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On the stabilization of a thermoelastic laminated
beam system with microtemperature effects

Foughali Fouzia and Djellali Fayssal

Abstract. The present article investigates a one dimensional thermoelastic lam-
inated beam with microtemperature effects. Using the energy method we prove
in the case of zero thermal conductivity that the unique dissipation due to the
microtemperatures is strong enough to exponentially stabilize the system if and
only if the wave speeds of the system are equal. Our result is new and improves
previous results in the literature.
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1. Introduction

In this paper, we address the following thermoelastic laminated beams with
microtemperature effects

peie+ G (Y — ¢a), =0,

I, (3s — w)tt —D(3s - "/’)zx —G (Y —¢z) =0,

31,544 — 3Dsz5 + 3G (VY — g) + 4ys — 06 + mw, = 0, (1.1)
Oy + Kiw, + s =0,

QWi — KoWgy + K3w + K10, + msy, = 0,
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for (x,t) € (0,1) x Ry, system (1.1) is complemented with the following boundary
conditions

02(0,1) = (0, 1) = 5(0,) = 0(0, 1) = w,(0,1) = 0, >0,
oo(1,1) = (1,1) = s(1,) = B(1, 1) = we(1,1) = 0, t>0,  (1.2)

and the initial data

90(*%0) = 900(55)7 ¢( ) = %(Uﬁ)a S($>O) = So(fL’), T e (07 1)7
@t($70) = @1('1:)) wt(lﬁ O) ¢1($)a st(x,O) =1 (JJ), YAS (0’ 1)7 (13)
0(x,0) =6o(z),  w(x,0)=wo(x), z € (0,1),

where the functions ¢(x,t) is the transversal displacement of the beam, 1 is the
volume fraction difference, (3s(z,t) — ¢ (z,t)) is the effective rotation angle, 0 is the
relative temperature and w is the microtemperature difference and the coefficients,
p, 1,, D, G, and ~ are positive constant coefficients represent the density, the shear
stiffness, the mass moment of inertia, the flexural rigidity, and the adhesive damping
weight. And the coefficients v, k1, ks, k3, ¢, m and « are positive constants represent
the physical parameters describing the coupling between the various constituents of
the materials.

The initial data (vg, ©1, Yo, U1, S0, S1, 0o, wo) are assumed to belong to a suitable
functional space.

The laminated beam model describes a vibrating structure of an interfacial slip.
It consists of two layered beams of uniform thickness which are attached by an adhe-
sive layer of small thickness in such a way that small amount of slip is possible while
they are continuously in contact with each other. And with the increasing demand
of advanced performance, the vibration suppression of the laminated beams has been
one of the main research topics in smart materials and structures, and these composite
laminates usually have superior structural properties such as adaptability.

The laminated beam problem was first introduced by Hansen and Spies in [14].
In that paper, the authors derived the mathematical model for two-layered beams
with structural damping due to the interfacial slip, namely

Pt + G(w - @a:)w = 07
Ip('?’sf'l/))tt 7D(35*7/})"cx 7G(7/}*90.r) :Oa (14)
31,84 — 3Dszq + 3G (Y — g) + 4ys + das; = 0.

In recent years, researchers have focused on the study of the well-posedness and
asymptotic stability properties of (1.4). With additional dampings on the first two
equations or some sort of boundary damping mechanism, the authors [4, 5, 20, 21,
22, 27, 28, 32] showed that system (1.4) can be stabilized exponentially.

Regarding thermoelastic laminated-beam models, Apalara [2] analyzed a lami-
nated beam system with thermal effect in the slip instead of the frictional damping
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(4asy). More precisely, he studied the following laminated beam system

