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Graph-directed random fractal interpolation
function

[ldik6 Somogyi and Anna Sods

Dedicated to Professor Gheorghe Coman on the occasion of his 85th anniversary.

Abstract. Barnsley introduced in [1] the notion of fractal interpolation function
(FIF). He said that a fractal function is a (FIF) if it possess some interpolation
properties. It has the advantage that it can be also combined with the classical
methods or real data interpolation. Hutchinson and Riischendorf [7] gave the
stochastic version of fractal interpolation function. In order to obtain fractal
interpolation functions with more flexibility, Wang and Yu [9] used instead of a
constant scaling parameter a variable vertical scaling factor. Also the notion of
fractal interpolation can be generalized to the graph-directed case introduced by
Deniz and Ozdemir in [5]. In this paper we study the case of a stochastic fractal
interpolation function with graph-directed fractal function.

Mathematics Subject Classification (2010): 28A80, 60G18.

Keywords: Fractal interpolation function, iterated function system, random frac-
tal interpolation function.

1. Introduction

In the construction of a fractal interpolation function Barnsley used the theory
of iterated function system [1], [3],[2]. For this we will consider two separable metric
spaces (X, dx) and (Y,dy) and a given collection of N bijections L; : X — X; such
that

UNL X, =X and int(X;)Nint(X;) =0, for i#j.
For g, : X; = Y, i€ {1,2,..N}, define U;g; : X =Y by
(Uigi) () = gj(z) for =z e X;.

Assume that mappings F; : X x Y — Y, Fi(x,) € Lip<'(Y), x € X are given,
i € {1,2,..N}, where Lip<!(Y) is the set of all Lipschitz functions with Lipschitz
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constant less that 1.
Let F = {Fy, Fa,..., Fn}, then {X,F} is a so-called Iterated Function System (IFS).
Denote «; = LipF;.
For f: X — Y, define the operator F : Lo(X,Y) — Y by
Ff=UF(L7' foL ).

Then f is a selfsimilar fractal function if Ff = f.
Let T := {(z0,y0), ..., (xn,yn) € (X x Y)} be the set of interpolation points.
A fractal function f has the interpolation properties with respect to I' if

f(z;)=vy; forall j=0,1,...,N.
Denote

C*(X,)Y)={feCX,)Y)| f(z;)=y;, je{l,2,..,N}}

Theorem 1.1 (Barnsley, [2]). Let T’ be a set of interpolation points and let {X,F} be
the IFS. Suppose

Fi(wo,90) = yi-1, Fi(zn,yn) = yi
foralli e {1,2,....,N} and ao := maxa; < 1. Then there exists a selfsimilar fractal
function f* € C*(X,Y) such that Ff* = f*.

In order to obtain more various (FIF) in many papers the classical interpolation
methods are combined with these fractal interpolation functions, [4],[8].

2. Stochastic fractal interpolation function

Let (Q, K, P) be a probability space and T' := {(x;,y;),4 = 0,1,..., N} be a set
of interpolation points in X x Y.
Let L; : X — X be contractiv Lipschitz maps such that L;(xg) = z;—1 and
Li—l(IN) =T; for all 7 € {1, ) N}
The IFS {X,F} is defined by F; : X x Y — Y such that F;(x,-) € Lip<*(Y) for
all x € X and
Fi(zo,y0) = yi—1 with probability 1 (a.s.)
and
Fi(zn,yn) =vy; with probability 1 (a.s.)
for alli € {1,..., N}.
Fi(‘ra y) = oy + QZ(‘T)77’ = 17 27 ) Na
where «; are random variables defined on (2 satisfying
llailloo = sup{|as(w)] :w e Q} <1, i=1,2,...,N.
The random function F is defined up to probability distribution by
Ff = uzFZ(L;17 f(t) © L;1)7

where F, f( .., f™) are independent and f*) 4 f,fori=1,2,....N.
We say f is a random fractal function, if

Fflrf,
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and it has the interpolation properties with respect to I' if f(x;) = y; a. s. for all
i€{0,1,..,N}.
We will consider

Co(X)Y):={f:Ox X =Y, f continuous a.s.}
and
CHX,)Y):={g € Co(X,Y)|g(x;) = y; a.s., i € {1,...,N}}.
Lo :={9: Q2 x X — Ylesssupesssupdy (¢*(z),a) < oo}

for some a € X.
For f,g € Lo, we define

A (f,9) == esssupdos (£, 9%),

where

d(f,9) = esssupdy (f(z), g(x)).
Theorem 2.1. Let I be a set of interpolation points in X x Y and let {X,F} be the
IFS defined above. If A\ := esssup, max; o’ < 1 and

esssupmax dy (F;(a, f(a)),a) < oo (2.1)
for some a € X, then there exists f* € C5(X,Y) such that Ff* = f*. Moreover, f*
18 unique up to probability distribution.
Example 2.2. X =[0,1, Y =R, N > 0.

I':= {(.’t“yz) S [0, 1} X R|0 =rp<r<..<ry= ].}
L;: X — X;, Ll(l‘) =a;x+d;, a;,d; ER, i€ {1,2,...,N}.
F,: XxY =Y, i={1,2,.,N},
Fi(z,y) == aiy + qi(x), ¢i(w) = ;v + ey,
o; is a random variable, A := esssup,, max; a; < 1.
We can compute a;, ¢;, d;, e; by the conditions L;(xo) = 2;-1, Li(zn) =;
Fi(zo,90) = ¥i-1, Fi(zn,yn) =yi a.s.

for alli e {1,..., N}.
Wi: X xY = X xY Wiz,y) = (Li(z), Fy(z,y)), i € {1,2,, .., N}.
Using W := (W1, ..., Wy), IFS {X, W}

W, : X xY > LxY, Wx,y) = (Li(z),Fi(z,y)) i=1,,...N,
for any Ko C X x U
K,=WK,_ =UN W¥K,_ 1 = W (K,).
Then
esssupdy (W™ (Ky), graphf*) — 1

as n — 0o, dg denotes the Hausdorff distance.
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FIGURE 1. Fractal interpolation function with variable parameter,
{(0,0.2),(0.2,0.7),(0.3,0.1),(0.5,0.3),(0.7,0.5),(0.8,0.2),(1,0.5) }

3. Graph directed fractal interpolation function

Let G = (V, E) be a graph, V is the set of vertices and F is the set of edges.

For o, € V, let E%P be the set of edges from a to 3, and K*# is the number

of elements of E*A. Also let {X® | a € V'} be a set of complete metric spaces and

gi)?ﬂ : XP — XP are contraction mappings, for i = 1,2,..., K®*. Then from [6] it

follows that there exists a unique family of nonempty compact sets A* C X such

that A” = Ugey UE_, 677 (AP). Then {X*, 7’} is a graph-directed iterated function
system. Let

P = {(zg,yg),(x’f,yf),...,(xﬁ’vp,y%p)} (31)

be the data sets in R?, where N, > 2, for all p = 1,2, ...,n. These data points satisfy

the following condition in order that the maps from the iterated function system to

be contractions:
i !

Ty —Xi
— < 1, 3.2

a:jf\,p —ab (3.2)
forallp#£1, p,il=1,2,...,n, i=1,2,...,N;. In [5] we can find the proof regarding
the existence of a graph-directed fractal function:

Theorem 3.1. If we condsider the data set TP in R? for p =1,2,...,n satisfying (3.2),
then there exists a graph-directed iterated function system, with attractors A,, p =
1,2,...,n, such that A, is the graph of a function which interpolates the data set I'P
for each p.

In the case n = 2 the construction of these iterated function systems can be
done using the method given in [5].

4. Graph directed random fractal interpolation function

Let (2, K, P) be a probability space and {X“ | « € V'} a set of complete separable
metric spaces and @?B : Q@ x XP — X° are random variables. Then there exists
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A® C Q x X“ defined up to probability distribution by
A% £ Ugey UL, 077(47).

The system {Q x X<, Q)?ﬁ } is the graph directed random iterated function system
and A“ is the attractor of the system.

Theorem 4.1. Let I'? = {(z8,v}), (z],y}), ..., (IZZDVP, Yi)} be the data sets in R? which
satisfies (3.2), then there exists a graph directed random iterated function system with
attractor A% such that A% is the graph of a random function which interpolates I'™
for each «.

Proof. We will construct a graph directed random iterated function system for which
Theorem 2 holds. Let n = 2 and

It = {(x(l)’y(%)a Xy (x}\/’yjl\/)}a

r?= {(!Eg, yg), eey (ﬁw»y%w)}a
where N, M > 2. Suppose

1_ 1 2 _ .2
T; — & (E — T
ol -1
———F < land - <1
riy — o TN — T

Vi=1,.,N, j=1,.. M.
Let G = (V,E) such that V = {1,2} and K + K'2 = N, K?! + K?2 = M and
% OxR2 SR i=1,.., K a,8€{1,2}

aff
a; 0 €T eaﬁ
= <cgﬂ d$ﬂ> y i

Suppose
' (zgyp) = (wi_1,yi1) as.
o} (wyyn) = (@i y) fori=1,2,... K"
;2,1 (23y5) = (z}_1, 1) as.
12 (@3y3) = (zly}) fori=K"M+1,..,N
O (zhys) = (21,97 ) as.
P2 (zhyk) = (22,y?) fori=1,2,..., K*
D72 renn (25Y5) = (71,97 1) as.
D22 o (23,y%) = (2?,y?) for i = K21, .., M.
Vi=1,.. K"
From these conditions we have the following equations:
2l = allz) + el
yl | = cllxé dityt 4+ fit
i = allzl + en

yzl — C mN dllyN +f11
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Vi=KY+1,. N

51511_1 = 12Kufo + 6 K11
yil_l = ClEKuxO + d-EKuyg + fingu
xll: 12K11mM+6 g1
yzl = C%EKuxM + diEK11y%4 + fl-l,an
Vi=1,.., K2
x?_l = azlx(l) + 621
91'2_1 — C21$(1) d21 f21
2= aPlzl + e
P= iyl 4
Vie K2 41, M
vi = 0P pnag+ ey
yi2_1 = CZEKzle + d-EKzlyO + fingm
5512: 22K21xM+6 ~ K21
y? = 22 e 3+ d22 oyt + PP e

where qu is a random variable.

In this way we obtain a”, ¢®? e f&F o, p e {1,2}, i=1,...

1.1
11 _ Ti—Ti_1
a;" = PO ——
N~ To
1.1 11
11 . ZNTi—1—To®i
ei = oL oL
N~ Zo
1.1 1 1
11 _ Yi ~Yi—1 dll YN—Yo
G = L —xl i ozl —xf
TN ~—Tg TN ~%o
1,1 1
f‘ll _ xNyi—l_xOyi dll fL’Nyo ToyN
i TN T Ty —Tg
1.1
a12 Ti—Tia
i T x2 —x
M~ %o
1 2
el2 TymTi1—ToTs
i = 2
g T —To
1
012_ y yl_ deyM yo
L4 = > 5
v T3 -5 @3~
2
12 _ mMyi—l_m(in dewMUO 10UM
;= 2 2
% T —Tg o3~
2 2
a2l = Ti—Tia
i = PO S
N~ o
12 1,2
21 . INTioaTTo%i
62- == L o1
N~ To
2 2 1 1
11 _ Yi " Yi—1 _d21 Yn—"Yo
G = xl —xl i ozl —xf
N~ %o N~ %o
1.2 1.2 10111
f21 _ TNYi-1—ToYi d21 ITNYo—ZoYN
i = o —— i poS ——
N~ %o N~ %o

Ko
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2 2
22 . Ty T
a
P P J——)
M~ %o
2 2 2 2
22 . TmPio17To%i
€~ = z2 —x2
M~ %o
2 2 2 2
22 Yi—Y;i—1 d22 Ynvm —Yo
(S 22 2 W 2.2
M~ To M~ To
2 2 22 2 2 2.2
f12 _ TmYi—1— %Y d22 T Yo —ToYm
i P J——) i 22 22
M~ %o M~ %o

Suppose esssupmaxd?ﬁ <1, forall o, € {1,2} and i =1,..., K*5.
w 2

Then CIJ?’B is a contraction and {Q x R?, <I>f’8 } is a graph directed random iterated
function system. We will prove that this graph directed random iterated function
system satisfies the theorem.

Let

CY ={f | f:Qx [z, zy] = R, f(x5) =y, [“(zy) = yn, cont. a.s.}
Cs ={g|g:wx[z5,23] = R,g“(3) =43, 9" (x3) = yar. cont. as.}

For fi, fa € CY¥ we define
dio(f1, f2) = esssup doo (f7', f3)
where
doo (f1, J2) = max{|fi’ () — f5 ()], @ € [wg, zy]}-

CY,d") and (CY,d}) are complete metric spaces, hence C¥ x C¥ is also a complete
1 w 2 w 1 2
metric space with

CHIT (@) + i fw, I (@) + f1) if @ € [z;_y, 2],
Fwonz) = i=1,.., K
7 B CiIEKUI;l(x) +d}EKllg(w7Ifl(x)> + fiIEKll) if v e [le—lwrzlL
i=KY4+1,.., N,
CRI T )+ d2 f(w, T, (y) + ) if y € [a3_, 23],
Gwny) = j=1,.., K%
’ CJZEKminl(y)+d?2,K2lg(w7Jj71(y))+fj23K21) ify€ [m?j—l’lg]’

j=K> +1,..., M,
where
(x) = alz+elt, fori=1,.., K"
I : 22,22, — [z}, x}], Li(2) al? pur+er? g, fori=K"' 41, N
(x) = az+e, fori=1,.., K%
(z)

22 22 - 21
= ;" g+ €;” o, fori=K +1,,M

I : [:L‘(l),.%‘}v] - [miflaxiL I;

Ji + [wg, wN] = lei g, 2], i

Jio+ (g, 2] = oy 2], Ji(e

We have
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One can show that f and g are continuous functions a.s.. We have to show that T is
a contraction.

oo (f15 f2) = esssup max{|fi(w, ) = fa(w, z)[}

max ]{Ifl(ww)—J”z(ww)l}:z max_ {|d;*|| fi(w, I ()~

z€ [z, x! i=1,..., K11

- fg(w,lfl(l‘)ﬂ , L € [leflvx%]}} S esssup{d}l,i = 1) "'aKll} . dOO(f17f2)

— 12 —1/\y_
ze[mfPK?fml ]{|f1(w,x) = fo(w, @)[} = i:Kerfi(,...,N {‘dz;Kll”Ql(waIi (2))

M
— gg(w,lfl(x))| ,x € [xllfl,mll]}} < esssup{dlm,i =1, ...,Klz} “doo(f1, f2)

d5 (f1, f2) < max{esssup{d}? i=1,.., K%} esssup{d}',i=1,..,K"}}-

max{d5, (f1, f2),d5, (91, 92)}

similarly

d* (g1,92) < max{esssup{d?',i=1,...,K*'} esssup{d??i=1,.., K*}}.

max{dZ, (f1, f2),d% (91, 92)}.

So
AT(f1.01), T(f2.92)) = max{di (fi,f2),d%(G1,52)} <
< remax{di(f1.f2),d5 (91, 92)}
where
r = max{ess sup{d?,i=1,..,K*'} esssup{d?? i=1,.., K*},

esssup{d®,i =1,..., K%} esssup{d}' i =1, ...,Kll}} <1

Using Banach fixed point theorem, T" has a unique fixed point (fo, go):

T(fo,90) = (fo,90)-
Let F and G be the graph of fy and go:

folw,allz+el')y = clao+dl fo(w,z) + fHfori=1,.., K"
folw,ai?y+e;?) = Py+digo(w,y) + f? fori=1,. K",
which imply:
Kll K12
F=Je'(rulJ o6
i=1 i=1
similarly
K21 K22

G=J e ul (@),

i=1
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According to the uniqueness of the solution, the graph of fy and gy are the attractor
of the fractal interpolation function. O

In the last few years the method of fractal interpolation was widely used in signal
processing, computer geometry, image compression and of course in approximation
theory. The stochastic type fractal interpolation method and the graph-directed ran-
dom fractal interpolation function present more flexibility and therefore it can be
applied much better in the case of real data interpolation.
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Abstract. We obtain some new Shepard type operators based on the classical,
the modified Shepard methods and the least squares thin-plate spline function.
Given some sets of points, we compute some representative subsets of knot points
following an algorithm described by J. R. McMahon in 1986.
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1. Preliminaries

One of the best suited methods for approximating large sets of data is the Shep-
ard method, introduced in 1968 in [16]. It has the advantages of a small storage
requirement and an easy generalization to additional independent variables, but it
suffers from no good reproduction quality, low accuracy and a high computational
cost relative to some alternative methods [14], these being the reasons for finding new
methods that improve it (see, e.g.,[1]-[8], [17], [18]). In this paper we obtain some new
operators based on the classical, the modified Shepard methods and the least squares
thin-plate spline.

Let f be a real-valued function defined on X C R?, and (x;,v;) € X,i=1,...,N
some distinct points. Denote by r; (x, y) the distances between a given point (z,y) € X
and the points (z;,y;), i = 1,..., N. The bivariate Shepard operator is defined by

N
(S,uf) (‘T; y) = ZAZ',;L (l’, y) f (Ih yz) 5 (11)
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where

with the parameter p > 0.
It is known that the bivariate Shepard operator .S, reproduces only the constants
and that the function S, f has flat spots in the neighborhood of all data points.
Franke and Nielson introduced in [10] a method for improving the accuracy in
reproducing a surface with the bivariate Shepard approximation. This method has
been further improved in [9], [15], [14], and it is given by:

iWi (z,y) f (zi,y:)

(Sf) (z,y) = =— : (1.3)

;Wi (x,y)

with )
Wi (ey) = [ ] (1.4)

where R,, is a radius of influence about the node (x;,y;) and it is varying with i. R,,
is taken as the distance from node i to the jth closest node to (x;,y;) for j > Ny, (Ny,
is a fixed value) and j as small as possible within the constraint that the jth closest
node is significantly more distant than the (j — 1)st closest node (see, e.g. [14]). As
it is mentioned in [11], this modified Shepard method is one of the most powerful
software tools for the multivariate approximation of large scattered data sets.

2. The Shepard operators of least squares thin-plate spline type

Consider f a real-valued function defined on X C R?, and (z;,y;) € X,
i =1,..., N some distinct points. We introduce the Shepard operator based on the
least squares thin-plate spline in four ways.

Method 1. We consider
(S1/)(x,y) ZA (@, ) Fi(z,y), (2.1)

where A; ,, © = 1,...,N, are defined by (1.2), for a given parameter p > 0 and the
least squares thin-plate splines are given by

ZC’ d210g )+ax+by+ec i=1,..,N, (2.2)

with dj = \/(z — 2;)? + (y — y;)*.
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For the second way, we consider a smaller set of k& € N* knot points (&;,9;),
j =1,..., k that will be representative for the original set. This set is obtained following
the next steps (see, e.g., [12] and [13]):

Algorithm 2.1. 1. Generate k random knot points, with & < N;
2. Assign to each point the closest knot point;
3. If there exist knot points for which there is no point assigned, move the knot to
the closest point;
4. Compute the next set of knot points as the arithmetic mean of all corresponding
points;
5. Repeat steps 2-4 until the knot points do not change for two successive iterations.

Method 2. For a given k € N*, we consider the representative set of knot points
(Z;,9;), 7=1,...,k. The Shepard operator of least squares thin-plate spline is given

by
k

(SQf)(xa y) = ZAi,M(xv y)Fl(a:, y)’ (23)

i=1

where A; ,, i =1,.... k, are defined by

for a given parameter p > 0.
The least squares thin-plate spline are given by

Fi(z,y) = ZC’jd log(d;) +ax+by+c, i=1,..,k, (2.4)

with dj = \/(x — ;)% + (y — 9;)*
For Methods 1 and 2, the coefficients C, a, b, ¢ of F; are found such that to
minimize the expressions

E = Z[ (xlvy7) 7f(xi7yi)]27

considering N’ = N for the first case and N’ = k for the second one. There are
obtained systems of the following form (see, e.g., [12]):

0 d?Q log diz ce dQN, log d, N/ T Y1 1 C1 f1

d%, log da1 0 <o diyslogdyyr w2 y2 1 Cs fo

lellong’l d?v,zlong/Q 0 TN Ynr 1 Cnr - VNG

T T2 x N7 0 0 0 a 0

Y1 Y2 YN/ 0 0 0 b 0

1 1 1 0 0o o c 0
: 2 2 2 _ s /
with di; = (zi — ) + (i —vj)*, fi = f(zi,9:), 4,5 =1, .., N
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Next we consider the improved form of the Shepard operator given in (1.3).

Method 3. We consider Shepard operator of least squares thin-plate spline type of the
following form:

S Wi (2, 9) Fi(a,y)
(Ssf)(x,y) = =— : (2.5)

i=1
with Wy given by (1.4), F; given by (2.2), fori=1,...,N.

The coefficients Cj, a, b, cof F;, i = 1,..., N are determined in order to minimize
the expression

(Fi(xs,y:) — f(‘rivyi)]2'

o8

E =

i=1

Method 4. For a given k € N*, we consider the representative set of knot points
(%;,95), 7=1,...,k, obtained applying the Algorithm 2.1. In this case, we introduce
the Shepard operator of least squares thin-plate spline type by the following formula:

S, (@.9) Fie.y)

(Suf)(@,y) = = : (2.6)
2 Wi l(z,y)

i=1

with W; given by (1.4) and F; given by (2.4), fori=1,.... k.

The coefficients C;, a, b, c of F;, i =1, ..., k are determined in order to minimize
the expression

E = Y [Fi(xi,y:) — [ (i, 0]

i=1

3. Numerical examples
We consider the following test functions (see, e.g., [9], [15], [14]):

Gentle:  fi(z,y) = exp[—%((a: —0.5)% + (y — 0.5)%)]/3,

(1.25 + cos 5.4y)
le: = TR :
Saddle:  fo(x,y) 6166z 12 " (3.1)

Sphere:  f3(x,y) = /64 — 81((z — 0.5)%2 + (y — 0.5)2)/9 — 0.5.

Table 1 contains the maximum errors for approximating the functions (3.1) by
the classical and the modified Shepard operators given, respectively, by (1.1) and
(1.3), and the errors of approximating by the operators introduced in (2.1), (2.3),
(2.5) and (2.6). We consider three sets of N = 100 random points for each function
in [0,1] x [0, 1], k& = 25 knots, y = 3 and N,, = 19.
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Remark 3.1. The approximants S f;, Sifi, ¢ = 1,2,3 have better approximation
properties although the number of knot points is smaller than the number of knot
points considered for the approximants Sy f;, S3f; ¢ = 1,2,3, so this illustrates the
benefits of the algorithm of choosing the representative set of points.

In Figures 2, 4, 6 we plot the graphs of fi, f2, f3 and of the corresponding
Shepard operators S1f;, Safi, Ssfi and Syf;, i = 1,2, 3, respectively.

In Figures 1, 3, 5 we plot the sets of the given points and the corresponding sets
of the representative knot points.

TABLE 1. Maximum approximation errors.

Bit f2 I3

S,f || 0.0864 | 0.1095 || 0.1936
Sf | 0.0724 | 0.0970 || 0.1770
S1f || 0.1644 | 0.4001 || 0.6595
Sof || 0.1246 | 0.2858 || 0.3410
Ssf || 0.1578 | 0.3783 || 0.6217
Saf || 0.1212 | 0.2834 || 0.3399

First set of given points. First set of representative knot points.

FIGURE 1. First sets of points.
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S f1
FIGURE 2. Graphs for f;.
. ‘ ‘ . ‘ ==y ' ‘ ‘ ‘

Second set of given points.

FI1GURE 3. Second sets of points.

Second set of representative knot points.
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. M ., o R iG] . . ®
. . 1 .
% . . . ‘. J o . ¢ o
. . . .o .
. .. ® . 4
* « ® o 3 .
* . . . . M . . .. . .
. . . o | . . °
. . * M . . . .
. . . ° .
Third set of given points. Third set of representative knot points.

F1GURE 5. Third sets of points.
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Function fs.

S1f3 52f3

Ss fs Sufs

FIGURE 6. Graphs for fs.
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A numerical method for two-dimensional
Hammerstein integral equations
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Abstract. In this paper we investigate a collocation method for the approximate
solution of Hammerstein integral equations in two dimensions. As in [§8], col-
location is applied to a reformulation of the equation in a new unknown, thus
reducing the computational cost and simplifying the implementation. We start
with a special type of piecewise linear interpolation over triangles for a refor-
mulation of the equation. This leads to a numerical integration scheme that can
then be extended to any bounded domain in R?, which is used in collocation. We
analyze and prove the convergence of the method and give error estimates. As
the quadrature formula has a higher degree of precision than expected with linear
interpolation, the resulting collocation method is superconvergent, thus requiring
fewer iterations for a desired accuracy. We show the applicability of the proposed
scheme on numerical examples and discuss future research ideas in this area.

Mathematics Subject Classification (2010): 41A15, 45B05, 47G10, 65D07, 65R20.
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1. Introduction

Integral equations are a special topic in Applied Mathematics, as they are an
important tool for modeling many applications in fields ranging from engineering,
computer graphics to astrophysics, chemistry, quantum mechanics and more (see [13]).
They also arise in reformulations of initial and boundary value problems for ordinary
and partial differential equations.

Having such a wide variety of applications, they have been studied extensively,
especially form the approximation perspective. Numerical solutions have been ob-
tained using moving least squares [5], Adomian decomposition, [4], kernel methods
[6], collocation [8, 3, 10, 7], Galerkin and Nystrém methods [9]. Also, good results were
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obtained using wavelets [11, 12] and other iterative methods [1]. For more details on
approximating methods for integral equations, see [2].
In this paper, we consider the following integral equation of Hammerstein type

ue) = [ kg (v uw)dy+ fe), v € DR, (1)
D
with a smooth kernel k£ and g : D x R — R a continuous nonlinear function. Later,
other assumptions will be made on k, g and f.

As in [8], collocation is applied to a reformulation of the equation in a new un-
known, thus reducing the computational cost and simplifying the implementation. For
the new integral equation, we define a collocation scheme based on linear interpola-
tion and show that at the collocation nodes, it converges faster than over the entire
domain, thus requiring fewer iterations for a given accuracy. These two aspects make
this method much more efficient from the computational point of view.

In operator form, we write (1.1) as

u = Ku+f, (1.2)

where

(Ku)(x) = / k(. 9)g (4, uly)) dy. (1.3)

D

Following the ideas in [8], we reformulate (1.1) for the new unknown

v(y) = g(y, u(y))-
By (1.1), v must satisfy the equation

@) = gz / k(e y)o(y)dy + f(@) |, z € D (1.4)
D

and u is given by

u(r) = /k(a:,y)v(y)dy—i—f(:c), reD. (1.5)
D

We define a collocation scheme for v in equation (1.4), which will be then used to find

an approximate solution of (1.5).

We are interested in finding a numerical solution of equation (1.1), which approxi-

mates the exact solution, assumed to exist. To this end, we work under the following

assumptions:

(A1) The equation (1.3) has an isolated solution u* with non-zero index, which is
assumed to be smooth enough;

(A2) The integral operator K : C(D) — C(D) defined by (1.3) is completely contin-
uous;

(A3) The derivative g, (y,u) exists and is continuous on D x R;

(A4) The function f € C(D).
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The ideas and results described in this paper work for any closed bounded domain
D C R? that can be triangulated in a smooth way. For simplicity, we restrict the
discussion to the case of a rectangular region D = [a, ] X [c, d].

The rest of the paper is organized as follows: in Section 2, we define a collocation
scheme for equation (1.4), based on a special type of linear interpolation on a trian-
gular region. We prove the convergence and give error estimates (for both u nd v)
in Section 3. Section 4 shows the applicability of the proposed method to numerical
examples, where the theoretical error bounds are confirmed by the numerical results.
We draw some important conclusions and discuss future research ideas in Section 5.

2. Numerical method

2.1. Preliminaries for collocation
Let us recall the collocation method in the general framework of projection
methods. Consider a set of nodes {z1,...,2,} C D and let {l1,...,1l,} be a set of
functions defined on D such that
li(w;) = 65,1 <i,j <n.
Denote by D,, = span{ly,...,l,} and define the interpolatory projection operator
P,:D— D, by

n

(Pau)(x) = > ulx;)lj(z), z€D. (2.1)

J=1

Then P, : C(D) — C(D) is a linear operator (see e.g. [2]) and its norm is given by

P,|| = sup li(x)].
17 = sup 1)
We will assume that ||P,|| < co and that
lim |ju — Pyu|| =0, for all uwe C(D). (2.2)
n—oo

Let v* be the solution of (1.4) corresponding to u*. Using P,, we define an approxi-
mation of v* by

n

vn(z) = Pol) = > wvalz)l@). (2.3)

j=1
The values {v,(7;)}}_; are determined by forcing equation (1.4) to be true at the
collocation points. This leads to the system

vp(x;) = g xi,Zvn(xj)/k(mi,y)lj(y)dy—i—f(xi) i=1,...,m, (2.4)
j=1 D

Zvn(xj)lj(xi) =g xi,Zvn(xj)/kz(azi,y)lj(y)dy—i—f(xi) ) (2.5)

D
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It is worth mentioning that the integrals on the right hand side only have to be
evaluated once, not at every iteration, since they are dependent only on the basis
functions, not on v,,. This reduces the computational cost of the method and simplifies
the implementation.

From (2.5), the approximate solution of (1.5) is found by

un(z) = / Kz, y)on (9)dy + £(2)
D

>~ vne) [ K pli(w)dy + f(a) (2.6)
Jj=1 D

For the two approximate solutions, the following result holds:

Theorem 2.1. ([8, Theorem 2]) Assume conditions (Al) — (A4) hold and that the
operator P, defined in (2.1) satisfies (2.2). Then

[lon —v*|| = 0, |lup —u*|] =0, as n—0.

