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An elastic-viscoplastic contact problem with
internal state variable, normal damped response
and unilateral constraint

Lamia Chouchane and Dounia Bouchelil

Abstract. In this manuscript, we study a contact problem between an elastic-
viscoplastic body and an obstacle. The contact is quasistatic and it is described
with a normal damped response condition with friction and unilateral constraint.
Moreover, we use an elastic-viscoplastic constitutive law with internal state vari-
able to model the material’s behavior. We present the classical problem then we
derive its variational formulation. Finally, we prove that the associated variational
problem has a unique solution. The proof is based on arguments of quasivaria-
tional inequalities and fixed points.
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1. Introduction

Contact problems represent an important topic both in Applied Mathematics
and Engineering Sciences. References in the field include [1, 5, 6, 11, 13, 12, 14,
15, 16, 17]. In this work, we deal with a model of the frictional contact between
an elastic-viscoplastic body and an obstacle named foundation, for the purpose of
modelling and establishing variational analysis of this one. This analysis is done within
the infinitesimal strain theory. We model the material’s behavior with the following
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constitutive law with internal state variable

σ (t) = Aε( .u (t)) + Bε(u (t)) +

t∫
0

G(σ (s)−Aε( .u (s)), ε(u (s)),k (s)) ds, (1.1)

in which the viscosity operator A and the elasticity operator B are assumed to be
nonlinear and G represents a nonlinear function. Also, u denotes the displacement
field, σ represents the stress tensor and ε(u) is the linearized strain tensor. The
internal state variable k is a vector-valued function whose evolution is governed by
the following differential equation

.

k (t) = ϕ
(
σ (t)−Aε( .u (t)), ε(u (t)),k (t)

)
, (1.2)

in which ϕ is a nonlinear constitutive function with values in Rm , m being a positive
integer. Elastic-viscoplastic models can be found in [3, 4, 9, 10]. In particular, the
reader can refer to [7, 8, 16] where he finds a detailed analysis of elastic-viscoplastic
contact problems with internal state variables.
In this paper, we assume that the part of the body’s boundary which will be in contact
with the foundation is covered by a thin lubricant layer. Lubricants make sliding of
rubbing surfaces easier by interposing a smooth film between these parts. We can find
examples of lubrication in many fields such as oil rigs and car mechanics. To model
lubrication, we usually use a normal damped response contact condition in which
the normal stress on the contact surface depends on the normal velocity, see [1, 2].
However, in this manuscript, we model the contact with normal damped response
and unilateral constraint for the velocity field, associated with a version of Coulomb’s
law of dry friction. These boundary conditions model the contact with a foundation
in such a way that the normal velocity is restricted by a unilateral constraint. Also,
when the body moves towards the obstacle, the contact is described with a normal
damped response condition associated with the friction law. On the other hand, when
the body moves in the opposite direction then the reaction of the foundation vanishes.
More details on the normal damped response boundary condition with friction and
unilateral constraint can be found in [1].
The main novelty of this paper is to describe a frictional contact with the normal
damped response and unilateral constraint in velocity for elastic-viscoplastic materi-
als with internal state variable.
The rest of the paper is divided into three sections. Section 2 contains both nota-
tions and preliminary material. In section 3, we list assumptions on the data that
are required to solve the variational problem derived in the same section. Section 4
deals with different steps taken to prove the main existence and uniqueness result,
Theorem 4.1.

2. Notations and preliminaries

In this short section, we make an overview of the notation we shall use and
some preliminary material. The notation N is used to represent the set of positive
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integers. For d ∈ N, we denote by Sd the space of second-order symmetric tensors on
Rd (d = 2, 3). We define the inner products and norms of Rd and Sd by

u .v = uivi , ‖v‖ = (v .v)
1
2 ∀u,v ∈Rd,

σ .τ = σijτij , ‖τ‖ = (τ .τ )
1
2 ∀σ, τ ∈ Sd.

Note that the indices i and j run between 1 to d and that the summation convention
over repeated indices is used. Also, an index that follows a comma represents the
partial derivative with respect to the corresponding component of the spatial variable,
e.g. ui,j = δui/δxj .

Let Ω ⊂ Rd (d = 1, 2, 3) be a bounded domain with a Lipschitz continuous
boundary Γ and let Γ1 be a measurable part of Γ such that meas (Γ1) > 0. We
use x = (xi) for a generic point in Ω ∪ Γ and we denote by ν = (νi) the outward
unit normal at Γ. We use the standard notation for the Lebesgue and Sobolev spaces
associated with Ω and Γ; moreover, we consider the spaces

H =
{
u = (ui)/ui ∈ L2(Ω)

}
,

H =
{
σ = (σij)/σij = σji ∈ L2(Ω)

}
,

H1 =
{
u = (ui)/ui ∈ H1(Ω)

}
,

H1 = {σ ∈ H/Divσ ∈ H} .

The spaces H,H, H1 and H1 are real Hilbert spaces with the inner products
(u,v)H =

∫
Ω
uivi dx,

(σ, τ )H =
∫

Ω
σijτij dx,

(u,v)H1
= (u,v)H + (ε(u), ε(v))H,

(σ, τ )H1
= (σ, τ )H + (Div σ, Div τ )H ,

respectively, where ε : H1 −→ H andDiv : H1 −→ H are respectively the deformation
and the divergence operators defined by

ε(u) = (εij(u)) , εij(u) =
1

2
(ui,j + uj,i) , Divσ = (σij,j).

The associated norms on H,H, H1 and H1 are denoted by ‖.‖H , ‖.‖H, ‖.‖H1
and

‖.‖H1
respectively.

