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Strongly nonlinear periodic parabolic equation
in Orlicz spaces

Erriahi Elidrissi Ghita (%), Azroul Elhoussine (%) and
Lamrani Alaoui Abdelilah

Abstract. In this paper, we prove the existence of a weak solution to the following
nonlinear periodic parabolic equations in Orlicz-spaces:

E - d’iU(CL(.II,t, vu)) = f(aj7 t)
where —div(a(z,t,Vu)) is a Leray-Lions operator defined on a subset of
WOLILM (Q). The As-condition is not assumed and the data f belongs to
W By (Q).
The Galerkin method and the fixed point argument are employed in the proof.
Mathematics Subject Classification (2010): 35B10, 35A01, 35D30.
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1. Introduction

Let €2 be a bounded subset of RV, and let @ be the cylinder Q x (0, T) with some
given T" > 0. In this paper we deal with the following periodic parabolic boundary
value problem:

9u _ div(a(z,t, Vu)) = f(z,t) inQ,
u(z,t) =0 on 9N x (0,T) , (1.1)
uw(z,0) = u(z,T) inQ,
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where A is a second-order operator in divergence form
Au) = =div(a(z, t, Vu)),

with the coefficient a satisfying Leray-Lions conditions related to some N-function.
The study of nonlinear partial differential equations in Orlicz-spaces is motivated
by numerous phenomena of physics, namely the problems related to non-Newtonian
fluids of strongly inhomogeneous behavior with a high ability of increasing their vis-
cosity under a different stimulus, like the shear rate, magnetic or electric field (see for
examples [1], [10], [14], [15], [16] and [21]).

Consider first the case where a have polynomial growth with respect to v and Vu.
Therefore A is a bounded operator from LP(0, T, WP(£2)), 1 < p < oo, into its dual.
In this setting, Brézis and Browder in citel6 proved the existence of problem (1) when
p > 2 and the periodic condition is replaced by the initial one, and by Landes and
Mustonen when 1 < p < 2 [19].

Specifically, when we have the periodicity condition Boldrini and Crema in [4] studied
the following problem:

5t — Apu=m(t)g(u) + h(z,t) in Qr;
u(z,t) =0 on 00 x (0,T); (1.2)
u(z,T) = u(z,0) in Q;

g is a continuous function such that |g(v)| < a(|v|s + 1), where s and a are positive
constants. The existence of a solution to this problem is established under the condi-
tion 0 < s < p—1, and for s = p—1 by using Schauder’s fixed point theorem. Related
topics can be found in [7], [8], [9]. However, when attempting to relax the restric-
tion on a, we replace the space LP(0, T, VVO1 Py with an inhomogeneous Orlicz-Sobolev
space I/VO1 “La(Q), constructed from an Orlicz space Ly instead of LP, where the
N-function M is related to the actual growth of a. Several studies have explored this
setting, considering u(x,0) = up and a depending on u and Vu, see for instance, the
works of Donaldson in [6] and Robert in [20], who proved the existence of a solution
for a nonlinear parabolic problem under the Ay condition, u? < ¢M (ku), with ¢ and k
are positive constants, and A is monotone. Additionally, in cases where the Ay condi-
tion is not assumed and under various assumptions, other authors have demonstrated
the existence of solutions to diverse parabolic problems (see [2], [14], [17], [19]).

The objective of this paper is to establish the existence of a solution to problem (1.1)
when f belongs to W—5%E(Q), without assuming the A, condition. Moreover,
we consider the periodicity condition instead of the initial one, which necessitates
demonstrating the existence of the approximate problem once more. To achieve this,
we assume that u? < ¢M (ku) with ¢ and k are positive constants.

We employ the Galerkin method due to Landes and Mustonen, along with the fixed
point argument due to Schauder.

