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On a Riemann-Liouville fractional anti-periodic
boundary value problem in a weighted space

Ahmed Alsaedi (), Hafed A. Saeed (%), Bashir Ahmad (% and
Sotiris K. Ntouyas

Abstract. This paper is concerned with the existence of solutions for a frac-
tional anti-periodic boundary value problem of order « € (2, 3] involving Rie-
mann—Liouville fractional derivative and integral operators in a weighted space.
The existence of solutions for the given problem is shown by means of the Leray-
Schauder’s alternative, while the uniqueness of its solutions is established with
the aid of the Banach’s fixed point theorem. We also discuss the Ulam—Hyers
stability for the problem at hand. Examples are presented for illustration of the
main results.
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1. Introduction

Riemann-Liouville fractional differential equations have been extensively studied in
the literature. It has been mainly due to the ability of fractional operators to describe
memory and hereditary characteristics of several materials and processes. One can
find applications of Riemann—Liouville fractional derivative operators in the study
of complex systems like polymers, biological tissue and self-similar protein dynamics
[27], real materials [31], projectile motion [5], electrical circuits [9], backward diffusion
problems [32], viscoelasticity [25], bioengineering [26], fractional dynamics and control
[11], modeling framework [35], etc.
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Influenced by the occurrence of Riemann-Liouville fractional operators in the
mathematical modeling of several real-world phenomena, many researchers have
shown a keen interest in developing theoretical aspects of Riemann—Liouville type
fractional boundary value problems, for instance, see [23, 2, 3, 33, 7, 12, 28]. Anti-
periodic boundary conditions form a special case of non-separated boundary condi-
tions and have been extensively studied in the literature, for instance, see the pa-
pers [1, 19, 15, 8]. In [4], the authors solved a fractional integro-differential equation
equipped with a new class of dual anti-periodic boundary conditions. In [6], the au-
thors studied a Riemann-Liouville fractional differential equation of order o € (1,2]
with fractional anti-periodic boundary conditions.

In 1940, Ulam [34] introduced the notion of stability for a functional equation to
find a set of conditions ensuring an approximate solution of this equation to be close
to its exact solution. Hyers [16] discussed the Ulam’s idea of stability more rigorously
in the context of Banach spaces in 1941. Later, it was known as the Ulam—Hyers
stability. Then, Rassias [29] applied the idea of Ulam-Hyers stability to a wide class
of functional equations, which is now referred to as Ulam-Hyers-Rassias stability
[17]. The Ulam-Hyers stability for Black-Scholes equation was studied in [24]. For
some recent results on Ulam—Hyers stability for fractional differential equations, for
instance, see [37, 20, 22, 13, 10, 14, 36].

In this paper, motivated by the foregoing discussion, we discuss the existence,
uniqueness and Ulam-Hyers stability for solutions of a nonlinear Riemann—Liouville
fractional differential equation equipped with fractional anti-periodic boundary con-
ditions in a weighted space. Precisely, we consider a nonlinear Riemann-Liouville
fractional differential equation

Dex(t) = f(t,z(t), M) (t), A2x)(t)), 2<a<3,teT=[0,T], T>0, (1.1)
complemented with fractional anti-periodic boundary conditions

D 12(0") + D 1a(T™) =0,
DY22(0%) + D 22(T~) = 0, (1.2)
D 32(0%) 4+ D 32(T~) =0,

where D% denote the Riemann—Liouville fractional derivative operator of order «,
f:J xR xR xR — R is an appropriate continuous function and

(Alm)(t):/o Uy (t, s) x(s)ds, ()\Qx)(t):/o Us(t,s) x(s) ds, (1.3)

with ¥y and ¥y being continuous functions on J x J. The relationship between the
Green’s functions of lower- and higher-order anti-periodic fractional boundary value
problems is also described.

We derive the existence and uniqueness results for the problem (1.1)-(1.2) with
the aid of the Leray-Schauder’s alternative and Banach’s contraction mapping prin-
ciple.

