Stud. Univ. Babes-Bolyai Math. 70(2025), No. 1, 83-104
DOLI: 10.24193/subbmath.2025.1.06

Existence and asymptotic stability for

a semilinear damped wave equation with
dynamic boundary conditions involving
variable nonlinearity

Saf Salim (%, Nadji Touil ¢ and Abita Rahmoune

Abstract. We investigate the solvability of a class of quasilinear elliptic equations
characterized by a (p(z), k(z)) growth structure and nonlinear boundary condi-
tions, specifically in the context of Kelvin-Voigt damping with arbitrary data. Our
approach involves analyzing the problem within appropriate functional spaces,
utilizing Lebesgue and Sobolev spaces with variable exponents. In the first step,
we establish the existence and uniqueness of results for solutions to the model,
provided the data meet certain regularity conditions. Our methodology primarily
relies on fixed-point theory and Faedo-Galerkin techniques, incorporating some
novel strategies. In the second part, we consider scenarios with sufficiently large
data sets and show that the system’s energy grows exponentially.
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1. Introduction

Let @ C R"(n > 1) be a bounded domain with a smooth boundary I' = 9. In
this work, we deal with the existence and asymptotic behavior of weak solutions of a
weakly damped wave equation with dynamic boundary conditions and source terms
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involving nonlinearities with variable exponents. More specifically, let’s look at the
problem

g (1) — Au(, 1) — YAy (2,8) = |ulP "2 u(z,1) e, t>0,
u(z,t) =0, z €Ty, t >0,
we (2,8) = —a (32 (@,0) + 7% (@, 0) + 7 | w (2,0)), @ eTy >0,
u(z,0) = up(x), ur(z,0) = up (), x €,

(1.1)
where u = u (z,t), t > 0, 7, a and r are positive real numbers and —A represent the
Laplace operator with respect to the spatial variable. The boundary I' of Q2 is assumed
to be regular and the union of two closed and disjoint parts I'g, I'y, where I'g # 0 .
g—g denotes the unit of the exterior normal derivative, ug, u; are given functions and
the exponents k(.) and p(.) are given measurable functions on Q to satisfy

2<k <k(x) <k <oo, '

where we fix ¢ on 2 for any given measurable function:

g2 = ess supqg (x), ¢ = ess infq(z). (1.3)
zEQ zEN

We also assume that the following uniform Zhikov-Fan local continuity condition holds

lp(x) —p W) + |k (z) — K (y)]  forall z, yin @, (1.4)

|log |z — /|
1
with 0 < |J;—y|<§,M>O.

In recent years, many authors have engaged in the study of nonlinear hyperbolic,
parabolic and elliptic equations with a non-standard growth condition, since they are
applicable to real problems and many physical phenomena such as flows of electro-
rheological fluids or fluids with temperature-dependent viscosity, nonlinear viscoelas-
ticity, filtration processes through a porous media [3, 18], and the processing of digital
images [2, 7], and can all be associated with problem (1.1), more details on the subject
can be found in [19] and the other references contained therein. In the classical case
of constant exponent (k(z) =constant = p, p(x) =constant = p), this equation has its
origin in the nonlinear dynamic evolution of a viscoelastic rod that is fixed at one end
and has a tip mass attached to its free end [5, 14, 13], where the source term |u|’~>
forces the negative-energy solutions to explode in finite time, and the dissipation term
lug|" " u, assures the existence (in time) of global solutions. The dynamic boundary
conditions represent Newton’s law for the attached mass [5, 4]. In two-dimensional
space, as shown in [15], boundary conditions of this kind appear when we consider
the transverse motion of a flexible membrane, the boundary of which is only allowed
to be affected by vibrations in one region. For other applications and related results,
we refer the reader to [9, 16, 1, 17]. The aim of this article is to consider a class
of nonlinear damped wave equations with dynamic boundary conditions and source
terms with variable exponents and to prove a local existence theorem and sufficient
conditions and initial data for the exponential energy increase to appear, indicate
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that this study is through the presence of the strong damping term —Aw; and the
variable exponents differs from those previously considered. For this reason, extensive
changes in the approaches are required.

2. Preliminaries

2.1. Function spaces

Throughout this paper, we assume that 2 is a bounded domain of R™, n > 1
with a smooth boundary T' = 9Q. Let p(x) > 2 be a measurable bounded function
defined in 2. We introduce the set of functions

LPO(Q) = { u (z) : u is measurable in Q, g,() (u /\u )P Az < oo
The set LP()(Q) equipped with the norm (Luxemburg norm)

[ull,() = inf { A >0, de <15,

becomes a Banach space. The set C°°(Q) is dense in LP()(Q), provided that the
exponent p(x) € C(2). Holder’s inequality holds for the elements of these spaces in
the following form:

1 1
[ @ o@lar< (54 1) by ol

for all u € LPO(Q), v € LIO(Q) with p(z) € [p1,pa] C (1,00), q(a) = 22 ¢
[q1,¢2] C (1,00). With Wol’p(')(Q) we denote the Banach space

wlrt(q) = {u e LPOQ) | |[Vulf™ e LY(Q), u=0onT = aQ} .

An equivalent norm of VVO1 P (')(Q) is given by

el o000y = 1Fulyy = D2 NDsul, )+l

and W~12'0)(Q) is defined in the same way as the usual Sobolev spaces (see [8]).
Here we note that the space WO1 P (')(Q) is usually defined differently for the variable

/
exponent case. The (Wol’p(')(ﬂ)) is the dual space of Wol’p(')(Q) with respect to
the inner product in L?(Q) and is defined as W~14()(Q), where ﬁ + ﬁ =11
peC(Q),q:Q— [1,400) is a measurable function and ess glf (p* () —q(z)) >0
S

with p* (z) = (n"';((x))) , then Wol’p(')(Q) — L90)(Q) is continuous and compact.
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Lemma 2.1. ([8]) If Q is a bounded domain of R", p(.) C (1,00) is a measurable
function on €, then

. 1 1 1 1
min (0,0) ()77 , g0 ()72 ) < Jlull,() < max (op0) (W7, 0p0) (W7 ), (2:1)
for any u € LPM)(Q).

