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Coupled system of sequential partial

o (.,.) —Hilfer fractional differential equations
with weighted double phase operator: Existence,
Hyers-Ulam stability and controllability

Nadir Benkaci-Ali

Abstract. In this paper, we are concerned by a sequential partial Hilfer fractional
differential system with weighted double phase operator. First, we introduce the
concept of Hyers-Ulam stability with respect to an operator L for an abstract
equation of the form u = LFu in Banach lattice by using the fixed point ar-
guments and spectral theory. Then, we prove the controllability and apply the
previous results obtained for abstract equation to prove existence and Hyers-
Ulam stability of a coupled system of sequential fractional partial differential
equations involving a weighted double phase operator. Finally, example illustrat-
ing the main results is constructed. This work contains several new ideas, and
gives a unified approach applicable to many types of differential equations.
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1. Introduction

Fractional order and Hilfer fractional order differential equations involving a p-
Laplacian operator are of great importance and are interesting class of problems. Such
kinds of problems have been studied by many authors, see [3, 4, 5, 17]. At the same
time, the studies of Hyers-Ulam stability have attracted a great deal of attention in
the last ten years, (see [1, 2, 9, 10, 11, 12, 15, 13, 16]), and the references therein.
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In [19], the authors discussed the existence of positive solutions for the double
phase differential equation

—Dy g (u) (x) = f(z,u), z€ QCR",

with double phase differential operator D), 4 (u) = Apu + a.Agu.
In [14], existence and uniquness of solutions to sequential fractional differential
equation
ADu (t) + DPu (t) = f (t,u(t))
was investigated.
In [8], the authors worked on the existence and Hyers—Ulam stability for the
following sequential fractional differential system:

[°Dy +r.cD7]u(t) = f (t,u(t),u(at),© D (o)), t € (0,T)

where D”, D7 are the Caputo fractional derivatives of orders v € (1,2] and o € (0, 1]
respectively.

Motivated by the works mentioned above, in this paper, we give the existence,
Hyers-Ulam stability and controllability results for the abstract equation LFu =
u and their application to the following coupled sequential partial Hilfer fractional
differential system with weighted double phase partial differential operator:

a+l,w,0 a,w,o 0 aul
(G (6).Dg 7 + D) (f)ac <¢ (91 () m))) (t,2) + fu (t,2,ur,un) = 0,
t,x >0,
a+l,w,0 a,w,o 0 8”2
(@057 + 0357) (5 (0 (@ 52)) ) (o) + ot ) =
t,x >0,
. 5Uj .
u; (0,2) =u; (¢,0) = IEIEOO% (t,z) =0, j €{1,2},

(1.1)

where Dy1;%is the partial o (.,.) —Hilfer fractional derivative with respect to the
variable ¢ of order a and type 0 <w <1 with 0 < a < 1,

¢ =dp- +dpr , L <p” <p*
with
by () = [P 7% 2, for v e {—,+},
and for j € {1,2},
G () =aj+t, a; >0,
The function o (¢, z) is bounded and positive on RT™ x RT having a continuous and posi-
tive derivative %tf (t,z) > 0 with respect to the variable ¢ on (0, +00) with o (0,z) =0
for all z > 0 and such that

(0+)a e L' (R") and ot (z) = lim o (t, ).

t——+o0
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2. Abstract background

Let (E,|.||) be a real Banach space. A nonempty subset P of F is said to be
a cone if P is closed and convex, PN (—P) = 0 and for all ¢ > 0, tP C P. In
this situation, P induces a partial order in the Banach space E defined by =z < y if
y—xz € P

The mapping L : E — F is said to be bounded if it maps bounded subsets in
F into bounded subsets in E. L is said to be compact if it is continuous and maps
bounded subsets in E into relatively compact subsets in F.

Definition 2.1. A normed lattice E is a vector space with a norm ||.|| and a partial
ordering (<) under which it is a Riesz space and the following condition holds:
if [z < |y[, then [lz]| < [lyl|, where

|u| = sup {u, —u}.
If (E, |||]) is complete, it is called a Banach lattice.
Let us recall the definition and some properties of the resolvent:

Definition 2.2. [7, 18]Let L : E — E be a bounded and linear operator. The resolvent
set of L is the set

p(L)={Ae€C: A — Lis invertible in Q (E)},
where @ (F) is the unital Banach algebra defined by
Q(E)={f:E— E: fis linear and bounded}

and [ : E — F is the identity.
The resolvent of L is r1, : p(L) — Q (E) defined by

(A =W\ —L)"'€Q(E).
The spectrum of L, o (L) = C\p (L) is non-empty, compact and
r(L) = max |\ = lim ||L"]",
Xeo(L) n—00
called the spectral radius of L.

The serie’s representation of the resolvent: If |A\| > r (L), then A € p(L) and
rr (\) is given by

+o0
rn (A) = Z/\_k_lLk.
k=0

Let Bt = {u€ F,u>0} be the positive cone of a real Banach lattice
(1<)
We consider an operator T : E — E defined by

Tu=LFu, ue FE

where L : E — E is a completely continuous operator and F': E — FE is a continuous
and bounded map.
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Remark 2.3. T is completely continuous, because it is the composition of the com-
pletely continuous operator L and the bounded continuous map F'.

