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The Minty-Browder theorem for nonlinear ellip-
tic equations involving p-Laplacian with singular
coefficients under form boundary conditions

Mykola Yaremenko

Abstract. We consider the elliptic parabolic partial differential equation with
singular coefficients under the rather general form boundary conditions. We
proved that the bounded operator associated with the elliptic equation satisfies
monotony, coercivity, and semicontinuity conditions. Employing Minty-Browder
arguments, we establish the existence and uniqueness of the weak solution to the
elliptic equation with singular coefficients under form-boundary conditions.
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1. Introduction

In this article, we consider the existence of the weak solution to a quasi-linear elliptic
differential equation in the divergent form

_ d
MuulP~? = 7 (z, u, Vu) +b(x, u, Vu) =0
z;
with a positive parameter A, where the divergent term is given by
d Oa; (x, u, Vu)
dixiai (IL’, u, Vu) = Z T

i=1, ..., I
in domain Q C R!, I > 3. As a model example of the main term, we can consider the

operator A,u = div (Vu |Vu|p_2) and lower term b (z, u, Vu) = ¢ (z)u|ul’~>.
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Due to the plethora of applications of elliptic partial differential equations, the
theory of the existence of solutions is well developed. There are many approaches
to the solvability theory for elliptic equations, such as the mountain pass theorem,
method of sub-super solutions, degree theory, and fixed point theory to name a few.
A general version of the Minty-Browder theorem states that if an operator A from
real, separable, reflexive Banach space X into its dual space X* is semicontinuous,
monotone, and coercive, then for each ¢ € X* there is a solution f € X to the equa-
tion A (f) = 1. The classical results of the Minty-Browwder theorem can be found in
[3 — 5, 15, 16], where the method of monotone operators was developed and its appli-
cation to the Dirichlet problem for a quasi-linear elliptic partial differential equation
in the divergence form was considered [16]. In [4, 5], nonlinear elliptic boundary value
problems were considered in Hilbert spaces by the method of monotone operators,
the semi-boundedness was employed instead of the positivity condition, also, the per-
turbation of such operators by compact operators was studied.

In this article, we consider elliptic differential equations in the divergent form
under form-boundary conditions on its coefficients. The local singularities of the co-
efficients are supposed such that they belong to certain classes PK (/3).

Definition 1.1. For a given number 5 € (0,1), the class of form-boundary functions
PK (B) consists of all functions f € L} . () such that the inequality

loc

1£6l172 < BIVEllze +c(8) ol (L.1)
holds with a positive constant ¢ (B) and for all p € W ().

Some additional information on this type of form-boundary condition can be
founded in [22, 23, 24].

From the definition of form-boundary class, assuming v > 0 and 'y% € PK (B),
we obtain

2
[ 2168 do < 8% 1012 IV, + c(8) ol

for all ¢ € W (Q) and p > 2. Indeed, we estimate

1 p\ 2 1 p]2

fgwpdf - IRCE o1 ) o = [t 10f%],
< BV (@%)[|L. + B 0%
=8 [ (V(68) dr+e®) [ (161F) da

Q Q
=5fﬂ(§¢%—1v¢)2dm+c(ﬁ) o lol” de
— 2 [ 672(V9) du + ¢ (8) 61

Next, applying the Holder inequality, we obtain
Jorvorae < g2 o2 e 002 , +e® 01

= B2 122 V]2, + ¢ (B) llo|L, -
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The form-boundary condition guarantees the coercitivity of the associated qua-
dratic form in L2, namely, the linear operator —A + f -V is coercive in L? if
f] e PK (8)

We proved that the operator A : WP (2) — WP (Q) given in (2.1), satisfies the
monotony, coercivity, and semi-continuity conditions. The existence and the unique-
ness of the weak solution to the considered equation follow from the Minty-Browder
theorem applied to the operator A.

2. An elliptic partial differential equation

2.1. Basic properties of Sobolev spaces

Let 2 be a smooth domain in R’ for [ > 3. The Sobolev space W7 () is a Banach
space consisting of all elements u € LP(§2) such that for all multy-index « with
|a| <k, the distributional mixed partial derivative

ololy,

D% = u(® =
w=u Ozt ...0x)"

exists and belongs to L? (Q), i.e., [|[u(® ||L < 00. The norm in W} (Q) is defined by

1

s

g = | [ {1+ = > b’

