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Capacity solution for an elliptic coupled system
with lower term in Orlicz spaces

Yassine Ahakkoud, Jaouad Bennouna{® and Mhamed El Massoudi

Abstract. In this paper, we will deal with the capacity solution for a nonlinear
elliptic coupled system with a Leray-Lions operator Au = —div o(x, u, Vu) acting
from Orlicz-Sobolev spaces Wy L () into its dual, where M is an N-function.
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1. Introduction

Let © be an open bounded in RV, N > 1, and consider the coupled nonlinear
elliptic system

—div o(x,u, Vu) + ®(x,u) = k(u) | Vu |? in Q, (1.1)
div(k(u)Vy) =0 in Q, (1.2)
@ =0, u=0 on 0. (1.3)

We assume that the following assumptions hold. Let M and P be two N-
functions such that P < M (P grows essentially less rapidly than Q) and M the
N-function conjugate to M (see preliminaries).

o: QxR xRN - RV is a Carathéodory function such that for almost every = € Q
and for every s, 51,52 € R, £, € RV,

| o(2,5,€) |< viao(z) + ML " Plky | s
| o(,51,6) — 0w, 52,) |< vlaa(@)+ | s1 |+ | s2 | +P (lsM(IED),  (L5)

)+ M(ks | €])], (1.4)
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(U(xa 535) - 0—(1'7 575*))(5 - 5*) > O‘M(| f - 5* |)7 (1'6)
o(x,s,0) =0, (1.7)
where ao(.) € E57(Q), a1(.) € Ep(Q) ( E57(Q) and Ep(Q) are specific Orlicz spaces)
and «, v, k; > 0 (i=1, 2, 3), are given real numbers.
Furthermore, let ® : ) Xx R — R be a Carathéodory function such that for a.e. z €
and for all s € R, the growth condition

| ®(z,5) |< h(x)M M (Lé{'}) , (1.8)

where A = diam(2) and ||| ) < % and Cj is a constant large enough.

k € C(R) and there exists K € R such that 0 < k(s) <&, for all s € R, (1.9)
@o € H'(Q) N L>(). (1.10)

In this paper, we will introduce a solution of the coupled system (1.1)-(1.3) called
the capacity solution. This type of solution will deal with the phenomena caused by
the possible degeneration of the (1.1)-(1.3). Indeed, one cannot use the weak solution
of (1.1) since k can tend towards 0 when |u| tends to infinity and consequently the
equation becomes degenerate, no a priori estimates for Vy will be available and then
 may not belong to a Sobolev space. To overcome this obstacle, we use the entire
function ® = k(u)Vp instead of ¢ to show that ® € (L*(Q))V.

The idea of capacity solution is inspired from the weak and renormalized so-
lutions and X. Xu is the first author who introduced the concept in [13] where
o : RY — R¥ is a continuous function satisfying the conditions: 3u > 0,V | £ [> 1
(i.e. | € | is large enough), | a(¢) |< | € |, and Ja > 0, V€, &€ € RN, ¢ #£ ¢,
(0(&) —a(£))(E—€%) > a | £ —€* |2, Also, he used this concept in other papers with
various conditions (See [14]). Later, from other authors in [7], showed the existence
of a capacity solution to the problem (1.1)-(1.3) where o = o(z, Vu) is a Leray-Lions
operator from LP(W'P) into LV (W=1¢"), p > 2, % + ﬁ =1 and ® = ¥(z, s) satisfies
the sign condition, and | ®(x,s) |< h,(x) with h, € L'(Q) , for all | s |[< r, Vr > 0.
For the parabolic, we refer the reader to [10]. Recently, the existence of a capacity
solution in the context of Orlicz-Sobolev spaces with o = o(x,u, Vu) and H = 0 has
been established in [12].

The motivation behind the study of differential equations comes from appli-
cations of non Newtonian mechanics turbulence modelling to as an example of an
operator for which the present result can be applied, we give

~Apru+ h(x)M M (au) = rule®sv | Vau > in Q (1.11)
div(k(u)Ve) =0 in Q '
where Ayu = — div ((1+ | |)2Du%), h() € (L= (Qr)™ and M(t) =

tlog(e+t) is an N -function, ¢ represent the electric motive force, u the temperature

inside the electrical conductor, and &(u) = rugek;ﬁ, the electrical conductivity where
it means the ability of electrical material to pass charges, where u > 0, r,s € RT,
¢ € [-1,1) and kp is the Boltzmann constant. Other applications of the stationary
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case of the thermostat problem can be found in [8, 15].