The paper is structured as follows: In Section 2, we provide a review of some prelim-
inary concepts concerning Orlicz-Sobolev spaces, along with various inequalities and
compactness results. Section 3 is dedicated to stating the assumptions and presenting
the main result. In the fourth section, we prove the existence theorem. In the appendix
we prove the existence of a solution to the approximate problem.
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2. Preliminaries

2.1. Orlicz-Sobolev Spaces-Notations and Properties

e let M : RT — RT be an N-function, i.e continuous, convex, with M(t) >
0fort>0,M(t)/t >0ast— 0and M(t )/t—)ooast—>oo
Equivalently, M admits the representation: M (¢ fo 7)dT where m : RT —
R™ is non-decreasing, right continuous, with m(O) =0, m( ) >0 for t > 0 and
m(t) — oo as t — oo.
The N-function M conjugate to M is defined by M (t fo 7)dT where
m:RT — RT is given by m(t) = sup{s : m(s) < t}.
The N-function M is said to satisfy a Ay condition if, for some k > 0:

M(2t) < kM(t) ¥t >0

When this inequality holds only for ¢ > t; > 0, M is said to satisfy the
Ay —condition near infinity.

e Let 2 be an open subset of RY. The Orlicz class £3/(Q2) (resp. the Orlicz space
Ly (2) ) is defined as the set of (equivalence classes of) real-valued measurable
functions u on Q such that [, M (u(z))dz < 400 (resp. [, M(u(z)/N)dz < 400
for some A >0 ).

Ly (Q) is a Banach space under the norm:

||u|MVQ:inf{)\>O:/QM(u(;)> dx<1}

and Lp/(Q) is a convex subset of Lp(2). The closure in Ly (2) of the set

of bounded measurable functions with compact support in 2 is denoted by
En ().

The equality Ep(2) = Las(Q) holds if and only if M satisfies the Ay condition,
for all ¢ or for ¢ large according to whether §2 has infinite measure or not.

The dual of Ep(Q) can be identified with L/ (2) by means of the pairing
Jo u(@)v(x)dz, and the dual norm on Lz7(Q) is equivalent to [| - |57 -

The space L () is reflexive if and only if M and M satisfy the Ay condition
(near infinity only if 2 has finite measure).

e We now turn to the Orlicz-Sobolev spaces. WLy (Q) (resp. WEy(Q) ) is the
space of all functions u such that v and its distributional derivatives up to order
1 lie in Lps(Q) (resp. Epr(2) ). It is a Banach space under the norm:

lulliare = D 1Dl -

laf<1

Thus WLy (Q) and WEp () can be identified with subspace of the product
of (N + 1) copies of Ly (f2). Denoting this product by IILjs, we will use the
weak topologies o (IILys, I1E;) and o (IILar, ITL5).

The space W} Ep(2) is defined as the (norm) closure of the Schwartz space
D(Q) in W'Ep(2) and the space W Ly (S2) as the o (ILLyy, [IEy;) closure of
D(R) in WLy ().
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e We say that u, converges to u for the modular convergence in WL () if for
some A > 0

/ M (D%uy, — D%u) /A)dz — 0 for all |a| <1
Q

This implies convergence for o (IIL s, IILy;). Note that, if w, — w in Lz (§2) for
the modular convergence and v, — v in Ly () for the modular convergence,

we have
/unvndx — / uvdr as n — 0o
Q Q

If M satisfies the Ag—condition on R*, then modular convergence coincides
with norm convergence.

o Let W 1Li7(€) [resp. Wt E57(2) denote the space of distributions on €2 which
can be written as sums of derivatives of order at most 1 of functions in L7(£2)
[resp. W1 E57(2)]. It is a Banach space under the usual quotient norm.

o If the open set  has the segment property then the space D(2) is dense in
Wg L (2) for the modular convergence and thus for the topology o (ILL s, I1L77)
(cf. [13], [19]). Consequently, the action of a distribution S in W~ L+7(£2) on an
element of Wi Ly (Q) is well defined, it will be noted by < S, u >.

