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Existence and multiplicity of solutions to an ab-
stract Cauchy problem for an evolution equation
involving fractional dissipation term of Caputo

type
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Abstract. The aim of this work is to investigate the existence and multiplicity
of solutions to a nonhomogenious quasi-linear second order evolution equation
involving a fractional dissipation term of Caputo type in abstract framework.
Some criteria on the existence of at least one or two solutions are obtained by
using some well known fixed point theorems for the sum of two operators. An
example is presented to validate our analysis.
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1. Introduction

Evolution problems have been an area of wide research for a decade. Their role in
modeling real world scenarios is crucial in sciences, physics and engineering. However,
the loss of energy often produces friction effects in real world models [14, 19, 20]. Frac-
tional dissipation which extend the classical dissipation mechanisms where fractional
derivatives are involved provide an appropriate description of memory effects.

In recent years, special attention has been focused on fractional derivatives, both
in their interpretation and as a nonlocal dissipation. More details can be found in
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[4, 13, 22, 23, 24, 25].
The following abstract system has been extensively studied in the literature

v+ d(|Azul?) Au+ V(t) = U(t). (1.1)

Many authors have developed several methods and different techniques to study this
kind of problems in the last decade. See for instance [2, 7, 11, 12, 16, 17, 18].

It is remarkable that no paper in the aforementioned literature discussed such models
by means of topological methods which offer a key tool to overcome many analy-
sis difficulties and guarantee the well-posedness of solutions. The use of topological
methods has been extensively researched in both qualitative and quantitative analy-
sis of nonlinear boundary value problems, see for instance [5, 15, 26] and the refer-
ences therein. Figueiredo et al. in [9] used Leray-Schauder degree and the bifurcation
method to study the existence and uniqueness of positive solution for the following
non-homogeneous elliptic Kirchhoff problem with nonlinear reaction term

—¢(z,[ul®) A u=ou? inQ
u=0 on 09,

where Q@ C RY, N > 1 is a bounded regular domain, 0 < ¢ < 1,0 € R and
o(a.5) = alo) +ba)s, [l = [ [Vulds
Q

with a,b € C7(Q),v € (0,1) and a(z) > ag > 0,b > 0.
The authors in [1] applied sup- and super-solutions methods to investigate the
existence of positive solutions for the following Kirchhoff type problem

—¢ (fQ|Vu|pdz) Apu=pof(u) inQ
u>0 mQ, u=0 on o,

where 1 < p < N,¢ : Rt — RT is a continuous and increasing function, o is a
parameter and f : [0, +00) — R is a C'! semipositone nondecreasing function.

The authors in [28] used the method of upper and lower solutions to investigate
the existence and multiplicity of solutions for the following Kirchhoff type problem

—¢ (fo|Vul?dz) Au(z) = f(z,u(z), Vu(z)) = g(z, u(z), Vu(z)), in Q
u=0 on 09,

where 2 C R is a bounded and smooth domain and ¢ € C([0, +00), (0, +00)) with
¢(t) nondecreasing on [0, +00) and ¢(t) > ¢(0) > 0,Vt > 0.

Very recently Precup and Stan [27] discussed by means of fixed point theorems of

Banach and Schaefer, the existence of solutions to the following stationary Kirchhoff
problem with reaction terms

—(a+b [|Vul?dz) Au = f + g(z,u,Vu), inQ
u|3Q =0.

In this paper, we investigate the following second order evolution problem
u"(t) + ¢ (1G(ut)|?) At)u(t) + 0 u(t) = f(u(t), t€[0,=], (1.2)
u(0) = ug, u'(0)

Ui,
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where 0 < wug,u; < x where x is a nonnegative constant, v > 0, ¢ is is a
function that will be specialized in the sequel and A(t), G(t) : H — Hare two families
of operators. When A(t) = A is a positive self-adjoint operator and G(t) = A2 the
equation above coincides with a class of Kirchhoff equations. We begin by introducing
some assumptions.