Proposition 2.2. (See [12]) If Q is a bounded domain in R™, p € C*! (), 1 < p; <

p(x) < pa < n. Then, for every ¢ € C(T') with 1 < ¢(z) < %, there is a

continuous trace WHP@)(Q) — LI@/(T), when 1 < q(z) << (T;L lp)(m()w), the trace is

compact, and in particular, the continuous trace W@ (Q) — LP*)(T) is compact.
2.2. Mathematical Hypotheses

We start this section by introducing some hypotheses and our main result. In
this paper we use standard function spaces and denote that ||. [[-l,(.),r, are the

q, 't
L4(T;) norm and the LP()(T';) norm such that
||u||p(.>,pl = [ m@rar
And we define (u,v) = [ u( z)dz and (u,v)p, = [p u x) dI". Furthermore,
we use standard functlonal bpaceb and denote that (55 |I- H the inner products and

norms are represented in L?(Q) and H} () and they are given by

(u,v) = /u (z)v (z)dz and ||u||2LQ(Q) = / lu|? da.
Q Q
We adopt the fixed definition of the H{ () norm as

[l 7 ey = el 720y + IVel72gq)» Vu € Hy ().
Next we give the assumptions for the problem (1.1).

(H) Hypotheses on p(.), k(.). Let k(.) and p(.) be measurable functions on Q2 that
satisfy the following condition:

2<p1 <p(x) <py<oo, and 2<k; <k(z) <ks < 0. (2.2)

We will use the embedding HE (Q) < L(Iy), 2 < q < g, where g = 222,
n>2and 1 <§ < oo if n =2 where

Hi, () ={ueH" (Q):ulp,=0},
equipped with the Hilbert structure induced by H' () is a Hilbert space.

3. Existence of weak solutions

In this section we prove the existence of weak solutions to our problem (1.1). Our
proof method is based on the Faedo-Galerkin approximation, the fixed point theory
in Banach spaces, and the concept of compactness, which we discussed in this section.
For the sake of simplicity, a = 1.
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7Q+1 P2
G. Then given (ug,u1) € Hp () x L*(Q), there exists T > 0 and a unique solution
u of the problem (1.1) on (0,T") such that

Theorem 3.1. Let 2 < p; < p(x) < ps <7 and max (2 = ) <k <k(zx)<ky <

uwe C(0,T;HE () NC(0,T; L* (),
ug € L* (0, T3 HE (2)) N LFO ((0,T) x Ty).

In order to prove the main theorem, we need the local existence and uniqueness
of the solution to the following related problem:

vy (2,1) — Av (2, 1) — vAY (2, 1) = [ufP 2w (z,t) in Q x RY,
v=0on Iy x (0,400),
v (2,8) = = [ 32 (,8) + 75 (2.8) + 7 [ 0y (1) (P4)
on I'; x (0,400),
v(x,0) = ug(x), ve(z,0) =uy1(z), x € O

We now have to give the following existence result of the local solution of problem
(P4) for an arbitrary initial value (uo,u1) € Hf, (Q) x L* (Q).

Lemma 3.2. Let 2 < p; < p(x) < py <7 and max (2, P p2> <k <k(z)<ky <7

Then given (ug,u1) € Hp (Q) x L? () there exists T > 0 and a unique solution v of
the problem (P4) on (0,T) such that

veC(0,T;HE () NC* (0,T;L* (),
vy € L2 (0,T; HE (92)) N L0 ((0,T) x I'y).

To justify Lemma (3.2), we first investigate the following problem for every T > 0
and f € H*(0,T; L?(2))

Utt (Iat) —Av (Q?,t) - ’YA’Ut (1‘7t) = f (Iat) in O x RJF,
v(x,t) =0 on Iy x (0,400),
v (2,) = = [ 32 (@,6) + 75 (@8) + 7 [0 0y (2,0)] (P5)
on 'y x (0,+00),
v(x,0) = ug(x), ve(z,0)=wui(x), x € Q.

At this point, as reported by Doronin et al. [11], we need to know exactly what kind
of solutions to problem (P5) we need

Definition 3.3. We say that a function v is a local generalized solution to problem
(P5) if
(). ve L™ (O,T; H%O (Q)) ,
(ii). v € L2(0,T;HE () N LFO((0,7) xTy) n L>(0,T;HE () N
L*> (O,T; L? (I‘l)) ,
(iii). vy € L™ (O,T; L? (Q)) N L*® (O,T; L? (I‘l)) ,
(iv). v(x,0) = ug(x), ve(z,0) = uy(x),
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(v). for all o € HE () N L*O(Ty) and ae. t € [0,7] with ¢ € C(0,7) and
¢ (T) =0, the following identity hold:

Iy (£:) @) = b Utt’ + (Vo, Vo) (t )+7(Wt,w) )] ¢ (t)dt
+ fo frl [Utt (t) +r |vt|k(w (t)} pdldt.

Using the Galerkin arguments, we prove the following lemma on the existence
and uniqueness of a local solution of (P5) in time.

Lemma 3.4. Let 2 <p; <p(x) <p2 <G and 2 < ky < k(z) < ko <G. Then, for all
(uo,u1) € H2(Q) N HE (Q)NL*O (Ty) x H () and f € H(0,T; L*(1)), there is a
unique solution v of problem (P5) in the sense of definition (3.3).