Next, for the displacement field, we introduce the closed subspace V of H1 defined as
follows

V = {v ∈ H1/v = 0 on Γ1}.
We consider on V the inner product given by

(u,v)V = (ε(u), ε(v))H ∀u,v ∈ V,
and the associated norm

‖v‖V = ‖ε(v)‖H ∀v ∈ V. (2.1)

Completeness of the space (V, ‖.‖V ) follows from the assumption meas (Γ1) > 0, since
the use of Korn’s inequality is allowed.
Moreover, for an element v ∈ V, we still write v for the trace of v on the boundary.
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In addition, vν and vτ denote the normal and the tangential components of v on the
boundary Γ gave by

vν = v.ν, vτ = v − vνν.
Let Γ3 be a measurable part of Γ. We can see from the Sobolev trace theorem that
there exists a positive constant c0 which depends on Ω, Γ1 and Γ3 such that

‖v‖L2(Γ3)d ≤ c0 ‖v‖V ∀v ∈ V. (2.2)

For a regular function σ ∈ H, σν and στ denote the normal and the tangential
components of the vector σν on Γ, respectively, and we recall that

σν = (σν).ν, στ = σν − σνν.

Moreover, we recall the following Green’s formula,∫
Ω

σ.ε(v) dx +

∫
Ω

Div σ.v dx =

∫
Γ

σν.v da ∀v ∈ V. (2.3)

Furthermore, for the internal state variable, we introduce the notation

Y = L2(Ω)m m ∈ N. (2.4)

Finally, for a given Banach space X we use the notation C (0, T ;X) and C1 (0, T ;X)
for the space of continuous and continuously differentiable functions defined on [0, T ]
with values in X, respectively. The spaces C (0, T ;X) and C1 (0, T ;X) are Banach
spaces endowed with the following norms

‖v‖C(0,T ;X) = max
t∈[0,T ]

‖v (t)‖X ,

‖v‖C1(0,T ;X) = max
t∈[0,T ]

‖v (t)‖X + max
t∈[0,T ]

‖v̇ (t)‖X .

The following fixed point result will be used in section 4 of the paper.

Theorem 2.1. Let (X, ‖.‖X) be a Hilbert space and let K be a nonempty closed subset
of X. Let Λ : C(0, T ;K) −→ C(0, T ;K) be a nonlinear operator. Assume that there
exists h ∈ N with the following property: there exists b ∈ [0, 1) and c ≥ 0 such that

‖Λη1(t)− Λη2(t)‖hX ≤ b‖η1(t)− η2(t)‖hX + c
∫ t

0
‖η1(s)− η2(s)‖hX ds,

∀η1, η2 ∈ C(0, T ;K), ∀t ∈ [0, T ]. Then, there exists a unique element η∗ ∈ C(0, T ;K)
such that Λη∗ = η∗.

Note that here and below, the notation Λη (t) means the value of the function
Λη, i.e. Λη (t) = (Λη) (t) .

Next, we recall a second result proved in [15] which will be used in section 4.
To this end, we introduce the following setting. Let X be a real Hilbert space with
the inner product (., .)X and the associated norm ‖.‖X and let K be a subset of X.
Let consider the operator A : K → X and the functionals j : K × K → R and
f : [0, T ]→ X such that

K is a nonempty closed convex subset of X. (2.5)
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(a) There exists MA > 0 such that

(Au1 −Au2,u1 − u2)X ≥MA ‖u1 − u2‖2X ∀u1, u2 ∈ K.
(b) There exists LA > 0 such that
‖Au1 −Au2‖X ≤ LA ‖u1 − u2‖X ∀u1, u2 ∈ K.

(2.6)



(a) The function j (u, .) is convex and lower
semicontinuous on K, for all u ∈ X.
(b) There exists α ≥ 0 such that
j (u1,v2)− j (u1, v1) + j (u2,v1)− j ( u2,v2)
≤ α ‖u1 − u2‖X ‖v1 − v2‖X ,
∀u1, u2 ∈ X, ∀v1, v2 ∈ K.

(2.7)

f ∈ C (0, T ;X) . (2.8)

Moreover, we assume that
MA > α, (2.9)

where MA and α are the constants in (2.6) and (2.7) respectively.
We have the following result.

Theorem 2.2. Assume that (2.5)-(2.9) hold. Then there exists a unique function
u ∈ C (0, T ;K) such that

(Au (t) ,v − u (t))X + j (u (t) ,v)− j (u (t) ,u (t))
≥ (f (t) ,v − u (t))X ∀v ∈ K. (2.10)

We can see that (2.10) is a time-dependent quasivariational inequality governed
by the functional j which depends on the solution.

3. Problem statement and variational formulation

We consider an elastic-viscoplastic body that occupies a bounded domain
Ω ⊂ Rd, (d = 1, 2, 3) with a Lipschitz continuous boundary Γ, divided into three
measurable parts Γ1, Γ2 and Γ3, such that meas (Γ1) > 0. The body is acted upon
by body forces of density f0 and surface tractions of density f2 act on Γ2. We assume
that the body is clamped on Γ1, and therefore, the displacement field vanishes there.
The body may come in contact over Γ3 with an obstacle, the so-called foundation.
Moreover, on Γ3 we describe the contact with:
a) A unilateral constraint in velocity given by

u̇ν ≤ g,
where g > 0 is a given bound. Here we assume the nonhomogeneous case and, there-
fore, g is a function that depends on the spatial variable x ∈ Γ3.
b) A normal damped response condition associated to Coulomb’s law of dry friction,
as far as the normal velocity does not reach the bound g. When the normal velocity
reaches the limit g, friction follows the Tresca law. Also, We assume a given compat-
ibility condition to accommodate conditions in b) and to ensure the continuity of the
friction bound when the normal velocity reaches its maximum value g. Therefore, we
can see a natural transition from the Coulomb law (which is valid as far as 0 ≤ u̇ν ≤ g)
to the Tresca friction law (which is valid when u̇ν = g). Consequently, we obtain the
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following frictional contact conditions with normal damped response and unilateral
constraint {

u̇ν(t) ≤ g, σν(t) + p(u̇ν(t)) ≤ 0,
(u̇ν(t)− g)(σν(t) + p(u̇ν(t))) = 0,

on Γ3 × [ 0, T ] ,


‖στ (t)‖ ≤ µ p(u̇ν(t))

− στ (t) = µ p(u̇ν(t))

.
uτ (t)∥∥ .uτ (t)

∥∥ if
.
uτ (t) 6= 0,

on Γ3 × [ 0, T ] ,

where p is a positive function such that p(r) = 0 for r ≤ 0 and µ denotes the coefficient
of friction. More details on these contact conditions can be found in [1].
Furthermore, we assume that the process is quasistatic since the forces and tractions
vary slowly in time and, therefore, we neglect the acceleration of the system. Hence,
the classical formulation of the contact problem is as follows.

