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Existence results for some anisotropic
possible singular problems via
the sub-supersolution method

Abdelrachid El Amrouss (), Hamidi Abdellah and Kissi Fouad

Abstract. Using the sub-super solution method, we prove the existence of the
solutions for the following anisotropic problem with singularity:

N

=38 (|0aulP 2 0m) = f(x,u) in Q,
=1

u >0 in €,

u=20 on 0f,

where Q C R is a bounded domain with smooth boundary and a given singular
nonlinearity f: Q x (0,00) — [0, 00).

Mathematics Subject Classification (2010): 35B50, 35B51, 35J75, 35J60.

Keywords: Anisotropic problem, singular nonlinearity, sub-super solution, strong
maximum principle.

1. Introduction

Partial differential equations with anisotropic operators appear in several scien-
tific domains, in physics for example, such kind of operators models the dynamics of
liquids with different conductivities in different directions. Furthermore, in biology
for example, such type of operators are related to model describing the spread of epi-
demics in heterogeneous environments. Regarding the mentioned examples, we point
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out the references [14, 18, 23, 24].
Problems involving anisotropic operators p-Laplacian

N
— Aﬁu = 72(91 (\&u
i=1

are extensively studied in the literature and we cite them as examples [1, 3, 6, 7, 11].
We note that the operator (1.1) becomes the Laplacian operator in the case of p; = 2
and the p-Laplacian operator that is Apu = div (|[Vu[P~2Vu) in the case of p; = p for
all 7. There are many studies on Laplacian and p-Laplacian problems with singularity
in the second member, we refer to [19, 4, 22, 16, 25]. There is now a substantial body
of work and growing interest in singular problems involving anisotropic operators,
some recent results can be found in [2, 20, 17, 14].
In this paper, we study the following anisotropic problem with singularity:

pi=2 az-u) , (1.1)

N .
-0 (|3¢u P 5¢U) = f(z,u) in Q,

= (1.2)
u>0 in §, )
u=0 on 01,

where Q@ C RM(N > 3) be a bounded domain with smooth boundary and
f 9 x(0,00) — [0,00) is a continuous function such that f(.,t) is in C?(Q) with
0 < 8 < 1. Without loss of generality, we assume that p; < ... < py.

Against several works that used the approximation methods, we focuse in this
work on singular problems which have applications in anisotropic operator using the
sub and supersolution method. More precisely, we generalize the existence results
existing in [21] through replacing the p-Laplacian operator by the anisotropic one.
Moreover, we have weakened conditions given on f. In other part, this work generalise
the second member existing in [20, 17] with keeping the same anisotropic operator.

The natural functional space relevant to the problem (1.2) is the anisotropic
Sobolev spaces

WP(Q) = {v e W (Q): 0w € L)}
and
WAP(Q) = WhP(Q) n WL (Q),

endowed by the usual norm

N
el gy = S 105l oy -
=1

Where Ou; denotes the i— th weak partial derivative of w.
In the following, we assume that p < N, with

1 1 1
:NZ; Zf>1,

=
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N
P = #—ﬁ and  pos = max {p",pn}.
Then for every r € [1,ps] the embedding
Wo (@) € L7(9),

is continuous, and compact if r < po,. We refer to see [13].
Owing to the absence of a strong maximum principle, we will usually assume that
p; > 2 for all .

Definition 1.1. We will say that u € Wol’ﬁ(Q) is a solution to (1.2) if and only if, the
following equality holds:

N
Z/Q|8iu\pi_2 Oiud;p dx = /Qf(x,u)go dz | (1.3)
i=1

for all p € Wol’ﬁ(ﬂ).

Now, we are in a position to present our first results. For this, let g be a continu-
ous positive function on (0, 00). Assume that f and g satisfy the following conditions

(G) 9(07) = lim g(t) = +o0.