P + GW - @L)L = 07
Ip(35 =) — D(3s = ¥)za — G(Y — ) =0,
31,81 —3Dsze +3G(Y —wg) +4ys+ 60, =0,
c@t - k9m + 68tz = O7
and he came to the conclusion that an exponential stability result is achievable in the
case of equal wave speeds, that is,
r_1
G D’
We refer the reader to [1, 3, 7, 6, 10, 8, 9, 11, 13, 17, 18, 16, 25, 26, 23, 29] and the
references cited therein for some other results.
In the matter of microtemperature effects, we bring up the study of Djeradi
et al. [12] where they examined the joint of microtemperature, nonlinear structure

damping, along with nonlinear time-varying delay term, and time- varying coefficient
on a thermoelastic laminated beam. They examined the system

por+ G (WY —¢z), =0,

I,(3s =)y —DBs =), — G — ) =0,

31,51t — 3D sy + 3G (¢ — pg) + 4ys + 00, + mw,
+6b()h1(se(z,t)) + pb(t)ha(se(x, t —<(t))) =0,

ey — Kolzy + K1wg + 055 = 0,

QWi — KoWgg + K3w + K10, + msg, = 0,

and established a general decay result in the case of equal wave speeds and particular
assumptions related to nonlinear terms.

The coupled system we’ve described involves several physical phenomena, includ-
ing thermoelasticity, laminated beams, and microtemprature effects. For example, a
laminated beam consists of multiple layers of different materials bonded together,
thermoelasticity refers to the combined behavior of thermal and elastic properties of
the materials, and microtemperature refers to the consideration of temperature vari-
ations at a very small scale, which can influence the overall behavior of the coupled
system.

Taking the above observations into account, we consider the one-dimensional
thermoelastic laminated beam problem with microtemperature effects and without
thermal conductivity (1.1)-(1.3), and we establish that the dissipation due solely to
microtemperature is adequate to stabilize the system exponentially in the case of
equal wave speeds. i,e.

£ _22_y (L.5)

Concerning the stability of some thermoelastic systems with microtemperature effects
and without thermal conductivity, we refer the reader to [15, 24, 31].

In order to be able to use Poincaré’s inequality for ¢ and w, we perform the
following transformation. From the first equation in (1.1) and boundary conditions,
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it follows that

2l
E/o o(z,t)de =0, Vt>0,

and therefore
1 1 1
/ @(m,t)dx:t/ wl(m,t)dx—i—/ oz, t)dz, Vt>0.
0 0 0
Consequently, if we set
1 1
Dz, t) = (x,t) — t/ o1(x)dx 7/ wo(x)dx, t>0,
0 0
we get
1
/ D(x,t)de =0, Vt>0.
0

Now, from the fifth equation of (1.1) and the boundry conditions, we get

d ! ks [
— >
p /0 w(x, t)de + — /0 w(z,t)de =0, Vt>0,

thus

/Olw(;v,t)dx = (/(leo(x)dx) et

so, if we put

w(z,t) = w(,t) — (/01 wo(x)d:c> e Wl >0,

we obtain
1
/ w(x,t)de =0, ¥t > 0.
0

Clearly, the use of Poincaré’s inequality for ¥ and @ is justified, and (g, v, s, 0, )
satisfies the same equations in (1.1)-(1.3). Subsequently, we work with @ and @ instead
of ¢ and w but write ¢, w for simplicity of notation.

For completeness we present a short discussion of the well-posedness and the
semigroup formulation of (1.1)-(1.3). For this purpose, we denote by £ the effective
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rotation angle, that is, £ = 3s — 1. Then, system (1.1)-(1.3) is equivalent to

por+ G (3s — & —pa), =0,

16 — Doy — G(35—&— ) =0,

31,5t — 3Dsz5 + 3G (35 — & — pg) + 4ys — 060 + mw, =0,
el + Kiwg + s =0,

QW — KoWgy + k3w + K10, + msy, = 0,
‘Pm(()’t) = S(Oat) = 5(07t) = Q(O,t) = Wm(ovt) =0,
v (1,t) = &(1,t) = s(1,t) = 6(1,t) = w,(1,t) =0
‘P($>O) = @0(33)’ 5(‘7;’0) = £O($>7 S(l‘,O) = SO(x)7
ei(2,0) = p1(2), se(x,0) = s1(z), &(x,0) =& (@),
0(x,0) = Op(x), w(z,0) = wo(x).