(A1). H is a Hilbert space with inner product (-, )3y and norm ||-||3, f is a nonlinear
operator with domain

D(f) ={ueM: f(u) € H}

and
£ (u)llae < 6o(?) +Z9k Ml

where r € N*, p, > 0, k € {1,...,r}, Hk € C(]0,%]), 0 < 0 < x on [0,w] for
some nonnegative constant Yy,

(A2). A(t) and G(¢) verify
MA@l < o) + ) Ge®)llull3;, ¢ €[0,wl,
k=1

where n € N*, s, > 0, k € {1,...,n}, ¢x € C([0,=]), 0 < ¢ < x on [0,w],
ke {l,...,n}, and

l
IG(E)ulln < <o(t) + Y aw(®)ully, ¢ € [0,w],
k=1

where | € N*, r, > 0, k € {1,...,1}, s € C([0,w]), 0 < ¢ < x on [0,c],
ke{l,...,1},

(A3). ¢ € C([0,00),[0,00)) verifies
|6(2)] < Do) + D Ik(D)]2|%, €0,
k=1

where m € N*, ¢, > 0, k € {1,...,m}, 9 € C([0,w]), 0 < I} < x on [0, w]| for
some nonnegative constant y,

(A4). 9" is the generalized Caputo fractional differential operator of order a €
(0,1) (see [6] and [3]). It is given by
¢
07 Mu(t) = _ /(t - s)_("e_"(t_T)iu(T)dT n > 0.
t I'(l-a) dr o=

0
In this paper under hypotheses (A1) — (A4) we prove that the problem (1.2) has at
least one or two bounded solutions.
Let
E=CY[0,w],H)
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be endowed with the norm

IIUIZmaX{ sup |[ull3, sup IU’IIH}

te[0,w te[0,w

provided it exists. For u € H, define J as the identity operator in H.

The paper is organized as follows. In the next section, we give some preliminary
definitions, lemmas and theorems. Section 3 is devoted to our main findings. In section
4, we illustrate the main results with an example. Finally, the last section provides a
conclusion summarizing the study.

2. Preliminaries
First, we recall the following definitions.

Definition 2.1. Let £ and F be real Banach spaces. A map T : € — F is called

expansive if there exists a constant h > 1 for which the following inequality holds
[Tz —Tylr = hllz —ylle,

for any x,y € £.

Definition 2.2. A closed, convex set Q in a Banach space & is said to be a cone if
1. oz € Q for any 0 > 0 and for any x € Q,
2. x,—x € Q implies r = 0.

The following fixed point theorems are the main tools to prove our results. To
prove our first existence result we will use the following fixed point theorem.

Theorem 2.3. ([10], [21]) Let € be a Banach space, F a closed, convex subset of £, U
be any open subset of F with 0 € U. Consider two operators T and S, where
Te=cx, x €U,
for somee>1 and S :U — £ be such that
(). Z— 8 :U — F continuous, compact and
(ii). {xeod :z=NT—8)x} =0, forany A€ (0,1).
Then there exists ©* € U such that
Tx* + Sz =™,

The next fixed point theorem will allow us to prove existence of at least two
nonnegative global classical solutions of the IVP (1.2).

Theorem 2.4. ([8], [29]) Let Q be a cone of a Banach space £; Q a subset of Q
and Uy,Us and Us three open bounded subsets of Q such that Uy C Us C Us and
0 € Uy. Assume that T : Q — £ is an expansive mapping, S : Us — £ is a completely
continuous map and S(Uz) C (Z—T)(2). Suppose that (Us \U1)NQ # O, (Us\U2)NQ #
(0, and there exist ug € Q* = Q\{0} and € > 0 such that the following conditions hold:
(i). Sz # (T —T)(z = Aug), for all A >0 and x € Uy N (L + Aug),
(ii). Sz # (T -T)A\x), forall X>1+¢€ x € s and Az € Q,
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(iii). Sz # (Z—T)(x — Aug), for all X >0 and x € OUs N (L + Aug).
Then T 4+ S has at least two non-zero fixed points x1,xs € Q such that
z1 € OUs N and z9 € (ﬁg\ﬂQ)ﬁQ

or

xr1 € (UQ\Ul)ﬂQ and To € (Hg\ag)ﬂﬂ

We give also some auxiliary results which will be used in the sequel. To this end,
for any u € &, let us define the operators

Nu(t) = u(t) —ug —uit

(t = 5) (& (1G(Du(s)?) At)uls) + 05 "u(s) — f(u(s))) ds,

o\N

for all t € [0,w]. Set ¥ = 2x + xw

m 1 dk

k=1 k=1
X 1+ZX5’“ +x 1+prk w2+77X wse,
I'2-a)
k=1 k=1
The following lemma is going to be needed in what follows.
Lemma 2.5. Suppose that (A1) — (A4) hold. If u € € and ||lu|| < x, then

