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Local fractal functions on Orlicz-Sobolev spaces

Waldo Arriagada

Abstract. In these notes we consider a class of iterated function systems whose
attractors are the graphs of local fractal functions belonging to Orlicz and to
Orlicz-Sobolev spaces. We prove that these maps are in correspondence with the
fixed points of the Read-Bajraktarevi¢ operator. Our method extends a number of
outcomes on the existence of local fractal functions of the Lebesgue and Sobolev
classes, to more general function spaces where the role of the norm is now played
by a Young function. The existence of local fractal functions of the Orlicz and of
the Orlicz-Sobolev classes is demonstrated through an intermediate result. The
realization of a contractive iterated function system in the (previously untreated)
multidimensional case is obtained via a stronger version of the finite increments
theorem. Our results somewhat show that it would be natural to extend the Read-
Bajraktarevi¢ functional to other function spaces on subdomains of differentiable
and real analytic manifolds. Other questions, such as the existence of fixed points
in higher-orders etc., remain open as well. Our generalizations may be useful in
applications.
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1. Introduction

An iterated function system (IFS) consists of a finite set S of continuous functions
defined on a complete metric space, with the images in the same space. Hutchinson
and Mandelbrot introduced IFSs on the real plane in the literature in the early 1980s
and their applications were widely popularized by Barnsley in the 1990s. A result due
to Hutchinson [11] asserts that there exists a unique nonempty compact subset of the
plane which is equal to the union of its images under the corresponding elements in S.
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Such subset is called an attractor of the IFS. Conversely, Barnsley demonstrated that
it is possible to construct an IFS with prescribed attractor. The method is known
as the random iteration algorithm, dubbed the chaos game by Barnsley himself [5].
During the last decades, the theory has been extended to other spaces and contracting
maps [20].

Iterated function systems are tightly connected with the Read-Bajraktarevi¢
equation, introduced by M. Bajraktarevi¢ in the 1950s [4]. In its elementary form the
Read-Bajraktarevi¢ equation corresponds to u(z) = v(z,u(b(x))), where b : I — I
and v : I x R — R, together with the unknown function u : I — R, are defined on a
closed real interval I. Similarly, the Read-Bajraktarevié¢ operator

Tu(x) = (e, u(b(x)) (L1)

appeared later (1980s) in the works of C.J. Read in the context of the invariant
subspace problem [19]. Initially defined on the space C°°(I) of infinitely differentiable
functions on I, the operator (1.1) is closely related to Bajraktarevi¢ equation, as
follows. It is known that if b, are continuous, b is surjective, and if there exists
¢ € (0,1) such that |v(x,y1) —v(z,y2)| < clyr —yz| for © € I and y1,y2 € R, then (1.1)
is contractive [16]. It follows from the Banach theorem that T admits a unique fixed
point u* € C*°(I), which is actually the limit of the iterates uy(z) = v(z, up—1(b(z))),
k=1,2,..., where the initial condition wug is any element in C*°(I). The fixed point u*
is called a smooth local fractal function, or a local fractal function of the smooth class.
Different choices of the source space of (1.1) give rise to a number of corresponding
categories of fixed points. Local fractal functions in the bounded, Hélder, smooth,
Lebesgue and Sobolev spaces of functions (on a subset X of the real line) are well
characterized and their properties are extensively examined in [17, 16]. For example,
it is known that the graph of a local fractal function in any of these categories is
the local attractor (a self-similar fractal) of an associated local IF'S, and that the set
of the discontinuities of a bounded local fractal function in 1 dimension is at most
countably infinite [6].

These notes are strongly based on the pioneering paper by Massopust [17]. How-
ever, a remark made in the introduction of the reference [6] leads us to believe that
the multidimensional case has not been previously treated. The purpose of this note
is then twofold. On the one hand, we examine the multidimensional case, in which the
underlying set X is assumed to be a nonempty connected and bounded subset of RY,
N > 1. We employ a stronger version of the finite increments theorem in RY to solve
the realization problem. More specifically, we construct explicit contractive local TFSs
whose attractors are, respectively, the graphs of local fractal functions in the Orlicz
and in the (order one) Orlicz-Sobolev spaces of functions on X. On the other hand,
we prove that local fractal functions in these categories are exactly the fixed points
of the Read-Bajraktarevié¢ functional. Our results thus generalize previous theorems
on the existence of local fractal functions in the Lebesgue and in the Sobolev classes,
to a broader category of spaces, where the role of the norm is played now by a Young
function. The problem whether our conclusions actually extend to higher orders is
still open. The generalized Fad di Bruno formula [9] seems to be instrumental in this
direction.



