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A new member of the Pell sequences:
The pseudo-Pell sequence

Hasan Gokbag

Abstract. In this study, we define a new family of the Pell numbers and estab-
lish some properties of the relation to the ordinary Pell numbers. We give some
identities the pseudo-Pell numbers. Moreover, we obtain the Binet’s formula, gen-
erating function formula and some formulas for this new type numbers. Morever,
we give the matrix representation of the pseudo-Pell numbers.
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1. Introduction and preliminaries

Almost all branches of contemporary research, including computer sciences,
physics, economics, architecture, geostatistics, art, color image processing, and music,
employ a large number of integer sequences. One of mathematics’ most well-known
and intriguing number sequences, the Fibonacci sequence has been the subject of ex-
tensive research in the literature. The fascinating features of the Fibonacci sequence
have delighted scientific enthusiasts for years. The Fibonacci sequence is generated
by a recursive formula

Fy,=F, 1+ F, »
for n > 2 with Fy = 0 and F; = 1. The Fibonacci sequence has many interesting

1++5
as
n 2

n tends to infinity. The Fibonacci sequence has been generalized in many ways, some

properties. For example, the ratio ! converges to the golden ratio (
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by preserving the initial conditions and others by preserving the recurrence relation
1, 4, 6, 7, 10, 11, 14, 16, 19, 18, 21, 22, 27, 29].

The pseudo-Fibonacci and pseudo Lucas sequences was introduced by Ferns [8]
as novel generalizations of the Fibonacci and Lucas sequences as follows

En+1 = En + 6?7,7

®n+1 = En—‘,—l + §En

with initial conditions =; = 1 and ©1 = 1 in which £ is a positive integer. We derive
the recursion formula by elimination

En+2 - 2En+1 + EEnv

®n+2 - 2®n+1 + §®n

with initial conditions conditions Z¢g = 0, =; = 1 and ©y = O = 1 respectively.
The Binet formula for each of the pseudo-Fibonacci and pseudo Lucas sequences is

;_n—ia_ﬁ
O, =—F"7——
2

where a =1+ +/1+¢, 8=1—+/1+E.

The Pell sequence is one of the most famous and interesting numerical sequences
in mathematics and has been widely studied in the literature. The Pell sequence is
generated by a recursive formula

Pn:2pn71+Pn72a

for > 2 with Py = 0 and P; = 1. Similarly, the Pell sequence has many interesting
P7L+1

properties. For example, the ratio converges to the silver ratio (1 4 v/2) as n

n

tends to infinity.

The two basic ways that the Pell sequence has been generalized are either by
keeping the recurrence relation constant while changing the starting conditions or by
changing the recurrence relation while keeping the beginning circumstances constant.
A closed form for the nth term of the sequence, the sum of the first n terms of the
sequence, the sum of the first n terms with odd (or even) indices of the sequence,
an explicit sum formula, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity,
Tagiuri’s identity, and generating function are just a few of the properties that have
been looked into by various researchers, among many others [2, 3, 12, 13, 15, 17, 20,
23, 24, 25, 26, 28|.

In this work, a variety of algebraic properties of the pseudo-Pell and Pell-Lucas
numbers will be presented. Some identities will be given for the pseudo-Pell and Pell-
Lucas numbers sequences, such as Binet’s formula, the generating function formula,
and some sum formulas. A matrix representation of these sequences will also be given.
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2. The pseudo-Pell sequence

Several integer sequences exist, many of them with charming shapes and several
charming characteristics. For instance, two of the most well-known and attractive
number sequences are the Pell and Pell-Lucas sequences. The mathematical commu-
nity is still in awe of their universality and beauty. Additionally, there are count-
less possibilities to explore, locate, and estimate thanks to the Pell and Pell-Lucas
numbers. Mathematical friends, the Pell and Pell-Lucas numbers share many similar
characteristics. Our main aim here is to find alternatives to these two series of families.

