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On a unification of Mittag-Leffler function
and Wright function

Meera H. Chudasama

Abstract. We introduce here a function that unifies Mittag-Leffler function and
Wright function which is referred to here as an UMLW-function. This function
turns out to be a solution of an infinite order differential equation. With the aid
of this UMLW-function, an integral operator is constructed and shown that it
is bounded in Lebesgue measurable space. Further an eigen function property is
established for a particular UMLW-function with the help of hyper-Bessel opera-
tor and Caputo fractional derivative operator. Some well known functions occur
in the illustrations of these properties. At the end, the graphs of this UMLW-
function are plotted by suitably specializing the parameters and also compared
with the graph of exponential as well as Mittag-Leffler function.
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1. Introduction and main results

Gosta Mittag-Leffler [15], introduced the function given by

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)
,

where z is a complex variable and α ∈ C with Re(α) > 0, which reduces to ez when
α = 1.
After some decades, its importance was realized due to its occurrence in many prob-
lems of Physics, Chemistry, Biology, and Engineering as a solution of fractional order
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differential or integral equations. During the course of time, this function was gen-
eralized and studied by many researchers among them Wiman [22], Prabhakar [16],
Kiryakova [11], Shukla and Prajapati [19], Srivastava and Tomovski [21], Garra and
Polito [10] are worth mentioning.
With the aid of L-exponential function

ek(z) =

∞∑
n=0

zn

(n!)k+1
=

∞∑
n=0

zn

Γk+1(n+ 1)
(1.1)

(of order k) due to Ricci and Tavkhelidze [18], Garra and Polito [10] defined and
studied a generalization of (1.1) in the form:

Eα;ν,γ(x) =

∞∑
n=0

xn

Γα+1(νn+ γ)
, (1.2)

wherein x ∈ R, α > −1, ν > 0, and γ ∈ R, which they called α−Mittag-Leffler
function. Noticing the rapid convergence of the series due to Sikkema [20]

∞∑
n=1

zn

n!n
=

∞∑
n=1

zn

Γn(n+ 1)
, (1.3)

we propose a more general series structure which would also encompass another func-
tion, namely the Wright function [12]

Wλ,µ(z) =

∞∑
n=0

zn

Γ(λn+ µ)n!
, λ > −1, µ ∈ C. (1.4)

This was introduced and investigated by the eminent British mathematician E. Mait-
land Wright (in a series of notes starting from 1933) in the framework of the asymp-
totic theory of partitions [12].
Aiming at the unification of the series given by (1.2), (1.3) and (1.4), we introduce
the function defined by the power series as follows.

Definition 1.1. For Re(αδ) ≥ 0, Re(βδ + σγ − δ
2 − r + 1) > 0, α, σ 6= 0, and µ, z ∈ C,

Eσ,ν,γα,β,δ(µ, r; z) =

∞∑
n=0

(µ)rn
Γδn(αn+ β) Γγ(σn+ ν)

zn

n!
, (1.5)

where (µ)rn = Γ(µ+rn)
Γ(µ) is generalized Pochhammer symbol.

We shall henceforth referred to this function as UMLW-function.

Remark 1.2. Chudasama M. H. and Dave B. I. studied `-Hypergeometric function,
its particular cases and their q-analogues in [4, 3, 7, 5, 6, 2]. In context of the study

of these, when r, σ, γ, α ∈ N ∪ {0} with z∗ = rr z
σσ
γ
αα Γδ(β)

, we have

Eσ,ν,γα,β,δ(µ, r; z) =
1

Γγ(ν)

× rH
α
σγ

[
µ
r ,

µ+1
r , . . . , µ+r−1

r ; z∗(
ν
σ

)γ
,
(
ν+1
σ

)γ
, . . . ,

(
ν+σ−1
σ

)γ
;
(
β
α ,

β+1
α , . . . , β+α−1

α : δ
)

;

]
.
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The particular cases of (1.5) are worth mentioning; all of them are corresponding
to the common choice δ = 0. The substitutions for the other parameters involved are
indicated in each special case below.

1. Exponential function : (γ = µ = r = ν = σ = 1)

ez =

∞∑
n=0

zn

Γ(n+ 1)
= E1,1,1

0 (1, 1; z).

2. Mittag-Leffler function [15] : (γ = µ = r = ν = 1)

Eσ(z) =

∞∑
n=0

zn

Γ(σn+ 1)
= Eσ,1,10 (1, 1; z).

3. Wiman function [22] : (γ = µ = r = 1)

Eσ,ν(z) =

∞∑
n=0

zn

Γ(σn+ ν)
= Eσ,ν,10 (1, 1; z).

4. Wright function [12] : (r = 0, γ = 1, σ 6= 0, ν arbitrary)

Wσ,ν(z) =

∞∑
n=0

zn

Γ(σn+ ν)n!
= Eσ,ν,10 (µ, 0; z).

5. Prabhakar’s function [16] : (r = γ = 1)

Eµσ,ν(z) =

∞∑
n=0

(µ)n z
n

Γ(σn+ ν)n!
= Eσ,ν,10 (µ, 1; z).

6. Cosine function : (γ = ν = µ = r = 1, σ = 2, z is replaced by −z2)

cos(
√
z) =

∞∑
n=0

(−1)nzn

Γ(2n+ 1)
= E2,1,1

0 (1, 1;−z).

7. Bessel Maitland function [14] : (γ = 1, r = 0, ν is replaced by ν+1, z is replaced
by −z)

Jµν (z) =

∞∑
n=0

(−z)n

Γ(σn+ ν + 1) n!
= Eσ,ν+1,1

0 (µ, 0;−z).