Local fractal functions on Orlicz-Sobolev spaces 575

2. Iterated function systems

Let (X,d) denote a complete metric space and {w; : X — X} | a set of n continu-
ous maps. Then the tuple F = (X, wy,...,w,) is called an n-map iterated function
system, or IFS.!. We say that the functions w; belong to the IFS F, and we write
w; € F, 1 < i < n. These structures were introduced in the works of Hutchinson
(1981), Mandelbrot (1982) and Barnsley (1993), as follows. Let H(X) denote the set
of nonempty compact subsets of X. Associated with the IFS F is the set-valued map
w: H(X) — H(X) defined by

w(S) = U wi(S) S CH(X).

The IFS F is called contractive if there exists a metric J, which is equivalent to d, such
that each w; € F is a contraction with respect to d. That is, for each 1 < i < n there
exists ¢; € [0,1) such that d(w;(z), w:(y)) < ¢;d(z,y) for all ,y € X. Hutchinson
demonstrated [11] that in this case w is itself a contraction on H(X) :

dy(w(A), w(B)) < cdy(A, B),

where
A, BeH(X),c= max {¢}

1<i<
and

dy (A, B) = max { max min d(a,b), max min d(a, b)}

is the Hausdorff distance between compact sets. In this case, the unique fixed point
(Banach theorem) A € H(X) is called the attractor of the IFS. By definition the
attractor satisfies A = w(A) and is self-similar, since it may be expressed as a union
of n contracted copies of itself. It is also known that non-contractive IFSs (i.e., such
that the maps w; are not contractions with respect to any topologically equivalent
metric in X) can yield attractors [14]. For more details and examples we refer the
reader to [5, 13].

The following notion is due to Barnsley and Hurd [7]. Let {X1,..., X,} C (X, d)
be a family of nonempty subsets, equipped with a family of continuous maps w; :
X; = X, 1 <i<n. Then Foc = {(X1,w1),...,(Xn,wy)} is called a local iterated
function system. A local IFS is called contractive if there exists a metric, equivalent
to d, for which every w € Fio. is contractive. Associated with any local IFS Foc =
{(X1,w1), ..., (Xn, wy,)} is the operator wio. : 2% — 2%

Wioe(S) = Owi(SmXiL (2.1)

i=1

where 2% is the power set of X.

IThe letter N is commonly used in the literature to denote the number of maps in the definition of
the IF'S. We will use n instead, and we will employ N to rather denote the dimension of the domain
that appears later.
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Definition 2.1. A subset A € 2% is called a local attractor of Fioc if A = Wioc(A).

The local attractor of a contractive local IFS is unique. Moreover, suppose that
F=(X,w1,...,wy) and Foc = {(X1,w1),...,(Xn,w,)} are both contractive, where
Xi1,..., X, C X are nonempty. It is well known [17, Proposition 1] that if X is
compact and X; is closed for 1 < 4 < n, then the attractor A of Fj,c is a subset of
the attractor of F.

3. Orlicz and Orlicz-Sobolev spaces

This section is brief summary on Orlicz and Orlicz-Sobolev spaces. For further details
we refer the reader to [8, 18]. A function ® : [0,00) — [0,00) which is increasing,
continuous, unbounded and such that ®(0) = 0 is called a ¢-function [15, p.11]. If
any such a ® is, moreover, convex then it has the integral representation

(I)(t):/o @(s) ds, (3.1)

where ¢ : [0,00) — [0,00) is a nondecreasing, right-continuous function satisfying
¢(t) =0 if and only if ¢ = 0 and lim;_,+ ¢(t) = co. The function ¢ is called the right
derivative of ®. A convex p-function ® satisfying

D(t Dt

¥—>O as t— 0 and ¥—>oo as t — 00,
is denominated a Young function [15, p.47]. Young functions are sometimes called

N-functions; however, to avoid confusion we will not employ that denomination in
this article?. For example, if ¢(t) = pt?~%, ¢t > 0 and 1 < p < oo, then ®(t) = tP and

full, =2~ ([ @(uto)ic)

for u € LP(X) and where ®~'(t) = t'/P is the inverse function.