We arrange the remaining content of the paper as follows. Section 2 contains
some preliminary concepts and a subsidiary result related to the linear version of the
given nonlinear problem. An interesting discussion concerning the Green’s function
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is given in Section 3. We prove the existence and uniqueness results for the problem
(1.1)-(1.2) in Section 4, which are well-illustrated with examples in Section 5. We
discuss the Ulam—Hyers stability for the problem at hand in Section 6.

2. A subsidiary result
Let us first recall some basic concepts of fractional calculus from the text [21].

Definition 2.1. For ¢ € Li[a,b], the (left) Riemann—Liouville fractional integral of
order o € RT, denoted by I¢, ¢, is defined as

a
t

o () = (0 Ko) () = s [ (1= ¢ ()

a

tafl

(o)

Definition 2.2. Let o, o™ € Li[a,b],a,b € R and o € (m — 1,m], m € N. The
Riemann—Liowville fractional derivative of order a, denoted by D, p, is defined as

where K, (t) = , ' denotes the FEuler gamma function.

1 dmt

dm —Q m—1l—«
Dy (t) = dtimlf; p(t) = mdtim/(t_s) T o (s)ds,

a

In the current work, we write the Riemann-Liouville fractional integral and
derivative operators I?, and D?, as I9 and DY when a = 0, respectively.

Lemma 2.3. Let p and q be positive reals. If v is a continuous function, then
(i) IPT9p(t) = IPTp(t),
(ii) DPI9p(t) = I[97Pp(t) for g > p > 0.
Note that DPtP~* =0, i = 1,2,...,[p] + 1, where [p] is the largest integer less
than p and
'(A+1)
F'A—p+1)
In the following lemma, we solve the linear version of the equation (1.1) com-
plemented with the boundary data (1.2).

DPt = PS> 1, A£p—1,p—2,...,p—n.

Lemma 2.4. For g € C(J,R), the unique solution of the linear equation

D% (t)=g(t), 2<a <3, teJ, (2.1)
subject to the boundary conditions (1.2) is given by
T (T — s)?
x(t) = pa(t) + p2 ()T = 8) + ps(t) ———— | g(s)ds
0

bt —s)> !
—I—/O Ty g(s)ds, (2.2)
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where
(t) B _tozfl N Ttoz72 (t) B _ta72 N Tta73
M= 9P T —1) Y T ar(a—1) T a0(a - 2)°
_ta73
t —

Proof. Operating the integral operator I* to (2.1), we get
z(t) = et 4 eat® 2 4 st 3 4 I%g(t),
where ¢1, co, c3 € R are unknown arbitrary constants. From (2.4), we have
D la(t) = el () + I'g(1),
D7 2g(t) = e T(a)t + ol (v — 1) + I?g(2),

Do"g’x(t) = @ﬁ +eol'(a = 1)t + 3 — 2) + I3g(t).

Using (2.5) in the boundary condition (1.2), we obtain
2¢1T(a) + I'g(T) = 0,
2ol (o — 1) + I?g(T) + &1 T (a)T = 0,

2c3T (o — 2) + I3g(T) + % +cl'(a—1)T =0.
From (2.6), we get

o1 = QE(L)Ilg(T), cy = m (Zflg(T) - IQg(T))

&= s =g (3790 - (D) ).

(2.3)

(2.4)

(2.6)

(2.7)

Inserting the above values of ¢1, ¢3 and ¢3 in (2.4) together with the notation (2.3), we
obtain the solution (2.2). The converse of the lemma follows by direct computation.

The proof is completed.

O

Remark 2.5. The solution (2.2) of the equation (2.1) subject to the boundary condi-

tions (1.2) can be expressed in terms of the Green’s function as

x(t):/o G(t,s,a)x(s)ds,

where

(t _ S)afl tafl N ta72
['(a). ()  4AT(a—1)
stv3(T — s)

G(t,s,a) = AT(a—2) -

—t*! 2 s5t*3(T — s)

) T -1 Dt ey 0 S
—_———

(2s—1T)
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3. An interesting analogy

It is interesting to note that the Green’s function (2.8) contains the expressions for
the Green’s function for the problem