8. Mainardi’s functions [12] : (γ = 1, r = 0, σ is replaced by −σ with 0 < σ < 1)
(ν = 0 in Fσ(z)) (ν = 1− σ in Mσ(z))

Fσ(z) =

∞∑
n=1

(−z)n

Γ(−σn)n!
= E−σ,0,10 (µ, 0; z);

Mσ(z) =

∞∑
n=0

(−z)n

Γ(−σn+ 1− σ)n!
= E−σ,1−σ,10 (µ, 0; z).
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9. Kiryakova’s function [11] : (µ = r = 1, γ = m ∈ N, in (1.5); and putting
µ1 = · · · = µm = ν, 1

ρ1
= · · · = 1

ρm
= σ in [11, Eq.(13)])

Eσ,ν(z) =

∞∑
n=0

zn

Γm(σn+ ν)
= Eσ,ν,m0 (1, 1; z).

10. Garra and Polito’s function [10] : (µ = r = 1, z = x, ν = γ, γ = α+ 1, σ = ν)

Eα;ν,γ(x) =

∞∑
n=0

xn

Γα+1(νn+ γ)
= Eν,γ,α+1

0 (1, 1;x).

11. Shukla and Prajapati’s function [19] : (γ = 1, r ∈ N ∪ (0, 1))

Eµ,rσ,ν (z) =

∞∑
n=0

(µ)rn z
n

Γ(σn+ ν) n!
= Eσ,ν,10 (µ, r; z).

12. Srivastava and Tomovski’s function [21] : (γ = 1, Re(r) > 0)

Eµ,rσ,ν (z) =

∞∑
n=0

(µ)rn z
n

Γ(σn+ ν) n!
= Eσ,ν,10 (µ, r; z).

Now as a main results, the domain of convergence, differential equation and the
integral operator of the UMLW-function are discussed.

Theorem 1.3. For Re(αδ) ≥ 0, Re(βδ + σγ − δ
2 − r + 1) > 0, and α, σ 6= 0, the

UMLW-function (1.5) is an entire function.

Proof. We have

Eσ,ν,γα,β,δ(µ, r; z) =

∞∑
n=0

(µ)rn
Γδn(αn+ β)Γγ(σn+ ν)

zn

n!
=

∞∑
n=0

ϕnz
n (say). (1.6)

Using Cauchy-Hadamard formula:

1

R
= lim
n→∞

sup n
√
|ϕn| = lim

n→∞
sup

∣∣∣∣ (µ)rn

Γδn(αn + β)Γγ(σn + ν) n!

∣∣∣∣ 1n ,
and then applying Stirlng’s asymptotic Formula [9]

Γ(an+ b) ∼
√

2π e−(an+b) (an+ b)an+b− 1
2 (1.7)

for large n and for a = r, α, σ and b = µ, β, ν respectively we have

1

R
= lim

n→∞
sup

∣∣∣∣ Γ(µ+ rn)

Γ(µ) Γδn(αn+ β) Γγ(σn+ ν) Γ(n+ 1)

∣∣∣∣ 1n (1.8)

∼ lim
n→∞

sup

{∣∣∣∣∣
√

2π e−(µ+rn)(µ+ rn)µ+rn− 1
2

√
2π e−(µ)(µ)µ−

1
2

∣∣∣∣∣
1
n

×
∣∣∣∣ 1√

2π e−(αn+β)(αn+ β)αn+β− 1
2

∣∣∣∣δ
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×
∣∣∣∣ 1√

2π e−(σn+ν)(σn+ ν)σn+ν− 1
2

∣∣∣∣
γ
n
∣∣∣∣ 1√

2π e−(n+1)(n+ 1)n+1− 1
2

∣∣∣∣ 1n
}

= lim
n→∞

sup

{
|e−r|

∣∣∣∣∣∣ (rn)r+
µ
n−

1
2n

(
1 + µ

rn

) µ
n−

1
2n
(
1 + µ

rn

)r
µ
µ
n−

1
2n

∣∣∣∣∣∣
×
∣∣∣∣ eβδ

(
√

2π)δ

∣∣∣∣
∣∣∣∣∣∣∣

eαδn

(αn)δ(αn+β− 1
2 )
(

1 + β
αn

)αδn (
1 + β

αn

)βδ− δ2
∣∣∣∣∣∣∣

×|eσγ |

∣∣∣∣∣ e
γν
n

(
√

2π)
γ
n (σn)σγ+ γν

n −
γ
2n

(
1 + ν

σn

)σγ+ γν
n −

γ
2n

∣∣∣∣∣
×

∣∣∣∣∣∣ e1+ 1
n

(
√

2π)
1
nn1+ 1

n−
1
2n

(
1 + 1

n

)1− 1
n

∣∣∣∣∣∣
}

=

∣∣∣∣∣ eβδ+σγ−r+1 rr

(
√

2π)δσσγαβδ−
δ
2

∣∣∣∣∣ lim
n→∞

sup

{∣∣∣∣∣∣n
rr

µ
n−

1
2n (n

1
n )µ−

1
2

(
1 + µ

rn

) µ
n−

1
2n
(
1 + µ

rn

)r
µ
µ
n−

1
2n

∣∣∣∣∣∣
×

∣∣∣∣∣
(
e
α

)
n

∣∣∣∣∣
αδn

∣∣∣∣∣∣∣
1

nβδ−
δ
2

(
1 + β

αn

)αδn (
1 + β

αn

)βδ− δ2
∣∣∣∣∣∣∣

×
∣∣∣∣ e

γν
n

(
√

2π)
γ
nσ

γν
n −

γ
2n nσγ (n

1
n )γν−

γ
2n

∣∣∣∣
×

∣∣∣∣∣ 1(
1 + ν

σn

)σγ (
1 + ν

σn

)σγ
n −

γ
n

∣∣∣∣∣
∣∣∣∣∣∣ e

1
n

(
1 + 1

n

) 1
n−1

(
√

2π)
1
n n(n

1
n )