Problem P . Find a displacement field u : Ω × [0, T ] → Rd, a stress field σ :
Ω× [0, T ]→ Sd and an internal state variable k : Ω× [0, T ]→ Rm such that

σ (t) = Aε( .u (t)) + Bε(u (t))

+
t∫
0

G(σ (s)−Aε( .u (s)), ε(u (s)),k (s)) ds in Ω× [0, T ] ,
(3.1)

.

k (t) = ϕ
(
σ (t)−Aε( .u (t)), ε(u (t)),k (t)

)
in Ω× [0, T ] , (3.2)

Div σ (t) + f0(t) = 0 in Ω× [0, T ] , (3.3)

u (t) = 0 on Γ1 × [0, T ] , (3.4)

σ (t) .ν = f2(t) on Γ2 × [0, T ] , (3.5){
u̇ν(t) ≤ g, σν(t) + p(u̇ν(t)) ≤ 0,
(u̇ν(t)− g)(σν(t) + p(u̇ν(t))) = 0,

on Γ3 × [ 0, T ] , (3.6)


‖στ (t)‖ ≤ µ p(u̇ν(t))

− στ (t) = µ p(u̇ν(t))

.
uτ (t)∥∥ .uτ (t)

∥∥ if
.
uτ (t) 6= 0,

on Γ3 × [ 0, T ] , (3.7)

u (0) = u0, k (0) = k0 in Ω. (3.8)

Now, we describe the problem (3.1)-(3.8). First, equations (3.1) and (3.2) represent
the elastic-viscoplastic constitutive law with internal state variable as well as the
evolution equation of the latter. Equation (3.3) is the equilibrium equation while
conditions (3.4)-(3.5) are the displacement-traction boundary conditions respectively.

The boundary conditions (3.6)-(3.7) describe the mechanical conditions on the
contact surface Γ3 that represents the frictional contact conditions with normal
damped response and unilateral constraint in velocity. Finally, (3.8) represents the
initial conditions in which u0 and k0 are the initial displacement and the initial state
variable respectively.
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We turn now to the variational formulation of the Problem P . To this end, we
assume that the viscosity operator A, the elasticity operator B and the nonlinear
constitutive function G satisfy



(a) A : Ω× Sd → Sd.
(b) There exists LA > 0 such that
‖A (x, ε1)−A (x, ε2)‖ ≤ LA ‖ε1 − ε2‖
∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(c) There exists MA > 0 such that

(A (x, ε1)−A (x, ε2)) . (ε1 − ε2) ≥ mA ‖ε1 − ε2‖2

∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.
(d) The mapping x 7→ A (x, ε) is measurable on Ω,

for any ε ∈ Sd.
(e) The mapping x 7→ A (x,0) belongs to H.

(3.9)



(a) B : Ω× Sd → Sd.
(b) There exists LB > 0 such that
‖B (x, ε1)− B (x, ε2)‖ ≤ LB ‖ε1 − ε2‖
∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(d) The mapping x 7→ B (x, ε) is measurable on Ω,
for any ε ∈ Sd.

(e) The mapping x 7→ B (x,0) belongs to H.

(3.10)



(a) G : Ω× Sd × Sd × Rm → Sd.
(b) There exists LG > 0 such that
‖G (x,σ1, ε1,k1)− G (x,σ2, ε2,k2)‖
≤ LG (‖σ1 − σ2‖+ ‖ε1 − ε2‖+ ‖k1 − k2‖)
∀ σ1, σ2, ε1, ε2 ∈ Sd, k1, k2 ∈ Rm, a.e. x ∈ Ω.

(c) The mapping x 7→ G (x,σ, ε,k) is measurable on Ω ,
for any σ, ε ∈ Sd , k ∈ Rm.

(e) The mapping x 7→ G (x,0,0,0) belongs to H.

(3.11)

Also, we assume that the constitutive function ϕ : Ω × Sd × Sd × Rm → Rm
satisfies 

(a) There exists Lϕ > 0 such that
‖ϕ (x,σ1, ε1,k1)− ϕ (x,σ2, ε2,k2)‖
≤ Lϕ (‖σ1 − σ2‖+ ‖ε1 − ε2‖+ ‖k1 − k2‖)
∀ σ1, σ2, ε1, ε2 ∈ Sd, k1, k2 ∈ Rm, a.e. x ∈ Ω.

(b) The mapping x 7→ ϕ (x,σ, ε, k) is measurable on Ω,
for any σ, ε ∈ Sd , k ∈ Rm.

(c) The mapping x 7→ ϕ (x,0,0,0) belongs to Y.

(3.12)
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The function p : Γ3 × R −→ R+ satisfies

(a) ∃ Lp > 0 such that
|p(x, r1)− p(x, r2)| ≤ Lp |r1 − r2| ∀r1, r2 ∈ R, a.e. x ∈ Γ3.

(b) (p(x, r1)− p(x, r2))(r1 − r2) ≥ 0 ∀r1, r2 ∈ R, a.e .x ∈ Γ3.
(c) The mapping x 7−→ p(x, r) is measurable on Γ3,
for all r ∈ R.

