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Topological degree methods for a nonlinear
elliptic systems with variable exponents

Samira Lecheheb and Abdelhak Fekrache

Abstract. In this paper, we consider the existence of a distributional solution
for nonlinear elliptic system governed by (p(x),q(z))-Laplacian operators. We
show that the system has at least one solution by using the topological degree
theory. Our results improve and generalize existing results with another technical
approach.
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1. Introduction

The main purpose of this paper is to obtain existence of distributional solution
for the following nolinear elliptic system

—div(|Vu[P®)~2Vu) = f(z,w, Vw) in Q,
—div(|Vw|?®)=2Vw) = h(z,u, Vu) in Q, (1.1)
u=w=0 on 09,

where €2 is a bounded domain in RY with smooth boundary 99, p(-),q(:) € C(Q).
We assume also that p(-), q(-) are log-Holder continuous functions (see Lemma 2.10).

For it’s various applications in various fields, the study of elliptic equations or
systems with variable exponents became the most interesting and fascinating area of
research (see [1, 11, 28, 29, 34] and so on).
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In the previous decades, the existence of the nontrivial solutions for elliptic
equation involving p and p(x)-Laplacian have been a large investigation. We refer the
interested readers to [4, 9, 10, 14, 15, 16, 17, 18, 13, 20, 2, 25, 26, 27, 30, 23, 31, 24]
and the references therein. Now let us briefly comment certain known results of them.

In [10], Chabrowski and Fu studied the p(z)-Laplacian problem

{ —div(a(z)|Vu[P®)=2Vu) 4 b(z) [ulP®2u = f(z,u), z€Q, 12
1.2

u=0 on 0f,

wheere  is a bounded domain in R"”, 0 < ag < a(z) € L®(2), 0 < by < b(x) €
L> (), p is Lipschitz continuous on € and satisfies 1 < p; < p(z) < ps < n. When
f(x,u) is assumed to satisfy their prototype cases, they obtained the existence of
nontrivial and nonnegative solutions for problem (1.2).

Fan and Zhang [18] presents several sufficient conditions for the existence of
solutions for the problem (1.2) with a(z) = 1 and b(xz) = 0. Especially, an existence
criterion for infinite many pairs of solutions for the problem was obtained by them.
By using the degree theory for p(z) is a constant function with values in (2, N), Kim
and Hong [20] studied the problem

—Ayu=u+ f(x,u,Vu), xin €,
(1.3)

u=0 on 0%,

where Q is a bounded domain in RY with smooth boundary. When p(z) is a variable
function, Ait Hammou et al [2] studied the problem on bounded domains. Under
certain conditions, they established some results on the existence of solutions by the
topological degree theory for a class of demicontinuous operators of generalized (S )
type.

Inspired by the works mentioned above, especially by [20, 2], we try to extend
the results in [2] to the system (1.1). More precisely, the aim of this paper is to
show the existence of solutions for (1.1) in the variational frame work by using the
topological degree constructed by Kim and Hong [20]. This method may be one of
the most effective tools in the study of nonlinear equations. For more details about
the important stages in the history of this method, the reader can see [3, 6, 7, 8, 22].

The rest of this paper is organized as follows. In Section 2, we introduce
some classes of mappings of generalized (S) type, topological degree, some basic
properties for variable exponent Sobolev spaces and we present several important
properties of p(x)—Laplacian which will be later needed. In Section 3, we give our
basic assumptions and we prove the main results of this paper. Finally, in Section 4,
we present a discussion about our research results.

Notation. Throughout this paper, we shall denoted by ”—” and ”—" the strong
and weak convergence. We use Br(a) to denote the open ball in the Banach space X
of radius R > 0 centered at a. The symbol ”<—” means the continuous embedding.
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2. Mathematical preliminaries

2.1. Classes of mappings and topological degree

For the reader’s convenience, we bring in some necessary properties and defini-
tions of the classes of mappings mentioned in the introduction which will be the key
to proving the existence solution of system (1.1).

Definition 2.1. Let X and Y be two real separable, reflexive Banach spaces and €2 a
nonempty subset of X. A mapping FF: Q2 C X — Y is

1. demicontinuous, if for each u € Q and any sequence (u,) in €, u,, — u implies
F(up) — F(u).

2. bounded, if it takes any bounded set into a bounded set.

3. compact, if it is continuous and the image of any bounded set is relatively com-
pact.