The proof of the above lemma depends on the Faedo-Galerkin method, which
consists of constructing approximations of the solution. Then we get the necessary a
priori estimates to ensure the convergence of these approximations. It seems difficult
to get second-order estimates for v (0). To obtain them we relied on the ideas of
Doronin and Larkin in [10] and Cavalcanti et al. [6] be inspired.

Proof of Lemma (3.4). We propose the following modification of variables:
v(t,z) = v(t,z) — w(t,z) with w(t, z) = uo(x) + tui (z).
Hence we have the following problem with the unknown v(¢, z) and null initial condi-
tions
Vg — AV — yAD; = f (z,t) + Aw + yAw; in Q x R
v =0 on FO x (0, +00),
8(17+w) ( 'Ut‘HUt) (x,t)

~ t) +
v(x,t)=— on I'y x (0, +00),
() —l—r\vt + w] k(z) (vt—l—wt) (x,t) < )

v(x,0) =0, ve(x,0) =0, z € Q.
Therefore we first prove the existence and uniqueness of the local solution for (P5).
Let (w;), j = 1,2,..., be a complete orthonormal system in L*(Q) N L*(T';) with the
following properties:
« Vjsw; € HE () N LFO (Ty);
* The family {wy,wa, ..., wy,} is linearly independent;
* V, the space generated by {wy,wa, ..., wn}, %J@Vm is dense in Hf, (€2)N LFO(Ty).

We construct approximate solutions, v,, (m =1,2,3,...) in V,,, in the form

t)=> Kjm(twi, m=1,2,.., (3.1)
i=1

(P6)

where K, (t) are determined by the following ordinary differential equation:
(8rTm(®), ;) + (F (G + ), Ty) + 7 (V (B + ), , Vi)
2~ ~ k(x .
+ (S0 47|+ ), [0 G+ ), wy) = (F009), G=1.2,0

and is completed by the following initial conditions v, (0), vt (0) that satisfy
U (0) = Uppn (0) = 0. (3.2)
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Then ,
(855(8),0) + (Y @ + ), V0) 5 (V @ + ), V)

(8 (0) + 7@+, @t w)y0) = (F(0).0),

it holds for any given v € Span {wy,ws, ..., w;, } , due to the theory of ordinary differ-
ential equations, the system (3.1)-(3.3) has a unique local solution, which is extended
to maximal intervals [0, ¢,,] .

A solution ¥ of problem (1.1) in an interval [0,¢,,] is obtained as the limit of
Um as m — oo. Then, as a consequence of the a priori estimates to be proved in the
next step, this solution can be extended to the entire interval [0, 7] for all ' > 0. In
this section, C' > 0 and ¢, > 0 denote various positive constants that vary from line
to line, are independent of the natural number m, and only (possibly) depend on the
initial value.
Estimates for vy, (t)

By taking v = Uy, (t) in (3.3), we have for ¢ € (0, t,,)

L (o el da - fo IVl o+ [T, ) + 7 Sy S |5 | s
+ 7 (Vw, Vi) ds + 7 [1 (Ver, Vi) ds (3.4)
4 i (1G4 40, ) 5 = Ji (7o) s

(3.3)

Using Young’s inequality, there are §; > 0 (actually small enough) so they hold

t t 1 t
’y/ (Vwy, Vigy,)ds < (51/ / |V |” dzds + —/ / |V |* dzds,  (3.5)
0 0 Jo 401 Jo Ja

and
t t ) 1t )
/ (Vw,Vﬁtm)dSS(h/ /|V5tm| dxd5+—/ /|Vw| dzds. (3.6)
0 o Ja 461 Jo Ja

By the inequalities of Holder and Young there is C' > 0 such that

/(f,vtm ds<C// (17 + B (3)/°) s 3.7)

The last term on the left of Equation (3.4) can be written as follows
fo ( T + w), 72 @ +w)t,vtm) ds
= Jo (1 + )7 @+ w), (’ﬁml+ w>f)r1 ds
—fO ( Um + w),| k()= 2(vm+w)t,wt) ds
= Jy i |@ +w)[M dDds — [ (|(5ml+w)t\’“<w>*2 (U + ), 7°"t)p ds.

1

Therefore, Young’s inequality grants us for do > 0

t k ~ k(xz
e |(vm+w)t| @ qrds

fo( U + w) |k(x) 2(vm+w)t,wt) ds
l

k2 T k(x
=L [ 6, ST | )dFd?. )
3.8
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So if we apply inequalities (3.5), (3.6), (3.7) and (3.8) to Equation (3.4) and make d;
and &y small enough, we can conclude

~ 2 ~ |2 ~ o2
[l ot [ 1952 o + T,
Q Q

t t
+/ IV’ﬁtmIQdM/ / (B + w), " dlds < Cr,  (3.9)
0 0 JI'y

where C'r is a positive constant independent of m. Thus the solution can be extended
to [0,7T") and also hold

(Um) is a bounded sequence in L™ (0,T; Hf, (Q)) , (3.10)
(V) is a bounded sequence in 3.11)
L>(0,T; L* () N L* (0,T; H, (2)) N L (0,T; L* (T'1)) ,
Now applying the following algebraic inequality:
AN =(A+B— B> <21 ((A+B)A+BA>, A, B>0and A > 1,

there are C; > and Cy > 0 such that

t t
/ Ty | ™) dDds = / (T + w), — we|"™ dT'yds
0o JI 0 JIy

¢ ¢
<Oy / [T + w),|F) dTds + Cy / jw ") dTdss.
0 JI'y 0 JI'y
Hence, from inequalities (3.9) and (3.6), there are C%. > 0 such that
t
/ Ty | ™) dTds < .
o Jr,

Thus
(V4m) is a bounded sequence in L*() ((0,T) x Ty). (3.12)
Estimates for vy, (t)

First we estimate Uy, (0). Putting ¢ = 0 and v = 044, (0) in (3.3) and considering
(3.11), we get

/Q [Fetm (O)1 Az + [[Beem (0)115r, + (Ve (0) , Verm (0))

7 (Ve (0), Vi (0)) + (o (01772 w1 (0), T (0)) = (/ 0) , uum (0)).