Our novelty in the present paper is to give the existence of a capacity solution
of (1.1)-(1.3) in the framework of Orlicz spaces with the presence of a perturbation
®(z,u). The difficulties encountered during the proof are that the term H satisfies
neither the coercivity condition nor the monotony nor the sign condition and the
nonlinearity described by N-functions M. The As-condition is not imposed on the
N-functions M, we will lose the reflexivity of the space Ly (2) and W3 Ly (£2). To
overcome this difficulty, we will first introduce and prove the existence of the solution
for the auxiliary elliptic problem (2.8) and by Schauder’s fixed point theorem, we
show the existence of the uniqueness of the weak solutions for two equations (1.2)
and (1.1). Secondly, with adequate approximate problems we establish some a priori
estimates for the approximate solution sequence. Finally, we draw a subsequence to
obtain a limit function and prove this function is a capacity solution in the sense of
Definition 4.1 by virtue of the convergence results of approximate solutions. Note that
the second lower order term H is controlled by a non-polynomial growth (see (1.8)).
It is similar to those in [2, 3]. Finally, it should be noted that this work is an extension
of the results of [12].

The contents of this article are summarized as follows: Section 2 presents the
mathematical preliminaries. In Section 3, we make precise all the basic assumptions
on o, H, k, ¢ and some technical results. Finally, in Section 4, we give the definition
of a capacity solution of (1.1)-(1.3) and we prove the main result (Theorem 4.2).

2. Preliminaries

Let M : RY — RT be an N-function, that is, M is continuous, convex,
Mt M(t
WithM(t)>0f0rt>0,%—>035t—>0,and%
t

Equivalently, M admits the representation M (t) = / a(s)ds, where a : RT — RT is

— 400 as t — +oo.

0
nondecreasing, right continuous, with a(0) = 0,a(t) > 0 for ¢ > 0, and a(t) — 400 as
¢

t — +o0o. The N-function Mconjugate to M is defined by M(t) = / a(s)ds, where
0

a:RT — RT, is given by a(t) = sup{s : a(s) < t}.

s>0
The N-function M is said to satisfy the As-condition if, for some k, M (2t) < kM (t)
for all t € IRT.

We will extend these N-functions into even functions on all R. Let P and @ be two
N-functions. P < @) means that P grows essentially less rapidly than @, that is, for

P(t Lt
each ¢ > 0, Q((et)) — 0 as t — +o0. This is the case if and only if tiigloo g—lgti = 0.
The Orlicz class Kpr(2) (resp. the Orlicz space Lps(€2)), is defined as the set of
(equivalence classes of) real valued measurable functions u on £ such that

/QM(|u(x)|)dm < +00 (resp. /QM (“(;”) dr < +o0o  for some A > o) .
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The set Ly (2) is Banach space under the norm

||u||M:inf{)\>O:/QM<u(;)l)dxgl},

and K7 (€2) is a convex subset of L(€2) . The closure in Lj/(€2) of the set of bounded
measurable functions with compact support in € is denoted by Eps(€2). The dual of

En(Q) can be identified with L77(€2) by means of the pairing / uvdz and the dual

Q
norm of Ly;(§2) is equivalent to [jul|57 . We now turn to the Orlicz-Sobolev space,

WL (Q)) [resp. WIEy(Q)] is the space of all functions u such that u and its
distributional derivatives up to order 1 lie in Lp;(Q) [resp. Ep(€)]. It is a Banach
space under the norm

lallar =) I1D%ul|ar.

ler|<1
Let W'Li7(2) [resp. W 1E47(Q2)] denote the space of distributions on
which can be written as sums of derivatives of order < 1 of functions in Ly;(Q) [resp.
E57(Q)]. It is a Banach space under the usual quotient norm (for more details see [4]).

Lemma 2.1. ([11]) For all u € Wi Ly () with meas(Q)) < +o00 one has

/QM (“;) dr < /QM(| Vu [)dz. (2.1)

where A = diam(Y), is the diameter of ).

Statement of useful results.
We assume that there exists four positive constants vy and 7 such that

lul> < oM (u), and |ul®> <y P(u) forall u>0, (2.2)
Hence, the following continuous inclusions hold true:
Ly (Q) = L*(Q) = Li7(Q), and Lp(Q) < L*(Q) < Lp(Q). (2.3)
And we also deduce that
Wo Ly () = Hy(Q), and H Q) — W Li7(9). (2.4)
Example 2.2. The N-function M (t) = tlog(e + t) verifies the previous results.
Consider the following set W = {w € Epy(Q): A M(%)dm < 1} .