Definition 2.2. Let X be a real separable reflexive Banach space with dual space X*.
An operator F': Q) C X — X* is said to be

1. of class (S4), if for any sequence (uy,) in  with u,, — « and
lim sup(F'ty, uy, — u) < 0, we have u, — u.
2. quasimonotone, if for any sequence (u,) in Q with u,, — u, we have
lim sup{Fuy,, u,, —u) > 0.
Definition 2.3. Let T': 2; C X — X* be a bounded mapping such that Q C ;. For
any mapping F': 2 C X — X, we say that
1. F satisfies condition (S4)r, if for any sequence (u,,) in Q with u, — u,
Yn = Tu, — y and limsup(Fu,, y, —y) < 0, we have u,, — u.

2. F has the property (QM)r, if for any sequence (u,) in  with u,, — u,
Yn = Tu, — y, we have lim sup(Fuy, y, —y) > 0.

Now, let O be the collection of all bounded open set in X. For any 2 C X, we
consider the following classes of operators:

Fi(2) = {F:Q — X"|F is bounded, demicontinuous and of class (S1)},

Fre(Q) = {F:Q — X|F is bounded, demicontinuous and of class (S4)r},
Fr(Q) = {F:Q — X|F is demicontinuous and of class (S+)r},
Fp(X) = {FeFrp(G)GeO,TeFI(G))},
F(X) = {FeFr(G)|GeO,TeFi(G)}.

Here, T' € F1(G) is called an essential inner map to F.

Lemma 2.4 ([5], Lemmas 2.2 and 2.4). Let T € F1(G),G € O, be continuous and

S :Dg C X* = X a bounded demicontinuous mapping such that T(G) C Dg. Then
the following statements are true:

1. If S is quasimonotone, then I + SoT € Fr(G), where I denote the identity
operator. o
2. If S of class (Sy), then SoT € Fr(G).
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Definition 2.5. Let F,S € Fr(G) and let G be a bounded open subset of a real
reflexive Banach space X. The affine homotopy H : [0,1] x G — X given by

H(\u) = (1 = X)Fu+ ASu, for (\,u) € [0,1] x G
is called an admissible affine homotopy with the continuous essential inner map 7.

Remark 2.6. [5] The above affine homotopy satisfies condition (S ).

Now, we introduce the Berkovits topological degree for the class Fp(X). For
more details see [5].

Theorem 2.7. There exists a unique degree function
degy : {(F,G,h)|G € O,T € Fi(G),F € Frp(G),h ¢ F(0G)} - Z
that satisfies the following properties:

1. (Existence) If degg(F, G, h) # 0, then the equation Fu = h has a solution in G.
2. (Normalization) For any h € G, we have degg(I,G,h) = 1.

3. (Additivity) Let F € Fp g(G). If G1 and Gy are two disjoint open subsets of G
such that h ¢ F(G\ (G1 UG3)), then we have

degs(F, G, h) = deg(F, G1, h) + deg s (F, G2, h).

4. (Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine
homotopy with a common continuous essential inner map and h :: [0,1] x X is
a continuous path in X such that h(\) ¢ H(X\,0G) for oll X € [0,1], then the
value of degg(H (A, +), G, h(X)) is constant for all X € [0,1]

2.2. Notation and preliminary results

In order to solve the problem (1.1), we need some necessary properties on variable

exponent spaces LP(*)(Q) and I/VO1 P (@(Q). For a deeper treatment on these spaces,
we refer to [12, 14, 15, 17, 19, 21], and the references therein.

In the sequel, we consider a bounded domain Q C RY, N > 2 with a Lipschitz
boundary 0f) and the set

Cr(@) = {g € C(Q) | infg(x) > 1},

g~ =min g(z), g*=maxg(z), forany g € C(Q).
e e

For any p € C(Q), we define the generalized Lebesgue space LP(*)(Q) by
LP@(Q) = {u | u:Q — R is a measurable function, pp,)(u) < oo},

where
oy (1) = /Q ()P @ da,

this space endowed with the Luxemburg norm
u

||u||p(w) = inf{)\ >0 | pp(w)(A) < 1},

and (LP(®)(Q), || - ||p(x)) becomes a Banach space.
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Lemma 2.8. [21]

1. The space LP(I)(Q) is a separable and reflexive Banach space.
2. The conjugate space of LP™)(Q) is LV @) (Q), where 1/p(x) +1/p(x) = 1. Then
for anyu € L”(I)(Q) and w € Lp'(z)(Q), we have the following Hélder inequality

| [ | < (== + ==l 0l < 2ol

3. Ifpr,p2 € C4(), Pl(f) < pa() for any x € Q, then there exists the continuous
embedding LP>(®)(Q) — LP1(*)(Q)

Lemma 2.9. [19, 33] If u,u, € LP®)(Q), then the following assertions hold true:

”qu(x) < pp(ac)( ) + 1
ooty () < NullPe + JullZE,.

