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Existence results for nonlinear anisotropic elliptic
partial differential equations with variable expo-
nents

Mokhtar Naceri

Abstract. The focus of this paper will be on studying the existence of solutions
in the sense of distribution, for a class of nonlinear partial differential equations
defined by a variable exponent anisotropic elliptic operator with a growth condi-
tions given by a strictly positive continuous real function. The functional setting
involves variable exponents anisotropic Sobolev spaces.
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1. Introduction

Our goal is to prove the existence of at least one distributional solution to the ?()—
nonlinear elliptic partial differential equations of the type :

N
- >0 (Ji(x,u,ﬁiu)) +g(z,u)=f, in Q,

i=1 (1.1)
u=20 ;on 0f).
Where, Q@ ¢ RY (N > 2) is a bounded open set with Lipschitz boundary 99,
= N /
ferO@Q)(= N L7O(Q)), with p;(-)(= ;25,4 = 1,...,N) denotes the Holder
i=1 ¢

congugate of p;(+), o0; : A x RxR = R, i = 1,..., N, are Carathéodory functions
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fulfilling for almost everywhere x € 2 and every s,n,7" € R, (n,n') # (0,0), the
following :

s [
pi(@), 1.3

loi(z,s,m) |[<caK([s])(In
oi(z,s,mn > c2K(|s|) [ n
(0i(z,8,m) — o3z, s,1) (0 —n') = O (x,n,7), (1.4)
cs | n—n' [P, if pi(x) > 2

{ i ifl < pi(z) <2

CHERND ca n—n
(Inl+[n'D?=Pit=?
where, ¢;, | = 1,...,4 are positive constants, 9; € L]""'(‘)(Q)7 i=1,...,N, and
K(-) : Ry — RY is a continuous function such that,

K(&)zal&™, forall |€]=A (1.5)
with, @ >0, A > 0 and r(-) € C(Q), where r(-) >0 in Q.
For some 3 >0
K(|s]|)>pB, forallseR. (1.6)

g: QxR — R is a Carathéodory function and satisfies ;
a.e. z € (1 the following conditions:

4@,5)(s ) >0, Vs,s' €R, [s]=] s | (L.7)
sup | g(z,s) |€ L'(Q), Vs € R and Vt >0,
sl <t
N
lg(z,8)] < CZ |s[Pi@=1 " Vs e R. (1.9)
i=1

As a typical example, we can consider the following model equation

N
(Gi(x’ s aﬁu) = K(| u |)|azu pi(m)iZaﬂL, g(],‘7 u) = 2:1 |u pi(z)72):
N N
- >0 (K(| u |)|O;u Pi(a:)*28iu) +ud|u pi(z)—2 _ fl@), inQ,
=1 =

u=0, on0f,

where f € L?(‘)(Q), and the continuous function K(-) is defined for any fixed = € Q
as follows:

T+ A@ ) if g <\

T+n@ if >\,

where A > 0, and r(-) € C(Q) with 7(-) >0 in Q.

Our boundary-value problems entails an ?(x)-nonlinear elliptic differential op-
erartor wherein those sorts of operators have many makes use of withinside the car-
ried out discipline of diverse sciences, amongst them modeling of image processing
and electro-rheological fluids(see [9, 21, 3]). From the theoretical side related to the
existence of solutions, we can refer , without limitation, to [11, 12, 13, 10, 14, 15, 16,
17, 18, 19, 20].

VnEOJﬁWZ{
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This paper seeks to prove the existence results of ditributional solutions for a
class of anisotropic nonlinear elliptic problems with variable exponents and growth
conditions given by a real positive continuous function, will provide us regular so-
lutions in the anisotropic space Wolj(')(ﬂ) such that, 7 () = (q1(-),...,qn(-)), be
restricted as in Theorem 3.2.