In this section, a new generalization of the Pell and Pell-Lucas numbers is intro-
duced. We give some properties of the pseudo-Pell and Pell-Lucas numbers.

Definition 2.1. Let £ > 0 be integer number. The pseudo-Pell and Pell-Lucas numbers
be recursively defined by
P,i1=2P,+R, (2.1)
Rn-‘,—l = 2Pn+1 + an (2'2)
with initial conditions P; = 1 and R; = 2. Actually, by eliminating first the P,,’s
and then the R,’s, from equations (2.1) and (2.2), following the pseudo-Pell and
Pell-Lucas numbers are obtained

Pn+1 = 4Pn + an—l (2-3)
R,1 =4R, + &R, (2.4)
with initial conditions conditions Py = 0, P; =1 and Ry = 1, R; = 2 respectively.
From equations (2.3) and (2.4), the associated characteristic polynomial
p(z) = 2% — 4o — €.
p(z) has the roots 1 = 2 + /4 + £ and x5 = 2 — /4 + £. Thus, it is apparent that
T1T2 = —§,
T+ 12 =4,
r1 — 22 =2y/4+E,
2]+ 23 =16 + 2¢,

22 — 22 =84 +€,

I% = 4I’1 + 55
The first terms of the pseudo-Pell and Pell-Lucas numbers
n P, R,
0 0 1
1 1 2
2 4 £+8
3 £E+16 6§ + 32
4 || 8¢+64 €2 4+ 326 + 128
5 €2 + 48¢ + 256 10€2 + 160€ + 512
6 1262 + 256¢ + 1024 €3 + 7262 + T68¢ + 2048
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2.1. Binet’s formula for the pseudo-Pell sequence

The Fibonacci numbers are among the brightest points within a wide range of
integer sequences, according to Koshy. We can speculate that this sequence’s abun-
dance of intriguing features is one of the reasons it is referenced. Furthermore, Binet’s
formula can be used to obtain practically all of these features. We will state and prove
a general closed formula for the pseudo-Pell sequence.

Theorem 2.2. The Binet’s formula for the pseudo-Pell and Pell-Lucas numbers are

n n
)
P,="1""2
Tl — T2
o7+ oy
ani2

where 11 =2+ 44+ &, o =2 — /4 + & and € is a positive integer.

Proof. The pseudo-Pell sequence’s characteristic equation 22 — 42 — ¢ = 0, and its
real roots are r1 = 2+ 4+ & and x93 = 2 — /4 + &, Then the sequences P,, =
n(xz1)™ + u(xz)™, for n > 0, and with n, p real numbers are solutions of equation. Let
us determine the constants 1 and u, considering that Py = 0 and P; = 1, and we
obtain the linear system,
n+pu=0
nxry + pxre = 1.
We find p = ——~— and n = —L—. So we have that

T1—T2 T1—x2 "

Pn = x? — 'Tg .
r1 — T2
Similarly,
n n
R, = % 0

Corollary 2.3. We let n = —m where m is a positive integer. From Binet’s formula,
we find the negative subscript terms of the pseudo-Pell and Pell-Lucas numbers.

P,
(=6
R,
(=)
Theorem 2.4. For n > 0, the following identity holds
Roi— 2R, = (14 6P,

where P,, and R, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof.

P, =-

R_,=

n+1 n+1 n n n n
Tt ] +w o [z — 2] + 2l [xg — 2
R, -2R, =" 5 2 _ 9 12 2 _ 1 [z }2 5 [z2 ]

:[I?’I%]V“E:(HQPH. 0
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Corollary 2.5. In (2.3) and (2.4) let € = 4. We get P,, =2""'P, and R,, = 2" 'R,
where P,, and R,, are the nth Pell and Pell-Lucas numbers, respectively.