It is closed and convex. Indeed let w, € W such that w, — w strongly in F;(Q),
then for any e > 0, there exists ng such that for all n > ng we have ||w, —w|a <€
and [|5&=llm < (%52l + 158 I < 56 + 1. Let tends as € — 0 we have w € W;
Thus W is closed. And since M is convex function, we deduce that W is also convex.
Now, let is start by this first result that we will use later. Suppose that o verifies the
following strong hypothesis: There exists as(.) € E57(2), and v > 0 and k4 > 0, such
that for almost every z € Q and for all s € R, £ € RY,

| o(2,5,€) |< vias(x) + DL (M(ks | €)))), (2.5)
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k € C(R) and there exist 1 and kg € R such that
0 < k1 < K(8) < Ko, for all s € R. (2.6)
Then
div(k(w)eVe) € HHQ). (2.7)
Proof. Let w € W, we consider the elliptic problem

div(k(w)Ve) =0 in€Q,
{ =0 on 0f2. (2:8)

By applying Lax-Milgram’s theorem, we prove that there exists a unique solution
© € HY(Q) to (2.8) and, by (1.10) and the maximum principle, we get

lellLe() < lleoll=(q)- (2.9)
Multiplying the first equation of (2.8) by ¢ — o € H () we get

| re)vie =) =0,
therefore

m/|v@|2dxs/n<w>|v90||wo|dxsfez/|vw|wo|dx.
Q Q Q

We deduce from the Cauchy-Schwarz inequality that

/Q | Vo |2 de < C = C(k1, k2, 90)- (2.10)
Notice that k(w) | Vi |?€ LY(Q), this term is also belongs to the space H ().
Indeed, let ¥ € D(Q) and taking ¥ as a test function in (2.8), we have
[ #@) VeV ez =0,
then )
[ #@) 190 2 s = [ ()T Vids = (@iv(s()o Vi), o oy 000

Thus ,
k(w) | Vo 2= div(k(w)pVe) in D (). (2.11)
Since k(w)pVep € L2(Q)N, we deduce (2.7). O

3. Main result

Theorem 3.1. Assume (1.4)-(2.3), with (2.5) and (2.6) instead of (1.4) and (1.9),
respectively. Then there exists a weak solution (u,p) to problem (1.1)-(1.3), that is,
u € Wy Ly (Q), o(z,u, Vu) € Ly (Q)N,
o~ o € HY(O) N L= (Q),

/U(I,U,VU)V¢+/ @(I,u)w:f/ k(u)pVeVp,  for all € Wy L (),
Q) Q Q

/ k(u)VVip =0, forall ¢ € H ().
Q
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Proof. Let consider the following variational formulation problem

uw€ WiLn(Q), o(z,w, Vu) € Lip(Q), ®(z,w) € Lyz(),
/ U(x,w,Vu)qu—F/ D(x,w)p = —/ k(W) VeV, for all ¢ € Wi Ly (),
Q Q Q

u = 0 on 0f).
(3.1)
Notice that div(k(w)eVe) € H71(Q) — W 1Li7(), and the existence of solution
to (3.1) is derived by an application of the result obtained in [11]. Also we can check
that the solution of (3.1) is unique [5].

Lemma 3.2. Let u be a weak solution of problem (3.1). Then we have | Vu |€ K (),
and the estimates

/ M(| Vu )z < O, (3.2)
Q
o, Va7 g < Co, (3.3)

Where C1 and Cy are two positive constants that do not depend on w.

| Vu|

Proof. Let n > 0 such that € Ky (Q). Since ¢ € HY(Q) € WLy (Q), there

n
f€2||<P0||Loo(Q) | Vo |

exist 8 > 0 such that

n (3.1). In view of (1.6), (1.7), (1.8), (2.6), (2.9) and Young’s inequality, and Lemma
2.1, we get

€ K37(2), we take ¢ = u as a test function

el 1
n—ﬂ/M(| Vu |)dz < —/ o(z,w, Vu)Vudz

oo AV
/|<I> |d +/52|<P0||L ) | QDHVu\dm
Q B n

| w |> | u | / Kalleoll ) | Voo | | Vu |
h(x M M —dx + dx
5/ (ACO nA 0 B n
ARl Lo Q)/ <|w|) AR Lo (0) (|U>
A=) [y dr +7/M Ll o
B ACo B Q nA
_ o \V4
+/M(m2||900L ) | w')dx—l—/M(vu')dx
Q B Q n
A R| 700 Al R|| 700
< 7z @ , AL (Q)/M(|Vu|)dx
B B Q n