We consider the equation
u=Tu. (2.1)

Definition 2.4. Equation (2.1) is said to be Hyers-Ulam stable in E with respect to L
( or L-Hyers-Ulam stable), if T = LF and there exists N > 0, such that the following
(pn) property is satisfied:

For all € > 0 and all (v,w) € E x B(0,¢)\ {0},
if v=L(F(v)+w) then T admits a fixed point v € G such that (pN)
lu—v| < N.e.

The main tools of this work are the following Theorems:
Theorem 2.5. [6] Let E be a Banach space, C be a nonempty bounded conver and

closed subset of E, and T : C — C be a compact and continuous map. Then T has
at least one fized point in C.

3. Main results

3.1. Existence and Hyers-Ulam stability of abstract equation
Throughout this paper, we assume that the following hypothesis hold:

{ There exists an operator L*) : E+ — E+ such that, for all u € E

I ()] < L® (Ju]), (3-1)

where L(®) is bounded, increasing, k—positively homogeneous and sub-additive on E,
k € (0,1], with L) (E+\ {0}) ¢ ET\ {0}.
F : E — F is a continuous mapping such that
There exist (g,h) € E+\ {0} x E* such that ||L®*) (g)| < 1 and
|F (w)] < gllul|* + h, for all u € E.

Lemma 3.1. Assume that If the hypothesis (5.1) and (3.2) hold true, and let Then T
admits a fized point u in B (0,7), r > 1o, where

(3.2)

_ MW )
T (g
Proof. Let u € B(0,7), r > 1. So,
Tul = |LFul < L9 ([Ful) < L9 (|lul* .9+ h)

IN

Jull L) (g) + L (1)
this implies that
ITull < v [2® ()| + [£® @) = (- =r0). 2@ ()] 470 <

then T (B (0,r)) C B(0,7). From Schauder fixed point theorem, we deduce that T
has at least one fixed point u € B (0,r). O
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Lemma 3.2. Assume that hypothesis (3.1) and (3.2) hold true.
If (v,w) € E x B(0,¢)\ {0}, € > 0 such that

o= L(F (@) +w),
then v € B (0,7.), with

| L&) (h)|| + kM
Te =
1—[[Z® (g)]]

Proof. Indeed, if v = L (Fv + w), then

and M = sup {HL(k) (x)H ,x € B(0, 1)} .

L (Fo+ w)] < O ([Fo| + fl) < 2® (ol F g+ R+ [w])

| =
< ol L® (g) + LD (h) + LD (Jwl).
This leads
ol < ol [[ 299 ()| +{|2%) )| + | (|
Thus
L") (h L&) L% (h kg
o < L 04 29 ] _ a9 0]+ o ;
L= [IZ® ()] L= [lZ® ()]
Let 7, = max 7’0,(7’0)% llgll + ||hH} > 0, where rg is the constant given in
Lemma (3.1). We consider the following hypothesis:
There exist p € E¥\ {0}, A > 0 and r > r, such that, for all u,v € B(0,7),
|Fu— Fu| < pllu—vl, (3.3)
and
1L (u) — L ()] < ALy Ju—v]. (3.4)

where L, is a linear, bounded and strictly positive operator on E.

Theorem 3.3. Assume that hypothesis (3.1), (3.2), (3.3) and (3.4) hold true, and

re (0L (). (35)
Then, equation (2.1) is L-Hyers-Ulam stable in E.

Proof. Suppose that
v=L(F(v)+w),
where (v,w) € E x B(0,¢)\ {0}, € > 0.
Let r > r, = max {ro, (ro)% llgll + ||h||} be the constant given in the hypothesis (3.3).
We deduce from lemmas (3.1) and (3.2) that T admits a fixed point u € B (0, )
and v € B(0,r.), with
L™ )| +
A ]

and M = sup{HL(’“) (x)’

,xGB(O,l)}.
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Now, let g > 0 be the unique positive solution of the algebraic equation
1

M o k B
( +17HL(k) H > lgll + lIA[] + 2 —r = 0.

We distinguish the following three cases:
Case 1. If r < (T‘E)% llgll + ||R]| + €, then € > xo. This leads

—1 M.
lu—vl| <7 +re<ag <2T+1_HL(1¢) H)

Case 2. If r < r¢, then € > pu, with

and so,

Hu—1j|\<27ﬂ—i-€l€7M<u_1 27"—1—]\4'7M]C €
I A Ol @l)

Case 3. If max {re,(re)% llgll + 1|2l +e} < 7, then (Fu,(Fv)+w) € B(0,r) x
B(0,r), and from hypothesis (3.4), it follows that

|L (Fu) = L(Fv+w)| <ALy [Fu— Fv—w|.
And by using (3.3), we obtain

lu—v| < ALy |Fu— Fv—w|

w
< Allu—vl Ly () + ALy <|w||>
thus
ALy
lu — o] < < .€.
1= ALy (o)l
Consequently,
|lu—v] < N.e
where
M.y, ( AL ]] )
N =max<{ v, | 2r + , ,
{ ( 1 [Z® <g>;|> =X L+ (]
with

7, = max {xal,u_l} and v, = max (mlg,uk) )

Proving our claim.