H./\/—’U,(t)H'H §191, t e [O,w}

Proof. We have

l
IG@Ou®ln < o)+ Y w(®)ul®)ll3
k=1
l
< x<1+ X““>, t €10,=l,
k=1
@ (IGOu@?)] < do(t) + ) (DG u ()]

IN
=<
/N
=
+
bl
&
N
=<
/N
—
+
bl
-
>
=
~—
~__—
s

), t €[0,w],
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107 u(®) [l < (t =)~ 1D () |dr

IN

IF (@)l < 6o(t) + > Or()llult)|f

IN
<
/N
—
+
[~]-
P
3
~_—
~
m
=)
&

k=1
and
JAGu®llr < o)+ GO u®)l3;
k=1
< X<1+ixs’“> t € [0,w]

k=1

Hence,

[Nu(t)]2

< JJu(t)|l3 + wo + ust
t

+ /(f =) (|& (IGOu(s)IIP) [ 1@ uls) I3 + A0S u(s) |2 + I (uls)) ) ds

0

o feale () ) 5

0 k=1

X 11—« - .
1 Pk
+7F(2 )s +x< —I—kz::lx ))ds
<2x 4+ xt
m l ke n T
k=1 k=1 k=1 k=1
+ X t3—(x
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< 2x +xw
m l qk n T
k=1 k=1 k=1 k=1
X 33—«
TTe—a)”
=1, te [O,w]
O
Let
w; = max{w, w?}.
For u € &, define the operator
t
A
Sou(t) = L /(t _ $)Nu(s)ds, te 0,0,
w
'
where A is a positive constant.
Lemma 2.6. For u € £ and ||u|| < x, one has ||Szau|| < AY;.
Proof. We have
t
A
[Saullye < — [ (t = s)[[Nu(s)|lnds
w1
0
A t
< —% /(t — s)ds
w1
0
A
S 7’[91732
w1
< A’l91, t e [0, WL
and
d A /
HSQU, < 4 / INu(s) |sds
dt " 1
0
A
é 7191’{2
w1
< A’191, te [O,W]
O

Lemma 2.7. If u € £ verifies the equation
Su(t) =D, tel0,w],

for some constant D, then u is a solution to the problem (1.2).
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Proof. We have

t
/(t — s)Nu(s)ds =D, te€[0,w],
0

so two times differentiation with respect to t leads to

Nu(t)=0, te|0,w=].

3. Main results

Theorem 3.1. Assume that assumptions (A1) — (A4) are satisfied, then the problem
(1.2) has at least one bounded solution in E.

Proof. In the sequel, F denotes the set of all equi-continuous and relatively compact

in A families of functions in € with respect to the norm || - ||. Let, F = F and
U= {u eF:|lull <y andif |ul > g then [Ju(0)]| > g}

For w €U, e > 1 and t € [0, @], define the operators 7 and S as follows
Tu(t) = eu(t),

Su(t) = u(t) — eu(t) — eSaul(t).
For u € U, we have
(Z—=8)ull = leu+ eSyul
< ellull + €| Saull
< et + €Ads.

Thus, S : U — & is continuous and U is compact, then (Z—S8)(U) resides in a compact
subset of F. Now, suppose that there is a u € 9l such that

u=AZ-S)u
or

u = e (u+ Sau),
for some A € (0,1). Then, using that Sou(0) = 0 and [ju]| = x > %X, we have
|u(0)[] > % and

u(0) = Aeu(0),
and
[u(0)[] = Aellu(0)|

whereupon Ae = 1, which is a contradiction. Consequently

{uedd:u=MZT-Su}="0
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for any \; € (O, %) Then, from Theorem 2.3, it follows that the operator 7 + S has
a fixed point u* € F. Therefore
u*(t) = Tu*(t) + Su*(t)
eu*(t) —u*(t) + eu” (t) — eSau*(t), ¢ €0, ],
whereupon
0= 8Su*(t), tel0,w].

Hence, we conclude that u* is a solution to the problem (1.2).

O

Theorem 3.2. Assume that hypotheses (A1) — (A4) hold, then the problem (1.2) has
at least two monnegative bounded solutions in &.