Dez(t)=g¢g(t), l<a<2,teJ,
(3.1)
D 12(0%) = =D 'a(T7), D*22(0%) = —D*22(T"),
given by
(t _ S)otfl tafl ta72
— 2s =T <t
T @) T Ta-n T sst
G(t,s,a) = _jamt a2 (3.2)
2s =T t<s.
@) T -n 1 =7
Likewise, the Green’s function (3.2) contains the one for the problem
D%z(t) =¢g(t), 0<a<1,teJ,
(3.3)
D>tz (0T) = —D* ta(T7),
given by
(t _ 5)0471 tocfl <
() M) “=0
G(t,s,a) = (3.4)
_toz—l
—_— t <s.
oT(a)’ =9

Thus, we deduce that the Green’s function for a higher order fractional boundary value
problem involving a Riemann-Liouville fractional differential equation contains the
expressions for the Green’s functions associated with lower order Riemann-Liouville
fractional anti-periodic boundary value problems. The additional terms in (2.8) and
(3.2) with reference to the Green’s functions for the lower order problems (3.1) and
(3.3) respectively are indicated with the under-braces.

4. Main Results

Let C(J,R) be the Banach space of all continuous real-valued functions from J —
R endowed with the supremum norm |[|z| = sup;c s |z(t)|. For t € J, we define
xi(t) = t"x(t), 7 > 0, and let Cz (J,R) be the space of all functions z; such that
z € C(J,R) which turns out to be a Banach space when endowed with the norm
s = supye s {7l (t) ).

By Lemma 2.4, we transform the problem (1.1)-(1.2) into a fixed point problem
as

z="Trz,
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where T : C5_4(J,R) = C3_o(J,R) is an operator defined by

(T—3)2] y

T
T0 = [ [0+ 0@ -9+

*f(5,2(5), ()(s), (Aa)())ds
t _ s a—1
+ [ S feas), (ua)(s). Qe 6. ()

Observe that the fixed points of the operator 7 are solution to the problem (1.1)-(1.2).

Lemma 4.1. Assume that f : 7 x R xR x R — R is continuous. Then, the operator
T :C3-0(T,R) = C3_o(T,R) is compact.

Proof. Let us first note that continuity of T follows from that of f. Let G be
a bounded set in C3_,(J,R). Then, there exists a positive constant Ny such that
[f(t, z(t), (Ax)(t), (Aezx)(t))| < Ny, Vz € G, t € J. In consequence, we have

IS ER
(T —s5)?

= sup {tB—a /OT {m(t) + () (T — s) + Mg(t)?} «

xf(s,2(s), (Az)(s), (A (s))ds

t —s a—1
[T () ). () (5))ds
T
sup {t” 85 [ @1+ haolr = o)+ ) 52

(a)
teJ

o [ <(>)d]}
T2 T3

Ny {sup [t37 %y (8)|T + sup [t2~ %o (t) | — + sup |3~ us(t) —}
teg teg 2 teg 6

t -1
- (t—s)”
+Nysup{ t? 0‘/ ————ds
ftej{ 0 [(a)
T2 T3 T3
.

IN

IA

where

§; = sup [ (b)], i =1,2,3, (4.2)
teJ

and p;,1 = 1,2,3, are given in (2.3). Thus, we have that 7(G) < oo. Hence T(G)
is uniformly bounded. For verifying that 7(G) is equicontinuous, we take 71,70 € J
with 71 < 7. Then, we obtain

73~ (T@)(r2) = 7~ *(Tw)(m))|
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riﬂlﬁTpuwﬁ+uxmxTs>+uamﬁT2SV}x

% £ (5 2(5), (n)(s), (Aa)(s))ds
+/h0§_$m-ﬂ&ﬂ$NM@@%QﬂX@W%
0

I(a)

-7y l/oT [Nl(Tl) + p2 (1) (T = s) +M3(7'1)7(T;8)2} X

Xf(S, CC(S), ()‘19:)(5)7 ()‘QI)(S))d‘S
T — g a—1
+/ %f(sa LU(S), ()\1%)(8), (AQ.’E)(S))dS‘|
0

I'(a)
3 3 3 3— 7
= [| T (re) =T ()T + T ha(r2) — 1 2 (n) |-
- - T3 ON; o .
Y pa(re) — 17 a#?j(ﬁ)\f]Nf + m&i‘) (2 —11)
f 3 3
TS — T
( + )| 2 1‘
TNy TNy 2N
< —L 2—72—4—77—7 T+1 7f T3y — 1)
= ()|2 ‘ 4F( )|2 1|( ) F(a—|—1)2 (2 1)
Ny 3 3
— 73, 4.3
+F(Oé+1)|7—2 7_1‘ ( )
which tends to zero as 72 — 71 independent of x € G. Thus, T (G) is equicontinuous.
From the preceding steps, it follows that 7 is compact. O

Now, we prove our first existence result for the problem (1.1)-(1.2) by applying
the Leray-Schauder alternative [18, Theorem 2.4, p.4].