_ o \Y
+/M<K2HSDOL (Q)| SD')dx—i—/M( vu')dac<oo.
Q B Q n

| /\
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Then we deduce that | Vu |€ Kp(€2). Let prove the estimate (3.2), by (1.6), (1.7),
(1.8), (2.2) and Young’s inequality, and Lemma 2.1, we obtain

a/ M(| Vu |)dz < / o(z,w, Vu)Vudz
Q

/|<1>xw |dz+/H2H<P0||L°°(Q)\V80|\Vu\d$
<A @M ‘M ( ') [l gy +(”2H‘p°””" 2) /|v 2 /|Vu|2dx
Q )\CO )\ Q

< s M dx + 0 M — | d
> )‘HhHL (Q)/ ()\C )‘HhHL () )\ €T

2
+<@W|me>>/|w?dx+“/|wl2dw
20ce Q 2 Ja

< M=) + AlB 2= /Q M(| Vu |)dz

(2lleoll Lo ())?
+ - -
20

e
Clin, 2, 0) + QVO/M(\vu\)dx
Q
which implies, that

€% (H2||<P0HL<>O(Q))2

(a—AIIhIIme)— 2ae

/ M(| Vu |)dz < Alhl| (o) + C(#1, K2, p0)-

Q€Yo

Then by choosing € such that o —2A[|A| ) — 5

the estimate (3.2).
Remark 3.3.

> 0, as a consequence, we have

o We take the constant Cy and C; such that

2
(/‘02||900|\Loo(9)) o

A B oo
|7l Lo () + Sere

Qe
K1, k2, o) < Co (Oé = 2|2l o) — %)

and
Cy < C1. (34)

e It is clear that u belongs also to W and do not depends on w.

On the other hand, from the previous prove and (1.6), we also have

/ o(z,w, Vu)Vudz < ﬁ (3.5)
Q «
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From (1.6), (3.5) and Young’s inequality, we get

/a(x,w,Vu)V¢dx§/a(x,w,Vu)Vudx—/a(x,w,vw)(VU—Vw)dx
Q Q Q

C
Si+/ \a(x,w,vw)||vu|d$+/ | o(,w, Vi) || Vi | dx
Q @

<Cl+4u/ﬂM("(“’W>+2u/Q[M(| YV |) + M(| Vi |)] da.

a 2u

by (2.5), we get

/QM (W) dr < /Q %(Mas(w))d:v + M (ks | VY |))da.

Choosing ¢ € W E () such that | Ve|a0 = , then

1
ky+1
/ o(x,w, Vu)Vipdr < C,
Q
finally to deduce the estimate (3.3), we use the dual norm on Ly7(£2). 0

Now, let define the operator T': w € W — u € Wi Ly (Q) — Ep(Q), where u
is the unique solution to (3.1), then due to the estimate (3.2), T"is a compact operator.
Moreover, from (3.2), (3.4) and Lemma 2.1, we have T(W) C W. And to satisfy the
hypotheses of Schauder’s fixed point theorem for T, it remains to be shown that T is a
continuous operator. Indeed, taking a sequence (w,) C W such that w,, — w strongly
in Ep () and let up, = T'(wy), @n, Frn = k(wn)pn Ve, and F = k(w)pVe. We have
to show that

U, = u = T'(w) strongly in Ep ().

Owing to (3.2), we have Vu € Ly ()", We also have w,, — w strongly in L?(Q)
and thus, we may extract a subsequence, still denoted in the same way, such that
Wy, — w a.e. in . Then it is easy task to show that ¢,, — ¢ strongly in H!(Q) and,
consequently, also for another subsequence denoted in the same way, F,, — F strongly
in L2(Q).

Since (wp) C La(€2) is bounded, we deduce for a subsequence,

u, — U in Ep(Q), for some U € Ep (), (3.6)
Vu, — VU weakly in L*(Q)". (3.7)

By subtracting the respective equations of (3.1) for u,, and u, and taking ¢ = u,, — u
as a test function, we obtain

/(a(m,wn, Vuy,) —o(z,w, Vu))(Vu, — Vu)dz + / (®(z, wn) — P(z,w)) (un, —u)dz
Q Q

__ / (Fn — F)(Vun — Vu)da. (3.8)
Q
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For the first term of the right hand-side of (3.8):
Using (1.6), we get

(o(x,wn, Vuy) — o(z,w, Vu))(Vu, — Vu) > aM (| V(u, —u) |)
+ (o(x, wn, Vu) — o(z,w, Vu))(Vu, — Vu).