Hyers-Ulam stability and controllability of abstract equation 831

Now, we replace the hypothesis (3.3) and (3.4) by the following conditions:
There exists Ao > 0 and r > r, such that, for all u,v € B (0,r),

IF (u) = F ()] < Do lu—10l, (3.6)
and

1L (u) = L (v)| < Lo |u—wl, (3.7)
where Ly : F — F is a linear, compact and strictly positive operator.
Theorem 3.4. Assume that hypothesis (3.1), (3.2), (3.6) and (3.7) hold, and

r(Lo) < Mgt (3.8)

Then equation (2.1) is L-Hyers-Ulam stable in E.
Proof. Suppose that v = L (F (v) +w), (v,w) € E x B(0,¢)\ {0}, € > 0.
Let r > r, = max {ro, (ro)% llgll + ||hH} is the constant given in the hypothesis (3.6).

It follows from lemmas (3.1) and (3.2), that v € B (0,7.) and T admits a fixed point
u € B(0,r), with

. | L5 (R)|| + ¥ M
W @

We have seen in the proof of theorem (3.3) that, if

and M = Sup{HL(k) (x)’

weB(O,l)}.

1
r < max {re, () gl + 1] + .

then € > max {p, zo}, where 2o > 0 is the positive solution of the algebraic equation
1

M 3 k B
(’“0*1_”ng)“-$> lgll + 1A +2 —r =0

In this case, we have
Mv
o < A~/ 2

vy =max {zg', p '} and 74 = max (zf, u*) .
< 7. Then (Fu,(Fv)+w) €

B(0,7) x B(0,7), and by using hypothesis (3.4), it follows that
|L(Fu) — L(Fv+w)| < Lo|Fu— Fv—w|. (3.9)

where

Now, we assume that max {7’6, (re)% lgll + ||R]| + e}

By using (3.6), inequality (3.9) leads
lu—wv] < Lo|Fu— Fv—uw|
Ly |Fu— Fv|+ Lo (Jw])

<
< oL (Ju—v|) + ey,
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where
o=t () € B0
Then
z = Ju—v| < Xg.Lo(2) +€lg <”|w|”)
< Ao-Lo (2) + emy,
< Ao.Lo(Mo-Lo (2) + €my) + €Ty
< ASLY(2) + e (AG-L§ (mw) + Ao-Lo () + )
n—1
< AGLE (2) + e > MLE () € ET\ {0}, for all n € N*.
k=0

As N7 (Lo) = No-limy, oo /]G] < 1 then lim, oo ANJ.LE (2) = 0, \g" € p(Lo)
and (I — A\o.Lo) is invertible. The serie’s representation of the resolvent 71, at Ay " is

given by
—+oo

- _ -1
TLo ()‘0 1) = (/\0 - LO) = Z ()‘O)kJrl LIS-
k=0
Then
Z/\kLo (Tw) = (I = Mo.Lo) ™" (mw) € B\ {0}.
Thus,
= ol < |[(7 = 20-L0) ™ ()| € < [[ (7 = Ao L) || Lo
Consequently,
lu —v|| < N.e
where
M.~ _
— / 2 _ 1
N = max {’yl (27"0 + T 120 ( H) ’ (I — Xo.Lo) H ||Lo||}.
Proving our claim. O

3.2. Existence and Hyers-Ulam stability of coupled system IVS

In this section, we use the results obtained in the previous section to prove ex-
istence and Hyers-Ulam stability of the coupled system of sequential time o—Hilfer
fractional differential equations (1.1), where Di*,%is the o—Hilfer fractional deriva-
tive with respect to the variable t of order « and’type 0<w<lwithd<a<l,

p=0¢p +¢p+ , 1 <p~ <p*
with
b (x) = |z 72 2, for v € {—, 4},
and for j € {1,2},
G(t)=aj+t, a; >0.
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We suppose that the following conditions hold,

fi € C(RT x R* x R%R), ei € L' R+, RY)
and (3.10)
ot e L* (RY),

with
0<ot(z)=sup{o(t,z), t >0} < o0, Vo > 0.

Next, we recall the definitions of o—Hilfer fractional orders integrals and derivatives

of order o and type 0 < w < 1, where J C R” and o : I x J — R™ is the positive

0
function on I x J C RT x R having a continuous and positive derivative a—j (t,z) >0
with respect to the variable ¢ on (0, +00) with ¢ (0,2) = 0 for all z > 0.