1
2

∣∣∣∣∣∣
}

(1.9)

=

∣∣∣∣∣ eβδ+σγ−r+1rr

(
√

2π)δσσγαβδ−
δ
2

∣∣∣∣∣
∣∣∣∣ 1

eβδ+1

∣∣∣∣ lim
n→∞


∣∣∣∣∣
(
e
α

)
n

∣∣∣∣∣
αδn ∣∣∣∣ 1

nβδ+σγ−
δ
2−r+1

∣∣∣∣


= 0,

provided that Re(αδ) ≥ 0, Re(βδ + γσ − δ
2 − r + 1) > 0, and α, σ 6= 0.

Thus, R =∞. �

Remark 1.4.

1. We stick to the conditions proved in Theorem 1.3 throughout the article unless
it is specified.

2. The series
∑
ϕnz

n thus, converges uniformly in any compact subset of C.

Next, to obtain the differential equation we define an operator as follows.
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Definition 1.5. Let f(z) =
∞∑
n=1

anz
n, 0 6= z ∈ C, p ∈ N ∪ {0} and α ∈ C with

Re(α) > 0. Define [4, 7]

p∆
θ
α(f(z)) =


∞∑
n=1

an(α)pn−1(θ + α− 1)pnzn, phif p ∈ N

f(z), phif p = 0
, (1.10)

where θ = z d
dz and (θ + c)n = (θ + c)(θ + c) . . . (θ + c)︸ ︷︷ ︸

n times

, c is a constant.

Using this operator, we have now obtained the differential equation of the
UMLW-function in the following theorem.

Theorem 1.6. If α = 1, γ ∈ N ∪ {0}, σ, r, δ ∈ N and β 6= 0,−1,−2, . . . then

w = Eσ,ν,γ1,β,δ(µ, r; z) =

∞∑
n=0

(µ)rn
Γδn(n+ β)Γγ(σn+ ν)

zn

n!

satisfies the differential equation :
[{

δ∆
θ
β

}(σ−1∏
i=0

(
θ +

ν + i

σ
− 1

)γ)
θ

]
− z∗

r−1∏
j=0

[
θ +

µ+ j

r

]w = 0, (1.11)

where z∗ = rr z
σσ
γ

Γδ(β)
.

In order to prove this theorem, we first prove the following lemma which allows us to
actually apply the operator δ∆

θ
β onto the operand w.

For the sake of brevity, we put{
δ∆

θ
β

} σ−1∏
i=0

(
θ +

ν + i

σ
− 1

)γ
θ = β,δΘσ,ν,γ .

In this notation, we have

Lemma 1.7. If α = 1, γ ∈ N ∪ {0}, σ, r, δ ∈ N and β 6= 0,−1,−2, . . . with

w = Eσ,ν,γ1,β,δ(µ, r; z) =

∞∑
n=0

(µ)rn
Γδn(n+ β)Γγ(σn+ ν)

zn

n!

and

β,δΘσ,ν,γ(w) =

∞∑
n=0

fn(µ, r, β, δ, σ, ν, γ; z) (say),

then the operator β,δΘσ,ν,γ is applicable to w provided that the series

∞∑
n=0

ϕn fn(µ, r, β, δ, σ, ν, γ; z)

converges (cf. [20, Definition 11, p.20]).
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Proof. We first write

1

Γγ(σn+ ν)
=

1

Γγ(ν)

Γγ(ν)

Γγ(σn+ ν)
=

1

Γγ(ν)

[
1

(ν)σn

]γ
,

then applying the formula [17, Lemma 6, p. 22]

(a)kn = kkn
(a
k

)
n
. . .

(
a+ k − 1

k

)
n

,

for a = µ, ν and k = r, σ respectively, we have

w =

∞∑
n=0

(µ)rn z
n

Γδn(n+ β)Γγ(σn+ ν) n!

Γδn(β)

Γδn(β)

=

∞∑
n=0

(µ)rn
(β)δnn Γγ(σn+ ν) n!

zn

Γδn(β)

=
1

Γγ(ν)

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n
n!

rrn zn

Γδn(β)σσγn(β)δnn
. (1.12)

Now take
rr z

σσγ Γδ(β)
= z∗,

then

w =
1

Γγ(ν)

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn n!

.

Now consider

β,δΘσ,ν,γ(w)

=
1

Γγ(ν)

{[{
δ∆

θ
β

}(σ−1∏
i=0

(
θ +

ν + i

σ
− 1

)γ)]

×
∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn (n− 1)!

}

=
1

Γγ(ν)

{{
δ∆

θ
β

}(
θ +

ν − σ
σ

)γ (
θ +

ν − σ + 1

σ

)γ
. . .

(
θ +

ν − 1

σ

)γ}
×
∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn (n− 1)!

=
1

Γγ(ν)

{{
δ∆

θ
β

}(
θ +

ν − σ
σ

)γ (
θ +

ν − σ + 1

σ

)γ
. . .

(
θ +

ν − 2

σ

)γ}
×
∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn (n− 1)!

[
n+

ν − 1

σ

]γ
=

1

Γγ(ν)

{{
δ∆

θ
β

}(
θ +

ν − σ
σ

)γ (
θ +

ν − σ + 1

σ

)γ
. . .

