es (Mi®...0 M)
= (Mi®...0 M) ®as..0a, (M] ®...0 M)
~ (My®@a M7)® ... (M, ®@a;, My)

~ A®...0A4, = A,

as G-graded (A, A)-bimodules over C. O
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4. Wreath products for algebras

Consider the notations from Section 2. We denote G™ := G x ... x G (n times).
We recall the definition of a wreath product as in [7, Definition 2.19] and [1, Section
5.1.CJ:

Definition 4.1. The wreath product G S, is the semidirect product G™ x S,,, where
Sy, acts on G™ (on the left) by permuting the components:
(91,2 9n) = (Go=1(1)> -+ Go—1(n))
More exactly, the elements of G 1 S, are of the form ((g1,...,gn),0), and the multi-
plication is:
((gla s agn)a 0)((h17 ceey hn)77-) = ((917 s 7gn) ! U(hh B hn)7UT)a
for all g1,...,9n,h1,...,hy € G and 0,7 € S,,.
Definition 4.2. Let A be an algebra. We denote by A®" := A®...® A (n times). The
wreath product A5, is
A8, =A% 08,
as O-modules, with multiplication
(a1 ®..®a,)R0)(l1®...0b,) ®T)
=(01®...0a,) "1 ®...0by)) ® (07),
where
1 ®...0b,) == bg—l(l) ®...Q0 bo-—l(n),

forall (a1 ®...Qa,) R0, (11 ®...0b,) T € ALS,.
Lemma 4.3. Let A be a G-graded algebra and C be a G-graded G-acted algebra. The
following affirmations hold:

(1) AvSyisa G Sp-graded algebra; B

(2) IfAisa G-graded crossed product, then A1S,, is a G1Sy,-graded crossed product;

(3) C®" is a GU Sy-acted G™-graded algebra; B

(4) If A is a G-graded algebra over C, then A1 S, is a G .S,-graded algebra over

cen,
Proof. (1) The ((g1,..-,9n),0)-component of A S, is
(A { Sn)((gl,...,gn),o) = (Ag1 ®...® Agn) ® Oo,

for each ((g1,..-,9n),0) € G1S,. Indeed,

(

(A, @...0A;) "(Ah, ®...® Ap,)) ® (O ® OT)
(A, ®...®Ay)- (Ahfl(l) ®R...0 Ahﬂ(n))) ® O(oT)
®...® AgnAhc,fl(n)) ® O(oT)
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= (AVS0)((91,0,9n),0) (B oenshin) )

(2) We choose invertible homogeneous elements u, € A, for all g € G. For
((g1,---,9n),0) € G S, the homogeneous element

U((ga,rmngn) o) 7= (Ugy © o @ g, ) @ 0,
is clearly invertible, with

oeeul! Yoo

-1 o
U(g1,esgn)io) T (ugau) 9o (n)

(3) By Lemma 3.2, we know that C®" is a G™-graded algebra. It remains to
prove that it is G 1.Sy-acted and that the action is compatible with the gradings. We
define the action of G S, on C®" as follows:

((g1,...,gn)70)(01 ®...0¢c,) = 9100—1(1) ®...0 g"Co.—l(n),
where ((g1,...,9n),0) € GUS, and ¢; ® ... ® ¢, € C®". We have:

((1@,...,15)«5)(@1 ®...Qan) = g, ®...® lea,
= 1 Q®...0ay,

(((917---,gn)70)((h17--~7hn)77))(a1 ®...Qap)
= ((@109m) (R hn) 0T (0 0 @ qy)
_ ((91w--agn)'(ha—lu)7""ha—1(n))’m—)(a1 ®...0a,)
_ ((grhy—1(1yses gnhofl(m)’c”)(al ®...Qa)
= 9o gy 1) @ - @ I I Mgy -1 (1
= et 1)) ® ... ® I a1 o1y
_ ((917'-~,gn)7(7)<h1a7_71(1) ®R...® h”anl(n))

= ((g“"’g")"’)(((hu...,hm,r)(al ®...0 an))

(9129 (g1 @ ... ®an) - (b1 ® ... R b))

= @190 (10 @ . anby)

= gl(aa—l(l)ba——l(l)) ... 9"(agf1(n)bgf1(n))

= glagq(l) . glbgfl(l) ... Q"agfl(n) . g7rb071(n)

= (91a071(1) ®...Q® g"ag—l(n))(glbo—l(l) ®...0 g"bgfl(n))
— ((91"”’9")’0)(611 ®...Qan) - ((91,--,9n),0 (b1 ®...®by),

and
((hl;-..,hn);"')(cl ®®cn) — 1e 71(1) ®-~-®h”c7'*1(n)
€ Chlg S X...0 Ch7lg-r*1(vt>
Qn
(C )(hlgﬂ-—l(l)7~-'>h77’97-—1(n))

n
(CE™) (hrvhn) D) gy gy

foralla, ®...®an, b1 ®...® b, € C®", forallcl®...®cn€C8:L
((g15---+9n),0), (1, ... hy),T) € GUS,.

) and for all
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(4) By assumption, there exists a G-graded G-acted algebra homomorphism
¢ : C — C4(B), where B is the identity component of A. Henceforth, we have a
G"-graded G™-acted algebra homomorphism:

¢®™ . C%" — Ca(B)®™.
Now, via the identification:
A" 541 ®..Qa,=(01®...Qa,)®e € ALS,,
we clearly have the following inclusion:
Ca(B)®" C Cas, (B®") = Cays, ((AVSn) (14, 10).0))-
Therefore, we obtain the required G S,,-graded G S,-acted algebra map
Cur  C®" = Caps, ((AVSn) (1gseie)se))-
Indeed, given ((g1,..-,9n),0) € G1S, and ¢1 ® ... ® ¢, € C®" we have:

er(((gl’””g")’o)(cl ®®Cn)) = er(glcg—l(l) ®...®g”00—1(n))

C(glcofl(l)) ®...0 C(%CU*I(H))
glC(co_l(l)) ®...0 gn((ca_l(n))
= (9o @ @ len)

_ ((gh""gn)’U)er(Cl ®...®cn).

Henceforth, A1 S, is a G ¢ S,-graded algebra over C®™. O

5. Morita equivalences for wreath products

Consider the notations from Section 2 and Section 4. We recall the definition of
a wreath product between a module and S,,.

Definition 5.1. Let A and A’ be two algebras. Assume that M is an (A, A")-bimodule.
The wreath product M .S, is defined by

M8, = M®"® 0S8,
as O-modules, with operations
(a1 ®..Qa,)R0) (M Q...Q0M,) ®T)
=1 ®...Q0a,) - 7(M ®...0My,))  (o1),

and
(M1 ®...0M,)@7)((d)®...0a,)®T)

=M ®...0mMmy,) - "(df®...0d))® (r7),
where
M ®...0My,) = Tha—l(l) Q... ®ma—1(n),

for all (@) ®...®a,)®0 € A1S,, (1 ®...Q1M,) QT € M1S, and (¢} ®...®ad,)@7 €
AN S,.
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5.2. Let C be a G-graded G-acted algebra and A and A’ be two G-graded crossed
products over C, with identity components B and B’ respectively.

If M is an (A, A’)-bimodule which induces a Morita equivalence between A and
A’, by the results of [1, Section 5.1.C], we already know that M S, induces a Morita
equivalence between A1S, and A’1S,,. The question that arises is whether this result
can be extended to give a graded Morita equivalence over a group graded group acted
algebra.

Theorem 5.3. Let M be a G-graded (A, A”)-bimodule over C. Then, the following
affirmations hold:
(1) M2 S, is a G1S,-graded (A1 Sy, A1 Sy)-bimodule over C®";
(2) (A1S,)@pon ME" ~ M®"® pion (ANS,) ~ MUS, as G1S,-graded (A1S,,, AS,,)-
bimodules over C®™, where M is the identity component of M;
(3) If M induces a G-graded Morita equivalence over C between A and A’, then

MS,, induces a G Sp-graded Morita equivalence over C®™ between A1 S, and
A S,.

Proof. (1) By Lemma 4.3, we know that A5, and A'1S,, are G S,-graded crossed
products over C®".

It is also known that A S, and A’ S, are strongly S,-graded algebras, and
given this grading, if we denote

Ag, (A1S, ® (A'158,)°P) i= (AU1S, ® (A 15,)P)s(s.,)
where 6(S,) := {(0,07') | 0 € S, }, we have the following isomorphism of algebras:
Ag, (A1S, ® (A'18,)°P) ~ (A®" ® (A'®™)°P) ® OF,,.
Moreover, [1, Lemma 5.1.19] states that M®" is a left OSp-module with the action
given by permutations. Henceforth, it is easy to see that M®" is a (A®" ® (A"®")P) @
OS,-module, and thereby (the above isomorphism), M®™ extends to a Ag, (A5, ®
(A"1S,)°P)-module. Thus, MS,, := M®®0S8S,, becomes an (AS,, A'1.5,)-bimodule.
Now, we will prove that M S, is a G ¢ Sp-graded (A1 S,, A Sy )-bimodule.
Indeed, for all ((g1,...,9n),0) € G1Sy, the ((g1,...,gn),o)-component of M .S, is:
(M l Sn)((gh-u,gn),o) = (Mgl X...Q M n) ® Oo.
The verification for this definition is straightforward, as follows. For each
((91,---,9n),0), ((x1,...,2p),m) and ((h1,...,hn),7) € G1.S, we have:
(AVSn)(g1,90.0) M US) (@, ).) (A US0) () )
(Ag, ®@...®A,,)®00) (Mg, @...0 M) @ OT)((4),, ®...® A;M) ® OT)
(A Mo,y @@ Ay My, )@ O(m) (A, ... 0 4], ) @ Or)
Ay M, A} ®...Q Ay, M, A ) ® O(orT)

To—1(1) (om)—1(1) e~ 1(n) TRy =1 (n)

®...0 M ® O(orT)

12,1 em—10) "xa*1<n>h<aw>*1(n>)
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Therefore, M Sy is a G S,-graded (A1 S, A'1S,,)-bimodule. Note that the identity
component of M S, (with respect to the G 1 S,-grading) is

(MQS,), = M®™,

where M is the identity component of M.
Finally, we will prove that

(g, ® ... @ My,) @) (1 ®...Q cn)
= 91009 (0 @ @ ) (g, ® ... @ 1,,) ® 0),

for all (’ﬁlgl ®...Q0 mgn) R o e (M I S")((!h,-.-,gn),a) and i ®...®c¢, € C®" and for
all ((g1,---,9n),0) € G1Sy. Indeed,

(Mg, @...0My, ) R0)(1Q...®cy)
= (Thglcgf1(1) Q... ®mgncg—1(n)) R0
= (glcg 1(1)’/77,91 ®...Q g"Cgfl(n)mgn) Ko
(glca 1( ~®gnca*1(n))((m91 ®"'®m9n)®0)
= (g1 ) (c ®...®cn) (g, ® ... 10,,) ®0).

Henceforth, M 1S, is a G S,-graded (A1 Sy, A’ 1 S,)-bimodule over C®™.

(2) In this part, in order to prove our claim, we want to use a similar technique
as in part (1), but with regard to the grading given by G S,,.

Henceforth, we regard (A4’15,,)°P as a G S,-graded crossed product over C®",
where the ((g1,...,9n),o)-component of (A’1.S,)°P is:

(A US0) {1,y = (A US0) (1,000,090 -1)

for all ((g1,...,9n),0) € G1S,, and we consider:

Ag?; (A 1S Qcon (A/ ! Sn)Op) —

D (41....00).006615, (AVSn) (g1 egn).c) Bcon (A XSG, o))
which, by [3, Lemma 2.8], is an O-algebra.

Now, given the fact from part (1) of this theorem, that M S, is a G S,-
graded (A1 S, A’ 1 S,)-bimodule over C®™, we obtain, by [3, Proposition 2.11], that
(MQS,), = M®" extends to a Agzs (A1 S, ®cen (A'1.5,)°P)-module and that we
have the following isomorphisms of G S,,-graded (A1S,,, A'1S,,)-bimodules over C®":

(A1S,) @pen MO ~ M®" @pion (A'1Sy) ~ M S,.
More exactly, these isomorphisms are:
f:(A1S,) @pen M®™ — M1S,, (a®0)@m— (a-Tm)® o,
and
g:M®" @pion (A'1S,) = MU1S,, m® (@ ®@0c)—(m-d)Q0c
foralla € A®™ o' € A’®" m € M®" and 0 € S,,.

We prove that f is an isomorphism of G'¢ S,-graded (A1 S,,, A’ 1 S,,)-bimodules
over C®". The verification for g is similar. The left A1 S,-module structure of (A
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Sp) @pen M®" is clear. We recall and particularize from [3, Proposition 2.11] the
right A’ S,,-module structure of (A1 S,) ®@pen ME™:

((a®0) ®penm) - (a
= (a®0)(ug ® 7)) ®pen (7’
Tu, ®0T) @pen ((Tﬁlugl T

=(a-
(a-

=(a-

Tu, ® o) @pen (7
Tu, ®oT) @pen (7

yo7)
op

®7 ") ®cen (ap @ T) " )m)

H(m® e)(ay @ 7))
gt m e v (a0 )
-l_1 st =y
u, T ome s ay),

for all a € A®", 0,7 € S,, m € M®", a), € Aj®", g € G" and u, is an invertible
homogeneous element of A?”. We start by proving that f is a morphism of (A1S,,, A"}

Sp)-bimodules:

f(b@7) - ((a®0)®penm)) = f((b®T) - (a®0)) @penm)
=f((b-"Ta®70) R®pen M)
=b-"a-""mT0
=b-"(a-"m) @70
=0ba7)(a-"Mm®o)
=(be7)f((a®0)@pen m),

f(((a®0) @penm) - (ay @ 7))
= f((a-"u, ® oT) @pan (Tﬁlugfl T T_la;))
=(a-u, - (ugt T m T ) @ or
— ((1 . aug . o"r'r_lu;1 . J'r'r_lm . orr ! ) Qor
z(a-”ug~”u;1 a )@ oT
=(a-"m-‘a))@oT
=((a-"m)®o)(a; ®T)
= f((a®0) @pen m)(ay; @),

for all a,b € A®", 0,7 € S,,, m € M®", a), € A®", g € G" and u, is an invertible
homogeneous element of AZ™.

Next, we will prove that f is G 1 Sp,-grade preserving. We recall from [3, Propo-
sition 2.11] that the G 1 S,-grading of (A1 S,) ®pge. M®™ is given by A1 S,. We

have:

f((

—~

agl

L ®ag,) ®0) @pen (M1 @ ... Q0 mMy))

= ((%1 o-1(1) ® ... ® g, Mg—1(p)) ® O
€ ((A91M1® @Agan)@O(f
C (M, L@ M,)® 00

(

:MzS)

((gl>~~~,gn),0')7
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for all (ag, ® ... ®ag,) ® 0 € (AVSn)((g1,...90).0)> M1 @ ... @My € ME™ and for all
((g1s---,9n),0) € GLS,.

Finally, we will prove that f is bijective. Because both modules have the same
O-rank, it is enough to prove that f is surjective. If (g, ® ... ® My, ) ® o is an
arbitrary element of (M USn)((gr,....gn),0)» then it is clear that

((ug_{ll ®... ®ug‘;1) ®0) ® (ug-1 Mg, @ ... ®ug;(1n)mgg(n)) € (A1S,) @paon ME"

9o (1)
and that
f(((ug}ll @...® u;;ll) ®0o)® (ug;(ll)mgam Q... Qus—1 mga(n)))

9o (n)
—1 1 . ~
(ug,1 ®...8 ug,;l) . U(Ug;(ll)mgm) ®...0u, )mg”(n))) ®o

(

= ((u;,1 ®...® ug}ll) (ug1mmg, ® ... @ uginyg,)) @0
(
(

-1
o(n

= ~ —1 ~
U U -1Mg, X ...Q0U U —-1M XK o
g9 g1 gt 9n g")

Mg, ®@...Q M, )0,

for all ((g1,...,9n),0) € G 1Sy, where u, represents an invertible homogeneous ele-
ment of Ay, for all g € G.

(3) Furthermore, by Proposition 3.3, M®™ is a G"-graded (A®", A’®")-bimodule
over C®", which induces a G™-graded Morita equivalence over C®" between A®"
and A®" thus by [1, Theorem 5.1.2] with respect to the G™-grading, we have that
(M®™); = M®" is a (B®", B'®")-bimodule, which induces a Morita equivalence
between B®" and B'®".

Now, by the previous statements, and by using [3, Theorem 3.3] with respect to
the G1S,-grading, we obtain that M .S, induces a G S,-graded Morita equivalence
over C®™ between A1 S,, and A’ S,,. O
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Different type parameterized inequalities via
generalized integral operators with applications

Artion Kashuri and Rozana Liko

Abstract. The authors have proved an identity for a generalized integral operator
via differentiable function with parameters. By applying the established identity,
the generalized trapezium, midpoint and Simpson type integral inequalities have
been discovered. It is pointed out that the results of this research provide integral
inequalities for almost all fractional integrals discovered in recent past decades.
Various special cases have been identified. Some applications of presented results
to special means and new error estimates for the trapezium and midpoint quad-
rature formula have been analyzed. The ideas and techniques of this paper may
stimulate further research in the field of integral inequalities.

Mathematics Subject Classification (2010): 26A51, 26A33, 26D07, 26D10, 26D15.

Keywords: Trapezium inequality, Simpson inequality, preinvexity, general frac-
tional integrals.

1. Introduction

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I CR — R be a convex function and e1,es € I with e; < es.
Then the following inequality holds:

This inequality (1.1) is also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. Authors of recent decades have
studied (1.1) in the premises of newly invented definitions due to motivation of convex
function. Interested readers see the references [1]-[10], [12]-[17], [19]-[25].

The following inequality is well known in the literature as Simpson’s inequality.
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Theorem 1.2. Let f : [e1,ea] —> R be four time differentiable on the interval (eq,eq)
and having the fourth derivative bounded on (e, es), that is

If P = sup |fY] < .

z€(e1,e2)

Then, we have

[ el

< i 17 loeler — 1)’ (12)
Inequality (1.2) gives an error bound for the classical Simpson quadrature formula,
which is one of the most used quadrature formulae in practical applications. In recent
years, various generalizations, extensions and variants of such inequalities have been
obtained. For other recent results concerning Simpson type inequalities, see [11],[18].
The aim of this paper is to establish trapezium, midpoint and Simpson type general-
ized integral inequalities for preinvex functions and some new error bounds for mid-
point and trapezium quadrature formula. Interestingly, the special cases of presented
results, are fractional integral inequalities. Therefore, it is important to summarize
the study of fractional integrals.
Let us recall some special functions and evoke some basic definitions as follows:

Definition 1.3. For k € R™ and x € C, the k-gamma function is defined by
nlk™(nk)% !

r = i 1.3
Its integral representation is given by
o0 tk
Ii(a) = / t*temF dt. (1.4)
0
One can note that
Tr(a+ k) =alk(a). (1.5)

For k =1, (1.4) gives integral representation of gamma function.

Definition 1.4. [15] Let f € Lley,ez]. Then k-fractional integrals of order a,k > 0
with e; > 0 are defined by

1 @ o
Igl;kf(a:) = T / (z —O)F7Lf(t)dt, x> e

and
I:;’kf(x) = kF:(oz)/w (t —2)5 "L f(t)dt, eq > . (1.6)

For k = 1, k-fractional integrals give Riemann-Liouville integrals. For « = k = 1,
k-fractional integrals give classical integrals.
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Also, let define a function ¢ : [0,00) — [0, 00) satistying the following conditions:

/1 @dt < 00, (1.7)
o ¢t

1 (s) 1 s
— < <Afor=-<-<2 1.
AT o(r) ~ Or2_7"_ (18)
p(r) < BQD(S) fors<r (1.9)
rz2 — 7 s2 - '
e(r)  ¢(s) e(r) . 1 _s

_ < — - < -< .
r2 s2 |~ Clr =l r2 for 2 " r~ 2 (1.10)

where A, B,C > 0 are independent of r,s > 0. If o(r)r® is increasing for some o > 0
and £) is decreasing for some 3 > 0, then ¢ satisfies (1.7)-(1.10), see [20]. Therefore,

B
the leTft—sided and right-sided generalized integral operators are defined as follows:

Lo f(x) = /xﬁwijf(t)dt7 T > e, (1.11)
o Tof(z) = /82 %f(t)dt, T < es. (1.12)

The most important feature of generalized integrals is that; they produce Riemann-
Liouville fractional integrals, k-Riemann-Liouville fractional integrals, Katugampola
fractional integrals, conformable fractional integrals, Hadamard fractional integrals,
etc., see [19].

Motivated by the above literatures, the main objective of this paper is to discover
in Section 2, an interesting identity in order to study some new bounds regarding
trapezium, midpoint and Simpson type integral inequalities. By using the established
identity as an auxiliary result, some new estimates for trapezium, midpoint and Simp-
son type integral inequalities via generalized integrals are obtained. It is pointed out
that some new fractional integral inequalities have been deduced from main results.
In Section 3, some applications to special means and new error estimates for the mid-
point and trapezium quadrature formula are given. The ideas and techniques of this
paper may stimulate further research in the field of integral inequalities.

2. Main results
Throughout this study, let P = [mey, me; + n(ez, me1)] with e; < ez, m € (0,1] be

an invex subset with respect to n : P x P — R. Also, for brevity, we define

Ap(t) := /Ot Mdu < 00, n(eq, mey) > 0. (2.1)

For establishing some new results regarding general fractional integrals we need to
prove the following lemma.



426 Artion Kashuri and Rozana Liko

Lemma 2.1. Let f : P — R be a differentiable mapping on P° and v1,7v2 € R. If
/' € L(P) and X\ € (0, 1], then the following identity for generalized fractional integrals

hold:
y1f(mer) + vaf(mey + An(ea, mey))

2

I (mel + ;\n(eg,mel)> —

A

1(ea,mer)

2\ (3) Mt
77(@27m€1) 2

X [(mel+%n(e27mel))+l¢f (mel + )‘77(627 mel)) + (m€1+%7](6277n€1))71@f (mel)}

An(eq, me
3 2\ (M)
X L "(me1 + (At)n(ea, mey)) dt
([ (258 ) s o
1
20A,, (T =)
_/ <(()) - ’Y2> I (mey + (Mt)n(ez, meq)) dt 3.
% 77(€2a mel)
We denote )\( )
eq, me
T a1, 72 €1, €2) 1= % (2.3)
3 2\ (M)
X L "(me1 + (At)n(ea, mey)) dt
{/0 (n(ez,mel) 71) f' (mey + (At)n(ez, mer))
1
20A,, (T =)
_/ <(()) - 72) I (meq + (Mt)n(ez, meq)) dt 3.
1 n(ez, meq)
Proof. Integrating by parts eq. (2.3) and changing the variable of integration, we have
An(eq, me
Tf,/\m ()\7 Y1725 €1, 62) - W

X { 77(622261 /5 A (M) f' (mey + (At)n(e2, meq)) dt

—71/ I (mer + (Mt)n(ea, meq)) dt

n(ea, mey) / A (L =t)N) f' (mer + (At)n(ez, mer)) dt

+w/l [/ (mey + (/\t)n(eg,mel))dt}

1
2

_ An(ea, meq) " 2A,, (ML) f (meg + (At)n(e2, mer))
2 n?%(e2, meyq)

0

2) 2 o (n(ea, mer) (A1)
n2(e2,mey) 8 /0 M f (me1 + (At)n(e2, meq)) dt
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N

_W]p (mel + ()\t)n(eg,mel)) .

2N (1= DN f (mes + (M)n(es, mer))||

n?(ez, mey)

[N

N [w(n(ea,men((l—tW)f(mel+(At>n<e2,me1>>dt

n?(e2,me1) (1—t)X
£ ey + (M)nfea,men)) |
An(ez, mer) 7 i
_ y1f(mer) + vaf(mer + An(ez, meq))
2
20\, (A) Y1+ Y2 A A
| - (e s s )~ s

X [(meﬁ%n(e%mel)yﬂpf (mey + An(es, mey)) + (meﬁ%n(ez’mel))—.@f (mel)]
This completes the proof of the lemma. O

Remark 2.2. a. Taking A = m = 1,y = 72 = 0, n(ea,me1) = ex — me; and
©(t) =t in Lemma 2.1, we get the midpoint type identity.
b. Taking A=m =1, v1 =72 =1, n(ez, me1) = ea — mey and p(t) =t in Lemma
2.1, we get Hermite-Hadamard type identity.
c. Taking A =m =1,y = %7 Yo = %7 n(ea,me) = ea — me; and () = t in
Lemma 2.1, we get new Simpson type identity.

Theorem 2.3. Let f: P — R be a differentiable mapping on P° and 0 < v1,v2 < 1.
If | f'|9 is preinvez on P and X € (0,1] for ¢ > 1 and p~* +q~1 = 1, then the following
inequality for generalized fractional integrals hold:

. >‘77(627 mel)
T8 (X711, 725 €1, €2)| < TR (2.4)

< { /B Ou19) x /= N[ (menlt + N lea)]

+4/Cx, (N 2i0) % /= 3NIF (men)]? + 3 (e2)]7 |

where
1 P
2| 2D0A,, (At)
Bar, (A, 71 ::/ _ dt 2.5
A'm( ’yl p) 0 7}(62,m61) ’yl ( )
and
L 2AA (1 — )\ :
Chp (A 725 p) :=/ 2An(@08) 8 g (2.6)
% 77(62’m61)
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Proof. From Lemma 2.1, preinvexity of |f’|?, Holder inequality and properties of the
modulus, we have

A )
| Tf.0 (A 71,725 €1, €2)| < M
7 [ 20A, (\) /
x{ /0 n(e2, meq) -n (mey + (At)n(ez, mey)) ‘dt

22 ((1 — t)A)

1
i/

— s ’f’ (mey + (At)n(ea, meq)) ’dt}

77(6277”61)
< M
20An(\) NG
x{ (/0 nles, mey) > ( (me1 + (At)n (62,m€1))‘ dt)

20 (1 =N

n(ez,mer)

) ()

WX{ Ba,,(A\,71;p)

(mey + (At)n(e2, mey)) ‘th>

2
——

1
1 q

[(1 — A)|f! (mey)|? + (At)lf’(ea)I"] dt)

Cha,, (A, 72;p)

X <[ [(1 — M| f'(meq)]? + ()\t)|f’(62>|q} dt) a }

An(eq, meq)
2/8
<{ /Bn, O\ 31) x A= NIF (men) [+ AF (ex)]?
+¢/Ca, (N 72p) x /= 3N)[F (men)[7 + A F (e2) 7.

The proof of this theorem is complete. O

We point out some special cases of Theorem 2.3.

Corollary 2.4. Taking p = q = 2 in Theorem 2.3, we get
An(ea, mey)
42

{VBr, (A 132) x VE= V[T (men) P+ N f (e2) P
v/, (3 72:2) x V@ =BN[F (men)P + Al f (e2) P }.

T8 (M1, 725 €1, €2)| < (2.7)
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Corollary 2.5. Taking |f'| < K in Theorem 2.3, we get

KAn(es, meyq)
Tra (A1, 7a; €1, €9)| < S22 ML) 2.8
|Tf .0, (A 715723 €1, €2)] 295 (2.8)

X { {/Ba,,(A\,71;p) + {/Ca,. (A, 72;17)}-

Corollary 2.6. Taking A =m = 1,71 = 73 = 0, ez, me1) = e — mey and (t) =t
in Theorem 2.3, we get the following midpoint type inequality:

2 _
’Tf(l,O,O;ehez)’ < {/2(e3 — e1)

T 29/8y/2p T (p+1)

. { Y1 (e)]a+3[f (ea)]e + /3] f/(ex)]? + \f’(62)|q}'
Corollary 2.7. Taking A =m = 1,71 = 72 = 1, ez, me1) = ea — mey and @(t) =t
in Theorem 2.3, we get the following trapezium type inequality:

|Tr(1,1,15e1,e2)| < _lea—e) (2.10)

T 298%2(p + 1)
< TP + 37 (el + /317 (et + 17 el )

Corollary 2.8. Taking\=m =1, v = %, Y2 = %, n(ea, me1) = ea—mey and p(t) =t
in Theorem 2.3, we get the following Simpson type inequality:

To12¢/8¢/12(p + 1)
| YTl + 3@l + APl + 17l ).

Theorem 2.9. Let f : P — R be a differentiable mapping on P° and 0 < 1,72 < 1.
If |17 is preinvez on P and A € (0,1] for ¢ > 1, then the following inequality for
generalized fractional integrals hold:

(2.9)

1
Ty (1, = §;emaz (2.11)

An(es, me -3
|Tf .0, (A 71,723 €1, €2)| < % X {{BA,H(}\,%; 1) (2.12)

X {/[BAM (A y131) = ADa,, (A, 7)1/ (me)]|9 + ADy,,, (X, 71)| f/ (e2)]?

+[Crn 021

X (/100 (72 1) = AB, (A 32)] 1 (e + AEAm(A,wnf'(ez)q},

where

DAnl (A)’Yl) = / t

0

2\A (At

— 7 |dt, 2.13
Heamen) ! (2.13)




430 Artion Kashuri and Rozana Liko

20, ((1 = )A)
n(ez, mey)

and Bp,, (A, 71;1), Ca,, (A, v2;1) are defined as in Theorem 2.3.

— o dt (2.14)

1
EAm(A772) = ﬁ t

Proof. From Lemma 2.1, preinvexity of |f’|?, power mean inequality and properties
of the modulus, we have

An(ez, me
[ Tran o nsen,e2)] < %

22, (ML)

n(ez,mer) !

I (mey + (\t)n(e2, mey)) ‘dt

{/

HI20A5 (1= 8)N)

+/§ n(ea, meq)
< >\77(€227m61) " { (/5
0

7 | 20A,, (M)
; ( [ 20

— 2| f (me1 + (At)n(e2, mer)) ’dt}

)

I (mex + (Mt)n(ea, mer)) ‘th>

=
)

I (me1 + (M\t)n(ea, mer)) ‘th> q }

2AAm (ML)

ez, mer)

1
q

n(ez,mer)

atl

A (1 — £)A)

2\ (1 — £)A)

n(ez,mer)

44

nezmer)
< dlezme) T i)
7| 20 A, () / q '(en)]4 '
X{ (/0 e Rk {(1 = A)[f(men)|? + (A)|f' (e2)] }dt>

n [cAm (A 2; 1)] o
2 ((1 =1 [<1_M>f/<me1>|q+w>|f’<€2>"W)q }

n(e2, mey)

1—1
_ 7’\”(622’7”61) x {{BAW(A,%;I)] ’

-2

it

% {/ [Ba,. (A1) = ADa, (A7) [F(me)|a + ADa,, (A )| f/(e2)]

+ [OAM (A, 723 1)}



Different type parameterized inequalities 431

X f/[CAm(Aﬁz; 1) = ABy,, (A, 72)] 1/ (mey)[7 + /\EAm(Aﬁz)lf’(BQ)q}-

The proof of this theorem is complete. O

We point out some special cases of Theorem 2.9.

Corollary 2.10. Taking g = 1 in Theorem 2.9, we get
An(ea, mey)

T, 0 (M1, 725 €1, €2)| < 5 (2.15)
X{[BAm (A1) = ADa,, (A, )] 1f (mex)| + ADa,, (A, 1) f'(e2)]
+[Cay A 723 1) = ABa,, (A 32)] I (men) | + A, (0,721 (e2)1 .
Corollary 2.11. Tuaking |f'| < K in Theorem 2.9, we get
T a0 (A 715725 €1, €2)| < Konlez,me1) (2.16)

2
x{ Ba,, (71 1) + Ca, (A 223 D) -

Corollary 2.12. Taking A=m = 1,7 = v2 =0, n(ea, me1) = ea — mey and p(t) =1t
in Theorem 2.9, we get the following midpoint type inequality:
(e2 —e1)
8/3
x<{ VI Gen)ls + 2 (el + /27 )7 + (el }.

Corollary 2.13. Taking A\=m =1,v =v2 =1, n(ez,me1) = ea —mey and p(t) =t
in Theorem 2.9, we get the following trapezium type inequality:

Ty(1,0,0;e1,e5)| < (2.17)
¥

(e2 —e1)

8/6
(YT + 5@l + VAPl + 1Pl ).

T¢(1,1,1e1,e2)| < (2.18)

Corollary 2.14. Taking A = m = 1,y = %, Yo = %, n(e2, me1) = ea — mey and
o(t) =t in Theorem 2.9, we get the following Simpson type inequality:

1
15 13 1_5 (62 761)
Ta, (12,2 < (= 2 2.1
fiA1 < ’6’ 6761762> >~ <72) 9 ( 9)

y /305 f"(e1)[? + 163[ f'(e2) n {/5938] f'(e1)] + 1550[ f'(e2) 7
/2592 /41472 ’
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Remark 2.15. Applying our Theorems 2.3 and 2.9 for special values of parameter
A, 71 and 9, for appropriate choices of function

%
I(e)" kTk(a)’

=R

p(t) = t(ex — 1)

p(t) =

for v € (0,1); @(t) = Lexp {(_%) t] for a € (0,1), such that |f’|? to be prein-

vex (or convex in special case), we can deduce some new general fractional integral
inequalities. The details are left to the interested reader.

3. Applications

Consider the following special means for different real numbers «, 8 and af # 0,
as follows.

1. The arithmetic mean:

2. The harmonic mean:

3. The logarithmic mean:

08—«

b M) = Tl

4. The generalized log-mean:

1

=

r+1 _ r+l1
b a . reZ\ {-1,0}.

(r+1)(6 - )

It is well known that L, is monotonic nondecreasing over r € Z with L_; := L. In
particular, we have the following inequality H < L < A. Now, using the theory results
in Section 2, we give some applications to special means for different real numbers.

L, :=L.(o,B) =

Proposition 3.1. Let e1,e2 € R\ {0}, where eq < ea. Then for r € N and r > 2, where
g>1andp~ ! +q~ 1 =1, the following inequality hold:

r(ea —eq)

x { Q/A (ler]2r=D), 3[eg|ar=1)) + iz/A (3legfatr—1), |62|q(r1))},

‘AT(el,eg) . L;(el,eg)‘ < (3.1)

Proof. Taking A = m = 1,71 = 72 = 0, n(ez, me;) = ex — mey, f(t) = t" and
©(t) =t, in Theorem 2.3, one can obtain the result immediately. O
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Proposition 3.2. Let e1,e5 € R\ {0}, where ey < ea. Then forr € N and r > 2, where
q>1andp~t 4+ q ! =1, the following inequality hold:

r(es —eq)

243/2(p+ 1)
X { {/A (|61|Q(7‘71)7 3|62|q(T71)) + g/A (3|€1|q(7”71)’ |€2|q("‘1))}.

Proof. Taking A = m = 1,711 = 72 = 1, n(ea, mey) = ex — mey, f(t) = t" and
p(t) = t, in Theorem 2.3, one can obtain the result immediately. O

et eh) = Li(er, )| < (3.2

Proposition 3.3. Let e1,es € R\ {0}, where e; < ea. Then for r € N and r > 2, where

g>1andp ' +q ' =1, the following inequality hold:

T T T +1 _
Al 56) | Aenea) i o) < T Tl o)

6 2 To12V4A/12(p+ 1)
X { {/A (le1]a0=D), 3|eg|ar—1)) + g/A (3le[atr=D), |62|q<r—1>)}_

(3.3)

Proof. Taking A = m = 1,71 = %, Yo = %, n(ez,me1) = ea — meq, f(t) = t" and
p(t) = t, in Theorem 2.3, one can obtain the result immediately. O

Proposition 3.4. Let e1,ea € R\{0}, where e; < ea. Then forq > 1 andp~t+q7 1 =1,
the following inequality hold:

1 1

B < af3_(e2—e1)
A(el,eg) L(61,€2)

ST )

(3.4)

1 1
X + .
{ VH (lex]?,3le2]?1) — /H (3[ea]?, |€2|2q)}
1

Proof. Taking A = m = 1,71 = v = 0, n(ez, me1) = ex — meq, f(t) = n and
(t) =t, in Theorem 2.3, one can obtain the result immediately. 0

Proposition 3.5. Let eg,ea € R\ {0}, where e; < e. Then forq > 1 andp~'+q7 ! =1,
the following inequality hold:

1 1
H(ey,e2) Lleg,er)

< af3 _(e2—e1)

420/2(p+1) (3:5)

1 1
X + .
{\"/H(Iell2q,3lezl2‘1) {/H (3lex]?, |62|2q)}
1

Proof. Taking A = m = 1,71 = 72 = 1, n(ea,me1) = ex — mey, f(t) = - and

p(t) = t, in Theorem 2.3, one can obtain the result immediately. O
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Proposition 3.6. Let ey, es € R\ {0}, where e; < e. Then forq > 1 andp~'+q7 ! =1,
the following inequality hold:

5 L1 \f%pﬂ (e3 —e1) (3.6)
6H(5€1,€2) 2A(61,€2) 61,62 ]_2 p+ ]_) '
1 1
X + .
YH (lex|?,3le2?1) — /H (3[ex]?, |e2]*)
1
Proof. Taking \ = m = 1,9 = 1,72 = &, n(ez,me1) = e — mey, f(t) =  and
p(t) = t, in Theorem 2.3, one can obtain the result immediately. O

Proposition 3.7. Let e1,es € R\ {0}, where e; < ea. Then forr € N and r > 2, where
q > 1, the following inequality hold:

2 _
‘Ar(el,eg) — L:(el,eg)‘ S il/;r(e2861) (37)

x { §/ A (leaatr=1), 2lesfatr=D) + /A (2lea]atr-1), |62|q<r—1))},

Proof. Taking A = m = 1,y1 = 72 = 0, n(ea,me1) = ea — mey, f(t) = t" and
p(t) =t, in Theorem 2.9, one can obtain the result immediately. O

Proposition 3.8. Let e1,e5 € R\ {0}, where ey < ea. Then forr € N and r > 2, where
q > 1, the following inequality hold:

r(es —eq)

8v/3

x { {/A (Jex]a=1), 5leqlar=1)) + g/A (5lex a0, |62|q<r—1))},

Proof. Taking A = m = 1,v1 = 72 = 1, n(ea,me1) = ea — mey, f(t) = t" and
p(t) =t, in Theorem 2.9, one can obtain the result immediately. O

A€l ep) — L(er,ez)| < (3.8)

Proposition 3.9. Let e1,eo € R\ {0}, where ey < ea. Then forr € N and r > 2, where
q > 1, the following inequality hold:

1
A (671)’ 565) Ar(elv 62) 13 1_5 T(eg — 61)
—L" <= A VA ]
6 +t— rlere)) < | o 5 (3.9)
{/A (305|€]_‘q(7'_1)7 163|€2|(1(7'_1)> {/A (5938'61|q(7'—1)7 1550|e2|q(7._1))
X + .
V1296 /20736

'

Proof. Taking A =m = 1,71 = §, 72 = 3, n(e2,me1) = ez — mey, f(t) = ¢ and
©(t) =t, in Theorem 2.9, one can obtain the result immediately. O
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Proposition 3.10. Let e1,e5 € R\ {0}, where ey < ea. Then for ¢ > 1, the following
iequality hold:

1 1 4 (82 — 61)
— - ——= 3.10
A(el,eg) L(€1,62) 3 8 ( )
1 1
X + .
{\‘I/H(ell"’qﬂlezlzq) Y/ H (2]e]?s, |62|2q)}
1

Proof. Taking A = m = 1,71 = v = 0, n(ez,me1) = ex — meq, f(t) = - and

©(t) =t, in Theorem 2.9, one can obtain the result immediately. O

Proposition 3.11. Let eq,e2 € R\ {0}, where e; < ea. Then for q¢ > 1, the following
inequality hold:

H(el,eg) L(el,eg)

< 5(e2—e1) (3.11)

1 1
3 8

1 1
X + .
{VH(ell2q,5lezl2q) {/H (5lex ], |62|2q)}

1
Proof. Taking A = m = 1,y = 2 = 1, n(ea,me1) = ey — meq, f(t) = - and

©(t) =t, in Theorem 2.9, one can obtain the result immediately. O

Proposition 3.12. Let e1,es € R\ {0}, where e; < ea. Then for q > 1, the following
inequality hold:

1—1
) 1 1 13 a (62 — 61)
— <[ = - 3.12
6H(561,€2) + 2A(61,62) L(el,eg) - <72> 2 ( )
,[49715 1
X
1296 ¢/H (163e1]27, 305]e2|27)

/2300975 1

10368  ¢/H (1550]e1]29, 5938[ea[27) |
5
6’
©(t) =t, in Theorem 2.9, one can obtain the result immediately. g

1
Proof. Taking A =m = 1,y = £, 72 = 2, nlea, mey) = ez — mey, f(t) = S and

Remark 3.13. Applying our Theorems 2.3 and 2.9 for special values of parameter
A, 71 and 79, for appropriate choices of function
te th .
t) = ——, —; t)=t —t)“
o(t) (@)’ iTxa) p(t) = tlea — 1)

for v € (0,1); p(t) = Lexp {(—1?7“) t] for @ € (0,1), such that |f'|? to be convex,
we can deduce some new general fractional integral inequalities using above special
means. The details are left to the interested reader.
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Next, we provide some new error estimates for the midpoint and trapezium quadrature
formula. Let @ be the partition of the points e; = g < z1 < ... < xp = e of the
interval [e1, es]. Let consider the following quadrature formula:

/2f<x> M(£.Q) + E(,Q / f(@)de = T(f,Q) + E*(,Q)
where
= Ti+ Tit1
V@) = X 7 (T ) e~
and

k—1
T(f,Q) = .Z% Hew) + Hei) 2f( it1) (Tig1 — ;)
1=
are the midpoint and trapezium version and E(f, Q), E*(f, Q) are denote their asso-
ciated approximation errors.