(d) p(x, r) = 0 ∀r ≤ 0, a.e. x ∈ Γ3.

(3.13)

The friction coefficient µ satisfies

µ ∈ L∞(Γ3), µ ≥ 0 a.e. x ∈ Γ3. (3.14)

The densities of body forces and surface tractions are such that

f0 ∈ C (0, T ;H), f2 ∈ C (0, T ;L2(Γ2)d). (3.15)

Finally, the initial data verify

u0 ∈ U. (3.16)

k0 ∈ Y. (3.17)

After that, we introduce the set of admissible velocities U defined by

U = {v ∈ V : vν ≤ g a.e. on Γ3}. (3.18)

We note that U is a nonempty, closed, convex subset of the space V and, on U , we
use the inner product of V .
Next, we use the Green formula (2.3) to find that

(σ(t), ε(v − u̇(t))H + (Div σ(t),v − u̇(t))H =
∫

Γ
σν (t) (v − u̇(t)) da

=
∫

Γ1
σν (t) (v − u̇(t)) da+

∫
Γ2
σν (t) (v − u̇(t)) da+

∫
Γ3
σν (t) (v − u̇(t)) da,

for all v ∈ U . Since v − u̇(t) = 0 on Γ1, σν(t) = f2(t) on Γ2 and Div σ(t) = −f0(t)
in Ω , we obtain

(σ(t) , ε(v − u̇(t)))H = (f0(t),v − u̇(t))H
+
∫

Γ2
f2(t).(v − u̇(t)) da +

∫
Γ3
σν(t).(v − u̇(t)) da.

(3.19)

On the other hand, we use Riesz’s theorem to define the element f(t) ∈ V by

(f(t) , v)V =

∫
Ω

f0(t).v dx +

∫
Γ2

f2(t).v da ∀v ∈V, (3.20)

where f : [0, T ] → V . It follows from hypotheses (3.15) that the integral (3.20) is
well-defined and we have

f ∈ C (0, T ;V ) . (3.21)

Now, we note that

σν(t)(v − u̇(t)) = σν(t)(vν − u̇ν(t)) + στ (t)(vτ − u̇τ (t)) on Γ3 × [0, T ] .

We combine (3.19), (3.20) and the last equality to obtain

(σ(t), ε(v − u̇(t)))H = (f(t),v)V
+
∫
Γ3

σν(t)(vν − u̇ν(t)) da+
∫
Γ3

στ (t)(vτ − u̇τ (t)) da ∀v ∈ U. (3.22)
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Next, we write

σν(t)(vν − u̇ν(t)) = [σν(t) + p(u̇ν(t))] (vν − g)
+[σν(t) + p(u̇ν(t))] (g − u̇ν(t))− p(u̇ν(t)) (vν − u̇ν(t)),

for all v ∈ U . Moreover, (3.4), (3.6) and (3.18) show that

u̇(t) ∈ U , u(t) ∈ V. (3.23)

Thus, we deduce that vν − g ≤ 0 and u̇ν − g ≤ 0; in addition, we use the contact
conditions (3.6) to obtain

σν(t)(vν − u̇ν(t)) ≥ −p(u̇ν(t)) (vν − u̇ν(t)) on Γ3.

We integrate the last inequality on Γ3 to find that∫
Γ3

σν(t)(vν − u̇ν(t)) da ≥ −
∫
Γ3

p(u̇ν(t))(vν − u̇ν(t)) da. (3.24)

Also, we use (3.7) to see that, if u̇τ 6= 0, we have

στ (vτ − u̇τ ) = −µ p(u̇ν)
u̇τvτ
‖u̇τ‖

+ µ p(u̇ν) ‖u̇τ‖ . (3.25)

Using the Cauchy-Schwartz inequality, we obtain

−µ p(u̇ν)
u̇τvτ
‖u̇τ‖

+ µ p(u̇ν) ‖u̇τ‖ ≥ −µ p(u̇ν) ‖vτ‖+ µ p(u̇ν) ‖u̇τ‖ .

Now, from (3.25) and the last inequality we find that

στ (vτ − u̇τ ) ≥ µ p(u̇ν)(‖u̇τ‖ − ‖vτ‖) if u̇τ 6= 0. (3.26)

On the other hand, if u̇τ = 0, then

στ (vτ − u̇τ ) = στvτ .

From the Cauchy-Schwartz inequality and (3.7), we obtain

στ .vτ ≥ −‖στ‖ . ‖vτ‖
≥ −µ p(u̇ν). ‖vτ‖ .

Since u̇τ = 0, the last inequality can be written as follows

στ .vτ − στ .u̇τ ≥ −µ p(u̇ν) ‖vτ‖+ µ p(u̇ν) ‖u̇τ‖ ,

which yields

στ (vτ − u̇τ ) ≥ µ p(u̇ν)(‖u̇τ‖ − ‖vτ‖) if u̇τ = 0. (3.27)

We conclude from (3.26) and (3.27) that∫
Γ3
στ (t)(vτ − u̇τ (t)) da ≥

∫
Γ3
µ p(u̇ν(t))(‖u̇τ (t)‖ − ‖vτ‖) da. (3.28)

We gather (3.22),(3.24) and (3.28) to find that

(σ(t), ε(v − u̇(t)))H ≥ (f(t),v − u̇(t))V +
∫

Γ3
p (u̇ν(t)) (u̇ν(t)− vν) da

+
∫

Γ3
µ p (u̇ν(t)) (‖u̇τ (t)‖ − ‖vτ‖) da.

