Stud. Univ. Babes-Bolyai Math. 70(2025), No. 3, 441-454
DOLI: 10.24193/subbmath.2025.3.05

Certain subclass of close-to-convex univalent
functions defined with ¢-derivative operator

Gagandeep Singh () and Gurcharanjit Singh

Abstract. The objective of this paper is to introduce a new subclass of strongly
close-to-convex functions defined with g-derivative operator and by subordinating
to generalized Janowski function. We establish several useful properties such as
coefficient estimates, distortion theorem, argument theorem, inclusion relations
and radius of convexity for this class. Some relevant connections of the results
investigated here with those derived earlier are mentioned.
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1. Introduction

Let A be the class of analytic functions in the open unit disc E = {z:| z |< 1} and
having the Taylor-Maclaurin expansion of the form

(oo}
f(z) :z—i—Zanz". (1.1)
n=2
Further, let S be the class of functions f € A which are univalent in F.

By U, we denote the class of Schwarzian functions w satisfying w(0) = 0 and
|w(z)| <1, which are analytic in E and of the form

(o)
w(z) = Z cn2",z € E.
n=1
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For 0 < a < 1, §*(a) and K(«) denote the classes of starlike functions and
convex functions of order a respectively and are defined as

S*(a) = {f:feA,Re<Zf/(Z)) >a,z€E}

f(2)
and
(zf'(2))
ICoz—{f:fEA,Re( >a,z€ By
) 7)
In particular, $*(0) = S* which is the class of starlike functions and K(0) = K, the
class of convex functions. For o = £, 8*(3) is the class of starlike functions of order 1.

For the functions f(z) = 2+ .., a,2" defined in (1) and h(z) = z+>_ - 5 b, 2",
the Hadamard product(or convolution) of f and h is defined by

(Fxh)(z) =2+ anbyz".
n=2

A function f € A is said to be close-to-convex function if there exists a function

g € §* such that
Re <Z§(/§)> >0(z € E).

The class of close-to-convex functions is denoted by C and was established by
Kaplan [9].

Sakaguchi [18] established the class S of the functions f € A which satisfy the

condition b
(7)o

The functions in the class S} are called starlike functions with respect to symmetric
points. Clearly, the class S¥ is contained in the class C of close-to-convex functions,

e — f=2)

5 is a starlike function [3] in E.

Getting inspired from the class S8, Gao and Zhou [5] studied the class g given

Ksz{f:feA,Re<m>>07geS* (;),zeE}

Kowalczyk and Les-Bomba [10] extended the class Kg by introducing the class
Ks(7)(0 <+ < 1) which is defined as

2 p1

) > 10e (3) 227

Ks(v) = : eA,Ra(Z >v,9e€8 |- |,z€eE;.
={r:1 gGra=) 7S

For v = 0, the class Kg(7) reduces to the class Kg.

by
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Later on, Prajapat [14] established that, a function f € A is said to be in the
1
class x¢(7)([t] <1, #0,0 <~ < 1), if there exists a function g € S* (2>7 such that

t2>f'(2)
[
In particular x_1(v) = Kg(vy) and x-1(0) = Ks.

For -1 < B < A < 1and 0 < a < 1, Polatoglu et al. [13] introduced
the class P(A, B;a), the subclass of A which consists of functions of the form

p(z) = 1+ 377 prz”® such that p(z) < 1+[B+ (1A+—BB)(1 — a)]z. Also for a = 0,
z

the class P(A, B;«a) agrees with P(A, B), which is a subclass of A introduced by
Janowski [8].

Let f and g be two analytic functions in E. Then f is said to be subordinate
to g (symbolically f < g) if there exists a Schwarzian function w € U such that
f(z) = g(w(z)). Further, if g is univalent in E, then f < g is equivalent to f(0) = g(0)
and f(E) C g(E). Recently some subordination properties for certain classes of
analytic functions were studied in [16].

Using the concept of subordination, Singh et al. [20] introduced the class
xt(4, B)([t] < 1,t # 0), which consists of functions f € A with the conditions

tz2f'(2) - 1+ Az
9()gtz) " T+ Bx

-1<B<A<1l,z€E,

where g € 8* (). The following observations are obvious:
(1) xe(1 =27, —1) = xe (7).