Proposition 3.14. Let f : [e1,e3] — R be a differentiable function on (e1,es), where
e1 < eg. If | f|9 is convex on [e1,es] for ¢ > 1 and p~' + q~! = 1, then the following
inequality holds:

[E(f,Q)] < 2\“/§</i{1—p+1 x Z Tip1 — (3.13)

{ YT @I+ 31 o)+ /317 @l + |f'<xi+1>|q}.

Proof. Applying Theorem 2.3 for A\ =m =1, v1 = 72 = 0, n(e2, me1) = ea —me; and
©(t) =t on the subintervals [z;,2;41] (i = 0,...,k — 1) of the partition @), we have

, . Tit1 R
f (J,‘Z + .1314,_1) _ 1 / f(a:)da: < {)/i(xz-‘rl Z‘z)
2 Titl — T Sy, 2/8%/2v+(p + 1)

X{f/|f’(xi)|q 31 (i) |7+ /3] ()] + |f’(l’i+1)|q}'
Hence from (3.14), we get

(3.14)

[E(f.Q)| =

" fa)dz — M(, Q)’

k-1 7+1 . .
< Z{/ —f(xl—i_;lﬂ> (3«"1‘+1—l‘z‘)}‘
_ k—1 /ziﬂ f(x)dx B f <W) (z L 1.)
= part . 2 1+ 2

.
XS] Z T

{1 @I+ 31 @)l + €/3If’ ()l + |f'<zi+1>|q}.
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The proof of this proposition is complete. O

Proposition 3.15. Let f : [e1,ea] — R be a differentiable function on (eq,es), where
e1 < ea. If | f'|9 is convex on [e1,es] for ¢ > 1 and p~' + ¢! = 1, then the following
inequality holds:
1 <
E(f,Q) € —=———= x> (wiy1 — )" (3.15)
| | 2/8%/2(p +1) ;
< YT+ 37 )+ 3Pl + [Pl ).

Proof. The proof is analogous as to that of Proposition 3.14 taking A = m = 1,
Y1 =72 =1, n(ez,me1) = ez —mey and p(t) = t. 0

=

Proposition 3.16. Let f : [e1,ea] — R be a differentiable function on (e1,es), where
e1 < ea. If |f'|? is convex on [e1,ea] for g > 1, then the following inequality holds:

k—1
|E*(f,Q)| < XY (i1 — 33)° (3.16)
=0

83
<{ YT @l + 2T i)+ Y20 @)l + [ (i) 7).

Proof. Applying Theorem 2.9 for A =m =1, v1 = 75 = 0, n(e2, me1) = ea —me; and
©(t) =t on the subintervals [z;,2;41] (i = 0,...,k — 1) of the partition @), we have

(@) + f(zit) B 1 /m"'“ (@)

2 Tip1 — Ty

| < (Tig1 — @)

]

S YIP@l+ 2 )7 + Y27 @Ol + [ @)l ).
Hence from (3.17), we get

(3.17)

i

|E*(f,Q)] =

/ " fa)dz — T(f,Q)|

k-1 Tit1 . .
<[y { [ o K0t el )}'
S e T; Ti+1
<y { [ oy - LSl _x”}‘
1 k—1
= 83 X ;(ﬂ%ﬂ —x;)?

< TP+ 2 e+ /27 @+ [P @)l ).
The proof of this proposition is complete. O
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Proposition 3.17. Let f : [e1,e3] — R be a differentiable function on (e1,es), where
e1 < eg. If |f'|? is convex on [e1, es] for ¢ > 1, then the following inequality holds:

k—1
’E*(f’ Q)’ = T\% X Z(xiJrl —z;)? (3.18)
i=0

< { Y IF @+ 5 @)+ /B @+ i)}

Proof. The proof is analogous as to that of Proposition 3.16 taking A = m = 1,
v1 =72 = 1, n(ea, me1) = e — mey and ¢(t) = t. O

Remark 3.18. Applying our Theorems 2.3 and 2.9, where m = 1, for special values of
parameter A, v; and s, for appropriate choices of function

te th
I(a)” klg(a)’

o(t) =

for o € (0,1);

for o € (0,1), such that |f’|9 to be convex, we can deduce some new bounds for the
midpoint and trapezium quadrature formula using above ideas and techniques. The
details are left to the interested reader.
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Abstract. Ostrowski inequality is one of the celebrated inequalities in Mathemat-
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1. Introduction

Literary, such integral inequality that measures the deviation of the integral of
the product of two functions and the product of the integrals is referred to Griiss
inequality [9].

In 1938, a Ukrainian mathematician A.M. Ostrowski (1893-1986) presented an
inequality in his paper [15]. Since then this inequality is known in the history as
Ostrowski inequality. A number of authors have written about generalizations of Os-
trowski’s inequality in the last few years. For example, this topic is considered in
[1, 4, 5, 6, 7, 11, 12, 13, 16]. This inequality has been proved to be an exalted and
applicable tool for the development of various branches of Mathematics. Integral in-
equalities that create bounds on the physical quantities are of great importance in
the sense that these types of inequalities are not only applicable in integral operator
theory, statistics, probability theory, numerical integration, nonlinear analysis, infor-
mation theory, stochastic analysis and approximation theory but also we can find its
applications in different areas of biological sciences, physics and technology.

S.S. Dragomir and S. Wang [7], in the year 1997, gave a proof of the following
Ostrowski-Griiss type inequality:
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Theorem 1.1. Let ¢ : I — R, where I C R is an interval, be a mapping differentiable
in the interior I° of I, and let by, by € I° with by < by. If a < ¢'(n) < A\, n € [by, ba)
for some constants a, X € R, then

ba
O — / o(6)de — 7¢(b§z - ffbl) (n bt ;bz)
b

1
1
< b2 =b)(A —a), (1.1)
Vn € [b,bs].
The above inequality gives a relation between the Ostrowski inequality [15] and
the Griiss inequality [14].
In the year 2000, by the use of pre-Griiss inequality, N. Ujevi¢, M. Mati¢ and J.

E. Pecari¢ [11] had improved the factor of the right membership of (1.1) with ﬁ as
follows:

Theorem 1.2. Let ¢ : I — R, where I is an interval such that, I C R, be a mapping
differentiable in the interior I° of I, and let by, ba € I° withb; < bs. Ifa < ¢'(n) <
A, m € [by,bs] for some constants a, A € R, then

b
o)~ L [ ot A0 (bl
by

by — b1 ba — by 2

1
<
S WA
N n < [bl,bg].
In the year 2000, by the use of Cebysev functional, N. S. Barnett et al. [2]

improved the result given by N. Ujevi¢, M. Mati¢ and J. E. Pecari¢ by proving first
membership of the right side of (2.1) in terms of Euclidean norm as follows:

(b2 = b1)(A — ), (1.2)

Theorem 1.3. Let ¢ : [by,bs] — R be an absolutely continuous function whose first
derivative ¢' € La[by,bs]. Then we have the following inequality

bo
o) - g [ ot - LBIZRR () )
by

(br—b) [ 1 (6ba)— 6B\
- [bz_blnéf’”z—(bz_bl )]

1
< m(b2 — b))\ — @), (1.3)

ifa < ¢'(€) < Aaefor& onlb,bo] Vi € [by,bo].

In [2], we can evaluate the pre-Griiss inequality as follows:

T2(¢,9) < T(¢,0) T(), 1),
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where T(¢,) is the Cebysev functional as defined in [3] and ¢, € Ly[by, bo] .

In the next section, we provide a generalization of (1.3) and then use it to
probability density functions, composite quadrature rules and special means.

2. Main result

Theorem 2.1. Let ¢ : [b1,ba] — R be an absolutely continuous function whose first
derivative ¢' € La[by,bs], we have

1= fon - 2L 000) (Dbl ] 200 100

(St )=o) () bitta) (s g0

ba
1
" / H(6)de

1

< [(52;2"1)2(3#—3h+1)+(1—2h)(n—bl)(ﬁ—b1;b2>
R (n_ by ;@)2 : lb;bl 16113 — (W) %
+h(l - h) <77_b1;b2)2r’ 2.1)

ifa < @) < Xaeforéonlb,by], Vi € [by+hlgt bitb] gndp e [0,1].

Proof. Consider the following kernel defined in [8] p : [b1,b2]* — R

g_ (bl—’_h%)? ng € [blan}v
p(m,€) = €= (M52 —h225P) . if € € (n.ba+ba =),
g_ (bQ—h%)a ’Lff S (b1+b2_nab2}'

By replacing ¢(&) with p(n, &) and ¥(€) with ¢'(£) in Korkine’s identity defined as:

ba ba

T06.0) 1= gz | [ (606 = 6 046) = vs)deas,

b1 by
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we get
bo
— / (0, €)6/(€)d - lb/ €1 /¢
ba bo "
— s | [ 000 = )@ © - S oacas 22)
by by
We have,

by
1

g [ P99 (€

b1

b
= E5 o) + 1o +olba)) - - [ o(eae+ X020,

b1

ba

1 b1+ b
b2b1/p(n,€)d£—h< 5 —n)

b1

and

by
/¢'(€)d§ — M

by — b1 bo — by

Identity (2.2) becomes,

(11 o — AL (Drba] o) ol

2
L0+ b ; n) = ¢m) (77 b -; b2) <¢(b12)3 - Z((,ﬂ)
b
1
e KO
by
1 by ba
- 2(b2b1)2b/b/(p(n,§) —p(n,5))(¢'(§) — ¢'(s))dds. (2.3)

Vn € [by+hbgt bitbel and b€ [0,1].
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By using the Cauchy-Schwartz inequality in terms of double integrals, we can write
ba bo

2(by — by)? //(p(n,f) —p(n,8))(¢'(€) — ¢'(s))déds
b1 by
1 b2 b 3
(w//(p(mé) p(n,s))ngds)
by by
by ba %
( 2(by — b1) // d§d8) : (2.4)
? 1 b1 b1
However,
1 by bo
W//(P(%f) —p(n, s))?deds
b1 by
1 b2 1 b 2
i /p2(n,§)d§— <b2 - /p(n,f)dg)
by b
(b —61)2 b4 b 9
- QT(?)hQ—?)h—Fl)—i—h(l—h) <77—122>
and
by bo
,b // dfds
2 1 b1 by
= o(ba) — p(b1) )"
- - <b2—b1> : (2.6)

By using (2.3) — (2.6), we evaluate the first inequality of (2.1).
By using the following Griiss inequality, we proved the second inequality of (2.1)

by bo 2
1 / 2 1 ' 1
0= b2—b1/(¢ (6))"dé - (bz—b1/¢(§)d£) SZ(A_OZ){
by

b1
where a < ¢'(§) < A a.e for € on [by, ba). O

Remark 2.2. Since
3h? —3h+1< 1,V hel0,1]

and is minimum for h = %
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Thus, (2.1) shows an overall improvement in the inequality obtained by Barnett
et al. in [2].
We have some remarks of (2.1) in the form of special cases.

Remark 2.3. Under the assumptions of Theorem 2.1 we can get different special cases
by putting different values of h and 7.

Special Case 1. For any value of h and n =b; or h =1 and n = % or h = % and
n = be, (2.1) gives trapezoid inequality [17],

ba
b1) + &(b
e LGS
by
o lemb2[ 1 (6() 000
< — ¢l = —F———
2v3 b2 b by — by

1

< m()\—a)(bg—bl)z. (2.7)
Special Case 2. If we take h = 0 and n = %, (2.1) becomes mid-point inequality

[17],

<m—mw(“;“)—7w®%
b1

(b2=b0)> | 1 Lo (b)) —o(b)\]"
< L=t [m_mwm—(b_m)]

(A= a)(by — b1)>. (2.8)

-

b
< 15

Special Case 3. If h = % and 7 = 2422 (2.1) becomes an averaged mid-point and
trapezoid inequality [17],

(b)) +26 (MF) £ g(by) 1 [
: —bim/MO%
b1
by b2 [ 1 o (élb)— 6B\’
— [m_mwm—(w_h)]
< Lo - (2.9)

< A
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Special Case 4. If h = % and n = @, (2.1) becomes % Simpson’s inequality for
differentiable function ¢ [17],

bo

G2 o0 +40 (252 ) + 000 - [ ot0ar
by
o —b)? [ 1 s (6b2) — o))
< o [bQ—b1H¢||§_( ) -2 )]
< L)) (210)

12

3. Applications

3.1. For probability density functions

Let X, ¢ and ® be a continuous random variable, the probability density function
and the cumulative distribution function, respectively such that ¢ : [by,bs] — R4
and ® : [by,b3] — [0,1], defined as,

by —b1 b1+
/¢> §)de, 1 € [b1+h S| € ibal,

and the expectation of the random variable X on [by, bs] is defined as,

ba
(xX) = / € 6(6) de
by

Then, we have:

Theorem 3.1. By using above assumptions and if the probability density function ¢ €
Lolby, bs], we have

‘(1_h) {(I)(”)_bg—b1 2 27 b

4 2(b1 4 b2 =) — () 1 < b1+b2>‘

1 <n_b1+b2>} L b - B(X)

7 N 7

(b2 — b1)?
12

1

<
~ by —b

b1+b2>2

(3h* —3h+ 1)+ h(1 — h) (n— 5

s =2 -0 (- 252)| " 10 - wlol - 12,
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M — by — b1)? by +by\”
< M=m) (b= by (302 — 3h 4+ 1) + h(1L — h) [ — 2222
2 12 2
1
by +0b 2
-2 - o) (n- 52| (31)
where m < ¢ < M a.e on [by1,b2], V1 € [b1+h%,%].
Proof. By putting ¢ = ® in (2.1), we obtain (3.1). O

Corollary 3.2. By using the assumptions of Theorem 3.1 we have,

‘(1 — h)Pr (X chth ;ID) % - 76213;51(5()
< \f(3h2—3h+ 1)%[(b2 — b1) 813 — 1)
< m(:%h?—3h+1)§(b2—b1)(M—m). (3:2)

3.2. For composite quadrature rules

To obtain the estimates of composite quadrature rules, we may use (2.1),

Theorem 3.3. Let I,: by = ug < up < -+ < Up_1 < Up, = by be a partition of
the interval [by,bo], Auj; = ujr1 —uj, b € [0,1], uj + hA;“ < ¢ < %,
7=0,...,n—1. Then,

/ H(E)dE = S L, €, 1) + R(, I, €, ).

where

S(6,In, &, 1) nil { < (u;) + ¢(uj+1)> n o(u; +uj+12—§j) — 6(&5)

Jj=

+(1—h) {qb(é“j) - Hogpt) — o) (43 - >}

N (fj oy +2Uj+1> <¢(uj+2u_j ¢(uj)>} Auj. (3.3)
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and
|R(¢, In, &, 1)
< f Au?(?)hQ—:sth1) LI 2m)(E — ) (g — T
- = 12 Uj J 9
uj + g\ : "2 1
+h(1 =) (ﬁj - 2) [Au; 0113 = ($(ujs1) — d(u;))]
2
< 3 —aZAuJ 3h2 3h+1)+h(1—h)<gj_“j+;‘j+1)
Uj + Ujy1 3
+(1 = 2h)(& — ) (§j - 2)} : (3.4)

AuJ uj +u]+1
?

Proof. Applying inequality (2.1) on ¢; € [uj +h } and summing over j

from 0 to n» — 1 and using triangular inequality we get (34) O

Special Case 1. If h =0 in (3.3) and (3.4), (j =0,...,n — 1) we have,

.
(¢, In: €, h) 5; (&) + ¢ + ujr — &)1 Au;.
and
|R(¢ In,f h)|
n—1 %
< ) <§j_%‘+2w+1)]
7=0
X [Au 1612 = (Suj41) — $(uj))?]?
1 n—1 Au’ Yy 2
< 50\—04);)A“? ;;j+(€j—uj)(£j—uj2uﬁl>]

Special Case 2. If §; = % in (3.3) and (3.4), (j = 0,...,n — 1), we have a
perturbed composite mid point and trapezoidal quadrature rule.

S0 1,1 = S - (B

Jj=0

(A0t 5, a9
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and
|R(¢, In, )|
n—1
< zﬁ(3h2—3h+1 jZOAuJ Auj|¢'15 = (P(ujr1) — b(uy))?]?
L aant 2N AL
< 4\/3()\ @)(3h? —3h +1) jz:(:)Au]. (3.6)

Special Case 3. If h = 0 in (3.5) and (3.6), (j =0,...,n—1), then we have composite
midpoint quadrature rule.

n—1
S(¢, 1) = E:jo N (“”;““) : (3.7)
and
|R(¢, 1)
1 n—1 . 1
< 37 ;O Ay [ |6 13 = ($ujr) — (uy))?]?
1 n—1 )
< m(/\—a)jgoAuj. (3.8)

Special Case 4. If h = 2 in (3.5) and (3.6), (j = 0,...,n — 1), then we have a
composite mid point and trapezoidal quadrature rule.

1= Ui + Uj
S(6,1n) = 102[7¢ <J2“1>
=0

+3 (W)] Au; (3.9)
and
|R(¢, In)|
= 2\({?; Z Au; AUJM’ ||2 (P(ujt1) — ¢(uj))2]%
- f ZA“ . (3.10)

40[

Special Case 5. If h = 1 in (3.5) and (3.6), for j =0,...,n — 1, we have a composite
trapezoidal rule.
n—1

; Z(¢(“j) + d(ujy1))Au; (3.11)

24
7=0

S(¢7[n) =
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and

|R(¢, In)|

1 © , N2 Y ()2
ﬁjzo Ay [Aul|¢'[15 — (d(ujg1) — pluy))?]

Nl

IN

1 n—1 )
< m(x\—a);Auj. (3.12)

3.3. For special means

Throughout this section A, G, H, L, I and L,, stands for Arithmetic, Geometric,
Harmonic, Logarithmic, Identric and p—Logarithmic means, respectively, for defini-
tions we refer the readers to [10].

Example 3.4. Let the function ¢ be defined by ¢(n) = n?,p € R\{—1,0}. Then we
have,

by
1
by

P(b2) — ¢(b1) _ . p1

by — by p-b
d(b1) + &(b by + bh
(1)2 (2): 12 2:A(b€,bg),
b
1618 = e [ 16©Pds = L3
by — by 2 by — by 2(p—1)
by
and
¢br+bo—m) _ 2A—n) —n"
2 2 ’
Thus, (2.1) becomes,
_ 24 — )P — P
(=) [ =28 7b = )] a0 - 1+ BRI
+pL i (n— A)|
by — by)?
< |pl %(3h2—3h+1)+h(1—h)(n—,4)2
H(1—2R) (b)) (n— A)| x [nggjg —Lﬁ(_”f”] : (3.13)

By taking n = A in (3.13), we obtain,
|(1— h)AP + h AV}, b5) — LP|

< |p| (b2 _bl)

1
2V (302 — 3h 4 1)7 L2 — 2
2V/3 ( ) { }

2(p—1) p—1
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which is minimum for h = %
By taking h = 1, we obtain,

’A(b’l',bp Lp’ < (b2 72— L2(p*1)}% )

C = [y - 20

Example 3.5. Let the function ¢ be defined by ¢(n) = %, (ne [bl + h@, @} C

(0,00)). Then,
b2
1
%m/a&mz

P(b2) —(by) 1

by — by G?’
¢(b1) +P(b2) A
2 - GY
b? + byby + b2
/ 2 g 2
§)| dg - 3G6 9

b

1 $(b) — d(b1)\?  (bo — b1)?
o [ opae - (A=) )
by

and

&b + by — 1) _ n—A
2 n(2A —n)

Thus, (2.1) takes the form,

ha 1 n—A (-4
G2 L n(24-n) G?

‘(1h) Eﬁ;(nm} +

(b2 — b1)?

o (3h* —=3h +1) + h(1 — h)(n — A)?

T —b)

+(1—=2h)(n—b1)(n —A)| X T3

(3.14)

Put n = A in (3.14), we obtain,

1 A 1
B W il P
’(1 Nt e L‘

(b2 = b1)?

et (3h? —3h+1)2.
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By taking n = L in (3.14), we obtain,
‘QhA hL h L-A ‘

@@ T IeA-D

< W(W = 3h+1)+h(1 = h)(L — A)”
: (b2 — b1)
FA =2 =b)(L - A) | x =Ze

Example 3.6. Let the function ¢ be defined by ¢(n) = Inn, (n € [b1 + h%, %} C
(0,00)). Then

bo
1
w_me0%=mL

$(b2) —o(br) 1

by — by L’
¢(b1) ;r o02) _y 6
, 1
€)|2d§ = @7

¢b1 +bo —n) —6(n) _ | <2A—77>;
2 n

and

)2 (b2) = d(b1)\" _ L* - G?
Ide = < by — by ) G2

Therefore, (2.1) becomes,

(1—h) vk _ o\ 3
S U A)+ln(2A ”)

In T i 7
(by —1)* .o 2

< | (3R = 3h+ 1)+ h(1 = h)(n — A)
Ha—2m - b)y - A)| < T (3.15)
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Choose = A in (3.15), we obtain,
AQ=MGhl by — by
<
I T 2V3
At h =1, (3.15) becomes,

“ (ba — b1)(L? — G?)*
QfLG '

L2 - G672

) 2 1
_ +1)2

n

By taking n = I in (3.15), we obtain,

h _ _I\?
lnG—%—hL 4) +In (QAI I>

Ih L
< @(Mtshﬂ)muw)(pm?
1 m)I b)) %
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Differential subordination for Janowski functions
with positive real part

Swati Anand, Sushil Kumar and V. Ravichandran

Abstract. Theory of differential subordination provides techniques to reduce dif-
ferential subordination problems into verifying some simple algebraic condition
called admissibility condition. We exploit the first order differential subordination
theory to get several sufficient conditions for function satisfying several differential
subordinations to be a Janowski function with positive real part. As applications,
we obtain sufficient conditions for normalized analytic functions to be Janowski
starlike functions.

Mathematics Subject Classification (2010): 30C45.

Keywords: Subordination, univalent functions, Carathéodory functions, starlike
functions, Janowski function, admissible function.

1. Motivation

The class of all analytic functions defined on the unit disk D := {z € C: |2] < 1}
that fixes the origin and has derivative 1 at the origin is denoted by A. An analytic
function p is subordinate to the analytic function ¢, written p < ¢q, if p = qo w for
some analytic function w : D — D with w(0) = 0. If the function ¢ is univalent in
D, then p < ¢ if and only if p(0) = ¢(0) and p(D) C ¢(D). The class P consists of
Carathéodory functions p : D — C of the form p(z) =1+ ¢12 + ¢az + - -+ that maps
the unit disk D into a region on the right half plane. For arbitrary fixed numbers A
and B satisfying —1 < B < A < 1, denote by P[A, B] the class of analytic functions
p € P satisfy the subordination p(z) < (14 Az)/(1 4+ Bz). We call the functions in
P[A, B] as Janowski functions with positive real part. The class S*[A, B] consists of
functions f € A such that zf'(z)/f(z) € P[A, B] for z € D. The functions in the class
S*[A, B] are called the Janowski starlike functions, introduced by Janowski [12]. In
particular, S*[1 — 2a, —1] = §*(«) is the class of starlike functions of order «, see
11, 23).

Nunokawa [21] proved that if 1 + 2p/(z) € P[1,0], then p € P[1,0]. In 2007,
Ali et al. [3] determined the conditions on 8 and numbers A, B, D, E € [—1,1] so
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that p € P[A, B] whenever 1+ Bzp/(2) or 1 + Bzp/(2)/p(z) or 1 + Bzp'(2)/p?(2)
is in the class P[D, E]. In 2018, authors [17] obtained the sharp lower bound on
so that the function p(z) is subordinate to the functions e* and (1 + Az)/(1 + Bz)
whenever 1+ 3zp/(2)/p?(2), (j = 0,1,2) is subordinate to the functions with positive
real part like v/1+ z, (1 + Az)/(1 + Bz). Recently, Ahuja et al. [1] computed sharp
estimates for 8 so that a Carathéodory function is subordinate to a starlike function
with positive real part whenever 1 + 82p'(2)/p’(2), (j = 0,1,2) is subordinate to
lemniscate starlike function. For more details, see [6, 8, 21, 25, 26]. Motivated by
work done in [1, 3, 5, 7, 9, 10, 17], by using admissibility condition technique, a
condition on J is established so that p € P[4, B] when 1+ 8p'(2)/p*(z) with k €
NU {0}, p(z) + 529/ (2) /5 (2), 1+ B/ (2)*/p(2) and 1/p(2) — B2/ (=) /p(2) for
k € NU {0} are in the class P[D, E]. We compute a condition on « and  for p €
P[A, B] whenever (1 —a)p(z) +ap?(z) + Bzp'(2)/p"(2) € P[D, E] for k = 0,1 as well.
Additionally, a condition on 8 and + is determined in a Briot-Bouquet differential type
subordination relation: p(z)+2p'(2)/(Bp(2)+7)? € P[D, E] implies p € P[A, B]. As an
application, we obtained some sufficient conditions for a normalized analytic function
fin 8*[A, B]. Kanas [14] described the admissibility condition for the function to map
D on to region bounded by parabola and hyperbola. We prove our result by using the
corresponding admissibility conditions for the Janowski functions with positive real
part.

2. Janowski functions

Let ¥(r,s,t;2): C2> x D — C be a function and let h be univalent in D. An
analytic function p satisfying the second-order differential subordination

D(p(2), 2/ (2), 2p" (2); 2) < h(2), (2.1)

is known as its solution. The univalent function ¢ is a dominant of the solutions of
the differential subordination (2.1) if p < ¢ for all p satisfying (2.1). A dominant §
which satisfies ¢ < ¢ for all dominant ¢ of (2.1) is known as best dominant of (2.1)
and it is unique up to a rotation. Let Q be the class consisting of all analytic and
injective functions ¢ on D\ E(q), where E(q) = {¢ € 0D : lim, ¢ ¢(z) = oo} such that
q' (&) # 0 for £ € D\ E(q). Let Q be a set in C, ¢ € Q and n be a positive integer. The
class ¥,,[Q2, q] of admissible functions v : C*> x D — C that satisfy the admissibility
condition:

U(r,s,t;z) ¢ Q (2.2)
whenever
r=gq(€),s=m& ¢ (€) and Re <Z+1> > mRe (f;]/’gg) +1>

for € D,& € D\ E(q) and m > n > 1. In particular, let ¥;[Q,q] = V[, q]. For
more details, see [4, 13, 15, 16, 19, 24]. For this class ¥,[, g|, the following result is
well-known.
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Theorem 2.1. [20, Theorem 2.3b, p. 28] Let the function ¢ € ¥, [, q] with ¢(0) = a.
If the function p € Hla,n] satisfies

b(p(2), 20/ (2), 2D (2); 2) € Q, (2.3)

then p(z) < q(z).
We begin by describing the class of admissible function ¥,,[Q2, ¢] when ¢ : D — C
is the function given by ¢(z) = (1+ Az)/(1+ Bz) where —1 < B < A < 1. Note that

q(0) = 1 and E(q) C {—1}. Clearly, the function ¢ is univalent in D \ E(q). Therefore
g € Q and the domain ¢(D) is

w—1
A =¢q(D) = | 15.
q(D) {wE(C ‘A—Bw‘< }
For ¢ = ¢ and 0 < 6 < 27, we have

1+ A, A-B 4, —2B(A-B)
W)= 15 pen 40 = g ) = 3 ey

and a simple calculation yields

5q"(s) 1-p?
1) = .
Re(q’(g) + 1+ B%2 4 2Bcosf

Thus we get the following condition of admissibility: ¢ (r,s,t;2) ¢ Q whenever
(r,s,t;2) € domv and
1+ Ae®? m(A — B)e'? t (1 - B*)m
= . = , d -+1)> 2.4

"= B T AxBeo MR ST 2T o 2
where 0 < 6 < 2m and m > n > 1 and the class of all such functions 1 satisfying the
admissibility condition is denoted by ¥(2; A, B).

When ¢(z) = (1 + Az)/(1 + Bz), Theorem 2.1 specializes to the following first
order differential subordination result:

Theorem 2.2. Let p € H[1, n] withn € N. Let Q be a subset of C and 1 : C2 xD — C
with domain D satisfy (r,s;z) ¢ Q for all z € D, where r and s are given by (2.4).
If (p(2),2p'(2);2) € D and ¥(p(2), 2p'(2);2) € Q for 2 € D, then p € P[A, B].

We investigate functions that naturally arise in the investigation of univalent
functions to be admissible. In the first result, we show that v (r,s;z) = 1 + Bs/r¥ is
an admissible function.

Theorem 2.3. Let #0, -1 < B< A<1 and -1 < E < D <1 satisfy the condition
(i) [BI(A~B) > (D — E)(1+ |A)*(1 +|B[)>* + |EB(A — B)|; (k= 0,1,2) or
(ii) [B](A=B)(1=|B))** > (D - E)(1+|A)"+|EB(A~B)|(1+|B)"2; (k > 2).
If p is analytic in D and
zp'(2)

1+ﬁp’“(2)

€ P[D,E]; keNU{o0},

then p € P[A, B].
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Proof. Let Q ={w e C: |(w—-1)/(D— Ew)| < 1}.
The function ¢ : (C\ {0}) x C x D — C is defined as
s
. =1 2
Yrs2) =1+ 55
where k is a non-negative integer. Using the values of r, s from (2.4), we have

. B m(A _ B>ei9(1 +Bei9)k
r ) = U4 B gk T Bewy?

By making use of Theorem 2.2, the desired subordination is showed if we prove i €
U[Q; A, B]. For this purpose, set

w—1
x(w, D, E) = D—Ew)
(i) When k£ =0,1,2. A simple calculation gives
] B Bm(A — B)ew
X(W(r.5:2), D, E) = |\ (530 1 Ac®)r(1 + Be)2F — Epmc(A — B)
N Blm(A ~ B)
~ (D - E)|(1+ Ae?)*||(1+ Be?)?=F| + |[Efm(A — B)|
N Bm(A - B)
(D= E)A+[ADF(Q+|B])** +m|ES(A - B)|
=: ¢(m).

Observe that the function ¢(m) is an increasing function for m > 1 by first derivative
test. Hence the minimum value of ¢(m) occurs at m = 1. Thus, the last inequality
becomes
Ix(¥(r,s32), D, E)| > ¢(1) > 1
if the inequality
BI(A—B) 2 (D~ E)1+|A)*(1 + |B|)*™* +|ES(A - B)|
holds. Therefore, ¢(r, s; z) ¢ £ which implies ¢ € ¥(Q; A, B) and we get the desired
p=gq.
(ii) When k > 2, we note that
Bme? (A — B)(1 + Bei?)+—2
(D — E)(1+ Ae?)r — Efme (A — B)(1 + Be?)k—2
|B8|m(A - B)(1 - |B|)"*
(D= E)A+]ADY +m|EB(A - B)|(1+|B|)F2
=: ¢(m).
As previous case, note that ¢(m) > ¢(1). Hence the last inequality is written as
Ix(¢(r,s;:2), D, E)| > 1

Ix(¥(r,5;2), D, E)| =

provided
BI(A—B)(1 = |B))**> (D - E)(1+|A)" + |EB(A - B)|(1+|B|)* 2.
Therefore, we get p < q. O
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Remark 2.4. When k& = 0 and 1, Theorem 2.3 reduces to [3, Lemma 2.1, p. 2] and [3,
Lemma 2.10, p. 6] respectively. When k = 2 and § = 1, Theorem 2.3 simplifies to [3,
Lemma 2.6, p. 5].

For a positive integer k, next theorem gives a conditions on 3 so that the differ-
ential subordination

1+ B(2p(2))?/p*(2) € PID, E]
implies p € P[A, B].

Theorem 2.5. Suppose k is a non-negative integer, 5 # 0, —1 < B < A < 1 and
—1 < E <0< D <1 satisfy either
(i) for 0 < k < 4,

BI(A~ B)* > (D — E)(1+ A" (1 + [B)*" + |ES(A - B)?|, (2.5)

or
(i) for k > 4,

IBI(A= B)*(1 = [BI)** > (D — E)(1 + |A)* + [ES(A - B)2|(1 + |B)*.  (2.6)
If p is analytic in D and 1+ B(2p'(2))?/p*(2) € P|D, E), then p € P[A, B).
Proof. By considering the domain 2 as in Theorem 2.3 and the analytic function
O(r, s;2) =14 Bs?)rk

where k is non-negative integer, we need to show ¢ € ¥[Q2, A, B.
(i) Let 0 < k < 4. In view of (2.4), we note that

m2(A o B)262i6(1 4 Beie)k
(1+ Bei®)i(1 + Aei?)

Y(r,s;2) =1+p
so that

ﬂm2(A o B)262i9

Ixtr, 52, D BN =\ 5 =5y 1y Ay (1 1 By F — Bpni?

(A _ B)zezie
_ |Blm*(A — B)*
(D= E)(1+ Ae'?)E(1 + Be?) =+ — Efgm?
(A _ B)QeQiel
S |B/m*(A — B)?
T (D= E)A+[ADML+ [B)F +m?|EB(A - B)?|

=: ¢(m).
A calculation shows that ¢'(m) > 0 for m > 1. Therefore ¢(m) > ¢(1). The last
inequality simplifies to
IX(¥(r,s:2), D, E)| > 1
whenever the inequality (2.5) holds. As a conclusion it is noted that ¥ (r,s;z) ¢ .
Thus we get the required subordination.
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(ii) Let k > 4. Proceeding as in (i), we have

ﬂmZ(A o B)262i0(1 +B6i0)k74
(1 + Aeif)k '

Y(r,s,t;2) =1+

so that

ﬁmQ(A _B)QeQiG(l +Bei9)k—4
(D — E)(1+ Ae'%)k — Efm2(A — B)?
(1+B6i0)k7462i6
|Blm*(A — B)?|(1 + Be')*|
(14 AR (D — E)| + m?|EB(A — B)2e??|
|(1+ Be')r4|
S |B|m*(A — B)*(1 — |B|)**
(L4 [ADH(D = E) + m?|[EB(A = B)?|(1 + |B|)F*
=: ¢(m).
A calculation shows that ¢(m) is an increasing function for m > 1 and thus has
minimum value at m = 1. As similar analysis of previous case, we get p € P[A, B]. O

|X(¢(T»S§Z)a D, E)| =

In [18], a lower bound on f§ is determined such that
p(2) + Bzp' (2)/p*(2) < V1+2
implies
p(z) < V1+z.

Recently, Sharma and Ravichandran [22] established similar type subordination for
analytic functions associated to Cardioid. Motivated by this work, the condition on
B is computed so that p(z) + Bzp/(z)/p?(z) € P|D, E] implies p € P[A, B].
Theorem 2.6. Suppose —1 < B< A<1and -1 < FE <D <1 satisfy
(A= B)(I8|(1 = |Bl) = (1 +]AD?) = (1 + |AD*((D - E) + |DB — EA]) 2.7)
+|ES(A = B)|(1+B]).
If p is analytic in D and p(z) + Bzp'(2)/p*(2) € P[D, E], then p € P[A, B].