Given a Young function ® with the integral representation (3.1), the right-inverse
function of ¢ is defined for s > 0 by ¢(s) =sup{t: ¢(t) < s}. If ¢ is continuous and
increasing then 1) is the ordinary inverse ¢ 1. The function v has the same properties
as ¢ : it is positive for s > 0, right-continuous for s > 0 and satisfies (0) = 0 and
¥(s) — oo as s — co. Hence the integral

/O y(s) ds

is a Young function as well, called the conjugate (or complementary) of ®. The com-
plementary Young function is usually denoted by ®(t).

Let X C RY (with N > 1) be a bounded subset and let ® be a Young function.
The Orlicz class Lg(X) is the set of (equivalence classes of) real-valued measurable
functions u such that ®(u) € L'(X). In general, L4(X) is not a vector space [12].

2This definition is ambiguous. Some texts denominate ® : [0, 00) — [0, 00] a Young function if & is
not identically zero, convex and lim,_,,+ ®(t) = ®(0) = 0.



Local fractal functions on Orlicz-Sobolev spaces 577

However, the linear hull Lg(X) of the Orlicz class Lg(X) is a Banach space when
equipped with the Luxemburg norm

||u¢:inf{r>0:/ <I><|u|>dx§1} u € Lg(X).
X T

We denote by F¢(X) the closure (for the norm-topology) of L>®(X) in Lg(X).
The space Eg(X) is separable and Banach for the inherited norm. In general,
Eg(X) C Lo(X) C Lg(X) and Es(X) = Lg(X) if and only if @ satisfies a Ag-
condition (at infinity). This means that for r > 1 there exists «(r) > 0 such that

O(rt) <n(r)@@t) t=>T,

where T is also positive. (The Ag-condition is global if T > 0). It is known that if
® and @ satisfy a As-condition at infinity then Le(X) and Lg(X) are reflexive and
separable. It follows that one can identify the dual space of Eg(X) with Lg(X) and
the dual space of Eg(X) with Le(X), cf. [1, 8].

The Orlicz-Sobolev space W' L (X). The Orlicz-Sobolev space W!Lg(X) is the vec-
tor subspace of functions in Le(X) with first distributional derivatives in L (X).
Likewise, the Orlicz-Sobolev space W1 Eg(X) is the vector subspace of functions in
Es(X) with first distributional derivatives in Eg(X). The spaces W!Lg(X) and
W!Eg(X) are Banach when endowed with the norm

N
Lo = ule + IVulle = llulle + Y 10s,ulle, (3-2)
i=1
where 0,, is the partial derivative 9/0xz;. Usually, W'Lg(X) and W!Eg(X) are
identified with subspaces of the products Le(X)V T = IILg(X) and Ee(X)VH =
[IEs(X), respectively. The natural embedding of W!Eg(X) into Eg(X)N ! proves
that W!Eg(X) is separable since Eg(X) is itself separable. The space W'Lg(X) is
not separable in general, and W!Lg(X) = W!Eg(X) if ® satisfies a Ay-condition.

[[ul

4. Local fractal functions of Orlicz and Orlicz-Sobolev classes

Let X ¢ RN (N > 1) be a nonempty connected and bounded subset and let ® :
[0,00) — [0,00) be a Young function with the integral form (3.1). We assume that
there exist pp, g > 0 such that

_ tol1)

» = 10 <gp <oo t#0. (4.1)

These numbers appear in the characterization of the properties of Young functions
in connection with Orlicz and Orlicz-Sobolev spaces [2, 3, 10]. For example, these
inequalities ensure that ® satisfies a global As-condition [1]. The complementary ®
satisfies a global As-condition if and only if pg > 1, etc. A quick integration yields

min{pP?, p*} @(t) < ®(pt) < max{p?s, p?*} (t) p,t > 0. (4.2)
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Let {X;}7; be a family of nonempty and connected subsets of X. In what follows
{a; : X; — X}, will denote a collection of bounded diffeomorphisms such that

a;(Xi)Nay(Xy)=0 fori#4, and X = Ui:lai(Xi)' (4.3)

For 1 <j < N let 0., be the z;-th partial derivative 9/0x;, and let 0,c; denote the
Jacobian matrix of «; at x € X;.

Finally, let {\; : X; — R}, C Lg(X), and choose Si,...,S, with S; €
(L=(X:), || - li,c0). Define the Read-Bajraktarevié functional T : Ly (X) — R by

Tu(@)=) ((hioa; () + (S0, ) (@) (ulx,007)(@)) Loy (8), (44)
i=1

where 1,,(x,) is the characteristic function of a; (X;) (i-e., 1o, (x,) () = Lifx € a;(X;)
and it is zero otherwise) and u|x, is the restriction of u € Lg(X) to X;. Note that if
u* is a fixed point of T then

(4.5)

utoq; =
for all indices 1 <7 < n.