(3.29)
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To finalize the variational formulation of Problem P , we use again the Riesz’s theorem
to define the operator P : V → V by

(Pu,v)V =

∫
Γ3

p(uν) vν da ∀ u, v ∈ V. (3.30)

It follows from (2.2) and hypotheses (3.13) that

(Pu− Pv,u− v)V ≥ 0, ‖Pu− Pv‖V ≤ c20Lp‖u− v‖V ∀u,v ∈ V, (3.31)

which means that P : V → V is monotone and Lipschitz continuous.
Finally, we define the function j : U × U → R+ by

j(u,v) =

∫
Γ3

µ p (uν) ‖vτ‖ da ∀u,v ∈ U. (3.32)

We use now (3.30) and (3.32) to see that (3.29) becomes

(σ(t), ε(v − u̇(t)))H + (P u̇(t),v − u̇(t))V
+j(u̇(t),v)− j(u̇(t), u̇(t)) ≥ (f(t),v − u̇(t))V , ∀v ∈ U.

(3.33)

Lastly, we integrate (3.2) from 0 to t by using initial conditions (3.8) and we use (3.33)
and (3.1) to obtain the following variational formulation of Problem P .
Problem PV . Find a displacement field u : [0, T ] → U , a stress field σ : [0, T ] → H
and an internal state variable k : [0, T ]→ Y such that

σ(t) = Aε(u̇(t)) + Bε(u(t)) +

∫ t

0

G(σ(s)−Aε(u̇(s)), ε(u(s)),k(s)) ds, (3.34)

k(t) =

∫ t

0

ϕ(σ(s)−Aε(u̇(s)), ε(u(s)),k(s)) ds+ k0, (3.35)

(σ(t), ε(v)− ε(u̇(t)))H + (P u̇(t),v − u̇(t))V
+j(u̇(t),v)− j(u̇(t), u̇(t)) ≥ (f(t),v − u̇(t))V ∀v ∈ U,

(3.36)

u(0) = u0. (3.37)

4. Existence and uniqueness result

In this section, we study the existence and the uniqueness of the solution of the
variational problem PV introduced in section 3. We summarize this study in the
following result.
Theorem 4.1. Assume that hypotheses (3.9) - (3.17) are satisfied. Then, there exists
a constant L0 > 0 such that, if Lp < L0, then the problem PV has a unique solution
{u,σ,k}. Moreover , the solution satisfies

u ∈ C1(0, T ;V ),
σ ∈ C(0, T ;H1),
k ∈ C1(0, T ;Y ).

(4.1)
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Now let’s move on to the proof of Theorem 4.1 which will be carried out in several
steps. We assume in what follows that hypotheses (3.9)-(3.17) are satisfied. We use
the product space H× Y endowed with the norm

‖η‖H×Y = ‖η(1)‖H + ‖η(2)‖Y ∀η = (η(1),η(2)) ∈ H × Y. (4.2)

Step 1. For all η = (η(1),η(2)) ∈ C(0, T ;H× Y ) , we consider the following interme-
diate variational problem.
Problem PVη. Find a displacement field uη : [0, T ]→ U such that

(Aε(u̇η(t)), ε(v)− ε(u̇η(t)))H + (η(1)(t), ε(v)− ε(u̇η(t)))H
+(P u̇η(t),v − u̇η(t))V + j(u̇η(t),v)− j(u̇η(t), u̇η(t))

≥ (f(t),v − u̇η(t))V ∀v ∈ U.
(4.3)

uη(0) = u0. (4.4)

We have the following existence and uniqueness result.
Lemma 4.2. If Lp < L0, then there exists a unique solution uη to Problem PVη such
that uη ∈ C1(0, T ;V ). Moreover, if ui = uηi are two solutions to Problem PVη
corresponding to ηi ∈ C(0, T ;H×Y ), i = 1, 2, then there exists a constant c > 0 such
that

||u̇1(t)− u̇2(t)||V ≤ c ‖η1 (t)− η2 (t)‖H×Y ∀t ∈ [0, T ]. (4.5)

Proof. First, we use Riesz’s Theorem to define the operator A : V → V and the
function fη : [0, T ]→ V by equalities

(Au,v)V = (Aε(u), ε(v))H + (Pu,v)V , (4.6)

(fη (t) ,v)V = (f (t) ,v)V − (η(1) (t) , ε(v))H, (4.7)

for all u,v ∈ V and t ∈ [0, T ]. Hence, (4.3) becomes

(Au̇η(t),v − u̇η(t))V + j(u̇η(t),v)− j(u̇η(t), u̇η(t))
≥ (fη(t),v − u̇η(t))V ∀v ∈ U,

(4.8)

and using the notation wη(t) = u̇η(t), we can see that the last inequality can be
written as follows

(Awη(t),v −wη(t))V + j(wη(t),v)− j(wη(t),wη(t))
≥ (fη(t),v −wη(t))V ∀v ∈ U,

(4.9)

Next, we apply Theorem 2.2 for K = U and X = V . First, we note that the space U
defined in (3.18) satisfies conditions (2.5). Next, we consider w1,w2 ∈ V and we use
the monotonicity of the operator P expressed in (3.31) as well as (3.9)(c) and (2.1)
to obtain

(Aw1 −Aw2,w1 −w2)V ≥MA||w1 −w2||2V . ∀w1,w2 ∈ V,
which shows that A is strongly monotone with constant MA = MA.
On the other hand, for w1,w2,v ∈ V , we use the Lipschitz continuity of P expressed
in (3.31) as well as (3.9)(b) and (2.1) to find

(Aw1 −Aw2,v)V ≤ (LA + c20 Lp) ||w1 −w2||V ||v||V .
By choosing v = Aw1 −Aw2 in the last inequality we obtain

||Aw1 −Aw2||V ≤ (LA + c20 Lp) ||w1 −w2||V ,
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which means that A is a Lipschitz continuous operator with constant LA = LA+c20 Lp.
We conclude that conditions (2.6) are satisfied.
Now we prove conditions (2.7) on the function j. First, it is easy to see that j(w, .)
is a semi-norm on V , for all w ∈ V . Moreover, we recall that ‖vτ‖ ≤ ‖v‖ and we use
(3.13), (3.14) and (2.2) to see that for all w ∈ V ,

j(w,v) ≤ c ‖v‖V .