Moreover, there exists an ng € N and a constant ¢, independent of n, such that for
all n > ng,

u, —u*|| <c inf —v*].

fun = | < ing 6=

This means that u,, converges to u* at least as fast as v,, converges to v*.

2.2. Interpolation-based collocation

To define the projection operator P,,, we start with piecewise linear interpolation
of an unknown function on a triangle. First, we consider the unit simplex o = {(s,1) |
0 <s,t,s+t<1}. Let h be a continuous function on o and denote by w =1— s —t.
To approximate h, we use linear interpolation

3
h(s,t) =~ Y h(m)li(s,t), (2.7)
i=1

e (3) o= (30) = (o) ”

are the midpoints of the three sides of ¢ and

li(s,t) =1—2w, la(s,t) =1—2¢t, I3(s,t) =1—2s (2.9)

where the nodes

are the corresponding Lagrange interpolation basis functions. Obviously, the approx-
imation formula (2.7) is exact for all polynomials of degree less than or equal to 1.
This formula can be extended to any triangle A, using an affine mapping T :

oA given by

onto
z = (&n) = T(s,t) = wer + 1tz + szs, (2.10)

where 21, z9, z3 are the vertices of A. This mapping transforms a polynomial of degree
r in (s,t) into a polynomial of the same degree in (£,7) (and its inverse acts the same
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way on polynomials in (£, 7)).
Denote by

For a given h € C(A), define P,h by
P,h(z) = P,h(T(s,t))

3
Z h(g)li(s,t), (s,t) €o. (2.12)

Then the approximation formula

Mz) ~ Pah(@) = 3 h(g:)li(sb), (213)

is still exact for polynomials of degree r < 1.
From general interpolation theory, we have the following error bound for this approxi-
mation (see e.g. [2]).

Lemma 2.2. Let A be a planar triangle and assume h € C%(A). Then, the following
holds

|h = Pahllos < ¢0%||D?A)|oo, (2.14)
2h(&,m)

where § = diameter(A) and D?>h = max V1 The constant c is independent
0<i<2 | DLt

of both h and A.

Now, to define our collocation method, let 7, = {Aq,..., A, } be a triangulation of D

with grid size d,, and Ty : 0 — Ay be defined as in (2.10), for every k = 1,...,n. At

each iteration, the triangulation is refined by splitting each triangle into four triangles,

obtained by connecting the midpoints of the three sides. The new triangulation, 74,,
1

has four times as many triangles and grid size 4, = ién.

For a function h € C(D), restrict it to some A € 7, and use (2.13) to approximate it
on A.
Integrating (2.7), we obtain the quadrature formula

froow = Wp(3D)n(b0)a(d)] e

Using the same affine mapping (2.10), this leads to a quadrature formula for integrals

on A
Zh(y)dy ~ /Pnh(y)dy

A
3

> hia) / Li(s,1)Jr(s, 1) do, (2.16)
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where Jr is the Jacobian of the transformation given in (2.10).
Thus, we have the approximation

/ Z/ (2.17)

'’ k=134,

3
> hlgr / s,t)Jp, (s,t) do, (2.18)

1i=1

M:

E
I

where g;; = Ti(m),i=1,2,3.
Then the collocation method is given by

3
vn(@) = g | @Y vl /k (g, )l (y)dy + f(a@) |, (2.19)
J=1 D
which leads to the system
n 3
vn(qi) = g Qzazzvn dk,j /k @i, T (s, 1))l (s, ) Jr, (s, t)do + f(a:) |, (2.20)
k=1 j=1
for all ¢ = 1,...,3n. Once all the unknowns v,,(¢;) are found from this system, we
have, for each © = T} (s,t) € Ag,
3
vp(z) = Zvn(%)ZZ(S t
e (2.21)
up(x) = Zvn(qi)/k(x,Tk(s,t))li(s,t)JTk(s,t)daJrf(:r).

i=1 p

3. Convergence and error analysis

We write the system (2.20) in operator form as

(I — PoK)on =0, (3.1)
with
K@)(@) =g | . / k(. y)o(y)dy + f(z) (3.2)
D

and P, defined as in (2.12).
Since we are using piecewise linear interpolation in our collocation method, we
have the following well known general result (see, e.g. [2, p. 177]).

Theorem 3.1. Assuming A1 — A4 hold, the operators I — P, K are invertible on C(D)
and have uniformly bounded inverses, for all sufficiently large n, say n > ng. In
addition, the following error bounds hold:

[0 = vnlfee < H(I_Pnlc)_lu " = Pav], =g
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and
[[v* = vnlloo < O(62), n > no, (3.3)

where § = §,, denotes the mesh size of the triangulation Tp,.

Now, this result holds in general, when using linear spline approximation. How-
ever, because of our particular choice of collocation (and interpolation) nodes, the ap-
proximation has higher order than O(§2). Notice that the quadrature formula (2.15)
has degree of precision d = 2, higher than expected with interpolation of degree 1.
Then formula (2.16) also has degree of precision d = 2. This will lead to a higher rate
of convergence at the collocation nodes than O(4?), i. e., we get superconvergence.

Theorem 3.2. Assume the conditions A1l — A4 hold, that k € C?(D x D) and that
v* € C3(D). Then
max [v*(¢;) — vn(@i)l, max |u*(q:) — un(a:)| < O(8%). (3-4)

1<i<n 1<i<n

Proof. The proof is computational and follows the same ideas as the ones given for
similar results e.g. in [3, 10].

Since v* is the exact solution of (1.4), v* = Kv*. By the interpolation formula (2.13),
v, = P,Kv,. Then

(I - P,K) v —v,) = v —wv, — P,Kv*+ P,Ku,
= Kv'—P,Kv* = (I-PF,)Kv*

and, thus, under our assumptions, for each i = 1,...,n,
(= PO — )@l = g %/%%, (v)dy + f(g.)
- g qza/ QM )dy+f(QZ)

< c

D
/k%, Pt (y)dy|.

1Ak

NE

>
Il

Now, on each triangle Ay, let p; denote Taylor polynomial expansions of v* around
a suitable point in Ay, for j = 1,2. Then

0" =pjlls < cd?*,

lp2 = pille < 6°. (3.5)
Also, since k € C?(D x D), there exists a constant kg such that, for all y € Ay,

|k (qi,y) — kol < cd. (3.6)

Since the interpolation formula (2.13) has degree of precision 1, we have

k(gi,y)(I — Pa)pi(y) = 0
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and because the quadrature formula (2.15) has degree of precision 2, it follows that

ko [ (I = Pu)p2(y)dy = O.
/

Then, we can write

/ Kany)(I — P ()dy| < o / k(g 9) (I — Pa)(o" — p2)(y)dy
Ak Ak
+ / (k(giry) — ko)I — Pa)(p2 — p1)()dy

Ay

- / koI — P ()dy

Ag
Now, using the bounds (3.5), (3.6), we get
max [v"(q;) —vn(q)| < max [(I - P,)(Kv*)(g)]

1<i<n - 1<i<n

< 063Z/dy

k=17,
= O(8%) -n- Area(Ay,)
= 008 -0 0% = 0.
Then by Theorem 2.1, we also have
max [u*(g;) — un(gi)] < O(8%). 0

1<i<n
4. Numerical experiments
We will use the notation z = (z1,x2),y = (y1,y2) € D = [a,b] X [¢,d].
Example 4.1. Let us consider the integral equation

xy+ 1
u(:vl,xz = //y 1+ 2y2U y17y2) dy dy2+2x2, (4-1)
1 2

for (w1, 22) € [0,1] x [0, 1], with exact solution u*(z1,xs) = 27 + 223 + 1.

Here, we have
241
yi +2y3°

k($7y) k($17$27y17112) =

e}
—~
&
—~
<
~—
~—
I
|
<
(V)
—~
<
~
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and D = [0,1] x [0, 1].
We start with n = 2 triangles that cover D and then refine the triangulation as
described earlier. We compute the errors

en(v) = max. [v*(¢;) — vn(g;)| and
en(u) = max [u”(g;) — un(gi)|

Also, we look at the ratios

€n (U) _ €En (u)
, T2 =

e4n (V) eqn (1)
from one iteration to the next. If indeed the numerical method has order of conver-
gence O(89), then these ratios should equal approximately 2.
We approximate the integrals needed for the coefficients of the nonlinear system (2.20)
using tiled adaptive quadratures (function integral2 in Matlab).

In Table 1, we give the errors e, (v) and e, (u), as well as the values log, r; and
log, 72, for each iteration.

T =

n en(v) logy 71 en(u) logy 79

2 1.121e -1 2.382e¢ — 2

8 1.874e — 2 2.58 3.397e — 3 2.81
32 2.582e — 3 2.86 4.519e — 4 2.91
128 3.296e — 4 2.97 5.653e — 5 2.99

TABLE 1. Errors in Example 4.1

The table shows that both 71 and 75 approach the value 23, which is consistent with
the superconvergence O(§3) proved in Theorem 3.2.

Example 4.2. Next, we consider the equation

2 2

1

u(xy, we) = g//emﬁ'”2 (y% —yg) In (u(y1,y2)) dy1 dya, (4.2)
00

for (z1,72) € [0,2] x [0, 2], whose exact solution is u*(z1,z9) = €212,

In this case, D = [0,2] x [0,2] and we can take

W) = g,
9(y,uly)) = M (u(y)),
flz) = 0.

Again, we start with n = 2 triangles and proceed as before.
The errors are shown in Table 2. The results show, again, an O(5%) rate of convergence.
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n en(v) log, 1 en(u) log, 1o
2 2.143e — 1 3.628¢ — 2

8 3.344e — 2 2.68 5.356e — 3 2.76
32 4.735e — 3 2.82 7.428¢ — 4 2.85
128 6.086e — 4 2.96 9.415e — 5 2.98

TABLE 2. Errors in Example 4.2

5. Conclusions

We have developed a collocation method for the approximate solution of non-
linear Hammerstein integral equations over bounded domains of R?. The numerical
scheme is based on a special choice of linear spline interpolation over triangles. Having
a higher degree of precision of the quadrature formula than expected, the resulting
collocation method is superconvergent at the collocation nodes, converging faster than
over the entire domain. This is one major advantage of the proposed numerical scheme
over other projection-type collocation methods. Another important aspect is the fact
that by applying collocation to a newly reformulated integral equation, the integrals
needed for the coefficients of the linear system only have to be evaluated once, not at
every iteration, which reduces the computational cost of the method and simplifies
the implementation. Thus, this is a very efficient numerical method.

These ideas can be taken further, considering more complicated domains, higher
dimensions or other types of interpolation.
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Abstract. This note focuses on a sequence of linear positive operators of integral
type in the sense of Kantorovich. The construction is based on a class of discrete
operators representing a new variant of Jain operators. By our statements, we
prove that the integral family turns out to be useful in approximating continuous
signals defined on unbounded intervals. The main tools in obtaining these results
are moduli of smoothness of first and second order, K-functional and Bohman-
Korovkin criterion.
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1. Introduction

The starting point of the paper is a class of operators introduced by G.C. Jain
[8]. The construction is based on a Poisson-type distribution with two parameters
given by
e
wp(k;a) = 15 (a+ kB)F~lem(a+kB) |k € Ny,

for @« > 0 and |8] < 1. With the help of Lagrange inversion, in [1, Lemma 1] was
proved

> ws(k;e) = 1. (1.1)
k=0

Considering wg(k; 0) = k0, Kronecker’s delta symbol, Jain defined the operators

(PP (@) = ws(k;na)f <fl> , x>0, (1.2)
k=0
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where 5 € [0,1) and f € C(R4) whenever the above series is convergent. Here C(R.)
stands for the space of real-valued continuous functions defined on Ry = [0, 00).

Clearly, P,Eﬁ ], n € N, are linear and positive operators.

In recent years, the investigation of these operators have been invigorated ob-
taining new properties as well as various generalizations. For a brief synthesis, [2] can
be consulted.

Set Ng = {0} UN. We consider the functions eg(x) = 1, ey (x) = 2™, z > 0.
The first three monomials represent the so-called Korovkin test functions, having an
essential role in the study of the convergence of any sequence of linear positive oper-
ators towards the identity operator. For the operators defined by (1.2), the following
identities

1 1 1
plsl
€1, €2 ez + n(l =)

L—p7 7 (1-p)

take place, see [8, Egs. (2.15)-(2.14)]. We mention that using the Stirling numbers of
the second kind, all Pnﬁ e; moments were explicitly calculated in [1, Proposition 1].

Many classical linear positive operators preserve ey and ej, which implies that
they have affine functions as fixed points. Such operators are also called Markov type.
This property becomes useful in the study of the approximation properties which the
operators enjoy. Pursuing this goal, in [7] the authors introduced and investigated the
following variant of Jain operators

PPley = ey, PlPle; =

€1, (13)

- k
PN =S wsthiuna)f (L), e C® 0z0,
k=0
where u, () = n(1 — B)z, > 0. The following identities
1
DL’B]GO = €p, DL@@l =eq, DT[ZB]GQ = e + mel, (15)

hold, see [7, Lemma 2.1].

We remind that for 5 = 0, P,[LO] = Di?}, n > 1, turn into well-known Szasz-
Mirakjan operators, see [14], [11].

The aim of this paper is to define an integral Kantorovich-type generalization of
DLﬁ], n > 1, operators and to establish some approximation properties. These will be
achieved in the next two sections.

We specify that we wished the presentation to be self-contained to be accessible
to a wide audience.

2. Integral type construction

Kantorovich-type constructions are based on replacing the values of the function
f on the nodes k/n, k > 0, with average values of the function obtained by integrals
on intervals of the form I, , = [%, %], k > 0. The utility of this type of operators

is given by the fact that such classes can approximate functions belonging to larger
spaces.
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The first approach in Kantorovich sense of P,Eﬂ ], n > 1, operators was achieved
by Umar and Razi [15]. They defined and analyzed the operators given by the formula

_ o0 (k+1)/n
(PP 7)) =0y wakina) [ syt (21)
k=0 k/n
where f is locally integrable function and the right hand side of relation (2.1) is finite.
Our proposal for an integral extension of the operators defined by (1.4) has the
following form

(k+1)An
(D) £ (x Zwﬁ (ks tp ( / f(t)dt, x>0, (2.2)
kA
where
(i) (An)n>1 is a sequence of strictly decreasing positive numbers such that
lim A, =
n— oo

(ii) f belongs to the space of integrable functions defined on R4 such that the
series in (2.2) is absolutely convergent.

In the above construction we used a flexible net on Ry namely (kA,)g>0. The
operators also admit the integral representation

(DL f) (x / K} (z,t)f(t)dt, x>0,
with the kernel

where x,, is the characteristic function of the interval [kA,, (k 4+ 1)A,] with respect
to R+, k Z 0.
1
For particular case A,, = — and u,(x) := nz, we reobtain the operators defined

at (2.1). Further, if we choose 8 = 0 in (2.1), the operators turn into Szdsz-Mirakjan-

Kantorovich operators introduced by Butzer [4, Eq. (5)]. Clearly, for each n € N, DY
is a linear positive operator. In what follows we establish some computational results.

Lemma 2.1. Let 5?], n € N, be the operators defined by (2.2). For each n € N the
following identities

Dfleq = eq, (2.3)

~ 1
D%Blel =n\,e; + iAn, (2.4)

~ 1 1

take place.
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Proof. Taking in view the definition of DLﬁ ] operators and identity (1.1), we immedia-
tely deduce D%j ] eg = D%j ] ep, as well as the following identities

(Bfler) () = nAn(Der)(w) + S hn(Deo) a),

~ 1
(Difles) () = (nAn)? (D} e2) () + nXy (DYer)(z) + gki(DLB]eo)(x)-
Using (1.5), the proof is ended. O

We indicate the first two central moments of the operators. Set ¢, (t) =t — z,
(t,f) S R+ X R+.

~ 1
(Dmepw)(:B) = (nX\, — Dz + =\,
2
»iBl 2 2,.2 2 1 1 Lo (26)
Dn = (nA, —1 M1+ — —— —A.
(B R) @) = (= 1702 4002 (14 s = o )o 08
We recall the Bohman-Korovkin criterion. Briefly speaking, this theorem says: if
a sequence of linear and positive operators approximates uniformly the test functions
e, k = 0,2, then it approximates all continuous functions defined on a compact
interval.

Remark 2.2. Based on Bohman-Korovkin theorem, studying relations (1.3) it can be
observed that the sequence (P,EB ])n21 does not tend to the identity operator. To turn
it into an approximation process we will proceed as follows. For each n € N, the
constant 8 will be replaced by a number 8, € [0,1). If lim S, =0, then
n—oo
lim (Ple)(2) = ¢;(a), j € {0,1,2},

uniformly on any compact interval K C R,. Consequently,
li_>m (PP £)(z) = f(z), uniformly in z € K.

What is important to point out is that for the Kantorovich variant defined at (2.2)
we no longer have to make this change on the g parameter, as will be seen in the next
paragraph.

1[1[3]

3. Approximation properties of D operators

We establish sufficient conditions for the sequence (D%g ])nzl to become an
approximation process in a certain specified space.

Throughout the paragraph we use standard notations. Set B(X) the Banach
space of all real-valued bounded functions defined on X, endowed with the norm of
the uniform convergence (briefly, sup-norm) defined by ||f|| = sup |f(z)] for every

zeX

f € B(X). Also, set Cp(X) = C(X)N B(X), endowed with the sup-norm.
We mention that the operators Dnﬂ , n > 1, are non expansive in the space
B(R,), this means

1D FII < 111, (3.1)
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for any local integrable function f belonging to B(Ry). As a consequence, for each
n €N, DLﬁ] maps continuously Cp(R, ) into itself.

Theorem 3.1. Let the operators 157[16], n € N, be defined by (2.2) such that the following
condition
lim nA, =1 (3.2)
n—oo
is fulfilled. For any compact interval K C Ry, the following relation
lim ELﬁ]f = f uniformly on K
n—oo
occurs, provided f is continuous and bounded on R .

Proof. A direct way to prove this result is to use a general result established by
Altomare [3, Theorem 4.1] which says
Let X be a locally compact subset of R%, d > 1. Consider a lattice subspace E of

d
F(X) containing the set T = < 1,pry,...,prq, Zpr? and let (Ly)n>1 be a sequence
i=1

i
of positive linear operators from E into F(X) such that for every g € T,

lim L, (g) = g uniformly on compact subsets of X.
n—oo

Then, for every f € ENCp(X),
lim L, (f) = f uniformly on compact subsets of X.
n—oo
In the above F'(X) stands for the linear space of all real-valued functions defined
on X and the function pr; : R? — R indicates the j-th coordinate function,
pri(z) = x5, = = (zj)1<j<a € R".
Applying the above result for d = 1, X = Ry, E = C(R;), the set T will

consist of the test functions e;, j € {0,1,2}. The formulas (2.3)-(2.5) correlated with
hypothesis (3.2) complete the proof. O

In order to obtain the error of approximation we use the modulus of continuity
defined as follows

wy(8) = w(f;0)

sup{|f(z') = f(a")| : 2',a" € Ry, |a" —a"| < 6}

sup sup |f(z +h) — f(z)|,
0<h<s z€R,

where § > 0 and f € B(Ry).

Theorem 3.2. Let the operators 57[{3], n € N, be defined by (2.2). For any local inte-
grable function defined on R belonging to B(R,), we get

(B f) () — fla)| < (1 @)+ A%a#) w(fivan), >0, (33)

T(z) = ng())({l'ﬁﬁz} and o, = (nA, — 1)2 + (1 +

where

(1—16)2> nA2, n>1.  (3.4)
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Proof. To achieve the statement, we appeal to an old result established by Shisha and
Mond [13]: if T is a linear and positive operator, then one has

(TH@) - £)] < |f(@)] [(Teo)(a) — 1]
n (<Teo><x> n f;wTeo)(x)(Tsoz)(x)) w(f:3), 650,

]

for every bounded function f. Using this inequality for ﬁ%j operators, we take into

account relation (2.3). Based on (2.6), we can write

(DY @3) () < () + A, n 2 1. (3.5)
Choosing § := \/a,, we arrive at (3.3) and the proof is over. O
Remark 3.3. Let us suppose that f is uniformly continuous on Ry. In this case it
is known that 61_i>r(r)1+w(f; 0) = 0, see, e.g., the monograph [5, page 40]. If we request
that the condition (3.2) to be fulfilled, then relation (3.3) leads to the fact that

((5?]")(1‘))”20 is pointwise convergent to f(z) for any = € Ry. Also, (3.2) guarantees
that the upper-bound for the error of approximation has the magnitude O (1/y/n).

As a special case we indicate the rate of convergence of our operators by means
of the elements of v-Holder continuous class

Lipu(y) = {f : Re > R| |f(t) — f@)| < Mlt — 2", (t,2) € Ry xRy}, (3.6)

where 0 < v <1 and M is a nonnegative constant independent of f.

Theorem 3.4. Let the operators lND,[f], n € N, be defined by (2.2). For any function
f € Lippy () the following inequality

(D f)(@) = f(x)] < ManT(z) + A2)2, @ >0, (3.7)
holds, where T and a, are defined at (3.4).
Proof. Considering relations (2.3) and (3.6) we can write
((DE 1)) = f(@)| < DS = f(@):2) < MDP(al": ). (38)
At this point we apply Holder inequalities with conjugate numbers

pi=2/y, ¢:=2/(2-7)

(k+1)An sy [ DAL /2
/k e ()Y dt < Ny /k QA(tydt | .

An An

inferring

Returning at (3.8) we get

~ i 1 (]H‘I)An ’Y/2
(D) (@) = fl@)| < MY ws(k;un(z)) (An/ wi(t)dt>

k=0 kAn
< M(Dg2)"2(x).
Using the inequality (3.5) we reach (3.7) and the proof is complete. O
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We can also consider functions satisfying another Lipschitz type condition de-
fined by Szész [14, Eq. (8)]. Set
|t — [

Links(0) = { £+ R S RI 1700 = 0] < MG

where 0 < v < 1 and M is a nonnegative constant independent of f.
Since (t 4 2)~7/2 < 2=7/2 for t > 0 and = > 0, following a demonstration path
similar to that indicated in Theorem 3.4, we can state

t>0,x>0},

Remark 3.5. For any function f € Lip}, () it takes place

~ M
(D)) = f(2)] < — 5 (an(2) + X3)72, 2 > 0,
where 7 and o, are defined at (3.4).

We focus on establishing the degree of approximation in terms of the second

modulus of smoothness wy(f;-) of a function f € Cp(Ry). It is given as follows
wo(f;0) = sup sup|f(xz+2h) —2f(x+h)+ f(z)|, § > 0.
0<h<3 >0

Also, a subtle measurement of the error of approximation is provided by K-functional
introduced by Peetre [12]. If X, X; are two Banach spaces with X3 continuously
embedded in Xy, X; — Xj, the K-functional is defined for each f € X, by the
formula

K(f,0; X0, X1) = K(f;90) (I = gllxo + dllgllx,), 6> 0.

= inf

geEX1
This quantity describes properties of approximation of f € Xy. More detailed, the
inequality K(f;0) < e for 6 > 0 implies that f can be approximated with the error
lf — gllx, < € in X,y by an element g € X; whose norm is not too large, namely
llgllx, < ed~t. For our purpose, we choose

Xo=Cg(Ry), X1 =Ch(Ry) ={g€Cr(Ry): ¢'.¢" € Ca(R4)},

both spaces being endowed with the sup-norm || - ||. Thus, we will use
K(f;0)= inf — gl +8llg"|]).
(f;0) gec%(R”(llf gll +allg"ll)

Based for example on [10, Proposition 6.1], between wy and K-functional the following
relations hold: the positive constants ¢; and ¢y exist such that

C1WQ(f; (5) < K(f, 52) < CQLLJQ(f; (S), 6 > 0. (39)

Theorem 3.6. Let the operators 5?], n € N, be defined by (2.2).
For every f € Cg(Ry) the following inequality

(DY £)(2) — f(2)] < Maws(f;00(z)) + w < Fi(nh, — D + ;A) L x>0, (3.10)

holds, where M is a constant independent of f and

o\ 1/2
dn(z) = % (anT(x) + A2+ <(n/\n — Dz + ;/\n> ) .



286 Octavian Agratini and Ogun Dogru

The quantities o, and T are defined by (3.4).

Proof. Our approach follows a route similar to the proof that appears in [6, Theorem
3.2] aiming at a Kantorovich modification for Szész-Mirakjan operators based on Jain
and Pethe operators [9].

At first we define the operators EL :Cp(Ry) = C(Ry),
(B )@) = BN - 1 (mhio + 30 ) + fia). (3.11)

Using relations (2.3) and (2.4), obviously E¥e;, = ey for k € {0,1}. Therefore, the

first central moment E7[lﬂ ] . is null. Since E[ﬁ]

(EYTh) ()] < 311 £1l, @ >0, (3.12)

for any h € Cg(Ry). Let g € C3(R,) be arbitrarily chosen. By Taylor’s expansion
with integral form of the remainder, we get

verifies (3.1), we have

t

o(t) = g(x) + (t — 2)g/(2) + / (t - u)g" (w)du,

x

for t > 0 and x > 0. Applying ELﬁ I on both sides, we can write successively

(E9)@) - o(0) = 4 @ EP @) + B ([ (e2 = veoly” (v

~ €1
= pWl </ (e1 — ueo)g”(u)du;x>
xreqp

n)\n:v—i-%)\n 1
— / (n)\nx + 5)\,1 — u) g" (u)du.

In the above we used (3.11). Considering the increase

[ atwg @ [ u— s

it allows us to wr;;te )
(EF9)@) - @)l < 1g"] ((fvlf’hoi)(x) (e ;x)> .

Returning at (3.11), with the help of (3.12), definition of modulus of continuity w(f;-)
and (3.5), we get

(D @) - f(@)
< B - )] + [EP9)(0) = 9(a)| + lte) = @] + |1 (whas+ 30, ) - @)

€1

< lg"ll < llg"ll3 (),

2
< alf =g+ (B D)+ ((nh, - e+ 30 ) ) I9"1+( £ 02, = D+ 30

2
<A f—gl+ (047L7'(33)+/\i+ <(n>\n—1)x + 1 ) ) llg” |l +w<f; (nAp—1)x + ;M) )

l\D
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Taking infimum with respect to all g € C%(R,) and using (3.9) we arrive at (3.10)
which concludes the proof. O

Remark 3.7. Based on the fact that lim A, = 0 and relation (3.2) takes place, we
n—oo

deduce le On(x) =0 for any = > 0.

Conclusion. In this article we propose an integral version in Kantorovich sense of
a family of discrete operators recently obtained from genuine Jain operators. The
proposed construction involves sub-intervals of the form [kA,, (k+1)\,], & > 0, these
being used in several previous studies. A notable aspect in the fact that the proposed
integral variant is an approximation process for any fixed parameter 5 belonging to
the interval [0,1). In order to have the same quality, in the discrete operators § has
to be replaced with a sequence of parameters (3,),>1 such that nh_{rolo B = 0. For the
newly created sequence of linear positive operators, the highlighted approximation
properties involve locally integrable functions in different functions spaces. Upper
bounds of approximation error have been established using the first and second order
modulus of smoothness.
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Abstract. In this paper we give estimates for the rates of convergence for the
iterates of some positive linear operators which preserve only the constants. We
obtain sharp inequalities when we use both continuous functions and differen-
tiable functions. We present some optimal results for the Cesaro, Stancu and
Schurer operators.
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1. Introduction

Starting with the articles [9] and [8] of R.P. Kelisky, T.J. Rivlin and respectively
S. Karlin, Z. Ziegler, the iterates of the positive linear operators were intensively
studied.

The convergence of the sequence of the iterates of some positive linear operators
which preserve only the constants was proved in [3], [14], [7], [13], [15], [4], [5], [6], [2].

On the other hand, estimations of the rates of convergence for the iterates of
some positive operators preserving the constants were given in [10] using moduli of
smoothness. In [1] the authors got sharp inequalities for the iterates of the Bernstein
operators. In [12] the author obtained an estimate of the convergence rate for the
iterations of linear and positive operators that reproduce linear functions in the case
of differentiable functions.

In this note we obtain inequalities for the rates of convergence of the iterates of
some positive linear operators L : C|a,b] — C|[a, b] which preserve only the constants
and have the interpolation point z = a or z = b. In Section 2 we get these estimations
both for continuous functions (using moduli of smoothness and divided difference) and
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for differentiable functions. The inequalities (2.1), (2.5), (2.6), (2.8), (2.9) and (2.12)
are sharp in sense that we get equality if we take f = e;. In Section 3 we determine
the best constants in some inequalities involving the iterates of Cesaro, Stancu and
Schurer operators.