1. ”qu(m) <1 (: 1 > 1) = pp(x)(u) <1 (: 1 > 1),
2. Nullpy < 1= [[ul%) < poge) () <l

3. ullpey > 1= [[ullZyy < ppay(®) < Jul ;

4. nh_}m tn — ulpz) =0 < hm 0 Pp(x) (Up, —u) =

5.

6.

Now, we define the usual Sobolev space with variable exponent Wl’p(’”)(ﬂ) as
WA Q) = {u € L70)(Q) | [Vul € L)),
whose norm is defined as
[wllwroe = llullp@) + IVllp@)- (2.1)

Let Wol’p(x) (Q) denote the subspace of W) (Q) which is the closure of C§°(Q) with
respect to the norm (2.1).

Lemma 2.10. [12, 19, 21]

1. The two spaces Wol’p(x)(fl) and WHP@)(Q) are a Banach spaces separable and
reflexive.

2. If p(x) satisfies the log-Hoélder continuity condition, i.e., there is a constant o > 0
such that for every x,y € Q,x ¢ y with |v —y| < § one has

Q
—log |z —y|’

then there exists a constant C' > 0, such that

lullpy < ClIVUllp), Yue Wy ().

Ip(z) — p(y)| <

3. If p € C(Q) for any z € Q, then the imbedding Wol’p(z)(Q) — LP@)N(Q) is
compact.

Remark 2.11. By (2) of Lemma 2.10, we know that ||Vul|,) and [lu|| are equivalent

norms on Wo™ ().
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The dual space of Wol’p(‘r)(ﬂ) is W12 (#)(Q), which endowed with the norm

N
lwll 170 = i { ooy + D il
=1

where the infinimum is taken on all possible decompositions w = wy — divF with
wy € LY@ (Q) and F = (wy,--- ,wy) € (LF' @ (Q)N.

Let us define V = Wol’p(z)(Q) X Wol’q(z)(Q) endowed with the norm ||(u, w)||y =
max([|ull1p), lwll1,q(2)) where [lully pa) = [Vullpm) and (V, ]| -[]) is a Banach space,
separable and reflexive.

2.3. Properties of (p(z), ¢(z))-Laplacian operators

In the present subsection, we discuss the properties of (p(z),q(z))-Laplacian
operators

—Appyu = —div(|Vu|P D2 Vu),
and
—Dymyw = —div(|Vw|?*™®—2vw).
We consider the following functional:
T (u, w) = / [vup® +/ Ywl"® .
o p) o q()
It is well known that 7 € C*(V,R) and for any (¢, ¢) € V

(T (u, w), (¢, 9))

:/ |Vu|p(””)_2VuV<pdx+/ Vw|!®=2TwVede, Yu,we V.
Q Q

Denote M =J':V = V*.

Theorem 2.12. [18]

1. M :V — V* is a mapping of type (S4).
2. M :V — V* is a continuous, bounded and strictly monotone operator.
3. M :V — V* is a homeomorphism.

The proof of the above theorem can be found in [18].

3. Hypotheses and the main results

3.1. Hypotheses

Let © be a bounded domain in RY (N > 2) with a Lipschitz boundary 9.

Let p,g € C4(Q), 1 < p~ < plx) < pt < o0, 1 < q < gz) < ¢F < oo and
f.h: QxR xRY = R are a real-valued functions such that

(A1). (Continuity) f, h are the Carathéodory functions ( i.e., f(z,-,-) is continuous

in (s1,s2) for almost every z €  and f(-, s1,s2) is measurable in = for each
(81, 82) e R x RN)
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(A2). (Growth) There exist a positive constants ¢y, ca, b € LP’(I)(Q), de Lq’(z)(Q)
and 1 <o~ <alr)<at <p, 1< <B(x) < BT <q,such that
|f($, S1, 82)| < Cl(b(.%‘) + |81|0¢(x)—1 + |82|o¢(z)—1)7
h(z, &1, 6)| < ca(d(z) + |E1]P@1 4 |€,]P@ 1Y,
3.2. Main results

The main tool that we shall use to prove the existence of weak solutions of the
problem (1.1) is the degree theory introduced in section 2.

