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Optimal control of a frictional contact problem
with unilateral constraints

Rachid Guettaf and Arezki Touzaline

Abstract. We consider a mathematical model that describes a static contact with
a nonlinear elastic body and a foundation. The contact boundary is composed
of two measurable parts. In one part, the contact is frictionless with Signorini’s
conditions. In the other part, the normal stress is given and associated with
Coulomb’s friction law. We state an optimal control problem that consists of
leading the stress tensor as close as possible to a given target by acting with a
control on the boundary. Then, we study the penalized and regularized control
problem for which we establish a convergence result.
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1. Introduction

Contact problems involving deformable bodies are very common in industry and
everyday life and play a large role in structural and mechanical systems. Given the
significance of these processes, considerable effort has been devoted to modelling and
numerical simulation of these problems. The first of frictional contact problems in
the context of variational inequalities was carried out in [9]. To get a background in
contact mechanics from the mathematical or engineering point of view, the reader can
consult for instance [2,12,14,18,21,22,26,23,24,25]. In addition to the numerical study
of contact problems at present, we are also interested in studying the optimal control
of such problems. Recall that the theory of optimal control of variational inequalities
is very elaborate, see for instance [10,18]. In [19], we find the study of the optimal
control of linear or nonlinear elliptic problems and variational inequalities. However,
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the optimal control issues for contact models are very significant, but they are not
overly developed, see [1,3,4,5,6,7,8,10,13,15,16,18,19,20,26] and the references therein.
Recently, in [16,17] two optimal control problems for elastic frictional contact models
were studied. In particular, in [17], the authors investigated the optimal control of a
frictional contact problem with normal compliance.

In this paper, we consider a nonlinear elastic body which is in static contact
with a foundation. The boundary contact is divided into two measurable parts such
that their measures must not equal zero at the same time. In one part, the contact
is frictionless with unilateral constraints. In the other part, the normal stress is given
and the contact is described by Coulomb’s friction law. This model of contact was
used in [27] to study a viscoelastic contact problem with a long memory. Thus, we
contribute by proposing the model from which we derive a variational formulation
(Problem P) of the mechanical problem and prove the existence and uniqueness of
a weak solution. Next, the optimal control problem concerning this model is denoted
by C1. It consists of minimizing a cost functional which is convex and continuous.
Indeed, we are interested to led the stress tensor field as close as possible to a given
target when we act with control on the boundary of the body. We prove that Problem
C1 admits at least one solution, and then we introduce a penalized and regularized
problem (Problem Pj) such that the solution converges to the solution of Problem
Ps. Also, we introduce a regularized and penalized optimal control problem C2 and
obtain a convergence result.

The paper is structured as follows. In section 2, we describe the mechanical
model, introduce some notations, establish a variational formulation and prove its
weak solvability, Theorem 2.1. In section 3, we state the optimal control problem C1
and prove that it has at least one solution, Theorem 3.2. In section 4, we state and
analyze a penalized and regularized optimal control problem, Theorem 4.4.

2. The model and its weak solvability

We denote by S, the space of second order symmetric tensors on R4(d = 2, 3),
while ¢.” and |.| represent the inner product and the norm on S,;. Thus, for every o,
T € Sy, 0.7 = 045Tij, |T| = (7.7)%. Here and below, the indices i and j lie between 1
and d and the summation convention over repeated indices is adopted. We also use
the usual notation for the normal components and the tangential parts of vectors
and tensors, respectively, given by v, = v.v = vy, vy = v — vV, 0, = ov.v and
Or =0V — Oyl

We consider the following physical setting. Let an elastic body occupy a bounded
Lipschitzian domain Q ¢ R? (d = 2, 3). The boundary I of 2 is partitioned into three
measurable parts such that I' = I'y UTsU I's, where T';, ¢ = 1, 2, 3, are disjoint and
meas (I'1) > 0. The body is subjected to volume forces of density ¢¢ and tractions ¢
on I'5. On I'y, the displacement vanishes and the body is clamped here. I's is divided
into I'; ; and I's o such that their measures must not equal zero at the same time.
This latter hypothesis allows that where one of the two subsets I'3 ; and I's o is empty,
then the corresponding contact condition below is suppressed from the problem. We
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assume a frictionless contact with Signorini’s conditions on I'; ;, and Coulomb’s law
of dry friction on I's 5.