2.2. Generating function for the pseudo-Pell sequence

A strong method for resolving linear homogeneous recurrence relations is offered
by generating functions. We shall systematically apply generating functions for lin-
ear recurrence relations with nonconstant coefficients, even though they are usually
employed in conjunction with linear recurrence relations with constant coefficients.
Now, we consider the generating functions for the pseudo-Pell sequence.

Theorem 2.6. The generating formula for the pseudo-Pell and Pell-Lucas numbers are

= t
Pntn =

1-2¢
Rot" = —
Z 4t—§t2

Proof. Let h(t) be the generating function for the pseudo-Pell numbers as >~ >~ , P, t".
We get the following equations

Ath(t —4ZP "1 and &62h(t ZP 2,

n=0

After the needed calculations, the generating function for the pseudo-Pell numbers is

obtained as
> t
Pt"=—
Similarly,

> 1—92t
Rt =— " . O
Z 1— 4t — &2

Theorem 2.7. The following identities holds

(4+£)ZPi+ZRi =R, —1, (2.5)
i= =
n+1 n+1

2+8) Pi—-> R;=£(P,y,y (2.6)
i=0 i=0
where P,, and R,, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof. The proof is carried out using elimination in the equations of theorem (2.4). O

Corollary 2.8. From equations (2.5) and (2.6), the following equations are obtained,

%P A+ P + P, —
3+€ ’
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n+1 1
o (B43)Pr1 +62+ P —(2+8)5
YR, = re .

2.3. Matrix representation for the pseudo-Pell sequence

A close connection between matrices and Fibonacci numbers was shown in
Charles’[9] work on what he called the Q matrix. An interesting pattern emerges
from this work. The power of matrices was exploited to obtain new identities and
results involving Fibonacci numbers. We will give the matrix representation of the
pseudo-Pell sequence.

Definition 2.9. The basic matrix of the pseudo-Pell and pseudo-Pell-Lucas sequence

is
_ |14 €
o=[1 3]

where £ > 0 is a integer. Based on the Cayley-Hamilton Theorem, the pseudo-Pell
and pseudo-Pell-Lucas’s characteristic polynomial is given as

p(\) = det(\ — Q).

A—4

p(\) = det(M — Q) = ‘ 1

£ _ 2 4\
N A — 4N =&
Then, if p(\) = A2 —4X — &.

Theorem 2.10. Let n > 0 be an integer. The following equality holds

o [+ €] [P Br]_[Pu2 Pun
1 0 P, Py P,.. P,
" 0 1 1"[Py Pl [P Py
% _% Pl PO B P—n+1 P—n

|-

o [P Po}[‘;
H P PO]H _égr_[p_m P, ]

Proof. For the prove, we utilize induction principle on n. The equality hold for n = 1.
Now assume that the equality is true for n > 1. Then, we can verify for n + 1 as

follows
4 ¢ P, P, | [4 ¢ 4 ¢1"[ Py Py
1 0 P, Po| |1 0 1 0 P, Py
4 Pn+2 Pn+1 — Pn+3 Pn+2
1 Pn+1 Pn Pn+2 Pn+1 '
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Thus, the first step of the theorem can be proved easily. Similarly, the other
steps of the proof are seen by induction on n. Matrix representations of the pseudo-
Pell-Lucas numbers are proved similarly. O

2.4. Sums of the pseudo-Pell sequence

Finite sums of sequences have always been important for people working in this
field. Some researchers examined the sum of product two consecutive terms, some
researchers examined the sum of squares. In a new sequence found, the study of the
sums of sequence terms became important. We present some results concerning sums
of terms of the pseudo-Pell and Pell-Lucas sequence.