The proof of our main result requires proving the existence of a sequence of suit-
able approximate solutions (u,) by applying the main Theorem of pseudo-monotone
operators and the results obtained in [12, 13]. Prior estimates are then used to show the
boundedness of the solutions u,, and the almost everywhere convergence of their par-
tial derivatives ;u,, i = 1,..., N, which can be converted into strong L!-convergence.
Through this, we can pass to the limit by L!—strongly sense for o;(z, Ty, (uy,), dity),
and for g(z,uy,), then we conclude the convergence of u,, to the solution of (1.1).

The paper is divided into several sections, in Section 2 we discuss variable ex-
ponents anisotropic Lebesgue-Sobolev spaces and their key characteristics, as well as
mentioning some embedding theorems. The main theorem and its proof can be found
in Section 3.

2. Preliminaries and basic concepts

In this section, we will learn about anisotropic Lebesgue-Sobolev spaces with variable
exponent and their most important distinctive properties, as explained, for example,
in the papers [6, 4, 5].

Let @ ¢ RY (N > 2) is a bounded open subset, and let the following set
be:

C+(Q) = {continuous function p(-): Q+—— R, p (= minp(z)) > 1}.
e

Assume p(-) € C.(Q). The variable exponent Lebesgue reflexive Banach space
(Lp(')(Q)7 - ||p(.)) defined by

LPO)(Q) := {measurable functions u : Q — R, / lu(z) [P de < oo},
Q
under the Luxemburg norm
. u
wes Jullpey 2= Julloo oy = inf {5 >0 0,y (5) < 1}
The function

Op(-) U / |u(x)[P@da is called the convex modular.
o

The variable exponents Sobolev Banach space (WP (Q), || - ||; ,(.)) defined as fellows
WiPO)(Q) = {u e LPO(Q) : [Vu| € LP(')(Q)} :

such that
U +—> HU’HLP(') = ||VU||p(.). (2.1)
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We define also the reflexive and separable Banach space (Wol P (')(Q), - 1,p(.)> by

e T LA Y)
Wo () = C5 () .

The following Holder type inequality holds :

1 1
/uv dz| < ( + ) lullpy 1ol < 2Mullpey 1ol ),
Q p p

where, p/(+) denotes the Holder conjugate of p(-) (i.e. ﬁ + p,l(_) =1in Q).
Next results(see [4, 5]) we need to use them later. Let u € LP()(Q), then:

1

1 1 1
min (g3, (05 @0) < ey < max (30,002 0)) . (22)

. - + - +
min ([[ullf ), ull?) ) < opy () < max (Jlull2 ) ull?)) - (23)

We will now define the variable exponents anisotropic Sobolev spaces W1’7(')(Q).
Let p;(-) € C’(ﬁ, [1,+oo)), i€{l,...,N}, and Vz € Q we set that

P@) = @),y (@), pi(e) = max pi(@), p-(z) = min pi(),

1 1<i<N
1 1N 1
(z) N;pi(m)'

bl

The Banach space le(')(Q) is defined by
WLPO(Q) = {u e LP+O(Q) and du € LPO(Q), i€ {1,.. .,N}} :

equipped with the following norm :
N
we ullg ey = lullp, o) + D 105l - (24)
i=1

The Banach space (Wol’?(')(Q), I| - ||7(,)) defined as follows

. ——wh PO ()
WETOQ) = CrE @) ,

Let p(-) € C4(Q), the variable exponent Marcinkiewicz space MP()(Q) is defineed by

MPO(Q) := {measurable functions u : Q — R;

3M>0;/ tP@) dx < M, ¥s > 0}.
{ul>s}

The truncation function V¢ > 0, T; : R — R is defined as

Ty(s) := {S iflsl <, (2.5)

rarts if |s| > ¢,
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and its derivative (see [11]) given by

(DT,)(s) = { Y (2.6)

3. Statement of results and proof

Definition 3.1. The function u : Q@ — R is a distributional solution for (1.1) if and
only if u € Wy (Q), and Yo € C(Q) :

N
[ Yo nomopds s [ gaupdo= [ f)pds
0= Q Q

The main result is that.