(i)x 1 (1~ 29, 1) = Ks().

(iii)x-1(1,-1) = Ks.

Raina et al. [15] defined the class of strongly close-to-convex functions of order
3, as below:

C/BZ{f:fE.A,

arg{ZfI(Z)H < BW)ge}C,O<B<1,z€E},
9(z) 2

or equivalently

. f(2) (142
Cﬂ{f.fEA, T *(1—2:

Quantum calculus is ordinary classical calculus which introduces g¢-calculus,
where ¢ stands for quantum. Nowadays, ¢-calculus has attracted many researchers
as it is widely useful in various branches of Mathematics and Physics. The appli-
cation of g-calculus was initiated by Jackson [6, 7] and he developed g¢-integral and

B
> ,gElC,0<ﬂ§1,z€E}.
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g-derivative in a systematic way. For 0 < ¢ < 1, Jackson [6] defined the g-derivative
of a function f € A as

f)=flaz) o 5 £0
_ (1—q)= )
Dqf(2) {f’(o)q for 2 =0, (1.2)
where D2 f(z) = Dg(Dqf(2)).

From (1.2), it is obvious that
Dyf(z) =14 Y [Klgarz*",
k=2

where [k], = % =1+q+¢*+..+¢"Pand [0}, =0.If ¢ — 17, then [k], — k.
Further Dg2% = [k],z*~! and lim, ;- Dyf(2) = f’(2). Recently a new subclass of

analytic functions defined with g-derivative operator is studied in [22].

The g¢-shifted factorial is given by

(a:0) 1 for n =0,
a;q)n =
1 (1-a)(1—-aq)..(1—ag"t) forn=1,2,..

As a generalization of the hypergeometric series, Heine established the ¢-
hypergeometric series as

oF1la,b;c: q, 2] nzzo(q;q)n(c;q)n .

Generalising the Heine’s series, we define the basic hypergeometric series ¢ as
below:

i . . . ] 1+s—r
7.¢s(a1’a2’ vy @3 b1, b9, b q,z) — Z (alaQ)n(a2;Q)n-..(ar7Q)n |:(_1)nq(2):| o

n=0

(1.3)

where ()= "("2_1), and ¢ # 0 when r > s+ 1. In (1.3), it is supposed that the
parameters by, ba, ..., bs are such that the denominator factors in the terms of the
series are never zero. In basic hypergeometric series, ¢ is a fixed parameter with

g€ Cand gl <1.

For complex parameteres ai,as,...,a, and by, ba,....bs, (b € C \
Zy = 0,—-1,-2,..;5 = 1,2,...,s), the generalized g-hypergeometric function
rs(ar, ag, ..., ar;b1,ba, ..., bs ¢ q, 2) is defined by

(a1;@)n(a2; Qn---(ar; @)n o
(@ Dn(b1;@)n--(bs; @)~

[e%S)
r¢s(a17 A2, ...y Ar; b17 b2v ey bs; q, Z) = Z

n=0

where r = s+ 1;r,s € Ny =NU{0},z € E.

?
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The function G, s(a;,b5;¢,2)(i =1,2,...,7;5 = 1,2, ..., 5) is defined by
Grs(ai,bj5¢,2) == zpps(a, ag, ..., arp; by, b, ..., bs 1 ¢, 2).
Now we define the operator Jy"(a1,b1;¢,2)f : E — E as
T(ar,bi;q,2) f(2) = f(2) * Grs(ai, b3 ¢, 2),

j}}(ala bl; q, Z)f(Z) = (1 - )‘)(f(z) * gr,s(a’iv bj; q, Z)) + /\ZDq(f(z) * gr,s(aia bj; q, Z)a
(1.4)
T3 (a1,b130,2) f(2) = TA (TR (ar, bis ¢, 2) £(2)). (1.5)

For f € A, it can be easily deduced from (1.4) and (1.5), that

T (a1, 0139,2) f(2) = 2+ Z[l — A+ [ A" Tranz",
n=2

where I', = {Eifastgaifasiiont and m € No = NU {0}, 2 0.
In particular

(i) For m = 0, the operator J7"(a1,b1;q,%) agrees with the g-analogue of Dziok-
Srivastava operator [4].