We conclude that j(w, .) is a continuous semi-norm on V and thus it is convex and
lower semi-continuous on V , which means that it satisfies condition (2.7)(a) of Theo-
rem 2.2. Now, for all w1,w2,v1,v2 ∈ V , we use assumptions (3.13) (a) and (3.14),
after a simple calculation we obtain

j(w1,v2)− j(w1,v1) + j(w2,v1)− j(w2,v2)
≤ µLp

∫
Γ3
|w1ν − w2ν | | ‖v1τ‖ − ‖v2τ‖ | da .

Next, it is well known that |w1ν−w2ν | ≤ ‖w1−w2‖ , | ‖v1τ‖−‖v2τ‖ | ≤ ‖v1−v2‖.
Thus, we obtain

j(w1,v2)− j(w1,v1) + j(w2,v1)− j(w2,v2)
≤ µLp ‖w1 −w2‖L2(Γ3)d ‖v1 − v2‖L2(Γ3)d .

Hence, inequality (2.2) yields

j(w1,v2)− j(w1,v1) + j(w2,v1)− j(w2,v2)
≤ c20 µLp ‖w1 −w2‖V ‖v1 − v2‖V ,

(4.10)

for all w1,w2,v1,v2 ∈ V . We note that the last inequality shows that the condition
(2.7) (b) is satisfied for α = c20 µLp.
Moreover, we use (3.21) and (4.7) and we recall that η ∈ C(0, T ;H×Y ) to deduce that
fη ∈ C(0, T ;V ); i.e. fη satisfies (2.8). Finally, for the condition (2.9) to be satisfied,

we choose L0 =
MA
c20 µ

. As a consequence, if Lp < L0, then MA > c20 µLp, which means

that condition (2.9) of Theorem 2.2 is now satisfied. We conclude that there exists a
unique solution wη ∈ C(0, T ;U) to the quasivariational (4.9). Now, we use (4.4) and
we define the displacement uη by

uη(t) =

t∫
0

wη(s) ds+ u0. (4.11)

It results from the last equality and hypothesis (3.16) that uη ∈ C1(0, T ;V ) is the
unique solution of the quasivariational inequality (4.8). Finally, we can see that, by
substituting (4.6)-(4.7) in (4.8), we find that uη ∈ C1(0, T ;V ) is the unique solution
of PVη, which concludes the existence and uniqueness part of Lemma 4.2.
We turn now to the proof of estimate (4.5). To this end, let consider

η1 = (η
(1)
1 ,η

(2)
1 ), η2 = (η

(1)
2 ,η

(2)
2 ) ∈ C(0, T ;H× Y )

and let use the notations u1 = uη1 , u2 = uη2 . We write (4.3) for uη(t) = u1(t) and
v = u̇2 (t) and then for uη(t) = u2(t) with v = u̇1 (t), after a simple calculation we
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obtain

(Aε( .u1 (t))−Aε( .u2 (t)), ε(
.
u1(t))− ε( .u2(t)))H

+(P u̇1(t)− P u̇2(t), u̇1(t)− u̇2(t))V

≤ (η
(1)
1 (t)− η(1)

2 (t) , ε(
.
u2(t))− ε( .u1(t)))H

+j(u̇1(t),
.
u2(t))− j(u̇1(t),

.
u1(t)) + j(u̇2(t),

.
u1(t))− j(u̇2(t),

.
u2(t)).

On the one hand, we note that ui ∈ C1(0, T ;V ), i = 1, 2; this implies u̇i(t) ∈ V ,
i = 1, 2. Then, we use (3.9) (c), the monotonicity of P expressed in (3.31) and (2.1)
to find

(Aε( .u1 (t))−Aε( .u2 (t)), ε(
.
u1(t))− ε( .u2(t)))H

+(P u̇1(t)− P u̇2(t), u̇1(t)− u̇2(t))V

≥MA
∥∥ .u1(t)− .

u2(t)
∥∥2

V
.

On the othor hand, we use (4.10) to deduce that

(Aε( .u1 (t))−Aε( .u2 (t)), ε(
.
u1(t))− ε( .u2(t)))H

+(P u̇1(t)− P u̇2(t), u̇1(t)− u̇2(t))V

≤
∥∥∥η(1)

1 (t)− η(1)
2 (t)

∥∥∥
H

∥∥ε( .u2(t))− ε( .u1(t))
∥∥
H

+c20 µLp ‖u̇1(t)− u̇2(t)‖V
∥∥ .u1(t)− .

u2 (t)
∥∥
V

.

We combine the two last inequalities and we recall (2.1) to find

MA
∥∥ .u1(t)− .

u2 (t)
∥∥
V
≤
∥∥∥η(1)

1 (t)− η(1)
2 (t)

∥∥∥
H

+ c20 µLp ‖u̇1 (t)− u̇2 (t)‖V .

Now we use (4.2) to deduce that∥∥∥η(1)
1 (s)− η(1)

2 (s)
∥∥∥
H
≤ ‖η1 (s)− η2 (s)‖H×Y .

Then, we combine the last two inequalities to obtain

(MA − c20 µLp)
∥∥ .u1(t)− .

u2(t)
∥∥
V
≤ ‖η1(t)− η2(t)‖H×Y .