Theorem 32 Let pi(-) € C(Q,]1,400)),i = 1,...,N, such that p < N. Assume

that f € Lp )(Q), and g, 04,7 = 1,...,N, be Carathéodory functions that satisfy
(1.2)-(1.4), and (1.7)-(1.9). If we have

PO —1) " POW-D g i
Ne(+0E0 -1 PO Go ey M T e B
where, r(-) defined in (1.5) and satisfies
() < N]E[p;)pf')l) in Q. (3.2)
Then (1. ) has at least one solution w in the sense of distributions in W L70) ( ),

where? @1(*)s- .-, qn (")), and

max{1, (r(-) + Dpi(-) — 1} < gi(-) < Npi(YP() = D)) +1) . ~ .

(N — 1) mQ, i=1,...,
(3.3)

Remark 3.3. The assumption (3.2) ensure that
p()(N —1)
N(r()+1)({®() - 1)
Remark 3.4. The upper bound in (3.1) implies that
Npi()@() —1)(r()+1)
p()(N —-1)
3.1. Existence of approximate solutions

>1inQ,i=1,...,N.

>r()+Dpi()—1inQ, i=1,...,N. (3.4)

Let (f,) be a sequence of bounded functions defined in € which converges to f in
I~

LY O)(Q).

It should be goted here that:

Since f,, € L ()(2), then from (2.2), we obtain

1 1

Uallogy ST+ 00037 () <2+ pp (Fa) <




544 Mokhtar Naceri

Through this, we conclude that

fn is bounded in L¥)(Q),i=1,...,N. (3.5)
Lemma 3.5. Let p;(-) € C(ﬁ,]ld—oo)), i=1,...,N, such that p < N, and let f is
in L?(')(Q). Let g, 05, i =1,..., N, be Carathéodory functions satisfying (1.2)-(1.4),
and (1.7)-(1.9). Then, there exists at least one weak solution u, € W&’?(')(Q) to the

approrimated problems
N

- Zai(ai(xaTn(un)’aiun)) + g(l‘vun» = fn, nf,

i=1

(3.6)
u, =0, on I,

in the sense that; for every ¢ € W&’?(')(Q) N L>®(Q)

N
Z/al-(x,Tn(un)ﬁiun)@i(pdm—i—/g(m,un)wdx:/fngpdx. (3.7)
i=179 Q Q

Proof. Consider the problem
N

i=1
Up, =0, on 08,
where,

g(z, ) !
g x,f = s Vk € N*.
k(@) 1+ L0l

Note that,

|gk(x,§) |S‘ g(maf) |’ and |gk($7£) |§ k.

In a similar manner to the results obtained in [12] or in [13] by applying the main
Theorem on pseudo-monotone operators, we conclude that there exists a solution
Up, € Wol’p(')(ﬂ) to problem (3.8), which satisfies

N
Z/ oi(z, Tp(Un, ), Oitin,, ) Oip dx +/ i (T, Un,, ) dz
=179 @ (3.9)
— [ fupda. Vo eWT(@),
Q
And also in a similar way, we can obtain (3.7) by passing to the limit in (3.9). O

3.1.1. A priori estimates.

Lemma 3.6. Let u, € W&’?(‘)(Q) NL>®(Q) be a solution to problem (3.6). Then, there
exists a constant C, such that

N
i—1 7 {lun|<t}

Pi®) gy < C(t+1), Yt >0, (3.10)




Nonlinear anisotropic elliptic equations with variable exponents 545

/ | 9(z,un) | dz < C, (3.11)
Q

Z/ 1) | (K (| un ) @ dz<C, V> 0. (3.12)
{K(Jlunl|)<t}

Proof. By choosing ¢ = Ty(uy) in (3.7) and use (1.3), (1.6), (2.5), and (2.6), we find
that, for all t > 0