Definition 3.5. [17] Let a € RT, a > 0 and J C R™. Then the o—left-sided fractional
integral of a function v with respect to t on RT is defined by
1 [to _
Lt o) = oo | G 60 (0 (62) =0 () ulr a)dr
In the case a = 0, this integral is interpreted as the identity operator Igfu = u.

Definition 3.6. [17] Let o € (n —1,n) with n € N, u and o two functions such that
t— u(t,.) € C"(R",R) and t — o (t,.) € C"(R",R). The o-Hilfer fractional
derivative D71, of u with respect to t of order n —1 < & < n and type 0 < w < 1
is defined by

a,w,o _ qw(n—a),o 1 0 " (1-w)(n—a),o
Dytuta) = 1200 (s 2 ) O ),

oo

where o}(t,x) = — (t,z) .

ot

Let’s also recall the following important result ([17]):

Theorem 3.7. Ift — u(t,x) € C"(RT), n—-1 < B <a<n 0<w<1and
E=a+w(n—a), then
%7 DY (b, o)

at,t"“Tat,t

— S (a(t,x) _J(avx))gik 1 0 ok (1-w)(n—a),c
_u(t,x)—kz::l TE—htl) (aé(t,x)@t) Loy, u(a,z).

Moreover,

107 199 () = [°76, powe (Dﬁ,w,au) _ potheny,

at,tTat,t at,t at,t at,t at,t

lw,o 1. 8” o,w,o ToL,0 -
D7 u=Diu= T and D" I, (u) = u.
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Remark 3.8. In this paper, we assume that o : Rt x RT — RT is continuous having

0
a positive and continuous derivative 8—? (t,z) on RT x RT such that o (0,z) = 0, for
allz € RT. If « € (0,1), then n =1 and for ¢,z > 0

-1
a0 HoLw,o _ _ (o(t, z)) (1-w)(1-a),o +
157°-Do i u (b, @) = u(t, @) ) (IOJr’t u) (0%, z).

Moreover, if u is continuous, then

and so I}, .Di* % u (t, ) = u(t, ).

Definition 3.9. We say that IVS (1.1) has the Hyers-Ulam stability in a Banach space
E = G x G if there exits a constant N > 0 such that for every e > 0, v = (v1,v2) € E,
if

(a @057+ 0557) (5 (0 (@ 52 ) ) ) )+ 1 mn,om) <

t,x >0,

(a -t + 05) (55 (¢ (00 52) ) ) )+ fovn,v)| <

t,x >0,

0 0.0) =0 (1,0) = Tm 9 10y =0, je{1,2),

x—+o0 Jdx
(3.11)
then there exists a solution u € E of IVS (1.1), such that

lu —v| < N.e. (3.12)
We call such N a Hyers-Ulam stability constant.
Let £ = G x G be a real Banach space with

G= {u € C(RY x RT R) : sup |u(t, )| < oo}

t,x>0

equipped with the norm |[|(u,v)|| = max (||ul|,, ||v|,) where

lullo = sup (lu(t,z)]).
t,x€RT

Remark 3.10. E is a Banach lattice under the partial ordering (<) defined by
(u1,uz) < (v1,v2) & up (z) < vy (x) and ug (z) < vy (x) for all z > 0.

under which it is a Riesz space and |(u,v)| = (|u], |v]).
Moreover, ET = {(u,v) € E, (u,v) > 0} is the positive cone of (E,|.||,<).
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We consider the operator T': E — E defined by
T (uy,ug) = LF (uy,u2), (uj,u2) € E
where
L (u1,u2) = (L1 (u1,u2), Lo (u1,u2)) and F (u1,uz) = (F (u1,us2), Fo (u1,us2)),
such that for j € {1,2}

L; (ui,u2) (t,z) = /Ow 9j1(z:)w (/;OO 1577, (le(t) /Ot (uj) (1,9) d7> (t,s) ds> dz,

Fj (ulqu) (t,’l’) = fj (taxvul (t7z)7u2 (t,IL’)),

where ¢ = ¢~1 : R — R is the inverse function of sum of p;-Laplacian operators

1=N
b= ¢,
i=1

pi—2 . . .
.z and 1, is the inverse function of ¢,,.

with ¢, (z) = |z
‘We denote

T=(T1,T3)
with
T; = L;F, je{1,2}.
Remark 3.11. Let p~ = min {p1,ps...pn} and p™ = max {py, p2...pn }. For all z > 0,
i€ {1,2..N}
p, (2) < ¢ (z) < N.o" ()
where

Gpt () ifx>1
‘W“”):{ b (a) if <1

and so, we conclude that

vt (5) S v @) <y @) (3.13)
where
x Upr (%) ifz>1
v (N) { Py (%) if v < 1.
Moreover, for x >y > 0,
Yp (T +y) <Yy () + 9 (¥) ifp>2
2-p (3.14)

Uy +y) < @QP 1 [y (2) +p ()], ifp<2.

Remark 3.12. The condition (3.10) makes that the operator L; is completely contin-
uous and F}; is bounded for each j € {1,2}, and so, T" is completely continuous.