Finally, we recall that the condition (2.9) of Theorem 2.2 is satisfied for MA = MA
and α = c20µLp, which yields MA > c20 µLp; i.e. MA−c20µLp > 0. Hence, we conclude
that the estimate (4.5) is satisfied. �

Step 2. In the second step of the proof of Theorem 4.1, we denote by kη ∈ C(0, T ;Y )
the function defined by

kη(t) =

t∫
0

η(2)(s) ds+ k0. (4.12)

Step 3. The third step of the proof consists of using the displacement field uη which
was obtained in Lemma 4.2 and the function kη defined in (4.12) to consider the
following problem.
Problem Qη. Find a stress field ση : [0, T ]→ H such that

ση(t) = Bε(uη(t)) +

∫ t

0

G(ση(s), ε(uη(s)),kη(s)) ds, (4.13)
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In the study of Problem Qη we have the following result.
Lemma 4.3. There exists a unique solution to Problem Qη which satisfies ση ∈
C(0, T ;H). Moreover, for all ηi ∈ C(0, T ;H×Y ), i = 1, 2, if σi = σηi and ui = uηi
represent the solutions of Problems Qη and PVη respectively and ki = kηi , i = 1, 2
are defined by (4.12) then there exists c > 0 such that

‖ σ1(t)− σ2(t)‖H ≤
c
(
‖u1(t)− u2(t)‖V +

∫ t
0
‖u1(s)− u2(s)‖V ds+

∫ t
0
‖k1(s)− k2(s)‖Y ds

)
,

(4.14)

∀t ∈ [0, T ].

Proof. We introduce the operator Λη : C(0, T ;H) −→ C(0, T ;H) defined by

Λησ(t) = Bε(uη(t)) +

∫ t

0

G(σ(s), ε(uη(s)),kη(s)) ds. (4.15)

First, we can see that assumptions (3.10) and (3.11) on B and G show that the
operator Λη is well-defined. Next, for all σ ∈ C(0, T ;H) and t ∈ [0, T ], we consider
σ1,σ2 ∈ C(0, T ;H) and we use (4.15) and (3.11)(b) to obtain for all t ∈ [0, T ],

‖Λησ1 (t)− Λησ2 (t)‖H ≤ LG
∫ t

0
‖σ1 (s)− σ2 (s)‖H ds .

The reiteration of the last inequality p times yields∥∥Λpησ1 (t)− Λpησ2 (t)
∥∥
H ≤ (LG)p

∫ t

0

∫ s

0

...

∫ r

0︸ ︷︷ ︸
p times

‖σ1 (l)− σ2 (l)‖H dl,

which implies ∥∥Λpησ1 − Λpησ2

∥∥
C(0,T ;H)

≤ cp T p

p!
‖σ1 − σ2‖C(0,T ;H) .

It results from the last inequality that for p large enough, limp→+∞
cpT p

p!
= 0; and

therefore the operator Λpη is a contraction on the Banach space C(0, T ;H). So we can
deduce that there exists a unique function ση ∈ C(0, T ;H) such that

Ληση = ση.

The last equality combined with (4.15) shows that ση is a solution of Qη. Its unique-
ness follows from the uniqueness of the fixed point of the operator Λη.
Now, let consider η1,η2 ∈ C(0, T ;H × Y ) and, for i = 1, 2, we use the notations
uηi = ui,σηi = σi and kηi = ki. We use assumptions (3.10)(b) and (3.11)(b) on B
and G as well as (2.1) to find

‖σ1 (t)− σ2 (t)‖H ≤ c (‖u1 (t)− u2 (t)‖V +
∫ t

0
‖u1 (s)− u2 (s)‖V ds

+
∫ t

0
‖σ1 (s)− σ2 (s)‖H ds +

∫ t
0
‖k1 (s)− k2 (s)‖Y ds),

(4.16)

for all t ∈ [0, T ]. We use now (4.16) and a Gronwell argument to deduce the estimate
(4.14). �
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Step 4. In this step, we use the properties of B, G and ϕ to define the operator
Λ : C(0, T ;H × Y ) → C(0, T ;H × Y ) which maps every element η = (η(1),η(2)) ∈
C(0, T ;H× Y ) into the element Λη given by

Λη(t) =(
Bε(uη(t)) +

t∫
0

G (ση(s), ε(uη(s)),kη(s)) ds, ϕ (ση(t), ε(uη(t)),kη(t))

)
.

(4.17)

Here, for all η ∈ C(0, T ;H × Y ), uη and ση represent respectively the displacement
field and the stress field provided in Lemmas 4.2 and 4.3. Moreover, kη is the internal
state variable given by (4.12). We have the following result.
Lemma 4.4. The operator Λ has a unique fixed point η∗ ∈ C(0, T ;H× Y ).

Proof. Let consider η1,η2 ∈ C(0, T ;H×Y ) and let use the notations uηi = ui, σηi =
σi, kηi = ki, for i = 1, 2. We use (4.17),(4.2), (3.10)(b), (3.11)(b), (3.12)(a) and (2.1)
to obtain

‖Λη1 (t)− Λη2(t)‖H×Y
≤ c (‖σ1 (t)− σ2 (t)‖H + ‖u1 (t)− u2 (t)‖V + ‖k1 (t)− k2 (t)‖Y )

+c
t∫

0

(‖σ1 (s)− σ2 (s)‖H + ‖u1 (s)− u2 (s)‖V + ‖k1 (s)− k2 (s)‖Y ) ds .
(4.18)

On the one hand, definition (4.12) yields

‖k1 (t)− k2 (t)‖Y ≤
∫ t

0

∥∥∥η(2)
1 (s)− η(2)

2 (s)
∥∥∥
Y
ds ,

and, by using (4.2), we deduce that

‖k1 (t)− k2 (t)‖Y ≤
∫ t

0
‖η1 (s)− η2 (s)‖H×Y ds ∀t ∈ [0, T ]. (4.19)

On the other hand, we use the initial condition (3.8) to write

ui = u0 +
∫ t

0
u̇i(s) ds , i = 1, 2.

Hence,

‖u1(t)− u2 (t)‖V ≤
∫ t

0
‖u̇1(s)− u̇2(s)‖V ds .