Let B, = o(z,wn, Vu) — o(z,w, Vu), then | B, |— 0 a.e. in §2. For a given positive
number dg, to be chosen later, we have

/ | BV (un — ) | = / | BV (un — ) |
Q {1V (un—u)|<do0}

+/ | BV (un — )| (3.9)
{IV(un—u)|>80}

For the first term of the right-hand side of (3.9), we have

/ |BnV(un7u)|§50/\Bn|
{1V (un—w)| <50} 0

:50/ |Bn|+50/ B, |.
(1B <av} (1B 540}

The first of these integrals converges to zero. As for the second one, using the fact

B, o
that | 1 | > 1 on the set {| B, |> 4v} and (2.2), it yields
v

B, |\? B,
50/ | B, |< 41/50/ <|> < 4V’7150/ P (' |) :
{|Bn|>4v} {Bn|>4v} \ 4V Q 4v

In virtue of (1.5) and while P < M for eks < 1, we deduce

(| f: |) < 4(P(a1) + P(w) + P(wy) + ksM (| Vu |)),

and since P(w,) — P(w) strongly in L'(2), by Lebesgue’s dominated theorem it

yields that
B,
lim P (") =0,
n—oo Jo 4v

lim | B,V (uy —u) |=0.
"0 IV (un —u) | <60}

consequently,

For the second term of the right-hand side of (3.9), we use Young’s inequality and
(2.2). It yields

1
J BVl =)< o 1B | V(=) P
{IV (un—u)| >80} Qg {IV (un—u)|>80}

B,

2
Slﬁw/p(' )+ oz | P(| V(un —u) ).
agy  Jq 4v 4 {IV (un—u)|>6d0}
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It has been already shown that the first of these terms converges to zero. As for the
second one, since P < M, we fix dg > 0 such P(s) < M (s) for all s > dy. Then

‘WO/ P(| V(up—u) |)dz < w/ M(| V(up—u) |)dz.
4 SV un—u)>50} 4 SV un—u)|>50}

By taking ¢y = —, we obtain
Ao
07 [0
—/ P(| V(u, —u) |)dz < —/ M(| V(up —u) |)dx.
2 J{V (un—u)|>50} 2 J{V (wn—u)|>60}

For the second term of the right hand-side of (3.8):

/(@(m,wn)—@(%w))(un —u)dx < / | ®(z,wp) — @(z,w) || up —u | dz
Q Q

S/M<)\¢)(xawn)_q)($vw) )d.T—i—()(o/M(un_U|>dx
Q Qo Q A

g/ﬂM(A‘b(””’W”)_@(m’“) )dx+ao/QM(| V() |)da.

Qo
(3.10)
From above, we deduce the following estimate, for some sequence (e,) such that
€n — 0,

(§ =0 [ 20V, ) o

S/Q|(Fn—F)V(un—u)|dx+ao/QM<

A @(z,wn) — P(z,w) |
Qo

dr + €,.

(3.11)
Choosing o = % and by (2.3), we obtain

«
— |V (uy — u)]|%2 </ F, — F)V(u, —u) | dx
4%” ( iz < Q|( IV( )|

+Oé()/QM()\ | q)(l’,wn)—‘b(l',W) |) d$+6n

&)

Using Poincare’s inequality, we get

lin — )220 < C /Q | (Fa = F)V(un — u) | dz

+CC¥0/M<>\ | (I)(win)_q)(xaw) |>d$+€n
Q

Qo

(3.12)

We have F,, — F strongly in L2(Q)" and V(u,, — u) is bounded in L?()". On the
other hand w,, — w strongly in Br, we may extract a subsequence, still denoted the
same way, such that w, — w a.e. in €. In addition, the function H is continuous with
respect to its second argument, then from (1.8) and dominate convergence’s theorem

/ i ()\ | ®(2,wn) — O(z,w) |) dx converges to 0.
Q @o
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Then the right-hand side in (3.12) converges to zero. In conclusion, w, — u
strongly in L?(Q2). Since this limit does not depend upon the subsequence one may
extract, it is in fact the whole sequence (u, ) which converges to u strongly in L?(£2).
On other hand, in virtue of (3.6), we also have u,, — U strongly in L?(Q2), so that
u = U and we can rewrite (3.6) to give u,, — u strongly in Fj;(€2). This shows that
T is continuous and this ends the proof of theorem 3.1. g

4. An existence result
The definition of a capacity solution of (1.1)-(1.3) can be stated as follows.

Definition 4.1. A triplet (u, @, ®) is called a capacity solution of (1.1)-(1.3) if the
following conditions are fulfilled:
(R1) u € WiLy(Q), o(z,u,Vu) € Li7(Q)N, ®(z,u) € L}(Q),
®(z,u).u € LY(Q), p € L=(N), ® € L2V,
(R2) (u,, ®) verifies the system of elliptic equations
—div o(x,u, Vu) + ®(z,u) = div(p®) in Q,
{ div(®) =0 in Q.