2.2. The Inhomogeneous Orlicz-Sobolev

Let Q be a bounded open subset of RN, T > 0 and set @ = Qx]0,T[. Let M
be an N-function. For each a € NV, denote by D the distributional derivative on Q
of order a with respect to the variable z € RY. The inhomogeneous Orlicz-Sobolev
spaces of order 1 are defined as follows

Wh Ly (Q) = {u € Ly(Q) : DSu € Ly (Q),V]a| < 1}
and
W En(Q) = {u € Ex(Q) : Dgu € Ey(Q),V]a| <1}
The last space is a subspace of the former. Both are Banach spaces under the norm

lull = > 1Dgullyrq-

laf<1

The space Wy " L (Q) is defined as the (norm) closure in WL (Q) of D(Q) and

we have.
ML, T Lgr)

Wi L (@) = D(@)" -

We can easily show that they form a complementary system when (2 satisfies the seg-
ment property. These spaces are considered as subspaces of the product space II1L /(Q)
which has (N+1) copies. We shall also consider the weak topologies o(IILp/I1E ;)
and o(IILy, Ly ). If u € WHELy(Q), then the function: ¢ — u(t) = u(.,t) is de-
fined on (0,T) with values in WL/ (Q). If, further, u € W Ep(Q), then u(.,t) is
W1LEy (2)-valued and is strongly measurable.

Furthermore, the following continuous imbedding holds: Wh*Ey(Q) < L'(0,T),
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WLE) (Q). The space WLy (Q) is not in general separable; if u € WH% Ly (Q), we
cannot conclude that the function u(t) is measurable from (0,T) into W1H* L (€).
However the scalar function ¢ — || D%u(t)||ar.q is in L'(0,T) for all o] < 1.
Furthermore, Wy ™" Ear(Q) = Wy " Lar(Q) NTIEyy, . Poincare’s inequality also holds in
W, Lp(Q) and then there is a constant C' > 0 such that for all u € Wy Ly (Q)

one has
Z HDguHJVI,Q <C Z ”DguHM,Q

lal<1 lal=1

thus both sides of the last inequality are equivalent norms on VVO1 “Lar(Q). We have
then the following complementary system

(WOLILM(Q) F)
Wy Ex(Q)  Fo

F being the dual space of VVO1 “En(Q). Tt is also, up to an isomorphism, the quotient
of TIL5; by the polar set Wy " Ep(Q)*, and will be denoted by F = W1 L+(Q)
and it is shown that

W La(Q) =4 F = 3 Dife ¢ fo € Lxr(@Q)

l<1

This space will be equipped with the usual quotient norm:

£ =inf D> llfallzzo

|| <1

where the infinum is taken on all possible decompositions

f=" Difarfa € Li7(Q)

|| <1

The space Fj is then given by

Fo={f= > Difa:fo€ Ex(Q)

lee| <1
and is denoted by Fy = W1 Er(Q).

2.3. Some inequalities

Lemma 2.1. [17] Let M be an N-function, we have the following inequality:
st < M(s)+ M(t)

called Young inequality.

Lemma 2.2. [17] The generalized Holder inequality

/Qu(x)v(x)|dx

hold for any pair function w € Ly (Q) and v € Lyz(Q).

< 2||ullm|[vll37
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Proof. The proof of this inequalities is detailed in [17] (see pages 18 for the first one
111 for the second). O

2.4. Approximation theorem and trace result

Let  is an open subset of RY with the segment property and I is a sub-interval
of R (both possibly unbounded) and @ = Q2 x I. It is easy to see that @Q also satisfies
the segment property.

Definition 2.3. [12] We say that u,, — u in W~ *Ly7(Q) + L*(Q) for the modular
convergence if we can write

Up = Z Du® +ud
laf<1
U= Z Dou® 4 u°
la<1
with u2 — u® in Ly7(Q) for the modular convergence for all || < 1 and uf — u°
strongly in L?(Q).
This implies, in particular, that u, — u in W1 L7(Q) + L?(Q) for the weak
topology o(IILys + L%, TILyr N L?) in the sense that < u,,v >—< u,v > for all
v E Wol’ILM (Q) N L*(Q), where here and throughout the paper, < .,. > means
either the pairing between WO:L’ZLM(Q) and W~1%L+7(Q), or the pairing between
Wy Ly (Q) N L2(Q) and W1 L1+(Q) + L*(Q). Indeed,