Under these conditions, the classic formulation for the contact problem is as
follows.
Problem P;. Find a displacement field u :  — R¢ such that

divo (u) = —pg in £, (2.1)

o(u)=Fe(u) inf, (2.2)

u=0 on I'y, (2.3)

ov =g on I, (2.4)

uy, <0,0,<0,0,u, =0,0, =00nTI3;, (2.5)
0, =5, |0y < ol

o = p|oy| % i uy 0 } on I's 5. (2.6)

Here (2.1) represents the equilibrium equation where o = o (u) denotes the stress
tensor and divo = 05 ; is the divergence of o. Next, equation (2.2) is the elastic con-
stitutive law in which € (u) is the strain tensor defined by € (u) = (&5 (u)), €i5 (u) =
1 (8ju; + Oju;) and F is a given nonlinear function. Equations (2.3) and (2.4) are
the displacement and traction boundary conditions, respectively, in which v denotes
the unit outward normal vector on I' and ov represents the Cauchy stress vector.
Over I's 1, (2.5) describes the frictionless contact with Signorini’s conditions. On I's o,
Coulomb’s law of dry friction with the hypothesis that the normal stress is given. In
(2.6) S is a nonnegative function, u is a coefficient of friction and p.S a friction bound.

To proceed with the variational formulation, Problem P;, we need additional
notations and need to recall some assumptions in the sequel.

H=172 (Q)d, Q: {T: (Tij); Tij = Tji ELQ(Q)}
le{u:(uiﬂui EHl(Q), izl,d}, Q12{06Q|diVJ€H}

H, Q, Hy, H; are real Hilbert spaces endowed with the respective inner products:

(u,v)H:/uivid:c, <O’,T>Q:/0ij7'ijdl’,

Q
(u,v) g, = (u,v) g + (e(u),e(v)) g (0,7)y, = (0,7)g + (div 0, divT) .
We denote respectively the norms associated with [|.[| g, [|-[lg, [z, and |[.[[z,-
Recall that the following Green’s formula holds:

For every element v € Hy, we also write v for the trace of v on I'. Recall that if
o is a regular function, then the following Green’s formula holds:

(0,6 (v))g + (divo,v) y = / ov.vda Yv € Hy,
r

where da is the measure surface element.
Next, let V' be the closed subspace of H; defined by

V={veH;v=00nT4}.
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Since meas (I'1) > 0, the following Korn’s inequality holds [9],
le@llg = callvlly, YveV, (2.7)

where cq > 0 is a constant which depends only on 2 and I'y. We equip V' with the
inner product given by
(u,v)y = (e (u),e(v))q,

and let ||.|ly, be the associated norm. It follows from (2.7) that the norms ||.||, and
||.Il,, are equivalent and (V, ||.||,) is a real Hilbert space. Moreover, by Sobolev’s trace
theorem, there exists a constant dg > 0 depending only on the domain 2, I'; and I's
such that

vl <dg|vlly, VveV. (2.8)

L2(rs)4

We introduce the closed convex set of admissible displacements defined as
K={veV;v,<0ae onTs;}.

For the study of Problem (P) we adopt the following assumptions on the data:
The operator of elasticity F satisfies

(a) F:QXSd%Sd;
(b) there exists M > 0 such that
|F (z,61) — F (z,62)| < M |e1 — &9
Ve1,e9 € Sy, a.e. x €
(c) there exists m > 0 such that
(F (w,61) = F (,€2)) . (e1 — £2) > me1 — &3
Vey,e9 € Sy, a.e. x €
(d) the mapping x — F (x,¢) is Lebesgue measurable on €,
for all € € Sy;
(e) F(z,05,) =0 forae. zecq.