(ii) For r = 2,s = 1,a1 = b1,a2 = ¢, A = 1, the operator J"(a1,b1;q, z) reduces to
the well known Salagean operator [19].

Motivated by the above mentioned work, now we introduce the following sub-
class of close-to-convex functions defined by subordinating to generalized Janowski
function.

Definition 1.1. Let Sti%m(al,bl;A,B;a;ﬁ)ﬂﬂ <1L,t#0,0<a<1,0<8<1) denote
the class of functions f € A which satisfy the conditions,
225" (a1, b1, 2)f ()] . (1 +[B+(A-B)(1- a)]z)ﬁ
(T3 (a1, b13 ¢, 2)9(2)][T3" (a1, 015, 2)g(t2)] 1+ Bz ’
where J{"(a1,b15¢,2)g(z) € S* (), -1<B<A<1landz€E.

The following observations are obvious:
(i) For « = 0,8 = 1, the class S;"’tm(al,bl;A,B;a;ﬁ) reduces to Sti;m(al,bl;A,B),
the class studied by Murugusundaramoorthy and Reddy [12].
(ii) For m = 0,r = 2,8 = 1,41 = b1,a2 = ¢, = 0,8 = 1 and ¢ — 17, the class
S;\,}m(ah b1; A, B; a; B) reduces to xt(A, B), the class studied by Singh et al. [20].
(iii) For m =0,r = 2,s = 1,a1 = bj,as = q,a=0,=1,A=1-2y,B = -1 and
q — 17, the class S;\,’tm(al, b1; A, B; a; 8) agrees with x¢(), the class established by
Prajapat [14].
(iv) Form=0,r=2,s=1,a1 =bj,aa =q,a=0,=1,A=1,B=—1,t = —1 and
q — 17, the class S;‘_’;fm(al, b1; A, B; «; B) reduces to K, the class introduced by Gao
and Zhou [5].
(v) Form=0,r=2,s=1,a1 =bj,aa =q,a=0,=1,A=1-2y,B=—-1,t =-1
and ¢ — 17, the class S(i%m(al, b1; A, B; a; ) agrees with K(7), the class studied by
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Kowalczyk and Les Bomba [10].

As f € S;\,’tm(al,bl;A,B;oz;ﬂ), therefore by the principle of subordination, it
follows that

122175 (a1, 61,0, 2)f ()] _ (1 +[B+(A-B)(1 - a)]w(z))ﬁ
[T (a1, 154, 2)g ([T (a1, b1: 4, 2)9 (¢2)] L+ Bu(z) ’

(1.6)
where w € U.

In the present investigation, we obtain the coefficient estimates, inclusion
relation, distortion theorem, argument theorem and radius of convexity for the
functions in class S(;’tm (a1,b1; A, B;a; ). Our results extend the known results due
to various authors.

Throughout our discussion, we assume that —1 < B < A< 1,0 < |t| < 1,t # 0,0 <
a<1l,0<pf<1,meNy,AN>0,z€ E.

2. Preliminary lemmas
Lemma 2.1. [1, 17] Let,

— — Q)|wlz o =
<1+[B+(A B)(1—a)] ()) = (P()F =1+ pas, (2.1)

1+ Bw(z)

then
lpn] < B(1 = )(A = B),n > 1.
Lemma 2.2. [21] Let g € S* (3), then g(%i(tz) €S,

On the lines of Lemma 2.2, the following result is obvious.

Lemma 2.3. Let J{"(a1,b15¢,2)g € S* (%), then for

[j}in(ah bl; q, Z)g(z)][j)tn(ah bl; q, Z)g(tz)]
tz

=z+ Z dp,z" € S*, (2.2)

n=2

G(z) =

we have, |d,| < n.

Lemma 2.4. [15] Let -1 < By < By < A; <Ay <1 and0< B <1, then

1+ Az ﬁ{ 14 452"
1+Blz 1—|—B2Z ’
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3. Main results
Theorem 3.1. If f € S(;,’tm(al,bl;A,B;a;B), then

1 B(1—a)(n—1)(A—- B)
Tl =+ o | 5

|an| < (3.1)

The result is sharp.