() = 3 (1)

ugy DSv dz dt +/ u%v dz dt
lal<1 Q

Q

and since for all |o| < 1,uf — u® in L3;(Q) for the modular convergence, and so for
o (L7, Lar), we have

> ol [

lal<1 Q

- > (-1)'&‘/

o<1 Q

upy Dov dz dt +/ udv dr dt
Q

u*Dgv dz dt —|—/ uv dz dt = (u,v).
Q

Moreover, if v, — v in Wy Ly (Q) N L*(Q) for the modular convergence (i.e. v, — v
in Wy" L (Q) for the modular convergence and in L2(Q) strong), we have (u,, v,) —
(u,v) as n — oo.

Theorem 2.4. [12] If u € W% Ly (Q) N L2(Q) (respectively Wy " Ly (Q) N L2(Q)) and
% € W Li7(Q) + L*(Q), then there exists a sequence (v;) in D(Q) (respectively
D(I,D(QQ))) such that
v; = u in WHT Ly (Q) N L*(Q)
ov;  Ou . 1 9
A RN wL(Q) + L

for the modular convergence.
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Remark 2.5. If in the statement of theorem (2.4), one considers 2 x R instead of @
we have D(£2 x R) is dense in
Ou

{ue Wy (QxR)NL*(Q x R) : 5

e WM L(Q xR)+ L*(Q x R)}
for the modular convergence.

A first application of Theorem (2.4) is the following trace result generalizing a
classical result which states that if u belongs to L2(a,b; H}(2)) and 2% belongs to
L?(a,b; H=()), then u is in C(a, b; L*(Q)).

Lemma 2.6. [12] Let a < b € R and let Q be a bounded subset of R with the segment
property, then
Ou

{u € Wy Lar (2 x (a,0))NLA(Q x (a,b)); o

€ W Lir(Q % (a,b)) + L*(Q % (a, b))}

is a subset of C([a,b], L*(Q)).

3. Existence result

3.1. Assumption and statement of main result

Let Q be a bounded open subset of RY (N > 2) with the segment property, and
@ be the cylinder Q x (0,7") with some given T' > 0. Let M be an N-function.
Consider the second order operator A : D(A) € WLy (Q) — W12 [+(Q) of the
form:

A(u) = —div(a(z,t,Vu))

where a : Q x (0,7) x RY — R are a Carateodory function satisfying for almost
every (z,t) € Q x (0,7) and all £ # £¢* € RN we have the following assumptions:

(e, t,€)] < B(ha(x,t) + M M(SIE])) ; (3.1)
la(e, t,€) — alz,t, £ — €] > 0; (3.2)
ae, 1,06 > ant(B) (33)

FEW N ELQ) (34)

where hy € LY(Q), and 3,5, a, A > 0.
and suppose that there exist s >0 and ¢, k two positive constant such that for all
s > s

5% < ecM(ks) (3.5)
We shall prove the following existence theorem
Theorem 3.1. Assume that (3.1)-(3.5) hold true then there exist a unique solution
u € D(A) N W, " Lar(Q) N C(0,T, L*()) of (1.1) in the following sense:

0
< 8—?,4p >0 —|—/ a(z,t, Vu)Vedrdt =< f,p >q; (3.6)
Q



58 E. E. Ghita, A. Elhoussine and L. A. Abdelilah

for every ¢ € Wy "Ly (Q) N L*(Q) with % € WL Li(Q) + L*(Q). where here
< .,. > means for either the pairing between Wol’zLM(Q) and W1 Ler(Q), or
between Wy " Las(Q) N LA(Q) and W5 L1 (Q) + L2(Q).

Integrating by part and using the periodicity condition equation (3.6) can be
written as:

0
—/ —(pudacdt—i—/ a(x,t, Vu)Veodrdt =< f,o >¢ (3.7)
Q Ot Q

Remark 3.2. Note that all term in (3.7) are well defined, and by the trace result of
lemma (2.6) we have that u € C([0,T), L*(Q)) wish make sense of the periodicity
condition.