, k (m)

or equivalent form in the sense of equivalence of norms

lullsvy = llull o + Z ZHD(’”)‘

m=1,

where the symbol > (m) I€ANS summation by all possible derivatives of u up to order
m. For the domains 2 with smooth enough boundaries 92, the space W} (Q) coincides
with the closure of the set C*° () of all infinitely differentiable functions in clos (£2).
In particular, the norm of W7 (Q) is given by
1
lullywy = (el + IVullz)?
or equivalent form in the sense of equivalence of norms

lullwe = llull o + IVl Lo -

Property. Forp € (1, oo) and for each integer m > 0, the Sobolev space W (£2)
is a reflexive separable Banach space with the dual W9, (Q), where %—i—% = 1. The set

C> (clos (2)) is dense subset of WY (). The subspace W () is dense in W[ ().
In Wﬁ o, the following inequality holds true (Poincare inequality)
lullpe < clVulls

forallu € Wﬂ o (€2), where the constant ¢ depends only on the domain {2 and exponent
p.



530 Mykola Yaremenko

The Sobolev embedding theorem establishes that if m > s and mf% > 5,% then

l

the embedding W} (2) € W (Q2) is continuous, and moreover, when m — Lis g =

then the embedding is completely continuous, i.e., each relatively weakly compact
subset maps into a relatively compact subset.
In this paper, we use the following Holder inequality

/Q Faeldz < 1F11 o lolza Ilor

where % + % + 1 =1. Also, for all z,y > 0, we use the Young inequality
L, a1yt
< Z —(Z
xy_a(sa?) +b(s)
for all a,b > 1 such that % + % =1,and all € > 0.

2.2. A nonlinear elliptic partial differential equation involving p-Laplace operator

Let Q be a smooth domain in R! for { > 3, which can coincide with whole R!. For
some A > 0, we consider a nonlinear elliptic partial differential equation

A () = Mu|ulP~? = div (a; (x, u, Vu)) +b(z, u, Vu) =0, (2.1)

where u (x) an unknown function in Q C R’

Functions a; (x, u, £) and b(z, u, &) are defined for all z € clos(Q2) and all
ueR, ¢ €RY a;(x, u, &) and b(z, u, &) are continuous at u and &.

We assume the following conditions

S (o, u, €& > vie (2.2)

Z (ai (‘Ta u, E) — a4 (I7 v, 77)) (52 - 771) > ‘5 - 77|p >0, (23)

Ja; (2, u, O < pleP™" + (@) [uf ™ + 72 (2), (2
|ai (.’E, U, 5) —ag ((E, v, 77)| < H3 |£ - n‘pil + Y6 (:L’) "LL - U|p717 (2
b (2, u, O] < €77 + s (2) [ul”™ + 7 (@), (2
bz, u, &) = b (@, v, N < p2l¢ ="+ (@) [u—v' 7, (2
for all £ € R!. We assume
71%7 73%7 75%776% € PK(6)7 73%7 75% € PK(/B)a

and
Y1 € LI(Q).
We remark that the inequalities
(S 6P~ =" 2, & - 77) >c(p) | —nl’
and

—2 —2 -2 -2
[lal ™ = ylyP ] < 0= Dla =yl (1ol + )
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hold for all £, n € R! and x, y € R with the constant ¢ (p) = 227P. Employing this
estimate, we obtain that p-Laplacian a (u) = A, (u) = div (Vu |Vu|p_2> satisfies our
conditions.

Definition 2.1. The function u (z, t) is called a weak solution to the equation (2.1) if
ue WP (Q) and the identity

)\/Q|u\p72 (bdx—i—/gai (2, u, Vu) Vi¢dx+/ b(x, u, Vu)pdr =0 (2.8)

Q
holds for all ¢ € Wﬁ o (). The solution w is called a bounded weak solution to the
equation (2.1) if essgrlnax\u| < 00.

Definition 2.2. The operator A : W (Q) — W2, (Q) is called monotone if the
imequality
(Au) = Av), (u=v)) 20 (2.9)
holds for all u, v € WY (Q).
The operator A : WF () — W1, (Q) is called strictly monotone if the inequality
(A(w) —A(w), u—v) >0 (2.10)
holds for all u, v € WY (Q), u # v.

Definition 2.3. The operator A : W (Q) — W2, (Q) is called coercive if the inequal-
ity
(A, ) ol
Tollng
Definition 2.4. The operator A : WP (Q) — W1, (Q) is called semicontinuous if the
mapping t — (A (u+ tv), w) is continuous for all u, v, w € W{i0 (Q).

0. (2.11)

Below, we assume that the operator A : W} () — W7, (Q2) is associated with
the elliptic equation (2.1).

Lemma 2.5. Letp > 2 and let q be its conjugate, i.e., %—i—% = 1. Assume the conditions
(2.2)-(2.8) are satisfied. Then, the operator

A WP(Q) - Wi (Q)
1s bounded.