N
(Ho) su(x) =sup f(z,t) € L"(Q2) for each p > 0 with r > —.
t>p p

(H7) There exist two measurable nontrivial functions 3,~ and a positive constant
A such that
B(z) < f(x,s) < v(x)g(s) for every 0 < s < A, ae. x€Q,

N
with 0 < B(z) < v(z) ae. 2 €Q, vy L (Q), r> 7

Theorem 1.2. If (Hy) — (H1), (G) hold and g is non-increasing, then problem (1.2)
has a solution in W, P(Q).

Theorem 1.3. If (Hy) — (H1), (G) hold and g satisfies the following condition
limsup tg(t) < +o0,

t—0t

then problem (1.2) has a solution in Wol’ﬁ(ﬂ).

Remark 1.4. Consider g(s) = m, with 0 < a@ < 1 and 8 > 1 —a. The function

g satisfies the conditions of Theorem 1.2, however g doesn’t verify the condition (3)
of (G2) of Theorem3.1 in [21].

Also, the function g given by g(t) = t% satisfies the conditions of Theorem 1.2 for
each 6 > 0, but the same function g verifies the condition (3) of (G2) of Theorem [21]
for only 6 > 1.

This paper is organized as follows: in section 2, we recall some necessary defini-
tions of the classical anisotropic operator, also we mention a technical Lemma and we
prove it. In section 3, by using comparison principle and sub-supersolution method,
we give the proofs of our results.
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2. Preliminaries

Consider the following anisotropic problem:

{_ S0 ([0l ) = few) i, (21)

u=T on 012,

where 7 in WHP(Q).

Definition 2.1. Let u € W1P(Q) such that u — 7 € Wol’ﬁ(Q), u is a solution of (2.1) if
and only if for every ¢ € W, "”()

N
/ (Z 0;ulP 2 Bud;p — f(x,u)go) dr = 0. (2.2)
2 \i=1

Definition 2.2. Let (u,u) € WHP(Q) x WhP(Q),
w is called a subsolution of the problem (2.1), if

N
Oiu
ST

w is said a supersolution of the problem (2.1), if

N
o;u
20

for all functions 0 < p € Wol’ﬁ(ﬂ).

Pi2 9ud;p da < / flz,w)pdr and (u—7)" € WoP(Q),
Q

P72 b da > / f(z,w)pdr and (w—7)" € WOLTT(Q),
Q

Now, we need to proved the following lemma.

Lemma 2.3. Let f satisfies (Hp) and 7 € Wl’ﬁ(Q) with 7 > 0 in Q. Let ¢sup and
Gsuper be sub-solution and super-solution of (2.1) respectively with @super > Gsup G-€.
in Q.

If 0 < o < Psup a.e. in Q, where p is a constant, then the problem (2.1) has at least
one positive solution u € W1’7(Q) such that ¢sup < U < Psyper a.e. in ).

Proof. Let T : © x R — R be defined by

) ) ift<p,
T = {f(a:,t) ift > p.

We will consider the following problem

- f) 0; (|8u pi*z(‘?-u) =T (z,u) in Q
= ? K3 K3 }) ) (23)
uU=T on Of.

It is easy to see that ¢gup and @gyper are sub and super-solution respectively of
this problem. Since T'(x, .) is Holder continuous in R for each « € Q, |T'(z,t)| < gu(x)
in @ xR and ¢, € L"(Q) with r > %, then by [[5], Theorem 4.14] the problem (2.3)
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has a solution u € le(ﬂ) such that ¢sup < u < dsuper, a.e. in . Since p < Pgup
a.e. in Q, then T'(z,u) = f(x,u) a.e. in . Finally, we note that u is a solution of (2.1)
as claimed. 0

3. Proof of the main results

Proof of Theorem 1.2. Let ¢ be a solution of the following problem

N

-0 (Jowl o) =2(x) @
=1

u=1 on OfN.