Theorem 2.11. The following equalities hold

ZP _ £ P271 Popio + Py
P (E-n)E+s)

’p -P 1-—
b) ZP%H _ §Poni1 ont3 + (1 =§)

2 E5E+s
f R2n R2n+2 - R2 + 2
Ry = ,
E:Z (€—5)(€+3)
_ &Rani1 — Rangs +2(1 - )
> Rar - E—5)(E+3)

where P, and R, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

Proof.

n

Spu=) oo [zu%)i—zmav]
i=0

=0 =0 =0

1 I B A |
.131—.132|: 2 —1 B 2 —1 }
1 @i —23") — (27" — a3 ) + (o — 2))
(z7 = 1)(23 - 1)

Tr1 — T2
_ £2P2n - P2n+2 + P2
€—=5)(E+3)

Other sums are shown in a similar way. O

Theorem 2.12. The sum of squares of the first n terms and the sum of products of
consecutive terms of the pseudo-Pell and Pell-Lucas sequence are

n

a 2 _ ERan —Ropyz — €7 (="t -1
) ;Pz 26 -5)(E+3)(E+4) * 26+ 1)(E+4)

& RQ” Rona =67 (=" -1
R2
Z (€=5)(E+3) 206+1)
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1 ERont1 — Rongs +2(1-6) | 2(=¢" ' -1
IS g+4>{ E-D)E+3) S ]

1=0

(E—5)(E+3) S (6+1

where P,, and R,, are the nth pseudo-Pell and Pell-Lucas numbers, respectively.

ZR Ri = F Roni1 — Rongs +2(1 &) 2(_§)n+1)_ 1]

Proof.

2y (B i 1 v N2y - i
ZP zg (xl — ;1;2> (351 — 1;2)2 [Z_:(xl) + X_:(J?Q) — 2;(3;13;2) ‘|

1=0 =

_ 2Ry, — Ropio —€—7 N (_5)n+1 1
206 —5)(E+3)(E+4) 20+ D)(E+4)

Sums are shown in a similar way. O

Some special equalities well-known for the Pell and Pell-Lucas sequences have
also been calculated for the pseudo-Pell and Pell-Lucas numbers. The proofs of these
equations are omitted. P,, and R,, be the nth pseudo-Pell and Pell-Lucas numbers
such that £ > 0 integer, respectively. Then, the following equalities hold:

a) Tagiuri’s Identity:

PoiiPu o — PP, = ()" "PrP_nis

Rm+kRn7k - RmRn = (5 + 4)(€)nikRkRmfn+k
b) d’Ocagne’s Identity:
Pm+1Pn—1 - PmPn = *(E)nile—n-&-l
Reranfl - RmRn = 2(5 + 4)(£)n_1Rmfn+1
c¢) Catalan’s Identity:

P, xP, . — P, P, = —(&)" P2

Rn+kRn—k -R,R, = (5 + 4)(5)7z—kRi
d) Cassini’s Identity:

PnJrIPnfl - PnPn = _(€>n—1

Rn-‘,—an—l -R,R, = 4(5 + 4)(5)7171
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3. Some numerical examples

In this section, we show four numerical examples for verify our theoretical results.
Let us examine the case £ = 3 in some of the results we obtained. For £ = 3, the
pseudo-Pell sequence will be

Pn+1 =4P, + 3P,

and the characteristic equation will be p(z) = 2? — 4z — 3.
For £ = 3, The basic matrix of the pseudo-Pell sequence is

4 3
o[ d]
For ¢ = 3, some sum formulas will be as follows
n+1

14P,, ., + 6P, — 1
Pi = )
> P

=0

- 9P;, — Popio + P>
ZPQi = - )
P 12

Zn: p ~ 9Pgp41 — Popyz —2
241 = — ;
= 12

9R,, — Ran42 — 10 =3)ntl —1
ZPf:* 2 2042 Jr( ) ’
168 96

- 1 [9Rg+1 — Ropyg —4  2(=3)"t1 —1
ZPiPi+1 __ [ 2n+1 2n+3 + (=3)
p 28 12 4

Some well-known special equations for the pseudo-Pell sequence are obtained for
& = 3 as follows
a) Tagiuri’s Identity:

PPt = PP = —(3)" PPt
b) d’Ocagne’s Identity:
P,iiPo1—PoP,=—-3)"""'P_ni1.
c¢) Catalan’s Identity:
P, P, — PP, =—(3)" FP2.
d) Cassini’s Identity:

Pn,-l—an—l - PnPn = _(3)7171-
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4. Discussion and conclusions

Cigler[5] obtained the Fibonacci and Lucas polynomials, which are defined by
F,(x,8) =xF,_1(x,s) + sF_a(z, s),

L,(z,s) =xL,—1(z,s) + sL,_a(z,s),
where Fy(z,s) =0, Fi(z,s) =1, Lo(z,s) =2 and L1 (z,s) = .
There is a relationship between the special cases of pseudo-Pell and Pell-Lucas
numbers and the special cases of Fibonacci and Lucas polynomials defined by Cigler
as follows

and
SACH)

This study presents the pseudo-Pell and Pell-Lucas sequences. We obtain this
new sequence, which was not defined in the literature before. Some very important
properties of sequence, such as characteristic equation, generating functions, and Bi-
net’s formula, are investigated. We obtain the matrix representation of the pseudo-Pell
and Pell-Lucas numbers. There have been a large number of studies on numerical se-
quences in the literature lately, and these sequences have been employed extensively in
a variety of academic fields, including biology, finance, physics, architecture, nature,
and the arts. Since this study includes some new results, it contributes to the liter-
ature by providing essential information concerning the number sequences. Research
in these fields can benefit from the pseudo-Pell and pseudo-Pell-Lucas sequences as
well. Therefore, we hope that this new number system and properties that we have
found will offer a new perspective to the researchers. Some further investigations are
as follows:

e Studying the properties of the pseudo-Pell and pseudo-Pell-Lucas sequences
quaternions (hybrid, octonion, sedenion, etc.) might be intriguing.

e Examining the partial infinite sum obtained from the pseudo-Pell numbers and
pseudo-Pell-Lucas sequences’ reciprocals would be fascinating.

e Non-positive values of the integer £ may also be worth examining.

Acknowledgment. The authors express their sincere thanks to the anonymous referees
and the associate editor for their careful reading, suggestions, and comments, which
improved the presentation of the results.

References
[1] Bacani, J.B., Rabago, J.F.T., On generalized Fibonacci numbers, Appl. Math. Sci.,
(2015).

[2] Bravo, J.J., Herrera, J.L., Luca, F., On a generalization of the Pell sequence, Math.
Bohem., 146(2021), no. 2, 199-213.

[3] Catarino, P., On some identities and generating functions for k-Pell numbers, Int. J.
Math. Anal., 7(2013), no. 38, 1877-1884.



A new member of the Pell sequences 187

[4] Cigler, J., A new class of q-Fibonacci polynomials, Electron. J. Combin., 10(2003), no. 1,
1-15.

[5] Cigler, J., Some beautiful g¢-analogs of Fibonacci and Lucas polynomials,
arXiv:1104.2699v1.

[6] Edson, M., Yayenie, O., A new generalization of Fibonacci sequence and extended Binet’s
formula, Integers Electron. J. Comb. Number Theor., 9(2009), no. 6, 639-654.

[7] Falcon, S., Plaza, A., The k-Fibonacci sequence and the Pascal 2-triangle, Chaos Solitons
Fractals, 33(2007), no. 1, 38-49.

[8] Ferns, H.H., Pseudo-Fibonacci numbers, Fibonacci Quart., 6(1968), no. 6, 305-317.

[9] Gould, HW., A history of the Fibonacci @Q-matriz and a higher-dimensional problem,
Fibonacci Quart., 19(1981), no. 3, 250-257.

[10] Ipek, A., Ari, K., Tirkmen, R., The generalized (s,t)-Fibonacci and Fibonacci matriz
sequences, Transylvanian Journal of Mathematics and Mechanics, 7(2015), no. 2, 137-
148.