Examples of nonlinear elasticity operators can be found in [11,28].
We assume that the densities of the body force and the surface traction satisfies

d
©Yo € H, (RS (L2 (FQ)) . (210)
Finally, the coefficient of friction p and the normal stress S are assumed to satisfy
we L>®(I'32) and >0 a.e. on I'g 9, (2.11)
S € L?(T32) and S >0 a.e. on I'z 5. (2.12)

Next, we define the functional j : V' — R by
) = / (Svy + 1S v |)da, Yo € V.
32

Using Riesz representation theorem, there exists f € V such that

(f,v)y = (vo,0)m + (0, V) (12(ry))e Vv € V.

A standard procedure allows us to derive the following variational formulation from
the mechanical P;.



Optimal control of a frictional contact problem 917

Problem P,. Find u € K suchthat
(Au,v —u)y + 7 (v) —j(u) > (f,v —u)y,, Vv e K. (2.13)
Here, the operator A is defined by
(Au,v)y = (Fe (u), e (v))g, Yu,v € V.

The main result of this section is on the existence and uniqueness of the weak
formulation P,. One has the following theorem.

Theorem 2.1. Let (2.9), (2.10), (2.11) and (2.12) hold. Then, there exists a unique
solution of Problem P5.

Proof. We use (2.9) (b), (2.9) (¢) to show that the operator A is Lipschitz continuous
and strongly monotone. Using (2.11) and (2.12), we see that the functional j : V— R
is proper, convex and lower semicontinuous; K is a non empty closed convex of V.
Then, it follows from the theory of elliptic variational inequalities (see [24]) that the
inequality (2.13) has a unique solution. O

3. The optimal control problem

For a fixed pg € H, we consider the state problem below.
Problem Q1. For a given ¢ € (L2 (T'2))¢ (called control), find u € K such that

> (po, v —u)g + (¢, v — u)(L2(ry))a, Vv € K. '
Theorem 3.1. Let (2.9), (2.10), (2.11) and (2.12) hold. Then Problem Q1 has a unique
solution.

By the same arguments used in the proof of Theorem 2.1, this problem has a
unique solution u = u ().

Now, by acting the control on the boundary I'y, we focus that the resulting stress
be as close to a given target o4. We assume that o4 = Fe(uq) where ug € V and
recall that o = Fe(u). Then we have [lo —04llg < M [lu — uql|;, and we see that if
|u — gy is sufficiently small, it follows that o approach o4 in the sense of Q—norm.
Thus, we consider the cost functional £ : V x (L? (T'2))¢ — R defined as

2 2
L(u, ) = allu —ually + Bllellp2ry)a (3.2)
where «, 5 > 0. We define the set U,y of admissible pairs by
Uad = {(u, ) € (K x (L*(T'2))%), such that (3.1) is satisfied}.

Then we consider the following optimal control problem.
Problem C1. Find (u*, ¢*) € Uyq such that

Lu 0" )= min L(u,p).
(u”, ") Wi (u, )

Theorem 3.2. Assume (2.9), (2.10), (2.11) and (2.12). Then Problem C1 has at least
one solution.
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Proof. We put v = 0y in (3.1), then, using (2.7), (2.8) and (2.9) (¢), we deduce that
the solution u of Problem Q1 is bounded in V as

€o
Il < 22 (ol z + da Il gaqrayye + da 1Sl ey ) -
where ¢y > 0. This estimate below implies that

inf  {L(u,p)} < o0.

(u,0)€Uad
Now, let us denote
inf  {L(u,9)} =6. (3.3)
(u,p)€Vad
Then, there exists a minimizing sequence (u", ¢™) C U,q such that
nlLr%OE (u”, ") =6. (3.4)

The sequence (u", ") is bounded in V x (L? (T'z))4, so there exists an element
(u",9") € V x (L* ()"
such that passing to a subsequence still denoted by (u™, ¢™), we deduce that as n — oo,
u" — u* weakly in V. (3.5)

We note that K is a closed convex subset of the space V' and (u™) C K. Then the
convergence (3.5) implies that v* € K.