Theorem 4.2. Assume that f : J x R xR xR — R is continuous. In addition, we
suppose that there exist a constant Ny > 0 such that |f(t, z(t), (Az)(t), (A2x)(2))] <
Ny, Vz € R, t € J. Then, the problem (1.1)-(1.2) has at least one solution on J.

Proof. From Lemma 4.1, we know that 7 is completely continuous. So, the
conclusion of the Leray-Schauder alternative will be applicable when it is shown that
the set V = {372 € R : 37 % = &37°T 2,0 < £ < 1} is bounded. For z € V,
we have |37z (t)| = [£637*Tx(t)] < t37*|Tz(t)|. Following the method of proof of
Lemma 4.1, we obtain

2 3 3
||(,C||3,a < |61+ 52% + (53% + ﬁ

which implies that the set V' is bounded. Thus, by the Leray-Schauder alternative,
we deduce that the operator 7 has at least one fixed point, which is indeed a solution
of the problem (1.1)-(1.2). O

Ny < oo, (4.4)
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Next, we establish the existence of a unique solution to the problem (1.1)—(1.2)
with the aid of Banach’s fixed point theorem.

Theorem 4.3. Let f : J xR xR xR — R be a continuous function satisfying the
condition:

(H1) There exist positive functions L (t),Lo(t),Ls(t) such that

£ (&, 2(t), (Mz)(t), A2w)(8)) — f (£, 5(t), (Aay(t), (A2y)(2))]
< Li(t)|z —y| + La(t)| Mz — Myl + Ls(t) [ Ao — Aayl, VE € T, x,y € R,

Then, the problem (1.1)-(1.2) has a unique solution in J, provided that

A= (1 + f;fg’)z) (5161 + 690 + Oge3 + T3ae4> <1, (4.5)

where 0., m =1,2,3, are given by (4.2),

1 = SUPt se g “Ijl(tvs”) Yo = SUPy seg |\I/2(t?8)|’

e1 = max{|IL(T)T 3|, |[ILy(T)T* 2|, [ IL3(T)T> 2|},

ez = max{|[*Lq (T)T* 3|, |I’Ly(T)T* 2|, | IPL3(T)T* [},
e5 = max{|[*Ly (T) T3], | IPLo(T) T2, | IPLa(T)T2]},
ea = supye 7 {[1°La ()t 2|, [I°Lo (8)t2 2|, [T Ls ()t 2]},

1% denotes the Riemann-Liouville integral operator of order o and

1

o) = 5o /O (t— )" o(s)ds, n=1,2,3.

Proof. For verifying the hypotheses of Banach’s fixed point theorem, we consider
a closed ball £, = {z € C3_(J,R) : ||z|[3-a < p} with

P2 (FHE-1), o
where sup¢ 7 [f(2,0,0,0)| = I
_ T8 T’
1+22+36+F(a—|—1)7 (4.7)

dm, m = 1,2,3, are given by (4.2). Now, we establish that TE, C &,, where T :
&y — C3_o(TJ,R) is given by (4.1). By (H1), we have

[f @, a(t), (Aaz)(t), (A2)(1))]
t

)
)

< f( @), (Az)(@), (Aez)(2) — f(£,0,0,0)[ 4 |£(2,0,0,0)]
< Li(®)|x| 4+ La(t)|\z| + La(t) | Aez| + f. (4.8)
For x € &,, it follows by using (4.8) that
ITzll3-a

T _ )2
— s {tM | @+ @ =+ a0 5]