(
θ +

ν − 2

σ

)γ}
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×
∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn (n− 1)!

[
ν + σn− 1

σ

]γ
.

Continuing in this manner, we finally arrive at

β,δΘσ,ν,γ(w)

=
1

Γγ(ν)

{
δ∆

θ
β

}{ ∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn ((n− 1)!

}

×
(
ν + σn− 1

σ

)γ (
ν + σn− 2

σ

)γ
. . .

(
ν + σn− σ

σ

)γ
=

1

Γγ(ν)

{
δ∆

θ
β

}{ ∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n−1

. . .
(
ν+σ−1
σ

)γ
n−1

zn∗
(β)δnn (n− 1)!

}

=
1

Γγ(ν)

∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n−1

. . .
(
ν+σ−1
σ

)γ
n−1

(β)δn−1 (θ + β − 1)δn zn∗
(β)δnn (n− 1)!

. (1.13)

Now, observe that for θ = z d
dz ,

(θ + β − 1) zn∗ = (θ + β − 1)

(
rr z

σσγ Γδ(β)

)n
=

(
rr

σσγ Γδ(β)

)n
(θ + β − 1)zn

=

(
rr

σσγ Γδ(β)

)n
(z nzn−1 + βzn − zn)

=

(
rr

σσγ Γδ(β)

)n
(n+ β − 1) zn

= (n+ β − 1) zn∗ .

Similarly (θ + β − 1)2 zn∗ = (n + β − 1)2 zn∗ and in general, for δ, n ∈ N ∪ {0}, (θ +
β − 1)δn zn∗ = (n+ β − 1)δn zn∗ . Using this in (1.13), we have

β,δΘσ,ν,γ(w) =
1

Γγ(ν)

∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n−1

. . .
(
ν+σ−1
σ

)γ
n−1

(β)δn−1(n+ β − 1)δn zn∗
(β)δnn (n− 1)!

=
1

Γγ(ν)

∞∑
n=1

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n−1

. . .
(
ν+σ−1
σ

)γ
n−1

zn∗
(β)δn−δn−1 (n− 1)!

=
z∗

Γγ(ν)

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

(µ+ rn)r
rr

zn∗
(β)δnn n!

(1.14)

=

∞∑
n=0

fn(µ, r, β, δ, σ, ν, γ; z) (say).
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To complete the proof of lemma, it remains to show that

∞∑
n=0

ϕn fn(µ, r, β, δ, σ, ν, γ; z) =

∞∑
n=0

(µ)2
rn (µ+ rn)r

Γ2δn(n+ β) Γ2γ(σn+ ν)

zn+1
∗

(n!)2

is convergent.
For that take

ξn =
(µ)2

rn (µ+ rn)r
Γ2δn(n+ β) Γ2γ(σn+ ν) (n!)2

.

Using Cauchy Hadamard formula:

1

R
= lim
n→∞

sup n
√
|ξn| = lim

n→∞
sup

∣∣∣∣ (µ)2
rn (µ+ rn)r

Γ2δn(n + β) Γ2γ(σn + ν) (n!)2

∣∣∣∣ 1n ,
and then applying Stirlng’s asymptotic formula (1.7), we have

1

R
= lim

n→∞
sup

∣∣∣∣ Γ2(µ+ rn) Γ(µ+ rn + r)

Γ2(µ) Γ(r) Γ2δn(n + β) Γ2γ(σn + ν) Γ2(n + 1)

∣∣∣∣ 1n
= lim

n→∞
sup

∣∣∣∣∣ Γ(µ+ rn) Γ
1
2 (µ+ rn + r)

Γ(µ) Γ
1
2 (r) Γδn(n + β) Γγ(σn + ν) Γ(n + 1)

∣∣∣∣∣
2
n

.

Proceeding in the similar manner from (1.8) to (1.9), we get

1

R
∼

∣∣∣∣ e2(βδ+σγ−r+1)r2r

Γ2(µ)(
√

2π)2δσ2σγ

∣∣∣∣ ∣∣∣∣ 1

e2βδ+2

∣∣∣∣ lim
n→∞

∣∣∣ e
n

∣∣∣2δn ∣∣∣∣ 1

n2(βδ+σγ− δ2−r+1)

∣∣∣∣
= 0,

provided that Re(βδ + γσ − δ
2 − r + 1) > 0, and α, σ 6= 0.

This completes the proof of Lemma. �

Proof. (of Theorem 1.6) From (1.14), we have

β,δΘσ,ν,γ(w) =
z∗

Γγ(ν)

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

(µ+ rn)r
rr

zn∗
(β)δnn n!

. (1.15)

On the other hand,

z∗


r−1∏
j=0

[
θ +

µ+ j

r

]w

=
z∗

Γγ(ν)

(
θ +

µ

r

)
. . .

(
θ +

µ+ r − 2

r

) ∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

(β)δnn n!

×
(
θ +

µ+ r − 1

r

)
zn∗

=
z∗

Γγ(ν)

(
θ +

µ

r

)
. . .

(
θ +

µ+ r − 2

r

)
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×
∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn n!

(
µ+ rn+ r − 1

r

)

=
z∗

Γγ(ν)

(
θ +

µ

r

)
. . .

(
θ +

µ+ r − 3

r

) ∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−2
σ

)γ
n

(β)δnn n!

×
(
µ+ rn+ r − 1

r

)(
θ +

µ+ r − 2

r

)
zn∗

=
z∗

Γγ(ν)

(
θ +

µ

r

)
. . .

(
θ +

µ+ r − 3

r

)
×
∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn n!