Proof. As f € S;‘A”tm(al,bl;A,B;a;ﬁ), therefore from (1.6) and (2.1), we obtain
t2*[ T3 (a1, bis g, 2) f ()]

= (P(2))". .
(T3 (a1, 015 6, 2)g(2)][ T3 (a1, b ¢, 2)g(t2)] (Plz)) 32
Using (2.2), (3.2) takes the form

G(2)
On expanding (3.3), it yields

1+ Z[l — A+ [P Al a2t = (1 + Z dnz”1> (1 + anz"> . (3.4)
n=2 n=2 n=1

Equating the coefficients of 2”71 in (3.4), we have
n[l — A+ [n] A" Tha, = dp + dn—1p1 + dn—2p2 + ... + dopp—2 + Dn—1. (3.5)
Using Lemma 2.1, Lemma 2.3 and applying triangle inequality in (3.5), it gives
n[l =X+ [n] A" Thllan <n+B(1—a)(A=B)[(n—1)+(n—2)+...+2+1]. (3.6)
After simplification, (3.1) can be easily obtained from (3.6).

Equality in (3.1) is attained for the function f defined by

LT (a1, by 0, 2)S ) _ (1 +[B+(A-B)(1- a)]z)ﬁ
(T3 (ax bz g, 2)g ()5 (a1, br; 4, 2)a(t2)] 1+ B2) |

O

For a« = 0,8 = 1, Theorem 3.1 gives the following result due to Murugusun-
daramoorthy and Reddy [12].

Remark 3.2. If f € S)}"(a1,b1; A, B), then

1 (n—1)(A - B)
lan] < Tl = A+ [n] ™ L+ 2

Form=0,r=2,s=1,a1 =bj,aa = ¢, =0,8=1and ¢ — 17, Theorem 3.1
agrees with the following result by Singh et al. [20].
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Remark 3.3. If f € x+(A4, B), then

|t | §1+W'

Form=0,r=2,s=1,a1 = bj,a0 =q,aa=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.1 yields the below mentioned result established by Prajapat [14].

Remark 3.4. If f € x4(v), then
lan| <1+ (n—=1)(1—7).

Form=0,r=2,s=1,a1 = bj,ac =¢a=0,=1,A=1,B=—-1,t=-1
and ¢ — 17, Theorem 3.1 gives the following result for the class K.

Remark 3.5. If f € g, then
lan| < n.

Theorem 3.6. If -1 < By =B <A; <Ay <1 and0<as <ay <1, then
837" (a1, b1; A1, Bisax; B) C )" (ay, bi; Az, Ba; s ).
Proof. As f € S;,;m(al,bl;Al,Bl;al;ﬁ), S0
223" (a1, 13 4, 2) f ()]’ . (1 + B+ (A1 = By)(1 - m)]z)ﬁ
(T3 (a1, b13.¢, 2)g(2)|[ T (a1, bis ¢, 2) g(t2)] 1+ Bz .
As -1 < By =By <A <Ay <land 0<as <a; <1, we have
-1 S Bl + (]. - Oél)(Al - Bl) S BQ + (]. - OéQ)(AQ — B2) S 1.
Thus by Lemma 2.4, it yields
12275 (ar, bis 0, 2) f (2) (1 +[Bz + (A2 — Ba)(1 - amz)ﬂ
[T (a1, 0154, 2)9(2)][T (a1, b15 ¢, 2)g(t2)] 1+ Bsz ’
which implies f € S(i}m(al, b1; Aa, Ba; an; ).

[l
Theorem 3.7. If f € S;\,’tm(ahbl;A,B;a;B), then for |z| = r,0 <r <1, we have
(17[B+(A73)(17a)]r)5 1
T Br T2
1+[B+A-B)(1-a)lr\’ 1
< m . ! < . .
< (98 (onbisa 27N < A7 o 8
%nd 5
1-[BH(A-B)(1—a)t
Of ( [ (1th)( ol ) '(1+1t)2 dt
[(14[B+(A-B)1-at)’ 1
<|T" ; < . . .
< 19§ anbisa 27 < . Tl (38)

0
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Proof. From (3.3), we have

[T (a1, b15.q,2) f(2)]'] = (P(2))”. (3.9)

Aouf [2] proved that
1-[B+(A-B)(1—-a)r
1-Br

+[B+(A-B)(1—a)r
14 Br ’

1
<[P(2)] <
which implies

<1_[B+(A_B)(1—a)]r)ﬁ < PG < (1+[B+(A—B)(1—a)]r>5.