(R3) For every S € C}(Q) = {¢ € C'(Q2)/supp(¢) is compact}, one has
S(u)p — S(0)po € Hy(), and  S(u)® = w(u)[V(S(u)p) — 9VS(u)].
Our most general result reads as follows.

Theorem 4.2. Assume that (1.4)-(2.3) hold true. Then there exists a capacity solution
to problem (1.1)-(1.3).

Proof of the theorem 4.2
Step 1: Approximative problem.
For every n € N*| let us define the following approximation of x, a and g:

b(z, s)

n(s) = Kls) + ) oul5,6) = 00, Tu(s), ), Bulays) = —p )
1+ -~ | &(x,s) |

)

for all z € Q and & € RV,
Let us now consider the approximate system

—div 0, (2, Un, Vun) + O (2, u) = K (un) | Vo |2 in Q,
div(kn (un) V) = 01in Q,
Uy, =0, on 09,
Yn = g, on 0.
From (1.4), we deduce

1 1

| o(z, To(s),€) [< v [ao(x) + M (P(ky [ Ta(s) [) + M (M(k2 [ £1)]
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where (ao(az) —|—M71(P(k1n))> € E57(9).

In view of (1.9), we have that
n! < kp(s) <E+1=rs, foralls € R. (4.5)

We have also | ®,(x,s) |<| ®(z,s) | and | ®,(z,s) |< n. Thus, we can apply
Theorem 3.1 to deduce the existence of a weak solution (u,, ¢y, ) to the system (4.1)-
(4.4).

From the maximum principle

[nll=(0) < llvollLee(e); (4.6)

hence, there exists a function ¢ € L*°() and a subsequence, still denoted ¢,,, such
that

©n — @, weakly-* in L°(Q). (4.7)

Now let multiply (4.2) by ¢, — ¢o € Hg(2) and integrate over Q. We get

/ Ko (Un ) Vo, V(on — @o)dz = 0;
Q

hence

/ tin(Un) | Vo, |? dx < O3, for all n € N*, (4.8)
Q

where C3 = C(R, |00l r=(q)). Consequently, the sequence (kn(un)Vey) is bounded
in L2(Q)Y. Thus, there exists a function ¢ € L?(Q)" and a subsequence, still denoted
in the same way, such that

Ko (U ) Vo, — ¢ weakly in LZ(Q)V. (4.9)

This weak limit function ¢ € L?(2)" is in fact the third component of the triplet
appearing in the defintion (4.1) of a capacity solution.
Taking w,, as a function test in (4.1), we obtain

/o(x,Tn(un),Vun)Vundz+/
Q

D, (z, up )upder = f/ Ko (Un)on Vo Vuyde.
Q

Q
(4.10)
Since u, € Wy L (), and ¢, € H' () C W L77(€), there exist n,, and 3, > 0 such

that V%2l € 1 (Q) and “leele=@lVenl ¢ pe(q),
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From (1.6), (1.7), (4.4) and (4.6) and Young’s inequality, and Lemma 2.1, we obtain

oz/M(| Vuy, |)dz < / o(x, Tn(un), Vup)Vu,dr
Q Q

| un |) / <53||<P0||L°°(Q) | Vion |>
< 2| o /M( dx + 1
1]l Lo () A \Co 3 A 5,
+nnﬂn/ M(' Vi |>d
Q Tn

< 2 e / M(| Vg )z + 7 /Q (

+777L57L/M<|vun |>d
Q Mn

Therefore

3H<P0||Loo(9) | Von |>
Bn

oo Vo,
(@ — 2 Al| = (o) /M | Vu, |)d:c<77nﬂn/ <"”v3”%lLﬁm )| m)
Q n

—|—77nﬁn/ M (Wu"'> dx < oo.
Q n

and thus | Vu, |€ K (€2). On the other hand

a/M(| Vuy Nde < | o(z, Th(un), Vu,)Vu,de
Q Q

2
Uy, R3||P oo
< ooy [ (L) oy BB OR [y 19, 2 0

)\C (67551
+ X / | Vuy, |? da

(ssllpollze)? , | e
< Wl | M1 Vi o+ 52 BB 2900 [ 1 9, e

aeq

Then

Q€170 (r3lloll Lo ())?