©" — " weakly in (L2 (I'y))% (3.6)
Now, we need to prove that

u™ — u* strongly in V' as n — co. (3.7)

n

Indeed, as (u™, ¢

> (@O,U—UH)H+((,0n,U—u")(L2(F2))d, Vv e K. )

) € Ugq , then u™ is the solution of the inequality below.

Using (2.9) (¢) and (3.8), we deduce that

m||u™ — u*||‘2/ < (Au™ — Au* ju™ — u™)y
< —(Au,u" — )y + 5 (u) — 5 (u”) (3.9)
+ (o, u™ —u*) g + (0", u" — u*)(L2(ry))a-
Using (3.5), we have that

nlLII;O(Au su —u¥)y, =0.

On the other hand, since ™ — u* weakly in V implies v — u* strongly in H, then
lim (pg,u™ —u*)y, = 0. Also, as (¢™) is bounded in (L?(I'3))?, then using that

n—-+oo

(3.5) implies u™ — u* strongly in (L2 (T'3))%. It follows that

nlgngo(wn,u" —u*)(12(r,))¢ = 0 and nhﬁn(;j (u™) =7 u").

Thus, the right hand side of inequality (3.9) tends to zero as n — 400 and then we
get (3.7) . Moreover, using (3.6) and (3.7), we pass to the limit as n — +oo in (3.8) to
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obtain that u* satisfies the inequality (3.1) with ¢ = ¢*. Hence, from Theorem 3.1,
we deduce that

(u*, %) € Ugq. (3.10)
On the other hand, the functional £ is convex and lower semicontinuous, then it is
weakly lower semicontinuous. So we deduce that

B@i&fﬁ (u, ™) > L(u*,p"). (3.11)
It follows now from (3.4) and (3.11) that
0> Lu",ep"). (3.12)
In addition, (3.3) yields
L(u*,9") > 0. (3.13)

Then, to end the proof, it suffices to combine the inequalities (3.12) and (3.13).0 O

4. The penalized and regularized optimal control problem

Let § > 0, we replace the contact condition (2.5) by the condition

T (0) = =501

where we recall that for r € R, r4 = max (r,0), and consider the smooth function

¥ (x) = Va2 + 82,

Now, we introduce the following penalized and regularized problem.
Problem P;s. Find u® € V such that

(AU57U - ué)v + % ((u,‘i)_i_,vl, - ug)LQ(FS,l) + /I:g . ,LLS (w (UT) - w (Ui)) da

(4.1)
+/ S (vy —ud)da > (f,v—u)y YveV.
Tz2

Theorem 4.1. Assume that (2.9), (2.10), (2.11) and (2.12) hold.Then, there exists a
unique solution of Problem Py.
Proof. We define the operator B : V — V by

1
(Bu,v),, = (Au,v),, +S ((ul,)+ ,vl,)LQ(FM) Yu,v € V.
Using that for a,b € R, (a —b) (ag —by) > (ag —by)? and |ay — by| < |a — b|, we
deduce by (2.8) and (2.9) that the operator B is Lipschitz continuous and strongly
monotone as for all u,v € V :

d5
[Bu— Bu|ly, < (M + 7) u—"ly,

2
(Bu— Bv,u—v)y, >m|u—v| .
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So, there exists a unique solution u’ of (4.1). In addition, take v = 0 in (4.1) and use
(2.7), (2.8) and (2.9) (¢) implies that

co
[u],, < E(HWOHH +da [[ellzzw,))a + do 1SNz ))- (4.2)
O

Now for a fixed ¢y € H, we define the penalized and regularized state problem
as follows.
Problem Q2. For a given ¢ € (L? (I'5))¢ (called control), find u° € V such that

(Au’ v —ud)y + % ((ud)4, vy — u,‘i)LZ(FS‘l) + /F3 ) S (¢ (vr) — ¢ (ul)) da

+/ S (v, —uy) da > (po, v —u®) g + (@, v — Ué)(LZ(Fz))d Yv e V.
32

With the same arguments used in Theorem 4.1 this problem has a unique solu-
tion. Moreover, we define the set of admissible pairs as

USy = {(u,) € V x (L* (T'2))%, such that (4.1) is satisfied} .