1

Knowing that the following inequalities hold:

(Ve (0), V1um (0)) = = (A (0), T (0)) + (wt (0), W)F ,

(Ve (0) . Vi (0)) = — (Aw (0) . Tyem (0)) + (w (0), 22m Q)
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and from 2 (k1 — 1) < 2(ky — 1) < 22

n—2’

(7l 072 0), 10 (0))
Jp, lon <o>|’j:‘2 wt ()] [ (O)] T,
Ji, 1we (0)7 72 [wy (0)] [Tyt (0)] AT
e >H’“:2 Znr, Nl O] 22,
k] ~
lloe (O)[6h 2oy, s (O)] 2 p, [Tetm (015,
ko—2
< Crmax [[Vw: (0)]]5 oy [V (0)lo 1, » [Tt Oy 1,
[IVw: (0 )H2 Hth O)l,r, ’

< Cr max (|wt (O)|l€2 v 1) [[Dtem (0)]5 1, -

Then from (ug,u) € H? ()N H}, (Q)ﬂLk(') (T1) x H?(Q) and f € H(0,T; L*(Q)),

by applying Young’s inequality and embedding H'(Q) < L*2(I';) and H'(Q) —
L¥1(T'y) we conclude that there is C' > 0 independent of m such that

/ Bt (O) dz + [T (0) 2, < C. (3.14)
Q

< rmax

<r

P ) ) (3.13)

By differentiating equation (3.3) with respect to ¢t and replacing v with Ui, (t), we
get

%% (.[Q |5ttm|2 d.’l? + fQ |v5tm‘2 dx + ||5ttm||g,pl) + '}’fQ |V%'ttm|2 dl’ + (VWt, Vgttm)

+1 fp, (B (@) = 1) | @ + @), [ D72 @ + @)y ButmdT = (fr, Vetm) -
(3.15)
Since wy; = 0, the last term on the left-hand side of Equation (3.15) can be expressed
as follows

Jo 1@+ @), [ 72 @ + ),y BrgmdD

=, k%(a:) (% (th (t) R (V¢ (1) +wt)>)2dF.

Now Equation (3.15) is integrated over (0,¢) using estimate (3.14) and the Young and
Poincare’s inequalities (as in (3.8)) there is C'r > 0 such that

(Joo PPl fy [V ? i+ [T 3, ) + 1 fy |90t s

4(k1 1) (-2 2 ~
5 fo fFl 5t ([0tm (1) (Vtm, (t) +wi)) ) dlds < Crp.
Consequently we come to the following results:

(Vttm) is a bounded sequence in L™ (0,77 L* (Q)) ,
(Vttm) is a bounded sequence in L (0,T’; L? (Fl) (3.16)
(Vi) is a bounded sequence in L™ (0,T}; H1 Q).

From (3.10), (3.11), (3.12) and (3.16), we have that (v,,) is bounded in
L> (0,T; HE, (). Then, (,,) is bounded in L? (0,T; HE (). Since (Dym) is
bounded in L"o (0,7 L*(2)), (Uym) is bounded in L? (0,T; L2( )). Thus, (v,) is
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bounded in H'(Q). Since the embedding H'(Q) — L?(Q) is compact, by the Aubin-
Lions theorem we have that there is a subsequence of (v,,), still denoted by (vy,), so
that

Um — v strongly in L*(Q).
Therefore
Um — v strongly and a.e. on (0,7) x Q.
Using Lion’s Lemma, we get

|5m|:0(~)—2 ~ |5‘P(-)—2

U — v strongly and a.e. on (0,7) x Q.

On the other hand, we have from (3.11)

(Tim) is a bounded sequence in L (0,7 L* (I'y)) .
From (3.10) and (3.16), since
) g C ||V’Um||2 and ||5tm||H%(F1) é C ||V:Jtm||2 ’

H@im”H% (Fl

we derive that
(Um) is a bounded sequence in L2 (O7 T:H3 (Fl)) ,
(Vi) is a bounded sequence in L2 (0,T; Hz (Ty) ),
(Vttm) is a bounded sequence in L? (0,7 L? (I'y)) .
Since the embedding H? (I'y) < L2 (I'y) is compact, again using the Aubin-Lions

theorem, we conclude that we can extract a subsequence of (v,,) still denoted by (v, )
so that

Dym — vy strongly in L* (0,75 L* (T'y)) . (3.17)
So we get that from (3.12)

k()
|5tm\k(')72 Ugm — » weakly in LFO-T ((0,T) x T'y).

It is enough to prove that » = |’17t|k(')72 Vg

Clearly, from (3.17) we get

|5tm\k(')_2 Vprm, — Wt|k(')_2 v strongly and a.e. on (0,7) x T';.