[11] Kalman, D., Generalized Fibonacci numbers by matriz methods, Fibonacci Quart.,
20(1982), no. 1, 73-76.

[12] Kalman, E., The generalized Pell (p,i)-numbers and their Binet formulas, combinatorial
representations, sums, Chaos Solitons Fractals, 40(2009), no. 4, 2047-2063.

[13] Koger, E.G., Tuglu, N., The Binet formulas for the Pell and Pell-Lucas p-numbers, Ars
Combin., 85(2007), 3-17.

[14] Koshy, T., Fibonacci and Lucas numbers with applications I, John Wiley and Sons, 2001.

[15] Koshy, T., Pell and Pell-Lucas numbers with applications, New York, Springer, 2014.

[16] Koshy, T., Fibonacci and Lucas numbers with applications II, John Wiley and Sons,
2019.

[17] Kuloglu, B. Ozkan, E., Shannon, A.G., p-analogue of biperiodic Pell and Pell-Lucas
polynomials, Notes on Number Theory and Discrete Mathematics, 29(2023), no. 2, 336-
347.

[18] Lee, G., Asci, M., Some properties of the (p, q)-Fibonacci and (p, q)-Lucas polynomials,
J. Appl. Math., 1(2012), 1-18.

[19] Lee, G.Y., Lee, S.G., A note on generalized Fibonacci numbers, Fibonacci Quart.,
33(1995), no. 3, 273-278.

[20] Makate, N., Rattanajak, P., Mongkhol, B., Bi-periodic k-Pell sequence, International
Journal of Mathematics and Computer Science, 19(2024), no. 1, 103-109.

[21] Motta, W., Rachidi, M., Saeki, O., On co-generalized Fibonacci sequences, Fibonacci
Quart., 37(1999), 223-232.

[22] Nalli, A., Haukkanen, P., On generalized Fibonacci and Lucas polynomials, Chaos Soli-
tons Fractals, 42(2009), 3179-3186.

[23] Prodinger, H., Summing a family of generalized Pell numbers, Ann. Math. Sil., 35(2021),
no. 1, 105-112.

[24] Saba, N., Boussayoud, A., Ordinary generating functions of binary products of (p,q)-
modified Pell numbers and k-numbers at positive and negative indices, Journal of Science
and Arts, 3(2020), no. 52, 627-648.

[25] Spreafico, E.V.P., Rachidi, M., On generalized Pell numbers of order r > 2, Trends
Comput. Appl. Math., 22(2021), 125-138.



188 Hasan Gokbag

[26] Srisawat, S., Sriprad, W., On the (s,t)-Pell and (s,t)-Pell-Lucas numbers by matrix
methods, Ann. Math. Inform., 46(2016), 195-204.

[27] Stakhov, A., Rozin, B., Theory of Binet formulas for Fibonacci and Lucas p-numbers,
Chaos Solitons Fractals, 27(2006), no. 5, 1162-1177.

[28] Uygun, S, Karatag, H., A new generalization of Pell-Lucas numbers, Communications
in Mathematics and Applications, 10(2019), no. 3, 469-479.

[29] Waddill, M.E., Sacks, L., Another generalized Fibonacci sequence, Fibonacci Quart.,
5(1967), no. 3, 209-222.

Hasan Gokbag

Bitlis Eren University, Faculty of Science and Arts,
Department of Mathematics, Bitlis, Turkey

e-mail: hgokbas@beu.edu.tr


https://orcid.org/0000-0002-3323-8205

	1. Introduction and preliminaries
	2. The pseudo-Pell sequence
	2.1. Binet's formula for the pseudo-Pell sequence
	2.2. Generating function for the pseudo-Pell sequence
	2.3. Matrix representation for the pseudo-Pell sequence
	2.4. Sums of the pseudo-Pell sequence

	3. Some numerical examples
	4. Discussion and conclusions
	. Acknowledgment

	. References