Throughout the paper we use the following notations and definitions:

e the the monomial functions: e; : [a,b] — R, e;(z) = 2%, i =0,1,...;

e the first and and the second moduli of smootness of the functiom f € Cla, b]:

wi(f,0) =sup{f(zx+h)— f(z):z,z+h € [a,b], 0 <h<d},
and respectively
w2(f,6) = sup {f(z +h) = 2 (@) + f—h) : 20 £ h € [a,b], 0<h <5},

where § > 0,
e the divided difference of the function f € Cla, b] on the distinct points 21, x5 €
[a, b]:

f(x2) —f(xl)_

[$1,$2§f] =
To — I

2. Main results

Theorem 2.1. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
only the constants and has interpolation point x = a. If

L*ei(z) > a, = € (a,b],
then we have, for every f € Cla,b] and = € [a,b],

47 (@) - fla)| < g

Ak (@)wr (f; Ak(2)) + 3wa (f, (), (2.1)

where

() = %\/(b —a)(LFey(2) — a). (2.2)

Proof. Let f € Cla,b] and 0 < § < (b—a)/2. If F is a positive linear functional on
Cla, b, then from the optimal result of Paltanea [11] we have:

£(@) = FDI < @) [Fleo) = 1]+ 5 [Fler = aeo)lwr (£.6)  (23)

+ (F(eo) + %F(el - 1:60)2) wa (f,0), = € [a,b)].
Taking F(f) = f(a) we get

IN

2
7= f@)] < L= 00, (1,6) + ( n (;5)> w2 (£,9)

< @M (f,6) + <€0+ (ba);?zae()))m(fﬁf
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Since L preserves the constant functions, it follows that

—a)(LFe; — ae
24 = 10| < 5 (FFer = aeo)n (1) + (e + LU0 ) oy 1),

(2.4)

If we take in (2.4)
§=Xi(z), = € (a,b],

where )y is given by (2.2) we get that (2.1) holds for = € (a, b].
For 2 = a, due the interpolation property of L, we have L* f(a) = f(a). Therefore (2.1)
is also true for x = a. This completes the proof. O

Theorem 2.2. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
only the constants and has interpolation point x = b. If

L*ei(z) < b, x € [a,b),

then we have, for every f € Cla,b] and = € [a,b],

[L44(@) — 1O < g @ (o)) + 30 (o)), (25)
where
@) = 51/ = @) (b~ Lrer (@),

Proof. Taking F(f) = f(b) in (2.3) we get

wi (f,6) + <€0+(b602§2ﬁ)> wa (f,6)

< beoé_elwl (f,8) + (e0+ (b_a)égio_el)>wz (f,9).

beo — €1

4]

If = f)] <

The conclusion follows analogous as in Theorem 2.1. O

Theorem 2.3. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f € Cla,b] and
x € [a,b] we have

ma(L* (e1)(x) —a) < L*(f)(2) = f(a) < Mu(L*(e1)(2) — a), (2.6)
where mq, M, € R such that m, < [a,t; f] < M, when t € (a,b] .
Proof. We have

0, rT=a

f(@)~ f(a) = { o,z fl(@ ~a), o€ o)

It follows
ma(er —a) < f— fla) < Mg(eq — a). (2.7)
Applying k times the operator L on (2.7) we get the conclusion. O
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Remark 2.4. From Theorem 2.3 we get the following criterion for the convergence of
the iterates (see also [5, Corolar 2]): if L : C[a, b] — C|a, b] is a positive linear operator
which preserves the constants, has the interpolation point z = a and satisfies the
condition

lim L*e; = a, uniformly on [a,b],
k— o0

then for every f € C|a,b] we have
klim L*f = f(a), uniformly on [a, b].
— 00

Theorem 2.5. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f € Cla,b] and
x € [a,b] we have

my(b— L*(e1)(x)) < f(b) — L*(f)(x) < My(b— L*(ex) (), (2.8)
where my, My € R such that my < [t,b; f] < M, for every t € [a,b).

The proof follows analogous with that of Theorem 2.3 using the formula

F(b) — fz) = { [,b; f](b—2), z€[a,b)

0, r=>
Remark 2.6. From Theorem 2.5 we get the following criterion for the convergence of
the iterates: if L : C[a,b] — C|a,b] is a positive linear operator which preserves the
constants, has the interpolation point = b and satisfies the condition

lim L*e; = b, uniformly on [a, b],
k—o0

then for every f € Cla,b] we have
lim L*f = f(b), uniformly on [a, b].

k—o0

Theorem 2.7. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f € C'la,b] and
x € [a,b] we have

m/(L*(e1)(x) —a) < L¥(f)(2) — ( ) < M'(LE(ex)(x) — a), (2.9)
where m', M" € R such that m’ < f'(t) < M', t € [a,b] and
ILE(f)(@) = f(a)] < Lk (e1)(z) — a),

where M’ = maxye(q,p |f'(£)] -

Proof. If = € (a,b], then using the mean value theorem it follows that there exists
¢ € (a,z) such that

f@) = fla) = (z = a) ['(§)- (2.10)
If = a the formula (2.10) also holds for every £ € [a, b].
Therefore
m/(e1 —a) < f— f(a) < M'(e; — a). (2.11)

Applying k times the operator L on (2.11) we get (2.9). The proof is ended. O
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Theorem 2.8. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f € Clla,b] and
x € [a,b] we have

/(b= THen)(@) < F(b) — L*(f)(@) < M/ — THen)(@),  (212)
where m’, M" € R such that m' < f'(t) < M', t € [a,b] and
[L5(F)(x) = f(0)] < MT(b— L*(e1)(2)),

where M’ = maxyefq,p) | f/ ()] -

The proof follows analogous with that of Theorem 2.7 using the mean value
theorem:

f) = f(z) = (b—=2)f'(§), £ € (a,D).

3. Applications

We consider the following positive linear operators which preserve only the con-
stants:
e Cesaro operator

C:C0,1] = C[0,1], C(f)(x) =

e Bernstein-Stancu operators (see [16])

S €011 €01 S =3 (1)t (52,

n—+ o

x€[0,1], n=0,1,..., a>0,
and

3

Sus €0 = €01} S =3 () =211 (5).

z€[0,1], n=0,1,..., >0,

e Schurer operator

Su €01 = €01, S0y =3 (" )t —ay iy (1),

; i
=0
z €1[0,1], n,pEN, n>p.
The operators C, Sy, g, Sn,p have the interpolation point # = 0 while the operator

Sp,o interpolates the continuous functions at z = 1. For every kK > 0 we have by
induction (see also [5] for the operators C, Sy, g, Snp):

k k
1 n n —
0t = gpen Shaer= (735) enshoes = (U7 e
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k
Sﬁ}ael =eg + ( ) (61 — 60).

From Theorem 2.1 and Theorem 2.2 we have:

n—+ «

Theorem 3.1. For every f € C[0,1] and x € [0, 1] we have:

|C¥f(z) — f(0)] < 2\/27,6-(#1 (f, ;\/i) + 3ws (fi@) ;

2.
lss,afCE) - f(O)‘ <
n k 1 n k 3 1 n k
(n+ﬂ) T wy f72 (nJrﬁ) T | + 3we f,§ <n+5> x|,
3.
S, f (@) = f(0)] <
n—op F 1 n—op k 1 n—op b
2 (n>x-w1 f,§ <n)z ~+ 3wo f,§ (n>x,
4.

n b 1 n b 1 n 4§
2 . , = 3 y = .
(n—!—a) v f2 <n+a> i e f2 <n+a) v
Using Theorem 2.3, Theorem 2.5 and respectively Theorem 2.7, Theorem 2.8 we get
the following sharp estimates:

Theorem 3.2. Let f € C[0,1]. If mg, Mg, my, My € R such that mg < [0,¢t; f] < My,
t€(0,1] and my <[t,1; f] < My, t €[0,1) then for every k > 0 we have:

1. moci(k)er < CF(f) — f(0)eg < Mocy(k)er, where ¢y (k) = 2%,

2. moca(k,n,B)e; < Sﬁ’ﬁ(f) — f(0)ep < Moyca(k,n, B)er, where

k

ea(km, B) = (725)
n—p\k
3. m003(k,n,p)61 < Sﬁ,p(f)ff(O)BO < MOCB(kvnap)ela where 63(kan7p) = ( n ) )

4. myca(k,n,a)(eg —e1) < f(leg — S§7a(f) < Micy(k,n,a)(eg — e1), where

ca(k,n,a) = (n_ﬁa)k.

Theorem 3.3. Let f € C[0,1]. If m', M’ € R such that m' < f'(t) < M’, t € [0,1],
then for every k > 0 we have:

1. m'ci(k)er < CF(f) — f(0)eg < M'cy(k)er,

2. m'ca(k,n, B)e; < Sﬁﬁ(f) — f(0)eg < M'ey(k,n, B)es,

3. m/cz(k,m,ple; < S,’f,p(f) — f(0)eqg < M'cs(k,n,p)ey,

4. m'cy(k,n,a)(eo —e1) < f(1)eo — SE (f) < Mes(k,n, o) (eo — e1),
where the constants c¢1(k), ca(k,n, B), cs(k,n,p), ca(k,n,a) are given in Theorem 3.2.
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The constants ¢ (k), ca(k,n, B), cs(k,n,p), ca(k,n,«) in Theorem 3.2 and Theorem
3.3 are the best possible: for f = e; we get equality.
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the connections between the concepts presented are given.
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1. Introduction

In the last period significant progress has been made in the study of exponential
stability, dichotomy and trichotomy in Banach spaces. A great number of papers that
describe the asymptotic behavior of evolution operators in the exponential case was
published, see for example [7], [8], [9], [11] and the references therein. In particular,
the uniform exponential instability was studied in [5], [4], [12], [13], [15].

Later, the need for a new approach arose from the fact that in some situations,
in particular for nonautonomous systems, the exponential stability is too stringent.
In this sense a polynomial asymptotic behavior was introduced by L. Barreira and C.
Valls ([2]) for the continuous case, respectively by A.J.G. Bento and C.M.Silva ([3])
for discrete-time systems.

Also, another interesting idea in this area can be found in [10] where A.L. Sasu,
M. Megan and B. Sasu give some theorems of characterization for the concept of
uniform exponential instability in terms of Banach function spaces. Recently, the
same authors proposed in [14] an overview in the framework of Banach sequence
spaces and their applications in the asymptotic theory of variational equations.

In this paper we focus on the concepts of uniform exponential instability, *-
uniform exponential instability, uniform polynomial instability and s-uniform poly-
nomial instability for evolution operators in Banach spaces.
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We obtain some characterization theorems of Barbashin type ([1]) for the con-
cepts mentioned above, assuming that the evolution operator has exponential de-
cay, *-exponential decay, respectively polynomial decay, *-polynomial decay. Also, we
establish the connections between the notions defined in the paper and the decay
properties, by giving some illustrative examples in this sense.

2. Preliminaries

Let X be a real or complex Banach space and X* its dual space. We denote by
B(X) the Banach algebra of all bounded linear operators acting on X. We denote by
I the identity operator and the norms on X, X* and on B(X) will be denoted by .||
By A and T we will denote the following sets

A={(t,s) ERY : t > s}, T ={(t,s,to) ERY 1t > s>t}

Definition 2.1. An application U : A — B(X) is said to be an evolution operator on
X if the following relations are satisfied:

(e1) U(t,t)=1forallt >0

(e2) U(t, s)U(s,tg) = Ul(t,to) for all (¢, s,t9) € T. In addition,

(e3) if for all (¢,s) € A the linear operator U(t, s) is bijective then we say

that the evolution operator U is reversible.

In this case, we denote by V' : A — B(X) the inverse of the evolution operator U,
which means that V (t,s) = U(t,s)™*.

Remark 2.2. If U : A — B(X) is a reversible evolution operator, then the following
properties hold:

(1)) V(t,t) =1 forallt >0
(1) V(t, to) =V (s, to)V(t,s) for all (¢,s,t0) € T.

Definition 2.3. An evolution operator U : A — B(X) is said to be strongly measurable
if for all (s,2) € Ry x X, the mapping ¢ — ||U(¢, s)z|| is measurable on [s, c0).

Definition 2.4. An evolution operator U : A — B(X) is said to be x-strongly mea-
surable if for all (s,2*) € Ry x X*, the mapping t — ||U(t, s)*2*|| is measurable on
[0,2).

Definition 2.5. The evolution operator U : A — B(X) has uniform exponential decay
(u.e.d.) if there exist two constants M > 1 and w > 0 such that:

||| < Me*t=)||U(t, s)z||, for all (t,s,2) € A x X.

Definition 2.6. The evolution operator U : A — B(X) is said to be wuniformly expo-
nentially instable (u.e.is.) if there exist N > 1 and v > 0 such that:

|z|| < Ne7"E=)||U(t, s)z]|, for all (t,s,2) € A x X.
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Definition 2.7. The evolution operator U : A — B(X) has uniform exponential growth
(u.e.g.) if there exist two constants M > 1 and w > 0 such that:

(U, s)z|| < Me“E =) |z||, for all (t,5,2) € A x X.
Definition 2.8. The evolution operator U : A — B(X) is said to be uniformly expo-
nentially stable (u.e.s.) if there exist N > 1 and v > 0 such that:
|U(t,s)x|| < Ne7?=)|z|, for all (¢, s,2) € A x X.
Definition 2.9. The evolution operator U : A — B(X) has uniform polynomial decay
(u.p.d.) if there exist two constants M > 1 and w > 0 such that:
(s+ D)¥|Jz]| < M(t+ 1)?||U(t, s)x||, for all (¢,s,z) € A x X.
Definition 2.10. The evolution operator U : A — B(X) is uniformly polynomially
instable (u.p.is.) if there exist N > 1 and v > 0 such that:
(t+ 1)Y=l < N(s+1)"|U(t, s)z|, for all (¢,s,2) € Ax X.
Definition 2.11. The evolution operator U : A — B(X) has *-uniform exponential
decay (x-u.e.d.) if there exist two constants M > 1 and w > 0 such that:
¥ < Me*E=9)||U(t, s)*z*|, for all (t,s,2*) € A x X*.
Definition 2.12. The evolution operator U : A — B(X) is said to be x-uniformly
exponentially instable (x-u.e.is.) if there exist N > 1 and v > 0 such that:
|z*|| < Ne V=) U (L, s)*z*||, for all (t,s,2*) € A x X*.
Definition 2.13. The evolution operator U : A — B(X) has x-uniform polynomial
decay (x-u.p.d.) if there exist M > 1 and w > 0 such that:

(s+ D)%||z*|| < M(t+ 1)“|U(t,s)*x"|, for all (¢,s,2") € A x X*.
Definition 2.14. The evolution operator U : A — B(X) is x-uniformly polynomially
instable (x-u.p.is.) if there exist N > 1 and v > 0 such that:

(t+ D)7||z*|| < N(s+ D)"||U(t, s)"z*||, for all (t,s,2") € A x X*.

Remark 2.15. Let U : A — B(X) be a reversible evolution operator. Then, U has
uniform exponential decay if and only if V' has uniform exponential growth.

Remark 2.16. Let U : A — B(X) be a reversible evolution operator. Then, U is
uniformly exponentially instable if and only if V' is uniformly exponentially stable.

Remark 2.17. The following diagram illustrates the connections between the instabil-
ity concepts and the decay properties mentioned in the paper.

u.e4s. = U.p.iS.

¢ 4

u.ed. <= up.d.

In general, the converse implications are not true. Next, we will present some examples
which clarify the relations given above.
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Example 2.18. (Evolution operator which has u.e.d, but it is not u.e.is.)

Let X =Rand U:A — B(R), U(t,s)z = e ‘x.

Then, U has uniform exponential decay, but it is not uniformly exponentially instable.
Indeed, we have that

|U(t,s)|| =et = e (=) > 6—2(1:—5)7

which implies that U u.e.d. for w =2, M = 1.

If we suppose that U is u.e.is., then there exist N > 1, > 0 such that e¥(t=%) < Nes—t,
for all (¢,s) € A.

For s = 0 and t — oo it results that co < N, contradiction.

Example 2.19. (Evolution operator which is u.p.is., but it is not u.e.is.)
We consider X =R and the application u : [1,00) — R%, u(t) =t* + 1. Then

U:A—BR),U(t,s)z=—=

is an evolution operator which is uniformly polynomially instable, but it is not uni-
formly exponentially instable.

Proof. See [13]. O

Example 2.20. (Evolution operator which has u.p.d., but it is not u.p.is.)
We consider X = R and the evolution operator

U:A— BR), U(t,s)z = @m, where
o(t)
p:Ry = [1,00) p(t) =t+ 1.
Then, U has uniform polynomial decay, but it is not uniformly polynomially instable.
Indeed, if we compute the norm of the operator U we obtain immediately that U has
w.p.d. for M =w=1.
If we suppose that U is u.p.is., then there exist NV > 1 and v > 0 such that

LN N (L) frane>s>o0
s+1 t+1

For s = 0 we obtain (¢ + 1)*! < N, which for t — oo yields to a contradiction.

Example 2.21. (Evolution operator that has u.e.d., but not u.p.d.)
We consider the evolution operator given in Example 2.18. We have that

Ut s)l| = e > e72079),
which implies that U has uniform exponential decay for M =1 and w = 2.

If we suppose that U has u.p.d., it results that there exist M > 1 and w > 0 such
that

1 w
St < MeS7t, for all (t,s) € A.
t+1
t
For s = 0 we obtain M > (t—fil)“ which for t — oo yields to a contradiction, so U

has not uniform polynomial decay.



Barbashin conditions for uniform instability 301

We define Uy : A — B(X), Ui(t,s) = U(e' — 1,e% — 1) the evolution operator
associated to U.

Proposition 2.22. The evolution operator U : A — B(X) has *-uniform polynomial
decay if and only if the evolution operator Uy : A — B(X) has x-uniform exponential
decay.

Proof. Tt results in a similar manner as Proposition 2.12 from [6]. O

Proposition 2.23. The evolution operator U : A — B(X) is x-uniformly polynomially
instable if and only if Uy : A — B(X) is x-uniformly exponentially instable.

Proof. 1t follows using analogous arguments with those used to prove Proposition 2.13
in [6]. O

3. The main results

The results of this section are some characterization theorems of Barbashin type
for the uniform exponential instability, *-uniform exponential instability, respectively
for the uniform polynomial instability and *-uniform polynomial instability for evo-
lution operators in Banach spaces.

Theorem 3.1. Let U be a x-strongly measurable evolution operator with x-uniform

exponential decay. Then U is x-uniformly exponentially instable if and only if there
exist the constants B > 1 and b > 0 such that

7bt
/ 1o, *w*H Hx I

for all (t,z*) € Ry x (X*\ {0}).

Proof. Necessity. Let b € (0,v). We suppose that U is x-uniformly exponentially
instable. Then, there exist N > 1,v > 0 such that

e’z < N||U(t, s)*z*|, for all (t,s,2%) € A x X*,
which is equivalent to

1 Ne v(t=s)
* < *
U, s)*a*|| Bl

t t
/ e bs ds / —bs | —V(t 5)d8 _ et /e(u—b)sds < Be_bt7
) U s)m]l =Tl HI I [l ]|

, for all (¢,s,2™) € A x X* that implies
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WhereB—1+Lb

Sufficiency. For t > s + 1 we have
s+1 ) s+1

e—bs 6—175 e—bb
AT T / ﬁdT: / * ok dr
1o, sya=fl - J U s) | J U s) Ut 7)a]

s+1 s+1

e e b
< = c / eb(T—S) R
M HU (t, 1) || M U, 7)* |
s
w+b efb‘r Beerb efbt efbt

S dT S : ¥ SNl R
MU 7) | M| [l ]|

Bew+b
where Ny =1+ U So, we obtained that
||| < Ny ||U(t, ) 2", forall t > s+1, s > 0. (3.1)

For t € [s,s + 1] we apply the *-decay property and we obtain that

|U(t,s)*z*|| > Me“®=*)||lz*||, which implies

b(t—s) e(w+b)(t—s) ew+b
Mo < S U )| < SN0 ) | < NallU )%

w—+b

where No =1 + ¢ . So, we have that

9| 2*|| < No||U(t, s)*z*||, forall t € [s,s+ 1], s >0 (3.2)
From (3.1) and (3.2) we obtain that
9|z < N||U(t, s)*z*|, for all (t,s,2) € A x X,
where N = max{Ny, No}, so the theorem is proved. O

Corollary 3.2. Let U be a x-strongly measurable evolution operator with x-uniform
polynomial decay. Then U is x-uniformly polynomially instable if and only if there
exist the constants B > 1 and b > 0 such that

—b
/ g5 < B+ |
U, s)*x || [Eadl

for all (t,z*) € Ry x (X* \ {0}).

Proof. If U is x-uniformly polynomially instable with s-uniform polynomial decay,
then, from Proposition 2.22 and Proposition 2.23, this is equivalent to Uj is *-
uniformly exponentially instable with #-uniform exponential decay, which is equiv-
alent from Theorem 3.1 that there exist B > 1 and b > 0 such that

—bt
/nU flesfn % S T 33)
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for all (¢,2*) € Ry x (X*\ {0}). Using the change of variables e* — 1 = u relation
(3.3) is equivalent to

ef—1

—bln(1+u) Bebt
/ du_  Be " (3.4)
lU(et — 1, u)*z*| 1+ u [lz*]]

Denoting by v = €' — 1 relation (3.4) becomes

(1+u)=b-t Bv+1)="
U —_ )
U (v, u) x| ]|
so we conclude that the proof is complete. O

Theorem 3.3. Let U : A — B(X) be a strongly measurable and reversible evolution
operator with uniform exponential decay. Then U is uniformly exponentially instable
if and only if there exist B > 1 and b € (0,1) such that

/ IV( t 5 f”" H U for all (t,) € R, x X. (3.5)
6

Proof. f U : A — B(X) is a reversible evolution operator with uniform exponential
decay, then from Remark 2.15 we have that V' : A — B(X) has uniform exponential
growth.

Necessity. Let b € (0,v). We suppose that U is uniformly exponentially instable which
implies from Remark 2.16 that V is uniformly exponentially stable. Then, we have

t t
t —v(t—s)
/HV S I'Hd SN/QTHI_”CZS:Nefutnl,”/e(ufb)sds
ebs
0 0

N ey < B
=l (7 = ™) < ol

where B = 1+Lb.

v —
Sufficiency. If t > s + 1 we obtain

s+1 s+1
ebt||V(t,s)x||:/ V(7 )V (2, T)x||dT<M/ebte”(T NV (¢, 7)z|dr

s+1
- M / (t—s)( b+w) b(t+s) Hv(th)x”d
e T

t
t

< Mebteebtts) / Ve ;,T):inT < Ne ||z,
e T
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where N = BMebte.
So, we obtained

|V (t,s)z]| < Ne?E==l=lfor all t > s+ 1, s > 0. (3.6)
Ift € [s,s+ 1) we apply the growth property and we have
MV (t, )| < M e || = MU=l |z < Neb|z]),

which implies

|V (t,s)z|| < Ne=?E=3)=lforall t € [s,s + 1), s > 0. (3.7)
Finally, from (3.6) and (3.7) we obtain that V is uniformly exponentially stable which
means from Remark 2.16 that U is uniformly exponentially instable. O

Corollary 3.4. Let U : A — B(X) be a strongly measurable and reversible evolution
operator with uniform polynomial decay. Then U is uniformly polynomially instable
if and only if there exist B > 1 and b € (0,1) such that

t
IVt.s)all , _ Blal

(s+ et =g+ 1) for all (t,z) € Ry x X.

Proof. Tt results immediately using the same idea as in the proof of Corollary 3.2. O
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1. Introduction

The complex Ginzburg-Landau equation on a bounded domain G in R or R?
with sufficiently regular boundary 0G is

dX (t) = (a1 +iag) AX (t)dt + (A1 +iXo)| X ()2 X (t)dt + X (t)dt, (1.1)
X(0) = Xo,

where X : G x [0,00) = C and a1, as, A1, Mg,y are certain real parameters.

Throughout this paper i is the imaginary unit, Rez, Imz are, respectively, the
real part and imaginary part of a complex number z, Z denotes its complex conjugate
and |z| = /(Rez)? 4+ (Imz)? its modulus. Further we use the notations: R* := R\ {0}
and N*:={1,2,...}.

Equation (1.1) is a nonlinear Schrédinger type equation with complex coeffi-
cients and power-type nonlinearity. Different forms of this evolution equation have
applications in physics, see for example [5, 6, 8, 10, 11, 12, 13].

In this paper we consider a method to approximate the solution of the following
stochastic complex Ginzburg-Landau evolution equation in dimension one perturbed
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by a multiplicative noise term

oo
dX(t) =1aAX (t)dt — N X(&)2X(t) dt +yX (t)dt + i Z bi() X (t) dWi(t) (1.2)
k=1
with initial condition X (0) = X, and homogeneous Neumann boundary condition.
Here, X is a complex-valued stochastic process dependingon ¢t € [0,7] and xz € G C R,
a € R*, \,v,T > 0 are fixed, (Wy)ren is a sequence of independent real-valued
Wiener processes and (by)ren is a sequence of real-valued functions, whose properties
will be detailed later. The stochastic equation (1.2) corresponds to the case when
in the deterministic equation (1.1) the parameters are a; = 0,a2 = a € R* and
A =-A<0,A=0,7>0.

The existence of the solution of the stochastic Ginzburg-Landau equations is
studied for example in [9, 1, 2, 5] with different noise terms than in our paper. In [9]
the Galerkin method for the stochastic equation is used, while in [1] there are studied
mild solutions and Strichartz’ estimates are applied. In [5] the equation is studied
on a three dimensional torus and has an additive noise term. A similar noise term is
considered in [2], where the martingale solution is investigated.

In this paper we prove the existence of the solution by using a deterministic
Ginzburg-Landau type equation. Moreover, we present a method to approximate the
solution of (1.2) and give error estimates for this approximation. In the context of
computer simulations error estimates are very important.

The paper has the following structure: Section 2 contains some notations, pre-
liminary results, and the variational formulation of the stochastic, as well as the
deterministic Ginzburg-Landau equation. In Section 3 we prove the existence and
uniqueness of the considered evolution equation. In the last section we give some ap-
proximation results and error estimates for both the solution of the deterministic and
stochastic Ginzburg-Landau equation.

2. Preliminaries

For simplicity we take the domain G = (0,1). Counsider the complex Hilbert
spaces H := L%(0,1) and V := H'(0, 1), the inner product in H is given by

1
(u,v) := / u(z) v(x) de, for all u,v € H,
0

while the inner product in V is

(u,v)y = /0 [u(m) o(x) + Z—z(x) %(x) dz, for all u,v € V.

The corresponding norms in H and V are [|-|| and ||-||,,, respectively. Furthermore,
let V* be the dual space of V and (-, -) the duality pairing of V* and V.
Let A:V — V* be the operator defined by

Ydu, do

A = —(x) — for all g 2.1
(Au,v) ; e dm(x)dx, or all u,v e V. (2.1)



On stochastic Ginzburg-Landau equations 309

Let (ux)ren be the increasing sequence of real eigenvalues and let (hy)ren be the
corresponding eigenfunctions of A with respect to homogeneous Neumann boundary
conditions. The eigenfunctions (hg)gen form an orthonormal system in H and they
are orthogonal in V. Obviously, for all uw € H and all v € V, it holds that

u= Z(U, hi) P, Av = Z,uk(% hi)hi
k=1 k=1
and
Im(Av, v> =0, (2.2)
Re(Av,v) = (Av,v) Z“k v, hy)| 2> 0.
Moreover,
|Av||v+ < ||v|lv, forallve V. (2.3)

Recall that V' < H is a compact embedding, (V, H,V*) is a triplet of rigged
Hilbert spaces (Gelfand triple), and (Au,v) = (Au,v), for each u,v € V, such that
Au e H.

In [4, Lemma 1.1] it is stated that

d
sup |v(x)]? < ||v]| <||v + 2‘ é ) < 2|jv||%, forallv € V. (2.4)

z€[0,1]
Recall that H'(0,1) — C[0, 1].
For each n € N* set H,, := sp{hy, ha,..., h,} with the norm being induced from
H. The norms || - || and || - ||y are equivalent on H,.

The map II,, : H — H, defined by II,h := Z(h, hi)hi is the orthogonal
k=1
projection of H onto H,. Then, II,h = h, for each h € H,, and ||II,h| < ||k|], for
each h € H. Moreover, for each h € H,, it holds

Ah = Zﬂk(hvhk)hk € Hp,

k=1
and then
(A,h) = (Ah,h) =" g [y i) [* = ([P = 11R]*, (2.5)
k=1
(Ah, Ah) Z,uk |(h, hi)|?, for each h € H,,. (2.6)

Further, we mention some results used throughout the paper.
Lemma 2.1. Let u,v € V such that Av € H and |u|?*v € V, then
Re(|ul?v, Av) > 0. (2.7)
Especially, if [v|?v € V, it holds
Re(|v|?v, Av) > 0. (2.8)
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Proof. We have

1 2.
dv , | dul*v
Av, [uf?v) = @
Re(Av, |ul*v) Re/0 da:<x) I () dx

dv
%(3@)

B Yo dv, dlul? 5
~ ke | <v<x>dz<x> W (@) + u(a)
B ! 1dv|? dlul?

-/ ((Hx (@) L o) + uta)

Re(|ul*v, Av) = Re(Ju[?v, Av) = Re(Av, |u|?v) > 0.

2
)dw
2
)dx>0.

dv
%(x)

Therefore,

O
Lemma 2.2. Let 21,29 € C. Then the following inequalities hold
||21|22’1 - \Z2|222| <3 (J21]? + |22)?) |21 — 22l; (2.9)
Re ((|z1]221 — |22]?22) (21 — 22)) > 0. (2.10)
Proof. See, e.g., [9, Lemma 7.2, Lemma 7.3]. O

Lemma 2.3. Let S be a bounded set in L2([0,T); V), which is equicontinuous in
C([0,T); V*). Then, S is relatively compact in L*([0,T]; H).

Proof. We use [14, Theorem 4.1] applied for V. < H < V*, where V — H is
compact. O

In what follows we assume that (2, F,P) is a complete probability space
and (Wg)ken a sequence of independent real-valued standard Brownian motions on

[0,T] generating an increasing family of o-algebras (]—}) te[0,T]" For each k > 1, let

bi : [0,7] — R be square integrable functions such that

0o T
Z/o bi(s)ds < . (2.11)
k=1

Throughout the paper let A\,~v,T > 0, a € R*, Xg € V be fixed.