Definition 3.1. We say that (u,w) € V is a distributional solution of the system (1.1)
if for any (¢, ¢) € V we have

/ |VulP @2V uV pdz + / |Vw|1® =2V wV pda

“ “ (3.1)
= / f(z,w, Vw)pdz —|—/ h(z,u, Vu)pdz
Q Q
Lemma 3.2. Assume that (A1) and (Az) hold. Then the operator T : V. — V* given
by
(uw,w) €V,

(T, w).(0.0)) =~ [ flocw, Vulods ~ [ hlz,u, Vu)ode, ¥o0) € V
Q Q
1§ compact.

Proof. First, let y : Wol’p(z) — LP'@(Q), 7 : Wol’q(z) — L7®)(Q) be two operators
defined by
xu(z) = —h(z,u, Vu) for u € Wol’p(m) and z € Q,
and
mw(x) = —f(z,w, Vw) for w e Wol’q(x) and z € (.
We divide the proof into three steps.
Step 1. We show that x and 7 are bounded.
For each u € Wol’p(m)(Q), we have by (5), (6) of Lemma 2.9 and the assumption
(Ag) that

= [ e Bt 1
Q

< const(/ (|d|_|_|u|ﬁ(m)—1+|Vu|ﬁ(m)—1>l>’(x)dx)
Q

< const(py ) (d) + pyay (1) + oy (V) +1
< const (|1l ) + Il + lull] + luly + 10l

+1Vulll,) + 1,



888 Samira Lecheheb and Abdelhak Fekrache

where
v(z) = (B(x) — 1)p'(z) < p(z).

By (2) of Lemma 2.10 and the continuous embedding LP(*) — LY(*) we get

Icully ey < const (I + 1412y + Il iy + 0l 0y ) + 1,

which implies that  is bounded on WP,

Similarly, we can show that 7 is bounded on Wol’qm

Step 2. We show that x and 7 are continuous.
Let (up,wy) converge to (u,w) in V. Then

. 1
uy, — u and Vu, — Vu in W ’p(w),

w, — w and Vw, — Vw in Wol’q(z).

Hence there exist two subsequences denote again by (uy), (wy,) and measurable func-
tions gy (resp. g2) in LP(®)(Q) (resp. in L) (Q)) and gf (resp.gs) in (LP®)(Q))N
(resp. in (L4®)(Q))N), such that

un(x) = u(z) and Vu,(x) = Vu(x),
wp(z) = w(x) and Vw,(x) = Vw(z),
un ()| < g91(2), [Vun ()| < g7 (z)|

and

[wn(2)] < g2(2), [Vwn ()] < [g5(2)],
for almost all x € Q and all n € N. From (A;) and (A4s), we have

h(x, un (), Vun(x)) = h(z,u(x), Vu(x)) for almost all x € €,
and
[z, wn (@), Van (@))] < const(d(2) + g1 (@) *O 7 + [g7 (@)@,
for almost all z € Q2 and all n € N and
Q-+ g PO € (@),

Taking into account the equality

Pp' (@) (Xtn = X) = /Q |1z, tn (), Vg (2)) = h(z, u(@), Vu()) P de,

the equivalence (4) of Lemma 2.9 and the Lebesgue dominated convergence theorem
imply that
Xun — xu in L? (m)(Q),
which shows that the entire sequence (xu,) is continuous.
Similarly, we obtain that the entire sequence (7ww,) is continuous.

Step 3. As the embedding Z : V' — U is compact, it is known that the adjoint operator
T* : U* — V*is also compact. So the compositions Z*ox and Z*om : V. — V* are
compact, which completes the proof. O
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Let us now mention our main result in this paper:

Theorem 3.3. Under conditions (A1) and (Az), problem (1.1) has a distributional
solution (u,w) in V.