Proof. Consider the domain € as in Theorem 2.3.
The analytic function ¢ : C\ {0} x C x D — D is defined as

U(r,s;2) =1+ Bs/r*.

For required subordination, we need to show ¢ (r, s,t,z) ¢ Q. For the values of r, s in
(2.4), we have

(1+ Ae®)3 4 Bme? (A — B)(1 + Be')
(1+ Ae?)2(1 + Be'?)

P(r,s;2) =
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so that
(A - B)|Bm(1 + Be®) + (1 + Aei?)?|
(14 Ae)?(D(1 + Be') — E(1L + Ae”))
— E,Bmew(A - B)(1+ Bei0)|
(A= B)|Bm(1 + Be®) + (1 + Ae®)?|
(1+ Ae®)?((D — E) + (DB — EA)e”)
_ Eﬂmew(A _ B)(l + Bei9)|
(A~ B)[Bm(1 + Be)| — |(1 + Ae?)?|
~ (14 Ae®)%((D — E) + (DB — EA)e?)]
+ |EBme' (A — B)(1+ Be")
(A= B)(|8/m(L — |B]) — (1 +|A])?)
~ (1+]A)*((D - E) + |DB — EA|)
+m|EB(A - B)|(1+|B])

Ix(¥(r,5;2), D, E)| =

=: ¢(m).
The function ¢(m) is an increasing for m > 1. So the function ¢(m) attains its min-
imum value at m = 1. Then |x(¢(r, s;2), D, E)| > ¢(1) > 1 provided the inequality
(2.7) holds. By Theorem 2.2, we have ¢ € ¥(Q; A, B) and this proves the result. [

In [25], authors derived condition on « and § so that subordination

(1 - a)p(z) +0p?(2) + apl ()/pH(2) < 1+ 52+ 52 (K =0,1)

implies
4 2
p(z) <1+ 3% + gzz.
In view of this work, next two theorems give a relation between o and 3 so that
(1 —a)p(z) + ap?(2) + Bzp/(2)/p*(2) € PID, E]
(where k = 0,1) implies p € P[A, BJ.
Theorem 2.7. Let -1 < B<A<1, -1<FE<0<D<1,p#0and0<a <1
Assume that

(A= B)(|8] = (1 +[B]) —a(l+|A])) = (1 +[B))(D(1 + |B])
—E(l—a)(1+]A]) — Ea(l +|A)?* (2.8)
+ |EB(A — B)].
If p is analytic in D and (1 — a)p(2) + ap?(2) + Bzp/(2) € P[D, E], then p € P[A, B].
Proof. Consider the domain €2 as in Theorem 2.3. The analytic function ¢ : C2 xD —
D is defined as
Y(r,s;2) = (1 — a)r + ar? + Bs.
To show ¢ € ¥[QQ, A, B], it suffices to prove |x(¢(r,s;z), D, E)| > 1. It is easy to
deduce that

D55 2) = (1 —a)(1+ Ae?)(1 + Be'?) + a1 + Ae'®)? + pm(A — B)e??

(1 + Bei?)?2
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such that

(A= B)|Bm + (14 Be®) + a1 + Ae'?)|
|(1+ Be)(D(1 + Be'?) — E(1 — a)(1 + Ae'f))
— Ba(1l + Ae%)? — EBm(A — B)e"|
(A= B)(|Blm — (1 +[B]) — a(l + |A]))
(14 Be?||(D(1 + Be??) — E(1 — a)(1 + Ae?))|
+ |Ea(l + Ae?)?| + |[EBm(A — B)e|
(A= B)(|8lm — (1 +|B|) — a(l + |4])
(14 BN(D +[B|) — E(1 —a)(1 +[A])
— Ba(1+ |A])? +m|EB(A — B)|

\XW(’ES;Z)» D, E)' =

=: ¢(m).
Note that ¢(m) > ¢(1) for m > 1 and therefore |x(¢(r,s;z), D, E)| > 1 whenever

the inequality (2.8) holds. Thus 9 (r,s;2) ¢ Q and Theorem 2.2 yields the desired
subordination. O

As an implication of Theorems 2.5-2.7, each of following is sufficient condition
for function f € S*[A, B]:

2f'(2) 2f'(2)\ 2f"(2)  2f'(2))
™ ) <”5< o) (RS >>€P[D =

where — 1< B<A<1, -1<E <0< D<1 and g satisfies following inequality
1B(A = B)* > (D — E)(1+|A)*(1+|B|)* + |EB(A - B)?|,

(
) @\ AR )
(b) f(z) <1+5< ) > <1+ F02) 72) )) € P[D, E,

where -1 < B< A<1, -1 < E <D <1 and 0 satisfies an inequality (2.7).

(@ (Lot BHE ¢ (0 -5) (£2) + 521 P, B)
whenever 3 #0, -1 < B<A<1,—-1<E<0<D <1 and the inequality (2.8)
holds.

Corollary 2.8. Letpe P. For -1 < B<A<1,-1<E<0<D<1andp#0.
We assume that
(A-B)(|8] —(1+|B])) = (D - E)+[2BD — E(A+ B)|

+ |EB(A — B)|+ |DB* — EAB|.
If p(z) + Bzp'(z) € P[D, E|, then p € P[A, B].
Corollary 2.9. Letpe P, 8#0, - 1< B<A<land -1<E<0<D<I.
We assume the following inequality
(A= B)(|8 = @ +B]) = (1 +[A]) = D1+ |B|)* = B(1 + |A])?
+1EB(A- B)|
If p?(2) + Bzp'(2) € P[D, E], then p € P[A, B].

(2.9)



Differential subordination for Janowski functions 465

Theorem 2.10. Letpe P, -1 < B<A<1, -1<E<0<D<1,G=1+]A| and
0 <a<1. Assume that

(4= B)(13] - G~ a(GP(1 - |B) ) o0

> (G)(DA+|B|) - B(1 - a)(G)) - Ba(G)*(1 — |B|)™" + |[ES(A - B)|

If (1 — a)p(2) + ap?(2) + Bzp'(2)/p(2) € P[D, E), then p € P[A, B].

Proof. By considering €2 be as in Theorem 2.3 and the analytic function
U(r,s,t;2) = (1 — a)r + ar? + Bs/r,

it is enough to prove |x(¥(r,s; z)| > 1. Using (2.4), we have

(1 —a)(1+ Ae®)?(1 + Be') + a(l + Ae?)3 + Bm(A — B)(1 + Be')e'®

vlrsiz) = (1+ Aci)(1 + Beid)?

A simple computation yields
(1+ Ae?)2(1 4 Be'?) 4+ a1 + Ae??)?(A — B)e?+
m(A — B)(1 + Be'?)e? — (1 + Ae'?)(1 4+ Be'?)?
Ix(¢(r, s;2)| = ’ (ie X i0\2 ) : )(w 2 )
D(1+ Ae™)(1+4 Be)? — E((1 — a)(1 + Ae™)
(1+ Be?) + a(1 + Ae®)? + Bm(A — B)(1 + Be'?)e')
(A—B)|fm+ (14 Ae®?) + a(1 + Ae®)?(1 + Be??) ™!
|(1+ Ae??)(D(1+ Be') — E(1 — a)(1 + Ae'?))—
Ea(l+ Ae?)3(1+ Be?)~! — Efme’ (A — B)|
o (A=B)(|Blm — (1+|A]) — a1 +]A)*(1 - |B)~")
T (1 + Ae)(D(1+ Be?) — E(1 — a)(1 + Ae'))|+
|Ba(l + Ae®)3(1 + Be?) =l + |[EBe?m(A — B)|
(A—B)(|Blm — (1 +|A]) —a(1+|AD*(L— [B)™Y) _ 6(m)
— (4 AD(DQA +|B[) — E(1 = a)(1 + |A]))—- ' '
Ea(l+|A])*(1 - |B])~' + m|EB(A - B)|
It is observed that ¢’(m) > 0 for all m > 1. As computation done in the previous
theorem, we get the required subordination result. O

Corollary 2.11. Letp e P, 3 #0, -1 < B<A<land -1<E <0< D<1.
Suppose that

(A=B)(|6l = (1 +[A]) = (D - E) + [D(B + A) - 2EA| + |[ES(A — B)
+|DBA — EA?|. (2.11)
If p(2) + Bzp'(2)/p(2) € P[D, E|, then p € P[A, B].
For a positive integer k, the condition on /3 is determined so that
(1/p(2)) = Bzp'(2)/p"(2) € P[D, E]
implies p € P[A, B].
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Theorem 2.12. Letp € P, -1 < B< A<1land -1 < E <0< D < 1. Then
p € P[A, B] for each of the following subordination conditions:

(a) (1/p(2)) — Bzp'(2) € P|D, E] where 8 satisfies
(A—B)(|81(1 —[A) - (1 +|B])?)

S (14 [B(DO+ A~ BQ+B)) +1EBA- B +1a)
(b) (1/p(2)) — B2/ (2)/6*(2) € PID, E] for k= 1,2 where 8 satisfies
(A= B8] - (1+ A (1 + B>
> (14 [ADS (14 B H(D(1 + |A]) - B(1+]B])) (2.13)

+ |EB(A — B)|.
(¢) (1/p(2)) — B2p/(2)/p"(2) € P|D, E|] for k > 2 where (3 satisfies
(A= B)(IBI(1 = B = (1 +]A)* )
> (1+[ADH DA + |A]) - E(1 +|B))) (2.14)
+|EB(A - B)|(1+ B2

Proof. For k=0,1,2,3,..., let Q as in Theorem 2.3 and the function ¢ be defined as
1 S
1/’(7%9,3) - ; - 67‘?
In view of (2.4), the function 1 takes the following shape:
1+ Be'? B Bme? (A — B)(1 + Bei?)*

1+ Ae® (1+ Be?)2(1 + Ae?)k (2.15)

Y(r,s;2) =

(a) For k =0, we have

, _ (A= B)((1 + Be™)? + Bm(1 + Ae™))|
Ix(wlrs:2), D E) = 167 peme (D1 + Ac®) — B(1 + Be?))
+ EBm(A — B)e?(1 + Ae?)|
(A = B)(|8|m|1 + Ae®| — |(1 + Be")?|)
(1 + Be')2(D(1 + Ae®®) — E(1 + Be'?))|
+ |ESm(A — B)e(1 + Ae”)
(A - B)(|Blm(1 — |A]) — (1 +]B])?)
T @+ B ||(D(1+ Ae) — E(1 + Be'))|
+ |EBm(A — B)(1 + Aei?)|
(A - B)(|Blm(1 — |A]) — (1 +|B])?)
~ (14 BDA(ID(1+ Ae)| + |E(L + Be)|)
+|EBm(A — B)||(1 + Ae'?)|
(A= B)(|BIm(1 - |A) - (1+|B)?*) _ o(m).
(4 [BD(DA+]A]| - E(1+ |B]))
+m|EB(A - B)|(1+|4])
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Using first derivative test we note that ¢ is an increasing function for m > 1. Thus
the function ¢(m) has minimum value at m = 1. Therefore |x(¢(r, s;2), D, E)| > 1
whenever the inequality (2.12) holds. Thus Theorem 2.2 complete the desired proof.
Part (b) and (c¢) can be proved as part (a). We are omitting further details here. O

Let #0, - 1< B<A<1land -1 < FE <0< D <1.If one of the following
subordination holds for f € A:
(i) For (A—B)(|8|—(1+|B|)) = 1+ [B|)(D(1+|A]) - E(1+|B])) +|EB(A - B)|,
2\ (L2 R) 2f"(2)  2f'(2) _
(7o) (0 (e -5 e
(ii) For (A—B)(I8|— (1 +]A])) = (1+[AN(D(1+ |A]) - E(1+|B])) + |[EB(A - B)|,
O N zf"(z)  2f'(2) .
() (ool 500)) e

then f € S*[A, B].
Motivated by the work in [2], we obtain the conditions on A, B, D, E for a general
Briot-Bouquet differential subordination in the following theorem.

Theorem 2.13. Let - 1< B< A<1, -1<E<D<1 and B~ > 0 satisfy

(A= B)((1~|B|) = (B(1 + A} +~(1+B]))?)

> (B(1+|A]) +~(1+|B|)*(D — E + |DB — EA|)|E|(A - B)(1+ |B). (2.16)

If p € Psatifies the following subordination

po)+ —2E_cpp g,

(Bp(2) +7)
then p € P[A, B].

Proof. Let Q be defined as in Theorem 2.3. Consider the analytic function

s
1/J(7’a5§z):7"+7(6T+7)2~

The required subordination is obtained if we show ¢ € ¥U[Q, A, B] by making use of
Theorem 2.2. Using (2.4), the function 1 (r, s; z) takes the following form

(14 Ae®)(B(1 + Ae®®) + v(1 + Be'?))2 + m(A — B)(1 + Be')e
(1+ Be?)(B(1 + Ae'?) + (1 + Be'?))?

Y(r, s;2) =



468 Swati Anand, Sushil Kumar and V. Ravichandran

so that
(A= B)((B(1 + Ae®) +~(1 + Be'?))?
+m(1 + Be'?))|
|(D(1 + Be'®) — E(1 + Ae®?))(B(1 + Ae'?)
+ (1 + Be?))? — Eme® (A — B)(1 + Be')|
(A - B)(m[1+ Be'| — [(B(1 + Ae™)
S +7(1+ Be?))?))
~ (D= E)(B(1+ Ae) +4(1 + Be'?))?|
+[e?(DB — EA)(B(1 + Ae) +y(1 4 Be'))?|
+ |[Eme’ (A — B)(1 + Be'?)|
(A= B)(m(1 - |B]) = (1B(1 + Ae®)]
N + [7(1 4 Be)])?)
(D - E)(B(1+ Ae) +-~(1+ Be®?))?|
+|(DB — EA)(B(1 + Ae®) + (1 + Be'?))?|
+|Em(A — B)(1 + Be'?)|
(A= B)(m(1—|B]) = (B(1 + |A]) +~(1 +|B]))*)
~ (D-E)(BA+|A]) +~(1+|B])?
+(DB — EA)(B(1 + |A]) +~(1 +|B]))?|
+m|E(A— B)|(1+ |B|)

Ix(¥(r,s;2), D, E)| =

=: ¢(m).

A computation shows that ¢'(m) > 0. Thus for m > 1, ¢(m) > ¢(1) and there-
fore |x(¢(r,s;2), D, E)| > 1 whenever the inequality (2.16) holds. This implies that
(r, s; z) ¢ Q. Hence the desired subordination is obtained. O
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Geometric properties of mixed operator involving
Ruscheweyh derivative and Salagean operator

Rabha W. Ibrahim, Mayada T. Wazi and Nadia Al-Saidi

Abstract. Operator theory is a magnificent tool for studying the geometric beha-
viors of holomorphic functions in the open unit disk. Recently, a combination bet-
ween two well known differential operators, Ruscheweyh derivative and Salagean
operator are suggested by Lupas in [10]. In this effort, we shall follow the same
principle, to formulate a generalized differential-difference operator. We deliver a
new class of analytic functions containing the generalized operator. Applications
are illustrated in the sequel concerning some differential subordinations of the
operator.

Mathematics Subject Classification (2010): 30C45.

Keywords: Differential operator, conformable operator, fractional calculus, unit
disk, univalent function, analytic function, subordination and superordination.

1. Introduction

Differential operators in a complex domain play a significant role in functions
theory and its information. They have used to describe the geometric interpolation
of analytic functions in a complex domain. Also, they have utilized to generate new
formulas of holomorphic functions. Lately, Lupas [10] presented a amalgamation of
two well-known differential operators prearranged by Ruscheweyh [12] and Séldgean
[13]. Later, these operators are investigated by researchers considering different classes
and formulas of analytic functions [5, 8].

In this note, we consider a special class of functions in the open unit disk
u={¢eCllgf <1}
denoting by ¥ and having the series

&) =6+ pnl", £l
n=2
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Let ¢ € X, then the Ruscheweyh formula is indicated by the structure formula
o0
o (P(g) =&+ Z C:nnJrnfl on&".
n=2
While, the Salagean operator admits the construction
o0
U™ () =6+ Y ™ pnl™
n=2
Lupas operator is formulated by the structure

AP p(€) =€+ [on™ +(1—0)Cpi]on”, €€U,0€[0,1].

n=2

Newly, Ibrahim and Darus [7] considered the next differential operator
0rp() = (&)
K
0.0(6) =€p(&) + 5 (p() —p(—€) —2), rKER

[\)

Ol (&) = 0. (0 p(€))
=g+ 3+ S+ (D)) e
n=2

When k = 0,we have U™ ¢(£) In addition, it is a modified formula of the well-known
Dunkl operator [2], where x is known as the Dunkl order. Proceeding, we define a
generalized formula of A", as follows:

Joup(§) = (1 = 0)@™p(£) + 00, ¢(£)

=&+ 3 11— )y + 0t S+ (—1)"F) " ong™.

n=2

(1.1)

Clearly, the operator JJ", ¢(§) € X.

Remark 1.1.

m=0=JJ 0() = p();
k=0= Jp(&) = AT ¢(§);
o=0= J§. () = 2" p(£);
o=1= J.»() = 0p();
k=0,0=1= Jhp(§) = ™ p(&).

Definition 1.2. Consider the following data € € [0,1),0 € [0,1],x > 0, and m € N.
Then a function ¢ € ¥ belongs to the set T,,(0, &, €) if and only if

R((T70©)) > e €eu.
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Observe that the set T,,(o,k,€) is an extension of the well known class of
bounded turning functions (see [1]-[14]). Next results are requested to prove our re-
sults depending on the subordination concept (see [11]).

Lemma 1.3. Suppose that h is convex function such that h(0) = b, and there is a
complex number with a positive real part p. If b € H[b, n], where

A, ={€H:b(E) =b 40" + b, 1" 4}
(the space of holomorphic functions) and
6+ 8/(E) <hO). Eeu

then
b(§) =< (&) < A(&),

. u
We) = L /0 hr)yr(=Ddar eeL.

- ngl»’«/”

with

Lemma 1.4. Suppose that the convex function b() satisfies the functional

h(§) =b(&) + nu(€b'(£))

for >0 and n is a positive integer. Ifb € H[R(0),n], and b(§)+ u&b’ (&) < A(§), £ € U
then b(&) < h(§), and this outcome is sharp.

Lemma 1.5. (i) If A\ > 0,7 >0, 8 = B(v,\,n) and b € H[1,n| then
, 1+¢]° 1+¢£]”
0+ 366 < [Toe| =0 < | 1]
(i) If e € [0,1), A = A(e,n) and b € H[1,n] then

R(52(6) + 2(6).£7(€)) > € = RO()) > A

2. Results

In this section, we investigate some geometric conducts of the operator (1.1).
Theorem 2.1. The set T,,(0, Kk, €) is convez.
Proof. Suppose that ¢;,7 = 1,2 are two functions belonging to T,,(0, k, €) satisfying

P1() =€+ pnt”

n=2

and

p2(§) =&+ Z Hn&".

n=2
It is sufficient to prove that the function

(21) = p101(§) + p202(8), §eu
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is in T, (0, Kk, €), where p1 > 0, p2 > 0 and p; + @2 = 1. The formula of II(z) yields

H(g) = E + Z(@l‘pn + 92¢n)§n
n=2

Thus, under the operator (1.1), we get

KR

TRTE) =6+ Y (p160n + 9200)[(1 = 0)Chp s + 0 (n+ 51+ (=1)"*h)"er

n=2
By making a differentiation, we obtain
R{(JE 1))}

o

=1+ R {Z nl(1 = )Compny +0 (n+ S(1+ (—1)"+1))m]<pn£”‘l}

n=2
+paR {Z A1 = 0)Cieny + 0 (5 (14 (1)) "o e} —e. O
n=2

Theorem 2.2. Define the following functions: ¢ € T,,(0, k,€), ¢ be convex and

_2+c ¢ .
F¢) = §1+°‘/0 tCo(t)dt, € e L.
Then ) .
(me©) = oe) + S o,
yields
(JenF(©)) < 0(8),
and this outcome is sharp.
Proof. By the assumptions, we have
, (mF©) :
() + (2+) = (Jme()
Consequently, we get
, (mF©) :
(2 ©) + (re) s ) v+ ere),
Assuming
(€)= (J2F©)
e con find (&'(©) (0/(€)
b(§)+27+0 = 9(§) + 25tc

In virtue of Lemma 1.3, we have

(73 F(©) =< 0(0)
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and ¢ is the best dominant. O

Theorem 2.3. Assume the conver function ¢ achieving $(0) =1 and for p € &

(770(©) <60 +e0(©), e

then
Jotee(§)

e = #(8),

and this outcome is sharp.
Proof. Formulate the next functional

(o) o PPlE)

e © H[1,1] (2.1)

Consequently, we get

TEp(€) = €5(6) = (T0(6)) =€) + (&),
Therefore, we obtain the inequality

b(§) + &' (€) < B(&) +£¢/ (&)

According to Lemma 1.4, we attain

) < e,

and ¢ is the best dominant. O

Theorem 2.4. For ¢ € X if the inequality

1+¢

B
o) < (15%) + seu 820

achieves then

for some € € [0,1).

Proof. For the function b(¢) in (2.1), we have

1-¢
According to Lemma 1.5.i, there occurs a constant v > 0 with g = () with
I3 () - <1 4—5)7
£ 1-¢) -
This yields R(J]",.©(£)/€) > ¢, for some € € [0, 1). O

B
(I (€)Y = 6/(€) +h(6) < (”f) |
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Theorem 2.5. Assume that @ € X achieves the inequality

Jowp&)\ _ o
m /7 O,KR e
R((7p@) =5) > 5, €etoel0)
Then J3' ¢(§) € Tm(o, K, €) for some e € [0,1). In addition, it is univalent of bounded
turning in L.

Proof. Assume the function b(§) as in (2.1). A Calculation implies that

R(52(6) +20(6)-£'(9)) = 2%((%’}&(@)’%) > o (2:2)

Lemma 1.5.ii, implies that there occurs a constant A(o) satisfying R(b(£)) > A(o).
Thus, we obtain R(b(§) ) > € for some ¢ € [0,1). It yields from (2.2) that

%(Jg,ﬁigp(ﬁ))’ ) > ¢ and by Noshiro-Warschawski and Kaplan Theorems (see [3]), we
have that J" ¢(§) is univalent and of bounded turning in L. O
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On some classes of holomorphic functions
whose derivatives have positive real part

Eduard Stefan Grigoriciuc

Abstract. In this paper we discuss about normalized holomorphic functions whose
derivatives have positive real part. For this class of functions, denoted R, we
present a general distortion result (some upper bounds for the modulus of the k-
th derivative of a function). We present also some remarks on the functions whose
derivatives have positive real part of order a, a € (0, 1). More details about these
classes of functions can be found in [6], [8], [7, Chapter 4] and [4]. In the last part
of this paper we present two new subclasses of normalized holomorphic functions
whose derivatives have positive real part which generalize the classes R and R(«).
For these classes we present some general results and examples.

Mathematics Subject Classification (2010): 30C45, 30C50.

Keywords: Univalent function, positive real part, distortion result, coefficient esti-
mates.

1. Introduction

In this paper we denote U = U(0,1) the open unit disc in the complex plane,
H(U) the family of all holomorphic functions on the unit disc and S the family of all
univalent normalized (f(0) = 0 and f/(0) = 1) functions on the unit disc. Also, let us
denote

P={peHU):p0)=1and Re[p(z)] >0, z€U}
the Carathéodory class and
R={feHU): f(0)=0,f(0)=1and Re[f'(z)] >0, z2€U}

the class of mormalized functions whose derivative has positive real part. For more
details about these classes, one may consult [1], [2, Chapter 7], [3, Chapter 2] or [7,
Chapter 3].
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Remark 1.1. Notice that, according to a result due to Noshiro and Warschawski (see
[1, Theorem 2.16], [6] or [7, Theorem 4.5.1]), we have that each function from R is
also univalent on the unit disc U. Hence, R C S.

Remark 1.2. Another important result (see [7, p. 87]) says that f € R if and only if
flep.

Remark 1.3. During this paper, we use the following notations for the series expan-
sions of pe P and f € S:

p(2) =1+ piz+p22® + o+ paz + . (1.1)
and

f(z) =z4a2? a3z + ... Fapz" + ..., (1.2)
forall z e U.

2. Preliminaries

First, we present some classical results regarding to the coefficient estimations
and distortion results for the Carathéodory class P. For details and proofs, one may
consult [2, Chapter 7], [3, Chapter 2], [6, Lemma 1] or [7, Chapter 3].

Proposition 2.1. Let p € P. Then

pn| <2, n>1, (2.1)
1— 2] 1+ 2]
T S Relp(2)] < Ip(2)] < 1= ] (2.2)
and
P'(2)] < _z (2.3)
(1 =122

for all z € U. These estimates are sharp. The extremal function is p : U — C given
by

_1+z
S 1-z
The next result is another important result regarding to the coefficient estimations

and distortion results for the class R. For more details and proofs, one may consult
[6, Theorem 1], [7, Chapter 4] or [8, Theorem A].

p(2) zeU. (2.4)

Proposition 2.2. Let f € R. Then
2
nl <=, > 2, 2.5
lan| < - n > (2.5)
12|
+ ||

14|z
1— 2]

<Re[f'(2)] < |f'(2)] <

[t

and
—[2| +2log(1 + [2]) < [f(2)] < —|2| — 21log(1 — [z]). (2.7)
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for all z € U. These estimates are sharp. The extremal function is f : U — C given
by

2
flz)=—2z— X log(l1—2AXz), [\ =1, zeUl. (2.8)
Remark 2.3. Let r = |z| < 1. Then, for every k € N*, the following relation hold
1 Z(k+p—1)-7P
Tk:7:2—( p— 1.7 (2.9)

—r\k |. —1)!
(1—-1) 2 (k—1)!
This remark will be used in the next section as part of the proofs of the main results.

Proof. Let us consider the following Taylor series expansion

1
17:1—1—7“4—7“2—1—...—&—7"”—1—..., —-l1<r<l.
—-Tr
Then
! o1 1 14+2r +3r2 4+ .+t + l<r<l1
—_— = || = T T nr veey — T .
(1 —r)2 or|l—r ’

It is easy to prove relation (2.9) using mathematical induction. For this, let us consider

. 1 B Z(k4+p—1)-7rP
P(k)'a—r)k_; o1y ket

Assume that P(k) is true and let us prove that P(k + 1) is also true, where

, o (EEp)tor

P(k+1): T _p;) =T

Indeed,
k _ 0 1 0 i(/ﬂ-l-p—l)!-rp
(1—r)st  9r | (1—r)k|  Or = pl- (k= 1)!

i k+p71 porP! Z(ker)!'?"p

= —1)! Op!~(k:— 1)!
and then

1 = (k+p)-rP
— il :Z : , 7> 1.
(1 —r)kt = ! k!

Hence, P(k) is true for all k¥ > 1 and the relation (2.9) holds. O

3. General distortion result for the class R

Starting from the previous proposition, we give a general distortion result (some upper
bounds for the modulus of the k-th derivative) for the frunction from the class R.

Theorem 3.1. If f € R, then the following estimate hold:

2(k — 1)!

| ()LW7 zeU, k>1.
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Proof. It is clear that R is a subclass of class S. Then the k-th derivative of a function
f € R has the form

F®(2) = i (k :'n)!akJrnz", zeU. (3.1)

n=0
Let |z| < r < 1. In view of relations (2.5) and (3.1) we obtain that

|f(k)(2)|: ZO( ol )ak-‘rnz SZO( n )|ak+n| |Z|
(k +n)! = k‘—i—n—l
Z n! k+n =2
=0 n: n=0
(k+n—-1)"
— _1). e
2(k ”'2% Wk — 1)
1 2(k —1)!

=2k =D R =

Hence, we obtain that

2(k —1)!
FP@ < T
(1 —r)*
Remark 3.2. Notice that the above result is not sharp for £k = 1 (in view of relation
(2.6)), but it is sharp for k > 2 and the extremal function is given by (2.8).

EeN*, |z|<r<Ll O

4. Some remarks on the class R(«)
Let « € [0,1). Then
R(a) ={f € H(U) : f(0) =0, f'(0) =1,Re[f'(2)] > o, 2 € U}

denotes the class of functions whose derivative has positive real part of order . For
more details about this class, one may consult [4] and [5].

Remark 4.1. It is easy to prove that f € R(«) if and only if g € P, where g : U — C
is given by

_ 1 /
g(z)—l_a(f(z)a), zeU. (4.1)
Proposition 4.2. Let a € [0,1) and f € R(a). Then
an) < 22700 sy (4.2)
n

and these estimates are sharp. The equality holds for the function f : U — C given by

£(2) = (20 — 1)z — 2(1}\— a)log(l — Az) (4.3)

with |A] = 1.
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Proof. Let f € R(a) be of the form (1.2). Then

fllz)=1+ Z(n + Dap412", zeU.

n=1
Let us consider the function g : U — C given by

9(z) = . (f’(z)—a>, zel.

T l1-a

Then g € P and

l—a+ Z(n + Dapy12"

f'(z) —a n=1 o~ (n+1)
9() l1-«o l1-«a +T; 1_aa+1z
or, equivalent
(z) =1+ f: 2", where = Lﬂa (4.4)

g = n:1pn > Pn = I—a n+1- .
Taking into account the relations (2.1) and (4.4) we obtain that

n+1 2(1 — )

n <2< |a, < — Vn2>1.

=gttt S 26 lanu| < = n

So we obtain that
2(1 —
lan| < M, Vn>2.

The function given by relation (4.3) is obtained from the extremal function of the
Carathédory class. We have the following Taylor expansion

f(z)=2z+(1—-a)rz?+ %(1 —a)A\?23

leading to the estimates
lag| = [(1-—a)\| =1-a

2 2(1 -«
|as| = 5(1 —a))\’ = %
and the equalities hold for every n > 2. g

Remark 4.3. The previous result can be found also in [5, Theorem 3.5] with another
version of the proof.

Next, we present a growth and distortion result for the class R(«). Starting from this
theorem we give also a general distortion result (some upper bounds for the modulus
of the k-th derivative) for the class R(a).

Theorem 4.4. Let o € [0,1) and f € R(a). Then
1f(2)] < (2 = 1)[2] + 2(a — 1) log(1 — |z]), (4.5)
[f ()] = —l2] = 2(er — 1) log(1 + [2]) (4.6)



484 Eduard Stefan Grigoriciuc

and
1—-2a— \| 1+ (1-2a)|7|

1+ |z <G = 1—|z]
for all z € U. These estimates are sharp. The extremal function is f : U — C given
by

; (4.7)

£(2) = (20— 1)z - 2279 ligu 20)

Proof. Let o € [0,1) and f € R(«). In view of Remark 4.1 and Proposition 2.1, we
obtain that

AN =1, zeU. (4.8)

Loy 1+ 2|
1_a[f(z)—a] —1—|z|
1—a)(1+|z])
n 1
|f (Z) 0[’ = 1_ ‘Z|
e (A-a)itl) 14020
, —a)(l+ |z + (1 — 2¢)|2
< - 7/~ = 7 - —_—
Fe s St e - 2
On the other hand,
1 ! 1- |Z‘
T /) —el|z
1—a)(1 —|z])
1
7 =af = E
e (o) —f)__1-2a—]
, —a)(l—|z — 20—z
> -_ =
7 =)= 1+ |2] “ 1+ |2]
Hence, we obtain relations (4.7). Finally, to obtain the relations (4.5) and (4.6), it is
enough to integrate the relation (4.7). O
Theorem 4.5. Let « € [0,1) and f € R(«). Then the following estimate hold:
2(1 — a)(k — 1)!
fP ) < =, 2€U k>1
(1 —[z])*

Proof. Let a € [0,1). It is clear that R(«) is a subclass of class S. Then the k-th
derivative of a function f € R(«a) has the form

¥ (z) = i (k :'n)!akJrnz”, zeU. (4.9)

n=0
Let |z| <7 < 1. According to the relations (4.2) and (4.9) we obtain that

2 (k+n)! n k+n n
[fP(2)] = Z%amnz SZ< o )|ak+n| |2"|

n=0 n=0

> k+n 2(1 -« > (k+n-1)
<y BHE Ay gy BT
n=0 k+n n=0

— 91— a)(k— 1) Zk+n—1 2(1(1_)(r) )7

n=0
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Hence, we obtain that

09 ()] < 20— )k = 1)!

Remark 4.6. Notice that, for £ = 1, the previous result is not sharp. The sharpness
is obtained if k > 2 for the function f defined by (4.8).

Remark 4.7. It is clear that if & = 0, then R(0) = R and we obtain the classical
results from the previous section.

5. The class Iz,
Let p € N*. Starting from the well-known class R, we define
Ry ={f € H(U): f(0) =0, f'(0) = 1, fP(0) = 1,Re[f")(2)] > 0,2 € U}

the class of normalized functions whose p-th derivative has positive real part. This
is the natural extension of the class R (extension which preserves the connection
with the Carathéodory class). We present for this class some important results, a few
examples and structure formulas (in the particular cases p = 2 and p = 3). It is clear
that if p =1, then R; = R.

Remark 5.1. In previous definition we have the following equivalent conditions

1
fP0)=1a,=—

0 (5.1)

for p € N* arbitrary fixed. Indeed, if f € R, then

= (n+p)! n p+1)! p+2)!
f(p)(Z):Z( n' )anﬂ;z :p'ap+( 1' )ap+1z+( 2' )ap+222+...

n=0
For z = 0 we obtain
F®0) =p!-ap
Hence

1

p’
Remark 5.2. Let p € N* be arbitrary fixed. In view of above definition we deduce
that

feR, & fP ep,

so we can use the properties of Carathéodory class P to describe the function f(®)
and then we can obtain some properties for f € R,.

Proposition 5.3. Let p € N* and f € R,. Then the following relation hold:

2(n —p)!

lan| < py

n>p, (5.2)
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Proof. Let f € R,. Then

> !
fP(z) = Z (ner)'anﬂ,z", zeU.

n!
n=0

Taking into account Remark 5.2 and Proposition 2.1 we have that

f(p) c ’])7
and |
(n ;p)'a,ﬁp <92, Vn>2.
In view of above relations we obtain
2-n!
|ntp| < _an
(n+p)!
or, an equivalent form
2(n —p)!
lan| < %, Vn>p.
O
Theorem 5.4. Let p € N* and f € R,. Then the following estimate hold:
. 2(k — p)!
k
Proof. Let f € Ry,. Then
= (k4 n)! n
f®(2) = Z ( py ) anyr2", z€U. (5.4)
n=0 ’
Let |z| < r < 1. Using relations (5 ) and (5.4) we obtain
(k+mn) (k —|— n) n
|fP(2)] = Z py Z |ak+n| 2"
n=0 ’ =
i k+n 2(n+k—p)! 7"n22‘i (n+k—p)lrm
= (k+n)! = n!
(k+n—p)lr™ 2(k — p)!
=2(k—p)!- = .
(k=p) nz::O alk—p)l (1 —r)k—pH
Hence,
2(k — p)!
(k) N S AN

Remark 5.5. In estimates (5.3) we have the following existence condition:
VEkpeN: k>p.
In other words, for p € N* arbitrary fixed we can estimate the derivatives of order k

with k& > p (the derivatives of order at least p). In particular, for p = 1 (i.e. for the
class R) we can estimate all derivatives of order at least 1.
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Remark 5.6. For the bounds of the modulus of the first (p—1) derivatives of a function
f € R, we can apply the following argument

Vie{0,p—1}: |f9() g/ / E_Fp}dp (5.5)
0 0 - P
(p—j) times
In particular,

[fP=D(2)] < —[2] = 2log(1 — |2])

and
|fP(2)] <
Hence, for f € R, we obtain general upper bounds, as follows:

e if 0 < k < p, we use relation (5.3);
o if k> p, we use relation (5.5).

W —2(]2] - 1) log(1 — |2]).

Remark 5.7. If p = 1, then R; = R and we obtain the result (general result of
distortion) from Theorem 3.1.

In following results we discuss about the relation between two consecutive classes of
order p, respectively p + 1, for p € N* arbitrary choosen.

Proposition 5.8. Let p € N*. Then R, N Ryq1 # 0.

For p € N* we can find a function f which belongs to both class R, and R,;1. We
present two examples to illustrate this proposition (first for the case p = 1 and second
for the general case p > 2).

Example 5.9. Let f: U — C be given by f(2) = 122 + z, 2 € U. Then f € R; N R».

Proof. Indeed, we have

£(0) =

For z = 0 we obtain
f(0)=f"0)=1 and Ref’(z)=1>0, VzeUl.
Then, in view of definition, f € Ry. On the other hand,
f(0)=1 and Ref'(z) =Re(z+1)=1+Rez >0, VzeU,
and this means that f € R;. O
Example 5.10. Let p > 2 and let f: U — C be given by

2 el

1
f(z) =2+ ;!zp+ CES]

Then f € R, N Rpi1.
Proposition 5.11. Let p € N*. In general, R, € Rp41.
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For p € N* we can find a function f which belongs to the class I,, but does not
belong to the class R,yi. We present two examples to illustrate this statement.

Example 5.12. Let f : U — C be given by f(z) = 2z, z € U. Then f € R = Ry, but
[ & Rs.

Example 5.13. Let p > 2 and let f : U — C be given by f(z) = z+ izp, z € U. Then
feRy, but f & Rpy.

Remark 5.14. The above example can be generalized by adding the terms between z

and ﬁzp . We can consider the function f : U — C given by

p—1
1
- n P
f(z)=2z+ EQanz +p!Z’ zeU.

For n € {2,3,...,p—1} the coefficients a,, can be real or complex numbers, but a; =1

andap:EER.

Proposition 5.15. Let p € N*. In general, R,41 € R,.

For p € N* we can find a function f which belongs to the class R,1, but does not
belong to the class R,. We present also two examples to illustrate this statement.

Example 5.16. Let f : U — C be given by f(z) = 2+ %22—1-%23, z € U. Then f € Ry,
but f g Rl.

Proof. Indeed, we have
2

f(0)=0, f(z) :1+z+% and f"(z)=1+2z2 z2€U.

Then
f(0)=f"0)=1 and Ref’(z)=1+Rez>0, z¢€U.