Definition 2.4. An (F) adapted process

t€[0,T)
X € L*(;C([0,T); H)) N LY(Q x [0, T); V)

is called a variational solution of the stochastic Ginzburg-Landau equation (1.2) with
initial condition Xg € V if

(X (1), v) :(Xo,v)—ia/o (AX(s),v>ds—)\/O (X()2X(s),0)ds  (2.12)

+7/0 (X(s),v)ds+i;/0 bi () (X (5), 0)d Wi (s)

holds for all t € [0,T], v € V, and a.e. w € Q.
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Remark 2.5. Let (2.11) be satisfied. Recall that the real-valued stochastic integral
with respect to countably many Brownian motions

B g/ bi(s)dWi(s),  te[0.7],

is a continuous square integrable martingale with respect to the filtration (F;), .17’

see [3, Lemma 2.1], having the quadratic variation equal to

R), = Z/lbi(s)ds, t e [0,7).
k=170

Moreover, for each U € L*(Q; C([0,T]; H)) the H-valued stochastic integral

Z/ bi(s)U(s)dWi(s),  te0,T),

is a continuous square integrable H-valued martingale with respect to the filtration
(ft)tE[O,T] and

(||1 EZ/ b2 (s)||U(s)||2ds, t € [0, T7.

Similar to the method from the paper [7], we associate to (2.12) a deterministic
equation, which has the same initial condition Xy € V. For this we denote

Y (t) := exp <—'yt — %Z/o b3 (s)ds — iZ/O bi(s) de(s)>
k=1 k=1

for all ¢ € [0,T] and a.e. w € . The (}—t)te[o 7]
(Y'(t))eeo, is the solution of the following stochastic linear differential equation

y=1- /Y ds— /b2 ds—l /bk s) dWi(s)

for all t € [0,7] and a.e. w € Q, where the stochastic mtegral in this equation is a
real-valued continuous martingale (see Remark 2.5). For all ¢ € [0, 7] let

1 — [
B(t) := =exp | 29t + / vi(s)ds |, (2.13)
YR ( 2 ), %
and then 0 < B(t) < B(T) < oo for all t € [0,T].
Definition 2.6. If Z € C([0,T]; H)) N L*([0,T]; V) satisfies the evolution equation

(Z(t),v) = (Xo,v) — /O(AZ( vy ds — A /B (12()22(s),0)ds  (2.14)

for all t € [0,7] and all v € V, then Z is called a variational solution of the determi-
nistic Ginzburg-Landau type equation.

adapted real-valued process
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3. Existence results
Theorem 3.1. There exists a unique solution

Z € C([0,T]; H)n LY([0,T]; V)
of (2.14). Moreover, the following inqualities hold

sup [|Z()]1* < || Xoll?,
te[0,T

T T
/0 12(8)|2 dt < T|| X0 / 1Z(t) b dt < T X0

Proof. Fix n € N*. We consider the finite dimensional deterministic equation corre-
sponding to (2.14)

(Za(t), hy) = (Xo, ) — / (AZ,(s).hy) ds — A / B(5)(|Z0(5) 2 Za(s). hy) ds, (3.1)

forallt € [0,77], j € {1, ...,n}. In what follows we study the existence and uniqueness
of the solution Z,, € C([0,T); Hy,) of (3.1).

From (2.2) and (2.10) it follows by standard arguments that the solution of (3.1)
is unique in C([0,T]; H,,), and that the solution of (2.14) is unique in C([0,T]; H) N
LA([0,T]; V).

The existence of Z,, € C([0,T]; H,) follows from the finite dimensional theory
for differential equations with locally Lipschitz nonlinearities. Note that (2.9) assures
that the nonlinearity in (3.1) is locally Lipschitz. The solution is global on [0, 7] by
the estimate (3.4) below: By taking the complex conjugate in (3.1) we have

t

(Zn(t),hj):(Xo,hj)wLia/o (AZn(s), h >d$—A/OB(S)(\Zn(S)IQZn(S),hj)dS (3-2)

forallt € [0,T], j € {1,...,n}.
For z € C we recall the following identities

z—Z=2iImz and z+ Z = 2 Rez. (3.3)
By using (3.1), (3.2), the chain rule for the product

(Zn(-); hs) - (Zn(); hy), 5 € {1, ..m},
as well as (3.3) and the property

1Zn(0)]I* = Zl 2ZeR, telo,T],

we obtain for all ¢ € [0, 7]

t
1Zn ()7 = [T, X0 + 2aIm/O<AZn(s), Zo(s)) ds

—2)\Re/0 B(8)(|Zn(8)|? Zn(8), Zn(s)) ds.
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By (2.2) and (2.8) we conclude

sup || Z,(8)[I” < || Xol|*. (3.4)
te[0,T)

Further we obtain estimates for sup || Z,(t)||?,. Using (3.1) and (3.2) as above, we

t€[0,T]
have for all ¢t € [0,T] and j € {1,...,n}

t
131 (Zn(8), hg)* =151(Xo, hy)[? + QGIIH/O 131(Zn(5), hy) P ds
t
= 2ARe [ B(6)(120(5) 20 5): 1520 (5). )y s
0
Summing up from j = 1 to n, then, by (2.5) and (2.6), we obtain for all ¢ € [0, T
t
(AZ,(t), Z,(t)) = (AL, X0, 11, X0) — 2)\Re/B(s)(|Zn(s)|2Zn(s),AZn(s))ds
0

By (2.8) and (2.5) it follows for all t € [0, T]
1Zn (@I = 1Za ()] < (AL, Xo, T, Xo0) < (AXo, Xo) = [ Xol[} — || Xoll*.
Therefore by (3.4) it follows
sup (| Zn ()7 < [ Xoll}- (3.5)
t€[0,T]
Then, we conclude Z,, € L*([0,T]; V).
By (3.1) and (2.3) we have for all r,t € [0, T] with r < ¢

1Z0(t) — Zo(r)|2- < 2 / 1AZ,(

t
$)||F-ds + 2)\2/B2(5)|||Zn(s)|2Zn(s)| L.ds

t t
<2 [1Zu(s) s + 2X°CBT) [ 11Z0(5)PZus) P,

where C is the embedding constant of H < V*. Moreover, by (2.4) we write for all
r,t €0, T) with r < ¢

/ 112 (5) P Zn(s) s = /:(/01|Zn<s>|6dx)ds<4:||Zn<s>|é||zn<s>||2ds.

Using these estimates, as well as (3.4) and (3.5), it follows for all r,¢ € [0,T] with
r<t

1Z0(t) = Zn ()7 < 2t = 7)1 XollT, (1 +4N*CB*(T) |1 X7 1 Xol*) -

We observe that S := (Z,)n>1 is equicontinuous in C'([0,7]; V*) and it is bounded in
L?([0,T]; V) and also in L4([0,T]; V) (see (3.5)).

It follows that there exist U € L2([0,T]; H) N L*([0,T]; V) and a subsequence
(an)k21 which is:
e strongly convergent in L?([0,T]; H) to U (by Lemma 2.3)
and
e weakly convergent in L*([0,77]; V) and, also in L?([0,T]; V), to U.
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Recall that L4([0,T]; V) < L*([0,T]; V) < L2([0,T); H); these are reflexive Banach
spaces and we can use [15, Proposition 21.23(i), Proposition 21.35(c)].

Since (Zy, )k>1 is strongly convergent to U in L?([0,T]; H), one can prove by
using (2.9) that (|Z,,,]*Zn,),~, is weakly convergent to [U[*U in L*([0,T]; H). In
(3.1) we take ny, instead of n, then let k& — oo, and using the above convergence
results, we get for all j € N* that

t

(U (). hy) = (Xo,hy) — ia / (AU (s), hy) ds — A / Bs)(U(s)2U(s), hy)ds  (3.6)

holds for a.e. t € [0, 7.

There exists an H-valued function that is equal to U for a.e. t € [0,7] and is
equal to the right side of (3.6) for all ¢ € [0, T]. This function we denote by Z. By the
properties of U we have

Z € C([0,T]; H)n L*([0,T]; V)

and Z is the solution of (2.14).
The estimate

sup [|Z(1)]|* < || Xoll?
te(0,T]

is obtained similarly to (3.4) by using (2.12). By the weak convergence of (Z,, )i>1
to Z in L2([0,T]; V) and also in L*([0,T]; V), we get from (3.5)

T T
/ 1Z(t)|12 dt < liminf / 1 Zo (B2t < TY| X012,
0 k—oo 0

T T
[ 12l de <timint [ 12, @l dt < 71X
0 k—oo /o
g

Remark 3.2. In [13, Chapter IV, Theorem 5.1] and [8, Chap. 10, Théoréme 10.1] the
reader may find alternative ideas for the proof of the existence of the solution of (2.14).
The purpose of our detailed proof, using classical methods from partial differential
equations, was to obtain the estimates stated in Theorem 3.1, which will be used in
the computation of error bounds in Section 4.

Theorem 3.3. There exists a unique variational solution of (2.12)
X € L3(Q;C([0,T); H)) N L*(Q x [0, T); V).

Moreover, X € C([0,T); HYNL*([0,T]; V) for a.e. w € Q and the following inqualities
hold for a.e. w € Q

sup [ X(1)]* < B(T)[|Xoll?,
te(0,7]

T T
/0 IX(8)2dt < TBT)|Xoll3, / IX(6)[4dt < TB(T)]| X1}
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Proof. By the It formula and the uniqueness of the solution of (2.14) one has that
X(t):=Z(t)Y (), for all t € [0,7] and a.e. w € Q,

is the unique solution of (2.12). The estimates for X follow from Theorem 3.1 and we
also have

E sup [IX(#)|* < B(T)| X0l
t€[0,T]

T T
E/O IX@OIVdt < TB(T)||IXoll7, E/O IX@)I[vdt < TBX(T)|| Xolly. O

4. Approximation of the solution

We will approximate the solution of (2.12) by a sequence of stochastic processes
(Xn)N>1, where, for each N € N*, we consider X := ZxyY !, Zy being the solution
of the following linearized deterministic problem in variational formulation

(Zn(t),v) = (Xo,v) fia/o (AZN(s),v)ds — )\/0 B(s)(|ZN_1(s)|2ZN(s),v) ds, (4.1)
for all ¢ € [0,T] and all v € V. We take Z; := Xj.

Theorem 4.1. For each N € N* there exists a unique solution
Zn € C([0,T); H) N L*([0,T]; V)
of (4.1).
Proof. The result is obtained successively: Let N > 1. If
Zn_1 € C([0,T]; H) N L*([0,T]; V), then Zx € C([0,T); H) N L*([0,T]; V)
is a solution of (4.1).
The existence and uniqueness of the solution of (4.1) is proved analogously to

Theorem 3.1. We use (2.7), Lemma 2.3, and the Galerkin method associated to (4.1)
in order to obtain the following estimates for each N € N*

sup [|Zn (8)[* < [ Xo%,
t€[0,T]

T T
/0 12 (0)12 dt < T Xoll3, / 12 (8) | dt < TI|Xoll}- 0
Theorem 4.2. For each N € N* it holds
3ATB(T)
sup [123(0) ~ 2O < Zoem Xl ol exp (20X B Kol

tel0,T

Proof. By using (4.1) and (2.14), we have

1Zn(t) — Z(t)||? = 2aIm /O (AZN(s) — AZ(s), Zn(s) — Z(s)) ds (4.2)

- 2ARe/O B(s)(|1Zn-1(s)I?Zn(s) = |Z(s)I?Z(s), Zn (s) — Z(s)) ds,
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for all ¢ € [0, T]. We define

e(t) = exp (—20)\ /Ot B(s)||Z(s)||%,ds> . forall £ € [0,7].
Then, by (4.2) and (2.2), we have for all ¢ € [0, T
e)|Zn(t) — Z(t)|* = (4.3)

~ 2)Re / e(5)B(5)(1Z—1(5)*Zn () = | Z(5)PZ(s), Zn(s) — Z(s)) ds

- 20/\/ e(s)B()Z(s) V1 Zn (s) — Z(s)||*ds.
0
We compute

—Re(|Zn_1*Zn — 21?2, ZNn — Z)
= -Re(|Zn-11*INn - 2),Zn — Z) + Re((|Z* = |Zn-1P)Z, ZN — 2Z).

Denote Q@ = Zn_1, R = Zn (we omit writing the dependence on s and x). Due to the
definition of the scalar product (-,-) in H, we write

1
~Rel|Zya[*(Zx - 2). 25— 2) = - [ QPIR - 2
0

- /1 (|Q —Z*+|Z* + 2Re[(Q — Z)Z]) |R — Z|?dx
0

1
< [ (~1Q-2Pir- 2P - 2P|k - 2P+ 2Q - ZI|Z|[R - 2)do
0

1
1
< [ (-31Q- 2R~ 2P +|2P|R - 2P)ds,
0
as well as

1
Re((|Z] - |Zy-1[*)Z. Zy — Z) = Re / (122 - |QP)Z(R - Z)da

1

= Re/ (— 1Q — Z|* — 2Re[(Q — Z)Z])Z(R— Z)da
0
< e —ZPIR—Z] + | ZP|R - 2P+ 2|21%10 - 21%)d
< 51Q =21 "+ 1217 "+ 5121°1Q - 2] ) dz .
0
Then,
—2\Re(|Zn_11*ZN —|Z*Z, Zn — Z)
1
< )\/ (4|Z\2|ZN —ZP+ 3122 ZN-1 — Z\Q)dx
0

<M ZIVN1Zn — Z)* + 6AI 2V 125 -1 — 2],
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where in the last inequality we apply (2.4). Using the result obtained above, we get,
by (4.3), for all ¢ € [0,T]

e Zn(t) = Z®)I* + 12A/ e(s)B(S)IZ(s)II5 1 2n(s) — Z(s)lPds  (4.4)
< GA/ SIZ ()1 Zy-1(s) = Z(s)]*ds.

This implies, for each N € N*
T
/0 e(s)B()Z(s)IV1Zn () — Z(s)||Pds
T
<5 [ eOBEIZE}Zxr() - 2(5) P

1 T
S [ dOBEIZEIIXo - 2() s
1 2 2 4 2
< e BN + sw 126)7) [ 12() [ ds
s€[0,T] 0
TB
< 2D o lPIol-

Note that in the last inequality we take into consideration the estimates from Theorem
3.1. Using the above result in (4.4), we obtain for each N € N*

TB(T)

Z — ZWB? < 6A—2L 1 X012 X |12

e 1Zn(8) = ZOI < 62 gy=g s 1 Kol Kol
3)\TB( )

=i I Xol*[Xolir exp (00T B(T) || Xo]I7,) -

Applying Theorem 3.3 and Theorem 4.2, we obtain the main result of our paper.
Theorem 4.3. For a.e. w € 2 and for each N € N* et

Xn(t) := Zn(t)Y 1), for allt € [0,T).
The following approximation result holds for a.e. w € Q0 and all N € N*

3TAB(T)
tS[%I}[] 1 Xn(t) — X (1) < 21\,7_4HX0||2||X0H%/ exp (20ATB(T) || Xo|13),
elo,

where
0o T
B(T) =exp | 297 + Z/ bi(s)ds | .
k=170
In particular, this implies

P({ lim sup || X HIP=0)=1
(lm, sup 1Xv(0) = X(0)I* = 0)
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and
lim E sup ||Xn(t)—X(t)|*>=0.

N—=oo  4el0,1)
Remark 4.4. We can obtain similar results as in this paper, if:
1) we consider homogeneous Dirichlet or periodic boundary conditions;
2) instead of the nonlinear term |X|?>X we take | X|?° X, where o > 1, or combined
power-type nonlinearities such as | X[?71 X + | X|?72X, where 01,09 > 1;
3) v <0;
4) in (2.12) the operator —iaA is replaced by —(aj +iag)A, where as € R* and a; > 0;
5) for each k > 1, we assume by, : Q x [0,7] — R to be (F) adapted processes
satisfying

t€[0,T7]
0o T

E (exp (32/ b2 (s) ds)) < 00.
k=170
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Abstract. We generate automatically several high order numerical methods for
the solution of nonlinear equations using Padé approximation and Maple CAS.
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1. Introduction

Consider the nonlinear scalar equation

f@) =0, (L1)

where f: D C R — R is a continuous and differentiable as many times as necessary.
Let « be a solution of (1.1). Let R,,, be the set of rational functions with degree of
numerator m and degree of denominator p. Suppose f has a formal Taylor series

f(z2)=co+ciz4coz® +--- .

For any pair (m,p) € NxN, r,, , € Ry, is the type (m,p) Padé approximant
to f if their Taylor series at z = 0 agree as far as possible:

(f = rmp)(2) = O(z"") (1.2)
We will use three different strategies based on Padé approximation in order to
obtain automatically high order method:

e a direct strategy;
e inverse interpolation;
e modified methods.
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The features of Maple CAS allow us to generate methods of arbitrary orders.
See [4] or [6] for details. The pade procedure from the numapprox package computes a
Padé approximation of degree (m,p) about a given point. The paper [3] and the book
[2] contain several interesting examples of using Computer Algebra for the derivation
of numerical methods. In the sequel we will consider one-step methods, i.e. methods
of the form

Tn+l = F(xn)7 Zo given‘

For the sake of brevity we will use the notations f,, = f(x,) and fT(Lk) = f®F)(z,).

2. The direct approach

The first strategy is to approximate f by its (m,p) Padé approximant r,, , €
Rm.p and to solve the equation 7., ,(x) = 0. The iteration will have the form
Int+1 = F(xn)v

where F'(x) is the root of 7, p(2) = 0 as a function of x. In order to avoid the solution
of higher order equations, we will choose m = 1.
For example, for m = 1 and p = 0, we obtain the Newton’s method.

> restart;

>  with(numapprox) :

> F:=pade(f(t),t=x[n],[1,0]):
> G:=collect(solve(%,t),x[nl);

G =z, ——— "
D) (xa)
or,
Tn1 = Ty — fl
fh

For m =1 and p = 1, we obtain Halley’s method.
> F:=pade(f(t),t=x[n],[1,1]):
> G:=collect(solve(%,t),x[nl);

G =z, —2 D (f) (zn) f (zn)
2 (D (f) (z))* — (DD (f) () f (20)
_ 2fpfn
Tn+l = Tn

2(f1)° - fib
This formula was obtained using direct Padé approximation in [2].

These are in fact particular cases of Householder-type methods. They could be
obtained by considering (1,p) Padé approximation and solving the equation r; , = 0.
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Their order is p + 2. If f € CPTY(V), where V is a neighborhood of «, Househelder
showed in [9] that the general form of iteration is

( 1 ) (p)
f
) ( 1 ) (p+1) ’
f .
The generation of such a method is straightforward with the following one-line

Maple code

> Phi:=(x,p)->x+(p+1)*(DEC(p)) (1/£) (x)/(DEA(p+1)) (1/£) (x):
We give two examples, for p = 2 and p = 3. The results were converted to
mathematical notation.

> F_2:=x+normal (Phi(x,2)-x);

> F_3:=x+normal (Phi(x,3)-x);

Tpy1=2Tn+ (p+1

[2f"(x) — f"(@)f(2)] f(2)
[ (@) f2 () + 647 (x) — 6" (x) ' (x) f (x)
[f"" (@) f2(2) + 67 (x) — 6" () f'(x) f ()] f(2)
Q(x) ’

FQZ:(E—S

4
F3 =x +

where

Qz) = FD (@) f2(2) = 81" (@) ' (2) f* () — 24" (2)+
36" (@)(2)f(2) = 6" (@) f*(x) (23)

3. Inverse interpolation

-1

Suppose there exists g = f~' on a neighborhood V of a. The inverse interpola-

tion consists of approximating

a = g(0),
by the value of an interpolant g for g at 0
a=g(0).

In this section we will use inverse Padé interpolation. The formula we look for
will have the form
Tht1 = Tmp(Th)s k=0,1,,
where 7y, ,, is the (m, p) Padé approximant for g(0). For details on inverse interpo-
lation see [1], [5], [7]. The paper [7] uses rational interpolation to derive methods
for the solution of scalar nonlinear equations. The Maple procedure invpade gen-
erates the iteration function based on (m, p)-inverse Padé interpolation.
> invPade:=proc(m::nonnegint,p: :nonnegint)
local f,x;
x+collect (eval (pade ((fe@(-1)) (y),y=f(x), [m,pl) ,y=0)-x,
X,simplify);
end proc;

V V. V V
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We give examples for (m,p) € {(1,1),(2,1),(2,2)}. The results were edited, in
order to fit on page.
Formula for (1,1) is the Halley’s formula.

> F11:=invPade(1,1);

f'(@) ()
f(@) f(x) = 2f"(x)
Formula for (2,1) was given and studied in [10].

> F21:=invPade(2,1);

> convert (%,diff);

Fll :.Z‘+2

f(@) [f (@) f' (@) f" (x) = 5 (@) f"*(x) + 3f(2) f" ()]
fr@) [f (@) /(@) f7 () = 3f (@) f72(x) + 3f72 () [ ()]

Note that the formula for (1, 2) is different from (2.1) (that is, the direct approach
and inverse interpolation generates different formulas for (1,2) pair of degrees). The
(2,2)-type formula is

F21 =X —

(3.1)

U
F22 =T+ v, (32)

where
U=6ff [£ U SO —6r 1"+ 6F (1) + 48" (1) =6 (") (1] (@)
and
V=23 SO = a (P =6 9 (1)) (@)
~6 £ (P =8 49 (1)) (@)
—12 (2073 ) (@),

4. Modified methods

Following the ideas of Sebah and Gourdon [8], we look for an iteration of the
form

h? h3
$n+1=3€n+hn+022*7+a33*7+"'» (4.1)

where h, = — Jf,((“;")). Under the assumptions that f is sufficiently differentiable and

hp + GQ% + agig%% + -+ is small, we start from Taylor expansion of f(z,41) about
Zp, and using the side-relation f(x,) + h,f'(z,) = 0, we try to choose a,’s so that
to cancel as many terms as possible in the expansion.

The Maple procedure modPade below returns the coefficients (ax) and the modi-
fied method (4.1) truncated to a given number of terms.
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> modPade:=proc(nmax: :nonnegint)
> 1local k, inc,dT, dT2, sol, a, ec, so, it, n ;
> inc:=h+add(al[k]*h"k/k!,k=2..max(nmax+1,3));
> dT:=convert (taylor(f(x[n]+t),t=0,nmax+1),polynom) ;
> dT:=simplify(subs(t=inc,dT), [f(x[n])+h*D(f) (x[n])=0]):
> dT2:=collect(dT,h,simplify):
> for k from 2 to nmax+1 do
> eclk]:=coeff(dT2,h,k);
> end;
> so:=solve([seq(ec[k],k=2..nmax+1)], [seq(alk] ,k=2..nmax+1)]);
> assign(so);
> it:=x[n]+eval (subs(h=-f(x[n])/D(f) (x[n]),factor(inc)));
> return a,it;
> end proc:
modPade computes for ag, k = 2,...,6, the following values
1
ag = —J%
3 (f//)Q _ f///f/
az = AAJL477TQAE
(f7)
1&4) (f/ )2 — 10" f7 1 415 (f//)3
n (72"
o 105 ()t 10545 (S S A 156 £ () 10 (£2)* (1) = £ (£2)°
5 ()’
7
0 =~y (135 (1) = 18087 (120" 11430412 (107 (1) + 407 1207 (£)°

_3fr(L5) " (

n

5 =50 (1))
For nyax = 4, modPade gives the fourth-order formula

S e ) (@ @) =3 (0 @)) £ )
LTI ) 2(f () 6 (f' (zn))°

(4.2)
For npax = 5, modPade gives the fifth-order formula

flan) [ (@) 2 (@n) (£ @) £/ (20) =3 (" (@0)?) £ ()

T T 2 @) 6 ()’
(I @) (@) = 2007 (@) 1 () () 15 @a))°) S ()
24(f/(zn))7
(4.3)

Remark 4.1. These methods are the same as Chebyshev methods and could be gene-
rated using inverse Taylor interpolation (see [1, 7]).
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5. Numerical examples

We wish to compare the different iterations on the solution of the equation
ze® + 12 —6=0. (5.1)
First, we compute the solution using fsolve function with Digits set to 400.
> Digits:=400:
>  eq:=x*exp(x)+x"2-6:

> rootl:=fsolve(eq,x);

rootl :=1.25716946808154244322416171370599680292013126504290076'
142355162009975113083056615579120160569103718598288101\
140558803113433921630435939810988753086636 . . .

Then, for each method we execute a small number of iteration steps and count
the number of correct digits and compute the absolute error as the modulus of the
difference between root1l and the computed approximation.

e Padé (1,2), order 4 (formula (2.1))
o1 = 1.26(257...) 2 digits
xo = 1.2571694681(095 . ..) 10 digits
x3 = 1.2571694680815424432241617137059968029201312(853 ... ) 43 digits
x4 = 1.25716946808154244322416171370599680292013126504(. .. ) 176 digits
e inverse Padé (2,1), order 4 (formula (3.1))
w1 = 1.2(727...) 1 digits
s = 1.257T1694(737...) 8 digits
x3 = 1.2571694680815424432241617137059969(004 . . . ) 34 digits
x4 = 1.2571694680815424432241617137059968029201312650(. .. ) 137 digits
e modified method, order 4 (formula (4.2))
o1 = 1.3(106...) 1 digits
x9 = 1.25717(411...) 5 digits
x3 = 1.257169468081542443224(458 .. .) 21 digits
x4 = 1.25716946808154244322416171370599680292013126504(. .. ) 86 digits
e Padé (1,3), order 5 (formulas (2.2) and (2.3))
o1 = 1.257(703...) 3 digits
xo = 1.257169468081542443(624 . . .) 18 digits
x3 = 1.257169468081542443224161713705996802920131265(. . . ) 94 digits
x4 = 1.25716946808154244322416171370599680292013126504 (. .. ) 472 digits
Note that this method was tested for Digits set to 500.
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e inverse Padé (2,2), order 5 (formula (3.2))
x1 = 1.26(...) 2 digits
xo = 1.2571694680815(682. ..) 13 digits

x3 = 1.257169468081542443224161713705996802920131265(. . . ) 69 digits
x4 = 1.25716946808154244322416171370599680292013126504 (. . . ) 348 digits

e modified method, order 5 (formula (4.3))
x1 =1.(2846...) 1 digits

xo = 1.257169(479.
x3 = 1.257169468081542443224161713705996802920(249 . .. ) 39 digits
x4 = 1.2571694680815424432241617137059968029201312650(. .. ) 199 digits

..) 7 digits

327

Tables 1 and 2 give the error after each iteration for 4th order and for 5th order

methods, respectively.

Iteration Padé Inverse Padé Modified
(1,2) (2,1) order 4

1 5.4033e¢ — 03 | 1.5528¢ — 02 | 5.3445e¢ — 02

2 2.7982¢ — 11 | 5.6144e — 09 | 4.6404e — 06

3 2.0247e — 44 | 9.7495¢ — 35 | 2.9607e — 22

4 5.5508e — 177 | 8.8659¢ — 138 | 4.9061e — 87

TABLE 1. Errors for each iteration, 4th order methods

Iteration Padé Inverse Padé Modified
(1,3) (2,2) order 5
1 5.3370e — 04 | 3.7722¢ — 03 | 2.7441e — 02
2 4.0001le — 19 | 2.5751e — 14 | 1.0904e — 08
3 9.4690e — 95 | 3.8318¢ — 70 | 1.1775e — 40
4 7.0386e — 473 | 2.7954e — 349 | 1.7284e — 200

TABLE 2. Errors for each iteration, 5th order methods

6. Conclusions

All methods presented computes a large number of correct digits in a small
number of iterations. Direct Padé and inverse Padé methods are superior to modified
methods. Direct Padé methods, (in fact, Householder methods) have a better accuracy
than methods based on inverse Padé interpolation of the same total degree, at least for
equation (5.1). The approach presented in this paper could be useful in the context of
symbolic computation, when a large number of digits is required, and to automatically
generate numerical methods for the solution of nonlinear equations.
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Complex left Caputo fractional inequalities

George A. Anastassiou

Abstract. Here we present several complex left Caputo type fractional inequalities
of well known kinds, such as of Ostrowski, Poincare, Sobolev, Opial and Hilbert-
Pachpatte.

Mathematics Subject Classification (2010): 26D10, 26D15, 30A10.

Keywords: Complex inequalities, fractional inequalities, Caputo fractional deriva-
tive.

1. Introduction

We are motivated by the following result for functions of complex variable:
Complex Ostrowski type inequality

Theorem 1.1. (see [3]) Let f be holomorphic in G, an open domain and suppose
v C G is a smooth path from z (a) = u to z (b) = w. If v =z (z) with x € (a,b), then
"Yu,w = Yu,v U "Yv,wy

V@ﬂw—@—lf@ﬁz

e [ 1l
Y

w,v

1P [ 12— wlla
;

< V \z—u\|dz|+/
Y- Y

!/ !
= zrél{aﬁ |Z B u| ”f ||'Yu"u;1 + ZIEH%},(W |Z - w\ Hf H'yv,w;l

Yu,w3;00 7

|2 — wl dd] 1/

u,v v, w

and

V@Mw—w—lf@mz

< mac { [z = ul o [z = wl} 17,
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Ifp,g>1 wz’th%Jr%:l, then

row-u- [ 1@< < [l |dz|> 17 s
vy u,v
+ ( / |z—w‘Z|dz> I
< </ |Z—U|q|dz|+/ |z —wl |dz|> Hle'yu,w;p'

Above || is the compler absolute value.