C’Z/ | Dy [P1) d:z:th/ Un g(x,uy,) dx
[t | <t [t | >t | un |
< ct—|—/ | un || g(z,uy,) | da. (3.13)
|un|<t
Then, from (1.8), and the fact that
Uy,
9(@,un) 2| g(z,un) | . (3.14)

| un |

Which is produced by the following: due (1.7) we get

|Z"|g(3: un) ‘ g(xvun) |: ﬁg(xvun)(un_ | Un ‘ |ggﬂ:§‘) > 0]7 we obtain
CZ/ | Dy, [P dx—i—t/ | g(x,uy) | do < C't. (3.15)
un‘<t ‘un|>t
So, (3.15) give us (3.10), and also, for all t > 0
/ | g(x,uy) | doe < . (3.16)
[un|>t

From (3.16) and (1.8) we get (3.11).
In order to prove (3.12), we choose ¢ = T;(K (| up, |)) in (3.7) with the use of (1.3),
(1.6), (2.5), and (2.6), we can get for all ¢t > 0

«:2/32/ K( wn 1))

K(|un| )<t}

pi(@) d:cht/ g(z,uy,) dx
K(Jun|)>t

+p g(x,uy)dx < ct. (3.17)
K(lun|)<t

Then, we get

mZ / K (| u 1)

{K(Junl) <t}

pi(®) o

< ct+t/ | g(z,uy) | dx—l—,é’/ | g(z,up,) | da. (3.18)
{(K(Junl)>t} K(Jun)<t}
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Let’s simplify the second side to (3.18).
By (1.8) and (3.16), we obtain

/ | gz un) | da = / | 9@, un) | da
{K(Jun|)>t} {K(Jun])>t}N{|un|>t}

4 / | g un) | da
{K(Jun|)>t}N{|un|<t}

< / | 9(@,un) | dfﬂ-ir/ | g(z,up) | dz < C,
{lun|>t} {Jun|<t}

and

/ | g, ) | do = / g, un) | do
{(K(Jun|)<t} {(K(Jlun|)<t}n{|un|>t}

+ o) | do
{(E (Jun )<t} {un|<t}

< / | 9@, un) | do + / | 9z, un) | de < C".
{lun|>t} {lun|<t}

Through this we find that, (3.18) gives us

Z/ K un ) 7@ do < eft +1). (3.19)
\un\)<t}
Then, from (3.17) we obtain (3.12). O
Remark 3.7. (3.10) implies that
/ (t+ 1)1 | Oy [P) dz < C, V> 0. (3.20)
{lunl<t}

Remark 3.8. The relationship (3.14) implies that
Ung (T, Up) > 0. (3.21)

We need the following technical Lemma that came in [11] and scalar case in [2]

Lemma 3.9. (see [2, 11]) Let 7 (-) pl() ...,pn()) € (C’+(§))N with p(-) < N,
and let f be a nonnegative function in W0 s )( Q). Suppose that there exists a constant

¢ such that
N
> [ o
i—1 J{f<t}

Then there exists a constant C, depending on c, such that

Pi@) gy < c(t+1), Vit >0. (3.22)

[ towce wso wm="EE0 en o
{f>t} N—p(l’)



Nonlinear anisotropic elliptic equations with variable exponents 547

Lemma 3.10. Let u, € Wol’?(')(Q) N L>(82) be a solution to problem (3.6). Then,

Np; ()(@()—-1)

Oi(K(| un |)) is bounded in M~ ?OON=-0(Q), i=1,...,N (3.24)

Npi(O@C) =D (r()+1)
P()(N-1)

Oiuy, is bounded in M Q),i=1,...,N. (3.25)

Proof. For all i = 1,..., N setting o;(-) = hIZf’)(il where h(z) = %ﬁ)@;), Yz € Q,
then we have:

If 0 < t < 1, we have trivially that

/ @) de <| Q.
{10: (K (Jun )| =) >}

If t > 1, using (3.12), Lemma 3.9 ( due (3.10), and the fact that | 9; | un ||<| Oiun |
un #0,1=1,...,N), we get that

/ th@) g < / @) dg
{103 (K (Jun )| (=) >} {10: (K (Jun )| > }0{ K (Jun|) <t}
+/ th(@) gy
{103 (K (Jun )] @) >t { K (Jun]) >t}
< @)

/{ai(K(lunl))“i(w>>t}ﬂ{K(unl)<t}ﬂ{|unl<t}

+ / (@) do
{10: (K (lun )¢ ™ > 30 { K (Jun ) <t}N{|un| >t}

+ / () gy
{10: (K (lun )¢ @ >3 { K (Jun ) >t} {|un| <t}

+ / th®) dg
{10: (K (lun )¢ @ >3 { K (Jun ) >t 30 {un| >t}

§2/ th(@) do + 2/ th(@) dg
{K (Junl)<t} {lun|>t}

pi(x)

<2/ (@) <| 0i(K (] un |)) ai(w)>a;<m> o
K (lun <t} t

+2 / ") dg
{‘un|>t}

< / 1 0 (K (| un )
{K (Junl)

Pi(®) do + ¢

Pi(®) dy + ¢

<4 / PR )

S4/ (t+ D)7 0K (| up ) P9 dz+e< O
{
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Then,forallizl,...,N,|8( (| un 1))
This gives us, for all i = 1,..., N, | 9;(K (| u, |)) | is bounded in M"*)2:()(Q) where

8
pi()h() _ Npi()(@() — 1)
MO = 5051 T O D
Now we will prove (3.25), For «a;(:), 4 = 1,, N and h(:) defined previously, we find

that

If 0 <t <1, we get that

@i() is bounded in M) (Q).

/ th@yde <| Q| .
{118iun])] %1 @@+ >}

If t > 1, by (3.12), Lemma 3.9 ( due (3.10), and the fact that
| Oi | un, ||<] Ozt |, upn #0,4=1,...,N), we obtain that

/ ﬁwmg/ th@ de
{10iun ‘ai(ﬁ)(r(1)+1)>t} {\Biun|ai(”)(”‘(”)+1>>t}ﬁ{\un\St}

+ / @) dy
{{l0sun ‘ui(wﬂr(m)Jrl)>t}ﬂ{|un|>t}

/ h(z) <| Ot ai(w)(r(:r)+1)> ST p
< e T
{Jun <t} ¢
+ / ) dg
{lun|>t}

S/ th(z)r(m)fl | azun
{lun|<t}

By noting that the assumption (3.2) is equivalent to:
h(:)r(:) —1<0, in Q,

and through the positivity of 7(-) and h(-), we find that
h()r(:)—1> -1, in Q.

Pi®@) dg 4 c. (3.26)

So, we get that
(h(-)r(-) = 1) € [-1,0), in Q. (3.27)
By using (3.27) in (3.26), and thanks to (3.20), we can obtain that

th(®@) da < / t71 ] By, [P dx + ¢
{lun|<t}

< 2/ (2t)7' | Dy,
{‘un|§t}

SZ/ (t+1)"" | B
{lun|<t}
Hence, we can obtain,

| Dy, [ OVT@HD g bounded in MP(Q) i =1,...,N.