Hence, in view of definition, f € R,. But,
1
27
Then Ref’(z) # 0, z € U and hence f ¢ R;. O
Example 5.17. Let p > 2 and let f : U — C be given by f(z) = z+ ﬁz”“, zeU.
Then f € Ry11, but f € R,,.

Remark 5.18. Let p € N*. Then

1. Rp g Rp+1;
2. Rp 2 Rp_;,_l;
3. RyNRp1 # 0.

1
Ref’(z):1+Rez+§Rez2>— zeU.

Remark 5.19. Let p > 2 and consider the polynomial

q(z) =z + asz® +aszz® + ...+ ap,lzp_1 +ayz?, zel.

Then ¢q € R, if and only if a, = —-
p
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5.1. Structure formula for p =2 and p = 3
Proposition 5.20. Let f : U — C. Then f € Ry if and only if there exists a function
w measurable on [0,27] such that

22

2m
f(z)= —5 = 2. / e [(z — e") log(1 — ze ™) — z]dpu(t),
0
where log1 = 0.

Proof. According to Remark 5.2 we have that f” € P. Hence, in view of Herglotz
formula we obtain that

2 it
F(z) = / T 0ut), e (0,20,

et — z

Then,

om [([ [ el [ ([ ([ Ezeole

Using [7, Theorem 3.2.2] we know that

z 27
f(2) = /0 [—¢-2 /0 e log(1 — Ce™)du(t)] dC,

so we obtain

22

f(z) = —5 2- /0 ' e [(z — e") log(1 — ze™ ™) — z]dpu(t). O

Remark 5.21. It is possible to obtain a structure formula for the case p = 3:
2

23 2T 22 . . . . z
f)=——-2- / et =+ e —et(z—e) | log(l — ze™™) — 22 — = |du(t),
6 o 2 2

where log1 = 0.

6. The class R,(«)
Let a € [0,1) and p € N*. Then we define
Ry(a)={f € H(U): f(0) =0, f(0) =1, fP(0) = 1,Re[fP(2)] > a,z € U}.
the class of normalized functions whose p-th derivative has positive real part of order c.

Remark 6.1. Let o € [0,1) and p € N*. Then f € R,(«) if and only if g € P, where
g : U — C is given by

1) o
= U.
9(z) T €
Proposition 6.2. Let o« € [0,1) and p € N*. If f € R,(«), then the following relation
hold: o(1 |
A Y (61)

Proof. Similar to the proof of Proposition 4.2. O
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Theorem 6.3. Let o € [0,1) and p € N*. If f € Ry(«), then the following estimate
hold for all k € N* with k > p:

2(1 —a)(k —p)!
Proof. Similar to the proof of Theorem 4.5. O

Remark 6.4. If & =0, then R,(0) = R, and we obtain Proposition 5.3 and Theorem
5.4 from previous section. If, in addition, p = 1, then R;(0) = R and we obtain the
coefficient estimates, respectively the growth and distortion result regarded to the
class R.
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Abstract. In this paper, we introduce new class X, (i, A, 7y, 3) of m-fold symmet-
ric bi-univalent functions. Furthermore, we use the Faber polynomial expansions
to find upper bounds for the general coefficients |amr+1|(k = 2) of functions in
the class X, (u, A, 7, 8). Moreover, we obtain estimates for the initial coefficients
|@m+1| and |a2m+1] for functions in this class. The results presented in this paper
would generalize and improve some recent works.
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1. Introduction

Let A be the class of functions of the form
f(2) :z—i—Zanz", (1.1)
n=2

which are analytic in the open unit disc U= {z € C: |z| < 1}.

We let S to denote the class of functions f € A which are univalent in U (see
details [5, 7]).

Every function f € S has an inverse f~!, which is defined by

FTHf(R) =2 (€U

" Hw) = w — agw? + (2a3 — az)w® — (5a3 — basas + ag)w* + - - - . (1.2)

and

>~ =

" (w) = w (w| < ro(f)s 1o(f) 2

In fact, the inverse function f~! is given by
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A function f € Ais said to be bi-univalent in U, if both f and f~! are univalent in
U. Let o denote the class of bi-univalent functions in U. In fact that this widely-cited
work by Srivastava et al. [18] actually revived the study of analytic and bi-univalent
functions in recent years and that it has led to a flood of papers on the subject by
(for example) Srivastava et al. [16, 17, 18, 21, 22] and others [6, 23] .
oo

Also the coefficients of g = f~!, the inverse map of f(z) = z + Z anz" € S, are
n=2

given by the Faber polynomial [9] (see also [1, 2]):

o) = f W) = w3 K (az,as, @ (13)
where
-n __ (771)' n—1 (7’”)' n—
K = Con D% T @ i
+ (—TL)' a® 4a + (_n ! an75
(—2n+3)n—4)"2 T 2(-n+2)(n->5) >
Klas+ (—n +2)a2) + —— Wm0 4 (—2n + 5)agad]

(—2n+5)!(n — 6)!

+>_ a3V

327

such that V; with 7 < j < n is a homogeneous polynomial in the variables
a2,0a3, " ,0n-
In particular, the first three terms of K, " are

1 1 1 .
§K12:7Q27 §K23:2agfa37 ZK34:*(5G§)*5(120,3+(14).

In general, for n > 1 and for any p € R, an expansion of K¥ is (see for details [1, 20]
or [2])

-1 ! !
plp )Dﬁ+ B pii.p 2 _pr14)

KH(aq,... =
002, Gng1) = pania+ =5 (1 — 3)13! (b —n)nl "
where
m m = m!(a2)l’1 "'(anJrl)Vn
Dn :Dn (a23a3a"'aan+l):nzl Vl!"'Vn! ) (15)
the sum is taken over all non negative integers vy, vs, -+ , v, satisfying

vit+vat ot vy =m,
V1424 4+ny, =n
The polynomials D" proved by Todorov [20].
It is clear that D! (ag,as, - ,ant+1) = ay (n > 1), [20, Page 2].
For each function f € S function, the function

h(z) = ¥/ f(z™) (1.6)



Certain class of m-fold functions 493

is univalent and maps the unit disk U into a region with m-fold symmetry. A function
is said to be m-fold symmetric (see [14, 15]) if it has the following normalized form

00
f(Z) =2z+ Z a7nk+lzmk+1 (Z elUme N) (17)
k=1

We denote by S, the class of m-fold symmetric univalent functions in U.

The functions in the class S are said to be one-fold symmetric. The normalized
form of f is given as in (1.7) and the series expansion for f~!, which has been recently
proven by Srivastava et al. [19], is given as follows:

Flw) =w+ Y Apppw™ (1.8)
k=1

=W — Qw4 [(m A+ 1ar,  — azmpr]w?™ !

(1.9)

1
7[§(m +1)(3m + 2)a§n+1 — (3m 4 2)ams102ma1 + Az ]S 4

We denote by 3, the class of m-fold symmetric bi-univalent functions in U. Thus,
when m = 1, the formula (1.9) coincides with the formula (1.2). Some examples of
m-fold symmetric bi-univalent functions are given as follows:

! 1
zm m 1 14 2z™m Py —
(=) Llog(l_sz 1 and [~ log(1 - =]

with the corresponding inverse functions

1 m L m L
w’ n m 62w _ 1 m d 6w _ 1 m
) m an m )
1 wm e2u) 1 ew
respectively.

In this work, we introduce new class X,,(u, A, 7, 5) of m-fold symmetric bi-
univalent functions defined on U and use the Faber polynomial expansions to obtain
the general coefficients axr1(k = 2) of m-fold bi-univalent functions in this class.
Also, we gain estimates for the general coefficients and early coefficients of functions
belonging to this class. We show that the results would improve some of the previouse
works like Hamidi and Jahangiri [11, 12, 13], Eker [8], Srivastava et al. [18, 19], Caglar
et al. [6], Frasin and Aouf [10] and Altinkaya and Yalgin [3].

2. Preliminary results

For finding the coefficients for functions belonging to the class ¥,,(u, A, v, 8), we
need the following lemmas and remarks.
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Lemma 2.1. [1, 2] Let f(z) = z + Z anz" € S. Then for any p € R, there are the
n=2

polynomials KF, such that

(f(Z))H =1+ i K (az, - ant1)2",

z n=1
where KF given by (1.4).
In particular

plp—1) 4

Ki'(ag) = paz,  Kj(az,a3) = pag + ———=a;

and

pla—=1)(n—2) 4

K3(az, a3, a4) = pag + plo = 1asaz + 30 aj.

Remark 2.2. Let f(z) = z + Zamk+1zmk+l € S;n. Then for any p € R, there are
k=1
the polynomials K7}, such that

<f(ZZ)>“ =1+ kZ:l K (amy1, -+ ey 1) 2™
Proof. The proof has been satisfied from f(z) € S, and Lemma 2.1. g
Case 2.3. In special case, if ami1 ="+ = App—1)41 = 0, then

K (amit1,-+ yamig1) =0; 1 SiSk—1
and

K],:(aerla T 7amk:+1) = HAmk+1-

Lemma 2.4. [4] Let f(z) =z + Z anz™ € S. Then

n=2

ZfI(Z):lfiF(a e a )Zk
f(z) s k42, y Uk+1 )
where Fi(az, a3, ,ag+1) 18 a Faber polynomial of degree k,

Fi(az, a3, ,ap1) = Z Ay i, ,ik)a?a? ~~af§+1 (2.1)

i1+2i2+-+kipr=k

and

‘ o q\k+2i1+3igt (k1) (iy i+ -+ — 1)k

A(u,zz, Vik) T ( 1) 1o k iligl - ig] . (2.2)

The first Faber polynomials Fy(az,as, - ,ar4+1) are given by:

Fi(as) = —aa, Fy(as,as) = a3 — 2a3 and Fs(az,as,as) = —a3 + 3azas — 3ay.
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oo
Lemma 2.5. Let f(z) =z + Zamk+1zmk+1 € S,.. Then we can write,
k=1
o0
zf'(2) k
f(Z) =1- Zka(am+la e 7amk+1)zm )
k=1
where
ka(am-i-la o 7amk+1) - ka(oa e 707 am+170a e 70a amk+1)
mk
_ Tm igm imk
- Z A(ilai27~-~:7;mk')a'7n+1a/27n+1 Oy

Mgy +2Mioy +- - +mkipr=mk

o0
Proof. By using Lemma 2.4 for function f(z) =z + Z Ump12™ T € S,n, we have
k=1

zf'(z)_ _ o
e ,;F |

Suppose that ¢,7 € Nand 1 £ j <m — 1. We consider three cases for k.
(i) If 1 £k <m—1, then Fi(0,---,0) =0.
——

k
(i) If k = tm, then, we have
th(07 e a07am+15 07 e 707a2m+1a Oa e 70a atm-‘,—l)
tm
_ im 2m itm
- E : A(il,i27~»-,itm,)am+1a2m+1 Ot
Mim +2Migm+- - +tmi, =tm
(iii) If kK = tm + j, then
th—i—j(O; e aoaam—‘rlaO,' o 30;a2m+1703 e 707at7n+1707’ c 70)
——
J
tm+j
_ ’im igm itm
- Z A(i1,i2,~~,’itm+j)a’m-‘rla’Qm-‘rl e at’m—i—l‘
M, +2Miom +-+tMmiy, =tm-+j
Since the equation
My + 2Mioy, + -+ + tMiy, = tm + 7,
doesn’t have positive integer solution, so
th+j(07' te 707a’m+1707' te 707a2m+1701 e 70aatm+1707 et 70) = O D
Case 2.6. In special case, if ami1 ="+ = app—1)41 = 0, then
Trmi(@ms1, - 3 Gmig1) =05 1SSk —1
and

Tk (a7n+17 e aamk+1) = _mkamk+1-
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o0

Lemma 2.7. Let f(z) = z+ Zamkﬂzmkﬂ € S, then for every u 2 0, we have the
k=1

following expansion,

(1- ) (f(;))ﬂ +Af(2) (f(z))ﬂ_l 14 Liamens - san) 2™

z
k=1

B w N+ Amk
(f(z)) —i—’\fd% (f(z)) =1+ZM7KZ(am+17"',amk+1)2mk;u>0
k=1

)‘ZJ]:(S) tl-A=1- Z)‘ka(am+la e >amk+1)2mk ; pn=0.
k=1

Proof. The proof has been satisfied from Remark 2.2, and Lemma 2.5. 0

Lemma 2.8. [15] If p € P, then |cix| £ 2 for each k, where P is the family of all
functions p analytic in U for which Re(p(z)) > 0 where

p(z)=1+crz+cz?+c3z®+---.

3. Class 3, (i1, A\, 7, 8)

In this section, we introduce and investigate class X,,(u, A, 7, 8) of m-fold sym-
metric bi-univalent functions defined on U.

Definition 3.1. A function f given by (1.7) is said to be in the class X, (1, A,7, 3)
(Lz20, A21, yeC—-{0}, 0= B < 1), if the following conditions are satisfied:

fesm, %<Hi (1- ) (Jciz))ﬂﬂf’(z) (f(;)y_l—w > B (2 U)

R <1+i (1=2x) (g(;l))>#+>\g’(w) (g(ww)>”1 - 1D > 4 (w e ),

where the function g is the inverse of f given by (1.8).

and

Remark 3.2. There are some options of the parameters v, A and p which would provide

interesting classes of m-fold symmetric bi-univalent functions. For example,

(I) By putting v = 1; the class ¥,,(u, A, v, 8) reduces to the class N3 (8, \), which
was considered by Altinkaya and Yal¢n [3].

(IT) By putting v = 1 and A = 1 and p = 0; the class X,,(u, A, v, 8) reduces to
the class of m-fold symmetric bi-starlike of order £, which was considered by
Jahangiri and Hamidi [11].

(ITI) By putting v = 1 and p = 1; the class ¥, (i, A, v, 3) reduces to the class
AR . (B), which was considered by Eker [8].

(IV) By putting v = 1, w=1and A = 1; the class 2,,(u, A, 7, 5) reduces to the class
Hy m(83), which was considered by Srivastava et al. [19].
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Remark 3.3. For one-fold symmetric bi-univalent functions, we denote the class
S1(py Ay, B) = (s, A\, 7y, B). Special cases of the parameters 7, A and p which would
provide interesting classes of bi-univalent functions as follows:

(I) By putting v = 1; the class X(u, A, 7, 3) reduces to the class N5 (3, \), which

was considered by Caglar et al. [6].

(IT) By putting v = 1, A = 1 and p = 0; the class X(u, A, v, 8) reduces to the class
S&(B), which was studied by Brannan and Taha [5].

(III) By putting v =1 and p = 1; the class X(u, A, 7, 5) reduces to the class By (5, \),
which was studied by Frasin, Aouf [10] and Hamidi, Jahangiri [13].

(IV) By putting v =1, A =1 and p = 1; the class X(u, A, 7, 8) reduces to the class
Hx (), which was studied by Srivastava et al. [18].

(V) By putting v =1, A =1 and 0 £ p < 1; the class X(u, A, v, 8) reduces to the
class of bi-Bazilevic of order 5 and type p, which was studied by Jahangiri and
Hamidi [12].

Theorem 3.4. Let [ given by (1.7) be in the class X (p, A\, y,8) (= 0, A
ye€C—{0},0=8<1). If g1 =+ = Gp(r—1)+1 = 0, then

2[y[(1 - 5B)
W+ Amk

1\
—_

|ampt1| = i (kB22).

Proof. By using Lemma 2.7, for m-fold symmetric bi-univalent functions f of the form
(1.7), we have:

1 f(2) a , f(2) p—1
1+; (1>\)<2) +/\f(z)< . > 11 »
k=1 Y

o0
Similarly for its inverse map, g(w) = f~1(w) = w + Z Apier1w™ L we have:

k=1
1 g \" (g ]
1+=|(1-=N) o + Ag'(w) T -1
I S
—14 Z Lk(A7n+1a t 7Amk+1)wmk.

7y

k=1
Furthermore, since f € %,,,(u, A, v, 8), by definition, there exist two positive real-part
functions

p(z)=1+ Z 2™
k=1

and

qglw) =1+ dekwmk,
k=1
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where Re p(z) > 0 and Re g(w) > 0 in U so that:

1 H pu—1
L+ (1-X\) (f(;)) + 2 (2) (f(;)) - 11
- (3.3)
=141 =B)> Ki(cm, - s comp)z™
k=1
and
Iz p—1
A (LY (g(w)) + Mg/ (w) <g(w)> - 1]
- (3.4)
=141 =8)) Ki(dm, - dpp)w™
k=1
Equating the corresponding coefficients of (3.1) and (3.3), we have:
Li(Gmat, s Gmpg1) — (1= )KL (e co)- (3.5)
Y
Similarly, from (3.2) and (3.4) we obtain:
Lk(Am+1, . ,Amk-i-l) — (1 _ ,B)Kkl;(dm, . ,d'rnk;)- (36)

aé
Note that for a1 =0 (1 i < k—1), we have Ay =0 (124 < k—1) and
Akarl = —Amk+1-
For p > 0, by using Case 2.3 and Lemma 2.7 the equalities (3.5), (3.6) can be written

as follows: Ak
m
K Amk+1 = (1 - ﬁ)cmlm

+ Amk
_ljliamkwkl = (1 - ﬂ)dmk

By getting the absolute values of either of the above two equations and applying the
Lemma 2.8, we get:
_ I =Blemr] _ (= B)ldmr| _ 2171 = 5)

w4 Amk p+Amk T p+Amk

For ;» = 0, by using Case 2.6 and Lemma 2.7 the equalities (3.5), (3.6) can be written
as follows:

|@mk+1]

mk

Amk+1 = (1 - 6)C'mk7

Amk
T mkt = (1= B)dm-
By getting the absolute values of either of the above two equations and applying the
Lemma 2.8, we get:

| = = B)lemnl _ 1A = B)ldmrl 2111 = B) O
mhk+ Amk Ak =" mk

We obtain estimates for the initial coefficients of functions f € X,,(u, A\, v, 5).
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Theorem 3.5. Let f given by (1.7) be in the class Xy, (1, A, v, 8). Then

|am+1| < min 21 = p) 2 i - p)
m41] = ESY (1 +22m)(m + p)

and
21— B)2(m+1)  2[y|(1—
lamsi] < { P = 8)%( ! ), 2 —5)
(1 + Am) p+2xm
(A =B) [2m+p+1+]1—p }
p+22m m+ u '
Proof. For f(2) = 2z + apmi12™ M + agmyp1 22 4 -+ we get
1 FEN" L (F@N
1+—-1(1—=Ax A -1 3.7
s Ha-n (1) e (X (3.7
A 2X -1
— 14 Mamﬂzmﬂ + (1 + 2xm) domi1 + (=1 A 22
gl gl 2
and for
g(’LU) = fﬁl(w) =w - am+1wm+1 + [(m + 1)a72n+1 - a2'rn+1]w2m+1 ey
we get
1 " et A
14+ [(1=N) (g(w)) g (w) <g(w)> _ 1] —1- Mamﬂwm“
Y w w v
2) 2 1
Comparing the corresponding coefficients of (3.3) and (3.7), we have
(n+ dm)amir = y(1 = B)em, (3.9)
-1
(1 +2xm) <a2m+1 + u2a,2n+1> = (1 — B)com.- (3.10)
Similarly, by comparing the corresponding coefficients of (3.4) and (3.8), we have
—(p+2Am)ami1 = (1 = B)dm, (3.11)
2m+p+1
(i 23m) (g + ELEDGE ) <1 . (312
From (3.9) and (3.11), we get
e = —dum (3.13)
" 21— B2, + )
2 i 1- Cm + dm
= . .14
am+1 2(/~L+)‘m)2 (3 )
Adding (3.10) and (3.12), we get
CL2 _ 7(1 — ﬁ)(CQm + d2m) (315)

T (pF 22m)(m 4 p)
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Therefore, we find from the equations (3.14), (3.15) and Lemma 2.8 that

2|1 - B)
w4+ Am

IvI(X = B)
lam+1] = 2\/(u +2xm)(m 4+ p)’

respectively. So we get the desired estimate on the coefficient |am,41]-
Next, in order to find the bound on the coefficient |agm, 11|, we subtract (3.12) from
(3.10). We thus get

|a7n+1| §

and

(m+1) 4 (1 = B)(cam — dam)

m = 3.16
a2m+1 5 Gm+1 T 30a+ 22m) (3.16)
Upon substituting the value of a2, ,; from (3.14) into (3.16), it follows that
21 -p)? 1)(c2, + d? 1-— m — dom
o LU B A D ) A0 e —dan)

4(p + Am)? 2(p + 2 m)

We thus find that

laams1] < 2121 = B)*(m+1)  2[y[(1-5)
mtl = (u+ Am)? p+2xm

On the other hand, upon substituting the value of a2, from (3.15) into (3.16), it
follows that

(1 -5) 2m+ p+ Deam + (1 — p)dom
a2m+1 = . (318)
2(p + 2 m) m+
Consequently, we have
V(A =8) [2m+p+1+[1—pl
‘a2m,+1| é .
W+ 22m m+ [
This evidently completes the proof of Theorem 3.5. d
4. Corollaries and consequences
By setting v = 1 in Theorem 3.4, we conclude the following result.
Corollary 4.1. Let f given by (1.7) be in the class /\fgm (B, ).
If amyr =+ = apm—1)41 = 0, then
2(1-p)
m <———2: (kz22).
i S 2 (62 2)
By setting m = 1 in Corollary 4.1, we conclude the following result.
Corollary 4.2. Let f given by (1.1) be in the class N&(B,\). If az = -+ = a, = 0,
then 21— B)
<= (k22).
ol S 257 5 (k22

By setting A =1 and pu = 0 in Corollary 4.1, we conclude the following result.
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Corollary 4.3. Let f given by (1.7) be m-fold symmetric bi-starlike of order (.
If amyr =+ = am—1)41 = 0, then
2(1-5)
—— (k22).
mk ) ( = )

By setting m = 1 in Corollary 4.3, we conclude the following result.

|amk+1| é

Corollary 4.4. Let f given by (1.1) be in the class S5(B). If az = --- = ax, = 0, then

i £ 220 (2 9),

By setting = 1 in Corollary 4.1, we conclude the following result.

Corollary 4.5. Let f given by (1.7) be in the class Agm(ﬁ)
If amyr =+ = am—1)41 = 0, then

21-8) . (k= 2).

< = 77
‘amk+1| = 1—|—/\mk; )

By setting m = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.6. Let f given by (1.1) be in the class Bs(8,\). If ag = --- = ap = 0,
then
2(1-p)
< AN P2 >
il < 0 (b2 ),

By setting A = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.7. Let f given by (1.7) be in the class Hx,m(B).
If amyr =+ = ap—1)41 = 0, then

2(1 - 5)

- (k=2).
1+mk’( =22)

|amk:+1 | é

By setting m = 1 in Corollary 4.7, we conclude the following result.

Corollary 4.8. Let f given by (1.1) be in the class Hx(B). If az = --- = ax, =0, then
2(1-5)
<= 7. >
|a’k+1| = 1 +k b (k = 2)

By setting m = 1, A = 1 and 0 £ g < 1 in Corollary 4.1, we conclude the
following result.

Corollary 4.9. Let f given by (1.1) be bi-Bazilevic of order 8 and type p.
If ag =---=ax =0, then

M; (k = 2).

<
|ak+1|: Ltk =

By setting v = 1 in Theorem 3.5, we conclude the following result.
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Corollary 4.10. Let f given by (1.7) be in the class Ngm (B8,A). Then

f20-5) 1—f
|amy1] = mln{ L+ Am ’2\/(u—|—2)\m)(m+ﬂ)}

2= Pm+1)  21-8) (=) [2mtptitiiop
(1 + Am)? w42 m’ p+ 2 m m+p '

and
meﬂ§{

By setting m = 1 in Corollary 4.10, we conclude the following result.

Corollary 4.11. Let f given by (1.1) be in the class NE(B, ). Then

agémin{2(1_6>72 1—F }
pt A (1 +20) (1 + p)

and

(4 A)2 w+2X T+ 20 14+p
By setting A = 1 and g = 0 in Corollary 4.10, we conclude the following result.
Corollary 4.12. Let [ given by (1.7) be m-fold symmetric bi-starlike of order 8. Then

L20-p); 0=t

2(1-5)

o1
m 72

m3§{4ﬂ—5f+2ﬂ—ﬁ)G—ﬁ)F+u+H—uq}.

|am+1| é
=p<1

and
%;0§5< 2m+1

|a27n+1| g

2(1_5)2(7”"‘1) 1-8 . 2m+1
et smip =8 <1

By setting m = 1 in Corollary 4.12, we conclude the following result.

Corollary 4.13. Let f given by (1.1) be in the class S&(B), then

V20 -8); 0S8=3

lag| =

and
|as| = ,
1-B)(5-48); §SB<L
By setting g = 1 in Corollary 4.10, we conclude the following result.
Corollary 4.14. Let f given by (1.7) be in the class Agm(ﬁ), then

/ 1-8 ) (14 m)?
2 (1+2xm)(1+m) ’ 0sps1- (1+2xm)(1+m)

2(1-p) . (1+Am)?
im0 LT GEmmaEm =8 <1

|am+1| g
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and

20 PPmsn) 2025 H-p) 20D

< mi -
|a2im+1| < min { (14 Am)? 1+2xm’ 1+ 2\m

142m’

Remark 4.15. The bounds on |a,,+1] and |ag;, 1| given in Corollary 4.14 are better
than those given by Eker [8, Theorem 2].

By setting m = 1 in Corollary 4.14, we conclude the following result.
Corollary 4.16. Let f given by (1.1) be in the class Bs(8, ), then

2(1-8) S 0<B< 1422—)\2

112X = (1120
|a2| §
20-5) . 12a-
[EDWE 12+(123\r2,\A) sp<1
and )
. [41 =B 2(1-p) 2(1-p) 2(1-B)
o < =
|%=mm{(1+xy’%1+2x’1+2A 112n

Remark 4.17. The bounds on |as| and |az| given in Corollary 4.16 are better than
those given by Frasin and Aouf [10, Theorem 3.2].

By setting A = 1 in Corollary 4.14, we conclude the following result.
Corollary 4.18. Let f given by (1.7) be in the class Hx m(5), then

/ 1-8 . m
2 (1+2m)(1+m) 0 § ﬂ § 2m+1

2(1-5) .
Trm 3 ompr = A <1

|am+1| g

and

2(1*ﬂ)2+2(1*5) 2(15)} 2(1-p)

< mi =
|a2m+1|—mm{ 1+m 14+2m’ 1+2m 142m

Remark 4.19. The bounds on |an+1] and |agm+1| given in Corollary 4.18 are better
than those given by Srivastava et al. [19, Theorem 3].

By setting m = 1 in Corollary 4.18, we conclude the following result.
Corollary 4.20. Let f given by (1.1) be in the class Hx(B), then

2(1-8) . 1
=5—;0sp8=s3

|a2| <
1-8;1<pB<1
and

Remark 4.21. The bounds on |as| and |as| given in Corollary 4.20 are better than
those given by Srivastava et al. [18, Theorem 2].
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By setting A = 1 and 0 £ p < 1 in Corollary 4.11, we conclude the following
result.

Corollary 4.22. Let f given by (1.1) be bi-Bazilevic of order 8 and type p. Then

/ —B
2 (u+2)(1+u Sps 2+M

|a2| §
21-p) .
s T =A<
and
41-8) . 1
G 0S8 = 5
las| = .
41-8) 2(1-p) .
(RS ERR TR 2+u =A<l
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Equipolar meromorphic functions sharing a set

Arindam Sarkar

Abstract. Two meromorphic functions f and g having the same set of poles are
known as equipolar. In this paper we study some uniqueness results of equi-polar
meromorphic functions sharing a finite set and improve some recent results of
Bhoosnurmath-Dyavanal [4] and Banerjee-Mallick [3] by removing some unnec-
essary conditions on ramification indices as well as relaxing the condition on the
nature of sharing of the value co by f and g from counting multiplicity to ignoring
multiplicity.

Mathematics Subject Classification (2010): 30D35.

Keywords: Meromorphic function, uniqueness, set sharing.

1. Introduction, definitions and results

Let f and g and be two non-constant meromorphic functions defined in the open
complex plane C. If for some a € CU {oc}, f and g have the same set of a-points
with the same multiplicities, we say that f and g share the value ¢« CM (Counting
Multiplicities) and if we do not consider the multiplicities, then f and g are said
to share the value a IM (Ignoring Multiplicities). We do not explain the standard
notations and definitions of the value distribution theory as these are available in [7].

Let a € CU {o0}. We denote by N(r,a; f |= 1), the counting function of the
zeros of f — a of multiplicity one. We also denote by N(r,a; f |> 1), the counting
function of those a-points of f whose multiplicities are > [. Similarly we denote by

N(r,a; f |> 1) the reduced counting function of the a-points of f of multiplicity > .
We put No(r,a; f) = N(r,a; f) + N(r,a; f |> 2). We put

O(a; f) =1 - limsup W;

do(a; f)=1-— lini}supw
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and ( >2)
N(r,a;f|>2
da(a; f) =1 — limsup ————+———~

(2( f) rg)oop T(T‘, f)

Let S be a set of distinct elements of C U {oco} and

E¢(S) = U {(z,p) € C x N: z is an a-point of f of multiplicity p},
a€s
and

Es(S) = U {(#,1) € C x N: z is an a-point of f}.
a€S
If E;(S) = E4(S), we say that f and g share the set S CM (Counting Multiplicity).
On the other hand if E;(S) = F4(S), we say that f and g share the set S IM (Ignoring
Multiplicity).

It will be convenient to denote by E, any subset of nonnegative real numbers of
finite measure not necessary the same in each of its occurrence.

In 1976, Gross [6] considered the uniqueness problem of meromorphic functions
when the functions under consideration share sets instead of values. In this direction
Gross raised the following question:

Can one find finite sets S, j =1, 2 such that any two non-constant entire functions
f and g satisfying E;(S;) = E4(S;) for j =1, 2 must be identical ?

To answer the Question of Gross [6], in 1995, Yi [13] obtained the following

results.

Theorem A. [13] Let S = {z: 2" + az" ™ + b = 0}, where n and m are two positive
integers such that m > 2, n > 2m + 7, with m and n having no common factor, a
and b be two nonzero constants such that 2" +az"~™ +b = 0 has no multiple root. If
f and g be two non-constant meromorphic functions having no simple poles such that

Ep(S) = Eg(S) and Ey({oo}) = Ey({oc}), then f = g.

Theorem B. [13] Let S = {z: 2" +az""! + b = 0}, where n(>9) be an integer and
a and b be two nonzero constants such that 2™ + az™ 1 +b = 0 has no multiple root.
If f and g be two non-constant meromorphic functions such that E;(S) = E4(S) and
E¢({oo}) = Eg4({o0}), then either f =g or

n—1
= ah}(lfi — 1)

where h is a non-constant meromorphic function.

—a(h" 1 —1)

and g = o ,

Lahiri [8], in an attempt to investigate under which situation, f = g, proved the
following result.

Theorem C. [8] Let S be defined as in Theorem B and n(> 8) be an integer. If f
and g be two non-constant meromorphic functions having no simple poles such that
E;(S) = E4(S) and Ef({o0}) = E4({o0}), then f = g.

Fang and Lahiri [5], improved Theorem C by reducing the cardinality of the
same range set in the following result.
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Theorem D. [5] Let S = {z: 2" + az"~! + b = 0}, where n(>7) be an integer and a
and b be two nonzero constants such that 2™ + az" "' +b = 0 has no multiple root. If

f and g be two non-constant meromorphic functions having no simple poles such that
Ep(S) = Ey(5) and Ey({oc}) = Eg({o0}), then f =g.

Below we give the definition of weighted sharing which will be required in the
sequel.

Definition 1.1. [9, 10] Let k be a nonnegative integer or infinity. For a € C U {0},
we denote by Ex(a; f) the set of all a-points of f where an a-point of multiplicity m
is counted m times if m <k and k+1 times if m > k. If Ex(a; f) = Ex(a; g), we say
that f and g share the value a with weight k.

The definition implies that if f, g share a value a with weight &, then zg is a zero
of f — a with multiplicity m(< k) if and only if it is a zero of g — a with multiplicity
m(< k) and zp is a zero of f — a of multiplicity m(> k) if and only if it is a zero of
g — a with multiplicity n(> k) where m is not necessarily equal to n.

We write f, g share (a, k) to mean f, g share the value a with weight k. Clearly if
f, g share (a, k) then f, g share (a,p) for all integers p , 0 < p < k. Also we note that
f, g share a value a IM or CM if and only if f, g share (a,0) or (a,o0) respectively.

Definition 1.2. [10] Let S C CU{oo} and k be a positive integer or co. We denote by
E¢(S, k) the set U,cq Ex(a; f).

Recently Bhoosnurmath-Dyavanal [4] proved the following result as an improve-
ment of the above results by reducing the cardinality of the shared set S as well as
weakening the condition on ramification indices.

Theorem E. [4] Let S = {z : 2" +az""' + b= 0}, where n(>5) be an integer and a
and b be two nonzero constants such that 2™ + az" ' 4+ b =0 has no multiple root.
If f and g be two non-constant meromorphic functions such that E (S, 00) = E4(S, 00)
and Ey({oo},00) = Ey({oc}, 00). Also N(r,0; f |=1) = S(r, f) and N(r,0;g9 |=1) =
S(r,g) and ©(oo; f) > -2+ and O(o0; g) > -2, then f = g.

With the aid of weighted sharing Banerjee-Mallick [3] improved Theorem E as
follows.

Theorem F. [3] Let S = {z: 2" + az""! + b = 0}, where n(>5) be an integer and a
and b be two nonzero constants such that z™ 4+ az" =1 + b = 0 has no multiple root. If
f and g be two non-constant meromorphic functions satisfying E¢ (S, m) = E4(S, m)
and E¢({oo}, 00) = Eg({oo}, 00). Also N(r,0; f |=1) = S(r, f) and N(r,0;9 |=1) =
S(r,g) and O5 + ©4 > - If

(i) m>2andn>5;

(ii) orm=1andn>6;

(iii) or m =0 and n > 10,
then f = g, where O = 62(0; f)+O(00; f)+O(—a™2; f) and O is defined similarly.
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In this paper we give two-fold improvements to Theorem F as follows. Firstly we

show that we can reach the conclusion of Theorem F without assuming the condition
4
C) F+ @g > 1

Secondly, we prove our theorem merely assuming that f and g share the value oo
with weight 0. That is we reduce the CM sharing of co by f and g to IM sharing. We
also show that the cardinality of the shared set S can be reduced to 9 from 10 when
m = 0. We state below our theorem.

Theorem 1.1. Let S = {z: 2" + az""' + b = 0}, where n(> 5) be an integer and a
and b be two nonzero constants such that z" +az"~' +b = 0 has no multiple root. Let
f and g be two non-constant meromorphic functions satisfying Er(S,m) = E4(S,m),
Ey({00},0) = Ey({00},0) and N(r,0; f |- 1) = S(r. f) and N(1,0:g |= 1) = 5(r.y).
Then, f = g, if any one of the following holds.

(i) m=2,n>5;

(i) m=1,n>6;

(iii) m=0,n>9.

Definition 1.3. [10] Let f and g be two non-constant meromorphic functions such that
f and g share (a,0) for a € CU{oc}. Let zg be an a-point of f with multiplicity p, and
an a-point of g of multiplicity q. We denote by N (r,a; f)(Np(r,a;g)) the reduced
counting function of those a-points of f and g where p > q(q > p). We denote by
N.(r,a; f,g) the reduced counting function of those a-points of f whose multiplicities

differ from the corresponding a-points of g. Clearly N.(r,a; f,g) = N«(r,a;g, f) and
N.(r,a;f,g9) = Np(r,a; f) + Np(r,a;g). We also denote by NIIE) (rya; f) the count-
ing function of those a-points of f and g where p = q = 1. similarly we denote by
Ng(r,a; f), the reduced counting function of those a-points of f such that p=q > 2.

2. Lemmas

In this section we present some lemmas which will be required to establish our
results. Let f and g be two nonconstant meromorphic functions and we define

n—1 n—1
U o9 gta) 2.1)
—b —b
In the lemmas several times we use the function H defined by

Lemma 2.1. [12] Let f be a non-constant meromorphic function and let

_ > k=0 ag f*

R(f) S b f
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be an irreducible rational function in f with constant coefficients {ay} and {b;}, where
an # 0, by, #0. Then T(r, R(f)) =dT(r, f) + S(r, f), where d = maz{m,n}.
Lemma 2.2. [14] If F, G be two non-constant meromorphic functions such that they
share (1,0) and H # 0 then,

Ny (r1;F |=1) = N (r,1;G |= 1) < N(r, H) + 5(r, F) + S(r, G).

Lemma 2.3. [2] Let f and g be two nonconstant meromorphic functions sharing (1,m),
0 <m < oco. Then

N1 )+ N(r,1:9) = Ny (.1 )+ (m — D) Nu(r,15 £,9) < SIN( 15 ) +N(r, 15 9)).
Lemma 2.4. Let H # 0 and E;(S,0) = E4(S,0) and Ef({oo},()) = E,({0},0).
Then, if F' and G be given by (2.1),

N(r,H)

< N0 F[>2)+N(r,0,G |>2)+ N(r,¢; F |>2) + N(r,¢; G |[> 2)
+ N.(r,1;F,G)+ N

«(1,00; F,G) + No(r,0; F') + No(r,0;G") + S(r, F)
+ S(r,G),

forc € C\{0,1}. Here, No(r,0; F'), denotes the reduced counting function of the zeros
of F', which are not the zeros of F(F — 1)(F — ¢). Similarly we define No(r,0;G’).
Proof. From the definition of H, it follows that that the poles of H occur at the

(i) multiple zeros of F' and G;

(ii) poles of F and G of different multiplicities;

(iii) 1-points of F and G of different multiplicities;

(iv) multiple c-points of F and G;

(v) the zeros of F’ which are not the zeros of F(F — 1)(F — ¢);

(vi) the zeros of G’ which are not the zeros of G(G — 1)(G — ¢).

Since the poles of H are all simple, the lemma follows easily. O

Lemma 2.5. [11] If two non-constant meromorphic functions f and g share (00,0).
Then f*=X(f +a)g" (g +a) # b2, forn > 2.

Lemma 2.6. Let f and g be two mon-constant meromorphic functions such that
"N f +a) = g" g +a), where n > 5 is an integer. If N (r,1; f |=1) = S (r, f)
and N (r,1;9 |=1) =S5 (r,g), then f =g.