4.1. Existence of fixed points

In this paragraph we tackle the problem on the existence of fixed points of (4.4), and
of its restriction to the Orlicz-Sobolev space WILq)(X). We set for every 1 <i<mn

a; = sup |det O] and 7, = max{1,||Si|li,c0}- (4.6)
zeX; ’

Lemma 4.1. The Read-Bajraktarevié operator is well defined on Lo (X) and sends this
space into itself. Moreover,

[Tu — To|le < (Za T ) |lu —vlle

=1

for all u,v € Lg(X).

Proof. Since «; is a diffeomorphism and \; € Le(X), 1 <4 < n, the functional (4.4)
is well defined and indeed T(Lg (X)) C Ly(X). Let 7 be positive and u,v € Lg(X).
A change of coordinates y = ai_l(az) and subsequent re-labeling x — y produce

/Xq>C|Tu( -To(z ) Zn:/a( ( ISi007

= Z/ ( Si(@)||ulx, () —U|Xi(x)|>|det8wo¢i|dx.

ulx007 ! () —vlx,007 " (2) D dx

Therefore, (4.2) implies

/}(@(im(x) _ Tv(a:)|>dx < (XEMQ) /X @(im(x) _ v(x)|>dac.

The conclusion follows by the definition of the Luxemburg norm. 0
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In particular, the functional (4.4) is a contraction on Le(X) provided

Zair? < 1. (4.7)
i=1

In this case, the fixed point of T : Lg(X) — Le(X) is called a local fractal function
of the Orlicz class. A local fractal function evidently depends on the choice of the

functions A;, S; and on the diffeomorphisms aj, ..., a,. Define
- -1 .
b; = max {1 sup | nax | [(00-1(yc0) ]kjl} 1<i<n, (4.8)

where [(801‘_1(1,)012-)*1] x; 1 the (k, j)-entry of the inverse of the Jacobian matrix of o

at y = ai_l(:c), and y = (y1,...,yn) parametrizes the source space of ;. The next
result asserts that if (4.7) is slightly modified then the contraction of (4.4) happens
on WlLg(X).

Theorem 4.2. Assume that S;(z) = s, € R, 1 <i<n,x € X; and {\,...,\z} C
W1Ls(X). Then the restriction of the Read-Bajraktarevié operator to W'Le(X) is
well defined and sends this space into itself. Moreover, if the condition

- 1
Zai(ribi)% < vmh (4.9)

is fulfilled then (4.4) is a contraction on W'Lg(X).

Proof. Since \; € WlLg(X), 1 < i < n, the functional (4.4) is well defined on
W1Le(X) and clearly sends this space into itself. Note that if u € WlL(p( ) then
the composite u o a; ! is 2-differentiable and 9, J(uoq; T =V(uoa; ) Oz, ~1 for
1 < j < N. The chain rule yields for u,v € Wi Lq>(X) and 7> 0,

/Xq)(i\aiju( ) =8, To(x )dw<2/ (x7)< ) — il(m>}>d$
—Z/a (S”IV vl ) 670 0 0) )

Cauchy-Schwarz inequality implies that the integrand on the right is bounded by

B2l ol ) VE, g [[@r900 ],y e (410

1<k,j<N

The maximum above is bounded by b;. The change of coordinates y = a; '(z) (and
re-labeling z + ) along with (4.2) applied with p = v/Nr;b; altogether yield

1 (e 1
/@ ( |02, Tu(x) — 0y, Tv(x) |> dr < N%(Z ai(ribi)%)/ o ( |Vu(z)—Vo(z) D dz,
x \T P x \T
for 1 < j < N. The definition of the Luxemburg norm and (3.2) thus produce

|VTu — VTol|g < N"%H(Zai(nbi)‘“) IV — Vol

i=1
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Since bg“’ >1for 1 <i<n, Lemma 4.1 implies

[Tu — Tv

l1o=|Tu—Tol|s + HVTu—VTqu)quT@H(Zai(ribi)‘“) u —v)l1.0.
=1

The theorem is proved. O

If (4.9) is satisfied then the fixed point u* of T : WlLg(X) — WlLgs(X) is
called a local fractal function of the Orlicz-Sobolev class W1 Lg(X).