4. The proof of the main result

The proof of theorem (3.1) is divided into five steps:

Proof. Step 1: Firstly we have to prove that the solution u is unique. For that we
suppose that there exist another solution v of problem (1.1) then v satisfy also (3.6),
then by taking ¢ = u(t) — v(t) we can easily see that

1d
o% (u(t) — v(t))*dz + / (a(z,t,Vu) — a(z,t,Vv))(Vu — Vo)dzedt =0 (4.1)

Q Q
Using periodicity condition and (3.2) we get Vu = Vv, then we have by
(4.1) that u(t) = v(t) for almost every ¢ € (0,7T), finally we deduce that u = v.
Step 2: Approxzimate problem: As in [12] we will use Galerkin method due to Landes
and Mustonen [19]. For that we choose a sequence {wy, wa, w3, - - - } in D() such that
UoZ, Vi, with

Vi = span{wy, we, ws, - }

is dense in HJ*(Q)with m large enough such that H* () is continuously embedded in
CH(Q). For any v € H{*(€), there exists a sequence (v;) C [J,—, V,, such that v, — v
in H*(Q)and in C*(9) too.

We denote further V,, = C([0,77],V,,). We have that the closure of |, V, with
respect to the norm:

[vllcro@) = Sup {IDyv(e, 0)] - (2,t) € Q)
o<1

contains D(Q), for more detail see [11] and [18]).
This implies that, for any f € W~1*Ez(Q), there exists a sequence (fx) C Ur—; Vs
such that f — f strongly in W1 E57(Q). Indeed, let € > 0 be given. Writing

f=Y Dyf*

lal<1
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for all [af < 1, there exists g* € D(Q) such that, ||f* — ¢%(l37 o < g5z Moreover,
by setting g = 2\0451 D¢ g™, we see that for any g € D(Q), and so there exists
¢ € Jr—; Vn such that ||g — ¢|ls,0 < Fmeas(@)- e deduce then

2meas
15 = g lw-rem@ < D 1= 9%laro + 19— ¢l
ol <1

Now, let us consider the following approximate problem:

Un € V3 S € LM0,T,V,);
Un(2,0) = un(z,T) ;

(4.2)
and for all p € V),
fQ Qi pdadt + fQ a(z,t, Vuy,)Vedrdt = fQ Fnpdzdt
See the appendix for the prove of the existence of u,, € V,,.
Step 3: a priori estimates
Let as prove that:
||un||W3,1~LM(Q) <C ;/Qa(x,t,Vun) Vu, de <C (4.3)
and
a(z,t,Vuy,) is bounded in (LM(Q))N (4.4)

where here C, C" are a positives constants not depending on n.

Proof. Taking u,, as a test function in (4.2), then using periodicity condition and
young inequality we have

1
| ot Vun) Vundadt < 2 fullz g + ellunlao
Q € ’
By using (3.2) and applying Poinccare inequality there exist C; > 0 such that
[Vu,| |V, |
a/QM( St < lig + <0 | M(

By a choice of € and the fact that || f,[l57,o < C we obtain

)dxdt.

/ M(M)dxdt <C. (4.5)
Q )\

This implies that (u,) is bounded in Wy " Ly(Q) and so in L*(Q). By using (3.1)
and (4.5) we can conclude that there exist a constant C" > 0 such that

/ a(x,t, V) Vugdrdt < C/; (4.6)
Q

To prove that a(z,t,Vu,) is bounded in (Ly7(Q))Y, let ¢ € (Eg(Q))N with
llellar,o = 1. By (3.2) we have

/Q(a(x,t, Vuy) — a(z, t, ) (Vun, ¢)dxdt > 0
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which gives