(
µ+ rn+ r − 1

r

)(
µ+ rn+ r − 2

r

)
.

Proceeding in this way, we finally arrive at

z∗


r−1∏
j=0

[
θ +

µ+ j

r

]w

=
z∗

Γγ(ν) rr

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

zn∗
(β)δnn n!

×(µ+ rn+ r − 1)(µ+ rn+ r − 2) . . . (µ+ rn+ 1)(µ+ rn)

=
z∗

Γγ(ν)

∞∑
n=0

(
µ
r

)
n
. . .
(
µ+r−1

r

)
n(

ν
σ

)γ
n
. . .
(
ν+σ−1
σ

)γ
n

(µ+ rn)r
rr

zn∗
(β)δnn n!

. (1.16)

The differential equation (1.11) now follows from (1.15) and (1.16). �

We next define an integral operator of Eσ,ν,γα,β,δ(µ, r;x) as follows.

Definition 1.8. For Re(ν) > 0,

Ia+ϕ(x) =

x∫
a

(x− y)ν−1Eσ,ν,γα,β,δ(µ, r;λ(x− y)σ)ϕ(y)dy. (1.17)

For this operator, we prove

Theorem 1.9. The operator Ia+ defined in (1.17) is bounded in L(a, b), the space of
all Lebesgue measurable functions on finite interval (a, b) and

‖ Ia+ ϕ ‖1 ≤ M ‖ ϕ ‖1,

where

M =

∞∑
n=0

|(µ)rn| |λ|n (b− a)Re(ν)+Re(σ)n

|Γδn(αn+ β)| |Γγ(σn+ ν)| n! (Re(ν) +Re(σ)n)
.

We need the following lemma for proving this theorem.
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Lemma 1.10. The series

∞∑
n=0

un =

∞∑
n=0

|(µ)rn| |λ|n (b− a)Re(ν)+Re(σ)n

|Γδn(αn+ β)| |Γγ(σn+ ν)| n! (Re(ν) +Re(σ)n)

converges absolutely under the convergence conditions as stated in Theorem 1.3.

The proof runs almost parallel to that of Theorem 1.3. Hence we omit the proof.

Proof. (of Theorem 1.9)
From the definition of integral operator (1.17), we have

‖ Ia+ϕ ‖1 =

b∫
a

∣∣∣∣∣∣
x∫
a

(x− y)ν−1Eσ,ν,γα,β,δ(µ, r;λ(x− y)σ)ϕ(y)dy

∣∣∣∣∣∣ dx
≤

b∫
a

x∫
a

(x− y)Re(ν)−1
∣∣∣Eσ,ν,γα,β,δ(µ, r;λ(x− y)σ)

∣∣∣ |ϕ(y)| dy dx.

Changing the order of integration, gives

‖ Ia+ϕ ‖1 ≤
b∫
a

b∫
y

(x− y)Re(ν)−1
∣∣∣Eσ,ν,γα,β,δ(µ, r;λ(x− y)σ)

∣∣∣ dx |ϕ(y)| dy.

Now taking x− y = u, we get

‖ Ia+ϕ ‖1 ≤
b∫
a

b−y∫
0

uRe(ν)−1
∣∣∣Eσ,ν,γα,β,δ(µ, r;λu

σ)
∣∣∣ du |ϕ(y)| dy

≤
b∫
a

 b−a∫
0

uRe(ν)−1
∣∣∣Eσ,ν,γα,β,δ(µ, r;λu

σ)
∣∣∣ du

 |ϕ(y)| dy.

Using the Definition 1.1 of Eσ,ν,γα,β,δ(µ, r;x), we obtain

‖ Ia+ϕ ‖1 ≤
∞∑
n=0

|(µ)rn| |λ|n

|Γδn(αn+ β)| |Γγ(σn+ ν)| n!

×
b−a∫
0

uRe(ν)+Re(σ)n−1du

b∫
a

|ϕ(y)| dy

=

∞∑
n=0

|(µ)rn| |λ|n (b− a)Re(ν)+Re(σ)n

|Γδn(αn+ β)| |Γγ(σn+ ν)| n! (Re(ν) +Re(σ)n)
‖ ϕ ‖1 .

The series on the r.h.s. is of real constants which converges absolutely by Lemma 1.10.
Hence denoting its sum by M , the theorem follows. �
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2. Other results

In this section, we derive some results involving certain fractional order deriva-
tives and obtain the eigen function property of the UMLW-function. At last, some
special cases and graphs of the UMLW-function are compared.

Definition 2.1. The Riemann-Liouville fractional integral (RL-integral) operator of
order α ∈ C,<(α) > 0 is defined as [13]

Iαa f(x) =
1

Γ(α)

x∫
a

(x− t)α−1f(t) dt, x > a. (2.1)

Definition 2.2. The Riemann-Liouville fractional derivative (RL-derivative) of order
α ∈ C,m− 1 < Re(α) ≤ m,m ∈ N is defined as [13]

Dα
a f(x) = Dm

a I
m−α
a f(x) =

1

Γ(m− α)
Dm


x∫
a

(x− t)m−α−1f(t) dt

 , x > a, (2.2)

where Dm = dm

dxm .

Definition 2.3. The Caputo derivative of order α ∈ C,m− 1 < Re(α) ≤ m,m ∈ N is
[13]

cD
α
a f(x) = Im−αa Dm

a f(x) =
1

Γ(m− α)

x∫
a

Dm(f(t))(x− t)α−1 dt, x > a, (2.3)

where Dm = dm

dxm .

Then following hold true.