Proof. Let r, L, Ry be positive constants that satisfy the following conditions
L
r<L<R; <y, A’91<3'
Set B
Q={uef:(uw,wyy >0, weH, on [0,w|}
With Q@ we will denote the set of all equi-continuous families in é Forv e &
and ¢ € [0, w], define the operators 71 and Ss as follows
L

Tiv(t) = (1 + me)v(t) — 61—0J7

S50(t) = —eSav(t) — mev(t) — 61—%].

Note that any fixed point v € £ of the operator 7; + Ss is a solution to the IVP (1.2).
Define

Uy = 9, ={weg:|v|<r}

U = Qr={veQ:|v|| <L}

Us = Qp, ={veQ:|v|| <Ri},

Q = Q.

1. For vy, vy € ), we have
[Tivr — Tavell = (1 + me)|[vr — v,

whereupon 77 : Q — £ is an expansive operator with a constant h = 1+ me > 1.
2. For v € Qp,, we get

A

L
< ellSavf| +mefjol| +e55

L
E<A191 +mR + 10)

1Ssv]|

IN

Therefore S3(Qr, ) is uniformly bounded. Since S5 : Qr, — £ is continuous, we
have that S3(Qg, ) is equi-continuous. Consequently Sz : Qr, — £ is completely
continuous.
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3. Let v; € Qp,. Set
1 L
Vg = V1 + fSQ'Ul + 7:7
m 5m
Take w € H arbitrarily. Then

<'U1'IU, w>7—[ > 07

and
1 L
(vow,w)y = ((1)1 + —Svy + j) w, W)y
m 5m
1
= (nw,w)y + E<nglw’w>ﬂ
L
+%<w7w>7{
L
> (viw,w)y + 57@<m w)
1
—— || Saviwlla [[wllx
m
L 2 1 2
> {nw,win + e fwlly — —liSavlllwliz
L A
> (ot sl — 2
1 /L
= (vyw,w)y + m (5 - Aﬁl) HU}H?—[
> 0.
Therefore vy € Q) and
L L
—emuy = —emuy — €Sov — el—oj - GEJ

or

L
(T —Ti)va = —emuq + el—oj

= 831}1.

Consequently S3(Qr,) C (Z — T1)(2).
4. Assume that for any vg € Q* = Q\ {0}, there exist A > 0 and v € §Q,N(Q+Avy)
or v € 9Qg, N (24 Avg) such that

Ssv = (T — T1)(v — Avp).

Then I I
—€eSav — mev — el—oj = —me(v — Avg) + el—oj
or
L
782"0 = )\ml}o + gj
Hence,

L L
HSQ’U” = H)\mvo + 5]” > 5
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This is a contradiction.

667

5. Let 1 = 5%1 Suppose that there exist a v1 € 99y, and A\; > 1 + ¢, such that

831)1 = (I— 7-1)()\11)1).
Moreover,
—eSovy — - £j =-A + £.7
€02V ™Mevy € 10 = 1MEV, € 10 s
or
L
521}1 + gj == ()\1 - l)mvl.
From here,
L L
23 > ||Sovy + gj = (/\1 — 1)m||v1H = ()\1 — 1)mL
and

2
— 4+ 1> A,
5m

which is a contradiction.

(3.1)

Therefore all conditions of Theorem 2.4 hold. Hence, the problem (1.2) has at least

two solutions u; and wug so that
url = L < Juz| < R

or
r <l < L <lugll < Ry

4. Example

As an illustration of our main results, we consider the following equation
t

WO+ OO+ iy [0 e = )P
2 0

for t € [0,1], and a fixed non zero w € H, subject to the initial conditions
u(0) = u/(0) = 1.

Here

P1=q =7r1=7=4
00(t) = Yo(t) = Co(t) = o(t) =0,
91(t):191(t):<1(t =q(t) =1, tE[O,l],

9 3 2 L
— = - =-, A= .
5 109,
One can check that all conditions of Theorem 3.1 and Theorem 3.2 are fulfilled.
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5. Conclusion

We discussed the existence of at least one or two global solutions to an abstract
quasi-linear nonhomogeneous evolution equation involving fractional dissipation term
subject to initial boundary conditions. We used well known fixed point theorems for
the sum of two operators to achieve existence and multiplicity criteria.
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