Observation. A coarser (more restrictive) condition substitutes (4.9) if the convexity
of ® is utilized. Indeed, we note that bound (4.10) can be replaced by

T N
B s 110,100 ]| 3 e luls, — ol o ()]
k=1

T 1<k,j<N

Jensen inequality ensures that this term is in turn less than or equal to

N
(2o, (ulx, — ol o (@] )
k=1

Therefore, (4.2) applied with p = Nr;b; yields

/XCDC_|8x].Tu(x)ﬁijv(x)>dm < Nie (iai(ribi)%)/

i=1 X

@(i|Vu(m)Vv(x)|)dm7

which entails |[VTu — VTv|j¢ < No+! ( S a,;(mbi)%) IV — Vo|p.

4.2. Realization of a local contractive IFS in N dimensions

Suppose that T : Le(X) — RX has a fixed point u* € W!Lg(X). We would like to
construct a contractive local IFS whose attractor is exactly the graph of v*, namely
G(u*) = {(z,u*(z)) : « € X}. In dimension N = 1 the solution to this problem is
due to Massopust et al. and can be found in [6]. We adapt the procedure to the case
of N dimensions via a general version of the finite increments theorem.

Recall that if 2/,2” € RY then [z/,2"] = {(1 —t)a’ +tz" : 0 < t < 1} is the
closed segment from z’ to 2, and the set (2/,2") = {(1 —t)z’ +t2” : 0 < t < 1} is
the corresponding open segment.

Lemma 4.3. Let int(§) denote the interior of a nonempty set Q@ C RN and choose
2/, 2" € Q such that [2',2"] C int(Q). Let o : Q — RY be continuous on [z',z"] and
differentiable on (x',x"). Then

AN / <N( ) "o
lae(z") — ()1 < 15121,?}5{%6?3%”)'@0‘]’”' Iz ="l

where [Ogalg; is the (k,j)-entry of the Jacobian matriz of  at x € Q and

N
lzll =) lel.
k=1
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This result follows from the finite increments theorem for real-valued functions.?

With the maps and notation from the previous section, we assume that X is a closed
subset of a complete metric space and that X; is convex, 1 < ¢ < n. We require that

M = 1I£1%}<n 1S:lli,00 < 1.

In this case the functions v; : X; x R — R,
vi(z,y) = Ni(z) + Si(z)y 1 <i<n, (4.11)

are uniformly contractive in the second variable: |v;(z,y1) — vi(x, y2)| < M|y1 — v,
z € X; and y1,y2 € R. Furthermore, we assume that for 1 < ¢ < n the function ); is
so chosen that v; is uniformly Lipschitz continuous in the first variable. That is, there
exists M > 0 such that

lvi(x1,y) — vi(ze,y)| < MHﬂm — 2al|1, 1,72 € X; and y € R.

(This happens e.g., when the A; are uniformly Lipschitz continuous and the S; are
constants). Finally, for 1 <i <n define w; : X; x R - X xR by

U)z(x,y) = (ai(x),vi(x,y))
and let dg : (X x R) x (X x R) — R be the map
do((x1,91), (22,y2)) = |lz1 — 22/l + Oly1 — y2l,
where 6 = (1 — Nm)/2M, and

me ey leds)
1<k,j<N '

(Evidently, dg is a metric on the product space, provided m < 1/N. In dimension
N =1 the latter occurs when each «; is contractive).

Theorem 4.4. If m < 1/N then Fioc = {(Xi X R, w;)}; is a contractive local IFS for
the metric dp, and G(u*) is a local attractor of Fioc, i-€. Wioe(G(u*)) = G(u*), where
Wioe 1§ the map (2.1) associated to Fioc.

Proof. Let i € {1,--- ,n} and choose two points (z1,y1) and (z2,y2) in the product
X; x R. Since X; is convex, Lemma 4.3 implies

do(w; (21, y1),w0i (22, y2)) < Nml|z1—za||140|vi (21,y1)—vi(w2,y1) HO|vi (22,51)—vi(z2,92)|
< (Nm+0M)|zy — z21 + OM|y: — yo
< edp((w1,91), (22, 92)),

where € = max{Nm + M, M} < 1, and the first assertion follows.
31f a(z) = (al(z),...,aN (z)), @/ : RN — R, then for 1 < j < N there exists ¢; € (z’,2"") such that
ad(z'") —al(z') = Zszl Oz, ad (cj)(x) — «},). Hence,