(1) Iαa (x− a)β =
Γ(β + 1)

Γ(α+ β + 1)
(x− a)β+α, β > −1, α ≥ 0. (2.4)

(2) Dα
a (x− a)β =

Γ(β + 1)

Γ(α− β + 1)
(x− a)β−α, β > −1, α ≥ 0. (2.5)

We take a = 0 now onwards. We define below hyper-Bessel type operators.

Definition 2.4. For x ∈ R \ {0} and ` ∈ N ∪ {0}, the hyper-Bessel type operators
denoted and defined by

(xIα)n = Iαx−αIα . . . Iαx−αIα︸ ︷︷ ︸
(n+1) integrals

, for n = 0, 1, 2, . . ., (2.6)

and

(xDα)`n = DαxαDα . . .DαxαDα︸ ︷︷ ︸
(`n+1) derivatives

, for n = 0, 1, 2, . . ., (2.7)

where Iα denotes the RL-integral and Dα will be either RL-derivative Dα or Caputo
derivative cD

α defined in (2.1), (2.2) and (2.3) respectively for a = 0.
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Theorem 2.5. For UMLW-function (1.5) with α, β, δ, σ, ν, µ ∈ C, η > 0, x 6= 0 and
γ ∈ N, the hyper-Bessel type operators furnish

(xIη)γ
(
xν−1Eσ,ν,γ+1

α,β,δ (µ, r;xσ)
)

= xν+η−1Eσ,ν+η,γ+1
α,β,δ (µ, r;xσ) (2.8)

and

(xDη)γ
(
xν−1Eσ,ν,γ+1

α,β,δ (µ, r;xσ)
)

= xν−η−1Eσ,ν−η,γ+1
α,β,δ (µ, r;xσ), (2.9)

where xIη and xDη are as defined in the Definition 2.4.
That is, a fractional integration or differentiation transforms the function (1.5) with
the ν-parameter is increased or decreased by the order of integration or differentiation
respectively.

Proof. The equation (2.8) is proved below which uses (2.4). In fact,

(xIη)γ
(
xν−1Eσ,ν,γ+1

α,β,δ (µ, r;xσ)
)

= Iηx−ηIη . . . Iηx−ηIη︸ ︷︷ ︸
γ+1 integrals

∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν)n!

= Iηx−ηIη . . . Iηx−ηIη︸ ︷︷ ︸
γ integrals

∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν)n!

Γ(σn+ ν)

Γ(σn+ ν + η)

= . . . = Iη
∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν)n!

Γγ(σn+ ν)

Γγ(σn+ ν + η)

= xν+η−1
∞∑
n=0

(µ)rn x
σn

Γδn(αn+ β)Γγ+1(σn+ ν + η)n!

= xν+η−1Eσ,ν+η,γ
α,β,δ (µ, r;xσ).

We next prove (2.9).
Observing that

(xDη)γ
(
xν−1Eσ,ν,γ+1

α,β,δ (µ, r;xσ)
)

= DηxηDη . . . DηxηDη︸ ︷︷ ︸
γ+1 derivatives

∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν)n!

= DηxηDη . . . DηxηDη︸ ︷︷ ︸
γ derivatives

∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν)n!

Γ(σn+ ν)

Γ(σn+ ν − η)

= . . . = Dη
∞∑
n=0

(µ)rn x
σn+ν−1

Γδn(αn+ β)Γγ+1(σn+ ν) n!

Γγ(σn+ ν)

Γγ(σn+ ν − η)

= xν−η−1
∞∑
n=0

(µ)rn x
σn

Γδn(αn+ β)Γγ+1(σn+ ν − η)n!

= xν−η−1Eσ,ν−η,γα,β,δ (µ, r;xσ).
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Hence the required result. �

For deriving the eigen function property, we first define the following operator.

Definition 2.6. Let f(x) =
∞∑
n=1

anx
n, |x| < R, R > 0. Define an operator for x 6= 0 as

Ixf =

∞∫
0

e−
t
xx−1f(t) dt. (2.10)

With the aid of this and the Caputo fractional derivative, we next define the
eigen function operator below.

Definition 2.7. Let f(x) =
∞∑
n=0

anx
n, |x| < R, R > 0 and `, k ∈ N ∪ {0}. Define an

operator for x 6= 0 as

`
DxΩkI (f(xη)) = IxIx · · · Ix︸ ︷︷ ︸

` integrals

(xDη)k f
(
(xDη)`xη

)
, (2.11)

where xDη represents an operator defined in (2.7) with Dα as the Caputo derivative
and Ix is as defined in (2.10).

Theorem 2.8. For β = σ = µ = r = 1 and ν = α, n − 1 < Re(α) < n, n ∈ N,

the UMLW-function Eα,1,γ+1
α,1,δ (1, 1;λxα) =

∞∑
n=0

λn xαn

Γδn+γ+1(αn+1)
:= Eγα,δ(λxα), say, λ ∈

C, α, x > 0, is an eigen function of the operator `
Dx

ΩγI in (2.11).
That is,

δ
DxΩγI

(
Eγα,δ(λx

α)
)

= λ Eγα,δ(λx
α), λ ∈ R− {0}.

Proof. Note that

δ
DxΩγI

(
Eγα,δ(λx

α)
)

= IxIx · · · Ix︸ ︷︷ ︸
δ integrals

(xDα)γ Eγα,δ
(
λ(xDα)δxα

)
= IxIx · · · Ix︸ ︷︷ ︸

δ integrals

(xDα)γ
∞∑
n=0

λn

Γδn+γ+1(αn+ 1)
(xDα)δn xαn

= IxIx · · · Ix︸ ︷︷ ︸
δ integrals

∞∑
n=0

λn

Γδn+γ+1(αn+ 1)
(xDα)δn+γ xαn. (2.12)

For n = 0, (xDα)0+γ x0 = cD
αxαcD

α . . . cD
αxαcD

α︸ ︷︷ ︸
γ+1 derivatives

(1) = 0.