Proof. Let

i f+a) =g g +a). (2:2)
Clearly (2.2) implies that f and g share (0o, 00). Suppose f # g. Let y = % Then
(2.2) implies that y # 1, y" 1 £ 1, y" £ 1 and

(2.3)

yn—l
a -1
l+y+y?2+... 4yt
_a1+y+y2+...+y”_2
l+y+y2+...+yr 1
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Case 1. Let y = % =constant, then it follows from (2.3) that f is constant, which is
impossible.
Case 2. Let y = % be non-constant.

Using Lemma 2.1, we note from (2.2), T(r,f) = T(r,g) + O(1) and hence
S(T’f) = S(r,g) = S(T)v say.

Let zg be a zero of f + a. Then in view of (2.2), zp must be a zero of either
g + a or g. If possible suppose that 2y is a zero of g + a. Then y(z9) = 1 and from
(2.3) we obtain f(z0) = —a(™1) # —a, that is f(z0) + a = —a(™+) # 0 which is a
contradiction to our assumption. Therefore zp must be a zero of g. Thus we have

{z:f(z) +a=0} C{z:9(2) =0}. (2.4)
Suppose zg be a zero of f+a of multiplicity p and a zero of g of multiplicity g. Then in
view of (2.2),p=(n—1)¢. Thusp=n—1,if g=1o0r p > 2(n—1), when ¢ > 2. Thus
the least multiplicity of a zero of f +a is n — 1 and f 4 a has no zero of multiplicity
m such that n — 1 <m < 2(n —1).

We agree to denote by N(r,0; f +a | g=1 = 0), the reduced counting function of
the zeros of f 4+ a which are the zeros of g of multiplicity =1 and by N(r,0; f + a |
g>2 = 0), the reduced counting function of the zeros of f + a which are the zeros of
g of multiplicity > 2. Also we denote by N(r,0; f + a | g = 0) the reduced counting
function of the zeros of f + a, which are the zeros of g.

Now since N(r,0;¢g |=1) = S(r, g), we have from (2.4) and above analysis,

N(r,0; f +a)
= N0, f+a|g=0)
= N0 f+alge1=0)+N(r0;f+algss=0)
= S(r,g) + N(r,0; f +a|>2(n—1))
= S(r,f)+ N0 f+al|>2(n-1)).

Hence
(2n —2)N(r,0; f +a) <T(r, f) + S(r, f).

From (2.3) we observe that T'(r, f) = (n — 1)T'(r,y) + S(r,y). Also

n—1
f+a - (2.5)
1 —ynt -1
= —a Y +an
1—yn n
_ (n—1)y" —ny" L +1
n(l—y") '

If we put p(y) = (n — 1)y™ —ny™ = + 1, then p(0) # 0 and
P'(y) = n(n - 1)y"~*{y — 1} and p"(y) = n(n — 1)y"*{(n - 3)y — n + 2}.
Thus p(1) = p’(1) = 0. Hence p(y) = 0 has only one repeated root at y = 1.



Equipolar meromorphic functions sharing a set 513

Thus from (2.5) we obtain
n—1

Z N(T, Ui, y) S N(’f‘, —a

=1

where u;, i =1,...,n — 1 are the distinct zeros of p(y).
Also from (2.3) we have

ZNT vj;y) < N(r,00; f) < T(r, f).

Since by our assumptlon N(r,0; f |=1) = 5(r, f), we have
— — 1
N(r,0;f) = N(1,0; f |= 1) + N(r, 0; f [2 2) < S(r, /) + 5T(, f).
Thus we have

N(r,wj;y) + N(r,00;y)

H'M|

< N(T,O; [)=N(@r0f|=1)+N(r,0;f[>2) < =T(r, f) + S(r, f),

where v;s, j = 1,2,...,n — 1 are the distinct roots of 1 +y+y?+...+y" 1 =0and
wjs, 7 =1,2,...,n — 2 are the distinct roots of l+y+y?>+...+y" 2 =0.

From (2.2) and (2.3) we note that the zeros of y occur at those zeros of g which are
the zeros of f + a. Hence N(r,0;y) < N(r,0; f + a).

Also we have obtained (2n — 2)N(r,0; f +a) < T(r, f) + S(r, f). Thus, we obtain by
the second main theorem,

(3n — 4T (r,y)

N |

n—1

n—2
N(r,v59)+ Y N(rwiiy) + > N(r,usy) + N(r,0;9)
=1

i=1

M |

+
2\ i

( 003 y) + S(r,y)

N(r,00; f) + N(r,0; f)—l—N(r,—an;l;f) +N(r,0: f +a)
+ S(r,f)
<

1
1+-+1
{+2+ o2

IA

}Tm £+ S )

< (5+ ! )<n1>T<r,y>+s<r,y>,

2 2n-2

which leads to a contradiction for n > 5. This completes the proof of the Lemma. [

Lemma 2.7. Let S = {z : 2" + a2z""! + b = 0}, where n(> 4) be an integer and
a and b be two nonzero constants such that z™ + az™ "' +b = 0 has no multiple
root. If ' and G are given by (2.1), then there exists an o € C\ {0, a,b}, satisfying
No(rya; F) < (n—1)T(r, )+ S(r, f), Na(r,a; G) < (n — 1)T(r,g) + S(r,g), where
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(n=1)""" Ja|"

o] = = ST Arg o = arg(%) or arga = arg(f%), according as n is even or

odd. Here arg z denotes the principal argument of z for any z € C\ {0}.

Proof. Let p(z) = 2" +az""! +b. Then p/(z) = 2" 2{nz+a(n—1)}. Thus p'(z) =0

that p” <_a(nn—1)) £ 0.

Thus p(z) = 0 has a repeated root at
provided b = (=1)"(%)"(n — 1)" %
Let a be a nonzero complex number. Then

Foa- f"‘l(j‘b+a) _a:f"+afi"b‘1+0"’_

has roots at z = 0 and at z = f@. Thus p(z) = 0 will have a repeated root at
_a(nnfl) provided p (_@> = 0 and this yields b = (—1)" (%)n (n B 1)n71. Note

—w and hence only n — 1 distinct roots

We choose « in such a manner that the equation 2™ + az”~! + ab = 0 has repeated
roots. It is clear from the above discussion that in this case we must have

n(@ " n—1
ab = (—1) (f) (n— 1)1,
n
n—1 n n n
This implies |a| = % . %, arga = arg(%-) or arga = arg(—%-), according as
n is even or odd. If wy,ws, ..., w,_1, be the distinct roots of 2z + a2z~ 1 + ab = 0,

then we have

NQ(T7O‘;F)
= N(r,a;F)+N(r,a; F |>2)
n—1

n—1
< Y ON(rws f)+ ) N(rwii f [22)+S(r, f)
=1

i=1

= SN )+ w12 2)) + 50, 5)

n—1
= ZNg(nwi;f)-i-S(T,f)
< (n—=0T(r f)+S(r, f).

This completes the proof. O

Lemma 2.8. Let F, G be given by (2.1) and V = (% — %) — (G(ill — %) £0. If

N(r,0; f |=1) = S(r, f) and N(r,0;g |= 1) = S(r,g) and f, g share (0,0); F, G,
share (1,0), then

{n —1}N(r,00; f) < {; + 1} {T(r,f) +T(r,g)} + Nu(r,1; F,G) + S(r, f) + S(r, g).
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Proof. Let zy be a pole of f and g of respective multiplicities p and ¢q. Then from
(2.1), around zy, we have
A B
po_ AR o Bl (2.6)
(z — zp)"P (z — zp)™
Where A(z) and B(z) are analytic at zg, and A(zg) # 0, B(zo) # 0.
Thus

F A’ npA

F—1 A—(z2—2)" (2—20)[A—(z—2)"P]

and
A np
F A z—2z
Therefore a simple calculation yields,
LI . 5/ _ (Z _ Zo)np—l é/ zZ— 20 _ np
F-1 F A A—(z—z9)™ A—(z—2)™
= (2—20)"7"9(2),
say, where ¢(z) is analytic at zg and ¢(zg) # 0. Similarly we obtain,
G G no—1 | B’ z— 20 nq
—— = (z—z)™ —. -
G-1 G B B—(z—2z)™M B-—(2z—2)™
= (z—20)""(2),

say, where ¥(z) is analytic at zg and ¥(zg) # 0. Therefore, around z,

V = (2= 20)""" 1 p(2) — (2 — 20)™ 1p(2).
Thus V has a zero at zg, of order at least n — 1.

We note by Millux’s theorem
m(r,V)

F F’ G’ G’
- (- 5)-(-9)
F’ G’ F’ G’
< m <T7F—1) +m (r,G_1> +m <’F,F> +m (T,G>
= S(r,F)+S(r,G)=S5(rf)+ S(r,9).
Hence from above analysis and by the first fundamental theorem, we have
{n = 1}N(r,00; f)
N(r,0;V)
T(r,V)+0(1)
N(r,o0; V) + S(r, f) + S(r, 9)
N(r,0; f) + N(r,0;9) + N(r,0; f +a) + N(r,0; 9 + a)
N.(r,1; F,G)+ S(r, f) + S(r, g).

+ IA AN IN A
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Now since N(r,0; f |= 1) = S(r, f) and N(r,0;g |= 1) = S(r, g), we have

N(r,0:) < 3T(r, ) + S(r, )

and

1
N(r,0;9) < 5T(r,g) + 5(r,9).
Therefore from above, we have
{n —1}N(r,c0; f)
1 _
< {5+ TN 4 T00) + W(rLF.G) 4 50 0) + ().
This completes the proof. O

Lemma 2.9. [1] Let F and G be defined by (2.1) and F and G share (1,m), 0 < m <
00. Also let wy, ..., w, be the distinct roots of the equation z"™ 4+ az" "' +b =0, where
b# (=1)"(2)"(n—1)""', n>3. Then

NL(ral;F) S

L F00:) 4 N1 00: )}~ Nop(0:7) + 50,

where Noy(r,0; f') = N(r,0; f" | f # 0,w1,...,wy,). Similar inequality holds for
NL(T, 1; G)

Lemma 2.10. Let F' and G be defined by (2.1) and F and G share (1,m), 0 < m < oo.
Also let N(r,0; f |=1)=S(r, f) and N(r,0;g |=1) = S(r,g). Then

N*(T’717F,G)

< A IO T+ N )+ B |+ 50 + ().

Proof. Since N,(r,1;F,G) = Nr(r,1; F) + N1(r,1;G) and from the condition of the
Lemma it follows that

N(r0: ) < 570 )+ 5(r.f)
and
N(r.0:9) < 5T(r.9) + 5(r,9).
the Lemma follows from Lemma 2.9. O

Lemma 2.11. Let F and G be defined by (2.1) and F' and G share (1,m), 0 < m < oo.
Also let N(r,0; f |= 1) = S(r, f) and N(r,0;g9 |= 1) = S(r,g) and f and g share
(00,0). Then
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Proof. From Lemmas 2.8 and 2.10, we have
{n —1}N(r,c0; f)

< {; + 1+ 2(m1—|—1)} {T(r,f)+T(r,g} + mi_‘_lﬁ(r,oo;f)

+ S f)+S(r,g).

The lemma follows easily from above. O

3. Proof of theorem
Proof of Theorem 1.1. Case 1. H # 0. By Lemma 2.1, we obtain from the definitions
of Fand G, T(r,F) =nT(r, f)+ S(r, ), T(r,G) =nT(r,g) + S(r,9).

We denote by Ny(r, 0; F'), the counting function of the zeros of F’ which are not
the zeros of F(F —1)(F — ¢), for some ¢ € C\ {0, 1}. Similarly we define Ny(r,0; G").

Now applying the second main theorem to F' and G, we obtain for some ¢ € C\ {0, 1},

2{T(r,F)+T(r,G)}
< N(r,0;F)+ N(r,c;F)+ N(r,1; F) + N(r,00; F) + N(r,0; G) + N(r,¢; G)
+ N(r,1;G) + N(r,00;G) — No(r,0; F') — No(r,0;G") + S(r, f) + S(r, 9),

and hence

20{T(r, /) + T(r, 9)}
< N(0;F)+ N(r,¢;F)+ N(r,1;F) + N(r,00; F) + N(r,0;G) + N(r,¢; G)
+ N(r,1;G) + N(r,00;G) — No(r,0; F') — No(r,0;G") + S(r, f) + S(r, 9).
Using Lemma 2.2, Lemma 2.3 and 2.4 and 2.9 we have from above,

20{T(r, f) +T(r,9)} (3.1)
No(r,0; F) + Na(r,¢; F) + 3N (r,00; f) + Na(r,0; G) + Na(r,¢; G)

TN + T} + (- m) N0 BEG) + S0+ ()

IN

IN

N(r,0; f) + Na(r, 0 f +a) + (n = DT(r, f) + 3N(r, 00; f)
+ 2N(r,0;9) + No(r,0;9+a) + (n — 1)T(r,g) + g{T(r, f)+T(r,g)}

+ (3 —m) N.(r,1; F,G)+ S(r, f) + S(r, 9).
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Subcase 1.1. m = 2. We obtain from (3.1) using Lemma 2.8,

(5 -6 +T(g)} (3.2)

2
N(r,o00; f) + %{T(r,f) +T(r,g)}+ (nil - ;) N.(r,1;F,G)
S(r, f)+ S(r, g).

SATC )+ T(rg)} +

IN

2.3
2(n—1)

IN -+

{T(r, f)+T(r,9)}

+

<n31 — ;) N.(r,1; F,G)+ S(r, f) + S(r, 9).

But this leads to a contradiction for n > 5.

Subcase 1.2. m = 1. Then proceeding as in Subcase 1.1, the Lemma 2.2 with m =1
and Lemma 2.3, yield the following.

20{T(r, f) + T(r.g)}
< 2A{T(r )+ T g} + (n = DT S) + Tr g}k + S{T( /) + T(r,g)

— 1—
+ 3N(7“,OO,f)+§N*(T,1,F,G)+S(T,f)+S(T,g)
Using the Lemma 2.10 we obtain from above,

(5 - T ) +T(r.g}

3N (r,o00; f) + %L [
)

IN

ST 1) + 57(,9) + N(r,00: f) + N(r, 005)

141
+ S(r,f)+S(rg
3.1 ~ 1
= {2+4}[N(r7oo;f)+N(7’700§9)]+S{T(’Vf)""T(r’g}
+ S(r, f)+S(r,g)

< {34145 TCD+T00) 4500+ 59,

This leads to a contradiction for n > 6.
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Subcase 1.3. m = 0. Proceeding as in Subcase 1.2., we obtain using Lemmas 2.10 and
2.11 with m = 0,

{@ - 1}{T(r £)+T(r, g}

2
< 3N(r,o0; f) + gﬁ (r,1; F, Q)
< (o) + 3 { 5T ) + 5T ) + Nlrooi )+ Nrocig) |
+ S+ S(00)
= 62T ) T(r )} + ST )+ T )} + S0, ) + S(r,0)

= (25 +3) TGN +T00) +56.0) + 5(0,9)

this leads to a contradiction for n > 9.

Case 2. H = 0. We have
_AG+B

T CG+D’ (3:3)
where AD — BC' # 0. Clearly from above and the definitions of F' and G we have
T(r,F)=T(r,G)+O(1) and T(r, f) =T(r,g) + O(1).

Subcase 2.1. AC # 0. Since f and g share {oo}, it follows from (3.2) that oo is an
exceptional value of f and g. So by the second main theorem we get,

nI'(r, f)
N(r,0; F) + N(r,00; F) + N(r

IN

) +5())

N(r,0; f) + N(r,0; f +a) + N(r,00; f) + N(r,00;9) + S(r, )
20(r, f) + S(r, f),
which leads to a contradiction for n > 5.
Subcase 2.2. Let A # 0 and C = 0. Then F = vG + 3, where v = % #0and =5
It is obvious that F and G cannot omit the value 1. For if F' omits the value 1, then
f(and g as well) omits the distinct roots of the equation z" + az"~! + b = 0, which
certainly leads to a contradiction for n > 3.

Thus F and G assume the value 1 and we have from above

F=~7G+ (1—7). (3.4)

If v =1 we have F = G and by Lemma 2.6, we have f = g.
So let v # 1. Since N(r,0; f |= 1) = S(r, f) and N(r,0;g |= 1) = S(r, g), we
have from (3.4) using the second main theorem,

nT(r, f)

IAIA

< N(r0;F)+ N(r,1 —~;F)+ N(r,00; F) + S(r, f)
< =T(r,f)+N(r,0; f +a) + %T(r,g) + N(r,0;g +a) + N(r,00; f) + S(r, f)
< AT(r, f)+ S(r, f).
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This leads to a contradiction for n > 5.
Subcase 2.3. A = 0, C # 0. Then clearly B # 0. Hence, F = ﬁ We can show
as before that F' and G cannot omit the value 1 and hence F' = 4(;-:71—( Let ( = 1.
Then FG = 1. This is a contradiction by Lemma 2.5.

So ¢ # 1. Now since f and g share oo, the relation F' = CG+7117<’ at once implies
F cannot assume the values oo and 0, and therefore f cannot assume the values oo,
0 and —a. This is impossible. This completes the proof of the theorem. O
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Existence of solution for Hilfer fractional
differential problem with nonlocal boundary
condition in Banach spaces

Hanan A. Wahash, Mohammed S. Abdo,
Satish K. Panchal and Sandeep P. Bhairat

Abstract. This paper is devoted to study the existence of a solution to Hilfer frac-
tional differential equation with nonlocal boundary condition in Banach spaces.
We use the equivalent integral equation to study the considered Hilfer differ-
ential problem with nonlocal boundary condition. The Ménch type fixed point
theorem and the measure of the noncompactness technique are the main tools in
this study. We demonstrate the existence of a solution with a suitable illustrative
example.
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1. Introduction

The calculus of arbitrary order has been extensively studied in the last four
decades. It has been proved to be an adequate tool in almost all branches of science and
engineering. Because of its widespread applications, fractional calculus is becoming an
integral part of applied mathematics research. Indeed, fractional differential equations
have been found useful to describe abundant phenomena in physics and engineering,
and the modest amount of work in this direction has taken place, see [1, 4, 9] and
references therein. For basic development and theoretical applications of fractional
differential equations, see [15, 17].

In the past two decades, the fractional differential equations are extensively
studied for existence, uniqueness, continuous dependence and stability of the solution.
For some fundamental results in existence theory of various fractional differential
problems with initial and boundary conditions, see survey papers [1, 4], the monograph
[17], the research papers [2, 3,7, 5, 6, 8,9, 10, 11, 12, 16, 20, 22] and references therein.
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Recently, in [22], Wang and Zhang obtained some existence of the solutions of
IVP for the class of Hilfer FDEs:

DI z(t) = f(t,2(t), 0<p<1,0<v <1, te (a,b] (1.1)
'zt =Y A b, u<~v= 1-— 1.2
at Z(a‘ ) kz(Tk)7 Tk € (CL, ]a B /1'+V( :u’)7 ( . )

k=1

by using fixed point theorems of Krasnoselskii and Schauder.
In the year 2018, Thabet et al. [19] investigated the existence of a solution to
BVP for Hilfer FDEs:

DY z(t) = f(t,2(t),S2(t),0 < p < 1,0 <v <1, t € (a,b], (1.3)

Ii:v [uz(a®) +vz(b7)] =w, p<y=p+v(l—p), u,v,weR, (1.4)
by using the Monch fixed point theorem.

Motivated by works cited above, in this paper, we consider the nonlocal boundary
value problem for a class of Hilfer fractional differential equations (HNBVP):

DY 2(t) = f(t,2(t), 0<pu<1,0<v<1,te (a,b] (1.5)

m
Ii:ycz(aJr) + Ii:'ydz(bf) = Z Aoz (1), Tk € (a,0], p<y=p+v(l—p), (1.6)
k=1
where D' is the Hilfer fractional derivative of order p and type v, I;I 7 is the
Riemann-Liouville fractional integral of order 1 —~, f : (a,b] x E — E be a function
such that f(t,z) € Ci—4([a,b], E) for any z € C1_,([a,b], E), E is a Banach space,
¢,d € R, and 7, (k = 1,2,...,m) are prefixed points satisfying a < 71 < 72 < ... <
Tm < b, A are real numbers.
The measure of noncompactness technique and a fixed point theorem of Monch type
are the main tools in this analysis.

The paper is organized as follows: Some preliminary concepts related to our
problem are listed in Section 2 which will be useful in the sequel. In Section 3, we first
establish an equivalent integral equation of BVP and then we present the existence
of its solution. An illustrative example is provided in the last section.

2. Preliminaries

In this section, we present some definitions, lemmas and weighted spaces which
are useful in further development of this paper.

Let J; = [a,b] and J2 = (a,b](c0 < a < b < +00). Let C(J1, E), be the Banach
spaces of all continuous function g : J; — E with the norm ||g|| ., = sup{|g(t)|;t € Ji1}.
Here LP(Jy, E), p > 1, is the Banach space of measurable functions on J; with the

LP norm where
1
b P
lallzr = (/ lg(s)|” d5> < .
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Let L*°(Jy, E) be the Banach space of measurable functions z : J; — E which are
bounded and equipped with the norm ||z||, . = inf{e > 0: ||z|| < e, aet € Ji}.
Moreover, for a given set V of functions v : J; — E let us denote by

V() ={v(t) :veV;te i},

V(J1) ={v(t):veV;te i}

Definition 2.1. [17] Let 4 > 0. The left sided Riemann-Liouville fractional integral of
order u of g € L'(Jy, E) is defined by

1 ¢
1" g(t) = —/ (t—s) " tg(s)ds, t>a, 2.1
I =1 ), ( 21

where I'(+) is the Euler’s Gamma function and a € R.

Definition 2.2. [17] Let n — 1 < p < n. The left sided Riemann-Liouville and Caputo
fractional derivatives of order u of g € L'(Jy, E) are defined by

1 d ! S
/(t—s)” = g(s)ds, t > a, (2.2)

D' g(t) = ——
w+9(0) D(n — p) dt»

and .
1
C My _ _ n—p—1_(n)
DM gt)=— [ (¢ p ds, t > a,
ealt) = o [ =" s, £ a
respectively, where n = [u] + 1, and [u] denotes the integer part of .
Definition 2.3. [15] The left sided Hilfer fractional derivative of function g € L(J1, E)
of order 0 < < 1 and type 0 < v <1 is denoted as D":” and defined by
v(l— —v)(1— d
Dg(t) = 10T DIST (), D= (2.3)
where I', and D", are Riemann-Liouville fractional integral and derivative defined
by (2.1) and (2.2), respectively.
Remark 2.4. From Definition 2.3, we observe that:

(i) The operator D"? can be written as

Dry =D = XD,y = (1 - ).

a

(ii) The Hilfer fractional derivative can be regarded as an interpolator between the
Riemann-Liouville derivative (v = 0) and Caputo derivative (v = 1) as

1—p .
B DICS+/): ‘DZ+7 ZfV:O;
ot 1D = Cpr ifu=1.

a

(iii) In particular, if v = pu+ v(1 — ), then
(D g) ) = (12877 (DLeg) ) ),

where <Dz+g> (t) = %(Iifu)(k“)g) (t).
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Definition 2.5. [17] Let 0 < v < 1. The weighted spaces C,(J1, E) and CT__ (J1, E)
are defined by

Cy(Ji,E)={g9:Jo = E:(t—a)7g(t) € C(J1,E)},
and
C'(Ji,E)={g:Jo— E, g€ C" Y (J1,E) : "™ (t) € C;(J1,E)}, n €N
with the norms
l9llc, = It —a)gllc = sup{[(t —a)"g(t)] : t € J1},

and

lglley =D g™l + 1™, ., (2.4)
k.i

respectively. Furthermore we recall following weighted spaces
CI (J1,E) = {g € Ci_y(J1. E) : D'Yg € Ciy(JLE)}, v =p+v(l—p) (25)
and
Cl_,(J1,E)={g9€ Ci(J1,E): D}, g€ Ci_(J1,B)}, v =p+v(l—p).

Let 0 < < 1,0 <v <1andy=p+v(l—p). Clearly, D!'g = I:il_”)DLg and
C?—W(le ) Cuu (le )

Lemma 2.6. (9] If u > 0, v > 0 and g € L*(J1, E) for t € [a,b], then the following
properties hold:

(12 129) (8) = (1257 9) (&) and (DL 12 g) (8) = 9(0):

In particular, if g € C,(J1,E) or g € C(J1,E), then the above properties hold for
each t € Jy ort € Jy respectively.

Lemma 2.7. [17] Let > 0 and 6 > 0. Then for t > a, we have
i — NG _
(i). M. (t—a) = F(5(+L) (t — a)d+n—1,
(). Dy (t—a)~' =0, pe(0,1).

Lemma 2.8. [15] Let 4 >0, v >0 and vy = p+v(l —p). If g € C7__ (J1, E), then

I.D) g =1I"D"'g DII'g=D/\""yg
Lemma 2.9. [15] Let 0 < u < 1,0<v <1 and g € Ci—(J1, E). Then
I g(a)
D(p+v(1 - p))
Moreover, if y=p+v(l—u), g€ Ci—y(J1,E) and I;I’Yg € Cl_,(J1, E), then
I,7"g(a)
I'()

1D g(t) = g(t) — (t — a)rtra-m-1,

12.D), g(t) = g(t) - (t—a)".
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Lemma 2.10. [16] If0 < p <~y <1 and g € C,(J1, E), then
(I;ﬁg)(a) = lim If:+9(t) =0.
t—at

Lemma 2.11. [18] Let E be a Banach space and let T be the bounded subsets of E.
The Kuratowski measure of noncompactness is the map o : T g — [0, 00)defined by

a(S) =inf{e > 0: S CULS; and the diam (S;) <e}; S C YTg.

Lemma 2.12. [14, 13] For all nonempty subsets S1,Sas C E. The Kuratowski measure
of noncompactness «(-) satisfies the following properties:

1. a(S) = 0 <= S is compact (S is relatively compact);

2. a(S) = a(S) = a(convS), where where S and convS denote the closure and
convex hull of the bounded set S respectively;

3. 851 C Sy — 05(81) < 05(82);

4. 0[(81 + 82) < 04(81) + O[(SQ), where §1 + Sy = {31 +S2:8€ 81,5 € SQ},

5. a(kS) = |kl a(S), k € R;

Lemma 2.13. [18] Let B be a bounded, closed and convex subset of a Banach space
E such that 0 € B, and let T be a continuous mapping of B into itself. If for every
subset V of B

VY =coT (V) orV=T(V)U{0} = a(V)=0
holds. Then T has a fixed point.

Lemma 2.14. [21] Let B be a bounded, closed and conver subset of a Banach space
C(J1, E), F is a continuous function on Jy x Ji; and a function f : J; X E — E
satisfying the Carathéodory conditions, and assume there exists p € LY (J;,RT) such
that, for each t € J; and each bounded set B* C E; one has

lim a(f(Je,r x BY)) < p(t)a(B*), where Jy, € [t —r,t] N Jy.
r—07t

If V is an equicontinuous subset of B; then

o({/ (e (s () 2 v}) < [Pl o)

Lemma 2.15. [10] Let v = p+ v(1 — pu) where 0 < p < 1 and 0 < v < 1. Let
fi(a,b] xR —= R be a function such that f(t,z) € Ci_,[a,b] for any z € C1_4]a,b].
If z € C]_[a,b], then  satisfies IVP

DY a(t) = f(t,2(t), 0<pu<1,0<v<1, telab,
L72(07) =20, p<vy
if and only if z satisfies the Volterra integral equation

A1) = F”Z) (t—a)1 4 ﬁ/ (t— )P f(s,2(s))ds, t>a.  (2.6)
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3. Main results

Now we prove the existence of solution of HNBVP (1.5)-(1.6) in C}__ (J1, E) C

ch - (J1, E) under measure of noncompactness technique and a fixed point theorem
of Monch type.

Definition 3.1. A function z € C7__(J1, E) is said to be a solution of HNBVP (1.5)-
(1.6) if z satisfies the fractional dlfferentlal equation Da+ z(t) f(t,2(t)) on Ja, and

the nonlocal boundary condition Ii: [ ( )+ dz(b Z Az (k).

In the beginning, we need the following axiom lemma:

Lemma 3.2. Let0 < p < 1,0 <wv <1 wherey=pu+v(l—p), and f: JaxE — E be a
function such that f(t,z) € C1—(J1, E) for any z € C1—+(J1, E). If z € C{__(J1, E),
then z satisfies HNBVP (1.5)-(1.6) if and only if z satisfies the following integral
equation

0 = a0

I (c+d—A) & T
(t —a)'! d 1 /b _
— b—s) T (s, 2(s))ds
T0) et d- AT+ ), 079 )
1 /f 1
+— t—s)" 7 f(s, z(8))ds, 3.1
T /. (t— )" f(s,2(s)) 3.1)
(e —a) !
where A = Ap——————, and c+d # A.
g}k T(7)
Proof. In view of Lemma 2.15, the solution of (1.5) can be written as
I'7z(a™) 1 ¢
zt:ait—a"*_l—&——/ t—s)* " 1f(s,2(s))ds, t>a. 3.2
() = =™ g [ (=9 (e x(9) (32)
Applying Ii:7 on both sides of (3.2) and taking the limit ¢ — b~, we obtain
1 b
IMN72007) =17 2(at +7/ b—s) (s, ds. 3.3
D) = ) g [ 0= T s 69

Now, we substitute ¢t = 75 in (3.2) and multiply by Ay to obtain

wsten) = e | ety (L et st o

kR\Tk) = Ak | — =~ Tk — 0@ = Tk — S s,z(s))as| . .
I'(7) I'(1) Ja

Using the nonlocal boundary condition (1.6) with (3.3) and (3.4), we have
Ii+7z 72/\;62' TK) — — afyz( )

d ’ =7t
+m/a (b—s) f(s,2(s))ds.
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Therefore, by (3.4), we have

m Il Y +
IiJr ,yz(a+) _ Z at Z a ) Tk _ a)'y—l
€=
1 - Tk
E kz /a (1 — $)*™ 1f(s z(s))ds

d 1 ’ —YTH
Ef(l—’}/—i‘#)/a (b= )T f s, 2(e))ds.

d
——I'7z(aT) —
c

m

= 1 Ak TkT—s”_l s,z(8))ds
= rem i) o

_ d 1
(c+d—A)T(A—-~v+u

b
)/ (b—8) 7 f(s, 2(s))ds. (3.5)

Submitting (3.5) into (3.2), we obtain

 (t—apt 1 M TkT—sl‘—l s, z(8))ds
A0 = (Hd_A);F(M)/a(k ) f(s,2(5))d

( —a)rt d 1 b e o
F('}/) (C+d—A)F(1—7+M)/ll(b ) f(a ())d
i ' — 5 p—1 s 2(s s

+F(M) /a (8= 8)" S (5, 2(s))ds. (3.6)

Conversely, applying Ii: 7 on both sides of (3.1), then it follows from Lemmas 2.6,
2.7, and some simple computations that

1;:7 (cz(a™) +dz(b7))

= ¢ A TkT—s“fl s,2(8))ds
= 3 m/a(k Y (s, 2(s)d

b
| / (b— 5) 7+ f(s, 2(s))ds
d i )\k T n—1
S [ (s

B d? 1
(c+d—A)T(1—~v+p

d ’ —vtu
+m/a (b—s) f(s,z(s))ds.

b
; / (b— 5)=7 £ (s, 2(s))ds
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Which implies
Iify (cz(a™) +dz(b7))

= c d M TkT—s“_l s,z(s))ds
B <<c+dA>+<c+dA>>;r<m/a (s =) 15, 2(s))d

cd d? b (b—s)rHe
_ (d— (c+d—A) (c+dA)>/a F(1,7+u)f(s,z(s))ds

ct+d - Ak T* p—1
" (ct+d-A4) k_lr(u)/a (i = 8)"7" 1 (s, 2(s))ds
Ad ! ’ —v+u
_(c+d—A)F(1—7+M)/a(b_5) T f(s,2(s))ds.

From (3.4) and (3.5), we conclude that

Ii:"f( 2(a™) +dz(b Z)\kz Tk,

which shows that the nonlocal boundary condition (1.6) is satisfied.
Next, applying DZ+ on both sides of (3.1) and using Lemmas 2.7 and 2.8, we have

DY, z(t) = DX M p (8, 2(8)). (3.7)
Since z € C{_(J1, E) and by definition of C}__ (J1, E), we have D, z € C1—(J1, E),
therefore, Dz(f_“)f = DI;:V(l_“)f € Ci_(J1,E). For f € C1_(J1,E), it is clear
that Ii:”(l_“)f € Ci—4(J1, E). Hence f and Il v(1-w) f satisfy the hypothesis of
Lemma 2.9.
Now, by applying I”(l_“) on both sides of (3.7), we have

170Dy a(t) = 1O DY £ (8 (1)),

Using Remark 2.4 (i), relation (3.7) and Lemma 2.9, we get

1770 f(a, 2(a))
T(v(1 - p))

By Lemma 2.10, we have I1 v(1= “)f(a,z(a)) = 0. Therefore D"} 2(t) = f(t,2(t)).

This completes the proof.

To prove the existence of solutions for the problem at hand, let us make the following

hypotheses.

(H1) The function f : Jo x E — E satisfies the Caratheéodory conditions.

(H2) f : Jo x E — FE is a function such that f(-,z(-)) € CV(l 2 (J1,E) for any
z € C1—~(J1, E) and there exists p € LP(J;,RT) with p > + m L and p > % such
that

DY 2(t) = f(t,2(t)) — (t —a)’T=M=1 for all t € J,.

£t 2)[| < p®) 1211
for each t € Jo, and all z € E.
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(H3) The following inequalities

5+ (v <£A+q’5’1)il> i g (e~
+(F(lv) (et j, ) r((fq’lffp) * (Afﬂ’ét,f)); )(b— a>“) ol <1,
and
o (i e
+(F(17) (c+ ;l_ A) ’ F(—71+ o 1“(,u1+ 1))(b - “)#> loll, <1

hold, where ¢ > 1, % + % =1 and

Pigp—1)+ DI'(g(y = 1) +1)

Bt T(q(p+v—2)+2) ’
A . TPlalp =) + DTy — 1) +1)
e T(q(p—1)+2)

Now, we are ready to prove the existence of solutions for the HNBVP (1.5)-(1.6),
which is based on fixed point theorem of Monch’s type.

Theorem 3.3. Assume that (H1)-(H3) are satisfied. Then HNBVP (1.5)-(1.6) has at
least one solution in CY__(J1, E) C C1"% (J1, E).

Proof. Transform the problem (1.5)-(1.6) into a fixed point problem. Define the op-
erator 7 : C1—+(J1, E) — Ci_(J1, E) as

B _(t—a)y! 1 WD VL i
Tat) = 2(t) = ) (c+d—A),;F(Z)/a (T — $)"7" f(s, 2(s))ds

_(t—a)“f*l d 1 b e s
I'(7) (C+d_A)F(1_7+M)/a(b s) T f (s, 2(s))d
1 ' pn—1
+m/ﬂ (t — s)" " f(s,2(s))ds. (3.8)

Clearly, from Lemma 3.2, the fixed points of 7 are solutions to (1.5)-(1.6). Let
Bg = {z €Ci_y ()L B) : |lzllg,_ < R}.

We shall show that 7 satisfies the conditions of Monch’s fixed point theorem.
The proof will be given in the following four steps:
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Step 1. We show that T(Bgr) C Bg. From the hypothesis (H3) and Holder’s inequality,
we have

[(T2) (Ot —a)' ]
1 1 m >\k

T T (et A) & f (o st s

1 d 1 b -
0 | T, ) e e
“‘F(T/ (t = 5)" [ (5, 2(5))| ds
1 1 U T 1 Y1
Ol s DIl A G Ol O
1 d b (b—s)~7tH N
10 [erd- Ay ta— 7T P e
— o)t gt
SO 9 = 0ol el s
Ui Tk g)(n—Da b
< w2 ([ Gy o) ol e,

1

+F(v)

d b (b— 5)(*v+u)q (v—1)q a
o] </ R

(t—a)t=7
xlpll e l2lle, ., + )

t 7
y (/ (t_s)wnq(s_a)(w)qu) 1ol 2l (3.9)

Since ¢ > 1, p > i and % + % = 1, the change of variable s = a — u(7, — a) yields

Tk q
(/ (Th — 5)(“_1)‘1(5 — a)(v_l)qu) < (Aq,u,v)
a

the change of variable s = a — u(b — a) gives

E

(1% — a)7+lL_17 (3.10)

Q=

< / b(b —5)Trma(g a)("*_l)qu> ' < (Agpr)? (b—a)*, (3.11)

and the change of variable s = a — u(t — a) gives us

(/at(t — s)Da(g — a)(v—l)qu)}l < (Aq,M)% (t —a)rtr L, (3.12)
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Substitution of (3.10),(3.11) and (3.12) into (3.9) leads

[(T=)(t)(t —a)' 77|
1 1 DY
L(y) (c+d—A) &
1 d
L'(y) | (c+d— A)
(t—a)—
[(p)

k 1 _
(Aguy)? (1 — a)7+u ! ol o ||Z||Cl_7

IN(D)

—

1
I(l—vy+p

1 —
(Agu)? (=) Hipll s l2lle, -

+

] (Bg ) (0 —a)* llplls 2llc,

+

For any z € By, we obtain

T 1 “ Ak B
< qP«’Y ’Y+M 1
” Z”Cl_’y B (F( C"'d 11 —1 F(,U Tk a
! d ( ‘WV)% (Aquv)% )
+ Agp, s b— a) R
(F(V) (c+d—A) | T(1—~v+p) T(p) ) ) )il

By (H3), we have ||Tz|lc,_, < GR < R, that is, T(Br) C Br.
Step 2. We shall prove that 7 is completely continuous.

531

The operator 7 is continuous. Let {z,}nen is a sequence such that z, — z in Bg.