836 Nadir Benkaci-Ali

Lemma 3.13. Let hi,hy € C(RT x RT,R*") be continuous and bounded functions.
(u1,u2) € Ct (RT x RT) x C1 (Rt x R") is solution of IVS (3.15)

0 0
(atr057 +057) (5 (6 (0@ 52) ) ) o+ s o) =0

t,x >0,

(@051 + D) (o2 (9 (020 52) ) ) (o) + ha ) =0,

t,x >0,

wy (0,2) = u; (1,0) = lim 2% (1.2) =0, j € {1,2},

x—4o0c0 Jx

(3.15)
if and only if

uj(t,x)—/ow 9]41(2,)1/) </z+<>0 157, <le(t) /Ot hj (7, s) dT) (t,s) ds> dz, for j e {1,2}.

(u1,u2) is fized point of T (i.e T (u1,us) = (u1,us)).

Proof. First, assume that (uj,u2) € E is a solution of IVS (3.15), then for each
j € {1,2}, The function u; satisfies equation

0 (w4 00557 [ 52 (0 (050 52)) | ) (o) = =y 1.0,

where ¢ = ¢,~ + ¢,+. Integrating, we have

a,w,o a a i —1 ¢
Doy {81‘ <¢ <9j () ;xj)ﬂ (t,z) = aj+t/0 hj(r,x)dr, t>0.  (3.16)

Applying I5°, on both sides of equation (3.16) and using Lemma (3.7) and initial

condition % (0,z) = 0, we obtain
0 8uj - a,o 1 ¢ .
5o (o (0@ 52)) 0o =gz (i [ mrarar) o

By integrating on [z, +oo[ and using the boundary conditions

a .
u; (t,0) = IETM% (t,z) =0,

& <ej (z) a(;:-) - /:Oo I, (le(t) /Ot hy (7, s) dT) (t,s)ds

uj (t,7) = /Ox ajl(zf” </Z+w e, <§]1(t) /Ot hj (7, s) dT> (t, s) ds) dz.

we have
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Conversely, assume that (u1,us) € E such that for j € {1,2},

u; (t,2) :/Oz 9j1(z)¢ (/;Oofngt (Ql(t) /Ot h; (T,s)dT) (t,s)ds) dz.

Then u; € C' (RT x RT) and verifies
u;j(z,0) =u; (0,z) =0.

Moreover, by derivating with respect to the variable z, we obtain

2 (1,0) = ajl(x)w (/;OO ey, <<]1(t) /Ot hy (7,5) dT> (t,5) ds> . (317

and so .

0 Ou,; oo 1

=9 <9j (2) a;) - (C(t) /0 hy (7,2) dT) (to).  (318)
Applying D" on both sides of equation (3.18) and using Lemma (3.7) we have

o005 [ 2 (o (0@ 52)) war == [ rar

so, u; is solution of the equation

ot (60 05 [ 2 (6 (0,0 52))] ) o) = = 0.

Now, we show that lim % (t,z) =0. Let H; =sup{h; (t,z),t,x > 0}. We have

x—+oc0 Jx

1 ¢ H;
,0 . < y «,0 1 — J «
IO+,t <C] (t) /O h] (T’S) dT) (t,s) — HJ IO+,t ( ) (t>s) F(Oz + 1)0 (t78)7
then

+oo oo 1 t H —+o00 N
/I It (Cg(t)/o hj(T,s) dT) (t,s)ds < F(T—j&—l)/w o®(t,s)ds

s0, it follows from equation (3.17) that

9u;

)
O (t,z) < jl(x)¢ (F (5_1_ 0 /;_OO o (t,s) ds)
. +0o
< g’ (rarn ) @7 0®)

>

1
Since RER € L' (RT,R") then
Ou;
lim —2 (t,2) =0.
Jm —— (t,2)
Thus, (u1,usz) is solution of IVS (3.15). This completes the proof. O

Remark 3.14. We deduce from Lemma (3.13) that, (ui,us) € C' (RT x RT,R) is
solution of IVS (1.1) if and only if (uy,us) is a fixed point of T.
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Lemma 3.15. If equation (2.1) is L-Hyers-Ulam stable in E then IVS (1.1) has the
Hyers-Ulam stability in E.

Proof. Assume that equation (2.1) is L-Hyers-Ulam stable in E. Let e > 0 and
v = (v1,v2) € E verifying inequalities (3.11). Let w = (w1, ws) € Bg (0,€) such that

w3 0= (6 000575+ 0557) (2 (00 ) §2)) )t 100 0. n (),
je{1,2}.

We have from Lemma (3.13) that
vj () = Tj (v, v2) (2) == L; (F (v1,v2) + w),
then
v=L(F(v)+w).
If w = (0,0) then v is a fixed point of T, and so, u = v is solution of IVS (1.1) and
we have
lu—v]|=0<N.e.