)
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(1.6)

Clearly, by introducing the vector function U = (¢, ¢, £, u, s,v,0, w)T, where ¢ = ¢y,
u=2¢&, and v = s, system (1.6) can be written as

U(0) = Uy = (0, 1, &0, €1, 505 51,00, w0)

{C‘ftU(t) = AU®), t>0,

where A is a differential operator defined by

AU =

¢
—G (35— ¢~ pa),
u
i(ng +G(33—§—%))
—%(/ﬂ?lwz + 51})

L (figwm — Kyw — K10, — mvw)

(03

We consider the following spaces

The energy space

L2(0,1) = {\IJ € L?(0,1) : /1 U(z)de = 0} ,
0
H(0,1) = H'(0,1) N L%(0,1),

*

HZ(0,1) = {¥ € H*(0,1) : ¥,(0) = ¥, (1) =0}.

H = H!0,1) x L2(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L*(0,1)

x L2(0,1) x L2(0,1)

(1.7)



256 Foughali Fouzia and Djellali Fayssal
is a Hilbert space with respect to the inner product
1 1 1 1
(U,U)Hzp/ ¢¢dac—|—lp/ uﬂdx+3lp/ vﬁdm+c/ 00dx
0 0 0 0
1 1 ~
+a/1mwx+G/‘@s—&—@ﬁ(%—ﬁ—@ﬁdw (1.8)
0 0
T 1 1
+ D/ &p&pdr + 47/ ssdxr + 3D/ Sz8qdx,
0 0 0

. -~ . \T
for U = (<p7¢7§,u,s,v,0,w)T eHand U = ((,Z?,(b@,ﬁ,é,ﬁ,@,@) eH.

The domain of A is then
oy - {UEH| e O HN0.1) &5 € B0, 0 H0,1);
¢ € HN0,1); u,v,0 € HH(0,1) '

Using the standard semigroup method (see, for instance [19, 30]), one easily establishes
the following well-posedness result:

Theorem 1.1. Let Uy € H, then there exists a unique solution U € C(RT H) of
problem (1.1)-(1.3). Moreover, if Uy € D(A). Then U € C(RT, D(A)) N CH(RF,H).

This paper is organized as follows. In section 2, we state and prove some technical
lemmas needed in the proof of our main results. In section 3, we show that the system
is exponentially stable under condition (1.5). In what follows, we use ¢; to denote a
generic positive constant.

2. Technical lemmas

This section is devoted to the statements and proofs of some technical lemmas
needed for the proof of our stability result.

Lemma 2.1. Let (¢, 1, s,0,w) be the solution of (1.1)-(1.3), then the energy functional
defined by

1 1
B0 =3 [ [p6+ 1, (ot — 00 + 31,5 + D (35, - )
0 (2.1)
+3Ds2 + 452 + G (¢ — <p3,)2 + cb? + aw? |dx, Yt >0,

satisfies, along a strong solution of (1.1)-(1.3),
1 1
E'(t) = —,%2/ widz — /<53/ widz <0, vt > 0. (2.2)
0 0
Proof. Equation (2.2) follows by multiplying the five equations of system (1.1) by

©t, (3s: — 1), 8¢, 0 and w respectively, integrating by parts over (0,1), boundary con-
ditions (1.2) and summing up. O
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Lemma 2.2. The functional Fy(t) defined by

Fﬁpfif;&(éz(mg lp/ sOdx

1
_'_73/11[9(5/ s*dr,
2me  Jq

satisfies, for any €1,€9,e3 > 0, the estimate

1 1 1
Fl(t) < —I/sfdaH—el/ sidm—&—eg/ (1 — 3)? dz
0 0 0

! 11 1 !
+53/ (92dx+cl<l+++ )/wzdx
0 €1 €2 €3 0

1 1
+a (1 + > / widz.
51 0

257

Proof. By taking the derivative of Fy, using (1.1), integrating by parts and the fact

that fo x)dx = 0, we get,

F=- 22 szwd:cf% (- / w(y)dyde

4
OW/ / @m+—/ / y)dydz
+a/ widx +31 KQ/ Siwepdr — BIp/ td;v
0
2 gl
_ 3 1{3/ / y)dydx — 31”’{1/ Swydz.
me  Jo

Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have, for any

€1,€2,63 >0

3aD [! € ! c !
e Spwdx < —1/ sidw + 2 dem,
m 0 4 0 81 0

3aG
m

w o2) / " () dyde

1 1 T 2
S N (/ w(y)dy) dz
0 €2 Jo 0

1 1
< 52/ (v — @w)2 dx + Cfl/ w?dz,
0 0

4 1
a’y/ / y)dydx < —/ Lt 2de + — / w?dz,
61 0

similarly,

(2.6)