Proof. For all u, v € W} (Q), we have

A, ol <A [ AP ol do
L (e I9uP ™ @) P e (@) [V da
(190 s @) P 4 1)) ol de

p—1 p—1 et
<Al [0l + s IVl 190l g+ a7 190l
+ Ihell o 190l + g 1905 ol

et
sl el + Il ol
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Applying the Young inequality for a = 17%2 and b = £, and the form-boundary
condition, we have

[nttarde<s [ (9 (1)) do+e(3) [ da

: 2,
<07 (4 =D Jully ) + (3l

and similarly, we obtain
q p

J st ul? s

p> [ _2

S ﬁ 4 (E g

so we conclude
-1 -1
(A (u), o) < Mullfy ™ [oll o + 1 VUl Vol

+@—2V22vM$)+cwanm

p—1
2 2 )
+ Bﬁ<£p T2 3)* 190,
e () [lull?, y
el o 900+ 22 1725 ol o 1
.
2 e
| A Tp=2)= p)* ol
e () [l

+lvall g 01l Lo
thus, the operator A is bounded.

Lemma 2.6. Let p > 2 and let q be its conjugate, i.e., %Jré = 1. Assume the conditions
(3)-(8) are satisfied. Then, the operator

A WP (Q) =W (Q)
15 monotone.
Proof. For all u, v, w € WY, () , we have
(A(u) = A(v), u—w)
—)\f ( |u|p72—v\v|p72) (u —v)dz
—l—f (z, u, Vu) — a; (x, v, Vv)) (Viu — V,v) dx
(b(at u, Vu) —b(z, v, Vv)) (u—v)dx
> Ac(p) lu—olg, + w1 IV (u—0)llL,
fg pa |V (u— )P 45 (= >|u—v|p_1)(u—v>dx
(p
~(w

Y

e (p) lu = vllz, + w1 IV (=)L,

25 I = vll7s + p2 S IV (u = w)lI7,

P
fQ’Yg,(lE |u —v|” da.
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We assume 75% € PK (8). Applying the form-boundary condition, we have
P
fQ’Yg, (z) |u —v|" dz

<ﬂf V |ufv|%)) dx +c(B f |ufv|pdx

< gt ( IV (= )2, + (p— 2) 22 flu v||Lp)

€2p

c(B)llu—vlLs,

so, we conclude
(A () = A(v), u—v)
> (Acp) — packy — B(p—2) 728 —c (B >)|\u—v||'zp
+ (1 - =845 IV =),

thus, the operator A is strictly monotone.
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Lemma 2.7. Let p > 2 and let q be its conjugate, i.e., %Jré = 1. Assume the conditions

(3)-(8) are satisfied. Then, the operator
A WP (Q) =W (Q)
18 coercive.

Proof. From the definition, we obtain
(A(u), u) = )\fQ |ul” dz
—i—fQ a; (z, u, Vu) Viudz + be(x, u, Vu)udx
> Ml + v IVl — [ (VP 3 @) [ 4 (2)) ude
> (A= iz ) lull, (u — %) [Vl
@)l do— [ yalulde,
for all u € WY (Q). By form-boundary condition, we have
Jom @ do < % (4 190, + (0 -2 22l )+ () [l
thus, it follows that
(A@), up > (A= B8 (p =2 &7 — = — L) |lul,

+ (v = m= = B ) IVl - < ullL,
and
A(u
<|\7(L\I)Lp > (/\ gp(p 2)5p 3 _L_Mlal >||uH
e IVullZy  ea falltg lellze oo
+(” At ) Tales — ¢ Telh, %

so, A is a coercive operator.
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Lemma 2.8. Letp > 2 and let q be its conjugate, i.e., %Jr% = 1. Assume the conditions
(3)-(8) are satisfied. Then, the operator

A WP(Q) - Wi (Q)
1S semicontinuous.

Proof. Due to the arbitrarity of the element v € WY (Q) in the definition of
semicontinuity, we conclude that the operator A : W} (Q) — W9, (Q) is semicontin-
uous if the limit

(A(u+tv), w) =2 (A(u), w)
holds for all u, v, w € Wﬁo (Q). So, it is sufficient to show that

t—0

(A (u+tv) = A(u), w)| — 0,

for all u, v, w € WY ().