Now, if w € Bg (0,¢)\ {0}, as (2.1) is L-Hyers-Ulam stable then there exists a fixed
point w of T" which is solution of IVS (1.1) such that

lu —v|| < N.e.
Thus, IVS (1.1) has the Hyers-Ulam stability in E. O
Lemma 3.16. Assume that
pr>2 (3.19)

Then L verifies the condition (3.1), with L*®) = (Lgk), Lék)> such that

1
<1

k:
pr—17"

where for j € {1,2}

L) (u, ug) (t, ) = /0 ' ejl(z)wzﬁ ( / o Iy, (J(t) /0 t uj (7, 5) dT) (t, s) ds> dz.

Proof. Let u = (u1,us) € E. For j € {1,2}

@ . 1(z)¢ (/:"O 1577, ((Jl(t) /Ot u; (7, ) d’r) (t, s) ds) dz
= /0 0; (z) </ 0015’1’2 <<Jl(t) /t |uj (7, )| d7> (t,s) ds) dz.

By using the inequality (3.13) we find that for all ¢,z > 0,

Lyt @) < [ oo ([ 350 (S [ o oldr) @9)as)

= L' (lua], |uz]) (2)

|Lj (u1,u2) (8, 2)| =
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and then |L (u)| < L™ (|u|). Moreover, L*) is bounded, increasing, k—positively
homogeneous and verifies

LW (E"\ {0}) ¢ E"\ {0}
And the condition (3.14) leads that L) is sub-additive. O

Lemma 3.17. Assume that
l<p <2 (3.20)
Then For all v > 0 and for all u,v € B 0,r),

IL(w) ~ L(v)] <ALy Ju—v].

where
Ly =(Lin,Ly2)
with
xT 1 +oo 1 t
Ly i(ui,ug) = I | —— w; (1,8)dr | (t,s)dsdz, j € {1,2},
-‘n]( 1 2) /O ej (Z)/z o+, (Cj (t)/o ]( ) >( ) J { }
2—p~
1 r.||(o’+)a|| \p -1
A=\(r) = L 0
() p‘—l( N'(a+1) e
and

+ _ .
o (z) = tlggoa (t,z).

Proof. Let r > 0 and u,v € B (0,r), for each j € {1,2} ,we have
|Lj (u) — Lj (v)]

_ /O 931(2) {1/; (/;OO 1857, (Byu; (¢, 9)) ds) — 3 (/:OO 13, (Bju; (1, 5)) ds)] dz
< [l ([ menas) o ([ s w eas)|

where .

1

Bju;j (t,s) = —/ wj (1,8)dr <|u|, for allu € E.
G () Jo

Let ¢,z > 0 such that u; # vj on [0,t] X [z, +00[, and let xt o € [bt,, Ct.2] \ {0} where

—+oo +oo
b, = min </ I33°, (Bjuy; (t,s)) ds,/ I53°, (Bjvj (t, s)) ds> and

+oo +oo
¢ty = max (/ 153, (Bju; (t,S))ds,/ 153, (Bjv; (t,S))d8>,

such that

+oo +o0
¥ (/ 1557 (Bju; (t78))d8> — 1 (/ 1527, (Bjv; (t,s))ds)

+oo
— Al [ 1 By g = ) () ds
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where
1
Alxe) = — —.
T D el T o - D )l
We have
1
A(X) = T E—
t (Pt = 1) @ (xea)” 2+ = 1) (@ (Ixea)” >
_ @)
= -—1
o (W (D)™™
= -—1
Moreover,
|Xt,:E| S ‘ct,w|
+0o0 +oo
< max (/ 157, (Bj(|uj|)(ta5))d5a/ 157, (Bj(|vj|)(t75))d5>
“+o0
< r./ 187, (B; (1)) ds
tee o, _ e o (Svt)
S T.A IO+t(1) ds —'I"./O mds
[[Capli P
S "Tlatl)
this leads
+o00 Foo
’z/; (/ 1577, (Bju; (t,s))ds) - (/ [gft (Bjv; (t,s))ds)‘
+oo
<3 [ I B Gy = ) () ds
and so,
Tl TR e
IL; (u) = Ly (v) SA/O 9()/ 1%, (B; (|u; — v3])) (t,s) ds.
Thus

|L(u) — L(v)] <ALy |u—v]. O

Remark 3.18. Since L, is linear, bounded and strictly positive on F, then Lemma
(3.17) implies that the condition (3.4) holds for all r, > 0. Moreover, the operator

Lo= ALy = (AL 1,ALy 2)

is linear, compact and strictly positive operator, so, the condition (3.7) is also satisfied.
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Lemma 3.19. Let 6y = min {61,602} . Then

M@, > at
r(Lo) < B = Sk / ot (3.21)

where 1 (Lo) is the spectral raidus of Lo.