Again, using the Lions lemma, we get » = Wt|k(')72 v;. The proof can now be com-
pleted as follows
Proof of uniqueness:

Let u; and us be two solutions of the problem (P5) with the same initial data.
Let us denote w = u; — us. It is easy to see that w satisfies

(fﬂ lwe|? da + Jo IVw|? dz + ||wt||1%1) +2v fg |Vaw|? ds
+2r fot fl“l (|ult|k(m)72 Uy — |uzt|k(m)72 th) wy (s)dlds = 0.
By using the inequality
(\a|’“<’”>—2 a— [p|F®)2 b) a—1b) >0, (3.18)
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for all a, b € R™ and a.e. x € {2, we have

/ o ? dz + / IVl dz + w2, =0,
Q Q

which implies that w = C' = 0. Hence, the uniqueness follows.
This completes the proof of the lemma (3.4). O

Proof of lemma (3.2). First we approximate u € (C[0,T], HE (€2))NC*([0,T7], L*(£2))
equipped with the norm |ju| = ma;;] (||ut||2 + ||u||H1(Q))7 by a sequence (u*) €

C* (([0,T]) x Q) by standard convolution arguments. It is clear that kP2

and |ut|P> 72wt € HY([0,T], L2()), since 2(p1 —1) < 2(ps — 1) < 2n Next, we
approximate the initial data u; € L2() by a sequence (u}) in C§° (Q2) since the
space H? (Q) N HE ()N LE) () is dense in HY () for the H' endowed norm we
approximate ug € H{ () by a sequence (uf)) in H? (Q) N Hf () N L*O (T'}). We
examine the set of the following approximation problems:

ol — Avt — AP = |ut P72 um in Q x RY
v* =0 on Iy x (0,4+00),
vy (2,t) = {‘9” (x,t) + ’yavf (x,t) + 7o) |k(w vl (z, t)} (3.19)
on I'y x (0,400),
v (z,0) = uf(x), vy (z,0) =uf(z), z€Q.

Since Lemma (3.4) is hypothesized, we can find a sequence of unique solutions (v*)
to problem (3.19). We will show that the sequence {(v*,v}")} is a Cauchy sequence in
space

W { (v,v¢) | v € C([0,T], Hy, () nC([0,T], L*(Q)), }
r v € L (0,75 HE (Q)) N LFO ((0,T) x Ty),

endowed with the norm

2 2
00l = e, (el + 1013) + oel o o,y xr)

+ Jo 197t (5)]13 ds.

For this purpose we set U = u* —u”, V = ov* —v". It is easy to see that V satisfies

Vi — AV — yAV, = [ut P72 — |07 P72 in Q x RY,
VzOonI‘Ox (0, +00),
al, y (@,0) + 7 G (2.1)
o (o572 ot ) = o [ 72 0 (2,1))
on I'y x (0, +00),
V(z,0) = up(z) — uf(z), Vi(z,0) =uf(z) —u(z), x €.

V;‘/t (I‘,t) = -
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Multiply the above differential equations by V; for all ¢ € (0,7) and integrate over
(0,t)x Q we get

2 2 2 t 2
(Ve + 19V + Villsr, ) 29 fy Jo IVl dads
t k(z)—2 r1k(x T T
20 [y o, (1017 0 (,8) = 077 07 (2,8)) (0ff = o7) (s) dTds
= (VO + 19V ©OF + IV 013, )
2 fy fo (fer P27 = PO ) (off = o) (s) dads.
Using the inequality (3.18), we get
2 2 2 t 2
(Ve + 19V E + IVillE, ) +27 Jy Jo [VVi[* dads
< (G O)F + vV ©OF + IV 011}, ) (3.20)
+2 [y fo (P72 = P (off = ) (s) dadss.
Let’s estimate the last term of the second member of the above inequality
Jo (P72t — P27 ) (off = o)
< (p2 = 1) Joysup ("7 P72 ju — a7 foff — o | da
2 —2
(Hlu 112,25y + e OIS 50 ) 1012, Vil
(1 @722 + ™ O ) U] 22, 1Vl
o (190 =2 4 [ ()
Jo (IVr == + | vur ()2 da

Then the estimate (3.20) takes the form

< cmax

(3.21)

< ccy, max

VUl Vel -

(Jo Vil dz + Jo IVV dz + Vili3r, ) + 27 g Jo [VVel® dads
< (Jo Vi )P do+ [, IVV () dz + [V; )3, )
o (170 P2 4 [ ()

+2ccy “m
o\ (v P ) a

VUL [Vill ds.

(3.22)
From (3.10) , (3.22) becomes

(J“Q Vil* o+ Jo [9VIP do+ [VillZ, ) + 27 fy IV Vill3 ds
< (Jo Ve P da+ [, IVV Oz + [V O)lEr,)  +C Jy VUl [Villods.

Thus, applying Young’s and Gronwall inequalities, there is C that depending only on
Q, p; and py such that

Vi, <c( [moras [ vv<o>|2dm+||v;<o>||§,pl) LOT U], -



Well-posedness for semilinear damped wave equation 95

Since {(uf)}, {(uf)} and {(u*)} Cauchy in H} (Q), L*(Q) and (C[0,T], Hf, (2)) N
C([0,T7], L*(Q)) we vonclude that {v}'} and {v*} are Cauchy in Wyr. Thus, (v*,v}")
converges to a limit (v,v;) € Wr.
We now prove that the limit (v (x,t),v: (z,t)) is a weak solution of (P4).
To this end, we multiply equation (3.19) by + in D () and integrate over €
then, we get
;—:2 Jo v da + & Jp, vidl + [, Vo Vdae + 1 [, Vo' Vipda
7 fi, oMo (@ wdT = o [ wtpda

As p — oo, the followings hold in C (]0,T]):
51—; Jvtpdr — [ vpda; Jo VUrVpdz — [, VoVida;

Q Q
Jo Vui'Vipdz — [, Vo Vipda; fF1 vi'pdl — fF1 vepdl;
Jo L P2 wtpda — [ P 2wpda; [ Jof![FO77 of (1) wdT
Jo 1072 0, (£) d.