( 1 —2X\|hllL=()) | M(] Vu, |)de < ——————Cs.

Q a
Taking €; = 4 , we obtain
[ 210 s < 1)
Q

It follows that (u,) is bounded in W} L/ (€2). Consequently, there exists a subse-
quence, still denoted (uy,), and a function u € W Ly (Q) such that

u, ~u in WyLy(Q) for o(IlLy,IE3;), (4.12)
and since the embedding Wi Lz () — Ejr(9) is compact, we also have

up, — u  strongly in  Ep(2) and ae. in €, (4.13)
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1
ko +1°

On the other hand, let 1 € Wi Ex ()" be arbitrary with |[Vi||ar) =
In view of the monotonicity of a,, one easily has

/Qo(%un,Vun)Vi/)dx S/

o(x, Up, V) Vu,dr — / oz, up, V) (Vu, — Vip)dz
Q

Q

§C+/ |U(x7un,V1/))||Vun|d:c+/ | o, tn, V) || V0 | da.
Q Q

(4.14)
For the first integral in the right side, we use the Young’s inequality to have

/Q | o(2, tn, V) || Vg | da < 3V/Q {M (W) + M(| Vuy, |)} da,
using (1.4) we have
3 U(van(un)vvw)
3v

) < W[ (ao(x)) + Py To(un)) + M(ks V1)),

Since (u,) is bounded in WLy (€2), and owing to Poincare’s inequality, there exist

A > 0 such that / M (uTn) dr <1 for all n € N*. Also, since P < M, there exist
Q

so > 0 such that P(kys) < P(kiso) + M (;) for all s € R.

Consequently,

- T S
3U/ Vi (O’(-r, ngin)a Vw)) dr < V/ (M(ao(l‘)) + P(len(un)) + M(kQV’(/))) dx

Q Q
<C,
and thus / | (2, un, V) | . | Vug|lde < C, for all n € N* and v € Wi Ep ()N
Q
1

such that ||V ar) = Bl

On the other hand, the second integral in (4.14), namely
/ | on (2, tn, Vuy) | .| Vu, | de < C
Q
can be dealt in the same way so that it is easy to check that it is also bounded.
Gathering all these estimates, and using the dual norm, one easily deduce that
(0n(2,up, Vuy,)) is bounded in  Lz(Q)N. (4.15)

Thus, up to a subsequence, still denoted in the same way, there exists w € LM(Q)N
such that

(On (T up, Vu,)) = in Li(Q)Y for o(IILy, TTF5). (4.16)

Step 2: Almost everywhere convergence of the gradient.
In this step, we may extract a subsequence of (u,,), still denoted the same way, such
that

Vu, - Vu ae in Q, as n— +oo. (4.17)
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Let v; € D(2) be a sequence that v; — u in W Lp(£2) for the modular convergence
see [9]. Setting for s > 0, Qs = {x € Q :| VIk(u) |< s} and Q) = {z € Q :
|VTk (v;) |< s} and denoting by x* and xJ the characteristic functions of Q4 and Q7
respectively. And we denote by (i, j, 5,n) the quantities such that

lim lim lim lim €(¢,3,5,n) = 0.
1—00 j—00 B—00 N—00

For any n > 0 and n,j > 1, we may use the admissible test function
g = Tn(un — Tk (v)))
n (4.1). This leads to

/ on (@, Un, Vun) VT, (uy — T (vj))dz + / O, (z, un) Ty (un — Tk (v5))dx
@ @ (4.18)

= / Kn(wn) | Vo |2 VT, (uy — T (v;))d.
Q
By Young’s inequality and Lemma 2.1, we have

/ 1B (2, ) | Tt — Tic () < / | (2, n) | Ty(un — T (v5))dx
Q Q

< /Qh(x)ﬁ’lM ('A“g()') T, (un — Ti (v;))d

< llhllz~) /Q M (| Vuty 1)z + [ hl] = () M (1) meas(€)
< (Ch.
Using (4.8) and above result, we get
/ on (2, Up, Vun) VT, (uy, — T (vy))dx < Cn. (4.19)
Let’s study the left—h:nd side of (4.19). We have