‘/{laiunlai(z)”(mHJ) >t}

Pi(®) do 4 c

Pi®) gy 4 ¢ < C. (3.28)
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From this we conclude that
| Dty | is bounded in MPOOEOFY QY =1 N,
where,

pi()h()(r() +1) _ Npi()(P() —1)(r() +1)

C)ea()r() + 1) = == 577 p()(N —1)

We need the following Lemma (see [22]) to prove the Lemma after it

Lemma 3.11 ([22]). Let v(-),w(-) € C(Q), such that w~ > 0, (v —w)~ > 0.
If u € M¥O)(Q), then | u |*Oe LY(Q).
In addition to that, M*)(Q) C L*O(Q) for all v(-), w(-) > 1.
Lemma 3.12. Let f, g and p;, 0;, ¢t = 1,..., N be restricted as in Theorem 3.2. Then,
foralli=1,...,N,
Uy, is bounded in L% (Q), (3.29)
diuy is bounded in L% ((), (3.30)
where q;(+), i =1,..., N satisfying (3.3).
Proof. From (3.24), thanks to Lemma 3.11, we deduce that
di(K(| un |)) is bounded in L") (Q), i =1,..., N, (3.31)
where, 1 < h;(+) < %, i1=1,...,N.
So, we can obtain
K(| uy, |) is bounded in L*)(Q), i =1,..., N, (3.32)

where, 1 < h; (1) < %, i=1,...,N.

By condition (1.5) we can get
ClIE(tn ) =] un " Jup [= A, i=1,...,N. (3.33)
Then, through (3.33) and (3.32) we obtain

/|un h1<-><r<~)+1)dx:/ |ty (OO gy
Q {lun|=X}

+/ |y [OEO+D) g g
{lunl<A}

< c/ VK (| ) O da + (14 A E0T0Y [0|<
Q
(3.34)

Then, (3.34) implies that, for all i =1,..., N
u, € L¥0(Q), (3.35)

where, ¢;(+), i = 1,..., N satisfying (3.3).
From (2.2) and (3.35) we deduce (3.29).
Finally, by (3.25), Lemma 3.11, and (2.2), we can get (3.30). O
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Remark 3.13. Lemma 3.12 implies that
1,7(')(9)

Uy is bounded in W,

where, ¢ (-) = (¢1(-), ..., qn (), such that ¢;(-), i = 1,..., N satisfying (3.3).

Lemma 3.14. Foralli=1,... N
lim Ai,n = 07

n—-4oo

where,

Ajp = / (oi(x, Tn(up), Oiun) — oi(x, Tn(uy), O;w)) (Osuy, — Oiu) dz.
Q

Proof. From (3.36), we can conclude that the sequence (u,) is bounded in

Wé’q: (Q), where q: = 1221]\[ Iwnenﬁl Q’L(x)

So, a sequence (still denoted by (uy)) can be extracted from them, such that

u, — u strongly in Wol’q: (©) and a.e in €,
and, d;u,, — O;u weakly in Lpi(x)(Q), i=1,...,
Note that, for alli =1,..., N,
Din = Af) - A7
where

i,n

Q

Aﬁz = / oi(x, Tn(un), Oju) (0w, — Oju) d.
’ Q
First, let’s prove for alli =1,..., N

lim A =0.

n——+oo

Choose ¢ = u,, — u as a test function in (3.7), we get

N
Z/ai(x,Tn(un),aiun)(aiun — Oyu) dx
=1 Q2

+ /Qg(x, Up ) (Up —u) dz = /an(un —u)dz.

By using (1.9), and that u, € LP()(Q),i=1,..., N, we can get

| 196w

then (3.42) implies that,

Pi(®) gy §/ | wn, |p'i(w) dz < c,
Q

(9(x,uy)) is bounded in L7 ) (),

(3.36)

(3.37)

(3.40)

(3.41)

(3.42)

(3.43)



Nonlinear anisotropic elliptic equations with variable exponents 551

So, from (3.43), and (3.38), we get

lim g(z,un)(uy —u)drdx = 0. (3.44)

n—-+oo Q

Now, by (1.2), Young’s inequality, and that O;u,, K(T,(u,)) € LPiO)(Q),i =
1,..., N, we deduce that

/ | i, T (1), Bitun) [P4C) da §c/ | K (Ty(un)) [P da
Q Q

+ c’/ | Oiup,
Q

and this implies the boudedness of (o5 (, Ty (), d;tn)) in LPiO)(Q).
Thanks to this and (3.39) we get

Pi(®) qp 4 " < C,

lim oi(z, Ty (un), Oty ) (Ouy, — Oju) da = 0. (3.45)

n—-4oo Q

Then, from (3.38), (3.44), (3.45), and (3.5), we get (3.40).
Now, from (1.2), and that d;ju € L), we obtain for all i = 1,..., N

[ 1ot Tutun). )

And therefore

Pi(@) dy 4+ < C.