Yv,wiP

We are also motivated by the next complex Opial type inequality:

Theorem 1.2. (sec [2]) Let f: D C C — C be an analytic function on the domain
D and let z,y,w € D. Suppose v is a smooth path parametrized by z (t), t € [a,b]
with z(a) = z, z(c) = y, and z(b) = w, where ¢ € [a,b] is floating. Assume that
f®(2)=0,k=0,1,...,n,n €%y, and p,qg > 1: %—i— % =1. Then

1)

FY () 2 (1) dt

S/abf |‘f"+1) ’|z )| dt
2% n! V (/ |2 () =2 (O |2 ()Idt) B )Idc]
. (/ab FOHD (2 ‘ 2 |dt>§’

equivalently it holds

2)

<

/ £ (2) £ (2) d

x,w

< [ / b ( JECEE |dz|> 1 c) dc] ; ( [ el |dz|> q

Here we utilize on C the results of [1] which are for general Banach space valued
functions.

Mainly we give different cases of the left fractional C-Ostrowski type inequality
and we continue with the left fractional: C-Poincaré like and Sobolev like inequalities.

We present an Opial type left C-fractional inequality, and we finish with the
Hilbert-Pachpatte left C-fractional inequalities.

</ |’fn+1
Yz, w

x

@,y
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2. Background

In this section all integrals are of Bochner type.
We need

Definition 2.1. (see [4]) A definition of the Hausdorff measure h, goes as follows: if
(T,d) is a metric space, A C T and 6 > 0, let A (A, §) be the set of all arbitrary collec-
tions (C'), of subsets of T', such that A C U;C; and diam (C;) < 6 (diam =diameter)
for every i. Now, for every o > 0 define

1 (A) := inf {Z (diamC;)* | (C), € A (A,(S)} . (2.1)
Then there exists limhd (A) = suph? (A), and h, (A) := limh? (A) gives an outer
6—0 §>0 6—0

measure on the power set P (T'), which is countably additive on the o-field of all Borel
subsets of T'. If ' = R™, then the Hausdorff measure h.,, restricted to the o-field of the
Borel subsets of R™, equals the Lebesgue measure on R™ up to a constant multiple.
In particular, hy (C') = u(C) for every Borel set C C R, where p is the Lebesgue
measure.

Definition 2.2. ([1]) Let [a,b] C R, X be a Banach space, v > 0; n:= [v] € N, [-] is
the ceiling of the number, f : [a,b] — X. We assume that (™) € L, ([a,b],X). We
call the Caputo-Bochner left fractional derivative of order v:

1 r 1
DY — —Hnr (n) ) 2.2
(D) @)= gy | =" W Vaclal. @2)
IfveN weset DY, f = f (*) the ordinary X-valued derivative, defined similarly to
the numerical one, and also set D, f := f.

By [1] (D%, f) (z) exists almost everywhere in z € [a,b] and DY, f € L; ([a,b] , X).

I [ f ) (ax) < 0 then by [1] DY, f € C ([a, ], X).

We need the left-fractional Taylor’s formula:

Theorem 2.3. ([1]) Let n € N and f € C" ! ([a,b], X), where [a,b] C R and X is a
Banach space, and let v > 0:n = [v]. Set

-S

=0

f<> (t), Ytelaa], (2.3)

where x € [a,b].
Assume that f") exists outside a p-null Borel set B, C [a,x], such that

hi (Fy (Bg)) =0,V z € [a,b]. (2.4)
We also assume that f™ € Ly ([a,b],X). Then
n—1 g T
@)= 20 @+ ﬁ / (x =27 (Duf) (2)dz, (25
i=0 : a
vV z € [a,b].
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Next we mention an Ostrowski type inequality at left fractional level for Banach
valued functions.

Theorem 2.4. ([1]) Let v > 0, n = [v]. Here all as in Theorem 2.3. Assume that
f@(a)=0,i=1,...n—1, and that DY, f € Lo ([a,], X). Then

(b—a)”. (2.6)

D:a a
‘ D5l oy

1 b
ﬁ/a flz)dr—f(a) T(v+2)

We mention an Ostrowski type L,, fractional inequality:

Theorem 2.5. ([1]) Let p,q > 1 : %—l—% =1, and v > %, n = [v]. Here all as in
Theorem 2.3. Assume that f*) (a) =0, k = 1,....,n — 1, and DY, f € L, ([a,}],X),
where X is a Banach space. Then

HD:afHLq([a,b],X)
L) (v —-1)+1)7 (v+1)

< (b—a)’"7. (27)

b
7 [ f@d- @

It follows

Corollary 2.6. ([1]) (to Theorem 2.5, case of p = q¢ = 2). Let v > 3, n = [v].

Here all as in Theorem 2.3. Assume that f*) (a) =0, k = 1,...,n — 1, and D', f €
Ly ([a,b], X). Then

- 1D f 2, (fat), x)
T D) (V2r—1) (v+1)

Next comes the L; case of fractional Ostrowski inequality:

b 1
ﬁ / f (@) dz — f (a) b-a"t. (28

Theorem 2.7. ([1]) Let v > 1, n = [v], and all as in Theorem 2.3. Assume that
f®(a)=0,k=1,..,n—1, and DY, f € Ly ([a,b], X). Then

< ||D5:af||L1([a,b],X)

< T+ 1) (b—a)" . (2.9)

b
e [ T @

We continue with a Poincaré like fractional inequality:

Theorem 2.8. ([1]) Let p,q > 1 : %—i—% =1, and v > %, n = [v]. Here all as in
Theorem 2.3. Assume that f*) (a) =0, k=0,1,....,n — 1, and D%, f € L, ([a, ], X),
where X is a Banach space. Then

(b—a)"
; 1 D%, (o), x) - (2.10)
L) (p(v—1)+1)7 (qu)* a([a.b],)

Next comes a Sobolev like fractional inequality.

Theorem 2.9. ([1]) All as in the last Theorem 2.8. Let r > 0. Then

1 1
(b—a) it .
£ o) < 1Dy - (211)

I‘(z/)(p(u—l)—&—l)% (r (V—%) —l—l)

110, a0y <
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We mention the following Opial type fractional inequality:

Theorem 2.10. ([1]) Let p,q > 1: 11) + ==1, and v > 7, n:= [v]. Let [a,b] CR, X

a Banach space, and f € C"1 ([a, b] ,X) Set
e

- D), Vtela,z], wherex € [a,b]. (2.12)

Assume that f") exists outside a p-null Borel set B, C [a,x], such that

hi (Fy (Bg)) =0, Yz €la,b]. (2.13)
We also assume that f™ € Ly ([a,b], X).
Assume also that f*) (a) =0, k=0,1,....,n — 1. Then

[ 17 @) ) s

1

T2 (W) (P -1+ 1) (p(v—1)+2))”
vV €la,b.

(—a) !> ( (D 2)|| dz) : . (214)

We finish this section with a Hilbert-Pachpatte left fractional inequality:

Theorem 2.11. ([1]) Let p,q > 1: %—&—% =1, and vy > %, vy > %, n; = [v;],i=1,2.
Here [a;,b;] C R, i =1,2; X is a Banach space. Let f; € C" 7! ([a;,b;],X), i =1,2.
Set

n;—1 ( o t)ji .
o (t) =y S (09 (1), (2.15)

Ji

Y t; € |a;,x;], where z; € [a;,b;]; i = 1,2. Assume that fi("i) exists outside a p-null
Borel set B, C [a;, 2;], such that

hy (F  (Bz,)) =0, Y €la;,b]; i=1,2. (2.16)
We also assume that f e L, ([ai, bi], X), and
FE) (a) =0, ki=0,1,.m;—1; i =12, (2.17)
and
(D%, ) € Lo ([, 0], X) (D22, f2) € Lp (laz, ba] , X)) .
Then

bt [ f1 (@]l ]| fo (@2) ] dwydao
(z1—ap)PP1—D+1 (z2—ap)9(v2—1+1
PP DTN T a(@e—D)F1) )

(b1 —a1) (b2 —az) | v y
= F(Vl)F(VZ) HD*‘I‘Iflqu([al,blLX)HD*izfQHLp([aa,bﬂ,X)' (2.18)
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3. Main results
We need a special case of Definition 2.2 over C.

Definition 3.1. Let [a,b0] C R, v > 0; n := [v] € N, [-] is the ceiling of the number
and f € C™ ([a,b],C). We call Caputo-Complex left fractional derivative of order v:

D) @)= s [0 O @ Vet @)

where the derivatives f’,...f(" are defined as the numerical derivative.
If v eN, weset DY, f = f@) the ordinary C-valued derivative and also set

DY.f = f.
Notice here (by [1]) that D%, f € C (Ja,b],C).
We make

Remark 3.2. Suppose v is a smooth path parametrized by z (t), t € [a,b] (i.e. there
exists 2’ (t) and is continuous) and from now on f is a complex function which is
continuous on 7.

Put z(a) = v and z(b) = w with u,w € C. We define the integral of f on

Yuw =Y 88
/yf(z)dz:/wf(z)dz - /abf(z(t))z’ (t)dt:/abh(t)dt, (3.2)

where h(t) := f (2 (t)) 2’ (t), t € [a,b].

We notice that the actual choice of parametrization of 7 does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
~ is parametrized by z (t), ¢t € [a, b], which is differentiable on the intervals [a, ¢] and
[c, b], then assuming that f is continuous on v we define

(2)dz := (2)dz + f(2)dz,

Yu,w Yu,v Yo, w
where v := z (¢). This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f(2)|dz] == / F (= (017 (1) dt

and the length of the curve v is then

L) = / GE / 1wl

We mention also the triangle inequality for the complex integral, namely

[r@a| < [5G <l (). (53)

where 7], 1= sup f (2)]

We give the following left-fractional C-Taylor’s formula:
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Theorem 3.3. Let h € C" ([a,b],C), n = [v], v > 0. Then

><a>+ﬁ / (= N"HDLR) (VL (3.4)

=0

Y t € [a,b], in particular it holds,

e =3 (F @) 2 @)
=0
1 t v—1 v /
*Iwuyl(t NTHDLFEO)Z ()N (35)
VteEla,b.
Proof. By Theorem 2.3. 0

It follows a left fractional C-Ostroswski type inequality

Theorem 3.4. Let n € N and h € C™ ([a,b],C), where [a,b] CR, and letv >0:n =
[V]. Assume that h) (a) =0, i =1,...,n — 1. Then

||D k@ || (L b]

S A (3.6)

in particular when h (t) := f (2 (t)) 2’ (t) and (f (2 (¢)) 2/ (t))(i) lt=a =0,i=1,..n—1,
we get

1
el G LR ORAC

u,w

=’/f (t)dt — f (=(a)) ' (a)

D% f (2 (1)) 2" (Dl o
- I'(v+2)

bl gy gyv. (3.7)
Proof. By Theorem 2.4. O

The corresponding C-Ostrowski type L, inequality follows:

Theorem 3.5. Let p,q > 1: 2 é:l, andv>é,n:[1/].HereheC’”([a,b],(C).

Assume that h¥) (a) =0,i=1,...,n — 1. Then

hS] \

1

b DY.h
. / h(t)dt — h(a) I I 4([a,b],C
—a,

)
P (p@—1)+1)7 (v+1)

< (b—a) "7,  (38)
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in particular when h (t) .= f (2 (t)) 2’ (¢t) and (f (2 (1)) 2’ (t))(i) lt=e =0,i=1,..n—1,
we get:

1 I
[t -t @] = [ e Od - E@)
—aly, ., b—a /,
Dy (f(z(t) 2 (¢ “ N
A0 0 I ya—
Frv)(p(v—1)4+1)7 (1/—1- %)
(3.9)
Proof. By Theorem 2.5. g
It follows
Corollary 3.6. (to Theorem 3.5, case of p = q =2). We have that
1 D% (f (= (@) 2" ) 1, (jap.0) _1
2)dz — f(u) 2 (a)] < 2 (h—a)’ 2,
bal, (2) (u) 2’ (a) T ) Var—T(v+ 1) (b—a)
(3.10)
We continue with an L; fractional C-Ostrowski type inequality:
Theorem 3.7. Let v > 1, n = [v]. Assume that h € C™ ([a,b],C), where
h(t):=f(z()7 @),
and such that h) (a) =0, i =1,....n — 1. Then
1 , D% (f (2 () 2" ) 2, (ja01,0) -1
- < L (b—a)”
] 1@ s @) < T (b~ a)
(3.11)
Proof. By Theorem 2.7. O

It follows a Poincaré like C-fractional inequality:
Theorem 3.8. Let p,q > 1: %—i—% =1, and v > %, n = [v]. Let h € C™([a,b],C).
Assume that h) (a) =0, i =1,...n — 1. Then

(b—a)" [DLhllg, (ap).c)
D) (v = 1) +1)7 ()7

in particular when h (t) := f (2 (t)) 2’ (t) and (f (2 (¢)) 2/ (t))(i) lt=a =0,i=1,..n—1,
we get:

120l L, (fa,p),0) < ) (3.12)

£ (®) % Ol o0

(b_a)u /
< DL O Ol (313
W) (= 1)+1)7 () B

Proof. By Theorem 2.8. O

The corresponding Sobolev like inequality follows:



Complex left Caputo fractional inequalities 337

Theorem 3.9. All as in Theorem 3.8. Let r > 0. Then
I1f (z (@) 2" Ol 1, (an.c)

gyt

0o D5 (F G 0)2 )y oy (314)
Frw)(pv—1)+1)7 (r (1/— %) + 1)

Proof. By Theorem 2.9. g

<

We continue with an Opial type C-fractional inequality
Theorem 3.10. Let p,g > 1 : %—&—% =1, and v > %, n:= [v], h € C"([a,b],C).
Assume h®) (a) =0, k =0,1,....,.n — 1. Then

/ "I ) 1(Dh) (1) di

(¢ —a) 15 o .
< ; dt) 3.15
20 (v) (p(v =)+ 1) (p(v—1)+2))7 </ It @ ) | (3.1
Yz € [a,b], in particular when h(t) := f (2 ( )) 2 (t) and (f (2 (1)) 2 ()7 |y=a = 0,
1 =1,..n — 1, we get:

/I [f (@)D, (f (2 (1) 2" @) |2 (£)] dt

< (x—a)" 1> 1 < z D% (7 () # (t))|th> H |
22T (W) (p(v -1 +1)(p(r—1)+2))* -

Vz € la,b]. :
Proof. By Theorem 2.10. 0

We finish with Hilbert-Pachpatte left C-fractional inequalities:
Theorem 3.11. Let p,g > 1: Z%—i— % =1, and vy > %, vy > %, n; = [v;], i =1,2. Let
h; € C™ ([a;,b;],C), i = 1,2. Assume hgki) (a;) =0, ki =0,1,....,n; — 1; 4 = 1,2.

Then -
1o |1 (t1)] [he (t2)| dt1dts
t1 ap)P(v1-D+1 (ta—ag)?(v2—1+1
p(p(r1—1)+1) q(q(v2—1)+1) )
(b1 — a1) (b2 —a2)

T ()T () HD*;Ihlqu([ath] o 1P%:h2ll 1 s (3.17)
in particular when hy (t1) := f1 (21 (t1)) 21 (t1) and ha (t2) 1= f2 (22 (t2)) 25 (t2), with
hgki)( i) =0,k = 0,1,... ;—1;41=1,2, we get:

/b1 /b2 [f1 (21 (81)) 21 (8] |f2 (22 (£2)) 25 (F2)| dadty _ (b1 — an) (b2 — an) |
t1 ap)Pr1i— D+t + (t27a2)q<y2_1)+1) - I (1/1) F(Z/Q)
p(p(r1—1)+1) q(q(r2—1)+1)

D%, (F1 (=1 (tl))zl t))l, o(la1,b1],C) D22, (f2 (22 (t2)) 25 (t2))|, Clasbal,c) - (3:18)
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Proof. By Theorem 2.11. O
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Classes of an univalent integral operator

Camelia Barbatu and Daniel Breaz

Abstract. In this paper we introduce a new general integral operator for ana-
lytic functions in the open unit disk U and we obtain sufficient conditions for
univalence of this integral operator.

Mathematics Subject Classification (2010): 30C45.

Keywords: Integral operator, analytic and univalent functions, unit disk.

1. Introduction

Let A be the class of the functions f which are analytic in the open unit disk
U={zeC: z|<1}and f(0)= f(0)—1=0.

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

We consider the integral operator

1

o= {o [ L[ won ()" (455
(1.1

for fi,gi, hi,k; € A and the complex numbers 4, a;, B;,7i, d;, with § # 0, 7 = 1,n,
n € N\ {0}.

~

Remark 1.1. The integral operator 7,, defined by (1.1), is a general integral operator
of Pfaltzgraff, Kim-Merkes and Ovesea types which extends also the other operators
as follows:

i)Forn=1,d =1, a1 —1 =aq and f; =7 = §; = 0 we obtain the integral
operator which was studied by Kim-Merkes [7].

Fulz) = /0 (@)a dt,
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ii) Forn=1,d =1and ay — 1 =+; = d; = 0 we obtain the integral operator which
was studied by Pfaltzgraff [18].

iii) For a; — 1 = ; and B; = 7; = §; = 0 we obtain the integral operator which
was defined and studied by D. Breaz and N. Breaz [2].

JENCORTE

this integral operator is a generalization of the integral operator introduced by Pascu
and Pescar [12].

iv) For a; — 1 = 7; = §; = 0 we obtain the integral operator which was defined
and studied by D. Breaz, Owa and N. Breaz [4]

Dn(z) =

1

To(2) = [6 /O Sy _H FAGI dt] :

this integral operator is a generalization of the integral operator introduced by Pescar
and Owa in [17] .

v) For a; — 1 = a; and ~; = 0; = 0 we obtain the integral operator which was
defined and studied by Frasin [5]

1
3

Fals) = [5 [ 1_11 (H)" () dt} ,

this integral operator is a generalization of the integral operator introduced by Ovesea
in [9].

vi) For a; — 1 = 8; = 0 we obtain the integral operator which was defined and
studied by Pescar [13].

z n Vi ! % 5
I(z) = 5/ t“H(fi(t)) S0} g
n - ’ b
o Ulgw) o
Thus, the integral operator 7y, introduced here by the formula (1.1), can be considered
as an extension and a generalization of these operators above mentioned.

We need the following lemmas.
Lemma 1.2. [11] Let vy, be complex numbers, Rey > 0 and f € A. If
L— 2 |27 (2))
f'(2)
for all z € U, then for any complex number 6, Red > Rey , the function Fs defined by

Fs5(z) = (5 /Oz t5—1f’(t)dt>é 7

<1
Rey ‘_’
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is reqular and univalent in U.

Lemma 1.3. [14] Let § be complex number, Red > 0 and ¢ a complex number, |c| < 1,
c#—1,and f €A, f(2) =2+ axz®>+ ... If

c|z‘26 n (1 B ‘Z|25) ng,((z)))‘ <1,

for all z € U, then the function Fs defined by

1
z 5
Fs5(z) = (5/ t5—1f’(t)dt> ,
0
is reqular and univalent in U.

Lemma 1.4. [8] Let f be the function regular in the disk Ugr = {z € C : |z| < R} with
|f(2)| < M, M fized. If f(z) has in z = 0 one zero with multiply > m, then

M
£ < g™
the equality for z # 0 can hold only if
0 M
f(z) = ezeﬁzm’

where 6 is constant.

2. Main results

Theorem 2.1. Let v, 9, o, Bi, Vi, 0; be complex numbers, ¢ = Rey > 0, M;, N;, P;, Q;,
R;, S; real positive numbers and f;, g;, hi, k; € A,

filz) =2+ a%iz® +as; 25 + ...,

9i(2) = 2 4 bo2® + b3 2" + ...,
hi(z) =z + 02 4 3,25 + .,
ki(2) = 24 doiz? +d3i2® + ..., i =1,n.
If
S PV 1 I R C N
fi(2) 9i(2) i(2)
/ " "
w0 Y=o [lem [ ss
forallze U, i=1,n and
n 2041
3 llo — 11 M; + 18 N+ il (Pt Qo)+ Il (R + 0] < XD o

i=1

then, for all § complex numbers, Red > Rey, the integral operator Ty, given by (1.1)
is in the class S.
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Proof. Let us define the function

T fi(t))“"‘l noe (hi O\ (R (1))
z) = / ( (g . dt,
0 11;[1 l ¢ (5:®)) ki(t) ki'(t)
for fiagia hi7ki S A, 1= 177’11
The function H,, is regular in U and satisfy the following usual normalization

conditions H,(0) = H, (0) — 1 = 0.
Now

We have

for all z € U.
Thus, we have
1—|2[* | zHy(2)
c H!(2)

S e (9 5288)

=1 i

A G -3 - G - )

i=1

for all z € U.
Therefore

1—|z* |z
c

zgi (2)
9i(2)

24

))

2fi(z) _
fi(2)
i(z

n(2)
n(2)

“f’lﬁzl

|

1— |2 &
I
¢ i=1
2c n

+ #Z [%I (

=1

(2
zhl(2)
hi(z)
zh} (2)

(2)

1‘—&-

REAC
e

n

IZI Z[‘”(

for all z € U.
By applying the General Schwarz Lemma (1.4) we obtain

2fi(2) zg; (2) zhi(z)
fi(2) 9i(2) hi(2)
zki(z) I, zhl! (z 2K (2)
ek BN = Ki(2)
forall z € U, i=1,n.

—1 §M1‘2’|,

< Nil2,

) <

— 7,||’

< Sil#l,
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Using these inequalities we have

1— |2 | zHy/(2)
c H!(2)
11—z &
< L S s - 100 BNl (P Q) I (RS (22
i=1
for all z € U.
Since
2c
(EESIE 2
max = ,
l=1<1 ¢ (2¢+1)°%
from (2.2), we obtain
1—|2* |2H,/(2)
c H; ()
2 n
< —— ) Mo — 1M + B3 Ni + |l (P + Qi) + 18] (Ri + 55)]
(26+ 1) ¢ i1
and hence, by (2.1) we have
2c 2041
1— 121" |zH/!(2) 2 (2¢+1) 2
7 > 2ct1 = 1»
C Hn(z) (20+ 1)7 2
for all z € U.
So,
1— [2|* | zHy/(2)
<1 2.3
c H\ (2) |~ (2:3)
and using (2.3), by Lemma 1.2, it results that the integral operator Ty, given by (1.1)
is in the class S. 0

If we consider 6 = 1 in Theorem 2.1, obtain the next corollary:

Corollary 2.2. Let v, oy, Bi,7i,0; be compler numbers, 0 < Rey < 1, ¢ = Rey,
M;, N;, P;, Q;, R;, S; real positive numbers and f;, g;, hi, k; € A. If

zfl(2) _ 29! (2) _ zh(z) B '
ma‘4<m a1 =N ) 4<ﬂ
zont Lo R o R
Z i = 1 M + |Bi| Ni + |yl (P + Qi) +16i] (Ri + Si)] < (20+21)T’

i=1
then the integral operator F,, defined by

- [ T(50)" " e (40)" (50) ] o

18 in the class S.
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If we consider 6 =1 and §; = d2 = ... = §,, = 0 in Theorem 2.1, obtain the next
corollary:

Corollary 2.3. Let ~,q;, B;,7v; be complex numbers, 0 < Rey < 1, ¢ = Rey,
M;, N;, P;, Q; real positive numbers and f;, g;, h;, k; € A. If

M) ()

28 1'§M“ a | =N
zhi(z) , zki(2)

ha(2) 1‘ I e ‘ @

forallzeU,i=1,n and

(2c+1)°5

M=

[Jai — 1| M; + | Bi| Ni + |vil (P + Qi)] <

=1

then the integral operator S, defined by
T EONT s (O
=), HKt) a0 (535) ]dt’ =

If we consider § =1 and 81 = 82 = ... = 8, = 0 in Theorem 2.1, obtain the next
corollary:

is in the class S.

Corollary 2.4. Let ~,;,7;,0; be complex numbers, 0 < Rey < 1, ¢ = Rey,
M;, P;, Q;, R;, S; real positive numbers and f;, h;, k; € A. If

2f1(2) 2hl(z) ‘ 2ki(2) ‘
s — 1| < M, ~= -1 <P, = — 1| < Qy,
fi(2) hi(z) ki(2)
e | = e |5
forallz€ U, i=1,n and
n (2¢+1)°%
cC 2c
> llai = 1 M + il (P + Qi) + 16:] (Ri + Si)] < — s

i=1

then the integral operator X, defined by
T () ()", (h/m))‘”
/ 11;[1 [< > k/’z(t) k'i/(t) dt, (2.6)

If we consider § = 1 and ¢y = ap = ... = &, = 0 in Theorem 2.1, obtain the
next corollary:

s in the class S.
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Corollary 2.5. Let ~,5;,7:,0; be complex numbers, 0 < Rey < 1, ¢ = Rey,
N;, P;,Q;, R;, S; real positive numbers and g;, h;, k; € A. If

297 (2) zhi(2) zki(2)

<N, -1 <P -1 <@y
9i(2) hi(z) ‘ ki(2) ‘
zhl!(2) 2kl (2)
) < R. i < G.
) | = e | =
forallzeU,i=1,n and
n 2c+1
2¢+1) 2
Z [1B:l Ni + [vil (P 4+ Qs) + (0] (Ri + 55)] < %,

i=1
then the integral operator D,, defined by

Do(z) = /Oﬁl [(gi(t)/)ﬁi : (ZEQ)7 . (fZ;’((tt)))Y} dt 2.7)

is in the class S.

If we consider § =1 and 3 = 3 = ... = 9, = 0 in Theorem 2.1, obtain the next
corollary:

Corollary 2.6. Let v,y 8;,0; be complex numbers, 0 < Rey < 1, ¢ = Rey,
M;, N;, R;, S; real positive numbers and f;, g;, hi, k; € A. If

/ 1
fi(z) 9i(2)
zhl!(2) 2k (2)
7 < R ? < R
ne | = e | =
forallz€ U, i=1,n and
n (2c+1)%
Z [levi = 1] M + | Bi| Ni + [0s| (Ri + Si)] < 0

i=1
then the integral operator YV, defined by

18 in the class S.

If we consider n =1, § =y =a and o; — 1 = 3; = ; in Theorem 2.1, obtain
the next corollary:

Corollary 2.7. Let o be complex number, Rea > 0, M N, P,Q, R, S real positive num-
bers and f,g,h, k € A. If

) 2'(2) ()
) WSM’ o | =N e 4§R
zk'(z) zh"(2) zk" (2)

R 4<Q’ e | <P e |
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for all z € U, and

2Rea+1

(2Rea + 1) 2Ree
2 )

la—1|(M+N+P+Q+R+S5)<

then the integral operator T defined by

m)[a / (f(t)'g’(t)~m~h/(t))) . dt] , (2.9)

) k()
18 in the class S.

Theorem 2.8. Let v, a;, B, 7, 0; be compler numbers, c = Rey > 0 and f;, h;, k; € S,
9, hi' k' € P.If

43 Joi =1+ 23 1B 483l 4 [ <
=1 =1 =1 i=1

, for 0<c<1 (2.10)

oo

or
n n n " .
4;|ai—1|+2;|ﬂi‘ +8;|7i|+4;|5i| <5 Jor cz1 (2.11)

then, for any complex numbers §, Red > ¢, the integral operator T, defined in (1.1)
is in the class S.

Proof. After the same steps as in the proof of Theorem 2.1., we get

1—|2* |zH! (2 1— |2 & 2fl(z zg) (=
e 2. et (|25 1) w180 5
1— |2 & zhl(z 2kl (2
P E )
1— [z & zhi(2)| | |2k (2)
Marap® o (s |+ )]
for all z € U.
Since f;, h;, k; € S we have
2fi(z)| _ 1+12]  |zhi(2)| _ 1+z|  |2ki(2)| _ 1+ 7]
filz) | 7 1=1el” [ hi(z) | 7~ L=[2" | ki(2) | 7 1=z
forall z €U, i=1,n.
For g;/, hi', ki’ € P we have
zg; (2) 2|z zhi (2) 2|z| =k (2) 2|z|
gi(2) | 71— 27" | Ri(2) | 71— 27 | K2 |7 1—]2)*

forall z €U, i=1,n.
Using these relations we get

1—|2* |zH!(2)| _ 1—|2* [1+]7] -
" < 1 i — 1
c H\ (z) |~ c 1—|z| * ; [ |
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1—|2|* 2]z — |2 1+|Z\
+ 5 Z 18i] + +1+ + 1 Z il
S S ¢ — 4
1- |Z|20 22| 2\2|
WL (1 2 S

|z
1— |z 2 - - \z % 2l <
< . 1 . ,
> c 1_|Z|;|O‘z ‘++ c I_ZQZ:|B1|
PRl T PV e 4'Z' Z| (2.12)
c 1— 7| P i ¢ 2 '
for all z € U.
For 0 < ¢ < 1, we have 1 — |2|** <1 —|z|%, z € U and by (2.12), we obtain
1— |z zH”
. | HG ZI — 1+ = ZIBZI += Z\%l + - Z|6| (2.13)
for all z € U.
From (2.10) and (2.13) we have
1— 2% |2H!(2)
L <1 2.14
o e | 21

forall z€e Uand 0 <c <1.
For ¢ > 1 we have i <1—|z]? for all z € U and by (2.12), we obtain

<4Z|al—1|+22|61 +SZ\% +4Z|5| (2.15)

l/

1—|2* |2
c

forall z € U and ¢ > 1.
From (2.11) and (2.15) we obtain

1 _ |Z|20
c

Hy,(2)

<1. (2.16)

forall z € U and ¢ > 1.
And by (2.14), (2.16) and Lemma 1.2, it results that the integral operator 7,
defined by (1.1) is in the class S. O

If we consider § = 1 in Theorem 2.8, we obtain the next corollary:

Corollary 2.9. Let v, «;, B;,7i, 0; be complex numbers, 0 < Rey <1 and f;, h;, k; € S,
gila h”i/7 k'/ eP. If

4Z|al—1|+22|ﬁl|+82m|+4Z|a|< . for 0<e<1

then the mtegml operator ]:n deﬁned by (2.4) belongs to the class S.