(2.7)

(2.8)
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1
/ / y)dydz < 53/ 0%dr + c—l/ w?dz,
€3 Jo

3Ipl€2
m 0

31 1 1
K?’/ / y)dydx < I / sidx + cl/ widz,
0 0
3[ 2 1 1 1
—ﬁ/ swedr < 6—1/ de + — / widx.
mc 0 2 0 €1 Jo

Estimate (2.4) follows by substituting (2.6)(2.12) into (2.5).

1 1 1
Swedr < Ip/ sfda: + 01/ widx,
0 0

Lemma 2.3. The functional F5(t) defined by

Ryft) = & / 0 (/Ommy)dy) dr,

satisfies, the following estimate

1 1 1 1
Fi(t) < 7%/0 92dx+01/0 sfdz+01/0 w2dx+c1/0 widz.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Proof. Direct computations, using (1.1), integrating by parts and the fact that

fol w(x)dr = 0, yield

1
Fi(t) :—c/ 02dx+a/ 2dm—— st/ y)dydz
C@/ Ow, dr — CKS/ / dydx——/ Osidx.

By virtue of Young’s and Cauchy-Schwarz inequalities, we find

1 1
/ st/ y)dydx < 01/ sfdx + cl/ w2dx,
0 0
c@/ Ow,dr < f/ 0%dx + cl/ idm,
_ CKg c [t !
/ / y)dydx < f/ 0%dx + 01/ widz,
8 Jo 0
1 1 1
—%/ Osidx < E/ 0%dx + cl/ sfd:m
1 Jo 4 0 0

which yields the desired result (2.14), by inserting (2.16)(2.19) into (2.15).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Lemma 2.4. The functional F5(t) defined by

Dp [! !
Fg(t) = *?p/ Sﬁthdx+Ip/ St (@bfsﬁr)dm
0 0

satisfies, for any e4 > 0, the estimate

1 1
BO<-5 [ G-pdore [ Gs-v)ds

1 1 1 1
+c (1 + ) / sfdac + / s2dz + ¢ 0%dx
€4 0 0 0
1 1
+ c1/ widaz + Dx/ Pz Sedr.
0 0

Proof. Differentiating F3, using (1.1) and intgrating by parts, we obtain

A0 —G/sotstgcd:c G/ (6~ pu) do — 21 /Olsw—%)dx

S 1

1 1
+ Ip/ serdr — Ip/ Stptzdr.
0 0

Using the simple equality ¥y = — (3s; — ;) + 3s¢, we arrive at

1 1 1
R - [ (¢—%)2dz—§7/ sw—%)dw%/o stda

/ew Px) f/wxw )

pr/ st (3sp — y) d:v+Dx/ Pz Sed.
0 0

Applying Young’s and Poincaré’s inequalities, for 4 > 0, we get

4 1 G 1 1
**7/ sw—md:cs—/ (w—soxfdwcl/ 2,
3 0 8 0 0

5 [t a rt 1
*/ 0 (Y — @) dr < */ (1 — z) dx + cl/ 0%dx,
3 0 8 0 0

1 1
I - ) da < g/ (6= ) ds + o1 [ W
0 0

1

1 1
—Ip/ st (3s¢ — ) da < 54/ (38 — wt)z dx + a sida.
0 0

54 0
By substituting (2.23)-(2.26) into (2.22), we obtain (2.21).
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(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Lemma 2.5. The functional Fy(t) defined by
Do [t 1
Filt) = =02 [ B —va)do+ 1, [ 0-pa) G- wds, (220)
0 0
satisfies, the estimate
It 1
)<= % [ G-t G [ (w-po)do
0 0 (2.28)

1 1
+c / S?diﬂ + DX/ (35t — 'Q/Jt) Qota:dx
0 0

Proof. Direct differentiation of Fy, using (1.1) and then integrating by parts, gives

D 1 1
Fi) == [ o5~ v oG [ (0ot

1 1
+ Ip/o (38t — 1bt) Yedx — Ip/o (3¢ — V¢) prade.