Proof. Assume that (3.21) holds. Let u = (u1,u2) € 0Bg (0,1). For j € {1,2}

Loy () = /\/ G / e, (le(t)/otuj(T,s)dT> (t, 5) dsdz

< )\/Ox 1()/+oolgft()(t,s)dsdz

_ AR /
- Oé+1 6‘0

then for all n € N*

)

Ly (1) < (8", 8").
Thus,

r(Lo) = tim_i/lL§ll < 6. O
We consider the following hypothesis:

There exist (g1,92) € ET\ {0} and (h1,hs) € E* such that
HL(k) 91,92)|| < 1, and for all (¢, 2,1, yg) € Rt x Rt x R? (3.22)

1 (2,91, 90)| < g5 (6, 2) - (max (g, o)) + by (8,2), V) € {1,2}
Let 7. = max {70, (ro)* (g1, 92) | + I|(ha, 2) | } and
[L%) (ha, ho)|
1- HL(k) (91,92)”.
Theorem 3.20. Assume that the condition (3.22) holds and
l<p <2<pt.

If there exist v > 1y, p* > 0 and py € G\ {0} such that for all j € {1,2}, f; verifies
one of the following conditions for all t,z € Rt and all (z1,22) , (y1,y2) € [—r,7]%;

Tro =

Ifi (¢, 2,21, m2) — f; (8, 2,91, 92)| < po (t) . max (|z1 — y1|, |22 — y2l)
and (3.23)

A< |IL+ (po, po)|I

or
|fj (t,l’,l’hl’g) - fj (taxay17y2)| < P* |Ij - yj|7
and
\ (3.24)
e s e b
F(a+1 0 j ’

then IVS (1.1) is Hyers-Ulam stable in E.
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Proof. We have from hypothesis (3.22) and remark 3.18 that the conditions (3.1),
(3.2), (3.4) and (3.7) hold.

1. Assume that the condition (3.23), this means that the hypothesis (3.3) and (3.5)
hold with

pP= (plapQ) = (PO;PO)v

so, it follows from theorem 3.3) that equation (2.1) is L-Hyers-Ulam stable, and from
Lemma (3.15) that IVS (1.1) is Hyers-Ulam stable in E.
2. Now, assume that f verifies (3.24). It follows from Lemma (3.19) and (3.24) that

— A. ”(U+)a" 1 < dt ) —1
S RS SO

and so, the conditions (3.6) and (3.8) of theorem (3.4) hold with
Ao = p*.
Consequently, TVS (1.1) is Hyers-Ulam stable in E. O
3.3. Existence and controllability
In this section, we assume that for all (¢, z, uy, us) € (R*)> x R2 :
ft z,ur,uz) = G(t, 2, ur,u9) + h(t,x),

where h € F is the control function of IVS (1.1) and G € E™ such that, for each
jeil2},

G, (u1,us) < Amax (|u1|1”*—1 , |u2|p+_1) : (3.25)
with
AL o 7’“‘#)&”“ <1 (3.26)
Gj 1 F(Oé+1) ' ’

We denote by Cj 4 (RT) the set

1 1 ) - 1 —
Cop (RY) = {u €eC'(RT):¢(u) € AC (RY), u(0) = a:BIEOOU/ (x) = O} :
Definition 3.21. IVS (1.1) is said to be controllable in E at oo, if given any x> €
Cp.p (RT) x Cé)¢ (RT), there exists a control function h € E, such that the solution
u of IVS (1.1) satisfies BT u(t,z) = z>.

Lemma 3.22. We have tli}rrololgft (%) (t,xz) >0, Yz > 0.



Hyers-Ulam stability and controllability of abstract equation 843

0
Proof. Let x > 0. Since a—j (t,x) > 0;

thm Igft (Cf(ﬂ)
i | e LA o 10) = o (1)) a1
= (ZJ( 1+i) (t,2)) /0(1(”:) 7(L2) (0 (ts) — o (L))" dT
o(t,x)
=30 ((;J( 1:2 D) /,,(1;) (0 (t,2) —0)" " do

o(1,x)

0'+{E — O x « .
> F ot (e 1ot @y 0 @ -oe)” >0

0

Theorem 3.23. Assume that (3.25) and (3.26) hold true. Then for all h € E, IVS
(1.1) admits a solution.

Proof. Let h € E. We show that there exists R > 0 such that T (B (0, R)) C B(0, R)
and then we deduce from Schauder’s theorem that the compactness of T' guarantees

the existence of at least one fixed point of 7" which is, from Lemma (3.13), a solution
of IVS (1.1).

Assume on the contrary that for all n € N*, there is u(™ = (ugn), ué")> € B(0,n),
(t,z) € RT x Rt and j € {1,2}, such that

n < ‘Tj (u(”)) (t,az))

= /()waj?@¢</z+wfg;ft<;@)/ot(Gj<u§) (n))—f—h (1,5) dT)dS)dZ

By using the inequality (3.13) of Remark (3.11), it follows:

IRV T e (11 ()00
<ol st </ fots (cj G / (e (“1 ) +1ml) ‘“) s )
> 0 9] (Z) pt ; 0+,t Cj (t) o np+_1 T,S8)art S yA

<o (3o 28) [ ([ 55 (g) @) o
o (e B} b ([ s
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5, gl

Letting n — oo, we have

1 1

<H(U+ Hp>1
Lt F(OZ"‘I) '

[Capi %
Lt (F(OZ—FIL)/)Zl

This contradicts hypothesis (3.26) and the proof is finished. O

[
03

il

0

Theorem 3.24. Assume that (3.25) and (3.26) hold true. Then IVS (1.1) is control-
lable.