1—-Br 1+ Br
(3.10)
By Lemma 2.3, G is a starlike function and so due to Mehrok [11], we have
r r
— < |G < — . 3.11
TSP Sl s (3.11)

Using (3.10) and (3.11) in (3.9), (3.7) can be easily obtained. On integrating (3.7)
from 0 to 7, (3.8) follows.
U

On putting o = 0,8 = 1 in Theorem 3.7, the following result due to Muru-
gusundaramoorthy and Reddy [12] can be easily obtained.

Remark 3.8. If f € S;"’tm(al,bl;A,B), then for |z| = 7,0 < r < 1, we have

1—-Ar 1 m _ , 1+ Ar 1
<1—B7“) "1+7)2 < [T (a1, b15.4,2) f(2)]'] < (1+Br> 1 —r)?
and

[(1—At\ 1 I [(1+At) 1
/(1—131&)'(1+t)2dt§|‘7A (al’bl’q’z)f(z)|§/<1+3t)'(1—t)2dt'
0 0

Form=0,r=2,s=1,a1 = bj,a0 =q,aa=0,8=1and ¢ — 17, Theorem 3.7
gives the following result due to Singh et al. [20].

Remark 3.9. If f € x+(A4, B), then for |z| = 7,0 < r < 1, we have
— Ar 14+ Ar
<
(1-Br)(1+4+r)?2 — SPRQIES (14 Br)(1 —r)?

/ 1 At / B
(1—Bt)(1+t)2 1+ Bt)(1—1t)2
0

0

and

For m = 0,r = 2,s = 1,a; = bj,a0 = qoa =0, =1,A=1-2y,B = -1
and ¢ — 17, Theorem 3.7 agrees with the following result established by Prajapat [14].
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Remark 3.10. If f € x:(7), then for |z| = 7,0 < r < 1, we have

1—(1—=29)r , 1+ (1 —2y)r
WSU(Z”SW

and
/Tl—(l—Qw)tdt<|f()|</r1+(1—2'y)tdt
1t+3 == a-0s

0

Form =0,r =2,s =1,a; = bj,a2 = qa=0,=1,A=1,B=-1,t = -1
and ¢ — 17, Theorem 3.7 gives the following result for the class K.

Remark 3.11. If f € K, then for |z] = r,0 < r < 1, we have

1—r , 1+7r
mﬁu (Z)|§ (1—7")3

and
-

1—+t [ o1+t
/(1+t)3dt<|f(z)| g/(l jt)Sdt.
0 0

Theorem 3.12. If f € S(i’tm(al,bl;A,B;a;ﬂ), then for |z| =r,0 <r < 1, we have

(A—B)(1—a)r
[B+ (A—B)(1—«)]Br?

gl brsa ) S]] < psin (= )+ 2sin
Proof. From (3.3), we have

(T3 (a1, b134,2) f(2)] = (P(2))”,

which implies

|arg[T3" (a1, b154,2) f(2)]'| < BlargP(2)] +

argGiZ)‘ . (3.12)

As G is a starlike function and so due to Mehrok [11], we have

argGiz)‘ < 2sin” . (3.13)
Aouf [1], established that,
o A-B)(1—-a)r
< ! ( . :
largP(2)| < sin (1 "B A-B)i- oz)]BrQ) (3.14)

Using (3.13) and (3.14) in (3.12), the proof is obvious.
U

On putting @ = 0,8 = 1 in Theorem 3.12, the following result for the class
S;‘:tm(al, b1; A, B) can be easily obtained.
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Remark 3.13. If f € S(i’tm(al,bl;A,B), then for |z| = r,0 < r < 1, we have

(A—B)r

|larg|T\" (a1, 015, 2) f(2)]'| < sin~! (1ABrz

) + 2sin" .

Form=0,r=2,s=1,a1 =bj,a0c =¢q,a=0,6=1and ¢ — 17, Theorem 3.12
gives the following result due to Singh et al. [20].