For n = 1,

(xDα)δ+γxα = cD
αxαcD

α . . . cD
αxαcD

α︸ ︷︷ ︸
δ+γ+1 derivatives

(xα). (2.13)
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Observing that

cD
αxα =

1

Γ(m− α)

x∫
0

α(α− 1) . . . (α−m+ 1) tα−m (x− t)m−α−1dt

=
α(α− 1) . . . (α−m+ 1)

Γ(m− α)
xm−α−1

x∫
0

tα−m
(

1− t

x

)m−α−1

dt

and substituting t = xu, we further have

cD
αxα =

α(α− 1) . . . (α−m+ 1)

Γ(m− α)

1∫
0

uα−m (1− u)
m−α−1

du

=
α(α− 1) . . . (α−m+ 1)

Γ(m− α)
Γ(m− α)Γ(α−m+ 1)

= Γ(α+ 1).

Using this repeatedly in (2.13), we finally arrive at

(xDα)δ+γ xα = Γδ+γ+1(α+ 1).

Now for n = 2,

(xDα)2δ+γ x2α = cD
αxαcD

α . . . cD
αxαcD

α︸ ︷︷ ︸
2δ+γ+1 derivatives

x2α.

We begin with

cD
α(x2α)

=
1

Γ(m− α)

x∫
0

(2α)(2α− 1) . . . (2α−m+ 1) t2α−m (x− t)m−α−1dt

=
(2α)(2α− 1) . . . (2α−m+ 1)

Γ(m− α)
xm−α−1

x∫
0

t2α−m
(

1− t

x

)m−α−1

dt

=
(2α)(2α− 1) . . . (2α−m+ 1)

Γ(m− α)
x2α−αΓ(m− α) Γ(2α−m+ 1)

Γ(2α− α+ 1)

=
Γ(2α+ 1)

Γ(2α− α+ 1)
x2α−α.

Therefore,

(xDα)2δ+γ x2α =
Γ2δ+γ+1(2α+ 1)

Γ2δ+γ+1(2α− α+ 1)
x2α−α.

In general,

(xDα)δn+γxαn =
Γδn+γ+1(αn+ 1)

Γδn+γ+1(αn− α+ 1)
xαn−α. (2.14)
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Now substituting (2.14) in (2.12) and then applying the operator defined in (2.10),
we find that

δ
DxΩγI

(
Eγα,δ(λx

α)
)

= IxIx · · · Ix︸ ︷︷ ︸
δ fold integrals

∞∑
n=1

λn

Γδn+γ+1(αn+ 1)

Γδn+γ+1(αn+ 1)

Γδn+γ+1(αn− α+ 1)
xαn−α

= IxIx · · · Ix︸ ︷︷ ︸
δ−1 fold integrals

∞∑
n=1

λn

Γδn+γ+1(αn− α+ 1)

∞∫
0

e−
t
x x−1 tαn−αdt

= IxIx · · · Ix︸ ︷︷ ︸
δ−1 fold integrals

∞∑
n=1

λn

Γδn+γ+1(αn− α+ 1)
xαn−α−1

∞∫
0

e−
t
x

(
t

x

)αn−α
dt

= IxIx · · · Ix︸ ︷︷ ︸
δ−1 fold integrals

∞∑
n=1

λn

Γδn+γ+1(αn− α+ 1)
xαn−α Γ(αn− α+ 1).

Continuing in this way by applying the operator Ix, δ − 1 times, we finally arrive at

δ
DxΩγI

(
Eγα,δ(λx

α)
)

=

∞∑
n=1

λn

Γδn+γ+1(αn− α+ 1)
xαn−α Γδ(αn− α+ 1)

=

∞∑
n=1

λn xαn−α

Γδn−δ+γ+1(αn− α+ 1)
.

Hence,

δ
DxΩγI

(
Eγα,δ(λx

α)
)

= λ Eγα,δ(λx
α). (2.15)

�

Remark 2.9. From the definition of Eγα,δ(x) in the Theorem 2.8, observe that

Eγα,δ(0) = 1 and from (2.15), δDxΩγI

(
Eγα,δ(λxα)

)
= λ Eγα,δ(λxα), λ ∈ R \ {0}.

3. Application

In the view of [8], we now discuss the application of particular UMLW-function
discussed in the Theorem 2.8. Let D be the bounded domain in Rd with sufficiently
smooth boundary ∂D. We consider the infinite order fractional evolution type problem

`
DxΩγI u(x, t) = ut(x, t), t ∈ [0, T ], T > 0; (3.1)

u(0, t) = f(t), (3.2)

where the operator `DxΩγI is as defined in (2.11) in L∞-space and is operating only on
the variable x and f(t) ∈ C[0, T ].
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Theorem 3.1. If δ, γ ∈ N ∪ {0}, n − 1 < Re(α) < n, n ∈ N then the solution of
(3.1)-(3.2) is given by

u(x, t) = Eγα,δ

(
xα

∂

∂t

)
f(t).