Proof. For each u™ = (u$°,us®) € CZ (RT) x Cg (RT x RT), let

h(t,x) = W (8‘1¢> (ej.a(f) (z)

0ttt \ ¢ (2)

+ Jim 157, (g(t) /O "G, (un, 02) (7, 2) m)) . (3.27)

Let u = (u1,u2) € CY (RT x RT) x C? (RT x RT) be solution of IVS (1.1). We have
from Lemma (3.13) that for each j € {1,2};

(t,2) /91 </+°Ofgfjt(le(t)/Ot(c;j(ul,uQ)+hj)(T,s)dT>ds)dz.

This means that for every = > 0,

y; (z) = lim u; (¢, x)

t—o0

- /: 6j1(2)¢ ( /Z+°° lim 157, (le(t) /0 t (G, (u1,uz) + hy) (7, 5) dT) ds) ds
= —% (Hj.%?ij> (x) = lim I52° (Ql(t) /Ot (G (u1,us) + hy) (7, z) dT)
= —a%éf’ <9j%§> () — Jim 1047, (jl(t) 0th (w1, uz) (, ) d7>
= Jlim 7527, (@1@) /0 t h; (7,x) d7> .

oo (028 @) - g, (s [ G e

o 1 [
tli}lgOIOJF " (Cj(t)/o h] (T,$> d’T) . (328)
Substituting (3.27) into (3.28), we find that

P ouFN 9 oy,
2o (0,55 ) 0 = 50 (022 @),

then
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and using lim —Z (z) = lim 9y; (z) = 0 and the fact that ¢ is invertible, we can
z—o00 0T z—o00 0T
get
J _ 9Y;

and also, from u$° (0) = y; (0), it follows that

Jim u; (,2) = y; (x) = u® (2).

Thus, at the stat oo, u (00,.) = u$°. So, IVS (1.1) is controllable. O

Example 3.25. Let o = 1, o(t,z) = (1 — e 1)’ e 2 and ¢ (z) = |:E|7% Z + x| ..

For j € {0,1}, we have

jus
4

f] (t7xax17x2) = G] (t,.’E,Z‘l,.TQ)—th (t,l‘),
0j(x) = 1+a?

where h; (t,z) € E is a control function.
1. If Gj (t,z, 1, x2) = g; (¢, x) .¢j, with

1
gj (t,x) == =\

)
N m

Then p~ =3 <2<pt =3, ||(67)% . = H\/UT‘ I e %
ot (;v):%e_%

We have \ = % and
T

Pl e cmz o1 1
ICapi P :)\(ﬁ) : \/? 1
o\ T(a+1) 2) \T@)Va) 1
So, the conditions (3.25) and (3.26) of theorems (3.23) and (3.24) hold true. Then
IVS (1.1) is controllable.

2. Now, we assume that G (t,x,z1,22) = g; (t,z) .7 and h; (t, ) =n € RT
with

1
)\‘
0;

1
. R
gy(m)—7r2 =g

and 7 verifies

n<min{\4/: 7r\/>7r)} (3.29)
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We have

L;k) (91, 92) (t, @)

/Om ejl(z)ww </Z+°° 15, (Ql(t) /Ot g; (T,S)d7> (t, ) ds) @
/0”” 1 +1z2 \/9+ (/:OO I, (1) (¢, 5) d8>dz

/ ©dz [g 0
0

(z),

then

This means that 3.22 holds.

Moreover,
xT “+oo t
(k) 1 a0 1
LY (hyi,h < /7 </ I (/ dT)tSdS)d
j ( 1 2) 0 9] (Z)\/ : 0+t Cj (t) 0 UR ( )
T
< 5\/77
then
[L®) (1, ho) H

ro =

< QHL(}C) h ,hg H <7 n.
]_Hl(k 91792 — ( 1 ) f
Then, from (329)7 we have

2
re = max {To, - (ro)® + ||(Pa, h2)||} < max{m/n, 27 +1) .1}
T
< .
2
Now, let r > 0 such that
Te <1< W\/’]T—.

2
(Y1, y2) € [-, 7"]2 we have
|fj (tﬂxax17x2) - fj (tvxvy11y2)|

For all t,2 > 0, (z1,22) [-7r, 7]

= g;(t,2). |2} — 4]
2.r.g". lz; —y,| = p" |z; — y;l,

IN

where

. 2
p =

w2’
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and
L (et
- p =1\ T(a+1)
-4
= \/7?7"
Asr< 'gﬁ,we have
A il (CAD N P 2r 1
r(a+1)/0 O w2/0 et
< Z<ﬁ:)\‘1.
T 4r

Then, hypothesis (3.24) is also satisfied. Thus, we deduce from theorem (3.20) that
IVS (1.1) is Hyers-Ulam stable in E.
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