If we consider 6 =1 and 51 = B3 = ... = B,, = 0 in Theorem 2.8, we obtain the
next corollary:
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Corollary 2.10. Let vy, oy, i, d; be complex numbers, 0 < Rey < 1 and f;, h;, k; € S,
hi' ki € P.If

4Z|a1—1\+82|%|+42|5|< pr, for 0<e<1

then the integral operator X,, defined by (2.6) belongs to the class S.

If we consider § =1 and 73 = 72 = ... = 7, = 0 in Theorem 2.8, we obtain the
next corollary:

Corollary 2.11. Let 7, oy, B;,0; be complex numbers, 0 < Rey < 1 and f; € S,
g9 hi' k' € P.If

4Z|a1—1\+22|51|+42|5|< pr, for 0<e<1

then the integral operator Y, defined by (2.8) belongs to the class S.

If we consider 6 =1 and oy = a3 = ... = a,, = 0 in Theorem 2.8, we obtain the
next corollary:

Corollary 2.12. Let v, B;,7:,0; be complex numbers, 0 < Rey < 1 and h;,k; € S,
g9 hi' ki’ € P.If

2Z|ﬁz|+82|%|+42|6\< Rev, for 0<ec<l

then the integral operator D,, defined by (2.7) belongs to the class S.

If we consider § = 1 and 61 = d3 = ... = §,, = 0 in Theorem 2.8, we obtain the
next corollary:

Corollary 2.13. Let v, «, B;,7v; be complex numbers, 0 < Rey <1 and f;, h;,k; € S,
gi’ eP. If

42\@1—1|+2Z|ﬁ1|+82\%|< R'77 for 0<e<1

then the integral operator S, defined by (2.5) belongs to the class S.

Theorem 2.14. Let v, 9, ;, Bi, Vi, 0; be complex numbers, Rey > 0, M;, N;, P; real
positive numbers and f;, g;, hi, k; € A. If

z}f{((z)) — 1| < M, Zg,:;(j) <1, z:;((z)) - 1’ < N,
i(z gi\z iz
() h () K (2)
ek E o e B
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forallzeU,i=1,n and

1
- (N¢+Pi+4)2|%|+22|5i|], (2.17)
1= =1

where ¢ € C, ¢ # —1, then the integral operator Ty, defined by (1.1) is in the class S.

Proof. Also, a simple computation yields

H//
|c|z\25 I (1 _ |z\25) zH;/(2)

0H! (2)
slc\+|5|2| 1 ([FE] 1) + me

Zgz

)

|5|Zl (5 + (5 “ﬂ
)| |oH

|5|ZI5I(

R0 ) , (2.18)

for all z € U.
Using these inequalities from hypothesis we have

|c|z\25 n (1 B |z|25) zH)/(2) |5‘ (2 + M;) Z lo; — 1] + Z |ﬁz|]

SH,(2)
(Ni + P; +4) ZI%\+2ZI6 I]

for all z € U. and hence, by inequality (2.17) we have

<lel+ =

Tl

25 25\ 2H,, (%)
1- ) S A P 2.1
el + (1= 1) S| < 1 (2.19)
for all z € U.
Applying Lemma 1.3, we conclude that the integral operator 7, given by (1.1)
is in the class S. O

If we consider § =y =a and a; —1 = 8; = «; and n = 1 in Theorem 2.14, we
obtain the next corollary:

Corollary 2.15. Let o be complex number, Reac > 0 M, N, P real positive numbers,
and f,g,h,k € A. If

1) 29"(2) ()

i) 1‘<M’ =Y e 1’<N’
zk'(z) zh'(z) zk" (2)
ron ELL oR R b er B
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for all z € U and
-1
|C|S1—‘aa‘(Mi+Ni+Pz’+8), CE(C, C#—l,

then the integral operator T, given by (2.9) is in the class S.
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Sufficient conditions for analytic functions
defined by Frasin differential operator

Tariq Al-Hawary

Abstract. Very recently, Frasin [7] introduced the differential operator Ifny Wf(2)
defined as

o m ¢
Ifn’/\f(z) = Z+Z (1—‘,— (n_ 1)2 <7;l> (_1)j+1)\j> anzn.

j=1
The current work contributes to give an application of the differential operator
Ifn_’ 1 f(2) to the differential inequalities in the complex plane.

Mathematics Subject Classification (2010): 30C45.

Keywords: Analytic functions, differential operator.

1. Introduction and preliminaries

Let A be the class of all normalized analytic functions in U= {z € C: |z| < 1}
that has a Taylor-Maclaurin series expansion of the form:

f(z) :z—i—Zanz". (1.1)
n=2
For a function f in A, and using the binomial series

(1—A)m=z<?>(—l)jkj (meN, jeNg=NU{0}, N={1,2,---}),
j=0

let Zg% \f(2) be the differential operator defined as follows:

°f(z) = f(2),
I f(2) = (L=N"f(2) + (1= (1= N")zf(2) = Tnaf(2), A>0;m €N,
SAf(2) = Ina(T'f(2)  (CeN). (1.2)
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For f € A, we see that
¢

5, —Z+Z (n—1 Z( ) YN | a2, CeNg.  (1.3)
j=1

Using (1.3), it is easily verified that

ClMN2(T5 A f () =ToH F(2) = (1= CMO)TE, 1 f(2), CE€Np,  (1.4)
where C7(A) i= 3 (T)(=1)7 1\,
From the identit;;:(ll.zl), we readily have

ClN2Te 3 f(2)) =T\ f(2) = (1= CP OIS A f(2), C€Ng  (15)

and

ClrNTNf(2) =I5 f(2) = (1= CP NI f(2), (€No.  (L6)
The above differential operator I A/ (2) was introduced and studied by Frasin [7].
Note that for m = 1, we obtain the differential operator If ,, defined by Al-Oboudi [1]
and for m = A\ = 1, we get Silidgean differential operator Z¢ [9] (see also Aouf [2, 3]).
Our aim in this work is to provide an application of the differential operator I A (2)
(see for example, [4, 5, 6, 8, 10]).
For our purpose, using the operator Ifm 1f(2), we define the classes @) and G respec-
tively.

)

Definition 1.1. Let @ be the set of continuous complex functions ¢(r, s,t) : C> — C in
D C C* such that (0,0, O) eD, |¢(0,0,0)] <1 and

lq(e", [CF (N6 + (1= CF*(N)]e”,
[C] ( )] BHC’;”( )(2 = CF" (A ))5+(1*C§”(A))2}6w|
> 1
whenever
(e, [C]* (N8 + (1= C"(V)]e”,
[CT VB + [C (M) (2 = O (A ))5+( —CM(N)*e”)
e D

with Re{Be™"} > §(6 — 1) for real 6,5 > 1.
Definition 1.2. Let G be the set of continuous complex functions g(r, s,t) : C> — C in
D C C? such that (1,1,1) € D, | g(1,1,1)] < L (L > 1) and
[CT(N)]2(8 + 1) + BLCTH(N)6e™® + L2 ) ‘ -
C(N)(Le® + C7*(N)d) -

g <Lei6, Le® + Ci' (N9,

whenever

[CTMN)2(8 + ) + BLCT(A)de?? + L2 ) D

0 110 m i
(Le ,Le" + CJ (NS, CI(A)(Le + CT(N)6)
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with Re{p} > §(6 — 1) for real 0,9 > f—_‘d
2. Main results

To prove our theorems in this section, we recall two lemmas for Miller and
Mocanu.

Lemma 2.1. [8] Let a function w(z) € A withw(z) # 0 in U. If zg = r0e® (0 < 1y < 1)
and |w(zp)| = lnllgx |w(z)|. Then
z|<rg

Zow/(Zo) = 5’[0(2’0) (21)
and o)
ZoW (2o

Lemma 2.2. [8] Let w(z) = a+wy2* + -+ be analytic in U with w(z) # a and k > 1.
If 20 = 10€" (0 < 1o < 1) and |w(z)| = |II|ng |w(z)|. Then
Z|STo

zow'(20) = dw(z0) (2.3)
and .
R%HW}N, (6 €R) (2.4)
where
|w(z) — af® [w(zo0)| — |a]
~w(zo)F — Jal* T lw(zo)| +lal

Applying Lemma 2.1, we prove Theorem 2.3.
Theorem 2.3. Let q(r,s,t) € Q and f(z) € A such that

(Z5 AT TGN F(2), ISR A ()) eD e € (2.5)
and
0 (Z50F T TR )| <1 (2.6)
for ( € Ng, m € N, A >0 and z € U. Then
‘If,mf(z)’ <1  (zel). (2.7)
Proof. Let

Ty af(2) = w(z),
then w(z) € A and w(z) # 0 (z € U). Using the identity (1.4), we have
Iy f(2) = (V2w (2) + (1 = CF (\))w(z)
and

T3 f(2) = [CF (VPP (2)) + O (A)(2 = CF' (V) zw(2) + (1 = CF" () *w(2).
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Letting 29 = rpe? (0 < 1o < 1), |w(z)| = max lw(2)| = 1, w(zp) = € and using
<T0
(2.1), we have
5, \f(20) = w(Zo) =,

Iy5 f(20) = C'(N)dw(z0) + (1= CF"(A))w(z0)
= [C}”( )0+ (1= CFH(A))]e”,

and

I3 f(20) = [CT (NP (28w” (20)) + CJM(A)(2 = CJ"(A))dw(z0) + (1 — CT(N))*w(20)
= [CPNPB+CH N2 = CF* (V)3 + (1= C*(1))*e”.

where

B=z2w"(z) and 6>1.

Moreover, an application of (2.2) gives
Re 2V L _p [ ) 5
w'(20) det?

Re{Be "} > 6(6 — 1).

or

Since ¢(r, s,t) € @, we have
‘q (IC )\f(z),IC'H IC+2 (Z) ‘
= |q(e”, [C]*(Ns + (1= C"(N)]e”,

[CT 2B +[C' (N2 = O (V)6 + (1= C7*(A)]e”)]|
> 1

which opposes the condition (2.6) of Theorem 2.3. So we have
‘I;YAf(z)‘ <1 (zeU). 0
In Theorem 2.3, if ( =0, A =1 and m = 1 we get
Corollary 2.4. Let q(r,s,t) € Q and f(z) € A such that
(f(2),2f'(2),2°f"(2) + 2f'(2)) e D C C?
and
| (f(2),2f'(2), 22 f"(2) + 2f'(2))| <1, =z€U.

Then
f()l <1 (2€0).

Now, using Lemma 2.2 we will prove the following theorem.
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Theorem 2.5. Let g(r,s,t) € G and f(z) € A satisfy

(I::;,Af(z) IS F(2) TS F(2)

, , DcC? 2.8
() 5/ ) Iifiﬂ@)e . (28)

and

<L (2.9)

‘ (I;,Aﬂz) IS f(2) z;*,ff(z))
IS0 f(2) o 0 f(2) T f(2)

formeN (>1, A>0,L>1and all z € U. Then

Iﬁh,\f(z)

I8 F(2)

m,A

<L (z €U).

Proof. Let

TS (2)
m =w(z)  ((=>1). (2.10)

Then w(z) is analytic function in U, w(0) = 1 and w(z) # 1. Differentiating (2.10)
logarithmically and multiplying by z, we get

ATy J(2) 2T f(R) 2w (2)

8, ISaf) wi@)

Using the identities (1.4) and (1.5), we have

5T (2 !
?/\7() — w(z) + OV (2) (2.11)
Im))\f(z) w(z)
Differentiating (2.11) logarithmically and multiply by z, we have
AT (2) AT ()
L@ L)
, I
P [w(z) + O (N) zg(g)>]
w(z) + C () 2
z ’ z 22 " z z ! z 2
2w (2) + O (A) [ ) g 2 (2l) ]
= . (2.12)

w(z) + O () 22

w(z)
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Using the identities (1.4) and (1.6), it follows from (2.12) that

1 I3f(2)
CrrN I f(2)
’ m 2w’ (2) zzw”(z) [ zw'(2) 2
1 TR N 2w'(z) + CF(A) [ W) T e ( e ) ]
C7'(N) 5, \ f(2) w(z) + CP(N) 22
’ m 2w’ (2) zzww(z) 2w’ (z) 2
_ 1 w(z) 2w'(2) T (@) + ) [ i) e T ( w(z) ) ]
() w(z) w(z) + O (0) %55
Letting zg = rge? (0 < rg < 1), |n|1<ax |w(z)| = |w(z0)| = L, w(zp) = Le*® and using
Z|ISTo
Lemma 2.2 with a = 1 and k = 1, we have
78 2 )
mf B e,
I’m,/\ (Z())
5T £z )
Q’Mf( ) +CT (NS,
Im,\f(zo)
T3l () OOV + ) + BLC) (V)de™® + L2
IS f(=0) CTM (N (Let? + CTH(A)d) ’
where
2 "
25w (zo0) L-1
# w(zp) and 02 L+1

Moreover, an application of (2.2) gives Re{u} > (6 — 1).
Since g(r, s,t) € G, we have

‘ (I;,Aﬂz@) I f(=20) If,f,ff(Zo))
T 3 f(z20) Th 0 f(20) oM f(20)
[CT(N)]2(8 + p) + BLCTH(N)6e™® + L2 ) ‘

C}”(A)(Le“’ + C]’-”()\)é)

g (Lew, Le® + C (),
> L
which contradicts the condition (2.9) of Theorem 2.5. Thus

7s z
)= [Pl
Im,Af(Z)
form e N, (> 1, A >0 and all z € U. The proof is complete. O

In Theorem 2.5,if (=1, A=1and m =1 we get
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Corollary 2.6. Let g(r,s,t) € G and f(z) € A satisfy
(H0 S 2SI cpee g

f(z)’ f'(z) ’ zf"(z) + f'(2)
and
2f'(2) 2" () + f'(z) 22f() +321"(2) + ['(2)
f(F T T e e )< ew
for L>1 and all z € U. Then
2'(2) .
B <L (z €U).
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A study of existence and multiplicity of
positive solutions for nonlinear fractional
differential equations with nonlocal boundary
conditions

Noureddine Bouteraa and Slimane Benaicha

Abstract. This paper deals with the existence, uniqueness and the multiplicity
of solutions for a class of fractional differential equations boundary value prob-
lems involving three-point nonlocal Riemann-Liouville fractional derivative and
integral boundary conditions. Our results are based on some well-known tools of
fixed point theory such as Banach contraction principle, fixed point index theory
and the Leggett-Williams fixed point theorem. As applications, some examples
are presented at the end to illustrate the main results.
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1. Introduction

In this paper, we are interested in the existence of solutions for the nonlinear
fractional differential equation

Dgiu(t)+a(t)f (t,u(t) =0, te(0,1), (1.1)
subject to the boundary condition

u® (0) =0, i€ {0,1,2}, DS u(1) = M0 u(n), (1.2)

where Dgy, Dg+ are the standard Riemann-Liouville fractional derivative of order

€ (3,4]

, B € [2,3], IO . is the stantard Riemann-Liouville fractional integral of
order Bel2,3

J
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Due to the fact that the tools of fractional calculus has numerous applications
in various disciplines of science and engineering such as physics, mechanics, chem-
istry, biology, aerodynamics, electrodynamics of complex medium, polymer rheology,
Bode’s analysis of feedback amplifiers, capacitor theory, electrical circuits, electro-
analytical chemistry, control theory, fitting of experimental data, involves derivatives
of fractional order. In consequence, the subject of fractional differential equations is
gaining much importance and attention. Therefore, there have been many papers and
books dealing with the theoretical development of fractional calculus and the solutions
or positive solutions of boundary value problems for nonlinear fractional differential
equations. For more details we refer the reader to [10, 19, 21] and the references cited
therein.

Many mathematicians show strong interest in fractional differential equations
and many wonderful results have been obtained. The techniques of nonlinear analysis,
as the main method to deal with the problems of nonlinear fractional differential
equations, plays an essential role in the research of this field, such as establishing the
existence and the uniqueness or the multiplicity of solutions to nonlinear fractional
differential equations boundary value problems, see [2,5,7,9,11,14,16,18] and the
references therein.

In [17], the authors studied the existence of positive solutions to the following
fractional boundary value problem

{Dauu(t) h(t) f (tu(t) =0, te(0,1),
!

(t))
=0, u(l)=X[u(n)ds

ftu
u(0) = ' (0) = u”(0)
where Df, are the standard Riemann-Liouville fractional derivative of order a €
(3,4], n € (0,1], and 0 < 2= < 1.
In [22], the authors studied the boundary value problems of the fractional order
differential equation:

{Dmu() f(tu<>>=o, te(0,1),
(0)=0,  Dgiu(l)=aDg,u(n),

where l <a <2, 0<n<1,0<a, 0<p<1, feC(0,1 x[0,00),[0,00)) and
D¢, Dg + are the standard Riemann-Liouville fractional derivative of order «, /.
They obtained the multiple positive solutions by the Leray-Schauder nonlinear alter-
native and the fixed point theorem on cones.
In 2017, Benaicha and Bouteraa [3] studied the existence and uniqueness of solutions
for nonlinear fractional differential equation

D% (t) = f(t,u(t),u (t), teJ=10,1]
subject to three-point boundary conditions

Bu(0) +yu (1) =u(n),

:fonu s)ds

BeDPu (0) +~°DPu (1) = “DPu(n),
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where 2 < a <3, 1 <p<20<n<1 BvyeR f:[0,]]xRxR — Risa
continuous function and ¢D® denotes the Caputo fractional derivative of order «.

In 2018, Bouteraa and Benaicha [6] interested in the existence of solutions for the
nonlinear fractional differential equation

Dgu(t) + f(tu(®) =0, te(0,1),

subject to the boundary conditions
) p
ul(0)=0,i€{0,1,....,n—2}, D u(1) = a;Dyu(n,),
j=1

where Dg,, Dg+ are the standard Riemann-Liouville fractional derivative of order
amn—1n], fel,n—-2] forneNandn >3 and f € C((0,1) x R,R) is allowed
to be singular at t =0 and/ort =l and a; e RT, j=1,2,...,p, 0 < <M < ... <
np < 1, for p € NT. The existence and uniqueness of positive solutions for the above
nonlocal boundary value problem obtained by applying the iterative method.

Inspired and motivated by the works mentioned above, we focus on the existence
of positive solutions for the nonlocal boundary value problem (1.1) — (1.2). The paper
is organized as follows. In Section 2, we recall some preliminary facts that will be need
in the sequel. In Section 3, we establish the existence, uniqueness and multiplicity of
the positive solutions for boundary value problem (1.1) — (1.2) by applying some well-
known tools of fixed point theory such as Banach contraction principle, fixed point
index theory and the Leggett-Williams fixed point theorem and we give two examples
to illustrate our results.

2. Preliminaries

In this section, we recall some definitions and facts which will be used in the
later analysis.

Definition 2.1. ([20]) Let E be a real Banach space. A nonempty closed set K C FE is
said to be a cone provided that

(1) ciu+ cov € K for all ¢4 > 0, ¢ > 0, and

(17) u € K, —u € K implies u = 0.

Every cone K induces an ordering in E given by u < v if and only if v —u € K.

Definition 2.2. ([10,15]) The Riemann-Liouville fractional integral of order ac > 0 of
a function u : (0,00) — R is given by
1 t
I u(t) = F(a)/(t $)* u(s)ds, t>0,
0

where T'(+) is the Euler gamma function, provided that the right side is pointwise
defined on (0, 00).
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Definition 2.3. ([10,15]) The Riemann-Liouville fractional derivative order av > 0 of
a continuous function w is defined by

1 dar

t
n—a—1
mﬁ/(t—s) u(s)ds, t>07

0

where T'(-) is the Euler gamma function and n = [a] + 1, [a] denotes the integer
part of number «, provided that the right side is pointwise defined on (0, c0).
Lemma 2.4. ([10]) (¢) Ifu e LP(0,1), 1 <p < +o0, > a > 0, then

DS IS u(t) =107 “u(t), DG Igiu(t) =u(t), IS ID u(t) = IS Pu(t) .
(i) If > > 0, then D*tf~1 = D@L
(éi1) If a > 0 and v € (—1,+00), then It = %twﬂ,
Lemma 2.5. ([10]) Let o > 0 and for any y (-) € L* (0,1). Then, the general solution
of the fractional differential equation D u(t) +y(t) =0, 0 <t <1 is given by

¢

T / (t— )"y (s)ds + crt®t + at® 2 o et ",
0

where cg, €1, ..., Cn—1 are real constants and n = [a] + 1.

Now, let 0 < d < I < r be given and let 5 be a nonnegative continuous concave
functional on the cone K i.e.,

BAu+ (1 =X v) = A8 (u)+ (1 —-A)B(v),

for all u,v € K and X € [0,1].
Define the convex sets K; and K (3,1,7) by

Ki={ueK : |u| <},
and
KB, ,r)={ue K : 1 <B), |ul| <r}.
The key tools in our approaches are the following fixed point theorem and lemmas

Theorem 2.6. (Leggett-Wiliams fixed point (See[20])) Let E be a Banach space and
K C E beaconein E.T: K., — K, be a completely continuous and 8 be a nonneg-
ative continuous concave functional on K with 8 (u) < ||u|| for all w € K.. Suppose
there exist 0 < d <l < r < ¢ such that

() uwe{KB,lr):8u)>1}#0 and 8 (Tu) >1 forue K (8,1,r),

(i0) |Tull < d for [lu] < d,

(#31) B (Tu) > 1 foru € K (B,1,c) with | Tul|| > r.

Then T has at least three positive solutions ui,us,us satisfying
luil| <d, 1< pB(u2), Jus|>d and B(us)<I.

Lemma 2.7. (Krein-Rutman [20]) Let K be a reproducing cone in a real Banach space
E, and L : E — E be a compact linear operator with L (K) C K and spectral radius
r(L). If r (L) > 0, then there exists p € K \ {0} such that Lo = r (L) ¢.
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Lemma 2.8. (Fixed point index theory [20]) Let E be a Banach space and K is
a cone in E and Q(K) is a bounded open subset in K. Furthermore, assume that
T : Q(K) — K is a completely continuous operator Then the following conclusion
hold:

(i) there exists ug € K \ {0} such that Tu + Aug # u for all u € 0Q (K) and X > 0,
then the fized point index ¢ (T,Q (K),K) =0,

(i) if 0 € Q(K) and Tu # I for all u € OQ(K) and X\ > 1, then the fixed point
index i (T,Q(K),K)=1.

Lemma 2.9. Let y () € C[0,1]. Then the solution of the fractional boundary value
problem

Dgiu(t) +y(t) =0,
u®(0) =0, i €{0,1,2}, (2.1)
Dg+u (1) = )\Ingu (),

s given by )
u(t) = /G (t,s)y(s)ds, (2.2)
0

where

—PT(a—B)(a+B)(t—s)*"1+A
PT ()T (a—pB)T (a+B) ’

IN
»
IN
~
IN
\.)—‘
»
IN
=

@..
IA N

»
IA N

A
) PT()T (@A) (a+h)’
= —PL(a—B)L(a+B)(t—s)*""+A
PT(a)M(a=p)T@+p)

L(@)T(a48)(1—s)* F-1ga1
PT(a)l(a=B)T(a+p) 7

o O )
IN N
r—
IA A
N

3

o
IN
-
IN
®

IN
\')—‘
»

Y

UE

A=t :F (@T (@4 8)(1—=5)*""" = Al (a) T (a—B) (n— )77,

A=T(a+B)T(a)(1—s)* P et

where
_ I'(«) B AT () 77a+ﬁ71
I'(@—p) T(a+p) '

Proof. In view of Lemma 2.5, the general solution for the above equation in (2.1) is

t

1 _
u(t) = — = / (t—s)" "y (s)ds + et 4 oot % 4 cpto 3 4 Ot
I'(a)
0
where c¢1, co, c3, ¢4 € R.
The boundary condition u (0) = «’ (0) = «” (0) = 0, implies that co = ¢3 = ¢4 = 0.
Thus

(t— ) Ly (s)ds + et (2.4)

IS
=
I
I
!
g —
o
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By (2.4) and Lemma 2.4, we get

D0+U()=ﬁ

el (o) =P = / (t—s5)""P 1y (s) ds] .
0

In view of boundary condition D§+u (1) = )\Ié{ru (n), we conclude that

# / _Sa—ﬁ—l s 3_# f _Sa-i-B—l $)ds
F(a_ﬁ)o/(l ) y(s)d F(a+ﬁ)0/(n ) y()d].

Therefore, the unique solution of the problem (2.1) is given by

1

ClZF

1
ta—l )\ta—l

u(t) = m / (1- 5)(17571 y(s)ds — m / (n— S)CHB?I y(s)ds
0

0
t
1
- (¢
ork
0
For t <, one has

t Ul
o tail ozﬂ 1 aﬁ 1
0 t

[T(a)T (a+6)(1—5) P 1o
+n/ Pl T(a+ T a5 V)

1
= /G(t, s)y (s)ds.
0
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For t > 7, one has
n

/pr(aﬁ)r(a+ﬂ)(ts)“1+A
Pr ()T (a+ B)T (o = B)

u(t) = y(s)ds

0

t_ o o _Sa,1 a a _Safﬁfl a—
N Bl R L 3N R T i MY

Pr(@)T(a+ AT (a— B

/ )T (« _ )@ A s
fraresae g e

PT ()T (a+ B)T (o = B)

G (t,s)y(s)ds.

o _

The proof is complete. O

We need some properties of function G (t,s) to establish the existence of positive
solutions.

Lemma 2.10. The Green’s function G (t,s) has the following properties:
(¢) The function G (t,s) is continuous on [0,1] x [0, 1].
(i) G (t,s) > 0 for all s € (0,1),
(#9t) for allt, s € (0,1), we have G (t,s) <G (1,s),
(iv) there exists a positive function «y (s) € C (0,1) such that

i > =t . .
nléltléllG (t,s) >v(s) Org%le (t,s)=n"""G(1,s),0<s<1 (2.5)

Proof. Tt is easy to prove (i). Now, we prove (i) — (iv). Let

A—PL(a=B)T(a+B)(t—s5)""
Pl(@T{a+B)T (a8

g1 (t,s) =

where A defined above.
D ()T (a4 B) (1 —s)* "1 =Pl (a—B)T (a+8)(t— )"

g2 (t,s) = Pr'(a)T(a+pB)T (a—p)
710 (a) (D @+ B) (1= 5)* 77 = A0 (@ = B) (n—5)*"")
gs (t,s) = Pr'(a)T(a+p)L(a—p

)
10 ()T (e + B) (1 —5)* 77!
PT ()T (a+B)T (a - p)

g4 (t,s) =
We will first show that
g1 (t,8) >0, 0 <min{t,n} < 1.
To simplify we introduce the abbreviation

A=t ()T (a+8) (1 — s)aiﬁ*l .
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We can rewrite A\ as
F(@=8) A(a=B) arp
Ta=F) T(a+p)

A'(a— B) ois_ a—B—1
T

A1 = 71T ()T (0 + B) (

=t*"'T(a—B)T (a+p) <I‘ (1;(04)6) B I‘)(\Z f)ﬁ) -
@) i) g
BNCETK ' ) e

o) prtB-1 -1
talf(aﬂ)F(a+ﬁ)<P+%>(1s)aﬁ ,

a+pB—1
MOTIT (@) T (o= 8) (= )77 = MM (@) T (o= ) 07 (1 B n> ,

and

P (a=B)T(a+B) (t—5)""" = Pt 'T(a = AT (a+ ) (1 - %)a_l'

Thus
s

s a+p—-1
+ M7 ()T (o — B) lno‘_ﬁ_l (1-— s)a_ﬁ_l —ptp-l (1 — 77) ] }

>Q {Pta—lr (a—B)T (a + ) {(1 — = (1 j)al]

a+pB—1
+ AT (@) T (o= B) lfiaw_l (1= 8) Pt goti (1 - f’) ] }

> QP T (@ = AT (a+8) [(1-5)" " = (1- )]

+MOIT (@) T (o — B) ot [(1 _ )t 1 s)a”‘l} } =0,

1

where Q = prra—pE-

We deduce that g1 (t,s) > 0, 0 < min {t,n} < 1.
By the similar argument we can conclude that

g2(t,8)>0,0<n<s<t<1, g3(t,5)>0,0<t<s<n<l,
and
ga(t,s) >0, 0 <max{s,n} <s <1
Therefore G (t,s) > 0 for any ¢, s € (0,1).
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Now, we show that G (t,s) < G(1,s) for any ¢, s € (0,1).
Let hy (t,8) = g1 (t,s) T () T (. — B) T (o + B). Then, as the above argument but for
the derivative of hq (¢, s) with respect to ¢ on [s, 1], we have

5’118(;, s) _ (a— 2 £ {PF (a—=B)T (a+B) [(1 R (1 - S)QT

t

1 -B-1 s\
e (1)

> pr - p)T @+ 8) (- 97 - (- 5]
AT ()T (o — B) 2 +h1 [(1 _ )BTl 1 s)“ﬁﬂ } —0,

so, we have % > 0, then g1 (¢, s) is increasing with respect to ¢ on [s, 1].
Next, we show that gs (¢, s) is increasing with respect to ¢ on [s, 1].
Let ho (t,8) = g2 (t,8) T ()T (. — B) T (a + B). Then, we have

+ X' ()T (= )

8h2§,® _ &»filﬁkﬂ {r(a_%g){r(a)(l__ga—ﬁ—l__Pr(a__ﬁ)(1__i)a—z}}
(v —1)¢—2

> T+ B [N (-9 = Pra - 8) (1 - "]}
Ll —s)* e

P
C(a=1)(t(1
P

{r (a+ B) [r (@)(1— 8"~ PT(a— /3)} }

— )" {I‘(a +B) {I‘ (o) (1 — 5)17[3 —PT(a~ ﬂ)}}

- DU (o4 )T () (- ' 4 AT (@) T (= )+
T (@)D (a4 9))
> OO = eyt s) [0 -9 -1]} 20

so, we have % > 0, then go (¢, s) is increasing with respect to ¢ on [s, 1].