By using the equality ¥y = — (3s; — ¢;) + 3s;, we obtain
1

1
Fi(t) :—Ip/o (SSt—wt)2dx+31p/ st (3sy — ) da

0

1 1
+G/ (% — ¢z)” deer/ (3st — Yt) proda.
0 0
Estimate (2.28) follows thanks Youngs inequality. O

Lemma 2.6. The functional F5(t) defined by

Fs(t) = —p /01 (/Om gpt(y)dy> sdz + 1, /01 sesdz, (2.29)

satisfies, for 5 > 0, the estimate
D ! 1 1 1
Fi(t) < — —/ sidx —fy/ szdx+s5/ @fdm—i—cl/ 0*dx
2 Jo 0 0 0

1 1 1
+ca / widr + ¢ (1 + > / s2da.
0 €/ Jo

Proof. The derivative of F5, using (1.1), integration by parts and the boundary con-
ditions, give

1 1 1 1
4 4]
Fi(t) = _D/o sﬁdx—gv/o 52dm+§/0 93dx—%/0 Wy sdx
1 1

+fp/ S?dfc—p/ St (/ wt(y)dy) dx.
0 0 0

By using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, for €5 > 0, we have

1 1 1
é/ Osdx < 1/ sidx + cl/ 02dz, (2.32)
3 Jo 3 Jo 0

(2.30)

(2.31)
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1 1 1

D

_m wxsdxg—/ sidw—l—cl/wdﬂc
3 Jo 2 Jo

1 x
—P/ St (/ @t(y)dy> dr < 55/ tdr + */ sidz.
0 0 0

Relation (2.30) follows by substituting (2.32)-(2.34) into (2.31).
Lemma 2.7. The functional Fg defined by

1
Fs(t) = —P/ prpde,
0

<—p/01 dx+—/ (35, — 102)" d

+01/Ols d:rJrcl/ (v — <pz) dx.

satisfies, the estimate

261

(2.33)

(2.34)

(2.35)

(2.36)

Proof. Direct differentiation of Fg, using (1.1) and then integrating by parts, gives

1 1
= fG/ 0z (Y — ) dx — / gafdx.
0 0

Using the simple relation ¢, = — (¢ — ;) — (35 — ) + 3s, we get
1 1
=G/ w—soz)zdﬁG/ (¢ — px) (35 — ) dr
0 0

1 1
36 [ w-pa)sdo—p [ i,
0 0

Using Young’s and Poincaré’s inequalities, lead to the desired estimation.

Lemma 2.8. The functional F; defined by

) =1, /O (35 — ) (350 — vy) da

satisfies, the estimate

D 1 1
RO <=5 [ Gu-v)dtd, [ Gn-v’d
1
+a /0 (1 — g )? d.

(2.37)

(2.38)

Proof. A simple differentiation of Fr, using (1.1) together with integration by parts,

yield

1 1
F) :19/ (350 — )% dar — D/O (35, — 1) da

0

+G/O (6 — pa) (3s — ) da
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The use of Young’s and Poincaré’s inequalities lead to (2.38). O

3. Stability result

In this section, we prove under the condition of equal wave-speed propagation
(1.5) that the energy associated with (1.1)(1.3) is exponentially stable. To achieve
this goal, we define a Lyapunov functional £ and show that it is equivalent to the
energy functional E.

Lemma 3.1. Let (p,, s,0,w) be the solution of (1.1)-(1.3) and assume x = 0. Then,
for N, N1, Ny, N3, Ny, N5 > 0 to be chosen appropriately later, the functional defined

by
L(t) = NE(t) + N1 Fy(t) + NaFy(t) + N3Fs(t) + Ny Fy(t)

4 NoF(0) + Fo(t) + (), oy
satisfies, for N sufficiently large,
1 E(t) < L(t) < 1 E(t), vt > 0, (3.2)
and the estimate
L'(t) < —m3E(t), (3.3)

where T1, Ty and T3 are positive constants.