(3.1)

As~y e L7(Q) with r > %, then according to [[6], Theorem 2.1], we have ¢ € W1P(Q)N
L>(Q). Using comparison lemma in [[10], Lemma 2.5], we get ¢ > 1 a.e. in Q. We
can assume without loss of generality that ¢ < A a.e. in Q. If not, we replace A by
At =max{A, [[¢]L=) +1}-

From (H;) and as ¢ > 1 a.e. in 2, then

/Qf(x,fzﬁ)cpé/ﬂv(x)g(cb)so

= / Y(x)g(d)e
{¢>1}
< / Y(x)g(1)e.
{¢>1}
Without lost of generality, by replacing v by g(1)v and g by ﬁ, we deduce that
[ t@op< [ 1@ (32)
Q Q
Let k € N*, we consider the following problem
- ]ZV: 0; (\3~u|pi_23-u) = f(z,u) in Q
(Pk) = 7 2 K3 bl )
U= % on 0N.

From the inequality (3.2) and the condition (Hy), we obtain

/ngaﬂb

pi=2 8i¢8igodx—/ f(z, ¢)pdx
Q

N
Z/Z|5i¢|pi_26i¢8i<pdx—/'ygodx:O,
Q=1 Q

for all positive function ¢ € Wol’ﬁ(ﬂ) and (¢ — 1)~ € Wol’ﬁ(ﬂ). Thus, ¢ is a super-
solution of the problem (Py) in Q2 for all k =1,2,....
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Take ¢ be the solution of

N .
-0 (|5ZU b 5¢u) = Br(z) in Q,
i=1
u=1/k on 09,

(3.3)

for k =1,2,..., where B (z) = min{ﬁ(aﬁ)%}, for x € Q.

Let ¢ the solution of (3.3) when k& = oo and foo(x) = min{f(z)}. As B € L"(Q)
with r > %, it follows that ¢5 € L () ( see [[6], Theorem 2.1] ). By the comparison
lemma in [[10], Lemma 2.5 |, we have

0< oo <P < ¢1 ae.in Q, forall k=1,2,...

Moreover ¢ > k™' a.e.in Qforall k =1,2, ...

Since Bo € L®(Q), Boo # 0 in Q and p; > 2, using the Strong Maximum Principle
see ([8], Corollary 4.4.) and ([7], Theorem 1.1), we easily see that ¢o, > 0 for all
compact K in €.

By comparison lemma in [[10], Lemma 2.5 |, since 0 < 8 < v a.e. z in Q, we deduce
that ¢ < ¢ for a.e. z in Q and every k =1,2, ...

Then from the condition (Hp) and since ¢, < ¢ < A a.e.in Qforall k = 1,2, ..., we get

/Qé@@c

pim? 8i¢kai90d$_/ f(x, or)pdx
Q

N
S/ZW@HM_Q aiﬁskai(ﬂdl"—/’}/(pdl‘:o,
Q5=1 Q

for all positive function ¢ in W&’ﬁ(ﬂ) and (¢ — )7 € Wol’ﬁ(Q). Hence ¢ is a
sub-solution of (Py) for all k = 1,2, ...

Now let j € N*, by Lemma 2.3 there exist a solution u; of the problem (P;) such that
¢; <uj < ¢ a.e. in . Moreover u; is a super-solution of (Pj41), using again Lemma
2.3, there is a solution uj4q of the problem (Pj11) where ¢;11 < ujy1 < u; a.e. in
Q. By continuing to do so, we build a sequence (uy) of solutions of the problem (Py)
such that for every k > j we have

Poo SUpy1 Sup <. Sy < @ a.e.in .
We should also note that uy > k=1 a.e. in Q. We define u(z) = klim up(x) a.ein Q.
—00

Now, as ¢ is locally Holder continuous in €2 (see [7]) and ¢ > 0 for all compact K
in 2, hence inf ¢y > 0. Take

supp(p)

Uk — k1

g < inf ¢oo>

supp(e)
as a test function, then in view of (Hp) and [[12], Theorem 1.3.], we distinguish two
cases:

Gk =
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If g ( inf (boo) > 1, we get the following inequality
supp(¢)