Then, we conclude that G (t,s) is increasing with respect to t on [s,1]. Hence,
G(t,s) <G(1,s) for s, t € [0,1].
On the hand, we know that

IN

S

IN

n<t<1

}
oin, {92 (t,8),94(t,s)},

min G (t,s) =

n,
n<t<1 1

IN

S

IN

9

{ min {g; (¢,5),93(t,5)}, 0

:{ 91(7778)>0§5§77>

g2 (n,8), n<s<1
Let

v(s) <

(n,s)
{ sy 0<s<m,

B n<s <,
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where
1 0<s<
G(LS): gl(vs)a >S5,
92(175)7 77§5§1

L()(C(atB)(1=8)* P~ Al (a=B) (n—s)* T’ 1) =PI (a=B)[(a+B)(1—s)* "
PT ()T (a+B)I (a—B)

L) (a+B)(1=5)* " ' —PT(a—B)T(a+B)(1=5)"""
PL (o)L (a—B)L(a+5B) ) n<s<l1.

Therefore, we have

, 0<s<n

v(s)=n"""€(0,1).

Then
. > _ pa—1 .
771%12216‘ (t,s) > v(s) Orgta;(lG (t,s)=n"""G(1l,s),0<s<1
The proof is complete. O

3. Existence results
We shall consider the Banach space E = C'[0, 1] equipped with the norm

= t
Jull = ma fu ()

and let a closed cone K C E by
K={ueFE:u(t)>0,tel0,1]},

where 0 is the the zero function. Obviously, K is a reproducing cone of E.
Define the operator T' : K — K and the linear operator L : K — K as follows

1
T (u)(t) = /G (t,s)a(s) f(s,u(s))ds, te]0,1], (3.1)
0
and
L(u)(t) = /G (t,s)a(s)u(s)ds, tel0,1], (3.2)
0

where G (t, s) is given by (2.3). It is not hard to see that fixed points of operator T'
coincide with the solutions to the problem (1.1) — (1.2).

First, for the existence results of problem (1.1) — (1.2), we need the following assump-
tions.

(Hy) f :]0,1] x [0,00) — [0, 00) is continuous function,

(Hz) a(-) € L*(0,1) is a nonnegative function, a () does not vanish identically on
any subinterval of [0,1] and 0 < fol a(s)(1—s)* P71 se"1ds < co.

Lemma 3.1. Assume (Hy) and (Hs) hold. Then the operators T : K — K and
L : K — K are completely continuous.
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Proof. For any u € K, it follows from (H;), (Hz) and Lemma 2.10, T'(u)(t) > 0, t €
[0,1]. So, T : K — K and L : K — K are continuous.

Let ® C K be bounded .i.e., there exists a positive constant M such that f (t,u) < M
for all t € [0,1], u € ®. Then, It follows from (3.1) that

1 t

Mt“ ! M
T (t)| < )P a(s)ds + —— [ (t— )" ta(s)ds
s - ol

[}

M (T (a)T (a+ 8) + PT (a+ )T (@~ §) + AT (a)T (o — 8 /a
PT (a)T (a+B)T (a — )

Thus || Tu|| < oo for all uw € ®. Hence, {Tu, u € ®} is bounded.
Now, we show that 7' maps bounded sets into equicontinuous sets of K.
Let t1, to € [0,1] with ¢; < t3 and u € ® is a bounded set of K. Then

1

IN

0

a—1

|Tu (te) — Tu (t1)] < m/(l _ S)a—ﬂ—l a(s) f (s,u(s))ds
0
toz 1 P . .
PF (a—p / (1-3) - a(s) f(s,u(s))ds

n
At ot
* PF(a+ﬁ)0/(77 s)" a(s) f(s,u(s))ds
Aol ] -
_Préw)o/(” 97 as)f (s, u () ds
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M (ta—l o toz—l) t Mtafl b2
| = e i)+ | [ = e ]
0 t1

Obviously, the right hand side of the above inequality tends to zero as to — ¢;. Thus
|(Tw) (t2) — (Tw) (t1)]] = 0, as t2 — ¢1. This shows that the operator T is completely
continuous, by the Arzela-Ascoli theorem.

By the same method we can get that L : K — K is a completely continuous operator.
The proof is complete. O

Now, we present the existence result for the boundary value problem (1.1) — (1.2) via
Banach contraction principle.

Theorem 3.2. Assume (Hy) and (Hz) hold. Suppose that f : [0,1] x [0,00) — [0, 00)
be a continuous function satisfying the condition

(Hs) |f (t,u) = f(t,v)] <llu—v|, fort€[0,1], 1> 0andu, v € [0,+00).

If0 < folG(l,s)a(s) ds < 1, then the boundary value problem (1.1) — (1.2) has a
unique positive solution on [0,1].

Proof. As the first step, by Lemma 2.9 we know that T : K — K.
Now, let u, v € K and for each t € [0, 1], it follows from assumption (Hjz) that

[T (t) = To 8)] = mase [Tu(t) ~ T (1)

)

Thus,
[(Tw) = (Tw)]| < Z/G(l,S)&(S) ds |lu—wvl|.
0

Since lfol G(1,s)a(s)ds < 1, so T s a contraction. Hence it follows by Banach’s
contraction principle that the boundary value problem (1.1) — (1.2) has a unique
positive solution on [0, 1]. The proof is complete. O

Now, we are in a position to study the existence of solutions for the boundary
value problem (1.1) — (1.2) by applying the fixed point index theory.

Lemma 3.3. Assume (Hy) and (Hs) hold. Then the spectral radius of the operator L
is positive that is r (L) > 0.
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Proof. Take u (t) =t*~! € E. Then |Jul| = 1. We have

1
Lu(t) = ti/(l — ) P a(s)u(s)ds
0

i il O Lt [ syar |
A/ R a-lgs 1-2 a1y
PT (a+ p) 0/( 17) a(s)s s F(a)o/( t) a(s)s 5
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where

1 1
1
/ 1—5)" " a(s)s* tds + () / (1—5)"""1a(s) s ds.
0 0

Since L : K — K, according the monotonicity of L and (Hs), we deduce
L*u(t) =L (Lu(t)) > L (vt*") > vL (t*71) > 2L
Repeating the process gives L™u (t) > v"t*~1. So, we get ||L™|| > v™. Hence
L™ > v, 7 (L) = lim [[L7|7 > v > 0.

The proof is complete. O
For convenience, we introduce the following notation:
77 =l sup s £
f(t,u)

fo = lim inf min
u—0t  t€[0,1]  u

K.={ue K : |ul| <c},

1
r(L)=—, peRT.
W

Lemma 3.4. Assume (Hy), (Hsz) hold and p < fo < co. Then there exists pg > 0 such
that for p € (0, po], if u # Tu, u € 0K, then i (T,K,, K) =0

Proof. Tt follows from p < fo that there exist € > 0 and py > 0 such that for ¢ € [0, 1]
and 0 < u < py we have

fu) > (u+e)u. (3.3)
For 0 < p < po assume that u # Tu, u € 0K,. By Lemma 2.7 and Lemma 2.8 (7), we
need only to prove that

w# Tu+ Ap, A >0,
where ¢ € K\ {0} with Ly = r (L) ¢.
Otherwise, there exist ug € 0K, and \g > 0 such that

Then ug > Tug and ug > Agep.
From (2.1), we get
Tug (1 /G (t,5)a () f (5,10 () ds > (ju+ ) Luo (). (3.5)
Considering ug > Agp, we have
ZUO 2 )\0Lg0

For Lo =r (L), (u+e)r(L) > 1, so that (u+¢e)r (L) p > ¢.
Thus, we can conclude Tug > (1 + 5) ALy > Aop.
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Together with the boundary conditions in (2.1), we have ug > 2A\g¢. By (3.3), we
obtain Tug > 2Agp. Thus, ug > 3.

Repeating this process, we get that ug > nAgp. Hence, we have ||ug|| > no ||¢|| — oo
as n — oo. This is a contradiction.

It follows from Lemma 2.8 (i) that i (T, K,, K) = 0 for p € (0, po]. The proof is
complete. O

Lemma 3.5. Assume (Hy), (Hz) hold and 0 < f*° < u. Then there exists 19 > 0 such
that for T > 1, if Mu # Tu, u € OK,, then i (T, K,,K) = 1.

Proof. let € > 0 satisfy f* < p —e. Then there exist 7, > 0 and such that for u > 7
and ¢ € [0,1], we have

Fltu) < (u—2)u. (36)
Set W (t) = max ]f (t,u). Then, for all u € R* and ¢ € [0, 1], we have
ue|0,71
Fltu) < (-2 ut W (D). (37)

Let

F I !
=
p—e\p—¢
Take 7 > 19. We will show that \u # Tu, forallu € 0K, and A > 1.

Otherwise, there exist ug € K, and A\g > 1 such that
TUO = )\Ouo. (38)

1
F= G(t,s)a(s) VU (s)ds||, 1o =
/

Together with (3.7), we have
ug < Aug = Tug < (u—€) Lug + F.

Then £ ><L—L)u0(t)f0rt€[0,l].80 £ —<I —L)uo(t)EK.

p—e — \ p—e¢ ? pu—e H—e

-1
It follows from L (K) C K that ug (t) < ufjs (#55 - L) t € [0,1]. Therefore, we

have |lug|| < 70 < 7. This is a contradiction. Thus, we conclude that for all v € 0K,
and A >1

Tu # Au.

It follows from Lemma 2.8 (i7) that i (T, K, K) =1 for 7o < 7.
The proof is complete. O

Theorem 3.6. Assume (Hy), (Hz) hold, p < fo < 0o and 0 < f° < u. Then, the
boundary value problem (1.1) — (1.2) has at least one positive solution on [0,1].

Proof. 1t follows from p < fy < co and Lemma 3.4 that there exist 0 < p < 7 such
that either there exists u € 0K, with u = Tu or i (T, K,, K) = 0. From 0 < f>* < pu
and Lemma 3.5 there exists 7 > 0 such that ¢ (T, K, K) = 1. Thus, we can conclude
that T has fixed point v € K with p < |lu|| < 7 by the properties of index. Hence,
the boundary value problem (1.1) — (1.2) has at least one positive solution on [0, 1].
The proof is complete. O
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Now, we are in the position to present the third main results of this paper. The
existence and the multiplicity result is based on the Leggett-Williams fixed point
theorem.

Theorem 3.7. Assume (Hy)and (Hs) hold. Furthermore, suppose that there exist con-
stants 0 < d <1 < ¢ such that

(Hy) f(t,u) < Md, (t,u) €[0,1] x [0,d],

(Hs) f(t,u) < Me, for (t,u) € [0,1] x [0, ],

(He) f(t,u) = NI, for (t,u) € [n,1] x [l ],

where
M = a(s)G(1,s)ds ,
/
and
N —1
N = /a(s)v(s)G(l,s)ds , and v (s) € (0,1).

Then the boundary value problem (1.1) — (1.2) has at least three positive solutions
u1, us and us such that

luill < d, 1< B(u2), wus>dwithf(us) <lI.

Proof. Let 8 (u) = min |u(t)|. Then S (u) is nonnegative continuous concave func-

)

tional on the cone K satisfying 8 (u) < |lu|| for all u € K.
Let u € K., then |lu| < c. It follows from (Hj) and Lemma 2.10 (i4i) that

|Tu (t)] = /G (t,s)a(s) f(s,u(s))ds
0

1
< Mc/G(l,s)a(s)ds:c,
0
which implies that ||Tu| < ¢, which shows that Tu € K.. Hence, we have shown
that if (Hs) holds, then T maps K. into K. and by Lemma 3.1, T is completely

continuous.
If u € K, then it follows from (H,) and Lemma 2.10 (i4i) that

O/G f(s,u(s))ds

A

Md | G(1,s)a(s)ds =d.
!
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We verify that {u/K (8,1,r) : f(u) >1} # ¢ and B (Tu) > [ for all uw € K (B,1,r).
Take o (t) = 5, for t € [0,1]. Then

vo € {u/u e K (B,l,r), B(u) >1}.
This shows that
{u/ue K (B,1,r) : B(u)>1}#¢.

Finally, we assert that if u € K (8,1, ¢) and ||Tu|| > ¢, then 5 (Tu) > 1.

Suppose u € K (8,1,¢) and ||u (¢)|| > 7, t € [n,1], then |ju|| < c. It follows from (Hpg)
that

8 (Tw) = min (Tu) (1)

min /Gts Fs,u(s)) ds

te[nl]
> Nl/G(l,s)a(s)y(s)dSZZ,

which implies that 8 (Tu) > [ for u € K (8,1, ¢).
To sum up, the hypotheses of Theorem 2.6 hold. Therefore, boundary value problem
(1.1) — (1.2) has at least three positive solutions u1, us and us such that

lurll <d, 1< pB(uz), wusz>dwithp(us)<l.

The proof is complete. O

We present two examples to illustrate the applicability of the results shown before.

Example 3.8. Consider the following boundary value problem

1 . |
D u(t)+ ——m <81n2t+arctan u) + ):0, te(0,1), 3.9
oru () (t+cost+3)2 () 1+ |ul 1) 3.9)
5 1 5 1
w(0) = (0) =u" (0) =0, D3u(l) = §Ioz+u <2) , (3.10)
Wherea:%,ﬂ:g, )\:%,n:%and
ftu) = v (sin2t+arctan (u) + [ul ) .
7 (t + cost + 3)° 1+ |uf

Clearly | = 2 as [f (t,u) — f (t,v)| < 2 |u—v].
We take a (t) = 1. A simple calculatlon leads to P =2 1, 32620.
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Furthermore, by simple computation, we have

% :/a(s)G(l,s)ds

0
T(a)T (o + ) [ ds — P (a— B)T (a+ B) [ (1 — )3 ds
PT (a)T (= B)T (a + B)

D@ T(a+8) [} (1-s)ds
P ()T (a—B)T (a+ f)

1
0<1/ (s)G(1,s)ds < 9(0 27303) = 0,060673 < 1.

0
Thus all assumptions of Theorem 3.2 are satisfied. So, by the conclusion of Theorem
3.2, problem (3.9) — (3.10) has a unique solution on [0, 1].

=~ (), 27303,

S0,

Example 3.9. Consider the following boundary value problem

D0+u( )+ f(tu(t) =0, te(0,1), (3.11)
5 1 1
uw(0) = (0) =u" (0) =0, D2u(l) = 210+u<2), (3.12)
Wherea:% ﬂ:g, )\:%, n:%,andhere

10u+ ¢, (t,u) € |0,1] x |0,1],
o (t.u) € 0.1] x 0.1
10,  (t,u) € [0,1] x (1,+00).
We take a(t) = 1. We see that f € C(]0,1] x [0,00),[0,00)), so, assumption (H;)
satisfied. And

1 1
_5_ 4

0</a(s)(1—s)aﬁlso‘_1ds /1—3 s2d5—&<oo,

0 0

so, assumption (Hs) satisfied.
By simple calculation, we obtain P = 1,32620, M = 3,66264 and N = 7218,14758.
Choosing, d = %, l =1 and ¢ = 3, we have

1
F(tu) =10u+t < 3.5 < Md = 14,65056, (t,u) € [0,1] x {0, 4] ,

f(t,u) =10 < M1 =10,98792, (¢t,u) € [0,1] x (1,3],
and )
f({t,u) =10 > Nr =2 9,00765, (t,u) € {2,1] x (1,3].

Thus, all assumptions and conditions of Theorem 3.7 are satisfied. Hence Theorem
3.7, implies that the problem (3.11) — (3.12) has at least three solutions uy, us and ug
such that

lui]| < d, 1< B(u2), wug>dwith 8(us) <I.
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Some Bessel type additive inequalities in inner
product spaces

Silvestru Sever Dragomir

Abstract. In this paper we obtain some additive inequalities related to the cele-
brated Bessel’s inequality in inner product spaces. They complement the results
obtained by Boas-Bellman, Bombieri, Selberg and Heilbronn, which have been
applied for almost orthogonal series and in Number Theory.
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1. Introduction

Let (H;(-,-)) be an inner product space over the real or complex number field K.
If (€4);<;<,, are orthonormal vectors in the inner product space H, i.e., (e;,€;) = 0;;
for all 4, j € {1,...,n} where ¢;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality:
> e < Jla|® for any x € H. (1.1)
i=1
For other results related to Bessel’s inequality, see [8] — [11] and Chapter XV in
the book [14].
In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalization of Bessel’s inequality (see also [14, p. 392]):

Theorem 1.1. If x, y1,..., yn are elements of an inner product space (H;{-,-)), then
the following inequality holds

n

2 2 2 2
Sl un) < ol | max sl | > lwwP ] | (2)
i=1 == 1<i#j<n
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It is obvious that (1.2) will give for orthonormal families the well known Bessel
inequality.
In [7] we pointed out the following Boas-Bellman type inequalities:

2

(1.3)

n
> layal® < llell max |, yi)l ZHyzH + Y i)l
i=1

1<i#j<n

for any «, y1,..., yn vectors in the inner product space (H;(-,-)).
We also have, see [7]

L
n 2p

>yl < <Z <x,y¢>2p> (1.4)
i=1

i=1

Q=
ol

X (leyillz‘I) +o-1F Y )l :

1<i#j<n

foranyx, yl»~'-7yn€H7P> 1; %"‘%:1
Further, we recall [7] that

< — 0

S lewl” < ol { s Il + (0= e Joll o 09
for any x, y1,..., yn € H. It is obvious that (1.5) will give for orthonormal families
the well known Bessel inequality.

In 1971, E. Bombieri [3] gave the following generalization of Bessel’s inequality.

Theorem 1.2. If x, y1,..., yn are vectors in the inner product space (H;(-,+)), then
the following inequality holds:

n n

2 2
3 Mol < ol g 33 o (16)

It is obvious that if (y;),.,,, are orthonormal, then from (1.6) one can deduce
Bessel’s inequality. T

It is not widely known, but it appears in a number of places that, the importance
of extensions of the Bombieri and Bessel inequality were first shown by J. Sdndor (at a
Symposium on Mathematical Inequalities, Sibiu, December, 1984), who proved some
generalizations of these inequalities, and who was deeply interested in applications in
Number Theory. Also, Bessel’s inequality and Gram’s inequality have been studied
by the author and J. Sdndor in [12] as well.

Another generalization of Bessel’s inequality was obtained by A. Selberg (see for
example [14, p. 394]):
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Theorem 1.3. Let x, y1, ..., y, be vectors in H withy; #0 (i=1,...,n). Then one

has the inequality:
(z,9i)|
< [l=))*. (L.7)
Z Z 1 1w yi)|

Another type of inequality related to Bessel’s result, was discovered in 1958 by H.
Heilbronn [13] (see also [14, p. 395]).

Theorem 1.4. With the assumptions in Theorem 1.2, one has

- 2

Sl < Dzl [ Y o ul | - (1.8)
1=1

4,j=1

In [8] we obtained the following Bombieri type inequalities

N|=

n n
3l < el Ve | 32 Mot | (19)

ii=1
PNIERD] (1.10)
=1
1 S %
. n 27 n n s
< ol o o)1 (zux,y» ) S (St ] |
Sen =1 =1 J=1
Where%+%:1,s>1,
2
> i) (1.11)
1=1
1
1 n 2 n
< 2 ) s
o]l max |, yi)l <z;|<x,yz>> max ; (vl | | -
1= =
2
PIERT] (1.12)
=1
. 1732
. n 2p n n 1
< el g (zux,yw) S (S iwemr) |
i=1 i=1 \ j=1

wherep>1,%+$:1and

Nl=

n

Yoy <Dzl § D o vl (1.13)

i=1 ij=1
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for any x € H.

It has been shown that for different selection of vectors the upper bound provided
by the inequality (1.13) is some time better other times worse than the one obtained
by Bombieri above in (1.6).

In this paper we obtain some inequalities related to the celebrated Bessel’s in-
equality in inner product spaces. They complement the results obtained by Boas-
Bellman, Bombieri, Selberg and Heilbronn above, which have been applied for almost
orthogonal series and in Number Theory.

2. Some results via CBS inequality
We have:
Theorem 2.1. Let z, y1,...,yn € H and aq,...,a, € C. Then

1/2

n n n
1 2 2 2
Re [ Y o (o) | < [l + D lawl” | D2 [y ue)l L@
j=1 k=1

jk=1

Proof. We have for any z, y1,...,yn € H and ay, ..., o, € C that

2

n 2 n n

2

o< [S e+ =[S aom| ~ame (S ame) ¢ e
j=1 j=1 J=1

<Z ;Y55 Zakyk> —2Re [ Y a;(y;,2) | + |2
k=1

j=1 j=1

n

n
— 2
= ;@ (Y5, k) — 2Re | D a; (ys,2) | + =),
J,k=1 j=1

which implies the inequality

. 1 2 e
Re | Y ayypa) | <5 (2l + Y aya (y. ) (22)
j=1 j,k=1

for which the term Z?_kzl oy, (Yj, yk) is obviously nonnegative for any y., ..., y, € H
and aq,...,a, € C.
By using the Cauchy-Buniakowski-Schwarz’s inequality for double sums,

1/2 1/2

n n n
7 ajbinl < [ D7 lagl? > bl

Jk=1 Jk=1 Jk=1
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for complex numbers a;x, bjr where j, k € {1,...,n}, then we have

n n n
Z o0 (Y, Yr) = Z o0 (Y, Yr) | < Z ook [y, yi)|

k=1 Jk=1 k=1
1/2 1/2
n n
— 2 2
< Y layan > W)l
j.k=1 jk=1
1/2 1/2
n n
2 —2
= > loyl* o] > 1w uw)]
jk=1 Jk=1
1/2 1/2
n n n
2 2
= [ D lay* Dl ORICTRTS
j=1 k=1 jik=1
1/2

n

Slanl [ 32 1w

jk=1

for any y1,...,y, € H and ag, ..., o, € C.
By making use of (2.2) and (2.3) we get the desired result (2.1).

Corollary 2.2. With the assumptions of Theorem 2.1 and for p > 1 we have

1/2
- 1 2 - 2(p—1 . 2
Dyl < 5 [l + 1w PP DT 1wl
j=1 k=1 jyk=1
Proof. If we take in (2.1) a; = (z,y;) |(x,y;)|" "> then we get
-2
Re Z<x7yj>|<m’yj>‘p <yjax>
j=1
1/2
1 2, 22 [
<5 |2l + D2 Gy 1) (3 Hwswdl |

k=1 J,k=1

which is equivalent to (2.4).

385

(2.3)

O

Remark 2.3. If we take in (2.4) p = 1, then we get the following Heilbronn type

inequality
1/2

n n
2 2
DR ]+ | D7 [y yel

Jj=1 J k=1

l\.’)\r—\

for any x, y1,....,yn € H.

(2.5)



386 Silvestru Sever Dragomir

If we take in (2.4) p = 2, then we get

1/2
- 1 2 2 [ 2
D )l < 3 [zl + 3 Wy | D [y )] ; (2.6)
j=1 k=1 Jk=1
that is equivalent to (see also [10])
1/2
2 2 2
2| D Hys )l D Nyl < el (2.7)
k=1 j=1
for any x, y1,...,yn € H.
The inequality (2.7) is meaningful if
1/2
2> [(yj, k)|
k=1
Also if
1/2
1> Y [ el :
J,k=1
then
1/2
n n n
2 2 2 2
> Kyl < (2= D Kujrwe)l D eyl <lal®,  (28)
J=1 j.k=1 j=1

for any x € H, which improves Bessel’s inequality.
We observe that if the family of vectors {yi,...,yn} is orthogonal, then

n n
2 4
> Ky ul* =Dyl
k=1

J,k=1

so, if we assume that

n
4
Z lyll, <1
k=1

then by (2.8) we get the refinement of Bessel’s inequality

4 2
D eyl < |2~ (Z ”ka) D )l < ] (2.9)
j=1 k=1 j=1
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Corollary 2.4. With the assumptz'ons of Theorem 2.1 we have
2.9, (2.10)
sz 1 1k, y)|

1/2

1 osy 2 - 2
< o |llzl” +Z I S 1w ,
2 Zk 1|(yk,yj)|) Gk=1

for any x € H.
Proof. We take in (2.1)

<x7yj> .
O ==n . N J = 17"')”
T Yk ki)l
to get (2.10). O
Using the Schwarz’s inequality we get from (2.4) that
> a,yi) P (2.11)
j=1
1/2
1 2(-2) o 2(p—1 . 2
e o T R W[4 el I W (78 78] :
k=1 gk=1

for any x, y1,...,yn € H and p > 1.
For p = 2 we get

1/2
n 1 n 5 n 5

> i) < <3 21 )1+ lwell* | D s ue)] : (2.12)

j=1 k=1 Jk=1
for any x, y1,...,yn € H.
From (2.10) we also get Selberg’s type inequality

’yﬂ (2.13)
Z Zk 1 1Yk Y1)
1/2

1 s 1 : :
< 5 lal? 1+Z J S ) |

2
Zk 1 | (YK, y3)]) 3 k=1

for any z, y1,...,yn € H.
Theorem 2.5. Let z, y1,...,yn € H and aq,...,a, € C. Then

n 1 n n 9
> ailyn) | <5 |l I® o emax Z iy ¢ Y lanl*| - (2.14)
j=1 L. j=1 k=1



388 Silvestru Sever Dragomir

Proof. By using the Cauchy-Buniakowski-Schwarz’s weighted inequality for double

sums,
1/2 1/2

n n n
> mgklagebiel < [ D myklajil” > i [biil?
G k=1 j k=1 j k=1

for complex numbers a,, b, and nonnegative numbers m;, where j, k € {1,...,n},
then we have

Z ;g (Yj, Yk) (2.15)
§ok=1

n n n
7 agan )| < D gl [ ue)l = > lag ax! (v, ui))|

Jk=1 Jk=1 jyk=1
1/2 1/2
n
2 2
< | > Hysuedl la] > s ym) lax|
J,k=1 Jk=1
n
2
= Z lak|™ 1€y, )| -
k=1

Now, observe that

n n
2 2
Sl 1) = 3 [ 3 1w
k=1 j=1

k=1

3

n

ke?llaX Z| yiue) o > lakl,

k=1
which proves the desired inequality (2.14). O

Corollary 2.6. With the assumptions of Theorem 2.5 and for p > 1 we have

Zmyg P < (el + pcmax 9 (i) Zmyk UL (216)

Proof. If we take in (2.14) a; = (z,y;) |(z,y;)|"~> then we get

n

—2
Re Z<$7yj>\<$ayj>|p (y;, )
j=1
1 n 5|2
<5 [l +  max Z|yj,yk > [y )P
Jj= k=1

which is equivalent to (2.16). O
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Remark 2.7. If we take in (2.16) p = 1, then we get the following Heilbronn type
inequality

1
leyg <5 [l2l*+ nax Zlijyk : (2.17)

for any x, y1,...,yn € H.
If we take in (2.16) p = 2, then we get

n n

Sl < 5 (lal+ max Sl o Dol (218)

ke{l
e j=1 k=1

which is equivalent to

n

2
2 mox 43 ol p | Slel < el (2.19)
A I =1

for any z, y1,...,yn € H.
The inequality (2.19) is meaningful if

n
22 max Z|yjayk |

ke{l,....n = } '
Also if
1> ,
> max ;I Yj Yk I}
then
2 2 2
Sl < 2= max S ol p| Solwu)P < el (220)
j=1 j=1 j=1

for any x € H, which improves Bessel’s inequality.
We observe that if the family of vectors {y1, ..., yn} is orthogonal, then

n
— 2
pe o ;I(yj,ywl = max

so, if we assume that maxpeqy,.. n} ||y\|i <1 then by (2.20) we get

ke{l,...,n}

2 2 2 2
D Nyl < [2— max yllk]z<w,yj>| < l=II", (2.21)
j=1 j=1

for any x € H.
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Corollary 2.8. With the assumptz'ons of Theorem 2.5 we have

Z 5 ”13 9| (2.22)

[{yk: )]

1 n n ka 2
< 3 1+ {3 Gt} 3 .
- U =1 (2 e )

for any x € H.
Proof. We take in (2.1)

(, y)
ap = =KLk —1.n
S 1y )]
to get (2.10). O
Using the Schwarz’s inequality we get from (2.16) that
S Lo, (2.23)
j=1

1 2 2(p—2 - - 2(p—1
< g llal® |11l max S iy ml o D luelPV |
k=1

kellion} | &

for any x, y1,...,yn € H.
If in this inequality we take p = 2, then we get

n n

1
DMyl < gl |1+ sl ZI iyl ¢ Y lluell? | (2.24)
Jj=1 k=1

for any z, y1,...,yn € H.
From (2.22) we also get the Selberg type inequality

xr y]
sz L s y5)] (2.25)

= = lys|)?
§H$|| 1+ max {Z(yj,yw}z 5|

1,...n n
S L k=1 (E]’:l |<yk7yj>‘)

for any x, y1,...,yn € H.