It follows that [wvuydz = lim [olidz is an absolutely continuous function on
Q n=o0q
[0,T7], hence (v (z,t),v: (x,t)) is a weak solution to the problem (P4) for almost all

tel0,7].
Remaining to prove uniqueness, we denote that v*, v” are the corresponding
solutions of problem (P4) to u*, u”, respectively. Then obviously V' = v — v¥ satisfies

t t
(/ |vz|2dx+/vvfdx+||vt||§,m)+2v/ vaznédsSC/ VU, Vil ds.
Q Q 0 0

This shows that V = 0 for u* = u” which implies the uniqueness. O

Proof of theorem (3.1). Let us define for T' > 0 the convex closed subset of Wy
Yr = {(v,v¢) € Wr such that v (0) = up and v; (0) = u;}.
Let’s denote
Bg (Yr) = {(v,v:) € Wr such that [|(v,v;)]],y,, < R}.

Then Lemma (3.2) implies that for every u € Yy we define v = ®(u) as the unique
solution of problem (P4) corresponding to u. We want to show that this is a satisfying
contractive map

P (BR (YT)) C Bgr (YT) .
Let u € B (Yr) and v = ® (u). Then for all ¢ € [0,T]

(fQ lve|* dz + [, |[Vol* da + ||vt\|§_r1) +2 o Vo P ds +2r [ i 0" dDds

= (o lor O do+ fo V0 ) da + [l (0) 3., ) +2 Jy fo [ul”'*) 7 wvy (s) dads.
(3.23)
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Using Holder’s inequality, we can examine the last term on the right-hand side of
inequality (3.23) as follows

t
/ / |u|p(gc)_2 uvy (s) dzds < (pg — 1)/ max (|u\p2_2 , |u\p1_2) |ul v | do
0 Q Q
< cmax (Il O1F2 20 e (12, ) el s lvell,)
< cc, max </ |vu(t)v’2*2dx,/ |Vu(t)|p12dx> V|, vt
Q Q

-1 -1
= ceomax (||Vull5 " [IVal 57 ol

Since (p1 —2)n < (p2 —2)n < 2” . Thus, by Young’s and Sobolev’s inequalities, we
get V§ > 0, 3C(4) > 0, such that Vt €(0,7),

t t
/ / \u|p('x)_2 uvy (8) deds < C()t max (RQ(prl), RQ(plfl)) + 5/ V| ds.
0 Jo 0
Plugging the last estimate into inequality (3.23) and choosing § small enough we get
2 2
ol < (Joloe @F dot o D0 OF do+ e Ol3r,) 50y

+CT max (R*@P2~1D R2P1=D)
By choosing R large enough so that

1
[t [ (90 a0 013, < 3R

then T sufficiently small so that CT max (R2 p2—1) R2p1— 1)) 1R2 it follows that
[vlly, < R from (3.24), hence v € Bgr(Yr). Next, we have to check that it is a
contraction. To this point, we set U = v — %, V = v — U where v = ® (u) and
U= (u)

Vie — AV — AV, = [u|f 72w — [/ 25 in Q x R,

V—OonFOX(O +00),

5o (@ 1) + Gk (2,1) (3.25)

(o7 (e,0) - [ 23, 0, |
onI'y x (0,+00),

V(z,0) =0, Vi(z,0)=0, =z € Q.
Multiplying the first equation in (3.25) by V4, integrating over (0,t¢) x €2, and using
the algebraic inequality in (3.18) and the estimate (3.21) yields

(JoIVil? dz + Jo 9V do + Vil y, ) +27 i IVViP ds

fo (VP + Va9 ?) da,
Jo (V@@= +|va ()P~ dz

‘/tt (ZI:,t) = -

< 2cc, fgmax VU], [[Vill, ds.

So
IV, < dee.T (RP2~2+ RP72) |U|y,. < CTRP>72|U|3.. . (3.26)
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If one chooses T’ small enough to have CTRP2~2 < 1, estimate (3.26) shows that ® is
a contraction. The contraction mapping theorem guarantees the existence of a unique
solution v that satisfies v = ® (v). This completes the proof of Theorem (3.1). O

4. Exponential growth

In this section we consider the problem (1.1) from an energetic point of view:
The energy grows exponentially and with it the LP* and LP? norms. To state and
prove the result, we declare the following notations. From Corollary 3.3.4 in [8] we
know LP2(Q) < LP()(Q). Hence it is a consequence of embedding Hg () «— LP2(9)
and Poincar’s inequality

lull,y < BlIVuly, (4.1)
where B is the best constant of the embedding H} (Q) < LP() () determined by
Bl = inf{HVu||2 cue HY (), Jull, = 1}.

We also define the following constant which will play an important role in the proof
of our result.
Let By, a1, a, E1, and E (0) be satisfying constants

-
By =max(1,B), ay =B ?,
a0 = [Vuoll}, Br=(3-2)ar (4.2)

2 2 2 x
E(0) =% ual + 3 IIVuolls + 3 llualls r, — feo 55y [/ d.

For the sake of simplicity, we also write o(u) instead of gp()(u).
For this purpose we start with the following lemma, which defines the energy of
the solution.

Lemma 4.1. We define the energy of a solution u of (1.1) as:

1 2, 1 2, 1 2 1 @
B =3 ludlls + 3 IVully + 5 luellzr, = [ sl de. - (43)
If we multiply the first equation in (1.1) by u; and integrate over Q and with respect
to t, we get

t
E(t)— E(s) = 7/ (3 I (113 +7 llwe (P, ) A7 <0, VO < s <t <T.

(4.4)
Thus the function E is decrease along the trajectories.