X f(s;2(s), (Mx)(s), (Aaw)(s))ds
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+ [ o206, a9, Q)
; o) s,x(8), (A1x)(s), (Aax)(s))ds
B T T — s 2
sup{t3 L[ o+ ol = )+ ol =57
0

IN

teJ

x (Li(@)lal + La(9)aa] + La(s)Aoz| + T ) ds

N /ot (t‘r(‘;)‘;_l (L1 ()l + La(s) Azl + Lo (s) o] + f)‘ls} }

T 3—« 3—a 3—a (T B 3)2
[sup [£7 1 ()] 4+ sup | o ()|(T = ) + sup [£*° g (1) | |
0 teJ teJ teJ

IN

x (Li(@)lal + La(9) Azl + La(s)Aoz| + T ) ds

teg (@)

/OT [51 +05(T — ) + 53@}

((h( D5 4 L) 2 L) 25 ol a+f>

+ sup {t?’_“/o (t}i@d(sﬂﬂ + Lo(s) |1z + Ls(s) | Aoz —i—f)ds}

IN

(a (a—2)
a S)a 1 wlsa—Q
+ o { o ( ey

L (s >fo lells- a+f>ds}

1+ ¥ (5161+52€2+5363+T3 “e p
(a—2) a—2

T L -
+f[51 +52 +53 6 +F(a+l)]

< Ap+7fo. (4.9)

IN

Combining (4.9) with (4.6), we obtain
ITzls-a < Ap+f 3 <p,

which shows that Tz € £,. Hence, TE, C &, since x € &, is an arbitrary element.

Next, we show that the operator 7 is a contraction. For that, let x,y €
C3_o(J,R). Then, for any t € J and using (H7) together with the relation

Li(t)|z =yl + La(t)[ Mz — Myl + La(t) Az — Azy]

< (e + a2 + L P Yl = e, (010

+ L3(S)
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we obtain
T~ Tyls-
T _ )2

< s {t [ [ [+ hatolr = o)+ a0 55

|7 (s 2(5), (a)(s), o) () — F(5,0(s), (p)(5), (o) ()l

t w S, TS T)\S T)\S
+ [ (). (). () 5)
_f(S, y(s), (/\13/)(8)7 (AQy)(s))|d5] }
T _ g2

< sup {t [ [+ la0ler = )+ a0l 5]

% (L () 2 =yl + La(s) Az = Ayl + L(s) Aoz — Aoy ) ds

bt —s)et
+ [ (Ll =l + Lotz = g
+L3(s)| Aoz — /\2y|>dsl }
T (T — s)?
< /0 [51 +62(T —5) + 537}
o ¢1sa72 ¢2$a72
X (L1(8)3 3 4+ 1La(s) (@—2) + Ls(s) (o 2)) |z — ylls—ads
su 3—« ¢ (t B S)ail S Sa73 s w18a72
e {t [ o CCLREe e e
Sa72
+L3(5)zba2 = 2)> [l — y||3—ad5}

< Allz = ylls—a;

which shows that the operator 7 is a contraction as A < 1 by the assumption (4.5).
Thus, the hypotheses of Banach’s fixed point theorem is verified and hence its con-
clusion implies that the operator 7 has a unique fixed point. Therefore, there exists
a unique solution to the problem (1.1)-(1.2) on J. This finish the proof. O

(t—s)pt
I'(p)

, 0 < p,q, in (1.1), we get a nonlinear fractional differential equation in-

As a special case of Theorem 4.3, by taking Uy(¢,s) =

(t—s)17!
I'(q)
volving both Riemann-Liouville derivative and integral operators given by

D%x(t) = f(t,x(t), IPx(t), T2(t)). (4.11)

, Wa(t,s) =
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Now we present a uniqueness result for fractional differential equation (4.1) sub-
ject to the boundary conditions (1.2).