/a(x,t,Vun)ap</a(x,t,Vun)Vundxdt—/ a(z,t, ) (Vuy, — p)dzdt
Q Q Q

Using (3.1) and (4.3) we can easily see that

/ a(x,t,Vuy)p < C
Q

and so a(z,t, Vu,) is bounded in (L37(Q))".
Thus for a subsequence still denote u,, and for some h € (L77(Q))™:

Uy, — u weakly in Wy " Ly (Q) for o (1L, TTE;7) (4.7)
and weakly in L*(Q).
a(z,t, Vu,) — h weakly in (L37(Q))" for o (L5, 1E7) (4.8)

Step 4: Almost everywhere convergence of the gradient.
For all ¢ € C*(0,T,D(Q)), we get by (4.2) and (4.8) that

—/ ua—(p—i-/ thodxdt:/ fVdxdt. (4.9)
Q@ 9t Jg Q

We can see by taking ¢ arbitrary in D(Q) that %‘ € W12 (@), then by theorem
(2.4) there exist a subsequence denote vy, € D(Q) such that:
v — win Wy "Ly (Q) N L*(Q) and = — — in W™ L+(Q) + L*(Q)

for the modular convergence, then by lemma (2.6), we have vy, — u in C([0,7T7], L?(12))
and so u € C([0,T], L*(Q)).
From (4.2), (3.7) we have

lim sup/ a(x,t, Vu,)Vu, — hVugdadt
Q

n—oo
ou,, ovy
<li — | ——undzdt ——udzdt
<timup (= | S vdsd) + [ o

n—roo

—Himsup/ (fnundxdt—/ fnvk)dxdt
Q Q

= lim sup (/ aﬂ(vk — up)dxdt) +/ flu —vg)dzdt
Q O Q

n—oo

where we have used the fact that

—/ %udxdt = lim —/ %unda:dt
Q ot n—o0o Q ot
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then the periodicity condition imply

—/ %udxdt: lim —/ %vkdxdt.
o Ot o Ot

n— oo

For the first term in the right hand sand we have

1
lim sup/ aﬂ(mc — up)dxdt = limsup (— ,i/ (un(t) — vi(t))*dzdt)
+ limsup/ %(vk — Uy, )dxdt
n—oo JQ ot
. 1 o1 T
= limsup ( ~3 [un(t) —vr(t)) ]0 d:r)
n—oo

n—oo

Q
0
+ lim sup/ ﬂ(vk — Uy, )dxdt
o Ot
the fact that % € F37(Q) and v — u gives

. . ka
lim sup lim sup/ — (vg — Uy )dxdt = 0.

k—oo n—oo Q ot

By periodicity condition we have

s,
lim sup lim sup/ ﬂ(vk — Uy )dzdt = 0.
o Ot

k—oo n—oo

Then we obtain

limsup/ a(x,t,Vun)Vundxdt:/ thkda:dt—l—/ fu — vy )dxdt
Q Q Q

n—oo

Having in mind that vy converge strongly to w in WO1 L (Q) for the modular con-
vergence, we can pass to the limit sup in k, to deduce

limsuplimsup/ a(x,t,Vun)Vun:/ hVudzdt. (4.10)
Q

k— o0 n—oo Q

Fix a real number r > 0 and any k¥ € N, we denote by xj and x" the character-
istic functions of @}, = {(z,t) € Q : |[Vui| <7} and Q" = {(z,t) € Q: |[Vu| < r},
respectively. We also denote by e(n, k, s) all quantities (possibly different)such that

lim lim lim e(n,k,s) =0,

§—00 k—00 n—00
and this will be the order in which the parameters we use will tend to infinity, that
is, first n, then k, and finally s. Similarly, we will write only £(n), or e(n,k),... to
mean that the limits are only on the specified parameters.
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Taking s > r one has

0 < / (a(z,t, Vu,) — a(z,t, Vu) (Vu, — Vu)dzdt
< / (a(ac, t,Vu,) — a(x, t, Vu) (Vun — Vu)dxdt