Proof. To prove the theorem, we prove that u(x, t) = Eγα,δ
(
xα ∂

∂t

)
f(t) satisfies the

problem described by (3.1)-(3.2).
Here, noticing that `

Dx
ΩγI is the operator operating only on the variable x, we have

from the Theorem 2.8,

`
DxΩγI u(x, t) = `

DxΩγI

{
Eγα,δ

(
xα

∂

∂t

)
f(t)

}
=

∂

∂t
Eγα,δ

(
xα

∂

∂t

)
f(t)

= ut(x, t).

To complete the proof of the theorem it sufficient to prove that

lim
x→0
||u(x, .)− f ||∞ = 0. (3.3)

Observe that

lim
x→0
||u(x, .)− f ||∞

= lim
x→0

∣∣∣∣∣∣∣∣Eγα,δ (xα ∂

∂t

)
f − f

∣∣∣∣∣∣∣∣
∞

= lim
x→0

||f ||∞

∣∣∣∣∣∣∣∣Eγα,δ (xα ∂

∂t

)
− 1

∣∣∣∣∣∣∣∣
∞
.

But lim
x→0

∣∣∣∣∣∣Eγα,δ (xα ∂
∂t

)
− 1
∣∣∣∣∣∣
∞

= 0 by Remark 2.9 and f ∈ C[0, T ] proves (3.3). �

Now, some of the special cases of the properties proved for UMLW-function are
shown.
Differential equation:
We illustrate the reducibility of the differential equation of Theorem 1.6 corresponding
to the special cases namely Garra and Polito’s function and Srivastava and Tomovski’s
function as follows.
(i) By taking δ = 0, µ = r = 1 and replacing γ by γ + 1, z by x in (1.11) we obtain
with x∗ = x

σσ(γ+1) , the equation{
σ−1∏
i=0

[
θ + ν+i

σ − 1
]γ+1

θ − x∗ (θ + 1)

}
w = 0,

where the solution w = Eγ;σ,ν(x) =
∞∑
n=0

xn

Γγ+1(σn+ν) is Garra and Polito’s function.

(ii) The Srivastava-Tomovski’s function w = Eµ,rσ,ν (z) =
∞∑
n=0

(µ)rn (z)n

Γ(σn+ν) n! satisfies the

differential equation{
σ−1∏
i=0

[
θ + ν+i

σ − 1
]
θ − z∗

r−1∏
j=0

[
θ + µ+j

r

]}
w = 0, with substitutions δ = 0 and γ = 1

in (1.11), and z∗ = rr

σσ z.
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Integral Operator:
(i) By taking δ = 0, µ = r = 1 and replacing γ by γ + 1, z by x in Theorem 1.9, we
obtain

M =

∞∑
n=0

|λ|n (b− a)Re(ν)+Re(σ)n

|Γγ+1(σn+ ν)| (Re(ν) +Re(σ)n)
,

which is a bound of integral operator of Garra and Polito’s function in Lebesgue
Measurable space.
(ii) In Theorem 1.9, on making substitutions δ = 0 and γ = 1, we find

M =

∞∑
n=0

|(µ)rn| |λ|n (b− a)Re(ν)+Re(σ)n

|Γγ(σn+ ν)| n! (Re(ν) +Re(σ)n)
,

which is nothing but the Integral operator of Srivastava and Tomovski’s function [21,
Theorem 2, Eq.(2.15)].
Eigen function property:
It is interesting to note that the substitutions δ = 0, µ = r = 1 and z = x in Theorem
2.8, yields the eigen function property of the Garra and Polito’s function [10, Theorem
3.6, p. 776]

Eγα,0(xα) = Eγ;α,1(xα) =

∞∑
n=0

xαn

Γγ+1(αn+ 1)

with respect to the operator (xDα)γ := 0
Dx

ΩγI .
Following are the graphs of UMLW-function for the specific values of the parameters
involved.

Figure 1. Graph A: exp(x), Graph B: E 1
2 ,

1
3
(x), Graph C : E

4,2, 12
1
2 ,

1
2 ,

1
3

(1, 2;x)
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Figure 2. Graph A : E
1
2 ,

1
2 ,1

1
2 ,

1
2 ,1

(1, 0;x), Graph B : E
1
2 ,1,0
1
2 ,1,1

(1, 0;x),

Graph C : E
1
10 ,1,4
1
2 ,1,2

( 1
2 ,

1
3 ;x), Graph D : E

4,2, 12
1
2 ,

1
2 ,

1
3

(1, 2;x)

In the Figure 1, a graph of particular UMLW-function
(
E

4,2, 12
1
2 ,

1
2 ,

1
3

(1, 2;x)
)

is compared with that of exponential function and ML-function in two param-
eters indicated by Graph C, Graph A and Graph B respectively. And in the
Figure 2, the graphs of certain specialized UMLW-functions are plotted. These
are indicated in Figure 2 as Graph A, Graph B, Graph C and Graph D. Click:
https://drive.google.com/file/d/0Bwly1qnYQNxZbEJnc0JQdW5tNE0/view?usp=
sharing for more detail.

4. Conclusion

As a specific instance of the hypergeometric function pFq if α ∈ N ∪ {0}, the
new function defined in (1.5) may clearly be viewed as an extension of the Mittag-
Leffler and Wright functions (1Fα and 0Fα), reduced to the hyper Bessel function

0Fq. However, in the power series, q in the second index and the summation index n
both go to infinity at this point. It’s also noteworthy to note that it solves an infinite
order differential equation, which may arise in the turbulence field or in a system
with an infinite number of degrees of freedom. Also, the integral involves this newly
defined UMLW function as a kernel is bouned in L(a, b). Notably, the specific instance
of this new function possessing an eigen function characteristic concerning the hyper
Bessel type fraction operators via which the infinite order evolution type problem is
formulated is also intriguing.
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