Theorem 4.4. Assume that f : J x R xR xR — R is continuous and the following
condition holds:
(Hz2) There exist positive functions U1(t), U2(t) and U3(t), such that:
|f(t, (), (IP) (), (172)(t) — f(t,y(t), (IPy)(t), (L7y)(1))]
< i) —yl + D) Pl —y| +Tz(t)[x —y|, Vie T, x,y e R. (4.12)
Then, there exists a unique solution to the Riemann-Liuoville fractional differential
equation (4.11) subject to the boundary conditions (1.2) on J, provided that

INa—2) INa-2) )(
A= (1 01ky + d2ks + 03k
1 ( Tpt+a—-2) Tqt+ta-2) 1k1 + 022 + 03k3

+k4T3‘“) <1, (4.13)

where §ym,m = 1,2,3, are given in (4.2),
k1 = max{|Iv, (T)T73|, |[Iva(T)TPT=3|, |[Iv3(T)T9T=3|},
ko = max{|I*T(T)T* 3|, |PDo(T)TPH—3|, | P73 (T) T3]},
ks = max{ |30, (T)T3|, |IPvo(T)TP+2=3|, | IPo3(T) T3},
k1 = supye {17 (23], [1oma (0073 [Foa(t)er-a=9] ).

Proof. We omit the proof as it is similar to that of Theorem 4.3. g

5. Examples
In this section, we present examples illustrating the results obtained in the last section.

Example 5.1. Let us consider the nonlinear fractional differential equation
Doz(t) = f(t, x(t), (Az)(t), (A22)(1)), t € [0,1], (5.1)
subject to the Riemann-Liouville boundary conditions
D>tz (0M) + D ta(T7) =0,
D*2z(0") + D*22(T~) = 0, (5.2)
D*32(0M) + D 32(T7) = 0.
Here, « =8/3,J =10,1],7 =1, and
f@t,2(t), M) (t), (M) (1))

_ _sinz®) + t 6_(82_t)x(s)ds+/t s _7t):v(8)ds
V1144 Jo 600 o (t+225)2 '

Using the given data, it is found that d; = 0.05538661,652 =~ 0.36924406, d3

0.36924406,v7, =~ 0.00045350,v2 =~ 0.00001662,e; ~ 0.06136364,¢eq

0.22500000, e3 = 0.60000000, e4 = 0.09748313. Clearly, (H;) is satisfied with L (¢)

1
TEi Lo(t) = L3(t) = 1 and A ~ 0.23661991 < 1, that is, the condition (4.5) is

Qo
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verified. As the hypothesis of Theorem 4.4 holds true, so its conclusion implies that
the boundary value problem (5.1)-(5.2) has a unique solution on [0, 1].

Example 5.2. Consider the nonlinear equation
Dal’(t) = f(tﬂ ;L'(t), (Alx)(t)a (AZz)(t))a le [O, 1]a (53)
subject to the Riemann—Liouville boundary conditions in (5.2), where o = 8/3, and

f(tx(t), (M) (), (Aez)(t))

_ tan~la(?) 1 t(t—s)pflxs . 1 t(t—s)qflxs .
a \/t2+144+6/0 I'(p) ()d+25/0 Tl %

with p =0.6, ¢ =0.8.

Using the given values, we find that d; ~ 0.05538661, o ~ 0.36924406, 03 =~
0.36924406, ki ~ 0.13157895, ko = 0.07497047, k3 ~ 0.02811867, k4 ~ 0.04060714,
1
and the assumption (Hs) holds true with 7, (t) = —————,7s(t) = 1/6, U3(t) =
ption (H3) 1(t) Ry 2(t) = 1/6, vs(t)

1/25, and the condition (4.13) is satisfied as Ay & 0.34628001 < 1. Thus, by the
conclusion of Theorem 4.4, the equation (5.3) with the boundary conditions (5.2) has
a unique solution on [0, 7.

6. Ulam—Hyers Stability Analysis
Let us first develop the arguments for the Ulam—Hyers stability [30] of the problem

(1.1)-(1.2).

For e > 0 and t € 7, let us consider the inequality
Dz(t) — f(t,2(t), (MT)(1)(A22)(t))| < e, (6.1)
with boundary conditions (1.2).