1617225

Npn-— T ANpN—1 N<Z/‘a<k

Ppi de

< zN:/ |Ojug|Pi dx
9 (suﬁ;ﬁm o)
/ Sz, ug) e — k7! ——dx
o (Lt o)
/ Sz, ug) Uk dx ,
o (Lt o)

where pg = py if ||Ck||W01,5>(Q) > 1 and pg = py if ||Ck||W01,?(Q) <1.
From (H;) and since u, < ¢ < A for all k= 1,2, ..., a.e. in 2, we obtain

Hckllz‘j;l,?(g) ¢
— T N < [ A@)glun)
et /Q g ( inf ¢oo)

supp(p)

dx

¢

— [ slgtu) —— s,
supp(p) g< inf ¢OO>
supp()

On the other hand as g is non-increasing, g (ur) < g(doo) a.e. in Q and g (o) <

g ( inf(’d)) d)oo) a.e. in supp(¢). Then according to the above equality, we find
supp

Gkl 5 g < ANPY ey + NP
0

Q) —

If g ( inf qboo) < 1, we have
supp(¢)

1||p 1?
() —1 i
o N<Z/\a wn k) e

/fmuk U — _1)dx

<[ @gtusds.
supp(¢)

> 1 and po = py if [|ux — k

Jur —

where pg = py if [Jux — k < 1.

1 -1
||W1’?(Q) ”W&'?(Q)

Since g (ug) < g ( mE )¢oo) < 1 a.e. in supp(¢) and ¢ < A for a.e. in 2, then we
supp(¢
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obtain

lur — & aloly SANPY iy pagey + NP,

(@)
which implies the inequality

1
[ gl = K2,
inf ¢
g <suz7p(¢>)¢ >
1 _
< - ()\NPN 1||’YHL1(Q)+NPN)
inf ¢
g <suz>p(d>)¢ )
and thus
)\NpN—1||’y||L1(Q) + NPN
(ICk P .

Wl ? Q) Po
g ( inf %)

supp(e)

Finally, we conclude that (; € Wol’?(Q) N L*>(R) for every k.

Since ({) is bounded in Wg’?(ﬂ), it follows that ¢, — v in Wg’?(Q) and (Cx)

converge weakly to the same limit in W17 (). As (ug) is bounded in WLy (Q), we

have up — u in le(ﬂ), strongly in LP(€2) and almost everywhere in 2.

In other part, we have u,, = g ( mf (boo> Gk l—g < mE (boo) vin WHP(Q Q),
supp(¢p supp($

strongly in LP(€) and almost everywhere in Q. Therefore, we can conclude that

u=gq mE(b) qboo) v almost everywhere in (), we easily see that v € WO1 ?( Q) which
supp

implies that u € Wol’?(Q).

Let Q¢ be a compact domain in . We define p = ngin $oo, from ([7], Theo-
0
rem 1.1), ¢oo > 0 a.e. in Q, we have p > 0. Hence

I(f (@, ur) = f (@, u5)) (ue — uj)] < ()0,
which implies that

N
;/ﬂo (|aiuk

as k,j — oco. From ([15], Proposition 1.) and (3.4), we get

pi—2
Osup —

7_282'11,]') 81 (uk — ’LLj) dr — 0 (34)

N
Z/Q |O;up — Ojuj|Pide — 0, k,j — oo, (3.5)
— Ja,

We observe that
up — u in LPY(Qp). (3.6)

From (3.5), (3.6), we obtain that (uy) is Cauchy sequence in Wl’?(ﬂo) which is a
Banach space, therefore uy — w in W1’7(QO). We conclude that for any compact
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set Qp in Q, there exist a subsequence (uy) such that u — u in W1’7(QO).
We mention the following estimates. We have for all p; > 2 with ¢ € {1,2,..., N}