Then for each t € Jy, we have

|(Tzn)(t )— (T2)(®))(t—a)' 7|

T DT, (e o) - S o
b —y+p

+F(1fy c+d D / 1*’Y+/l |f(s,2n(5)) — f(s,2(8))| dds
+(t_r(‘2)7/ (t — 8)" "L £(s, 2n(5)) — f(5, 2(s))| dds
1 1 Ak ™ n=lig g7~ lds

= F(V)(C+d—A);F(u)/a (e =) (s —a)™d
<[1FCrzn() = (2O,

1 d 1 b s o

T [ i J, e
<[|£ (5 2n()) = £ 20,
(t —a)t=

I'(p)

/ (t= )" (s —a) s [ £ (- 2n()) = £ (22D, -
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Thus,

[(Tza)(t) = (T2) (1) (¢ — a)'

R R
era Attt e = I6e,
i | (b-ar
(chdA)‘ D(p+1) Hf(’zn()) _f(VZ('))Hcl_A,
(b—a)" By

DN () — (o2
w1 10O 160

By (H1) and the Lebesgue dominated convergence theorem, we have
1(Tzn — TZ)HCl,7 — 0 as n — oo,

which means that operator 7 is continuous on Bp.

Step 3. T (Bg) is relatively compact.

From Step 1, we have T(Bgr) C Bg. It follows that 7 (Bg) is uniformly bounded i.e.
T maps B into itself. Moreover, we show that operator 7 is equicontinuous on Bp.
Indeed, for any a < t; <ty < b and z € By, we get

}(tg —a)™ (Tz) (t2) — (t1 — a)k7 (Tz) (t1)|

1 1=y . —s)H (s, 2(s))ds
< |- JRCER BT
(=) [ -9 (s () ds
< ”fI"(Zl)_” (tg—a)l_“’/Q(tg—s)”_l(s—a)v_lds
—(t1 — a)l_"*/ 1(t1 — s (s —a) " ds
< Wlew, S5 It = oy = (=o'

which tends to zero as ta — t1, independent of z € Bg, where B(-, ) is a Beta function.
Thus we conclude that T(Bg) is equicontinuous on B, and therefore is relatively
compact. As a consequence of Steps 1 to 3 together with Arzela-Ascoli theorem, we
conclude that 7 : B — By is completely continuous operator.

Step 4. The Monch condition is satisfied.

Let V be a subset of By such that V Céo (T (V)U{0}). V is bounded and equicon-
tinuous, and therefore the function ¢ — «(V(t)) is continuous on J;. By (H2)-(H3),
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Lemma 2.6, and the properties of the measure «, for each t € Jo

a(V(t)) < a(TMW)®)U{0}) <a(TOV)(®))

Lo (t—a)™ ' ¢~ [T — )P Lo(s)a(V(s))ds
< T m o ), o e
d(t —a)7—1
(c+d—A)

1

I'(v)

1 ¢ po1
+F(N)/a (t —s)* p(s)a(V(s))ds

1
T(l—v+p

T
b
+ )/a (b—8) " p(s)a(V(s))ds

1 (b—a)"!' & A T Dy, i .
< A LT ([ = oremas) "l mavio)
L |db—a)™ 1 ' — ) rtmagg '
T et d—A) | TA=7 T </ (b sy

<lollr @) + s ([ 0= 90 as) ol @V,

From the facts

<l= 1 <1 7&1

- ) — M )

q (n—1)g+1

and
1<1:> 1 < 1 7&1
- Y T M E)
q (=v+ug+1  —v+p+1 q

we get

m (b= a)t I8 el — )t
SIS (F(’v) (c+d— A) kF(:H)
1 d (b—a)* (t —a)*
I'(v) (c—i—d—A)‘ T(—y + p) F(M+1)> ol o a(V(D)).

k=1

+

It follows that

W)l (1= L7) <0.
This means ||a(V)|~ = 0, i.e. a(V(t)) = 0 for all ¢ € Jo. Thus V(t) is relatively
compact in E. In view of Arzela-Ascoli theorem, V is relatively compact in Bg. An
application of Lemma 2.13 shows that 7 has a fixed point which is a solution of
HNBVP (1.5)-(1.6).
Finally, we show that such a solution is indeed in C}__ (J1, E). We apply D], on both
sides of (3.8), and using Lemmas 2.7, 2.8, to get

DY, 2(t) = DY, I, (£, (1)) = DA f(t, 2(2)).

Since f(-, 2(-)) € Ci’g?“)(Jl,E), it follows by definition of the space C’luil,f”)(Jl, E)
that D), z(t) € Ci1—(Ji,E) which implies that z(t) € C]__(Ji, E). The proof is
complete. 0
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4. An example

We consider the Hilfer fractional differential equation with nonlocal boundary
condition
DhYa(t) = f(t,2(t), te€(0,1],0<pu<1, 0<v <1,
L [3207) + 3207)] = 22(3), p<y=n+v(l-p),
where f(t,2(t)) = tsin|z(t)], p =
mzl,ﬁ:%LetE:R+ and Jy =
Clearly we can see that

1
Vif(t,z) = 0 Visin z € C([0,1],RY),
and hence f(t,z) € C1([0,1],RT). Also, observe that, for ¢t € (0,1] and for any

z € C1([0,1],RY),

1
2

1
1t 2 < 35011

Therefore, the conditions (H1) and (H2) is satisfied with p(t) = {xt € LP(0,1). Select

— 16
p =4, we have
1
ol = [
0

Tt is easy to check that conditions in (H3) are satisfied too. Indeed, by some simple
computations with ¢ = %, we get

327680 °

4 ) Y 327680%
—s| ds =
16

A P -D)+ D0 -1 +1) _ TEIG)
R T(g(p+v—2)+2) N
and
A _Plae=7)+Dlay -1 +1) _ TEI(E)
et T(q(p—1)+2) EERYC O

also, we have
6
2
A=\ = .
"TO) B
It follows that G ~ 0.35 < 1, and L* ~ 0.06 < 1, (m = 1). An application of Theorem
3.3 implies that problem (4.1) has a solution in C? ([0, 1],R™).
2
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Study of a mixed problem for a nonlinear
elasticity system by topological degree

Zoubai Fayrouz and Merouani Boubakeur

Abstract. In this paper, we consider a mixed problem for a nonlinear elasticity
system with laws of general behavior. The coefficients of elasticity depends on
x meanwhile the density of the volumetric forces depends on the displacement.
The main aim of this paper is to apply the Schauder’s fixed point theorem and
the techniques of topological degree to prove a theorem of the existence and the
uniqueness of the solution of the corresponding variational problem.
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Keywords: Boundary conditions, nonlinear elasticity, mixed problem, Schauder’s
fixed point theorem, topological degree, existence and uniqueness.

1. Introduction

This work consists in solving the mixed problem for the nonlinear elasticity
system, by means of two methods, namely, the theorem of Schauder and the techniques
of the topological degree [7].

First, we introduce the following notations needed in this paper. Let Q be a
connected open bounded domain of RV, (N = 3) with Lipschitz boundary I'. Let Ty
a part of I of strictly positive superficial measure, and let I'y be the complement of
Iy in I'. For a given field of displacement u, we associate a linearized displacement
tensor ¢ (u) defined by

£ (Vu(@) = o (VVu+ V),

N | =

whose components are

1 i j .
e ) = 5 (5 + 55 ) 1< i< ()
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The corresponding constraints tensor o(u) is given by

3
oij(u(@) = > agrn(@)ern(u(@)), 1 <id,j < 3. (1.2)
k,h=1

Equation (1.2) describes a linear relation between the stress tensor {o;;} and the
deformation tensor {e;;}. The elasticity coefficients a;;x;, satisfy the following prop-
erties:

1. Properties of symmetry:

Qijkh = Qjikh = Qijhk, V1 < 1,7,k h < 35 (1.3)
2. Property of ellipticity:
.3 3
Ja >0, V{&,} e RV, Z aijkn&ijSkn > @ Z 51-2]'. (1.4)
k,h=1 ig=1

2. Position of problem

We consider a fundamental example of a nonlinear elliptic problem derived from
the Mechanics of Solids, namely, the nonlinear elasticity system. Let f be such that
fl@,u(@) = (fi(@,u(@)), f2(2, u(@)), fs(z,u(x))) of (L*())* and g = (g1,92,93) of
(L?(T1))3, the problem is to find a function u = (u1, ug, uz) solution of the nonlinear
elliptic problem:

3
0
*Z%j% (w) = fi(z,u) in Q; V1<i<3; (2.1)
j=1
u;=0 on Iy V1<i<3; (2.2)
3
> oij(wn;=g; on Ty V1<i<3. (2.3)
j=1

Equations (2.1), (2.2) and (2.3) describe the small displacements u from the natural
state of a non-homogeneous elastic solid subjected to a volume density of forces f in
Q, and to a superficial density of forces g on I'y, the displacements u being fixed by
zero on I'y, i.e., yu |p,= 0.
Several authors studied the system of elasticity with laws of particular behavior and
using various techniques for example in [1], Ciarlet used the implicit function theorem
to show the existence and uniqueness of a solution. Dautry-Lions [2], studied the linear
problem in a regular boundary domain. Later on, Merouani in [6], [4], [5], studied the
Lamé (elasticity) system in a polygonal boundary domain.

The bibliography quoted here does not claim to be exhaustive and the deficiency
must be attributed to the author’s ignorance and not to the author’s ill will.

The tensor of the constraints considered here is linear and grouped, as special
cases, some models used in Ciarlet [1], Lions [3] and Dautry-Lions [2]. Let us cite by
the way the examples:
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1. The problem of pure displacement for a homogeneous or heterogeneous material
of St Vennan-Kirchhoff where:
- The applied volumetric forces f are dead (does not depend on u),
- The tensor of stress is in the form (material of St Vennan-Kirchhoff ) where

{ oij(u(z)) = A(trE;;(Vu(z))) + 2uE:;(Vu(z)),
1<i,j<3,A>0,pu>0.

2. The coefficients of elasticity have the form:
Gijpg = AijOpq + 1(0ipGjq + 0igljp), 1 < iy j, p, ¢ <3

with, A and p depend on x or not.
3. The applied volumetric forces f have the form

FEO ="e, 1< p < o0

The material is not homogeneous, we assume that the functions a;;r, belong to
L>*(Q), 1 < i4,j,k,h < N and the elliptic property is uniform, there exist a con-
stant « > 0, independent of z, such that (1.4) is verified almost everywhere on €.

3. Weak formulation

We suppose that the solution u of (2.1) — (2.3) exists and belongs to (H? (Q))3
Multiply the equation (2.1) by v € V, and integrate on €2, we obtain:

3
[ e de = [ fi () @) ds
QJ=1 J Q

where

V= {ve (Hl(Q))B; v=0Iin FO},

is a closed vector subspace of (Hl(Q))3 » equipped with the norm ||.[ly, = [|.| 1 ()3 -
By Green’s formula, we have

/ZUW 81}1 /ZUW u) ;v dl = Z/fz (z,u(z)) vi(x)dz,
1,j=1 i,j=1
which implies

Z Z @ijkn () exn(u)e;;(v)de = /f (z,u(z)) v (z)dz

Q,jlkhl Q

—l—/rlg(x)v(x)dl", Yv e V.
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4. Existence theorem

4.1. Existence with Schauder’s theorem

Let us first recall the notion of Caratheodory function.

Definition 4.1. (Function of Caratheodory): Let N, p, ¢ € N* and  an open set of
RY. Let a be an application of Q xRP to R?. We say that a is a Caratheodory function
if a(; s) is a Borel function for all s of RP and a(x; ) is continuous for almost all x
of Q.

In this section, we need the following assumptions:

Q is a connected open bounded domain of R,

with Lipschitz boundary T';

Jo > 0 and B > 0 such as @ < a;,,(s) < Ba.e. for alls € R; (4.1)
f e (L=(@xR);

€45 is a continuous function, V1 < 4,5 < 3.

Under the assumptions (4.1), we try to show the existence of u, the solution of the
following nonlinear problem:

ueV
aij (u(x))eij(v(x))de
/ ZZ e (®)
/f:z:u da:Jr/ g@)v(z)dl,Yv eV
'y

Theorem 4.2. Under the assumptions (4.1), there exist a solution u of the problem

(P).

Proof. For u € (L? (Q))S, we have the existence and the uniqueness of the solution u
of the following problem:

ueV
ij )e gij(v(x))dr
/. ,]Zlk;1 ki (2)ern (u())es; (v(x)) 1)
:/f(ac,ﬂ(ac))v(ac)alx—|—/F g(x)v(x)dl, Yv e V.

Q

More precisely, to show the existence and uniqueness of u, the solution of (P1), we
apply the Lax-Milgram Lemma [1]. Let T'(u) = u, where T is an application of E in
FE with

E=(L*)°.
A fixed point of T is a solution of the problem (P). To prove the existence of such
a fixed point, we apply the Schauder’s fixed point theorem. First, we will show that
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the image of T lies in a bounded of V. Using « cited in hypothesis (4.1), we have

/ Z Zskh Ve (v(x))da

Qlj 1kh 1

/Z Z aijin(2)exn(u(z))eij(v(z))dz (4.2)

1,j=1k,h=1

/fxu d:v—&-/rlg(x)v(x)dl".

Taking v = u in (4.2), and using Korn’s inequality [8], we obtain
ol oy < [ Sl @) u(@)d + [ g(e)ute)dr,
Q 1

By Cauchy-Schwartz inequality, the bound L* of f and the trace theorem, we get,

2

O‘CHUH(Hl(Q))S < G ||u||(L2(Q))3 + ||g||(L2(F1))3 ||u||(L2(1"1))3
2

aCllull gy < Crllull gy + C2C0s [|ull gy »

which implies

CL+CaC
lullv = llull g0y < 1753 =R,
thus
[ull L2y < R,
SO

And as a result, the image of T is in a bounded of V' C (H1 (Q))3 By Rellich’s theorem
the image of T is in a compact of (LQ(Q))B. Taking R large enough, therefore, the
application T sends Bp in By and {T'(u),u € Bg} is relatively compact in (L? (Q))3 .
To apply Schauder’s fixed point theorem, it remains to show the continuity of T". Let
(Un)nen a sequence of (L (Q))3 such as @, — @ in (LZ(Q))?), when n — +o00. Letting
un, = T(uy,). After extracting a subsequence, we can assume that @, — u a.e., and
that there exist w € V such that w, — w weakly in V' and so u,, — w strongly in

(L? (Q))S) Now, we will show that w is the solution of the problem (P1). Indeed, let
v €V, we have

/Z_ 2; skn ()enn (i (2)2is (0 dx—/fxun

—|—/Flg(a?)v(x)df‘, YoeV
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Passing to the limit when n — +oo (using Dominated Convergence Theorem), we
will have

/Z Zaz]kh x)epn(w)e;; (v d:vf/fx ulx dx

1,j=1k,h=1
—|—/ g(z)v(z)dl, Yv e V.
Iy

This proves that w = T(u) = u. We have thus proved, after extraction of a sub-

sequence, that T'(u,) — T(u) in (LQ(Q))?’. By the absurd one can show that this
convergence remains true without extraction of subsequence. Thus, we have proved
the continuity of T'. Therefore, we can apply the Schauder’s fixed point theorem and
to conclude that there is a fixed point of T', which ends the proof. O

4.2. Existence by topological degree

We take again the same previous problem:

uecV
@ij (u(@))eij (v(z))de
/ ZZ Rz ®)
= /f(ac,u(x))v(m)dx—F/ g@)v(z)dl, Yo eV
Iy

Q

which is the weak formulation of the problem (2.1)-(2.3).

The following assumptions are made.

(i) €2 is a connected open bounded domain of R¥,

with Lipchitez boundary T,

(13) €i; is a continuous function V1 < 4,5 < 3,

(¢73) Jocand B > 0; such that o < a;j.n(x) < B a.e. on Q, (4.3)
(iv) f is a Carathéodory function, and 3Cy > 0 and d € (L3(Q))3;

[f(z,5)] < d(x) + Cz ],

(v) lim 7]‘(30, )

s—00 S

=0.

Theorem 4.3. Under the assumptions (4.3), there exist a solution of the problem (P).
In addition, if f does not depend to u, then the solution is unique.

Proof. The method of the topological degree requires a priory estimates, i.e., the
estimates on u, without knowing its existence. We therefore suppose that u is a
solution of (P). The great advantage of considering (P) rather than (P1) is to have
only u, not u and w, and this greatly simplifies the estimates.
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We rewrite the problem (P) under the following form:

u€evV

/Z Z az]kh Jern(u(x ))Eij(v(x))dx: (F(u),v>v,’v

Q b= 1k,h=1

where F'(u) is, for u € (L2(Q))3 , the element of V' defined by

(F(u),v)yr :/f(x,u(x))v(x)dx—i—/ g(x)v(z)dl.

Q 1

According to the hypothesis (iv), the Cauchy-Schwartz inequality and the trace theo-
rem, we have

v)| S/If(ﬂﬂ,U(ﬂv))l-Iv(flf)ldf17+/F lg ()] |v ()] dT
Q 1

<éwwwwamvax+AJum«vm»ﬂ

séﬁ@«Mm+@éme+Ayunwwﬁ

< ||d||L2(Q)3 ||U||L2(Q)3 + G ||u||L2(Q)3 ||U||L2(Q)3 + HgHL2(F1)3 ||UHL2(F1)3
< lldll z2ayye 10l g @pye + Co llull 2y 10l (g @) + CoC llvll g o)

< |l gz(ayys + CoR+CCo o]y -
Then

We deduce that F(u) is an element of V', for any u € (L*(Q))3.
We will show that

F:(12(Q)’ =V

is continuous. For this, we need the Lebesgue Dominated Convergence Theorem.
Let u,u € (LQ(Q))3 ; we have

(F(u),vy = /fxu d;v—&-/rlg(x)v(x)dl"

|

\ii/?

=
Il

/fxu daf—&—/rlg(x)v(ac)dI’,
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SO

|1F(u) = F(@)|ly, = sup (F(u) = F(w),v)y v
lloll=1

—

= swp | [ (flw)— f(@) vda
veV
lvll=1 L Q

< sup (100 = @ lzaqaye - Ioleaqay
[[v][=1

< sup [17) = F@l gy ol ]

it

[f(w) = F@) 120y -

So, if (un), ey is a sequence of (L*(Q2))* such that u, — @ in (L*(2))?, we have
1B () = F@lys < 1) = @)y

So, 3 (uy) subsequence such that

IN

u, — u(x) almost everywhere in 2
and 3H € (L?(Q))3 such that
|u,| < Halmost everywhere in Q.

Then, we notice that f(u,) — f(@) because f is continuous a.e. in Q. According to
the hypothesis (iv), | f(un)| < d(z) + Cs |u,|, and as |u,| < H we find

[f(un)| < d(x) + Cy.H almost everywhere in .
So, by the Lebesgue Dominated Convergence Theorem , we obtain
I[f (un) = f(@)l(L2()2 = 0 when n — oo

and consequently,
| F(un) — F(u)|ly, = 0whenn — oo

hence the continuity of F. For S € V', the linear problem
weV
3 3 L5
Z Z az’jkh(x)gkh(w(x))aij(U(x))dx = <va>v’,v7 ( ' )
i =1k,h=1

admits a unique solution w € V (see [1]). We denote by B, the operator which to S in
V' associates w solution of (4.5). The operator B, is linear continuous from V' into V/
and V is injected compactly into (LQ(Q))3 (because the boundary I is lipschitzian).

We deduce that the operator B, is compact from V' in (L2(§2))3 . The problem (P)
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is equivalent to solving the fixed point problem u = B, (F(u)). We will show, using
the topological degree techniques, that the following problem admits a solution

{ ue (L),

u = By (F(u)).

For t € [0, 1], we put the application h such that:

he[0,1] x (L2(Q)° = (£2(@)°
(t,u) — h(t,u) = By(tF(u))

For R > 0, we put Bg = {u € (LQ(Q))gsuCh that [[ull r2(q))s < R}. We will show
u—h(t,u) =0
t€0,1],u e (L*())

(2)— h is continuous from [0,1] x By into Bg;
(3)— {h(t,u), t €[0,1], u € Br} is relatively compact in (L?(£2))
If we suppose that we have proved the statements (1), (2) and (3), we have no solution

to the equation u—h(t,u) = 0 on the boundary of the ball Br, and we can thus define
the degree d(Id — h(t,.), Br,0). This degree does not depend of ¢, so we have

3

d(Id_h(ta')7BR7O) = d(Id_h(O7)7BRaO)
d(Id, Bg,0) = 1.
We deduce the existence of u € Br such that v — h(1,u) = 0, that is to say
u = By(F(u)).

Thus w is solution of (P). Now, it remains to show the statements (1), (2) and (3).
Let us begin with the proof of (3) (for every R > 0). We suppose [[ul|(z2(q)s < R.
We have

F(u) € V', and (F(u),v)y, y = /f(x,u(x))v(a:)dx—F/F g (z)v (z)dr.
Q 1

We have
1Py < Wl zaqaye +CoR+CCo
So _
We put h(t,u) = B, (tF(u)) = w and show that there exists R depending only of R,
Cop, C, Cy, and a such that
Ihtw)lly < R <= |uwl, <R
By definition, w is solution of
weV
3 3
/ DY aijen(@)en(w(x))ei; (v(@))da (4.6)
o hi=1k,h=1
= (tF(u),v)y, vy, WWEV
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Taking v = w in (4.6), by Korn’s inequality, we obtain,
2
ak Hw”(Hl(Q))3 < [tE@) [y llwlly

= aklw|{p s < Py [wlly < R wlly,
which implies:
1A, w)lly = [lwlly, < R

with
R ldllz2aps + C2R + CCo

ak ak '
From Rellich’s Theorem, we deduce that the set {h(t,u),t € [0,1], u € Br} is rela-
tively compact in (LQ(Q))S, which shows (3). Let us show now the pomt (2 ) Let
(tn)nen C [0,1] such that ¢, — ¢t when n — 400 and (un)neN c (L2 ) with
Up — U in (L2(Q)) . We want to show that h(t,,u,) — h(t,u) in (L? )3 Let

wy, = h(tn,u,) and w = h(t,u). To show that w,, — w in (LQ(Q)) . We take the limit
on the following problem,

R=

w, €V

/Z Z aijih (x)epn (wn)eij (v)da

Q bi= 1k,h=1 (47)
—t/fun x)dx +t, /Fg(x)v(gc)dl"

We already know that (wy),cy is bounded in V, because the sequence (uy)nen is
bounded in (Lz(Q))3 (this is what was shown in the previous step: if [[un | 12(q))s < R
then |jwy |, < R). The sequence (wy),,cy is bounded in V, and to a subsequence, we
have

wy, — win V weakly and w, — W in (Lz(Q))3,

U, — wae and IH € (LQ(Q))B; lun| < H a.e..
Since w,, — W in (L2(Q))3, then there exist a subsequence denoted again w, such

that
wy, — W a.e. and 3K € (LQ(Q))S; |w,| < K a.e.

Let v € V and as ey, is continuous then ey, (w,) — exn(W) a.e. and so

3 3
Z Z azykh Ek:h Wn, Ez_] —> Z Z az]kh 6kh( )51]( ) a.e.

i,j=1k,h=1 1,7=1k,h=1

s

_

we have also

3
Z Z az]kh Ekh W, 57,] Z |5kh W, ‘ Z |E” | € Ll( )7
k,h=1

i,j=1lk,h=1 ij=1
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by Dominated Convergence Theorem, we have

/Z Z a”kh Ekh wn)ew d:L‘—)/Z Z a”kh Ekh )51]( )dm n — +oo.

i,j=1k,h=1 Q bi=1k,h=1

As f(un) = f(u) a.e. and |f(uy,)| < |d| + Cy |H|.
By the Lebesgue Dominated Convergence Theorem we have f(u,) — f(u) in (LZ(Q))3

and consequently
/f(un)vdx — /f(u)vdx
Q Q

when n — +o0. Passing to the limit in (4.7), we obtain,

/Z Z aijin(x)epn(W)eij (v dm—t/f de—|—t/ g (x)v(z)dT,

i,j=1k,h=1

and so W = h(t,u) = w. By the absurd argument, we show that w,, — w in V weakly
and w, — w in (L? (Q))3 , where w, = h(t,,u,) and w = h(t,u); the application h is
continuous and consequently (2) holds. It remains now to demonstrate (1). We want
to show that:

u—h(t,u) =0
te [07 1]7 u e (LQ(Q))S = HUH(LQ(Q))B < R.
Let ¢t € [0,1] and u = h(t,u) = tB,(F(u)), that is to say

/Z Z aijrn(T)ern(u)eij(v)de

Q bIi= 1k,h=1
t:/f(u)vdw-i—t/ g(@)v(z)dl, Vv eV
r

Q
ueV

EIR>O;{

(4.8)

We choose v = u in (4.8). By the hypotheses (4.3), and Korn’s inequality, we have
b [l oy < [ £l da+ [ T (@]l @)lar.
1
Q

We are going to deduce from this inequality the existence of R > 0 such that
[ull (L2 (a2 < B-
Here, we use the hypothesis (v), i.e.,

lim
s—Foo S

We argue by the absurd. Let us suppose that a such R does not exist. Then there
exist a sequence (uy,)nen+ of elements of V' such that

[unll(L2(qy)2 = nand ak”“n”?}{l(g)f < /|f(“n)“n\d33+/r g (@)] |un ()| dL.
1
Q




548 Zoubai Fayrouz and Merouani Boubakeur

—"__ We have lonlly, =1 and

l[unlly

dm—i—/
Ty

Or, according to hypothesis (iv) i.e., |f(x,s)| < d(z) + Cs|s| and the trace theorem
we have

Let us show that this is impossible. Letting v,, =

el a2 (s

g(z)

9w, ar.
(PGS

Un Un

2
ak ||Un||(Hl(Q))3 =< /
Q

d| + Cs |uy,
b JonlE ey < [T s 4
| oy et g2 (2

||9($)||(L2(F1))3 ||Un||(L2(F1))3

d| v, T Cllv
< |d| |vn] dx+02/|vn\2d;r+ l9(@)ll (L2r,y)2 C lvnll gy
| oy A [l s
ldll(z2(0))2 lonll L2y CoC
Sl o e LA U e
< ldll 2y vl (p2gay)? CoC

+ s [[onll{ @2 +

- [unll(r2(a)) unll(z2(a))s
<l r2gay)2 lonllz2))s + C2 + CoC

< lldll(z2ayys + C2 + CoC,

which implies

oz, < Nz + G2t GoC
nj|ly = Oék )
50, (Un)nen+ is bounded in V, and hence there exist a subsequence, v,, — v in (L?(2))3.
We also have
v, — v a.e. onf)

loa| < H with H € (L3(2))°

As |lvnlly, = 1, we have

akg/ AT R da:+/ 9@, lar,
- ||Un||(Hl(Q))3 Iy ||Un||(H1(Q))3
Letting
Xn:/ AR dﬂ/ 9@
||un||(H1(Q))3 Iy HunH(Hl(Q))3

Q

Now, we show that X,, — 0 when n — 400, which is impossible since X, is reduced
by the constant ak which is strictly positive.
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1S ()l o]

e Let us show that
(PRGNS

— 0 a.e. with domination, we shall have then

by the Dominated Convergence Theorem that / M

Up | dx — 0 when
L lnll e e
n — +o0.
We show first of all the domination. We have
n d| + Cq |lu, d
Sl M Colul A
||“n||(H1(Q))3 ||u7LH(H1(Q)3 ||Un||(H1(Q)3
d
< Lo
l[unll 220y
< |d[+CH
SO
) <)+ oty H e (1 (9)°
HunH(Hl(Q))S

Now, we show that the convergence is almost everywhere. We have v,, — v a.e. so
3A4; mes(A®) = 0 and v, (z) — v(z) Vo € A.
Case 1. If v(x) > 0; v,(x) — v(x), but
ngf}rloo lunll(p2(ys = +o0
SO
un () = vp () ||un ||, = +o0.

f(un(x)) S (un(@))un(x) f(un(x))

———(x) = on(z) = 22 (0, (2))° = 0, n— +o0.
||Un||(H1(Q))3 un () ||un||(H1(Q))3 un ()
We used here Skr_ﬁloof(s)/s = 0.
Case 2. If v(z) < 0; we have the same
lim Mvn(gj) -0
n=+00 [t || (51 ()3
because
im f(s)/s = 0.
Case 3. If v(z) = 0;
flun(x d(x)| + Co |un(x)
Snle) ) ML Gl )
e e nll 102

< (ld(@)] + Cy on(2)]) [on (@)
— 0 because v(z) = 0.

In summary, we have

— 0, =0
H“n||(H1(Q))3
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a.e. on 2. It has been shown that

lim Mvn dx = 0.
n—-+o0o Hun||(H1(Q))3
Q
e Let us now show that the term %vn — 0 asn — +oo.
Iy HunH(Hl(Q))3

‘We have

0</ lg(2)] |vnl ir < ||9(39)||(L2(r1))3||Un||(L2(r1))3
—Jr

B lunll g )

v lnll e
C(OCY HUTL”(Hl(Q))B

HUnH(Hl(Q))3

0 — 0 when n — +o0.

[unll 20y
Because we have [[up|| 2(q))s — +00 when n — +o0. It has been shown that
fim [ 9@l e
n=+oo Jr, [unll g1 ()

So lim X, = 0, which is a contradiction with X,, > «k for all n € N*. Thus, we

n——+oo

have showed that there is 2 > 0 such as: (u = h(t,u)) = |lull(12(q)s < R. This
proves (1). Then the existence of solution to (P) is proved.

Uniqueness. We suppose that f does not depend to u. Let u; and us be two solutions
of this problem:

/Z Z aijkn () exn(ui)eij(v)de

Q bIi= 1k,h=1

/f dx—i—/ g(@)v(z)dl, i=1,2YveV.

Iy
Subtracting term to term and substituting v by u; — ug, we obtain,

3 3

/Z Z aijih () (pn(ur — u2))esj(ur — ug)dr =0,

« 1j=1k,h=1
by Korn’s inequality, and the hypothesis (iii), we have

2
allur — uz| (g1 gy <0,

S0, u1 = us. This completes the proof of Theorem 4.3. O
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5. Conclusion

In this work, we have studied the existence and the uniqueness of solutions of
the mixed problem for a nonlinear elasticity system in a regular and bounded domain
by using Schauder’s fixed point theorem and the technique of topological degree. Next
future work, we will concentrate on the same problem but with ¢ is nonlinear, and we
will also prove a theorem of existence and uniqueness of solutions in Sobolev spaces
with variable exponents.
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Global nonexistence and blow-up results
for a quasi-linear evolution equation with
variable-exponent nonlinearities

Abita Rahmoune and Benyattou Benabderrahmane

Abstract. In this paper, we consider a class of quasi-linear parabolic equations
with variable exponents,
a(z, ) ue — Amyu = fp() (v)

in which f,() (u) the source term, a(x,t) > 0 is a nonnegative function, and
the exponents of nonlinearity m(xz), p(z) are given measurable functions. Under
suitable conditions on the given data, a finite-time blow-up result of the solution
is shown if the initial datum possesses suitable positive energy, and in this case,
we precise estimate for the lifespan T of the solution. A blow-up of the solution
with negative initial energy is also established.

Mathematics Subject Classification (2010): 35K92, 35B44, 35A01.

Keywords: Global nonexistence, quasi-linear evolution equation, Sobolev spaces
with variable exponents, variable nonlinearity.

1. Introduction

Let © be a bounded domain in R™, n > 1 with a smooth boundary I" = 9Q2. We
consider the following initial-boundary value problem:

a(w,t)uy — Apyu = fpoy(u), €, t>0
u(z,t)=0onT,¢t>0 (1.1)
u(z,0) = uo(z), x € Q,

where
Am()u = div (‘vu|7n(1)_2 vu)
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called the m (.)-Laplacian operator. This operator can be extended to a monotone
operator between the space Wol’m(')(Q) and its dual as

—Apyu s WO Q) — Wb O,

<Ay d () >y = fo VU™ 7 VuVe (x) da
where 2 < m; <m(x) < mg < 0.

where < .,. >,,() denotes the duality pairing between Wol’m(')(Q) and W‘lvm/(')(Q),
U S
m(z)  m (z)

Jp() (u) is a general source term depends on p (.), the coefficients a(z, .) is a nonnega-
tive function, the exponents p (.) and m (.) are given measurable functions on € such
that:

2<my <m(z) Sme <p1 <p(x) <p2<ms(z), (1.2)
where, for any function 1, we set

o = ess supz/J( ), 1 =ess infy(x).
2€Q e

and

m (z) = { GGy 10> ma
+oo if n < mao.

We also assume that m (.) satisfies the following Zhikov—Fan uniform local continuity
condition:

m (z) —m (y)

A considerable effort has been devoted to the study of problem (1.1) in the case of
constant variable when p (x) = p =constant and m () = m =constant. The problem

M

1
| < for all z, y in Q with |z —y| < =, M >0. (1.3)
[loga — y[|” 2

(1.1) with the usual m-Laplacian operator A,,u = div (|Vu\m72 Vu)7 (m =constant

> 2); (m =2, A, u = Au), has been extensively studied concerning existence, nonex-
istence and long-time dynamics. For results of the nature and in the case when
p(xz) = p =constant> 2 and m(x) = m =constant> 2, we refer the reader to
[14, 18, 21] related to the equation

a(x)uy — div <|Vu|m_2 Vu) =fpw), ze€Q, t>0.

When m (z) = m = 2, a(z,t) = 1 and f,() (u) = uP'®, problem (1.1) becomes the
following

—Au=v"® e t>0. (1.4)
The problem (1.4) arises from many important mathematical models in engineering
and physical sciences. For example, nuclear science, chemical reactions, heat transfer,
population dynamics, biological sciences, etc., and have interested a great deal of
attention in the research, see [1, 2, 4, 7, 12] and the references therein. For problem
(1.4), Hua Wang et al. [15] established a blow-up result with positive initial energy
under some suitable assumptions on the parameters p(.) and wug. In [12], the authors
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proved that there are non-negative solutions with a blow-up in finite time if and only
if po > 1. The authors in [20] obtained the solution of problem (1.1) blows up in a
finite time when the initial energy is positive. In [8], authors based on the idea as in
[5] derived the lower bounds for the time of blow-up if the solutions blow up.

This work is extend the results established in bounded domains to general prob-
lem as in (1.1) in the case, when the exponents m(.) and p(.) are given measur-
able functions on € and satisfy (1.2) and f,() (u) is a more generalized source term.
We note that the presence of the variable-exponent nonlinearities and the coefficient
a(z,t) in this problem make analysis in the paper somewhat harder than that in the
related ones. The goal of the current project is to study the blow-up phenomenon of
solutions to the problem (1.1) in the framework of the Lebesgue and Sobolev spaces
with variable exponents, we will establish a blow-up result and give a precise estimate
for the lifespan T* of the solution in this case. The method used here is the concav-
ity method. However, because of the presence of the variable-exponent nonlinearities
in our problem, our argument is considerably different and it is more abbreviated.
The present report is organized as follows. In Sections 2, the Orlicz-Sobolev function
spaces are introduced, and a brief description of their main properties are presented.
In Sections 3, the blow up for positive initial energy of problem (1.1) is stated. Section
4 provides proof of the blow-up for negative initial energy of problem (1.1).

2. Preliminaries

In this section, some well-known results and facts from the theory of Sobolev
spaces with variable exponents are recalled and listed (for details, see [9, 10, 11, 13,
17]). Throughout the rest of this report, 2 is assumed to be a bounded domain of R",
n > 2 with a smooth boundary T', assuming that p(.) is a measurable function on
and satisfy the following Zhikov—Fan uniform local continuity condition:

1
lp(z) —p(y)| < , for all z, y in  with \xfy|<§,M>0.

~ flogfz —y]|

Let p: Q — [1,00] be a measurable function. LP(-)(©) denotes the set of measurable
functions v on € such that

o (0) = [ Jula) da.
Q
The variable-exponent space LP() equipped with the Luxemburg norm

. u
lllyy = el ooy = € {2 >0, g5 (5) <1}

is a Banach space. In general, variable-exponent Lebesgue spaces are similar to
classical Lebesgue spaces in many aspects; see the first discussion of LP(*) () and
WkP@) (Q) spaces by Kovacik and Rékosnik in [17].

Here are some properties of the space Lp(')(Q), which will be used in the study
of a problem (1.1).
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e It follows directly from the definition of the norm that

min(||uH fys ||u||p()) < 0p0) (w) smax(||u||§z_),llu\\§§.))-

e The following generalized Holder inequality

1 1
U ) da < +—= | ||u ol < 2w Vlly
/l g <p1 (pl)'> ullpy 1Vl (@) < 2 ullpy 101y

applies for all u € LPO)(Q), v € LP'O(Q) with p (z) € (1,00), p/ (z) = p(pm()wll.

e If condition (2.4) is fulfilled, Q has a finite measure, and p, ¢ are variable ex-
ponents such that p(z) < g(x) almost everywhere in €, then the embedding
LiO)(Q) — LPL)(Q) is continuous.

e The Sobolev space Wo ) (Q) with p (z) € [p1,p2] C (1,00), and ﬁ—kp/%m) =1,

is defined as
{ WO (Q) = {u e LPOQ) | |Vul’'™ € LY(Q), u =0 on 89}, }
[llyyaro @y = ully oy = 22 1Dsull, ) o + el 0
and W27 0)(Q) is defined in the same way as the usual Sobolev spaces (see

[9])-

e An equivalent norm of WO1 P (')(Q) is given by
||u||W01vT’(-)(Q) = HVUHp(.),Q-

Furthermore, we set Wol’p(')(Q), to be the closure of C§° () in WHP()(Q). Here we

note that the space VVO1 P (')(Q) is usually defined in a different way for the variable
exponent case. However (see Diening et al [9]), both definitions are equivalent under

!/
(1.3). The (W Pl )(Q)) is the dual space of Wol’p(’)(Q) with respect to the inner

product in L?*(Q) and 1s deﬁned as W=12'()(Q), in the same way as the classical
Sobolev spaces, where ( 5+ (), =1.

elf p € C(Q), ¢ : @ — [l,+o0) is a measurable function and

eiseglf (p* () — q(z)) > 0 with p* (x) = %, then W(}m(')(Q) — LIC)(Q)

is continuous and compact.

Lemma 2.1. ([9]) Let Q be a bounded domain of R™, p(.) and m (.) satisfy (1.2) and
(1.3), then

Bo [Vullyy = llull, > for all u e Wy ™ (@), (2.1)

where the optimal constant of Sobolev embedding By is depend on p1,2 and |Q.