If 7 € C3_,(J,R) is a solution to the inequality (6.1) with boundary conditions
(1.2), then there exists a function £ € C(J,R) such that |x(t)] < ¢, t € J, and the
function 7 satisfies the Riemann-Liouville fractional differential equation

D2(t) = f(t,2(t), (M) () (AD)(t)) + (1),
with boundary conditions (1.2). Thus, we consider the boundary value problem

Dex(t) = f(8,2(t), M) () (A7) (1)) + 5(1), L€ T,
D 1z(0%) + D*'B(T™) =0
(6.2)
D*23(0") + D 22(T~) = 0,

DO73(0%) + D*73%(T™) = 0.
Definition 6.1. The problem (1.1)-(1.2) is called Ulam-Hyers stable if we can find

cy > 0, such that, for each solution T € C3_o(J,R) of (6.2), there exists a unique
solution © € C5_o(J,R) of the problem (1.1)-(1.2) satisfying

1Z — 2l|3-0 < ce te J.
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Definition 6.2. If there exists ® € C3_,(RT,RY), with ®(0) = 0, such that, for each
solution u € C3_o(J,R) of (6.2), there exists a unique solution x € Cs_o(J,R) of
the problem (1.1)—(1.2) satisfying

17— zll3—a < ®(e), t€ J.
Then, the problem (1.1)—-(1.2) is generalized Ulam—Hyers stable.

Theorem 6.3. If the assumption (Hy) and the condition (4.5) are satisfied, then the
problem (1.1)-(1.2) 4s Ulam-Hyers stable and hence generalized Ulam—Hyers stable
m Cgfa(j, R)

Proof. By Lemma 2.4, the solution of (6.2) can be written as

T g2
20 = [ [0+ mo@-9+ w05

x(f5,3(s), (B)(5), (M) (5)) + (s) ) ds

(t—s)o !

+/0 W(f(s,i(s),()qi)(s),()\gf)(s))+,i(8)>d8.

(T75)2] y

Using || < € and (4.7), we get
T
50~ [ im0+ 0T =)+ ) 5
} < de.

sup { t37¢
teJ
ME)(s), (Aa)($))ds
1
It follows by the assumption (H;p) together with (4.10) that

Xf(S (E( )a(
_/ (t—s)*" S (s, 2(s), (ME)(5), (M) (s))ds
0 D) 1T |

17 — |30

= sup{P[2(t) — 2(1)]}
teJ

T —5)?
e + sup {t3a [/0 {|u1(t)| + 2 (O|(T = s) + |ﬂ3(t)|%

teJ

x| f(s,2(s), (MZ)(s), (AaT)(s)) — f(s,2(s), (M) (5), (Aa)(s)) |ds

t (t _ S)(x—l N . 5
+/0 Ty EE): D) s), (A28)(s)

—f(s,2(s), (Mz)(s), (/\2x)(8))|d8] }

< Se+ AT - 7|3-a5

IN

which can alternatively be written as
e
1-A"

17 = |30 <
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0
Letting ¢ = ¢y = T—x v get ||Z — z||s—a < ce. Hence, the problem (1.1)—(1.2) is
Ulam-Hyers stable. Moreover, it is generalized Ulam-Hyers stable as || — z||s_q <
®(e), whit ®(e) = ce, ®(0) = 0. O

DO

Example 6.4. The problems (5.1)-(5.
generalized Ulam—Hyers stable as A
respectively.

) and (5.3)-(5.2) are Ulam-Hyers stable, and
0.23661991 < 1 and A; =~ 0.34628001 < 1,

Q

7. Conclusions

We explored the criteria ensuring the existence and uniqueness of solutions for nonlin-
ear Riemann-Liouville fractional integro-differential equations of order « € (2, 3] sub-
ject to fractional anti-periodic boundary conditions in a weighted space. We applied
the Leray-Schauder’s alternative and Banach’s fixed point theorem to accomplish the
desired results. A special case for the nonlinearity of (1.1) depending upon the Rie-
mann—Liouville fractional integrals is also discussed. We also studied the Ulam—Hyers
stability for the problem at hand. It is imperative to point out that the solution of the
problem (1.1)—(1.2) contains the solution of the Riemann-Liouville fractional differen-
tial equation of order « € (1, 2] complemented with fractional anti-periodic boundary
conditions investigated in [6] (for details, see Section 3). Thus, our results are novel
in the given configuration and contribute to the known literature on fractional anti-
periodic boundary value problems of nonlinear Riemann-Liouville fractional differen-
tial equations in the weighted space.
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