/Un(l'y Un, vun)VTn(un - TK(vj))dx
Q

/ (2, Un, Vun )V (up — Tk (v)))d
{lun— TK(UJ)‘<77}

/{ On (@, Un, Vun)V(un — Tk (v;))de

Un | > K} {|un—Tk (v;)|<n}

(@t V)V (1 — T (o))l

_|_

‘Alun|<K}m{|un TK(UJ')ISW}
/ on (@, Tn(un), VI (un)) (VI (un) — VIk (v5))dx

{1 Tk (un) =T (v)| <0}

on (T, U, V) Vu,de

+

/{|un|>K}ﬁ{|un T (vs)|<n}

—/ On (2, Up, V) VT (vj)de.
{lun|>K}0{|un—Tk (v;)|<n}



282 Yassine Ahakkoud, Jaouad Bennouna and Mhamed El Massoudi

which yields, thanks to (1.6) and (1.7),
/ on (T, U, Vun )V, (u, — Tk (vj))dz
Q
> | 0, T (), VT (1)) (VT (1) — VT (0))dz (4.20)
{lun =Tk (v;)|<n}

Un(xa U, Vun)VTK(U])dx

/{lun|>K}ﬂ{|unTK(vj)<n}
Let 0 < § < 1, we define

On,x = (0(2, Tk (un), VIk (un)) — (2, Tk (un), VI () (VT (un) — VTk (u)).
Using the similar technic as in [1], we obtain,

/ O, kdr < Cimeas{z € Q:| T (un) — T (vj) [> 0}~ + Ca(e(n, j, 5,m))°.

r

Which yields, by passing to the limit sup over n, j, s and 7

imsup | ((o{a. Tic(un). VTic(n)) = oo Tic ), VT (w)

n—oo

(VT (1) — VTK(u))>6da: —0.

Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in (., and since r is
arbitrary,
Vu, = Vu ae. in Q.

Remark 4.3. A consequence of (4.17) is that,
o (2, un, V) = o(z,u, Vu) in Ly (Q)N  for o(IlLyp, TEy). (4.21)

Step 3: Equi-integrability of the nonlinearitie ®,, (z, u,).

We shall now prove that @, (z,u,) — ®(x,u) strongly in L*(Q) by using Vitali’s
theorem. Since @, (z,u,) — P(x,u) a.e in , it is suffices to prove that ®,,(z,u,) are
equi-integrable in €. Indeed, let € and for any measurable subset D C 2. Using (1.8),
Young’s inequality and Lemma 2.1, we have

b D 2Co
< Hh“Lw(Q)/ M(| YV, [)da + |1 o ) M(1)meas(D).
D

According to Lemma 3.2 in [6], we have M (| Vu, |) — M(| Vu |) in L*(), and there
exists n(e) > 0 such that

€ €
||h||Lx(Q)/ M(| Vuy, |)dx < 3 and  ||h]| e ()M (1)meas(D) < >
D

such that meas(D) < n(e). Then, by Vitali’s theorem we conclude that
®,,(x,u,) — ®(x,u) strongly in L'(Q).
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Using again (1.8), Young inequality and Lemma 2.1, we obtain

D, (z,un) | .| un d:ch/h M M( —dx
JRLCXAINES [ el) L
< A e / M(| Vu, |)da.
D

and in the same way, we show that
P, (x, up)uy — ®(x,u)u  strongly in  L'(Q).
So that ®(z,u)u € L'(Q).

Step 4: Passage to the limit.

The next result analyze the behavior of certain subsequences of (¢y,). They will allow
us, to pass to the limit in the approximate system (4.1)-(4.4) to show the existence
of a capacity solution to the system (1.1)-(1.3).

Lemma 4.4. [10] Let (un, ©rn) be a weak solution to the system (4.1)-(4.4), u € Ep(Q)
and ¢ € L>(Q) the limits functions appearing, respectively in (4.7) and (4.13). Then
for any function S € C}(R),

e there exists a subsequence, still denoted in the same way, such that

S(un)pn — S(u)p weakly in  H' (). (4.22)
o Moreover, if 0 < S < 1, then there exists a constant C > 0, independant of S,
such that
“”f“p/Q b (tn) | V(S(un)pn = S()g) P< OIS oo L+ [18]oe). (4:23)
o There exists a subsequence (yp,) C (pn) such that
Jim [ on —o1=0, (4.24)

Finally, the condition (R;) and (R2) of the Definition 4.1 are fulfilled. In order
to obtain the condition (R3), using (4.17), (4.22) and (4.24), it is enough to make
k — 400 in the expression

S(tny ) Eng (Uni )V Pny = by (Uny ) [V (S (Ui )ony ) — ©n, VS (Uny,)]-
This completes the proof of theorem 4.2.
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