Lemma 2.2 (Poincaré’s Inequality). ([9]) Let Q be a bounded domain of R™ and m(.)
satisfies (1.3), then

Do [|Vull,y = Null, » for allu e Wy ™ (), (2.2)

where the optimal constant of Sobolev embedding Dy is depend on my 2 and |S].
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2.1. Mathematical assumptions

In this section, we establish the blow-up result for solutions with positive energy.
Let the function f,,( € C°(R,R*), with the primitive

/ Tyt (n) i, (2.3)
satisfies
oy ()] < ColslP7, p(@) F(s) < sfpy (s), s €R, Co > 0. (2.4)
A simple typical example of these functions is
Tyt (s) = 15" s.

Assume that a(z,t) is a positive function which belongs to the space
W1 (0, 00; L (Q)) and that a; (x,t) < 0 a.e. for t > 0. Let

1 m2
1\ 1 \7m-m .
Bl = Imax <1 BO, (CO> > , 1 = (m) , Op = ||vu0||m(2.) ) (25)

and -
1 o 1 1 1 1
E — R — — B — 1. 2.6
0 (B{”CO) (mz pl) (mz pl) ! 26)

3. Main result

In this section, we present our main blow-up result. We start with a local exis-
tence result for the problem (1.1), which can be established by combining the argu-
ments of [3, 6], the following theorem, which confirms the existence of a local solution
is a direct result.

Theorem 3.1. For all ug € Wol’m(')(Q), there exists a number Ty € (0,T) such that
the problem (1.1) has a strong solution u on [0,Ty] satisfying

u € C([0, To; Wy ™ () N C([0, To]; LPO(Q)) N WE2([0, To]; L2(2)).

4. Blow up for positive initial energy

This section first presents our main blow-up result and its proof for the problem
(1.1). For this purpose, we start by the following lemma defining the energy of the
solution.

Lemma 4.1. The corresponding energy to problem (1.1) is given by

1
Et:/7Vu x,t m(w)dx—/Fux,t dz, 4.1
(t) Qm(‘,E)| (z,1)| A (u(z, 1)) (4.1)
furthermore, by the easily verified formula

- —/Qaw u? (a,t) da <0, (4.2)
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the inequality E(t) < E(0) is obtained.
Now, we are in a position to state our main theorem results.

Theorem 4.2. If the initial data ug € W™ (Q) are such that ug # 0,

50)= | mtx) Vo @) de = [ P (o (@) do < (4.3)

then there exists T* such that limsup |lu (., t)||, = +00. Moreover, if E (0) < Ey, then
the T™ can be bounded above a;’—)T*

8 ||\/‘TOUOH2L2(Q)
(1 —2)° (Eo ~ E(0))

where a (x,0) := ap and u (x,0) := ug.

T <

7 (4.4)

In order to prove the main theorem, we recall the following lemmas.

Lemma 4.3. ([16, Lemmal.1] and [19, Logarithmic convexity methods]) Assume that
0 € C2([0,T)) satisfying:

o= (1+a)(¢) 20, a>0,
and

©(0) >0, ¢'(0)>0,

then
¢ (0)
ag' (0)
Lemma 4.4. Suppose E (0) < Ey and aq < ag < B ™. Then it exists a constant
a9 > aq such that:

p—00ast =1t <ty =

||Vu||:if) >ag >ay forallt>0.

Proof. Thanks to (2.3) and (2.1), we have for any ¢t > 0

E(t)/ﬂmtx)|Vu(m,t)|m($) dz—/F(u(x,t))dz

Q

1 . m1 m CO x
> —mm<||Vu|\m(_),||Vu||m?‘)) f/ —%_ |y (2, )P da
mo Q p($)

1 . m m CO ¥4 p '4 p:
> ——min (Il IVul7,) = % max (BE [Vull ) B [Vully,) - (45)

1 my C P1 P2
= — min (a’”z 7a) — 2% max ((aBI”Q)mlz ,(aB{nQ)m{zz) ;=g (a), Ya € 0,+0]
ma P1
where a = [[Vu[77 ). Now if we let
1 C P1
h(o) = —a— % (aBj")"s
m2 P1

Notice that h(a) = g(a), for 0 < a < By ™2. It is easy to check that the function
h(«) is increasing for 0 < o < o and decreasing for oy < a < 4o00.



Quasilinear evolution equation involving the m(.)-Laplacian operator 559

Because E(0) < Ey = h(ay), there exists a positive constant as € (o, +00)
such that h (a2) = E'(0). Then we have

h(c0) = g (a0) < B(0) = h (as).

It implies that ag > as > ag.
To show that ||Vu (z, t)HgE’) > g we reason by absurd while supposing that

IVu (:c,t*)||m2) < o

m(.

for a some ¢*. Then by the continuity of [[Vu(.,¢)],, -norm with respect to time
variable, one can choose t* such that

az > ||Vu (@, t7)[[) > a1
The monotonicity of h(a), gives
E (&) 2 h([Vu (2, 1) [ y) > D (a2) = E(0)
it is impossible because E (0) > E (t) for all ¢ > 0. Then, for all time ¢ > 0:
HVuH:Zf) > g > 0. (4.6)

O

Proof of Theorem 1. Case 1: E(0) < Ey. The goal is to construct a suitable function
which satisfies the conditions in Lemma (4.3). Following the arguments of [22, 23],
for our purpose, we define the following suitable function

@ (t) :/Ot/ﬂa(ac,s) u? (z, 5) dacds—l—/ot/ﬂ(s—t)at (z,s)u? (z,s)dzds  (4.7)
+(T0—t)/ﬂao(a:)ug(a:)dx+B(t+t0)2, < T

where tg, Ty and § are positive constants to be determined later. Then using equation
(1.1) and integration by parts, to obtains

") = [ a(x,t)u® (z x—t ar (z,8) u? (z, s) dads
d 0= [t @i [ [ o@e @) du
- /Q a0 () w2 () de + 28 (¢ + to) (4.8)
:2/0 /Qa(x,s)u(x,s)ut(x,s)dxds+2,8(t—|—to),

and

& (1) = 2 /Q o (2, 8)u (2, 1) wy (2,1) dz + 2. (4.9)
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Then, due to (2.4) and (4.6), the following is obtained

o (t) > —2/Q|Vu(x,t)|m(z) dx+2/ﬂp(x)F(u) dz + 283

_ m(z) 1 m(x) -
> Q/QWu(x,tﬂ dz + 2p; (/Q p o) [Vu (z,t)] dz E(t)) +28

> <2p1_2>/ \Vu (z,8)|™ dz — 2p, E () + 28

ma
<2plQ)/Vu (z, )™ a

+2p1 / / a(z,s)u? (v,s)drds — 2p E (0) + 28
0
2p ma ma2
> (22— 2 i (47l 190177

+2p1// z,s)u? (z,s)dzds — 2p1 F (0) + 23

(3o ()

+2p1// (z,5)u? (z,s) deds — 2p1 E (0) + 23

1 my
> 2p1 < — ) min <oz1 ,oq)
m2  P1
t
—2p1 E (0) + 28 + 2p; / / a(z,s)u? (z,s)deds
0o Jo

1 1
— o, (m - p1) a1 —2mE(0) (by (25))

t
+28 + 2py / / a(z,s)u? (z,s)drds
0 Jo
t
=2p1 (Ep — E(0)) + 28+ 2p1 / / a(x,s) uf (z,s)dads
0 Ja

Now, let 8 = 2(Ey — E(0)) > 0, and note that p; > 2, then

@ (t) > (p1+2)6+(p1+2)/0 /Qa(x,s)uf (2,5) dads
From (4.7), (4.8), (4.9) and (4.10), we have

¢ (0) =To Jq, a0 (x) ug () dz + Bt§ > 0;
¢’ (0) =28ty > 0;
@ (t) > (p1+2)B>0Vt>0.

(4.10)
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Therefore ¢ and ¢ are both positive. Since a;(x,t) < 0, for all x € Q and ¢ > 0, we
have

g@(t)Z/o /Qa(x,s)u2 (z,5)dads + S (t + t0)*, (4.11)

Thus, from (4.7)-(4.10) and (4.11), the following inferred for all (¢,n) € R?
7
p1+2

> (/Ot/ﬂa(a:,s)u2 (x,s)dxds+ﬁ(t+to)2> ¢?

o)+ ¢ (t)¢n+ o (t)

t
—|—2C77/0 /Q a(z,s)u(x,s)us (z,s)deds + 2¢nB (t + to)

t
+ﬂn2 + 772/ / a(x,s) ut2 (z,s)dzds > 0,
0 Ja

which implies that
2
" (t) (¢ (1)
t)—~ — (=) >0,
o ( )pl + 2 5 >
subsequently

e (1) -2 (e (1) 2 0. (112)

Then using Lemma (4.3), to infer ¢(t) — oo as t — T, where,

ST M ) M) )
(B2 (0) (p1 — 2) Bto '

Now we go to choose appropriate ty and Ty. Let ¢y be any number which depends
only on py, Eo — E(0) and [uol|p2(q) as

H\/%“OH;(Q)

0 o = 2) (B — E0))

Fix tg, then Tj can be picking as

2 (TO H\/‘TWOHiz(Q) + Bt%)

To= (p1 — 2) Blo ’

so that
2(Ey — E(0)) 2
2 9
(p1 —2) (Eo — E (0)) to — ||V/aouo|[ g

Ty =
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Therefore the lifespan of the solution u(z,t) is bounded by
_ 2
t2to (pl - 2) (EO -F (0)) t— ||\/%UOHL2(Q)
2
B 8”\/%UOHL2(Q)
(p1 —2)° (Eo — E (0))

Case 2: E(0) = Ey. For this case, actually we consider the following claim

Claim 4.5. There exists t* > 0 such that E(t*) < Ey.

Suppose Claim is not true which means that E(t) = Ey for all ¢ > 0. Then by
the continuity of [[Vu (.,¢)],, there exists a to small enough, such that

E(t) = Ep and [[Vu (., t)[[;7) = a2 > aq for all t € [0, ]

Then we consider the solution of (1.1) on [0, %],

to
0=F / / a(z,t)u? (z,t) dadt

which turns out to be
/Qa (x,t)u (z,t)u(z,t)dz =0 a.e. on [0, ]
And consequently, due to the equation (1.1),
/Qa(a:,t) ug (z,t) u(x,t) de (4.13)
_ /Q [Vu (m,t)|m(l') dz + /Qu (z,1) fp) (u(z,t))dz =0 a.e.on (0,t].
On the other hand,

EOZE(t)z/QL\vu(m,t)W” dx—/QF(u(a:,t))dx

> m% Q\vu (z, )™ dx—pil/ u(x,t) fpry (u(z,t))de
_ <m2 _ > / IV (2, )@ da (by (4.13))

11 my
>(— - = )min(al?, by (4.6
(5= o Jmin (2%, 00) by (a0)

= (1 - 1) a1 = Ey (by (2.5) and (2.6))

ma p1

which is a contradiction.
The proof of Theorem (4.2) is complete since one can apply the previous case
(Case 1) after changing the time origin to ¢*. O
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5. Blow up for negative initial energy

This section is devoted to the main blow-up result and its proof in the case when
E(0) <o0.

Assume that a(z,t) is a positive function which belongs to the space
Whee (0,00; L ()) and that a; (z,t) > 0 a.e. for t > 0.

The next Lemma gives the desired blow-up result.

Lemma 5.1. Let ug € Wol’m(') (Q) such that [,uidz > 0, f,) satisfies (2.4) and
E (0) < 0. Then there exists a finite time Tyax < 00 such that

lu (8)|” dz — 00 if t = Thax-
Q

Proof of Lemma (5.1). We then define
1 2
6() =5 [alm0lu®P da
Q

Differentiating ¢ with respect to t, gets

Q

> = [ (190" —upyy ) do - (o (11)

& (t):/ﬂa(x,t)uutd;v—&-%/at (z,t) |U(t)\2d33

> = [ (19" —p@ P @) dr by (2:4)
2—/Q|Vu|m(w) dm—i—pl/QF(u)dx

:—/ V™) dx—l—pl/ L Vu (@)@ de — pE(#) (by (4.1))
Q o m(z)

> <P11> /Q Vu™® dz — py £ (0) (by (4.2))

= Mo

> (171 - 1) / \Vu|m(x) do = co/ \Vu\m(x) dz, (co>0)
Q Q

=\,
We define the sets

Q={zeQ]||Vul>1} and Q3 ={z€Q||Vu| < 1}.
So

@' (t) Zco/ |Vu|™ dx—l—co/ |Vu|™ da
Qo Q

Qo Q1
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Using the fact that [|Vull, < C[|[Vuf,, for all ¢ > 2, to obtain
{ (¢ ()7 = Ca [y, [Vul® de;

(¢/ ()77 = Cy [y, Vul* da.

By addition, leads to
(@ ()7 + (¢ ()™ > C / IVl dz (5.1)
2 Cs
> C5/Q|U| dr > Wgﬁ(t% vt > 0.
(& ()7 (14 (&' (1) 77) > Cog (1), ¥t > 0. (5.2)
By (5.1) and the fact that ¢(t) > #(0) > 0 (¢'(¢) > 0), we have, for each ¢t > 0, either
(@' (1) > Lo (t) > Lo (0);
v (¢ ()™ > Sog () > Lo (0)

which gives, in turn

{ & (t) > Cr (6(0) F
or ¢' (t) > Cs (¢(0)) 2,

hence
¢/ (1) > a=min (Cr (6(0) F, Cs (¢ (0) 7 ),

. 1 1 .
since - — o= <0, (5.2) yields

therefore
¢ (t) > B (), Vt > 0.

simple integrating then leads to
m

(6 1)) 7 < (6(0) 7 - ml;%, vt > 0.

which implies that
1
¢ (t) = _— —
(0 (@)~ — mi2p) ™

This show that ¢ blows up in finite time Ty, given by the estimate

2(¢(0)' 7
ﬂrlax S m

O
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On a Fredholm-Volterra integral equation

Alexandru-Darius Filip and Ioan A. Rus

Abstract. In this paper we give conditions in which the integral equation

(1) :/CK(t,s,a:(s))ds—F/ Ht, 5, 2(s))ds + g(¢), ¢ € [a, 1],

where a < ¢ < b, K € C([a,b] X [a,c] x B,B), H € C([a,b] X [a,b] x B,B),
g € C([a,b],B), with B a (real or complex) Banach space, has a unique solution
in C([a,b],B). An iterative algorithm for this equation is also given.
Mathematics Subject Classification (2010): 45N05, 47H10, 47H09, 54H25.

Keywords: Fredholm-Volterra integral equation, existence, uniqueness, contrac-
tion, fiber contraction, Maia theorem, successive approximation, fixed point,
Picard operator.

1. Introduction

The following type of integral equation was studied by several authors (see [11],
(2], 3], [6], (1], [5], [10], [7], ...),

z(t) = /CK(t, s,x(s))ds + / H(t,s,2(s))ds + g(t), t € [a,b], (1.1)

wherea < ¢ < b, K € C([a,b]x[a,c|]xB,B), H € C([a,b]x[a,b]xB,B), g € C([a,b],B),
with (B, |]) a (real or complex) Banach space.

The aim of this paper is to give some conditions on K and H in which the equa-
tion (1.1) has a unique solution in C([a, b],B). To do this, we shall use the contraction
principle, the fiber contraction principle (][9], [13], [10], [11]) and a variant of Maia
fixed point theorem given in [8] (see also [4]).

2. Preliminaries

Let us recall some notions, notations and fixed point results which will be used
in this paper.
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2.1. Picard operators and weakly Picard operators

Let (X, —) be an L-space ((X, d),i; (X,7), 5 (X, 1D, U74; ...). An opera-
tor A : (X,—) — (X,—) is called weakly Picard operator (W PO) if the sequence
(A™(x))nen converges for all z € X and the limit (which generally depends on x) is
a fixed point of A.

If an operator A is W PO and the fixed point set of A is a singleton, i.e.,

Fy={a"},
then, by definition, A is called Picard operator (PO).

For a WPO, A : (X,—) — (X, —), we define the limit operator A* : (X, —) —
(X, =), by A®(z) := lim A"(x). We remark that, A>®(X) = Fj, i.e., A% is a set
n—oo

retraction of X on Flyu.

2.2. Fiber contraction principle

Regarding this principle, some important results were given in [12] and [13].
Fiber Contraction Theorem. Let (X,—) be an L-space, (Y,d) be a metric space,
B:X—2X,C:XxY>YandA: XxY = XxY, A(z,y) .= (B(z),C(x,y)).
We suppose that:
(1) (Y,d) is a complete metric space;
(ii) B is a WPO;
(#i) C(x,-):Y =Y is an l-contraction, for all x € X;
(iv) C: X XY =Y is continuous.
Then A is a WPO. Moreover, if B is a PO, then A is a PO.
Generalized Fiber Contraction Theorem. Let (X, —) be an L-space and (X;,d;), i =
1,m, m > 1 be metric spaces. Let A; : Xog X ... x X; = X;, i = 0,m, be some
operators. We suppose that:

(1) (Xi,d;), i = 1,m, are complete metric spaces;
(i3) Ag is a WPO;
(#i1) Ai(zo,...,xi—1,-): X; = X;, i = 1,m, are l;-contractions;
(iv) A;, i =1,m, are continuous.
Then the operator A : Xog X ... X X;n = Xo X ... X X, defined by

A(zoy ... xm) = (Ao(xo), A1(z0, 1)y« oy A (Toy - - -y Tm))
is a WPO. Moreover, if Ay is a PO, then A is a PO.

2.3. A variant of Maia fixed point theorem

We recall here the following variant of Maia fixed point theorem, given by I.A.
Rus in [8]:

Theorem 2.1. Let X be a nonempty set, d and p be two metrics on X and A: X — X
be an operator. We suppose that:

(1) there exists ¢ > 0 such that d(A(z), A(y)) < cp(z,y), for all z,y € X;

(2) (X,d) is a complete metric space;

(3) A: (X,d) — (X,d) is continuous;
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(4) A: (X,p) — (X,p) is an l-contraction.
Then:

(i) Fa={a"};
(i) A: (X,d) — (X,d) is PO.

3. Operatorial point of view on equation (1.1)

Let X := C([a,b],B) and T : X — X be defined by

T(x)(t) := /CK(t,s,z(s))dS —|—/ H(t,s,x(s))ds + g(t), t € [a,b].

For x € X, we denote by u := x‘[a q and v := x’[c 0 If x is a solution of the equation
(1.1) (i.e. a fixed point of T'), then

u(t) = /CK(t,&u(s))ds —|—/ H(t,s,u(s))ds + g(t), t € [a,] (3.1)
and

v(t) = /CK(t,s,u(s))ds + /c H(t,s,u(s))ds

+/ H(t,s,v(s))ds+ g(t), t € [c,b]. (3.2)

Let X, := C([a,],B), X3 := C([c,b],B) and
T, : X1 — X1, Ti(u)(t) := the second part of (3.1),
To: X1 X Xo — Xo, To(u,v)(t) := the second part of (3.2).
The mappings 7 and 75 allow us to construct the triangular operator

T : X1 X Xo — Xy X Xo, T(U,U) = (Tl(u),Tg(u,v)), for all (U,’U) € X1 x Xs.

Remark 3.1. If (u*,v*) € Fj, then u*(c) = v*(c). So the function 2* € X, defined by

is a fixed point of T), i.e., a solution of (1.1).

Remark 3.2. For (ug,v9) € X1 x X2 we consider the successive approximations cor-
responding to the operator T', (tup+t1, Vnt+1) = T(tn,vy,), n € N. We observe that, for
n € N*| u,(c) = vy(c). So, the function x,,, defined by

Tn(t) = {“n(t)7 t € la,c|

vn(t), t € e, b)

isin X.
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Remark 3.3. Let Y C X; x X3 be defined by

Y= A{(u, v)€X1><X2\U() v(e)}-
The operator R : X — Y, defined by R(z) := (z |ac CL’|[ b is a bijection. From
the above definitions, it is clear that T'(z) = ( ITR)(z) and the n'" iterate of T is
T" = R'T"R.

In conclusion, to study the equation (1.1) (which is equivalent with z = T'(x))
it is sufficient to study the fixed point of the operator T. If (u*,v*) € Fj then
R (u*,v*) € Fr.

4. Existence and uniqueness of solution of equation (1.1)

In what follows, in addition to the continuity of H, K and g, we suppose on K
and H that:
(i) There exists Ly € C([a,b] X [a,c],B) such that:
|K(t,s,&) — K(t,s,n)| < L1(t, 8)|€ — 7|, for all ¢ € [a,b], s € [a,c], £,n € B.
(#4) There exists Ly € C([a,b] X [a, ], B) such that:

[H(t,s5,€) — H(t, s,m)| < La(t, 5)|¢ =, for all t,5 € [a,b], &1 € B.

1
2

(Z’LZ) </ (Ll(t, S) + Lg(t, 5))2dtd8> < 1.
la,c]x[a,c]
The basic result of our paper is the following.

Theorem 4.1. In the above conditions we have that:
(1) The equation (1.1) has in C([a,b],B) a unique solution x*.
(2) The operator T is a Picard operator with respect to ugf' Let Fz = {(u*,v")}.
(3) The opemtor T is a Picard operator with respect to Y4 and Fr ={z*}. More-

over, ¥ = R™1(u*,v*).

Proof. From the remarks which were given in §3, it is sufficient to prove that the
operator T is a Picard operator with respect to the uniform convergence on X; x Xo.
In order to apply the Fiber contraction principle, we shall prove that:
(j) Ty : (Xl,umf) (Xl,ugf') is a Picard operator;
(77) Ta(u,-) : (X2, [l-[l+) = (X2, [|-[|+) is a contraction.
Let us prove (j).
We consider on X7, the norms ||-||cc and ||-||zz. By using the assumptions (7)
and (i7), we have the following estimations:

Ty (un) () — T (us) (¢ \</ K (2, 5,11 (s)) — K (£, 5, us(s))|ds

/ |H(t,s,ui(s)) — H(t,s,uz(s))|ds
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g/cLl(t,sﬂul( ) — ua(s )\ds—i—/CLz(t s)u1(s) — uz(s)|ds

Holder’s
inequality ¢
< </ Li(t,s)? > (/ lui(s) — ua(s)] ds)
c
—I—(/Lgts )(/|u1 — uy(s )ds)
a

By taking the m[ax] in the above inequalities, there exists a real positive constant
tela,c

1 1

c 2 c 2

c:= max (/ Ll(t,s)zds> + max (/ Lg(t,8)2d3)
tela,c] a t€la,c] a

(171 (w1) — Th(u2)]|oo < c|lur — uzl|L2, for all uy,us € Xj.
On the other hand, we have that

1T (u1) = T1(u2)|z2 = (/ T (u )( T1(U2)(1t)|2dt)2

(/ (/ (Ln(t, s)ds + Loty s>>“‘ds) Jur — uznizdt) 2
= (/a /a (L (t,s) + Lz(t,s))%sczlt)é lur — usl|z2,

for all uy,us € Xj.

such that

IN

By using the assumption (4i7), it follows that the operator Tj is a contraction with
respect to ||-||z2 on Xi.

The conclusion follows from the variant of Maia theorem.
Let us prove (jj).

For ¢ € [c,b] and My, = me[xxb} Ls(t, s), we have that
t,s€lc

[T (w, v1)(t) — To(u,va) ()| < / |H(t,s,v1(s)) — H(t,s,v2(s))|ds
g/ Lo(t, s)|v1(s) — va(s)|ds

t
< My, / o1 (5) — va(s)]e" T3 ds

e‘r(t—c)

t
< Mp,|jvy — U2||'r/ e™5=Vds < My, |jvr — va
C

It follows that

—7(t—c M
[ Ta(u, 01)(8) = To(u, v2)(1)]e77) < %Hvl — valr.
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By taking max and by choosing 7 > M, there exists a real positive constant

te€c,b]
M
.=t o
T
such that
T2 (w, v1) — To(u, vo) |- < lI|lvr — vall+, for all v1,vy € Xo. O

Remark 4.2. Let K := R or C, |-| be a norm on B := K™ (||, |'|2, |"lcos -
a<c<b K=(Ky,...,Ky) €C(a,b),K™) and H = (Hy,...,Hy) € C([a,b], ]Rm)
In this case, the equation (1.1) takes the following form

/Kltsxl) T (s))ds

+/ Hi(t,5,21(5), - 2m(s))ds, £ € [a,1]
: (4.1)

= /c K (t,s,21(8),...,zm(s))ds

/ Hp(t,s,21(8),...,2m(s))ds, t € [a,b].

From Theorem 4.1 we have an existence and uniqueness result for the system (4.1).

In the case when B is a Banach space of infinite sequences with elements in K
(¢(K), Cp(K), m(K), IP(K), ...) we have from Theorem 4.1 an existence and unique-
ness result for an infinite system of Fredholm-Volterra integral equations.
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Multiplicative perturbations of local C'-cosine
functions
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Abstract. We establish some left and right multiplicative perturbations of a local
C-cosine function C(-) on a complex Banach space X with non-densely defined
generator, which can be applied to obtain some new additive perturbation results
concerning C(-).
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1. Introduction

Let X be a Banach space over F (=R or C) with norm || - ||, and let L(X) denote
the set of all bounded linear operators on X. For each 0 < Ty < oo and each injection
C € L(X), a family C(-)(= {C(t)|0 < t < Tp}) in L(X) is called a local C-cosine
function on X if it is strongly continuous, C(0) = C' on X and satisfies
(1.1) 2C(#)C(s) =C(t+s)C+ C(|t —s])C on X for all 0 < ¢,s,t+ s < Tp

(see [7], [10], [14], [20], [22], [24], [26]). In this case, the generator of C(-) is a linear
operator A in X defined by

D(A) ={z € X| lim 2(C(h)z — Cz)/h* € R(C)}
h—0+
and Az = C~1 hlir(r)lJr 2(C(h)z — Cz)/h? for z € D(A). Moreover, we say that C(-) is
—

(1.2) locally Lipschitz continuous, if for each 0 < ¢ty < Ty there exists a Ky, > 0 such
that ||C(t+ h) — C(t)|| < Ky h for all 0 < ¢, h,t+ h < to;

(1.3) exponentially bounded, if Ty = co and there exist K,w > 0 such that
ICt)|| < Ke*t for all t > 0;

(1.4) exponentially Lipschitz continuous, if Tp = oo and there exist K,w > 0 such
that ||C(t + h) — C(t)|| < Khe*®+h) for all ¢, h > 0.
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In general, a local C-cosine function is also called a C-cosine function if Ty = oo (see
[17], [6], [4], [13]), a C-cosine function may not be exponentially bounded (see [13]),
and the generator of a local C-cosine function may not be densely defined (see [17], [6]).
Moreover, a local C-cosine function is not necessarily extendable to the half line [0, o)
(see [22]) except for C' = I (identity operator on X). Perturbations of local C-cosine
functions with or without the exponential boundedness have been extensively studied
by many authors appearing in [2,6,8-17,19,23,25]. Some interesting applications of this
topic are also illustrated there. In particular, Li has obtained some right-multiplicative
perturbation theorems for local C-cosine functions in which the operator C' may not
commute with the bounded perturbation operator B on X, which satisfies an estima-
tion that is similar to the condition (2.6) below. In this case, C "' A(I + B)C generates
a local C-cosine function on X when CA(I + B) C A( + B)C (see [18]). Along this
line, Li and Liu also establish some left-multiplicative perturbation theorems for lo-
cal C-cosine functions on X with densely defined generators. In this case, (I + B)A
generates a local C-cosine function on X when C~(I + B)AC = (I + B)A (see [20]).
Just as continuous work of this topic, Kuo shows that A + B generates a local C-
cosine function on X when either B is a bounded linear operator from [D(A)] into
R(C) such that R(C~'B) C D(A) (see [14]) or B is a bounded linear operator on X
which commutes with C(-) on X (see [15] or Theorem 2.13 below). The purpose of
this paper is to establish some left and right multiplicative perturbation theorems for
local C-cosine functions just as results in [18,20] when the generator A of a perturbed
local C-cosine function C(-) may not be densely defined, the perturbation operator
B is only a bounded linear operator from D(A) into R(C), and the assumption of
C~Y(I + B)AC = (I + B)A is not necessary, which together with Theorem 2.13 can
be applied to obtain some new Miyadera type additive perturbation theorems just as
results in [15] for local C-cosine functions (see Theorems 2.14 and 2.16 below). An
illustrative example concerning these results is also presented in the final part of this

paper.

2. Perturbation theorems

In this section, we first note some basic properties of a local C-cosine function and
known results about connections between the generator of a local C-cosine function
and strong solutions of the following abstract Cauchy problem:

u'(t) = Au(t) + f(t) for t € (0,Tp)

ACP(A, f,z,y) {u(()) =xz,u'(0) =y

where x,y € X and f is an X-valued function defined on a subset of [0, Tp).
Proposition 2.1. (see [4], [11], [13], [22]). Let A be the generator of a local C-cosine
function C(-) on X. Then

(2.1) A is closed and C~1AC = A;
(2.2) C(t)x € D(A) and C(t)Ax = AC(t)x for all x € D(A) and 0 <t < Ty;
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(2.3) //C’ Jxdrds € D(A cmdA//C Jedrds = C(t)x — Cx for all

x € D(A) and 0 <t < Ty;
(2.4) D(A) = {z € X|C(t )x—Cm—//C( Vyzdrds for all0 < t < Ty and for

0 Jo
some y, € X} and Az =y, for each © € D(A);
(2.5) R(C(t)) C D(A) for 0 <t < Tp.

Definition 2.2. Let A : D(A) C X — X be a closed linear operator in a Banach space
X with domain D(A) and range R(A). A function u : [0,Tp) — X is called a (strong)
solution of ACP(A, f,z,vy), if u € C%((0,Tp), X) N CL([0,Tp), X) N C((0,Ty), [D(A)])
and satisfies ACP(A, f,x,y). Here [D(A)] denotes the Banach space D(A) with norm
| - | defined by |z| = ||z|| + ||Az]|| for x € D(A).

Theorem 2.3. (see [11], [13]) A generates a local C-cosine function C(-) on X if and
only if C"*AC = A and for each x € X, ACP(A,Cx,0,0) has a unique (strong)
solution u(-,x) in C?([0,Tp), X). In this case, we have

t
u(t,x) = j1 x C(t)x (: / Ji(t — S)C(s)xds)
0
for allz € X and 0 <t < Ty. Here ji(t) = t*/k! for allt € R and k € NU {0}.

Proposition 2.4. (see [11], [13]) Let A be the generator of a local C-cosine function C(-)
on X, z,y € X and f € L},.([0,Tp), X) N C((0,Tp), X). Then ACP(A,Cf,Cx,Cy)
has a (strong) solution u in C%(]0,Ty), X) if and only if

v(-) =C()z+S()y+ 5= f(-) € C*([0,Tp), X).
In this case, u=v on [0,Tp). Here S(-) = jo* C(-) and S x f / S(-—s)
We next establish a new right-multiplicative perturbation theorem for locally

Lipschitz continuous and exponentially Lipschitz continuous local C-cosine functions
in which B is only a bounded linear operator from D(A) into R(C).

Theorem 2.5. Let C(+) be a locally Lipschitz continuous local C-cosine function on X
with generator A. Assume that B is a bounded linear operator from D(A) into R(C)

such that CB = BC on D(A), and for each 0 < to < Tp there exists an My, > 0 such
that (S« C~'Bf)(t) € D(A) and

IA(S = CTB)[f(t) — f(s)]ll < Mto/ 1£(r)lldr (2.6)

for all f € C([0,t0], D(A)) and 0 < s < t < tg. Then A(I + C~1BC) generates a
locally Lipschitz continuous local C-cosine function T(-) on X satisfying

Tz =C()x+AS*C'BT)()x  on [0,Tp) (2.7)
forallx € X.
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Proof. Let x € X and 0 < tg < T} be fixed.
We define U : C([O,to],D(A)) — C([0,t0], D(A)) by
(N) =

C(z+ A(S+CIBf)(-)

on [0,tg] for all f € C([0,¢o], D(A)). Then U is well-defined. By induction, we obtain
from (2.6) that

[U™f(t) = Umg()|| = U™ f)(t) —UU™ g) )|
=[AS« CTIBU f = U g) ()|
<3 [ sl = 9)65) - gl

0
< My jn(to)ll f — gl
for all f,g € C([0,t0], D(A)), 0 <t <ty and n € N. Here
|f —gll = max [[f(s)—g(s)]-

0<s<tp

It follows from the contraction mapping theorem that there exists a unique function
Wyt i1 C([0,%0], D(A)) such that

wrvto(') = C()I + AS x CilB’wm’to(‘)

on [0, to]. In this case, we set wy(t) = wy, (¢) for all 0 < ¢ <ty < Tp, then w,(+) is a
unique function in C([0,7p), D(A)) such that

wy(-) = C()x + AS * C ' Bw,(+)

on [0,Tp). Since
g1 *xwe(-) = j1 * C()x + Ajy xS % C~Bw, (")
= jo* S() + 8 * C7' Buy() — Bji % wy()
on [0,7p), we have
(I + B)ju*wa(t) = jo* S(t)z + S * O~  Buy(t) € D(A)

for all 0 < t < Ty. Clearly, j1 * w, is the unique function wu, in C2([0,Ty), X) such
that

up(-) = jo * S()x + AS * C ' Buy(-)
on [0,Tp). Since jo*S(-)z+S*C 1 Bw,(-) € C*([0,Tp), X), we obtain from Proposition
2.4 that
JoxS(x 4+ S* CT ' Bw,(-) = (I + B)j1 * we(-)
is the unique solution of ACP(A, Cx + Bw,,0,0) in C?([0,Tp), X ). This implies that
A(I + B)j1 *wy + Cx + Bw, = (I + B)w,

on [0,Tp), and so A(J + B)j; * w, + Cx = w, on [0,Ty). Hence, j; * w, is a solution
of ACP(A(I + B),Cx,0,0) in C2([0,Tp), X). To prove the uniqueness of solutions of
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ACP(A(I + B),Cz,0,0).
Suppose that u € C([0,7Tp), X) and satisfies A(I + B)jy *u+ Cz = u on [0,Tp). Then
Ji#x(S*u—S8=x*jCx)=j; xS« A + B)ji *xu
=Aj1 *S*x (I 4+ B)j1*xu
=S% (I + B)ji*xu—Cjy (I + B)ji1 *xu
=Sx*jixu+S*Bjixu—Cjrx(I+B)jixu
on [0,7p), and so —S * jo(-)Cx = S x Bjy x u(-) — Cj1 * (I + B)j1 * u(-) on [0,Tp).
Hence,
—S*jo(-)x =(S* C™*Bjy xu)"(-) — (I + B)jy * u(*)
=AS* C 'Bjy xu(-) + Bjy *u(-) — (I + B)j1 * u(")
=AS * C'Bjy xu(-) — j1 *u(-)

on [0,Tp), which implies that j; * u(-) = S * jo(-)x + AS * C~1Bj; * u(-) on [0,Tp).
Consequently, j1 * u = j; * w, on [0,Tp) or equivalently, u = w, on [0,Tp). Clearly,
A(I + B) is closed and A(I + B)C = CA(I + B) on D(A(I + B)). It follows from
Proposition 2.4 that C~1A(I + B)C generates a local C-cosine function T'(-) on X
satisfying (2.7) for all x € X. Just as in the proof of [27, Theorem 2.5], we have
C7'A(I + B)C = A(I + C™'BC). By (2.6), T(-) is also locally Lipschitz continuous.

O

Since the condition (2.6) in the proof of Theorem 2.5 is only used to show that
T'(-) is locally Lipschitz continuous. By slightly modifying the proof of Theorem 2.5,
we can obtain the next right-multiplicative perturbation theorem for local C-cosine
functions without the local Lipschitz continuity.

Theorem 2.6. Let C(-) be a local C-cosine function on X with generator A. Assume
that B is a bounded linear operator from D(A) into R(C) such that CB = BC on

D(A), and for each 0 < to < Tp there exists an My, > 0 such that (S« C"*Bf)(t) €
D(A) and

IA(S * C'Bf)(1)]| < M, / 17(5)]|ds (2.8)

for all f € C([0,t0], D(A)) and 0 < t < to. Then A(I + C~'BC) generates a local
C'-cosine function T(-) on X satisfying (2.7)

Corollary 2.7. Let C(-) be a locally Lipschitz continuous local C-cosine function on
X with generator A. Assume that B is a bounded linear operator from D(A) into
R(C) such that CB = BC on D(A) and C~'Bx € D(A) for all z € D(A). Then
A(I+C~1BC) generates a locally Lipschitz continuous local C-cosine function T(-) on

X satisfying (2.7) for all x € X. Moreover, T(+) is exponentially Lipschitz continuous
if C(-) s

Proof. Clearly, it suffices to show that for each 0 < ¢ty < T there exists an My, > 0
such that (2.6) holds for all f € C([0,t0], D(A)) and 0 < s < t < 3. Suppose that
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C1(t) denotes the restriction of C(t) to D(A), C,(t) the strong derivative of Cy(t)
on D(A) for all 0 <t < Ty, and D? the second order derivative of a function. Then
Cy1(t)z = Cx + Ajo + S(t)z and C,(t)x = AS(t)x for all z € D(A) and 0 < t < Ty. In
particular, AS(-) is a strongly continuous family of bounded linear operators on D(A),
which is also exponentially bounded if C(-) is exponentially Lipschitz continuous. Let
0 < to < Ty be given, then S* C~1Bf(-) is twice continuously differentiable on [0, to],
D*(S+C7'Bf)(-) = AS« C7'Bf(-) + Bf(-) = C, * C"'Bf(-) + Bf(")
on [0,t0] and

IA(S * C'Bf(t) = f(s)D]| =IICy * C"BIf(¢) = f(s)]]

t
< sup [AS()|ICB] / 1 £ ldr

0<r<to

for all f € C([0,0], D(A)) and 0 < s < t < tg. It follows from Theorem 2.3 that
A(I + C~1BC) generates a locally Lipschitz continuous local C-cosine function 7'(-)
on X satisfying (2.7) for all x € X. Combining the local Lipschitz continuity of
C~1BT(-) with the exponential boundedness of AS(-), we get that AS x C~1BT)(-)
is exponentially Lipschitz continuous if C(-) is. Consequently, T'(-) is exponentially
Lipschitz continuous if C(-) is. O

Corollary 2.8. Let C(-) be a local C-cosine function on X with generator A. Assume
that B is a bounded linear operator from D(A) into R(C) such that CB = BC on
D(A) and C~'Bxz € D(A) for all v € D(A). Then A(I + C~'BC) generates a local
C-cosine function T(-) on X satisfying

T()x=C()r+ S+ AC'BT()x  on [0,Tp) (2.9)

for all x € X. Moreover, T(-) is also exponentially bounded (resp., norm continuous)
if C(-) is.