Remark 3.14. If f € x:(A, B), then for |z| = 7,0 < r < 1, we have
4 ((A=DB)r .1
largf'(z)| < sin (I—ABr?) + 2sin T

Form =0,r =2,s =1,a;1 = bj,a0 =q,a=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.12 gives the following result for the class x:(7y).

Remark 3.15. If f € x;(7), then for |z| = 7,0 < r < 1, we have
L 21 —y)r
/ < 1
largf'(2)] < sin (1 =27

Form=0,r=2,s=1,a1 = bj,ac =¢a=0,=1,A=1,B=—-1,t=-1
and ¢ — 17, Theorem 3.12 gives the following result for the class /Cs.

) + 2sin" 7.

Remark 3.16. If f € K, then for |z] = r,0 < r < 1, we have

largf'(2)] < sin™* (

2r

]_—|—’r'2) + 252.774_17".

Theorem 3.17. Let f € S(;’tm(al, bi; A, B;a; B), then J"(a1,b1;¢,2) f(2) is convex in
|z| < 71, where r1 is the smallest positive root in (0,1) of the equation
BB+ (A—B)(1—a)lr® = [B(B—2)+(A—B)(1—a)B-1-8)r

-1-8A-B)(1-a)+(2B-1)]r—1=0. (3.15)
Proof. As f € S;\,;fm(al,bl;A,B;a;B), we have

2T (a1, bi3 ¢, 2) f(2)] = G(2)(P(2))”.
On differentiating it logarithmically, we get

(2[73"(a1,b139,2) f(2)]') _ 2G'(2) | ,2P'(2)
FanbiaDfGF - G@ PG (310
As G € §*, from [11], we have
2G'(2) 1—r
Re( G0 ) > (3.17)
Also it can be easily verified that
2P (2) r(A—B)(1-a)
P | S U+BNA+ Bt A-_B)(1_a)) (8.18)
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(3.16) can be expressed as

(G anbig DI < (2GR [2PG)
R ( T an b0, ) )] ) = ( a2) ) 1P (3.19)
Using (3.17) and (3.18), ( 19) yields
(z[T(a1,b15 ¢, 2) ’)’ 1—7r r(A—B)(1-a)
Re( T, b .2) > Z iy ‘ﬁ<1+Br><1+[B+<A—B><1—a(>?1)r§6)

After some simplification, (3.20) takes the form
Re (z[T™M(a1, 0159, 2) f(2)])') _B[B+(A—B)(1—a)]r®
(T ar,buig. D)) = T B GEBIT=aT)
n [B(B—2)+(A—B)(1—a)(B—1-8)]r?
(14r)(1+Br)(1+[B+(A—B)(1—a)]r)
(1-B)(A-B)(1-a)— (2B —-1)r+1
(1+7r)(1+Br)1+[B+(A-B)(1—-a)r)’

Hence, the function J7*(a1,b1;q, 2) f(2) is convex in |z| < 71, where r; is the smallest
positive root in (0,1) of the equation
B[B+(A—-B)(1—a)r®—[B(B—2)+(A—B)(1—a)(B—1- )’

—(1=-8)A-B)(1-a)+(2B-1)r-1=0.

0

On putting a = 0,8 = 1 in Theorem 3.17, the following result due to Muru-
gusundaramoorthy and Reddy [12] can be easily obtained.

Remark 3.18. If f € S(;”tm(al, bi; A, B), then J"(a1,b1; ¢, 2) f(2) is convex in |z| < 73,
where 75 is the smallest positive root in (0, 1) of the equation

ABr® — A(B—2)r* — (2B —1)r—1=0.

Form=0,r=2,s=1,a; =b;,a2 =q,a=0,5=1and ¢ — 17, Theorem 3.17
gives the following result due to Singh et al. [20].

Remark 3.19. If f € x.(4, B), then f(z) is convex in |z| < r3, where 73 is the smallest
positive root in (0,1) of the equation

ABr® — A(B—2)r* —(2B—1)r —1=0.

Form =0,r =2,s =1,a;1 = bj,a0 =q,aa=0,=1,A=1—-2y,B=—1 and
q — 17, Theorem 3.17 gives the following result due to Prajapat [14].

Remark 3.20. If f € x;(v), then f(z) is convex in |z| < ry =2 — /3.
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