Pi() dg < c/ | Oiu
Q

(05(x, T (un), B;w)) is bounded in L¥)(Q), i=1,...,N. (3.46)
Then, (3.46) and (3.39) implies that
Jim AP =0. (3.47)
So, by (3.40) and (3.47), we derive (3.37). O
Lemma 3.15. Foralli=1,... N
Oy, — Ozu, a.e.in . (3.48)

Proof. Through (1.4) we conclude that, for all i =1,..., N
(oi(z, Tn(un), Oun) — oi(x, Ty (uy,), O;u)) (Osun, — Oju) > 0. (3.49)
Then, (3.49) and (3.37) gives us, for all i = 1,..., N

(o4(x, Ty (un), Ostin) — 052, Ty (un), O51)) (D5t — Osu) — 0,strongly in L'(Q).
(3.50)
Extracting a subsequence (still denoted by (u,) ), we have for alli =1,..., N

(oi(x, T (un), Oiun) — oi(x, Tn(uyn), Ou)) (Qjun, — Oju) — 0 a.e. in Q. (3.51)

Then, by the same techniques used in [11, 8] we can obtain (3.48). O
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3.2. Proof of the Theorem 3.2 :
By (3.38), we have
g(x,up) — g(z,u) a.e. in Q. (3.52)

Let E C € be any measurable set, we write

/ | 92, un) | da = / | gz, un) | do + / g, un) | do.
E En{jun|<t} En{jun|>t}

Let 0 < M < t, and observe that

T3 ()| < T (un) L ju, 1 <nry + 1 Te(wn) Lgju, >0y < M+, 503 (3.53)
Then, after taking ¢ = Ti(u,,) in (3.7) and using (3.53), yields
t/ |g(a:,un)|dx§M/ |fn|d:c+t/ fulde.  (354)
{lun|>t} Q {lun|>M}

From (3.54) and (3.11), we conclude the equi-integrability of g(z,u,) in L*(£).
Through this, (3.52), and Vitali’s theorem we get

g(x,u,) — g(x,u) strongly in L' (). (3.55)
From (3.29) and (3.48), we have
o; (x,Tn(un),aiun) — 0 (x,u,@iu) a.e. in . (3.56)
Now, we prove that
oi (x, T (un), Ojun) — o (z,u,0;u)  strongly in L%(Q),

where ¢;(-), 7 =1,..., N are a continuous functions on Q satisfying (3.3).
Then, we have, for all z € )

ai(x) _ N(p@) - Dpi(@)(r(z) +1)
pi(r) =1 p@)(N = )(pi(z) —1) ~

The choice of pi‘l(iggmll > 1 is possible since we have (3.4).

Using (1.2), and (3.30), we get that,

/Q | oi(z, T (un), Oiun)

1< i=1,...,N. (3.57)

a;(x)
Pi@) -1 dp < c/ | Oiun, |q’i(“”) +Cdx<C', i=1,...,N.
Q

(3.58)
Then, by (3.58) and using (2.2), we conclude that, for all i =1,..., N,
q; ()
(0i(z, Ty (un), Ojun)) uniformly bounded in  L70=T(€).
So, by (3.56) and Vitali’s theorem, we derive, for all i = 1,..., N,
oi (a:, T (un), 6iun) — 0; (3:, u, &u) strongly in L'(Q). (3.59)

So, by passing to the limit in (3.7), we have completed the proof.
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