3. Related inequalities
We have:
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Theorem 3.1. Let z, y1,...,yn € H and oy, ...,a, € C. Then

2
n 1 , .
;Ozj (yj, @ 2 [l +j7k€1?ﬁ>.<“ ) [y ur)|} z:: || (3.1)
and
2o lypna) | < g el 4 max }{\ak| Pl 62)
j=1 1 iy

Proof. From (2.3) we have

n n
Z o (Ys, Yr) = Z 0 (Y5, Yk) | < Z s [{ys, yw)|

J,k=1 j,k=1 Gok=1
n

< max i Yk Z a0

j,ke{l,.“,n}{|<y]’y >|}jk:1| J ‘

max  {[(y;ye)l} D lay| %]

jike{l,..., ;
Jkefl,..;n} )

2

n
= max  {[(yj v} | D lesl ]
j=1

jke{ln}

for any x, y1,...,yn € H and «q, ..., a, € C, which proves (3.1).
Similarly, we have

n n n
> @k (k) = | Y ajan (i, ue)| < Y oyl (Y, ui)|

Jik=1 Py —

< max a;ay , k

jke{l,...n {| J }J;1 Yis Y

n
2
= ma o .
kE{l,..}.(,n}{‘ g }Z [(Yj: yr)|
J,k=1

for any x, y1,...,yn € H and «q, ..., a, € C, which proves (3.2). 0

Corollary 3.2. With the assumptions of Theorem 3.1 and for p > 1 we have

2
1 2 - p—l
ZI zypl” < 5 |lal + | max (I, )} z_: z,y;)] (3:3)
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and
& 1 2 2-1))
Dol )l <5 [l + max (@ u)P0 0 S Hwl| (34)
=1 k=1

for any x, y1,...,yn € H.
Proof. If we take in (3.1) and (3.2) a; = (z,y;) \(m,yj>|p_2 then we get (3.3) and

(3.4). O
Remark 3.3. If we take in (3.3) and (3.4) p = 1, then we get
n
<= . 3.5
> ) 5 |lell 2 max (15D (35)
and
- 1
Yol < 5 {lel® + Z (3> yn)| (3.6)
j=1 J,k=1

for any x, y1,...,yn € H.
If we take in (3.3) and (3.4) p = 2, then we get

n n
1 2
Sole) <5 el + max (gl | 3216w (3.7)
= Ji:ke{l,...,n } =

and

S

ol + max  {Iwmdl*} D Il (3.8)

ke{lyn) s

|~

n
Z‘zyj <

for any x, y1,...,yn € H.
Using Schwarz’s inequality we have from (3.3) and (3.4) that

S eyl (3.9)
j=1
2

1 2(p—2) - p—1

Z 1 . .

< g llel® |1 el (]G } ;Hm

and

> e,y (3.10)
j=1

< Sl {14 12lPP? max T DR(S]

-2 ke{l,...,n} Pyl

for any z, y1,...,yn € H.
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For p = 2 we get

and

- 1
ZI z,y;)|" < 5 2]
j=1

for any x, y1, ...
We observe that if yq, ...

[\)

,UYn € H.

J.ke{1,...,

j=1

jke o, }{ Yi» i)} ZIIZ/;H

n
! {Iel®} 7 1.
? + omax > Ky )l

,Yn € H are such that

j=1

7,k=1

2

max s v} Doyl <1,

then (3.1) provides a refinement of Bessel’s inequality. Also, if

{1} S Il < 1.

max
ke{l,...,n

7,k=1

then (3.12) also provides a refinement of Bessel’s inequality.
By using Holder’s inequality we can provide other inequalities as follows:

Theorem 3.4. Let x, yq, ...

> oy
j=1

1

. < =
yj’x> =5 ||.’£

,Yn € H and aq, ...,

2 T
P+ 1 > s ue)l

J.k=1

Proof. From (2.3) and Holder’s inequality we have

n
Z o0 (Y Yk) =

J,k=1

for any x, y1, ...

n
Z 0% (Y Yk)

Jik=1

IN

,Yn € H and agq, ...,

> Ky )"

k=1

n

> i vl

jk=1

n

Z |<yj7yk>|r

k=1

1/r

2/q

n
> oyl
j=1

n
< > lagar! (s, ue)

1/r

1/r

1/r

7,k=1
k=1

jk=1

n
> oyl
j=1

oy, € C, which proves (3.13).

n
> oyl

2/q

1/q

n
Dl el

1/q

393

(3.11)

(3.12)

an € C. Then forr,q > 1 with %—|—% =1

(3.13)
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Corollary 3.5. With the assumptions of Theorem 3.4 and for p > 1 we have
1/r 2/q

S Wy P <5 P+ 1> Hygoww)l” >y (3.14)
=1

j=1 j,k=1

N =

for any x, y1,...,yn € H. In particular, we have

1/r
1 n
Zl 2,y < 5 2l* + 22 { > [y uw)] (3.15)
7,k=1
and

" " 1/r " 2/q

2 1 2
> [, y))] <3 [lel”+ > s vl >, y;)] - (3.16)
j=1 Jk=1 j=1

We observe that, by Schwarz’s inequality we get for p > 1

> y)l” (3.17)

1/r 2/q

1 2(p_2 n n .
S e il U W 7R 781 B W 71/l B
j=1

7,k=1

for any x, y1, ..., yn € H, where r, ¢ > 1 with % + % =1.
For p = 2, we get
1/r 2/q
n n

. 1 2 r
> @yl < 3 llzl™ 1+ > w500l > sl ;o (3.18)
j=1 j=1

j.k=1

for any x, y1, ..., yn € H, where r, ¢ > 1 with % + % =1
We observe that if y, ..., y, € H are such that
1/r 2/q
n n
> Wy u)l >yl <1
jk=1 j=1
where 7, ¢ > 1 with %Jr% = 1, then (3.18) provides a refinement of Bessel’s inequality.
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Nonlinear systems with a partial Nash type
equilibrium

Andrei Stan

Abstract. In this paper fixed point arguments and a critical point technique are
combined leading to hybrid existence results for a system of three operator equa-
tions where only two of the equations have a variational structure. The compo-
nents of the solution which are associated to the equations having a variational
form represent a Nash-type equilibrium of the corresponding energy function-
als. The result is achieved by an iterative scheme based on Ekeland’s variational
principle.
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1. Introduction

Many nonlinear equations can be seen as a problem of fixed point N (u) = u,
where N is a certain operator. One says that the equation has a variational form if
it is equivalent with a critical point equation E’(u) = 0. In the paper [7], R. Precup
studied systems of the form

Ni(u,v) =u

No(u,v) =v

in a Hilbert space, where each of the equations has a variational form, i.e. there are
two C! functionals E; and Es such that

Eqq (u,v) =u— Ny (u,v) and
Ess (u,v) =v — Ny (u,v),

where F1; and Fsy are the partial Fréchet derivatives of £y and Fy with respect to
u and v, respectively. Sufficient conditions have been established for that the system
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admits a solution which is a Nash type equilibrium for the functionals F; and FEs,
that is

Eq(u,v)
Es(u,v)

inf E(-,v),
inf E(u,-).

Related results are obtained in [1].

The concept of a Nash equilibrium goes back to 1838 when Antoine Augustin
Cournot [3] used it in his economics studies about the best output of a firm depend-
ing on the outputs of the other firms. The existence of such an equilibrium in the
framework of the game theory was proved later in 1951 by John Forbes Nash Jr [5] by
using Brouwer’s fixed point theorem. Now the concept is also used outside economics
to systems of variational equations. From a physical point of view, a Nash-type equi-
librium (u,v) for two interconnected mechanisms whose energies are Fy, Es is such
that the motion of each mechanism is conformed to the minimum energy principle by
taking into account the motion of the other.

Also, in the paper [2], a system of type (1.1) is studied under the assumption
that only one of the equations, say the second one, has a variational form, and the
authors prove the existence of a solution (u,v) such that v minimizes E (u, -) , where E
is the energy functional associated with the second equation. For the proof, they use
a hybrid fixed point - critical point method based on Banach’s contraction theorem
and Ekeland’s variational principle.

The aim of this paper is to combine the techniques used in [7] and [2], for the
study of a system of three equations

Ny(u,v,w) =u
No(u,v,w) =v
N3(u,v,w) = w,
where only the last two equations have a variational form. Our goal is to obtain a

solution (u,v,w) such that the pair (v,w) is a Nash type equilibrium for the two
functionals associated to the last two equations.

2. Main result

Let (X1,d) be a complete metric space and (X, |- |2), (X3,| - |3) be two real
Hilbert spaces which are identified with their duals. Denote X := X; x X5 x X3. Let
N;: X — X, (i=1,2,3) be continuous and assume that Na, N3 have a variational
structure, i.e. there exist functionals Fy, E5 : X — R such that Fy(u, -, w) is Fréchet
differentiable for every (u,w) € X1 x X3, E5(u,v,-) is Fréchet differentiable for every
(u,v) € X1 x X5 and

Ess(u,v,w) = v— No(u,v,w),
Es3(u,v,w) = w— Ni(u,v,w).

Here Fo, E33 are the Fréchet derivatives of Fs(u, -, w) and F3(u,v,-), respectively.
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We also assume that the operator N : X — X|
N(u,v,w) = (N1(u,v,w), No(u,v,w), N3(u,v,w))

is a Perov contraction, i.e. there is a square matrix A = [a;j]1<i,j<3 € M3s(R4) such
that A tends to the zero matrix 03 as k — oo and the following vector Lipschitz
condition is satisfied

d (N1 (u,v,w), Ni(u,v,w)) d(u,w)
|Na(u, v, w) — No(@,7,W)|, | <A |v—71s (2.1)
| Ns(u, v, w) — N3(u, v, )|, lw —wls

for every (u,v,w) € X.

Note that the for a square matrix A € M, (R, ), condition A* tends to the zero
matrix 0, as k — oo is equivalent (see [6]) to each one of the following properties:

(i) The spectral radius of A is less than one;

(ii) I, — A is invertible and (I, — A)~1 € M,,(R);

(iii) I, — A is invertible and I,, + M + M? + ... = (I,, — A)_1

Here I,, stands for the unit matrix in M, (R).

The main result is the following theorem.

Theorem 2.1. Assume that the above conditions are satisfied. Moreover assume that
Es(u,-,w), E3(u,v,-) are bounded from below for every (u,v,w) € X and that are
constants Ry, Rg,a > 0 such that

Es(u,v,w) > i)r(leg(u, ww)+a  forall (u,w) € Xy x X3 and |v|s > Re, (2.2)
2

Es(u,v,w) > i)I(le?,(U,U, J4a forall (u,v) € X1 X X5 and |w|z > Rs.  (2.3)
3

Then the unique fized point (u*,v*, w*) ensured by the Perov contraction theorem
has the property that (v*,w*) is a Nash type equilibrium for the pair of functionals
(EQ, E‘g), i.e

Ey(u*,v*,w*) = inf Ey(u™,-,w"),
X2

Es(u*,v*,w*) = inf E3(u®,v",").
X3

For the proof we need alternatively one of the following two auxiliary results.

Lemma 2.2. Let (Akp)ysys (Bip)ys,  be two sequences of vectors in RY (column
vectors) depending on a parameter p, such that

Ak,p < MAkfl,p + Bk,p

for all k and p, where M € M, (R,.) is a matriz with spectral radius less than one.
If the sequence (Agp),~, 5 bounded uniformly with respect to p and By, — 0, as
k — oo uniformly with respect to p, then Ay, — 0, as k — 0o uniformly with respect
to p.
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Proof. Since By, — 0, as k — oo uniformly with respect to p, for any fixed column
vector € € (0,00)", we can find k; independent of p such that By, < e for all k > k;
and all p. Then, for k > k; we have

Akyp < MAk,17p+€§M2Ak,2’p+6+M€

MER AL A e(T, + M+ . MFR)
M A o+ e, — M),

IN AN IA

The conclusion now follows since (A ), is bounded uniformly with respect to p
and MF=*1 -0, as k — oo. O

Lemma 2.3. Let (Trp)isys (Ukp)ys, be two sequences of nonnegative real numbers
depending on a parameter p which are bounded uniformly with respect to p. Assume
that for all k and p,

Tk p + byk,p S a/l'k—l,p + blyk—l,p + qdk,p

where 0 < a’ < a, 0 < b < b, Z—l/ < %, and (qrp)e>1 15 o sequence of positive real

numbers converging to zero uniformly with respect to p. Then x, — 0 and yip, — 0
as k — oo uniformly with respect to p.

Proof. By the uniform convergence to zero of g, , taking € > 0, we can find k;
independent of p, such that q’“T’P < € for all k > ky. Consider k£ > k; and assume
a >b. Then

b a’ v a’ b
Tkp + ayk,p < E Tp—1p T ayk—l,p +e< E Tp—1,p + ayk—l,p + €

a\? b a
(5) (moar fomear) +e(541)

o k—k1 b I\ k—k1—1
()7 (o B ) o ( ()
a\ v 1
E xkl,P_F;yth +€17a7/'
a

Taking into account that %' < 1 and the boundedness of xj, and yy p, it is clear
that 2k, + 2y, — 0 as k — oo uniformly with respect to p. This clearly gives the
conclusion. The case a < b can be treated analogously. g

IN

IN
2|8

IA

Proof of the theorem. First note that since the spectral radius of matrix A is less than
one, the elements a;; of the main diagonal are less than one. Consequently, for every
(v,w) € Xo x X3, the operator Ny (-,v,w) : X7 — X; is a contraction. We now use
an iterative procedure to construct an approximating sequence (ug, vg, wy). We start
with some fixed element (v, wy) € X3 x X3. Then, by Banach contraction principle,
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there exists u; € X3 such that Ny (u,vo,wo) = uy. Next, for fixed (u1,wp), according
to Ekeland variational principle, there is v; € X5 such that

Es(uy,v1,wp) < i)?sz(Uh S wo) + 1, | Eaa(ui,v1,wo)l2 < 1.
2

Using again Ekeland variational principle for fixed (u1, 1), there is wy € X3 with

E3(uy,vi,wp) < i)I{Isz(Ul,’Ul, J+1, |Esz(uy, v, wi)|z < 1.
3

At step k, we find a triple (ug, vk, wy) having the following proprieties:

N1 (ug, vg—1, Wp—1) = ug, (2.4)

. 1 1
Eo(up, v, wp—1) < l}I(lez(Uka S Wh—1) + e | Eg2 (g, Vg, wi—1)]2 < 7
2

. 1 1
Es(uk, v, wx) < inf B3(ug, vk, ) + =, [Esz(ur, vk, wiyls <+
X3 k k

Our next task is to prove that the sequences uy, vg, wi are Cauchy, which will ensure
their convergence. Since Ny (ug, Vk—1,Wwk—1) = ug, we have
d(Uk4p, ur) = d(N1(Uk4ps Vit p—15 Wetp—1), N1 (Uk, Vk—1, wk—1))
< a1 d(Upsp, k) + @12 Vkgp—1 — Vi—1|2 + @13/ Whtp—1 — Wi—1[3,

whence
a12
1-— ail

d(Uppp, ur) < [Vkgp—1 — Vk—1l2 + ilwlwkpfl — Wk—1]3-
11

1—-a
For the sequence (v) and (wg) we have
[Vktp — Vk|2 < | = No(Wkgp, Vkgps Whtp—1) + Vkgp — Uk + No(ug, vp, wp—1)|2  (2.5)
+ | No(Ukt-ps Vktp> Whtp—1) — No (g, Vg, wi—1)|2,
[Witp — Wil3 < | = N3 (Uktp, Vitp, Wtp) + Whtp — Wi + Ny (up, v, wi)ls (2.6)
+ | N3 (Uktp, Vktps Wetp) — Na(tp, i wie) 3.
Denote
Brp = | = No(Uksp, Vkip, Whtp—1) + Vktp — Uk + No(uk, vk, wi—1)|2
= |E2 (U ps Vktps Wetp—1) — Eoo(up, ve, wp—1))l2,
Vip = | = Na(Uktps Vktps Whp) + Whtp — Wi + Na(ug, vk, wi)|3
= | E33(tktps Vetp Whtp) — Esz(tn, Vi, we—)) |3,

Tp = A(Uugp, Uk)s  Ykp = [Vktp — Vkl2s  Zkp = [Whip — Wi]3.

With these notations, using (2.5), (2.6) and the Perov contraction condition, we obtain

Thyp < 011Tkp + G12Yk—1,p T G132k —1,p, (2.7)
Yip < A21Tk,p + A22Yk,p + @2326—1,p + Bi,p, (2.8)
Zhp < A31Tkp + A32Yk p + A33%k,p + Vi, p- (2.9)

For the continuation of the proof we may use either Lemma 2.2 or Lemma 2.3.
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1) Use of Lemma 2.2. Letting

a1 0 0
! " /
A = a21 Q22 0 and A :A,A’
aszy asz as3

the following inequality holds

Tk,p Tk,p Th—1,p 0
Ukp | <A \yrp | + A" | Yk—1p| + | Brp| - (2.10)
Zk,p Zk,p Zk—1,p Vk,p

Note that if p(A) < 1, than also p(A’) < 1. Indeed, one clearly has A’* < A* and so
if A¥ - 0 as k — oo, then A’* — 0 too.
Rewriting (2.10) as

Lk,p Lk—1,p 0
(I - A,) yk,p S AN ykfl,p + ﬁk,p
Zk,p Zk—1,p Yk,p

and using the fact that I — A’ is invertible and its inverse has positive entries, we can
multiply by (I — A’)~! to obtain

Tk,p Tk—1,p 0
Yrp | ST —A)VTTA" \ypap | + T —A)7" | Brp
Zk,p Zk—1,p Yi,p

Observe that M := (I — A’)~1A” has the spectral radius less than one. To prove this,
it is enough to show that I — M is invertible with the inverse has nonegative entries.
Is clear that

M=(I-A)'A =T-A)y ' A-A)=T-A)T-A+A-1)
=1—(I-A)YI-A),

hence I — M = (I — A’)~}(I — A). Because (I — A’)~! and I — A are invertible, by
taking Q := (I — A)~Y(I — A’), we have Q(I — M) = (I — M)Q = I, hence I — M is
invertible and its inverse is ). One has

Q=T -A) YT -A)=(T-A)" (I -A+A")=T+(1—A)1A"

and since (I — A)~tA” and I are positive matrices, it follows that @ is also positive.
Therefore, the spectral radius of M is less than one.
From (2.2) and (2.3) we have that yj , and 2y, are bounded uniformly with respect
to p. Because of this, is immediate that xy, is also bounded uniformly with respect
to p. Moreover, it is clear that
0

Bk,p

Vk,p
converges to zero uniformly with respect to p. Applying Lemma 2.2 we obtain that
Thk,ps Yk,ps Zk,p are convergent to zero uniformly with respect to p. Hence the sequences
ug, v and wy are Cauchy as desired.
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2) Use of Lemma 2.3. The relations (2.7), (2.8), (2.9) can be rewritten under the
form

Tpp < A11Tkp + A12Yk,p + 0132k,p + 12(Yk—1p — Yk,p) + @13(Zk—1,p — Zkp)s
Yr,p < 21Tk p + Q22Yk p + 0232k p + Prp + @23 (Zk—1,p — Zp)s
Zkp < A31%kp + A32Ykp + A332k,p + Vi p)

which can be put under the vector form

Th,p Th,p a12(Yk—1,p — Yk,p) + @13(Zk—1p — 2k p)
yk,p S A yk,p + 5k,p + CL23(Zlcfl,p - Zk,p)
Zk,p Zk,p Vk,p

Denoting (I — A)™! = C = [¢;5]1<4,j<3 We have

Th,p a12(Yk—1,p — Yk,p) + a13(Zk—1p — Zk.p)
Yk,p S C Bk,p + a23(zk—1,p - Zk,p) )
Zk,p Ve,p

whence
+ c21013(2k—1,p — Zk,p) (2.11)

+ c228k,p + €33k, p,

Ykp < 21012 (Yk—1,p — Yk,

~

+ C22023(2k—1,p — Zk,p
k—1

~—

+ c31a13(Zh—1,p — Wk.p) (2.12)

+ ¢328%k,p + €337k p-

(
Zp < €31012(Ye—1,p — Yh,p

~—

+ €32023(2k—1,p — 2k p
We make the following notations
a' = c12a13 + C22a2.3 + c31a13 + C32a03,
V' = cora12 + c31a12.
Adding (2.11) and (2.12) we obtain

! ! / /
Yep T 2kp < O Yp—1,p — @ Ypp + 0 26—1,p — 0 21 p + 228k, p + €33Vk,p + €32 8k,p + C33Vk,p>

whence, with the notations a =1+a’, b =1+ b and

Qk,p = C22Bk,p + C33Vk,p + C328k,p + C33Vk,ps
one has
WY+ b2kp < a'Yk—1p + V' 2p—1p + Qi p-
Note that the sequence g, := c228k,p + C33Vk,p + €328k,p + C337k,p CONVErges to zero
as k — oo uniformly with respect to p, and that from (2.2) and (2.3), the sequences
(Ykp)g>1 > (Zkp)ps>; are bounded uniformly with respect to p. Also note that if b’ < a’,

then Z—l/ < 3 and from Lemma 2.3 we obtain that vy, and zj, converge to zero as
k — oo uniformly with respect to p. Similarly, if ¢’ < b/, then we obtain the same
conclusion if we apply Lemma 2.3 by interchanging a with b and vy, , with 2 ,. Next,
from (2.7) we deduce that z,, — 0 as k — oo uniformly with respect to p, and as
above, that the sequences uy, vy and wy are Cauchy as desired.

Finally the limits u*, v*, w* of the sequences u, vy and wy give the desired solution
of the system after passing to the limit in (2.4). O
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3. Application
Consider the system
—u" +adu = fi(t,ut),v(t),w(t),u'(t))
—o" + 3o = Y, faltu(t), v(t), w(t)) (3.1)
—w" + ajw =V, f3(t,u(t),v(t), w(t))
with the periodic conditions
w(0) —u(T) = 4 (0)—u'(T)=0,
v(0) —o(T) = '(0) = (T) =0,
w(0) —w(T) = w'(0)—w(T)=0,
where fo, f3 : (0, T)xRFt xRF2 xR¥s — Rand f; : (0, T)xRF xR*2 x Rks x RF1 — Rk1,
We will assume that fi, fa, f3, Vy fo and V, f5 are L'~ Carathéodory functions.

For i = 1,2,3, let H; (O,T; Rk"') be the closure in H! (O,T;Rki) of the space
{ueC ([0,T];R*) : u(0) =u(T),u (0) = (T)}. We shall endow this space with
the inner product

(u,v), == (ul7v/)L2(07T;Rki) + a?(U,U)L2(07T;Rki)

and the corresponding norm

1
2 2 2
|U|z = (‘u/‘m(o,T;RM) + a% |U|L2(0,T;Rki)> .

Also we consider the operator J;: (H} (0,T;R*)) — H} (0, T;R*") given by
Jih = uy, (h € (H; (O,T; ka‘))’) , where uy, € H; (O,T;Rki) is the weak solution of
the problem

—u" +atu="h on (0,7)
(3.2)
w(0) —u(T) =u'(0) —u/'(T) =0
For every h € L? ([0, T]; R*) we have
1
| Jih|7 = (Jih, Jih); = (h, Jih) 12 < |h|L2|Jih| L2 < — Pl L2l Tihli, (3.3)

hence )
|J1ha]i < —1h|Lz.
a;
Associate to the second and the third equation from (3.1) the functionals
Es, Es: H)(0,T;R™) x H)(0,T;R*) x H)(0,T;R*) — R

defined by
T

Bx(u,v,0) = glol — [ falt, u(t),v(t), wie))dt
0
and

T
Eg(u,v,w)=%|w|§—/0 Fo(t u(t), v(t), w(t))dt.
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According to [4, Theorem 1.4] we have

Eao(u,v,w) = Lov — Vy fa(-, u, v, w),

or equivalently, for any ¢ € H; (0, T;R¥2),

(EQQ(U'?an)a(P) = (L2U7(p) - (Vny(U,U,U),U,,’ZUI),(P)
= (’U - ngny, (,0)2.

Hence Eas(u,v,w) =v — JoV, fo. Similarly,

Ess(u,v,w) =w — J3V, f5.

405

On the other hand, system (3.1) is equivalent to the following fixed point equation

where

Ny (u,v,w) =u
No(u,v,w) =v

Ns(u,v,w) =w

N]_(U,U,’LU) = Jlfl('auvvvwau/)a
NQ(’LL,'U,'[U) = JQVny('7u7vaw)7
Ng(u,v,w) = J3V2f3(~,u,v,w).

Related to f1, f2, f3 we assume that the following Lipschitz conditions hold for some
constants a;; :

Then

4
|f1<t7m1’ ...,114) - fl(tvxib 73774)| < Zaljlmj - @'?
=1

|Vyf2(t,x1,x2,x3) - vny(taThTQvTSN <

M«

azjlz; — 7],
1

M= 5

V. f3(t, 21, w2, 23) — V. f3(T1, 72, T3)| <
J

azjlz; — 75
1

|N1(u,v,w) = N1 (@,0,@)|1 = |J1 (f1(-;u,v,w,u") = f1(-6,0,@,7)) |1

1 .
< ;1|f1(-,u,v,w,u/) - fl('vuvv7wau/)|L2

[SE

T
< (/ (a11fu(t) —a(t)] + ava|u'(2) U'(t)l)zdt)
0

a
a a

+ £|’U—E‘L2 + £|w—E|L2
a1 a1

2 3
1 a a a
< — ((“) +a§4> lu =, + —2|v — |2 + —2|w — |2
ai ay ai ay

(3.4)

(3.5)

(3.6)
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Is clear that |v — |2 < {%2|v —Tlp and |w — W|g2 < % w — Wl|3. Hence, the above
inequality becomes

\Nl(u,v,w)le(ﬂ,ﬁ,ﬁ)\l
1 a 2 a a
< ((“) +a§4> lu— 1l + —=|v — Vs + —|w — Ws3.
ai1as

a1 ai aipas

N

For Ny (u,v,w) we obtain the following estimate
|N2(U7U7w) - NQ(E757E)I2 < |J2Vyf2(-,u,v,w) - Vyf2(~,ﬂ,§,W)|2

< a7|vyf2('7u7v7 w) - Vyf2('vﬂvﬁvm)|L2

2
a a a

< 2y —alpe 4+ 20—l + —2|w — |2
a9 as a
a a a

< ju—al + v T+ —|w — D3
aza as

Similarly
a a a
[N (u,0,w) = N3(T,5,0)]5 € ——[u = s + —|o = Blo + =5 |w — s

asay asa as

Therefore, the condition related to (2.1) holds provided that the spectral radius of

the matrix
1
1 2 2 2
2 ai1 @12 413
a <a1 ) a1y aiaz  aiag
as

A= 1 a2  a23 (3~7)
aza; a2 azas
_a31 _a32 ass
asay azas ag

is less than one.
In what follows we are trying to establish conditions for Fs(u, -, w) and E5(u,v,-) to
be bounded from below. To this aim, assume that for ¢ € {2,3} and j € {1,2,3,4},

there are 0;; € L'(0,T;R;) and ; € R with 77 < % such that

2
falt,m,y,2) < V3lyl* + o21(t)|@] + 022 () |y| + o23(t)|2] + 024 (t) (3-8)
and
fs(t.@,y,2) < A3l2® + o1 (t)|@] + o2 () |y| + os3(t)|2] + o34(t). (3.9)

Then taking into account the continuous embedding of H; (O,T;Rki) into
C([O,T];Rki),we obtain

T a2
Eau,ow) = [ (GROF + 1201 - faltult) o), 0(e) ) d
> [ (0P 4032020 om0l o 0] oD (D]~

2 2
> < — 322) |U|§ — Corluly — Cozlv| — Caz Jw|; — Cay
2
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for some constants Cs;, 7 —1,2,3,4.

This shows us that Ez(u,v,w) — oo as |v|s — oo. Similarly, Es (u,v,w) — oo as
|w|; — oo. Thus the functionals Ey(u,-,w) and E3(u,v,-) are coercive. Then, as in
[7, Lemma 4.1], these functionals are bounded from bellow.

Finally, assume that for ¢ € {2,3}, there are L!'-Carathéodory functions
gi1, gi2: (0,T) x R¥ — R of coercive type such that

921(t,y) < fo(t, 2,y,2) < ga2(t,y) (3.10)
and
931(t, 2) < f3(t, 2,9, 2) < g32(t, 2) (3.11)
for all for all (z,y,z) € R¥t x R¥2 x R¥s and t € (0,T). Here, for example, by the
coercivity of go;1 (¢,y) we mean that
1
2

Fix a > 0. Using the above assumption one has

T
jof3 —/ g21 (t,v)dt — 00 as |v], = o0.
0

: e (L e [T
vlenf% Es(u,-,w)+a< Ulené‘}) (2 lv)5 — /0 g21 (t,v) dt) + a.

By the coercivity of gos, there exists Ry > 0 such that

'ulenl-g; 5 lv]5 — ; go1 (t,v)dt | +a < 5 lv]5 — ; ga2 (t,v) dt,

for all |v]y > Ry. Now, for |v|, > Ry and all (u,w) € H,(0,T; RF1) x H)(0,T; RF2),
using again (3.10) we obtain

1 T
Es (u,v,w) > = |U|; — / gao (t,v)dt > inf Fs(u,-,w)+ a,
2 0 ’UEH;

as desired. The similar inequality for E3 can be established analogously.

Under the assumptions (3.4), (3.5),(3.6), (3.8), (3.9), (3.10), (3.11) and if the spectral
radius of matrix (3.7) is less than one, then all the hypotheses of Theorem 2.1 are
fulfilled.
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