For u, v, w € Wﬁo (), we calculate
A G+ t0) — Afw), w)
— fQ ((u Fto)juttof 2 —u |u|p_2) wdz
—|—f (@i (z, u+tv, V(u+1tv)) —a; (z, u, Vu)) Viwdx
+ Q(b(:z:7 u+tv, V(u+tv)) —b(x, u, Vu)) wdz
<XM(p-1) fg ] (\u + 0P + |u\p_2> wdz
st [ (2 1V 456 ) o) [ V] d

st [ (s 1V0P ™ 435 () o) o] o

Applying Holder inequality and form-boundary condition, we estimate

S (2190 456 @) 1o ) [Vl dar

L (3 190P ™ 35 ) o) ol e
< g Vol o P [ Vwl]

1

+<ﬂ”4( 2 |Volls, + (p— 2) £ Ivll’ip)+c(ﬂ)llv|’£p> IVl

2
€2p

+us Vol Lo P wll o

1
P

+ (55 (190 + -2 2 1ol ) + o) L) -

12
€2p
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Using the Holder inequality, we deduce

(A (u+tv) — A(u), w)
<At(p-1) (HUHin u+toll 272 |wll L, + ||11’HLP flull o 22 Hw”Lp)
Ftpg Vol P71Vl o + tus Vol L 27 [wl] L,

q

e (877 (190l + =2 22 1ol ) + ¢ @) ol ) 19wl

D
E2Dp

2 723 a
+1 (85 (S IVl + -2 22 ol ) + e ol ) ol

t—0
— 0.

3. The Minty-Browder theorem

To complete our investigation, we present the scheme of the proof of the existence and
uniqueness of the solution. The proof is based on Minty’s ideas [9, 16] and on a variant
of the Galerkin method, which are applied to the operator A : W} (Q) — W2, (Q),
and employment of limits in weak topology.

Theorem 3.1 (Minty-Browder). Letp > 2 and q its conjugate i.e., %—I—% = 1. Assume

conditions (3) — (8) are satisfied. Then the elliptic equation (2) has a unique weak
solution in the Sobolev space WY (Q) .

Proof. Let
A WP(Q) - WL (Q)
be the operator associated with equation (2.1). Under conditions (2.2)-(2.8), the op-
erator
A WP (Q) =W (Q)
is a bounded, monotone, coercive, and semi-continuous operator. Thus, we are going
to show that there exists a solution u € WY (Q2) to the operator equation A (u) = ¢
for each fixed p € W7, .
Let {v;} be a basis in Wﬁo and X, be a linear span of {vy, ..., vx}. We compose
the nonlinear Galerkin approximation system
(A (ur) — ¢, vi) =0,
where uy € X, i =1, ..., k so we denote u = Zi:l,“.,k c;rv; with coefficients ¢y, to
be calculated.
Since the operator A is coercive there exists a number R > 0 such that

(A(u) =, u) >0
for all w € WY, |lul| > R. Therefore, we have the system

<A Z cikvi | — o, vj>=O

i=1,...k
with an unknown real vector {cij, ..., ¢gx}. The function

ur (A(u) — o, v;)
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is continuous on Wﬁ o with respect to variables {cig, ..., cxx}. The system
Z <A§(') Z civi | — e, vj> cjk >0
j=1,...,k i=1,....k
has a solution for all uy € Xy, i =1, ..., k such that uy € W7, ||uk||W1p =R.

The fixed point theorem states that: let function

<A Z cikVi | — @, vj> : cos(B(0, R)) >R

i=1,...,k
be continuous for each j =1, ..., k and
Z <A Z CikVi | — ©, Uj> Cik > 0
j=1,....k i=1,....k

for all uy € WY, l[ur |l = R; then the system

<A Z CikVi | — ¢, vj>:O

i=1,...k

has a solution for all uy € WY, lurllyr < R O

From
(A(u) =, u)=0
and statement that
(A(u) =, u) >0
for all u € WY, ||U||W1p > R, we deduce that Hu||Wlp < R, which provides us with

a priori solution estimate.

The sequences {uy} and {A (ux)} are bounded since the operator A is bounded,

kly . .
therefore, A (ug,) % ¢ in W?, ; and there exists a subsequence {ug} C {uy} such

kl
that wuj, YEERY . Thus, we have

k—
(A(ur), ug) = (¢, ug) = (@, u).
In finite-dimensional Banach spaces, the strong and weak convergences coincide. We

kl
choose subsequence {uj} C {us} such that uj V%Y u and

A(ug) "5 o,

and

So, we have
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and
A () "5 A w).
Thus, the equation A (u) = 0 has a solution in W (), which proves the existence
of a weak solution to elliptic equation (2.1) under the conditions (2.2)-(2.8).

Let w € WP (Q2) and v € W! () be two different solution to (2.1) so that
A(u) =0 and A (v) = 0. On another hand, the strict monotony yields that from

(A(u) = A(v), u—v) =0

follows u = v, thus we have proved the uniqueness of the solution.
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