Proof. Let T be an operator from V into its dual V* as defined in Lemma 3.2, ant
let M :V — V* asin subsection 2.3, given by

(u,w) €V,
(M(u,w), (p,8)) = / VulP )2V uVpde +/ V|2V WV gdz,
Q Q
for all (p,¢) € V. Then (u,w) € V is a distributional solution of (1.1) if and only if
M(u,w) = =T (u,w). (3.2)

Thanks to Lemma 3.2, the operator T is bounded, continuous and quasimonotone.
On the other hand, according to the properties of the operator M seen in Theorem
2.12 and by using the Minty-Browder Theorem (see [32], Theorem 26A), the inverse
operator N = M~1: V* — V is bounded, continuous and satisfies condition (S ).

Therefore, equation (3.2) is equivalent to

(u,w) = N(p,¢) and (¢,¢) + ToN(p, ¢) = 0. (3-3)

To solve (3.3), we shall using the degree theory introduced in subsection 2.1. For this,
we first show that the set

S = {(,6) € V*|(1p.6) + XToN(p, 6) = 0 for some A € [0, 1]}
is bounded. Indeed, let (¢, ¢) € ¥ and take (u,w) = N(¢, ¢), then
IN (e, d)llv = [I(u, w)llv = max([[Vu|lp@), [Vwllg@)-

If |[Vulpey) <1 and |[Vwl|lg) <1, then ||[N(p,¢)||v is bounded.

If |Vullpy > 1 and [|[Vwl|qm) > 1, then by using the assumption (As2), (3), (6) of
Lemma 2.9, (2) of Lemma 2.8 and the Young inequality, we obtain the estimate
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IN (e, )PP = | (u,w) P
Pp(z) (V) + pg(z) (Vw)
(M (u, w), (u,w))
((,0), N(0,))
~MToN (¢, ), N(p, $))

= )\(/f(amw,Vw)udx—l—/h(x,u,Vu)wdx)
Q Q

I IA

IN

1 1
const ([l [ullpte) + ——pate) (W) + —=pags) (1)
1 1
+ ana(x)(vw) + aipa(x) (u) + ”d”q/(x)”w”q(x)
1 1 1
+ Fpﬂ(ac)(u) + l@ipﬂ(:c)(w) + ﬁTpﬂ(x)(vu)
1
+ 5= P8@) (w))

at

a+ (X+
const. ([ulpge) + l0l5G) + Iullie) + Vw50

IN

+ + +
llwllgtay + el + ol + IVl ,y)-

By (2) of Lemma 2.10 and the continuous embedding LP®) < L*(®) and L@
LA®)  we get

min(p~ ,q~ max a+, +
IN (2, @) [P 7 < const ([N (g, )|lv + [IN (g, @) |25y,

If |[Vullp) > 1 and [|[Vwlgm) < 1 (resp. if [|[Vu|lpm) <1 and [[Vw|lg) > 1), we can
also get that || N (¢, ¢)|lv is bounded.
Consequently {N (¢, ®)|(p,¢) € £} is bounded.
Since the operator T' is bounded, it is obvious from (3.3) that the set ¥ is
bounded in V*. Hence, we can choose a positive constant R such that
||(<p7¢>||v* < R for all ((p,qb) €.

It follows that
(o, @) + AToN (p,¢) # 0 for all (¢, ) € 9Br(0) and all X € [0,1],

where Bg(0) is the ball of radius R and center 0 in V*.
By Lemma 2.4, we have

I +ToN € Fr(Br(0)) and I = MoN € Fr(Br(0)).

Since the operators I,T and N are bounded, I + ToN is also bounded. We conclude
that

I+ToN e -FT,B(BR(O)) and [ € -FT,B(BR(O))~
Now, we consider an affine homotopy H : [0, 1] x Br(0) — V* given by

H(A ¢, ¢) := (p,0) + AToN (9, ¢) for (A, ¢, ¢) € [0,1] x Br(0).
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All those properties allow us to apply the homotopy invariance and normalization
property of the degree degp stated in Theorem 2.7 and obtain

degp(I + ToN, Br(0),0) = degg (I, Br(0),0) =1,
consequently, there exists a point (¢, ¢) € Bg(0) such that

(¢, ) +ToN(p,¢) = 0.

This implies that (u,w) = N(p, ¢) is a distributional solution of (1.1). The proof is
complete. O

4. Conclusion

In this paper, we have studied the existence of distributional solutions for a
nonlinear elliptic systems with variable exponents. By using the topological degree
theory, we showed that system (1.1) has at least one solutions when the functions f
and h satisfying some suitable conditions. This study can be extend in the futur works
to more general boundary value problems involving fractional derivatives models.
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