= / (a(m,t, Vu,) — a(z,t, Vuxs) (Vun — Vuxs)dxdt

< / (a(m,t, Vu,) — a(z,t, Vuxs) (Vun — Vuxs)dmdt.
Q

On the other hand
/ [a(z,t, Vuy,) — a(z,t, Vux®)] [Vu, — Vux®] dzedt
Q

:/ la(x,t,Vup) —a(z,t, Vorxg)]
Q
X [Vup, — Vogx;] dedt

+/ a(z,t, Vogxi) [Vun, — Vugxi] dedt

Q

+/ a(z,t, Vuy) [Voxi — Vux®] dedt
Q

+/ a(z,t, Vux®) [Vux® — Vuy,] dzdt
Q

=L+ I+ Is+ Iy

We shall go to the limit in all integrals I; (for i=1, 2, 3, 4) as first n, then k, and
finally s tend to infinity.

Starting with I and letting n — oo, since Vu,, — Vu in L37(Q)" by Lebesgue
theorem we get that

I, = / a(z,t, Vopxi) [Vu — Vugxg] dedt + £(n).
Q
Letting then k& — oo this imply
I, = / a(x,t,0) Vudzdt + e(n, k).
{|Vu|>s}

Finally we deduce when s tends to infinity that
I, =¢e(n, k, s). (4.11)
For I3 we have by letting n — oo and using (4.8) that

I3 = / h(Vogx; — Vux?®)dzdt
Q



Strongly nonlinear periodic parabolic equation 63

and so, by letting £k — oo in the integral of the last side and using the fact that
Vupxi — Vux® strongly in (Ex (@)Y, we deduce that I, = e(n, k). For the fourth
term Iy, we have, by letting n — oo,

Iy = f/ a(z,t,0)Vudzdt + £(n),
{IVu|>s}

and since the first term of the last side tends to zero as s — oo, we obtain I, =
e(n, k, s). We have then proved that

/ [a(z,t, Vu,) —a(z,t, Vux®)] [Vu, — Vux®] dzdt
Q

= / [a(x,t, Vuy,) —a(z,t, Vopxi)] [Vu, — Vugx;] dedt
Q

+e(n, k, s).

Finally we can deduce that

0< / (a(z,t, Vu,) — a(z,t, Vu) (Vu, — Vu)dzdt (4.12)

< / [a(z,t, Vu,) — a(x,t, Vogxi)] [Vun — Vorxi] dedt + e(n, k, s)
Q
we can write

/ [a(z,t, Vuy,) —a(z,t, Vopxi)] [Vun, — Vugxi] dedt = / a(z, t, Vuy,)Vu,dedt
Q Q

—/ (a(z,t, Vuy) — a(z, t, Vogpxi) Vo xgdedt
Q

=Jy+ Jo + J3. (413)
First all we have by using (4.10) that

limsup limsup J; = / hVudzdt. (4.14)
Q

k—oco n—oo
For J3, letting first n — oo then k, and using Lebesgue theorem hence Vv x; — Vux®
. N
strongly in (Ep(Q))" we get

Jo = — /Q(h —a(z,t, Vux?®))Vux®dzdt + e(n, k).
We can easily see that
Jy = —/ (h — a(z,t, Vu))Vudzdt + e(n, k). (4.15)
Letting n — oo on J3 we have

Jg = —/ a(:c,t,Vu)Vudxdtf/ a(x, t,0)Vudzdt. (4.16)
s {IVul>s}
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Finally by combining (4.13), (4.14), (4.15), (4.16) we conclude that

/ [a(z,t,Vuy,) —a(x,t, Vopxi)] [Vun, — Vogxg] dedt = (4.17)
Q

= —/ a(x,t,0)Vudzdt + £(n, k)
{|Vu|>s}
So, when s tend to infinity (4.12) and( 4.17) gives

lim (a(a:, t, Vun) — a(x, t, Vu) (Vun — Vu)da:dt =0

n—0o0 [or

and thus, as in the elliptic case see [3], we deduce that, for a subsequence still denoted
by up,

Vu, - Vu ae in Q (4.18)