Theorem 4.2. Let ko < p1 < p(z) < py with2 < p; < p(z) < pa < G. Assume that the
initial value uq is chosen suvh that E(0) < Fy and By ? > ||Vu0||§ > a3 hold. Then,
under the above conditions, the solution to problem (1.1) will grow exponentially in
the norms LP' and LP2.
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We conclude from (4.3) and (4.1)

E(t) ZQHVMB—“*HMX(WMM)|WH
ZQHV’HQ—;*HMX« 1HVUMY”7UﬁHVU%YH) (4.5)
=1a-21 5 max (( )7 (B%a)7> =g (a) Ya € [0,400),

where a = ||Vu||2

Lemma 4.3. Let h : [0,4+00) — R be defined by
1 1 Py
h(a)=-a— — (Bia)? . 4.6
(@)= 50— - (Bla) (4.0)
Then the following claims hold under the hypotheses of Theorem (4.2):
(1). R is increasing for 0 < a < oy and decreasing for a > ay;
(ii). Em h(a) = —oc0 and h(a1) = FEj.

Proof. By the assumptlon that By > 1 and p; > 2, one can see that h(a) = g (a )
for 0 < a < By 2. Furthermore, h(a) is dlfferentlable and continuous in [0, +00). Wi
can see that

1 1 p1—
h'(a)zi—iBfla el 0<a< B2
Then follows (i). Since p; —2 > 0, we have 11}1}: h(a) = —oc0. A common calculation
gives h(ay) = Fj. Then (ii) holds. O

Lemma 4.4. Under the assumptions of Theorem (4.2), there exists a positive constant
as > a such that
[Vul3 > ag, t >0, (4.7)

/ lu (2, )P do > (Bfozg)%1 . (4.8)
Q

Proof. Since E(0) < Ep, Lemma (4.3) implies that there is a positive constant a.g > o
such that E(0) = h(az). By (4.5) we have h(ag) = g(ag) < E(0) = h(az), from
Lemma (4.3)(i) it follows that ap > ag so (4.7) holds for ¢ = 0. Now we prove
(4.7) by contradiction. Suppose ||Vu (t*)||§ < ay for some t* > 0. Suppose that
IVu (t)]|3 < ay for some ¢* > 0. By the continuity of |Vu (.,t)||, and ag > ay, we
can assume t* such that ag > |[Vu (t*)Hg > aq, then (4.5) yildes

E(0) = h(az) < h (| Vu(t')]3) < B (¢

which contradicts to Lemma (3.2), and (4.7) holds.
By (4.3) and (4.4), we obtain

L [olu@ )P e > [ o u @, )P de > |Vul; - E 0
Z %042 — E(O) = %Ozz — h(az) = p% (B%OZQ) 2 s
and (4.8) follows. O
Let H(t) = E1 — E(t) for t > 0, we have the following lemma:
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Lemma 4.5. Under the assumptions of Theorem (4.2) the function H(t) presented
above gives the following estimates:

0 < H(0) < H(t) < /Q ]%x) lu (2, 8)["® dz, t> 0. (4.10)

Proof. By Lemma (3.2), H(t) is nondecreasing in ¢ thus
H(t)> H(0)=E, —E(0) >0, t>0. (4.11)
If we combine (4.3), (4.2), (4.7) and as > a1, we get
T 2
H(t) ~ fo 55 lu(@, )" dz < By — || Vul) 12)
<(3-&)ar-tm<o, 10, '

and (4.10) follows from (4.11) and (4.12). O
Based on the above three lemmas, we can provied the proof of Theorem (4.2).

Proof of Theorem (4.2). We then define the auxiliary function for the value ¢ > 0
small to be selected later

1
L(t)=H(t) + 8/ wgudx + E/ wgudl + 557/ |Vu|® dz. (4.13)
Q r, Q

Let’s consider that L is a small perturbation of the energy. Taking the time derivative
of (4.13), we get

dﬁgt) =7 [ |V |* dz + e o lug|* dz + & HutHil +7 Jr, |ut|k($) dr

4.14
+e [ urudz + € fI‘l ugudl + e [, VuVu,dz. (4.14)

Using problem (1.1), we get from equation (4.14)
LD — o [ IVul* do + e fo luel® da+e Judly o, +7 [, @) dD (4.15)

—¢ fo IVl dz + € [, [u ()" dz — er [ Jue" wpudn.

To estimate the last term on the right-hand side of the previous equation, let § > 0
shall be determined later. Young’s inequality drives

e wpudl < i/ §F@) |y F®) qr 4 @/ 5RO [, |F® T
r, k1 Jr, ki Jr,
This is obtained by substituting in (4.15)
LD > [o [V do +e [, el dz + e lfuely o, + 7 [ Jue* dD
—¢ fo IVul? dz + € [ [u ()" do — er it [ 4@ [uf*® dr (4.16)
—er kﬁgl fF1 5T |ut|k(m) dr.

Let us evoke the inequality concerning the continuity of the trace operator

[l ar < max ([ pupar, [ ar) < e,
Iy 1N ry
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who works for

ki>land 0<s <1, 32%—”,:12%—"—_1>0,
2 3
because ky < kg < 22=

n—2"

and the interpolation and Poincaré’s inequalities

1— s 1— s .

el ey < C llully ™ 1Vally < CllulllS [ ully, according to LPO(©) <> LA(Q).
So we have the following inequality:
k(x 1-s s
fFl ‘ul ( )dF < CHqu(. HV%U% .
< C'max (o (u) 7 7g(u)ﬁ> IVl (see (2.1)).