Proof. From (3.1) and the Lemmas in Section 2, it follows that

s [ wlo)dy
0
+3LI”5N1/ $2de + & Nz/ ‘/ dy‘dx

+*N3/ ’@tsx dx + 1 N3/ ‘St ) — ) |d

Dp
+EN4/ ‘@t (SSw_wz> dx
0

£(t) - NE(1)| < 30;1[” N /0 do +

1
+IpN4/0 ‘(ZZJ*S%) (3¢ — ) |dx

+ pNjx /1 ‘s/m @t(y)dy‘daz—k I,Ns /1 ‘sts‘da:
0 0 0

+p/01 wtcp‘dx—l—lp/ol’(?)st—wt) (33—¢)‘dm.
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Exploiting Young’s, Cauchy-Schwarz and Poincaré’s inequalities, we get
1
Lt) = NE(t)] < / {wf + (35t — )® + 57 + (350 — )’
0
+ 2452+ (U —a) + 02 + w?|da.
Consequently, we have
£(t) - NE(®)| < alE(),
that is,
(N—c1)E(t) <L(t) < (N +ec1)E(2).

By choosing N large enough, (3.2) follows. Next, to prove (3.3), we take the derivative
of L(t), use (2.2), (2.4), (2.14), (2.21), (2.28), (2.30), (2.36), (2.38), and set

DN5 GN3 o CN2 oy — [PN4 14
4N, YT 4N;

55:m.

51:TM7 Ezzm, €3 =

So, we arrive at

p ! I ! 2 D [ 2
L'(t) < — */ pidr — [ZN4 - Ip} / (35t — )" dow — Z/ (355 — ¥z)" da
0 0 0

N. 1
_ |:IpN1 — 1Ny — 1 N3 (1+]\;’> —c1 Ny — 1 N5 (1—|—N5):| / S?dﬂ?
4 0

1 D 1
_ [GNP, — GNy — cl} / (Y — <p$)2 dx — [N5 — cl} / sida:
4 0 4 0
1 c 1
— [’}/N5 — ClNg]/ SQdZ‘ — |:*N2 — ClNg - C1N5} / 02da:
0 4 0

N 1
— |:NI<32 —c Ny (1 + 1) —c1Noy — c1 N3 — 01N5} / widw
N5 0

N, N Ny /1 2
— |Nkg—ciN1 |14+ —+ —+— ] —a]V- dx.
[Kia C11<+N5+N3+N2 01200-256
At this point, we choose the constants carefully. First, let us take Ny > 4. We then
choose N3 large enough such that
G
ZNB - GN4 —Cc1 > 0.
After that, we select N5 large enough so that
D
YN5 —c1N3 > 0 and ZN5 —c; > 0.
Next, we choose N5 large enough such that

ENQ — ClNg — 61N5 > 0.
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Then, we pick N; so large that
Ny

Finallay, we choose N very large enough (even larger so that (3.2) remains valid) such
that

N.
I,N; — ¢, Ny — ¢, N3 <1 + 3) — 1Ny — 1 N5 (14 N5) > 0.

N
Nko — c1 N1 <1 + 1) — 1Ny — 1 N3 — c1 N5 > 0,

Ns
and
Ny N1 Ny
Nk —ciNy [1+ — + — — c1 N 0.
K3 — C1 1(+N5+N3+N2> C1Ng >

Therefore, we arrive at

1
L'(t) < -1 / [sa? + (35t — ) + 87+ (354 — ¥)°
0

+si+s2+(¢gom)2+92+w§+w2}dx, 75 > 0.
We finally use Poincaré’s inequality to substitute — fol w2dz by — fol w?dx and, hence,
(3.3) is established. O

We are now ready to state and prove the following exponential stability result.

Theorem 3.2. Let (p,1),s,0,w) be the solution of (1.1)-(1.3) and assume (1.5). Then,
there exist two positive constants A1, Ay such that the energy functional satisfies

B(t) < e ™ vt>0. (3.4)
Proof. The combination of (3.2) and (3.3) gives
L'(t) < =XaL(t), t>0, (3.5)

where Ay = 2. A simple integration of (3.5) over (0,¢) yields
L(t) < L0y e 2t t>0.

which yields the desired result (3.4) by using the other side of the equivalence relation
(3.2) again. O
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