Since a(x,t,.) is continuous then
a(x,t,Vu,) = a(x,t,Vu) a.e in Q

If we take in consideration that a(x,t, Vu,) is bounded in (L37(Q))"N we have by
lemma (4.4) of [19] that

a(z,t, Vu,) — a(z,t, Vu) weakly in (Li(Q))".
Therefore, we get for all ¢ € C*([0,T], D(2)),
/ u—wdxdt—i—/ a(z,t, Vu)Vededt =< f, ¢ >q (4.19)
Q
Step 5: Passage to the limit

Going back to the approximating equations (4.2), then we obtain in the sense of
distribution when n tend to infinity that

0
a—:: —div(a(z,t,Vu)) = f(z,t) and u(z,t) =0
Furthermore, by the fact that %% — 2% in W12 L(Q) + L*(Q) for the modular

convergence and we have already that U, — uin Wy Ly (Q)NL(Q) for the modular
convergence, then by lemma (2.6) we get u, — u in C([0,T],L?(£2), so using the
periodicity condition, since

ou . ou,,
< —,u>= lim < —, u, >=

1
ot n—o00 ot *[Un(T)2 - un(o)z} =0

2
we deduce finally

w(z,0) = u(z,T) in Q.
Then the proof of theorem (3.1) is completed.
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5. Appendix
let us consider the following approximate problem:
Up € Vi3 2o € LH0,T,V,,);
un(2,0) = un(z,T) ;
and for all ¢ € V),
fQ agt" pdzdt + fQ a(z,t, Vuy,)Vedrdt = fQ fripdzdt

(5.1)

we will use the point fixed theorem due to Leray-Schauder to prove the existence of
solution, for that let us consider the following initial boundary value problem

% + A(un) = fn
Up(z,t) =0 (5.2)
un(0) = uon

where ug,, in V,,. And let B,,(0, R) be a closed ball in the space V,, with the norm ||.|.
We define the Poincarré operator by

P :B,(0,R) = Bn(0, R)

Uon — U (T)

We have to prove that P is continuous and relatively compact (i.e find the existence
of a constant R > 0 such that ||ug,|| < R — ||Jun(T)|| < R .
let consider ¢ = u,, in (4.2) we have

%undﬂc—l—/a(x,t,Vun)Vundx:/fnundx.
o Ot Q Q

Using Holder inequality to the term in the left hide sand we get

ouy,
/6—und:c+/a(m,t,Vun)Vundx§2||fn|\ﬁﬂ\|un||M7Q.
o Ot Q ’

Then we can easily see that for € > 0 there exist a constant c¢(¢) such that
1d
2dt Jq

Using (3.2) we obtain

1d
2 dt

(wn(0)Pde + [ 0ot Vun) Ve < CEOlg g+ el

Vu,
[ wnydn+a [ ¥ has < o o + llua B

By lemma 5.7 of [19] there exist two positive constants J, A such that
/ M (v)dzdt < 5/ M(X\|Vo|)dzdt  for all v € W " Ly (Q).
Q Q

Then for ¢; > 0 we obtain

1d

2 2 2
33 [ (wa0)de +acy | Mlunds < OOl +lualiie
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Using now (3.5), and by the choice of € we can easily see that there exist co > 0 such
that

1d
57 / (un(t))?dz + c2||unl® < CE)| fallzzo
2di Jq
Multiplying by e“?! and integrating by part we obtain
e un (D) < 2| fullar o + R?

we choice R such that R? > % we deduce the existence of R > 0.
Now we pass s to prove the continuity of P, for that we consider ug, and vy, two
sequences in B, (0, R) , by taking ¢ = u,, — v, such that u,, and v,, satisfy (4.2) we
get

1d

2dt Jg
then using (3.2), we can write

[un(T) = va(T)|* < [luon — vonl*.

Finally we deduce the continuity of P, hence by the point fixed argument there exist
uy, solution of (4.2) satisty u,(T') = u,(0). O

(tn (t) — vp(t))?dadt + /Q(a(a:7 t,Vuy,) — a(z,t, Vi, )(Vu, — Vi, )de =0
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