(pi—2)p;

| (195uk| + 10iul]) 7= || Lo 172 () = (/ (|05ur| + [Osul)?* dzx
Qo

)m—2/(pq,—1)

pi—2/(pi—1)
< grit? (/ |05ug [P + 8iu|pida:>
Qo
< 2PiT2), (3.7)

where M is a positive constant independent of x. Using Hoélders inequality, we get

(pi—2)p} (pi=2)p; pi—1
(19sur| + [Osul) o <|| (|0iuk| + [05ul) 77 || Loi-1/mi-2 (0q) (1Q07 7).
0
(3.8)
By the inequality (3.7), we have
/ (10ug| + [85u)) P~ 2P do <2Pi=2 M| [Pi L. (3.9)
Qo
Using again Holders inequality, we obtain
N
S [ 1o~ duul (0] + |osul) da
i=1 %0
N
<> N18sun = dgull s 20 | (D5t +10:ul)™ 2 | ot
i=1
from the inequality (3.9), we deduce that
N
Z/ 10y, — O] (1Byur] + 9ul)” 2 do
i=1 %0
N
< MoPN—2 (|QO| + 1)Z7N*1 Z ||81uk — 8iU||LIJi(QO)
i=1
< M7 (|Q0] + V)P T [fuk — ulliyr 7 o) (3.10)

Now, we recall the fallowing useful inequality (see [9]) that hold for all a,b in RY and
p;>2foralli=1,2,... N

llal”~2a — (b ~2b] < c(la| + [b])"*~2|a - b], (3.11)

where ¢ is a positive constant independent of ¢ and b. By estimation (3.10) and
inequality (3.11), it follows that

N
m 3 / 05t P~ 20hus, — |BsulP—20,u]dz = 0 | (3.12)
Qo

k
——+00 =
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Let £ € C§° () such that supp (§) € Qo C Q. From the limite (3.12), we conclude
that

N
;/Q |05ug

On the other hand, since |f(z,ur)¢| < Cg,(x) a.e. in Qy, where C is a positive
constant independent of z and ¢, € L'(£2), we obtain

/ f(zyug) € de — / fz,u)é da. (3.14)
Q Q
Hence by (3.13) and (3.14), we conclude that for all £ € C§°(Q)

N
Oyu|Pi 2 0;ud; = , :
;/{J ul ud;€ dx /Qf(:zc w)¢ dz

Consequently, the identity (1.3) holds for every £ in C§°(€2). Now it remains to shows

that identity (1.3) is satisfied for every £ € W&’?(Q). Let v € W(}’?(Q), choose a
sequence (7)) of non-negative functions in C§°(£2) such that

Pi=29,ud;€ dx as k — +oo. (3.13)

N
pi’zaiukaig de — Z/ \@u
i=1"9

e — v in WL ().
For subsequence if necessary, we can suppose that np — |v| a.e. in Q, then through
the Fatou’s lemma and Holder’s inequality, we have

[t < [t <timint [ peom

N
= hkrggf ;/Q |0
N

pi728iu8mk

‘m i 2 |Pi—29. )
<timind 3 020 0o

N
. i—1
< h,{gl;,}f; 10:ullTn: () 10l Le: (2)
1=
N
7||u||W01,7(Q) i in ;H ik || e ()
< q—1 ..
<l g Bt el

—1
S”u”?ﬁ/l,?(g) ||V||W01?(Q)7
0

. _ . _ . 1,7
with ¢ = p; if ||uHW01,7(Q) <1land ¢q=ppyif Hu||W01,7(Q) > 1. Now for £ € WP (Q),
choosing again a sequence (&) of function in C§°(f2) such that & — £. By taking
v = &, — £ in the previous inequality, we get

lim /Qf(x,u)fk dr = /Qf(as,u)ﬁ dz .

k—o0
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Furthermore
N

li ;
Jm 3 [ o

=1

pi728iuai§ dx.