J(2"Y — od ()] < ) . T
B 0@ — @IS e o IPselisl e =l
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On the other hand, from (4.5) and (4.11) the fixed point of (4.4) satisfies the
equation u*(a;(z)) = vi(z,u*(z)), for all x € X;. Therefore,

Wioe(G(u*)) = U{(ai(x), vi(z,u(2))) 12 € X;} = U{(ai(z),u*(ai(x))) cx e X,

which is equal to G(u*). The two equalities above follow from (4.3). O

5. Examples

The following cases were treated in [6, 17]. In one dimension these examples are easily
retrieved from Lemma 4.1 and Theorem 4.2, respectively, as we demonstrate below.

5.1. Lebesgue space LP[0, 1] with p € (0, c0].

Let {X;}, be a family of connected semi-open intervals of [0,1] and let {xg =0 <
.-+ < x, = 1} be a partition of the closed unit interval. The map a; : X; — [0,1] is
chosen to be linear, from X; onto [z;_1,2;), 1 < i < n, and where a;l([xn,l,mn) U
{x,}) is denoted by X,;I. Then (4.3) is satisfied in this case. If we choose \; € LP(X;)
and S; € L>°(X;), 1 < i < n, then the image of T : LP[0,1] — RI®! belongs to
L?[0,1]. Let d; denote the ordinary derivative (slope) of «;. If

S dillSillE x, <1, p>0;
=1

féllagxn HslHOOJQ <1, p = o0,

(5.1)

are fulfilled, then (4.4) is contractive on L?[0, 1] and there exists a unique local fractal
function u* € LP(0, 1] satisfying (4.5). Evidently, this function depends on the choice
of A\;, S; and «;, 1 <4 < n. Note that for values 1 < p < oo, the first condition in (5.1)
is a particular case of (4.7). The existence of a fractal function itself is consequence
of Lemma 4.1 applied with the Young function ®(¢t) = ¢” in (3.1) and therefore
pe = qo = p in (4.1) while a; = d; and b; = 1/d; in (4.6) and (4.8), respectively.

5.2. The Sobolev space W"™?(0,1) with 1 < p < oo.

This case is also well documented in the literature. Let Xi,...,X,, be nonempty
connected open subintervals of X = (0,1) and let {; < --- < x,_1} be a partition
of X. The map «; : X; — [0,1] is chosen linear and increasing such that o;(X;) =
(zi—1,2;), where 2o = 0 and x,, = 1. Let m be a positive integer. We choose S; =
s; € Rand \; € W™P(X;), 1 <i < n. The operator T : W™P(0,1) — RO:1) ig then
well defined and sends W P(0, 1) into itself. Let d; > 0 denote the slope of «;. If

n
e S [s P/ <1 1<p <o

o (5.2)
q:g}g@fmZISil/d;’ <1, = .

i=1
then T is contractive on W™P(0, 1). The unique fixed point u* € W™P(0, 1) is called
a local fractal function of class W™P(0,1). In the case N = m = 1 and for values
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1 < p < oo the first condition in (5.2) is a particular case of our general requirement
(4.9). In this case, Theorem 4.2 is applied to the Young function ®(¢) = t? so that
again, pg = qp = p in (4.1) while a; = d; in (4.6) and b; = 1/d; in (4.8).

6. Concluding remarks and future research

In one dimension the two examples from the previous section also hold true under
the assumption that each function «a; is either a smooth bounded diffeomorphism,
or a bounded invertible real-analytic map, from X; onto the semi-open interval
[€;—1, ;). It would be natural to extend these results to underlying sets X belonging
to subdomains of differentiable and real analytic manifolds. The geometric properties
of these spaces (such as the existence of Riemann-Schwarz reflections and complex
conjugations in some sense) may eventually reflect in the particular form of the
Read-Bajraktarevi¢ operator itself. The problem whether this functional extends to
these finer spaces is, to our knowledge, untreated. In addition, it seems that the proof
of Theorem 4.2 can be modified in the obvious way so that this result be valid as well
in the Orlicz-Sobolev space W™ Lg (X ), m > 2. The generalization would require an
expression for the higher-order weak derivatives of the composite (u o a;l). Arguably,
condition (4.9) should be modified as well so as to ensure that (4.4) be a contraction
on W™ Lg(X). These generalizations may be useful in applications. We look forward
to addressing these questions in future publications.
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