Then using the functional £, given by (3.2), we formulate below the regularized
and penalized optimal control problem.
Problem C2. Find (@°,¢°) € U2, such that

L£(@°,¢°) = min {L(u,¢)}.
(u,p)eU?,

With arguments similar to those used in Theorem 3.1, the following result can
be proved.

Theorem 4.2. Assume (2.9),(2.10), (2.11) and (2.12) hold. Then, Problem C2 has at
least one solution.

In the first part of this section, we prove that the unique solution of the penalized
and regularized state problem Q2 converges to the unique solution of the state problem
Q1. More precisely, the following theorem takes place.

Theorem 4.3. Assume that (2.9), (2.10), (2.11) and (2.12) hold. Then, the following
strong convergence holds:

u® — u strongly in V. as & — 0. (4.3)

Proof. Taking into account (4.2), it follows that there exists an element @ € V' such
that passing to a subsequence still denoted in the same way, we have the convergence:

u’ — @ weakly in V' as § — 0. (4.4)

Now take v € K in (4.1) and taking account that for a,b € R,

(ar —by)(a—1b) > (ay —by)?,
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we deduce that

(Au‘S’ v — u‘s)v + / wS (1/) (vr) — (uf_)) da + S(v, — uﬂ)da
3,2 3,2 (45)

> (80071) - Ué)H + (SO,U - u[s)(L2(1“2))d Yu e K.

Using (2.11) and (2.12), we have that / wS (Y (vr) — |vr])da = O (), then
I's 2

/ wS (W (vr)) — wS |vr|da as 6 — 0. (4.6)
I3,2

s 2
On the other hand, we have

/ Sy (ul) da = / uS (¥ (ul) — |ui‘)da +/ wS ’uf‘ da.
Is, r

3,2 3,2

By (2.11) and (2.12), we have that
[ st () - [u2])de =0 G).
2
Then,
/ 1Sy (ui) da =0 (0) + / wsS |ui| da. (4.7)
Fg’g F3,2
With compactness arguments, as u? — i, strongly in (L2 (Fg))d, we have that
/ uS‘uﬂda—)/ wS |tr| da as 6 — 0.
F312 FS,Z
Then from (4.7) we deduce that
/ wSY (uf) da — / wS || da as 6 — 0. (4.8)
F3,2 1—‘3,2

Then using (2.11), (2.12), (4.4), (4.5), (4.6), (4.8) and the compact imbedding
Hz (T) — L2 (T), yields
1ir§15(1le (Au‘s,u‘s — v)v < (o, U —v) g + (9, % — V) (£2(1y))e (4.9)
—
+j(a)—j(v) YveK.
Using now the pseudo-monotonicity of A, we deduce that

L. 5 5 JO
hgn_g(r)lf (Au®,u® — v)v > (A, i —v), YveV. (4.10)
Then, we combine (4.9) and (4.10) to get that

{ (At v =)y +j(v) = j(a) (4.11)
> (g0, v — W) g+ (p,v — ”EL)(L2(p2))d Yo € K.

On the other hand, take v = 0 in (4.1) implies that

((ﬂi)-i-aaéu)llz(rg,l) <é ((@03 UJ)H + (410, u§)(L2(F2))d - (Sa ui)Lz(Fg,z)) .
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Then, from this inequality, we deduce that

@) iy ) < o)+l e, <

Cd

lim /<2 (llollr + dar Il garayys + o 1] oy ) -

0—0 m
This inequality above implies that [|(% )+ (2, ) = 0, then (@, )+ = 0 a.e. on T's ;.
Hence, it follows that @ € K. Then, we deduce that 4 is a solution of Problem P, so
that u = u from the uniqueness part of Theorem 2.1. Now, we have all ingredients to
end the proof of Theorem 4.2. Indeed, by the arguments used above, it follows that
any weakly convergent subsequence of the sequence (us) C V' converges weakly to
the unique solution u of Problem P. Estimate (4.2) implies that the sequence (us)
is bounded in V. Thus, by a standard compactness argument, we conclude that the
whole sequence (us) converges weakly to u. Then we use (2.9) (¢) to have

m ||u5 - UH?/ < (Au® — Au,ul —u)y
= (Au®, u® —u)y — (Au,u’ —u)y (4.12)
Now take v = u in (4.5) and (4.9), then as u = @, we get

0 < liminf (Au‘s,u‘5 — u)v

< lim sup (Au5, u’ — u) <0.
6—0 6—0

v =

Hence,

. 5,5 _
gl_r%(Au,u u)v 0.