N
pi’Qaiuaifk dr = Z/ |8lu
=179

Hence (1.3) holds for every & in W&’?(Q). Consequently u € W&’?(Q) is a solution
of (1.2) such that ¢ < u < ¢ a.e. in Q. O

Proof of Theorem 1.3. From Lemma 2.3 and comparison lemma in [[10], Lemma 2.5
], and by following the same steps of the proof of Theorem 1.2, we can build a sequence
(ug) of solutions of the problem (P;) such that

Goo U1 Sup < oSy < @ a.e.in Q, for k > j,

where (Py) is defined in the proof of Theorem 1.2. We also note that ux > k! a.e.
in Q. We define u(z) = klim ug(z) a.ein Q.
— 00

We take ¢ = ux — k! as a test function. From the condition (Hy) and [[12], Theorem
1.3.], we have

Il s
Wy P () / i
— % - N< E |0 u | d
Npn—1 — Ja

:/Qf(x,uk) (uk—k_l) dz

S/Qf(x,uk)ukd;v

§/ v(z)g(ug)uy dx (3.15)
supp(ur)

Where Po =P1 lf ||Ck||W01?(Q) Z 1 and Po = PN lf ||Ck||W01?(Q) < 1.

Since limsup tg(t) < 400, then there exist tow positive constants C' and € such that
t—0t

tg(t) < C forall 0<t<e.
If 0 < ug < e, we obtain
v(z)g(ug)ur < Cy(x) a.e. in  supp(ug). (3.16)
If e <wup <A, as g is continuous on (0,00), we get
v(z)g(ug)ur < AM~y(x) a.e. in  supp(uyg), (3.17)

with M is a constant positive such that g(s) < M for all e < s < A. By the inequality
(3.16) and (3.17), we deduce

v(z)g(ug)ur < max{\M, C}y(x) a.e. in  supp(uy). (3.18)
From the inequality (3.15), (3.18) and as v € L"(Q2) with r > %, we obtain

HCkHIV){jl’T’(Q) < max{AM, C}NPN_lHVHLl(Q) + NPY
0
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Thus the sequence ({j) is bounded in W(}’?(Q).

Following the same techniques of the proof of Theorem 1.2. We prove the existence
of solution

u € W&’?(Q) of the problem (1.2) such that ¢oo < u < ¢ a.e. in Q. O

Remark 3.1. Note that if the conditions (Hy) — (H;), (G) are satisfied and we replace
the condition of g in the Theorem 1.2 by h(s) = sg(s) where s > 0 is nondecreasing.
Then the problem (1.2) has a solution.

It suffices to show that

/ f(r,ug) up de < oo.
Q

In fact

Iz, up) ug doe < / ~v(x)g(ug)ug dz.

Q Q

As h is nondecreasing for all s > 0, it follows that

/ (), d < / (2)g(9)d dx
Q supp(¢)

< / (@) g (1]l = ) 0l] ey e
supp(¢)

< g([|oll e @)1l Loe @) Il L1 () < 00

Corollary 3.2. Let g be a nonincreasing function from (0,00) to (0,00), satisfies (GQ).
Suppose that

A
/ g(z)dx < 400
0

for same A > 0. If f(x,t) = v(x)g(t) for some non-trivial and non-negative v € L" ()
with r > %, then (1.2) has a weak solution in Wol’?(ﬂ).

Proof. Using the fact that f(x,t) = v(z)g(t) and v € L"(Q) with r > %, then
conditions (Hy) — (H;) are satisfied. Hence, similar to the proof of Theorem 1.3, we
can build a sequence (uy) of solutions of the problem (Pj) such that

Poo S Upg1 Sup < o<y < @ a.e. in  §, for k > j.

In addition, since fo)\ g(x)dx < 4oo, then tg(t) < M for all 0 < t < X and some
positive constant M, thus

y(z)g(ug)ur < My(x) a.e. in  supp(uyg).
As in the proof of Theorem 1.3, we combine the above inequality with (3.15), we get

[l ?,;1,7(9) < MNPY 7yl 1) + NPV,
0

where ¢, = ug, — k~!. Thus (} is bounded in Wol’? (). The proof is completed. O
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