Proof. By the assumption of C~1Bx € D(A) for all z € D(A), we can apply the
following estimation to replace the condition (2.8):

t
I(S* ACT'Bf(1))|| < sup IIS(T)HHAC’IBII/ 1f ()| dr
0<r<to 0

for all f € C([0,t0], D(A)) and 0 < t < ty. Clearly, S(-)AC~!B is also exponentially
bounded (resp., norm continuous) if C(-) is. By (2.9) and the boundedness of AC~!B,
we have

T()x=C()x+SAC'B+T()xr on [0,Tp) (2.10)
for all x € X, which together with Gronwall’s inequality implies that T'(:) is expo-
nentially bounded (resp., norm continuous) if C(-) is. O

When p((I + C7*BC)A) (resolvent set of (I + C~1BC)A) is nonempty, we
can apply Theorem 2.5 to obtain the next left-multiplicative perturbation theorem
concerning locally Lipschitz continuous local C-cosine functions on X in which the
generator A of a perturbed local C-cosine function may not be densely defined, B is
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only a bounded linear operator from D(A) into R(C), and C~!(I+B)AC and (I+B)A
both may not be equal.

Theorem 2.9. Under the assumptions of Theorem 2.5. Assume that p((I+C~1BC)A)
is nonempty. Then (I + C~*BC)A generates a locally Lipschitz continuous local C-
cosine function U(-) on X satisfying

U()x
=Cr+[AN— (I +C'BC)A(I +C'BC)j * T(-)A[\ — (I + C"'BC)A] ™!
(2.11)
on [0,Ty) for all x € X. Here X\ € p((I + C~'BC)A) is fivred and T(-) is given as in
(2.7).
Proof. Just as in the proof of [27, Theorem 2.9], we have
(I+C 'BC)ACx =C(I + C'BC)Ax
for all z € D((I + C~'BC)A). We set P = I + C~'BC and
uy(-) = Cx 4 (A — PA)Pjy * T(-)A(A — PA)™!

on [0,Tp) for all z € X, then u, € C([0,Tp), X) and
A= PAY T, ()
A\ — PA) 10z + A(Pjy + T(-)) A\ — PA) 'z
A\ — PA)'Cx +T()AN — PA)"'2 — CA(\ — PA)™*

( )"

=T(:

“U

)"
AN —PA)'Cx + T( JAAN — PA) 'z — AN — PA)™ 1C’x
JAN— PA)!
on [0,Tp), and so
PA\ — PA) Y xuy() = Pjp s T()A(N — PA)~!
on [0,Tp). Hence,
—j1 % uz(-) F AN = PA) "Y1 s uy (1) =PAN — PA) Ly % ug(+)

=Pj *T(-)A(A — PA)™!

=\ — PA) tu, () — (A= PA)"'Cx
on [0,Tp), which implies that j; % u,(t) € D(PA) for all 0 < ¢ < Ty. Consequently,
PA(N — PA)~ Y, xu,(t) € D(PA)

for all 0 < ¢t < Ty and PAj; * uy, = u, — Cx on [0,Tp). This shows that jy * u, is
a solution of ACP(PA,Cz,0,0) in C%([0,Tp), X). In order to show the uniqueness.
Suppose that v € C([0,Ty), X) and v = PAjy *v on [0,Ty). We set u = A(A—PA)~!
on [0,7p), then

Pjyxu=PA\ — PA)" Y5 xv
=(\— PA)"'PAj xv
=(A—PA)~!
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on [0,7p), and so APj; xu = A\ — PA)~'v = u on [0,Ty). Hence, u = 0 on [0,T}),
which implies that (A — PA)~'v = 0 on [0,Tp) or equivalently, v = 0 on [0, Tp). We
conclude from Theorem 2.3 that (I + C~1B(C)A generates a local C-cosine function
U(-) on X satisfying (2.11) for all z € X. Clearly, for each y € X,

(PA)Pj1 *T(-)y = P(AP)j1 * T(-)y = PT(-)y — PCy

on [0, Tp). It follows from the right-hand side of (2.11) that U|(+) is also locally Lipschitz
continuous. O

By slightly modifying the proof of Theorem 2.9, we can obtain the next left-
multiplicative perturbation theorem for local C-cosine functions in which the gene-
rator A of a perturbed local C-cosine function may not be densely defined, B is only
a bounded linear operator from D(A) into R(C), and C~*(I + B)AC and (I + B)A
both may not be equal.

Theorem 2.10. Under the assumptions of Theorem 2.6. Assume that p((I+C~1BC)A)
is nonempty. Then (I + C~1BC)A generates a local C-cosine function U(-) on X
satisfying (2.11) for all x € X. Moreover, U(-) is exponentially bounded (resp., norm

continuous, locally Lipschitz continuous, or exponentially Lipschitz continuous) if T(-)
is. Here T'(-) is given as in (2.7).

Corollary 2.11. Under the assumptions of Corollary 2.7.

Assume that p((I +C~1BC)A) is nonempty. Then (I +C~1BC)A generates a locally

Lipschitz continuous local C-cosine function U(-) on X satisfying (2.11) for allz € X.
Moreover, U(-) is exponentially Lipschitz continuous if C(-) is.

Corollary 2.12. Under the assumptions of Corollary 2.8.

Assume that p((I +C~*BC)A) is nonempty. Then (I +C~*BC)A generates a local
C-cosine function U(:) on X satisfying (2.11) for all v € X. Moreover, U(+) is also
exponentially bounded (resp., norm continuous) if C(-) is.

Theorem 2.13. (see [15]) Let A be the generator of a local C-cosine function C(-) on
X. Assume that B is a bounded linear operator on X which commutes with C(-) on
X. Then A+ B is the generator of a local C-cosine function Tg(-) on X satisfying

Ty (t)e = Z/O in1(8)jn(t — $)C(|t — 25) B ads
n=0

forallz e X and 0 <t <Tj.

Combining Theorem 2.10 with Theorem 2.13, the next new result concerning
the additive perturbations of a local C-cosine function on X is also attained in which
the generator of a perturbed local C-cosine function may not be densely defined.

Theorem 2.14. Let C(+) be a local C-cosine function on X with generator A, and let B
be a bounded linear operator from [D(A)] into R(C?) such that CB = BC on D(A).
Assume that pc(A) and p(A + B) both are nonempty, and for each 0 < to < Ty there
exists an M, > 0 such that

S« C2BF(1)| < M, / 1£(s)]ds (2.12)
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for all f € C([0,t0], [D(A)]) and 0 <t < ty. Then A+ B generates a local C-cosine
function V() on X.

Proof. Let A € po(A) be fixed. We set B = C'B(A—A)"'C and C(—t) = C(¢)
for all 0 < ¢t < Ty. Then B is a bounded linear operator from X into R(C) such

that CB = BC, A — X is the generator of the local C-cosine function T_x(-) on X
satisfying

jox T_x(t)x = Z/O Fre1(8)jn(t — 8)S(t — 28)(=\)"xds

n=0

for all z € X and 0 <t < Ty, and (A — \)"1C? = C(A — \)~!C. Here

/o J-1(8)jo(t — 8)S(t — 2s)xds = S(t)z.

Since the norm |-|4—» on D(A) defined by |z|a—x = ||z||+|[(A=X)z|| for all x € D(A),
is equivalent to | - |, we may assume that (2.12) holds under |- |4_». Since

(I+C'BC)(A—X)=A-\+B

and p(A + B) is nonempty we have p((I + C~'BC)(A — \)) is also nonempty. It is
not difficult to see that

Jn-1(8)jn(t — $)S(t — 2s)xds

S~

n

n—1+k)! 1 .. .
=3 G ) g o+ 910
P e S0 (2.13)
k=0

foreachn e Nyz € X and 0 <t < Tp. Let 0 <ty < Tp and f € C([0,to], X) be fixed.
Then

lin—t(Gn-14% * S)| * CBf(t)

:/O in(t = ) Gnran # S)(t — $)C—1Bf(s)ds
n—k

¢
: (") (*l)mtnfkfm/ Jn—14k * S(t — s)CT'Bs™ f(s)ds
0 0

(n—k)!

m=

= (1) jnb—m()jn—11k ¥ S * CT Bjn f)(t)

(=1 jn—k=m () * C " Bljn—115 * (m (1) (2.14)
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and
Un-1-k(in+k * )] x CT'Bf(t)

- / 1kt — ) (g * S)(t — $)C B f(s)ds

1 n—1—k t _
RCES (R (—l)mt”’l’k’m/o Jntk ¥ S(t —s)C T Bs™ f(s)ds
" m=0
n—1—k
nrfl_i)k _
= (=1)"Jn-1-k=m (t)S * C7' Bljnsx * (jm f)](1) (2.15)
m=0

for all 0 <t < ty. By (2.12), we have

(A = N)jn—tem ()8 % C ' Bljn—11% * (GGm )] ()]
<nem () |(A = N)S % C Bljn_14x * GmHI(®)]]
=Jn—k—m (t0) (A = NS % CT2B(A = \) "' Cljn_14x * G F)] )]l

<t (to) Mo, /O (A = N) " Clintis * G DI(8)|a_rds
ko) My ([(A = N)'C + €1 /0 Nnersr * G PI(s)ds— (216)

for all 0 <t < ty. Since

t
/0 Wtk * G F)](3)]ds
S/ Jn—14k(8)Jm(s) /S lf(s)|lds
k—1
e en®) [ WO [ (o)

(n+k—14+m)! .
b en®) [ 500 (217)

for all 0 <t < tg, we have

(A = Njn—r-m(£)S % (C7 Bljn-14x * (jm )2 (2.18)

. _ n+k—14+m)! .
et (1) My, (I(A = X) 10|+||C>(( Ryt Y i) / 1£(r)lldr
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for all 0 <t < tp. Similarly, we can apply (2.12) and (2.15) to obtain

”(A - /\)jn—l—k—m(t)s * (Cilg[jn+k * (.]mf)](t)” (2'19)
n—1—k-m(t0) M ([ (A = 2)7'C|| + IICII)/ Iln+k * (Gmf)1(s)llds

(n+k+m)!

Sjnflfkfm(tO)Mto(H(A_)‘)_ICH+||C||)( FR)m!

PR / 17 dr

for all 0 <t <tp. By (2.13), we have

jo* Tox+ CTIBf(t) = S« CT Bf(t)+

YENDY M(—Nﬁm_m_m +8)» T BI()

— = (n —1)k!
= — (n+k)! 1 , i~

+Z( Z (= 2n+k+1 [n-1—k(nsr * S)] * CT1Bf(t) (2.20)
n=1 k=0

for all 0 <t < tp. By (2.14) and (2.18), we have

n

(n—1+k)! A R . 15
Z ")k (-1) W[Jwic(]n—wk xS)|« CT'Bf (1)
Z (n—1) 'k' (=1) on+k Jn—k-m(t)S
k=0 m=0

x*C~ B[]n71+k * (Jm )] ()]

i n—k

k=0 m=0

st (0) / 1£(r)ldr

m=14+k! 1 (n—1+k+m)
(n— D! 204k (0 — 1+ k)il

jn k— m(tO)Mto(H A )\ CH

n t2” n—k

<> e LM (1A= N7+ el) / 1) ldr
k=

t" 1
lgn

<

Heear (14 - N7el e [ 1l 221
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Similarly, we can apply (2.15) and (2.19) to show that

n—1

n—1+k)! 1 . ) L~
ja-n3 ! T ) (=1)* g Un-1-k Uk x 9] = CTLBI (1)
k=0
n—1ln—1—k
n+k)! | m.
(A=) N N =)l
k=0 m=0 o

Jn—1-k-m(to) M, (| (4 = 2) 'O

S F k) 1 (n+k+m)
<2 Akl 20HRH (o k)l

N s () / LF()lldr

n—1 n—1—k

<y WS L -yl + el / N lar
= o e :
t%" 1/2 . t
< e M (1A = 07l + ) / 1£(r) ldr- (2.22)

Combining (2.20)-(2.22), we get that there exists an ]\7; > 0 such that

. o t
I(A— Njo* Ty « CBF ()| < M, / 1£(s)lds

for all f € C([0,%0], X) and 0 < ¢ < ¢;. It follows from Theorem 2.5 that A+ B — A
generates a local C-cosine function U(-) on X, which implies that A + B generates a
local C-cosine function V(-) on X. O

Just as in the proof of Corollary 2.8, we can apply Theorems 2.13 and 2.14 to
obtain the next corollary.

Corollary 2.15. Let C(-) be a local C-cosine function on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C?) such that CB = BC on
D(A) and C~2Bx € D(A) for all x € D(A). Assume that pc(A) and p(A + B) both
are nonempty. Then A + B generates a local C-cosine function V(-) on X given as
in the proof of Theorem 2.14. Moreover, V(-) is exponentially bounded (resp., norm
continuous) if C(-) is.

By slightly modifying the proof of Theorem 2.14, the following additive per-
turbation results are also attained when B denotes the restriction of B(A - )\)71 to
D(A), and the assumptions that B is a bounded linear operator from [D(A)] into
R(C?) and pc(A) is nonempty are replaced by assuming that B is a bounded linear
operator from [D(A)] into R(C) and p(A) is nonempty.

Theorem 2.16. Let C(-) be a local C-cosine function on X with generator A, and let
B be a bounded linear operator from [D(A)] into R(C) such that CB = BC on D(A).
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Assume that p(A) and p(A+ B) both are nonempty, and for each 0 < to < To there
exists an My, > 0 such that

5+ C7BI0)| < My, [ 1f(9)lds (2.23)

for all f € C([0,t0], [D(A)]) and 0 <t < ty. Then A+ B generates a local C-cosine
function on X.

Corollary 2.17. Let C(-) be a local C-cosine function on X with generator A, and
let B be a bounded linear operator from [D(A)] into R(C) such that CB = BC on
D(A) and C~*Bxz € D(A) for all x € D(A). Assume that p(A) and p(A + B) both
are nonempty. Then A+ B generates a local C-cosine function on X, which is also
exponentially bounded (resp., norm continuous) if C(-) is.

Remark 2.18. The conclusions of Corollaries 2.7 and 2.11 are still true when the
assumption that R(C~'B) C D(A) is replaced by assuming that

R(CT'B)c{z e X|C()z c C([0,Tp), X)}.

We end this paper with a simple illustrative example.
Example 2.19. Let X = L>°(R), and Ap : D(Ap) C X — X be defined by
D(Ap) = WH™(R)
and Ay f = —f/ for all f € D(Ap), then A = A3 generates a locally Lipschitz contin-
uous local C-cosine function C(-)(= {C(¢)|0 <t < Tp}) on X and
D(A) = W2>(R) = Co(R)

(see [1, Example 3.15.5] and [17, Theorem 18.3]). Here C' = (A—Ag) ! with A € p(Ao)
and 0 < Ty < oo are fixed. Applying Corollary 2.7, we get that A(I + C~1BC) gen-
erates a locally Lipschitz continuous local C-cosine function T'(-) on L*>°(R) satisfy-
ing (2.7) when B is a bounded linear operator from Cy(R) into W1>°(R) such that
(A—Ap)™'B =B(A— Ap)~! on Cy(R) and R((A — Ag)B) C Cy(R).
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Abstract. The aim of this paper is to introduce some classes of set-valued func-
tions that preserve the convexity of sets by direct and inverse images. In particu-
lar, we show that the so-called set-valued ratios of affine functions represent such
a class. To this aim, we characterize them in terms of vector-valued selections
that are ratios of affine functions in the classical sense of Rothblum.
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1. Introduction

Various classes of fractional type real-valued or vector-valued functions have
been introduced in the literature, being nowadays well recognized for their important
applications in scalar and vector optimization (see, e.g., Avriel et al. [2], Cambini and
Martein [4], Gopfert et al. [6], Stancu-Minasian [13], and the references therein).

According to Rothblum [11], a vector-valued function f : D — R™, defined
on a nonempty convex set D C R™ is said to be a ratio of affine functions if there
exist a vector-valued affine function g : R® — R™ and a real-valued affine function
h:R™ — R, such that

D C{z eR"|h(xz)> 0}
and

x

flz) = Zix;, VzeD. (1.1)
These functions are known to preserve the convexity of sets by direct and inverse
images. Moreover, they transform the line segments in line segments (possibly de-
generated into singletons). This concept along with the above mentioned convexity-
preserving properties can be naturally extended for vector-valued functions acting
between general real linear spaces.
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Recently, Orzan [10] investigated a class of set-valued ratios of affine functions,
defined similarly to (1.1), by replacing g with a set-valued function that is affine in
the sense of Tan [14]. As shown in [10], these functions preserve the convexity of sets
by direct images. A natural question is whether they preserve the convexity of sets
by inverse images too. The aim of this paper is not only to give a positive answer to
this question, but also to identify some broader classes of set-valued functions that
preserve the convexity of sets by direct and inverse images.

We start by recalling some basic definitions of set-valued and convex analysis
in Section 2. The concept of set-valued affine function, as defined by Tan [14], is
investigated in Section 3. In particular, we show that the inverse of such a function is
affine as well (in contrast to other concepts of affine set-valued functions, cf. Kuroiwa
et al. [7, Ex. 2]). Section 4 is devoted to the ratios of affine functions. In Section
4.1 we briefly present how the classical results of Rothblum [11] can be extended
from finite-dimensional Euclidean spaces to general linear spaces. Subsection 4.2 is
devoted to our main results. First we introduce the class of set-valued ratios of affine
functions, by refining the definition proposed in [10]. Theorem 4.8 gives an explicit
representation of these functions, which plays a key role in establishing the convexity-
preserving properties of the set-valued ratios of affine functions. Moreover, Theorems
4.10 and 4.11 show that these properties are still valid in some broader classes of
set-valued functions. We conclude the paper by rising an interesting open question in
Section 5.

2. Preliminaries

Throughout this paper we assume that X and Y are two real linear spaces. As
usual in set-valued analysis (see, e.g., Aubin and Frankowska [1]), for any set-valued
function F': X — P(Y) we denote by

dom F = {z € X | F(z) # 0}

the domain of F. We say that F' is proper if dom F' # (). The (direct) image of a set
A C X by F is defined as

z€EA

There are different manners to define the inverse image of a set B C Y by a set-valued
map F', two of them being currently used in set-valued analysis [1], namely:

FY(B)={zxe€ X |F(z)nB # 0}, (2.1)
FYY(B)={ze€ X | F(z) C B}. (2.2)
The set F~1(B) is called the inverse image of B by F' and F*1(B) is called the core

of B by F' (also known as the lower inverse image and the upper inverse image of B
by F, respectively). They are related by

FHY(B)=X\F 'Y \B). (2.3)
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Remark 2.1. Let F': X — P(Y) be a set-valued function. Given a set B C Y we have
F~Y(B) C dom F, (2.4)
FHY(B)={z €domF | F(z) C B}U(X \ dom F). (2.5)

Notice that, instead of (2.2), Berge [3] defined a slightly different concept of up-
per inverse image of B, namely {z € dom F | F(z) C B}, which actually means
FT(B)Ndom F.

Remark 2.2. Let F': X — P(Y) be a set-valued function. Then, for all sets A C X
and B C Y, the following equivalence holds:

AC F*Y(B) < F(A) CB.
Remark 2.3. According to [1], the inverse of F is the set-valued function F~!:Y —
P(X) defined for any y € Y by

Fly):={zeX|yec F(x)}

Notice that dom F~1 = F(X) and F~}(Y) = dom F. Also, for every set B CY, we
have

F'B)=J F'(y) ={zeX|F(z)nB#0}. (2.6)

It is important to notice that, according to (2.1) and (2.6), one can use without any
confusion the same notation, F'~!(B), for both the lower inverse image of B by F
and the direct image of B by F~1.

Remark 2.4. Every vector-valued function f : D — Y defined on a nonempty set
D C X can be identified with a set-valued function F': X — P(Y),

x ifxeD
Flo) :{ {f((B ! if 2 € X\D.
Obviously, dom F' = D and, for all A C X and B CY, we have
F(A) = f(AND) :={f(z) |z € AN D},
FY(B)=f"'(B):={zeD]| f(x) € B},
FYYB)=f"Y(B)U(X\ D), ie., F*Y(BYnD = f~(B).

In particular, the second relation shows that one can define the set-valued function
LY 5 P(X)as f7l(y) =F (y) forally e Y.

The aim of this paper is to study some classes of set-valued functions that
preserve the convexity of sets by direct and inverse images. Therefore we will adopt
the following conventional notations in a real linear space V (in particular, X or Y).
Given 5,5 CV, A€ R and vg € V, we set:

S+S5 ={v+v|(v,0)eSxS}, wvo+S:={vg}+5,

AS :={Xv|ve S}, and % = %S whenever A # 0.
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Recall that a set S C V is called convex if (1 —¢)S 4+ ¢S C S for all t € [0,1]. The
convex hull of a set 9, i.e., the smallest convex subset of V' that contains S, will be
denoted by conv S. For convenience, when the convex hull applies only to the first
term of a sum of two sets we will simply write conv .S + S’ instead of (conv.S) + S’. A
set S C X is called affine if (1—¢)S+¢S C S for all t € R. If S is nonempty, then S is
affine if and only if there exists a (unique) linear subspace L of V such that S =v+ L
for all v € S.

3. Affine set-valued functions

Recall that a vector-valued function, a : F — Y, defined on a nonempty affine
set £ C X, is said to be affine if for any 2!, 22 € F and t € R we have

a((1 =)zt +tz?) = (1 — t)a(z') + ta(z?).

This concept has been generalized for set-valued affine functions in different ways
(see, e.g. Deutsch and Singer [5], Nikodem and Popa [9], Tan [14], and the references
therein). The following definition, inspired from [14], is suitable for the purposes of
our paper.

Definition 3.1. A set-valued function G : X — P(Y) is said to be affine if
G((1—t)a' +tz?) = (1 — )G (a') + tG(x?) (3.1)
for all 1,29 € dom G and t € R.

Remark 3.2. It can be easily seen that if G : X — P(Y) is a set-valued affine function,

then dom G is affine, since for any 1,22 € domG and t € [0, 1], the equality (3.1)

implies G((1 — t)zt + ta?) # 0, ie., (1 — t)z' + tz?> € dom G. Moreover, for every

x € X, the set G(x) is affine. Indeed, letting 1 = z9 = z in (3.1) we get
G(z)=G((1 —t)z +tx) = (1 —t)G(z) + tG(x)

for all t € R, hence G(z) is affine.

Example 3.3. Let g : E — Y be a vector-valued affine function, defined on a nonempty

affine set £ C X. In view of Remark 2.4, we can identify g with the set-valued function
G:X — P(Y), given by

if rel
Glx) = {o(x)} if @
0 itee X\E.
It is easy to check that G is affine.

Proposition 3.4. For any set-valued function G : X — P(Y') the following assertions
are equivalent:

1° G is affine.
2° For all ', 2% € dom G and t € R we have

(1 —8)G(z") +tG(2?) C G((1 — t)a' + ta?).
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Proof. The implication 1° = 2° is obvious, while 2° = 1° can be seen as a partic-
ular instance of a known result by Nikodem and Popa [9, Prop. 2.11], applied to the
restriction of G to F := dom (G, which is an affine set in view of Remark 3.2. O

Remark 3.5. In the paper by Tan [14] the set-valued affine functions are defined on
a nonempty affine set £ C X taking values in Po(Y) := P(Y) \ {0}. Actually, if
G : X — P(Y) is a proper set-valued affine function, then the set F := domG is
nonempty and affine, therefore the restriction of G to E, i.e., Glgoma : E — Po(Y),
is affine in the sense of Tan.

Theorem 3.6. Let G : X — P(Y) be a set-valued affine function. Then the inverse of
G, i.e., the set-valued function G1:Y — P(X), is affine.

Proof. According to Proposition 3.4, we just need to show that for any y;,ys €
dom G~! = G(X) and t € R the following inclusion holds:

(1= t)G ™ (y1) +tGH(y2) € GH((L = t)y1 + tya). (3.2)

To this aim, let x € (1 — )G~ Y(y1) + tG~1(y2). Then there exist 2! € G~ 1(y;) and
%2 € G71(y1) such that z = (1 —t)z! +t2%. In view of (2.4), we have x!, 2% € dom G.
Taking into account that function G is affine, we deduce that

(1 -ty +ty? € (1 — )G (x1) + tG(22) = G((1 — )zt + t2?) = G(x),
which entails z € G7((1 — t)y! + ty?). Thus (3.2) holds. O

Corollary 3.7. If g : E — Y is a vector-valued affine function, defined on a nonempty
affine set E C X, then the set-valued function g~ : Y — P(X) is affine.

Proof. Follows by Theorem 3.6, in view of Remark 2.4. O

The following two results are based on Tan [14, Props. 4 and 5].

Proposition 3.8. If G : X — P(Y) is a proper set-valued affine function, then there
18 a unique linear subspace M CY such that

Glz)=y+M (3.3)
for all x € domG and y € G(x).

Proposition 3.9. If G : X — P(Y) is a proper set-valued affine function, then
G possesses an affine selection, i.e., there exists a vector-valued affine function
g :dom G =Y such that, for all x € domG,

g(z) € G(x).

Corollary 3.10. If G : X — P(Y) is a proper set-valued affine function, then there
exist a vector-valued affine function g : dom G — Y and a linear subspace M C'Y
such that, for all x € domG,

G(z) = g(z) + M.

Proof. Tt is a straightforward consequence of Propositions 3.8 and 3.9. O
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Remark 3.11. If Y = R, then there are only two types of proper set-valued affine
functions G : R — P(R), namely: (i) G(z) = {g(z)} for all € dom G, where
g :dom G — R is an affine function, or (ii) G(x) = R for all z € domG. In particular,
when X = R the domain dom G is either a singleton or the entire R, in view of
Remark 3.2.

4. Ratios of affine functions

4.1. Vector-valued ratios of affine functions

We begin this section by extending the notion of vector-valued ratios of affine
functions, originally introduced by Rothblum [11] within finite-dimensional Euclidean
spaces, to the framework of general real linear spaces.

Definition 4.1. A vector-valued function f : D — Y, defined on a nonempty convex
set D C X, is said to be a ratio of affine functions if there exist a vector-valued affine
function g : X — Y and a real-valued affine function h : X — R, such that

D C{zxe X |h(z) >0}
and

f(z) = ‘Zg;, VzeD. (4.1)

Remark 4.2. Since D is assumed to be nonempty in Definition 4.1, it is understood
that the set {x € X | h(x) > 0} is nonempty.

The following propositions extend to the framework of general real linear spaces some
results obtained within R™ by Rothblum (see [11, Props. 1, 2 and 3] along with
subsequent remarks). Their proofs are omitted, since they follow the main lines in [11].

Proposition 4.3. Given a vector-valued function f : D — Y defined on a nonempty
conver set D C X, the following assertions are equivalent:
1° conv f(S) C f(conv S) for every set S C D.
2° f(A) is convex for every conver set A C D, i.e., f preserves the convexity of
sets by direct images.

Proposition 4.4. Given a vector-valued function f : D — Y defined on a nonempty
convex set D C X, the following assertions are equivalent:

1° f(conv S) C conv f(S) for every set S C D.
2° f=1(B) is convex for every convexr set B C Y, i.e., function f preserves the
convezity of sets by inverse images.

Proposition 4.5. Let D C X be a nonempty convez set. If f : D — Y is a vector-valued
ratio of affine functions, then

conv f(S) = f(conv S) for every set S C D.

Therefore f preserves the convexity of sets by direct and inverse images.
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4.2. Set-valued ratios of affine functions

In this section we introduce a class of set-valued ratios of affine functions, by
slightly modifying the one proposed by us in [10, Def. 3.3].

Definition 4.6. Let F': X — P(Y) be a set-valued function, whose domain dom F' =:
D C X is a nonempty convex set. We say that F' is a ratio of affine functions if
there exist a proper set-valued affine function G : X — P(Y) and a real-valued affine
function A : X — R, such that

DC{zxe X |h(z)>0}NndomG

and

@ if x
F(z) =4 hlz) teeb (4.2)

0 ifzeX\D.

Remark 4.7. As we have pointed out in Remark 4.2, since D is nonempty, the set
{z € X | h(z) > 0} is nonempty as well. In particular, we deduce that any proper
set-valued affine function F : X — P(Y) is a ratio of affine functions of type (4.2).
Indeed, in this case, D := dom F is a nonempty affine hence convex set, G(z) = F(z)
and h(z) =1 for all x € X.

Theorem 4.8. Let F : X — P(Y) be a set-valued ratio of affine functions defined by
(4.2). Then there exist a vector-valued ratio of affine functions f : D — Y and a
linear subspace M CY, such that

flx)+ M ifxeD
F(z) = (4.3)
0 if x € X\ D.

Proof. In view of Corollary 3.10, we can find a vector-valued affine function g : X —
Y and a linear subspace M C Y, such that G(x) = g(x) + M for any = € D.
Consequently, we get

Ga) gl@)+M gx) M _ g(x)

Mz @) k@) h@) k@) D YEED

Thus, we can define a vector-valued ratio of affine functions, f: D — Y, by

_ 9@
f(z) = hz) Vz e D,

which satisfies (4.3). O

F(z) =

The following result is a set-valued counterpart of Proposition 4.5 and recovers
a similar result obtained in [10, Th. 3.1].

Corollary 4.9. Let F: X — P(Y) be a set-valued ratio of affine functions defined by
(4.2). Then, for any set S C D we have

conv F(S) = F(conv S). (4.4)
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Proof. According to Theorem 4.8, there exist a vector-valued ratio of affine functions
f: D —Y and a linear subspace M C Y such that F' has the form (4.3). Consider
an arbitrary set S C D. On the one hand, we have F(S) = f(S) + M, hence

conv F'(S) = conv (f(S) + M). (4.5)

On the other hand, we have F'(conv S) = f(conv S)+ M, which in view of Proposition
4.5 means

F(conv S) = conv f(S) + M. (4.6)

Taking into account that M is convex, it is a simple exercise to check that
conv f(S) + M = conv (f(S) + M). (4.7)
Thus, (4.4) follows by (4.5), (4.6) and (4.7). O

In what follows we will show that, similarly to vector-valued ratios of affine
functions, the set-valued ratios of affine functions preserve the convexity of sets by
direct and inverse images. To this aim we establish two preliminary results for more
general classes of set-valued functions.

Theorem 4.10. Consider a set-valued function F : X — P(Y) of type (4.3), where
D C X and M CY are nonempty convex sets, while f : D — Y is a vector-valued
function that preserves the convexity of sets by direct images. Then, for every convex
set A C X, the set F(A) is convez, i.e., F' preserves the convezity of sets by direct
images.

Proof. Let A C X be a convex set. Since dom F' = D, we have
F(A)=F(AND)UF(A\D)=F(AnD)=f(AND)+ M.

By hypothesis, f(AN D) is convex as being the image of the convex set AN D by f.
Since M is convex too, we conclude that F'(A) is convex. O

Theorem 4.11. Consider a set-valued function F : X — P(Y) of type (4.3), where
D C X and M CY are nonempty convex sets, while f : D — Y is a vector-valued
function that preserves the convezxity of sets by inverse images. Then, for every convex
set B CY, the sets F~Y(B) and F*1(B) Ndom F are convez, i.e., F preserves the
convezity of sets by lower inverse images as well as by upper inverse images in the
sense of Berge.

Proof. First notice that dom F' = D. For every convex set B CY we have
FYB) = {recX|F(@)nB#0}
= {zeD|(f(x)+M)NB#0}
= |J{zreD|f@) +meB}
meM

- U rs-m

meM
= fY{(B-M).
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Since B — M is convex (by convexity of B and M), its inverse image by f, i.e.,
f~Y(B — M), is convex as well. Consequently, the set F'~!(B) is convex.
In order to prove that F™(B)Ndom F, i.e., F*1(B) N D, is convex, let
o' 2? € FYY(B)ND.
We have to show that
conv {z',2*} C F*(B) N D.

Since D is convex set, we just have to check that conv {z!, 22} C F*1(B). In view of
Remark 2.2, this actually means that F(conv {z',2%}) C B, which by (4.3) reduces
to

f(conv {z', 2?}) + M C B. (4.8)
Observe that, by applying Proposition 4.4 for S := {z!, 2%}, we have

f(conv {z*,2?})+ M C conv f({z",2*}) + M
= conv{f(z), f(z})} + M.
Taking into account that M is convex, we can deduce that
conv {f(a'), f(@*)} + M = conv ((f(a') + M) U (f(a?) + M))
= conv (F(z') U F(z?)).

Finally, recalling that z!, 2% € F*1(B), we have F(z') U F(2%) C B, which by con-
vexity of B yields

conv (F(z')U F(2%)) C B.
Hence, the desired inclusion (4.8) holds. O

As a direct consequence of Theorems 4.8, 4.10 and 4.11 we obtain the following result.

Corollary 4.12. If F : X — P(Y) is a set-valued ratio of affine functions defined by
(4.2), then the following assertions hold:

1° F preserves the convezity of sets by direct images.
2° F preserves the convexity of sets by lower inverse images.
3° F preserves the convexity of sets by upper inverse images in the sense of Berge.

Remark 4.13. Corollary 4.12 (1°) extends a result obtained in [10, Cor. 3.1].

Remark 4.14. Assertions 2° and 3° of Corollary 4.12, can be interpreted in terms
of generalized convexity. They actually show that the restriction Flgomr : D —
Po(Y) of any set-valued ratio of affine functions defined by (4.2) is quasiconvex and
quasiconcave in the sense of Nikodem [8, Th. 7.2]. Assertion 3° also means that F is
(ul)-type {0y }-quasiconvex in the sense of Seto, Kuroiwa and Popovici [12, Def. 3.3],
where Oy stands for the origin of Y. Actually, the more general set-valued functions
involved in Theorem 4.11 also satisfy these generalized convexity properties as well.

Remark 4.15. In contrast to Corollary 4.12 (3°), if F' : X — P(Y) is a set-valued
(even single-valued) ratio of affine functions defined by (4.2), the upper inverse image
FT1(B) of a convex set B C Y in the sense of Aubin-Frankowska is not necessarily
convex, as the following example shows.



600 Alexandru Orzan and Nicolae Popovici

Example 4.16. Let X =Y =R and D = [0,1]. Let F': R — P(R) be the set-valued

function defined as
{z} if 2 €10,1]
F(z) =

0 if z¢][0,1].
In view of Remarks 3.11 and 4.7, F' is a set-valued ratio of affine functions of type
(4.2), where G(z) = {z} and h(x) = 1 for all z € R. Consider the convex set B = {0}.
Although F™1(B) N dom F = {0} is convex, the set FT(B) =R\ 0, 1] is not convex.

Remark 4.17. Let F' : X — P(Y) be a proper set-valued affine function, whose domain
is the affine set D := dom F. Notice that F' is a set-valued ratio of affine functions,
in view of Remark 4.7. Then, for every convex set B C Y, the sets

F~YB) and F*'(B)NnD

are convex, according to Corollary 4.12 (2° and 3°).

On the other hand, by Theorem 3.6, the inverse of F', i.e., the set-valued function
F~1:Y — P(X), is also affine with dom F~! = F(X) = F(D). Thus, by applying
the above arguments to F~! in the role of F, we deduce that for any convex set
A C X the sets

(F~H)71(4) and (F~H)*H(A)NF(D)
are convex. Of course, the convexity of (F~1)~1(A) is simply recovered by Corollary
4.12 (1°) applied to '~ in the role of F, since (F~1)~(A) = F(A). However, the con-
vexity of (F~1)*1(A) N F(D) is not a simple consequence of the convexity-preserving
properties of F. Indeed, by applying (2.3) for F'~! in the role of F, we get

(F O A) =Y\ F(X\A) =Y\ F(D\ 4),
hence
(F=H)™(A) N F(D)

(Y\F(D\A)nF(D)
= F(D)\F(D\ A).

Notice that F(D)\ F(D\ A) C F(DN A) and F(D N A) is convex, according to
Corollary 4.12 (1°), since D N A is convex. However, F'(D)\ F(D\ A) # F(DNA) in
general, as for instance when F' : R — P(R) is the constant ratio of affine functions
defined by F(z) = {1} forallz e Rand A= {0} C D =R.

5. Conclusions

Theorem 4.8 gives a useful characterization of the set-valued ratios of affine
functions, as reflected in its Corollaries 4.9 and 4.9. Actually, the special structure of
these functions, given by Theorem 4.8, suggested us to consider in Theorems 4.10 and
4.11 some broader classes of set-valued functions that enjoy the convexity-preserving
properties of the set-valued ratios of affine functions pointed out in Corollary 4.9.
An interesting question arises, namely whether it would be possible to extend these
classes by replacing the convex set M in Theorems 4.10 and 4.11 (which can be
seen as a constant affine set-valued function) by appropriate set-valued functions.
In general, this is not true even if M is replaced by a single-valued function that
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preserves the convexity of sets by direct and inverse images. For instance, consider
D=1[0,1]C X =R, Y =R?and let F: R — P(R?) be the set-valued function

defined as
flx)+ M(zx) if z€]|0,1
py @M@ 0.1
U] if 2 ¢[0,1],
where f: [0,1] — R? is a vector-valued ratio of affine functions given by
_gx) _ (L,1)
f(a:)fh(x) =il for all z € [0,1]

and M : R — P(R?) is a single-valued affine function, given by
M(x) ={(z,—z)} forall zeR.

Consider the convex sets A = [0,1] and B = conv F({0,1}). It is easy to check that
B is a line segment with end points (1,1) and (3/2,—1/2), while F(A) is an arc of
hyperbola joining these points. On the other hand, we have F~(B) = {0,1} and
FT1(B) = R\ ]0, 1[. Obviously, the sets F(A), F~1(B) and F™1(B) are not convex. It
is worth to mention that similar examples, where F' preserves the convexity of sets by
direct and inverse images, can be given by considering ratios af affine functions f = %

G . . .
and M = — with the same denominator. However, such a configuration always leads

to the trivial case where F' itself is a ratio of affine functions satisfying the properties
in demand by virtue of Corollary 4.9.
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