Moreover, from (4.12) since lim (Au, ud — u)v =0, we deduce that
6—0

(}i_{% ||“5 - “Hv =0.

Then, we obtain (4.3). O
Next, we prove the convergence result below.

Theorem 4.4. Assume that (2.9), (2.10), (2.11), (2.12) hold and let (@°,3°) be a
solution of Problem C2. Then, there exists a solution (4, @) of Problem C1 such that
after passing to a subsequence still denoted in the same way, the following convergences
as § = 0 hold :

(a) @ — @ strongly in 'V, (4.13)
(b) @ — @ weakly in (L*(I3))%.

Proof. Let u$ € V be the unique solution of Problem Q2 with ¢ = O(z2(ry))e- We
have

£ (ud Ouaqray) = arlfuf — wally, < 20 ([[udy, + ualfy,)

On the other hand, by (2.7), (2.8) and (2.9) (¢), we have

ludlly < (ool +da ISl eqe,.)
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C1

where ¢; > 0. Then, denote <H<P0||H +do HS”L?(FM)) = C, we deduce that

m
L (@, %) < L (ud,012(ry))a) < 20(C? + [Jug|}).

Therefore, (ﬁ‘s, @5) is a bounded sequence in V x (L?(T'y))¢. Consequently, there exists

(@, p) € V x (L*(T2))? such that passing to a subsequence still denoted in the same

way, we have the convergences as § — 0 :

% —~ 4 weakly in V,

U
@ — @ weakly in (L?(I';))4.

Moreover, denote js (v) = / (Spt (vr) + Svy)da, we see that
3,2
m|@ —al;, < (Au-A@,a-a),
< (Aw,a—a’), + js (@) — js (@°)
+(<,00, U — ué)H + ((,0, U — Ué)(Lz(FQ))d.
Then, taking in mind that @® — @ weakly in V implies that @® — @ strongly in
(L2(T2))4, it follows that js (@) — js (4®) — 0 as 6 — 0. Hence we deduce that the
right hand side of the above inequality tends to zero, thus we obtain (4.13) (a). Also,

we must prove that (@, 9) € Uuq. Indeed, using (4.3), it follows that as 6 — 0, the
following convergences hold:

(A7, v — @)y — (Ad,v — )y,
Lim (js (v) = s (@) = j (v) = j (@),

(po,v —u’)u + (¢, v — u5)(L?(r2))d = (po,v =W n + (@, v — W)(L2(ry))e-
Therefore, passing to the limit as § — 0 in (4.5), we deduce that (u, @) satisfies (3.1)
and (@, ) € Ugq.Let now (u*, ¢*) be a solution of Problem C1 and let us consider
the sequence (u5) 5 such that, for each § > 0, u? is the unique solution of Problem Q2
with ¢* € (L*(I'2))?. Obviously, for every § > 0, (u®,¢*) € U?2,. Using Theorem 4.3
we deduce that

(u,9*) = (u*, ") in V x (L*(T'2))* as § — 0. (4.14)
Since the functional £ is convex and continuous, we have
L (u*,¢*) < lim inf £ (¢°, %) . (4.15)
6—0
Also, as (1757 4,55) is a solution of Problem C2, we have
i 70 ) < li o 5). .
glir(l)supﬁ(u7ap)_§1i%sup£(u,go) (4.16)
Using (4.13), we have
;irr(l) sup £ (u‘;, @) =L (a,p), (4.17)
—

and as (4, @) is a solution of Problem C1, then
L(u,p) < L(u,9"). (4.18)
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Thus, from (4.15)-(4.18), we deduce that £ (a, @) = L (u*, ¢*). O
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