The last inequality combined with the estimate (4.5) implies

‖u1(t)− u2 (t)‖V ≤ c
∫ t

0
‖η1 (s)−η2 (s)‖H×Y ds, (4.20)

Now, we combine (4.18)-(4.20) and the estimate (4.14) to deduce that

‖Λη1 (t)− Λη2 (t)‖H×Y
≤ c

∫ t
0
‖η1 (s)− η2 (s)‖H×Y ds+ c

∫ t
0

(∫ s
0
‖η1 (r)− η2 (r)‖H×Y dr

)
ds

+c
∫ t

0

(∫ s
0

(
r∫
0

‖η1 (l)− η2 (l)‖H×Y dl

)
dr

)
ds,

which yields

‖Λη1 (t)− Λη2 (t)‖H×Y ≤ c
∫ t

0

‖η1 (s)− η2 (s)‖H×Y ds.
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Finally, we apply Theorem 2.1 to conclude that there exists a unique fixed point
η∗ ∈ C(0, T ;H× Y ) of the operator Λ . �

Now we have all the ingredients to prove Theorem 4.1.

Proof. Existence. Let η∗ = (η(1)∗,η(2)∗) ∈ C(0, T ;H × Y ) be the fixed point of the
operator Λ which is defined by (4.17). We use the notations

u (t) = uη∗ (t) (4.21)

k (t) = kη∗ (t) (4.22)

σ (t) = Aε (u̇ (t)) + ση∗ (t) . (4.23)

We prove that (u,σ,k) is a solution of the Problem PV with regularity (4.1). In fact,
we write (4.13) for η = η∗ and we use the notations (4.21)-(4.23) to obtain (3.34).
Next, we write (4.3) for η = η∗ and we use (4.21) to find that

(Aε (u̇ (t)) , ε (v)− ε (u̇(t)))H +
(
η(1)∗ (t) , ε (v)− ε (u̇(t))

)
H

+(P u̇(t),v − u̇(t))V + j(u̇(t),v)− j(u̇(t), u̇(t)) ≥ (f (t) ,v − u̇(t))V ,
(4.24)

for all v ∈ V and t ∈ [0, T ]. Now, we recall that Λη∗ = η∗ = (η(1)∗,η(2)∗). Hence,
definition (4.17) and the notations (4.21)-(4.23) yield

η(1)∗ (t) = Bε(u(t)) +
t∫

0

G (σ (s)−Aε (u̇ (s)) , ε (u (s)) ,k (s)) ds, (4.25)

η(2)∗ (t) = ϕ (σ (t)−Aε (u̇(t)) , ε (u (t)) ,k (t)) . (4.26)

We use (4.26) and (4.12) to see that (3.35) is satisfied. Next, we substitute (4.25) in
(4.24) and we use (3.34) to see that (3.36) is also satisfied.
Finally, (3.37) and the regularities of u and k which are given in (4.1) follow from the
Lemma 4.2 and (4.12), combined with the fact that η(2)∗ ∈ C(0, T ;Y ).
Moreover, for the stress tensor σ, we use (4.23), (3.9) and we recall that from Lemma
4.3 we have ση∗(t) ∈ H; hence, we deduce that σ(t) ∈ H. As for the regularity of σ,
we use again (4.23) to find that for all t1, t2 ∈ [0, T ],

‖σ (t1)− σ (t2)‖H ≤ ‖Aε (u̇ (t1))−Aε (u̇ (t2))‖H + ‖ση∗ (t1)− ση∗ (t2)‖H .

Thus, hypothesis (3.9)(b) on the operator A and (2.1) yield

‖σ (t1)− σ (t2)‖H ≤ LA ‖u̇ (t1)− u̇ (t2)‖V + ‖ση∗ (t1)− ση∗ (t2)‖H .

The last inequality combined with regularities u ∈ C1(0, T ;V ) and ση∗ ∈ C(0, T ;H)
derived respectively from Lemmas 4.2 and 4.3 shows that σ ∈ C(0, T ;H). In order to
obtain the regularity σ ∈ C(0, T ;H1), we test (3.36) with v = u̇ + ϕ and then with

v = u̇ − ϕ, where ϕ ∈ C∞0 (Ω)
d

and we recall that j is a positive function; after a
simple calculation, we obtain

(σ (t) , ε (ϕ))H = (f (t) ,ϕ)V ∀t ∈ [0, T ] , ∀ϕ ∈ C∞0 (Ω)
d
.

Then we use (3.20) to deduce that

(σ (t) , ε (ϕ))H = (f0 (t) ,ϕ)H .
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Thus, from the definition of weak divergence we conclude that

(−Div σ (t) ,ϕ)H = (f0 (t) ,ϕ)H ∀ϕ ∈ C
∞
0 (Ω)

d
.

Since the space C∞0 (Ω)
d

is dense in L2 (Ω)
d

we deduce that

Div σ (t) = − f0 (t) ∀t ∈ [0, T ] . (4.27)

The last equality combined with the hypothesis (3.15) on f0 implies Div σ (t) ∈ H
and, therefore, σ(t) ∈ H1. Finally, we note that the norm on H1 allows us to write

‖σ (t1)− σ (t2)‖2H1
= ‖σ (t1)− σ (t2)‖2H + ‖Div (σ (t1))−Div (σ (t2))‖2H .

Thus, (4.27), (3.15) and the regularity σ ∈ C(0, T ;H) imply σ ∈ C(0, T ;H1); which
completes the proof of the existence of a solution (u,σ,k) to Problem PV with
regularity (4.1).
Uniqueness. The uniqueness of the solution (u,σ,k) of Problem PV follows from the
uniqueness of the fixed point of the operator Λ combined with the unique solvability
of the intermediate problems PVη and Qη guaranteed by Lemmas 4.2 and 4.3. �
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