If s < % and we use the Young’s inequality again, we get

k(x 1—s s
Jo, M A0 < C a1Vl

(1—s)kop (1—s)kou k2;9 (4.17)
<C [max (Q (w) 7L o(u) 7 ) + <||VUH§) :

for 1/ 4+ 1/60 = 1. Here we choose 6 = é to get u = 2/(2 — kas). Therefore, the
previous inequality becomes

k() 2(1—s)ky 2(1—s)ky 9
| dl' < O |max ( o (u)@F971 | g (u) T F22r2 | + ||Vul; | . (4.18)
I'y

Chose s such that

O<s<min<2(p1_k2) 2(?2—762))7

k2 (p1 —2) k2 (p2 — 2)

we get

2ks (1 —s) 2ks (1 — 5)
(2 — kas) pa = (2 — kos) p1 <L (4.19)

If inequality (4.19) is satisfied, we apply the classical algebraic inequality
1

zdg(z—l—l)g <1+w> (z4+w),V2>0,0<d<1, w>0,

to get the following estimate:
2(1—s)ko 2(1—s)ko
max (Q (u) (=Fzs)p1 | o (u) (2—F23)p2 )
< (1+H©) ) (o(w) + H(0)
<Clo(u)+H(t) vt=0 (4.20)

Inserting estimate (4.20) into (4.18), we get the following inequality:

[ Wl ar < (o + 28 @ + [Val3). (4.21)
I
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which eventually gives

k(z 9 2 .

< C (281 - Jolul do — Jullyp, + (14 2) fo luP™ o).
(4.22)
Therefore, by injecting inequality (4.22) into inequality (4.16), we get

AW > o [ V)P de + e (1 + 7€ max (5k2,6k1)> o lue)? da
e (14 52 max (3%, 8%) ) Jluel3 r,
—2% max (5k2,5k1) CE;
—EfQ|Vu|2dw+5(1—%maX (6k2, 5%1) ( ))f lu (£)[P) da
+r (1 — %max (5_%,5_%)) fl“l |ut|k($) dr.

(4.23)
Of inequality
2 2 2 2@
2H () = — ( [ Jw)?dz+ [ [Vul?dz+ |w}, — [ —= [ dz ),
Q Q ap(@)
we have
—Jo IVulPde = 2H (1) + fo lusl dz + uill3 p, — Jo 525 [ul”™ da
? . T 20 2) (4.24)

2 2 x
> 2H (t) — 2B1 + [, [us d + w5 o, — 2 [, [uf”™) dz.

So if we inject it into (4.23) we get the following inequality:

dﬁit) > ,ny |Vut|2 de +¢ (2 + % max (6’“%5’“)) fQ |Ut|2 dx
+e(2+ Tk—cmax (5’“2 5k1)) ||ut||§ B
+e(l1— —1 — H max (6%2, %) ( p%)) Jo |U|p(x) dz (4.25)

e (20 (1) = 2 (1+ & max (6%2,6M) C) B )
+r (1 - E(k;il_l)max ((Y%,(Y%)) fl“l |ut|k(w) dr.

Using the definition of ay and E; (see Equation (4.2) and Lemma (4.4)), we have

—2E) — 44&max (6", 6%) CF,

= —-2F,; (B%az) == (BlOéQ) (s )

,4L max (5k2 5k1) CE, (B%QQ)TI (Bfog)
(‘m (Biaz) ¥ 4 max (5%.64) Oy (Biaz) 7 ) Jy P .

P1
2
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Finally we get

dfh(tt) > ’stz |Vut\2 dz +¢ <2 + % max (6k2’6k1)> fﬂ |ut|2 dz

+e (2 + % max (5k2,5k1)) ||Ut||§,rl
1- 2 28, (B%OZQ)% (x)
+e ., ks sk 2 2 2t Jo Jul™ de
_?max ((5 29 1) (1 + E) +4E1 (Bla2) :

#22 (B0 + £ (3, 50) O
+r (1 - E(kkzillmax (5 T 0 mt 1)) fr |ut|k(m dar,

(4.26)
because
2 9 —P1 . _2m
1-— o 2F) (Biao) ? >0 since ap > By 712,
1
we can now choose ¢ small enough such that
1-— l — 2E1 (B%ag)%m
—p1 > 0.
—rC max (6=, 5k1) [(1 + ]9%) +4E; (Biag) 2 }
Once ¢ is fixed, let’s select € small enough
ko —1 _ ke Ry
(1 - <€(27)max ((5 ) k211>) >0 and L (0) > 0.
1
Hence the inequality (4.26) becomes
dL (¢ x
% > e [H ) +/ e dz + el ., +/ " )dx+E1] (4.27)
Q Q

for some 7 > 0.

Next it is clear that by Young’s inequality and Poincaré’s inequality we obtain
L(t) <A [H ) +/ el dz + el 2, +/ Vu|2dx} for some A > 0. (4.28)
Q ’ Q

From (4.12), we have

2 2 p(a)

[Vu|"de < 2B+ — [ |u(z,t)|"" dz, t>0.
Q P1 Ja
So the inequality (4.28) becomes
L(t)<¢ [H (t) +/ jue)? dz + J|uel5 +/ u|P) da + El}
Q Q

for some ¢ > 0. (4.29)

From the two inequalities (4.27) and (4.29), we finally get the differential inequality
drL (t)
dt

> uL (t) for some p > 0. (4.30)
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Integrating the previous differential inequality (4.30) on (0,¢) gives the following es-
timate for the function L:

L(t) > L(0)e. (4.31)
On the other hand, from the definition of the function L (and for small values of the

parameter ¢) follows

1
LOe" < L)<~ / uP@ dg
P1 Jo

1
— max (/ |u|P? d:z:,/ Jul dz) . (4.32)
b1 Q Q

From the two inequalities (4.31) and (4.32) we derive the exponential growth of the
solution in the LP? and LP' norms. O

IN
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